
Rules for integrands of the form Hd + e xLm Hf + g xL Ia + b x + c x2Mp

when e f -d g ¹ 0

0: à He xLm Hf + g xL Ib x + c x2Mp
âx when b g Hm + p + 1L - c f Hm + 2 p + 2L � 0 ì m + 2 p + 2 ¹ 0

�

Rule 1.2.1.3.0: If  b g Hm + p + 1L - c f Hm + 2 p + 2L � 0 ì m + 2 p + 2 ¹ 0, then

á He xLm Hf + g xL Ib x + c x2Mp
âx �

g He xLm Ib x + c x2Mp+1

c Hm + 2 p + 2L
�

Program code:

Int@He_.*x_L^m_.*Hf_+g_.*x_L*Hb_.*x_+c_.*x_^2L^p_.,x_SymbolD :=

g*He*xL^m*Hb*x+c*x^2L^Hp+1L�Hc*Hm+2*p+2LL �;

FreeQ@8b,c,e,f,g,m,p<,xD && EqQ@b*g*Hm+p+1L-c*f*Hm+2*p+2L,0D && NeQ@m+2*p+2,0D

1: à xm Hf + g xL Ia + c x2Mp
âx when m Î Z ì 2 p Ï Z

�

Derivation: Algebraic expansion
�

Rule 1.2.1.3.1: If  m Î Z ì 2 p Ï Z, then

à xm Hf + g xL Ia + c x2Mp
âx � f à xm Ia + c x2Mp

âx + g à xm+1 Ia + c x2Mp
âx

�

Program code:

Int@x_^m_.*Hf_+g_.*x_L*Ha_+c_.*x_^2L^p_.,x_SymbolD :=

f*Int@x^m*Ha+c*x^2L^p,xD + g*Int@x^Hm+1L*Ha+c*x^2L^p,xD �;

FreeQ@8a,c,f,g,p<,xD && IntegerQ@mD && Not@IntegerQ@2*pDD



2: à He xLm Hf + g xL Ia + b x + c x2Mp
âx when p Î Z ì Hp > 0 ê a � 0 ì m Î ZL

�

Derivation: Algebraic expansion
�

Rule 1.2.1.3.2: If  p Î Z ì Hp > 0 ê a � 0 ß m Î ZL, then

à He xLm Hf + g xL Ia + b x + c x2Mp
âx � à ExpandIntegrandAHe xLm Hf + g xL Ia + b x + c x2Mp

, xE âx

�

Program code:

Int@He_.*x_L^m_.*Hf_.+g_.*x_L*Ha_.+b_.*x_+c_.*x_^2L^p_.,x_SymbolD :=

Int@ExpandIntegrand@He*xL^m*Hf+g*xL*Ha+b*x+c*x^2L^p,xD,xD �;

FreeQ@8a,b,c,e,f,g,m<,xD && IntegerQ@pD && HGtQ@p,0D ÈÈ EqQ@a,0D && IntegerQ@mDL

Int@He_.*x_L^m_.*Hf_.+g_.*x_L*Ha_+c_.*x_^2L^p_.,x_SymbolD :=

Int@ExpandIntegrand@He*xL^m*Hf+g*xL*Ha+c*x^2L^p,xD,xD �;

FreeQ@8a,c,e,f,g,m<,xD && IGtQ@p,0D

3: à Hd + e xLm Hf + g xL Ia + b x + c x2Mp
âx when b2 - 4 a c � 0 ì m + 2 p + 3 � 0 ì 2 c f - b g � 0

�

Derivation: Quadratic recurrence 2a with 2 c f - b g � 0 : square quadratic recurrence 3b with m + 2 p + 3 � 0
�

Rule 1.2.1.3.3: If  b2 - 4 a c � 0 ì m + 2 p + 3 � 0 ì 2 c f - b g � 0, then

á Hd + e xLm Hf + g xL Ia + b x + c x2Mp
âx � -

f g Hd + e xLm+1 Ia + b x + c x2Mp+1

b Hp + 1L He f - d gL
�

Program code:

Int@Hd_.+e_.*x_L^m_.*Hf_+g_.*x_L*Ha_+b_.*x_+c_.*x_^2L^p_.,x_SymbolD :=

-f*g*Hd+e*xL^Hm+1L*Ha+b*x+c*x^2L^Hp+1L�Hb*Hp+1L*He*f-d*gLL �;

FreeQ@8a,b,c,d,e,f,g,m,p<,xD && EqQ@b^2-4*a*c,0D && EqQ@m+2*p+3,0D && EqQ@2*c*f-b*g,0D
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4: à Hd + e xLm Hf + g xL Ia + b x + c x2Mp
âx when 2 c f - b g � 0 ì p < -1 ì m > 0

�

Derivation: Integration by parts

�

Basis: If  2 c f - b g � 0, then ¶x
g Ha+b x+c x2Lp+1

2 c Hp+1L � Hf + g xL Ia + b x + c x2Mp

�

Rule 1.2.1.3.4: If  2 c f - b g � 0 ì p < -1 ì m > 0, then

á Hd + e xLm Hf + g xL Ia + b x + c x2Mp
âx �

g Hd + e xLm Ia + b x + c x2Mp+1

2 c Hp + 1L -
e g m

2 c Hp + 1L à Hd + e xLm-1 Ia + b x + c x2Mp+1
âx

�

Program code:

Int@Hd_.+e_.*x_L^m_.*Hf_.+g_.*x_L*Ha_.+b_.*x_+c_.*x_^2L^p_,x_SymbolD :=

g*Hd+e*xL^m*Ha+b*x+c*x^2L^Hp+1L�H2*c*Hp+1LL -

e*g*m�H2*c*Hp+1LL*Int@Hd+e*xL^Hm-1L*Ha+b*x+c*x^2L^Hp+1L,xD �;

FreeQ@8a,b,c,d,e,f,g<,xD && EqQ@2*c*f-b*g,0D && LtQ@p,-1D && GtQ@m,0D

5. à Hd + e xLm Hf + g xL Ia + b x + c x2Mp
âx when b2 - 4 a c ¹ 0

1: à Hd + e xLm Hf + g xL Ia + b x + c x2Mp
âx when b2 - 4 a c � 0 ì m + 2 p + 3 � 0 ì 2 c f - b g ¹ 0 ì 2 c d - b e ¹ 0

�

Derivation: Algebraic expansion

�

Basis: f + g x �
H2 c f-b gL Hd+e xL

2 c d-b e
-

He f-d gL Hb+2 c xL
2 c d-b e

�

Rule 1.2.1.3.5: If  b2 - 4 a c � 0 ì m + 2 p + 3 � 0 ì 2 c f - b g ¹ 0 ì 2 c d - b e ¹ 0, then

á Hd + e xLm Hf + g xL Ia + b x + c x2Mp
âx �

-

2 c He f - d gL Hd + e xLm+1 Ia + b x + c x2Mp+1

Hp + 1L H2 c d - b eL2
+

2 c f - b g

2 c d - b e
à Hd + e xLm+1 Ia + b x + c x2Mp

âx

�

Program code:

Int@Hd_.+e_.*x_L^m_.*Hf_.+g_.*x_L*Ha_+b_.*x_+c_.*x_^2L^p_,x_SymbolD :=

-2*c*He*f-d*gL*Hd+e*xL^Hm+1L*Ha+b*x+c*x^2L^Hp+1L�HHp+1L*H2*c*d-b*eL^2L +

H2*c*f-b*gL�H2*c*d-b*eL*Int@Hd+e*xL^Hm+1L*Ha+b*x+c*x^2L^p,xD �;

FreeQ@8a,b,c,d,e,f,g,m,p<,xD && EqQ@b^2-4*a*c,0D && EqQ@m+2*p+3,0D && NeQ@2*c*f-b*g,0D && NeQ@2*c*d-b*e,0D
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2: à Hd + e xLm Hf + g xL Ia + b x + c x2Mp
âx when b2 - 4 a c � 0

�

Derivation: Piecewise constant extraction

�

Basis: If  b2 - 4 a c � 0, then ¶x
Ha+b x+c x2Lp

J b

2
+c xN2 p � 0

�

Rule 1.2.1.3.6: If  b2 - 4 a c � 0, then

á Hd + e xLm Hf + g xL Ia + b x + c x2Mp
âx �

Ia + b x + c x2MFracPart@pD

cIntPart@pD I b

2
+ c xM2 FracPart@pD à Hd + e xLm Hf + g xL b

2
+ c x

2 p

âx

�

Program code:

Int@Hd_.+e_.*x_L^m_.*Hf_.+g_.*x_L*Ha_.+b_.*x_+c_.*x_^2L^p_,x_SymbolD :=

Ha+b*x+c*x^2L^FracPart@pD�Hc^IntPart@pD*Hb�2+c*xL^H2*FracPart@pDLL*Int@Hd+e*xL^m*Hf+g*xL*Hb�2+c*xL^H2*pL,xD �;

FreeQ@8a,b,c,d,e,f,g,m<,xD && EqQ@b^2-4*a*c,0D

6: à Hd + e xLm Hf + g xL Ia + b x + c x2Mp
âx when b2 - 4 a c ¹ 0 ì p Î Z ì Hp > 0 ê a � 0 ì m Î ZL

�

Derivation: Algebraic expansion
�

Rule 1.2.1.3.6: If  b2 - 4 a c ¹ 0 ì p Î Z
+, then

à Hd + e xLm Hf + g xL Ia + b x + c x2Mp
âx � à ExpandIntegrandAHd + e xLm Hf + g xL Ia + b x + c x2Mp

, xE âx

�

Program code:

Int@Hd_.+e_.*x_L^m_.*Hf_.+g_.*x_L*Ha_.+b_.*x_+c_.*x_^2L^p_.,x_SymbolD :=

Int@ExpandIntegrand@Hd+e*xL^m*Hf+g*xL*Ha+b*x+c*x^2L^p,xD,xD �;

FreeQ@8a,b,c,d,e,f,g,m<,xD && NeQ@b^2-4*a*c,0D && IntegerQ@pD && HGtQ@p,0D ÈÈ EqQ@a,0D && IntegerQ@mDL

Int@Hd_.+e_.*x_L^m_.*Hf_.+g_.*x_L*Ha_+c_.*x_^2L^p_.,x_SymbolD :=

Int@ExpandIntegrand@Hd+e*xL^m*Hf+g*xL*Ha+c*x^2L^p,xD,xD �;

FreeQ@8a,c,d,e,f,g,m<,xD && IGtQ@p,0D

7. à Hd + e xL Hf + g xL Ia + b x + c x2Mp
âx when b2 - 4 a c ¹ 0
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1: à Hd + e xL Hf + g xL
a + b x + c x2

âx when b2 - 4 a c ¹ 0

�

Derivation: Algebraic expansion
�

Rule 1.2.1.3.7.1: If  b2 - 4 a c ¹ 0, then

à Hd + e xL Hf + g xL
a + b x + c x2

âx �
e g x

c
+

1

c
à c d f - a e g + Hc e f + c d g - b e gL x

a + b x + c x2
âx

�

Program code:

IntAHd_.+e_.*x_L*Hf_+g_.*x_L�Ha_.+b_.*x_+c_.*x_^2L,x_SymbolE :=

e*g*x�c + 1�c*Int@Hc*d*f-a*e*g+Hc*e*f+c*d*g-b*e*gL*xL�Ha+b*x+c*x^2L,xD �;

FreeQ@8a,b,c,d,e,f,g<,xD && NeQ@b^2-4*a*c,0D

IntAHd_.+e_.*x_L*Hf_+g_.*x_L�Ha_+c_.*x_^2L,x_SymbolE :=

e*g*x�c + 1�c*Int@Hc*d*f-a*e*g+c*He*f+d*gL*xL�Ha+c*x^2L,xD �;

FreeQ@8a,c,d,e,f,g<,xD

2: à Hd + e xL Hf + g xL Ia + b x + c x2Mp
âx when b2 - 4 a c ¹ 0 ì b2 e g Hp + 2L - 2 a c e g + c H2 c d f - b He f + d gLL H2 p + 3L � 0 ì p ¹ -1

�

Derivation: ???
�

Note: If  b2 - 4 a c ¹ 0 ì b2 e g Hp + 2L - 2 a c e g + c H2 c d f - b He f + d gLL H2 p + 3L � 0, then p ¹ -
3

2
.

