Rules for integrands involving (a + bArcTan[c x])P

4, J-(-Fx)'“ (d+ex)% (a+bArcTan[c x])P dx when p e z*

(Fx)" (a+bArcTan[cx])P
1.f dx when pez* A c?d*+e?2=:0

d+ex

(Fx)" (a+bArcTan[cx])P
1:J dx when pezZ*A c?d’>+e?==0 A m>0

d+ex

Derivation: Algebraic expansion

feex 1 __ d
Basis: diex e e (d+ex)

Rule:if pez* A c?2d? +e%2 =0 A m> 0,then

j(fx)"' (a+bArcTan[c x])P

d+ex e

Program code:

Int[(f_.*x_)™m_.(a_.+b_.*ArcTan[c_.*x_])"p_./ (d_+e_.*x_) ,x_Symbol] :
-F/e*Int[(f*x)"(m—l)*(a+b*ArcTan[c*x])"p,x] =
d«f/exInt [ (f*x)~ (m-1) » (a+bxArcTan [cxx]) ~p/ (d+exx) ,x]| /;
FreeQ[{a,b,c,d,e,f},x] && IGtQ[p,0] && EqQ[c"2+d"2+e"2,0] && GtQ[m,0]

Int[(f_.*x_)™m_.(a_.+b_.*ArcCot[c_.*x_])"p_./ (d_+e_.*x_),x_Symbol] :
f/exInt[ (fxx)~ (m-1) « (a+bxArcCot [c+x]) *p,X]| -
d«f/exInt [ (f#x)~ (m-1) » (a+bxArcCot [cxx]) ~p/ (d+exx) ,x]| /;
FreeQ[{a,b,c,d,e,f},x] && IGtQ[p,0] && EqQ[c"2+d"2+e"2,0] && GtQ[m,0]

) J-(fx)"' (a+bArcTan[cx])P

d+ex

dx when pezZ*A c?d’>+e?==0 A m<©

a+bArcTan[c x])P
1:J( [cx]) dx when pez* A c2d?> +e? =0

X (d + e Xx)

Derivation: Integration by parts

f m-1 d
dx —s _J(fx) (a+bArcTan[cx])Pdx -

( x)'"'1 (a+bArcTan[c x])P

d+ex

dx



Rules for integrands of the form u (a+b arctan(c x))™p

Basis: —1— == %@XLog{Z— 2 }

X (d+e x) 1+e(TX

Rule:If p e z* A ¢?d? + e? == 9, then

(a+bAr‘cTan[cx])PLog[2— 2 ] (a+bAr‘cTan[cx])p‘1Log[2— 2 ]

(a+bArcTan[c x])P 155 bcp .25
dx — - dx
x (d + e x) d d 1+c?x?

Program code:

Int[(a_.+b_.*ArcTan[c_.*x_])"p_./ (x_=*(d_+e_.*x_)),x_Symbol] :=
(a+bxArcTan[cxx]) “pxLog[2-2/ (1+exx/d)]/d -
bxcxp/dxInt[ (a+bxArcTan[cxXx] )" (p-1) xLog[2-2/ (1+exx/d) ]/ (1+c"2xx"2),Xx] /;
FreeQ[{a,b,c,d,e},x] && IGtQ[p,0] && EqQ[c"2xd"2+e"2,0]

Int[(a_.+b_.*ArcCot[c_.*x_])"p_./ (x_=*(d_+e_.*x_)),x_Symbol] :=
(a+bxArcCot[cxXx]) “pxLog[2-2/ (1+exx/d)]/d +
bxcxp/dxInt[ (a+bxArcCot[cxXx]) " (p-1) xLog[2-2/ (1+exx/d) ]/ (1+Cc"2xx"2),Xx] /;
FreeQ[{a,b,c,d,e},x] & & IGtQ[p,9] && EqQ[c*2xd"*2+e”2,0]



Rules for integrands of the form u (a+b arctan(c x))™p

dx when pez*A c?d?*+e?=20 A m<-1

X J«(-Fx)rn (a+bArcTan[c x])P

d+ex

Derivation: Algebraic expansion

e x
d (d+e x)

Basis: —= fﬁ

direx

Rule:lf pez* A c?d?>+e?2==0 A m< -1,then

(f x)"I+l (a+bArcTan[c x])P

dx

(fx)" (a+bArcTan[cx])P 1 . e
J dx — EJ-(-FX) (a+bArcTan[cx])pd1x—;J

d+ex d+ex

Program code:

Int[(f_.*x_)~m_x(a_.+b_.*ArcTan[c_.*x_])"p_./ (d_+e_.*x_),x_Symbol] :=
1/d+Int[ (fxx) mx (a+bxArcTan[cxx]) p,x] -
e/ (d»f) +Int[ (fxx)" (m+1) » (a+bxArcTan[cxx])"p/ (d+exx),x]| /;
FreeQ[{a,b,c,d,e,f},x] && IGtQ[p,0] && EqQ[c"2xd"2+e"2,0] && LtQ[m,-1]

Int[(f_.*x_)~m_%(a_.+b_.xArcCot[c_.*x_]) p_./ (d_+e_.*x_),x_Symbol] :=
1/d+Int[ (fxx) mx (a+bxArcCot[c#x]) p,x] -
e/ (d+f) +Int [ (f*x)~ (m+1) » (a+b*ArcCot [cxx]) ~p/ (d+exx) ,X]| /;
FreeQ[{a,b,c,d,e,f},x] && IGtQ[p,0] && EqQ[c"2xd"2+e"2,0] && LtQ[m,-1]



Rules for integrands of the form u (a+b arctan(c x))™p

2: J(fx)'" (d+ex)9 (a+bArcTan[cx]) dx when q#-1 A 2meZ A ((m|q) €Z*' Vm+q+1eZ A mq<0)

Derivation: Integration by parts

Rule:lf g+ -1 A2meZ A ((m|q) €Z* Vm+q+1eZ A mq<0),letu»f(fx)m (d + e x)9dx,then

J(fx)"‘ (d+ex)? (a+bArcTan[cx]) dx — u (a+bArcTan[cx]) —bcj dx

1+c?2x?

Program code:

Int[(f_.#x_)™m_.%(d_.+e_.#X_)"q_.*(a_.+b_.*ArcTan[c_.xx_]),x_Symbol] :=
With[{u=IntHide[ (f*x) mx (d+exx)~q,x]},
Dist[ (a+b*ArcTan[cxx]),u] - bxcxInt[SimplifyIntegrand[u/ (1+c"2xx"2),x1,x]|] /;
FreeQ[{a,b,c,d,e,f,q},x] & NeQ[q,-1] && IntegerQ[2+m] && (IGtQ[m,0] & IGtQ[q,8] || ILtQ[m+q+1,0] && LtQ[mxq,0])

Int[(f_.*x_)™m_.»(d_.+e_.#X_)~q_.*(a_.+b_.*ArcCot[c_.*x_]),x_Symbol] :=
With[{u=IntHide[ (f*x) mx (d+exx)"q,x]},
Dist[ (a+b*ArcCot[cxx]),u] + bxcxInt[SimplifyIntegrand[u/ (1+c"2xx"2),x1,x]|] /;
FreeQ[{a,b,c,d,e,f,q},x] & NeQ[q,-1] && IntegerQ[2+m] && (IGtQ[m,0] & IGtQ[q,8] || ILtQ[m+q+1,0] && LtQ[mxq,0])



Rules for integrands of the form u (a+b arctan(c x))™p

3: J(fx)'" (d+ex)9 (a+bArcTan[cx])Pdx whenp-1€Z* A c?d*>+e2==0 A (M| Q) €Z A q#-1

Derivation: Integration by parts
Rule:lf p-1ez*Ac?d>+e?=0 A (m| Q) €eZ A Q% —1,letu»J(fx)m (d + e x)9dx, then

J(fx)'“ (d+ex)? (a+bArcTan[cx])Pdx —

u

,x] dx

u(a+bArcTan[cx])P-bcp J(a +bArcTan[c x])P? ExpandIntegrand[ _—
1+cx

Program code:

Int[(F_.*x_)™m_.x(d_.+e_.#x_)"q_x(a_.+b_.*ArcTan[c_.*x_])"p_,x_Symbol] :=
With[{u=IntHide[ (f+x) mx (d+exx)~q,x]},
Dist[ (a+bxArcTan[c*x]) p,u] - b*c*p*Int[ExpandIntegrand[(a+b*Ar'cTan[c*x])"(p—1),u/(1+c"2*x"2),x],x]] /5
FreeQ[{a,b,c,d,e,f,q},x] & IGtQ[p,1] & EqQ[c"2xd"2+e"2,0] && IntegersQ[m,q] && NeQ[m,-1] && NeQ[q,-1] & ILtQ[m+q+1,0] && LtQ[m«q,0]

Int[(F_.*x_)™m_.x(d_.+e_.#x_)"q_x(a_.+b_.*ArcCot[c_.*x_])"p_,x_Symbol]| :=
With[{u=IntHide[ (fxx) mx (d+exx)~q,x]},
Dist[ (a+bxArcCot[cxx])~p,u] + bxcxpxInt[ExpandIntegrand[ (a+bxArcCot[c*x])”(p-1),u/ (1+c”2xx*2),x],Xx] ] /5
FreeQ[{a,b,c,d,e,f,q},x] & IGtQ[p,1] & EqQ[c"2xd"2+e"2,0] && IntegersQ[m,q] && NeQ[m,-1] && NeQ[q,-1] & ILtQ[m+q+1,0] && LtQ[mxq,0]



Rules for integrands of the form u (a+b arctan(c x))™p

4: J(fx)'" (d+ex)% (a+bArcTan[cx])Pdx when peZ*A qeZ A (>0 V a#0 V meZ)

Rule:lf peZzZ*Aqez N (>0 V a+0 VvV meZz),then

j(f x)" (d+ex)9 (a+bArcTan[cx])Pdx — j(a +bArcTan[c x])P ExpandIntegrand[ (fx)" (d+ex)?, x] dx

Program code:

Int[(f_.*x_)™m_.x(d_+e_.*x_)"q_.(a_.+b_.*ArcTan[c_.*x_])"p_.,x_Symbol] :=
Int[ExpandIntegrand [ (a+bxArcTan[cxx])"p, (fxx) mx (d+exx)~q,x],x] /;
FreeQ[{a,b,c,d,e,f,m},x] & IGtQ[p,0] & IntegerQ[q] && (GtQ[q,@] || NeQ[a,0] || IntegerQ[m])

Int[(f_.*x_)™m_.x(d_+e_.*x_)"q_.(a_.+b_.*ArcCot[c_.*x_])"p_.,x_Symbol] :=
Int[ExpandIntegrand [ (a+bxArcCot[cxx])"p, (fxx) mx (d+exx)~q,x],x]| /;
FreeQ[{a,b,c,d,e,f,m},x] & IGtQ[p,0] & IntegerQ[q] && (GtQ[q,@] || NeQ[a,@] || IntegerQ[m])



Rules for integrands of the form u (a+b arctan(c x))™p

5. J(d+ex2)q (a+bArcTan[c x])P dx
1. J(d+ex2)q (a+bArcTan[c x])Pdx when e == c2d
1. J-(d+ex2)q (a+bArcTan[cx])Pdx when e==c2d A q>0

1: j(d+ex2)q (a+bArcTan[cx]) dx when e=c*d A q>0

Rule:If e == c2d A g > 0, then

b(d+ex’)? x(d+ex?)? (a+bArcTan[cx]) 2dq )
J(d+ex2)q (a+bArcTan[cx]) dx — - + + J(d+ex2)q' (a+bArcTan[c x]) dx
2cq(2q+1) 2gq+1 2gq+1

Program code:

Int[(d_+e_.*x_"2)"q_.*(a_.+b_.*ArcTan[c_.*x_]),x_Symbol] :=
-bx (d+exx"2)*q/ (2xCxqx (2xq+1) ) +
X* (d+exx"2) Aq* (a+bxArcTan[c*x]) / (2xq+1) +
2xd*xq/ (2xq+1) *Int[ (d+exx"2) ~ (q-1) » (a+bxArcTan[c*xx]) ,Xx] /;
FreeQ[{a,b,c,d,e},x] & & EqQ[e,c”2xd] && GtQ[q,0]

Int[(d_+e_.*x_"2)"q_.*(a_.+b_.*ArcCot[c_.*x_]),x_Symbol] :=
bx (d+exx"2)*q/ (2xCxqx (2xq+1)) +
X* (d+exx”"2) ~qx (a+bxArcCot [c*xx]) / (2*xq+1) +

2xdxq/ (2%q+1) *Int [ (d+exx"2)*(q-1) » (a+bxArcCot[c*x]),x] /;
FreeQ[{a,b,c,d,e},x] &% EqQ[e,c*2xd] && GtQ[q,9]

2: J(d+ex2)q (a+bArcTan[cx])Pdx whene=c>d A q>0 A p>1

Rule:If e ==c2d A q>0 A p > 1,then

J-(d+ex2)q (a+bArcTan[cx])Pdx —



Rules for integrands of the form u (a+b arctan(c x))™p

bp (d+ex?)? (a+bArcTan[cx])P* x (d+ex?)? (a+bArcTan[cx])P
- + +

2cq(2q+1) 2gq+1
b2dp (p-1)
2q(2q+1)

2dq
2q+1

J(d +e xz)q’1 (a+bArcTan[cx])Pdx+ J(d +e xz)q'1 (a+bArcTan[c x])P2dx

Program code:

Int[(d_+e_.*x_"2)"q_.*(a_.+b_.*ArcTan[c_.*x_]) p_,x_Symbol] :=

-bxp* (d+exx*2) ~q* (a+bxArcTan[c*xx] )~ (p-1) / (2xCxq* (2%q+1) ) +

X* (d+exx”"2) *q* (a+bxArcTan[c*x]) *p/ (2*q+1) +

2xdxq/ (2%xq+1) *Int [ (d+exx"2) ~ (q-1) » (a+bxArcTan[c*Xx]) *p,Xx] +

b"2xdxp* (p-1) / (2*xq* (2%xq+1) ) *Int [ (d+e*x"2)~ (q-1) * (a+bxArcTan[c*x]) ~ (p-2),Xx] /;
FreeQ[{a,b,c,d,e},x] &% EgqQ[e,c*2xd] && GtQ[q,0] && GtQ[p,1]

Int[(d_+e_.x*x_"2)"q_.*(a_.+b_.xArcCot[c_.*x_])“p_,x_Symbol] :=

bxpx (d+exx"2) ~qx (a+bxArcCot [c*x] )~ (p-1) / (2*xC*xq* (2*xq+1)) +

x* (d+exx”"2) ~q* (a+bxArcCot [c*xx])*p/ (2*q+1) +

2xdxq/ (2xq+1) *Int [ (d+exx"2) "~ (q-1) » (a+bxArcCot [c*Xx]) *p,Xx] +

b 2xdxpx (p-1) / (2*%q* (2%xq+1) ) *Int[ (d+exx*2) ~ (q-1) * (a+bxArcCot [cxx] )" (p-2),x] /;
FreeQ[{a,b,c,d,e},x] &% EqQ[e,c”2xd] && GtQ[q,09] && GtQ[p,1]



Rules for integrands of the form u (a+b arctan(c x))™p

2. J-(d+ex2)q (a+bArcTan[cx])Pdx when e=c>d A q<©

dx when e ==c?d

4 J‘(a+bAr'cTan[cx])P

d+ex?

dx when e == c?d

J- (a+bArcTan[c x])P
X:

d+ex?

Derivation: Integration by substitution

Basis: If e == C2 d, then F—%‘f—’(u == i Subst[F[x], x, ArcTan[c x]] 8xArcTan[c X]

Rule: If e == c? d, then

(a+bArcTan[cx])P 1
j dx — — Subst[j(a +bx)Pdx, x, ArcTan[c x]]
d+ex? cd

Program code:

(» Int[(a_.+b_.*ArcTan[c_.*x_]1)"p_./(d_+e_.xx_"2),x_Symbol] :=
1/ (c*d) *Subst [Int[ (a+b*x)*p,x],Xx,ArcTan[cxx]] /;
FreeQ[{a,b,c,d,e,p},x] && EqQ[e,c”2xd] =)

(» Int[(a_.+b_.*ArcCot[c_.*x_]1)"p_./(d_+e_.xx_"2),x_Symbol] :=
-1/ (c*d) *Subst [Int[ (a+bxx)*p,x],X,ArcCot[c*xx]] /;
FreeQ[{a,b,c,d,e,p},x] && EqQ[e,c”2xd] =)

1
1: J dx when e == c2d
(d+ex?) (a+bArcTan[cx])

Derivation: Integration by substitution

Rule: If e == c? d, then



Rules for integrands of the form u (a+b arctan(c x))™p

dx —

J- 1 Log[a + bArcTan[c x] ]
(d+ex?) (a+bArcTan[cx]) bcd

Program code:

Int[1/((d_+e_.*x_"2)*(a_.+b_.*ArcTan[c_.*x_])),x_Symbol] :
Log [RemoveContent [a+bxArcTan[c*x],x]]/ (bxcxd) /;
FreeQ[{a,b,c,d,e},x] && EqQ[e,c”2xd]

Int[1/((d_+e_.*x_"2)*(a_.+b_.*ArcCot[c_.*x_])),x_Symbol] :
-Log [RemoveContent [a+bxArcCot [cxXx],Xx]]/ (bxcxd) /;
FreeQ[{a,b,c,d,e},x] && EqQ[e,c”2xd]

(a+bArcTan[c x])P
Z:J dx whene==c>d A p#-1

d+ex?

Derivation: Integration by substitution

Rule:If e == c2d A p # -1, then

X —

(a+bArcTan[cx])P 4 (a+bArcTan[c x])P*?
f d+ex? bcd (p+1)

Program code:

Int[(a_.+b_.xArcTan[c_.*x_])"~p_./(d_+e_.*x_"2),x_Symbol] :
(a+bxArcTan[cxx] )~ (p+1) / (bxcxd* (p+1)) /;
FreeQ[{a,b,c,d,e,p},x] && EqQ[e,c”2xd] && NeQ[p,-1]

Int[(a_.+b_.*ArcCot[c_.*x_])”p_./(d_+e_.xx_"2),x_Symbol] :
- (a+bxArcCot[cxx])~ (p+1) / (bxcxd* (p+1)) /;
FreeQ[{a,b,c,d,e,p},x] && EqQ[e,c”2xd] && NeQ[p,-1]

(a+bArcTan[cx])P
Z.J dx when e==c>d A pez*

Vd+ex?



Rules for integrands of the form u (a+b arctan(c x))™p

(a+bArcTan[c x])P
1. J dx whene=c>d Anez*A d>0

d+ex

(a+bArcTan[c x])
1: J dx whene=c*>d A d>0

d+ex

Derivation: Integration by substitution and algebraic simplification

11

Note: Although not essential, these rules returns antiderivatives free of complex exponentials of the form i err<Tanicxi and

eAr‘cCot [cx] .

