Maple 2018.2 Integration Test Results
on the problems in "4 Trig functions/4.7 Miscellaneous"

Test results for the 69 problems in "4.7.1 (c trig)”m (d trig) “n.txt"

Problem 1: Result more than twice size of optimal antiderivative.
Jsin(bx+a) sin(2bx +2a)’ dx

Optimal (type 3, 53 leaves, 4 steps):
128sin(bx +a)®  384sin(bx+a)'l N 384sin(bx+a)'3  128sin(bx+a)'®
95 11b 13b 15b

Result (type 3, 110 leaves):
35sin(bx+a)  35sin(3bx+3a)  2lsin(5bx+5a) 3sin(7bx+7a) 7sin(9bx+9a)  Tsin(11bx+1la) sin(13bx + 13 a)

128 b 384 b 640 b 128 b 115256 1408 b B 1664 b
4 sin(15bx+15a)

19205

Problem 2: Result more than twice size of optimal antiderivative.
Jsin(bx—l—a) sin(2bx +2a) dx
Optimal (type 3, 40 leaves, 4 steps):

32sin(bx+a)’  64sin(bx+a)°® + 32sin(bx +a)'!
7b 95 11b
Result (type 3, 82 leaves):

Ssin(bx+a) _ 5sin(3bx+3a)  sin(Shx+5a) _ Ssin(7bx+7a) | sin(9bx+9a) _ sin(11bx+1la)
16 b 48b 32b 224 b 288 b 352b

Problem 5: Result more than twice size of optimal antiderivative.
Jsin(bx+a)2sin(2bx+2a)3 dx
Optimal (type 3, 27 leaves, 4 steps):
4sin(bx+a)6 sin(bx+a)8

3b b

Result (type 3, 57 leaves):
_3cos(2bx+2a) cos(4bx+4a) cos(6bx+6a) cos(8bx+8a)

165 326 48D 128 b

Problem 7: Result more than twice size of optimal antiderivative.



Jsin(bx+a)zsin(2bx+2a) dx

Optimal (type 3, 13 leaves, 3 steps):
ﬁn(bx-%a)4
2b
Result (type 3, 29 leaves):

_cm(2bx+2a)_+coﬂ4bx+4a)
4b 165

Problem 10: Result more than twice size of optimal antiderivative.
Jsin(bx+a)3sin(2bx+2a)5 dx

Optimal (type 3, 40 leaves, 4 steps):

32sin(bx+a)® _ 64sin(bx+a)!l  32sin(bx+a)b
9b 11b 13b

Result (type 3, 96 leaves):
Ssin(bx+a)  25sin(3bx+3a) sin(5bx+5a) sin(7bx+7a)  sin(9bx+9a)  3sin(llbx+11a) sin(13bx+ 13 a)

32b 3840 1285 64b 576 b 1408 b 1664 b

Problem 24: Attempted integration timed out after 120 seconds.
J sin(bx +a)
sin(2bx +2a)° /2

Optimal (type 3, 89 leaves, 4 steps):
sin(bx +a) 6cos(bx+a) n 8sin(bx +a) 16 cos(bx +a)

Thsin(2bx+2a)’ 2 35bsin(2bx+2a)° /2 35bsin(2bx+2a)> % 355 [sm(3bx T 2a)
Result(type 1, 1 leaves) :272?

Problem 25: Attempted integration timed out after 120 seconds.
Jsin(bx+a)zsin(2bx+2a)7/de
Optimal (type 4, 109 leaves, 4 steps):
L s L
S/Sin[a—l-z -I—bx] EllipticF(cos[a—i— 7 +bx),\/7J

42$n[a+—%-+bx)b

 cos(2bx+2a)sin(2bx+2a)5 % sin(2bx+2a)°
145 185

_ 5cos(2bx+2a)sin(2bx+2a)
42b

Result (type 1, 1 leaves) :2?27?




Problem 26: Humongous result has more than 20000 leaves.

J sin(bx+a)3 dr
sin(2bx+2a)

Optimal (type 3, 74 leaves, 2 steps):

_3amﬁﬂc%(bx+a)—ﬁﬂbx+a))__3m(wﬂbx+a)+smﬂur+a)+dﬁm2bx+2a)) _ sin(bx+a)sin(2hbx+2a)

8b 8b 4b
Result (type ?, 155738893 leaves): Display of huge result suppressed!

Problem 27: Humongous result has more than 20000 leaves.

J ﬁn(bx-%a)3
sin(2bx +2a)3 /2

Optimal (type 3, 73 leaves, 3 steps):

mmemex+a)—$be+a))__m(wﬂbx+a)+ﬁbe+a)+J$m2bx+2a)) n sin(bx +a)
4b 4b b sin(2bx +24)
Result (type ?, 149376344 leaves): Display of huge result suppressed!

Problem 28: Result unnecessarily involves higher level functions and more than twice size of optimal
antiderivative.

Jcsc(bx+a) sin(2bx+2a) dx

Optimal (type 3, 51 leaves, 2 steps):

_mmmumﬂbx+a)—ﬁbe+a))4_m(wﬂbx+a)+Qbe+a)+J$m2bx+2a))
b b
Result (type 4, 156 leaves):
tan(ﬁ+£) D)
2 2 a
- , 2 tan 7"‘5
tan(—x—}-ﬁ) -1

2 2

bx a bx a bx a e bx a J2
IJ/tan( 2 +2j+1/ 2tan( 2 +2)+2\/ tan( 7 +2)E111ptlcF(/tan( 2 +2)+1, > ]
(b tan(ﬂ+z)[tan(ﬂ+z)2_l) tan(ﬂ+z)3_tan(ﬂ+zj)
2 2 2 2 2 2 2 2

Problem 29: Result unnecessarily involves higher level functions and more than twice size of optimal
antiderivative.




J csc(bx +a) &
Jsin(2bx+2a)

Optimal (type 3, 22 leaves, 1 step):
_csc(bx+a)sin(2bx+2a)

Result (type 4, 307 leaves):
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Problem 30: Result unnecessarily involves higher level functions and more than twice size of optimal
antiderivative.

J csc(bx+a)
sin(2bx +2a)3 2
Optimal (type 3, 45 leaves, 3 steps):
2cos(bx+a) n 4sin(bx +a)

3bsin(2bx+2a)° 2 3p [Sn(2bxF2a)

Result (type 4, 193 leaves):

bx
t —_— —_
an(2+2j ( (bx an
- tan| — + —
an 2% 4 g 22
N _
a(z 2)

bx } & bx | a - bx a
IJ[Z/tan( 2 +1/ 2tan )4—2/ tan( > +2) ElhptlcF(/tan( > +2j+1

e

K\)

]tan( 5 )




Problem 31: Attempted integration timed out after 120 seconds.

csc(bx—}-a)2
sin(2bx+2a)’ /2

Optimal (type 4, 117 leaves, 4 steps):

2
14/sin[a —I—% +bx] EllipticE(cos[a —i—% +bxj,\/7]

__14cos(2bx+2a) _ csc(bx—i—a)2 __14cos(2bx+2a)
ISSin(aJrg +beb 45bsin(2bx+2a)5 2 9bsin(2bx+2a)5 % \5p [sn(2bx T Za)
4

Result(type 1, 1 leaves) :272?

Problem 32: Result unnecessarily involves higher level functions and more than twice size of optimal
antiderivative.

Jcsc(bx+a)3sin(2bx+2a)5 /2 4y
Optimal (type 3, 119 leaves, 5 steps):

_3am$Mcm(bx+a)—ﬁbe+a)) 3m@mﬂbx+a)+mnbx+wz-+Jmn2bx+2a ) 4smbx—i—a)sm(2bx—i—2a)3/2
b b b

csc(bx+a)3sin(2bx+2a)7 /2 _ 6cos(bx+a)/sin(2hx +24a)
b b
Result (type 4, 242 leaves):

tm1(éhz-%£1j
16 - bx2 022 (/tan(%+%)+l/—2tan(%+%j+2/—tan(%+£j EllipticF[/tan(%—i—%j—i—l g)tan(T
tan(7+5) -1

2 3
a bx a bx a bx a .. bx a 2 bx a
+2) /tan( > +2]+1/ Ztan( 7 +2j+2/ tan( 7 +2j ElhptlcF[\/tan( 2 +2)+1, > ) tan( > +2]

_l.

\S)

Problem 33: Result unnecessarily involves higher level functions and more than twice size of optimal
antiderivative.

Jcsc(bx+a)3sin(2bx+2a)3 /2 4y
Optimal (type 3, 98 leaves, 4 steps):

2 arcsin(cos(bx +a) —sin(bx +a)) _i_2111(cos(bx—|—a)—l—sin(bx—i—a)—i-\/sin(be—i-Za))__csc(bx—i—a)3sin(2bx—i-2a)5/2
b b b




__4sin(bx+a)ysin(2bx+2a)
b

Result (type 4, 541 leaves):

tan(ﬁ—i-g)
2 2 bx a bx a bx a bx a bx
b )2 l (4/tan(7+5j+l/—2tan(7+5)+2/—tan(7+5)/tan(T—}-z)(tan(?—}-
bx a bx a bx a . bx a 2
/tan(T—FE)(tan(?—Fz) 1)(tan(7+5)+lj ElllpthE[/tan(7+Ej+l’T)
bx a bx a bx a bx a bx a\?
2/tan(2+2]+1/2tan(2+ j+2/tan(2+2j/tan( +2)[tan(2+2) 1]
(—x +%) +1j EllipticF[/tan
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Problem 34: Result unnecessarily involves higher level functions and more than twice size of optimal
antiderivative.

Jcsc(bx+a)3 sin(2bx +2a) dx
Optimal (type 3, 24 leaves, 1 step):

ese(bx+a)3sin(2bx +2a)3 /2
3b

Result (type 4, 191 leaves):
tan[ﬂ+ﬂj

2
- 2 2 (tan(ﬂ+£j
an( 22 4 4) 2 S
an( 545
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Problem 35: Result unnecessarily involves higher level functions and more than twice size of optimal
antiderivative.

J csc(bx—l—a)3 dr

sin(2bx+2a)
Optimal (type 3, 47 leaves, 2 steps):

_4cesc(bx+a)sin(2bx+2a) wdbx+a)3 sin(2bx+2a)
5b 5b

Result (type 4, 481 leaves):

Problem 36: Attempted integration timed out after 120 seconds.



J csc(bx—i—a)3

sin(2bx+2a)5/2

Optimal (type 3, 91 leaves, 5 steps):
_ 8cos(bx+a) _ csc(bx+a)3 4 32sin(bx +a) _ 64cos(bx+a)
15bsin(2bx+2a)’ /2 9bsin(2bx+2a)3 > 45bsin(2bx+2a)> 2 45p [sm(ZbxF2a)

Result (type 1, 1 leaves) :??2?

Problem 37: Unable to integrate problem.
Jsin(bx+a)2sin(2bx+2a)’"dx

Optimal (type 5, 74 leaves, 2 steps):
1

m
(cos(bx—i—a)z)2 2 hypergeom([% - %, % + %], [% + 2 ,sin(bx-l—a)z) sin(bx+a)2sin(2bx+2a)mtan(bx+a)

2
b (3+

3

)

Result (type 8, 22 leaves):
Jsin(bx+a)2sin(2bx+2a)’"dx

Problem 38: Unable to integrate problem.
ch(bx-ka)sm(be-F2a)mdx

Optimal (type 5, 62 leaves, 2 steps):

1 m

(cos(bx—i—a)z)2 2 hypergeom([%,% - %}, {1 + %

,sin(bx—i—a)z] sec(bx+a)sin(2bx+2a)"

bm
Result (type 8, 20 leaves):

ch(bx-ka)sm(be-F2a)mdx

Problem 39: Result more than twice size of optimal antiderivative.
Jcos(bx+a) sin(2bx+2a)’ dx

Optimal (type 3, 40 leaves, 4 steps):

_3‘2cos(bx+a)7 64cos(bx+a)9 _ 32cos(bx—|-a)11
7b 9b 115

Result (type 3, 82 leaves):
_Scos(bx+a)  Scos(3bx+3a) cos(5bx+5a) S5cos(7bx+7a) cos(9bx+9a) cos(11bx+11a)

16 b 48 b 326 224b 288 b 3525




Problem 45: Result more than twice size of optimal antiderivative.
Jcos(bx+a)3sin(2bx+2a) dx

Optimal (type 3, 13 leaves, 3 steps):
_ Zcos(bx+a)5
5b
Result (type 3, 40 leaves):
_cos(bx+a) cos(3bx+3a) cos(Sbx+5a)

45 8h 40 b

Problem 47: Humongous result has more than 20000 leaves.
J cos(bx +a)
sin(2bx +2a)3 /2

Optimal (type 3, 22 leaves, 1 step):
cos(bx+a)

bsin(2bx+2a)

Result (type ?, 55916573 leaves): Display of huge result suppressed!

Problem 48: Attempted integration timed out after 120 seconds.

J cos(bx +a)
sin(2bx+2a)7 /2

Optimal (type 3, 67 leaves, 3 steps):
cos(bx+a) i 4sin(bx +a) 8cos(bx+a)

Shsin(2bx+2a)° /2 15bsin(2bx+2a)> /2 |5p [Sn(2bx T 2a)

Result (type 1, 1 leaves) :??7?

Problem 49: Unable to integrate problem.
Jcos(bx+a)2sin(2bx+2a)mdx

Optimal (type 5, 75 leaves, 2 steps):

| =
[SYRS

cos(bx+a)2cot(bx+a) hypergeom([% - %, % + %], [% + %],cos(bx+a)2) (sin(bx+a)2)

sin(2bx+2a)™

b(3+m)
Result (type 8, 22 leaves):

Jcos(bx+a)2sin(2bx+2a)mdx

Problem 51: Result more than twice size of optimal antiderivative.



Optimal (type 3, 37 leaves, 5 steps):

_cos(a —c)cot(bx+c)

Jcsc(bx+c)3sin(bx+a) dx

_ csc(bx+c)zsin(a —c)

Result (type 3,
1

119 leaves):

b 2b

1

b (_ (cos(a) cos(c) +sin(a) sin(c) )2 (tan(bx +a) cos(a) cos(c) +tan(bx +a) sin(
sin(a) cos(c) —cos(a

a) sin(c) +cos(a) sin(c) —sin(a) cos(c) )

) sin(c¢) )

2 (cos(a) cos(c) +sin(a) sin(c) )2 (tan(bx +a) cos(a) cos(c) +tan(bx +a) sin(a) sin(c) +cos(a) sin(c) —sin(a) cos(c) )2

Problem 52:

Optimal (type 3, 86 leaves, 6 steps):

_ 3arctanh(cos(bx +c¢)) cos(a —c¢)

_ 3cos(a—c)cot(bx+c)csc(bx+c)

Humongous result has more than 20000 leaves.

Jcsc(bx+c)6sin(bx+a) dx

__cos(a—c)cot(bx+c) csc(bx—i—c)3 _ csc(bx+c)ssin(a—c)

8b

Result (type ?, 97947 leaves):

Problem 53: Unable to integrate problem.

Optimal (type 5, 540 leaves, 18 steps):
2—3—neI(-cn+3a)+I(—nd+3b)x+ln(dx+c) ( I

eI (dx—+c¢)

n
— el @xto ) hypergeom(

8b 4b 5b

Display of huge result suppressed!

Jsin(bx+a)35in(dx+c)” dx

3b _ n 3b _n 2I(dx+c)J
- = - 1 —_ —
n, 2d 2],[ + 2],6

(1 _eZIc+21dx)”(_nd+3b)

3 e _ . 1 2 )"
32 3 nel( cn+a)+1(-nd+b)x+1In(dx+c) [ ; _Iel(dx-‘rc)J hypergeom([—n,

eI (dx+c

>

) 2ldx+to
2d 2

(1 _eZIc-i-Zldx)n ( —nd+b)
3—n -lecn+a)—1nd+b)x+1In(dx+c) I _r.ldx+e) " _ -nd—b -nd—b 21(dx+c)
32 e [—el(dx+c) Ie ] hypergeom( n, EEYE. 1+ BEYER , €
(1_ 216+21dx)”(nd+b)

2—3—ne—l(cn+3a)—I(nd+3b)x+1n(dx+c) I
(dx+c
+

I(dx+c)

hereom L Snd=3b [, _3b _n
yperg ) , 57 "o |

2d

eZI(dx+c))

(1-

Result (type 8, 19 leaves):

216+21dx)” (nd+3b

Jsin(bx+a)3sin(dx+c)” dx



Problem 56: Result more than twice size of optimal antiderivative.
Jsec(bx+c)5sin(bx+a) dx

Optimal (type 3, 55 leaves, 5 steps):

cos(a —c¢) sec(bx+c)4 sin(a —c) tan(bx + ¢) sin(a—c)tan(bx+c)3
+ -
4b b 3b
Result (type 3, 380 leaves):

% (— (-3cos(a)?cos(c)? —cos(a)?sin(c)? —4cos(a) sin(a) cos(c) sin(c) —sin(a)?cos(c)? — 3 sin(a)?sin(c)?) / (3 (cos(a) sin(c)

3

—sin(a) cos(c) )~ (sin(a) cos(c) —cos(a) sin(c)) (-tan(bx +a) cos(a) sin(c) +tan(bx + a) sin(a) cos(c) + cos(a) cos(c)

+sin(a) sin(e))3) — ((cos(a) cos(c) +sin(a) sin(c)) (cos(a)?cos(c)? +cos(a)?sin(e)? +sin(a)?cos(c)? +sin(a)?sin(c)?) ) |
(4 (cos(a) sin(c) —sin(a) cos(c) )3 (sin(a) cos(c¢) —cos(a) sin(c)) (-tan(bx +a) cos(a) sin(c) +tan(dbx +a) sin(a) cos(c) + cos(a) cos(c)

+sin(a) sin(c) )4) + (-3 cos(a) cos(c) —3sin(a) sin(c) ) / (2 (cos(a) sin(c) —sin(a) cos(c) )3 (sin(a) cos(c) —cos(a) sin(c)) (-tan(bx +a) cos(a) sin

+sin(a) sin(c) )2) + 1/((cos(a) sin(c) — sin(a) cos(c) )3 (sin(a) cos(c) —cos(a) sin(c)) (-tan(bx +a) cos(a) sin(c) +tan(dx
+a) sin(a) cos(c¢) +cos(a) cos(c) +sin(a) sin(c))))

Problem 60: Result more than twice size of optimal antiderivative.
Jcos(bx-l—a)
sin(bx +c¢)?
Optimal (type 3, 35 leaves, 4 steps):

_cos(a —c)esc(bx+c) I arctanh(cos(bx +c¢) ) sin(a — c)

b b
Result (type 3, 1055 leaves):
. bx a\? . bx a )’
cos(a) sin(c) tan| — + — sin(a) cos(c) tan| — + —
—(tan(ﬁ —I—ﬁjcos(a)zcos(c)z) b| - 2 2 + 2 2 +tan(ﬁ +£)cos(a)cos(c)
2 2 2 2 2 2
bx a) . . cos(a) sin(c) sin(a) cos(c) D) 2 2 . b . 2 P
+ tan > +E sin(a) sin(c) + > - > (cos(a)?cos(c)? +cos(a)?sin(c)? + sin(a)?cos(c)

—I—sin(a)zsin(c)z) (cos(a) sin(c) —sin(a) cos(c) )J - (Ztan( % + ﬂj cos(a) sin(a) cos(c) sin(c) ) / [b [

2



a
2
2 2

a

)2
2 +tan(%+%)cos(a)cos(c) +tan(%+

2
cos(a)sin(c)tan(% + ) sin(a)cos(c)tan(% +
+

a

2

) sin(a) sin(c¢) + 7

- MJ (cos(oz)zcos(c)2 —l—cos(a)zsin(c)2 -|—sin(a)2cos(c)2 +sin(a)2sin(c)2) (cos(a) sin(c) —sin(a) cos(c))] - (tan(%

. bx a)? . bx a\?
cos(a) sin(c) tan| — + — sin(a) cos(c) tan| — + —
)sin(a)zsin(c)z)/[b [ - ( 2 2 j + ( 2 2 ) +tan( % + ijcos(a) cos(c) +tan( %

+
2 2 2

(SRR

)sin(a) sin(c) + Sosla) sin(¢) _ sin(a) cos(c) ] (cos(a)?cos(c)? +cos(a)?sin(c)? +sin(a)?cos(c)? +sin(a)?sin(c)?) (cos(a) sin(c)

+
2 2

2 2
cos(a)sin(c)tan(%—i—%) sin(a)cos(c)tan(% —|—%) 5
—sin(a) cos(c)) | — (cos(a) cos(c)) b| - 2 + 7 +tan(7x

(SRR

b

)cos(a)cos(c)—i—tan(?x—l- cos(a) sin(c)  sin(a) cos(c)

2 2

+ J (cos(oz)zcos(c)2 —l—cos(a)zsin(c)2 -|—sin(a)2cos(c)2

% %)sin(a) sin(c) +

2 2
cos(a)sin(c)tan(% +§) sin(a)cos(c)tan(%—i—%j :
+sin(a)?sin(c)?) | — (sin(a) sin(c)) bl - > + > +tan(7x

4 ) sin(a) sin(c) + cos(a) sin(c) _ sin(a) cos(c) J (cos(oz)zcos(c)2 —l—cos(a)zsin(c)2 -|—sin(a)2cos(c)2

2

_l.

bx
t —_
)cos(a)cos(c) + an( 2 + 7 2

a
2
+sin(a)2sin(c)2)j

2 (-2cos(a) sin(c) +2sin(a) cos(c)) tan( % + %j +4cos(a) cos(c) +4sin(a) sin(c)
+ | 2 arctan cos(a) sin(c)

4 -cos(a)?cos(c)? —cos(a)?sin(c)? —sin(a)?cos(c)? — sin(a)?sin(c)?

(b (cos(a)zcos(c)2 +cos(a)zsin(c)2 +sin(a)zcos(c)2

+sin(a)?sin(c)?)  -cos(a)?cos(c)? — cos(a)?sin(c)? —sin(a)2cos(c)? — sin(a)?sin(c)? )
bx

2 (-2cos(a) sin(c) +2sin(a) cos(c) ) tan( > + %j +4cos(a) cos(c) +4sin(a) sin(c)
— | 2 arctan sin(a) cos(c)

4\/—cos(a)zcos(c)2—cos(a)zsin(c)z—sin(a)2 2

cos(c)2 - sin(a)zsin(c)

(b (cos(a)zcos(c)2 +cos(a)2sin(c)2 +sin(a)2cos(c)2

+sin(a)?sin(c)2) y ~cos(a)2cos(c)2 — cos(a)2sin(c)? — sin(a)2cos(c)2 — sin(a)2sin(c)2 )

cos(a) sin(c)



Problem 61: Result more than twice size of optimal antiderivative.
Jsin(bx+a) tan(bx +¢)? dv

Optimal (type 3, 68 leaves, 9 steps):

3 arctanh(sin(bx +c¢) ) cos(a —c) sec(bx +c) sin(a —c) sin(bx +a) cos(a —c) sec(bx +c) tan(bx +c)
- + + +
2b b b 2b
Result (type 3, 185 leaves):
IeI(bx-i—a) Ie—l(bx+a) 1(361(3bx+5a+2c)_el(3bx+3a+4c)+el(bx+5a)_3el(bx+3a+2c)) 31n(el(bx+a)_Iel(a—c))cos(a_c)
- — +
2b 2b 2h (B1bx+ata +ezla)2 2b

__3ln(é(bx+”)4—Ié(”_c))cos(a——c)
2b

Problem 62: Result more than twice size of optimal antiderivative.
Jﬁn(bx-%a)tan(bx-+c)2dx

Optimal (type 3, 44 leaves, 6 steps):

cos(bx +a) cos(a —c) sec(bx +c) arctanh(sin(bx +c¢) ) sin(a — ¢)
+ +
b b b
Result (type 3, 142 leaves):
el(bx-i—a) N e—I(bx-i—a) L eI(bx-i—3a) +eI(bx+a+2c) 4 ln(el(bx-i-a) +Iel(a—c)) sin(a _c) 3 ln(el(bx+a) _Iel(a—c)) sin(a —C)
2b 2b b(&l®x+a+d_%§la) b b

Problem 63: Result more than twice size of optimal antiderivative.
Jcot(bx—i—c) sin(bx +a) dx

Optimal (type 3, 29 leaves, 3 steps):
_arctanh(cos(bx +¢) ) sin(a —c) i sin(bx +a)

b b
Result (type 3, 94 leaves):
) Iel(bx-i—a) N Ie—l(bx+a) N ln(el(bx+a) _ eI(a—c)) sin(a — ¢) 3 ln(el(bx+a) _|_el(a—c)) sin(a — ¢)
2b 2b b b

Problem 66: Result more than twice size of optimal antiderivative.
Jcos(bx+a) sec(bx+c)2 dx

Optimal (type 3, 35 leaves, 4 steps):
arctanh(sin(bx +c¢) ) cos(a — ¢) sec(bx +¢) sin(a —¢)

b b




Result (type 3, 1048 leaves):

(2tan( bzx + = > jcos(a)Zsin(c)2) / (b (cos(a) cos(c) tan(% +

bx
2

jz +sin(a) sin(c) tan( b2x n jz +2cos(a) sin(c) tan(% + ﬁ)

a
2 2

(cos(a) cos(c) +sin(a) sin(c) ) (cos(a)zcos(c)2 —l—cos(a)zsin(c)2

~— N2

—2sin(a) cos(c) tan( + = > ) —cos(a) cos(c) —sin(a) sin(c)

2
+Sin(a)2COS(C)2 +sin(a)2sin(c)2)) — (4tan( b2x + = 5 )cos(a) sin(a) cos(c) sin(c) ) / (b [cos(a) cos(c) tan( b2x + — > j

2
+ sin(a) sin(c) tan( b2x + — > ) +2cos(a) sin(c) tan( bzx + = > ) —2sin(a) cos(c) tan( bzx + = 2 j —cos(a) cos(c) —sin(a) sin( c)) (cos(a) cos(

bx

+sin(a) sin(c)) (cos(a)zcos(c)z+cos(a)zsin(c)2+sin(a)zcos(c)2+sin(a)2sin(c)2)) + (Ztan( >

2
+ — | sin( cos
2 j

bx

2 2
(b(cos(a)cos(c)tan( > + 2] +sin(a)sin(c)tan[%+%j +2cos(a) sin(c) tan(% +£) —2sin(a) cos(c )tan( 2 +%)

2

—cos(a) cos(c) —sin(a) sin(c)) (cos(a) cos(c) +sin(a) sin(c)) (cos(a)?cos(c)? +cos(a)?sin(c)? +sin(a)?cos(c)? +sin(a)2sin(c)2))

2 2
— (ZCOS(a)sin(c))/(b[cos(a)cos(c)tan(% +§) —l—sin(a)sin(c)tan(% +§) +2cos(a)sin(c)tan( b2x + = > ) —ZSin(a)cos(c)tan(% +
+sin(a)?sin()?) | + (2sin(a) cos(c) (b( (a) cos(e) tan[ 2 + )" +sin(a) sin(e) tan[ 22 + 2 ) +2c0s(a) sine) tan[ LX
sin(a)“sin(c (2sin(a) cos(c) ) cos(a) cos(c an( 2 2] sin(a) sin(c an( 2 2] cos(a) sin(c an( 2

bx
2

a

+ 5) —2sin(a) cos(c) tan( + = > ) —cos(a) cos(c) —sin(a) sin(c)j (cos(a)zcos(c)2 +cos(a)2sin(c)2 +sin(a)2cos(c)2 +sin(a)zsin(c)2))

bx

2 + = > ) +2cos(a) sin(c) —2sin(a) cos(c)
cos(a) cos(c) (b (cos(a)zcos(c)2

2\/—c0s(a)2cos( )2—c0s( )zsin(c)z—sin( )zcos(c)z—sin(a)zsin(c)2

2 (cos(a) cos(c) +sin(a) sin(c)) tan(
2 arctan

+cos(a)2sin(c)2+sin(a)2cos( ) + sin(a sm 2)\/ -cos( cos(c)2—cos(a)zsin(c)z—sin(a)zcos(c)z—sin(a)zsin(c)z)
bx

2 (cos(a) cos(c) +sin(a) sin(c)) tan( > + E) +2cos(a) sin(c) —2sin(a) cos(c)
— | 2 arctan sin(a) sin(c¢) (b (cos(a)zcos(c)2

2\/—c0s(a)2cos( )2—c0s( )zsin( )2—sin( )zcos(c)z—sin(a)zsin(c)2

+cos(a)2sin(c)2+sin(a)2cos( ) + sin(a sm \/ -cos( cos(c)2—cos(a)zsin(c)z—sin(a)zcos(c)z—sin(a)zsin(c)z)

Problem 68: Result more than twice size of optimal antiderivative.

jcos(bxm) tan(bx +¢)> dx

Optimal (type 3, 68 leaves, 9 steps):
cos(bx+a) " cos(a —c) sec(bx +c) " 3arctanh(sin(bx +c) ) sin(a —c)  sec(bx +c)sin(a —c) tan(bx +c)
b b 2b 2b
Result (type 3, 180 leaves):




eI(bx+a) e—l(bx+a) 3el(3bx+5a+2c)

+eI(3bx+3a+4c) +eI(bx+5a) _|_3el(bx+3a+26) 311‘1( (bx+a) IeI(a—c))Sin(a_C)
2b + 2b + 2b
2[)( 21(bx+a+co) +eZla)
31n( (bxta) L pell@a=a) gin(g —¢)
2b
Problem 69: Result more than twice size of optimal antiderivative
Jam(bx—%a)codbx—kc)dx
Optimal (type 3, 29 leaves, 3 steps):
arctanh(cos(bx +c¢) ) cos(a —c¢) cos(bx +a)
- +
b b
Result (type 3, 92 leaves):
el(bx-i-a) N e—l(bx+a) 3 ln(el(bx+a) +el(a—c))cos(a_c) N ln(el(bx+a) _el(a—c))cos(a_c)
2b 2b b b

Test results for the 78 problems in "4.7.2 trig™m (a trig+b trig)"n.txt"

Problem 10: Result more than twice size of optimal antiderivative

2
sin(x) . dr
(acos(x) +bsin(x))
Optimal (type 3, 84 leaves, ? steps):

-b +—atan( J
(a2 -2 bz) arctanh

; Ja

a (3abcos(x) + (a® +4b%) sin(x))
(a2+b2) 572 2(a2+b2)2(acos(x) +bsin(x))2
Result (type 3, 211 leaves):

2 2 X 3 2 2 X 2 2 2 X
a(a —2b)tan(EJ 3b(a —Zb)tan(z) (a +10b)atan(EJ
8 - —

+
8 (a* +2a%b* 4+ b*) 8 (a* +24%*b* +b*)

(tan(%)za—Ztan(

2Mm(%)—2b
(a2 -2 b2) arctanh
B 2Ja* + b2
(a* +2d20> +b*) Ja? + b?

3a%b
8 (a* +2a4%p* +b*) 8 (a* +24*b* +b*)

=

0=




Problem 11: Unable to integrate problem.

dx

(acos(dx+c) +1asin(dx+c¢))"
sin(dx +¢)"
Optimal (type 5, 60 leaves, 1 step):

—%hypergeom( [1,n], [1+n], % (1+cot(dx+c))) (acos(dx +c) +Lasin(dx +¢))"

dnsin(dx +¢)"
Result (type 8, 34 leaves):

dx

J (acos(dx+c) +1asin(dx+c¢))"”
sin(dx +¢)"

Problem 32: Result more than twice size of optimal antiderivative.

sec(abc+c)2
acos(dx+c) +bsin(dx +c¢)

Optimal (type 3, 76 leaves, 4 steps):

arctanh bcos(dx+c) —asin(dx +c¢) \/m
Ja* +b?

_aarctanh(sin(dx +c¢c)) n sec(dx+c)

b d bd b d
Result (type 3, 173 leaves):
aln(tan(ﬂ+£j—l) aln(tan(ﬂ+£J+lj
1 2 2 1 2 2
) dx c + db? * dx c B d b?
— 4+ = | =1 —— + = 1
db (tan( 2 + > ) ) db (tan( 2 + 2 ) + )
2atan(—+%)—2b Zatan(%Jr%j—zb
2 arctanh a* 2 arctanh
4 2/ a* + b? n 2\/612+b2
db* a®> + b d\ a* + b?

Problem 34: Result more than twice size of optimal antiderivative.

sec(dx+c)4
acos(dx+c) +bsin(dx +c)

Optimal (type 3, 143 leaves, 7 steps):

(a2+b2)3 /Zarctanh bcos(dx+c) —asin(dx +c)

_aarctanh(sin(dx +c¢)) a(a2+b2)arctanh(sin(dx+c)) . Ja* +b* I (a2+b2)sec(dx+c)
2h%d b*d b*d b d



N sec(dx+c¢)®  asec(dx+c) tan(dx +c)
3bd 2b%d

Result (type 3, 487 leaves):

B 1 _ a _ 1 _ a?
dx c 3 2 dx c 2 dx c 2 db3( ( dx C) )
ar L) ar L) ar L) t — 4+ = -1
3db (tan( 5 + 2) IJ 2db (tan( 5 + 2) 1) 2db (tan( 5 + 2) IJ an| = + >
@ In tan(ﬂ+£)—1) 3aln(tan(ﬂ+£]—l)
a 3 2 2 2 2
B dx | ¢ B dx c + db* + 2 db?
2 ax  Cc ) _ ax ) _
2db (mn( > +-2] 1) 2db(mn( 5 +—2) 1)
+ ! + = -

3db(tan(%+£)+l)3 Zdbz(tan(%+£)+l)2 :zdb(tan(d7 ) ) db3(tan( %j+)

) . . 5 _a3ln(tan( %)2 ) 3aln(tan[ %] )

[\
[\

2
2ap? [tan| &+ £) 41 24b [tan 45 + £ 41 db' 2db
2 2 2 2
hﬂm(%§4~§)—2b Lﬂw(%%+~%)—2b hnm(%%+~%)—2b
2 arctanh at 4 arctanh a* 2 arctanh
2 2 2 2 2 2
4 2Ja +b n 2\ a”+b I 2 a”+b
db*\a* +b* db*\ a* + b d\ a* + b*

Problem 36: Result more than twice size of optimal antiderivative.

J cos(dx:+—c)4 &
(acos(dx +c) +bsin(dx +¢))?

Optimal (type 3, 141 leaves, 7 steps):
(a* +6a2b> —3b%) x N b* 4ab31n(acos(dx+c) + bsin(dx +¢))
2 (2 + 52’ a(a2+b2)2d(b+acot(dx+c)) (@ +02)d
_ (2ab— (=) cot(dx+c))sin(dx +c)?
2 (a® +52)%d
Result (type 3, 291 leaves):
tan(dx +¢) a* 3 tan(dx +c) b* 4 ab ab’

+
2d (@ +%)° (tan(dx+¢)2+1)  2d(®+6) (tan(dx+c)2+1)  d(®+)° (tan(dx+c)2+1)  d(a®+5*)° (tan(dx+¢)% +1)
_ 2ab31n(tan(dx+c)2+1) 4 3arc’[an(tan(abc-|-c))azb2 _ 3arctan(tan(dx+c))b4 i arctan(tan(dx+c))a4
d (2 +p?)° d (& +p?)° 2d (a® +52)° 2d (a® +02)°




B b + 4b%aln(a + btan(dx +c))
d(+b2)* (a+btan(dx+c)) d(a+p?)°

Problem 40: Result more than twice size of optimal antiderivative.

