Rules for integrands of the form (d + e x"™9) (ax% +bx"+cx*"9)°

1: J(A+Bx"‘q) (ax?+bx"+cx*"9)Pdx whenpez A q<n

Rule:lif pez A q < n,then

j(A+Bx"‘q) (axq+bx"+cx2"‘q)pdlx — | xP9 (A+BX"9) (a+bx"‘q+cx2("‘q))pdlx

Program code:
Int[ (A_+B_.*X_"r_.)* (a_.*X_"q_.+b_.#x_"n_.+c_.*x_"j_.)"p_.,x_Symbol] :=

Int[x” (p*q) * (A+B*xX”" (n-q) ) * (a+b*X” (n-q) +Cc*Xx”* (2% (n-q) ) ) *p,X] /;
FreeQ[{a,b,c,A,B,n,q},x] & EqQ[r,n-q] && EqQ[j,2xn-q] & IntegerQ[p] && PosQ[n-q]

X. J(A+an‘q) (ax¥+bx"+cx?™9)Pdx whenq<n A p+§eZ

x: J(A+Bx"‘q) (axd+bx"+cx*"9)Pdx whenq<n A p+%ez+

Derivation: Piecewise constant extraction

e ax9d+b x"+c x2"-4
Basis: Oy -
x9/2 +/a+b x"-d+¢ x2 (-9)

Rule:If g <n A p+ 2 ez, then

YVaxd+bx"+cx2d

J(A+Bx"‘q) (axq+bx"+cx2"‘q)pd1x — qup (A+Bx"‘q) (a+bx"‘q+cx2 ("‘q))pd]x

X923 4+ b x"9 4 ¢ x2 (-

Program code:

(* Int[(A_+B_.#X_"J_.)*(a_.#X_"q_.+b_.*X_"n_.+C_.*xXx_"r_.) p_,x_Symbol] :=
Sgrt[a*x*q+bxx*n+cxx” (2xn-q) ]/ (X (q/2) *Sqrt[a+bxXx” (n-q) +c*X” (2% (n-q) ) ]) *
Int [x” (g*p) * (A+BxXx” (n-q) ) * (a+b*Xx” (n-q) +c*x” (2% (n-q) ) ) *p,Xx] /;
FreeQ[{a,b,c,A,B,n,p,q},x] & EqQ[j,n-q] && EqQ[r,2sn-q] 8&& PosQ[n-q] & IGtQ[p+1/2,0] x)



Rules for integrands of the form (d+e x”~(n-q)) (a x~q+b x~n+c x~(2 n-q))"p

x: J(A+Bx"‘q) (ax3+bx"+cx*"9)Pdx wheng<n A p—%eZ‘

Derivation: Piecewise constant extraction

e x9/2 v/ a+b x"9+c x2 (19
Basis: Oy

a x9+b x"+c x2n-a

Rule:If g <n A p-2 ez ,then

x924/a 4+ b x"9 4 ¢ x2 (-9

j(A+Bx"‘q) (axq+bx"+cx2"‘q)pd1x — Jx‘”’ (A+Bx"‘q) (a+bx"‘q+cx2 ("‘q))pdlx

Vax?+bx"+cx2d

Program code:

(* Int[(A_+B_.*x_"j_.)*(a_.*x_"q_.+b_.*x_"n_.+c_.*x_"r_.)"p_,x_Symbol] =
X~ (q/2) *Sqrt[a+b*x” (n-q) +c*x" (2% (n-q) ) ] /Sqrt [a*x*g+b*X n+Cc*Xx” (2%¥n-q) ] *
Int[x” (q*p) * (A+Bxx” (n-q) ) * (a+b*Xx” (n-q) +c*x” (2% (n-q) ) ) *p,x] /;
FreeQ[{a,b,c,A,B,n,p,q},x] & EqQ[j,n-q] && EqQ[r,2«n-q] & PosQ[n-q] & ILtQ[p-1/2,0] *)



Rules for integrands of the form (d+e x”~(n-q)) (a x~q+b x~n+c x~(2 n-q))"p

X: J(A+Bx"‘q) \/axq+bx"+cx2"‘q dx whenqg<n

Derivation: Piecewise constant extraction

. 2n-
Basis: Oy a x9+b x"+c x2"A9 -9

x9/2+/a+b x"9+¢ x2 ("-9)

