Rules for integrands involving (a + b ArcTan[c x])P

4. J(f x)M(d+ex)? (a+bArcTan[c x])P dx when p € Z*

dx whenpez* A c?2d?+e?2 =0

L J(f x)M(a+bArcTan[c x])P

d+ex

dx whenpez* A c?d?+e?=0 A m>0

N J~(f x)M™(a+bArcTan[c x1)P
' d+ex
Derivation: Algebraic expansion

n . 1
Basis —=— == + - —9 _
d+e x e e (d+ex)

Rule If pez* A c?2d?+e2 =0 A m>0,then

(f x)M(a+bArcTan[c x])P
J ‘ o

f df (f x)™! (a+bArcTan[c x])P
X — —j(f x)™! (a+b ArcTan[c x])P dx - —J
e e

d+ex d+ex

Program code:

Int [(f_ #x_)"m_. »(a_. +b_. *ArcTan[c_. «x_])"p_. /(d_+e_. »x_), x_Synbol | : =
f/exl nt [ (f*x)” (Mm-1) %= (a+bxArcTan[C*x])"p, X] -
dxf /exl nt [ (f *x)" (m-1) * (a+b*xArcTan[cxx])"p/ (d+exXx), X] /;

FreeQ[{a, b,c,d, e, f}, x] & 1 G Q[p, 0] && EqQ[c 2xd”2+e72,0] && &G Q[m 0]

I nt [(f _.#X_)"m.x(a_. +b_. *xArcCot [C_. *x_1)"p_. /(d_+e_. *X_), X_Synbol ] =
f/exl nt [ (f*x)” (Mm-1) = (a+b*Ar cCot [C*X])"p, X] -
dxf /exl nt [ (f *x)™ (M-1) * (a+bxAr cCot [CxX])"p/ (d+e*X), X] /;
FreeQ[{a,b,c,d,e,f},x] & 1 G Q[p, 0] && EqQ[c"2xd"2+e"2,0] && G Q[m 0]

dx whenpez* A c2d?2+e2=0 A m<O

) J(f x)M™(a+bArcTan[c x1)P

d+ex

dx whenpez* A c?d?+e? =0

N J~(a+bArcTan[c x1)P

X (d +ex)

Derivation: Integration by parts

- Basis: L ==£6XL09[2— 2 ]

X (d+e x) d 1+8%
d

Rule: If p e z* A c2d? +e? = 0, then



Rules for integrands of the form u (a+b arctan(c x))™p

2

X —

2
ex

1+—
d

]

J(a+bArcTan[cx])p (a+bArcTan[cx])pLog[2—1+%] bcpJ~(a+bArcTan[cx])‘3"1Log[2—
o

X (d +e Xx) d 1+c2x?

Program code:

Int [(a_. +b_. »ArcTan[c_. #x_])"p_. / (X_x(d_+e_. »x_)), x_Symbol | : =
(a+bxArcTan[cxx])"pxLog[2-2/ (1+exx/d)]/d -
bxcxp/dxl nt [ (a+bxArcTan[cxx])” (p-1) *Log[2-2/ (1+exx/d) ]/ (1+C"2%xx"2), X] /;
FreeQ[{a, b,c,d, e}, x] & | &G Q[p, 0] && EqQ[c 2xd"2+e”2, 0]

Int [(a_. +b_. *ArcCot [C_. #x_]1)"p_. /(X_x(d_+e_. »x_)), x_Symbol ] : =

(a+b*Ar cCot [cxx])"pxLog[2-2/ (1l+exx/d)]/d +

bxcxp/d=*l nt [ (a+bxAr cCot [C*x])”" (p-1) *L0og[2-2/ (1+exx/d) ]/ (1+Cc2%xx"2), X] /;
FreeQ[{a, b, c,d, e}, x] & | G Q[p, 0] && EqQ[cr2xd"2+e”2, 0]

(f x)™(a+bArcTan[c x])P
Z:J. dx whenpez* A\ c?2d?2+e?2=0 A m< -1

d+ex
Derivation: Algebraic expansion

1 1 e X

dvex ~d d(d+ex)

Rule:lf pez* A c2d?+e?2 =0 A m< -1,then

Basis:

(f x)™! (a+bArcTan[c x])P

J~(f x)M(a+bArcTan[c x])P 4

1 e
X — —j(f x)m(a+bArcTan[cx])pd1x——J
d df

d+ex d+ex

Program code:

Int [(f_. *x_)"m_«(a_. +b_. *ArcTan[c_. »x_])"p_. /(d_+e_. »x_), x_Synbol | : =
1/d=*l nt [ (f *x)mk (a+bxArcTan[cxx])"p, X] -
e/ (dxf )=l nt [ (f #x)" (m+l) x (a+b*xArcTan[cxx]) p/ (d+exXx), X] /;

FreeQ[{a, b,c,d, e, f}, x] & | G Q[p, 0] && EqQ[c 2xd*2+e”2,0] && Lt Q[m -1]

Int [(f_. *x_)"m_«(a_. +b_. »ArcCot [c_. #x_])"p_. /(d_+e_. »x_), x_Synbol | : =
1/d=l nt [ (f »x) me (a+b*Ar cCot [C*Xx])"p, X] -
e/ (dxf )=l nt [ (f *x)" (m+1l) x (a+bxArcCot [Cxx])"p/ (d+exX), X] /;

FreeQ[{a, b,c,d,e,f},x] & 1 G Q[p, 0] && EqQ[c"2xd"2+e"2,0] && Lt Q[m -1]

dx

dx



Rules for integrands of the form u (a+b arctan(c x))™p

2: J(f x)M(d+ex)9 (a+bArcTan[c x]) dx whenq #-1 A 2mez A ((m|q) €z* \V m+gq+1ez- A mg<0)

Derivation: Integration by parts
RuleIf g#-1 A2mez A ((m|q) ez* V meg+1lez A mq<O0),letu- [(f x)M(d+ex)%dx,then

u
J(f x)M(d+ex)d (a+bArcTan[c x]) dx — u (a+bArcTan[c x]) —bcj—dlx
1+c?2x?

Program code:

Int[(f_.*x_)"m._.*x(d_.+e_.*x_)"q_.*(a_. +b_. xArcTan[c_. *x_1),x_Synbol ] : =
W th[{u=l nt H de[ (f #x)*m« (d+e*x)"q, X1},
Di st [ (a+bxArcTan[cxXx]),u] - bxcxlnt [Sinplifylntegrand[u/ (1+c"2xx"2), x],x1] /;
FreeQ[{a, b,c,d, e, f,q}, x] & NeQ[q, -1] && I nteger Q[2+m] && (1G QM 0] && I G Q[qg, 0] || |LtQ[mMmq+l, 0] && Lt Q[mxq, 0])

Int[(f_.*x_)"m.%(d_. +e_. *x_)"qg_. *x(a_. +b_. *ArcCot [C_. *x_]), x_Synbol ] : =
Wth[{u=l nt H de[ (f #x)"m« (d+e*x)"q, X1},
Di st [ (a+bxArcCot [c*Xx]),u] + bxcxlnt [Sinplifylntegrand[u/ (1+c"2xx"2), x1,X]] /;
FreeQ[{a, b,c,d,e, f, g}, x] & & NeQ[q, -1] && Integer Q(2+xm] && (IGQ[MO0] && 1 G Q[qg, 0] || ILtQ[m+q+l, 0] && Lt Q[mxq, 0])

3: J(f X)M(d+ex)? (a+bArcTan[c x])Pdx whenp-1ez* A c?d?>+e2=0 A (M|q) ez Aq¢#-1

Derivation: Integration by parts
RuleIf p-1ez* A c?2d?+e?2=0 A (Mm|qg) ez Aq#-1letu- [(f x)™(d+ex)%dx,then

j(f xX)M(d+ex)q (a+bArcTan[c x])Pdx —

u(a+bArcTan[cx])P-bc pj(a+bArcTan[c x1) P~ Expandl nt egr and[ , x] dx

1+c?x?
Program code:

Int[(f_.*x_)"m.*x(d_.+e_.*x_)*q_=x(a_. +b_. xArcTan[c_. *x_1)"p_, x_Synbol ] : =
Wth[{u=l nt H de[ (f *x)"mk (d+exx)"q, X1},
Di st [ (a+bxArcTan[c*x])”p, u] - bxcxp=xl nt [Expandl nt egr and[ (a+bxArcTan[c*x]1)" (p-1), u/ (1+c"2%x"2), x]1, X111 /;
FreeQ[{a, b,c,d, e, f,q}, x] & | G Q[p, 1] && EqQ[c 2xd"2+e"2,0] && IntegersQ[m q] && NeQ[m -1] && NeQ[q, -1] && | Lt Q[m+q+1, 0] && Lt Q[
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Int [(f_.*x_)"m.. %(d_. +e_. *x_)"g_=(a_. +b_. *ArcCot [c_. *x_])"p_, x_Synbol ] : =
W th[{u=l nt H de[ (f #x)*m« (d+e*Xx)"q, X]},
Di st [ (a+bxArcCot [c*Xx])”p, u] + bxcxp=xl nt [Expandl nt egr and[ (a+bxAr cCot [C*Xx]1)" (p-1), u/ (1+c"2%x"2), x]1, X111 /;
FreeQ[{a,b,c,d,e,f,q}, x] & | G Q[p, 1] && EqQ[c"2xd"2+e”2,0] && IntegersQm q] &% NeQ[m -1] && NeQ[q, -1] && I Lt Q[m+g+1, 0] && Lt Q[

4: j(f x)M(d+ex)? (a+bArcTan[c x])Pdx whenpezZz*Agez A (q>0V a#0 YV me2z)

Rulelf pez*Aqez A (>0V a#0 YV mez),then

j(f x)M(d+ex)? (a+bArcTan[c x])Pdx — J(a+bArcTan[c x1)P Expandl nt egrand[ (f x)™ (d +e x)9, x] dx

Program code:

Int [(f_. *x_)"m_. %(d_+e_. *x_)"q_. x(a_. +b_. *ArcTan[c_. *x_])"p_.,x_Synbol ] : =
I nt [Expandl nt egr and[ (a+b*ArcTan[c*x])"p, (f *x) me (d+exx)”"q, X1, X] /;
FreeQ[{a, b,c,d,e, f,m, x] & | G Q[p, 0] && I ntegerQ[q] && (G Q[g,0] || NeQ[a, 0] || IntegerQ[m])

Int [(f_.*x_)"m.»(d_+e_. *x_)"g_. *(a_. +b_. *ArcCot [C_. *x_])"p_.,Xx_Synbol ] : =
I nt [Expandl nt egr and[ (a+b*Ar cCot [C*x]1)"p, (f *X) mk (d+exx)”"q, X1, X] /;
FreeQ[{a, b,c,d,e,f, m, x] & | & Q[p, 0] && IntegerQq] && (X Q[q,0] || NeQ[a, 0] [| I ntegerQ[m])
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5. J(d+ex2)q (a+bArcTan[c x])P dx
1. J.(d+ex2)q (a+bArcTan[c x])P dx whene ==c2d
1. j(d+ex2)q (a+bArcTan[c x])Pdx whene =c2d A q>0
1: J(d+ex2)q (a+b ArcTan[c x]) dx whene =c?2d A g>0

Rule: If e ==c2d A g > 0, then
b(d+ex?)? x (d+ex?)? (a+bArcTan[cx])

2dq

J.(d+ex2)q (a+bArcTan[c x]) dX — - +
2cq(2g+1) 2q+1

Program code:

Int [(d_+e_.*x_"2)"g_. *(a_. +b_. *ArcTan[c_. *x_]), x_Synbol ] : =
-bx (d+exx"2)"q/ (2xC*Q* (2%xq+1)) +
X* (d+exx"2) g (a+bxArcTan[c*x]) / (2%q+1) +
2xd*q/ (2%q+1) %l nt [ (d+exx"2)" (g-1) » (a+b*ArcTan[c*x]), xX] /;
FreeQ[{a, b, c, d, e}, x] & EqQ[e, c"2xd] && G Q[q, 0]

Int [(d_+e_. *x_"2)"g_.*(a_. +b_. *ArcCot [c_. *x_]), x_Synbol ] : =
bx (d+e*x"2)"q/ (2xC*Q* (2%xq+1)) +
X* (d+exx"2) g (a+bxArcCot [C*X]) / (2%Q+1) +
2xdxq/ (2%q+1) %l nt [ (d+e*x"2)”" (g-1) = (a+bxAr cCot [C*X]), X] /;
FreeQ[{a, b, c,d, e}, x] & EqQ[e, c"2xd] && G Q[q, 0]

+
2q+1

-J-(d +e><2)q'1 (a+bArcTan[c x]) dx



Rules for integrands of the form u (a+b arctan(c x))™p

2: J(d+ex2)q (a+bArcTan[c x])Pdx whene=c?d Ag>0 Ap>1

Rule:lf e ==c?2d A >0 A p>1,then

j(d+ex2)q (a+bArcTan[c x])Pdx —

bp (d+ex?)? (a+bArcTan[cx])Pt  x (d+ex?)? (a+bArcTan[c x])P
- + +

2cq(2g+1) 2g9+1
b>dp (p-1)

2dq
29+1

j(d +ex2)q'1 (a+bArcTan[c x])P dx + j(d +ex2)q'1 (a+bArcTan[c x])P-2 dx

29 (29+1)
Program code:

Int [(d_+e_.*x_"2)"q_.x(a_. +b_. *ArcTan[c_. *x_1)"p_, Xx_Synbol ] : =

-bxpx (d+exx"2) g (a+bxArcTan[C*x])" (p-1) / (2*CxqQ* (2xq+1)) +

X% (d+exx"2) g (a+bxAr cTan[c*x]1)"p/ (2xq+1l) +

2xdxq/ (2%q+1) =l nt [ (d+e*x"2)" (q-1) » (a+bxArcTan[Cc*x]1)"p, X] +

br2xd*xp* (P-1) / (2%xq* (2%Q+1) ) *l nt [ (d+e*x"2)" (g-1) » (a+bxArcTan[c*x])”" (p-2), X] /;
FreeQ[{a, b, c, d, e}, x] & & EqQ[e, c"2xd] && G Q[q, 0] && G Q[p, 1]

Int[(d_+e_.*x_"2)"g_.*(a_. +b_. *ArcCot [c_. *x_])"p_, Xx_Synbol ] : =

bxpx (d+exx"2) g (a+bxAr cCot [C*X])" (P-1) / (2*C*(* (2%0+1)) +

X% (d+exx"2)" g (a+bxAr cCot [C*X]1)"p/ (2*xq+1l) +

2xd*q/ (2%qQ+1) *I nt [ (d+e*x"2)" (q-1) » (a+bxAr cCot [C*X])"p, X] +

br2xd*xp*x (p-1) / (2%xq* (2%xq+1) ) *l nt [ (d+e*x"2)" (g-1) = (a+bxAr cCot [C*x]1)”" (p-2), X] /;
FreeQ[{a, b, c, d, e}, x] & EqQ[e, c"2xd] && G Q[q, 0] && G Q[p, 1]



Rules for integrands of the form u (a+b arctan(c x))™p

2. J(d+ex2)q (a+bArcTan[c x])Pdx whene =c2d A q<0

dx when e =c2d

1 J-(a+bArcTan[cx])p

d+ex?

dx when e =c2d

J~(a+bArcTan[c X1)P
X:

d+ex?

Derivation: Integration by substitution

" Basis If e = c2d, then ELAcTanlex]) i Subst [F[x], X, ArcTan[c X]] dxArcTan[c X]

d+e x?2

Rule If e == c2d, then

(a+bArcTan[c x])P 1
j dx — — Subst [J-(a+bx)pd1x, x, ArcTan[c x]]
d+ex? cd

Program code:

( Int[(a_. +b_. »ArcTan[c_. #x_1)"p_. /(d_+e_. x_"2), x_Synbol | :
1/ (cxd) *Subst [I nt [ (a+b*x)"p, X1, X, ArcTan[Cc*X]] /;
FreeQ[{a, b, c,d, e, p}, Xx] & EqQ[e, c"2xd] x)

(* Int[(a_. +b_. »ArcCot [c_. #x_]1)"p_. /(d_+e_. x_"2),x_Synbol | :
-1/ (cxd) xSubst [I nt [ (a+b*x)”"p, X], X, ArcCot [CxXx]] /;
FreeQ[{a, b,c, d, e, p}, x] && EqQ[e, c"2xd] =*)

1
1: j dx when e =c2d
(d+ex?) (a+bArcTan[c x])

Derivation: I ntegration by substitution

Rule If e == C2 d,then

dx —
(a+bArcTan[c x1]) bcd

J~ 1 Log[a+b ArcTan[c x]]
(d +ex2)

Program code:

Int [1/((d_+e_. »x_"2)*(a_. +b_. »ArcTan[c_. #x_1)), x_Synbol | : =
Log[RenpbveCont ent [a+bxArcTan[c*Xx], X]1]1/ (bxCcxd) /;
FreeQ[{a, b, c, d, e}, x] && EqQ[e, c"2xd]
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Int [1/((d_+e_. #x_"2)*(a_. +b_. »ArcCot [c_. #x_]1)), x_Synbol | :
-Log[RenpbveCont ent [a+bxAr cCot [CxX], X]]1/ (bxCxd) /;
FreeQ[{a, b, c, d, e}, x] && EqQ[e, c"2xd]

(a+bArcTan[c x])P
Z:J‘ dx whene =c2d A p#-1
d+ex?

Derivation: Integration by substitution

RuleIf e ==c?2d A p # -1, then

J-(a+bArcTan[c x1)P
d

d+ex?

Program code:

Int[(a_. +b_. »ArcTan[c_. »x_])"p_. / (d_+e_. xx_"2), x_Synbol ] :
(a+bxArcTan[cxx])” (p+1) / (bxcxd* (p+1)) /;
FreeQ[{a, b,c,d, e, p}, x] & EqQ[e, c"2xd] && NeQ[p, -1]

Int [(a_. +b_. »ArcCot [c_. #x_])"p_. /(d_+e_. +x_"2), x_Synbol | :
- (a+b*ArcCot [C*x])" (p+1) / (bxCxd* (p+1)) /;
FreeQ[{a, b, c,d, e, p}, x] & EqQ[e, c"2xd] && NeQ[p, -1]

X —

(a+bArcTan[c x])P*?

bcd (p+1)
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dx whene =c2d A p e z*

5 J~(a+bArcTan[cx])p

Vd+ex2

1 J-(a+bArcTan[cx])p

Vd+ex?

