Rules for integrands involving inert trig functions

0. j(aF[c +dx]P)"dx whenF e {Sin, Cos, Tan, Cot, Sec, Csc} AN¢Z A pez

1: J(aF[c+dx]p)"d1x when F e {Sin, Cos, Tan, Cot, Sec, Csc} AN¢Z A pez

Derivation: Piecewise constant extraction

BaS|S: 6X Mﬁ)_n - @

Flc+dx]"P

Rule:If F € {Sin, Cos, Tan, Cot, Sec, Csc} A n¢Z A p < Z,then

(aF[c+dx]P)"

JXaF[c+dx]ﬂ"dx — J}[c+dxﬂpdx

F[c+dx]"P

Program code:

Int[(a_.*F_[c_.+d_.*x_]17p_)"~n_,x_Symbol] :=
With[{v=ActivateTrig[F[c+d*x]]},
a*IntPart[n] (v/Non-FreeFactors [v,X] )" (p*IntPart[n]) » (axv”p) “FracPart [n]/NonfreeFactors [v,x]” (p*xFracPart[n]) *
Int [NonfreeFactors [V,X]~ (nxp) ,x] ] /3
FreeQ[{a,c,d,n,p},x] & InertTrigQ[F] && Not[IntegerQ[n]] && IntegerQ[p]



Rules for integrands of the form inert trig functions

2: J(a (bF[c+dx])P)"dx when F € {Sin, Cos, Tan, Cot, Sec, Csc} An¢zZ A p¢z

Derivation: Piecewise constant extraction

ice (a (bFlcrdx])P)T __
Basis: Oy bFlcrdx) P =

Rule: If F € {Sin, Cos, Tan, Cot, Sec, Csc} A n¢Z A p ¢ Z,then

aIntPart[n] (a (b E [C +d X] ) p) FracPart[n]

f(a (bF[c+dx])P)"dx —

(b F [C +d x])pFracPar‘t[n]

Program code:

Int[(a_.*(b_.*F_[c_.+d_.*x_])"p_)"n_.,x_Symbol] :=

With[{v=ActivateTrig[F[c+d*x]]},

a”IntPart[n] % (ax (bxv)~p) ~"FracPart[n]/ (b*v) " (pxFracPart[n]) *Int[ (bxv)” (nxp),x] ] /s
FreeQ[{a,b,c,d,n,p},x] && InertTrigQ[F] && Not[IntegerQ[n]] && Not[IntegerQ[p]]

J(bF[c+dx])"pdx



Rules for integrands of the form inert trig functions

1. JF[Sin[a+bx]] Trig[a + b x] dx

1: JF[Sin[a+bx]] Cos[a+bx] dx

Reference: G&R 2.503, CRC 483
Reference: G&R 2.502, CRC 482
Derivation: Integration by substitution

Basis:F[Sin[a+bx]] Cos[a+bXx] == %F[Sin[a+bx]} OxSin[a + b x]

Rule:

1
J.F[Sin[a +bx]] Cos[a+bx]dx — ;Subst[jF[x] dx, x, Sin[a + bx]]

Program code:

Int[u_=*F_[c_.x(a_.+b_.*x_)],x_Symbol] :=
With[{d=FreeFactors[Sin[cx (a+bxx)],x]},
d/ (bxc) xSubst[Int [SubstFor[1,Sin[cx (a+bxx)]/d,u,x],x],Xx,Sin[c* (a+bxx)1/d] /;
Function0fQ[Sin[cx (a+bxx)]/d,u,x,True]] /;
FreeQ[{a,b,c},x] && (EqQ[F,Cos] || EgQ[F,cos])

Int[u_=*F_[c_.x(a_.+b_.*x_)],x_Symbol] :=
With[{d=FreeFactors[Cos[cx (a+b*X)],X]},
-d/ (bxc) *Subst [Int [SubstFor[1,Cos[c* (a+bxx)]/d,u,x],x],x,Cos[c* (a+bxx)]/d] /;
FunctionOfQ[Cos [c* (a+bxx)]/d,u,x,True] ] /3

FreeQ[{a,b,c},x] & (EqQ[F,Sin] || EqQ[F,sin])

Int[u_=xCosh[c_.x(a_.+b_.*x_)],x_Symbol] :=
With[{d=FreeFactors[Sinh[cx (a+bxx)],x]},
d/ (bxc) xSubst[Int [SubstFor[1,Sinh[c (a+bxx)]/d,u,x],X],x,Sinh[cx (a+bxx)1/d] /;
Function0fQ[Sinh[cx (a+bxx)]/d,u,x,True]] /;
FreeQ[{a,b,c},Xx]
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Int[u_xSinh[c_.x(a_.+b_.*x_)],x_Symbol] :=
With[{d=FreeFactors[Cosh[c (a+b*x)],x]},
d/ (bxc) *Subst [Int [SubstFor[1,Cosh[c* (a+bxXx)]/d,u,x],x],X,Cosh[cx (a+bxx)]/d] /;
FunctionOfQ[Cosh[c (a+bxx)]/d,u,x,Truel] /;
FreeQ[{a,b,c},x]

2: jF[Sin[a+bx]] Cot[a+bx] dx

Reference: G&R 2.503, CRC 483
Reference: G&R 2.502, CRC 482
Derivation: Integration by substitution

Basis: F[Sin[a +bx]] Cot[a +bx] == F—b[ssi—iz[ﬁ% Oy Sin[a + b x]

Rule:

Fx]

1
JF[Sin[a+bx]] Cot[a+bx] dx — ;Subst[j dx, X, Sin[a+bx]]

X

Program code:

Int[u_*F_[c_.x(a_.+b_.*x_)],x_Symbol] :=
With[{d=FreeFactors[Sin[cx (a+b*x)],x]},
1/ (bxc) #Subst [Int [SubstFor[1/x,Sin[cx (a+b*x)]/d,u,x],x],X,Sin[c (a+bxx)1/d] /;
Function0fQ[Sin[cx (a+bxx)]/d,u,x,True]] /;
FreeQ[{a,b,c},x] && (EqQ[F,Cot] || EgqQ[F,cot])

Int[u_=*F_[c_.x(a_.+b_.*x_)],x_Symbol] :=
With[{d=Fr'eeFactor's [Cos[c* (a+bxXx)],x]},
-1/ (bxc) *Subst [Int [SubstFor[1/x,Cos[c* (a+bxx)]/d,u,x],x],x,Cos[c* (a+bxx)]/d] /;
FunctionOfQ[Cos [cx (a+bxx)]/d,u,x,True]]| /;
FreeQ[{a,b,c},x] & (EqQ[F,Tan] || EQQ[F,tan])
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Int[u_=xCoth[c_.x(a_.+b_.*x_)],x_Symbol] :=
With[{d=FreeFactors[Sinh[c (a+b*x)]1,x]},
1/ (bxc) #Subst [Int [SubstFor[1/x,Sinh[cx (a+bxx)1/d,u,x],x],x,Sinh[cx (a+bxx)]/d] /;
FunctionOfQ[Sinh[c*(a+b*x)]/d,u,x,True]] /3

FreeQ[{a,b,c},x]

Int[u_xTanh[c_.x(a_.+b_.*x_)],x_Symbol] :=
With[{d=FreeFactors[Cosh[c* (a+b*x)],x]},
1/ (bxc) *Subst [Int [SubstFor[1/x,Cosh[c* (a+bxXx)]/d,u,x],x],X,Cosh[cx (a+bxx)]/d] /;
Function0fQ[Cosh[cx (a+bxx)]/d,u,X,Truel] /;

FreeQ[{a,b,c},Xx]

