Rules for integrands of the form (d + ex)™ (a + bArcTanh[c x"])P

1. -J-(d+ex)q (a+bArcTanh[c x])Pdx when pez*

(a+bArcTanh[c x])P
1. J dx when pez*

d+ex

a+bArcTanh[cx])P
1:J( [ex]) dx whenpez* A c2d?’-e?==0
d+ex

Derivation: Integration by parts

Basis: d% = - % Oy Log[ 2 }

ex
eXx 1+5

Rule:If p e z* A ¢?d? - e? == 9, then

dx

d+ex e e

a+bArcTanh[cx])P Lo 2 a+bArcTanh[c x])P!Lo 2
(a+bArcTanh[cx])P ( [ex]) g[1+ed—"] bcp ( [exD) g[1+:_‘]
dx — - +
1-c%x?

Program code:

Int[(a_.+b_.*ArcTanh[c_.*x_])"p_./(d_+e_.x*x_),x_Symbol] :=

- (a+bxArcTanh[cxx]) “pxLog[2/ (1+exx/d) ] /e +

bxcxp/exInt[ (a+bxArcTanh[cxx]) " (p-1) xLog[2/ (1+exx/d) ]/ (1-c"2xx*2),x] /;
FreeQ[{a,b,c,d,e},x] && IGtQ[p,0] && EqQ[c"2xd"2-e"2,0]

Int[ (a_.+b_.*ArcCoth[c_.*x_])"p_./(d_+e_.xx_),x_Symbol] :=

- (a+bxArcCoth[cxx])“pxLog[2/ (1+exx/d) ] /e +

bxcxp/exInt[ (a+bxArcCoth[cxx])” (p-1) xLog[2/ (1+exx/d) ]/ (1-c"2xx"2),x] /;
FreeQ[{a,b,c,d,e},x] & & IGtQ[p,9] && EqQ[c*2xd"*2-e”2,0]



Rules for integrands of the form (d+e x)”~m (a+b arctanh(c x~n))"p

a+bArcTanh[cx])P
Z.J( [ex]) dx when pez* A c2d®>-e?+0
d+ex

dx when c2d?-e?2#0

1: J-a + bArcTanh[c x]

d+ex

Derivation: Algebraic expansion and integration by parts

Basis: d+1ex T e (lic x) e (1+ccxc)|7?d+e X)

Basis: 71— = -1 6,Log| 2|

Basis: (1+c x)l(d+e x) cdlfe Ox Log[ (c2<1ie<>d+(i+xgx> }
Basis: Ox (a + bArcTanh[cx]) = 25—

Rule: If c2d? - e? # 0, then

a+ bArcTanh[c x] ¢ ra+bArcTanh[c x] cd-e a+ bArcTanh[c x]
J dx — J dx dx —

d+ex e 1+cx B e (L+cx) (d+ex)

(cd+e) (1+cx) (cd+e) (1+cx)
X + -

1-c?2x? e e

] dx —

(a+bArcTanh[cx])Log[1+2cx] ch*Log[hZCx] (a+bAr‘cTanh[cx])Log[—(—)—2C drex ] ch\Log[—(—)—ZC dre x
+ — d —

e e 1-c2x?

1+C X (cd+e) (1+cx) (cd+e) (1+cx)

(a+bAr‘cTanh[cx])Log[ﬁ] bPolyLog[2, 1- 2 ] (a+bAr‘cTanh[cx])Log[ 2¢ (diex) ] bPolyLog[z,l— 2¢ (drex) ]
+ +

e 2e e 2e

Program code:

Int[ (a_.+b_.*ArcTanh[c_.*x_])/ (d_+e_.*x_),x_Symbol] :=
- (a+bxArcTanh[c*Xx]) *Log[2/ (1+cxX) ] /e +
bxc/exInt[Log[2/ (1+c*xX) ]/ (1-Cc*2%Xx"2),X] +
(a+bxArcTanh[c*Xx]) *Log[2xc* (d+exX) / ( (cxd+e) x (1+cxx))]/e -
bxc/exInt[Log[2xc* (d+exX) / ((c*xd+e) * (1+cxX)) ]/ (1-c*2xx"2),x] /;
FreeQ[{a,b,c,d,e},x] && NeQ[c*2xd"2-e”2,0]