. J~(a+bArcTan[cx])
Vd +ex?2

Derivation: Integration by substitution and algebraic simplification

dx whene =c2d Anez*Ad>0

dx whene =c?2d Ad>0

Note: Although not essential, these rulesreturns antiderivatives free of complex exponentials of theform i e/ ¢Tanicxl gng eArcoot [cx]1,

) Basis: If e ==c?2d A d > 0, then L = —L Sec[ArcTan[c x]] 6xArcTan[c x]
Vd+e x?2 cVd
n
Basis: If e ==c2d A d > 0, then —— == - —% Csc [ArcCot [c x]]2 8y ArcCot [C X
A Nevewes cW/d_\/ [ [cX]] X [cXx]

Rule:If e ==c?d A d > 0, then

J-a+ b ArcTan[c x]

dx — Subst [ (a +b x) Sec[x], X, ArcTan[c x]]
Vd+ex? cVd
21i (a+bArcTan[c x]) ArcTan[M] i b Pol yLog|2, —w] ib PolyLog[2, ’11+—”X]
Vi1-icx Vi1-icx Vi-icx
— - + -
cVd cvVd cVd

Program code:

Int [(a_. +b_. *ArcTan[c_. »x_])/Sqrt [d_+e_. +x_"2],x_Synbol | : =
-2x| » (a+bxArcTan[c*x])*ArcTan[Sqrt [1+] *c*x]/Sqrt [1-] xc*x]]/ (c*Sqrt [d]) +
| xbxPol yLog[2, -1 *Sqrt [1+| xc%*x]/Sqrt [1-] xcxx]]/ (c*Sqrt [d]) -
| xbxPol yLog[2, | #Sqrt [1+] xc*Xx]/Sqrt [1-l xc*Xx]]/ (c*Sqrt [d]) /;

FreeQ[{a, b, c,d, e}, x] & EqQ[e, c"2xd] && G Q[d, 0]

I'nt[(a_. +b_. »ArcCot [C_. »x_] )/Sart [d_+e_. #x_"2], x_Synbol ] :=
-2x| » (a+bxArcCot [CxXx])*ArcTan[Sqrt [1+] *C*x]/Sqrt [1-] *c*x]]/ (c*Sqrt [d]) -
| *xbxPol yLog[2, -1 *Sqrt [1+| xcxx]/Sqrt [1-] xcx*x]]/ (c*Sqrt [d]) +
| xbxPol yLog[2, | #Sqrt [1+] xC*Xx]/Sqrt [1-1 xc*x]]/ (c*Sqrt [d]) /;

FreeQ[{a, b, c, d, e}, x] && EqQ[e, c"2xd] && G Q[d, 0]
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dx whene=c?d Apez*Ad>0

5 J-(a+bArcTan[cx])p

Vd+ex?
N j(a+bArcTan[cx])p

Vd+ex?

Derivation: I ntegration by substitution

dx whene =c2d Apez*Ad>0

" BassIf e=c2d A d >0, then ——— == —2— Sec[ArcTan[c x]] 8xArcTan[c X]
Vd+e x? cvVd

RuleIf e ==c?2d A pez*A d>0,then
J-(a+bArcTan[cx])P
d

X —

Vd+ex? cVd

Subst [J.(a+bx)p Sec[x] dx, x, ArcTan[c x]]

Program code:

Int [(a_. +b_. *ArcTan[c_. #x_])"p_. /Sart [d_+e_. x_"2],x_Synbol | : =
1/ (c*Sqrt [d]) *Subst [I nt [ (a+b*x)"p*Sec [X], X1, X, ArcTan[Cc*x]] /;
FreeQ[{a, b, c, d, e}, x] & EqQ[e, c"2xd] && | &G Q[p, 0] && G Q[d, 0]

. J-(a+bArcOot [cx])P
Vd+ex?

Derivation: I ntegration by substitution and piecewise constant extraction

dx whene =c?d Apez*Ad>0

u ) 2
Basis If e ==c2d A d > 0,then —2— = - 21— _SClActeX]]__ 5 ArcCot [C X]
Vd+e x? cVd \/Csc[ArcOot [cx]1?
Basis oy —<X1_ . o
4/ Csc [x1?
n Cs ArcCo CcX l+%
. ceX
Basis _CsclArcCot[ex]]

- \/Csc[ArcOot [cx]1? V1+c? x?
RuleIf e ==c?d A pez*A d>0,then

(a+bArcCot [cx])P 1 (a+bx)PCsc[x]?
Subst |

dx — -
4/ Csc [x]2

dx, x, ArcCot [c x]]

Vd+ex? cVd

10
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, 1
X 1+c2x2

— - ————— Subst [j(a+bx)p Csc[x] dx, x, ArcCot [c X]]

Vd +e x?2
Program code:
Int [(a_. +b_. »ArcCot [c_. »x_])"p_. /Sqrt [d_+e_. #x_"2], x_Synbol | : =

-X*Sqrt [1+1/ (c"2%x"2)]1/Sqrt [d+exx"2]*Subst [I nt [ (a+bxx)"pxCsc[Xx], X1, X, ArcCot [C*X]] /;
FreeQ[{a, b, c, d, e}, x] & EqQ[e, c"2xd] && | &G Q[p, 0] && G Q[d, 0]

dx whene =c2d Apez*Ad»0

. j(a+bArcTan[c x]1)P

Vd+ex?
~ Derivation: Piecewise constant extraction
[ ]
Basis If e == c2d, then g, Y=X2 . o

d+e x2

RuleIf e ==c?2d A pez* A d30,then

(a+bArcTan[c x])P V1+c2x? J-(a+bArcTan[cx])p
dx — dx
Vd +ex? Vd+ex? V1+c2x?

Program code:

Int [(a_. +b_. *ArcTan[c_. »x_])"p_. /Sqart [d_+e_. #x_"2],x_Synbol | : =
Sqrt [1+c"2#x"2]/Sqrt [d+exx"2] x|l nt [ (a+b*ArcTan[cxx]) p/Sqrt [1+Cc 2xx"2], X] /;
FreeQ[{a, b, c, d, e}, x] & EqQ[e, c"2xd] && | &G Q[p, 0] && Not [G Q[d, 0]]

Int [(a_. +b_. »ArcCot [c_. #x_])"p_. /Sqrt [d_+e_. #x_"2],x_Synbol | : =

Sqrt [1+c"2%x72]1/Sqrt [d+e*x"2] I nt [ (a+b*xArcCot [c*x]) p/Sqrt [1+C 2%x"2], X] /;
FreeQ[{a, b, c, d, e}, x] & & EqQ[e, c"2xd] && | &G Q[p, 0] && Not [G Q[d, 0]]

3. J‘(d+ex2)q (a+b ArcTan[c x])Pdx whene =c?d A q< -1

(a+bArcTan[c x])P
1: dx whene =c2d A p>0
(d+ex2)2

Rule:If e =c?2d A p > 0,then

11



Rules for integrands of the form u (a+b arctan(c x))™p

(a+bArcTan[c x])P X (a+bArcTan[c x])? (a+bArcTan[cx])P** bcp X (a+b ArcTan[c x])P?
dx — + - dx
(d+ex2)2 2d (d+ex?) 2bcd? (p+1) 2 (d+ex2)2

Program code:

Int [(a_. +b_. »ArcTan[c_. »x_])"p_. /(d_+e_. #x_"2)"2, x_Synbol | :
X* (a+bxArcTan[cxx])"p/ (2*dx (d+exx"2)) +
(a+bxArcTan[cxx])” (p+1) / (2xb*xc*d"2x (p+1)) -
bxcxp/2xl nt [X* (a+bxArcTan[c*x])”" (p-1) / (d+e*xx"2)"2, X] /;
FreeQ[{a, b,c, d, e}, x] & EqQ[e, c*2xd] && G Q[p, 0]

Int [(a_. +b_. »ArcCot [c_. #x_])"p_. /(d_+e_. +x_"2)"2, x_Synbol | :
X* (a+bxAr cCot [C*X])"p/ (2*d* (d+e*Xx"2)) -
(a+b*ArcCot [c*x])" (p+1) / (2xb*Cc*d"2% (p+1)) +
bxcxp/2xl nt [X* (a+b*xArcCot [C*x])”" (p-1) / (d+e*x"2)"2, X] /;
FreeQ[{a, b, c, d, e}, x] && EqQ[e, c"2xd] && G Q[p, 0]

2. j(d+ex2)q (a+bArcTan[c x])Pdx whene=c?d Ag<-1 Apz1

1. j(d+ex2)q (a+bArcTan[c x]) dx whene =c2d A q< -1

a+bArcTan[c x]
1: dx when e =c2d
(d+ex2)3/2

Rule If e = c2d, then

a+bArcTan[c x] b X (a+bArcTan[c x])
e dx — +
(d+ex2)/ cdVd+ex? dVd+ex?

Program code:

Int [(a_. +b_. *ArcTan[c_. #x_])/(d_+e_. xx_"2)"(3/2), x_Synbol | : =
b/ (cxd*Sqrt [d+exx"2]) +
X* (a+bxArcTan[c*x]) / (d*Sqrt [d+exx"2]) /;

FreeQ[{a, b, c, d, e}, x] & EqQ[e, c"2xd]



Rules for integrands of the form u (a+b arctan(c x))™p 13

Int [(a_. +b_. »ArcCot [c_. #x_])/(d_+e_. xx_"2)"(3/2), x_Synbol | : =
-b/ (cxd*Sqrt [d+e*x"2]) +
X* (a+bxAr cCot [C*Xx]) / (d*Sqrt [d+exx"2]) /;

FreeQ[{a, b, c, d, e}, x] & EqQ[e, c"2xd]

2: f(d+ex2)q (a+bArcTan[c x]) dx when e = c?d /\q<—1 /\q#—%

Rule:lfe::czd/\q<—1/\q¢—%,then
b(d+ex2)q+1 x(d+ex2)Q+1(a+bArcTan[cx]) 2q+3

(d+ex?)? (a+bArcTan[c x]) dx — - +
4cd(q+1)2 2d (q+1) 2d (q+1)

J-(d +ex2)q+l (a+bArcTan[c x]) dx

Program code:

Int[(d_+e_.xx_"2)"g_=*(a_. +b_. xArcTan[c_. xx_]),x_Synbol ] : =

bx (d+e*x"2)" (q+1) / (4xCxd» (q+1)"2) -

X* (d+exx"2)" (q+1) x (a+bxArcTan[cxx]) / (2xd* (q+1)) +

(2%xq+3) / (2%xd* (q+1) ) *l nt [ (d+e*x"2)" (q+1) » (a+bxArcTan[c*x]), X] /;
FreeQ[{a, b, c, d, e}, x] & EqQ[e, c"2xd] && Lt Q[q, -1]1 && NeQ[q, -3/2]

Int [(d_+e_.*x_"2)"g_=*(a_. +b_. xArcCot [C_. *x_1]1),X_Synbol ] : =

-bx (d+e*x"2)" (q+1) / (4*Cxd=* (q+1)"2) -

X* (d+exx"2)" (q+1) x (a+bxArcCot [CxX]) / (2xd* (q+1)) +

(2%q+3) / (2%xd* (q+1) ) *|l nt [ (d+e*x"2)" (q+1) » (a+bxArcCot [C*X]), X] /;
FreeQ[{a, b, c, d, e}, x] & & EqQ[e, c"2xd] && Lt Q[q, -1]1 && NeQ[q, -3/2]



Rules for integrands of the form u (a+b arctan(c x))™p

2. j(d+ex2)q (a+b ArcTan[c x])Pdx whene=¢c?d Ag<-1 Ap>1

(a+b ArcTan[c x])P
1: dx whene=c?d A p>1
(d+ex2)3/2

Rule:If e ==c?d A p > 1,then

J(a+bArcTan[cx])p bp (a+bArcTan[cx])P? x (a+bArcTan[c x])P
dx — +
(d+ex2)3/2 cdVd+ex? dvVd+ex?

Program code:

Int [(a_. +b_. »ArcTan[c_. xx_1)"p_/ (d_+e_. xx_"2)" (3/2), x_Synbol | :
bxpx (a+bxArcTan[c*x]1)” (p-1) / (c*dxSqrt [d+e*x"2]) +
X* (a+bxArcTan[c*x])"p/ (dxSqrt [d+e*x"2]) -
br2xp* (p-1) I nt [ (a+bxArcTan[c*x])" (p-2) / (d+exx"2)" (3/2),X] /;
FreeQ[{a, b, c, d, e}, x] & & EqQ[e, c"2xd] && G Q[p, 1]

Int [(a_. +b_. »ArcCot [c_. »x_])"p_/ (d_+e_. xx_"2)"(3/2), x_Synbol ] :
-bxpx (a+bxAr cCot [C*X])" (p-1) / (C*d*Sqrt [d+e*x"2]) +
X* (a+bxAr cCot [C*x])"p/ (d*xSqrt [d+e*x"2]) -
br2xp* (p-1) =l nt [ (a+bxArcCot [C*Xx] )" (p-2) / (d+e*x"2)" (3/2),X] /;
FreeQ[{a, b, c, d, e}, x] & EqQ[e, c"2xd] && G Q[p, 1]

-bzp(p—l)J

(a+b ArcTan[c x])P-2

(d +ex2)3/2

dx

14



Rules for integrands of the form u (a+b arctan(c x))™p 15

2: J‘(d+ex2)q (a+b ArcTan[c x])P dx when e == c2d /\q<-1/\p>1 /\q;e-%

Rule: If e = c2d /\q<_1/\p>1/\q¢—§,then
J(d+ex2)q (a+bArcTan[c x])P dx —s

bp (d +ex2)q+1 (a+b ArcTan[c x])P!  x (d +ex2)q+1 (a+bArcTan[c x])P

- +
4cd(q+1)2 2d (q+1)
bZp (p-1)
4 (q+1)2

29+3

—J.(d+ex2)q+l (a+bArcTan[c x])P dx -
2d (q+1)

j(d +ex2)q (a+bArcTan[c x])P2dx

Program code:

Int [(d_+e_.*x_"2)7g_=(a_. +b_. xArcTan[c_. *x_]1)"p_, x_Synbol ] : =

bxpx (d+exx"2)" (q+1) * (a+bxArcTan[cxXx])" (p-1) / (4*xC*xd* (q+1)"2) -

X* (d+exx"2)" (q+1) = (a+bxArcTan[cxx])*p/ (2*d* (+1)) +

(2%q+3) / (2%xd* (q+1)) *|l nt [ (d+e*x"2)" (q+1) » (a+bxArcTan[c*x])"p, X] -

bA2xpx (p-1) / (4% (q+1)"2) =l nt [ (d+exx"2) g* (a+bxArcTan[cxx])" (p-2), X] /;
FreeQ[{a, b,c,d, e}, x] & EqQ[e, c"2xd] && LtQ[q, -1] && G Q[p, 1] && NeQ[q, -3/2]

Int [(d_+e_.*x_"2)7g_=(a_. +b_. xArcCot [c_. *x_])"p_, x_Synbol ] : =

-bxpx (d+e*xx"2)" (q+1) » (a+b*ArcCot [C*Xx])" (p-1) / (4*xC*dx (q+1)"2) -

X* (d+exx"2)" (q+1) » (a+b*xArcCot [C*X] ) p/ (2*d* (q+1)) +

(2%xq+3) / (2%xd* (q+1)) *l nt [ (d+e*x"2)" (q+1) » (a+b*ArcCot [C*Xx])"p, X] -

bA2xpx (p-1) / (4% (q+1)"2) =l nt [ (d+exx"2) g* (a+bxAr cCot [C*Xx])" (p-2), X] /;
FreeQ[{a, b,c,d, e}, x] & EqQ[e, c"2xd] && LtQ[q, -1] && G Q[p, 1] && NeQ[q, -3/2]



Rules for integrands of the form u (a+b arctan(c x))™p

3: j(d+ex2)q (a+bArcTan[c x])Pdx whene=c?d A g<-1 Ap<-1

Derivation: Integration by parts

(a+b ArcTan[c x1)P

(a+b ArcTan[c x])P**

Basis: If e == c2d, then = By

d+e x2

Rule If e ==c?2d A gq<-1 A p<-1,then
J(d+ex2)q (a+bArcTan[c x])P dx —

Program code:

bcd (p+1)

(d +ex2)q+l (a+bArcTan[c x])P+!

2c (q+1)

bcd (p+1)

Int [(d_+e_.*x_"2)"g_=(a_. +b_. xArcTan[c_. *x_])"p_, x_Synbol ] : =
(d+exx"2)" (q+1) » (a+bxArcTan[c*x]1)" (p+1) / (b*Cxd* (p+1)) -
2xCx (q+1) / (b* (p+1) ) %l nt [X* (d+exx"2) qx (a+bxArcTan[cxx])" (p+1), X] /;
FreeQ[{a, b, c, d, e}, x] && EqQ[e, c"2xd] && Lt Q[q, -1] && Lt Q[p, -1]

Int [(d_+e_.*x_"2)"q_=*(a_. +b_. *ArcCot [C_. *x_])"p_, x_Synbol ] : =

- (d+exx"2)" (q+1) » (a+bxArcCot [C*Xx] )" (p+1) / (b*C*d* (p+1)) +

2xCx (q+1) / (b* (p+1)) *l nt [X* (d+e*x"2)"g* (a+b*ArcCot [c*x])" (p+1), X1 /;
FreeQ[{a, b, c, d, e}, x] & EqQ[e, c*2xd] && LtQ[q, -1] && Lt Q[p, -1]

b (p+1)

J-x (d +ex2)cI (a+bArcTan[c x])P*! dx

16



Rules for integrands of the form u (a+b arctan(c x))™p

4, j(d+ex2)q (a+b ArcTan[c x])Pdx whene =c2d A 2 (q+1) ez~
1. j(d+ex2)q (a+bArcTan[c x])Pdx whene =c2d A 2 (q+1) € z-
1: f(d+ex2)q (a+b ArcTan[c x])Pdx whene=c?d A2 (q+1) ez A (gez V d>0)

Derivation: Integration by substitution

- da

Basis If e ==c2d A2 (q+1) ez A (qez V d>0),then (d+ex?)? = oS TA STan 1T D

OxArcTan[c X]

Rulelf e==c2d A2 (q+1) ez A (qez V d>0),then

de (@a+bx)P

j(d+ex2)q (a+b ArcTan[c x])P dx — — Subst [J—dlx, x, ArcTan[c x]]
c Cos [x]2 (@+D

Program code:

Int [(d_+e_.*x_"2)"g_=*(a_. +b_. xArcTan[c_. *x_])"p_.,Xx_Synbol ] : =
drq/cxSubst [I nt [ (a+b*x)"p/Cos [X]1" (2% (g+1)), X1, X, ArcTan[C*x]] /;
FreeQ[{a, b,c,d, e, p}, x] & EqQ[e, c"2xd] && | Lt Q[2*(q+1),0] & & (I ntegerQ[q] || & Q[d, 0])

2: J(d+ex2)q (a+bArcTan[c x])Pdx whene =c2d A 2 (q+1) ez A -(qez V d>0)

Derivation: Piecewise constant extraction

u
BaSIS If e == C2 d,then ax m

Vd+e x?
Rulelf e==c?d A2 (q+1) ez A - (qez V d>0),then

::O

1
d¥z V1 +c2x2

J(d+ex2)q (a+bArcTan[c x])P dx —
Vd +ex?