2. J}[Tmﬂa+bx]]Tﬁg[a+bx]"dx

1: jF[Tan[a+bx]] Sec[a+bx]2dx

Reference: G&R 2.504
Derivation: Integration by substitution

Basis: F[Tan[a +bx]] Sec[a+bx]? == %F[Tan[a+bx]] OxTan[a + b x]

Rule:

1
jF[Tan[a +bx]] Sec[a+bx]?dx — ;Subst[JF[x] dx, x, Tan[a +bx]]

Program code:

Int[u_=*F_[c_.*(a_.+b_.%x_)]172,x_Symbol] :=
With[{d=FreeFactors[Tan[cx (a+bxx)],x]},
d/ (bxc) *Subst [Int [SubstFor[1,Tan[c* (a+bxx)]/d,u,x],x],x,Tan[cx (a+bxx)]/d] /;
FunctionOfQ[Tan[c*(a+b*x)]/d,u,x,True]] /3

FreeQ[{a,b,c},x] && NonsumQ[u] && (EqQ[F,Sec] || EqQ[F,sec])
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Int[u_/cos[c_.x(a_.+b_.*x_)]”2,x_Symbol] :=
with[{d=FreeFactors[Tan[C*(a+b*x)],x]},
d/ (bxc) *Subst [Int [SubstFor[1,Tan[c* (a+bxXx)]/d,u,x],x],Xx,Tan[c* (a+bxx)]/d] /;
FunctionOfQ[Tan[cx (a+bxx)]/d,u,x,True]] /;
FreeQ[{a,b,c},x] && NonsumQ[u]

Int[u_»F_[c_.x(a_.+b_.*x_)]"2,x_Symbol] :=

With[{d=FreeFactors[Cot[cx (a+bxx)],x]},

-d/ (b*c) *Subst [Int [SubstFor[1,Cot[c* (a+b*xXx)]/d,u,x],x],x,Cot[cx (a+bxx)]/d] /;
FunctionOfQ[Cot[C*(a+b*x)]/d,u,x,True]] /5
FreeQ[{a,b,c},x] && NonsumQ[u] && (EqQ[F,Csc] || EgqQ[F,csc])

Int[u_/sin[c_.(a_.+b_.*x_)]"2,x_Symbol] :=

With[{d=FreeFactors[Cot[cx (a+b*X)],x]},

-d/ (bxc) *Subst [Int [SubstFor[1,Cot[c* (a+bxXx)]/d,u,x],x],x,Cot[c* (a+bxx)]/d] /;
Function0fQ[Cot [cx (a+bxx)]/d,u,x,True]] /;
FreeQ[{a,b,c},x] && NonsumQ[u]

Int[u_xSech[c_.x(a_.+b_.*x_)]”"2,x_Symbol] :=
With[{d:FreeFactors[Tanh[c*(a+b*x)],x]},
d/ (bxc) *Subst [Int [SubstFor[1,Tanh[c* (a+bxXx)]/d,u,x],x],X,Tanh[c* (a+bxx)]/d] /;
FunctionOfQ[Tanh[c (a+bxx)]/d,u,x,Truel] /;
FreeQ[{a,b,c},x] && NonsumQ[u]

Int[u_xCsch[c_.*(a_.+b_.*x_)]”"2,x_Symbol] :=
with[{d:FreeFactors[Coth[C*(a+b*x)],x]},
-d/ (b*c) *Subst [Int [SubstFor[1,Coth[c* (a+b*Xx)]/d,u,x],x],x,Coth[c* (a+bxx)]/d] /;

FunctionOfQ[Coth[c*(a+b*x)]/d,u,x,True]] /3
FreeQ[{a,b,c},x] && NonsumQ[u]

2: fF[Tan[a+bx]] Cot[a+bx]"dx whennez

Reference: G&R 2.504

Derivation: Integration by substitution
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Basis:If n e z,thenF[Tan[a+bx]] Cot[a+bx]" == FlTan(a+bx]] OxTan[a + b x]

bTan[a+bx]" (1+Tan[a+bx]?)

Rule: If n € z, then

1 F[x]
jFUaMa+bﬂ]Coﬂa+bedx-a —SthLf——————
b x"(

dx, x, Tan[a +bx]]
1+X2)

Program code:

Int[u_»F_[c_.x(a_.+b_.*x_)]”n_.,x_Symbol] :=

With[{d=FreeFactors[Tan[cx (a+b*x)],x]},

1/ (bxcxd” (n-1) ) *Subst [Int [SubstFor[1/ (x*nx (1+d*2xx"2)),Tan[c* (a+bxx)]/d,u,x],x],Xx,Tan[c* (a+bxx)]/d] /;
FunctionOfQ[Tan[cx (a+bxx)]/d,u,x,True] & TryPureTanSubst[ActivateTrig[u]=+Cot[cx(a+bxx)]1~n,x]|] /;
FreeQ[{a,b,c},x] &% IntegerQ[n] && (EqQ[F,Cot] || EgQ[F,cot])

Int[u_»F_[c_.x(a_.+b_.*x_)]"n_.,x_Symbol] :=

With[{d:FreeFactors[Cot[c*(a+b*x)],x]},

-1/ (b*c*d” (n-1) ) *Subst [Int [SubstFor[1/ (x*n* (1+d*2xXx"2)),Cot[c* (a+b*x)]/d,u,x],x],x,Cot[c* (a+bxx)]/d] /;
FunctionOfQ[Cot[cx (a+bxx)]/d,u,x,True] & TryPureTanSubst[ActivateTrig[u]+Tan[cx(a+bxx)1*n,x]|] /;
FreeQ[{a,b,c},x] &% IntegerQ[n] &% (EqQ[F,Tan] || EqQ[F,tan])

Int[u_xCoth[c_.*(a_.+b_.*x_)]”n_.,x_Symbol] :=

with[{d:FreeFactors[Tanh[C*(a+b*x)],x]},

1/ (bxcxd” (n-1) ) *Subst [Int [SubstFor[1/ (x*nx (1-d*2xx"2)),Tanh[c* (a+b*x)]/d,u,x],x],X,Tanh[c* (a+bxx)]/d] /;
FunctionOfQ[Tanh [c (a+bxx)]/d,u,X,True] && TryPureTanSubst [ActivateTrig[u]*Coth[c« (a+bxx)]1*n,x]] /;
FreeQ[{a,b,c},x] && IntegerQ[n]

Int[u_xTanh[c_.x(a_.+b_.*x_)]”n_.,x_Symbol] :=

With[{d=FreeFactors[Coth[cx (a+bxx)],x]},

1/ (bxcxd” (n-1) ) *Subst [Int [SubstFor[1/ (Xx"n* (1-d*2xx"2)) ,Coth[c* (a+bxx)]/d,u,x],x],x,Coth[c* (a+bxx)]/d] /;
FunctionOfQ[Coth[c* (a+bxXx)]/d,u,x,True] && TryPureTanSubst[ActivateTrig[u]*Tanh[C*(a+b*x)]An,x]] /3
FreeQ[{a,b,c},x] &% IntegerQ[n]
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3: fF[Tan[a+ b x]] dx

Reference: G&R 2.504
Derivation: Integration by substitution

Basis: F[Tan[z]] = BEanlzll 5 Tan[z]

1+Tan[z]?

