Maple 2018.2 Integration Test Results
on the problems in "6 Hyperbolic functions/6.1 Hyperbolic sine"

Test results for the 136 problems in "6.1.1 (ctd x)”*m (at+b sinh)*n.txt"

Problem 1: Result more than twice size of optimal antiderivative.
J(dx+c)4sinh(bx+a) dx
Optimal (type 3, 91 leaves, 5 steps):

24 d* cosh(bx +a) N 12d* (dx +c¢)?cosh(bx +a) N (dx+c)*cosh(bx+a)  24d° (dx+c)sinh(bx+a)  4d(dx+c)’sinh(bx +a)

b b b b - b2
Result (type 3, 546 leaves):
12d8ac((bx+a)?cosh(bx+a) —2 (bx+a)sinh(bx+a) +2cosh(bx+a))

%(c“cosh(bx—i—a) —

b3
N 12d° a*c ((bx +a) cosh(bx+a) —sinh(bx+a))  12d*ac® ((hx+a) cosh(bx+a) —sinh(bx+a))
b b
N d* ((bx+a)*cosh(bx+a) —4 (bx+a)3sinh(bx+a) +12 (bx+a)?cosh(bx +a) —24 (bx +a) sinh(bx +a) +24cosh(bx+a))
b4
N d*a*cosh(bx+a) 4d*a ((bx+a)cosh(bx+a) —sinh(bx+a)) + 4d ((bx+a) cosh(bx +a) —sinh(bx +a))
b4 b4 b
_ 4ddccosh(bxt+a) | 6da’Peosh(bx+a) _ 4daccosh(bx+a)
b b b
_4d*a((bx+a)dcosh(bx+a) —3 (bx+a)?sinh(bx+a) +6 (bx+a)cosh(bx +a) —6sinh(bx +a))
b4
N 4dc ((bx+a)dcosh(bx+a) —3 (bx+a)?sinh(bx+a) +6 (bx+a) cosh(bx+a) —6sinh(bx+a))
b3
N 6d*a* ((bx+a)?cosh(bx+a) —2 (bx+a) sinh(bx +a) +2cosh(bx+a))
b4
N 6d>* ((bx+a)?cosh(bx+a) —2 (bx+a) sinh(bx+a) +2cosh(bx+a)) )
b2

Problem 2: Result more than twice size of optimal antiderivative.
J(dx+c)2sinh(bx+a) dx
Optimal (type 3, 49 leaves, 3 steps):

2d*cosh(bx +a) N (dx+c)?cosh(bx+a)  2d(dx+c)sinh(bx+a)
b b b




Result (type 3, 146 leaves):
l ( dz((bx+a)zcosh(bx+a) —2 (bx+a)sinh(bx+a) +2cosh(bx+a)) 2d2a((bx+a) cosh(bx +a) —sinh(bx +a))

b b - b
4 2dc((bx+a)cosh(bx+a) —sinh(bx+a)) n dzazcosh(bx+a) _ 2daccosh(bx+a
b b2 b

) +c2cosh(bx+a))

Problem 3: Result more than twice size of optimal antiderivative.
inh(bx +
J51 (bx ?) dr
(dx+c)

Optimal (type 4, 96 leaves, 5 steps):
be .( bc .( be . be
b cosh(a — 2€ | shif 2 +p p2Chi[ 2€ 4 b | sinh ——)
_beosh(bxta) €08 (“ d) 1( d ") N 1( d x)sm (“ d )  sinh(bx+a)
2d% (dx +¢) 24 24 2d (dx+c¢)?
Result (type 4, 276 leaves):

_ad—ch
p3ebr—a, p3ebr—a, p2ebx—a pe ¢ Eil(bx"‘a—add;d))
4d (PR 120 cdx+ EW) 4P (BPER2 120 cdx +EB) " 4d (P2 +2b%cdx + P b?) " 443
ad—chb
p2bxta p2hxta pe ¢ EH(‘“‘“‘#)
4@(”7“ +bx)2 4d3(b7€ +bx) 4d

Problem 4: Result more than twice size of optimal antiderivative.
J(dx+c)zsinh(bx+a)2dx
Optimal (type 3, 85 leaves, 4 steps):
_dx _ (dx+c)’ | dcosh(bxta)sinh(bx+a) | (dx+c)®cosh(bx+a)sinh(bx+a) _ d(dx+c)sinh(bx+a)?
4 b? 6d 4 2b 2 b2
Result (type 3, 261 leaves):
| dz[ (bx+a)*cosh(bx +a)sinh(bx+a)  (bx+a)®  (bx+a)cosh(bx+a)? o cosh(bx+a)sinh(bx+a)  bx

5
1 2 6 2 4 4 4
b »2

2 4 4
b2

2d2a( (bx+a)cosh(bx +a)sinh(bx+a)  (bx+a)® cosh(bx+a)2j




(bx+a) cosh(bx +a) sinh(bx +a) (bx+a)2 cosh(bx—i—a)2 » 2 ( cosh(bx+a)sinh(bx+a) bx a
2dc d“a —
2

+

2 4 4 2 2
+ b 2
Zdac( cosh(bx+a) sinh(bx+a)  bx gj
. 2 2 2 +62(cosh bx+a) sinh(bx + a) _ﬁ_g)
b 2 2 2

Problem 5: Result more than twice size of optimal antiderivative.
sinh(bx-l—a)2
————————jz—-dx
(dx+c)
Optimal (type 4, 150 leaves, 7 steps):

2bc ( 2bc ( 2bc . 2bc
2b3cosh| 2a — Sh +2b 2b3Ch +2b h{2a—
o ( ¢ ) 1( x) 1( d x)sm( Ty ) _ beosh(bx +a) sinh(bx +a)

2
2B ; + ‘ ‘ + 2 2
3d (dx+c) 34 34 3d% (dx+c)
_ sinh(bx+a)?  2b*sinh(bx +a)?
3d (dx+¢)3 34 (dx+¢)
Result (type 4, 554 leaves):
1 b5€—2bx—2ax2 b5€—2bx—2acx
6d(dx+c)® 6d(BPPL 3P cd 2 +308°Fdx+bF) 3L (BPPL+3Pcd P +33Fdx+b )
b5€—2bx—2a02 b4 -2bx— 2a
6 (PP +303cd* 2 +3Fdx+b ) 12d(b3d3x3 +3b°cd® X +3b362dx+b3 A)
b4e—2bx—2ac b3e—2bx 2a
+ j—
R (PEL 438 cd 2 +383Fdx+b3) RABPPL 43080 cd 2 +308°Fdx+b )
2(ad—cbh) 2( d b)
d . a —C
be E11(2bx+2a——d ) p32brt2a p32brt2a p32brt2a
+ — — —
3d4 3 2 d4
12d4(—+bx) 12d4(—+bx) 6 —+bx
2(ad—cbh)
pe 4 Eil(—2bx—2a——2(_a‘2+6b) )

3dt

Problem 6: Result more than twice size of optimal antiderivative.
J(dx+c)4sinh(bx+a)3 dx

Optimal (type 3, 205 leaves, 12 steps):



488 d*cosh(bx+a)  80d* (dx+c)?cosh(bx+a) 2 (dx+c)*cosh(bx+a) + 8d*cosh(bx+a)’ N 160 &> (dx + c) sinh(bx +a)

270 953 3b 815 9p*
N 8d (dx +c)3sinh(bx +a) N 4d (dx +c)*cosh(bx +a) sinh(bx +a)? N (dx +c)*cosh(bx +a) sinh(bx +a)?
3p° 953 3b
_ 8d’ (dx+c)sinh(bx+a)®  4d(dx+c)’sinh(bx+a)?
27 b* 95

Result (type 3, 1216 leaves):

N (bx+a)*cosh(bx +a) sinh(bx +a)? N 28 (bx+a)3sinh(bx+a) 80 (hx+a)’cosh(bx+a)

3 3 9 9

b p*

1|1 (d4 ( 2 (bx+4a)*cosh(bx +a)

L 488 (bx+a)sinh(bx+a) _ 1456cosh(bx+a) _ 4 (bx+a)’sinh(bx+a)cosh(bx+a)® | 4 (bx+a)?sinh(bx+a)?cosh(bx+a)

27 81 9 9

_ 8(bx+a)sinh(bx+a) cosh(bx+a)?  8sinh(bx+a)?cosh(bx +a) )) _L(4d4a[_2(bx+a)300sh(bx+a)
27 81 b 3

(bx+a)3cosh(bx+a) sinh(bx +a)? L 7 (bx+a)*sinh(bx+a) _ 40 (bx+a) cosh(bx+a) 4 122sinh(bx +a)
3 3 9 27

_ (bx+a)?sinh(bx +a) cosh(bx+a)? | 2 (bx+a)sinh(bx+a)?cosh(bx+a) _ 2sinh(bx+a) cosh(bx +a)? ))
3 9 27

+L(6d4a2( (bx+a)*sinh(bx+a)?cosh(bx+a) 2 (bx+a)’cosh(bx+a) 2 (bx+a)sinh(hx+a)cosh(bx+a)?
b 3 3 9

14 (bx+a) sinh(bx+a) 2sinh(bx +a)?cosh(bx +a) _ 40cosh(bx +a) ))
9 27 27

4t ad 2 (bx+a)cosh(bx +a) 4 (bx+a) sinh(bx+a)zcosh(bx+a) I 7sinh(bx +a) sinh(bx+a)cosh(bx+a)2 )
3 3 9 9
b4

) cosh(bx +a)

(bx+a)3cosh(bx+a) sinh(bx +a)?
3 + 3

3 3 s

* p* b

4 2 si11h(bx—|-a)2
d'a [ + 1 (4cd3(_2(bx+a)3cosh(bx+a)

N 7 (bx+a)*sinh(bx+a) 40 (bx+a) cosh(bx +a) L 122sinh(bx +a) (bx+a)?sinh(bx +a) cosh(bx +a)?
3 9 27 3



+

2 (bx+a)sinh(bx+a)?cosh(bx+a) _ 2sinh(bx+a)cosh(bx+a)? )) 1 (120d3a( (bx +a)?sinh(bx +a)?cosh(bx +a)

9 27 s 3

2 (bx+4a)?cosh(bx+a) 2 (bx+a)sinh(bx+a)cosh(bx +a)? L 14 (bx+a)sinh(bx+a) +2sinh(bx+a)2cosh(bx+a)

3 9 9 27

40 cosh(bx +a) ))
27

Ded & 2 (bx+a)cosh(bx+a) i (bx-l—a)sinh(bx+a)2cosh(bx+a) n 7sinh(bx +a) sinh(bx—i—a)cosh(bx—i—a)2
3 3 9 9
b3
2, sinh(bx+a)?
4d33(——+—) h(bx+
R 3 cosh{bx+a) +L(662d2( (bx+a)?sinh(bx +a)2cosh(bx +a) _ 2 (bx+a)’cosh(bx+a)
b3 b2 3 3

2 (bx+a)sinh(bx+a) cosh(bx +a)?

14 (bx +a) sinh(bx +a) ZShm(bx—¥a)2codﬂbx-+a) 40 cosh(bx +a)
+ + -
9 9 27 27
DAL 2 (bx+a)cosh(bx+a) +_(bx—Fa)shm(bx-Fa)zcoﬂubx—Fa) +_7sinh(bx—i—a) __sinh(bx—{-a)cosh(bx—{-a)2
3 3 9 9
b2
: 2
&Aﬁf{—%-kﬂ@g%iﬁLJcmex+m
b2
4C3d(_2(bx+a)cosh(bx+a) " (bx+a)sinh(bx+a)zcosh(bx+a) 4 7sinh(bx +a) sinh(bx+a)cosh(bx+a)2]
3 3 9 9
b
. 2
4c3da(—% +chosh(bx+a) et a2
b +c4(—? +W)cosh(bx+a)

Problem 7: Result more than twice size of optimal antiderivative.

J(dx+c)3sinh(bx+a)3 dx

Optimal (type 3, 161 leaves, 8 steps):

40d* (dx+c) cosh(bx+a) 2 (dx+c)>cosh(bx+a) N 40 &3 sinh(bx + a) 4 2d (dx+c)?sinh(bx +a)

953 3b 9 p* b?



N 2d? (dx +c¢) cosh(bx +a) sinh(bx +a)? + (dx+c)3cosh(bx +a)sinh(bx+a)?  2dsinh(bx+a)®  d(dx+c)?sinh(bx+a)?
953 3b 27 b* 3p%

Result (type 3, 675 leaves):

N (bx+a)3cosh(bx+a) sinh(bx +a)? N 7 (bx+a)*sinh(bx+a) 40 (bx+a) cosh(bx +a)

3 3 3 9

1 L(d3(_2(bx+a)3cosh(bx+a)
b\ p3

L 122sinh(bx+a) _ (bx+a)?sinh(bx +a) cosh(bx +a)? N 2 (bx+a)sinh(bx +a)?cosh(bx+a) _ 2sinh(hx+a)cosh(bx+a)? J)

27 3 9 27

_L(3d3a[ (bx+a)*sinh(bx+a)?cosh(bx+a) 2 (bx+a)’cosh(bx+a) 2 (bx+a)sinh(bx+a)cosh(bx+a)?
3 3 3 9

14 (bx+a) sinh(bx+a) 2sinh(bx +a)?cosh(bx+a)  40cosh(bx+a) )) +L(3d2c( (bx +a)?sinh(bx +a)?cosh(bx +a)
9 27 27 »2 3

2(bx+a)zcosh(bx+a) _ 2(bx+a)sinh(bx+a)cosh(bx+a)2 i 14 (bx +a) sinh(bx +a) i 2sinh(bx+a)zcosh(bx+a)
3 9 9 27

40 cosh(bx + a) J)
27

S 2 (bx+a)cosh(bx +a) 4 (bx+a)sinh(bx+a)zcosh(bx+a) i 7sinh(bx +a) sinh(bx+a)cosh(bx+a)2)
n 3 3 9 9
b3
6dlac 2 (bx+a)cosh(bx+a) n (bx+a)sinh(bx+a)2cosh(bx+a) i 7sinh(bx +a) sinh(bx—i—a)cosh(bx+a)2
B 3 3 9 9
b2
3czd(_2(bx+a)cosh(bx+a) n (bx+a)sinh(bx+a)2cosh(bx+a) i 7sinh(bx +a) sinh(bx+a)cosh(bx+a)2j
4 3 3 9 9
b
: 2 : 2
d3a3[-§+mh(b++a))cosh(bx+a) 3d2a2c[-§+w)cosh(bx+a)
- b " b2
: 2
3dac2(—%+chosh(bx+a) 5 sinh(brta)?
— b +c3(—? +W)cosh(l)x+a}



Problem 8: Result more than twice size of optimal antiderivative.
J(dx+c)zsinh(bx+a)3dx

Optimal (type 3, 111 leaves, 6 steps):

_14dcosh(bx+a) _ 2(dx+c)’cosh(bxta) | 2d’cosh(bx+a)® | 4d(dx+c)sinh(bx+a) , (dx+c)’cosh(bx+a)sinh(bx+a)?

9p° 3b 2763 3b? 3b
_ 2d(dx+c)sinh(bx +a)?
9 b2
Result (type 3, 319 leaves):

1|1 (dZ( (bx+a)*sinh(bx+a)?cosh(bx+a) 2 (bx+a)’cosh(bx+a) 2 (bx+a)sinh(bx+a)cosh(bx+a)?

b\ p2 3 3 9

14 (bx +a) sinh(bx +a)

N N 2sinh(bx +a)?cosh(bx+a)  40cosh(bx+a) ))
9 27 27
YPa 2 (bx+a)cosh(bx+a) +_(bx—%a)shm(bx—%a)zcoﬂubx-+a) +_7sinh(bx—l-a) B ﬁnh(bx—ka)coﬂubx-+a)2
B 3 3 9 9
b2
2dc(_2(bx+a)cosh(bx+a) I (bx+a)sinh(bx+a)zcosh(bx+a) n 7sinh(bx +a) sinh(bx+a)cosh(bx+a)2)
4 3 3 9 9
b
: 2 : 2
dZaZ[-§+mh(b++a))cosh(bx+a) 2dac(—%+chosh(bx+a) 2 ihibe st
+ - 4w;(——-+§mi—£—£l—)umex+a)
b? b 3 3

Problem 10: Result more than twice size of optimal antiderivative.
J(dx+c)3csch(bx+a) dx
Optimal (type 4, 142 leaves, 9 steps):
2 (dx +c)? arctanh (P *+9) _ 3d (dx +c)? polylog(2, -gbxta) " 3d (dx +c)? polylog(2, ghxta) + 6d* (dx + ¢) polylog(3, -gbxta)
b b? b? b
B 6d* (dx + c) polylog(3, e?*+@) _ 6 d° polylog (4, -e?*T4) " 6 d° polylog (4, P *T4)
b b* b*
Result (type 4, 540 leaves):
3AdIn(1 —eP*T9) 4 _ 3AdIn(1 +eP*F) _ 3AdIn(1 +eP*) g " 3dcIn(1 —P¥Ta) 2 _ 3d2cIn(1 —P¥T9) &2
b? b b? b b




6d*cpolylog(2,e°* ) x  3d%cin(1+e*%9) 2 | 3dcin(1+e"*T9) a*  6d°cpolylog(2, -e"*¢) x N 6 da > arctanh(e?*1¢)

+ +
b b b’ b? b?
B 6 d? a® carctanh (e? ¥ +¢) n 3AdIn(1 —eP*T9) x B 2 A arctanh(e? ¥ +¢) B 6 d° polylog (4, -e?*T4) n 6 d> polylog (4, & *T4)
b b b bt b
+ 6 d° polylog(3, -e?*T4) x _ 6 d* cpolylog(3, ¥ T4) + 6 d* cpolylog(3, -e?**¢) + 3 A dpolylog(2, ¥ T4) _ 3 A dpolylog(2, -e?**4)
b b’ b b? b?
+ 2d3a3arctanh(ebx+“) n d3a3ln(l —ebx+a) _ d3a3ln(1 +ebx+“) " d31n(1 —ebx+“)x3 + 3d3p01ylog(2, ebx+“)x2
b b b b b?
B 6 d° polylog(3, e?**4) x _ Pln(1 +eP¥ta) s _ 3 &3 polylog(2, -e?*4) 2
b b b?

Problem 11: Result more than twice size of optimal antiderivative.
J(dx+c)2csch(bx+a)2 dx

Optimal (type 4, 74 leaves, 5 steps):
B (dx+c¢)? _ (dx +c)?coth(bx +a) " 2d (dx+c) In(1 —2bx+2a) " d? polylog (2, 2 b*+2a)
b b b2 b3
Result (type 4, 239 leaves):
2(fP42cdx+P) 4 2dcln(ef* T4 —1)  4dcin(eP*9) 4 2dcin(1+e*19) 2482 4dtax 24P N 2d%In(1 —eP¥T9) x
b (2bx+2a _ 1) B2 B2 B2 b B2 B3 B2

N 248 In(1 — ¥ ) ¢ N 2 d? polylog(2, & *T4) N 247 In(1 +eP¥Fe) x N 2d? polylog(2, -e?*T4) 24 aln(ef*Te—1) N 4d%aln(eb*te)

b » b2 » » b

Problem 12: Result more than twice size of optimal antiderivative.
J(dx—i—c) csch(bx +a)? dx

Optimal (type 4, 81 leaves, 6 steps):
(dx + ¢) arctanh(e?* ) _dcesch(bx+a)  (dx+c)coth(bx+a) csch(bx +a) n d polylog(2, —ebx+“) _ dpolylog(2, ?*+)
b 2 b? 2b 2 b? 2 b?
Result (type 4, 196 leaves):

B ¥ (pdxe?b¥+2a ppeedbxt2a L pgx4qPrt2aop—g) " carctanh(e?**4) _ din(1 —eb¥+a) x _ din(1 —eP**9) g
bz(ebe+2a_1)2 b 2b 2 b2

. dpolylog(2, £ *14) n din(1 4+e*4) x n daln(1 4 &**9) n dpolylog(2, -’ *+¢) . d a arctanh (e? ¥ T¢)
2 b? 2b 267 267 b?



Problem 13: Unable to integrate problem.
J(dx+c)3 /2 sinh(bx +a) dv
Optimal (type 4, 110 leaves, 7 steps):

bc
3d3/ze_a+7erf[\/7— ,dx—l—cj\/? 3d3/zea erﬁ[\/—'dx+c
Vd Jd

(dx+¢)® Pcosh(bx+a) N

_ 3dsinh(bx+a)Jdx+c

b 8b° /2 85° /2
Result (type 8, 16 leaves):

J(dx+c)3 22 sinh(bx +a) dx

Problem 14: Unable to integrate problem.
inh
Jmn(bx+a)dx
vdx+c

Optimal (type 4, 74 leaves, 5 steps):

efa+ erf[ Vb Jdx+c j\/— . erﬁ[ Vb Jdx+c \/—

J/Z N JZ
26 Jd 26 Jd
Result (type 8, 16 leaves):
Jsinh(bx+a) @
Jdx+c

Problem 15: Unable to integrate problem.
J(dx+c)5 /2 sinh(bx +a)? dv

Optimal (type 4, 183 leaves, 10 steps):
Sd(dx+)¥?  (dx+c)7 | (dx+c)® Peosh(bx+a)sinh(bx+a) _ Sd(dx+c)® sinh(bx+a)?
16 b? 7d 2b 8 b?

2

154520 " bcerf(rr“dx” JJ—J_ 15d5/262a erﬁ[ V2 Vb Jdxtec
Jd Jd

YPnEs

+

2p%

N 15d%sinh(2bx +2a) Jdx +c

51257 /2 51257 /2
Result (type 8, 18 leaves):

J(dx+c)5 2 sinh(bx +a)? dx

64 b



Problem 16: Unable to integrate problem.

ngubx+a)%/dx+c<u
Optimal (type 4, 122 leaves, 8 steps):
2bc
6_2 +_ (\/_\/_\/dx+c ]\/—\/—\/— Ca_ erﬁ[\/_\/_\/dx+c J\/—\/—\/_
(dx+c)?? Ja B Ja L sinh(2bx +2a) JdxFe
3d 30 p3 /2 303 /2 4b
Result (type 8, 18 leaves):
Jsinh(bx—i—a)z\/dx—i-c dx
Problem 17: Unable to integrate problem.
J.ﬂnh(bx-ka)z
(dx+c¢)3 /2
Optimal (type 4, 109 leaves, 7 steps):
2a +_ I Za— /
e erf[ \/—\/— dx+ec \/_\/_\/— e erﬁ[ \/—\/—\/—dx+c \/_\/_\/_ 5
B _ 2sinh(bx +a)
2d3/2 i 243 /2 v
dydx+c

Result (type 8, 18 leaves):
Jsinh(bx+a)2
(dx +c)3 /2

Problem 18: Unable to integrate problem.

Jsmex+aP dx

Jdx+c

Optimal (type 4, 162 leaves, 12 steps):

6_3 Jr_erf[ V3 Vb Jdxte \/_\/— e3a_%erﬁ[ V3 Vb Jdxte \/T\/; 3e_a erf( \/_\/WJ\/—
_ Jd + /d + yd
245 Jd 24\(b Jd 8Vb Jd
. orfi \/_\/dx-l-c
_3 f{ = Jr
8o Jd

Result (type 8, 18 leaves):



Jsinh(bx+a)3 “
Vvdx+c

Problem 19: Unable to integrate problem.

J.ﬂnh(bx-ka)3

(dx+c)7 /2

Optimal (type 4, 253 leaves, 19 steps):

bce bc

b /26—a+7erf(\/?— de”]\/? b’ /26a_7erﬁ[‘/?— de-’_cJ\/?
_4bcosh(bx+a)sinh(bx+a)?  2sinh(bx+a)? Jd 3 Jd
Sd% (dx +c)3 /2 5d (dx +c)5 /2 54 /2 54 /2
3bc 3bc
3a+—— [ 3a— — [
3b5/ze d erf( V3B Jdxte ]\/T\/F 3b5/2e d erﬁ[ V3B Jdxte )\/T\/F
N Jd 4 Jd _ 16b*sinh(bx +a)
sd /2 sd’ /2 sddxFe
_ 24b’sinh(bx +a)’
5d83dx +c

Result (type 8, 18 leaves):

Jsinh(bx+a)3

(dx+c¢)7 /2

Problem 23: Unable to integrate problem.

X 3 x+/ sinh(x)

+ dx
J( sinh(x)7 /2 5 J
Optimal (type 3, 31 leaves, 3 steps):
__2xcosh(x) 4 I 6 xcosh(x) 12/ sinh(x)

5 sinh(x)° /2 - 15 sinh(x)3 /2 5 /sinh(x) - 5

X 3 x+/ sinh(x)
dx
H sinh(x)7 72 5 ]

Problem 24: Result unnecessarily involves higher level functions.

Jxl TMsinh(bx +a) dx

Result (type 8, 16 leaves):

Optimal (type 4, 53 leaves, 3 steps):



A" (2 +m, -bx) n X"T(2 +m, bx)
20% (-bx)" 2b%e (bx)™

Result (type 5, 72 leaves):

2 2
x2+’"hypergeom[ [1 + % ], [%,2 + % ], % ] sinh(a) bx3+mhypergeom( [% + % ], [%, % + % ], % ) cosh(a)
_l’_
2+m 3+m
Problem 25: Result unnecessarily involves higher level functions.
Jﬂ”sinh(bx%—a) dx
Optimal (type 4, 53 leaves, 3 steps):
&xmr(l+nu—bx)_%xmr(l+nubx)
2b (-bx)™ 2be? (bx)™
Result (type 5, 72 leaves):
2 2
x1+mhypergeom[ [% + % ], [%, % + % ], % J sinh(a) . bx2+mhypergeom( {1 + % ], [%,2 + % ], % ) cosh(a)
1+m 2 +m
Problem 26: Unable to integrate problem.
J-x'3+msinh(bx+a)2dx
Optimal (type 4, 82 leaves, 5 steps):
x2tm @AY T (-2 +m, -2bx)  B*X"T(-2+m2bx)

2(2—m) 2" (-bx)™ M2 a (px)™
Result (type 8, 16 leaves):
J-x'3+msinh(bx+a)2 dx

Problem 27: Unable to integrate problem.

