Rules for integrands of the form (a+bx)™ (c+dx)" (e + fx)P
whenbc-ad#0 Abe-af#0Ade-cf#0

1:J}a+bxﬂ(c+dxﬂ(e+fﬂpdxwmmbc+ad=0Arh:mAmeZ

Derivation: Algebraic simplification
Basis:If bc +ad =0 A meZthen (a+bx)" (c+dx)"= (ac+bdx?)"
Rule1.1.1.3.1:if bc+ad =0 A n=m A me Z,then

J}a+bxﬂ(c+dxﬂ(e+fﬂpdx-a JXac+bdxﬂm(e+fﬂpdx

Program code:

Int [ (a_+b_.*x_)™m_.% (c_+d_.*x_)"n_.* (e_. +f_. *x_) “p_. ,x_Symbol] g=
Int[ (axc+bxd#x"2) *mx (e+fxx) p,x] /;
FreeQ[{a,b,c,d,e,f,m,n,p},x] && EqQ[bxc+axd,0] & EqQ[n,m] && IntegerQ[m] & (NeQ[m,-1] || EqQ[e,@] && (EqQ[p,1] || Not[IntegerQ[p]]))



Rules for integrands of the form (a+b x)~m (c+d x)~n (e+f x)"\p

2. f(a+bx) (c+dx)" (e+fx)Pdx

1: J(a+bx) (c+dx)" (e+fx)Pdx whenn+p+2£0 A adf (n+p+2)-b(de(n+1)+cf(p+1)) =

Derivation: Quadratic recurrence 2b with ¢ = @ : linear recurrence 2 with
adf (n+p+2)-b(de (n+1) +cf (p+1)) ==

Rulel1.1.13.2.1:fn+p+2+0@ Aadf (n+p+2) -b(de (n+1) +cf (p+1)) ==0,then

b (c+dx)"? (e+'Fx)”"1

j(a+bx) (c+dx)" (e+fx)?dx —
df (n+p+2)

Program code:

Int[(a_.+b_.#x_)*(c_.+d_.*x_) n_.(e_.+f_.*x_)"p_.,x_Symbol] :=
bx (c+dxXx) ™ (n+1) * (e+‘F*x) A (p+1)/(d*f* (n+p+2) ) /3
FreeQ[{a,b,c,d,e,f,n,p},x] && NeQ[n+p+2,0] && EqQ[a*d*f*(n+p+2)—b*(d*e*(n+1)+c*f*(p+1)),0]



Rules for integrands of the form (a+b x)~m (c+d x)~n (e+f x)"\p

2:J}a+bm (c+dx)" (e+fx)’dx whenbc-ad#@ A ((n|p)€Z Vp=1VPpPpeZ'A(NE¢ZV IP+5(N+2)<@VNn+p+120))

Derivation: Algebraic expansion

Rule1.1.1.3.2.2: If
bc-ad+0 A ((n|p)ezZ Vp=1VpPpeZ'A(n¢egZ VIp+5(n+2) <@V n+p+1=0)),then

J}a+bx)(c+dxﬂ(e+fﬂpdx-a memmnﬂey?nd“a+bx)(c+de(e+fo,x]dx

Program code:

Int[(a_+b_.*x_)(d_.*x_)"n_.x(e_+f_.*x_)"p_.,x_Symbol] :=
Int [ExpandIntegrand[ (a+bxx) « (dxx) “n« (e+fxx)~p,x],x] /;
FreeQ[{a,b,d,e,f,n},x] && IGtQ[p,0] && EqQ[bxe+axf,0] && Not[ILtQ[n+p+2,0] && GtQ[n+2xp,0]]

Int [ (a_+b_.%x_)*(d_.*x_)"n_.* (e_+-F_. *x_) “p_. ,x_Symbol] S
Int[ExpandIntegrand [ (a+bxx)  (dx)*n« (e+fxx)~p,x],x] /;
FreeQ[{a,b,d,e,f,n},x] && IGtQ[p,0] && (NeQ[n,-1] || EqQ[p,1]) && NeQ[bxe+axf,0] &&
(Not[IntegerQ[n]] || LtQ[9+p+5%n,0] || GeQ[n+p+1,0] || GeQ[n+p+2,0] & RationalQ[a,b,d,e,f]) & (NeQ[n+p+3,0] || EqQ[p,1])

Int[(a_.+b_.#x_)*(c_+d_.#x_ ) n_.*(e_.+f_.*x_)"p_.,x_Symbol] :=
Int[ExpandIntegrand [ (a+bxx) x (c+dxx) ~nx (e+fxx)"p,x],x]| /;
FreeQ[{a,b,c,d,e,f,n},x] & NeQ[bxc-axd,0] &

(ILtQ[n,0] && ILtQ[p,@] || EqQ[p,1] ||
IGtQ[p,0] && (Not[IntegerQ[n]] || LeQ[9%p+5#(n+2),0] || GeQ[n+p+1,0] || GeQ[n+p+2,0] & RationalQ[a,b,c,d,e,f]))

3:J}a+bm (c+dx)" (e+fx)?dx whenp<-1 A (n¢-1V pez)

Derivation: Quadratic recurrence 2b withc = 0

Derivation: Quadratic recurrence 3bwithc =0, n=pandp = n



Rules for integrands of the form (a+b x)~m (c+d x)~n (e+f x)"\p

Note: If nand p are both negative and one is an integer, best to drive that integer exponent toward -1 since the terms of

the antiderivative of 12:2X1= are of the form g (a + b x) .

Rule1.1.1323:1f p< -1 A (n¢« -1V pez),then

j(a+bx) (c+dx)" (e+fx)?dx —

(be-af) (c+dx)™* (e+fx)™" adf(n+p+2)-b(de(n+1) +cf (p+1)) .
_ - j(c+dx)"(e+fx)p+ dx
f(p+1) (cf-de) f(p+1) (cf-de)

Program code:

Int[(a_.+b_.*x_)*(c_.+d_.*x_)"n_.*(e_.+'F_.*x_)"p_.,x_Symbol] =
—(b*e—a*f)*(c+d*x)A(n+1)*(e+f*x)A(p+1)/(f*(p+1)*(c*f—d*e)) -
(a*d*f* (n+p+2) -b=* (d*e* (n+1) +c*xf* (p+1) ) )/('F* (p+1) * (C*'F—d*e) ) *Int [ (c+d*Xx) *nx (e+'F*X)"(p+1) ,X] /3
FreeQ[{a,b,c,d,e,f,n},x] & LtQ[p,-1] &&
(Not[LtQ[n,-1]] || IntegerQ[p] || Not[IntegerQ[n] || Not[EqQ[e,®] || Not[EqQ[c,@] || LtQ[p,n]]1]1)

Int[(a_.+b_.#x_)*(c_.+d_.*x_)"n_.x(e_.+f_.*x_)"p_.,x_Symbol] :=

- (b*e—a*f) * (C+dxXx) A (n+1) » (e+'F*x) A (p+1)/('F* (p+1) * (c*f—d*e) ) -

(a*d*f* (n+p+2) -bx* (d*e* (n+1) +cxfx (p+1) ) )/('F* (p+1) * (c*f-d*e) ) *Int [ (c+d*Xx) *n* (e+'F*x) ASimplify[p+1] ,x] 78
FreeQ[{a,b,c,d,e,f,n,p},x]| & Not[RationalQ[p]] & SumSimplerQ[p,1]



Rules for integrands of the form (a+b x)~m (c+d x)~n (e+f x)"\p

4: J(a+bx) (c+dx)" (e+fx)Pdx whenn+p+2£0

Derivation: Quadratic recurrence 2b with ¢ = @: linear recurrence 2

Rule1.1.1.3.2.4:1f n+p + 2 #+ O, then

J(a+bx) (c+dx)" (e+fx)?Pdx —

b (c+dx)"? (e+-Fx)p+1 adf (n+p+2)-b(de(n+1) +cf (p+1))
+ j(c+dx)" (e+Ffx)Pdx
df (n+p+2) df (n+p+2)

Program code:

Int[(a_.+b_.#x_)*(c_.+d_.*x_) n_.x(e_.+f_.*x_) p_.,x_Symbol] :=

bx (c+dxx) ™ (n+1) * (e+‘F*X) A (p+1)/(d*f* (n+p+2)) +

(a*d*-F* (n+p+2) -b=* (d*e* (n+1) +c*fx (p+1) ) )/(d*f* (n+p+2) ) *Int [ (c+d*X) *n* (e+'F*x) "p,x] /3
FreeQ[{a,b,c,d,e,f,n,p},x] & NeQ[n+p+2,0]

3: J(a+bx)2 (c+dx)" (e +fx)?dx when

N+p+2#0 AN+p+3+£0 A
df (n+p+2) (a?df (n+p+3) -b(bce+a(de(n+1) +cf(p+1))))-b(de(n+1) +cf(p+1)) (adf (n+p+4) -b(de (n+2) +cf (p+2))) =

Derivation: Nondegenerate trilinear recurrence 2 with A = a and B = b : quadratic recurrence 2b with ¢ = 0 : linear
recurrence2withadf (n+p+2) -b (de (n+1) +cf (p+1)) =
Rule1.1.133:f n+p+2+0@ An+p+3+0 A , then
df (n+p+2) (a?df (n+p+3)-b(bce+a(de(n+1)+cf (p+1)))) -
b(de(n+1) +cf (p+1)) (adf (n+p+4) -b(de (n+2) +cf (p+2))) ==0

J-(a+bx)2 (c+dx)" (e+fx)Pdx —



Rules for integrands of the form (a+b x)~m (c+d x)~n (e+f x)"\p

-

((b(c+dx)™? (e+-Fx)p+1 (2adf (n+p+3)-b(de(n+2) +cf (p+2)) +bdf (n+p+2)x))/(d*F (n+p+2) (n+p+3)))

Program code:
Int [ (a_.+b_.*¥x_)"2% (c_.+d_.*x_)"n_.* (e_. +'F_.*x_) “p_. ,x_Symbol] 8=
b*(c+d*x)“(n+1)*(e+f*x)“(p+1)*(Z*a*d*F*(n+p+3)—b*(d*e*(n+2)+c*f*(p+2))+b*d*f*(n+p+2)*x)/(dAZ*fAZ*(n+p+2)*(n+p+3)) /5

FreeQ[{a,b,c,d,e,f,n,p},x] & NeQ[n+p+2,0] & NeQ[n+p+3,0] &&
EqQ[d*'F* (N+p+2) * (a"2*d*f* (n+p+3) -bx (b*c*e+a* (d*e* (n+1) +cxfx (p+1) ) ) ) -b* (d*e* (n+1) +cxf* (p+1) ) * (a*d*f* (n+p+4) -bx (d*e* (n+2) +Ccxfx (p+2) ) ) ,6]

4: J(a+bx)“‘ (c+dx)" (fx)?dx whenbc+ad=0 Am-n=

Derivation: Algebraic expansion
Note: Integrals of this form can be expressed as the sum of two hypergeometric functions.

Rulel.1.1.34:1f bc+ad =0 A m-n = 1,then

b
f(a+bX)'“ (c+dx)" (fx)?dx — aJ.(a+bx)" (c+dx)" (Fx)Pax+ ;j(a+bx)" (c+dx)" (Fx)"*ax

Program code:

Int[(a_.+b_.#x_) m_.% (C_.+d_.*x_)"n_.* (f_.*x_)"p_.,x_Symbol] :=
axInt[ (a+b#x) Anx (c+d#X) *nx (fxx)"p,X] + b/FxInt[(a+bxx) nx (c+dxx) nx (fxx)~(p+1),x]| /;
FreeQ[{a,b,c,d,f,m,n,p},x| & EqQ[bxc+axd,0] & EqQ[m-n-1,0] & Not[RationalQ[p]] & Not[IGtQ[m,0]] && NeQ[m+n+p+2,0]



Rules for integrands of the form (a+b x)~m (c+d x)~n (e+f x)"\p

5 j (e+Fx)P ax

(a+bx) (c+dx)

e+fx
1: j dx when pez
(a+bx) (c+dx)

Derivation: Algebraic expansion

Rule 1.1.1.3.5.1: If p € 7, then

(e+fx)P (e+Fx)P
J dx — JExpandIntegrand[ B x] dx
(a+bx) (c+dx) (a+bx) (c+dx)

Program code:

Int[(e_.+f_.#x_)"p_./((a_.+b_.*x_)*(c_.+d_.*x_)),x_Symbol] :=
Int [ExpandIntegrand[ (e+fx)~p/((a+b*x)* (c+dxx)),x],x] /;
FreeQ[{a,b,c,d,e,f},x] && IntegerQ[p]

(e+Fx)P
2. J dx when p ¢z
(a+bx) (c+dx)

(e+fx)p
1.J dx when p>0
(a+bx) (c+dx)

e+'Fx
1: I dx when@<p<1
(a+bx) (c+dx)

Derivation: Algebraic expansion

" (a+bx) (c+#dx)  (bc-ad) (a+bx)  (bc-ad) (c+dx)

