Maple 2018.2 Integration Test Results
on the problems in "1 Algebraic functions/1.3 Miscellaneous"

Test results for the 136 problems in "1.3.1 Rational functions.txt"

Problem 1: Result is not expressed in closed-form.

J 1
dx
9bx+9° +203 23
Optimal (type 3, 55 leaves, 3 steps):
In(xy3 +J%) n n(xy3 +27) n J3
275 27b VD (-3x+y3 VB )

> In(x — R)

2 _
[ R=Root0f(-9b z+9 B+263 27) 3 R —b
9

Result (type 7, 42 leaves):

Problem 2: Result more than twice size of optimal antiderivative.
3
J(b3x3 +3ab?*¥ +3a2bx+a3) dx
Optimal (type 1, 12 leaves, 2 steps):

(bx+a)'®
1056
Result (type 1, 97 leaves):

11—0b9x10+ab8x9+%a2b7x8+12a3b6x7+21 a0+ 1§—6a5b4x5 +21a°03* + 1247 b2 5° +%618bx2 +d°x

Problem 5: Result more than twice size of optimal antiderivative.
J(ace—i— (acf+ade+bce)x+ (adf+bef+bde) 2 +bdf)’ dx

Optimal (type 1, 347 leaves, 3 steps):
(-ad+bc)® (-af+be)’ (bx+a)* | 3(-ad+bc)? (-af+be)?(2adf+bef+bde) (bx+a)’

+
4p’ 557
L (cad+be) (-af+be) (528 —5abdf(cf+de) +b> (P2 +3cdef+d*?)) (bx+a)®
207
4 (“2adf+bcf+bde) (10222 —10abdf(cf+de) +b* (P2 +8cdef+d*é*)) (bx+a)’

7b7



N 3df(5a2d*f —5abdf(cf+de) +b> (P +3cdef+d*?)) (bx+a)® N PP (-2adf+bef+bde) (bx+a)’ N BL (bx+a)'0

8b’ 3p7 1057
Result (type 1, 860 leaves):
b3 & x10 N (adf+bcf+bde) b*>d>fx°
10 3
N ((acf+ade+bce) b2d2f2+2(adf+bcf+bde)2bdf+8bdf(2(acf+ade+bce)bdf+ (adf+bef+bde)?))d +%((aceb2d2f2

+2 (acf+ade+bce) (adf+bef+bde) bdf+ (adf+bcef+bde) (2 (acf+ade+bce)bdf+ (adf+bcf+bde)?) +bdf(2acebdf

+2 (acf+ade+bce) (adf+bef+bde)))x) +%((2ace(adf+bcf+bde) bdf+ (acf+ade+bce) (2 (acf+ade+bce) bdf

+ (adf+bef+bde)?) + (adf+bef+bde) (2acebdf+2 (acf+ade+bce) (adf+bef+bde)) +bdf(2ace(adf+bef+bde)

+ (acf+ade+bce)?))x0) +%((ace(2 (acf+ade+bce)bdf+ (adf+bcef+bde)?) + (acf+ade+bce) (2acebdf+2 (acf
+ade+bce) (adf+bef+bde)) + (adf+bef+bde) (2ace (adf+bef+bde) + (acf+ade+bce)?) +2bdface (acf+ade+bce))x)
+%((ace(2acebdf+2 (acf+ade+bce) (adf+bcef+bde)) + (acf+ade+bce) (2ace (adf+bef+bde) + (acf+ade+bce)?)

+2(adf+bqﬂ+bddacequ+ade+bce)+bdm%9¥)ﬁ)
(ace(2ace(adf+bqf+bde)+(aqﬁ+ade+bcdz)+2(aqf+ade+bceﬁace+(adf+bqf+bde)d%2¥)f

+
3
2
+_3ac;g(aqf;ade+bce)f I B I
Problem 11: Unable to integrate problem.
J(d)? +ex?)" dx

Optimal (type 5, 57 leaves, 3 steps):

x(dx3 +cx2)nhypergeom([—n, 1+2n],[2+2n], —ﬂ)

C
(1+2n)(1+ﬂ)n

C

Result (type 8, 15 leaves):

J(d)? +ex?)" dx

Problem 17: Result is not expressed in closed-form.

1
dx
J8x4—x3 +8x+8



Optimal (type 3, 192 leaves, 16 steps):

(2]

arctan 5 J7 ln((1+ ) +32 —( i)\/6+6\/29 J\/—132762+81606\/29
X
84 29232
2+ 8 o166y
432 4 arctan x J 132762 + 81606 29
ln( (1 +—] +3J29 + (1 +—]\/6 + 6429 )\/—132762 + 8160629
i X X _ -6 +6429
29232 12616
2+ 8 1 66y
arctan 2 J 132762 + 81606 /29
J -6 +629
14616

Result (type 7, 40 leaves):

> In(x — R)

3 2
R=RootOf(8 74— B +8 z+8) 32 R —3 R*+8

Problem 18: Result is not expressed in closed-form.

J 1 2
(4ft+4f-+4x+l)
Optimal (type 3, 239 leaves, 17 steps):

—17+E1+ )2 (59—17( ) )[ ) 7 arctan %+(1+—%)2

O (R A TR e (e

1 1
+ln((1+ ] J5 - (1+;j\/2+2\/?)\/—59590+26650\/? _ln((l-{-;) +J_+(1+ )/2+2\/_)J—59590+26650\/?

400 400
2+ 2 - 2425 2+3+\/2+2ﬁ
arctan 2 J 59590 + 266505 arctan x J 59590 + 266505
-2+2J5 3 -2+25
200 200

Result (type 7, 78 leaves):



(18 R* —16 R+27)In(x— R)
Sp- Loyl D [ 2 4 R+2 R+1
20 5 40 30 n R=RootOf(4 7Z*+4 Z2+4 7Z+1) R+ R+
ﬁ+£+x+% 10

Problem 20: Result more than twice size of optimal antiderivative.
J’(bs)c5 +5ab* X +1020° X +104° b2 42 +5a4bx+a5)2dx
Optimal (type 1, 12 leaves, 2 steps):

(bx+a)'l
115

Result (type 1, 108 leaves):

11—1 PO 4250 45208 ° + 158307 +30a* 0" + 2 B0 +42a°p* X +30a’ B3 +15a8 022 +5a° b2 +a'%x

Problem 21: Result more than twice size of optimal antiderivative.
J(bs)c5 +5ab*x* +10a20° +10a3b2x2+5a4bx+a5) dx
Optimal (type 1, 12 leaves, 1 step):

(bx+a)®
6b
Result (type 1, 53 leaves):

a5x+%a4bx2+%a3b2x3+%a2b3x4+ab4x5+%b5x6

Problem 27: Result more than twice size of optimal antiderivative.
1
1 —(dx+c)

arctanh(d x + ¢)
d

Optimal (type 3, 10 leaves, 2 steps):

Result (type 3, 25 leaves):
In(dx+c+1) In(dx+c—1)

2d 2d

Problem 29: Result more than twice size of optimal antiderivative.



J l
Optlmal(type 3, 5; leaves, 4 Steps) .

(2a2+1)arcsin(bx+a) n 3a\/l—(bx+a)2 _ )m/l—(bx+a)2

2h3 2h3 2 b?

Result (type 3, 151 leaves):

2

\/b2 (x+%) J b2 (x+%)
arctan

a“ arctan

Cx 0P —2abx—d>+1 +3a\/—b2x2—2abx—a2—l—1 N J-b22 —2abx—d* +1 N J -2 —2abx—a* +1

25 25 »2 JB2 N
Problem 30: Result more than twice size of optimal antiderivative.

| e
14 (bx+a)?

_ (—2a2+1)arcsinh(bx+a) _ 3a\/1+(bx+a)2 n x\/l+(bx+a)2
25 25 2p?

Optimal (type 3, 53 leaves, 4 steps):

Result (type 3, 145 leaves):

b [b;x+ab
In| —

nyx2+2abx+a2+l __3aJ§x2+2abx+a2+l n VE

B 3
2b 2b b b?
2
n bx+ab+J
/b2

+VPEE +2abx+d* +1

] B2t +2abx+ad* +1

2% b?
Problem 31: Result is not expressed in closed-form.

J dx
a b(d.x C)
Optimal(type 3, 156 leaves, 10 Steps).

bl A (dx+¢) 2 ] bl /A (dx +¢) 2 ]
+ J2 tan| 1+ J2
a e a (a4 Adx+ o) VT +Va + (dx+0)2 B ) 2
4a3 b A 4a> A1 A ga> bl A

arctan| -1

+



N n(a' 46" A (dx+e)J2 +Ja + (dx+¢)2VB ) V2

8a3/4b1/4d

Result (type 7, 93 leaves):
In(x — R)

3 o3 ) 3
ReRootOf (b Z+4Bch Bi6ldlb 2+addb 7+bd+a) & R +3dc RP+37d R+c
4bd

Problem 35: Result is not expressed in closed-form.

1
dx
J 44 82 +a +8x
Optimal (type 3, 65 leaves, 4 steps):

-1 +x -1 +x
arctan arctan| —
1 -JTta J1+/3¥a

- +
2Jd+aJ1—-Jd+a 2Vd+aJ1+V4+a

Result (type 7, 48 leaves):

In(x — R) ]

3 2
. [ R=RootOf( Z4-4 P+8 2-8 7-a) K —3 R +4 R—2
4

Problem 36: Result is not expressed in closed-form.

e
(—x4+4)9—8x2+a+8x)3
Optimal (type 3, 219 leaves, 6 steps):
(5+a+ (-1+4x)32) (-1+x) L ((6+4a) (25+7a) +6(7+2a) (-1+x)?%) (-1 +x)
8 (2 +7a+12) B+a—2(-14+x)2—(-14+x)*%)7 3203+a)?(4+a)?B+a-2(-14+x)7—(-1+x)*)
3arctan[¢](80+7a2+14\/m+a(47+4\/m)) 3arctan[$J T’ — 47a = 80

V1-yé4+a 3 J1+J4+a Va4 +a
64 (3+a)2(4+a)° 21 - VT ¥a 64 (3+a) (4+a)2J1+VF+a

Result (type 7, 397 leaves):

14+4a+

) 1 ( 3(7+2a)x’ B 21 (74+2a)x° (7a> +343a +1116) X°
(F—43+82 —a—8x)> \16(a*+14a° +73a% +168a+144) 16 (a* +8a+16) (a* +6a+9) 32 (a* +144° +734* +168a + 144)
5(7a®>+175a +528) % N (34> +679a + 1968 ) x° B (324% +623a +1800)

32(a* +14a° +73a> +168a +144) 16 (a* +14a> +73a> +168a +144) 16 (a* +144° + 734> +168a + 144)



_ (11a*+107a* —84a —1152) x 11a® +131a®> +408a + 288 )
32 (a* +14° +73a% +168a+144) 32 (a*+14a° +73a%> +1684a + 144)

; D (108 +2(7+2a) R*+4(-2a—7) R+7a*>+55a)In(x— R)
R=RootOf( Z4—4 B +8 28 7—a) (RP=3 RP+4 R-2) (> +104%>+33a+36) (4 +a)
128

Problem 41: Result is not expressed in closed-form.
J 1
X (b3)c6+9ab2x4+27azcx3 +27a% by +27a3)
Optimal (type 3, 456 leaves, 14 steps):

1 (2b—-3a" B2 mBa+3 B Bx+b2)  (26=3(=1)27Ba BE A mBa-3 (1)1 B2BAByxtb?)
- - +
27a%x 486 a'! /3c1 /3 162(1+(—1)1/3)2a“ /301 /3
~D' A 2b+3 (-1 Bd A2 A n(Ba+3 (1) PP B Br+ba?)
L (=1 ( (=1)
486a'1 Bl /3

(202 - 124 /3b62/3+9a2/3c4/3)arctan[ (3a2/3cl /3+2bx)\/?J\/?
3Va Jab—34' 327
72903 82 B[4 347 A2
(-2 @2 +12(-1)! A4 /Sch/S+9(—1)2/3a2/3c4/3)arctan[ (=12 fa /3_I_2bx)\/?J\/T
3VaJab+3 (—)1 Pd" B2
23 (1= (1)) (1 + (=)' BB A2 A [ap 13 (—1)T R BE
LB 203
(2(—U2Ab2+12(—ﬂlﬁalAbg/@+9azﬁc4ﬂ)mmm{(3( 1) 7a” e ZbXLﬁTJJ?
3VaJab—3(—1)27d B2/

243 (14 (~1)! AV B A2 B4y =3 (—1)2Fd B2 7
Result (type 7, 132 leaves):

+

_|_

+

(- R*»*—9 R?ab?>—27 Ra*’c—274’b) In(x — R)
R=RooiOf (b3 26 +9ab? Z4+27ca® B+27d2b 2 +2743) 2 R0 +12 RPab® +27 Ra’c+18 Rd’b 1
81d° 27d3x

Problem 42: Result is not expressed in closed-form.

X
Jx6 +18x* +324x° + 10822 +216
Optimal (type 3, 242 leaves, 14 steps):



(—D2BI(6-3(=3)' B2 Ax+2)22 A3 A (—1)2 P (6 +3(-2)273 Ax+2)22 A3 A m(6+32253 Ax+2)22 A3/

3(_3)1/322/3_2x j25/631/6 arctanh[21/6(331/3+21/3x) 25/631/6
\/24—18(—3)2 32l /3 N J-12 4921733273
216 (1 + (=1)! 3)2Ja - )2 /31 /3 648/ -4 +321 33273
_ 2/3 1/3
(—1)1/3arctan[ 3 (=2) 3 +2x J21/331/6
J24 +18 (—2)1 33273

324 /8 49121 331 /0 4351 /33273
Result (type 7, 53 leaves):

arctan [

+

Rln(x— R) J

3 2
[ R—RootOf( 6+18 71324 B+108 2+216) R T12_R +162_R* +36 R
6

Problem 43: Result is not expressed in closed-form.

1
Jxé +18x* +324X° + 10822 +216
Optimal (type 3, 255 leaves, 14 steps):
n(6—3(=3)#22Ax4:2)21 A4 ()1 A2 BAm(6+3(—2)2 A3 Bxga2)2l 1(6+322/331/3x+x2)21 /332 /3

31 /B392 /5 1/6 (221 /3 101 /3
(_1)2/3(3(—3)2/3—22/3)arctan[ 3(=3) 72 2X )35/ (992 /531 /3) gretann| 23317 21 Px)
\/24—18(—3)2 3a1 /3

J-12+921 733273

+
972 (1 + (=1)! )28 =6 (—3)2 321 /3 972/ -24 + 1821 /332 /3
(9—(—2)2/331 /3)arctan[ 3 (=2 )2/331/3+2x ]
N V24418 (—2)1 332 3

97224 +2712 /331 /6 4921 /332 /3
Result (type 7, 52 leaves):

In(x — R) J

3 2
[ R—RootOf( 6+18 71324 B+108 2+216) R T12_R +162_R* +36 R
6

Problem 44: Result is not expressed in closed-form.

J 7
2l dx
(X0 + 182* +3245 + 1082 +216)*



Optimal (type 3, 694 leaves, 23 steps):
(-4(=1)'#32A—186' A +9 ((=2)2 A +2(=1)! A2 A) )21 A -(=6)! A (9(=2)' #4231 4) +9 (14 (=2)1 32 F)«
1944 (14 (—1)' ) (4 =3 (=3)2 521 B) (6-3 (=3)' 22 Sxq2) 4374 (8+9121 B30 A 4321832 5) (643 (-2)2 31 Ax+2)
L (4-62! B2/ _3(6-227331/3)x)21 332 /3 N n(6—3(=3)' A2 Ax42)21 B3/ 1n(6+322831 Bx42)21 32/
17496 (4 —321 332 3) (6 +322 331 x4 2) 3888 (1 4+ (—1)! 4)° 104976

LBl /3 1 /3 21/6(3(—3)1/3—21/3)6) 1 /6
(=)' A ((=3)! 73 +32! /) arctan 31 /6.2
. J12=9(=3)2 73,173 (643 (=2)2A31 Axy?) (143)2 B3l /b
324(1+(—1)1/3)4(4—3/(—3/)2/321/3)3/2 7776/(1+(/—1)1/3/)5
2 /3,71 /3 1 /6 1/3 1/3
(1+(—D1A32A)mam[ 3(=2) 3 +2x ]J? (1—21A32A)Mdmh[2 (33 +2 x)]fg
J24 +18 (—2)!1 332 /3 J-12 4921733273

_|_

324 (1= (=)' 32 (14 (=1)! D) (443 (—2)1 32 /5)3 2 324(1—(—1)1/3)2(1+(—1)1/3)4(—4+321/332/3)3/2
3 (=) A2 S —ax J(91+3l/3(2122/3_931/6+222/3m)

arctan

V24— 18 (—3)2 321 73
5832 (1 + (—1)! 3)° 8 = )2 31 /3

2/31/3 1/6 1/3 1,1 /3
(93! /6+I(422/3—332/3))arctan[ 3(=2)7 773 77 +2x J31 /3 (222/3+332/3)arctanh[2 (3317 +21 7x) ]35/6
J24 +18 (—2)1 332 /3 J-12 4921733273

+

+ +
5832 (14 (=)' 3)° 8 +6(—2) 7332/ 78732 -8 + 621 /332 /3
Result (type 7, 121 leaves):
6873364 B 37198 x + 15(2);1 *3+% _557”%
X0+ 18x% 43247 + 10847 4216
(73 R*—36 R*+96 R>—216 R+96)In(x— R) ]
n R=RootOf( 70 +18 74 +324 73 +108 72 +216) —RS +12—R3 + 162—R2 +36_R

410184

Problem 45: Result is not expressed in closed-form.

X4
5 dx
(X0 +18x* +324° + 10822 +216)
Optimal (type 3, 588 leaves, 23 steps):
(_1)1/332 /3 (3 (_3)1/322/3_2x)21 /3 (_1)1/332/3 (3 (_2)2 /331 /3 +2x)21 /3

34992 (1 + (=1)' ) (4=3 (=3)2 /521 5) (6 -3 (=3)! 22 Bx42) 157464 (8 +9121 31 64321 32 5) (643 (=2)2 31 Ay 4 2)



a1 /352 /3
(—1)1/3arctan[ 3(=3) 2 2x ]21/331/6
331301 B3y J24 — 18 (=3)2 321 /3
+ 1/3 1/3 2 341 /3 + 4 32
52488 (92! 72 =431 ) (6 +322 3 Bx+x2) 4374 (1 + (=1)! ) (8 — 9121 /331 /6 1371 /332 /3)
(—1)1/3arctan[ 3(_2)2/331 /3+2x ]25/631/6 arctanh[ 21/6(331/3+21/3x) ]25/631/6
V24 +18 (—2)!1 332 /3 J-12 4921 33273
17496 (1 — (=11 B)2 (14 (=) B) (4 43 (—2)1 B325)3 /2 157464 (-4 +321 332 /3)3 /2
Cn(6-3(=3)' B2 A 42) 2231 A , 1in(6 +3 (—=2)27331 Bx4+:2)22 B35 /6 (643227331 By 42)22 A31 A
209952 (1 + (—1)! /3)* 209952 (1 + (—1)! /3)° 1889568
1 /6 a1 /351 /3 A2 /311 /3
2! 72 (3(=3) 2 X)j25/632/3 arctan[ 3(=2)"7°3 7" 4+2x (I+\/?)25/632/3
J12-9(=3)2 732" /3 - J2a+18(—2) P32/
34992 (1 + (=)' 3’ Ja =3 (=3)2 321 /3 69984 (1 + (—1)! 2’ Ja 13 (—2)1 /332 /3
2! /6(331/3+21 Sy )] 5/631/6
J-124+921 /33273
314928 -4 +321 332 /3

Result (type 7, 121 leaves):
1 1 4 1 1 2 1 4

Tarctan

arctanh

_|_

“136728 C T 13819 F T 5607 F  saa T 3798 ¥ 17001
WO +18x* +324° +108:2 +216
(-9 R*+16 R®—324 R>+2628 R—324)In(x— R)

5 3 2
R=RootOf( 2418 74 +324 2 +108 2 +216) R* 412 R +162 R +36 R
7383312

_|_

Problem 46: Result is not expressed in closed-form.

Optlmal(type 3, 601 leaves, 23 Steps):

(=6)! B (2(=3)! B +92!B) 34 N ~(=6)1 A (9(=2)! B +231 B) — 34
157464 (8 —912! /331 /6 1321 /332/3) (6 -3 (=3)! B22 Bx+2) 157464 (8 + 912! /331 /6 1321 332 /3) (6 +3 (—2)2 331 35 1+ 2)
N 221 B 43623 431 By CIn(6—3(=3)1 B2 Ay 42)2l B3l /b . In(6+322 B3 By 2)2 332 /3

104976 (921 3 — 431 3) (6 +322 231 By +.2) 139968 (1 + (—1)! /3)° 3779136

arctan

1 /32 /5 _ 2 /331 /3
3(-3)1732 2x ]J? 3(—2)2730 73 4 0% e
J24 —18 (=3)% 321 /3 B JAT18 () A2
78732 (8 —9121 431 /6 4321 332 )22 3573 (5 49121 /331 /6 4391 /332 /5)3 /2

arctan [

_|_




1 /6 1/3 1/3
arctanh( 2 (33 +2 x) J\/?

