Rules for integrands of the form (c +dx)™ (a + b (F8 (¢+F)") P

1. J(c +dx)" (bFE ()" qax

If the control variable susecamma is true, antiderivatives of expressions of the form (da+ex) (e @20\ will be much more
compactly expressed in terms of the camma function instead of elementary functions.

$UseGamma=False;

1: J(c+dx)"‘ (ng(e*f"))"dlx whenm>0 A 2mezZ

Derivation: Integration by parts

. b F8 (e+fx) n
Basis: (b F8 (erfx) ) " == Oy (breea)’

fgnlog[F]
Rule:lf m>0© A 2m e Z,then

(c+dx)" (bFe(efx)h dm

J(C +dx)" (b F& (e“cx))"dlx — j(c +dx)™?! (b F& (e"fx))ndlx

fgnlLog[F] _fgnLog[F]

Program code:

Int [ (Cc_o+d_.xX_ ) m_.* (b_.*F_" (g_.* (e_.+-F_. *X_) ) ) “n_. ,x_Symbol] 8=

(c+dxx) *mx (bxF~ (g (e+fxx)) ) ~n/ (frgsnxLog[F]) -

d*m/(f*g*n*Log[F] ) *Int [ (c+d*x)~ (m-1) * (b*F" (g* (e+f*x) ) ) "n,x] /3
FreeQ[{F,b,c,d,e,f,g,n},x] & GtQ[m,0] && IntegerQ[2+m] && Not[TrueQ|$UseGamma] ]



Rules for integrands of the form (c+d x)~m (a+b (F~(g (e+f x)))~n)"p

2: J(c+dx)'“ (bFECF)"ax whenm< -1 A 2mez

Derivation: Integration by parts

fee m __ (c+d x)™?!
Basis: (c +d x)™ == Oy 3 (mi1)

Rule:lf m< -1 A 2m e Z,then

(c+dx)™* (bFEF0)"  £oniog[F]
d (m+1) d (m+1)

J(c+dx)'“ (bFEEH) Tax — J(c+dx)'"*1 (b F&(e+F0) T ax

Program code:

Int[(c_.+d_.#x_) m_x(b_.*F_"(g_.(e_.+f_.#x_)))"n_.,x_Symbol] :=

(c+d*Xx)~ (m+1) * (b*F" (g* (e+'F*X) ) ) "n/(d* (m+1)) -

fxgxnxLog[F]/ (dx (m+1)) +Int [ (c+dwx)~ (m+1) x (bxF~ (g (e+Fxx)))"n,x]| /;
FreeQ[{F,b,c,d,e,f,g,n},x] & LtQ[m,-1] && IntegerQ[2+m] & Not[TrueQ[$UseGamma] ]



Rules for integrands of the form (c+d x)~m (a+b (F~(g (e+f x)))~n)"p

3. J(c +dx)"F8 (e gy

1. J(c +dx)"F8 € FX) gx whenmez

F8& (e+f x)

1:J. dx
c+dx
z

Basis: ExpIntegralki’[z] ==

Rule:

fg (c+dx) Log[F]:|

F8 (e+f x) 1 (e—i)
J dx — —F&(*% Eprntegr‘alEi[
d d

c+dx

Program code:
Int[F_~(g_.»(e_.+f_.*x_))/(c_.+d_.*x_),x_Symbol] :=

F~ (g (e-c»f/d)) /d+ExpIntegralEi [f+g« (c+dxx) xLog[F]/d] /;
FreeQ[{F,c,d,e,f,g},x] && Not[TrueQ[$UseGamma] ]

2: J(c +dx)"F& FX) gx whenmez

Rule: If m € Z, then

fgLog[F]

Gamma[m+1, - (c+dx)]

of
_aym 8 (-5
J(c+dx)mFg e+ gx — (-d)

.Fm+1 gm+1 Log [F] m+1l

Program code:

Int[(c_.+d_.#x_) m_.«F_~(g_.x(e_.+f_.*x_)),x_Symbol] :=
(-d) "m«F~ (g« (e-cxf/d)) /(" (m+1) xg" (m+1) xLog [F]~ (m+1) ) xGamma [m+1, -FxgxLog [F]/d* (c+dxx) ] /;
FreeQ[{F,c,d,e,-F,g},x] && IntegerQ[m]



Rules for integrands of the form (c+d x)~m (a+b (F~(g (e+f x)))~n)"p

2. J-(c +dx)"F8 X)) gx whenm¢ z
E8 (e+f x)
1: J—dlx
Vec+dx

Derivation: Integration by substitution

2

Basis: P2 %Subst{Fg (e’%*ﬂ%, X, \/c+dx} OxV e +dx

c+d x

Rule:

2

F8 (e+fx) 2 cf) | fgx
J— ax — —SubstUFg (¢-5)+ %" ax, x, Verdx ]
Vec+dx d

Program code:

Int[F_(g_.»(e_.+f_.»x_))/Sqrt[c_.+d_.*x_],x_Symbol] :=
2/d+Subst [Int[F~ (g« (e-cxf/d) +fxgxx"2/d),x],x,Sqrt[c+d*x]] /;
FreeQ[{F,c,d,e,f,g},x] && Not[TrueQ[$UseGamma] ]