Rules for integrands of the form (d+e x)”~m (a+b arctanh(c x~n))"p

Int[ (a_.+b_.*ArcCoth[c_.*x_])/ (d_+e_.*x_),x_Symbol] :=
- (a+bxArcCoth[cxx]) *Log[2/ (1+cxX) ] /e +
bxc/exInt[Log[2/ (1+C*X) ]/ (1-Cc*2%x"2),X] +
(a+bxArcCoth[c*x]) *Log[2xc* (d+exX) / ( (cxd+e) x (1+cxXx))]/e -
bxc/exInt[Log[2xc* (d+exX) / ((c*xd+e) * (1+c*X)) ]/ (1-c*2xx"2),x] /;
FreeQ[{a,b,c,d,e},x] && NeQ[c*2xd"2-e”2,0]

dx when c2d?2-e2#0

9. (a+bArcTanh[c x])?
. J d+ex

Derivation: Algebraic expansion and integration by parts

.1 o C B cd-e
Basis: d+ex e (l+cx) e (l+cx) (d+ex)
e 1 __ 1 2
Basis: 7=~ == — ¢ Ox Log[hcx}
. 1 | 2c (d+ex)
BasIS: 11 0y (drex) — cdoe OX Log| (cdve) (1+cx) |

Basis: Ox (a + b ArcTanh[c x])? == 2bc(asbArclanhicx])

Rule: If c2d? - e? + 0, then

(a+bArcTanh[c x])? ¢ r(a+bArcTanh[cx])? cd-e (a+bArcTanh[c x])?2
f dx — —J- d dx —

d+ex e 1+cXx e (L+cx) (d+ex)

(a+bAr‘cTanh[cx])ZLog[I:X] 2ch(a+bAr‘cTanh[cx])Log[1+zcx]
+ dx

e e 1-c2x?

(cd+e) (l+cx) (cd+e) (1l+cx)

1-c¢2x?

(a+bAr‘cTanh[cx])2Log[Am}—] 2bc (a+bArcTanh[cx]) Log[é—)—zc drex
e B e J

2
l+cx

2
1+C X

(a+bArcTanh[cx])?Log|

]dlx

—

2
1+C X

] b (a+bArcTanh[cx]) PolyLog[2, 1-
+

e e 2e

] b*PolyLog[3, 1-
+

] +



Rules for integrands of the form (d+e x)”~m (a+b arctanh(c x~n))"p

(a+bArcTanh[c x])?2 Log[Ad*ﬁ)—] b (a +bArcTanh[c x]) PolyLog[Z, 1- i“‘"ﬂ)—] b2 PolyLog[B, 1- M’—]

cd+e) (1+cx) cd+e) (1+cx (cd+e) (1l+cx)

e e 2e

Program code:

Int[ (a_.+b_.*ArcTanh[c_.*x_])"2/(d_+e_.*x_),x_Symbol] :=
- (a+bxArcTanh[cxx])~2xLog[2/ (1+cxXx)]/e +
bx (a+bxArcTanh[cxx]) *PolylLog[2,1-2/ (1+c*X)]/e +
b~2xPolylLog[3,1-2/ (1+cxX) ]/ (2%xe) +
(a+bxArcTanh[c*x])*2xLog[2xCx (d+exX) / ((cxd+e) = (1+cxX))]/e -
bx (a+bxArcTanh[c*x]) *PolyLog[2,1-2xc* (d+exX) / ( (c*xd+e) » (1+cxX))]/e -
b”2xPolylLog[3,1-2xc* (d+exX) / ((cxd+e) = (1+cxXx) )]/ (2xe) /;
FreeQ[{a,b,c,d,e},x] && NeQ[c"2xd"2-e”2,0]