(I+\/T)21/331/6 _ \/_12+921 332 3
)1/3)5 314928(—44—321/332/3)3/2

j (o1—31 73 (21223 +931 /6 4222 /3/3))

L In(6+3(=2)2 431 Ar g )
-1

279936 (1 + (—
3(=3)17/8322/8 2y

arctan

V24— 18 (—3)2 321 3
209952 (1 + (—1)1 )Y’ J8 =6 (—3)2 21 /3

_ 2/3 1/3
(91431 /3 (4122 /5 — 93! /6))arctan[ 3(=2)°7°3 T 42x
J24 +18 (—2)1 33273

2! 6(33' 2421 5x) ) 55 6

] (222 /3 —332 /3) arctanh[
V12492133273

+ +
209952 (1 + (—1)' )’ J8+6 (—2) 7332 /3 2834352/ -8 + 62! /332 /3
Result (type 7, 121 leaves):
9221914 % = 1361728 A+ 153819 x + 56197 * - 6873364 x 37198
X0+ 18x% +324° + 10847 4216
(2 R*-27 R+72 RZ—162 R+1971)In(x — R) ]
4\ R=RootOf( 2 +18 74+324 B +108 2 +216) R+12 R +162 R*+36 R

11074968

Problem 51: Result more than twice size of optimal antiderivative.
Jx7 (d2 +5) (3d2®+5b) dv
Optimal (type 1, 14 leaves, 2 steps):

B (d +b)°
8
Result (type 1, 88 leaves):

SR Hbd P+ TR PR+ TH P+ B TH B+ TP 40T dxl0 o b

Problem 52: Result more than twice size of optimal antiderivative.
7
Jx7 (abc2 +cx) (3 dx* +2cx) dx

Optimal (type 1, 12 leaves, 2 steps):

x10 (dx—i—c)8
8
Result (type 1, 88 leaves):

L2 bed P+ L EE 217382 4 B AP 1P+ L SR 4T 0+ L0



Problem 53: Result more than twice size of optimal antiderivative.
Jx‘S (dx+c)” (3dx+2c) dv

Optimal (type 1, 12 leaves, 1 step):

X0 (afx+c)8
8
Result (type 1, 88 leaves):

%dSX24+C’d‘7X23+%C’zd6)€22+703d5x21 +1—Sc4d4x20+7csd3x19+%06d2x18+c7dx17+%csxlﬁ

Problem 54: Result more than twice size of optimal antiderivative.
1 4
(bx+a)[l+(c+ax+~§bf)j(h

Optimal (type 1, 25 leaves, 2 steps):

5
b2 (c+ax+~%bf)
ax+ — +

2 5

Result (type 1, 324 leaves):

2713 2 2 2 2
b3 410 a b0 (azb +b( (a +2bc)b +a2b2)Jx8 (a(% +a2b2)+b(acb2+2(a2+bc)ab)Jx7
+ +

160 * 16 8 7
ﬁ+4a2cb+(a2+bc)2ij6 [a(ﬁ+4azcb+(az+bc)2)+b(ZCZab+4ac(az+bc))J)rS
2 n 2
6 5
(a (2c2ab+4ac(a2+bc))+b(2c2(a2+bc) +4a262))x4 4 (a (2c2(az+bc)+4azcz)+4bc3a))c3 i (4a2(:3+b(c4+1))x2
4 3 2

N (a(acb2+2 (a®>+bc)ab) +b[

+ -+a(f

+1)x

Problem 58: Result more than twice size of optimal antiderivative.
2
J(l +2x0) (2 +x) (-18 47 (2 +x)°) dx

Optimal (type 1, 31 leaves, ? steps):

10 10
81 (1+x)* =367 (1 +x)7 + W
Result (type 1, 86 leaves):

441 6174

%xzo +49x1° + =S 18 4+ 588 x17 + 1029 x16 + 5 ¥ 4993 %14 + 336413 — 102—71 ¥2— 12114 = % A0 — 7567 — 1712 + 288 x7 + 486 x°

+324% +81x*



Problem 69: Result is not expressed in closed-form.

Jx"(zﬁ +32 4x+5)
2+ 452 +x+2

Optimal (type 3, 217 leaves, 13 steps):

2(7-51y7) +;é(7—51\/7) +x2(7+51ﬁ) +9(7+51ﬁ) Cx(35-91y7)  x(35+91y7)
2

28 4 28 42 28 28

llarctan[MJ (91—5\/7)
N 3m(4+42+x(1-1y7)) (7=111J7) N 3in(4+42 +x (1 +1y7)) (T+111y7T) J70=21J7
2 12 4,490 — 1417

llarctan[MJ (9I+5\/7)
V70 +21J7

4490 +141J7

Result (type 7, 73 leaves):

_|_

(3 R4+19 R+ R+10)In(x— R)

3 2
S5x o\ R=Root0f(2 2+ B+5 2+ 7+2) 8 RP+3 RF+10 R+1
2 2

© P 5x
377

Problem 90: Result more than twice size of optimal antiderivative.

af+bx+a(h
JAS +ex’ +d
Optimal (type 3, 171 leaves, 8 steps):

barctanh[ﬂ] arctan[ 2T [c+2af—_ec V2 arctan V2T J(C+M V2
Faare ), Je-JagwZ )\ VAdre ) Jew [+ Jaav e
/-4df+e Zﬁ/e—d-4df+ez 2\/7\/e+ ~4df+ &

Result (type 3, 615 leaves):

Zfﬁarctan[ fx\/? ch \/Tarctan[ fx\/? ]ce2
-4df+ & bln(fo2+ -4df+ & +e) \/(e+ -4df+e2)f \/(e+ -4df+e2)f

2(4df—é) "

(4df—e2)\/(e+ —4df+e2)f 2(4df—e2)/(e+ —4df+e2)f



A~ —4df+e2 \/Tarctan[ fe2 a N —4df+e2 V2 arctan fe2 ec
) s ) s

i /<e+ ~4df+e \/<e+ -4df+ &

(4df—e2)\/(e+ —4df+e2)f 2(4df—ez)\/(e+ —4df+e2)f

Zfﬁarctanh[ fx\/T ]cd \/Tarctanh[ fx\/T cé
Jaarr Zon( 202+ 4dft S —e) JW a2 —e) s . JWaas e —e) s
2(4df-¢) (aar—-2) ) (Vadr+ & —e) f 2 (adf—2)d (Vadrt & —e) f
f\/m\/?arctanh[ fxy2 Ja mﬁarctamh[ fxy2 Jec

. JWaa=e@ —o)s) JWaa+a —e) s

(4df—e2)\/(\/ -4df+ & —e)f 2(4df—e2)\/<\/ -4df+ & —e)f

Problem 105: Result is not expressed in closed-form.

J dx
2 ( X 1)
Optlmal(type 3, 103 leaves, 8 Steps):

Iarctanh[;lxll—mlj4 2! /A Iarctanh[+

JTr12l 7ot /4 arctan[é)\/—l Lol /Aol /4

i Ji-121 7 N Ji+12l 7 3 J1 42l A
8 8 8
arctanh| ———~—— \/1+21;4 2! /4
1 /4
n J142 /
8

Result (type 7, 55 leaves):

"R*In(x— R) J

7 5 3
. [ R=RootOf( B—4 fo+6 7A-4 2-1) R -3 RP+3 R — R
8

Problem 106: Result is not expressed in closed-form.

J2 X 1 4
( )
Optlmal(type 3, 129 lea-\/‘es, 8 Steps):



(—1)1/4arctanh[ d J\/l—(—2)1:421/4 (—1)3/421/4arctanh( o ) 14+1(—2)t 7
f

_(_o\1l /4 1
i 1—(-2) N 1+1(-2)
8 8
—_1\1 /4 X / —o0\1 /4 A1 /4
(—=1) /arctanh[ — I+(-2) 2! / Iarctanh(x S S 7 J((_2)1/4+\/7) S 7
N J1+ (=2)T7 3 J 141423 J 1+1+23
8 8
Result (type 7, 55 leaves):
[ "R*In(x— R) ]
R=RootOf( A—4 D6 7A-4 243 R —3 R +3 R — R
8

Problem 107: Result is not expressed in closed-form.

J -+ 1 &
a-+b(x2—1)4

Optimal (type 3, 435 leaves, 17 steps):

pl /8 /S N
arctan[ b /8x arctanh[ b! /Sx J arctan ° X\/T +/b hs - +\/7 \/—bl /4 +m \/7
S ) JCa A+t A S A [T +T5

R AT TR AT AR 863 4= JV @ +Vb
wean| PN A [T E | [ T
N S0 A [Tz 475
803 A =a JVa +\b
N wlo A e [T dr -0 Al i v A (o A e ad T
166 8 a JVa +Vb

O N ey L e Y B el es
166 Ay =a JV=a +Jb

Result (type 7, 68 leaves):
(- Z+1)In(x— R)

7 5 3
R=RootOf(b 2 —4b +6b 74—4b 2+atp) R —3 R +3 R — R
8bh




Problem 134: Result more than twice size of optimal antiderivative.

J
1 (X 1)
Optlmal(type 3, 132 leaves, 10 Steps):

2x+24+2J2 s 20T arctan 2x+ 2422 s 2T
EXTY: N EXTY: . (24T —xJ2+247 )
4 4
4y2+2y2

arctan

B ln(xz +\/7+x\/2+2\/7)
42+2y2

Result (type 3, 307 leaves):

\/7(2+2\/7)arctan 2x—,2+2\/7
L2z Tl vz —xf27277 ) | D427 ) rremwlermosfar2g7 )
8 8
4y 2422

(2+2\/7) arctan 2x—|2+2\/7 \/7(2+2\/7) arctan 2x+\,2+2\/7
3 J -2 +22 V2422 \/TIn(xz-i-\/T-i-xm) N 2422
4 -2+2J2 i 4 -2 +2J2

(2+2\/7) arctan 2x+y2+2y2
N \/2+2\/71n(x2+\/7+x\/2+2\/7) 3 2422
8

4y -2+2J2

Problem 135: Result is not expressed in closed-form.
J{3(19x’+120x2+228x—47) N -8 — 752 —320x 442 N 30x

UA+x+3f (ﬁ+x+3f (ﬁ+x+3y
Optimal (type 1, 27 leaves, ? steps):

dx

SO+ +52—3x+2

Uﬁ+x+3f
Result (type 7, 249 leaves):
377432 J_ 1404328 N 234517 660506 A 208792 3 13339729 89881 i 121303
195075 195075 195075 195075 195075 390150 13005 21675

(f+x+3f



(377432 R* — 2808656 R +703551) In(x — R) 16 64 1 4
4 R+l 0| -—+ - ——x— ——
4 \ R=RootOf( Z'+ z+3) R+ n 765 765 765 255
195075 A +x+3
2( D (-16 RZ+128 R—3)In(x— R) ]
n R=RootOf( A+ 7+3) 4_R+1 1 ( 255032 1 914728 ;o _ 226867 o _ 701338 ¢
51 (4 +x43)° ( 585225 585225 585225 585225
L 236024 5 13501313 ¢ 2360372 s _ 1873778 4 10935781 3415123 5 62987 76253 )
585225 1170450 585225 585225 1170450 130050 7225 21675 )
( Z (-255032 R + 1829456 R — 680601) In(x — R) ]
3
+ \_R=Root0f( 2+ z+3) 4_ R +1
195075

Problem 136: Result more than twice size of optimal antiderivative.

J[ 2300 +4° +10x -3 3(4r0+1) (50 4t 452 —3x+2) |

Oﬁ+x+3f UA+x+3V
Optimal (type 1, 27 leaves, ? steps):

S5O0+ 452 -3x42
Uﬁ+x+3f
Result (type 1, 111 leaves):
34568 e 73672 o 15392 _ 60494 A 68792 583927 3356 . 2069
195075 195075 195075 195075 195075 195075 13005 43350 n 1 ( ( 34568 I 73672 10
(x4+x+3)2 (x4+x+3)3 585225 585225
4 15392 9 95062 8 98824 7 1322894 N 36022 _ 129019 e 790303 80674 , 10951 4 26831 )
585225 585225 585225 585225 585225 1170450 585225 65025 14450 43350 )

Test results for the 266 problems in "1.3.2 Algebraic functions.txt"

Problem 3: Unable to integrate problem.

1
dx
J(22/3a1 /3—171 /3x)\/bxz—a

Optimal (type 4, 216 leaves, 4 steps):
L6 (. 1/3_51/3:1/3
a (a 2 b x)J§_]VGT
JbxX —a
ob' Bya

2 arctanh




221 /3 (g1 /3 /3x)EllipticF[ 5! Bx+4l /3(1+‘/T),2I—I\/T] a? B +a Pp B+’ 3x22 (\/? B \/7)33/4
%lﬁx+alﬂ(1_J?j (blﬁx+alﬂ(1—J?)) 2 2
73

94 /3p! /3\/13)9—(1/ (a2 =7 7x)
b1 /3x+a1 /3 (1 —\/T))z

Result (type 8, 30 leaves):

1
dx
J(22/3a1 /3—b1/3x)\/bx7’—a
Problem 8: Unable to integrate problem.
1
J 1/3 dx
(dx+c¢) (P -)
Optimal (type 3, 116 leaves, 1 step):
2! /3 (-dx +¢)
e
/ 2/ 1/3Y 2 /3 arctan (d ) J3 22 /3
In((-dx+c) (dx+)2) 2?4 3n(d(-dx+e) +22Pd(Pr =) 7) 25 3
8cd 8cd 4cd
Result (type 8, 25 leaves):
1
J 3 1/3 dx
(dx+c) (P =7
Problem 9: Unable to integrate problem.
1
J 1/3 dx
(dx+c¢) (X +2)
Optimal (type 3, 162 leaves, 3 steps):
2dx
(1+ ; 1/3JJ_
/ 1/3 arctan (d X +2€3) \/T
n(dx+c)  I(-dx+ (P2 +28)'7) +31n(d(dx+2c)—d(d3x3+2c3) ) N 3
2cd 4cd 4cd 6cd
ii}dx+;ci/3 \/T
arctan (d +32 ) \/T
B 2cd

Result (type 8, 25 leaves):



1
Jkdx+c)M%§+2@

)1/3dx

Problem 10: Unable to integrate problem.
J(arerc)“(znc3 +a)' P ax

Optimal (type 5, 317 leaves, 11 steps):
30ld (b3 +a)' " L ad' 2 (b2 +a)' L (b 4 a) P (5P 424 452 PP +403 dP + 15 x)

2b 185h 30
2 /3 2 /3
ac4x(l+b—j hypergeom“l,z],[i],—ﬁj acd3x4[l+EJ hypergeom([g, },[l],—EJ
a 3°3 3 a a 3 3 a

(SR

+ +
2(bx3+a)2/3 5(bx3+a)2/3
1/3
I ( i’%b )xl /3]\/T
3 bx’ +a
_ 2ac3dln(bl /3x— (bf—l—a)l/}) N a2d41n(b1 /3x— (b)f’+a)1/3) - 4 ac’ darctan 3 J3
3b2/3 18b5/3 9b2/3
1 /3
|42 7x ’“1/3Jﬁ
a2d4arctan (b)f’ga) \/T
i 2755 /3

Result (type 8, 159 leaves):

(158 °b+72¢d b+ 1352 b +5ad* x> +120b3dx® +36acd®x +45b*x +1352 d%a) (b +a)
90 b

[J_a(10ad4x—120bc3dx+36cic/c313—45bc4) dx] ((bx3+a)2)1/3
905 ( (b3 +a)?)
(b3 +a) "

1 /3

+

Problem 11: Unable to integrate problem.

4
J (dx+c)1 S

(b +a)
Optimal (type 5, 251 leaves, 10 steps):

/3
3 b ! 1
338 (b +a)* +4cd3x(b)§+a)2/3 +2c dx2[1+ a J hypergeom([y
’ 30 (b2 +a)'

w o

5]




b )7 1 51[8] b
" d4);[1+7) hypergeom([g,g],[g],—TJ _ c4ln(-b1 /3x+(bx3+a)1/3) n 2acd3ln(—b1 /3x+(bx3+a)1/3)
5 (b +a) 251 /3 354 /3
25! By 25! 3y
12 — A S Y Y
‘ (bma)l”] ) [ (bma)‘”]
c*arctan 3 J3 4 acd’ arctan 3 J3
! 3p1 /3 - 9p* /3

Result (type 8, 82 leaves):
2 (3P +16cdx+363) (b3 +a)* " +J_ Sad*x —24b3dx+8acd —6b*
12b 6b (b3 +a)' "

dx

Problem 12: Unable to integrate problem.
1

d
J(dx+c)3 (b +4a)'

Optimal (type 6, 1346 leaves, 32 steps):

3¢ (b2 +a)* " 3P (b2 +a)2 40 (b2 +a)2” el (Bad +63) (b2 +a)*
2(cad +b3) (P43 2(cad +b3) (PP +E) 3 (cad +b3) (PP +) 3(-ad+b3) (B2 +3)
L P (Tad+362)x (b2 +a) " (-5ad +96)x (b2 +a)* 7 1d (ad +308)x (b2 +a) "
18 (-ad® +53) (@2 +J) 18 (-ad®+b53) (P +J) 18 (-ad® +53) (82 +J)
1 /3 3 1/3 3
3dx2(1+ﬁ) AppellF](g,l,&i,-ﬁ,—dx}] 6d4x5[1+ﬁ] AppellF][i,l,3,§,-E,-dxs
a 373 3 a o N a 373 3 a o
2 (bx" +a)1/3 5¢ (b)c3 —I—a)l/3
L2rdn(@Pr+7)  ddln(@P+d)  be(Bad+pd) (P +F) | Tad (cad +307) In(d + )
9 (-ad+b3) " 272 (-ad +b3) " 18 (-ad +b3) 4 (-ad+b3) "
2 ﬂaf4%w”lﬁx_ 1A}
4 (Sczzdﬁ—12abc3a’3+9b2c6)ln(d3x3 +(!3) _ “ dﬁln( c (bx3+a)
542 (-ad +53) 92 (-ad> +53) 7
3 31 /3 3 1 /3
7ad3(—ad3+3bc3)ln( (-ad +f"’) X (h +a)1/3) (5a2d6—12abc3d3+9b2c6)1n( (cad +f‘3) X (b3 +a)1/3)
- 182 (-ad +b3) - 182 (-ad +b3) 3
22 m((cad +63) P rd (b2 +a) ) N be(3ad +5) I (cad +53)' 7 +d (62 +a)' )
3 (-ad+b53) 6 (-add +b3) "



i 2(—ad3+bc3)1//3x]\/? [ i 2(—ad3+bc3)1//3x]ﬁ
1/3 1/3
2 a? d° arctan c(bxg;-a) J3 7aa’3(—aa’3+3bc3)arctan c(bx";l—a) J3
* 7/3 + 7/3
273 (ad® +b) 273 (~ad® +b )
B 3\ /A3 1/3
+2(adf+bcl)/3x]ﬁ [1_2d(b3)§+a3)1/3]ﬁ
(5a2d6—12abc3d3+9b2c6)arctan c (b ;—a) J3 4 b? *arctan (cad —i-?)bc) J3
+ —
272 (-ad +b3) " 9(-add +bS) "
2d (b3 +a)' "
o (-ad +bJ)" " :
bc(—3ad3+bc3)arctan a 3 ¢ J3
_|_
9 (-ad®+b3) "
Result (type 8, 19 leaves):
1
J 1/3 dx
(dx-+c)3(bx34—a)
Problem 13: Unable to integrate problem.
J dx+c
(b3 +a) "
Optimal (type 5, 96 leaves, 5 steps):
2b1/3x
1+ V3
ex 1422 ) pereon [ 1, 2] [£] 22 N B GTEISTRC) M
a yberg 3’3113 a _dm“ﬂﬂx—(bf+a) ﬂ B 3
(bx3+a)2/3 2 p2 /3 32 /3

Result (type 8, 17 leaves):
J dx+c
(b3 +a)

Problem 14: Unable to integrate problem.
1

J (dx+¢)? (b +a

)2/3 dx

Optimal (type 6, 669 leaves, 18 steps):



b )2 1 2 .4 »3 PP
2d (b +a) 22 (b +a) ’“[”_j Appelltl| 3> 302 377 5 )
(-ad +63) (B +3)  (-ad +b3) (PP +J) 2 (b3 +a) "
2 /3 3)‘3
d34[1 E) A4 ZZF1[4 2 2,1,—ﬁ, d—j
ol G rpe 3°3°73° 4 3 _bFdn(PP+3) adn(@P+E) d(cad +3bS)In(PXP + )
268 (b3 +a)* " 3(cad+53)° 7 9c(-ad +b3)° " 9¢(-ad +b3)° "
3 1/3 3 31 /3
ad41n( (cad +fcﬁ) — (b2 +a)1/3) d(—ad3+3bc3)1n( (cad +i’c) X (b +a)1/3)
+ +
3e(-add +b3)° " 3e(-ad +b3)° "
(IJF 2(—ad3+bc31)1/3/3x]
1/3 1/3 2 ad* arctan C(bl} +a) J3
+bc2dln((—ad3+bc3) +d (b +a) )Jr 3
(—ad3+b03)5/3 c(—aa’3—|-bc3)5/3
3 31 /3 1/3
[1+ 2(-ad —i—bcl)/3 x]\/? [ . 2d(b3x:’+a)l/3j\/?
2d(—af—+3bg)ammn cngga) J3 2 b darctan (—ad-zbg) J3
+ —
c(—ad3+bc3)5/3 3(-ad3+bc3)5/3

Result (type 8,

Problem 15:
antiderivative.

Optimal (type 3, 28 leaves

Result (type 4, 261 leaves

19 leaves):

, 2 steps):

222 % arctanh[ (

|

Result unnecessarily involves higher level functions and more than twice size of optimal

1

(dx+c)2 (b +a)2

22/3+2x de

J (22 /3

—x)Jx3—1

1 =21 303
Jx2 —1

]ﬁ

)t

3



EllipticF

EllipticPi

22 A4

Problem 16: Unable to integrate problem.

dx

J 2ABNASB gl iy
(22 /3a1 /3+b1 /3x)\/bx3 +a

Optimal (type 3, 43 leaves, 2 steps):

1/6(.1/3 1/3,.1/3
222 /3arctan[ 4 (a +2 b x)\/T \/?
JbxX +a

34! /6b1 /3

Result (type 8, 41 leaves):

J 2SN SB _apl /3y N
(22 /3a1 /3—i-b1 /3x)qu3 +a
Problem 17: Unable to integrate problem.

dx

J 2Ad o s
(22 /3a1 /3—171 /3x)\/bx3—a

Optimal (type 3, 46 leaves, 2 steps):

1L/6(.1/3 _~1/3.1/03
222/3arctanh[a (a 2 b x) 3 J3

\/b)f’—a

34! /6b1 /3




Result (type 8, 44 leaves):

dx

J 2 A2y S
(22 /3a1 /3—b1 /3x)\/bx7’—a

Problem 18: Result more than twice size of optimal antiderivative.

J fx+e de
(2273 +x) /2 +1

Optimal (type 4, 126 leaves, 4 steps):

2(6—22/3f)arctan (1+21/3x)\/?]\/T 2(21 /3e+f)(1+x)E1hpt1CF M,I\/T_i_zl (\/f _'_\/27)\/ x2—x+1 . 33/4
Je+1 N 1+x+3 (14+x+J3)
9
9/94.1/1#2
(1+x+3)

Result (type 4, 263 leaves):

oL _ W3
2f(i—lﬁ) T+x 2 2
2 303 RERND VLN

2 2 2

Problem 20: Result more than twice size of optimal antiderivative.

J fx+e dr
(dx+c)Jad P+

Optimal (type 4, 216 leaves, 4 steps):




2 (-cf+de) arctan[ (2dx+c) V3 Ve ]\/T
JiF4
90 /2

/- _
21 B (ef+2de) (c+22/3dx)EllipticF(22 ‘dx+e(1-3) 13 +21
2Bgx+e(1+y3)

(J? +ﬁ)/ —22Bcdx+22" P2 5 4
2 (

4 2 22/3dx+c(1+\/—))

2 /3
9cd 4 d3x3+c3/ c+2 P dx)
22/3dx+c(1+\/—))
Result (type 4, 899 leaves):

1

dJads +J

4

[21/3 _I\/T21/3)c
2f 4

d

4

d

/: Ve
[21 3+I\/T421 3]0J

/: Ve
(21 3_’_1\/?21 3}6

1 /3
L : 4 x+22dc
2 A yEal AN (214 1yEal A 21 A 132l A
4 4 4 4 4 4 +21/3c
d d d 2d
(21/3_1JT21/3)C (21/3+1J?21/3]C
4 4 L 4
d n d
EllipticF
21/3+I\/T21/3)c (21/3_1\/?21/3]0 p (21/3_1\/?21/3]0 21/3+I‘/T21/3)c
4 4 4 4 4 4
d d d d




[21/3+I\/?21/3JC (21/3_1\/?21/3
4 4 B 4 4
d d 1
+ 2 (-cf
[21/3+I‘/T21/3)c , (21/3+I\/T21/3Jc ]
4 4 2! e 2 [T - 4 <
y 57 PJsdPP+ y +
[21/3_Iﬁ21/3)c
Yde) 4 y 4
1/3 1/3
(24 +I\/?42 ]c]
B d
1/3 1/3
(2 L 32 ]c _
‘e 4 4 x+2 c
d 2d
21/3 1ﬁ21/3 21/3 I\/?ZI/Z» 21/3 I\/?ZI/Z»
( 4 4 )c_[ i T 3 ¢ i T ¢ 2l
d d d 2d
1 /3 1/3 1/3 1/3
[2 /32 Jc [2 L 32 )c
3 4 4 3 4 4
* d - * d
EllipticPi ,
[21/3+I\/?21/3J (21/3_1\/T21/3] [21/3_1\/?21/3) (21/3+I\/?21/3]
4 4 ¢ 4 4 ¢ 4 4 4 4 ¢
d d d d
1 /3 1 /3 1/3 1/3 1/3 1 /3 1 /3 1 /3
(2 L3 ]c {2 /32 ]C [2 L L/32 )c (2 132 ]c
4 4 4 4 4 4 4 4
d d d d
71 /3 I\/?zl /3 ] [ 71 /3 I\/?zl /3 J
( 4 + 4 C_}_£ 4 + 4 c 21/30
d d d 2d




Problem 21: Result more than twice size of optimal antiderivative.