X x+/ csch(x)
3 5 + dx
csch(x) 3
Optimal (type 3, 16 leaves, 4 steps):
4 i 2 xcosh(x)

i 9csch(x)3 /2 3/ csch(x)

Result (type 8, 16 leaves):



J[ X x+/ csch(x) dr

csch(x)3 /2 3

Problem 29: Result more than twice size of optimal antiderivative.
Ja + Lasinh(fx +e)

dx
(dx+¢)3

Optimal (type 4, 119 leaves, 7 steps):

Iafzcosh(—e—kﬂ{]Shi(%f-i-fx) Iaf2Chi(%{+fx)sinh(-e+%{) Lasinh(fx + )

a lafcosh(fx +e) d
B 2 2 + 3 B 3 2
2d (dx+c) 2d° (dx+c) 2d 2d 2d (dx+c)
Result (type 4, 302 leaves):
) a _ laffe/* ey _ laffe/* ¢ + laffe/*—e
2d (dx+¢)?>  4d (L2 +2cdfPx+f)  4d (FPLPE+2c¢dfPx+Af)  4d (P2 +2cdfrx+EF)
cf—de —d _cf-de f—d
2 d . cj—ae 2 d . cj—ae
+Iafe Ell(fx+e+ p J - Laftofvte B Laftofvte _Iafe Ell(—fx—e—T)
3 2 3
z (L on) (o] z

Problem 30: Result more than twice size of optimal antiderivative.
J(dx+c)3 (a +1asinh(fx +e))? dx

Optimal (type 3, 227 leaves, 10 steps):
3d%cd*x N 3P dP R L 3d% (dx+¢)? N 121a* & (dx + ¢) cosh( fx + e) N 21a* (dx+c)3cosh(fx+e)  121a*d sinh(fx +e)

Af Y 8d I S s
_ 6Ia2d(dx+c)2sinh(fx+e) B 3a%d? (dx +c) cosh(fx +e)sinh(fx+e) a? (dx+c)3cosh(fx+e) sinh( fx + e) I 3a2d3sinh(fx+e)2
7 4p 2f 8t
3ad (dx +c)?sinh(fx + )2
+
4/

Result (type 3, 1081 leaves):

1| 6lca?Pd’cosh(fx+e)  61*dea’cosh(fx+e)  121cd*ea® ((fx+e) cosh(fx +e) —sinh(fx+e)) N cdd® (fx+e)  dFPa(fxte)
f 7 f 7 Iz 7
3d382a2[ (fx+e) cosh(fx+e)sinh(fx+e)  (fx+e)? cosh(fx—l—e)zj

2 4 4

f3




3cd2a2( (fx+e)2cosh(fx2+e)sinh(fx+e) 3 (fx;-e)3 B (fx—l—e)cozsh(fx—i-e)z N cosh(fx+e)4sinh(fx+e) +j% +%]
) £
3c2da2( (fx +e) cosh(fx +e)sinh(fx+e) (fx+e)2 _ cosh(fx+e)2) I ( cosh(fx+e)sinh(fx+e) fx g)
_ 2 4 4 n 2 2 2
f r
N 21 a* ( (fx+e)3cosh(fx+e) —3 (fx+e)?sinh(fx+e) +6 (fx+e) cosh(fx +e) —6sinh(fx +e))
f3
3d3ea2( (fx+e)2cosh(fx2+e)sinh(fx+e) 3 (fx;-e)3 B (fx—l—e)cozsh(fx—i-e)z N cosh(fx+e)4sinh(fx+e) +j% +%]
_|_
ﬁ
o . L . o . 6cd2ea2( (fx+e) cosh(fx+e)sinh(fx+e)  (fx+e)® cosh(fx+e)2)
3ctda” (fx+e)” dea” (fx+e) 3d’ e a” (fx+e) 2 4 4
+ 27 r: + Y + 7
_ 61dPed® ((fx+e)?cosh(fx+e) —2 (fx+e)sinh(fx+e) +2cosh(fx+e)) + 61d° & a® ( (fx+e) cosh(fx +e) —sinh(fx +e))
7 7
N 61cd*a® ( (fx+e)?cosh(fx+e) —2 (fx +e) sinh(fx +e) +2cosh(fx +e)) L 612 da® ( (fx+e) cosh(fx 4+ e) —sinh(fx +e))
a f
2 2 2 ( cosh(fx+e)sinh(fx+e) fx e
3cd2e2a2(fx+e) 3czdea2(fx+e) 36d2eaz(fx+e)2 3ed'Pa ( 2 2 2)
’ 7 } I } 7 } 7
32ded? ( cosh(fx +e) sinh(fx+e)  fx _g)
3 2 .
" 2f 2 2) 21d Sa (j:;)sh(fx+e) _c3a2[cosh(fx+e)251nh(fx+e) —%—%)—Féaz(fx—l-e)
L(d3a2[ (fx+e)3cosh(fx +e)sinh(fx+e)  (fr+e)* 3 (fx+e)?cosh(fx+e)? L+ 3(fx+e) cosh(fx +e) sinh(fx +e)
A 2 8 4 4
43 (fx8+e)2 - 3°°Sh(§x+e)2 )) L & (4sz+e)4 +2103azcosh(fx+e))

Problem 31: Result more than twice size of optimal antiderivative.

J (dx +¢)3 i
(a +Tasinh(fx +e))?

Optimal (type 4, 249 leaves, 10 steps):



4d3ln(cosh[— +I—TC -l-ﬁ))
(dx+c¢)®  2d(dx+c)?In(1 +1719) N 2 4 2 _ 4d* (dx +c) polylog(2, —1e/**¢) N 4 d° polylog(3, —Te/*+¢)

3a2f a2f2 a2f4 a2f3' a2f4

d(dx+c)sech| & + 1% 4 JX 2 (dx +c) tanh| & + 1% 4 [X (dx+c)3tanh(i 41z +ﬁ)
2 4 3 B 2 4 2 ) 2 4 2
+ 22 2 2
2af a js 3a“f
. (dx+c)3sech[ 7 + 4 ]%) tanh(% Tn f—j
6d°f

Result (type 4, 722 leaves):

o I P 2(-12PE2 —61cd? P/ T2 3PP/ T —3fPde/* T+ 3 AP P S T~ 61 fed xPF T2+ 61d x — 61 xP/*T2¢

XxXTe __

a

—12d3xefx+6—12cd2efx+6+3f2c3efx+e—31fd3x2e2fx+2€+9f2cd2x2efx+6+9f262dxefx+€—31f2cd2x2—31fc2de2fx+26—1f2c3
3R Pdx - 6fed x4 61cd)) — 28 Px | 2dPex’ | 2dcé _ 2483In(1 +1e/*T¢) 2 _ 4 d3 polylog(2, —1e/* 7€) x

+ +
B fd? £ £ B
_ 4dcpolylog(2, —1*F¢) | ddcex  ALm(1+1 ) ex  AdI(1 +1 ) ce  4dIn(f ) ce | 4d? (1) ce
js a2 f2 a2 f2 a2 fS a2 fS a2 fS a2
2 m(1 +1MF) & 2% 2din( ) 2 2dm(fF-1)E  2din(fF -1 28 () 2 4l
" j4a2 3fa2 fza2 j4a2 f2a2 j4a2 3j4a2
4d3p01ylog(3, —Iefx+e) n 4d3ln(efx+e—l) _ 4d3ln(efx+e)
' B e fe

Problem 36: Unable to integrate problem.

dx

J\/a+lasinh(fx+e)

X
Optimal (type 4, 85 leaves, 4 steps):
In

sinh(z +T) eh(z+T+J;x)Shl(f—)\/a+lasmh(fx+e) +Ch1(f jsech(%—}-T fx]cosh(%+I4—n)\/a+lasinh(fx+e)

Result (type 8, 20 leaves):

X

J\/a +Iasinh(fx +e) d

Problem 37: Unable to integrate problem.

J\/a+lasinh(fx+e) “

e



Optimal (type 4, 145 leaves, 6 steps):

_ya +1lasinh(fx +e)

In e I
fsmh[E +Tjsech(3 +T

. +]%]Shi(%)\/a+lasinh(fx+e)

242

fZChl(J; Jseh(2 14—n+EJcosh(§+I4—n)\/a+lasinh(fx+e)

2

8

SV a~+1lasinh(fx +e) tanh(% Tn f_J

+
8

Result (type 8, 20 leaves):

Problem 38: Unable to integrate problem.

Optimal (type 3, 224 leaves, 7 steps):

16axcosh( % + In +

4x

Ja+lasinh(fx +e) d
|

sz (a +Tasinh(fx +e))3 /2 dx

Jx Jz -
= | Ja+1asinh(fx +e)

_32axya+Ilasinh(fx +e) 4 2
3 9/
e It | fx ) . e It | fx - e In f
4ax’cosh| = + — + 2= |sinh| = + — + 2= | Ja F Lasinh(fx +e) 224a+/a +1asinh(fx +e) tanh| — + — + ==
2 4 2 2 4 2 4 2
+ +
3f Y
8ax2\/a+1as1nh(fx+e) tanh(E I—R+EJ 32asmh[£ _n Ix ) Ja+lasinh(fx +e) tanh(i _n f—)
2 4 2 i 2 4 2 4
27/

+ 37

Result (type 8, 20 leaves):

Problem 39:

Optimal (type 3, 377 leaves, 10 steps):

Unable to integrate problem.

sz (a +Tasinh(fx +e))3 72 dx

sz (a +Tasinh(dx +c¢))5 /2 dx

2 4
dx - c In dx
128 a?xcosh| & + 1% 4 dx +Tasinh(dx + 32a*xcosh| & + — + = +Tasinh(dx +
_256a2x\/a+1asinh(dx+c) a-xcos (2 4 5 ) Va+lasinh(dx +c¢) - a” xcos [2 4 > ] Va+lasinh(dx +c¢)
25 d*

15 d>

45 >



32a2x2cosh[£ I—"+ﬂ]smh[5+I—“+d—J¢a+1asmh(dx+c)
N 2 4 2 2 4 2
15d
3
8azxzcosh[£ I_7t+ﬂj sinh[£+—n+d—J\/a+Iasinh(dx+c) 9536 a*\Ja + Llasinh(dx + ¢) tanh(£ —n+d—)
N 2 4 2 2 4 2 N 2 4 2
5d 225d°
2
64a>:2Ja + Tasinh(dx +¢) tanh[£ I—“+ﬂ) 2432asmh(£ —”+d—)4a+1asinh(dx+c) tanh[£ —“+d—)
N 2 4 2 ) 2 4 2 2 4 2
15d 675 d°
64 a® smh[£ _n dx) Ja+Tlasinh(dx +c) tanh(£ _n+d_)
N 2 4 2 2 4 2

125 &
Result (type 8, 20 leaves):

sz (a +1asinh(dx +c¢))5 /2 dx

Problem 40: Unable to integrate problem.

J (a +Tasinh(dx +¢))® 2 i

X
Optimal (type 4, 279 leaves, 12 steps):

dx . dx -
)sech[z + = 1 toy 5 ]Shl( 5 )\/a—i-lasmh(dx—l-c)

In
5 a*sinh + —
asm(2 7

SIazcosh(% + In)sech(% yAr | dx ) Shi( 3dx)\/a+lasinh(dx—l—c)

+
4
azsinh[% 41z ] sech(% TR %)Shi( Sdx )\/a—l—lasinh(dx—i-c)

wn
(o}
L]
-J>|:_‘

)\/a +lasinh(dx +c)

cosh(% — ) Ja+Tlasinh(dx +c)

o

)sinh( % + —“)Ja Flasmh(dx +o)




Result (type 8, 20 leaves):

J (a +1asinh(dx +c¢))3 /2 i
X

Problem 41: Unable to integrate problem.

x2
dx
J (a —l—Iasinh(fx—i—e))3/2

Optimal (type 4, 374 leaves, 10 steps):

e  3ln | fx
9y - 4arctan(sinh(§+l4—n—I-J%))cosh[g-l-%c +%) ~ I)czarctanh(e2 4 2 )cosh(%—i—i—n—k%)
af*Ja +lasinh(fx +e) affJa Flasinh(fx +e) afyJa+lasinh(fx+e
3In fx e  3ln | fx
422 X =42
21xcosh| < + In +f polylog(2 e? 4 2 J 21xcosh| < + In +£ polylog[z, 2 4 2 )
" 2 4 2 . 2 4 2
af*\a+lasinh(fx +e) af*\a+lasinh(fx + e)
£+ﬁ+&) [ £+&+.&)
41cosh| £ + 1 +f—x polylog(le2 4 2 41cosh| < + 1n +ﬁ polylog\ 3, -e? 4 2 Ptanh| £ +I—TE +J2
. 2 4 2 n 2 4 2 n 2 4 2
afJa+ lasinh(fx +e) affJa+lasinh(fx +e) 2afya+lasinh(fx +e)
Result (type 8, 20 leaves):
x2
J : 32 dx
(a +Tasinh(fx +e))
Problem 42: Unable to integrate problem.
J 2
(a +lasinh(dx +c¢))3 /2
Optimal (type 4, 500 leaves, 13 steps):
In . d In . d ( £+3—+d—x) dx
T X Cc T X 2 4 2 c T
t h| = + — + — h| — + — + — I tanh h| — +— + —
Sarcan(sm(2+4+2))cos[2+4+2J_3x2arcan e cos(2+4+2)

3x

4a*d*\[a Flasnh(dx +¢) 3a*d®Ja +1lasnh(dx +¢)

e 3n  dx e 3n  dx
3Ixcosh( + I4_1t + d—)polylog(2 e? 4 2 ) 3Ixcosh[ — + I4—TC + dx ] polylog(Z, -e? 4 2 j
+ —
i 4a2d2\/a+1asinh(dx+c)

4a*d*Ja +Tasinh(dx +0)

8a*d\a Flasinh(dx +¢)



c
b R 2
% + I4—n + d? ] polylog(3, -e? 4 2 j xsech( ¢ I dx)

282 d\a +Iasinh(dx+c)

c  3In | dx
In  dx [ 5*7*7)
3 Icosh 2 +T +7 polylog\ 3, e 3Icosh

2d°dJa +1asinh(dx +¢)

6a>d*\[a +lasinh(dx +¢)
tanh——i———i—ﬂ 3x2tanh—+—+ﬂ * sech +—+ﬂ tanhg—l—l—n—i-ﬂ
2 4 2 N 2 4 2 4 2 4 2

6a>d®\[a +lasinh(dx +¢)

2 4 2
16a*d\a + Lasinh(dx +¢) 8a’d\a + lasinh(dx +¢)
Result (type 8, 20 leaves):

x2
dx
J (a +1asinh(dx +c) )5 /2

Problem 43: Unable to integrate problem.

J dx
(a +Iasi]lh(dx+c)) /
Optimal (type 4, 302 leaves,

8 steps):
c 3 dx ¢ 3In | dx
—+——+—= —+——+—=
3Ixarctanh[e2 4 2 )cosh( + 1 + ﬂ) 3Icosh( £y 1z + dx ) polylog(Z,e2 4 2 j
3 B 2 4 2 n 2 4 2
8a’d*\a +lasinh(dx +¢) 8a’d\a + lasinh(dx +¢)

8a?d*\[a + lasinh(dx +¢)

dx
h —+—+—
3xtan[2 2 2]

16a*d\Ja +lasmh(dx +¢)

[ _+3ﬂ +d_x) 2
3Icosh| — +I—TE +d— polylog\ 2, -e? 4 2 sech| < I dx
B 2 4 2

8a’d*\[a +lasinh(dx +¢)

xsech(%+T+ﬂ) tanh(£+l—n+ﬂ)

+

12a>d*a + 1asinh(dx +¢)

2
+

8a’d\/a +lasmh(dx +¢)
Result (type 8, 18 leaves):

X
dx
J (a +1asinh(dx +c¢))> /2

Problem 44: Unable to integrate problem.

J(dx+c)m(a +Iasinh(fx +e))> dx

Optimal (type 4, 390 leaves, 12 steps):



3cf 2ef

3e— —= 2e— 2L
1-m 3 d m _3f(dx+c) 3-m 3 d m _2f(dx+c)
Sf(dx+c)HW’_I3 ae (dx+c¢) F(l+m, 7 ]__32 ae (dx+c) F(1+m, y ]
2d (1 +m) fldx+c) \" fldx+c) \"
8f( g ) f( R J
=< o &t
151a’e d(dx+1ﬂmr(1+ﬂm-11i%iﬁl) 151 ¢ +-d(dx+1ﬁmr(l+nu111%iﬁl)
+ +
8f %) gf(f(dxd_+c>)
_2e+ﬂ 2f(dx+c) _3e+3Lf 3f(dx+c)
3277 e Y (dx+c)’”F(1+m, y J 1371 mgde (dx+c)’”r(1+m,—d )
+ _
fldx+c) \" fldx+c) \"
1) (B

Result (type 8, 24 leaves):
J(dx+c)m(a +Iasinh(fx +e))> dx

Problem 49: Result more than twice size of optimal antiderivative.

(fx +e)?sinh(dx + ¢)
a +lasinh(dx +c¢)

Optimal (type 4, 112 leaves, 8 steps):

1(fx+e)tanh| = + =" + &
(fx +e)”tan ( 5 2

L(fxte)®  I(fx+e) _ 41/(fx+e) (1 +1e%) 41/ polylog(2, —Te?*¢)
ad 3af ad® ad’ ad

Result (type 4, 268 leaves):
IPL Tefd 18x 2 (2L +2efx+ ) N 41In(e?* ) ef 4Iln(edx+c—l)ef+ 2172 N 4172 cx + 2142 41 In(1 +1e?77¢) x

3a a a da (e4*Tc—1) ad? ad® ad ad ad’® ad?
4121 41 ¢ 41 polylog(2, —1e¥T¢) 41 clIn(e?¥T€) 4 412 cIn(e?* ¢ —1)
ad® ad® ad® ad®

Problem 53: Result more than twice size of optimal antiderivative.

(fx+e)3csch(dx+c)
a +lasinh(dx +c)

Optimal (type 4, 288 leaves, 17 steps):
_I(fk—%e)3 _ 2 (fx 4 e)> arctanh(e?* ) +_6If(fk—%e)21n(1—%ledx+c) __3]1]&—%e)2pohdog(2,—edx+c) +_121f2(ﬁc—|-e)polylog(2,—-Iedx+c)

ad ad ad? ad? ad’



N 37(fx +e)?polylog(2, e?*T¢) 6f2 (fx +e) polylog(3, -e?**¢) 121/ polylog(3, —1e9*7¢) 6/ (fx +e) polylog(3, e?**¢)
ad? ad® ad ad®
I(fx+e)3tanh( > y1r ﬂ)

6]‘3 polylog(4, -e4*+¢) 6]3 polylog(4, e?**¢) _ 4 2

ad ad ad

Result (type 4, 1033 leaves):
6311‘1(1 4 ¢?¥ 1) Sn(e*Te—1) 6ej2polylog(3 —edxte) . AlIn(ed¥te—1) . 3 & fpolylog(2, -e?**+¢) 3ezfpolylog(2 edxte)

ad - ad ad® ad ad? ad?
4Ifgc 2If3)f’ B 6 ¢ /> polylog(3, ¢?*T¢) f3c31n (1 —edxte) . Aln(1 +e¥1¢) 3 B 3 £ polylog(2, -e*7¢) ¥?
ad ad ad ad ad ad
+ 6 /2 polylog(3, -e?*1¢) fsln (1 —elxte),d 3f3p01y10g(2 edxte) 2 _ 6 /> polylog(3, e/ *7¢) x " 12T/ In(1 +Te?*T¢) x
ad’ ad ad? ad’ ad?
N R21efin(1+1e* )¢ 121efex  121efcin(ed¥Te—1) L 121efcin(e?*¢) 121/ polylog(3, —1e?**¢) 6/ polylog(4, -e?**¢)
ad’ ad® ad’ ad adt ad*
+ 6 /2 polylog(4, e/ **¢) 3ef2c21n( dxte ) _ 3cfIn(ed* e —1) 6If31n 1 +1e?¥H¢) 2 B 61 21In(1 +1e7%1¢) 2
ad ad’ ad? ad? ad
" 121/ polylog(2, —Te?*+¢) x 6If362x . 61lef x> 6I€f2€2 121e/> polylog(2, —Te?**¢) _ 61 Z1n(e?*1°) 6If3c21n dxte )
ad’ ad’® ad ad® ad’® ad ad
61 () 61 fIn(ed¥ T —1) + 31n(1 — dx+c)ce2f 3In(1 —e*Fe) e 3n(1 +e¥Te) A px 6ef2polylog(2 edXte) x
ad? ad ad? ad ad ad
~3efIn(1+e* 1) 2 6efpolylog(2, -ed¥T¢) x 3ef21n 1—et) 2 3efn(1—e*t) 2 2(PL +3ef P +32/x+e)
ad ad? ad ad’ da (edxTc—7)

Problem 56: Result more than twice size of optimal antiderivative.
J (fx+e)3 esch(dx +c)?

a +1lasinh(dx +c)
Optimal (type 4, 504 leaves, 40 steps):

dx
Hifxte) tanh[? +T + 7] 6/ (fx +e) arctanh (/¥ F€) L3 (fx + ) arctanh (e ¢) N I(fx+e)3coth(dx+c)
ad ad’ ad ad
3f(fx+e)?csch(dx +¢) _ (fx 4+ e)3 coth(dx + ¢) esch(dx + ¢) _ 61f(fx+e)?In(1 +1e¥7€) " 121/ polylog(3, —Ie?**¢)
2ad 2ad ad? ad
_ 3f3p01y10g(2, —edx+c) " 9f(fx+e)2p01ylog(2, —ede”') + (fx+e + 3f3p01y10g(2 dx+c) _ 9f(fx+e)2p01ylog(2, ede”')
ad 2ad ad ad 2ad

C31f(fr+e)?In(1 —9¥T2¢) 9 (fx+e) polylog(3, -e¢/¥T¢) 1217 (fx +e) polylog(2, —1e*F¢) 912 (fx +e) polylog(3, e**¢)
ad® ad® ad® ad®



. 3If2 (fx+e)polylog(2, ezdx+2c) n 9f3polylog(4, —edx+c) . 9j3polylog(4, edx+c) n 3If3p01ylog(3,e2dx+2c)

ad’® ad ad 2adt
Result (type ?, 2057 leaves): Display of huge result suppressed!
Problem 59: Result more than twice size of optimal antiderivative.
(fx +e) sinh(dx +c)
a +bsinh(dx +¢)
Optimal (type 4, 198 leaves, 10 steps):
dx+c dx+c dx+c
a(fx+e)ln 1+be—j a(fx+e) ln[1+ be afpolylog[Z,—Zm—
ﬁ+fi— a—+a* +b* a++a* + b a—+a* +b*
b 2b bd &+ 5 ba @ +5° b &+ 5
bedx-i—c
afpolylog[Z,——j
4 a++a*+b*

b\ + 17

Result (type 4, 439 leaves):

dx—+c _dx+c [ 2 2 _dx+c [ 2 2
Zaearctanh[w aﬂn[ € bya +b ajx aﬂn[ ¢ btva +b a]c
ﬁ_'_ﬁ_'_ 2Ja* +b? -a ++a* +b? -a ++a* +b?
2b b bd @ + b2 bd S + b2 b 1B
dx+c 2 2 dx+c 2 2 _dx+c 2 2
aﬂn[e b+a +b +ajx aﬂn[e b+a +b +aJC afdilog[ ¢ b+a +b aJ
4 a++a*+b? n a++ad*+b? -a ++d* + b?
bdy a* + b? bd*\ a* +b* bd*\ a* + b*
dx+c 2 2 dx+c
afdilog[e bxJa +b +aJ Za(:farctanh[—Ze b+2“]
4 a+a*+b? 2 d?* +b?

bd*\ a* + b* bd*\ a* + b*

Problem 60: Unable to integrate problem.

(fx +e)3 sinh(dx +¢)?
a + bsinh(dx +¢)

Optimal (type 4, 509 leaves, 19 steps):
Ca(fx+e)? N 6/ (fx +e) cosh(dx +¢) N (fx+e)3cosh(dx+c)  6fsinh(dx+c)

_ 3f(fx +e)?sinh(dx+c)

42 f bd’ bd bd*

b d*



bedx+c bedx+c bedx+c
a(fx+e)hn| 1+ ——— a? (fx+e)3ln(1—l—— 3a2f(fx+e)2polylog[2,——J
4 a—Ja2+b2 _ a++a*+p? a—\/a2+b2
bdya* + b brdya* + b v d*\a* + b
dx+c dx+c dx+c
3@/ (fx +e)2polylog| 2, - — 2~ 6a2f2 (fx+e)polylog[3,—be— 6a2f (fx+e)polylog[3,—be—J
_ a++a*+b? _ a—\/az—i-bz i a++a*+b?
v d*\a* + b vda + b v d\a* + b
bedx+c bedx-i—c
6 a> f* polylog| 4, -———— 6 a* f polylog| 4, -————
ylog
4 a—\/az—i-bz a+a*+p?

b?d*\ a® + b? v d* a® + b?
Result (type 8, 314 leaves):
_“(i 4f3+ef2xg+%ezfx2+e3x) L (PPP 3P ePR 43P 3P PR+ —6dPefx —3dPEf+6df x+6def —6f) T
b2 2bd*
N PPE+3L PR3P Efx+3dL PP+ B E +6defrx+3dEf+6dfx+6deff +6F +J2a2 (PR 432 +3Efx+)edxTe
2bd4€dx+c bZ(b(edx+c)2+2aedx+c_b)

Problem 61: Result more than twice size of optimal antiderivative.

(fx +e) sinh(dx +c¢)?
a +bsinh(dx +¢)

Optimal (type 4, 242 leaves, 13 steps):
bedx+c

az(fx-i-e)ln[l—l- a® (fx+e)In

dx+c
1+be—j

_aex _ af? | (fxte)cosh(dx+e) _ fsinh(dx+e) a—Ja+b ) a+a*+1°
2 2 2
b 2b bd bd RdJ 2+ R dJ 12
dx+c dx+c
azfpolylog 2, L azfpolylog(Z, —hc—]
4 a—\/az—i-bz a++a*+ b

brd* | a® + b? b d* | a® + b?

Result (type 4, 509 leaves):

2azearctanh[w] azﬂn[ e : @+ —a Jx
_af?  aex L Udfxtde—f) elxte L ldfx+detf) g dx—e 2y a* + b? -a+a+ b

2 2 2 2
2b b 2bd 2bd RdJa + b2 dJ2 + b2

dx



_dx+c 2 2 _ dx+c 2 2 dx+c
azﬂn[ ¢ b+a +b a]c azﬂn[e b+ya +b +a]x azﬂn[e b+

a® + b? +a]
c

i —a+Jad* +b? a+a*+ b a++a* + b?
b>d*\ a* + b* b2 d\ a* + b* b2 d* a* + b?
_dx—+c [ 2 2 dx+c 2 2 dx+c
azfdilog[ € brva +b a] azfdilog[e btya +b” ta 2acharctanh[M
i -a ++a* +b? _ a+a*+ b 2 d?* +b?
b d*\ a* + b? p>d* a* + b? b d*\ a* + b?
Problem 63: Unable to integrate problem.

J (fx +e)3sinh(dx +¢)?

a + bsinh(dx +¢)
Optimal (type 4, 656 leaves,

3effx 3£ N a (fr+e)*  (fxt+e)*  6af (fx+e)cosh(dx+c)

24 steps):
_a(fx+e)icosh(dx+c) N 6a/ sinh(dx + c)

4bd*>  8bd* 43 f 8bf b3 b*d p?> d*
3af(fx+e)?sinh(dx+c¢) | 3/ (fx+e) cosh(dx+c)sinh(dx+c¢) | (fx+e)>cosh(dx+c)sinh(dx+c¢) 3 sinh(dx +c)?
+ + + -
b* d* 4bd’ 2bd 8bd*
dx—+c dx—+c
a3(fx+e)31n 1+be—J a3(fx+e)31n 1+be—J
_ 3f(fx+e)?sinh(dx+c)? a—+a*+b* a+ya>+b
2
4bd B da +b? B dfa+b?
3 5 bedx-i—c 3 5 bedx-i—c ) bedx-i—c
3af(fx+e) polylog[Z, ——J 3af(fx+e) polylog[Z,— 6a’f (fx+e)p01ylog[3, ——j
a—a>+b a+a>+ b a—a>+b
P& a*+ b B d*\a + b &+ b?
bedx-i—c bedx-i—c bedx-i—c
6a3f2 (fx+e) polylog[3, - ] 6a3f3polylog[4, ——J 6a3f3polylog[4, ——j
a+ya>+b _ a—a>+b a+ya>+b

vy a + b

Result (type 8, 587 leaves):

B d* a? + b

A Ny

%azﬁx4—%b2j3x4+2a2ef2x3 PR 432 — gbzezfxz 122 - P

20

_|_

APLE+1RPefR+12PEfx— 6l LR +4dBE — 12 efox — 6P f+6dfx+6def —3 ) (ed¥F¢)?

32bd*

_a(@LR 3PP H3P P -3 LR +dPE —6defx -3l P +6df x+6deff —6f) ¥ T¢

2 d* b2



_a(PLPH3P PR3P A3PLE+PE + 6P e x+3PEf+6dfx+6def +6,)
2d4b2€dx+c

_APLRHRP R+ 128 P+ 6d LR AP S+ 12 efx+ 6 Pf+6dx+6def +3F +J
2bdt (d¥F0)?

dx

28 (PLH3ef R 38+ ) el e
(b (edx+c)2 +2aedx+c_b) b3

Problem 64: Unable to integrate problem.

