Rules for integrands of the form (d +e x)™ (f +gx) (a+bx +c x?) P

whenef -dg #0
0: J(ex)m(f +0X) (bx+cx2)pd1x whenbg (m+p+1) -cf (M+r2p+2) =0 A m+2p+2#0

Rule1.213.0:1f bg (m+p+1) -cf (m+2p+2) =0 A m+2p+2 #0,then

g (ex)m(bx+cx2)'°’l

J(ex)m(f +gx) (bx+cx?)Pax —

cC(M+2p+2)
Program code:

Int [(e_.*x_)"m. x(f_+g_.*x_)*(b_. *x_+C_. *x_"2)"p_.,x_Synbol] : =
g* (€%X) "Mk (DxX+C*X"2) " (P+1) / (C* (M+2%xp+2)) /;
FreeQ[{b,c,e, f,g, mp}, x] && EqQ[b*g* (Mp+1) -Cxf » (M:2xp+2), 0] && NeQ[m2xp+2, 0]

1: Jxm (f +gx) (a+cx2)pd1x when mez A 2p ¢z
Derivation: Algebraic expansion
Rule1.2.13.1:I1f mez A 2p ¢ z,then
J-xm (f+gx) (a+cx?)Pax — f Jxm(a+cx2)pdx +gJ.x”‘*1 (a+cx?)?ax
Program code:
Int [x_"m_.*(f_+9_.*x_)*(a_+C_. *x_"2)"p_.,x_Synbol ] : =

f *l nt [X M (@+C*X"2)"p, X] + g=*l nt [X* (Mk1l) % (a+C*X"2)"p, X] /;
FreeQ[{a,c,f, g, p}, x] && I ntegerQm] && Not [I nt eger Q[2xp]]



Rules for integrands of the form (d+e x)~"m (f+g x) (a+b x+c x"2)"p

2: J(ex)"‘(f +0X) (a+bx+cx2)pd1x whenpez A (p>0V a=0Amez)
Derivation: Algebraic expansion

Rule12132If pez A (p>0 YV a==0Ame z),then

j(ex)m(f +0X) (a+bx+cx2)pd1x — JExpandIntegrand[(ex)m(f +0X) (a+bx+cx2)p, x] dx

Program code:

Int[(e_.*x_)"m.x(f_.+g_.*x_)=*(a_.+b_.*x_+C_.*x_"2)"p_.,x_Synbol ] : =
I nt [Expandl nt egr and[ (e*Xx)"mk (f +g*X) * (a+b*x+C*x"2)"p, X1, X] /;
FreeQ[{a, b,c, e, f, g, m}, x] & IntegerQ[p] && (&G QI[p,0] || EqQ[a, 0] && IntegerQ[m])

Int[(e_.*x_)"m.»(f_.+g_.*X_)=*(a_+C_. »x_"2)"p_.,x_Synbol] : =
I nt [Expandl nt egr and[ (e*Xx)"mk (f +g*X) * (a+C*Xx"2)"p, X1, X1 /;
FreeQ[{a,c,e, f,g, m}, x] && | &G Q[p, 0]

3: j(d+ex)m(f +QgX) (a+bx+cx2)pdlx whenb?-4ac=0 A m+2p+3=0 A 2cf-bg=0

Derivation: Quadraticrecurrence2awith2 c f -b g == 0 : squarequadraticrecurrence3b withm+2 p + 3 ==
Rule1.2133:1f b2-4ac=0 A m+2p+3=0 A 2cf -bg =0,then

fg(d+ex)m™! (a+bx+cx2)p+1

j(d+ex)m(f +gx) (a+bx+cx?)’ax — -
b(p+1) (ef -dg)

Program code:
Int[(d_.+e_.*x_)"m.*(f_+g_.*X_)*x(a_+b_.*xx_+C_.*x_"2)"p_.,x_Synbol ] : =

—f %xgx (d+e*X) N (M+1l) % (a+bxX+CxX"2) " (p+1) / (bx (p+1) » (exf -dxQ)) /;
FreeQ[{a, b,c,d,e,f,g, mp}, x] && EqQ[br2-4xaxC, 0] && EqQ[mM+2xp+3, 0] && EqQ[2xCxf -bxg, 0]



Rules for integrands of the form (d+e x)~"m (f+g x) (a+b x+c x"2)"p

4: J(d+ex)m(f +0X) (a+bx+cx2)pd1x when2cf -bg=0Ap<-1Am>0

Derivation: Integration by parts

g (a+h x+c x2)P+t

Basis: If 2¢f -bg == 0,then 8, ==~

= (f +gx) (a+bx+cx?)”
Rule12134:1f 2cf -bg=0 A p<-1 A m>O0,then

g(d+ex)m(a+bx+cx2)p+1 egm

J(d+ex)m(f +gx) (a+bx+cx?)?ax — J‘(d+ex)m'l (a+bx+cx2)p+ldlx

2c (p+1) -2c(p+1)

Program code:
Int [(d_. +e_. *x_)"m_. » (f _. +g_. *x_)*(a_. +b_. *x_+c_. *x_"2)"p_, x_Synbol ] : =
gx (d+exX)"mk (a+bxX+C*X"2)" (p+1) / (2%C*» (p+1)) -

exg*xNV (2xC* (p+1)) *l nt [ (d+exx)" (Mm-1) % (a+b*xXx+C*x"2)" (p+1), X1 /;
FreeQ[{a,b,c,d, e, f, g}, x] & EqQ[2xc*f -bxg, 0] &% Lt Q[p, -1] && G Q[m 0]

5. J(d+ex)m(f +gx) (a+bx+cx?)’dax whenb?-4ac #0

1: j(d+ex)m(f +0X) (a+bx+cx2)pdlx whenb2-4ac=0 A m+2p+3=0 A 2cf-bg+0 A 2cd-be#0

Derivation: Algebraic expansion

(2cf-bg) (d+ex) (ef-dg) (b+2cx)

Bass.f+gx== 2cd-be 2cd-be

Rule1.2.135 I1f b2-4ac=0 Am+2p+3=0 A 2cf-bg#0 A 2cd-be #0,then
JA(d+eX)m(f +QX) (a+bx+cx2)pd1x —

2c (ef -dg) (d+ex)™! (a+bx+cx2)’J+1 2cf-bg

+ J(d+ex)"‘*1 (a+bx+cx?)Pax
(p+1) (2cd-be)? 2cd-be

Program code:

Int [(d_. +e_. #x_)"m.*(f_.+0_. *x_)*(a_+b_. *x_+Cc_. *x_"2)"p_, x_Synbol ] : =
-2xCx (exf -d*Q) *» (d+exX)" (mr1l) x (a+bxx+Ccxx"2)" (p+1) / ((p+1) * (2xCxd-bxe)"2) +
(2xCxf -bxg) / (2xCxd-bxe) =l nt [ (d+e*X) " (Mk1l) * (a+bxX+Cxx*2) p, X] /;
FreeQ[{a, b,c,d, e, f,g, mp}, x] && EqQ[b*2-4xaxc, 0] &% EqQ[M+2xp+3, 0] && NeQ[2xcxf -bxg, 0] && NeQ[2xCxd-bxe, 0]



Rules for integrands of the form (d+e x)~"m (f+g x) (a+b x+c x"2)"p

2: J(d+ex)m(f +0X) (a+bx+cx2)pd1x whenb?-4ac =0

Derivation: Piecewise constant extraction

Basis: If b2-4ac = O,thenax% =0
;+CX

Rule1.2.1.36: If b2-4 ac = 0, then

FracP
(a+bx+cx2)™* art [pl

b 2p
J(d+ex)m(f+gx) (a+bx+cx2)pd1x—> (d+ex)™(f +gx) [—+cx) dx
2

¢! ntPart [p] (% +C X)ZFracPart trl

Program code:
Int [(d_.+e_.*x_)"m.*(f_.+9_.*x_)*(a_. +b_. *X_+C_. *x_"2)"p_, x_Synbol ] : =

(a+bxx+cxx"2) FracPart [p]/ (cMI ntPart [p]*(b/2+c*x)" (2+xFracPart [p])) |l nt [ (d+e*X) " mk (f +g*X) * (b/2+C*X)" (2%p), X] /;
FreeQ[{a, b,c,d, e, f,g, m}, x] & EqQ[b"2-4xaxc, 0]

6: J.(d+ex)m(f +gX) (a+bx+cx2)pdlx whenb?-4ac#0 Apez A (p>0V a=0Ame2z)

Derivation: Algebraic expansion
Rule1.21.36:1f b2-4ac #0 A p € z*, then
J(d+ex)m(f +gx) (a+bx+cx?)’dx — JExpandI ntegrand[(d+ex)™(f +gx) (a+bx+cx?)?, x]dx
Program code:
Int[(d_.+e_.*x_)"m.»(f_.+0_.*X_)*(a_.+b_. *x_+C_. »x_"2)"p_.,x_Synbol] : =

I nt [Expandl nt egr and[ (d+e*X)” mk (f +g*X) * (a+b*X+C*x"*2)"p, X1, X] /;
FreeQ[{a, b,c,d, e, f,g, m}, x] & NeQ[b"2-4xaxc, 0] && I ntegerQ[p] && (&G Q[p,0] || EqQ[a, 0] && | nteger Q[m])

Int [(d_.+e_.#x_)"m.*(f_.+g_. *X_)*(a_+C_. *x_"2)"p_.,x_Synbol ] : =
I nt [Expandl nt egr and[ (d+e*X) " mk (f +g*X) * (a+C*x"2)"p, X], X] /;
FreeQ[{a,c,d, e, f,g, m, x] && | &G Q[p, 0]

7. J(d+ex) (f +gx) (a+bx+cx?)?dax whenb?-4ac #0



Rules for integrands of the form (d+e x)~"m (f+g x) (a+b x+c x"2)"p

dx whenb?2-4ac #0

. J(d+ex) (f +gx)

a+bx+cx?

Derivation: Algebraic expansion

Rule1.2.1.3.7.1: If b2-4ac # 0, then
J~(d+ex) (f+g>()dl egx 1JAcdf—aeg+(cef+cdg—beg)x
X

— + — dx

a+bx+cx? c c a+bx+cx?