(2273 4x) /5 +1
Optimal (type 4, 114 leaves, 4 steps):
22? /3 arctan[ (1 +2! /3x)\/T
VX +1

9

M,Iﬁ+21

J3  2(1 +x) EllipticF
] 1+x+3

+

[\/?_,_\/7)/ X —x+1 33 /4
2 2 (14x+y3)°

9/x +1 /%
(1+x+v3)

Result (type 4, 257 leaves

)
L VR
z[g_lﬁ] T+x 2 2
22 W3 313
2 2

3_
2 2

3 1J3
__+—
2 2
22 /3

Problem 23: Unable to integrate problem.

X

dx

4[(22/3411 /3—b1 /Sx)\/ -bxX +a

Optimal (type 4, 206 leaves, 4 steps):
L/ (1 /3_ Al 31 /3
222/3arctan a (a 2 b x)\/?]ﬁ
J-bxX +a

94! /6b2 /3




2 (a' 3 = b' /%) EllipticF

-b! /3x+a1 /3(1—\/_) Ve

-b! /3)c+a1 /3(1+\/T)

+21

2 3+a1 3b1 3x+b2 3x2

(C+C)/:

' Bx+adl /3(1 -I-\/?))z

33 /4

bmm/

Result (type 8, 30 leaves):

Problem 24: Unable to integrate problem.

Optimal (type 3, 37 leaves, 2 steps):

Result (type 8, 37 leaves):

Problem 25: Unable to integrate problem.

Optimal (type 3, 37 leaves, 2 steps):

Result (type 8, 38 leaves):

3_b1 3x)

b1 /3x—l-a1 /3(1+\/_))

X
dx
J'(22/3al /3—b1 /3x)\/ -bxX +a
J' 1A /3 N
(2611/3+b1/3x)\/bx1’—a
13 _ 5l 3.2
2 arctan (a b x) J
B 3a1%4bx3—a
3a1/6b1/3
J Al N
(2a1/3+b1/3x)\/b);—a
J al/gﬁ—bl/gx e
(2a1/3—b1/3x)\/—bxz—a
1/3 1/3.)2
2arctan{ (a +b x) ]
3a1/6\/—bx3—a
340 /6p1 /3
J a1/34—b1/3x e
(2a1/3—b1/3x)\/—bx3—a

Problem 26: Result more than twice size of optimal antiderivative.



fx+e dr

J (dx+c)+ 8P+

192 leaves, 4 steps):

(—2dx+c)2 J

3Je 888+

Optimal (type 4,

2 (-cf+de) arctanh[

9c3/2d2
_ _ 2
(cf+2de) (-2dx + c) EllipticF 2dx+e (1 J§j,1¢§'+21 ({f-+‘GTJ 4dx2+26dx+c22 33 /A
B —2dx+c(1+\/T) (—2dx+c(1+\/T))
9cd2\/—8d3x3+c/ (2dx+c)
-2dx+c 1+\/_))
Result (type 4, 660 leaves):
[ | +1J§']C
1 y 2 2
dy-8d°x +¢7 2d
[_l_ﬂ)c
2 2
2d
EE: ExE:
L\ 2 2 = L\ 2 2
2d 2d 2d
[_i+£J (_i_lﬁ)c [_L_ﬂ]c [_i_ﬂjc (_1 VE )
2 2 2 2 2 2 o 2 2 2 2
2d 2d 2d 2d 2d 2d
(_i_ﬂ)c [_L_ﬂjc [_1+£]
2 2 2 2 2 2
2d 2d 2d
[_1 ﬁ] [1_£]c’ (_1_u)c
2 2 2 2 2 2 .
2d 2d 2d

EllipticF




| ['é*lf]"
+ 2 (-cf+de)
[_i_ﬂJc 2d
2 2 c
d*\ -8+ =
e 2d T
[i_ﬂjc
L2 2
2d
[_L_ﬂjc [_L ﬂ]
A2 2 < oA 2 2
Ve 2d Ve \/_2 d Ve 2d e EllipticPi
1 1y 3 1 1y 3 1 Iy 3 1 1y 3 1 1y 3
(2+2)c_(2 2)C [2 2}C_L (2 2)6_(2+2)C
2d 2d 2d 2d 2d 2d
(_i_ﬂ)c (_i_ﬂ)c (_1+£)c [_L_ﬁjc [_1 ﬁ]
A2 2 2 2 L2 2 2 2 L2 2
2d 2d 2d 2d 2d
1 Iﬁ] ] _ﬂjc’ (_i_ﬂ)c ’ (_L_ﬂ)c
2 2 L2 2 2 2 i 2 2 _c
2d 2d 2d d 2d 2d

Problem 27: Result more than twice size of optimal antiderivative.

X dx
J(Z—x)m

Optimal (type 4, 104 leaves, 4 steps):

2
4arctanh(MJ 2(1+x)E111pticF[M,1ﬁ+21] [ Jf v g]/ X —xt 1 _ 3/
3/° +1 L+x+V3 (1+x+V3)

? 9\/x”+1/—1+x 5
(1+x+J?)

Result (type 4, 239 leaves):




e
2
_|_
378 +1
Problem 28: Result more than twice size of optimal antiderivative.
(dx+c)y-84° +¢

Optimal (type 4, 173 leaves, 4 steps):

2
2mamm[ (—2dx+cﬂ J (—2dx+c)EmmmF(_de+c(1_J§j,IJ§-+ZI][Jf-+'J7]\/ 4d° +2edx+c 33/4

2
3Ve 8PS+ ) 2dx+c(1+3) 2 (2dx+c(1+V3))
2 _
s 9dzm/ c(2dxte) _
(—2dx+c(1+\/?))
Result (type 4, 652 leaves):
(_i+£Jc

1 5 2 2
dy-84°x +¢ 2d

(_L_ﬁ)c

2 2




EllipticF

|

|

2d

2d

2d

2d

2d

2d

2d

2d

2d

2d

2d

2d

2d

EllipticPi

|

|

2d

2d

2d

2d

2d

2d

2d

2d

2d

2d

2d

2d

2d

2d




Problem 29: Result unnecessarily involves higher level functions and more than twice size of optimal
antiderivative.

J 1 +x+3 &
(14x—y3) /P +1

Optimal (type 3, 32 leaves, 2 steps):

(1+x)y-3+2J3

J2 +1

2 arctanh

3423
Result (type 4, 244 leaves):
MU i VR SO i VN
Z[E_IJ?J I +x 2 2 2 2 EllipticF
22 313 313 3.3
2 2 2 2 2 2

Problem 30: Result unnecessarily involves higher level functions and more than twice size of optimal
antiderivative.

J 1 —x++3 &

(1—x=Vv3) /- +1

Optimal (type 3, 36 leaves, 2 steps):

(1—x)y -3+2J3
JEAr

-342(3

2 arctanh

Result (type 4, 242 leaves):



1 +§)E EllipticF E/I(XJF% _%Jﬁ

2 3 ’

ﬂ]ﬁ EllipticPi %(ﬁ

2

Problem 31: Result unnecessarily involves higher level functions and more than twice size of optimal
antiderivative.

J 1+x—3 de
(1+x+y3) /2 +1

Optimal (type 3, 32 leaves, 2 steps):

5 arctan| LX) 3+2JTJ
i ©+1
3423
Result (type 4, 244 leaves):
3 1J3 T x_%_wz? x_%erz?
2 [ Ea—- J 2l EllipticF
22 3_1L3 33 3.3
2 2 2 2 2 2
V2 +1
L _ I3
1 4(3_1ﬁ) T+x 2 2
St 22 3_1/3 3 _ L3
2 2 2 2




Problem 32: Unable to integrate problem.

J bl/gx-kal/g(l-—dﬁr) &
(blﬂx+a1A(I+J?j)vbf+w

Optimal (type 3, 49 leaves, 2 steps):
a f P tp Br)J3+203

JbxX +a

2 arctan [

a opt A3 423
Result (type 8, 46 leaves):

J bl/gx-kal/g(l —\ﬁ?)
(blﬂx+alﬂ(l+J?j)be+m

Problem 33: Unable to integrate problem.
J %lﬂx+alﬂ(l—JT)
(%lﬁx+alﬂ(l+J§j)d—bé+a

Optimal (type 3, 51 leaves, 2 steps):
d S (a B b Br) 3423
J-bX +a

a Bl B3 23

2 arctan [

Result (type 8, 49 leaves):

J %1Ax+alﬂ(l—J3j dr
(b rra 21 +y7)) oo v a

Problem 34: Unable to integrate problem.

} —b1/3x+a1/3(1—\/T)
(—bl /3x+a1 /3(1+\/?))\/bxz—a



Optimal (type 3, 52 leaves, 2 steps):
a S (a B =p Br) 3423
JbxX —a

2 arctanh [

a' o' A3 423
Result (type 8, 50 leaves):

} -b1/3x+a1/3(1—\/T)
(-b1 /3x+a1 /3(1+\/?))\/bx7’—a

Problem 35: Unable to integrate problem.

} b1/3x—l—a1/3(1—\/?)
(bl /396—}-511 /3(1+\/?))\/ -bxX —a

Optimal (type 3, 52 leaves, 2 steps):
al /6 (al /3+b1 /3x) 3423
J-bxX —a

2 arctanh [

' op B3 23
Result (type 8, 49 leaves):

} b1/3x+a1/3(1—\/?) dr
(bl /3x—i—a1 /3(14—\/?))\/ -bxX —a

Problem 36: Unable to integrate problem.

dx

(3] e
1

3x+ﬁ)m

VRS
—_
|
/N
Q|
N——
Y

Optimal (type 3, 57 leaves, 2 steps):
b\ /3
[1—(—) x)ﬁ 31243
a
J-bxX +a

2 arctan

(g)l% YN

Result (type 8, 47 leaves):



dx

1/3
1—(2) =3
a
1

3x+ﬁ)m

Yoy
ek
|
/N
Q|
Ne——
S

Problem 37: Unable to integrate problem.

1+ (2) Py
[+ () e m oo

dx

Optimal (type 3, 58 leaves, 2 steps):

2 arctanh

Result (type 8, 47 leaves):

dx

[1+(2) /3x+ﬁ)m

Problem 38: Result more than twice size of optimal antiderivative.

J 14+x de
(1+x=y3) /2 +1

Optimal (type 4, 119 leaves, 4 steps):

(1 +x) EllipticF M’Iﬁﬂl][ﬁJrﬁ]/ Zoxtl 5 arctanh[(1+x)\/—3+2ﬁJ

L+x+V3 2 2 (1+x+47)° B NEET
3\/9+1/$2 3+23
(1+x+J§j

Result (type 4, 244 leaves):



Problem 39: Unable to integrate problem.

fx+te

dx

J(bl Brxta A(1=y3)) Vb3 +a

Optimal (type 4, 243 leaves, 4 steps):

arctanh[ a! /6(a1 /3+b1 /3x) 34273 ] (bl /3e—a1 /3f(1 —\/T))
JbX +a

b2 /35\/ 9463

/: A1~
(a' /3 45 /3x)15111pticF[bl xta 21 ﬁ),lﬁﬂl (p! Be
b1/3x+a1/3(1+\/?)

34! /w/am/ (@ A )
b1/3x+a1/3(1+\/_))

a Ar(ayE) [ L F/ SORGRATE T 31/4]
[ 2 ] (b1/3x+a1/3(1+\/—))

Result (type 8, 36 leaves):
fx+e

J(bl /3x+a1 /3(1—\/T))\/bxq’+a

dx

Problem 40: Unable to integrate problem.



fx+e

J(—b1 /3x+a1 /3(1—\/?))\/bx3—a

dx

Optimal (type 4, 255 leaves, 4 steps):

1 ((a1/3—b1/3x)EllipticF( b1/3x+a1/3(1+\/_) I\/T] (b1/3e+a1/3f(1

/3 T3 1/3 1A (1 -3
3a1/3bz/3m/ — 5 B%) 2 b Bx+a B (1 J_)
b1/3x+a1/3(1—\/?))

arctan

[al /6(a1 /3_b1 /3x)

-3+2(3 ] (0 Beta Pr(1-y7))
=

+J?))/ 2 d P Py 2 L (ﬁ_ﬁj3l/4)+
2

(-b1/3x+a1/3(1—\/?)) 2 2

Result (type 8, 39 leaves):

AT -9+6y3

fx+e

J(—b1 /3x+a1 /3(1—\/?))\/bx3—a

dx

Problem 41: Unable to integrate problem.

X

J(—bl /3x+a1 /3(1—\/?))\/bx3—a

dx

Optimal (type 4, 208 leaves, 4 steps):

al /6 (a1 /3—b1 /3x)\/ -3 +2\/? ]\/731 /4
\/bx’;—a

34! /6b2 /3

1/3 1/3 2 /3 1 /3.1 /3 2 /3
(a1/3_b1/3x)EHipticF[ b Bxta / (1+ﬁ)’21_1ﬁ]ﬁ/ P PN P P
1

arctan

B Brtrad B(1=y7) (-0l Bxta B1-y7))

bz/sm/ 3 _pl By)
b1/3x+a1/3(1—\/T))2

_|_

Result (type 8, 35 leaves):

X

J(—b1 Bx+d A(l—ﬁ))dbx”—a

dx

Problem 49: Unable to integrate problem.



2 (fete)
J bx +a

Optimal (type 5, 245 leaves, 7 steps):
1/3

1/3 1+n b (fx+e)

a (fx+e) hypergeom[ [L1+n],[n+2], —F—"——F

(fx+e)' ™" bl Be—al BBy
bf(1+n)

b(B' Be—a Bf) (1+n)
(=121 5 (fr+e)
(— )2/3b1/3e—a1/3f

3
b (=127 Be—d Bf) (1 +n)
)

a3 (fx +e) T hypergeom| [1,1 +n], [n +2],

_|_

(=) B B (frte)
(— )1/3b1 /3e+a1 /3f

b (=)' Beta Br) (1+n)
Result (type 8, 22 leaves):

al /3 (fx +e)! T"hypergeom| [1,1 +n], [n+2],

2 (frte)
J bx +a

Problem 50: Unable to integrate problem.

x(jk4—eyldx
J bxX +a

Optimal (type 5, 230 leaves, 5 steps):

; b7 (frte) ; (=D27b B (fxte)

Uk+eﬂ+ Mmmgmn(ﬂ,1+nL[n+2LZTZEt;T7§J ) kﬁ)lﬁ(fx+eﬂ+ Mmaymn[ﬂ,l+nL[n+2L b—Uzﬂblﬂe—alﬂfJ
3a' BV B (B Be—da Bf) (1 +n) 3al Bl B ((=1)2 B Be—d Bf) (1 +n)

] (=)' Pb' B (fate)
(—1)2/3 (fx—i—e)H' hypergeom([l,l—i—n],[n +21], (—1)1/3b1 /3e+xal Zf]

3a" B A (=)' Ao Beva Br) (1 +n)
Result (type 8, 20 leaves):

x(jx4—ey’dx
J bx +a

Problem 51: Unable to integrate problem.

(X3 +d)
ex+d

Optimal (type 6, 123 leaves, ? steps):



(&x +d3)pAppellF1(p, prp 1 +p, -2 lextd) 2 (ex+d) j

d(-3+1y3) a(3+1y3)

2 (ex+d) P 2 (ex+d)
pl1+—=textd \rry_ _slexwd)
( d(—3+1ﬁ))[ d(HIﬁ))

Result (type 8, 23 leaves):

J (&2 )
ex+d

Problem 52: Result unnecessarily involves higher level functions and more than twice size of optimal
antiderivative.

J P +2x42
(2 +2) VX
Optimal (type 3, 16 leaves, 2 steps):
—2arctanh[ I —x ]
J2 =1
Result (type 4, 1655 leaves):
Ll L1
2 [—2 - I\/?} 2 2 2 2 EllipticF
S 3.3 z+£
2 2 2 2




EllipticPi

5,03 (3 1T 31T
2 T 2(2+ 2 J 2[2+ 2
1 X
312 -
Je-1(1-1y7) /iﬂ 33
2 2 2 2
E T aE] e
3 1y3 3 1y3 3 Iv3
2t 2(3*7) 2[E+T
1 \/T X _ 1
J2-1 (1-1y72) 33 3 1J3
2 2 2 2
N O AR R
3 1y 3 3 1y 3 3 Iy 3
2t 2(5*7] 2[5+T
1 3 X B 1
J2 -1 (17 +1) /éﬁ 3 L3
2 2 2 2
x\/_+ 1 n I\/T\/—
3 1y3 3 1y3 3 I3
2t 2(5*7) 2[5*7
1 I X B 1
J2 =1 (Y7 +1) /i£ 3 _W3
2 2 2 2




ER Vi

z + ! + VED EllipticPi i 2 2
3,03 2(3+£j 2[z+13 33 T4
2 72 2 2 22 2 2

1 x
- 31Y2 -
J2 -1 (1y7 +1) 33
2 2

X n 1 n 1/3
ENNR VN 2(1+£) 2[; 13
2 2 2 2 22

1 x
+ V2 -
2 =1 (1y2 +1) 3 13 3
2 2 2

X n 1 I 1J3
3,13 2(1+£] 2[1 13
2 2 2 2 22

Problem 53: Result unnecessarily involves higher level functions and more than twice size of optimal
antiderivative.

dx

J - —2x+2
(dx+2+d+2) /X -1

2arctanh[ d+x)yl+d ]
J-X© =1
J1+d

Optimal (type 3, 26 leaves, 2 steps):

Result (type 4, 1887 leaves):



w

|
\/?/I(x—
S /_I(x_ 1 +§)ﬁ EllipticF 2

s fife- -1 ) [
2 2 é—l—l\/? 2
2 2
3y - —1
. I IJT/I“——I;*% w
" P 3,.1/3 3 1Y3
3P —ad—8 /21 TR 5 ) D)
13 3 E/I(x_%_lj)ﬁ L3 He
/ -1V3 x+ —=2= + - EllipticPi 3 ’ | '
L WE 4 (Faas | 310
2 2 2 2 ? ’
| 1 o [ [ [
1, 1y3 4 &> —4d-38 SR PRy
W2 =1 | g+ +3‘f) e >
1 1J3
r [
EllipticPi 23 2 ’ — ’ . d
1L T d [P —4d=3 3,43
27 2 T2 2 S
i 1 41ﬁ/lﬁx—%+% T
/5 |1, 1/3  d Jd—4d-38 SR PRy
3P —ad—8 J =1 St 5 >t > T
\/?/I(x—l—u)‘/?
/‘I\/TH % + = EllipticPi 23 : ’ - ’ o d
L, W3 4 J@-4d-s [ 3,13
2 2 2 2 ? ’
+ 1 ZIJT/I“_I;JF% el IJ_ /_I3x+123+%
1, IJ3 4 > —4d-38 ST ER
Woar =1 | S+ 25+ 7 - 2 ] e e




1 1J/3
5[ s
EllipticPi 23 : ’ - ’ o
TN R AW e
2 2 2 2 S
J& J-2 1, W3 d_JP—4d-38 i ERF L ER
Wd=4d =8y -x =1 | g+ =+ - ? ’ ’ ’
\/?/I(x—l—u)\/?
/'Iﬁx+¥+%EllipﬁcPi S IJ?/— ’ N
1,3 4 Jé—4d-g [ 3,13
2 2 2 2 S
i I Iﬁ/l Ta- 2 e —
e 2 _4d_3 3 1J3 3, 1J3
3J# —4d—8 B -1 2+2+2+ 5 2+'2 2""2
\/T/I(x—l—u)\/?
/ SN I\/— + 3 EllipticPi 23 2 - ’ L !
2 2 2 2 S
- 1 I\/T/I\/?x——lz3 +% . + 1\/— /_I\/?XJFI_
R 7 3 13 3 1J3
W1 | o+ + 5 J > T D)
1 13
s [ s
EllipticPi 23 : ’ - ’ E |
PRIl AR
2 2 2 2 S
+ 1 41\/T/I\/Tx——1 3 +2 - * 1
J7 S | 13 a4 [P —4d-3 S (O RS CE N S N
Wi —4d=8 -2 —1 | -+ =+ T+ 2 2 s




1 1J3
E/I(x—— ——)E
/—Iﬁx+ @ +% EllipticPi 2 2 VEL /3

b b d
’ VW 4 JPads | 3, 1T

2 2 2 2 2 2

4 ! 2Iﬁ/lﬁx—%+% ] /—I\/?x+%+
s AT L e 4 JP—4d—8 3.3 3 3
2 2 2 2 2 2 2 2
1 1IJ3
ﬁ/l(x————)ﬁ
EllipticPi 23 2 s I \/? R I \/?
1, 13 d JiP-4d-8 | 3 I3
2 2 2 2 2 2
+ 1 slﬁ/lﬁx—¥+% x . 1¢—
s oo | L B d VP —4d-8 3.3 3 I3
3Jd*—4d—8 | -x —1 S o 5 >t )
1 13
ﬁ/l(x————)ﬁ

/—I\/Tx+ % +% EllipticPi 23 2 , VE , VEL

1. W3 d JiP—4d-8 [ 3 I3

2 2 2 2 2 2

Problem 59: Unable to integrate problem.
J)f’(dx+c)1+” i@
bx* +a

Optimal (type 5, 293 leaves, 10 steps):

pU /A (dx +¢)
bl A= (-a)! Fd

(dx+c)”+2hypergeom[ [1,n+2],[3 +n],

1 /4
J (dx+c)"+2hypergeom[[l,n +271,[3 +n], b (dx+c) )

b Aot (-a)! Hd

43 4B A= (~a)' *d) (n+2) 463 4 (B Aot (-a)! 4d) (n+2)
1 /4 1 /4
(dx+c)"+2hypergeom[[l,n +2]1,[3+n], b (dx+c) ] (dx+c)"+2hypergeom[[l,n +2]1,[3+n], b (dx+c) ]
B b Ae—df-ya ) b Aetdd -ya
43 2y (b1 Ae—af T2 ) 43 2y (b1 Aeval T2 )

Result (type 8, 24 leaves):



dx

J)f’(dx+c)1+”
bx* +a

Problem 70: Unable to integrate problem.