(fx+e)3 csch(dx + ¢)
a +bsinh(dx +c¢)

Optimal (type 4, 558 leaves, 22 steps):
2 (fx+e)larctanh(e?*1¢)  3f(fx +e)?polylog(2, -e¥T¢) + 3/ (fx +e)?polylog(2, e?*T¢) + 6/ (fx + ¢) polylog(3, -e?**+¢)

ad ad® ad® ad®
dx+c
b(fx+e)3ln(l+L
_ 6f2 (fx + e) polylog(3, edx+c) _ 6/3p01y10g(4, —edx+c) " 6f3polylog(4, edx+c) _ a—+a*+b*
ad® ad ad adJ2 +b2
3 bedx-i—c ) bedx+c 5 bedx-i—c
b(fx+e)m 1+—J 3bf(fx+e) polylog[z,—— 3bf(fx+e) polylog(Z,——
4 a++a*+b? _ a—+a*+b* 4 a++a*+b*
ady a* + b? adZ\/a2+b2 ad*\a* + b*
6bf (fx +e) polylog| 3 belrTe 6bf (fx +e) polylog| 3 belrTe 6b £ polylog| 4 belrTe
x+e poyog[ ,——— x+e poyog( ,———— poyog[ ,———
4 a—\/a2+b2 _ a++a*+b* _ a—\/a2+b2
ad3\/az+b2 ad®\a* + b* ad4\/a2+b2
bedx-i—c
6bj3p01ylog[4,——J
4 a++a*+b?

ad*\a* + b*

Result (type 8, 28 leaves):

(fx+e)3 csch(dx + ¢)
a+bsinh(dx +c¢)

Problem 65: Unable to integrate problem.

(fx 4+ e)?csch(dx + ¢)
a +bsinh(dx +c¢)

Optimal (type 4, 398 leaves, 18 steps):



2 (fx+e)tarctanh(e?*1¢)  2f(fx +e) polylog(2, -e?**¢) 4 2/ (fx + e) polylog(2, /¥ 7€) N 2 polylog(3, -e?**¢) 2 polylog(3, e/**¢)
ad ad® ad® ad® ad®

5 bedx-i—c 2 bedx-i—c bedx-i—c
b(fx+e)“In 1+—J b (fx+e) ln[1+— 2bf(fx+e)polylog(2,——
a—\/a2+b2 a++a*+b* _ a—\/a2+b2
ad+ a* + b? ad+ a* + b? adZ\/a2+b2
bedx+c bedx-i—c bedx-i—c
2bf(fx +e) polylog| 2, - ————F— 2bf2p01ylog 3,——) bezpolylog[3,——J
4 a++a*+b* 4 a—+a*+b* _ a++a*+b?
ad*\ a* + b* ad®\a* + b* ad®\a* + b*

Result (type 8, 28 leaves):

(fx 4+ e)?csch(dx + ¢)
a+bsinh(dx +c¢)

Problem 67: Unable to integrate problem.

(fx+e)3 csch(dx +¢)?
a +bsinh(dx +c¢)

Optimal (type 4, 696 leaves, 29 steps):
. (fx+e)? " 2b (fx +e)> arctanh(e?*+¢) _ (fx+e)3coth(dx +¢) " 3f(fx+e)?In(1 —2dxt2c) n 3bf(fx +e)?polylog(2, -e?**¢)

ad atd ad ad® a? d>
_3bf(fx+ e)zpolylog(Z, edx+c) n 3»/‘2 (fx + e) polylog(2, ede"“z") _ 6bf2 (fx + e) polylog(3, —edx+c) n 6bf2 (fx + e) polylog(3, edx+c)
a? d* ad® & &

5 3 bedx+c
b* (fx+e)’In| 1 + —)
B 3 £ polylog(3, 2 4¥+2¢) " 6 b 2 polylog(4, -¢?¥T¢) _ 6 b 2 polylog (4, e?*+¢) " a—a*+ b
2adt ad* ad 2dJa® + b2
bedx+c bedx+c bedx+c
b? (fx+e)31n[1 +— 3b2f(fx+e)2polylog[2, —] 3b2f(fx+e)2polylog[2, —]
_ a++a*+b* i a—+a* +b* . a++a*+b°
adya* +b* P a® + b? P d* a® + b?
5 2 bedx+c 22 bedx+c 2]3 bedx+c
6b°f (fx+e) polylog{3, ——] 6 b° f* (fx +e) polylog| 3, - ———— 6b polylog[4, ——
a—+a*+b* n a++a*+ b i a—+a*+ b
P d a® + b? a2d3\/a2+b2 A d* a® + b?
5 bedx+c
6b jspolylog[4, ——
a+a>+ b

a2d4\/a2+b2



Result (type 8, 281 leaves):
2 (3L +3ef R 43+ ) +4U | (2bdf e () — 6bdefts (¢5+0)?
_ _ x+c _ fx2( X c)
da((edx+c)2_1) 2ad((edx+c)2_l) (b(edx+c)2+2aedx+c_b) © € ¢
—6bd@fx (1) 1302 (1) 4 6af R el e —2hd (1) 4 6befx (¥ T) +12aefxed e +3h 2 f(1¥ ) —3h 2
+6adfed e —6befx—3bf) dv)

Problem 69: Result more than twice size of optimal antiderivative.

(fx +e) esch(dx +¢)3
a +bsinh(dx +c¢)

Optimal (type 4, 386 leaves, 24 steps):
(fx +e) arctanh (e’ +¢) 25 (fx +e) arctanh(e?**¢) L b(fxte)coth(dx+c) _ fosch(dx+c) _ (fx+e)coth(dx+c)esch(dx +c)

ad ad ad 2ad 2ad
_ bfIn(sinh(dx +c)) +fp01ylog(2, —edxte) _ b2 fpolylog(2, -e?*+¢) _ fpolylog(2, e?**¢) " b2 fpolylog(2, e?**+¢)
a* d? 2ad @ d? 2ad @ d?
dx+c dx+c dx+c
b (fx+e)In 1+be—] b3(fx+e)1n[1+lm—] b3fp01ylog[2,—be—]
a—+a*+b* n a++a*+ b _ a—+a*+b*
a3d\/a2+b2 Sdya*+b* a3d2\/a2+b2
bedx+c
b3fpolylog[2, -—
a++a*+ b

_|_
& d* a® + b?
Result (type 4, 860 leaves):

. adfxS X3¢ 4 gged X3 _apdfe@ X2 L gdfxed ¥t 33, ahdel T2 adee® T 4 2bdfx —afe! T+ 2bde
(ezdx+2c__1)2a2da

~edxtep 4 Ja? + b? —a] b3fdﬂog[ dxtep 4 Ja? + b? +a]
B b2eln(1 +e?xFe) _ bzcﬂn(edx+c—1) _ —a+Jd?+b? " a++a*+b°

3 3P
a’d a’d ff/f+§ fﬁ/ﬁ+#

Preln(e?*Te—1)  In(1+e*T¢)fx  eln(e?—1)  eln(1 +e?**c) 4 cfin(ed¥Te—1) B fdilog(e*F¢) b fdilog(1 +e?¥F¢)

b fdilog[

+ + - +
a3d 2ad Zad Zad 2ad2 Cl3d2 a3d2
dx+c dx—+c _dx+c 2 2 _
2b3earctanh[wj stcfarctanh[w b3ﬂn[ e tep 4+ [+ b a]c
2 a* +b? 2 d* + b ~a ++a* + b

+

@ da* + b @ d* a?® + b? a3d2\/a2+b2



5 /hn X rep 4+ Jd? +b% +a b3ﬂn[ —edxtep 4 Ja2 + b —a ]x b3ﬂn[ ¥ tep v a2+ b +a
" a+a*+p? _bzﬂn(1+edx+c)x -a ++ a* + b? " a+a® +b?

a3d2\/a2+b2 a*d A da* +b* a3d\/m
fd1log( edxte) +fd110g(1 +e¥te) (et —1)  bfn(1 +e?¥F¢) 2bﬂn( edxtey
2ad? 2ad? a2 d> a? d> a2 d>

Problem 71: Result more than twice size of optimal antiderivative.

(fx +e)>cosh(dx +c)?
a +lasinh(dx +c)

Optimal (type 3, 102 leaves, 6 steps):
(fx+e)* 61 (fx+e)cosh(dx+c)  I(fx+e)’cosh(dx+c) N 61/ sinh(dx + ¢) N 31f(fx +e)?sinh(dx +c)
daf ad® ad ad® ad?
Result (type 3, 447 leaves):
1
da

—6sinh(dx +c¢)) —SIcf3 dx+c )2 cosh(dx +¢) —2 (dx +¢) sinh(dx +c¢) +2cosh(dx +¢)) —3Ie2dchcosh(dx+c) +Id3e3cosh(dx+c)

( ~6Tedcf ((dx+c) cosh(dx+c¢) —sinh(dx +¢)) +1f ((dx+c¢)?cosh(dx +¢) —3 (dx +¢)?sinh(dx +¢) +6 (dx +¢) cosh(dx +¢)

+31ed?fcosh(dx+c¢) +3Tedfr ((dx+c)?cosh(dx +¢) —2 (dx+c¢) sinh(dx +¢) +2cosh(dx +¢)) +31d*f( (dx +¢) cosh(dx +¢)

4
—sinh(dx +¢)) +312 ((dx +¢) cosh(dx +¢) —sinh(dx+¢)) —1 P cosh(dx +¢) — fs(d"%c) +cef (dx+c¢) —def (dx+¢)?

32 f(dx+c)?
2

3£ (dx+c)?
2

+3cdef (dx+c)? + 3L (dx+c) —3eddf (dx+c) +3E P cf(dx+c) —&d° (dx—i—c))

Problem 77: Result more than twice size of optimal antiderivative.

(fx+e)?sech(dx +¢)>
a +lasinh(dx +c)

Optimal (type 4, 373 leaves, 17 steps):
3 (fx + e)?arctan(e?*F¢) _ 5 /% arctan(sinh(dx +¢) ) _ 12 sech(dx +¢)? n 12 In(cosh(dx +¢)) _ 31/ polylog(3, 1e4¥ 7€)
4ad 6ad® 12ad 3ad’ 4ad’
If(fx +e) tanh(dx + ¢) i I(fx+e)2sech(dx+c) 3f(fx+e) sech(dx + ¢) 3If(fx+e) polylog(2, I dx+c) f(fx+e) sech(dx+c)

3ad? 4ad 4ad? 4ad 6ad*

If(fx+e) sech(dx+c)2tanh(dx+c) _3If(fx+e) polylog(2, —Iedx+c) _ fzsech(dx+c) tanh(dx +¢)
6ad 4ad 12ad’




3 (fx 4 e)2sech(dx + ¢) tanh(dx + ¢) N 31/ polylog(3, —Te?*¥+¢) N (fx +e)?sech(dx + ¢)> tanh(dx + ¢)

_|_
8ad 4ad d4ad

Result (type 4, 1043 leaves):
21 Z (18d26fxedx+c_4f263dx+3c_2f26dx+c+6d26263dx+3c+9d26265dx+50+9d2f2x26dx+c_2df2xedx+c
12 (e 1) (e9X T —1)"Pa
+16df xS T3¢ 16def I T —8ldef—81df x —441defe? I T2¢ = 361dfF xet YA —361defet I 4 181 P PN H2C
—44Idf2x62dx+zc+12d26fx63dx+3c+18d26fx65dx+56—181d2f2x264dx+4c+9d2626dx+c—181d26264dx+4c+181d2€262dx+zc
+9d2f2x2€5dx+5c_|_6d2f2x2€3dx+3c+ 18df2xe5dx+50+ lgdefede+50_2f2ede+50+36Id26fx62dx+20_ 36Id2efxe4dx+4"—2defed"+")

B 2If21n(edx+c) B 3If2polylog(3,ledx+c) . 31@fp01y10g(2, —Iedx+c) n 3Ipoly10g(2,Iedx+c)f2x B Ilen(ederC—i-I)

3ad’ dad’ 4qd> 4ad? 2ad’
+ 31In(1 —1e?¥F¢) efx + 712 In(e?*+e—1) + 31efpolylog(2, Ie?*+¢) + 31/ polylog(3, —Ie?*+¢) + 31In(1 —1e?*F¢) cef
dad 6ad 4ad? dad’ 4qd>
N 31n(1 —1e9¥F¢) A2 31In(1 —1e*1¢) 274 N 31 In(e™ e +1)  31n(1+1e ) efx  3lcfeln(e e 41)
8ad Rad 8ad 4ad 4qd?
_ 31Ipolylog(2, —1e?**¢) Ax  31In(1 +Iedx+c)cef+ 31n(1 +1e¥T) 22 31In(1 +1e771¢) 242 N 3lcfeln(e?*te—1)
4ad 4ad 8ad’ 8ad 4ad
L 32 (e e 4T)  31Zm(e 1) 31 (e 1)
8ad’ 8ad 8ad

Problem 78: Unable to integrate problem.

(fx +e)> cosh(dx +¢)
a + bsinh(dx +¢)

Optimal (type 4, 330 leaves, 11 steps):

dx+c dx+c dx+c
(fr+e)dm1+ 2" (fx+e)31n[l+lw— 3f(fx+e)2polylog[z,-be—]
_Uk+eﬁ I a—+a*+ b I a++ya*+b° i a—+ a* + b
4bf bd bd bd?
) pedxte 9 pedxte 2 pedxte

3f(fx +e)“polylog| 2, - ————— 6f (fx +e)polylog| 3, - ———— 6f (fx+e)polylog| 3, -~ —————

4 a+ya*+ b _ a—ya+ b a+ya+b
bd2 bd3 bd3
dx+c dx+c

6]‘3 polylog [ 4, - _ bt 6]‘3 polylog [ 4, - _ bt

4 a—+a*+b 4 a+ya>+ b
bt bd

Result (type 8, 157 leaves):



2 (af e 4 34ef 2T — b2 +3afxe? T —3beff? +ad T —3bfx—be)

5 dx
b (b (edx+c) +2aedx+c_b)

Ldprep+ 22 +x
4 2 +J
b

Problem 79: Unable to integrate problem.

(fx+e)?cosh(dx +¢)?
a + bsinh(dx +¢)

Optimal (type 4, 357 leaves, 15 steps):

2 bedx-i—c > >
(fx+e)’In| 1 + —— |Ja " +b
Ca(fxte)? N 2 /2 cosh(dx +¢) L (fx+e)?cosh(dx+ec)  2f(fx+e)sinh(dx +c) 4 a—+a* +b*
IS bd® bd bd? b*d
dx+c dx—+c
(fx+e)21n l+be—j\/a2+b2 2f(fx+e)p01ylog[2,—be—J\/a2+b2
_ a++a*+b* i a—+a*+b*
p*d b* d?
bedx+c bedx+c bedx+c
2f(fx+e)polylog[2,—— Ja* + b 2f2p01y10g[3,——)\/a2+b2 Zfzpolylog{3,——]\/az+b2
a++a*+ b a—+a*+b* a++a* +b*

B »2 2 B PP * e

Result (type 8, 232 leaves):

1
_atg’éfzﬂfxzﬂzﬂ L (PPR 12l efx+ PP —2dfx—2efd+2f) T PLPR2 2 efx+ PP +2d  x+2efd+2f
b? 2d%b 2d3bed¥te
J'Z(azfzxz+b2f2x2+2azef)c-|-2bzefx+a2e2+b2e2)e”lx+C dx
(b (edx+c)2+2aedx+c_b) 2

Problem 80: Unable to integrate problem.

(f)c+e)3cosh(dx+c)3
a +bsinh(dx +¢)

Optimal (type 4, 604 leaves, 21 steps):
bedx+c

a—\/az—i-bz

(a2+b2) (fx+e)3ln[1 +

3Px . (fx4e)d (& +b) (fx+e)* | 6aficosh(dx+c) | 3af(fx+e)?cosh(dx+c)
3 N 3 + 2 + 22 + 3
8bd 4bd 463 f vt b d bd

2 5 3 bedx-i—c ) 5 5 . bedx-i—c
(> +0%) (fx+e)’ln| 1 + ———o 3 (a® +b%) f(fx +e)?polylog| 2, - —————
a++a*+b* a—\/a2+b2

+

+
»d b d>



bedx+c bedx-i—c
3 (a® 4+ b%) f(fx + )% polylog| 2, - ———— 6 (a® +b*) f (fx+e)polylog[3,——J
4 a+a*+ b _ a—\/az—}-bz
b d* »d
bedx-i—c bedx-i—c bedx-i—c
6(az+b2)f2 (fx+e)p01ylog[3,——j 6(a2+b2)f3polylog[4,—— 6(a2+b2)f3polylog[4,——j
a+a*+ b a—+a*+b* a+a*+ b
- 33 T 3 + 3
b d bt b d*
_ 6af (fx+e)sinh(dx+c)  a(fx+e)’sinh(dx+c)  3fcosh(dx+c)sinh(dx+c)  3f(fx+e)?cosh(dx+c)sinh(dx +c)
B b d 8bd* 4bd?
N 3/ (fx +e) sinh(dx +¢)? + (fx+e)3sinh(dx +¢)?
4bd 2bd
Result (type 8, 763 leaves):
%azfgx“—i-%bzfgx“—i-azefzx" +bze]’2)f’+%azezfxz+%bzezfx2+aze3x+bze3x
b3
N ABPB+ 128 PR+ 12 Efx—6LLR+4EP — 12 efrx — 6L Af+6dfx+6def —3) (4¥T¢)?
32bd*
_a(PLPH3P R 3P -3PLP+EP — 6l efx -3l Pf+6dx+6def —6) T
244 p?

N a (BLL 3L e +3LEfx+3P L +EL +6dLefrx+3L2f+6dfx+6def+6F)

2d4b26dx+c

N APLPE+ 1P e+ R2EEfx+6F LR +4EP +12d efx+6dPf+6df x+6defr +3F +J
2bdt (d¥F0)?
- 21 2@+ ab? PR e T 4383 ef P T b +3abPef e T DL +3a3 el e
b3 (b (edx-‘rc) +2aedx+c_b)
—3dbeffr +3abP P fxe T 3 e PR + P ST 32 b fxtabP S e T 3 P fx—dP b — b)) dx

Problem 81: Result more than twice size of optimal antiderivative.

cosh(dx +c)3
a +bsinh(dx +c¢)

Optimal (type 3, 57 leaves, 3 steps):
(¢ +b*)In(a +bsinh(dx+c))  asinh(dx +c) + sinh(dx + ¢)?
bd b>d 2bd

Result (type 3, 290 leaves):



dx c 2
1 1 g ln(tanh( 2 + 2) 1)a

2 T d + d N 3
2db(tanh(%+£)—1) 2db(tanh(7x+£)—1) dbz(tanh(Tx—i—E)—]) db

2 2 2

ln(tanh(%—l-%)—l] ! 1
- + - + :

2
ab 2db(tanh(% +§) +1) 2db(tanh(% +£) +1) de(tanh(% +£J +1)

2 2

dx ¢ 2 dx | ¢ dx e\ dx e\, _ 2
_ln(tanh(2 +2J+lja _ln(tanh(2 +2J+l)+ln(tanh(2 +2Ja 2tanh(2 +2jb a)a

b db b

dx c \? dx c
ln(tanh( 2 +2) a 2tanh( > +2)b a)

_|_

db

Problem 82: Unable to integrate problem.

(fx 4+ e)3sech(dx +¢)?
a +bsinh(dx +c¢)

Optimal (type 4, 725 leaves, 29 steps):

B> (fx+e)’In| 1 +

bedx-i—c ]

a(fx+e)®  6bf(fx+e)arctan(e? ) 3af(fx+e)in(1 +297H2¢) 4 a—a*+ b
(> +b%)d (a® +b%) & (a® +b%) & (2 +52) a

dx+c
b? (fx+e)3ln(1 4 be

a+Jd®+b* ) 61bf (fx+e) polylog(2,1e/¥1¢) N 61bf polylog(3,1e4¥7¢)  3af (fx +e) polylog(2, -e*4¥+2¢)

(2 +12) a (a® +b%) & (a® +5%) d* (> +b%) &
bedx+c

a—a>+b . a+a>+ b ] " 61b7 (fx +e) polylog(2, —1e4*T¢)

(a +12)* 2 2 (a+12)* (¢ +0%) &

pedxte J

_ 61b 2 polylog(3, —1e?*7¢) + 3 a2 polylog(3, -e24¥+2¢) _ a—+a*+b*
(& +02) a* 2 (& +0%) & (& +02)

bedx+c

32 (fx +e)2p01ylog[2, - ] 3V f(fx + e)2polylog[2, -

_|_

6b2f2 (fx+e) polylog[3, -

bedx-i—c bedx+c bedx-i—c
60/ (fx+e>polylog[3, —] 6b2fpolylog[4, —] 652/ polylog| 4, —J
4 a+a*+b? I a—\/az—l-b2 a++a*+b?

(@ +82) 2 (@ +52) 2t ) (@ +82) 2t



b (fx +e)3sech(dx +¢) N a (fx +e)3tanh(dx +¢)
(a®+b*)d (a®+b*)d
Result (type 8, 491 leaves):
2(AP+3ef R 438 +) (- +4) J 1
d (@ +67) () +1) [ 2d (@ +52) ((¢*+)? +1) (b (¥49)? + 2067~ p)

+302def R (77H) 4302 fx () + B2 dA R T =3B A2 () —3ab R (1) 4 52d S (¢1¥H)] $ 302 def R el e
—6bzef2x(edx+c)3+6a2ﬁx2edx+c—6abef2x(edx+c)2+3b2de2fxedx+c—3b2e2f(edx+c) +3b2f3x2edx+c+12azej‘2xedx+c
—3abPf( ) —34b PR +PPdE A T4 6P e x4 6a2 R [T —6abefx+ 30 A fA¥TC—3abRf) dx)

_|_

(bdeSXS dx-‘rc

Problem 84: Result more than twice size of optimal antiderivative.

sech(dx +¢)>
a +bsinh(dx +c¢)

Optimal (type 3, 115 leaves, 7 steps):

a (a® +3b%) arctan(sinh(dx +¢)) b In(cosh(dx+¢c)) | b’In(a+bsinh(dx+c)) | sech(dx+c)? (b +asinh(dx+c))

_|_

_l’_
2 (e +52)%d (> +5%)d (a®+52)d 2 (a* +5%)d
Result (type 3, 467 leaves):
dx 3 3 dx ) 2 dx
tanh( > + 2) a - tanh( 5 + 2) b°a - 2tanh( 2)
4 2 2, .4 dx | c\? 2 4 2 2, .4 dx | c)? ? 22 4 b%) dx ¢\ 2
d (a* +2b%a* +b*) | tanh >t +1 d(a* +2b%a* +b*) | tanh 5t +1 d (a* +2b*a* +b*) | tanh >t +1
2
2 tanh dx +£) » tanh ﬂ—l-g @
3 2 2 N 2 2
d 20N d 20
d(a* +2p2a% + %) (tanh[Ter%] +1J d(a*+2b2a2 +b*) (tanh(Tx—F%) +1)
2
tanh( dx +£)b2a bﬁn[tanh( dx + = ) +1] arctan(tanh( dx + = ))az’
N 2 2 B ) N 2 2
2 2 d(a* +20*a® +b* d(a* +20*a® +b*
d(a* +202a% +b%) (tanh(%+%) +1) ( ) ( )
2
3arctan(tanh( dx + — J)bza b3ln(tanh( dx + = ) a—Ztanh( dx +£)b—a)
4 2 2 2 2 2 2
d(a* +20>a* +b*) d(a* +2b*a* +b*)

Problem 85: Result more than twice size of optimal antiderivative.

J (fx +e) cosh(dx +¢)
(a +bsinh(dx+c¢))>




Optimal (type 3, 106 leaves, 6 steps):
b—atanh[% +£]

a farctanh 2
Ja> + b N -fx —e 3 feosh(dx + c)
b(a?+p2)° 2 p 2bd (a+bsinh(dx+¢))?> 2 (a®> +b*)d? (a+bsinh(dx +c))

Result (type 3, 307 leaves):
_2a2dfxe2dx+zc+2b2dfxezdx+2c+2a2deezdx+2c—e3dx+3cabf+2b2d662dx+zc—262dx+zca2f+b2f62dx+zc+3abfedx+c—b2f
b (a +b?) (bede+20+2aedx+c_b)2

dx+c a(az—i-bz)3 /2—a4—2b2a2—b4 dx+c a(az—i-bz)3 /2+a4+2b2a2+b4
faln| ¢ + W faln| ¢ + W
i (a2+b2) b _ (a2+b2) b
2 (e +02) P 2 (e +02) P
Problem 86: Result more than twice size of optimal antiderivative.
J(fx+e)cosh(dx+c)
(a +bsinh(dx+¢))>
Optimal (type 3, 106 leaves, 6 steps):
b—atanh(%+%)
a farctanh
Ja> + b 4 -fx —e 3 feosh(dx +¢)
b(a2+b2)3/2d2 2bd (a+bsinh(dx+c¢))?> 2 (a®+b*)d? (a +bsinh(dx+c))

Result (type 3, 307 leaves):
2a2dfxe2dx+2c_|_2b2dfxe2dx+2c+2a2dee2dx+2c_e3dx+3cabf+2b2d662dx+20_ze2dx+2ca2f_,’_b2fe2dx+2c+3abfedx+c_b2f
b (a® +b?) (bezdx+2c+2aedx+c_b)2
(az—i-bz)3 /2—a4—2b2a2—b4 faln[edx+c+ a(az—i-bz)3 /2+a4+2b2a2+b4
(@ +1) 2 B (@ +02)* b
2 (@ +02) b 2 (a +02) P

faln| edxte 4 &

+

Problem 87: Unable to integrate problem.

J (fx+e)3cosh(dx+c) dr
(a +bsinh(dx+¢))>
Optimal (type 4, 579 leaves, 19 steps):

bedx-i—c bedx+c bedx-i—c
32 (fx+e)ln 1+—J 3af(fx+e)’ln 1+—] 32 (fx+e)ln 1+—J
?)f(fx—i-e)2 a—ya+b n a—ya+b n a+ya*+ b

26 (2 +07) & b (@ +02)d 2b (2 +02) 2 b (@ +02)d



3af(fx+e)’ln 1+ﬂJ 3fpolylog[2 —ﬂJ 3af (fx-l—e)polylog[2 bt
_ a+a*+b? n a—\/az—}-bz n a—\/az—i-bz
26 (2 +52) 2 b(a®+5%)d b (a2 +62) 2
dx+c dx+c dx+c
3ﬁpolylog[2,— be 3af2 (fx + e) polylog| 2 L 3aﬁpolylog[3,—lw—
i a+a*+p? _ a+a*+ b B a—+a*+ b
b (& +b?) d* b(a?+p2) 2 3 b(+02)° 22 4
bedx-i—c
3af3p01y10g[3,——j
N a+ya>+b (fx+e)d B 3f(fx+e)?cosh(dx +¢)
b (a? +52)3/2d4 2bd (a+bsinh(dx+¢))> 2 (a* +b>)d? (a +bsinh(dx +¢))

Result (type 8, 554 leaves):

. ! (222df 2 (74)2 4202472 (55 ) 4 622 def 2 (174) —3abff 2 (e 7H)

b (b (d5+) 4 2ge5+e —p)? (22 +12)
+602def 2 (171)? 4 6a?d P frx (¢77) —6 a2 (¢1¥H)? —6abefx (¢77H) + 602 d s (1) +302 42 (d )’
+24%de (edx+c)2—12azef2x(edx+c) —3abe2f(edx+c) +9c1bﬁ)c2c3""‘+c+2b2a7e3 (edx+c)2+6bzef2x edx+c) —6a262f(edx+c)2
F18abefxe® e 322 f () — 32 A2 +9abPfl T — 62 efrx—302ES) +
J3f(adf2xzedx+c+2adefxedx+"+adezedx+c Dafxed*te— 2aefedx+‘+2bf2x+2bef)

b (@ +b2) (b (7€) +2ae?¥ e —p)

Problem 88: Unable to integrate problem.