Program code:
Int [(d_. +e_. #x_)»(f _+g_. #x_)/(a_. +b_. #x_+C_. #x_"2),x_Synbol | : =

exg*X/C + 1l/cxlnt [ (Cxdxf -axexg+ (Cxexf +Cxdxg-bxexg) *X) / (a+bxx+C*x"2), X] /;
FreeQ[{a, b,c,d, e, f, g}, x] & NeQ[b"2-4xaxc, 0]

Int [(d_. +e_. #»x_) » (f _+g_. #x_) /(a_+c_. xx_"2), x_Symbol | : =
exg#X/C + 1/Cxl nt [ (Cxdf -axexg+Cx (e+f +dxg) »x) / (a+c*x"2), x] /;
FreeQ[{a,c,d, e, f, g}, x]

2: J(d+ex) (f +gx) (a+bx+cx2)pd1x whenb?-4ac#0 A b2eg (p+2)-2aceg+c (2cdf -b (ef +dg)) 2p+3) =0 Ap¢#-1

Derivation: ???
Note: If b2-4ac#0 A b?eg (p+2)-2aceg+c (2cdf -b (ef +dg)) (2p+3) ==O,thenp¢-%.
Rule1.2.1.3.7.2:1f b2-4ac#0 A b2eg (p+2)-2aceg+c (2cdf -b(ef +dg)) (2p+3) =0 A p # -1, then

(beg (p+2)-c (ef +dg) 2p+3)-2ceqg (p+1) x) (a+bx+cx2)p+1

(d+ex) (f +gx) (a+bx+cx?)?dx — -
2c?2 (p+1) 2p+3)

Program code:

Int [(d_.+e_.*X_)»(f_.+g_.*x_)*(a_.+b_. *x_+Cc_. *x_"2)"p_, x_Synbol ] : =
- (bxexg* (p+2) -Cx (exf +d*Q) * (2%p+3) -2xCx€*xg* (P+1) *X) * (A+D*X+C*X*2) " (P+1) / (2%C"2% (P+1) * (2%p+3)) /;
FreeQ[{a, b,c,d, e, f,g, p}, X] & NeQ[b"2-4xaxc, 0] && EqQQ[b"2xexgx (p+2) -2*xa*Cxexg+C* (2xC*xdx»f -b* (exf +dxg) ) = (2xp+3), 0] && NeQ[p, -1]

Int [(d_.+e_. %X _)»(f_.+0g_.*X_)=*(a_+C_. *x_"2)"p_, x_Synbol ] : =
((exf +d*Q) * (2%p+3) +2xexg* (P+1) *X) * (A+C*X 2) " (p+1) / (2%Cx (p+1) » (2%p+3)) /;
FreeQ[{a,c,d, e, f,g,p}, Xx] & EqQ[axexg-Cxd*f » (2xp+3), 0] && NeQ[p, -1]



Rules for integrands of the form (d+e x)~"m (f+g x) (a+b x+c x"2)"p

3: J(d+ex) (f +gx) (a+bx+cx2)pd1x whenb?-4ac#0 Ap<-1

Derivation: ???
Rule1.21.37.3:1f b2-4ac #0 A p < -1,then
-J-(d+ex) (f+gx) (a+bx+cx?)’dx —

-((2ac (ef +dg)-b(cdf +aeg) - (b?’eg-bc (ef +dg) +2c (cdf -aeq)) x) (a+bx+cx2)p+1)/(c (p+1) (b*-4ac)) -
b?eg (p+2)-2aceg+c (2cdf -b (ef +dg)) (2p+3)

J(a+bx+cx2)p+ldx
c(p+1) (b?-4ac)

Program code:

Int [(d_. +e_. #X_)*(f_. +g_. *X_)*(a_. +b_. *x_+cCc_. *x_"2)"p_, x_Synbol ] : =
- (2xaxCx (exf +dxg) -bx (Cxdxf +axexg) - (b*2xexg-bxC* (exf +dxQg) +2xC* (Cxd*f —axexg) ) *X) x (A+bxx+Cxx"2)" (p+1) / (Cx (p+1) x (b"2-4xaxC)) -
(br"2xexgx (P+2) -2xa*Cxexg+C* (2xC*xdx»f -b* (exf +d*g) ) * (2xp+3)) / (C* (p+1) x (bA2-4%axC) ) =l nt [ (a+bxx+C*xx"2)" (p+1), X1 /;

FreeQ[{a, b,c,d, e, f, g}, x] & NeQ[b"2-4xaxc, 0] && Lt Q[p, -1]

Int [(d_.+e_. %X _)»(f_.+g_.*X_)*(a_+C_. *x_"2)"p_,x_Synbol] : =
(ax (exf +dxQ) - (Cxdxf —axexg) *X) x (A+C*x"2) " (p+1) / (2%xa*C* (p+1)) -
(axexg-Cxdxf % (2xp+3)) / (2%a*Cx (p+1)) *I nt [ (a+C*x"2)" (p+1), X] /;
FreeQ[{a,c,d, e, f, g}, x] & LtQ[p, -1]



Rules for integrands of the form (d+e x)~"m (f+g x) (a+b x+c x"2)"p

4: J(d+ex) (f +gx) (a+bx+cx2)pd1x whenb?-4ac#0 Apt-1

Derivation: ???
Rule1.21.3.74:1f b2-4ac#0 A p ¢ -1,then
-J-(d+ex) (f+gx) (a+bx+cx?)’dx —

-((beg(p+2)-c(ef +dg) (2p+3)-2ceg (p+1)x) (a+bx+cx2)p+1)/(2c2 (pP+1) (2p+3)) +
b?eg (p+2)-2aceg+c (2cdf -b (ef +dg)) (2p+3)
J(a+bx+cx2)pdx
2c2 (2p+3)

Program code:

Int[(d_.+e_.*X_ )*x(f_.+g . *X_)*x(a_.+b_.*x_+C_.*x_"2)"p_,x_Synbol ] : =
- (bxexg* (p+2) —-C* (exf +d*Q) * (2%p+3) -2xCxe*xg* (P+1) *X) * (A+D*xX+C*X"2) " (P+1) / (2%C" 2% (P+1) * (2%p+3)) +
(br2xexgx (P+2) -2xa*Cx€xg+C* (2xCxd*f -b* (exf +d*g) ) » (2%p+3)) / (2%C 2% (2xp+3) ) *I nt [ (a+bxx+C*xx"2)"p, X] /;
FreeQ[{a, b,c,d, e, f,g,p}, x] & NeQ[b"2-4xaxc, 0] && Not [LeQ[p, -1]]

Int [(d_.+e_. %X _)»(f_.+g_.*X_)=*(a_+C_. *x_"2)"p_,x_Synbol] : =
((exf +d*Q) * (2%p+3) +2x€xg* (P+1) *X) * (A+C*X" 2) " (p+1) / (2%C*» (p+1) » (2%xp+3)) -
(axexg-Cxdxf x (2xp+3)) / (C* (2%p+3) ) x|l nt [ (a+C*x"2)"p, X] /;
FreeQ[{a,c,d,e,f,g,p}, x] & Not [LeQ[p, -1]]



Rules for integrands of the form (d+e x)~"m (f+g x) (a+b x+c x"2)"p

8. J(d+ex)m(f +0X) (a+bx+cx2)pd1x whenb?2-4ac#0 Acd®-bde+ae?=0
1. J(d+ex)m(f +gx) (a+bx+cx?)’dx whenb?-4ac#0 Acd?’-bde+ae?=0 Apez
1: j(ex)m(f +gx) (bx+cx?)?dax whenp ez

Derivation: Algebraic simplification

Rulel1.2.1.28.1.1: If p € z, then
1
J(ex)m(f +QX) (bx+cx2)pd1x — TJ(ex)”‘*" (f +gx) (b+cx)Pdx
e
Program code:

Int[(e_.*x_)"m.x(f_.+g_.*x_)*(b_.*X_+C_.*x_"2)"p_.,x_Synbol] : =
l/7enpxlnt [ (exx)”™ (mep) » (f +g*X) * (b+Cxx) " p, X1 /;
FreeQ[{b,c,e, f,g, m}, x] && | ntegerQ[p]

2: J(d+ex)m(f +0X) (a+bx+cx2)pd1x whenb?-4ac#0 Acd?-bde+ae2=0 Apez

Derivation: Algebraic simplification

Basis If cd2-bde+ae?==0,thena+bx+cx?2= (d+ex) (§+%)

Rule1.2.1.38.1.2:1f b?-4ac#0 Acd?-bde+ae?=0 A p ez, then

a cx\p
j(d+ex)m(f +JX) (a+bx+cx2)pdlx — J-(d+ex)m*p (f +gx) (E+_) dx
e

Program code:

Int[(d_+e_.*Xx_ ) "m %= (f_.+g . *X_)=*(a_. +b_. *x_+C_. *x_"2)"p_.,x_Synbol ] : =
Int [ (d+exx)" (Mm+p) * (f +g*X) * (a/d+C/exxX)"p, X] /;
FreeQ[{a, b,c,d, e, f,g, m, x] & NeQ[b"2-4xaxCc, 0] && EqQ[cxd"2-bxdxe+axe”2, 0] && | nteger Q[p]

Int [(d_+e_.*x_)"m *(f_.+g_. *x_)*(a_+C_. *Xx_"2)"p_.,x_Synbol ] : =
Int [ (d+exx)” (Mmep) * (f +g*X) * (a/d+C/exx)"p, X] /;
FreeQ[{a,c,d, e, f, g, m, x] & EqQ[c*d"2+axe”2,0] & & (IntegerQ[p]l || &G Q[a,0] & G Q[d, 0] && EqQ[mp, 01)



Rules for integrands of the form (d+e x)~"m (f+g x) (a+b x+c x"2)"p

2. J(d+ex)m(f +0X) (a+bx+cx2)pd1x whenb?2-4ac#0 Acd?-bde+ae2=0 Ape¢z
0: J(d+ex)m(f +0X) (a+bx+cx2)pd1x whenb?2-4ac#0 Acd?-bde+ae2=0Ape¢z A Mez ?? 227

Derivation: Algebraic simplification

Basis If cd2-bde+ae? =0,thend + e x == de(abxscx?)
ae+cdx

d2 (a+c x?)

a (d-ex)

Rule1.2.1.38.20:1f b2-4ac+0 Acd?2-bde+ae?=0 A mez,then

Basis: If cd2+ae? =0,thend +e X =

(f +gx) (a+bx+cx2)™
J(d+ex)m(f+gx) (a+bx+cx2)pd1x—>dmemj dx
(ae+cdx)m

Program code:

Int [(d_+e_. *x_)"m % (f_. +g_. *X_)*(a_. +b_. *X_+C_. *x_"2)"p_, x_Synbol ] : =
drmeemel nt [ (f +g*X) * (A+b*X+C*x"2) " (Mkp) / (axe+CxdxX)"m X] /;
FreeQ[{a, b,c,d, e, f,g, p}, x] & NeQ[b"2-4xaxc, 0] && EqQ[cxd"2-bxdxe+axe”2, 0] && Not [| nt eger Q[2xp]] && | Lt Q[m 0]

Int [X_*(d_+e_. *x_)"m »(a_+C_. *X_"2)"p_,x_Synbol ] : =
d meemkl nt [X* (a+C*X"2)" (M+p) / (a*e+Cxd*xX)"m X1 /;
FreeQ[{a, c,d, e, p}, x] & EqQ[c*d*2+axe”2, 0] && Not [I nt eger Q[p]] && | Lt Q[m 0] &% EqQ[m -1] && Not [I Lt Q[p-1/2,0]]



Rules for integrands of the form (d+e x)~"m (f+g x) (a+b x+c x"2)"p 10

1: J(d+ex)m(f +0X) (a+bx+cx2)pd1x whenb?2-4ac#0 Acd?-bde+ae2=0 Am(g(cd-be)+cef)+e(p+1l) (2cf -bg) =

Derivation: Quadratic recurrence3awithc d?-bde+ae?2=0andm(g (cd-be) +cef)+e (p+1) (2cf -bg) =0
Note: If b2-4ac#0 Acd?-bde+ae?=0 Am(g(cd-be)+cef)+e (p+l) (2cf-bg) =0,thenm+2p+2 #0.
Rule1.2.1.3821:1f b2-4ac#0 Acd?-bde+ae?2=0 Am(g(cd-be)+cef)+e (p+1) (2cf -bg) =0,then

g (d+ex)m(a+bx+cx2)p"l

JA(d+eX)m(f +0X) (a+bX+CX2)pd1X —
cC(M+2p+2)

Program code:

Int [(d_.+e_.#x_)"m »(f_. +g_. *X_)*(a_. +b_. *x_+c_. *x_"2)"p_, x_Synbol ] : =
gx (d+e*X) "Mk (a+b*X+C*X"2) " (p+1) / (C* (Mk2%p+2)) /;
FreeQ[{a, b,c,d, e, f,g, mp}, x] && NeQ[b"2-4xaxc, 0] & & EqQ[c*d"2-bxdxe+axe”2, 0] && EqQ[mk (g% (Cxd-bxe) +cxexf ) +ex (p+1) * (2xCxf -bxg), 0]

