Maple 2018.2 Integration Test Results
on the problems in "1 Algebraic functions/1.2 Trinomial products/1.2.2 Quartic"

Test results for the 297 problems in "1.2.2.2 (d x)"m (atb x"2+c x"4) "p.txt"

Problem 2: Unable to integrate problem.

1
J 2.4 21/4dx
(b x +2abx2+a)
Optimal (type 3, 48 leaves, 2 steps):

arcsinh[ x/b ]\/? 1+ %

a

(b2x4 +2abx? +az)1 /4\/7
Result (type 8, 22 leaves):

1
dx
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Problem 4: Result more than twice size of optimal antiderivative.
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Optimal (type 3, 223 leaves, 9 steps):
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Problem 5:

1
Jx4+2x2+2

Optimal (type 3, 124 leaves, 9 steps):

2x+y 2422

+

(a2+1)3 /2\/2 @ +1 +2a

Result more than twice size of optimal antiderivative.
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Problem 6: Result more than twice size of optimal antiderivative.

V-3 452 +2

Optimal (type 4, 13 leaves, 2 steps):
EllipticF ( % 1J6 J

Result (type 4, 50 leaves):

J2 V-2 44 3% +1 EllipticF

TN

2 )

2V -3 45242

Problem 7: Result more than twice size of optimal antiderivative.

J 1 2
J—MA+4%+
Optimal (type 4, 37 leaves, 2 steps):



2

EllipticF(x 442710 ,IJF +IV315 ] 12 + 64710

6
Result (type 4, 83 leaves):

2/1_(_1+@)"2/“['“@]ﬁEuipﬁcF[x -4+2y10 1J6 | L/15

2 2 3 3
V44210 324 +42 +2

Problem 8: Result more than twice size of optimal antiderivative.

V-3 432 +2

Optimal (type 4, 37 leaves, 2 steps):

EllipticF

6 e IJﬁ]\/7
G ! !
-3 4+433

Result (type 4, 79 leaves):

2/1—[—%+i]x2/1—[—1—@)x2 EllipticF(x 3433 : e | 122

2 4 4
V3433 V3443242

Problem 9: Result more than twice size of optimal antiderivative.

J 3x44%2f-+2
\/ -
Optimal (type 4, 34 leaves, 2 steps):

EllipticF

ENENNNS VI Im]
J1+J7T 6
-1+VT

Result (type 4, 83 leaves):

2/1_('%"‘@))‘2/1—(-g—%)x2EllipticF[x‘/m /6 | 142

2 2 "6 6
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Problem 10: Result more than twice size of optimal antiderivative.

|
J-3x =22 42

Optimal (type 4, 34 leaves, 2 steps):

EllipticF[ xy/3 4z If]
J-1+7

V1+JT
Result (type 4, 83 leaves):

J2+2J7 x IJ2  1/6

2/1—[77+%]x2/1—(%—g]x2 EllipticF

2 6 6

J242J7 J-354—22+2

Problem 11: Result more than twice size of optimal antiderivative.

J dx
Optlmal(type 4, 13 leaves, 2 Steps):

EllipticF ( @ 1J6 ]

Result (type 4, 50 leaves):

J3V-3249 22 +1 EuipticF[@,IﬁJ

323 +52 43

Problem 12: Result more than twice size of optimal antiderivative.

1
dx

Optimal (type 4, 13 leaves, 2 steps):
EllipticF (x, % J6 J J3

3

Result (type 4, 42 leaves):



V-2 +1/62+9 EllipticF(x,é\/?)
324 -2 +3

Problem 13: Result more than twice size of optimal antiderivative.

|
V22 =52 43

Optimal (type 4, 17 leaves, 2 steps):
EllipticF (xﬁ, < ﬁ) Je

6

Result (type 4, 49 leaves):

J2 V22413249 EuipticF(xﬁ, éﬁ)

6y -2x* =52 +3

Problem 14: Result more than twice size of optimal antiderivative.

|
J-2x4 =72 +3

Optimal (type 4, 35 leaves, 2 steps):

EllipticF[ 2x /BB 716 ]ﬁ
12 12
N -7+ 73
NTHVT3
Result (type 4, 83 leaves):

6/1_[%+@)x2/1—[1—@]x2 EllipticF{x\/m /538 716

6 6 12 12

Ja2 4673 J-2x* =72 +3

Problem 38: Result more than twice size of optimal antiderivative.

J 2 1 2
J— f1+5x2+
Optimal (type 4, 31 leaves, 2 steps):



EllipticF

2x ,ﬂ_’_lm]ﬁ
V5 +J41T + +
J -5 +J41

Result (type 4, 75 leaves):

2/1—[-§+E]x2/1—(-3—£)x2 EllipticF[—x\' -5 +AT ,ﬂ+1m
4 4 4 4 2 4 4
J-54+VAT -2 452 42

Problem 39: Result more than twice size of optimal antiderivative.

-1 +52 +2

Optimal (type 4, 13 leaves, 2 steps):
EllipticF (x, % J14 ) J2

2

Result (type 4, 42 leaves):

J 2114214 EllipticF(x, % Ty )

2V -7 45242

Problem 40: Result more than twice size of optimal antiderivative.

J’ dx
Optimal(type 4, 38 leaves, 2 Steps):

EllipticF

3xy2 ’515 L 1J/198 ]ﬁ
12 12
J5+97
-5 4+97

Result (type 4, 79 leaves):

2/1—[—%+@]x2/1—(-%—@)%1511@@[" SV SIVZ 119

2 12 12
V5497 J-9x +52 +2



Problem 67: Result more than twice size of optimal antiderivative.

J (ch +-bx2)3 /2 dr

x7

Optimal (type 3, 63 leaves, 5 steps):

B (cx4—|-b)c2)3 /2 L3 /2arctanh[ xz\/? J _ e ext +bx2
350 N 2

Result (type 3, 128 leaves):

(ex* +52) 2 (268 2 (245 P 438 2 e 45 b =237 (2 +5)° 22 +3m(xyT +Ve2 10 ) B2 — (2 +5)° b y7)
336 (e +5) 22T

Problem 108: Result more than twice size of optimal antiderivative.
3
J(cx)m(cx44—bx2) dx
Optimal (type 3, 73 leaves, 4 steps):

Bx (ex)™  3b%cx (ex)” 36X (ex)”  AExB (ex)™
7+ m 9+m 11 +m 13+m

Result (type 3, 180 leaves):

1
(13+m) (11 +m) (9+m) (7 +m)

+ 9302 em? 2 +2457 2 b+ mP +933 b7 cma® + 3353 m? 43003 cx2 B> +35963 m +1287b%) x7)

((cx)m(c3m3x6+27c3m2x6+3b62m3x4+239c3mx6+87bczm2x4+69303x6+3b20m3x2 + 81356 mx*

Problem 109: Unable to integrate problem.

m
J ()",
(af—+bx2)
Optimal (type 5, 43 leaves, 3 steps):

temon [z 3+ 5[5 5] o)
B2 (3 —m) X
Result (type 8, 21 leaves):
m
J ()™,
(ex* +b2)

Problem 127: Result more than twice size of optimal antiderivative.



J(bzxé‘+2abxz+az)3 dr
xlS
Optimal (type 1, 17 leaves, 2 steps):
(b2 +a)’
14ax'

Result (type 1, 68 leaves):

b5 34k’ 5d 5AK &b b 3a%h?

22 24t 240 28 14x4 2412 2410

Problem 158: Result more than twice size of optimal antiderivative.

J (b2x4 +2abx* +a2)5 %

dx
[NE

Optimal (type 2, 28 leaves, 3 steps):

(b2 +a) (b2 +a)?

12 ax'?

Result (type 2, 77 leaves):

5/2
(66550 +15ab*® +20263 8 + 1583025 +6a* b2 +d°) (b2 +a)?) /

1252 (b2 +a)’

Problem 177: Unable to integrate problem.

x2
dx
J (b2x4 +2abx? +az)2 /3

4/3
9ax[14—é£ij

a

Optimal (type 4, 524 leaves, 6 steps):

~ 3x(bx2 +a)
26 (B> +2ab2 + d?

23 1/3
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1/3 T/3 2 /3
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. a a a
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a
Result (type 8, 26 leaves):
2
J 2/3dx
(b2x4+2abx2+a2)
Problem 178: Unable to integrate problem.
1
dx
J(bzxz‘+2abx2 +a2)2 Z
Optimal (type 4, 516 leaves, 6 steps):
4 /3
3x[l+ﬁJ
3x(bx2+a) a
2a (B*x* +2ab® + 2)2/3 i 2 /5 b\
a(b'x' +2ab2 ta 2 (P +2ab2 +d?) [1_(1+—] —ﬁ)
a
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: (1+22) P (e 2] T 2]
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Result (type 8, 22 leaves):

1
dx
ka%A+2abg+a”2A

Problem 179: Unable to integrate problem.
1
J 2.4 22/3dx
xz(b b +2abx2+a)

Optimal (type 4, 551 leaves, 7 steps):

4 /3
5bx[]+-éfi)
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Problem 208: Result more than twice size of optimal antiderivative.

J (dx)"3 /2 “
(b2x4 +2abx —i—az)3 Z

Optimal (type 3, 323 leaves, 14 steps):

NGNS
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128555 A (b2 +4a)’




Result (type 3, 669 leaves):
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Problem 209: Result more than twice size of optimal antiderivative

J (dx)® /2 “
(b2x4 +2abx’ +c12)3 Z
Optimal (type 3, 292 leaves, 13 steps):

1 /4 '
21d9/2(bx2+a)arctan[l—b ‘/— dx \/_
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1/4\/—
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Result (type 3, 602 leaves):
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2
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Problem 210: Result more than twice size of optimal antiderivative.

J (dx)3 /2 “
(B2x* +2abx* +az)3 72

Optimal (type 3, 293 leaves, 13 steps):



! /-
3d3/2(bxz+a)amtan l_m V2 3d3/2(bx2+a)arctan l+m J2

) 1/4\/— N 1/4\/—
64617/4b5 /4 (bx2 +a) 64617/4b5 /4 (bx2 +a)
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n d\dx B dJdx
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Result (type 3, 667 leaves):
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2
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V2 Jd —(%J 2 1 /4 dx+[db—a] Jdx 2 + % 2 1 /4
+ 6 arctan > T/ \/T(Ta) A0 +3Y2 In 5 s - ( ba) b2 P
d
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2 N1 /4 2 N1 /4
2 dx+(%) da LA 2 V2 Jd _[%] & a LA 5
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Problem 212: Result more than twice size of optimal antiderivative.

J (dx)V7 /2 "
(b2x4 +2abx? +a2)5 z

Optimal (type 3, 358 leaves, 15 steps):

3854 (dx)* 2 d(dx)'5 /2 ~ 5 (dx)!1 /2 ~ 55d° (dx)7 /?
1024 6% (b2 +a)’ b(b2+a)y (b2 +a)® 3202 (b2 +a)’y (b2 +a)>  25686% (b2 +a)y (b2 +4a)°
1 /4 1 /4
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1/4\/— 1/4\/—
- +
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81924 4510 /4 (b2 +a)?
Result (type 3, 1030 leaves):
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—7144(7“) (dx)'5 72 b* + 13860 arctan 7 V2 x*a? b? d® + 13860 arctan V2 AP dd

2a 1 /4 2a 1 /4
%) &



2a /A d“a
ar- (G) vm T [ e 2a )
469302 In » x4a2b2d8—14040[7) (dx)"' 2 ap?
2 53
dx—l—(%) Jdx 2 + %
Pa 1 /4 2a 1 /4
T [ 5] s - [ 5] s
+ 9240 arctan T/ V2 P a®bd® + 9240 arctan T/ V2 Pdbd
(dzaJ (dza)
b b
2a ) F;
ax- [ 52) T [ 2o/
+462072 In v x2a3bd8—11000(7) (dx)7 2 a* b*
2 53
dx+(%) Jdx 2 + %
2a 1 /4 2a 1 /4
24d — 2 Jdx — | —
+ 2310 arctan ” x+[ b ) \/Ta4d8+2310arctan e [ b ] 2 atd®
(dza)l/4 (d2a )1/4
b b
2a A 7
oo () e [
+1155(2 In = a4d8—3080[7] (dx)} 2B bd0 |d (b2 +a)
2 5
dx+(%) Jdx 2 + %

Problem 213: Result more than twice size of optimal antiderivative.

J (dx)!1 Yo “
(b2x4 +2abx’ +c12)5 Z

Optimal (type 3, 361 leaves, 15 steps):

1 /4 7=
4541 /2 (bx* +a) arctan| 1 — BV Jdx J2

) d (dx)® _ 3d° (dx)® /2 B ad AJd
8b (b2 +a)’J (b2 +a)> 3262 (b2 +a)*y (b2 +a)? 409647 4p13 A (b2 +4a)?
/4
45d11/2(bx2+a)arctan 1+blﬂ] 2
N a Ayd C45d" 2 (b2 +a) n(Va VT +xyBVd —d A AT (dx ) (T

40967 Ap13 A (b2 +a)? 819247 /413 /A4 (b2 +4a)*



L 45d" 2 (b2 +a) n(Ja VT +x(B Vd +a Ao AT ) T, 15d° [dx ~ 1545 dx

819247 A4p13 A (b2 +4a)? 1024063 (b2 +a)* 25603 (b2 +a)y (b2 +a)’
Result (type 3, 1135 leaves):

1
8192db3a® (b2 +a

2 N1 /4 5}

PNV dx+[%] JTET+ [ L8

—] VTS B
d

(R Py

b
2 N\ /4 2 N\ /4
2a 1 /4 \/T\Idx+(%J - 2a 1 /4 J2 Jd —(%) ‘4
+90[T] arctan (dzajl/4 V2 8b d6+9O(TJ arctan [dzaJIA V2 B p*db
b b
La\ [&a La\'
2a 1/4 dx+[TJ Jdx 2 + B 2 1 /4 ﬁm+[—j
+180( p J y ﬁxéab3d6+360(7"j arctan 7 J2 Labddb
() e 2 (%)
b b b
2 N1 /4 2 N\ /4
poyh [ mm-(%2) po [ 22) e [
+360( baJ arctan . /4 \/Tx6ab3d6+270(7) In i \/7)c4azb2a’6
2 5)
5 oo () i A
2 N1 /4 2o
ia ) vz dx+( ) 2,2 ia ) ﬁm_[Tj 4 2,2
+ 540 5 arctan . T/ 2 B> d° + 540 arctan > T/ ffxal>f
[Mj (u)
b b
2 N1 /4 5
) N1/ dx+[d—“] Ny
+120(dx)13/2ab3+180[d ] In b w b\ [T2dbd
2 5)
o [5e) A
1 /4 2 N1 /4
2o ﬁ\/dx+( ) 2o/ V2 Jd —(%)
+360( ] arctan 2 7 V2 2d bd6+360( b ) arctan FIRY 7 V2 23 bdb
a a
[5°) 5



1 /4
dx+[d2“] JTr(T + /%
STt

b
2 N1 /4 5)
dx—[%] deﬁ—l—/%

2 N\l /4
—1912(dx)9/2a2b2d2+45(%j In

b N\l /4 2 N1 /A
d2 1/4 \/Tm-’_(%J d2 1/4 ﬁm_[%)
+90 [Ta] arctan T V2 a*db +90[Taj arctan 1/ JZ atd® — 1368 (dx)3 2 b d*
(M) (M)
b b

—360dx a*d° (bx2 +a)

Problem 214: Result more than twice size of optimal antiderivative.

J (dx)S /2 "
(b2x4 +2abx? +a2)5 z

Optimal (type 3, 361 leaves, 15 steps):

45d (dx)* 2 d (dx)3 N d (dx)3 N 9d (dx)® /2
102403 by (b2 +a)>  8b (b2 +a)y (b2 +a)>  32ab (b2 +a)’y (b2 +a)®  256a%b (b2 +a)y (b2 +a)’
1 /4 — 1 /4 —
45d5/2(bx2+a)arctan I—M]ﬁ 45d5/2(bx2+a)arctan I+M J2
4! /4\/7 N 4! /4\/7
4096413 47 /4 (b2 +4a)* 4096 a3 A7 /4 (b2 +4a)*
L4582 (b2 +a) n(Ja VT +x (BT —a' b AT Jax) VT 4sd 2 (02 +a) n(Va VT +xJB T +d' Ae AT ) VT
819243 457 /4 (b +a)? 819243 457 /A4 (b2 +a)?
Result (type 3, 1035 leaves):
2a 1 /4 Pa 1 /4
1 T (5 G
Y T/ s/ 90 arctan ry T/ V2 2 b*d® + 90 arctan ry T/ J2 B btd
8192d5(7) ad (b2 +a)?) (7) (T)



d*a LA d*a d*a L/A
dx—| == Jdx 2 + = 2ol V2 Jdx + =
+452 In - x8b4d8+360[T] (dx)'S /2 b* + 360 arctan — V2 Sabdd
2 2 d
dx—l—[%] Jdx 2 + % (Ta)
d*a LA d*a LA d*a
Nellres —(—) PP ) R
+ 360 arctan N 1b/4 \/Tx6ab3d8+180\/71n b i b Xabd
d 2 /)
[TaJ dx—i—(%) Jdx 2 + %
Pa 1 /4 2a 1 /4
d2 1/4 \/T\IdX'F(T) \/T\Id —(TJ
+1368 | £4 (dx)”/zab3d2+540arctan \/Tx4a2b2d8+540arctan \/7x4azbza78
b d*a LA d*a L/
(5 [5°)
d*a )1/4 / da
dx—(— \/dx\/T—}- E— 5 1 /4
+2707 In b w b x4a2b2d8+1912(ﬂ) (dx)? 2 a?? d*
2 2
dx+(%) \/dx\/j+/%
Pa 1 /4 2a 1 /4
2 dx +| == V2 Vx| S8
3 8 3 8
+ 360 arctan ry T/ \/sza bd® + 360 arctan ry T/ \/sza bd
(5] [5*)
2 N\l /4 5 2 N\ /4
dx—(%] T+ [ La PUNY ﬁer(db—“)
+ 1802 In T x2a3bd8—120[Tj (dx)? 2 a3 b d® + 90 arctan — V2t d
2 ) d
dx—}-(%) Jdx 2 + % [Ta]
2 N1 /4 2 N1 /4 5
ﬁm-(%j dx—[%] JTEVT+ [ La
+ 90 arctan \/Ta4d8 +45J2 In aAd | (bP +a)

o N\l /4 o N1 /4 )
5 e (0] v [ 4

Problem 215: Result more than twice size of optimal antiderivative.
1
dx
2
J (a’x)3 /2 (b2x4 +2abx? +a2)5 /

Optimal (type 3, 391 leaves, 16 steps):



1 /4 1 /4
3315b! /4(bx2+a)arctan 1—% J2 3315b! /4(bx2+a)arctan l+ﬂ J2
a d

4! /4\/7
4096 2 A 2 (b2 +4a)* 4096 2 A8 2 (b2 +4a)*
33150 A (b2 +a) n(Va VT +xyB VT —a A AYT Jax ) VT

819242 A4 2 (b2 +a)?

L 33158! A2 +a)n(Vava +xyBJad +a At AYT Jax ) V7 N N 1
819222 A 2 (b? +a)? 1024a*dyax \ (b2 +a)*  8ad (b2 +a)yaxJ (b2 +a)’
17 221 3315 (bx> +a)

+ + -
96a%d (b2 +a) Vax (b2 +a)* 768a3d (b2 +a)Jdxy (b2 +a)> 10245 dydx ] (b2 +a)’
Result (type 3,

1065 leaves):

663

2 1 /4
1 VTV + [7“]
- 19890 arctan vdx \/7x8 b*
& a 1A 5 2\5 /2 & a 1A
245764 \@v | % & (b2 +a)’) e
2 N1 /4 2 N1 /4 5)
ﬁ\/_dx—[dba] dx—[dba) T+ [ L
+ 19890 arctan — Jdx 2 B b* 49945 /dx 2 In - Bbt
d 2 2
(Ta) dx—i—[dba] Jdx 2 + dba
2a) /A 2a)! /A
PNV ﬁx/_dx+[ . ] Ny —( - )
+ 79560 8 5% + 79560 arctan Vdx 2 x%ab® + 79560 arctan Vdx 2 ab’
b d*a LA d*a L/A
[ 5
2 N1 /A 5
dx_(dba) [dx 2 + db—a 2o/
+39780/dx 2 In w x®ab® 4302328 ( a ) xXab?
2 2
dx + (%) Jdx 2 + %
2a A 2a A
ﬁ,/—dH[ b“] Nellrrs —[Ta]
+ 119340 arctan Jdx 2 x*a® b* + 119340 arctan Jdx 2 X4 d? b?
2a 1/4 2a 1 /4
[5*) [5*)



@‘Q

dx — (
+59670/dx /2 In

2a LA d*a
) \/dx\/?-i- T L 1 /4
*a? b? + 422552 [ Tj a2 p?

2 N\l /4 72—
dx—l—(%) Jdx 2 + %
mae (] mo (%))
+ 79560 arctan 7 dx \/sza3b + 79560 arctan 7 dx \/7x2a3b
(dza)l 4 [dzajl 4
b b
2 N1 /4 7
dx — %) Jdx 2 + db_a 2 1 /4
+39780dx V2 In w x2a3b+252008(70) 2ddb
2 2
dx+(%) deﬁ-i—/%

- Le)

b

da LA
[Tj

1/4 e
dx—( \/dx\/?—i- / T 2 1 /4
+9945 /dx V2 In w a4+49152[7"] | (b2 +a)
2 2
dx+(%) \/dx\/7+/%

Problem 217: Unable to integrate problem.

J?M+[dz—“]1/4
b
da 1A
&=

Jdx \/Ta4 + 19890 arctan

+ 19890 arctan

Jdx 2 a

N—

)

a

= ‘
N—

J (dx)" “
(b2x4 +2abx’ +c12)5 Z
Optimal (type 5, 60 leaves, 2 steps):

(dx)!Tm (b2 +a)hypergeom( [5» % + %] [% + %} _%)

Sd(1+m)y (b2 +a)?

J (dx)" “
(b2x4 +2abx’ +c12)5 Z

Result (type 8, 28 leaves):

Problem 218: Unable to integrate problem.



dx

(b2x4 +2abx* +a2)p
s
Optimal (type 5, 64 leaves, 3 steps):
b (b2 +a) (B +2ab +a2)phypergeom( (2,1 +2p], [2+2p] 1 + %)

24 (14+2p)
Result (type 8, 26 leaves):

J (b2x4+2abx2 +a2)p dr

e

Problem 219: Unable to integrate problem.
sz (B*x* +2abx2 +a*)’ dx

[2-r}[5}-22)
3(1+ﬁ) ’

a

Optimal (type 5, 58 leaves, 2 steps):

x (b2x4 +2abx* +a2)phyperge0m(

Result (type 8, 26 leaves):
sz (b2x4 +2abx? +a2)pdx

Problem 220: Unable to integrate problem.

dx
A

J (b2x4 +2abx? +a?)’

Optimal (type 5, 58 leaves, 2 steps):

(b2x4 +2abx* +a2)phypergeom[ [ —%, —zp], [_l], _ﬁj

2 a
3;&’(1+ﬁ)2p

a

Result (type 8, 26 leaves):

dx

4

J (b2x4 +2abx* +a2)p
X

Problem 231: Result more than twice size of optimal antiderivative.



et
)f’ (cx4—i-bx2 +a)2

Optimal (type 3, 155 leaves, 8 steps):

(6a2c2—6ab2c+b4)arctanh[2cx2—+b
3ac—b? L cxb—2ac+b? 3 J-dac+b* )  2bln(x) N bln(ex* +bx* +a)
@ (-dac+b*)23 2a(-4ac+b*) 2 (cx* +b2 +a) a3(—4ac+b2)3 /2 a 24

Result (type 3, 568 leaves):

A cx? b? B 3be 4 b
a(cx4+bx2+a) (4ac—b2) 2a2(cx4+bx2+a) (4ac—b2) 2a(cx4+bx2+a) (4ac—b2) 24 (cx4+bx2+a) (4ac—b2)
2(4ac—b2)cx2+(4ac—b2)b A2
2cln((4ac—b2) (cx4+bx2+a))b ln((4ac—b2) (cx4-|-bxz+a))b3 \/6461303—4802b262+1261b4c—b6

a2(4ac—b2) ) 24’ (4ac—b2) ) a\/64a303—48azb252+12ab4c—b6

6 arctan [
+

_ 2 _ 32 _ 12 42
6 arctan 2(4ac—»b )cx2+(4ac )b ]bzc arctan[ 2(4ac—»b )cx2+(4ac b*) b ]b4
N J64a> P —48a* P E +12ab* c — b° J64a> P —48a* P P + 12ab* c — b° 1 2bIn(x)
2 3
az\/64a3c3—48azb2c2+12ab4c—b6 a3\/64a3c3—48a2b262+12ab4c—b6 2d%5 a

Problem 232: Result more than twice size of optimal antiderivative.

[
(cx4+bx2+a)2
Optimal (type 3, 284 leaves, 6 steps):

(—10ac+3b2)x _ bx X (bx2 +2a)

2c2(—4ac+b2) 20(—4ac+b2) 2(—4ac+b2)(cx4+bx2+a)

- 2 2 . apd
arctan 2 Ve (3b3_13abc+ 203 +19ab*c—3b ]ﬁ
Jb—JGacr it J-4ac+p
405/2(—4ac+b2)\/b—\/ -dac+b?
2.2 2 4
arctan 22 Ve (3b3_13abc+ 02 —19at’c+3b" )
\/b+\/ -4ac+b? J-dac+b?

452 (-4ac+b2)\/b +y -4ac+b

Result (type ?, 2279 leaves): Display of huge result suppressed!

Problem 233: Result more than twice size of optimal antiderivative.



(Cx ‘} b a)
Optlmal(type 3, 122 leaves, 5 Steps):

(2ac+b2)arctanh[2cx2—+bJ
xz(bx2+2a) 3ab+(2ac+b2)x2 J -4ac+b?
P 4 PR N2 (.4 B 2\5 /2
4(-d4ac+b*) (cx +bx2+a) 2(-d4ac+b*) (ex +bx2+a) (-d4ac+b?)
Result (type 3, 269 leaves):
c(2ac+b?)x° 3b (2ac+b*) _ a(2ac—5b) 4 3d%b zarctan[Zcxz——l—b
16a>* —8ab’c+b* 2(l6a262—8ab2c+b4) 16a>* —8ab’c+b* 16a>* —8ab’c+b* i Jdac—b?
2
2 (ex* +b22 +a) (1622 —8ab?c+b*)J4ac—b?
arctan[M]b2
Jdac—b*

+

(16a2c2—8abzc+b4)\/4ac—b2

Problem 235: Result more than twice size of optimal antiderivative.

1
x(cx4+bx2 +a)
Optimal (type 3, 188 leaves, 9 steps):

b (30a2c2 —10ab*c +b4) arctanh[ MJ
In(x)

ex*b—2ac+b? +2b4—15abzc+16a202+2bc(-7ac+b2)x2 i J-dac+b? i
4a(-4ac+b2) (cx4+bx2+a)2 4612(—4ac+b2)2 (cx4+bx2+a) 2a3(-4ac+bz)5/2 @
ln(cx4 + b +a)
B 4d°
Result (type 3, 1199 leaves):
B 73 b0 n A B350 n 43 5%
Za(cx4+bx2+a)2(16a262—8ab2c+b4) 2a2(cx4+bx2+a)2(16a262—8ab2c+b4) (cx4+bx2+a)2(16a262—8ab2c+b4)
_ 29 2 x* b? n ext vt _ bx* 2
4a(cx4+bx2+a)2(16a262—8ab20+b4) az(cx4+bx2+a)2(16a202—8abzc+b4) 2(cx4+bx2+a)2(16a262—8ab20+b4)
_ 33 " b x> " 6ac’
a(cx4+bx2+a)2(16a262—8ab2c+b4) 2a2(cx4+bx2+a)2(16a2c2—8ab2c+b4) (cx4+bx2+a)2(16a2c2—8ab20+b4)
210%¢ 3p

+
4 (cx4+bx2 +a)2 (16a202—8abzc+b4) 4a (cx4+bx2 +a)2 (16a2c2—8abzc+b4)



4A((16a%22 —8ab*c+b*) (ex* +b2+a)) | 2¢n((16a2F —8ab?c +b*) (ex* + b2 +a)) b?
2 2 4 + 2 2 2 4
a(l6a *—8ab c+b*) a’ (16a *—8ab c+b*)
202 (162 % —8ab*c +b*) +b (16> 2 —8ab*c + b*)
V10240 & — 1280 a* b2 * + 640 a° b* & — 160 a2 b° * +20a b®c — b0

ay 10244 — 1280 a* P2 * + 640 a b* & — 160> b° A +20a b® ¢ — b'0
22 (162 % —8ab?c +b*) +b (164> 2 —8ab*c +b*) Jb3c

V10240 & — 1280 a* b2 ¢* + 640 a3 b* & — 160 a2 b° * +20a b®c — b0
10240 —1280a* b2t + 640> b* @ — 160 a2 b0 2 +20a b8 ¢ — b0

202 (162 * —8ab?c+b*) +b (16> F —8ab*c + b*) b5
V10240 & — 1280 a* b% * + 640 a3 b* & — 160 a2 b° * +20ab®c — b0 J 4 In(x)
2a°/10240° @ — 1280 a* b* * + 640 a3 b* & — 160 a2 b° 2 +20ab®c — b0 @

b

15arctan[
ln((16a2c2—8abzc+b4) (cx4+bx2 +a))b4 _
4% (16a> 2 —8ab?*c +b*)

5 arctan [

arctan [

Problem 236: Result more than twice size of optimal antiderivative.

J’ 10 “
(cx4+bxz+a)3
Optimal (type 3, 353 leaves, 7 steps):
_3b(-8ac+b2)x i (-28ac+b2)x7’ i x7(bx2+2a) i x5(12ab—(—28ac+b2)x2)
83(—4ac+b02 80(—4ac+b2)2 4(—4ac+b2)&m4+bx2+a)2 8(—4ac+b2f(cfﬁ+bf-+a)
3 arctan x2 e -44a’bP +11ab’c— b ]\/7

N Jb—JTGaci i’ J-dac+p?
16672 (<dac+ ) b— dac it

2 _ 3 5
3 arctan 2 e 20, MEDE—1abc+b

n \/b+\/—4ac+b2 J-dac+d’
16 /2 (—4ac+b2)2\/b + -4ac+b?

Result (type ?, 5424 leaves): Display of huge result suppressed!

