Rules for integrands of the form (gx)™ (a+bx")P (c +dx")9 (e + fx")"
whenbc-ad#0 Abe-af#0 Ade-cf+0

0. j(gx)'“ (bx")? (c+dx")? (e+£x")" dx
1. j(gx)'" (bx")? (c+dx")% (e+ fx")"dx whenmez v g>0

m+1

EZ
n

1 J(gx)’“ (bx")? (c+dx")? (e+fx")"dx when (mez v g>0) A

Derivation: Integration by substitution

€ Z,then x (bx")P = _111 xn-1 (bx")p"m;_l'1

bn

Basis: If m;1

Basis: x"™ 1 F[x"] = L Subst[F[x], X, X"] X"

n

Rule1.1.3.6.0.1.1:1f (mez v g >0) A ™l c 7 then

n

m

m+1

j(gx)'" (bx")P (c+dx")% (e+Fx")"dx —
nbw*

Subst[J-(bx)W?'1 (c+dx)9 (e+fx)"dx, x, x"]

Program code:
Int [ (g_.#X_)™M_.% (b_.*X_"n_)"p_# (C_+d_.*x_"n_)"q_.*(e_+f_.*x_"n_)"r_.,x_Symbol] :=

g m/ (n«xb” (Simplify[ (m+1) /n]-1)) »Subst[Int[ (b#x)~ (p+Simplify[ (m+1) /n]-1)« (c+d+x) qx (e+fxx)~ r,x],x,x*n] /;
FreeQ[{b,c,d,e,f,g,m,n,p,q,r},x] & (IntegerQ[m] || GtQ[g,0]) & IntegerQ[Simplify[ (m+1)/n]]

2: j(gx)’" (bx")? (c+dx")? (e+fx")"dx when (mez v g>0) A m;—lgez

Derivation: Piecewise constant extraction

Basis: o, 221" .. o

Rule1.1.3.6.0.1.2:If (mezZ v g >0) A m;1 ¢ Z,then



Rules for integrands of the form (g x)"m (a+b x~n)~p (c+d x~n)"q (e+f x~n)"r

gm bIntPart[p] (b Xn) FracPart[p]

J(gx)’" (bx")P (c+dx")? (e+Fx")"dx — X™"P (c+dx")9 (e +Fx")" dx

x" FracPart[p]

Program code:
Int[ (g_-*X_)™M_.x (b_.*Xx_"n_.)"p_*(C_+d_.*x_"n_)*q_. (e_+f_.*x_"n_)"r_.,x_Symbol] :=

g mxb IntPart [p]+ (bxx"n) ~FracPart[p]/x” (nxFracPart[p]) =Int[x" (m+nxp) x (C+d*x"n) *qx (e+Ffxx*n)~r,x]| /;
FreeQ[{b,c,d,e,f,g,m,n,p,q,r},x] & (IntegerQ[m] || GtQ[g,0]) & Not[IntegerQ[Simplify[(m+1)/n]]]

2:J}gxﬂ%bxﬂp(c+dﬂ)q@+fxﬂ"dxwmmmez

Derivation: Piecewise constant extraction
Basis: a, iﬁ—>— =0

Rule 1.1.3.6.0.2: If m ¢ Z, then

gIntPar‘t[m] (g X) FracPart[m]

J.(gx)’" (bx")? (c+dx")? (e+ fx")"dx — X" (bx")P (c+dx")9 (e+fx")"dx

XFr‘acPar‘t [m]

Program code:

Int[ (g_*x_)"m_x (b_.*x_"n_.) p_*(c_+d_.*x_"n_)~q_.x(e_+f_.*«x_"n_)~r_.,x_Symbol] :=
gAIntPart[m]*(g*x)AFracPart[m]/xAFracPart[m]*Int[xAm*(b*xAn)Ap*(c+d*xAn)Aq*(e+f*xAn)Ar,x] /3
FreeQ[{b,c,d,e,f,g,m,n,p,q,r},x] & Not[IntegerQ[m]]



Rules for integrands of the form (g x)"m (a+b x~n)~p (c+d x~n)"q (e+f x~n)"r

1: J(gx)"‘ (a+bx")? (c+dx")% (e+fx")"dx whenp+2ez*A qez*Arez*

Derivation: Algebraic expansion

Rulel.1.36.1:if p+2e€Z"AqeZ" A rez',then

J(gx)’" (a+bx")? (c+dx")? (e+ fx")"dx — JExpandIntegr'and[(gx)’“ (a+bx")? (c+dx")? (e+fx")", x] dx

Program code:
Int[(g_.*X_)™M_.x(a_+b_.*X_"n_)"p_.* (C_+d_.*x_"n_)"q_. (e_+f_.*x_"n_)"r_.,x_Symbol] :=

Int[ExpandIntegrand [ (g+X) “m# (a+b#x"n) *px (c+d*x"n) *qx (e+fxx*n)~r,x]|,x] /;
FreeQ[{a,b,c,d,e,f,g,m,n},x] && IGtQ[p,-2] && IGtQ[q,0] && IGtQ[r,O]

2: Jx'" (a+bx")p (c+dx")q (e+fx")"d1x whenm-n+1=90

Derivation: Integration by substitution
Basis: x1 F[x"] == %Subst[F[x], X, X"] 9y x"
Rule1.1.3.6.2:1f m-n + 1 == 0, then

jxm (a+bx")? (c+dx")? (e+fx")"dx — lSubst['r(a+bx)p (c+dx)9 (e+fx)"dx, x, x"]
n

Program code:

Int[x_"m_.x (a_+b_.#x_"n_)"p_.» (c_+d_.#x_"n_)~q_. (e_+f_.#x_"n_)~r_.,x_Symbol] :=
1/n+Subst[Int[ (a+bxx) *px (c+dxX) *qx (e+Fxx)~r,x],x,x n] /;
FreeQ[{a,b,c,d,e,f,m,n,p,q,r},x] & EqQ[m-n+1,0]



Rules for integrands of the form (g x)"m (a+b x~n)~p (c+d x~n)"q (e+f x~n)"r

3: jx'" (a+bx")? (c+dx")? (e+fx")"dx when (p|q|r)ez An<o

Derivation: Algebraic expansion

Basis:If (p | q | r) € Z,then
(@a+bxMP (c+dxMd (e+Ffx")"=x"Pa" (brax P (d+cx M (F+rex™"

Rule1.1.363:If (p | q | r) €eZ A n<0,then

Jx'“ (a+bx“)p (c+dx")q (e+fx")rd1x — Ix'“*" (p+q+r) (b+ax‘")p (d+cx‘“)q (-F+ex‘")rd1x

Program code:

Int[x_Am_.x (a_+b_.*x_"n_)"p_.* (c_+d_.*x_"n_)~q_.(e_+f_.*x_"n_)~r_.,x_Symbol] :=
Int [x" (m+nx (p+q+r) ) * (b+axx” (-n) ) "px (d+C*x" (-n) ) Aqx (F+exx” (-n) ) ~r,x] /;
FreeQ[{a,b,c,d,e,f,m,n},x] & IntegersQ[p,q,r] && NegQ[n]



Rules for integrands of the form (g x)"m (a+b x~n)~p (c+d x~n)"q (e+f x~n)"r

* J(gx)m (a+bx")P (c+dx")? (e+fx")"dx when ™t ez

1: Jxm (a+bx")p (c+dx")q (e+fx")rd1x when '";1 €z

Derivation: Integration by substitution

Basis: If ™1 ¢ Z,then x"Fx"] = lSubst[x$'1 FIX], X, X"] X"
n

n

Note:If nez A m;1 € Z,thenm € 7, and (e x)™automatically evaluates to e™ x™.