. 2 1 1
Basis: If e == c“d A d > 0, then Nl Sec[ArcTan[c x] ] OxArcTan[c x]
Basis: If e == c>d A d > 0, then ﬁ = = cv1? \/Csc [ArcCot[c x]]? OyArcCot[c x]

Rule:If e == c2d A d > 0, then

a+bArcTan[c x]

dx — Subst[ (a+bx) Sec[x], X, ArcTan[c x] ]
Vd+ex? cVd
. Vi1+icXx . iVisicx . ‘V1+ncx
21i (a+bArcTan[cx]) Ar‘cTan[—l_ﬁcx ] 1bPolyLog[2, -—chx ] anolyLog[Z Neevrs ]
—_ - + -
cVd cVd cVd

Program code:

Int[(a_.+b_.xArcTan[c_.*x_])/Sqrt[d_+e_.xx_"2],x_Symbol] :=
-2xIx (a+bxArcTan[cxx]) *ArcTan[Sqrt[1+Ixcxx]/Sqrt[1-Ixcxx]]/ (c*Sqrt[d]) +
IxbxPolylLog[2,-I+Sqrt[1+Ixcxx]/Sqrt[1-Ixcxx]]/ (c*Sqrt[d]) -
IxbxPolylLog[2,IxSqrt[1+Ixcxx]/Sqrt[1-Ixcxx]]/ (c*xSqrt[d]) /;
FreeQ[{a,b,c,d,e},x] && EqQ[e,c”2xd] && GtQ[d,9]

Int[(a_.+b_.xArcCot[c_.xx_])/Sqrt[d_+e_.xx_"2],x_Symbol] :=
-2xIx (a+bxArcCot[cxx]) *ArcTan[Sqrt[1+IxcxXx]/Sqrt[1-Ixcxx]]/ (c*Sqrt[d]) -
IxbxPolylLog[2,-IxSqrt[1+Ixcxx]/Sqrt[1-Ixcxx]]/ (c*Sqrt[d]) +
IxbxPolyLog[2,IxSqrt[1+IxcxXx]/Sqrt[1-Ixcxx]]/ (cxSqrt[d]) /;
FreeQ[{a,b,c,d,e},x] & & EqQ[e,c”2xd] && GtQ[d,0]



Rules for integrands of the form u (a+b arctan(c x))™p

(a+bArcTan[cx])P

Vd+ex?
1: J(a+bArcTan[cx])P

Vd+ex?

dx whene==c>d A pezZ*A d>0

dx whene==c*>d A pezZ*Ad>0

Derivation: Integration by substitution

. 2 1 1
Basis: If e == c=d A d > 0, then NN Sec[ArcTan[c x] ] OxArcTan[c X]

Rule:If e ==c2d A peZ* A d > 0,then

(a+bArcTan[cx])P

X —
Vd+ex? cVd

Subst [j(a +bx)PSec[x] dx, x, ArcTan[c X] ]

Program code:

Int[ (a_.+b_.*ArcTan[c_.*x_])"p_./Sqrt[d_+e_.xx_"2],x_Symbol] :=
1/ (c*Sqrt[d]) *Subst [Int[ (a+bxx) *p*Sec[x],x],X,ArcTan[cxx]] /;
FreeQ[{a,b,c,d,e},x] && EqQ[e,c”2xd] && IGtQ[p,0] && GtQ[d,0]

(a+bArcCot[cx])P
Z:J dx when e==c?d A pezZ*A d>0

Vd+ex?

Derivation: Integration by substitution and piecewise constant extraction

' 2
Basis: If e == c2d A d > @,then ——1— == - 1 tsclArctoticxll” 5, ArcCot [ c X]
Vd+e x cVd JCSC[Ar‘cCot[c x] 12
Basis: Oy —S<X— - @
Csc[x]?
CX 212
Basis: Csc[ArcCot[cx]] — -

\/Csc[Ar‘cCot[c x] ]2 V1+c? x?

Rule:If e ==c2d A peZ* A d > 0,then

12



Rules for integrands of the form u (a+b arctan(c x))™p

(a+bArcCot[cx])P 1 (a+bx)PCsc[x]?
j dx — - Subst j dx, x, ArcCot|[c x]]
Vd+ex? cVd vV Csc[x]?
X 1+ c21x2
_ - Subst[J(a +bx)P Csc[x] dx, x, ArcCot[c x]]
Vd+ex?

Program code:

Int[ (a_.+b_.xArcCot[c_.xx_])"p_./Sqrt[d_+e_.xx_"2],x_Symbol] :=
-x*Sqrt[1+1/ (c”2xx"2) ] /Sqrt[d+exx”*2] *Subst [Int [ (a+bxx) *p*Csc[x],Xx],X,ArcCot[cxx]] /;
FreeQ[{a,b,c,d,e},x] & EqQ[e,c”2xd] && IGtQ[p,0] && GtQ[d,0]

(a+bArcTan[c x])P
Z:J dx whene==c?d A pez*Ad30

Vd+ex?

Derivation: Piecewise constant extraction

Basis: If e == c2d, th Vi g
asis: If e == c? d, t en@xm

Rule:If e ==c2d A peZ* A d # 0,then

(a+bArcTan[c x])P 4 V1+c2x? J-(a+bAr‘cTan[cx])P 4
X — X
Vd+ex? Vd+ex? Vi+c?2x?

Program code:

Int[ (a_.+b_.xArcTan[c_.*x_])"p_./Sqrt[d_+e_.xx_"2],x_Symbol] :=
Sgrt[1+c”2%x"2]/Sqrt[d+exx"2]*Int[ (a+bxArcTan[cxx]) p/Sqrt[1+c 2xx"2],x] /;
FreeQ[{a,b,c,d,e},x] &% EqQ[e,c”2xd] &% IGtQ[p,0] && Not[GtQ[d,0]]

Int[ (a_.+b_.xArcCot[c_.*x_])"p_./Sqrt[d_+e_.xx_"2],x_Symbol] :=
Sgrt[1+c”2%x"2]/Sqrt[d+exx"2]*Int[ (a+bxArcCot[cxx]) p/Sqrt[1+c 2xx"2],x] /;
FreeQ[{a,b,c,d,e},x] &% EqQ[e,c”2xd] &% IGtQ[p,0] && Not[GtQ[d,0]]
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Rules for integrands of the form u (a+b arctan(c x))™p

3. J.(d+ex2)q (a+bArcTan[cx])Pdx when e=c?d A q< -1

dx whene=c*d A p>0

1: J*(a+bArcTan[cx])'°

(d+ex2)z

Rule:If e == c2d A p > 0, then

(a+bArcTan[c x])P X (a+bArcTan[cx])P (a+bArcTan[cx])P*'! bcp rx (a+bArcTan[cx])P?
J‘ dx — + - J~ dx
(d+ex?)? 2d (d+ex?) 2bcd? (p+1) 2 (d+ex?)?

Program code:

Int[(a_.+b_.xArcTan[c_.*x_])"p_./(d_+e_.*x_"2)"2,x_Symbol]
X* (a+bxArcTan[c*Xx]) *p/ (2xd* (d+e*x"2)) +
(a+bxArcTan[cxx] )" (p+1) / (2xbxcxd"2x (p+1)) -
bxcxp/2xInt [x* (a+bxArcTan[cxx]) " (p-1) / (d+exx"2)"2,x] /;
FreeQ[{a,b,c,d,e},x] && EqQ[e,c*2xd] && GtQ[p,9]

Int[(a_.+b_.*ArcCot[c_.xx_]1)"p_./ (d_+e_.xx_"2)"2,x_Symbol]
x* (a+bxArcCot [c*x])~p/ (2*xd* (d+exx"2)) -
(a+bxArcCot[cxx]) " (p+1) / (2x¥bxcxd"2x (p+1)) +
bxcxp/2xInt [x* (a+bxArcCot[cxx]) " (p-1) / (d+exx"2)"2,x] /;

FreeQ[{a,b,c,d,e},x] & & EqQ[e,c”2xd] && GtQ[p,0]



Rules for integrands of the form u (a+b arctan(c x))™p 15

2. J(d+ex2)q (a+bArcTan[cx])Pdx whene=c*>d A q<-1 Ap=21
1. J(d+ex2)q (a+bArcTan[cx]) dx when e==c?>d A q< -1

a+bArcTan[c x]
1: J— dx when e == c2d

(d +e x2)3/2

Rule: If e == c? d, then

J-a+bAr‘cTan[cx] g b X (a+bArcTan[cx])

X — +
(d+ex2)3/2 cdVd+ex? dVd+ex?

Program code:

Int[(a_.+b_.*ArcTan[c_.xx_])/(d_+e_.*x_"2)"~(3/2),x_Symbol] :=
b/ (cxdxSqrt[d+exx"2]) +
X* (a+bxArcTan[cxx]) / (dxSqrt[d+exx"2]) /;
FreeQ[{a,b,c,d,e},x] &% EqQ[e,c”2xd]

Int[(a_.+b_.*ArcCot[c_.xx_])/(d_+e_.*x_"2)"~(3/2),x_Symbol] :=
-b/ (cxdxSqrt[d+exx"2]) +
X* (a+bxArcCot [c*x]) / (dxSqrt[d+exx"2]) /;
FreeQ[{a,b,c,d,e},x] &% EqQ[e,c”2xd]



Rules for integrands of the form u (a+b arctan(c x))™p 16

2: J\(d+ex2)q (a+bArcTan[cx]) dx when e=c?>d A q<-1 A q;é—%

Rule:If e == c?d A q< -1 A q# -3,then

b(d+ex2)q":l x(d+ex2)q+1 (a+bArcTan[c x]) 2q+3

J(d +ex?)? (a+bArcTan[cx]) dx — J\(d+ex2)q+1 (a+bArcTan[c x]) dx
)

+
4cd(q+1)? 2d (q+1) 2d (q+1

Program code:

Int[(d_+e_.*x_"2)"q_=(a_.+b_.*ArcTan[c_.*x_]) ,x_Symbol] :=

bx (d+exx*2) ”~ (q+1) / (4*cxd* (q+1) ~2) -

X* (d+exx"2)~ (q+1) * (a+bxArcTan[cxXx]) / (2*xd* (q+1)) +

(2%q+3) / (2%xd* (q+1) ) *Int [ (d+exx"2)~* (q+1) * (a+bxArcTan[cxx]) ,x] /;
FreeQ[{a,b,c,d,e},x] &% EqQ[e,c”*2xd] && LtQ[qg,-1] && NeQ[q,-3/2]

Int[(d_+e_.*x_"2)"q_=(a_.+b_.*ArcCot[c_.*x_]),x_Symbol] :=

-bx (d+ex*x”2) ~ (q+1) / (4xcxd* (q+1) ~2) -

X* (d+exx"2) ~ (q+1) * (a+bxArcCot [cxXx]) / (2*xd* (q+1)) +

(2%xq+3) / (2%xd* (q+1) ) *Int[ (d+e*x"2) ~ (q+1) * (a+bxArcCot [cxx]) ,x] /;
FreeQ[{a,b,c,d,e},x] && EqQ[e,c”*2xd] && LtQ[qg,-1] && NeQ[q,-3/2]



Rules for integrands of the form u (a+b arctan(c x))™p

2. J‘(d+ex2)q (a+bArcTan[cx])Pdx when e=c?d A q<-1 A p>1

1: J*(a+bArcTan[cx])P

dx when e=c2d A p>1
3/2

d+ex?

Rule:If e == c2d A p > 1, then

(a+bArcTan[cx])P bp (a+bArcTan[cx])P? x (a+bArcTan[c x])'J
J~ dx — +

(d+ext)™ cdVarexd aVarex

Program code:

Int[(a_.+b_.*ArcTan[c_.*x_])"p_/(d_+e_.xx_"2)~(3/2),x_Symbol] :=
bxpx (a+bxArcTan[cxx] )~ (p-1) / (cxd*Sqrt[d+exx*2]) +
X* (a+bxArcTan[cxx])*p/ (d*Sqrt [d+exx"2]) -
b”2xpx (p-1) *Int[ (a+bxArcTan[cxx]) " (p-2) / (d+exx*2)*(3/2),x] /;
FreeQ[{a,b,c,d,e},x] && EqQ[e,c*2xd] && GtQ[p,1]

Int[(a_.+b_.*ArcCot[c_.xx_])"p_/ (d_+e_.*x_"2)"(3/2),x_Symbol] :=
-bxp* (a+bxArcCot [cxx]) " (p-1) / (cxd*Sqrt[d+exx"2]) +
X* (a+bxArcCot [cxx] ) ~p/ (d*xSqrt [d+exx"2]) -
b”2xpx (p-1) *Int[ (a+bxArcCot[cxx]) " (p-2) / (d+exx*2)*(3/2),x] /;
FreeQ[{a,b,c,d,e},x] & & EqQ[e,c”2xd] && GtQ[p,1]

b2 p (p - 1)j

(a+bArcTan[c x])P2

d+ex

)3/2

dx

17



Rules for integrands of the form u (a+b arctan(c x))™p

2: J~(d+ex2)CI (a+bArcTan[cx])Pdx whene=c?d A q<-1 Ap>1A q;é—f

Rule:If e ==c?d A q<-1Ap>1Aq#-3,then

J-(d+ex2)q (a+bArcTan[cx])Pdx —

bp (d+ex2)q+1 (a+bArcTan[cx])P! x (d+ex2)q+1 (a+bArcTan[c x])P
- +
4cd(q+1)? 2d (q+1)
b>p (p-1)

4(q+1)?

2q+3

—J(d+ex2)q+1 (a+bArcTan[cx])Pdx -
2d (q+1)

J(d + exz)q (a+bArcTan[c x])P2dx

Program code:

Int[(d_+e_.xx_"2)"q_x*(a_.+b_.*ArcTan[c_.xx_])"p_,Xx_Symbol] :=

bxp* (d+exx*2)~ (q+1) * (a+bxArcTan[cxXx] )~ (p-1) / (4*c*xd* (q+1)~2) -

X+ (d+exx”2) ~ (q+1) * (a+bxArcTan[cxXx] ) *p/ (2xd* (q+1)) +

(2%q+3) / (2%d* (q+1) ) *Int [ (d+exx*2) ~ (q+1) = (a+bxArcTan[c*Xx]) *p,Xx] -

b”2xpx (p-1) / (4% (q+1) *2) »Int [ (d+exx"2) ~qx (a+bxArcTan[c*x] )~ (p-2),Xx] /;
FreeQ[{a,b,c,d,e},x] &% EqQ[e,c”2xd] && LtQ[qg,-1] && GtQ[p,1] && NeQ[qg,-3/2]

Int[(d_+e_.*x_"2)"q_=(a_.+b_.*ArcCot[c_.*x_])”"p_,x_Symbol] :=

-bxp* (d+exx*2)~ (q+1) * (a+bxArcCot [cxx] ) (p-1) / (4*Cxd*x (q+1)"2) -

X* (d+exx”2) * (q+1) » (a+bxArcCot [c*X] ) *p/ (2*xd* (q+1)) +

(2%q+3) / (2%xd* (q+1) ) *Int [ (d+exx"2) * (q+1) * (a+bxArcCot [c*Xx]) *p,X] -

b”2xp* (p-1) / (4% (q+1) ~2) *Int [ (d+exx"2) *q* (a+bxArcCot[c*x]) " (p-2),x] /;
FreeQ[{a,b,c,d,e},x] &% EqQ[e,c*2xd] && LtQ[qg,-1] && GtQ[p,1] && NeQ[qg,-3/2]
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Rules for integrands of the form u (a+b arctan(c x))™p

3: J(d+ex2)q (a+bArcTan[cx])Pdx when e=c>d A q<-1 A p<-1

Derivation: Integration by parts

Basis: If e == C2 d. then (a+b ArcTan[c x])P
: ’

d+e x2

-9 (a+b ArcTan[c x] )P
X bcd (p+1)

Rule:lf e==c?2d A g< -1 A p < -1,then

j(d+ex2)q (a+bArcTan[cx])Pdx —

Program code:

(d+ex2)q+1 (a+bArcTan[cx])P? 2c¢ (q+1)

bcd (p+1) b (p+1)

Int[(d_+e_.x*x_"2)"q_=(a_.+b_.*xArcTan[c_.*x_])”~p_,x_Symbol] :=
(d+e*x"2)~ (q+1) * (a+bxArcTan[cxx] )~ (p+1) / (bxcxd* (p+1)) -
2xCx (q+1) / (b* (p+1) ) *Int [x* (d+exx”~2) ~q* (a+bxArcTan[cxx]) " (p+1) ,x] /;
FreeQ[{a,b,c,d,e},x] &% EqQ[e,c”2xd] && LtQ[q,-1] && LtQ[p,-1]

Int[(d_+e_.x*x_"2)"q_x(a_.+b_.xArcCot[c_.*x_])”p_,x_Symbol] :=

- (d+exx”2) ~ (q+1) * (a+bxArcCot [c*x]) " (p+1) / (bxcxd* (p+1)) +

2xc* (q+1) / (b* (p+1) ) *Int [x* (d+exx~2) *q* (a+bxArcCot [c*x])~ (p+1),Xx] /;
FreeQ[{a,b,c,d,e},x] &% EqQ[e,c”2xd] && LtQ[q,-1] && LtQ[p,-1]

J-x (d+ex*)? (a+bArcTan[cx])P** dx
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Rules for integrands of the form u (a+b arctan(c x))™p

4. f(d+ex2)q (a+bArcTan[cx])Pdx whene=c>d A 2 (q+1) €z~

1. J‘(d+ex2)q (a+bArcTan[cx])Pdx whene=c?>d A 2 (q+1) €z~

1: J(d+ex2)q (a+bArcTan[cx])Pdx whene=c2d A 2 (q+1) €Z A (qeZ V d>0)

Derivation: Integration by substitution

Basis:If e ==c?d A 2 (q+1) €Z A (qeZ V d>0),then (d+ex?)? =

Rule:if e==c?2d A2 (gq+1) €Z A (qeZ V d>0),then

da

c Cos[ArcTan[c x] ]2 (a+l

2 dd (a+bx)P
J-(d+ex )* (a+bArcTan[cx])Pdx — —Subst[f— dx, x, ArcTan[c x]]

c Cos[x]2 (@D

Program code:

Int[(d_+e_.*x_"2)"q_=(a_.+b_.*ArcTan[c_.*x_])"p_.,x_Symbol] :=
d”rq/c*xSubst [Int[ (a+bxx)~p/Cos[x]” (2*(q+1)),x],X,ArcTan[cxXx]] /;
FreeQ[{a,b,c,d,e,p},x] &% EqQ[e,c*2xd] &% ILtQ[2x(q+1l),0] & & (IntegerQ[q] || GtQ[d,0])

- OxArcTan[cC X]
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Rules for integrands of the form u (a+b arctan(c x))™p

2: J-(d+ex2)q (a+bArcTan[cx])Pdx whene=c>d A 2(q+1) €Z A -~ (qeZ V d>0)

Derivation: Piecewise constant extraction

Basis: If e == c2 d, then 8, Y12 __ g

V d+e x?
 Rule:lf e == c2d A 2 (q+1) €eZ AN~ (qeZ VvV d>0),then
d*i V1 x?