[b4—9abzc+28a202+

J2

[b4—9ab2c+28a

Problem 240: Result more than twice size of optimal antiderivative.

x2
Jx4—2x2+2 &

Optimal (type 3, 132 leaves, 9 steps):



2x+24+2J2 2T arctan| 25F 2422 Y247
25207 EXEYe (2 yT —x/272y7 )
4 4
42422

arctan

B ln<x2 +\/7+x\/2+2\/7)
42+2{2

Result (type 3, 307 leaves):

\/T(2+2\/7)arctan 2x+‘2+2\/7
J2+22 ﬁln(xz+\/7+x\/2+2\/7) 4 2422 +\/2+2\/71n(x2+\/7+x\/2+2\/7)
8 8

4y -2+2J2
(2+2\/7)arctan 2x+y2+242 \/7(2+2\/7)arctan 2x—J2+2J2
2422 N V2422 ﬁln(x2+\/7—xm) N -242J2
4y -2+2J2 8 4y -2+2y2

(2+2\/7)arctan Zx— 2+2\/7
B \/2+2\/71n(x2+\/7—x\/2+2\/7> B 2422
8

4y -2+2J2

Problem 243: Result more than twice size of optimal antiderivative.
32
st (cx4+bx2+a) / dx

Optimal (type 3, 178 leaves, 7 steps):

(—4ac+7b2) (2cx2 +b) (cx4+bx2 +a)3 /2 _ 7b(cx4—i-bx2 +a)5 /2 I xz(cx4+bx2 +a)5 /2
384 ¢ 120 & 12¢

(—4ac+b2)2(—4ac+7b2)arctanh[ 2ex +b j
4 2\/?\/cx4+bx2+a _ (—4ac+b2)(—4ac+7b2) (26x2+b)\/cx4+bx2+a
2048 & /2 1024 ¢*
Result (type 3, 431 leaves):
é-l-cxz
94%H%1n 2—+ ex +bx* +a
et +bx2 +a _27a2b ex +bxX +a i Je +cx10\/cx4+bx2+a n 1363 ex* +bx2 +a

32¢ 320 2 128 &5 /2 12 120



156%aln| 2—— +JcP 162 +a
_ 10 Jex +bx2 +a 4 Tax®Jex* +bx* +a _ Je _ 902 axJext +bx* +a
1024 ¢* 48 512¢7 /2 320 2
§+cx2
@] — +\/cx4+bx2+a
4 3bax* Jex* +bx% +a _ Je n B0 Jex* +bx% +a _ 18 ex +bx +a n 16432 Jex* +bx* +a
160 ¢ 323 /2 320¢ 1920 & 1536 &
§+cx2
700Im| =— + e + b2 +a
Je 1963ayex* +bx* +a
* 9 /2 + 3
2048 ¢ 384 ¢

Problem 245: Result more than twice size of optimal antiderivative.

J (cx4 + b’ +a)3 %

dx
K1

Optimal (type 3, 140 leaves, 6 steps):

3b(—4ac+b2)2arctanh b’ +2a
b(bx2 +2a) (cx4+bx2 +a)3 % _ (cx4+bx2 —I—a)5 /2 n 2\/7\/cx4+bx2 +a
32428 10 2 x'° 51247 /2
_ 3b(—4ac+b2) (bx2+2a)\/cx4+bx2+a
256 a° x*

Result (type 3, 336 leaves):

_aw/cx4+bx2+a 115 et +bF +a _bzw/cx4+bx2+a +b3\/cx4+bx2+a _3b4\/cx4+bx2+a

10 x10 8018 160 a x° 128 a2 x* 256 a° X2

3b51n[ 2a+bx2+2\/7\/cx4+bx2+a 33 ¢ln 2a+bx2+2\/7\/cx4+bx2+a
4 2 _ 2 +5bzc\/cx4+bx2+a _7bc\/cx4+bx2+a
51247 /2 64a° /2 64 a* 22 160 ax*
3bczln( 2a+bx2+2\/7\/cx4+bx2+a ]
i b B c\/cx4+bx2+a B Al +bxr+a

3243 /2 50 1042

Problem 246: Result more than twice size of optimal antiderivative.



dx

J (cx4 +bx% +a)3 /2

x13

Optimal (type 3, 190 leaves, 7 steps):
B (-4ac+7b2) (bx2 +2a) (cx4+bx2 +a)3 /2 _ (cx4+bx2 +a)5 /2 n 7b(cx4+bx2 +a)5 %

384438 12 ax'? 120 % x10
(—4ac+b2)2(—4ac+7b2)arctanh[ b’ +2a ]
_ 2\/7\/cx4+bx2+a n (—4ac+b2)(—4ac+7b2) (bx2+2a)\/cx4+bx2+a
2048 &° /2 1024 g*

Result (type 3, 456 leaves):

9h2A1n

2a+bx2+2\/7w/cx4+bx2+a ]
_a\/cx4+bx2+a _13b e +b2 +a _7c\/cx4+bx2+a _ 2 _3bc\/cx4+bx2+a

12 x12 120 x1 48 x5 128 45 /2 160 a.x0

15b% ¢In 2a+bx2+2\/7\/cx4+bx2+a )
4 27bc2\/cx4+bx2 +a I 2 _ 19b3c\/cx4—i-bx2 +a n 9b2c\/cx4+bx2 +a
320 4?2 51247 /2 384 a3 2 320 a?
7b61n[ 2a+bx2+2\/7\/cx4+bx2+a
_ 7b4\/cx4+bx2+a 4 7b5\/cx4+bx2+a _ P _ c2\/cx4+bx2 +a
1536 &> x* 1024 a* 22 2048 ¢ /2 32axt

Aln 2a+bx2+2\/7w/cx4+bx2+a ]
2 _b2\/cx4+bx2+a +7b3\/cx4+bx2+a

+
3243 /2 320428 1920 2 x°

Problem 276: Result is not expressed in closed-form.

J ¥ /2

—a 3 dx
exr+bx% +a
Optimal (type 3, 309 leaves, 9 steps):

1 /41 /4 B 2 1/41 /4 B 2
arctan[ 2 ¢ \/? T/ b—l—M 23 /4 arctanh 2 ¢ \/? /4 [b—l—MJZ3 /A
<-b— -4ac+b2) V-dac+b (-b— -4ac+b2> J -4ac+p
3/4 3 /4
284 (-b—dac+b) 284 (-b—"dac+5)

1/4 1 /4 _ 32 1/4 1 /4 _ 12
arctan[ 2 < Cx 1 /4 ] (b + _2ac=b" ]23 /4 arctanh[ 2 c Cx 1 /4 ] b+ _2ac— bt 23 /4
4 (-b+ —4ac+b2) V-4ac+ b (—b+ -4ac+b2) V-4ac+ b +2\/7
3 /4 3 /4 c
284 (b +Vdac+) 284 ( b+ dac+b)



Result (type 7, 63 leaves):

(- B*b—a)n(Jx — R)

7 3
2\/? + R=RootOf (¢ B+b 74 +a) 2 Ric+ R°b
¢ 2c¢

Problem 277: Result is not expressed in closed-form.
1

J\/?(cx“—i-bxz +a)

dx

Optimal (type 3, 251 leaves, 8 steps):

(-p— —4ac+b2)1 ! (-5 —4ac+bz)l )

(—b+ -dac+b? )1/4

23 /4c3/4arctan[ 2! /401 /4\/? J 23 /4(:3 Aarctanh[ 2! /461 /4\/7 J 23 /4c3/4arctan[ 2! /401 /4\/?
+

3 /4 3 /4
(—b— —4ac+b2) J -dac+b? (—b— -4ac+b2) J -dac+ b
23 /A4S /A arctanh[ 2 Al Ay 1 /4 J
(-6 +/2act+o?)

3 /4
J-4ac+b? (-b +y -4ac+b )

Result (type 7, 41 leaves):

> n(VX —_R)

[ R=RootOf (¢ B+b 74 +a) 2_R7C+_R3b
2

Problem 278: Result is not expressed in closed-form.

J’ 9 /2
dx
(cx4 +bx2 +a)2

Optimal (type 3, 377 leaves, 9 steps):

3 /4
J-dac+b? (—b +y -4ac+b )

1 /4 1 /4 - —p?
arctan[ 21 A A 7 [b+—12ac b ]2] /4
22 (b2 +2a) (-b+/-4ac+v”) [Aactd’
- 2 4 LA
2(-4ac+b?) (cx* +bx% +a) 8c3/4(—4ac+b2)(-b+ —4ac+b2)
1/4.1 /4 - — p? LA A
arctanh 21 A Ax 1 /4 [b 4 —12ac—b ] 2l /4 arctan[ 2 fe D
(—b—l— —4ac+b2) J-4ac+b? (—b— —4ac+b2)

w J (b2+12ac+b ~4ac+b? ) 2! /4

1 /4 +
8¢ /4(-4ac+b2) (-b+ -4ac+b? )

8¢ /4(—4ac+bz)3 /2(—b— “dac+b’

)1/4



1/4 1 /4
arctanh[ 2 c Zyx T <b2+12ac+b —4ac+172)21/4
_ (—b— —4ac+b2)
1 /4
803/4(—4ac+b2)3/2<—b— —4ac+b2)

Result (type 7, 120 leaves):

2[ bx7/2 ax’ /2 ) [ z (—7R6b+67R2a)1n(\/?—7R)
4(4ac=b)  2(4ac=0) ) |\ r-roooste Brb Ara) (4ac=87) (2 Rt Rb)
cx b2 +a 8

Problem 279: Result is not expressed in closed-form.

era—
(cx4+bx2 +a)2

Optimal (type 3, 350 leaves, 9 steps):

1/4 1 /4
c1/4arctan[ 2L A Ay 1/4](4b— -4ac+l72)21 /4
(-6 +2act+o?)

372 (2ex2 +b)
2(-4ac+b?) (cx* +bx% +a)

1 /4
4(-4ac+172)3 /2<-b+ ~4ac+b? )

1 /4.1 /4 1 /4.1 /4
c! Aarctanh[ 2L e Ay 1/4](4b— -4ac+l72)21 /4 c! Aarctan[ 2L e Ay 1/4](4b+ -4ac+l72)21 /4
(-6 +2act+o?) (-6—y2act+o?)

3 )1/4

1 /4
(—b+ -4ac+b2) 4(-4ac+b2)3/2<-b— ~4ac+b?

1 /4.1 /4
cl/4arctanh[ 2L Ay 1/4](4b+ -4ac+l72)21 /4
(-6—y“2act+o?)

4 (-4ac+b?)

_|_

1/4
4(—4ac+bz)3 /2(—b— “dac+b’ )

Result (type 7, 120 leaves):

2( ex! /2 L bY /2 J > (2 Rc¢—3 Rp)In(yx — R)
2 (4ac—0*)  4(4ac—b?) + \_R=RootOf(c B +b 7 +a) (4ac—b*) (2 R'c+ Rb)
ex* +bx* +a 8

Problem 280: Result is not expressed in closed-form.

era—
(cx4+bx2 +a)2

Optimal (type 3, 350 leaves, 9 steps):



1/4 1 /4 1 /41 /4
l Aarctan{ 2 ¢ \/? /4 ] 3 +L 23 /4 l /4arctanh[ 2 ¢ \/; /4 J (3 +L]23 /A
(—b— —4ac+b2) V-4ac+b’ n (—b— —4ac+b2) V-dac+p’
3 /4 3 /4

4(—4ac+b2) (—b— ~4ac+b? ) 4(—4ac+b2) (—b— ~4ac+b? )

1 /4.1 /4 1/4 1 /4
I /4arctan 2 ¢ \/7 1/4][3—L)23 /4 I Aarctanh[ 2 ¢ \/7 1/4] {S—L 23 /4
i (—b—l— —4ac+b2> V-dac+p? (—b—|— —4ac+b2) J -dac+b?
3 /4 3 /4
4(—4ac+b2)<—b+ —4ac+b2) 4(—4ac+b2)(—b+ —4ac+b2>
(2¢x® +b)x

2 (—4ac+b2) (cx4 +bx* +a)
Result (type 7, 117 leaves):

/2 4. _
2( $Pe  xh > (6_Rc2b)1n(7J? _133) ]
2(4ac—b2) 4(4ac—b2) i R=RootOf( Bc+ ZAb+a) (4ac—b ) (Z,R c+_R b)
ext+b2 +a 8

Problem 281: Result is not expressed in closed-form.

J L3 /2 “
(cx4 +b? +a)3

Optimal (type 3, 467 leaves, 10 steps):

1/41 /4 _ &3
arctan[ 2 ¢ \/? ]/4] 5b*+28ac+ 172abc=5b 21/4
72 (b2 +2a) L2 (24ab+ (Bac+s5) ) (-b+/4actt?) J-4ac+p?
4(—4ac+b2) (cx4+bxz+a)2 16(—4ac+b2)2(cx4+bx2+a) 645’3/4(—4ac+b2)2<—b+ —4ac+b2)1/4
1/41 /4 _ &3
arctanh[ 2 ¢ \/; 1/4][5b2+28ac+ 172abc=5b J21/4
(-b+ —4ac+b2) J-dac+h’

1/4
643 4 (-dac+5) (-b+ydac+s?)

1/4.1 /4
arctan[ ( 2  ZYx T/ J <5b3+172abc+(28ac+5b2)\/ —4ac:-|-132)21 /4

-b—+ -4ac+b )

+

1/4
643 (~dac+8?) (- dacti?)

1/4 1 /4
2L A Ax (56 +172abc+ (28ac+562) Jdac+b2 ) 21 /4

(-b— “4ac+b’

arctanh [

>1/4

1 /4
643 4 (<dac+02) 2 (-b—Jdactp?)



Result (type 7, 241 leaves):

c(28ac+5b2)x15 /2

2[ 323 2  a(4ac—3102)A 2 9b (dac+b?) 2 /2
41622 —8ab?c+b*)  32(16a*F —8ab?c+b*)  32(16a>F —8ab*c+b?)

32 (16a** —8ab?c+ b*)

|

(cx4 + b2 +a)2

> ((28ac+5b*) RS —72 R*ab)In(yx — R)
+ \ R=Rootof( Be+ Zb+a) (164> —8ab*c+b*) (2 R7c+ R3b)
64

Problem 282: Result is not expressed in closed-form.

v
(cx4+bx2 +a)3

Optimal (type 3, 429 leaves, 10 steps):

22 (b2 +2a) 3272 (8cPb—4ac+5b)
4 (—4ac+b2) (cx4+bx2 +a)2 16 (—4ac+172)2 (C')c4+bx2 +a)
7l /401 /4\/;

(—b—l— ~4ac+b?

301/4arctan (11b2+20ac—4b —4ac+bz)21 /4

)1/4

1 /4
32 (—4ac+b2)5 /2(—b+ ~4ac+b? )

1/4 1 /4
301/4arctanh[ 2 e X 1/4](11b2+20ac—4b dac+p2 )2l /A
(—b—l— —4ac+b2>

5/2(—b+ ~dac+b? )1/4

32 (-4ac+b?)

1/4.1 /4
301/4arctan[ 2 c Zyx 1/4]<11bz+20ac+4b -4ac+b2)21/4
(—b— —4ac+b2)

5/2(—17 >1/4

32(—4ac+b2) —J -4ac+b?

1/4 1 /4
301/4arctanh[ 2 ¢ ZYx 1/“](11b2+20ac+4b —4ac+172)21/4
(—b— —4ac+b2>

_|_

1 /4
32 (—4ac+b2)5 /2(—b— “dac+b? )

Result (type 7, 243 leaves):

a(20ac+72) 372 b(28ac+1162) 5 72 L 3(4ac—13p7) sl /2

35215 /2

32(16a** —8ab?c+b*)  32(1682F —8ab?c+b*)  32(16a2F —8ab?c +b?)

4 (16> % —8ab*c +b*)

|

(cx4 + by +a)2



3 > (-8bc RO+ (20ac+76%) R*)In(yx — R)
R=RootOf( B e+ 2 b+a) (16a2cz—8abzc+b4) (27R7c+7R3b)
64

_|_

Problem 283: Result is not expressed in closed-form.

[

(cx4 +bx? +a)3

Optimal (type 3, 554 leaves, 10 steps):
X /2 (cxzb—2a0+b2) i X /2 (51)4—45ab20+52azc2 +bc(-44ac+5b2)x2)
4a (—4ac+b2) (cx4+bx2 +a)2 16 &> (—4ac+b2)2 (cx4+bx2 +a)

1/4 1 /4
cl/4arctan[ 21 A Ay 1/4](5174—54ab20+520az(:2—b(-44ac+5bz)\/ -4ac+l72)21 /4
(—b— —4ac+b2>

64 a* (—4ac+b2)5 /2(—b— ~4ac+b?

1/4 .1 /4
! Aarctanh[ 2L e Ayx 7 ] (5b4—54ab20+520a202—b(-44ac+5b2)\/ ~4ac+b? )21 /4
(—b— —4ac+b2)

64 a® (—4ac+172)5 /2<—b— ~4ac+b?

1/4 1 /4
cl/4arctan[ 21 A Ay 1/4](5174—54ab20+520c12(:2+b(-44ac+5bz)\/ -4ac+l72)21 /4
(—b—l— —4ac+b2>

)1/4

)1/4

1 /4
+y -4ac+b? )

1/4 .1 /4
! Aarctanh[ 2L e Ayx 7 ] (5b4—54ab20+520azc2 +b(-44ac+5b*)y -dac+b? )21 /4
(—b—i— —4ac+b2)

64 a* (—4ac+b2)5 /2 ( -b

64a2(—4ac+b2)5/2<—b+ —4ac+b2)1/4
Result (type 7, 320 leaves):
) [ 3(2822 —23ab c+36) 22 b (82 +36abPc—56)x 2 | (5288 F—89abtc+106)x1 2 b2 (44ac—5b1) 5 2
324 (164> 2 —8ab*c+b*) 32a% (16> —8ab?c + b*) 32a% (16a> > —8ab?c + b*) 32a% (16a> > —8ab?c + b*)
(cx4—|-bx2—|-a)2
> (be(-44ac+5b%) RO+ (26022 —49ab*c+5b*) R*) n(Yx — R)
\ _R=RooOf( Bt Zb+a) (16a>* —8ab>c+b*) (2 R7c+ R’b)

64 o>



Problem 284: Result is not expressed in closed-form.
1

J\/?(cx4+bx2 —|—a)3

dx

Optimal (type 3, 554 leaves, 10 steps):

1/4 1 /4
3c3/4arctan[ 2L A A x 1/4](7b4—66ab2c+280a2cz—b(—52ac+7b2)\/—4ac+b2)23/4
(-6—J2act+o?)

64 a* (—4ac+b2)5 % ( -b— -dac+b? )

1/4 1 /4
363/4arctanh[ 21 A Ax 1/4](7b4—66ab20+280a2c2—b(—52ac+7b2)\/—4ac+b2)23/4
(-6—J4act+s’)

3 /4

+ 5/2 3 /4
64a2(—4ac+b2) (-b— —4ac+b2)

1/4 1 /4
3c3/4arctan[ 2L A A x 1/4]<7b4—66ab20+280a2c2+b(—52ac+7b2)\/—4ac+b2)23/4
(-6 +/4actv?

3 /4
64 a* (-4ac+172)5 /2<-b+ ~4ac+b? )

1/4 1 /4
363/4arctanh[ 21 A Ax 1/4](7b4—66ab20+280a2c2+b(—52ac+7b2)\/—4ac+b2)23/4
(—b+ —4ac+b2>

3 /4
64 a* (—4ac+b2)5 % ( b4+ -dac+b? )
+ (cx*b—2ac+b*)Jx L b —ssab’e+60a P +be(-52ac+707) ) Jx
4a (—4ac+b2) (cx4+bx2 +a)2 16 &> (—4ac+b2)2 (cx4+bx2 +a)

Result (type 7, 315 leaves):

bc? (52ac—7bz)x13 /2

2[ (2d*E=19abc+115*)Jx  b(8A +44abPc—T16") X 2 | c(60a*F —107ab c +14b*) 2 /2

32(16a>? —8ab’>c+b*)a 32a% (16 a* * —8ab*c + b*) 32a% (16 a* * — 8ab*c + b*) - 324 (16a* > —8ab*c+b*)

(cx4 + by +a)2

3 (be(-52ac+70*) R*+140a2 —59ab?c+7b*) (X — R)
N R RootOf( B et Zb+a) (16a** —8ab?c+b*) (2 R7c+ R*b)
64 a*

Problem 285: Unable to integrate problem.
J‘(a'x)3 /2 ex + b2 +a dx

Optimal (type 6, 121 leaves, 2 steps):



2 (dx)’ /zAppellFI( %, % -

9 2x%¢ 2:3%¢ T
Z,— ]J&x+b£+a

b—-4ac+b* b+ -dac+b*

de/l n 2% ¢ |+ 2:%¢
b— -4ac+b* b+\/—4ac+b2

Result (type 8, 122 leaves):

2(-102ac+3622 +ab) dx]dz\/dx(cx4+bx2+a)

2(50x2+2b)x\/cx4+bx2+a a2 n [J 450\/dx(cx4+bx2+a)
45c\dx Jax Jex* b2 +a

Problem 286: Unable to integrate problem.
32
J(dx)3/2(cx4+bx2+a) 2 g

Optimal (type 6, 122 leaves, 2 steps):

Za(dﬂsﬂAMWMU %3-%,-%,%,- 247 ¢ , - 247 VCf+Jm2+a
b— -4ac+b* b+ -4ac+b?
SdJ/l n 2:%¢ 1+ 2% ¢
b—+ -4ac+b b+ -4ac+b

Result (type 8, 182 leaves):
2(1953 %0 +2852x* b +455a 22 +20c2 b> + 176 abe — 285 ) x ex* + b2 +a d?
33152 Jdx

{J_4 (-260a> P2 +157ab? e —21b*2 +44a’be—Tab®)
33152 Jdx (ex* +b22 +a)

dz\/dx (cx4 +bx? +a)

_|_
Jdx Jex* +bx2 +a
Problem 287: Unable to integrate problem.
Jdx Jex* +b2 +a
Optimal (type 6, 121 leaves, 2 steps):
2 AppellF1 %, % % %, - 2 c , - 2 c Jdx /1 + 2 c 1+ 2 c
b—-4ac+b® b+ -4ac+b? b—+ -4ac+b? b+ -4ac+b

d\/cf4+-bx24-a



Result (type 8, 22 leaves):
1

‘[sz;\/cx44-bx24-a

dx

Problem 288: Unable to integrate problem.
1

J (dx)3 /2\/ ext+bx2 +a

dx

Optimal (type 6, 121 leaves, 2 steps):

2 AppellF] %%%%_ 22¢ - 22¢ J/l+ 22¢ L4 22¢
b—+ -4ac+b? b4+ -4ac+b* b—+ -4ac+b? b+\/—4ac+b2

d+dx \/cx4+bx2 +a

Result (type 8, 100 leaves):

J x(3cx2+b) de\/dx(cx4+bx2+a)
a\/dx(cx4+bx2 +a)

Je +02 +a
2 et +bx% +a n

adydx ddx Jex* +bx% +a
Problem 289: Unable to integrate problem.
(dx)®
4 32 dx
(ex + b2 +a)
Optimal (type 6, 124 leaves, 2 steps):
2 (dx)3 % AppellF1 %, % % %, - 25¢ , - 2x¢ /1 + 25¢ 1+ 25¢
b—+ -4ac+b? b+ -4ac+b b—+ -4ac+b b+ -4ac+b?

S5adJcx*+bx* +a

J (dx)3 /2
(cx4+—bx24—a)

Result (type 8, 22 leaves):

3/2dx

Problem 290: Unable to integrate problem.

1
dx
J (dx)? /2 (ex* +bx2 +a)3 /2
Optimal (type 6, 124 leaves, 2 steps):



2 appenipi| -1 3.3 3 2:2¢ - 22 ¢ ]/1+ 22 ¢ L+ 2x%¢
b—+-dac+b* b+ -dac+b* b—+ -4ac+b* b—i-\/—4ac—|-b2

ad+ dx \/cx4+bx2 +a

Result (type 8, 144 leaves):

x(302x6+4bcx4+2x2ac+b2x2)

2. [ 40X a 3
_2/—cx4+bx2+a ) ac(x+ . +c)\/dx(cx +bx2+a)
a?d\[dx dJdx Jex* +bx% +a

dx \/dx(cx4+bx2 +a)

Problem 292: Unable to integrate problem.
J(dx)m(cx4 b2 +a) 7 dx

Optimal (type 6, 136 leaves, 2 steps):

a(dx)l-‘rmAppe”F] l+ﬂ’_i’_2’i+ﬂ’_ 2 ¢ , - 222¢ \/cx4+bx2+a
2 2 222 2 b—+ -4ac+ b b+ -4ac+b
d(1+m)/1+ 247 ¢ 1+ 247
b—+ -4ac+b b+ -4ac+b

Result (type 8, 22 leaves):
J(dx)m(cx4 b2 +a)’ 7 dx

Problem 293: Unable to integrate problem.

(dx)™ &
J (cx4 +b2 +a)3 z

Optimal (type 6, 138 leaves, 2 steps):

(dxﬂ+mmdeY l4uﬂ 3 3 E_Fm__ 2x%¢ _ 2x%¢ \/1+ 2x%¢ 1+ 2x%¢
2 2°2 22 2 b—+ -dac+ b b+ -d4ac+b? b—+ -4ac+b b+ -dac+b?
ad(l+m)dcf+%u2+a

Result (type 8, 22 leaves):

(dx)™ dr
J (cx4 + by +a)3 z



Problem 294: Unable to integrate problem.
st (cx4 + b +a)pdx
Optimal (type 5, 208 leaves, 4 steps):

b(2+p) (cx4+bx2 +a)1+p I X (cx4+bx2 +a)l+p
4 (1+p) (3+2p) 2¢(3+2p)

2ex +y -dac+b® +b
2 -4ac+b?

A(1+p) (3+2p)y -4ac+b?

_1_p
[ 2cxX + -4ac+b® —b

N -dac+b?

27 1+p (2ac—b2 (2+p)) (cx4 + b +a)1+phypergeom[ [-p,1+p], [2+p],

_|_

Result (type 8, 20 leaves):

st (cx4 +b22 +a)pdx

Problem 295: Unable to integrate problem.
J’xﬁ’ (cx4 +b22 +a)pdx

Optimal (type 5, 147 leaves, 3 steps):

_l_p
2¢x’ +y -4ac+b* —b

N -dac+ b

_ 2
271 p (ext + b2 +a)l+phypergeom[[—p, 1+pl,[2+p], e 4y dactb +b ]

(cx4+bx2+a)1+p 2y -4ac+b?

+
4c(l+p) c(l—}-p)\/—4ac—i-b2

Result (type 8, 20 leaves):

Jx3 (cx4 + b +a)pdx

Problem 296: Unable to integrate problem.

dx

(cx4 + b +a)p
o

Optimal (type 6, 156 leaves, 3 steps):

2cx? ’ 20X

p

_h— - 2 _ _ 2
2'1+2p(cx4+bx2+a)pAppellF1[l—2p,—p,—p,2—2p, b dactb bty -dactb J

_ /= ) P24 - 7
2] 2eX 4ac+b +bj {2c +V -dac+b* +b
o) [ o2 i

Result (type 8, 20 leaves):



dx

(cx4 +bx? +a)p
s

Problem 297: Unable to integrate problem.

J(w4+bf+ay

Optimal (type 6, 154 leaves, 3 steps):

4717 (ex* + bx? +a)l AppellF1| 2 —2p, -p, -p,3 — 2 p,

-b—-dac+b? -b++ -dac+ b2 J

~ 2cx ' 2cx?
(l_p)f;[Zcf-—v—4ac+b2-Fb]p(2cf-+q—4ac+b2-+bJp
cx cx’

Result (type 8, 20 leaves):

J (cx4+bx2 +a)p &

X

Test results for the 109 problems in "1.2.2.3 (d+e x"2)"m (atb x"2+c x"4)"p.txt"

Problem 2: Result more than twice size of optimal antiderivative.

de+c dr
-bx* +a
Optimal (type 3, 58 leaves, 3 steps):
b1/4x b1/4x
arctan{l—A) (—d\/7+c\/?) arctanh(l—AJ (d\/7+c\/7)
a a
24 /4b3 /4 + 243 /4b3 /A
Result (type 3, 121 leaves):
1 /4 1 /4
a a
21/41i a Y\ A x( x d1M
c b n p T/ c b arctan p T/ arctan ; T/ n » T/
() ), i) ) ) ) ()
4a 2a 2y @ L /4 ap( @ 1 /4
) )

Problem 4: Result more than twice size of optimal antiderivative.



Optimal (type 3,

J b2 +Ja b

bx* +a
70 leaves, 3 steps):

0 Am(a! A AT 4@ + 2 B) V2, b (el Ae AT 4T + 2 B) 2

4a1/4 4a1/4
Result (type 3, 253 leaves):
1 /4
a [ a
\/—(%J V2 In i \/_(%j V2 arctan le/“—i-l \/_(%j V2 arctan le/“—
- (3) " [T ; ;
+ +
8Va 4a 4a
1 /4
ﬁ-(%j T+ 4
V2 In J2 arctan _2x +1 2 arctan _rx -1
2 a \! /4 N3 /7 a \! /4 Nz
N G O DA ) ) 5
1/4 1/4
(%) (3" ‘()
b b b
Problem 5: Result more than twice size of optimal antiderivative
J—bx2+1 &
B2+

Optimal (type 4,

27 leaves, 5 steps):

_ EllipticE (x5, 1) N 2 EllipticF (x5, 1)

Jb

Result (type 4, 98 leaves):

Problem 6:

Optimal (type 4, 3

b2 +1 Vb2 +1 (EtipticF (xy,1) — EllipticE (x5, 1) )

Jb

A1 b2+ 1 Biliptick (x 7, 1)

NN
Result more than twice size of optimal antiderivative
J b2 +1
Jbrat =1

5 leaves, 3 steps):

Jb -2t +1



EllipticE (x5, 1) J -024% + 1
J?rdb2f4—1

Result (type 4, 106 leaves):

Jb2 +1 -b2 +1 EllipticF (V=5 x,1) LA b (EllipticF (V=5 x,1) — EllipticE(yV =5 x,1) )
Vb b2t —1 NN

Problem 10: Result more than twice size of optimal antiderivative.

J 2P +1
\/—6ﬁf-+l

EllipticE(cx, 1)
C

dx

Optimal (type 4, 10 leaves, 2 steps):

Result (type 4, 117 leaves):

S22 [Z2 41 EipticE (o /2 1) /22241 /@2 +1 (BhipticF (x/Z.1) — EllipticE(x/Z.1) )

Nl JETFFT

Problem 12: Result more than twice size of optimal antiderivative.

ex* +d

cd®
R o e
&

dx

Optimal (type 3, 102 leaves, 5 steps):

6‘3/231'(.‘1311 _ZX\/?\/?-i_ “het2cd J 6'3/231'(3'[311[ 2X\/?\/?+ bet2cd

B vbe+2cd n vbe+2cd
JeJbe+2cd JeJbe+2cd

Result (type 3, 581 leaves):

e4\/7 arctanh[ cexy2 ]b
J(-@b+ Zhe—2cd) (betacd) ) e

2J& (be—2cd) (be+2cd) /(-éb +J& (be—2cd) (be+2cd) )c




e3c\/7arctanh[ cex|2 Jd ezﬁarctanh[ cex |2 J
/(—ezb +J& (be—2¢d) (bet2cd) ) e \/(—ezb +JZ (be—2¢d) (bet2cd) ) e
JE (be—2cd) (be+2cd) /(—éb +JZ (be—2¢d) (bet2ed) ) c 2\/(—221) +JZ (be—2¢d) (bet2ed) ) c

e4\/73rctan[ cexy2 ]b
J(2b+ [ (he—2cd) bet2ed) ) c

2 [Zhe—2cd) hetacd) J(Eb+ Zhe—2¢cd) (betacd) ) e

_l.

e3c\/7arctan[ cexy2 ]d ezﬁarctan[ cexy2 ]
J(2b+ 7 (he—2cd) (het2cd) ) c . J(2b+JZ be=2cd) (bet2ed) ) c
J& (be—2cd) (be+2cd) /(eZb +JZ (be—2cd) (bet2ed) ) c 2/(e2b + & (be—2¢d) (bet2cd) ) e

Problem 13: Result more than twice size of optimal antiderivative.

