
Rules for integrands involving Ha + b ArcTan@c xDLp

4. à Hf xLm Hd + e xLq Ha + b ArcTan@c xDLp
âx when p Î Z

+

1. à Hf xLm Ha + b ArcTan@c xDLp

d + e x
âx when p Î Z

+ ì c2 d2 + e2 � 0

1: à Hf xLm Ha + b ArcTan@c xDLp

d + e x
âx when p Î Z

+ ì c2 d2 + e2 � 0 ì m > 0

�

Derivation: Algebraic expansion

�

Basis: x

d+e x
�

1

e
-

d

e Hd+e xL
�

Rule: If  p Î Z
+ ì c2 d2 + e2 � 0 ì m > 0, then

à Hf xLm Ha + b ArcTan@c xDLp

d + e x
âx �

f

e
à Hf xLm-1 Ha + b ArcTan@c xDLp

âx -
d f

e
à Hf xLm-1 Ha + b ArcTan@c xDLp

d + e x
âx

�

Program code:

IntAHf_.*x_L^m_.*Ha_.+b_.*ArcTan@c_.*x_DL^p_.�Hd_+e_.*x_L,x_SymbolE :=

f�e*Int@Hf*xL^Hm-1L*Ha+b*ArcTan@c*xDL^p,xD -

d*f�e*Int@Hf*xL^Hm-1L*Ha+b*ArcTan@c*xDL^p�Hd+e*xL,xD �;

FreeQ@8a,b,c,d,e,f<,xD && IGtQ@p,0D && EqQ@c^2*d^2+e^2,0D && GtQ@m,0D

IntAHf_.*x_L^m_.*Ha_.+b_.*ArcCot@c_.*x_DL^p_.�Hd_+e_.*x_L,x_SymbolE :=

f�e*Int@Hf*xL^Hm-1L*Ha+b*ArcCot@c*xDL^p,xD -

d*f�e*Int@Hf*xL^Hm-1L*Ha+b*ArcCot@c*xDL^p�Hd+e*xL,xD �;

FreeQ@8a,b,c,d,e,f<,xD && IGtQ@p,0D && EqQ@c^2*d^2+e^2,0D && GtQ@m,0D

2. à Hf xLm Ha + b ArcTan@c xDLp

d + e x
âx when p Î Z

+ ì c2 d2 + e2 � 0 ì m < 0

1: à Ha + b ArcTan@c xDLp

x Hd + e xL âx when p Î Z
+ ì c2 d2 + e2 � 0

�

Derivation: Integration by parts

�

Basis: 1

x Hd+e xL �
1

d
¶x LogB2 -

2

1+
e x

d

F
�

Rule: If  p Î Z
+ ì c2 d2 + e2 � 0, then



á
Ha + b ArcTan@c xDLp

x Hd + e xL âx �

Ha + b ArcTan@c xDLp LogA2 -
2

1+
e x

d

E
d

-
b c p

d
á

Ha + b ArcTan@c xDLp-1 LogA2 -
2

1+
e x

d

E
1 + c2 x2

âx

�

Program code:

IntAHa_.+b_.*ArcTan@c_.*x_DL^p_.�Hx_*Hd_+e_.*x_LL,x_SymbolE :=

Ha+b*ArcTan@c*xDL^p*Log@2-2�H1+e*x�dLD�d -

b*c*p�d*Int@Ha+b*ArcTan@c*xDL^Hp-1L*Log@2-2�H1+e*x�dLD�H1+c^2*x^2L,xD �;

FreeQ@8a,b,c,d,e<,xD && IGtQ@p,0D && EqQ@c^2*d^2+e^2,0D

IntAHa_.+b_.*ArcCot@c_.*x_DL^p_.�Hx_*Hd_+e_.*x_LL,x_SymbolE :=

Ha+b*ArcCot@c*xDL^p*Log@2-2�H1+e*x�dLD�d +

b*c*p�d*Int@Ha+b*ArcCot@c*xDL^Hp-1L*Log@2-2�H1+e*x�dLD�H1+c^2*x^2L,xD �;

FreeQ@8a,b,c,d,e<,xD && IGtQ@p,0D && EqQ@c^2*d^2+e^2,0D

2: à Hf xLm Ha + b ArcTan@c xDLp

d + e x
âx when p Î Z

+ ì c2 d2 + e2 � 0 ì m < -1

�

Derivation: Algebraic expansion
�

Basis: 1

d+e x
�

1

d
-

e x

d Hd+e xL
�

Rule: If  p Î Z
+ ì c2 d2 + e2 � 0 ì m < -1, then

à Hf xLm Ha + b ArcTan@c xDLp

d + e x
âx �

1

d
à Hf xLm Ha + b ArcTan@c xDLp

âx -
e

d f
à Hf xLm+1 Ha + b ArcTan@c xDLp

d + e x
âx

�

Program code:

IntAHf_.*x_L^m_*Ha_.+b_.*ArcTan@c_.*x_DL^p_.�Hd_+e_.*x_L,x_SymbolE :=

1�d*Int@Hf*xL^m*Ha+b*ArcTan@c*xDL^p,xD -

e�Hd*fL*Int@Hf*xL^Hm+1L*Ha+b*ArcTan@c*xDL^p�Hd+e*xL,xD �;

FreeQ@8a,b,c,d,e,f<,xD && IGtQ@p,0D && EqQ@c^2*d^2+e^2,0D && LtQ@m,-1D

IntAHf_.*x_L^m_*Ha_.+b_.*ArcCot@c_.*x_DL^p_.�Hd_+e_.*x_L,x_SymbolE :=

1�d*Int@Hf*xL^m*Ha+b*ArcCot@c*xDL^p,xD -

e�Hd*fL*Int@Hf*xL^Hm+1L*Ha+b*ArcCot@c*xDL^p�Hd+e*xL,xD �;

FreeQ@8a,b,c,d,e,f<,xD && IGtQ@p,0D && EqQ@c^2*d^2+e^2,0D && LtQ@m,-1D
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2: à Hf xLm Hd + e xLq Ha + b ArcTan@c xDL âx when q ¹ -1 ì 2 m Î Z ì HHm qL Î Z
+ ê m + q + 1 Î Z

- ì m q < 0L
�

Derivation: Integration by parts
�

Rule: If  q ¹ -1 ì 2 m Î Z ì HHm qL Î Z
+ ê m + q + 1 Î Z

- ì m q < 0L, let u ® Ù Hf xLm Hd + e xLq âx, then

à Hf xLm Hd + e xLq Ha + b ArcTan@c xDL âx � u Ha + b ArcTan@c xDL - b c à u

1 + c2 x2
âx

�

Program code:

Int@Hf_.*x_L^m_.*Hd_.+e_.*x_L^q_.*Ha_.+b_.*ArcTan@c_.*x_DL,x_SymbolD :=

With@8u=IntHide@Hf*xL^m*Hd+e*xL^q,xD<,

Dist@Ha+b*ArcTan@c*xDL,uD - b*c*Int@SimplifyIntegrand@u�H1+c^2*x^2L,xD,xDD �;

FreeQ@8a,b,c,d,e,f,q<,xD && NeQ@q,-1D && IntegerQ@2*mD && HIGtQ@m,0D && IGtQ@q,0D ÈÈ ILtQ@m+q+1,0D && LtQ@m*q,0DL

Int@Hf_.*x_L^m_.*Hd_.+e_.*x_L^q_.*Ha_.+b_.*ArcCot@c_.*x_DL,x_SymbolD :=

With@8u=IntHide@Hf*xL^m*Hd+e*xL^q,xD<,

Dist@Ha+b*ArcCot@c*xDL,uD + b*c*Int@SimplifyIntegrand@u�H1+c^2*x^2L,xD,xDD �;

FreeQ@8a,b,c,d,e,f,q<,xD && NeQ@q,-1D && IntegerQ@2*mD && HIGtQ@m,0D && IGtQ@q,0D ÈÈ ILtQ@m+q+1,0D && LtQ@m*q,0DL

3: à Hf xLm Hd + e xLq Ha + b ArcTan@c xDLp
âx when p - 1 Î Z

+ ì c2 d2 + e2 � 0 ì Hm qL Î Z ì q ¹ -1

�

Derivation: Integration by parts
�

Rule: If  p - 1 Î Z
+ ì c2 d2 + e2 � 0 ì Hm qL Î Z ì q ¹ -1, let u ® Ù Hf xLm Hd + e xLq âx, then

à Hf xLm Hd + e xLq Ha + b ArcTan@c xDLp
âx �

u Ha + b ArcTan@c xDLp
- b c p à Ha + b ArcTan@c xDLp-1 ExpandIntegrandA u

1 + c2 x2
, xE âx

�

Program code:

Int@Hf_.*x_L^m_.*Hd_.+e_.*x_L^q_*Ha_.+b_.*ArcTan@c_.*x_DL^p_,x_SymbolD :=

With@8u=IntHide@Hf*xL^m*Hd+e*xL^q,xD<,

Dist@Ha+b*ArcTan@c*xDL^p,uD - b*c*p*Int@ExpandIntegrand@Ha+b*ArcTan@c*xDL^Hp-1L,u�H1+c^2*x^2L,xD,xDD �;

FreeQ@8a,b,c,d,e,f,q<,xD && IGtQ@p,1D && EqQ@c^2*d^2+e^2,0D && IntegersQ@m,qD && NeQ@m,-1D && NeQ@q,-1D && ILtQ@m+q+1,0D && LtQ@m D
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Int@Hf_.*x_L^m_.*Hd_.+e_.*x_L^q_*Ha_.+b_.*ArcCot@c_.*x_DL^p_,x_SymbolD :=

With@8u=IntHide@Hf*xL^m*Hd+e*xL^q,xD<,

Dist@Ha+b*ArcCot@c*xDL^p,uD + b*c*p*Int@ExpandIntegrand@Ha+b*ArcCot@c*xDL^Hp-1L,u�H1+c^2*x^2L,xD,xDD �;

FreeQ@8a,b,c,d,e,f,q<,xD && IGtQ@p,1D && EqQ@c^2*d^2+e^2,0D && IntegersQ@m,qD && NeQ@m,-1D && NeQ@q,-1D && ILtQ@m+q+1,0D && LtQ@m D

4: à Hf xLm Hd + e xLq Ha + b ArcTan@c xDLp
âx when p Î Z

+ ì q Î Z ì Hq > 0 ê a ¹ 0 ê m Î ZL
�

Rule: If  p Î Z
+ ì q Î Z ì Hq > 0 ê a ¹ 0 ê m Î ZL, then

à Hf xLm Hd + e xLq Ha + b ArcTan@c xDLp
âx � à Ha + b ArcTan@c xDLp ExpandIntegrand@Hf xLm Hd + e xLq, xD âx

�

Program code:

Int@Hf_.*x_L^m_.*Hd_+e_.*x_L^q_.*Ha_.+b_.*ArcTan@c_.*x_DL^p_.,x_SymbolD :=

Int@ExpandIntegrand@Ha+b*ArcTan@c*xDL^p,Hf*xL^m*Hd+e*xL^q,xD,xD �;

FreeQ@8a,b,c,d,e,f,m<,xD && IGtQ@p,0D && IntegerQ@qD && HGtQ@q,0D ÈÈ NeQ@a,0D ÈÈ IntegerQ@mDL

Int@Hf_.*x_L^m_.*Hd_+e_.*x_L^q_.*Ha_.+b_.*ArcCot@c_.*x_DL^p_.,x_SymbolD :=

Int@ExpandIntegrand@Ha+b*ArcCot@c*xDL^p,Hf*xL^m*Hd+e*xL^q,xD,xD �;

FreeQ@8a,b,c,d,e,f,m<,xD && IGtQ@p,0D && IntegerQ@qD && HGtQ@q,0D ÈÈ NeQ@a,0D ÈÈ IntegerQ@mDL
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5. à Id + e x2Mq Ha + b ArcTan@c xDLp
âx

1. à Id + e x2Mq Ha + b ArcTan@c xDLp
âx when e � c2 d

1. à Id + e x2Mq Ha + b ArcTan@c xDLp
âx when e � c2 d ì q > 0

1: à Id + e x2Mq Ha + b ArcTan@c xDL âx when e � c2 d ì q > 0

�

Rule: If  e � c2 d ì q > 0, then

à Id + e x2Mq Ha + b ArcTan@c xDL âx � -

b Id + e x2Mq

2 c q H2 q + 1L +

x Id + e x2Mq Ha + b ArcTan@c xDL
2 q + 1

+
2 d q

2 q + 1
à Id + e x2Mq-1 Ha + b ArcTan@c xDL âx

�

Program code:

Int@Hd_+e_.*x_^2L^q_.*Ha_.+b_.*ArcTan@c_.*x_DL,x_SymbolD :=

-b*Hd+e*x^2L^q�H2*c*q*H2*q+1LL +

x*Hd+e*x^2L^q*Ha+b*ArcTan@c*xDL�H2*q+1L +

2*d*q�H2*q+1L*Int@Hd+e*x^2L^Hq-1L*Ha+b*ArcTan@c*xDL,xD �;

FreeQ@8a,b,c,d,e<,xD && EqQ@e,c^2*dD && GtQ@q,0D

Int@Hd_+e_.*x_^2L^q_.*Ha_.+b_.*ArcCot@c_.*x_DL,x_SymbolD :=

b*Hd+e*x^2L^q�H2*c*q*H2*q+1LL +

x*Hd+e*x^2L^q*Ha+b*ArcCot@c*xDL�H2*q+1L +

2*d*q�H2*q+1L*Int@Hd+e*x^2L^Hq-1L*Ha+b*ArcCot@c*xDL,xD �;

FreeQ@8a,b,c,d,e<,xD && EqQ@e,c^2*dD && GtQ@q,0D
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2: à Id + e x2Mq Ha + b ArcTan@c xDLp
âx when e � c2 d ì q > 0 ì p > 1

�

Rule: If  e � c2 d ì q > 0 ì p > 1, then

à Id + e x2Mq Ha + b ArcTan@c xDLp
âx �

-

b p Id + e x2Mq Ha + b ArcTan@c xDLp-1

2 c q H2 q + 1L +

x Id + e x2Mq Ha + b ArcTan@c xDLp

2 q + 1
+

2 d q

2 q + 1
à Id + e x2Mq-1 Ha + b ArcTan@c xDLp

âx +
b2 d p Hp - 1L
2 q H2 q + 1L à Id + e x2Mq-1 Ha + b ArcTan@c xDLp-2

âx

�

Program code:

Int@Hd_+e_.*x_^2L^q_.*Ha_.+b_.*ArcTan@c_.*x_DL^p_,x_SymbolD :=

-b*p*Hd+e*x^2L^q*Ha+b*ArcTan@c*xDL^Hp-1L�H2*c*q*H2*q+1LL +

x*Hd+e*x^2L^q*Ha+b*ArcTan@c*xDL^p�H2*q+1L +

2*d*q�H2*q+1L*Int@Hd+e*x^2L^Hq-1L*Ha+b*ArcTan@c*xDL^p,xD +

b^2*d*p*Hp-1L�H2*q*H2*q+1LL*Int@Hd+e*x^2L^Hq-1L*Ha+b*ArcTan@c*xDL^Hp-2L,xD �;

FreeQ@8a,b,c,d,e<,xD && EqQ@e,c^2*dD && GtQ@q,0D && GtQ@p,1D

Int@Hd_+e_.*x_^2L^q_.*Ha_.+b_.*ArcCot@c_.*x_DL^p_,x_SymbolD :=

b*p*Hd+e*x^2L^q*Ha+b*ArcCot@c*xDL^Hp-1L�H2*c*q*H2*q+1LL +

x*Hd+e*x^2L^q*Ha+b*ArcCot@c*xDL^p�H2*q+1L +

2*d*q�H2*q+1L*Int@Hd+e*x^2L^Hq-1L*Ha+b*ArcCot@c*xDL^p,xD +

b^2*d*p*Hp-1L�H2*q*H2*q+1LL*Int@Hd+e*x^2L^Hq-1L*Ha+b*ArcCot@c*xDL^Hp-2L,xD �;

FreeQ@8a,b,c,d,e<,xD && EqQ@e,c^2*dD && GtQ@q,0D && GtQ@p,1D
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2. à Id + e x2Mq Ha + b ArcTan@c xDLp
âx when e � c2 d ì q < 0

1. à Ha + b ArcTan@c xDLp

d + e x2
âx when e � c2 d

x: à Ha + b ArcTan@c xDLp

d + e x2
âx when e � c2 d

�

Derivation: Integration by substitution
�

Basis: If  e � c2 d, then F@ArcTan@c xDD
d+e x2 �

1

c d
Subst@F@xD, x, ArcTan@c xDD ¶x ArcTan@c xD

�

Rule: If  e � c2 d, then

à Ha + b ArcTan@c xDLp

d + e x2
âx �

1

c d
SubstAà Ha + b xLp

âx, x, ArcTan@c xDE
�

Program code:

H* IntAHa_.+b_.*ArcTan@c_.*x_DL^p_.�Hd_+e_.*x_^2L,x_SymbolE :=

1�Hc*dL*Subst@Int@Ha+b*xL^p,xD,x,ArcTan@c*xDD �;

FreeQ@8a,b,c,d,e,p<,xD && EqQ@e,c^2*dD *L

H* IntAHa_.+b_.*ArcCot@c_.*x_DL^p_.�Hd_+e_.*x_^2L,x_SymbolE :=

-1�Hc*dL*Subst@Int@Ha+b*xL^p,xD,x,ArcCot@c*xDD �;

FreeQ@8a,b,c,d,e,p<,xD && EqQ@e,c^2*dD *L

1: à 1

Id + e x2M Ha + b ArcTan@c xDL âx when e � c2 d

�

Derivation: Integration by substitution
�

Rule: If  e � c2 d, then

à 1

Id + e x2M Ha + b ArcTan@c xDL âx �
Log@a + b ArcTan@c xDD

b c d

�

Program code:

IntA1�HHd_+e_.*x_^2L*Ha_.+b_.*ArcTan@c_.*x_DLL,x_SymbolE :=

Log@RemoveContent@a+b*ArcTan@c*xD,xDD�Hb*c*dL �;

FreeQ@8a,b,c,d,e<,xD && EqQ@e,c^2*dD
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IntA1�HHd_+e_.*x_^2L*Ha_.+b_.*ArcCot@c_.*x_DLL,x_SymbolE :=

-Log@RemoveContent@a+b*ArcCot@c*xD,xDD�Hb*c*dL �;

FreeQ@8a,b,c,d,e<,xD && EqQ@e,c^2*dD

2: à Ha + b ArcTan@c xDLp

d + e x2
âx when e � c2 d ì p ¹ -1

�

Derivation: Integration by substitution
�

Rule: If  e � c2 d ì p ¹ -1, then

à Ha + b ArcTan@c xDLp

d + e x2
âx �

Ha + b ArcTan@c xDLp+1

b c d Hp + 1L
�

Program code:

IntAHa_.+b_.*ArcTan@c_.*x_DL^p_.�Hd_+e_.*x_^2L,x_SymbolE :=

Ha+b*ArcTan@c*xDL^Hp+1L�Hb*c*d*Hp+1LL �;

FreeQ@8a,b,c,d,e,p<,xD && EqQ@e,c^2*dD && NeQ@p,-1D

IntAHa_.+b_.*ArcCot@c_.*x_DL^p_.�Hd_+e_.*x_^2L,x_SymbolE :=

-Ha+b*ArcCot@c*xDL^Hp+1L�Hb*c*d*Hp+1LL �;

FreeQ@8a,b,c,d,e,p<,xD && EqQ@e,c^2*dD && NeQ@p,-1D
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2. à Ha + b ArcTan@c xDLp

d + e x2

âx when e � c2 d ì p Î Z
+

1. à Ha + b ArcTan@c xDLp

d + e x2

âx when e � c2 d ì n Î Z
+ ì d > 0

1: à Ha + b ArcTan@c xDL
d + e x2

âx when e � c2 d ì d > 0

�

Derivation: Integration by substitution and algebraic simplification
�

Note: Although not essential, these rules returns antiderivatives free of complex exponentials of the form  ä ãArcTan@c xD and  ãArcCot@c xD.
�

Basis: If  e � c2 d ì d > 0, then 1

d+e x2
�

1

c d
Sec@ArcTan@c xDD ¶x ArcTan@c xD

�

Basis: If  e � c2 d ì d > 0, then 1

d+e x2
� -

1

c d
Csc@ArcCot@c xDD2 ¶x ArcCot@c xD

�

Rule: If  e � c2 d ì d > 0, then

à a + b ArcTan@c xD
d + e x2

âx �
1

c d
Subst@Ha + b xL Sec@xD, x, ArcTan@c xDD

� -

2 ä Ha + b ArcTan@c xDL ArcTanA 1+ä c x

1-ä c x
E

c d
+

ä b PolyLogA2, -
ä 1+ä c x

1-ä c x
E

c d
-

ä b PolyLogA2,
ä 1+ä c x

1-ä c x
E

c d

�

Program code:

IntAHa_.+b_.*ArcTan@c_.*x_DL�Sqrt@d_+e_.*x_^2D,x_SymbolE :=

-2*I*Ha+b*ArcTan@c*xDL*ArcTan@Sqrt@1+I*c*xD�Sqrt@1-I*c*xDD�Hc*Sqrt@dDL +

I*b*PolyLog@2,-I*Sqrt@1+I*c*xD�Sqrt@1-I*c*xDD�Hc*Sqrt@dDL -

I*b*PolyLog@2,I*Sqrt@1+I*c*xD�Sqrt@1-I*c*xDD�Hc*Sqrt@dDL �;

FreeQ@8a,b,c,d,e<,xD && EqQ@e,c^2*dD && GtQ@d,0D

IntAHa_.+b_.*ArcCot@c_.*x_DL�Sqrt@d_+e_.*x_^2D,x_SymbolE :=

-2*I*Ha+b*ArcCot@c*xDL*ArcTan@Sqrt@1+I*c*xD�Sqrt@1-I*c*xDD�Hc*Sqrt@dDL -

I*b*PolyLog@2,-I*Sqrt@1+I*c*xD�Sqrt@1-I*c*xDD�Hc*Sqrt@dDL +

I*b*PolyLog@2,I*Sqrt@1+I*c*xD�Sqrt@1-I*c*xDD�Hc*Sqrt@dDL �;

FreeQ@8a,b,c,d,e<,xD && EqQ@e,c^2*dD && GtQ@d,0D
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2. à Ha + b ArcTan@c xDLp

d + e x2

âx when e � c2 d ì p Î Z
+ ì d > 0

1: à Ha + b ArcTan@c xDLp

d + e x2

âx when e � c2 d ì p Î Z
+ ì d > 0

�

Derivation: Integration by substitution
�

Basis: If  e � c2 d ì d > 0, then 1

d+e x2
�

1

c d
Sec@ArcTan@c xDD ¶x ArcTan@c xD

�

Rule: If  e � c2 d ì p Î Z
+ ì d > 0, then

à Ha + b ArcTan@c xDLp

d + e x2

âx �
1

c d
SubstAà Ha + b xLp Sec@xD âx, x, ArcTan@c xDE

�

Program code:

IntAHa_.+b_.*ArcTan@c_.*x_DL^p_.�Sqrt@d_+e_.*x_^2D,x_SymbolE :=

1�Hc*Sqrt@dDL*Subst@Int@Ha+b*xL^p*Sec@xD,xD,x,ArcTan@c*xDD �;

FreeQ@8a,b,c,d,e<,xD && EqQ@e,c^2*dD && IGtQ@p,0D && GtQ@d,0D

2: à Ha + b ArcCot@c xDLp

d + e x2

âx when e � c2 d ì p Î Z
+ ì d > 0

�

Derivation: Integration by substitution and piecewise constant extraction

�

Basis: If  e � c2 d ì d > 0, then 1

d+e x2
� -

1

c d

Csc@ArcCot@c xDD2

Csc@ArcCot@c xDD2

¶x ArcCot@c xD
�

Basis: ¶x
Csc@xD
Csc@xD2

� 0

�

Basis: Csc@ArcCot@c xDD
Csc@ArcCot@c xDD2

�

c x 1+
1

c2 x2

1+c2 x2

�

Rule: If  e � c2 d ì p Î Z
+ ì d > 0, then

á
Ha + b ArcCot@c xDLp

d + e x2

âx � -
1

c d
SubstAá

Ha + b xLp Csc@xD2

Csc@xD2

âx, x, ArcCot@c xDE
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� -

x 1 +
1

c2 x2

d + e x2

SubstAà Ha + b xLp Csc@xD âx, x, ArcCot@c xDE
�

Program code:

IntAHa_.+b_.*ArcCot@c_.*x_DL^p_.�Sqrt@d_+e_.*x_^2D,x_SymbolE :=

-x*Sqrt@1+1�Hc^2*x^2LD�Sqrt@d+e*x^2D*Subst@Int@Ha+b*xL^p*Csc@xD,xD,x,ArcCot@c*xDD �;

FreeQ@8a,b,c,d,e<,xD && EqQ@e,c^2*dD && IGtQ@p,0D && GtQ@d,0D

2: à Ha + b ArcTan@c xDLp

d + e x2

âx when e � c2 d ì p Î Z
+ ì d u 0

�

Derivation: Piecewise constant extraction

�

Basis: If  e � c2 d, then ¶x
1+c2 x2

d+e x2
� 0

�

Rule: If  e � c2 d ì p Î Z
+ ì d u 0, then

á
Ha + b ArcTan@c xDLp

d + e x2

âx �
1 + c2 x2

d + e x2
à Ha + b ArcTan@c xDLp

1 + c2 x2

âx

�

Program code:

IntAHa_.+b_.*ArcTan@c_.*x_DL^p_.�Sqrt@d_+e_.*x_^2D,x_SymbolE :=

Sqrt@1+c^2*x^2D�Sqrt@d+e*x^2D*Int@Ha+b*ArcTan@c*xDL^p�Sqrt@1+c^2*x^2D,xD �;

FreeQ@8a,b,c,d,e<,xD && EqQ@e,c^2*dD && IGtQ@p,0D && Not@GtQ@d,0DD

IntAHa_.+b_.*ArcCot@c_.*x_DL^p_.�Sqrt@d_+e_.*x_^2D,x_SymbolE :=

Sqrt@1+c^2*x^2D�Sqrt@d+e*x^2D*Int@Ha+b*ArcCot@c*xDL^p�Sqrt@1+c^2*x^2D,xD �;

FreeQ@8a,b,c,d,e<,xD && EqQ@e,c^2*dD && IGtQ@p,0D && Not@GtQ@d,0DD

3. à Id + e x2Mq Ha + b ArcTan@c xDLp
âx when e � c2 d ì q < -1

1: á
Ha + b ArcTan@c xDLp

Id + e x2M2
âx when e � c2 d ì p > 0

�

Rule: If  e � c2 d ì p > 0, then
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á
Ha + b ArcTan@c xDLp

Id + e x2M2
âx �

x Ha + b ArcTan@c xDLp

2 d Id + e x2M +
Ha + b ArcTan@c xDLp+1

2 b c d2 Hp + 1L -
b c p

2
á

x Ha + b ArcTan@c xDLp-1

Id + e x2M2
âx

�

Program code:

IntAHa_.+b_.*ArcTan@c_.*x_DL^p_.�Hd_+e_.*x_^2L^2,x_SymbolE :=

x*Ha+b*ArcTan@c*xDL^p�H2*d*Hd+e*x^2LL +

Ha+b*ArcTan@c*xDL^Hp+1L�H2*b*c*d^2*Hp+1LL -

b*c*p�2*Int@x*Ha+b*ArcTan@c*xDL^Hp-1L�Hd+e*x^2L^2,xD �;

FreeQ@8a,b,c,d,e<,xD && EqQ@e,c^2*dD && GtQ@p,0D

IntAHa_.+b_.*ArcCot@c_.*x_DL^p_.�Hd_+e_.*x_^2L^2,x_SymbolE :=

x*Ha+b*ArcCot@c*xDL^p�H2*d*Hd+e*x^2LL -

Ha+b*ArcCot@c*xDL^Hp+1L�H2*b*c*d^2*Hp+1LL +

b*c*p�2*Int@x*Ha+b*ArcCot@c*xDL^Hp-1L�Hd+e*x^2L^2,xD �;

FreeQ@8a,b,c,d,e<,xD && EqQ@e,c^2*dD && GtQ@p,0D

2. à Id + e x2Mq Ha + b ArcTan@c xDLp
âx when e � c2 d ì q < -1 ì p ³ 1

1. à Id + e x2Mq Ha + b ArcTan@c xDL âx when e � c2 d ì q < -1

1: á
a + b ArcTan@c xD

Id + e x2M3�2
âx when e � c2 d

�

Rule: If  e � c2 d, then

á
a + b ArcTan@c xD

Id + e x2M3�2
âx �

b

c d d + e x2

+
x Ha + b ArcTan@c xDL

d d + e x2

�

Program code:

IntAHa_.+b_.*ArcTan@c_.*x_DL�Hd_+e_.*x_^2L^H3�2L,x_SymbolE :=

b�Hc*d*Sqrt@d+e*x^2DL +

x*Ha+b*ArcTan@c*xDL�Hd*Sqrt@d+e*x^2DL �;

FreeQ@8a,b,c,d,e<,xD && EqQ@e,c^2*dD
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IntAHa_.+b_.*ArcCot@c_.*x_DL�Hd_+e_.*x_^2L^H3�2L,x_SymbolE :=

-b�Hc*d*Sqrt@d+e*x^2DL +

x*Ha+b*ArcCot@c*xDL�Hd*Sqrt@d+e*x^2DL �;

FreeQ@8a,b,c,d,e<,xD && EqQ@e,c^2*dD

2: à Id + e x2Mq Ha + b ArcTan@c xDL âx when e � c2 d í q < -1 í q ¹ -
3

2

�

Rule: If  e � c2 d í q < -1 í q ¹ -
3

2
, then

á Id + e x2Mq Ha + b ArcTan@c xDL âx �

b Id + e x2Mq+1

4 c d Hq + 1L2
-

x Id + e x2Mq+1 Ha + b ArcTan@c xDL
2 d Hq + 1L +

2 q + 3

2 d Hq + 1L à Id + e x2Mq+1 Ha + b ArcTan@c xDL âx

�

Program code:

Int@Hd_+e_.*x_^2L^q_*Ha_.+b_.*ArcTan@c_.*x_DL,x_SymbolD :=

b*Hd+e*x^2L^Hq+1L�H4*c*d*Hq+1L^2L -

x*Hd+e*x^2L^Hq+1L*Ha+b*ArcTan@c*xDL�H2*d*Hq+1LL +

H2*q+3L�H2*d*Hq+1LL*Int@Hd+e*x^2L^Hq+1L*Ha+b*ArcTan@c*xDL,xD �;

FreeQ@8a,b,c,d,e<,xD && EqQ@e,c^2*dD && LtQ@q,-1D && NeQ@q,-3�2D

Int@Hd_+e_.*x_^2L^q_*Ha_.+b_.*ArcCot@c_.*x_DL,x_SymbolD :=

-b*Hd+e*x^2L^Hq+1L�H4*c*d*Hq+1L^2L -

x*Hd+e*x^2L^Hq+1L*Ha+b*ArcCot@c*xDL�H2*d*Hq+1LL +

H2*q+3L�H2*d*Hq+1LL*Int@Hd+e*x^2L^Hq+1L*Ha+b*ArcCot@c*xDL,xD �;

FreeQ@8a,b,c,d,e<,xD && EqQ@e,c^2*dD && LtQ@q,-1D && NeQ@q,-3�2D
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2. à Id + e x2Mq Ha + b ArcTan@c xDLp
âx when e � c2 d ì q < -1 ì p > 1

1: á
Ha + b ArcTan@c xDLp

Id + e x2M3�2
âx when e � c2 d ì p > 1

�

Rule: If  e � c2 d ì p > 1, then

á
Ha + b ArcTan@c xDLp

Id + e x2M3�2
âx �

b p Ha + b ArcTan@c xDLp-1

c d d + e x2

+
x Ha + b ArcTan@c xDLp

d d + e x2

- b2 p Hp - 1L á
Ha + b ArcTan@c xDLp-2

Id + e x2M3�2
âx

�

Program code:

IntAHa_.+b_.*ArcTan@c_.*x_DL^p_�Hd_+e_.*x_^2L^H3�2L,x_SymbolE :=

b*p*Ha+b*ArcTan@c*xDL^Hp-1L�Hc*d*Sqrt@d+e*x^2DL +

x*Ha+b*ArcTan@c*xDL^p�Hd*Sqrt@d+e*x^2DL -

b^2*p*Hp-1L*Int@Ha+b*ArcTan@c*xDL^Hp-2L�Hd+e*x^2L^H3�2L,xD �;

FreeQ@8a,b,c,d,e<,xD && EqQ@e,c^2*dD && GtQ@p,1D

IntAHa_.+b_.*ArcCot@c_.*x_DL^p_�Hd_+e_.*x_^2L^H3�2L,x_SymbolE :=

-b*p*Ha+b*ArcCot@c*xDL^Hp-1L�Hc*d*Sqrt@d+e*x^2DL +

x*Ha+b*ArcCot@c*xDL^p�Hd*Sqrt@d+e*x^2DL -

b^2*p*Hp-1L*Int@Ha+b*ArcCot@c*xDL^Hp-2L�Hd+e*x^2L^H3�2L,xD �;

FreeQ@8a,b,c,d,e<,xD && EqQ@e,c^2*dD && GtQ@p,1D
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2: à Id + e x2Mq Ha + b ArcTan@c xDLp
âx when e � c2 d í q < -1 í p > 1 í q ¹ -

3

2

�

Rule: If  e � c2 d í q < -1 í p > 1 í q ¹ -
3

2
, then

á Id + e x2Mq Ha + b ArcTan@c xDLp
âx �

b p Id + e x2Mq+1 Ha + b ArcTan@c xDLp-1

4 c d Hq + 1L2
-

x Id + e x2Mq+1 Ha + b ArcTan@c xDLp

2 d Hq + 1L +

2 q + 3

2 d Hq + 1L à Id + e x2Mq+1 Ha + b ArcTan@c xDLp
âx -

b2 p Hp - 1L
4 Hq + 1L2

à Id + e x2Mq Ha + b ArcTan@c xDLp-2
âx

�

Program code:

Int@Hd_+e_.*x_^2L^q_*Ha_.+b_.*ArcTan@c_.*x_DL^p_,x_SymbolD :=

b*p*Hd+e*x^2L^Hq+1L*Ha+b*ArcTan@c*xDL^Hp-1L�H4*c*d*Hq+1L^2L -

x*Hd+e*x^2L^Hq+1L*Ha+b*ArcTan@c*xDL^p�H2*d*Hq+1LL +

H2*q+3L�H2*d*Hq+1LL*Int@Hd+e*x^2L^Hq+1L*Ha+b*ArcTan@c*xDL^p,xD -

b^2*p*Hp-1L�H4*Hq+1L^2L*Int@Hd+e*x^2L^q*Ha+b*ArcTan@c*xDL^Hp-2L,xD �;

FreeQ@8a,b,c,d,e<,xD && EqQ@e,c^2*dD && LtQ@q,-1D && GtQ@p,1D && NeQ@q,-3�2D

Int@Hd_+e_.*x_^2L^q_*Ha_.+b_.*ArcCot@c_.*x_DL^p_,x_SymbolD :=

-b*p*Hd+e*x^2L^Hq+1L*Ha+b*ArcCot@c*xDL^Hp-1L�H4*c*d*Hq+1L^2L -

x*Hd+e*x^2L^Hq+1L*Ha+b*ArcCot@c*xDL^p�H2*d*Hq+1LL +

H2*q+3L�H2*d*Hq+1LL*Int@Hd+e*x^2L^Hq+1L*Ha+b*ArcCot@c*xDL^p,xD -

b^2*p*Hp-1L�H4*Hq+1L^2L*Int@Hd+e*x^2L^q*Ha+b*ArcCot@c*xDL^Hp-2L,xD �;

FreeQ@8a,b,c,d,e<,xD && EqQ@e,c^2*dD && LtQ@q,-1D && GtQ@p,1D && NeQ@q,-3�2D
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3: à Id + e x2Mq Ha + b ArcTan@c xDLp
âx when e � c2 d ì q < -1 ì p < -1

�

Derivation: Integration by parts

�

Basis: If  e � c2 d, then Ha+b ArcTan@c xDLp

d+e x2 � ¶x
Ha+b ArcTan@c xDLp+1

b c d Hp+1L
�

Rule: If  e � c2 d ì q < -1 ì p < -1, then

á Id + e x2Mq Ha + b ArcTan@c xDLp
âx �

Id + e x2Mq+1 Ha + b ArcTan@c xDLp+1

b c d Hp + 1L -
2 c Hq + 1L
b Hp + 1L à x Id + e x2Mq Ha + b ArcTan@c xDLp+1

âx

�

Program code:

Int@Hd_+e_.*x_^2L^q_*Ha_.+b_.*ArcTan@c_.*x_DL^p_,x_SymbolD :=

Hd+e*x^2L^Hq+1L*Ha+b*ArcTan@c*xDL^Hp+1L�Hb*c*d*Hp+1LL -

2*c*Hq+1L�Hb*Hp+1LL*Int@x*Hd+e*x^2L^q*Ha+b*ArcTan@c*xDL^Hp+1L,xD �;

FreeQ@8a,b,c,d,e<,xD && EqQ@e,c^2*dD && LtQ@q,-1D && LtQ@p,-1D

Int@Hd_+e_.*x_^2L^q_*Ha_.+b_.*ArcCot@c_.*x_DL^p_,x_SymbolD :=

-Hd+e*x^2L^Hq+1L*Ha+b*ArcCot@c*xDL^Hp+1L�Hb*c*d*Hp+1LL +

2*c*Hq+1L�Hb*Hp+1LL*Int@x*Hd+e*x^2L^q*Ha+b*ArcCot@c*xDL^Hp+1L,xD �;

FreeQ@8a,b,c,d,e<,xD && EqQ@e,c^2*dD && LtQ@q,-1D && LtQ@p,-1D
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4. à Id + e x2Mq Ha + b ArcTan@c xDLp
âx when e � c2 d ì 2 Hq + 1L Î Z

-

1. à Id + e x2Mq Ha + b ArcTan@c xDLp
âx when e � c2 d ì 2 Hq + 1L Î Z

-

1: à Id + e x2Mq Ha + b ArcTan@c xDLp
âx when e � c2 d ì 2 Hq + 1L Î Z

- ì Hq Î Z ê d > 0L
�

Derivation: Integration by substitution
�

Basis: If  e � c2 d ì 2 Hq + 1L Î Z ì Hq Î Z ê d > 0L, then Id + e x2Mq
�

dq

c Cos@ArcTan@c xDD2 Hq+1L ¶x ArcTan@c xD
�

Rule: If  e � c2 d ì 2 Hq + 1L Î Z
- ì Hq Î Z ê d > 0L, then

à Id + e x2Mq Ha + b ArcTan@c xDLp
âx �

dq

c
SubstAà Ha + b xLp

Cos@xD2 Hq+1L âx, x, ArcTan@c xDE
�

Program code:

Int@Hd_+e_.*x_^2L^q_*Ha_.+b_.*ArcTan@c_.*x_DL^p_.,x_SymbolD :=

d^q�c*Subst@Int@Ha+b*xL^p�Cos@xD^H2*Hq+1LL,xD,x,ArcTan@c*xDD �;

FreeQ@8a,b,c,d,e,p<,xD && EqQ@e,c^2*dD && ILtQ@2*Hq+1L,0D && HIntegerQ@qD ÈÈ GtQ@d,0DL

2: à Id + e x2Mq Ha + b ArcTan@c xDLp
âx when e � c2 d ì 2 Hq + 1L Î Z

- ì Ø Hq Î Z ê d > 0L
�

Derivation: Piecewise constant extraction

�

Basis: If  e � c2 d, then ¶x
1+c2 x2

d+e x2
� 0

�

Rule: If  e � c2 d ì 2 Hq + 1L Î Z
- ì Ø Hq Î Z ê d > 0L, then

á Id + e x2Mq Ha + b ArcTan@c xDLp
âx �

dq+
1

2 1 + c2 x2

d + e x2
à I1 + c2 x2Mq Ha + b ArcTan@c xDLp

âx

�

Program code:

Int@Hd_+e_.*x_^2L^q_*Ha_.+b_.*ArcTan@c_.*x_DL^p_.,x_SymbolD :=

d^Hq+1�2L*Sqrt@1+c^2*x^2D�Sqrt@d+e*x^2D*Int@H1+c^2*x^2L^q*Ha+b*ArcTan@c*xDL^p,xD �;

FreeQ@8a,b,c,d,e,p<,xD && EqQ@e,c^2*dD && ILtQ@2*Hq+1L,0D && Not@IntegerQ@qD ÈÈ GtQ@d,0DD
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2. à Id + e x2Mq Ha + b ArcCot@c xDLp
âx when e � c2 d ì 2 Hq + 1L Î Z

-

1: à Id + e x2Mq Ha + b ArcCot@c xDLp
âx when e � c2 d ì 2 Hq + 1L Î Z

- ì q Î Z

�

Derivation: Integration by substitution
�

Basis: If  e � c2 d ì q Î Z, then Id + e x2Mq
� -

dq

c Sin@ArcCot@c xDD2 Hq+1L ¶x ArcCot@c xD
�

Rule: If  e � c2 d ì 2 Hq + 1L Î Z
- ì q Î Z, then

à Id + e x2Mq Ha + b ArcCot@c xDLp
âx � -

dq

c
SubstAà Ha + b xLp

Sin@xD2 Hq+1L âx, x, ArcCot@c xDE
�

Program code:

Int@Hd_+e_.*x_^2L^q_*Ha_.+b_.*ArcCot@c_.*x_DL^p_.,x_SymbolD :=

-d^q�c*Subst@Int@Ha+b*xL^p�Sin@xD^H2*Hq+1LL,xD,x,ArcCot@c*xDD �;

FreeQ@8a,b,c,d,e,p<,xD && EqQ@e,c^2*dD && ILtQ@2*Hq+1L,0D && IntegerQ@qD
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2: à Id + e x2Mq Ha + b ArcCot@c xDLp
âx when e � c2 d ì 2 Hq + 1L Î Z

- ì q Ï Z

�

Derivation: Piecewise constant extraction and integration by substitution

�

Basis: If  e � c2 d, then ¶x

x
1+c2 x2

c2 x2

d+e x2
� 0

�

Basis: If  2 Hq + 1L Î Z ì q Ï Z, then x 1 +
1

c2 x2 I1 + c2 x2Mq-
1

2 � -
1

c2 Sin@ArcCot@c xDD2 Hq+1L ¶x ArcCot@c xD
�

Rule: If  e � c2 d ì 2 Hq + 1L Î Z
- ì q Ï Z, then

á Id + e x2Mq Ha + b ArcCot@c xDLp
âx �

c2 dq+
1

2 x
1+c2 x2

c2 x2

d + e x2
á x 1 +

1

c2 x2
I1 + c2 x2Mq-

1

2 Ha + b ArcCot@c xDLp
âx

� -

dq+
1

2 x
1+c2 x2

c2 x2

d + e x2

SubstAà Ha + b xLp

Sin@xD2 Hq+1L âx, x, ArcCot@c xDE
�

Program code:

Int@Hd_+e_.*x_^2L^q_*Ha_.+b_.*ArcCot@c_.*x_DL^p_.,x_SymbolD :=

-d^Hq+1�2L*x*Sqrt@H1+c^2*x^2L�Hc^2*x^2LD�Sqrt@d+e*x^2D*Subst@Int@Ha+b*xL^p�Sin@xD^H2*Hq+1LL,xD,x,ArcCot@c*xDD �;

FreeQ@8a,b,c,d,e,p<,xD && EqQ@e,c^2*dD && ILtQ@2*Hq+1L,0D && Not@IntegerQ@qDD

2. à a + b ArcTan@c xD
d + e x2

âx

1: à ArcTan@c xD
d + e x2

âx

�

Derivation: Algebraic expansion
�

Basis: ArcTan@zD �
1

2
ä Log@1 - ä zD -

1

2
ä Log@1 + ä zD

�

Basis: ArcCot@zD �
1

2
ä LogA1 -

ä

z
E -

1

2
ä LogA1 +

ä

z
E

�

Rule:
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à ArcTan@c xD
d + e x2

âx �
ä

2
à Log@1 - ä c xD

d + e x2
âx -

ä

2
à Log@1 + ä c xD

d + e x2
âx

�

Program code:

IntAArcTan@c_.*x_D�Hd_.+e_.*x_^2L,x_SymbolE :=

I�2*Int@Log@1-I*c*xD�Hd+e*x^2L,xD - I�2*Int@Log@1+I*c*xD�Hd+e*x^2L,xD �;

FreeQ@8c,d,e<,xD

IntAArcCot@c_.*x_D�Hd_.+e_.*x_^2L,x_SymbolE :=

I�2*Int@Log@1-I�Hc*xLD�Hd+e*x^2L,xD - I�2*Int@Log@1+I�Hc*xLD�Hd+e*x^2L,xD �;

FreeQ@8c,d,e<,xD

2: à a + b ArcTan@c xD
d + e x2

âx

�

Derivation: Algebraic expansion
�

Rule:

à a + b ArcTan@c xD
d + e x2

âx � a à 1

d + e x2
âx + b à ArcTan@c xD

d + e x2
âx

�

Program code:

IntAHa_+b_.*ArcTan@c_.*x_DL�Hd_.+e_.*x_^2L,x_SymbolE :=

a*Int@1�Hd+e*x^2L,xD + b*Int@ArcTan@c*xD�Hd+e*x^2L,xD �;

FreeQ@8a,b,c,d,e<,xD

IntAHa_+b_.*ArcCot@c_.*x_DL�Hd_.+e_.*x_^2L,x_SymbolE :=

a*Int@1�Hd+e*x^2L,xD + b*Int@ArcCot@c*xD�Hd+e*x^2L,xD �;

FreeQ@8a,b,c,d,e<,xD
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3: à Id + e x2Mq Ha + b ArcTan@c xDL âx when q Î Z ë q +
1

2
Î Z

-

�

Derivation: Integration by parts
�

Note: If  q Î Z
+ ë q +

1

2
Î Z

-, then Ù Id + e x2Mq
âx is expressible as an algebraic function not involving logarithms, inverse trig or inverse hyperbolic 

functions. 
�

Rule: If  q Î Z ë q +
1

2
Î Z

-, let u = Ù Id + e x2Mq
âx, then

à Id + e x2Mq Ha + b ArcTan@c xDL âx � u Ha + b ArcTan@c xDL - b c à u

1 + c2 x2
âx

�

Program code:

Int@Hd_.+e_.*x_^2L^q_.*Ha_.+b_.*ArcTan@c_.*x_DL,x_SymbolD :=

With@8u=IntHide@Hd+e*x^2L^q,xD<,

Dist@a+b*ArcTan@c*xD,u,xD - b*c*Int@u�H1+c^2*x^2L,xDD �;

FreeQ@8a,b,c,d,e<,xD && HIntegerQ@qD ÈÈ ILtQ@q+1�2,0DL

Int@Hd_.+e_.*x_^2L^q_.*Ha_.+b_.*ArcCot@c_.*x_DL,x_SymbolD :=

With@8u=IntHide@Hd+e*x^2L^q,xD<,

Dist@a+b*ArcCot@c*xD,u,xD + b*c*Int@u�H1+c^2*x^2L,xDD �;

FreeQ@8a,b,c,d,e<,xD && HIntegerQ@qD ÈÈ ILtQ@q+1�2,0DL

4: à Id + e x2Mq Ha + b ArcTan@c xDLp
âx when q Î Z ì p Î Z

+

�

Rule: If  q Î Z ì p Î Z
+, then

à Id + e x2Mq Ha + b ArcTan@c xDLp
âx � à Ha + b ArcTan@c xDLp ExpandIntegrandAId + e x2Mq

, xE âx

�

Program code:

Int@Hd_+e_.*x_^2L^q_.*Ha_.+b_.*ArcTan@c_.*x_DL^p_.,x_SymbolD :=

Int@ExpandIntegrand@Ha+b*ArcTan@c*xDL^p,Hd+e*x^2L^q,xD,xD �;

FreeQ@8a,b,c,d,e<,xD && IntegerQ@qD && IGtQ@p,0D

Int@Hd_+e_.*x_^2L^q_.*Ha_.+b_.*ArcCot@c_.*x_DL^p_.,x_SymbolD :=

Int@ExpandIntegrand@Ha+b*ArcCot@c*xDL^p,Hd+e*x^2L^q,xD,xD �;

FreeQ@8a,b,c,d,e<,xD && IntegerQ@qD && IGtQ@p,0D

Rules for integrands of the form u (a+b arctan(c x))^p 21



6. à Hf xLm Id + e x2Mq Ha + b ArcTan@c xDLp
âx

1. à Hf xLm Ha + b ArcTan@c xDLp

d + e x2
âx

1: à Hf xLm Ha + b ArcTan@c xDLp

d + e x2
âx when p > 0 ì m > 1

�

Derivation: Algebraic expansion
�

Basis: x2

d+e x2 �
1

e
-

d

e Hd+e x2L
�

Rule: If  p > 0 ì m > 1, then

à Hf xLm Ha + b ArcTan@c xDLp

d + e x2
âx �

f2

e
à Hf xLm-2 Ha + b ArcTan@c xDLp

âx -
d f2

e
à Hf xLm-2 Ha + b ArcTan@c xDLp

d + e x2
âx

�

Program code:

IntAHf_.*x_L^m_*Ha_.+b_.*ArcTan@c_.*x_DL^p_.�Hd_+e_.*x_^2L,x_SymbolE :=

f^2�e*Int@Hf*xL^Hm-2L*Ha+b*ArcTan@c*xDL^p,xD -

d*f^2�e*Int@Hf*xL^Hm-2L*Ha+b*ArcTan@c*xDL^p�Hd+e*x^2L,xD �;

FreeQ@8a,b,c,d,e,f<,xD && GtQ@p,0D && GtQ@m,1D

IntAHf_.*x_L^m_*Ha_.+b_.*ArcCot@c_.*x_DL^p_.�Hd_+e_.*x_^2L,x_SymbolE :=

f^2�e*Int@Hf*xL^Hm-2L*Ha+b*ArcCot@c*xDL^p,xD -

d*f^2�e*Int@Hf*xL^Hm-2L*Ha+b*ArcCot@c*xDL^p�Hd+e*x^2L,xD �;

FreeQ@8a,b,c,d,e,f<,xD && GtQ@p,0D && GtQ@m,1D
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2: à Hf xLm Ha + b ArcTan@c xDLp

d + e x2
âx when p > 0 ì m < -1

�

Derivation: Algebraic expansion
�

Basis: 1

d+e x2 �
1

d
-

e x2

d Hd+e x2L
�

Rule: If  p > 0 ì m < -1, then

à Hf xLm Ha + b ArcTan@c xDLp

d + e x2
âx �

1

d
à Hf xLm Ha + b ArcTan@c xDLp

âx -
e

d f2
à Hf xLm+2 Ha + b ArcTan@c xDLp

d + e x2
âx

�

Program code:

IntAHf_.*x_L^m_*Ha_.+b_.*ArcTan@c_.*x_DL^p_.�Hd_+e_.*x_^2L,x_SymbolE :=

1�d*Int@Hf*xL^m*Ha+b*ArcTan@c*xDL^p,xD -

e�Hd*f^2L*Int@Hf*xL^Hm+2L*Ha+b*ArcTan@c*xDL^p�Hd+e*x^2L,xD �;

FreeQ@8a,b,c,d,e,f<,xD && GtQ@p,0D && LtQ@m,-1D

IntAHf_.*x_L^m_*Ha_.+b_.*ArcCot@c_.*x_DL^p_.�Hd_+e_.*x_^2L,x_SymbolE :=

1�d*Int@Hf*xL^m*Ha+b*ArcCot@c*xDL^p,xD -

e�Hd*f^2L*Int@Hf*xL^Hm+2L*Ha+b*ArcCot@c*xDL^p�Hd+e*x^2L,xD �;

FreeQ@8a,b,c,d,e,f<,xD && GtQ@p,0D && LtQ@m,-1D
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3. à Hf xLm Ha + b ArcTan@c xDLp

d + e x2
âx when e � c2 d

1. à x Ha + b ArcTan@c xDLp

d + e x2
âx when e � c2 d

1: à x Ha + b ArcTan@c xDLp

d + e x2
âx when e � c2 d ì p Î Z

+

�

Derivation: Algebraic expansion and power rule for integration
�

Basis: If  e � c2 d, then x

d+e x2 � -
ä c

e H1+c2 x2L -
1

c d Hä- c xL
�

Rule: If  e � c2 d ì p Î Z
+, then

à x Ha + b ArcTan@c xDLp

d + e x2
âx � -

ä Ha + b ArcTan@c xDLp+1

b e Hp + 1L -
1

c d
à Ha + b ArcTan@c xDLp

ä - c x
âx

�

Program code:

IntAx_*Ha_.+b_.*ArcTan@c_.*x_DL^p_.�Hd_+e_.*x_^2L,x_SymbolE :=

-I*Ha+b*ArcTan@c*xDL^Hp+1L�Hb*e*Hp+1LL -

1�Hc*dL*Int@Ha+b*ArcTan@c*xDL^p�HI-c*xL,xD �;

FreeQ@8a,b,c,d,e<,xD && EqQ@e,c^2*dD && IGtQ@p,0D

IntAx_*Ha_.+b_.*ArcCot@c_.*x_DL^p_.�Hd_+e_.*x_^2L,x_SymbolE :=

I*Ha+b*ArcCot@c*xDL^Hp+1L�Hb*e*Hp+1LL -

1�Hc*dL*Int@Ha+b*ArcCot@c*xDL^p�HI-c*xL,xD �;

FreeQ@8a,b,c,d,e<,xD && EqQ@e,c^2*dD && IGtQ@p,0D

Rules for integrands of the form u (a+b arctan(c x))^p 24



2: à x Ha + b ArcTan@c xDLp

d + e x2
âx when e � c2 d ì p Ï Z

+ ì p ¹ -1

�

Derivation: Integration by parts

�

Basis: If  e � c2 d, then Ha+b ArcTan@c xDLp

d+e x2 � ¶x
Ha+b ArcTan@c xDLp+1

b c d Hp+1L
�

Rule: If  e � c2 d ì p Ï Z
+ ì p ¹ -1, then

à x Ha + b ArcTan@c xDLp

d + e x2
âx �

x Ha + b ArcTan@c xDLp+1

b c d Hp + 1L -
1

b c d Hp + 1L à Ha + b ArcTan@c xDLp+1
âx

�

Program code:

IntAx_*Ha_.+b_.*ArcTan@c_.*x_DL^p_�Hd_+e_.*x_^2L,x_SymbolE :=

x*Ha+b*ArcTan@c*xDL^Hp+1L�Hb*c*d*Hp+1LL -

1�Hb*c*d*Hp+1LL*Int@Ha+b*ArcTan@c*xDL^Hp+1L,xD �;

FreeQ@8a,b,c,d,e<,xD && EqQ@e,c^2*dD && Not@IGtQ@p,0DD && NeQ@p,-1D

IntAx_*Ha_.+b_.*ArcCot@c_.*x_DL^p_�Hd_+e_.*x_^2L,x_SymbolE :=

-x*Ha+b*ArcCot@c*xDL^Hp+1L�Hb*c*d*Hp+1LL +

1�Hb*c*d*Hp+1LL*Int@Ha+b*ArcCot@c*xDL^Hp+1L,xD �;

FreeQ@8a,b,c,d,e<,xD && EqQ@e,c^2*dD && Not@IGtQ@p,0DD && NeQ@p,-1D
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2: à Ha + b ArcTan@c xDLp

x Id + e x2M âx when e � c2 d ì p > 0

�

Derivation: Algebraic expansion
�

Basis: If  e � c2 d, then 1

x Hd+e x2L � -
ä c

d+e x2 +
ä

d x Hä+c xL
�

Rule: If  e � c2 d ì p > 0, then

à Ha + b ArcTan@c xDLp

x Id + e x2M âx � -
ä Ha + b ArcTan@c xDLp+1

b d Hp + 1L +
ä

d
à Ha + b ArcTan@c xDLp

x Hä + c xL âx

�

Program code:

IntAHa_.+b_.*ArcTan@c_.*x_DL^p_.�Hx_*Hd_+e_.*x_^2LL,x_SymbolE :=

-I*Ha+b*ArcTan@c*xDL^Hp+1L�Hb*d*Hp+1LL +

I�d*Int@Ha+b*ArcTan@c*xDL^p�Hx*HI+c*xLL,xD �;

FreeQ@8a,b,c,d,e<,xD && EqQ@e,c^2*dD && GtQ@p,0D

IntAHa_.+b_.*ArcCot@c_.*x_DL^p_.�Hx_*Hd_+e_.*x_^2LL,x_SymbolE :=

I*Ha+b*ArcCot@c*xDL^Hp+1L�Hb*d*Hp+1LL +

I�d*Int@Ha+b*ArcCot@c*xDL^p�Hx*HI+c*xLL,xD �;

FreeQ@8a,b,c,d,e<,xD && EqQ@e,c^2*dD && GtQ@p,0D
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3: à Hf xLm Ha + b ArcTan@c xDLp

d + e x2
âx when e � c2 d ì p < -1

�

Derivation: Integration by parts

�

Basis: If  e � c2 d, then Ha+b ArcTan@c xDLp

d+e x2 � ¶x
Ha+b ArcTan@c xDLp+1

b c d Hp+1L
�

Rule: If  e � c2 d ì p < -1, then

à Hf xLm Ha + b ArcTan@c xDLp

d + e x2
âx �

Hf xLm Ha + b ArcTan@c xDLp+1

b c d Hp + 1L -
f m

b c d Hp + 1L à Hf xLm-1 Ha + b ArcTan@c xDLp+1
âx

�

Program code:

IntAHf_.*x_L^m_*Ha_.+b_.*ArcTan@c_.*x_DL^p_�Hd_+e_.*x_^2L,x_SymbolE :=

Hf*xL^m*Ha+b*ArcTan@c*xDL^Hp+1L�Hb*c*d*Hp+1LL -

f*m�Hb*c*d*Hp+1LL*Int@Hf*xL^Hm-1L*Ha+b*ArcTan@c*xDL^Hp+1L,xD �;

FreeQ@8a,b,c,d,e,f,m<,xD && EqQ@e,c^2*dD && LtQ@p,-1D

IntAHf_.*x_L^m_*Ha_.+b_.*ArcCot@c_.*x_DL^p_�Hd_+e_.*x_^2L,x_SymbolE :=

-Hf*xL^m*Ha+b*ArcCot@c*xDL^Hp+1L�Hb*c*d*Hp+1LL +

f*m�Hb*c*d*Hp+1LL*Int@Hf*xL^Hm-1L*Ha+b*ArcCot@c*xDL^Hp+1L,xD �;

FreeQ@8a,b,c,d,e,f,m<,xD && EqQ@e,c^2*dD && LtQ@p,-1D

4: à xm Ha + b ArcTan@c xDL
d + e x2

âx when m Î Z ì Ø Hm � 1 ì a ¹ 0L
�

Derivation: Algebraic expansion
�

Rule: If  m Î Z ì Ø Hm � 1 ì a ¹ 0L, then

à xm Ha + b ArcTan@c xDL
d + e x2

âx � à Ha + b ArcTan@c xDL ExpandIntegrandA xm

d + e x2
, xE âx

�

Program code:

IntAx_^m_.*Ha_.+b_.*ArcTan@c_.*x_DL�Hd_+e_.*x_^2L,x_SymbolE :=

Int@ExpandIntegrand@Ha+b*ArcTan@c*xDL,x^m�Hd+e*x^2L,xD,xD �;

FreeQ@8a,b,c,d,e<,xD && IntegerQ@mD && Not@EqQ@m,1D && NeQ@a,0DD
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IntAx_^m_.*Ha_.+b_.*ArcCot@c_.*x_DL�Hd_+e_.*x_^2L,x_SymbolE :=

Int@ExpandIntegrand@Ha+b*ArcCot@c*xDL,x^m�Hd+e*x^2L,xD,xD �;