J\(d+ex2)q (a+bArcTan[cx])Pdx — J(1+cz x*)% (a+bArcTan[cx])P dx

Vd+ex?

Program code:

Int[(d_+e_.*x_"2)"q_x(a_.+b_.*ArcTan[c_.*x_])"p_.,x_Symbol] :=
d” (q+1/2) »Sqrt[1+c”2%x”2] /Sqrt[d+exx 2] *»Int [ (1+c*2xx"2) ~q* (a+bxArcTan[c*Xx])p,Xx] /;
FreeQ[{a,b,c,d,e,p},x] &% EqQ[e,c”2xd] &% ILtQ[2x(q+1l),0] &% Not[IntegerQ[q] || GtQ[d,0]]
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Rules for integrands of the form u (a+b arctan(c x))™p

2. J(d+ex2)q (a+bArcCot[cx])Pdx whene=c>d A 2 (q+1) €z~

1: J\(d+ex2)q (a+bArcCot[cx])Pdx whene=c2d A 2(q+1) €Z A qeZ

Derivation: Integration by substitution

Basis: If e == c>d A g ez,then (d+ex?)? = - csin[Arcco‘f[cx} T OxArcCot [c x]

Rule:lff e==c?2d A 2 (q+1) €Z A g€ Z,then

2\q dd (a+bx)P
J(d +ex?)% (a+bArcCot[cx])Pdx — -— Subst[J-— dx, x, ArcCot[c x]]
c Sin[x]2 (@D

Program code:

Int[(d_+e_.*x_"2)"q_x(a_.+b_.xArcCot[c_.*x_])"p_.,x_Symbol] :=
-d~q/cxSubst [Int[ (a+bxx)"p/Sin[x]~ (2% (q+1)) ,X],X,ArcCot[c*x]] /;
FreeQ[{a,b,c,d,e,p},x] &% EqQ[e,c”2xd] &% ILtQ[2x(q+1l),0] & & IntegerQ[q]

2: J‘(d+ex2)q (a+bArcCot[cx])Pdx whene=c?d A 2(q+1) €Z A q¢Z

Derivation: Piecewise constant extraction and integration by substitution

X 1+§2;(2
Basis: If e == c2d,thend S
’ X Jdiexz
1
. 1 2y2\9-5 __ 1
Basis:If 2 (q+1) €Z A q¢Z,thenx 1+ c? x? <1+C X ) L c2Sin[ArcCot[c x] ]2+l

Rule:lff e==c?2d A 2 (q+1) €Z A q ¢ Z,then

- OxArcCot [c x]
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Rules for integrands of the form u (a+b arctan(c x))™p

2 dq+;x 1+c2x2
2 x? 1 1
(d+ex?)? (a+bArcCot[cx])Pdx — X, [1+ (1+c*x*)%7 (a+bArcCot[cx])Pdx
Vd+ex? c x?
1
d9*7 x '1:::1;(2

(a+bx)P
_ Subst[j— dx, x, ArcCot[c x]]

Vdrex? Sin[x]?2 (@D

Program code:

Int[(d_+e_.*x_"2)"q_=(a_.+b_.*ArcCot[c_.*x_])”"p_.,x_Symbol] :=

-d~ (q+1/2) #x#SQrt [ (1+c 2xx"2) / (c*24x"2) ]/Sqrt [d+exx"2] xSubst [Int [ (a+b*x) Ap/Sin[x]" (2% (q+1)) sX] ,X,ArcCot [cxx]] /;
FreeQ[{a,b,c,d,e,p},x] &% EqQ[e,c”2xd] &% ILtQ[2%(q+1l),0] &% Not[IntegerQ[q]]

a+bArcTan[c x]
2. j—dlx
d+ex?

ArcTan[c x]
1: J— dx

d+ex?

Derivation: Algebraic expansion

Basis: ArcTan[z] == > i Llog[l-1i2z] -2 ilog[l+1iz]

Basis: ArcCot[z] ==

ilog[l-1]-2ilog[1l+1]

Rule:

d+ex? 2 d+ex? 2

ArcTan[c x i Log[l-1icX i Log[l+icX
f []dlx_)_fg[ ]d]X_Jg[ ]dlx

d+ex?
Program code:

Int[ArcTan[c_.*x_]/(d_.+e_.*x_"2),x_Symbol] :=
I/2xInt[Log[1-Ixcxx]/ (d+exx*2),x] - I/2xInt[Log[1l+Ixcxx]/ (d+e*xx"2),x] /;
FreeQ[{c,d,e},x]



Rules for integrands of the form u (a+b arctan(c x))™p
Int[ArcCot[c_.*x_]/(d_.+e_.xx_"2),x_Symbol] :=

I/2xInt[Log[1-I/ (c*x)]/ (d+exx"2),x] - I/2xInt[Log[1+I/ (c*Xx)]/ (d+exx"2),x] /;
FreeQ[{c,d,e},x]

a+bArcTan[c x]
2: J— dx

d+ex?

Derivation: Algebraic expansion

Rule:

a+bArcTan[c x] 1 ArcTan[c x]
J—dlx—»aj dlx+bj—dl
d+ex? d+ex? d+ex?

Program code:

Int[ (a_+b_.*ArcTan[c_.*x_])/(d_.+e_.*x_"2),x_Symbol] :=
axInt[1/ (d+exx”*2),x] + bxInt[ArcTan[cxXx]/ (d+exx”"2),x] /;
FreeQ[{a,b,c,d,e},x]

Int[ (a_+b_.*ArcCot[c_.*x_])/(d_.+e_.*x_"2),x_Symbol] :=
axInt[1/ (d+exx”2),x] + bxInt[ArcCot[cxXx]/ (d+exx"2),x] /;
FreeQ[{a,b,c,d,e},x]

X
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Rules for integrands of the form u (a+b arctan(c x))™p

3: J(d+ex2)q (a+bArcTan[cx]) dx when qezZ Vv q+§ez-

Derivation: Integration by parts

1

Note:If g€ 2"V q+ 5 € 27, then f(da+ex?)?axis expressible as an algebraic function not involving logarithms, inverse

trig or inverse hyperbolic functions.

Rule:if gez vV q+ 3 €27, letu- [(d+ex’)?ax, then

J(d+ex2)q (a+bArcTan[cx]) dXx — u (a+bArcTan[cx]) —bcj dx

1+c?x?
Program code:

Int[(d_.+e_.*x_"2)~q_.*(a_.+b_.xArcTan[c_.*x_]) ,x_Symbol] :
With[{u=IntHide[ (d+e*x"2)"q,x]},
Dist[a+bxArcTan[cxx],u,x] - b*c*Int[u/(1+c"2*x"2),x]] /5
FreeQ[{a,b,c,d,e},x] & (IntegerQ[q] || ILtQ[q+1/2,0])

Int[(d_.+e_.*x_"2)~q_.*(a_.+b_.xArcCot[c_.*x_]),x_Symbol] :
With[{u=IntHide[ (d+exx"2)"q,x]},
Dist[a+bxArcCot[c*x],u,x] + b*c*Int[u/(1+c"2*x"2),x]] /5
FreeQ[{a,b,c,d,e},x] & (IntegerQ[q] || ILtQ[q+1/2,0])
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Rules for integrands of the form u (a+b arctan(c x))™p

4: J‘(d+ex2)q (a+bArcTan[cx])Pdx when qeZ A pez*

Rule:lf ez N p e Z*,then

j(d +e xz)cl (a+bArcTan[cx])Pdx — j(a +bArcTan[c x])P ExpandIntegrand[ (d + e xz)q, x] dx

Program code:

Int[(d_+e_.x*x_"2)~q_.*(a_.+b_.*ArcTan[c_.*x_])"p_.,x_Symbol]
Int [ExpandIntegrand[ (a+bxArcTan[c*xx])"p, (d+exx*2)~q,x],x] /;
FreeQ[{a,b,c,d,e},x] & & IntegerQ[q] && IGtQ[p,0]

Int[(d_+e_.x*x_"2)~q_.*(a_.+b_.*ArcCot[c_.*x_])”p_.,x_Symbol]
Int [ExpandIntegrand[ (a+bxArcCot[c*x])"p, (d+exx*2)~q,x],x] /;
FreeQ[{a,b,c,d,e},x] & & IntegerQ[q] && IGtQ[p,0]
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Rules for integrands of the form u (a+b arctan(c x))™p

6. J(-Fx)"' (d+ex*)? (a+bArcTan[cx])P dx

(Fx)" (a+bArcTan[cx])P
1. j dx

d+ex?

(fx)" (a+bArcTan[cx])P
1'J dx whenp>0 Am>1

d+ex?

Derivation: Algebraic expansion

x2 1 d

diex? e e (d+ex2)

Basis:

Rule:lf p >0 A m > 1,then

£ s d f?
dx —> _j(fx) (a+bArcTan[cx])Pdx -
R e

J{fxﬂ(a+bAmeucan

d+ex?

Program code:

Int[(f_.*x_)~m_x(a_.+b_.*ArcTan[c_.*x_])"p_./ (d_+e_.*x_"2),x_Symbol] :
A2 /exInt [ (f*x)~ (m-2) » (a+bxArcTan[cxx]) “p,x] -
d«fr2/exInt [ (fxx)~ (m-2) x (a+bxArcTan[c+x])~p/ (d+exx*2),x]| /;
FreeQ[{a,b,c,d,e,f},x] && GtQ[p,0] && GtQ[m,1]

Int[(f_.*x_) m_#(a_.+b_.xArcCot[c_.*x_]) p_./ (d_+e_.*x_"2),x_Symbol] :
£22/exInt [ (fxx) " (m-2) « (a+bxArcCot [cxx]) *p,X] -
d+f"2/exInt [ (F*x)~ (m-2) » (a+bxArcCot [cxx]) ~p/ (d+exx"2) ,x] /;
FreeQ[{a,b,c,d,e,f},x] && GtQ[p,0] && GtQ[m,1]

(fx)" (a+bArcTan[cx])P
2:j dx whenp>0 A m< -1

d+ex?

Derivation: Algebraic expansion

(£x)"? (a+bArcTan[cx])P

d+ex?

dx
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Rules for integrands of the form u (a+b arctan(c x))™p

fee 1 1 e x?
Basis: G = d " dldie] drex?)

Rule:1f p >0 A m< -1, then

(a+bArcTan[c x])P

(fx)" (a+bArcTan[cx])P 1 e (f x)"I+2
J dx — —JXfxﬂ(a+bAmeﬁchde-———J
d+ex? d d 2

Program code:

Int[(f_.*x_)~m_%(a_.+b_.*ArcTan[c_.*x_])"p_./ (d_+e_.+x_"2),x_Symbol] :
1/d+Int[ (fxx) mx (a+bxArcTan[c#x]) p,x] -
e/ (dxf2) «Int[ (Fxx)~ (m+2) « (a+bxArcTan[cxx]) ~p/ (d+exx"2) ,x] /;
FreeQ[{a,b,c,d,e,f},x] && GtQ[p,0] & LtQ[m,-1]

Int[(f_.#x_)"m_(a_.+b_.*ArcCot[c_.*x_])"p_./ (d_+e_.*x_"2),x_Symbol] :
1/d*Int[ (fxx) mx (a+bxArcCot[c#x]) p,x] -
e/ (dxf2) «Int[ (fxx)~ (m+2) « (a+bxArcCot [cxx]) ~p/ (d+exx"2) ,x] /;
FreeQ[{a,b,c,d,e,f},x] && GtQ[p,0] & LtQ[m,-1]

d+ex?

dx
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dx when e==c%d

3 J«(fx)"‘ (a+bArcTan[c x])P

d+ex?

X (a+bArcTan[c x])P
1. J dx when e==c%d
d+ex?

X (a+bArcTan[c x])P
1:J dx when e==c?>d A pez*

d+ex?

Derivation: Algebraic expansion and power rule for integration

ice __ 2 X o ic _ 1
Basis: If e == c*d, then ——— == e [Lrcixd] ~ Cd i ox)

Rule:If e == c2d A p € Z*, then

X (a+bArcTan[c x])P i (a+bArcTan[cx])P*? 1 (a+bArcTan[c x])P
J dx — - —J dx

d+ex? be (p+1) cd i-cx

Program code:

Int[x_=*(a_.+b_.*ArcTan[c_.xx_]1)"p_./(d_+e_.xx_"2),x_Symbol] :=
-Ix (a+bxArcTan[cxx])” (p+1)/ (bxex (p+1)) -
1/ (cxd) *Int[ (a+bxArcTan[c*x])*p/ (I-c*Xx),X] /;
FreeQ[{a,b,c,d,e},x] & EqQ[e,c”2xd] && IGtQ[p,0]

Int[x_=*(a_.+b_.*ArcCot[c_.xx_]1)"p_./(d_+e_.xx_"2),x_Symbol] :=
Ix (a+bxArcCot[cxx])” (p+1)/ (bxex (p+1l)) -
1/ (cxd) *Int[ (a+bxArcCot[c*x] ) p/ (I-c*X),Xx] /;
FreeQ[{a,b,c,d,e},x] &% EqQ[e,c”*2xd] && IGtQ[p,9]



Rules for integrands of the form u (a+b arctan(c x))™p

X (a+bArcTan[cx])P
Z:J dx whene==c*’d A p¢zZ*Ap#-1

d+ex?

Derivation: Integration by parts

fee 2 (a+b ArcTan[c x])P __ (a+b ArcTan[c x] )P+
Basis: If e == c© d, then e == Oy bed (i)

Rule:lf e ==c2d A p¢z* A p # -1,then

X (a+bArcTan[c x])P X (a+bArcTan[cx])P*? 1
J dx —

- J(a+bArcTan[c x]) Pt dx
d+ex? bcd (p+1) bcd (p+1)

Program code:

Int[x_=+(a_.+b_.xArcTan[c_.xx_])"p_/ (d_+e_.%x_"2),x_Symbol] :=

x* (a+bxArcTan[cxx]) ~ (p+1) / (bxcxdx (p+1)) -

1/ (bxcxdx (p+1) ) *Int[ (a+bxArcTan[cxx] )~ (p+1),Xx] /;
FreeQ[{a,b,c,d,e},x] &% EqQ[e,c”*2xd] && Not[IGtQ[p,0]] && NeQ[p,-1]

Int[x_=+(a_.+b_.xArcCot[c_.xx_])"p_/ (d_+e_.%x_"2),x_Symbol] :=

-X* (a+bxArcCot [cxx]) " (p+1) / (bxcxdx (p+1)) +

1/ (bxcxd* (p+1) ) *Int[ (a+bxArcCot[cxx]) " (p+1),Xx] /;
FreeQ[{a,b,c,d,e},x] && EqQ[e,c”*2xd] && Not[IGtQ[p,0]] && NeQ[p,-1]

(a+bArcTan[c x])P
Z:J dx whene=c*d A p>0

x (d+ex?)

Derivation: Algebraic expansion

‘e o R2 1 . _ic i
Basis: If e = c* d, then — dext) = dex T dx (icx)

Rule:If e == c2d A p > 0, then



Rules for integrands of the form u (a+b arctan(c x))™p

(a+bArcTan[c x])P i (a+bArcTan[cx])P** 4 ((a+bArcTan[cx])P
J~ dx — - + E~f dx

x(d+ex2) bd (p+1)

Program code:

Int[(a_.+b_.*ArcTan[c_.*x_])"*p_./(x_*(d_+e_.*x_"2)),x_Symbol] :
-Ix (a+bxArcTan[cxx])” (p+1) / (bxd* (p+1)) +
I/d*Int[ (a+bxArcTan[cxx])"p/ (x* (I+cxX)),Xx] /;
FreeQ[{a,b,c,d,e},x] && EqQ[e,c”2xd] && GtQ[p,9]

Int[(a_.+b_.xArcCot[c_.*x_])"p_./ (x_=*(d_+e_.*x_"2)),x_Symbol] :
Ix (a+bxArcCot[cxx])” (p+1)/ (b*xd* (p+1)) +
I/d*Int[ (a+bxArcCot[cxx]) p/ (x* (I+CcxX)),X] /;
FreeQ[{a,b,c,d,e},x] && EqQ[e,c”2xd] && GtQ[p,9]

(fx)™ (a+bArcTan[cx])P
3:J. dx when e==c*d A p<-1
d+ex?

Derivation: Integration by parts

1

Basis: If e —- C2 d. then (a+b ArcTan[c x])P . @x (a+b ArcTan[c x])P
¢ J

d+e x? bcd (p+1)
Rule:If e == c2d A p < -1, then
(Fx)" (a+bArcTan[cx])P (fx)" (a+bArcTan[cx])P*? fm .
j dx — - J(-Fx) -
d+ex? bcd (p+1) bcd (p+1)

Program code:

Int[(f_.*x_) m_x(a_.+b_.*ArcTan[c_.+x_])"p_/ (d_+e_.*x_"2),x_Symbol] :=
(F#x) Amx (a+bxArcTan[c#x])~ (p+1) / (bxcxd* (p+1)) -
fam/ (bxcxdx (p+1) ) »Int[ (f*x)~ (m-1)  (a+b*ArcTan[c*x])~ (p+1),x] /;
FreeQ[{a,b,c,d,e,f,m},x] & EqQ[e,c 2xd] && LtQ[p,-1]

X (i + CX)

(a+bArcTan[c x])P** dx
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Int[(f_.*x_)™m_x(a_.+b_.*ArcCot[c_.+x_]) p_/(d_+e_.*x_"2),x_Symbol] :=
- (F#x) "mx (a+b*ArcCot [cxx]) ~ (p+1) / (bxcxd* (p+1)) +
fxm/ (bxcxdx (p+1) ) »Int [ (f*x)~ (m-1)  (a+b*ArcCot [c*x]) " (p+1),x] /;
FreeQ[{a,b,c,d,e,f,m},x] & EqQ[e,c 2xd] && LtQ[p,-1]

4 J~x’" (a+bArcTan[c x])

. dx whenmezZ A - (m==1 A a+0)
d+ex

Derivation: Algebraic expansion

Rule:lf mez A - (m=1 A a + 0),then

Xm

Jx’" (a+bArcTan[c x])

3 dx — J(a +bArcTan[c x]) ExpandIntegr‘and[ ) x] dx
d+ex d+ex

Program code:

Int[x_"m_.*(a_.+b_.*ArcTan[c_.xx_])/(d_+e_.xx_"2),x_Symbol] :=
Int [ExpandIntegrand[ (a+bxArcTan[c*xx]) ,x*m/ (d+exx*2),x],x] /;
FreeQ[{a,b,c,d,e},x] & & IntegerQ[m] & & Not[EqQ[m,1] && NeQ[a,0]]

Int[x_"m_.*(a_.+b_.*ArcCot[c_.xx_])/(d_+e_.xx_"2),x_Symbol] :
Int [ExpandIntegrand[ (a+bxArcCot[c*xx]) ,x*m/ (d+exx"2),x],x] /;
FreeQ[{a,b,c,d,e},x] & & IntegerQ[m] && Not[EqQ[m,1] && NeQ[a,0]]



Rules for integrands of the form u (a+b arctan(c x))™p

2. J(fx)'" (d+ex*)? (a+bArcTan[cx])P dx when e =c?d
1. Jx (d+ex?)? (a+bArcTan[cx])P dx when e =c?d

1: Jx (d+ex*)? (a+bArcTan[cx])Pdx when e=c?d A p>@ A q#-1

Derivation: Integration by parts

Rule:lff e==c?2d A p>0 A q # -1,then

(d+e x2)q+1 (a+bArcTan[cx])P

bp

fx (d+ex*)? (a+bArcTan[cx])Pdx —
2e (q+1)

Program code:

Int[x_=*(d_+e_.*x_"2)"q_.*(a_.+b_.*ArcTan[c_.*x_])”"p_.,x_Symbol] :
(d+exx"2)~ (q+1) * (a+bxArcTan[cxx]) *p/ (2xe* (q+1)) -
bxp/ (2xcx (q+1) ) *Int [ (d+e*xx”"2) ~q» (a+bxArcTan[c*x] )~ (p-1),x] /;
FreeQ[{a,b,c,d,e,q},x] && EqQ[e,c”2xd] && GtQ[p,0] && NeQ[q,-1]

Int[x_=*(d_+e_.*x_"2)"q_.=*(a_.+b_.*ArcCot[c_.*x_])”"p_.,x_Symbol] :
(d+exx”2)~ (q+1) » (a+bxArcCot [c*x])*p/ (2*xe* (q+1)) +
bxp/ (2xcx (q+1) ) *Int [ (d+e*xx”"2) ~q» (a+bxArcCot[c*x]) " (p-1),x] /;
FreeQ[{a,b,c,d,e,q},x] && EqQ[e,c”2xd] && GtQ[p,0] && NeQ[q,-1]

_Zc(q+1)

j(d +ex?)? (a+bArcTan[cx])P ™" dx
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X (a+bArcTan[c x])P
Z:J dx whene==c*>d A p<-1 A p#-2

(d+ex2)2

Rule:if e ==c?2d A p< -1 A p # -2,then

(1-c2x?) (a+bArcTan[cx])P*?