Basis: e+f X B be-af de-cf

Rule1.1.1.3.5.2.1.1:If @ < p < 1, then



Rules for integrands of the form (a+b x)~m (c+d x)~n (e+f x)"\p

(e+fx)p 4 be-af (e+1:x)'°'1dl de-cf (e+-Fx)p'1d]
X — X - X
J(a+bx) (c+dx) bc—adJ a+bx bc—adj c+dx
Program code:
Int[(e_.+f_.#x_)"p_/((a_.+b_.*x_)*(c_.+d_.*x_)),x_Symbol] :=
(b*e—a*f)/(b*c—a*d) *Int [ (e+f*x)"(p—1)/(a+b*x) ,x] -
(dxe-c#f) /(bxc-axd) +Int[ (e+Ffxx) " (p-1) /(c+dxx),x] /;
FreeQ[{a,b,c,d,e,f},x] && LtQ[O,p,1]
e+fx
2: J dx when p>1
(a+bx) (c+dx)
Derivation: Nondegenerate trilinear recurrence 2 withA = aandB = b
Rule 1.1.1.3.5.2.1.2: If p > 1, then
(e+Fx)P -F(e+-Fx)”‘1 1 (bde?’-acf*+f (2bde-bcf-adf) x) (e+'|‘x)"'2
d —_—+ — d
.J-(a+bx) (c +dx) = bd (p-1) +bd.[ (a+bx) (c+dx) X

Program code:

Int[(e_.+f_.#x_)"p_/((a_.+b_.*x_)*(c_.+d_.*x_)),x_Symbol] :=
fx (e+fxx) " (p-1) / (bxdx (p-1)) +
1/ (bxd) *Int [ (b*d*e"Z—a*c*-F"2+-F* (Z*b*d*e—b*c*f—a*d*f) *X) * (e+'F*X) 2 (p—2)/( (a+b*Xx) * (c+d*X)) ,X] /3
FreeQ[{a,b,c,d,e,f},x] && GtQ[p,1]

(e+'FX)p
2: j dx when p< -1
(a+bx) (c+dx)

Derivation: Nondegenerate trilinear recurrence 3withA = 1andB = @

Rule 1.1.1.3.5.2.2: If p < -1, then



Rules for integrands of the form (a+b x)~m (c+d x)~n (e+f x)"\p

J~ (e+Fx)P dx

(a+bx) (c+dx)
f (e+1=x)p+1
+

bde-bcf-adf-bdfx) (e+fx)"?

1 (
(p+1) (be-af) (de-cf) (be-af) (de—cf)J (a+bx) (c+dx)

Program code:

Int[(e_.+f_.#x_)"p_/((a_.+b_.*x_)*(c_.+d_.*x_)),x_Symbol] :=
fx (e+f*x) 2 (p+1)/( (p+1) * (b*e—a*f) * (d*e—c*f) ) +
1/((b*e-a*f)*(d*e—c*f))*Int[(b*d*e—b*c*f—a*d*f—b*d*f*x)*(e+f*x)A(p+1)/((a+b*x)*(c+d*x)),x] /3
FreeQ[{a,b,c,d,e,f},x] && LtQ[p,-1]

e+-Fx
3: J dx when p ¢ Z
(a+bx) (c +dx)

Derivation: Algebraic expansion

e 1 L b _ d
Basis: (a+bx) (c+dx) =~ (bc-ad) (a+bx) (bc-ad) (c+dx)
Rule 1.1.1.3.5.2.3:If p ¢ Z, then
+ P + P + P
J« (e+Fx) dx b J(e fx) . d J(e fx) x
(a+bx) (c+dx) bc-ad a+bx bc-ad c+dx

Program code:

Int[(e_.+f_.#x_)"p_/((a_.+b_.*x_)*(c_.+d_.*x_)),x_Symbol] :=
b/ (bxc-axd) xInt [ (e+f*x) "p/(a+b*x) ,x] -
d/ (bxc-axd) *Int [ (e+'F*x) "p/(c+d*x) ,x] /5
FreeQ[{a,b,c,d,e,f,p},x] & Not[IntegerQ[p]]

dx



Rules for integrands of the form (a+b x)~m (c+d x)~n (e+f x)"\p

dx whennez*A p<-1

+dx)" + fx)P
6. J(c x)" (e+fx)

a+bx

Derivation: Algebraic expansion

Rulel1.1.136:1f neZ* A p < -1, then
)
(c+dx)" (e+fx)P
j dx —
a+bx
) (c+dx)" (e +fx IntegerPart[p]
(e+ -Fx)F'"aCtm"alpa'"t[p] ExpandIntegr‘and[ : (e+x) s x] dx
a+bx

Program code:
Int[(c_.+d_.#x_)"n_.#(e_.+f_.#x_)"p_/(a_.+b_.*x_),x_Symbol] :=

Int [ExpandIntegrand[ (e+fxx)~FractionalPart[p], (c+d«x)“n« (e+f+x) IntegerPart[p]/(a+b*x),x],x] /;
FreeQ[{a,b,c,d,e,f},x] && IGtQ[n,0] && LtQ[p,-1] && FractionQ[p]

7: J.(a+bx)'“(c+dx)" (e+fx)Pdx when (m|n)ez A (pez VvV (m>0 A nz-1))

Derivation: Algebraic expansion

Rule1.1.1.3.7:If (m|n) €eZ A (peZ VvV (mMm>0 A n=-1)),then

J(a+bx)"‘ (c+dx)" (e+fx)?Pdx — JEXpandIntegr‘and[(a+bx)"‘ (c+dx)" (e +fx)P, x] dx

Program code:

Int[(a_.+b_.#x_ ) m_.%(C_.+d_.*x_)"n_.*(e_.+f_.xx_)"p_.,x_Symbol] :=
Int[ExpandIntegrand [ (a+bxx)"m# (c+d#x)"n« (e+fxx)"p,x],x] /;
FreeQ[{a,b,c,d,e,f,p},x] & IntegersQ[m,n] & (IntegerQ[p] || GtQ[m,0] && GeQ[n,-1])

10



Rules for integrands of the form (a+b x)~m (c+d x)~n (e+f x)"\p

8. f(a+bx)2 (c+dx)" (e+fx)Pdx

1: J(a+bx)2 (c+dx)" (e +fx)?dx when n<-1

Derivation: ?

Rule 1.1.1.3.8.1: If n < -1, then

j(a+bx)2 (c+dx)" (e+fx)Pdx —

(bc-ad)? (c+dx)™! (e+fx)P*

d*> (de-cf) (n+1)
1
J(c+dx)"*1 (e+Fx)P-
d*> (de-cf) (n+1)

(a*d*f (n+p+2) +b*c (de (n+1) +cf (p+1)) -2abd (de (n+1) +cf (p+1)) -b’d (de -cf) (n+1) x) dx

Program code:

Int[(a_.+b_.#x_) 2% (c_.+d_.*x_)"n_.*(e_.+f_.*x_)"p_.,x_Symbol] :=
(bxc-axd) *2x (c+dxx) ~ (n+1) » (e+'F*X) 2 (p+1)/(d"2* (d*e—c*f) *(n+1) ) -
1/(d"2* (d*e-c*f) *(N+1) ) *Int [ (c+dxx)~ (n+1) * (e+'F*x) Apx
Simp [a"Z*d"Z*f* (n+p+2) +b*2xcC* (d*e* (n+1) +c*f* (p+1) ) -2xaxbxd* (d*e* (n+1) +cxf* (p+1) ) -b”2xd* (d*e—C*f) *(n+1) *X,X] ,X] /5
FreeQ[{a,b,c,d,e,f,n,p},x] && (LtQ[n,-1] || EqQ[n+p+3,0] & NeQ[n,-1] && (SumSimplerQ[n,1] || Not[SumSimplerQ[p,1]]))

2: J(a+bx)2 (c+dx)" (e+fx)Pdx whenn+p+3#0

Derivation: Nondegenerate trilinear recurrence 2 withA = aandB = b

Rule1.1.1.3.8.2:I1f n+ p + 3 # O, then

J(a+bx)2 (c+dx)" (e+-Fx)pd1x —

b(a+bx) (c+dx)™? (e+fx)P

+

df (n+p+3)

11



Rules for integrands of the form (a+b x)~m (c+d x)~n (e+f x)"\p

1
—J-(c+dx)" (e+Fx)P-
df (n+p+3)

(a?df (n+p+3) -b(bce+a(de(n+1) +cf(p+1))) +b(adf(n+p+4) -b(de (n+2) +cf (p+2)))x) dx
Program code:

Int [ (a_.+b_.*x_)"2% (c_.+d_.*x_)"*n_.* (e_. +'F_.*x_) “p_. ,x_Symbol] 8=
bx (a+bxX) * (c+d*Xx)~ (n+1) * (e+f*x) n (p+1)/(d*f* (n+p+3) ) +
1/(d*'F* (n+p+3) ) *Int [ (c+d*Xx) *nx (e+'F*X) Ap*
Simp [a"Z*d*'F* (n+p+3) -bx* (b*c*e+a* (d*e* (n+1) +cxfx (p+1) ) ) +bx* (a*d*f* (n+p+4) -bx (d*e* (n+2) +cxfx (p+2) ) ) *x,x] ,x] /3
FreeQ[{a,b,c,d,e,f,n,p},x] & NeQ[n+p+3,0]

(a+bx)" (c+dx)"
Q.J- dx when m+n+1=20 A -1<m<©
e+ fx
1

1:J dx
(@a+bx)¥3 (c+dx)?? (e+fx)

Rule 1.1.1.3.9.1: Let q- (ﬁ)l” then

1
dx —
J‘(a+bx)1/3 (c+dx)? (e+fx)

NrF. _1 29 (a+bx) 3
3 qArcTan v3 ﬁ(c+dx)1/s] qlog[e+fx] 3qlog[q(a+bx)¥3- (c+dx)*3]
+ _

de-cf 2 (de-cf) 2 (de-cf)

Program code:

Int[1/((a_.+b_.*x_)"(1/3) % (C_.+d_.*x_)"(2/3)* (e_.+f_.#x_)),x_Symbol] :=
With [{q:Rt [ (d*e—c*f)/(b*e—a*f) ,3] },
-Sqrt[3] *qxArcTan[1/Sqrt[3]+2xq* (a+b%xx) " (1/3) / (Sqrt[3]* (c+d*x)~(1/3)) ]/(d*e—c*f) +
qxLog[e+fxx] /(2 (dxe-cxf)) -
3xqxLog [q* (a+bxx) A (1/3) - (c+dxx) "~ (1/3) 1/ (2% (dxe-cxf))] /;
FreeQ[{a,b,c,d,e,f},x]

12



Rules for integrands of the form (a+b x)~m (c+d x)~n (e+f x)"\p

1

2:
JVa+bx Ve+dx (e+fx)

dx when 2bde-f (bc+ad) ==0

Derivation: Integration by substitution

Basis:If 2bde - f (bc+ad) == 0,then

N TR :b-FSUbSt{d(bea-F1)2+bf2X2—‘ X, Va+bx VC+dX} Ox(va+bx Vc+dx)

Rule1.1.1.3.9.2:1f 2bde - f (bc +ad) == 90,then

1

Va+bx Vc+dx (e+-Fx)

1

dx, X, Va+bx Vc+dx]

dx — beubst[Jd (be—af)2+bf2x2

Program code:

Int[1/(Sqrt[a_.+b_.*x_]*Sqrt[c_.+d_.»x_](e_.+f_.*x_)),x_Symbol] :=
bxfxSubst [Int [1/(d* (b*e—a*f) "2+b*'F"2*X"2) ,X] »X,Sqrt[a+bxx] xSqrt [c+dxx] ] /5
FreeQ[{a,b,c,d,e,f},x] && EqQ[2+bxdxe-fx (bxc+axd),0]
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Rules for integrands of the form (a+b x)~m (c+d x)~n (e+f x)"\p

(@a+bx)™ (c+dx)"
3:J dx whenm+n+1:=20 A -1<m<®0

e+fx

Derivation: Integration by substitution

Basis:If m+n+1-==0 A -1 <m< 0,letq = Denominator [m], then
(atbx)" (c+dx)" __ q Subst [ : x4 (m+1) -1 (a+b x) 179 } Oy (a+b x) 179

e+fx e-af-(de-cf) x9° Xs (c+d x)1/a (c+d x)1/a
Rule1.1.1.393:1fm+n+1-==0 A -1 <m< 0,letq = Denominator [m], then
b m d n q (m+1) -1 1/q
J‘(a+ x)" (c+dx) dx qSubst[J X ax, x, w]
e+fx be-af-(de-cf)xd (c+dx)t/d

Program code:

Int[(a_.+b_.#x_)"m_(c_.+d_.*x_)~n_/(e_.+f_.+x_),x_Symbol] :=

With[{q=Denominator[m]},

qxSubst [Int[x” (qx (m+1) -1) / (bxe-axf- (dxe-cxf) xx*q) ,x] ,X, (a+b*x)~ (1/q) / (c+d*x)*(1/q)]] /;
FreeQ[{a,b,c,d,e,f},x] && EqQ[m+n+1,0] && RationalQ[n] && LtQ[-1,m,0] && SimplerQ[a+bx,c+dX]
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Rules for integrands of the form (a+b x)~m (c+d x)~n (e+f x)"\p