Int[(a_.+b_.*ArcCoth[c_.*x_])"2/(d_+e_.*x_),x_Symbol] :=
- (a+bxArcCoth[c*x])~2xLog[2/ (1+c*xX)]/e +
bx (a+bxArcCoth[cxx]) *PolyLog[2,1-2/ (1+c*Xx)]/e +
b”2xPolylLog[3,1-2/ (1+c*Xx) ]/ (2*e) +
(a+bxArcCoth[c*x])*2xLog[2*Cx (d+exX) / ((cxd+e) x (1+cxXx) )] /e -
bx (a+bxArcCoth[c*x]) *PolyLog[2,1-2%c* (d+exX) / ( (c*d+e) * (1+cxx))]/e -
b”2xPolylLog[3,1-2xc* (d+exXx) / ((cxd+e) » (L+cxX)) ]/ (2xe) /;
FreeQ[{a,b,c,d,e},x] && NeQ[c*2xd"2-e"2,0]



Rules for integrands of the form (d+e x)”~m (a+b arctanh(c x~n))"p

a+bArcTanh[cx])?3
3:j( [cx]) dx when c2d?-e2#0

d+ex

Derivation: Algebraic expansion and integration by parts

__ c B cd-e
Basis: d ex e (l+cx) e (1+c x) (d+ex)
oo 1
Basis: 1~ 1 oylog| 25|
H. 1 L 1 2c (d+ex)
Basis: (1+cx) (d+ex) ~ cd- Og[ (cd+e) (l+cx) }

. 2
Basis: 0x (a + b ArcTanh[c x])3 = 3b< <a+b1’if‘c§T)f‘2”h“X”

Rule: If c2d? - e? # 0, then

d+ex e 1+cx ) e (1+cx) (d+ex)

(a+bArcTanh[cx])?3 ¢ r(a+bArcTanh[cx])? cd-e (a+bArcTanh[cx])?3
j dx — —J d dx

(a+bArcTanh[cx])?3 Log[hcx] 3ch*(a+bAr‘cTanh[cx]) Log[lcx]
+ dx
2

e e 1-c2x
2c (d+ex) ]

(cd+e) (1+cx) (cd+e) (1+cx)

(a+bArcTanh[cx])?3 Log[i(m’—] 3bc (a+bArcTanh[c x])?2 Log[
) JA 1-c?x?

e e

(a +bArcTanh[c x])3 Log[1 cX] . 3b (a+bArcTanh[cx])?PolyLog[2, 1- 1+2cx] .

e 2e
3b? (a+bArcTanh[cx]) PolyLog[3, 1- 1+2cx] 3b® PolyLog[4, 1 -
+

1+cx]

2e 4e

_2c (d+ex)

(a+bArcTanh[cx])3 Log[i(w)—] 3b (a+bArcTanh[c x])?2 PolyLog[Z, 1- < d*e) e

(cd+e) (1+cx)

dx —

e 2e

2 _ 2c (d+ex) 3 2c (d+ex)
3b® (a+bArcTanh[c x]) PolyLog[B, 1 cdee) (e ] 3b PolyLog[4, 1- (cdee) (1r€ 00 ]

2e 4e



Rules for integrands of the form (d+e x)”~m (a+b arctanh(c x~n))"p

Program code:

Int[(a_.+b_.*ArcTanh[c_.*x_])”"3/(d_+e_.*x_),x_Symbol] :=
- (a+bxArcTanh[cxx] ) *3xLog[2/ (1+c*Xx)]/e +
3xbx (a+bxArcTanh[cxx] ) ~*2xPolyLog[2,1-2/ (1+cxX) ]/ (2xe) +
3xb”2x (a+bxArcTanh[c*x]) *PolyLog[3,1-2/ (1+c*X) ]/ (2*xe) +
3xb”3xPolylLog[4,1-2/ (1+c*X) ]/ (4%e) +
(a+bxArcTanh[c*x])*3xLog[2*Cx (d+e*X) / ( (cxd+e) = (1+c*xXx))]/e -
3xb* (a+bxArcTanh[cxXx] ) *2xPolyLog[2,1-2xCx (d+e*X) / ( (cxd+e) » (1+CcxX) )]/ (2xe) -