J cos(a’x+c)2 &
(acos(dx+c) +bsin(dx+c¢))?

Optimal (type 3, 112 leaves, ? steps):

-b + atan dx -I—%j

(2 a? —bz) arctanh 2
Ja* + b _ b((4a2+b2)cos(dx+c) +3absin(dx+c))
2, 12)5 /2 2 422 . 2
(> +0*) "7d 2 (a®> +b*)"d (acos(dx +c) +bsin(dx+c))
Result (type 3, 279 leaves):
b (5a2+2b2)tan(ﬂ +5)3 b (4a4—7a2b2—2b4)tan(ﬂ + 5)2 b (11a2+2b2)tan(ﬂ + 5)
5| 2 " 2) 2 2) 2 2 b (4a* 4 b%)
l _ 2(a4+2a2b2+b4)a 2(a4+2c12132+b4)a2 2(a4+2a2b2+b4)a 2(a4+2a2b2+b4)
d 2 2
[tan(%—i—%) a—2tan[%+%)b—a)

2atan(% +%) —-2b
(2 a - bz) arctanh

2 d? + b?

(a* +2d20* +b%) Jd® + 1

_|_

Problem 41: Result more than twice size of optimal antiderivative.

J cos(a’x+c)3 &
(acos(dx +c) +bsin(dx +c¢) )4

Optimal (type 3, 151 leaves, ? steps):

—b+atan(%+%)
2 _ 12 0.2 1 12 2 2 :
a(2a 3 b*) arctanh — 3 (3a4b—a2b3+b5)cos(2dx+20)+b( 94> +b%) (2a +ZZ +3absin(2dx+2c¢))
Ja
+
(@ +02) d 6 (a® +b2)d (acos(dx+c¢) +bsin(dx+c))3

Result (type 3, 493 leaves):



5

b2(9a4+6a2b2+2b4)tan(ﬂ+5)

1] 1 5| 2 2
d 2 3 2a (a® +3a*P*+3a2p% +1°
(% 4+ Y a2n( L4 £ )] AR

4 3
b (6a6—27a4b2—12a2b4—4b6)tan(% +%) b? (54a6—21a4b2—4a2b4—4b6)tan(% +%)
+
2d (a® +3a* b* +3 % b* 4+ 1b°) 3a3 (a® +3a* B> +3a%b* +1°)

2
b (6a6—20a4b2—3a2b4—2b6)tan(% + £J b (27a4+4a2b2+2b4)tan(% +£J

N 2 2) b (18a*+5420 +2b%)
@ (a® +3a*b* +3a*b* 4+ 1b°) 2a (a® +3a*p* +3a26* +1%) 6 (a® +3a*b? +3a%b* +b°)
2atan(%+§)—2b
a(2a2—3b2)arctanh
4 2 a* + b?

(416+3a4b2+3azb4+b6)\/az+b2

Problem 43: Result more than twice size of optimal antiderivative.

J sec(a’x+c)3

dx
(acos(dx+c) +bsin(dx +¢))*
Optimal (type 3, 382 leaves, 32 steps):
8 a® arctanh (sin(dx +¢) ) , arctanh(sin(dx+¢)) 2 (&® +b?) arctanh(sin(dx +¢)) _ 4asec(dx +c) N -a® — b?
bod 2b%d bod »d 3b°d (acos(dx+c) +bsin(dx +c¢))3
3a(bcos(dx+c) —asin(dx+c)) 44° 2 (a® +b?)

2b%d (acos(dx+c¢) +bsin(dx+c¢))?> b d(acos(dx+c) +bsin(dx+c)) B b d (acos(dx +c) +bsin(dx +c¢))
4a3arctanh[ bcos(dx +c¢) —asin(dx +c) J 3aarctanh[ bcos(dx +c) —asin(dx +c)

Ja + b? Ja® +b?

_|_
b d a* + b* 2b6%d a* + b?
6aarctanh( bcos(dx+c) —asin(dx +c) ] /—a2+b2
N Ja? +b? 4 see(dx +c) tan(dx +c)

pod 2b6%d
Result (type 3, 1254 leaves):



2t
an( 2 2

dx c dx ¢\
— + = 2t — + =
> an( 5 j

o

2 3 2 3
ﬂ+£) a—2tan(ﬂ+%jb—a) a d(tan(ﬂ—i-g) a—2tan(ﬂ+£)b—aj a
4a

_|_

2 2 2 2 2 2
dx | c 2
10 In| tan 74—3 —1]a

+ _

3 dx c 6
5 db
)b a] a db (tan(—2 +—2) 1)

o

2
IOIn(tan(ﬂ+£J+l)a2 18tan(—+£)
4a 2 2 2
B dx c + db6 + d 2 d 3
dbs(tan(——l——)—l-lj ax N otan( X L C -
2 db | tan 2+2 a tan 2+2b a
4 2
+ 124 n 5a
dx c dx c 3 3 dx c dx c 3
dbs (tan(7+zj a—2tan(7+5)b—a 3db [tan(7+5) a—2tan(7+zjb—a)
2
4btan(—+£) 63a3tan[ x+£)
2 2
+ 3 + ; 3
d(tan(%ﬁ-%} a — 2tan %—%—%)b—a] a* db4(tan[%+%) a—2tan(%+%)b—a]
dx c dx c
2atan| — 4+ = | —2b 2atan| — 4+ = | —2b
3 2 2 2 2
10 a tan dx + £ 20 a” arctanh 15 a arctanh
N 2 2 3 2 + 1 3 2+ 1
2 3 6 [7 1.2 N oY)
db? (tan(%+%) a—2tan(%+%)b—a) db’\a” +b db*\a" +b
5 4
9a3tan(—+gj 12a4tan(—+£
2 2
+ > 3 + ; 3
4 dx ¢\ _ dx ¢\, _ 5 dx ¢\ _ dx ¢\, _
db (tan( > +2) a 2tan( 5 +2)b a) db (tan( +2) a Ztan( 3 +2 b—a
4 4
2, dx ¢ ax ¢
~ 39a tan( 2 + 2) B 4btan( + 2)
2 3 2 3
3 dx ¢\ _ dx ¢\, _ dx ¢\ _ dx ¢\, _ 2
db (tan( 2 +2J a 2tan( > +2)b aJ d[tan( > +2) a 2tan( 2 +2Jb a) a
3 3
72a3tan(ﬂ+£) 38atan(—+£)
_ 2 2 + 2

2 2

dx c \? dx
db* | tan| == + = —2tan| &
(an( + Ja an( 5 + > >

3 2 3
)b—a) dbz(tan(ﬂ+£)a—2tan(%+%)b—a]



3 2
8b2tan(%+£) 24a4tan(%+%j

2
’ dx c dx c 3 - dx c \2 dx B 3
3d(tan(7+5) a—2tan(7 E)b—aj a3 dbs[tan(T—i-E) a—2tan(7+5)b_a)
2
IOOaztan(—x+%) 1 |
' ? : ! - dx c
¢ 4
b’ (tan(ﬂJr%) a—2tan(%+%)b—a) 2db4(tan(—+5)—1) 2db (tan(7+5)_l)
51n(tan(ﬂ+£)—l) 51n(tan(—x+
2 2 1 | 5
- 24b* B d 2 + 4 dx B + v
2db4(tan(—x+£)+1) 2db (tan(—+—)+1)
2 2 2 2
- - 2 :
dx c dx c
3db[tan(7+5) a—2tan(7+zjb—a)

Problem 50: Result more than twice size of optimal antiderivative.
cos(x)
J.sec(x) + tan(x)
Optimal (type 3, 4 leaves, 3 steps):

x +cos(x)
Result (type 3, 14 leaves):

Problem 51: Result more than twice size of optimal antiderivative.
cos
(x)
sec(x) —tan(x)

X — cos(x)

Optimal (type 3, 6 leaves, 3 steps):

Result (type 3, 14 leaves):

Problem 53: Result more than twice size of optimal antiderivative.



tan(x)
J‘cot(x) + csc(x)
Optimal (type 3, 7 leaves, 4 steps):
-x + arctanh (sin(x) )

—ln(tan(%J —~ 1] +ln(tan(%) +1) —x

Problem 76: Result more than twice size of optimal antiderivative.

J cos(x)SSin(x)2

Result (type 3, 20 leaves):

acos(x) + bsin(x)
Optimal (type 3, 161 leaves, 13 steps):
3

b x ab’x ax b cos(x)* @b In(acos(x) +bsin(x))  ab*cos(x)sin(x) | acos(x)sin(x)  acos(x)sin(x)
@+5)°  2(@+82)  8(P+87)  4(d+8) (@ +2%)° (@4 R) 8(+07)  4(a+07)
_ d*bsin(x)?
2 (a® + %)
Result (type 3, 362 leaves):
tan (x)°> @ _ tan (x)3 @ b? _ 3tan(x)3 ab* tan(x)2 a* b
8(c12+b2)3 (tan(x)2+1)2 4(az+b2)3 (tan(x)2+l)2 8(c12+b2)3 (tan(x)2+1)2 2(az+b2)3 (tan(x)2+l)2
tan(x)2 a* b’ B 3tan(x) @’ b? B 5tan(x) a b B tan(x) @
2 (2 +02) (tan(x)2 +1)°  4(2+5°) (tan(0)>+1)°  8(2+5)° (tan(x)2+1)> 8 (a® +5)° (tan(x)2 +1)°
4 a*b _ » _ a? b3 In(tan(x)2 +1) n arctan(tan(x) ) @ 4 3 arctan(tan(x) ) @’ b?
4(az+b2)3 (tan(x)2+l)2 4(az+b2)3 (tan(x)2+1)2 2(az+b2)3 8(az+b2)3 4(c12+b2)3
_ 3arctan(tan(x)) ab*® | ba*In(tan(x) b +a)
8 (a® +5%)° (® +52)°

Test results for the 107 problems in "4.7.3 (c+d x)”"m trig™n trig®p.txt"

Problem 1: Unable to integrate problem.
J(dx—l—c)mcos(bx—i-a) sin(bx +a) dx

Optimal (type 4, 131 leaves, 5 steps):



be
21|a— — _
273 me ( d)(dx+1ﬂmr(1+nu—zlé%§£iﬁl) 24_m(dx+wﬁmr(l+nuglgi%£i£L)
- _ - be
b( 1b (dx +c) J’" 21(a= 22 ) [p (dx o) |
p be ST

Result (type 8, 22 leaves):
J(dx—l—c)mcos(bx—i-a) sin(bx +a) dx

Problem 2: Result more than twice size of optimal antiderivative.
J(dx+c)3cos(bx+a) sin(bx +a) dx

Optimal (type 3, 108 leaves, 5 steps):
3d8x  (dx+e)®  3dcos(bx+a)sin(bx+a)

N 3d(dx+c)*cos(bx+a)sin(bx+a)  3d* (dx+c)sin(bx+a)? N (dx +c¢)3sin(bx +a)?

8 b3 4b 8 bt 4 4 b3 2b
Result (type 3, 465 leaves):

bx+a)sin(bx+a) bx a
3 (bx+a)? [ +—+—)
1|1 (3[ (bx +a)3cos(bx +a)? (bx+a) ( 2 2 2 3 (bx+a) cos(bx+a)?
=2 - + +
b { p3 2 2 4

3cos(bx+a)sin(bx+a)  3bx 3a (bx+aﬁ

|

8 8 8 2
2 2 : 2 : 2
3af(_(bx+a)(mﬂbx+a) +(bx+a)(umwx+a)mex+a)_F2£+“gj_ (bx+a)- sin(bx+a) )
. 2 2 2 2 4 4
b3
2 2 : 2 : 2
3 el ( (bxta)icos(bxta)® L\ oy ( cos(bx +a) sin(bx+a) | bx +£) _ (bx+a)*  sin(bx+a) )
" 2 2 2 2 4 4
»?
2 .
328 - (bx+a)cos(bx+a) I cos(bx+a)sin(bx +a) +£ La
i 2 4 4 4
b3
2 .
6acf(_(bx+a)mﬂbx+a) +(mﬁbx+a)$be+a)_+éﬁ_ng
_ 2 4 4 4
b2
bx+a)cos(bx—|—a)2 cos(bx+a)sin(bx+a) bx a)
34 -4 + + ==+ =
( 2 4 4 4 A dPcos(bx+a)®>  3a*cd*cos(bx+a)?

+

b 2p3 2 b?



3addcos(bx+a)®  Scos(bx+a)?

+ 2b 2

Problem 5: Result more than twice size of optimal antiderivative.
J(dx+c)3cos(bx+a)sin(bx+a)2dx
Optimal (type 3, 137 leaves, 7 steps):
_14dcos(bx +a) + 2d (dx+c¢)?cos(bx +a) 4 2dcos(bx+a)®  4d* (dx+c)sin(bx+a) + d(dx+c)?cos(bx+a)sin(bx+a)?
9 p* 3p° 27 b* 3 3
_ 2d* (dx+c)sin(bx+a)? + (dx +c¢)3sin(bx +a)3
95> 3b
Result (type 3, 446 leaves):

1|1 (d3( (bx+a)3sin(bx +a)? N (bx+a)? (2 +sin(bx+a)?)cos(bx+a)  4cos(bx+a)  4sin(bx+a) (bx+a)

b\ B3 3 3 3 3

9 27

_ 2(bx+a)sin(bx+a)®  2(2+sin(bx+a)?)cos(bx+a) ))

3af((bx+aﬁﬁbe+ap +2(bm+ﬂ(2+ﬁﬂbx+aﬂ)mﬁbx+a)__2ﬁbe+aV _4$be+a))

B 3 9 27 9
b3
3Cd2( (bx+a)?sin(bx+a)® | 2(bx+a) (2+sin(bx+a)?)cos(bxta) _ 2sin(bx+a)’ _ 4sin(bx+a) J
N 3 9 27 9
b2
. 3 . 2 : 3 : 2
&ﬂf{ (bx+a)sin(bx+a) +(2+mex+a))mﬂbx+a)] 6acﬁ((bx+u)Mbe+a) +(2+mex+a))wﬂbx+a)J
N 3 9 3 3 9
b b
3c2d( (bx+a)sin(bx+a)3 I (2 +sin(bx+a)2)cos(bx+a) ]
3 9 S dPsin(bx+a)® | dedsin(bx+a)’  aldsin(bx+a)’
+ — + -
b 3 b? b

Asin(bx+a)?
3

Problem 6: Result more than twice size of optimal antiderivative.



J(dx-+c)2um(bx-ka)shﬂbx-+a)2dx
Optimal (type 3, 93 leaves, 4 steps):
4d(dx+c)cos(bx+a)  4dsin(bx+a) 4 2d(dx+c)cos(bx+a) sin(bx +a)?  2d*sin(bx +a)’

(dx+c¢)%sin(bx +a)?

9 95 9 2753
Result (type 3, 203 leaves):

3b

2 (bx+a)?sin(bx+a)’ L 2(bx+a) (2 +sin(bx+a)?) cos(bx+a)  2sin(bx+a)®  4sin(bx+a)
1 3 9 27 9
b b2
Zadz( (b)c+a)sin(b)c+a)3 I (2 +sin(bx+a)2)cos(bx+a) ) ch[ (bx+a)sin(bx+a)3 4 (2 +sin(bx+a)2)cos(bx+a)
B 3 9 N 3 9
b? b
A dsin(bx+a)? 2acdsin(bx+a)®  Psin(bx+a)?
+ - -
352 3b 3

Problem 10: Result more than twice size of optimal antiderivative.
J(dx+c)4cos(bx+a)sin(bx+a)3dx

Optimal (type 3, 236 leaves, 9 steps):

45cdx 4545 3 (dxte)t 454 (dxtc)cos(bxta)sin(bx+a) | 3d(dx+c)’cos(bx+a)sin(bx+a)

L 45d*sin(bx +a)?

64 b 128 »* 32b 64 b* 8 b2 128 b
_ 9 (dx+c)’sin(bx+a)® _ 3d’ (dx+c)cos(bxta)sin(bxta)®  d(dx+c)icos(bxta)sin(bxta)®  3disin(bx+a)t
16 b 32 4 128 b

3d2 (dx +c¢)?sin(bx+a)* | (dx+c)*sin(bx +a)?
- -
16 5° 4b

Result (type 3, 1142 leaves):

. 3sin(bx +a) )
bx+a)® + 2ROETA) bx+
L) L] a] (bxta)tsinbxta)t 0] (Sm( x+a) 2 cos(bx +a) L 3bx , 3a | _ 3(bxta)’sin(bx+a)t
b3 4 4 8 8 16
(sin(bx+a)3+W)cos(bx+a) e 3
3(bx+a)| - R N 5 . 4 . 5

4 4 8 8 n 27 (bx+a) n 3sin(bx +a) I 45sin(bx +a)

8 128 128 128



cos(bx +a)sin(bx +a) bx

a
9 (b 2x 44
L 9(bx+a)cos(bxta)® _ (bx+a) ( 2 T 2) L 9bx+a)
16 8 32
(sin(bx+a)3+W)cos(bx+a) e 3
3(bx+a)?| - + 225 428
(bx+a)3sin(bx+a) (bx+a) 4 8 8
- —|4ad -
b 4 4
. 3sin(bx +a) J
3 bx+a)d +23OXTd) bx+
_ 3(bx+a)sin(bx+a)* (Sm( x+a) 2 costbxtal ypx  27a L 9.(bx+a)cos(bx +a)?
32 128 256 256 32
. 3 3 4
_ 9cos(bx+a)sin(bx+a) n 3(bx+a) +L ded (bx+a)’sin(bx +a)
64 16 b3 4
[ (sin(bx+a)3+W)cos(bx+a) e 3
3(bx+a)?| - A
3 (bxta) 4 8 8 ) 3(bx+a)sin(bx+a)*
4 32
. 3sin(bx +a) )
3 bx+a)d + 232X TA) bx+
B (Sm( x+a) 2 costbxtal yrpx 27a L 9(bx+a)cos(bxt+a)® _ 9cos(bxta)sin(bx+a) . 3 (bx+a)’
128 256 256 32 64 16
sin(bx +a)® + 230X T N py g ay
(bx+a) | - 2 SRELESEL]
1 ) (bx+a)?sin(bx+a)* 4 8 8 3 (bx+a)?
+—|6a2d — +
b 4 2 32
: 4 : 2 2. 4
_sin(bx+a)®  3sin(bx+a) 1 Dacd (bx+a)*sin(bx+a)

32 32 B3 4



(sin(bx+a)3+—3sm(bx+a) Jcos(bx+a)
(bx+a) | - 2 4 3bx 4 3a
B 4 8 8 ) .3 (bx+a)*  sin(bx+a)*  3sin(bx+a)?
2 32 32 32
&mwx+w3+§ﬂﬂﬁliﬂchwx+w
(bx+a) | - 2 SRELESNEL]
1 > | (bx+a)?sin(bx+a)? 4 8 8 3 (bx+a)?
+—|624d — +
. 3sin(bx +a)
b Sy ——=T2 b
st bxFa)sinbxta)t (Sm( xta) 2 jcos( ) gy, _3_aJ
__sm(bx+wn4 _ 3sm(bx+wﬂz _ 4 16 32 32
32 32 »*
. 3sin(bx +a)
b S L L b
Dded (bx+a)sin(bx+a)4 n (sm( x+a) 2 )COS( x+a) _3bx 3a
N 4 16 32 32
b3
. 3sin(bx +a) )
bx+a)d+ 22—~ bx+
el | bxta)sinbxta)t (Sm( *+a) 2 costbrtal 5 3a
3 4 16 32 32
b2
. 3Qbe+a))
bx+a)’ + "l bx+
sig| bxtaysinbxta)t | (sm( x+a) 2 costbxta) 3% 34
4 16 32 32 a4d4ﬁn(bx—%a)4 a3cd3ﬁn(bx—¥a)4
+ + -
b 4b4 b3
4

ac3dsin(bx-|-a)4 c sin(bx—i—a)4

N 3P dsin(bx+a)*

Problem 12:

Optimal (type 4,

Result (type

ld?

2

+

b 4

2 b2

Result more than twice size of optimal antiderivative.

J(dx+c) cos(bx+a)csc(bx+a) dx

55 leaves, 4 steps):
_I(dx+c)2 n (dx +¢) In(1 — Elbx+a) _ Idpolylog(2,e21(bx+‘”)
2d b 2p?
4, 214 leaves):
2cln(e! 0xF D) n cln(el 6+ _1) " cln(e!P¥+a@ 4 1) _ 2ldax 1d a® " dln(1 — e bx+a)) x n din(1 — ®xTa) 4
b b b b b2 b b2



bx-‘ra))

_ Idpolylog(2, ¢ N din(e!®*T9 4+ 1)x  Idpolylog(2, -e!®**a)) 2adln( (bxta))  gdin(ePxta —1q)

b? b b? b? b?

Problem 13: Result more than twice size of optimal antiderivative.
J(dx+c)4cos(bx+a)csc(bx+a)2dx
Optimal (type 4, 190 leaves, 10 steps):
_8d(dx+c)’arctanh (! P*F)  (dx+c)tese(bxta) | 121d (dx+c)polylog(2, ! P*F) 1214 (dx +c)?polylog(2, ! P ¥ )

b? b b b

_ 24 & (dx + c) polylog(3, -¢' bx+a) " 243 (dx + ¢) polylog(3, el b¥+)) _ 241d* polylog(4, -¢' bx+a)) n 241d* polylog(4, et P x+a))
bt bt b b
Result (type 4, 715 leaves):
20(F At +Haed P+ 6P +4ldx+ ) PO 121 polylog(2, e P ¥ T 2 . 1214 polylog (2, -¢' b*+a)) 2

b(e2l(bx+a)_1) b3 b3
B 121d* & polylog(2, ! ?* @) + 121d% & polylog(2, -e! P¥+a)) +_24Id4pobdog(4,é(bx+a)) _ 24 1d° cpolylog(2, ! PX¥+a))
3 3 5 3
b b b b
n 24143 cpolylog(2, et Px+a)) x n 24 d* polylog(3, el(bx+‘”)x 8 d & arctanh(e! P ¥+ @) 8d4a arctanh(e! P ¥ 1))
b b* b? b
N 24 d cpolylog(3, e ®* @) 2445 cpolylog(3, -e! ®¥T9)) 24 polylog(3, -e!®**9)x 124> A In(e'P¥+9) 4+ 1) x
bt bt bt b?
124> AIn(ef X+ 4 1) ¢4 12d2c21n(1 —lbxta) 122 (1 - P g 12d3ca In(e!®*+9 11) 1248 ca’I(1
i + —
b b? b bt b
" 128 cln(1 — ! 0XTD) 2 _ 128 cln(Px T 1) 2 _ 4 (e PxTa) 4 1) 3 _ 4d In(fPx¥Ta) 4 1) 3 " 4d%n(1 —dOxTa) 3
b? b? b? b’ b?
n 4d%In(1 = bxta)) 3 24 &> a* carctanh (! P ¥ T9)) 24d2a52arctanh( (bxta)) _ 241d* polylog (4, - (bxta))
b’ b* b b’

Problem 14: Result more than twice size of optimal antiderivative.
J(dx+c)2cos(bx+a)csc(bx+a)2dx
Optimal (type 4, 82 leaves, 6 steps):
_4d (dx+c) arctanh(e'P¥19)  (dx+c)?esc(bxta) N 21d* polylog(2, -t ®**T@)) 2142 polylog(2, el ?*+4))
b? b b’ b
Result (type 4, 211 leaves):
21(x2d2+2cdx+c2) (bx+a) 4dcarctanh( (bx+a)) n 2d%In(1 —elbxta)) n 2d%In(1 — el 0xta)) 4 B 214 polylog(2, el P xTa))
b( 21(bx+a) _ 1) b2 b2 b3 b3




2 n(fP O 4 1) x 2 In(efPF ) +1)a 2Id2polylog(2, el bxta)) +4d2aarctanh( (bx+a))
b b b b

Problem 16: Result more than twice size of optimal antiderivative.
J(dx+c)3cos(bx+a)csc(bx+a)3dx
Optimal (type 4, 101 leaves, 6 steps):
_3ld(dxtc)? _ 3d(dxtc)’cot(bxta) _ (dx+c) ese(bxta)® | 3d (dxte)In(1=!¥F) 31 polylog(2, &'+
20 2p? 2b b 2b*
Result (type 4, 408 leaves):

1
»2 (ezl(bx+a) _ 1)2

2bd P 1bx+a) 3122 10x+0) L gped? 220X _gled?x? 10X L 6pPdxed 1 bx+a) 3122 10x+a) L3152

12531 4 6 Telr+312d) — 6d*cln(elPx+a) 3d2c1n( (bx+a) _ 1) 3d2c1n( bxta) 4 1) 3182  6ldax  31dd

b3 b3 b »? B b
L3P =)y 3P m(1 =) g 31 polylog(2. ! ¥ FY) 3 in(e! P 1) 314 polylog(2, -e! "X H)
b’ b* b? b’ b*
L 6Pan(F) 3L aln(elOFD — 1)
b* b*

Problem 23: Unable to integrate problem.

J(dx+c)mcos(bx+a)zsin(bx+a) dx
Optimal (type 4, 247 leaves, 8 steps):
bc

be
LT (o (1em Y o1 B ) e T gy (14, SR )

_ d
| 8”(%)’" gbel[“_b_c)(lb(d;JrC) )m 8b(—_1b(‘c’l’“+") Jm
3717m(dx+wﬁmr(l-+m,§léL%£i£l)
_ 8be3%a_%f)(lb(%;+c))m

Result (type 8, 24 leaves):

J(dx+c)mcos(bx+a)zsin(bx+a) dx

Problem 24: Result more than twice size of optimal antiderivative.



J-(a’x+c)4cos(bx+a)2sin(bx+a)2 dx

Optimal (type 3, 119 leaves, 7 steps):

(dx +c¢)> N 3d% (dx+c)cos(4bx+4a)  d(dx+c) cos(4bx+4a) 3d'sin(4bx+4a) N 3d% (dx+c¢)?sin(4bx+4a)
40d 256 b* 32 b7 1024 b° 128 b°
_ (dx+c)*sin(4bx+4a)

32b
Result (type 3, 1914 leaves):

bx4a)sin(bx+a) bx a
3 (b 2 ( cos( bx [ a
L L il (pygayt (- Costbx+a)sintbx+a) | bx ) _ (bxta)costbr+a)® , (bx+a) ( 2 P
b 4 2 2 2 4 4
4 3 (bx+a)cos(bx+a)2 _3cos(bx+a)sin(bx+a) 21bx 2la _ 7(bx+a)3 _ (bx+a)5 _ (bx+a)4[
32 64 256 256 16 10

3sin(bx +a)

(sin(bx+a)3+ Jcos(bx+a)

) 2 3bx | 3a | _ (bx+a)sin(bx+a)?
4 Tty } 4
sin(bx+a)3+3sm(b—x+a)jcos(bx+a)
3(bx+a)?| - 2 4 3bx 4 3a
N 4 8 8 ) 3 (bx+a) sin(bx +a)*
4 32
3(sin(bx+a)3+W)cos(bx+a) . (brta)snbxta)l b
~ X laadl b 3( _cos(bx+a)sin(bx+a bx g)
+ 128 A a (bx+a) [ 7 + > +2

cos(bx+a)sin(bx +a) bx
3 (bx+ + = +
_ 3(bx+a)’cos(bxta)® | (bx a)( 2 2

(SRR

J _ 21 (bx+a)®  3sin(bx+a)® 3 (bx+a)?

16 8 128

128 32



(bx+a)3 ( b 3 3sin(bx+a)) b
B | snlbxra)TH 2 cos(bx +a) L 3bx |, 3a | _ 3(bxta)’sin(br+a)t
4 8 8 16
sin(bx +a)® + 23X TA) ) byt a)
3 (bx+a) | - 2 4 3bx | 3a
4 8 8 3sin(bx +a)? 1 3 3
—l4cd®| (b
+ 2 + 128 + 3 c (bx +a) (
cos(bx +a) sin(bx +a) bx a j
3 (bx+ 244
_cos(bx +a)sin(bx+a) +ﬂ+£)_ 3 (bx+a) cos(brta)® | (bx “)( 2 2 " 2) 21 (bx+a)?
2 2 2 16 8 128
. 3sin(bx +a) )
bx+a)d + 2SMOXTA) bx +
_3sin(bx+a)® _ 3(bxta)t s [Sm( x+a) 2 cos(bx +a) L 3bx , 3a | _ 3(bx+a)’sin(bx+a)?
128 32 4 8 8 16
(sin(bx+a)3+w)cos(bx+a)
3(bx+a) | - 2 4 30x  3a
4 8 8 3sin(bx +a)? 1[ ) )
— | 6a2d*| (b
+ g + 128 + A a (bx+a) (
cos(bx+a)sin(bx+a) , bx | a (bx+a)cos(bx+a)?> | cos(bx+a)sin(bx+a) , 7bx , 7a (bx+a)> ’
— = = _ - Az =7 b
2 TS 8 + 16 T T e 12 (bx+a)
. 3sin(bx +a)
b 34 2smioxTad) b
_(sm( x+a)’+ > )cos( x+a) +3bx+3_a]_ (bx+a) sin(bx +a)*
4 8 8 8
(sin(bx+a)3+WJcos(bx+a) ] . [ [ (e ta)sinbrdal b
_ N S T N 2 ( _cos(bx+a)sin(bx+a bx ij
D) 53 ac (bx+a) ( 7 + > +2

_ (bx+a)cos(bx+a)® | cos(bxta)sin(bxta)  Tbx  Ta _ (bx+a)’
8 16 64 64 12

— (bx+a)?



(sin(bx+a)3 4 3sin(bx+a) ) cos(bx +a)

. 4
~ 2 _|_3bx+38_aJ_ (bx+a)sin(bx+a)

4 8 8

J + #[63412

(b)c+a)cos(bx+a)2 cos(bx +a)sin(bx +a) 7bx 7a (bx+a)3

(sin(bx+a)3 + W]cos(bx—i—a}

32

(bx+a)2(_cos(bx+a)sin(bx+a) bx %)

+ =+
2 2

_ ra \oarrd) 2
8 * 16 T T 12 (bx+a)
. 351n(bx+a))
bx+a)?+ 22—~ bx+
) (Sln( X a) 2 COS( X a) N 3bx +3_a} 3 (bx+a)sin(bx+a)4
4 8 8 8
. 3sin(bx+a))
bx+a)d+ 22—~ bx+
) (sm( x+a) > cos(bx +a) ]—L(4a3d4[(bx+a) (_cos(bx+a)sin(bx+a) +Q+g)_ (bx+a)?
32 B4 2 2 2 16
. 3sin(bx +a)
. sin(bx +a)’+ —""2L | cos(bx +a) . 4
sin(bx +a)? ( 2 ] 3bx | 3a sin(bx +a) 1 2 3
L ATLELY - 24 22274 — |12
+ T (bx+a)[ 2 Tt T +b3 a“cd” | (bx
. 3sin(bx+a))

b 3/ 1) b
fa) (_cos(bx+a)sin(bx—|—a) +Q+£)_ (bx+a)? | sin(bx+a)’ Cbrta | - [Sm( x+a)t+ 2 cos(bx +a)
2 2 2 16 16 4
3bx | 3a | _ sin(bx+a)? ]_L[ ) _cos(bx+a)sin(bx+a) | bx | a\ _ (bx+a)® _ sin(bx+a)?

+ 2 3 — e = 12a?d (bx-i—a)( 5 + +2) T T

(sin(bx+a)3+W)cos(bx+a) 1h 3 in(bx + )4]] 1( [
X a Nt X a
—_ - - - 7= 7 - 4
(bx+a) 7 + 3 T + Ad (bx+a)(
. 3sin(bx+a))
bx+a)’+ =121 bx+
_cos(bx +a)sin(bx +a) +Q+g)_ (bx+a)® | sin(bx+a)® 0o [ (Sm( *+a) 2 cos(bx +a) L 3bx
2 ) 16 16 4 8



Ad (_cos(bx+a)3sin(bx+a) I cos(bx+a)sin(bx +a) +£ +£)
L 3a | _sin(bx+a)t JJF 4 8 8§ 8
8 16 B
3 . .
dded (_cos(bx+a) sin(bx +a) I cos(bx +a)sin(bx +a) +ﬂ +£)
3 4 8 8 8
b3
3 . .
6a262d2[_cos(bx+a) sin(bx+a)  cos(bx+a)sin(bx+a) | bx +£j
N 4 8 8 8
b2
bx+a) sin(bx+a) , cos(bx+a)sin(bx+a) , bx | a
4aca -8 + + =+ 2
e ( 4 8 g8 8 +c4[_cos(bx+a)3sin(bx+a) L cos(bx +a) sin(bx +a)
b 4 8
bx a
+ =+ =
8 8)

Problem 25: Result more than twice size of optimal antiderivative.

