Rules for integrands of the form (dx)" (ax%+bx" + ¢ x*"9)P

1: Jx'" (ax“+bx"+cx“)pdlx

Rule:

J.x'“ (ax"+bx"+cx")Pdx — fx’" ((@a+b+c)x")Pdx

Program code:

Int[x_"m_.*(a_.*Xx_"q_.+b_.*X_"n_.+c_.*x_"r_.)"p_.,x_Symbol] :=
Int [x*m* ( (a+b+c) *x*n)*p,x] /;
FreeQ[{a,b,c,m,n,p},x] && EqQ[q,n] && EqQ[r,n]

2: J-x'" (ax3+bx"+cx*"9)Pdx whenpez

Rule: If p € Z, then

Jx'" (axq+bx"+cx2"‘q)pdlx — jx'""pq (a+bx"‘q +cx? ("‘q))pdlx

Program code:

Int[x_"m_.*(a_.*x_"~q_.+b_.*x_"n_.+c_.*x_"r_.)"p_.,x_Symbol] :=
Int[x" (m+p*q) * (Q+b*X” (n-q) +C*X”* (2% (n-q) ) ) *p,X] /;
FreeQ[{a,b,c,m,n,q},x] && EqQ[r,2x*n-q] && IntegerQ[p] && PosQ[n-q]



Rules for integrands of the form (d x)"m (a x~g+b x~n+c x~(2 n-q))"\p

Xm
3.J dx whengq<n A b>-4ac#0
Vax?+bx"+cx2d

Xm
1:J dlxwhenq<nAb2-4ac¢e/\m==§~-1
Vaxd+bx"+cx2na

Derivation: Integration by substitution

. m m+1 n-
Basis: If m == 2 - 1, then X == - 2 Subst| 21, x, XX=(2a:bxXP) | 3
2 n-q 4 a-x?

v a x9+b x"+c x2n-4 v axdsb x"+c x2-4

Rule:lif g<n A b?>-4ac#0 Am=2-1,then

x" 2 1 x™1 (2a+bx"9)
J dx — - Subst[J dx, X,

- 2
Vaxd+bx"+cx2d n-q 4a-x Vaxd+bx"+cx2d

Program code:

Int[x_"m_./Sqrt[a_.*x_"~q_.+b_.*x_"n_.+c_.*x_"r_.],x_Symbol] :=
-2/ (n-q) *Subst [Int[1/ (4*a-Xx"2) ,X] ,X, X" (M+1) » (2%a+bxx” (n-q) ) /Sqrt [a*x*q+b*x*n+cxx”r]] /;
FreeQ[{a,b,c,m,n,q,r},x] & EqQ[r,2xn-q] && PosQ[n-q] && NeQ[b”2-4xaxc,0] && EqQ[m,q/2-1]

x™1 (2 a+b x"-9)

X
vJaxd+b x"+c x2n-a

]



Rules for integrands of the form (d x)"m (a x~g+b x~n+c x~(2 n-q))"\p

Xm
2: J dx wheng<n
Yaxd+bx"+cx2nd

Derivation: Piecewise constant extraction

e x9/2~/a+b x"9+c x2 (179
Basis: Oy -0
a x%+b x"+c x2"-d

Rule: If g < n, then

dx

—

J. X" X924 a 4+ b x"9 4+ ¢ x2 (-9 x"-9/2
dx j

YVaxd+bx"+cx2d Vaxd+bx"+cx2nd Va+bx"94cx? ™

Program code:

Int[x_"m_./Sqrt[a_.*x_"~q_.+b_.*x_"n_.+c_.*x_"r_.],x_Symbol] :=
X~ (q/2) *Sqrt[a+b*xx” (n-q) +c*x” (2% (n-q) ) ] /Sqrt [a*x*g+b*xX n+Cc*X” (2xn-q) ] *
Int[x” (m-q/2) /Sqrt[a+b*x”" (n-q) +c*x" (2% (n-q) ) ],x] /;
FreeQ[{a,b,c,m,n,q},x] && EqQ[r,2xn-q] && PosQ[n-q] && (EqQ[m,1] && EqQ[n,3] && EqQ[q,2] ||
(EqQ[m+1/2] || EqQ[m,3/2] || EqQ[m,1/2] || EqQ[m,5/2]) && EqQ[n,3] && EqQ[q,1])



Rules for integrands of the form (d x)"m (a x~g+b x~n+c x~(2 n-q))"\p

3 (n-1)

X 2
4: dx whenb?-4ac#0
(a x"‘1+bx"+cx"*1)3/2

Rule: If b2 -4 ac # 0, then

3 (n-1) n-1

X2 2x2 (b+2cx)
s dx — -
(ax"t+bx"+cx"?) (b*-4ac) Vax™i+bx"+cx"?