4

x (a+bArcTan[c x])P*?

x(a+bAr‘cTan[cx])"dl x (a+bArcTan[c x])P**
X — -
j (d+ex2)2 bcd (p+1) (d+ex?) b’e (p+1) (p+2) (d+ex?)

Program code:
Int[x_=*(a_.+b_.xArcTan[c_.xx_])"p_/ (d_+e_.*x_"2)"2,x_Symbol] :=
X* (a+bxArcTan[cxx] )~ (p+1) / (bxcxd* (p+1) » (d+exx"2)) -
(1-c”2%x"2) » (a+bxArcTan[cxXx] )~ (p+2) / (b*2xex (p+1) * (p+2) *» (d+exx"2)) -
4/ (b*2% (p+1) * (p+2) ) *Int [x* (a+bxArcTan[c*x]) "~ (p+2) / (d+exx"2)*2,x] /;
FreeQ[{a,b,c,d,e},x] &% EqQ[e,c”2xd] && LtQ[p,-1] && NeQ[p,-2]
Int[x_=*(a_.+b_.*ArcCot[c_.*x_])"p_/ (d_+e_.*x_"2)"2,x_Symbol] :=
-X* (a+bxArcCot[c*xx]) " (p+1) / (bxc*xd* (p+1) * (d+exx"2)) -
(1-c”2%x"2) » (a+bxArcCot [cxXx] )~ (p+2) / (b*2xex (p+1) * (p+2) *» (d+e*xx"2)) -
4/ (b*2% (p+1) * (p+2) ) *Int [x* (a+bxArcCot[c*xx]) " (p+2) / (d+exx"2)*2,x] /;
FreeQ[{a,b,c,d,e},x] &% EqQ[e,c”2xd] && LtQ[p,-1] && NeQ[p,-2]

b2 (p+1) (p+2)

J

(d+ex2)2

dx
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2. sz (d+ex?)? (a+bArcTan[cx])Pdx when e =c?d

1: sz (d+ex?)? (a+bArcTan[cx]) dx when e==c?d A q< -1

Rule: If g = - %, then better to use rule forwhenm + 2 g + 3 = 0.

Rule:If e == c2d A q < -1, then

b (d+ex2)q+l X (d+ex2)cl+1 (a+bArcTan[c x])

1

sz (d+ex?)? (a+bArcTan[cx]) dx — - +
4c3d (q+1)2 2c2d (q+1)

Program code:

Int[x_"2*(d_+e_.*x_"2)"q_x(a_.+b_.xArcTan[c_.*x_]) ,x_Symbol] :=
-bx (d+exx~2)* (q+1) / (4*Cc"3xd* (q+1) *2) +
X* (d+exx”2)~ (q+1) * (a+bxArcTan[cxX]) / (2%c”2xd* (q+1) ) -
1/ (2xc*2xd* (q+1) ) *Int [ (d+exx*2)~ (q+1) = (a+bxArcTan[cxx]) ,X] /;
FreeQ[{a,b,c,d,e},x] &% EqQ[e,c”*2xd] && LtQ[qg,-1] && NeQ[q,-5/2]

Int[x_"2x(d_+e_.*x_"2)"~q_=*(a_.+b_.*ArcCot[c_.xx_]),x_Symbol] :=
bx (d+exx*2)~ (q+1) / (4*Cc”3xd* (q+1) ~2) +
X* (d+e*xx”2) ~ (q+1) » (a+bxArcCot [c*Xx]) / (2xc”2xd* (q+1)) -
1/ (2%c”*2xdx (q+1) ) *Int[ (d+ex*x"2) " (q+1) » (a+bxArcCot[c*x]) ,x] /;
FreeQ[{a,b,c,d,e},x] &% EqQ[e,c”*2xd] && LtQ[qg,-1] && NeQ[q,-5/2]

_2c2d(q+1)

J(d +e xz)q+1 (a+bArcTan[c x]) dx
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dx when e=c*d A p>0

. J-xz (a+bArcTan[cx])P

(d+ex2)2

Rule:If e == c2d A p > 0, then

(a+bArcTan[c x])P*

X (a+bArcTan[cx])P bp
. —

x? (a+bArcTan[cx])P
J dx —
(d+ex2)2 2bc3d? (p+1)

Program code:

Int[x_"2%(a_.+b_.xArcTan[c_.*x_])"p_./(d_+e_.*x_"2)"2,x_Symbol]
(a+bxArcTan[c*x]) ~ (p+1) / (2xbxc”3xd"2x (p+1)) -
Xx* (a+bxArcTan[cxx] ) *p/ (2xc*2xd* (d+exx"2)) +
bxp/ (2xc) *Int [x* (a+bxArcTan[cxx]) ~ (p-1) / (d+exx"2)"*2,x] /;
FreeQ[{a,b,c,d,e},x] &% EqQ[e,c”2xd] && GtQ[p,9]

Int[x_"2x(a_.+b_.*ArcCot[c_.*x_])"p_./(d_+e_.*x_"2)"2,x_Symbol]
- (a+bxArcCot [cxx]) " (p+1) / (2xbxc”3xd"2x (p+1)) -
X* (a+bxArcCot [cxXx] ) *p/ (2xCc 2xd* (d+exx"2)) -
bxp/ (2xc) *Int [x* (a+bxArcCot [c*x]) " (p-1) / (d+e*xx"2)"*2,x] /;
FreeQ[{a,b,c,d,e},x] && EqQ[e,c”2xd] && GtQ[p,9]

2c2d (d+ex?)

2c

J

x (a+bArcTan[cx])P?

(d+ex2)2

dx
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3. J(fx)'" (d+ex*)® (a+bArcTan[cx])Pdx when e=c’d A m+2q+2=:0
1. J(-Fx)'" (d+ex?)? (a+bArcTan[cx])Pdx when e==c’d Am+2q+2=0 Aq<-1Apz1

1: J‘(-Fx)"1 (d+ex?)? (a+bArcTan[cx]) dx whene==c’d Am+2q+2==0 A q<-1

Rule:lff e==c?d Am+2qg+2=0 A q< -1, then

f(fx)m (d+ex?)? (a+bArcTan[cx]) dx —

b (f m d 2\ q+1 f(f m-1 d 2\ q+l b ArcT -f-‘z _
( X) ( +ex) - ( X) ( +ex) (2 +bArctantexl) + -2 J\(w"X)m_2 ('~‘1+ex2)m1 (a+bArcTan[cx]) dx
czdm c2dm

cdm?

Program code:

Int[(f_.*x_) m_x(d_+e_.*x_"2)"q_x(a_.+b_.*ArcTan[c_.*x_]),x_Symbol] :=

b ('F*x) mx (d+exx”2) ~ (q+1) / (cxd*xm”2) -

fx (Fax)~(m-1) » (d+exx*2) ~ (q+1) * (a+b*ArcTan[cxx]) / (¢ 2+dxm) +

A2+ (m-1) / (c~2+d+m) *Int [ (F*x) " (m=-2) » (d+exx"2) ~ (q+1) » (a+bxArcTan[cxx]) ,x] /8
FreeQ[{a,b,c,d,e,f},x] && EqQ[e,c"2xd] & EqQ[m+2#q+2,0] & LtQ[q,-1]

Int[(f_.*x_) m_x(d_+e_.*x_"2)"q_x(a_.+b_.*ArcCot[c_.*x_]),x_Symbol] :=

-b# (f*x) mx (d+exx"2) ~ (q+1) / (cxd*m"2) -

Fx (Fax) A (m-1) » (d+exx"2) ~ (q+1) * (a+b*ArcCot [c*x]) / (c 2xdxm) +

A2 (m-1) / (c*2xd*m) »Int [ (Fxx) " (M-2) * (d+exx"2) ~ (q+1) » (a+bxArcCot [c#x]),x]| /;
FreeQ[{a,b,c,d,e,f},x] && EqQ[e,c"2xd] && EqQ[m+2#q+2,0] & LtQ[q,-1]

2: J(fx)'“ (d+ex?)? (a+bArcTan[cx])Pdx when e=c’d Am+2q+2=0 Aq<-1Ap>1

Rule:lf e==c2d Am+2q+2=0 A g<-1A p>1,then

J(fx)"‘ (d+ex?)? (a+bArcTan[cx])Pdx —

37



Rules for integrands of the form u (a+b arctan(c x))™p

bp (fx)" (d +ex2)q+1 (a+bArcTan[cx])P? f (fx)""1 (d +ex2)':I+1 (a+bArcTan[c x])P

c dm? ) c2dm
b2p (p-1) 2 (m-1)

. J(fx)m'z (d+ex2)q+1 (a+bArcTan[c x])P dx

kaxﬂ(d+exﬂq(a+bAmeﬁchP4dx+
c2dm

m

Program code:

Int[(f_.*x_)" m_x(d_+e_.*x_"2)"q_x(a_.+b_.*ArcTan[c_.*x_])"p_,x_Symbol]| :=

bxpx (Fxx) Amx (d+exx"2)~ (q+1) » (a+bxArcTan[cxx] )~ (p-1) / (cxd*m"2) -

fx (Fax) A (m-1) » (d+exx"2) ~ (q+1) * (a+b*ArcTan [cxx]) ~p/ (c"2xd+m) -

br2xpx (p-1) /m2xInt[ (fxx) *mx (d+exx2) ~qx (a+bxArcTan[cxx])~ (p-2) ,X]| +

£ 2% (M-1) / (c*2xdxm) »Int[ (Fxx)~ (M-2) * (d+exx"2) ~ (q+1) » (a+bxArcTan[c#x]) *p,x] /;
FreeQ[{a,b,c,d,e,f,m},x] & EqQ[e,c 2xd] && EqQ[m+2xq+2,0] && LtQ[q,-1] & GtQ[p,1]

Int[(f_.*x_) m_x(d_+e_.*x_"2)~q_x(a_.+b_.*ArcCot[c_.*x_])"p_,x_Symbol] :=
—b*p*(f*x) Am* (d+exx”"2) ~ (q+1) » (a+bxArcCot [cxXx] )~ (p-1) / (c*d*xm”2) -
Fx (Fax)~ (m-1) » (d+exx"2) ~ (q+1) * (a+b*ArcCot [cxx]) ~p/ (c"2xd+m) -
bA24p* (p-1) /m 2+Int [ (fxx) mx (d+exx"2) ~q (a+bxArcCot [cxx])~ (p-2),x] +
FA24 (M-1) / (c*2xdxm) »Int[ (Fxx) " (M-2) » (d+exx"2) ~ (q+1) » (a+bxArcCot [cxx]) ~p,x] /;
FreeQ[{a,b,c,d,e,f,m},x] & EqQ[e,c 2xd] && EqQ[m+2xq+2,0] && LtQ[q,-1] & GtQ[p,1]
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2: j(fx)'" (d+ex?)? (a+bArcTan[cx])Pdx when e==c?d Am+2q+2=20 A p<-1

Derivation: Integration by parts

fee 2 (a+b ArcTan[c x])P __ (a+b ArcTan[c x] )P+
Basis: If e == c© d, then e == Oy bcd (pil)

Basis: If m+ 2 q + 2 = @,then &y (x" (d + ex2>q+1) =cmx"?! (d+ex?)?

Rule:lff e==c?d Am+2qg+2=0 A p< -1,then

(Fx)" (d+ex2)q’1 (a+bArcTan[c x])P** fm

J-(-Fx)'"(d+ex2)q(a+bAr‘cTan[cx])pd1x—> -
bcd (p+1) bc (p+1)

Program code:

Int[(f_.*x_)™m_.x(d_+e_.*x_"2)"q_.*(a_.+b_.xArcTan[c_.*x_]) " p_,x_Symbol] :=
(F#x) "m# (d+exx"2) ~ (q+1) » (a+bxArcTan[cxx] )~ (p+1) / (bxCxdx (p+1)) -
fam/ (bxcx (p+1)) +Int [ (Fxx)~ (m-1) » (d+exx"2) *qx (a+bxArcTan[c+x])~ (p+1),x] /;
FreeQ[{a,b,c,d,e,f,m,q},x] & EqQ[e,c*2xd] && EqQ[m+2xq+2,0] && LtQ[p,-1]

Int[(f_.*x_)™m_.x(d_+e_.*x_"2)"q_.*(a_.+b_.xArcCot[c_.*x_]) p_,x_Symbol] :=
- (F#x) "mx (d+e#x"2) ~ (q+1) » (a+bxArcCot [cxXx]) ~ (p+1) / (bxCxdx (p+1)) +
fam/ (bxcx (p+1)) +Int [ (Fxx) " (m-1) » (d+exx"2) *qx (a+bxArcCot [cxx]) ~ (p+1) ,X] /;
FreeQ[{a,b,c,d,e,f,m,q},x] && EqQ[e,c 2xd] & EqQ[m+2xq+2,0] && LtQ[p,-1]

4: J(fx)'" (d+ex*)? (a+bArcTan[cx])Pdx when e==c’d Am+2q+3=0 Ap>0 A m¢-1

Derivation: Integration by parts

- x™1 (d+e xz)m1

d (m+1)

Basis: If m+ 2 g + 3 = 0, then x" (d+ex2)q == Oy

Rule:if e==c2d Am+2q+3=0 A p>0 Am#—1,then

JXfXVJ(d+exﬂq(a+bAmeHCXDpddx
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Rules for integrands of the form u (a+b arctan(c x))™p

(fx)'"+1 (d+ex2)°"':l (a+bArcTan[c x])P bcp

J(-Fx)"' (d+ex?)? (a+bArcTan[cx])Pdx — J(fx)m*l (d+ex?)? (a+bArcTan[cx])P*dx

df (m+1) Cf(me1)

Program code:

Int[(F_.*x_)™m_.x(d_+e_.*x_"2)"q_.*(a_.+b_.*ArcTan[c_.*x_]) p_.,x_Symbol]| :=

(Fxx) "~ (m+1) » (d+exx"2) A (q+1) x (a+bxArcTan [cxx]) ~p/ (dxFx (m+1)) -

brcxp/ (Fx (m+1) ) xInt [ (Fxx)~ (m+l) x (d+exx2) Aqx (a+bxArcTan[cxx]) "~ (p-1) ,X] /;
FreeQ[{a,b,c,d,e,f,m,q},x| & EqQ[e,c 2xd] && EqQ[m+2xq+3,0] && GtQ[p,0] & NeQ[m,-1]

Int[(f_.*x_)™m_.x(d_+e_.*x_"2)"q_.*(a_.+b_.*ArcCot[c_.*x_])"p_.,x_Symbol]| :=
(Fxx) " (m+1) » (d+exx"2) A (q+1) x (a+bxArcCot [cxx]) ~p/ (dxFx (m+1)) +

brcxp/ (Fx (m+1) ) xInt [ (Fxx)~ (m+l) * (d+exx2) Aqx (a+b*ArcCot [cxx]) " (p-1) ,X] /;
FreeQ[{a,b,c,d,e,f,m,q},x] && EqQ[e,c 2+d] & EqQ[m+2xq+3,0] && GtQ[p,0] & NeQ[m,-1]

5. J(fx)'" (d+ex*)? (a+bArcTan[cx])Pdx when e=c*d A q>0

1: j(fx)m\/d+ex2 (a+bArcTan[cx]) dx when e==c?>d A m# -2

Rule:If e == ¢2d A m # -2, then

fx)™*Vd+ex? (a+bArcTan[cx bcd £x)™* d fx)" (a+bArcTan[cx
(1:x)'"'\/d+ex2 (a+bArcTan[cx]) dx — (fx) ’ (a+ [ex]) _ < J" (fx) dx s J‘( )" (a+ [cx]) dx
f (m+2) fMm+2) J\[q;ex? m+ 2 Vd+ex?