10: J(a+bx)'“(c+dx)" (e+fx)’Pdx whenm+n+p+2=0 An>0

Derivation: Nondegenerate trilinear recurrence 1 withA = 1,B =0andm+n+p+2=0

Rule1.1.1.3.10:If m+n+p+2 ==0 A n > 0,then

J(a+bx)'" (c+dx)" (e+-Fx)pdlx —

(a+bx)m™? (c+dx)“(e+-Fx)p+1 n(de-cf)

(m+1) (be-af) (m+1) (be-af

Program code:

Int[(a_.+b_.#x_)"m_x (C_.+d_.*x_)"n_.x(e_.+f_.*x_)"p_.,x_Symbol] :=
(a+bxx) A (m+1) » (C+d*X) *nx (e+f*x) A (p+1)/( (m+1) » (b*e-a*-F) ) -
nx (dxe-cf) /((m+1) » (bxe-asf) ) »Int [ (a+bsx) ~ (M+1) x (C+dxx)~ (n-1) » (e+Fxx) ~p,x] /;

FreeQ[{a,b,c,d,e,f,m,p},x] & EqQ[m+n+p+2,0] & GtQ[n,0] && (SumSimplerQ[m,1] || Not[SumSimplerQ[p,1]]) &% NeQ[m,-1]

) J(a+bx)'"*1 (c+dx)"? (e+fx)Pax

15



Rules for integrands of the form (a+b x)~m (c+d x)~n (e+f x)"\p

1. j(a+bx)'“ (c+dx)" (e+fx)’dx whenm+n+p+3=0

1: J(a+bx)"‘(c+dx)" (e+fx)Pdx whenm+n+p+3==0 A adf (m+1) +bcf (n+1) +bde (p+1) =0 A m¢-1

Derivation: Nondegenerate trilinear recurrence 3withA = 1andB = @

Rulel.1.13.11.1:f m+n+p+3 =0 A adf (m+1) +bcf (n+1) +bde (p+1) =0 A m+ -1,then

b (a+bx)™! (c+dx)™?! (e+1’x)p+1

J(a+bx)'“ (c+dx)" (e+fx)?dx —
(m+1) (bc-ad) (be-af)

Program code:

Int[(a_.+b_.#x_) m_x (c_.+d_.#x_) n_.*(e_.+f_.*x_)"p_.,x_Symbol] :=
bx (a+bxXx) A (m+1) » (C+dxX)~ (n+1) % (e+'F*X) 2 (p+1)/( (m+1) * (bxc-axd) % (b*e—a*f) ) /3
FreeQ[{a,b,c,d,e,f,m,n,p},x]| && EqQ[Simplify[m+n+p+3],0] 8& EqQ[axdxfx (m+1l) +bxcxfx (n+1) +bxd+ex (p+1),0] && NeQ[m,-1]
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Rules for integrands of the form (a+b x)~m (c+d x)~n (e+f x)"\p

2: J(a+bx)'“(c+dx)" (e+fx)Pdx whenm+n+p+3=20 A m<-1

Derivation: Nondegenerate trilinear recurrence 3withA = 1andB = @

Rule1.1.1.3.11.2:1f m+n+p+3 =0 A m< -1 then

J(a+bx)'" (c+dx)" (e+-Fx)pdlx —

b (a+bx)™! (c+dx)™? (e+-Fx)'°+1 adf (m+1) +bcf (n+1) +bde (p+1)
+

(m+1) (bc-ad) (be-af) (m+1) (bc-ad) (be-af)

Program code:

Int[(a_.+b_.#x_)"m_x (C_.+d_.*x_)"n_.x(e_.+f_.*x_)"p_.,x_Symbol] :=

bx (a+bxXx)~ (m+1) * (C+d*Xx) ~ (n+1) » (e+f*x) "(p+1)/( (m+1) » (bxc-axd) = (b*e—a*f)) +

(axdxfx (m+1) +bxcxfx (n+1) +bxdsex (p+1) ) /((m+1) » (bxc-axd) * (bxe-axf) ) +Int[ (a+bxx) A (M+1) » (c+d#X) Anx (e+Fxx)~p,x] /;
FreeQ[{a,b,c,d,e,f,m,n,p},x] && EqQ[Simplify[m+n+p+3],0] && (LtQ[m,-1] || SumSimplerQ[m,1])

J(a+bx)"‘+1 (c+dx)" (e+fx)Pdx

17



Rules for integrands of the form (a+b x)~m (c+d x)~n (e+f x)"\p

12. f(a+bx)'“ (c+dx)" (e+fx)’dx whenm<-1 An>0

1: J(a+bx)"‘ (c+dx)" (e+-Fx)pdlx whenm<-1 An>0 Ap>0

Derivation: Nondegenerate trilinear recurrence 1 withA = eand B = f

Rule1.1.1.3.12.1:If m< -1 A n>0 A p > 0,then

j(a+bx)’" (c+dx)" (e+fx)?dx —

(@a+bx)™* (c+dx)" (e+fx)P 1

- J(a+bx)m‘1 (c+dx)n? (e+-Fx)p'1 (den+cfp+df (n+p) x)dx
b (m+1) b (m+1)

Program code:

Int[(a_.+b_.#x_) m_x (c_.+d_.#x_) n_.*(e_.+f_.*x_)"p_.,x_Symbol] :=
(a+bxx) A (m+1) * (C+d*X) *n* (e+'F*X) "p/(b* (m+1)) -
1/ (bx (m+1)) *Int [ (a+bxx) A (m+1) % (c+dxx) ~(n-1) » (e+'F*x) A (p-1) *Simp [d*e*n+c*f*p+d*f* (n+p) *x,x] ,x] Ve
FreeQ[{a,b,c,d,e,f},x] && LtQ[m,-1] && GtQ[n,0] & GtQ[p,0] && (IntegersQ[2xm,2xn,2xp] || IntegersQ[m,n+p] || IntegersQ[p,m+n])
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Rules for integrands of the form (a+b x)~m (c+d x)~n (e+f x)"\p

2: J(a+bx)'" (c+dx)" (e+fx)’dx whenm<-1 An>1

Derivation: 77?
Rule1.1.1.3.12.2:1f m< -1 A n > 1, then

J(a+bx)'" (c+dx)" (e+-Fx)pdlx —

(bc-ad) (a+bx)™* (c+dx)"? (e+1=x)"”'1

+

b(be-af) (m+1)
1

j(a+bx)’“*1 (c +dx)"? (e+fx)P-
b(be-af) (m+1)

(ad(de(n-1) +cf (p+1)) +bc(de(m-n+2) -cf (m+p+2)) +d (adf (n+p) +b (de (m+1) —cf (m+n+p+1))) x) dx

Program code:

Int[(a_.+b_.#x_ ) m_x (c_.+d_.#x_ ) n_.x(e_.+f_.*x_)"p_.,x_Symbol] :=
(bxc-axd) * (a+bxx) A (m+1) * (c+d*x) ~ (n-1) » (e+f*x) n (p+1)/(b* (b*e—a*f) *(m+1) ) +
1/(b* (b*e—a*f) * (m+1) ) *Int [ (a+b*x) ~ (Mm+1) % (C+d*X) * (N-2) (e+f*x) Ap*
Simp [a*d* (d*e* (n-1) +cxfx (p+1) ) +bxcx (d*e* (m-n+2) -c*xf* (M+p+2) ) +dx (a*d*f* (n+p) +bx (d*e* (m+1) -cxf* (Mm+n+p+1) ) ) *x,x] ,x] /3
FreeQ[{a,b,c,d,e,f,p},x] & LtQ[m,-1] && GtQ[n,1] & (IntegersQ[2+m,2xn,2xp] || IntegersQ[m,n+p] || IntegersQ[p,m+n])

3: j(a+bx)'" (c+dx)" (e+fx)?dx whenm<-1 An>0

Derivation: Nondegenerate trilinear recurrence 1withA = 1and B = @

Rule1.1.1.3.12.3:If m< -1 A n > 0, then

J(a+bx)’“ (c+dx)" (e+fx)?dx —

(@+bx)™ (c+dx)" (e+1:x)p":l

(m+1) (be-af)
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Rules for integrands of the form (a+b x)~m (c+d x)~n (e+f x)"\p 20

1

J(a+bx)’"*1 (c+dx)"? (e+Ffx)? (den+cf (m+p+2) +df (Mm+n+p+2)x)dx
(m+1) (be-af)

Program code:

Int[(a_.+b_.#x_)™m_x (C_.+d_.*x_)"n_.x(e_.+f_.*x_)"p_.,x_Symbol] :=
(a+bxx) ~ (m+1) * (C+dxX) “n* (e+f*x) A (p+1)/( (m+1) » (b*e—a*f) ) -
1/( (m+1) % (b*e—a*f) ) *Int [ (a+bxx) ~ (m+1) * (c+d*x) ~ (n-1) » (e+f*x) px
Simp[dxexn+cxfx (Mep+2) +dsfx (Men+p+2) +x,x],x] /3
FreeQ[{a,b,c,d,e,f,p},x] & LtQ[m,-1] && GtQ[n,8] & (IntegersQ[2+m,2xn,2p] || IntegersQ[m,n+p] || IntegersQ[p,m+n])

13: J(a+bx)"‘(c+dx)" (e+fx)Pdx whenm>1 Am+n+p+1#0 Amez

Derivation: Nondegenerate trilinear recurrence 2 withA = aandB = b

Note: If the integrand has a positive integer exponent, decrementing it, rather than another positive fractional exponent,
produces simpler antiderivatives.

Rulel1.1.13.13:if m>1 Am+n+p+1+0 A me Z, then

J(a+bx)'" (c+dx)" (e+-Fx)pdlx —

b(a+bx)™?! (c+dx)™? (e+-|:x)p*1

+

df (m+n+p+1)

1
—J‘(a+bx)’“‘2 (c+dx)" (e+fx)P-
df m+n+p+1)

(a?df (m+n+p+1) -b(bce(m-1) +a(de(n+1) +cf (p+1))) +b(adf (2m+n+p) -b (de (m+n) +cf (m+p))) x) dx

Program code:

Int[(a_.+b_.#x_ ) m_x (c_.+d_.#x_ ) n_.%(e_.+f_.*x_)"p_.,x_Symbol] :=
bx (a+b*x)~ (M-1)  (C+d#x) ~ (nN+1) x (e+Fxx) A (p+1) / (d#fx (men+p+1)) +
1/(d*f* (m+n+p+1) ) *Int [ (a+bxx) A (m-2) * (c+d*X) *n# (e+f*x) “p*
Simp [a"Z*d*'F* (m+n+p+1) -bx* (b*c*e* (m-1) +ax* (d*e* (n+1) +cxf* (p+1) ) ) +b* (a*d*-F* (2xm+n+p) -b* (d*e* (m+n) +Ccxf* (M+p) ) ) *x,x] ,x] /3
FreeQ[{a,b,c,d,e,f,n,p},x] & GtQ[m,1] && NeQ[m+n+p+1,0] && IntegerQ[m]



Rules for integrands of the form (a+b x)~m (c+d x)~n (e+f x)"\p

14: J(a+bx)'“(c+dx)" (e+fx)Pdx whenm>@ An>0 Am+n+p+1+#0

Derivation: Nondegenerate trilinear recurrence 2 withA = candB = d

Rule1.1.1.3.14:1fm>0 An>0 Am+n+p+1+0,then

J(a+bx)'" (c+dx)" (e+-Fx)pdlx —

(a+bx)" (c+dx)" (e+1"x)p+1

f(M+n+p+1) )
;J-(a+bx)'“‘:l (c+dx)"* (e+fx)? (cm(be-af)+an(de-cf)+ (dm(be-af) +bn(de-cf))x)dx
f(Mm+n+p+1)

Program code:

Int[(a_.+b_.#x_) m_.% (c_.+d_.*x_)"n_.#(e_.+f_.xx_)"p_.,x_Symbol] :=
(a+bxX) *m* (C+d*X) *n* (e+-F*x) 2 (p+1)/(‘F* (m+n+p+1) ) -
1/(f* (m+n+p+1) ) *Int [ (a+bxx)~ (m-1) % (c+dxXx) ~ (n-1) * (e+f*x) “p*
Simp [c*m* (b*e—a*f) +axnx (d*e—c*f) + (d*m* (b*e—a*f) +bxnx (d*e—C*f) ) *x,x] ,X] /3
FreeQ[{a,b,c,d,e,f,p},x] & GtQ[m,0] && GtQ[n,0] & NeQ[m+n+p+1,0] && (IntegersQ[2xm,2xn,2+p] || (IntegersQ[m,n+p] || IntegersQ[p,m+n]))
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Rules for integrands of the form (a+b x)~m (c+d x)~n (e+f x)"\p

15: J(a+bx)'“(c+dx)“ (e+fx)Pdx whenm>1 Am+n+p+1#0

Derivation: Nondegenerate trilinear recurrence 2 withA = aandB = b

Rule1.1.1.3.15:1f m>1 Am+n+p+1+0,then

J(a+bx)'" (c+dx)" (e+-Fx)pdlx —

b(a+bx)™?! (c+dx)"™? (e+-|:x)”*1

+

df (m+n+p+1)

1
—J‘(a+bx)’"‘2 (c+dx)" (e+fx)P-
df (m+n+p+1)

(a?df (m+n+p+1) -b(bce(m-1) +a(de(n+1) +cf (p+1))) +b(adf (2m+n+p) -b (de (m+n) +cf (m+p))) x) dx

Program code:

Int[(a_.+b_.#x_ ) m_x (c_.+d_.#x_ ) n_.*(e_.+f_.*x_)"p_.,x_Symbol] :=
bx (a+b*x)~ (M-1) # (C+d#x) ~ (n+1) * (e+Fxx) A (p+1) / (d#fx (men+p+1)) +
1/(d*f* (m+n+p+1) ) *Int [ (a+bxx) A (m-2) * (c+d*X) *n# (e+f*x) “p*
Simp [a"Z*d*'F* (m+n+p+1) -bx* (b*c*e* (m-1) +ax* (d*e* (n+1) +cxf* (p+1) ) ) +b* (a*d*f* (2xm+n+p) -b* (d*e* (m+n) +Cxf* (M+p) ) ) *x,x] ,x] /3
FreeQ[{a,b,c,d,e,f,n,p},x] & GtQ[m,1] && NeQ[m+n+p+1,0] && IntegersQ[2xm,2xn,2xp]

16: J(a+bx)'“ (c+dx)" (e +fx)?dx whenm< -1

Derivation: Nondegenerate trilinear recurrence 3withA = 1andB = @

Note: If the integrand has a negative integer exponent, incrementing it, rather than another negative fractional exponent,
produces simpler antiderivatives.