Program code:

Int[x_"m_./(a_.*Xx_"q_.+b_.*X_"~n_.+c_.*Xx_"r_.)"(3/2),x_Symbol] :=
-2%X" ((n-1) /2) * (b+2xcxX) / ((b*2-4xaxc) *Sqrt[a*xx” (n-1) +bxx*n+c*xx”(n+1)]1) /;
FreeQ[{a,b,c,n},x] && EqQ[m,3*(n-1) /2] && EqQ[q,n-1] && EqQ[r,n+1] && NeQ[b”"2-4xaxc,0]

3n-1

X2
5: dx whenb?-4ac#0
(a x"‘1+bx"+cx"*1)3/2

Rule: If b2 -4 ac # 0, then

3n-1

n-1
X2 X2z (4a+2bx)
By dx —
(ax™t+bx"+ cx™?) (b*-4ac) Vax™l+bx"+cx"?

Program code:

Int[x_"m_./(a_.*x_"q_.+b_.*X_"~n_.+c_.*x_"r_.)"~(3/2),x_Symbol] :=
XA ((n-1) /2) * (4*a+2xbxx) / ( (b*2-4xaxc) »Sqrt [a*x" (n-1) +b*x*n+c*x”(n+1)]) /;
FreeQ[{a,b,c,n},x] && EqQ[m, (3xn-1) /2] && EqQ[q,n-1] && EqQ[r,n+1] && NeQ[b”"2-4xaxc,0]



Rules for integrands of the form (d x)"m (a x~g+b x~n+c x~(2 n-q))"\p

6: Jx'“ (ax"*+bx"+cx™)Pdx whenq<n A p¢zZ Ab*-4ac#@ Anez*Am+p(n-1)-1=0

Derivation: Generalized trinomial recurrence 3awithA=0,B=1,g=n-landm+p (n-1) -1 =

Rule:lf g<n Ape¢zZ Ab2-4ac+@ AnezZ*Am+p (n-1) =1,then

- - 1
xmn(axn1+bxn+cxn+1)P+ b . . .
- — [ x™ (ax"‘ +bx"+cx"*)pdlx

2c (p+1) 2c

jx’" (a x"1+bx"+c x""l)p dx —

Program code:

Int[x_"m_.x(a_.*x_"~q_.+b_.*x_"n_.+c_.*x_"r_.)"p_,x_Symbol] :=
XA (M=n) % (a*X™ (N-1) +b*X~n+c*X* (n+1) )~ (p+1) / (2xC* (p+1)) -
b/ (2xc) *Int [x* (m-1) * (a*Xx” (n-1) +b*x*n+c*x”* (n+1) ) p,x] /;

FreeQ[{a,b,c},x] & EqQ[r,2xn-q] &% PosQ[n-q] && Not[IntegerQ[p]] && NeQ[b”2-4xaxc,0] &% IGtQ[n,0] &&
RationalQ[m,p,q] && EqQ[m+px (n-1)-1,0]



Rules for integrands of the form (d x)"m (a x~g+b x~n+c x~(2 n-q))"\p

7. jx'" (ax?+bx"+cx*"9)Pdx whenq<n A p¢zZ A b2 -4ac£@ Anez* Ap>0

1: Jx'" (axI+bx"+cx*"9)Pdx whenq<n A p¢zZ Ab>-4ac#@ ANeZ*Ap>0 Am+pq+l=n-q

Derivation: Generalized trinomial recurrence lb withA =0,B=1andm+pqg+1 =

Rule:lif g<n Ap¢zZ Ab>-4ac+@AnezZ*Ap>0 Am+pg+1-=n-q,then

J-x'“ (axq+bx"+cx2"‘q)pd1x —

XM-n+q+1 (b+ 2cx"‘q) (a x% + b x" + cx2"“‘)p p (b2 —4ac) )
- jx'“"q (axq+bx"+cx2"'q)p' dx
2c(n-q) (2p+1) 2c (2p+1)