Program code:

Int[(f_.*x_)" m_sSqrt[d_+e_.*x_"2]x(a_.+b_.*ArcTan[c_.*x_]),x_Symbol] :=
(F*x) A (m+1) #Sqrt [d+exx 2] + (a+bxArcTan[cxx]) /(fx (m+2)) -
b*c*d/(f* (m+2) ) *Int [ ('F*X) 2 (m+1)/Sqr't [d+exx"2] ,X] +
d/ (m+2) *Int [ (f#x) "mx (a+b*ArcTan[cxx]) /Sqrt[d+exx"2],x] /;
FreeQ[{a,b,c,d,e,f,m},x] & EqQ[e,c 2xd] && NeQ[m,-2]
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Rules for integrands of the form u (a+b arctan(c x))™p

Int[(f_.*x_)~m_sSqrt[d_+e_.+x_"2]*(a_.+b_.*ArcCot[c_.*x_]),x_Symbol] :=
(‘F*x) A(m+1) xSqrt[d+exx"2] * (a+bxArcCot [c*X] )/('F* (m+2) ) +
bxcxd/ (fx (m+2) ) xInt [ (fxx)~ (m+l) /Sqrt[d+exx 2],x] +
d/ (m+2) *Int [ (fxx)"mx (a+b*ArcCot [cxx]) /Sqrt[d+exx"2],x] /;
FreeQ[{a,b,c,d,e,f,m},x] & EqQ[e,c"2xd] && NeQ[m,-2]

2: J(-Fx)'" (d+ex?)% (a+bArcTan[cx])Pdx when e==c’d A pez*A q-1lez*

Rule:if e==c?2d A peZ*A q-1¢€z",then

J.(-F x)" (d+ex*)? (a+bArcTan[cx])Pdx — fExpandIntegr‘and[(f x)" (d+ex*)% (a+bArcTan[cx])P, x] dx

Program code:

Int[(f_.*x_) m_x(d_+e_.*x_"2)~q_x(a_.+b_.*ArcTan[c_.*x_])"p_.,x_Symbol] :=
Int [ExpandIntegrand [ (fxx)Amx (d+exx2) Aqx (a+bxArcTan[c*x])*p,x],x] /;
FreeQ[{a,b,c,d,e,f,m},x] & EqQ[e,c 2xd] && IGtQ[p,0] 8&& IGtQ[q,1] && (EqQ[p,1] || IntegerQ[m])

Int[(f_.*x_) m_%(d_+e_.*x_"2)"q_x(a_.+b_.*ArcCot[c_.*x_])"p_.,x_Symbol] :=
Int[ExpandIntegrand [ (f+x)"m« (d+exx"2)~qx (a+bxArcCot[c*x]) p,x],x] /;
FreeQ[{a,b,c,d,e,f,m},x] & EqQ[e,c 2xd] && IGtQ[p,0] && IGtQ[q,1] && (EqQ[p,1] || IntegerQ[m])
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Rules for integrands of the form u (a+b arctan(c x))™p

3: j(fx)m (d+ex?)? (a+bArcTan[cx])Pdx when e=c’d A q>@ A pez*

Derivation: Algebraic expansion
Basis: If @ == c?d,then (d+ex?)9=d (d+ex?)% +c2dx? (d+ex?)9*
Rule:If e ==c2d A g >0 A p e Z*,then

2
J(-Fx)"' (d+ex?)? (a+bArcTan[cx])Pdx — dJ(fx)"I (d+ex2)q’1 (a+bArcTan[cx])Pdx + ¢
.FZ

J(-F x)"'+2 (d+ exz)q'1 (a+bArcTan[c x])P dx

Program code:

Int[(f_.*x_)™m_x(d_+e_.*x_"2)~q_.*(a_.+b_.*ArcTan[c_.*x_])"p_.,x_Symbol] :=
d+Int[ (fxx) mx (d+exx"2)"(q-1)  (a+bxArcTan[cxx])"p,x]| +
€72+d/Fr2+Int [ (Fxx)~ (M+2) « (d+exx"2) ~ (q-1) * (a+b*ArcTan[cxx]) *p,x] /;
FreeQ[{a,b,c,d,e,f,m},x] & EqQ[e,c 2xd] && GtQ[q,0] && IGtQ[p,0] & (RationalQ[m] || EqQ[p,1] && IntegerQ[q])

Int[(f_.*x_) m_x(d_+e_.*x_"2)~q_.*(a_.+b_.*ArcCot[c_.*x_])"p_.,x_Symbol] :=
dxInt[ (fxx) mx (d+exx"2)~(q-1) * (a+bxArcCot[cxx]) p,X]| +
€72+d /A 2+ Int [ (Fxx)~ (M+2) * (d+exx"2) ~ (q-1) » (a+b*ArcCot [cxx]) *p,X] /;
FreeQ[{a,b,c,d,e,f,m},x] & EqQ[e,c 2xd] && GtQ[q,0] && IGtQ[p,0] & (RationalQ[m] || EqQ[p,1] && IntegerQ[q])

6. J(-Fx)"' (d+ex*)? (a+bArcTan[cx])Pdx when e=c*d A q<©

-Fx (a+bArcTan[c x])P
1. J dx when e =c%d

d+ex

(Fx)" (a+bArcTan[cx])P
1:j dx whene=c>d A p>0 Am>1

Vd + e x?

Rule:If e == c2d A p>@ A m> 1,then
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Rules for integrands of the form u (a+b arctan(c x))™p

(x)" (a+bArcTan[cx])P
dx —
Vd+ex?
-F(-Fx)'"’l\/d+ex2 (a+bArcTan[cx])P bfp (-Fx)""1 (a+bArcTan[cx])P‘1d] 2 (m-1) (-Fx)""2 (a+bArcTan[c x])P
— X_
c2dm cm J Vdrex cZm J Vdrex?

Program code:

Int[(f_.*x_)™m_x(a_.+b_.*ArcTan[c_.*x_])"p_./Sqrt[d_+e_.*x_"2],x_Symbol] :=
fx (Fxx)~ (m-1) #Sqrt [d+e+x"2] * (a+b*ArcTan [cxx]) ~p/ (c 2xd+m) -
bxfxp/ (cm) +Int [ (fxx)~ (m-1) x (a+bxArcTan[cxx])~ (p-1) /Sqrt [d+exx2],x]| -
A2 (m-1) / (c*2xm) »Int [ (f*x) " (m-2)  (a+bxArcTan[cxx]) ~p/Sqrt[d+exx"2],x] /;
FreeQ[{a,b,c,d,e,f},x] && EqQ[e,c"2+d] && GtQ[p,0] && GtQ[m,1]

Int[(f_.*x_)™m_x(a_.+b_.*ArcCot[c_.+x_]) p_./Sqrt[d_+e_.*x_"2],x_Symbol] :=
fx (Fxx)~ (m-1) #Sqrt [d+exx"2] * (a+b*ArcCot [c*x]) ~p/ (c 2xd+m) +
bxfxp/ (cxm) +Int[ (fxx)~ (m-1) » (a+bxArcCot [c*x])~ (p-1) /Sqrt [d+exx"2],x] -
A2 (m-1) / (c*2xm) »Int [ (f*x) " (m-2)  (a+b*ArcCot [cxx]) ~p/Sqrt[d+exx"2],x] /;
FreeQ[{a,b,c,d,e,f},x] && EqQ[e,c"2+d] & GtQ[p,0] && GtQ[m,1]

dx
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Rules for integrands of the form u (a+b arctan(c x))™p

(Fx)" (a+bArcTan[cx])P
2.j dx whene=c2d Ap>0 A ms-1

Vdrex?
1 J*(a+bAr'cTan[cx])p
1. J\(a+bArcTan[cx])P

xVd+ex?

. (a+bArcTan[c x])

1:
xVd+ex?

dx when e==c*d A pez*

dx whene=c*d A pezZ*Ad>0

dx whene==c*>d A d>0

Derivation: Integration by substitution, piecewise constant extraction and algebraic simplification!

Note: Although not essential, these rules returns antiderivatives free of complex exponentials of the form etr<ranicxi and

1 eAr‘cCot [cx] .

== - Csc[ArcTan[c x] ] 6xArcTan[c x]

Basis:If e == c2d A d > 0, then 1
! > e de Y
1

X

Csc[ArcCot[c x]] Sec[ArcCot[cx]] d. ArcCot [C X]
X

Basis: If e == c2d A d > 0, then - -1
Vd+e x? Vd \/Csc[Ar‘cCot[c x] 12

Rule:If e == c2d A d > 0, then

(a+bArcTan[c x])
dx

1
—_ — Subst[J-(a +bx) Csc[x] dx, x, ArcTan[c x]]

xVd + e x? Vd
2 V1+icx b Vi+icx ib V1+icx
— -—— (a+bArcTan[c x]) ArcTanh —] + PolyLog[Z, ——] - — PolylLog|2, ——
'\/? l-icx '\/? Vi-icx \/? V1-icx

Program code:

Int[(a_.+b_.*ArcTan[c_.x*x_]1)/ (x_»Sqrt[d_+e_.xx_"2]),x_Symbol] :=
-2/Sqrt[d] = (a+bxArcTan[cxXx] ) *ArcTanh[Sqrt [1+Ixcxx]/Sqrt[1-Ixcxx]] +
Ixb/Sqrt[d] xPolyLog[2,-Sqrt[1+IxcxX]/Sqrt[1-Ixcxx]] -

Ixb/Sqrt[d] xPolyLog[2,Sqrt[1+Ixcxx]/Sqrt[1-Ixcxx]] /;

FreeQ[{a,b,c,d,e},x] &% EqQ[e,c”2xd] && GtQ[d,Q]
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Rules for integrands of the form u (a+b arctan(c x))™p

Int[(a_.+b_.*ArcCot[c_.xx_])/ (x_»Sqrt[d_+e_.xx_"2]),x_Symbol] :=
-2/Sqrt[d] = (a+bxArcCot [cxX]) *ArcTanh[Sqrt [1+Ixcxx]/Sqrt[1-Ixcxx]] -
Ixb/Sqrt[d] xPolyLog[2,-Sqrt[1+IxcxX]/Sqrt[1-Ixcxx]] +
Ixb/Sqrt[d] *xPolylLog[2,Sqrt[1+Ixcxx]/Sqrt[1-Ixcxx]] /;

FreeQ[{a,b,c,d,e},x] &% EqQ[e,c”2xd] && GtQ[d,Q]

(a+bArcTan[c x])P
Z.J dx whene=c>d A pezZ*A d>0

xVd+ex?
q: J(a+bArcTan[cx])p

dx whene=c>d A pezZ*A d>0
Vd+ex?

Derivation: Integration by substitution

. __ 2 1 .1
Basis:If e == c“d A d > 0, then NN Csc[ArcTan[c x]] OxArcTan[c X]
Rule:If e ==c2d A pez* A d > 0,then

(a+bArcTan[c x])P 1
J dx — —— Subst [J(a +bx)PCsc[x] dx, x, ArcTan[c x]]

xVd+ex? Vd

Program code:

Int[(a_.+b_.xArcTan[c_.*x_])"p_/ (x_*Sqrt[d_+e_.xx_"2]) ,x_Symbol] :=
1/Sqrt[d] *Subst [Int[ (a+bxx) *pxCsc[x],Xx],X,ArcTan[cxx]] /;
FreeQ[{a,b,c,d,e},x] && EqQ[e,c”2xd] && IGtQ[p,0] && GtQ[d,0]

(a+bArcCot[cx])P
Z:J- dx whene==c>d A pezZ*A d>0

xVd+ex?

Derivation: Integration by substitution and piecewise constant extraction

Basis: If e -- 2 d A d> 9. then 1 __ 1 Csc[ArcCot[cx]] Sec[ArcCot[cx]] Sy ArcCot [C
. == 5 ==

x V d+e x? Vd \/Csc[Ar‘cCot[c x] 12

X]



Rules for integrands of the form u (a+b arctan(c x))™p

Basis: 9, —=<XL_ -- 9
Csc[x]?

cx |1+

Basis: —CsclArcCotcx]] __ o

2 2
JcSc [ArcCot [c x] ]2 Vi1seox

Rule:if e ==c?2d A pezZ* A d > 0,then

(a+bArcCot[cx])P (a+bx)PCsc[x] Sec[x]
j dx — ——Subst[j dx, x, ArcCot[c x]]
xVd+ex? Vesc[x]?
cX 1+ 5=
X
— ——Subst[j(a+ b x)P Sec[x] dx, x, ArcCot[c x]]
Vd+ex?

Program code:

Int[ (a_.+b_.xArcCot[c_.*x_])"p_/ (x_*Sqrt[d_+e_.xx_"2]),x_Symbol] :=
-Cc*x*SqQrt[1+1/ (c”2xx”*2) ] /Sqrt[d+e*x”2] *Subst [Int[ (a+bxx) *p*Sec[x],x],X,ArcCot[c*x]] /;
FreeQ[{a,b,c,d,e},x] && EqQ[e,c”2xd] && IGtQ[p,0] && GtQ[d,0]
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Rules for integrands of the form u (a+b arctan(c x))™p

(a+bArcTan[c x])P
2: J dx whene==c>d A pezZ*Ad30

d+ex

Derivation: Piecewise constant extraction

Basis: If e == c2 d, then 8, Y1 __ g
I ’ X A/ d+e x2

Rule:If e ==c2d A peZ* A d ¥ 0,then

(a+bArcTan[c x])P Vi+c?x? (a+bArcTan[c x])P
dx — J- dx
xVd+ex? Vd+ex? xV1+c?x?

Program code:

Int[(a_.+b_.xArcTan[c_.*x_])”*p_./ (x_*Sqrt[d_+e_.xx_"2]),x_Symbol] :=
Sgrt[1+c”2%xx"2]/Sqrt[d+exx"2]xInt[ (a+bxArcTan[cxx])*p/ (x*Sqrt[1+c 2xx"2]),x] /;
FreeQ[{a,b,c,d,e},x] &% EqQ[e,c”2xd] && IGtQ[p,0] && Not[GtQ[d,0]]

Int[ (a_.+b_.xArcCot[c_.*x_])”*p_./ (x_*Sqrt[d_+e_.xx_"2]),x_Symbol] :=
Sgrt[1+c”2%xx"2] /Sqrt[d+exx"2] *Int[ (a+bxArcCot[c*x])*p/ (x*Sqrt[1+c 2xx”2]),x] /;
FreeQ[{a,b,c,d,e},x] &% EqQ[e,c”2xd] && IGtQ[p,0] && Not[GtQ[d,0]]

(Fx)" (a+bArcTan[cx])P
2.j dx whene=c*>d A p>0 A m<-1

Vd+ e x?

1: J~(a+bAr‘cTan[cx])p

x2Vd+ex?

dx when e==c d A p>0

Derivation: Integration by parts

Basis: —L—— == 0, Ydrext
x% +/d+e x? dx

Rule:If e == c2d A p > 0, then

47



Rules for integrands of the form u (a+b arctan(c x))™p

(a+bAr‘cTan[cx])pd1 Vd+ex? (a+bArcTan[cx])P
X — +

(a+bArcTan[c x])P?
pj dx

x> Vd+ex? dx xVd+ex?
Program code:
Int[ (a_.+b_.xArcTan[c_.*x_])"p_./ (X_"2%Sqrt[d_+e_.*xx_"2]),x_Symbol] :=
-Sqrt[d+exx~2] » (a+bxArcTan[cxx])*p/ (d*X) +
bxcxp*Int[ (a+bxArcTan[c*x])” (p-1) / (x*Sqrt[d+e*x"2]),x] /;
FreeQ[{a,b,c,d,e},x] &% EqQ[e,c”2xd] && GtQ[p,9]
Int[(a_.+b_.xArcCot[c_.*x_])?p_./ (X_"2+Sqrt[d_+e_.xx_"2]),x_Symbol] :=
-Sqrt[d+exx~2] » (a+bxArcCot [cxx])*p/ (d*X) -
bxcxp*Int[ (a+bxArcCot[c*x])” (p-1) / (x*Sqrt[d+ex*x"2]),x] /;
FreeQ[{a,b,c,d,e},x] &% EqQ[e,c”2xd] && GtQ[p,9]
fx (a+bArcTan[cx])P
2: j dx whene=c?d A p>0 Am<-1 Am#-2
Vd+rex?
Rule:lf e==c2d A p>0 Am< -1 A m#-2,then
J(-Fx)'" (a+bArcTan[cx])P
dx —
Vd+ex?
(1‘x)'"+1\/d+exz (a+bArcTan[cx])P bcp (Fx)'"+1 (a + bArcTan[c x])P? € (m+2) (fx)’"+2 (a+bArcTan[c x])P
- dx -
df (m+1) f(m+1) J Ndrex F(m+1)J~ Ndrex

Program code:

Int[(f_.*x_)~m_x(a_.+b_.*ArcTan[c_.+x_]) " p_./Sqrt[d_+e_.*x_"2],x_Symbol] :=
(Fx) " (m+1) xSqrt[d+e«x"2] = (a+bxArcTan[c#x]) "p/(d*f* (m+1)) -
bxcxp/ (Fx (m+1) ) »Int [ (fxx)~ (m+l) x (a+bxArcTan[cxx])” (p-1) /Sqrt[d+exx 2],x] -
2% (m+2) /(F22% (m+1) ) #Int [ (Fxx) " (m+2) » (a+bxArcTan[cxx]) ~p/Sqrt [d+exx 2],x] /;
FreeQ[{a,b,c,d,e,f},x] && EqQ[e,c"2+d] && GtQ[p,0] && LtQ[m,-1] && NeQ[m,-2]

dx
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Rules for integrands of the form u (a+b arctan(c x))™p

Int[(f_.*x_)~m_x(a_.+b_.xArcCot[c_.+x_]) p_./Sqrt[d_+e_.*x_"2],x_Symbol] :=
(‘F*x) A(m+1) xSqrt[d+exx”2] * (a+bxArcCot [cxXx]) "p/(d*'F* (m+1) ) +
bxcxp/ (Fx (m+1) ) »Int[ (Fxx)~ (m+l) * (a+bxArcCot [cxx])” (p-1) /Sqrt[d+exx 2],x] -
€ 2% (m+2) /(F22% (m+1) ) #Int [ (Fxx) " (m+2) » (a+bxArcCot [cxx]) ~p/Sqrt [d+exx 2],x] /;
FreeQ[{a,b,c,d,e,f},x] && EqQ[e,c"2+d] && GtQ[p,0] && LtQ[m,-1] && NeQ[m,-2]

2. Jx“‘ (d+ex?)? (a+bArcTan[cx])Pdx when e=c*d A q<-1

1: Jx’“ (d+ex?)? (a+bArcTan[cx])Pdx whene=c*’d A (m|p|2q) €Z Aq<-1Am>1Aps#-1

Derivation: Algebraic expansion

i d

is: X2 __
Basis: F T e e (drexd)

d+e x
Rule:if e==c2d A (m|p|29) €eZAgq<-1Am>1Ap+-1then

1 d
J.x'“ (d+ex?)? (a+bArcTan[cx])Pdx — —J.x'“‘2 (d+ex2)q+1 (a+bArcTan[cx])Pdx - —Jx"“z (d+ex?)? (a+bArcTan[cx])P dx
e e

Program code:

Int[x_"m_x(d_+e_.*x_"2)"q_=*(a_.+b_.*ArcTan[c_.*x_])"p_.,Xx_Symbol] :=
1/exInt [x" (m-2) x (d+exx"2) ~ (q+1) x (a+bxArcTan[c*x]) *p,Xx] -
d/exInt[x” (m-2) x (d+exx"2) *qx (a+bxArcTan[cxx]) *p,x] /;
FreeQ[{a,b,c,d,e},x] & & EqQ[e,c”2xd] && IntegersQ[p,2*q] && LtQ[q,-1] && IGtQ[m,1] && NeQ[p,-1]