FreeQ@8a,b,c,d,e<,xD && IntegerQ@mD && Not@EqQ@m,1D && NeQ@a,0DD

2. à Hf xLm Id + e x2Mq Ha + b ArcTan@c xDLp
âx when e � c2 d

1. à x Id + e x2Mq Ha + b ArcTan@c xDLp
âx when e � c2 d

1: à x Id + e x2Mq Ha + b ArcTan@c xDLp
âx when e � c2 d ì p > 0 ì q ¹ -1

�

Derivation: Integration by parts
�

Rule: If  e � c2 d ì p > 0 ì q ¹ -1, then

á x Id + e x2Mq Ha + b ArcTan@c xDLp
âx �

Id + e x2Mq+1 Ha + b ArcTan@c xDLp

2 e Hq + 1L -
b p

2 c Hq + 1L à Id + e x2Mq Ha + b ArcTan@c xDLp-1
âx

�

Program code:

Int@x_*Hd_+e_.*x_^2L^q_.*Ha_.+b_.*ArcTan@c_.*x_DL^p_.,x_SymbolD :=

Hd+e*x^2L^Hq+1L*Ha+b*ArcTan@c*xDL^p�H2*e*Hq+1LL -

b*p�H2*c*Hq+1LL*Int@Hd+e*x^2L^q*Ha+b*ArcTan@c*xDL^Hp-1L,xD �;

FreeQ@8a,b,c,d,e,q<,xD && EqQ@e,c^2*dD && GtQ@p,0D && NeQ@q,-1D

Int@x_*Hd_+e_.*x_^2L^q_.*Ha_.+b_.*ArcCot@c_.*x_DL^p_.,x_SymbolD :=

Hd+e*x^2L^Hq+1L*Ha+b*ArcCot@c*xDL^p�H2*e*Hq+1LL +

b*p�H2*c*Hq+1LL*Int@Hd+e*x^2L^q*Ha+b*ArcCot@c*xDL^Hp-1L,xD �;

FreeQ@8a,b,c,d,e,q<,xD && EqQ@e,c^2*dD && GtQ@p,0D && NeQ@q,-1D
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2: á
x Ha + b ArcTan@c xDLp

Id + e x2M2
âx when e � c2 d ì p < -1 ì p ¹ -2

�

Rule: If  e � c2 d ì p < -1 ì p ¹ -2, then

á
x Ha + b ArcTan@c xDLp

Id + e x2M2
âx �

x Ha + b ArcTan@c xDLp+1

b c d Hp + 1L Id + e x2M -

I1 - c2 x2M Ha + b ArcTan@c xDLp+2

b2 e Hp + 1L Hp + 2L Id + e x2M -
4

b2 Hp + 1L Hp + 2L á
x Ha + b ArcTan@c xDLp+2

Id + e x2M2
âx

�

Program code:

IntAx_*Ha_.+b_.*ArcTan@c_.*x_DL^p_�Hd_+e_.*x_^2L^2,x_SymbolE :=

x*Ha+b*ArcTan@c*xDL^Hp+1L�Hb*c*d*Hp+1L*Hd+e*x^2LL -

H1-c^2*x^2L*Ha+b*ArcTan@c*xDL^Hp+2L�Hb^2*e*Hp+1L*Hp+2L*Hd+e*x^2LL -

4�Hb^2*Hp+1L*Hp+2LL*Int@x*Ha+b*ArcTan@c*xDL^Hp+2L�Hd+e*x^2L^2,xD �;

FreeQ@8a,b,c,d,e<,xD && EqQ@e,c^2*dD && LtQ@p,-1D && NeQ@p,-2D

IntAx_*Ha_.+b_.*ArcCot@c_.*x_DL^p_�Hd_+e_.*x_^2L^2,x_SymbolE :=

-x*Ha+b*ArcCot@c*xDL^Hp+1L�Hb*c*d*Hp+1L*Hd+e*x^2LL -

H1-c^2*x^2L*Ha+b*ArcCot@c*xDL^Hp+2L�Hb^2*e*Hp+1L*Hp+2L*Hd+e*x^2LL -

4�Hb^2*Hp+1L*Hp+2LL*Int@x*Ha+b*ArcCot@c*xDL^Hp+2L�Hd+e*x^2L^2,xD �;

FreeQ@8a,b,c,d,e<,xD && EqQ@e,c^2*dD && LtQ@p,-1D && NeQ@p,-2D
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2. à x2 Id + e x2Mq Ha + b ArcTan@c xDLp
âx when e � c2 d

1: à x2 Id + e x2Mq Ha + b ArcTan@c xDL âx when e � c2 d ì q < -1

�

Rule: If  q � -
5

2
, then better to use rule for when m + 2 q + 3 � 0.

�

Rule: If  e � c2 d ì q < -1, then

á x2 Id + e x2Mq Ha + b ArcTan@c xDL âx � -

b Id + e x2Mq+1

4 c3 d Hq + 1L2
+

x Id + e x2Mq+1 Ha + b ArcTan@c xDL
2 c2 d Hq + 1L -

1

2 c2 d Hq + 1L à Id + e x2Mq+1 Ha + b ArcTan@c xDL âx

�

Program code:

Int@x_^2*Hd_+e_.*x_^2L^q_*Ha_.+b_.*ArcTan@c_.*x_DL,x_SymbolD :=

-b*Hd+e*x^2L^Hq+1L�H4*c^3*d*Hq+1L^2L +

x*Hd+e*x^2L^Hq+1L*Ha+b*ArcTan@c*xDL�H2*c^2*d*Hq+1LL -

1�H2*c^2*d*Hq+1LL*Int@Hd+e*x^2L^Hq+1L*Ha+b*ArcTan@c*xDL,xD �;

FreeQ@8a,b,c,d,e<,xD && EqQ@e,c^2*dD && LtQ@q,-1D && NeQ@q,-5�2D

Int@x_^2*Hd_+e_.*x_^2L^q_*Ha_.+b_.*ArcCot@c_.*x_DL,x_SymbolD :=

b*Hd+e*x^2L^Hq+1L�H4*c^3*d*Hq+1L^2L +

x*Hd+e*x^2L^Hq+1L*Ha+b*ArcCot@c*xDL�H2*c^2*d*Hq+1LL -

1�H2*c^2*d*Hq+1LL*Int@Hd+e*x^2L^Hq+1L*Ha+b*ArcCot@c*xDL,xD �;

FreeQ@8a,b,c,d,e<,xD && EqQ@e,c^2*dD && LtQ@q,-1D && NeQ@q,-5�2D
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2: á
x2 Ha + b ArcTan@c xDLp

Id + e x2M2
âx when e � c2 d ì p > 0

�

Rule: If  e � c2 d ì p > 0, then

á
x2 Ha + b ArcTan@c xDLp

Id + e x2M2
âx �

Ha + b ArcTan@c xDLp+1

2 b c3 d2 Hp + 1L -
x Ha + b ArcTan@c xDLp

2 c2 d Id + e x2M +
b p

2 c
á

x Ha + b ArcTan@c xDLp-1

Id + e x2M2
âx

�

Program code:

IntAx_^2*Ha_.+b_.*ArcTan@c_.*x_DL^p_.�Hd_+e_.*x_^2L^2,x_SymbolE :=

Ha+b*ArcTan@c*xDL^Hp+1L�H2*b*c^3*d^2*Hp+1LL -

x*Ha+b*ArcTan@c*xDL^p�H2*c^2*d*Hd+e*x^2LL +

b*p�H2*cL*Int@x*Ha+b*ArcTan@c*xDL^Hp-1L�Hd+e*x^2L^2,xD �;

FreeQ@8a,b,c,d,e<,xD && EqQ@e,c^2*dD && GtQ@p,0D

IntAx_^2*Ha_.+b_.*ArcCot@c_.*x_DL^p_.�Hd_+e_.*x_^2L^2,x_SymbolE :=

-Ha+b*ArcCot@c*xDL^Hp+1L�H2*b*c^3*d^2*Hp+1LL -

x*Ha+b*ArcCot@c*xDL^p�H2*c^2*d*Hd+e*x^2LL -

b*p�H2*cL*Int@x*Ha+b*ArcCot@c*xDL^Hp-1L�Hd+e*x^2L^2,xD �;

FreeQ@8a,b,c,d,e<,xD && EqQ@e,c^2*dD && GtQ@p,0D
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3. à Hf xLm Id + e x2Mq Ha + b ArcTan@c xDLp
âx when e � c2 d ì m + 2 q + 2 � 0

1. à Hf xLm Id + e x2Mq Ha + b ArcTan@c xDLp
âx when e � c2 d ì m + 2 q + 2 � 0 ì q < -1 ì p ³ 1

1: à Hf xLm Id + e x2Mq Ha + b ArcTan@c xDL âx when e � c2 d ì m + 2 q + 2 � 0 ì q < -1

�

Rule: If  e � c2 d ì m + 2 q + 2 � 0 ì q < -1, then

á Hf xLm Id + e x2Mq Ha + b ArcTan@c xDL âx �

b Hf xLm Id + e x2Mq+1

c d m2
-

f Hf xLm-1 Id + e x2Mq+1 Ha + b ArcTan@c xDL
c2 d m

+
f2 Hm - 1L

c2 d m
à Hf xLm-2 Id + e x2Mq+1 Ha + b ArcTan@c xDL âx

�

Program code:

Int@Hf_.*x_L^m_*Hd_+e_.*x_^2L^q_*Ha_.+b_.*ArcTan@c_.*x_DL,x_SymbolD :=

b*Hf*xL^m*Hd+e*x^2L^Hq+1L�Hc*d*m^2L -

f*Hf*xL^Hm-1L*Hd+e*x^2L^Hq+1L*Ha+b*ArcTan@c*xDL�Hc^2*d*mL +

f^2*Hm-1L�Hc^2*d*mL*Int@Hf*xL^Hm-2L*Hd+e*x^2L^Hq+1L*Ha+b*ArcTan@c*xDL,xD �;

FreeQ@8a,b,c,d,e,f<,xD && EqQ@e,c^2*dD && EqQ@m+2*q+2,0D && LtQ@q,-1D

Int@Hf_.*x_L^m_*Hd_+e_.*x_^2L^q_*Ha_.+b_.*ArcCot@c_.*x_DL,x_SymbolD :=

-b*Hf*xL^m*Hd+e*x^2L^Hq+1L�Hc*d*m^2L -

f*Hf*xL^Hm-1L*Hd+e*x^2L^Hq+1L*Ha+b*ArcCot@c*xDL�Hc^2*d*mL +

f^2*Hm-1L�Hc^2*d*mL*Int@Hf*xL^Hm-2L*Hd+e*x^2L^Hq+1L*Ha+b*ArcCot@c*xDL,xD �;

FreeQ@8a,b,c,d,e,f<,xD && EqQ@e,c^2*dD && EqQ@m+2*q+2,0D && LtQ@q,-1D

2: à Hf xLm Id + e x2Mq Ha + b ArcTan@c xDLp
âx when e � c2 d ì m + 2 q + 2 � 0 ì q < -1 ì p > 1

�

Rule: If  e � c2 d ì m + 2 q + 2 � 0 ì q < -1 ì p > 1, then

á Hf xLm Id + e x2Mq Ha + b ArcTan@c xDLp
âx �

b p Hf xLm Id + e x2Mq+1 Ha + b ArcTan@c xDLp-1

c d m2
-

f Hf xLm-1 Id + e x2Mq+1 Ha + b ArcTan@c xDLp

c2 d m
-

+
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b2 p Hp - 1L
m2

à Hf xLm Id + e x2Mq Ha + b ArcTan@c xDLp-2
âx +

f2 Hm - 1L
c2 d m

à Hf xLm-2 Id + e x2Mq+1 Ha + b ArcTan@c xDLp
âx

�

Program code:

Int@Hf_.*x_L^m_*Hd_+e_.*x_^2L^q_*Ha_.+b_.*ArcTan@c_.*x_DL^p_,x_SymbolD :=

b*p*Hf*xL^m*Hd+e*x^2L^Hq+1L*Ha+b*ArcTan@c*xDL^Hp-1L�Hc*d*m^2L -

f*Hf*xL^Hm-1L*Hd+e*x^2L^Hq+1L*Ha+b*ArcTan@c*xDL^p�Hc^2*d*mL -

b^2*p*Hp-1L�m^2*Int@Hf*xL^m*Hd+e*x^2L^q*Ha+b*ArcTan@c*xDL^Hp-2L,xD +

f^2*Hm-1L�Hc^2*d*mL*Int@Hf*xL^Hm-2L*Hd+e*x^2L^Hq+1L*Ha+b*ArcTan@c*xDL^p,xD �;

FreeQ@8a,b,c,d,e,f,m<,xD && EqQ@e,c^2*dD && EqQ@m+2*q+2,0D && LtQ@q,-1D && GtQ@p,1D

Int@Hf_.*x_L^m_*Hd_+e_.*x_^2L^q_*Ha_.+b_.*ArcCot@c_.*x_DL^p_,x_SymbolD :=

-b*p*Hf*xL^m*Hd+e*x^2L^Hq+1L*Ha+b*ArcCot@c*xDL^Hp-1L�Hc*d*m^2L -

f*Hf*xL^Hm-1L*Hd+e*x^2L^Hq+1L*Ha+b*ArcCot@c*xDL^p�Hc^2*d*mL -

b^2*p*Hp-1L�m^2*Int@Hf*xL^m*Hd+e*x^2L^q*Ha+b*ArcCot@c*xDL^Hp-2L,xD +

f^2*Hm-1L�Hc^2*d*mL*Int@Hf*xL^Hm-2L*Hd+e*x^2L^Hq+1L*Ha+b*ArcCot@c*xDL^p,xD �;

FreeQ@8a,b,c,d,e,f,m<,xD && EqQ@e,c^2*dD && EqQ@m+2*q+2,0D && LtQ@q,-1D && GtQ@p,1D

2: à Hf xLm Id + e x2Mq Ha + b ArcTan@c xDLp
âx when e � c2 d ì m + 2 q + 2 � 0 ì p < -1

�

Derivation: Integration by parts

�

Basis: If  e � c2 d, then Ha+b ArcTan@c xDLp

d+e x2 � ¶x
Ha+b ArcTan@c xDLp+1

b c d Hp+1L
�

Basis: If  m + 2 q + 2 � 0, then ¶x Jxm Id + e x2Mq+1N � c m xm-1 Id + e x2Mq

�

Rule: If  e � c2 d ì m + 2 q + 2 � 0 ì p < -1, then

á Hf xLm Id + e x2Mq Ha + b ArcTan@c xDLp
âx �

Hf xLm Id + e x2Mq+1 Ha + b ArcTan@c xDLp+1

b c d Hp + 1L -
f m

b c Hp + 1L à Hf xLm-1 Id + e x2Mq Ha + b ArcTan@c xDLp+1
âx

�

Program code:

Int@Hf_.*x_L^m_.*Hd_+e_.*x_^2L^q_.*Ha_.+b_.*ArcTan@c_.*x_DL^p_,x_SymbolD :=

Hf*xL^m*Hd+e*x^2L^Hq+1L*Ha+b*ArcTan@c*xDL^Hp+1L�Hb*c*d*Hp+1LL -

f*m�Hb*c*Hp+1LL*Int@Hf*xL^Hm-1L*Hd+e*x^2L^q*Ha+b*ArcTan@c*xDL^Hp+1L,xD �;

FreeQ@8a,b,c,d,e,f,m,q<,xD && EqQ@e,c^2*dD && EqQ@m+2*q+2,0D && LtQ@p,-1D
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Int@Hf_.*x_L^m_.*Hd_+e_.*x_^2L^q_.*Ha_.+b_.*ArcCot@c_.*x_DL^p_,x_SymbolD :=

-Hf*xL^m*Hd+e*x^2L^Hq+1L*Ha+b*ArcCot@c*xDL^Hp+1L�Hb*c*d*Hp+1LL +

f*m�Hb*c*Hp+1LL*Int@Hf*xL^Hm-1L*Hd+e*x^2L^q*Ha+b*ArcCot@c*xDL^Hp+1L,xD �;

FreeQ@8a,b,c,d,e,f,m,q<,xD && EqQ@e,c^2*dD && EqQ@m+2*q+2,0D && LtQ@p,-1D

4: à Hf xLm Id + e x2Mq Ha + b ArcTan@c xDLp
âx when e � c2 d ì m + 2 q + 3 � 0 ì p > 0 ì m ¹ -1

�

Derivation: Integration by parts

�

Basis: If  m + 2 q + 3 � 0, then xm Id + e x2Mq
� ¶x

xm+1 Hd+e x2Lq+1

d Hm+1L
�

Rule: If  e � c2 d ì m + 2 q + 3 � 0 ì p > 0 ì m ¹ -1, then

á Hf xLm Id + e x2Mq Ha + b ArcTan@c xDLp
âx �

Hf xLm+1 Id + e x2Mq+1 Ha + b ArcTan@c xDLp

d f Hm + 1L -
b c p

f Hm + 1L à Hf xLm+1 Id + e x2Mq Ha + b ArcTan@c xDLp-1
âx

�

Program code:

Int@Hf_.*x_L^m_.*Hd_+e_.*x_^2L^q_.*Ha_.+b_.*ArcTan@c_.*x_DL^p_.,x_SymbolD :=

Hf*xL^Hm+1L*Hd+e*x^2L^Hq+1L*Ha+b*ArcTan@c*xDL^p�Hd*f*Hm+1LL -

b*c*p�Hf*Hm+1LL*Int@Hf*xL^Hm+1L*Hd+e*x^2L^q*Ha+b*ArcTan@c*xDL^Hp-1L,xD �;

FreeQ@8a,b,c,d,e,f,m,q<,xD && EqQ@e,c^2*dD && EqQ@m+2*q+3,0D && GtQ@p,0D && NeQ@m,-1D

Int@Hf_.*x_L^m_.*Hd_+e_.*x_^2L^q_.*Ha_.+b_.*ArcCot@c_.*x_DL^p_.,x_SymbolD :=

Hf*xL^Hm+1L*Hd+e*x^2L^Hq+1L*Ha+b*ArcCot@c*xDL^p�Hd*f*Hm+1LL +

b*c*p�Hf*Hm+1LL*Int@Hf*xL^Hm+1L*Hd+e*x^2L^q*Ha+b*ArcCot@c*xDL^Hp-1L,xD �;

FreeQ@8a,b,c,d,e,f,m,q<,xD && EqQ@e,c^2*dD && EqQ@m+2*q+3,0D && GtQ@p,0D && NeQ@m,-1D
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5. à Hf xLm Id + e x2Mq Ha + b ArcTan@c xDLp
âx when e � c2 d ì q > 0

1: à Hf xLm d + e x2 Ha + b ArcTan@c xDL âx when e � c2 d ì m ¹ -2

�

Rule: If  e � c2 d ì m ¹ -2, then

á Hf xLm d + e x2 Ha + b ArcTan@c xDL âx �
Hf xLm+1 d + e x2 Ha + b ArcTan@c xDL

f Hm + 2L -
b c d

f Hm + 2L à Hf xLm+1

d + e x2

âx +
d

m + 2
à Hf xLm Ha + b ArcTan@c xDL

d + e x2

âx

�

Program code:

Int@Hf_.*x_L^m_*Sqrt@d_+e_.*x_^2D*Ha_.+b_.*ArcTan@c_.*x_DL,x_SymbolD :=

Hf*xL^Hm+1L*Sqrt@d+e*x^2D*Ha+b*ArcTan@c*xDL�Hf*Hm+2LL -

b*c*d�Hf*Hm+2LL*Int@Hf*xL^Hm+1L�Sqrt@d+e*x^2D,xD +

d�Hm+2L*Int@Hf*xL^m*Ha+b*ArcTan@c*xDL�Sqrt@d+e*x^2D,xD �;

FreeQ@8a,b,c,d,e,f,m<,xD && EqQ@e,c^2*dD && NeQ@m,-2D

Int@Hf_.*x_L^m_*Sqrt@d_+e_.*x_^2D*Ha_.+b_.*ArcCot@c_.*x_DL,x_SymbolD :=

Hf*xL^Hm+1L*Sqrt@d+e*x^2D*Ha+b*ArcCot@c*xDL�Hf*Hm+2LL +

b*c*d�Hf*Hm+2LL*Int@Hf*xL^Hm+1L�Sqrt@d+e*x^2D,xD +

d�Hm+2L*Int@Hf*xL^m*Ha+b*ArcCot@c*xDL�Sqrt@d+e*x^2D,xD �;