�

Rule 1.2.1.3.7.2: If  b2 - 4 a c ¹ 0 ì b2 e g Hp + 2L - 2 a c e g + c H2 c d f - b He f + d gLL H2 p + 3L � 0 ì p ¹ -1, then

á Hd + e xL Hf + g xL Ia + b x + c x2Mp
âx � -

Hb e g Hp + 2L - c He f + d gL H2 p + 3L - 2 c e g Hp + 1L xL Ia + b x + c x2Mp+1

2 c2 Hp + 1L H2 p + 3L
�

Program code:

Int@Hd_.+e_.*x_L*Hf_.+g_.*x_L*Ha_.+b_.*x_+c_.*x_^2L^p_,x_SymbolD :=

-Hb*e*g*Hp+2L-c*He*f+d*gL*H2*p+3L-2*c*e*g*Hp+1L*xL*Ha+b*x+c*x^2L^Hp+1L�H2*c^2*Hp+1L*H2*p+3LL �;

FreeQ@8a,b,c,d,e,f,g,p<,xD && NeQ@b^2-4*a*c,0D && EqQ@b^2*e*g*Hp+2L-2*a*c*e*g+c*H2*c*d*f-b*He*f+d*gLL*H2*p+3L,0D && NeQ@p,-1D

Int@Hd_.+e_.*x_L*Hf_.+g_.*x_L*Ha_+c_.*x_^2L^p_,x_SymbolD :=

HHe*f+d*gL*H2*p+3L+2*e*g*Hp+1L*xL*Ha+c*x^2L^Hp+1L�H2*c*Hp+1L*H2*p+3LL �;

FreeQ@8a,c,d,e,f,g,p<,xD && EqQ@a*e*g-c*d*f*H2*p+3L,0D && NeQ@p,-1D

Rules for integrands of the form (d+e x)^m (f+g x) (a+b x+c x^2)^p 5



3: à Hd + e xL Hf + g xL Ia + b x + c x2Mp
âx when b2 - 4 a c ¹ 0 ì p < -1

�

Derivation: ???
�

Rule 1.2.1.3.7.3: If  b2 - 4 a c ¹ 0 ì p < -1, then

à Hd + e xL Hf + g xL Ia + b x + c x2Mp
âx �

-II2 a c He f + d gL - b Hc d f + a e gL - Ib2 e g - b c He f + d gL + 2 c Hc d f - a e gLM xM Ia + b x + c x2Mp+1M � Ic Hp + 1L Ib2
- 4 a cMM -

b2 e g Hp + 2L - 2 a c e g + c H2 c d f - b He f + d gLL H2 p + 3L
c Hp + 1L Ib2 - 4 a cM à Ia + b x + c x2Mp+1

âx

�

Program code:

Int@Hd_.+e_.*x_L*Hf_.+g_.*x_L*Ha_.+b_.*x_+c_.*x_^2L^p_,x_SymbolD :=

-H2*a*c*He*f+d*gL-b*Hc*d*f+a*e*gL-Hb^2*e*g-b*c*He*f+d*gL+2*c*Hc*d*f-a*e*gLL*xL*Ha+b*x+c*x^2L^Hp+1L�Hc*Hp+1L*Hb^2-4*a*cLL -

Hb^2*e*g*Hp+2L-2*a*c*e*g+c*H2*c*d*f-b*He*f+d*gLL*H2*p+3LL�Hc*Hp+1L*Hb^2-4*a*cLL*Int@Ha+b*x+c*x^2L^Hp+1L,xD �;

FreeQ@8a,b,c,d,e,f,g<,xD && NeQ@b^2-4*a*c,0D && LtQ@p,-1D

Int@Hd_.+e_.*x_L*Hf_.+g_.*x_L*Ha_+c_.*x_^2L^p_,x_SymbolD :=

Ha*He*f+d*gL-Hc*d*f-a*e*gL*xL*Ha+c*x^2L^Hp+1L�H2*a*c*Hp+1LL -

Ha*e*g-c*d*f*H2*p+3LL�H2*a*c*Hp+1LL*Int@Ha+c*x^2L^Hp+1L,xD �;

FreeQ@8a,c,d,e,f,g<,xD && LtQ@p,-1D
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4: à Hd + e xL Hf + g xL Ia + b x + c x2Mp
âx when b2 - 4 a c ¹ 0 ì p h -1

�

Derivation: ???
�

Rule 1.2.1.3.7.4: If  b2 - 4 a c ¹ 0 ì p h -1, then

à Hd + e xL Hf + g xL Ia + b x + c x2Mp
âx �

-IHb e g Hp + 2L - c He f + d gL H2 p + 3L - 2 c e g Hp + 1L xL Ia + b x + c x2Mp+1M � I2 c2 Hp + 1L H2 p + 3LM +

b2 e g Hp + 2L - 2 a c e g + c H2 c d f - b He f + d gLL H2 p + 3L
2 c2 H2 p + 3L à Ia + b x + c x2Mp

âx

�

Program code:

Int@Hd_.+e_.*x_L*Hf_.+g_.*x_L*Ha_.+b_.*x_+c_.*x_^2L^p_,x_SymbolD :=

-Hb*e*g*Hp+2L-c*He*f+d*gL*H2*p+3L-2*c*e*g*Hp+1L*xL*Ha+b*x+c*x^2L^Hp+1L�H2*c^2*Hp+1L*H2*p+3LL +

Hb^2*e*g*Hp+2L-2*a*c*e*g+c*H2*c*d*f-b*He*f+d*gLL*H2*p+3LL�H2*c^2*H2*p+3LL*Int@Ha+b*x+c*x^2L^p,xD �;

FreeQ@8a,b,c,d,e,f,g,p<,xD && NeQ@b^2-4*a*c,0D && Not@LeQ@p,-1DD

Int@Hd_.+e_.*x_L*Hf_.+g_.*x_L*Ha_+c_.*x_^2L^p_,x_SymbolD :=

HHe*f+d*gL*H2*p+3L+2*e*g*Hp+1L*xL*Ha+c*x^2L^Hp+1L�H2*c*Hp+1L*H2*p+3LL -

Ha*e*g-c*d*f*H2*p+3LL�Hc*H2*p+3LL*Int@Ha+c*x^2L^p,xD �;

FreeQ@8a,c,d,e,f,g,p<,xD && Not@LeQ@p,-1DD
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8. à Hd + e xLm Hf + g xL Ia + b x + c x2Mp
âx when b2 - 4 a c ¹ 0 ì c d2 - b d e + a e2 � 0

1. à Hd + e xLm Hf + g xL Ia + b x + c x2Mp
âx when b2 - 4 a c ¹ 0 ì c d2 - b d e + a e2 � 0 ì p Î Z

1: à He xLm Hf + g xL Ib x + c x2Mp
âx when p Î Z

�

Derivation: Algebraic simplification
�

Rule 1.2.1.2.8.1.1: If  p Î Z, then

à He xLm Hf + g xL Ib x + c x2Mp
âx �

1

ep
à He xLm+p Hf + g xL Hb + c xLp

âx

�

Program code:

Int@He_.*x_L^m_.*Hf_.+g_.*x_L*Hb_.*x_+c_.*x_^2L^p_.,x_SymbolD :=

1�e^p*Int@He*xL^Hm+pL*Hf+g*xL*Hb+c*xL^p,xD �;

FreeQ@8b,c,e,f,g,m<,xD && IntegerQ@pD

2: à Hd + e xLm Hf + g xL Ia + b x + c x2Mp
âx when b2 - 4 a c ¹ 0 ì c d2 - b d e + a e2 � 0 ì p Î Z

�

Derivation: Algebraic simplification
�

Basis: If  c d2 - b d e + a e2 � 0, then a + b x + c x2 � Hd + e xL I a

d
+

c x

e
M

�

Rule 1.2.1.3.8.1.2: If  b2 - 4 a c ¹ 0 ì c d2 - b d e + a e2 � 0 ì p Î Z, then

à Hd + e xLm Hf + g xL Ia + b x + c x2Mp
âx � à Hd + e xLm+p Hf + g xL a

d
+

c x

e

p

âx

�

Program code:

Int@Hd_+e_.*x_L^m_*Hf_.+g_.*x_L*Ha_.+b_.*x_+c_.*x_^2L^p_.,x_SymbolD :=

Int@Hd+e*xL^Hm+pL*Hf+g*xL*Ha�d+c�e*xL^p,xD �;

FreeQ@8a,b,c,d,e,f,g,m<,xD && NeQ@b^2-4*a*c,0D && EqQ@c*d^2-b*d*e+a*e^2,0D && IntegerQ@pD

Int@Hd_+e_.*x_L^m_*Hf_.+g_.*x_L*Ha_+c_.*x_^2L^p_.,x_SymbolD :=

Int@Hd+e*xL^Hm+pL*Hf+g*xL*Ha�d+c�e*xL^p,xD �;

FreeQ@8a,c,d,e,f,g,m<,xD && EqQ@c*d^2+a*e^2,0D && HIntegerQ@pD ÈÈ GtQ@a,0D && GtQ@d,0D && EqQ@m+p,0DL
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2. à Hd + e xLm Hf + g xL Ia + b x + c x2Mp
âx when b2 - 4 a c ¹ 0 ì c d2 - b d e + a e2 � 0 ì p Ï Z

0: à Hd + e xLm Hf + g xL Ia + b x + c x2Mp
âx when b2 - 4 a c ¹ 0 ì c d2 - b d e + a e2 � 0 ì p Ï Z ì m Î Z

- ?? ???

�

Derivation: Algebraic simplification
�

Basis: If  c d2 - b d e + a e2 � 0, then d + e x �
d e Ha+b x+c x2L

a e+c d x

�

Basis: If  c d2 + a e2 � 0, then d + e x �
d2 Ha+c x2L
a Hd-e xL

�

Rule 1.2.1.3.8.2.0: If  b2 - 4 a c ¹ 0 ì c d2 - b d e + a e2 � 0 ì m Î Z
-, then

à Hd + e xLm Hf + g xL Ia + b x + c x2Mp
âx � dm em à

Hf + g xL Ia + b x + c x2Mm+p

Ha e + c d xLm
âx

�

Program code:

Int@Hd_+e_.*x_L^m_*Hf_.+g_.*x_L*Ha_.+b_.*x_+c_.*x_^2L^p_,x_SymbolD :=

d^m*e^m*Int@Hf+g*xL*Ha+b*x+c*x^2L^Hm+pL�Ha*e+c*d*xL^m,xD �;

FreeQ@8a,b,c,d,e,f,g,p<,xD && NeQ@b^2-4*a*c,0D && EqQ@c*d^2-b*d*e+a*e^2,0D && Not@IntegerQ@2*pDD && ILtQ@m,0D

Int@x_*Hd_+e_.*x_L^m_*Ha_+c_.*x_^2L^p_,x_SymbolD :=

d^m*e^m*Int@x*Ha+c*x^2L^Hm+pL�Ha*e+c*d*xL^m,xD �;

FreeQ@8a,c,d,e,p<,xD && EqQ@c*d^2+a*e^2,0D && Not@IntegerQ@pDD && ILtQ@m,0D && EqQ@m,-1D && Not@ILtQ@p-1�2,0DD
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1: à Hd + e xLm Hf + g xL Ia + b x + c x2Mp
âx when b2 - 4 a c ¹ 0 ì c d2 - b d e + a e2 � 0 ì m Hg Hc d - b eL + c e fL + e Hp + 1L H2 c f - b gL � 0

�

Derivation: Quadratic recurrence 3a with c d2 - b d e + a e2 � 0 and m Hg Hc d - b eL + c e fL + e Hp + 1L H2 c f - b gL � 0
�

Note: If  b2 - 4 a c ¹ 0 ì c d2 - b d e + a e2 � 0 ì m Hg Hc d - b eL + c e fL + e Hp + 1L H2 c f - b gL � 0, then m + 2 p + 2 ¹ 0.
�

Rule 1.2.1.3.8.2.1: If  b2 - 4 a c ¹ 0 ì c d2 - b d e + a e2 � 0 ì m Hg Hc d - b eL + c e fL + e Hp + 1L H2 c f - b gL � 0, then

á Hd + e xLm Hf + g xL Ia + b x + c x2Mp
âx �

g Hd + e xLm Ia + b x + c x2Mp+1

c Hm + 2 p + 2L
�

Program code:

Int@Hd_.+e_.*x_L^m_*Hf_.+g_.*x_L*Ha_.+b_.*x_+c_.*x_^2L^p_,x_SymbolD :=

g*Hd+e*xL^m*Ha+b*x+c*x^2L^Hp+1L�Hc*Hm+2*p+2LL �;

FreeQ@8a,b,c,d,e,f,g,m,p<,xD && NeQ@b^2-4*a*c,0D && EqQ@c*d^2-b*d*e+a*e^2,0D && EqQ@m*Hg*Hc*d-b*eL+c*e*fL+e*Hp+1L*H2*c*f-b*gL,0D

Int@Hd_+e_.*x_L^m_*Hf_.+g_.*x_L*Ha_+c_.*x_^2L^p_,x_SymbolD :=

g*Hd+e*xL^m*Ha+c*x^2L^Hp+1L�Hc*Hm+2*p+2LL �;

FreeQ@8a,c,d,e,f,g,m,p<,xD && EqQ@c*d^2+a*e^2,0D && EqQ@m*Hd*g+e*fL+2*e*f*Hp+1L,0D
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2: à Hd + e xLm Hf + g xL Ia + b x + c x2Mp
âx when b2 - 4 a c ¹ 0 ì c d2 - b d e + a e2 � 0 ì p < -1 ì m > 0

�

Derivation: Quadratic recurrence 3a with c d2 - b d e + a e2 = 0 : special quadratic recurrence 2b
�

Note: If  b2 - 4 a c ¹ 0 ì c d2 - b d e + a e2 � 0, then 2 c d - b e ¹ 0.
�

Rule 1.2.1.3.8.2.2: If  b2 - 4 a c ¹ 0 ì c d2 - b d e + a e2 � 0 ì p < -1 ì m > 0, then

á Hd + e xLm Hf + g xL Ia + b x + c x2Mp
âx �

Hg Hc d - b eL + c e fL Hd + e xLm Ia + b x + c x2Mp+1

c Hp + 1L H2 c d - b eL -
e Hm Hg Hc d - b eL + c e fL + e Hp + 1L H2 c f - b gLL

c Hp + 1L H2 c d - b eL à Hd + e xLm-1 Ia + b x + c x2Mp+1
âx

�

Program code:

Int@Hd_.+e_.*x_L^m_*Hf_.+g_.*x_L*Ha_.+b_.*x_+c_.*x_^2L^p_,x_SymbolD :=

Hg*Hc*d-b*eL+c*e*fL*Hd+e*xL^m*Ha+b*x+c*x^2L^Hp+1L�Hc*Hp+1L*H2*c*d-b*eLL -

e*Hm*Hg*Hc*d-b*eL+c*e*fL+e*Hp+1L*H2*c*f-b*gLL�Hc*Hp+1L*H2*c*d-b*eLL*

Int@Hd+e*xL^Hm-1L*Ha+b*x+c*x^2L^Hp+1L,xD �;

FreeQ@8a,b,c,d,e,f,g<,xD && NeQ@b^2-4*a*c,0D && EqQ@c*d^2-b*d*e+a*e^2,0D && LtQ@p,-1D && GtQ@m,0D

Int@Hd_.+e_.*x_L^m_*Hf_.+g_.*x_L*Ha_+c_.*x_^2L^p_,x_SymbolD :=

Hd*g+e*fL*Hd+e*xL^m*Ha+c*x^2L^Hp+1L�H2*c*d*Hp+1LL -

e*Hm*Hd*g+e*fL+2*e*f*Hp+1LL�H2*c*d*Hp+1LL*Int@Hd+e*xL^Hm-1L*Ha+c*x^2L^Hp+1L,xD �;

FreeQ@8a,c,d,e,f,g<,xD && EqQ@c*d^2+a*e^2,0D && LtQ@p,-1D && GtQ@m,0D

Int@Hd_.+e_.*x_L^m_*Hf_.+g_.*x_L*Ha_.+b_.*x_+c_.*x_^2L^p_,x_SymbolD :=

Hg*Hc*d-b*eL+c*e*fL*Hd+e*xL^m*Ha+b*x+c*x^2L^Hp+1L�Hc*Hp+1L*H2*c*d-b*eLL -

e*Hm*Hg*Hc*d-b*eL+c*e*fL+e*Hp+1L*H2*c*f-b*gLL�Hc*Hp+1L*H2*c*d-b*eLL*

Int@Hd+e*xL^Simplify@m-1D*Ha+b*x+c*x^2L^Simplify@p+1D,xD �;

FreeQ@8a,b,c,d,e,f,g,m,p<,xD && NeQ@b^2-4*a*c,0D && EqQ@c*d^2-b*d*e+a*e^2,0D && SumSimplerQ@p,1D && SumSimplerQ@m,-1D && NeQ@p,-1D

Int@Hd_+e_.*x_L^m_*Hf_.+g_.*x_L*Ha_+c_.*x_^2L^p_,x_SymbolD :=

Hd*g+e*fL*Hd+e*xL^m*Ha+c*x^2L^Hp+1L�H2*c*d*Hp+1LL -

e*Hm*Hd*g+e*fL+2*e*f*Hp+1LL�H2*c*d*Hp+1LL*Int@Hd+e*xL^Simplify@m-1D*Ha+c*x^2L^Simplify@p+1D,xD �;

FreeQ@8a,c,d,e,f,g,m,p<,xD && EqQ@c*d^2+a*e^2,0D && SumSimplerQ@p,1D && SumSimplerQ@m,-1D && NeQ@p,-1D && Not@IGtQ@m,0DD
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3: à Hd + e xLm Hf + g xL Ia + b x + c x2Mp
âx when b2 - 4 a c ¹ 0 ì c d2 - b d e + a e2 � 0 ì Hm £ -1 ê m + 2 p + 2 � 0L ì m + p + 1 ¹ 0

�

Derivation: Quadratic recurrence 3a with c d2 - b d e + a e2 = 0
�

Note: If  b2 - 4 a c ¹ 0 ì c d2 - b d e + a e2 � 0, then 2 c d - b e ¹ 0.
�

Rule 1.2.1.3.8.2.3: If  b2 - 4 a c ¹ 0 ì c d2 - b d e + a e2 � 0 ì Hm £ -1 ê m + 2 p + 2 � 0L ì m + p + 1 ¹ 0, then

á Hd + e xLm Hf + g xL Ia + b x + c x2Mp
âx �

Hd g - e fL Hd + e xLm Ia + b x + c x2Mp+1

H2 c d - b eL Hm + p + 1L +
m Hg Hc d - b eL + c e fL + e Hp + 1L H2 c f - b gL

e H2 c d - b eL Hm + p + 1L à Hd + e xLm+1 Ia + b x + c x2Mp
âx

�

Program code:

Int@Hd_.+e_.*x_L^m_*Hf_.+g_.*x_L*Ha_.+b_.*x_+c_.*x_^2L^p_,x_SymbolD :=

Hd*g-e*fL*Hd+e*xL^m*Ha+b*x+c*x^2L^Hp+1L�HH2*c*d-b*eL*Hm+p+1LL +

Hm*Hg*Hc*d-b*eL+c*e*fL+e*Hp+1L*H2*c*f-b*gLL�He*H2*c*d-b*eL*Hm+p+1LL*Int@Hd+e*xL^Hm+1L*Ha+b*x+c*x^2L^p,xD �;

FreeQ@8a,b,c,d,e,f,g,m,p<,xD && NeQ@b^2-4*a*c,0D && EqQ@c*d^2-b*d*e+a*e^2,0D &&

HLtQ@m,-1D && Not@IGtQ@m+p+1,0DD ÈÈ LtQ@m,0D && LtQ@p,-1D ÈÈ EqQ@m+2*p+2,0DL && NeQ@m+p+1,0D

Int@Hd_+e_.*x_L^m_*Hf_.+g_.*x_L*Ha_+c_.*x_^2L^p_,x_SymbolD :=

Hd*g-e*fL*Hd+e*xL^m*Ha+c*x^2L^Hp+1L�H2*c*d*Hm+p+1LL +

Hm*Hg*c*d+c*e*fL+2*e*c*f*Hp+1LL�He*H2*c*dL*Hm+p+1LL*Int@Hd+e*xL^Hm+1L*Ha+c*x^2L^p,xD �;

FreeQ@8a,c,d,e,f,g,m,p<,xD && EqQ@c*d^2+a*e^2,0D &&

HLtQ@m,-1D && Not@IGtQ@m+p+1,0DD ÈÈ LtQ@m,0D && LtQ@p,-1D ÈÈ EqQ@m+2*p+2,0DL && NeQ@m+p+1,0D
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4: à Hd + e xLm Hf + g xL Ia + b x + c x2Mp
âx when b2 - 4 a c ¹ 0 ì c d2 - b d e + a e2 � 0 ì m + 2 p + 2 ¹ 0

�

Derivation: Quadratic recurrence 3a with c d2 - b d e + a e2 � 0
�

Rule 1.2.1.3.8.2.4: If  b2 - 4 a c ¹ 0 ì c d2 - b d e + a e2 � 0 ì m + 2 p + 2 ¹ 0, then

á Hd + e xLm Hf + g xL Ia + b x + c x2Mp
âx �

g Hd + e xLm Ia + b x + c x2Mp+1

c Hm + 2 p + 2L +
m Hg Hc d - b eL + c e fL + e Hp + 1L H2 c f - b gL

c e Hm + 2 p + 2L à Hd + e xLm Ia + b x + c x2Mp
âx

�

Program code:

Int@Hd_.+e_.*x_L^m_*Hf_.+g_.*x_L*Ha_.+b_.*x_+c_.*x_^2L^p_,x_SymbolD :=

g*Hd+e*xL^m*Ha+b*x+c*x^2L^Hp+1L�Hc*Hm+2*p+2LL +

Hm*Hg*Hc*d-b*eL+c*e*fL+e*Hp+1L*H2*c*f-b*gLL�Hc*e*Hm+2*p+2LL*Int@Hd+e*xL^m*Ha+b*x+c*x^2L^p,xD �;

FreeQ@8a,b,c,d,e,f,g,m,p<,xD && NeQ@b^2-4*a*c,0D && EqQ@c*d^2-b*d*e+a*e^2,0D && NeQ@m+2*p+2,0D && HNeQ@m,2D ÈÈ EqQ@d,0DL

Int@Hd_+e_.*x_L^m_*Hf_.+g_.*x_L*Ha_+c_.*x_^2L^p_,x_SymbolD :=

g*Hd+e*xL^m*Ha+c*x^2L^Hp+1L�Hc*Hm+2*p+2LL +

Hm*Hd*g+e*fL+2*e*f*Hp+1LL�He*Hm+2*p+2LL*Int@Hd+e*xL^m*Ha+c*x^2L^p,xD �;

FreeQ@8a,c,d,e,f,g,m,p<,xD && EqQ@c*d^2+a*e^2,0D && NeQ@m+2*p+2,0D && NeQ@m,2D
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5. à x2 Hf + g xL Ia + c x2Mp
âx when a g2 + f2 c � 0

1: à x2 Hf + g xL Ia + c x2Mp
âx when a g2 + f2 c � 0 ì p < -2

�

Derivation: Quadratic recurrence 2a
�

Rule 1.2.1.3.8.2.5.1: If  a g2 + f2 c � 0 ì p < -2, then

á x2 Hf + g xL Ia + c x2Mp
âx �

x2 Ha g - c f xL Ia + c x2Mp+1

2 a c Hp + 1L -
1

2 a c Hp + 1L à x H2 a g - c f H2 p + 5L xL Ia + c x2Mp+1
âx

�

Program code:

Int@x_^2*Hf_+g_.*x_L*Ha_+c_.*x_^2L^p_,x_SymbolD :=

x^2*Ha*g-c*f*xL*Ha+c*x^2L^Hp+1L�H2*a*c*Hp+1LL -

1�H2*a*c*Hp+1LL*Int@x*Simp@2*a*g-c*f*H2*p+5L*x,xD*Ha+c*x^2L^Hp+1L,xD �;

FreeQ@8a,c,f,g<,xD && EqQ@a*g^2+f^2*c,0D && LtQ@p,-2D

2: à x2 Hf + g xL Ia + c x2Mp
âx when a g2 + f2 c � 0

�

Derivation: Algebraic expansion

�

Basis: x2 Hf + g xL �
Hf+g xL Ha+c x2L

c
-

a Hf+g xL
c

�

Rule 1.2.1.3.8.2.5.2: If  a g2 + f2 c � 0, then

à x2 Hf + g xL Ia + c x2Mp
âx �

1

c
à Hf + g xL Ia + c x2Mp+1

âx -
a

c
à Hf + g xL Ia + c x2Mp

âx

�

Program code:

Int@x_^2*Hf_+g_.*x_L*Ha_+c_.*x_^2L^p_,x_SymbolD :=

1�c*Int@Hf+g*xL*Ha+c*x^2L^Hp+1L,xD - a�c*Int@Hf+g*xL*Ha+c*x^2L^p,xD �;

FreeQ@8a,c,f,g,p<,xD && EqQ@a*g^2+f^2*c,0D
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?: à Hd + e xLm Hf + g xL Ia + b x + c x2Mp
âx when b2 - 4 a c ¹ 0 ì c f2 - b f g + a g2 � 0 ì p Î Z

�

Derivation: Algebraic simplification

�

Basis: If  c f2 - b f g + a g2 � 0, then a + b x + c x2 � Hf + g xL J a

f
+

c x

g
N

�

Rule 1.2.1.3.8.1.2: If  b2 - 4 a c ¹ 0 ì c f2 - b f g + a g2 � 0 ì p Î Z, then

à Hd + e xLm Hf + g xL Ia + b x + c x2Mp
âx � à Hd + e xLm Hf + g xLp+1

a

f
+

c x

g

p

âx

�

Program code:

Int@Hd_+e_.*x_L^m_*Hf_.+g_.*x_L*Ha_.+b_.*x_+c_.*x_^2L^p_.,x_SymbolD :=

Int@Hd+e*xL^m*Hf+g*xL^Hp+1L*Ha�f+c�g*xL^p,xD �;

FreeQ@8a,b,c,d,e,f,g,m<,xD && NeQ@b^2-4*a*c,0D && EqQ@c*f^2-b*f*g+a*g^2,0D && IntegerQ@pD

Int@Hd_+e_.*x_L^m_*Hf_.+g_.*x_L*Ha_.+c_.*x_^2L^p_.,x_SymbolD :=

Int@Hd+e*xL^m*Hf+g*xL^Hp+1L*Ha�f+c�g*xL^p,xD �;

FreeQ@8a,c,d,e,f,g,m<,xD && EqQ@c*f^2+a*g^2,0D && HIntegerQ@pD ÈÈ GtQ@a,0D && GtQ@f,0D && EqQ@p,-1DL

9: à Hd + e xLm Hf + g xL
a + b x + c x2

âx when b2 - 4 a c ¹ 0 ì c d2 - b d e + a e2 ¹ 0 ì m Î Z

�

Derivation: Algebraic expansion
�

Rule 1.2.1.3.9: If  b2 - 4 a c ¹ 0 ì c d2 - b d e + a e2 ¹ 0 ì m Î Z, then

à Hd + e xLm Hf + g xL
a + b x + c x2

âx � à ExpandIntegrandA Hd + e xLm Hf + g xL
a + b x + c x2

, xE âx

�

Program code:

IntAHd_.+e_.*x_L^m_*Hf_.+g_.*x_L�Ha_.+b_.*x_+c_.*x_^2L,x_SymbolE :=

Int@ExpandIntegrand@Hd+e*xL^m*Hf+g*xL�Ha+b*x+c*x^2L,xD,xD �;

FreeQ@8a,b,c,d,e,f,g<,xD && NeQ@b^2-4*a*c,0D && NeQ@c*d^2-b*d*e+a*e^2,0D && IntegerQ@mD

IntAHd_.+e_.*x_L^m_*Hf_.+g_.*x_L�Ha_+c_.*x_^2L,x_SymbolE :=

Int@ExpandIntegrand@Hd+e*xL^m*Hf+g*xL�Ha+c*x^2L,xD,xD �;

FreeQ@8a,c,d,e,f,g<,xD && NeQ@c*d^2+a*e^2,0D && IntegerQ@mD
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10. à Hd + e xLm Hf + g xL Ia + b x + c x2Mp
âx when b2 - 4 a c ¹ 0 ì c d2 - b d e + a e2 ¹ 0 ì m + 2 p + 3 � 0

1: à Hd + e xLm Hf + g xL Ia + b x + c x2Mp
âx when b2 - 4 a c ¹ 0 ì c d2 - b d e + a e2 ¹ 0 ì m + 2 p + 3 � 0 ì b He f + d gL - 2 Hc d f + a e gL � 0

�

Derivation: Quadratic recurrence 3b
�

Rule 1.2.1.3.10.1: If  b2 - 4 a c ¹ 0 ì c d2 - b d e + a e2 ¹ 0 ì m + 2 p + 3 � 0 ì p ¹ -1 ì b He f + d gL - 2 Hc d f + a e gL � 0, then

á Hd + e xLm Hf + g xL Ia + b x + c x2Mp
âx � -

He f - d gL Hd + e xLm+1 Ia + b x + c x2Mp+1

2 Hp + 1L Ic d2 - b d e + a e2M
�

Program code:

Int@Hd_.+e_.*x_L^m_*Hf_.+g_.*x_L*Ha_.+b_.*x_+c_.*x_^2L^p_.,x_SymbolD :=

-He*f-d*gL*Hd+e*xL^Hm+1L*Ha+b*x+c*x^2L^Hp+1L�H2*Hp+1L*Hc*d^2-b*d*e+a*e^2LL �;

FreeQ@8a,b,c,d,e,f,g,m,p<,xD && NeQ@b^2-4*a*c,0D && NeQ@c*d^2-b*d*e+a*e^2,0D && EqQ@Simplify@m+2*p+3D,0D && EqQ@b*He*f+d*gL-2*Hc* D

Int@Hd_.+e_.*x_L^m_*Hf_.+g_.*x_L*Ha_+c_.*x_^2L^p_.,x_SymbolD :=

-He*f-d*gL*Hd+e*xL^Hm+1L*Ha+c*x^2L^Hp+1L�H2*Hp+1L*Hc*d^2+a*e^2LL �;

FreeQ@8a,c,d,e,f,g,m,p<,xD && NeQ@c*d^2+a*e^2,0D && EqQ@Simplify@m+2*p+3D,0D && EqQ@c*d*f+a*e*g,0D

2: à Hd + e xLm Hf + g xL Ia + b x + c x2Mp
âx when b2 - 4 a c ¹ 0 ì c d2 - b d e + a e2 ¹ 0 ì m + 2 p + 3 � 0 ì p < -1

�

Derivation: Quadratic recurrence 2a
�

Rule 1.2.1.3.10.2: If  b2 - 4 a c ¹ 0 ì c d2 - b d e + a e2 ¹ 0 ì m + 2 p + 3 � 0 ì p < -1, then

á Hd + e xLm Hf + g xL Ia + b x + c x2Mp
âx �

Hd + e xLm Ia + b x + c x2Mp+1 Hb f - 2 a g + H2 c f - b gL xL
Hp + 1L Ib2 - 4 a cM +

m Hb He f + d gL - 2 Hc d f + a e gLL
Hp + 1L Ib2 - 4 a cM à Hd + e xLm-1 Ia + b x + c x2Mp+1

âx

�

Program code:

Int@Hd_.+e_.*x_L^m_*Hf_.+g_.*x_L*Ha_.+b_.*x_+c_.*x_^2L^p_,x_SymbolD :=

Hd+e*xL^m*Ha+b*x+c*x^2L^Hp+1L*Hb*f-2*a*g+H2*c*f-b*gL*xL�HHp+1L*Hb^2-4*a*cLL -

m*Hb*He*f+d*gL-2*Hc*d*f+a*e*gLL�HHp+1L*Hb^2-4*a*cLL*Int@Hd+e*xL^Hm-1L*Ha+b*x+c*x^2L^Hp+1L,xD �;

FreeQ@8a,b,c,d,e,f,g<,xD && NeQ@b^2-4*a*c,0D && NeQ@c*d^2-b*d*e+a*e^2,0D && EqQ@Simplify@m+2*p+3D,0D && LtQ@p,-1D
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Int@Hd_.+e_.*x_L^m_*Hf_.+g_.*x_L*Ha_+c_.*x_^2L^p_,x_SymbolD :=

Hd+e*xL^m*Ha+c*x^2L^Hp+1L*Ha*g-c*f*xL�H2*a*c*Hp+1LL -

m*Hc*d*f+a*e*gL�H2*a*c*Hp+1LL*Int@Hd+e*xL^Hm-1L*Ha+c*x^2L^Hp+1L,xD �;

FreeQ@8a,c,d,e,f,g<,xD && NeQ@c*d^2+a*e^2,0D && EqQ@Simplify@m+2*p+3D,0D && LtQ@p,-1D

3: à Hd + e xLm Hf + g xL Ia + b x + c x2Mp
âx when b2 - 4 a c ¹ 0 ì c d2 - b d e + a e2 ¹ 0 ì m + 2 p + 3 � 0 ì p h -1

�

Derivation: Quadratic recurrence 3b
�

Rule 1.2.1.3.10.3: If  b2 - 4 a c ¹ 0 ì c d2 - b d e + a e2 ¹ 0 ì m + 2 p + 3 � 0 ì p h -1, then

á Hd + e xLm Hf + g xL Ia + b x + c x2Mp
âx �

-

He f - d gL Hd + e xLm+1 Ia + b x + c x2Mp+1

2 Hp + 1L Ic d2 - b d e + a e2M -
b He f + d gL - 2 Hc d f + a e gL

2 Ic d2 - b d e + a e2M à Hd + e xLm+1 Ia + b x + c x2Mp
âx

�

Program code:

Int@Hd_.+e_.*x_L^m_*Hf_.+g_.*x_L*Ha_.+b_.*x_+c_.*x_^2L^p_.,x_SymbolD :=

-He*f-d*gL*Hd+e*xL^Hm+1L*Ha+b*x+c*x^2L^Hp+1L�H2*Hp+1L*Hc*d^2-b*d*e+a*e^2LL -

Hb*He*f+d*gL-2*Hc*d*f+a*e*gLL�H2*Hc*d^2-b*d*e+a*e^2LL*Int@Hd+e*xL^Hm+1L*Ha+b*x+c*x^2L^p,xD �;

FreeQ@8a,b,c,d,e,f,g,m,p<,xD && NeQ@b^2-4*a*c,0D && NeQ@c*d^2-b*d*e+a*e^2,0D && EqQ@Simplify@m+2*p+3D,0D

Int@Hd_.+e_.*x_L^m_*Hf_.+g_.*x_L*Ha_+c_.*x_^2L^p_.,x_SymbolD :=

-He*f-d*gL*Hd+e*xL^Hm+1L*Ha+c*x^2L^Hp+1L�H2*Hp+1L*Hc*d^2+a*e^2LL +

Hc*d*f+a*e*gL�Hc*d^2+a*e^2L*Int@Hd+e*xL^Hm+1L*Ha+c*x^2L^p,xD �;

FreeQ@8a,c,d,e,f,g,m,p<,xD && NeQ@c*d^2+a*e^2,0D && EqQ@Simplify@m+2*p+3D,0D
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11: à He xLm Hf + g xL Ia + c x2Mp
âx when m Ï Q ì p Ï Z

+

�

Derivation: Algebraic expansion
�

Rule 1.2.1.3.11: If  m Ï Q ì p Ï Z
+, then

à He xLm Hf + g xL Ia + c x2Mp
âx � f à He xLm Ia + c x2Mp

âx +
g

e
à He xLm+1 Ia + c x2Mp

âx

�

Program code:

Int@He_.*x_L^m_*Hf_+g_.*x_L*Ha_+c_.*x_^2L^p_,x_SymbolD :=

f*Int@He*xL^m*Ha+c*x^2L^p,xD + g�e*Int@He*xL^Hm+1L*Ha+c*x^2L^p,xD �;

FreeQ@8a,c,e,f,g,p<,xD && Not@RationalQ@mDD && Not@IGtQ@p,0DD

12: à Hd + e xLm Hf + g xL Ia + b x + c x2Mp
âx when b2 - 4 a c ¹ 0 ì c d2 - b d e + a e2 ¹ 0 ì m � p ì b d + a e � 0 ì c d + b e � 0