Rule 1.1.3.6.4.1: I m;—l e 7, then

jx’" (a+bx")P (c+dx")? (e+Ffx")"dx — lSubst[j T (@+bx)P (c+dx)? (e+Ffx)"dx, x, x"]
n

Program code:

Int[x_Am_.x (a_+b_.*x_"n_)"p_.* (c_+d_.*x_"n_)~q_. (e_+f_.*x_"n_)"r_.,x_Symbol] :=
1/n+Subst[Int[x (Simplify[ (m+1) /n]-1)« (a+b#X)"p* (C+d#X) ~q* (e+fxx) r,x],x,x"n] /;
FreeQ[{a,b,c,d,e,f,m,n,p,q,r},x] & IntegerQ[Simplify[ (m+1)/n]]



Rules for integrands of the form (g x)"m (a+b x~n)~p (c+d x~n)"q (e+f x~n)"r

z J(gx)m (a+bx")? (c+dx")? (e+fx")"dx when ™t ez

Derivation: Piecewise constant extraction
Basis: 5, iﬂ—>— =0

EIntPar‘t[m] (g X) FracPart[m]

Basis: ®x- .

xFracPart[m]

Rule 1.1.3.6.4.2: If % € Z,then

gIntPart(m] (g ) Fracpart m]

J(gx)’" (a+bx")? (c+dx")? (e+£x")"dx — jx'" (a+bx")? (c+dx")? (e +£x")" dx

XFr‘acPar‘t [m]

Program code:

Int[ (g_*X_)"M_.% (a_+b_.*X_"n_) p_.x(C_+d_.*x_"n_)"q_.*(e_+f_.*x_"n_)~r_.,x_Symbol] :=
g IntPart [m] « (g+X) “FracPart[m] /x FracPart [m] +Int [x"m« (a+bxx"n) "px (c+d+x"n) Aqx (e+fxx*n)~r,x] /;
FreeQ[{a,b,c,d,e,f,g,m,n,p,q,r},x] & IntegerQ[Simplify[(m+1)/n]]



Rules for integrands of the form (g x)"m (a+b x~n)~p (c+d x~n)"q (e+f x~n)"r

5. j(gx)'“ (a+bx")? (c+dx")? (e+fx")"dx whennez
1. J(gx)"‘ (a+bx")? (c+dx")? (e+fx")"dx when nez*

1: Jx'" (a+bx")? (c+dx")? (e+fx")"dx whennez*Amez A GCD[m+1, n] #1

Derivation: Integration by substitution
Basis:If nezZ Amez,letk =GCD[m+ 1, n],thenxmex"] = §5ubst[x?‘1r[x"/k], X, X€] By
Rule1.1.3.6.5.1.1:1f necZ* A me Z,letk =GCD[m+ 1, n],if k #+ 1,then

Jx“‘ (a+bx")? (c+dx")? (e+fx")"dx — iSubst[J‘x¥'1 (a+bx"/k)p (c+dx"/k)q (e+-Fx"/k)rd1x, X, xk]

Program code:

Int[Xx_"m_.x (a_+b_.*x_"n_)"p_.* (c_+d_.*x_"n_)~q_.(e_+f_.*x_"n_)~r_.,x_Symbol] :=
With[{k=GCD[m+1,n]},
1/k*Subst[Int[x ((m+1) /k-1) » (a+b*x” (n/k) ) "px (C+d#x" (n/k) ) ~qx (e+Fxx" (n/k) ) ~r,x] ,x,x k] /;
k#1] /3
FreeQ[{a,b,c,d,e,f,p,q,r},x] && IGtQ[n,0] && IntegerQ[m]



Rules for integrands of the form (g x)"m (a+b x~n)~p (c+d x~n)"q (e+f x~n)"r

2: J-(gx)"‘ (a+bx")p (c+dx")q (e+-Fx“)"dlx when nezZ*A meF

Derivation: Integration by substitution

Basis: If k € z*, then (gx)"F[x] = §Subst[xk (m+1) -1 F["g—k], X, (8%)1K] 8¢ (g x) 1/

Rule1.1.3.6.5.1.2:1f n€ Z* A me F, letk = Denominator [m], then

k bxkn P dxkn q .kan r
J.(gx)'" (a+bx")? (c+dx")? (e+ fx")"dx — —Subst[‘J\xk (m+1) -1 [a+ ] [c + ] [e+ ) dx, x, (gx)l/k]
g g" g" g"

Program code:

Int[ (g_.*X_) " M_% (a_+b_.*x_"n_) p_x (c_+d_.*x_"n_)~q_x (e_+f_.*x_"n_)~r_,x_Symbol] :=

With [ {k=Denominator[m]},

k/g*Subst[Int[x” (kx (m+1) -1) » (a+bxx" (kxn) /g"n) "p* (C+d#x" (kxn) /g~n) *qx (e+F»x" (kxn) /g*n) ~r,x] ,x, (g*x)~(1/k) |] /3
FreeQ[{a,b,c,d,e,f,g,p,q,r},x]| & IGtQ[n,0] && FractionQ[m]



Rules for integrands of the form (g x)"m (a+b x~n)~p (c+d x~n)"q (e+f x~n)"r

3. J-(gx)m (a+bx")? (c+dx")? (e+ fx") dx when nez*
1. J(gx)m (a+bx?)P (c+dx?)9 (e+ £x") dx whennezZ* A p<-1

1: J-(gx)'“ (a+bx")? (c+dx")? (e+ fx") dx whennez*A p<-1 A q>0

Derivation: Binomial product recurrence 1

Rule1.1.3.6.5.1.3.1.1:If nez* A p< -1 A g > 0, then
J(gx)’“(a+bx")p(c+dx")q(e+fx”) dx —
(be-af) (gx)™* (a+bx")'°"1 (c+dx")? 1
) abgn(p+1) +abn(p+1)'

J(gx)’“ (a+bx“)'J+1 (c+dx")q'1 (c(ben(p+1) + (be-af) (m+1)) +d (ben (p+1) + (be-af) (m+nqg+1)) x") dx

Program code:

Int[(g_*X_)"M_.%(a_+b_.*x_"n_)"p_x(c_+d_.*x_"n_)"q_.* (e_+f_.*x_"n_),x_Symbol] :=
- (b*e—a*f) * (8%X) A (m+1) * (a+b*x”n) A (p+1) * (c+d*x"n) *q/ (axbxg*nx (p+1)) +
1/ (axbxnx (p+1) ) *Int [ (g*X) *m* (a+b*xx”n) ~ (p+1) * (c+d*x*n) * (q-1) *
Simp [C* (b*e*n* (p+1) + (b*e—a*f) * (m+1) ) +d* (b*e*n* (p+1) + (b*e—a*f) * (M+nxq+1) ) *X"n,X] ,X] /3
FreeQ[{a,b,c,d,e,f,g,m},x| & IGtQ[n,0] && LtQ[p,-1] & GtQ[q,0] && Not[EqQ[q,1] & SimplerQ|bxc-axd,bxe-axf] ]

2: J(gx)“‘ (a+bx")? (c+dx")? (e+fx") dx whennez*A p<-1 Am-n+1>0

Derivation: Binomial product recurrence 3a

Rule 1.1.3.6.5.1.3.1.2:If neZ* A p< -1 Am-n+1>0,then

J.(gx)’" (a+bx")? (c+dx")? (e+ fx") dx —



Rules for integrands of the form (g x)"m (a+b x~n)~p (c+d x~n)"q (e+f x~n)"r

g™t (be-af) (gx)""? (a+bx")p+1 (c+dx")q+1 g"
bn(bc-ad) (p+1) bn(bc-ad) (p+1)

J‘(gx)m'n (a+bx")""1 (c+dx")%(c (be-af) (m-n+1) + (d(be-af) (m+nq+1) -bn (cf-de) (p+1))x") dx

Program code:

Int[(g_.*Xx_)™M_.x(a_+b_.*x_"n_)"p_x (c_+d_.*x_"n_)"q_x (e_+f_.*x_"n_),x_Symbol] :=
g" (n-1) » (b*e—a*f) * (8*X) A (m-n+1) * (a+bxx”n) * (p+1) * (c+d*x”*n) ~* (q+1) / (bxn* (bxc-a*d) = (p+1)) -
g”™"n/ (bxnx (bxc-a*d) » (p+1) ) *»Int [ (g*Xx) ™ (m-n) * (a+bx*x*n) ~ (p+1) * (c+d*x”*n) *q*
Simp[cx (bxe-axf)  (M-n+1) + (dx (bxe-axf) » (M+nxq+1) -bxnx (cxf-dxe)  (p+1) ) xx"n,x] ,x]| /;
FreeQ[{a,b,c,d,e,f,g,q},x] & IGtQ[n,0] && LtQ[p,-1] & GtQ[m-n+1,0]

3: J(gx)“‘ (a+bx")? (c+dx")? (e+fx") dx whennez* A p< -1

Derivation: Binomial product recurrence 3b

Rule 1.1.3.6.5.1.3.1.3:If n€ z* A p < -1, then
J(gx)’"(a+bx")p(c+dx")q(e+fx") dx —
(be-af) (gx)™* (a+bx")p+1 (c+dx")q":l 1
} agn(bc-ad) (p+1) +an(bc-ad) (p+1).

J(gx)'“(a+bx“)'”+1 (c+dx")% (c (be-af) (m+1) +en(bc-ad) (p+1) +d (be-af) (m+n (p+q+2) +1) x") dx

Program code:

Int[(g_.*X_)™M_.x(a_+b_.*x_"n_)"p_x(c_+d_.*x_"n_)~q_x (e_+f_.*x_"n_),x_Symbol] :=
- (bxe-axf) x (g*x) ~ (M+1) # (@+bxx”n) ~ (p+1) » (C+d*Xx"n) ~ (q+1) / (a*g#nx (bxc-axd) x (p+1)) +
1/ (a*nx (bxc-axd) * (p+1) ) *Int [ (g*X) *mx (a+bxx"n) ~ (p+1) * (c+d*x"n) *q*
Simp [C* (b*e—a*f) * (m+1) +exn* (bxc-axd) » (p+1) +d* (b*e—a*f) * (M+n (p+gq+2) +1) *x"n,x] ,X] /3
FreeQ[{a,b,c,d,e,f,g,m,q},x] && IGtQ[n,0] && LtQ[p,-1]
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Rules for integrands of the form (g x)"m (a+b x~n)~p (c+d x~n)"q (e+f x~n)"r

2. J(gx)“‘ (a+bx?)P (c+dx?)? (e+ £x) dx whennezZ*A q>0

1: J(gx)“‘ (a+bx")? (c+dx")? (e+fx") dx whennez*A q>0 Am<-1

Derivation: Binomial product recurrence 2a

Rule1.1.3.6.5.1.3.2.1:If nez* A >0 A m< -1,then
j(gx)’" (a+bx")p (c+dx")q (e+-Fx") dx —
e (gx)™? (a+bx")p+1 (c+dx")q 1
ag (m+1) _ag“(m+1).

j(gx)'“*" (a+bx")? (c+dx")q'1 (c(be-af) (m+1) +en(bc(p+1) +adq) +d ((be-af) (m+1) +ben (p+q+1)) x") dx

Program code:

Int[(g_.*X_) M_% (a_+b_.*x_"n_)"p_.x(c_+d_.*x_"n_)"q_.*(e_+f_.*x_"n_),x_Symbol] :=
ex (g*X) N (m+1) » (a+b*x”n) ~ (p+1) » (c+d*x”*n) *q/ (a*xg* (m+1) ) -
1/ (a*g"nx (m+1) ) xInt [ (g*X) ™ (m+n) * (a+bxx”n) *p* (c+d*x”n)* (q-1) *
Simp [C* (b*e—a*f) * (M+1) +exn% (bxcx (p+1) +axdxq) +d* ( (b*e—a*f) * (m+1) +bxexnx (p+q+1) ) *X"n,X] ,X] /3
FreeQ[{a,b,c,d,e,f,g,p},x] & IGtQ[n,0] & GtQ[q,0] && LtQ[m,-1] & Not[EqQ[q,1] && SimplerQ[e+fsx"n,c+d»x"n]]

2: J(gx)“‘ (a+bx")? (c+dx")? (e+fx") dx whennez*A q>0

Derivation: Binomial product recurrence 2b

Rule 1.1.3.6.5.1.3.2.2:1f n€ Z* A q > 0, then
j(gx)’" (a+bx")? (c+dx")? (e+ fx") dx —

f (gx)™? (a+bx")p+1 (c+dx")q 1
+

bg(m+n (p+q+1) +1) b(m+n(p+q+1)+1).