FreeQ@8a,b,c,d,e,f,m<,xD && EqQ@e,c^2*dD && NeQ@m,-2D

2: à Hf xLm Id + e x2Mq Ha + b ArcTan@c xDLp
âx when e � c2 d ì p Î Z

+ ì q - 1 Î Z
+

�

Rule: If  e � c2 d ì p Î Z
+ ì q - 1 Î Z

+, then

à Hf xLm Id + e x2Mq Ha + b ArcTan@c xDLp
âx � à ExpandIntegrandAHf xLm Id + e x2Mq Ha + b ArcTan@c xDLp, xE âx

�

Program code:

Int@Hf_.*x_L^m_*Hd_+e_.*x_^2L^q_*Ha_.+b_.*ArcTan@c_.*x_DL^p_.,x_SymbolD :=

Int@ExpandIntegrand@Hf*xL^m*Hd+e*x^2L^q*Ha+b*ArcTan@c*xDL^p,xD,xD �;

FreeQ@8a,b,c,d,e,f,m<,xD && EqQ@e,c^2*dD && IGtQ@p,0D && IGtQ@q,1D && HEqQ@p,1D ÈÈ IntegerQ@mDL

Int@Hf_.*x_L^m_*Hd_+e_.*x_^2L^q_*Ha_.+b_.*ArcCot@c_.*x_DL^p_.,x_SymbolD :=

Int@ExpandIntegrand@Hf*xL^m*Hd+e*x^2L^q*Ha+b*ArcCot@c*xDL^p,xD,xD �;

FreeQ@8a,b,c,d,e,f,m<,xD && EqQ@e,c^2*dD && IGtQ@p,0D && IGtQ@q,1D && HEqQ@p,1D ÈÈ IntegerQ@mDL
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3: à Hf xLm Id + e x2Mq Ha + b ArcTan@c xDLp
âx when e � c2 d ì q > 0 ì p Î Z

+

�

Derivation: Algebraic expansion

�

Basis: If  e � c2 d, then Id + e x2Mq
� d Id + e x2Mq-1

+ c2 d x2 Id + e x2Mq-1

�

Rule: If  e � c2 d ì q > 0 ì p Î Z
+, then

à Hf xLm Id + e x2Mq Ha + b ArcTan@c xDLp
âx � d à Hf xLm Id + e x2Mq-1 Ha + b ArcTan@c xDLp

âx +
c2 d

f2
à Hf xLm+2 Id + e x2Mq-1 Ha + b ArcTan@c xDLp

âx

�

Program code:

Int@Hf_.*x_L^m_*Hd_+e_.*x_^2L^q_.*Ha_.+b_.*ArcTan@c_.*x_DL^p_.,x_SymbolD :=

d*Int@Hf*xL^m*Hd+e*x^2L^Hq-1L*Ha+b*ArcTan@c*xDL^p,xD +

c^2*d�f^2*Int@Hf*xL^Hm+2L*Hd+e*x^2L^Hq-1L*Ha+b*ArcTan@c*xDL^p,xD �;

FreeQ@8a,b,c,d,e,f,m<,xD && EqQ@e,c^2*dD && GtQ@q,0D && IGtQ@p,0D && HRationalQ@mD ÈÈ EqQ@p,1D && IntegerQ@qDL

Int@Hf_.*x_L^m_*Hd_+e_.*x_^2L^q_.*Ha_.+b_.*ArcCot@c_.*x_DL^p_.,x_SymbolD :=

d*Int@Hf*xL^m*Hd+e*x^2L^Hq-1L*Ha+b*ArcCot@c*xDL^p,xD +

c^2*d�f^2*Int@Hf*xL^Hm+2L*Hd+e*x^2L^Hq-1L*Ha+b*ArcCot@c*xDL^p,xD �;

FreeQ@8a,b,c,d,e,f,m<,xD && EqQ@e,c^2*dD && GtQ@q,0D && IGtQ@p,0D && HRationalQ@mD ÈÈ EqQ@p,1D && IntegerQ@qDL
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6. à Hf xLm Id + e x2Mq Ha + b ArcTan@c xDLp
âx when e � c2 d ì q < 0

1. à Hf xLm Ha + b ArcTan@c xDLp

d + e x2

âx when e � c2 d

1: à Hf xLm Ha + b ArcTan@c xDLp

d + e x2

âx when e � c2 d ì p > 0 ì m > 1

�

Rule: If  e � c2 d ì p > 0 ì m > 1, then

á
Hf xLm Ha + b ArcTan@c xDLp

d + e x2

âx �

f Hf xLm-1 d + e x2 Ha + b ArcTan@c xDLp

c2 d m
-

b f p

c m
à Hf xLm-1 Ha + b ArcTan@c xDLp-1

d + e x2

âx -
f2 Hm - 1L

c2 m
à Hf xLm-2 Ha + b ArcTan@c xDLp

d + e x2

âx

�

Program code:

IntAHf_.*x_L^m_*Ha_.+b_.*ArcTan@c_.*x_DL^p_.�Sqrt@d_+e_.*x_^2D,x_SymbolE :=

f*Hf*xL^Hm-1L*Sqrt@d+e*x^2D*Ha+b*ArcTan@c*xDL^p�Hc^2*d*mL -

b*f*p�Hc*mL*Int@Hf*xL^Hm-1L*Ha+b*ArcTan@c*xDL^Hp-1L�Sqrt@d+e*x^2D,xD -

f^2*Hm-1L�Hc^2*mL*Int@Hf*xL^Hm-2L*Ha+b*ArcTan@c*xDL^p�Sqrt@d+e*x^2D,xD �;

FreeQ@8a,b,c,d,e,f<,xD && EqQ@e,c^2*dD && GtQ@p,0D && GtQ@m,1D

IntAHf_.*x_L^m_*Ha_.+b_.*ArcCot@c_.*x_DL^p_.�Sqrt@d_+e_.*x_^2D,x_SymbolE :=

f*Hf*xL^Hm-1L*Sqrt@d+e*x^2D*Ha+b*ArcCot@c*xDL^p�Hc^2*d*mL +

b*f*p�Hc*mL*Int@Hf*xL^Hm-1L*Ha+b*ArcCot@c*xDL^Hp-1L�Sqrt@d+e*x^2D,xD -

f^2*Hm-1L�Hc^2*mL*Int@Hf*xL^Hm-2L*Ha+b*ArcCot@c*xDL^p�Sqrt@d+e*x^2D,xD �;

FreeQ@8a,b,c,d,e,f<,xD && EqQ@e,c^2*dD && GtQ@p,0D && GtQ@m,1D

2. à Hf xLm Ha + b ArcTan@c xDLp

d + e x2

âx when e � c2 d ì p > 0 ì m £ -1

1. à Ha + b ArcTan@c xDLp

x d + e x2

âx when e � c2 d ì p Î Z
+

1. à Ha + b ArcTan@c xDLp

x d + e x2

âx when e � c2 d ì p Î Z
+ ì d > 0
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1: à Ha + b ArcTan@c xDL
x d + e x2

âx when e � c2 d ì d > 0

�

Derivation: Integration by substitution, piecewise constant extraction and algebraic simplification!
�

Note: Although not essential, these rules returns antiderivatives free of complex exponentials of the form  ãArcTan@c xD and  ä ãArcCot@c xD.
�

Basis: If  e � c2 d ì d > 0, then 1

x d+e x2
�

1

d
Csc@ArcTan@c xDD ¶x ArcTan@c xD

�

Basis: If  e � c2 d ì d > 0, then 1

x d+e x2
� -

1

d

Csc@ArcCot@c xDD Sec@ArcCot@c xDD
Csc@ArcCot@c xDD2

¶x ArcCot@c xD
�

Rule: If  e � c2 d ì d > 0, then

à Ha + b ArcTan@c xDL
x d + e x2

âx �
1

d
SubstAà Ha + b xL Csc@xD âx, x, ArcTan@c xDE

� -
2

d
Ha + b ArcTan@c xDL ArcTanhA 1 + ä c x

1 - ä c x
E +

ä b

d
PolyLogA2, -

1 + ä c x

1 - ä c x
E -

ä b

d
PolyLogA2,

1 + ä c x

1 - ä c x
E

�

Program code:

IntAHa_.+b_.*ArcTan@c_.*x_DL�Hx_*Sqrt@d_+e_.*x_^2DL,x_SymbolE :=

-2�Sqrt@dD*Ha+b*ArcTan@c*xDL*ArcTanh@Sqrt@1+I*c*xD�Sqrt@1-I*c*xDD +

I*b�Sqrt@dD*PolyLog@2,-Sqrt@1+I*c*xD�Sqrt@1-I*c*xDD -

I*b�Sqrt@dD*PolyLog@2,Sqrt@1+I*c*xD�Sqrt@1-I*c*xDD �;

FreeQ@8a,b,c,d,e<,xD && EqQ@e,c^2*dD && GtQ@d,0D

IntAHa_.+b_.*ArcCot@c_.*x_DL�Hx_*Sqrt@d_+e_.*x_^2DL,x_SymbolE :=

-2�Sqrt@dD*Ha+b*ArcCot@c*xDL*ArcTanh@Sqrt@1+I*c*xD�Sqrt@1-I*c*xDD -

I*b�Sqrt@dD*PolyLog@2,-Sqrt@1+I*c*xD�Sqrt@1-I*c*xDD +

I*b�Sqrt@dD*PolyLog@2,Sqrt@1+I*c*xD�Sqrt@1-I*c*xDD �;

FreeQ@8a,b,c,d,e<,xD && EqQ@e,c^2*dD && GtQ@d,0D
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2. à Ha + b ArcTan@c xDLp

x d + e x2

âx when e � c2 d ì p Î Z
+ ì d > 0

1: à Ha + b ArcTan@c xDLp

x d + e x2

âx when e � c2 d ì p Î Z
+ ì d > 0

�

Derivation: Integration by substitution
�

Basis: If  e � c2 d ì d > 0, then 1

x d+e x2
�

1

d
Csc@ArcTan@c xDD ¶x ArcTan@c xD

�

Rule: If  e � c2 d ì p Î Z
+ ì d > 0, then

à Ha + b ArcTan@c xDLp

x d + e x2

âx �
1

d
SubstAà Ha + b xLp Csc@xD âx, x, ArcTan@c xDE

�

Program code:

IntAHa_.+b_.*ArcTan@c_.*x_DL^p_�Hx_*Sqrt@d_+e_.*x_^2DL,x_SymbolE :=

1�Sqrt@dD*Subst@Int@Ha+b*xL^p*Csc@xD,xD,x,ArcTan@c*xDD �;

FreeQ@8a,b,c,d,e<,xD && EqQ@e,c^2*dD && IGtQ@p,0D && GtQ@d,0D

2: à Ha + b ArcCot@c xDLp

x d + e x2

âx when e � c2 d ì p Î Z
+ ì d > 0

�

Derivation: Integration by substitution and piecewise constant extraction
�

Basis: If  e � c2 d ì d > 0, then 1

x d+e x2
� -

1

d

Csc@ArcCot@c xDD Sec@ArcCot@c xDD
Csc@ArcCot@c xDD2

¶x ArcCot@c xD
�

Basis: ¶x
Csc@xD
Csc@xD2

� 0

�

Basis: Csc@ArcCot@c xDD
Csc@ArcCot@c xDD2

�

c x 1+
1

c2 x2

1+c2 x2

�

Rule: If  e � c2 d ì p Î Z
+ ì d > 0, then

á
Ha + b ArcCot@c xDLp

x d + e x2

âx � -
1

d
SubstAá

Ha + b xLp Csc@xD Sec@xD
Csc@xD2

âx, x, ArcCot@c xDE
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� -

c x 1 +
1

c2 x2

d + e x2

SubstAà Ha + b xLp Sec@xD âx, x, ArcCot@c xDE
�

Program code:

IntAHa_.+b_.*ArcCot@c_.*x_DL^p_�Hx_*Sqrt@d_+e_.*x_^2DL,x_SymbolE :=

-c*x*Sqrt@1+1�Hc^2*x^2LD�Sqrt@d+e*x^2D*Subst@Int@Ha+b*xL^p*Sec@xD,xD,x,ArcCot@c*xDD �;

FreeQ@8a,b,c,d,e<,xD && EqQ@e,c^2*dD && IGtQ@p,0D && GtQ@d,0D

2: à Ha + b ArcTan@c xDLp

x d + e x2

âx when e � c2 d ì p Î Z
+ ì d u 0

�

Derivation: Piecewise constant extraction

�

Basis: If  e � c2 d, then ¶x
1+c2 x2

d+e x2
� 0

�

Rule: If  e � c2 d ì p Î Z
+ ì d u 0, then

á
Ha + b ArcTan@c xDLp

x d + e x2

âx �
1 + c2 x2

d + e x2
à Ha + b ArcTan@c xDLp

x 1 + c2 x2

âx

�

Program code:

IntAHa_.+b_.*ArcTan@c_.*x_DL^p_.�Hx_*Sqrt@d_+e_.*x_^2DL,x_SymbolE :=

Sqrt@1+c^2*x^2D�Sqrt@d+e*x^2D*Int@Ha+b*ArcTan@c*xDL^p�Hx*Sqrt@1+c^2*x^2DL,xD �;

FreeQ@8a,b,c,d,e<,xD && EqQ@e,c^2*dD && IGtQ@p,0D && Not@GtQ@d,0DD

IntAHa_.+b_.*ArcCot@c_.*x_DL^p_.�Hx_*Sqrt@d_+e_.*x_^2DL,x_SymbolE :=

Sqrt@1+c^2*x^2D�Sqrt@d+e*x^2D*Int@Ha+b*ArcCot@c*xDL^p�Hx*Sqrt@1+c^2*x^2DL,xD �;

FreeQ@8a,b,c,d,e<,xD && EqQ@e,c^2*dD && IGtQ@p,0D && Not@GtQ@d,0DD
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2. à Hf xLm Ha + b ArcTan@c xDLp

d + e x2

âx when e � c2 d ì p > 0 ì m < -1

1: à Ha + b ArcTan@c xDLp

x2 d + e x2

âx when e � c2 d ì p > 0

�

Derivation: Integration by parts

�

Basis: 1

x2 d+e x2
� -¶x

d+e x2

d x

�

Rule: If  e � c2 d ì p > 0, then

á
Ha + b ArcTan@c xDLp

x2 d + e x2

âx � -
d + e x2 Ha + b ArcTan@c xDLp

d x
+ b c p à Ha + b ArcTan@c xDLp-1

x d + e x2

âx

�

Program code:

IntAHa_.+b_.*ArcTan@c_.*x_DL^p_.�Hx_^2*Sqrt@d_+e_.*x_^2DL,x_SymbolE :=

-Sqrt@d+e*x^2D*Ha+b*ArcTan@c*xDL^p�Hd*xL +

b*c*p*Int@Ha+b*ArcTan@c*xDL^Hp-1L�Hx*Sqrt@d+e*x^2DL,xD �;

FreeQ@8a,b,c,d,e<,xD && EqQ@e,c^2*dD && GtQ@p,0D

IntAHa_.+b_.*ArcCot@c_.*x_DL^p_.�Hx_^2*Sqrt@d_+e_.*x_^2DL,x_SymbolE :=

-Sqrt@d+e*x^2D*Ha+b*ArcCot@c*xDL^p�Hd*xL -

b*c*p*Int@Ha+b*ArcCot@c*xDL^Hp-1L�Hx*Sqrt@d+e*x^2DL,xD �;

FreeQ@8a,b,c,d,e<,xD && EqQ@e,c^2*dD && GtQ@p,0D
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2: à Hf xLm Ha + b ArcTan@c xDLp

d + e x2

âx when e � c2 d ì p > 0 ì m < -1 ì m ¹ -2

�

Rule: If  e � c2 d ì p > 0 ì m < -1 ì m ¹ -2, then

á
Hf xLm Ha + b ArcTan@c xDLp

d + e x2

âx �

Hf xLm+1 d + e x2 Ha + b ArcTan@c xDLp

d f Hm + 1L -
b c p

f Hm + 1L à Hf xLm+1 Ha + b ArcTan@c xDLp-1

d + e x2

âx -
c2 Hm + 2L
f2 Hm + 1L à Hf xLm+2 Ha + b ArcTan@c xDLp

d + e x2

âx

�

Program code:

IntAHf_.*x_L^m_*Ha_.+b_.*ArcTan@c_.*x_DL^p_.�Sqrt@d_+e_.*x_^2D,x_SymbolE :=

Hf*xL^Hm+1L*Sqrt@d+e*x^2D*Ha+b*ArcTan@c*xDL^p�Hd*f*Hm+1LL -

b*c*p�Hf*Hm+1LL*Int@Hf*xL^Hm+1L*Ha+b*ArcTan@c*xDL^Hp-1L�Sqrt@d+e*x^2D,xD -

c^2*Hm+2L�Hf^2*Hm+1LL*Int@Hf*xL^Hm+2L*Ha+b*ArcTan@c*xDL^p�Sqrt@d+e*x^2D,xD �;

FreeQ@8a,b,c,d,e,f<,xD && EqQ@e,c^2*dD && GtQ@p,0D && LtQ@m,-1D && NeQ@m,-2D

IntAHf_.*x_L^m_*Ha_.+b_.*ArcCot@c_.*x_DL^p_.�Sqrt@d_+e_.*x_^2D,x_SymbolE :=

Hf*xL^Hm+1L*Sqrt@d+e*x^2D*Ha+b*ArcCot@c*xDL^p�Hd*f*Hm+1LL +

b*c*p�Hf*Hm+1LL*Int@Hf*xL^Hm+1L*Ha+b*ArcCot@c*xDL^Hp-1L�Sqrt@d+e*x^2D,xD -

c^2*Hm+2L�Hf^2*Hm+1LL*Int@Hf*xL^Hm+2L*Ha+b*ArcCot@c*xDL^p�Sqrt@d+e*x^2D,xD �;

FreeQ@8a,b,c,d,e,f<,xD && EqQ@e,c^2*dD && GtQ@p,0D && LtQ@m,-1D && NeQ@m,-2D
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2. à xm Id + e x2Mq Ha + b ArcTan@c xDLp
âx when e � c2 d ì q < -1

1: à xm Id + e x2Mq Ha + b ArcTan@c xDLp
âx when e � c2 d ì Hm p 2 qL Î Z ì q < -1 ì m > 1 ì p ¹ -1

�

Derivation: Algebraic expansion
�

Basis: x2

d+e x2 �
1

e
-

d

e Hd+e x2L
�

Rule: If  e � c2 d ì Hm p 2 qL Î Z ì q < -1 ì m > 1 ì p ¹ -1, then

à xm Id + e x2Mq Ha + b ArcTan@c xDLp
âx �

1

e
à xm-2 Id + e x2Mq+1 Ha + b ArcTan@c xDLp

âx -
d

e
à xm-2 Id + e x2Mq Ha + b ArcTan@c xDLp

âx

�

Program code:

Int@x_^m_*Hd_+e_.*x_^2L^q_*Ha_.+b_.*ArcTan@c_.*x_DL^p_.,x_SymbolD :=

1�e*Int@x^Hm-2L*Hd+e*x^2L^Hq+1L*Ha+b*ArcTan@c*xDL^p,xD -

d�e*Int@x^Hm-2L*Hd+e*x^2L^q*Ha+b*ArcTan@c*xDL^p,xD �;

FreeQ@8a,b,c,d,e<,xD && EqQ@e,c^2*dD && IntegersQ@p,2*qD && LtQ@q,-1D && IGtQ@m,1D && NeQ@p,-1D

Int@x_^m_*Hd_+e_.*x_^2L^q_*Ha_.+b_.*ArcCot@c_.*x_DL^p_.,x_SymbolD :=

1�e*Int@x^Hm-2L*Hd+e*x^2L^Hq+1L*Ha+b*ArcCot@c*xDL^p,xD -

d�e*Int@x^Hm-2L*Hd+e*x^2L^q*Ha+b*ArcCot@c*xDL^p,xD �;

FreeQ@8a,b,c,d,e<,xD && EqQ@e,c^2*dD && IntegersQ@p,2*qD && LtQ@q,-1D && IGtQ@m,1D && NeQ@p,-1D
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2: à xm Id + e x2Mq Ha + b ArcTan@c xDLp
âx when e � c2 d ì Hm p 2 qL Î Z ì q < -1 ì m < 0 ì p ¹ -1