J(dx+c)3cos(bx+a)2sin(bx+a)2dx

Optimal (type 3, 95 leaves, 6 steps):

(dx+c)* | 3dcos(4bx+4a) _ 3d(dx+c)®cos(4bx+4a) | 3d (dxtc)sin(4bx+da) _ (dxtc)’sin(4bx+4a)
32d 1024 p* 128 b* 256 b° 32b

Result (type 3, 1073 leaves):

: 2 2
1 B (bx+ﬁn3(_cm(bx+a)mex+a)_+Q£_+£J__3(bx+a)<mﬂbx+a)
b 2 2 2 16
cos(bx +a)sin(bx +a) bx aj
3(b 2x 4
( x+a)( 2 T ) 2 (bxta)?  3sin(bx+a)® 3 (bxta)t ;
+ - - - — (bx+a)
8 128 128 32
. SQbe+a)J
bx+a)d + bx +
] (sm( x+a) > cos(bx+a) .\ 3hy +3_a}_ 3 (bx+a)sin(bx+a)?
4 8 8 16
(sin(bx+a)3+W)cos(bx+a) b 3
3(bxta)|- 4 oty 3sin(bx +a)? 1 ( [
X a L 3 2
+ 3 + 128 3 3ad’ | (bx+a) (



_cos(bx+a)sin(bx+a) _bx _ a) _ (bx+a)cos(bx+a)® | cos(bx+a)sin(bx+a) | Thx | Ta _ (bx+a)® )
2 TS 8 + 16 T T e 12 (bx+a)
. 3sin(bx +a)
bx+a)’+ "L bx+
_(sm( x+a) > )cos( x+a) +3bx+3_aJ_ (bx+a) sin(bx +a)*
4 8 8 8
(sin(bx+a)3+WJcos(bx+a) ] . [ [ (brta)sintbrdal b
_ Lls.21 b 2 ( _cos(bx+a)sin(bx+a bx ij
0 +b2 c (bx+a) ( 7 + > +2

_ (bx+a)cos(bx+a)?

cos(bx +a)sin(bx+a) , Tbx _ Ta _ (bx+a)’

_ 2
8 + 16 64 ' 64 12 (bx+a)
. 3sin(bx +a) J
bx+a)d+ 20214 bx+
_(sm( x+a) 2 cos(bx +a) +3bx+3_a}_ (bx+a) sin(bx +a)*
4 8 8 8
. 3sin(bx +a) J
bx+a)’ + 20214 bx+
B (sm( x+a) ) cos(bx +a) ]+L(3a2d3[(bx+a) [_cos(bx—l—a)sin(bx—l—a) +ﬁ+£)— (bx+a)?
32 B3 2 2 2 16
. 3sin(bx +a)
b 34 2o T4 b
+sin(bx+a)2 _(bx+a)[_(51n( x+a) + 5 ]cos( x+a) +3bx+3_aJ_sin(bx+a)4 ]—L(m:cdz[(bx
16 4 8 8 16 B2
. 3sin(bx +a)
b 34 2EorTd) b
ta) [_cos(bx+a)sin(bx+a) +ﬂ+g)_ (bxta)? | sin(bxta)?® oo (Sm( x+a)t+ 2 )cos( x+a)
2 2 2 16 16 4
3bx | 3a | sin(bx+a)4JJ l[ [ _cos(bx+a)sin(bx+a) _ bx , a) _ (bx+a)® | sin(bx+a)®
+ 3 — 1 )t 3d (bx+a)( 5 +2+2) T + T (bx
(sin(bx+a)3+w)cos(bx+a) , .
ta) | - 2 +3bx+3_a __ sin(bx+a)
4 8 8 16




3 .
B [_cos(bx+a) sin(bx +a) n

cos(bx +a)sin(bx +a) +Q+£)
8 8

B 4 8
b3
3 . .
3a%ﬂ2(_wﬂbx+a)$be+a)+_mﬂbx+a)mﬂbx+a)_+éi_+£)
N 4 8 8 8
b2
bx+a)3sin(bx+a) cos(bx+a)sin(bx+a) bx a
3acdd| - < + +2Z£ 4+ 2
4 ( 4 8 8 8 3( wﬂbx+aﬁﬁﬂbx+a) cos(bx +a)sin(bx +a)
- +c| - +
b 4 8
bx a
+ 8 + 8]

Problem 26: Result more than twice size of optimal antiderivative.
J(dx+c)zcos(bx+a)zsin(bx+a)3dx
Optimal (type 3, 166 leaves, 11 steps):
d*cos(bx+a)  (dx+c)?cos(bx+a) L d*cos(3bx+3a)  (dx+c)’cos(3bx+3a)  dPcos(5bhx+5a) N (dx+c)?cos(5bx+5a)

4p3 8b 216 H° 48b 1000 b3 80b
4 d(dx+c)sin(bx+a) +_d(dx-%c)sm(3bx-%3a) _d(dx+c)sin(5bx+5a)
4 p? 72 b? 200 b*

Result (type 3, 465 leaves):

1 L], _(bx+a)? (2 +sin(bx+a)?)cos(bx +a) L 4cos(bx+a) | 4sin(bx+a) (bx+a) +2(bx+a)sin(bx+a)3

b | p2 3 15 15 45
8 . 4sm(bx-+a)2)
bx+a)?| = +sin(bx+a)* + ——"1 bx+
L, 2(2+sin(bx+a)?) cos(bx+a) (bx +a) (3 sim{bx +a) 3 costbxta) ) (bxta)sin(bx+a)’
135 5 25
8 . 4 4sin(bx—|—a)2J
2| = b — b

B (3 +sin(bx+a)* + 3 cos(bx+a) 1 b ad _(bx+a)u+ﬁmwx+aﬂ)wﬂbx+a)+smwx+aﬁ

125 b2 3 45

. 2
. (bx+a) (§ +sin(bx+a)4+chos(bx+a)
+2mex+a)+ 3 3

sin(bx +a)> J 1[
_ l2cd
15 5 25 G




4sin(bx +a)?

(bx+a) [§+Sin(bx+a)4+ )cos(bx—i—a)

_(bx+a) (2 +sin(bx+a)?)cos(bx +a) N sin(bx +a)’ L 2sin(bxta) 3
3 45 15 5
azdz[— cos(bx+a)3sin(bx+a)2 _ 2005(bx+a)3 ) 2acd(— cos(bx+a)3sin(bx+a)2 _ 2005(bx+a)3 )
_sin(bx+a)® || 5 15 3 5 15
25 b2 b
cos(bx+a)3sin(bx+a)2 200s(bx—|—01)3
+2| - —
5 15
Problem 28: Result more than twice size of optimal antiderivative.
J(dx+c)zcos(bx+a) cot(bx+a) dr
Optimal (type 4, 159 leaves, 11 steps):
2 (dx+c)?arctanh (' ¥ @) 2@ cos(bx +a) 4 (dx +c)?cos(bx+a) . 21d (dx + c¢) polylog(2, -l b*+a))
b b3 b b2
B 21d (dx + ¢) polylog(2, lbx+a)) B 2 d* polylog (3, —elbx+a)) + 2d2p01y10g(3,e1(bx+”)) _2d(dx+c)sin(bx ta)

b? b b b?
Result (type 4, 478 leaves):
(2 +2b%cdx+b* A +21bdPx —2d> +21bcd) 0¥+ N (PP +2bcdx+b* P —21bd*x —2d*> —21bcd) e 10X T

25’ 2

_ 2612 d2 arctanh(el (bx+a)) i ZICdp()lylog(z’ _eI (bx+a)) N 2d2p01y10g(3, CI (bx+a)) B 2d2p01y10g(3, —CI (bx+a)) B zcdln(e](bx+a) + 1)x

b3 b2 b3 b3 5
_ 2cdln(e1(bx+a)+1)a + 2cd1n(]_el(bx+a))x 4 chln(l_el(bx+a))a L d21n(1_el(bx+a))x2 B dzln(l—el(bx+a))a2

b? b »? b 0
+ 214" polylog(2, -¢ 7**%) x _ L In(d®*70 + 1) + dIn(e?* 9 +1)a®  21d%polylog(2, ¢! ®**¥) x 2 2arctanh (e P **)

b? b b3 2 3

n 4acdarctanh(e'?*19)  21cdpolylog(2, el Pxt4)

b2 b2

Problem 29: Result more than twice size of optimal antiderivative.
J(dx+c) cos(bx+a)cot(bx+a) dx

Optimal (type 4, 86 leaves, 8 steps):

2 (dx+c) arctanh (el 0¥ +)) n (dx+c)cos(bx+a) + Id polylog(2, el bx+a)) _ Idpolylog(Z,eI(be””) __dsin(bx ta)




Result (type 4, 202 leaves):

(bdx+cb+1d) e bx+“)+(bdx+cb—1d) lbxta 3 carctanh (el P *+4) dln(l—e1<bx+“>)x+d1n(1—e“bx+“))a

+

20° 20° b b b?
Idpolylog(Z lbxta)y dln( (bxta) 4 1) dln( bxta) 1 1) 4 Idpolylog(Z, el bxta)y 2adarctanh( (bxta))
b? b b? b? b?

Problem 31: Result more than twice size of optimal antiderivative.
J(dx+c)3cot(bx-|—a)2csc(bx—|—a) dx

Optimal (type 4, 274 leaves, 25 steps):
_ 64d* (dx +c) arctanh(e! P * 1) L (dxte) Jarctanh(e! ¥ F@) 34 (dx+c)?esc(bx+a)  (dx+c)cot(bx+a)csc(bx+a)

b b 25 2b
31d3 polylog(2, e/ ®*T@) 314 (dx 4 ¢)?polylog(2, -e!®¥+4) 314 polylog(2, e ®* ) 31d (dx +c)? polylog(2, el ?*T®)
+ - — +
»* 2 b2 p* 2 b2
" 3d% (dx +¢) polylog(3, ¢l (bx+“)) _ 3d? (dx + c) polylog(3, el (bx+a)) " 31d° polylog(4, —el(bx"'“)) _ 31d° polylog(4, el (bx+“))
b b b* b*

Result (type 4, 1055 leaves):
31d polylog(2, -et®>*a))  3mn(1 —®**a) 2gx  3n(1 —®*T9)aPd 3P daarctanh(elPX 1) N Bn(dPrT9 4 1) 53

4 2b 21,2 b2 2b
d31n( bxta 4 1)@ Pl =P )3 P10 T) 43 N 3 cd? a® arctanh (el P ¥ T9)) N 3n(e X+ 4 1) 2dx
2p* 2b 2p* b 2b
+_3ln( (bx+a) +—1)ac2d 3n(1 —®XTa) 22 +_31n(é(bx+“)+-l)cd2x2 _|__31n(1-—el(b""'“))azcd2 _ 3n(e X+ 4 1) g% ¢
2b? 2b 2b 25° 25
+ 312 dpolylog(2, ! PX+a)) _ 312 dpolylog(2, -t Px+a@) 3Id3p01ylog(2 bxtar) 2 _ 31d° polylog(2, -e! bx+a)) 2
2b? 2b? 207 20?
+ 3P (1 —elxFa)) " 38 n(1 —elbxta)) _ 3P (el 0xta) 4 1) x 3d31n( (bx+a) 4 1) 4 3Id3polylog(4, el bx+a))
b b b b b*
n 3 Ipolylog(2, ' PXT@) ¢ g2 x _ 3Ipolylog(2, -e!P*¥+a@)) ¢ 2 x 3Id3polylog(2 lbx+a)y B 31d° polylog(4, ¢! bx+a)
b? b? b* b*
" 3 d> polylog(3, —e“bx+“))x 3 &> polylog (3, ¢! bx'””)x 6 ¢ d* arctanh (el X T4)) 3cd2polylog(3 elbxta)) n 3 cd? polylog(3, -e! 0¥ +a))
b’ b’ b b b
3 (b 3 (b (b
n 6d aarctar;)l;( x+a)) _d’a arctan:4( x+a)) L arctanh(b x+a)) + ey b1+ ) )2 (BBpS1OxTa) f 3.2 2p 3l bxta)
b rTa)—

+362dxb631(bx+a)+x3d3be1(bx+a)+63be31(bx+a)+3cd2x2be1(bx+a)_31d3x2631bx+a +302dxbel(bx+a 6ch2xe (bx+a) +C be (bx+a)
—312dS 10t L 31 PPl O3FD L oTed xe! PXT 4312 g 0T



Problem 42: Result more than twice size of optimal antiderivative.

J(dx+c)3cos(bx+a)3sin(bx+a)2dx

Optimal (type 3, 235 leaves, 14 steps):
_3dcos(bx+a) | 3d(dxtc)’cos(bxta)  dcos(3bx+3a) _ d(dx+c)?cos(3bx+3a)  3dicos(Shx+5a)

4p* 8 b2 216 b* 48 b? 5000 b*
_ 3d(dx+c)’cos(Sbx+5a) _ 3d(dxtc)sin(bxta) | (dxtc)’sin(bxta) | 4 (dxtc)sin(3bx+3a)
400 b? 4 8b 26
(dx+c)3sin(3bx+3a) | 3d* (dx+c)sin(5bx+5a)  (dx+c)’sin(5bx+5a)
— + —
48 b 1000 b3 805

Result (type 3, 1015 leaves):

1 l(cﬂ (bx+a)3 (2 +cos(bx+a)?)sin(bx+a) + 2 (bx+a)?cos(bx+a)  856cos(bx+a)  4sin(bx+a) (bx+a)
b\ p3 3 5 1125 5

4 (b)c+a)2cos(bx+a)3 _ 2 (bx+a) (2 +cos(bx+a)2)sin(bx+a) 22005(bx+a)3
15 45 3375

4cos(bx+a)2

(bx+a)3(§+cos(bx+a)4+ )sin(bx—l—a)

B 3 _ 3 (bx+a)?cos(bx+a)’
5 25
2
6 (bx+a) (§ +cos(bx+a)4+w)sin(bx+a) S
4 3 3 I 6cos(bx+a)
125 625

_L[3ad3 (bx+a)® (2 +cos(bx+a)?) sin(bx+a) _ 4sin(bx+a) | 4(bx+a)cos(bx+a) _ 2(bx+a)cos(bx+a)’®
b3 3 15 15 45

4cos(bx+a)?
_ 2(2+cos(bx+a)2)sin(bx+a) _ 3 _ 2(bx+a)cos(bx+a)5
135 5 25

(bx+a)2[§+cos(bx+a)4+ )sin(bx—i—a)




+

_|_

_|_

+

1
+F[3Czd

2
2 (g +cos(bx+a)t+ eos(bxta)”

3

4 (bx+a)cos(bx+a)

125

L 2(bxta) cos(bx+a)’

)sin(bx+a) 1
+ — | 3cd?
b2

(bx+a)2 (2 +cos(bx+a)2) sin(bx+a)  4sin(bx+a)

3

2 (2 4cos(bx+a)?)sin(bx +a)

15

2
(bx+a)? (% +cos(bx+a)t+ deos(bxta)”

45

3 )sin(bx—i—a)

135

_2(bx+a) cos(bx+a)5

5

2
2 (g +cos(bx+a)4 + Acos(bx +a)”

Jsin(bx+a) 1
+ — 324

25

(bx+a) (2 +cos(bx+a)?)sin(bx +a)

15

cos(bx—i—a)3

3
125 b3 3
8 4 4cos(bx+a)2] .

b — b _— b

dcos(bx+a) (bx +a) [ 3 +cos(bx+a)” + 3 sin(bx +a) B cos(bx+a)5
15 5 25
2\ o 3
#[&zcdz (bx+a) (2 +cos(b3x+a) ) sin(bx +a) n cos(b:s—l-a) n Zcos(fsx—l-a)

2
(bx+a) (g +cos(bx +a)t+ Feos(bxta)”

3 )sin(bx—i—a)

5

(bx+a) (2 +cos(bx+a)?)sin(bx+a) N cos(bx +a)?

25

B cos(bx+a)5 ]

2cos(bx+a)

3

o]

3

2
(bx+a) (— +oos(bx +a)t + Zeostbxta)”

45

3 Jsin(bx+a)

15

> P [

5

_sin(bx +a) cos(bx +a)* +

(2 +cos(bx+a)?)sin(bx+a)

5

15

|

25

b3

B cos(bx+a)’ ]

J

_|_

45



. 4 2\ o
3azcd2(_sm(bx—i—a)cos(bx-l—a) n (2 +cos(bx+a)?)sin(bx+a) J
i 5 15
b2
. 4 2\
3a8d(_mex+a)mex+a) +(2+umwx+a))mex+a)) . )
5 15 3[ sin(bx +a) cos(bx +a)
—_ +C -
b 5
L, (2 +cos(bx+a)?) sin(bx +a) )}
15

Problem 43: Result more than twice size of optimal antiderivative.
J(dx+c)zcos(bx+a)35in(bx+a)2dx

Optimal (type 3, 166 leaves, 11 steps):

d(dx+c)cos(bx+a) d(dx+c)cos(3bx+3a)  d(dx+c)cos(5hx+5a)  d*sin(bx+a) N (dx +c¢)?sin(bx+a) | d*sin(3bx+3a)
4 b? 72 % 200 b° 4 8b 216 b°
_ (dx+c)?sin(3bx+3a) N d*sin(5bx+5a)  (dx+c)?sin(5bx+5a)
48 b 1000 53 80 b

Result (type 3, 483 leaves):

4 (bx+a)cos(bx+a) 2(bx—i—a)cos(bx—l—a)3

1 L(dz (bx+a)? (2 +cos(bx+a)?)sin(bx+a)  4sin(bx+a)

b p2 3 15 + 15 + 45
8 4cos(bx+a)2) .
bx+a)?| = +cos(bx+a)t+ ———"— bx+
2(2+cos(bxta))sin(brta) XY (3 cos(bx+a) 3 Sn(bx+a) ) (bx+a) cos(bx +a)’
135 5 25
8 4 4cos(bx+a)2) .
2| = b — b
N (3 +cos(bx+a)t + 3 sin(bx +a) 1 va | Lbxta) (2 +cos(bx+a)?)sin(bx+a) + cos(bx +a)’
125 2 3 45
8 4 4cos(bx+a)2] .
b - b —_— b
. dcos(bx+a) (bx +a) [ 3 +cos(bx+a)” + 3 sin(bx +a) B cos(bx+a)5
15 5 25
2\ o 3
+%[2cd (bx+a) (2 +cos(b3x+a) ) sin(bx +a) N cos(b:s—i-a) N 2cos(i75x+a)



4cos(bx +a)?

(bx+a) (§+cos(bx+a)4+ )sin(bx—i—a)

B 3 _ cos(bx+a)’
5 25
aaﬂ[_ﬁbe+a)mex+aﬁ_+(2+am@x+aﬂ)ﬁﬂbx+a))
4 5 15
b2
sin(bx +a) cos(bx +a)* | (24cos(bx+a)?)sin(bx+a)
2acd | - + . 4
5 15 62( sin(bx +a) cos(bx +a)
J— + -
b 5
+(2+um@x+aﬁ)ﬁﬂbx+a))
15

Problem 45: Result more than twice size of optimal antiderivative.
J(dx+c)4cos(bx+a)3sin(bx+a)3dx
Optimal (type 3, 213 leaves, 12 steps):
_9d*cos(2bx+2a) N 9d* (dx+c)?cos(2bx+2a) 3 (dx+c)*cos(2bx+2a) 4 d*cos(6bx+6a)  d? (dx+c)*cos(6bx+6a)

128 b° 64 b3 64 b 10368 b° 576 b
N (dx+c)*cos(6bx+6a)  9d° (dx+c)sin(2bx+2a) + 3d (dx+c)3sin(2bx+2a) + & (dx+c¢)sin(6bx+6a)
192 b 64 b* 32 b2 1728 b*
_ d(dx+c)’sin(6bx+6a)
288 b?

Result (type ?, 2060 leaves): Display of huge result suppressed!

Problem 46: Result more than twice size of optimal antiderivative.
J(dx+c)3cos(bx+a)3sin(bx+a)3 dx

Optimal (type 3, 165 leaves, 10 steps):

9d* (dx+c)cos(2bx+2a) 3 (dx+c) cos(2bx+2a)  d* (dx+c)cos(6bx+6a) N (dx+c)3cos(6bx+6a)  9d’sin(2bx+24a)

128 b° 64 b 1152 53 192b 256 b*
N 9d (dx+c¢)?sin(2bx+2a) N dsin(6bx+6a)  d(dx+c)’sin(6bx+6a)
128 b? 6912 b* 384 b?

Result (type 3, 1099 leaves):



®‘|»—A

(sin(bx+a)3+MJcos(bx+a)

3 (bx+a)?| - 2 4 3bx 4 3a

1| p| tbxta)sin(bx+a)® _ 4 8 8 )  (bx+a)sin(bx+a)?
b 4 4 24

. 3sin(bx +a)
b Sy ——=T= b
- (sm( x+a)’+ > jcos( x+a) _bx _a n (bx—l—a)cos(bx+a)2 __cos(bx+a)sin(bx+a) n (bx+a)3
96 18 18 8 16 12
(sin(bx+a)5+ Ssin(bx +a) 4 15sin(bx +a) )cos(bx+a)
(bx+a)?| - 4 8 4 20x  Sa
(bx+a)3sin(bx+a)® 6 16 16
— +
6 2
. 55in(bx+a)3 15sin(bx +a) )
bx+a)’+ + bx+
L (bxta)sin(br+a)® | [Sm( x+a) 4 8 costbxta) | o | (bxta)?sin(bx+a)t
36 216 » 4
sin(bx +a)? + 230X Ta) N pytay
(bx+a) | - 2 y 3bx | 3a
B 4 8 8 ) (bx+a)?  sin(bx+a)*  sin(bx+a)?
2 24 72 24
(sin(bx+a)5+ Ssin(bx +a) n 15sin(bx +a) Jcos(bx+a)
(bx+a) | - 4 8 4 3bx  3a
_ (bx+a)*sin(bx+a)b + 6 16 16 sin(bx +a)®
6 3 108
sin(bx+a)3—|—M cos(bx+a)
2 3bx 3a
1 2 4 (bxta) | - + + = 5
2| (bx+a)“sin(bx+a) 4 8 8 (bx+a)
+ —|3cd - +
»? 4 2 24

_sin(bx+a)*  sin(bx+a)®  (bx+a)?sin(bx+a)®
72 24 6




5sin(bx+a)> | 15sin(bx +a)

era) | - (sin(bx—i—a)s-l- 4 + g )cos(bx-l—a) .\ Shy +5_a
N 6 16 16 ) sin(bx +a)®
3 108

3sin(bx +a)

(sin(bx+a)3+ )cos(bx+a)

LA 28| bxta)sin(bxta)t 2 _bx a _ (bx+a)sin(bx+a)b
b3 4 16 24 24 6
. 5sin(bx+a)> | 15sin(bx +a) )
b 3 b
(mn( x+a)’+ 1 + g cos(bx +a) 1 ) (bx-+a)shmbx-+a)4
— — — | 6acd
36 2 4
. 3sin(bx +a) J
bx+a)’+ ="~ bx+
N (Sm( xta) 2 costbxta) 4y 4 (bxta)sin(brta)
16 24 24 6
. 3 .
(Sbe+aP_F5mex+a) +15mex+a))m“bx+a) ' )
4 8 1 (bx+a)sin(bx+a)
_ +— (324
36 b 4
. 3ﬁbe+a)j
bx+a)+ =L bx+
N (Sm( xta) 2 costbxta)l 4 4 (bxta)sin(brta)®
16 24 24 6
. 3 . . 2 4 4
(mﬂbx+aP-F5$mbx+a) +]5$mbx+a))cw(bx+a) fd3(_mex+a)(mex+a) _(mﬂbx+a):
B 4 8 6 12
36 b3
. 2 4 4 . 2 4 4
3l ed _sin(bx+a)“cos(bx+a)” cos(bx+ta) 342d _sin(bx+a)“cos(bx+a)” cos(bx+ta)
4 6 12 B 6 12 +C3(
b? b

_sin(bx +a)*cos(bx+a)*  cos(bx+a)? J
6 12

Problem 47: Result more than twice size of optimal antiderivative.
J(dx+c)3cos(bx+a)2cot(bx+a) dx

Optimal (type 4, 215 leaves, 12 steps):

3dx L (dx+e)®  I(dx+e)* N (dx+ce) (1 =1t a) 314 (dx +c)?polylog(2, 2 1Px+a)) N 3d? (dx + ¢) polylog(3, 1PxTa)
8 b3 4b 4d b 25 2



31d3polylog(4 G lbx+a)) 4 3dcos(bx+a)sin(bx+a)  3d(dx+c)’cos(bx+a)sin(bx+a) 3d2(dx+c) sin(bx +a)?
4p* 8 b* 45 45
_ (dx+c)’sin(bx+a)?
2b
Result (type 4, 1000 leaves):

(AP +61PP 2+ 12D cd* 2+ 12102 cd*x+ 1253 Pdx+612db> +40°E —6bdPx —31d> —6cd®b) E1bx+a

32
N (4PPY —61PPEP P+ 1200 cd? 2 — 2102 cdPx + 1205 Pdx — 612 db? +4b2 3 —6bdPx+31d° —6cd?b) e 21 0x+a) R
32
N 6altdin(e®*r9)  342dn(!P¥ Y —1)  6dcdIn(ePXTY) L 3a 2ed (O — 1) 1l 28 (Pt
b b b b 4 b
N Sin(Pxra) 1) N Sin(PxTa) 4 1) el — 312 dX° 31n( — el bxta)y 2y 3ln(1 —lbxra)) 2y d31n( (bxta) 41,3
b b 2 b bz b
N A n(1 — X tD) 3 N Bin(1 —dlxTa) 43 3ln( bxta) 4 1) 2y N 3In(1 —PX ) ¢ 2 2 31n( (bxta) 1 1) cg? ¥
b I b b b
_ 3n(1 — el CxFa)) 242 61d° polylog(4, ¢! ?*+a)) 28 &P In(elbx+a) _ AP (¥t 1) _ 3la* & + 6 1d° polylog(4, -e! Px+a)
b b* b* b* 2% b*
_ 312 dpolylog(2, ! PX+a)) _ 312 dpolylog(2, -t Px+a@) _ 31 da® _ 31d° polylog(2, el P¥+a)) ;2 _ 31d° polylog(2, -e' bx¥+a)) 2
b b b? b b
N 41cdd® 218 dx  61cd polylog(2,el P> +a)) x N 6lcd?a*x  6lcd®polylog(2, -e'®*t@)x  61ctdax
b b b b b b
n 6 d° polylog(3, -e! 6¥+@)) x n 6 d° polylog(3, et ?¥+a)) x 6cd2polylog(3 elbxta)) n 6 cd* polylog(3, -e! X T4))
b b b b

Problem 48: Result more than twice size of optimal antiderivative.
J(dx+c) cos(bx +a)?cot(bx+a) dr

Optimal (type 4, 98 leaves, 8 steps):
dx _ I(dx+¢)® | (dx+c)In(1 =¥ Ta)  qdpolylog(2, 1P**4)  dcos(bx+a)sin(bx+a)  (dx+c)sin(bx+a)?

+

4b 2d b 2 b2 4 p? 2b
Result (type 4, 270 leaves):
_1d¥  2ldax L (2bdx+1d+2ch)e G lbxta) L (2bdx—ld+2ch)e e 2lbxta)  j (el bxta) N cln(e 0¥ +a 1) N cln(e! ¥+ 1)
2 b 16 b? 16 b? b b b
Idpolylog(Z lbxta)y _ 1d a® _ Idpolylog(2, -el(bxta)) din(1 — el bx+a)) x dln(l —dbxta)), din(e!®*T® 4 1) x

+1ex +
b2 b2 b2 * b b? cx b




Zadln( bx+a)) g dn(tPrTa 1)

b? b?

Problem 56: Result more than twice size of optimal antiderivative.

J(dx+c)zsec(bx+a) sin(bx +a)? dx
Optimal (type 4, 169 leaves, 11 steps):

I (dx+c)?arctan(e!®*+9) 24 (dx+c) cos(bx +a) L 21d (dx +¢) polylog(2, —Iel bxta)

21d (dx + ¢) polylog(2, 1l ®x+a))
b b2

b - b
2 d? polylog (3, —Ie! P*+a)) n 2 d? polylog(3, Ie! 0¥ +a)) +_2dzsin(bx+a)
b3 b3

Result (type 4, 511 leaves):
2Icdpolylog(2, —Iel PX+a) +_21d2pdybg(2,—{e“bx+m)x A d*In(1 —1ePx+a)

_ (dx+c)*sin(bx +a)
b b

n 20dln(l _Iel(bx-i-a))a N a2d21n(1 +Iel(bx+a))

P2 p? - b3 p? b

+ d?1n(1 —Ie”b"J””)x2 2 d* polylog(3, —I¢! (bx+a)) _ 2cdin(1 +1eBx+a) 4 n 41acdarctan(e 0¥ +a)) B ZIdzpolylog(2,Ie“bx+‘”)x
b b b? b b

B 2c¢dIn(1 —I—Ie“bx+”))x 21cdpolylog(2, 1elPx+a)) _ 21a? d* arctan(e! P+ @) _ 21 arctan(e! P ¥+ @) 2 d?polylog (3, Ie! X Ta))
b b? b b b

2edin(1 =10 T) x  1(PR2P2 4202 cdx+ 2P —21bd?x —2d> —21bcd) e 10X Ta (] 410X @) 2

_|_ — —
b 253 b

N (20?420 cdx+b* A +21bdPx —2d> +21bcd) 0¥+

20
Problem 60:

Result more than twice size of optimal antiderivative.

J(dx+c)4csc(bx+a) sec(bx+a) dx
Optimal (type 4, 221 leaves, 12 steps):

2 (dx+c)*arctanh (2 !P¥F4) 214 (dx +¢) polylog(2, -2 !**F®)

_ 21d (dx +c¢)3 polylog(2, 21 bx+a))
b

b b?
_ 3d* (dx+c)?polylog(3, -e21bx+a)) + 3d* (dx +c)?polylog(3, 2 1Px+a)) 314 (dx +c) polylog(4, -2 (0x+@)
b b b*
3Iaf3 (dx + ¢) polylog(4, 21 0x+a)) n 3 d* polylog(5, -2 10x+) _ 3 d* polylog(5, 2 1P x+a))
b* 2 2

Result (type 4, 1241 leaves):

403d1n(1—el(bx+a)) 6a252d2]n( bx+a)_1) 4acdd dln( bx-‘ra)_l)

4a cd®In(elPXTa) 1) cﬂln( (bxta) 1) ,4
b b3

b2 b4 b




_dim(@0t O 1)t A= OFO) o el (SO +1) 0 ded In( OO+ 1) 0 deddin(1 = 0XHD) P

+
b b b b b
n 4edIn(1 — e bxta) 3 3d4p01ylog( ~2lbxta)y B 31cd’ polylog(4, -e?1bx+a)) " 241cd polylog(4, -¢tPx+a))
b* 20° b b
B 41d* polylog(2, el 0¥ +a)) 3 _ 41d* polylog(2, el X +@) 3 _ 410 dpolylog(2, -l P¥+a)) " 217 dpolylog(2, -2 1Px+a))
b? b? b? b?
416 dpolylog(2, et Px @) 24 1d* polylog(4, -e! @*T4)) x 24Id4p01ylog(4 dbxta)) 21d4polylog(2 2lbx+a)) 3
- +
b bt bt b?
31d* polylog(4, > 10X +@) « 24Ica’3 polylog(4, ¢! bx+a)) 6 1% d? polylog(2, -e*1Px+a) 121 d* polylog(2, -t P*T@))
- + —_
bt bt b? b?
+ 61cd’ polylog(2, -2 1bxFa)) 2 _ 121cd’ polylog(2, -e' bx¥+a)) 2 _ 121cd’ polylog(2, ' bx¥+a)) 2 _ 1212 d* polylog(2, ! ¥ +@) x
b? b? b? b’
B da*In(1 — e bxta)) + 12 d* polylog( 3, —elbx+a)) |2 " 12cl4p01ylog(3,e”b"J””)x2 _ 3 d* polylog (3, -g2libx+a) )x2 A d* (el bxta 1)
b’ b b b b’
n 12 & d? polylog(3, e (X T4)) _ 3 2 d? polylog(3, -e*1bx+a)) n 12 & d? polylog(3, -¢l P*+@)) _ 24 d* polylog( 5, ! X T4))
b b b b’
_ 24 d*polylog(5, el Pxta))  Ap(l2lrta 4 1) L C (el 0¥ ta 1) L C (el 0¥t 1) 4 43dIn(1 —PxTa)
b b b b b2
6 (! 0 +1)22  6edpolylog(3, -1 )y 4ldIn(l P +1)x 62 a2’ In(1 — P
+ —
b b3 b b
+ 24 ¢ d polylog(3, -t PXT9)) x " 6 d*In(1 —elPXt@) 2 _ 6 A d* In(P1PxTa) £ 1) 52 _ 4A3dn(2 10X+ 1)
b3 b b b
+ 24 ¢ d polylog(3, ! ¥+ @) x
b3

Problem 61: Result more than twice size of optimal antiderivative.
J(dx+c)zcsc(bx+a) sec(bx +a) dx

Optimal (type 4, 111 leaves, 8 steps):

2 (dx +c¢)?arctanh (21 Px+a)) L Id (dx +¢) polylog(2, -e?1P¥+a)) 14 (dx + ¢) polylog(2, 1P¥T@)) & polylog(3, -2 P> +a))
b b b? 2b3

+ dzpolylog(3,621(bx+“))

20

Result (type 4, 468 leaves):

_ d*polylog(3, -e?Ibxta) 2cdln( (bxta) 4 1)y N 2cdIn(1 — el PXFD) 2cd1n(1 —lbxta)), + 14 polylog(2, -2 1PxTa))

20 b b b b2




_ 21dpolylog(2, -e!®** ) x| a?lin(e!®F —1) (2P HD+1)2 | 24 polylog(3, -e!**FW) 247 polylog(3, ! P ¥ )

b " b3 b X =
L (=02 @ —dPH) 2 @i OO+ 1) 2edin(@! OO 4 1) x  2acdin( OO —1)
b b3 b b b2
_ 2lcdpolylog(2, -e!®* ) 21dpolylog(2,e! ®* W)y (100 41) | Pin(l®¥ O —1) | An(el ®¥F 41)
b? p? b b -
_ 21cdpolylog(2, ¢! (bx+a)) n 1 ¢d polylog(2, -2 libxta)
b b2

Problem 62: Result more than twice size of optimal antiderivative.
J(dx+c)csc(bx+a)sec(bx-l—a) dx
Optimal (type 4, 59 leaves, 6 steps):

2 (dx+c) arctanh(e? 10X +a)) Idpolylog(z Flbxta)) Idpolylog(2 g2 lbx+ar)
b 267 2b?

Result (type 4, 207 leaves):
. cln(ezl(be”’) +1) n cln( (bxt+a) _ 1) cln(el! (bx+a) ) +1) n din(1 —e“bx+“))x n dIn(1 —e“be””)a Idpolylog(2 el bx+“))

_dn(@'"F0 1) x| Idpolylog(2, - ! *9)  din(!®**) 4+ 1)x _ Idpolylog(2, -¢!"**¢)  adn(e!"*te 1)

b 2 b2 b b? b?

Problem 66: Result more than twice size of optimal antiderivative.
J(dx+c)20sc(bx+a)3sec(bx+a) dx

Optimal (type 4, 181 leaves, 17 steps):

Ccdx  d*¥* 2(dx+c)arctanh (1P FY) g (dx+c)cot(bx+a)  (dx+c)’cot(bx+a)? | dlIn(sin(bx +a))

+
b 2b b b2 2b b3
+_Id(dx—%c)poWkg(2,ﬂglwx+”w __Id(dx—Fc)pdykg(2¢¥lwx+”U __dzpdybg(l-ezubx+m) +_d 2 polylog(3, 21 0x+a))
b? b? 25 25

Result (type 4, 631 leaves):
) d? polylog(3, ~g2libx+a)) n 2cdn(e X9 4 1) x " 2cdin(1 —elPxFa)) " 2c¢dIn(1 —e0xta)) _ 214 polylog(2, glbxtay) i

20 b b b b
_ 2lcdpolylog(2, ! ***@) &P n(l®* 0 —1)  Lin(2IPFD+1)2  Lln(l PO +1)  2d (! )
b? b b b b
dzln( bx+a) _ 1) n 2 d? polylog(3, -l bx+a)) n 2 d* polylog(3, el Px+a)) n Pin(1 — e bxTa) 2 _ P n(1 —ePxTa)) g2
b b b b b




N Ain(el?¥ T 4 1) 2 2edn(E1P¥FD 4 1)x 2acdn(efPF O — 1) + Icdpolylog(2, -2 10X +) N 1d? polylog(2, -2 1PxTa))
b b b2 b2 b2
N ( d2x2621(bx+a)+2bcdxe (bx+a) +b62621 bx+a)_ld2xe21(bx+a)_chCZI(bx+a)+Id2x+ch) B CZIH(eZI(bx+a)+1)
b2( 2be+a)_1)2 b

+ czln(e”bx“” -1) czln(e”bx“” +1) B 21cdpolylog(2, —el(bx+”)) B ZIdzpolylog(2, —eI(bx“”)x
b b b2 b2

Problem 67: Result more than twice size of optimal antiderivative.

J(dx+c) csc(bx+a)3sec(bx+a) dx
Optimal (type 4, 123 leaves, 11 steps):

_dx 2dxarctanh(ez“bx+“)) _dcot(bx+a)  (dx+c) cot(bx+a)2 _dxIn(tan(bx+a)) n (dx+c) In(tan(bx +a))
2b b 2 b2 2b b b
Idpolylog( Zlbx+ta)) _ Idpolylog(2, Zlbx+ta))
21)2 2p?
Result (type 4, 269 leaves):

2621(bx+a)bdx_Ide21(bx+a)+262I(bx+a)bc+1d cln(eZI(bx+a)+1) cln( (bx+a) _1)

cln(ef®¥+® 1) gin(1 —ExTa) x

b2(21bx+a)_1)2 B b b + b + b
+ din(1 — ®x+a) Idpolylog(Z lbx+a)) _ din(10x+a 4 1)« Idpolylog( 2 lbx+a)) + din(e!®¥+a 4 1) x
b? b? b 2b2 b
B 1d polylog(2, -t ®xT4)) B adln(e®¥+a) 1)
b? b?