J 22 +1

4x* +bx +1
Optimal (type 3, 50 leaves, 5 steps):

) Nz =23
JFTD Ny
Result (type 3, 276 leaves):
4 arctan [ 4x arctan [ 4x
J 2 T F5b) (d+b) +2b N J2JTFFb) (d5h) +2b
VAT (350 2y FTh) (31B) +2b J2JTaT0) (8T8) +2b
arctan [ 4x b 4 arctan [ 4x
J 2V T AT (35D) +2b J2yT{a5b) (45b) +2b

JOAFD) (A+0) V2V (4+b) (A+0b) +2b  J(45b) (415) V2V (4+0b) (A+0b) +2b

[ 4x [ 4x
arctan arctan
J2JVT455) (45D) +2b N J2JT455) (45D) +2b

J2JT-a+b) (45b) +2b J450) 40 V2V (4+b) (4%b) +2b

b

_l.

Problem 14: Result more than twice size of optimal antiderivative.



J 22 41
4x*+6x°2 +1
Optimal (type 3, 45 leaves, 3 steps):

2x 2x
arctan| ——— |/ 10 arctan| ——— |/ 10
vV 10 v 2 V10 n Ny
2 2 2

10 10

Result (type 3, 135 leaves):

2 \/? arctan[ _8x ] 2 arctan[ _8x ) 2 \/? arctan[ S—x\/— ] 2 arctan[ _8x )
2

210 +22 210 +2V2 ) 210 — 210 —22
5(2y10 +242) 2J10 4242 5(2y10 —242) 2J10 =22
Problem 23: Result more than twice size of optimal antiderivative.
J 241
A A +1

Optimal (type 3, 43 leaves, 3 steps):

arctan| —— > J6 arctan| ——>——— J6

J6 2 J6 | J2
- X _+_
2 2 n 2 2
6 6
Result (type 3, 109 leaves):
\/T arctan[ L) arctan( L) \/— arctan( J arctan LJ
J6 +J2 J6 +J2 J6 — J_ J6 —J2
3 (V6 +V2) V6 +V2 3 (Ve -v2) V6 —V2
Problem 24: Result more than twice size of optimal antiderivative.
J 2 +1
A b +1

Optimal (type 3, 50 leaves, 3 steps):

n(1+2—-xJ2-5) N n(1+2+xJ2=5)
202 =0 2J2=0b

Result (type 3, 278 leaves):



2 arctan [ 2x arctan [ 2x arctan [ 2x b
J2V {20 (b F2) +2b J2Jy 258 (b+2) +2b J2Jy T2 58) (bF2) +2b
V2T b F ) 2y 238 (b F2) +2b J2J T 258 (B F2) +2b JT2TB) (b F2) J2J (258 (BF2) +2b

2 arctan [ 2x j arctan [ 2x J

. J 2 T2 Fb) (b T2) +2b J2 T2 Fb) (b T2) +2b

J2T0) (b F2) -2y (2 Fb) (b T2) +2b J2 T2 Fb) (b T2) +2b

arctan( 2x b

N J2JT2%8) (b +2) +2b

JT2T0) (b 2) 2y (2 Fh) (b T2) +2b

Problem 25: Result more than twice size of optimal antiderivative.
[ 2+
Jx4+5x2+1
Optimal (type 3, 38 leaves, 3 steps):

_arctan{;—% YE) arctan(x[—7+_3]}\/?

2 2
+
3 3

Result (type 3, 135 leaves):

2421 arctan[ _4x ) 2 arctan( _4x } 2421 arctan( _4x ) 2 arctan[ _ 4x ]

2J7 4243 ) 27 +23 2J7 —2J3 ) 27 —2{3
3 (27 +243) 2J7 +2J3 3 (27 —243) 207 =243
Problem 26: Result more than twice size of optimal antiderivative.
J 21
A =52 41

Optimal (type 3, 37 leaves, 5 steps):

arctanh

s LT ) LT ) 7

7 7

Result (type 3, 81 leaves):

2(3 +\/T)\/Tarctanh(2\/74#ﬁJ 2('3+\/T)mamtanh[2\/74+2\/TJ

21 (27 +2V3) 21 (2y7 =2V3)




Problem 28: Result more than twice size of optimal antiderivative.

4bx2+a dr
P )
Optimal (type 3, 162 leaves, 9 steps):

20t 20T | (s p ) [T [ 2T (asyT) e syT
\/7 n m

28 28
2T 207 ) (a-by7) (x2+\/7+x\/—1+2\/7)(a—b\/7)
4 2442 4 -2+42

Result (type 3, 709 leaves):

(2 4 VT 4xd 11297 ) S 14247 yTa _1n(x2+ﬁ+xJ 1+2J_)J 1+2J2 2 b

arctan

56
N ln<x2+\/7+x\/—1+2\/7)\/-1+2\/7a 3 (x2+\/—+x\/ 1+2y2 )J-1+2J7 b
14 28
arctan 2x+ _1+2\/T ](—1+2\/7)\/7a arctan[ +2ﬁ 1+2\/_
[ J1+22 4 2J7

2841422 V1 +22

arctan[ . 1+2\/7J 1+2\/7)a arctan{ /-1+2V2
1+2J2 4 J1+2y2

n J1+2J2

(—1+2\/7)b arctan{ /-1 +22

=

7N1+22 1+22 1+22
~ (2 V7 —xd 11297 )1 +247 Za, (x2+\/7—x\/—1+2\/7)\/—1+2\/7 J2 b
56 14
B (24 VT —xf 11297 ) 14247 a N (24T —xf 11297 )J-14247 b
14 28

arctan 2x = _1+2\/T ](—1+2\/7)\/7a arctan[ 2x— _1+2ﬁ ](—1+2\/7)\/7b
[ J1+22 J1+2J2

2841422 V1 +22




arctan[ 2x=y 14272 J(‘1+2\/7)a arctan[ 0= 1422 (-1+2y2)» arctan[ 2x = -1+2J2 ]\/Ta
V1+2J2 1+2y2

B N + J1+2J2
IN1+22 14y 14+2J2 2y 1+2(2

Problem 29: Result more than twice size of optimal antiderivative.

J bx* +a

dr
(< +22 +2)°

Optimal (type 3, 235 leaves, 10 steps):

arctan| —2XEV "1 +2V2 J(—b(2—4ﬁ)+a(11—ﬁ)) 14 +287
x(3a+2b—(a—4b)x*) J1+2J2

28 (X +2+2) 784

arctan[ 2xty -1 +242 J (-b(2-4y2) +a(11=y2))J-14+28y2
4 14+2J2

B 1n(x2+\/7—x\/—1+2\/7)(11a—2b+(a—4b)\/7)

784
112 -2 +42

N ln(x2+\/7+x\/ -1 +242 ) (a(114+VZ) —2b—4by2)

1124 -2 +4J2
Result (type 3, 1505 leaves):

3l (14297) (2 4yT +2d 11297 ) ) /11247 a ~ il (1+297) (R +yT +xd-14297 ) {14297 b
784 (14+2Y7) 196 (1+242)

| 2032 Z) e VT (120) | 7y 20200 T2 (1027) |
+ m m
56222 +25 zgm
202 T) e o eals (1207) (-14+247)a
J2207 125
392227 +25

53 arctan




llarctan[ 2(1+2\/7)x+, "1 +2V2 (1+2\/7) J(—l—l—%/?)b
V222 +25 _53ln( (1+2y2) (\/ 1422 -2 - J_))\/ -142J2 a

+

98 /2247 125 784 (1 +2V72)
“mm[ 2 (1+2y7) =1 7277 (1+2/7) ]m

N il -(14+297) (4297 —2—y3)) /14247 b N J22 07 125

196 (1 +2y72) 56227 +25

arctan[2(1+2ﬁ)x—\/-1+2ﬁ (1+2y2) ]\/—b 53arcmn[2(1+2ﬁ)x—\/-1+2ﬁ (1+2y2) J(-1+2J7)a
_ J227 +25 ) J2247 +25
282207 +25 3922247 +25
11arctan[2(1+2ﬁ)"_m(1+2ﬁ) J(—1+2\/7)b
J277 +25
98227 +25

+

N 107 (1 +2y7) (2 +yT +xd 14297 ) ) 14297 VTa ~ 25t (142¢7) (2 4yT 4011297 ) ) /11247 JTb
1568 (1 +2472) 784 (1 +2y72)

107arctan[ 2(1 +2\/7)x+“ “1+2y2 (1+2\/7) J (—1 +2\/7)\/7a
22\/2 +25
784222 +25
2Sarctan[ 2(142y2 )x+y -1+42y2 (1+242) ](—1+2\/7)\/7b
222 +25
392222 +25

_107ln( (1+2y7) (\/ 14+2J2 -4 - \/—))\/—1+2\/7\/7a
1568 (1 +242)

+251n( 1+242) (\/ 142J2 -2 — F))J—lﬂﬁﬁb
784 (1 +2472)

+




2(1+2y2 ) x—y -1+2y2 (1+2J72) (-1 427) JZ a
222 +25
784222 +25

25 arctan| 202V ) x =1 +2927 (14297) | (45 /3) /T 11 arctan| 20 42VZ) sty 1427 (142/7)

107 arctan

4 V222 +25 N V222 +25

3922247 +25 14227 +25
2(1 4297 ) x4 14297 (142y7) ] 2(1 427 ) s -1 4297 (1+2y7)
27 25 J277 +25
7J22y7 +25 142297 +25
2(142y7 ) x— -1 4247 (1 42y7) J
207 +25
70247 +25

(-14a—28y2 a+112by2 +56b) x LYl +2y7 (-70a — 422 a +56 b2 +285b)
1+2J2 14+2J2

784 (xz +V2 +xy -1 +2J7)

(140 -28y7 a+112by7 +56b)x LYl +2y7 (-70a — 422 a +56 b2 +285b)
1+22 14+2J2

784 (x2 +V2 —xy -1+22 )

11 arctan

arctan

arctan

Problem 31: Result more than twice size of optimal antiderivative.

J 2 +3
Va2 +3
Optimal (type 4, 74 leaves, 4 steps):
EllipticE 02 , /3 4 39 -2 +2J13
6 6
v 1413

+EllipticF{ w2 I3 V39 742J13
6 6
J1+J13

Result (type 4, 199 leaves):



: )(36/1—(—%+%JXZ/1_[_%_LJX2[ElhpﬁcF(x 6+6JT3 13 | 1V39

J-6+6y13 V- +2+3 (1+yT3 6 6 6 6
—EllipticE[ Xy '6”;6m : IJ? + N;_g J])
(1, /T = N N T i Vs Im]
+18/1 [ 6+ G )f\/l [ p p ]fEmm&{ c e + <
64613 - +2+3

Problem 32: Result more than twice size of optimal antiderivative.

J - 43
JAF 2243

dx

Optimal (type 4, 27 leaves, 4 steps):
—EllipticE(x, % V3 ) V3 +2EllipticF (x, % 3 ) V3
Result (type 4, 94 leaves):

JZ 13249 (EllipticF(x, é\/?] —EllipticE(x,%ﬁ)]

V-2 413249 EllipticF(x, éx/?]

_|_
-2 +3 =22 +3
Problem 33: Result more than twice size of optimal antiderivative.
J -2 +3 &
V=32 +3
Optimal (type 4, 74 leaves, 4 steps):
EllipticE[ x2 ,IJ; - IJ;] 6+221
v o3 V2l + EllipticF w2 T W3
2 2
v -3 +421

Result (type 4, 203 leaves):

36/1—[%+@]x2/1—[%—g)x2 [EllipticF[xV 1826m T I\é?]—EllipticE[xV 18+6y21 V7 _ IE]]

6 2 6 T2 2

J18+6y21 V- —32+3 (-3+21)




xJ18+6y21 1J7 13

6 T2 2

e (1) 2 e
+18/1—[2+ . );2/1 [2 . ]szlhpncF

V184621 -x* -3 +3

Problem 48: Result more than twice size of optimal antiderivative.

1+2 [ <
N4 4
\[CX4_G

Optimal (type 4, 44 leaves, 3 steps):

Result (type 4, 164 leaves):

Ja Ja Ja
—izi cext —a
v Ja
< ﬁ/uﬁ—"z /1—5—)‘2 [Elli icF[x /—E,I]—Elli icE[x /—E,I]]

Ve [oF=aie

e cxX —a
a

Problem 49: Unable to integrate problem.

J (bx* +1);” &
(-2 +1)
Optimal (type 6, 81 leaves, 6 steps):
3x5AppellF]( %, 3, -p, %,x“, —bx4] x7AppellF]( %, 3, -p, 14—1,x4, —bx4)
_|_
5 7

xAppellF]( i, 3, -p, %,x“, —bx4) —I—f’AppellF]( %, 3, -p, l,x4, —bx4) +

Result (type 8, 21 leaves):



J(bx4+l)pdx
(-2 +1)°

Problem 51: Result more than twice size of optimal antiderivative.

1
dx
Jm(—ezx4+d2)
Optimal (type 3, 45 leaves, 4 steps):
2 e
arctanh| ——Y— | /2
[\/ex24—d ] X
4d*\e 28 e +d
Result (type 3, 440 leaves):
2
4d+zm[x—£]+zrr/ de ) e+zm(x—@)+zd
e2 In — Nres
4de (V=de +Vde ) (-J=de +Jde ) Jd
2
4d—zm(x+@)+zﬁﬁ/[ W] e—2W[x+W]+2d
ey2 In ¢ ¢
ade (V=de +{de) (-/~de +Vde ) Jd
2 2
/(x— ,—ede ) e+2m(x ) /(x—i—%) e—2m(x+—‘_ede)
+ +

(e ) (_m”%)d[x‘ JT] 2 (V=de +Vae) (—mw%)d[ﬁ JT)

Problem 55: Result more than twice size of optimal antiderivative.

\/—bx2 +a \/—b2x4 + 42

Optimal (type 3, 62 leaves, 3 steps):



arctanh[ M \/—bx2 +a \/bx2 +a 2

Jbx +a
2ab -2t 4 a?

Result (type 3, 265 leaves):

1 J b2 ta A+ bﬁ\/?ln[ 2b<\/7\/7\/bx2+a —i—mx—i-a)
2(b2—a)Jb*+a (Vab +v=ab ) (-Vab +V=-ab ) Jab bx—ab

—bﬁﬁln 2b(\/7\/7\/bx2+a —mx—l—a)]_z\/?ln[\/bxz-l—aﬁ—i-bx m
bx+ab Vb
/_(bx+\/ -ab)(-bx+\/ —ab) JB +bx
+2F In b Jab

Jr

Problem 57: Result more than twice size of optimal antiderivative.

(e +d)* 7
et +bE Pt +bde—cd?

Optimal (type 3, 113 leaves, 7 steps):
JT_______
(—2be+50d)arctanh[i] (—be+20d)3/2arctanh xfe-bet2ed

Jexr +d _ J-be+cd Jexr +d _I_x\/exz—i-d
22 e ?Je-be+tcd 2c

Result (type ?, 7002 leaves): Display of huge result suppressed!

Problem 58: Result more than twice size of optimal antiderivative.

[ (2 +a)*”
J cEX+bEXR+bde—cd?

Optimal (type 3, 88 leaves, 6 steps):

V-be+2cd
i arctanh x\/? bet2cd N -be+2cd

\/ex2+d _ J-be+tcd Jexr +d
cfe cJeJ-betcd

Result (type ?, 4307 leaves): Display of huge result suppressed!

arctanh

Problem 61: Result more than twice size of optimal antiderivative.



‘mdx

(2+1)°

Optimal (type 4, 94 leaves, 23 steps):
X

I +2+1 a2+ N

arctan [

o Y241
2 +1 2 2 EllipticE | sin(2 S )
(x* +1) J cos(2arctan(x) ) > Elliptic (Sm( arctan(x) ) 2) (2 41)2

+
4 4(X2+1)2 4cos(2arctan(x) ) x* +x2 +1

Result (type 4, 332 leaves):
2 123 2 12Y3 | 2421y3 {-2+213
7 7 1+ == —— 1 + — + ——— EllipticF ,
a2+ _|_xx/x +2+1 N 2 2 2 2 2 2

4(2+1)° 4 (2 +1) J24213 JF12+1 (147 +1)
/1+ﬁ—1x27ﬁ/1+§+—”2f EllipticE[x‘/_z—i_ZI‘/T,‘/_2—'—21‘/?]

2 2 2

24213 JA+2+1 (1y3 +1)

13

[ E B [ e [ 12
2 2 2 2 2 1 1J3

R 1 1J/3

2

2 2

2 —%+£ Vit 2 +1

2

Result more than twice size of optimal antiderivative.

{\/x4+x2+l &
2 +1)*

Problem 62:

Optimal (type 4, 172 leaves, 26 steps):

X

A 4+2 41 +x\/x4+x2+1 +x\/x4+x2+1

(x2 +1) \/cos(Zarctan(x) )2 EllipticE(sin(2arctan(x) ), % )

arctan [

H 2+

(2 +1)*

+
4 6():2+1)3 6(x2+1)2 3cos(2arctan(x) ) at +2 +1

o P+
2 +1 2 2 EllipticF | sin(2 )
(x? +1) J cos(2arctan(x) ) Elliptic (Sm( arctan (x) ) 2) (2 +1)>2

8 cos(2arctan(x) ) J+2 41

Result (type 4, 437 leaves):




2 123 2 12Y3 o | w2 421y3 242103
WFILAL | o F AP xR _/1+7——7—'/1+7+‘7r—m@“4 2 2

6(@+1)" 6@+ 300+ s/ 2420y3 [Freal
4/1+£—I"ZTJ?/1+§+—I"22JT EllipticF[x\/_z-’_ZI‘/?,‘/_2+2I‘/T]

2 2 2

324213 JA+2+1 (1Y3 +1)
4/1+ﬁ—1"27ﬁ /1+§+—1x2f EllipticE[x‘/_z_'_zI‘/?,‘/_2+21‘/T ]

2 2 2

324213 S +2+1 (1Y3 +1)

+

13

/1+ﬁ_lxz—\/?/1+ﬁ+1x2—‘/TEllipticPi LA N
2 2 2 2 2 2 1 1J3

=t S R N

2 2 P 2

Problem 65: Result more than twice size of optimal antiderivative.

(2 +1)°
3,2 dx
(H+2+1)
Optimal (type 4, 99 leaves, 2 steps):
(. 1 A+ 41
2 (x2 + I)Jcos(Zarctan(x) )2 ElllpthE(Sll’l(z arctan(x) ), —j —_—
x(2@+1)  2x /21 2 (2 +1)°

32+ 3(x2+1) 3cos(2arctan(x))\/x4+x2+l

Result (type 4, 267 leaves):

_2(-lx+%x3j +4\/l—(-l+£]x2/l—[—%—§]xz EuipticF[xJ'z“Iﬁ,J‘2+21ﬁ]

6 2 2 2 2

VA +2+1 3 24213 i+ +1

: 3 242143 \/x41+x2+1 (1y3 +1) (8/1_[_%+£]x2/1_[_%_£JXZ [EllipﬁCF{x _ZEZIﬁ’




1 1 1 1
_2+—2I\/?)—Elliptic}3{x\/_2+21‘/?"/_2+2I‘/? ])j_z(gﬁ_'_gx) 4(‘§X3—Ex)
I FiET

2 2 2

Problem 66: Result more than twice size of optimal antiderivative.
1
dx
2 2
J(XZH) (42 +1)° 7

Optimal (type 4, 110 leaves, 16 steps):

7
(x2 +1) \/cos(Z arctan(x) )2 EllipticE(sin(Zarctan(x) )5 % j m

X x(x2+2) +x\/x4+x2+l n (xz+1)2

arctan [

\/m 3+ 41 3(x2+1) 6cos(2arctan(x))\/x4+x2+l

Result (type 4, 418 leaves):

15,1 2 123 2123 [x/-2+21\/T \/—2+21ﬁ]
_2(6x7’+3x)+x\/m_5/1+2 — /1+2+—2 EllipticF 2 , >

NI 2(2+1) 3223 Pt
2/1+ﬁ—1"2—J?/1+ﬁ+—1"2‘/T EllipticF XJ'2+2IE,/‘2+2IE
N 2 2 2 2 2 2

3 -2+213 JA+2+1 (13 +1)
2/1+£—I"2—ﬁ /1+ﬁ+—1x2f EllipticE XJ‘ZHIE,J‘“”JT

2 2 2 2 2

324213 S+ +1 (1Y3 +1)

1 _L3
21 B 2 eV e L W3 L V2 2
2 2 2 2 2 2 1, 1J3
R ER TN &
. 2
—%Jr%\/x“ﬂzﬂ

Problem 67: Result more than twice size of optimal antiderivative.
1
dx
2
J(x2+1)3 (#+2+1)*




Optimal (type 4, 192 leaves, 23 steps):

X
e = ) | WFEEAT s FEEET
4 32+ 4(2+1)° 3¢ +1)
19 (x2 + 1)\/cos(2 arctan(x) )2 EllipticE(sin(Z arctan(x) ), %) M
N (2 +1)
12 cos(2 arctan(x) ) +/ A2+l
R

5 (2 +1)eos (Zarctan(x) )2 Elptick ( sin( 2aretan(x) ). 5 | (2+1)°
+1

4 cos(2arctan(x) ) +/ S+l

Result (type 4, 438 leaves):
1 1
2 Zx— =
) (6x 6Q)+x\/x4+x2+l +5x‘/x4+x2+1
JE+2+1 4(2+1)° 4(+1)
10/1+ﬁ—1"27ﬁ/1+§+“27ﬁ EllipticF[x‘/_z"'zI\/T’\/-2+21\/?]

2 2 5
3¢ 24213 Jt+2+1
19\/14-&—1)27\/?/14-;4_”27‘/? EllipticF x\/_2+21\/T’\/—2+2I\/T

2 2 2

3J2+21y3 S +2+1 (1y3 +1)
19/ .3 —I"ZTE /1+§ +—Ix2f EllipticE x/ 24213 , J2+21/F

1+ =
2 2

2
3 2+21y3 JA+2+1 (13 +1)

/.1 _L/3

s [+ 22T [ 2 T e [T
2 2 2 2 2 1, 1J3

_E+T 1 I\/?

2

2 2

2 —l+% Ja+22 +1

2

Problem 70: Result more than twice size of optimal antiderivative.



J (cx4 +bx? +a)2 dr
(ex +d)’

Optimal (type 3, 185 leaves, 5 steps):

c(-2be+3cd)x 4 A 4 (aez—bde+cd2)2x (—3ae2—5bde+13cd2) (aez—bde+cd2)x
4

¢ 3 4dé* (e +d)* 8d>é (ex’ +d)

(357 d* —6cd’e(~ae+5bd) +& (3e2a2+2abde+3b2d2))ar0tan[ xf_? J
d

+

VYR
Result (type 3, 401 leaves):
A 2cbx _3Pxd | 3exd  Xab _ 5xac 52 9dxbe 13d*° &

36 e ¢! $(e+d)’d@  4(ed+d)d deled+d)? Se(ed+d)’ 4 (e +d)] 86 (ex +d)
5xa?

3 arctan[ ex ) a?
N B xab __ 3dac _ _ 3dxb®  Tdxbe __ 1ldxd Jde
8(ex2+d)2d 4e(ex2+d)2 4ez(ex2+d)2 8ez(ex2+d)2 4 (ex2+d)2 8e4(ex2+d)2 8d*\de

) ab 3 arctan[ ) ac 3 arctan[ ] b> 15 darctan[ ex ) be 3542 arctan( ex J e
Jde Jde Jde B Jde n Jde
4ed\de 4 \[de 82 \de 48 [de gct\de

arctan [
+

Problem 71: Result more than twice size of optimal antiderivative.

J' (cx4 + b +a)2 &
(e +d)*

Optimal (type 3, 234 leaves, 5 steps):

é+ (aez—bde+cd2)2x _ (—Saez—7bde+19cd2) (aez—bde+cd2)x
et 6dé* (e +d)° 24 (e +d)*

N (292 d* —2cd?e(-ae+11bd) +& (5 a> +2abde+b>d*) ) x
16d°¢* (ex2 +d)

(3502d4—20d2e(ae+5bd) — & (Sezaz+2abde+b2d2))arctan[ x\/\/_? J
d

16d /2 & /2
Result (type 3, 505 leaves):

5% a? B 1N be n 29dx & " 5ex a B Lac " 17d*3 & xab dxb?

16 (e +d)’d  8eled +d) 162 (e +d)’  6(e+d)’@ 3el(e+d) 68 (e +d)’ 8el(ed+d) 168 (e +d)’



arctan( ) b? 5 arctan( j bce 35d arctan(

194 x 2 Jde 4 Jde _ i Yac n Yab
166* (e +d)° 168 dJde 8\ de 1664 de 8 (ex2+d)’d 3 (e +d)d
ex ex
arctan[ ) ab arctan[ ] ac
5d%xbc Jde i Jde n exab 5dX bc _ dxac

86 (ex? +d)° Sed®de 8Pdde 8 (e’ +d)° P

( ex ) D)
5 arctan a
11 xd? _ ¥ b2 i Jde
6(e2+d)’d  6eled+d)’ 1643 de

+

Problem 72: Result more than twice size of optimal antiderivative.

e+ +a

J (eX+a)®

Optimal (type 3, 280 leaves, 5 steps):
& (-be+3cd)x e3x3

Z’ez(exz+d)3 862(e)62+d)3

A 3¢
- 2 2.2
arctan 2 Ve (e(Sczd2+b2e2—ce(ae+3bd)) + (chet2cd) (Czd +oe ce(3aet+bd)) )\/7
N \/b -4ac+b2 v —4ac+b2
205/2\/b—\/ -dac+b*
- 2 2.2
aretan 2 Je [e(352d2+b2e2—ce(ae+3bd))— (-be+2cd) (Pd* +b*& ce(3ae+bd))]ﬁ
4 \/b+\/ “4ac+b? V-dac+h’
282 b+ Aact b
Result (type 3, 1210 leaves):
V2 arctanh[ cx2 Jae3 V2 arctanh[ cxy2 ]bz &
ex _e3bx+3e2xd+ \/<-b+ -4ac+b2) \/(-b+ -4ac+b2>
3¢ A c
2c\/(—b+ —4ac+b2)c 2(:2\/(—b+ —4ac+b2)c
3\/7arctanh[ cx\2 deez 3\/Tarctanh[ cxy2 ]dze
\/<—b+ —4ac+b2)c \/(—b—i- —4ac+b2)c

_|_

2c/(—b+ —4ac+b2)c 2/(—b+ —4ac+b2)c



3\/7arctanh[ cx |2 Jabe3 32 arctanh cxy2 ]ade2
/(—b+ dac+i) 4 /(—b+ dact )
204—4ac+b2/(—b+ —4ac+b2)c J—4ac+b2/(—b+ —4ac+b2)c
\/Tarctanh[ cxy2 ]b3e3 3\/7arctanh[ cxy2 ]bzde2
n \/(—b—i— —4ac+b2) B \/(—b—i— —4ac—|—b2)c
234—4ac+b2/(—b+d-4ac+b2)c 20#-4ac+b2/(-b+d—4ac+b2)c
3\/7arctanh[ cxy2 szeb cﬁarctanh[ cxy2 ]d3 \/Tarctan[ cxy2 ]ae3
n /(-b+ -4ac+b2) _ /(-b+ —4ac+b2) _ /(b+ -4ac+b2)
2J—4ac+b2/<—b+ —4ac+b2)c J—4ac+b2/(—b+ —4ac+b2)c 20/(b+ —4ac+b2)c
\/Tarctan[ cxy2 Jbz & 3\/7arctan{ cxy2 bdée 3\/Tarctan[ cxy2 sze
N /(b+ —4ac+b2) /(b+ —4ac+b2>c N /(b+ —4ac—|—b2)
28/(b+ —4ac+b2)c 2c/(b+ —4ac+b2)c 2/(b+ —4ac—|—b2)c
3\/7arctan[ cxy2 ]abe3 32 arctan cxy2 ]aa’e2 \/Tarctan[ cxy2 ]b3e3
/(b-k —4ac+b2> I /(b-% —4ac+b2) n /(b-k —4ac+b2)c
2cd—4ac+b2/<b+d-4ac+b2)c J-4ac+b2/ b+ —4ac+b2 c 234—4ac+b2/<b+4-4ac+b2)c
3\/7arctan[ cxy2 Jbza’e2 32 arctan cxy2 ]dzeb c\/Tarctan[ cxy2 Jd3
/(b+ -4ac+b2>c /(b+ —4ac+b2)c /<b+ -4ac+b2)

+

20\/—4ac+b2\/(b+ —4ac+b2)c 2\/—4ac+b2\/ b+ —4ac+b2)c \/—4ac+b2\/(b+ —4ac+b2)c

Problem 85: Result more than twice size of optimal antiderivative.
3 /2
[52+7) (4 +2+2) 2 e

Optimal (type 4, 75 leaves, 6 steps):

Sae S s

4432 EllipticE 1 418 EllipticF 1

2 (352 +48) (< +2+2)° 7 N e ( a N phe V2 L x(669% +1087) /T 7 +2
63 315 105 315

Result (type 4, 175 leaves):




([ x/2
28432  -2:2 +4 /x> + 1 Ellipt F(X—,L/z]
31242 10592 A 1242 15670/ P 42 J J LT
63

315 315 *

315( -x* +22 42
2216\/7\/—2x2+4 \/xz—l-l [ElhptlcF( \/_ I\/_J ElhptlcE[ \/— I\/_)) 5x7\/m

315 - 2 42 ?

Problem 86: Result more than twice size of optimal antiderivative.

J(—x4+x2+2)3/2 ©
(52 +7)°

Optimal (type 4, 86 leaves, 21 steps):

97E”1P“°E[ ENERN ) 458 ElhptlcF( W2y ) 1241E111pt1cP1( 2 10 u—)

N 2 AP +2 17xy P42
525 875 6125 75 175 (52 +7)

Result (type 4, 179 leaves):

17me m 2292 22 + 4 \/x2+1E111pt1cF( X2 I\/_J 97J2 22 +4 \/xz—l-lElhptlcE[ X2 I\/—)

175 (522 +17)

12412 [ 1 — = \/x2 + 1 EllipticPi

6125 -x* + 2 +2

875 -x* + 2 +2 1050 —x* + 22 +2

207

Problem 87: Result more than twice size of optimal antiderivative.