Rule 1.1.1.3.16: If m < -1, then

j(a+bx)’" (c+dx)" (e+-Fx)pdlx —
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Rules for integrands of the form (a+b x)~m (c+d x)~n (e+f x)"\p

b (a+bx)™?! (c+dx)"? (e+1:x)p+1

+

(m+1) (bc-ad) (be-af)
1

(m+1) (bc-ad) (be-af

Program code:

Int[(a_.+b_.#x_ ) m_x (c_.+d_.#x_ ) n_.*(e_.+f_.*x_)"p_.,x_Symbol] :=
b*(a+b*x)A(m+1)*(c+d*x)“(n+1)*(e+f*x)“(p+1)/((m+1)*(b*c—a*d)*(b*e—a*f)) +
1/((m+1)*(b*c—a*d)*(b*e—a*f))*Int[(a+b*x)A(m+1)*(c+d*x)An*(e+f*x)Ap*

Simp[a*d*f* (m+1) -bx (d*e* (m+n+2) +Cxfx (m+p+2))—b*d*f* (m+n+p+3) *x,x],x] /3

FreeQ[{a,b,c,d,e,f,n,p},x| & ILtQ[m,-1] && (IntegerQ[n] || IntegersQ[2xn,2xp] || ILtQ[m+n+p+3,0])

Int[(a_.+b_.#x_ ) m_x (c_.+d_.#x_ ) n_.x(e_.+f_.*x_)"p_.,x_Symbol] :=
bx (a+bxx)~ (m+1) * (c+d*X) ~ (n+1) » (e+f*x) n (p+1)/( (m+1) » (bxc-axd) * (b*e—a*f)) +
1/( (m+1) » (bxc-a*d) % (b*e—a*f) ) *Int [ (a+bxx) A (m+1) * (C+d*X) *n* (e+f*x) “p*
Simp[a*d*f* (m+1) -bx (d*e* (m+n+2) +Cxf* (m+p+2))-b*d*'F* (m+n+p+3) *x,x],x] /3
FreeQ[{a,b,c,d,e,f,n,p},x] & LtQ[m,-1] && IntegersQ[2xm,2xn,2xp]

(e+fx)P
17.f dx
(a+bx) Vec+dx

1
1.J\ dx
(a+bx) Vc+dx (e+-Fx)1/4

1
1: dx when _defcf >0
(a+bx) Vc+dx (e+1fx)1/4

Derivation: Integration by substitution

2

Basis: 1 == -4 Subst X
(a+b x) v c+dx (e+fx)1/4 .
(be-af-bx*) [c-desdx

Rule 1.1.1.3.17.1.1: If - - f _ - 9,then
e-cf

) f(a+bx)’""1 (c+dx)" (e+fx)? (adf (m+1) -b (de(m+n+2) +cf (M+p+2)) -bdf (m+n+p+3)x)dx

, X, (e+Fx)Y4 oy (e+ fx)1/4
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Rules for integrands of the form (a+b x)~m (c+d x)~n (e+f x)"\p

1 x? 1/4
dx — —4Subst[ dx, x, (e+fx) ]

(a+bx) Vc+dx (e+'|=x)1/4 (be-af-bx?) c_de, dxt
¥ ¥

Program code:

Int[1/((a_.+b_.*x_)*Sqrt[c_.+d_.*x_](e_.+f_.*x_)~(1/4)),x_Symbol] :=
-4xSubst [Int [x"2/( (bxe-axf-bxx"4) xSqrt[c-dxe/f+dxx"4/f]),x],x, (e+f+x)~(1/4)] /;
FreeQ[{a,b,c,d,e,f},x] && GtQ[-f/(dxe-cxf),0]

1
2: J dx when —defcf +0
(a+bx) Vc+dx (e+1:x)1/4

Derivation: Piecewise constant extraction

_f(c+dx)
de-cf

Basis: Oy Neven ==
c+d X

Rule 1.1.1.3.17.1.2: If - i f

e-cf ’
f (c+dx)
J 1 de cf J 1

(a+bx) Vc+dx (e+1:x)1/4 Verdx

dx

cf dfx 1/4
(a+bx) Tde-cf de-cf (e+fx)

Program code:

Int[1/((a_.+b_.*x_)*Sqrt[c_.+d_.*x_](e_.+f_.*x_)~(1/4)),x_Symbol] :=

Sgrt [—'F* (c+d*x)/(d*e—c*-F) ]/Sqrt [c+dxXx] *Int [1/( (a+bxXx) *Sqrt [-c*f/(d*e-c*f) —d*'F*x/(d*e-c*f) ] * (e+'F*x) ~(1/4) ) ,x] /3

FreeQ[{a,b,c,d,e,f},x] && Not[GtQ[-f/(dxe-cxf),0]]
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Rules for integrands of the form (a+b x)~m (c+d x)~n (e+f x)"\p

1
2.J dx
(a+bx) Vc+dx (e+-Fx)3‘/4

1
1: J dx when —defcf >0
(a+bx) Vc+dx (e+-Fx)3/4

Derivation: Integration by substitution

Basis: 1 -- ~4 Subst 1 X, (e +Ffx 1/4} Ay (e + Fx)1/4
(a+bx) \/c+d x (e+fx)3/4 . . s X, (e+ ) x (€+ )
(be-af-bx?) -

Rule 1.1.1.3.17.2.1: If - - f 5 9,then
e-cf

1 1 1/4

dx — —4Subst[ dx, x, (e+fx) ]
(a+bx) Vc+dx (e+-|=x)3/4 .
(be-af-bx*) c—dTe+—d:

Program code:

Int[1/((a_.+b_.*x_)*Sqrt[c_.+d_.*x_](e_.+f_.*x_)~(3/4)),x_Symbol] :=
-4xSubst[Int[1/( (bxe-axf-bxx"4) xSqrt[c-dxe/f+dxx"4/f]),x],x, (e+f+x)~(1/4)] /;
FreeQ[{a,b,c,d,e,f},x] 8& GtQ[-f/(dxe-c+f),0]

1
2: J dx when —defcf +0
(a+bx) Vc+dx (e+-Fx)3/4

Derivation: Piecewise constant extraction

f(c+dx)
B . 6 de-cf
asls: ==
x A/ c+d x

: f
Rule1.1.1.3.17.2.2:If - -—+— % 0, then




Rules for integrands of the form (a+b x)~m (c+d x)~n (e+f x)"\p

f (c+dx)
1 de cf 1
dx dx
(@a+bx) Verdx (e+fx)** Verdx o dfx 3/4
(@a+bx) [ -7=— -2 (e+fX)
de-cf de-cf

Program code:

Int [1/( (a_.+b_.*x_)*Sqrt[c_.+d_.*x_]=* (e_.+-F_. *x_) ~(3/4) ) ,x_Symbol] 1=
Sqrt[-fx (c+dxx) /(dxe-cxf) ] /Sqrt[c+d«x] +Int[1/( (a+bxx) *Sqrt[-cxf/(dxe-cxf) -dsfxx/(dxe-c+f) | » (e+fxx)~(3/4)),x] /;
FreeQ[{a,b,c,d,e,f},x] 8& Not[GtQ[-f/(dse-c+f),0]]

e+'FX
18. J‘ dx
YVa+bx Vc+dx
Ve+fx

1. — dx whende-cf#0

Vbx Vc+dx

e+fx
1. J dx whende-cf#@ A c>0 A e>0

VYbx Vc+dx

e+fx b
1: J leWhende—C'F;EOAc>0Ae>0A—;{0

VYbx Vc+dx

Rule1.1.1.3.18.1.1.1:1f de-cf+@O A c>0 A e>0 A -2 50 then

d
Ve+fx 2\/_
—dx — E111pt1cE[Ar‘c51n ,
Vbx Vec+dx ‘/_ , de

Program code:

Int[Sqrt[e_+f_.+x_]/(Sqrt[b_.+x_]*Sqrt[c_+d_.*x_]),x_Symbol] :=
2*Sqrt[e]/b*Rt[—b/d,Z]*EllipticE[ArcSin[Sqrt[b*x]/(Sqrt[c]*Rt[—b/d,Z])],c*f/(d*e)] /3
FreeQ[{b,c,d,e,f},x]| && NeQ[dve-c+f,0] && GtQ[c,0] & GtQ[e,0] && Not[LtQ[-b/d,0]]



Rules for integrands of the form (a+b x)~m (c+d x)~n (e+f x)"\p

e+fx b
2: J dwamde—cf#OAc>0Ae>0A-q<0

VYbx Vec+dx

Derivation: Piecewise constant extraction

Basis: Oy NCroal (%)
Rule1.1.1.3.18.1.1.2:If de-cf+Q0 A C>0 A e >0 A —g + 0, then
J Ve+fx a vV -bx JN Ve+fx

X —
Vbx Vec+dx Vb x V-bx Vc+dx

dx

Program code:
Int[Sqrt[e_+f_.+x_]/(Sqrt[b_.+x_]*Sqrt[c_+d_.*x_]),x_Symbol] :=

Sqrt[-bxx]/Sqrt [bxx] +Int[Sqrt[e+f+x]/(Sqrt[-b+x]*Sqrt[c+d+x]),x] /;
FreeQ[{b,c,d,e,f},x] & NeQ[dxe-c«f,0] && GtQ[c,0] & GtQ[e,0] && LtQ[-b/d,0]

Verfx
2: j dx whende-cf#0 A - (c>0 A e>0)

VYbx Vec+dx

Derivation: Piecewise constant extraction

- Verfx | eox
Basis: Oy =

Jerdx | et

Rule1.1.1.3.18.1.2:1f de-cf+@ A - (Cc >0 A e > 0),then
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Rules for integrands of the form (a+b x)~m (c+d x)~n (e+f x)"\p

m . ‘\/e+fx4’ J\
\/W\/c+dx cTdx , Nres ,

Program code:

Int[Sqrt[e_+f_.+x_]/(Sqrt[b_.+x_]*Sqrt[c_+d_.*x_]),x_Symbol] :=
Sqrt[e+fxx] +Sqrt[1+d+x/c]/(Sqrt[c+d«x] *Sqrt[1+fxx/e])+Int[Sqrt[1+f+x/e]/(Sqrt[bxx]+Sqrt[1+dsx/c]),Xx] /;
FreeQ[{b,c,d,e,f},x] & NeQ[dxe-c+f,0] & Not[GtQ[c,0] && GtQ[e,O]]

ZJ- Ve+fx dx
Va+bx Verdx
Vesfx

Va+bx Verdx

dx whenbe=f (a-1)

Derivation: Algebraic expansion

Basis:If be == f (a-1),then ¥Yexfx . fvabx £
< ) Va+bx be+fx bva+bx ve+fx

Note: Instead of a single elliptic integral term, this rule produces two simpler such terms.