�

Derivation: Algebraic expansion
�

Basis: 1

d+e x2 �
1

d
-

e x2

d Hd+e x2L
�

Rule: If  e � c2 d ì Hm p 2 qL Î Z ì q < -1 ì m < 0 ì p ¹ -1, then

à xm Id + e x2Mq Ha + b ArcTan@c xDLp
âx �

1

d
à xm Id + e x2Mq+1 Ha + b ArcTan@c xDLp

âx -
e

d
à xm+2 Id + e x2Mq Ha + b ArcTan@c xDLp

âx

�

Program code:

Int@x_^m_*Hd_+e_.*x_^2L^q_*Ha_.+b_.*ArcTan@c_.*x_DL^p_.,x_SymbolD :=

1�d*Int@x^m*Hd+e*x^2L^Hq+1L*Ha+b*ArcTan@c*xDL^p,xD -

e�d*Int@x^Hm+2L*Hd+e*x^2L^q*Ha+b*ArcTan@c*xDL^p,xD �;

FreeQ@8a,b,c,d,e<,xD && EqQ@e,c^2*dD && IntegersQ@p,2*qD && LtQ@q,-1D && ILtQ@m,0D && NeQ@p,-1D

Int@x_^m_*Hd_+e_.*x_^2L^q_*Ha_.+b_.*ArcCot@c_.*x_DL^p_.,x_SymbolD :=

1�d*Int@x^m*Hd+e*x^2L^Hq+1L*Ha+b*ArcCot@c*xDL^p,xD -

e�d*Int@x^Hm+2L*Hd+e*x^2L^q*Ha+b*ArcCot@c*xDL^p,xD �;

FreeQ@8a,b,c,d,e<,xD && EqQ@e,c^2*dD && IntegersQ@p,2*qD && LtQ@q,-1D && ILtQ@m,0D && NeQ@p,-1D
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3: à xm Id + e x2Mq Ha + b ArcTan@c xDLp
âx when e � c2 d ì m Î Z ì q < -1 ì p < -1 ì m + 2 q + 2 ¹ 0

�

Derivation: Integration by parts
�

Rule: If  e � c2 d ì m Î Z ì q < -1 ì p < -1 ì m + 2 q + 2 ¹ 0, then

á xm Id + e x2Mq Ha + b ArcTan@c xDLp
âx �

xm Id + e x2Mq+1 Ha + b ArcTan@c xDLp+1

b c d Hp + 1L -

m

b c Hp + 1L à xm-1 Id + e x2Mq Ha + b ArcTan@c xDLp+1
âx -

c Hm + 2 q + 2L
b Hp + 1L à xm+1 Id + e x2Mq Ha + b ArcTan@c xDLp+1

âx

�

Program code:

Int@x_^m_.*Hd_+e_.*x_^2L^q_*Ha_.+b_.*ArcTan@c_.*x_DL^p_.,x_SymbolD :=

x^m*Hd+e*x^2L^Hq+1L*Ha+b*ArcTan@c*xDL^Hp+1L�Hb*c*d*Hp+1LL -

m�Hb*c*Hp+1LL*Int@x^Hm-1L*Hd+e*x^2L^q*Ha+b*ArcTan@c*xDL^Hp+1L,xD -

c*Hm+2*q+2L�Hb*Hp+1LL*Int@x^Hm+1L*Hd+e*x^2L^q*Ha+b*ArcTan@c*xDL^Hp+1L,xD �;

FreeQ@8a,b,c,d,e,m<,xD && EqQ@e,c^2*dD && IntegerQ@mD && LtQ@q,-1D && LtQ@p,-1D && NeQ@m+2*q+2,0D

Int@x_^m_.*Hd_+e_.*x_^2L^q_*Ha_.+b_.*ArcCot@c_.*x_DL^p_.,x_SymbolD :=

-x^m*Hd+e*x^2L^Hq+1L*Ha+b*ArcCot@c*xDL^Hp+1L�Hb*c*d*Hp+1LL +

m�Hb*c*Hp+1LL*Int@x^Hm-1L*Hd+e*x^2L^q*Ha+b*ArcCot@c*xDL^Hp+1L,xD +

c*Hm+2*q+2L�Hb*Hp+1LL*Int@x^Hm+1L*Hd+e*x^2L^q*Ha+b*ArcCot@c*xDL^Hp+1L,xD �;

FreeQ@8a,b,c,d,e,m<,xD && EqQ@e,c^2*dD && IntegerQ@mD && LtQ@q,-1D && LtQ@p,-1D && NeQ@m+2*q+2,0D

4. à xm Id + e x2Mq Ha + b ArcTan@c xDLp
âx when e � c2 d ì m Î Z

+ ì m + 2 q + 1 Î Z
-

1. à xm Id + e x2Mq Ha + b ArcTan@c xDLp
âx when e � c2 d ì m Î Z

+ ì m + 2 q + 1 Î Z
-

1: à xm Id + e x2Mq Ha + b ArcTan@c xDLp
âx when e � c2 d ì m Î Z

+ ì m + 2 q + 1 Î Z
- ì Hq Î Z ê d > 0L

�

Derivation: Integration by substitution

�

Basis: If  e � c2 d ì m Î Z ì m + 2 q + 1 Î Z ì Hq Î Z ê d > 0L, then xm Id + e x2Mq
�

dq Sin@ArcTan@c xDDm

cm+1 Cos@ArcTan@c xDDm+2 Hq+1L ¶x ArcTan@c xD
�

Rule: If  e � c2 d ì m Î Z
+ ì m + 2 q + 1 Î Z

- ì Hq Î Z ê d > 0L, then
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à xm Id + e x2Mq Ha + b ArcTan@c xDLp
âx �

dq

cm+1
SubstAà Ha + b xLp Sin@xDm

Cos@xDm+2 Hq+1L âx, x, ArcTan@c xDE
�

Program code:

Int@x_^m_.*Hd_+e_.*x_^2L^q_*Ha_.+b_.*ArcTan@c_.*x_DL^p_.,x_SymbolD :=

d^q�c^Hm+1L*Subst@Int@Ha+b*xL^p*Sin@xD^m�Cos@xD^Hm+2*Hq+1LL,xD,x,ArcTan@c*xDD �;

FreeQ@8a,b,c,d,e,p<,xD && EqQ@e,c^2*dD && IGtQ@m,0D && ILtQ@m+2*q+1,0D && HIntegerQ@qD ÈÈ GtQ@d,0DL

2: à xm Id + e x2Mq Ha + b ArcTan@c xDLp
âx when e � c2 d ì m Î Z

+ ì m + 2 q + 1 Î Z
- ì Ø Hq Î Z ê d > 0L

�

Derivation: Piecewise constant extraction

�

Basis: If  e � c2 d, then ¶x
1+c2 x2

d+e x2
� 0

�

Rule: If  e � c2 d ì m Î Z
+ ì m + 2 q + 1 Î Z

- ì Ø Hq Î Z ê d > 0L, then

á xm Id + e x2Mq Ha + b ArcTan@c xDLp
âx �

dq+
1

2 1 + c2 x2

d + e x2
à xm I1 + c2 x2Mq Ha + b ArcTan@c xDLp

âx

�

Program code:

Int@x_^m_.*Hd_+e_.*x_^2L^q_*Ha_.+b_.*ArcTan@c_.*x_DL^p_.,x_SymbolD :=

d^Hq+1�2L*Sqrt@1+c^2*x^2D�Sqrt@d+e*x^2D*Int@x^m*H1+c^2*x^2L^q*Ha+b*ArcTan@c*xDL^p,xD �;

FreeQ@8a,b,c,d,e,p<,xD && EqQ@e,c^2*dD && IGtQ@m,0D && ILtQ@m+2*q+1,0D && Not@IntegerQ@qD ÈÈ GtQ@d,0DD
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2. à xm Id + e x2Mq Ha + b ArcCot@c xDLp
âx when e � c2 d ì m Î Z

+ ì m + 2 q + 1 Î Z
-

1: à xm Id + e x2Mq Ha + b ArcCot@c xDLp
âx when e � c2 d ì m Î Z

+ ì m + 2 q + 1 Î Z
- ì q Î Z

�

Derivation: Integration by substitution

�

Basis: If  e � c2 d ì m Î Z ì q Î Z, then xm Id + e x2Mq
� -

dq Cos@ArcCot@c xDDm

cm+1 Sin@ArcCot@c xDDm+2 Hq+1L ¶x ArcCot@c xD
�

Rule: If  e � c2 d ì m Î Z
+ ì m + 2 q + 1 Î Z

- ì q Î Z, then

à xm Id + e x2Mq Ha + b ArcCot@c xDLp
âx � -

dq

cm+1
SubstAà Ha + b xLp Cos@xDm

Sin@xDm+2 Hq+1L âx, x, ArcCot@c xDE
�

Program code:

Int@x_^m_.*Hd_+e_.*x_^2L^q_*Ha_.+b_.*ArcCot@c_.*x_DL^p_.,x_SymbolD :=

-d^q�c^Hm+1L*Subst@Int@Ha+b*xL^p*Cos@xD^m�Sin@xD^Hm+2*Hq+1LL,xD,x,ArcCot@c*xDD �;

FreeQ@8a,b,c,d,e,p<,xD && EqQ@e,c^2*dD && IGtQ@m,0D && ILtQ@m+2*q+1,0D && IntegerQ@qD
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2: à xm Id + e x2Mq Ha + b ArcCot@c xDLp
âx when e � c2 d ì m Î Z

+ ì m + 2 q + 1 Î Z
- ì q Ï Z

�

Derivation: Piecewise constant extraction and integration by substitution

�

Basis: If  e � c2 d, then ¶x

x
1+c2 x2

c2 x2

d+e x2
� 0

�

Basis: If  m Î Z ì m + 2 q + 1 Î Z ì q Ï Z, then xm+1 1 +
1

c2 x2 I1 + c2 x2Mq-
1

2 � -
Cos@ArcCot@c xDDm

cm+2 Sin@ArcCot@c xDDm+2 Hq+1L ¶x ArcCot@c xD
�

Rule: If  e � c2 d ì m Î Z
+ ì m + 2 q + 1 Î Z

- ì q Ï Z, then

á xm Id + e x2Mq Ha + b ArcCot@c xDLp
âx �

c2 dq+
1

2 x
1+c2 x2

c2 x2

d + e x2
á xm+1 1 +

1

c2 x2
I1 + c2 x2Mq-

1

2 Ha + b ArcCot@c xDLp
âx

� -

dq+
1

2 x
1+c2 x2

c2 x2

cm d + e x2

SubstAà Ha + b xLp Cos@xDm

Sin@xDm+2 Hq+1L âx, x, ArcCot@c xDE
�

Program code:

Int@x_^m_.*Hd_+e_.*x_^2L^q_*Ha_.+b_.*ArcCot@c_.*x_DL^p_.,x_SymbolD :=

-d^Hq+1�2L*x*Sqrt@H1+c^2*x^2L�Hc^2*x^2LD�Hc^m*Sqrt@d+e*x^2DL*Subst@Int@Ha+b*xL^p*Cos@xD^m�Sin@xD^Hm+2*Hq+1LL,xD,x,ArcCot@c*xDD
FreeQ@8a,b,c,d,e,p<,xD && EqQ@e,c^2*dD && IGtQ@m,0D && ILtQ@m+2*q+1,0D && Not@IntegerQ@qDD

3. à Hf xLm Id + e x2Mq Ha + b ArcTan@c xDL âx when

Jq Î Z
+ í Ø J m-1

2
Î Z

- í m + 2 q + 3 > 0NN ë J m+1

2
Î Z

+ í Ø Hq Î Z
- ì m + 2 q + 3 > 0LN ë J m+2 q+1

2
Î Z

- í m-1

2
Ï Z

-N

1: à x Id + e x2Mq Ha + b ArcTan@c xDL âx when q ¹ -1

�

Derivation: Integration by parts

�

Basis: x Id + e x2Mq
� ¶x

Hd+e x2Lq+1

2 e Hq+1L
�

Rule: If  q ¹ -1, then
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á x Id + e x2Mq Ha + b ArcTan@c xDL âx �

Id + e x2Mq+1 Ha + b ArcTan@c xDL
2 e Hq + 1L -

b c

2 e Hq + 1L á
Id + e x2Mq+1

1 + c2 x2
âx

�

Program code:

Int@x_*Hd_.+e_.*x_^2L^q_.*Ha_.+b_.*ArcTan@c_.*x_DL,x_SymbolD :=

Hd+e*x^2L^Hq+1L*Ha+b*ArcTan@c*xDL�H2*e*Hq+1LL -

b*c�H2*e*Hq+1LL*Int@Hd+e*x^2L^Hq+1L�H1+c^2*x^2L,xD �;

FreeQ@8a,b,c,d,e,q<,xD && NeQ@q,-1D

Int@x_*Hd_.+e_.*x_^2L^q_.*Ha_.+b_.*ArcCot@c_.*x_DL,x_SymbolD :=

Hd+e*x^2L^Hq+1L*Ha+b*ArcCot@c*xDL�H2*e*Hq+1LL +

b*c�H2*e*Hq+1LL*Int@Hd+e*x^2L^Hq+1L�H1+c^2*x^2L,xD �;

FreeQ@8a,b,c,d,e,q<,xD && NeQ@q,-1D

2: à Hf xLm Id + e x2Mq Ha + b ArcTan@c xDL âx when

Jq Î Z
+ í Ø J m-1

2
Î Z

- í m + 2 q + 3 > 0NN ë J m+1

2
Î Z

+ í Ø Hq Î Z
- ì m + 2 q + 3 > 0LN ë J m+2 q+1

2
Î Z

- í m-1

2
Ï Z

-N
�

Derivation: Integration by parts

�

Note: If Jq Î Z
+ í Ø J m-1

2
Î Z

- í m + 2 q + 3 > 0NN ë J m+1

2
Î Z

+ í Ø Hq Î Z
- ì m + 2 q + 3 > 0LN ë J m+2 q+1

2
Î Z

- í m-1

2
Ï Z

-N,

then Ù Hf xLm Id + e x2Mq
âx is expressible as an algebraic function not involving logarithms, inverse trig or inverse hyperbolic functions. 

�

Rule: If  Jq Î Z
+ í Ø J m-1

2
Î Z

- í m + 2 q + 3 > 0NN ë J m+1

2
Î Z

+ í Ø Hq Î Z
- ì m + 2 q + 3 > 0LN ë J m+2 q+1

2
Î Z

- í m-1

2
Ï Z

-N, let 

u = Ù Hf xLm Id + e x2Mq
âx, then

à Hf xLm Id + e x2Mq Ha + b ArcTan@c xDL âx � u Ha + b ArcTan@c xDL - b c à u

1 + c2 x2
âx

�

Program code:

Int@Hf_.*x_L^m_.*Hd_.+e_.*x_^2L^q_.*Ha_.+b_.*ArcTan@c_.*x_DL,x_SymbolD :=

With@8u=IntHide@Hf*xL^m*Hd+e*x^2L^q,xD<,

Dist@a+b*ArcTan@c*xD,u,xD - b*c*Int@SimplifyIntegrand@u�H1+c^2*x^2L,xD,xDD �;

FreeQ@8a,b,c,d,e,f,m,q<,xD && H
IGtQ@q,0D && Not@ILtQ@Hm-1L�2,0D && GtQ@m+2*q+3,0DD ÈÈ
IGtQ@Hm+1L�2,0D && Not@ILtQ@q,0D && GtQ@m+2*q+3,0DD ÈÈ
ILtQ@Hm+2*q+1L�2,0D && Not@ILtQ@Hm-1L�2,0DD L
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Int@Hf_.*x_L^m_.*Hd_.+e_.*x_^2L^q_.*Ha_.+b_.*ArcCot@c_.*x_DL,x_SymbolD :=

With@8u=IntHide@Hf*xL^m*Hd+e*x^2L^q,xD<,

Dist@a+b*ArcCot@c*xD,u,xD + b*c*Int@SimplifyIntegrand@u�H1+c^2*x^2L,xD,xDD �;

FreeQ@8a,b,c,d,e,f,m,q<,xD && H
IGtQ@q,0D && Not@ILtQ@Hm-1L�2,0D && GtQ@m+2*q+3,0DD ÈÈ
IGtQ@Hm+1L�2,0D && Not@ILtQ@q,0D && GtQ@m+2*q+3,0DD ÈÈ
ILtQ@Hm+2*q+1L�2,0D && Not@ILtQ@Hm-1L�2,0DD L

4: á
x Ha + b ArcTan@c xDLp

Id + e x2M2
âx when p Î Z

+

�

Derivation: Algebraic expansion
�

Basis: x

Hd+e x2L2 �
1

4 d2 -
e

d
1- -

e

d
x

2 -
1

4 d2 -
e

d
1+ -

e

d
x

2

�

Rule: If  p Î Z
+, then

á
x Ha + b ArcTan@c xDLp

Id + e x2M2
âx �

1

4 d2 -
e

d

á
Ha + b ArcTan@c xDLp

K1 - -
e

d
xO2

âx -
1

4 d2 -
e

d

á
Ha + b ArcTan@c xDLp

K1 + -
e

d
xO2

âx

�

Program code:

IntAx_*Ha_.+b_.*ArcTan@c_.*x_DL^p_.�Hd_+e_.*x_^2L^2,x_SymbolE :=

1�H4*d^2*Rt@-e�d,2DL*Int@Ha+b*ArcTan@c*xDL^p�H1-Rt@-e�d,2D*xL^2,xD -

1�H4*d^2*Rt@-e�d,2DL*Int@Ha+b*ArcTan@c*xDL^p�H1+Rt@-e�d,2D*xL^2,xD �;

FreeQ@8a,b,c,d,e<,xD && IGtQ@p,0D

IntAx_*Ha_.+b_.*ArcCot@c_.*x_DL^p_.�Hd_+e_.*x_^2L^2,x_SymbolE :=

1�H4*d^2*Rt@-e�d,2DL*Int@Ha+b*ArcCot@c*xDL^p�H1-Rt@-e�d,2D*xL^2,xD -

1�H4*d^2*Rt@-e�d,2DL*Int@Ha+b*ArcCot@c*xDL^p�H1+Rt@-e�d,2D*xL^2,xD �;

FreeQ@8a,b,c,d,e<,xD && IGtQ@p,0D
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5: à Hf xLm Id + e x2Mq Ha + b ArcTan@c xDLp
âx when q Î Z ì p Î Z

+ ì Hp � 1 ê m Î ZL
�

Derivation: Algebraic expansion
�

Rule: If  q Î Z ì p Î Z
+ ì Hp � 1 ê m Î ZL, then

à Hf xLm Id + e x2Mq Ha + b ArcTan@c xDLp
âx � à Ha + b ArcTan@c xDLp ExpandIntegrandAHf xLm Id + e x2Mq

, xE âx

�

Program code:

Int@Hf_.*x_L^m_.*Hd_+e_.*x_^2L^q_.*Ha_.+b_.*ArcTan@c_.*x_DL^p_.,x_SymbolD :=

With@8u=ExpandIntegrand@Ha+b*ArcTan@c*xDL^p,Hf*xL^m*Hd+e*x^2L^q,xD<,

Int@u,xD �;

SumQ@uDD �;

FreeQ@8a,b,c,d,e,f,m<,xD && IntegerQ@qD && IGtQ@p,0D && HEqQ@p,1D && GtQ@q,0D ÈÈ IntegerQ@mDL

Int@Hf_.*x_L^m_.*Hd_+e_.*x_^2L^q_.*Ha_.+b_.*ArcCot@c_.*x_DL^p_.,x_SymbolD :=

With@8u=ExpandIntegrand@Ha+b*ArcCot@c*xDL^p,Hf*xL^m*Hd+e*x^2L^q,xD<,

Int@u,xD �;

SumQ@uDD �;

FreeQ@8a,b,c,d,e,f,m<,xD && IntegerQ@qD && IGtQ@p,0D && HEqQ@p,1D && GtQ@q,0D ÈÈ IntegerQ@mDL

6: à Hf xLm Id + e x2Mq Ha + b ArcTan@c xDL âx

�

Derivation: Algebraic expansion
�

Rule:

à Hf xLm Id + e x2Mq Ha + b ArcTan@c xDL âx � a à Hf xLm Id + e x2Mq
âx + b à Hf xLm Id + e x2Mq

ArcTan@c xD âx

�

Program code:

Int@Hf_.*x_L^m_.*Hd_+e_.*x_^2L^q_.*Ha_+b_.*ArcTan@c_.*x_DL,x_SymbolD :=

a*Int@Hf*xL^m*Hd+e*x^2L^q,xD + b*Int@Hf*xL^m*Hd+e*x^2L^q*ArcTan@c*xD,xD �;

FreeQ@8a,b,c,d,e,f,m,q<,xD

Int@Hf_.*x_L^m_.*Hd_+e_.*x_^2L^q_.*Ha_+b_.*ArcCot@c_.*x_DL,x_SymbolD :=

a*Int@Hf*xL^m*Hd+e*x^2L^q,xD + b*Int@Hf*xL^m*Hd+e*x^2L^q*ArcCot@c*xD,xD �;

FreeQ@8a,b,c,d,e,f,m,q<,xD
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7. à u Ha + b ArcTan@c xDLp

d + e x2
âx when e � c2 d

1: à Hf + g xLm Ha + b ArcTan@c xDLp

d + e x2
âx when p Î Z

+ ì e � c2 d ì m Î Z
+

�

Derivation: Algebraic expansion
�

Rule: If  p Î Z
+ ì e � c2 d ì m Î Z

+, then

à Hf + g xLm Ha + b ArcTan@c xDLp

d + e x2
âx � à Ha + b ArcTan@c xDLp

d + e x2
ExpandIntegrand@Hf + g xLm, xD âx

�

Program code:

IntAHf_+g_.*x_L^m_.*Ha_.+b_.*ArcTan@c_.*x_DL^p_.�Hd_+e_.*x_^2L,x_SymbolE :=

Int@ExpandIntegrand@Ha+b*ArcTan@c*xDL^p�Hd+e*x^2L,Hf+g*xL^m,xD,xD �;

FreeQ@8a,b,c,d,e,f,g<,xD && IGtQ@p,0D && EqQ@e,c^2*dD && IGtQ@m,0D

IntAHf_+g_.*x_L^m_.*Ha_.+b_.*ArcCot@c_.*x_DL^p_.�Hd_+e_.*x_^2L,x_SymbolE :=

Int@ExpandIntegrand@Ha+b*ArcCot@c*xDL^p�Hd+e*x^2L,Hf+g*xL^m,xD,xD �;

FreeQ@8a,b,c,d,e,f,g<,xD && IGtQ@p,0D && EqQ@e,c^2*dD && IGtQ@m,0D
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2. à ArcTanh@uD Ha + b ArcTan@c xDLp

d + e x2
âx when p Î Z

+ ì e � c2 d

1: à ArcTanh@uD Ha + b ArcTan@c xDLp

d + e x2
âx when p Î Z

+ í e � c2 d í u2 � I1 -
2 I

I+c x
M2

�

Derivation: Algebraic expansion
�

Basis: ArcTanh@zD �
1

2
Log@1 + zD -

1

2
Log@1 - zD

�

Basis: ArcCoth@zD �
1

2
LogA1 +

1

z
E -

1

2
LogA1 -

1

z
E

�

Rule: If  p Î Z
+ í e � c2 d í u2 � I1 -

2 I

I+c x
M2

, then

à ArcTanh@uD Ha + b ArcTan@c xDLp

d + e x2
âx �

1

2
à Log@1 + uD Ha + b ArcTan@c xDLp

d + e x2
âx -

1

2
à Log@1 - uD Ha + b ArcTan@c xDLp

d + e x2
âx

�

Program code:

IntAArcTanh@u_D*Ha_.+b_.*ArcTan@c_.*x_DL^p_.�Hd_+e_.*x_^2L,x_SymbolE :=

1�2*Int@Log@1+uD*Ha+b*ArcTan@c*xDL^p�Hd+e*x^2L,xD -

1�2*Int@Log@1-uD*Ha+b*ArcTan@c*xDL^p�Hd+e*x^2L,xD �;

FreeQ@8a,b,c,d,e<,xD && IGtQ@p,0D && EqQ@e,c^2*dD && EqQ@u^2-H1-2*I�HI+c*xLL^2,0D

IntAArcCoth@u_D*Ha_.+b_.*ArcCot@c_.*x_DL^p_.�Hd_+e_.*x_^2L,x_SymbolE :=

1�2*Int@Log@SimplifyIntegrand@1+1�u,xDD*Ha+b*ArcCot@c*xDL^p�Hd+e*x^2L,xD -

1�2*Int@Log@SimplifyIntegrand@1-1�u,xDD*Ha+b*ArcCot@c*xDL^p�Hd+e*x^2L,xD �;

FreeQ@8a,b,c,d,e<,xD && IGtQ@p,0D && EqQ@e,c^2*dD && EqQ@u^2-H1-2*I�HI+c*xLL^2,0D
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2: à ArcTanh@uD Ha + b ArcTan@c xDLp

d + e x2
âx when p Î Z

+ í e � c2 d í u2 � I1 -
2 I

I-c x
M2

�

Derivation: Algebraic expansion
�

Basis: ArcTanh@zD �
1

2
Log@1 + zD -

1

2
Log@1 - zD

�

Basis: ArcCoth@zD �
1

2
LogA1 +

1

z
E -

1

2
LogA1 -

1

z
E

�

Rule: If  p Î Z
+ í e � c2 d í u2 � I1 -

2 I

I-c x
M2

, then

à ArcTanh@uD Ha + b ArcTan@c xDLp

d + e x2
âx �

1

2
à Log@1 + uD Ha + b ArcTan@c xDLp

d + e x2
âx -

1

2
à Log@1 - uD Ha + b ArcTan@c xDLp

d + e x2
âx

�

Program code:

IntAArcTanh@u_D*Ha_.+b_.*ArcTan@c_.*x_DL^p_.�Hd_+e_.*x_^2L,x_SymbolE :=

1�2*Int@Log@1+uD*Ha+b*ArcTan@c*xDL^p�Hd+e*x^2L,xD -

1�2*Int@Log@1-uD*Ha+b*ArcTan@c*xDL^p�Hd+e*x^2L,xD �;

FreeQ@8a,b,c,d,e<,xD && IGtQ@p,0D && EqQ@e,c^2*dD && EqQ@u^2-H1-2*I�HI-c*xLL^2,0D

IntAArcCoth@u_D*Ha_.+b_.*ArcCot@c_.*x_DL^p_.�Hd_+e_.*x_^2L,x_SymbolE :=

1�2*Int@Log@SimplifyIntegrand@1+1�u,xDD*Ha+b*ArcCot@c*xDL^p�Hd+e*x^2L,xD -

1�2*Int@Log@SimplifyIntegrand@1-1�u,xDD*Ha+b*ArcCot@c*xDL^p�Hd+e*x^2L,xD �;

FreeQ@8a,b,c,d,e<,xD && IGtQ@p,0D && EqQ@e,c^2*dD && EqQ@u^2-H1-2*I�HI-c*xLL^2,0D
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3. à Ha + b ArcTan@c xDLp Log@uD
d + e x2

âx when p Î Z
+ ì e � c2 d

1: à Ha + b ArcTan@c xDLp Log@f + g xD
d + e x2

âx when p Î Z
+ ì e � c2 d ì c2 f2 + g2 � 0

�

Derivation: Integration by parts

�

Basis: If  e � c2 d, then Ha+b ArcTan@c xDLp

d+e x2 � ¶x
Ha+b ArcTan@c xDLp+1

b c d Hp+1L
�

Rule: If  p Î Z
+ ì e � c2 d ì c2 f2 + g2 � 0, then

à Ha + b ArcTan@c xDLp Log@f + g xD
d + e x2

âx �
Ha + b ArcTan@c xDLp+1 Log@f + g xD

b c d Hp + 1L -
g

b c d Hp + 1L à Ha + b ArcTan@c xDLp+1

f + g x
âx

�

Program code:

IntAHa_.+b_.*ArcTan@c_.*x_DL^p_.*Log@f_+g_.*x_D�Hd_+e_.*x_^2L,x_SymbolE :=

Ha+b*ArcTan@c*xDL^Hp+1L*Log@f+g*xD�Hb*c*d*Hp+1LL -

g�Hb*c*d*Hp+1LL*Int@Ha+b*ArcTan@c*xDL^Hp+1L�Hf+g*xL,xD �;

FreeQ@8a,b,c,d,e,f,g<,xD && IGtQ@p,0D && EqQ@e,c^2*dD && EqQ@c^2*f^2+g^2,0D

IntAHa_.+b_.*ArcCot@c_.*x_DL^p_.*Log@f_+g_.*x_D�Hd_+e_.*x_^2L,x_SymbolE :=

Ha+b*ArcCot@c*xDL^Hp+1L*Log@f+g*xD�Hb*c*d*Hp+1LL -

g�Hb*c*d*Hp+1LL*Int@Ha+b*ArcCot@c*xDL^Hp+1L�Hf+g*xL,xD �;

FreeQ@8a,b,c,d,e,f,g<,xD && IGtQ@p,0D && EqQ@e,c^2*dD && EqQ@c^2*f^2+g^2,0D
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2: à Ha + b ArcTan@c xDLp Log@uD
d + e x2

âx when p Î Z
+ í e � c2 d í H1 - uL2 � I1 -

2 I

I+c x
M2

�

Derivation: Integration by parts

�

Rule: If  p Î Z
+ í e � c2 d í H1 - uL2 � I1 -

2 I

I+c x
M2

, then

à Ha + b ArcTan@c xDLp Log@uD
d + e x2

âx �
ä Ha + b ArcTan@c xDLp PolyLog@2, 1 - uD

2 c d
-

b p ä

2
à Ha + b ArcTan@c xDLp-1 PolyLog@2, 1 - uD

d + e x2
âx

�

Program code:

IntAHa_.+b_.*ArcTan@c_.*x_DL^p_.*Log@u_D�Hd_+e_.*x_^2L,x_SymbolE :=

I*Ha+b*ArcTan@c*xDL^p*PolyLog@2,1-uD�H2*c*dL -

b*p*I�2*Int@Ha+b*ArcTan@c*xDL^Hp-1L*PolyLog@2,1-uD�Hd+e*x^2L,xD �;

FreeQ@8a,b,c,d,e<,xD && IGtQ@p,0D && EqQ@e,c^2*dD && EqQ@H1-uL^2-H1-2*I�HI+c*xLL^2,0D

IntAHa_.+b_.*ArcCot@c_.*x_DL^p_.*Log@u_D�Hd_+e_.*x_^2L,x_SymbolE :=

I*Ha+b*ArcCot@c*xDL^p*PolyLog@2,1-uD�H2*c*dL +

b*p*I�2*Int@Ha+b*ArcCot@c*xDL^Hp-1L*PolyLog@2,1-uD�Hd+e*x^2L,xD �;

FreeQ@8a,b,c,d,e<,xD && IGtQ@p,0D && EqQ@e,c^2*dD && EqQ@H1-uL^2-H1-2*I�HI+c*xLL^2,0D

3: à Ha + b ArcTan@c xDLp Log@uD
d + e x2

âx when p Î Z
+ í e � c2 d í H1 - uL2 � I1 -

2 I

I-c x
M2

�

Derivation: Integration by parts

�

Rule: If  p Î Z
+ í e � c2 d í H1 - uL2 � I1 -

2 I

I-c x
M2

, then

à Ha + b ArcTan@c xDLp Log@uD
d + e x2

âx � -
ä Ha + b ArcTan@c xDLp PolyLog@2, 1 - uD

2 c d
+

b p ä

2
à Ha + b ArcTan@c xDLp-1 PolyLog@2, 1 - uD

d + e x2
âx

�

Program code:

IntAHa_.+b_.*ArcTan@c_.*x_DL^p_.*Log@u_D�Hd_+e_.*x_^2L,x_SymbolE :=

-I*Ha+b*ArcTan@c*xDL^p*PolyLog@2,1-uD�H2*c*dL +

b*p*I�2*Int@Ha+b*ArcTan@c*xDL^Hp-1L*PolyLog@2,1-uD�Hd+e*x^2L,xD �;

FreeQ@8a,b,c,d,e<,xD && IGtQ@p,0D && EqQ@e,c^2*dD && EqQ@H1-uL^2-H1-2*I�HI-c*xLL^2,0D
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IntAHa_.+b_.*ArcCot@c_.*x_DL^p_.*Log@u_D�Hd_+e_.*x_^2L,x_SymbolE :=

-I*Ha+b*ArcCot@c*xDL^p*PolyLog@2,1-uD�H2*c*dL -

b*p*I�2*Int@Ha+b*ArcCot@c*xDL^Hp-1L*PolyLog@2,1-uD�Hd+e*x^2L,xD �;

FreeQ@8a,b,c,d,e<,xD && IGtQ@p,0D && EqQ@e,c^2*dD && EqQ@H1-uL^2-H1-2*I�HI-c*xLL^2,0D

4. à Ha + b ArcTan@c xDLp PolyLog@k, uD
d + e x2

âx when p Î Z
+ ì e � c2 d

1: à Ha + b ArcTan@c xDLp PolyLog@k, uD
d + e x2

âx when p Î Z
+ í e � c2 d í u2 � I1 -

2 I

I+c x
M2

�

Derivation: Integration by parts

�

Rule: If  p Î Z
+ í e � c2 d í u2 � I1 -

2 I

I+c x
M2

, then

à Ha + b ArcTan@c xDLp PolyLog@k, uD
d + e x2

âx � -
ä Ha + b ArcTan@c xDLp PolyLog@k + 1, uD

2 c d
+

b p ä

2
à Ha + b ArcTan@c xDLp-1 PolyLog@k + 1, uD

d + e x2
âx

�

Program code:

IntAHa_.+b_.*ArcTan@c_.*x_DL^p_.*PolyLog@k_,u_D�Hd_+e_.*x_^2L,x_SymbolE :=

-I*Ha+b*ArcTan@c*xDL^p*PolyLog@k+1,uD�H2*c*dL +

b*p*I�2*Int@Ha+b*ArcTan@c*xDL^Hp-1L*PolyLog@k+1,uD�Hd+e*x^2L,xD �;

FreeQ@8a,b,c,d,e,k<,xD && IGtQ@p,0D && EqQ@e,c^2*dD && EqQ@u^2-H1-2*I�HI+c*xLL^2,0D

IntAHa_.+b_.*ArcCot@c_.*x_DL^p_.*PolyLog@k_,u_D�Hd_+e_.*x_^2L,x_SymbolE :=

-I*Ha+b*ArcCot@c*xDL^p*PolyLog@k+1,uD�H2*c*dL -

b*p*I�2*Int@Ha+b*ArcCot@c*xDL^Hp-1L*PolyLog@k+1,uD�Hd+e*x^2L,xD �;

FreeQ@8a,b,c,d,e,k<,xD && IGtQ@p,0D && EqQ@e,c^2*dD && EqQ@u^2-H1-2*I�HI+c*xLL^2,0D
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2: à Ha + b ArcTan@c xDLp PolyLog@k, uD
d + e x2

âx when p Î Z
+ í e � c2 d í u2 � I1 -

2 I

I-c x
M2

�

Derivation: Integration by parts

�

Rule: If  p Î Z
+ í e � c2 d í u2 � I1 -

2 I

I-c x
M2

, then

à Ha + b ArcTan@c xDLp PolyLog@k, uD
d + e x2

âx �
ä Ha + b ArcTan@c xDLp PolyLog@k + 1, uD

2 c d
-

b p ä

2
à Ha + b ArcTan@c xDLp-1 PolyLog@k + 1, uD

d + e x2
âx

�

Program code:

IntAHa_.+b_.*ArcTan@c_.*x_DL^p_.*PolyLog@k_,u_D�Hd_+e_.*x_^2L,x_SymbolE :=

I*Ha+b*ArcTan@c*xDL^p*PolyLog@k+1,uD�H2*c*dL -

b*p*I�2*Int@Ha+b*ArcTan@c*xDL^Hp-1L*PolyLog@k+1,uD�Hd+e*x^2L,xD �;

FreeQ@8a,b,c,d,e,k<,xD && IGtQ@p,0D && EqQ@e,c^2*dD && EqQ@u^2-H1-2*I�HI-c*xLL^2,0D

IntAHa_.+b_.*ArcCot@c_.*x_DL^p_.*PolyLog@k_,u_D�Hd_+e_.*x_^2L,x_SymbolE :=

I*Ha+b*ArcCot@c*xDL^p*PolyLog@k+1,uD�H2*c*dL +

b*p*I�2*Int@Ha+b*ArcCot@c*xDL^Hp-1L*PolyLog@k+1,uD�Hd+e*x^2L,xD �;

FreeQ@8a,b,c,d,e,k<,xD && IGtQ@p,0D && EqQ@e,c^2*dD && EqQ@u^2-H1-2*I�HI-c*xLL^2,0D

5. à Ha + b ArcCot@c xDLq Ha + b ArcTan@c xDLp

d + e x2
âx when e � c2 d

1: à 1

Id + e x2M Ha + b ArcCot@c xDL Ha + b ArcTan@c xDL âx when e � c2 d

�

Rule: If  e � c2 d, then

à 1

Id + e x2M Ha + b ArcCot@c xDL Ha + b ArcTan@c xDL âx �
-Log@a + b ArcCot@c xDD + Log@a + b ArcTan@c xDD

b c d H2 a + b ArcCot@c xD + b ArcTan@c xDL
�

Program code:

IntA1�HHd_+e_.*x_^2L*Ha_.+b_.*ArcCot@c_.*x_DL*Ha_.+b_.*ArcTan@c_.*x_DLL,x_SymbolE :=

H-Log@a+b*ArcCot@c*xDD+Log@a+b*ArcTan@c*xDDL�Hb*c*d*H2*a+b*ArcCot@c*xD+b*ArcTan@c*xDLL �;

FreeQ@8a,b,c,d,e<,xD && EqQ@e,c^2*dD
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2: à Ha + b ArcCot@c xDLq Ha + b ArcTan@c xDLp

d + e x2
âx when e � c2 d ì Hp qL Î Z ì 0 < p £ q

�

Derivation: Integration by parts
�

Rule: If  e � c2 d ì Hp qL Î Z ì 0 < p £ q, then

à Ha + b ArcCot@c xDLq Ha + b ArcTan@c xDLp

d + e x2
âx � -

Ha + b ArcCot@c xDLq+1 Ha + b ArcTan@c xDLp

b c d Hq + 1L +
p

q + 1
à Ha + b ArcCot@c xDLq+1 Ha + b ArcTan@c xDLp-1

d + e x2
âx

�

Program code:

IntAHa_.+b_.*ArcCot@c_.*x_DL^q_.*Ha_.+b_.*ArcTan@c_.*x_DL^p_.�Hd_+e_.*x_^2L,x_SymbolE :=

-Ha+b*ArcCot@c*xDL^Hq+1L*Ha+b*ArcTan@c*xDL^p�Hb*c*d*Hq+1LL +

p�Hq+1L*Int@Ha+b*ArcCot@c*xDL^Hq+1L*Ha+b*ArcTan@c*xDL^Hp-1L�Hd+e*x^2L,xD �;

FreeQ@8a,b,c,d,e<,xD && EqQ@e,c^2*dD && IGtQ@p,0D && IGeQ@q,pD

IntAHa_.+b_.*ArcTan@c_.*x_DL^q_.*Ha_.+b_.*ArcCot@c_.*x_DL^p_.�Hd_+e_.*x_^2L,x_SymbolE :=

Ha+b*ArcTan@c*xDL^Hq+1L*Ha+b*ArcCot@c*xDL^p�Hb*c*d*Hq+1LL +

p�Hq+1L*Int@Ha+b*ArcTan@c*xDL^Hq+1L*Ha+b*ArcCot@c*xDL^Hp-1L�Hd+e*x^2L,xD �;

FreeQ@8a,b,c,d,e<,xD && EqQ@e,c^2*dD && IGtQ@p,0D && IGeQ@q,pD

8: à ArcTan@a xD
c + d xn

âx when n Î Z ì Ø In � 2 ì d � a2 cM
�

Derivation: Algebraic expansion
�

Basis: ArcTan@zD �
1

2
ä Log@1 - ä zD -

1

2
ä Log@1 + ä zD

�

Basis: ArcCot@zD �
1

2
ä LogA1 -

ä

z
E -

1

2
ä LogA1 +

ä

z
E

�

Rule: If  n Î Z ì Ø In � 2 ì d � a2 cM, then

à ArcTan@a xD
c + d xn

âx �
ä

2
à Log@1 - ä a xD

c + d xn
âx -

ä

2
à Log@1 + ä a xD

c + d xn
âx

�

Program code:

IntAArcTan@a_.*x_D�Hc_+d_.*x_^n_.L,x_SymbolE :=

I�2*Int@Log@1-I*a*xD�Hc+d*x^nL,xD -

I�2*Int@Log@1+I*a*xD�Hc+d*x^nL,xD �;

FreeQ@8a,c,d<,xD && IntegerQ@nD && Not@EqQ@n,2D && EqQ@d,a^2*cDD
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IntAArcCot@a_.*x_D�Hc_+d_.*x_^n_.L,x_SymbolE :=

I�2*Int@Log@1-I�Ha*xLD�Hc+d*x^nL,xD -

I�2*Int@Log@1+I�Ha*xLD�Hc+d*x^nL,xD �;

FreeQ@8a,c,d<,xD && IntegerQ@nD && Not@EqQ@n,2D && EqQ@d,a^2*cDD

9. à Log@d xmD Ha + b ArcTan@c xnDL
x

âx

1: à Log@d xmD ArcTan@c xnD
x

âx

�

Derivation: Algebraic expansion
�

Basis: ArcTan@c xnD �
ä

2
Log@1 - ä c xnD -

ä

2
Log@1 + ä c xnD

�

Rule:

à Log@d xmD ArcTan@c xnD
x

âx �
ä

2
à Log@d xmD Log@1 - ä c xnD

x
âx -

ä

2
à Log@d xmD Log@1 + ä c xnD

x
âx

�

Program code:

IntALog@d_.*x_^m_.D*ArcTan@c_.*x_^n_.D�x_,x_SymbolE :=

I�2*Int@Log@d*x^mD*Log@1-I*c*x^nD�x,xD - I�2*Int@Log@d*x^mD*Log@1+I*c*x^nD�x,xD �;

FreeQ@8c,d,m,n<,xD

IntALog@d_.*x_^m_.D*ArcCot@c_.*x_^n_.D�x_,x_SymbolE :=

I�2*Int@Log@d*x^mD*Log@1-I�Hc*x^nLD�x,xD - I�2*Int@Log@d*x^mD*Log@1+I�Hc*x^nLD�x,xD �;

FreeQ@8c,d,m,n<,xD

Rules for integrands of the form u (a+b arctan(c x))^p 60



2: à Log@d xmD Ha + b ArcTan@c xnDL
x

âx

�

Derivation: Algebraic expansion
�

Rule:

à Log@d xmD Ha + b ArcTan@c xnDL
x

âx � a à Log@d xmD
x

âx + b à Log@d xmD ArcTan@c xnD
x

âx

�

Program code:

IntALog@d_.*x_^m_.D*Ha_+b_.*ArcTan@c_.*x_^n_.DL�x_,x_SymbolE :=

a*Int@Log@d*x^mD�x,xD + b*Int@HLog@d*x^mD*ArcTan@c*x^nDL�x,xD �;

FreeQ@8a,b,c,d,m,n<,xD

IntALog@d_.*x_^m_.D*Ha_+b_.*ArcCot@c_.*x_^n_.DL�x_,x_SymbolE :=

a*Int@Log@d*x^mD�x,xD + b*Int@HLog@d*x^mD*ArcCot@c*x^nDL�x,xD �;

FreeQ@8a,b,c,d,m,n<,xD

10. à u Id + e LogAf + g x2EM Ha + b ArcTan@c xDLp
âx

1: à Id + e LogAf + g x2EM Ha + b ArcTan@c xDL âx

�

Derivation: Integration by parts
�

Rule:

à Id + e LogAf + g x2EM Ha + b ArcTan@c xDL âx �

x Id + e LogAf + g x2EM Ha + b ArcTan@c xDL - 2 e g à x2 Ha + b ArcTan@c xDL
f + g x2

âx - b c à
x Id + e LogAf + g x2EM

1 + c2 x2
âx

�

Program code:

Int@Hd_.+e_.*Log@f_.+g_.*x_^2DL*Ha_.+b_.*ArcTan@c_.*x_DL,x_SymbolD :=

x*Hd+e*Log@f+g*x^2DL*Ha+b*ArcTan@c*xDL -

2*e*g*Int@x^2*Ha+b*ArcTan@c*xDL�Hf+g*x^2L,xD -

b*c*Int@x*Hd+e*Log@f+g*x^2DL�H1+c^2*x^2L,xD �;

FreeQ@8a,b,c,d,e,f,g<,xD
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Int@Hd_.+e_.*Log@f_.+g_.*x_^2DL*Ha_.+b_.*ArcCot@c_.*x_DL,x_SymbolD :=

x*Hd+e*Log@f+g*x^2DL*Ha+b*ArcCot@c*xDL -

2*e*g*Int@x^2*Ha+b*ArcCot@c*xDL�Hf+g*x^2L,xD +

b*c*Int@x*Hd+e*Log@f+g*x^2DL�H1+c^2*x^2L,xD �;

FreeQ@8a,b,c,d,e,f,g<,xD

2. à xm Id + e LogAf + g x2EM Ha + b ArcTan@c xDL âx

1. à
Id + e LogAf + g x2EM Ha + b ArcTan@c xDL

x
âx

1. à
LogAf + g x2E Ha + b ArcTan@c xDL

x
âx

1. à
LogAf + g x2E ArcTan@c xD

x
âx when c2 f + g � 0

1: à
LogAf + g x2E ArcTan@c xD

x
âx when g � c2 f

�

Derivation: Piecewise constant extraction and algebraic simplification
�

Basis: If  g � c2 f, then ¶x ILogAf + g x2E - Log@1 - ä c xD - Log@1 + ä c xDM � 0

�

Basis: HLog@1 - ä c xD + Log@1 + ä c xDL ArcTan@c xD �
ä

2
Log@1 - ä c xD2

-
ä

2
Log@1 + ä c xD2

�

Rule: If  g � c2 f, then

à
LogAf + g x2E ArcTan@c xD

x
âx �

ILogAf + g x2E - Log@1 - ä c xD - Log@1 + ä c xDM à ArcTan@c xD
x

âx + à HLog@1 - ä c xD + Log@1 + ä c xDL ArcTan@c xD
x

âx �

ILogAf + g x2E - Log@1 - ä c xD - Log@1 + ä c xDM à ArcTan@c xD
x

âx +
ä

2
à Log@1 - ä c xD2

x
âx -

ä

2
à Log@1 + ä c xD2

x
âx

IntALog@f_.+g_.*x_^2D*ArcTan@c_.*x_D�x_,x_SymbolE :=

HLog@f+g*x^2D-Log@1-I*c*xD-Log@1+I*c*xDL*Int@ArcTan@c*xD�x,xD + I�2*Int@Log@1-I*c*xD^2�x,xD - I�2*Int@Log@1+I*c*xD^2�x,xD �;

FreeQ@8c,f,g<,xD && EqQ@g,c^2*fD
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2: à
LogAf + g x2E ArcCot@c xD

x
âx when g � c2 f

�

Derivation: Piecewise constant extraction and algebraic simplification
�

Basis: If  g � c2 f, then ¶x ILogAf + g x2E - LogAc2 x2E - LogA1 -
ä

c x
E - LogA1 +

ä

c x
EM � 0

�

Basis: ILogAc2 x2E + LogA1 -
ä

c x
E + LogA1 +

ä

c x
EM ArcCot@c xD � LogAc2 x2E ArcCot@c xD +

ä

2
LogA1 -

ä

c x
E2

-
ä

2
LogA1 +

ä

c x
E2

�

Rule: If  g � c2 f, then

à
LogAf + g x2E ArcCot@c xD

x
âx �

LogAf + g x2E - LogAc2 x2E - LogA1 -
ä

c x
E - LogA1 +

ä

c x
E à ArcCot@c xD

x
âx + á

ILogAc2 x2E + LogA1 -
ä

c x
E + LogA1 +

ä

c x
EM ArcCot@c xD

x
âx �

LogAf + g x2E - LogAc2 x2E - LogA1 -
ä

c x
E - LogA1 +

ä

c x
E à ArcCot@c xD

x
âx +

à
LogAc2 x2E ArcCot@c xD

x
âx +

ä

2
á

LogA1 -
ä

c x
E2

x
âx -

ä

2
á

LogA1 +
ä

c x
E2

x
âx

�

Program code:

IntALog@f_.+g_.*x_^2D*ArcCot@c_.*x_D�x_,x_SymbolE :=

HLog@f+g*x^2D-Log@c^2*x^2D-Log@1-I�Hc*xLD-Log@1+I�Hc*xLDL*Int@ArcCot@c*xD�x,xD +

Int@Log@c^2*x^2D*ArcCot@c*xD�x,xD +

I�2*Int@Log@1-I�Hc*xLD^2�x,xD -

I�2*Int@Log@1+I�Hc*xLD^2�x,xD �;

FreeQ@8c,f,g<,xD && EqQ@g,c^2*fD
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2: à
LogAf + g x2E Ha + b ArcTan@c xDL

x
âx

�

Derivation: Algebraic expansion
�

Rule:

à
LogAf + g x2E Ha + b ArcTan@c xDL

x
âx � a à

LogAf + g x2E
x

âx + b à
LogAf + g x2E ArcTan@c xD

x
âx

�

Program code:

IntALog@f_.+g_.*x_^2D*Ha_+b_.*ArcTan@c_.*x_DL�x_,x_SymbolE :=

a*Int@Log@f+g*x^2D�x,xD + b*Int@Log@f+g*x^2D*ArcTan@c*xD�x,xD �;

FreeQ@8a,b,c,f,g<,xD

IntALog@f_.+g_.*x_^2D*Ha_+b_.*ArcCot@c_.*x_DL�x_,x_SymbolE :=

a*Int@Log@f+g*x^2D�x,xD + b*Int@Log@f+g*x^2D*ArcCot@c*xD�x,xD �;

FreeQ@8a,b,c,f,g<,xD

2: à
Id + e LogAf + g x2EM Ha + b ArcTan@c xDL

x
âx

�

Derivation: Algebraic expansion
�

Rule:

à
Id + e LogAf + g x2EM Ha + b ArcTan@c xDL

x
âx � d à a + b ArcTan@c xD

x
âx + e à

LogAf + g x2E Ha + b ArcTan@c xDL
x

âx

�

Program code:

IntAHd_+e_.*Log@f_.+g_.*x_^2DL*Ha_.+b_.*ArcTan@c_.*x_DL�x_,x_SymbolE :=

d*Int@Ha+b*ArcTan@c*xDL�x,xD + e*Int@Log@f+g*x^2D*Ha+b*ArcTan@c*xDL�x,xD �;

FreeQ@8a,b,c,d,e,f,g<,xD

IntAHd_+e_.*Log@f_.+g_.*x_^2DL*Ha_.+b_.*ArcCot@c_.*x_DL�x_,x_SymbolE :=

d*Int@Ha+b*ArcCot@c*xDL�x,xD + e*Int@Log@f+g*x^2D*Ha+b*ArcCot@c*xDL�x,xD �;

FreeQ@8a,b,c,d,e,f,g<,xD
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2: à xm Id + e LogAf + g x2EM Ha + b ArcTan@c xDL âx when
m

2
Î Z

-

�

Derivation: Integration by parts
�

Rule: If m

2
Î Z, then

à xm Id + e LogAf + g x2EM Ha + b ArcTan@c xDL âx �

xm+1 Id + e LogAf + g x2EM Ha + b ArcTan@c xDL
m + 1

-
2 e g

m + 1
à xm+2 Ha + b ArcTan@c xDL

f + g x2
âx -

b c

m + 1
à

xm+1 Id + e LogAf + g x2EM
1 + c2 x2

âx

�

Program code:

Int@x_^m_.*Hd_.+e_.*Log@f_.+g_.*x_^2DL*Ha_.+b_.*ArcTan@c_.*x_DL,x_SymbolD :=

x^Hm+1L*Hd+e*Log@f+g*x^2DL*Ha+b*ArcTan@c*xDL�Hm+1L -

2*e*g�Hm+1L*Int@x^Hm+2L*Ha+b*ArcTan@c*xDL�Hf+g*x^2L,xD -

b*c�Hm+1L*Int@x^Hm+1L*Hd+e*Log@f+g*x^2DL�H1+c^2*x^2L,xD �;

FreeQ@8a,b,c,d,e,f,g<,xD && ILtQ@m�2,0D

Int@x_^m_.*Hd_.+e_.*Log@f_.+g_.*x_^2DL*Ha_.+b_.*ArcCot@c_.*x_DL,x_SymbolD :=

x^Hm+1L*Hd+e*Log@f+g*x^2DL*Ha+b*ArcCot@c*xDL�Hm+1L -

2*e*g�Hm+1L*Int@x^Hm+2L*Ha+b*ArcCot@c*xDL�Hf+g*x^2L,xD +

b*c�Hm+1L*Int@x^Hm+1L*Hd+e*Log@f+g*x^2DL�H1+c^2*x^2L,xD �;

FreeQ@8a,b,c,d,e,f,g<,xD && ILtQ@m�2,0D

3: à xm Id + e LogAf + g x2EM Ha + b ArcTan@c xDL âx when
m+1

2
Î Z

+

�

Derivation: Integration by parts
�

Rule: If m+1

2
Î Z

+, let u = Ù xm Id + e LogAf + g x2EM âx, then

à xm Id + e LogAf + g x2EM Ha + b ArcTan@c xDL âx � u Ha + b ArcTan@c xDL - b c à u

1 + c2 x2
âx

�

Program code:

Int@x_^m_.*Hd_.+e_.*Log@f_.+g_.*x_^2DL*Ha_.+b_.*ArcTan@c_.*x_DL,x_SymbolD :=

With@8u=IntHide@x^m*Hd+e*Log@f+g*x^2DL,xD<,

Dist@a+b*ArcTan@c*xD,u,xD - b*c*Int@ExpandIntegrand@u�H1+c^2*x^2L,xD,xDD �;

FreeQ@8a,b,c,d,e,f,g<,xD && IGtQ@Hm+1L�2,0D
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Int@x_^m_.*Hd_.+e_.*Log@f_.+g_.*x_^2DL*Ha_.+b_.*ArcCot@c_.*x_DL,x_SymbolD :=

With@8u=IntHide@x^m*Hd+e*Log@f+g*x^2DL,xD<,

Dist@a+b*ArcCot@c*xD,u,xD + b*c*Int@ExpandIntegrand@u�H1+c^2*x^2L,xD,xDD �;

FreeQ@8a,b,c,d,e,f,g<,xD && IGtQ@Hm+1L�2,0D

4: à xm Id + e LogAf + g x2EM Ha + b ArcTan@c xDL âx when m Î Z

�

Derivation: Integration by parts
�

Rule: If  m Î Z, let u = Ù xm Ha + b ArcTan@c xDL âx, then

à xm Id + e LogAf + g x2EM Ha + b ArcTan@c xDL âx � u Id + e LogAf + g x2EM - 2 e g à x u

f + g x2
âx

�

Program code:

Int@x_^m_.*Hd_.+e_.*Log@f_.+g_.*x_^2DL*Ha_.+b_.*ArcTan@c_.*x_DL,x_SymbolD :=

With@8u=IntHide@x^m*Ha+b*ArcTan@c*xDL,xD<,

Dist@d+e*Log@f+g*x^2D,u,xD - 2*e*g*Int@ExpandIntegrand@x*u�Hf+g*x^2L,xD,xDD �;

FreeQ@8a,b,c,d,e,f,g<,xD && IntegerQ@mD && NeQ@m,-1D

Int@x_^m_.*Hd_.+e_.*Log@f_.+g_.*x_^2DL*Ha_.+b_.*ArcCot@c_.*x_DL,x_SymbolD :=

With@8u=IntHide@x^m*Ha+b*ArcCot@c*xDL,xD<,

Dist@d+e*Log@f+g*x^2D,u,xD - 2*e*g*Int@ExpandIntegrand@x*u�Hf+g*x^2L,xD,xDD �;

FreeQ@8a,b,c,d,e,f,g<,xD && IntegerQ@mD && NeQ@m,-1D
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3: à x Id + e LogAf + g x2EM Ha + b ArcTan@c xDL2
âx when g � c2 f

�

Derivation: Integration by parts

�

Basis: x Id + e LogAf + g x2EM � ¶x J Hf+g x2L Hd+e Log@f+g x2DL
2 g

-
e x2

2
N

�

Rule: If  g � c2 f, then

à x Id + e LogAf + g x2EM Ha + b ArcTan@c xDL2
âx �

If + g x2M Id + e LogAf + g x2EM Ha + b ArcTan@c xDL2

2 g
-

e x2 Ha + b ArcTan@c xDL2

2
-

b

c
à Id + e LogAf + g x2EM Ha + b ArcTan@c xDL âx + b c e à x2 Ha + b ArcTan@c xDL

1 + c2 x2
âx

�

Program code:

Int@x_*Hd_.+e_.*Log@f_+g_.*x_^2DL*Ha_.+b_.*ArcTan@c_.*x_DL^2,x_SymbolD :=

Hf+g*x^2L*Hd+e*Log@f+g*x^2DL*Ha+b*ArcTan@c*xDL^2�H2*gL -

e*x^2*Ha+b*ArcTan@c*xDL^2�2 -

b�c*Int@Hd+e*Log@f+g*x^2DL*Ha+b*ArcTan@c*xDL,xD +

b*c*e*Int@x^2*Ha+b*ArcTan@c*xDL�H1+c^2*x^2L,xD �;

FreeQ@8a,b,c,d,e,f,g<,xD && EqQ@g,c^2*fD

Int@x_*Hd_.+e_.*Log@f_+g_.*x_^2DL*Ha_.+b_.*ArcCot@c_.*x_DL^2,x_SymbolD :=

Hf+g*x^2L*Hd+e*Log@f+g*x^2DL*Ha+b*ArcCot@c*xDL^2�H2*gL -

e*x^2*Ha+b*ArcCot@c*xDL^2�2 +

b�c*Int@Hd+e*Log@f+g*x^2DL*Ha+b*ArcCot@c*xDL,xD -

b*c*e*Int@x^2*Ha+b*ArcCot@c*xDL�H1+c^2*x^2L,xD �;

FreeQ@8a,b,c,d,e,f,g<,xD && EqQ@g,c^2*fD
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U: à u Ha + b ArcTan@c xDLp
âx

�

Rule:

à u Ha + b ArcTan@c xDLp
âx � à u Ha + b ArcTan@c xDLp

âx

�

Program code:

Int@u_.*Ha_.+b_.*ArcTan@c_.*x_DL^p_.,x_SymbolD :=

Unintegrable@u*Ha+b*ArcTan@c*xDL^p,xD �;

FreeQ@8a,b,c,p<,xD && HEqQ@u,1D ÈÈ
MatchQ@u,Hd_.+e_.*xL^q_.�; FreeQ@8d,e,q<,xDD ÈÈ
MatchQ@u,Hf_.*xL^m_.*Hd_.+e_.*xL^q_.�; FreeQ@8d,e,f,m,q<,xDD ÈÈ
MatchQ@u,Hd_.+e_.*x^2L^q_.�; FreeQ@8d,e,q<,xDD ÈÈ
MatchQ@u,Hf_.*xL^m_.*Hd_.+e_.*x^2L^q_.�; FreeQ@8d,e,f,m,q<,xDDL

Int@u_.*Ha_.+b_.*ArcCot@c_.*x_DL^p_.,x_SymbolD :=

Unintegrable@u*Ha+b*ArcCot@c*xDL^p,xD �;

FreeQ@8a,b,c,p<,xD && HEqQ@u,1D ÈÈ
MatchQ@u,Hd_.+e_.*xL^q_.�; FreeQ@8d,e,q<,xDD ÈÈ
MatchQ@u,Hf_.*xL^m_.*Hd_.+e_.*xL^q_.�; FreeQ@8d,e,f,m,q<,xDD ÈÈ
MatchQ@u,Hd_.+e_.*x^2L^q_.�; FreeQ@8d,e,q<,xDD ÈÈ
MatchQ@u,Hf_.*xL^m_.*Hd_.+e_.*x^2L^q_.�; FreeQ@8d,e,f,m,q<,xDDL
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