3
J (52 +7) o
J AP 42
Optimal (type 4, 63 leaves, 6 steps):
. 2
3905 ElhptlcE[ i, V2 ) Ny
. 2 —542EllipticF(¥,Iﬁ]—625x "‘3”2“ 253 A+ 2 +2

Result (type 4, 141 leaves):

227972 22 +4 2 +1 EllipticF(%,I\/?} 39052 -2 +4 2 +1 [EllipticF(%,lﬁ) Elhme( X2 I\/_])
6y X+ +2 6y X+ +2




_4
R N ELTET)

3

Problem 88: Result more than twice size of optimal antiderivative.

2
J(5f+7) o
Va2 42
Optimal (type 4, 46 leaves, 5 steps):
260EllipticE(%,I\/7 ]
3

(_2 \/47
( }Pe 4/ 124 eax7es) B 2 3

1972 22 +4 J2 +1 EllipticF(%,Iﬁ] 1302 V22 +4 2 +1 (EllipticF( x22 ,Iﬁ] —EllipticE[ %Iﬁ))

6 +2+2 3+ 2 +2
_ 25x+/ 242

3

Problem 89: Result more than twice size of optimal antiderivative.

1
—
J’\/—x4+x2+2

Optimal (type 4, 13 leaves, 2 steps):

EllipticF [ % V2 ]
Result (type 4, 46 leaves):

V22244 J2+1 EllipticF[%,Iﬁ)
2+ 242

Problem 90: Result more than twice size of optimal antiderivative.

1
dx
J (52 +7)* /- +2 +2

Optimal (type 4, 71 leaves, 8 steps):



SEllipticE( %,Iﬁ ] EllipticF( %,Iﬁ j 167 EllipticPi[ /2 107 ]

i N 4 2 7 _25xy X P42
476 238 3332 476 (52 +7)

Result (type 4, 164 leaves):

s V222 +4 2 +1 EllipticF( Nf

476 (5% +7)

,Iﬁ] 502 J-22+4 \/x2+1E111ptlcE( X2 I\/_}

476 -x* + 2 +2 952 -t + 2 +2

167\/_ [1-2 \/x2+1 ElhptlcPl[ ”— 10 IJ_]

3332/ -+ 2 +2

Problem 91: Result more than twice size of optimal antiderivative.

J (52 +7)°
(

2 t2)

dx
Optimal (type 4, 85 leaves, 7 steps):

3482293Elhpt1cE[ 22 V2 ) 627857ElhptlcF( xJ2 V2 ]

_ 4
i . N : N x (1419793 x* + 1419985 ) N 27500 x+/ ;c +x2+2 s S FTZT2
18y -x* + 2 +2
Result (type 4, 279 leaves):
5 1 \/_
33614 gx—%x’; 79936142  -222 +4 2 + 1 EllipticF J1IV2
VA2 42 18y x* +x2 +2
34822932  -22 +4 22 +1 (ElhptlcF[ 2 I\/_) ElhptlcE[ X2 IJ_]] 120050(%9—11—8x) 171500(%)€'+3x)
+ + +
36y -+ 42 +2 242 Va2 42
1 7 5 17
122500(—;é+—x) 43750(—x"’+—x) Ny 6250( x”+—x)
N 18 °0°) . 18 9°) | 27500x ;c +2 42 N 18 9°) s FEZ
J ¢+ 42 J A+ 42 V¢ 242
Problem 92:

Result more than twice size of optimal antiderivative.

5247
dx
J(—x4+x2+2)3/2

Optimal (type 4, 53 leaves, 5 steps):



13 EllipticE( %Iﬁ] 17EllipticF( %Iﬁj

- 4 L x (132 425)
18 6 18 -x* +x2 +2
Result (type 4, 155 leaves):
14(ix—ix3) 1902 J-22 44 J2 +1 E11ipticF(£,1ﬁ]
36 36 N 2
-+ 42 18y -x* +x2 +2
13V2 V2244 J2+1 (Elhme( X2 IJ_]—EuipticE[g,lﬁ)] 10(%)&3—%8x)
+ +
36y -+ 22 +2 [ +2 +2

Problem 93: Result more than twice size of optimal antiderivative.
1

J (52+7) (Aaer2) 2"

Optimal (type 4, 69 leaves, 8 steps):

x (1622 +35)

8ElhptlcE( xJ2 V2 ] ElhptlcF[ X2 V2 J 25 EllipticPi[%,—g—o,I\/T ]
_|_

153 102 238 +

306 -x* +2% +2
Result (type 4, 163 leaves):

( 153x*+612 ) J2 V2244 \/xz—l-lElhptlcF( X2 IJ_J 42 22 +4 \/xz—i-lElllptlcE[ X2 I\/_J
+
Va2 42 204 X+ +2 153y = + 2 +2
25\/7/l—éx/xz+lEllipticPi(¥, 10 I\/_]

238 -x* +x2 +2

Problem 102: Result more than twice size of optimal antiderivative.
2+d)’
‘(e+> N
Jexr +bx2 +a

Optimal (type 4, 455 leaves, 5 steps):

E(-d4be+15cd) xyex* +bx? +a 63)63\/cx +bx2+a e (452 d* +8b2 —3ce(3ae+10bd) ) xyex* +bx* +a
152 1568 72 (V7 +2J7)




- L Q' e (45 P +80P S —3ce(3ae

1 /4
ISCOS(Zarctan[ cl/4x ]Jc” /4\/cx4+bx2 +a
a
b
1 /4 2 1 /4 B 7
+10bd))/cos(23rctan[ cl/4x]} EllipticE sin(Zarctan[ cl/4x]}’ \2/7\/? (\/7+x2\/?)/ €x +bx2+a2
“ ‘ (V& +2%)
b
1 /4 2 | /4 -
+ l al /4 cos| 2arctan| S—= EllipticF | sin| 2 arctan SERL , Ja Ve (\/7
30 (2 t [Cl Y at /! at /! 2
cos| 2 arctan 1—/4))0 cx a
a

+27) [e(45c2d2+8b2e2—3ce(3ae+10bd))+ (4“’)63_15“0"62“5‘2”[3)5]/ el thita
a (Va +2V¢)

Result (type 4, 1185 leaves):

2 2
x\/?/ -b+\/—2ac+b /_4+2b<b+ -4ac—+b )

ac

d3\/—/ - —4ac+b2)x2 /4+2(b+\' _4ac+b2)x2 EllipticF

a a 2 ’ 2

_ _ 2
Ny E R ETrE N
a

L a et +b2 +a _4bx\/cx4+bx2+a
Sc 15 &
_ _ 2 _ 2
N 1 baﬁ/4_2(b+ 4ac+b )x2 /4+2(b+ 4ac+b )x2 EllipticE % .
a a

_ [ _ 2
1552/ bty -dac+tbh ex* +bxr +a
a



2b(b+ -4ac+b? )

-4 +
\/?/ b4+ -dac+b? ) / ac 1 3a
a 2

2

_ [ _ 2
2/ bty-dactbh Jedt+ b2 +a (b+ —4ac+b2>
a

xﬁ/ -b + -4ac+b2
_ _ 2 _ 2
a\/—/ 4ac+b )xz /4+2(b+\/ 4ac+b )x2 EllipticF - a ,
a a
_ 2 _ _ 2 _ 2
/_4+2b(b+ 4ac+b ) xﬁ/ b+ -4ac+b /_4+2b(b+ 4ac+b )
ac — EllipticE a ) ac
2 2 2
Jer b2 +a
1342 | Xex +bXP +a
3¢
- _ 2 _ 2
_ 1 a\/?/4—2<b+ 4ac+b )x2 /4+2(b+ 4dac+b )x2 EllipticF % .
a a
_ | _ 2
120/ bty -dactbh Jexr +bx2% +a
a
/_4+2b<b+ dac+?’)
b+ -dac+b ac
V2 ,
a 2
_ _ 2 _ 2
. 1 baﬁ/4_2(b+ dact b )2 /4+2<b+ dact b )2
a a
_ [ _ 2
30/ bty -dactb Jexr +bx% +a (b+\/ —4ac+b2)
a
_ _ 2 _ 2 _ _ 2
xﬁ/ b+ -4ac+b /_4+2b<b+ dac+b ) xﬁ/ b+ -4ac+b
EllipticF > 4 , > ac — EllipticE : 4 ,




ac

/_4+ 2b(b+ —4ac+b2)

2

5 2
— 1 3dzea‘/2/4_2(_b+ _‘:zac—i_b >xz /4+2<b+ _4aac+b )xz
— 2
2\/_b.|. 2ac+b J0ﬁ+bf+a(b+J4uc+ﬁ)

_ _ 2 _ 2 _ _ 2
xﬁ/ b+ -4ac+b /_4+2b<b+ dac+b ) xﬁ/ b+ 2ac+b
a

EllipticF > > ac — EllipticE : ,
_ 2
\/_4+_2b(b+ 4ac+b )
ac
2
Problem 108: Unable to integrate problem.
J’(bx4+cx2 +a)pdx
Optimal (type 6, 121 leaves, 2 steps):
x(bx4+cx2+a)pAppellF1 %,—p, —p,%,— 262 , - 262 ]
c—+ -d4ab+c c+-dab+c
p p
[1+ 2b - 265
c—+ -4ab+c c++-d4ab+c

Result (type 8, 16 leaves):
J(bx4 +cx +a)pdx

Test results for the 109 problems in "1.2.2.4 (f x)"m (d+e x"2)"g (atb x"2+c x"4)"p.txt"

Problem 18: Result more than twice size of optimal antiderivative.
5
[ (@ ) (# 222 +1) ax
Optimal (type 1, 55 leaves, 4 steps):

(d—e) (P+1)"  (2d=3e) (P +1)" L (d=3¢) (2+1)" N e(2+1)"
22 24 26 28

Result (type 1, 129 leaves):



ex?® | (d4+10e) %0 | (10d+45e) 2% | (45d +120e) 2 | (120d+210e) 20 | (210d +252¢) x'® | (252d +210¢) x1©

+ + + + + +
28 26 24 22 20 18 16
(2104 +120) x1* | (120d +45¢) x| (45d+10e) 20 | (10d+e)s® | dx®
14 12 10 8 6

Problem 21: Result more than twice size of optimal antiderivative.
J(fx)m(xz-l—l) (* +2:2+1) dr

Optimal (type 3, 203 leaves, 3 steps):
(fx)l+m LA (fx)3+m L 55 (fx)>Tm L 165 (fx)7+m L 330 (fx)2tm L 462 (fx) I 4m L 462 (fx) 13 +m L 330 (f) 15 +m L 165 (fx) 17 +m
f(I+m) £ (34+m) £ (5+m) (7 +m) (9 +m) AL (11 +m) 313 +m) 3 (15 +m) AT (17 +m)
N 55 (fx) 10 Fm N 11 (fx)2'+m N (fx)23+m
A209+m) Al @2r4+m) (234 m)
Result (type 3, 1120 leaves):
()™ (M2 4+ 121 m'022 + 11 m" 20 4+ 6435 m° 22 + 1353 m'0230 4197835 mB 322 + 55 m' 1 x1® + 72985 m® 20 + 3889578 m” 2% + 6875 m'0x!8
+ 2271555 m® 320 + 51069018 m® x*? + 165 m' ' x1 + 376365 m® x'3 + 45134958 m” 20 + 453714470 m> x*2 + 20955 m'® x'® + 11870265 m® x'®
+ 597988314 m® 20 + 2702025590 m* x*? + 330 m' ! x!* 4 1164735 m® x'¢ + 238653030 m” x'® + 5353566130 m> 20 + 10431670821 m> x> + 42570 m'0 x4
+ 37263105 m® x'0 43194704590 m® x'3 432087153670 m* x*° + 24372200061 m* X2 + 462 m'! x'% + 2403390 m” x'* + 759091410 m” x'©
+ 28857216410 m° x'® + 124530626231 m? 0 4 29985521895 m x> + 60522 m'® x'? + 78076350 m® x'* + 10282782510 m® x'6 + 174273100210 m* x!8
+ 292163767533 m*> x>0 + 13749310575 x*% + 462 m' ' x10 43471930 m® x!2 4 1613983140 m” x'* + 93862508190 m° x'6 + 680615362515 m> x'®
+ 360568238085 m x>0 + 61446 m'% x10 + 114642990 m® x'? + 22164925860 m® x'* + 572017996770 m* x'® + 1604842704135 m? x'® + 165646455975 x*°
+330m' x® + 3582810 m” x!10 + 2408820876 m’ x'2 + 204865733820 m> x'* + 2251106854425 m> x'© + 1988025402825 m x'® + 44550 m'? x®
+ 120367170 m® x'° 4 33609870756 m® x'% + 1262375264700 m* x'* + 5340787250535 m? x'6 + 915414625125 x'® + 165 m'' x° + 2640990 m® x®
+ 2575140876 m” x'0 4 315347150580 m° x'% + 5015196628530 m> x'* + 6646727085075 m x'® + 22605 m'% x® + 90358290 m® x® + 36597992508 m® x'°
+ 1969992823260 m* x'2 4 11991258123570 m? x'* + 3069331390125 x'® + 55 m' 1 x* 4+ 1362735 m’ x° + 1971903780 m” x® + 349697552820 m> x'°
+ 7921249136262 m> x'% + 15011348834790 mx'* + 7645 m'0x* 4 47524455 mB x0 + 28627538940 m® x® + 2222832699780 m™* x'° + 19130651800722 m? x!2
+ 6957151150950 x4 + 11 m'! X% + 468765 m® x* + 1059893010 m” x° + 279691771260 m> x® 4 9079996141062 m> x'0 + 24133835554290 mx'? + 1551 m'0 2
+ 16677375 m® x* + 15768085410 m® x® + 1818135330660 m™* x® + 22226933020446 m? x'° + 11238474936150 x' + m'! + 96745 m® x> + 380801190 m” x*
+ 158293212990 m° x° + 7587607623090 m> x® + 28336045738770 mx'® + 143 m'% + 3514005 m® x> + 5825106210 m® x* + 1059628145070 m* x°
+ 18930738943710 m? x® + 13281834015450 x!0 4- 9075 m°® + 82295598 m” x> + 60431072570 m> x* + 4558015784025 m> x° + 24503570194950 m x°
+ 336765 m® + 1298935638 m® x> + 420404849150 m* x* + 11703493287585 m? x° + 11595251918250 x% + 8103018 m’ + 14014513810 m° x>
+ 1889780020755 m> x* + 15515657331075 m x® + 132426294 m® + 102468500970 m™ x> + 5087634488145 m* x* + 7454090518875 x5 + 1495875590 m>
+ 490955350391 m> x> 4 7041864340665 m x* + 11641582810 m* + 1434440867211 m? x> + 3478575575475 x* + 60936676581 m> + 2192684754645 m x>
+203363952363 m® + 1159525191825 x> + 387182170935 m + 316234143225) x) [ (1 +m) (3 +m) (5 +m) (7+m) (9 +m) (11 +m) (13 +m) (15
+m) (17 4+m) (19 +m) (21 +m) (23 +m))




Problem 22:

Result more than twice size of optimal antiderivativ

e.

Jx5()c2+1)(x4+2x2+1)5dx

Optimal (type 1, 28 leaves, 4 steps):

Problem 23:

Problem 26:

E+1)"% P+ N Z+10)"
24 13 28
Result (type 1, 61 leaves):
1 28 11 26 , 55 24 15 95 33 o0, 77 18, 231 45 165 14, 55 1» 11 o 11 ¢ 1 6
B 2 2 =R 220 Sl I e S 2 0 B
28 26 24 2 2 3 " g " 7 0 Tt Tyt Tyt e
Result more than twice size of optimal antiderivative.
Jx(x2+1)(x4+2x2+1)5dx
Optimal (type 1, 9 leaves, 2 steps):
(2 +1)"
24
Result (type 1, 61 leaves):
1 x24 1 2 11 0 55 18 165 16 14 77 12 10 165 8 55 6 11 4 1
— 2 o2 0 S S 33 M o2 330 e S 2 S g 2
24 2 4 6 " g " T * § 7 6 T a2
Unable to integrate problem.
J (f1)" (e +d)
(b2x4+2abx2+az)3/2
Optimal (type 5, 126 leaves, 3 steps):
1 m 3 m b
bd (3 —m) +ae(l+ HEm(px® +a)h (2—+— =4 =
(-ae+bd) (fx)l+m +( (3—=m) tae(l+m)) (fx) ( a) hypergeom S-uaieal o I te-all i

4abf(b2+a)y (b2 +a)’

Result (type 8, 35 leaves):

Problem 30:

4@ bf(1+m)

J (fx)" (ex2 +d)
(b2x4 +2abx? +a2)

32

Result more than twice size of optimal antiderivative.

st(sz+A) @

et +b2 +a

Optimal (type 3, 121 leaves, 7 steps):

(b2 +a)’



2exr +b

N; -dac+ b?

(ZaA52—Abzc—3abBc+b3B)arctanh[

(—Ac—i—bB)x2 Bx* (—Abc—ch+sz)ln(cx4+bx2+a)

- + 25 4 +
3
2 4c 4c 23 -4ac+ip*

Result (type 3, 260 leaves):

arctan [

_ _ \/4ac—b2
3
4c 2c 2 4 4 ¢ 4¢ cJaac—n%

3 arctan[ MZ—M ] abB arctan{ 20)(2—4-19 j Ab? arctan[ Mz—-i_b J b B

dac—b dac—b dac—b
\/72 N \/72 B \/72
22 J4ac— b 262\/4ac—b2 203\/4ac—b2

2e +b JaA
Bx* AX _ bBx? 1n(cx4+bx2 +a)Ab ln(cx4+bx2 +a)aB 4 ln(cx4+bx2 +a)b25’ _

+

Problem 31: Result more than twice size of optimal antiderivative.
J X (B2 +4)

dx
(cx4 + b +a)2

Optimal (type 3, 137 leaves, 6 steps):

(4aAc2 —6abBc+b3B) arctanh(zcxz——H)]
P (a(-24c+bB) + (-4dbc—2aBc+b*B)¥) + J -4ac+b? + Bln(cx* +bx* +a)
2¢(-4ac+b?) (cx* +b22 +a) 252(—4ac+b2)3/2 4¢

Result (type 3, 541 leaves):

(2aAP —Ab*c—3abBc+bB)x* | a(Abc+2aBc—b*B)

c2(4ac—b2) 62(4ac—b2) 4 ln((4ac—b2)c(cx4+bx2 +a))aB
2(cx4—l—bx2+a) c(4ac—b2)
_ K2 _ 12
Zarctan[ 22 (dac—b*) x>+ (4ac—b*) be ]aAc
_ ln((4ac—l)2)c(cx4—I—bx2 +a))b?*B \/64a3cs—48a2b204+12ab4c3—b6c2

+
2
4¢ (4ae—0%) J64a3 S =482 0> F + 12467 — 002
_p2 ) 2 2
2c2(4ac b )x2+(4ac b )be ]abB arctan[ 2c2(4ac b)x2+(4ac b)be )b3B
V64 —48a2 AP +12ab* 3 — b° A N J64a3 P —48a2 b +12ab* 3 — b0 2
J64a3 —48a2 bt +12ab* 3 — b0 &2 264 — 482 b2t +12ab* 3 — b ¢

3 arctan

Problem 32: Result more than twice size of optimal antiderivative.

J B2 + A

dx
)f’ (cx4 +b +a)2




Optimal (type 3, 209 leaves, 8 steps):

(abB(—6ac+b2)—2A(6a2c2—6ab20+b4))arctanh[ZCXZ—HJ
6aAdc—2Ab>+abB —abB+A(—2ac+b2)+(Ab—2aB)cx2+ J -4ac+b?
2a* (-4ac+b*) 2 2a (-4ac+b*) 2 (ex* +bx% +a) 2a3(—4ac+b2)3 /2
_ (24b—aB)In(x) | (24b —aB) In(cx* + b2 +a)
@ 443
Result (type 3, 990 leaves):
i A4 N e’ Ab? B cx’bB 3 34bc
a(cx4+bx2+a) (4ac—b2) 2a2(cx4+bx2+a) (4ac—b2) 2a(cx4+bx2—|—a) (4ac—b2) 2a(cx4+bx2+a) (4ac—b2)
4 Ab3 " Be _ Bb? 4 2cln((4ac—b2) (cx4+bx2+a))Ab
2a2(cx4+bx2+a) (4ac—b2) (cx4+bx2+a) (4ac—b2) 2a(cx4+bx2+a) (4ac—b2) a2(4ac—b2)
_ ln((4ac—b2) (cx4—|-bx2 —i—a))Ab3 B cln((4ac—b2) (cx4—i-bx2 +a))B " ln((4ac—b2) (cx4+bx2 +a))b2B
24 (4ac—b2) a(4ac—b2) 4q° (4ac—b2)
_2 2 2 2
6 arctan| 2 (4ac=b*) e + (4ac—0?)b ]ACZ 6arctan[ 2(4ac—0)c?+ (4ac—b*)b ]Abzc
J64a> 3 —48a2b* 2 +12ab*c — b° N J64a3 P —a8a? b2 A +12ab%c — b°
a\/64a3c3—48a2b262+12ab4c—b6 az\/64a3c3—48a2b262+12ab4c—b6
2 2 2 2
aretan 2(4ac—b*) e+ (4dac—b*)b n 3arctan[ 2(4ac—b*) e + (4ac—b*)b ]Bcb
3 J64a> S —a8a® b2 E + 12ab* c — b° B J64a> S —48a*b* @ +12ab*c — b°
PJ64a3 A —48a* A A +12ab*c — b° a64aP P — 482 bE* + 12abtc — b°
_ K2 _ 32
aretan 2(4ac—b*) e+ (4dac—b*)b 25
N J64a> P —48a2 b2 2 +12ab*c — b° __ A4 2m(x)4b  In(x)B
2 3 2
282 J643E — 4822 E + 12a b e — b° 24%5 a a
Problem 33: Result more than twice size of optimal antiderivative.
6
J 3 (B2 +4) w
(cx4+bx2+a)
Optimal (type 3, 377 leaves, 6 steps):
(-4bc—10aBc+3b*B)x  (24c+bB)x x (4b—2aB— (-24c+bB)¥)
2c2(—4ac+b2) 20(—4ac+b2) 2(—4ac+b2) (cx4+bx2+a)
_ 3. 2 2 _ 4
aretan xJ2 e (3b3B—Ab2c—13abBc+6aAcz+ 8aAdb? +Ab>c—20a*BP +19ab*Bc—3b*B /T
Jb—JTdaci iz V-dac+p’

40 /2(-4ac+b2)\/b—\/ ~4ac+b?



_ 3 2 _ 2 4
arctan 22 e 3B Abe— 13abBet6adld s B9AbE AP c+20aBE ~19alBe+36'B |

\/b+\/—4ac+b2 J-dac+b?

42 (“dac+B2) b+ dac i

Result (type ?, 4262 leaves): Display of huge result suppressed!

Problem 34: Result more than twice size of optimal antiderivative.

J (R 4A)
(cx4 +b2 +a)2

Optimal (type 3, 293 leaves, 5 steps):
_(-24c+bB)x X (4b—2aB—(-24c+bB)¥*)

2¢(-4ac+b?) 2(-4ac+b*) (ex* +b2 +a)
- — g} _ 33
arctan 2 Ve P#B+Abc—6ch+ Aadd —Abc+BabBe bBJJT
/b —4ac+b2 V-4ac+b2

432 (<dac+ )b - daci i
2 . 3
2 Ve (ﬁB+Abc—6aBa+4aAg+Abc 8abBc+bB]J7

J-dac+b?
4372 (—4ac+b2)\/b +y -4ac+b

Result (type ?, 4008 leaves): Display of huge result suppressed!

arctan

N \/b+\/—4ac+b2

Problem 35: Result more than twice size of optimal antiderivative.

JxZ(BxZJrA) @
(cx4+bx2+a)2
Optimal (type 3, 234 leaves, 4 steps):
— _ 12
arctan xJ2 e [bB—ZAc+—4AbC 4aBc—b°B e
2
x(4b—2aB— (-24c+bB) ) | Jb—Gacr i’ J-dac+o®
2(-dac+b?) (ex* +bx* +a
( ! ) 4(-dac+ )T b—dactp
- 2
2
Jb+ Zactir J4ac+b

4(-4ac+b2)\/?\/b +y -4ac+b?

Result (type ?, 2994 leaves): Display of huge result suppressed!



Problem 36: Result more than twice size of optimal antiderivative.

J BL + 4

dx
2 (cx4 + by +a)2

Optimal (type 3, 337 leaves, 5 steps):
10adc—3A4b* +abB | -abB+A(-2ac+b*) 4+ (4b—2aB) cx*
2a2(—4ac+b2)x 2a(—4ac+b2)x(cx4+bx2+a)

arctan 2 Ve ﬁ(aB(b2—12a0+b ~dac+b? ) —A(3b3—16abc+3b2\/ -dac+b* —10acy -4ac+b* ))\/7

4 \/b—\/-4ac+b2

4 q? (-4ac+172)3 /2\/17—\/ -dac+b?

2 e (348 —abB—10adc+ aB(-12ac+b*) —A4(-16abc+3b)

arctan

\/b+\/—4ac+b2 V-dac+d’

J2

44* (—4ac+b2)\/b +V -dac+b?

Result (type ?, 3751 leaves): Display of huge result suppressed!

Problem 37: Result more than twice size of optimal antiderivative.
J X1 (B +4)

dx
(cx4 + by’ +a)3

Optimal (type 3, 351 leaves, 8 steps):

(7adbP? — AP c+30a°BE —21ab*Be+3b*B) > 2B (a(-24c+bB) + (-4dbc—2aBc+b*B)¥*)

25’3(—4ac+b2)2 4c(—4ac+b2) (cx4+bx2+a)2
Ha(16aA4F —Ab*c—18abBc+3°B) + (10adb* —Abc +20a*°B* —20ab*Bc+3b*B) x%)

47 (—4ac+b2)2 (cx4 +bx? +a)

(-30a%4b3 +10a4b>F —Abc—60a> B +90a> > B —30ab*Bc +3b°B) arctanh[

2¢x +b

N, -dac+b?

J _ (—Ac+3bB)ln(cx4+bx2 +a)

2 (—4ac—i—b2)5 Z

Result (type ?, 2915 leaves): Display of huge result suppressed!

Problem 38: Result more than twice size of optimal antiderivative.
J (B2 +4)

dx
(cx4 + by’ +a)3

Optimal (type 3, 138 leaves, 5 steps):

4



3a(Ab—2aB) arctanh( 2‘”‘2—”]

% (4b—2aB—(-24c+bB)¥) N 3(Ab—2aB)x* (bx*+2a) J-4ac+b?
4(—4ac+b2) (cx4—|-bx2—|-a)2 4(—4ac—|—b2)2 (cx4+bx2+a) (—4ac—i—b2)5/2
Result (type 3, 397 leaves):
1 (3a4b*+10a*BA —8ab*Be+b*B) x5 (1644°3 +4ab* P +4b*c—2Ba*b* —8Bab’c+Bb ) x*
2(cx4+bx2+a)2( c(16a** —8ab*c+b*) 2(16a** —8ab*c+b*) &
3aarctan[zcx2—+b]/1b
Jdac—b*

a(5a4bP+ AP c+6d*BF —10ab’Bc+b*B) ¥ &*(8adP +4b°c—10abBc+b’B) ) 3
A (16> —8ab’c +b*) 22 (1642 —8ab’c +b*) (

16a>* —8ab’c+b*) Jdac— b?
2¢x2 +b )B

6a2arctan(
J4ac—b
(1642 —8ab*c+b*) J4ac—b?

_|_

Problem 39: Result more than twice size of optimal antiderivative.

J B2+ A

dx
x (cx4 +b22 +a)3

Optimal (type 3, 349 leaves, 9 steps):
abB(-Tac+b?) =34 (10a>* —Tab*c +b*) L —abB+4 (2ac+b%) + (Ab—2aB) cx?
2a3(—4ac—i-b2)2x2 4a(—4ac+b2)x2(cx4+bx2+a)2
N ~abB(-10ac+b?) +4 (204> * —20ab’>c +3b*) —c(aB(-16ac+b*) =34 (-6abc+b3)) 2
4az(—4ac+b2)2x2 (cx4+bx2 +a)

(abB(30a2c2—10ab2c+b4)—3A(—20a3c3+30a21)2¢2—10ab4c+b6))arctanh[Z”‘Z—H’J

N J-4ac+b* )  (34b—aB)In(x)
2a4(—4ac+b2)5 Z a*

4 (3Ab—aB)ln(cx4+bx2 +a)

44*

Result (type ?, 2723 leaves): Display of huge result suppressed!

Problem 40: Result more than twice size of optimal antiderivative.
J O (B2 +4)
(cx4 + by’ +a)3

dx

Optimal (type 3, 415 leaves, 6 steps):



(-124bc+20aBc+b*B)x X (4b—2aB— (-24c+bB)X*) (54> —12abB+4adc— (-124bc+20aBc+b*B) )

80(—4ac+bzﬁ 4(—4ac+ba(ch+bf-+af 8(—4ac+b2V(CfW+bf-%a)
_ _ 3 2 2 _ 14
arctan[ W2 e J(b3B+3Ab2c—16abBc+12aAc2+ 36a4bP —3A4b3c+40a2 B> +18ab*Be bB]\/T
/ 2
N \/b ‘4(10+b2 -4ac+b
Mc3ﬁ(-4ac+b%2/b—v-4ac+b2
3 2 _ 2 4
aretan x2 e [b33+3Ab20_16abBc+12aA62+36aAbc2+3Abc 40a°Bc* —18ab Bc+bBJﬁ
2
" \/b+\/—4ac+b2 V-4ac+b
1663 72 (<dac+2) 2 b+ Fact b
Result (type ?, 9167 leaves): Display of huge result suppressed!
Problem 53: Unable to integrate problem.
J\/fx (ex2 +a’)\/cx4+bx2 +a dx
Optimal (type 6, 245 leaves, 6 steps):
ZdUMSAAWWWY-%f%y—%,%,— 222 , - 247 ¢ ]Jcﬁ+bf+w
b—+ -4ac+b b+ -4ac+b
3](.\/1_+ 2x%¢ |+ 232 ¢
b— -4ac+b b+ -4ac+b
e (fx)7 /% AppellF1 %,—%,—%,14—1,- 2 - 20 cxt +b +a
N b—y-4ac+b* b+ -dac+b?
7f3/1+ 2x%¢ 1+ 2x%¢
b—+ -dac+b? b+ -4ac+b
Result (type 8, 144 leaves):
_ 2 _ _
(J_Zx( l4aced +5b%ex’ —11bcdx* +3abe 22adc)(k fJ(cf‘+bx2+a)fx
222 (7cex2+2be+llcd)\/cx4+bx2+af+ 770\/(cx4+bx2+a)fx
77 cy fx Vix Jext +bx% +a

Problem 54: Unable to integrate problem.