&

J(cmf/z .

Optimal (type 4, 151 leaves, 5 steps):

3 3 32
_(c\/bx2+a) _b(c\/bx2+a) +b2x<c\/bx2+a)
30 2ax 2a(bf-+a)
2
arctan[ xﬁ] arctan xﬁj 3
B2 | cos fﬁ EllipticE| sin fﬁ N2 (cvp2+a)
arctan[ﬂj 2 3 /4
pews| T L (1 22)
2 a
Result (type 8, 19 leaves):
3 /2
J(c\/bxz-l—a) &
4
b
Problem 72: Result more than twice size of optimal antiderivative.
3 e(bx2+a) &
dx* +¢
Optimal (type 3, 137 leaves, 5 steps):
\/7 e(bx2+a)
(-ad+be) (ad+3be) arctanh DLt 1T (ad+sbo) (ae+e) [T (go .y [elbrtd
Jb e _ dx* + ¢ i dx* +¢
§b3 /25 /2 8 b d> 4P
Result (type 3, 340 leaves):
- 1 [ e(bx2+a) (dx2+c) —4\/bdx4+adx2+bcx2+acxzdb\/bd
16 (d2 +¢) (b® +a) P bybd d +c




i 2bdx24+2bdx* +adx®> +bex +ac Jbd +ad+be 2R 4o 2bdx24+2bdx* +adx®> +bex +ac Jbd +ad+be vedb
2Jbd 2Jbd
7
—3b21n[ 26d2 +2\bd ¥adP 1 ber tac VBd tadtbe | oy i Tad e TheE T ar ad 5T
2Jbd

+6Jbdx* +adx® +bcx +ac cbbd J]

Problem 73: Result more than twice size of optimal antiderivative.

e(bx2+a)
dx* +c dx
<
Optimal (type 3, 107 leaves, 4 steps):
\/? e(bxz—i—a)
(-ad + bc) arctanh dx’ +c Je (-ad+bc) e(bxz—+a)
JZ /e e
- +
203/2\/7 zc[a_c(bx2+a)]
dx* +¢
Result (type 3, 325 leaves):
1 ( e(bx2+a) (dxz—i-c) [Zbd\/bdx4+adx2+bcx2+acx4\/ac
4J(¢9+0)Um2+a)3afdac d +c
+ adx® +bex* +2Jac \/bdx4+adx2 +bex +ac +2ac]dcx2
x2
)
_m[adﬁ+baf+2dacde;+adf+ba@+ac+2ac]bgaf+Qdeﬁ+adf+bc§+acdaﬁJ;g

+2\/bdx4+adx2 +bex fac bcxzm—2 (bdx4+adx2 +bex? —i—ac)3 /2\/ac ])

Problem 74: Result more than twice size of optimal antiderivative.

Pz ) e

Optimal (type 3, 117 leaves, 5 steps):



e(bx2 +a)

d
32 Jd
[e(bxz—+a)J (d2 +¢) 3 (-ad+be) & 2 arctanh dx’ +c Vb 3 (-ad+bec)e e(b? +a)
dx +c _ Jb Je I dx2 +c¢
2d 2d5 /2 2
Result (type 3, 431 leaves):
)
1 ([3ln[ 26d2 +2Jbdx® +adP +be +ac\bd +ad+be szabdz
4d*Jbd \ (d2 +c) (bx*+a) (b2 +a) 2Vbd
P\
_3111[ 2bdx? +2\/bdx +adx’> +bex> +acbd +ad+bc x2b20d+2\/bdx4+adx2+bcx2+acxzdb 5T
2bd
i 2bdx* +2bdx* +adx®* +bex* +ac bd +ad+bc acdb_3b21n[2bdx2+2\/bdx4+adx2+bcx2+ac\/bd tadtbe |,
2Jbd 2Jbd
32
+2Jbdx* +ad® +bcex +ac cbybd —4dy (d+¢) (b2 +a) aybd +4 (d? +c¢) (b2 +a) bebd J (d2 +¢) [e(‘ijj—“)} )
+c
Problem 75: Result more than twice size of optimal antiderivative.
(e(bxz—f-a) ]3/2
dx* +c &
e
Optimal (type 3, 230 leaves, 6 steps):
e(bx2+a)
3(-5ad+be) (-ad +be) & arctanh d +c d(-adtbeye | €2 ta)l 2 [ elbrta)
B Ja e B dx +c _ dx +c
807/2\/7 l 03( ce(bx* +a) Jz
4 ae— ————=
d¥ +c
(<9ad+5be) (-ad+bey @ | <2 ta)
d* +c
_|_
863(ae_M)
d¥ +c

Result (type 3, 1041 leaves):
) 1
16+ ac ax4c4\/(dx2 +c) (b)c2 +a) (bx2 +a)

([18\“10 \/bdx4+adx2 +bex +acBabd —6ac \/bdx4+adx2 +bex +ac Eb?ed?



+151n[ adx?> +bex +2Jac \/ba’x4+aa7x2 +bext +ac +2ac ]x6a3cd3

x2
7
—18ln[ adx® +bex* +2Jac \/bdx +adxX* +bexr +ac +2ac ]xéazbczdz
xZ
— )
+3In ad £hex +2 ac\/bd12+adx2+bcx2+ac +2ac)x6ab2c3d+18\/ac \/bdx4+adxz+bcx2+ac)c6aza’3

+26+ac \/bdx4+adx2 +bexr +ac Pabed* —12ac \/bdx4+adx2 +bexr +ac PP Pd

adx*> +bex +2ac \/bdx4+adx2 +bex’ +ac +2ac
x2

7
—181n[ adx> +bex +2Jac \/bd3;2+adx2 +bex’ +ac +2ac ]x4a2bc3d

Wl Ed

+ 15111[

+3In

— 7
ad thex +2ac \/bd);2+adx2+bcx2+ac +2ac Jx4ab2c4—18m(bdx4+adx2 +bex? -i-ac)3 /2x4ad2+6m(bdx4

+adx* +bex? +ac)3 /2x4bcd+18\/ac \/bdx4+ad)c2 +bexr +ac Patced® +8Jac \/bdx4+aa’x2 +bhex +acxtabld

—6m\/bdx4+adx2 +bex +ac x4bzc3—16d2\/(dx2 +c) (bx2 +a) azcx4m+l6d\/(dx2 +c) (bx2 +a) bczx4am

—14yac (bdx4+adx2 +bex? +ac)3/2x2acd+6\/ac (bdx4+adx2 +bex +ac)3 /szbc2 +4yac (bdx4+adx2 +bex? +ac)3 /zac2

(42 +¢) ( e(;;::) js /2j

Problem 76: Result more than twice size of optimal antiderivative.

[e(bx2+a) ]3/2

d¥ +c

N

dx

Optimal (type 3, 336 leaves, 7 steps):



JT e(bx2+a)

5,2 2
-a ¢ e -a c) (-35a ac e arctan ¢
(-ad+b )362( (b"2+“)j (~ad+be) (356> +10bdac+>b*) & /arctanh dx +
dP +c \/7\/?
6ac> [ae— ce(bxz +a) ]3 164° /2c9 /2
dx* +c¢
& (-ad+beye | Lyt (adtbeyd [ LBrra)
+ d¥ +c n d¥ +c
¢ 2404(ae—mj2
dx* +c
(—aal—i—bc)(—79c12012—l-SObdac—i-Sczbz)e2 e(bxz——l-a)
_ dx* +c¢
48ac4(ae—%J

Result (type 3, 1497 leaves):
1 ([IOSIn
96 acxéazcs\/(dxz+c) (bx2+a) (bx2+a)

7
adx® +bex +2Jac \/bd);2+adx2 +bext +ac +2ac Jx6ab3 5—174m(bdx4+adx2+bcx2+ac)3 /2x6a2d3

adx®* +bex +2Jac \/bdx4+adx2 +bext +ac +2ac SARP
x2

+31In

—6+\ac \/bdx4+adx2 +bexr +ac Pt +6ac (bdx4+adx2 +bex? +ac)3 /2)c4b2c3

adx®> +bex +2Jac \/bdx4+adx2 +bex’ +ac +2ac
x2

— 7
— 16+ ac (bdx4+adx2+bcx2+ac)3/2a203+31n[ ad +bex +2 ac\/bd)iz—i-adxz—l—bcxz—i-ac +2ac

ad2 +bex +2ac \/babc4—I—aa’xz—i-bcx2 +ac +2ac SBbAE P
x2

— 7
+27ln[ ad +hex +2ac \/bdx +ad +hed fac +2ac Jx6a2b204d+6\/ac (bdx4+adx2 +bex? +ac)3 /2x6b262d

Batced* +174Jac \/bdx4+adx2 +bex vac B d

+ 105 ln[

Babdtd

—12Jac Jbdx* +ad® +bcex +ac BPPAd - 1351n[

e

+ 174\ ac \/bdx4+adx2 +bhe +acdced —96d3\/(d)€2 +¢) (bx2 +a) aex®\ac — 114\ ac (bdx4+adx2 +bex? +ac)3 /2x4azcd2

+44\ac (bdx4+adx2 +bex +ac)3 /2x2a262d— 12{ac (bdx4+adx2+bcx2 +ac)3 /zxzabc3



— 7
—6\/ac\/bdx4+adx2+bcx2+acx10b3czd2—1351n[ ad +hed +2 ac\/bd);z+adx2+bcx2+ac t2ac SEbEP

— 7
+27In ad +hex +2 ac\/bd);Z+adx2+bcx2+ac +2ac]x8a2bzc3d2+l74\/ac \/bdx4+adx2+bcx2+acx10a2bd4

3/4

+60ac (bdx4+adx2 +bex? +ac) ab?d—"12\ac \/bdx +ad® +bex +ac xXNab?ed

+2l6yac \/bdx4+adx2 +bex +acBaPbed —138ac \/bdx4+adx2 +bex +ac BabPPd* +72Vac (bdx* +adx® +bex?

3A6

+ac) Labed +42ac \/bdx4+adx2 +bex tac XPdPbPd —66ac \/bdx4+adx2 +bex vacPab’>ld

y
96 dR 1) BRTa) bl PO aw) (4 +c )[e(;;f—j“)f 2)

Problem 77: Result more than twice size of optimal antiderivative.

sz[e(bx2+a) ]3/2dx

dx* +¢
Optimal (type 4, 350 leaves, 7 steps):

(-Tad+8bc)ex | L2 ta) c(b2ta) [ e Ta) g2y [elbdta)
dx2+c dx2+c dx2+c
1+ — d-x’ EllipticE xVd , [ 1— b—; Je e(bx2—+a)
: —= PEN
C

(-7ad+8bc)e

/e
+

3d5/2 c(bx2+a)

a(dx2+c)
(3ad+abe)e | —— [1+9 e x/d 1—b—; o eledta)
l+ﬂ ¢ \/— dx2 a dX2+C

c
3d5/2 c(bxz—l—a)
a(dx2+c)

Result (type 4, 733 leaves):



3/2
1 [(egyxzx2+a)J (dx2+c)[ —%J(dx2+c) (b2 +a) *b*d?
3(bx2+a)2d3 -s \/bdx4+adx2+bcx2+ac e

3 /-2 [haP tadltbedtac Cabd +3 |- [bad tadl tbel taccbted+ | -2 J{d2 10) b2 ta) Labd
a a a

' _S Hacrd b X3b20d+3/ bxza+a /dx2c+c EllipticF(xE,/%)\/(dxz +¢) (b +a) a*d?
_11/ bx2a+a /dxzc+c ElliptiCF[x / —g, IZ—ZI J\/(dxz—i-c) (bx2—|—a) abcd—l—s/ bxza+a /dx2c+c EllipticF(xE’

—8/ bxza” /dxzc+c EllipticE[x /—S, /Z—f ]\/(dxz-i-C) (b +a) b* =3 -% Jbdd +ad? +bed +acxd d

+3 b \/bdx4+adx2 +bexr +ac xabed + b \/(a’x2 +c) (bx2 +a) xabcd])
a a

Problem 80: Result more than twice size of optimal antiderivative.

! dx
. e(bxz—l—a)

dx* +¢
Optimal (type 3, 84 leaves, 5 steps):
bx2+a) e(bx2+a)
N e(— Ja | /=%
arctanh[ dx’ +c Je arctanh dx’ +c Jd
7z . N
Ja Ve Vb e
Result (type 3, 178 leaves):
a1
. 1 ((bx2+a) cln[ adx> +bex +2ac \/bd);z+adx2 +bex’ +ac +2ac 5T
2 e(bxz—+a) \/(dx2+c) (bx2+a) Jvbd Jac

d* +c

| 2042 +2Jbd +ad +hex’ +ac Jbd +ad+be
2Jbd

=)



Problem 82: Result more than twice size of optimal antiderivative.

al d
( e(bx2—ka) ]3/@
dx* + ¢

Optimal (type 3, 122 leaves, 5 steps):

Ja e(bx2+a)
3 (-ad +be) arctanh dte | T
Jb e 3(-ad+bc) dx +c¢
2b5/2 3/2 o +
’ 2h%e e(b2 +a) 2be e(b +a)
dx* +c dx* +c
Result (type 3, 431 leaves):
- 1 [[3ln[2bdx2+2dex4+adx2+bcx2+acm+ad+bc 2up
32
4p2Jbd \ (d2 +¢) (bx* +a) (d2 +¢) [e(‘ijj—j“)} 2Vbd
C

a1
—3ln[ 2bdx* +2bdx* +adx®* +bex* +ac Jbd +ad+bc 2 ed— 2 BdR Tade TheR Tac LdbyTT

2Jbd
2bdx* +2bdx* +adx* +bex* +ac Jbd +ad+bc a2d2—3ln[ 2bdx* +2Jbdx* +adx* +bex* +ac Jbd +ad+bc

2Jbd 2Jbd
—2\/bdx4+adx2 +bex +ac ad\/b_—4d\/(dx2 +c) (bx2 +a) am+4\/(dx2 +c) (b)c2 +a) beJbd

4+ 31In acdb

(bx24—a)j

Problem 83: Result more than twice size of optimal antiderivative.

1

dx
f[e(bxz—i-a) }3/2
dx* +c
Optimal (type 3, 229 leaves, 6 steps):
Je e(bx2+a)
3 (-ad+be) (-ad +5be) arctanh de e (-ad+pe)? | b Fa)
i Ja e L b(radtbe) dx* +¢
847 25 /2\/? Ey e(b*+a) 45 [ae— ce(bx’ +a) Jz
dx +c dx* +c



(-3ad+7bc) (-ad+bec) e(b2+a)

_ dx* +¢
8a3[aez_MJ
dx* +¢
Result (type 3, 1041 leaves):
- I 3 5 ([—&/ac \/bdx4+adx2+bcx2+ac Bab?d?
16y ac cx4a4\/(dx2 +¢) (bx2 +a) (dx2 +¢) [e(bxz—-l-a)]
dx* +¢
— 7
+18\/ac\/bdx4+adx2+bcx2+acx8bscd+31n ad £hex +2 ac\/bd12+adx2+bcx2+ac +2ac Cdbed?
—18ln[ adx® +bex* +2Jac \/bdx4+adx2 +bexr +ac +2ac SRR
x2
— )
+151n[ adx £hex +2 ac\/bd);2+adx2+bcx2+ac +2ac Xabdd —12Jac \/bdx4+adx2+bcx2+ac K ad?bd

+26+ac \/bdx4+adx2 +bexr +ac Pab’cd+18ac \/bdx4+adx2 +bex +ac OB

adx® +bex +2Jac \/bdx4+adx2 +bext +ac +2ac ]x4a4cd2

+31n
x2
7
—181n[ adx*> +bex +2Jac \/bdx +adx’ +bex> +ac +2ac ]x4a3bczd
x
— 7
+151n[ ad +hex’ +2ac \/bd12+adx2+bcx2+ac t2ac ]x4a2b203+6\/ac (bdx4+adx2 +bex? +ac)3 /2x4abd

— 18\ ac (bd)c4+aa’)c2 +bex? +ac)3 /2x4b20—6\/ac \/bdx4+adx2 +be +ac P d* +8ac \/bdx4+adx2 +bex +acx*raPbed

+ 18y ac \/bdx4+adx2 +bex +ac x4ab202+16d\/ (abc2 +c) (bx2 +a) ba*x*eJac —16b2\/(dx2 +c) (bx2 +a) FaxtJac
+6+ac (bdx4+adx2 +bex? +ac)3 /zxzazd—l4\/ac (bdx4+adx2 +bex? +ac)3 /zxzabc+4\/ac (bdx4+adx2 +bex? —|—ac)3 /zazc

(bx2 —I—a)]

Problem 87: Result more than twice size of optimal antiderivative.



Optimal (type 3, 154 leaves, 7 steps):

/adx2+ac+b
3b(-4ac+b) arctanh dx’ +c bc/w (-4ac+5b) (dx2+c)/w
Ja 4 dx* +c " dx* +¢
8> \a & 8d?
a(dx2+c)2 adxX> +ac+b
dx* +c
+
44

Result (type 3, 592 leaves):

1 [{4\/61612 \/x4ad2+2x2acd+bdx2+cza+bc Had
16d*Jad®  (d®+¢) (ad® +ac+b)

2 4 2 2
_121n[2adx2+2acd+2\/x ad* +2xacd+bdx*+Fa+bc Jad® +bd 2abed

2Jad?

2ad* +2aca’+2\/x4adz+2x2acd+bdx2 +*a+be \/aal2 +bd
2Jad

+3In

]x2b2d2+1oJad2 Jrad® +22acd+bd+Fa+be Pbd

2 4 2 2
—IZIn[ 2ad* 2 +2acd+2x*ad* +2x2acd +bdx* +Fa+be Jad® +bd b Pd -4 el JFaP TiRacd T hde T et bead

2Jad?

2ad’ X +2aca’+2\/x4adz+2x2acd+bdx2 +ca+be \/aal2 +bd
2V ad

+10Jad JPaP +22acd+bd2 +Pa+be bC]/w ]

+3In

]bzcd+l6bc\/ (dx2 +¢) (adx2 +ac+b) \/aa’2

dx* +c

Problem 88: Result more than twice size of optimal antiderivative.

Jx[a+d;+c)”2dx

Optimal (type 3, 78 leaves, 6 steps):



3/ dx* +
(d? +¢) (a+ b ) 3 barctanh < Ja 3p [a+ b
dx* +c 4 Ja . dx* +c

2d 2d 2d

Result (type 3, 335 leaves):

Pabd?

—31n[ 2ad*x* +2acd—|—2\/x4aa72—|-2x2acd—|-balx2 +ta+be \/acl2 +bd
2Jad?

. 1
4d\/ad2 \/(dx2 +c) (adx® +ac+b) [

2 4 2 2
T AP TR acd T hdl T a e Rdfad —3bln[ 2ad* 2 +2acd+2Jx ad® +2xacd +bdx* +Fa+bc Jad +bd}acd

2 ad?

—Za\/x4ad2+2x2acd+bdx2 +la+be c\/aal2 +4b\/(dx2 +¢) (adx®> +ac+b) \/acl2 J/adi};—+—i—b ]

Problem 89: Result more than twice size of optimal antiderivative.

b 32
Chrre)
dx* +¢ dr
e
Optimal (type 3, 118 leaves, 6 steps):
Je adx> +ac+b
d2+ac+b ) ‘ dx’ +c A2 +ac+b
(d2 +¢) [%) 3 b d arctanh Jac+b 3bd/%
~ dx* +¢ i Jac+b _ dx* +¢
20X 265/2 27
Result (type 3, 819 leaves):
- 1 (/ adx2x—2|-ac+b [-2\/62a+bc \/x4ad2+2x2acd+bdx2+cza+bc Lad
4\/c2a+bcxzc3\/(dx2+c)(adx2+ac+b) dx" +c

2x2%acd+bdP +2Fa+2JFa+be Jxad +2xacd+bdx2 +Fa+be +2bc | 4 5
—3In E Habld

—6\/6'261 +bc \/x4ad2+2x2acd+bdx2 +ta+betacd

_3111[ 2x%acd+bdE +22a +2\/52a+bc \/x4ad2+2x2acd+bdx2 +2a+be +2bc A1
XZ



—2J&a+bcJfMd2+2facd+bdf4w;a+bcfbf

4 2
_3m[2%acd+bd§+2£a+2¢ga+bcszd +2facd+bdf4w2a+bc+2bc]£abéd

—4J3a+bcJf%d2+2facd+bdf4w¥a+bcfagd

2o id

—3ln[ 2%acd +bdP +22a+2JFa+be JFad +2xacd+bd* +Fa+be +2bc
x2

44 (@2 +c) (ad@tac+b) JRatbe Lhed+2 Catbe (Fad+22acd+bd2+Ea+be) *2d

—2J¥a+bcJfaf+&facd+b¢g+3a+bcfbcd+248a+bc(faf+2facd+bd¥+ga+bd3ﬂ%ﬁ

Problem 90: Result more than twice size of optimal antiderivative.

b 32
(a-+ 2 j
d 7+c dx

X

Optimal (type 3, 266 leaves, 8 steps):
J_ adx®* +ac+b
d2 +ac+b )" ‘ d +c I2 tacth
(dx24—c)3(-ﬂ_____££L___] b(24a>* +60abc+35b%) darctanh bd3v/ a ac
] dx’ +c N Jactb A2 +c
6 (ac+b)x° 1672 (ac+b)3 2 A
(24a252+108abc+79b2)d2(dx2+c)/M (12ac+llb)d(dx2+c)2/M
_ dx* +¢ n a2 +¢
4804(ac+b))c2 24 A

Result (type ?, 2604 leaves): Display of huge result suppressed!

Problem 91: Result more than twice size of optimal antiderivative.

sz(ﬁ d;+c]3/2dx

Optimal (type 4, 371 leaves, 8 steps):



(_MH,))X/M 4ax(dx2+c)/M x(adx2+ac+b)/adx2+ac+b
dx +c n d¥ +c d¥* +c

3d 3d B d

. 1+ ﬁ EllipticE x\/_ b \/? M
N c de ’J ac+b d +¢

Ve c

3d3/2/ c(adx2+ac+b)
(ac+b) (d® +¢)

1+ ﬁ EllipticF x\/_ b \/? M
c dx2 'y ac+b dl +¢
\/_ c

3d3/2/ c(adx2+ac+b)
(ac+b) (d® +¢)

(-ac+7b)

Result (type 4, 822 leaves):

1 / ad
- - ([—\/(dxz—i-c) (adx2+ac+b) et b x© a* d*

3d\/x4ad2+2x2acd+bdx2+cza+bc - a—i—b (adx2+ac+b)
ac

2 /(a2 +¢) (ad? +ac+b) /—a:ib Ldded+ @J(dﬁﬂ) (adxz—i-ac—l-b)/w EllipticE(x __ad

ac+b ac+b’

/ﬂJazcz—\/(dxz—i-c) (ad2+actb) |- Babd+3(Pad +22acd +bd2 +Pa+be Cabd
ac ac+b ac—l—

dx2+c \/ dx2+c (adx2+ac+b) /M EllipticF[x/— ad /ac—i—b ]abc

ac+b ac+b’ ac

- d"z” J@2Z+¢) (ad2 +ac+b) /M EllipticE[x\/— ad /“c+b )abc

ac+b ac+b’ ac

—\/(dx2+c) (adx2+ac+b) /-% xd?* =3 dx2+c \/ dx2+c (adx2+ac+b) /M EllipticF(x __ad

ac+b ac+b’

_ac+b }bz—\/(dxz+c) (adx2+ac+b) - ad xabc+3\/x4ad2+2x2acd+bdx2+cza+bc - ad xabc
N, ac ac+b ac+b

+3JPad +22acd +bd2 +Pa+tbe | -—22 xb2] adX +ac+b
ac+b dx* +¢




Problem 92: Result more than twice size of optimal antiderivative.

b 3,2
(a+dx2+cj

+©

dx

Optimal (type 4, 526 leaves, 10 steps):

b/w (azhmabﬁmbz)dsx/w (ac+6b) (dxz+c)/w

dite Al +c d +c

cx 504(ac+b) 52%

(ac+8b)d(dx +c)/M (® +16abc+16b%) d* (dx? +C)/—adx2+ac+b

+ dx* +c _ dX +c
5025 5c4(ac+b)x

(& +16abe+162)d 2 | —1— | 1442 EllipticE x/d gy /adx2 +ac+b
1 dx’ ¢ dx2 ac+tb dx* +c
i Ve f1+ds

507/2(ac+b)/ c(adx2+ac+b)
(ac+b) (dx? +¢)

/1+ dx? EllipticE xJd , [ b adx* +ac+b
c 72 ac+b dP +¢
Je [ 14+ —

C

5.5 /Z(ac—l—b)/ clad® +ac+b)
(ac+b) (dx® +¢)

a(ac+8b)d/?