Rule1.1.1.3.18.2x:If be == f (a - 1), then

Ve+fx f Va+bx f 1
j dx — —j dlx——j dx
YVa+bx Vc+dx Vec+dx Ve+fx Va+bx Ve+dx Ve+fx

Program code:

( Int[Sqrt[e_.+f_.*x_]/(Sqrt[a_+b_.*x_]+Sqrt[c_+d_.*x_]),x_Symbol] :=
f/bxInt [sart [a+b*x]/(Sqr't [c+dxx]+Sqrt[e+fxx]),x] -
f/bxInt[1/(Sqrt[a+bsx]«Sqrt[c+d+x]*Sqrt[e+fxx]),x] /;

FreeQ[{a,b,c,d,e,f},x] && EqQ[bxe-fx(a-1),0] *)
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Rules for integrands of the form (a+b x)~m (c+d x)~n (e+f x)"\p

Ve+fx b bc-ad
dx when bc_ad>0/\ be_af>0/\—T¢0
Va+bx Vc+dx
Rule 1.1.1.3.18.2.x: If >0 A —2— >0 A -bs2d 49 then

b d be-af d
Ve+fx 2 bc-ad be-af Va+bx f (bc-ad)
dx — — .- EllipticE[ArcSin[ ], ]
Varbx Verdx b d bc-ad vee d(be-af)

d

Program code:

(» Int[Sqrt[e_.+f_.»x_]/(Sqrt[a_+b_.*x_]*Sqrt[c_+d_.*x_]),x_Symbol] :=
2/b*Rt[- (bxc-axd) /d,2] +Sqrt[ (bxe-axf) / (bxc-axd) |
EllipticE[ArcSin[Sqrt[a+bsx]/Rt[- (bxc-axd) /d,2]],f (bxc-axd) /(dx (bxe-axf))] /;
FreeQ[{a,b,c,d,e,f},x] && GtQ[b/ (bxc-axd),0] && GtQ[b/(b*e—a*-F),e] && Not[LtQ[- (bxc-axd)/d,0]] &&
Not [SimplerQ[c+dxx,a+bxx] & GtQ[-d/ (bxc-axd),0] && GtQ[d/(d+e-c+f),8] & Not[LtQ[ (bxc-axd)/b,0]]] *)

e+fx
1J dx when —2—s0 A —2—50 A _2<2d 49

bc-ad be-af d
Va+bx Vec+dx o o

Derivation: Integration by substitution

| -bes+af fx2
. 2, [ et {1,,_
: b >0 A b > 0, then y e+fx = ~— Subst [ ==, x, Va+bx ] 8Va+bx

Basis: If bc-ad be-af ’ Vasbx Verdx \/ be-ad dx?
b, -—= 1+ -

+
d bc-ad

£x
Basis: Q dx == bc 24 EllipticE[ArcSin| ], Hbead
dx2 ' bc-ad d(be-af)

bc ad

>0 A L >0/\—M<ﬁ0,then

Rule 1.1.1.3.18.2.1: If - P ]
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Rules for integrands of the form (a+b x)~m (c+d x)~n (e+f x)"\p

2 beaf £x?
e 'FX \I \’ be-af
: dx Subst[ dlx, X, Va+bx]
YVa+bx Vc+dx bcad
bc ad
be-af

-— EllipticE[ArcSin[ NEEZT;;'] f (bC-ad)]

Bl
d beac d(be-af)
\[ d

Program code:

Int[Sqrt[e_.+f_.+x_]/(Sqrt[a_+b_.*x_]*Sqrt[c_+d_.*x_]),x_Symbol]

2/b*Rt|[- (bxe-axf) /d,2] xE1lipticE [ArcSin[Sqrt[a+bsx] /Rt[- (bxc-axd) /d,2]],fx (bxc-axd) /(dx (bxe-axf))] /;
FreeQ[{a,b,c,d,e,f},x]| && GtQ[b/ (bxc-axd),0] && GtQ[b/(bxe-axf),0] && Not[LtQ[- (b+c-axd)/d,0]] &&

Not [SimplerQ[c+d+x,a+bxx] && GtQ[-d/ (bxc-axd),0] && GtQ[d/(dxe-cxf),0] && Not[LtQ[ (bxc-ad)/b,0]]]
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Rules for integrands of the form (a+b x)~m (c+d x)~n (e+f x)"\p

e+fx
ZJ dlxwhen-( b_ oA 2 >0)A-M¢e

bc-ad be-af d
YVa+bx Vec+dx e o

Derivation: Piecewise constant extraction

Basis: 0, Yerfx Jr(cidx) __ g
Verdx Vs (e+fx)

._bc-ad __ ( bc-ad _ bc _ bd be B b f
Note: d “( d /‘{C > tcad? 97> 5cad? © " bear? T >be—a-F}>

Rule 1.1.1.3.18.2.2: If - ( b oA b e) A bc ad 4 g then

bc-ad be-af
,\/ ' b (c+dx) b fx
‘\/e+fx e+fx bc-ad be- af be-af
dx — dx
Va+bx Vc+dx b (esfx) bdx_
Vec+dx Va+bx
beanc bc ad bc-ad

Program code:

Int[Sqrt[e_.+f_.xx_]/(Sqrt[a_+b_.+x_]+Sqrt[c_+d_.*x_]),x_Symbol] :=
Sqrt[e+fxx] »Sqrt [bx (c+dxx) / (bxc-axd) ]/(Sqr‘t [c+dxx] *Sqrt[bx (e+fxx) /(bxe-axf)])«
Int [Sqr't [b*e/(b*e—a*f) +b*f*x/(b*e—a*f) ]/(Sqr't [a+bxXx] *Sqrt [bxc/ (bxc-axd) +bxdxx/ (bxc-axd) ]) ,x] 78
FreeQ[{a,b,c,d,e,f},x] && Not[GtQ[b/(bxc-axd),0] & GtQ[b/(bxe-axf),0]] & Not[LtQ[- (bxc-axd)/d,0]]

1

19.j
Va+bx Ve+dx Vesfx

1

h fvb—v—dv—f

1

dx

dx

dx whenc>0 A e>0

Rule1.1.1.3.19.1.1:1f c > @ A e > 0, then



Rules for integrands of the form (a+b x)~m (c+d x)~n (e+f x)"\p

1 2 b Vb x cf

dx — -— EllipticF[Ar‘cSin[—], —

Vbx Vec+dx Ve+fx bVe d N / b de
c _b
d

Program code:

Int[1/(Sqrt[b_.*x_]+Sqrt[c_+d_.xx_]+Sqrt[e_+f_.*x_]),x_Symbol] :=
2/ (bxSqrt[e]) *Rt[-b/d,2] xE1lipticF [Ar‘cSin [Sgrt[bxx]/ (Sqrt[c]*Rt[-b/d,2])] ,c*f/(d*e) ] /3
FreeQ[{b,c,d,e,f},x] && GtQ[c,0] && GtQ[e,0] & (GtQ[-b/d,0] || LtQ[-b/f,0])

Int[1/(Sqrt[b_.+x_]*Sqrt[c_+d_.+x_]+Sqrt[e_+f_.xx_]),x_Symbol] :=
2/ (bxSqrt[e]) *Rt[-b/d,2] +E1LlipticF [ArcSin[Sqrt[bx]/ (Sqrt[c]*Rt[-b/d,2])],cxf/(dxe)] /;
FreeQ[{b,c,d,e,f},x]| && GtQ[c,0] && GtQ[e,0] && (PosQ[-b/d] || NegQ[-b/f])

1

dx when - (c>0 A e>0)

Derivation: Piecewise constant extraction

u | 1+dTX | 1+%
Basis: Oy =0

Ve+d x v e+fx
N . b b
Rule 1.1.1.3.19.1.2:If - (-~ >8 A 2~ >@),then
\/1+d—x 1+ &
= dx — : : !
VYbx Vec+dx Ve+fx Ve+dx Ve+fx \/ dx \/ £x
\/W 1+T 1+T

Program code:

Int[1/(Sqrt[b_.+x_]*Sqrt[c_+d_.+x_]*Sqrt[e_+f_.xx_]),x_Symbol] :=

Sqrt[1+dxx/c] +Sqrt[1+fsx/e]/(Sqart[c+d«x] *Sqrt[e+fsx])+Int[1/(Sqrt[bsx]*Sqrt[1+d+x/c]+Sqrt[1+fxx/e]),x] /;

FreeQ[{b,c,d,e,f},x] && Not[GtQ[c,0] & GtQ[e,0]]

dx
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Rules for integrands of the form (a+b x)~m (c+d x)~n (e+f x)"\p

1
2.j dx
Ya+bx Vc+dx Ve+fx

1
1:J dlxwhen—>0/\—>e/\c<ﬂ/\esﬂ
b b
Va+bx Vec+dx Ves+fx

Derivation: Algebraic expansion and integration by substitution

A

Basis: If

ol

d (a+b x)

>0 A ¢ = 24 then vcrax = [4 Varbx [biedn

[ |
Basis: If E >0 A e< %,then«/eﬂcx /f Naibx IJ—L:(?:;
. B b (c+dx
Basis: 2 forbx) = Z Subst| z » X, Va+bx ] o, Va+bx

d
Va+bx (c+dx) :J(%)L X2 ’1+b:%d ,1+b:;:f
_be—af
Basis: : dx = - —L— EllipticF[ArcSin[ L——], fbc2d)
x2 '1+bc»ad '1+be—af ’_befaf X d (be-af)
dx? fx2 £
Rule1.1.1.3.192.1:1f $ >0 A £ >0 A c< 29 Aex<2F then
b (c+dx)
1 d d (a+bx)
dx — ; dx
b d f
Varbx Verdx Ve fx Va+bx (c+dx),’f(:::§)

dx, x,\/a+bx]

Subst[J\
\/ bc ad \/ 14+ be-af

fx?



Rules for integrands of the form (a+b x)~m (c+d x)~n (e+f x)"\p

2 d _be-af
f . ) f f(bc-ad)

—_ a— ElllptlcF[Ar‘cSln[ s ( ) ]
Va+bx d(be-af

d _be-af

-+

Program code:

Int[1/(Sqrt[a_+b_.*x_]*Sqrt[c_+d_.+x_]+Sqrt[e_+f_.+x_]),x_Symbol] :=
-2+Sqrt[d/f]/(d«Rt[- (bxe-axf) /f,2]) xEllipticF [ArcSin [Rt[- (bxe-axf) /f,2] /Sqrt[a+bxx]],fx (bxc-axd) /(dx (bxe-axf))] /;
FreeQ[{a,b,c,d,e,f},x] && GtQ[d/b,0] & GtQ[f/b,0] && LeQ[c,axd/b] && LeQ[e,a+f/b]

1
X: J dx when —¥>0
Va+bx Vec+dx Ve+fx

Derivation: Piecewise constant extraction and integration by substitution

. . m b (e+fx
Basis: a, favx) g
m b (c+d x

d (a+bx)

u b (c+dx
Basis: e = § Subst| : » X, Va+bx ] o, Va+bx
Va+bx (c+dx) b(esfx) X2 | 14024 1, 0eaf

f (a+b x) dx? fx2

_be—af
dx = - EllipticF [ArcSin[ +——], fbe-ad

Basis: = =
X d (be-af)
x2 1+bc7ad 1+befaf _befaf
dx? £x2 £

Rule 1.1.1.3.19.2.1: If - beaf - g then

.F
m b (e+fx) b (c+dx)
1 f (a+b X) d (a+b x)
dx dx
Va+bx Vec+dx Ves+fx
m b(eedx) Va+bx (c+dx) [ efx

d (a+b x) f (a+bx)
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Rules for integrands of the form (a+b x)~m (c+d x)~n (e+f x)"\p

2Vc+dx b(exfx)

-F(a+bx)
— Subst[J\ dx, x,\/a+bx]
d"e+fx b (c+dx) \/ bc ad \/ be-af
d (a+b x) f x2
f(a+bx) f -F(bc-ad)
EllipticF [Ar‘csin [ ]

3
beaf ei e[ blesdn Va+bx d(be-af)

d (a+b x)

Program code:

(*» Int[1/(Sqrt[a_+b_.+x_]*Sqrt[c_+d_.+x_]+Sqrt[e_+f_.+x_]),x_Symbol] :=
-2xSqrt [c+dxx] *Sqrt [b* (e+f*x)/(f* (a+b*x) ) ]/(d*Rt [— (b*e—a*f) /'F,Z] *Sqrt [e+-F*x] *Sqrt [bx (c+d*x) / (d* (a+b%x) ) ] ) *
EllipticF [ArcSin[Rt[- (bxe-axf) /f,2] /Sqrt[a+bxx]],fx (bxc-axd) /(dx (bxe-axf))] /;
FreeQ[{a,b,c,d,e,f},x] 8& PosQ[- (bxe-axf)/f] & (+ (LtQ[-a/b,-c/d,-e/f] || GtQ[-a/b,-c/d,-e/f]) =
Not[SimplerQ[c+dxx,a+bxx] & (PosQ[(-dxe+cxf)/f] || PosQ[ (bxe-axf)/b])] &&
Not[SimplerQ[e+fsx,a+bxx] && (PosQ[(bxe-axf)/b] || PosQ[(bxc-axd)/b])] =)

be-af af

1 bc-ad
b

Z:J dx when >0 A
Va+rbx Vec+dx Ve+fx

b
>9/\—d>0

Derivation: Integration by substitution

Basis: If bc-ad . g o beaf 9, then z = 2 Subst [ z » X, Ya+bx ] o Va+bx

b b Vatbx Vesdx Vesfx b\/bc’ad \/be,af \/hT 1, 2
b b bc-ad be-af
=
Basis: dx == be=2d EllipticF[ArcSin| ], Hbead]
dx ' fx [ [bc ad d (be-af)
be af

bc ad

Rule 1.1.1.3.19.2.2: If % >0 A % >0 A —g > 0, then
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Rules for integrands of the form (a+b x)~m (c+d x)~n (e+f x)"\p 36