(ex2 +4d) \/cx4+bx2 +a
32 dx
(/x)
Optimal (type 6, 245 leaves, 6 steps):



26(fﬂ3/zﬂwdﬁY %,—%,—%,%g— 247 ¢ , = 247 c ch4+bf-%a
b—+ -4ac+b> b+ -4ac+b
3f3/1+ 2% ¢ 14 2:%¢
b— -4ac+b? b+ -4ac+b?
2 d AppellF1 —%,—%,—%,%,— 242 ¢ , - 247 ch4%u2+a
_ b—+-dac+b* b+ -dac+b*
f\/f_x/l+ 2)620 1+ 2)(26‘
b—+ -4ac+b? b+\/—4ac+b2

Result (type 8, 119 leaves):

dx \/(cx4+bx2 +a)fx

[J2x(bex2+l4cdx2 +2ae+7bd)

2 ex +bx2 +a (—ex2+7d) n 7\/(cx4+bx2+a)fx
TR fV??:/cx4+-bx24-a

Problem 55: Unable to integrate problem.

J(fx)3 £ (e +d) (ex +b52 +a) 7 dx

Optimal (type 6, 247 leaves, 6 steps)
Zad(fx)s/zAppellFl Z,-%,—%,%,- 222 , - 247 ¢ \/cx4+bx2+a
b— -4ac+ b b+ -4ac+ b
Sf/l—l— 2% ¢ 1+ 2+ ¢
b—+ -4ac+b b+ -4ac+b
2ae(fx)9/2AppellF] %,—%,—%,14—3,— 247 ¢ , - 222 Jexr +bx% +a
N b—y-4ac+b®> b+ -4ac+b?
9f3 1+ 2¥%¢ 1+ 2% ¢
b—-dac+b* b+ -4ac+b?

Result (type 8, 348 leaves):

S (2 (3315 ex * + 4485 5.3 ex® + 4095 * dx + 6375 a P ex* + 18052 P ext + 5985 b3 dx* + 1200 ab P ex? +9555a S d® — 2205 cex
69615 &\ fx

+420b2c2dx2+2448a2ec2—2004ab2ce+3696abdc2+308b4e—588b3cd)\/cx4+bx2+axfz) + 1 [U
V.fx Jexdtr+ b2 +a



1

- (4 (3336 a*b P ex’ —5460a> A dx> —1778a b’ cex? +3297ab> P dx* +231b° ex> — 441 b* cdx® +6124° P e
69615 c3\/ (cx4 +bx? —|—a)fx

—501a?bPce+924a*b*d+TTabe—147ab>cd)) dx)fz\/(cx4+bx2 +a)fx)

Problem 56: Unable to integrate problem.

J v fx (ex2 +d)
(cx4 +b2 +a)3 z
Optimal (type 6, 251 leaves, 6 steps):

2d (fx)* /2 AppellF1 %, % % <.- 26c 2% ] 1+ 22¢ 1+ 25
b—-4ac+b* b+ -4ac+b* b—+ -4ac+b* b4+ -4ac+ b
3@Ncﬁ+bf+a
3011 2:%¢ 2% ¢

26(]%)7/3AppeUFY

v/]+ 2x% ¢ 1+ 2x%¢
b—+ -4ac+b? b+\/—4ac+b2

224 b—+ -dac+b? b+ -4ac+b?
'qucf+bf+a

J V7 (e +d)
(

cx4—+-bxz—1—oz)3/2

+

Result (type 8, 29 leaves):

Problem 57: Result more than twice size of optimal antiderivative.
J-(fx)m(exz +d) (ex* + b2 +a)’ dr

Optimal (type 3, 243 leaves, 2 steps):

ad(fx)ttm N a® (ae+3bd) (fx)>t" L 3a (abe+ade+b2d) (fx)°T"  (3d’ce+3ab’e+6abed+b3d) (fx)’ ™"

f(1+m) £ (3 +m) £ (5+m) " (7 +m)
N (6abce+3ald+be+3b%cd) (fx)°+" N 3c(ace+b?e+bed) (fx)ttm L A (3be+ed) (fx)B3+m N Se(fx)ybtm
(9 +m) AL (11 4+ m) (13 +m) (15 +m)
Result (type 3, 1934 leaves):

1
(1+m) 3+m) (5+m) (7+m) (9+m) (11 +m) (13 +m) (15 +m)

+ 153 b em® x!? + 51 A dmb 12 + 10045 Aemt x4 +3 actem’ x!0 +3 b cem’ x!0 +3 b dm x0 + 3135 b 2 em® x!? + 1045 A dmd x1?
+57379 em x1* +159aF em®x10 + 15902 cem®x10 + 1596 A dm®x10 +33165b Z em* x!12 + 11055 2 dm* x'12 + 177331 S em?*x!* + 6abcem’ 8
+3aldm’ B +3375af e X0+ em’ B +3b2cdm’ ¥ +3375b% cem® x10 +3375b A dnm’ X1 + 193017 b 2 em> x!2 + 64339 A d m® x12

U(émﬂf4+@é%m%“+3b3mﬂf2+édﬁ%u+9ﬁ9@m%”




4264207 G emx'* +330abcem®x® +165adm®x® +36795aF em* X1 + 553 em®x® +1656% cdm®x® + 36795 b* cem* x'0 +36795b 2 d m* x10

+ 604827 b 2 em® x'2 + 201609 A dm? x'2 + 135135 e x!* + 3% cem’x® +3ab*em’ X +6abcedm’x° +7278 abcem’ x® +3639ac*dm’ 18
+219417a P em® X0 + 03 dm’ X0 + 1213 b3 em® x® + 36392 cdm® x® + 219417 1% cem® x10 + 219417 b Z d m® x10 4+ 909765 b ? em x'? + 303255 3 d mx'?
+ 1712 cem®x® +171ab?em®x° +342abcdm®x® +82338abcem*x® +41169a 2 dm*x® + 700461 a ? em?® x'0 + 576 dmOx° + 13723 b3 em™ x®

+ 41169 b2 cd m* x® + 700461 b2 cem? x10 4700461 b ? d m? x'0 + 467775 b P ex'? +155925 3 dx'? + 32 bem’ x* +3a> cdm’ x* +3927d> cem’ x°
+3ab?dm’x* +3927ab’em® x® +7854abcdm’ x° + 507282 abcem® x® +253641 a P dm’ x® 41067445 a Z emx'0 4+ 1309 b3 d m> x° + 84547 b3 em® 8
+ 253641 b% cdm’ x® 4+ 1067445 b*> cemx'® + 10674455 A dmx'® +177 > bem®x* + 177 a> cd m® x* + 46431 a* cem® x® + 177 a b* d m® x*

+ 46431 ab? em*x® +92862abcdm*x° +1662558 abcem®x® + 831279 a 2 dm? x® + 552825 a & ex'? + 15477 b3 d m* X0 + 277093 b* em? x®

+ 831279 6% cdm® x® + 552825 b% cex'® + 5528256 P dx'0 + P em’ 2 +3a% bdm’ P +4239a> bem® x* + 4239 a® cdm® x* + 299145 a* cem® x°

+ 4239 ab*dm’ x* 4299145 a b* em’ x° 4598290 a b cd m® x° + 2582010 a b cemx® 4+ 1291005 a  dmx® + 99715 b3 d m® x0 4 430335 b> em x®

+ 1291005 6> cdmx® + 61 a® em® x* + 183 a®> bd m® x* + 52725 a®> bem* x* + 52725 > cd m* x* + 1020033 a? cem? x® + 52725 a b* d m* x*

+ 1020033 a b2 em? x° + 2040066 a b cd m* X8 + 1351350 a b cex® + 675675 a Z dx® + 340011 b3 d m? x° + 225225 b3 ex® + 675675 b% cdx® + a> dm’
+1525 a3 em® X2 + 4575 a> bdm’ x> 4360537 a* bem’ x* 4 360537 a* cd m’ x* + 1632285 a*> cemx® + 360537 a b*> d m> x* + 1632285 a b* em x°

+ 3264570 a b cdmx® + 544095 b3 dmx° + 63 a® dm® + 20065 & em* x> + 60195 a®> bd m* x> + 1311363 a®> bem® x* + 1311363 a® cd m* x* + 868725 a® cex®
+ 1311363 a B> d m* x* + 868725 a b? ex® + 1737450 a b cd x® + 289575 b dx° + 1645 a> dm® + 147859 & em’ x> + 443577 a® bd m® X* + 2215701 a®> b em x*
+ 2215701 a®> cd mx* + 2215701 a b> dmx* + 22995 &> d m* + 594439 &> em? x> + 1783317 a* bd m* X + 1216215 a®> b ex* 4+ 1216215 a*> cd x*

+ 1216215 a b dx* + 185059 &> d m® + 1140855 a® em x> + 3422565 a> bd mx* + 852957 a> d m? + 675675 a° ex® + 2027025 a> bd x> + 207121543 dm
+2027025da’) (fx)™)

Problem 58: Result more than twice size of optimal antiderivative.
2
J(fx)’"(ex2 +d) (ex* +b22 +a) dx

Optimal (type 3, 155 leaves, 2 steps):
ad (fx)tm L alae+2bd) (fx)3tm 4 (2abe+2adc+b*d) (fx)> N (2ace+b*e+2bcd) (fx)7 M L c(2be+ted) (fx)?tm
f(1+m) A3 +m) (5 +m) (7 +m) (9 +m)
CZe(fx)ll+m
+—
AL (11 +m)
Result (type 3, 782 leaves):

1
(11 +m) (94+m) (7T+m) (5+m) (3+m) (1 +m)

+950 P em®x'0 +2acem® ® + 2 em’x0 +2bcdm® X0 +524bcem® B +262 2 dm* ¥ +1689 P emx'® +58acem*x® +29b% em*x0 +58bcdm*x°
+2244bcem®x® +11222dm* B +945 2 ex!® +2abem’ X +2acdm®x* +604acem® XS +b*dm’ x* +3026%em®x° +604bcdm’x® +4082bcemx®
+2041 Fdmx® +62abem*x* + 62acdm®x* +2732acem® xS +31 B2 dm* x* + 1366 B2 em® X8 +2732bcdm?x® +2310bcex® + 11552 dx® + a? em? ¥
+2abdm’ x> +700abem’x* +700acdm’x* +5154acemx® +350 b2 dm’x* +2577 6% emx® +5154bcdmx® +33 a2 em* x> +66abdm* >
+3460abem® x* + 3460 acdm®x* +2970acex® + 1730 B2 dm? x* + 1485 6% ex® +2970 b cdxS + a® dm’® + 406 a* e’ + 812abdm’ °

(x (02 em X0 +252 em* X0 +2bcem B+ Fdm’ B +230 2 em’ X1 +54bcem® B + 272 dm* B



+6978abemx* +6978 acdmx* +3489 b2 dmx* +35a>dm* +2262 % em* > + 4524 abdm** + 4158 abex* + 4158 acdx* + 2079 b? dx*
+470a>dm® 4+ 5353 a2 emx® +10706 abdmx® +3010a> dm? + 3465 a* x> e + 6930abdx®> +9129a*> dm +10395d a*) (fx)™)

Problem 59: Unable to integrate problem.
J(fx)’"(ex2 +d) (ex* + b2 +a)3 /zdx

Optimal (type 6, 275 leaves, 6 steps):

ad(ﬂﬂ+mmmdﬁY %—%%3—%,~%,%-F%3— 247 ¢ , - 247 ]Jmﬁ+bﬁ+ﬂ
b—-4ac+b> b4 -4ac+b®
f(l+m) [ 1+ 2 ¢ 1+ 2 c
b—+-dac+b* b+ -dac+b*
ae(fx)3+mAppellF1 %—i—%,—%,—%,%—l—%,— 242 ¢ , - 222 ¢ Jexr +bxr +a
N b—+ -4ac+b> b+ -4ac+b®
f(3+m)/1+ 2xc 1+ 2 c

b— -4ac+b? b+ -4ac+b*

Result (type 8, 29 leaves):
J(fx)m(exz +d) (e +b2 +a) 2 dr

Problem 60: Unable to integrate problem.

J ()" (e +d)
(cx4 +b:x2 -i-a)3 /2

Optimal (type 6, 279 leaves, 6 steps):

m 2:%¢ ~ 2:%¢ y/1+ 2x%¢ 1+ 2:%¢
b— -4ac+b* b+\/—4ac+b2

e
b—+ -4ac+b? b+ -4ac+ b

anr+m)dcﬁ-%bf-+a

d (fx)' 7" AppellF1

e (fx)3 ™ AppellF1 %-}-% % %% +%, - 24c , - 22 1+ 22 1+ 24c
b—+-dac+b* b+ -d4ac+b* b—-dac+b* b+ -dac+b*

+
aﬁ(3+m)vm3+bf+a

Result (type 8, 29 leaves):

J ()" (e +d)
(cx4 +b:x2 -i-a)3 /2



Problem 72: Result more than twice size of optimal antiderivative.

x2
J(—x2+1)\/x4—1

dx

Optimal (type 4, 45 leaves, 4 steps):

x (@ +1)  EllipticE(x, 1) y -2 +1 & +1

2 =1 NE
Result (type 4, 133 leaves):
1/ +1 - +1 EllipticF (Ix, ) N L+ +x+1 N 1J2 +1 -2 +1 (EllipticF(Ix, 1) — EllipticE(Ix, 1))
2Jx =1 4 (x—1) (P +2+x+1) 2Jx =1

X=X +x—1
4 (x+1) (P=F+x—1)

+

Problem 79: Result more than twice size of optimal antiderivative.
X dx
(ex2 +d) (cx4 +b2 +a)

Optimal (type 3, 216 leaves, 7 steps):

(be+cd)x2 n X n d41n(ex2+d) _ (azce—abze—Zabcd+b3d)1n(cx4+bx2—l—a)
22 4ce 263(aez—bde+cd2) 463(ae2—bde+cd2)

2ex +b

N -4ac+b?

(3a?bce+2d*Pd—ab’e—4ab’cd +b*d) arctanh[

27 (aez—bde+cd2)\/ -dac+b?

Result (type 3, 537 leaves):
K 2b 2d ln(cx4+bx2+a)aze " 1n(cx4+bx2+a)abze 1n(cx4+bx2+a)abd ln(cx4+bx2+a)b3d

dce 22¢ 208 4(af—bdeted)E  4(ad—bdeted)E  2(ad —bdetcd) P 4(ad —bdeted)d

2sz——i_b]atzbe arctan[mz—H ad 2arctan(zcxz—+b]ab2d
Jdac—b? n Jdac—b? B Jdac—b?
2(aez—bde+cd2)c2\/4ac—b2 (aez—bde+cd2)c\/4ac—b2 (aez—bde+cd2)62\/4ac—b2
20 +b j 3 [ 2ex +b
——— | bae arctan| —————
B Jdac—b? N Jdac—b? (e +d)
3 2

2(a¥-—bde+cf)gd4ac—b2 2(a3-—bde+cf)gq4ac—b2 2e Wez—bde+cd)

3 arctan [

_|_

arctan [ p*d

Problem 81: Result more than twice size of optimal antiderivative.



1
ij(ex2+d) (cx4+bx2+a) &
Optimal (type 3, 254 leaves, 7 steps):
1 ae+bd (b2d2+abde—a(-ae2+cd2))ln(x) _ e41n(ex2+d) . (Zabce—aczd—b3e+bzcd)1n(cx4+bx2+a)
dadx* 2d*d* P ad 2d (a? —bde+cd*) 4a® (a —bde+cd*)

(—Zazec2 +4ab2ce—3abdc2—b4e+b3cd)arctanh{

243 (aez—bde—l-cdz)\/ ~4ac+b?

Result (type 3, 583 leaves):

2¢x +b ]
J-dac+b?

_|_

arctan (

2ex +b Jecz
_ cln(cx4+bx2+a)be czln(cx4+bx2 +a)d I 1n(cx4+bx2+a)b3e _ cln(cx4+bx2+a)b2d m
2d* (a@ —bdet+ed) 4’ (ad —bde+ed) 4d’(aé —bdetcd’) 4a*(aé —bdeted) (42 —pde+ed) [Aac—1F
2arctan[—2cx2+b Jbzce —2cx2+b bdc? arctan[—zcxz+b Jb“e
. Nrvrera . Nrvrera N Nrvrera
P (ad —bde+cd)Jaac—1  2d%(ad—bde+cd)Joac—b 24 (ad —bde+cd)J4ac— b

3 arctan [

arctan[ 2cx2—+b J b ed
Jdac—b? S Y Y SN | (€3) & L In(x)be In(x)c | In(x) » A (e +d)

4 2 x2 2x2 3 2 2 2 3 3 82_ 2
2a3(aez—bde+cd2) /4ac—b2 dadx 2d°a 2da d’a da da da 2d (a bde+cd)

Problem 82: Result more than twice size of optimal antiderivative.

[ 1

x* (ex2 +d) (cx4 + b +a)

Optimal (type 3, 303 leaves, 6 steps):

v v _ 13 2

e7/zarctan[ xye j arctan X2 e J\/c [bcd—bze—}-ace—}- 3abce—2acld—be+bcd 3
3

1 ae+bd Jd \/b—\/—4ac+b2 J-dac+b

3ad?  APdlx d P (ad—bde+cd Zact i’
a a“dx (a etcd) 2a2(ae2—bde+cd2)\/b— ~dac+b?

- 3, _ 32
arctan N2 e \/?[bcd—bze—i—ace—i— 3abce+2ald+be—b cd}\/?
\/b+\/ -4ac+b? J-4ac+b?

24d? (aez—bde+cd2)\/b + -d4ac+b?

Result (type 3, 1159 leaves):

+




exy2

cz\/T arctanh e ¢/2 arctanh cxy2 ]bze
\/(—b—i- —4ac+b2)c I \/(—b—i- —4ac+b2)c
2(aez—bde+cd2)a\/(—b+ —4ac—|—b2)c 2(aez—bde+cd2)a2\/(—b+ —4ac+b2)c
czﬁarctanh cxy2 bd 352\/Tarctanh[ cxy2 ]be
\/(‘b+ —4ac+b2)c \/(—b-i- —4ac+b2)c

2(aé —bde+ed) @ (-b+VAactt ) e 2(al—bde+ed)afdact i (-b+ dacti)ec
NG arctanh[ cxy2 ]d ¢/Z arctanh cxy2 ]b%
\/(—b+ -4ac+b2>c N \/(—b+ -4ac+b2)c
(0@ —bde+cd)aydact 2 (-b+Vdactt)c  2(ad—bdet+cd)ddact i (-b+Jdactb)ec
czﬁarctanh{ cxy2 ) J/ﬁd czﬁarctan[ cxy2 ) Je
c c

/(—b+ ~4ac+b? /(b+ ~4ac+b?

+

+
2(aez—bde+cd2)azwl —4ac+b2\/(—b+ —4ac—|—b2)c 2(aez—bde+cd2)a\/(b+ —4ac—|—b2)c

¢[2 arctan cxy2 be e J2 arctan cxy2

bd
_ \/(b—i- —4ac+b2)c I \/<b+ —4ac+b2)c]
2 (aez—bde+cd2)a2\/<b + -dac+b? ) c 2 (aez—bde+cd2)a2\/(b + -d4ac+b? )c
352\/7arctan[ cxy2 ]be c3\/7arctan[ cxy2 ]d
\/(b+ —4ac+b2)c \/(b+ -4ac+b2)c
— +
Z(aez—bde+cd2)a\/ —4ac+b2\/<b+ —4ac+b2)c (aez—bde+cd2)a\/ —4ac+b2\/(b+ —4ac+b2)c
2 arctan[ cx\2 e cz\/T arctan cx\2 b’ d
)C )c

/(b+ ~4ac+ b /(b+ ~4ac+b

1

_|_ — —
3adx’
2(aez—bde+cd2)azwl—4ac+b2\/(b—i- —4ac—|—b2)c 2(aez—bde+cd2)a2\/—4ac+b2\/<b+ —4ac+b2>c ¢
el
e’ arctan
e b I de

adx  dd*x P (ad —bde+cd®)Jde

Problem 83: Result more than twice size of optimal antiderivative.



stxlcx4+bx2+a dr

ex* +d
Optimal (type 3, 184 leaves, 7 steps):

(862d2—b262—4ce(—ae+bd))arctanh[ 2c +b ) darctanh{ bd—2ae+ (-het2cd) ]\/aez—bde+cd2
2J?Jmﬁ+bf+a . 2Ja8—bde+aﬁ¢cf+bf+a
163 /28 233
_ (-ZCexz—be+4cd)\/cx4+bx2+a
8 cé
Result (type 3, 886 leaves):
§-+cx2 §-+cx2
In +Vextr +bx2 +a |a In +Vex +b2 +a | b?
\/cx4+bx2+ax2 _I_\/cx4+bx2+ab n Je _ Je
4e 8ec 4eyc 16 /2
L2 (be=2¢cd) (x2+i) 2 et ed?
d (x2+—) c+ <L+ 4 e
e e &
2
w—kc(xz—i-i) g2 (be=2ed) (x2+1) 2 bdeted
dIn < S (x2+—) ¢+ <L+ 4 eI b
- e e &
4 \c
#1n < £ (x2+—j ¢+ S el e
N Je e e &
26
) (be—2cd) (x2+1)
1 1 2(aé® —bde+cd?) e
+ dn p 2 +
e2/ a* —bde+cd 2+ = ¢
2 2 e

a
v, [ad—bdetcd 2,4V (be—2cd) (x2+?) L ad—bde+cd
& ( e ) e &




(be—2cd) (x2+§j

_ 1 2n 1 2(aé —bde+cd?) +
2eg/aez—bde—l-cdz x2+£ ¢ ¢
62 e
d
v, [ad—bdetcd EPRATN (be—2cd) (x2+?) L al—bde+cd ||,
& ( e) e &

| (be—2cd) (x2+§J

n An 1 2(a® —bde+cd®) n
24/aez—bde+cd2 xz-l-i ¢ ¢
e ez e
d
+2/ ad —bde+cd (x2+g)20+ (be—2cd) (XZ+EJ L al—bde+cd
& e e &

Problem 92: Result more than twice size of optimal antiderivative.

X
dx
J (ex2 +d) (cx4 +b22 +a)3 z

Optimal (type 3, 156 leaves, 5 steps):

dzarctanh[ bd—2ae+ (-be+2cd) ¥
2Ja —bde+cd* Jex* +b2 +a N -a(-2ae+bd) — (-abe—2adc+b*d)
3 /2
2(ae2—bde+cd2) / (—4ac+b2) (aez—bde+cd2)\/cx4+bx2+a

Result (type 3, 612 leaves):
b 2a 2dxc db

eJexr +bx +a (4ac—b2) eJexr +bx +a (4ac—b2) elecx4+bx2 +a (4ac—b2) B AJexr +bx% +a (4ac—b2)

_ _ 2
Zdzc/[xz_ b+ -4ac+b
_ 2c

& (—4ac+b2) (e ~4ac+b? —be+20d>

-+ -dac+b?
2¢

x2+i_\/—4ac+b2 ]

2¢ 2¢

e+ -4ac+b* (xz—




2

[ _ 2 _ 2
2d20\/(x2+b+ dac+b c—/-4ac+b2 (x2+b+ dac+b
+

2¢ 2c¢
/| _ 2
ez(—4ac+b2) (e ~dac+b? +b€—20d) )cz-l—i -I—MJ
2c¢ 2¢
2y (be—2cd) (x2+i) > , (be—2cd) (x2+i) )
2(ae2—bde+cd) e ad —bde+cd d e ad —bde+cd
2 + +2 2 CH+=| e+ + 2
e e e

+ | 2d%chn p

‘4=

e

Z—bde+cd j
—ch) a
/=%
Problem 93: Result more than twice size of optimal antiderivative.

X

dx

J(ex2+d) (cx4+bx2 +a)3 z
Optimal (type 3, 154 leaves, 5 steps):
ezarctanh[ bd—2ae+(—be+20d)x2
2\/aez—bde+cd2 \/cx4+bx2+a I —bcd—i—bze—Zace—c(—be+20d)x2
3/2
2(ae2—bde+cd2) (—4ac+b2) (aez—bde+cd2)\/cx4+bx2+a

Result (type 3, 453 leaves):

2
- _ 2 _ _ 2
20/[)(2_ b + 24ac-|—b Jc+ Aac b2 [xz— b + 24ac—l—b
c c

-b 4+ -4ac+b®
2c¢

(—4ac+b2) (e ~4ac+b? —be+20d) [xz—

_ 2
2c/(x2+b+ ézlac—i-b
n c

(—4ac+b2) (e ~4ac+b +be—20d) [

2

c—+/ -dac+ b?

2¢

_ 2
x2+b+ 4ac+b J

_ 2
x2+b+ dac+b
2¢

d
(be=2cd) (x2+;) _|_aez—bafe+caf2
e &

d
2(ae2—l;2de+cd2) + (be_ZCd: [x2+g) +2/ aez—b;’e+cd2 (x2+d)zc+

+ | 2celn
2+ 4
e



/aez—ba’e+ca’2 J
&

Problem 94: Result more than twice size of optimal antiderivative.
1
J 4 32 dx
X (ex2 +d) (cx + b2 +a)

Optimal (type 3, 379 leaves, 15 steps):

3barctanh[ b’ +2a J earctanh[ b’ +2a e4arctanh( bd—2ae+ (—be+2cd)x2

2\/7w/cx4+bx2+a n 2\/7\/cx4+bx2+a i 2\/ae2—ba’e—|-ca’2 \/cx4+bx2+a
4a°2d 242 & 2 (aé —bde+cd)
e(cxzb—Zac+b2) cx*b—2ac+b? ez(bcd—bze+2ace+c(-be+20d)x2)

+

a(—4ac+b2)d2\/cx4+bx2+a a(—4ac+b2)dx2\/cx4+bx2+a (—4ac+b2)d2(aez—bde—l-cdz)\/cx“—i—bxz—i-a
_ (—8ac+3b2)\/cx4+bx2 +a

24% (-4ac+b2)a’x2
Result (type 3, 862 leaves):

2 3
i 1 3 3b N 3b°cx’ N 3b
2dax*Jex* +bX2 +a 4da*ex* +bx% +a 2dd®ex* +bx* +a (4ac—b2) 4da*Jex* +b% +a (4ac—b2)
2a+bx2+2\/7\/cx4+bx2+a
3bIn
N s B 425 B 2¢h
5/2
4da / dayJex* +bX% +a (4ac—b2) daJex* +bX2 +a (4ac—b2)
2
_ _ 2 _ _ 2
2620/[)62— b+ 4ac+b c+ —4ac+b2 [xz_ b+ 4ac+b
_ 2c¢ 2c
/[ _ 2
dz(—4ac+b2) (e -dac+b? —be+2cd) x2+2i—‘k‘2—c+b)
c c

_ 2
2620/[x2+b+ ;lac-i-b
C

2
_ 2
c—\/—4ac—l-b2 [x2+b+ dac+b

2¢

— 2
X2+L+—v4a0+b]

2¢ 2¢

+

d (-4ac+b2) (e -dac+b? +be—26d>



d
(be—2cd) (XZ+Z) aé —bde+cd

be—2cd) 2+ 2
2 (ad —bde+cd) +( e )( +e) +2/ae2—bde+cd2 (x2+g)2c+ N
+|2&¢ch ¢ ‘ ¢ ‘ c ¢
x2+g

¢ j 2daJcext +bP +a
ln[ 2a +bx2 +2\/?\/cx4+bx2 +a J
x2

+ a3 W)

_ch)/ aé® —bde+cd _ e 4 ebx’c 4
daex* +bx* +a (4ac—b2) 2daJ et +bP +a (4ac—b2)

Problem 97: Result is not expressed in closed-form.
\/ex2 +d
dx
cx +bx2 +a

7 steps):

Optimal (type 3, 355 leaves,
(ex2+d)5/2 ac+b2 Jex? +d

(beted) (e +d)’ N N
32 5cé P
2 _ 2 4 43
2afec —4abPce+3abd +be—b cd]ﬁ

arctanh 2 Ve el +d [bzcd—aczd—b3e+2abce+
B \/20d—e<b—\/—4ac+b2) J-dac+b?
27 2 2cd—e(b—JAact?)

2dted +4ab2ce—3abdc2—b4e+b3cd]\/7

arctanh V2 e Jex +d [bzcd—aczd—b3e+2abce+
2
/2cd—e(b+ dac+d) V-4ac+b
207/2\/2cd—e(b+ —4ac+b2)
Result (type 7, 495 leaves):
xz(ex2 +a’)3 /2 _ 2d(ex2 —i-d)3 /2 _ b(ex2+a7)3 /2 \/_xa \/?xb2 _ \/ex2 +d a 4 \/ex2 +d b? _ da
3 3
15¢é 3le 27 2¢ 27 2¢ 22 (Jed+d —Jex)
(((—2abce+aczd

S5ce

db? 1 (
R=RootOf (¢ B+@4be—4cd) 20+(16a2-8bde+6cd2) ZA+(4bd2e—4cd3) 22 +cd?)

+ —_
3
203(\/ex2 +d —\/?x) 4c _R= c_
(-4d?c +4ab*P +2abcde—3ald* —3b3de+3bcd*) R*+d(4a*cé —4ab’>P —2abcde+3ald® +3b3de

+ble—blcd) RO+ (-44°
—3bzcd2) R2+2abcd3e—aczd4—b3d3e+bzcd4)ln(\/ex2 +d —\/?x—_R))/(_R7c+3_R5be—3_Rscd+8_R3ae2 4 Rbde




+3 Bed+ Rbde— Red))

Problem 98: Result is not expressed in closed-form.

Fet

exr+bx% +a
Optimal (type 3, 200 leaves, 11 steps):

w2cd—e(b—JHac+ i) Jrcd—c(b—Jaacti?)
Jed+db—[Hacti®
[aacr P Jb—2acti
x/2cd—e(b+ dact5)
JeZvd b+ Hacty
Jaacim b+ dact i’

Result (type 7, 160 leaves):
1 63/2
2 [

_R=RootOf(¢c Z2+@be—4cd) P+(16a2—8bde+6cd2) Z+(4bd2e—4cd3) Z+cdb)

(_R2+2_Rd+d2)ln((\/ex2+d —J?x)z—_R) ]]

Rc+3 R*be—3 RPcd+8 Raé®> —4 Rbde+3 Rcd* +bd?e—cd

arctan

arctan /20d—e<b—k —4ac+b2>

Problem 99: Result is not expressed in closed-form.