Rule: If g < n, then

Vaxd+bx"+cx2nd

J(A+Bx"‘q) \/axq+bx"+cx2“‘q dx — qu/z (A+Bx"9) '\/a+bx"‘q+cx2 (-a) gx
)

X324/ 3 + b x"-9 4 ¢ x2 (-4

Program code:

(* Int[(A_+B_.#X_"j_.)#Sqrt[a_.«x_"q_.+b_.*Xx_"n_.+c_.#x_~r_.],x_Symbol] :=
Sgrt[axx*g+bxx*n+cxx” (2xn-q) 1/ (X (q/2) *Sqrt[a+bxx” (n-q) +c*X” (2% (n-q) ) ]) *
Int[x”(q/2) * (A+Bxx” (n-q) ) *Sqrt[a+b*x” (n-q) +c*Xx” (2x (n-q) ) 1,Xx] /;
FreeQ[{a,b,c,A,B,n,q},x] && EqQ[j,n—q] && EqQ[r,2xn-q] && PosQ[n-q] =*)



Rules for integrands of the form (d+e x”~(n-q)) (a x~q+b x~n+c x~(2 n-q))"p

A +Bx"1
2: J dx wheng<n
Vaxd+bx"+cx2d

Derivation: Piecewise constant extraction

e x%2 +/a+b x"9+¢ x2 ("-9)
Basis: Oy -
a x%+b x"+c x2"-d

Rule: If g < n, then

dx —

J- A+ Bx"9 X924/ 3 + b x"-9 4 ¢ x2 (-9 J- A+Bx"

Vaxd+bx"+cx2nd Vaxi+bx"+cx2nd

Program code:

Int[(A_+B_.*x_"j_.)/Sart[a_.+«x_"q_.+b_.*X_"n_.+c_.*x_"r_.],x_Symbol] :=
X~ (q/2) *Sqrt[a+b*x” (n-q) +c*x" (2% (n-q) ) ] /Sqrt [a*x*q+b*X*n+C*X”" (24n-q) ] *
Int[ (A+B*x” (n-q)) / (X" (q/2) *Sqrt[a+bxXx” (n-q) +c*Xx* (2% (n-q) ) 1) ,x] /;
FreeQ[{a,b,c,A,B,n,q},x] & EqQ[j,n-q] & EqQ[r,2sn-q] & PosQ[n-q] && EqQ[n,3] && EqQ[q,2]

X323 4+ b x"9 4 ¢ x2 ("D



Rules for integrands of the form (d+e x”~(n-q)) (a x~q+b x~n+c x~(2 n-q))"p

3: J(A+Bx”‘q) (ax3+bx"+cx*"9)Pdx whenp¢z A b>-4ac#@ Ap>@ Ap(2n-q) +1#@ Apq+(n-q) (2p+1) +1+#0

Derivation: Trinomial recurrence 1b withm = @
Rule:lf p¢Z Ab>-4ac+@ Ap>0Ap(2n-qg)+1+0 Apg+(n-q) (2p+1) +1 #0,then

J(A+Bx"‘q) (axd+bx"+cx*"9)Pdx —
((x(bB(n-q)p+Ac(pq+ (n-q) (2p+1) +1) +Bc (p (2n-q) +1) x"9) (axq+bx"+cx2"'q)”)/(c (p(2n-q) +1) (pg+ (n-q) (2p+1) +1))) +
(n-q)p _
c(p(2n-q)+1) (pq+(n-q) (2p+1) +1)
qu (2aAc(pq+ (n-q) (2p+1) +1) -abB (pq+1) + (2aBc (p(2n-q) +1) +Abc (pq+ (n-q) (2p+1) +1) -b*>B (pq+ (n-q) p+1)) x"9) .