J(1+cz x2)% (a+b ArcTan[c x])P dx

Program code:

Int[(d_+e_.*x_"2)"g_=(a_. +b_. xArcTan[c_. *x_])"p_.,x_Synbol ] : =
dN (q+1/2) *Sqrt [1+c"2%x"2]1/Sqrt [d+e*xx"2] =l nt [ (1+C"2xx"2) g+ (a+b*ArcTan[c*Xx])"p, X] /;
FreeQ[{a, b, c,d, e, p}, x] && EqQ[e, c"2xd] && I Lt Q[2x(g+1),0] && Not [I ntegerQ[q] || & Q[d, 0]]

17



Rules for integrands of the form u (a+b arctan(c x))™p

2. j(d+ex2)q (a+bArcCot [cx])Pdx whene =c2d A 2 (q+1) e z"
1: j(d+ex2)q (a+b ArcCot [c X])Pdx whene ==c2d A2 (q+1)eZ ANQqezZ

Derivation: Integration by substitution

" Basis If e =c2d A g €z, then (d +ex2)q 'csin[mcc(iq[cx”uq*“ 3y Ar cCot [C X]

Rulelf e==c?d A 2 (g+1) €z A g € Z,then

da (@a+bx)P
J(d +ex2)q (a+bArcCot [c x])Pdx — - — Subst [J—dlx, X, ArcCot [cx]]
c Si n[x]2 @+

Program code:
Int[(d_+e_.*x_"2)"g_=(a_. +b_. xArcCot [c_. *x_])"p_.,Xx_Synbol] : =

-d™q/c*Subst [I nt [ (a+b*x)"p/Si n[X]" (2% (q+1)), X], X, ArcCot [c*x]] /;
FreeQ[{a, b, c,d, e, p}, x] && EqQ[e, c"2xd] && | Lt Q[2x(g+1l), 0] && | ntegerQ[q]

18



Rules for integrands of the form u (a+b arctan(c x))™p 19

2: J‘(d+ex2)q (a+b ArcCot [c Xx])Pdx whene ==c2d A2 (q+1)eZ ANQq¢zZ

Derivation: Piecewise constant extraction and integration by substitution

- x 1+:2:2
Basis: If e == c2d, then 8, ———— == 0

Vd+e x?

Basis. If 2 (q+1) €z A q¢2zZ,thenx .| 1+

1
1 2 2\4-5 __ 1
o (1+c X ) R e PSR ax Ar cCot [C X]

Rulelf e==c?2d A 2 (q+1) ez A q ¢ Z, then

Cqu+2X '1+c x?2
c?x?
J(d+ex2)q(a+bArcOot[cx])Pdlx — J 1! - 1+<:2x2 B (a+bArcOot[cx])pd1x
d+ex2 c?x
1 242
dq+; 1+C% X
X c2x2 (a+bx)P
S -

Si n[x]2 @+

dx, x, ArcCot [cx]]

Program code:

Int [(d_+e_.*x_"2)"g_=*(a_. +b_. xArcCot [c_. *x_])"p_.,Xx_Synbol] : =
-d™ (q+1/2) xx*Sqrt [ (1+Cc"2%x"2) / (c"2xx"2)]1/Sqrt [d+exx"2]*Subst [l nt [ (a+b*x)"p/Si n[X]" (2% (gq+1)), X], X, ArcCot [C*x]] /;
FreeQ[{a, b,c,d, e, p}, x] & EqQ[e, c"2xd] && I Lt Q[2x(q+1), 0] && Not [I nt eger Q[q]]

) J~a+bArcTan[c X1

dx
d+ex?
ArcTan[c x]

1: J—dlx
d+ex?

Derivation: Algebraic expansion
Basis: ArcTan[z] == =ialog[l-42] - %iLog[lniz]

1
2
Basis: ArcCot [z] == %

iLog[l—f]—%iLog[lﬁi—]

Rule:



Rules for integrands of the form u (a+b arctan(c x))™p

ArcTan[c x] i rLog[l-1icx] i rLog[l+icX]
j—dlx . -j—d]x--J—dlx
d+ex? 2 d+ex? 2 d+ex?
~ Program code:
Int [ArcTan[c_. #x_1/(d_. +e_. xx_"2), x_Symbol | : =
| /2%l nt [LOg[1-] *C*Xx]/ (d+exx"2),x] - | /2%l nt [LOog[1l+] *CxX]/ (d+e*xx"2),X] /;
FreeQ[{c, d, e}, X]
Int [ArcCot [c_. #x_1/(d_. +e_. #x_"2), x_Symbol | : =
| /2%l nt [Log[1-] / (C*x)]/ (d+e*x"2),X] - | /2%l nt [Log[1+| / (C*X)]1/ (d+exx"2), X] /;
FreeQ[{c, d, e}, X]
a+bArcTan[c x]
2: j dx
d+ex?
Derivation: Algebraic expansion
Rule:
a+bArcTan[c x] 1 ArcTan[c x]
j d]x_>aj dlx+bj—dlx
d+ex? d+ex? d+ex?

Program code:

Int [(a_+b_. »ArcTan[c_. #x_])/(d_. +e_. »x_"2),x_Synbol | : =
axlnt [1/ (d+exx"2),Xx] + b=xlnt [ArcTan[cxx]/ (d+e*xx"2), x] /;
FreeQ[{a, b, c, d, e}, x]

Int [(a_+b_. *ArcCot [c_. +x_])/(d_. +e_. +x_"2),x_Synbol | : =
axlnt [1/ (d+exx"2),x] + bxlnt [ArcCot [Cxx]/ (d+e*Xx"2), X] /;
FreeQ[{a, b, c, d, e}, x]

20



Rules for integrands of the form u (a+b arctan(c x))™p

3: J(d+ex2)q (a+b ArcTan[c x]) dx when q € Z \/ q+§eZ‘

Derivation: Integration by parts

Note: If g € z* \/ q+ % €z ,then [(d+e x2)q dx isexpressible as an algebraic function not involving logarithms, inversetrig or inverse hyperbolic
functions.

Rule If g ez \/ q+%ez-,letu=j(d+ex2)qd1x,then

u
J(d +ex?)% (a+bArcTan[cx]) dx — u (a+bArcTan[c x]) -bcj—dlx
1+c?x?

Program code:
Int [(d_.+e_.*x_"2)"g_.=x(a_.+b_. *ArcTan[c_. *x_1),Xx_Synbol ] : =
Wth[{u=l nt H de[ (d+e*x"2)"q, X]},

Di st [a+bxArcTan[c*x], u, X] - bxcxlnt [u/ (1+c"2xx"2),Xx]1] /;
FreeQ[{a, b, c,d, e}, x] & (IntegerQ[g] || ILtQ[q+1/2,0])

Int [(d_.+e_.*x_"2)"g_.x(a_. +b_. *ArcCot [C_. *Xx_1]1),Xx_Synbol ] : =
Wth[{u=l nt H de[ (d+e*x"2)"q, X]},
Di st [a+bxArcCot [C*X], U, X] + bxcxlnt [u/ (1+c"2%x"2),x]1] /;
FreeQ[{a, b,c,d, e}, x] & (IntegerQrq]l || ILtQIq+1/2,0])

4: j(d+ex2)q (a+bArcTan[c x])Pdx whenq ez A p € z*

RuleIf gez A p e z*, then
j(d +e x2)q (a+bArcTan[c x])Pdx — j(a +b ArcTan[c x])P Expandl nt egrand[ (d +e xz)q, x] dx

Program code:
Int [(d_+e_. *x_"2)"g_. *x(a_. +b_. *ArcTan[c_. *x_])"p_., X_Synbol ] :

I nt [Expandl nt egr and[ (a+b*Ar cTan[c*x])"p, (d+exx"2)"q, x], X] /;
FreeQ[{a, b,c,d, e}, x] & IntegerQ[q] && | &G Q[p, 0]

Int [(d_+e_.*x_"2)"g_.*(a_. +b_. *ArcCot [c_. *x_])"p_.,X_Synbol ] :
I nt [Expandl nt egr and[ (a+b*Ar cCot [C*x])"p, (d+exx"2)"q, X1, X] /;
FreeQ[{a, b,c,d, e}, x] & IntegerQ[q] && | G Q[p, 0]



Rules for integrands of the form u (a+b arctan(c x))™p

6. J(f x)™ (d+ex?)? (a+bArcTan[c x])P dx

dx

1 -J-(f x)M(a+bArcTan[c x])P

d+ex?

(f x)™(a+bArcTan[c x])P
l:J dx whenp >0 A m>1
d+ex?

Derivation: Algebraic expansion

- s . x? 1 d
Basis: d+ex? e e (d+ex?)

Rule:If p>0 A m> 1,then

(f x)M(a+bArcTan[c x])P f2 df2
I dx — — | (f x)™? (a+bArcTan[c x])P dx - —
d+ex? e e

Program code:

Int [(f_. #x_)"m_ «(a_. +b_. »ArcTan[c_. »x_])"p_. /(d_+e_. #x_"2), x_Synbol | :
fr2/7exl nt [ (f xx)N (M-2) *x (a+b*xArcTan[cxx])"p, X] -
dxfr2/exl nt [ (f *x)N (M-2) x (a+bxArcTan[cxx])"p/ (d+exx"2), x] /;
FreeQ[{a,b,c,d, e, f},x] & G Q[p, 0] && G Q[m 1]

Int [ (f_. #x_)"m_#(a_. +b_. »ArcCot [c_. xx_]1)"p_. / (d_+e_. #x_"2), x_Synbol | :
fr2/7exl nt [ (f »x)” (M-2) % (a+b*xArcCot [C*X])"p, X] -
dxf22/exl nt [ (f *x)» (M-2) % (a+b*Ar cCot [cxx]) p/ (d+exx"2), X] /;

FreeQ[{a, b,c,d, e, f},x] & G Q[p, 0] & G Q[m 1]

(f x)™2 (a+b ArcTan[c x])P

d+ex?

dx
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Rules for integrands of the form u (a+b arctan(c x))™p

(f x)™((a+bArcTan[c x])P
Z:I dx whenp >0 A m< -1

d+ex?
Derivation: Algebraic expansion

- A 2
Basis, — L__—ext

drex? —d _ d (d+e x?)

Rule: If p>0 A m< -1,then

(f x)™(a+bArcTan[c x])P 1
f dx — —-J-(fx)m(a+bArcTan[cx])pdlx—
d+ex? d

Program code:

Int [(f_. #x_)"m_ *(a_. +b_. *ArcTan[c_. #x_]1)"p_. /(d_+e_. +x_"2), x_Synbol | :
1/d=l nt [ (f »x)"me (a+bxArcTan[c*x])"p, X] -
e/ (dxf22) %l nt [ (f *x)" (M+2) » (a+bxArcTan[cxx])"p/ (d+e*xx"2), x] /;
FreeQ[{a, b, c,d, e, f},x] & G Q[p, 0] && LtQ[m -1]

Int [(f_. «x_)"m_*(a_. +b_. »ArcCot [c_. #x_])"p_. /(d_+e_. +x_"2),x_Synbol | :
1/d=l nt [ (f »x)"me (a+b*ArcCot [C*Xx])"p, X] -
e/ (dxf22) %l nt [ (f *x)” (M+2) » (a+b*Ar cCot [CxXx])"p/ (d+e*xXx"2), X] /;
FreeQ[{a, b,c,d, e, f},x] & G Q[p, 0] && Lt Q[m -1]

e

df?

(f x)™2 (a+b ArcTan[c x])P

d+ex?

dx
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Rules for integrands of the form u (a+b arctan(c x))™p

dx when e = c2d

3 J~(f x)™(a+bArcTan[c x])P

d+ex?

dx when e =c?2d

L J~x (a+bArcTan[c x])P

d+ex?

X (a+bArcTan[c x])P
1:j dx whene =c?d A p ez*

d+ex?
Derivation: Algebraic expansion and power rulefor integration

. A2 X . icC _ 1
Basis: If e == ¢ d, then drex2 — e (1+c2x2)  cd (i-cXx)

Rule:If e ==c?2d A p € z*, then

X (a+bArcTan[c x])P i (a+bArcTan[c x])P*? 1 (a+bArcTan[c x])P
j dx — —j dx

d+ex? be (p+1) cd i-cX

Program code:

Int [x_x(a_. +b_. xArcTan[c_. «x_])"p_. /(d_+e_. xx_"2), x_Synbol | :
-l x (a+b*ArcTan[cxx])” (p+1) / (bxex (p+1)) -
1/ (cxd) *l nt [ (a+bxArcTan[c*x])"p/ (I -C*X), X1 /;

FreeQ[{a, b, c, d, e}, x] && EqQ[e, c"2xd] && | &G Q[p, 0]

Int [x_#(a_. +b_. *ArcCot [c_. »x_])"p_. /(d_+e_. #x_"2), x_Synbol | :
| * (a+b*xArcCot [c*x])” (p+1)/ (b*xex (p+1)) -
1/ (c=d) %l nt [ (a+bxAr cCot [C*x])"p/ (I -C*X), X] /;

FreeQ[{a, b, c, d, e}, x] && EqQ[e, c"2xd] && | G Q[p, 0]
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dx whene=c2d Ape¢z*Ap¢#-1

. J-x (a+bArcTan[c x])P
- d+ex?
Derivation: Integration by parts

(a+b ArcTan[c x])" (a+b ArcTan[c x])P**

Basis: If e == c2d, then = By

d+e x2 bcd (p+1)
~ Rulelf e==c2d Apé¢z*Ap#-1,then
X (a+b ArcTan[c x])P X (a+b ArcTan[c x])P*! 1
j dx — - j(a+bArcTan[cx])p*1d1x
d+ex? bcd (p+1) bcd (p+1)

Program code:

Int [x_x(a_. +b_. xArcTan[c_. «x_])"p_/(d_+e_. xx_"2),x_Synbol | : =
X* (a+bxArcTan[c*x]1)” (p+1) / (b*Cxd* (p+1)) -
1/ (bxcxd* (p+1)) =l nt [ (a+b*xArcTan[c*x])” (p+1), X] /;
FreeQ[{a, b, c,d, e}, x] & EqQ[e, c"2xd] && Not [| G Q[p, 0]] && NeQ[p, -1]

Int [x_x(a_. +b_. ArcCot [c_. *x_])"p_/(d_+e_. »x_"2),x_Synbol | : =
-X* (a+b*ArcCot [C*x])” (p+1) / (bxC*xdx (p+1)) +
1/ (bxc*d* (p+1)) =l nt [ (a+b*xArcCot [C*x])" (p+1), X] /;
FreeQ[{a, b, c, d, e}, x] & EqQ[e, c"2xd] && Not [I G Q[p, 0]] && NeQ[p, -1]



Rules for integrands of the form u (a+b arctan(c x))™p

dx whene=c?d Ap>0

_ J~(a+bArcTan[cx])p

X (d+ex2)

Derivation: Algebraic expansion

= i o 2 1 __ __%c i
Basis If e == c*d, then x (d+ex2) —  d+ex? *ax (d+C X)

Rule: If e ==c2d A p > 0, then

(a+bArcTan[c x])P i (a+bArcTan[c x])P*t i ((a+bArcTan[c x])P
j dx — +—j dx
x (d +ex?) bd (p+1) d

X (i +CX)

Program code:

Int [(a_. +b_. »ArcTan[c_. xx_1)"p_. / (X_* (d_+e_. xx_"2)), x_Synbol | :
-l x (a+b*ArcTan[cxx])” (p+1) / (bxd* (p+1)) +
I /7d=l nt [ (a+b*xArcTan[cxx])"p/ (X* (| +C*X)), X1 /;

FreeQ[{a, b, c, d, e}, x] && EqQ[e, c"2xd] && G Q[p, 0]

Int [(a_. +b_. *ArcCot [C_. #x_1)"p_. / (X_*(d_+e_. +x_"2)), x_Synbol ] :
| x (a+b*xAr cCot [c*x])” (p+1) / (bxdx (p+1)) +
| /7d=l nt [ (a+b*xArcCot [C*Xx]) p/ (X* (| +C*X)), X] /;

FreeQ[{a, b, c, d, e}, x] & EqQ[e, c"2xd] && G Q[p, 0]



Rules for integrands of the form u (a+b arctan(c x))™p

dx whene=c?d A p<-1

3 J~(f x)M(a+bArcTan[c x])P
- d+ex?
Derivation: Integration by parts

(a+b ArcTan[c x])P**
bcd (p+1)

(a+b ArcTan[c x])P
d+e x?

Basis: If e == c2d, then = By

Rule:If e ==c2d A p < -1,then
(f x)™ (a+bArcTan[c x])P*!

fm

X —

J-(f x)M™(a+bArcTan[c x])P
d
d+ex? bcd (p+1)

Program code:

Int [(f_. #+x_)"m_ «(a_. +b_. *ArcTan[c_. #x_])"p_/ (d_+e_. *x_"2), x_Symbol ] :

(f *x)"me (a+bxArcTan[c*x])” (p+1) / (b*Cxd* (p+1)) -
fxnv (bxc*dx (p+1)) *I nt [ (f #xX)~ (M-1) » (a+b*ArcTan[cxx])” (p+1), X1 /;
FreeQ[{a, b,c,d, e, f, m, x] & EqQ[e, c"2xd] && Lt Q[p, -1]

_bcd(p+1)

Int [(f_. «x_)"m_x(a_. +b_. *ArcCot [c_. #x_])"p_/ (d_+e_. #x_"2), x_Synmbol | : =

- (f *x)"mx (a+b*ArcCot [C*x])" (p+1) / (b*Cc*dx* (p+1)) +
fxnv (bxc*xdx (p+1)) *I nt [ (f #x)~ (M-1) » (a+b*ArcCot [c*Xx])" (p+1), X] /;
FreeQ[{a, b,c,d, e, f, m, x] & EqQ[e, c"2xd] && Lt Q[p, -1]

xM(a+bArcTan[c x])
A:I dx whenmez A - (m=1 A a#0)

d+ex?
Derivation: Algebraic expansion

RuleIf mez A -~ (m=1 A a # 0),then

J~xm (a+bArcTan[c x])

d+ex?
Program code:
Int [x_"m_. »(a_. +b_. xArcTan[c_. xx_])/(d_+e_. xx_"2), x_Synbol | : =

I nt [Expandl nt egr and[ (a+b*ArcTan[c*x]), X nV (d+exx"2), x1, X] /;
FreeQ[{a, b,c,d, e}, x] & & IntegerQ[m] && Not [EQQ[mM 1] && NeQ[a, 0]]

dx — J(a+bArcTan[cx])

Expand| nt egr and|

j(f x)™! (a+b ArcTan[c x])P** dx

m

d+ex?’ X]dlx
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Rules for integrands of the form u (a+b arctan(c x))™p

Int [x_"m_. % (a_. +b_. *xArcCot [c_. #x_])/(d_+e_. xx_"2), x_Synbol | : =
I nt [Expandl nt egr and[ (a+b*Ar cCot [C*X]), X "V (d+exx"2), X1, X] /;
FreeQ[{a, b,c,d, e}, x] & IntegerQ[m] && Not [EQQ[mM 1] && NeQ[a, 0]]

2. j(f x)m(d+ex2)q (a+b ArcTan[c x])P dx when e == c2d
1. J-x (d+ex2)q (a+b ArcTan[c x])P dx when e == c?d

1: JX (d+ex2)q (a+b ArcTan[c x])Pdx whene=c?d Ap>0 Aq#-1

Derivation: Integration by parts
Rule:lf e ==c?2d A p>0 A g # -1,then

(d+ex2)q+l (a+bArcTan[c x])P

bp

Jx (d+ex?)? (a+bArcTan[c x])P dx —
2e (q+1)

Program code:

Int [x_*(d_+e_.*x_"2)"g_.*(a_.+b_. *xArcTan[c_. *x_]1)"p_., X_Synbol ] :
(d+exx"2)" (q+1) » (a+bxArcTan[c*x]1)"p/ (2xe* (q+1)) -
bxp/ (2%Cx (g+1)) =l nt [ (d+exx"2) g (a+bxArcTan[cxx])" (p-1), X] /;
FreeQ[{a, b, c,d, e, g}, x] & & EqQ[e, c"2xd] && G Q[p, 0] && NeQ[q, -1]

Int [x_*(d_+e_.*x_"2)"g_.*(a_. +b_. *ArcCot [C_. *x_])"p_.,X_Synbol ] :
(d+e*x"2)" (q+1) » (a+bxAr cCot [C*X])" P/ (2xe* (Q+1)) +
bxp/ (2%c* (q+1)) *l nt [ (d+exx"2)"q=* (a+b*xAr cCot [C*x])”" (p-1), X] /;
FreeQ[{a, b,c,d, e, q}, x] & EqQ[e, c"2xd] && G Q[p, 0] && NeQ[q, -1]

T 2c(q+1)

j(d +ex?)% (a+bArcTan[c x])P* dx
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Rules for integrands of the form u (a+b arctan(c x))™p

X (a+bArcTan[c x])P
2: dx whene=c2d Ap<-1 Ap#-2
(d+ex2)2

RuleIf e==c?2d A p<-1 A p#-2then

4

X (a+b ArcTan[c x])P+?