Program code:

Int[x_"m_.x(a_.*x_"q_.+b_.*x_"~n_.+c_.*x_"r_.)"p_,x_Symbol] :=
XA (m-n+q+1) * (b+2xc*Xx”* (N-q) ) * (a*X*q+bxXx*n+cxXx” (2xn-q) ) *p/ (2*C* (N-q) * (2xp+1)) -
p* (b"2-4xaxc) / (2xC* (2xp+1) ) *Int [X” (M+q) * (a*xX*q+bxx*n+cxx” (2xn-q) )~ (p-1) ,x] /;

FreeQ[{a,b,c},x] & EqQ[r,2xn-q] &% PosQ[n-q] && Not[IntegerQ[p]] && NeQ[b”2-4xaxc,0] &% IGtQ[n,0] && GtQ[p,0] &&
RationalQ[m,q] && EqQ[m+p*q+1,n-q]

2: Jx"‘ (ax3+bx"+cx*"9)Pdx whenq<n A p¢zZ Ab?-4ac#@ ANeZ*Ap>8 AMmM+pq+l>n-qAm+p(2n-q) +1#@ Am+pq+ (n-q) (2p-1) +1#80

Derivation: Generalized trinomial recurrence 1lb withA = 9,B =1andm=m-n +q

Rule:lf g<n Ap¢Z Ab2-4ac+@AneZ*Ap>0 A , then
m+pq+l>n-gAm+p(2n-q)+1+0 Am+pqgq+ (h-q) (2p-1) +1+0
J.x'“(axq+bx"+cx2"‘q)pd1x—>

X" (b (n-q)p+c(Mm+pq+ (n-q) (2p-1) +1) x"9) (ax¥+bx"+cx*"9)P (n-q) p
.

c(m+p(2n-q) +1) (m+pqg+ (n-q) (2p-1) +1) c(m+p(2n-0q) +1) (M+pq+ (N-q) (2p-1) +1)




Rules for integrands of the form (d x)"m (a x~g+b x~n+c x~(2 n-q))"\p

Jx’“'(“'zq) (-ab(m+pq-n+q+1) + (2ac (m+pq+ (n-q) (2p-1) +1) -b> (m+pq+ (n-q) (p-1) +1)) x"9) (axq+bx"+cx2“'q)p'1d1x

Program code:

Int[x_"m_.*(a_.*Xx_"q_.+b_.*X_"~n_.+c_.*Xx_"r_.)"p_,x_Symbol] :=
X~ (m-n+g+1) x (b* (N-q) *p+C* (M+pxq+ (nN-q) * (2%p-1) +1) *x” (n-q) ) * (a*X q+b*X*n+C*xX" (2xn-q) ) *p/ (C* (M+p* (2xn-q) +1) * (M+p*q+ (N-q) * (2xp-1) +1)) +
(n-q) *p/ (C* (M+p* (2xn-q) +1) * (M+p*q+ (nN-q) * (2*p-1) +1) ) »
Int[x” (m- (n-2%q)) *
Simp[-axbx (m+pxq-n+q+1) + (2xa*C* (M+pxq+ (N-q) * (2%p-1) +1) -b"2x (Mm+p*q+ (N-q) * (p-1) +1) ) *x* (n-q) ,X] *
(axxAq+b*x n+cxx” (2xn-q) )~ (p-1) ,x]| /;
FreeQ[{a,b,c},x] & EqQ[r,2xn-q] &% PosQ[n-q] && Not[IntegerQ[p]] && NeQ[b”2-4xaxc,0] &% IGtQ[n,0] && GtQ[p,0] &&
RationalQ[m,q] && GtQ[m+p*q+1,n-q] && NeQ[m+px* (2xn-q)+1,0] && NeQ[m+pxq+ (n-q) *» (2xp-1) +1,0]

3: fx’" (ax3+bx"+cx*"9)Pdx whenq<n A p¢zZ A b’ -4ac#@ AnNeZ*Ap>8 Am+pq+l<-(n-q) Am+pq+1+0