Int[(d_+e_.*x_)"m % (f_.+g . *Xx_)=*(a_+C_. *Xx_"2)"p_,x_Synbol ] : =
gx (d+exX) "Mk (a+C*X"2) " (p+1) / (C* (M+2%xp+2)) /;
FreeQ[{a,c,d,e,f,g, mp}, x] & EqQ[cxd*2+axe”2, 0] && EqQ[mx (dxg+exf ) +2xexf x (p+1), 0]



Rules for integrands of the form (d+e x)~"m (f+g x) (a+b x+c x"2)"p 11

2: J(d+ex)m(f +0X) (a+bx+cx2)pd1x whenb?2-4ac#0 Acd?-bde+ae?2=0Ap<-1 A m>0

Derivation: Quadratic recurrence3awithc d? - b d e + a €2 = 0 : special quadratic recurrence 2b
Note: If b2-4ac#0 Acd?-bde+ae?=0,then2cd-be #0.
Rule1.2.1.3822:1f b2-4ac#0 Acd?-bde+ae?2=0 A p<-1 A m>0,then

J(d+ex)m(f +0X) (a+bx+cx2)pdlx —

(g(cd-be)+cef) (d+ex)™(a+bx+cx?)* e (m(g(cd-be)+cef)+e (p+l) (2cf -b
( )™ e m y+cef)+e (p+1) ( g))J'(mex)m (a+bx+cx?) " ax
c(p+1) (2cd-be) c(p+1) (2cd-be)

Program code:

Int[(d_.+e_.*x_)"m »(f_.+g_.*Xx_)*x(a_.+b_. *x_+c_. »xx_"2)"p_,x_Synbol ] : =
(g* (Cxd-bxe) +Cxexf ) x (d+e*xX) "Mk (a+b*xX+Cxx"2)" (p+1) / (C* (p+1) » (2xCxd-bxe)) -
ex (M (g* (Cxd-bxe) +cxexf ) +ex (p+l) x (2xCxf -bxQg)) / (Cx (p+1) » (2xCxd-bxe)) »
Int [ (d+exx)” (M-1) * (a+bxX+C*x"2)" (p+1), X] /;
FreeQ[{a, b,c,d, e, f, g}, x] & NeQ[b”"2-4xaxc, 0] && EqQ[c*d"2-bxdxe+axe”2, 0] && Lt Q[p, -1]1 & & &G Q[m 0]

Int [(d_. +e_. *X_)"m % (f _. +g_. *X_) * (a_+C_. *x_"2)"p_, x_Synbol ] : =

(dxg+exf ) x (d+exx)"mk (a+C*x"2)" (p+1) / (2%Cxd* (p+1)) -

ex (Mk (dxg+exf ) +2xexf x (p+1)) / (2xCxd* (p+1)) *l nt [ (d+exXx)” (M-1) * (a+C*x"2)" (p+1), X] /;
FreeQ[{a,c,d, e, f, g}, x] && EqQ[cxd"2+axe”2, 0] && Lt Q[p, -1] & & G Q[m 0]

Int [(d_.+e_.*x_)"m »(f_. +g_. *X_)*(a_. +b_. *x_+Cc_. *x_"2)"p_, x_Synbol ] : =
(g% (Cxd-bxe) +cxexf ) x (d+exX) "Mk (a+b*X+Cxx"2)" (p+1) / (Cx (p+1) » (2xCxd-bxe)) -
ex (Mk (g* (Cxd-bxe) +cxexf ) +ex (p+1) x (2xCxf -bxg) )/ (C* (p+1) * (2xCxd-bxe) ) *
Int [(d+exx)"Si mpl i fy[m-1]= (a+bxx+c*x*2)~Si nplify[p+1], x] /;
FreeQ[{a, b,c,d,e,f,g, mp}, x] & & NeQ[b"2-4xaxCc, 0] && EqQ[cxd*2-bxdxe+axe”2, 0] && Sunfi npl er Q[p, 1] && Sunti npl erQ[m -1] && NeQ[p, -

Int[(d_+e_.*x_)"m »(f_.+g_.*x_)*x(a_+C_.xx_"2)"p_,x_Synbol ] : =
(dxg+exf ) x (d+exX)*mk (a+C*xX"2) " (p+1) / (2xCxd* (p+1)) -
ex (Mk (dxg+exf ) +2xexf x (p+1)) / (2%Cxd* (p+1) ) *l nt [ (d+exx) Sinpl i fy[m-1]* (a+Cc*x"2)"ASi mpl i fy[p+1], X] /;
FreeQ[{a,c,d,e,f,g, mp}, x] & & EqQ[cxd*2+axe”2, 0] && SunSi npl er Q[p, 1] && SunSi npl er Q[m -1] && NeQ[p, -1] && Not [| G Q[m 0] 1]



Rules for integrands of the form (d+e x)~"m (f+g x) (a+b x+c x"2)"p

3: J(d+ex)m(f +0X) (a+bx+cx2)pd1x whenb?-4ac#0 Acd?2-bde+ae?=0A (Ms-1VY m+2p+2=0) A m+p+120

Derivation: Quadratic recurrence3awithc d?>-bde+ae? =0
Note: If b2-4ac#0 Acd?-bde+ae?=0,then2cd-be #0.
Rule1.2.1.3823:1f b2-4ac#0 Acd?-bde+ae?2=0A (Ms-1V M+2p+2=0) A m+p+1#D0,then

J(d+ex)m(f +0X) (a+bx+cx2)pdlx —

(dg-ef) (d+ex)M(a+bx+cx?)* Mm@ (cd-be)+cef)+e 1) 2cf -b
( ) . (9 ( ) + y+e (p+1) ( 9) J(d+ex)m*1 (a+bx+cx2)pdlx

(2cd-be) (m+p+1) e (2cd-be) (m+p+1)

Program code:

Int[(d_.+e_.*x_)"m »(f_.+g_.*Xx_)*x(a_.+b_. *x_+c_. »xx_"2)"p_,x_Synbol ] : =

(dxg-ex*f ) x (d+exx)"mk (a+bxx+C*xx"2)" (p+1) / ((2%Cxd-bxe) » (M:p+1l)) +

(M (g% (Cxd-bxe) +Cxexf ) +ex (p+1) * (2xCxf -bxQ) ) / (ex (2xCxd-b*€) » (Mp+1) ) *I nt [ (d+exx)” (Mrl) * (a+b*x+C*xx"2)"p, X] /;
FreeQ[{a, b,c,d, e, f,g, mp}, x] && NeQ[b"2-4xaxc, 0] && EqQ[c*d"*2-bxdxe+axe”2, 0] &&

(LtQ[m -1] && Not [I G Q[mp+1,0]1] || LtQ[m 0] && LtQ[p, -1] || EqQ[m+2xp+2, 0]) && NeQ[m:p+1, 0]

Int[(d_+e_.*x_)"m % (f _.+g . *Xx_)=*(a_+C_. *Xx_"2)"p_,x_Synbol ] : =

(dxg-ex*f ) x (d+exx) mk (a+C*x"2) " (p+1) / (2*Cxd* (Mkp+1)) +

(M (g*Cxd+Cxexf ) +2xexCxf x (P+1)) / (€% (2%C*d) * (M:p+1) ) »I Nt [ (d+e*xXx) " (M+1) » (A+C*X*2) p, X] /;
FreeQ[{a,c,d, e, f,g, mp}, X] && EqQ[cxd*2+axe”2, 0] &&

(Lt Q[m -1] && Not [I G Q[mkp+1,0]] || LtQ[mM O] && LtQ[p, -1]1 || EqQ[mM2xp+2,0]) && NeQ[mwp+1, 0]

12



Rules for integrands of the form (d+e x)~"m (f+g x) (a+b x+c x"2)"p

4: J(d+ex)m(f +0X) (a+bx+cx2)pd1x whenb?2-4ac#0 Acd?-bde+ae2=0 A m+2p+2#0

Derivation: Quadratic recurrence3awithc d?-bde+ae? =0

Rule1.2.1.38.24:1f b2-4ac+0 Acd®-bde+ae?=0 A m+2p+2#0,then
J(d+ex)m(f +gx) (a+bx+cx?)Pax —

g+ex)"(a+bx+cx?)” m(g(cd-be)+cef)+e (p+l) (2cf -b
( ) + © (¢ ) ) D ( 9) J(d+ex)m(a+bx+cx2)pdx
cC (M+2p+2) ce(Mm+2p+2)

Program code:

Int[(d_.+e_.*x_)"m »(f_.+g_.*Xx_)*x(a_.+b_. *x_+Cc_. *x_"2)"p_,x_Synbol ] : =
gx (d+exX) mk (a+b*X+C*X"2) " (p+1) / (C* (Mk2%p+2)) +
(M (g* (Cxd-bxe) +Cxexf ) +ex (P+1) % (2xCxf -bxQg) ) / (Cxe* (M2%xp+2) ) %l nt [ (d+e*xX) Mk (a+b*X+Cxx"2)"p, X] /;
FreeQ[{a, b,c,d, e, f,g, mp}, x] && NeQ[b"2-4xaxc, 0] && EqQ[c*d"2-bxdxe+axe”2, 0] && NeQ[m+2xp+2, 0] && (NeQ[m 2]

Int[(d_+e_.*x_)"m % (f_.+g . *Xx_)=*(a_+C_. *Xx_"2)"p_,x_Synbol] : =

gx (d+exX)"mk (a+C*X"2) " (p+1) / (C* (M+2xp+2)) +

(me (dxg+exf ) +2xexf x (p+1)) / (ex (M:2xp+2) ) *I Nt [ (d+e*X) "Mk (a+C*X"2)"p, X] /;
FreeQ[{a,c,d,e,f,g, mp}, X] & EqQ[cxd*2+axe”2, 0] && NeQ[m+2xp+2, 0] && NeQ[m 2]

|l EqQrd, 01)

13



Rules for integrands of the form (d+e x)~"m (f+g x) (a+b x+c x"2)"p

5. sz (f +gx) (a+cx?)?dx whenag? +f2¢c =0
1 IXZ (f +gx) (a+cx?)?dx whenag?+f2¢c =0 A p<-2

Derivation: Quadratic recurrence 2a

Rule1.2.1.38251:If ag2+f2c =0 A p < -2,then

sz (f +gx) (a+cx?)?ax —

p+l

x? (ag-cfx) (a+cx?) 1

- Jx (2ag-cf (2p+5)x) (a+cx2)p+1d1x
2ac (p+1) 2ac (p+1)

Program code:

Int [X_"2%(f_+g_. *X_)*(a_+C_. *Xx_"2)"p_,x_Synbol ] : =

X"2% (a*xg-C*f *X) * (A+C*x"2) " (p+1) / (2%xa*C* (p+1)) -

1/ (2xaxC* (p+1)) *l nt [X*Si np[2*a*g-C*f % (2xp+5) X, X] * (a+C*Xx"2)" (p+1), X1 /;
FreeQ[{a,c,f, g}, x] & EqQra*g”2+f"2xc, 0] && Lt Q[p, -2]