(fx +e)3cosh(dx + ¢) sinh(dx + ¢) o
a + bsinh(dx +¢)
Optimal (type 4, 422 leaves, 16 steps):
bedx+c bedx+c
a(fx+e)3ln[1+—] a(fx+e)3ln[l+—
a(fx+e)4 B 6f3cosh(dx+c) . 3f(fx+e)2cosh(dx+c) . a—+a*+b? B a++a*+ b
4b*f bd* bd* b*d b d
5 bedx-i—c ) bedx+c 9 bedx-i—c
Jaf(fx+e) polylog(Z,—— 3af(fx+te) polylog[Z,——] 6af (fx+e)polylog[3,——J
a—\/a2+b2 _ a+ya*+b* n a—+a*+b*
b* d* b* & b &
dx+c dx+c dx+c
6af2 (fx +e) polylog| 3 b 6af3p01ylog[4,—lm— 6af3p01y10g[4,—be—j
4 a++a* + b . a—+a*+b* _ a++a*+ b
»*d? »*d* p*d*

6/ (fx +e) sinh(dx +¢) N (fx 4+ e)3sinh(dx + ¢)

+
bd3 bd




Result (type 8, 368 leaves):

(% 48 +ef2)§+%e2fx2 +e3x)

. N (PLE 3P PP +38 Efx—3d LR +Ed —6d>efrx—3d*Ef+6dP x+6defs —6/)?*T¢

»? 2bd?
PP 3P 3P P3P LR+ EL 6l efx+3d8 P +6dfx+6def +6F N
2bd4€dx+c
JZa(afgfedx+c+3aef2xzedx+c—bf3x3+3ae2fxedx+"—3bef2x2+aéedx+c—3be2fx—be3) “
(b (edx+c)2+2aedx+c_b) b2
Problem 89: Result more than twice size of optimal antiderivative.
J(fx—l—e) cosh(dx +¢) sinh(dx+c¢)
a +bsinh(dx +¢)
Optimal (type 4, 198 leaves, 10 steps):
dx—+c dx+c dx—+c
a(fx+e) ln(l+L a(fx+e) ln[1+be— afpolylog[2,—lm—
a(fx+e)2 _ feosh(dx+c) a—+a* + b _ a++a+ b _ a—+a + b
202 f bd? b*d b*d b2 d*
dx+c
afpolylog{z, _be—j
a+a* +b? L+ Lfx+e) sinh(dx +c)
b2 2 bd

Result (type 4, 482 leaves):
afe _aex (dfx +de—f)edxte _ (dfx+de+)) e dx—c _ 2afeln(e?*T¢) " afeln(be?d¥+2c 42 qedxtc_p) " 2aeln(e?* 7€)

25 b? 2bd? 2bd? b d* b2 d* b2 d
_dx+c 2 2 _dx+c 2 2
aﬂn[ ¢ b+a +b a]x afm[ ¢ b+a +b a]c
_ aeln(be??*T2¢ L 2qed¥e ) " 2afcx " afd _ ~a +a> + b _ -a +a>+ b
B> d b d b d* b2 d b d*
dx+c 2 2 dx+c 2 2 dx+c 2 2
aﬂn[e b+a +b +ajx aﬂn[e b+a +b +aJC Qﬁmg[e b+a +b° +a
a++a*+b? _ a++ad*+b? _ a++a*+b*
b d b d b2 d*
ajdﬂog[ —edxtep 4 Ja? + b2 —¢1J
_ -a ++ a* + b?
b d

Problem 91: Unable to integrate problem.



J (fx +e)%cosh(dx + ¢)?sinh(dx +¢) "

a + bsinh(dx +¢)
Optimal (type 4, 468 leaves, 20 steps):

Px 4 & (fx+e)? 4 (fx+e)® 2afcosh(dx+c) a(fx+e)’cosh(dx+c)  f(fx+e)cosh(dx+c)? L 2af(fx+e)sinh(dx+c)

4bd? 33f 6bf b & b d 2bd? b d*
dx+c
a(fx+e)in 1+be—)\/a2+b2
Fcosh(dx+c) sinh(dx+c¢) | (fx+e)?cosh(dx + ¢) sinh(dx + ¢) a—a*+ b
+ + -
4bd’ 2bd bd
bedx+c bedx-i—c
a(fx+e)ln 1+—]\/az+b2 2af(fx+e)polylog(2,—— Ja + b?
4 a+a*+b? _ a—+a*+b*
d b3
bedx+c bedx-i—c
2af(fx+e)polylog[2,—— Ja? +b? 2af2polylog[3,——]\/a2+b2
4 a+a*+ b n a—a*+ b
b d? B
dx+c
2aﬁpolylog[3,—be—)\/a2+b2
_ a+a*+ b

b &
Result (type 8, 391 leaves):

2 1
FOLR+ T PR 2l ef R+ D ef? 28 P+ 1P Py QRPR+adefe+2PE —2dRx—2efd +f) (¢d¥)’

+
23 16bd°
_a(@PRH2defx+d P —2dfx—2efd+2f) et a (L +2dlefx+dP P +2df x+2efd+2,)
2b2d3 2b2d3edx+c

2P HAPefx+2d P +2dx+2efd+f +J_2a(a2f2x2+b2f2x2+2azefx+2bzefx+azez+bzez)edx+c &
16bd3 (edx+c)2 (b(edx+c)2+2aedx+c_b)b3

Problem 92: Unable to integrate problem.

(fx +e)3 cosh(dx 4 ¢)3sinh(dx + ¢)
: dx
a + bsinh(dx +¢)
Optimal (type 4, 812 leaves, 30 steps):
bedx-i—c bedx+c
3a (d? +b2)f(fx—l—e)2polylog(2, —_— 3a (d? +b2)f(fx+e)2polylog[2, —_—
a—\/az—l-b2 a+a*+b?

) - Xy



bedx+c bedx-i—c

6a(a®+b*)f (fx+e) polylog[3, - J 6a(a®>+b*) 2 (fx+e) polylog(?), -

a—\/az—l-b2 n a+a*+b?

b bt &

_|_

a(a2+b2) (fx+e)31n
3af(fx+e)?cosh(dx +c) sinh(dx + ¢) N @* (fx+e)’sinh(dx+c¢)
4% d? b d b*d
bedx+c

6a(a® +b2)f3polylog{4, ——] 6a(a® +b2)f3polylog[4, -
a+a>+ b a—a+b

1+

bedx-i—c J

ey

+

bedx+c

dx+c
a(a2+b2)(fx+e)31n[1+ be—)

a+a*+ b

b - b - bt o
40 cosh(dx+c)  a(fx+e)® 2, cosh(dx+c)? N 2 (fx+e)3sinh(dx +¢) N a(a+b) (fx+e)*  6d°f cosh(dx+c)
9bd* 4b*d 27bd* 3bd 4btf Bt
_ f(fx+e)?cosh(dx+c)? 4 (fx+e)3cosh(dx+c)?sinh(dx+c)  a(fx+e)’sinh(dx+c)?  2f(fx+e)?cosh(dx +c)
3bd? 3bd 26%d bd?
N 40/ (fx+e)sinh(dx+c¢)  3afx  3a*f(fx+e)?cosh(dx +c) N 64> (fx +e) sinh(dx + ¢) N 3af cosh(dx +c) sinh(dx +c)
9hd3 8 b2 b b & 8 b*d*
N 2 (fx+e) cosh(dx +c)?sinh(dx+¢)  3af (fx+e)sinh(dx+c)?
9bd> 473
Result (type 8, 1143 leaves):
a (%azfsx“—i-%bzfsx“—i-azefzx” —l—bzefzf’ + % 0tzezfx2 + % bzezfx2 +aze3x+b2e'3x)
b4
OPPLH+2TP PR +21L Efx— 9P LR +98d — 18 efrx —9d* Ef+6dfx+6deff —27) (e4¥7€)
216 b d*
aUPPR A RE R P =6 LR 4D — 2 efx— 6l f+6dfx+6def —3) (¢7519)° 1 (4B P

3
+

_l’_
32 p% d s d*

3PP LE+ 12 P e+ P e + 128 E P fx— 2 FP LIV P P fx— IV P L4 dPSE - 24 P efx+3bd S
— 18P efrx— 2P Pf+24PdPx -9V P Ef+ 1802 dfPx+24d%deff + 18b%deff —244d°f — 18b% ) e?¥T€)
(4 +30?) (PP +38Pef P H3P P +3dP LR +EP +6defx+3dPf+6dfx+6def +6£)
8b3d46dx+c

a4l PP PR HRP P+ 6L AP + 12dPefx+6dPEf+6dPx+6def +3F)

32 (edx+c)2
C9PPLC AU PR 21 EP P+ 9P LIS P + 18P efx+9P P f+6dfx+6def +2 4

2106 b d* (ed¥F¢)?




J( (d n )2 1 = ) 4(2a(a3f3)f’edx+c+ab2f3fedx+c+3a3ef2x2edx+c—azbfs)é +3ab2ef2xzedx+c—b3f3)f’ +3a3ezfxedx+c
b (e XTC)" +2ae T —b) b

—3dbeff +3ab? P fxe T 3P e R + P ST 3 b fx+abP ST 3 P fx—dP b — b)) dx

Problem 93: Result more than twice size of optimal antiderivative.

J (fx +e) cosh(dx + c)3sinh(dx + ¢) @

a + bsinh(dx +¢)
Optimal (type 4, 372 leaves, 17 steps):
a(a2+b2) (fx+e)ln
_afx a(a+0) (fx+te)®  dfeosh(dx+c)  2fcosh(dx+c)  feosh(dx+c)®
4b*d 2b4f b d? 3bd? 9bd? b*d

[ bedx-i—c

1+ ——
o« JTIE

bedx-i—c bedx-i—c bedx-i—c
a (a® +b?) (fx+e)ln| ] + ———— a (d? +b2)fpolylog 2, —m a (d® +b2)fp01ylog 2, -——
_ a++a*+b? j _ [ a—+a*+b? . [ a+a*+b? ]
b*d b* d? b* d?
4 a? (fx +e) sinh(dx +c) 4 2 (fx +e) sinh(dx +¢) i afcosh(dx + c¢) sinh(dx + ¢) i (fx+e) cosh(dx+c)25inh(dx+c)
»d 3bd 4 b2 P2 3bd
_ a(fx+e)sinh(dx+c)?
2b%d
Result (type 4, 1101 leaves):
a3fdﬂog[ i tep + Ja2 + b2 +a  fiilog el tep + [k 0 —a J
_a3eln(be2dx+2c+2aedx+c—b) _ a++a + b _ ~a ++d* + b " 24 eln(e?*1¢) afc
b*d b* d? bt d? b*d b* d?
_a(2dfx+2de—f) 9 T (42 +30) (dfxt+de+f) e ¢ a(2dfx+2de+f) et 72¢  gen(h T2+ 24e0¥ T —p)
16 b* & 8 b3 d* 16 % d? p*d
afdilog[ edxtep 4+ /a2 + 0% +a ] afdilog[ —edxtey +m—a
a++a* + b _ ~a ++a* + b " afé n 2aeln(e?* 7€) + a’ fx + af _ aex _aex
b* d? b* & b* d? p*d 26 2p? b b?
aﬂn[ ety 4 Jat +b2 —a JX aﬂn[ ety 4 a4 —a
+ 2afcx 2afc1n(edx+c) n afcln(bez”lx+zc+2aedx+c—b) _ ~a++a* +b? _ ~a ++a* + b
prd b* d? b* & p*d b* d*

[edx+cb+ a* + b? +a] [edx+cb+ a2 +b* +a
afln X afln

a+yd +b* _ a+ya +b* ] L Bdfx+3de—p) ¢ (3dfx+3de+f) e T3¢
b*d b? d* 72d%b 72d%b




_dx+c 2 2 _ _dx+c 2 2 _ dx—+c 2 2
aSﬂn{ ¢ b+a +b a]x a3fln[ ¢ b++a +b aJc a3fln[ ¢ b+ya +b° +a

+2a3fcx_ -a +a> + b . ~a +a> + b _ a+ya>+ b
btd b*d b* d? p*d
& fln eXTep /a2 + b +a
a+a*+p? _ 2a3fcln(edx+c) n a3fcln(b62dx+zc+2aedx+c—b)
b* d? b* d? b* d?
N (4a’dfx +3b%dfx +4a*de+3b7de—4a>f—3b>f) ¥ T¢
8 b d?

Problem 95: Unable to integrate problem.

(fx +e)3tanh(dx + ¢)
a +bsinh(dx +c¢)
Optimal (type 4, 953 leaves, 39 steps):

31a%f(fx +e)? polylog(2, —Ie?*T¢) " 61a%f> (fx + e) polylog(3, Ie?*T¢) _ 6 1a* 2 polylog(4, 14X T¢) 317 (fx +e)? polylog(2, 1e4*T¢)

+

b (a*> +b*) & b(a®+b*) & b (&> + %) d* bd?
bedx+c
a(fx+e)3ln[1+—
N 61/ (fx + e) polylog(3, —Ie?*F¢) 4 a(fx+e)imn(l+29x+2¢) a—Ja2 + b2
bd® (> +b*)d (a®+b%)d
dx+c dx+c dx+c
a(fx+e)’ln 1+be—J 6af3polylog[4,—be—] 6aj3polylog[4,—hc—
_ a+a*+ b _ a—a*+ b _ a+a*+ b
(> +b%)d (a® +0*) (> +0)
3af(fx+e)2polylog[2 ”ed—+J 3af<fx+e)2polylog[z b"“d—+] 6af (fx+e)polylog[3 bed_*)
_ a—\/az—l-bz B a+a*+ b n a—+a*+ b
(a® +b*) d* (a® +b%) & (> +b%) &
dx+
6af (fx+e) polylog| 3 L b
polylog| 3,
N ata+b? ) 24 (fxte) arctan(e? ) | 3af(fx +e)? polylog(2, -e?9¥H2¢)
(> +0*) d° b(a®>+b*)d 2 (a® +b?) &
_ 3af (fx+e) polylog(3, -29¥*2¢) - 617 polylog(4, 1e**¢) _ 31f(fx +e)?polylog(2, —1e/**¢) _ 61/ (/x +e) polylog(3, Ie?**¢)
2(d®+0*) & bd* bd? bd®
L 2(fx+e)arctan(¢F) | 61a?Apolylog(4, —1e™* ") _ 31a>f(fx +e)?polylog(2,1e/*¢)  61a®/ (fx +e) polylog(3, —1e* <)
bd b (a* +b*) d* b (a* +b*) & b(d®+b*) &

3 af polylog(4, -e24x+2¢) _ 6112 polylog(4, —1e?**¢)
4 (2 +0)d bd'




Result (type 8, 28 leaves):

(fx +e)> tanh(dx +¢)
a +bsinh(dx +c¢)

Problem 96: Unable to integrate problem.

(fx +e)?tanh(dx + ¢)
a +bsinh(dx +c¢)

Optimal (type 4, 670 leaves, 32 steps):

) bedx-i—c
a(fx+e)“In| 1 +—]
2 (fx + e)?arctan(e?* 7€) _ 242 (fx 4 e)?arctan(e?¥1¢) L 4a (fx+e)?In(1 42 dx+2c) . a—a*+ b
bd b(a®+b*)d (®+1b*)d (®+0*)d

bedx-i—c

a(frx+e)?In| 1+

a++a*+b? J " ZIazf(fx+e) polylog(2, —Iedx+c) " 21a2f2polylog(3,ledx+c) _ 21f(fx+e) polylog(2, —Iedx+c)
(> +b*)d b (a* +b*) & b (a* +0*) & bd?

bedx-i—c
2af(fx+e)p01ylog[2, ——J
21 f(fx +e) polylog(2,1e?**¢) N af (fx +e) polylog(2, -e*4¥+2¢) a—a* +b?

b (a* +b*) & (a> + ) d? (a® +6) d?

2af(fx+e) polylog[z, -

bedx+c

a+ya+b n 21/ polylog(3, —T1e?**°) . 21/ polylog(3, 1e?*¢) _ 21a% 2 polylog(3, —Te?*+¢)
(& +1*)d? bd bd b(a®+0*)d

dx—+c dx+c

2aﬁpolylog[3,—L 3,—”6—)
211 (fx +e) polylog(2, 1e4*T¢) a /2 polylog(3, -e>4*12¢) a—+a>+b a+ya>+b
+ 2 B 2 12) B3 2 12) B + 2,2\ 3
bd 2(a®> +b%)d (a®> +b%) d (a®> +b%) d
Result (type 8, 28 leaves):

2a f2 polylog

(fx +e)?tanh(dx +¢)
a +bsinh(dx +c¢)

Problem 97: Unable to integrate problem.

dx

(fx +e)?sech(dx 4 ¢) tanh(dx + ¢)
a + bsinh(dx +¢)

Optimal (type 4, 611 leaves, 30 steps):
(fxt+e)?  d*(fr+e)? L Aaf(fxte) arctan (e F¢)  27(fx+e) In(1 +29¥F2¢) . 242 f(fx +e) In(1 +e29x+2¢)
bd b(d®+b*)d (a> + ) d? bd? b (a* +b*) &




dx+c dx+c
ab (fx+e)?ln 1+be—J ab(fx+e)21n(1+’”°—
B a—a*+ b " a+ya+ b B 21af* polylog(2, —1e?**¢) " 21af? polylog(2, 1e?*T¢)
(2 +52) a (2 +02) 2a (@ +5%)d (a® +0%)d
pedxte
2abf(fx+e)polylog[2,——
_fzpolylog(Z, _Gde-i-ZC) + a2f2p01y10g(2, —Cde+2C) 3 a— IaZ +b2
b b (2 +02) B (a2 +02)° 2 2
dx+c dx+c dx+c
2abf(fx+e)p01ylog[2, _be—j 2abf2polylog[3,—be—] 2abf2polylog 3,—“—
a++a*+b* a—+a*+b* a++a* + b
+ 2, 2\3/2 2 + NNz B 2, 12)3/2
(> +0*) "7 d (a®+0*) 7" d (a®+b%) "
_a(fx+e)?sech(dx+c) N (fx+e)?tanh(dx+c)  a* (fx+e)*tanh(dx +c)
(®+06*)d bd b(a®+b*)d

Result (type 8, 340 leaves):

_2(x2f2+2efx+ez) (ae?*te4p) J' 1
d(a+0*) ()% +1) [ d(@+0%) ((77)? +1) (b (d¥+)* +2aed¥ e —p)
—abdd (e‘“+c)3 —abdfzxzedx+c+2abf2x (e‘“+c)3 +4a’fx (edx+c)2 —2aba’efxe‘“+c+2abef(ed"+c)3 +282 % (e‘“+6)2
+4def () —abd Pl T 4 2abfxed e 422 ef (¥ TO) +2abefed* T — 22 fx —20%ef) dx)

(—abdfgx2 (e‘“"‘c)3 —2abdefx (e“”wc)3

Problem 98: Unable to integrate problem.

(fx +e)?cosh(dx + ¢) sinh(dx +¢)?
: dx
a +bsinh(dx +¢)
Optimal (type 4, 419 leaves, 17 steps):
bedx-i—c bedx-i—c
a? (fx+e)21n[1+— a? (fx+e)21n[1+—
efx +f2x2 A (fxte)? L 2af(fx+e)cosh(dxte) | a—+ a* +b* N a+a*+ b
2bd  4bd 3V f b d? b d b d
5 bedx-i—c ’ bedx-i—c 52 bedx-i—c
2a f(fx+e)polylog[2, ——— 2a f(fx+e)p01ylog[2, ——J 2a fpolylog[S, ——j
4 a—\/az+b2 i a+a*+ b _ a—a*+ b
b d* b > b &
dx+c
2a2f2polylog[3, L
a+Ja®+b* )  2afsinh(dx+c)  a(fx+e)’sinh(dx+c)  f(fx+e)cosh(dx+c)sinh(dx +c)
Bd b3 b>d 2bd?
+j2sinh(dx+c)2 4 (fx +e)?sinh(dx +c)?
4bd 2bd

Result (type 8, 358 leaves):



a? (%x}fz+efx2 +ezx)

L RPPR 4l efx 42 P —2dfx —2efd + ) (edx+c)?
b 16bd°
N a (PP 2defx+d P +2dfx+2efd +27) N 2L+ Adlefx +2dPE +2df x +2efd + 1 N
2b2d3edx+c 16bd3 (edx+c)2
_2a2 (aff2 e f2gefre®™ T — b2 +ad e T —2befx —be)

(b (edx+c)2 +2aedx+c_b) b3

_a(dPrH2dPefx+dP P —2df x—2efd+2f) ¥ e
204

dx

Problem 99: Result more than twice size of optimal antiderivative.

J (fx +e) cosh(dx + ¢) sinh(dx + ¢)? "

a +bsinh(dx +¢)
Optimal (type 4, 258 leaves, 14 steps):

dx—+c dx—+c
az(fx+e)ln[l+L az(fx—i-e)ln 1+be—j
Jx f(fx+eﬁ +¢Uhdex+c)_% a—a*+ b I a+a*+ b
4bd 203 f b*d? bd b d
dx+c dx+c
azfpolylog[2, L azfpolylog(Z, L
N a—+a + b N a+Ja*+b* )  a(fx+e)sinh(dx+ec)  feosh(dx +c) sinh(dx +c)
b d* b b d 4bd*
L (fx+e)sinh(dx+c)?
2bd

Result (type 4, 564 leaves):
_di e + a?ex L (2dfx+2de—f) dxt2e g (dfx+de—f) edrte

L aldfx+de+f) e dx—¢ L (2dfx+2de+f) g 2dx—2c
2p3 b 16 b d> 2 b2 d> 2 b2 4> 16 b d>
N 28 fem(e4¥T¢)  Afen(bf 924246 —p)  24%eln(e?7 ) + dem(b@d¥t2c42ge? e —p)  2dfex PSP
b d? b d? bd b d bd b d?
2 fln - Tep L Ja> + b2 —a . azﬂn[ X Tep L Jat + b —a ]C azﬂn[ XTep 4 Ja> + b +a ]x
_ T 2 ) SRV T3
i a—;da +b i a;d; +5b I a+b3;z +b
dx+c 2 2 dx+c 2 2 _dx+c 2 2 _
azﬂn e b+ya +b° +a azfdilog[e b+ya +b" +a azfdilog[ e b+Ja +b a]
4 a++a*+b* I a++a*+b* I -a ++d* +b?
b d? b d? b d?

Problem 100: Result more than twice size of optimal antiderivative.



Optimal (type 4, 367 leaves,

_a3ex _aex a3fx2

J (fx + e) cosh(dx 4 ¢)?sinh(dx +¢)? "

a + bsinh(dx +¢)

19 steps):

(fx+e)cosh(dx+c)®  a*fsinh(dx+c) _ fsinh(dx +c)

_af? 4 @ (fx +e) cosh(dx +c)

2
i afcosh(dx +c)

p* 2 b2 2p4 4 b2 »d 4 b2 42 3bd b d> 3bd?
dx+c
@ (fx+e)ln l+be—]\/a2+b2
_ a(fx+e)cosh(dx+c)sinh(dx+¢) _ fsinh(dx+c¢)? a—a+b
2h%d 9bhd* brd
bedx+c bedx-i—c bedx-i—c
a® (fx+e)In| 1+ J\/a2+b2 azfpolylog[Z,——]\/az—l—bz azfpolylog(l— Ja? +b?
a++ad*+b* i a—w/a2+b2 _ a++a*+b*
btd b* d? b* d?
Result (type 4, 1127 leaves):
_a(2dfx+2de—f) ddxt2e L a(2dfx+2de+f) g 2dx—2c N (4a> +0%) (dfx+de+f)e? "¢ P2 afd  dex aex
16 b% d* 16 b2 d> 8 b3 d? 2p* 4 p? b 2 b?
dx+c _dx+c [ 2 2 _ dx+c [ 2 2
Zfemdmhfai——gigg) fﬂm%[ € brya +b aJ ﬁﬂm%[e brya +b +aJ
_ 2 a* + b? n -a ++d* + b? _ a++a*+b*
b*d a* + b? brd* | a® + b? b*d?\ a* + b?
_dx+c 2 2 _dx+c 2 2 dx+c 2 2
ffm € b+a +b a|. ffm[ € b+ya +b LZJC ffm[e b+ya +b +a]x
4 -a +a* +b? i -a +a* +b? _ a++a*+b*
b d a® + b? b2 d*\ a* + b? b2 d+ a* + b*
dx+c 2 2 dx—+c dx+c
azﬂn € btya +b” +a 2acharctanh(w 2azearctanh[w
B a+Ja+1 2Ja*+ 1 2Ja*+ 1
b2 d* | a® + b? b d*\ a® + b? b*dy a* + b?
_dx+c 2 2 _ dx—+c 2 2
fﬁm%[ ¢ b++a +b a] a%&bg[e b+ya +b° +a
N a+a + b _ a+ya +b’ L Bdfxt+3de— @3¢ (Bdfx+3de+f) e3¢
RESE T PR E T 72d* b 72d* b
_dx+c 2 2 _dx+c 2 2 dx+c 2 2
ffm[ € b+a +b a]x ¢ﬂﬂn[ € b+ya +b aJc cﬁﬂn[e b+ya +b -Fa]x
4 -a +a* +b? i -a +a* +b? _ a++a*+b*
brd a® + b? b*d?\ a* + b? b*d a* + b*



X rep 4+ Jd? +b% +a

dx+c
a* fIn 24 fc arctanh[ w}
B a+a>+ b N 2V a* + b 4 (4adfx +b*dfx+4a’de+b*de —4a>f— b2 f) X T¢
b & a* + b? a2 d? +b? 8H3d?