Derivation: Generalized trinomial recurrence lawithA = 1andB = 0

Rule:lif g<n Ap¢Z Ab>-4ac+@Anez*Ap>0Am+pg+l=<-(n-q)+1 Am+pq+1%0,then

x™! (axd+bx"+cx?"9)P  (n_gq)p X
jx’" (axd+bx"+cx*" )P dx — - jxmm (b+2cx™9) (ax¥+bx"+cx*"9) P dx
m+pq+1 m+pq+1

Program code:

Int[x_"m_.*(a_.*x_"q_.+b_.*x_"n_.+c_.*x_"r_.)"p_,x_Symbol] :=
XA (m+1) * (axx*g+bx*x*n+c*x” (2xn-q) ) *p/ (m+p*q+1) -
(n-q) *p/ (m+p*q+1) *Int [X" (Mm+n) * (b+2xc*x" (N-q) ) * (a*x*g+bxXx*n+cxx” (2xn-q) ) * (p-1) ,x] /;

FreeQ[{a,b,c},x] & EqQ[r,2xn-q] &% PosQ[n-q] && Not[IntegerQ[p]] && NeQ[b”2-4xaxc,0] &% IGtQ[n,0] && GtQ[p,0] &&
RationalQ[m,q] && LeQ[m+pxq+1l,-(n-q)+1] && NeQ[m+pxq+1,0]



Rules for integrands of the form (d x)"m (a x~g+b x~n+c x~(2 n-q))"\p

4: Jx"‘ (ax3+bx"+cx*"9)Pdx whenq<n A p¢Z A b2 -4ac#@ AnezZ*Ap>8 Am+pq+1l>-(n-q) Am+p(2n-q) +1#0

Derivation: Generalized trinomial recurrence lawithA = 9,B =1andm =m-n
Derivation: Generalized trinomial recurrence 1b withA = 1andB = 0

Rule:if g<n Ap¢zZ Ab>-4ac+@Anez"Ap>0Am+pg+1l>-(n-qgq) Am+p (2n-q) +1 # 0,then

x™ (axd+bx"+cx2"9)P (n-q) p
+

Jx’" (ax%+bx" +cx2"‘q)"d1x — jxm+q (2a+bx™9) (ax?+bx" +cX2n—q)P-1 dx

m+p(2n-q) +1 m+p(2n-q) +1

Program code:

Int[x_"m_.*(a_.*X_"q_.+b_.*X_"n_.+C_.*Xx_"r_.)"p_,x_Symbol] :=
XA (m+1) * (a*x*gq+b*x*n+c*x” (2xn-q) ) *p/ (m+p* (2xn-q) +1) +
(n-q) *p/ (m+p* (2*¥n-q) +1) *Int [X" (Mm+q) * (2*a+b*Xx” (n-q) ) * (a*x*q+b*x*n+c*x”" (2xn-q) )~ (p-1) ,x] /;

FreeQ[{a,b,c},x] &% EqQ[r,2xn-q] && PosQ[n-q] && Not[IntegerQ[p]] && NeQ[b”2-4xaxc,0] && IGtQ[n,0] && GtQ[p,0] &&
RationalQ[m,q] && GtQ[m+pxq+1,-(n-q)] && NeQ[m+px (2xn-q) +1,0]



Rules for integrands of the form (d x)"m (a x~g+b x~n+c x~(2 n-q))"\p

8. jx'" (ax?+bx"+cx*"9)Pdx whenq<n A p¢zZ A b’ -4ac#@ Anez*Ap<-1

1: Jxm (axd+bx"+cx*"9)Pdx whenq<n A p¢Z Ab*-4ac#@ ANeZ ' Ap<-1AmM+pq+l=-(n-q) (2p+3)

Derivation: Generalized trinomial recurrence 2b withA = 1,B=0andm+pq+1=-(n-q) (2p + 3)
Rule:lf g<n Ape¢zZ Ab*>-4ac+@AneZ-Ap<-1Am+pq+1=-(n-q) (2p+3),then

J-x'“ (axq+bx"+cx2"‘q)pd1x —

-q+1 2 - 2n-q\ P+l
_x’“q (b2-2ac+bcx™9) (axd+bx"+cx2"9) . 2ac-b2 (p+2) J-Xm_q (axq+bx“+cx2"‘q)p+1d1x
a(n-q) (p+1) (b*-4ac) a(p+1) (b?-4ac)