�

Derivation: Piecewise constant extraction

�

Basis: If  b d + a e � 0 ß c d + b e � 0, then ¶x
Hd+e xLp Ha+b x+c x2Lp

Ha d+c e x3Lp � 0

�

Rule 1.2.1.3.12: If  m � p ì b d + a e � 0 ì c d + b e � 0, then

á Hd + e xLm Hf + g xL Ia + b x + c x2Mp
âx �

Hd + e xLFracPart@pD Ia + b x + c x2MFracPart@pD

Ia d + c e x3MFracPart@pD à Hf + g xL Ia d + c e x3Mp
âx

�

Program code:

Int@Hd_.+e_.*x_L^m_*Hf_.+g_.*x_L*Ha_+b_.*x_+c_.*x_^2L^p_,x_SymbolD :=

Hd+e*xL^FracPart@pD*Ha+b*x+c*x^2L^FracPart@pD�Ha*d+c*e*x^3L^FracPart@pD*Int@Hf+g*xL*Ha*d+c*e*x^3L^p,xD �;

FreeQ@8a,b,c,d,e,f,g,m,p<,xD && EqQ@m,pD && EqQ@b*d+a*e,0D && EqQ@c*d+b*e,0D

13. à Hd + e xLm Hf + g xL Ia + b x + c x2Mp
âx when b2 - 4 a c ¹ 0 ì c d2 - b d e + a e2 ¹ 0 ì p > 0

1: à Hd + e xLm Hf + g xL Ia + b x + c x2Mp
âx when b2 - 4 a c ¹ 0 ì c d2 - b d e + a e2 ¹ 0 ì p > 0 ì m < -2

�

Derivation: ???
�

Rule 1.2.1.3.13.1: If  b2 - 4 a c ¹ 0 ì c d2 - b d e + a e2 ¹ 0 ì p > 0 ì m < -2, then
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à Hd + e xLm Hf + g xL Ia + b x + c x2Mp
âx �

-

Hd + e xLm+1 Ia + b x + c x2Mp

e2 Hm + 1L Hm + 2L Ic d2 - b d e + a e2M ×

IHd g - e f Hm + 2LL Ic d2
- b d e + a e2M - d p H2 c d - b eL He f - d gL - e Ig Hm + 1L Ic d2

- b d e + a e2M + p H2 c d - b eL He f - d gLM xM -

p

e2 Hm + 1L Hm + 2L Ic d2 - b d e + a e2M à Hd + e xLm+2 Ia + b x + c x2Mp-1
×

I2 a c e He f - d gL Hm + 2L + b2 e Hd g Hp + 1L - e f Hm + p + 2LL + b Ia e2 g Hm + 1L - c d Hd g H2 p + 1L - e f Hm + 2 p + 2LLM -

c H2 c d Hd g H2 p + 1L - e f Hm + 2 p + 2LL - e H2 a e g Hm + 1L - b Hd g Hm - 2 pL + e f Hm + 2 p + 2LLLL xM âx

�

Program code:

Int@Hd_.+e_.*x_L^m_*Hf_.+g_.*x_L*Ha_.+b_.*x_+c_.*x_^2L^p_.,x_SymbolD :=

-Hd+e*xL^Hm+1L*Ha+b*x+c*x^2L^p�He^2*Hm+1L*Hm+2L*Hc*d^2-b*d*e+a*e^2LL*

HHd*g-e*f*Hm+2LL*Hc*d^2-b*d*e+a*e^2L-d*p*H2*c*d-b*eL*He*f-d*gL-e*Hg*Hm+1L*Hc*d^2-b*d*e+a*e^2L+p*H2*c*d-b*eL*He*f-d*gLL*xL -

p�He^2*Hm+1L*Hm+2L*Hc*d^2-b*d*e+a*e^2LL*Int@Hd+e*xL^Hm+2L*Ha+b*x+c*x^2L^Hp-1L*

Simp@2*a*c*e*He*f-d*gL*Hm+2L+b^2*e*Hd*g*Hp+1L-e*f*Hm+p+2LL+b*Ha*e^2*g*Hm+1L-c*d*Hd*g*H2*p+1L-e*f*Hm+2*p+2LLL-

c*H2*c*d*Hd*g*H2*p+1L-e*f*Hm+2*p+2LL-e*H2*a*e*g*Hm+1L-b*Hd*g*Hm-2*pL+e*f*Hm+2*p+2LLLL*x,xD,xD �;

FreeQ@8a,b,c,d,e,f,g<,xD && NeQ@b^2-4*a*c,0D && NeQ@c*d^2-b*d*e+a*e^2,0D &&

GtQ@p,0D && LtQ@m,-2D && LtQ@m+2*p,0D && Not@ILtQ@m+2*p+3,0DD

Int@Hd_.+e_.*x_L^m_*Hf_.+g_.*x_L*Ha_+c_.*x_^2L^p_.,x_SymbolD :=

-Hd+e*xL^Hm+1L*Ha+c*x^2L^p�He^2*Hm+1L*Hm+2L*Hc*d^2+a*e^2LL*

HHd*g-e*f*Hm+2LL*Hc*d^2+a*e^2L-2*c*d^2*p*He*f-d*gL-e*Hg*Hm+1L*Hc*d^2+a*e^2L+2*c*d*p*He*f-d*gLL*xL -

p�He^2*Hm+1L*Hm+2L*Hc*d^2+a*e^2LL*Int@Hd+e*xL^Hm+2L*Ha+c*x^2L^Hp-1L*

Simp@2*a*c*e*He*f-d*gL*Hm+2L-c*H2*c*d*Hd*g*H2*p+1L-e*f*Hm+2*p+2LL-2*a*e^2*g*Hm+1LL*x,xD,xD �;

FreeQ@8a,c,d,e,f,g<,xD && NeQ@c*d^2+a*e^2,0D &&

GtQ@p,0D && LtQ@m,-2D && LtQ@m+2*p,0D && Not@ILtQ@m+2*p+3,0DD

2: à Hd + e xLm Hf + g xL Ia + b x + c x2Mp
âx when b2 - 4 a c ¹ 0 ì c d2 - b d e + a e2 ¹ 0 ì p > 0 ì m < -1 ì m + 2 p + 1 Ï Z

-

�

Derivation: Quadratic recurrence 1a
�

Rule 1.2.1.3.13.2: If  b2 - 4 a c ¹ 0 ì c d2 - b d e + a e2 ¹ 0 ì p > 0 ì m < -1 ì m + 2 p + 1 Ï Z
-, then

à Hd + e xLm Hf + g xL Ia + b x + c x2Mp
âx �

IHd + e xLm+1 Hf e Hm + 2 p + 2L - g d H2 p + 1L + e g Hm + 1L xL Ia + b x + c x2MpM � Ie2 Hm + 1L Hm + 2 p + 2LM +

p

e2 Hm + 1L Hm + 2 p + 2L à Hd + e xLm+1 Ia + b x + c x2Mp-1
×
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e2 Hm + 1L Hm + 2 p + 2L à Hd + e xL Ia + b x + c x2M ×

Hg Hb d + 2 a e + 2 a e m + 2 b d pL - f b e Hm + 2 p + 2L + Hg H2 c d + b e + b e m + 4 c d pL - 2 c e f Hm + 2 p + 2LL xL âx

�

Program code:

Int@Hd_.+e_.*x_L^m_*Hf_.+g_.*x_L*Ha_.+b_.*x_+c_.*x_^2L^p_.,x_SymbolD :=

Hd+e*xL^Hm+1L*He*f*Hm+2*p+2L-d*g*H2*p+1L+e*g*Hm+1L*xL*Ha+b*x+c*x^2L^p�He^2*Hm+1L*Hm+2*p+2LL +

p�He^2*Hm+1L*Hm+2*p+2LL*Int@Hd+e*xL^Hm+1L*Ha+b*x+c*x^2L^Hp-1L*

Simp@g*Hb*d+2*a*e+2*a*e*m+2*b*d*pL-f*b*e*Hm+2*p+2L+Hg*H2*c*d+b*e+b*e*m+4*c*d*pL-2*c*e*f*Hm+2*p+2LL*x,xD,xD �;

FreeQ@8a,b,c,d,e,f,g,m<,xD && NeQ@b^2-4*a*c,0D && NeQ@c*d^2-b*d*e+a*e^2,0D && RationalQ@pD && p>0 &&

HLtQ@m,-1D ÈÈ EqQ@p,1D ÈÈ IntegerQ@pD && Not@RationalQ@mDDL && NeQ@m,-1D && Not@ILtQ@m+2*p+1,0DD &&

HIntegerQ@mD ÈÈ IntegerQ@pD ÈÈ IntegersQ@2*m,2*pDL

Int@Hd_.+e_.*x_L^m_*Hf_.+g_.*x_L*Ha_+c_.*x_^2L^p_.,x_SymbolD :=

Hd+e*xL^Hm+1L*He*f*Hm+2*p+2L-d*g*H2*p+1L+e*g*Hm+1L*xL*Ha+c*x^2L^p�He^2*Hm+1L*Hm+2*p+2LL +

p�He^2*Hm+1L*Hm+2*p+2LL*Int@Hd+e*xL^Hm+1L*Ha+c*x^2L^Hp-1L*

Simp@g*H2*a*e+2*a*e*mL+Hg*H2*c*d+4*c*d*pL-2*c*e*f*Hm+2*p+2LL*x,xD,xD �;

FreeQ@8a,c,d,e,f,g,m<,xD && NeQ@c*d^2+a*e^2,0D && RationalQ@pD && p>0 &&

HLtQ@m,-1D ÈÈ EqQ@p,1D ÈÈ IntegerQ@pD && Not@RationalQ@mDDL && NeQ@m,-1D && Not@ILtQ@m+2*p+1,0DD &&

HIntegerQ@mD ÈÈ IntegerQ@pD ÈÈ IntegersQ@2*m,2*pDL
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3: à Hd + e xLm Hf + g xL Ia + b x + c x2Mp
âx when b2 - 4 a c ¹ 0 ì c d2 - b d e + a e2 ¹ 0 ì p > 0 ì -1 £ m < 0 ì m + 2 p Ï Z

-

�

Derivation: Quadratic recurrence 1b
�

Rule 1.2.1.3.13.3: If  b2 - 4 a c ¹ 0 ì c d2 - b d e + a e2 ¹ 0 ì p > 0 ì -1 £ m < 0 ì m + 2 p Ï Z
-, then

à Hd + e xLm Hf + g xL Ia + b x + c x2Mp
âx �

IHd + e xLm+1 Hc e f Hm + 2 p + 2L - g Hc d + 2 c d p - b e pL + g c e Hm + 2 p + 1L xL Ia + b x + c x2MpM � Ic e2 Hm + 2 p + 1L Hm + 2 p + 2LM -

p

c e2 Hm + 2 p + 1L Hm + 2 p + 2L à Hd + e xLm Ia + b x + c x2Mp-1
×

Ic e f Hb d - 2 a eL Hm + 2 p + 2L + g Ha e Hb e - 2 c d m + b e mL + b d Hb e p - c d - 2 c d pLL +

Ic e f H2 c d - b eL Hm + 2 p + 2L + g Ib2 e2 Hp + m + 1L - 2 c2 d2 H1 + 2 pL - c e Hb d Hm - 2 pL + 2 a e Hm + 2 p + 1LLMM xM âx

�

Program code:

Int@Hd_.+e_.*x_L^m_*Hf_.+g_.*x_L*Ha_.+b_.*x_+c_.*x_^2L^p_.,x_SymbolD :=

Hd+e*xL^Hm+1L*Hc*e*f*Hm+2*p+2L-g*Hc*d+2*c*d*p-b*e*pL+g*c*e*Hm+2*p+1L*xL*Ha+b*x+c*x^2L^p�
Hc*e^2*Hm+2*p+1L*Hm+2*p+2LL -

p�Hc*e^2*Hm+2*p+1L*Hm+2*p+2LL*Int@Hd+e*xL^m*Ha+b*x+c*x^2L^Hp-1L*

Simp@c*e*f*Hb*d-2*a*eL*Hm+2*p+2L+g*Ha*e*Hb*e-2*c*d*m+b*e*mL+b*d*Hb*e*p-c*d-2*c*d*pLL+

Hc*e*f*H2*c*d-b*eL*Hm+2*p+2L+g*Hb^2*e^2*Hp+m+1L-2*c^2*d^2*H1+2*pL-c*e*Hb*d*Hm-2*pL+2*a*e*Hm+2*p+1LLLL*x,xD,xD �;