2: sz (f +gx) (a+cx?)?dax whenag?+f2¢ =0

Derivation: Algebraic expansion

(f +g x) (a+c x?) a (f+gx)
C B [

Rule121.3.8252: If ag?+f2c = 0,then

Basis: x2 (f +gXx) ==

sz (f +gx) (a+cx?)?ax — EJ.(f +0X) (a+cx2)p+ldx—ij(f +gx) (a+cx?)Pax
c c

Program code:
Int [X_"2x(f_+9_. *X_)*(a_+C_. *x_"2)"p_, x_Synbol ] :

1/cxlnt [ (f +g*X) * (a+C*Xx"2)" (p+1), x] - a/cxlnt [ (f +g*X) * (a+C*x"2)"p, X1 /;
FreeQ[{a,c,f,g,p}, x] & & EqQ[a*g"2+f"2xc, 0]



Rules for integrands of the form (d+e x)~"m (f+g x) (a+b x+c x"2)"p

?: J(d+ex)m(f +0X) (a+bx+cx2)pd1x whenb2-4ac#0 Acf2-bfg+ag?2=0Apez

Derivation: Algebraic simplification

Basis If cf2-bf g+ag?==0,thena+bx+cx?= (f +gx) (fi+%)
Rule1.2.1.381.2:1f b2-4ac+0 Acf?2-bfg+ag?=0 A p ez, then

p
dx

a cx
j(d+ex)m(f +0X) (a+bx+cx2)pdlx — J.(d+ex)m(f +gx)P+t [f—+—

g

Program code:

Int [(d_+e_.*x_)"m % (f_.+g_. *Xx_)=*(a_. +b_. *x_+C_. *x_"2)"p_.,x_Synbol ] : =
Int [ (d+exx) mk (f +g*x)" (p+1) » (a/f +c/g*x)"p, X1 /;
FreeQ[{a, b,c,d, e, f,g, m}, x] & NeQ[b"2-4xaxc, 0] && EqQ[cxf*2-bxf xg+axg"2, 0] && | nteger Q[p]

Int[(d_+e_.*x_)"m % (f_.+g_ . *X_)=*(a_. +C_. *x_"2)"p_.,x_Synbol ] : =
Int [ (d+exx) mk (f +g*Xx)" (p+1) » (a/f +c/g*x)"p, X1 /;
FreeQ[{a, c,d, e, f,g, m, x] && EqQ[c*f"2+axg"2,0] && (I ntegerQ[p]l || G Q[a, 0] && & Q[f, 0] && EqQ[p, -11)

d+ex)™d +gx)
Q:I dx whenb?2-4ac #0 Acd?-bde+ae?#0 A mez

a+bx+cx?
Derivation: Algebraic expansion

Rule1.21.39:1f b2-4ac#0 Acd’-bde+ae?#0 A mez,then

(d+ex)™(f +gx)

d+ex)™(f +gx)
j x] dx

. dx — IExpandI nt egrand|
a+bx+cx

a+bx+cx?

Program code:

Int [(d_. +e_. #x_)"m #(f _. +g_. #x_)/(a_. +b_. #x_+C_. #x_"2), x_Synbol | : =
I nt [Expandl nt egr and[ (d+e*X) mk (f +g*X) / (a+b*X+C*x"2), X1, X1 /;
FreeQ[{a, b,c,d, e, f, g}, x] & NeQ[b"2-4xaxc, 0] && NeQ[cxd"2-bxdxe+axe”2, 0] && | nt eger Q[ m]

Int [(d_. +e_. #x_)"m #(f _. +g_. #x_)/(a_+c_. xx_"2), x_Synbol | : =
I nt [Expandl nt egr and[ (d+e*Xx)mk (f +g*X) / (a+C*x"2), X1, X1 /;
FreeQ[{a,c,d, e, f, g}, x] & & NeQ[cxd*2+axe”2,0] && | nteger Q[m]



Rules for integrands of the form (d+e x)~"m (f+g x) (a+b x+c x"2)"p 16

10. J(d+ex)m(f +0X) (a+bx+cx2)pd1x whenb?-4ac#0 Acd’-bde+ae?#0 A m+2p+3==0
1: J(d+ex)m(f +QgX) (a+bx+cx2)po‘|1x whenb?-4ac#0 Acd?-bde+ae?#0 Am+2p+3 =0 A b(ef+dg)-2(cdf +aeq) =

Derivation: Quadratic recurrence 3b

Rule1.2.1.3.10.1: If b2-4ac#0 Acd’2-bde+ae?#0 A m+2p+3=0Ap#t-1 Ab(ef+dg)-2(cdf +aeg) =0,then

(ef —dg) (d+ex)m? (a+bx+cx2)p"l

d+ex)™(f +gx) (a+bx+cx2)pd1x — -
2 (p+1) (cd’-bde+ae?)

Program code:
Int[(d_.+e_.*x_ )"m »(f_.+g_.*x_)*x(a_. +b_. *Xx_+C_. *x_"2)"p_.,Xx_Synbol ] : =

- (exf -dxQg) * (d+exX)" (Mrl) » (a+bxx+C*xx"2)" (p+1) / (2% (p+1) » (Cxd"2-bxdxe+axe”2)) /;
FreeQ[{a, b,c,d, e, f,g, mp}, x] && NeQ[b"2-4xaxc, 0] && NeQ[cxd"2-bxdxe+axe”2, 0] && EqQ[Si npli fy[m2xp+3], 0] && EqQ[b* (exf +dxg) -2 (C

Int[(d_.+e_.*x_)"m »(f_.+g_. *X_)*(a_+C_. *x_"2)"p_.,x_Synbol] : =
- (exf -d*g) » (d+ex*X) " (Mk1l) * (A+C*X"2) " (p+1) / (2% (p+1) » (Cxd*2+axe™2)) /;
FreeQ[{a,c,d,e,f,g, mp}, X] & NeQ[cxd*2+axe”2, 0] && EqQ[Si nplify[m2xp+3], 0] && EqQ[c*dxf +axexg, 0]

2: j(d+ex)m(f +0X) (a+bx+cx2)pd1x whenb?-4ac#0 Acd?-bde+ae2#0 A me2p+3=0 A p<-1

Derivation: Quadratic recurrence 2a

Rule1.2.1.3.10.2:I1f b2-4ac#0 Acd’-bde+ae?#0 Am+2p+3=0 A p<-1,then

J(d+ex)m(f +gx) (a+bx+cx?)?ax —

(d+ex)™(a+bx+cx? p+l (bf -2ag+(2cf -bg)x) m(@ (ef +dg)-2(cdf +aeq))
( ) + 9 j(d+ex)m1 (a+bx+cx2)p+1dlx

(p+1) (b*-4ac) (p+1) (b?-4ac)

Program code:

Int[(d_.+e_.*x_ )"m »(f_.+g_.*x_)x(a_. +b_. *Xx_+C_. *x_"2)"p_,x_Synbol ] : =
(d+exX) "Mk (a+b*X+C*X"2) " (p+1) » (bxf -2xaxg+ (2xCxf -bxg) *X) / ((p+1) » (b"2-4xaxCc)) -
Mk (bx (exf +dxg) -2% (Cxdxf +axexqg)) / ((p+1) * (b"2-4xaxc)) x| nt [ (d+exX)” (M-1) » (a+b*x+Cxx"2)" (p+1), X] /;
FreeQ[{a, b,c,d, e, f, g}, x] & & NeQ[b"2-4xaxc, 0] & & NeQ[cxd"2-bxdxe+axe”2, 0] && EqQ[Si npli fy[m2xp+3], 0] && Lt Q[p, -1]



Rules for integrands of the form (d+e x)~"m (f+g x) (a+b x+c x"2)"p

Int [(d_.+e_. *x_)"m »(f _. +g_. *X_)*(a_+C_. *x_"2)"p_, x_Synbol ] : =
(d+exX)"mk (a+C*X"2) N (p+1) * (a*g-C*f xX) / (2%xa*Cx (p+1)) -
Mk (Cxd*f +axexg) / (2xa*Cx (p+1) ) *l nt [ (d+exx)” (M-1) » (a+C*x*2)" (p+1), X1 /;
FreeQ[{a,c,d, e, f, g}, Xx] & NeQ[cxd*2+axe”2,0] && EqQ[Si npl i fy[m2xp+3],0] && Lt Q[p, -1]

3: j(d+ex)m(f +0X) (a+bx+cx2)pd1x whenb?-4ac#0 Acd?-bde+ae2#0 A m+2p+3=0 Ap¢-1

Derivation: Quadratic recurrence 3b

Rule1.2.1.3.10.3:I1f b2-4ac#0 Acd’-bde+ae?#0 Am+2p+3=0 A p¢-1,then

J(d+ex)m(f +gx) (a+bx+cx?)?ax —

p+1

(ef -dg) (d+ex)™ (a+bx+cx?) b(ef +dg)-2(cdf +aeq)

j(d+ex)m*1 (a+bx+cx?)?dx
2 (p+1) (cd’-bde+ae?) 2 (cd’-bde+ae?)

Program code:

Int[(d_.+e_.*x_ ) "m »(f_.+g_.*x_)*x(a_. +b_. *X_+C_. *x_"2)"p_.,x_Synbol ] : =
- (exf -dxg) * (d+exX) " (mkl) » (a+bxx+Cc*xx"2)" (p+1) / (2% (p+1) » (Cxd*2-bxdxe+axe”2)) -
(bx (exf +dxg) -2 (Cxdxf +axexqg) )/ (2% (Cxd*2-bxdxe+axe”2)) xl nt [ (d+e*x)" (M+1) * (a+bxX+C*x*2)"p, X] /;
FreeQ[{a, b,c,d, e, f,g, mp}, x] && NeQ[b"2-4xaxc, 0] & & NeQ[cxd"2-bxdxe+axe”2, 0] && EqQ[Si nplify[m+2xp+3], 0]

Int [(d_. +e_. *x_)"m % (f _. +g_. *X_)* (a_+C_. *x_"2)"p_.,x_Synbol ] : =

- (exf -d*g) » (d+exX) " (Mk1l) * (A+C*X"2)" (p+1) / (2% (p+1) = (Cxd"2+axe"2)) +

(cxdxf +axexg) / (Cxd 2+axe”2) x|l nt [ (d+exXx)” (Mrl) % (a+C*Xx"2)"p, X1 /;
FreeQ[{a,c,d,e,f,g, mp}, x] && NeQ[cxd"2+axe”2, 0] && EqQ[Si nplify[m2xp+3], 0]

17



Rules for integrands of the form (d+e x)~"m (f+g x) (a+b x+c x"2)"p 18

11: J(eX)"‘(f +9x) (a+cx?)"dx whenmeo A p ¢z’

Derivation: Algebraic expansion

Rule1.2.1.311: If m¢Q A p ¢ z*, then
J(ex)m(f +gx) (a+cx?)Pax — f J‘(ex)m (a+cx?)?ax+ gJ‘(ex)nml (a+cx?)”ax
e
Program code:
Int[(e_.*x_)"m *(f _+g_.*X_)*(a_+C_. *x_"2)"p_,x_Synbol] : =

fxlnt [ (e*xX) "Mk (a+C*X"2)"p, X] + g/e=*l nt [ (exx)” (M+1) *x (a+C*x"2) p, X1 /;
FreeQ[{a,c, e, f, 0, p}, X] & & Not [Rati onal Qm]] && Not [I G Q[p, 0]1

12: J(d+ex)m(f +0X) (a+bx+cx2)pc‘ﬂx whenb?-4ac#0 Acd?-bde+ae2#0 A m=p Abd+ae=0 Acd+be=0

Derivation: Piecewise constant extraction

(d+ex)P (a+b x+c x?)P 0
(ad+c ex3)P -

Basis: If bd+ae =0 A cd+be=0,thendy

Rule121.312:If m=p A bd+ae=0 A cd+be=0,then

FracPart
(d +ex)FracPart[p] (a+bx +CX2) rackart [p]

j(d+ex)m(f +gx) (a+bx+cx?)?ax — j(f +gx) (ad+cex®)?ax

FracPart
(ad+cex3)acrarte

Program code:

Int [(d_. +e_. #x_)"m »(f _. +g_. *X_)*(a_+b_. *X_+C_. *x_"2)"p_, x_Synbol ] : =
(d+exx) FracPart [p]* (a+b*x+Cc*x"2)" FracPart [p]/ (a*d+Cxexx"3) FracPart [p]*| nt [ (f +g*Xx) * (a*xd+C*xexx"3)"p, x] /;
FreeQ[{a, b,c,d, e, f,g, mp}, x] & EqQ[m p] && EqQ[bxd+axe, 0] && EqQ[cxd+b=xe, 0]

13. J(d+ex)m(f +0X) (a+bx+cx2)pdlx whenb?-4ac#0 Acd?-bde+ae2#0 Ap>0

1: J(d+ex)m(f +0X) (a+bx+cx2)pd1x whenb?-4ac#0 Acd?2-bde+ae?#0 Ap>0 A m<-2

Derivation: ???