Int[x_"m_x(d_+e_.*x_"2)"q_=*(a_.+b_.*ArcCot[c_.*x_])"p_.,Xx_Symbol] :=
1/exInt [x" (m-2) x (d+exx"2) ~ (q+1) = (a+bxArcCot [c*x]) *p,Xx] -
d/exInt[x”(m-2) » (d+e*xx”"2) ~q (a+bxArcCot [cxx])*p,x] /;
FreeQ[{a,b,c,d,e},x] & EqQ[e,c”2xd] && IntegersQ[p,2*xq] && LtQ[q,-1] && IGtQ[m,1] && NeQ[p,-1]
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Rules for integrands of the form u (a+b arctan(c x))™p

2: Jx'“ (d+ex?)® (a+bArcTan[cx])Pdx when e=c>d A (m|p|2q) €Z A q<-1 AmM<O Ap#-1

Derivation: Algebraic expansion

e x2

e 1 1 G
Basis: Tiex? — d 4 [doe )

Rule:lf e==c>d A (m|p|29) €eZAq<-1Am<0@ A p+-1,then

Jx’"*z (d+ex?)? (a+bArcTan[cx])P dx

al|m

1
Jx"‘ (d+ex?)? (a+bArcTan[cx])Pdx — ij'“ (d+ex2)q"1 (a+bArcTan[cx])Pdx -

Program code:

Int[x_"m_=x(d_+e_.xx_"2)~q_=*(a_.+b_.*ArcTan[c_.*x_])”p_.,x_Symbol] :=
1/d*Int[x*mx (d+e*x”"2)~ (q+1) * (a+bxArcTan[c*x]) *p,X] -
e/dxInt[x” (m+2) » (d+exx"2) ~qx (a+bxArcTan[cxx])*p,x] /;
FreeQ[{a,b,c,d,e},x] &% EqQ[e,c”*2xd] && IntegersQ[p,2+q] && LtQ[q,-1] && ILtQ[m,0] && NeQ[p,-1]

Int[x_"m_=»(d_+e_.xx_"2)~q_=*(a_.+b_.*ArcCot[c_.*x_])”p_.,x_Symbol] :=
1/d*Int[x*mx (d+e*x"2)~ (q+1) * (a+bxArcCot [c*xx]) *p,X] -
e/d*Int[x”" (m+2) » (d+exx"2) *q» (a+bxArcCot [c*Xx]) *p,Xx] /;
FreeQ[{a,b,c,d,e},x] &% EqQ[e,c”*2xd] && IntegersQ[p,2xq] && LtQ[q,-1] &% ILtQ[m,0] && NeQ[p,-1]
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3: Jx'" (d+ex*)® (a+bArcTan[cx])Pdx when e=c’d AmeZ A q<-1 Ap<-1AM+2q+2+#0

Derivation: Integration by parts
Rule:lf e==c2d AmezZ Agq<-1Ap<-1Am+2qg+2+0,then
jx’“ (d+ex*)? (a+bArcTan[cx])Pdx —

x" (d+ex2)q*1 (a+bArcTan[c x])P*! m c(m+2q+2)

b (p+1)

Jx'“‘l (d+ex*)? (a+bArcTan[cx])P** dx - J.x'“"l (d+ex*)? (a+bArcTan[cx])P** dx

bcd (p+1) _bc(p+1)

Program code:

Int[x_"m_.x(d_+e_.*x_"2)"q_=(a_.+b_.*ArcTan[c_.*x_])”"p_.,x_Symbol] :=

X m#* (d+exx*2)~ (q+1) * (a+bxArcTan[c*x] )~ (p+1) / (bxcxd* (p+1)) -

m/ (bxc* (p+1) ) *Int [x" (m-1) » (d+e*x"2) *q» (a+bxArcTan[c*x] )~ (p+1) ,x] -

cx (M+2xq+2) / (bx (p+1) ) *Int [x* (M+1) » (d+exx"2) *q» (a+bxArcTan[cxx]) " (p+1),Xx] /;
FreeQ[{a,b,c,d,e,m},x] &% EqQ[e,c”2xd] &% IntegerQ[m] &% LtQ[q,-1] && LtQ[p,-1] && NeQ[m+2xq+2,0]

Int[x_"m_.x(d_+e_.x*x_"2)"q_=(a_.+b_.*ArcCot[c_.*x_])”"p_.,x_Symbol] :=
-X"mx (d+e*x”2)~ (q+1) » (a+bxArcCot [c*x] )~ (p+1) / (bxcxd* (p+1)) +
m/ (bxc* (p+1) ) *Int [x” (m-1) » (d+e*x"2) *q» (a+bxArcCot [c*x] )~ (p+1) ,Xx] +

cx (M+2xq+2) / (bx (p+1) ) *Int [x* (m+1) » (d+exx"2) *q» (a+bxArcCot [cxx]) " (p+1),X] /;
FreeQ[{a,b,c,d,e,m},x] &% EqQ[e,c”2xd] &% IntegerQ[m] && LtQ[q,-1] && LtQ[p,-1] && NeQ[m+2xq+2,0]

4, J.x’“ (d+ex2)q (a+bArcTan[cx])Pdx whene=c?d AmeZ*Am+2q+1ez"”
1. Jx"‘ (d+ex*)? (a+bArcTan[cx])Pdx when e==c’d AmezZ*Am+2q+1ez"

1: Jx’" (d+ex?)% (a+bArcTan[cx])Pdx when e==c’d AmeZ*Am+2q+1€Z A (Q€Z V d>0)

Derivation: Integration by substitution

Basis:if e==c?’d AmezZ Am+2q+1€Z A (qeZ V d>0),then
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m 2\ 4 ddSin[ArcTan[cx] 1"
+ == r | N
X <d ex > c™! Cos[ArcTan[c x]]™2 (@) OxArcTan[c x]

Rule:if e==c?2d AmezZ*Am+2q+1€Z A (qeZ V d>0),then

(a+bx)PSin[x]"

Cos [X] m+2 (q+1)

da
jx”‘ (d+ex*)? (a+bArcTan[cx])Pdx — —— Subst [J dx, x, ArcTan[c x]]
cm+

Program code:

Int[x_"m_.*(d_+e_.*x_"2)"q_=(a_.+b_.xArcTan[c_.*x_]) p_.,x_Symbol] :=
d~g/c” (m+1) »Subst [Int [ (a+bx) ~p#Sin[x] ~m/Cos [x]~ (m+2# (q+1)) »X]sX,ArcTan[c*x]] /3
FreeQ[{a,b,c,d,e,p},x] && EqQ[e,c”*2xd] && IGtQ[m,0] &% ILtQ[m+2xq+1,0] && (IntegerQ[q] || GtQ[d,0])

2: Jx“‘ (d+ex?)? (a+bArcTan[cx])Pdx when e==c’d AmeZ* Am+2q+1€Z A -~ (qeZ V d>0)

Derivation: Piecewise constant extraction

Basis: If e == c2 d, then Visc2x2

\ d+e x?
Rule:lff e==c?d Amez* Am+2q+1€Z A - (qeZ V d>0),then
q+%«/1 2 o2
Jx'“ (d+ex?)? (a+bArcTan[cx])Pdx — VL ex x" (1+c*x*)% (a+bArcTan[cx])P dx
Vd+ex?

Program code:

Int[x_"m_.*(d_+e_.*x_"2)"q_=(a_.+b_.*ArcTan[c_.*x_])"p_.,x_Symbol] :=
d” (q+1/2) *Sqrt[1+c”2xx"2] /Sqrt [d+e*x"2] *Int [ X m* (1+c”2xx"2) *q* (a+bxArcTan[c*Xx]) *p,X] /;
FreeQ[{a,b,c,d,e,p},x] & & EqQ[e,c”*2xd] && IGtQ[m,0] && ILtQ[m+2xq+1,0] && Not[IntegerQ[q] || GtQ[d,0]]
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2. Jx"‘ (d+ex*)? (a+bArcCot[cx])Pdx whene=c>’d A mezZ*Am+2q+lez"

1: Jx“‘ (d+ex?)? (a+bArcCot[cx])Pdx when e=c’d AMEZ*AM+2q+1€Z A QEZ

Derivation: Integration by substitution

Basis:If e == c2d A mez A gezthenx" (d+ex?)? = - Cl‘;‘;ﬁ‘fii’éggi‘[’z E(C]’J‘]njzmmm Oy ArcCot [¢ X]

Rule:lf e==c2d AmezZ*Am+2g+1eZ A qeZthen

) dq (a+bx)PCos[x]"
x" (d+ex?)? (a+bArcCot[cx])Pdx — - Subst
cm+1 Sin [x]m+2 (q+1)

Program code:

Int[x_"m_.x(d_+e_.xx_"2)"q_x*(a_.+b_.xArcCot[c_.xx_])"p_.,x_Symbol] :=
-d~q/c” (m+1) xSubst [Int [ (a+bxx) ApxCos [x]~m/Sin[x] " (m+2x (q+1)),x],X,ArcCot[cxx]] /;
FreeQ[{a,b,c,d,e,p},x] & EqQ[e,c*2xd] &% IGtQ[m,0] && ILtQ[m+2xq+1,0] &% IntegerQ[q]

dx, x, ArcCot|[c x]]

2: J.x’" (d+ex*)? (a+bArcCot[cx])Pdx whene=c’d AmeZ*Am+2q+1€Z A q¢Z

Derivation: Piecewise constant extraction and integration by substitution

X 1+§2;(2
Basis: If e == c?d, then o A
’ X Jdiex?
Basis:lf mezZ Am+2q+1€cZ A q¢ Z,then
1
m+1 1 2.2\9-5 __ Cos [ArcCot[cx] 1™
X 1+ gig (1+c?x?)0n = - e e OxArcCot [c x|

Rule:lf e==c?2d Amez*Am+2g+1eZ A q¢Z,then
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c dq+ZX 1+cx
J\x“‘ (d+ex?)? (a+bArcCot[cx])Pdx — J (1+c*x? Z(a+bAr‘cCot[cx])"d]x
Vd+ex?

dq+7X 1+c x?
(a+bx)PCos[x]"
— -——— Subs t[J dx, x, ArcCot[c x]]

Sin [X] m+2 (q+1)

d+ex

Program code:

Int[x_"m_.x(d_+e_.x*x_"2)"q_=(a_.+b_.*ArcCot[c_.*x_])”"p_.,x_Symbol] :=
-d~ (q+1/2) #X#SQrt [ (1+c 2xx"2) / (€*24x"2) ]/ (c mxSqrt [d+exx"2]) xSubst [ Int[ (a+bxx) ~pxCos [x] Am/Sin[x]~ (m+2# (q+1)) »X] ;X,ArcCot [cxx]] /;
FreeQ[{a,b,c,d,e,p},x] & EqQ[e,c*2xd] &% IGtQ[m,0] && ILtQ[m+2xq+1,0] &% Not[IntegerQ[q]]

3. j(fx)m(d+ex2)q(a+bAr'cTan[cx])dlx when (qez* A - ('"2;162‘/\ m+2q+3>0))v(m+lez A-(QezZ"Am+2q+3>0))V (m"—zqiez A uez)

1: Jx (d+ex*)? (a+bArcTan[cx]) dx when q # -1

Derivation: Integration by parts

, drex?) !
Basis: x (d+ex2>q = @XJﬁL

2e (g+1)

Rule:If g # -1, then

(d+ex2)q+1 (a+bArcTan[c x]) bc j(d+ex2)q*1
dx

jx (d+ex*)? (a+bArcTan[cx]) dx —

2e (q+1) _2e(q+1) 1+c2x?

Program code:

Int[x_*(d_.+e_.xx_"2)"q_.*(a_.+b_.xArcTan[c_.*x_]),x_Symbol] :=
(d+exx~2)~ (q+1) = (a+bxArcTan[cxXx]) / (2xe* (q+1)) -
bxc/ (2xex (q+1) ) *Int [ (d+e*x"2) " (q+1) / (1+c 2xx"*2) ,x] /;
FreeQ[{a,b,c,d,e,q},x] && NeQ[q,-1]
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Int[x_=*(d_.+e_.*x_"2)"q_.=*(a_.+b_.*ArcCot[c_.xx_]),x_Symbol] :=
(d+exx~2)~ (q+1) = (a+bxArcCot [cxXx]) / (2xex* (q+1)) +
bxc/ (2xex (q+1) ) *Int [ (d+exx"2)~ (q+1) / (1+c”2xx"2) ,x] /;
FreeQ[{a,b,c,d,e,q},x] && NeQ[q,-1]

2: J\(1=x)"'(d+ex2)q (a+bArcTan[cx]) dx when (qez* A - (%EZ'/\ m+2q+3>e))v(%ez+/\ ~(qez A m+2q+3>0))v(%eZ‘A "';—1¢.Z‘)

Derivation: Integration by parts

Note:If (qez" A -~ ("t ez Am+2g+3>0))V ,

(ML ez'A-(qezZ AmM+2q+3>0))V (M= cz-p Bl g 7-)

then [(£x)" (d+ex?)®ax is expressible as an algebraic function not involving logarithms, inverse trig or inverse
hyperbolic functions.

Rule:If (qez"A -~ (mtez Am+2g+3>0))V ,letu=[(x)" (d+ex?)?ax, then
(Mt ez'A-(qezZ AmM+2q+3>0)) Vv (M2 cz- A P21 g7

j(fx)'" (d+ex2)q (a+bArcTan[cx]) dX — u (a+bArcTan[c x]) —bcf dx

1+c2x?

Program code:

Int[ (F_.*x_)™m_.»(d_.+e_.#x_"2)"q_.(a_.+b_.*ArcTan[c_.*x_]),x_Symbol] :=
With[{u=IntHide[ (f+x) mx (d+exx"2)"q,x]},
Dist[a+bxArcTan[cxx],u,x] - bxcxInt[SimplifyIntegrand[u/ (1+c"2+x"2),x]1,x]] /;
FreeQ[{a,b,c,d,e,f,m,q},x] && (
IGtQ[q,0] && Not[ILtQ[(m-1)/2,0] && GtQ[m+2%q+3,0]] ||
IGtQ[ (m+1) /2,0] & Not[ILtQ[q,0] && GtQ[m+2xq+3,0]] ||
ILtQ[ (m+2%q+1) /2,0] && Not[ILtQ[(m-1)/2,0]] )
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Int[ (F_.*x_)™m_.x(d_.+e_.#x_"2)"q_.(a_.+b_.+ArcCot[c_.*x_]),x_Symbol]
With[{u=IntHide[ (f*x) mx (d+exx"2)"q,x]},
Dist[a+bsArcCot [cxXx],u,x] + bxcxInt[SimplifyIntegrand[u/ (1+c"2#x"2),x]1,x]|] /;

FreeQ[{a,b,c,d,e,f,m,q},x] && (
IGtQ[q,0] && Not[ILtQ[ (m-1)/2,0] && GtQ[m+2%q+3,0]] ||
I

IGtQ[ (m+1) /2,0] &% Not[ILtQ[q,0] && GtQ[m+2%q+3,0]]
ILtQ[ (m+2%q+1) /2,0] && Not[ILtQ[ (m-1)/2,0]] )

X (a+bArcTan[c x])P
'j dx when p e z*
(d+ex2)2

Derivation: Algebraic expansion

Basis: (drex?)? 4d2\/?[1—\/¥><]2 4d2\/€[1+\/§)(]2

(a+bArcTan[c x])P

Rule: If p € z*, then
p
(a+bArcTan[c x]) dx

J’x (a+bArcTan[cx])pd1 J J
(d+ex?)? \/7 [ fx]z \/— [ ix]z

Program code:

Int[x_*(a_.+b_.xArcTan[c_.*x_])"p_./(d_+e_.xx_"2)"2,x_Symbol] :=
1/ (4xd*2xRt[-e/d,2]) *Int[ (a+b*xArcTan[c*x])~p/ (1-Rt[-e/d,2] *x) " 2,x] -
s Q

1/ (4xd*2xRt[-e/d,2]) *Int[ (a+bxArcTan[c*x] ) p/ (1+Rt[-e/d,2] *x)"2,x] /;
FreeQ[{a,b,c,d,e},x] && IGtQ[p,9]

Int[x_=*(a_.+b_.xArcCot[c_.*x_])"p_./(d_+e_.xx_"2)"2,x_Symbol] :=
1/ (4xd*2xRt[-e/d,2]) *»Int[ (a+bxArcCot[c*x])~p/ (1-Rt[-e/d,2] *x)"*2,x] -

1/ (4xd*2xRt[-e/d,2]) *Int[ (a+bxArcCot[c*x])~ p/ (1+Rt[-e/d,2] *x)"2,x] /;
FreeQ[{a,b,c,d,e},x] && IGtQ[p,9]
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5: J(fx)'" (d+ex*)? (a+bArcTan[cx])Pdx when qezZ A pezZ* A (p=1V mez)
Derivation: Algebraic expansion

Rule:lf gez ApeZ" AN (p=1V mez),then

J(f x)" (d+ex*)? (a+bArcTan[cx])Pdx — J(a +bArcTan[c x])P ExpandIntegrand[ (fx)" (d +ex?)9, x] dx

Program code:

Int[(f_.#x_)™m_.#(d_+e_.*x_"2)"q_.*(a_.+b_.*ArcTan[c_.xx_])"p_.,x_Symbol] :=
With[{u=ExpandIntegrand [ (a+b*ArcTan[cx])"p, (fxx) mx (d+exx"2)"q,x]},
Int[u,x] /;

sumQ[ul] /;

FreeQ[{a,b,c,d,e,f,m},x] & IntegerQ[q] && IGtQ[p,0] && (EqQ[p,1] && GtQ[q,0] || IntegerQ[m])

Int[(f_.#x_)™m_.#(d_+e_.*x_"2)"q_.*(a_.+b_.*ArcCot[c_.*x_])"p_.,x_Symbol] :=
With[{u=ExpandIntegrand [ (a+b*ArcCot[cxx])"p, (fxX) mx (d+exx"2)"q,x]},
Int[u,x] /;

sumQ[ul] /;

FreeQ[{a,b,c,d,e,f,m},x] & IntegerQ[q] && IGtQ[p,0] && (EqQ[p,1] && GtQ[q,0] || IntegerQ[m])
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6: J(fx)'" (d+ex*)? (a+bArcTan[cx]) dx
Derivation: Algebraic expansion

Rule:

J(-Fx)'" (d+ex?)? (a+bArcTan[cx]) dx — aj(-Fx)"' (d+ex2)qd1x+bJ‘(-Fx)m (d+ex?)ArcTan[c x] dx

Program code:

Int[(f_.#x_)™m_.*(d_+e_.xx_"2)"q_.(a_+b_.*ArcTan[c_.*x_]),x_Symbol] :=
a*Int[ (Fxx) mx (d+exx"2)~q,x]| + b*Int[ (fxx) mx (d+exx"2)~qsArcTan[cxx],x] /;
FreeQ[{a,b,c,d,e,f,m,q},x]

Int[(f_.*x_)™m_.(d_+e_.*x_"2)"q_.*(a_+b_.*ArcCot[c_.*x_]),x_Symbol] :=
axInt[ (fxx) mx (d+exx"2)~q,x| + bxInt[(fxx)"ms (d+exx"2) qxArcCot[cx],x]| /;
FreeQ[{a,b,c,d,e,f,m,q},x]
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dx when e==c%d

7 u (a+bArcTan[cx])P
. J d+ex?

