Rules for integrands of the form (a + b x + ¢ x?) P

0: J(a+bx+cx2)pdx whenp =0V c=0V b=

m Derivation: Constant extraction

m Rule1.21.1.0.1: If p == 0, then

J(a+bx+cx2)pdx — (a+bx+cx?)Px

m Rule1.2.1.1.0.2: If ¢ == 0, then

J(a+bx+cx2)pd1x — J(a+bx)pd1x
m Rulel1.21.1.0.3; If b = 0, then
J(a+bx+cx2)pdx — f(a+cx2)pdx
1. f(a+bx+cx2)pdx whenb? -4 ac =
1: J-(a+bx+cx2)pd1x whenb?-4ac =0 Apez
= Derivation: Algebraic simplification
m Basis: If b2-4ac =0,then a+bx +c x? = M

C
(g+cx)2p
J(a+bx+cx2)pd1x — J\—pdlx
c

m Rule1.21.1.1.1:1f b2-4ac =0 A p € Z, then

= Program code:

Int [(a_+b_. *x_+C_. *x_"2)"p_.,x_Synbol ] : =
I nt [Cancel [ (b/2+c*x)" (2%p) /Cc”p], X] /;
FreeQ[{a, b, c}, x] & EqQ[b"2-4xaxc, 0] && | ntegerQ[p]



Rules for integrands of the form (a+b x+c x~2)"\p

2: J(a+bx+cx2)pd1x whenb2-4ac=0 A p<-1

= Derivation: Piecewise constant extraction

. 2y p+l
m Basis If b2 -4 ac == 0, then g, &LxcX)” . g
(b+2 ¢ x)2 (P+1)

m Rule1.21.1.1.2:If b2-4ac=0 A p< -1,then

4c(a+bx+cx2)p+l 2(a+bx+cx2)p"l
(a+bx+cx2)pdlx—> (b+2cx)?Pdx —
(b+2cx)2®+h 2p+1) (b+2cx)

= Program code:

Int [(a_+b_. *x_+C_. *x_"2)"p_, x_Synbol ] : =
2% (a+bxx+Cxx"2)" (p+1) / ((2*%p+1) * (b+2%xC*X)) /;
FreeQ[{a, b, c, p}, x] & & EqQ[b"2-4xaxc, 0] && Lt Q[p, -1]

1
3: J-—dlx whenb2-4ac =0

Va+bx+cx2
m Reference: G& R 2.261.3 which is correct only for g +Cx>0

m Derivation: Piecewise constant extraction

b
® Basis If b2-4ac =0, then 8y —2— ==
V a+b x+c x?

= Rule1.21.1.13:If b2-4ac == 0, then

b
2+CX 1

— -
Va+bx+cx? 7 *+CX

X dx

1
——d
Va+bx+cx?2
= Program code:

Int [1/Sqrt [a_+b_. #x_+C_. #x_"2], x_Symbol | : =
(b/2+c*x) /Sqrt [a+b*x+Cc*x"2] * Int [1/ (b/2+Cc*Xx), X] /;
FreeQ[{a, b, c}, x] && EqQ[b"2-4xaxc, 0]



Rules for integrands of the form (a+b x+c x~2)"\p

4 J(a+bx+cx2)pd1x whenb2-4ac =0

= Derivation: Piecewise constant extraction

(atb x+c x2)P

e 2 =
m Basis If b -4ac = 0,then oy be2on)Z?

m Rule1.21.1.1.4:If b2-4ac = 0,then
(a+bx+cx2)P (b+2cx) (a+bx+cx2)?