Rule1.21.3.131:If b2-4ac#0 Acd?-bde+ae?#0 A p>0 A m<-2,then



Rules for integrands of the form (d+e x)~"m (f+g x) (a+b x+c x"2)"p 19

J(d+ex)m(f +gx) (a+bx+cx?)’dx —

(d+ex)™ (a+bx+cx?)P

e? (m+1) (m+2) (cd*-bde+ae?)

((dg-ef (m+2)) (cd*-bde+ae?)-dp (2cd-be) (ef -dg) -e (g (m+1) (cd°-bde+ae’)+p (2cd-be) (ef -dg)) x) -

p

e? (m+1) (m+2) (cd’-bde+ae?

) I(d+ex)”‘*2 (a+bx+CX2)p_l .

(2ace (ef -dg) (m+2) +b*’e (dg (p+1) -ef (M+p+2)) +b (ae®?g (m+1)-cd(dg (2p+1)-ef (M+2p+2))) -
c(2cddg@2p+1)-ef (me2p+2))-e(2aeg (m+1l) -b(dg (Mm-2p) +ef (m+2p+2))))x)d1x

Program code:

Int[(d_.+e_.*x_)"m »(f_.+g_.*Xx_)*x(a_.+b_. *x_+C_. *x_"2)"p_.,x_Synbol] : =
- (d+exX)" (Mrl) * (a+b*X+C*X"2)"p/ (€7 2% (Mk1l) * (Mk2) % (Cxd"2-bxdxe+axe"2)) *
((dxg-exf x (M+2) ) x (cxd*2-bxdxe+axe2) -dxp* (2xCxd-bxe) x (exf —-dxg) -ex (g* (Ml) » (Cxd*2-bxdxe+axe”2) +px (2xCxd-bxe) » (exf -dxg) ) xx) -
p/ (e"2% (mel) % (Mk2) * (Cxd 2-bxdxe+axe”2) ) %l nt [ (d+e*X) " (M+2) * (A+bxX+C*X"2) " (p-1) *
Si np[2*axCxe* (€xf -d*g) » (M+2) +b " 2xex (dxgx (p+1) -exf * (Mrp+2) ) +b* (a*xe2xgx (M+1) -C*xd* (d*g* (2xp+1) -exf * (Mr2xp+2))) -
Cx (2%C*0x (d*gx (2%p+1) —e*f x (M2xp+2) ) -ex (2%axe*xg* (Mel) -bx (d*g* (M-2xp) +€xf » (M2xp+2)))) *X, X1, X] /;
FreeQ[{a, b,c,d, e, f, g}, x] & NeQ[b"2-4xaxc, 0] && NeQ[cxd*2-bxdxe+axe”2, 0] &&
G Q[p, 0] && Lt Q[m -2] && Lt Q[m+2xp, 0] && Not [l Lt Q[m+2xp+3, 0]1

Int[(d_.+e_.*x_)"m »(f_.+g_. *X_)*(a_+C_. *x_"2)"p_.,x_Synbol] : =
- (d+exX)" (mrl) » (a+C*X"2)"p/ (2% (Mk1l) % (Mk2) » (Cxd 2+axe"2))
((dxg-exf x (M2) ) x (Cxd"2+axe"2) -2xCxd 2xpx (€xf -d*xg) —ex (g% (Mr1l) * (Cxd 2+axe”2) +2xCxdxpx* (exf -d*xg) ) xX) -
p/ (e”2% (M+l) * (M+2) % (Cxd 2+axe”2)) xl nt [ (d+exx)™ (Mk2) * (a+C*xX"2) " (p-1) *
Simp[2*axCxex (exf —-d*xQ) * (M+2) -C» (2xC*x0x (dxg* (2xp+1) —-exf * (M+2xp+2) ) -2xaxe”2xgx (Mel)) xX, X], X] /;
FreeQ[{a,c,d, e, f, g}, Xx] & NeQ[cxd*2+axe”2,0] &&
G Q[p, 0] && LtQ[m -2] && Lt Q[m+2xp, 0] && Not [I Lt Q[m+2+p+3, 011

2: -J-(d+ex)m(f +0X) (a+bx+cx2)pd1x whenb?-4ac#0 Acd?-bde+ae?#0 Ap>0 A m<-1 A m+2p+1¢z

Derivation: Quadratic recurrence la
Rule1.2.1.3.132:I1f b2-4ac#0 Acd’-bde+ae?20 Ap>0 Am<-1 Am+2p+1¢z,then
J(d+ex)m(f +gx) (a+bx+cx?)’dx —

((drex)™ (fe(m+2p+2)-gd (2p+1) +eg (Mm+1) X) (a+bx+cx2)p)/(e2 (M+1) (M+2p+2)) +
p
eZ2 (m+1) (Mm+2p+2)

J.(d+ex)’“*1 (a+bx+cx2)p'l-



Rules for integrands of the form (d+e x)~"m (f+g x) (a+b x+c x"2)"p

(g(bd+2ae+2aem+2bdp) -fbe(m+2p+2)+(g(2cd+be+bem+dcdp)-2cef (Mm+2p+2)) x) dx

Program code:

Int[(d_.+e_.*x_ ) "m »(f_.+g_.*x_)*x(a_. +b_. *X_+C_. *x_"2)"p_.,x_Synbol ] : =
(d+exx)™ (Mel) » (exf x (Mr2xp+2) —d*xgx (2xp+1) +€xg* (Mk1) *X) * (A+D*X+C*X 2) p/ (eM2% (M1l) x (Mr2xp+2)) +
p/ (e”2x (M+l) x (Me2xp+2) ) »xl Nt [ (d+e*x) ™ (Mk1l) % (A+bxX+C*x"2) " (p-1) *
Si np[g* (bxd+2xaxe+2xaxexmM2xbxdxp) -f xbxex (Mr2xp+2) + (g* (2xCxd+bre+bxexmrdxcxdxp) -2xCxe*f x (M2xp+2) ) *X, X], X1 /;
FreeQ[{a, b,c,d, e, f,g, m}, Xx] & NeQ[b"2-4xaxc, 0] && NeQ[cxd"2-bxdxe+axe”2, 0] & & Rational Q[p] && p>0 &&
(Lt Q[m -11 || EqQIp,1]1 || IntegerQ[p] && Not [Rational Q[m]]) && NeQ[m -1] && Not [I Lt Q[m+2xp+1,0]] &&
(IntegerQ[m] || IntegerQ[p] || IntegersQ[2xm 2xp])

Int [(d_.+e_.*x_)"m »(f_.+g_. *X_)*(a_+C_. »x_"2)"p_.,x_Synbol] : =
(d+exx)™ (Mrl) » (exf * (Mr2xp+2) ~d*g* (2%P+1) +€xg* (Mt1l) *X) * (A+C*X 2) p/ (€7 2% (Mk1l) * (M2%pP+2)) +
p/ (e"2% (mel) % (Me2%p+2) ) *l nt [ (d+exx)”" (Mkl) % (a+C*xX 2)" (p-1) »
Sinp[g#* (2xaxe+2xaxe*xM) + (g% (2xCxd+4xCxd*p) -2xCxexf * (Mr2xp+2) ) X, X1, X] /;
FreeQ[{a,c,d, e, f,g, m, x] & NeQ[cxd*2+axe”2, 0] && Rational Q[p] && p>0 &&
(Lt Q[m -11 || EqQIp,1]1 || IntegerQ[p] && Not [Rational Q[m]]) && NeQ[m -1] && Not [I Lt Q[m+2xp+1,0]] &&
(IntegerQ[m] || IntegerQ[pl || IntegersQ[2xm 2xp])

20



Rules for integrands of the form (d+e x)~"m (f+g x) (a+b x+c x"2)"p

3: J(d+ex)m(f +0X) (a+bx+cx2)pd1x whenb?-4ac#0 Acd’?°-bde+ae?#0 Ap>0 A -1<m<0 A m+2p ¢z

Derivation: Quadratic recurrence 1b

Rule1.21.3.133:I1f b2-4ac#0 Acd?-bde+ae?20 Ap>0A -1<m<0 A m+2p ¢z, then
-J-(d+ex)m(f +gx) (a+bx+cx?)?ax —
((d+ex)™ (cef (m+2p+2)-g(cd+2cdp-bep)+gce (M+2p+1)x) (a+bx+cx2)p)/(ce2 (M+2p+1) (M+2p+2)) -
p
ce2(m+2p+1) (M+2p+2)

(cef (bd-2ae) (m+2p+2)+g (ae (be-2cdm+bem +bd (bep-cd-2cdp)) +
(cef (2cd-be) (m+2p+2) +g (b®e® (p+m+1) -2¢*d® (1+2p) -ce (bd (Mm-2p) +2ae (M+2p+1)))) x) dx

f(d+ex)m(a+bx+cx2)p'l .