1 2 1
J dx — Subst[J dx, X, Va+bx]
Va+bx Ve+dx Vesfx be-ad be-af \/ dx? \/ £x2
bﬂl 2e-a€ 4/ 2e-2% 142 14 DX
b b bc-ad be-af
2. /-t
d L Va+bx -F(bc—ad)
— —ElllptlcF[ArcSm ]

be a-F
b be-af bc-ad ad
b

Program code:

Int[1/(Sqrt[a_+b_.xx_]+Sqrt[c_+d_.+x_]*Sqrt[e_+f_.xx_]),x_Symbol] :=

2+Rt[-b/d,2]/(bxSqrt[ (bxe-axf) /b]) xE1LlipticF [ArcSin[Sqrt[a+bxx]/ (Rt[-b/d,2] *Sqrt[ (bxc-axd) /b]) ], (bxc-axd)/(d« (bxe-axf))] /;
FreeQ[{a,b,c,d,e,f},x] && GtQ[(bxc-ad)/b,0] && GtQ[ (bxe-axf)/b,0] && PosQ[-b/d] &&

Not [SimplerQ[c+dxx,a+bxx] && GtQ[ (dxe-c+f)/d,0] && GtQ[-d/b,0]] &&

Not [SimplerQ[c+dxx,a+bxx] & GtQ[(-bxe+axf)/f,0] && GtQ[-f/b,0]] &&

Not[SimplerQ[e+fsx,a+bxx] && GtQ[(-dxe+cxf)/f,0] && GtQ[(-bxe+axf)/f,0] && (PosQ[-f/d] || PosQ[-f/b])]

Int[1/(Sqrt[a_+b_.xx_]+Sqrt[c_+d_.+x_]*Sqrt[e_+f_.+x_]),x_Symbol] :=

2+Rt[-b/d,2]/(bxSqrt[ (bxe-axf) /b]) xE1lipticF [ArcSin[Sqrt[a+bxx]/ (Rt[-b/d,2] +Sqrt[ (bxc-axd) /b]) ], (bxc-axd)/(d« (bxe-axf))] /;
FreeQ[{a,b,c,d,e,f},x] && GtQ[b/ (bxc-axd),0] && GtQ[b/(b*e—a*f),e] 8& SimplerQ[a+bxx,c+dxx] 8&& SimplerQ[a+bxx,e+fxx| &&

(PosQ[- (bxc-axd) /d] || NegQ[-(bxe-axf)/f]) (» & PosQ[-b/d] *)

1 bc-ad
b

3:J dx when 0
Va+bx Vec+dx Ve+fx

Derivation: Piecewise constant extraction

b (c+dx)

B N @ bc-ad
asis: Oy =

i/ c+d x

Rule 1.1.1.3.19.2.3: If % + 0, then




Rules for integrands of the form (a+b x)~m (c+d x)~n (e+f x)"\p

b (c+dx)
J 1 bc ad 1
dx dx
Va+bx Vec+dx Ves+fx c+dx
' ’ ' Varbx | 2. b Ve Fx

bc-ad bc-ad

Program code:

Int[1/(Sqrt[a_+b_.xx_]+Sqrt[c_+d_.+x_]*Sqrt[e_+f_.xx_]),x_Symbol] :=
Sqrt [bx (c+dx) / (bxc-axd) ] /Sqrt[c+d»x] +Int[1/(Sqrt[a+bxx] +Sqrt[bxc/ (bxc-axd) +bxdxx/ (bxc-axd) ] +Sqrt[e+fxx]),x] /;
FreeQ[{a,b,c,d,e,f},x] && Not[GtQ[(bc-axd)/b,0]] & SimplerQ[a+bsx,c+dxx] && SimplerQ[a+bx,e+fxx]

1

4:J~
Va+bx Vec+dx Ve+fx

dx when 2eaf

0

Derivation: Piecewise constant extraction

b (e+fx)
B A 6 be-af @
asls: ==
X Jerfx

Rule 1.1.1.3.19.2.4: If % + 0, then

b (e+fx)

1 be-af 1
dx — dx
Va+bx Ve+dx Vesfx Ve+fx
Va+bx Vc+dx beaf bbe’_c:f

Program code:

Int[1/(Sqrt[a_+b_.*x_]+Sqrt[c_+d_.+x_]*Sqrt[e_+f_.+x_]),x_Symbol] :=
Sqrt[bx (e+fxx) /(bxe-axf) ] /Sqrt[e+fsx]+Int[1/(Sqrt[a+bxx]+Sqrt[c+d+x]+Sqrt[bse/ (bxe-a+f) +bxfxx/(bxe-axf)]),x] /;
FreeQ[{a,b,c,d,e,f},x] && Not[GtQ[ (bxe-a+f)/b,0]]
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Rules for integrands of the form (a+b x)~m (c+d x)~n (e+f x)"\p

(@a+bx)"
20. j dx when 2bde-bcf-adf=20 Amez"
(c+dx)1/3 e+fx) 13
1
1:f dx when 2bde-bcf-adf=-90
(a+bx) (c+dx)¥3 (e+fx)*?

Rule1.1.1.3.20.1:If 2bde-bcf-adf == 9, letq- (Mb"ce;af})”, then

-ad)

4[ 1 29 (c+dx)
J 1 4 Log[a + b x] Ar‘cTan[ T UT (e 1/3] 3Log[q (c+dx)?3- (e+-Fx)1/3]
X — - +
(a+bx) (c+dx)/3 (e+1=x)1/3 2q(bc-ad) 2q (bc-ad) 4q (bc-ad)

Program code:

Int[1/((a_.+b_.*x_)*(c_.+d_.#x_)"(1/3) » (e_.+f_.*x_)~(1/3)),x_Symbol] :=
With[{q=Rt [bx (bxe-axf)/(bxc-axd)~2,3]},
-Log[a+b*x]/ (2xq* (bxc-axd)) -
Sqrt[3] *ArcTan [1/Sqrt[3] +2xq (c+dxx)~(2/3) /(Sqrt[3]+ (e+Ffxx) " (1/3)) ]/ (2xq (bxc-axd)) +
3*Log[q*(c+d*x)"(2/3)—(e+f*x)"(1/3)]/(4*q*(b*c—a*d))] /3
FreeQ[{a,b,c,d,e,f},x] && EqQ[z*b*d*e-b*c*f-a*d*f,o]
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Rules for integrands of the form (a+b x)~m (c+d x)~n (e+f x)"\p

(a+bx)"
2: J dx when 2bde-bcf-adf=0 Am+1ez"
(c+dx)1/3 e+fx) 13

Derivation: Nondegenerate trilinear recurrence 3withA = 1andB = @

Rule1.1.1.3.20.2:If 2bde-bcf-adf =0 A m+1 ez ,then

(a+bx)™
J- dx —
(c +dx)/3 (e+-Fx)1/3

b (a+bx)™! (c+dx)?/3 (e+-Fx)2/3 f ‘J~(a+bx)""'1 (ad (3m+1) -3bc (3m+5) -2bd (3m+7) x)

N
(m+1) (bc-ad) (be-af) 6 (m+1) (bc-ad) (be-af) (c+dx)?? (e+fx)??

Program code:

Int[(a_.+b_.#x_ ) m_/((c_.+d_.*x_)~(1/3)*(e_.+Ff_.*x_)"(1/3)),x_Symbol] :=
bx (a+b*x)~ (m+1) + (C+d#x) ~ (2/3) » (e+Fxx) A (2/3) / ((m+1) » (bxc-axd) « (bxe-axf)) +
'F/(G* (m+1) » (bxc-axd) % (b*e—a*-F) ) *
Int [ (a+bxx) A (m+1) * (axd* (3*xm+1) -3xbxCx (3xm+5) -2xbxdx (3xm+7) *x)/( (c+dxx)"(1/3) * (e+f*x) ~(1/3) ) ,x] /8
FreeQ[{a,b,c,d,e,f},x] && EqQ[2xbsdxe-bxcxf-axd«f,0] && ILtQ[m,-1]

dx
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Rules for integrands of the form (a+b x)~m (c+d x)~n (e+f x)"\p

21, j(a+bx)'“ (c+dx)" (fx)?dx whenbc+ad=0 Am-n==0

X: J(a+bx)"‘ (c+dx)" (fx)?dx whenbc+ad=0 A n=m

Derivation: Piecewise constant extraction

Basis: If b ¢ + a d == 9, then §, (3:bx1"(cxdX)T __ g
(ac+bdx?)

Rule1.1.1.3.21:If bc +ad =0 A n = m,then

(@a+bx)™ (c+dx)"

j(a+bx)'" (c+dx)" (fx)Pdax —
(ac+bdx?)"

Program code:

(* Int[(a_.+b_.*x_) m_.x(c_.+d_.*x_ ) n_.(f_.#x_)"p_.,x_Symbol] :=
Simp[ (a+b%x) *m* (c+dxx)~*m/ (a*C+bxdxx*2) *m] *Int [ (axC+bxdxx"2) *m* ('F*x) "p,x] /3
FreeQ[{a,b,c,d,f,m,n,p},x]| & EqQ[bxc+axd,0] & EqQ[n,m] =)

J(ac+bdx2)m (Fx)Pax
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Rules for integrands of the form (a+b x)~m (c+d x)~n (e+f x)"\p

1: J(a+bx)'"(c+dx)" (fx)?Pdx whenbc+ad=0 An=mAa>0AcC>0

Derivation: Algebraic simplification
Basis:If bc+ad=0 A a>0 A c>0,then (a+bx)" (c+dx)" = (ac+bdx?)"

Rule1.1.1.3.21.1:If bc+ad =0 An=mA a>0 A c > 0,then

J(a+bx)'“ (c+dx)" (fx)Pdx — J(ac+bdx2)m (Fx)Pax

Program code:

Int[ (a_.+b_.#x_) m_.* (C_.+d_.*x_)"n_.x (f_.*x_)"p_.,x_Symbol] :=
Int[(a*c+b*d*x"2)"m* ('F*x)"p,x] /3
FreeQ[{a,b,c,d,f,m,n,p},x| & EqQ[bxc+axd,0] & EqQ[n,m] && GtQ[a,0] & GtQ[c,0]

41



Rules for integrands of the form (a+b x)~m (c+d x)~n (e+f x)"\p

2: J(a+bx)'" (c+dx)" (fx)Pdx whenbc+ad=0 A n=m

Derivation: Piecewise constant extraction

Basis: If b ¢ + a d == 0, then 9, (2:bx1"(cxdXIT __ g
(ac+bdx?)

.-, FracPart[m] dX)Fr‘acPar‘t[m]
Basis: If bc + ad == 0, then {3zbx)" (cxd )T __ (a+bx) (et
) (ac+bdx2)m (ac+bdX2>Fr‘acPart[m]

Rule1.1.1.3.21.2:If bc+ad =0 A n = m,then

(a+bx) FracPart[m] (c+dx) FracPart[m]

(a c+bd XZ) FracPart[m]

J(a+bx)'" (c+dx)" (fx)Pdx —

J(ac+bdx2)m (£x)P dx

Program code:

Int[ (a_.+b_.#x_ ) m_.% (C_.+d_.*x_)"n_.* (f_.*x_)"p_.,x_Symbol] :=
(a+bxx) *FracPart [m] * (c+dxx) ~*FracPart[m] / (axc+bxd*x"2) *FracPart[m] *Int [ (axC+bxd*x"2) *mx (-F*x)"p,x] /3
FreeQ[{a,b,c,d,f,m,n,p},x] & EqQ[bxc+axd,0] & EqQ[n,m]
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Rules for integrands of the form (a+b x)~m (c+d x)~n (e+f x)"\p

22: J(a+bx)m (c+dx)" (e+fx)?dx whenmez* v (m|n) ez

Derivation: Algebraic expansion

Rule1.1.1.3.22:If me z* vV (m | n) € Z, then

J(a+bx)'" (c+dx)" (e+fx)?Pdx — JExpandIntegrand[(a+bx)m (c+dx)" (e +fx)P, x] dx

Program code:
Int[(a_.+b_.#x_ ) m_.%(C_.+d_.*x_)"n_.«(e_.+f_.*x_)"p_.,x_Symbol] :=

Int[ExpandIntegrand [ (a+bxx)"m« (c+d#x)"n« (e+fxx)"p,x],x] /;
FreeQ[{a,b,c,d,e,f,n,p},x] && (IGtQ[m,0] || ILtQ[m,0] && ILtQ[n,0])

23: ~J‘(ex)p (a+bx)" (c+dx)"dx whenbc-ad#@ A peF AmeZ

Derivation: Integration by substitution
Basis: If k e Z", then (ex)?PFx] == ESubst[xk (p+1)-1 F[’;—k], X, (e x)1/k] By (e x)1/k

Rule1.1.1.3.23If bc-ad+@ A peF A me Z,letk = Denominator[p], then

k bx*\" dxk\"
j(ex)p (a+bx)™ (c+dx)"dx — —Subst[jxk (p+1)-1 (a + ] [c + ] dx, x, (e x)l/k]
e e e

Program code:

Int[(e_.*x_)"p_=»(a_+b_.*x_)*m_x(c_+d_.*x_)”"n_,x_Symbol] :=

With [ {k=Denominator[p]},

k/exSubst [Int [x (kx (p+1) -1) » (a+bxx"k/e) *mx (c+dxx"k/e) ~n,X],X, (exx) " (1/k) 1] /;
FreeQ[{a,b,c,d,e,m,n},x] && NeQ[bxc-axd,0] && FractionQ[p] && IntegerQ[m]
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Rules for integrands of the form (a+b x)~m (c+d x)~n (e+f x)"\p

24, j(a+bx)'“ (c+dx)" (e+fx)’dx whenm+n+pez

(a+bx)" (c+dx)n
1: J dx whenm+nez*A 2bde-f (bc+ad) =0

e+fx

Derivation: Algebraic expansion

Basis: (a+bx)™ (c+dx)" __ bd (a+ bX)mfl (C +dX)n71 (be-af) (de-cf) (a+bx)™1 (c+dx)"?
’ (e+f x)? £2

+
2 (e+f x)?2

Rule1.1.1.3.24.1:if m+neZ* A 2bde-f (bc+ad) ==0,then

bx)™ dx)"
J\(3+ x)" (c +dXx) a

(be-af) (de-cf) J~(a+bx)““1 (c+dx)n-?
(e+'Fx)z

bd
X — —J\(a+bx)’"‘1 (c+dx)"tdx+
2 2 (e+Fx)?