Rule:

Fx]

1
JF[Tan[a+bx]] dx — gSubst[J

T dx, X, Tan[a+bx]]
+ X

Program code:

If[TrueQ[$LoadShowSteps],

Int[u_,x_Symbol] :=
With[{v=FunctionOfTrig[u,x]},
ShowStep[““,"Int[F[Cot[a+b*x]],x]“,"-1/b*Subst[Int[F[x]/(1+xA2),x],x,Cot[a+b*x]]“,Hold[
With[{d=FreeFactors[Cot[v],X]},
Dist[—d/Coefficient[v,x,l],Subst[Int[SubstFor[l/(1+dA2*xA2),Cot[v]/d,u,x],x],x,Cot[v]/d],x]]]] /3
Not[FalseQ[v]] && FunctionOfQ[NonfreeFactors[Cot[Vv],x],u,X,True| & TryPureTanSubst[ActivateTrig[u],x]] /;
SimplifyFlag,

Int[u_,x_Symbol] :=
With[{v=FunctionOfTrig[u,x]},
With[{d=FreeFactors[Cot[v],X]},
Dist[-d/Coefficient[v,x,1],Subst[Int [SubstFor[1/ (1+d"2xx"2),Cot[v]/d,u,X],x],X,Cot[v]/d],x]] /;
Not[FalseQ[v]] && FunctionOfQ[NonfreeFactors[Cot[Vv],X],u,X,True| & TryPureTanSubst[ActivateTrig[u],x]]]
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If [TrueQ[$LoadShowSteps],

Int[u_,x_Symbol] :=
With[{v=FunctionOfTrig[u,x]},
ShowStep["","Int [F[Tan[a+bxx]],x]","1/b*Subst [Int[F[x]/ (1+x"2),X],X,Tan[a+b*x]]",Hold |
With[{d=FreeFactors[Tan[v],x]},
Dist[d/Coefficient[v,x,1],Subst[Int[SubstFor[1/(1+d"2+x"2),Tan[v]/d,u,x],x],X,Tan[v]1/d],x]]]] /;
Not[FalseQ[v]] && FunctionOfQ[NonfreeFactors[Tan[v],x],u,X,True| & TryPureTanSubst[ActivateTrig[u],x]] /;
SimplifyFlag,

Int[u_,x_Symbol] :=
With[{v=Function0fTrig[u,x]},
With[{d=FreeFactors[Tan[v],x]},
Dist[d/Coefficient[v,x,1],Subst[Int[SubstFor[1/ (1+d"24x"2),Tan[v]/d,u,x],x],x,Tan[v]/d],x]] /;
Not [FalseQ[v]] && FunctionOfQ[NonfreeFactors[Tan[v],x],u,x,True] && TryPureTanSubst[ActivateTrig[u],x]]]

3. |Trig[a+bx]PTrig[c+dx]%...dx when (p|q | --+) €Z*

1: jTrig[a+bx]pTr‘ig[c +dx]9dx when (p | q) ez*

Derivation: Algebraic expansion
Rule:If (p | q) € Z*, then

jTr‘ig[a +bx]PTrig[c+dx]9dx — jTr‘igReduce[Tr‘ig[a +bx]P Trig[c + dx]] dx

Program code:

Int[F_[a_.+b_.*x_]17p_.*G_[c_.+d_.*x_]"q_.,Xx_Symbol] :=
Int[ExpandTrigReduce[ActivateTrig[F[a+bxx] p*G[c+d*x]*q],x],x]| /;
FreeQ[{a,b,c,d},x] & (EqQ[F,sin] || EqQ[F,cos]) & (EqQ[G,sin] || EqQ[G,cos]) && IGtQ[p,0] && IGtQ[q,O]
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2: JTr‘ig[a+bx]"Tr‘ig[c+dx]qTr'ig[e+-Fx]"d1x when (p|q|r)ez*

Derivation: Algebraic expansion

Rule:If (p | q | r) €z, then

JTr‘ig[a +bx]PTrig[c +dx]9Trig[e+ fx]"dx — [TrigReduce[Trig[a+bx]P Trig[c+dx]9Trig[e+fx]"] dx

Program code:

Int[F_[a_.+b_.*x_]"p_.#G_[c_.+d_.*x_]~q_.*H_[e_.+f_.*x_]~r_.,x_Symbol] :=
Int[ExpandTrigReduce[ActivateTrig[F[a+bxx] p*G[c+d+x]~q«H[e+fxx]"r],x],x] /;
FreeQ[{a,b,c,d,e,f},x] & (EqQ[F,sin] || EqQ[F,cos]) & (EqQ[G,sin] || EqQ[G,cos]) && (EqQ[H,sin] || EqQ[H,cos]) && IGtQ[p,@] && IGtQ[q,0] && I
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4, JF[Sin[a +bx]] Trig[a +bx] dx

1: JF[Sin[a+bx]] Cos[a+bx] dx

Reference: G&R 2.503, CRC 483
Reference: G&R 2.502, CRC 482
Derivation: Integration by substitution

Basis:F[Sin[a+bx]] Cos[a+bXx] == %F[Sin[a+bx]} OxSin[a + b x]

Rule:

1
J.F[Sin[a +bx]] Cos[a+bx]dx — ;Subst[jF[x] dx, x, Sin[a + bx]]

Program code:

Int[u_=*F_[c_.x(a_.+b_.*x_)],x_Symbol] :=
With[{d=FreeFactors[Sin[cx (a+bxx)],x]},
d/ (bxc) xSubst[Int [SubstFor[1,Sin[cx (a+bxx)]/d,u,x],x],Xx,Sin[c* (a+bxx)1/d] /;
Function0fQ[Sin[cx (a+bxx)1/d,u,x]] /;
FreeQ[{a,b,c},x] && (EqQ[F,Cos] || EgQ[F,cos])

Int[u_=*F_[c_.x(a_.+b_.*x_)],x_Symbol] :=
With[{d=FreeFactors[Cos[cx (a+b*X)],X]},
-d/ (bxc) *Subst [Int [SubstFor[1,Cos[c* (a+bxx)]/d,u,x],x],x,Cos[c* (a+bxx)]/d] /;
FunctionO-FQ[Cos[c*(a+b*x)]/d,u,x]] /3

FreeQ[{a,b,c},x] & (EqQ[F,Sin] || EqQ[F,sin])

Int[u_=xCosh[c_.x(a_.+b_.*x_)],x_Symbol] :=
With[{d=FreeFactors[Sinh[cx (a+bxx)],x]},
d/ (bxc) xSubst[Int [SubstFor[1,Sinh[c (a+bxx)]/d,u,x],X],x,Sinh[cx (a+bxx)1/d] /;
Function0fQ[Sinh[cx (a+bxx)]/d,u,x]] /;
FreeQ[{a,b,c},Xx]
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Int[u_xSinh[c_.x(a_.+b_.*x_)],x_Symbol] :=
With[{d=FreeFactors[Cosh[c (a+b*x)],x]},
d/ (bxc) *Subst [Int [SubstFor[1,Cosh[c* (a+bxXx)]/d,u,x],x],X,Cosh[cx (a+bxx)]/d] /;
FunctionOfQ[Cosh[c* (a+bxx)]/d,u,x]] /;
FreeQ[{a,b,c},x]

2: jF[Sin[a+bx]] Cot[a+bx] dx

Reference: G&R 2.503, CRC 483
Reference: G&R 2.502, CRC 482
Derivation: Integration by substitution

Basis: F[Sin[a +bx]] Cot[a +bx] == F—b[ssi—iz[ﬁ% Oy Sin[a + b x]

Rule:

Fx]

1
JF[Sin[a+bx]] Cot[a+bx] dx — ;Subst[j dx, X, Sin[a+bx]]

X

Program code:

Int[u_*F_[c_.x(a_.+b_.*x_)],x_Symbol] :=
With[{d=FreeFactors[Sin[cx (a+b*x)],x]},
1/ (bxc) #Subst [Int [SubstFor[1/x,Sin[cx (a+b*x)]/d,u,x],x],X,Sin[c (a+bxx)1/d] /;
Function0fQ[Sin[cx (a+bxx)1/d,u,x]] /;
FreeQ[{a,b,c},x] && (EqQ[F,Cot] || EgqQ[F,cot])