Rules for integrands of the form (c+d x)~m (a+b (F~(g (e+f x)))~n)"p

2: j(c +dx)"F8 € FX) gx whenm¢ z

Rule:If 2m ¢ Z, then

cf
Fe (e'd_) c + d x) Fracpart(m] fglog[F
(c+dx)"FB ) gx — - (€+dx) Gamma[m+1,—g—g[](c+dx)]
d (- d

fglog[F] )IntPart[m]+1 ( fglog[F] (c+dx) )FracPar‘t[m]

d d

Program code:

Int[(c_.+d_.#x_) m_xF_~(g_.(e_.+f_.*x_)),x_Symbol] :=
-F~ (g« (e-c#f/d)) » (c+dx) ~FracPart[m] /(d« (-fxgxLog[F]/d)~ (IntPart[m]+1) » (-f+gxLog[F] » (c+d*x) /d) *FracPart[m] )«
Gamma [m+1, (-fxgxLog[F]/d) » (c+dxx) | /;
FreeQ[{F,c,d,e,f,g,m},x] & Not[IntegerQ[m]]

4: j(c +dx)" (bFE )" qx

Derivation: Piecewise constant extraction

| n
. (b F& (e+f x) )
Basis: Oy ==

Fen (e+f x) -

Rule:

(b F8 (e+f x) ) n

J(c +dx)" (bFECF)ax —
E&n (e+f x)

j(c +dx)"Fen e+ Fx) gy

Program code:

Int[(c_.+d_.#x_ ) m_.%(b_.«F_"(g_.*(e_.+Ff_.*x_)))~n_,x_Symbol] :=
(b*F" (g* (e+'F*x) ) ) "n/F" (g*n* (e+'F*x) ) *Int [ (c+dxx) *mxF~ (g*n* (e+‘F*x) ) ,x] /8
FreeQ[{F,b,c,d,e,f,g,m,n},x]



Rules for integrands of the form (c+d x)~m (a+b (F~(g (e+f x)))~n)"p

2: J(c +dx)" (a+b (FECF)")Pax when pez*

Derivation: Algebraic expansion

Rule: If p € z*, then

J(c +dx)" (a+b (FECF9)")Pax — j(c +dx)" ExpandIntegrand[ (a + b (F8 (¢*F¥)")P x] dx

Program code:

Int[(c_.+d_.#x_ ) m_.*(a_+b_.#(F_~(g_.»(e_.+F_.#x_)))"n_.)"p_.,x_Symbol] :=
Int[ExpandIntegrand [ (c+dxx)~m, (a+bx (F~ (g« (e+fxx)))~n)~p,x],x]| /;
FreeQ[{F,a,b,c,d,e,f,g,m,n},x] && IGtQ[p,0]

(c+dx)"
3: J— dx when me z*
a+b (FE(EF0)n

Derivation: Algebraic expansion

e 1 1 bz
Basis: a+tbz  a a (a+bz)

Rule: If m € z*, then

dx

(c+dx)m (c+dx)™ b ~(c+dx)™ (FE(e+F0)"
j—dlx —_ J-
a+b(|:g(E+fX))" ad (m+1) a

al a.b(pEeto)n

Program code:

Int[(c_.+d_.#x_)*m_./(a_+b_.x (F_~(g_.»(e_.+f_.*x_)))"n_.),x_Symbol] :=
(c+d*x)~ (m+1) / (a*xd* (m+1)) - b/a*Int[(c+d*x)"m*(F"(g*(e+-F*x)))"n/(a+b*(F"(g*(e+f*x)))"n),x] /3
FreeQ[{F,a,b,c,d,e,f,g,n},x]| && IGtQ[m,0]



Rules for integrands of the form (c+d x)~m (a+b (F~(g (e+f x)))~n)"p

(c+dx)"
X: J— dx when me z*
a+b (FE(F0)"

Derivation: Integration by parts

Log[1+ba7n}

"Fgce fxw]

Basis: 1 == — Oy
a

+b (Fe(erfx))h afgnLog[F]

Rule:If m e z*, then

a dm
+ J‘(c+dx)’"‘1 Log[1+

a
(Fg (e+fX))"] afgnlLog[F]

J- (c+dx) (c+dx) dx

dx — -————— Log[1+
b

a+b(|:g(e+fX))" afgnLog[F] b(Fg(e+fX))"]

Program code:

(» Int[(c_.+d_.xx_ ) m_./(a_+b_.x (F_~(g_.»(e_.+f_.*x_)))"n_.),x_Symbol] :=
- (c+dxx) *m/ (axfxgsnxLog[F]) «Log[1+a/ (b (F~ (g (e+fxx)))~n)] +
dxm/ (axfxgxnxLog[F]) +Int[ (c+dxx)~ (m-1) xLog[1+a/ (bx (F~ (g (e+Fxx)))*n)],x] /;

FreeQ[{F,a,b,c,d,e,f,g,n},x| && IGtQ[m,0] =)