X — -

X (a+b ArcTan[c x])P X (a+bArcTan[c x])P*?  (1-c¢?x2) (a+bArcTan[c x])P+?
d
(d+ex2)2 bcd (p+1) (d+ex?) bZe (p+1) (p+2) (d+ex?)

Program code:

Int [x_#(a_. +b_. *ArcTan[c_. xx_])"p_/ (d_+e_. xx_"2)"2, x_Synbol | : =
X* (a+bxArcTan[c*x])" (p+1) / (b*Cxdx (p+1) = (d+exx"2)) -
(1-c"2%x"2) = (a+bxArcTan[C*x])" (p+2) / (b"2xex* (p+1) * (p+2) * (d+e*xXx"2)) -
4/ (b"2% (p+1) * (P+2) ) *I nt [X* (a+bxArcTan[c*Xx])" (p+2) / (d+exx"2)"2, x] /;
FreeQ[{a, b, c, d, e}, x] & & EqQ[e, c"2xd] && Lt Q[p, -1]1 && NeQ[p, -2]

Int [x_x(a_. +b_. *ArcCot [c_. xx_])"p_/ (d_+e_. xx_"2)"2, x_Symbol | : =
-X* (a+b*ArcCot [CxX])" (p+1) / (bxC*xd* (p+1) * (d+€%X"2)) -
(1-c"2xx"2) x (a+bxAr cCot [C*xx])" (p+2) / (b"2xe* (P+1) * (P+2) * (d+exX"2)) -
4/ (b"2% (p+1) * (p+2) ) *I nt [X* (a+bxAr cCot [C*X])" (P+2) / (d+exx"2)"2, X] /;
FreeQ[{a, b, c, d, e}, x] & & EqQ[e, c"2xd] && Lt Q[p, -1]1 && NeQ[p, -2]

b2 (p+1) (p+2)

J

(d +ex2)2

dix
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Rules for integrands of the form u (a+b arctan(c x))™p

2. sz (d+ex2)? (a+bArcTan[c x])P dx when e = c2d
1 IXZ (d+ex?)? (a+bArcTan[c x]) dx whene =c2d A q<-1

Rule: If g == - g,then better touserulefor whenm+2 q + 3 = 0.
Rule: If e ==c?2d A g < -1,then

b (d +ex2)q+1 x (d +ex2)q+l (a+bArcTan[c x1)

1

x2 (d+ex?)? (a+bArcTan[c x]) dx — - +
4¢3d (q+1)2 2c2d (g+1)

Program code:

Int [Xx_"2%(d_+e_. *x_"2)"q_=*(a_. +b_. *ArcTan[c_. »x_1]1), x_Synbol ] : =
-bx (d+e*x"2)" (q+1) / (4%Cc"3xd* (q+1)"2) +
X% (d+exx"2)" (q+1) *» (a+bxArcTan[c*X]) / (2xc"2xd» (q+1)) -
1/ (2%c"2xdx (q+1)) %l nt [ (d+e*x"2)" (q+1) = (a+b*xArcTan[C*X]), X] /;
FreeQ[{a, b, c, d, e}, x] & EqQ[e, c"2xd] && Lt Q[q, -1] && NeQ[q, -5/2]

Int [Xx_"2%(d_+e_. *x_"2)"q_=*(a_. +b_. *ArcCot [C_. *x_]), x_Synbol ] : =
bx (d+e*x"2)" (q+1) / (4%C"3xd* (q+1)"2) +
X% (d+exx"2)" (q+1) » (a+b*ArcCot [C*X]) / (2*xC"2xd* (q+1)) -
1/ (2%c"2xdx (q+1) ) =l nt [ (d+e*x"2)" (q+1) = (a+b*Ar cCot [C*X]), X] /;
FreeQ[{a, b, c, d, e}, x] & & EqQ[e, c"2xd] && Lt Q[q, -1]1 && NeQ[q, -5/2]

-202d(q+1)

J(d +ex2)q+1 (a+bArcTan[c x]) dx
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Rules for integrands of the form u (a+b arctan(c x))™p

dx whene =c?2d A p>0

.. sz (a+b ArcTan[c x])P

(d +ex?)?

Rule:If e ==c?2d A p > 0,then

x2 (a+b ArcTan[c x])P (a+bArcTan[c x])P*t  x (a+b ArcTan[c x])P
dx — -
(d+ex2)2 2bcdd? (p+1) 2c?d (d+ex?)

Program code:

Int [x_"2+(a_. +b_. xArcTan[c_. #x_1)"p_. /(d_+e_. #x_"2)"2, x_Synbol | :
(a+bxArcTan[c*x])” (p+1) / (2xb*xc"3%d 2% (p+1)) -
X% (a+bxArcTan[c*X])"p/ (2xC"2xd*» (d+e*x"2)) +
bxp/ (2%C) »l nt [X* (a+bxArcTan[cxx])" (p-1) / (d+e*x"2)"2, x] /;
FreeQ[{a, b, c, d, e}, x] & EqQ[e, c"2xd] && G Q[p, 0]

Int [x_"2(a_. +b_. »ArcCot [c_. #x_]1)"p_. /(d_+e_. #x_"2)"2, x_Synbol | :
- (a+b*Ar cCot [C*x])" (p+1) / (2xb*c"3%d" 2% (p+1)) -
X* (a+bxAr cCot [C*X])" P/ (2*xC"2xd* (d+e*Xx"2)) -
bxp/ (2%C) *l nt [Xx* (a+b*ArcCot [CxX])" (p-1) / (d+e*x"2)"2, x] /;
FreeQ[{a, b, c, d, e}, x] & EqQ[e, c*2xd] && G Q[p, 0]

bp
. —
2c¢c

X (a+bArcTan[c x])P?

(d +ex2)2

dx

31



Rules for integrands of the form u (a+b arctan(c x))™p

3. J(f x)m(d+ex2)q (a+b ArcTan[c x])Pdx whene =c2d A m+2Qg+2 =
1. j(f x)™(d+ex?)? (a+bArcTan[cx])Pdx whene =c2d A m+2q+2=0 Agq<-1 Ap=z1
1: j(f x)™(d+ex?)? (a+bArcTan[c x]) dx whene =c2d A m+2g+2=0 A q<-1
Rulelf e==c2d A m«2q+2=0 A g < -1,then
J(f x)™(d+ex?)? (a+bArcTan[c x]) dx —

b (f x)m(d+ex2)CI+1 f o x)m™?t (d+ex2)q+1 (a+bArcTan[cx]) 2 (m-1) .
- + J(f x) ™2 (d+ex2)q+ (a+bArcTan[c x]) dx
cdn? c2dm c2dm

Program code:

Int [(f_.*x_)"m % (d_+e_. xx_"2)"g_=(a_. +b_. *ArcTan[c_. *x_]), x_Synbol ] : =

bx (f #X) e (d+exx"2)" (q+1) / (C*xd*m'2) -

fa(f*x)N(M-1) % (d+exx"2)" (q+1) *» (a+b*ArcTan[cxX]) / (C2xdxm) +

fA2% (M-1) / (c"2%d*m) *| nt [ (f #x) " (M-2) * (d+e*xX"2)" (q+1) » (a+bxArcTan[c*x]), X] /;
FreeQ[{a, b,c,d, e, f}, x] & EqQ[e, c"2xd] & & EqQ[M+2xq+2, 0] && Lt Q[q, -1]

Int [(f_.*x_)"m *(d_+e_. xx_"2)"g_=(a_. +b_. *ArcCot [C_. *x_]), x_Synbol ] : =

—-bx (f #X) A me (d+exx"2) " (q+1) / (C*d*m2) -

fa(fxx)N(M-1) % (d+exx"2)" (q+1) » (a+b*ArcCot [CxX]) / (C2xdxm) +

fA2% (m-1) / (c"2%dxm) x| nt [ (f *x) " (M-2) % (d+exXx"2) " (q+1) * (a+bxAr cCot [CxX]), X] /;
FreeQ[{a, b,c,d, e, f}, x] & EqQ[e, c"2xd] &% EqQ[M+2xq+2, 0] && Lt Q[q, -1]

2: j(f x)’“(d+ex2)q (a+b ArcTan[c x])Pdx whene=c?d A m+2g+2=0 A g<-1 Ap>1
Rule:lf e ==c?d A m+2q+2=0 A g<-1 A p>1,then

J(f x)™ (d+ex?)? (a+bArcTan[c x])P dx —

bp (f x)m(d+ex2)GHl (a+bArcTan[c x])Pt  f (f x)™! (d+ex2)q*l (a+bArcTan[c x])P

cdn? cZdm
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Rules for integrands of the form u (a+b arctan(c x))™p
b2p (p-1) f2 (m-1)

— J(f x)™ (d+ex?)? (a+bArcTan[c x])P? dx +

J(f x)™2 (d +ex2)G|+l (a+bArcTan[c x1)P dx
c2dm

Program code:

Int[(f_.*x_)"m »x(d_+e_. xx_"2)"q_=x(a_. +b_. xArcTan[c_. *x_1)"p_, x_Synbol ] : =

bxpx (f #X) "Mk (d+e*xXx"2)" (q+1) » (a+bxArcTan[c*x])" (p-1) / (C*d*nm'2) -

fx(fax)N(M-1) % (d+exx"2)" (q+1) x (a+bxArcTan[c*x])"p/ (c 2xdxm) -

bA2xp* (p-1) /M2l nt [ (f *X) " mk (d+exX"2) q* (a+bxArcTan[C*Xx])" (p-2), X] +

fA2% (M-1) 7/ (c"2xdxm) *| nt [ (f *x)" (M-2) * (d+e*x"2)" (q+1) » (a+bxArcTan[c*x])"p, X] /;
FreeQ[{a, b,c,d, e, f, m, x] & EqQ[e, c"2xd] && EqQ[m+2xg+2, 0] && Lt Q[q, -1] && G Q[p, 1]

Int[(f_.*x_)"m »x(d_+e_. xx_"2)"q_=x(a_. +b_. xArcCot [Cc_. *x_1)"p_, x_Synbol ] : =

~bxpx (f *x)mk (d+exx"2)" (q+1) * (a+bxAr cCot [CxX])" (p-1) / (C*xd*n'2) -

fae(fex)N(M-1) % (d+exx"2)" (q+1) * (a+b*ArcCot [C*X] ) p/ (C 2xd*xm) -

bA2xpx (p-1) /M2l nt [ (f *X)me (d+exXx"2) " q* (a+bxAr cCot [C*X])" (P-2), X] +

fA2% (Mm-1) /7 (c"2xdxm) *| nt [ (f *x)" (M-2) * (d+e*x"2)" (q+1) » (a+b*Ar cCot [C*xXx])"p, X] /;
FreeQ[{a, b,c,d, e, f, m, x] & EqQ[e, c"2xd] && EqQQ[M+2xq+2, 0] && Lt Q[q, -1] && G Q[p, 1]

2: J(f x)m(d+ex2)q (a+b ArcTan[c x])Pdx whene =c?2d A m+2g+2=0 A p<-1
Derivation: Integration by parts

(a+b ArcTan[c x])P+!
bcd (p+1)

. p
Basis If e == Zd,tth: A«
+

Basis: If m+2 q +2 == 0, then 8y (xm (d +e xz)q"l) = ¢ mx™! (d +e x2)q

Rule:lf e==c?2d A m+2q+2=0 A p < -1,then

(f x)m(d+ex2)q+1 (a+bArcTan[c x])P+? fm

(fx)™(d+ex?)? (a+bArcTan[c x])P dx — -
bcd (p+1) bc (p+1)

Program code:

Int [(f_.*x_)"m.. % (d_+e_. *x_"2)"q_. *(a_. +b_. *ArcTan[c_. »x_]1)"p_, Xx_Synbol ] : =
(f X)) A (d+exx"2) " (g+1) » (a+bxArcTan[c*x])" (p+1) / (bxCcxd* (p+1)) -
fxm/ (bxcx (p+1)) =l nt [ (f xx)" (M-1) % (d+e*xx"2)*q=* (a+b*xArcTan[cxx])”" (p+1), X] /;
FreeQ[{a, b,c,d, e, f, mqg}, x] & EqQ[e, c"2xd] && EqQ[m+2xq+2, 0] && Lt Q[p, -1]

J(f x)™ (d+ex?)? (a+bArcTan[c x])P** dx
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Int [(f_.*x_)"m.. % (d_+e_. *x_"2)"q_. *(a_. +b_. *ArcCot [C_. *x_]1)"p_, Xx_Synbol ] : =
= (f *x) "Mk (d+e*x"2) " (g+1) = (a+b*Ar cCot [C*X])" (p+1) / (b*Cxd* (p+1)) +
fxm/ (bxcx (p+1l)) =l nt [ (f xx)" (M-1) % (d+e*x"2) q=* (a+b*xArcCot [C*x])”" (p+1), X] /;
FreeQ[{a, b,c,d, e, f, mqg}, x] & EqQ[e, c"2xd] && EqQ[mM+2xq+2, 0] && Lt Q[p, -1]

4: j(f x)m(d+e><2)q (a+bArcTan[c x])Pdx whene ==c2d A m+2q+3=0 Ap>0 A m¢-1

Derivation: Integration by parts

x™1 (d+e x2)9+t

Basis: If m+2q +3 == 0, thenx™ (d+eX2)q== % 3 m1)

Rulelf e==c?d A m+2g+3=0 A p>0 A m# -1,then

(f x)m1 (d+ex2)q+1 (a+bArcTan[c x])P bcp

J\(f x)™(d+ex?)? (a+bArcTan[c x])P dx — J(f x)™! (d+ex?)? (a+bArcTan[c x])P* dx

df (me1) Cf(me)
Program code:
Int [(f_.*x_)"m.»(d_+e_. »x_"2)"qg_. *(a_. +b_. *ArcTan[c_. *x_])"p_.,x_Synbol ] : =
(f*x) N (Mel) % (d+exx"2)" (q+1) » (a+bxArcTan[c*x]) " p/ (d»f » (m:1)) -
bxcxp/ (f * (Mel)) =l nt [ (f xx)» (Mel) » (d+e*xx"2) q* (a+b*xArcTan[cxx])” (p-1), X1 /;
FreeQ[{a, b,c,d, e, f,mq}, x] & EqQ[e, c"2+d] &% EqQ[M+2xq+3, 0] &% G Q[p, 0] && NeQ[m -1]

Int[(f_.*x_)"m.*x(d_+e_.xx_"2)"q_.*x(a_. +b_. *ArcCot [C_. *Xx_])"p_.,x_Synbol ] : =
(f #x) N (Me1l) % (d+exx"2)" (q+1) » (a+bxAr cCot [C*xx])"p/ (d»f * (M:1)) +
bxcxp/ (f * (Mrl)) =l nt [ (f #x)” (Mel) » (d+e*xx"2) q* (a+b*xArcCot [C*x])" (p-1), X] /;
FreeQ[{a, b,c,d, e, f, mqg}, x] & EqQ[e, c"2xd] && EqQ[M+2xq+3, 0] && G Q[p, 0] && NeQ[m -1]
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5. J(f x)m(d+ex2)q (a+bArcTan[c x])Pdx whene =c2d A g>0

1: J(f x)m’\/d+ex2 (a+bArcTan[c x]) dx whene =c?2d A m# -2

Rule:If e ==c?2d A m# -2, then

X +

VdsexZ  me2

fx)™ vd+ex? (a+bArcTan[c x bcd f x)ml d f x)M™(a+bArcTan[c x
(fx)r"\/d+e><2 (a+b ArcTan[c x]) dx — 0 * @r [exD j( ) d j( ) @+ [ ])dlx

f (m+2) Cf (m+2)

Vd+ex?