Result (type 4, 1665 leaves):

ad

613 73
b’ d
ac+bx

—[(5\/x4ad2+2x2acd+bdx2+cza+bc —% x6b3d3+11\/(dx2+c) (adx2+ac+b) -
ac

+3\/(dx2-l—c) (adx2+ac+b) __ad a2b05+3\/(dx2+c) (adx2+ac+b) /_agj-b ab®ct

ac+b

- @ \/(dx2 +¢) (adx2 +ac+b) /M EllipticE[x/— ad ,/ acth jxja3c3d3
c ac+b ac+b ac
+11\/(dx2+c) (adx2+ac+b) __ad xgazbcd4+l9\/(dx2+c) (adx2+ac+b) __ad Ll
v ac+b v ac+b

ad
c+b

ad Y a2b A d?
ac+b

+30\/(dx2+c) (adx2+ac+b) - xﬁabzcd3+5\/(dx2+c) (adx2+ac+b) -



+13\/(dx2 +¢) (adx2 +ac+b) | -% x4ab262d2—3\/(dx2 +¢) (adx2 +ac+b) | -% Pab?ld

+5\/x4ad2+2x2acd+bdx2+cza+bc -% x8a2b0d4+5\/x4ad2+2x2acd+bdx2+cza+bc - aib
ac ac

__ad x6abzcd3+\/(dx2+c) (adx2+ac+b) /—L a S
ac+b ac+b

+J @2 +¢) (ad? +ac+b) /—ﬁ P +7 @J(dﬁﬂ) (adxz—i—ac—i—b)/w EllipticF[x __ad

PEbEP

+10\/x4aa’2+2)czacaf+bafx2 +la+be

ac+b ac+b’
actb \s2p28 16 d"2+c [0 Gdltactp) | addtactb ppl, [o_ad — [actb | 50,25
ac ac+b ac+b ac
dx2+c \/ dx* +¢) (adx> +ac+b) M EllipticF | x | - ad , acth )Jéabzcdz'
ac+b ac+b ac

- d"2+c JdZ+¢) (ad2 +ac+b) /M ElhptlcE[ / ad /“C“’ )xsabzcd3
ac+b ac+b’

+\/(dx2+c) (adx2+ac+b) ad a3c3d3+\/ dx2+c adx2+ac+b ad Ladd
v Cdc+b V Cdc+b
+8\/(dx2+c) (adx2+ac+b) /—L x4b3cd2—2\/(dx2+c) (adx2+ac+b) [ - ad b d
ac+b ac+b
+5\/x4ad2+2x2acd+bdx2+cza+bc /—L xgab2d4+\/(dx2+c) (adx2+ac+b) [ - ad LdEd
ac+b ac+b

—l—ll\/(dxz-l-c) (adx2+ac+b) —% xgab2d4]/ad)jxj++b )/(5\/x4ad2—l—2x2acd+bdx2+cza+bc _ac('lj-b (ac
N c

b)xjc4 (adx2+ac+b))

Problem 93: Result more than twice size of optimal antiderivative.

Optimal (type 3, 132 leaves, 6 steps):



/ adx®* +ac+b

dx* +¢
b (4ac+3b) arctanh = (4ac+3b) (dx2+c)/adx:;w (dxzﬂ)z/ad)j;ﬂ
a +c +c
8615/2612 - 8ad” " 4ad
Result (type 3, 353 leaves):
1 /adx2+ac+b (dx2+c) 4a\/)c4ad2+2xzaca’+ba’x2+cza+bcxza’\/ad2
16\/(de +¢) (aa’x2 +ac+b) azdz\/ad2 d +ec

+4bln[ 2ad* P +2acd +2yx*ad® +2xacd +bdx* +Fa+bc Jad® +bd

]acd—4a\/x4ad2+2x2acd+bdx2 +cta+be c\/aa’2
2Jad?

2ad® ¥ +2aca’+2\/)c4adz+2xzaca’+ba’x2 +cfa+be \/ad2 +bd

+3In

]b2d—6Jx4ad2+2x2acd+bdx2 +Fa+bc byad ]]
ad?

Problem 94: Result more than twice size of optimal antiderivative.

1

dx
b
a-+
dx +¢
Optimal (type 3, 80 leaves, 6 steps):
/adx2 +ac+b \/—/ adx> +ac+b
dx* +c¢ A +c¢
arctanh arctanh Je
Ja _ Jac+b
Ja Jac+b
Result (type 3, 312 leaves):
. 1 [/adxzx-zl-ac-i-b (42 +¢)
2\/(dx2+c) (adx2+ac+b) (ac—i—b)\/aa’2 dx” +c
—ln[ 2ad* 2 +2acd+2x*ad®* +2x2acd +bdx* +Fa+be Jad® +bd ved
ad

V)
+\/mln( 2x2acd+bdx2+262a+2\/cza+bc \/;ad +2xacd+bdP +Fa+bc +2chW

—ln[ 2ad* 2 +2acd+2yx*ad® +2xacd +bdx* +Fa+bc Jad +bdjbdD

2Jad?




Problem 95: Result more than twice size of optimal antiderivative.

1

dx
b
£ |a+
dx* +¢
Optimal (type 3, 92 leaves, 5 steps):
\/—/ adx;x-;le—c+b
b darctanh < (dxzﬂ)/w
~ Jac+b B dx* +¢
2(ac+b)3 2 2 (ac+b) P
Result (type 3, 451 leaves):
. 1 L/adf;ﬂc+b Uh2+c)[
4J(d@+c)@dﬁ+ﬂc+b)(ac+bﬁc£d&a+bc dx"+c
—2ad2\/x4ad2+2x2acd+bdx2+cza—l—bcx4\/62a+bc
V)
I 2%acd+bd¥+2¥a+2¢3a+chxad +2facd+bdf4w;a+bc+ch]£abgd
x2
—4\/x4ad2+2x2acd+bdx2+cza+bc acdX®Fa+bc
Zfacd+bdg+2¥a+2J3a+bcJfaf+lf%cd+bd§+3a+bc+2bc 2
+In 3 b ed

—2Jﬁaf+@facd+b&g+ga+bcbdﬁ 3a+bc+2(ﬁaf+%f%cd+b¢§+3a+bd3AJ&a+bc

Problem 96: Result more than twice size of optimal antiderivative.

|

dx
b
X [a+
dx* +¢
Optimal (type 3, 157 leaves, 6 steps)
f—/adf+ac+b
dx’ +
b (4ac+b) d*arctanh - - (4ac+b)d(dx2+c)/adi);—$+b (dx2+c)2/adi;’ﬂ
Jac+ +c +c
+ —_
803/2(ac—i—b)5/2 8c(ac+b)%@ 4c(ac+b)f



Result (type 3, 921 leaves):

1 (/adxz-l-ac-l-b (dxz—i—c)(
16\/(dx2 +c) (adx2 +ac+b) (ac+b)3c2(cza —i—bc)3 /2x4 d +c

—12a2d3\/x4ad2+2x2acd+bdx2 +ta+be x6c(cza +bc)3 /2

+41n

2%acd+bdP+2Fa+2JFa+be JxFad +2xacd+bdx* +Fa+be +2be BRSSP
x2

—2ad3\/x4ad2+2x2acd+bdx2 +Fa+be b (cza —i—bc)3 /2

+91In

2X%acd+bdP +22a +2\/c2a +bc \/x4ad2+2x2acd+bdx2 +Pa+be +2bc PR AP
x2

—20Jx*ad* +2acd+bdP +Fa+be i Fd (Fa +bc)3 /2x4

+61n

2

2x%acd+bd* +22a +2\/62a +bc \/x4ad2+2x2acd+bdx2 +Pa+bc +2bc ]x4ab3c3d2

- 12aa’2\/x4aa’2+2)¢2acd+ba’x2 +la+be bc(cza +bc)3 /2x4

+In

22acd+bdx*+2Fa+2yFa+beJxtad +2xacd+bd*+Fa+be +2bc A2
x2

o Fal t2lacd+bdl +Patbe Pl (Patbe) P +12d(Pad +22acd+bdP +Pa+be) Pac(Pa+be) P2

+2d(x4ad2+2x2acd+bdx2 +c2a +bc)3 /2b (cza +bc)3 /2x2—4 (62a +bc)3 /2 (x4ad2+2x2acd+bdx2 +2a +bc)3 /zac2—4 (cza
+bc)3 /2 (Fad® +2xacd+bdx* +Pa +bc)3 /2bc))

Problem 100: Result more than twice size of optimal antiderivative.

Optimal (type 2, 17 leaves, 2 steps):



2x [ £ P+
X
5
Result (type 2, 36 leaves):

2(14x) (F - +2—x+1)x | &

7
500 +1

X

Problem 105: Result unnecessarily involves higher level functions and more than twice size of optimal
antiderivative.

=2
© 41

32
2 arcsinh( % J Ja

3

Optimal (type 3, 15 leaves, 3 steps):

Result (type 4, 320 leaves):

-[4Wma(1ﬁ+1)/ (3+1V3)
(1y3 +1) (1+x)

+x)2/ 1J3 +2x—1 / 1J3 —2x+]1 {EllipticF[/ (3+1y3 ) x /(—3+1JT) (1J3 +1)
(13 =1) (14x) ¥ (Y3 +1) (1+x) (/3 +1) (1+x) ¥ (Y3 =1) 3+1y3)

—EllipticPi[/( (3+1J3) W3+ ) (3+1y3) (13 +1) J]/( P+ 1)ax (3

V3 +1) (14+x) 3+1y3 ¢ (1y3-1) (3+1y3)
Problem 109: Result more than twice size of optimal antiderivative.

+13) S ax (140 (y3 +2:—1) (13 —2241) )

(\/t;‘ a \/Z"C C )
Optlmal(type 3, 13} leaves, 8 Steps):

(a+c) arctanh[ Jbxta ]
Vbx+c (a+c)(bx+a)3ﬂdbx+c

(ate)@ , 262  2(bxta)P(bx+c)P N
2(a—c)?> 3 (a—c)? 3b% (a—c)? 4 b? 26% (a—c)?




_(atc)Jbxtabx+c

4b2(a-—c)
Result (type 3, 430 leaves):
Xa >+ e >+ 2bx° >~ i (be+anx+c 16csgn(b) b2 b2 +abx+bex+ac
2(a—c) 2(a—c) 3(a—c) 24 (a — )22 22 +abx+bex+ac

+4JH%2+abx+bcx+accgnﬂﬂxab+4JB%2+abx+bcx+accgnﬂﬂxbc—6¢b%?+abx+bcx+acc%nw)az

+4\/b2x2 +abx+bcx+ac csgn(b)ac—6\/b2x2 +abx+bcx+ac csgn(b) &

(2J22 ¥ abx+bex+ac csgn(b) +2bxta+te) csgn(b)

+3In > @
Ca (2J222 +abx+bhex+ac csan(b) +2bx+a+c) csan(b) 2
2
(2Jb2x2+abx+bcx+accsgn(b)+2bx+a+c)csgn(b)
—3In 5 ac
2
i (245 x2+abx+bcx+acc;gn(b)+2bx+a+c)csgn(b) c3]csgn(b))

Problem 112: Result more than twice size of optimal antiderivative.

~“Jl—x-+J1+x)2M

Optimal (type 3, 17 leaves, 4 steps):

2 x +arcsin(x) +x+ 41

Result (type 3, 57 leaves):

2x—+1+x (1— )3/2+\/T\/1T+\/(1—X)(l+x) arcsin(x)
) ' ' ’ ’ VJI—=xJ1+x

Problem 115: Result more than twice size of optimal antiderivative.

e
(be+a +ch+a)

Optimal (type 3, 161 leaves, 8 steps):



a (b+c) arctanh[ \/?— Vbx ta

ax n (b—i—c)x3 _2(bx—l—a)3/2(cx-|-a)3/2 _ Jb Jex +a +a(b+c) (bx+a)3/2\/cx+a
(b—c)> 3 (b—c)> 3b(b—c)?c 45 205 /2 202 (b —c)2ec
@ (b+c)Vbx+a Jex +a
+
4b% (b —c)
Result (type 3, 516 leaves):
b e ax’
3(b—c)? 3(b—c)> (b—0)?
- 1 (\/bx-l-a Jex+a [16x2b2c2\/bc Jbexr +abx+acx +ad*
24(b—C')z\/bcxz+abx+acx+a2 v A be
30 2bcx+2\/bcxz-i-abx—i-acx—l-a2 JVbec +ab+ac a3b3—3ln[ 2bcx—|-2\/bcx2+abx+acx+a2 vbc +ab+ac]a3b2c
2y bc 2\ bc
2 2
—3ln[ 2bcx+2\/bcx2+abx+acx+a Vbe +ab+ac a3bc2+3ln[ 2bcx+2\/bcx2+abx+acx+a Vb +ab+ac]a363
2y bc 2\bc

+44bc \/bcx2 +abx+acx+a® xab*c+4bc \/bcx2 +abx+acx+a® xab? —6\bc \/bcx2 +abx+acx+a® a?b?

+44bc \/bcx2 +abx+acx+a® a?bc—6bc \/bcx2 ‘abx+acx+d® azcsz

Problem 116:

Result more than twice size of optimal antiderivative.

X

(\/bx-l-a +\/cx+a)
Optimal (type 3, 115 leaves, 9 steps):
4aarctanh[ Jbxta 2a (b+c) arctanh[ \/?— Vbx +a
(b+c)x+ Jex+a +2a1n(x) Jb Jex+a _2{Jbxt+acx+ta
(b—¢)? (b—¢)? (b—¢)? (b—c)2JB Ve (b—¢)?
Result (type 3, 265 leaves):
bx cx 2aln(x)
2 + 2 2
(b—c) (b—rc) (b—c)
1 2bcx+2\/bcx2+abx+acx+a2 Vvbec +ab+ac

- [\/bx—i-a Jex+a
(b—c)z\/bcx2 +abx+acx+a* Jbe

of

J csgn(a)ab

2bc



2
+In 2bcx+2chf—Fabx+acx+a be *abtac c%nW)ac+2chchf—kabx+acx+a2c%nW)
2\ bc
2
_szgm[a(2chf-%abx+acx+a wgﬂa)+bx+cx+2a)]a C%HW)]
X

Problem 117: Result more than twice size of optimal antiderivative.

x(\/bx a \/C.X' a)
Optlmal(type 3, 110 leaves, 6 steps):

arctanh( —‘bx+a

a + b—c Jex+a (cx+w3ﬂdbx+a +be+ach+a
(b—c)?¥  (b—c)x 2a a(b—rc)*x 2a(b—c)x
Result (type 3, 312 leaves):

b — - ¢ - tlzg + 1 (be+ach+a[
(b—=c)?x (b=c)"x (b—c) 4(b—c)laybex +abx+acx+d P

2 2
_m[a(2me2+abx+acx+a wgﬁa)+bx+cx+2a>)£b2+2m[a(2wa2+abx+acx+a %gﬂa)+bx+cx+2a) 2he
X

X

_m[a(Zwa2+abx+acx+a2C%Ma)+bx+cx+2a)

]f02+2chf-+abx+acx+a2cgnhﬂxb
X

+2chf-+abx+acx+azcgn“ﬂxc+4cgn“ﬁancf-%abx+acx+az)cgn“ﬁ)

Problem 118: Result more than twice size of optimal antiderivative.

=
f(be+a +ch+a)

Optimal (type 3, 150 leaves, 7 steps):

(b + ¢) arctanh Jbxta
B 2a -b—c __I_2(bx+a)3/2(cx-i-a)z’/2 Jex+a _(b+c)@x+w3ﬂ4bx+a
3(b—c)?F  2(b—c)*4 3a% (b—c)%% 4 q* 2a% (b—c)%
_(b+co)Vbx+a Jex+ta
4a2(b-—c)x

Result (type 3, 456 leaves):



- b — ¢ — 2a — 1 (be+ach+a

22 (b=¢)? 22 (b= 3=’ o4 (p— )22 bed vabrtacit P

2 2
_3m[a(2Jba€+ﬁbx+acx+a C%Ma)+bx+cx+2a)ng3+3m[a(2Jbaf+ﬂbx+acx+a C%Ma)+bx+cx+2a)]£bzc
X X

+3In

X X

a(Zwa;+abx+acx+a2C%Ma)+bx+cx+2a))xnng_3m(a(ZJba@+ubx+acx+a2C%Ma)+bx+cx+2a)]963

+6chf-+abx+acx+a csgn(a xzﬁ 4chf-+abx+acx+a csgn(a x?bc+6chf-%abx+acx+a cgn()ng

—4csgn(a ancf-+abx+acx+a xb —4csgn(a ancf-+abx+acx+a xc—l6chf—+abx+acx+a a wgﬂ )]mgﬂa))

Problem 121: Result more than twice size of optimal antiderivative.

J(—Jl—x —JT+x) (JT=x +JT+x) dx

Optimal (type 3, 20 leaves, 5 steps):

-2 x —arcsin(x) —x+/ -2+ 1

Result (type 3, 58 leaves):

A+ JT Fx (l_x)3/2_\/mm_ J (1 —x) (1 +x) arcsin(x)
J1I—x+1+x

Problem 122: Result more than twice size of optimal antiderivative.

J—J—1+x +V1+x d
Vol+x +J1 +x

Optimal (type 3, 23 leaves, 9 steps):

ﬁ n arccosh(x)  xy-14+x+1+x
2 2 2

Result (type 3, 61 leaves):

2 \/-l+x(l+x)3/2+\/—l+x\/l+x +J(-1+x)(1+x) 1n(x+ x2—1)

2 2 2 2T +x -1 +x

Problem 123: Unable to integrate problem.



22 |
d+ex+f a+———] dx
[
Optimal (type 5, 113 leaves, 4 steps):
72 L+n d—i—ex—i—f/a-l—é%‘i e 1+n
(d+ex+f/a+~7;—] af hypergeom| [2,1 +n], [n +2], p f (d+ex+f/a—%i?—]

+
2e(l+n) 2d%e (1 +n)

Result (type 8, 25 leaves):
n
J(d+ex+f/a+fgi] dx
S

)"
J{d+ex+f a+f—2]
Optimal (type 3, 191 leaves, 6 steps):
/ X
d+ex+f a+—2 32 7/2
3,22 / f / e / 3
Sad’ 77 f" arctanh /T +5U2[d+ex+f a+~7;—] +-(d+ex+f cr+iﬁ—:

2e 3e Te

Zadfz/d+ex+f/a+# d2f2/d+ex+f/
+ f
e
26[ | a -+ex]

Result (type 8, 25 leaves):
)"
J[d+ex+f a%————]
a

Problem 124: Unable to integrate problem.

Problem 125: Unable to integrate problem.

J\/d—i—ex—i—f/a—i—fjfi dx



Optimal (type 3, 123 leaves, 6 steps):

[ | &x
/d+ex+f a+ — 3,2
a f* arctanh Vrs £ -+[d+ex+f/a+%%£] _(1]2\/d+ex+f/a+£jp—;i

2eVd 3e o)

Ze[j' a+ —— +exJ
&
d+ex+ a+— dx
J/ A

e

Result (type 8, 25 leaves):

Problem 126: Unable to integrate problem.

1

d+ex+f a+£2—)(i
a
Optimal (type 3, 125 leaves, 5 steps):

J/d-+ex-+f'/a4-££;i
af* arctanh /T A +\/d+ex+f/a+£j—;i _fﬁa/d+ex+f/a+%%i
283 e e [ 22
2de | f a%——;r— +ex

1

A3
d+ex+ a+ —
/ ey
J/ax—l—b | ¢+ a2 dx
b2

dx

Result (type 8, 25 leaves):

dx

Problem 127: Unable to integrate problem.

Optimal (type 2, 59 leaves, 3 steps):



> 3,2
/ a
[ax%—b c+ 2 J e
3a - -
ﬁ/ax+b/c+a
b2

2
</ax+b/c+ax2 dx
b2

Problem 128: Result unnecessarily involves higher level functions.

V2o a

2% 2x

- +
32
3(1+=2+1) Jiey=1
Result (type 3, 59 leaves):

321\/;\/7,63005(M) glﬁﬁ(_%x4+%xz+g)sin( 3 arcsin(x) )

1 2 3 2

Result (type 8, 24 leaves):

Optimal (type 2, 35 leaves, 1 step):

g 3 =

Jr

a2
a+b | =+ dx
b2

Problem 129: Unable to integrate problem.

Optimal (type 2, 56 leaves, 1 step):

Result (type 8, 23 leaves):




Problem 130: Unable to integrate problem.

J(d+ex+f/a+bx+6;9] dx

Optimal (type 5, 158 leaves, 4 steps):

1+n
d+ex+f/a+bx+éifj

2e (1 +n)

f2 (—b2f2 +4ae2)hypergeom [2,1+n],[n+2],

-bf +2de

d+ex+f/a+bx-|-—ezx2 ] =2 1+n
f [d+ex+f/a+bx+i;—]

+ 2
e(-bf+2de)” (1+n)

~Hd+ex+f/a+bx+%?2] dx

Problem 132: Result more than twice size of optimal antiderivative.

Result (type 8, 28 leaves):

dx

d+ex+</a+bx+———

Optimal (type 3, 205 leaves, 3 steps):

2 (aeff —bdff +d*e)In

d—l—ex—l—f/a—l—bx-l—e;sz ] f2(—b2f2+4aez)ln[bf2+26[ex+f/a+

> (bf +&x) ]]

Vi

(-bf+2de)’ 2e(-bf +2de)?
L (b F +4ad)
2e(-bf +2de) [bf2+2e[ex+f/ %JJ

Result (type ?, 4917 leaves): Display of huge result suppressed!

Problem 133: Unable to integrate problem.