Int[u_=*F_[c_.x(a_.+b_.*x_)],x_Symbol] :=
With[{d=Fr'eeFactor's [Cos[c* (a+bxXx)],x]},
-1/ (bxc) *Subst [Int [SubstFor[1/x,Cos[c* (a+bxx)]/d,u,x],x],x,Cos[c* (a+bxx)]/d] /;
FunctionOfQ[Cos [cx (a+bxx)]/d,u,x]] /3
FreeQ[{a,b,c},x] & (EqQ[F,Tan] || EQQ[F,tan])
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Int[u_=xCoth[c_.x(a_.+b_.*x_)],x_Symbol] :=
With[{d=FreeFactors[Sinh[c (a+b*x)]1,x]},
1/ (bxc) #Subst [Int [SubstFor[1/x,Sinh[cx (a+bxx)1/d,u,x],x],x,Sinh[cx (a+bxx)]/d] /;
Function0fQ[Sinh[cx (a+bxx)]/d,u,x]] /;

FreeQ[{a,b,c},x]

Int[u_xTanh[c_.x(a_.+b_.*x_)],x_Symbol] :=
With[{d=FreeFactors[Cosh[c* (a+b*x)],x]},
1/ (bxc) *Subst [Int [SubstFor[1/x,Cosh[c* (a+bxXx)]/d,u,x],x],X,Cosh[cx (a+bxx)]/d] /;
FunctionOfQ[Cosh[c (a+bxx)]/d,u,x]] /;

FreeQ[{a,b,c},Xx]

5. J}[Shﬂa+bx]]Tﬁg[a+bx]"dx

1: jF[Sin[a+bx]] Cos[a+bx]"dx when %ez

Reference: G&R 2.503, CRC 483

Reference: G&R 2.502, CRC 482

Derivation: Integration by substitution

Basis:lf%eZ,thenF[Sin[a+bx]] Cos[a+bx]n=1 (1_Sin[a+bx]2)%

o F[Sin[a+bXx]] OxSin[a + b x]

Rule: If % € Z,then

1 -
JF[Sin[a+bx]] Cos[a+bx]"dx — ;Subst[J(l—xz)TF[x] ax, x, Sinfa+bxi|

Program code:

Int[u_+F_[c_.*(a_.+b_.%*x_)]1”n_,x_Symbol] :=
With[{d=FreeFactors[Sin[cx (a+b*x)],x]},
d/ (bxc) xSubst[Int [SubstFor [ (1-d*2xx*2)~ ((n-1) /2),Sin[cx (a+bxx)]1/d,u,x],x],x,Sin[cx (a+bxx)]1/d] /;
Function0fQ[Sin[cx (a+b#x)1/d,u,x]] /;

FreeQ[{a,b,c},x] && IntegerQ[ (n-1)/2] &% NonsumQ[u] &% (EqQ[F,Cos] || EqQ[F,cos])



Rules for integrands of the form inert trig functions

Int[u_=xF_[c_.x(a_.+b_.*x_)1”n_,x_Symbol] :=

With[{d=FreeFactors[Sin[cx (a+b*x)],x]},

d/ (bxc) *Subst[Int [SubstFor[ (1-d"2xx"2)~ ((-n-1)/2),Sin[cx (a+bxx)]/d,u,x],x],x,Sin[cx (a+bxx)1/d] /;
Function0fQ[Sin[cx (a+bxx)1/d,u,x]] /;
FreeQ[{a,b,c},x] && IntegerQ[ (n-1)/2] &% NonsumQ[u] &% (EqQ[F,Sec] || EqQ[F,sec])

Int[u_»F_[c_.x(a_.+b_.*x_)]”n_,x_Symbol] :=

With[{d=FreeFactors[Cos[cx (a+b*X)],x]},

-d/ (bxc) *Subst [Int [SubstFor[ (1-d*2%x”2)" ((n-1) /2) ,Cos[c* (a+bxx)]/d,u,x],x],X,Cos[cx (a+bxx)]/d] /;
FunctionOfQ[Cos [cx (a+bxx)]1/d,u,x]1] /;
FreeQ[{a,b,c},x] && IntegerQ[(n-1)/2] & NonsumQ[u] && (EqQ[F,Sin] || EqQ[F,sin])

Int[u_=*F_[c_.x(a_.+b_.*x_)1”n_,x_Symbol] :=

with[{d=FreeFactors[Cos[C*(a+b*x)],x]},

-d/ (bxc) *Subst [Int [SubstFor [ (1-d*2xx"2) " ((-n-1) /2) ,Cos [c* (a+bxx) ] /d,u,X],X],X,Cos [c* (a+bxx)]/d] /;
FunctionOfQ[Cos [cx (a+bxx)]1/d,u,x]] /;
FreeQ[{a,b,c},x] && IntegerQ[ (n-1)/2] &% NonsumQ[u] &% (EqQ[F,Csc] || EqQ[F,csc])

Int[u_xCosh[c_.x(a_.+b_.*x_)]”n_,x_Symbol] :=

With[{d=FreeFactors[Sinh[c« (a+b*x)],x]},

d/ (bxc) *Subst[Int [SubstFor[ (1+d"2xx"2)~ ((n-1) /2),Sinh[cx (a+b*X)]/d,u,x],x],x,Sinh[cx (a+bxx)1/d] /;
Function0fQ[Sinh[cx (a+bxx)]/d,u,x]] /;
FreeQ[{a,b,c},x] && IntegerQ[(n-1)/2] && NonsumQ[u]

Int[u_xSech[c_.*x(a_.+b_.*x_)]”n_,x_Symbol] :=
With[{d=FreeFactors[Sinh[c (a+b*x)],x]},
d/ (bxc) xSubst[Int [SubstFor [ (1+d"2xx"2)~ ((-n-1) /2),Sinh[c« (a+bxx)]/d,u,x],x],x,Sinh[cx (a+bxx)]/d] /;
Function0fQ[Sinh[cx (a+bxx)]/d,u,x]] /;

FreeQ[{a,b,c},x] && IntegerQ[(n-1)/2] && NonsumQ[u]

Int[u_»Sinh[c_.*(a_.+b_.*x_)1”n_,x_Symbol] :=

with[{d:FreeFactors[Cosh[C*(a+b*x)],x]},

d/ (bxc) *Subst [Int [SubstFor[ (-1+d*2xx"2)~ ((n-1) /2) ,Cosh[c*x (a+bxx)]/d,u,x],x],x,Cosh[cx (a+bxx)]/d] /;
FunctionOfQ[Cosh[c (a+bxx)]/d,u,x]] /;
FreeQ[{a,b,c},x] && IntegerQ[(n-1)/2] && NonsumQ[u]

14



Rules for integrands of the form inert trig functions

Int[u_xCsch[c_.x(a_.+b_.*x_)]1”n_,x_Symbol] :=
With[{d=FreeFactors[Cosh[c* (a+b*x)],x]},
d/ (bxc) *Subst [Int [SubstFor[ (-1+d”*2%x”*2)~((-n-1) /2) ,Cosh[c* (a+bxXx)]/d,u,x],x],x,Cosh[cx (a+bxx)]/d] /;
FunctionOfQ[Cosh[c (a+bxx)]/d,u,x]] /;

FreeQ[{a,b,c},x] && IntegerQ[ (n-1)/2] &% NonsumQ[u]

2:Jfﬁhﬂa+bx”CUHa+bﬂ"dXWMn%ieZ

Reference: G&R 2.503, CRC 483
Reference: G&R 2.502, CRC 482

Derivation: Integration by substitution

Basis:lf%eZ,thenF[Sin[a+bx]] Cot[a+bx]"=1 (1—Sin[a+bx]2)%waxsm[a+bx]