Program code:

Int [(f_.*x_)"m *Sqrt [d_+e_. *x_"2]x(a_. +b_. *ArcTan[c_. *Xx_1]), X_Synbol ] :
(f*xx)N (me1) *Sqrt [d+exx"2]* (a+b*ArcTan[cxx]) / (f * (M+2)) -
bxcxd/ (f * (M+2) ) %I nt [ (f #x)» (m+l) /Sqrt [d+e*x"2], X] +
d/ (me2) =l nt [ (f *x) me (a+bxArcTan[c*x]) /Sqrt [d+e*xx"2], X] /;

FreeQ[{a, b, c,d, e, f, m, x] & & EqQ[e, c"2xd] && NeQ[m -2]

Int [(f_.*x_)"m *Sqrt [d_+e_. *x_"2]x(a_. +b_. *ArcCot [C_. *X_1]), X_Synbol ] :
(f*x)N (mel) *Sqrt [d+exx"2] % (a+b*ArcCot [C*x]) / (f * (M+2)) +
bxcxd/ (f * (M+2) ) =l nt [ (f *x)~ (mel) /Sqrt [d+e*xx"2], X] +
d/ (m+2) =l nt [ (f *xX)~me (a+bxAr cCot [Cc*x]) /Sqrt [d+e*x"2], X] /;

FreeQ[{a, b,c,d, e, f, m}, x] & EqQ[e, c"2xd] & & NeQ[m -2]

2: J(f x)™(d+ex?)? (a+bArcTan[cx])Pdx whene =c2d Apez'Aq-1ez*
RuleIf e==c?d A pez*A q-1ez* then
j(f x)™ (d +ex2)q (a+bArcTan[c x])Pdx — jExpandI ntegrand[ (f x)™ (d +ex2)q (a+bArcTan[c x])P, x] dx
Program code:
Int [(f_.*x_)"m *(d_+e_. xx_"2)"g_=(a_. +b_. *ArcTan[c_. *x_])"p_.,Xx_Synbol ] : =

I nt [Expandl nt egr and[ (f #x)*mk (d+e*x"2)"q* (a+b*ArcTan[c*x])"p, X1, X] /;
FreeQ[{a, b,c,d, e, f, m, x] & EqQ[e, c"2xd] && | & Q[p, 0] && I & Q[q, 1] && (EqQ[p, 1] [| I nteger Q[m])

Int [(f_.*x_)"m x(d_+e_. xx_"2)"q_=(a_. +b_. *xArcCot [C_. *x_])"p_.,x_Synbol ] : =
I nt [Expandl nt egr and[ (f #x)*mk (d+e*x"2)"q* (a+b*ArcCot [c*x])"p, X], X] /;
FreeQ[{a, b,c,d, e, f, m, x] & EqQ[e, c"2xd] && 1 & Q[p, 0] && I G Q[q, 1] && (EgQ[p, 1] || IntegerQ[m])

35



Rules for integrands of the form u (a+b arctan(c x))™p

3: J(f x)m(d+ex2)q (a+bArcTan[c x])Pdx whene=c?d A g>0 A pez*

Derivation: Algebraic expansion

Basis If e == c2d,then (d +ex?)? =d (d+ex2)q'l+c2dx2 (d+ex2)q'1
Rule If e ==c2d A q>0 A p € z*, then

C

2d
- J(f X ) M2 (d+ex2)q'1 (a+b ArcTan[c x])P dx

j(f x)™(d+ex?)? (a+bArcTan[c x])P dx — dJ(f x)"‘(d+ex2)q'l (a+bArcTan[c x])P dx +
f

Program code:

Int[(f_.*x_)"m % (d_+e_.xx_"2)"g_.=x(a_. +b_. *ArcTan[c_. *Xx_]1)"p_.,x_Synbol ] : =
dxl nt [ (f *X) me (d+exx"2)" (q-1) * (a+b*ArcTan[c*x])"p, X] +
CM2xd/f A2l nt [ (f #X) N (Mr2) » (d+e%xx"2)" (g-1) = (a+b*xAr cTan[C*x])"p, X] /;
FreeQ[{a, b,c,d, e, f, m, x] & EqQ[e, c"2xd] && G Q[q, 0] && I G Q[p, 0] && (Rational QIm] || EqQ[p, 1] && | ntegerQ[q])

Int [(f_.*x_)"m %(d_+e_. *x_"2)"q_. x(a_. +b_. *ArcCot [c_. *x_]1)"p_., x_Synbol ] : =
dxl nt [ (f #X) me (d+e*xx"2)" (q-1) * (a+b*ArcCot [C*X])"p, X] +
cN2xd/f A 2%l nt [ (f #X) N (Mk2) » (d+€%x"2) " (g-1) * (a+b*Ar cCot [C*X])"p, X] /;
FreeQ[{a, b,c,d, e, f, m, x] & & EqQ[e, c"2xd] & & G Q[q,0] && I G Q[p, 0] && (Rational QIm] || EqQ[p, 1] && | ntegerQ[q])
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6. J(f x)m(d+ex2)q (a+b ArcTan[c x])Pdx whene =c?2d A g<0

dx when e = c2d

1 J-(f x)M(a+bArcTan[c x])P

Vd+ex?

N J~(f x)M™(a+bArcTan[c x]1)P
Vd+ex?
Rule:If e ==c?2d A p>0 A m> 1,then

dx whene=c?d Ap>0 A m>1

(f x)™(@a+bArcTan[c x])P 4

X —
Vd+ex?
f (fx)™ vVd+ex2 (a+bArcTan[cx])P bpr«(f x)™! (a+b ArcTan[c x])P-? f2 (m-1) (¢ x)™2 (a+bArcTan[c x])P
- dx - j dx
cZdm cm Vdrex2 cZm Vd+ex2

Program code:

Int [(f_. #x_)"m_ *(a_. +b_. »ArcTan[c_. »x_])"p_. /Sqrt [d_+e_. #x_"2], x_Synbol | : =
fa(fex)"(m-1)*Sqrt [d+exx"2] % (a+b*xArcTan[C*x])"p/ (C*2xd*xm) -
bxf xp/ (Cxm) | nt [ (f *x)” (M-1) » (a+bxArcTan[c*x])”" (p-1) /Sqrt [d+e*x"2], X] -
fA2% (m-1) / (c"2+m) =l nt [ (f *X)” (M-2) » (a+bxArcTan[cxx])"p/Sqrt [d+e*x"2], X] /;
FreeQ[{a, b,c,d, e, f},x] & EqQ[e, c"2xd] & G Q[p, 0] & G Q[m 1]

Int [(f_. +x_)"m_ *(a_. +b_. »ArcCot [c_. »x_])"p_. /Sqrt [d_+e_. #x_"2], x_Synbol | : =
fe(fex)"(m-1)*Sqrt [d+exx"2] % (a+b*xAr cCot [C*X])"p/ (C*2xd*xm) +
bxf xp/ (Cxm) | nt [ (f *x)” (M-1) » (a+bxAr cCot [c*x])”" (p-1) /Sqrt [d+e*x"2], X] -
fA2% (m-1) /7 (c"2+m) %l nt [ (f #X)” (M-2) » (a+b*ArcCot [c*X])"p/Sqrt [d+e*x"2], X] /;
FreeQ[{a, b,c,d, e, f}, x] & EqQ[e, c"2xd] & G Q[p, 0] & G Q[m 1]

dx whene=c?d Ap>0 A ms-1

) J-(f x)M(a+bArcTan[c x])P

Vd+ex?

1 J~(a+bArcTan[cx])p
X Vd+ex?

1 J-(a+bArCTan[CX])p

xVd+ex?

dx whene=c?d A\ pez*

dx whene =c?d Apez*Ad>0
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dx whene =c?d A d>0

1 J*(a+ b ArcTan[c x])
xVd+ex?
Derivation: Integration by substitution, piecewise constant extraction and algebraic simplification!

Note: Although not essential, these rulesreturns antider ivatives fr ee of complex exponentials of theform e~ cTanic x] gnd i eArcCot [ X],

Basis: If e ==c2d A d > 0,then —l . = Csc[ArcTan[c x]] 8xArcTan[c x]
x Vd+e x? Vd
" Basis If e=c2d A d>0,then —— - - L SclArcOot[ex]] Sec[ArcGot[eX]] 5 ArcCot [C X ]
x Vdre x2 Vd +/ Csc [Ar cCot [c x]72

Rule:If e ==c2d A d > 0,then
J~(a+bArcTan[cx])

1
dx — —— Subst [J(a+bx) Csc[x] dx, x, ArcTan[c x]]

x Vd+ex? Vd
2 V1+icx ib V1+icx ib V1+icx
— -—— (a+bArcTan[c x]) ArcTanh| ]+ Pol yLog[2, - ]- Pol yLog[2, ————]
Vd Vi-icx Vd V1i-icx vd Vi-icx

Program code:

Int [(a_. +b_. *ArcTan[c_. #x_])/(x_Sqrt [d_+e_. +x_"2]), x_Symbol | : =
-2/Sqrt [d]= (a+bxArcTan[c*x])xArcTanh[Sqrt [1+] *C*x]/Sqrt [1-] *C*Xx]] +
| *xb/Sqrt [d]=Pol yLog[2, -Sqrt [1+] xc*x]/Sqrt [1-] xc*x]] -

I *xb/Sqrt [d]*Pol yLog[2, Sqrt [1+] xC*x]/Sqrt [1-1 xC*x]] /;

FreeQ[{a, b, c, d, e}, x] && EqQ[e, c"2xd] && G Q[d, 0]

Int [(a_. +b_. *ArcCot [c_. #x_]) /(X_Sqrt [d_+e_. xx_"2]), x_Symbol | : =
-2/Sqrt [d]= (a+bxArcCot [c*x])*ArcTanh[Sqrt [1+] *Cxx]/Sqrt [1-] *C*x]] -
| *xb/Sqrt [d]*Pol yLog[2, -Sqrt [1+] xc*x]/Sqrt [1-] xC*x]] +
I xb/Sqrt [d]=Pol yLog[2, Sqrt [1+] *c*x]/Sqrt [1-] *CxXx]] /;

FreeQ[{a, b, c, d, e}, x] & & EqQ[e, c"2xd] && G Q[d, 0]
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dx whene =c?d Apez*Ad>0

) j(a+bArcTan[c x1)P

x Vd+ex?
N j(a+bArcTan[cx])p

x Vd+ex?

dx whene =c?2d Apez*Ad>0

Derivation: I ntegration by substitution

Basis If e ==c2d A d > 0,then —=—— == —— Csc[ArcTan[c x]] oxArcTan [c X]
x Vd+e x?2 Vd

RuleIf e ==c?2d A pez*A d>0,then

(a+bArcTan[c x])P 1
J- dx — ——Subst[ | (a+bx)PCsc[x]dx, x, ArcTan[c x]]

x Vd+ex? Ad

Program code:

Int [(a_. +b_. *ArcTan[c_. #x_]1)"p_/ (x_+Sqrt [d_+e_. xx_"2]), x_Synbol | : =
1/Sqrt [d]*Subst [I nt [ (a+bxx)~pxCsc[x], X1, X, ArcTan[c*X]] /;
FreeQ[{a, b, c, d, e}, x] & EqQ[e, c"2xd] && | &G Q[p, 0] && G Q[d, 0]

(a+bArcCot [c x])P
2:f dx whene =c?2d Apez*Ad>0

x Vd+ex?

Derivation: I ntegration by substitution and piecewise constant extraction

Basis If e ==c2d /\d>0,then;==_L Csc [ArcCot [c x]] Sec [ArcCot [c x]] 8, ArcCot [C X]
x Vd+e x2 Vd ‘\/Csc[ArCOOt [cx]1?
Basis 9y —=X1_ .. 0
Csc [x]?
n Csc [Ar cCo CcX 1+ 212
Basis: c [ArcCot [c X]] -

- \/Csc[ArcOot [cx]]? V1+c2 x2
Rule If e ==c?2d A pez* A d>0,then

(a+bArcCot [c x])P 1 (a+bx)PCsc[x] Sec[x]
dx — -—— Subst [ dx, x, ArcCot [cx]]
Vd

xVd+ex? 4/ Csc[x]2
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’ 1
CX 1+c2x2

— -—————— Subst [J-(a+bx)p Sec[x] dx, x, ArcCot [cX]]

Vd+ex2
Program code:
Int [(a_. +b_. »ArcCot [c_. »x_]1)"p_/ (Xx_*Sqrt [d_+e_. xx_"2]), x_Synbol | : =

-C*X*SqQrt [1+1/ (c"2%x"2)]1/Sqrt [d+e*xx"2]xSubst [I nt [ (a+b*Xx)~p*Sec [x], X], X, ArcCot [C*x]] /;
FreeQ[{a, b, c, d, e}, x] & EqQ[e, c"2xd] && | &G Q[p, 0] && G Q[d, 0]

dx whene =c2d Apez*Ad»0

. j(a+bArcTan[c x1)P

xVd+ex?
~ Derivation: Piecewise constant extraction
[ ]
Basis If e == c2 d, then 8, —“” =0
d+e x

RuleIf e ==c?2d A pez* A d30,then

X —

x Vd+ex?2 Vd+ex?

J\(a+bArcTan[cx])" V1+c2x? J-(a+bArcTan[cx])p
d dx

X V1+c2x2

Program code:

Int[(a_. +b_. xArcTan[c_. »x_])"p_. / (X_*Sqrt [d_+e_. xx_"2]), x_Synbol ] :=
Sqrt [1+c"2%x"2]/Sqrt [d+e*xx"2] x| nt [ (a+bxArcTan[Ccxx])"p/ (X*Sqrt [1+c 2xx"2]), X1 /;
FreeQ[{a, b, c, d, e}, x] & EqQ[e, c"2xd] && | &G Q[p, 0] && Not [G Q[d, 0]]

Int [(a_. +b_. »ArcCot [C_. »x_]1)"p_. /(x_#Sqrt [d_+e_. #x_"2]), x_Symbol | : =
Sqrt [1+c"2%x"2]1/Sqrt [d+e*xx"2] | nt [ (a+b*xArcCot [C*x]) p/ (X*Sqrt [1+Cc 2xx"2]), X] /;
FreeQ[{a, b, c, d, e}, x] & & EqQ[e, c"2xd] && | &G Q[p, 0] && Not [G Q[d, 0]]
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dx whene=c?d Ap>0 A m<-1

5 J-(f x)M(a+bArcTan[c x])P

Vd +e x?
(a+bArcTan[c x])P
1:-[ dx whene =c2d A p>0
x2Vd+ex?
Derivation: Integration by parts
n o7
Basis: ;==_6XM
x2 Vd+e x2 dx
Rule: If e ==c2d A p > 0, then
J(a+bArcTan[cx])p Vd+ex? (a+bArcTan[cx])P (a+bArcTan[c x])P1
dx — - +bcpf dx
x24d +e x? dx Vd+ex?

Program code:

Int [(a_. +b_. »ArcTan[c_. »x_]1)"p_. /(x_"2%Sqrt [d_+e_. xx_"2]), x_Synbol | : =
-Sgrt [d+exx"2] % (a+b*xArcTan[C*x])"p/ (d*X) +
bxcxp=*l nt [ (a+bxArcTan[c*x])" (p-1) / (X*Sqrt [d+exx"2]), x] /;

FreeQ[{a, b, c, d, e}, x] & EqQ[e, c*2xd] && G Q[p, 0]

Int [(a_. +b_. »ArcCot [C_. #x_]1)"p_. /(X_"2%Sqrt [d_+e_. xx_"2]), x_Synbol | : =
-Sgrt [d+exx"2] % (a+b*xAr cCot [C*x]) p/ (d*xX) -
bxcxp=*l nt [ (a+bxArcCot [C*Xx])" (p-1) / (X*Sqrt [d+exx"2]), x] /;

FreeQ[{a, b, c, d, e}, x] && EqQ[e, c"2xd] && G Q[p, 0]
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dx whene=c?d Ap>0 A m<-1 A m#-2

. J-(f x)M(a+bArcTan[c x])P
Vd+ex2

RuleIf e==c?2d A p>0 A m<-1 A m# -2,then
(f x)™(a+bArcTan[c x])P

(f x)™2 (a+b ArcTan[c x])P
dx

dx —
Vd+ex?
(fx)™vd+ex? (a+bArcTan[c x])P bcp j(fX)ml (a+bArcTan[c x])P1 c2 (m+2)
- dx -
df (m+1) f (m+1) Vdsex? f2 (m+1)

Program code:

Int [(f_. »x_)"m_ «(a_. +b_. »ArcTan[c_. »x_])"p_. /Sart [d_+e_. #x_"2], x_Synbol | : =
(f *x)N (me1) *Sqrt [d+exx"2]* (a+bxArcTan[c*x]) p/ (d*f » (M+1)) -
bxcxp/ (f * (Mm+1l)) =l nt [ (f #x)”» (mel) % (a+bxArcTan[cxx])” (p-1) /Sqrt [d+e*x"2], x] -
C2% (Me2) / (F 2% (mel) ) *l nt [ (f #x)” (M+2) » (a+bxArcTan[c*x]) p/Sqrt [d+exx"2], x] /;
FreeQ[{a, b,c,d, e, f},x] & EqQ[e, c"2xd] && &G Q[p, 0] && LtQ[m -1] && NeQ[m -2]

I nt [(f _.#X_)"m % (a_. +b_. xArcCot [C_. *x_])"p_. /Sqrt [d_+e_. xx_"2], x_Synbol ] =
(f *x)N (me1) *Sqrt [d+exx"2]* (a+b*ArcCot [c*X])"p/ (d*f » (M+1)) +
bxcxp/ (f » (mel)) =l nt [ (f *x)” (Mm+1) x (a+bxAr cCot [C*x])" (p-1)/Sqrt [d+exx"2], X] -
CN2% (me2) / (f 2% (mel) ) *l nt [ (f #x)” (M+2) » (a+bxAr cCot [C*X]) p/Sqrt [d+exx"2], X] /;
FreeQ[{a, b,c,d, e, f},x] & EqQ[e, c"2xd] & &G Q[p, 0] && LtQ[m -1] && NeQ[m -2]

J

Vd+ex?
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2. Jxm(d+ex2)q (a+b ArcTan[c x])Pdx whene =c2d A q< -1

1 jx”‘(d+ex2)q (a+bArcTan[c x])Pdx whene ==c?d A (m|p|2d)ezZ Ag<-1 Am>1Apz#-1

Derivation: Algebraic expansion

i 2
Basis —%— == 1. ¢

diex? e e (drex?)