3xb”"2x (a+bxArcTanh[cxx]) xPolyLog[3,1-2xc* (d+exX) / ((cxd+e) » (1+cxX) )]/ (2xe) -

3xb”3xPolyLog[4,1-2xC* (d+exX) / ((cxd+e) » (1+cxXx)) ]/ (4xe) /;
FreeQ[{a,b,c,d,e},x] && NeQ[c"2xd"2-e”2,0]
Int[(a_.+b_.*ArcCoth[c_.*x_])"3/(d_+e_.%x_),x_Symbol] :=

- (a+bxArcCoth[c*x])*3xLog[2/ (1+c*xX)]/e +

3xbx (a+bxArcCoth[cxx])~*2xPolyLog[2,1-2/ (1+c*X) ]/ (2xe) +

3xb”"2x (a+bxArcCoth[cxx]) *PolyLog[3,1-2/ (1+c*Xx) ]/ (2xe) +

3xb”*3xPolylLog[4,1-2/ (1+C*X) ]/ (4xe) +

(a+bxArcCoth[c*x])*3xLog[2*xCx (d+exX) / ((c*d+e) » (1+cxXx))] /e -

3xbx (a+bxArcCoth[cxx] ) *2xPolyLog[2,1-2xC* (d+exXx) / ((cxd+e) x (1+cxX)) ]/ (2xe)

3xb”2x (a+bxArcCoth[cxx]) *PolyLog[3,1-2xc* (d+exx) / ( (cxd+e) »x (1+cxX)) ]/ (2xe)

3xb”3xPolylLog[4,1-2xc* (d+exX) / ((c*xd+e) » (1+cxx)) ]/ (4xe) /;
FreeQ[{a,b,c,d,e},x] && NeQ[c*2xd"2-e”2,0]



Rules for integrands of the form (d+e x)”~m (a+b arctanh(c x~n))"p

2: J(d +ex)9 (a+bArcTanh[cx]) dx when q # -1

Derivation: Integration by parts

Rule: If g # -1, then

(d + ex) 9! (a+bArcTanh[c x]) bc J~(d+ex)q+1
X

J(d+ex)q (a+bArcTanh[cx]) dx — -

e (q+1) e (q+1) 1-c2x?

Program code:

Int[(d_+e_.*x_)"q_.*(a_.+b_.*ArcTanh[c_.*x_]) ,x_Symbol] :
(d+exx)~ (q+1) * (a+bxArcTanh[cxXx]) / (e* (q+1)) -
bxc/ (ex (q+1) ) *Int[ (d+exx) " (q+1) / (1-c*2xx"2),x] /;
FreeQ[{a,b,c,d,e,q},x] && NeQ[q,-1]

Int[(d_+e_.*x_)"q_.*(a_.+b_.*ArcCoth[c_.*x_]),x_Symbol] :
(d+exx) ~ (q+1) * (a+bxArcCoth[cxx]) / (e*x (q+1)) -
bxc/ (ex (q+1) ) *Int[ (d+exx)” (q+1) / (1-c*2xx"2),x] /;
FreeQ[{a,b,c,d,e,q},x] && NeQ[q,-1]



Rules for integrands of the form (d+e x)”~m (a+b arctanh(c x~n))"p

3: J‘(d+ex)q (a+bArcTanh[cx])Pdx whenp-1€Z*A qeZ A q#-1

Derivation: Integration by parts
Rule:lf p-1€zZ*AqezZ A q+ -1,then

J~(d+ex)q (a+bArcTanh[cx])Pdx —

(d+ex)%! (a+bArcTanh[c x])? bcp .
- J(a +bArcTanh[c x])P- ExpandIntegr‘and[
e (q+1) e (q+1)

(d + e x) 9+

1-c¢2x?