Sin[a+bx]"

(o

Rule: If % € Z,then

1 (1-x2)?F[x]
F[sin[a+bx]] Cot[a+bx]"dx — ;Subst[ ———  dx, X, Sin[a+bx]]

Xn

Program code:

Int[u_+F_[c_.*(a_.+b_.*x_)]1”n_,x_Symbol] :=
With[{d=FreeFactors[Sin[cx (a+b*x)],x]},
1/ (bxcxd” (n-1) ) #Subst [Int [SubstFor [ (1-d~2xx"2)~ ((n-1) /2) /x*n,Sin[cx (a+bxx)]/d,u,x],x],x,Sin[c* (a+bxx)1/d] /;
FunctionOfQ[Sin[cx (a+b#x)1/d,u,x]] /;

FreeQ[{a,b,c},x] && IntegerQ[ (n-1)/2] &% NonsumQ[u] &&% (EqQ[F,Cot] || EqQ[F,cot])

Int[u_*F_[c_.x(a_.+b_.%*x_)]1”n_,x_Symbol] :=
With[{d=FreeFactors[Cos[cx (a+b*x)],x]},
-1/ (bxc*d” (n-1) ) *Subst [Int [SubstFor[ (1-d*2xx”2)~ ((n-1) /2) /x*n,Cos [c* (a+b*X) ] /d,u,X],X],X,Cos[c* (a+bxx)]/d] /;
FunctionOfQ[Cos [cx (a+bxx)]1/d,u,x]] /;

FreeQ[{a,b,c},x] &% IntegerQ[ (n-1)/2] && NonsumQ[u] && (EqQ[F,Tan] || EqQ[F,tan])



Rules for integrands of the form inert trig functions

Int[u_xCoth[c_.*(a_.+b_.*x_)]”n_,x_Symbol] :=

With[{d=FreeFactors[Sinh[c (a+b*x)]1,x]},

1/ (bxcxd” (n-1) ) #Subst [Int [SubstFor [ (1+d*2xx"2) ((n-1)/2) /xn,Sinh[cx (a+bxx)]/d,u,x],x],x,Sinh[cx (a+bxx)]/d] /;
Function0fQ[Sinh[cx (a+bxx)]/d,u,x]] /;
FreeQ[{a,b,c},x] && IntegerQ[ (n-1)/2] &% NonsumQ[u]

Int[u_xTanh[c_.*(a_.+b_.*x_)]”n_,x_Symbol] :=

With[{d=FreeFactors[Cosh[c* (a+b*x)],x]},

1/ (bxcxd” (n-1) ) *Subst [Int [SubstFor[ (-1+d*2xx”2)~((n-1) /2) /x*n,Cosh[c* (a+b*x)]/d,u,x],x],Xx,Cosh[c* (a+bxx)]/d] /;
FunctionOfQ[Cosh[c (a+bxx)]/d,u,x]] /;
FreeQ[{a,b,c},x] && IntegerQ[(n-1)/2] && NonsumQ[u]

6: JF[Sin[a+bx]] (v+dCos[a+bx]") dx Whennz;lez

Derivation: Algebraic expansion
Rule: If % € 7, then

JF[Sin[a+bx]] (v+dCos[a+bx]") dx — |VvF[Sin[a+bx]] d1x+dJ-F[Sin[a+bx]] Cos[a+bx]"dx

Program code:

Int[u_=x(v_+d_.*F_[c_.x(a_.+b_.*x_)]”n_.),x_Symbol] :=
With[{e=FreeFactors[Sin[cx (a+b*x)],x]},
Int[ActivateTrig[usv],x]| + dxInt[ActivateTrig[u]«Cos[c*(a+bxx)]1~n,x]| /;
FunctionOfQ[Sin[cx (a+bxx) ]/e,u,x] | /s
FreeQ[{a,b,c,d},x] && Not[FreeQ[v,x]] && IntegerQ[ (n-1)/2] && NonsumQ[u] && (EqQ[F,Cos] || EqQ[F,cos])

Int[u_»(v_+d_.*F_[c_.*(a_.+b_.*x_)]1”n_.),x_Symbol] :=
With[{e=Fr'eeFactor's [Cos[c* (a+bxXx)],Xx]},
Int[ActivateTrig[usv],x]| + dxInt[ActivateTrig[u]+Sin[cx(a+bxx)]1*n,x]| /;
FunctionOfQ[Cos[c* (a+bxx)]/e,u,x] ] /3
FreeQ[{a,b,c,d},x] & Not[FreeQ[v,x]] & IntegerQ[(n-1)/2] && NonsumQ[u] & (EqQ[F,Sin] || EqQ[F,sin])
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Rules for integrands of the form inert trig functions

7: JF[Sin[a+bx]] Cos[a+bx]"dx when%ez

Reference: G&R 2.503, CRC 483
Reference: G&R 2.502, CRC 482

Derivation: Integration by substitution

n-1
2

Basis: If >* € z,thenF[Sin[a+bx]] Cos[a+bx]"= > (1-Sin[a+bx]?
Rule: If% € Z,then

1 -
jF[Sin[a+bx]] Cos[a+bx]"dx — ESubstU(sz)TF[x] ax, x, sinfa+bxi|

Program code:

If[TrueQ[$LoadShowSteps],

Int[u_,x_Symbol] :=
With[{v=FunctionOfTrig[u,x]},
ShowStep["","Int [F[Sin[a+bxx]]*Cos[a+bxx],x]","Subst [Int[F[x],X],X,Sin[a+b*x]]/b",Hold|
With[{d=FreeFactors[Sin[v],x]},
Dist[d/Coefficient[v,x,1],Subst[Int[SubstFor[1,Sin[v]/d,u/Cos[v],x],x],x,Sin[v]/d],x]]]] /;
Not[FalseQ[v]] && FunctionOfQ[NonfreeFactors[Sin[v],x],u/Cos[v],x]|] /;
SimplifyFlag,

Int[u_,x_Symbol] :=
With[{v=FunctionOfTrig[u,x]},
With[{d=FreeFactors[Sin[v],x]},
Dist[d/Coefficient[v,x,1],Subst[Int[SubstFor[1,Sin[v]/d,u/Cos[v],x],x],x,Sin[v]/d],x]] /;
Not[FalseQ[v]] && FunctionOfQ[NonfreeFactors[Sin[v],x],u/Cos[v],x]]]

F[Sin[a+bXx]] 0xSin[a + b x]
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Rules for integrands of the form inert trig functions

If[TrueQ[$LoadShowSteps],

Int[u_,x_Symbol] :=
With[{v=FunctionOfTrig[u,x]},
ShowStep["","Int [F[Cos [a+bxx]]*Sin[a+bxx],x]","-Subst [Int[F[x],x],X,Cos[a+bxx]]/b",Hold[
With[{d=FreeFactors[Cos[v],X]},
Dist[-d/Coefficient[v,x,1],Subst[Int[SubstFor[1,Cos[v]/d,u/Sin[v],x],x],x,Cos[v]/d],x]]]] /;
Not[FalseQ[v]] && FunctionOfQ[NonfreeFactors[Cos[v],x],u/Sin[v],x]] /;
SimplifyFlag,
Int[u_,x_Symbol] :=
With[{v=Function0fTrig[u,x]},
With[{d=FreeFactors[Cos[v],X]},

Dist[-d/Coefficient[v,x,1],Subst[Int[SubstFor[1,Cos[v]/d,u/Sin[v],x],x],x,Cos[v]/d],x]] /;
Not [FalseQ[v]] && FunctionOfQ[NonfreeFactors[Cos[v],x],u/Sin[v],x]]]