Problem 101: Result more than twice size of optimal antiderivative.
cosh(dx + ¢)? sinh(dx + ¢)?
a +bsinh(dx +¢)

dx

Optimal (type 3, 107 leaves, 4 steps):
a* (a* +b*) In(a +bsinh(dx+c¢)) _ a(a*+b*)sinh(dx +c) + (a® +b*) sinh(dx +¢)*>  asinh(dx +¢)’ + sinh(dx +¢)*

bd b*d 26%d 3b%d 4bd
Result (type 3, 613 leaves):
5 n 5 n 1 4 1
8db (tanh[ &5 4 < —12 8db [tanh[ &5 4 < +12 4db (tanh[ 94X 4 € —14 24b [tanh[ 42X 4 € —13
2 2 2 2 2 2 2 2
+ 1 - 1 + d3 _ d3
x c X c
4db(tanh[%+§)+l) 2db(tanh[d7+§)+1) 8db[tanh(7+5)—1) Sdb(tanh(7+5)+1)
ln(tanh( 5) ) ln(tanh(ﬂ+£)+l)a2
a 2 a 2 2
+ dx B dx c B 3
dbz(tanh( 5 +§)—1) b’ db2(tanh(7+5)+1) db
2
In| tanh ﬂ+£ a — 2 tanh ﬂ+£ b—a)a2 5
2 2 2 2 a a
* db ! d 3 dx ’
2 ax | ¢\ 3 ax L c)
3db (tanh( > + 2 ) 1) 2db (tanh( 2 + > J 1)
4 dx c
3 5 a’ln| tanh| — + — | —1
a a a 2 2
+ d 2 + dx c + 3 dx c B b’
2 ax ¢ _ db* | tanh| == + = | —1 2db | tanh| — + = | =1
Zdb(tanh(ﬂz) 1) (a(2+2) ) (a(2+2) )
2 3
+ da 3 da 2 * ;x c
2 ax ¢ 3 + < 2 x 4 h| = + = 1
3db (tanh( > +2)+lj 2db (tanh( 2) ) 2db (tanh( ) +2)+1) db (tan ( 2 +2)+ )
2
4 c dx dx
1 h — 1 h — 2tanh -
- 2 - a n(tan ( 2) ) a n(tan ( 2 + 2) a tan ( > + = > )b a)

5
2db3(tanh(%+£)+lJ db

[\



Problem 102: Result more than twice size of optimal antiderivative
sinh(dx + ¢) tanh(dx + ¢)
a +bsinh(dx +c¢)

74 leaves, 7 steps):
a?In(a + bsinh(dx +¢))

Optimal (type 3,
_aarctan(sinh(dx +¢)) bIn(cosh(dx+c))
(a®+b%)d (a®+0*)d b(a*+0*)d
Result (type 3, 152 leaves)
_ln(tanh( d2x + 2)—1) 4b1n(tanh( %) 1) B Saarctan(tanh(%—kg)) B ln(tanh(%—kg)—l-l)
db (44° b?) d(4a*> +4p%) db
azln(tanh(ﬂ—k—) a—2tanh(d— £J —a)
2 2 2
* 2)
db (a*> +b?)
Problem 103: Unable to integrate problem.
(fx +e)3tanh(dx + ¢)?
a+bsinh(dx +c¢)
Optimal (type 4, 1048 leaves, 45 steps):
61a°f (fx +e) polylog(2, —1e?*%¢) 32 f(fx+e)In(1 +29¥H2¢) 6If2 (fx +e) polylog(2,1e?**¢) 3437 (fx—i—e)polylog( ~2dxt2e)
b (a* +0?) d p* (a® + 1) & bd (a® +0%) &
dx+c dx+c
az(fx+e)3ln[l+lw— fx+e [ L
_ 6Ia2f3polylog(3, —Iedx+c) _ 6a2f(fx+e)zarctan(edx+") + a—+a*+ b _ a* + b?
b (a® + %) b (a® +b?) P (® +02)° 24 (® +?) 3/2
dx+c dx+c
6a2j3 polylog| 4, L 6a2f3polylog(4, . be
N a—+a +b? a+a +b? +3af(fx+e)21n(1+e2dx+2ff)
(@ +07) (@ +07) b &
3d2f(fx + e)2polyl [2 belie ] 3d2f(fx + e)2polyl [2 belie ] 6d%f (fx +e) polyl [3 bl e )
a X +e)“polylog| 2, - ———— a x +e)“polylog| 2, - ———— a x +e) polylog| 3, - ————
i a—+a*+b* . a++a*+b° B a—+a*+b*
(@ +12)* (a+12)* (@ +12)*
58 bedx-i—c
6af (fx+e)polylog[3,——]
+ a++a* + b 3af2 (fx +e) polylog(2, -e2@*+2¢) 6If3polylog(3 —Jedxte) +3a3fspolylog(3, 2dx+2c)
(® +02) 2 P& b 202 (& + b?) &
N a* (fx+e)dsech(dx+c) | a (fx+e)tanh(dx+c¢) 61 (fx+e)polylog(2, —1e?*t¢)  (fx+e) sech(dx+c)  al(fx+e)?
p* (® +1*)d bd bd p*d

b(a®+b*)d



61a° £ polylog(3,1e?*1¢)  61a°f (fx+e) polylog(2,1e?*1¢)  a(fx+e)tanh(dx+c) 61 polylog(3,1e?*¢) + & (fx+e)?

_|_
b (a* + %) d* b(a>+b%) & b>d bd* B> (a® +b*)d
6/ (fx + e)?arctan(e?*T¢) 3 a2 polylog(3, -e?4¥+2¢)
_|_ —
bd? 2% 4
Result (type 8, 489 leaves):
2(AP+3efR+32fx+E) (~¢/¥ b +a) +J 1 (2 (2df 2 (x+e)
d(a2+b2) ((edx+c)2+1) (( dx+c)2+1) (a2+b2) (b( dx+c)2+2aedx+c_b)d

—|—3aza’ef2xz(edx"'c)3—l—3a2a’ezfx(e‘“"‘C +a alfgxgedx"'c—l—?:bzfsx2 dx+c +a2de3(edx+c)3+3a2def2x2edx+c+3abf3x2(edx+c)2
+6bzef2x(edx+c)3+3a2de2fxedx+c—6a2f3x2edx+c+6abef2x(edx+c) —i—3bzezf(e“’x+c)3—3sz‘g’xzedx"'c—i—azdeﬁedx"'c—12azef2xe“’x+C
+3ab 1 (5N 13abf R —6h efxe? T — 62 A fd Tt 6abefx — 30 E el T +3ab ) d

Problem 104: Unable to integrate problem.

(fx+e)?tanh(dx + ¢)?
a+bsinh(dx +c¢)

Optimal (type 4, 728 leaves, 37 steps):
a(fx+e)? N & (fx +e)? N 4f(fx+e)arctan(e?¥T¢)  4a®f(fx +e) arctan(e?* 1) L 2af(fxte) In(1 +29x+2¢)

b d B> (a> +b*)d bd? b (a® +b*) & b2 d*
dx+c dx+c
az(fx+e)21n[l+lw— az(fx+e)21n[l+lw—
28 f(fx+e) In(1 +29xH2¢) N a—Ja+p ) a+Ja®+b ) 21d%f polylog(2,1e¥F¢)
b (a +5) & (a+12)*2a (@ +12)* 2a b(a+0%) &
B ZIjonlylog(Z, —Iedx+c) 2Ia2f2polylog(2 —Iedx+c) n 21f2polylog(2,ledx+c) " ajzpolylog(Z, —edeJrzc) _ a3f2polylog(2, —edeJrzc)
bd® b (a® +b*) & bd? v b (> +b*) &
2a2f(fx +e) polyl (2 belrTe 2a2f(fx +e) polyl [2 beltre J 2a2 £ polylog| 3 beltre J
a x +e) polylog| 2, - ——— a x +e) polylog| 2, - —— a® f“polylog| 3, - ——m
4 a—\/a2+b2 a++a*+b? a—\/a2+b2
(@ +12)* 2 (@ +12)* (@ +12) 2
dx—+c
2a2f2polylog 3, L
a+Ja®+b* ) (frx+e)lsech(dx+c) | d®(fx+e)?sech(dx+c)  a(fx+e)’tanh(dx+c)

+
(& +12)° 2 bd b(+b2)d b2 d

@ (fx +e)*tanh(dx +¢)
b (a® +b%)d
Result (type 8, 338 leaves):
2(2L 42efx+&) (-4 Tbh +a) +J 1
d(a®+6) ((d*¢)? +1) ((@4) +1) (@ +5%) (b (¥F) +2ael*+—p) d

(2 ( (edx+c)3a2df2x2 +2 (edx+c)3a2defx



+ (6:“')""0)3c12c1’e2 +e“”""caza’f2x2 +2 (edx+c)3b2f2x +Zedx+ca2defx+2 (edx+c)2ab]"2x+2 (edx+c)3bzef+ edxteg? g2 —4edx+ca2f2x
+2 (edx+c)2abef—26dx+cb2f2x—4edx+ca2ef+2abf2x—26dx+cb2ef+2abef) ) dx

Problem 105: Result more than twice size of optimal antiderivative.

J (fx + e) sech(dx + ¢) tanh(dx + ¢)?

dx
a + bsinh(dx +¢)

Optimal (type 4, 701 leaves, 42 steps):
_a(fx+te) arctan (e?¥+¢) + 2a° (fx+e) arctan (e?¥+¢) + @ (fx +e) arctan(e?*1¢) _ @b (fx+e)In(1 +e2dxt2c)

v*d (@ +b2)d v (a® +b°)d (@ +02)d
@b (fx+e)ln 1+ﬂJ azb(fx+e)ln(l+ belr e
" a—a +p " a+ya>+ b _ La fpolylog(2, Te?*7¢) " 1a® fpolylog(2, 1e?*T¢)
(®+52)%d (®+5%)%d 207 & ( +52)* P
" La fpolylog(2, —Te?*+¢) 14> fpolylog(2, 1e*7¢) _ 14> fpolylog(2, —1e4¥7¢) B 14> fpolylog(2, —1e/¥ 7€) _ a? b fpolylog(2, -e?4¥12¢)
207 d? 20 (a® +b%) & (& + 1) P 207 (a® +b%) & 2 (B +12) P
a? bfpolylog[Z, —ﬂ a? bfpolylog[Z, —ﬂ
N a—+a*+ b N a+Ja®+b* )  afsech(dx+c) 4 @ fsech(dx+c¢)  (fx+e)sech(dx+c)?
(® +52)° & (® +52)* 20°d* 20 (a +0°) & 2bd
N a® (fx +e) sech(dx +¢)? 4 ftanh(dx+c) a*ftanh(dx+c¢)  a(fx+e)sech(dx +c) tanh(dx +c)
2b (a> +b%)d 2bd? 2b (a® +b7) d? 26%d
N @ (fx +e) sech(dx + ¢) tanh(dx + ¢)

20 (a® +1b%)d
Result (type ?, 2067 leaves): Display of huge result suppressed!

Problem 107: Unable to integrate problem.

(fx +e)?cosh(dx +¢) sinh(dx +¢)>
a + bsinh(dx +¢)

dx
Optimal (type 4, 538 leaves, 22 steps):

@ (fx+e)’ln
_aefx  af¥ N @ (fxt+e)® 24 f(fx+e) cosh(dx +c) L Af(fxte)cosh(dxte) _
2b%d  4b%d 3ptf b d? 9bd? b*d

1+

bedx-i—c J

Ny

bedx+c bedx-i—c bedx-i—c
a’ (fx+e)21n[l+— 2a3f(fx+e)polylog[2,—— 2a3f(fx+e)p01ylog[2,——J
a+ya+b a—+a+b a+ya*+b

btd B ) B Xy



3 bedx+c 3 bedx-i—c
2a jzpolylog 3, - — 2a fzpolylog 3, - —
N a—+a* +b* N a+a*+ b N 2a°fsinh(dx+¢)  4fsinh(dx+c)
bt bt b & 9hd3
N a® (fx +e)?sinh(dx + ¢) L af(fx+e)cosh(dx+c) sinh(dx+ec) _ affsinh(dx+¢)>  a(fx+e)?sinh(dx +c)?
b d 207 d? 4% 43 2b%d
_ 2f(fx +e) cosh(dx +c) sinh(dx +¢)? N 2 sinh(dx +c)> 4 (fx +e)?sinh(dx +¢)3
9bd? 27bd° 3bd

Result (type 8, 574 leaves):

d (%ngz”fxzﬂzx) (OPLL+18Pefx +9PE —6dfx—6efd +2/) (7F¢)°
) p* - 2165 d>
a2 +adefx+2dP —2dfx—2efd + /) (1579)
16 b2 &
(AP PLE -V PLE+8P P efx —200dPefx +4d PP —8a%dfrx — b2 d* P + 202 dfx —8a*def+2efdb> +8a>f2 —2b*f2) @ ¥ +¢
863 &
 (4aP =) (PP H2dPefx+ PP +2dPx+2efd+2f) a2l +4defx+2dE +2df x+2efd +f)
8 p3 P edxte 1652 & (edx+c)2
9P+ 18P efx +9dP P +6df x+6efd +2f +J2a3 (a2 e Tt 2gefxe®* T — b2 +aled T —2befx —be)
216bd3(edx+c)3 (b(edx+c)2+2aedx+c_b)b4

2

dx

Problem 108: Result more than twice size of optimal antiderivative.

(fx +e) cosh(dx +¢)3sinh(dx +¢)3
a + bsinh(dx +¢)

dx

Optimal (type 4, 593 leaves, 31 steps):
_dfx L Bafx @ (a* +b*) (fx+e)>  a*feosh(dx+c)  2a*feosh(dx +c) L feosh(dx+e) a? feosh(dx +c)3
4p*d  32b%d 260f b d* 363 8bd> 953 >

bedx+c

a—\/az—i-bz

& (a®+b%) (fx+e) ln[l +

_a(fx+e) cosh(dx-l—c)4 _ feosh(3dx+3c)  fecosh(5dx+5c¢)
4b%d 144 b d* 400 b d? bd

@ (a* +b?) fpolylog[ 2, - J a3 (a* +b?) fpolylog[2, -

bedx-i—c bedx-i—c

a+a*+1p? a—+a*+ b

& (a® +b%) (fx+e) ln[l +

bedx-i—c ]

a++ad*+b?

b d - b0 2 - b0 2
(fx +e) sinh(dx +c) 4 24d? (fx +e)sinh(dx+c)  (fx+e)sinh(dx+c) n a3fcosh(dx+c) sinh(dx + ¢)

4
+ a
b d 36%d 8bd 45t P




. 3afcosh(dx +¢) sinh(dx +c) a? (fx +e) cosh(dx + ¢)?sinh(dx + ¢) N afcosh(dx +c)3sinh(dx+¢) @ (fx+e)sinh(dx +c)?

_l’_
320% d? 3b°d 16 b* d* 2b%d
i (fx+e)sinh(3dx+3c¢) n (fx+e)sinh(5dx+5c)
48bd 80bd

Result (type 4, 1362 leaves):

dx+c 2 2 _dx+c 2 2
a%&bg[e b+ya +b +a] a%&bg[ e b+ya +b a]
B Beln(be?d¥t2¢ 4 2gedxtc _p) . a+a*+ b . ~a + a* + b " 2a3 eln(e?* 1) n a3 fE
b*d b*d? b* d? b*d b* d?
_a(2d2+0?) (2dfx+2de+f) e 2dx2¢ N A2 dex 4 afE 4 28 eln(e¥T¢)  deln(be?d¥t2¢ 4247 —p)
32b4d? 2% b* S o Bod »od
dx+c 2 2 _dx—+c 2 2 _dx+c 2 2
asjdﬂog € b+ya +b° +a asjdﬂog[ € b+ya +b a ] aiﬂn[ € b+ya +b a JX
_ a+ya+ b _ ~a+a+ b +2a5fcx_ -a+a+ b
S o b8 d* vod pod
_dx+c 2 2 dx+c 2 2 dx+c 2 2
a%h[ € b++a +b a}c fﬂn[e b+ya +b" +a fﬂn[e b+ya +b +aJ
B ~a +a* + b B a+a*+ b B a+a*+ b . 24 feln(ed¥T¢)
S o vod b8 o b8 o
" Afeln(b@ X T2¢ 42407 —p) +_a§ﬁ@ __asex
b0 d* 258 b®
N (8a*dfx +6a*b*dfx —b*dfx+8a*de+6a*b*de —b*de—8a* f— 6> B> f+ b f) 4 ¥ T¢ L (Sdfx+5de—)) P dxtsc
16 b° d* 800 b o>
N (12a%dfx+3b*dfx +12d>de+3b*de —4a*f—b*f) S95T3¢  (5dfx+5de+f) e 39 75¢  a(4dfx+4ade—f) fdrtac
288 b3 d? 800 b d? 256 b% d*
_a(4ddfx+2bPdfx+adlde+2bPde—2a7f— b f) 95T (8a*+6b7a% —bY) (dfx+de+f) e drC
3264 & 16 b° d?
_dx+c 2 2 _
ffM[ ¢ b++a +b aJx
_ (a2 +0?) Bdfxt3det) e3¢ a(4dfxtddetf) et 2dfex -a+a + 1
288 % d* 256 b* d* btd btd
_dx+c 2 2 _ dx+c 2 2 dx+c 2 2
ffm ¢ b+a +b a]c fﬂn[e b+a +b +a]x fﬂn[e b+ya +b +a]
_ -a ++ a* + b? B a+a*+ b . a+a* + b _ 2a3fcln(edx+c)
b*d? b*d b*d? b*d?

@feln(be? 24 2ae? C —p)
bt d*




Problem 109: Unable to integrate problem.

J (fx + e)?sinh(dx + ¢)?tanh(dx + ¢)

dx
a +bsinh(dx +c¢)

Optimal (type 4, 1004 leaves, 50 steps):

bedx+c bedx+c
28 f(fx+e) polylog[Z, —] 28 f(fx+e) polylog[2, —]
21a*f(fx +e) polylog(2, —Te/**¢) a—Jid+p* ) a+Jd+ 1
b (a® +0%) & »? (& +b?) & p? (a* +b*) &?
N 211 (fx + e) polylog(2, —Te?**¢) 4 & f(fx + e) polylog(2, -e?4¥T2¢) N 21a° A polylog(3, —1e/¥7¢)  21a%f(fx + e) polylog(2, —Ie¥*¢)
bd? b (a®> + ) d? »d b3

& (fx+e)’ln

dx+c
1+LJ

_ 21a* £ polylog(3, —Ie?*+¢) _ a (fx+e)?In(1 +2dx+2c) " & (fx+e)?In(1 2 dx+2c) _ a—+a+b*
b (a® +b*)d? b>d b (a® +b2)d B> (a> +b*)d
dx+c dx+c dx+c
a’ (fx+e)21n[1 +lrc— 2a3f2polylog[3,—lw— 2a3f2polylog[3,—lw—J
_ a+ya>+ b " a—+a*+ b + a++a*+ b _ZM%%deBJJHﬂ
b (®+b%)d B (®+b*)d P (®+b*)d B
B 24a* (fx + e)?arctan(e?* 7€) _af(fx+e) polylog(2, -e?4x*2¢) n 2172 polylog(3, 1e2**¢) _ @ £ polylog(3, -e*4xT2¢)
b (a® +b%)d b d? bd® 2% (& + ) &P
_ 21f(fx +e) polylog(2, 1e?**¢) N 22 sinh(dx + ¢) + (fx+e)?sinh(dx+c) 2 (fx+e)*arctan(e¥T¢) N a(fx+e)’
bd? bd® bd bd 3S
N 2142 (fx + e) polylog(2, Te?*T¢) N 21a* A polylog(3,1e?*1¢)  21a*f(fx +e) polylog(2, [e/¥7¢) N 2a% (fx + )% arctan (e ¥ T¢)
b d* B (®+b*)d b (a® + %) d? b d
+ af2polylog(3, -e*4x+2¢) _ 21/ polylog(3, —I1e?*7¢) _ 2f(fx+e)cosh(dx+c)
207 bd® bd?

Result (type 8, 445 leaves):

1
Lop+ £+£J
_“(3 ftef ~ APPR AP efs+ PP —2dfx—2efd+2f) T PLR 2L efs+ P E+2d P x+2efd+2f |
b 2d°b 2dP be? te

ed.C ¢ ) dx+ 3 =+ c a e — 2x2 2 2 —+ 3
Jb (b( ) ( C) e ) ( ( ) X (e C) b f Xz( C) 2 2 f“x(edx C) abf ( dx+c) — b efx(edx C)
+2a (€ +2ace —b € 2
( C) 4 ¢ Zabefx(e C) —b 62(6 x C) +b2f2x2edx C+2a €fxedx ¢ abe (e C) abfx 2b efxeax c

+2 el e _pgbefr+ 2Pl T —ap?)) dx

Problem 111: Result more than twice size of optimal antiderivative.

(fx+e) ‘[anh(dx—kc)3
a +bsinh(dx +c¢)




Optimal (type 4, 820 leaves, 55 steps):
_La*fpolylog(2,1e7¥7¢)  Ta*fpolylog(2, 1e4F¢) N 1a* fpolylog(2, —1e?*F¢) 4 La? fpolylog(2,1e*7¢)  a* (fx +e) sech(dx + ¢) tanh(dx + ¢)

b (a+0%) P 20 (a* + %) &2 b(a®+0%) P 20° 26 (&> +b%) d
@ (fx+e)ln| 1+ ﬂ] a (fx+e) ln[l + bel*te ] a3fp01ylog(2, _ﬂ]
+a3(fx+e)ln(1+62dx+zc) B a—+a*+b* a++a* +b° a—+a*+b*
(a®+5%)d (a®+52)d (a®+52)d (a® +b2)° &
a3fpolylog[2, —ﬂ
a++a*+b? _ 24% (fx +e) arctan(e?¥+¢) _ a* (fx+e) arctan (e?¥+¢) " prolylog(2,Iedx+") _ a* fsech(dx +¢)
(& +62)* b(a®+0%)d b (a® +b2)d 2bd? 263 (a® +b%) &
& (fx+e)sech(dx+c)? | & ftanh(dx +¢) N a* (fx +e) sech(dx +c) tanh(dx+c¢) _ Ia®fpolylog(2, —1e?**¢) L e arctan (/¥ ¢)
207 (a® + %) d 207 (a® +b%) & 26%d 203 d? bd
_ fsech(dx +¢) n Ia* fpolylog(2, —1e4*T¢) " a® (fx + e) arctan(e?*¢) " @ fpolylog(2, -e?4x+2¢) n a? fsech(dx + ¢)
2bd? 20% (a® + 1) & bd 2(a® +02)* P 20°d
L a (fx+e) sech(dx+c)2 _aftanh(dx+c)  (fx+e)sech(dx+c)tanh(dx +c) 1 fpolylog(2, —Iedx+c)
26%d 207 d? 2bd 2bd?

Result (type ?, 2283 leaves): Display of huge result suppressed!

Problem 112: Result more than twice size of optimal antiderivative.
(fx +e) coth(dx +c)
a+bsinh(dx +c¢)

Optimal (type 4, 191 leaves, 12 steps):

bedx-i—c bedx-i—c
(fx+e)ln| 1 + ——— (fx+e)ln| 1 + ———
(fx+e)In(1 —edxt2¢) a—a*+ b J B [ a+a*+ b +fpoly10g(2,ezdx+2c)
ad ad ad 2ad’
bedx+c bedx+c
fpolylog| 2, -———— fpolylog| 2, -————
[ a—+a*+b? [ a++a*+b?
ad? ad?
Result (type 4, 450 leaves):
ﬂn[ b +Ja* + b +a ]x ﬂn[ b +Ja* + b +a ]C hn et +Ja* + 0 —a ]x
a+a*+ b . a+a*+ b " In(1 +e4*7¢) fx . ~a + a* + b
da Pa ad da
ﬂn[ e tep+Ja? + b7 —a ]c fdﬂog[ et +Ja* +h? —a Hdilog e+ a* + b? +a]
-a + a + b? _ fdilog(ed¥Fe) -a + d + b? a+a+1?

d*a ad? d*a d*a



+fdilog(1 4 ¥ te) + eln(e?*tc—1)  eln(be?9¥t2¢424ed¥tc—p) N eln(1 +e¥t¢)  cfln(e?*Fe—1)
ad® ad da ad ad®

4 cﬂn(be2dx+26+2aedx+c_b)
da

Problem 113: Unable to integrate problem.

(fx 4+ e)3 cosh(dx + ¢) coth(dx + ¢)
a +bsinh(dx +c¢)

dx

Optimal (type 4, 589 leaves, 33 steps):
(fx+e)* 2 (fx+e)arctanh(e?F€)  3f(fx+e)?polylog(2, -e?*¢) + 3/ (fx +e)?polylog(2, e?*T¢) 4 6/ (fx + ¢) polylog(3, -e?*+¢)
4bf ad ad® ad® ad®

_ bt N ey
_ 6/ (fx + e) polylog(3, e?*7¢) _ 6 /2 polylog(4, -e?*7¢) " 6/ polylog(4, e**¢) _ a—+a*+b
ad’ ad ad abd

(fx+e)3ln[l+

dx—+c dx—+c
(fx+e)ln 1+be—J\/a2+b2 3f(fx+e)2polylog[2,—lm— N
4 a++a*+b? _ a—\/a2+b2
abd abd?
dx+c dx+c
3f(fx+e)2polylog[2,—”e—]\/a%b2 6/ (fx+e)polylog[3,—be—]\/a2+b2
4 a+a*+b? I a—\/az-l—b2
abd* abd
dx+c dx+c dx+c
6f2(fx+e)polylog{3,—be— Ja +b? 6fpolylog[4,—L Ja +? 6f3p01ylog[4,—be—J\/a2+b2
_ a+a*+bp? _ a—+a*+ b n a+a*+ b
abd® abd* abd
Result (type 8, 240 leaves):
TP AR+ S PP+ | X i
J_ : : (2edx+c(af3);(edx+c) +3aef2x2(edx+c) _2bf3x36dx+c
b (b (edx+c) +2aedx+c_b) b ( (edx+c) _ 1)

+3aezfx(e”lx+c)2—afax3 —6beffrlrel ey (edx+c)2—3aef2x2—6be2fxedx+c—3ae2fx—2be36dx+c—ae3)) dx

Problem 114: Unable to integrate problem.

(fx +e)3 cosh(dx + ¢)?coth(dx + ¢)
a +bsinh(dx +c¢)

dx

Optimal (type 4, 622 leaves, 34 steps):



C(fxte)® 4 (®+6) (fx+e)*  6fcosh(dx+c)  3f(fx+e)?cosh(dx+c) N (fx+e)’In(1 — 2 dx+2c)

daf 4ab’f bd* bd? ad
bedx-i—c bedx-i—c
(a2+b2)(fx+e)31n[1+— (a*> +5%) (fx+e)n 1+—J
a—+a*+b _ a+ya>+b " 37(fx + e)?polylog(2, 2 4¥+2¢)
ab’d ab’d 2ad

bedx+c bedx+c

a—+d*+b? a+a+b? 372 (fx +e) polylog(3, 29*+2¢)

3 (a? +b2)f(fx+e)2poly10g[2, - 3 (a® +b%) f(fx +e)? polylog| 2, -

ab? d? ab? d? 2ad’

dx—+c dx+c
be j 6(a®+5*) P (fx+e)polylog[3,— be
_l_

Ny

6(512-|-b2)f2 (fx+e)polylog[3,— —J
a+ya+b 3]3 polylog(4, 2 4¥+2¢)

ab? B ab*d? 4ad
bedx-i—c bedx"‘C
6 (a* +b2)f3p01y10g[4, —] 6 (a* +0°) polylog[4, S —
B a—Ja+b* ) a+ya+p 6f2(fx+e)smh(dx+c)
ab*d* ab*d* bd’
N (fx 4+ e)3sinh(dx + ¢)
bd

Result (type 8, 673 leaves):

a(% 4f3+ef2)‘3+%ezfx2+ng (PRB+3BefR+3B -3 LR+ P —6dlefrx—3PEf+6dfx+6def —6)elx+e
b 2bd*
PP 3P e3P P3P L+ d3+6d2ef2x+3d2e2f—|—6df3x+6def2+6f3
2bd4€dx+c

Jb2(b(edx+c)4+2a(ed”c)s1—2b(edx+c)2—2aedx+c+b) (2(a2f3)9(edx+c + 2P (e4¥F¢) +3azef2xz(edx+c —abfe( dx+c
+3b2€f2x2(edx+c)3_|_3a2e2fx(edx+c)3_a2f3x36dx+c Jabefti? (ed7te) +3b2e2fx(edx+c)3+b2f3x"aedx+c_|_a2e3(edx+c)3
—3a2eff e e —3ap P fx (YT L ab i + 12 (e7¥TC) —I—3bzef2xzedx+c—3a262fxedx+c—abe3(edx+c)2+3abef2x2

+302 2 fxe? e — 2B e L3 b P+ P E e Tt bPa)) de

Problem 115: Result more than twice size of optimal antiderivative.