Problem 68: Result more than twice size of optimal antiderivative.

J(dx+c)4sec(bx+a)tan(bx+a) dx
Optimal (type 4, 202 leaves, 10 steps):
81d (dx +c)? arctan (el ©¥+@) _ 121d* (dx + ¢)? polylog(2, —I¢! (bx+a)) + 121d* (dx + ¢)? polylog(2, I¢! (bx+a))

b? b b
+ 24 & (dx + c) polylog(3, —Iel(bx+”)) B 24 & (dx +c¢) polylog(3,IeI(bx+“)) n 24Id4polylog(4, —IeI(be””) _ 24Id4polylog(4,le1(bx+“))
»* b* » b
(dx +c)*sec(bx+a)
+ b

Result (type 4, 766 leaves):

_ 241d*polylog(4,1e'®¥+@)) 2414 cpolylog(2, —Te!P¥+a)) & 4 241d° cpolylog(2, Te! 0 *+a))

XL 24143 ¢? carctan (el 0¥ +@))
b’ b’

» »*




241d? a ? arctan (el 0¥ +9)) 4 24 1d* polylog(4, —1¢!Px+@)) L 2e Lbx+a) (P L aced P +6 22 +4 dx + *)

» B (21bx+a 4 1)
_ 24d*polylog(3,1e!Pxta)) x 4P (1 —10¥F)) 4 24 & cpolylog(3, —1etPxT@)) 4 24 d* polylog(3, —1e!PxT@))
»* b b* b*
" 4d* P (1 +10xTa) " 4d%In(1 + 1 bx+a)) 3 _ 4d%n(1 — 1 bxTa)) 3 _ 24 & cpolylog(3, 1l P xFa)) n 124> (1 41 P¥+D) &
» b? b? b* b
N R2&Am(1 +1 D) g 2P (1 —1P )y 2221 -1 ) g 28 dcin(1 41 P¥ )
b b? b b*
N 128 d?cln(1 — 10X +a) N R cin(1+1e? )2 2B cn(1 —1P*+9) 2 121d% P polylog(2, —1e! P*F4)
b* b? b b
n 121d? & polylog(2, 1t P x+a)) n 8Idc3arctan(e”bx+”)) 8 1d* a° arctan (! P ¥+ ) _ 121d* polylog (2, —Ie! PxTa)) 2
b b? » b
" 12Id4polylog(23,Ie“l””””)x2
b

Problem 73: Result more than twice size of optimal antiderivative.
J(dx+c)3csc(bx+a)sec(bx+a)2dx
Optimal (type 4, 308 leaves, 23 steps):
6Id(dx+c)2arctan(e“bx+“)) _ 2 (dx + ¢)? arctanh (¢! bx+‘”) " 3Id(dx+c)2polylog(2, —el(bx+”)) B 6Id2(dx+c)polylog(2, —Iel(bx+”))

bz b b2 b3
6Id2(dx+c)polylog(2 1e!®¥ta)) 314 (dx+c)?polylog(2, el ®*+4)) 6% (dx +c) polylog(3, -e' P¥+a)) N 6 d° polylog(3, —Ie' Px+a))
b b? b b*
_ 6’ polylog(3, 1l x+a)) 6d2 (dx +c) polylog(3,e!®*T@) 6143 polylog(4, -l ?x+4)) N 61d° polylog(4, ¢! P*¥+a))
b* b bt bt
(dx +c¢)3sec(bx+a)
+ b

Result (type 4, 1151 leaves):
3a62d1n( bx+‘”—l) + 3a20d21n(el(bx+a)—l) n c:’ln(el(be””—l) _ c:’ln(el(bx+a)+l) _ 6Id3polylog(4, —e”bx"’a))

b2 b3 b b b4
B 121cd* aarctan (e 0¥ +a)) + 6 1cd” polylog(2, —elbxta)) o + 6cd*In(1 +1e0x+a) 4 B 6cd*In(1 —1ebx+a) 4
b b? b b
" 6cd*In(1 +1e6X+@) _ 6cd*In(1 — 16X+ " 312 dpolylog(2, -el PX+a) n 6 1d° a? arctan (el P *+9)) n 6 1d° polylog(2, 1etPx+a)) x
»? »? »? b* b

6Id3polylog(2 [ bxta)), _ 6 1d° polylog(2, —Te! X+ x _ 6 1d° polylog(2, —Ie! X T@) ¢ " 6 1% darctan(el X +4))
b b bt b?




6lad’dilog(1 +1e!*T9)  6laddilog(1 —1e!®*F9)  g1cd*dilog(l +1e!Px 1) N 61cd”dilog(1 —Tel P¥+a))

i b bt b’ b’
L 31dpolylog(2, -l ®** @) 2 3L (1 —1* D) a2 3L (1 +1 D) a2 3L (1 —1OHFD) 2 3 (1 1l OFF) 2
b’ bt bt b? b?
N 311,1(1 _ eI(bx-i-a)) C.de + 3111(1 _eI(bx-i-a)) aczd B d3 ln(el(bx-i-a) + 1))63 N d3 ln(l _eI(bx-i-a)))g + d3 ln(l _eI(bx+a)) a3
b b2 b b b4
_ 3ln( (bx+a) +1)c2dx n 31n(1 —el(bx+a))cd2)c2 31n( bx+a)+1)cd2x2 _ 31n(1 —e“bx"”‘))azca’2 " 6Id3poly10g(4,el(bx+a))
b b b b3 b
+ 20+ (BB 432 +3Fdx+) _a 3B (el 0xta) 1) _ 3Iczdpolylog(2,el(bx+‘”) _ 3Id3p01ylog(2,e”b"J””)x2
( 21(bx+a) +1)b b4 b2 b2
B 6 1cd” polylog(2, el X T4)) x _ 6 d° polylog(3, -e! b¥+@)) x n 6 d° polylog(3, et ¥ +a)) x 6cd2poly10g(3 bx+a)
b? b b b
B 6 cd? polylog(3, -¢! P *¥*a)) " 6 d° polylog(3, —Ie! bx+“)) 6 d> polylog(3, Il 0¥ +4))
b’ bt b

Problem 80: Result more than twice size of optimal antiderivative.
J(dx+c)2sec(bx+a) tan(bx +a)? dx

Optimal (type 4, 174 leaves, 17 steps):
I (dx +c)?arctan(el ?¥+@) + dzarctanh(sin(bx+a)) 1d (dx + ¢) polylog(2, —I¢! (bx+a)) + Id (dx + ¢) polylog(2, I ¢! (bx+a))

N d* polylog(3, —1e'®*+@) P2 polylog(3,1e®*+9) g (dx+c)sec(bx +a) 4 (dx +c)?sec(bx+a)tan(bx +a)
b b b 2b

Result (type 4, 583 leaves):
_Iedpolylog(2, —1e'®¥*ta@))  Zin(1 —1e'®¥ta) 2 2P (1 +1eP¥Ha) N d” polylog(3, —1¢!P*+4) N > P In(1 — 1 0¥T)

b? 2b 25 b 2b°
B ZIdzarctan(eI(bx+”)) 1d? polylog(2, —I¢! (bx+ay) y 2Iacdarctan(el(bx+“)) " 1d? polylog(2, I ¢! (bx+ay) y chpolylog(2 el bx+a))
b b? b? b? b?
_ cdIn(1 —1etPx+a)) « 1

_ (I(x2d2be3l(bx+a)+2cdxbe3l(bx+a)+c2be3l(bx+a)_x2d2bel(bx+a)_zcdxbel(bx-i-a)
b (eZI(bx+a)+1)2b2

—2Id2xe (bx+a) CZbeI(bx-i-a) _2lcde31(bx+a) _21d2xe1(bx+a) _ZcheI(bx-i-a))) +

12 arctan (el 0¥ +@) + 1a* d? arctan (el 0¥+ @)
b b3
cdn(1 +1elx+a)) 4 _ cdin(1 —1etPx+a)) 4 + Pin(1 +1ebr+a)) 2 _ dzpolylog(3,le”bx+a)) n cdin(1 +1etbx+a))

+
b2 b2 2b b3 b




Problem 83: Result more than twice size of optimal antiderivative.
J(dx+c)zcsc(bx+a) sec(bx+a)® dv

Optimal (type 4, 181 leaves, 17 steps):
cdx | d*x* 2 (dx+c)arctanh(1 ) Pin(cos(bxta))

" " Id (dx + c¢) polylog(2, ~g2libx+a)) _ld(dx+c) polylog(2, 2lbx+ar)
b 2b b b3 b2 b2
_ d*polylog(3, -?!bx+a)) N d*polylog (3, 10¥*a@)) g (dx+c)tan(bx +a) L (dx +c)?tan(bx +a)?
263 203 b? 2b
Result (type 4, 613 leaves):
) dzpolylog(3, —eZI(b’H'“)) n ZCdln( (bx+a) 4 1)x

+ 2cdIn(1 — e PxFa)) x + 2cdIn(1 —€PxTa)), _ 21d* polylog(2, ' 6*¥+a)) x

20 b b b b
_ 2lcdpolylog(2, ! ") (21 FD +1) | alin(l®FD —1)  Lin(S!PHD+1)2 | 2d (! )
b? b b b b
+ 2d2p01y10g(3, —e“bx+“)) 2 d? polylog(3, el bx“’)) + dzln(l —e“bx+“))x2 _ d2ln(1 —e“bx“”) n dzln( (bx+a) +1)x2
b b b b b
B 2cd1n(e21(bx+”) +1)x 2acdln( (bx+a) _ 1) n Icdpolylog(2, - 2“bx+‘”) 1d? polylog(2, (bx+”))x _ czln(ezl(be”’) +1)
b b b? b2 b
(bx+a) _ (bx+a)
+521n( 1) +521n( ) +1)
b b
n 2 (bdzxzezl(ber“) +2bcdxe?lbxta) y p22lbxta) 2 2lbx+a) _1.gq21bx+a) —Idzx—ch) B 21cdpolylog(2, —e”bx+“))
(eZI(bx+a +1) b2 b2

_ 21d* polylog(2, el X +@) x
b2

Problem 86: Unable to integrate problem.

Jxﬁn(bx-%a)\/am(bx—%a) dx

Optimal (type 4, 76 leaves, 3 steps):

bx a
4 EllipticF CANG:
2xcos(bx+a)® | /COS( 2 "2 J B ( ( 2)’ )
L a
3

3b bx
9
cos( >

4sin(bx+a)+cos(bx+a)
+
) b2 9 p?

Result (type 8, 18 leaves):
Jxﬁn(bx-+a) cos(bx+a) dx

Problem 87: Unable to integrate problem.



J xsin(bx +a)
cos(bx+a)3 /2
Optimal (type 4,

57 leaves, 2 steps):

bx a\? .. . . [ bx a
_4/003(7—#5) ElhptlcF(sm(7+3),\/7)

2x

bx ,a) o
cos(2 +2jb

Result (type 8, 18 leaves):

J xsin(bx +a)
cos(bx—l—a)3 /2

Problem 88: Unable to integrate problem.

J xsin(bx +a)
cos(bx+a)5 /2
76 leaves,

Optimal (type 4, 3 steps):

+
by cos(bx +a)

)

4sin(bx +a)

bx
2y 4/005(7 +—) ElhptlcE( (
+ 4
2

+
3bcos(bx+a)® 3008(17 )bz
2
J xsin(bx+a)

cos(bx+a)5 /2

Result (type 8, 18 leaves):

Problem 89: Unable to integrate problem.

J xsin(bx +a)
cos(bx+a)9 /2
95 leaves,

Optimal (type 4, 4 steps):

3b*cos(bx +a)

4sin(bx +a) 12sin(bx +a)

Theos(bx+a)’ /2 35005( bz

I

J xsin(bx +a)
cos(bx—l—a)9 /2

Result (type 8, 18 leaves):

12/005( bx + — ) ElhptlcE( (— + 1),\/2 )
2x 2 2
n -
2_ 2
2

350%cos(bx+a)® > 3512 [oos(hx ¥ a)



Problem 90: Unable to integrate problem.
stec(bx+a)7 " sin(bx +a) dv

Optimal (type 4, 92 leaves, 4 steps):

bx a)? bx a
4 — + — | EllipticF — [,V2 b b
2xsec(bx+a)5/2 _ 4sec(bx+a)3 /Zsin(bx+a) _ /COS( 2 * 2) phe (sm( 2 2) )\/COS( xFa) Jseo(br+a)
5b 15 b? ( X aj
1 - e
5cos 2 + >

Result (type 8, 18 leaves):
stec(bx+a)7 22 sin(bx +a) dx

Problem 91: Unable to integrate problem.
stec(bx+a)3 22 sin(bx +a) dx

Optimal (type 4, 73 leaves, 3 steps)

4/cos(ﬁ +£]2 Elli ticF(sin(ﬁ + i) ﬁ)\/cos(bx—i-a) Jsec(bx+a)
2xseclbr¥a) 2 2 P 2 "2 )
b

bx a ,»
— +—=|b
cos( 2 > )

Result (type 8, 18 leaves):
stec(bx—I—a)S 22 sin(bx +a) dx

Problem 92: Unable to integrate problem.
J xsin(bx +a)
sec(bx—i—a)s/2
Optimal (type 4, 111 leaves, 5 steps):
2x 4sin(bx +a) 20sin(bx +a)
) 7,2 2 sh T
7bsec(bx +a) 49 b*sec(bx +a) 147 b*> \[sec(bx + a)

2
20/0%(%%—%%) EMmmF“m(éf-+%J,J7)Jmﬂbx+a)debx+a)
+

147005( bx 51) b2
2 2

Result (type 8, 18 leaves):
J xsin(bx +a)
sec(bx +a)’ /2



Problem 93: Unable to integrate problem.
chos(bx+a) sin(bx +a)? /2 dv

Optimal (type 4, 85 leaves, 3 steps):

2
. [ a T bx .. a T bx
12 4+ 2 42X | EllipticE a2 2 , .
/Sm(z 42 ) 1PHE [C"s(z 42 ) j +4cos(bx+a)sm(bx+a)3/2 +2xs1n(bx+a)5/2
(a ® bx), 2552 5b
25sin| £ + 2 4+ 2% 1p
mn(z +-4 + 5 ]

Result (type 8, 18 leaves):

chos(bx—l—a) sin(bx +a)® 72 dx

Problem 94: Result more than twice size of optimal antiderivative.
chm(bx+a)
sin(bx +a)

dx

Optimal (type 4, 66 leaves, 2 steps):

2
. a n , bx - a T , bx
4 44+ 42X | EllipticE a T 2x )2 :
/sm( ) 4 5 J iptic (cos[ ) 2 ) j \/—J N 2y sm(bx+a)
[ a T, bx ) .2 b
-
Sm( 24T )
Result (type 4, 307 leaves):
Cbx+2n) (00 1) T 1 S| 2t(i-1(d o))
2 2 5
p2 | 1 ((bxta)?—1) dbx+a) 42 [ Tl ((l®rta)—1) Jdbx+a) JeOxta (1 (e bxta)?)
eI(bx-i—a) eI(bx+a)
JePxFar 4 [ elbxtal 4o [ (lbx+a) [—2EllipticE[ e“bx+“)+l,—22 ]—i—EllipticF[ e“’“‘+“>+1,—22 ]]

\/—I (el(bx+a))3 +1lxta

\/7\/ 1 ( (el(bx+a))2 _ 1) ol (bx+a)

Problem 95: Unable to integrate problem.

J xcos(bx+a)
sin(bx+a)3 /2



Optimal (type 4, 66 leaves, 2 steps):

2
4/sin(% +% + bx] EllipticF(cos[i —l—% + bx J,\/T)

2 2 2 B 2x
a m  bx).» b\sin(bx +a)
—+—+—|b
Sm(z PR ]
Result (type 8, 18 leaves):
chos(bx+a)
sin(bx+a)3 /2
Problem 96: Unable to integrate problem.
chos(bx+a)
sin(bx+a)5 /2
Optimal (type 4, 85 leaves, 3 steps):
a L bx 2 a L bx
4 inf — +— +— EllipticE —+ -+ —|,V2
/Sm[z 4 j e (Cos[z 42 )J_J B 2x _ 4cos(bx+a)
: 32 -
3sin ﬁ.,.ﬂ_,_ﬂ H2 3bsin(bx +a) 362 sin(bx +a)
2 4 2
Result (type 8, 18 leaves):
chos(bx+a)
sin(bx+a)’ /2
Problem 97: Unable to integrate problem.
chos(bx+a)csc(bx+a)5/2dx
Optimal (type 4, 101 leaves, 4 steps):
4/sin(£ + 24 sz Elli ticE(cos[i +I +ﬁ] \/TJ\/csc(bx+a) Jsin(bx +a)
_2xcsc(bx+a)3/2 __4cos(bxta)ycsc(bx +a) + 2 4 2 P 2 4 2 )
3b 32 a . m  bx),
3sin| — +— +—1|b
Sm[z PR

Result (type 8, 18 leaves):
chos(bx+a) ese(bx +a)® /2 dv

Problem 100: Result more than twice size of optimal antiderivative.

J(dx+c)3csc(bx+a) sin(3bx+3a) dx



Optimal (type 3, 157 leaves, 10 steps):

3ed®x 348 | (dx+e)*  9dcos(bx+a)? N 9d (dx+c)%cos(bx+a)?  3d* (dx+c)cos(bx+a)sin(bx+a)

2p? 4 4d 8 bt 4 b? b
N 2 (dx+c)3cos(bx+a)sin(bx +a) N 3dsin(bx+a)®  3d(dx+c)’sin(bx+a)?
b 8 b* 4 b?
Result (type 3, 579 leaves):
4g((mﬂbx+a)$be+a)_+éﬁ_kg)
3 4 :

3 2 2 2 3FdR 5 1 ( 3 3(amwx+a)$be+a) bx a)
-Ax— - —cd* X+ — 4| (b = 4+
cx 1 + b > c +b4 (bx+a) 7 + > +2

cos(bx+a)sin(bx +a) bx a)
3(bx+ += 4+ =
3 (bx+a)?cos(bx+a)? (bx a)( 2 2 2 3(bx+a)? | 3sin(bx+a)® 3 (bx+a)*
+ - + + —
4 2 8 8 8
_3a((bx+a)T(mex+a)Qbe+a)_+é£*“g)+ wx+a)wﬂbx+aﬂ _(mﬂbx+a)ﬁbe+a)__21__3__(bx+aPJ
2 2 2 2 4 4 4 3
bx+a)sin(bx+a) |, bx | a (bx+a)?> sin(bx+a)? 3 ( cos(bx+a)sin(bx+a) , bx | a
o) et | % +5)
+3a @ x+a)( 7 + 2 +2 2 2 a 2 + 2 +2
. 2 . 2 .
lzczd[(bx+a)(cos(bx—i—a)sm(bx-i—a) +Q+£]_ (bx+a)* _ sin(bx+a) _a(cos(bx—i-a)sm(bx-i-a) +Q+£j)
2 2 2 4 4 2 2 2
+
b2
1 0 o ( cos(bx+a)sin(bx+a) bx a (bx4—a)um(bx-ka)2 cos(bx +a) sin(bx +a) bx a
— | 12¢d b - + = — - - =
+b3( c ((x+a)( 2 + 2-+2J+ 7 ) 4 2
3 : 2 . 2 .
_(bx;a) _2a[(bx+a)((mﬁbx+a£mﬂbx+a)_+%f_+gj__(bxia) . wﬂbz+a) ]+a2(c%(bx+aEMbe+a)_+%%

+5))

Problem 103: Result more than twice size of optimal antiderivative.

J(dx+c)4sec(bx+a) sin(3bx +3a) dx
Optimal (type 4, 282 leaves, 20 steps):

6ed’x  3d2  (dxte)  I(dxte)® | (dx+o)*in(@!P¥FO+1) | 21d (dx+c)* polylog(2, -1 H)

b3 b3 b 5d b b2
" 3d? (dx + ¢)? polylog(3, -e* 1 (bxFa)) n 31d° (dx + c) polylog(4, -e*1bx+a)) _ 3 d* polylog(5, -e21bx+a))
b b* 20
_ 6d° (dx+c)cos(bx+a)sin(bx+a) N 4d (dx+c)3cos(bx+a)sin(bx+a) + 3d*sin(bx+a)?  6d* (dx+c)?sin(bx+a)?

»* b? » »



2 (dx+c)*sin(bx +a)?
b
Result (type 4, 955 leaves):

d41n(621(bx+“) +l)x4 " 4cd3ln(621(bx+“) +1))c3 _ 3d4p01y10g(5, —eZI(b’H'“))

_|_

3.3 I1(bx+a)
el 1R RR —21Bgl LY 8dcd In(e )

b b 20 5 b*
_ 12& AP (el Prra) N 8aldin(el®*ta)  41lda®  6latcd N 812 d% o . 2l d*x N 31cd polylog(4, -2 1bx+a))
b b b? b* b b* b*

B 21 dpolylog(2, -e2 1B x+a)) _ 21d* polylog(2, -2 1bx+a)) 3 + 31d* polylog(4, -e210x+a) _ 6 1% d? polylog(2, -e210x+a)

b b b* b
B 6 1cd’ polylog(2, -e1PxFa)) 2 _ 81cdax n 121 d* a? x _ 81cd® a®x " 3d* polylog(3, -e?10x+a)) 2 n 3 2 d? polylog(3, -e>1bx+a))

b? b b? b b b

4 21 (bx+a) 4 (bx+a)
41ty 4 Snle p +1) _ 2a d41nl()5 ) 4 81”’:5“ - 25 (PP 4IP3 +8b e P + 210 e 2 + 1204 A2 P
5 4

+RIP PP x+8b* Fdx +418PAd +2b** — 602 d* > —61bd*x — 12 cdx — 61bcd® — 62 d?b* +34%) ST bxTa)y 25(( 20 Nt

— AP P +8b e — 121 P+ 2P PR - RIP AP x+8bdx— 41 d+2bF —6b2d* > +61bd* x— 12b2cd®x+61bed

3 _21bx+a) 2 21(bx+a) 21 (bx+a) (bx+a)
PP 434 ) o2y 4 6cd polylog(l_’;; e ) x N 62 d*In(e . +1) 2 N 43 dIn(e . +1)x 2 In(e! : )

Problem 104: Result more than twice size of optimal antiderivative.
J(dx+c)3sec(bx+a) sin(3bx +3a) dx
Optimal (type 4, 219 leaves, 19 steps):

3d8x  (dx+ce)®  1(dx+e)? N (dx+c¢)3in(21P¥Ha 4+ 1) 31d (dx +c)?polylog(2, -e*Px+a)) 3d2(dx+c)polylog(3 Zlbx+a)

25 b 4d b 25 25
31d3 polylog(4, -e210~xT@) 3B cos(bx +a) sin(bx+a) N 3d(dx+c)?cos(bx+a)sin(bx+a)  3d* (dx+c)sin(bx+a)?
4b4 2 b b b
4 2(dx+c) Zin(bx—l—a)z

Result (type 4, 638 leaves):
(4B +61PE R+ 20 cd P+ 121 cd* x + 1203 Pdx +612dP* +4b°E —6bdPx—31d° —6cd*b) S10x T
8 b*
(4PPY — 612 P2+ 120 cdP 2 — 2102 cdPx + 1202 Pdx —612db? +40° 3 —6bdPx+31d° —6cd?b) e 21 bx+a)
8 p*
6ac2d1n( bx“”) 6a%cd*n(elbx+a)) 1% x* 23 (el 0x+a)) D) 312 d P 31cd? polylog(2, ~g2libxta)y
- - —led*x® — -
b2 b3 4 b 2 b2

+13x




Lin(E!OF0+1) 0 22 E () 31atd _ 31ddd® | Aledd® _ 21dd’x | bleda’x _ 61Pdax

i b bt 26 b? b’ EE b
n 3d3polylog(3, —eZI(be”’))x " 3cd2p01ylog(3, —ezl(bx+‘”) n 3Id3polylog(4, —e21(bx+“)) n c3ln(e21(bx+‘” +1)
20 20 4p* b
" 3cd21n(621(zx+“) + l)x2 " 3c2dln(ezl(;’x+“) +1)x _ 3Iczdpolylog(22, —eZI(bx+“)) _ 3Id3p01y10g(2, ;ezubx+“))x2
2b 2b

Problem 106: Result more than twice size of optimal antiderivative.
J(dx+c)2sec(bx+a)2sin(3bx+3a) dx

Optimal (type 4, 136 leaves, 15 steps):
_41d (dx +c) arctan(e! ®¥ T @) N 8d?cos(bx+a) 4 (dx+c)’cos(bx+a) N 21d* polylog(2, —1e!®*+4)) 2142 polylog(2, 1! ®¥ )
»? b b b3 b
_ Uhf%dzwdbx+a)_+8d(dx+c)ﬁbe+a)
b b2

Result (type 4, 344 leaves):
2(PPP 42V cdx+ PP A +21bdPx—2d> +21bcd) Pt 2 (PP 20 cdx+ PP —21bd*x —2d*> —21bcd) e 10T

b b
2P +2cdx+2) PO gldcarctan(f®¥TY) 282 In(1 +1P ) 22 In(1 +1 X FY) g + 2482 1In(1 — 1 X Ta)) x
b (e2l(bx+a) +1) b2 b2 b3 b2
N 2487 1In(1 — 1 bx¥Ta) 4 L 21d* dilog(1 +1e!®x+a)) 2142 dilog(1 — 1! Px+a) N 41d*qarctan(e! P¥+ )
b3 b b b

Test results for the 3 problems in "4.7.4 x*m (at+b trig”n)*p.txt"
Problem 1: Result is not expressed in closed-form.

J : 2
a bSll’l(x)
Optimal(type 4, 153 leaves, 9 Steps):

be2lx be2Ix be2lx
Ixln| 1 — Ixln| 1 — polylog| 2,
[ 2a+b—2JaJa+b J N ( 2a+b+2JaJatb ) [ 2a+b—2JaJa+b
2Ja Ja+b 2Ja Ja+b 4Ja Ja+b
be2Ix
polylog| 2,
[ 2a+b+2\/7\/a+bJ

_|_

Nrllreas



Result (type 7, 71 leaves):

Rl —¢el* . Rl — ¥
Ixtn| <25 | 4 dilog| =~—°—
] 25 X n( R ) 1og( R )

2
RI=RootOf(b_Z%+(~4a—2b) 2 +b) - RIFb+2a+b

Problem 2: Unable to integrate problem.

a + bsin(x)
Optimal (type 4, 311 leaves, 13 steps):
21x 21x 2 1x
Ifln[1 - be Ix"ln[l - be ) 3x2p01ylog[2, be ]
) 2a+b—2JaJa+b N 2a+b+2JaJa+b ) 2a+b—2JaJa+b
2Va Ja+b 2Ja Ja+b 4ya Ja+b
be2lx be2Ix be2Ix
3x2pdybg[2, J 3prdybg(3, ) 3prdybg[l
4 2a+b+2JaJa+b ) 2a+b—2JaJa+b + 2a+b+2JaJa+b
4Ja Ja+b 4a Ja+b 4a Ja+b
beZIx beZIx
3p0bdog{4, J 3pobdog[4,
4 2a+b—2Ja Ja+tb ) 2a+b+2JaJa+b
8va Ja+b 8va Ja+hb
Result (type 8, 16 leaves):
Py
a + bsin(x)
Problem 3: Unable to integrate problem.
a +bcos(x)
Optimal (type 4, 235 leaves, 11 steps):
21x 21x 21x
Ilen(l + be 11| 1+ be J xpolylog(Z, - be ]
) 2a+b—2JaJa+b 4 2a+b+2JaJa+b ) 2a+b—2JaJa+b
2Va Ja+hb 2Ja Ja+b 2Va Ja+h
21x 21x 21x
xpobdog[2,— be J Ipobdog[3,— be J Ipohdog(3,— be
n 2a+b+2JaJa+b ) 2a+b—2JaJa+b + 2a+b+2JaJa+b
2Ja Ja+b 4a Ja+b 4a Ja+b

Result (type 8, 16 leaves):



i

a +bcos(x)2

Test results for the 86 problems in "4.7.5 x™m trig(a+b log(c x"n))"p.txt"

Problem 1: Unable to integrate problem.
szsin(a +bIn(cx")) dr
Optimal (type 3, 57 leaves, 1 step):

B bnxcos(a+bin(cx?)) + 3 sin(a +bIn(cx"))
b*n® +9 p*n? +9

Result (type 8, 17 leaves):
szsin(a +bIn(cx")) dr

Problem 2: Unable to integrate problem.
Jshl(a +blIn(cx")) dx
Optimal (type 3, 52 leaves, 1 step):

B bnxcos(a +bn(cx")) + xsin(a +bIn(cx?))
B +1 B +1

Result (type 8, 13 leaves):
Jshl(a +blIn(cx")) dx

Problem 3: Unable to integrate problem.
. 2
szsnl(a +bIn(cx"))” dx
Optimal (type 3, 95 leaves, 2 steps):

20w 2bnxcos(a +bIn(cx"))sin(a +bIn(cx")) N 323 sin(a +bin(ex’))?
3(46%0* +9) 4p2n% +9 4p2n% +9
Result (type 8, 19 leaves):

sz sin(a +bin(ex") ) de

Problem 5: Unable to integrate problem.
Jsin(a +bin(cx))’ dr



Optimal (type 3, 149 leaves, 2 steps):
663w xcos(a+bin(ex)) | 6b*rPxsin(a+bin(cx'))  3bnxcos(a+bin(ex))sin(a+bin(c))? | xsin(a+bin(cx'))’

9b*n* + 106202 +1 9p*n* +10b% 0% + 1 9p2n* +1 9b%n? +1
Result (type 8, 15 leaves):
Jsin(a +bln(cx”))3 dx

Problem 7: Unable to integrate problem.

dx

J sin(a +bln(cx”))3
XZ
Optimal (type 3, 158 leaves, 2 steps):
66 ndcos(a+bIn(cx")) 662 n*sin(a+bin(cx"))  3bncos(a+bin(cx"))sin(a +bIn(cx"))’  sin(a +bIn(cx"))’
(96*n* +106% 0> +1) x (96*n* +106% 0> 4+ 1) x (9621% +1) x (962n* +1) x
Result (type 8, 19 leaves):

dx

J sin(a +b1n(cx”))3
x2

Problem 8: Unable to integrate problem.

dx

J sin(a +bln(cx”))3
e

Optimal (type 3, 158 leaves, 2 steps):
_6b%nPcos(a+bin(cx”))  1262msin(a+bIn(cx”))  3bncos(a+bIn(cx")) sin(a +bIn(cx”))®  2sin(a +bn(cx"))’

(96*n* +4062n> +16) 2 (9b6%n* +400% 0> +16) 2 (962 n* +4) 2 (962 n* +4) 2
Result (type 8, 19 leaves):

dx

J sin(a +b1n(cx”))3
e

Problem 9: Unable to integrate problem.
. 4
sz sin(a +bIn(ex"))” dx
Optimal (type 3, 202 leaves, 3 steps):

8bptnt 3 _ 2453 3 cos(a + bIn(cx") ) sin(a + b1n(cx)) " 36b2n2f’sin(a+bln(cx”))2
64 b* n* + 180 b2 n? + 81 64 b*n* + 180 b2 n? + 81 64 b* n* + 180 b2 n? + 81




3 sin(a + bIn(cx") )

_4bm§mﬂa+bm&ﬁ0)mﬂa+bm@ﬂ))
1662 n* +9 1662 n? +9
Result (type 8, 19 leaves):
sz sin(a +bIn(ex?) )4 dx

Unable to integrate problem.

Problem 10:
sin(a +—bln(cx”))4
dx
2
Optimal (type 3, 202 leaves, 3 steps):
24 5 n* 2453w cos(a +bIn(cy")) sin(a +bin(cx))  12b%n*sin(a +bin(cx"))?
(64b*n* +200%n* +1) x (64b*n* +200%n* +1) x

C(64btnt 120022 +1)x
 4bncos(a+bIn(cx"))sin(a +bin(cx"))’
(166°n% +1) x

sin(a +bIn(cx"))?
(166%n% +1) x

dx

Result (type 8, 19 leaves):
Jﬁda+bmuﬂ)f

2

Problem 11: Unable to integrate problem.

Optimal (type 3, 69 leaves, 3 steps):

Fma+h@ﬂ) —%]M
J n
1 1

Z [ 2 1
1 o
nxlIn(x) 3

1

J 2 (ex)”

a +In(cx?) Lz ]dx
J n
2
a+In(cx") | %) dx
n

Result (type 8, 19 leaves):
Jsm

Problem 12: Unable to integrate problem.

Jx sin



Optimal (type 3, 68 leaves, 3 steps):

Result (type 8, 23 leaves):

Problem 13:

Optimal (type 3, 68 leaves, 3 steps):

Result (type 8, 25 leaves):

Problem 14:

Optimal (type 3, 149 leaves, 3 steps):

Unable to integrate problem.

Unable to integrate problem.

anlosy 1 . [~
3e "o - 3nx3 cx") "
—

% 2an ,L
2 Ae)" e " 2in(x)
4 5 1 2
16 ¢ o l’l2 4(an)n

a+1n(cﬂ)E)2m

Jxﬁn
i 2
sh1(a-+1n(cx”) | -~ ]
1 dr

S
2an —1—2 2
1 e o (en)” In(x)
4x2 ’ : 2an L
1622 (ex")” 4. 2 2
2
sh1(a-+1n(cx”) / ——%; ]
L dx
<

3
J sin[a+ln(cx”) /_n%] dx

=|w

[ - 3an /——2
48 e n

1
T 3an /——
[ -— e n nx3m
7’12
_l’_
1

8 (cx)

=W



Result (type 8, 25 leaves):

Problem 15: Unable to integrate problem.

3
J sin[a—Hn(cx”) /—#J dx

ln(cx”) Y
sin| a + 3 L
dx
x2
Optimal (type 3, 149 leaves, 3 steps)
/_ 1 il L
1 2 1 3n 1 n 1
—2 n|-—= n (ex") | - n(ex)"” In(x) -
n~_ n_
L _7,L an A 3an !
B - -
16x (cx")” 32x (ex") 16¢ n . e n2
Result (type 8, 26 leaves):
3
(ex) |-
. n
sin| a + 3
dx
x2
Problem 16: Unable to integrate problem.
}ﬂ%m[a+ In(e?) J ~(1 +m)? dx
2
Optimal (type 3, 92 leaves, 3 steps):
allxm L, m ay -1 +m? 1l m
_ev’(1+’”)2 x1+’"(cx2)2 2 L L+m (14+m)x' T (cx?) > 21n(x)
4 -(14+m)? 2V -(14+m)?

Result (type 8, 26 leaves):

Jx”’sin[a +

(cf)d l+nﬁ dr

2



Problem 17: Unable to integrate problem.