FreeQ@8a,b,c,d,e,f,g,m<,xD && NeQ@b^2-4*a*c,0D && NeQ@c*d^2-b*d*e+a*e^2,0D &&

GtQ@p,0D && HIntegerQ@pD ÈÈ Not@RationalQ@mDD ÈÈ GeQ@m,-1D && LtQ@m,0DL && Not@ILtQ@m+2*p,0DD &&

HIntegerQ@mD ÈÈ IntegerQ@pD ÈÈ IntegersQ@2*m,2*pDL

Int@Hd_.+e_.*x_L^m_*Hf_.+g_.*x_L*Ha_+c_.*x_^2L^p_.,x_SymbolD :=

Hd+e*xL^Hm+1L*Hc*e*f*Hm+2*p+2L-g*c*d*H2*p+1L+g*c*e*Hm+2*p+1L*xL*Ha+c*x^2L^p�
Hc*e^2*Hm+2*p+1L*Hm+2*p+2LL +

2*p�Hc*e^2*Hm+2*p+1L*Hm+2*p+2LL*Int@Hd+e*xL^m*Ha+c*x^2L^Hp-1L*

Simp@f*a*c*e^2*Hm+2*p+2L+a*c*d*e*g*m-Hc^2*f*d*e*Hm+2*p+2L-g*Hc^2*d^2*H2*p+1L+a*c*e^2*Hm+2*p+1LLL*x,xD,xD �;

FreeQ@8a,c,d,e,f,g,m<,xD && NeQ@c*d^2+a*e^2,0D &&

GtQ@p,0D && HIntegerQ@pD ÈÈ Not@RationalQ@mDD ÈÈ GeQ@m,-1D && LtQ@m,0DL && Not@ILtQ@m+2*p,0DD &&

HIntegerQ@mD ÈÈ IntegerQ@pD ÈÈ IntegersQ@2*m,2*pDL
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14. à Hd + e xLm Hf + g xL Ia + b x + c x2Mp
âx when b2 - 4 a c ¹ 0 ì c d2 - b d e + a e2 ¹ 0 ì p < -1

1. à Hd + e xLm Hf + g xL Ia + b x + c x2Mp
âx when b2 - 4 a c ¹ 0 ì c d2 - b d e + a e2 ¹ 0 ì p < -1 ì m > 1

1: à Hd + e xLm Hf + g xL Ia + b x + c x2Mp
âx when b2 - 4 a c ¹ 0 ì c d2 - b d e + a e2 ¹ 0 ì p < -1 ì m Î Z

+

�

Derivation: Algebraic expansion
�

Rule 1.2.1.3.14.1.1: If  b2 - 4 a c ¹ 0 ì c d2 - b d e + a e2 ¹ 0 ì p < -1 ì m Î Z
+, then

à Hd + e xLm Hf + g xL Ia + b x + c x2Mp
âx �

à Ia + b x + c x2Mp
ExpandIntegrand@Hd + e xLm Hf + g xL, xD âx

�

Program code:

Int@Hd_+e_.*x_L^m_*Hf_+g_.*x_L*Ha_.+b_.*x_+c_.*x_^2L^p_,x_SymbolD :=

Int@Ha+b*x+c*x^2L^p*ExpandIntegrand@Hd+e*xL^m*Hf+g*xL,xD,xD �;

FreeQ@8a,b,c,d,e,f,g<,xD && NeQ@b^2-4*a*c,0D && NeQ@c*d^2-b*d*e+a*e^2,0D && ILtQ@p,-1D && IGtQ@m,0D && RationalQ@a,b,c,d,e,f,gD

Int@Hd_+e_.*x_L^m_*Hf_+g_.*x_L*Ha_+c_.*x_^2L^p_,x_SymbolD :=

Int@Ha+c*x^2L^p*ExpandIntegrand@Hd+e*xL^m*Hf+g*xL,xD,xD �;

FreeQ@8a,c,d,e,f,g<,xD && NeQ@c*d^2+a*e^2,0D && ILtQ@p,-1D && IGtQ@m,0D && RationalQ@a,c,d,e,f,gD

2: à Hd + e xLm Hf + g xL Ia + b x + c x2Mp
âx when b2 - 4 a c ¹ 0 ì c d2 - b d e + a e2 ¹ 0 ì p < -1 ì m > 1

�

Derivation: ???
�

Note: Although powerful, this rule results in more complicated coefficients unless b � 0 ß d � 0 or the parameters are all numeric.
�

Rule 1.2.1.3.14.1.2: If  b2 - 4 a c ¹ 0 ì c d2 - b d e + a e2 ¹ 0 ì p < -1 ì m > 1, then

à Hd + e xLm Hf + g xL Ia + b x + c x2Mp
âx �

-IHd + e xLm-1 Ia + b x + c x2Mp+1 I2 a c He f + d gL - b Hc d f + a e gL - I2 c2 d f + b2 e g - c Hb e f + b d g + 2 a e gLM xMM � Ic Hp + 1L Ib2
- 4 a cMM -

1

c Hp + 1L Ib2 - 4 a cM à Hd + e xLm-2 Ia + b x + c x2Mp+1
×

I2 c2 d2 f H2 p + 3L + b e g Ha e Hm - 1L + b d Hp + 2LL - c H2 a e He f Hm - 1L + d g mL + b d Hd g H2 p + 3L - e f Hm - 2 p - 4LLL +

M
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I2 c2 d2 f H2 p + 3L + b e g Ha e Hm - 1L + b d Hp + 2LL - c H2 a e He f Hm - 1L + d g mL + b d Hd g H2 p + 3L - e f Hm - 2 p - 4LLL +

e Ib2 e g Hm + p + 1L + 2 c2 d f Hm + 2 p + 2L - c H2 a e g m + b He f + d gL Hm + 2 p + 2LLM xM âx

�

Program code:

Int@Hd_.+e_.*x_L^m_*Hf_.+g_.*x_L*Ha_.+b_.*x_+c_.*x_^2L^p_.,x_SymbolD :=

-Hd+e*xL^Hm-1L*Ha+b*x+c*x^2L^Hp+1L*H2*a*c*He*f+d*gL-b*Hc*d*f+a*e*gL-H2*c^2*d*f+b^2*e*g-c*Hb*e*f+b*d*g+2*a*e*gLL*xL�
Hc*Hp+1L*Hb^2-4*a*cLL -

1�Hc*Hp+1L*Hb^2-4*a*cLL*Int@Hd+e*xL^Hm-2L*Ha+b*x+c*x^2L^Hp+1L*

Simp@2*c^2*d^2*f*H2*p+3L+b*e*g*Ha*e*Hm-1L+b*d*Hp+2LL-c*H2*a*e*He*f*Hm-1L+d*g*mL+b*d*Hd*g*H2*p+3L-e*f*Hm-2*p-4LLL +

e*Hb^2*e*g*Hm+p+1L+2*c^2*d*f*Hm+2*p+2L-c*H2*a*e*g*m+b*He*f+d*gL*Hm+2*p+2LLL*x,xD,xD �;

FreeQ@8a,b,c,d,e,f,g<,xD && NeQ@b^2-4*a*c,0D && NeQ@c*d^2-b*d*e+a*e^2,0D && LtQ@p,-1D && GtQ@m,1D &&

HEqQ@m,2D && EqQ@p,-3D && RationalQ@a,b,c,d,e,f,gD ÈÈ Not@ILtQ@m+2*p+3,0DDL

Int@Hd_.+e_.*x_L^m_*Hf_.+g_.*x_L*Ha_+c_.*x_^2L^p_.,x_SymbolD :=

Hd+e*xL^Hm-1L*Ha+c*x^2L^Hp+1L*Ha*He*f+d*gL-Hc*d*f-a*e*gL*xL�H2*a*c*Hp+1LL -

1�H2*a*c*Hp+1LL*Int@Hd+e*xL^Hm-2L*Ha+c*x^2L^Hp+1L*

Simp@a*e*He*f*Hm-1L+d*g*mL-c*d^2*f*H2*p+3L+e*Ha*e*g*m-c*d*f*Hm+2*p+2LL*x,xD,xD �;

FreeQ@8a,c,d,e,f,g<,xD && NeQ@c*d^2+a*e^2,0D && LtQ@p,-1D && GtQ@m,1D &&

HEqQ@d,0D ÈÈ EqQ@m,2D && EqQ@p,-3D && RationalQ@a,c,d,e,f,gD ÈÈ Not@ILtQ@m+2*p+3,0DDL
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2: à Hd + e xLm Hf + g xL Ia + b x + c x2Mp
âx when b2 - 4 a c ¹ 0 ì c d2 - b d e + a e2 ¹ 0 ì p < -1 ì m > 0

�

Derivation: Quadratic recurrence 2a
�

Rule 1.2.1.3.14.2: If  b2 - 4 a c ¹ 0 ì c d2 - b d e + a e2 ¹ 0 ì p < -1 ì m > 0, then

á Hd + e xLm Hf + g xL Ia + b x + c x2Mp
âx �

Hd + e xLm Ia + b x + c x2Mp+1 Hf b - 2 a g + H2 c f - b gL xL
Hp + 1L Ib2 - 4 a cM +

1

Hp + 1L Ib2 - 4 a cM à Hd + e xLm-1 Ia + b x + c x2Mp+1
×

Hg H2 a e m + b d H2 p + 3LL - f Hb e m + 2 c d H2 p + 3LL - e H2 c f - b gL Hm + 2 p + 3L xL âx

�

Program code:

Int@Hd_.+e_.*x_L^m_*Hf_.+g_.*x_L*Ha_.+b_.*x_+c_.*x_^2L^p_,x_SymbolD :=

Hd+e*xL^m*Ha+b*x+c*x^2L^Hp+1L*Hf*b-2*a*g+H2*c*f-b*gL*xL�HHp+1L*Hb^2-4*a*cLL +

1�HHp+1L*Hb^2-4*a*cLL*Int@Hd+e*xL^Hm-1L*Ha+b*x+c*x^2L^Hp+1L*

Simp@g*H2*a*e*m+b*d*H2*p+3LL-f*Hb*e*m+2*c*d*H2*p+3LL-e*H2*c*f-b*gL*Hm+2*p+3L*x,xD,xD �;

FreeQ@8a,b,c,d,e,f,g<,xD && NeQ@b^2-4*a*c,0D && NeQ@c*d^2-b*d*e+a*e^2,0D && LtQ@p,-1D && GtQ@m,0D &&

HIntegerQ@mD ÈÈ IntegerQ@pD ÈÈ IntegersQ@2*m,2*pDL

Int@Hd_.+e_.*x_L^m_*Hf_.+g_.*x_L*Ha_+c_.*x_^2L^p_,x_SymbolD :=

Hd+e*xL^m*Ha+c*x^2L^Hp+1L*Ha*g-c*f*xL�H2*a*c*Hp+1LL -

1�H2*a*c*Hp+1LL*Int@Hd+e*xL^Hm-1L*Ha+c*x^2L^Hp+1L*Simp@a*e*g*m-c*d*f*H2*p+3L-c*e*f*Hm+2*p+3L*x,xD,xD �;

FreeQ@8a,c,d,e,f,g<,xD && NeQ@c*d^2+a*e^2,0D && LtQ@p,-1D && GtQ@m,0D &&

HIntegerQ@mD ÈÈ IntegerQ@pD ÈÈ IntegersQ@2*m,2*pDL

3: à Hd + e xLm Hf + g xL Ia + b x + c x2Mp
âx when b2 - 4 a c ¹ 0 ì c d2 - b d e + a e2 ¹ 0 ì p < -1

�

Derivation: Quadratic recurrence 2b
�

Rule 1.2.1.3.14.3: If  b2 - 4 a c ¹ 0 ì c d2 - b d e + a e2 ¹ 0 ì p < -1, then

à Hd + e xLm Hf + g xL Ia + b x + c x2Mp
âx �

IHd + e xLm+1 If Ib c d - b2 e + 2 a c eM - a g H2 c d - b eL + c Hf H2 c d - b eL - g Hb d - 2 a eLL xM Ia + b x + c x2Mp+1M �
IHp + 1L Ib2

- 4 a cM Ic d2
- b d e + a e2MM +
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IHp + 1L Ib2
- 4 a cM Ic d2