J (fx +e) cosh(dx + ¢)? coth(dx + ¢)

dx
a +bsinh(dx +c¢)

Optimal (type 4, 304 leaves, 22 steps):



bedx+c

Ny

(a> +b%) (fx+e) ln(l +

C(fxte)? | (P+0%) (fxte)?  feosh(dx +c) L (frte)m(l —tdxt2ay
2af 2ab*f bd? ad ab’d
2 5 bedx+c 5 5 bedx-i—c
(a +b%) (fx+e)In| 1 + (a® + b*) fpolylog| 2, - ————
a++a*+ b +fp01y10g(2,62dx+20) _ a—+a*+b*
ab*d 2ad ab*d*
) 5 ) bedx+c
(a® + b?) fpolylog| 2, - ————
a+a>+ b L+ (fxte)sinh(dx+c)
ab*d? bd
Result (type 4, 931 leaves):
dx+c 2 2 _dx+c 2 2
ajdﬂog[ € b++a +b° +a ] ajdﬂog[ € b+ya +b a
_aeln(bede+zc+2aedx+c—b) _ a++a*+ b _ ~a ++d* + b +af(:2 2aeln(e?* 7€)
b*d b* d* b* d* b* & b d
ﬂn[ e +Ja> + b +a ﬂn[ e +Ja> + b +a ﬂn[ e tep+Ja? + b7 —a .
" cfln(pe2d*¥T2¢ 4 pqedxe_p) _ a++a*+ b _ a++a*+ b _ ~a ++a* + b
da da da da
fln[ —ertep 4 Jat+ b2 —a ]c
_ ~a +a> + b " (dfx +de—f)ed*te _ (dfx+de+f) e dxc " afy’ _aex 2afcx 2afeln(e?*T¢)
d*a 2bd 2bd* 2p? b? p*d b* d?
_dx+c 2 2 _dx+c 2 2
afin € b++a +b a]x afm[ € b+ya +b aJc
" afcln(be?d¥+2c 42 qedxtc _p) _ -a ++a* + b _ ~a ++d® + b
b* d* b*d b* &
¥ ep +Jd> + b +a ¥ ep+ > + b +a
afln X afln
_ a++a+ b _ a++a*+ b " eln(e?*+c—1) " eln(1 4 e?*7¢) " In(1 +e4*7¢) fx
b2 d b2 42 ad ad ad
_dx+c 2 2 dx+c 2 2
ﬁm%[ € b++a +b a] ﬂm%[e b++a +b +aj
_ cfln(ed*Te—1) _fdilog(edx+c) Fdilog(1 + e?¥+¢) _ ~a ++a* + b _ a++a+ b
ad? ad? ad? da da
eln(bede+20+2aedx+c_b)

da

Problem 117: Unable to integrate problem.



J (fx +e)2csch(dx +¢) sech(dx + ¢) "

a + bsinh(dx +¢)
Optimal (type 4, 692 leaves, 33 steps):
bedx-i—c
_2b (fx+e)2arctan(edx+c) 2 (fx+e)2arctanh(62dx+zc) + b (fx+e)?In(1 +e2dxt2c) _ a—+a*+ b
(a®> +b%)d ad a(a®>+b*)d a(a>+b*)d

b2 (fx+e)21n[1+

dx+c
bz(fx—i-e)zln(l-l- be

a+ya+b 21bf polylog(3,1e?*%¢)  21hf(fx +e) polylog(2, [e?**¢) N B2 f(fx +e) polylog(2, -e?4*T2¢)
a(d®+p*)d (a* +b*) & (a* +b*) & a(d® +b?) &

bedx-i—c
202 (fx +e) polylog[Z, —J
_flfx+te) polylog(2, —eZd’H'ZC) " f(fx +e) polylog(2, ede+2‘7) _ a—+a*+b*
ad? ad? a(a2+b2)d2

207 f(fx+e) polylog[ 2, -

bedx-i—c

a++a*+ b J _ 215/ polylog(3, —1e7**¢) + 21bf(fx +e) polylog(2, —1e?**¢) _ b2 £ polylog(3, -e24*+2¢)

a (a® +b?) & (a* +07) d° (a® +b%) &? 2a (a®> + ) &
bedx+c bedx+c
szfzpolylog[?a, —— 2b2f2polylog(3, ——]
" 7 polylog(3, -2 4x+2¢) . 72 polylog(3, 2 4*T2¢) n a—a +b " a+a+b
2ad’ 2ad’ a(a2+b2)d3 a(az+b2)d3
Result (type 8, 34 leaves):
(fx 4+ e)?csch(dx + ¢) sech(dx + ¢)
- dx
a + bsinh(dx +¢)
Problem 118: Result more than twice size of optimal antiderivative.
J (fx +e) csch(dx + ¢) sech(dx + ¢)
- dx
a + bsinh(dx +¢)
Optimal (type 4, 411 leaves, 26 steps):
bedx+c
B> (fx+e) In 1+—j
_2b (fx+e)arctan(e?T¢) 2 (fx+e) arctanh(e? 9¥T2¢) N b* (fx+e)In(1 +29x+2¢) a—a*+ b
(®+06*)d ad a(a®+bv*)d a(a®+b*)d

bedx-i—c

B> (fx+e)In| 1+

a+ya>+p J 15 fpolylog(2, —Te?*T¢) 15 fpolylog(2, 1e?*7¢) b2 fpolylog(2, -e? 94X +2¢)
2, 2 + 2, 12\ 2 B 2, 12\ 2 * 2, 2\ 2
a(a®>+b*)d (a®> +b*) d (a®> +b%) d 2a (a®> +b%)d



dx+c dx+c
b fpolylog[ PR L J b? fpolylog[ PR L
_ fpolylog(2, ~2dxt2e) fpolylog(Z gdxtie) . a—ya+ b . a+ya+ b
2ad? 2ad? a(az+b2)a’2 a(az+b2)a’2

Result (type 4, 1064 leaves):
dx+c 2 2 dx+c 2 2
sz [e b+a +b +a]x szln[e b+ya +b- +a

C
a> + b 3 a+a*+b? ] N cfB*In(b X T2¢ £ gedxtc _p)
d(a +b2 & (a® +b*)a &P (®+b%)a

1 [ edXtep 4 Ja® +p2 — ]x szln[ e tep 4 +p2 — Jc
-a+Ja* + b2 N 41fIn(1 +1e?*¥+¢) px N 41fIn(1 +1e?*+¢) pe

—a+ a —|-b2 _
(> +b*)a & (a® +b%)a d(4a*> +4p?) & (4d> +4b%)
B 41fn(1 —Iedx+c) bx 41/In(1 —1e?* ) pe  eln(e?*Te—1) eln(1 +e?*t¢) In(1 4 &%) fx _ cfln(e?* e —1)
d(4d> +4b%) &P (4> +4b%) ad ad ad ad
_ fdilog(e?* ) +fdilog(1 +eXte)  4fin(1 +1e9¥ ) ax  4fn(1 +1e9% Y ac  4fin(1 —Te* V) ax  4fIn(1 -1’ 1) ac
ad ad? d(4a*>+4p7) & (4d> +4b%) d(4a®> +4b%) &P (4a*> +4b%)
szdﬂog[ X ep 4 Jat + b —a ] szdﬂog[ XTep 4 Ja> + b +a
defaln(l +29x+2¢) -a + a* + b? 3 a+d*+b? + 8 cfb arctan(e?**¢)
& (4d> +41%) & (a® +b?)a & (a® +b%)a & (4d> +4b%)
_eb In(petd¥t2c 4246l e —p) N 41fdilog(1 +1e*T¢) b 41fdilog(1 —1e*T¢) b 4fdilog(1 —1e/*T¢)a  4fdilog(1 +1e?**¢) a
d(a*+b*)a & (4a>+4b%) & (4d> +4b%) &P (4a*> +4b%) & (4a*> +4b%)
_ 4ealn(1 +e?94xT2¢) _ 8 ebarctan(e?*+¢)
d(4a*> +4p%) d(4a* +4p?)
Problem 121: Result more than twice size of optimal antiderivative.
Jcsch(dx+c) sech(dx +c)> "
a +bsinh(dx +¢)

Optimal (type 3, 156 leaves, 9 steps):
_ blarctan(sinh(dx +¢))  barctan(sinh(dx+¢))  a(a® +25%) In(cosh(dx +c)) L In(sinh(dx+¢)) _ b*In(a + bsinh(dx +c¢))

(a® +2)*d 2(a*+0b%)d (& +p2)d ad a(a®+p2)d
sech(dx +¢)? (a — bsinh(dx +¢))
+
2(a®+b%)d

Result (type 3, 529 leaves):



3 3 2
tanh(%—l—%j ab tanh(%—i—%) » 2tanh(%+%) @
4 22, 44 dx | ¢ ? 242 4 b) dx | c¢\? ? 4 22, 44 dx | c¢\? ?
d(a*+2b%a* +b*) | tanh >t +1 d(a*+2b2a® +b*) | tanh 5 5] Tl d(a*+2b%a* +b*) | tanh EIREN IR
dx | ¢\ dx c\ 2
2tanh| — + — h| — + =
- tan(z—i-z)ab B tan(z—i-z)ab
d 2V d 2 )2
d(a* +2p2a% + %) (tanh[Ter%) +1J d(a*+2b2a2 +b*) (tanh(Tx—F%) +1)
ﬂ < 3 dx 3 dx 2
tanh( 2 +2)b _ln[tanh( 2 +2) +l)a _21n(tanh( > +2J +1]ba
2 2 d(a* +20*a* +b* d(a* +2b%>a* +b*
d(a* +202a% +b%) (tanh(%+%) +1J ( ) ( )

arctan(tanh( dx + = ))azb 3arctan(tanh( dx + = ))b3 ln(tanh( ﬂ + < ))
_ 2 2 . 2 2 n 2 2

d(a4+2b2a2+b4) d (a* +2b*a* +b*) da
2
~ b4ln(tanh( dzx + = > ) a—Ztanh( dzx + = > )b—a)

da (a* +2b%a*> +b*)

Problem 124: Unable to integrate problem.

(fx +e)?cosh(dx + c¢) coth(dx +¢)?
a +bsinh(dx +c¢)

dx

Optimal (type 4, 491 leaves, 37 steps):
b(fxte)?  (+0%) (fx+e)d  4f(fx+e)arctanh(e?*T¢)  (fx+e)esch(dx+e) b (fx+e)’In(1 —e9¥F2¢)

3d2f 3d2bf ad® ad a>d
dx+c dx+c
(a2+b2)(fx+e)21n[1+lw—] (a®+b) (fx+e)’In 1+b°+)
" a—a*+b " a+a>+ b 2 2 polylog (2, -e?*T¢) 2]2 polylog(2, e?**¢)
a?bd a’bd ad® ad’®
) ) bedx+c 2 ) bedx-i—c
2(a®>+b )f(fx+e)polylog[2,—— 2(a®>+b )f(fx—i—e)polylog[Z,——J
bf(fx + e) polylog(2, &> ¥*T2¢) 4 a—a+b N a+ya+ b
a® d&* a?bd® abd?
’ o\ 2 bedx-i—c 5 2 2 bedx-i—c
2 (a* +b*) £ polylog| 3, -~ ———— 2 (a* + b?) £ polylog| 3, - ————
2 2dx+2c _ 2 2 2 2
4 b polylog(3, e ) _ a—+a +b _ a+a +b
24 d° abd aPbd’

Result (type 8, 482 leaves):



%fﬁ+g¥+8x

dx+c
_2(x2f2+2€fx+262)e +J_ . 1 - (2 (e} 2ap 2 + p2df 2 (dx+e)
b da((edx+c) _1) a((edx+c) _l)d(b(edx+c) +2aedx+c_b)b
+2 (edx+0)3a2defx—abdf2x2( ) p 2R defe (¢1¥H) 4 (1) Pa P — ¥R AR R —2abdefy (7)) + 52 d P (7 H¢)
+RRdf Rl e~ (Pt R 2l el defx —abd (¢P¥H) +abd R —4 () abfx+ 20 defre T2 () plef

edxteq? g +2abdefx— (e t)  abef+p2dP e e+ 268 2Ryt ubdd +2¥ TP ef) ) dx

Problem 125: Result more than twice size of optimal antiderivative.

cosh(dx + ¢) coth(dx +¢)?
a +bsinh(dx +c¢)

Optimal (type 3, 59 leaves, 4 steps):

_esch(dxtc) _ bin(sinh(dx+c)) (a*> +b?) In(a + bsinh(dx +¢))

ad ad a?bd
Result (type 3, 171 leaves):
tanh( dx + = J ln(tanh(ﬂ+£)—lj bln(tanh(ﬂ+£Jj ln(tanh(ﬂ+£)+lj
2 2) 2 2 . 1 _ 2 2 . 2 2
2
20 7 2datann| 24 €] i 7
2 2
2 2
ln(tanh(ﬂ+£J a—2tanh(ﬂ+£)b—a) bln(tanh(ﬂ+£) a—2tanh(ﬂ+£Jb—aJ
" 2 2 2 2 n 2 2 2 2
db da?

Problem 131: Result more than twice size of optimal antiderivative.

csch(dx + ¢)?sech(dx 4 ¢)3
a + bsinh(dx +¢)

dx
Optimal (type 3, 176 leaves, 9 steps):

_aarctan(sinh(dx +¢)) _ a(a® +20) arctan(sinh(dx+c¢)) _ esch(dx+c) | b(a® +26%) In(cosh(dx+c)) _ bln(sinh(dx+c))
2(a*+0%)d (& +02)d ad (& +52)d a’d
i b In(a + bsinh(dx +¢)) B sech(a’x—l—c)2 (b +asinh(dx +c))
a? (a2+b2)2d 2 (a*+b%)d
Result (type 3, 477 leaves):

dx
tanh +
an(2 2)
2da

tanh( d? j
+ +

2
d(a2+b2)2(tanh(d7 %) +1) d(az—i-bz)z[tanh

N|Q

3 2
o E ha 2tanh[ 5+ <) 25
2 N 2 2

2 2 2 2
) +1) d(a2+b2)2(tanh(%+§) +1)

VR
QU
N|>< (SRR
+
(SRR



2
2tanh(%+%) b - tanh( dzx -I—zj @ tanh(%+§)b2a
2 2 2 2 2 2
d(a2+b2)2(tanh(ﬂ +£j +1] d(a2+b2)2[tanh(ﬂ +5) +1) d(a2+b2)2(tanh(ﬂ +£j +1]
2 2 2 2 2 2
2 2
ln(tanh( dx +£) +1)a2b 21n(tanh(d— —) —Fl)b3 3arctan[tanh( dx + = )) @ 5arctan(t nh[ﬂ -I—gj)bza
n 2 2 " 2 2 _ 2 2 . 2 2
d(®+p?)° d (a®+b?)* d(®+p?)° d(a®+5?)°
2
~ I _bln(tanh(%+%)) +b51n(tanh(%+%) a—2tanh(%+%)b—a)
2 2
Zdatanh(% +%) da d(a* +b*)" d?

Problem 132: Unable to integrate problem.

(fx +e)3 coth(dx + ¢) csch(dx +¢)?
a +bsinh(dx +¢)

dx

Optimal (type 4, 709 leaves, 34 steps):
3f(fxte)? + 6bf(fx+e)?arctanh (e 1) 37(fx+e)?coth(dx +c) N b(fx+e) esch(dx+c)  (fx+e)dcsch(dx+c)?

2ad @ d? 2ad ad 2ad
dx+c dx+c
B2 (fx+e)’In 1+be—J B2 (fx+e)’ln 1+be—J

+3f2(fx+e)ln(1—e2dx+zc) +b2(fx+e)3ln(l—62dx+zc) 3 a—Ja*+v ) a+a*+b?

ad® ad ad ad
" 6bf2 (fx + e) polylog(2, —edx+c) _ 6bf2 (fx + e) polylog(2, edx+c 3f3polylog(2 e2dx+2c) " 3b2f(fx+e)2polylog(2, e2dx+2c)

add add 2ad? 243 d>

bedx+c bedx-i—c
3b2f(fx+e)2polylog[2, —J 3b2f(fx+e)2polylog(2, —
a—ya+b a+Jd®+b* )  6bf polylog(3, -¢**¢)

@ d> B @ d ad

6b2f2 (fx+e) polylog[3 —ﬂ]
+ 6 b /2 polylog(3, e?**¢) _ 362 (fx +e) polylog(3, 2 9*+2¢) + a—+a*+b*
a&d 28 & 3P
5 2 bedx+c 5 bedx+c
6b°f (fx+e) polylog{3, ——] 6b ﬁpolylog[4, ——
" a+ya>+b 3 b2 £ polylog(4, 2 4*+2¢) B a—a*+ b
@& 4434 o d
dx+c
6 b2 polylog [ 4, -—L
a+yJa*+b?

o d*



Result (type 8, 741 leaves):

_ : 1 2 )2 (=2bdP3 () £20df 3 (157) 2 —6bdef (e70) +6adef 2 (¥+¢) —6bd P fx (¥ +¢)} +2hdf 3 elrte
a2 &2 (edx-i-c) -1

+6adezfx(edx+‘ +3af P (ed¥Fe) —2bde3(edx+c)3+6bdef2x2edx+c+2ade3(edx+c)2+6aef2x(edx+c)2+6bdezfxedx+c

+3al (4 2342 +2bd S T —6aefx—3ad)) +4

1 ( 20 oA 22 2 d 3 20 d 3 20 d
D223 (edxFe) +3bdefx2(e ) 132 P fr (XY L P2 P LB AT
J2a2((edx+c)2_ )dz(b( dx+c)2+2aedx+c_b)

—302df R () —6abdf R (P¥H) + 2 S (P7H) 432 P ef R T — b2 defx (5F0) — 12abdefx (13 F)?
13 P A fred T —3p2a A f(edrFe) +3b2df3x2edx+0—6abde2f(edx+0)2+3abf3x(edx+0)2+b2d2e3edx+c+6b2def2xedx+c
+6a2f3’xedx+c+3abef2(edx+c)2+3b2dezfedx+c+6azefzedx+c—3abf3'x—3abef2) dx)

Problem 134: Unable to integrate problem.

(fx +e)3 csch(dx + ¢)3 sech(dx + ¢)
: dx
a +bsinh(dx +¢)
Optimal (type 4, 1674 leaves, 87 steps):
bedx+c
364 f(fx +e)?polylog| 2, - ————
31631 (fx + e)? polylog(2, —Te?*T¢) 61b3f2 (fx+e) polylog(3,1e?**¢) a—a+b
a* (a* +b*) d @ (a* +b*) & @ (a* +b*) d*
bedx-i—c bedx-i—c bedx-i—c
3b4f(fx+e)2p01ylog[2,——J 6b4f2 (fx +e) polylog| 3, -~ ————-— 6b4f2 (fx+e)p01ylog[3,——)
a+a*+ b n a—\/a2+b2 i a+a*+ b
@ (a2+b2)d2 @ (az+b2)d3 @ (a2—i-b2)d3
+ 36 F(fx + e)? polylog(2, -e2@¥+2¢) B 36* 2 (fx +e) polylog(3, -e24¥+2¢) 6Ibf3polylog(4 [ed¥1¢)
2483 (B® 4+ %) & 28 (P +0*) & aAd
_ 31bf(fx +e)?polylog(2, —1e9¥T¢)  61bh/ (fx +e) polylog(3,1e?**¢)  615° £ polylog(4, [e?**¢) N 32 (fx+e)In(1 —e2dxT2¢c)
ad? add a? (a2 +b2) a* ad’®
dx+c dx+c

6 b* £ polylog [ 4 - be " 6b* P polylog( 4 - —be

B a—Jd+p® ) a+a*+ b +b4(fx+e)3ln(1+e2dx+2c)
@ (a2+b2)d4 a (a2+b2)d4 @ (a2+b2)d
bedx+c bedx+c
b4(fx+e)3ln[l+— b4(fx+e)3ln[l+—
a—+a*+b a+a*+b* 362 (fx +e) polylog(3, -e2@*+2¢)

- - +
S (®+b2)d a3 (®+b2)d 28 d




3b* £ polylog(4, -9¥12¢)  61b £ polylog(4, —Ie**¢) L 6bf(fx+e) 2 arctanh (&7 * 7€) 6bf2 (fx + e) polylog(2, -e?*7¢)

* 4a° (a2+b2)d4 adt a* d? P d
_ 6bf* (fx +e) polylog(2, e?*¢) 3b2f(fx+e) polylog(2, 2 9**2¢) 3127 (fx +e) polylog(3,e29¥F2¢)  25% (fx +e)arctan(e?* 1)
a & 2a° d? 28 & a? (a> +b*)d
_ 3b%f(fx +e)? polylog(2, ~e>4*12¢) 3f3polylog( ~2dxt2e) _ 3 /2 polylog (4, ede+ZC) 3f(fx+e)? " 3 polylog(2, 2 4¥T2¢)
243 d? dad dad 2ad? 2ad
N 2 (fx+e) arctanh (297 F2¢)  (fx+e) coth(dx +c¢)? . 31bf(fx + e)? polylog(2, 1e?*F¢) 61bf2 (fx +e) polylog(3, —1e¥T¢)
ad 2ad a2 d? 2P
N 615° £ polylog(4, —1e?**¢)  318°f(fx +e)?polylog(2,1e?¥T¢) 6103 (fx +e) polylog(3, —1e9¥7¢) 3£ (fx +e)?coth(dx +c)
a (> +b*) d* a (a® +b*) d? P (?+b?)d 2ad
B 6 b 2 polylog(3, -e¢?*T¢) 6bf3polylog(3 edxte) 3b2f3polylog(4 ?dxt2c) n 2b (fx + )3 arctan(e?*1¢)
& d ad 4l d* atd
_ 20% (fx +e)3arctanh (77 12¢) L b (fx +e)3 csch(dx + ¢) 4 3f(fx +e)?polylog(2, -29¥12¢) 3/ (fx +e) polylog(3, -e?9*12¢)
ad a*d 2ad? 2ad’
_ 3P polylog(4, -2 9**2¢)  3f(fx+e)?polylog(2, 2 9¥1H2¢) 3f2 (fx + e) polylog(3, 24X +2¢) N (fx+e)’
4434 2ad? 2ad’ 2ad
Result (type 8, 1015 leaves):
- 1 2(—2bdf3;é(edx+c ) +2adf3 (97) —6bdef 2 (¢971¢) + 6adef 2 (e11¢): —6bd e fx (¢9F¢) +2hdff B edxte

a2d2((edx+c)2_1)
+6adfx (e ) 1342 (1) —2pd e (4F) 4 6bdef 2 T +2ade () +6aefx (e7¥TC) +6hdeP fred* e

+3aezf(edx+c)2—3af3x2 +2bdE et —6aeffx—3adf) +16 (J

_ 1 _ dx+c)4 _ dx+c\4 R 2 dx+c
8a2(( dx+c)2+1) ((edx+c)2_1)d2(b( dx+c)2+2a dx-‘rc_b) ( 3 (e ) abfgx 3 (e ) abef =3b dezfe

_b2d2f3x3 dx+c +4a2d2f3x3(edx+c +3b2df3x2 dx+c +3b2d€2f( dx+c 2b2d2f3x3 dx+c _b2d2f3)éedx+c_3b2df3x26dx+c
—30 P ef R (1) =3P A fx () + 1282 P ef R () +6abdf R (D) 6P defx () + 1282 d A (13 F¢)
+6abddf(e ) +12abdefx () +12abdefx (1) +3abf3x+3abef2—2b2d2e3(edx+c)3—b2d2e3edx+c—6a2j3xedx+c
—6ateffel e _p (e+e) 442 P S (edx+c)3_6(edx+c)3a2f3x_6(edx+c)3a2ef2_6b2d2ef2x2(edx+c)3_6b2d262fx(edx+c)3
+6abdf R (1) =3P ef Rl 3R P A fxe T+ 6abd P [T H) — 61 defxe ) dr)

Problem 135: Result more than twice size of optimal antiderivative.

J (fx +e) csch(dx + ¢)3 sech(dx + ¢)

dx
a + bsinh(dx +¢)

Optimal (type 4, 714 leaves, 49 steps):



b* (fx+e)In| 1+

bedx-i—c J

15 fpolylog(2, —1e/*1¢) 113 fpolylog(2,1e?*+¢) L [xn(tanh(dx+c)) b* (fx+e)In(1 +29x+2¢) a—a*+ b
a? (az+b2)d2 a? (az+b2)d2 ad a (a2+b2)d a (a2+b2)d

bedx-i—c bedx-i—c bedx+c
b* (fx+e)In| 1+ —J b4fp01y10g[2, ——j b* fpolylog| 2, - ———
a+Jad+p* ) a—Jat+v ) a+Ja>+b )  1bfpolylog(2, —1e?**¢)

@ (a +b%)d @ (a® +b*) d* @ (a® +b*) d* a* d*

+ bexarctan(edx ‘) 2b3 (fx+e) arctan(e?*1¢) _ bfxarctan(sinh(dx +¢)) Ibfpolylog(2 Jed¥+c) + b* fpolylog(2, —g2dx+2c)
ad P (d®+b2)d a>d a? d* 248 (d® 4+ %) &

_ (fx+e)In(tanh(dx+c))  feoth(dx+c) _ (fx+e)coth(dx+c)? fpolylog( —?d¥t2¢)  fpolylog(2, &2 9¥H2¢) g

ad 2ad? 2ad 2ad’ 2ad? 2ad
n b (fx + e) arctan(sinh(dx +¢)) 2fxarctanh( 2 dxt2c) _ 22 (fx 4 e) arctanh (&2 9¥12¢) bfarctanh(cosh(dx +c))

a?d ad ad ad?
L b(fx+e)esch(dx+c) _ b fpolylog(2, -e?9**2¢) bzfpolylog(2 P dxt2e)
ad 248 & 24 &

Result (type 4, 1477 leaves):

dx+c
b? farctanh[ wj
2Jd> + b N b2 eln(1 + ¥ 7€) bzeln( dxte_1) b fdilog(e?**€) N p*fdilog(1 +e¥7¢)  pfn(e?* 1)
&2 (2 +02)° " Bd ABd & P & P @ P
_dx+c 2 2 dx+c 2 2
b4ﬂn[ € b++a +b a]x b4fln[ € b+ya +b° +a
" bfIn(1 + e?¥t€) _ eln(e?*+c—1) _ eln(1 4 e?*7¢) _ ~a ++a* + b _ a++a*+ b
a® & ad ad ad(a* +b?) A& (a® +b?)
b4ﬂn[ —eX e 1 a? +p2 — Jc b4ﬂn[ AXTep 4 Ja* + b +a J
~a ++a* + b " bHfeln(b?dxT2¢ f2qedxFc —p) _ a++a+ b " 41fIn(1 —Te?*+¢) px
ad? (a2+b2) ad? (a2+b2) a3d(a2+b2) d(4a2+4b2)
o 4in(1 + 1) b 4lfn(1 =1 ) be 4LfIn(1 A1 ) be (1 ¥ TC) fx N cfln(e*te—1) +fdilog(edx+c)
d(4a*> +4p%) &P (4d>+4b%) &P (4d>+4b%) ad ad? ad?
dx+c dx+c
b? farctanh 267 ht2a b* farctanh[ w]
_ fdilog(1 +e?*t¢)  pPefin(ed¥Te—1) b2f1n(1 +edx+0) B N 2y a* + b?
ad &3 & Bd Y Nrrrea 2 (2 +12)
_dx+c 2 2 _
b4fdilog[ € b+a +b a ]
breln(be?d¥+2c 4 2qe?*c—p)  4lfdilog(l +1e2*T¢) b . 4lfdilog(1 —1e4*T¢) b —a +a* + b

ad(a® +b?) d* (4a* +417) d* (4a* +4b7) @ d* (a* +b?)



dx—+c 2 2
bﬁmbg ¢ b+ya +b° +a
a++a*+b?
ad? (a2+b2)
B —2bdfxe3dx+3c+2adfxe2dx+2c—2bdee3dx+3c+2adee2dx+2c—I—2bdfxedx+c+afezdx+2c+2bdeedx+c—af+ 4fIn(1 +1e?*T¢) ax

dzaz(ezalx+2c_l)2 d(4a*> +4b%)
4fIn(1 +1e*T) ac . 4fIn(1 —1e?**¢) ax N 4fin(1 =1 %Y ac  4dcfaln(l +9%12¢)  gcfbarctan(e¥ 1)
d* (4a* +417) d(4a* +4b7) d* (4a* +4b7) d* (4a* +4b7) d* (4a* +417)
4fdilog(1 —1e¢?*%¢) q | 4fdilog(1 +1e¢?*T¢) q | 4ealn(1 +29*12¢)  Bebarctan(e?* T¢)
+ 2 2 2 + 2 2 2 2 2 2 2
& (4a* +4b%) & (4a> +41%) d(4a*> +4b%) d(4a*> +4b%)

Test results for the 30 problems in "6.1.3 (e x)”"m (atb sinh(c+d x"n)) "p.txt"

Problem 12: Result more than twice size of optimal antiderivative.

sinh(a + 2)
X
— dx
x4

Optimal (type 3, 46 leaves, 4 steps):
2cmh(a+—£) cmh(a%—é) 2smh[a+-£)
X X

X
- - +
b b b x

Result (type 3, 93 leaves):

2
(a—i—é) cosh(a—i—é) —Z(a—i-é)sinh(a—l-é) +2cosh(a+£) —Za((a—i-é)cosh(a—i-é) —sinh(a—i—é)) +azcosh(a+é)
~ X X X X X X X X X

b3

Problem 13: Result unnecessarily involves higher level functions.
. b
J(ex)msmh(a + —) dx
by

Optimal (type 4, 61 leaves, 4 steps):

Result (type 5, 69 leaves):

(ex)mbhypergeom[ [ —% ], [%, 1 - % ], % ] cosh(a) (ex)mxhypergeom( [ —% 1 }, [%, % - % ], % ] sinh(a)

+
m 14+m




Problem 19: Result unnecessarily involves higher level functions.
stinh(a +bx") dx
Optimal (type 4, 73 leaves, 3 steps):
eer(200) 2r(2a0)

- 3 +
n

2
2n (-bx") 2¢%n (bx")"

Result (type 5, 68 leaves):

X hypergeom[ [ 1
n

ny2
, l,l-i-l],xz b )sinh(a) ﬂ+2bhypergeom([l+l ’[é’i_i_l
4 + 2 n 2 n

o |

2 n+

Problem 20: Unable to integrate problem.

szsinh(a+bﬂ)2dx
Optimal (type 4, 101 leaves, 5 steps):
3 3
2o 3 2o 3
2 ”e2“x3r(—,-2bx”j 2 ")ér(—,sz")

_zi _ n _ n
6 3 3
n(-px")" e (bx")"

Result (type 8, 16 leaves):
sz sinh(a +bx”)2 dx

Problem 21: Unable to integrate problem.
. 2
stmh(a +bx")" dx

Optimal (type 4, 101 leaves, 5 steps):

Result (type 8, 14 leaves):
stinh(a +bx)% dx

Problem 22: Unable to integrate problem.