(axd+bx"+c XZ"“‘)"'1 dx

Program code:

Int[ (A_+B_.*X_"r_.)*(a_.*X_"q_.+b_.#x_"n_.+c_.*x_"j_.)"p_,x_Symbol] :=
X* (bxB% (n-q) *p+Axc* (p*q+ (n-q) * (2%p+1) +1) +BxC* (p* (2xn-q) +1) *x" (n-q) ) * (a*x*g+bxx*n+cxx” (2xn-q) ) *p/
(c*x (p* (2xn-q) +1) * (p*q+ (n-q) * (2*xp+1) +1) ) +
(n-q) xp/ (c* (p* (2xn-q) +1) * (p*q+ (N-Qq) * (2%p+1) +1) ) *
Int [x~q*
(2%axAxCx (p*q+ (N-q) * (2xp+1) +1) —axbxBx (p*q+1) + (2%a*BxCx (p* (2xn-q) +1) +AxbxCx (p*q+ (n-q) * (2xp+1) +1) -b*2xB* (p*q+ (n-q) *p+1) ) *x* (n-q) ) *
(a*x"q+b*x n+c*xx” (2xn-q) )~ (p-1) ,x] /;
FreeQ[{a,b,c,A,B,n,q},x] & EqQ[r,n-q] && EqQ[j,Z*n-q] && Not[IntegerQ[p]] &&% NeQ[b"2-4xaxc,0] && GtQ[p,0] &&
NeQ[p* (2xn-q) +1,0] && NeQ[p*q+ (n-q) * (2xp+1) +1,0]

Int [ (A_+B_.*x_"r_.)=* (a_. *X_"q_.+C
With[{n=q+r},
X* (A* (p*q+ (N-q) * (2*p+1) +1) +Bx (p* (2*xn-q) +1) *X* (n-q) ) * (a*X*q+C*X" (2xn-q) ) *p/ ((p* (2*n-q) +1) * (p*q+ (N-q) *» (2*p+1) +1)) +
(n-q) *p/ ((P* (2%n-q) +1) * (p*q+ (N-q) * (2*p+1) +1) ) »
Int [x"q* (2*xa*A* (p*q+ (n-q) * (2*p+1) +1) + (2*a*B» (p* (2*¥n-q) +1) ) *X* (nN-q) ) * (a*X*q+C*X”* (2xn-q) ) * (p-1) ,x] /;
EqQ[J,2*n-q] && NeQ[px(2xn-q)+1,0] && NeQ[pxq+(n-q)  (2xp+1)+1,8]] /;
FreeQ[{a,c,A,B,q},x] & Not[IntegerQ[p]] && GtQ[p,09]

SEX_Nj_. ) "p_,x_Symbol] =



Rules for integrands of the form (d+e x”~(n-q)) (a x~q+b x~n+c x~(2 n-q))"p

4: J(A+Bx”‘q) (ax?+bx"+cx*"9)Pdx whenp¢z A b>-4ac#0 A p<-1

Derivation: Trinomial recurrence 2b withm = @
Rule:lf pgz A b2-4ac+0 A p<-1,then

J(A+ Bx"‘q) (axcI +bx" +cx2"‘q)pd]x —

x-a+t (Abz—abB—ZaAc+ (Ab-2aB) cx"‘q) (ax“+bx"+cx2““‘)ID+1 1
_ + .
a(n-q) (p+1) (b*-4ac) a(n-q) (p+1) (b*-4ac)
J}ﬂ(Abz(pq+(n-q)(p+1)+1)-abB(pq+1)-2aAc(pq+2(n-q)(p+1)+1)+(pq+(n-q)(2p+3)+1)(Ab-2aB)cx“ﬂ @xq+bx"+cx“ﬂ)“1dx

Program code:

Int[ (A_+B_.*X_"r_.)*(a_.*X_"q_.+b_.#x_"n_.+c_.*x_"j_.)"p_,x_Symbol] :=
-X" (-q+1) * (Axb”"2-axb*B-2xaxAxc+ (Axb-2xa%B) *xcxXx” (n-q) ) * (a*x*q+b*x*n+c*xx” (2xn-q) ) * (p+1) / (a* (n-q) * (p+1) * (b*2-4xaxc)) +
1/ (a* (n-q) * (p+1) » (bA2-4%axc) ) »
Int[x”(-q) *
((Axb"2x (p*q+ (n-q) * (p+1) +1) —axb*xBx* (p*q+1) -2xaxAxC* (p*q+2x (n-q) * (p+1) +1) + (p*q+ (n-q) * (2%p+3) +1) * (Axb-2xaxB) xcxx” (n-q) ) *
(a*x"q+b*x*n+c*x” (2xn-q) )~ (p+1) ) ,x] /;
FreeQ[{a,b,c,A,B,n,q},x] & EqQ[r,n-q] & EqQ[j,2*n-q] && Not[IntegerQ[p]] && NeQ[b"2-4xaxc,8] & LtQ[p,-1]