Jexr +d
X (cx4+bx2 +a)

Optimal (type 3, 249 leaves, 8 steps):
¢ arctan x/ch—e(b—J-4ac+b2>
_Vm2+d _ Jef4wi/b—v—4ac+b2

2ae+bd x/2cd—e(b+ -4ac+b2> d+ 2ae—bd

VAaet P JZrdoJdacir VAaet P

d+

carctan

“ a/ch—e(b-—J—4ac+b2) /b-—d—4ac+b2 a/b-kd—4ac+b2 /20d—e(b-k —4ac+b2>

Result (type 7, 271 leaves):



_(ex2+d)3/2 +ex,/ex2+d +\/?1n(\/?x:-\/ex2+d) +L[F[

adx ad 2a

_R=RootOf(¢c Z2+@be—4cd) P+(16a—8bde+6cd2) Z+(4bd2e—4cd3) Z+cdb)

(RPcd+2(-2aé +2bde—cd*) R +cd3)1n( (\/ex2 +d —J?x)z—_R)

RPc+3 R*be—3 RPcd+8 Raé*> —4 Rbde+3 Rced*+bd?e—cd

] I \/?ln(\/exz—l-d —\/?x)

Problem 100: Result is not expressed in closed-form.

J (e +d)* "

dx
x(ex* +bx% +a)

Optimal (type 3, 292 leaves, 8 steps):

d3/2arctanh[—\'exz+d arctanh V2 e Jex +d (-b(aez+ca’2)+ae2\/—4ac+b2 —cd(—4ae+d —4ac+b2)>ﬁ
- Jd /2cd—e<b—d—4ac+b2)

a

Za\/?\/—4ac+b2\/ZCd—e(b—\/—4ac+b2)
arctanh V2 /e ex’ +d (b(aez+cd2)+ae2\/ -dac+b? —cd(4ae+d -4ac+b2)>\/7

\/ZCd—e<b+ —4ac+b2)

2a\c -d4ac+b? \/2cd—e(b+ ~dac+b? )

Result (type 7, 387 leaves):

3 h | 2d+2 d Jer +d
7(ex2+d)3/2_d In x +3 ex2+dd+e3/2x%_e\/ex2+dx2+3\/?xd_L[
8a 4a

24 a a 8a 6a 4a

_R=RootOf(c B+@4be—4cd) 20+(16a2—8bde+6cd?) ZA+(4bd2e—4cd3) 22 +cd?)
((-al+cd?) RO+d(-5a +4bde—3cd®) R*+d* (50 —4bde+3cd’) R* +ad & —cd5)1n<\/ex2 +d —J?x—_R)
R'¢+3 Rbe—3 Rcd+8 Raé —4 Rbde+3 Rcd*+ Rbd*e— Red®
542 &

B 8a<\/ex2+d —\/?x) ) 24a(\/ex2+d —\/?x)3

Problem 101: Result is not expressed in closed-form.



J (e)c2 +cl)3 / dr

< (cx4 +b2 +a)
Optimal (type 3, 445 leaves, 19 steps):

_ 12
y (-ae+bd)arctanh[£}ﬁ arctanh[&)[bd_ae_i_ abet2adc—0b"d e
(e +d) Jer +d N Jed +d J-4ac+p*
?)CI)C‘5 a2 2612
- _ 2
arctanh[—xﬁ [bd—ae—}- abe—2adc+b7d Je
N Jex +d J-dac+p* . (caetbd) e +d
24 xa?
—ol(p— /2 5 L 5
arctan x\/ch e(b 4ac+b ) [bd—ae—i— abe—2adc+b°d \/ZCd—e(b—\/m)
/ 2
4 \/ex2+d\/b—\/—4ac+b2 “4actb

2a2\/b -4ac+b2

_ _ 2 2
arctan x\/26d e(b+ dac+b ) [bd—ae+ abe+2adc—b"d

" \/ex2+d\/b+\/—4ac+b2 J-4ac+h’
2a2/b +-dac+b?

]\/ZCd—e(b+ —4ac+b2)

Result (type 7, 510 leaves):

_(ex2+d)5/2 _2e(ex2+d)5/2 Zezx(ex2+d)3/2 ezx\/exz—i-d e3/21n(\/?x+\/ex2+d) _e3/2x2b _Se\/exz—i-dxb _\/?bd
3adx 3ad’x 3ad? ad a

+L[¢?[

24%

4 q* 442 8 a?

_R=RootOf (¢ ZA+(@4be—4cd) B+(16a2—8bde+6cd2) 2+(4bd2e—4cd3) Z+cdb)

(cd (2ae—bd) R*+2(-2d*8 +4addb—2d*eb* +bcd®) R+2acde—bed) ln((\/exz—i-d —Jex ) )
R¢+3 RPbe—3 R*cd+8 Raé® —4 Rbde+3 Red* +bd*e—cd’

+e3/21n(\/ex2+d —Jex)  3fenm(el+d —J?x)bd+ Je bd? +b(ex2+d)5/2 bex(ed+d)’
a 24 8a2(m—ﬁx)2 a*dx a*d
B 3b\/?dln(\/?x+\/ex2+d)

24%



Problem 102: Result more than twice size of optimal antiderivative.

[,
2

aﬁ-+bx2+-a)

Optimal (type 3, 240 leaves, 8 steps):

(a +2b) arctanh(V 2 +1 ) ~ 1 N 1
24> 4a(1-y251) 4al1+y2+1)
EEn \/?[a+b+b2+a(b—2c)J\/7
Jb+2e—[Hacti? V4ac+d?
22 b +2c—Aac B
JZJ e f-2+1 \/?[a+b+—b2—a(b—2c)J\/7
Jot2c+ dacts Jdac+o”

2a2/b+2c+d-4ac+b2

Result (type ?, 2769 leaves): Display of huge result suppressed!

arctanh

arctanh

Problem 103: Result is not expressed in closed-form.

S S BN
exr+bx% +a
Optimal (type 3, 225 leaves, 8 steps):

— /- 2 _ 12
arctan x/b+2c dac+b {b+c+—£ﬁi—£——éﬁ
2
_ arcsin(x) + \/-x2+l\/b—\/—4ac+b2 V-dac+b

C

c\/b—\/—4ac+b2 \/b+2c—\/—4ac+b2
x/b+2c+d—4ac+b2 2ac+b>+be
arctan
2
N JZ bt aci V-dacth
c/b-kd—4ac+b2 /b-%20+d—4ac+b2

Result (type 7, 174 leaves):

2 arctan[ —“_xz_'_l_l )

X

b+c+




4c
5 (R°a+ (4c+3a+4b) R + (4c+3a+4b) R +a)ln| Y= R _ R
X
7 s s 3 3 3
_R=RootOf(a B+ @4a+4b) O+ 6a+8b+16c) ZA+@da+4b) 722 +a) R'a+3 Ra+3 RPb+3 RPa+4 RPb+8 R°c+ Ra+ Rb

Problem 104: Result is not expressed in closed-form.

\4/-x2+1 &
et +b2 +a
Optimal (type 3, 180 leaves, 9 steps):

/ 2 / 2
x/b+20— dactb /b+2c—d—4ac+b2 arctan x/b+2c+ “dacth /b+20+d—4ac+b2
\/-x2+1\/b—\/-4ac+b2 3 \/—x2+l\/b+\/—4ac+b2

\/—4ac+b2 \/b—\/-4ac+b2 J-dac+b? \/b+\/-4ac+b2

Result (type 7, 129 leaves):

arctan

(RC— R*— RP+1)In

JA2 A+ -1 __R]

X

7 5 5 3 3 3
R=RootOf(a B+ @da+4b) B+ 6at8b+16¢) Z+da+db) 2+a) R at3 Ra+3 Rb+3 RPa+4 RPb+8 R'c+ Ra+ Rb
4

Problem 105: Result is not expressed in closed-form.

4
2 dx
J (ex*+bx> +a)Jexr +d

Optimal (type 3, 253 leaves, 10 steps):

/ 2 2
arctanh[ xJe J arctan x\/2cd—e(b— dacth ) [b+—2ac—b2j
Je +d ) JeZrd Jb—aact i V-dactbh
e cJrcd—e(b—JAacttr) Jb—Jdact o’




x/ch—e(b+ —4ac+b2> 2ac+b?

JeZrd |+ aact i VAacts
c\/b + -d4ac+b* \/2cd—e(b+ -dac+b? )

Result (type 7, 199 leaves):

in(yTx +/er 7d) +L[ﬁ[

arctan

b+

C\/? 2c¢

_R=RootOf (¢ ZA+(@4be—4cd) B+(16a2—8bde+6cd2) 2+(4bd2e—4cd3) Z+cdb)

(b_R2+2(2ae—bd)_R+bd2)ln((w/ex2+d —J?x)z—_R) ]

RPc+3 R*be—3 RPcd+8 Rad®> —4 Rbde+3 Rcd*+bd*e—cd

Problem 106: Result is not expressed in closed-form.

1
dx
J (cx4+bx2 +a)\/ex2 +d

Optimal (type 3, 203 leaves, 5 steps):

x/ch—e(b—J-4ac+b2) 2 carctan x/ch—e(b+v—4ac+b2)
Jef%wi/b—d-4ac+b2 Jef%wi/b+d-4ac+b2

2 carctan

J—4ac+b2/2cd—e(b—xr4ac+iﬁ)~/b—\k4ac+b2 J—4ac+b2/b-kd—4ac+b2~/2cd—e(b+ —4ac+b2>

Result (type 7, 150 leaves):

DA

_R=RootOf(¢c Z*+@be—4cd) P+(16a2-8bde+6cd?) Z2+(4bd2e—4cd3) Z+cdb)

;Rm((qef-+d-—J?R)2—_R)

RPc+3 R’be—3 R°cd+8 Raé®> —4 Rbde+3 Red> +bd?e—cd

Problem 107: Result is not expressed in closed-form.



1
dx
Jx4 (cx4+bx2 +a)\/ex2 +d

Optimal (type 3, 292 leaves, 11 steps):

carctan x\/ch—e<b—\/ —4ac+b2) bt 2ac+b?
Jex +d byex* +d 2eyex: +d \/ex2+d\/b—\/ ~4ac+b V-dac+b?
- + + +
2 2
dade “dx Jadx a2\/2cd—e(b—\/ —4ac+b2) \/b—\/ ~dac+b?
2 2
carctan x\/ZCd—e(b+ -4ac+b ) bt 2ac—b
\/ex2+d\/b+\/ -4ac+b? V-4ac+b2

az\/b + -dac+b? \/2cd—e(b+ -dac+b? )

Result (type 7, 247 leaves):

Jexr +d +2e\/ex2+d 1 [\/?[

3adx 3ad®x 24%

_R=RootOf(¢c ZA+@4be—4cd) B+(16a2-8bde+6cd2) 2+ (4bd2e—4cd3) Z+cdb)

(c_RZb +2(—2ace+2b2e—bcd)_R+bcdz)1n((\/ex2 +d —\/?x)z—_R) J) n byexr +d

7R3c+37R2be—37chd+87Raez—47Rbde+37Rcd2+bdze—cd3 a®dx

Problem 108: Unable to integrate problem.
x3(ex2+d)q
4 3 dx
exr+bx* +a
Optimal (type 5, 198 leaves, 5 steps):
(ex2 +d)1+qhypergeom[[l,l+q],[2 +4q], 20(ex2+d) ][1—+
2cd—e(b—\/ —4ac+b2) J -4ac+b?
2(1+gq) <2Cd—€(b—\/ -4ac+b2>)
(ex2+d)1+qhyperge0m[[l,1+q],[2 +q], 2c(ex2+d) ) J(l++J

20d—e(b+ ~4ac+b? J -4ac+b?

2(1+gq) (20d—e(b+ -dac+b? ))
Result (type 8, 29 leaves):



X (ex2 +d)q
exr+bx2 +a

Problem 109: Unable to integrate problem.

Jxé (e)c2 +d)q

exr+bx% +a
Optimal (type 6, 313 leaves, 12 steps):

bx(ex2 +d)qhypergeom( l,—q],[é ,—ij xg(ex2 +d)qhypergeom( —,—q],[i ,—ij
B 2 2 d " 2 2 d
er ! ex !
52[1+ d) 3c(1+ d)
_ 2
x(ex2 +d)qupellFI %,—q,l,%,—%,— 247 ][bz—ac—w
N b— -d4ac+b’ J -4ac+b?
q
8(1+%) (b—V-4ac+o?)
_ 2
x(ex2+d)qupellF1 %,—q, ,%,—%,- 222 ][bz—ac+w
i b+ -4ac+b J -4ac+b?

cz(u%)"(ﬂm)

Result (type 8, 29 leaves):

x° (ex2 +d)q
ch4+bx2 +a &

Test results for the 30 problems in "1.2.2.5 P(x) (atb x"2+c x"4) " p.txt"

Problem 8: Result more than twice size of optimal antiderivative.

Jhx4+g)c3 +f)c2 +ex+d &
A+

Optimal (type 3, 115 leaves, 17 steps):

3 (1-2x)J3
pe_ d=fnE—x+1) | (@d=H(P+x+1) | gh(F+2+1) (+7 2h)ar°ta“( 3 }ﬁ
. 4 4 4 6
(d+f—2h)arctan[%)ﬁ (Ze—g)arctan[(zxz—i_#]\/?
+ +
6

6



Result (type 3, 240 leaves):

P (R SR ER e S e S TR

hx+d1n(x2+x+l) _1n(x2+x+1)f+ln(x2+x+l)g+ 3 3
4 4 4 6 3
(2x+1)JTJ ((2x+1)ﬁ] [ (2x+1)J?J
3 arctan| ————2 V= 3 arctan| ————2 V= 3 arctan| ————— Y= | p
N ‘/_arca“( 3 f+ V'3 arctan 3 £ V3 arctan 3 L2 —xt 1)/ din(? —x+1)
6 6 3 4 4
ﬁam[M)d gt(MJ ﬁam[m)f
In(x* —x+1)g N 3 + 3 N 3
4 6 3 6
ﬁarcm[ % ) 2 ﬁarctan[ % ) 3
B 6 - 3
Problem 9: Result more than twice size of optimal antiderivative.
ix5+hx4+gx3+fx2+ex+ddx
P

Optimal (type 3, 128 leaves, 19 steps):

3 (1—2x)y3
per P d=pin(E—xt1) | (@d=NI(P+x+1) | (g=)In(F+2 +1) (d+f Zh)ama“( 3 Jﬁ
X+ = - + + -
2 4 4 4 6
(d+f—2h)arctan[MJ\/? (Ze—g—i)arctan[(zxz—i_#)\/?
+ +
6 6

Result (type 3, 302 leaves):

damtan[ (2x+1) V3 ] e

ixt din( +x+1)  In(Z+x+1)f 3

In(+x+1)g (2 +x+1)i
S thae 2 ] + : 1 + c

J3 arctan igﬁigllz:]e J?ﬁmmn[lgﬁjéuiﬁzjf J?@mmn[izﬁifligi)g «f?ammn((2x+;)J§_Jh
3 6 6 3

/3 arctan (2x+1)J3

+ 3 )i+_mU2—x+l)g__m@g—x+1ﬁ_kmbg—x+1wt_dmoﬁ_x+1)+ 3

Ve t( (-1+2x) 3

|«

6 4 4 4 4 6

o[ EAT ), G T [ BT, £330 )

3 3 3
+ 3 + 6 6 3




\/Tarctan[ % j i

6

Problem 10: Result more than twice size of optimal antiderivative.

Jhx4+g)c3 +fx2+ex+d
exr +bP% 4a

dx

Optimal (type 3, 247 leaves, 11 steps):

23d+b*h—c(2ah+bf)

2 Je
(-bg+2ce) arctanh[mz—MJ arctan[ ][cf—bh+ = J2
ﬂ+gln(cx4+bx2+a) _ J-dac+b \/b -4ac+b2 V-dac+b
4
) ) 2ey-dacth’ 28 26— dact+ i

2 _
arctan 2 Ve (cf_bh+ 2ach—b*h+bef—23d
+ \/b-i-\/ “4ac+b’ J-dac+b?

203/2\/1) +y -4ac+p?

Result (type 3, 1131 leaves):

Jﬁ

hx (—4ac+b2)ln( e+ -dac+ b —b)g + “4ac+b® ln(-20x2 +m—b)bg

c 4(4ac—b2)c 4(4610_[72)0
(—4ac+b2)\/7arctanh[ cxy2 ]bh
-dac+b* 1n(—20x2+\/—4ac+b2 —b)e /(—b+ —4ac+b2)c
2
2(4ac—b7) 2(4ac—b2)c\/(—b+ —4ac+b2>c
(—4ac+b2)\/7arctanh[ cxy2 ]f J-4ac+b? \/Tarctanh[ cxy2 ]ah
+ \/(‘ \/-4ac+b2) \/(-b+\/—4ac+b2)c
2 (4ac—n?) ( -4ac+b2> (4ac—b2)\/(-b+ —4ac+b2)c
J-4ac+b? \/_arctanh[ 2 Jbzh J-4ac+b? \/Tarctanh[ ex 2 be
4 —4ac+b2) \/<—b+ —4ac+b2)c

4ac—b2 c - —4ac+b2) 2(4ac—b2)\/(—b+ —4ac+b2)c



J-4ac+b? cﬁarctanh[ cxy2

d
(-0+ —4ac+b2)cJ B (-dac+t®)n(2c2 +/dac+b +b) g

" 4 (4 b?)
(4ac—b2)\/(—b+ —4ac+b2)c “c ¢
_ -4ac+b? ln(2cx2+ ~4ac+b? +b) bg 4 -4ac+b? ln(2cx2+ ~4ac+b? +b>e
4(4ac—b2)c 2(4ac—b2)
(—4ac+b2)\/7arctan[ cxy2 th (—4ac+b2)\/73rctan cxy2 ]f
4 \/<b+\/-4ac+b2)c \/<b+\/-4ac+b2)c
2(4ac—b2)c\/(b+ -4ac+b2>c 2(4ac—b2)\/(b+ -4ac+b2)c

J-4ac+b’ \/Tarctan[ exy2 Jah J-4ac+b? \/Tarctan[ exy2 ]bzh
) ).

\/<b+ -4ac+b? \/(b+ -4ac+b?

+
(4ac—b2)\/<b—|— “4ac+b ) c 2 (4ac—b2)c\/<b+ “4ac+b ) c

J-dac+b? \/Tarctan[ cxy2 bf ~4ac+ b ¢[2 arctan cxy2 d
) ¢ ) c
_l_

(b+ -4ac+b? (b+ ~4ac+b?

2(4ac—b2)\/(b+ ~dac+b? ) c (4ac—b2)\/<b+ ~4ac+b? ) c

Problem 11: Result more than twice size of optimal antiderivative.
Jhx4+gx3 +fx2 +ex+d dr
2
(* =52 +4)

Optimal (type 3, 136 leaves, 10 steps):

(19d +52f+ 1124) arctanh(%)

5¢+8g— (2e+5g) +x(17d+20f+32h—(5d+8f+20h)x2) L _ (d+7f+13h) arctanh(x)
18 (x* — 52 +4) 72 (x* =52 +4) 432 54
(2e+5g)In(-2+1)  (2e+5g) In(-* +4)
54 54
Result (type 3, 301 leaves):
_191n(x—2)d_1n(x—2)e_1n(2+x)e+191n(2+x)d+1n(x—1)d+ln(x—1)e In(x+1)d In(x+1)e 7In(x+1)f

_|_

864 27 27 864 108 27 108 27 108
_ h 4 g _ f I e _ d _ BIn(x—2)f S5Shn(x—2)g TIn(x—2)h d
36 (x+1) 36 (x+1) 36 (x+1) 36 (x+1) 36 (x+1) 216 54 54 144 (x —2)
_ e B f . g B h _ d e B f " g . h 13In(2 +x) f

2 (x=2) 36(x-2) 18(x—2) 9x—2) 1402+y)  T2+n 3602+x) " B2+r 90C2+n 216



_S5ln(2+x) g i TIn(2+x)h d _ e _ f _ g _ h Tin(x—1)f , Sln(x—1) g
54 54 36 (x—1) 36 (x—1) 36 (x—1) 36 (x—1) 36 (x—1) 108 54
+1MMx—1Hz_1MMx+le+5mw+ﬂ)g
108 108 54

Problem 12: Result more than twice size of optimal antiderivative.
Jiﬁ +hxt +gxX +f°2 +ex+d

dr
(¢ +2+1)°

Optimal (type 3, 171 leaves, 16 steps):

x(d+f—2h— (d=2f+h)x?) +e—2g+i+(2e—g—i)x2 _(2d—f+h)In(*—x+1) +

(2d —f+h) In(Z +x+1)

6 (x*+27+1) 6(*+2+1) 8 3
(4d+f+h)arctan[%)ﬁ (4d+f+h)arctan(%]\/? (26—g+2i)arctan[M]\/?
- + +
36 36 9
Result (type 3, 373 leaves):
d _h _e g 2f 20\ _2d_ h_ e 2g [ 1
( 373 3 373 +3)x 3 T35 3 T3 713 +dln(x2+x+1)_ln(x2+x+1)f+1n(x2+x+1)h
4(2+x+1) 4 8 8
dam(MJﬁ zﬁt[%) ﬁmtm(w]f ﬁt[%]
" 9 - 9 * 36 * 9
Qx+1)J3 _<2x+1>ﬁ)- d_ h_e_g_2f 2y _2d_ h_e 2¢_ f_
+\/?arctan[ 3 Jh_Z\/Tarctan[ 3 1_(3—1—3 3 3 3—1—3)); 3+3 +3+3
36 9 4(2—x+1)
(-14+2x)V3 (-1+2x)ﬁ]
_din(@—x+1) | (Z-x+1)f  In(2—x+1)h +ﬁmtan[ 3 ]d+2ﬁmm( 3 ¢
4 8 8 9 9
ﬁarctan[%)f ﬁarctan(%)g ﬁarctan[%)h ZJTarctan[%)i
+ - + +

36 9 36

Problem 13: Result more than twice size of optimal antiderivative.
Jhx4+g)9 +fx2+ex+d

dx
(cx4 + by +a)2

Optimal (type 3, 393 leaves, 9 steps):

9



(-bg+2ce) arctanh[ M—H]

“bet2ag—(-bg+2ce)?  x(bPd—abf-2a(-ah+cd) +(abh—2acf+bed) ) | J-dac+p®
2(-4ac+p*) (ex +bx* +a) 2a (-4ac+b?) (cx* +b2 +a) (-dact?) 2
2 - —
aretan 2 e (bcd_zacfﬂthr 4abef+b* (-ah+cd) —4ac(ah+3cd) ]J?
+ \/b —40tc-|-b2 J-dac+b?

da(-dac+ )T b—dacto®
- 12
arctan xy/2 e [bcd—2acf+abh+ dabcf—b* (-ah+cd) +4ac(ah+3cd) ]J?
\/b-l-\/ “4ac+b® J-dac+b?

4a (—4ac+b2)\/?\/b +y -dac+b?

Result (type ?, 7597 leaves): Display of huge result suppressed!

+

Problem 14: Result more than twice size of optimal antiderivative.
me8+lx7+kx6 +jx5 +h)c4+g)c3 +fx2+ex+d

5 dx
(cx4 + by +a)

Optimal (type 3, 718 leaves, 13 steps):

mx —bc(aj+ce)+abzl+2ac( -~al+cg) (2c3e—c2 2aj+bg)—b3l+bc(3al+bj))x2
& 262(—4ac+b2) (cx +bx2+a)

x(abe (ak+cy) —p? (a2m+62d)+2ac(a2m—ach+c2d)+(ab20k+2acz(-ak+cf)—abSm—bc(-3a2m+ach+c2d))x2)

2ac (—4ac+b2) (cx4—l-bx2 +a)

(43¢~ P (-4aj+2bg) +b°1—6abel) arctanh[mz—+b
n J -4ac+b? lln(cx +bx2+a)
202(—4ac+b2)3/2 4¢

1 xV2 Ve J[abzck_zacz(3ak+cf)—3ab3m+bc(13a2m+ach+62d)

arctan
4acs/2(-4ac+b2)\/b—\/—4ac+b2 [ [\/b —4ac+b2

4 -ab3ck+4abc2(2ak+cf) +3ab*m +b20(—19a m—ach +c2d) —4ac2(—5a2m +ach +3C2d) j\/?
J-dac+b?
+ I [arctan{ 12 e J[abzck—2a3(3ak+cf) —3ab3m+bc(13a2m+ach +c2d)
4ad /2 (-dac+0) b+ dac T 5 Jo+Vaacre?

J-4ac+b?

ablck—4ab? (2ak+cf) —3ab*m—b*c(-19m —ach+32d) +4aP (-5a*m+ach +332d) Jﬁ]



Result (type ?, 16516 leaves): Display of huge result suppressed!
Problem 15: Result more than twice size of optimal antiderivative.
th+gf+f¥+ex+ddx
(=52 +4)°

Optimal (type 3, 206 leaves, 12 steps):
5e+8g— (2e+5g) % +x(17d+20f+32h—(5d+8f+20h)x2) _ (2e+5g) (-22245)  x(59d+380/+848h —5(7d+28f+64h)x*)

36 (x* — 522 +4)° 144 (x* =522 +4)° 108 (x* —5x* +4) 3456 (x* —5x% +4)
X
B (313d+820f+1936h)amanh(?) L (13d+25f+61h) arctanh(x) _ (2e+5g)In(-2+1)  (2e+5g) In(- +4)
20736 648 162 162
Result (type 3, 461 leaves):
d e f g h d e f g
- — — — — + —_ + —
3456 (x —2)% 1728 (x—2)% 864 (x—2)% 432 (x—2)% 216 (x—2)% 3456 (2+x)2 1728 (2+x)* 864 (2 +x)2 432 (2+x)?
+ h + d + ¢ + A + £ + h - h + £
216 (2 +x)2 432 (x—1)% 432 (x—1)% 432(x—1)2 432 (x—1)2 432 (x—1)%> 432 (x+1)* 432(x+1)2
B f + e 3 d L 3BIn(x=2)d  In(x=2)e  In(2+x)e _313InQ2+x)d _ 1B3In(x—1)d
432 (x+1)2 432 (x+1)2 432 (x+1)? 41472 81 81 41472 1296
_ln(x—l)e+131n(x+1)d_ln(x+1)e+251n(x+1)f+ h . 7g 5fF _ e I d
81 1296 81 1296 48 (x+1) 432 (x+1) 432 (x+1) 144 (x+1) = 432 (x+1)
+2051n(x—2)f+51n(x—2)g 4 121 In(x—2) A 19d 17e 5f 13g 114
10368 162 2592 6912 (x —2) 3456 (x—2) = 576 (x—2) 864 (x—2) 432 (x—2)
n 19d B 17e S5f . 13g n 11h ~205In(2 +x)f+ S5SIn(2+x)g  121In(2+x) A
6912 (2 +x) 3456 (2+x) = 576 (24+x) 864 (2 +x) = 432(2 +x) 10368 162 2592
4 d i e 51 7¢ h _251n(x—1)f_51n(x—1)g_611n(x—1)h+611n(x+1)h
432 (x—1) 144 (x—1)  432(x—1) 432 (x—1) 48 (x—1) 1296 162 1296 1296
SIn(x+1) g

162

Problem 18: Humongous result has more than 20000 leaves.
Jixs +hxt + g +f2 +ex+d &
(cx4+bx2 +a)3

Optimal (type 3, 676 leaves, 12 steps):
x(b?d—abf—2a(-ah+cd) + (abh—2acf+bed) ) L 2acg=b(aitce) = (2aci+b*i—beg+22e)
4a (—4ac+b2) (cx4+bx2 —|-a)2 4c(—4ac+b2) (cx4—i-bx2 +a)2




2
(60@—3bg+2m+b—] (20)62 +b)
_|_

4 (—4ac+b2) (cx + by’ +a)
x(B3btd4+abPf+8aPbef+4a*c(ah+7cd) —ab* (Tah+25¢d) +c(3b3d+ab’f+20a>cf—12ab (ah +2cd)) )

+
8 a? (-4ac+l72)2 (cx4+bx2 +a)
(2aci+b2i—3bcg+6cze)arctanh[MZ—MJ
_ N, -4ac+b?
(—4ac—i—b2)5 /2

1

[arctan
16a2(—4ac+b2)2\/b—\/—4ac+bz /b J-dac+p?

N 3b%d4+ab’f—52a’bef—6ab’ (-3ah+5cd) +24a*c(ah+7cd) J_)

[T T

+ Je [303d+ab’f+20d%cf—12ab (ah+2cd)

[\S]

J-dac+b
1 [arctan V2 Ve
16a2(-4ac+b2)2\/b+\/ ~dac+b? /b+v “dac+b’

3brd—abPf+52abef+6ab? (-3ah+5cd) —24a*c (ah+7cd) ]ﬁj

+ Je | 3b3d+ab?f+20a°cf—12ab (ah +2cd)

+

N -dac+ b?

Result (type ?, 21160 leaves): Display of huge result suppressed!

Problem 19: Humongous result has more than 20000 leaves.
ka” i i+ ht + gl + 2 +ex+d

dx
(cx4 +bx? +a)3

Optimal (type 3, 1123 leaves, 13 steps):

x[c2 [abf b? [d+ izj)+2a[cd—ah+%J] +(2ac3f—ab3j—bc(-3a2j+ach +02d))x2)

4ac? (—4ac+b2) (cx4+bx2 +a)2
b (ai+ce) +ab*k—4dPbPck+2ac? (a2k+c2g) - (2cse+bzc3i—c4 (2ai+bg) —bsk+5ab3ck—Sclzbczk)x2

+
4 (—4ac+b2) (cx4 +bx? +a)2

2 2.
+ ! ab3f+8a2bcf+4a2(-9a2j+ach+7c2d)+b4[3 20]}—ab2(25cd+7ah——11a1j)
C

8azc(—4ac+b2)2(cx4+bx2+a) (X[C( &

+(al72c2f+20azc3f+b3 (a2j+362d)—4abc(4a2j+3ach+6czd))x2J)+ 12 (b302i+2b63(al
4¢3 (—4ac+b2) (cx4+bx2 +a)

6
+3ce) +1lab*k— — LS TY N 302 (13d%ck+lg) +2 (6 e+ b2l i—c* (2ai+3bg) +20k—15ab> ck +25d? bczk)xz)
C



2ex +b

J-dac+b? kln(cx +bx2+a)

203(—4ac+b2)5/2 4c
I [arctan[ /2 e
16a263/2(—4ac+b2)2\/b—\/ ~4ac+b \/b —4ac—i—b2

—|—6c2d) n ab3c2f—52a2bc3f—6abzc(—3a2j—3ach +502d) +b4(—a j+3czd) +8a252(5a2j+3ach +21C’2d) ]\/7]

(12 e+2023i—c* (-4ai+6bg) =B k+10ab’ck—30a*>bPk) arctanh[

_|_

] [ab2c2f+20a2c3f+b3 (i*j+32d) —4abe(4d’j+3ach

J-4ac+b?
+ 1 [arctan 2 e ab2c2f+20a2c3f+b3(a2j+362d)—4abc(4a2j+3ach
16a2(:3/2(-4ac+b2)2\/b+\/ -dac+b? \/b+\/ -4ac+b?

J-4ac+b?

Result (type ?, 35335 leaves): Display of huge result suppressed!