Rulelf e==c?2d A (m|p|29) ez Agd<-1 A m>1A p#-1,then

1
jxm(d+ex2)q (a+bArcTan[c X])Pdx — —

d
jx”*z (d +ex2)q+l (a+bArcTan[c x])P dx - — Jx"*z (d+ex?)? (a+bArcTan[c x])P dx
e e
Program code:

Int [x_"m % (d_+e_. xx_"2)"g_=(a_. +b_. *ArcTan[c_. *x_])"p_.,x_Synbol ] : =
1/exl nt [X" (M-2) » (d+e*x"2)" (g+1) = (a+b*xArcTan[C*Xx])"p, X] -
d/exl nt [X" (M-2) % (d+e*x"2)"q* (a+b*ArcTan[cxx])"p, X] /;

FreeQ[{a, b, c, d, e}, x] & & EqQ[e, c"2xd] && | ntegersQ[p, 2xq] && Lt Q[q, -1] && I G Q[m 1] && NeQ[p, -1]
Int [Xx_"m % (d_+e_.*x_"2)"g_=(a_.+b_. *xArcCot [c_. *x_])"p_., X_Synbol ]

1/exl nt [X" (M-2) % (d+e*x"2)" (q+1) = (a+b*Ar cCot [C*X])"p, X] -
d/exl nt [X" (M-2) % (d+e*x"2)"q* (a+b*ArcCot [C*Xx])"p, X] /;

FreeQ[{a, b, c, d, e}, x] & & EqQ[e, c"2xd] && | ntegersQ[p, 2xq] && LtQ[q, -1] && | G Q[m 1] && NeQ[p, -1]
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2: jxm(d+ex2)q (a+bArcTan[cx])Pdx whene ==c?d A (m|p|29g) ez Ag<-1 Am<OAp#-1

Derivation: Algebraic expansion

1 1 e x2

drexz —d  d (d+e x2)

Basis:
Rule If e==c2d A (m|p|29d) ez Ag<-1 Am<O0 A p#-1,then

1 e
jxm(d+ex2)q (a+bArcTan[c x])P dx — gjxm(duexz)q*l (a+bArcTan[c x])P dx - EJXWZ (d+ex?)? (a+bArcTan[c x])P dx

Program code:

Int [X_"m %(d_+e_. *x_"2)"q_=*(a_. +b_. *ArcTan[c_. »x_])"p_.,x_Synbol ] : =
1/d=l nt [X"mk (d+e*xXx"2)" (q+1) » (a+bxArcTan[c*x])"p, X] -
e/d=*l nt [X" (mM+2) % (d+e*x"2)"q* (a+b*ArcTan[cxx])"p, X] /;
FreeQ[{a, b, c,d, e}, x] & EqQ[e, c"2xd] && | ntegersQ[p, 2%xq] && Lt Q[qg, -1] && ILtQ[m 0] && NeQ[p, -1]

Int [Xx_"m % (d_+e_. *x_"2)"g_=(a_. +b_. *ArcCot [c_. *x_])"p_.,Xx_Synbol ] : =
1/d*l nt [Xx me (d+e*x"2)" (g+1) » (a+b*Ar cCot [C*x])"p, X] -
e/d=*l nt [X" (mM+2) % (d+e*xx"2)"q* (a+b*Ar cCot [C*x])" p, X] /;
FreeQ[{a, b,c,d, e}, x] & EqQ[e, c*2xd] && | ntegersQp, 2xq] && Lt Q[qg, -1] && ILtQ[m 0] && NeQ[p, -1]
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3: jxm(d+ex2)q (a+bArcTan[c x])Pdx whene=c?d AmezZz Aq<-1 Ap<-1 Am+2g+24#0

Derivation: Integration by parts

Rulelf e==c?d Amez Aq<-1 Ap<-1 A m+2q+2#0,then
Jxm(d+ex2)q (a+bArcTan[c x])P dx —

x™ (d +ex2)q+l (a+bArcTan[c x])P+!

bcd (p+1)
m cC (Mm+2q+2)
—J.x”*l (d+ex2)q (a+bArcTan[c x])P*t dx - —fxm*l (d+ex2)q (a+bArcTan[c x])P*! dx
bc (p+1) b (p+1)

Program code:

Int [Xx_"m.*(d_+e_.*x_"2)"q_=x(a_. +b_. *ArcTan[c_. *x_]1)"p_., X_Synbol ] : =
XA Mk (d+e*x"2)" (q+1) » (a+bxArcTan[c*x]1)" (p+1) / (bxCxd* (p+1)) -
nv (bxc* (p+1)) =l nt [X" (M-1) » (d+e*x"2) g+ (a+bxArcTan[cxx])" (p+1), X] -
Cx (M+2xq+2) / (b (p+1) ) »l nt [X™ (M+1) * (d+exx*2)*q* (a+bxArcTan[cxx])”" (p+1), X] /;
FreeQ[{a, b, c,d, e, m}, x] & EqQ[e, c"2xd] && IntegerQ[m] && LtQ[q, -1] && Lt Q[p, -1] && NeQ[mM+2x(q+2, 0]

Int [X_"m_.»(d_+e_. *X_"2)"g_=(a_. +b_. *ArcCot [Cc_. *x_]1)"p_., x_Synbol ] : =
=X Mk (d+exX"2) " (q+1) » (a+b*ArcCot [CxXx])" (p+1) / (b*Cc*d* (p+1)) +
nv (bxc* (p+1)) =l nt [X" (M-1) » (d+e*x"2) g+ (a+b*ArcCot [C*X])" (p+1), X] +
Cx (M2%Q+2) / (b* (p+1)) *l nt [X® (mk1l) % (d+e*x"2) g+ (a+b*ArcCot [c*x])" (p+1), X] /;
FreeQ[{a, b, c,d, e, m}, x] & EqQ[e, c"2xd] && IntegerQ[m] && Lt Q[q, -1] && Lt Q[p, -1] && NeQ[mM+2x(q+2, 0]

4, jxm(d+ex2)q(a+bArcTan[cx])pd1x whene =c?d A mez*A m+2q+1lez"
1. jxm(d+ex2)q(a+bArcTan[cx])”d1x whene =c2d A mez*A m+2q+1ez"
1: jxm(d+ex2)q (a+b ArcTan[c x])Pdx whene =c?2d A mez*A m+2q+1ez A (qez V d>0)

Derivation: Integration by substitution

" BassIfe=c2d Amez A mi2q+lez A (gez V d>0),thenx™(d+ex?)? = dSinfArcTan(ex]]® 5 ArcTan[c X]

c¢™1 Cos [ArcTan [c x]]™?2 @+

Rulelf e ==c?d A mez* A m+2g+1ez A (qez V d>0),then
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da (a+bx)PSin[x]m
x™(d+ex?)? (a+bArcTan[c x])Pdx — —— Subst |
cmvl Cos [X] m+2 (q+1)

dx, x, ArcTan[c x]]

Program code:

Int [X_"m..»(d_+e_. *X_"2)"g_x(a_. +b_. *ArcTan[c_. *x_]1)"p_., x_Synbol ] : =
drg/c™ (mel) xSubst [I nt [ (a+b*Xx) " p*Si n[x]1*nvVCos [X]" (m+2% (q+1)), X1, X, ArcTan[C*X]] /;
FreeQ[{a, b,c,d, e, p}, x] & & EqQ[e, c"2xd] & | G Q[m 0] && | Lt Q[m+2xq+1, 0] && (I ntegerQ[q] || &G Q[d, 0])

2: fxm(d+ex2)q (a+b ArcTan[c x])Pdx whene ==c2d A mez* Am+2g+1lez A -(qez V d>0)

Derivation: Piecewise constant extraction

- Vi

Basis: If e == czd,thenax =0

d+e x?
Rulelf e==c?d A mez* Am+2q+1lez A - (qez V d>0),then
dq*%\/1+czx2
Vd +ex?

Jxm(d+ex2)q (a+bArcTan[c x])P dx — J-xm(1+c2x2)q (a+bArcTan[c x])P dx

Program code:

Int [Xx_"m.*(d_+e_.*x_"2)"q_=x(a_. +b_. *ArcTan[c_. *x_]1)"p_., X_Synbol ] : =
dN (q+1/2) *Sqrt [1+c”2%x"2]/Sqrt [d+e*x"2] =l nt [ X mk (L+Cc*2xXx"2)"q* (a+bxArcTan[c*x])"p, X] /;
FreeQ[{a, b,c,d, e, p}, x] & EqQ[e, c"2xd] && | G Q[m 0] && | Lt Q[m+2%q+1, 0] && Not [I nt egerQ[q] || & Q[d, 0]]
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2 Jxm(d+ex2)q (a+b ArcCot [c Xx])Pdx whene =c?2d A mez* A\ m+2q+1ez"

1 jxm(d+ex2)q (a+b ArcCot [c x])Pdx whene ==c2d A mez*A m+2q+1eZ AQqez

Derivation: Integration by substitution
dd Cos [ArcCot [c x]]™ 3, Ar cCot [c x]

- ™ o a2 m 2\4 __ _
Basis: If e ==c?d A mez A qezthenx™(d+ex?)" = TS A SO0t (S x] ™ T
Rulelf e ==c?d A mez* A m+2q+1ez A qez,then

dd (a+bx)PCos[x]™
—— Subst [J dx, x, ArcCot [cx]]
1 Sin [X] m+2 (q+1)

fxm(d+ex2)q (a+bArcCot [cX])PdX — -
Cm+

Program code:
Int [x_"m.%(d_+e_.xx_"2)"q_=x(a_. +b_. *ArcCot [C_. *Xx_]1)"p_., X_Synbol ]
-d™q/c” (m1l) *Subst [l nt [ (a+b*x)*p*Cos [X] MV Si n[X]" (M+2% (q+1)), X1, X, ArcCot [C*x]] /;
FreeQ[{a, b,c,d, e, p}, x] & & EqQ[e, c"2xd] && | G Q[m 0] && | Lt Q[m+2xq+1, 0] && | nteger Q[q]

47



Rules for integrands of the form u (a+b arctan(c x))™p 48

2: J‘xm(d+ex2)q (a+b ArcCot [c x])Pdx whene ==c2d A mez*A m+2q+1eZ AQq¢z

Derivation: Piecewise constant extraction and integration by substitution

x 1+c2 x?
u . c2x? 0

Basis: If e == ¢2 d, then 8,

Vd+e x?
u 1
IS m1 1 22\9-3 __ _ Cos [ArcCot [c x]]™
Basis If mez A m+2q+1e€Z A Q¢ Z,thenx 1+ 5 (1+c?x2) T oA oot o T T dy ArcCot [C X]

Rulelf e ==c?2d A mez* A m+2qg+1ezZ A q¢2z,then

2 y2
02 dq+2 X 1+;: ;(
cZx

1
(1+c?x2)%2 (a+b ArcCot [c x])P dx

Jxm(d+ex2)q (a+bArcCot [c x])Pdx —

dq+3x 1+c2x?
2
Teixz (a+bx)PCos[x]™

— -——————— Subs t[j dx, x, ArcCot [cx]]

c™Vd + e x2 Si n[x]™2 @+

d+ex2

Program code:
Int [Xx_"m.*(d_+e_.*x_"2)"q_=(a_. +b_. *ArcCot [C_. *Xx_]1)"p_., X_Synbol ] : =

-d™ (q+1/2) xx*Sqrt [ (1+Cc"2%x"2) / (c"2%x"2) 1/ (c"mxSqrt [d+exx"2]) *Subst [I nt [ (a+bxx)*pxCos [X]*nVSi n[X]" (M«2* (g+1)), X1, X, ArcCot [C*X]]
FreeQ[{a, b,c,d, e, p}, x] & EqQ[e, c"2xd] && 1 G Q[m 0] && I Lt Q[m+2xq+1, 0] && Not [I nt eger Q[q]]

3. J(f x)™(d+ex?)? (a+bArcTan[c x]) dx when
(qez"/\--(ml € Z" /\m+2q+3>0))\/(m'TleZ+/\-(qu‘/\m+2q+3>0))\/(%eZ‘/\ m'T1¢Z')
1: -J-x (d+ex2)q (a+bArcTan[c x]) dx whenq # -1

Derivation: Integration by parts

(d+e X2)ﬂ+1

- 2\a __
Basis: x (d +e x?)" == o 26 (@D

Rule: If g # -1, then
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dx

(d+ex2)q+1 (a+bArcTan[c x]) bc (d+ex2)q+l
x (d+ex?)? (a+bArcTan[c x]) dx —

2e (q+1) _2e(q+1) 1+c2x?

Program code:

Int [x_*(d_.+e_.xx_"2)"g_.*(a_. +b_. xArcTan[c_. xx_]1), x_Synbol ] :
(d+exx"2)" (q+1) » (a+bxArcTan[cxx]) / (2xex (q+1)) -
bxc/ (2xex (q+1)) =l nt [ (d+exx"2)" (q+1) / (1+C"2xx"2), X] /;
FreeQ[{a, b, c,d, e, q}, x] & & NeQ[q, -1]

Int [X_*(d_. +e_. *x_"2)"q_. »(a_. +b_. *ArcCot [Cc_. *x_1]), x_Synbol ] :
(d+exx"2)" (q+1) » (a+bxAr cCot [C*X]) / (2%ex (q+1)) +
bxc/ (2xe* (q+1)) *l nt [ (d+e*x"2)" (q+1) / (1+C 2xx"2), X1 /;
FreeQ[{a, b, c,d, e, q}, x] & & NeQ[q, -1]

2: J(f x)™ (d+ex?)? (a+bArcTan[c x]) dx when

(qez"/\- rTFTleZ‘/\ m+2q+3>0))\/(mTleZ+/\- (qez A m+2q+3>0))\/(MeZ‘ mTls*.Z‘)

2

Derivation: Integration by parts

Note: If (qez*/\- ("*7162'/\ m+2q+3>0))\/(”“Tlez+/\- (qez- A m+2q+3>0))\/(%62'/\ ”*Tler),

then [(f x)™ (d +e x2)q dx isexpressible asan algebraic function not involving logarithms, inversetrig or inverse hyperbolic functions.

Rule: If (qez*/\ - (mTlez-/\ m+2q+3>0))\/(m*71ez+/\ - (gez A m+2q+3>0))\/(%e2' ”*TleZ'),let
u=J(fx)™(d+ex?)?ax, then

u
J(f x)m(d+ex2)q (a+bArcTan[c x]) dx — u (a+bArcTan[c x]) —bcj—dlx

1+c2x2

Program code:

Int[(f_.*x_)"m.*x(d_. +e_. *xx_"2)7q_. *x(a_. +b_. *ArcTan[c_. *Xx_]), Xx_Synbol ] : =
Wth[{u=l nt H de[ (f *x)*m« (d+exx"2)"q, X1},
Di st [a+bxArcTan[c*Xx], u, Xx] - bxcslnt [Sinplifylntegrandfu/ (1+c"2%x"2), x1,X]] /;
FreeQ[{a, b,c,d, e, f, mqg}, x] && (
| G Q[g,0] & Not [I Lt Q[ (m-1)/2,0] && G Q[Mm+2%q+3, 011 ||
1 G Q[ (m+1)/2,0] && Not [I Lt Q[g, 0] && G Q[m+2xq+3, 011 ||
I Lt Q[ (m+2%xg+1) /2, 0] && Not [I Lt Q[ (m-1)/2,0]] )
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Int [(f_.*x_)"m.. %(d_. +e_. *x_"2)"q_. *(a_. +b_. *ArcCot [Cc_. *x_]), x_Synbol ] : =
Wth[{u=l nt H de[ (f *x)*m« (d+exx"2)"q, X1},
Di st [a+b*ArcCot [cxX], U, X] + bxc=lnt [Sinplifylntegrandfu/ (1+c"2xx"2), x1,X]] /;
FreeQ[{a,b,c,d, e, f,mqg}, x] && (
| & Q[q, 0] && Not [ILtQ[(m-1)/2,0] && G Q[m2xq+3,0]] ||
1 G Q[ (m+1)/2,0] && Not [l Lt Q[g, 0] && G Q[m+2xq+3, 011 ||
I Lt Q[ (M+2%g+1) /2, 0] && Not [I Lt Q[ (m-1)/2,0]] )

X (a+bArcTan[c x])P
4: dx when p € z*
(d +ex2)2

Derivation: Algebraic expansion

= . X 1 1

asis: (d+e x2)? = 2 2
4d24,-§ [1-,/_3 x] 4d?,[-= [1+J- x]

Rule: If p € z*, then

X (a+bArcTan[c x])P (a+bArcTan[c x])P (a+bArcTan[c x])P
2 ax > dax - ” dx
d EX2 ' e ’ [ e
( + ) E X) _E X)

alo

Program code:

Int [x_x(a_. +b_. *ArcTan[c_. «x_])"p_. /(d_+e_. xx_"2)"2,x_Synbol | : =
1/ (4%d"2xRt [-e/d, 2]) %Il nt [ (a+bxArcTan[cxx])"p/ (1-Rt [-e/d, 2] *x)"2, x] -
1/ (4%d"2xRt [-e/d, 2]) | nt [ (a+bxArcTan[c*x])"p/ (1+Rt [-e/d, 2]*x)"2,X] /;
FreeQ[{a, b,c,d, e}, x] && | G Q[p, 0]

Int [x_x(a_. +b_. ArcCot [c_. *x_])"p_. /(d_+e_. xx_"2)"2,x_Synbol | : =
1/ (4%d"2xRt [-e/d, 2]) %Il nt [ (a+b*xArcCot [c*xx])"p/ (1-Rt [-e/d, 2] xx)"2, X] -
1/ (4%d"2xRt [-e/d, 2]) %Il nt [ (a+b*xArcCot [cxx])"p/ (1+Rt [-e/d, 2]1xx)"2, x] /;
FreeQ[{a, b,c,d, e}, x] & | & Q[p, 0]
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5: J(f x)m(d+ex2)q (a+bArcTan[c x])Pdx whenqez A pez* A (p=1YV mez)

Derivation: Algebraic expansion
Rulelf gez Apez*A\ (p=1YV mez),then

f(f x)™ (d +ex2)q (a+bArcTan[c x])Pdx — j(a+bArcTan[c x1)P Expandl nt egrand[ (f x)™ (d +ex2)q, x] dx

Program code:

Int [(f_.*x_)"m.. x(d_+e_. *x_"2)"q_. x(a_. +b_. xArcTan[c_. »x_]1)"p_., x_Synbol ] : =
Wt h[{u=Expandl nt egr and[ (a+b*ArcTan[c*x])"p, (f *X)mx (d+e*x"2)"q, X1},
I nt [u, X] /;

SunQ[ull /;
FreeQ[{a, b,c,d, e, f,m, x] & IntegerQ[q] && | G Q[p, 0] && (EqQ[p, 1] && &G Q[qg, 0] || I nteger Q[m])

Int [(f_. *x_)"m. . % (d_+e_. *x_"2)"q_. *(a_. +b_. *ArcCot [C_. *x_]1)"p_., x_Synbol ] : =
W t h[{u=Expandl nt egr and[ (a+b*Ar cCot [C*x])"p, (f *x) mk (d+exx"2)"q, X]},
I nt [u, x] /;

SumQ[ull /;
FreeQ[{a, b,c,d, e, f, m, x] & IntegerQ[q] && | G Q[p, 0] && (EqQ[p, 1] && &G Q[g, 0] || I nteger QIm])

6: J(f x)™(d+ex?)? (a+bArcTan[c x]) dx

Derivation: Algebraic expansion
Rule:

j(f x)™ (d+ex?)? (a+bArcTan[c x]) dx — aJ-(f x)m(d+ex2)qu+bj(f x)™ (d +ex?)? ArcTan[c x] dx

Program code:

Int [(f_.*x_)"m.. x(d_+e_. *x_"2)"q_. *(a_+b_. *xArcTan[C_. *Xx_]), X_Synbol ] : =
axl nt [ (f #xX) me (d+exx"2)"qg, X] + b=l nt [ (f #X) me (d+exx"2) q*Ar cTan[C*X], X] /;
FreeQ[{a, b, c,d, e, f, mq}, x]

Int [(f_.*x_)"m_. »(d_+e_. xx_"2)"qg_. x(a_+b_. *ArcCot [Cc_. *x_1]), x_Synbol ] : =
axl nt [ (f #xX) me (d+exx"2)"qg, X] + b=l nt [ (f #X) mk (d+exx"2)"q*Ar cCot [C*X], X] /;
FreeQ[{a, b,c,d, e, f, mqg}, x]
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dx when e = c2d

. Ju (a+bArcTan[c x])P

d+ex?

dx whenpez*A\ e=c?°d A mez*

N J~(f +gx)™(a+bArcTan[c x])P

d+ex?
Derivation: Algebraic expansion

RuleIf pez* A e=c2d A me z*, then

f +gx)™(@a+bArcTan[c x])P (a+bArcTan[c x])P
J dx — j Expandl ntegrand[ (f +gx)™ x] dx

d+ex? d+ex?