- b d e + a e2MM +

1

Hp + 1L Ib2 - 4 a cM Ic d2 - b d e + a e2M à Hd + e xLm Ia + b x + c x2Mp+1
×

If Ib c d e H2 p - m + 2L + b2 e2 Hp + m + 2L - 2 c2 d2 H2 p + 3L - 2 a c e2 Hm + 2 p + 3LM - g Ha e Hb e - 2 c d m + b e mL - b d H3 c d - b e + 2 c d p - b e pLL +

c e Hg Hb d - 2 a eL - f H2 c d - b eLL Hm + 2 p + 4L xM âx

�

Program code:

Int@Hd_.+e_.*x_L^m_*Hf_.+g_.*x_L*Ha_.+b_.*x_+c_.*x_^2L^p_,x_SymbolD :=

Hd+e*xL^Hm+1L*Hf*Hb*c*d-b^2*e+2*a*c*eL-a*g*H2*c*d-b*eL+c*Hf*H2*c*d-b*eL-g*Hb*d-2*a*eLL*xL*Ha+b*x+c*x^2L^Hp+1L�
HHp+1L*Hb^2-4*a*cL*Hc*d^2-b*d*e+a*e^2LL +

1�HHp+1L*Hb^2-4*a*cL*Hc*d^2-b*d*e+a*e^2LL*Int@Hd+e*xL^m*Ha+b*x+c*x^2L^Hp+1L*

Simp@f*Hb*c*d*e*H2*p-m+2L+b^2*e^2*Hp+m+2L-2*c^2*d^2*H2*p+3L-2*a*c*e^2*Hm+2*p+3LL-

g*Ha*e*Hb*e-2*c*d*m+b*e*mL-b*d*H3*c*d-b*e+2*c*d*p-b*e*pLL+

c*e*Hg*Hb*d-2*a*eL-f*H2*c*d-b*eLL*Hm+2*p+4L*x,xD,xD �;

FreeQ@8a,b,c,d,e,f,g,m<,xD && NeQ@b^2-4*a*c,0D && NeQ@c*d^2-b*d*e+a*e^2,0D && LtQ@p,-1D && HIntegerQ@mD ÈÈ IntegerQ@pD ÈÈ IntegersQ L

Int@Hd_.+e_.*x_L^m_*Hf_.+g_.*x_L*Ha_+c_.*x_^2L^p_,x_SymbolD :=

-Hd+e*xL^Hm+1L*Hf*a*c*e-a*g*c*d+c*Hc*d*f+a*e*gL*xL*Ha+c*x^2L^Hp+1L�H2*a*c*Hp+1L*Hc*d^2+a*e^2LL +

1�H2*a*c*Hp+1L*Hc*d^2+a*e^2LL*Int@Hd+e*xL^m*Ha+c*x^2L^Hp+1L*

Simp@f*Hc^2*d^2*H2*p+3L+a*c*e^2*Hm+2*p+3LL-a*c*d*e*g*m+c*e*Hc*d*f+a*e*gL*Hm+2*p+4L*x,xD,xD �;

FreeQ@8a,c,d,e,f,g<,xD && NeQ@c*d^2+a*e^2,0D && LtQ@p,-1D && HIntegerQ@mD ÈÈ IntegerQ@pD ÈÈ IntegersQ@2*m,2*pDL
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15. à Hd + e xLm Hf + g xL
a + b x + c x2

âx when b2 - 4 a c ¹ 0 ì c d2 - b d e + a e2 ¹ 0 ì m Ï Z

1. à Hd + e xLm Hf + g xL
a + b x + c x2

âx when b2 - 4 a c ¹ 0 ì c d2 - b d e + a e2 ¹ 0 ì m Î Q

1: à Hd + e xLm Hf + g xL
a + b x + c x2

âx when b2 - 4 a c ¹ 0 ì c d2 - b d e + a e2 ¹ 0 ì m Ï Z ì m > 0

�

Derivation: Quadratic recurrence 3a with p = -1
�

Rule 1.2.1.3.15.1.1: If  b2 - 4 a c ¹ 0 ì c d2 - b d e + a e2 ¹ 0 ì m Ï Z ì m > 0, then

à Hd + e xLm Hf + g xL
a + b x + c x2

âx �
g Hd + e xLm

c m
+

1

c
à Hd + e xLm-1 Hc d f - a e g + Hg c d - b e g + c e fL xL

a + b x + c x2
âx

�

Program code:

IntAHd_.+e_.*x_L^m_*Hf_.+g_.*x_L�Ha_.+b_.*x_+c_.*x_^2L,x_SymbolE :=

g*Hd+e*xL^m�Hc*mL +

1�c*Int@Hd+e*xL^Hm-1L*Simp@c*d*f-a*e*g+Hg*c*d-b*e*g+c*e*fL*x,xD�Ha+b*x+c*x^2L,xD �;

FreeQ@8a,b,c,d,e,f,g<,xD && NeQ@b^2-4*a*c,0D && NeQ@c*d^2-b*d*e+a*e^2,0D && FractionQ@mD && GtQ@m,0D

IntAHd_.+e_.*x_L^m_*Hf_.+g_.*x_L�Ha_+c_.*x_^2L,x_SymbolE :=

g*Hd+e*xL^m�Hc*mL +

1�c*Int@Hd+e*xL^Hm-1L*Simp@c*d*f-a*e*g+Hg*c*d+c*e*fL*x,xD�Ha+c*x^2L,xD �;

FreeQ@8a,c,d,e,f,g<,xD && NeQ@c*d^2+a*e^2,0D && FractionQ@mD && GtQ@m,0D
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2. à Hd + e xLm Hf + g xL
a + b x + c x2

âx when b2 - 4 a c ¹ 0 ì c d2 - b d e + a e2 ¹ 0 ì m Ï Z ì m < 0

1: á
f + g x

d + e x Ia + b x + c x2M
âx when b2 - 4 a c ¹ 0 ì c d2 - b d e + a e2 ¹ 0

�

Derivation: Integration by substitution

�

Basis: f+g x

d+e x Ha+b x+c x2L � 2 SubstB e f-d g+g x2

c d2-b d e+a e2-H2 c d-b eL x2+c x4 , x, d + e x F ¶x d + e x

�

Rule 1.2.1.3.15.1.2.1: If  b2 - 4 a c ¹ 0 ì c d2 - b d e + a e2 ¹ 0, then

á
f + g x

d + e x Ia + b x + c x2M
âx � 2 SubstAà e f - d g + g x2

c d2 - b d e + a e2 - H2 c d - b eL x2 + c x4
âx, x, d + e x E

�

Program code:

IntAHf_.+g_.*x_L�HSqrt@d_.+e_.*x_D*Ha_.+b_.*x_+c_.*x_^2LL,x_SymbolE :=

2*Subst@Int@He*f-d*g+g*x^2L�Hc*d^2-b*d*e+a*e^2-H2*c*d-b*eL*x^2+c*x^4L,xD,x,Sqrt@d+e*xDD �;

FreeQ@8a,b,c,d,e,f,g<,xD && NeQ@b^2-4*a*c,0D && NeQ@c*d^2-b*d*e+a*e^2,0D

IntAHf_.+g_.*x_L�HSqrt@d_.+e_.*x_D*Ha_+c_.*x_^2LL,x_SymbolE :=

2*Subst@Int@He*f-d*g+g*x^2L�Hc*d^2+a*e^2-2*c*d*x^2+c*x^4L,xD,x,Sqrt@d+e*xDD �;

FreeQ@8a,c,d,e,f,g<,xD && NeQ@c*d^2+a*e^2,0D
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2: à Hd + e xLm Hf + g xL
a + b x + c x2

âx when b2 - 4 a c ¹ 0 ì c d2 - b d e + a e2 ¹ 0 ì m Ï Z ì m < -1

�

Derivation: Quadratic recurrence 3b
�

Rule 1.2.1.3.15.1.2.2: If  b2 - 4 a c ¹ 0 ì c d2 - b d e + a e2 ¹ 0 ì m Ï Z ì m < -1, then

à Hd + e xLm Hf + g xL
a + b x + c x2

âx �
He f - d gL Hd + e xLm+1

Hm + 1L Ic d2 - b d e + a e2M +
1

c d2 - b d e + a e2
à Hd + e xLm+1 Hc d f - f b e + a e g - c He f - d gL xL

a + b x + c x2
âx

�

Program code:

IntAHd_.+e_.*x_L^m_*Hf_.+g_.*x_L�Ha_.+b_.*x_+c_.*x_^2L,x_SymbolE :=

He*f-d*gL*Hd+e*xL^Hm+1L�HHm+1L*Hc*d^2-b*d*e+a*e^2LL +

1�Hc*d^2-b*d*e+a*e^2L*Int@Hd+e*xL^Hm+1L*Simp@c*d*f-f*b*e+a*e*g-c*He*f-d*gL*x,xD�Ha+b*x+c*x^2L,xD �;

FreeQ@8a,b,c,d,e,f,g,m<,xD && NeQ@b^2-4*a*c,0D && NeQ@c*d^2-b*d*e+a*e^2,0D && FractionQ@mD && LtQ@m,-1D

IntAHd_.+e_.*x_L^m_*Hf_.+g_.*x_L�Ha_+c_.*x_^2L,x_SymbolE :=

He*f-d*gL*Hd+e*xL^Hm+1L�HHm+1L*Hc*d^2+a*e^2LL +

1�Hc*d^2+a*e^2L*Int@Hd+e*xL^Hm+1L*Simp@c*d*f+a*e*g-c*He*f-d*gL*x,xD�Ha+c*x^2L,xD �;

FreeQ@8a,c,d,e,f,g,m<,xD && NeQ@c*d^2+a*e^2,0D && FractionQ@mD && LtQ@m,-1D

2: à Hd + e xLm Hf + g xL
a + b x + c x2

âx when b2 - 4 a c ¹ 0 ì c d2 - b d e + a e2 ¹ 0 ì m Ï Q

�

Derivation: Algebraic expansion
�

Rule 1.2.1.3.15.2: If  b2 - 4 a c ¹ 0 ì c d2 - b d e + a e2 ¹ 0 ì m Ï Z, then

à Hd + e xLm Hf + g xL
a + b x + c x2

âx � à Hd + e xLm ExpandIntegrandA f + g x

a + b x + c x2
, xE âx

�

Program code:

IntAHd_.+e_.*x_L^m_*Hf_.+g_.*x_L�Ha_.+b_.*x_+c_.*x_^2L,x_SymbolE :=

Int@ExpandIntegrand@Hd+e*xL^m,Hf+g*xL�Ha+b*x+c*x^2L,xD,xD �;

FreeQ@8a,b,c,d,e,f,g<,xD && NeQ@b^2-4*a*c,0D && NeQ@c*d^2-b*d*e+a*e^2,0D && Not@RationalQ@mDD

IntAHd_.+e_.*x_L^m_*Hf_.+g_.*x_L�Ha_+c_.*x_^2L,x_SymbolE :=

Int@ExpandIntegrand@Hd+e*xL^m,Hf+g*xL�Ha+c*x^2L,xD,xD �;

FreeQ@8a,c,d,e,f,g<,xD && NeQ@c*d^2+a*e^2,0D && Not@RationalQ@mDD
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16: à Hd + e xLm Hf + g xL Ia + b x + c x2Mp
âx when b2 - 4 a c ¹ 0 ì c d2 - b d e + a e2 ¹ 0 ì m > 0 ì m + 2 p + 2 ¹ 0

�

Derivation: Quadratic recurrence 3a

�

Note: The special case rule for m = 1 and p = -1 eliminates the constant term g d

c
 from the result.