(F+gx)" (a+bArcTan[cx])P
1:J dx whenpez*A e==c? d A mez*

d+ex?

Derivation: Algebraic expansion

Rule:if pez* A e=c®>d A me z*,then

(F+gx)" (a+bArcTan[cx])P (a+bArcTan[c x])P
J dx — J

d+ex? d+ex?

Program code:

Int[(f_+g_.*x_)"m_.*(a_.+b_.xArcTan[c_.*x_])"p_./ (d_+e_.xx_"2),x_Symbol] :
Int[ExpandIntegrand [ (a+bxArcTan[cxx])"p/ (d+exx"2), (f+g*x) m,x],x] /;
FreeQ[{a,b,c,d,e,f,g},x] & IGtQ[p,0] & EqQ[e,c 2xd] && IGtQ[m,0]

Int[(f_+g_.*x_)™m_.(a_.+b_.*ArcCot[c_.*x_])"p_./ (d_+e_.*x_"2),x_Symbol] :
Int[ExpandIntegrand [ (a+bxArcCot[cxx])~p/ (d+exx"2), (f+g+x) m,x],x] /;
FreeQ[{a,b,c,d,e,f,g},x] & IGtQ[p,0] & EqQ[e,c 2xd] && IGtQ[m,O]

ExpandIntegrand| (f+gx)", x| dx
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ArcTanh[u] (a+bArcTan[cx])P
Z.J dx when pez* A e=c%d

d+ex?

ArcTanh[u] (a+bArcTan[cx])P
1:J [ul ¢ [ex]) dlxwhenpez"/\e:czd/\u2==(1—i)2

d+ex? Trex

Derivation: Algebraic expansion

Basis: ArcTanh[z] == 2 Log[1+2] -  Log[1 - Z]
S 1 1 1 1
Basis: ArcCoth[z] = 2 Log[1+ 1] - 2 Log|1- 1]
Rule:if pez* A e=c?d A u? = (1- Ifg)()z,then
1

ArcTanh[u] (a +bArcTan[c x])P Log[1l +u] (a+bArcTan[cx])P
J 3 dx — J dx -
d+ex

d+ex?
Program code:

Int[ArcTanh[u_]=*(a_.+b_.*ArcTan[c_.*x_])"p_./ (d_+e_.xx_"2),x_Symbol] :=
1/2%Int[Log[1+u] * (a+bxArcTan[c*x])*p/ (d+e*x"2) ,x] -
1/2%Int[Log[1-u]* (a+bxArcTan[c*x]) " p/ (d+exx"2),x] /;

FreeQ[{a,b,c,d,e},x] && IGtQ[p,0] && EqQ[e,c”2xd] && EqQ[u”2- (1-2xI/ (I+c*x))”"2,0]

Int[ArcCoth[u_]=*(a_.+b_.*ArcCot[c_.*x_])"p_./(d_+e_.xx_"2),x_Symbol] :=
1/2+Int[Log[SimplifyIntegrand[1+1/u,x]]* (a+b*ArcCot[cxx])"p/ (d+exx2),x] -
1/2+Int[Log[SimplifyIntegrand[1-1/u,x] |+ (a+bxArcCot[cxx])"p/ (d+exx"2),x]| /;

FreeQ[{a,b,c,d,e},x] && IGtQ[p,0] && EqQ[e,c*2xd] & EqQ[u”2- (1-2xI/ (I+cxXx))"2,0]

1
2

Al

Log[1l-u] (a+bArcTan[cx])P
dx

d+ex?
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21 )2

ArcTanh[u] (a+bArcTan[cx])P
:J [ul ( [ex]) dwanpeZ*Ae:cszu2=(1—L”

d+ex?

Derivation: Algebraic expansion

Basis: ArcTanh[z] == > Log[1+2] -  Log[1 - Z]

Basis: ArcCoth[z] == |_Qg[1Jr l} _ % Log[l— ﬂ

4

Rule:if pez*ne=c?d A u?= (1- 2—I>2,then

I-cx

d+ex? 2

ArcTanh[u] (a +bArcTan[c x])P 1 rLog[l+u] (a+bArcTan[cx])P
J~ dx — J~ dx

d+ex?

Program code:

Int[ArcTanh[u_]* (a_.+b_.*ArcTan[c_.*x_])"p_./(d_+e_.xx_"2),x_Symbol] :=
1/2xInt[Log[1+u] * (a+bxArcTan[cxXx])*p/ (d+exx"2) ,x] -
1/2xInt[Log[1-u] * (a+bxArcTan[cxXx])*p/ (d+exx"2),x] /;

FreeQ[{a,b,c,d,e},x] && IGtQ[p,0] && EqQ[e,c”2xd] && EqQ[u”2- (1-2xI/ (I-c*Xx))"2,0]

Int[ArcCoth[u_]=* (a_.+b_.*ArcCot[c_.*x_])"p_./(d_+e_.xx_"2),x_Symbol] :=
1/2+Int[Log[SimplifyIntegrand[1+1/u,x] |« (a+bxArcCot[cxx])"p/ (d+exx2),x] -
1/2+Int[Log[SimplifyIntegrand[1-1/u,x] ]+ (a+b*ArcCot[cxx])"p/ (d+exx"2),x]| /;

FreeQ[{a,b,c,d,e},x] && IGtQ[p,0] && EqQ[e,c”2xd] & EqQ[u”2-(1-2xI/ (I-cxx))”"2,0]

1

2

J

Log[1l-u] (a+bArcTan[cx])P
dx

d+ex?
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a+bArcTan[cx])P Log[u
3. J( ’ [ex]) g[]dlxwhenpeZ"Ae:ch

d+ex?

(a+bArcTan[cx])PLog|f +gx
1:J [ ]dxwhenpez+/\e==c2d/\c2f2+g2==e
d+ex?

Derivation: Integration by parts

fee 2 (a+b ArcTan[c x])P __ (a+b ArcTan[c x] )P+
Basis: If e == c© d, then e == Oy bed (i)

Rule:lif pez* A e==c®d A c® 2+ g2 == 9,then

g

(a+bArcTan[c x])P**

(a+bArcTan[cx])P Log|[f +gx] (a+bArcTan[cx])P** Log[f + g X]
dx — -
J d+ex? bcd (p+1)

Program code:

Int[(a_.+b_.+ArcTan[c_.+x_]) p_.+Log[f_+g_.*x_]/(d_+e_.*x_"2),x_Symbol] :=
(a+bxArcTan[cxx]) A (p+1) xLog[f+gxx]/ (bxcxdx (p+1)) -
g/ (bxcxdx (p+1)) +Int [ (a+bxArcTan[cxx])" (p+1)/(f+g*x) »X] /3
FreeQ[{a,b,c,d,e,f,g},x] & IGtQ[p,0] & EqQ[e,c 2xd] & EqQ[c"2xf"2+g"2,0]

Int[(a_.+b_.*ArcCot[c_.+x_]) p_.+Log[f_+g_.*x_]/(d_+e_.*x_"2),x_Symbol] :=
(a+bxArcCot [cxx]) A (p+1) xLog[f+gxx]/ (bxcxdx (p+1)) -
g/ (bxcxdx (p+1) ) xInt[ (a+bxArcCot [cxx])~ (p+1) / (F+g*x),x] /;
FreeQ[{a,b,c,d,e,f,g},x] & IGtQ[p,0] & EqQ[e,c 2xd] && EqQ[c"2xf"2+g"2,0]

bcd (p+1)

J

f+gx

dx
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Rules for integrands of the form u (a+b arctan(c x))™p

dx whenpez* A e=c2d A (1-u)?= (1-2L)?

I+cx

” (a+bArcTan[c x])P Log[u]
. J d+ex?

Derivation: Integration by parts

Rule:lif pez*ne=c?d A (1-u)?-= (1—%)2,then

(a+bArcTan[c x])P!PolyLog[2, 1-u] 4
X

(a+bArcTan[c x])P Log[u] a i (a+bArcTan[cx])PPolylLog[2, 1-u] bpi
X — -
J d+ex? 2cd 2 .J-

Program code:

Int[ (a_.+b_.*ArcTan[c_.*x_])”~p_.xLog[u_]/(d_+e_.xx_"2),x_Symbol] :=

Ix (a+bxArcTan[c*x]) pxPolyLog[2,1-u]/ (2*cxd) -

bxp*xI/2+Int[ (a+bxArcTan[cxx])” (p-1) xPolylLog[2,1-u]/ (d+e*x"2),x] /;
FreeQ[{a,b,c,d,e},x] && IGtQ[p,0] && EqQ[e,c”2xd] && EQQ[ (1-u)”2-(1-2%I/(I+cxXx))"2,0]

Int[ (a_.+b_.xArcCot[c_.*x_])~p_.xLog[u_]/(d_+e_.xx_"2),x_Symbol] :=

Ix (a+bxArcCot[cxx])”p*xPolylLog[2,1-u]/ (2*cxd) +

bxp*xI/2+Int[ (a+bxArcCot[cxx])” (p-1) xPolylLog[2,1-u]/ (d+e*x"2),x] /;
FreeQ[{a,b,c,d,e},x] && IGtQ[p,0] && EqQ[e,c”2xd] && EQQ[ (1-u)”2-(1-2%I/ (I+cxXx))"2,0]

d+ex?
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Rules for integrands of the form u (a+b arctan(c x))™p

dx whenpez* A e=c2d A (1-u)?= (1-2L)?

I-cx

3: (a+bArcTan[c x])P Log[u]
. J d+ex?

Derivation: Integration by parts

Rule:lif pez*ne=c?d A (1-u)?-= (1—A>2,then

I-cx

(a+bArcTan[c x])P*PolyLog[2, 1 -u] 4
X

(a+bArcTan[c x])P Log[u] 4 i (a+bArcTan[cx])PPolyLog[2, 1-u] bpi
X — - +
J d+ex? 2cd 2 .I

Program code:

Int[ (a_.+b_.*ArcTan[c_.*x_])”~p_.xLog[u_]/(d_+e_.xx_"2),x_Symbol] :=
-Ix(a+bxArcTan[c*x])*pxPolyLog[2,1-u]/ (2xc*d) +
bxp*xI/2+Int[ (a+bxArcTan[cxx])” (p-1) xPolylLog[2,1-u]/ (d+e*x"2),x] /;
FreeQ[{a,b,c,d,e},x] && IGtQ[p,0] && EqQ[e,c”2xd] && EQQ[ (1-u)”2-(1-2%I/(I-cxx))"2,0]

Int[ (a_.+b_.xArcCot[c_.*x_])~p_.xLog[u_]/(d_+e_.xx_"2),x_Symbol] :=

-Ix (a+bxArcCot[cxx]) " p*PolyLog[2,1-u]/ (2*c*d) -

bxp*xI/2+Int[ (a+bxArcCot[cxx])” (p-1) xPolylLog[2,1-u]/ (d+e*x"2),x] /;
FreeQ[{a,b,c,d,e},x] && IGtQ[p,0] && EqQ[e,c”2xd] && EQQ[ (1-u)~2-(1-2%I/(I-cxXx))"2,0]

d+ex?

64



Rules for integrands of the form u (a+b arctan(c x))™p

a+bArcTan[c x])P PolyLog[k, u
4.J( ’ [ex]) yLoglx, ]dlxwhenpeTAe::czd

d+ex?

dx when pez* A e==c?d A u?= (1—A)2

I+cx

1: J~ (a+bArcTan[c x])P PolyLog[k, u]

d+ex?

Derivation: Integration by parts

Rule:if pez'n e=c?d A u?= (1--22 )2,then

I+cx

i (a+bArcTan[cx])PPolyLog[k +1, u] bpi
+

(a+bArcTan[c x])P PolyLog[k, u]
j dx —
d+ex? 2cd 2

Program code:

Int[ (a_.+b_.xArcTan[c_.*x_])~p_.*PolylLog[k ,u_]/(d_+e_.*x_"2),x_Symbol] :=

-Ix (a+bxArcTan[cxx])p*xPolyLog[k+1,u]/ (2*c*xd) +

bxp*xI/2xInt[ (a+bxArcTan[cxXx])” (p-1) xPolyLog[k+1,u]/ (d+e*x"2),x] /;
FreeQ[{a,b,c,d,e,k},x] & & IGtQ[p,0] && EqQ[e,c”2xd] && EqQ[u”2- (1-2%I/ (I+c*xXx))"2,0]

Int[(a_.+b_.*ArcCot[c_.xx_])"p_.*xPolyLog[k_,u_]/ (d_+e_.*x_"2),x_Symbol] :=

-Ix (a+bxArcCot[cxx]) p*xPolyLog[k+1,u]/ (2*c*xd) -

bxp*xI/2xInt[ (a+bxArcCot[cxXx]) " (p-1) xPolyLog[k+1,u]/ (d+e%xx"2),x] /;
FreeQ[{a,b,c,d,e,k},x] &% IGtQ[p,0] & EqQ[e,c”2xd] && EqQ[u”2- (1-2xI/ (I+c*Xx))"2,0]

J

(a+bArcTan[c x])P*PolyLog[k + 1, u] 4

d+ex?

X
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Rules for integrands of the form u (a+b arctan(c x))™p

a+bArcTan[c x])P PolyLog[k, u
2: J( [ ])2 ytog[%, ]dlxwhenpeZ*Ae==c2d/\u2==(1——2l-)2
d+ex

Derivation: Integration by parts

Rule:if pez* A e=c?d A u?= (1- A>2,then
I-cx

(a+bArcTan[c x])P PolyLog[k, u] a i (a+bArcTan[cx])PPolyLog[k+1, u] bpi
X — -
j d+ex? 2cd 2

Program code:

Int[ (a_.+b_.xArcTan[c_.*x_])“p_.*PolylLog[k ,u_]/(d_+e_.*x_"2),x_Symbol] :=

Ix (a+bxArcTan[c*x]) pxPolyLog[k+1,u]/ (2*cxd) -

bxp*xI/2+Int[ (a+bxArcTan[cxx] )" (p-1) xPolyLog[k+1,u]/ (d+e*x”"2),x] /;
FreeQ[{a,b,c,d,e,,k},x] & & IGtQ[p,0] && EqQ[e,c”2xd] && EqQ[u”2- (1-2%I/ (I-c*xXx))"2,0]

Int[ (a_.+b_.*ArcCot[c_.*x_])~p_.*PolylLog[k ,u_]/(d_+e_.*x_"2),x_Symbol] :=

Ix (a+bxArcCot[cxx]) " p*xPolyLog[k+1,u]/ (2*cxd) +

bxp*xI/2+Int[ (a+bxArcCot [cxx]) " (p-1) xPolyLog[k+1,u]/ (d+e*xx”"2),x] /;
FreeQ[{a,b,c,d,e,,k},x] & & IGtQ[p,0] && EqQ[e,c”2xd] && EqQ[u”2- (1-2%I/ (I-c*xXx))"2,0]

J

(a+bArcTan[c x])P?PolyLog[k + 1, u] 4
X

d+ex?

66



Rules for integrands of the form u (a+b arctan(c x))™p

a+bArcCot[cx])? (a+bArcTan[cx])P
S.J( h [cx]) (a+ [cx]) dx when e==c%d

d+ex?

1
1: J dx when e==c?d
(d+ex?) (a+bArcCot[cx]) (a+bArcTan[cx])

Rule: If e == c? d, then

J- 1 -Log[a + bArcCot[cx]] + Log[a+bArcTan[c x]]
(d+ex?)

dx —
(a+bArcCot[cx]) (a+bArcTan[cx]) bcd (2a+bArcCot[cx] +bArcTan[c Xx])

Program code:

Int[1/((d_+e_.*x_"2)*(a_.+b_.xArcCot[c_.*x_])*(a_.+b_.*ArcTan[c_.*Xx_])),x_Symbol] :=
(-Log[a+bxArcCot[cxx]]+Log[a+bxArcTan[cxx]]) / (bxcxd* (2xa+bxArcCot[cxx] +bxArcTan[c*x])) /;
FreeQ[{a,b,c,d,e},x] & & EqQ[e,c”2xd]

dx whene=c2d A (p|q) €Z A O<p<q

9 (a+bArcCot[cx])? (a+bArcTan[c x])P
. J d+ex?

Derivation: Integration by parts

Rule:if e==c®2d A (p|q) €Z A @< p < q,then

~f(a+ b ArcCot[c x])9 (a+bArcTan[cx])P 4 (a+bArcCot[cx])%! (a+bArcTan[cx])P p J-(a +bArcCot[c x]) %! (a+bArcTan[c x])P?
X — - +

d+ex? bcd (q+1) q+1 d+ex?