Jsinh(a +5x2)% dx

Optimal (type 4, 87 leaves, 5 steps):

. _
2 L 1
n(-px")" % (bx)"
Result (type 8, 12 leaves):
Jﬁnh(a-kbx”)zdx
Problem 23: Unable to integrate problem.
stinh(a+bx”)3dx
Optimal (type 4, 164 leaves, 8 steps):
e3“x21"(2,—3b)81) 3e“x2r(3,—mﬂj 3x2r(3,bﬂ) le"(z,be”)
_ n I n _ n I n
1 2 2 2 1 2
89" n(-bx")" 8n(-bx")" 8e“n (bx")" 89" p (px")"

Result (type 8, 14 leaves):
stinh(a +by")’ dx

Problem 24: Unable to integrate problem.
. 3
J(ex)msmh(a +bx")" dx

Optimal (type 4, 216 leaves, 8 steps):

e3a(ex)1+ml"(l+—m,—3b)«,”j 3e“(ex)1+ml"(lﬂ,—bx”j 3(ex)1+”1r(lﬂ,bx”) (ex)“”"r( 1+’",3bﬂ)

n n

1+m 1+m * 1+m N 1+m + 14+m 1+m
83 " en(-bx") " 8en(-bx") " 8een (bx) " 83 " e%n(bxt) "

Result (type 8, 18 leaves):
J(ex)”’sinh(a +2)> dr

Problem 25: Unable to integrate problem.
. 2
J(ex)msmh(a +bx")" dx

Optimal (type 4, 145 leaves, 5 steps):



o)1 eza(ex)HMF(lﬂ,-zbﬂ) (ex)”’"r(H’”,zbﬂ)

ex

2e (1l +m) 1+m+2n L+m 1+m+2n ltm
2 n en(-bx") " 2 n eet?n (byx") "

Result (type 8, 18 leaves):
J(ex)msinh(a +ha") dx

Problem 29: Unable to integrate problem.

dx

Jsinh(a +b(d)c-|-c)1 /3)

X
Optimal (type 4, 180 leaves, 13 steps):
~cosh(a +bc 73) shi(b (¢! 3= (dx+¢)' ) —cosh(a+ (=1)2 b B)shi(b ((=1)27536 B = (dx+¢)' B)) +cosh(a
— (=)' Bpe BYshi(b ((=1)' Bl Bt (dx+e)' B)) +chi(b (& B = (dx+¢)' ) sinh(a+be ) +Chi(b ((=1)! B B+ (dx
+e)A3) ) sinh(a — (=)' Bbe ) +Chil -6 ((=1)2 B B = (dx+¢)! 7)) sinh(a + (—1)2 Bpcl 73)
Result (type 8, 18 leaves):

dx

Jsinh(a +b(d)c-|-c)1 /3)

X

Problem 30: Unable to integrate problem.

dx

Jsinh(a +b (dx—i—c)1 /3)
x2

Optimal (type 4, 243 leaves, 14 steps):

bdChi(b (! /= (dx+¢)' 7)) cosh(a+bc ) (=1)! Bhdchi(b ((=1)' B B+ (dx+c)' 7)) cosh(a— (1) Bocl )

3¢/ 337
L (=12 Bbachi(-b (=1)> A 2 = (dx+e)! 7)) cosh(a+ (=1)2Pbc! #)  bashi(b (¢ 7 = (dx+c)! 7)) sinh(a+bc! ~)
3373 327
(=)' Bhdshi(b ((=1)' A B4 (dx+e)' 7)) sinh(a— (=1)! Bocl )
3273
(=12 Bpashi(b ((=1)2 B B = (dx+c)' B))sinh(a+ (=1)2P b ) sinh(a+b (dx+c)! )
3273 x

Result (type 8, 18 leaves):

dx

Jsinh(a +b(dx-|-c)1 /3)
x2



Test results for the 11 problems in "6.1.4 (d+e x)”m sinh(a+b x+c x"2) " n.txt"

Problem 4: Unable to integrate problem.

~“_bcosh(—cxz—k-bx—i-a)+sinh(—cx2+-bx+a)]dx
x 2

Optimal (type 4, 82 leaves, 7 steps):

b2 b2
a+— _ -a— — _
e 4Cerf(M]\/?\/; e 4cerﬁ(m)\/?\/;
_sinh(—cx2+bx+a) i N i 2(c
X 2 2
Result (type 8, 37 leaves):
_bmm(mf+ﬁx+a)+_mm@ﬂf+bx+a) dr
x $
Problem 11: Result more than twice size of optimal antiderivative.
J(ex+d)sinh(cx2+bx+a)dx
Optimal (type 4, 100 leaves, 6 steps):
L B2 b2
-a —_— a— —
(-be+2dc)e 4Cerf[mjﬁ (-be+2dc)e 4Cerﬁ[m)ﬁ
ecosh(cx2 +bx+a) . 2c 4 2¢
2¢ 8 /2 8 /2
Result (type 4, 210 leaves):
dac—m? . _4dac—b2 b 4ac—b? b
d\/?e 4c erf[\/?x+ ] 5 eb\/Fe 4c erf[\/?x+ ] d\/;e 4c erf{—\/—cx+ ]
i 2c ) et Tb¥Ta 2Jc ) 2 ¢
N 4e 8 /2 e
4ac—p2 b
eb\/;e e erf| e x+
el thxta 2y
+ +
4c 8cy -c

Test results for the 100 problems in "6.1.5 Hyperbolic sine functions.txt"

Problem 12: Unable to integrate problem.
1
dx
J (bsinh(dx +¢))? /3

Optimal (type 5, 50 leaves, 1 step):



3cosh(dx+c)hypergeom([% %] [%] —sinh(dx+c)2J (bsinh(dx +¢))! /3

bd osh(dx+c)
Result (type 8, 12 leaves):
1
dx
J (bsinh(dx +c¢))? /3

Problem 13: Unable to integrate problem.
J(—Isinh(dx-i—c))”dx
Optimal (type 5, 64 leaves, 1 step):

Icosh(dx +c¢) hypergeom( [

, —sinh(dx+c)2) (—Isinh(dx +¢))" !

N3

1
2 2

1 3 n
+ 2]’[2 + 2
+

d(n+1)ycosh(dx+c)?
Result (type 8, 13 leaves):

J( —Isinh(dx +c) )" dx

Problem 14: Result more than twice size of optimal antiderivative.
sinh(x)? &
I + sinh(x)

. . 2
_3x —2Tcosh(x) + 3 cosh(x) sinh(x) cosh(x).smh(x)
2 2 I + sinh(x)

Optimal (type 3, 30 leaves, 2 steps):

Result (type 3, 92 leaves):

31n(tanh(£) —1)
1 I 2 1

+ + + -

Z(tanh(%)—l) tanh() (tanh(%) )2 2 tanh(%)+l 2(tanh(%)+1) tanh(
| 31n(tan(%)+1J

2(tanh(%)+lj2 ?

Problem 17: Result more than twice size of optimal antiderivative.

J sinh(v)*
(I+—sinh(x))2

l\)|>< —

j+1




Optimal (type 3, 36 leaves, 6 steps):
4cosh(x)  cosh(x) sinh(x)2 n 2 Icosh(x)
3 3 (I+sinh(x))?  1+sinh(x)

)+

-21x+

Result (type 3, 74 leaves):

X n 41 n _

5]_1)_%11(%]_1 3(tanh(%)+1)3 tanh(%)+1 (tanh(

N
—

ZIln(tanh( 5 —2Iln(tanh(%) +lj +

SRS
N|>< —

tanh (

e

Problem 20: Unable to integrate problem.

J sinh(x) @
a +lasinh(x)

Optimal (type 3, 44 leaves, 3 steps):

arctanh[ cosh(x) Va 2 ] 2
2+ a+lasinh(x) n 2 cosh(x)

Ja a + 1asinh(x)
Result (type 8, 113 leaves):
J_ 2 A | V2 Ja(1(&) +26—1) &
(—1)*J7 N Ja(1(&) +2e—1) &
/a(l(ex)2+26x—l) o z/a(l(ex)2+2€x—l) o
¢ e

Problem 21: Unable to integrate problem.

J sinh(x) &

a —lasinh(x)

Optimal (type 3, 44 leaves, 3 steps):

arctanh{ cosh(x) Va 2 ] 2
2+ a —Iasinh(x) n 2 cosh(x)
\/7 a — lasinh(x)

Result (type 8, 117 leaves):

V2 -a(1(&)? —2¢—1) &

/_a(I(ex)2—2ex—I) o 2/_a(l(ex)2—2ex—1) .

"

dx




Problem 22: Unable to integrate problem.
J(a +lasinh(dx +¢))5 /2 dx

Optimal (type 3, 86 leaves, 3 steps):

2lacosh(dx +c¢) (a +lasinh(dx +c))® /2 N 64 14> cosh(dx + ¢) + 1614° cosh(dx +¢) Ja + Lasinh(dx + ¢)

5d 15da ¥ Lasinh(dx +¢) 15d
Result (type 8, 16 leaves):

J(a +lasinh(dx +¢))® 72 dx

Problem 23: Unable to integrate problem.

1
J . 3/2dx
(a +Tasinh(dx +¢))
Optimal (type 3, 68 leaves, 3 steps):

Iarctanh[ cosh(dx +¢) Va V2 T
Icosh(dx +¢) 2y a+1lasinh(dx +c)

. 32 + 3 /2

2d (a +1Iasinh(dx +c)) 4a d

Result (type 8, 16 leaves):
1
dx
J (a +lasinh(dx +c¢))3 72

Problem 31: Unable to integrate problem.
J(a +Tasinh(x))3 72 (4 + Bsinh(x) ) dx
Optimal (type 3, 64 leaves, 3 steps):
2 Bcosh(x) (a +Tasinh(x))3 72 + 8a® (514 + 3 B) cosh(x) 4 2a (514 +3B) cosh(x) Ja +Tasinh(x)

5 15y + Lasmh(x) 15

Result (type 8, 19 leaves):
J-(a +Lasinh(x))3 /2 (4 + Bsinh(x) ) dv

Problem 37: Unable to integrate problem.

J A + Bsinh(x)
(a +lasinh(x))3 /2
Optimal (type 3, 60 leaves, 3 steps):



(I4 + 3 B) arctanh cosh(x) Va_ \/_

(I4 — B) cosh(x) i 2+ a+lasinh(x

2 (a + Lasinh(x) )3 /2 R

Result (type 8, 19 leaves):

J A + Bsinh(x)
(a +lasinh(x))3 /2

Problem 38: Result more than twice size of optimal antiderivative.
J(a +bsinh(x) )5 72 (4 + Bsinh(x) ) dx
Optimal (type 4, 279 leaves, 8 steps):

2 (7TAb +5aB) cosh(x) (a + bsinh(x))3 72 L 2Bcosh(x) (a+bsinh(x))5/2 N 2(56aA4b+15a*>B —25b*B) cosh(x) a + b sinh(x)
35 105

b b ]\/a + b sinh(x)

2
1(161a*4b—634b° +1543B —145ab*B / (E I—j ElhpﬁcE(cos(£+I—x],ﬁ
N 4 4 2
T4
4

2
Ix)b a+bsinh(x)

105
sm( T—1b

2

1x )
2

T Ix b a + bsinh(x)
EllipticF - 4+ = 2
tPHe (COS(4 T3 j’\/—/la+b ]/ a—1b
)b\/a—i-bsmh

21 (d® +b?) (56aAb+15azB—25sz)/sin(z +

;/

. (m
105 —
s1n( 1

w|><

Result (type 4, 1892 leaves):

1 (2[63A/_a+bsmh(x) EuipticE(/_a+bsmh(x) ’\/_Ib—a )/ (T—sinh(x)) b /(I+s1nh(x))b 45
105 b% cosh(x) \Ja + b sinh(x) Ib—a Ib—a 1b+a 1b+a 1b—a

_ISB/_a+bsinh(x) EmpﬁcE[/_a+bsinh(x) /_Ib—a ]/ (1—smh(x)) b / (Fsmh(x)) b s

Ib—a 1b—a 1b+a 1b+a 1b—a
_63A/_a+bs1nh(x) EllipticF[/_a+bs1nh(x) ’/_Ib—a ]/ (T —sih(x)) b / ST E 45 4 15 45 inh(x) 421 455 sinh(x)?
I1b—a 1b—a 1b+a 1b+a I1b—a

— 10 BB sinh(x)> + 21 4 b° sinh(x)% — 25 B’ sinh(x) + 60 Ba b*sinh(x)* + 98 4 a b* sinh(x)> + 90 Ba? b? sinh(x)> + 77 A a* b sinh(x) 2

+45Ba® b*sinh(x)2 + 35 Bab*sinh(x)? 4 98 4 a b* sinh(x) + 90 Ba® b’ sinh(x) + 1513/—‘”11’])5& EllipticF[/ —“Jrlbbsw ,
—a —d

Ib—a (I —sinh(x)) b (I +sinh(x)) b Ab—101B _a + bsinh(x) EllipticF _a + bsinh(x) ’
Ib+a 1b+a 1b—a 1b—a 1b—a




/_Ib—a /(I—sinh(x))b /(I+sinh(x))b
I1b+a 1b+a 1b—a
/_Ib—a /(I—sinh(x))b /(I+sinh(x))b
1b+a 1b+a 1b—a
/_Ib—a /(I—sinh(x))b /(I+sinh(x))b
I1b+a Ib+a 1b—a
/_Ib—a /(I—sinh(x))b /(I—I—sinh(x))b
I1b+a I1b+a I1b—a
/_Ib—a /(I—Sinh(x))b / (I +sinh(x)) b
I1b+a 1b+a 1b—a
/_Ib—a /(I—sinh(x))b / (I +sinh(x)) b
I1b+a 1b+a 1b—a
/_Ib—a /(I—sinh(x))b /(I+sinh(x))b
1b+a 1b+a 1b—a
/_Ib—a /(I—sinh(x))b /(I+sinh(x))b
1b+a 1b+a 1b—a
/_Ib—a /(I—sinh(x))b /(I+sinh(x))b
I1b+a Ib+a 1b—a
/_Ib—a /(I—sinh(x))b /(I—I—sinh(x))b
I1b+a I1b+a I1b—a
/_Ib—a /(I—Sinh(x))b / (I +sinh(x)) b
I1b+a 1b+a 1b—a
/_Ib—a /(I—sinh(x))b / (I +sinh(x)) b
I1b+a 1b+a 1b—a
Problem 39:

Optimal (type 3,

(244 — Ab* + 3 a b B) arctanh

118 leaves,

6 steps):

at b’ +56IA/

_a+bsinh(x)

1b—a

a3b2—2513/

_a+bsinh(x)

1b—a

b5+42A/_a+bsinh(x)
1b—a

a

2b3_98A/_a+b51nh(x)

1b—a

a2b3—12OB/

_a +bsinh(x)

1b—a

a3b2—1203/

_a + bsinh(x)

1b—a

ab4+1303/_a+b51nh(x)

1b—a

_a+bsinh(x)

1b—a

_a+bsinh(x)

1b—a

@+ bsinh(x) EllipticE[ /
b—a

a4b+56IA/—

inh(x) .
T ibh—a EllipticF

ab* +774a* b +45Bd° b? —2SBab4J)

Result more than twice size of optimal antiderivative.

J A + Bsinh(x)
(a + bsinh(x) )3

b —atanh( ij
2

(Ab —aB) cosh(x)

EllipticF ( /

_a+bsinh(x)

16 —a ’

EllipticF ( /

_a+bsinh(x)

16 —a ’

EllipticF [ /

_a+ bsinh(x)
Ib—a ’

EllipticE ( /

_a+bsinh(x)

1b—a ’

EllipticF ( /

_a +bsinh(x)

1b—a ’

EllipticF ( /

_a + bsinh(x)

16 —a ’

EllipticE[ / -

a + b sinh(x)

1b—a ’

EllipticE( / -

a + b sinh(x)

16 —a ’

EllipticF [ /

_a+ bsinh(x)

1b—a ’

_a+ bsinh(x)

1b—a ’

_a +bsinh(x)

1b—a ’

_ (3a4b—d*B+2b*B) cosh(x)

Result (type 3,

(a2 +b2)

313 leaves):

5,2

" 2(a® +5?) (a+bsinh(x) )2

2 (a® +2)* (a + bsinh(x))



3
{ b(SazAb—|—2Ab3—3a3B)tanh(§)

_ 2 —
[tanh(ﬁ)za—Ztanh(i)b—ajz 2a(a4+2b2a2+b4)
2 2
2
(44a*b—TAPD —245° —2Bd +SBa3b2—2Bab4)tanh(%) b(11PAb+24b —54°B +4ab2b’)tanh(%)
- +
2(a4+2b2az+b4)a2 2(a4+2b2a2+b4)a

2atanh(£) —2b
(2424 — Ab* +3 abB) arctanh

+4a2Ab+Ab3—2a3B+ab2B N 2 a* + b2
4 2 2 4
2 (a* +20%a* +b*) (&* +202d® +b*) V2 + 12

Problem 42: Unable to integrate problem.
. 32
J(asmh(x)3) 2 g

Optimal (type 4, 89 leaves, 5 steps):

A3

2
. w Ix ..
141 h — 4+ — | EllipticE —
acsc (x)/sm( 2 + > j iptic (cos[ >

Ix . 3
+ 2 h
_ 14 acosh(x) asinh(x)? +2acosh(x) sinh(x)? a sinh(x)> N J ) a sinh(x)

45 9
15 sin[§ + %] Tsinh(x)

Result (type 8, 10 leaves):
J(asinh(x)3)3 2 4

Problem 43: Unable to integrate problem.
J asinh(x)> dx

Optimal (type 4, 72 leaves, 4 steps):

T

2
2 coth(x) Y asmE()? 21csch(x)2/sin( 2 +17x) EllipticF(cos[ + Ix],ﬁ) Isinh(x) + asinh(x)>
+

3 B , (
3 sin

Result (type 8, 10 leaves):

PN

J asinh(x)3 dx



Problem 45: Result more than twice size of optimal antiderivative.
1
J S N
asinh(x)*

_ cosh(x) sinh(x)

asinh(x)*

Optimal (type 3, 14 leaves, 3 steps):

Result (type 3, 49 leaves):

_Ja(—l+wmﬂﬂ2x))UmﬂﬂZx)+l) aﬂﬂﬂ2xﬂ

asinh(2x) Ja (-1 + cosh(2x))?

Problem 48: Result more than twice size of optimal antiderivative.
2
sech(x) dr
I + sinh(x)
Optimal (type 3, 18 leaves, 3 steps):
_ Isech(x) _ 2Itanh(x)
3 (I +sinh(x)) 3

Result (type 3, 48 leaves):

—

i 1 N 2 3 31 B

(3] ] s (mlz)) ()] 23]

Problem 49: Result more than twice size of optimal antiderivative.

cosh(x)6 dx
a + bsinh(x)

—

0=

Optimal (type 3, 132 leaves, 7 steps):

b—atanh(i)

2 (a2 +Z)2)5 /2 arctanh 2

Ca(8a*+2007a® +156%)x Ja* + b L cosh(x)®  cosh(x)* (44> +4b> —3absinh(x))
8 b p® 5b 12 5°

cosh(x) (8 (a® +52)* — ab (4a* +7b%) sinh(x) )
8 b
Result (type 3, 673 leaves):

_|_



5 X 3 X
4 S 542 94 a ln(tanh(5)+l) S5a ln(tanh(5)+l)

— _|_ — — —
6 4
bs(tanh(%]—i-l) 2b4(tanh(§)+lj 2b3(tanh(%)+1) 8b2(tanh(%)+l) b 2b
B a _ a? B a _ @ B a*
2 X * 3 X : 2 x ; 4 x 2 3 x 2
4b° | tanh| — | — 1 3p° | tanh| = | — 1 2b° | tanh| = | — 1 2567 | tanh| — | — 1 2b° | tanh| = | — 1
2 2 2 2 2
_ 11a B a . @ _ 5a? B 9a
2 X\ 5 X ) _ 4 X 3 X 2 X
85 (tanh(z) 1) b (tanh(zj 1) 2b (tanh(zj 1) 2b (tanh(zJ 1) 8b (tanh(z) 1)
asln(tanh(i)—l) 5a3ln(tanh(£)—l) 15a1n(tanh(£)—1} 15a1n(tanh(£}+1)
N 2 N 2 N 2 3 2 N a
® 2 8 b? 8 b? X 4
4 b? (tanh(a) +1]
2 3 2
T a - - a . 4 a - - a . 4 11a .
3 X 2 X 4 X 3 X 2 X
3b° | tanh 3 +1 2 b” | tanh £y +1 257 | tanh 3 +1 2 b’ | tanh £y +1 8 b | tanh 3 +1
_ 13 - 13 - 1 N 1 _ 15
X X X . X : 8bh Y R
12b | tanh| = | — 1 12b | tanh| = | +1 5b|tanh| — | — 1 5b|tanh| — | +1 tan
2 2 2 2 2
" 15 _ 9 _ 9 _ 1 . 1
8b [ tanh| = | +1 X ’ X ’ X ! X !
tan 8b | tanh| — | — 1 8b | tanh| — | +1 2b | tanh| — | — 1 2b | tanh| — | +1
2 2 2 2 2
2atanh(%)—2b Zatanh(%)—Zb 2atanh(%)—2b
2 arctanh 6 a* arctanh 2 arctanh a®
2 2 2 2 2 2
4 2V ac+b n 2 a" +b n 2\ a”+b
Ja* + b b a* +b? boJa* +b?
2atanh(%) —2b
6 arctanh a*
n 2 d? +b?
b* a* + b

Problem 50: Result more than twice size of optimal antiderivative.
J cosh(x)4 &
a + bsinh(x)
Optimal (type 3, 86 leaves, 6 steps):



b —atanh( i)
2 (a2 —i—bz)3 /2 arctanh —\2)
a(2a2+3b2)x a* + b?

n cosh(x)3
2% p* 3b
Result (type 3, 335 leaves):

. cosh(x) (2a> +2b> —absinh(x))
20

B 1 _ a _ 1 a* _ a _

RECPREEER

W
S
/N
o+
5
=3
/N
Ne——
|
—
N—
N
Sy
[\S]
VR
8
=]
=
/N
Ne—
|
= =
Ne—
[\S]
)
o>
VR
-+
Qo
=]
=
VR
N | =
N—
|
—_
Ne—
S
/N
2
=]
=
/N
0=

a

b 207 +3b(tanh(§)+1)3+2bz(tanh(g)+1j (tanh( J+1)

x
2
2 p 3 a%n(tanh(%)—i—l) 3aln(tanh(%) )
+ B + B 4 B 2
b3(tanh(ﬁ)+1) 2b2(tanh(%)+l) 2b(tanh(§)+1) b 2b
2atanh(%)—2b 2atanh(%) 2b 2atanh(%)—2b
2 arctanh at 4 ¢? arctanh 2 arctanh
N 2Jd? + b N 2Jd® +b + 2Jd> + b
b*Ja* + b b> a* + b Ja* + b?
Problem 51:

Result more than twice size of optimal antiderivative.

sech(x)4 dx
a + bsinh(x)

Optimal (type 3, 90 leaves, 6 steps):

—atanh( %)
2 b* arctanh
Ja* + N sech(x)> (b +asinh(x)) . sech(x) (36° +a (24*+5b%) sinh(x) )
(& + 1)’ / 3 (a® +b?) 3 (2 +52)°

Result (type 3, 181 leaves):
1

5 4 3 2

_ 3532 x 25 533 x 2 3 8 x 1\ _ X\ 3

; 3(2[(a 2ba)tanh(2)+(ab 2b)tanh(2)+( 34 3bajtanh(2) 2tanh(2)b
(a4+2b2a2+b4) [tanh( )+1)

N | =



Zatanh(%) —2b

2 b* arctanh
+(—a3—2b2a)tanh(£)_a2_b_4_b3)>+ 2[4 1

Problem 52: Result more than twice size of optimal antiderivative.

J cosh(x)4 dr
(a + bsinh(x))?

Optimal (type 3, 84 leaves, 6 steps):

b — atanh %J
6 aarctanh| ——— =2 | Ja? + b*
3(2a>+bh*)x  3cosh(x) (2a—bsinh(x))  cosh(x)? L Ja* + b
24 253 b (a + bsinh(x)) b
Result (type 3, 289 leaves):
| | . 31n(tanh(§)—1)a2 31n(tanh(§)—1) |
X 2 * 2 X * 3 X B »* B 2 b2 - X 2
2b? (tanh(—)—l) 2b (tanh(EJ_lj b [tanh(z)—l) 2b2(tanh(—)+1)
2 2
1 ) SIn(tanh(g)—l-l)az 3ln(tanh(§)+l) 2atanh(§)
+ -~ < + ; + : + :
2b2(tanh(i)+1J b3(tanh(i)+1) b 2b bz[tanh(i) a—ztanh(ﬁ)b—aJ
2 2 2 2
2tanh(%j )i )
2 +

+ 2 + 2 2
tanh| = | ¢ —2tanh| = |b—ala B3 |tanh| = | ¢ —2tanh| = |b—a b|tanh| = | ¢ —2tanh[ = | b —a
2 2 2 2 2 2

2atanh(£) —2b
6a+ a* + b* arctanh

2

2 d? +b?

b4

Problem 55: Result more than twice size of optimal antiderivative.