2
_ 2
stin - In(cx?) 4(1 +m) &
Optimal (type 3, 90 leaves, 3 steps):
M l+ﬂ ,lfﬂ
Kl +m e - (1 +m)? x1+m(cx2)2 2 _x1+m(cx2) 2 zln(x)
2 (1 +m) 8(1+m) 2a(l+m

4o -0 +m?
Result (type 8, 28 leaves):
2
In(c?) v - (1 +m)?
4

a+

dx

Jf"ﬁn

Problem 18: Unable to integrate problem.

dx

J\/sin(a +bIn(cx?))
x2

Optimal (type 5, 90 leaves, 3 steps):

, [% + ﬁ],eﬂa (cx”)zlb)\/sin(a T+ hin(cx"))

1 1 |
2h -, -
) ypergeom( [ 2 + hn

(2+1bn)xy 1 — 1 (cx)* "
Result (type 8, 19 leaves):

dx

J\/Sin(a T+ bin(cr))
x2

Problem 19: Unable to integrate problem.

Jsin(a +hin(ex))? 72 dx
Optimal (type 5, 88 leaves, 3 steps):

3 3 I
h; -, - =
2x ypergeom( [ 22 “hn ],

11
4 2bn
(2=31bn) (1 =1 (cx)*'?)

L 2la (cﬂ’)”b) sin(a +bn(ex))? 7
3,2

Result (type 8, 15 leaves):

Jsin(a +b1n(cx") )3 / dx



Problem 21: Unable to integrate problem.

1
dx
Jsin(a +bin(exr))> 72
Optimal (type 5, 88 leaves, 3 steps):

25 (1 = @14 (exr)210)3 72

3 3 1 7 I 21a 21b
h = = _ -
ﬂmgmm([2,4 b ,[4 2bn}e (ex?) )

(24+31bn)sin(a —i—bln(cx”))3 z

Result (type 8, 15 leaves):

1
dx
J sin(a +—bln(cx”))3 z

Problem 23: Unable to integrate problem.
J(ex)msin(d (a+bln(ex)))* dv

Optimal (type 3, 337 leaves, 3 steps):

2464 d* 0 (ex)! T 2403 n® (ex)! T™cos(d (a+bIn(cn"))) sin(d (a + bIn(cx")))
e(14+m) ((1+m)2+4p2d>n*) ((1 +m)? +16b*>d*n?) e((1L+m)2+4p>d*n?) (1 +m)? +16b*>d*n?)
L 1202 (L4+m) n (ex)! *7sin(d (a+bIn(cx')))®  4bdn (ex)! *™cos(d (a+blIn(cx))) sin(d (a+bIn(cx")))’
e((14+m)>+462d*n*) (1 +m)* +16b>d*n*) e((14+m)*>+16b>d*n*)

(1 +m) (ex) *"sin(d (a +bn(cx")))?
e((14+m)?+166%d*n?)
Result (type 8, 23 leaves):

+
J(ex)msin(d (a+bln(ex)))* du

Problem 24: Unable to integrate problem.
sz sin(a + bIn(cx") )’ dx

Optimal (type 5, 102 leaves, 3 steps):

2bn C 2bn 2
(3 —1bnp) (1 =1 (cx?)*1?)”

Bl=bnp ,[1 3L —B],eﬂa (cx”)zlb)sin(a+bln(cﬂ’))p

P hypergeom( [ -p,

Result (type 8, 19 leaves):
sz sin(a +bIn(cx"))” dx



Problem 25: Unable to integrate problem.
stin(a +bIn(cx") )’ dx
Optimal (type 5, 99 leaves, 3 steps):

xzhypergeom( [ -, L_»r }, {1 — bl_n — % ],ezl“ (c;(’)zw) sin(a +bIn(cx?))?

(2—1bnp) (1 —ele (cx

21b\P
)*'")
Result (type 8, 17 leaves):

stin(a +bIn(cx?))? dx

Problem 26: Unable to integrate problem.
J?zcos(a —+—bln(cx”))2 dx
Optimal (type 3, 95 leaves, 2 steps):
200X +3xﬂmﬂa+bmuﬁ)f_+2bmémﬂa+bmhﬁﬁ)mﬂa+bm@f))
3(4620% +9) 46°n* +9 )
Result (type 8, 19 leaves):

J cos(a +—bln(cx”))2 dx

Problem 27: Unable to integrate problem.
chos(a +—bln(cx"))2 dx
Optimal (type 3, 92 leaves, 2 steps):

B 2 2 2cos(a+bln(cx"))’ . bnPcos(a+bIn(cx)) sina +bIn(cx"))
4(b*n®+1) 2(b?n?+1) 2(b*n?+1)
Result (type 8, 17 leaves):

jxcos(a +-b1n(cx”))2 dx

Problem 28: Unable to integrate problem.

dx

Jncos(a +bln(cx”))3
x2

Optimal (type 3, 158 leaves, 2 steps):
3bncos(a+bn(cx) )2sin(a +blIn(cex"))

_6b%ﬁwda+bm@ﬂ))__wda+bm@ﬂ)f +6b%ﬁﬂﬂa+bm@ﬂ)

)
+
(9p*n* +106% 0> +1) x (962n> +1)x (9p*n* +106% 0> +1) x

(9b2n2+-1)x



Result (type 8, 19 leaves):

dx

J‘cos(a +—bln(cx”))3
XZ

Problem 29: Unable to integrate problem.
Jcos(a +—bln(cx”))4 dx

Optimal (type 3, 191 leaves, 3 steps):

24p*nx 1262 n? xcos(a +b1n(cﬂ’))2 + xcos(a +bln(cx”)) 24b3n3xcos(a +bIn(cx?)) sin(a +bIn(cx?))
64b*n* +206% 1% + 1 64b*n* +20% 1% + 1 166212 + 1 64 b n* +200% 12 + 1
4bnxcos(a +bln(cﬂ)) sin(a +bIn(cx))
16b%n* + 1

Result (type 8, 15 leaves):
Jcos(a +—bln(cx”))4 dx

Problem 31: Result more than twice size of optimal antiderivative.

J‘cos(a —+—bln(cx”))3 z d

X

Optimal (type 4, 93 leaves, 3 steps):

bln(ex") a bln(ex") ] )
2/005( 2 2 j Elliptick ( [2 2 VT , 2sin(a +bIn(ex")) Jeos(a +bIn(ca"))

a bhlc 3bn
3005(2 — 5 an

Result (type 4, 246 leaves):

(T - T ol LT [ - L {5 21

+/s1n( MJZ/ZSin(%+M)2—I EllipticF[cos(%+M),\/7j—2sm(2 bln(z—*ﬂ))zcos(%

2 2

2 2
; binle) )])/ (3n/ ZSm( o, pnler) j4+sm( o, ol )2 Sm[% \ pinle) ]/Ms[% +bln(2—cx”)J2_1 b)

Problem 32: Result unnecessarily involves higher level functions.



J’ +
x\/COS(a bln(cxn))
Optlmal(type 4, 60 leaves, 2 Steps):

2/cos[%+bln(2—c{l)j2 ElllptlcF(sm(% bin(c )Jﬁ)
=)

[ a bhlc
cos| —
2

bn

Result (type 5, 25 leaves):
2 InverseJacobiAM[ % + M, \/7 )

bn

Problem 33: Unable to integrate problem.

1
J’cos(a +bln(cx”))3 z
Optimal (type 5, 88 leaves, 3 steps):

21a 21b 3 /2 i i_ I l _ 1 21a 21b
2x(1+e (ex") ) hypergeom 202 yrade b (cx")
(2 +3Ibn)cos(a+b1n(cx”))3 Z
Result (type 8, 15 leaves):
1
dx
Jncos(a +—bln(cx”))3 Z
Problem 35: Unable to integrate problem.
1
dx
J.cos(a +—bln(cx”))5 z
Optimal (type 5, 88 leaves, 3 steps):
5/2 55 I 9 I 21b
2x(1+&21e 200y 7y 35 _ 9 _ 2l
x( +e? 14 (ex) ) ypergeom > 7 YA on I e (ex)
(2 +51bn) cos(a+bin(cx))’

Result (type 8, 15 leaves):

1
dx
Jacos(a +—bln(cx”))5 z



Problem 36: Unable to integrate problem.

1
dx
Jcos(a —21In(ex) )3 /2
Optimal (type 3, 42 leaves, 3 steps):
-1 _c4eZIax4

24213 cos(a —21In(ex) )3 /2

Result (type 8, 14 leaves):

1
dx
Jcos(a —21In(ex))3 72

Problem 37: Unable to integrate problem.
Jf”cos(a +—bln(cx”))3 dx
Optimal (type 3, 201 leaves, 2 steps):
65> (1 +m) n*x! T"cos(a + bIn(cx")) N (1 +m)x +"cos(a +bIn(cx) )’ N 6563 x! T"sin(a + b1In(cx"))

((1+m)2+b2n*) ((1+m)>+9b%n*) (1+m)*+9b*n? ((1+m)?2+02n*) ((1+m)>+9b%n?)
N 3bnx! tMeos(a + bin(cx) ) sin(a + bin(cx))
(14+m)%+9b>n?
Result (type 8, 19 leaves):

fﬁ"cos(a +b1n(cx”))3 dx

Problem 38: Unable to integrate problem.
jf”cos(a +blIn(cx")) dx
Optimal (type 3, 70 leaves, 1 step):

(14+m)x' T"cos(a +bIn(cx?)) + bnx' T"sin(a + bIn(cx?))
(1 4+m)% +b>n? (14+m)% +b>n?

Result (type 8, 17 leaves):
jf”cos(a +blIn(cx")) dx

Problem 39: Unable to integrate problem.

X"
dx
J‘cos(a +—bln(cx”))5 Z

Optimal (type 5, 111 leaves, 3 steps):



5/2 )
2x1+’"(1 +ezI“(cﬂ)2Ib) hypergeom([%, 21 ilbm+5bn
n

4bn

,[ 21 —-2Im+9bn ,—CZIa (an)zlb)

(24+2m+51bn) cos(a +bn(cx))®

X"
dx
Jacos(a +—bln(cx”))5 z

Result (type 8, 19 leaves):

Problem 40: Unable to integrate problem.
chos(a +bIn(cx") )’ dx
Optimal (type 5, 99 leaves, 3 steps):

K cos(a +bIn(cx?) )phypergeom( [ -p, L_»r ], [1 L _»r ], -2 la (c#’)“b)
bn 2 bn 2

(2 —1bnp) (1 +&1a (cx)?'?)?
Result (type 8, 17 leaves):
chos(a +bIn(cx") )’ dx

Problem 41: Unable to integrate problem.

dx

Jtan(a +1In(x))

x4

Optimal (type 3, 40 leaves, 5 steps):

21 arctan[ X )
ela

3)63 eZIax e3Ia

Result (type 8, 34 leaves):

Problem 43: Unable to integrate problem.

tan(a + Iln(x) )2 &
x2
Optimal (type 3, 54 leaves, 5 steps):
X
2 arctan| —
eZIa 3y ( eIa )

+ +
x(621a+x2) g2la 42 ela



Result (type 8, 52 leaves):

1 2 2
— + |- dx
X ((el(a+lln(x)))2 + l)x (J ((el(a+lln(x)))2 + 1)x2

Problem 44: Unable to integrate problem.
J(ex)mtan(a+lln(x))3dx

Optimal (type 5, 156 leaves, 6 steps):

21a \2 41a
Il—e m I 21a 34+ +e (l_m)J m
I(1—m)mx (ex)™ [ 2 J x(ex) [e ( ") 2 *led
2 (1+m) 2la \2 m( e““J
2 1+
2[1+ 2 j € 2
21a
I(m2+2m+3)x(ex)mhypergeom[[1,—%—%},{%—%],‘exz ]

1 +m
Result (type 8, 18 leaves):

J(ex)mtan(a+lln(x))3dx

Problem 45: Unable to integrate problem.
Jtan(a +In(x) )P dx

Optimal (type 6, 96 leaves, 4 steps):

_ 21a 21) \P
(I(ll ezmx);zl) ) (l+621ax21)prppellF1(-%,-p,p,l—%,ezmle, _e2lax21)
+e

(1 _GZIaXZI)P
Result (type 8, 9 leaves):
Jtan(a +In(x) )P dx

Problem 46: Unable to integrate problem.
J}an(a +2In(x) )P dx

Optimal (type 6, 96 leaves, 4 steps):

_ 21a 41y \P
(I(l Zla 95”) ) (1 +621ax41)prppellF1(—i,—p,p,l—i,eﬂax“, _e2Iax4I)
1 +e " %x

(1 _GZIax4I)P



Result (type 8, 11 leaves):
Jtan(a +21n(x) )? dr

Problem 47: Unable to integrate problem.
[ tan(d (a + bin(ex)))? ax

Optimal (type 5, 145 leaves, 5 steps):

-21 21 21bd
21x*h 1 1— —=— | -&lad (e
(41—bdn) x* Ix4(1—621"d(cx")21bd) _ * ypergeom([ “ bdn ’[ bdn }’ © (ex")
4bdi’l bdn(l—i‘eZIad(C)Jl)Zlbd) bd}’l
Result (type 8, 196 leaves):
e 1 )
4 [ ( 1d (a-i—b (ln(c)+ln(e”1n(x)) _ Incsgn(lce N™) (~csgn(Ice? M) +cesgn(lc)) (~csgn(lee? M) +csgn(1e? n))) )) ]2 }
dbn | \e 2 +1
81 .
1d [a-i—b [ln(c)-i-ln(e”ln(x)) _ Imcsgn(Ice” M) (~csgn(Ice? ) +csgn(lc) (-csgn(lce? M) +csgn(1e? In))) ]] 2
dbn | \e 2 +1

Problem 48: Unable to integrate problem.
[vtan(a (a + b1n(ex)))? ax

Optimal (type 5, 145 leaves, 5 steps):

217 hypergeom( [ 1,

- I _2lad 21bd
bd”,[l —},e (cx") )

(21—bdn) 2 12 (1 —&lad (cx)?1P9) YT
+ —
2bdn bdn(l—i‘eZIad(C)Jl)Zlbd) bdn

Result (type 8, 194 leaves):

2 214 ~

2 1d (a-i—b (ln(c)+ln(e”1n(x)) _ Incsgn(lce”ln(x)) (—csgn(Ice”ln(x)) +csgn(lc)) (—csgn(lce”ln(x)) +csgn(le”1n(x))) )) 2
dbn | \e 2 +1
41x de
Id [a+b [ln(c)-i—ln(e”ln(x)) _ Incsgn(lce”ln(x)) (—csgn(lce”ln(x)) +esgn(lc)) (-csgn(Icer InXx)) +csgn(Ie"1n(x))) ]] 2
dbn | \e 2 +1

Problem 53: Unable to integrate problem.



J(ex)mcot(a +bIn(x) )P dx
Optimal (type 6, 137 leaves, 4 steps):
—l-(14—m)

I(1+m) 2la 21b _21a,21b

’3_’1_
b, p b

_ 21a 21b p
(ex)1+m(1—621“x21b)p( 1a+elee ))AppellFI

| —2la21b b

e(l+m) (1 +621ax21b)p
Result (type 8, 17 leaves):
J(ex)mcot(a +bIn(x) )P dx

Problem 54: Unable to integrate problem.
Jcot(a +2In(x) )P dx

Optimal (type 6, 96 leaves, 4 steps):

_ 21a ATy \P
(1 _eZIax4I)P( Il(l +zela 4)6l ) ) xAppellF](—%,p, il — %’ezlaxM’ _ezlaxu)
— € X

(1 +621ax41)l7
Result (type 8, 11 leaves):
Jcot(a +2In(x) )P dx

Problem 55: Unable to integrate problem.
Jcot(a +3In(x) )P dx

Optimal (type 6, 96 leaves, 4 steps):

_ 21a 61 \P
(1 —ezlaxﬂ)p [ Il(l +2ela 6xI ) ) xApPellFI( -%,p, -p, 1 — %,eﬂaxm, -eZIaxm)
—e 4y

(1 +621ax6I)P
Result (type 8, 11 leaves):
Jcot(a +3In(x) )P dx

Problem 56: Unable to integrate problem.
[ cotld (a+bin(ex)))? dx

Optimal (type 5, 144 leaves, 5 steps):



31
2 31 21bd
21°h 1, 1= ——— |, &led (ox ]
(31—bdn) 2 | 18 (14194 ()" ypergeom[ bdn [ 2bdn ] el (ex)
3bdn bdn(l——&lad(cfﬁzlbd) bdn
Result (type 8, 196 leaves):
2 21 3
3 1d (a-i—b (ln(c)+ln(e"1n(x)) _ Inesgn(Ice? In()) (-csgn(Ice? In(¥)) 4-csgn(lc)) (-csgn(Ic e In(X)) +csgn(Ier In(x))) )) 2
dbn | \e 2 —1
-6 17 &
1d [a+b [ln(c)—i—ln(e”ln(x)) _ Incsgn(lce”ln(x)) (—csgn(lce”ln(x)) +esgn(lc)) (-csgn(Icer In(x)) +csgn(Ie"1n(x))) ]] Jz J
dbn | \e 2 -1
Problem 57: Result more than twice size of optimal antiderivative.
cot(d (a+bn(ex)))*
X
Optimal (type 3, 30 leaves, 3 steps):
_cot(ad +bdln(cx")) ~ n(x)
bdn
Result (type 3, 62 leaves):
_cot(d(a +bIn(cx"))) T arccot(cot(d (a +bIn(cx"))))
bdn 2bdn bdn
Problem 58: Unable to integrate problem.
cot(d (a+bin(ex)))®
x2
Optimal (type 5, 140 leaves, 5 steps):
[ I
1 2 I 2lad 21bd
1+ 2Th 1, N1+ =, X'
bdn 1(14e2lad (epn)?tPd) 2 PeIEeom bdn [ 2bdn] el ex)
X bdnx(l_eZIad(cxn)ZIbd) bdnx
Result (type 8, 194 leaves):
1_ 21 _
X 1d [a-i—b [ln(c) Fin(er In) — Incsgn(lce”ln(x)) (—csgn(lce”ln(x)) +csgn(lc)) (—csgn(lce”’ln(x)) +csgn(Ie”1n(x))) ]] 2
dbnx e 2 -1



21

“bdn

2

[ ( Id(a-i—b (ln(c) Hin(en In@) — Incsgn(Ice? In)) (-csgn(Ice? (X)) +csgn(lc)) (—csgn(Ice”ln(x)) +csgn(Ie”1n(x))) jj )2 )
e -1

Problem 60: Unable to integrate problem.

Optimal (type 5, 317 leaves, 6 steps):

J(ex)mcot(d (a+bln(ex)))’ de

2
(ex)1+”’(l-%eZI”d(cx”)ZIbd)

(1(1+m) —bdn) (1 +m~+21bdn) (ex)! " N

202d e (1 +m)n?

2lad _
I(ex)1+m e (1+m—21bdn)

2
2bden (1 —1ed (cx)*109)

n

L&t m+21bdn) (C)/’)Nbd)
n

dx

" 202 e e (1 —lad (cx)?1P7)

I
— (1

1 2( +m) 1_I(1+m) ez]ad(cxn)ZIbd
’ bdn ’ 2bdn |

B d*e (1 +m) n?

L(-202dn? +m* +2m+1) (ex) T"hypergeom

Result (type 8, 587 leaves):

m (ln(e) Fln() — Irmesgn(Iex) (-csgn(lex) +csgn(le)) (-csgn(lex) +csgn(Ix)) )

_Ixe 2
1+m
_ _ In(x)) (- In(x) _ In(x)
m (ln(e) FIn) — Imtesgn(lex) (-csgn(lex) +csgn(le)) (-csgn(lex) +csgn(lx)) ) 1d (a+b (ln(c) In(en ln(x)) B Incsgn(lce” ) ( csgn(lce” ) +csgn(lc)) ( csgn(lce’l
— \Ixe 2 21 \e 2
In(x)) (- In(x) i} In(x) In(x) 2
( 1d (a-i—b (ln(c) +1n(e’lln(x)) _ Incsgn(lce” ) ( csgn(Ice” )+csg2n(1c)) ( csgn(Ice” )+csgn(le” ) j))
+m\e

[ 1d [a-i—b [ln(c) Fin(er In) — Incsgn(lce”ln(x)) (—csgn(lce”ln(x)) +csg2n(lc)) (-csgn(Icer In(x)) +csgn(1e”1n(x))) ]] )2 J ) /
+ \e -—m—1

2
( [ . [a+b [ln(c) +in(en In@) — Incsgn(lce In()) (-csgn(lce InW) +csg2n(lc)) (-csgn(Ice In(x)) +csgn(1e? In(x))) )] ]2 J )
. -1 —1

(dz b n?

m (ln(e) +ln(x) — Imtcsgn(Iex) (-csgn(lex) +csgn(le)) (-csgn(Iex) +csgn(Ix)) j
) e 2 (202d > +m* +2m+1) &
In(x)) (- In(x) . In(x) In(x) 2
( [ 1d [a+b [ln(c)+ln(e”1n(x)) _ Imcsgn(Ice? ) (-csgn(Ice ) +csgn(le)) (-csgn(Ice? ) +csgn(Ie” )) )]J ]
e -1

d2 b2 n2 2



Problem 61: Unable to integrate problem.
J(ex)’”cot(d (a+bIn(ex")) )’ dx
Optimal (type 6, 185 leaves, 5 steps):

Laem

_ 2Tlad 21bd p
(ex)1+”1(1-—eZI“d(cx”)zlbd)p I(l te (cx) ) ] AppellF1 ,p, -p, 1 —

I_GZIad(c)ﬂ)ZIbd bdn

2bdn

I(1+m) ezwd(cx,,)zlbd _eZIad(an)ﬂbd

P
e(l+m) (1 +e21“d(cx”)2lbd)
Result (type 8, 23 leaves):

J(ex)’”cot(d (a+bIn(cx')))? dx

Problem 64: Unable to integrate problem.
stec(a +bIn(cx")) dx
Optimal (type 5, 72 leaves, 3 steps):

2692 (cx”)lbhypergeom( [l, r_r
2 bn

Result (type 8, 15 leaves):
stec(a +bIn(cx")) dx

Problem 65: Unable to integrate problem.
Jsec(a +bIn(cx?)) dx
Optimal (type 5, 70 leaves, 3 steps):

1 1
2 2bn

1b
2¢e% (ex*) "h 1
e x (c ) ypergeom( [ T hn

[%_ 1 ] —e“”(cx")“b)

1+1bn
Result (type 8, 13 leaves):

Jsec(a +bIn(ex")) dx

Problem 66: Unable to integrate problem.

dx

J sec(a +bIn(cx"))
e

Optimal (type 5, 72 leaves, 3 steps):



1 2 L _2la 21b
R IR R G

2 —1bn)

a (cx”)lbhypergeonl([

—_

Result (type 8, 17 leaves):

dx

J sec(a +bIn(cx"))
e

Problem 67: Unable to integrate problem.
J sec(a +b1n(cx”))2 dx
Optimal (type 5, 72 leaves, 3 steps):
ge2lay (cx”)ﬂbhypergeom( [2 1 — 3—1} [2 _ 3L

_eZIa (c{,)ZIb)

2b 2bn
3+21bn
Result (type 8, 183 leaves):
21 . +4
( ( I(a-l—b (ln(c) +n(en ) — Incsgn(lcenln(x)) (*csgn(lce”ln(x)) +csgn(lc) (fcsgn(Icenln(x)) +ngn(Ien1n(x))) Jj) J
bn\ \e 2 +1
3o
2 . de
I[a +b [ln(c) +in(en In()) — Imesgn(Ic e In)) (-csgn(Ice In()) +esgn(lc)) (-csgn(Ic e In(x)) +csgn(1e? In(x))) ]]
bn\\e 2 +1
Problem 68: Unable to integrate problem.
sec(a +—bln(cx”))2
dx
x2
Optimal (type 5, 72 leaves, 3 steps):
4e21“(cﬂ)21bhypergeom 2,1 —l—L 2—|—L , -e?la (cx”)ZIb
B 2bn 2bn
(1 =2Ibn)x

Result (type 8, 183 leaves):

21
I(a h (ln(c) Fin(en In() — Imcsgn(Ice? In(x)) (-csgn(Icen In(x)) +csgn(Ic)) (-csgn(Ice? In(x)) +csgn(1¢” In(x))) j) 2
bnx\ \e +1

+4

2



I

2

In(x)) (- In(x) - In(x) In(x) 2
I[a+b [ln(c) Fln(er ) — Imesgn(Iee? M) (-csgn(Iee ) +csg2n(lc)) (-csgn(Ice ) +csgn(Ie” )) )] ] J
Zbn e +1

Problem 69: Unable to integrate problem.
Jsec(a +bln(cx”))3 dx

Optimal (type 5, 70 leaves, 3 steps):

gedlay (cﬂ)“bhypergeom( [3, % — 2;71 , [% — ﬁ ], -2l (cx”)ZIb)
1+31bn

Result (type 8, 487 leaves):

In(x)) (- In(x) _ In(x) In(x)
I(a+b (ln(c)—Hn(e”ln(x)) _ Imcsgn(Ice? ) (-csgn(Ice ) +csg;n(lc)) (-csgn(Ice? ) +csgn(Ie? )) ))
-\Uxe
In() (- In(x) . In(x) In(x) 2
I[a+b [ln(c)-i—ln(e"ln(x)) _ Imesgn(Iee? ) (-csgn(Icen ) +csgn(le)) (-csgn(Ice ) +csgn(Ie” )) )]
e 2 bn—>bn

) — Incsgn(lce’lln(x)) (—csgn(lce’lln(x)) +csgn(lc)) (—csgn(lce” ln(x)) +csgn(le”1“(x))) Jj )2 ] ) /
—1

I[aer [ln(c) +1In(enIn >
—I\le

2
I(a+b (ln(c) (e In() — lncsgn(lce”ln(x)) (—csgn(lce”ln(x)) +csgn(lc)) (—csgn(lce"ln(x)) +csgn(le’lln(x))) )) 2
p2n* e 2 +1 +8

I(a+b (ln(c) +n(en ln(x)) _ Incsgn(lce”ln(x)) (—csgn(lce”ln(x)) +csgn(lc)) (—csgn(lce’lln(x)) +csgn(le" ln(x))) )]
e 2 (B2n*+1)
In(x)) (- In(x) R In(x) In(x) 2
I(a+b (1n(c)+ln(e"1n(x)) _ Imesgn(Ice? ) (-csgn(Ice? ) +csgn(lc)) (-csgn(Ice? ) +csgn(Ie? )) ))
8 b% n? e 2 +1

Problem 70: Unable to integrate problem.

dx

Jasec(a +—bln(cx”))4
X

Optimal (type 5, 72 leaves, 3 steps):

864Ia(cxﬁ)4lbhypergeon1([4,2-+ € ,[3 +-—£—],—621a(cxﬁ)2lb)
_ bn bn
(1=21bn)x*

Result (type 8, 589 leaves):



I[a-i—b [ln(c) +1n(en In()) — Incsgn(Icenln(x)) (fcsgn(Icenln(x)) +csgn(lc)) (-csgn(Ice? In(x)) +csgn(Te? In(x))) ]] 2
431072 n% (e 2
4

2

In(x)) (- In(x) - In(x) In(x)
( I(a b (ln(c) In(e In(x)) Imesgn(lce? ) (-csgn(Ice? ) +esgn(lc)) (-esgn(Ice? ) +csgn(1e? )) ))]
+bnl\e

+1b%n?

In(x)) (- In(x) _ In(x) In(x) 4
I[a-i—b [ln(c) +ln(e”1“(x)) _ Incsgn(lce” ) ( csgn(lce” )+csgn(lc)) ( csgn(Ice” )+csgn(le” )) ]j
+1I\e 2
2

e In(x)) (- e In(x) _ In(x) In(x)
[ l[a +b [ln(c) +1In(e? In() — Imesgn(lc ) (-esgn(le ) +CSg2n(IC)) (-csgn(Icer ) +osgn(Te? ) ]] )
+ (e

bn

In(x)) (- In(x) _ In(x) In(x) 2
[ I[a-i—b [ln(c)-i-ln(e”ln(x)) _ Ircsgn(Ice? ) (-csgn(Ice ) +csgn(lc)) (-csgn(Ice? ) +csgn(1e? ) ]] ) J ) /
e +1

+21 2

[

3
LanIn(x)) (- .o In(x) . _ .o In(x) In(x) 2
( [ I[a+b [ln(c)-i-ln(e"ln(x)) _ Imcsgn(Ice? InW) (-csgn(Ice? )+csg2n(lc)) (-csgn(Ice? ) +csgn(Te? )) )]] ] j
e +1

+ 16

| —

(B*n* +1)

—~ |on

I[a-l—b [ln(c) +in(en In() — Incsgn(Ice? In)) (-csgn(Ice? (X)) +csgn(lc)) (-csgn(lce? InX)) 4 csgn(1e Inx))) ]] 2
BPrdxd e 2 +1

Problem 71: Result more than twice size of optimal antiderivative.
3
J( -(b?*n® +1) sec(a +bIn(cx")) +2b*n*sec(a +bIn(cx")) ) dx
Optimal (type 3, 41 leaves, ? steps):

-xsec(a +bIn(ecx")) +bnxsec(a +bIn(cx")) tan(a + bn(cx"))
Result (type 3, 536 leaves):

3 3 bcsgn(I(:)c"’)3 n  3b csgn(lcx”)2 csgn(I¥?) 3 bcsgn(Ir:)c”)2 nesgnIc) 3 besgn(Icex?) esgn(1x7) mesgn(Ic)

Ib 3

-21x ((fﬂ ) () bne 2 € 2 e 2 e 2 3la
bcsgn(Ic)c”)3 n b csgn(ch”)2 csgn(1xX?) B bcsgn(ch")zncsgn(Ic) besgn(Iex) csgn(1x?) mesgn(Ie)

—(fﬁlbébbne 2 e 2 e 2 e 2 ela

3 3bcsgn(lcx”)3n ~ 3bcsgn(1cx”)2csgn(lx”)n _ 3bcsgn(lcx”)2ncsgn(lc) 3 b csgn(Tex?) csgn(1x7) mesgn(Ic)
Ib 3
_I((xn) ) (db)’e 2 e 2 e 2 e 2 31la

b csgn(lcx")3 T bcsgn(Ic;c”)2 csgn(1x?) & b csgn(chn)2 nesgnle) b esgn(Iex) esgn(1x?) esgn(lc) ] ) /
la
€

—-I(x”)lchbe 2 € 2 e 2 e 2

2
(e—l (Ib csgn(lcx")3 n—1b csgn(lcx”)2 csgn(Ix”) n—1b csgn(lcx”)zncsgn(lc) +1b csgn(lcx”) csgn(Ix") mesgn(le) —2 bIn(x) =2 bln(c) -2 a) +1 )



Problem 72: Unable to integrate problem.

Jsec[a + %)pdx

(-2+p

Optimal (type 3, 92 leaves, 3 steps):
2

T )l Do)

2
zezla(l_p) (cﬂ)ﬂﬂ—[?)

In(ex") )p
J;ec[a +—;;(j5j;;;; dx

(2 —p)x(l +¢2la (ex?)

Result (type 8, 24 leaves):

Problem 73: Result more than twice size of optimal antiderivative.

J‘Jsec(a +bIn(cx")) dx

Optimal (type 4, 86 leaves, 3 steps):

z/cos(g + bln(z—””)jz EllipticF(sin[% + M),ﬁ)mg(a T hin(en)) Jseola T bm(c)

Result (type 4, 180 leaves):
2 2 2 2
) a bln(cx") _ [ a bin(cx") [ a bln(ex") B a bIn(ex") . a
(2/ [Zcos( > + — ) l)sm( > + Y sin| 5 + — 2 cos 2 + — + 1 EllipticF| cos 2

| bin(ex") )ﬁjj/ (n/—2sin[% N bm(zcxn) ]4+Sin[% B bln(zcx”) j2 Sin(% . b1n(2cxn) )/2008(% N bln(zc{l) ]2—1 bj

2

Problem 74: Unable to integrate problem.
3
Jxmsec(a +bIn(cx"))” dx

Optimal (type 5, 91 leaves, 3 steps):
SeSI“xl*”"(cx”)3lbhypergeon1([3, -

I(1+m) +3bn]
2bn ’
1+m+31bn

—I(l +m) +5bn , _eZIa (cxn)zle
2bn

Result (type 8, 577 leaves):



d
_ (xemln(x)e

_|_

+

I (a +b (ln(c) +In(e? In(x)
b n? e

Imcsgn(Ice? In(x)) (-csgn(Ice? In(x)) +csgn(lc)) (-csgn(Ice? In(x)) +csgn(Te? In(x)))

a+b [ln(c) +In(e? In(x) —

_ Incsgn(lce’lln(x)) (—csgn(lce’lln(x)) +csgn

2

(Iey) ( —csgn(lce” ln(x))

I,

I [a +b [ln(c) +1In(e In(x))

e 2

() — Incsgn(lce” ln(x)) (—csgn(lce” ln(x)) +csgn(Ic)) (—csgn(lce” ln(x)) +csgn(le” ln(x)))

+esgn(1e In())) ]])2
bn—1bn

( I (a +b (ln(c) +In(enIn
e

2

) — Imcsgn(Ice? In(x)) (-csgn(Ice? In(x)) +csgn(lc)) (-csgn(Ice? In(x)) +csgn(Te? In(x)))

i}

m
[ I[a +b [ln(c) +1In(e?In
€

2

_ Imcsgn(Ice? In(x)) (-csgn(Ice? In(x)) +csgn(Ic)) (-csgn(Ice? In(x)) +csgn(1¢? In(x)))

2

0 uid))/
)

Optimal (type 5,

Result (type 8,

Problem 76:

Optimal (type 5,

Result (type 8,

o | - Lo | 1) (- Lo | 1
I(a-i—b (ln(c) Fin(en In() — Imesgn(Ice? X)) (-csgn(Ice? () +csgndc)) (-csgn(Ice? (X)) +csgn(1¢7 In(x))) j)
ninx) o 2 (b2n2+m2+2m+1)
L In() (- L1 In(x) ) (- et In(x) In(x) 2
I(a-i—b (ln(c) Fin(en In() — Imesgn(Ice? X)) (-csgn(Ice? () +csgndc)) (-csgn(Ice? ) +csgn(1¢? )) j) ]
8b*n? e 2 +1
Problem 75: Unable to integrate problem.

Jx’”sec(a +b1n(cx?) )5 / dx

111 leaves, 3 steps):

_21_

2Im+5bn

21—-2Im+9bn

5/2
2x1+m(1 + 2l (cx”)mb) / hypergeom( [ %,

4bn }

S ,—621“(cx")ZIb)sec(a—}-bln(cx”))S/2

19 leaves):

24+2m+51bn

Jxmsec(a +bIn(cx?) )5 z dx

Unable to integrate problem.

Jxmsec(a +bIn(cx?) )3 z dx

111 leaves, 3 steps):

32 21— 21—
2x1+m(1+e“”(cﬂ’)21b) hypergeom 2, 21-21m+3bn , 21=21m+7bn ,—ezl"(cx}’)ﬂb)sec(cz+bln(c)/’))3 /2
2 4bn 4bn
2+2m+31bn

19 leaves):

Jx’”sec(a +b1n(cx") )3 / dx



Problem 77: Unable to integrate problem.

\/SGC(a +b111(C)(1))
Optil[lal(ty‘pe 5, 111 leaves, 3 Steps) .