Program code:

Int [ (a_.+b_.*¥x_)™m_= (c_.+d_.*x_) "n_/(e_. +f_. *x_) "2,x_Symb01] =
b*d/‘F"Z*Int [ (a+b*x) A (m-1) » (c+d*Xx) ~ (n-1) ,x] +
(bxe-axf) « (dve-cxf) /Fr2+Int[ (a+bxx) ~ (M-1) * (c+dxx) ~ (n-1) / (e+Fxx)"2,x] /;
FreeQ[{a,b,c,d,e,f,m,n},x] & IGtQ[m+n,0] & EqQ[2xbxdxe-fx (bxc+axd),0]

dx
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Rules for integrands of the form (a+b x)~m (c+d x)~n (e+f x)"\p 45

2: J(a+bx)'" (c+dx)" (e+fx)Pdx whenm+n+p=0 A pez"

Derivation: Algebraic expansion

P (a+bx)" (dep-cf (p-1)+d f x)
dP (c+d x)™1

- lasbx)lesf)? (£pil (¢ dx) P1-dP (dep-cf(p-1)+dfx) (e+fx)P)

(c+d x)mt

Basis:If m+n+p==0,then (a+bx)" (c+dx)" (e+fx)P == +

Note: If p € z~,thenfP*! (c+dx)P1-dP (dep-cf (p-1) +dfx) (e+fx) Pisapolynomial of degree
-p-1linx.

Rule1.1.1.3.24.2:1f m+n+p =0 A p € Z™, then

J(a+bx)’“ (c+dx)" (e+fx)?dx —

fp-1 a+bx)" (dep-cf (p-1) +df a+bx)™ (e +fx)P
7 rla+bx) (dep (p-1) +dfx) d]x+fp_1J-( +bX)" (e + ) (FP* (c+dx)™?-dP(dep-cf(p-1) +dfx) (e+Ffx)P)dx

dp (c +dx)™? (c +dx)™?

Program code:

Int[(a_.+b_.#x_ ) m_.%(C_.+d_.*x_)"n_.x(e_.+f_.*x_)"p_,x_Symbol] :=
2 (p—1)/d"p*Int [ (a+bxx) *m* (d*e*p—C*'F* (p-1) +d*'F*X)/(C+d*X) A (m+1) ,X] +
A (p-1) *Int [ (a+b*x) “mx (e+f*x) "p/(c+d*x) A(m+l) *
ExpandToSum['F" (-p+1) * (c+d*x) ~ (-p+1) - (d*e*p—c*'F* (p-1) +d*f*x)/(d"p* (e+f*x) "p) ,x] ,x] /3
FreeQ[{a,b,c,d,e,f,m,n},x] & EqQ[m+n+p,0] & ILtQ[p,0] && (LtQ[m,@] || SumSimplerQ[m,1] || Not[LtQ[n,@] || SumSimplerQ[n,1]])



Rules for integrands of the form (a+b x)~m (c+d x)~n (e+f x)"\p

3: J(a+bx)'"(c+dx)" (e+fx)Pdx whenm+n+p+1=0 A pez"

Derivation: Algebraic expansion

Basis:If m+n+p+1==0,then (a+bx)" (c+dx)" (e+fx)P =

bd™nfP (a+b x)™? (a+b x)™1 (esf x)P o1 p-1 gp Y
(crdx)™ ’ (cedx)™ ((@a+bx) (c+dx) bd PP (e+fx) P

Note: If p e Zz~,then (a+bx) (c+dx)P1_-bdP?lfP (e+fx)Pisapolynomial of degree -p - Linx.

Rule1.1.1.3.243:f m+n+p+1=0 A p e Z,then

m-1 b m-1 f P
&dbprj(“ )" (e + ) ((@+bx) (c+dx)™P*-bdP* (e+fx)™?)dx

J(a+bx)’" (c+dx)" (e+fx)?Pdx — bd"‘”‘fpj
(c+dx)"

(c+dx)"

Program code:

Int[(a_.+b_.#x_ ) m_.%(C_.+d_.*x_)"n_.x(e_.+f_.*x_)"p_,x_Symbol] :=

bxd” (m+n) *fApxInt[ (a+bxx)”~ (m-1) / (c+dxX)*m,x] +

Int [ (a+bsx)~ (m-1) * (e+F+x) ~p/ (c+dxx) "msExpandToSum[ (a+b+X) * (c+dxx) ~ (-p-1) - (bxd” (-p-1) »fp) / (e+F+x) ~p,x] ,x] /;
FreeQ[{a,b,c,d,e,f,m,n},x] && EqQ[m+n+p+1,0] && ILtQ[p,0] && (GtQ[m,0] || SumSimplerQ[m,-1] || Not[GtQ[n,@] || SumSimplerQ[n,-1]])
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Rules for integrands of the form (a+b x)~m (c+d x)~n (e+f x)"\p

4. J(a+bx)'" (c+dx)" (e+fx)’dx whenm+n+p+2==0

1: J(a+bx)"‘ (c+dx)" (e+fx)Pdx whenm+n+p+2:=0 A nez"

Rule1.1.1.3.244.1:1f m+n+p+2=0 A nez ,then

J(a+bx)"‘ (c+dx)" (e+fx)?dx —

(bc-ad)" (a+bx)™?
(m+1) (be—a-F)"+1 (e+-Fx)m+1

(de-cf) (a+bx)

Hyper‘geometricZFl[m+1, -n, m+2, - N p ( e )]
(bc-ad) (e+fx

Program code:
Int[(a_.+b_.#x_) m_x (c_.+d_.#x_)"n_.*(e_.+f_.*x_)"p_,x_Symbol] :=
(bxc-axd) *nx (a+bxx)* (m+1)/( (m+1) (b*e—a*f) A(n+l) = (e+-F*x) A (m+1) ) *

Hypergeometric2F1[m+1,-n,m+2, - (dxe-c+f)« (a+b*x)/( (bxc-axd) » (e+fxx))] /;
FreeQ[{a,b,c,d,e,f,m,p},x| & EqQ[m+n+p+2,0] & ILtQ[n,0] & (SumSimplerQ[m,1] || Not[SumSimplerQ[p,1]]) && Not[ILtQ[m,0]]

2: J(a+bx)’"(c+dx)" (e+-Fx)pd1x whenm+n+p+2=0 An¢z

Derivation: Piecewise constant extraction

BaSIS: By ( (c+dx)" ( (be-af) (c+dx) )‘") -0
(e+fx)" (bc-ad) (e+fx)

Rule 1.1.1.3.2442:f m+n+p+2 =0 A n ¢ Z,then

J-(a+bx)m (c+dx)" (e+fx)Pdx

(c+dx)n [(be-af) (c+dx)]‘"J~ (a+bx)" ((be—af) (c+dx) ndl
X
(

(e+fx)" {(bc-ad) (e+Fx) e+-Fx)"l+2 (bc-ad) (e+fx)
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Rules for integrands of the form (a+b x)~m (c+d x)~n (e+f x)"\p

(a +bx)m™? (c+dx)"(e+-Fx)p+1 (be-af) (c+dx))™
— Hypergeometric2F1 [m +1, -n, m+2, -
(be-af) (m+1) (bc-ad) (e+fx)

(de-cf) (a+bx)

(bc-ad) (e+-Fx):|

Program code:

Int[(a_.+b_.#x_) m_x (c_.+d_.#x_)~n_x(e_.+f_.#x_)~p_,x_Symbol] :=
(a+bxx) A (m+1) * (C+d*X) *n* (e+'F*X) 2 (p+1)/( (b*e—a*f) * (m+1) ) * ( (b*e—a*-F) * (C+d*x)/( (bxc-axd) » (e+'F*X) ) )" (-n) =
Hypergeometric2F1[m+1,-n,m+2, - (dxe-c+f) x (a+bxx) /( (bxc-axd) » (e+fxx))] /;
FreeQ[{a,b,c,d,e,f,m,n,p},x]| && EqQ[m+n+p+2,0] && Not[IntegerQ[n]]

(a+bx)™ (c+dx)"
S:J‘ dx whenm+n+1ez*

e+fx

Derivation: Algebraic expansion

Basis: {2:bx)" (c+dx)" __ _(cf-de)™"? (a+bx)" (a+bx)™ front (cedx)™ o (cf-de)™nt
‘ e+f x Fm+n+l (C+dX)m+1 (e+-Fx) fmen+1 (C+dX)m+1 e+f x

.f:m+n+1 (C+d X) m+n+1_ (c f-d e) m+n+1

Note:If m+n+ 1 e Z",then is a polynomialin x.

e+f x
Rule1.1.1.3.245:1f m+n+1 € Z*, then
J‘(a+bx)m (C+dX)ndlx_) (C'F—de)m””l (a+bx)"‘ dx s 1 J (a+bx)m £m+n+l (C+dX)m+n+1—(Cf—de)m+n+1 o
e+fx fFm+n+l (c +dx)™? (e+-Fx) £+l (e o+ d x)™? e+fx

Program code:

Int[(a_.+b_.#x_)"m_%(c_.+d_.*x_)~n_/(e_.+f_.+x_),x_Symbol] :=

(c*f—d*e) 2 (m+n+1)/-F" (m+n+1) *Int [ (a+b#*x) "m/( (c+d*x) ™ (m+1) % (e+'F*X) ) ,X] +

1/'F" (m+n+1) *Int[ (a+bxx) *m/ (c+dxx)~ (m+1) *ExpandToSum[ ('F" (Mm+n+1) *x (C+d*X)~ (M+n+1) - (c*f-d*e) A(m+n+1) )/(e+f*x) ,x] ,x] /3
FreeQ[{a,b,c,d,e,f,m,n},x] & IGtQ[m+n+1,0] & (LtQ[m,0] || SumSimplerQ[m,1] || Not[LtQ[n,@] || SumSimplerQ[n,1]])
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Rules for integrands of the form (a+b x)~m (c+d x)~n (e+f x)"\p

6: J(a+bx)'"(c+dx)" (e+fx)Pdx whenm+n+p+2ez A mz-1

Derivation: Nondegenerate trilinear recurrence 3withA = 1andB = @
Note:lf m+n+p+2eZ ,then f@a+bx" (c+dx" (e+Fx)Pax can be expressed in terms of the hypergeometric function 2F1.

Rulel1.1.1.3.246:f m+n+p+2<cZ A m+ -1, then

j(a+bx)’" (c+dx)" (e+fx)?dx —

b (a+bx)™?! (c+dx)"? (e+-Fx)'D+1

+

(m+1) (bc-ad) (be-af)
1

J(a+bx)'“*1 (c+dx)" (e+fx)? (adf (m+1) -b (de(m+n+2) +cf (M+p+2)) -bdf (m+n+p+3)x)dx
(m+1) (bc-ad) (be-af)

Program code:

Int[(a_.+b_.#x_ ) m_x (c_.+d_.#x_) n_.x(e_.+f_.*x_)"p_.,x_Symbol] :=
bx (a+bxXx) A (m+1) » (C+dxX)~ (n+1) % (e+f*x) 2 (p+1)/( (m+1) x (bxc-axd) % (b*e—a*f) ) +
1/( (m+1) » (bxc-axd) % (b*e—a*f) ) *Int [ (a+b*x) A (m+1) * (C+d*X) *n* (e+f*x) Ap*
Simp [a*d*f* (m+1) -bx (d*e* (Mm+n+2) +Cxf* (Mm+p+2) ) -bxdxf* (m+n+p+3) *x,x] ,x] /3
FreeQ[{a,b,c,d,e,f,m,n,p},x] && ILtQ[m+n+p+2,0] && NeQ[m,-1] && (SumSimplerQ[m,1] || Not[SumSimplerQ[n,1]] && Not[SumSimplerQ[p,1]])
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Rules for integrands of the form (a+b x)~m (c+d x)~n (e+f x)"\p

25: j(a+bx)'“ (c+dx)" (fx)?dx whenbc+ad=0 Am-nez*

Derivation: Algebraic expansion

Note: Integrals of this form can be expressed in terms of the confluent hypergeometric function 2 F 1 instead of requiring
the Appell hypergeometric function.