Program code:

Int[ (a_.+b_.*ArcCot[c_.*x_])"~q_.*(a_.+b_.*xArcTan[c_.*x_])"p_./(d_+e_.*x_"2),x_Symbol] :=
- (a+bxArcCot[c*x] )~ (g+1) * (a+bxArcTan[c*x]) *p/ (bxcxd* (q+1)) +
p/ (q+1) *Int[ (a+bxArcCot[c*x]) " (q+1) * (a+bxArcTan[c*x])~ (p-1) / (d+exx"*2) ,x] /;
FreeQ[{a,b,c,d,e},x] && EqQ[e,c”2xd] && IGtQ[p,0] && IGeQ[q,p]
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Rules for integrands of the form u (a+b arctan(c x))™p

Int[(a_.+b_.*ArcTan[c_.*x_]1)"q_.*(a_.+b_.*ArcCot[c_.*x_])"p_./ (d_+e_.*x_"2),x_Symbol] :=
(a+bxArcTan[cxXx] )~ (q+1) » (a+bxArcCot [cxx])*p/ (bxc*xd* (q+1)) +
p/ (q+1) *Int[ (a+bxArcTan[cxx]) " (q+1) * (a+bxArcCot [c*xx])~ (p-1) / (d+exx"2) ,x] /;
FreeQ[{a,b,c,d,e},x] &% EqQ[e,c*2xd] && IGtQ[p,0] && IGeQ[q,p]

ArcTan[a x
8 J#

dx whennez A - (n==2/\d==a2c)
c+dx"

Derivation: Algebraic expansion

Basis: ArcTan[z] == > i log[l-1i2z] -2 ilog[l+1iz]

Basis: ArcCot[z] == = 1 Log[lf ﬂ _ % i Log[1+ ﬂ
Rule:lif neZ A -~ (n=2Ad=a%c],then

X
c+dx" 2

c+dx" 2

ArcTan[a x i Log[l-iax i Log[l+iax
j []d]_’_Jg[ ]d]X_Jg[ ]dlx

c+dx"

Program code:

Int[ArcTan[a_.*x_]/ (c_+d_.*x_"n_.),x_Symbol] :=
I/2xInt[Log[1-Ixaxx]/ (c+d*x*n),x] -
I/2xInt[Log[1+Ixaxx]/ (c+dxx*n),x] /;

FreeQ[{a,c,d},x] & IntegerQ[n] &% Not[EqQ[n,2] && EqQ[d,a”2xc]]

Int[ArcCot[a_.*x_]/(c_+d_.*x_"n_.),x_Symbol] :=
I/2xInt[Log[1-I/ (a*x) ]/ (c+dxx”*n),x] -
I/2xInt[Log[1+I/ (a*x) ]/ (c+dxx”n),x] /;

FreeQ[{a,c,d},x] & IntegerQ[n] &% Not[EqQ[n,2] && EqQ[d,a”2xc]]
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Rules for integrands of the form u (a+b arctan(c x))™p

o JLog[dxm] (a+bArcTan[cx"]) ix

X

L dx™| ArcT n
1:J-og[ x"] Arc an[cx]dlx
X

Derivation: Algebraic expansion

Basis: ArcTan[c x"] == f Log[1l-1icx"] - § Log[1l+ 1 c x"]

Rule:

J\Log[d x"] ArcTan[c x"] i Llog[dx"] Log[1-4 cx"] i rLlog[dx"] Log[1+ 1 cx"]
dx — —J dx - —J dx

X 2 X 2 X

Program code:

Int[Log[d_.*x_”m_.]*ArcTan[c_.*x_"n_.]/X_,x_Symbol] :=
I/2xInt[Log[d*x*m] xLog[1-Ixcxx*n]/X,Xx] - I/2xInt[Log[d*x"m]*Log[1l+Ixc*Xx*n]/X,X] /;
FreeQ[{c,d,m,n},x]

Int[Log[d_.*x_”m_.]*ArcCot[c_.*x_"n_.]/x_,x_Symbol] :=
I/2xInt[Log[d*x*m] xLog[1-I/ (c*x*n)]/x,x] - I/2*xInt[Log[d*x*m]*Log[1+I/ (c*x*n)]/X,Xx] /;
FreeQ[{c,d,m,n},Xx]
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Rules for integrands of the form u (a+b arctan(c x))™p

Z\fMngﬂ(a+bmwhnhxﬂ)dx

X

Derivation: Algebraic expansion

Rule:

~[Log[dx"'](a+bl-\r‘c'l'an[cx"])dlx__)aJ~Log[dx"‘]d1X

X X

Program code:

Int[Log[d_.*x_"m_.]*(a_+b_.*ArcTan[c_.*x_"n_.])/x_,x_Symbol] :=
axInt[Log[d*x*m]/X,x] + bxInt[ (Log[d*x"m]*ArcTan[cxx*n])/Xx,x] /;
FreeQ[{a,b,c,d,m,n},x]

Int[Log[d_.*x_”m_.]=*(a_+b_.*ArcCot[c_.*x_"n_.])/x_,x_Symbol] :=
axInt[Log[d*x*m]/X,x] + bxInt[ (Log[d*x"m]*ArcCot[c*x*n])/X,x] /;
FreeQ[{a,b,c,d,m,n},x]

+bj

Log[d x"] ArcTan[c x"]
dx

X
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Rules for integrands of the form u (a+b arctan(c x))™p

10. Ju (d+eLog[f+gx’]) (a+bArcTan[cx])Pdx

1: J(d+eLog[f+gx2]) (a+bArcTan[c x]) dx

Derivation: Integration by parts

Rule:
J(d+eLog[f+gx2]) (a+bArcTan[cx]) dx —

x? (a+bArcTan[c x])

x (d+eLog[f+gx’]) (a+bArcTan[cx]) —Zegj
f + g x?

Program code:

Int[(d_.+e_.+Log[f_.+g_.#x_"2])*(a_.+b_.*ArcTan[c_.*x_]),x_Symbol] :

Xx* (d+exLog[f+g»x"2]) = (a+bxArcTan[cxx]) -

2xexg+Int [x"2+ (a+bxArcTan[cxx]) /(f+g*x"2),x] -

bxcxInt [xx (d+exLog[f+gsx2])/(1+c 24x72) ,x] /;
FreeQ[{a,b,c,d,e,f,g},x]

Int[(d_.+e_.xLog[f_.+g_.*x_"2])=(a_.+b_.*ArcCot[c_.*x_]),x_Symbol] :
X* (d+e*Log['F+g*x"2] ) * (a+bxArcCot[cxx]) -
2xexgxInt [x"2* (a+bxArcCot [cxx] )/(f+g*x"2) ,X] +
bxcxInt[xx (d+rexLog[f+g+x 2])/(1+cr24x72),X] /;
FreeQ[{a,b,c,d,e,f,g},x]

2. Jxm (d+elLog[f+gx?]) (a+bArcTan[cx]) dx

(d+elLog[f+gx?]) (a+bArcTan[cx])
1. J dx
X
Log[f +gx*] (a+bArcTan[cx])
1. J dx
X

—bcfx(

d+elog[f+gx’])

1+c2x?

dx
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Rules for integrands of the form u (a+b arctan(c x))™p

Log[f + g x?] ArcTan[c x]
1.J [ ] dx when c?f+g=-90

X

Log[f + g x?] ArcTan[c x]
1: J [ ] dx when g==c2f

X

Derivation: Piecewise constant extraction and algebraic simplification

Basis: If g-- <2, then s, (Log[f+gx?] -Log[l-icx]-Log[l+icx]) =

Basis: (Log[1-4 cx] +Log[l+icx])ArcTan[cX] = iLog[l—:icx]z—’;—Log[1+z'1cx]2

Rule: If g=c?f, then

dx —

J-Log[-F +gx*] ArcTan[c x]

X

ArcTan[c x Log[l-icx] +Log[l+1icx]) ArcTan[cXx
(Log[f+gx2]—Log[l—icx]—Log[l+:‘1cx])J- ! ]c'llx+J.( gl ] gl D L ]dlx

X X

ArcTan[c x] i rLog[l-icx]? i ~Log[l+idcx]?
—dlx+—J.—d1X-_J‘ dx

(Log[-F+gx2]—Log[l-icx]—Log[1+icx])J. ;
x

X X

Int[Log[f_.+g_.*x_"2]*ArcTan[c_.xx_]/x_,x_Symbol] :=
(Log[f+g*x"2]—Log[l—I*c*x]—Log[1+I*c*x])*Int[Ar‘cTan[c*x]/x,x] + I/2%Int[Log[1-Ixc*X]*2/X,X] - I/2*Int[Log[1l+IxCc*X]"2/X,X] /;
FreeQ[{c,f,g},x] & EqQ[g,c 2xf]

Log[f + g x*] ArcCot [c x]
2: J [ ] dx when g==c2f

x
Derivation: Piecewise constant extraction and algebraic simplification
Basis: If g--c2f, then s, (Log[f+ gx2] - Log[c?x?] - Log[1- =] - Log[1+ :—x]) -0
Basis: (Log[c2 x?] + Log[1- £ ] + Log[1 + CLX]) ArcCot[cx] = Log[c?x?] ArcCot[cx] + £ Log[1- +]*- £ Log[1+ *]?

Rule: If g=c2¢, then

dx —

JLog[-F + gx*] ArcCot[cx]

X



Rules for integrands of the form u (a+b arctan(c x))™p

dx —

ot ] 2] s ) e, (Ll ) v ] ] e

X X

(Log[f+gx2] - Log[c?x?] - Log[l— :—X] - Log[1+ cix]] J X

X X 2 X 2 X

i 12 i 12
ArcCot[c x] Log[c® x?] ArcCot[c x] i Log[l- p i Log[1+ :;]
d]X+J dx + — —_—dx - — B s |

Program code:

Int[Log[f_.+g_.*x_"2]*ArcCot[c_.*x_]/x_,x_Symbol] :=
(Log[f+g#x"2]-Log[c 2#x"2] -Log[1-I/ (c*X)]-Log[1+I/ (c*X)])*Int[ArcCot[c#x]/X,X] +
Int[Log[c”2xx"2] xArcCot [c*X] /X,X] +
I/2%xInt[Log[1-I/ (c*X)]"2/x,X] -
I/2xInt[Log[1+I/ (c*xXx)]”2/X,X] /3
FreeQ[{c,f,g},x] & EqQ[g,c2xf]

Log[f +gx?] (a+bArcTan[cXx])
2: J‘ dx

X

Derivation: Algebraic expansion

Rule:

Log[f +gx?] (a+bArcTan[cx]) Log[f + g x?] Log[f + gx?] ArcTan[c x]
J. dlx—»aJ‘—d]x+bJ. dx
X

X X

Program code:

Int[Log[f_.+g_.*x_"2]*(a_+b_.*ArcTan[c_.*x_])/x_,Xx_Symbol] :=
axInt[Log[f+g+x"2]/x,x] + bxInt[Log[f+g+x"2]+ArcTan[cxx]/x,X] /;
FreeQ[{a,b,c,f,g},x]

Int[Log[f_.+g_.*x_"2]*(a_+b_.*ArcCot[c_.*x_])/x_,x_Symbol] :=
axInt[Log[f+g+x"2]/x,x] + bxInt[Log[f+g+x"2]*ArcCot[c*x]/x,X] /;
FreeQ[{a,b,c,f,g},x]



Rules for integrands of the form u (a+b arctan(c x))™p 74

. J-(d+eLog[-F+gx2]) (a+bArcTan[cx]) x

X

Derivation: Algebraic expansion

Rule:

(d+elLog[f+gx?]) (a+bArcTan[cx]) a+bArcTan[cx] Log[f +gx*] (a+bArcTan[cx])
J d]X—)dJ\—d]X+eJ. dx

X X X

Program code:

Int[(d_+e_.xLog[f_.+g_.*x_"2])=(a_.+b_.*ArcTan[c_.*x_])/x_,x_Symbol] :=
d+Int[ (a+bxArcTan[cx]) /X,x] + exInt[Log[f+g*x"2]+ (a+bxArcTan[cx])/x,x] /;
FreeQ[{a,b,c,d,e,f,g},x]

Int[(d_+e_.xLog[f_.+g_.*x_"2])=(a_.+b_.*ArcCot[c_.*x_])/x_,x_Symbol] :=
d+Int[ (a+b*ArcCot[cx]) /X,x] + exInt[Log[f+g»x"2]* (a+bxArcCot[cx])/x,x] /;
FreeQ[{a,b,c,d,e,f,g},x]



Rules for integrands of the form u (a+b arctan(c x))™p

m

2: Jx’“ (d+eLog[f+gx’]) (a+bArcTan[cx]) dx when Sez”

Derivation: Integration by parts

Rule: If 2 ez, then

Jx'“ (d+elLog[f+gx®]) (a+bArcTan[cx]) dx —

X - dx
f+gx? m+1 1+ c?x?

x™! (d+elog[f+gx?]) (a+bArcTan[cx]) 2eg jx’""z (a+bArcTan[c x]) 4 bc x™! (d+elog[f+gx?])

m+1 m+1

Program code:

Int[x_"m_.x(d_.+e_.xLog[f_.+g_.*x_"2])=*(a_.+b_.xArcTan[c_.*x_]),x_Symbol] :
X~ (m+1) » (d+exLog [f+g»x"2]) * (a+b*ArcTan[cxx]) / (m+1) -
2xexg/ (m+1) +Int X (m+2) * (a+bxArcTan[cxx]) / (f+g*x"2),x] -
bxc/ (m+1) +Int[x* (m+1) * (d+exLog[f+g+x"2]) / (1+c 2%x72) ,x] /;
FreeQ[{a,b,c,d,e,f,g},x] & ILtQ[m/2,0]

Int[x_"m_.(d_.+e_.Log[f_.+g_.*x_"2])*(a_.+b_.*ArcCot[c_.*x_]),x_Symbol] :
X~ (m+1) » (d+exLog [f+g*x"2] ) * (a+b*ArcCot [c*x]) / (m+1) -
2xexg/ (m+1) +Int X (m+2) * (a+bxArcCot [cxx]) / (F+g*x"2),x] +
bxc/ (m+1) +Int[x" (m+1) x (d+exLog[f+g+x"2] )/ (1+cr24x72) x| /3
FreeQ[{a,b,c,d,e,f,g},x] & ILtQ[m/2,0]



Rules for integrands of the form u (a+b arctan(c x))™p

3: Jx’“ (d+eLog[f+gx’]) (a+bArcTan[cx]) dx when "'Z;lez"

Derivation: Integration by parts

Rule: If

'";1 ez*, letu = [x" (d+eLog[f+gx*]) dx, then

Jx"‘ (d+elLog[f+gx®]) (a+bArcTan[cx]) dXx — u (a+bArcTan[cx]) —bcj

Program code:

Int[x_"m_.(d_.+e_.xLog[f_.+g_.*x_"2])*(a_.+b_.*ArcTan[c_.*x_]),x_Symbol] :=
With[{u=IntHide[x"m« (d+exLog[f+g*x"2]),x]},
Dist[a+bxArcTan[cxx],u,x] - bxcxInt[ExpandIntegrand[u/ (1+c”2xx"2),X] ,x]] /3
FreeQ[{a,b,c,d,e,f,g},x] & IGtQ[(m+1)/2,0]

Int[x_"m_.(d_.+e_.xLog[f_.+g_.*x_"2])*(a_.+b_.*ArcCot[c_.*x_]),x_Symbol] :=
With[{u=IntHide[x m« (d+exLog[f+g*x"2]),x]},
Dist[a+bxArcCot [c*x],u,x] + b*c*Int[ExpandIntegrand[u/(1+c"2*x"2),x],x]] /3
FreeQ[{a,b,c,d,e,f,g},x] & IGtQ[(m+1)/2,0]

1+c?x?

dx
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Rules for integrands of the form u (a+b arctan(c x))™p

4: Jx’“ (d+eLog[f+gx’]) (a+bArcTan[cx]) dx when mez

Derivation: Integration by parts

Rule: If mez, letu =Jxm (a+bArcTan[cx]) dx, then

J.x'“ (d+eLog[f+gx*]) (a+bArcTan[cx]) dx — u (d+eLog[f+gx’]) —Zegj

Program code:

Int[x_"m_.(d_.+e_.xLog[f_.+g_.*x_"2])*(a_.+b_.*ArcTan[c_.*x_]),x_Symbol] :=
With [{u:IntHide [x"m# (a+b*ArcTan[cx]) ,X] },
Dist[d+exLog[f+g*x"2],u,x] - 2xexg+Int[ExpandIntegrand[xsu/(f+g*x"2),x],x]] /;
FreeQ[{a,b,c,d,e,f,g},x] & IntegerQ[m] & NeQ[m,-1]

Int[x_"m_.(d_.+e_.xLog[f_.+g_.*x_"2])(a_.+b_.*ArcCot[c_.*x_]),x_Symbol] :=
With[{u=IntHide [x"m« (a+b*ArcCot[cxx]),x]},
Dist[d+exLog[f+g*x"2],u,x] - 2xexgsInt[ExpandIntegrand[xsu/(f+g*x"2),x],x]] /;
FreeQ[{a,b,c,d,e,f,g},x] & IntegerQ[m] & NeQ[m,-1]

xXu

f+gx?

d

X
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Rules for integrands of the form u (a+b arctan(c x))™p

3: Jx (d+eLog[f+gx’]) (a+bArcTan[cx])?dx when g=c? f

Derivation: Integration by parts

Basis: x (d + e Log[f + gx?]) == o ( (frgx’) (drelog[frgx’]) _)

2g 2
Rule: If g == c2 f, then

J.x (d+eLog[f+gx*]) (a+bArcTan[cx])?dx —

(F+gx?) (d+eLog[f+gx?]) (a+bArcTan[cx])?> ex? (a+bArcTan[cx])?

b
- ——J(d+eLog[f+gx2]) (a+bArcTan[cx])dlx+bcej
2g 2 [«

Program code:

Int[x_*(d_.+e_.xLog[f_+g_.*x_"2])*(a_.+b_.*ArcTan[c_.*x_])"2,x_Symbol] :
(‘F+g*x"2) * (d+e*Log [f+g*x"2] ) * (a+bxArcTan[cxXx]) "2/ (2xg) -
exX"2x (a+bxArcTan[cxx])"*2/2 -
b/cxInt[ (d+exLog[f+g*x2])« (a+bxArcTan[cx]),x]| +
bxcxexInt [x*2x% (a+bxArcTan[cxx]) / (1+c”2%xx"2),x] /;
FreeQ[{a,b,c,d,e,f,g},x] & EqQ[g,c"2xf]

Int[x_*(d_.+e_.xLog[f_+g_.*x_"2])*(a_.+b_.*ArcCot[c_.*x_])"2,x_Symbol] :
(‘F+g*x"2) * (d+e*Log [f+g*x"2] ) * (a+bxArcCot [cxXx]) "2/ (2xg) -
exX"2x (a+bxArcCot [cxXx])"*2/2 +
b/cxInt[ (d+exLog[f+g*x2])« (a+bxArcCot[c*x]),x]| -
bxcxexInt [x*2x (a+bxArcCot[cxx]) / (1+c”2xx"2),x] /;
FreeQ[{a,b,c,d,e,f,g},x] & EqQ[g,c"2xf]

x2 (a+bArcTan[cx])
dx

1+c2x?
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Rules for integrands of the form u (a+b arctan(c x))™p

U:~fu(a-+bArcTan[cx])pdx

Rule:

Ju (a+bArcTan[cx])Pdx — ju (a+bArcTan[cx])Pdx

Program code:

Int[u_.x(a_.+b_.*ArcTan[c_.*x_])"p_.,x_Symbol] :=
Unintegrable [ux (a+bxArcTan[cxXx])*p,Xx] /;

FreeQ[{a,b,c,p},x] & (EqQ[u,1] ||
MatchQ[u, (d_.+e_.*x)"q_./; FreeQ[{d,e,q},x]] ||
MatchQ[u, (f_.#x) m_.#(d_.+e_.*x)*q_./; FreeQ[{d,e,f,m,q},x]] Il
MatchQ[u, (d_.+e_.*x*2)~q_./; FreeQ[{d,e,q},x]] ||
MatchQ[u, (f_.#x) m_.x(d_.+e_.#x"2)"q_./; FreeQ[{d,e,f,m,q},x]])

Int[u_.x(a_.+b_.*ArcCot[c_.*x_])"p_.,x_Symbol] :=
Unintegrable [ux (a+bxArcCot [cxXx])*p,X] /;

FreeQ[{a,b,c,p},x] && (EqQ[u,1] ||
MatchQ[u, (d_.+e_.*x)"q_./; FreeQ[{d,e,q},x]] ||
MatchQ[u, (f_.#x) m_.x(d_.+e_.*x)~q_./; FreeQ[{d,e,f,m,q},x]] ||
MatchQ[u, (d_.+e_.*x"2)"~q_./; FreeQ[{d,e,q},x]] ||
MatchQ[u, (f_.#x)"m_.*(d_.+e_.*x"2)"q_./; FreeQ[{d,e,f,m,q},x]])