Program code:

Int[(d_.+e_.xx_)"m »(f_.+g_.*Xx_)*x(a_.+b_. *x_+C_. *x_"2)"p_.,x_Synbol] : =
(d+exx)™ (Mrl) » (Cxe*f x (M2xp+2) —gx (Cxd+2xCxdxp-bxexp) +gxCxe* (Me2xp+1) xX) * (a+b*x+Cxx"2)"p/
(Cxe"2% (M+2xp+1) * (M2%p+2)) -
p/ (C*xe"2% (Me2xp+1) x (ME2xp+2) ) xl Nt [ (d+e*X) "Mk (a+bxX+CxX"2) " (p-1) *
Si np[C*exf x (bxd-2xax€) * (M2xp+2) +g* (Axex (bxe-2xCxdxmrbxexm) +bxd* (bxexp-cxd-2xCxdxp) ) +
(Cxexf x (2xCxd-bxe) * (M:2xp+2) +g* (b 2% 2% (P+Mk1l) -2xC 2%xd" 2% (1+2xp) -C*€x (b*xd* (M-2xp) +2xaxe* (M:2xp+1))) ) *X, X1, X]
FreeQ[{a, b,c,d, e, f,g, m, x] & & NeQ[b"2-4xaxc, 0] && NeQ[cxd"2-bxdxe+axe”2, 0] &&
& Q[p, 0] && (IntegerQ[p] || Not [Rational Q[m]] || GeQ[m -1] && LtQ[m 0]) && Not [I Lt Q[m+2xp, 0]] &&
(IntegerQ[m] || IntegerQ[p]l || IntegersQ[2+m 2xp])

Int [(d_. +e_. *Xx_)"m % (f _. +g_. *X_)*(a_+C_. *x_"2)"p_.,x_Synbol ] : =
(d+exxX)™ (Mrl) » (Cxexf x (Mr2xp+2) —gxCxd* (2xp+1) +g*xCx€x (Mr2xP+1) %X ) * (A+C*X"2) p/
(Cxe"2% (M+2xp+1) * (M2%P+2)) +
2xp/ (C*€"2% (Me2%P+1) x (Mr2xp+2) ) *l Nt [ (d+e*X) *mk (@a+C*x"2)" (p-1) »
Si np [f *axC*xe”2% (Mr2xp+2) +a*Cxdxexg*xM- (C 2xf xdxe* (Mr2%p+2) —-g* (C*2%d" 2% (2%p+1) +a*Cxe" 2% (Me2%p+1)) ) *X, X1, X] /;
FreeQ[{a,c,d, e, f, g, m, x] && NeQ[cxd"*2+axe”2,0] &&
G Q[p, 0] && (I ntegerQ[p] || Not [Rational Q[m]] || GeQ[m -1] && LtQ[m 0]) && Not [I Lt Q[m+2+p, 0]] &&
(IntegerQ[m] || IntegerQ[p] || IntegersQ[2+m 2+p])

21



Rules for integrands of the form (d+e x)~"m (f+g x) (a+b x+c x"2)"p 22

14. J(d+ex)m(f +0X) (a+bx+cx2)pd1x whenb?-4ac#0 Acd?-bde+ae2#0 Ap<-1
1. J(d+ex)m(f +0X) (a+bx+cx2)po‘|1x whenb?-4ac#0 Acd?-bde+ae2#0 Ap<-1 Am>1
1: j(d+ex)m(f +0X) (a+bx+cx2)pd1x whenb?-4ac#0 Acd?-bde+ae?#0 Ap<-1 A mez*
Derivation: Algebraic expansion

Rule1.2.1.3.14.1.1:1f b2-4ac#0 Acd?-bde+ae?#0 A p<-1 A mez* then

J(d+ex)m(f +gx) (a+bx+cx?)?ax —

j(a+bx+cx2)pExpandl ntegrand[(d+ex)™(f +gx), x]dx

Program code:

Int[(d_+e_.*x_)"m % (f_+g_.*x_)=*x(a_. +b_. *X_+C_. *x_"2)"p_, x_Synbol ] : =
I nt [ (a+bxx+c*x"2) pxExpandl nt egr and[ (d+e*x)m« (f +g*x), X1, X] /;
FreeQ[{a, b,c,d, e, f,g}, x] & & NeQ[b"2-4xaxc, 0] && NeQ[cxd"2-bxdxe+axe”2,0] && ILtQ[p, -1] && I G Q[m 0] && Rati onal Q[a, b,c,d, e, f, g]

Int[(d_+e_.*x_)"m x(f_+g_. *X_)*(a_+C_. xx_"2)"p_,x_Synbol ] : =
I nt [ (a+c*x"2)pxExpandl nt egr and[ (d+exx) m« (f +g*x), X], X1 /;
FreeQ[{a,c,d, e, f, g}, Xx] & & NeQ[cxd"2+axe”2,0] && |ILtQ[p, -1] && | G Q[m 0] && Rational Q[a, c, d, e, f, g]

2: J(d+ex)m(f +0X) (a+bx+cx2)pd1x whenb?-4ac#0 Acd?-bde+ae?#0 Ap<-1 Am>1

Derivation: ???
Note: Although powerful, thisruleresultsin more complicated coefficientsunlessb == 0 A d == 0 or the parametersareall numeric.
Rule1.2.1.3.14.12:1f b2-4ac+#0 Acd?-bde+ae?#0 A p<-1 A m>1,then

-J-(d+ex)m(f +gx) (a+bx+cx?)?ax —

-(d+ex)™ (a+bx+cx2)"“l (2ac (ef +dg) -b (cdf +aeg) - (2c?df +b’eg-c (bef +bdg+2aeqg))x))/(c (p+1) (b*-4ac)) -
1

J-(d+ex)"*2 (a+bx+cx2)p’l-
c(p+1) (b?-4ac)

(2c2d?f (2p+3)+beg (ae (m-1) +bd (p+2)) -c (2ae (ef (m-1) +dgm +bd (dg (2p+3) -ef (M-2p-4))) +



Rules for integrands of the form (d+e x)~"m (f+g x) (a+b x+c x"2)"p
e (b’eg (m+p+1) +2c?df (M+2p+2) -c (2aegm+b (ef +dg) (M+2p+2))) x) dx
Program code:

Int[(d_.+e_.*x_ ) "m »(f_.+g_.*x_)*x(a_. +b_. *X_+C_. *x_"2)"p_.,x_Synbol ] : =
- (d+exX)N (M-1) » (a+b*X+C*X"2)" (p+1) » (2*a*Cx (exf +dxg) -bx (Cxd*»f +axexg) - (2xC2xd*f +b"2xexg-C* (bxexf +bxdxg+2xaxe*Qg) ) xX) /
(Cx (p+1l) x (b"2-4xaxc)) -
1/ (Cx (p+1) *» (b"2-4%axc)) =l nt [ (d+e*X)" (M-2) * (A+b*xX+C*X"2)" (p+1) *
Si Np[2%C"2%d"2xf % (2%p+3) +bxexg* (axe* (M-1) +bxd* (pP+2) ) -C* (2%xa*e* (exf x (M-1) +d*xg*m) +b*xd* (d*g* (2xp+3) -exf * (M-2xp-4))) +
ex (b"2xexg* (Mep+1) +2*xC 2xd*f % (Mr2%xp+2) -C* (2*xa*x€xgxMrbx (exf +dxQ) * (Mk2xp+2) ) ) *X, X1, X] /;
FreeQ[{a, b,c,d, e, f, g}, x] & NeQ[b"2-4xaxc, 0] && NeQ[cxd"2-bxdxe+axe”2, 0] && LtQ[p, -1] && G Q[m 1] &&
(EqQQ[m 2] && EqQ[p, -3]1 && Rational Qa, b,c,d,e,f,g] || Not [l Lt Q[m+2xp+3,0]11)

Int [(d_.+e_.*x_)"m »(f_.+g_. *X_)*(a_+C_. »x_"2)"p_.,x_Synbol] : =
(d+exx)™ (M-1) x (a+C*x"2) " (p+1) * (a* (exf +dxQ) - (C*xd*f —axexqg) *X) / (2*a*Cx (p+1)) -
1/ (2%xaxC* (p+1)) Il nt [ (d+e*xX)" (M-2) * (a+C*X"2)" (p+1) *
Simp[axex (exf * (M-1) +d*gxm) -C*d*2xf » (2xp+3) +€* (Aa*xexgxM-Cxd»f * (M2xp+2) ) X, X], X] /;
FreeQ[{a,c,d, e, f, g}, x] && NeQ[cxd*2+axe”2, 0] && Lt Q[p, -1] && G Q[m 1] &&
(EqQ[d, 01 || EqQIm 2] && EqQIp, -3] && Rational Qa,c,d, e, f,g]l || Not [I Lt Q[m+2xp+3,0]1)
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Rules for integrands of the form (d+e x)~"m (f+g x) (a+b x+c x"2)"p 24

2: J(d+ex)m(f +0X) (a+bx+cx2)pd1x whenb?2-4ac#0 Acd?-bde+ae2#0 Ap<-1 Am>0

Derivation: Quadratic recurrence 2a

Rule1.2.1.3.14.2:1f b?-4ac#0 Acd?-bde+ae?#0 A p<-1 A m>0,then
J(d+ex)m(f +gx) (a+bx+cx?)Pax —

(d+e><)’“(a+bx+cx2)p+1 (fb-2ag+(2cf -bg) x)

+

(p+1) (b?-4ac)
1

J‘(d+ex)“1 (a+bx+cx2)'°+l-
(p+1) (b?2-4ac)

(g (2aem+bd 2p+3)) -f (hbem+2cd (2p+3)) -e (2cf -bg) (m+2p+3) x) dx
Program code:

Int [(d_. +e_. *X_)"m % (f _. +g_. *X_)* (a_. +b_. *x_+C_. *x_"2)"p_, x_Synbol ] : =
(d+exX)"mk (a+bxX+C*x"2) " (p+1) * (f xb-2xaxg+ (2xCxf -b*xg) *x) / ((p+1) * (b"2-4xaxC)) +
1/ ((p+1l) % (b"2-4xaxc)) | nt [ (d+exx)" (M-1) * (a+b*Xx+C*x"2)" (p+1) *
Simp[g* (2%axexMtbxdx (2xp+3) ) -f x (bxexm2xCxdx (2xp+3) ) —ex (2xCxf -bxQg) * (M-2xp+3) *X, X], X1 /;
FreeQ[{a, b,c,d, e, f, g}, x] & & NeQ[b"2-4xaxc, 0] & & NeQ[cxd"2-bxdxe+axe”2,0] && LtQ[p, -1] && G Q[m 0] &&
(IntegerQ[m] || IntegerQ[pl || IntegersQ[2xm 2xp])

Int [(d_.+e_. *X_)"m »(f _. +g_. *X_)* (a_+C_. *x_"2)"p_, x_Synbol ] : =

(d+exX)"mk (a+C*X"2) " (p+1) * (a*xg-C*f xX) / (2%xa*C* (p+1)) -

1/ (2%xaxC* (p+1)) *l nt [ (d+exx)" (M-1) % (a+C*X"2)" (p+1) *Si np[axe*xg*M-C*xd»f » (2xp+3) —Cxexf x» (M:2xp+3) *X, X1, X] /;
FreeQ[{a,c,d, e, f, g}, x] && NeQ[cxd*2+axe”2, 0] && Lt Q[p, -1] && G Q[m 0] &&

(IntegerQ[m] || IntegerQ[p]l || IntegersQ[2+m 2xp])

3: J(d+ex)m(f +0X) (a+bx+cx2)pd1x whenb?-4ac#0 Acd?-bde+ae?#0 Ap<-1

Derivation: Quadratic recurrence 2b
Rule1.2.1.3.143:1f b2-4ac#0 Acd?-bde+ae?#0 A p<-1,then
j(d+ex)m(f +gx) (a+bx+cx?)?dx —

((d+ex)™! (f (bcd-b’e+2ace)-ag(2cd-be)+c (f (2cd-be)-g(bd-2ae)) x) (a+bx+cx2)p+l)/
((p+1) (b*-4ac) (cd®-bde+ae?)) +
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1

j(d+ex)m(a+bx+cx2)p+l-

(p+1) (b?-4ac) (cd’-bde+ae?)