,x] dx

Program code:

Int[(d_+e_.*x_)"q_.*(a_.+b_.*ArcTanh[c_.*x_])”"p_,x_Symbol] :=

(d+exx)~ (q+1) * (a+bxArcTanh[cxXx] ) *p/ (e* (q+1)) -

bxcxp/ (ex (q+1) ) *Int [ExpandIntegrand[ (a+bxArcTanh[cxx])” (p-1), (d+exx) " (q+1) / (1-c*2xx"2) ,Xx],X] /;
FreeQ[{a,b,c,d,e},x] && IGtQ[p,1] && IntegerQ[q] && NeQ[q,-1]

Int[(d_+e_.*x_)"q_.*(a_.+b_.*xArcCoth[c_.*x_])”"p_,x_Symbol] :=

(d+exx) ~ (q+1) * (a+bxArcCoth[cxXx])*p/ (e* (q+1)) -

bxcxp/ (e* (q+1) ) *Int [ExpandIntegrand[ (a+bxArcCoth[cxx]) " (p-1), (d+exx)*(q+1) / (1-c*2xx"*2) ,x],x] /;
FreeQ[{a,b,c,d,e},x] && IGtQ[p,1] && IntegerQ[q] && NeQ[qg,-1]



Rules for integrands of the form (d+e x)”~m (a+b arctanh(c x~n))"p

2. J(d+ex)'“ (a+bArcTanh[cx"] )P dx when pez*

1. J(d+ex)"‘ (a+bArcTanh[cx"]) dx

a + bArcTanh [c x"]
1. J dx

d+ex

a +bArcTanh [c x"]
1: J dx when nez

d+ex

Derivation: Integration by parts

n-1

Basis: Ox (a + bArcTanh[cXx"]) =bcn —5 5

Rule: If n € z, then

a+bArcTanh[cx"] Log[d+ex] (a+bArcTanh[cx"]) bcn ~x"!Log[d+eXx]
J. dx — - j dx

d+ex e e 1-c2x2"

Program code:

Int[(a_.+b_.*ArcTanh[c_.*x_"n_])/(d_.+e_.*x_),x_Symbol] :=
Log[d+exx] * (a+bxArcTanh[c*x"n]) /e -
bxcxn/exInt[x” (n-1) xLog[d+exx]/ (1-c"2xXx"(2%n)),x] /;
FreeQ[{a,b,c,d,e,n},x] &% IntegerQ[n]

Int[ (a_.+b_.*ArcCoth[c_.*x_"n_])/(d_.+e_.*x_),x_Symbol] :=
Log[d+exx] * (a+bxArcCoth[cxx"n]) /e -
bxcxn/exInt[x” (n-1) xLog[d+exx]/ (1-c”2xXx"(2%n)),x] /;
FreeQ[{a,b,c,d,e,n},x] &% IntegerQ[n]



Rules for integrands of the form (d+e x)”~m (a+b arctanh(c x~n))"p

a+bAr‘cTanh[c x“]
2: J dx when neF

d+ex

Derivation: Integration by substitution
Basis: If k € Z*, then F(x] == k Subst [x*-* F[x*], x, x*/k] g,x*/k

Rule: If n € F, let k - Denominator[n], then

k-1 (a + bAr‘cTanh[c x""])

Ja+bAr‘cTanh[cx"] b [ x
dx — kSu stj

d+ex d+exk

Program code:

Int[(a_.+b_.*ArcTanh[c_.*x_"n_])/(d_+e_.*x_),x_Symbol] :=
With[{k=Denominator[n]},
k*Subst [Int [x”" (k-1) * (a+b*ArcTanh[c*x” (kxn) ]) / (d+e*x"k) ,x],X, X" (1/k) ] ] /;
FreeQ[{a,b,c,d,e},x] & FractionQ[n]

Int[ (a_.+b_.xArcCoth[c_.*x_"n_])/(d_+e_.xx_),x_Symbol] :=
With[{k=Denominator[n]},
kxSubst [Int [x" (k-1) » (a+bxArcCoth [cxx” (kxn) 1) / (d+exx"k) ,X],X,x*(1/k) 1] /3
FreeQ[{a,b,c,d,e},x] & FractionQ[n]