(b+2cx)2Pdx —

J(a+bx+cx2)pd1x—> o
c(2p+1)

(b+2cx)2pP

= Program code:

Int [(a_+b_. *x_+C_. *x_"2)"p_,x_Synbol ] : =
(b+2%C*X) * (A+bxX+C*X"2)"p/ (2%xC* (2xp+1)) /;
FreeQ[{a, b, c, p}, x] && EqQ[b"2-4xaxc, 0]



Rules for integrands of the form (a+b x+c x~2)"\p

2. J(a+bx+cx2)pdx whenp € z
0: J(a+bx+cx2)ldx

= Rulel.2.1.1.2.0:

bx?2 c¢x8
+

2 3

j(a+bx+cx2)ld1x — ax+

1: J(a+bx+cx2)pdx whenpez A a#0 A PerfectSquareQb?-4ac]

m Derivation: Algebraic expansion

m Basis Letq >\ b2-4ac ,thena+bz+cz2 ==%(g—%+cx) (g+%+cx)

1 b q P b q p
j(a+bx+cx2)pd1x —_ — [———+CX] (—+—+CX] dx
cP 2 2 2
= Program code:

Int[(a_+b_.*x_+Cc_. *x_"2)"p_,x_Synbol] : =
Wth[{g=Rt [bA2-4%xaxc, 2]}, 1/c”p = Int [Sinp[b/2-q/2+C*X, X]"p*Si np[b/2+q/2+C*x, x]"p, X111 /;
FreeQ[{a, b, c}, x] && IntegerQ[p] && NeQ[a, 0] && Perfect Squar eQ[b"2-4xaxC]

2: J(a+bx+cx2)pdx whenp € z*
m Derivation: Algebraic expansion
m Rule1.2.1.1.2.2: If p € z*, then

J(a+bx+cx2)pdx — jExpandI ntegrand[(a+bx+cx?)”, x]dx

= Program code:

Int[(a_.+b_.*x_+C_.*x_"2)"p_,x_Synbol] : =
I nt [Expandl nt egr and[ (a+bxx+C*x"2)"p, X1, X] /;
FreeQ[{a, b,c}, x] && 1 & Q[p, 0]



Rules for integrands of the form (a+b x+c x~2)"\p

3: J(a+bx+cx2)pd1x whenp +1 € z-

m Reference: G&R 2.171.3, G& R 2.263.3, CRC 113, CRC 241
m Derivation: Quadraticrecurrence2awithm=0,A=1andB =0

m Rulel1.21.123:If p+1 € z-,then

(b+2cx) (a+bx+cx2)
(a+bx+cx?)Pax — -
(p+1) (b?2-4ac) (p+1) (b?2-4ac)

Prt 2¢ (2p+3)

j(a+bx +cx2)p+l dx

= Program code:

Int [(a_. +b_. *X_+C_. *x_"2)"p_, x_Synbol ] : =
(b+2%xC*X) * (A+b*xX+C*X"2) N (p+1) / ((p+1) * (b"2-4%xaxC)) - 2xCx (2xp+3) / ((p+1l) * (b"2-4xaxc)) =* |Int [ (a+bxx+C*x"2)" (p+1), X1 /;

FreeQ[{a, b,c}, x] && I LtQ[p, -1]

1
4: J—dlx
b x +c x?

= Derivation: Algebraic expansion

m Rulel.2.1.1.2.4:
Log[x] Log[b+cx]

1 1 1 c 1
f—ax_,—J—d]x_—f ax —
b x +c x? b Jx bJb+cx b b

= Program code:

Int [1/ (b_. »x_+c_. #x_"2), x_Synbol | : =
Log[x]/b - Log[RenpveContent [b+CcxX, x]11/b /;
FreeQ[ {b, c}, x]



Rules for integrands of the form (a+b x+c x~2)"\p

1
5: J—dlx whenb2-4ac¢1R/\1-4%elR
a+bx+cx? b

Reference: G&R 2.172.4, CRC 109, A& S3.3.16
Reference: G&R 2.172.2, CRC 110a, A& S3.3.17

Derivation: Integration by substitution

o 4ac 1 2 1 2cx 2cx
= Basis: Let g » 1 - =5=, then —=— == - £ Subst [q_x2' X, 1+ 52 ]ax (1+==)
= Rule1.2.1.1.25: If b2—4ace]R,Ietq—>1—4;‘2°,if geR A (92=1V b’>-4ac ¢R),then
1 2 1 2cx
-J-—dlx — - — Subst [I dx, x, 1+ ]
a+bx+cx? b q - x? b

Program code:

Int [1/(a_+b_. #x_+c_. #x_"2),x_Synbol | : =
Wth[{g=1-4%Si mpl i fy[axc/b"2]}, -2/b % Subst [I nt [1/(q-X"2), X], X, L+2xCxXx/b] /;
Rational Q[q] && (EqQ[g”2,1] || Not [Rati onal Q[b”2-4%axc1])] /;
FreeQ[{a, b, c}, X]

1
6: J-—dlx
a+bx+cx?