2xl+mhypmgemn([— 21=2lm=bn }

1
2’ 4bn

-21—21m+3bn , _ezla (an)ZIb)
4bn

(2+2m—Tbn)J 1+ ()"’ Ssec(a + bin(cx"))
Result (type 8, 19 leaves):

=
Jsec(a +bIn(cx?))

Problem 78: Unable to integrate problem.
J esc(a +bIn(ex")) dx
Optimal (type 5, 71 leaves, 3 steps):

la 15 l_ 31 2_ 31 21a 21b
2693 (ex) hmm@am{[l,z 2bn]’[2 2bn}e (ex") )

31—bn

Result (type 8, 17 leaves):
szcsc(a +bIn(cx")) dx

Problem 79: Unable to integrate problem.
2
Jcsc(a +bIn(cx"))” dx

Optimal (type 5, 69 leaves, 3 steps):

4eZI“x'(cx")ZIbhypergeonl 2,1— I , 12— I ,e2la (cx”)ZIb
~ 2bn 2bn
1+21bn

Result (type 8, 178 leaves):

B 21x 4

In(x)) (- In(x) - In(x) In(x) 2
[ ( l(a-i—b (ln(c) +1n(e”1“(x)) _ Incsgn(lce" X)) ( csgn(lce’l x)) +csg2n(lc)) ( csgn(lce’l X)) +csgn(1e” X)) j)) )
bn e —1




I

2
dx
I[a-i—b [ln(c) +in(en In()) — Incsgn(Ice? In()) (-csgn(Ice? (X)) +csgn(lc)) (-csgn(lce? InX)) 4csgn(1en Inx))) ]] )2 J
bn\\e 2 —1
Problem 80: Unable to integrate problem.
Jcsc(a +—bln(cx”))4'dx
Optimal (type 5, 69 leaves, 3 steps):
16e41“x(0)/’)41bhypergeom 4,2 — 1 , 13— I ,e2la (cx”)zlb
2bn 2bn
1+41bn
Result (type 8, 587 leaves):
I(a-ﬁ-b (ln(c) Hin(en In@) — Incsgn(Ice? In)) (-csgn(Ice? In(x)) 4csgn(lc)) (—csgn(Ice”ln(x)) +csgn(Ie”1n(x))) jj )2
x 1218207 e 2
I(a-i—b (ln(c) +in(en In) — Imesgn(Ice? In()) (-csgn(Ice? In()) +csgn(lc)) (-csgn(Ice? In(x)) 4-csgn(1e In(x))) j) 4
+2bn e 2 — 410% n?
4

In(x)) ( - In(x) . _ .o In(x) In(x)
( I[a b [ln(c) In(en In() Incsgn(Ice? ) (-csgn(Ice? )+csg2n(lc)) (-csgn(Ice? ) +csgn(Ie? )) ]])
—I\e

2

In(x)) (- In(x) _ In(x) In(x) 2
[ I[a+b [ln(c)-i-ln(e”’ln(x)) _ Ircsgn(Ice? ) (-csgn(Ice? ) +csgn(lc)) (-csgn(Ice? ) +csgn(Te? ) )] j
-2 \e bn

2

[ l[a+b [ln(c)—i—ln(e”ln(x)) _ Incsgn(lce”ln(x)) (—csgn(lce”ln(x)) +esgn(lc)) (-csgn(Icer In(x)) +csgn(Ie"1n(x))) ]] Jz )) /
+21\e —1

3
In(x)) (- In(x) i} In(x) In(x) 2
I(a-i—b (ln(c) +1n(e’lln(x)) _ Incsgn(lce” X)) ( csgn(Ice” X)) +csgn(Ic)) ( csgn(Ice” )+csgn(le” )) ))
3L n? e 2 —1

+ 16

4L8 (40212 +1)

In()) (- In(x) R In(x) In(x) 2
s 3 ( [ I(a+b (ln(c)+ln(e”1n(x)) B Incsgn(lce” ) ( csgn(lce” )+csgn(lc)) ( csgn(lce’l )+csgn(le” )) )]J ]
b’ n e —1

dx

2

Problem 81: Unable to integrate problem.

3
o 57
Jﬂ”csc a+2In\cx 2 dx



Optimal (type 3, 92 leaves, ? steps):

A Fesela + 21l ex 2 _ A eot\a + 21\ ex 2 cscla+2Inlcx 2

2(1+m) 2\/W

3
J)H"csc a+2Inlcx 2 dx

Result (type 8, 29 leaves):

Problem 83: Unable to integrate problem.
Jcsc(a +bIn(cx?) )5 /2 dx

Optimal (type 5, 88 leaves, 3 steps):

2x (1 = @1 (ex)210)3 72 I

S5 1
4 2bn

9 _
|4

esc(a +bIn(ex?) )5 /2 hypergeom( [ %,

2bn

],eZIa(C{l)ZIb)

2+51bn
Result (type 8, 15 leaves):

Jcsc(a +b1In(cx") )5 % dx

Problem 84: Unable to integrate problem.

1
dx
J.csc(a +bln(cx”))3 Z
Optimal (type 5, 88 leaves, 3 steps):

33 UL __L ] 21a 21b
2xhnmgﬁm{[ >0 "2 2bn}’[4 2bn}e (ex") )

2Ib)3 /chc(a +b1n(cx”))3 /2

(2=31bn) (1 =19 (cx")
Result (type 8, 15 leaves):

1
dx
Jﬂcsc(a +bln(cx”))3 z

Problem 85: Unable to integrate problem.

X"
dx
J‘csc(a +bln(cx”))3 Z

Optimal (type 5, 110 leaves, 3 steps):



2x1+mhypmgemn([—§- 21=2lm=3bn

>

2’ 4bn
(2+42m—31bn) (1 —e1a (cx")

4bn
csc(a +b1n(cx"))3 /2

21 —-2Im+bn ,CZIa (C)Hl)zlb)

21b)3 /2

Result (type 8, 19 leaves):

X"
dx
J‘csc(a +bln(cx”))3 Z

Problem 86: Unable to integrate problem.
Jcsc(a +blIn(cx?))? dx

Optimal (type 5, 95 leaves, 3 steps):
X (1 — el (cﬂ’)“b)pcsc(a +bIn(cx?) )phypergeom(

-I1+bnp 1 Pl 214 21b
P o bn Hl 25m T [ (ex)

1 +1bnp
Result (type 8, 15 leaves):

Jcsc(a +bIn(cx?))’ dx

Test results for the 41 problems in "4.7.6 £~ (atb xtc x"2) trig(d+te x+f x"2) " n.txt"

Problem 1: Unable to integrate problem.
J}x(bx+”)ﬁn(ex—kd)"dx

Optimal (type 5, 97 leaves, 2 steps):
-en —1bcln(F) - n _ Ibcln(F) 2 llextd) sin(ex +d)"
2e 2 2e

(1 —elextd)" (Ten —beln(F))

Ii(bx+“)hypmgeon1([—n,

Result (type 8, 20 leaves):
JFC bx+a) gin(ex +d)" dx

Problem 2: Result more than twice size of optimal antiderivative.
JFC bx+a)gin(ex +d)? dx

Optimal (type 3, 128 leaves, 2 steps):
22 Febxta) _ 2eF 0¥t @ eos(ex 4 d) sin(ex +d) N beFPX T n(F) sin(ex +d)?

beln(F) (46 +b* A 1n(F)?) 4 + b2 A n(F)? 4 + b2 A In(F)?
Result (type 3, 267 leaves):



3
bx+a)l ex , d bx+a)l ex d
4eefbrta) nmtan(7+5) 4eefbrtal nmtan(7+—) 5 2 ¢ bxta) (A

—+
ex . d\2)? 48 +b*FIn(F)? 48+ A In(F)? beln(F) (4& +b*FIn(F)?)
[l-l-tan(?-i-E)J

1

ex d\* d\?
22 ecbxta) 1n(mtn( > +5) 4 (E+b2AIn(F ) bx+“)1n(ﬂtan(7 + 2)
beln(F) (46 +b* A 1n(F)?) beln(F) (4& +b> P In(F)?)

Problem 3: Unable to integrate problem.
JF" bx+a) ese(ex +d)? dx

Optimal (type 5, 122 leaves, 2 steps):
CFbxtdeot(ex +d) esc(ex+d)  beF ¥ T esc(ex +d) In(F)
2e 22

e—IbchﬂF)] [é___IbCM(F)]’éIWX+dq (e+1bcln(F))
2e 2 2e

llex+d pebxta hypergeom( 1,

&
Result (type 8, 142 leaves):
[ &€ (bx+a)In(F) J(ex+d) (ln(F) bc(el(ex+d))2+I(el(ex+d))ze_bcln(F) +Ie) a7 {J_ o€ (bx+a) In(F) Jl(ex+d) (62 +b2021n(F)2) "
ez((el(ex+d))2_1)2 g ((ellex+d)? _ 1)

Problem 4: Unable to integrate problem.
JFC (bx+a) cos(ex 4+ d)" dx

Optimal (type 5, 97 leaves, 2 steps):

Fex+a) oo (ex +d)”hypergeom( [ -n, T Lbeln(F) ],

2e
(1+e1extd)" (Ten —beln(F))

Result (type 8, 20 leaves):
JFC (bx+a) cog(ex 4+ d)" dx

Problem 5: Unable to integrate problem.
JFC bx+a)goc(ex +d)? dx

Optimal (type 5, 71 leaves, 1 step):



421 ex+d) peibxta Ibcln(F) ] [2 _IbcIn(F) ] _eZI(ex+d)J

'h 2,1 —
ypmgemn([ s 7o e
2le +bcln(F)

Result (type 8, 71 leaves):

I c(bx+a)In(F)
2166(bx+a)1n(F) —5 bcIn(F) e

4 dx
e((el(ex+d))2+1) + e((el(ex+d))2+1)

Problem 6: Unable to integrate problem.
Jﬁf (bx+a) gec(ox +d)3 dx
Optimal (type 5, 126 leaves, 2 steps):

e-—IZZm(F)}’[

_IbcIn(F) |1 2lex+a) _
26_], e (Ie=bcIn(F)) _ heF PO In(F) sec(ex +d)

& 2

ol (ex-‘rd)Ft’(bx""a)hypergeOm( [19 %

FeOxtTagec(ex 4 d) tan(ex +d)
2e

Result (type 8, 139 leaves):
¢ (bx+a)In(F) J(ex+d) (ln(F) be (e (ex+d))2 +1(e (ex+d))2e +bheln(F) — Ie)
- 2
2 ( (eI(ex+d))2 + 1)

_|_

dx

g Jec (bx+a) () ol ex+d) (2 1 p2 21n(F)?)

g2 ( (eI(ex+d))2+1)

Problem 7: Unable to integrate problem.
Jwb”“) sec(ex +d)* dx

Optimal (type 5, 128 leaves, 2 steps):

2e2I(ex+d)Fc(bx+a)hypergeom( [2’ | — Locln(F) ] [2 _ Ibchn(F) ] _e2I(ex+d)J (21e —beln(F))

2e 2e _ bheFEPY A n(F) sec(ex +d)?
3 6
n FCOx T gec(ex 4+ d) % tan(ex +d)
3e
Result (type 8, 204 leaves):
I (1ecbxTan® (15(F)2p2 2 (dextd) L oin(F)2p2 2 (¥ +D)2 41 21In(F) bee (€D 4 p2 21n(F)?
36 ((lextd)? 4 1)3
I

"5 cbxta) B pcln(F) (46 + b2 In(F)?)
F20In(F) bee (@) 1122 (fex+d)? 14 2)) 416 dx

& ( (eI(ex+d))2 + 1)




Problem 9: Unable to integrate problem.
Jec (bx+a) tan (ex +d)? dx

Optimal (type 5, 168 leaves, 6 steps):

1 L.
L bxta GIec(bx+a)hypergeom 1, - ’ [1 _ Izbec ’_GZI(ex-i-d) IZIec(bx+“)hypergeom 2, - ’ [1 _ Izbec ’ _2lex+d)
- +
ch ch ch
% be 1b
81e¢ P*+4) hypergeom| |3, ,{1—-——3},—§wa+d)
_ e 2e
ch
Result (type 8, 127 leaves):
[ ¢ (bx+a) B [ € (bx+a) (21 (el(ex+d))2e+bc(el(ex+d))2 +cb) o [J_ o (bxta) (- A +2€2)
cb ez((el(ex+d>)2+1)2 ez((e (ex+d) +1)
Problem 10: Unable to integrate problem.
Jd”bx+a)uﬁ(ex—kd)2dx
Optimal (type 5, 111 leaves, 5 steps):
—l-bc b —l-bc b
R 40X+ ponerocom| |1, g ’ [1 _ 2ec _2llex+d) 480X +a) pynergeom| |2, - ’ [1 B 2ec  2llex+d)
+ —
ch ch ch

Result (type 8, 81 leaves):

ec(bx+a) ZIG (bx+a) —2Ibce (bx+a) &
ch e((el(ex+d))2_1) e((e (ex+d)) _1)

Problem 13: Unable to integrate problem.
JF‘ (bx+a) (1 foos(ex +d))" dx
Optimal (type 5, 101 leaves, 3 steps):

-2n, -n —

FeOxFa) (¢ foos(ex +d) )"hypergeom(
e e

1bcln(F) ] [1 _, _ lbcln(F) ] e“e”d))

(1 — e e+ (fop — peln(F))
Result (type 8, 25 leaves):

JFC bxta) (r_ feos(ex+d) )" dx



Problem 15: Result more than twice size of optimal antiderivative.

JFc(bx-l-a) (fx)™ (excos(ex+d) + (m+bcexIn(F)) sin(ex+d))

dx
X

Optimal (type 3, 22 leaves, 7 steps):
FPextac pymsin(ex +d)
Result (type 3, 198 leaves):

Loy . % nesgn(Lf3 m % r csgn(l /)2 csgn(lf) m % nesgn(l /)2 csgn(lx) m % mesgn(lfx) esgn(lf) esgn(lx) m
—EFC( xta) | mymelexeldg e e e

1 1d % b4 csgn(Ifx)3 m % b4 csgn(lfx)2 csgn(lLf) m % chsgn(Ifx)2 csgn(Ix)m - % T esgn(lfx) csgn(lf) csgn(Ix) m
—fMX"eT ¢Fe T %e € e €

Problem 16: Result more than twice size of optimal antiderivative.
JP’ (bx+a) (gcos(ex +d) +beln(F) sin(ex+d)) dx
Optimal (type 3, 16 leaves, 1 step):
Fe X+ gin(ex + d)
Result (type 3, 292 leaves):

2
(bextac)in) ex L d (bex+ac) n(F) ex _ d
ehet(p) hoteamn 2T an 5+ 7 ) ebeln(p) doertean an G+

&+ b2 In(F)? & + b2 2 In(F)? &+ b2 In(F)?

ex d\?
1+t - + =
an(z 2]

2
ebcln(F)e(bcx+“c“nmtan(fﬁ +_£)

S+ 267 A In(F)?elbextacind tan( = +§J

ebcln(F) e(b cx+ac)InF)

+

&+ b2 In(F)? & + b2 P In(F)? &+ b2 In(F)?

ex d\?
1+t - + =
an(z 2]

Problem 21: Unable to integrate problem.

FPX % cos(dx +c)
e+esin(dx +c)

Optimal (type 5, 77 leaves, 5 steps):

—1bIn(F) 1hIn(F) d
[porta 2IFbx+“hypmgemn([1,———7;———},[1—-——_37__ Teldxte

beln(F) beln(F)
Result (type 8, 53 leaves):



Ie(bx+a)ln(F) 2e(bx+a)ln(F)
+ dx
ebn(F) e (dxter )

Problem 22: Unable to integrate problem.

FPX T4 cos(dx +¢)
e—esin(dx +c)

Optimal (type 5, 77 leaves, 5 steps):

—1bIn(F) 1bIn(F) idete
[porta 21Fbx+ahypmgemn([l,———7;———],[1—-———;7——],—16( x+o

" beln(F) beln(F)
Result (type 8, 53 leaves):

) Ie(bx-i—a)ln(F) Ze(bx-‘ra)ln(F)
ebIn(F) e (dx+o 1)

Test results for the 247 problems in "4.7.7 Trig functions.txt"

Problem 13: Unable to integrate problem.
3
.(V—ax+1 ]
sin| —
v 1
ax—+ de

-a* P+ 1

Optimal (type 4, 46 leaves, 5 steps):

3Si[ V-ax +1 Si[ 3y -ax+1
Jax—+1

_ T Jax—+1

4a 4a

Result (type 8, 34 leaves):

3
sin[\/—ax+1 J
Jax—+1

-a* 2 +1

Problem 14: Unable to integrate problem.



Sin[\/—ax+l
Jax+1

-a* 2 +1

dx

Optimal (type 4, 22 leaves, 2 steps):
Si V-ax+1
vax+1

a

Result (type 8, 32 leaves):
| A rax+1
sin| ——
vax+1

-a? 2 +1

Problem 41: Result more than twice size of optimal antiderivative.
J—cot(bx —c)cot(bx+a) dx

Optimal (type 3, 37 leaves, 4 steps):
_ cot(a+c)In(-sin(bx—c)) n cot(a +c¢) In(sin(bx +a))

b b
Result (type 3, 148 leaves):
Iln(GZI(bx+a)—l)621(a+c) Iln(eZI(bx+a)_1) 3 Iln(_e2l(a+c)+e2l(bx+a))621(a+c) 3 Iln(_eZI(a+c)+eZI(bx+a))
b(ezl(a+c)_1) b(CZI(a+C)_1) b(ezl(a+c)_1) b(CZI(a+C)_1)

Problem 42: Result more than twice size of optimal antiderivative.
J}/ﬁn(x)tan(x) dx
Optimal (type 3, 11 leaves, 2 steps):

-2 cot(x) +/ sin(x) tan(x)
Result (type 3, 176 leaves):

: V4 (cos(x) —1) 4cos(x)/—% +4/_% t1n
4/_% sin(x)> (1 +cos(x))? (1 +cos(x))?
(1 +cos(x))?



2

2(2\/_% COS(X)Z—COS(X)Z_Z\/_% +2COS _1
(1 +cos(x))? (1 4cos(x))?

sin(x)

2/ _L)z cos(x)2 —cos()c)2 —2/ —&)2 +2cos(x) — 1
B (1 +cos(x)) (1 +cos(x)) cos (x) [ cos(x)—1
sin(x)? cos(

Problem 43: Result more than twice size of optimal antiderivative.

J(sin(x) tan(x) )3 /2 dx

Optimal (type 3, 23 leaves, 3 steps):

8csc(x) sin(x) tan(x)  2sin(x) 4/ sin(x) tan(x)
3 3

Result (type 3, 586 leaves):

32
7[\/_(cos( )1)2[3cos( )%—%j ln[

12 sin(x) (1 +cos(x
N __cos(x) 2 2_ 5 /. cos(x) ) —1]
[ / (1 + cos( ))2 coste)” eos() O teos(e))? o) ~3cos(x)? [ ot )3 hn
sin(x)2 (1 +cos(x))?
) __cos(x) 2 2_2/_ cos(x) ) -1
/ (1 —l—cos 3 Costx)T —oosly) (1 +cos(x))? ot 4o -—oosx) o cos(x)%In
sin(x)2 ( (1 +cos(x))? )
5 {5 _cos(x) 2 2_2/_ cos(x) 9 1
[ / (1 cos( ))2 cos(x)“ — cos(x) —(1 T cos(x) )2 cos(x) . cos(x) J3 /2cos(x)2ln
sin(x)? [ (1 +cos(x))?
) __cos(x) 2 2_2/_ cos(x) ) -1
/ ety 0 et (et T e )3 "1
sin(x)2 (1 +cos(x))?
5 {5 _cos(x) 2 2_2/_ cos(x) 9 1
[ / remga 0~ (1 teos(x))? o —9cos(x) [ -t f a
2 ( (1 +cos(x))?
s (

sin(x)
2/ o8y cos( )z—cos(x)z—Z/—L)2 +2cos(x) —1
1—|—cos (1 +cos(x)) 13
sin(x)2




32
] —3In

212 _% 2 _ 2 _2/ _% 2 — 1]
B [ / (1 +cos(x) )2 cos(x) cos(x) (1 +cos(x) )2 2 cos(x) B cos(x)
sin(x)? [ (1 +cos(x))?
2/ o cos(x) cos(x)? — cos(x)? —2/ Scos(x) +2cos(x) — 1
B (1 —i—cos(x))2 (1 —Fcos(x))2 _ cos(x)
sin(x)? ( (1 +cos(x))?
/2

2 [ cos(x)2 — 1 3

+cos(x)) [ —cos(x) J

32
) +4cos(x)3+120c>s(x)

Problem 45: Result more than twice size of optimal antiderivative.
xsin(x)
(a +bcos(x))
Optimal (type 3, 49 leaves, 3 steps):
a—>b tan(%)
2 arctan
X _ Ja+b
b(a+bcos(x)) bJa—b Ja¥b
Result (type 3, 153 leaves):
In eIx—i—a @ — b 4+ —p? In elx_i_a\/az—bz —a® +p?
2xel” a’> —b* b a’> — b’ b
b(be21x+2aelx+b) az_bzb aZ_be
Problem 46: Result more than twice size of optimal antiderivative.
xsin(x)
(a +bcos(x))
Optimal (type 3, 74 leaves, 5 steps):
a—>b tan(%)
a arctan
_ Ja-+b 4 X sin(x)

(a—b)3"2b(a+b)3 " 2b (a+bcos(x))>

Result (type 3, 249 leaves):

2 (a®> = b*) (a+bcos(x))

(1



Laln| v LB 4 =0

[(212x ! +210°x@ " +abSd Y+ 22 4 p?2 2 M+ 3abe! " +12) a> = b b
b (b +2ad  +b)% (- b?) 2J =B (a+b) (a—b)b
Ialn JX+_aJ;7:7?-—a2+b2]
N a?—b b

2Ja*—b% (a+b) (a—b)b

Problem 47: Unable to integrate problem.

Jx’;\/a—asin(fx—l—e) Je+esin(fx+e) dx

Optimal (type 3, 139 leaves, 5 steps):

6y a—asin(fx+e) Jc+esin(fx+e) +3f¢a—ammﬁ+w)dc+cmmﬁ+w) _ 6xya—asin(fx+e) yc+tesin(fx+e) tan(fx +e)

7 7 7
N ©a—asm(fx+e) Jc+cesin(fx +e) tan(fx+e)
f

Result (type 8, 31 leaves):

JfJa—ammﬂ+e)Jc+mmUk+d dx

Problem 48: Unable to integrate problem.

Jx\/a—asin(fx+e) Jec+cesin(fx+e) dx

Optimal (type 3, 66 leaves, 3 steps):

Ja—asin(fx+e) c+csin(fx+e) +xJa—aﬁnUk+e)Jc+c$nUk+e)ank+d
a f

Result (type 8, 29 leaves):

Jx\/a—asin(fx+e) Jec+esin(fx+e) dx

Problem 51: Result more than twice size of optimal antiderivative.
J A + Bsec(x)
(a+acos(x))® /2

Optimal (type 3, 71 leaves, 7 steps):



2Barctanh[ M (4—5B) arctanh[ sin(x) Va 2 ]\/7

a +acos(x) i (A — B) sin(x) i 2+ a+acos(x)
a3/2 2(a+acos(x))3/2 4613/2

/ x
2 [2\/ asm E +2a 2
asin(—] A2 In cos — | a
2 (x) 2
cos By

Result (type 3, 269 leaves):

4| aJ2 o ol £ 22
L2 a cos 7 asin £y —2a
COS(E) a+4BIn| - cos(
ZCOS(%)—\/T

)2a

N | =

4 a\/_cos( )—i-\/—\/— asin(%)2 +2a]
ZCOS( )+\/_

+4Bln

cos(%)2a+A\/7 asin(%)z\/_—B\/T asin(%)z\/?

Problem 52: Result more than twice size of optimal antiderivative.

Jx(b +acos(x)) dr
(a+bcos(x))?

Optimal (type 3, 24 leaves, 3 steps):

In(a +bcos(x)) xsin(x)
b a +bcos(x)
Result (type 3, 90 leaves):
X x )3 x )2 x \? x \?
2xtan| — | +2xtan| — In|tan| — | a—tan| — | b+a+b Inf tan| — | +1

2 2 i 2 2 . 2
anf ) 41 SV Can E) b 4atb b b
an(z) tan(z)a an(z) a

Problem 53: Result more than twice size of optimal antiderivative.

-1 +i2 + sin(x)?
d

dx
¢ +dcos(x)

Optimal (type 3, 14 leaves, 4 steps):



cx _ sin(x)
d* d

2tan(%j . 2carctan(;an(§))
{3 0)

Result (type 3, 31 leaves):

Problem 56: Unable to integrate problem.
J(acos(dx—i—c) +bsin(dx+c¢))" dx

Optimal (type 5, 128 leaves, 2 steps):

1 ( 1 1 n 1 3 n
- cos(c +dx —arctan(a, b) )" hypergeom( [ -, = + = ], [— + = ],
i n 272 2 2 2
d(n+1) am“dx+c)+bﬂmdx+c)]JﬁMc+dx—ammﬂ¢bH2
Ja* +b?
coMc—%dx——mcanLb))z)(amm(dx+wﬂ-+bsm(dx+wﬂ)”ﬁnh&+dx——mcanLb)))
Result (type 8, 21 leaves):
J(acos(dx+c) +bsin(dx+c¢))" dx
Problem 61: Result more than twice size of optimal antiderivative.
| 1 ;o
(acos(dx+c) +bsin(dx +c¢))
Optimal (type 3, 146 leaves, 4 steps):
3 arctanh bmﬂdx+c)—amﬂdx+c))
Ja* + v -bcos(dx +¢) +asin(dx +c¢) 3 3 (bcos(dx+c¢) —asin(dx+¢))
8 (2 +12)° d 4 (a* +b%)d (acos(dx+ec) +hsin(dx+c))* 8 (a? +b2) d (acos(dx +c) +bsin(dx +c))>

Result (type 3, 513 leaves):

(5a4+16azb2+8b“)tan(ﬂ+£
) )| 2 "2)

1 2
d dx ¢ 4 8a (a* +2a*b* +b*) 8a® (a* +242 b +b*)
tan(7+— )b—a

7 6
) 3b(a4+16a2b2+8b4)tan(%+£)




d

(3a6—36a4b2+56a2b4+32b6)tan(7"+ d

> 6 442 214 6 X C 4
) b(lSa—114ab—8ab+16b)tan[—+—]
+ 2 2

SRR

8a3(a4+-2a2b2-kb4) 8a4(a44-2a2b24-b4)

3 2
(3a6+84a4b2—56a2b4—32b6)tan(% + 5) b (23a4—64a2b2—24b4)tan(% +%) (5a4—z4a2b2—8b4)tan(% +%)

8a° (a4+2a2b2+b4) 8a2(a4+2a2b2+b4) - 8a(a4+2a2b2+b4)

[\

2 2
b(54* +25%) Ja? +b?

+
4 2,2 4
8 (a* +2d°b* +b*) 4 (128202 +b%) S22

2atan( dx + £) —2b
3 arctanh
2

Problem 69: Result more than twice size of optimal antiderivative.
J(acos(dx-l—c) +TIasin(dx +¢))> dx
Optimal (type 3, 27 leaves, 1 step):

% (acos(dx +c) +1asin(dx +c))3

d
Result (type 3, 75 leaves):
3 : 2 3 2\ o:
Ia° (2 +sm(dx—§c) ) cos(dx +¢) _ Bsin(dx+e)’ —1adcos(dx+e)’ + 4 (2 +cos(dx—|—3c) ) sin(dx + ¢)
d

Problem 79: Result more than twice size of optimal antiderivative.
J(cot(x) +csc(x) ) dx

Optimal (type 3, 20 leaves, 4 steps):

2
—m - ln(l - COS(X) )
Result (type 3, 48 leaves):
2 3
_ cot(x) _mwmﬂ)_3mdﬂ _3wﬂm_4m%dw_umw)_ 3 _cot(x) csc(x)
2 sin(x)? 2 2sin(x)? 2

Problem 88: Result more than twice size of optimal antiderivative.



J.(—cos(x) + sec(x) )7 /de
Optimal (type 3, 57 leaves, 6 steps):
_256cse(x) Vsin(x) tan(x) 64 sec(x) Jsin(x) tan(x) tan(x) _ 8sin(x) Vsin(x) tan(x) tan(x)? _ 2sin(x)*sin(x) tan(x) tan(x)?
7

35 35 7
Result (type 3, 602 leaves):

3,2
;[(cos(x) —1)2 [105 ( __cos(x) ) cos(x)* ln[
705in(x)11 1+cos 2

2 [2/_L)2 cos(x)2 — cos( 2/ _coslx) + 2 cos(x) —l] 3 h
(1 +cos(x)) (1 +COS —~105 (—#(:()x))z) cos(x)*In

Sll’l

2/ __cos(x) cos(x)? — cos(x)? —2/ ocos(x) +2cos(x) — 1
(1 + cos(x))? (1 4cos(x))?

32
+ 315 cos(x)3 [_—cos(x) ) ln[

sin(x)? (1 +cos(x))?
2|2 [ g2 - ()2—2/-% +2cos(x) =1
B [ / (1 +cos(x) )2 o o (1 +cos(x) )2 - —31500s(x)3 (—%)3 /21n
sin(x)? (1 +cos(x))?
2 __cos(x) 2 _ 2_2/_% 2 —1
i et = (reos(e)? #315 (- ]3/2005(x)21n
sin(x)? (1 +cos(x))?
2l [ - __cos(x) 2 2_2/_% 2 —1
_ / Tt oos(a) )2 cos(x)* — cos(x) 1+ cos(x) )2 + 2 cos(x) s (_%)3 /zcos(x)zln
sin(x)? (1 +cos(x))?

(1 + cos(x))? (1 4cos(x))?

2/——COS(X) COS(x)z—cos(x)z—Z/-% +2cos(x) —1 ]

3/2
—20cos(x)® + 105 cos(x) [‘L)))z) ln[

2 (1 +cos(x

sin(x)

2 [2/—L)2 cos(x)z—cos(x)z—Z/—L)2 + 2 cos(x) —1] )
(1 4cos(x)) (1 +cos(x)) — 105 cos(x) [_L)))z) In

sin()c)2 (I +cos(x

2/ o cos(x) cos(x)? — cos(x)? —2/ Lcos(x) +2cos(x) — 1
(1 +cos(x))? (1 +cos(x))?

5 + 140 cos(x)* + 420 cos(x)? — 28] cos(x) (1 +cos(x))? (
sin(x)



cos(x)2 —1 )7 /2
cos(x)

Problem 89: Result more than twice size of optimal antiderivative.

J( ~cos(x) +sec(x))3 72 dx

Optimal (type 3, 23 leaves, 4 steps):

8csc(x) sin(x) tan(x)  2sin(x) 4/ sin(x) tan(x)
3 3

Result (type 3, 583 leaves):

1

32
— 123 3( cos(x) ] | [
6sin(x)7[(cos(x) ) { cos(x) ( (1 +cos(x))? !

2 [2/—L)2 cos(x)z—cos(x)z—2/—L)2 + 2 cos(x) —1] 3
/2
i (1 +cos(x)) (1 +cos(x)) ~ 3cos(x)’ [ ( cos (x) = ) In

2 [2/—(L(x)2 cos(x)z—cos(x)2—2/-% +2cos(x) — 1

2 [2/—(L(x)2 cos(x)z—cos(x)2—2/-(0% +2cos(x) —1

2 [2/—(L(x)2 cos(x)z—cos(x)2—2/-((;% +2cos(x) — 1

2

sin(x) 1 +cos(x

5 | ____cos(x) 2 2_2/_% ) 1
/ (1 + cos(x))? cos(x)” = cos(x) (1 +cos(x))? 2 eosto)

/
+9 (_(c% )3 2cos(x)zln[

sin(x)> 1 +cos(x))?

1 +cos(x)) (1 +cos(x))?

32
_of- cos(x) J 2 [
sin(x)2 ] [ (1+COS(.X'))2 COS(x) n

2 __cos(x) 2 _ 2_2/_% ) —1
/ (1 +cos(x))? cos(x) cos(x) (1 +cos(1))? +2cos(x)

32
+ 9 cos(x) (_L)))z) ln[

2 (14 cos(x

sin(x)

1 +cos(x)) 1 +cos(x))? ]  9cos(x) (  cos(x) j3 /21n[
sin(x)> (1 +cos(x))?

1 + cos(x)) (1 +cos(x))?

2

2/_ cos(x) . COS(x)z—cos(x)z—Z/-% +2cos(x) — 1
( +31In

sin(x)

1 + cos(x) ) 1 + cos(x))?

] B cos(x) 3/231n[
sin(x)? [ (1+COS(x))2J



1 +cos(x)) (1 +cos(x))

2

2/_—( c0s(x) > cos()c)z—cos()c)2—2/-&)2 + 2 cos(x) _1]

32
(_ cos (x) ) +4cos(x)> +12cos(x) | (1

sin(x) (1 +cos(x))2

+ cos(x))? [ _cos(x)? — 1 ]3 /2]

cos(x)

Problem 90: Result more than twice size of optimal antiderivative.
1

J &
J -cos(x) +sec(x)

Optimal (type 3, 40 leaves, 8 steps):
arctan( cos(x) )sin(x) _ arctanh( cos(x) )sin(x)

Jcos(x) sin(x) tan(x) Jcos(x) sin(x) tan(x)

Result (type 3, 104 leaves):

2/—&)2 cos(x)z—cos(x)z—Z/—L)2 +2cos(x) —1
- .1( ) arctan[ 1 J il - (14 cos(x)) = (1 +cos(x)) (1
sin(x cos(x) sin(x
2 - N
/ (1 4+ cos(x) )2
~ cos(x) l—cos(x)2
eost) / (1 +cos(x))? cos(x)

Problem 91: Result more than twice size of optimal antiderivative.

1
dx
J (-cos(x) +sec(x))> /2
Optimal (type 3, 67 leaves, 10 steps):

3 cot(x) __cot(x) csc(x)2 _ 3arctan( cos(x) )sin(x) 3arctanh( cos(x) )sin(x)

+
16+/sin(x) tan(x) 4./ sin(x) tan(x) 32/ cos(x) +/sin(x) tan(x) 324/ cos(x) +/sin(x) tan(x)

Result (type 3, 453 leaves):




cos(x)
(1 +cos(x

1 o (- cos(x) 3 /2
64/— cos(x) (_cos(x)z—l ]5/2 [ (1 +cos(x))? )
(

cos(x)3 + 40 (—
2
1 +cos(x))? cos(x) cos(x)

32
))2) cos(x)2+8(

32
_L)z) cos(x) — 12/ —&)2 cos(x)3 — 3 arctan ! cos(x)3 —3cos(x)3ln[
(1 +cos(x)) (1 +cos(x)) 2/ j cos(x)
(1 4 cos(x))?

2/——( cos (x) > cos(x)z—cos(x)2—2/—M +2cos(x) —1 ]

1 +cos(x)) (1 4cos(x))?

/-
-8 (——( cos (x) 2 )3 ’ +24/ __cos(x) cos(x)?

2 1 + cos(x (1 +cos(x))?

sin(x)

2/% cos(x)z—cos(xﬂ—2/—%)2 T+ 2c0s(x) — 1
+3arctan[ ! ]cos(x)2 +3cos(x)%In| - (I +cos(x)) (1 +cos(x))

2/_ cos(x)
(1 —l—cos(x))2
— IZCos(x)/—L)2 + 3 cos(x) arctan !
(1 4+cos(x)) 2/ ~ cos(x)
(1 4+ cos(x) )2

2/ _ cos(x) cos(x)2 — cos(x)?2 _2/ o cos(x) +2cos(x) — 1
(1 + cos(x))> (1 +cos(x))?