Rules for integrands of the form (g x)"m (a+b x~n)~p (c+d x~n)"q (e+f x~n)"r

J(gx)’“(a+bx")p (c+dx")q'1 (c((pe-af) (m+1) +ben(p+q+1)) + (d (be-af) (m+1) +fnq(bc-ad)+bedn (p+q+1))x")dx

Program code:

Int[(g_.#X_) M_.%(a_+b_.*x_"n_)"p_.* (c_+d_.*x_"n_)"q_.*(e_+f_.*x_"n_),x_Symbol] :=
fx (gxX) A (m+1) * (a+b*xx”n) ~ (p+1) * (c+d*x*n) *q/ (bxg* (m+n* (p+q+1) +1)) +
1/ (b* (m+n* (p+q+1) +1) ) *Int [ (g*X) *m* (a+bxx”n) *p* (c+d*x”n) " (q-1) »
Simp [C* ( (b*e—a*f) * (m+1) +bxexn* (p+q+1) ) + (d* (b*e—a*f) * (Mm+1) +fxnxqx (bxc-a*d) +bxexdxn* (p+q+1) ) *x"n,x] ,X] /3
FreeQ[{a,b,c,d,e,f,g,m,p},x| && IGtQ[n,0] && GtQ[q,0] & Not[EqQ[q,1] && SimplerQ[e+fsx"n,c+dxx"n]]

3: j(gx)"‘ (a+bx“)p (c+dx")q (e+-Fx") dx whennezZ*Am>n-1

Derivation: Binomial product recurrence 4a

Rule 1.1.3.6.5.1.3.3:If n€Z* A m > n - 1, then
J(gx)’“(a+bx")p (c+dx")? (e+Fx") dx —
,an—l (gx)m—ml (a " bxn)P*l (C +dxn)q+1 gn
bd (m+n (p+q+1) +1) _bd(m+n(p+q+1)+1).

J-(gx)'“‘" (a+bx")? (c+dx") (afc(m-n+1) + (afd(m+nq+1) +b (fc (m+np+1) -ed (m+n (p+q+1) +1))) x") dx

Program code:

Int[(g_*X_)™M_.% (a_+b_.*x_"n_)"p_.*(C_+d_.*x_"n_)~q_.(e_+f_.*x_"n_),x_Symbol] :=
fxg” (n-1) % (g*%X) * (M-n+1) * (a+bxx*n) ~ (p+1) *x (C+d*x*n) ~ (q+1) / (bxd* (m+nx (p+q+1) +1)) -
g”™"n/ (bxdx (m+n* (p+q+1) +1) ) *»Int [ (g*Xx) ~ (m-n) * (a+bx*x”~n) *p* (c+d*x*n) *q*
Simp [a*f*c* (m-n+1) + (a*f*d* (m+nxq+1) +bx* (f*c* (m+nxp+1) —exd* (m+nx (p+q+1) +1) ) ) *x"n,x] ,X] /3
FreeQ[{a,b,c,d,e,f,g,p,q},x| && IGtQ[n,0] && GtQ[m,n-1]
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Rules for integrands of the form (g x)"m (a+b x~n)~p (c+d x~n)"q (e+f x~n)"r

4: j(gx)’“ (a+bx“)p (c+dx“)q (e+-Fx") dx whennez* A m< -1

Derivation: Binomial product recurrence 4b

Rule 1.1.3.6.5.1.3.4:1f ne€ Z* A m < -1, then
J(gx)’" (a+bx")P (c+dx") (e +Fx") dx —
e (gx)™?! (a+bx")p+1 (c +dx")°'+1 1
acg (m+1) +acg"(m+1).

J(gx)"‘*" (a+bx")? (c+dx") (afc(m+1) -e (bc+ad) (m+n+1) -en(bcp+adq) -bed (m+n (p+q+2)+1) x") dx

Program code:

Int[(g_.#X_) M_x(a_+b_.*Xx_"n_)"p_.x(c_+d_.*x_"n_)~q_. (e_+f_.#x_"n_),x_Symbol] :=
ex (gxX) A (m+1) * (a+b*xx”n) ~ (p+1) * (c+d*x*n) ~ (q+1) / (a*Cxgx (M+1) ) +
1/ (a*cxg™nx (m+1) ) *Int [ (g*Xx) A (m+n) * (a+bxx”~n) *p* (c+d*x”*n) *q*
Simp [a*f*c* (m+1) -e* (bxc+axd) * (m+n+1) -exn* (bxcxp+axd*q) —-bxexdx (m+n* (p+q+2) +1) *x"n,x] ,X] /3
FreeQ[{a,b,c,d,e,f,g,p,q},x] && IGtQ[n,0] && LtQ[m,-1]
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Rules for integrands of the form (g x)"m (a+b x~n)~p (c+d x~n)"q (e+f x~n)"r

dx whennez*

5. (gx)" (a+bx")? (e+fx")
. J c+dx"

Derivation: Algebraic expansion

Rule 1.1.3.6.5.1.3.5:If n € z*, then

(gx)" (a+bx")? (e+fx")

J-(gx)’“ (a+bx")P (e+fx")

dx — JExpandIntegr‘and[
c+dx"

c+dx"

Program code:

Int[(g_.#x_)™m_.%(a_+b_.*x_"n_)"p_x (e_+f_.«x_"n_)/(c_+d_.*x_"n_),x_Symbol] :=
Int [ExpandIntegrand[ (gX) "mx (a+bxx"n) ~px (e+fxx~n) / (c+dxx~n) >x]5x] /3
FreeQ[{a,b,c,d,e,f,g,m,p},x]| && IGtQ[n,0]

6: J(gx)’“ (a+bx")? (c+dx")? (e+fx") dx whennez*

Derivation: Algebraic expansion
Rule 1.1.3.6.5.1.3.6:If n € z", then
J(gx)’" (a+bx")? (c+dx")? (e+ fx") dx —

f
eJ(gx)’" (a+bx")? (c+dx")%dx+ —J(gx)’"*" (a+bx")? (c+dx")%dx
en

Program code:

Int[(g_-*X_)"M_.x(a_+b_.*x_"n_)"p_.*(C_+d_.*x_"n_)"~q_.(e_+f_.*x_"n_),x_Symbol] :=
exInt[ (gxX)*mx (a+b*xx”n) *px (c+d*x"n)*q,x] +
-F/e"n*Int[(g*x)"(m+n)*(a+b*x"n)"p*(c+d*x"n)"q,x] /5

FreeQ[{a,b,c,d,e,f,g,m,p,q},x] && IGtQ[n,0]

,x] dx
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Rules for integrands of the form (g x)"m (a+b x~n)~p (c+d x~n)"q (e+f x~n)"r

4: J(gx)m (a+bx")p (c+dx")q (e+-Fx“)"dlx whennez* A rez*

Derivation: Algebraic expansion
Rule1.1.3.6.5.1.4:1f n€ Z* A r € Z*, then
J(gx)’" (a+bx")? (c+dx")? (e+ Fx")"dx —

ej(gx)’" (a+bx")? (c+dx")? (e+-Fx")r'1d1x+ :—nj-(gx)'““ (a+bx")? (c+dx")? (e+fx")r'1dlx

Program code:

Int[ (g_.*X_)™M_.x(a_+b_.*Xx_"n_)"p_.* (c_+d_.*x_"n_)~q_.(e_+f_.*x_"n_)~r_.,x_Symbol] :=
exInt[ (g+X) "mx (a+bxx"n) px (c+d#x"n) ~q* (e+Fxx*n)~ (r-1) ,x] +
f/ern+Int [ (g*x)~ (m+n) x (a+bxx"n) Apx (c+d+x"n) ~qx (e+fxx*n)~(r-1) ,x] /;
FreeQ[{a,b,c,d,e,f,g,m,p,q},x] && IGtQ[n,0] && IGtQ[r,0]
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Rules for integrands of the form (g x)"m (a+b x~n)~p (c+d x~n)"q (e+f x~n)"r

2. J(gx)'“ (a+bx")? (c+dx")? (e+ fx")"dx when nez-
1. J(gx)m (a+bx")? (c+dx")? (e+fx")"dx whennez A meQ

1: Jx'“ (a+bx")? (c+dx")? (e+ fx")"dx whennez A mez

Derivation: Integration by substitution

Basis: F [X] == —Subst{ﬂi—;L, X, L1 0xt

X

Rule1.1.3.6.5.2.1.1:If n€Z~ A m e Z, then

a+bx‘")p (c+dx‘")q (e+-Fx‘")r

m+2

jxm (a+bx")? (c+dx")? (e + £x")"dx — -SUbSt[J(

X

Program code:

Int[x_"m_.x(a_+b_.#Xx_"n_)"p_.» (c_+d_.*x_"n_)~q_. (e_+f_.#x_"n_)~r_.,x_Symbol] :=
-Subst [Int[ (a+bxx” (-n))"px (C+dxx” (-n) ) ~qx (e+F*x" (-n) ) Ar/x* (m+2) ,x],%,1/x] /;
FreeQ[{a,b,c,d,e,f,p,q,r},x| && ILtQ[n,0] && IntegerQ[m]

1
dx, X, —]
X
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Rules for integrands of the form (g x)"m (a+b x~n)~p (c+d x~n)"q (e+f x~n)"r

2: J-(gx)’" (a+bx")p (c+dx“)q (e+fx")rd1x whennez A meF

Derivation: Integration by substitution

Basis:If nez A k > 1,then (gx)"F[x"] = - & subst | Fletx ]y, —1—] g —2

xk (m+1)+1 L (gx)l/k x (gx)l/k
Rule1.1.3.6.5.2.1.2:1f n€ Z~ A m e F, letk = Denominator [m], then
K bg™" -kn\P deg™ -kn\d feon -kn\r 1
J(gx)m(a+bx“)P(c+dx")q(e+fx")rd1x—» ——Subst[‘f(a+ g x ") (c+de X)) (e x Ferx ) dx, x, ]
g xK (m+1) +1 (g X) 1/k

Program code:

Int[ (g_.*X_)"M_% (a_+b_.*X_"n_) p_.x(C_+d_.*x_"n_)"q_.*(e_+f_.*x_"n_)~r_.,x_Symbol] :=

With [ {k=Denominator[m]},

-k/gxSubst[Int[ (a+bg~ (-n) X" (~k#n)) "px (C+d#g (-n) #X~ (-k*n) ) Aqx (e+Fxg” (-n) #x* (-kxn) ) Ar/x* (kx (m+1) +1) ,X],X,1/ (8+x) ~(1/k) || /3
FreeQ[{a,b,c,d,e,f,g,p,q,r},x| & ILtQ[n,0] && FractionQ[m]
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Rules for integrands of the form (g x)"m (a+b x~n)~p (c+d x~n)"q (e+f x~n)"r

2: J-(gx)m (a+bx")? (c+dx")% (e+fx")"dx whennez A m¢Q

Derivation: Piecewise constant extraction and integration by substitution
Basis: 0y ((gx)" (x1)") =0

Basis: F [X] == —Subst{ﬂi—zlL, X, 1] oxt

X
 Rulel.1.3.6.522:1fnez A m¢O0,then
+ n\P . n\d + n\r
J(gx)’" (a+bx")? (c+dx")? (e+fx")"dx — (gx)" (x‘l)"'J‘(a bx?)" (¢ dxm) (e+£x7)
(x?)
. (a+bx")P (c+dx ™) (e+Fx")" 1
— -(gx)" (x) Subst[j o dx, X, ;]

Program code:

Int[ (g_.*X_)"M_% (a_+b_.*x_"n_) p_.x(c_+d_.*x_"n_)"q_.*(e_+f_.*x_"n_)~r_.,x_Symbol] :=
—(g*x)"m*(x"(—l))"m*Subst[Int[(a+b*x"(—n))"p*(c+d*x"(—n))"q*(e+f*x"(—n))"r‘/x"(m+2),x],x,1/x] /3
FreeQ[{a,b,c,d,e,f,g,m,p,q,r},x] & ILtQ[n,8] & Not[RationalQ[m] ]

dx
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Rules for integrands of the form (g x)"m (a+b x~n)~p (c+d x~n)"q (e+f x~n)"r

6. j(gx)'“ (a+bx")? (c+dx")? (e+fx")"dx whenneF

1: Jxm (a+bx")p (c+dx")q (e+fx")rd1x when neF

Derivation: Integration by substitution
Basis: If k € Z",then xFxn] = k Subst [x* (M- F[xkn], x, x*/K] g x*/
Rule 1.1.3.6.6.1: If n € F, letk = Denominator [n], then

Jx’" (a+bx")? (c+dx")? (e+fx")"dx — kSubst[J~xk M1 (asbx ") (c+dx") (e+ £x ") ax, x, xl/k]

Program code:

Int[x_Am_.x (a_+b_.*Xx_"n_)"p_.* (C_+d_.*x_"n_)~q_. (e_+f_.*x_"n_)"r_.,x_Symbol] :=
With[{k=Denominator[n]},
kxSubst [Int[x” (k# (m+1) -1) % (a+b*x" (kxn) ) Apx (c+d#Xx* (kxn) ) ~qx (e+F*x” (kxn) ) ~r,x] ,x,x* (1/k) || /3
FreeQ[{a,b,c,d,e,f,m,p,q,r},x]| & FractionQ[n]
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Rules for integrands of the form (g x)"m (a+b x~n)~p (c+d x~n)"q (e+f x~n)"r

2: J(gx)'“ (a+bx")? (c+dx")? (e+ fx")"dx when neF

Derivation: Piecewise constant extraction
Basis: 5, iﬂ—>— =0

EIntPar‘t[m] (g X) FracPart[m]

Basis: ®x- .

xFracPart[m]

Rule 1.1.3.6.6.2: If n € F, then

gIntPart(m] (g ) Fracpart m]

J(gx)’" (a+bx")? (c+dx")? (e+£x")"dx — jx'" (a+bx")? (c+dx")? (e +£x")" dx

XFr‘acPar‘t [m]

Program code:

Int[ (g_*x_)"m_x(a_+b_.*x_"n_)"p_.* (c_+d_.*x_"n_)~q_.(e_+f_.*x_"n_)~r_.,x_Symbol] :=
g IntPart [m] « (g+X) “FracPart[m] /x FracPart [m] +Int [x"m« (a+bxx"n) "px (c+d+x"n) Aqx (e+fxx*n)~r,x] /;
FreeQ[{a,b,c,d,e,f,g,m,p,q,r},x] && FractionQ[n]
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Rules for integrands of the form (g x)"m (a+b x~n)~p (c+d x~n)"q (e+f x~n)"r

7. j(gx)"‘ (a+bx")? (c+dx")? (e+fx")"dx when - ez

1: Jxm (a+bx")p (c+dx")q (e+fx")rd1x when ﬁez

Derivation: Integration by substitution
Basis: If mT—l e Z,then x"F[x"] = ﬁ Subst[F[anT], X, x™1] g, xm

Rule 1.1.3.6.7.1: If ﬁ € Z,then

Jx"‘ (a+bx")? (c+dx") (e+ fx")"dx —
m+1

Subst [J(a + bX":_l)p (c +d me_l)q (e + me"T)r dx, X, x’"*l]

Program code:

Int[x_"m_.x(a_+b_.#x_"n_)"p_.» (c_+d_.*x_"n_)~q_. (e_+f_.#x_"n_)~r_.,x_Symbol] :=
1/ (m+1) »Subst [Int [ (a+b»x"Simplify[n/ (m+1)])"px (c+d+x"Simplify[n/ (m+1)])~qx (e+F*x"Simplify[n/ (m+1)]) r,x],x,x*(m+1)] /;
FreeQ[{a,b,c,d,e,f,m,n,p,q,r},x] && IntegerQ[Simplify[n/(m+1)]]
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Rules for integrands of the form (g x)"m (a+b x~n)~p (c+d x~n)"q (e+f x~n)"r

2: J(gx)'" (a+bx")? (c+dx")? (e+fx")"dx when ez

Derivation: Piecewise constant extraction
Basis: 5, iﬂ—>— =0

EIntPar‘t[m] (g X) FracPart[m]

Basis: ®x- .

xFracPart [m]

Rule 1.1.3.6.7.2: If m:—l € Z,then

gIntPart(m] (g ) Fracpart m]

J(gx)’" (a+bx")? (c+dx")? (e+£x")"dx — Jx'" (a+bx")? (c+dx")? (e +£x")" dx

XFr‘acPar‘t [m]

Program code:

Int[ (g_*X_)"M_.% (a_+b_.*X_"n_) p_.x(C_+d_.*x_"n_)"q_.*(e_+f_.*x_"n_)~r_.,x_Symbol] :=
g IntPart [m] « (g+X) “FracPart[m] /x FracPart [m] +Int [x"m« (a+bxx"n) "px (c+d+x"n) Aqx (e+fxx*n)~r,x] /;
FreeQ[{a,b,c,d,e,f,g,m,n,p,q,r},x] & IntegerQ[Simplify[n/(m+1)]]

8. j(gx)“‘ (a+bx")? (c+dx")? (e+Fx") dx
1. J(gx)"‘ (a+bx")? (c+dx")? (e+fx") dx when p< -1

1: j(gx)’" (a+bx")? (c+dx")9 (e+fx") dx whenp<-1 A q>0

Derivation: Binomial product recurrence 1

Rule1.1.3.6.8.1.1:If p< -1 A g > 0, then
J(gx)’“ (a+bx")? (c+dx")? (e+ fx") dx —

(be-af) (gx)™* (a+bx")p+1 (c+dx")? 1
- +

abgn(p+1) abn(p+1)'




Rules for integrands of the form (g x)"m (a+b x~n)~p (c+d x~n)"q (e+f x~n)"r

J(gx)"‘(a+bx“)p+1 (c+dx“)q'1 (c(ben(p+1) + (be-af) (m+1)) +d (ben(p+1) + (be-af) (m+nq+1))x") dx

Program code:

Int[(g_.#X_) M_.%(a_+b_.*x_"n_)"p_x (c_+d_.*x_"n_)~q_. (e_+f_.#x_"n_),x_Symbol] :=
- (b*e—a*f) * (gxX) A (m+1) * (Q+bxx~n) ~ (p+1) * (C+dxx*n) *q/ (axbxgxnx (p+1)) +
1/ (a*bxnx (p+1)) *Int [ (g*X) *mx (a+bxx"n) * (p+1) * (c+d*x”*n) * (q-1) *
Simp[c*(b*e*n*(p+1)+(b*e—a*f)*(m+1))+d*(b*e*n*(p+1)+(b*e—a*f)*(m+n*q+1))*xAn,x],x] /5
FreeQ[{a,b,c,d,e,f,g,m,n},x]| && LtQ[p,-1] & GtQ[q,0] && Not[EqQ[q,1] & SimplerQ[bxc-axd,bxe-axf] |

2: J(gx)’“ (a+bx")? (c+dx")? (e+ fx") dx whenp< -1

Derivation: Binomial product recurrence 3b

Rule 1.1.3.6.8.1.2: If p < -1, then
J(gx)’" (a+bx")? (c+dx")? (e+ fx") dx —

(be-af) (gx)™* (a+bx")P*? (c+dxn)®? 1
- +

agn(bc-ad) (p+1) an(bc-ad) (p+1).

j(gx)'“(a+bx")p+1 (c+dx")% (c (be-af) (m+1) +en(bc-ad) (p+1) +d (be-af) (m+n (p+q+2) +1)x") dx

Program code:

Int[(g_.*X_)™M_.%(a_+b_.*x_"n_)"p_x(c_+d_.*x_"n_)~q_x (e_+f_.*x_"n_),x_Symbol] :=
- (b*e—a*f) * (gxX) A (m+1) * (A+bxx~n) ~ (p+1) * (c+d*x*n) ~ (q+1) / (a*gxnx (bxc-axd) » (p+1)) +
1/ (a*nx (bxc-axd) * (p+1) ) *Int [ (g*X) *mx (a+b*xx"n) * (p+1) * (c+d*x"n) *q*
Simp [cx (bxe-axf) x (m+1) +exn (bxc-axd) » (p+1) +dx (bxe-axf) x (m+n* (p+q+2) +1) #x*n, x| ,x] /;
FreeQ[{a,b,c,d,e,f,g,m,n,q},x] && LtQ[p,-1]
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Rules for integrands of the form (g x)"m (a+b x~n)~p (c+d x~n)"q (e+f x~n)"r

2: J(gx)'“ (a+bx")? (c+dx")? (e+fx") dx whenq>0

Derivation: Binomial product recurrence 2b

Rule 1.1.3.6.8.2: If g > 0, then
J(gx)m(a+bx")p(c+dx")q(e+fx") ax —
f (gx)™? (a+bx“)p+1 (c+dx")? 1
bgm+n(p+q+1) +1) +b(m+n(p+q+1)+1)'

j(gx)’"(a+bx")p (c+dx“)“‘1 (c((pe-af) (m+1) +ben(p+q+1)) + (d (be-af) (m+1) +fnq(bc-ad)+bedn (p+q+1))x")dx