+602d) i -ab362f+52a2bc3f+6abzc(—3a2j—3ach +5c2d) —b4(-a2j+3c2d) —8a2c2(5a2j+3ach +21c2d) ]\/TJ

Problem 20: Result more than twice size of optimal antiderivative.
Jad+aex+(af+bd )2 +bhex’ + ( bf+cd)x +cex5+cfx
(cx +bx2+a)

Optimal (type 3, 171 leaves, 9 steps):

earctanh[ﬂ arctan[ 2 e {f"‘LZCdZ J2  arctan x2 e (f+w——20612 V2
J -4ac+b " \/b —4ac+b2 V-dactb \/b+ [“d4ac+ b2 V-d4ac+b

/ 2

“dacth 2\/?\/17—\/‘46104‘[32 2\/?\/b+\/ ~4ac+b?
Result (type 3, 615 leaves):

2¢y2 arctanh[ cxy2 fa 2 arctanh[ cx 2 ] 1B
~dac+b? ln(-20x2+\/-4ac+b2 —b)e_ \/(-b+ -4ac+b2>c i \/(-b+\/m)c
2(4ac—b?
(4ac ) (4ac—b2)\/(-b+ —4ac+b2)c 2(4ac—b2)\/(—b+ -4ac+b2)c

J-dac+b? \/Tarctanh[ cxy2 bf -4dac +b% ¢/2 arctanh cxy2 d
) )

_ \/(‘b+ —4ac+b2 c + \/(_b+ ‘4aC+b2

2(4ac—b2)\/(—b+ ~4ac+ b )c (4ac—b2)\/(—b+ —4ac+b2)c




202 arctan[ cxy2 fa V2 arctan cxy2 fl b?
) )

~dac+b? 1n(2cx2+ —4ac+b2+b)e /(b+ -dac+b? /(b+ ~dac+b?

+ +

2(4ac—b2) (4ac—b2)\/(b+ —4ac+b2)c 2(400_]32)\/(1)—1— —4ac+b2)c

J-dac+b? \/Tarctan[ cxy2 bf ~4ac+b? c/2 arctan cxy2 d
) )

\/<b+ -4ac+b? n \/<b+ ~4ac+b

2 (4ac—b2)\/(b + -dac+b? ) c (4ac—b2)\/<b + -dac+b? ) c

Problem 21: Result more than twice size of optimal antiderivative.
Jad+aex+(af+bd )2 +bex + ( bf+cd)x +ce);+cfx
(cx +bx2+a)

Optimal (type 3, 320 leaves, 11 steps):

2 +b
2 cearctanh| ——
e(2cx2+b) x(bzd—Zadc—abf—l-c(—2af+bd)x2) J-dac+b?
B 2 4 + 2 4 + 3 /2
2(-4ac+b?) (ex* +bx% +a) 2a (-4ac+b*) (ex* +bx° +a) (-dac+b?)

— 2
arctan 22 Ve \/?{bd—Zaf+ 4abf—12adc+b d]ﬁ
\/b -4ac+b2 J-dac+v’

4a(—4ac+b2)\/b—\/ ~4ac+b?
- _ 12
arctan[ xﬁ\/? J\/?[bd—2af+ 4abft+12adc—b d]ﬁ
+

+

Jb+ Gact i V-dac+h’
4a (—4ac+b2)/b + -4ac+b

Result (type ?, 2850 leaves): Display of huge result suppressed!

Problem 22: Result more than twice size of optimal antiderivative.
Jad+aex+(af+bd)x2+be)53+ bf+cd)x +cex5+cfx
(cx +bx2+a)

Optimal (type 3, 561 leaves, 13 steps):
. e(2¢x? +b) +x(bzd—Zadc—abf—i-c(—2af+bd)x2) N 3ce(2¢x2 +b)
4(—4ac+b2) (c;c“—i—bxz—l-at)2 4a(—4ac+b2) (cx4+bx2+a)2 2(—4ac+b2)2(cx4+bx2+a)




6 % earctanh W—H
N -dac+ b?

(—4ac—i—b2)5 z

J?(3b4d+b3 (af—|—3d\/ ~dac+b? ) —4abc(13af

N x(3p*d—25ab?cd+28a*Fd+ab’f+8a*bef+c (20 cf+ab’f—24abed +3b3d) %)
8a® (—4ac—i—b2)2 (cx4+bx2 +a)
+ 1 [arctan x\/_\/_
16a2(—4ac+b2)5/2\/b—\/ ~4ac+b? \/b —4ac—|—b2

+6dy -d4ac+b? ) —ab? (30cd—f\/ ~4ac+ b ) +4azc<420d+5f\/ -dac+b? ))ﬁ]

arctan[ 2 Ve
\/b + -4ac+b®

2 _ 2 _ 3 2 _ 4
Jﬁ(3b3d_24abcd+ab2f+20ach+ 52a2bef—168a2d —abd f+30abcd —3b4d T

2
J-d4ac+p?

+

16 &> (—4ac+b2)2\/b + -dac+b?

Result (type ?, 10808 leaves): Display of huge result suppressed!

Test results for the 41 problems in "1.2.2.6 P(x) (d x)"m (atb x"2+c x"4)"p.txt"

Problem 10: Result more than twice size of optimal antiderivative.

sz(Cx2+Bx+A)
exr+bx% +a

dx

Optimal (type 3, 227 leaves, 11 steps):

b B arctanh [ Zcxz——l-b

- _ 2
arctan 2 e [Ac—bC+ Abc+ (2ac+b*)C /T

2

2

Cx | Bin(ed +b2+a) J-dac+d’ Jb—Gaci? J-4ac+p*

c b 2ey -4ac+p’ 203/2\/b—\/—4ac+b2

_ 12
arctan x‘/T‘/? (Ac—bC—i— Abc+2acC—b>b C)\/?
\/b+\/ -4ac+b? J-dac+b?
2 /2\/b+\/ ~4ac+ b

Result (type 3, 1326 leaves):

Cx Bln( 2cx 4+ -dac+ b — ) ~4ac+b* Bln< 2cx 4+ -dac+b* — )a _ Bln( 2ex? +4 -4ac+b? —b) b?

¢ 4c(4ac—b2) d4ac—b? 4c(4ac—b2)
V2 arctanh cx2 ]Ab ~4ac+b? ZCﬁarctanh[ cxy2 Aa
\/<—b+\/-4ac+b2)c \/(—b+\/—4ac+b2)c

2 (4ac—b2)\/<-b+ ~4ac+b? ) c (4ac—b2)\/(-b+ -4ac+b? ) c



\/Tarctanh[ cx2 JA b? \/Tarctanh[ cxy2 ] C(-4ac+ bz) b
) c

N /(—b+ “4ac+b /(—b+ —4ac+b2)c

2(4ac—b2)\/(—b+ ~dac+b* )c 4c(4ac—b2)\/<—b—l— —4ac+b2>c

\/Tarctanh[ cx2 ] CJ-4ac+b* a \/Tarctanh[ cxy2 ] CJ-4ac+b b

\/(‘b+ —4ac—|—b2)c \/(—b-i- —4ac+b2)c

+

(4ac—b2)\/(-b + -d4ac+b? )c 20(4ac—b2)\/(-b + -dac+b? )c
\/Tarctanh[ cx2 ]bCa \/Tarctanh[ cx2 ]b3C
n \/<—b+ -4ac+b2)c \/<—b+ -4ac+b2)c
(4ac—b2)\/(—b+ —4ac+b2>c 4c(4ac—b2)\/<—b+ —4ac+b2)c
_ Bln(ch2 + -dac+b? +b)b ~dac+b? " Bln(Zcx2 + -dac+b? +b)a _ Bln(Zcx2 + -dac+b? +b) b?
4c(4ac—b2) 4ac—b? 4c(4ac—b2)
J2 arctan cxy2 Ab\ -4ac+b? 2c\/7arctan[ cxy2 ]Aa
_ \/<b+ —4ac+b2)c I \/<b+ —4ac+b2)c
2(4ac—b2)\/(b+ ~dac+b? )c (4ac—b2)\/<b+ —4ac+b2)c
\/Tarctan cx\/T Ab? \/Tarctan cx\/T ]C(—4ac+b2)b
_ \/<b+\/-4ac+b2)c i \/(b+\/—4ac+b2)c
2(4ac—b2)\/<b+ -4ac+b2)c 4c(4ac—b2)\/<b+ -4ac+b2)c

\/Tarctan[ cxy2 ] CyJ-4ac+b*a \/Tarctan[ cxy2 J Cy -4ac+b* b

\/<b+ —4ac+b2)c \/<b+ —4ac+b2)c

+
(4ac—b2)\/<b+ —4ac+b2)c 2c(4ac—b2)\/(b+ —4ac+b2)c
\/Tarctan[ cxy2 ]bCa \/Tarctan[ cxy2 B C
\/<b+ —4ac+b2)c n \/<b+ —4ac+b2>c
(4ac—b2)\/(b+ ~dac+b? )c 4c(4ac—b2)\/(b+ ~dac+b? )c

Problem 11: Result more than twice size of optimal antiderivative.

Jx4 (C2+Bx+4) "
(cx4+bx2 +a)2




Optimal (type 3, 363 leaves, 11 steps):

2aB arctanh[ MZ—M J
(24c=bC)x By (bx* +2a) P (4b—2aC+ (24c—bC) P) [Gact i’
2¢(-dac+b’)  2(-dac+b?) (e +bP+a)  2(-d4ac+b?) (ex* +b22 +a) (-dac+p?)’”?
_ AN _ 2
arctan 2 e (Abc+(—6ac+bﬂ(j+ Ac(4ac+b®) —b(-8ac+b )C]Ji-
+ /b —4ac+b2 J-dac+b?

4¢ /2(—4ac+b2)\/b—\/ “dac+b?
2 _ 2
x2 e (Abc+(ﬁac+b%(ﬁ%AcMac+b)+b(8ac+b)cJJ7
J-4ac+b?

4c3ﬂ(-4ac+lg)/b-+v—4ac+b2

Result (type ?, 5282 leaves): Display of huge result suppressed!

arctan

4 /b+d-4ac+b2

Problem 12: Result more than twice size of optimal antiderivative.
J C +Bx+4
2
xz(cx4+-bx24—a)

Optimal (type 3, 452 leaves, 15 steps):

bB(-6ac+b2)arctanh[MJ
10adc =340 +abC L B(cx*b—2ac+b?) N A(2ac+b*) —abC+c(4b—2aC) X N J-4ac+b?
2a2(—4ac+b2)x 2a(—4ac+b2) (cx4+bx2+a) 2a(—4ac+b2)x(cx4+bx2+a) 2a2(-4ac+b2)3 /2
LIESN: Bln(ex* +bx% +a)
a? 4 o*

arctan 2 Ve J?(—aC(b2—12a0+b —4ac+b2)-+A(3b3—l6abc+3bzv—4ac+%# —10acd—4ac+b2))J§_

/b -4ac+b2

4&(—4ac+ba3/2/b—d—4ac+b2
_ _ 3 _ 2
2 Ve J?[3Ab2—10a/1c—abc+ A(-16abc+3b°) +a(-12ac+b*) C N2

Jb+ Gact i V-dac+h’

arctan

44° (—4ac+b2)/b + -4ac+b

Result (type ?, 6476 leaves): Display of huge result suppressed!

Problem 13: Result more than twice size of optimal antiderivative.

J(dx)m (C? +Bx+4) (ex* +bx2 +a) dx



Optimal (type 3, 137 leaves, 2 steps):
ad (dx)'tm N aB (dx)>™™ L (Ab+a0) (dx)3+m N bB(dx)*T™™  (Ac+bC) (dx)>T" | Be(dx)®t™ N cC(dx)T™m

d(1+m) (2 +m) &P (3+m) & (4 +m) & (5+m) d® (6 +m) d (7+m)
Result (type 3, 584 leaves):
1

Cem®x +Bem®x® +21Cem XS +Aem®x* +22Bem’ X + Chmbx* +175 Cem* x°
(T+m) (6+m) (5+m) (4+m) 3+m) (2+m) (1+m) (x(Cem®a® +Bem e mAeny e " e

+234em’x* +Bbm®x® +190Bem*® +23Chbm x* +735Cem® XS+ Abm® 2 +207Acem* X +24Bbm’ 2 +820Bem’ X + Cam®x? +207 Chm* x*
+1624 Cem* X0 +254bm> > +925Acm’x* +Bam®x +226 Bbm* x> + 1849 Bem? X +25Cam’ > + 925 Chm’ x* + 1764 Cemx® + A am®
+247Abm* X + 2144 Acm* X +26 Bam’ x + 1056 Bbm’ x> +2038 Bemx® +247 Cam* x> + 2144 Chm? x* +720 Cex® +27Aam’ + 12194 b m? 2
+2412Acmx* +270 Bam*x + 2545 Bbm?> x> +840Bcx° + 1219 Cam® x> + 2412 Chmx* +295 Aam* + 31124 bm?> x> +1008 A cx* + 1420 Bam’ x

+2952Bbmx> +3112Cam*x* + 1008 Chx* +1665Aam’ +3796 Abmx> +3929 Bam®x + 1260 b Bx> + 3796 Camx® + 5104 A am?® + 1680 A b x>
+5274Bamx + 1680 Cax> + 8028 Aam + 2520 a Bx +50404a) (dx)™)

Problem 14: Unable to integrate problem.

J (dx)" (CP+Bx+4)

2
(cx4 +b2 +a)
Optimal (type 5, 629 leaves, 10 steps):

B (dx)>t" (¢cx?b—2ac+b?) N (dx)'" """ (4 (-2ac+b?) —abC+c(Ab—2aC)x?)

2a (-4ac+b2)a’2 (cx4+bx2 +a) 2a (-4ac+b2)d(cx4+bx2 +a)
Be (dx)? T ™hypergeom [1,1+%H2+%},— 24 ¢ J<4ac(2—m)+bm(b—\/—4ac+b2))
n b+ -dac+b?

2a(4uc+b”3/%ﬁ(2+m)(b+ —4ac+b2)

c(dx)2+mhypergeom[[l,l+%], 2+%},— 24 ¢ J(4ac(2—m}+bm(b+ dactp))
_ b -dac+b?
2a(4uc+b”3/%ﬁ(2+m)(b—v—4ac+b2)

- y 1 [ ¢ (dx)" ™ hypergeom [ % %] [%+%} 24 ¢ J(ZaC<2b+(l
2a(—4ac+b2f 2d(1+m)(b+ —4ac+b2> b+ -4ac+b

—m)dact+8 ) +4 (02 (1—m) —4ac(3—m) —b (1 —m)dac+® —4ac+b2))j

+ 7 1 [c(dx)1+mhypergeom[[l,%—I—%],[%+%},— 247 c )(2aC<2b—(1
2a(-dac+52) a1 +m) (b—J2act+p?) b—-dac+b

—m) N dac+5 ) +4 (2 (1—=m) —dac(3—m) +b(1 —m)-dac+5))

N—



Result (type 8, 32 leaves):

J (dx)" (C2 +Bx+4)
(cx4 + by +a)2

Problem 15: Result more than twice size of optimal antiderivative.

J Cx° +Bx* 455
x(cx4 +bx? +a)2

Optimal (type 3, 306 leaves, 11 steps):

bBarctanh( MZ—MJ
B (b2 +2a) _x(4b—-2aC+ (24c-bC)2) [Gactp?
2(-4ac+b?) (ex* +b* +a) 2(-4ac+b?*) (ex* +bx2 +a) (—4ac+b2)3/2
- 2
arctan 2 Ve (ZAc—bC—}- 4Abc+(4ac+b)CJ\/7
Jb—JGacr i’ J-4ac+p
4(-4ac+0?) T b—Hactp®
arctan

_ 2
x2 e (2Ac—bC+4Abc Mﬂc+b)CjJ7
/b+d-4ac+b2 J-4ac+b?

4(—4ac+b2)\/?\/b +y -4ac+p?

Result (type ?, 4062 leaves): Display of huge result suppressed!

Problem 16: Result more than twice size of optimal antiderivative.

Jﬂ(ﬁﬁ+ef4wﬂ &

e+ +a
Optimal (type 3, 257 leaves, 7 steps):
(bPce—ale—bf—be(-2af+cd))x? | (Pd+bf—c(af+be))x* | (-bf+ce)x® | fid
+ + +
2 4 6 8¢
(BPce—2able—b*f—b*c(-3af+cd) +a (-af+cd)) In(cx* +bx* +a)
40

(b4ce—4ab2cze+2azc3e—b5f—b3c(—5af+cd) +abcz(—5af+3cd))arctanh[—zcx2+b ]

J -4ac+b?

28 ~dac+b?

Result (type 3, 621 leaves):



arctan[ 2cx2——l—b J e arctan[ 2cx2——l—b J b f
Jdac—b? Jdac—b?

02\/4ac—b2 205\/4ac—b2

8 4 2 6 4 4
jl+abfx2 _3ln(cx +bx2+a)abf+ﬂ+xd+ln(cx +bx2+a)abe+
8¢ & 44 6¢ 4c 2

arctan[ 2cx2—+b J b*e arctan[ 2cx2—+b J bd

Jdac—b? B Jdac—b? _ 206 daf A0S xtbe  Pae  BfE Pble  bdd
2 A Aae—p2 NPy 62 4 4l 4d 22 2t 20 27

4 ln(cx4-l—bx2 +a)a2f_ 1n(cx4—|-bx2 +a)ad n 1n(cx4—i-bx2 —I—a)b4f_ ln(cx4—i-b)c2 -I—a)b3e n 1n(cx4—i-bx2 +a)b2d

47 42 40 4ct 43
2cx2—+bJa2bf Sarctan[MJab3f 2arctan[2cx2—+bJabze 3arctan[2cx2—+b
4 Jdac—b? _ Jdac—b n Jdac—b
23 J4ac— b 2 dac—p Adac—b? 23 4ac— b

_|_

5 arctan[ abd

\/4ac—b2

Problem 17: Result more than twice size of optimal antiderivative.

Jx3(fx4+ex2 +d) dr
exr+bx2 +a

Optimal (type 3, 132 leaves, 7 steps):

(b%e—2a(:2e—b3f—bc(—3af+car))arotanh[M

N -dac+ b

(-bftce)?  pt | (Fd+bf—c(af+be))n(eat +b22 +a) _

3
2 4c 4c 28 ~dac+b?
Result (type 3, 320 leaves):
3arctan{zcxz—+b abf
L2 2e (et +ol+a)af et +b2 +a) S In(ext+b2 +a)be | In(ex+b2 +a)d Jdac—b*

+
4c 22 2¢c 42 403 ) 4c
arctan{ —2 cxz +h jae arctan[ 2wc2—+b J b3f arctan{ 20)(2—4-19 j bze arctan{ 20)‘2—"'17 j bd
Jaac— 1 ~ Jaac— 1 Jaac—1p* B Jaac—1p*
cJdac—b? 28V 4ac—b? Zsz 2cm

252\/4ac—b2

Problem 18: Result more than twice size of optimal antiderivative.

xz(fx4+ex2 +4d)
J ex +b% +a &

Optimal (type 3, 244 leaves, 5 steps):



arctan{ xy2 Ve J [czd—bce+b2f—acf+ Fee—2ace—bfbe(-3af+ecd) ]\/7
(-bf+ce)x | 2, Jb—Jac

J-dac+b?
A 3¢
205/2\/19—\/ ~4ac+b
2 3 i
arctan[ V2 e {Czd_bceerzf_achr Peet2ale+bf+be(-3af+cd) Jﬁ
2
n \/b—i—\/ ~4ac+b? v -4ac+b

20 /2\/b + -dac+b?

Result (type 3, 1034 leaves):

J2 arctanh[ cx2 ] af 2 arctanh[ cxy2 b2 f
) e

/(—b+ —4ac+b2)c /(—b+ ~4ac+b

[ bfx | ex

3
‘ ¢ ‘ 20\/<—b+ —4ac+b2)c 26’2\/(—b+ —4ac—|—b2)c
V2 arctanh cxy2 ]be \/Tarctanh[ cxy2 ]d 3\/7arctanh[ cxy2 Jabf
. JCbtaacinr)e ) JCo+aacinr)e ) JCb sy dacii?)e
2(:\/<-b+ -4ac+b2)c 2\/(-b+ —4ac+b2)c 20\/—4ac+b2\/<—b+ -4ac+b2)c
V2 arctanh ex 2 Jae J2 arctanh[ cxy2 ]b3 f J2 arctanh{ cxy2 Jbze
n \/<—b+ —4ac+b2)c I \/(—b+ —4ac+b2)c _ \/(—b+ —4ac+b2>c
\/—4ac+b2\/(—b+ —4ac+b2)c 2c2\/—4ac+b2\/(—b+ —4ac+b2)c 2c\/—4ac+b2\/(—b+ —4ac+b2)c
J2 arctanh cx\2 ]bd J2 arctan[ cxy2 af J2 arctan[ cxy2 ]bz f
n \/(—b—i- —4ac—|—b2)c _ \/(b—i- —4ac—|—b2)c n \/<b+ —4ac+b2)c
2\/—4ac+b2\/(—b+ —4ac+b2)c 20\/<b+ —4ac+b2)c 26’2\/<b+ —4ac+b2)c
\/Tarctan[ cxy2 Jbe \/Tarctan[ cxy2 ]d 3\/7arctan[ cxy2 ]abf
b+ -4ac+b”)c b+ -4ac+b”)c b+ -4ac+b”)c
[Gelmer)e) [Galmeerle) [Gelaeer)
2c\/(b+ —4ac+b2)c 2\/(b+ -4ac+b2>c 2c\/—4ac+b2\/<b+ -4ac+b2)c
\/Tarctan[ cxy2 Jae \/Tarctan[ cxy2 ]b3f \/Tarctan[ cxy2 ]bze
n \/<b+ —4ac+b2)c I \/(b+ —4ac+b2)c \/(b+ —4ac+b2)c

\/—4ac+b2\/(b+ —4ac+b2)c 2c2\/—4ac+b2\/(b+ —4ac+b2)c 2c\/—4ac+b2\/(b+ —4ac+b2)c



J2 arctan cxy2 J bd

/(b+ ~4ac+b

2y -4ac+b? /(b+ ~dac+b? ) ¢

_l.

Problem 19: Result more than twice size of optimal antiderivative.
fx4+ex2 +d
x (cx4 + b +a)

Optimal (type 3, 226 leaves, 5 steps):

arctan[ xJ2 e \/?[bd_ae+bzd—eab—Za(—af—l-cd) Jz
d_ . -aetbd , Jb—dacto® V-dac+h?
2
3ax e 2a2\/b -4ac+b2
arctan[ 2 e J?(bzd—b<ae+d ~dac+b? ) —a(ZCd—Zaf—e\/ -4ac+b? ))\/7
\/b+\/ ~4ac+b?
>\ -4ac+b? \/b-l-\/ “4ac+b
Result (type 3, 726 leaves):
cﬁarctanh[ cxy2 ]e cﬁarctanh[ cxy2 ]bd cﬁarctanh[ cxy2 ]f
\/(-b+ —4ac+b2) . \/(—b+ -4ac+b2) _ \/(-b+ —4ac+b2)c
Za\/(—b+ —4ac+b2)c 2a2\/<—b+ —4ac+b2)c \/—4ac+b2\/<—b+ —4ac+b2)c
¢/2 arctanh cx\2 Jeb czﬁarctanh[ cx\2 Jd cﬁarctanh[ cxy2 ]bzd
N /(—b+ dac+d) 4 /(—b+ dac+i) /(—b+ dac+d)

2a\/—4ac+b2\/(—b+ —4ac+b2)c a\/—4ac—l—b2\/<—b+ —4ac+b2>c 2a2\/—4ac+b2\/(—b+ —4ac—|—b2)c
¢/2 arctan cxy2 ]e c\/?arctan[ cxy2 bd c\/?arctan[ cxy2 ]f

_ \/<b+ “dac+b*)c n \/(b—i- —4ac+b2)c \/(b—l— —4ac+b2)c

Za\/(b+\/ —4ac+b2)c 2a2\/<b+\/ -4ac+b2)c N -4ac+b2\/(b+\/ —4ac+b2)c
¢/2 arctan cxy2 eb 62\/7 arctan cxy2 d ¢/2 arctan cxy2 b>d
) ) )

\/<b+ ~4ac+b? i \/(b+ -4ac+b? \/<b+ ~4ac+b?

2a\/—4ac+b2\/<b+ —4ac+b2)c a\/—4ac+b2\/<b+ —4ac+b2)c 2a2\/—4ac+b2\/<b+ —4ac+b2)c




d e bd

3ax ax ax

Problem 21: Result more than twice size of optimal antiderivative.

J fx4+ex2+d

dx
x(cx4 +bx? +a)2

Optimal (type 3, 156 leaves, 8 steps):

(b3d+4a2ce—2ab(af+3cd))arctanh[2”2—+b]
b*’d—eab—2a(-af+cd) + (abf—2ace+bed) ¥ + J -4ac+b? L dln(x)
2a (-4ac+b?) (ex* +b2 +a) 2a2(—4ac+b2)3 /2 a?
_ dln(c3c4—l-bx2 +a)
442

Result (type 3, 743 leaves):
i Cbf N cxle B Cbhed 3 af
2(cx4+bx2+a) (4ac—b2) (cx4+bx2+a) (4ac—b2) 2a(cx4+bx2—|—a) (4ac—b2) (cx4+bx2+a) (4ac—b2)

4 be i dc _ b*d _ cln((4ac—b2) (cx4+bx2 +a))d

2(cx4+bx2+a) (4ac—b2) (cx4+bx2+a) (4ac—b2) 2a(cx4+bx2+a) (4ac—b2) a(4ac—b2)

arctan( 2 (4ac—b2)cx2+ (4ac—b2)b ]bf

In((4ac—b0%) (ex* +bx* +a)) b*d J64a> P —48a2b* 2 +12ab*c — b°

* 4a* (4ac—b*) -
a(&ac J64a> 3 —48a2b* 2 +12ab*c — b°
_p2 2 g2 2
2arctan{ 2(4ac b )cx2+(4ac b )b ]ce 3arctan[ 2(4ac b )cx2+(4ac b )b ]bcd
N J64a> 3 —48a2 b 2 +12ab*c — b° J64a3 P — 482 b* A +12ab*c — b°
J64a3 P —a8a2 b A +12ab%c — b° aJ64aP P — 482 b2 * + 12ab*c — b°
_ 2 2
arctan[ 2(4ac—»b )cx2+(4ac b%) b )b?’d
N J64a> 3 —48a2b* 2 +12ab*c — b° 4 dIn(x)

2
2a*64a° 3 — 482 b* A +12ab%c — b° a

Problem 22: Result more than twice size of optimal antiderivative.

J fx4+ex2+d
P (cx4+bx2 +a)2

Optimal (type 3, 222 leaves, 8 steps):
d -Bd4abte—2dce+ab (-af+3cd) —c(b?d—eab—2a(-af+cd)) P
oo T 2 2 4
243 2a° (-4ac+b?) (cx +bx2+a)




(2b6%d — 12ab2cd—ab3e+6a2bce+4a2c(—af+3cd))arctanh[ 2exd 4

J-d4ac+b* )  (-ae+2bd)In(x) L (-ae+2bd) In(cx* +b% +a)
203(—4ac+b2)3/2 @ 44°

Result (type 3, 1155 leaves):

cf 3 cxleb B A2d e’ brd
(cx4+bx2+a) (4ac—b2) 2a(cx4+bx2+a) (4ac—b2) a(cx4+bx2+a) (4ac—b2) 24 (cx4+bx2+a) (4ac—b2)
N bf L ce 3 b*e B 3bed
2(cx4+bx2+a) (4ac—b2) (cx4+bx2+a) (4ac—b2) 2a(cx4+bx2+a) (4ac—b2) 2a(cx4+bx2—|—a) (4ac—b2)
b d cln((4ac—b2) (cx4+bx2+a))e 1n((4ac—b2) (cx4+bx2+a))bze
+ — +
24% (cx4+bx2+a) (4ac—b2) a(4ac—b2) 4 q* (4ac—b2)
_ K2 _ 32
2arctan[ 2(4ac—»b )cx2+(4ac b*) b cf
n 2¢in((4ac—b%) (ex* +b22 +a))bd B ln((4ac—b2) (cx4+bx2 +a))bd n \/64a3c3—48a2b2£2+12ab4c—b6
2 2 3 2
a (4ac—07) 20’ (4ac—b%) 6433 =48> F +12ab e — b°

2 (4ac—b2)cx2+ (4ac—b2)b
J64a> 3 —48a2b* 2 +12ab*c — b°
a64aP P —48a2bP F +12ab*c — b° aJ64aP P —48a2 b2 A + 12abtc — b°

3 arctan

]bce 6arctan[ 2 (4ac—b*) cx’ + (4ac—0*) b )C’Zd

J64a3 3 —48a2 b2 +12ab*c — b°

_ 12 _ 12 _ 12 512
arctan 2(4ac b)cx2+(4ac b)b b e 6arctan[ 2(4ac b )cx2+(4ac b)b ]bzcd
N V64 S —48a2 b2 2 + 12ab*c — b° N J64a> 3 —48a2b* 2 +12ab*c — b°
2a*64a° 3 — 482 b2 A +12ab%c — b° PJ64a3 A —48a* A A +12ab%c — b°
2 2
arctan 2(4ac—b )cx2+(4ac b*) b brd
3 J64a* 3 —48a* > @ +12ab* ¢ — b° __d_ In(x)e 2In(x)bd
2 2 3
P64 S — 48202 A + 12ab e — b° 24° a a

Problem 23: Result more than twice size of optimal antiderivative.

sz(fx4+ex2 +d) &
(cx4+bx2 +a)2

Optimal (type 3, 321 leaves, 4 steps):
x(bcd—2ace+abf+ (2acf+b*f—bce+22d) )
2(:(-4ac+b2) (cx4+bx2 +a)

2 2 3.
arctan 2 e [2cd—be+6af—ﬂ+ bcetdale+b f—4bc(2af+cd) /T
\/b—\/ -4ac+b? ¢ ey -dac+b?

4(—4ac+b2)\/?\/b—\/ ~4ac+b




2 1.2 _ _ 13
arctan[ xy2 Ve J [2cd—be+6a —ﬂ+ bce—4ale—bf+4bc(2af+cd) V2
c

Jb+ Gact i c -dac+b’
4 (—4ac+b2)J?/b + -4ac+b?

Display of huge result suppressed!

Result (type ?, 5527 leaves):

Problem 31: Result more than twice size of optimal antiderivative.