- 3 — 3arctan ! -3 ln[
sin(x) /_ cos(x)

2
(1 +cos(x) )2

sin(x)?

+ 3 cos(x) ln{

2/ o cos(x) cos(x)? — cos(x)? —2/ Scos(x) +2cos(x) — 1
(1 + cos(x))? (1 4cos(x))?

sin(x)

sin(x)2

Problem 96: Result more than twice size of optimal antiderivative.
A + Csin(x)
bcos(x) + csin(x)

Optimal (type 3, 70 leaves, 3 steps):



Aarctanh[ ccos(x) — bsin(x) ]

P
Ve

cCx  bCln(bcos(x) +csin(x))
b+ b + 2

Result (type 3, 149 leaves):
2tan[£]b—2c
x \? X x )2 X 2 arctanh 2 Ab?
Cbln(tan(;j +1] . 2Ccarctan(tan(5)) Cbln(tan(;) b—2tan(5)c—b) .\ zm

b+ P b+ P b+ P (B +2)°
2tan(%)b—20
2 arctanh A
N 2+

(82 + )

Problem 102: Result more than twice size of optimal antiderivative.

| 1 o
(2a —2acos(ex +d) +2csin(ex +d))*
Optimal (type 3, 202 leaves, 5 steps):
5 ex d
alsa +302)1n(a+c°°t(7 i E)) ~ccos(ex +d) —asin(ex +d) . Slaccos(ex+d) +alsin(ex+d))
32ce 48%e(a—acos(ex+d) +csin(fex+d))>  96cte (a—acos(ex+d) +csin(ex +d))?
n 1(Ha2+43)wﬂex+d)—a(wa2+4g)$Mex+&
9&@Ma—amm&x+d)+mme+dH
Result (type 3, 415 leaves):

3 ex  d
] 1 ~ 52 ~ 3 . 4 B S5a ln[tan( + 2))
3 d ex d 2 7
dan[ €5 4 2 64 et (ﬂ+—) 128 ec*t (—+—J Stan[ €5 4 4 32ec
384 ec tan( > + 2) ec tan 5 5 ec tan 5 5 64 e’ tan > + 5
ex d
3aln|t —_— + =
efe(d)
5 2 2 2
32ec 64ec (c—i—atan(ﬂ—l-i)) 128ec® (c—i—atan(ﬂ—l-i)) 128 e’ (c+atan(ﬂ+i)j
2 2 2 2 2 2
_ 54° B 9a B 1 . a

QU
U
IS

3
6dec® | c+at ﬁ+—)) 128 4( +at (ﬂ+—)) 128 3( +at (ﬂ+—)) e+ ex  d
ec (C a an( B ) ec C atan 5 B ea c atan b D 384 ec C atan 5 )



4 1 2 5a31n(c+atan(%+—

- - — +

U

> +
3aln[c+atan(% +§))

32ec

2

3 3 3 7
128ecz(c+atan( ex g)) 128 ea (c+atan(%+iJj 384ea’ (c+atan(%+zjj 3Rec

_|_

Problem 107: Result more than twice size of optimal antiderivative.
J 1
(2a +2bcos(ex+d) —2asin(ex +d))?

dx

Optimal (type 3, 73 leaves, 4 steps)

aln[a—l—btan(i + X4 ﬂ))
~ 2 4 2 n acos(ex +d) +bsin(ex +d)
4p3¢ 4b%*e(a+bcos(ex+d) —asin(ex+d))

Result (type 3, 177 leaves):

a 1

4eb2(a—b) (atan(% g) —btan(% —I—%] —a—b) 4e(a—0>b) [atan(% +§) —btan[% +i) —a—b]

+
d ex d ex d
_aln(atan( > +2) btan(7+—J—a—bj B 1 +aln(tan(7+5J—lj

3 3
4eb dep? (tan(%+%)—l) 4eb

Problem 108: Result more than twice size of optimal antiderivative.
J 1
(a+bcos(ex+d) +csin(ex +d))?

a? — b — 2 N ccos(ex +d) —bsin(ex +d)

(=1 —2) e (> =2 —2) e (a+beos(ex +d) +csin(ex +d))

d
2 =
tan( > )

2 2
e[tan(%+§) a—tan(%+i) b+20tan(— §)+a+bJ (a —a b—abz—ac2+b3+czb)

dx

Optimal (type 3, 116 leaves, 3 steps):

c—l—(a—b)tan(% +

[\SREW

2 a arctan

Result (type 3, 423 leaves):

2 2



e
2
i d\? d\? d
(tan( +5J a—tan(—+zj b+20tan(—+5)+a+b) (> —a b—abz—acz+b3+c2b)
2tan(ﬂ+i)62
n 2 2
e(tan(ﬂ+iJ2a—tan(ﬂ i) b+2ctan(ﬁ+i)+a+b) (&> —a b—abz—acz+b3+czb)
2 2 2 2 2 2
2ac
e d \? ex d \? ex d 2 3
e(tan(z +2)a tan(2 +2Jb+20tan(2 +2)+a+b)(a @Pb—ab’>—ad +b +czb)
2(a—b)tan(—+§)+2c
2 a arctan
N 2Jd? —b* -

e(az—bz—cz)3 /2

Problem 109: Result more than twice size of optimal antiderivative.
J\/Z +3cos(ex+d) +5sin(ex+d) dx

Optimal (type 4, 69 leaves, 2 steps):

51 )2 5
arctan( —) arctan( —)
2/ cos §+%——23 ] EllipticE si[%—i—%— 23 QRARLL 153(”34 2 +3%
arctan( 2)
Ccos i + £xr 3 e
2 2 2
Result (type 4, 454 leaves):
1 sm ex+d+arctan(§))+l
241
17cos(ex+d+arctan( ))\/\/34 sm(ex+d+arctan( 2 Jj +2 e 34 +17
17(sin(ex+d+arctan(%)) —1) 17sin(ex+d+arctan( )J 4+ 34 17sin(ex+d+arctan(%)) + 34
- 2 - EllipticF - ,
V34 +17 -V 34 +17 -V 34 +17
17 sin ex+d+arctan( 3 )J 4+ 34 17 sin(ex+d+arctan( )) + 34
-V 34 +17 5 ..
I /| —— |v34 +15y34 EllipticE ,
V34 +17 V34 +17 V34 +17



17sin(ex+d+arctan( % )) +./ 34

3
17sm ex+d+arctan(—)j +./ 34
! _J34+17 I, /—34/ 5))

EllipticF B ot U
\/ 34 +17 V34 417 V34 +17 - 34 +17
17sin(ex+d+arctan( jj + 34 17s1n ex+d+arctan( )J +./34 _\/3—4_’_17
—34 - EllipticF I/ —
- 34 +17 - 34 +17 V34 417
17 si + d + arct 4+ 34 17 + d + arct + 34
sm(ex arc an( j j o sm ex arc an( ) J \/3_4 17
—34 EllipticF
V34 417 V34 417 -V 34 +17

Problem 110: Result more than twice size of optimal antiderivative.
J 1
Ja+bcos(ex+d) +csin(ex +d)

dx

Optimal (type 4, 137 leaves, 2 steps):

2/cos(i L, ex _ arctan(b.c) jz EllipticF Sin(g L ex _ arctan(b, c) j Nea Jb+ / a+bcos(ex+d) +csin(ex+d)
2772 2 22 2 rrra Nrrra

)e\/a +bcos(ex +d) +csin(ex +d)

=4

cos d | ex  arctan(b,c)
2 2 2

Result (type 4, 302 leaves):

- 2(-a
+VZ+2)
/_sin(ex+d—arctan(—b,c)) b+ +a /_ (sin(ex + d — arctan( - ) —1) Jbr+ 2 / sin(ex +d — arctan( -b ))—Fl)\/bz—l-c2
~a + b+ b2+c2 -a + b2+c2
. _ _ 2 B >
EllipticF /_51n(ex+d arctan( -b,c) )V b + 4a ,/_ a+Jbr+7 /—b2+cz cos(ex +d — arctan( -b,
~a +\ b+ P+

C))/ b?sin(ex +d — arctan( -b, ¢) ) + *sin(ex +d — arctan( -b, ¢) ) +a b> + & .
v



Problem 111: Result more than twice size of optimal antiderivative.

1
dx

+esin(ex +d))5 /2

J (a +bcos(ex +d)

Optimal (type 4, 428 leaves, 7 steps):
2 (ccos(ex+d) —bsin(ex +d)) n 8 (accos(ex+d) —absin(ex +d))

3( =02~ ) e(a+beos(ex+d) +esin(ex+d))> % 3(2— 12— 3) eyaThoos(ex ¥d) Tesn(ex 1)

2 2
8a/cos(§+” M) EllipticE sin(g+ﬂ—w),ﬁ N | e T T T oS er )

N 2 2 2 2 a+b>+J
3cos(% -l-% . arctanz(b,c) ) (az—bz—cz)ze a+bcos(ex+d) +csin(ex +d)
a+b*+e

2 2 .
2/005(% Loex _ arctan(b, c¢) ) EllipticF sin(% +% _ arctanz(b,c) )’\/7 N / a+bcos(ex+d) +csin(ex +d)
a+bv+ at+bv+

2 2
d ex arctan(b, c) 2 2 -
3 cos 5+7—f (a* = b —cz)e\/a+bcos(ex+d) +csin(ex +d)

Result (type ?, 2966 leaves): Display of huge result suppressed!

Problem 117: Result more than twice size of optimal antiderivative.

1

J\/bcos(ex—i-d) +esin(ex +d) + b+

dx

Optimal (type 3, 75 leaves, 3 steps):
(b2+c2)1/4sin(d+ex—arctan(b,c))\/7 J7

2\/ b2+ +cos(d +ex — arctan(b, ¢) ) b +
(R+2) e

arctanh

Result (type 3, 171 leaves):

/-\/b2 + ¢ (sin(ex +d —arctan(-b,c)) —1) J2
(R +3)

2 o _ _ : _ _ 2
(b2+62)1 /4cos(ex+d—arctan(—b,c))/ b”sin(ex 4+ d — arctan( -b, ¢) ) +czs1n(ex+d arctan( -b,c) ) +b +J .

Ve

(sin(ex 4+ d — arctan( -b, ¢) ) +1)\/—\/b2 + ¢ (sin(ex +d —arctan( -b,¢)) — 1) 2 arctanh

Problem 118: Result more than twice size of optimal antiderivative.



1

J(bcos(ex+d) +esin(ex+d) +V02 + &2

>3/2dx

Optimal (type 3, 137 leaves, 4 steps):

(b2 +c2)1 /4sin(d+ex— arctan(b, ¢) ) V2

2\/ b? + & +cos(d +ex —arctan(b, ¢) )  b> + 2 +
3 /4 / 2
4(B24+2) e e b+ (bcos(ex+d) +csin(ex +d) + b2+62>

J2

-ccos(ex +d) +bsin(ex +d)

arctanh [

Result (type 3, 349 leaves):

—[(sin(ex—}-d—arctan( —b,c))arctanh[ \/—sin(ex-l—d—arctan(—b,c))\/bz—l-cz +\/b2+62 V2 ]\/T(bz—l-cz)
2 +2)

: 2 2
+2 -sin(ex+d—arctan(-b.c)) P T & + VT E (B2 +2)° /4+arctanh[ /'Sm(”+d_ar0tan(('bz’c)c)2{1b/4+‘2 Vet VT ]ﬁbz
2 (b2 +

-l-arctanh[ \/—sin(ex+d — arctan( b, ¢) ) \/1b2/4+62 +\/b2 e J2 ]\/702] \/ -V b* +? (sin(ex +d —arctan(-b,c)) — 1) ) 4 (p?
2 (B2 +A2)
b sin(ex +d — arctan( -b, c) ) +czsin(ex +d —arctan( -b, c) ) + b2+ e]

+62)7 /4cos(ex+d—arctan( -b, c) )/
[T

Result more than twice size of optimal antiderivative.
1

Problem 121:
Ja + csec(x) +tan(x) b

Optimal (type 3, 91 leaves, 5 steps):
b—(a—c)tan(%j
2 a c arctanh
ax bln(c +acos(x) +bsin(x)) I Ja* +b> -2

+
2 2 2 2
a“+b a“+b (a2+b2) /a2+b2—62
Result (type 3, 413 leaves):

2 2 2
bln(tan(%) +1) Zaarctan(tan(%)) ln(tan(%) a—ctan(%j —2tan(%)b—a—c)ab

+ +
a® + b a + b (a2+b2)(a—c)




Z(a—c)tan(%)—Zb 2(a—c)tan(%)—2b

ln(tan(ijza—ctan(i)Z—Etan(ﬁ)b—a—c] ch 2 arctan ac 2 arctan b
2 2 2 N 2J-a* =+ 3 2J-a> -1+
2 2
(a* +5%) (a—c) (® 4+ b%) -a® —b* + &2 (i®4+b%) -a® = b+
Z(a—c)tan(%j—Zb 2(a—c)tan(§j—2b
2 arctan b a 2 arctan b e
n 2y -a* =+ B 2/ -a* — b+
(az—l—bz)\/ —a* — b2+ 2 (a—c) (az—i—bz)\/ -a* — b2 + 2 (a—c)
Problem 122: Result more than twice size of optimal antiderivative.
J sec(ex +d) dx
Ja+bsec(ex+d) +ctan(ex +d)
Optimal (type 4, 145 leaves, 3 steps):
2
y t 1 2 / cos(% + % - —ar“anz(“’c) j EllipticF sin(% + % - —ar“tanz(a’c) )
cos(E + % - %)e\/a +bsec(ex+d) +ctan(ex +d)

2 ~
N3 Ja + o (ex ¥ d) /b+acos(ex+d) +csin(ex +d)
b+a*+ b+a*+

Result (type 4, 715 leaves):

>

- T2 _ .
-4 1 EllipticF /_( la+1b+Jyd® -+ c) (Isin(ex +d) +cos(ex+d))
la—Ib+ya*—bp+J —c¢
/ (Ia—Ib-ﬁ-\/aZ—b2+c2 —c) (Ia—1b+ @ — b+ +c>

(—1a+1b+ @ — b+ —c) (—Ia+lb+ a? — b+ 2 +c)

/ 1 /b+acos(ex+d) +csin(ex +d)
cos(ex +d) cos(ex +d)

/ 1(\/a2—1)2+c2 cos(ex +d) +ccos(ex +d) —asin(ex+d) +bsin(ex+d) +a* —b> + +c)
<—Ia+Ib+ @ — b+ +c) (Icos(ex +d) +sin(ex +d) +1)

I(asin(ex+d)—bsin(ex+d)+ a® — b+ cos(ex +d) —ccos(ex +d) ++a* —b* + —c)

(Ia—Ib+ a® — b+ 2 —c) (Icos(ex +d) +sin(ex +d) +1)



_ 2 12 _ :
/— ( latlbtia —b+c c) Usin{ex +d) +cos(ex +d)) (cos(ex +d) +1)2cos(ex+d) (cos(ex +d) —1)2<I @ — b+ sin(ex
la—1b+Ja* -+ —¢
+d) —lacos(ex+d) +1bcos(ex+d) —Icsin(ex+d) —a> —b> +* cos(ex+d) +ccos(ex +d) —asin(ex +d) +bsin(ex+d)) (e(

Ta+1b+Ja* -+ —c) sin(ex +d)* (b +acos(ex+d) +ecsin(ex+d)))

Problem 123: Result more than twice size of optimal antiderivative.

J sec(ex+d)3 /2 dx
(a +bsec(ex +d) +ctan(ex +d) )3 /2

Optimal (type 4, 263 leaves, 4 steps):

32 o . >
_2sec(ex+d) (ccos(ex+d) —asin(ex+d)) (b +acos(ex+d)/+csm(ex+d)) _ 2/008(1 yoex _ arctan(a, c¢) j EllipticE sin(i
(az—b2+cz)e(a +bsec(ex +d) +ctan(ex+d))3 2 2 2 2 2
2
+Q—Mj,ﬁ T sec(ex +d)3 72 (b +acos(ex +d) +csin(ex +d) )2 cos(iJrﬁ—M)(az
2 2 5 2 2 2
b+ +
—b2+c2)e/ btacos(extd) *esinfextd) 4 poec(ex+d) +ctan(ex+d))3/2j
b+a+c

Result (type ?, 12426 leaves): Display of huge result suppressed!

Problem 124: Result more than twice size of optimal antiderivative.

1
J a+bcot(x) +cesc(x)

Optimal (type 3, 92 leaves, 5 steps):

a— (b—c)tan(

)

N | =

2 a carctanh
[ZTr -2
2 2 2 2 +
a+b a+b (a2+b2) /a2+b2—c2
Result (type 3, 445 leaves):
2 2 2
2 b1n| tan X +1 4 g arctan| tan X 21n| tan| = b — ctan X —2atan e —b—c|b?
2 i 2 _ 2 2 2

24d% + 217 24> +2b? (2a> +2b%) (b—c)

ax  bIn(c+bcos(x) +asin(x) )




2(b—c)tan(%)—2a Z(b—c)tan(%)—Za

ab 4 arctan ac

2 2
X x x 4 arctan
2ln(tan(5) b—ctan(a) —2atan(3]—b—c]cb+ R T2 . S B Ry R,

(2@ +26%) (b—c) a2 @I a2 F T

2(b—c)tan(%j—2a 2(b—c)tan(§)—2a

_|_

ab? 4 arctan ach

2y - b+ + 2y -a* -+
(2a®+20%)\ -a* —b*+J (b—c) (2a> +202)\ -a> = >+ (b—c)

4 arctan

Problem 127: Result more than twice size of optimal antiderivative.
csc(ex+d)3 /2 dx
(a +ccot(ex+d) +bcsc(ex +d) )3 /2

Optimal (type 4, 263 leaves, 4 steps):

32 : G 2
_2csc(ex+d) (b+ccos(ex+d) +asin(ex+d)) (acos(ex+d) —csin(ex+d)) ) csc(ex+d)3/2/cos(% goex arctan(c, a) ) EllipticE | sin

(az—b2+cz)e(a +ccot(ex +d) +bcsc(ex+d))3 /2 2 2
+d))? cos(i+ﬂ——ar°tan(c"” )(az—bz—i-cz)e(a—l—ccot(ex—i-d)—|—bcsc(ex+d))3/2 b+ ccos(ex +d) +asin(ex +d)
22 2 b+a+J

Result (type ?, 12233 leaves): Display of huge result suppressed!

Problem 128: Humongous result has more than 20000 leaves.
J csc(ex—i—d)s/2 &
(a+ccot(ex+d) +besclex+d))° /2

Optimal (type 4, 530 leaves, 8 steps):
2csc(ex+d)’ 72 (b +ccos(ex +d) +asin(ex+d)) (acos(ex +d) —csin(ex +d))
3(2 =0 +)e(a+eccot(ex+d) +besclex+d))S /2

8 )52 (b d) +asi 4))2 (ab d) —besi d esolex +)* / d 2
4 csc(ex +d) (b+ccos(ex+d) +asin(ex+d))° (abcos(ex +d) —bcsin(ex +d)) 118 /cos(z—i-ex _ arctan(c,a)) El

3(® -0 +E) e(a+ccot(ex+d) +besclex+d))S /2 2 2

- i _ i csc(ex—i—a’)s/2
+ccot(ex +d) +bcsc(ex+d))5 /2/ t+ccos(ex +d) +asin(ex +d) + 12 /cos(
b+a +

’)

Result (type ?, 62958 leaves): Display of huge result suppressed!

N |

d
+ =+
2

ex _ arctan(c, a) )2
2

EllipticF | sin [



Problem 129: Result more than twice size of optimal antiderivative.
1

J\/a +ccot(ex+d) +besc(ex+d) /sin(ex +d)
Optimal (type 4, 145 leaves, 3 steps):

dx

2 2 -
2/005(% _'_% _ arctanz(c,a) j EllipticF sin(i +% _ arctanz(c,a) j’ﬁ N / b +ccos(ex+d) +asin(ex +d)
b+ad+¢ b+d+c
ex arctan(c, a)

5 #]e\/a +ccot(ex+d) +bhesc(ex+d) sin(ex+d)

d
cos( > +

Result (type 4, 690 leaves):

_41/ b+ ccos(ex+d) tasin(ex +d) / 1(JZ =2 + & cos(ex+d) —bsin(ex +d) +csin(ex +d) —acos(ex +d) + /@ -+ —a)

sin(ex +d) (b +1c+J@ -+ —a) (lcos(ex +d) +sin(ex +d) +1)

/ I(bsin(ex—i—d) —csin(ex+d) + a? — b* + 2 cos(ex+d) +acos(ex+d) + a? — b* + 2 +a>
(1b—1c+ a? — b+ 2 +a) (Icos(ex +d) +sin(ex+d) +1)

/_ (—Ib +Ic+yd? — b+ —l—a) (Isin(ex +d) +cos(ex +d) ) (cos(ex +d)

Ib—lc+Ja®—b*+F +a

>

- 2 _ 12 .
+ 1) 2 EllipticF /_ ( Ib+lc+a® —b*+ +a) (Isin(ex +d) +cos(ex+d))
1b—Ic+Ja> b+ +a

(cos(ex+d) — 1)2 (I a? —b* + 2 sin(ex +d) —1bcos(ex +d)

/ (Ib—Ic+ a? — b+ 2 +a> (Ib—Ic+ a? — b + 2 —a)
(—Ib+1c+ - +F +a)(—1b+1c+ -+ —a)

+1cos(ex+d) c+1Isin(ex+d)a—a*> —b*>+ cos(ex +d) —acos(ex+d) — bsin(ex +d) +csin(ex+d)) (e(-Ib +1c

+Ja* =+ +a>sin(ex+d)7/2(b +ccos(ex+d) +asin(ex+d)))

Problem 130: Result more than twice size of optimal antiderivative.
1

dx
J (a+ccot(ex+d) +besc(ex+d))3 2sin(ex +d)3 /2
Optimal (type 4, 263 leaves, 4 steps):




2 (b+ccos(ex+d) +asin(ex+d)) (acos(ex+d) —csin(ex +d))
2

(@ —b* + ) e(a+ceot(ex+d) +besclex+d))3 2sinex +d)3 /2
2 2
2/cos(§ + % - W) EllipticE sin(% + % - ar“anz&)ﬁ ERGETE (b +ccos(ex +d) +asin(ex +d))>
b+Ja*+J

b+ ccos(ex +d) +asin(ex +d)
b+a+¢

cos(% +5 - Wj (= 0> +3) e (a+ccot(ex+d) +besc(ex+d))3 2sin(ex +d)? /2/

Result (type ?, 12223 leaves): Display of huge result suppressed!

Problem 134: Result unnecessarily involves higher level functions and more than twice size of optimal
antiderivative.

1
J~(sec(x)2-—tan(x)2)3

dx
Optimal (type 1, 1 leaves, 2 steps):

Result (type 3, 3 leaves):
arctan(tan(x) )

Problem 137: Result more than twice size of optimal antiderivative.
J d + esin(x)

5 dx
a + bsin(x) + csin(x)

Optimal (type 3, 206 leaves, 7 steps):

(2c+(b—\/m)tan(§))ﬁ

arctan \/7(6+M]
/ 2
ZJbL—b%a+c)—b ~4ac+b? “dac+b
\/bz—Zc(a +c) —b ~4ac+b?
2c+<b+d—4ac+b2)wn(£)JJ7_
2 be—2cd
arctan \/7 e+ ———
/ 2
+ 2/b2—20(a+c)+b “4ac+b “dac+b

Jbz—Zc(a+c)+b -dac+b?
Result (type 3, 831 leaves):



2atan(%j+b+\/—4ac+b2 2atan(%)+b+\/ -dac+ b2

8 a arctan dc 2 arctan db?
\/4ac—2b2—2b ~dac+b* +44° _ \/4ac—2b2—2b ~dac+b +4d
(4ac—b2)\/4ac—2b2—2b -dac+b* +4d (4ac—b2)\/4ac—2b2—2b ~dac+b* +4d?
2atan(%)+b+ ~4ac+b? 2atan(%)+b+ ~dac+b?
4a\ -4ac+b* arctan e 2\ -4ac+ b* arctan db
N /4ac—2b2—2b “dac+ b +44d° 3 \/4ac—2b2—2b ~dac+b +4d°
(4ac—b2)\/4ac—2b2—2b -dac+b* +4d (4ac—b2)\/4ac—2b2—2b dac+b* +44°
—2atan(§j +J-4ac+b* —b —2atan(%) +J-4ac+b* —b
8 a arctan dc 2 arctan db?
\/4ac—2b2—l—2b 4ac+b +44d° N /4ac—2b2+2b “4ac+b +44d
(4ac—b2)\/4ac—2b2+2b “dac+b* +44° (4ac—b2)\/4ac—2b2+2b “dac+b +4d°
—2atan(%j +J-4ac+b* —b —2atan(%) +J-4ac+b* —b
4ay -4ac+b* arctan e 2y -4ac+b* arctan db
N /4ac—2b2+2b “4ac+b* +4d 3 \/4ac—2b2+2b “dac+b +4d°
(4ac—b2)/4ac—2b2+2b “dac+b +4d (4ac—b2)\/4ac—2b2+2b “dac+b +4d°

Problem 138: Result more than twice size of optimal antiderivative.
J a+bsin(ex +d)
(b +2absin(ex +d) +a*sin(ex +d)?)

32 dx
Optimal (type 3, 224 leaves, 8 steps):
a+btan(ﬂ+ij
2 2
arctanh
cos(ex+d) (b+asin(ex+d)) . a? — b?
2 - 2o 213 /2 202 2\3/2 (12 . 2w 213 /2
2e¢(b* +2absin(ex +d) +a*sin(ex +d)?) a® (a*> —b*)" ""e(b* +2absin(ex +d) +a*sin(ex +d)?)

(ab+d*sin(ex+d))’

N beos(ex+d) (ab+dsin(ex +d) )’
2 (2 —12) e (b +d*sin(ex +d) ) (b +2absin(ex +d) +asin(ex +d)2)° /2
Result (type 3, 737 leaves):
[ bcos(ex+d) —asin(ex+d) — b
—(—Zarctan

J -a® + b* sin(ex +d)

cos(ex+d)zsin(ex+d) a*b? 4+ -a® + b? cos(ex+a’)3azb3 —-d® + b cos(ex+d)zsin(ex

+d)a +2 -a? + b? cos(ex+d)2sin(ex+d)a3b2—6arctan boos(ex+d) —asin(ex+d) —b cos(ex-l—a’)2a3b3 -3 -a? +b cos(ex

J -a* + b?* sin(ex +d)



+d)2a*b 46y -a® + b2 cos(ex +d)2a? b3+ -a® + b% cos(ex +d) sin(ex +d) @ b* — 3 -a® + b* cos(ex +d) sin(ex +d) ab*

+ 2 arctan beos(ex +d) —asin(ex +d) —b

bcos(ex +d) —asin(ex+d) —b

J -a? +b? sin(ex +d)

) sin(ex +d) a* b + 6arctan[

J -a? +b? sin(ex +d)

Jsin(ex—i—d) a? b

— 2 -d® +b? cos(ex+d) B>+ -a* +b* sin(ex+d) @ ++ -a*> + b sin(ex +d) &> b*> — 6+ -a*> + b* sin(ex +d) ab*

+ 6 arctan

bcos(ex +d) —asin(ex+d) —b )a3b3 +2arctan[ bcos(ex +d) —asin(ex+d) —b
J -a? + b? sin(ex +d) J -a? +b? sin(ex +d)
N b5)/(2e\/ P18 (@@= 7)1 (dPeos(ex +d)2 +2absin(ex +d) +a® + 7))

Problem 140: Result more than twice size of optimal antiderivative.

J a +bsec(ex +d)

(b2 +2absec(ex +d) +asec(ex +d)?)° &
Optimal (type 3, 215 leaves, 8 steps):
a—>b tan(ﬁ +i)
(a®> —2b%) (24* — a® b + b*) arctan 2 2
ax va-+b _ a(3a2—5b2)tan(ex+d)
= (a—b)52b* (a+b)5 e 6% (a® —b?) e (b +asec(ex +d))>

_ a(6a4—11a2b2+11b4)tan(ex+d) _ a4tan(ex+d)

6b° (az—bz)ze(b +asec(ex +d)) 3be(ab +azsec(ex+d))3
Result (type 3, 1117 leaves):

Jab5+3 ~a* + b2 a*b—5-d® +b* P

5
2aarctan(tan(%+g)) ~ 2a5tan(%+§)
eb? 2 2 3
eb? [tan(%+§) a—tan(—x+g) b+a+b) (a2+2ab+b2)
5
a4tan(—x+ij
4 2
2 d 2 ex d 2 3 2 2
eb” | tan —+5 a —tan 7+5 b+a+b| (a*+2ab+b*)
5 5
44> tan ﬂ_,_i 34’ tan ﬂ_,_i
4 2 2 _ 2 2
2 2 3 2 2 3
eb(tan(%+%) a—tan(% gj b-l—a-l—bj (a®+2ab+b?) e[tan(%%-g) a—tan(%—i—%) b—i—a—i—b) (®+2ab+b?)



ex d d
6batan( > +2) ~ 4q° tan( 5 2)

- 5 3 3
e(tan(%—i—%) a—tan(%—l—%) b—l—a+b] (a®+2ab+b?) eb3(tan( : g) a—tan(%-l—%j b—l—a—l—bJ (a—b) (a+b)
3 3
3243 tan ﬂ+£ batan| €* + 4
n 2 2 . 2 2
d ex d\? 3 ex d\? ex d\? 3
3eb(tan( > +3] a—tan(T—i-E) b—i—a—i—b) (a—=b) (a+b) e(tan[7+5) a—tan(T-l-E] b-l—a-l—b] (a—=>b) (a+b)
~ 2a5tan(%+§)
2 2 3
eb3(tan(%+g) a—tan(%+%) b+a+b) (a2—2ab+b2)
4 ex d
t —_— —_
~ a an( > +—2 )
2 2 3
eb? | tan ﬂ—ki) a —tan ﬂ—i-i) b—i—a—i—b) (a2—2ab—|—b2)
2 2 2 2
ém%m(2£+i) 3a%m(ax+i)
2 2 2 2
+ +
ex d \? d 3 5 5 d d : 2 2
eb (tan(—+—) a—tan( +—J b+a+bj (a* —=2ab +b?) [tan( —) a—tan( + = ) b+a+b) (a> —2ab +b?)
2 2 2 2 2 2
tan( ezx ;')(a— )
d 2 arct 6
6bat ﬁ_i__J arctan a
_ anf J@a—b) (ath)
2 2 3 4( 4 5 232 4 14 —
[+ 4 Pamim( 4 Povarn) (@-zaperr) 2R TEBTEED)
2 2 2 2
tan(%+%)(a—b) tan(%+%)(a—b) tan(%+%)(a—b)
5 arctan a* 3 arctan a? 2 b* arctan
i V(a=b)(atbh) _ V(a=b) (a ) n V(a=b)(atbh)
eb? (a* =2 +b*)J(a—0b) (a +b) e(a*—2a b2+b4)\/ (a +b) e(a*—2a20* +b*)J(a—b) (a +b)

Problem 144: Result more than twice size of optimal antiderivative.
A + Bcos(x)
a+bcos(x) +1bsin(x)

Optimal (type 3, 73 leaves, 1 step):
(2ad—bB)x , 1Bcos(x) 1(2aAb—Ba*>—Bb*) In(a + bceos(x) +1bsin(x)) 4 Bsin(x)
24% 2a 24%b 2a

Result (type 3, 152 leaves):



Cl(z)-] “

la+1b +atan(%) —tan(%)b)B Ibln(Ia +1b +atan(%) —tan(%)b)B

x x X x X
Iln(tan(z) I)A Iln(tan(z) ) B IBln(tan(2)+I) .\ Iln(la+lb+atan(2) tan(z)bJA
a 2a

Iln

TN

2b 242

Problem 145: Result more than twice size of optimal antiderivative.
A + Bcos(x)
a+bcos(x) —Ibsin(x)

Optimal (type 3, 73 leaves, 1 step):
(2aA—bB)x 1Bcos(x) 1(2a4b—Ba*—Bb*)In(a+bhbcos(x) —Ibsin(x)) L Bsin(x)
24° 2a 24%b 2a

Result (type 3, 283 leaves):

IBln(tan(%J—I) Iln(Ia+Ib—atan[2)+tan(%)bjA Ibln(Ia+Ib—atan(%)+tan(%)b}A
- + j—
2b -a+b a(-a-+b)
X X X X X
Ialn(la—l—lb—atan(;)-l—tan( ) )B Iln(Ia—i—Ib—atan(E)+tan(5)b)B Ibln(Ia—i—Ib—atan(E)+tan(5)b)B
+ 2(-a+b) B 2a(-a+b)

N | =

Jb)B Iln(tan(§)+I)A Iln(tan(%)+l)b3+

J’_
2
2a a(tan(

Problem 146: Result more than twice size of optimal antiderivative.
J Bcos(x) + Csin(x)

+
Ibzln(la +1b —atan( ﬁ) +tan(
2
_|_
-a+b)

24% (-

o= |®

J+1

a+bcos(x) + csin(x)
Optimal (type 3, 113 leaves, 4 steps):
c+ (a—b)tan(%)

2a (bB + Cc) arctan
(bB+Cec)x | (Be—=bC)In(a+bcos(x) +esin(x)) _ @ — b — 7
b+ b+ (B +2) -2

Result (type 3, 823 leaves):
x )2 x )2 X x )2 x )2 X
ln[tan(a) a—tan(zj b+2tan(5)c+a+b)3ac ln(tan(zj a—tan(;) b+2tan(zjc+a+b]Bbc

(B2 4+ ) (a—b) (B2 4+ %) (a—b)




2 2 2 2
ln(tan(%) a—tan(%) b+2tan(%)c+a+b}€ab ln(tan(g) a—tan(%) b+2tan(§)c+a+b)€b2
- +
(B> +) (a—b) (B> +) (a—b)
2(a—b)tan(§)+2c 2(a—b)tan(%)+2c 2(a—b)tan(§)+2c
2 arctan Bab 2 arctan B 2 arctan Cac
B 2Ja? —p? =& N 2Jad? —bp* =& 2Jad? = b =&
(b +F)Ja> b = (B +32)Va* —b* =& (B +32)Va* —b* =&
2(a—b)tan(%)+2c 2(a—b)tan(§)+2c 2(a—b)tan(%)+2(:
2 arctan Cbhbc 2 arctan *Ba 2 arctan ZBb
_ 2 az—bz—cz . 2 az—bZ_cz n 2 a2_b2_c2
(B> +*)Ja* = b* =& (6> +)Va* —b* = (a—b) (B> +*)Ja* = b* = (a—b)
2(a—b)tan(%)+2c 2(a—b)tan(%)+20
2 arctan cCab 2 arctan cCh? x )2 x )2
. P2 NPy _1n(tan(3) +1)Bc+Cbln[tan(5) +1)

(B> +A) > —b> = (a—b)

2Barctan(tan(%))b 2Ccarctan(tan(

b»r+ 2 b+

(B2 +E)Vd? —b* = (a—b)

)

N | =

+
b2 + &2

Problem 147:

Optimal (type 3, 121 leaves,

2 (aA —bB — Cc) arctan

b + 2

4 steps):

Result more than twice size of optimal antiderivative.