1

5/2
[d+ex+f/a+bx+%%£}

dx



Optimal (type 3, 303 leaves, 6 steps):

\/_\/_/d+ex+f/a+bx+ezx2
5f2 (—b2f2+4aez)arctanh fz J2 e

e

J-bf+2de 4 (aefr —bdf* +d*e)

3(-bf2+2de)’

bf+2de) —
- ’ d+ex+ﬂ/::z;:E§Zj
f
&
4f2(-b2f2+4ae2) 26]2(—b2f2 +4aez)/d+ex+fm

_ _ exts far 2oL J]

(—bf2+2de)3/d+ex+f/m (-b2+2de)’
dx

b +2e

Result (type 8, 28 leaves):

1

22 ]
d+ex+ a+bx+ —
[ 7 7

J’(x2 +a) (x—\/xz +a )n

5,2

Problem 134: Unable to integrate problem.

Optimal (type 3, 100 leaves, 3 steps):

f(x—dx2+a)%+n__3f( —Vx2+a)_hm +3a<x—dx2+a)hm +(x—dx2+a)3+n
8 (3 —n) 8(1—n) 8(1+n) 8(3+n)

Result (type 8, 21 leaves):

J’(x2 +a) (x—\/xz +a )n

Problem 135: Unable to integrate problem.

J(x—vf+a)n®
2 +a

Optimal (type 5, 57 leaves, 2 steps):

) (x—\/x2+a )2 (x_\/m)lﬂ’

a

_+_
2 2

a(l+n)

>

1 n
2h 1, — 4+ —
ypergeom“ 5 5 ],




Result (type 8, 23 leaves):

Problem 136: Unable to integrate problem.

Optimal (type 5, 57 leaves, 2 steps):

3 n
8h 3, =+ — |,
ypergeonl[[ 2 2 ]

Result (type 8, 23 leaves):

Problem 137: Unable to integrate problem.

Optimal (type 5, 57 leaves, 2 steps):

4hypergeom[ [2, % + 1], [2 +

Result (type 8, 23 leaves):

Problem 138: Unable to integrate problem.

|

Optimal (type 3, 99 leaves, 4 steps):



+n

-1+n
(-af +d*) [d-l—ex-i—f/a-i—zdzex-i-ﬁ] d—l—ex—l—f/ L ex
f f n

2¢ (1 —n) 1+n

J d+ex+f/a+ 2;” +e;—2x2J dx

Result (type 8, 33 leaves):

Problem 139: Unable to integrate problem.

d+w+f/a+2€m -iﬁ]
f dx

[

Optimal (type 3, 39 leaves, 3 steps):

S
f f
en
Result (type 8, 56 leaves):
n
d+ex+f/ +2d;x+#J
f dx
/ +2dex+622xz
f f

Problem 140: Result more than twice size of optimal antiderivative.

o=
(bx+a)Jdx+c JfE +e

Optimal (type 4, 164 leaves, 7 steps):

2 2
b arctanh ja2f+eb2 \{/d;z+c ] EllipticPi[g,‘%a | = de J\/_/l-i- dx’ /1 +fx2
a‘d—+b c\fx +e i -c a

de+ﬁchf+dﬁ aJFde+cJﬂ2+e

Result (type 4, 352 leaves):



1 2/ dx*> +c /fx2+e /a4df+a2bch+a2b2de+ecb4
c e

d [ddf+dprcf+adbPde+ech? b
2a -—’/ A b@Uﬁ4ﬂf@+efd+ed
C

I~

b

, /-
EllipticPi| [ -4 x, -2Z€
c atd /

o |

2 2 2 2 2 2
— arctanh 24 dfx2+b cfx2+b dexz—l-cfa tadet2bec \/oz’fx“—i-cfx2 +extd+ec | d a \/fx2 +e \/a’x2 +c
c

4 272 272 4
2b2/ a’dftab cf-l;a bidetech \/dfx4+cfx2 +ex’d+ec

Problem 141: Result more than twice size of optimal antiderivative.

J e—2f(-14n)
EHadf? +defd +4f 3"

Optimal (type 3, 28 leaves, 2 steps):
mtan( 2xJd Jf J
e+ 2"
2d Jf

Result (type 3, 77 leaves):

ln[mzde MJ "

oy 2dfxtey- f]

2/-df f N 2/-df f
4y -df 4y -df

Problem 143: Result is not expressed in closed-form.

J x(-2/° +2e)
AP0 +adfdt vhefd +

Optimal (type 3, 30 leaves, 2 steps):

22Jd T
2ff—+e

2Jd Jf

arctan [

Result (type 7, 73 leaves):



( R*f— Re)In(x— R)

5 3 2
__R=RootOf(4/2 Z6+4df P+aef B+2) OF R +4d R +3e R

2f

Problem 144: Result more than twice size of optimal antiderivative.
(e (14+m)+2f(-24+m)x)
Etdefd +4£x0 +aapdtim

Optimal (type 3, 32 leaves, 2 steps):

arctan

2x1+m\/7\/7]
2ff—+e

2Jd Jf

Result (type 3, 77 leaves):

(2fx”+e)\/—df] ( _ (2fF re) s
mbﬂ+ 2 dx In| X" 2 dx

+
e 47

Problem 145: Result more than twice size of optimal antiderivative.
(e (l4+m)+2f(-24+m)x) &
Etdefd +4£x0 —4dpl T

Optimal (type 3, 32 leaves, 2 steps):

arctanh( 2 Jd JF ]
2/ +e

2Jd f

Result (type 3, 73 leaves):

1n(xm+ (2f)‘32*€‘ljszw_f) ln[xm— (2f"322;jw_fj

a7 ) 4yaz

Problem 146: Result more than twice size of optimal antiderivative.

1
dx
Jx(ac+bcf—+ddbx2+a)

Optimal (type 3, 80 leaves, 7 steps):



Jbx? +a ]
d arctanh| ~——
cln(x) _cln(d+c\/bx2+a> I o [ a

Fa—d* Fa—d* (Pa—-d)a

Result (type ?, 2174 leaves): Display of huge result suppressed!

Problem 147: Result is not expressed in closed-form.

=L
ac+bexr +dJbx +a

Optimal (type 3, 63 leaves, 4 steps):

P 2(Pa—-P)mld+efbr +a) 2460 +d

3be 302 322
Result (type 7, 942 leaves):
_2d i'z}éz‘i‘a 14 I\/T Z 1 (_abZ)l/
3c¢7h 3db _a=RootOf(b2 _B+2a-d2) |bx® +a
I 13 (map?)' P+ (map?)' (-ap?)' "’ I (-ab?)' 7 +1y3 (-ap?)'
—b|2x+ b|lx— ——~L— -—b|2x+
3 2 b b 2 b (1
(-ap?)' 3 (-at?)' P A 1YT (a?)' (-ap?)' /3

(-ap?)' 2T ab=1(-ab?)2 Y3 +2 @0 = (-ab?)' " ab— (-ap?)* )

2\ /3 2\ /3
J_/IH(“;’; S b)) T
3
EllipticPi

(—abz)l/3
3 )




213 (-ab?)' " b -1yF (-ab?)? " a+1yF ab -3 (-ab?)’ " a—3ab) 13 (-ab?)'
2bd2 ’ [ 3(_ b2)1/3 I\/?(_ bZ)l /3)
b 2b + 2b

1 1 1/
a|l-——|1adJ7T > (-ab?)
364 —a=RootOf (b2 B +2a—d2) bx +a

I 13 (mab)' P+ (cap?)' (-ap?)' I (-ap®)' P +1y3 (-ap?)'
T b T A TN R BT P b .
(-ap?)' 7 3 (-at?) P a1yT (—ap?)' (—ap?)' 7

(-ab?) P yF ab=1(-ab?)> 25 +2 @0 = (-ab?)' " ab— (-ap?)* ")

2 /3 2\ /3
"~ (-ap?)'
EllipticPi

3

c2(2I\/?(—ab2)1/3_a2b—I\/T(—abz)z/3_a+lﬁab—3(—ab2)2/3_a—3ab) 1J3 ( abz)1 :
2bd? ’ b[—3(_ b2)1/3+1\/?(_ab2)1/3j

2b 2b
aln(2b? +Pa—d*) x (b +Fa—d?)
+ +
3ch? 3bc 323




Problem 148: Result is not expressed in closed-form.

1
dx
J)c“(ac+bcx3 +dybxX +a )

Optimal (type 3, 138 leaves, 8 steps):

d (3c2a —dz) arctanh[ —,bx:’-i-a

) Ja b In(x) +2bc3ln(d+c\/bx"+a) L cactd bx +a
38 2 (Fa—d?)? (Pa—dd) 3(Ra—dd)? 3a(Pa—d)x
Result (type 7, 862 leaves):
i ¢ _2bén(x) | _ebln(x)d | aclbh(Pbdt+da=d) | beln(x) _ blW(Pbl+la=d?)  dVbxX +a
3(Ga-)2 (Pa-d)  a(Fa-d) 3(Fa-d) & a(da—d) 3(a-d)d 3a(Ca-d’)x
db arctanh[ —,lnc3-|-aJ
+ \/7 _ 2bC4Vb.X3 “+a _ 1 IC4\/7 Z 1 (_abZ)l/
38 2 (Fa—d) 3(Fa—-B)d  3b(Fa—d*)d a=RootOf(b2 B+2a-d) b +a
3/§b(2x+ 13 (at) 7+ (at?) ) / b[x__<—ab;>1 ) /éb[m (o) 7+ 1V (-at?) 7 (
I
(-ap?)' 7 3 (-at?)' P +1yF (map?)' (-ap?)' /3
(-at?)' PUF ab—1(-at?) *y5 42 20— (-ab®)' " ab— (-ap?)* ")
ab2 b7 IJ__( abz)
e 7
1/3
EllipticPi ( “ab’ ) )

3



2T (ca)' ? o —1yF (cab?)*” a+1yTab-3(-at?’)>” a—3ab) 13 (-ap?) 7

2bd> ’ b[ 3(—ab2)1/3 I\/?(—abz)]/3J
- 2b + 2b
4dbmdmm[i££ii£-c; Zmemm[Jigiiﬂ— &
L 2bYbrta  4dbJbr +ad _ 2bVbP +ad a a
3d%d 3a(Pa—d)? 32 (Fa-d)? 37 (Pa—d*)? 3872 (Pa—d)?

Problem 149: Result is not expressed in closed-form.

=t
ac+bex +dJbx +a

Optimal (type 6, 251 leaves, 10 steps):
s (a=)"Pul(Pa=P) P40 B2 Py) | (Pa=d) Pul(Pa=d) P -0 B2 (Pa-d) Prr 2 A AR

bc 3t BS 6t 35S/
[1_ 261 B2 s

a_21/3)ﬁ 41 .7 b2 b2 ) [, b2
(C’z 3d) J\/? dx‘b‘lppellF](;,E,l,g,—T,-Cza_dz] 1+7

35458/ 4(Fa—d®) b +a

Result (type 7, 1543 leaves):

(cza —dz)] /3arctan

_|_

1 1/
21d3 (-ab?)
322 b +a
(-at?)'” 13 (-ap?)'” _ (a®)'”
N Y 2b V3b o b
(-ap?)' /3 3(a)'? 1T (car?)

2b 2b



2) 3 T/3
NI /3 /3 x+ ab I\/_(Zb ») )\/?b
—I[x—i— (-at?) +I‘/?(_a b) J3 b V3 /3
2b 2b EllipticF - ) ,

(-ap?)'

Iy3 (abz) 1 1 01/
+ 12 > ————— | (-ab?)
/b[_3(- )1/3 n 1y3 (- b2)1/3) 3db* _0=RootOf( Bb2+2a—-d2) 70[2\117)(% +a
2

b 2b
I 13 (mab)' P+ (cap?)' (-ap?)' I (-ap®)' P +1y3 (-ap?)'
T b T A TN R BT P b .
(-ap?)' 7 3 (-at?) P a1yT (—ap?)' (—ap?)' 7

(-ab?) P yF ab=1(-ab?)> 25 +2 @0 = (-ab?)' " ab— (-ap?)* ")

2 /3 o1 /3
/T 2b
—ap?)! /3
EllipticPi

c2(21\/?(—ab2)1/3 o> b — \/_(—ab2)2/3_a+1\/Tab—3(—ab2)2/3_a—3ab) I\/T(—abz)l :
) b[_3(

2bd? _ab2)1/3 +I\/T(—ab2)l/3)
2b 2b



1 1 1/
1d\7 > —— | (-a?)
364 _a=RootOf( Bb2+c2a—d?) _a2 N by +a

I 13 (mab?)' P+ (cap?)' (-ap?)' I (-ap?)' +1¢—( —ab?)!
JEE b [ [l ]
(-ap?)" "3 3 (-ab?) P 1yT (cap?)' (-ab )1/3
(-at?)' U5 ab—1(-ai?)?*y5 42 @0 — (-ab?)' " ab— (-ap?)* ")

2 1/3 2\ /3
ab 13 (;;b) Ve
(_abZ)l /3
EllipticPi s

3

22173 (-at?)' 7 @b —1yF (-ab?)’ " a+1yFab—3(-ab?)’ " a—3ab) 13 (-ab?)"
2bd? ’ ( 3 (-a )1/3 13 (- ab2)1/3)
b 2b * 2b
2x
Pl ey A
Fa—d? 1/3) B Fa—d? 1/3 Fa—d* 2/3] ( b P )
aln(x—i—[ b2 ) aln| 22 x( b2 ) +( b2 ] _aﬁarctan 3

- -
3cb2[c2a—d2 Jm 6Cb2(c2a—d2 ]2/3 3Cb2(c2a—d2 ]2/3
b b




2x

3 Fa—d? /3 !
Za-d\'" Fa-d ' (& 2/ ( b )
dzln[ ( b2 ] ] dzln[xz—x[ b2 J ( b2 ] d?\[3 arctan 3
+ - +
3b203[02a—d2)2/3 6b203(cza_d2 2/3 3bzc3[02a—d2 }2/3
b b b
Problem 150: Result is not expressed in closed-form.
o=
ac+bexr +dJbx +a
Optimal (type 6, 243 leaves, 9 steps):
[ 26 B2y e
B R 1/3]
N B 1525 223 _ 15205 2\1 /3 2 /343 afCtaﬂ{ (Ga-d) ]\/T
jﬂ(&a—d) +b e x)+lﬂ(8a—d) —b & (3a—d) x+b c x” . 3
3b2/3c1/3(c2a—d2)1/3 6b2/31/3(62a—d2)1/3 3b2/3c1/3(c2a—d2)1/3
2 1,5 b  bEX by
B dszppellF][g,5,1,3,—7,—6261_612} 1+7
2(cza-—cﬂ)\/bx34-a
Result (type 7, 618 leaves):
1 1 1/
- Wz > ————| (-a¥?)
3db’ _a=RootOf( b2+ a—d?) _a\/bxg +a
3/%13( ‘IJ_( ~ab?)' - 4 (cab?)! 3) / b[x__(‘“b;)l 3) /—%b[2x+ (-at?)’ +1J—( -ab?)
(-ap?)' 3 (-at?) P A 1YT (-at?)' (-ab )1/3

(-ab?)' P yF ab=1(-ab?)2 T +2 @0 = (-ab?)' " ab— (-ap?)* ")



a2\ /3 2\ /3
oy Ca)? 1F Cat) P 2,
73 2b 2b
(-ap?)' 7
EllipticPi

3 B

20T (cat?)' @b —1T ()2 a+1yTab-3(-at?)’” a—3ab)

13 (-ap?)'

2bd ’ b(_3(—ab2)1/3 +Iﬁ(—ab2)1/3
2b 2b
\/? 2x _1
_ 2L
Fa—d? 1/3 Fa—d* 1/ Fa—d? 2/3 [Eiizsz:
_IH[H( be J +ln[x2_x[ be } +[ b ) J+ﬁar°t‘m 3
3bc[£a_fjlﬁ 6bc(£a—f]lﬁ Ibhe ga—fjlﬁ
b b b

Problem 151: Result is not expressed in closed-form.

dx

1
sz(ac+bc9-+dqbf-+a>

Optimal (type 6, 261 leaves, 10 steps):

c

LA An((Ea=?)' P48 2252 B A An((a=2) = B2 A (Pa—d) Prr 2 AE SR

|

(Fa—d)x 3(Ea-d2)t 6(Fa—a)*"
L 26 B2 By ]
o ) 1/3
bl /3 Barctan (ca _3d ) J3 dAPPf?UFI[ ‘%, %, 1, %, ‘%, ‘%] 1+ %

_|_

3(Ea—-d2)t "

3559 leaves):

(3a—wf)xdbﬁ-+a

Result (type ?, Display of huge result suppressed!

Problem 152: Result is not expressed in closed-form.

dx

1
Jx” (ac+bcx3 +d\bx +a )

Optimal (type 6, 262 leaves, 10 steps):



c _ b2/3c7/31n( (cza—dz)l/3+b1 /302/3x) 4 b2/3c7/31n((cza—a’z)z/3—b1 /3c2/3 (cza—d2)1/3x+b2/3c4/3x2)

2 (Ca-d)2 3 (a-d) 6(a-a) "
2b' AP Py ]
_ J3
1/3
w23 /3arctan[ ( (Cza_3d2) ]\/? dAppellF][ % %,1,% -% _Czbacz_fdz) 1+%

+ +

3(Ra—d2) 2(Ca—a?)2Jbe +a

Result (type 7, 1788 leaves):

\/? 2x 1/3 -1
Fa—d* L/ Fa—d? 1/ Fa—d? 2/3 (sz;dz
cln x—i—[ b2 ] J _cln[xz—x[ b2 J +[7J +c\/Tarctan 3 - B
2 Fa—d 2/3 2 Fa—d 2/ 2 Fa— 2/ 2(Fa=a) ¢
3a’[—b(72 ) 651[—1)62 ] 3d[ b2 )
\/? 2x 1/3 -1
Fa—d* /3 Fa—d* 1/ Fa—d 2/3 [%J
ac31n[x+(T] ] ac3ln[x2—x( b2 ] “r( b2 J ] acsﬁarctan 3
D a_z C’za—d2 2/3 D a_z cza—dz 2/3 - 2 a_z cza—d2]2/3
342 (P d)[ " J 6% (A d)[ " ) 342 (& d)( 2
4 dJbx’ +a 1 1dy3 (-ab?) /
a(Ca—d)x (Pa—d) Vb2 +a
a 1 /3 u 1 /3 ab? 3
3 I[x-i-( lzab) If(zbb) ]ﬁb _( bb)
(-at?)' " Al 2 T o)

3

ab2 3B (ca®)'”
— J3b
/—I [x+ (-abz)1 3 N I\/T(-abz)l 3 ]\/Tb \/_\/ ( b2)1/32b )
EllipticF 4 ,



/3 (cat?) " L T (car?)
/b[3(ab2)1/3 R N IR e
2

b 2b
—ab? 173 ab? ab? 3
3 I[Jr( 2b) IJ—(zb) }\/Tb _ b)
(-at?) 3 (a DA PTG p)' "
abzl 13 (cap?)!
J3b
—1 [x+ (—ab2)1 ’ + I\/T(_a )1 3] 3 b \/_/ 1/32b )
2b ( )1 7 2b EllipticF -ab’) )
/3 ( abz) 1 21EYT (-ab?) /
/b[ 3 ( b2)1/3+1ﬁ(— )1/3) (Fa—-P) b2 +a
2b 2b
(-at®)' 7 13 (-at®)'” (-ab?)'
3 I[x+ 2b 25 }ﬁb B b
( b2)1/3 ab2 1/3 I\/?( b2)1/3
abz 13 (-ap?)'”?
J3b
—I[x+ ( alzyzb)l ’ 4 I\/_(zb )1 3]\/Tb \/_/ b2)1/32b )
( )1 7 EllipticF



13 (-ap?)' " 1 1
+ 1272 > (
/b[3(ab2)1/3 +1ﬁ(-ab2)1/3) 367d (Pa—d?) a=RootOf( A2+ a-d) @ be Fa

I 13 (mab)' P+ (cap?)' (-ap?)' I (-ab®)' " +1y3 (-ap?)’
/( b ) / [ Ca17] 1y o b
_3(

at?) P 1YF (map?) (-ap?)' /3

(-ab?) P yF ab=1(-ab?)> 25 +2 @0 = (-ab?)' " ab— (-ap?)* ")

_ a2\ /3 2\ /3
\/_/I[x+(a12)b) —Iﬁ(z‘zb) JTb
3
EllipticPi

(-at?)'
3 b

2bd?

_c2(21\/?(—ab2)1/3_a2b—1\/T(—ab2)2/3_a+1\/Tab—3(—ab2)2/3_a—3ab) I\/T(—abz)l :
|-

Problem 154: Result more than twice size of optimal antiderivative.



1
—— dx
Jxl AL
Optimal (type 3, 49 leaves, 4 steps):

/12 7 /12 /3
123 12 el /gyl A A 12"; - 12’“7 + 3"; +12In(1 +x 12) 42 %

Result (type 3, 172 leaves):

7 /12
3: A2 T —4xd Ao A1) — (2B Br) - 12T

/12
+6x1 /6101 /12 - % +2In( B =1) +m(-1+yx) —m(1

+x) =2 A +1) +2m( = 1) +n(x' B = B 1) +am(1 +x 12) —4in(x 12— 1) —2m(x B =1 A2 4 1) +20m(x! /6 441 2
3.2/
2

+1) 420 A +1) —In(x' B+ B +1) +In(-1 +x) +
Problem 156: Unable to integrate problem.

Optimal (type 5, 42 leaves, 2 steps):

b(a—f——) hypergeom([2,1+m],[2 +m],1+—)
T ax

a2(1+—m)
Result (type 8, 11 leaves):

Problem 157: Unable to integrate problem.

m
[
X g dr
(dx+c)
Optimal (type 5, 110 leaves, 4 steps):
b
p I +m p\I+m c(a—i—;)
d(a+——) b(2ac—bd(1+nﬂ)(a+——) hypergeom| [2,1 +m], [2 +m], ————
X B X ac—bd

2 P
2c(ac—bd)(d+—§) 2c(ac—>bd)’ (1 +m)

Result (type 8, 19 leaves):



| >

m
[+ 3)
Y/ dx

(dx+c¢)?

Problem 159: Result more than twice size of optimal antiderivative.