Reference: G&R 2.172.2, CRC 110a, A& S3.3.17
Reference: G&R 2.172.4, CRC 109, A& S3.3.16

Derivation: I ntegration by substitution

. 1 1
m Basis: T -2 Subst [m, X, b+2CX] 9x (b +2cx)
= Rule1.2.1.1.2.6:

1 1
j— dx — -2 Subst [J.—dlx, X, b+2cx]
a+bx+cx? b2-4ac-x?

Program code:

Int [1/(a_+b_. #x_+Cc_. #x_"2), x_Synbol | : =
-2 x Subst [I nt [1/Si np[b"2-4%xaxCc-x"2, X], X], X, b+2%xC*Xx] /;
FreeQ[{a, b, c}, X]



Rules for integrands of the form (a+b x+c x~2)"\p

3: J(a+bx+cx2)pdx whenp >0 A (4pez V 3pez)

m Reference: G&R 2.260.2, CRC 245, A& S3.3.37
m Derivation: Quadraticrecurrencelb withm=-1,A=dandB = ¢
m Rulel2113: I1fp>0 A (4pez V 3pez),then
(b+2cx) (a+bx+cx?)? p(b2-4ac)

J\(a+bx+cx2)pd1x—» - J(a+bx+cx2)p'ldx
2c (2p+1) 2c 2p+1)

= Program code:

Int [(a_. +b_. *X_+C_. *x_"2)"p_, x_Synbol ] : =
(D+2%C*X) * (A+b*X+C*X"2)"p/ (2%C* (2%p+1)) - p=*(b"2-4xaxC)/ (2%Cx (2*xp+1)) =* | nt [ (a+bxx+Cxx"2)" (p-1),X] /;
FreeQ[{a, b,c}, x] & G Q[p, 0] && (I ntegerQ[4xp] || | ntegerQ[3*pl)

4, J-(a+bx+cx2)pdlx whenp<-1 A (4pez V 3pez)

1
1:\[ dx whenb2-4ac #0
372

(a+bx+cx2)

Reference: G&R 2.264.5, CRC 239

Derivation: Quadraticrecurrence2awithm=0,A=1,B=0andp = - %

Rule1.2.1.1.4.1:If b2-4ac # 0, then

1 2 (b+2cx)
32v:]lX —_ -
(a+bx+cx2)/ (b2-4ac)\la+bx+cx2

Program code:

Int [1/(a_. +b_. #x_+C_. #x_"2)"(3/2), x_Synbol | : =
-2% (b+2%xC*Xx) / ((b"2-4xaxC) *Sqrt [a+bxx+C*x"2]) /;
FreeQ[{a, b, c}, x] && NeQ[b"2-4xaxc, 0]



Rules for integrands of the form (a+b x+c x~2)"\p

2: J(a+bx+cx2)pd1x whenp<-1 A (4pez V 3pez)

m Reference: G&R 2.171.3, G& R 2.263.3, CRC 113, CRC 241
m Derivation: Quadraticrecurrence2awithm=0,A=1andB =0
m Rule121142:1fp<-1 A (4pez \ 3pez),then

(b+2cx) (a+bx+cx2)P? 2c (2p+3
(a+bx+cx?)Pax — ( ) - £p+3) j(a+bx+cx2)p+ldx
(p+1) (b2-4ac) (p+1) (b?2-4ac)

= Program code:

Int [(a_. +b_. *X_+C_. *x_"2)"p_, x_Synbol ] : =
(b+2%xC*X) * (A+b*xX+C*X"2) N (p+1) / ((p+1) * (b"2-4%xaxC)) - 2xCx (2xp+3) / ((p+1l) * (b"2-4xaxc)) =* |Int [ (a+bxx+C*x"2)" (p+1), X1 /;
FreeQ[{a, b,c}, x] & LtQ[p, -1] && (I ntegerQ[4xp] || I ntegerQ[3*p])

5: J(a+bx+cx2)pd1x when4a-bc—2>0

m Derivation: Integration by substitution

-Basis:lf4a—bc—2>0,then (a+bx+cx2)p== ﬁSUbst [(1—%){ X, b+20x]6x (b+2cx)

_b2—4ac
bz
m Rule12.115: 1f (4pez V 3p € z) /\ 4a-2 50, then

1 x2

P
(a+bx+cx2)pdlx—>—Subst[ 1- —| dx, x,b+2cx]
2¢ ( 4_C)P b2-4ac

" b2-4ac
= Program code:
Int [(a_. +b_. *X_+C_. *x_"2)"p_, x_Synbol ] : =

1/ (2xCx (-4xCc/ (b"2-4%xaxc) )" p) =* Subst [I nt [Si mp[1-x"2/ (b"2-4xaxC), X]1"p, X1, X, b+2xC*xX] /;
FreeQ[{a, b, c, p}, x] && & Q[4xa-b"2/c, 0]



Rules for integrands of the form (a+b x+c x~2)"\p

1
6. J—dlx
Va+bx+cx2

1
1: j—dlx
Vb x +cx?

Derivation: Integration by substitution

» Basis ——— == 2 Subst [;2 X, X ] By X
Vb x+c x2 1-cx Vb x+c x2 Vb x+c x2
= Rulel1.2.1.1.6.1:
1 1 X
j— dx —s 2 Subst [f ~ dx, x, —]
Vbx+cx? 1-cx Vbx+cx?

Program code:

Int [1/Sqrt [b_. #x_+Cc_. #x_"2], x_Synbol | : =
2 % Subst [Int [1/(1-c*x"2), X], X, X/Sqrt [bxx+C*x"2]] /;
FreeQ[ {b, c}, x]

1
2: J.— dx
Va+bx+cx?
Reference: G&R 2.261.1, CRC 237a, A& S3.3.33
Reference: CRC 238

Derivation: Integration by substitution

m Basis: -1 == 2 Subst [;2’ X, b+2 ¢ x ] ax b+2 c x
Va+b x+c x2 4c-x Va+b x+c x2 Va+b x+c x2
= Rulel.2.1.1.6.2:
1 1 b+2cx
-J-— dx — 2 Subst [j > dx, x, ——
Varbxecx 4c-x Varbxacx

Program code:

Int [1/Sqrt [a_+b_. xx_+Cc_. #x_"2], x_Synbol | : =
2 % Subst [Int [1/(4xCc-Xx"2),X], X, (b+2xC*X) /Sqrt [a+bxx+C*x"2]] /;
FreeQ[{a, b, c}, X1]



Rules for integrands of the form (a+b x+c x~2)"\p

7: J(bx+cx2)pd1x whendpez \V 3pez

= Derivation: Piecewise constant extraction

(b x+c x2)P =0
(_c (b x+c x2) )p

b2

Basis: 8y

Note: If thisoptional ruleisdeleted, theresulting antiderivativeisless compact but real when theintegrand isreal.

Rule1.2.1.1.7: If 3 p € Z, then
(bx +cx2)P cx c2x2)\P
(bx+cx2)pdx—»—j——— dx
( ¢ (bx+cx?) b b2

P
)

Program code:

Int [(b_.*x_+C_.*x_"2)"p_,x_Synbol ] : =
(bxX+C*X"2)"p/ (-C* (bxx+C*Xx"2) / (b"2))"p * Int [ (-Cxx/b-c"2xx"2/b"2)"p, X] /;
FreeQ[{b, c}, x] && (I ntegerQ[4*p] || | ntegerQ[3*p])

8: J(a+bx+cx2)pdlx when4p e z

m Derivation: Integration by substitution and piecewise constant extraction

\ (b+2cx)? Subst [ x4 (p+1)-1

. 4
Basis (a+bx+cx?)’ = T e —
b+2cx Vb2-4ac+4cx?