Program code:

Int[(g_.*X_)™M_.% (a_+b_.*Xx_"n_)"p_.* (C_+d_.*x_"n_)~q_. (e_+f_.*x_"n_),x_Symbol] :=
fx (gxX) A (m+1) *x (a+bxx”n) ~ (p+1) * (c+d*xx*n) *q/ (bxg* (Mm+n* (p+q+1) +1)) +
1/ (b* (m+n* (p+q+1) +1) ) *»Int [ (g*X) *m* (a+b*xx”n) *p*x (c+d*x”n) ~ (q-1) *
Simp [c* ( (b*e—a*f) * (M+1) +bxexnx (p+q+1) ) + (d* (b*e—a*f) * (M+1) +fxnxqx (bxc-axd) +bxexdxnx (p+q+1) ) *X"n,X] ,X] /3
FreeQ[{a,b,c,d,e,f,g,m,n,p},x| && GtQ[q,0] & Not[EqQ[q,1] && SimplerQ[e+fxx"n,c+dxx n]]
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Rules for integrands of the form (g x)"m (a+b x~n)~p (c+d x~n)"q (e+f x~n)"r

m b n\P £x"
S:J(gX) (a+ X) (e+ X)dlxwhenbc—ad;ée

c+dx"

Derivation: Algebraic expansion

Rule1.1.3.6.8.3:If bc - ad + 0, then
m b x" P £x" m b x" P £ x"
J(gx) (a+bx")P (e+fx") i JExpandIntegr‘and[ (gx)" (a+bx")? (e+fx")
c+dx" c+dx"
Program code:
Int[(g_.#x_)™m_.%(a_+b_.*x_"n_)"p_x (e_+f_.«x_"n_)/(c_+d_.*x_"n_),x_Symbol] :=
Int [ExpandIntegrand[ (gX) "mx (a+bxx"n) ~px (e+fxx~n) / (c+dxx~n) >x]5x] /3
FreeQ[{a,b,c,d,e,f,g,m,n,p},x|
4: J(gx)"‘ (a+bx")? (c+dx")? (e+ fx") dx whenbc-ad#@
Derivation: Algebraic expansion
Rule1.1.3.6.8.4:1f bc - ad # 9, then
m n\p n\4q n m n\p n\q fEx"
f(gx) (a+bx")? (c+dx")? (e+fx") dx — eJ.(gx) (a+bx")? (c+dx")%dx+ ———
Xm

Program code:

Int[(g_.*X_)™M_.%(a_+b_.*x_"n_)"p_x(c_+d_.*x_"n_)~q_x (e_+f_.*x_"n_),x_Symbol] :=
exInt[ (g*x) *mx (a+bxx"n) *p*x (c+dxx”n) *q,x] +
fx (g*x) *m/x*mxInt [x" (m+n) * (a+b*x"n) *p* (c+d*x*n) *q,x] /;
FreeQ[{a,b,c,d,e,f,g,m,n,p,q},X]

,x] dx

fx"‘*" (a+ bx")p (c +dx")qdlx
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Rules for integrands of the form (g x)"m (a+b x~n)~p (c+d x~n)"q (e+f x~n)"r

9. J-(gx)m (a+bx")P (c+dx")? (e+ £x")"dx
1. |x™ (a+bx™)P (c+dx™)9 (e+ £x7)"dx

1: Jx'" (a+bx")? (c+dx™")? (e+fx")"dx when qez

Derivation: Algebraic normalization
Basis: If g € Z,then (c +dx™")% = x"9 (d + cx")4
Rule 1.1.3.6.9.1.1: If g € Z, then

J-x'“ (a+bx")p (c+dx‘“)q (e+fx")'"dlx — jx’"‘“q (a+bx")p (d+cx")q (e+fx")rd1x

Program code:

Int[Xx_Am_.x (a_+b_.*Xx_"n_.)"p_.» (c_+d_.*x_"mn_.)~q_.* (e_+Ff_.#x_"n_.)~r_.,x_Symbol] :=
Int[x” (Mm-nxq) * (a+bxx"n) ~p* (d+cxx”n) ~q« (e+fxx"n) ~r,x] /;
FreeQ[{a,b,c,d,e,f,m,n,p,r},x]| & EqQ[mn,-n] && IntegerQ[q]
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Rules for integrands of the form (g x)"m (a+b x~n)~p (c+d x~n)"q (e+f x~n)"r

2: |x" (a+bx" c+dx™" e+fx") "dx whenpez Arez
[ (@epa)? (craxn)t (e ex)”

Derivation: Algebraic normalization
Basis: If p € Z,then (a+ b x")P == x"P (b+ax™"™)P
Rule 1.1.3.6.9.2:If pe Z A r € Z,then

Jx'“ (a+bx“)'° (c+dx'")q (e+-Fx“)rdlx — Jxm‘" (p+r) (b+ax'“)p (c+dx'“)q (f+ex'")rdlx

Program code:

Int[Xx_Am_.x (a_.+b_.#x_"n_.) p_.* (c_+d_.#x_"mn_.) q_.# (e_+f_.*x_"n_.)~r_.,x_Symbol] :=
Int[x (m+nx (p+r) ) * (b+axx” (-n) ) ~px (C+d*x” (-n) ) ~qx (F+exx*(-n) ) *r,x] /;
FreeQ[{a,b,c,d,e,f,m,n,q},x]| && EqQ[mn,-n] && IntegerQ[p] & IntegerQ[r]
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Rules for integrands of the form (g x)"m (a+b x~n)~p (c+d x~n)"q (e+f x~n)"r

3: J-x"‘ (a+bx")? (c+dx™")? (e+fx")"dx when q¢z

Derivation: Piecewise constant extraction

BaS|S: 6X M —— @

(d+cxM)d
. x"4q (C+d X—n>q o XnFr‘acPar‘t[q} (C+d an)Fr‘acPar‘t[q]
BaS|S. (d+C Xn)q - (d+C Xn) FracPart[q]
Rule 1.1.3.6.9.3:If g ¢ z, then

x" FracPart[q] (C +d X'") FracPart[q]

jx”‘ (a+bx")p (c+dx'")q (e+'FX")Pd]X — x"-na (a+bx")p (d+cx")q (e+fx”)rd1x

(d +c Xn) FracPart[q]

Program code:

Int[X_Mm_.% (a_.+b_.#X_"n_.)"p_.* (c_+d_.*x_"mn_.)~q_x (e_+f_.*x_"n_.)~r_.,x_Symbol] :=
X~ (nxFracPart[q]) » (c+d=x” (-n) ) *FracPart[q]/ (d+c*x”n) ~FracPart [q] *Int [X" (m-nxq) x (a+bxx"n) px (d+c*x n) ~q* (e+f*x"n)~r,x] /;
FreeQ[{a,b,c,d,e,f,m,n,p,q,r},x] && EqQ[mn,-n] && Not[IntegerQ[q]]
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Rules for integrands of the form (g x)"m (a+b x~n)~p (c+d x~n)"q (e+f x~n)"r