(dx+c)® 72
b
a+ —
x2
Optimal (type 4, 330 leaves, 8 steps):
(dx+c3/2 ax2+b _|_ x2—|—b Jdx+c¢

x |/ a+— x |/ a+—
[ x\/_
2(Fa—3d*b) ) EllipticE / 2dy-a b Vb Jdx+c¢ axz

ac—d\-a b
5(-a )3/2dx/ —/ a (dx +c)
2 ac—dy-a b

[[_ia
¢ (¢ a + d b) EllipticF \2/7 ’/_ 2dV-a b N /1 axz / (dx+c)

ac—dy-a b d=a b
5(—a)3 /zdx a+% Jdx+c

Result (type 4, 1144 leaves):

1 ( {’_—ab/ (dx+c) /(—ax—l-\/—ab)d / (ax—l—\/—ab)d EllipticF[ __(dx+c)a ’
s At i ax* +b v-abd—ac V-abd+ac V-abd—ac J-abd—ac
x+cdax | ———
X2

/_\/ -abd—ac J 3d+m/ (dx+c) /(—ax+\/—ab)d / (ax+\/ —ab)d EllipticF[ __(dx+c)a ’
J-ab d+ac J-ab d—ac J-ab d+tac J-ab d—ac J-abd—ac

/_\/ -abd—ac ]bcd3—3 __(dx+c)a /(—ax—l-\/—ab)d / (ax-l-\/ —ab)d EllipticF[ __(dx+c)a
J-abd+ac J-abd—ac J-abd+ac J-abd—ac J-abd—ac

>



/_\/ -abd—ac ]abc2d2—3b2 __(dxtc)a /(—ax—l—\/ —ab)d / (ax—i-\/ —ab)d EllipticF[ __(dx+c)a

J-abd+ac J-abd—ac J-ab d+ac J-abd—ac J-abd—ac ’
/_\/ -abd—ac ]d4_ __(dx+c)a /(-ax+\/ —ab)d / (ax+\/ -ab)d EllipticE[ __(dx+c¢) / V-ab d—ac 2
J-ab d+ac J-abd—ac J-abd+tac J-abd—ac J-abd—ac J-ab d+ac

1o /- (dx+c)a /(—ax—i-\/ —ab)d / (ax-l—\/ —ab)d EllipticE[ __(dx+c)a ’ _\/—ab d—ac ]abczdz
J-abd—ac V-ab d+ac V-abd—ac Jv-abd—ac J-abd+ac

13 /- (dx+c)a / (—ax+\/ -ab)d / (ax+\/ -ab )d EllipticE[ _(dx+c)a / N-abd—ac ]d4+x4a2d4+3x3a20d3
J-abd—ac J-abd+tac J-abd—ac J-abd—ac J-ab d+ac

422 PR+ abd* +3xabed +2abc2d2]]

Problem 174: Result more than twice size of optimal antiderivative.

JXZI bl d
a—+ x+c
Optimal (type 3, 125 leaves, 7 steps):

atbydxtc b d arctanh JatbJdxtec
Ja—byc n Ja+byc _ (a—b\/m) a+bJdx+c
207 (a=bye) " 2T (at5yT) ((Beta)s

Result (type 3, 264 leaves):
2d b* ¢ arctan Jatbydxte
2d\/b20 Ja+bydx+ec i -Jbc —a _ 2db*c Ja+bydx+c
c(-4 bzc—4a)(-b\/dx+c+ b2(:> c(—4 e —4a) JB2e —u4 c(4 b ¢ —4a) (b\/dx+c+ bzc)
Ja+bydx+c
\/bzc —a
c<4 b ¢ —4a> Jb*e —a

b d arctanh

2d+/ b*c arctan

Problem 175: Unable to integrate problem.



j(a+bm)”dx

Optimal (type 3, 58 leaves, 4 steps):
2+p

_2a(a+bddx+c)kw_+2(a+bddx+c)

b*d (1 +p) b*d (2 +p)

Result (type 8, 15 leaves):

j(a+bm)”dx

Problem 176: Unable to integrate problem.

J(Hbm)” “

Optimal (type 5, 127 leaves, 6 steps):

/ 1+ / 1+
hypergeom [1,1+p],[2+p],%](a+b\/dx+c) P hypergeom| [1,1 +p], [2 +p],% (a—i—bw/dx%-c) P
a—>byc a+byc

(1+p) (a—by<) (1+p) (a+byc)

Result (type 8, 19 leaves):

J(a+bm)" “

Problem 191: Result more than twice size of optimal antiderivative.

=
x—+1—x
Optimal (type 3, 49 leaves, 4 steps):

m(1-y35 +2J17=x) (5-y3) N m(1+y3 +2y17=x) (5+J3)
5 5

Result (type 3, 100 leaves):

(1+2x)ﬁ)
m(

> +

1n(x2 tr—1) \/?arctanh[

+
2 5

| B0 )

5

(2yT=x +1)3
\/?arctanh( 5 B ln( _x_m)

5 2

—x+Jl—x) n
2

+



Problem 195: Result more than twice size of optimal antiderivative.

J el N
(Z+1)Jx
Optimal (type 3, 36 leaves, 8 steps):

20 /2
3

—arctan(ﬁﬁ—l)ﬁ—arctan(l +\/7\/7)\/7

Result (type 3, 96 leaves):

/2 ﬁln(M ﬁln[M)
ZX’; —arctarl(l+\/7\/?)\/7—arctan(\/7\/?_1)\/7_ x—;{?ﬁ_pl x‘i‘\‘{?\/?-l-l

Problem 201: Result more than twice size of optimal antiderivative.

X
1 +x e
X
Optimal (type 3, 6 leaves, 3 steps):
2 arcsinh( Jx )

Result (type 3, 31 leaves):

X
1 +x

(1 +x) ln(% +x+ x2+x)

(1 +x)x

Problem 202: Result more than twice size of optimal antiderivative.

X
1 +x
X

dx

Optimal (type 3, 13 leaves, 2 steps):

2arctan( S }
1 +x

Result (type 3, 32 leaves):

X
1 +x




Problem 203: Result more than twice size of optimal antiderivative.

| bx+a
dx+c dr

bx+a
Optimal (type 3, 31 leaves, 3 steps):
\/7 ina
2 arctanh rre
Jb
b Jd
Result (type 3, 79 leaves):
In 2bdx+2y (bx+a) (dx+c) ybd +ad+bc (dx +c) bx+a
2 [bd dX+C

J(bx+a) (dx+c) Jbd

Problem 206: Result more than twice size of optimal antiderivative.

e
(x+ -f—2x+3)

Optimal (type 3, 248 leaves, 6 steps):
12arctanh( (3—x—x\/T—\/T7x/—x2—2x+3 Nea )ﬁ
X
343

4[9_5ﬁ+ (21 +5J3) (ﬁx—x/-xz—2x+3 )

21[2_ﬁ_ 2 (1447) (T -/ Z—2:53) +ﬁ(ﬁ—m)2]2
x 2
2(18_43ﬁ_ (18 +49y7) (V3 - /7 —2x+3) J
147[2—ﬁ— 2(14+3) (V3 - /7 =2x+3) +ﬁ(ﬁ—m)2]
x 2

_|_

Result (type ?, 5999 leaves): Display of huge result suppressed!

Problem 209: Result more than twice size of optimal antiderivative.



Optimal (type 3, 73 leaves, 5 steps):

(l_wﬂ =
arctan V3 J2 l_g
2 n J3 Fx
2 [ _30+x) 2/ T-x
3+x \/m

Result (type ?, 2406 leaves): Display of huge result suppressed!

Problem 211: Result more than twice size of optimal antiderivative.
1

dx
J (ot 442 —8:2 +8x)° 7

Optimal (type 4, 93 leaves, 7 steps):

7E11ipticE(—l +x, %ﬁ)ﬁ llEllipticF(—l +x,%\/Tj\/T

(54 (-1+x)%) (-1 +x) N L (2647 (-140?) (-1 +x)

3,
72(3 =2 (-1 +x)% = (-1 +x)%)* / 432 432 432 3 -2 (1+x)72— (-1 +x)°
Result (type 4, 1038 leaves):

1 | 1 53 5 19
— =X — a4 — 82 48 2 ( - - )
40 -8 +8x O +42 —8x+8 ( 36 ' 288 9% x)J * * | 3456 " 1728 4608

- + 2 +
7682 96/x (-x° 422 —8x+8) (X -4 +8x—38) Jx(P—42+8x—8)

1 (-1-1y3)«x (-2

(13 -1)
+216(— —1y3) S x(24x) (x—1y3 —1) (x—1+1y3) [ I 1/(1—IJ—) -2 +x)

N 2/ x—u?—l / N . {/ (-1 —143) « / (1 -1/3) (145 —1)
x) EllipticF ,
(1y3 +1) (-2 +x) (1-1y3) (-2 +x) (1-1y3) (-2 +x) (-1-1y3) (1y3 +1)

: J3 - (-1-1/3) x
3 ( ) -
108(' I )\/ -2 +x) (x—I\IS—l)(x—l—l—I\/?) [7 A /(I—I\/_) -2 +x) "

5 x—1J3 —1 x—14+1J3 e (-1-1J3 ) x (1-1y3) (1y3 =1)
) /(Iﬁ+1)(—2+x) /(1—1J_) -2 +x) [ZElhp F[/(l—w—) -2 +x) ’/(—I—Iﬁ) (V3 +1)
5 EllioticPi (-1-1V3)«x 1-1y3 ) (1-1/3) (1y3 1)

HH P[/(l—w_) 24y 1-1y3 Y ((1-1yF) (17 +1) J]




: em1T 1) (1 +13) 42 (9 1) [ =T
432] — [7{ 13 -1 1413 ) +2 (13 1/(1_”_) B

_ -— (-1-1V3)«x (1-1y3) (1y3 1)
+x)2/ x—1J3 1 / x—1+1/3 [(6 ) F{/( ’/(
(1y3 +1) (-2 +x) (1-1y3) (-2 +x)

1-1J3) (-2 +2x) 0 —1y7) (1Y +1)
2(-1-1y3)
(—1—Iﬁ)EuipticE[/ (1 -1y3) / ((1—IJT) (1v/3 -1)

N (1-1J3) (-2 +x) -1-1y3) (13 +1)
2
A Bl [/ (-1-1J3 ) x /3 -1 / (1-1y3) (1y3 =1) ]
ipticPi ) >
. (1-1y3) (2+x) 1J3 +1 (-1-1y3) (1y3 +1)
-1 -1J3

Problem 212: Result more than twice size of optimal antiderivative.

1
dx
J((Z—x)x(x2—2x+4))3/2

Optimal (type 4, 61 leaves, 6 steps):

EllipticE(—l +x, lﬁ)ﬁ EllipticF(—l +x, lﬁ)ﬁ

3 3 (54 (-1+x)2) (-1 +x)

- + +
24 12 243 =2 (-1+x)2— (-1 +x)*
Result (type 4, 962 leaves):
B 4422 Z’C[L+i) 1
O +4x—8x+8 N 24 192 N [(Iﬁ
2Vx (- +4F —8x+8) Jx(F -4 +8x-8)  6(-1-1y3)J x(-24x) (x=1y3 1) (x—1+41J3)

- (1-1J3)x xz/ x—1J3 1 / x—1+1J3 e [/ (-1-1J3)x
1)/(1—1J—) 2 +x) (2 (V3 +1) (-2 +x) (1-1J3) (-2 +x) Ellptie? (1-1y3) (-2 +x)

/(I—IF) (13 1) ]]+ ! ((u?
(-1-1v3) (1y3 +1) 6(-1-1y3) Y x(2+4x) (x=1y3 =1) (x—1+13)

~ (-1-1J3 ) x ) x2/ x—I\/_—l / x—1+1J3 [ - [/ (-1-1J3 ) x
1)/(1—1J_) -2 +x) 2 (Iy3 +1) (-2 +x) (1-1J3) (-2 +x) 2 Elliptie? (1-1y3) (-2 +x)




/(l—lm (51 ]_mpﬁcm[/ Ci-s)e -3 [(=03) (5 -1) m
(-1-1y3) (13 +1) (1-1y3) (24x) -1-1y3 ¢ (-1-1y3) (1y3 +1)

1
24/ 24x) (=13 =1) (x=1+1y3)

[x(x—lﬁ—l)(x—1+1ﬁ)+2(1ﬁ—1)/ (1EIIJ:I)J_2)+ (-2

[(6—21ﬁ)ElnpﬁcF[/( (1 -1y3) / ((1—Iﬁ) (V3 -1)

+x)2/ x—1J3 —1 / x—1+1J3 1 —1J3) (-2 +x) 1-1y3) (1J3 +1)
(IV3 +1) (-2 +x) (1-1J3) (-2 +x) 2(-1-143)
(—1—1\/?)Enipticﬁ{/ (-1-1/3) / (1 -1/3) (13 -1)
N (1-1y3) (-2 +x) (-1-1y3) (1y3 +1)
2
4EllipticPi{/ (-1-1V3 )« ,Iﬁ_l,/ (-1v3) (1/3 -1) ]
B (1-1J3) (-2+x) 1J3 +1 (-1-1y3) (1y3 +1)
-1 —-1J3
Problem 213: Result more than twice size of optimal antiderivative.
J\/d2x4+4cdx3+4x2c2+4acdx
Optimal (type 4, 668 leaves, 5 steps):
[%+x)Jd2x4+4cdx’+4xzc2+4ac 2 (% )sz +dcdP +42E +4ac
. [ dz(%+x)
3| e+ —2—2 |J4ad*+7
\/4aa’2—i-c3
+ 1 269/4(4ad2+c3)3/

3cos(2arctan( dxtec 1/4])al3\/a'2x4-|-4cd)c3’+4x262—|-4ac
ol /4 (4ad>+)




2072

24—
4/003(2arctan[ K /4( dxte )1/4}] EllipticE sin(Zarctan[ K /4( dxte )1/4])’ dad’ +¢ Je

4ad +J dad + 2

2
dz(% +xj

\/4ad2 +J

d? (612)64+4cdx3 +4x% 2 +4ac)

2\2
dz[% +xJ
(4ad+S) | e + ————

Nevraas

+

+ Jxt 1 C3/4(4ad2+c3)1/
3cos(2arctan[ rre 1/4]Jd3\/d2x4+40d>€3+4)€262+4ac
¢! /4 (4ad2+c3)

20 /2

[ |[ e, el

2 2

N cos| 2 arctan dxtc T/ EllipticF | sin| 2 arctan dxtc || dad +c \/?—Fd— (CS
Cl /A (4ad2+c3) Cl /4(4ad2+c3) 2 /4ad2+c3

t4ad -2 aal +3) P (P +4cde +422 +4ac)
2

dz(% +xj
(4ad +J) | Vo + ———~

\/4ad2 +J

Result (type ?, 4889 leaves): Display of huge result suppressed!

2

Problem 214: Result more than twice size of optimal antiderivative.

JJ8e3x4+8de2x"—d3x+8ae2 dx

Optimal (type 4, 715 leaves, 5 steps):



(4ie +x)\/863x4+8d62xq’—d3x+8aez 2d° (4;‘23 +x)\/8e3x4+8de2x3—d3x+8aez

3 d 2
[ 16e2(4—e+xj
1+ J256aé +5d*
J256aé +5d*
+ y I &£ (25608 +54)°7
16cos(2arctan[ ( 4;x+d4)1 7 )Jez\/863x4+8de2x3 ~dPx+8ad
256ae +5

2
[
2 \/—
N cos| 2 arctan dextd EllipticE| sin| 2 arctan dextd , 256a¢’ +5d° 1
( )/ )/

256aé +5d (256a & +5d* 2

d 2

+ 1662[4_€+xj e(8e3x4+8d62x3—d3x+8ae2) \/7

J256a +54° 1662(1+sz ?

(2560 +5d4%) | 1+ de
J256aé +5d*

+ g I (25608 +54*) "/

96005(2arctan[ dex + 1/4)Jez\/863x4+8de2x3—d3x+8aez

(25608 +54d%)

2
=
2 \/—
N cos| 2 arctan dextd EllipticF | sin| 2 arctan dextd , 2560’ +5d°
( )! /A 1 /4

256aé +5d (256a & +5d*) 2




2
166 | — +x
+ ( ie j (54 +256ac® —3d2J256ae + 54 ) e(80¢ +8de’x’ ~dx +8ac’) VT
J256aé +5d 1662(_“)2

(256a& +54d%) | 1 +

J256aé +5d*

Result (type ?, 7886 leaves): Display of huge result suppressed!

Problem 215: Result more than twice size of optimal antiderivative.

JJ—x4+4x3—8x2+a+8x dx

Optimal (type 4, 455 leaves, 7 steps):

B 2
2(-1+x) [ 1+ BT (- aTa)
1 —J4+a N (-14+x)y3+a—2(-14+x)%— (-1 +x*
3V3ta—2(-1+x)2— (-1+x)° 3
+ I 2(3
B p)
TR Gl )
3V3+a—2(-14x2— (-1 +2)° Lot
1+ (-1+x)
1+J4+a
T ] T
+a) — /l+wEllipticF L +x Y et [1
R G 2. I +VaTa el ST 1 —ViTa
L+VFTa 1+¢m
_ 2
+w] T +vaTa
1—V4+a
1 1 (-1 +x)?
+ 2 — 1+ T Eiptick| 1
L (-1 +x)2 DT G S a2 1+J4+a
- e
3V3+a—2 (142 (14072 Loydta
ST

L+VaTa



(\/1+ T+a /1+ TREDHLE ](—I—I—x), S 2Jada
e e

{L+J;Liﬂij(1—JT17) e
1-J4+a

Result (type ?, 2518 leaves): Display of huge result suppressed!

Problem 216: Result more than twice size of optimal antiderivative.

Jx\/—x4+4x3—8x2 +a+8x dx

Optimal (type 4, 516 leaves, 12 steps):

1+ (-1+x)? (-1 +x)?
(4 +a) arctan 2(—1+x)(1+—](1—\/4+a)
J3+a—2(-14+x)%—(-14x)* ] 1-JV4+a
4

3V3+a—2(-1+x)2—(-1+x)*

I+ (1+0)2)V3+a-2(-1+x)* = (-1+x0)*  (-1+x)y3+a—2(-1+x)>— (-1 +x*

+
+ 4 3
+ 1 2 (3
- 3
1+ (-1+x)
33 4a—2 (1422 (-1+x)° 1_V4+;‘
14+ (-1+x)
14+V4+a
T ) T
ta) ! . /l+wEllipticF I +x o) - 2ydta [1
I Gl 2.1 L+ Ta e [ 1 -Vita
L +VFFa 1+¢7¢7
_ 2
+—LLiﬂ—) N
1—vV4+a
1 1 (-1 +x)?
+ 2 — 1+ U Eiiprice| 1
L (-1 +x)2 TR G S ) 1+J4+a
- e
303 1a—2(1+x)2— (-1+2)° e
- (-1+x)

| +VTTa



(\/1+ T+a /1+ TREDHLE ](—I—I—x), S 2Jada
e e

{1+M](1—\/m) e
1-J4+a

Result (type ?, 2550 leaves): Display of huge result suppressed!

Problem 217: Result more than twice size of optimal antiderivative.

J' 4 _ 1-|— +
\/8x )57’ 8x +8
Optimal (type 4, 155 leaves, 4 steps):

3 /4 2
- 31/4 xz/cos(Zarctan[ (4+X)8279x V3 ]] EllipticF[sin(Zarctan[m((4
696005[2arctan[ (4+X)8279x \/? ]]\/8x4—x3 +8x+8
261—6( j+(1+ij
X 993 AT

+x) 293 Aﬁ)))’ 1682 + 5829 ]

58

2
87+—(4+);)2 mj

2
[87+ (4+x)2J29

Result (type 4, 964 leaves):

[ (RootOf(8 7' — 72 +8 Z+8,index=1) — RootOf(8 Z* — 72 +8 Z+38, index

=4))

/ (RootOf(8724 —723 +8 Z+8, index=4) —RootOf(8724 —723 +8 Z+8, index=2)) (x—RootOf(8iZ4 —723 +8 Z+8, index=1)) (x
(RootOf(8 7' — 72 +8 Z+8,index=4) — RootOf(8 7 — 72 +8 Z+8,index=1)) (x — RootOf(8 2 — 72 +8 Z+8, index=2))

— RootOf(8 7 — 22 +8 Z+8, index=2))

(x — RootOf(8 7' — 722 +8 Z+8,index=3))
(x — RootOf(8 Z* — 7248 Z+8, index=2))

2 / (RootOf (8 Z* — 7248 Z+8,index=2) — RootOf(8 7' — 72 +8 Z+8, index=1)
(RootOf (8 7' — 72 +8 Z+8,index=3) — RootOf(8 Z* — 72 +8 Z+8, index=1)

/ (RootOf(8 7' — 72 +8 Z+8,index=2) — RootOf(8 7' — 72 +8 Z+8, index=1))
(RootOf(8724 - 7Z3 +8 Z+8, index=4) — RootOf(8724 - 7Z3 +8 Z+8, index=1))

x—RootOf(8 Z* — 72 +8 Z+8, index=4)) Nea
x—RootOf(8724 —7Z3 +8 Z+8, index=2))

~~ ] ~~— | ~—

EllipticF [



/ (RootOf (8 Z* — 2248 Z+38,index=4) — RootOf(8 Z* — 722 +8 Z+8,index=2)) (x — RootOf(8 Z* — 72 4+8 Z+38,index=1))
(RootOf(8 7' — 72 +8 Z+8,index=4) —RootOf(8 7' — 72 +8 Z+8, index=1)) (x —RootOf(8 7' — 72 +8 Z+8, index=2))

(((RootOf(8 2 — 22 4+8 Z+38,index=2) — RootOf(8 7' — 72 +8 Z+8,index=3)) (RootOf(8 Z* — 22 +8 Z+38, index=1)
— RootOf(8 24— 2 +8 Z+8,index=4))) [ ((RootOf(8 Z* — 2 +8 Z+8,index=1) — RootOf(8 Z* — 72 +8 Z+38, index
1/2
=3)) (RootOf(8 Z* — 72 4+8 Z+8,index=2) — RootOf(8 7Z* — 722 +8 Z+8, index=4)))) j)/(z (RootOf(8 74 — 72 +8 Z+8, index

4) — RootOf(8 7' — 722 +8 Z+8,index=2)) (RootOf(8 Z* — 72 +8 Z+8,index=2) — RootOf(8 7" — 72 +8 Z+8, index

)

((x — RootOf(8 Z* — 7248 Z+8, index=1)) (x — RootOf(8 Z* — 72 +8 Z+8, index=2)) (x — RootOf(8 Z*— 72 +8 Z+38, index=3)) (x — RootOf
/2
~4))) ")

Il
—_

Problem 218: Result more than twice size of optimal antiderivative.