Y (b+2c x)? =0

b+2c x

)1/4 )1/4

X, (a+bx+cx? ]ax(a+bx+cx2

Basis: 8y

Note: Antiderivative of resulting integral can be expressed in termsof elipticintegral functions.
Rule1.2.1.1.8: If 4 p € z, then

44/ (b+2cx)? x4 (p+1)-1
(a+bx+cx?)?dx —» ————

Subst [f dx, X, (a+bx+cx2)
b+2cx Vb2-4ac+4cx?

1/4]

Program code:

Int [(a_. +b_. *X_+C_. *x_"2)"p_, x_Synbol ] : =
4xSqrt [ (b+2xCxx)"2]/ (b+2xCxx) =% Subst [I nt [X" (4% (p+1)-1)/Sqrt [b"2-4xaxCc+4xCxX 4], X], X, (A+bxX+C*xx"2)" (1/4)] /;
FreeQ[{a, b, c}, x] && | nteger Q[4xp]

10



Rules for integrands of the form (a+b x+c x~2)"\p

o: J(a+bx+cx2)pdx when3p e z

= Derivation: Integration by substitution and piecewise constant extraction

p 34/ (b+2cx)? Subst [ x3 (p+1)-1

Basis: (a+bx+cx2) == —_—
b2 o x Vi daceacnd

Y (b+2c x)? =0

b+2c x

1/3

X, (a+bx+cx2)l/3]

dx (a+bx +cx?)

m Basis: 8y

Note: Antiderivative of resulting integral can be expressed in terms of elliptic integral functions.
Rule1.2.1.1.9: If 3 p € z, then

34 (b+2cx)?2 x3 (p+1)-1
(a+bx+cx?)?dx —» ——

Subst [f dx, x, (a+bx +cx2)1/3]
b+2cx Vb2

-4ac+4cx’

Program code:

Int [(a_. +b_. *X_+C_. *x_"2)"p_, x_Synbol ] : =
3xSqrt [ (b+2xCcxx)"2]/ (b+2xCxx) =* Subst [I nt [X" (3* (p+1)-1)/Sqrt [b"2-4xaxCc+4xCxX"3], X], X, (a+b*xXx+Cc*x"2)" (1/3)] /;
FreeQ[{a, b,c}, x] && | nteger Q[3xp]

11



Rules for integrands of the form (a+b x+c x~2)"\p 12

10: J(a+bx+cx2)pdx whenb2-4ac 0 AN4dpe¢z A3pé¢z
= Derivation: Piecewise constant extraction

| - 2 _ (a+b x+c x2)P _
m Basis: Letq = \/ b4 -4 ac ,then 8y Bra20x)” (a2 on? = 0

m Rule1.21.1.10: If b?2-4ac 0 A4p¢z A3pe¢zletq =\/b2—4ac ,then

(a+bx+cx?)?

j(a+bx+cx2)pd1x—> j(b+q+2cx)p(b—q+2cx)pdlx

(b+q+2cx)P (b-g+2cx)P

(a+bX+CX2)p+l
— - HypergeomatricZFl[-p, p+1, p+2,

q(p+1) (—‘*2’2”)’“1

b+q+20x]
2q

= Program code:

Int [(a_. +b_. *X_+C_. *x_"2)"p_, x_Synbol ] : =
Wth[{g=Rt [b"2-4xaxC, 2]}, -(a+bxx+C*x"2)" (p+1)/ (g (p+1l)=*((q-b-2xC*Xx)/(2%q))" (p+1))*Hypergeonetri c2F1[-p, p+1, p+2, (b+g+2*C*X) / (2%q)
FreeQ[{a, b, c, p}, x] && Not [I nt eger Q[4xp]] && Not [I nt eger Q[3*p]]