Int[ (A_+B_.*X_"r_.)(a_.*X_"q_.+C_.#X_"j_.)"p_,x_Symbol] :=
With[{n=q+r},
-X" (-q+1) » (a*AxCc+a*BxcxX" (n-q) ) * (a*X*q+C*X”* (2xn-q) ) * (p+1) / (a* (n-q) * (p+1) * (2*xaxC)) +
1/ (a* (n-q) * (p+1) * (2*a*C) ) *
Int[x"(-q) * ((a*A*xCx (p*q+2* (N-q) * (p+1) +1) +a*BxCx (p*q+ (N-q) * (2*xp+3) +1) *X* (nN-q) ) * (a*X*q+C*X" (2xn-q) ) * (p+1) ) ,Xx] /;
EqQ[Jj,2#n-q]] /;
FreeQ[{a,c,A,B,q},x] & & Not[IntegerQ[p]] && LtQ[p,-1]

X: J-(A+Bxk‘j) (ax? +bx+ cx**J)Pax whenk>j A pe¢z

Derivation: Piecewise constant extraction



Rules for integrands of the form (d+e x”~(n-q)) (a x~q+b x~n+c x~(2 n-q))"p

(axj+bxk+cx2kj)p

P (a+b x4 x2 (D))P

Basis: Oy y =0

Rule:If k > j A p ¢ Z,then

(axj +bxk+cx2"‘j)p

Jx'“ (A+Bx*3) (axd +bx*+cx?*F)Pax — JX’"ﬂ'F’ (A+Bx<3) (a+bx<T 4 cx?D)Pax

X3P (a+bxkd s cx?D)P

Program code:

(* Int[(A_+B_.#x_"q_)(a_.*X_"j_.+b_.#x_"k_.+C_.*x_"n_.)"p_,x_Symbol] :=
(a*x"j+b*x"k+c*x"n) "p/ (x" (j*p) * (a+b*x" (k—j) +CxXA (2* (k—j) ) ) "p) *
Int[x”(j#p)  (A+Bxx” (k-3) ) # (a+bsx” (k-3) +cxx” (2% (k-3) ) ) ~p,x] /3
FreeQ[{a,b,c,A,B,j,k,p},x] && EqQ[q,k-j] && EqQ[n,2xk-j] & PosQ[k-j] && Not[IntegerQ[p]] *)

X: J(A+ Bx"9) (ax?+bx" +cx2"‘q)”dlx

Rule:

J(A+Bx"‘q) (axq+bx"+cx2"‘q)pdlx — ~J‘(A+Bx"“‘) (axq+bx”+cx2"‘q)pdlx

Program code:

Int[ (A_+B_.*X_"J_.)* (a_.*X_"q_.+b_.#X_"n_.+c_.*x_"r_.)"p_.,x_Symbol] :=
Unintegrable[ (A+BxXx” (n-q) ) * (axX*q+b*x*n+cxx”" (2xn-q) ) *p,x] /;
FreeQ[{a,b,c,A,B,n,p,q},x] && EqQ[j,n-q]| && EqQ[r,2xn-q]



Rules for integrands of the form (d+e x”~(n-q)) (a x~q+b x~n+c x~(2 n-q))"p

S: J(A+Bu"‘q) (auq+bu"+cu2“‘q)pdlx when u==d + e X

Derivation: Integration by substitution
Rule: If u == d + e x, then

1
J(A+Bu"‘q) (aui+bu"+cu*"9)Pdax — —Subst[J(A+Bx"‘q) (ax?+bx"+cx?"9)Pdx, x, u]
e

Program code:

Int[(A_+B_.*u_"j_.)(a_.*u_"q_.+b_.#u_"n_.+c_.xu_"r_.)"p_.,x_Symbol] :=
1/Coe-F-Fic:i.ent [u,x,1] *Subst [Int[ (A+BxXx" (n-q) ) * (axXx*q+bxx*n+c*xx”" (2%n-q) ) *p,Xx],X,u] /;
FreeQ[{a,b,c,A,B,n,p,q},x] & EqQ[j,n-q] && EqQ[r,2sn-q] && LinearQ[u,x] && NeQ[u,x]