J5x6+3x4+x2 +4
(F 122 +3)>

Optimal (type 3, 154 leaves, 10 steps):

arctan| “2XEV 242V | e I V3 arctan| 2E PN 242V o 7380 U3
25x (= +1) J2+2J3 N V2423
2

24 (X +22 +3)
N (2473 —xd 2127 ) 69402 + 773823 _ (2 47T 42/ 21277 ) 69402 + 773823
576 576

Result (type 3, 407 leaves):
25 5,25

R G BN e S e R G e BTSN e e
A2 +3 576 43
9arctan| 2V ZEE (40 0F) VT narctan| 22 (5 400F)  arean| ZEL2EDE
N 2+2J3 N J2+203 N J2 4207
2882 +23 242423 2423

88 288

N 13902 4+ yF —xf 24243 ) 24295 3 N (24 yT —xf 21243 ) 24207

72
576 48
139 arctan| 2= 24273 (-2+2y3) V3 llarctan 20-J 24273 (-2+2y3)  7arctan 20—y 242J3 V3
4 J2+2J3 4 J2+2J3 4 2423
72

2882 +23 242423 2423

Problem 32: Result more than twice size of optimal antiderivative.

Jxlo (5)c6+3x4+x2 +4)
(*+22+3)°

Optimal (type 3, 187 leaves, 13 steps):



20V 22423 | [Tesoseio 4 7678611 3

3 arctan
S8x— 03 415 — 25x(7x2+15)2 L x(2542x2+3305) 4 2423
16 (* +2:2+3) 64 (x* +22+3) 256
Saretan| 22TV 2 H 23| e 678611 V3
2423 N 32 4 yT —xd 21207 ) /8595619 + 7678611 3
256 512
B 32 + VT 40 21205 ) 8595619 + 7678611 73

512
Result (type 3, 428 leaves):
§x7+ 3809 S 3333 L 8415

16 64 32 T 5091 (2 + VT 42 24243 ) 21205 VT

¥ —9x +58x+

(* +222 +3)° 1024
5091 arctan 2x+y -2 +2y3 (—2+2\/?)\/?
~ 1438512 + VT +xd 21293 ) 21245 N J2+203
1024
5122 +23

ﬁ

14385 arctan| 2252423 1 (5 15 F) spa7arctan| 2TV 2H2V3 |
J2+2J3 2+2y3

_|_ —
512y 2+2{3 642 +23
N 50012 4+ yF —xd 24293 ) 24203 V5 N 138512 + VT -2 21295 ) S 24203
1024 1024
5091 arctan 2x=y 2423 (—2 +2\/T)\/T 14385 arctan 2x—y 2423 (—2 +2\/T)
N 2423 4 J2+2J3
51202 +2{3 5122 +2V3
4647 arctan 2x=y 2423 V3
B V2+2(3
642 +2J3

Problem 33: Result more than twice size of optimal antiderivative.



dx

ng (5x6 + 344 4+ 22 +4)
(*+22+3)°
Optimal (type 3, 184 leaves, 13 steps):

pes 5P 25x(5243)  x(8352+1468) (243 —d 24297 ) ST 42721 )3

3 16(* 422 +3)7 64 +247+3) 512
M aretan| —2X TV 2H2Y3 | S T
N 2+ VT +xd 24297 ) S 30271 422721 )3 ~ 2423
512 256
M aretan| 25V 2423 | U
N V2423

256
Result (type 3, 425 leaves):

835 5 1569 5 4941 5 513
i—z7x+ 64 32 64 8 6931n(x2+ﬁ+x\/—2+2ﬁ)/-2+2ﬁﬁ
3 (*+22 +3)2 1024
693 arctan 2xty 2423 (—2 +2\/T)\/T
N 367512 4 vT +xd 24293 ) 24203 N J2+2J%
1024
5122 +2{3
3675 aretan| 22 24243 (-2+2y3)  273arctan 2x+y 2+2Y3 V3
B 2423 + 2423
5122423 8V2+23
. 69312+ T —xd 24293 ) 21207 I3 ~ 36751(2 + VT —xd 24243 ) 21245
1024 1074

693 arctan

x—+ 2423 e

2x =y 242Y3 (-2+2\/T)\/T 3675 arctan 2x = 2 42Y3 (‘2"'2\/?) 273 arctan
J2+23

J2+2J3

4 V2423 B +
5122 +2(3 5122 +2(3

Problem 34: Result more than twice size of optimal antiderivative.
Jx6 (5)66 +3x* 4+ 22 +4)
(*+22+3)°

dx

2
8

2423



Optimal (type 3, 179 leaves, 13 steps):

25x(=2+3) | Tx(s82+11) (2 40T —xf 21297 ) 827621 + 1176531 I3

16 (*+22+3) 64 (F+2x7+3) 512
arctan| 25XV 223 | e o 6531 /3
N (247 42 21297 ) S 827621 + 1176531 /3 N 2423
512 256

2x4+y 2423 | e 1176531 y3
V2423

256
Result (type 3, 421 leaves):

arctan

G 32 64 8 2 04312 + VT +xd 24293 ) S 24245 V5 . 185m(2 4+ v +2d 24293 )J 24243

203 5 889 5 159 5 531

(*+22+3)° 1024 1024

2x+y 24243 (—2 +2\/T)\/T 185 arctan 2xty 2423 (—2—!—2\/?) 379 arctan 2x+y 2423 J3
2423 3 2423 _ V2423
3
- Vs

943 arctan

51242 +23 51202 +2{3 J2+23
~ o3t 2+ VT —xd 24293 ) S 24247 V5 ~ 1852 +y3 —xd 21295 )/ 21247

1024 1024
943 arctan Zx—y =2 +2\/? (—2 +2\/T) \/T 185 arctan Zx—y -2 +2\/T (—2 +2\/?) 379 arctan 2

J2+2J3 B J2+2J3
5122 +23 5122 +2{3

J2+2(3
2423

64
2x—+ -2+23
64

Problem 35: Result more than twice size of optimal antiderivative.
Jx4 (5x6 +3x 22 +4)

dx
(*+22+3)°

Optimal (type 3, 174 leaves, 11 steps):

2x+y -2+2(3

arctan J -146505 + 98481 /3
25x (2 +3) L x(-592 +238) 2+2J3

16 (*+22+3)7 64 (F+2x7+3) 256




arctan| 25TV 24 2V3 | o1 VT

. J2+203 N (2 + VT —xd 24277 ) 146505 + 98481 3
256 512
(2 47T 42/ 21273 ) J 146505 + 98481 y3
B 512
Result (type 3, 417 leaves):
EEA

x +18—5x5+—199x3+—2307x

64 2 3072+ VT 4xd 24293 ) 21207 VT ~ 30912 + VT 4xd 24293 ) 21247

(* +222 +3)° 1024 1024

64

07 arctan| 2 2EDT (40 F) T s09arean| 2L ZHIE (5 400F)  p3arean| 2T ZHIE )y
N J2+2J3 N V2423

512 2 +23 51202 +2{3 J2+23

V2423
32
N 3072 +yF —xf 24293 ) S 24203 /3 N 390 m( 2+ VT —xf 24293 ) S 24243
1024 1024
307 arctan 2x— _2+2\/? (—2+2\/T)\/? 399 arctan 2x— _2+2\/? (—2+2\/?) 23 arctan 2x— _2+2\/? \/?
4 J2+2J3 4 J2+2J3 2423
51202 +23 51202 +2(3 32J2+23
Problem 36: Result more than twice size of optimal antiderivative.
J5x6+3x4+x2+4
(*+22+3)°
Optimal (type 3, 176 leaves, 11 steps):
arctan| 25TV 223 | T TR O T aretan| 250 2423 | T
25x (2 +1) x (5122 +64) 2+2J3 2+2J3
>+ , — +
48 (#* +2x2 +3) 192 («* +222 +3) 768 768
. (2 + VT e 24297 ) 3873 1305743 ~ (2 + VT +xd 21293 ) 3873 130575
1536 1536
Result (type 3, 417 leaves):
17 7, 8 181 NES
ot Tog Tim Tt g ” ~ ssinl 2+ yT +xd 24295 ) 24243 /3 _ (24T +xd 24295 ) 24203
(x* +2.2 +3)° 3072

1024



55 arctan 2x+y 2423 (—2+2\/?)\/T 21 arctan 2x+y 24243 (—2+2\/?)

arctan 2x+y -2 +2J3 3
N 2423 N 2423 B J2+2J3
15362 +23 512 2 +23 482 +23

sl T -x/242y3 ) 2005 5 2@ yF —x/2v2y3 )/ 242 /3
3072 1024

55 arctan 2x = _2+2\/? (—2+2\/?)\/T 21 arctan 2x—‘—2+2\/? ](—2+2\/?) arctan 2x = _2+2\/? \/?
4 J2+23 4 J2+23 _ J2+23
15362 +23 5122423 482 +23

Problem 37: Result more than twice size of optimal antiderivative.

J5x6+3x4+x2 +4
x4 ()c4+2x2 +3)3

Optimal (type 3, 186 leaves, 13 steps):

4 71 25x (52 +7) +x(1025x2+1474) +1n(x2+ﬁ—xJ—2+2ﬁ)J—30014223+33721353JT

812 27x g3 (A42243)) S84 (422 +3) 124416
arctan| 25 EV 242V | 33721353 U3
~ (2 + VT 42024297 ) -30014223 + 33721353 3 ~ 2423
124416

62208

arctan| 22X 2 +243 J30014223 +33721353/3

4 J2+23

62208
Result (type 3, 428 leaves):
1025 x7+&x5+ 7523 34 1087

4,7, 1% 48 192 32 x_48651n(x2+ﬁ+xJ—2+2ﬁ)J—2+2ﬁJT

g1  27x 27 (* +2:2 +3)° 248832

2x++ -2 +23
4865 arctan (-2+2y3)J3
B 272 45 42 24295 ) 24243 N J2+2J3

82944
1244162 + 23




224V 242Y3 (50 F) 1120 arctan| 22TV 2423 | =

127 arctan
" 2423 N J2+2J3
41472 2 +23 7776y 2 +23
N 18652 +yF —xd 21293 )/ 24245 T N 272+ V3 21295 ) S 21205
248832 82944

4865 arctan| 25— 2 +2V3 (-2+2y3)J3  127arctan 2x=y 2423 (-2+2y3)
2423 + J2+2(3

(%)

_|_
1244162 + 23 414722 +23
1121 arctan 2x—y 2423 J3
N J2+23

7776 2 + 23

Problem 38: Result more than twice size of optimal antiderivative.
Jx4 (gx6 +fx4 + ex? +d) dr
(cx4 + by’ +a)2

Optimal (type 3, 547 leaves, 6 steps):

(-2bg+cf) x +£
el 32
(a(28d— (2af+be) —bPg+be(Bag+bf)) + (BPef+b? (-3afted) —b*g—b>c(-4ag+ce) +2ac® (-ag+ce)) )
27 (—4ac+b2) (cx4+bx2 +a)

1 (arctan[ xy2 Je ]
407/2(_4ac+b2)\/b—\/-4ac+b2 \/b—\/-4ac+b2

4 -3b4(:f+4ac3 (-Saf+cd) +b262(19af+cd) +5b5g+b3c(—34ag+ce) —4abc? (-13ag+2ce) ]\/TJ

J-4ac+b?

- 1 (arctan[ 2 e J[3b3cf—bc2(l3af+cd)—5b4g—bzc(-24ag+ce)+2a62(-7ag
407/2(—4ac+b2)\/b+\/ ~4ac+b? \/b+\/ ~4ac+b?
4 3b4cf—4ac3 (-Saf+cd) —b262(19af+cd) —Sbsg—b3c(—34ag+ce) +4abc2(—13ag+2ce) Jﬁ]

J-dac+b?

Result (type ?, 8532 leaves): Display of huge result suppressed!

+X

3b3cf—bc2(13af+cd) —5b4g—bzc(—24ag+ce) +2ad (-7ag

+3ce)

+3ce)



Test results for the 14 problems in "1.2.2.7 P(x) (d+e x"2)"qg (atb x"2+c x"4)"p.txt"
Problem 5: Unable to integrate problem.

dx

J (B2 +4) (e +d)!
cf4+—a

Optimal (type 6, 141 leaves, 6 steps):

7 13 e e[, Bl-a 4 1, .3 2)c e B @

x(ex? +d) AppellF][z, q,l,z, 7 \/7][14 Ve +x(ex2+d) AppellFl[z,l, q,z,m, p [A+ Ve ]
ex \? Y
2a[1+7) 2a(1+7)

Result (type 8, 28 leaves):

J (B2 +4) (e +d)"

ex* +a

Problem 7: Result more than twice size of optimal antiderivative.
3
J (B2 +4) (ex +d)
Jedr 462 +a

dx

Optimal (type 4, 739 leaves, 6 steps):

e(7Ace(-4be+15¢d) +B (1052 d* +24b* 2 —ce (25ae+84bd)) ) xJcx* +bx% +a + & (7TAce—6bBe+21Bcd) X ex* +bx2% +a
105 &3 35

+Béfdcf+bf+a
7c

(7Ace (452 +8b>? —3ce(3ae+10bd)) +B (1055 d° —48b° S —21Pde (9ae+10bd) +8bceé® (13ae+21bd))) xycex* +bx° +a

105¢ 2 (Ja +2J<)

- 7 I A (Tdce(45P P +802P —3ce(3ae+10bd)) +B (1053 &> — 4803 &
C X

lOScos[Zarctan[ w JJCIS /4\/cx4+bx2 +a
a

1 /4 2 1 /4
—213de(9ae+10bd) +8bce2(13ae+21bd)))/cos(Zarctan[ ¢ xJ] EllipticE sin(Zarctan[ ¢ xJ] Ja e (Va

4! /4 4! /4



+x2\/?)/ cx* +bX +a

(@ +2ye)°
b
2_
1 /4 2 1 /4
+ 7. ! al /4/cos(2arctan[c—/x]] EllipticF sin(Zarctan[ ¢ /x]]’ Ja e
210cos[2arctan[ cll ;xj]cls AP +b2 +a a'/? a 2
a

+2J7) [7Ace(45¢2d2+8b262—3ce(3ae+10bd)) +B(1058d —48p° —21Fde (9ae+10bd) +8bce® (13ae+21bd))

_l.

(7Ac(4abe3—15acdez+1562d3)—aBe(10552d2+24b2e2—ce(25ae+84bd)))\/?)/ ex +bx% 4a ]
a (V@ +2ye)°

Result (type 4, 1707 leaves):

_ _ 2 _ 2
1 [Ad3\/7/42(b+ dac+b )x2 /4+2(b+ 4dac+b )xz EllipticF %(x\/?
a a
- [ _ 2
4/ bty -dactb ex +bxX +a
a

/4+2b<b+ —4ac+b2)

- _ 2 N y 7

/ b+ -4ac+b )’ ac 4+ (A4S +3Bd) £ ex ;—bx2+a _ 4bxycx +bx +a
c

a 2 15 ¢

_ _ 2 _ 2
N 1 [Mﬁ/42( b+ -4ac+b )x2 /4+2(b+ 4ac+b )x2 EllipticE %(x
a a
_ | _ 2
1552/ b+ dacth \/cx4+bx2+a
a

/_4+2b(b+ —4ac—|—b2)
_ _ 2
\/7/ b+ -d4ac+b j, S ac _ 1 ( 3a
a
_ | _ 2
2/ bty -dactb Jexr +b2 +a (b+ —4ac+b2>
a




_ _ 2
X\/T/ b+ dac+b
a

2 _ _ 2 _ 2
]a\/?/4—2< b+ -d4ac+5b )x2 /4+2(b+ 4ac+b )x2 EllipticF

a a 2 ’
_ 2 _ _ 2 _ 2
/_4+2b(b+ 4ac+b ) xﬁ/ b+ -4ac+b /_4+2b(b+ 4ac+b )
ac . a ac
> EllipticE > , > +(34dé
+3Bd2e) xyext +bx% +a
3¢
_ _ 2 _ 2
_ 1 aﬁ/4—2<b+ 4dac+b )x2 /4+2(b+ 4dac+b )x2 EllipticF %x
a a
_ [ _ 2
12c/ bty -dactbh Jexr +b2 +a
a
/_4+2b<b+ —4ac+b2)
b+ -dac+b ac
2
o [l | :
_ _ 2 _ 2
" 1 ba\/_/ 4ac+b )xz /4+2<b+\/ 4ac+b )xz
a a
_ | _ 2
30/ bty -dactbh Jexr +bx2 +a (b+ —4ac+b2)
a
xﬁ/ -b+ -4ac+b? /_4+ 20 (b +4actv) xﬁ/ -b+ -dac+b®
o a ac . a
EllipticF 7 , > — EllipticE > R
/_4+2b(b+ —4ac+b2)
5 ac - 1 (3442

_ [ _ 2
2/ bty -hactb Jedt 462 +a (b-l— —4ac+b2>
a



_ _ 2
X\/T\/ b+ dac+b
a

- _ 2 _ 2
+Bd3)a\/7/4—2( b+ -d4ac+b )x2 /4+2<b+ dac+b )x2 EllipticF
a

a 2 ’
- 2 _ _ 2 _ 2
/_4+2b(b+ 4ac+b ) xﬁ/ b+ -4ac+b /_4+2b(b+ 4ac+b ) 5 o
ac — EllipticE a , ac +B& vEX a
2 2 2 Tc

5a | 24D 7
-— + xJexr+bx2 +a
_ 6b5Jex* +bx* +a n [ Tc 353) _ 1 [_S_a

35¢ 3¢
_ [ _ 2
120/ bty-dactb \/cx4+bx2+a
a

+

= | -b+ -4ac+b?
24 p? 2(-b+ -4ac—|—b2>x2 2<b+\/-4ac+b2)x2 * 2/ aac
2 Ja\/Z 4 — 4 + EllipticF
a

35 a 2 ’

ac 1 18ba

_ 35¢
i - >
2/ b+W Jor+o2+a b+ 2act+?)

/_4+ 26 (b+/dac+b)

2

. 24172) -b++-dac+b?
2(__+ b x\/Z/

7 - - ’ - i

¢ 35¢ aﬁ/4— 2 (b4 aacrp?) 2 /4+ 2 (b +/Aacti?) EllipticF :

a a 2 ’

3¢

/_4+2b(b+ dac+b?) xﬁ/ b+ Aact+b /_4+2b<b+ dactb)
a

ac — EllipticE ac

2 2 2

Problem 8: Result more than twice size of optimal antiderivative.



J(sz +4) (X +d)
Jexr +b2 +a
Optimal (type 4, 516 leaves, 5 steps):
e(54Ace—4bBe+10Bcd) x\cx* +bx2 +a +Bez)r7’\/cx4+bx2+a
15 Sc
(10Ace(—be+3cd)+B(1502d2+8b262—ce(9ae+20bd)))x\/cx4+bx2+a

+

1568 2 (V7 +2J7)

B 1 a' 4 (104ce(-be+3cd) +B(153d® +8b>F —ce(ac

1 /4
15 cos(Zarctan[ ¢ 1 /4x J ] M /4\/cx4 +bx +a
a

b
1 /4 2 1 /4 B 7
+20bd)))/cos(2arctan(u]] EllipticE sin(Zarctan( ¢ x]], JVa e (\/7+x2\/?) e +b ta
4! /4 4! /4 2 (ﬁ—l—xz\/?)z
5 _ b
1 /4 2 1 /4
+ 1 al /4 cos| 2 arctan| <—> EllipticF | sin| 2 arctan €A , Ja e (\/7
o A ql /A ql /A 2
30005(2arctan[1—/4J]c“ /4\/cx4+bx2 +a
a
+:2J7) {10Ace(—be+3cd) +B (152> +8b*F —ce(9ae+20bd))
_ (2aBe(-2be+5cd)—5Ac(—ae2+3cd2))\/?]/ cxr+bx +a )
V@ (Va +2ye)’
Result (type 4, 1200 leaves):
p) 2
1 Adzﬁ/4— 2(-b+ —4:1ac+b )x2 /4+2(b+ -4aac+b >x2 EllipticF % T

_ [ _ 2
4/ b+ dactb \/cx4+bx2+a
a



/ 4+2b<b+ act ) —_—
- - 2 ) 4
/ b+ -dact+b ) ac L (4 +28de) | X HDE +a

p ) 3¢

- - 2 - 2
) 1 aﬁ/4—2( b+ Aac+b?) /4+2(b+ tac i) 2 EllipticF % x
a a
_ — 2
120/ b+ -4ac+b [ex* b2 +a
a

/_4+2b(b+ dact b))
b+ -4ac+b ac
2

oy e

2

- - 2 _ 2
+ 1 baﬁ/4—2(b+ dac+b )x2 /4+2<b+ 4dac+b )x2
a a
_ [ _ 2
30/ bty -dactbh Jexr +b2 +a (b+ —4ac+b2)
a
_ _ 2 _ 2 _ _ 2
xﬁ/ b+ -4ac+b /_4+2b<b+ 4ac+b ) xﬁ/ b+ -4ac+b
o a ac . a
EllipticF 2 , 7 EllipticE > R
/ 26 (b+/dac+b)
-4 + 1
- ac _ (24de

j - 2
2/ bl bae i s (b4 (e )

b+ -4ac+b’
+de)aﬁ/4_ 2 (ot [AacwiT) 2 /4+ CEN R0 E —- :

a a 2 ’



/_4+2b(b+ dac+b) xﬁ/ b+ dact+b /_4+ 26 (b+4ac+b6”)
ac — EllipticE a ac LB xz\/cx“—l—bxz—i-a

2 P 2 . 2 5c
_4bx\/cx4+bx2+a

152

_ _ 2 _ 2
n 1 baﬁ/4—2( b+ -d4ac+b )x2 /4+2(b+ dac+b )x2 EllipticF %(x
a a

_ | _ 2
15c2/ b+ 4act+b \/cx4+bx2+a
a

2b(b+ -4ac+b® )

-4 +
\/?/ b4+ -dac+b? ) / ac 1 3a
a 2

5 - 22

_ [ _ 2
2/ bty-dactb Jedt+ b2 +a (b+ —4ac+b2>
a

b+ -4ac+b®
2 - - 2 — ) xﬁ/
8b° a\/—/ 4ac+b )xz /4+ 2(b+\/ 4ac+b )x2 EllipticF a )

a a 2

_ 2 _ _ 2 _ 2

/_4+2b(b+ 4ac+b ) xﬁ/ b+ -4ac+b /_4+2b(b+ 4ac+b )
ac — EllipticE a ) ac

2 2 2

Problem 9: Result more than twice size of optimal antiderivative.

J (B2 +4) (ex? +d)
\/cx4+bx2 +a

dx

Optimal (type 4, 360 leaves, 4 steps):



BexJex* +bx +a 4 (3Ace—2bBe+3Bcd)x\/cx4+bx2 +a
3e 382 (7 +247)

- 1 a1/4(3Ace—2bBe

1 /4
3cos(23rctan[ ¢ 1 /4x ]]c7 /4\/cx4 +bx +a
a

b
2_
1 /4 2 1 /4 / — — v}
+3Bcd)/cos[2arctan( ¢ x]] EllipticE sin[2arctan( ¢ x]]’ av¢ (\/a +x2\/?)/ el +b2 +a

1 /4 1 /4 2
a"/ a"/ 2 (V7 +27)
b
1 /4 2 1 /4 2= Ja i<

+ I a' /4 cos| 2arctan| <~ EllipticF | sin| 2 arctan ¢ X , ave (\/7

ol Ay p al /A al /A 2

6cos(2arctan[ T ]]c7 e+ +a
a
_ 4
+2y7) {3Bcd—2bBe+3Ace+ (3dcd "Be)ﬁ]/ cx +bx2+“2
Ja (J7 +27)
Result (type 4, 758 leaves):
_ _ 2 _ 2
1 Adﬁ/4—2( b+ dactp? ) /4+2(b+ dact b )2 EllintcE % T
a a
_ _ 2
Ny EE ETTE N
a
/ 2b(b+ —4ac—|—b2)

> -4 +

/—b+ -4ac+b ) ac 1
5 - (Ae
a 2

j - 2
2/ bNW JoFToera b+ dacsi?)

-b+ -4ac+b?
- _ 2 — 2 xﬁ/
+Bd)a\/7/4_2(b+ 4ac+b )x2 /4+2(b+ 4ac+b )x2 EllipticE a

a a 2




/_4+2b(b+ dac+p?) xﬁ/ b+ Aact+b /_4+2b<b+ dactb)
a

7
~ N ac xyext +bx% +a
— Ell E 5
5 iptic ) 2 The 3¢
- - 2 - 2
) 1 aﬁ/4—2( b+ Aac+b?) /4+2(b+ tac i) 2 EllipticF % x
P a

_ _ 2
Sy RN BT
a

/_4+2b(b+ —4ac+b2)
b+ -d4ac+b? ac
2

\/—/ a )3

2

- - 2 _ 2
n 1 baﬁ/4—2(b+ dac+b )x2 /4+2<b+ 4dac+b )x2
a a
_ [ _ 2
30/ bty-dacthb exr +bx% +a (b+ —4ac+b2)
a
- - 2 _ 2 _ _ 2
x\/T/ b+ -4ac+b /_4+2b<b+ 4ac+b ) xﬁ/ b+ -4ac+b
_ a ac . a
EllipticF 2 , 7 EllipticE > R
_ 2
/_4+2b(b+\/ dac+b)
ac
2

Problem 10: Result more than twice size of optimal antiderivative.

J B +4
(ex2 +d)3\/cx4+bx2 +a

dx

Optimal (type 4, 1080 leaves, 7 steps):

1
16452 (ad —bde+cd)’ e

((Bd(3c2d4— 10acd?? +aé (~ae+4bd)) —Ade(15Fd* —2cd*e(-3ae+10bd) +& (3a°F —8abde



+852d)) ) arctan x\/aez—ba’e+ca72 _ e(-Ae+Bd)x\Jcx* +bx> +a
JTVeJecr 1he +a 4d(ad —bde+cd®) (e +d)*
N e(34e(3cd* —e(-ae+2bd)) —Bd(5¢d®> —e(ae+2bd)))xJcx* +bx> +a
8d? (ad —bde+cd®) (e +d)

(3Ae(3cd2—e(—ae+2bd)) —Bd(Scd2—e(ae+2bd)))x\/?\/cx4+bx2 +a
82 (ad —bde+cd®) (Va +2J<)

+ i 1 A (3de(Bed —e(-ae+2bd)) —Bd (5¢d® —e(ae
C X

8cos(2arctan[ w ]]dz(aez—bde+cd2)2\/cx4+bx2+a
a

b
1 /4 2 1 /4 B 4
+2bd)))/cos(23rctan[ ¢ x]] EllipticE sin(Zarctan[ ¢ x]]’ Ja e (ﬁ—l—xz\/?) e +b ta
4! /4 4! /4 2 (\/T—Irxz\/?)z
1 /4 :
+ | (Bd(3Ed* —10acd? S +aé® (-ae+4bd)) —de(15Ed* —2cde (-3ae+10bd) +e2(3a2e2—8abde+8b2d2)))/cos[zarctan[Cl—/f]]
a
b
1 /4 2 1 /4 2- Ja i<
+d\/?)\/cx4+bx2 +a ) + | /4/cos(23rctan[cl—/f]] EllipticF sin(Zarctan[ cl/4x ], 2a ¢ (\/7
a a
ext+b2 +a o Ay
+2Jc) (ae(34e+Bd) +44d(-be+cd) +d(—Ae+Bd)J7J?)/ 5 (8008[2arctan[ 7 ]]al AP (ad
(Va +2c) a

—bde+cd2) (-eﬁ +d\/?)\/cx4+bx2 +a )

Result (type ?, 4475 leaves): Display of huge result suppressed!

Problem 11: Result more than twice size of optimal antiderivative.
BxX* +4
20 4 3/2dx
(ex2+d) (cx +bx2+a)

Optimal (type 4, 1252 leaves, 15 steps):



x\/aez—ba’e+ca’2

72 (de(Ted?—e(-ae+4bd)) —Bd(5¢d® —e(ae+2bd))) arctan

ﬁ\/?\/cx“—i-bxz +a
4d (4@ —bde+cd)’
+ I (x(abc(Ae(—be+2cd)—B(—aez+cd2))+(—2ac+b2) (aBe(-be+2cd) +A(c2d2

a (—4ac+b2) (aez—bde+cd2)2\/cx4+bx2 +a

+02F —ce(ae+2bd))) —c(aB(REP +b*F —2ce(ae+bd)) +4(2b%cde—4atde—b & —be(-3aé +cd?)))x))

_ 63(-Ae+Bd)x\/cx4+bx2 +a
2d(a@ —bde+cd®) (e +d)

+ I ((aBd(-42 P —302P +4ce(2ac+bd)) +4(263dP +2becd (-3ad +cd?)

2a (4ac—b2)d(cd2+e(ae—bd))2 (\/7 —I—xz\/?)

—4ace(aez—2cd2) "y (ae3 —4d2ec)))x\/?\/cx4+bx2 +a ) — | /4 (aBd(462d2+3b262—4ce(2ae+bd)) —A (2b3de2

1 /4 2 1 /4
+2bcd(—3ae2 +cd2) —4ace(ae2 —chz) o (ae‘3 —4d2ec)))/cos(2arctan[ u]) EllipticE[sin(Zarctan[ S ]],

4! /4 4! /4

b

Va e

2

(\/a +x2\/6) el +bx’ +a 2 cos| 2 arctan A a3/4(-4ac+b2)d(cd2+e(ae
(Va +2ye)’ A
a + c a

—bcz’))2\/c3c4'+bx2 +a ) - e(Ae(7cd2—e(-ae+4bd)) —Bd(Scdz—e(ae

b
P 2 2-
+2bd)))/cos(2arctan[c;l—/;fJ] EllipticPi{sin[Zarctan( C;I/Zx]j’ _ (-ZZ\/—%d\/\/;) ) \2/;\/? ] (e\/7+d\/?) (\/7
+x2\/?)/ (CX4+bx2+C;2 (8cos(2arctan[ cll/;x ]]al /4c1 /4d2 (aez—bde—i-cdz)z(-e\/? +d\/?)\/cx4+bx2 +a )
Ja +22 ¢ ¢

) (eJF —ayT) (2ya VT +b) Jer 62 1 a )



Result (type ?, 8275 leaves): Display of huge result suppressed!

Problem 12: Result more than twice size of optimal antiderivative.

Jdaf+bf+a e

—cdxX* +ad
Optimal (type 3, 105 leaves, 4 steps):

xy -2a e +b J-2JaJe +b arctanh| = 2Ja e +b 2Ja Je +b
ch+bf+a Jexr +bx% +a

arctanh

Wi ’ Wi

Result (type 3, 237 leaves):

\/4— J“— T
J2 arctan e +bx +a 2 J2 arctan ex +bx’ +a 2 b 7 arctan Jex +bx% +a 2
xJ -4Jac —2b ) _ xJ -4ac —2b B wJayac —2b
2dy -4ac —2b 4d\ac -4Jac —2b 2dJ4yac —2b
4
\/Tarctan Jexr+bx2 +a \/7 b
+ xy4yac —2b
4d\ac4Jac —2b

Test results for the 2 problems in "1.2.2.8 P(x) (dte x)"g (atb x"2+c x"4) "p.txt"
Summary of Integration Test Results

602 integration problems



HoQw >

410 optimal antiderivatives

139 more than twice size of optimal antiderivatives
0 unnecessarily complex antiderivatives

53 unable to integrate problems

0 integration timeouts