Program code:

Int [(f_+g_. #x_)"m_. «(a_. +b_. »ArcTan[c_. +x_1)"p_. /(d_+e_. x_"2), x_Synbol | :
I nt [Expandl nt egr and[ (a+b*ArcTan[Cc*Xx])"p/ (d+e*x"2), (f +g*x)"m x1, X] /;
FreeQ[{a, b,c,d, e, f, g}, x] & | & Q[p, 0] && EgQ[e, c"2xd] && | G Q[m 0]

Int [(f_+g_. #x_)"m_. (a_. +b_. »ArcCot [C_. #x_]1)"p_. /(d_+e_. x_"2), x_Synbol | :
I nt [Expandl nt egr and[ (a+b*Ar cCot [C*X])"p/ (d+e*x"2), (f +g*x)"m X1, X] /;
FreeQ[{a, b,c,d, e, f, g}, x] && 1 & Q[p, 0] && EgQ[e, c"2xd] && | & Q[m 0]
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ArcTanh[u] (a+b ArcTan[c x])P
Z.J. dx whenp e z* A e =c2d

d+ex?

ArcTanh[u] (a+b ArcTan[c x])P
13J dlxWhenpez*/\e==c2d/\u2==(1_L)2

d+ex2 | +c X

Derivation: Algebraic expansion
Basis: ArcTanh[z] == = Log[l+2] - % Log[l-2z]

Basis: ArcCot h[z] ==

NP N[~

Log[1+2] - Log[1- 2]

Rule: If pez*/\ e=c?d /\ u? == (1—L)2,then

I +C x

dx -

J-ArcTanh[u] (a+bArcTan[c x])P 1 jLog[1+u] (a+b ArcTan[c x])P 1
dx — — —
d+ex? 2

d+ex?

Program code:

I nt [Ar cTanh[u_l=*(a_. +b_. *ArcTan[c_. *x_]1)"p_. /(d_+e_. *X_"2), x_Synbol ] =
1/2xl nt [Log[l+u]* (a+bxArcTan[c*x])"p/ (d+exx"2), Xx] -
1/2«l nt [Log[1-u]* (a+bxArcTan[cxx])"p/ (d+exx"2), x] /;
FreeQ[{a, b,c,d, e}, x] & | G Q[p, 0] && EqQ[e, c"2xd] && EqQQ[U2- (1-2x] / (I +C*Xx))"2, 0]

I nt [Ar cCoth[u_J=*(a_.+b_. xArcCot [C_. *x_])"p_. /(d_+e_. *X_"2), x_Synbol ] =
1/2xl nt [Log[Si nplifylntegrand[1+1/u, Xx]]* (a+bxArcCot [C*x])"p/ (d+e*Xx"2), X] -
1/2xI nt [Log[Si nplifylntegrand[1-1/u, x]]*(a+bxArcCot [Cxx])"p/ (d+e*xx"2),X] /;
FreeQ[{a, b,c,d, e}, x] & | G Q[p, 0] && EqQ[e, c"2xd] && EqQQ[U"2- (1-2x| / (I +C*Xx))"2, 0]

J

Log[l-u] (a+bArcTan[c x])P

d+ex?

dx
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ArcTanh[u] (a+b ArcTan[c x])P
Z:I dlxwhenpez’*/\e::czd/\u2==(1—2—')2

d+(—:‘X2 I -cx

Derivation: Algebraic expansion

Basis: ArcTanh[z] = Log[1+z]—%Log[1—z]

Basis: ArcCot h[z] ==

NP N]-=

Log[1+§]_§Log[1_§]

Rule:lfpez*/\e:: 2d/\u2== (1- 21 )Z,then

| -c x

X — —

J-ArcTanh[u] (a+bArcTan[c x])P 1 J-Log[1+u] (a+bArcTan[c x])P 1 JLog[l—u] (a+b ArcTan[c x])P
d dx dx

d+ex? d+ex? 2 d+ex?

Program code:

Int [ArcTanh[u_]«(a_. +b_. *ArcTan[c_. #x_]1)"p_. /(d_+e_. #x_"2), x_Synbol | : =
1/2xl nt [Log[l+u]* (a+bxArcTan[c*x])"p/ (d+exx"2), x] -
1/2xl nt [Log[1-u]=* (a+b*ArcTan[cxx]) p/ (d+exx"2), Xx] /;
FreeQ[{a, b,c,d, e}, x] & | & Q[p, 0] && EqQ[e, c"2xd] && EqQ[uU"2- (1-2xl / (I -c*x))"2, 0]

Int [ArcCoth[u_]«(a_. +b_. »ArcCot [c_. #x_]1)"p_. /(d_+e_. #x_"2),x_Synbol | : =
1/2%l nt [Log[Si nplifylntegrand[1+1/u, X]]* (a+bxArcCot [C*Xx])"p/ (d+e*Xx"2), X] -
1/2%I nt [Log[Si npl i fyl ntegrand[1-1/u, x]]* (a+bxArcCot [C*Xx])"p/ (d+e*x"2),X] /;
FreeQ[{a, b,c,d, e}, x] & | & Q[p, 0] && EqQ[e, c"2xd] && EqQ[U"2- (1-2xl / (I -c*x))"2, 0]
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Rules for integrands of the form u (a+b arctan(c x))™p

(a+b ArcTan[c x])P Log[u]
S.I dx whenp e z* A e =c2d
d+ex?

(a+bArcTan[c x])P Log[f +gX]
1:J . 9 9 dx whenpez*Ae=c?>d A c?f2+g2=0
d+ex

Derivation: Integration by parts

Basis If e = c2 d. then (a+b ArcTan[c x1)P =0 (a+b ArcTan[c x])P**
) ! d+e x2 X bcd (p+l)

Rule If pez* A\ e=c2d A c2f2+9g?2=0,then

J~(a+bArcTan[c x1)P Log[f +gXx] (a+b ArcTan[c x]1)P*! Log[f +gx]
d

X —

g

(a+bArcTan[c x])P*?

d+ex? bcd (p+1)

Program code:

Int [(a_. +b_. »ArcTan[c_. »x_])"p_. #Log[f _+g_. #x_1/(d_+e_. #x_"2),x_Synbol | : =
(a+bxArcTan[cxx])" (p+1) xLog[f +g*xx]/ (bxCcxd* (p+1)) -
g/ (bxcxd=* (p+1)) *l nt [ (a+bxArcTan[c*x]1)" (p+1) / (f +g*x), X] /;

FreeQ[{a, b,c,d, e, f,g}, x] && | G Q[p, 0] && EqQ[e, c"2xd] && EqQ[c 2xf"2+g”2, 0]

I nt [(a_. +b_. *xArcCot [C_. »x_1)"p_. xLog[f _+g . *x_]/(d_+e_. *X_"2), x_Synbol ] =
(a+bxArcCot [c*x])” (p+1) *Log[f +g*x]/ (b*Cxd* (p+1)) -
g/ (bxcxd* (p+1)) *l nt [ (a+bxAr cCot [C*x])" (p+1) / (f +g*X), X] /;

FreeQ[{a, b,c,d, e, f,g}, x] & | G Q[p, 0] && EqQ[e, c"2xd] && EqQ[c 2xf"2+g”2, 0]

“bed (p+1)

J

f+gx

dx
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Rules for integrands of the form u (a+b arctan(c x))™p

(a+b ArcTan[c x])P Log[u]
Z:I d]xwhenpeZ*/\e::czd/\(l—u)2==(1—2—|)2
d+ex? I+cx

Derivation: Integration by parts

Rule: If pez*/\e:: 2d /\ (1-u)? == (1—%)2,then
i (a+bArcTan[c x])P Pol yLog[2, 1-u] bpij
2

(a+b ArcTan[c x])P1 Pol yLog[2, 1-u]
dx

d+ex?

(a+bArcTan[c x])P Log[u]
J dx —
d+ex? 2cd

Program code:

Int [(a_. +b_. »ArcTan[c_. »x_])"p_. *Log[u_]/(d_+e_. #x_"2), x_Synbol | :

| * (a+bxArcTan[cxx])”pxPol yLog[2, 1-u]/ (2xC*d) -
bxpxl /2%l nt [ (a+bxAr cTan[c*x])” (p-1) *Pol yLog[2, 1-u]/ (d+e*x"2), x] /;
FreeQ[{a, b,c,d, e}, x] & | &G Q[p, 0] && EqQ[e, c"2xd] && EQQ[ (1-u)”"2-(1-2xl /(I +Cc*x))"2, 0]

Int [(a_. +b_. »ArcCot [C_. #x_])"p_. *Log[u_]/(d_+e_. #x_"2), x_Synbol | : =

| * (a+b*xArcCot [c*x]) pxPol yLog[2, 1-u]/ (2xC*d) +
bxpxl /2%l nt [ (a+bxAr cCot [C*x])”" (p-1) *xPol yLog[2, 1-u]/ (d+e*x"2), x] /;
FreeQ[{a, b,c,d, e}, x] & | G Q[p, 0] && EqQ[e, c"2xd] && EqQ[ (1-u)"2-(1-2xl /(I +cxx))"2,0]

a+bArcTan[c x])P Log[u
¢ [exD g[]dlxwhenpez"/\e:czd/\(1—u)2==(1—|fﬁ)2

S:I
d+ex?

Derivation: Integration by parts

Rule: If pez*/\e:: 2d /\ (L-u)? = (1—%)2,then
i (a+bArcTan[c x])P Pol yLog[2, 1-u] bpij
+
2

(a+b ArcTan[c x])P1 Pol yLog[2, 1-u]
dx

(a+bArcTan[c x])P Log[u]
d
d+ex?

X — -
j d+ex? 2cd

Program code:

Int[(a_. +b_. xArcTan[c_. #x_])"p_. xLog[u_1/(d_+e_. xx_"2), x_Synbol | :

-l * (a+b*ArcTan[cxx]) p*Pol yLog[2, 1-u]/ (2%Cxd) +
bxpxl /2%l nt [ (a+bxArcTan[c*x])” (p-1) *Pol yLog[2, 1-u]/ (d+e*x"2), x] /;
FreeQ[{a, b,c,d, e}, x] & | G Q[p, 0] && EqQ[e, c"2xd] && EqQ[ (1-u)"2-(1-2xl /(I -cxx))"2, 0]



Rules for integrands of the form u (a+b arctan(c x))™p

Int [(a_. +b_. »ArcCot [C_. #x_])"p_. *Log[u_]/(d_+e_. #x_"2), x_Synbol | : =
-l % (a+b*ArcCot [c*x] ) p*Pol yLog[2, 1-u]/ (2%Cxd) -
bxpxl /2%l nt [ (a+bxAr cCot [C*x]1)”" (p-1) *xPol yLog[2, 1-u]/ (d+e*x"2), x] /;
FreeQ[{a, b,c,d, e}, x] & | & Q[p, 0] && EqQ[e, c"2xd] && EqQQ[ (1-u)"2-(1-2xl /(I -c*x))"2, 0]

(a+b ArcTan[c x])P Pol yLog[k, u]
4.-J. dx when p e Z* A e =c?d
d+ex?

(a+bArcTan[c x])P Pol yLog[k, u]
l:J y=o9 CﬂXWheanZ+Ae::C2d/\U2::(1— 21 )2

d+ex2 I +Cc X

Derivation: Integration by parts

Rule:lfpez*/\e:: 2d/\u2== (1- -2 )z,then

I +Cc x

(a+b ArcTan[c x])P Pol yLog[k, u]
J dx —
d+ex? 2cd 2

i (a+bArcTan[c x])P Pol yLog[k +1, u]l bp:iJ«(a+bArcTan[cx])p'l Pol yLog[k + 1, u]
+ d

d+ex?

Program code:

Int [(a_. +b_. »ArcTan[c_. »x_])"p_. #Pol yLog[k_, u_1/(d_+e_. #x_"2),x_Synbol | : =
-l * (a+b*ArcTan[cxx] ) p*Pol yLog[k+1, u]/ (2%cxd) +
bxpxl /2%l nt [ (a+bxArcTan[cxx])”" (p-1) *xPol yLog[k+1, u]/ (d+exx"2),x] /;
FreeQr{a, b,c,d, e, k}, x] & 1 G Q[p, 0] && EqQ[e, c"2xd] && EqQ[uU/"2- (1-2x] / (I +Cc*Xx))"2, 0]

I nt [(a_. +b_. *xArcCot [Cc_. »x_]1)"p_. *Pol yLog[k_, u_]/(d_+e_. *X_"2), x_Synbol ] =
-1 % (a+b*Ar cCot [cxx] ) p*Pol yLog[k+1, u]/ (2%cxd) -
bxpxl /2%l nt [ (a+b*Ar cCot [C*x])”" (p-1) *xPol yLog[k+1, u]/ (d+e*x"2), x] /;
FreeQ[{a, b,c,d, e, k}, x] & 1 G Q[p, 0] && EqQ[e, c"2xd] && EqQ[uU/"2- (1-2x] / (I +C*Xx))"2, 0]

X
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Rules for integrands of the form u (a+b arctan(c x))™p

(a+bArcTan[c x])P Pol yLog[k, u]
Z:I dlxwhenpez*/\e::czd/\u2==(1—2—')2
d+ex2 I -cx

Derivation: Integration by parts

Rule If pez* A\ e=c2d A\ u?= (1- 2 )Z,then

I -cx

X —

J(a+bArcTan[c x1)P Pol yLog[k, u]
d
d+ex? 2cd 2

d+ex?

Program code:

I nt [(a_. +b_. xArcTan[c_. »x_1)"p_. *Pol yLog[k_, u_]/(d_+e_. *X_"2), x_Synbol ] =
| * (a+bxArcTan[cxx])”pxPol yLog[k+1, ul/ (2xc*d) -
bxpxl /2%l nt [ (a+bxArcTan[c*x])” (p-1) *Pol yLog[k+1, u]/ (d+e*x"2), x] /;
FreeQ[{a, b,c,d, e, k}, x] & 1 &G Q[p, 0] && EqQ[e, c"2xd] && EqQ[uU"2- (1-2x] / (I -Cc*x))"2, 0]

Int [(a_. +b_. *ArcCot [c_. #x_])"p_. #Pol yLog[k_, u_1/(d_+e_. #x_"2),x_Synbol | : =
| * (a+b*xArcCot [c*x])” pxPol yLog[k+1, ul/ (2xc*d) +
bxpxl /2%l nt [ (a+bxAr cCot [C*x])”" (p-1) xPol yLog[k+1, u]/ (d+e*x"2), x] /;
FreeQ[{a, b,c,d, e, k}, x] && | G Q[p, 0] && EqQ[e, c"2xd] && EqQ[uUM2- (1-2x| / (I -Cc*x))"2, 0]

dx when e =c2d

c j(a+bArcCot [cx])? (a+bArcTan[c x])P

d+ex?
1

1: J- dx when e =c2d
(d+ex?) (a+bArcCot [cx]) (a+bArcTan[c x])

Rule If e = c2d, then

i (a+bArcTan[c x])P Pol yLog[k +1, u] bpiJ~(a+bArcTan[cx])P‘1P0IyLog[k+1, uj
- d

dx —

J~ 1 -Log[a+b ArcCot [c Xx]] +Log[a+b ArcTan[c x]]
(d+ex?) (a+bArcCot [cx]) (a+bArcTan[c x]) bcd (2a+bArcCot [cx] +b ArcTan[c x])

Program code:

I nt [1/( (d_+e_.xx_"2)x(a_.+b_. xArcCot [c_. *x_])=*(a_. +b_. *ArcTan[c_. *x_1)), x_Synbol ] =
(-Log[a+bxAr cCot [c*x]]+Log[a+bxArcTan[cxx]])/ (b*Cc*dx (2xa+bxAr cCot [Cxx]+b*ArcTan[c*x])) /;
FreeQ[{a, b, c, d, e}, x] & EqQ[e, c"2xd]

X
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Rules for integrands of the form u (a+b arctan(c x))™p

dx whene=c?d A (p|q) ez AO<p=sq

. J~(a+bArcCot [cx])? (a+bArcTan[c x])P

d+ex?
Derivation: Integration by parts

Rule If e==c2d A (p|q) €z A 0<p =q,then

J~(a+bArcCot [cx])% (a+bArcTan[c x])P (a+bArcCot [c x])%*! (a+bArcTan[c x])P p J~(a+bArcC0t [cx])9*! (a+b ArcTan[c x])P?
dx — - + dx

d+ex? bcd (q+1) q+1 d+ex?