8. Ju (a+bTrig[c+dx]®+cTrig[c+dx]?)"dx

1: ju (a+bCos[c+dx]?+cSin[c+dx]?)?dx whenb-c==0

Derivation: Algebraic simplification
Basis: If b — ¢ == ©,thenb Cos[z]2 +cSin[z]? =
Rule: If b - ¢ == 9, then

Jﬁ(a+bTmﬂd+ex]2+cSmﬂd+ex]ﬂpdx —»(a+c)pjhdx

Program code:

Int[u_.#(a_.+b_.xcos[d_.+e_.*x_]~2+c_.#sin[d_.+e_.*x_]"~2)"p_.,x_Symbol] :=
(a+c) "pxInt[ActivateTrig[ul,x] /;
FreeQ[{a,b,c,d,e,p},x] && EqQ[b-c,0]
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Rules for integrands of the form inert trig functions

2: Ju (a+bTan[c+dx]?+cSec[c+dx]*)?dx whenb+c=0

Derivation: Algebraic simplification
Basis:If b+ c == 9,thenb Tan[z]? + c Sec[z]? ==
Rule: If b + ¢ == 9, then

Ju (a+bTan[d+ex]?+cSec[d+ex]?)Pdx — (a+c)pJud1x

Program code:

Int[u_.x(a_.+b_.+tan[d_.+e_.xx_]"2+c_.*sec[d_.+e_.*x_]"2)"p_.,x_Symbol] :
(a+c) "pxInt[ActivateTrig[ul,x]| /;
FreeQ[{a,b,c,d,e,p},x] && EqQ[b+c,0]

Int[u_.*(a_.+b_.xcot[d_.+e_.*x_]"2+c_.xcsc[d_.+e_.*x_]"2)"p_.,x_Symbol] :
(a+c) “p*Int[ActivateTrig[ul,x] /;
FreeQ[{a,b,c,d,e,p},x] && EqQ[b+c,0]



Rules for integrands of the form inert trig functions 20

9. Jy’ [x] y[x]™dx
1: J”y i dx
y[x]

Reference: G&R 2.111.1.2, CRC 27, A&S 3.3.15

Derivation: Integration by substitution and reciprocal rule for integration

Rule:

JM dx — Log[y[x]]
y[x]

Program code:

Int[u_/y_,x_Symbol] :=
With[{q=DerivativeDivides[ActivateTrig[y],ActivateTrig[ul,x]},
q+Log [RemoveContent [ActivateTrig[y]l,x]|] /;
Not[FalseQ[ql]l] /;
Not[InertTrigFreeQ[u] ]

Int[u_/ (y_»w_),x_Symbol] :=
With[{q=DerivativeDivides[ActivateTrig[yw],ActivateTrig[u],x]},

qxLog[RemoveContent [ActivateTrig[y+w],x]] /;
Not [FalseQ[q]]] /;
Not [InertTrigFreeQ[u] ]



Rules for integrands of the form inert trig functions

2: Jy’ [x] y[x]™dx when m# -1

Reference: G&R 2.111.1.1, CRC 23, A&S 3.3.14
Derivation: Integration by substitution and power rule for integration

Rule: If m # -1, then

jy’ [X] y[x]"dx —

m+1

Program code:

Int[u_xy_"m_.,x_Symbol] :=
With[{q=DerivativeDivides[ActivateTrig[y],ActivateTrig[ul,x]},
qxActivateTrig[y” (m+1)]/(m+1) /;
Not[FalseQ[ql]l] /;
FreeQ[m,x] & NeQ[m,-1] & Not[InertTrigFreeQ[u]]

Int[u_*y_"m_.*z_"n_.,x_Symbol] :=
With[{q=DerivativeDivides[ActivateTrig[yz],ActivateTrig[uxz~(n-m)]1,x]},
qxActivateTrig[y” (m+1) x2” (m+1) ]/ (m+1) /;
Not [FalseQ[q]]] /;
FreeQ[{m,n},x] &% NeQ[m,-1] && Not[InertTrigFreeQ[u]]

y [X] m+1

21



Rules for integrands of the form inert trig functions

10. fu (aF[c+dx]P)"dx whenF e {Sin, Cos, Tan, Cot, Sec, Csc} An¢zZ A pez

1: Ju (aF[c+dx]")"d1x when F € {Sin, Cos, Tan, Cot, Sec, Csc} AN¢Z A pez

Derivation: Piecewise constant extraction

ise 9, (aFlcedx]P)T __
Basis: O aF[ciax)}(”p == 0

Rule:If F € {Sin, Cos, Tan, Cot, Sec, Csc} A n¢Z A p < Z,then

(aF[c+dx]?)"

J\u(aF[c+dx]")"d1x—> JuF[c+dx]"pdx

F[c+dx]"P

Program code:

Int[u_.x(a_.*F_[c_.+d_.*x_]”p_)~n_,x_Symbol] :=
With[{v=ActivateTrig[F[c+d*x]]},
a*IntPart[n] * (v/Nonfr‘eeFactor‘s [v,X] )" (p*IntPart[n]) = (axv”*p) *FracPart [n]/NonfreeFactors [v,x]” (pxFracPart[n])
Int[ActivateTrig[u] «NonfreeFactors[v,x]”(nxp),x]|] /;
FreeQ[{a,c,d,n,p},x] & & InertTrigQ[F] && Not[IntegerQ[n]] && IntegerQ[p]
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Rules for integrands of the form inert trig functions

2: Ju (a (bF[c+dx])P)"dx when F € {Sin, Cos, Tan, Cot, Sec, CSC} AN¢Z A p¢z

Derivation: Piecewise constant extraction

ice (a (bFlcrdx])P)T __
Basis: Oy bFlcrdx) P =

Rule: If F € {Sin, Cos, Tan, Cot, Sec, Csc} A n¢Z A p ¢ Z,then

aIntPart[n] (a (b E [C +d X] ) p) FracPart[n]

~J‘u(a (bF[c+dx])P)"dx — Ju(bF[c+dx])“de

(b F [C +d x])pFracPar‘t[n]

Program code:

Int[u_.x(a_.*(b_.*F_[c_.+d_.*x_]1)"p_)~n_.,x_Symbol] :=

With[{v=ActivateTrig[F[c+d*x]]},

a~IntPart[n]« (a* (b#v)~p) *FracPart[n]/ (b#v)~ (pxFracPart[n]) »Int[ActivateTrig[u] (b*v)~(n+p),x]] /;
FreeQ[{a,b,c,d,n,p},x] && InertTrigQ[F] && Not[IntegerQ[n]] && Not[IntegerQ[p]]
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Rules for integrands of the form inert trig functions

11: J}[Tan[a+-bx]] dx when F[Tan[a + b x]] isfree ofinverse functions

Reference: G&R 2.504
Derivation: Integration by substitution

Basis: F[Tan[z]] = BEanlzll 5 Tan[z]

1+Tan[z]?