Rules for integrands of the form (c+d x)~m (a+b (F~(g (e+f x)))~n)"p

4: J(c+dx)'“ (a+b (F&EF0)")Pax whenpez- A mez*

Derivation: Algebraic expansion

Basis: (a+bz)P = (abn _ bzabz)

a a

Rule:lf pez= A mez*, then
j(c+dx)'" (a+b (FECF)")Pax —

1
- J(c+dx)” (a+b (FE(eF0)M)PE gy _ EJ(C +dx)™ (FE©F0)" (3, p (FEF0)")P gy
a a

Program code:

Int[(c_.+d_.*x_)"m_.*(a_+b_.*(F_"(g_.*(e_.+-F_.*x_)))"n_.)"p_,x_Symbol] 8=
1/a*Int[(c+d*x)"m* (a+b*(F"(g* (e+f*x)))"n)"(p+1),x] -
b/axInt[ (c+d#x) "mx (F~ (g« (e+fxx)))~n« (a+bx (F~ (g (e+fxx)))~n)~p,x]| /;
FreeQ[{F,a,b,c,d,e,f,g,n},x] && ILtQ[p,0] && IGtQ[m,O]



Rules for integrands of the form (c+d x)~m (a+b (F~(g (e+f x)))~n)"p

5: J(c+dx)'“ (a+b (F&CF0)")Pax whenmez* A p<-1

Derivation: Integration by parts
Rule:lif me z* A p < -1, letu=f(a+b (Fe=+0)")Pax, then

J}c+dxﬂ(a+b(ﬂ“““)wpdx—»u(c+dmm-deh(c+de4dx

Program code:

Int[(c_.+d_.#x_) m_.*(a_+b_.#(F_~(g_.»(e_.+f_.*x_)))~n_.)"p_,x_Symbol] :=
With[{u=IntHide[ (a+bx (F~(gx (e+fxx)))~n)~p,x]},
Dist[ (c+d*x)m,u,x] - d*m*Int[(c+d*x)"(m—1)*u,x]] /5
FreeQ[{F,a,b,c,d,e,f,g,n},x]| && IGtQ[m,0] && LtQ[p,-1]

6. Ju’“ (a+b (F&)")Pdx whenv=e+fx A u= (c+dx)9

1: Ju’" (a+b (FEY)")Pdx whenv=e+fx A u= (c+dx)? Amez

Derivation: Algebraic normalization
Rule:lf v=e+fx Au= (c+dx)% A me Z,then

Ju’“ (a+b (FEV)")Pax — f(c+dx)'“q (a+b (F&(©F0)")Pax

Program code:

Int[u_"m_.x(a_.+b_.*(F_~(g_.*v_))"n_.)"p_.,x_Symbol] :=
Int[NormalizePowerOfLinear [u,x]"mx (a+bx (F*(g+ExpandToSum[v,x]))"n)~p,x]| /;
FreeQ[ {F,a,b,g,n,p},x] && LinearQ[v,x] && PowerOfLinearQ[u,x] && Not[LinearMatchQ[v,x] && PowerOfLinearMatchQ[u,x]] && IntegerQ[m]



Rules for integrands of the form (c+d x)~m (a+b (F~(g (e+f x)))~n)"p

2:Jﬂ(a+b(ﬂﬂ”deWan=e+fXAu=(c+quAmez

Derivation: Piecewise constant extraction

Basis: 9, Hexdx1 DL g

(c+d x)™d

Rule:lff v==e+fx Au= (c+dx)% A mg Z,then

((c+dx)®)"

ju’" (a+b (FE¥)")Pax —

d q j(C+dx)mq (a+b(|:g(e+fx))n)pdlx
(c+dx)"

Program code:

Int[u_"m_.x(a_.+b_.*x(F_~(g_.*v_))"n_.)"p_.,x_Symbol] :=
Module [ {uu=NormalizePowerOfLinear [u,x],z},
z=If[PowerQ[uu] && FreeQ[uu[[2]],X], Uu[[1]]1~A(m*xuu[[2]]), uu”m];
uuAm/Z*Int[Z*(a+b*(FA(g*ExpandToSum[v,x]))An)Ap,x]] /5
FreeQ[{F,a,b,g,m,n,p},x] && LinearQ[v,x] && PowerOfLinearQ[u,x] && Not[LinearMatchQ[v,x] && PowerOfLinearMatchQ[u,x]] &&
Not [IntegerQ[m] ]

X: J(cq.dx)m (a+b (Fg (e+fx))n)pdlx

Rule:

J(C+dx)m (a+b (FECF)")Pax — J(c+dx)“‘ (a+b (F&CF)")Pax

Program code:

Int[(c_.+d_.#x_ ) m_.*(a_+b_.#(F_~(g_.»(e_.+F_.#x_)))"n_.)"p_.,x_Symbol] :=
Unintegrable[ (c+dxx) “m« (a+bx (F~ (g (e+fxx)))~n)~p,x] /;
FreeQ[{a,b,c,d,e,f,g,m,n,p},x]

10



Rules for integrands of the form (c+d x)~m (a+b (F~(g (e+f x)))~n)"p
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