Program code:

Int [(a_. +b_. »ArcCot [C_. #x_])"q_. *(a_. +b_. *ArcTan[c_. #x_])"p_. /(d_+e_. xx_"2), x_Symbol | :
- (a+bxArcCot [cxXx])" (g+1) » (a+bxArcTan[cxx])"p/ (bxCcxd* (q+1)) +
p/ (q+1) | nt [ (a+bxAr cCot [C*Xx])”" (q+1) * (a+bxArcTan[c*x]1)”" (p-1) / (d+exx"2), X1 /;

FreeQ[{a, b, c, d, e}, x] & EqQ[e, c"2xd] && | G Q[p, 0] && | GeQ[q, p]

Int [(a_. +b_. »ArcTan[c_. #x_])"q_. = (a_. +b_. *ArcCot [c_. #x_])"p_. /(d_+e_. xx_"2), x_Symbol | :
(a+bxArcTan[cxx])”" (g+1) » (a+bxAr cCot [c*x]) p/ (bxCxd* (q+1)) +
p/ (q+1) | nt [ (a+bxArcTan[c*x])”" (q+1) = (a+bxAr cCot [C*x])" (p-1) / (d+exx"2), X] /;

FreeQ[{a, b, c, d, e}, x] & EqQ[e, c"2xd] && | G Q[p, 0] && | GeQ[q, p]

ArcTan[a x]
8: J—dlx whennez A - (n=2Ad=a’c)

c+dxn

Derivation: Algebraic expansion

Basis: ArcTan[z] == %iLog[l—iz] —%iLog[lniz]

" Basis ArcCot [z] = %iLog[l-j—] —%iLog[1+’z"—]

Rulelf nez A -~ (n=2Ad=a?c),then
J-ArcTan[ax] 1'1J~L0g[1—iax] jJLog[lniax]

dx — — dx -
c+dx" 2 c+dx" 2

dx
c+dx"

Program code:

Int [ArcTan[a_. #x_1/(c_+d_. #x_"n_.)), x_Symbol ] : =
| /2%l nt [Log[1-] *axx]/ (C+d*x"n), Xx] -
| /2%l nt [LOg[1+] *axx]/ (C+d*x"n), x] /;
FreeQ[{a, c,d}, x] && I ntegerQ[n] && Not [EQQ[n, 2] && EqQ[d, a*2xCc]]



Rules for integrands of the form u (a+b arctan(c x))™p

I'nt [ArcCot [a_. #x_1/(c_+d_. #x_"n_.)), x_Symbol ] : =
| /2%l nt [Log[1-] / (a*x)]/ (C+d*Xx~n), X] -
| /2%l nt [Log[1+] / (axx)]/ (C+d*Xx"n), X] /;
FreeQ[{a, c,d}, x] & IntegerQ[n] && Not [EQQ[n, 2] && EqQ[d, a"2xc]]

X

Log[d x™ (a+b ArcTan[c x"])
9. j a

X

dx

. J~Log [dx™ ArcTan[c x"]

X

Derivation: Algebraic expansion
Basis: ArcTan[c x"] == % Log[l-ic x"] - % Log[1l +ic x"]

Rule:

Log[d x™ ArcTan[c x"] i r~Log[dx™ Log[l-ic x"] i r~Log[dx™ Log[l +4ic x"]
j dx — —j dlx——j
2 X

X X 2

Program code:

Int [Log[d_. «x_"m_. ]*ArcTan[c_. xx_"n_. ]/x_, x_Symbol | : =
| /2%1 nt [Log [d*x"m] xLog[1-] xC*Xx*n] /X, X] - | /2%l nt [Log[d*x"m]xLog[1+] xC*x*n]/X, X] /;
FreeQ[{c,d, m n}, x]

Int [Log[d_. »x_"m_. ]#ArcCot [C_. #x_"n_. 1/x_, x_Symbol | : =
| /2%l nt [Log[d*x"m]xLog[1-] / (C*x"n)]1/x,X] - | /2%l nt [Log[d*x"m]xLog[1+| /(C*x"n)]1/X, X] /;

FreeQ[{c,d, m n}, x]

dx
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Rules for integrands of the form u (a+b arctan(c x))™p

Log[d x™ (a+b ArcTan[c x"])
2: J dx

X
Derivation: Algebraic expansion

Rule:

dx

Log[d x™ (a+bArcTan[c x"]) Log[d x™ Log[d x™ ArcTan[c x"]
J dx — aJ— d1x+bJ
X

X X

Program code:
I nt [Log[d_. *X_"m_.]1x(a_+b_. *xArcTan[c_. *x_"n_. ])/x_, X_Synbol ] =

axl nt [Log[d#*x"m] /X, Xx] + b=xlnt [ (Log[d*x"m]*ArcTan[c*Xx"n]) /X, X] /;
FreeQ[{a, b, c,d, mn}, x]

Int [Log[d_. #x_"m_. I+ (a_+b_. xArcCot [c_. #x_"n_. 1) /x_, x_Synbol | : =
axl nt [Log[d*x"m] /X, Xx] + b=xlnt [ (Log[d*x"m]*Ar cCot [C*Xx"n]) /X, X] /;
FreeQ[{a, b, c,d, mn}, x]

10. ju (d+eLog[f +gx2]) (a+bArcTan[c x])P dx

1: J-(d+eLog[f +gx?]) (a+bArcTan[c x]) dx

Derivation: Integration by parts
Rule:

J(d+eLog[f +gx?]) (a+bArcTan[c x]) dx —

dx

x2 (a+b ArcTan[c x x (d+eLog[f +gx?
x(d+eLog[f+gx2])(a+bArcTan[cx])—2ng @- [ ])dlx—bcj ( [ )

f +gx? 1 +c?x?

Program code:

Int [(d_.+e_.xLog[f_.+g . *x_"2])x(a_. +b_. *ArcTan[c_. *x_]), x_Synbol ] : =
X* (d+exLog [f +g*x"2]) » (a+bxArcTan[cxx]) -
2xexgx*l nt [x"2x (a+bxArcTan[cxx]) / (f +g*x"2), x] -
bxcxl nt [X* (d+exLog[f +g*x"2]) / (1+C"2%x"2), X] /;

FreeQ[{a, b,c,d, e, f, g}, x]
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Rules for integrands of the form u (a+b arctan(c x))™p

Int [(d_.+e_. xLog[f_. +g_. *x_"2])x(a_. +b_. *ArcCot [C_. *x_]), x_Synbol ] : =
X* (d+exLog[f +g*x"2]) » (a+b*xAr cCot [C*Xx]) -
2xexgx*l nt [x"2x (a+bxArcCot [C*Xx]) / (f +g*Xx"2), x] +
bxcxl nt [X* (d+exLog[f +g*x"2]) / (1+C"2xx"2), X] /;

FreeQ[{a, b, c,d, e, f, g}, x]

2. Jxm (d+eLog[f +gx?]) (a+bArcTan[c x]) dx

(d+elLog[f +gx?]) (a+bArcTan[c x])
1 -J- dx

X

Log[f +gx2] (a+bArcTan[c x])
1. J dx
X

Log[f +gx?] ArcTan[c x]
1.j dx whenc?f +g =0

X

dx when g = c?f

Log[f +gx?] ArcTan[c x]
1: j

X
Derivation: Piecewise constant extraction and algebraic simplification
Basis: If g == c2f,then 8, (Log[f +gx?] -Log[l-4cx]-Log[l+icX]) =
Basis. (Log[1-icx]+Log[l+&cx]) ArcTan[c X] = %Log[l—icx]z— % Log[l+4cx]?

Rule: If g == sz,then

dx —

J-Log [f +gx?] ArcTan[c x]

X

ArcTan[c x] (Log[l-icx]+Log[l+icx])ArcTan[c x]
(Log[f +gx?] -Log[l-4cx]-Log[l+icx]) -J-—dlx+J. dx —
X X
ArcTan[c x] i rLog[l-icx]? i rLog[l+1cx]?
(Log[f +gx®] -Log[1-4cx]-Log[l+icx]) j—dlx+—j—d]x——f—dlx
X 2 X 2 X

Int [Log[f_. +g_. #x_"2]+ArcTan[c_. #x_]/x_, x_Synbol | : =
(Log[f +g*x"2]-Log[1-] *C*x]-Log[1+] *C*x]) %l nt [ArcTan[c*Xx]/X,X] + | /2%l nt [Log[1l-] xc*x]"2/X,X] - | /2%l nt [LOog[1l+] *C*x]"2/X, X] /;
FreeQ{c, f, g}, x] && EqQ[g, c"2xf ]



Rules for integrands of the form u (a+b arctan(c x))™p

dx when g = c2f

Log[f +gx?] ArcCot [c x]
2: j

X

Derivation: Piecewise constant extraction and algebraic simplification
Basis: If g = c2f,then o« (Log[f +gx?] -Log[c?x?] -Log[1- i] -Log[1+ ﬁ]) ==
Basis: (Log[c?x?] +Log[1- =] +Log[l+=]) ArcCot [cx] = Log[c? x2] ArcCot [c x] + 5 Log[1 - Lx]2 -2 Llog[1+ = 2

cX Cc cX

Rule: If g = c2f,then

J-Log [f +9x?] ArcCot [c x]
dx —

X

Ar cCot [c ] (Log[c? x?] +Log[1 - =] +Log[1+ ==]) ArcCot [c x]
—  dx+ dx —

Log[f +gx?] - Log[c? x?] - Log[1 - i] _|_og[1+i]]J~
c X c X X

X

i i ArcCot [C X]
[Log[f +gx?] -Log[c?x?] -Log[1- —] - Log[1 + —]] J— dx +
C X c X X
Log[c2 x2] ArcCot [c X] i Log[l—cLX]2 i Log[1+cix]2
J. dx + — —_—dXx - — —_  — dX
X 2 X 2 X

Program code:

Int [Log[f_. +g_. #x_"2]+ArcCot [c_. *x_]/x_, x_Synbol | : =
(Log[f +g*x"2]-Log[c"2xx"2]-Log[1-] / (Cxx)]-Log[l+] /(C*x)])=*lnt [ArcCot [CxX]/X, X] +
I nt [Log[c”r2xx"2]xAr cCot [C*X] /X, X] +
I /2%I nt [Log[1-] /(C*x)]1"2/X,X] -
| /2% nt [Log[1+] /(C*x)]"2/X,X] /;
FreeQr{c, f, g}, x] && EqQ[g, c"2xf ]



Rules for integrands of the form u (a+b arctan(c x))™p

dx

Log[f +gx?] (a+bArcTan[c x])
2: j
X
Derivation: Algebraic expansion

Rule:

dx —

Log[f +gx?] (a+bArcTan[c x]) Log[f +gx?]
j aj—dlx+b

X X

Program code:
Int [Log[f _. +g_. #x_"2]+ (a_+b_. *ArcTan[c_. #x_])/x_, x_Symbol ] : =

axl nt [Log[f +g*x"2]/X, x] + b=xlnt [Log[f +g*x"2]*ArcTan[Cc*X]/X, X] /;
FreeQ[{a, b,c, f, g}, x]

Int [Log[f _. +g_. #x_"2] (a_+b_. *ArcCot [c_. #x_]) /x_, x_Symbol | : =

axl nt [Log[f +g*x"2]/X, x] + bxlnt [Log[f +g*x"2]*Ar cCot [C*X]/X, X] /;
FreeQ[{a, b,c, f, g}, x1

dx

(d+elLog[f +gx?]) (a+bArcTan[c x])
2: J

X
Derivation: Algebraic expansion

Rule:

J.(d +eLog[f +gx2]) (a+bArcTan[c x]) 5 dJ-a»,bArcTan[cx] g
X —

X X

Program code:

Int [(d_+e_. «Log[f _. +g_. #x_"2]) »(a_. +b_. *xArcTan[c_. #x_]) /x_, x_Symbol | : =

dx

JLog [f +gx?] ArcTan[c x]

x+ej

dxl nt [ (a+bxArcTan[cxX]) /X, X] + exlnt [Log[f +g*x"2]* (a+bxArcTan[c*x]) /X, X] /;

FreeQ[{a, b,c,d, e, f, g}, x]

Int [(d_+e_. xLog[f _. +g_. #x_"2]) = (a_. +b_. *ArcCot [c_. #x_]) /x_, x_Symbol ] : =

d=l nt [ (a+b*ArcCot [C*X]) /X, X] + exlnt [Log[f +g*x"2]* (a+b*Ar cCot [C*X]) /X, X] /;

FreeQ[{a, b,c,d, e, f, g}, x]

X

Log[f +gx?] (a+bArcTan[c x])

X

dx
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Rules for integrands of the form u (a+b arctan(c x))™p

2: Jxm(d+eLog[f +gx?]) (a+bArcTan[c x]) dx when ger

Derivation: Integration by parts

Rule: If '5“ € z, then

fxm (d+eLog[f +gx?]) (a+bArcTan[c x]) dx —

dx - dx

x™! (d+elog[f +gx?]) (a+bArcTan[cx]) 2eg ~x™2 (a+bArcTan[cx]) bc x™! (d+elog[f +gx?])
) J f+gx? m+1j

m+1 m+ 1 1+c2x?

Program code:

Int [x_"m_.%(d_. +e_. *Log[f_. +g_. *x_"2])=*(a_. +b_. *ArcTan[c_. *x_1]), X_Synbol ] :
XN (mel) x (d+exLog [f +g*xx"2]) » (a+bxArcTan[c*x]) / (m:l) -
2xexg/ (m1l) %l nt [X" (m+2) * (a+bxArcTan[cxx]) / (f +g*x"2), x] -
bxc/ (M+1) %I nt [X™ (M+1) » (d+exLog [f +g*Xx"2]) / (L+C"2xx"2), X1 /;

FreeQ[{a, b,c,d, e, f, g}, x] & ILtQ[m/2, 0]

Int [x_"m.=x(d_.+e_.xLog[f_.+g .*x_"2])*(a_. +b_. xArcCot [C_. *x_]), x_Synbol ] :
XN (mel) = (d+exLog [f +g*xx"2]) » (a+bxAr cCot [C*x]) / (ml) -
2xexg/ (ml) | nt [X" (mM+2) % (a+b*xAr cCot [C*x]) / (f +g*X"2), x] +
bxc/ (M+1) »l nt [X™ (M+1) » (d+exLog [f +g*Xx"2]) / (L+C"2%x"2), X1 /;

FreeQ[{a, b,c,d, e, f, g}, x] & ILtQ[nv2, 0]

3: jxm(d+eLog[f +gx2]) (a+bArcTan[c x]) dx when "“Tl ezt

Derivation: Integration by parts

Rule: If "“Tl ez* letu= [x™(d+elog [f +gx2]) dx, then

u
jxm(d +eLog|f +gx2]) (a+bArcTan[c x]) dXx — u (a+bArcTan[c x]) —bc‘[ﬁdx
1+C%X

Program code:

Int [x_"m.=x(d_.+e_.xLog[f_.+g .*x _"2])*x(a_.+b_. xArcTan[c_. xx_]),x_Synbol ] : =
Wth[{u=l nt H de[x"mk (d+exLog [f +g*x"2]), X1},
Di st [a+b*ArcTan[c%Xx], u, Xx] - bxc=l nt [Expandl nt egrand[u/ (1+Cc"2xx"2), X1, x]1]1 /;
FreeQ[{a, b,c,d, e, f, g}, x] && | &G Q[ (m+1) /2, 0]



Rules for integrands of the form u (a+b arctan(c x))™p

Int [x_"m .*(d_. +e_. xLog[f _. +g_. *x_"2])*(a_. +b_. *ArcCot [C_. *x_1]1), X_Synbol ] : =
Wth[{u=l nt H de[x"mk (d+exLog [f +g*x"2]), X1},
Di st [a+b*ArcCot [cxX], U, X] + bxcxl nt [Expandl nt egrand[u/ (1+c"2xx"2), X1, x11 /;
FreeQ[{a, b,c,d, e, f,g},x] & | G Q[ (m+1) /2, 0]

4: jxm(d+eLog[f +gx2]) (a+bArcTan[c x]) dx when me z

Derivation: Integration by parts

Rule: If me z,letu = [x™ (a+b ArcTan[c x]) dx, then
X

jxm(d+eLog[f +gx?]) (a+bArcTan[cx]) dx — u (d+elLog[f +gx?]) —2egj dx

u
f +gx?
Program code:

Int [Xx_"m.x*(d_.+e_.xLog[f_.+g_.*x_"2])=*(a_. +b_. *ArcTan[c_. »x_1),Xx_Synbol ] : =
Wt h[{u=l nt H de[x*"m« (a+bxAr cTan[c*Xx]), X1},
Di st [d+exLog[f +g*x"2], u, x] - 2xexg=*l nt [Expandl nt egr and[xxu/ (f +g*x"2), x1, x1] /;
FreeQ[{a, b,c,d, e, f, g}, x] & IntegerQ[m && NeQ[m -1]

Int [x_"m.%(d_.+e_. xLog[f_.+g_. *x_"2])=*(a_. +b_. xArcCot [C_. *x_1), X_Synbol ] : =
Wt h[{u=l nt H de[x"me (a+bxAr cCot [C*X]), X]},
Di st [d+exLog[f +g*x"2], u, x] - 2xexg=l nt [Expandl nt egr and[x*u/ (f +g*x"2), x1, x11 /;
FreeQ[{a, b,c,d, e, f, g}, x] & IntegerQIm && NeQ[m -1]
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Rules for integrands of the form u (a+b arctan(c x))™p

3: Jx (d+eLog[f +gx®]) (a+bArcTan[c x])?dx when g = c?f

Derivation: Integration by parts

+ 2 + + 2
Basis: x (d +eLog[f +gx?]) = ax(‘f 9x7) (dveloglf +gx71) _ﬁ)

29 2

Rule: If g = c2f,then

fx (d+eLog[f +gx?]) (a+bArcTan[c x])?dx —

(f +gx?) (d+eLog[f +gx?]) (a+bArcTan[c x])?

ex2 (a+bArcTan[c x])?

2g

b
—J.(d+eLog[f +gx?]) (a+bArcTan[cx])d1x+bcej
c

Program code:

Int [x_*(d_. +e_. xLog[f_+g_. *x_"2])*(a_. +b_. *ArcTan[c_. *x_])"2, x_Synbol ] :

(f +g*x"2) % (d+exLog[f +g*xx"2]) » (a+bxArcTan[c*x])"2/ (2xQ) -

exX"2x (a+bxArcTan[cxx])"2/2 -

b/cxl nt [ (d+exLog[f +g*x"2]) * (a+b*xArcTan[C*X]), X] +

bxcxexl nt [X"2x (a+bxArcTan[cxx]) / (1+C"2xXx"2), X] /;
FreeQ[{a, b,c,d, e, f, g}, x] & EQqQ[g, c"2xf ]

Int [x_*(d_. +e_. xLog[f_+g_.*x_"2])%(a_. +b_. *ArcCot [c_. *x_])"2, x_Synbol ] :

(f +g*x"2) » (d+exLog [f +g*x"2]) » (a+b*xArcCot [C*X])"2/ (2%Q) -

exX"2x (a+bxArcCot [C*Xx])"2/2 +

b/cxl nt [ (d+exLog[f +g*x"2]) = (a+b*Ar cCot [C*X]), X] -

bxcxexl nt [X"2x (a+bxAr cCot [C*X]) / (1+C 2xX"2), X] /;
FreeQ[{a, b,c,d, e, f, g}, x] & & EqQ[g, c"2xf ]

2

x2 (a+b ArcTan[c x])

1+c2x?

dXx
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Rules for integrands of the form u (a+b arctan(c x))™p

u: Ju (a+bArcTan[c x])P dx

Rule:

Ju (a+bArcTan[c x])Pdx — fu (a+b ArcTan[c x1)P dx

Program code:

Int [u_.=*(a_.+b_. *ArcTan[c_. *x_])"p_.,Xx_Synbol ] :

Uni nt egr abl e[ux (a+bxArcTan[cxx])"p, X] /;
FreeQ[{a, b, c, p}, x] && (EqQ[u, 11 ||

Mat chQ[u, (d_. +e_. *x)"q_. /; FreeQ[{d, e, q}, X]1

Mat chQ[u, (f _. *x)"m_. = (d_. +e_. *x)"q_. /; FreeQ[{d,e,f,mqg}, x1]1 ||

Mat chQ[u, (d_. +e_. *x"2)"q_. /; FreeQ[{d, e, g}, Xx]]

Mat chQ[u, (f_. *X)"m_. = (d_. +e_. *x"2)"q_. /;

Int [u_.x*(a_.+b_.*xArcCot [c_. *x_])"p_.,X_Synbol ] :

Uni nt egr abl e[ux (a+b*Ar cCot [C*x])"p, X] /;
FreeQ[{a, b, c, p}, x] && (EqQ[u, 1] ||

Mat chQ[u, (d_. +e_. *x)"q_. /; FreeQ[{d, e, q}, X]]

FreeQ[{d, e, f, mq}, x11)

Mat chQ[u, (f _. #x)"m_. = (d_. +e_. *x)"q_. /; FreeQ[{d,e,f, mqg}, x11 ||

Mat chQ[u, (d_. +e_. #x"2)~q_. /; FreeQ[{d, e, g}, X]1]

Mat chQ[u, (f _. *x)"m_. = (d_. +e_. *x"2)"q_. /;

FreeQ[{d,e,f, mqg}, x]1)
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