Rule: If F[Tan[a + b x] ] is free of inverse functions, then

Fx]

1
JF[Tan[a+bx]] dx — gSubst[J

T dx, X, Tan[a+bx]]
+ X

Program code:

If[TrueQ[$LoadShowSteps],

Int[u_,x_Symbol] :=
With[{v=FunctionOfTrig[u,x]},
ShowStep[““,"Int[F[Tan[a+b*x]],x]“,"1/b*Subst[Int[F[x]/(1+x“2),x],x,Tan[a+b*x]]",Hold[
With[{d=FreeFactors[Tan[v],x]},
Dist[d/Coefficient[v,x,1],Subst[Int[SubstFor[1/(1+d"2#x"2),Tan[v]/d,u,x],x],x,Tan[v]/d],x]]]] /;

Not[FalseQ[v]] && FunctionOfQ[NonfreeFactors[Tan[v],x],u,x]|]| /;

SimplifyFlag && InverseFunctionFreeQ[u,x] &&
Not [MatchQ[u,v_.*(c_.tan[w_]~n_.«tan[z_]"n_.)"p_. /; FreeQ[{c,p},x] && IntegerQ[n] & LinearQ[w,x] && EqQ[z,2+w]]],

Int[u_,x_Symbol] :=
With[{v=FunctionOfTrig[u,x]},
With[{d=FreeFactors[Tan[v],x]},
Dist[d/Coefficient[v,x,1],Subst[Int[SubstFor[1/ (1+d"2xx"2),Tan[v]/d,u,x],x],X,Tan[v]/d],x]] /;
Not[FalseQ[v]] && FunctionOfQ[NonfreeFactors[Tan[v],x],u,x]] /;
InverseFunctionFreeQ[u,x] &&
Not [MatchQ[u,v_.*(c_.tan[w_]~n_.*tan[z_]"n_.)"p_. /; FreeQ[{c,p},x] && IntegerQ[n] & LinearQ[w,x] && EqQ[z,2+w]]]]
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Rules for integrands of the form inert trig functions

1 V2m v
12: Ju (c sin[v] )'“ dx when v==a+bx Am+—€Z A u Sin[—] is a function of Tan[—] free of inverse functions
2 2 2

Derivation: Piecewise constant extraction

Basis: If v == a + b x, then O, (csm[\;}.) {5?;:”2” ==
in| -
2

Rule:lf v==a+bx A m+ % €eZ AU Sin[ ]Zm is a function of Tan [ %] free of inverse functions, then

Vv
2

(csinv])" (cTan[f])'" uSin[%]2m
Ju (csin[v])"dx — J dx

Sin[%]2m (cTan[f])m

Program code:

Int[u_x(c_.»sin[v_])"m_,x_Symbol] :=
With [ {w=FunctionOfTrig[uxSin[v/2]~(2+m)/(cxTan[v/2])"m,x]},
(c*Sin[v])~mx (cxTan[v/2])*m/Sin[v/2] " (2xm) +Int[uxSin[v/2]~ (2+m) /(cxTan[v/2])*m,x] /;
Not [FalseQ[w]] && FunctionOfQ[NonfreeFactors[Tan[w],x],u*Sin[v/2]"(2«m)/(cxTan[v/2]) m,x]] /;
FreeQ[c,x] && LinearQ[v,x] && IntegerQ[m+1/2] && Not[SumQ[u]] && InverseFunctionFreeQ[u,X]
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Rules for integrands of the form inert trig functions 26

13: Ju (aTan[c+dx]"+bSec[c+dx]")?dx when (n|p) €z

Derivation: Algebraic simplification
Basis:If n € Z,thenaTan[z]" +bSec[z]" =Sec[z]" (b+aSin[z]")
Rule:If (n | p) € z,then

Ju (aTan[c+dx]"+bSec[c+dx]")Pdx — JuSec[c+dx]np (b+asin[c+dx]")”dx

Program code:

Int[u_.x(a_.*tan[c_.+d_.*x_]”n_.+b_.*sec[c_.+d_.*x_]”n_.)"p_,x_Symbol] :=
Int[ActivateTrig[u]«Sec[c+d*x]" (n#p)* (b+axSin[c+dxx]"n)~p,x] /;
FreeQ[{a,b,c,d},x] && IntegersQ[n,p]

Int[u_.*(a_.xcot[c_.+d_.*x_]"n_.+b_.xcsc[c_.+d_.*x_]"n_.)"p_,x_Symbol] :=
Int[ActivateTrig[u]*Csc[c+d*x]"(n*p)*(b+a*Cos[c+d*x]"n)"p,x] /5
FreeQ[{a,b,c,d},x] && IntegersQ[n,p]



Rules for integrands of the form inert trig functions

14. ju (aTrig[c+dx]P+bTrig[c+dx]%+..)"dx

1: Ju (aTrig[c+dx]P+bTrig[c+dx]%)"dx whennez

Derivation: Algebraic simplification
Basis:a zP + b z9 == zP (a + b z9°P)

Rule: If n € z,then

ju (aTrig[c+dx]P+bTrig[c+dx]%)"dx — J\uTrig[c+dx]"p (a+bTrig[c+dx]9P)"dax

Program code:

Int[u_=*(a_*F_[c_.+d_.*x_]"p_.+b_.*F_[c_.+d_.*x_]17q_.)"n_.,x_Symbol] :=
Int[ActivateTrig[uxF [c+dxX]” (np) * (a+bxF [c+d+x]~(q-p))~nl,x]| /;
FreeQ[{a,b,c,d,p,q},x] && InertTrigQ[F] && IntegerQ[n] && PosQ[q-p]
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Rules for integrands of the form inert trig functions

2: Ju (aTrig[d+ex]P+bTrig[d+ex]%+cTrig[d+ex]")"dx whennez

Derivation: Algebraic simplification
BasistazP +bz9+cz"=2zP (a+bz9P+cz"P)

Rule: If n € Z, then

Ju (aTrig[d+ex]P+bTrig[d+ex]%+cTrig[d+ex]")"dx — JuTr‘ig[d+ex]"p (a+bTrig[d+ex]%P+cTrig[d+ex]"P)"dx

Program code:
Int[u_=x(a_*»F_[d_.+e_.*x_]7"p_.+b_.xF_[d_.+e_.*x_]"q_.+c_.*F_[d_.+e_.*x_]”r_.)"n_.,x_Symbol] :=

Int [ActivateTrig[U*F [d+exx]”~ (nxp) * (a+bxF [d+exx] " (q-p) +c*F [d+exx]”~ (r-p))~n] ,x] /5
FreeQ[{a,b,c,d,e,p,q,r},x] & InertTrigQ[F] && IntegerQ[n] && PosQ[gq-p] && PosQ[r-p]

15: Ju (a+bTrig[d+ex]P+cTrig[d+ex]®)"dx whennez A p<@

Derivation: Algebraic simplification
Basisia+bzP+cz9==2zP (b+azP+cziP)

Rule:lf neZ A p < 0,then

Ju (a+bTrig[d+ex]P+cTrig[d+ex]%)"dx — JuTr‘ig[d+ex]"" (b+aTrig[d+ex]™+cTrig[d+ex]%P)"dx

Program code:

Int[u_=x(a_+b_.%xF_[d_.+e_.*x_]17"p_.+c_.*F_[d_.+e_.*x_]"q_.)"n_.,x_Symbol] :=
Int[ActivateTrig[uxF[d+exXx]”(np)  (b+axF [d+exx]”" (-p) +cxF[d+exx]~(q-p))~nl,x] /;
FreeQ[{a,b,c,d,e,p,q},x] &% InertTrigQ[F] && IntegerQ[n] && NegQ[p]
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Rules for integrands of the form inert trig functions

16: ju (aCos[c+dx] +bSin[c+dx])"dx when a?+b*=0

Derivation: Algebraic simplification
Basis: If a2 + b2 == 9,thenaCos[z] +bSin[z] == a e o

Rule: If a2 + b? == 9, then

a(csdx) \ N
Ju (aCos[c+dx] +bSin[c+dx])"dx — Ju (ae' > ) dx

Program code:

Int[u_.+(a_.«cos[c_.+d_.*x_]+b_.#sin[c_.+d_.*x_])"n_.,x_Symbol] :=
Int[ActivateTrig[u]« (a*E~(-a/bx (c+d%x)))"n,x]| /;
FreeQ[{a,b,c,d,n},x] & & EqQ[a”2+b"2,0]