2 [(g27 (a+bx")’ (c+dx™)% e+ £x')" ax

Derivation: Piecewise constant extraction
Basis: 5, iﬁ—>— =0

EIntPar‘t [m] (g X) FracPart[m]

Basis: ®x- .

xFracPart[m]

Rule 1.1.3.6.9.2:

gIntPart(m] (g ) Fracpart m]

j(gx)'" (a+bx")? (c+dx™)? (e+£x")" ax — Jx'" (a+bx")? (c+dx™)? (e+fx")" dx

XFr‘acPar‘t [m]

Program code:
Int[(g_*x_)"m_x(a_+b_.#X_"n_.) p_.» (C_+d_.*x_"mn_.)~q_.*(e_+F_.#x_"n_.) r_.,x_Symbol]| :=

grIntPart [m]  (g+X) “FracPart[m] /x*FracPart [m] +Int [x mx (a+b*x"n) ~p* (C+d*x" (-n)) ~q* (e+F*x n)~r,x]| /;
FreeQ[{a,b,c,d,e,f,g,m,n,p,q,r},x] & EqQ[mn,-n]

X: j(gx)“‘ (a+bx")? (c+dx")? (e+Fx")"dx

Rule 1.1.3.6.X:

J.(gx)’" (a+bx")? (c+dx")? (e+ fx")"dx — j(gx)'" (a+bx")? (c+dx")? (e+Ffx")"dx

Program code:

Int[(g_.*X_)™M_.%(a_+b_.*x_"n_)"p_.* (c_+d_.*x_"n_)~q_.(e_+f_.*x_"n_)~r_.,x_Symbol] :=
Unintegrable[ (g+X) “mx (a+b#Xx"n) ~p* (C+dxx"n) ~qx (e+Ff»xn)~r,x]| /;
FreeQ[{a,b,c,d,e,f,g,m,n,p,q,r},x]
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Rules for integrands of the form (g x)"m (a+b x~n)~p (c+d x~n)"q (e+f x~n)"r

S: |u" (a+bv")? (c+dv")? (e+fVv")"dx whenv=h+ix Au=gv
[u (@epv)” (crav)T (e fv) g

Derivation: Integration by substitution and piecewise constant extraction

m

Basis: If u == g v,thenox 7 == 0

m

Rule1.1.3.6.S:If v=h+ix A u=gv,then

u

Ju“‘ (a+bv")" (c+dv")q (e+fv")"dlx — -
iv

m
- Subst[Jx"‘ (a+bx")? (c+dx")? (e+Ffx")"dx, x, v]

Program code:

Int[u_™m_.x(a_.+b_.#v_"n_)"p_.x(c_.+d_.#v_"n_)"q_. (e_+f_.»v_"n_)~r_.,x_Symbol] :=
u"m/(Coe-F-Ficient [V5X,1] #v7m) #Subst [Int [x"m# (a+b#xx"n) *px (c+d*x"n) *qx (e+F»x*n) *r,x]|,x,v] /;
FreeQ[{a,b,c,d,e,f,m,n,p,q,r},x] & LinearPairQ[u,v,X]
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Rules for integrands of the form (g x)"m (a+b x~n)~p (c+d x~n)"q (e+f x~n)"r 31

Rules for integrands of the form (gx)" (a+bx")P (c +dx")9 (e; + f1 x"2)" (ey + £, x"2)"

1. f(gx)"‘ (a+bx")? (c+dx") (eg +F1x"?)" (ez + 2 x"2)" dx when e, f; + e; f, == @

1: J(gx)"‘ (a+bx")p (c+dx")q (e1+f1x"/2)r (e2+f2x"/2)rd1x when e, f;+e;f, =0 A (reZ V e;>0 A e, >0)

Derivation: Algebraic simplification
Basis:If e;f1+e1f, =0 A (reZ Ve >0 A ey >0),then (e;+fix"2)" (e;+F,x72)" = (eye;+ 1, x")"
Rule: If e2f1+e11°2 =0 A (rez VvV eq >0 A ey >@),then

J(gx)’" (a+bx")P (c+dx") (e + f1x"2)" (e + F, x"2)" dx — J(gx)"‘ (a+bx")? (c+dx")? (eg e, + 1 fo x")" dx

Program code:

Int[(g_-*X_)™M_.x (a_+b_.*X_"n_)"p_.# (C_+d_.*x_"n_)"q_. (el_+Fl_.»x_"n2_.) r_.x(e2_+f2_.*x_"n2_.)" r_.,x_Symbol] :=
Int [ (g*X) “mx (a+b*x”n) *p* (c+d*x"n) *q* (el*e2+f1*f2*x"n) "r,x] /5
FreeQ[{a,b,c,d,el1,f1,e2,f2,g,m,n,p,q,r},x] && EqQ[n2,n/2] 8& EqQ[e2xfl+elxf2,0] && (IntegerQ[r] || GtQ[el,0] && GtQ[e2,0])

2: J(gx)'" (a+bx")? (c+dx")? (ey +F1 x"?)" (e2 + £, x"2)"dx when e, f; + e; f, = 0@

Derivation: Piecewise constant extraction

., (e1+‘F1 Xn/2>r‘ (e2+f2 Xn/Z)r‘
Basis: If e, 1 + e1 T, == 0, then Oy e e )T =

Rule: If (Sh) 'Fl + €1 'Fz == 0, then

@07 (245" (c+ax)* fer+ £37)" (e 62507 ax —



Rules for integrands of the form (g x)"m (a+b x~n)~p (c+d x~n)"q (e+f x~n)"r

FracP: FracP
(el . 'F1 Xn/z) racPart[r] (ez . 'FZ X"/z) racPart[r]

(€x)" (a+bx")" (c+dx")? (er e+ f1f,x")" dx
(e1 e, + 1 Fy x") FracPart[r]

Program code:

Int[(g_*X_)™M_.x (a_+b_.*X_"n_)"p_.* (C_+d_.*x_"Nn_)"q_. (el_+Fl_.»x_"n2_.) r_.x(e2_+f2_.*x_"n2_.)" r_.,x_Symbol] :=
(e1+F1xx”(n/2) ) ~FracPart[r] (e2+f24x~ (n/2) ) AFracPart[r]/(elxe2+flsf2+xn) FracPart[r]x
Int [ (8*X) *Mx (a+b#x"n) ~px (C+dxx"n) ~qx (elxe2+flxf2xx"n) "r',x] /8
FreeQ[{a,b,c,d,e1,f1,e2,f2,g,m,n,p,q,r},x] & EqQ[n2,n/2] && EqQ[e2sfl+elxf2,0]
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