Program code:

Int[x_"m_.x(a_.*x_"~q_.+b_.*x_"n_.+c_.*x_"r_.)"p_,x_Symbol] :=
-x" (m-q+1) * (b*2-2xaxc+bxcxx” (n-q) ) * (a*xx*q+bxx*n+c*x” (2xn-q) ) * (p+1) / (a* (n-q) * (p+1) * (b*2-4xaxc)) +
(2xaxc-b”2x (p+2)) / (a* (p+1) = (b~2-4xaxc) ) =
Int[x” (m-q) * (a*x*q+b*x*n+cxx” (2xn-q) ) ~ (p+1) ,x] /;
FreeQ[{a,b,c},x] && EqQ[r,2xn-q] &% PosQ[n-q] && Not[IntegerQ[p]] && NeQ[b”2-4xaxc,0] &% IGtQ[n,0] && LtQ[p,-1] &&
RationalQ[m,p,q] && EqQ[m+pxq+1l,-(n-q) * (2xp+3) ]

2: jx’" (axd+bx"+cx*"9)Pdx whenq<n A p¢Z Ab>-4ac#@ AnezZ*Ap<-1Am+pq+1>2(n-q)

Derivation: Generalized trinomial recurrence 2awithA = 9,B =1andm=m-n +q

Rule:if g<n Ap¢zZ Ab>-4ac+@Anez"Ap<-1Am+pg+1>2(n-q),then

Jx“‘ (axq+bx"+cx2"‘q)pd1x —

x"20+a+1 (2 a4 bx"9) (axd+bx"+cx? "‘q)p+1
- +

(n-q) (p+1) (b*-4ac)




Rules for integrands of the form (d x)"m (a x~g+b x~n+c x~(2 n-q))"\p

1

= ] jx’"‘zmq (2a(m+pg-2(n-q)+1) +b (m+pq+ (n-q) (2p+1) +1) x"9) (axq+bx"+cx2"'q)p+1d]x
(n-q) (p+1) (b°-4ac

Program code:

Int[x_"m_.*(a_.*X_"q_.+b_.*X_"n_.+C_.*Xx_"r_.)"p_,x_Symbol] :=
-X" (M-2xn+q+1) * (2xa+b*X” (n-q) ) * (a*x*q+b*x*n+c*X" (2xn-q) ) * (p+1) / ((n-q) * (p+1) » (b"2-4xaxc)) +
1/ ((n-q) * (p+1) * (b*2-4xaxc) ) *
Int[x" (M-2%n+q) * (2*a* (M+p*q-2% (N-q) +1) +b* (m+p*q+ (n-q) * (2%p+1) +1) *x* (n-q) ) * (a*x*q+b*x*n+c*x” (2xn-q) ) ~ (p+1) ,x] /;
FreeQ[{a,b,c},x] &% EqQ[r,2xn-q] && PosQ[n-q] && Not[IntegerQ[p]] && NeQ[b”2-4xaxc,0] && IGtQ[n,0] && LtQ[p,-1] &&
RationalQ[m,q] && GtQ[m+pxq+1,2x(n-q)]

3: Jxm (axd+bx"+cx*"9)Pdx whenq<n A p¢zZ Ab>-4ac#@ AnNezZ'Ap<-1Am+pq+l<n-q

Derivation: Generalized trinomial recurrence 2b with A = 1 andB = @

Rule:if g<n Ap¢zZ Ab>-4ac+@AnezZ*Ap<-1Am+pg+1<n-q,then

jx'“ (axq+bx"+cx2"‘q)pd1x —

X"+ (b2 - 2ac+bcx") (axq+bx“+cx2“'q)"*1 1

. .
a(n-a) (p+1) (b*-4ac) a(n-q) (p+1) (b*-4ac)

p+1

J&Wq(w(m+Pq+(n-Q)(P+1)+1)—23C(m+Pq+2(n—q)(p+1)+1)+bC(m+pq+(n-q)(2p+3)+1)xmﬂ @xq+bx"+cx“ﬂ) dx

Program code:

Int[x_"m_.*(a_.*X_"q_.+b_.*X_"n_.+cCc_.*Xx_"r_.)"p_,x_Symbol] :=
-X~(m-q+1) * (b*2-2xaxc+bxc*xx” (n-q) ) * (a*x*q+b*xx*n+cx*Xx”* (2xn-q) ) * (p+1) / (a* (n-q) * (p+1) = (b*2-4xaxc)) +
1/ (a* (n-q) = (p+1) » (b"2-4%a*c) ) *
Int[x” (m-q) *
(b~2% (m+p*xq+ (N-q) * (p+1) +1) —2*xa*Cx (M+p*q+2* (N-q) * (p+1) +1) +bxc*x (m+p*q+ (N-q) * (2xp+3) +1) *x* (n-q) ) *
(a*x*q+bxx*n+c*xx” (2xn-q) ) * (p+1) ,x] /;
FreeQ[{a,b,c},x] &% EqQ[r,2xn-q] && PosQ[n-q] && Not[IntegerQ[p]] && NeQ[b”2-4xaxc,0] &% IGtQ[n,0] && LtQ[p,-1] &&
RationalQ[m,q] && LtQ[m+p*q+1,n-q]



Rules for integrands of the form (d x)"m (a x~g+b x~n+c x~(2 n-q))"\p 11

4: Jx"‘ (ax+bx"+cx*"9)Pdx whenq<n A p¢zZ A b’ -4ac#@ AnezZ*Ap<-1An-q<m+pq+1<2(n-q)

Derivation: Generalized trinomial recurrence 2a withA = 1andB = 0
Derivation: Generalized trinomial recurrence 2b withA = 9,B = 1andm =m - n

Rule:if g<n Ap¢zZ Ab>-4ac+@Anez"Ap<-1An-g<m+pg+1<2(n-q),then

Jx“‘ (axq+bx"+cx2"'q)pd1x —
X" (b+2cx"9) (a x°'+bx"+cx2“‘q)erl

(n-q) (p+1) (b*-4ac)

1

= ) Jx'“‘" (b (m+pg-n+q+1) +2c(m+pq+2(n-q) (p+1) +1) x"9) (axq+bx"+cx2"‘q)p*1dlx
(n-q) (p+1) (b°-4ac

Program code:

Int[x_"m_.*(a_.*x_"q_.+b_.*x_"n_.+c_.*x_"r_.)"p_,x_Symbol] :=
XA (m-n+1) * (b+2xc*x” (n-q) ) * (a*x*q+b*x*n+c*x”* (2xn-q) ) * (p+1) / ((n-q) * (p+1) * (b*2-4xaxc)) -
1/ ((n-q) * (p+1) * (b*2-4xaxc) ) *
Int[x” (m-n) % (b* (M+p*q-n+q+1) +2*Cx (M+p*q+2% (N-q) * (p+1) +1) *Xx* (n-q) ) * (a*x*q+b*x*n+c*x”* (2xn-q) )~ (p+1) ,x] /;
FreeQ[{a,b,c},x] &% EqQ[r,2xn-q] && PosQ[n-q] && Not[IntegerQ[p]] && NeQ[b”2-4xaxc,0] &% IGtQ[n,0] && LtQ[p,-1] &&
RationalQ[m,q] && LtQ[n-q,m+pxq+1,2* (n-q) ]

9. jx'" (axd+bx"+cx*"9)Pdx whenq<n A p¢zZ Ab>-4ac#@ Anez*A -1<p<@

1: fx’" (axd+bx"+cx*"9)Pdx whenq<n A p¢Z Ab>-4ac#@ AnezZ*A -1<p<@ Am+pq+1=2(n-q)

Derivation: Generalized trinomial recurrence 3awithA =9,B=1andm= (-pq+2 (n-q) -1) -n+q

Rule:lf g<n ApezZ Ab>-4ac+@AnezZ*A-1l<p<@Am+pqg+1=2(n-q),then



Rules for integrands of the form (d x)"m (a x~g+b x~n+c x~(2 n-q))"\p

m n 2n p Xm_zqu (an +bx"+ CXZH-Q)p”' b m-n n 2n p
Jx (axq+bx +CX ‘q) dx — - — | x™-n+a (axq+bx +CX ‘q) dx
2c(n-q) (p+1) 2c

Program code:

Int[x_"m_.*(a_.*X_"q_.+b_.*X_"n_.+c_.*Xx_"r_.)"p_,x_Symbol] :=
X~ (M-2%n+q+1) * (a*x*q+b*xX n+Cc*xX” (2xn-q) ) * (p+1) / (2*xCx (n-q) * (p+1)) -
b/ (2xc) *Int [X* (m-n+q) * (a*X*q+bxx n+c*xXx” (2xn-q) ) *p,x] /;

FreeQ[{a,b,c},x] &% EqQ[r,2xn-q] &&% PosQ[n-q] && Not[IntegerQ[p]] && NeQ[b”2-4xaxc,0] &% IGtQ[n,0] &&% GeQ[p,-1] && LtQ[p,0] &&
RationalQ[m,q] && EqQ[m+pxq+1,2x(n-q) ]

2: Jx"‘ (axd+bx"+cx*")Pdx whenq<n A p¢Z A b*-4ac#@ ANezZ*A -1<p<@ AmM+pq+1l=-2(n-q) (p+1)

Derivation: Generalized trinomial recurrence 3b withA = 1,B=0@andm+pqg+1==-2 (n-q) (p+1)
 Rule:If
q<nNnApe¢Z Ab>-4ac+@ Am+pgq+1+0ANeZ*A-1<p<@Am+pg+1=-2(n-q) (p+1),then
X" (axd+bx"+cx?") Ly
Jxm (axT+bx"+cx?"9)Pdx — - - — [ x™"9 (ax¥+bx"+ cx2"9)Pdx
2a(n-q) (p+1) 2a

Program code:

Int[x_"m_.*(a_.*X_"q_.+b_.*X_"n_.+cC_.*Xx_"r_.)"p_,x_Symbol] :=
-X" (m-q+1) * (a*x*q+b*x*n+c*x” (2xn-q) ) * (p+1) / (2*xa* (n-q) * (p+1)) -
b/ (2%a) *Int [X* (m+n-q) * (a*X*q+b*X*n+c*x”* (2xn-q) ) *p,Xx] /;

FreeQ[{a,b,c},x] &% EqQ[r,2xn-q] && PosQ[n-q] && Not[IntegerQ[p]] && NeQ[b”2-4xaxc,0] &&% IGtQ[n,0] && GeQ[p,-1] && LtQ[p,0] &&
RationalQ[m,q] && EqQ[m+pxq+1,-2x% (n-q) % (p+1) ]



Rules for integrands of the form (d x)"m (a x~g+b x~n+c x~(2 n-q))"\p

3: Jx"‘ (ax3+bx"+cx*"9)Pdx whenq<n A p¢zZ A b’ -4ac#@ AnezZ'A -1<p<@ Am+pq+1>2 (n-q)

Derivation: Generalized trinomial recurrence 3awithA =9,B=1andm=m-n + g
Note:If -1 <p<@andm+pq+1>2 (n-q),thenm+pg+2(n-q) p+1+80.

Rule:lif g<n Ap¢Z Ab>-4ac+@AnezZ A -1<p<@Am+pq+1>2(n-q),then

Jx“‘ (axq+bx"+cx2"'q)pd1x —

XM-2n+q+1 (a x9 + b x" + ¢ x2 n—q) p+1

c(m+pq+2(n-q)p+1)
1

jx’"‘“"“” (am+pg-2(n-q)+1) +bm+pq+ (n-q) (p-1) +1) x"9) (ax?+bx"+cx*"9)Pdx
c(m+pgq+2(n-q)p+1)

Program code:

Int[x_"m_.x(a_.*x_"~q_.+b_.*x_"n_.+c_.*x_"r_.)"p_,x_Symbol] :=
XA (M-2%n+q+1) * (a*x*q+b*x*n+c*x” (2xn-q) ) * (p+1) / (C* (Mm+p*q+2* (n-q) *p+1)) -
1/ (c* (m+p*q+2% (N-q) *p+1) ) »
Int [X* (M-2% (n-q) ) * (a* (M+p*q-2% (n-q) +1) +b* (m+p*q+ (n-q) * (p-1) +1) *x” (n-q) ) * (a*x*q+b*x*n+c*x”* (2*xn-q) ) *p,x] /;
FreeQ[{a,b,c},x] && EqQ[r,2xn-q] &% PosQ[n-q] && Not[IntegerQ[p]] && NeQ[b”2-4xaxc,0] &% IGtQ[n,0] && GeQ[p,-1] && LtQ[p,0] &&
RationalQ[m,q] && GtQ[m+pxq+1,2% (n-q) ]