�

Rule 1.2.1.3.16: If  b2 - 4 a c ¹ 0 ì c d2 - b d e + a e2 ¹ 0 ì m > 0 ì m + 2 p + 2 ¹ 0, then

á Hd + e xLm Hf + g xL Ia + b x + c x2Mp
âx �

g Hd + e xLm Ia + b x + c x2Mp+1

c Hm + 2 p + 2L +
1

c Hm + 2 p + 2L à Hd + e xLm-1 Ia + b x + c x2Mp
×

Hm Hc d f - a e gL + d H2 c f - b gL Hp + 1L + Hm Hc e f + c d g - b e gL + e Hp + 1L H2 c f - b gLL xL âx

�

Program code:

Int@Hd_.+e_.*x_L^m_*Hf_.+g_.*x_L*Ha_.+b_.*x_+c_.*x_^2L^p_.,x_SymbolD :=

g*Hd+e*xL^m*Ha+b*x+c*x^2L^Hp+1L�Hc*Hm+2*p+2LL +

1�Hc*Hm+2*p+2LL*Int@Hd+e*xL^Hm-1L*Ha+b*x+c*x^2L^p*

Simp@m*Hc*d*f-a*e*gL+d*H2*c*f-b*gL*Hp+1L+Hm*Hc*e*f+c*d*g-b*e*gL+e*Hp+1L*H2*c*f-b*gLL*x,xD,xD �;

FreeQ@8a,b,c,d,e,f,g,p<,xD && NeQ@b^2-4*a*c,0D && NeQ@c*d^2-b*d*e+a*e^2,0D && GtQ@m,0D && NeQ@m+2*p+2,0D &&

HIntegerQ@mD ÈÈ IntegerQ@pD ÈÈ IntegersQ@2*m,2*pDL && Not@IGtQ@m,0D && EqQ@f,0DD

Int@Hd_.+e_.*x_L^m_*Hf_.+g_.*x_L*Ha_+c_.*x_^2L^p_.,x_SymbolD :=

g*Hd+e*xL^m*Ha+c*x^2L^Hp+1L�Hc*Hm+2*p+2LL +

1�Hc*Hm+2*p+2LL*Int@Hd+e*xL^Hm-1L*Ha+c*x^2L^p*

Simp@c*d*f*Hm+2*p+2L-a*e*g*m+c*He*f*Hm+2*p+2L+d*g*mL*x,xD,xD �;

FreeQ@8a,c,d,e,f,g,p<,xD && NeQ@c*d^2+a*e^2,0D && GtQ@m,0D && NeQ@m+2*p+2,0D &&

HIntegerQ@mD ÈÈ IntegerQ@pD ÈÈ IntegersQ@2*m,2*pDL && Not@IGtQ@m,0D && EqQ@f,0DD

17: à Hd + e xLm Hf + g xL Ia + b x + c x2Mp
âx when b2 - 4 a c ¹ 0 ì c d2 - b d e + a e2 ¹ 0 ì m < -1

�

Derivation: Quadratic recurrence 3b
�

Rule 1.2.1.3.17: If  b2 - 4 a c ¹ 0 ì c d2 - b d e + a e2 ¹ 0 ì m < -1, then

á Hd + e xLm Hf + g xL Ia + b x + c x2Mp
âx �

+
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He f - d gL Hd + e xLm+1 Ia + b x + c x2Mp+1

Hm + 1L Ic d2 - b d e + a e2M +

1

Hm + 1L Ic d2 - b d e + a e2M à Hd + e xLm+1 Ia + b x + c x2Mp HHc d f - f b e + a e gL Hm + 1L + b Hd g - e fL Hp + 1L - c He f - d gL Hm + 2 p + 3L xL âx

�

Program code:

Int@Hd_.+e_.*x_L^m_*Hf_.+g_.*x_L*Ha_.+b_.*x_+c_.*x_^2L^p_.,x_SymbolD :=

He*f-d*gL*Hd+e*xL^Hm+1L*Ha+b*x+c*x^2L^Hp+1L�HHm+1L*Hc*d^2-b*d*e+a*e^2LL +

1�HHm+1L*Hc*d^2-b*d*e+a*e^2LL*Int@Hd+e*xL^Hm+1L*Ha+b*x+c*x^2L^p*

Simp@Hc*d*f-f*b*e+a*e*gL*Hm+1L+b*Hd*g-e*fL*Hp+1L-c*He*f-d*gL*Hm+2*p+3L*x,xD,xD �;

FreeQ@8a,b,c,d,e,f,g,p<,xD && NeQ@b^2-4*a*c,0D && NeQ@c*d^2-b*d*e+a*e^2,0D && LtQ@m,-1D && HIntegerQ@mD ÈÈ IntegerQ@pD ÈÈ IntegersQ L

Int@Hd_.+e_.*x_L^m_*Hf_.+g_.*x_L*Ha_+c_.*x_^2L^p_.,x_SymbolD :=

He*f-d*gL*Hd+e*xL^Hm+1L*Ha+c*x^2L^Hp+1L�HHm+1L*Hc*d^2+a*e^2LL +

1�HHm+1L*Hc*d^2+a*e^2LL*Int@Hd+e*xL^Hm+1L*Ha+c*x^2L^p*Simp@Hc*d*f+a*e*gL*Hm+1L-c*He*f-d*gL*Hm+2*p+3L*x,xD,xD �;

FreeQ@8a,c,d,e,f,g,p<,xD && NeQ@c*d^2+a*e^2,0D && LtQ@m,-1D && HIntegerQ@mD ÈÈ IntegerQ@pD ÈÈ IntegersQ@2*m,2*pDL

Int@Hd_.+e_.*x_L^m_*Hf_.+g_.*x_L*Ha_.+b_.*x_+c_.*x_^2L^p_.,x_SymbolD :=

He*f-d*gL*Hd+e*xL^Hm+1L*Ha+b*x+c*x^2L^Hp+1L�HHm+1L*Hc*d^2-b*d*e+a*e^2LL +

1�HHm+1L*Hc*d^2-b*d*e+a*e^2LL*Int@Hd+e*xL^Hm+1L*Ha+b*x+c*x^2L^p*

Simp@Hc*d*f-f*b*e+a*e*gL*Hm+1L+b*Hd*g-e*fL*Hp+1L-c*He*f-d*gL*Hm+2*p+3L*x,xD,xD �;

FreeQ@8a,b,c,d,e,f,g,m,p<,xD && NeQ@b^2-4*a*c,0D && NeQ@c*d^2-b*d*e+a*e^2,0D && ILtQ@Simplify@m+2*p+3D,0D && NeQ@m,-1D

Int@Hd_.+e_.*x_L^m_*Hf_.+g_.*x_L*Ha_+c_.*x_^2L^p_.,x_SymbolD :=

He*f-d*gL*Hd+e*xL^Hm+1L*Ha+c*x^2L^Hp+1L�HHm+1L*Hc*d^2+a*e^2LL +

1�HHm+1L*Hc*d^2+a*e^2LL*Int@Hd+e*xL^Hm+1L*Ha+c*x^2L^p*Simp@Hc*d*f+a*e*gL*Hm+1L-c*He*f-d*gL*Hm+2*p+3L*x,xD,xD �;

FreeQ@8a,c,d,e,f,g,m,p<,xD && NeQ@c*d^2+a*e^2,0D && ILtQ@Simplify@m+2*p+3D,0D && NeQ@m,-1D

18: à f + g x

Hd + e xL a + b x + c x2

âx when 4 c Ha - dL - Hb - eL2 � 0 ì f e Hb - eL - 2 g Hb d - a eL � 0 ì b d - a e ¹ 0

�

Derivation: Integration by substitution
�

Basis: If  4 c Ha - dL - Hb - eL2 � 0 ì f e Hb - eL - 2 g Hb d - a eL � 0, then 
f+g x

Hd+e xL a+b x+c x2
�

4 f Ha-dL
b d-a e

SubstB 1

4 Ha-dL-x2 , x, 2 Ha-dL+Hb-eL x

a+b x+c x2
F ¶x

2 Ha-dL+Hb-eL x

a+b x+c x2

�

Rule 1.2.1.3.18: If  4 c Ha - dL - Hb - eL2 � 0 ì f e Hb - eL - 2 g Hb d - a eL � 0 ì b d - a e ¹ 0, then
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à f + g x

Hd + e xL a + b x + c x2

âx �
4 f Ha - dL

b d - a e
SubstAà 1

4 Ha - dL - x2
âx, x,

2 Ha - dL + Hb - eL x

a + b x + c x2

E
�

Program code:

IntAHf_+g_.*x_L�HHd_.+e_.*x_L*Sqrt@a_.+b_.*x_+c_.*x_^2DL,x_SymbolE :=

4*f*Ha-dL�Hb*d-a*eL*Subst@Int@1�H4*Ha-dL-x^2L,xD,x,H2*Ha-dL+Hb-eL*xL�Sqrt@a+b*x+c*x^2DD �;

FreeQ@8a,b,c,d,e,f,g<,xD && EqQ@4*c*Ha-dL-Hb-eL^2,0D && EqQ@e*f*Hb-eL-2*g*Hb*d-a*eL,0D && NeQ@b*d-a*e,0D

19. à f + g x

e x a + b x + c x2

âx when b2 - 4 a c ¹ 0

1: à f + g x

x a + b x + c x2

âx when b2 - 4 a c ¹ 0

�

Derivation: Integration by substitution

�

Basis: xm F@xD � 2 SubstBx2 m+1 FAx2E, x, x F ¶x x

�

Rule 1.2.1.3.19.1: If  b2 - 4 a c ¹ 0, then

à f + g x

x a + b x + c x2

âx � 2 SubstAà f + g x2

a + b x2 + c x4

âx, x, x E
�

Program code:

IntAHf_+g_.*x_L�HSqrt@x_D*Sqrt@a_+b_.*x_+c_.*x_^2DL,x_SymbolE :=

2*Subst@Int@Hf+g*x^2L�Sqrt@a+b*x^2+c*x^4D,xD,x,Sqrt@xDD �;

FreeQ@8a,b,c,f,g<,xD && NeQ@b^2-4*a*c,0D

IntAHf_+g_.*x_L�HSqrt@x_D*Sqrt@a_+c_.*x_^2DL,x_SymbolE :=

2*Subst@Int@Hf+g*x^2L�Sqrt@a+c*x^4D,xD,x,Sqrt@xDD �;

FreeQ@8a,c,f,g<,xD
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2: à f + g x

e x a + b x + c x2

âx when b2 - 4 a c ¹ 0

�

Derivation: Piecewise constant extraction

�

Basis: ¶x
x

e x
� 0

�

Rule 1.2.1.3.19.2: If  b2 - 4 a c ¹ 0, then

á
f + g x

e x a + b x + c x2

âx �
x

e x
à f + g x

x a + b x + c x2

âx

IntAHf_+g_.*x_L�HSqrt@e_*x_D*Sqrt@a_+b_.*x_+c_.*x_^2DL,x_SymbolE :=

Sqrt@xD�Sqrt@e*xD*Int@Hf+g*xL�HSqrt@xD*Sqrt@a+b*x+c*x^2DL,xD �;

FreeQ@8a,b,c,e,f,g<,xD && NeQ@b^2-4*a*c,0D

IntAHf_+g_.*x_L�HSqrt@e_*x_D*Sqrt@a_+c_.*x_^2DL,x_SymbolE :=

Sqrt@xD�Sqrt@e*xD*Int@Hf+g*xL�HSqrt@xD*Sqrt@a+c*x^2DL,xD �;

FreeQ@8a,c,e,f,g<,xD

20: à Hd + e xLm Hf + g xL Ia + b x + c x2Mp
âx when b2 - 4 a c ¹ 0 ì c d2 - b d e + a e2 ¹ 0

�

Derivation: Algebraic expansion

�

Basis: f + g x �
g Hd+e xL

e
+

e f-d g

e

�

Rule 1.2.1.3.20: If  b2 - 4 a c ¹ 0 ì c d2 - b d e + a e2 ¹ 0, then

à Hd + e xLm Hf + g xL Ia + b x + c x2Mp
âx �

g

e
à Hd + e xLm+1 Ia + b x + c x2Mp

âx +
e f - d g

e
à Hd + e xLm Ia + b x + c x2Mp

âx

�

Program code:

Int@Hd_.+e_.*x_L^m_*Hf_.+g_.*x_L*Ha_.+b_.*x_+c_.*x_^2L^p_.,x_SymbolD :=

g�e*Int@Hd+e*xL^Hm+1L*Ha+b*x+c*x^2L^p,xD + He*f-d*gL�e*Int@Hd+e*xL^m*Ha+b*x+c*x^2L^p,xD �;

FreeQ@8a,b,c,d,e,f,g,m,p<,xD && NeQ@b^2-4*a*c,0D && NeQ@c*d^2-b*d*e+a*e^2,0D && Not@IGtQ@m,0DD
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Int@Hd_.+e_.*x_L^m_*Hf_.+g_.*x_L*Ha_+c_.*x_^2L^p_.,x_SymbolD :=

g�e*Int@Hd+e*xL^Hm+1L*Ha+c*x^2L^p,xD + He*f-d*gL�e*Int@Hd+e*xL^m*Ha+c*x^2L^p,xD �;

FreeQ@8a,c,d,e,f,g,m,p<,xD && NeQ@c*d^2+a*e^2,0D && Not@IGtQ@m,0DD
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