2: J(d +ex)" (a+bArcTanh[cx"]) dx whenm# -1

Derivation: Integration by parts

n-1

Basis: 9x (a + b ArcTanh[c x"]) ==bcn 717)::2 2

n

Rule: If m # -1, then

dx, X, xl/k]
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Rules for integrands of the form (d+e x)”~m (a+b arctanh(c x~n))"p

(d+ex)™* (a+bArcTanh[cx"]) bcn J-x"‘l (d+ex)™?

j(d +ex)" (a+bArcTanh[cx"]) dx — -

e (m+1) e (m+1) 2 x2n

1-c“x

Program code:

Int[(d_.+e_.*x_)"m_.*(a_.+b_.xArcTanh[c_.*x_"n_]),x_Symbol] :=
(d+e*xx) ~ (m+1) * (a+bxArcTanh[c*x”n]) / (ex (m+1)) -
bxcxn/ (ex (m+1) ) *Int [x” (n-1) % (d+exx) ~ (m+1) / (1-c*2%X” (2%n) ) ,x] /;
FreeQ[{a,b,c,d,e,m,n},x] & NeQ[m,-1]

Int[(d_.+e_.*x_)"m_.*(a_.+b_.xArcCoth[c_.*x_"n_]),x_Symbol] :=
(d+exx) ~ (m+1) * (a+bxArcCoth[c*x”n]) / (ex (m+1)) -

bxcxn/ (ex (m+1) ) *Int [X* (n-1) % (d+exx)~ (m+1) / (1-c*2xx" (2xn) ) ,X] /;
FreeQ[{a,b,c,d,e,m,n},x] && NeQ[m,-1]

2: j(d+ex)'“ (a+bArcTanh[cx"])Pdx whenp-1ez* A mez*

Derivation: Algebraic expansion

Rule:lf p-1e€Z*A mez*, then

J(d +ex)" (a+bArcTanh[cx"])Pdx — J(a +bArcTanh[c x"])? ExpandIntegrand[ (d + ex)", x] dx

Program code:

Int[(d_+e_.*x_)"m_.*(a_.+b_.*ArcTanh[c_.*x_"n_])”p_,x_Symbol] :
Int [ExpandIntegrand[ (a+bxArcTanh[cxx"n])"p, (d+e*x)m,x],x] /;
FreeQ[{a,b,c,d,e,n},x] &% IGtQ[p,1] && IGtQ[m,0]

Int[(d_+e_.*x_)"m_.*(a_.+b_.*xArcCoth[c_.*x_"n_])”p_,x_Symbol] :
Int [ExpandIntegrand[ (a+bxArcCoth[c*x"n])"p, (d+e*x)m,x],x] /;
FreeQ[{a,b,c,d,e,n},x] & IGtQ[p,1] && IGtQ[m,0]

X
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Rules for integrands of the form (d+e x)”~m (a+b arctanh(c x~n))"p

u: J(d +ex)" (a+bArcTanh[cx"])" dx

Rule:

j(d+ex)’" (a+bAr‘cTanh[c x“])pdlx — ~J.(dH?X)rrI (a+bArcTanh[cX"])pd1X

Program code:

Int[(d_.+e_.*x_)"m_.*(a_.+b_.xArcTanh[c_.*x_"n_])”p_.,x_Symbol]
Unintegrable[ (d+e*Xx) “m* (a+bxArcTanh[cxx"n])~*p,X] /;
FreeQ[{a,b,c,d,e,m,n,p},X]

Int[(d_.+e_.*x_)"m_.*(a_.+b_.xArcCoth[c_.*x_”~n_])”p_.,x_Symbol]
Unintegrable[ (d+e*Xx) “m* (a+bxArcCoth[c*x"n])~p,Xx] /;
FreeQ[{a,b,c,d,e,m,n,p},X]
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