4: fx’" (axI+bx"+cx*"9)Pdx whenq<n A p¢Z Ab>-4ac#@ Anez*A -1<p<@ Am+pq+1<0

Derivation: Generalized trinomial recurrence 3b withA = 1andB = @

Rule:lf g<n ApezZ Ab’>-4ac+@ AneZ*A-1<p<@Am+pqg+1<0,then

Jx“‘ (axq+bx"+cx2"'q)pd1x —

- - 1
X" (axd+bx"+cx®" q)"+

a(m+pq+1)
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Rules for integrands of the form (d x)"m (a x~g+b x~n+c x~(2 n-q))"\p

1
—jx"‘""‘q (b(m+pq+ (n-q) (p+1) +1) +c(Mm+pq+2(n-q) (p+1) +1) x"9) (axq+bx"+cx2"‘q)pdlx
a(m+pq+1)

Program code:

Int[x_"m_.x(a_.*x_"~q_.+b_.*x_"n_.+c_.*x_"r_.)"p_,x_Symbol] :=
X~ (m-q+1) * (a*xx*q+b*x*n+c*Xx” (2xn-q) )~ (p+1) / (a* (m+pxq+1)) -
1/ (a* (m+p*q+1) ) *
Int [x* (m+n-q) * (b* (m+p*q+ (N-q) * (p+1) +1) +C* (M+p*q+2* (N-q) * (p+1) +1) *x” (n-q) ) * (a*X*q+b*x*n+c*x”" (2xn-q) ) *p,Xx] /;
FreeQ[{a,b,c},x] && EqQ[r,2xn-q] &% PosQ[n-q] && Not[IntegerQ[p]] && NeQ[b”2-4xaxc,0] &% IGtQ[n,0] && GeQ[p,-1] & LtQ[p,0] &&
RationalQ[m,q] && LtQ[m+pxq+1,0]

10: J.x’“ (ax?+bx"+cx*"9)Pdx whenp ¢z

Derivation: Piecewise constant extraction

. axd+b x"+c x2n-a)P
Basis: Oy ( ) —
XPA (a+b x"9+c x? (1-9) )

Rule: If p ¢ Z, then

(axq +bx" +cx2"‘q)p

Jx“‘ (ax? +bx"+cx2"‘q)pd1x — )p Jx'“*"q (a+bx”‘q+cx2 ("‘q))pdlx

xP9 (a+bx"9+cx? ("

Program code:

Int[x_"m_.x(a_.*x_"~q_.+b_.*x_"n_.+c_.*x_"r_.)"p_,x_Symbol] :=
(a*x*q+bxx*n+c*xx” (2xn-q) ) *p/ (X* (p*q) * (a+bxx” (n-q) +c*X” (2% (n-q) ) ) *p) *
Int [X* (m+p*q) * (a+bxXx” (n-q) +c*x” (2% (n-q) ) ) *p,X] /;
FreeQ[{a,b,c,m,n,p,q},x] && EqQ[r,2xn-q] && Not[IntegerQ[p]] && PosQ[n-q]
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Rules for integrands of the form (d x)"m (a x~g+b x~n+c x~(2 n-q))"\p

S: Ju'“ (auq+bu“+cu2"‘q)pd1x when u==d + e x

Derivation: Integration by substitution
Rule: If u == d + e x, then

1
Ju’" (aui+bu"+cu’"9)Pdax — —Subst[Jx"‘ (ax?+bx"+cx?"9)Pdx, x, u]
e

Program code:

Int[u_"m_.*(a_.*u_"q_.+b_.*xu_"n_.+c_.xu_"r_.)"p_.,x_Symbol] :=
1/Coe-F-Ficient[u,x,l]*Subst [Int [x*mx (a*Xq+bxX*n+CxX” (2xn-q) ) *p,X] ,X,u] /;
FreeQ[{a,b,c,m,n,p,q},x] && EqQ[r,2xn-q] && LinearQ[u,x] && NeQ[u,X]
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