17: ju dx when TrigSimplifyQ[u]

Rule: If TrigSimplifyQ[u],then

J-u dx — | TrigSimplify[u] dx

Program code:

Int[u_,x_Symbol] :=
Int[TrigSimplify[ul,x] /;
TrigSimplifyQ[u]
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18. fu (v"w"---)Pdx whenp ¢z

1: Ju (av)Pdx whenp ¢z

Derivation: Piecewise constant extraction

Basis: 9, AFxLIP __ g

Fx]P

Rule: If p ¢ Z, then

aIntPar‘t [p]l (a V) FracPart[p]
u(av)Pdx — u vP dx
VFr‘acPart[p]

Program code:

Int[u_.x(a_*v_)"p_,x_Symbol] :=
With[{uu=ActivateTrig[u],vv=ActivateTrig[v]},
a*IntPart[p] * (axvv)*FracPart[p]/ (vv*FracPart[p]) *Int [uuxvv"p,x] ] /8
FreeQ[{a,p},x] & Not[IntegerQ[p]] && Not[InertTrigFreeQ[v]]
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Rules for integrands of the form inert trig functions

2: Ju (v")Pdx whenp ¢z

Derivation: Piecewise constant extraction

Basis: Oy {FX0" = ©

Rule: If p ¢ Z, then
ju (v)Pax —

Program code:

Int[u_.*(v_"m_)"p_,x_Symbol] :=
With[{uu=ActivateTrig[u],vv=ActivateTrig[v]},
(vv”m) ~*FracPart [p] / (vv* (mxFracPart[p]) ) *Int [uuxvv”" (mxp) ,X] ] /5
FreeQ[{m,p},x] & Not[IntegerQ[p]] && Not[InertTrigFreeQ[v]]

(Vm) FracPart[p]

vm FracPart[p]

uv"P dx
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Rules for integrands of the form inert trig functions

3: Ju (v"w")Pdx whenp ¢z

Derivation: Piecewise constant extraction

e (F[x]"G[x]MP __
Basis: Oy PP 0

Rule: If p ¢ Z, then

(Vm wn) FracPart[p]
uv"Pw"P dx

ju (v"‘ w")pdlx —

ym FracPart[p] wh FracPart[p]

Program code:

Int[u_.x(v_"m_.*w_"n_.)"p_,x_Symbol] :=
With[{uu=ActivateTrig[u],vv=ActivateTrig[v],ww=ActivateTrig[w]},
(vv*mxww”n) *FracPart [p] / (vv* (mxFracPart[p]) *ww” (nxFracPart[p]) ) *Int [uuxvv” (mxp) *WW” (n*p) ,Xx] ] /5
FreeQ[{m,n,p},x] && Not[IntegerQ[p]] && (Not[InertTrigFreeQ[v]] || Not[InertTrigFreeQ[w]])
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19: |udx when ExpandTrig[u, x] isasum

Derivation: Algebraic expansion
Rule: If ExpandTrig[u, x] isasum,then

J‘u dx — JExpandTr‘ig[u, x] dx

Program code:
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1 2x  1-x?
20: JF [sin[a+bx], Cos[a+bx]] dx when F[Sin[a+bx], Cos[a +bx]] isfree ofinverse functions and J F[ 2] dx isintegrablein closed —form

3
1+ x? 1+x2 14+Xx

Reference: G&R 2.501, CRC 484

Derivation: Integration by substitution

Basis: F [Sin[a +bXx], Cos[a+bx]] = %Subst[lsz F{lzﬂ’zz, tiﬂ, x, Tan| 22X ] ] 5, Tan | 22X |

Rule: If F[Sin[a +bx], Cos[a+bx]] isfreeofinverse functions and j2; r[ 2%, 2] axis integrable in closed-form,
then

q 2x  1-x°

2]dlx,x,Tan[a+bx]]

2
JF[Sin[a+bx], Cos[a+bx]]dx — ;Subst[J

3
1+ x? 1+x% 1+Xx

Program code:

If[TrueQ[$LoadShowSteps],

Int[u_,x_Symbol] :=
With [ {w=Block [ {$ShowSteps=False,$StepCounter=Null},
Int[SubstFor[1/(1+FreeFactors|Tan[FunctionOfTrig[u,x]/2],x]*2#x*2),Tan[Function0fTrig[u,x]/2]/FreeFactors[Tan[Function0fTrig[u,x]/2]
ShowStep[““,"Int[F[Sin[a+b*x],Cos[a+b*x]],x]“,"2/b*Subst[Int[1/(1+xA2)*F[2*x/(1+xA2),(1—x“2)/(1+x“2)],x],x,Tan[(a+b*x)/2]]“,Hold[
Module [ {v=FunctionOfTrig[u,x],d},
d=FreeFactors[Tan[v/2],X];
Dist[2«d/Coefficient[v,x,1],Subst[Int[SubstFor[1/ (1+d"2#x"2),Tan[v/2]/d,u,x],x],X,Tan[v/2]1/d],x]]]] /;
CalculusFreeQ[w,x]] /;
SimplifyFlag & InverseFunctionFreeQ[u,x] & Not[FalseQ[FunctionOfTrig[u,x]]],

Int[u_,x_Symbol] :=
With [ {w=Block [ {$ShowSteps=False,$StepCounter=Null},
Int[SubstFor[1/(1+FreeFactors|Tan[FunctionOfTrig[u,x]/2],x]*2+x*2),Tan[Function0fTrig[u,x]/2]/FreeFactors[Tan[Function0fTrig[u,x]/2]
Module [ {v=Function0fTrig[u,x],d},
d=FreeFactors[Tan[v/2],X];
Dist[2xd/Coefficient[v,x,1],Subst [Int[SubstFor[1/ (1+d"2#x"2),Tan[v/2]/d,u,x],Xx],X,Tan[v/2]/d],x]] /;
CalculusFreeQ[w,x]] /;
InverseFunctionFreeQ[u,x] & Not[FalseQ[FunctionOfTrig[u,x]]]]
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(» If[TrueQ[$LoadShowSteps],

Int[u_,x_Symbol] :=
With[{v=FunctionOfTrig[u,x]},
ShowStep[““, "Int[F[Sin[a+bxXx],Cos[a+bxx]],x]","2/bxSubst [Int[1/ (1+X"2) *F [2%X/ (1+X"2), (1-x"2) / (1+x"2)],X],X,Tan[ (a+bxx) /2]] ",Hold[
With[{d=FreeFactors[Tan[v/2],x]},
Dist[2xd/Coefficient[v,x,1],Subst[Int[SubstFor[1/ (1+d"2#x"2),Tan[v/2]/d,u,x],x],X,Tan[v/2]1/d],x]]]] /;
Not[FalseQ[v]]] /;
SimplifyFlag && InverseFunctionFreeQ[u,x],

Int[u_,x_Symbol] :=

With[{v=Function0fTrig[u,x]},

With[{d=FreeFactors[Tan[v/2],x]},

Dist[2xd/Coefficient[v,x,1],Subst[Int[SubstFor[1/ (1+d"24x"2),Tan[v/2]/d,u,x],X],X,Tan[v/2]/d],x]] /;
Not[FalseQ[v]]] /;
InverseFunctionFreeQ[u,x]]| =)

X: jF [Trig[a+bx]] dx

Note: If integrand involves inert trig functions, must suppress further application of integration rules.

Rule:

jF[Tr‘ig[a+bx]] dx — JF[Tr‘ig[a+bx]] dx

Program code:

Int[u_,x_Symbol] :=
With[{v=ActivateTrig[u]},
CannotIntegrate[v,x]] /;
Not [InertTrigFreeQ[u] ]
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