Rule1.1.1.3.25:If bc+ad =0 A m-n e Z",then

J(a+bx)'“ (c+dx)" (fx)Pdax — J(a+bx)" (c+dx)" (fx)® ExpandIntegrand[ (a+bx)" ", x] dx

Program code:

Int[ (a_.+b_.#x_) m_.* (C_.+d_.*x_)"n_.x (f_.*x_)"p_.,x_Symbol] :=
Int[ExpandIntegrand [ (a+bxx)"n« (c+dx)~n« (fxx)"p, (a+bxx)~(m-n),x]|,x] /;
FreeQ[{a,b,c,d,f,m,n,p},x| & EqQ[bxc+axd,0] & IGtQ[m-n,0] && NeQ[m+n+p+2,0]
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Rules for integrands of the form (a+b x)~m (c+d x)~n (e+f x)"\p

A. J(a+bx)"‘ (c+dx)" (e+fx)’dx whenm¢z A n¢z
1. J(bx)"‘ (c+dx)" (e+fx)Pdx whenm¢z A n¢z

1: J(bx)’"(c+dx)" (e+fx)Pdx whenmé¢zZ An¢zZ A c>0 A (peZ V e>0)

Rulel.1.13A1l1l:ifm¢Z An¢Z AC>0 AN (peZ V e>0),then

c"eP (bx)m™?

J(bx)m (c+dx)" (e+-Fx)pdlx —
b (m+1)

AppellFl[m+1, -n, -p,m+2, -—, -
C

Program code:

Int [ (b_.#x_) m_x (c_+d_.*x_)"n_x (e_+f_.»x_)~p_,x_Symbol] :=
crnxe px (bxx) "~ (m+1) / (b* (m+1) ) xAppellF1[m+1,-n,-p,m+2, -dxx/c,-fxx/e] /;
FreeQ[{b,c,d,e,f,m,n,p},x] & Not[IntegerQ[m]] && Not[IntegerQ[n]] & GtQ[c,0] && (IntegerQ[p] || GtQ[e,0])

d
bc

d
de-cf

2: j(bx)’"(c+dx)" (e+fx)Pdx whenm¢z An¢z A -—->0 A (pez \% >0)

: d d
Rule1.1.13A12:0fme¢zZ AngzZ A -2 >0 A (pez Vv %~ >0),then

J(bx)m (c+dx)" (e+fx)pd1x —

(c+dx)™?

d(n+1) (-b"—c)m (7%

de-cf

d x f (c+dx)
AppellFl[n+1, -m, -p, n+2, 1+ —, ——]
p c de-cf

Program code:

Int[(b_.#x_)" m_x(c_+d_.*x_) n_x(e_+f_.»x_)"p_,x_Symbol] :=
(c+dxx) (n+1)/(d* (n+1) = (-d/ (bxc) ) *mx* (d/(d*e—c*f) ) "p) *AppellF1 [n+1, -m,-p,n+2,1+dxx/c,-f* (c+d*x)/(d*e—c*f) ] /3

FreeQ[{b,c,d,e,f,m,n,p},x] && Not[IntegerQ[m]] && Not[IntegerQ[n]] && GtQ[-d/(bxc),0] & (IntegerQ[p] || GtQ[d/(dxe-cxf),0])
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Rules for integrands of the form (a+b x)~m (c+d x)~n (e+f x)"\p

3: J-(bx)"‘(c+dx)" (e+fx)Pdx whenme¢z An¢z A c3o

Derivation: Piecewise constant extraction

Basis: Oy lﬁi"))n—n -0

Rule1.1.1.3A13:ifm¢Z A n¢gZ A c # 0,then

cIntPart[n] (C +d X) FracPart[n]

d n
(bx)™ (1+—X) (e+Fx)Pax
c

J(bx)’" (c+dx)" (e+fx)?dx —

FracPart[n]
(1+dTX)

Program code:

Int[ (b_.*x_)m_x (c_+d_.*x_)~n_x(e_+f_.*x_)~p_,x_Symbol] :=
crIntPart[n] * (c+d+x) “FracPart[n]/ (1+dxx/c) ~FracPart[n]=Int[ (bxx)"m« (1+dxx/c)*nx (e+fxx)"p,x]| /;
FreeQ[{b,c,d,e,f,m,n,p},x] & Not[IntegerQ[m]] && Not[IntegerQ[n]] & Not[GtQ[c,0]]
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Rules for integrands of the form (a+b x)~m (c+d x)~n (e+f x)"\p

2. J(a+bx)'" (c+dx)" (e+fx)’dx whenm¢z An¢z Apez

b
bc-ad

1: J(a+bx)m (c+dx)" (e+-Fx)pd1x Whenme¢zZ AN¢zZ ApezZ A >0

Rule1.1.13A2.L:1fm¢zZ Ang¢Z ApeZ A ;-2 >0,then

bc-a
J(a+bx)"‘ (c+dx)" (e+fx)?dx —

(be-af)? (a+bx)™? d (a+bx)

AppellFl[m+ 1, -n, -p, m+2, -
b
bc-ad

bP*1 (m+ 1) (

Program code:

Int[ (a_+b_.*x_)"m_x(c_.+d_.*x_) n_x(e_.+f_.#x_)"p_,x_Symbol] :=
(bxe-axf) ~px (a+bxx) ~ (m+1) / (b™ (p+1) » (M+1) » (b/ (bxc-a%d) ) ~n)
AppellF1[m+1,-n,-p,m+2,-d+ (a+bxx) / (bxc-axd) ,~fx (a+bxx) /(bxe-axf)] /;

FreeQ[{a,b,c,d,e,f,m,n},x] & Not[IntegerQ[m]] && Not[IntegerQ[n]] & IntegerQ[p] && GtQ[b/ (bxc-axd),0] &&

Not [GtQ[d/ (d+a-cxb),0] && SimplerQ[c+d+X,a+bxx] ]

3
bc-ad

-F(a+bx)]
be-af
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Rules for integrands of the form (a+b x)~m (c+d x)~n (e+f x)"\p

b
bc-ad

2: J(a+bx)’“(c+dx)n (e+fx)Pdx whenm¢z An¢z Apez A +0

Derivation: Piecewise constant extraction

. n
Basis: Ox ?(% - 0
bc-ad

Rule1.1.1.3A22:1fm¢Z An¢Z ApeZ A ﬁ + 0, then
(C+dX)Fr‘acPar‘t[n] bc bdx n

j(a+bx)"‘ [ +
( b )IntPart[n] (b (c+d ) )Fr'acPar't[n] bc-ad bc-ad
bc-ad bc-ad

(e+-Fx)pd1x

J\(a+bx)’" (c+dx)" (e+fx)?dx —

Program code:

Int[(a_+b_.*x_)"m_#(c_.+d_.*x_) " n_x(e_.+f_.xx_)"p_,x_Symbol] :=
(c+d*x) *FracPart[n]/ ((b/ (bxc-axd) ) ~IntPart[n]* (b% (c+dxx) / (bxc-a%d) ) FracPart[n]) %
Int [ (a+b*x) “mx (bxc/ (bxc-axd) +bxdxx/ (bxc-axd) ) *nx (e+f*x) "p,x] /;
FreeQ[{a,b,c,d,e,f,m,n},x] & Not[IntegerQ[m]] && Not[IntegerQ[n]] & IntegerQ[p] && Not[GtQ[b/ (bxc-axd),0]] &&
Not [SimplerQ[c+d+X,a+bxx] ]
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Rules for integrands of the form (a+b x)~m (c+d x)~n (e+f x)"\p

3. J(a+bx)'" (c+dx)" (e+fx)Pdx whenm¢z An¢z Ape¢z

b
bc-ad

1. J(a+bx)m(c+dx)“ (e+fx)Pdx whenme¢z An¢z A pe¢z A >0

b_ 50 A

1:J}a+bxw(c+de(e+fodxvmenmez ANEZ APEZ A - — b:“

. b b
Rule1.113A31Lfm¢Z An¢gZ ApeEZ N 225 >0 A >-¢ >0, then

J\(a+bx)"‘ (c+dx)" (e+fx)?dx —
(a+bx)™?

b (m+1) ( b )"( b

bc-ad be-af

d (a+bx) f(a+bx)]

AppellFl[m+1, -n, -p, m+2, - B
P bc-ad be-af

Program code:

Int[(a_+b_.*x_)"m_%(c_.+d_.*x_) " n_x(e_.+f_.xx_)"p_,x_Symbol] :=

(a+bxx)~ (m+1)/(b* (m+1) » (b/ (bxc-a%d) ) *n=* (b/(b*e—a*f) ) "p) *AppellF1 [m+1, -n,-p,m+2,-d* (a+bxx) / (bxc-axd) ,-fx* (a+b*x)/(b*e—a*f) ] /3
FreeQ[{a,b,c,d,e,f,m,n,p},x| && Not[IntegerQ[m]] && Not[IntegerQ[n]] && Not[IntegerQ[p]] &&

GtQ[b/ (bxc-axd),0] && GtQ[b/(bxe-axf),0] &&

Not [GtQ[d/ (dxa-cxb),0] && GtQ[d/(d*e—c*-F) ,0] & SimplerQ[c+dxx,a+bxx]] &&

Not [GtQ[f/(f+a-exb),8] && GtQ[f/(fxc-exd),8] & SimplerQ[e+fsx,a+bxx]]

b b
bc-ad >0 A be-af

2: J(a+bx)’" (c+dx)" (e+fx)pdlx Whenme¢Z AN¢Z Apez A $0

Derivation: Piecewise constant extraction

H e+fx)P  __
Basis: Ox (bleetai)p 0
be-af

: b b
Rule1.1.13A312:fm¢Z AnN¢gZ APpELZ N 225 >0 A 2-¢ * 0, then



Rules for integrands of the form (a+b x)~m (c+d x)~n (e+f x)"\p

(e+-Fx)F'"acpart[p] be bfx \P
(@a+bx)" (c+dx)" (e+ fx)Pdx — J(a+bx)"‘(c+dx)" + dx
( b )IntPart[p] (b (e+f x) )Fr‘acPar‘t[p] be-af be-af
be-af be-af
Program code:
Int[(a_+b_.*x_)"m_*(c_.+d_.*x_) "n_*(e_.+'F_.*x_)"p_,x_5ymbol] E=
(e+fxx)~FracPart[p]/((b/(bxe-axf)) IntPart[p]« (b (e+f+x)/(bxe-asf))~FracPart[p])«
Int[ (a+b#x) mx (C+dxx) *nx (bxe/ (bxe-a*f) +bxfxx/(bxe-axf))"p,x] /;
FreeQ[{a,b,c,d,e,f,m,n,p},x| && Not[IntegerQ[m]] && Not[IntegerQ[n]] && Not[IntegerQ[p]] &&
GtQ[b/ (bxc-axd),0] && Not[GtQ[b/(bxe-axf),0]]
2: J(a+bx)m (c+dx)" (e+fx)Pdx whenm¢z A n¢z Apez A b:ad +0
Derivation: Piecewise constant extraction
fee ctdx)"
Basis: Oy fm)v =0
bc-ad
Rule1.1.13.A3.2:1fm¢ Z An¢Z Ape¢Z A 2~ %0,then
FracPart[n] n
(@a+bx)" (c+dx)" (e+ fx)Pdx — (c+dx) ~I‘(a+bx)m[ be + bdx (e+Fx)Pdx
( b )Intpart[n] (b (crdx) )Fr'acPart[n] bc-ad bc-ad

bc-ad bc-ad

Program code:

Int[(a_+b_.*x_)"m_%(c_.+d_.xx_) " n_x(e_.+f_.xx_)"p_,x_Symbol] :=
(c+d*x) “FracPart[n]/ ((b/ (bxc-axd) ) *IntPart[n]* (bx (c+d*x) / (bxc-axd) ) ~FracPart[n])
Int [ (a+b*x) *mx (bxc/ (bxc-axd) +bxdxx/ (bxc-axd)) *nx (e+fxx)"p,x] /;
FreeQ[{a,b,c,d,e,f,m,n,p},x]| && Not[IntegerQ[m]] && Not[IntegerQ[n]] && Not[IntegerQ[p]] & Not[GtQ[b/(bxc-axd),0]] &&
Not [SimplerQ[c+d+X,a+b+x]]| & Not[SimplerQ[e+fxx,a+bxx]]
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Rules for integrands of the form (a+b x)~m (c+d x)~n (e+f x)"\p

S: J(a+bu)'“ (c+du)" (e+fu)®dx when u=g+hx

Derivation: Integration by substitution
Rule 1.1.1.3.S: If u == g + h x, then

1
J(a+bu)'“ (c+du)” (e+fu)?dx — ;Subst[f(a+bx)'“ (c+dx)" (e+fx)Pdx, x, u]

Program code:

Int[(a_.+b_.#u_) m_.+(c_.+d_.%u_)"n_.x(e_+f_.»u_)"p_.,x_Symbol] :=
1/Coefficient [u,x,1] «Subst [Int[ (a+b#x) *mx (c+d*X) *nx (e+Fxx) *p,x],x,u] /;
Fr-eeQ[{a,b,c,d,e,f,m,n,p},x] && LinearQ[u,x] &% NeQ[u,x]
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