(f (bcde (2p-m+2) +b”e?® (p+m+2) -2c?d®> (2p+3) -2ace” (m+2p+3)) -g (ae (be-2cdm+bem -bd (3cd-be+2cdp-bep)) +
ce(g(bd-2ae)-f (2cd-be)) (m+2p+4) x) dx

Program code:

Int[(d_.+e_.*x_ )"m »(f_.+g_.*x_)x(a_. +b_. *X_+C_. *x_"2)"p_, x_Synbol ] : =
(d+exx)™ (mel) » (f * (bxCcxd-br2xe+2xaxCxe) -axg* (2xCxd-bxe) +Cx (f » (2xCxd-bxe) -g* (bxd-2xaxe) ) *X) x (a+bxX+CxX"2)" (p+1) /
((p+1) * (b"2-4xaxc) x (Cxd*2-bxdxe+axe”2)) +
1/ ((p+1l) * (b"2-4xaxc) * (Cxd 2-bxdxe+axe”2)) xl nt [ (d+e*X) "Mk (a+b*xX+C*x"2)" (p+1) *
Si np[f * (bxCxdxex (2xp-M+2) +b 2% 2% (p+Mr2) -2%xC 2xd" 2% (2xp+3) -2 *xa*C*€" 2% (M2%xpP+3) ) -
gx (axex (bxe-2xCcxdxmrbxexm) -bxdx (3xCxd-bxe+2xCxdxp-bxexp)) +
cxex (g* (bxd-2xaxe) -f x (2xCxd-bxe)) » (M+2xp+4) *X, X1, X] /;
FreeQ[{a, b,c,d, e, f,g, m}, x] & NeQ[b"2-4xaxc, 0] &% NeQ[cxd"2-bxdxe+axe”2, 0] && Lt Q[p, -1] && (I ntegerQm] || IntegerQ[p]l || | ntege

Int [(d_.+e_. *X_)"m % (f _. +g_. *X_)* (a_+C_. *x_"2)"p_, x_Synbol ] : =
- (d+exx)" (mrl) » (f *xa*Cxe-a*xg*Cxd+C* (Cxd*f +axexg) *X) x (a+C*x"2) " (p+1) / (2%xaxC* (p+1) * (Cxd2+axe"2)) +
1/ (2xaxC* (p+1) * (Cxd"2+axe”2)) x|l nt [ (d+e*X) mk (a+C*x"2)" (p+1) *
Si mp[f % (C"2%d"2% (2xp+3) +a*Cxe 2% (Mr2xp+3) ) —a*CxdxexgxMi-Cxex (Cxd*f +axexg) » (Mr2xp+4) xx, X1, X] /;
FreeQ[{a,c,d, e, f, g}, x] & & NeQ[cxd 2+axe”2,0] && Lt Q[p, -1] && (I ntegerQ[m] || IntegerQ[p]l || | ntegersQ[2+m 2xp])



Rules for integrands of the form (d+e x)~"m (f+g x) (a+b x+c x"2)"p

dx whenb?2-4ac#0 Acd?-bde+ae?2#0 A m¢z

(d+ex)™d +gx)
lS.J

a+bx+cx?

dx whenb?2-4ac#0 Acd?2-bde+ae2#0 A meQ

L J~(d+ex)m(f +0X)

a+bx+cx?

dx whenb?-4ac#0 Acd?-bde+ae?2#0 A m¢z A m>0

d+ex)™d +gx)
1:J

a+bx+cx?

Derivation: Quadratic recurrence3awithp = -1

Rule1.2.1.3.15.1.1:1f b2-4ac#0 Acd?-bde+ae?#0 A m¢z A m>0,then

d+ex)™(f +gx) g(d+ex)™ 1 (d+ex)™! (cdf -aeg+ (gcd-beg+cef) x)
j dlx—>—+—f a

a+bx+cx? cm c a+bx+cx?

Program code:

I nt [(d_. +€_. *xX_)"m x(f_.+g_. *x_)/(a_. +b_. *X_+C_. *x_"2), x_Synbol ] =
gx (d+exx) m/ (Cxm) +
1/cxlnt [ (d+exx)” (M-1) *Si np[Cxd*f —axexg+ (gxCxd-bxexg+Cxexf ) xX, X]/ (a+b*X+C*x"2), X] /;
FreeQ[{a, b,c,d, e, f,g}, x] & NeQ[b"2-4xaxc, 0] && NeQ[cxd"2-bxdxe+axe”2,0] && Fracti onQ[m] & & G Q[m 0]

Int [(d_. +e_. »x_)"m *(f _. +g_. »x_) /(a_+c_. xx_"2), x_Synbol | : =

gx (d+exx) m/ (Cxm) +

1/c*lnt [ (d+exx)” (m-1) xSi np[Cxd*f —axexg+ (gxCxd+Cxexf ) xx, X]/ (a+C*xXx"2), x] /;
FreeQ[{a, c,d, e, f, g}, x] & & NeQ[cxd*2+axe”2,0] && FractionQ[m] && Gt Q[m 0]

X
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Rules for integrands of the form (d+e x)~"m (f+g x) (a+b x+c x"2)"p

dx whenb?2-4ac#0 Acd?-bde+ae?2#0 A m¢z A m<O

5 J~(d+ex)m(f + 0 X)
. a+bx+cx?

f+gx
1: dx whenb?-4ac#0 Acd?-bde+ae?2#0

. Vd+ex (a+bx+cx2)

Derivation: I ntegration by substitution

. f+g X _ ef-dg+gx?
Basis: vdsex (a+b xsc x2) == 2 Subst [cdz—bde+ae2—(20d—be) x2+c x4’ X, Vd+ex ] aXVd*’eX

Rule1.2.1.3.151.21L 1f b-4ac#0 A cd?-bde+ae?#0,then
f+gx ef —dg+gx?

Vd+ex (a+bx+cx2)

dx — 2 Subst [J

dx, X, \/d+ex]

cd?-bde+ae?- (2cd-be) x2+cx*
Program code:

Int [(f_. +g_. #x_)/(Sqrt [d_. +e_. #x_](a_. +b_. »x_+C_. #x_"2)), x_Synbol | : =
2xSubst [l nt [ (exf -dxg+g*x"2) / (cxd*2-bxdxe+axe2- (2xCxd-bxe) *xx*2+C*x"4), X], X, Sqrt [d+e*x]] /;
FreeQ[{a, b,c,d, e, f, g}, x] & & NeQ[b"2-4xaxc, 0] & & NeQ[c*d"2-bxdxe+axe”2, 0]

Int [(f_. +g_. #x_)/(Sqrt [d_. +e_. #x_]*(a_+C_. #x_"2)), x_Synbol | : =
2xSubst [l nt [ (exf -d*g+g*x"2) / (C*xd"2+axe"2-2xCxd*X"2+C*Xx"4), X], X, Sqrt [d+exx]] /;
FreeQ[{a,c,d, e, f, g}, x] & & NeQ[cxd*2+axe”2, 0]
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Rules for integrands of the form (d+e x)~"m (f+g x) (a+b x+c x"2)"p

dx whenb?2-4ac#0 Acd?-bde+ae?2#0 Am¢z A m<-1

d+ex)™d +gx)
2:f

a+bx+cx?
Derivation: Quadratic recurrence 3b

Rule1.2.1.3.15.1.2.2:If b°-4ac#0 Acd’°-bde+ae?#0 A m¢z A m<-1,then

X — +
a+bx+cx? (m+1) (cd?-bde+ae?) cd’-bde+ae?

J~(d+ex)m(f+gx)d1 (ef —dg) (d+ex)™! 1 J~(d+ex)m*l(cdf—fbe+aeg—c(ef—dg)x)d]
X

a+bx+cx?

Program code:

Int [(d_. +e_. #x_)"m # (f _. +g_. #x_)/(a_. +b_. #x_+C_. #x_"2),x_Synbol | : =

(exf -d*g) » (d+exx)" (m+1) / ((M+l) * (Cxd*2-bxdxe+axe”2)) +

1/ (cxd"2-bxdxe+axe”2) xl nt [ (d+exXx)”" (M+1) *Si Nnp[Cxd*f —-f xbxe+axexg-c* (exf -dxQ) *X, X1/ (a+bxx+C*x"2), X] /;
FreeQ[{a, b,c,d, e, f,g, m}, x] & NeQ[b"2-4xaxc, 0] &% NeQ[cxd"2-bxdxe+axe”2, 0] & & Fracti onQ[m] && Lt Q[m -1]

Int [(d_. +e_. »x_)"m #(f _. +g_. x_)/(a_+c_. xx_"2), x_Synbol | : =

(exf -d#Qg) » (d+exx) " (mel) / ((Mrl) » (Cxd"2+axe2)) +

1/ (cxd*2+axe”2) x|l nt [ (d+exXx)” (mrl) *Si np [Cxd*f +axexg-C* (exf -d*Q) *X, X]/ (a+C*x"2), X] /;
FreeQ[{a,c,d, e, f,g, m, x] & & NeQ[cxd*2+axe”2,0] && FractionQ[m] && LtQ[m -1]

d+ex)™d +gx)
Z:J- dx whenb?2-4ac #0 Acd?-bde+ae?2#0 A me¢Q
a+bx+cx?

Derivation: Algebraic expansion

Rule1.2.1.3.152:If b2-4ac#0 Acd?-bde+ae?2#0 A m¢ z, then
f +gx

j(d+ex)m(f +QX)

. . dx — j(d+ex)mapandlntegrand[
a+bX+CX

_ x]dlx
a+bx+cx?

Program code:

Int [(d_. +e_. #x_)"m #(f _. +g_. #x_)/(a_. +b_. #x_+C_. #x_"2), x_Synbol | : =
I nt [Expandl nt egr and[ (d+exx)"m (f +g*Xx) / (a+b*X+C*x"2), X1, X1 /;
FreeQ[{a, b,c,d, e, f, g}, x] & NeQ[b"2-4xaxc, 0] & & NeQ[cxd"2-bxdxe+axe”2, 0] && Not [Rati onal Q[m]]

I nt [(d_. +€_. xX_)"m % (f _. +g_. *x_)/(a_+c_. *X_"2), x_Synbol ] =
I nt [Expandl nt egr and[ (d+exx)"m (f +g*X) / (a+C*x"2), x], X1 /;
FreeQ[{a,c,d, e, f, g}, Xx] & & NeQ[cxd*2+axe”2, 0] && Not [Rati onal Q[m] ]
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Rules for integrands of the form (d+e x)~"m (f+g x) (a+b x+c x"2)"p

16: J(d+ex)m(f +0X) (a+bx+cx2)pd1x whenb2-4ac#0 Acd?-bde+ae2#0 Am>0 A m+2p+2#0

Derivation: Quadratic recurrence 3a

Note: The special caserulefor m= 1 and p = -1 eliminatesthe constant term gc—d from theresult.