Optlmal(type 4, 156 leaves, 4 Steps):

1

_ 3/4\\?
- ST xz/cos(Zarctan[%)) EllipticF[sin(Zarctan( 6113 ((6
— X X
7356005(2arctan(%)j\/3x4+15x3 — 442 —6x+9
X

6 \? 6 \*
o, 613 —182 (1 -2 ] +[-1+2
—x)6133/4)]j,/751538+1212161566“613 ]((6sz) +W] ( x) ( x) 6133 /4

2
s

Result (type 4, 1181 leaves):

[2 (-RootOf(3 Z'+15 22 —44 22 —6 Z+9,index=4) +RootOf(3 Z* +15 22 —44 72 —6 Z+9, index

=1))

(((x—RootOf (3 Z*+15 22 —44 72 —6 Z+9,index=1)) (-RootOf(3 Z* +15 22 —44 72 —6 Z+9,index=4) + RootOf(3 Z* +15 72 —44 77 —6_



12
+RootOf(3 2 +15 22 —44 72 —6 Z+9,index=1)) (x —RootOf(3 Z* +15 22 —44 72 —6 Z+9,index=2))))  (x —RootOf(3 7*

+15 22 —44 72 —6 Z+9, index=2))
> (-((x—=Rootof(3 Z*+15 2 —44 22 —6 Z+9,index=3)) (RootOf(3 Z*+15 22 —44 22— 6 Z+9,index=2) — RootOf(3 Z* +15 22 —44 2 —6
=1)))] ((-RootOf (3 Z*+15 2 —44 22 —6 Z+9, index=3) + RootOf(3 22 +15 2 —44 22 —6 Z+9,index=1)) (x — RootOf(3_Z* +15 7
—44 72 —6 Z+9,index=2))))
1/2
(-((x—RootOf(3 Z*+15 2 —44 72 —6 Z+9,index=4)) (RootOf(3 Z*+15 22 —44 72 —6 Z+9,index=2) — RootOf(3 Z*+15 22 —44 72 —

=1))) [ ((-RootOf(3 2 +15 22 —44 22 —6 Z+9,index=4) + RootOf(3 2 +15 22 —44 2 —6 Z+9,index=1)) (x — RootOf(3 74 +15 2

—44 22 —6 Z+9,index=2))))

12

J3
EllipticF | (((x — RootOf(3 2 +15 22 —44 72— 6 Z+9,index=1)) (-RootOf(3 Z*+15 72 —44 72 —6 Z+9, index=4)

+RootOf(3 22 +15 22 —44 22 —6 Z+9,index=2))) | ((-RootOf(3_Z*+15 2 —44 22 —6 Z+9, index=4) + RootOf (3 74 +15 23 — 44 7

1/2
—6 Z+9,index=1)) (x —RootOf(3 7 +15 22 —44 22 —6 Z+9,index=2)))) ,

(((RootOf(3 Z*+15 22 —44 72 —6 Z+9,index=2) —RootOf(3 Z* +15 22 —44 72 —6 Z+9,index=3)) (-RootOf(3 Z* +15 22 —44 72 -6 Z+'
1/2
—44 72 —6 Z+9, index=4) +RootOf(3 Z*+15 72 —44 72 —6 Z+9, index=2)))) j)/(s (RootOf(3 Z*+15 22 —44 72 —6 Z+9,

index=4) —RootOf(3 Z* +15 72 —44 72— 6 Z+9,index=2)) (RootOf(3 Z* +15 22 —44 72 —6 Z+9,index=2) — RootOf(3 7' +15 7

—44 72 —6 Z+9, index=1))



((x —RootOf(3 Z*+15 22 —44 72 —6 Z+9,index=1)) (x — RootOf(3 Z*+15 22 —44 727 —6 Z+9,index=2)) (x — RootOf(3 Z* +15 72 —44 7
1/2
=) ")

Problem 223: Result more than twice size of optimal antiderivative.

1

J—3x2+3+(—5—4x)m

dx

Optimal (type 2, 27 leaves, 16 steps):

3 +\/—x2+1

5(4+5x) 4 +5x
Result (type 2, 80 leaves):
3/2 )
4\ 8x 41 4 8x 41
50-|x+=] +=+— 5x [ -lx+— | + =+ —
3 ((x 5) 25) x/ (x 5) 5 725 Jo(l4x)2—2x+2 J-(1+x)’+2x+2
+ + -
5(4+5x) 9(x+i) 9 18 2

Problem 228: Result more than twice size of optimal antiderivative.

J2—-3xJ2+3x

arcsin( 3x )
2

3

Optimal (type 3, 6 leaves, 2 steps):

Result (type 3, 33 leaves):

J(2—=3x) (2+3x) arcsin( %)

3J2-3x+2+3x

Problem 229: Result more than twice size of optimal antiderivative.

==
V3=xJ5+x

Optimal (type 3, 6 leaves, 3 steps):

. 1 X
arcsin| — + —
(4 4)
Result (type 3, 30 leaves):



Vv (3—x)(5+x) arcsin(% + ﬁj

4
V3I—x+5+x

Problem 231: Result more than twice size of optimal antiderivative.
(ax+1)3/2
3/2dx
x(-ax+1)
Optimal (type 3, 43 leaves, 7 steps):

4 ax+1
V-ax+1

-arcsin(a x) —arctanh(\/ —ax+1 Jax+1 ) +

Result (type 3, 129 leaves):

1 1 csgn(a) ax 1
-arctanh| —— | csgn(a) xa — arctan| —=———— | xqa + arctanh| ——
(ax—l)\/-a2x2+1 ([ [\/-azxz—l-l ] [\/-azxz—l-l ] (\/—a2x2+1

+arctan[ M)Jcsgn(a) J-ax+1 Jax+1 )

csgn(a) — 4 -t +1 csgn(a)

Problem 233: Unable to integrate problem.

J(cx2+da+bj’"dx

Optimal (type 5, 47 leaves, 3 steps):

14+m
a+b cx? 3 3 cx? j
d + — h I, —+ml|, | = | -
() sl 0} 3] 5
a+b
Result (type 8, 16 leaves):
m
J[ cxz—i-a—i-b] dr
d
Problem 234: Result more than twice size of optimal antiderivative.
x— - +1
Optimal (type 3, 29 leaves, 7 steps):
arctanh ;]
_ arcsin(x) J -2+ In(-22+1)

2 B 2 + 4



Result (type 3, 174 leaves):

([ F)m)e

> 2 2
arctanh
2 2
o B ) [l G -
2 4lx——-—| —4|x—— 2 +2 4 |lx—"——| —4|x—— 2 +2
1n(2x2— 1) n \/_/ [x 2 * 2 & _arcsin(x) * 2 * 2 &
4 8 2 4
[(x+72)ﬁ+1ﬁ
arctanh
2 2
ﬁ/—4(x+%) +4( ‘/ZJJ_Jrz /—4[x+g) +4 x+72)ﬁ+2
— +
8 4
Problem 236: Result more than twice size of optimal antiderivative.
xy 2 +2 e
x— - +2
Optimal (type 3, 46 leaves, 12 steps):
arctanh{;
X V-2 42 In(1—x) |, In(1+x) |, xy->+2
-— = + + +
4 2 4 4 4
Result (type 3, 110 leaves):
arctanh[ “2x 4
2 In(-1+x) , In(1+x) |, xy-2+2  J-(-14+x)2—2x+3 27 -(-14+x)2—2x+3 J-(1+x)2+2x+3
T g e T 4 * 4 - 4 B 4

2x+4

arctanh

2J 1+x)2+2x+3
4

+

Problem 237: Result more than twice size of optimal antiderivative.

1

dx
N

Optimal (type 3, 54 leaves, 5 steps):



arctanh[ \/7— vaxz—i—b ] Jaxr +b
J:fdcﬁg-+c

xya+d a+—lL
2
Result (type 3, 116 leaves):

(a® +b)1n{ 2ad? +2[ad? YacP +bdP T be Jad +ac+bd ] [aZ+e
2Jad

2/gégtéxJaiﬁ+aa¥+bdf+ch;7

Problem 240: Result more than twice size of optimal antiderivative.

b

2_ —_
—————4éL—dx

22 —b

Optimal (type 3, 14 leaves, 3 steps):

arccsc[ xﬁ]
I W

JE

Result (type 3, 61 leaves):

22 — b xln( 2 (VB 22—b —b) ]
2 x

erarlies

Problem 241: Result more than twice size of optimal antiderivative.

Optimal (type 3, 157 leaves, 10 steps):



2a+2 b+ 2E
arctanh o Ja arctanh o Je
2Va [a+S +2 20 Jat+ S+ 2
e d
2ad—be+M

arctanh al Jad> —e(bd—ec)

2\/ad2—e(bd—ec) a+£+2

/ ?  x

de

Result (type 3, 382 leaves):

1 [ ax* +bx+c . ln[ 2\/ax2+bx+c \/7+2ax+bJ\/7de/

[ hircae [afoberes

/T 20+bx+2\/?\/ax2+bx+c Jez/ ad> —bde+cé
x &

2 _
2\/ax2+bx+c/ad beczz’e+cez e—2adx+xbe—bd+2ec

2
l
+d°In oxtd a
2 _
2\/ax2—l—bx+c/ad beczz’e-l—cez e—2adx+xbe—bd+2ec
—1In bde
ex+d
2 _
Z\Iax2+bx+c/ad beczle+ce2 e—2adx+xbe—bd+2ec
+ In cé?
ex+d

Problem 244: Unable to integrate problem.

dx

Jx'1+"1(2am +b(2m—n)xX")
2 (a +bx”)3 /2
Optimal (type 3, 13 leaves, 2 steps):
X"

Ja+bx"

ad* —bde+cé

&



Result (type 8, 35 leaves):

Jx'y+m(2am-+b(2m-—n)fﬁ d

32
2 (a+bx") /
Problem 252: Result more than twice size of optimal antiderivative.
X
1 +x

—arcsinh(\/?) +Vx VT +x

/:(l—i—x) (2 x2+x—ln(%+x+ x2+x))

2y (1 +x)x

Optimal (type 3, 16 leaves, 4 steps):

Result (type 3, 44 leaves):

Problem 253: Result more than twice size of optimal antiderivative.

el
1-X2+5 +2J5

)

2 2
2

4 arctan( L J

2425
(V3 -1) (2+2V%)

Optimal (type 3, 12 leaves, 2 steps):

Result (type 3, 31 leaves):

Problem 257: Unable to integrate problem.

J'\/l—xz—i-x 2 —1 dx

Optimal (type 3, 49 leaves, ? steps):

3»&1rcsin<x—\/x2 —1 ) J2

+

(3x+ x2—1>\/1—x2+x\/x2—1
4

8
Result (type 8, 20 leaves):



Nl—x2+x -1 dx

Problem 258: Unable to integrate problem.

Jx a1 x “
JTx

Optimal (type 3, 46 leaves, ? steps):

_3arcsin(J——m)ﬁ+(ﬁ+3m)J—x+ﬁm
4 2

Result (type 8, 23 leaves):

JoxryxJTrx “
ST

Problem 259: Result more than twice size of optimal antiderivative.
x =2 +1
x+xX Y2 +1

dx

Optimal (type 3, 58 leaves, ? steps):

arctanh((x—l— x2+1)\/2+\/?)\/—2+2\/?—arctan((x+ x2+1)\/—2+\/?)\/2+2\/?

Result (type 3, 437 leaves):
5 arctan 2 ] arctan[ 2 ] J5 arctanh( 2 ] arctanh[ 2

J2+2J5 J2+2(5 V2425 -2+2J5 ] 2 +1

X
2 2
J2+2J5 J2+2J5 2425 2425

3J5 arctanh[ —‘xz—l—l—x] arctanh —,xz—l—l—x 35 arctan[ w arctan[ ;= - = S Ut
. e s, G ), \hm ),
10y -2 +5 2 -2+5 1042 +5 2% Z(W—x)
arctanh w] V5 arctanh m] arctan[ — Xt _X] J35 arctan| Y——— 41 —x]
+ J2+y5 ), 2+4V5 ) 2+Y5 ) 2+y3

2
2J2+5 2J2+5 2{ 245 2( 245



_|_

Problem 260:

2{ 245 J5 arctanh[

ST =

2445

J 25 2+5 arctan

ST -
GiFE

|

5

5

Result more than twice size of optimal antiderivative.

X
dx
J\/bd4x4+4bcd3x3 +6bFd* 2 +4bAdx+bct +a
Optimal (type 4, 195 leaves, 7 steps):
2
d2(£+x) 5
d
arctanh
7
/a+bd4(d +x)
28D
2
- / c/cos(Zarctan[ 171/4(1#]) EllipticF(sin[Z
1 /4 7 a
2cos(2arctan[b le+c ]) 1/4b1 /4d2/a+bd4(£+x)
d
bd'| < !
1/4 2 a+ (_ xJ
T | [T o P e
(\/?+d2(%+x) J?)
Result (type 4, 1527 leaves):
y p 1(-ab?)  1(ab?) (=) ™
(=)' ™ 1(ab) b B b o b
) b _ b d d d .
1 /4 1 /4 1 /4
d d 1(-ab?) /A . ( ) /- B 1(-ab?) /- .
b b
d d * d



d
5 1(-ab? A
b) (-ab®)' ™ 1
d B : _CJ[ i
31 /4 : — b -
a7 ab?) 7 )
j . 1 /4
d - : C][ ——
I(_ab3)1 4 7 X — bd c
b B (—ab3)l 4
: ) - _CJ I(—abs)l *
I 3\1 /4 ; — b -
Al T ab?) : 1
d - b —c 1(-ap3) d [I( i
d T : = |
_I(—ab3)1 ! :
2 _ I(—ab3)1 !
— ¢ | EllipticF d - : CJ[ -
1(-ap3)' g — b .
ab) — ( ab3)1/4 |
d b —c I(—ab3)1/4
I(_ab3)1 4 7 X — b —cC
b _. Lap)'” : :
d - b i
1
: - . _I(—ab3) !
( ab3)1/4 ( )/ d : b :
- 4
| _ : abb) - - ab3)1/4 d ( ab3)1/4
d d b _. - ap’) " .
d B : —~ d
d




y 1(-ab?) P 1(ab?) (-at®) ™
1(-at®)' b B b o b
b AT d d d
- EllipticPi ,
d e Ca) Hap)' ™
b B b L b
d d d
Leat)' ™ Cab) 1(-at’) " (-ap’) " V[ (cat) " LCat) T
b b b B b b b
d d d d d d
Cat)' o aCa) Cat)' " Cat)' Y (1as)' o 1Cas)
b B b b b b B b
d d d d d d
Lab)' e A [(1as)
b B b b
d d d
(-ap®)' ™ (-at’) " Lab)) Cat) T 1) T
— b bd* | x — b X — b X — b x— b
d d d d d

Problem 261: Result is not expressed in closed-form.

J —ex? +a de
(

cdx* +aex’ +ad) Jexdt+ b2 +a

Optimal (type 3, 44 leaves, 2 steps):
xy -—ae+bd

AR
Jd -ae+bd

arctanh [

Result (type 7, 513 leaves):




ac

- _ 2 _ 2
x\/?/ b+ -4ac+b /_4+2b(b+ 4ac+b )
a

\/7/4—2< b+ -4ac+b )x2 /4+2(b+ 4ac+b )XZ EllipticF 3 5
a

_ [ _ 2
4d/ b+y-dactb Jexr+bx2 +a
a

2_0(20)62 +b_0z2+bx2 +2a

1 1 2/ _az(—ade+bd) Jexr+bx2 +a
Z (-_aze—2d)

arctanh

2
4d _a=RootOf(cd Z*+ae 2 +ad) _* (2_0( Cd+ae) /a2(—ae+bd)
d
1 2
+ V2 a( d?ed
. [ _ 2
ad/ bty -dactb Jexdtr+bx% +a
a
b+ -4ac+b’
[ - 2 [ > xﬁ/
+ae)/2+ﬁ_M/2+ﬁ+m EllipticPi a ,
a a a a 2
b4y -dac+b? Nea
_a2\/—4ac+b2 cd+_a2bcd+ ~4ac+b’ ae+abe 2a
2adc ’
/—b+ -dac+b?
a
Problem 262: Unable to integrate problem.
Y dx
1+
Optimal (type 5, 32 leaves, 3 steps):
2 x hypergeom l,l+l , 2+l , XX
2°2 n 2 n
n+2

Result (type 8, 15 leaves):



Problem 263: Unable to integrate problem.

Optimal (type 3, 38 leaves,

L
=

2
/—ax2+bx %-Fa;z
J b b
dx

Result (type 8, 54 leaves):

Problem 264: Unable to integrate problem.

Optimal (type 3, 38 leaves,

a a*
Y 2
_p e a?
ax 2 o
b arcsin J2
Ja
Ja
2
/—ax2+bx/%+a;2
b b
dx
a a*
NS b

[

eIl
e

[a . 22
a a
ax—>b ZE + 2

i

b arcsin

)

Result (type 8, 53 leaves):

Ja



/

-ax+5b 2; J

2xz

Problem 265: Result more than twice size of optimal antiderivative.

J—Jx—4 +xJyx—4 —4y-1+x +xJ-1+x

dx
(2 =5x+4) (1+yx—4 +VT+x)
Optimal (type 3, 15 leaves, 3 steps):
2in(1+yx=4 +y-1+x)
Result (type 3, 146 leaves):
7y x—4 -1 +x arctanh _ 7 +Sx
n(-5+x)  I(1+J/x=4) N (-1 +Jyx=4) N n(VTrx +2) w((/T+x -2) N 42 —5x+4
: : : : : T
5 -17 +5x
Jvx—4 {-14+x | 2In ~5+x+ ¥ —5x+4 | —5arctanh| ——=~—
4% —5x+4
+
4% —5x+4

Problem 266: Result unnecessarily involves higher level functions and more than twice size of optimal
antiderivative.

X
dx
J V5308416 ¢* x* + 576000 b% 2 X% + 576000 b3 cx — 44375 b*
Optimal (type 3, 173 leaves, 1 step):
1

VY (1n( 20738073600000000 5% ¢* + 597005697024000000 5° © x> + 2583100705996800000 b° ¢’ x> + 951050714480640000 b* 3 x*
+ 21641687369515008000 5> ¢© x° + 32462531054272512000 b2 ¢'0 X0 4 149587343098087735296 ¢! x® + 5308416 (12230590464 ¢'0 x°
+ 1990656000 52 & x* + 1105920000 b ¢’ x> + 38880000 b* ® x* + 79200000 »° & x 4 12203125 b° ¢*)

V5308416 ¢*x* + 576000 b2 2 2 + 576000 b> cx — 44375 b* ) )
Result (type 4, 1596 leaves):




( 5RootOf( Z* 4+ 10 22 +96 Z— 71, index=1) b
48 ¢

_ 5RootOf(_Z' +10_Z* +96 _Z—T1,index=4) b )
48 ¢

( ( [ 5RootOf(_ 7' +10_Z2+96_Z—11,index=4)b _ 5RootOf(_Z* +10 72 +96 _Z—171,index=2) b ) (x _ 5RootOf(_ Z* +10_Z +96_Z— 171, index -
48 ¢ 48 ¢ 48 ¢

_ 5RootOf(_Z* +10_7Z2 496 _Z—T1,index=1) b ) [x_ 5RootOf( 7 +10 72 +96 Z— 171, index=2) b ])) (x
48 ¢ 48 ¢

_ 5RootOf(_Z* +10_7Z*+96_Z—T1,index=2) b )
48 ¢



( ( ( 5RootOf(_Z* +10 72 +96_Z—71,index=2)b _ 5RootOf(_Z* +10_Z* +96_Z—71,index=1) b ) (x
48 ¢ 48 ¢

_ 5RootOf(_Z' +10_Z* +96_Z—T1,index=3) b ) )/ ( ( 5RootOf( 7' +10 72496 Z—171,index=3)b
48 ¢ 48 ¢

_ 5RootOf(_ 2 +10_Z2+96 _Z—T1,index=1) b ) [x_ 5RootOf( 7 +10 22 +96 Z— 171, index=2) b ]))
48 ¢ 48 ¢

1/2

( ( ( 5RootOf(_Z* +10_Z2+96_Z—71,index=2)b  5RootOf(_Z* +10_Z2 +96_Z—71,index=1) b ) (x
48 ¢ 48 ¢

_ 5RootOf(_Z* +10_Z*+96_Z—T1,index=4) b ) )/ ( ( 5RootOf( 24 4+10 22 +96 Z—71, index=4) b
48 ¢ 48 ¢
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_ 5RootOf(_ 2 +10_Z2+96_Z—T1,index=1) b ) [x_ 5RootOf( 7 +10 22 +96 Z— 171, index=2) b ]))
48 ¢ 48 ¢

5 RootOf ( _Z4

48 ¢

+10 22 +96 Z—171,index=2)

EllipticF ( ( ( 5RootOf(_ Z* +10 72 +96_Z—171,index=4)b _ 5RootOf(_Z* +10 72 +96_Z—171,index=2) b ) [x
48 ¢ 48 ¢

_ 5RootOf(_Z* +10_Z* +96_Z—T1,index=1) b ) )/ ( ( 5RootOf( 24 +10 22 +96 Z—171, index=4) b
48 ¢ 48 ¢

_ 5RootOf(_Z* +10_Z2 496 _Z—T1,index=1) b ) [x_ 5RootOf( 7 +10 22 +96 Z— 171, index=2) b ]))
48 ¢ 48 ¢ ’

) [ 5RootOf( 24 +10 22 +96 Z—171, index=1).

48 ¢

( ( ( 5RootOf(_Z* +10 72 +96_Z—71,index=2)b _ 5RootOf(_Z* +10_Z* +96_Z—71,index=3) b
48 ¢ 48 ¢

_ 5RootOf(_Z* +10_7Z2 496 _Z—1T1,index=3) b ) [ 5RootOf( 7' +10 72 +96 Z— 171, index=2) b
48 ¢ 48 ¢




1/2

_ 5RootOf(_ 2 +10_Z2+96_Z— 71, index=4) b )) ) N ( 5RootOf( 7 +10 22 +96 Z—171,index=1) b
48 ¢ 48 ¢

_ 5RootOf(_Z' +10_Z* +96 _Z—T1,index=2) b )
48 ¢

> PR 2 — 71 index =
EllipticPi ((( 5 RootOf( Z* +10 Z 4; 96_Z—7l,index=4)b _ 5RootOf(_Z* +10_Z 44;96] 71, index=2) b ] (x
C C

_ 5RootOf(_Z' +10_Z*+96 _Z—T1,index=1) b ) )/ ( ( 5RootOf( 2 +10 72 4+96 Z—171,index=4) b
48 ¢ 48 ¢

_ 5RootOf(_Z* +10_7Z2 496 _Z—T1,index=1) b ) [x_ 5RootOf( 74 4+10 72496 Z—71,index=2) b J))
48 ¢ 48 ¢ ’

5Ro0tOf(_ 7' +10 72 +96_Z—11,index=4)b _ 5RootOf(_Z* +10 72 +96 _Z—171,index=1) b

48 ¢ 48 ¢
5Ro0tOf(_Z* +10 72 +96 Z—1T1,index=4)b _ 5RootOf(_Z* +10 72 +96_Z—171,index=2)b
48 ¢ 48 ¢

( ( ( 5RootOf(_Z* +10_Z2+96_Z—11,index=2)b _ 5RootOf(_Z* +10_Z2 +96_Z—171,index=3) b ) [ 5Ro0tOf( 7 4+10 722 4+96 Z—71,index=1).
48 ¢ 48 ¢ 48 ¢

1/2

_ 5RootOf(_ 2 +10_Z2+96_Z— 71, index=4) b )) ) (1152 ( 5RootOf( 7 +10 72 +96 Z—171,index=4) b
48 ¢ 48 ¢

_ 5RootOf(_ 2 +10_Z2+96 _Z—171,index=2) b ) [ 5RootOf( 7 +10 72 +96 Z— 171, index=2) b
48 ¢ 48 ¢



_ 5RootOf(_Z* +10_Z*+96_Z—T1,index=1) b )
48 ¢

(04 [x_ 5RootOf( 724 +10 22 +96 Z—11,index=1)b J (x_ 5RootOf( 7' +10 22 +96 Z—11,index=2) b ) (x_ 5RootOf( 7' +10 22 +96 Z—"
48 ¢ 48 ¢ 48c

_ 5Ro0tOf(_Z* +10_2 +96_Z 171, index=4) b )) 1/2)
48 ¢

Summary of Integration Test Results

402 integration problems



mo QW

227 optimal antiderivatives

88 more than twice size of optimal antiderivatives
9 unnecessarily complex antiderivatives

78 unable to integrate problems

0 integration timeouts