J A + Bcos(x) + Csin(x)
(a +bcos(x) + csin(x) )2

c+(a—b)tan(§)

NP L Be=bC+ (Ac=Ca) cos(x) = (4b = Ba) sin(x)
(-2 —2) (2= b2 — ) (a+bcos(x) +csin(x))

Result (type 3, 328 leaves):

2 -

(adb—Ab*—AF—Ba*+Bab +Bc2+Cac—Cbc)tan(§)

Aac—Bbc— Ca* + Ch?

@ —a*b—ab*—alt+b+3Eb

+
@ —a*b—ab*—alt+b+3Eb

2 2
tan(%) a—tan(%) b+2tan(%)c+a+b



2(a—b)tan(%)+2c 2(a—b)tan(%)+2c 2(a—b)tan(%)+2c
2 arctan aA 2 arctan bB 2 arctan Cc
2Ja? - =2 2Ja* - =2 2Ja* - =2
_|_ — —
(az_bz_cz)3/2 (az_bz_cz)3/2 (az_bz_cz)3/2

Problem 148: Result more than twice size of optimal antiderivative.

JA + Bcos(x) + Csin(x)
a+bcos(x) —Ibsin(x)

Optimal (type 3, 90 leaves, 1 step):
(2aA—bB+1bC)x I(ZaAb—b2 (B—1C) — & (B+IC))ln(a+bcos(x) —Ibsin(x)) (IB+C) (cos(x) +1Isin(x))

24° 24d%b 2a
Result (type 3, 474 leaves):

In| tan X —I1|C Iln| tan X +1|bB aln| Ia+1b—atan X + tan L b|C In| Ia +1b — atan X + tan L b|C
2 B 2 n 2 2 B 2 2

2b 242 2b(-a+b) 2(-a+b)
bln| la +1b —atan e + tan X b|C b In|1a +1b— atan X + tan L b|C
3 2 2 N 2 2 3 IC
2a(-a+b) 2a* (-a +b) a(tan(%j+lj
Ibzln(la—i—lb—atan(%)+tan[%]b)B Iln(la-i—lb—atan(%)+tan(%)b)A IBln(tan(%)—I) Iln[tan(%)—FI)A
+ + — +
2a* (-a+b) -a+b 2b a
IIn[ Ta +1b —atan ﬁ)ﬂan L b)B laln|Ta +1b — atan ﬁ)ﬂan L b)B
N 2 2 3 2 2 N B
2(-a+b) 2b(-a+b) a(tan(ﬁ)ﬂ)
2
Ibln(la+1b—atan(%)+tan(%)b)A Ibln(Ia+Ib—atan(%)+tan(%)b)B ln(tan %J+I)bc
B a(-a+b) B 2a(-a+b) B 2 a2

Problem 149: Result more than twice size of optimal antiderivative.

Jb2 4+ +abcos(x) +acsin(x)
(a +bcos(x) +csin(x))?

Optimal (type 3, 23 leaves, 1 step):

-ccos(x) + bsin(x)
a+bcos(x) + csin(x)

Result (type 3, 69 leaves):



_|_
a—>b a—>b

Problem 150: Result more than twice size of optimal antiderivative.

J(a + bcos(x) +esin(x))? /2 (d+becos(x) +cesin(x)) dx

Optimal (type 4, 414 leaves, 8 steps):
2 (a+bcos(x) +esin(x))® /2 (cecos(x) —besin(x)) 2 (a+bcos(x) +esin(x))® /2 (c(5ae+7d)cos(x) —b (Sae+7d)sin(x))

7 35
_ 2(c(56ad+15a*e+25 (b +*)e) cos(x) —b (56ad +15a*e +25 (b* +*) e) sin(x) ) Ja + beos(x) +csin(x)
105

+ 1 2(161%d +63 (B> +P)d+15d3 e + 145a (b*

105cos(£ __arctan(b, ¢) ]/ a + bcos(x) + csin(x)

2 2 a+p*+J
2 (12
+62)e)/cos(% - %) EllipticE sin(% - %),ﬁ b——'—cz Ja+bcos(x) + csin(x)
a+Jb* 4+

- — ! 2(a® = b* =) (S6ad +15a%e +25 (b

105 cos(% — W)\/a + bcos(x) + csin(x)

2 2 .
+cz)e)/cos(% _ arctanz(b,c) ) EllipticF sin(% _ arctanz(b,c) ),\/7 N / a+bcos(x) + csin(x)
a++ b+ a+yb+

Result (type ?, 3501 leaves): Display of huge result suppressed!

Problem 151: Result more than twice size of optimal antiderivative.

J\/a +bcos(x) +csin(x) (d+becos(x) +cesin(x)) dx

Optimal (type 4, 261 leaves, 6 steps):

_ 2 (cecos(x) —besin(x)) Ja+bcos(x) + csin(x)
3




: [ 12
Z(aeﬂd)/cos(%_%) ElhptiCE[Sin(%_%)’ﬁ AP HE | T hest Tesn)
* a+Jb*+J
3005( X _ Mj/ a + bcos(x) + csin(x)
? ? a+yb*+c

Z(az—bz—cz)e/cos( __arctan(b, c) )2 EllipticF[sin(% _ arctan(b, c) j,\/? N J/ a + bcos(x) + csin(x)

X
E 2 at JFAE Ny
arctan(b, ¢)

_ aydne e ) Ja+bcos(x) +csin(x)

X
3 -
COS( D) )

Result (type 4, 1459 leaves):

/_ (—b2 sin(x — arctan( -b, ¢) ) —czsin(x—arctan( -b,c)) —a+/ b2+ ) cos(x — arctan( -b, ¢) )2 <\/b2 T2 bze+\/b2 T2 cze)
Ve

~ 2\/cos(x — arctan( -b, ¢) )2 (sin(x —arctan( -b, c) ) b+ +a>

N

1 (7=
2
3\/cos(x—arctan(—b,c))2(sin(x—arctan(—b,c)) b+ -I-a) B+

a

_l.

o



/ -sin(x — arctan ( ) P +F —a / -sin(x —arctan( -b,c) ) +1) v b+ / (sin(x —arctan( -b,c)) + 1) v b+ EllipticF
-a + b2+c2 a+yb+J ~a + b+

|

-a + b2+02 b+ P

/ -sin(x — arctan ( )V P+ —a / m
a+

1

_ 4a(
3JbE+ 2 \/cos(x—arctan(—b,c))z(sin(x—arctan(—b,c)) b+ +a) [ Vb2+cz

a

_1]/—sin(x—arctan(—b,c))\/bz—i-c2 —a/ -sin(x — arctan bc))—i—l)\/bz—i-c2 /(smx—arctan bc))—l—l)\/b2+c2

a + b+ b+ & a +\ b+

|

_ 5 B =
- - 1] EllipticE[ / -sin(x — arctan ( m 4 / m
a+

n EllipticF[/ -sin(x — arctan( -b, ¢) ) V P4+ —a

Jir+ & -a + b2+c2 b+ g+ + 2
47N0 T W ]]] + I [2(ab2e+acze+b2d+czd) a
T b+ \/cos(x—arctan( -b, c) )2 <sin(x—arctan( -b,c)) b+ -|—a) v b+



|

1 /—sm(x—arctan DN+ —a / -sin(x — arctan( -b, ¢) ) + 1) Vb + /(sin(x—arctan(—b,c)) + 1)+
} ca+ PP+ p*+ ~a + b+

— 2 _ b o _ ~ 5 B
a —1)EllipticE[ / sin(x — arctan( -b.c)) b2+ —a / =y bt ]+EllipticF[ / sin(x — arctan( -b.¢)) J&* +& —a
J+ —a+ b2+cz a+Jp2 + 2 ca+B + 2

a

Ve

a-Jby+e J]] +(2ad B+ P
+ B+

_ 1]
/ -sin(x — arctan ( )B4+ —a / -sin(x — arctan( b, ¢)) +1) > + / (sin(x —arctan( -b, ¢)) + 1) b* + EllipticF

a +bp*+

-a + b2+cz b+ P
/—sm(x—arctan \/bz—l-c2 —a / —Jbr+ 2 ]/
—a+ b+ a4+ b+

/ _ ( -b? sin(x — arctan( -b, c) ) — czsin(x —arctan( -b,c)) —a+/ b+ ) cos(x — arctan( -b, ¢) )2 J ] [mcos(x — arctan( -b
Fie

) / b? sin(x — arctan( -b, ¢) ) +czsin(x —arctan( -b,c)) +a+/ b+ J
Ve

Problem 152: Result more than twice size of optimal antiderivative.
Jd+becos(x) +cesin(x)
Ja+bcos(x) + csin(x)

Optimal (type 4, 220 leaves, 5 steps):



Ja+bcos(x) + csin(x)

2 [ 12
2 e/ cos( % - —arctanz( b,c) J EllipticE[sin( % — —arctanz( b,c) ), J2 b te ¢
+Jp» +

cos(i _ arctan(b, c) )/ a +bcos(x) +csin(x)
2 2 +V b+

2 2 -
2(—ae+d)/cos(% _arctan(b, c) ) EllipticF[sin(% _ arctan(b, ¢) j’\/? N J/ a+bcos(x) + csin(x)
a

. 2 2 a+J0?+ 3 +Vb* 4+
cos(% - %)\/a + bcos(x) +csin(x)

Result (type 4, 776 leaves):

/_ (—b2 sin(x — arctan( -b, ¢) ) —czsin(x—arctan(—b,c)) —a b+ ) cos(x — arctan( -b, ¢) )2 [Zd 2t a

!

/ -sin(x — arctan ( ) P +F —a / -sin(x —arctan( -b,c) ) +1) b + & / (sin(x —arctan(-b,c)) + 1) v b+ EllipticF[

-a+ #+8 b+ -+ b*+

cos(x — arctan( -b, ¢) )2

/—sm(x—arctan \/b2+cz —a / m ]]/
—a+ b+ a+b+c
T

/ ~ ( -b? sin(x — arctan( -b, c) ) — & sin(x — arctan( -b, c) ) —

Fie

+ 1 [2 (bze+cze) [ a4
\/cos(x— arctan( -b, ¢) )2 (sin(x —arctan( -b, c) ) B>+ +a> v b+



_IJ/ -sin(x — arctan( - \/b2+c2 —a / -sin(x — arctan ( ) +1) Jbr+ 3 / sin(x — arctan( - b,c))+1)\/b2+c2
b2+

-a + b2+62 & ~a + b+
_ a . 1] EllipticE / -sin(x — arctan ( Y2+ —a — b+ 2 + EllipticF / -sin(x — arctan( -b, ¢) )y b* + & —a
Jb?+ ca+ PP+ b2+62 a+Jrr+3 ~a + b+

a—JrE+E
+Jr+Z

\/mcos(x — arctan( -b, ¢) ) / b? sin(x — arctan( -b, ¢) ) +c25in(x —arctan(-b,c)) +a+/ b+
Vs

Problem 153: Result more than twice size of optimal antiderivative.

JA + Bcos(ex +d) + Csin(ex +d)
(a +csin(ex +d))*

Optimal (type 3, 245 leaves, 10 steps):

c+atan( ex +§)

(24a° +34ac* —4Ca*c— CS) arctan 2
PR 3 B (Ac— Ca) cos(ex +d)
(a2_02)7/26 3ce(a+esin(ex+d))3 3(i®? =) e(a+csin(ex+d))>
N (54ac—2Cd*>—=3C) cos(ex+d) N (114d%c+443 —2Ca® —13Cac?) cos(ex +d)
6(az—c2)2<e(cl+csin(e)c+d))2 6(612—6'2)36(61 +csin(ex +d))

Result (type ?, 5050 leaves): Display of huge result suppressed!

Problem 155: Result more than twice size of optimal antiderivative.

|
J (a +cos(dx +c) sin(dx +c) b)? 72

Optimal (type 4, 161 leaves, 5 steps):

2
. T o T -
2 — +d EllipticE — +d 242 b 2d 2
2boos(2dx+2¢) T B /sm(c—i— 4 + x) iptic (cos(c—i— 4 + x) V2 7a +b J‘/ V2a+bsin(2dx+2c¢)
2 _ 42 - :
(40> —b*)dJ2a +bsin(2dx +2¢) Sin[ch% +de (4a2_b2)d/ 2a+bs21n(ic§)x+20)
a

Result (type 4, 569 leaves):

1 (4(4a2/2a+bsin(2dx+20) /_(sin(de+2c)—l)b/_(sin(de+2c)+1)b
b(4a®> —b*)cos(2dx+2c)J&a+2bsin(2dx +2¢) d 2a—b 2a+b 2a—b




EllipticF(\/2a+bsm(2dx+2c) ,/2a—b )
2a—>b 2a+b

]bz

[ 2a+bsin(2dx+2c) _(sin(2dx+2c¢) —1)b _(sin(2dx+2c¢) +1)b Elli ticF[ 2a+bsin(2dx+2c) 2a—b
2a—b 2a+b 2a—b P 2a—>b 2a+b
4 2a+bsin(2dx+2c) _ (sin(2dx+2c) —1)b _(sin(2dx+2c) +1)b EllinticE 2a+bsin(2dx+2c) 2a—>b
2a—b 2a+b 2a—b P 2a—0>b 2a+b
n 2a+bsin(2dx+2c¢) _(sin(2dx+2c) —1)b _(sin(2dx+2c) +1)b EllinticE 2a+bsin(2dx+2c¢) 2a—b
2a—b 2a+b 2a—b P 2a—b 2a+b
—bzsin(2dx+20)2+b2J)
Problem 158: Attempted integration timed out after 120 seconds.
J cos(ax)4 dr
x* (cos(ax) +axsin(ax))?
Optimal (type 4, 80 leaves, 6 steps):
2 2 : 3
1 i cos(zax) _ 2cos(ax) —24Si(2ax) — cos(ax)sin(ax) . cos(ax)
X a2 X ax a3 (cos(ax) +axsin(ax))

Result (type 1, 1 leaves) :2?2?

Problem 163: Result more than twice size of optimal antiderivative.

J-\/ctan(bx+a) tan(2bhx+2a) dx

Optimal (type 3, 39 leaves, 3 steps):

arctanh[ Je tan(2bx +2a) jﬁ

J-c+csec(2bx+2a)
b

Result (type 3, 135 leaves)

J_/ 1 —cos(bx+a)?) Sin(bx+a)/ 2cos(bx+a)?—1 J2 cos(bx+a) & (-1 +cos(bx+a))

2cos(bx+a)?—1 (cos(bx+a) +1)? arctanh
cos(bx+a cos(bx+a 2
2sin(bx+a)2/ 2cos(bx+a) 1

(cos(bx+a) +1)2

2b(-1+cos(bx+a))

Problem 165: Result more than twice size of optimal antiderivative.
J(ctan(bx+a) tan(2bx+2a))3 /2 dr

Optimal (type 3, 72 leaves, 5 steps):

Je
E



A /zarctanh( Jetan(2bx +2a)
Voctesee(2bx+2a) ) Atan(2bx +2a)

b by-c+tcsec(2bx+2a)

Result (type 3, 252 leaves):

1 2cos(bx +a)?
V2 (2cos(bx+a)?>—1) / \/—cos
(2 ++2 ) (\/ )sm(bx—l—a) rre (cos(bx+a) +1)

+ a) arctanh

V2 cos(bx+a)J4 (-1 +cos(bx+a)) +/ 2cos(bx+a)2 arctanh J2 cos(bx+a)J4 (-1 +cos(bx+a)) J7

2 _ (cos(bx +a) +1)2 2 _
2sin(bx+a)2/ 2cos(bx +a) 12 2Sm(bx+a)2/ 2cos(bx +a) 12
(cos(bx+a) +1) (cos(bx+a) +1)

csin(bx +a)?
2005(bx+a)2 -1

32
—2cos(bx+a) ( ]

Problem 166: Result more than twice size of optimal antiderivative.

Jcos(be+2a) (ctan(bx +a) tan(2bx +2a))3 /2 dx

Optimal (type 3, 74 leaves, 6 steps):

303/2arctanh[ JT tan(2bx +2a) ]

B J-c+csec(2bx+2a) n Asin(2bx+2a)

2b 2by -c+csec(2bx+2a)

Result (type 3, 517 leaves):

1 2cos(bx+a)?
J2 (2cos(bx+a)?—1) / v 2 cos(
(2 ++/2 ) (\/ )sm(bx+a)3 e (cos(bx+a) +1)

+ ) arctanh J2 cos(bx+a) & (-1 +cos(bx+a)) +/ 2cos(bx+a)? —1 aretanh J2 cos(bx+a)J& (-1 +cos(bx+a)) Nea
2sin(bx+a)2/ 2008(bx+a)2_1 (COS(bx+a)+1)2 2sin(bx+a)2/ 2C0$(bx+a)2_l
(cos(bx+a) +1)2 (cos(bx+a) +1)2
. 5 3
—2cos(bx+a) ( cs1n(bx+a2) J - 3 1 3 2\/7(2005(bx+a)2
2cos(bx+a)” -1 p(24y7) (V2 —2) sin(bx +a)3



) / 2cos(bx+a)?—1 ST cos(bx +a) arctanh J2 cos(bx+a)y& (-1 +cos(bx+a))

2
(cos(bx+a) +1) 2Sin(bx+a)2/ 2cos(bx+a)2—1
(cos(bx+a) +1)2

\/7+4cos(bx—|-a)3 +2cos(bx+a)

2 _ _
+/ 2cos(bxta)®—1 J2 cos(bx+a)J& (-1 +cos(bx+a))

2
(cos(bx+a) +1) ZSin(bx+a)2/ 2cos(bx+a)?—1
(cos(bx+a) +1)?

[ csin(bx +a)? )3 /2
2cos(bx+a)?—1

Problem 167: Result more than twice size of optimal antiderivative.
J sec(2bx+2a)4
Jctan(bx+a) tan(2bx +2a)

dx

Optimal (type 3, 154 leaves, 6 steps):

Je tan(2bx +2a) 2 ]ﬁ
2y -c+csec(2bx+2a) N l4tan(2bx +2a) N sec(2bx+2a)’tan(2bx +2a)
2bc 15by -c+csec(2bx+2a) 5by -c+csec(2bx+2a)

J-c+csec(2bx+2a) tan(2bx+2a)
15¢h

Result (type 3, 979 leaves):

arctanh

+

2 _ 2 _
2 J4 (-1 +cos(bx+a)) 208/ 2oos(bxta) ! cos(bx+a)6+120arctanh V4 (2cos(bx+a) 3cos(bx+a) +1) cos(bx—i—a)6

2
(cos(bx+a) +1) 2sin(bx-|—a)2/ 2cos(bx+a)? —1
(cos(bx+a) +1)>

7 z_
2[/ T Cos(bx+a)2—200s(bx+a)2_/ 2e0s(BA L)~ cos(br+a) +1
(cos(bx+a) +1)2 (cos(bx+a) +l)2

+1201In| -

cos(bx+a)6
sin(bx—i—a)2

2 _ 2 _
+208/ 2cos(brta)” =1 cos(bx+a)5—200/ 2eos(brta)" =1 oo +a)t
(cos(bx+a) +1) (cos(bx+a) +1)



180 aretanh J4& (2cos(bx+a)? —3cos(bx+a) +1)

2 _
ZSin(bx+a)2/ 2cos(bx+a) 12
(cos(bx+a) +1)

cos(bx+a)*—1801n

— T
2{/ 2eos(brra)” =1 cos(bx+a)2—2cos(bx+a)2—/ 2008(bx+a)"= Ly oos(bx+a) +1
_ (cos(bx+a) +1) (cos(bx+a) +1)

3 cos(bx+a)4
sin(bx +a)

— T
—200/ 2eos(brra)” =1 cos(bx+a)3+6o/ 2008(bX+a)" = 1 oo +a)?
(cos(bx+a) +1) (cos(bx+a) +1)

4 90 arctanh \/T(Zcos(bx+a)2—3cos(bx+a) +1)

2 _
2sin(bx+a)2/ 2cos(bx+a) 12
(cos(bx+a) +1)

cos(bx+a)2 +901In

7 2 _
2[/ Zcos(bx +a) 12 cos(bx+a)2—200s(bx+a)2—/ Zcos(bx +a) 12 +cos(bx+a) +1
B (cos(bx+a) +1) (cos(bx+a) +1)

cos(bx +a)? 4 60cos(bx
sin(bx+a)2
7 2 _
+a)/ (Zcos((bbx+a)) 1)12 15 arctann| YA (2cos(bx+a)? —3cos(bxta) +1) | _ qp
cos(bx+a) + 2 _
25in(bx+a)2/ 2cos(bx+a) 1
(cos(bx+a) +1)?

7 2 _
2[/ 2cos(bx +a) 12 cos(bx+a)2—200s(bx+a)2—/ 2cos(bx +a) 12 +cos(bx+a) +1J
_ (cos(bx+a) +1) (cos(bx+a) +1)

(1201; (-3
sin(bx+a)2

sin(bx +a)

+2y7)" (3+247)° (2cos(bx+a)2—1)3/ 2cos(bx +a)? ~ | / csin(bx +a)?

(cos(bx+a) +1)? 2cos(bx+a)?—1

Problem 168: Result more than twice size of optimal antiderivative.



dx

J sec(2bx +2a)3

Jetan(bx +a) tan(2bx +2a)
Optimal (type 3, 112 leaves, 5 steps):

Mdmm[ Jetan(2bx+2a) 2 ]J?
2y -c+csec(2bx+2a) + 2tan(2bx+2a) +\/—c+csec(2bx+2a) tan(2bx+2a)

N 3by—ctcsec(2bx+2a) 3cb
Result (type 3, 672 leaves):

7 _ 2
-1 V2 V4 (-1 4cos(bx+a)) 8/ 2cos(bx+a) 12 cos(bx+a)4+12arctanh 4 (2cos(bx +a) 3cos(bx +a) +1) cos(bx+a)4
(cos(bx+a) +1) 2sin(bx+a)2/ 2cos(bx+a)?—1
(cos(bx+a) +1)?

(cos(bx+a) +1)? (cos(bx+a) +1)2

7 2
2[/ 2cos(bx +a) L cos(bx+a)2—2005(bx+a)2—/ Zcos(bx +a) ! +cos(bx+a) +1
+121In

5 cos(bx—i—a)4
sin(bx +a)

cos(bx+a)?—12In

2 _ 2 _
+8/ 2cos(bx+a) 12 cos(bx+a)3—12arctanh J4 (2cos(bx+a) 3cos(bx+a) +1)
(cos(bx+a) +1) zsin(bx+a)2/ 2005(bx+a)2—1
(cos(bx+a) +1)2

2 _ 7 _
2[/ 2oos(bx ta) 12 cos(bx+a)2—2005(bx+a)2—/ 2oos(bx t+a) 12 +cos(bx+a) +1
(cos(bx+a) +1) (cos(bx+a) +1)

T )2 cos(bx—i—a)2
sin(bx +a
2 _
+ 3 arctanh J4 (2cos(bx+a) 3cos(bx+a) +1) 13
2sin(bx+a)2/ 2cos(bx+a)2—l
(cos(bx+a) +1)2
2 _ 2 _
2[/ 2cos(bx+a) 12 cos(bx+a)2—2005(bx+a)2—/ 2cos(bx +a) 12 +cos(bx+a)+l)
(cos(bx+a) +1) (cos(bx+a) +1) (245(_3
sin(bx+a)2



+2ﬁ)2(3+2ﬁ)2(2cos(bx+a)2—1)2/ zcos(bx”)z_l/ csin(bx+a)® sin(bx+a)j
(cos(bx+a) +1)32 2cos(bx+a)?—1

Problem 169: Result more than twice size of optimal antiderivative.

J sec(2bx +2a)>

dx
Jetan(bx +a) tan(2bx +2a)
Optimal (type 3, 77 leaves, 4 steps):
arctanh[ Je tan(2bx+2a) 2 Jﬁ
2 -c+csec(2bx+2a) tan(2bx+2a)
N by -c+csec(2bx +2a)
Result (type 3, 477 leaves):
2 _ 2 _
1 N3 /(ZCOS,((bbx+a)) 1)12 arctanh J4 (2cos(bx+a)? —3cos(bx+a) +1) cos(bx +a)
: 2 cos(bx+a) + 2 _
4b/ esSX* A" (5 co5(bx +a)2 —1) 25in(bx+a)2/ 2cos(brta)” =1
2cos(bx+a)” —1 (cos(bx+a) +1)

In

+/ 2cos(bx+a)?—1
(cos(bx+a) +1)?

— T
2[/ 2eos(bx¥a) — 2 cos(bx+a)2—2cos(bx+a)2—/ 2o0s(bx +a) 1 +cos(bx+a)+1J
_ (cos(bx+a) +1) (cos(bx+a) +1)

3 cos(bx+a)
sin(bx +a)

+ arctanh

+In

J4 (2cos(bx+a)? —3cos(bx+a) +1) / 2cos(bx+a)?—1

7 (cos(bx+a) +1)?
Zsin(bx+a)2/ 2cos(bx+a)?—1
(cos(bx+a) +1)2

— T
2[/ 2eos(bx¥a) — 2 cos(bx+a)2—2cos(bx+a)2—/ 2o0s(bx +a) 1 +cos(bx+a)+1J
_ (cos(bx+a) +1) (cos(bx+a) +1)

/ 2005(bx+a)2—1 +4cos(bx

sin(bx +a)? (cos(bx+a) +1)2



+a) |sin(bx +a)

Problem 170: Result more than twice size of optimal antiderivative.

J sec(2bx+2a)
Jetan(bx+a)tan(2bx+2a)

dx

Optimal (type 3, 46 leaves, 3 steps):

arctanh{ Jetan(2bx +2a) 2 T

2y -c+csec(2bx+2a)

2b\c
Result (type 3, 235 leaves):
1
2 V4 b
8bsin(bx +a)c V24 (cos(bx+a)
— 2 2 _ 2 _
+1)/02(1 ((l;os(bx)-lz—a)l) /;_cos((bbx+a)) 1)12 arctanh J4 (2cos(bx+a) 3cos(bx+a) +1) Cn
cos(bx+a)” — cos(bx+a) + 2 _
%mwx+aﬂ/ihwwx+w 2
(cos(bx+a) +1)
2 _ 2 _
2[/ 2cos(bx +a) 12 cos(bx+a)2—2cos(bx+a)2—/ 2cos(bx +a) 12 +cos(bx+a) +1
_ (cos(bx+a) +1) (cos(bx+a) +1)
ﬁn(bx-+a)2
Problem 171: Result more than twice size of optimal antiderivative.
1
J 32 dx

(ctan(bx +a) tan(2bx+2a))

Optimal (type 3, 117 leaves, 7 steps):

sretann| € tan(2bx +2a) ) 5arctanh[ Jetan(2bx +2a) 2 T
V -c+cesec(2bx+2a) " 2y -c+csec(2bx+2a) _ tan(2bx +2a)

b 2 8bhc3 /2

4b (-c+esec(2bx+2a))3 /2
Result (type 3, 560 leaves):



_ 1 3, V2 V& (-1 +cos(bx+a))*| 82 cos(bx

. 2 \3/2 2 _
1b csm(bx—i—a2) ) Sin(bx+a)3[ 2cos(bx +a) 12 ]
2cos(bx+a)”—1 (cos(bx+a) +1)

2cos(bx+a)? —1
(cos(bx+a) +1)?

V2 cos(bx+a)J4 (-1 +cos(bx+a))

2 _
2sin(bx+a)2/ 2cos(bx+a) 12
(cos(bx+a) +1)

+ a) arctanh

+Zcos(bx+a)/

J4 (2cos(bx+a)?> —3cos(bx+a) +1)

2 _
25in(bx+a)2/ 2cos(bx+a) 12
(cos(bx+a) +1)

— Sarctanh cos(bx+a) —51In

7 2
2{/ 2cos(bx+a)”—1 cos(bx+a)2—2COS(bx+a)2—/ 2cos(bx+a)”—1 —i—cos(bx-i—a)-i—l]

W (cos(brta) +1)? (cos(bx+a) +1)° cos(bx +a)

sin(bx +a)?

J2 cos(bx+a) 4 (-1 +cos(bx+a)) JT + 5 arctanh J4 (2cos(bx+a)?> —3cos(bx+a) +1)

2 _ 2 _
ZSin(bx+a)2/ 2cos(bx+a) 12 25in(bx+a)2/ 2cos(bx+a) 12
(cos(bx+a) +1) (cos(bx+a) +1)

+5In

— 8 arctanh

— T
2{/ 2cos(bx+a)” — 1 cos(bx+a)2—2cos(bx+a)2—/ Zeos(bx+a)" =1\ os(bx+a) +1]
(cos(bx+a) +1)2 (cos(bx+a) +1)?

sin(bx +a)?

Problem 196: Result unnecessarily involves higher level functions and more than twice size of optimal

antiderivative.
2
J sec(x) dr
4

—sec(x)2

Optimal (type 3, 8 leaves, 2 steps):

arcsin

( tan<x3) JTJ



Result (type 4, 102 leaves)

2cos(x) —1 —1 2cos(x) +1 . J3 (cos(x) —1) 1] .o 3 (cos(x) —1) 1 l]) . 2
T+ oos(x) +cos I+ cos(x) [ElhptlcF[ sin(x) '3 } 2E111pt1cP1( sin(x) © 303 sin(x)
2
9 M)z_l cos(x) (cos(x) — 1)
cos(x)

Problem 199: Result more than twice size of optimal antiderivative.

(a+bceot(x) )3 cse(x)?
J ¢ +dcot(x) dr

Optimal (type 3, 74 leaves, 3 steps):
b(-ad+cb)?cot(x) (-ad+cb) (a+bceot(x))?  (a+bceot(x))? N (-ad+cb)>In(c+dcot(x))

& 242 3d a4
Result (type 3, 201 leaves):
_In(tan(x) c +d) & + 3In(tan(x) c +d) a®bec _ 3In(tan(x) ¢ +d) b2c2 n(tan(x) c+d) b3 b N In(tan(x) ) o>
d d? & d* 3dtan(x)? d
_ 3In(tan(x)) abe n 31n(tan(x) ) ab*? _ In(tan(x)) b _ 3ba? 3b%ac _ b A . 3b%a i b
a? d3 a dtan(x)  g’tan(x) dtan(x) 2dtan(x)?  2d*tan(x)?

Problem 205: Result more than twice size of optimal antiderivative.
Je” sinbx+a) gin(2bx +2a) dx

Optimal (type 3, 41 leaves, 4 steps):
) 2" sin(bx+a) L 2 e sin(bx+a)sin(bx+a)
bn? bn

Result (type 3, 103 leaves):

I¢" sin(b x) cos(a) +n cos(b x) sin(a) elbxela I¢" sin(b x) cos(a) +n cos(b x) sin(a) e—bee—la 2 ¢l (sin(b x) cos(a) +cos(b x) sin(a))

- + —
bn bn b n?

Problem 231: Result more than twice size of optimal antiderivative.
Jcot(x)3csc(x) 1 +csc(x) dx

Optimal (type 3, 17 leaves, 6 steps):

4(14ese(x)) 72 2(1 +ose(x))” 2
5 7

Result (type 3, 37 leaves):



1 +sin(x)

- (9cos(x)zsin(x) + 13 cos(x)z—Ssin(x) —-8)
sin(x)

35sin(x)?

Problem 232: Unable to integrate problem.
J‘ csc(x) (cos(x)x—4sec(x) tan(x) ) dx
Optimal (type 3, 16 leaves, 8 steps):

4sec(x) 2x

3/2+
cse(x) csc(x)
Result (type 8, 18 leaves):

J‘ csc(x) (cos(x)x—4sec(x) tan(x) ) dx

Problem 234: Unable to integrate problem.
J csc(x) sec(x) asec(x)2 dx

Optimal (type 4, 280 leaves, 21 steps):

X asec( + 6 1.2 arctan (') cos(x) v a sec( — 23 arctanh (&™) cos(x) v a sec( + 3122 cos(x) polylog(2, -e'*)  asec(x)?

— 6 Ixcos(x) polylog(2, —Iex) asec(x) + 61Ixcos(x) polylog(Z,Iex) asec(x) — 3142 cos(x) polylog(2, eIx) asec(x)2 — 6xcos(x) polylog(3,
-e asec(x)” + 6cos(x) polylo —le asec(x)” — 6.cos(x) polylo e asec(x)” + 6xcos(x) polylo e asec(x
1) Vasec(x)? +6cos(x) polylog(3, —Te') yasec(x)* — 6 cos(x) polylog(3, 1¢') (x)* +6xcos(x) polylog(3, ') (x)*

— 6Icos(x) polylog(4, -e'¥) asec(x)% + 61cos(x) polylog(4, ')V asec(x)?

xzelx(31(elx)2+x(elx)2—31+x) ]/ a(elx)z ( 1x\2
81 de| [ —2— ()7 +1)
2);/ ) U 4 ()7 =1) () +1) ()2 +1)°

(( Ix

Ix)2+1)2 €

Result (type 8, 126 leaves):

Problem 244: Result more than twice size of optimal antiderivative.
Jf’”“ (cos(dx +c¢) +1sin(dx+¢) )" dx
Optimal (type 3, 31 leaves, 4 steps):
dx+c fhx-i-a
Idn + b In(f)

Result (type 3, 85 leaves):



2
21tan(d2—x+2£) l—tan(dz—x-i-zﬁ)
nln 3 +
. 1+tan(d—x+£) 1+tan(d— <
e(bx-i—a)ln(/)e 2 2 2 2

Idn +bIn(f)

Test results for the 3 problems in "dog.txt"

Problem 1: Unable to integrate problem.
JF‘C“”‘J”” (f+fsin(ex +d))" dx

Optimal (type 5, 107 leaves, 3 steps):

wax+mhnm@mm{[—2m—n—~y¥£iﬂl,[l—n——Lﬁigﬁl}Jﬁ“”+m)(f+fMMex+d)W
e e
- 1 2n
— (2ex—m+24d)
(1+e2 ) (Ien —bcln(F))

Result (type 8, 24 leaves):
JF‘C“”‘J”” (f+fsin(ex +d))" dx

Problem 2: Unable to integrate problem.
JFC bx+a) (ry foos(ex+d))" dx
Optimal (type 5, 100 leaves, 3 steps):

Fc(bx-i-a) (f+fCOS(ex+d) )"hypergeom( -2n, -n —

1bcln(F) } {1 _,_ lbeln(F) ] —e“ex+d>)
e e

(ex+d 4 1)2" (Ten —beln(F))
Result (type 8, 24 leaves):
JF" (bx+a) (£ feos(ex +d) )" dx

Problem 3: Unable to integrate problem.
JF" (bx+a) (£ feosh(ex +d) )" dx
Optimal (type 5, 88 leaves, 3 steps):

Febx+a) (£4 feosh(ex +d) )”hypergeom( [ -2n, -n+ beln(F) ], [1 —n+ beln(F) ], —eex+d)
e e

(1 +e*F) 2" (en —beln(F))
Result (type 8, 24 leaves):



JFC (bxFa) (£ feosh(ex +d))" dx

Summary of Integration Test Results

634 integration problems

Mo QW

379 optimal antiderivatives

131 more than twice size of optimal antiderivatives
10 unnecessarily complex antiderivatives

108 unable to integrate problems

6 integration timeouts