Rule1.2.1.3.16:I1f b?-4ac#0 Acd?-bde+ae?#0 Am>0 A m+2p+2#0,then

J(d+ex)m(f +gx) (a+bx+cx?)Pax —

p+1

g (d+ex)™(a+bx+cx?) 1

+ J(d+ex)""1 (a+bx+cx?)’.
cC(M+2p+2) C (M+2p+2)

(m(cdf -aeqg) +d (2cf -bg) (p+1) + im(cef +cdg-beg)+e (p+1) (2cf -bg)) x) dx

Program code:

Int[(d_.+e_.xx_)"m »(f_.+g_.*Xx_)*x(a_.+b_. *x_+C_. *x_"2)"p_.,x_Synbol] : =
gx (d+exX)"mk (a+b*X+C*X"2) " (p+1) / (C* (Mr2%xp+2)) +
1/ (Cx (M2%xp+2) ) *l Nt [ (d+e*xx)” (M-1) % (A+b*xX+C*X"2)"p=*
Si np [Mke (C*d*f ~axexg) +d* (2xCxf -bxQg) * (p+1) + (Me (Cxexf +Cxdxg-bxexg) +ex (p+1) * (2xCxf -bxQ) ) *x, X1, X] /;
FreeQ[{a, b,c,d, e, f,g, p}, x] & NeQ[b"2-4xaxc, 0] && NeQ[cxd"2-bxdxe+axe”2,0] && G Q[m 0] && NeQ[m+2xp+2, 0] &&
(IntegerQ[m] || IntegerQ[p] || IntegersQ[2+m 2xp]) && Not [| G Q[m 0] && EqQI[f, 011

Int[(d_.+e_.*x_)"m »(f_.+g_. *X_)*(a_+C_. *x_"2)"p_.,x_Synbol] : =
gx (d+exX) "Mk (a+C*X"2) N (p+1) / (C* (M+2xp+2)) +
1/ (Cx (M2%p+2)) *l nt [ (d+e*xXx)” (M-1) % (A+C*X 2) " p*
Si np[C*d*f * (M+2%xp+2) —axexgxMrCx (€xf % (Mr2%xp+2) +d*g*m) *X, X], X1 /;
FreeQ[{a,c,d, e, f, g, p}, x] && NeQ[c*d"2+axe”2,0] & G Q[m 0] && NeQ[m+2xp+2, 0] &&
(IntegerQ[m] || IntegerQ[p] || IntegersQ[2«m 2xp]) && Not [| G Q[m 0] && EqQI[f, 011

17: I(d+ex)m(f +0X) (a+bx+cx2)pdlx whenb?-4ac#0 Acd?-bde+ae?#0 A m< -1

Derivation: Quadratic recurrence 3b

Rule1.2.1.3.17:1f b2-4ac#0 Acd?2-bde+ae?2#0 A m<-1,then

JA(d+ex)m(f +0X) (a+bx+cx2)pd1x —
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Rules for integrands of the form (d+e x)~"m (f+g x) (a+b x+c x"2)"p 30

(ef -dg) (d+ex)™?! (a+bx+cx2)p+1

+

(m+1) (cd?-bde+ae?)
1

J-(d+ex)m*1 (a+bx+cx2)'D ((cdf -fbe+aeg) (me:l) +b(dg-ef) (p+1) -c (ef —dg) (m+2p+3) x) dx
(m+1) (cd?-bde+ae?)

Program code:

Int [(d_. +e_. *X_)"m % (f _. +g_. *X_)*(a_. +b_. *x_+C_. *Xx_"2)"p_., x_Synbol ] : =
(exf -d*g) » (d+exx) " (Mk1l) * (a+bxX+C*xx"2)" (p+1) / ((M+1l) » (C*xd"2-bxdxe+axe”2)) +
1/ ((mel) * (cxd”2-bxdxe+axe”2) ) xI nt [ (d+e*X)" (M+1) *x (A+bxX+C*X"2) " p*
Si mp[ (cxdxf -f xbxe+axexg) x (Mrl) +bx (dxg-exf ) x (p+1l) -C* (exf -d*g) * (M2xp+3) xX, X1, X] /;
FreeQ[{a, b,c,d, e, f, g, p}, x] & NeQ[b”"2-4xaxc, 0] && NeQ[cxd"2-bxdxe+axe”2,0] & & LtQ[m -1] && (I ntegerQ[m] || IntegerQ[p] || Intege

Int [(d_.+e_.*x_)"m »(f_.+g_. *X_)*(a_+C_. »x_"2)"p_.,x_Synbol] : =

(exf -d*Q) » (d+exx) " (Mkl) * (a+C*X"2) " (p+1) / ((Mkl) = (Cxd"2+axe"2)) +

1/ ((mel) » (cxd”2+a%xe”2)) %l nt [ (d+e*xx)” (M+l) x (A+C*X*2) p*Si NP [ (Cxd*f +axexg) * (Mrl) -C» (e*f -dxg) * (M+r2xp+3) *X, X1, X] /;
FreeQ[{a,c,d, e, f,g,p}, x] & & NeQ[cxd"2+axe”2,0] &% LtQ[m -1] && (IntegerQ[m] || IntegerQ[p] || IntegersQ2xm 2xp])

Int[(d_.+e_.*x_ )"m »(f_.+g_.*x_)*x(a_. +b_. *X_+C_. *x_"2)"p_.,Xx_Synbol ] : =
(exf -dxg) * (d+exX) ™ (Mkl) » (a+b*xX+C*xx"2) " (p+1) / ((M+1l) * (Cxd*2-bxdxe+axe2)) +
1/ ((mel) % (cxd*2-bxdxe+axe”2) ) x|l nt [ (d+exx)" (Mrl) x (a+bxX+CxX"2) p*
Si np[ (C*d*f -f xbxe+axexqg) * (Mrl) +bx (dxg-exf ) » (p+1l) -Cx (exf -dxg) * (M+2xp+3) *X, X1, X] /;
FreeQ[{a, b,c,d, e, f,g, mp}, x] & NeQ[b"2-4xaxc, 0] && NeQ[c*d"2-bxdxe+axe”2, 0] && | Lt Q[Si nplify[m2+p+3],0] && NeQ[m -1]

Int[(d_.+e_.*x_)"m »(f_.+g_. *X_)*x(a_+C_. *x_"2)"p_.,x_Synbol] : =

(exf -d*Q) » (d+exx) " (Mk1l) * (a+C*X"2) N (p+1) / ((M+l) * (Cxd 2+axe”2)) +

1/ ((mel) % (cxd™2+axe”2) ) x|l nt [ (d+e*xX)" (Mrl) x (a+C*X"2)*pxSi NP [ (Cxdx»f +axexg) * (M+1) -Cx (exf -d*g) » (M+2xp+3) %X, X1, X] /;
FreeQ[{a,c,d, e, f,g, mp}, x] & NeQ[cxd*2+axe”2, 0] && | Lt Q[Sinplify[m2xp+3],0] && NeQ[m -1]

f +gx
18:J 9 dx when4c (a-d)-(b-e)2=0 Afe(b-e)-2g(bd-ae)=0Abd-ae#0

(d+ex) Va+bx +cx2

Derivation: Integration by substitution

Basis If 4c (a-d) - (b-e)2=0 Afe(b-e)-2g (bd-ae) ==0,then
f+gx __ 4f (a-d) Subst [ 1 X 2 (a-d) +(b-e) x 5 2 (a-d) + (b-e) x
(d+e x) Va+b x+c x2 bd-ae 4 (a-d)-x?"' " Vas+b x+c x2 X Va+b x+c x2

Rule1.2.1.3.18:If 4c (a-d) - (b-e)2=0 Afe (b-e)-2g (bd-ae) =0 A bd-ae #0,then




Rules for integrands of the form (d+e x)~"m (f+g x) (a+b x+c x"2)"p

f+gx 4f (a-d) 1 2 (a-d) + (b-e)x
J dx — ———— Subst [J—z dx, X,
(d+ex) Va+bx+cx? bd-ae 4 (a-d)-x Va+bx+cx?

Program code:

I nt [(f _+0_. *X_)/( (d_. +e_. »x_)*Sqrt [a_. +b_. *x_+C_. *x_"2]), x_Synbol ] =
4xf x (a-d) / (bxd-axe) xSubst [I nt [1/ (4% (a-d) -x"2), X1, X, (2% (a-d) + (b-€) xx) /Sqrt [a+bxx+C*x"2]] /;
FreeQ[{a, b,c,d, e, f, g}, x] & EqQ[4x*Cx* (a-d) - (b-e)"2, 0] && EqQ[ex*f » (b-e)-2xg* (bxd-axe), 0] && NeQ[bxd-axe, 0]

f+gx
19.J dx whenb2-4ac #0
Vvex Va+bx+cx?
f+gx
l:f dx whenb?2-4ac #0
Vx Ya+bx+cx?

Derivation: I ntegration by substitution
Basis: XMF[X] == 2 Subst [xzm*l F[x?], x, Vx ] 3y V x

Rule1.213.19.1: If b2-4ac # 0, then

f+gx f +gx?
J dx — 2 Subst [j— dx, x, Vx ]
Vx VYa+bx+cx? Va+bx%+c x4

Program code:

Int [(f_+g_. +x_)/(Sart [x_]1+Sqrt [a_+b_. xx_+C_. #x_"2]),x_Synbol | : =
2xSubst [I nt [ (f +g*x"2) /Sqrt [a+b*x"2+Cc*x"4], X1, X, Sqrt [X]] /;
FreeQ[{a, b,c,f, g}, x] & & NeQ[b"2-4xaxc, 0]

Int [(f_+g_. #x_)/(Sart [x_]+Sqrt [a_+C_. xx_"2]), x_Synbol | : =
2xSubst [I nt [ (f +g*x"2) /Sqrt [a+C*x"4], X1, X, Sqrt [X]] /;
FreeQl{a, c, f, g}, x]
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Rules for integrands of the form (d+e x)~"m (f+g x) (a+b x+c x"2)"p

f+gx
Z:J dx whenb?2-4ac #0
Vvex Va+bx+cx?
Derivation: Piecewise constant extraction
Basis: 4 Vx =0
ex

Rule1.213.19.2: If b2-4ac # 0, then
f+gx Vx

X —

a J
Vex Va+bx+cx? Vex Y ax Ya+bx+cx?

f +gx

dx

I nt [(f_+g_. *x_)/(Sqrt [e_=*x_]1=*Sqrt [a_+b_. *x_+C_. *x_"2]), x_Synbol ] =
Sqrt [x]/Sqrt [exx]xlnt [ (f +g*Xx)/(Sqrt [x]*Sqrt [a+b*x+C*x"2]), X] /;
FreeQ[{a, b,c, e, f, g}, X] & & NeQ[b"2-4xaxc, 0]

Int [(f_+g_. +x_)/(Sart [e_sx_1+Sqrt [a_+c_. xx_"2]),x_Synbol | : =
Sqrt [x]/Sqrt [exx]1=l nt [ (f+g*X)/(Sqrt [x]1*Sqrt [a+C*Xx"2]), X] /;
FreeQ[{a, c, e, f, g}, x]

20: j(d+ex)m(f +0X) (a+bx+cx2)pd1x whenb?2-4ac#0 Acd?-bde+ae?#0

Derivation: Algebraic expansion

g (d+e x) + ef-dg
e e

Basis: f +Qg X ==
Rule1.2.1.3.20:If b2-4ac #0 A cd?-bde+ae?#0,then

J(d+ex)m(f +gx) (a+bx+cx?)’dx —
ef -

dg
—I(d+ex)m(a+bx+cx2)pdlx

g‘f(d+ex)m+1 (a+bx+cx2)pdlx+
e e

Program code:

Int [(d_.+e_.*x_)"m »(f_. +g_. *X_)*(a_. +b_. *x_+C_. #*x_"2)"p_.,x_Synbol ] : =
g/exlnt [ (d+exx)" (Mmkl) * (a+bxX+Cxx"2)"p, X] + (exf -dxg) /exl nt [ (d+exX) mk (a+bxx+C*X"2)"p, X] /;
FreeQ[{a, b,c,d, e, f,g, mp}, x] && NeQ[b"2-4xaxc, 0] & & NeQ[cxd*2-bxdxe+axe”2,0] && Not [| G Q[m 0]]
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Rules for integrands of the form (d+e x)~"m (f+g x) (a+b x+c x"2)"p

Int [(d_.+e_.*x_)"m »(f_. +g_. *X_)*(a_+C_. *x_"2)"p_.,x_Synbol ] : =
g/exlnt [ (d+exx)” (mkl) % (a+C*X"2)"p, X] + (ex*f-dxg)/exlnt [ (d+exX)” mk (a+C*x"2)"p, X] /;
FreeQ[{a,c,d,e,f,g, mp}, Xx] & & NeQ[cxd*2+axe”2,0] && Not [| G Q[m 0]]
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