J tanh (x)* "

I + sinh(x)
Optimal (type 3, 24 leaves, 6 steps):



3 5 5
_sech(x) + 2sech(x)”  sech(x)”  Itanh(x)
3 5 5
Result (type 3, 92 leaves):
1 _ 21 _ 31 I 1 4 1 n 31
3 [ tanh[ = +13 5 [ tanh[ = +15 8(tanh(£j+1) tanh| = +I4 2 | tanh| 2 +12 S(tanh(i)—lj
a3 )+ s (3] 1) i) fe{3) ) 2 (a3 ) ) z
+ I + !
X 3 X 2
6(tanh(—)—l) 4(tanh(—)—l)
2 2
Problem 56: Result more than twice size of optimal antiderivative.
coth(x)¢
I + sinh(x)
Optimal (type 3, 27 leaves, 6 steps):
_ 3arctanh(cosh(x) ) n Icoth(x)> _ 3coth(x) csch(x) coth(x)3csch(x)
8 5 8
Result (type 3, 92 leaves):
X x ) x4 x )’ x )2 X
Itanh(—) Itanh(zj tanh(zj Itanh(;) tanh(;) I ! 31n(tanh[5)) !
+ + + + - + -
16 160 64 32 8 x \° x \4 8 x \2
160 tanh| — 64 tanh| — 8tanh| —
2 2 2
I 1
+ 3 +

X
32tanh| —
an(z)

Problem 57: Result more than twice size of optimal antiderivative.
tanh (x)?2
J ( i &

I + sinh(x) )2

27 leaves, 10 steps):
tanh(x)3 " 2tanh(x)5

Optimal (type 3,

2Tsech(x)®  2Isech(x)’
3 5 3 5
Result (type 3, 69 leaves):
21 _ I " 4 _ 5 _ 1 i 1
X 4 X 2 X 3 X 3 X X
(tanh(z)—kl) 2(tanh(5)+l) 5(tanh(5j+l) S(tanh(z)—}-l) 4(tanh(5)+l) 4(tanh(5)—l)



Problem 58: Result more than twice size of optimal antiderivative.
tanh
J amh(x) g
(I + sinh(x) )
Optimal (type 3, 26 leaves, 4 steps):

_larctan(sinh(x)) 1 _ I
4 4 (1+sinh(x))?> 4 (I+sinh(x))
Result (type 3, 65 leaves):
In[ tanh| = | +1 In[ tanh[ = | —1
21 I 1 3 n(tan (2)+ ) n(tan (2) )
X 3 X X 4 X 2 4 4
(tanh[5)+lj 2 | tanh 5 +1 (tanh(5j+lj 2(tanh(5)+l)

Problem 59: Result more than twice size of optimal antiderivative.
coﬂ1(x)4
(I + sinh(x))
Optimal (type 3, 24 leaves, 9 steps):

N coth(x)3
3

-l arctanh(cosh(x)) — 2 coth(x) + Icoth(x) csch(x)

Result (type 3, 57 leaves):

3 2
7tanh(%j tanh(%) Itanh[%) I ! 7
- + - 4 +Iln(tanh(%) + + -

8 24 X 2 X 3 X
r a 8 tanh| =
4tanh( 7 ) 24tanh( 7 ) an ( 5 )

Problem 63: Result more than twice size of optimal antiderivative.

coth(x)? &
a + bsinh(x)

Optimal (type 3, 50 leaves, 7 steps):

b —atanh| = )
2 arctanh —\2) Ja> +b?
barctanh(cosh(x))  coth(x) a + b
a? a a?

Result (type 3, 106 leaves):



2atanh(%)—2b 2atanh(%)—2b

anih ( X ) 5 ln( canh ( X ) ) 2 arctanh 2 arctanh b?
i 2) 1 3 2)) o 2+ 1 N 2Ja* + 1
2
2a 2atanh(§) a Ja* + b? >\ a* + b
Problem 65: Result more than twice size of optimal antiderivative.
J tanh (x)
(a + bsinh(x))?
Optimal (type 3, 85 leaves, 6 steps):
2abarctan(sinh(x)) (4> —b?) In(cosh(x)) _ (a® —6%)In(a +bsinh(x)) a
( +57)? (a + %) (a +5%) (a* +b%) (@ +bsinh(x))
Result (type 3, 247 leaves):
X 2 2 X 2 2 X X 2
21n tanh(g) +1]|a 21n tanh(z) +11|b 8abarctan(tanh(zj) 2tanh(5)a b
- + +
4 2 2 4 4 2 2 4 4 2 2 4 2
24" +4b*a* +2b 24" +4b°a* +2b 2a% +4b%a* +2b (a2+b2)2(tanh(%j a—2tanh J
X 3 X 2 X 2 X 2 X 2
2tanh| — | b In| tanh| = | ¢ —2tanh| — |b—a|a In| tanh| = | a —2tanh| — |b—a | b
2 2 2 2 2
* 2 B 24 12)2 * 2
(a2+b2)2 (tanh(%) a—2tanh(%)b—a) (a> +07) (a® +b)

Problem 66: Result more than twice size of optimal antiderivative.

J coth(x)®
(a + bsinh(x))?

Optimal (type 3, 74 leaves, 3 steps):
2besch(x) _ esch(x)? | (a®+30%) In(sinh(x)) _ (> +3b%) In(a +bsinh(x)) a* + b?

@ 24° a a* @ (a + bsinh(x))

Result (type 3, 183 leaves):
2
tanh(%) tanh(%)b 1 ln(tanh(%)j 31n(tanh(
_ 8 a? B @ B x )2 a? M at M 3 X " x )2 X
8a2tanh(5) a tanh(;) a* (tanh(z) a—2tanh[3]b—a)

2tanh( X ) b
2

0o | =
N————
N——
S§
S
S§




2 2
X )3 x _ X _ X _ x _ 2
2tanh( > )b B ln(tanh( 2) a 2tanh( > )b a) 3ln(tanh( 2) a 2tanh( 7 )b a)b

2 N 4
at (tanh(%) a—2tanh(%)b—a)

2 a
Result more than twice size of optimal antiderivative.

a
J coth(x)*
(a + bsinh(x))?

_|_

Problem 67:

Optimal (type 3, 147 leaves, 8 steps):
2

3+ % ] coth(x) csch(x)

a

b(3 a? +4b2) arctanh(cosh(x) ) (7a2 + 12 bz) coth(x) n (a2 +2b2) coth(x) csch(x) [ __coth(x) csch(x)2

@ 344 ab 3b (a+ bsinh(x)) 3a (a+ bsinh(x))
b—atanh(%]
2 (a® + 4 b?) arctanh Ja? +b?
\/az-l—b2
a5
Result (type 3, 356 leaves):
3 2
X X X X 2
h| = h| = h| = h| =
tan(z) tan(z)b 5tan(2) 3tan(2)b ! 5 32 b
Ul 4a° Y 24 - 3, o2 X\ L4 Xy 2
a a a a 2dtanh| X ] &2 8a tanh(—) 2a tanh(—j d4tanh| 2 | &2
2 2 2 2
3 bIn| tanh L 4 b3 In| tanh L 2 tanh X ) b? 2 tanh X »*
2 2 2 2
— — + +
a @ @ | tanh X 2a—Ztanh X b—a @ | tanh e 2a—2tanh L b—a
2 2 2 2
2atanh(%)—2b
2 arctanh
2b 2 2 a* + b

a+/ a* + b?

+
2 2
a* (tanh(%) a—2tanh(%)b—a) a (tanh(%) a—2tanh[%]b—a)

2atanh(%)—2b 2atanh(%)—2b

b4

10 arctanh b? 8 arctanh
2 2 2 2
4 2(a"+b 4 2a"+b

@ a? + b? @ a® + b?

Problem 70: Unable to integrate problem.



J i
a—+ bsmh(x)2
Optimal (type 4, 261 leaves, 11 steps):

beZX be2x ber
len(l + ] Zln| 1+ ] xpolylog[2, - ]
2a-b—-2JaJa—-b _ 2a—-b+2JaJa—-b i 2a—-b—-2JaJa—-b
2Ja Ja—b 2Ja Ja—b 2Ja Ja—b
2 x 2 x 2x
xpolylog[Z, - be ] polylog(.%, - be ] polylog[3, - be
2a—b+2JaJa—»b . 2a—b—2JaJa—b " 2a—b+2JaJa—b
2Ja Ja—b 4a Ja—b 4Ja Ja—>b

Result (type 8, 16 leaves):

| ©
a + bsinh(x)?

Problem 71: Result is not expressed in closed-form.

J i
a bSlI]h(x)
Optimal(type 4, 1;1 leaves, 9 Steps) .

be2x ber be2x
xln| 1 + ] xln| 1 + ) polylog[z, -
2a—-b—-2JaJa—b _ 2a—b+2JaJa—-b n 2a—-b-2JaJa—-b
2Ja Ja—-b 2Ja Ja—b 4a Ja—b
ber
polylog[Z,— ]
_ 2a—b+2JaJa—b
4a Ja—b
Result (type 7, 62 leaves):
xln( —R_IR;exj +dilog( —R_IR;exj
2
RI=RootOf(b 74+ (4a—-2b) 2 +b) RIFb+2a—b

Problem 73: Unable to integrate problem.
Jsinh(a +hin(ex))? dr
Optimal (type 3, 88 leaves, 2 steps):
2b%n’x 2bnxcosh(a +bIn(cx")) sinh(a + bIn(cx)) n xsinh(a + b1n(cx?) )2

-4p2n? +1 -4p2n? +1 -4p2n? +1




Result (type 8, 15 leaves):

Jsinh(a +blIn(cex?) )2 dx

Problem 79:

Result more than twice size of optimal antiderivative.

Jsinh( ) dr

bx+a

dx+c
Optimal (type 4,

101 leaves, 5 steps):

(-ad+cb)Chi(M

b .( -ad+cbh . b . bx+a
h| — -ad b) Shi| —————— h| — d h| ——
d(dx+c) )COS [d] B (rad+cb) l[d(dx—i-c) jsm (d) N (dx +c)sin (dx-l—c)
& d* d
Result (type 4, 346 leaves):
b b
_bx+a _bx+a e_EEi( ad—ch )a e_EEi( ad—ch )cb bx+a bx+a
i e dxtey N e 9¥tecp . Wd(dx+e) )" 1 d(dx+ec) de? ¢ xa  ed¥F¢xch
) da ¢b d da ¢b 2d 2 d? 2 (ad —cb) 2 (ad—cbh)
dx+c dx+c dx+c dx +c
bx+a bx+a = . d—cb = . ad—cb
d a ¢ d
Ei [ -—24—<2_ Ei [ 222 \cp
Loetteea  edite 2y C 11( d(dx+c)Ja_e 11( d(dx+c))c
2 (ad—cbh) 2d (ad—cb) 2d

2d°
Problem 80:

Result more than twice size of optimal antiderivative.

2
Jsmh(HM) "
dx+c
Optimal (type 4, 131 leaves,

7 steps):

~ 2bf (2(-ad+cbh)f ~ (2(-ad+ch)f) . 2bf
_( ad-%cb)fmmh(2e+- p )Sh%:—ifai;lzj——) ) (¢ui+cb)ij(——ETg;1:§——)smh(2e+— 7 )
dz

d2
bfx+dex+taf+ce

dx+c

(dx+c)mm(

i

+

d

Result (type 4, 467 leaves):

~ 2(bfx+dex+af+ce)

~ 2(bfx+dex+af+ce)

2(bf+de) ) (ad—cb)f 2(bf+de) ) (ad—cb)f
d . aad —c¢C d . aa —c¢C
Ei,| ——= Fi | 222« ©2 b
xS dx+e a  fe dx+te cb_fe 11( d (dx+c) )“+fe ll[ d(dx+c) ]c
27 _dfa_ _ feb S _dfa_ feb 2d
dx+c dx+c dx+c dx+c

2 4%



2(bfx+dex+af+tce) 2(bfx+dex+af+tce) f 4 B 2(ad_cb)f 2(bf+d€) 2(—bf—d€)
i - _ _
L fe dx+e a _fe dxte b, ¢ 1( d (dx+c)

4d( Ja fcb ) 4d2[ fa fecb J 2d

dx+c d(dx+c) dx+c d(dx+c)
P 2(ad=cb)f _2(bf+de) _ 2(-bf—de)
d . ad—c +de -bf—de
Ei | - - - b
se ‘1( d(dx+c) d d ]c

242

Problem 83: Result more than twice size of optimal antiderivative.
Jexcsch(Zx) dx

Optimal (type 3, 9 leaves, 5 steps):

arctan(e*) — arctanh(e")
Result (type 3, 33 leaves):

Iln(e"+1) Iln(e"—1) In(1+¢) + In(e"—1)
2 2 2 2
Problem 85: Unable to integrate problem.
JF‘:(bx+“)csch(ex+d)3dx

Optimal (type 5, 114 leaves, 2 steps):
Pt D eoth(ex +d) esch(ex +d)  beFCP¥ @ csch(ex +d) In(F)

2e 2
eex+dFC(bx+a)hypergeom LM , 3 +M ’62€x+2d (e—bcln(F))
i 2e 2 2e
&

Result (type 8, 20 leaves):
JF (bx+a) ogch(ex +d)> dx

Test results for the 140 problems in "6.1.7 hyper”m (a+b sinh”n)"p.txt"

Problem 11: Result more than twice size of optimal antiderivative.
ﬂnh(dx-%c)6
a +bsinh(dx +c¢)?

dx

Optimal (type 3, 107 leaves, 6 steps):



a5 arctanh [

Va—>b tanh(dx +c) J

(8a> +4ab+3b*)x  (4a+3b)cosh(dx +c) sinh(dx +¢) 4 cosh(dx +c) sinh(dx +¢)? Ja
853 8b2d 4bd PdJa—5b
Result (type 3, 669 leaves):
a tanh dx + < a tanh dx + < a tanh dx + <
3 2 2 3 2 2 3 2 2
a” arctan a” arctan a” arctanh

JOV @85 —a+2b)a

+

JOQV @85 —a+2b)a JOJ— @05 +a-2b)a

v’y (2 (@a=b)b —a+2b)a

APy a—0 b (2y(@a=b)b —a+2b)a

av’y (2 (@a=b)b +a—2b)a

atanh(%+%)
@’ arctanh
Jf___:____ _
N JOV=Ta—0b +a—2b)a N | - 1 :
P a5 b5y 2y @5k +a—2b)a 4db(tanh(%+§)—1) 2db(tanh(%+%)—l)
_ a B 1 B a B 3
2 2 dx c
2 dx ¢ _ dx ¢ _ 2db2(t h(— ) 1) 8db(t h(— —)—1}
2db (tanh( 2 + 7 J 1) 8db (tanh( 2 + 2 J 1) an ) + ) an + )
In| tanh dx + £ —1]d? aln| tanh £ 3 In| tanh dx —l—£ —1
B 2 2 B 2 2 2 1
3 2 8db 4
T 2 4db(mh(d <))
2 2
+ dl 3 ccllx B ¢ dl 2
ax ¢ Zdbz(t h( j 1) 8db(t h( —) ) ax _ ¢
2db (tanh( 5 +2)+1) anh| = + = 5 + an 2 8db | tanh 5 + 5 +1
ln(tanh(ﬂ—i-ﬁ)—i-l)a2 aln(tanh( 3) ) 3ln(tanh(ﬂ+£) +1)
a 2 2 2 2 2
" T b’ " 2db? 8db
zde(tanh(ﬂ+5)+1j
2 2
Problem 12: Result more than twice size of optimal antiderivative.

Optimal (type 3, 32 leaves, 2 steps):

arctanh

1
Ja + bsinh(dx +¢)?

Ja—>b tanh(dx +c)
Ja

Result (type 3, 266 leaves):

dJaJa—b



dx c
tanh| — + —
aan(2 2]

dx
tanh| —
aam(2

C
+ =
2)

arctan

arctan

JOV @85 —a+2b)a

b arctanh

JOJ= a0 b —a+2b)a N

dx c
tanh| — + —
aan(2 2)

JOV @0 B +a—2b)a

dJ (2" @a—b1 b —a+2b)a

dx
atanh( + = j
arctanh 2 2 b
\/(Z\I—a— +a—2b)a
e 75 (247 b +a—2b)a
Problem 13:

Optimal (type 3, 68 leaves, 4 steps):

A a—0 b (2y(@a—B)b —a+2b)a

Result more than twice size of optimal antiderivative.

csch(dx +¢)* &

a + bsinh(dx +¢)?

dJ (2" @a—0) B +a—2b)a

2 arctanh[ Ja —b tanh(dx +c)

(a+b)coth(dx+c)  coth(dx+c)? Ja
a2d 3ad a5/2d [a_b
Result (type 3, 400 leaves):
atanh(% +%)
dx 3 dx | c dx | c b? arctan
tanh + 3tanh| — + — tanh + =15
_an(z 2) N an(z 2j+an(2 2) JOJ— @05 —a+2b)a
24da 8da 2
2da daz\/(Z\/—(a— b —a+2b)a
atanh( a";c + = 2 j atanh( a";c + = 7 j
b> arctan b? arctanh
JOJV @b —a+2b)a JOJT@—0 b +a—2b)a
- (a—1b \/ 2\/ (a—b)b —a+2b)a daz\/(2\/—(a—b)b +a—2b)a
atanh( dzx
b3 arctanh
J____:____ —
J 2y ta—2b) 1 _ 4 3d N db
X c X c
da*\=(a—b) \/ (2y=(a—0b +a—2b)a 24dtanh(%+%) a 8datanh(7+5j 2dtanh(7 +3ja2
Problem 14: Result more than twice size of optimal antiderivative.



J csch(dx+c)®

a + bsinh(dx +¢)?
Optimal (type 3, 98 leaves, 4 steps):

_(a*+ab+b*)coth(dx +c) 4 (2a+b)coth(dx+¢)®  coth(dx+¢)>

3 arctanh[ Ja —b tanh(dx +c)
Ja

|

ad 3a*d Sad
Result (type 3, 518 leaves):

dx 3 dx c 3 dx c\? dx c dx
h + h| — + — h| — + — h| — + = h| — +
tan ( > 2) 5 tan ( > 2] tan ( > 2] b 5tan ( > 2) 3 tan (

a7/2d\/a—b

2
160d a 96 da 24dad* 16da 8 d 2dd3
atanh(%—i—%) atanh( d2x + 2)
b3 arctan b* arctan
. JOJV@=5)b —a+2b)a N JOJV@=—5)b —a+2b)a
iy 2V (@a=b)b —a+2b)a i a—0b (2y—(a=b)b —a+2b a
atanh(%+%) atanh( dzx
b3 arctanh b* arctanh
JOV—@a—0b +a-2b)a N J(zw/ (a—Db)b +a—2b) |
5
dddJ (2y—@a—b)b +a—2b)a A3V Ta=5)5 4 (24~ VD +a—2b)a 160datanh(% +%)
2
N 5 . b ~ 5 ~ ~ b

dx | ¢ \? 2 dx | ¢} ( dx | ¢ ) ( d
= 4+ = “£r 4 & 1 tanh| — + — tanh| —
96dtanh( 2 + > ) a 24da tanh( 2 + > ) 6 datan ) + 2 8 d tan! >

Problem 15: Result more than twice size of optimal antiderivative.

J sinh(dx + ¢)
(

5 dx
a + bsinh(dx +¢)?)
Optimal (type 3, 69 leaves, 3 steps):
et (cosh(derc)ﬁ]
cosh(dx +c) n vya—>b

2(a—b)d(a—b+bcosh(dx +c)?)
Result (type 3, 255 leaves):

dx 2
tanh +
an(z 2)

dx ¢\ dx 2 dx ¢ \?
d[tanh( 2 +2) a 2tanh( 2 +2) a+4btanh( > +2) +a](a b)

2(a—b)3"2a0

+%)a2 2da3tanh(%+



2 2

2
2tanh(dx —) b
2 2
5) a+4btanh(%+%) +a) (a—b)a

" d 4 d
x c x
d(tanh( 2 + 2) a 2tanh( > +

[\

dx 2
2 tanh -2 4
an(2 +2)a a+4b

arctan
ab —b?

1
* dx ¢\ dx ¢ \? dx ¢ )? - / 2
d(tanh(7+zj a—2tanh(7+5) a+4btanh(7+5) +a)(a—b) 2d(a—0b)Jab—b

Problem 16: Result more than twice size of optimal antiderivative.
h(d
J( csch(dx +¢) dr

a+bsinh(dx +¢)?)?

Optimal (type 3, 98 leaves, 5 steps):

cosh(dx +¢) VB Jﬁ

(3a—2b) arctan[

_arctanh(cosh(dx +c¢)) bcosh(dx +¢) _ Ja—2>b
ad 2a(a—b)d(a—b+bcosh(dx+c)?) 2d% (a—b)32d
Result (type 3, 349 leaves):
dx 2
tanh b
an ( > + 2)
dx ¢ \* dx c
h| — + = — 2 tanh 4 h = —
d[tan(z—i-z)a tan(z—i-z)a—i- btan(2 2) a](a b)a
dx c
2b%tanh| == 4+ =
- b tan > 2]
2 dx e\t dx | ¢ dx | c)? _
da (tanh( 2 +2 a — 2 tanh > +2 + 4 b tanh 2 +a| (a—>b)
2
2tanh(dzx E) a—2a+4b
3 b arctan
B b 3 4Jab—b
2 2
2tanh(d7+%) a+4btanh(ﬂ+§) +a)(a—b) 2da(a—b)yab—b

dx | ¢
da(tanh( > zja
2
ﬂ+—)a—2a+4b
2 2 dx | ¢
In| tanh| — + —
4ab 1 +n(an(2+2)j

+
2
dd® (a—b)Jab— b da

2 tanh (

b? arctan




Problem 17:

csch(dx +c)3

Result more than twice size of optimal antiderivative.

|

Optimal (type 3, 145 leaves, 6 steps):

cosh(dx+¢) Vb
Ja—>b

(5a—4b) b /zarctan[
+

j (a +4b) arctanh(cosh(dx +c))

dx

(a + bsinh(dx +¢)2)*

(a —2b) bcosh(dx +¢)

243 (a—b)32d 24°d 2d* (a —b)d(a—b+bcosh(dx+c)?)

___coth(dx +c¢) csch(dx +¢)

2ad(a—b+bcosh(dx+c)?)

Result (type 3, 414 leaves):
dx ¢ )? ) dx ¢ )?
tanh(2+2)_ btanh(z-l-zj
2 4 2 2
8da daz[tanh ﬂ+5) a—ztanh(ﬂ+£) a+4btanh(ﬂ+5) +a](a—b)
2 2 2 2 2
2
2b3tanh(ﬂ+£)
2 2

" 3 dx ¢\ dx ¢ )? dx ¢ \?

da (tanh(——i—;) a—2tanh(7+5j a+4btanh(7+5) +a) (a—b)

2
2tanh(%+§) a—2a+4b
5 b? arctan
b? 4 4Jab — b
4 2 2
da? (tanh(%—i—%) a—2tanh[ﬂ+%] a+4btanh(%+%) +a)(a—b) Zdaz(a—b)vab—bz
2
2tanh(ﬂ+£) a—2a+4b
2 b° arctan 2 2 X c dx c
In| tanh| — + — 2In| tanh| — + = | | b
4Jab—p? 1 n[an( +2)) “(a“(erz))

da® (a—b)Jab —b*

Sdaztanh( % +

Problem 18:

c da®
2

i

Result more than twice size of optimal antiderivative.

csch(dx +¢)

Optimal (type 3, 152 leaves,
_arctanh(cosh(dx+c¢))

6 steps):
bcosh(dx +c)

dx

(a +bsinh(dx +¢)?)*

(7a —4b) beosh(dx +¢c)

ad 4a(a—b)d(a—b+bcosh(dx+c)?)?

8a’> (a—b)*d (a—b +bcosh(dx +¢)?)



cosh(dx+c¢) b Jb
Ja—>»b J

8a® (a—b)>%d

(15a2 —20ab +8b2) arctan[

Result (type 3, 1144 leaves):

dx 6
9 b tanh
an(2+2)

2

4 2
5) a—2tanh( dx + = ) a+4btanh(%+%) +a) (a2—2ab+b2)

dx
4 h| —
d(tan(2+2 > >

6
7b2tanh( dzx + = 2 )

2

4 2
EJ a—2tanh( dx + = ) a+4btanh(%+%) +a) (a2—2ab+b2)

dx
h =
da (tan ( > + 2 2 2

6
4b3tanh( dzx + = > )

+
4 2 2
2 dx ¢\, _ dx dx , ¢ 2 _ 2
da (tanh( 2 + 2) a Ztanh( > +2) a+4btanh( > + 2) +a) (a*> —2ab+0b%)
4
27btanh(dx —)
3 2 2
4 2 2 2
4d(tanh(%+%j a—2tanh( dzx E) a+4btanh(%+%) +a) (a2—2ab+b2)
4
45 p? tanh( dx —)
N 2 2
2da[tanh[ﬂ+£)4a—2tanh(dx+ )2a+4btanh(ﬂ £J2+a]2(a2—2ab+b2)
2 2 2 2 2 2
dx 4
30 b° tanh =
i an ( ; 2)
da® | tanh[ &5 4 € Y~ 2 tanh [ 42 +£ a+4btanh dx | ¢ 2+a 2(a2—2ab+b2)
2 2 2 2 2 2
4
12b4tanh( dx | ¢ )
N 2 2
da’ | tanh ﬂ+£)4a—2tanh dx+ 201—!—4btanh ﬂ—i—i)z—i-a 2(512—2ab—i-b2)
2 2 2 2 2 2
2
27btanh(dx —)
N 2 2

dx ¢\ dx 2 dx ¢ )? z b )
4d(tanh( 5 +2) a 2tanh( 5 +2) a+4btanh( 5 +2) +al| (&> =2ab+b%)



dx 2
17 b* tanh =
an ( 2 2)

2

4 2
j a—2tanh(dx + < ) a+4btanh(%+%) +a) (a® —2ab +b?)

dx c
da (tanh( > + 5 >

2
dx 2

8 b° tanh =

an ( ; 2)

_|_

o

) 2
%) +a) (a2—2ab +b?)

4 2
d a* (tanh(% + ) a—2tanh[ d2x + = > ] a+4btanh(% +

9b

2

2 2
) a+4btanh(%+%) +a) (a®—2ab+b?)

2

dx c
4d | tanh| — + —
(an(z-l- 2

4
J a—2tanh(% +£

2
i 3b

dx ¢\ dx ¢ \? dx 5
- 4+ = - - 4+ = +4 h{ — -2 +
2da [tanh( > 2) a 2tanh( 2 2) a b tan [ > J a? ab+b?)
dx c

3

2
¢ 2
2tanh(7+5) a—2a+4b 2tanh( 3) a—2a+4b
15 b arctan 5 b% arctan
3 4 ab —b* + 4Jab —b?
8da (a* —2ab +b*)Jab —b? 2dd® (a®> —2ab+b*)Jab—b*
2
2tanh( dx + = ) a—2a+4b
3 2 2
b’ arctan

dx c
In[ tanh | 25 4+ £
4Jab -2 +n(an(2+2)j

3
dad (&®=2ab+b*) Jab —b? da

Problem 19: Result more than twice size of optimal antiderivative.

4
J csch(dx +¢) - dr
(a + bsinh(dx +¢)?)

Optimal (type 3, 241 leaves, 6 steps):

b2 (48 a® — 80 a b +355?) arctanh| Y4 —0 anh(dx +c)

Ja L (8a’—4a’b—4502a+350°) coth(dx+c) _ (84 —52ab+35h) coth(dx+c)?
8472 (a—b)>"d 8a* (a—b)2d 2443 (a —b)2d
besch(dx +c)3sech(dx +¢)? __(10a—=7b) besch(dx +¢)3sech(dx +¢)

4a(a—b)d(a— (a—b)tanh(dx+c)?)* 8a’ (a—b)?d(a— (a—b)tanh(dx+c)?)
Result (type ?, 4745 leaves): Display of huge result suppressed!

Problem 20: Result more than twice size of optimal antiderivative.



|
(1- sinh(x)z)

Optimal (type 3, 29 leaves, 4 steps):
cosh(x) sinh(x) I 3 arctanh(\/?tanh(x) ) J2

4 (1 — sinh(x)?) 8
Result (type 3, 91 leaves):
tanh| = 2tanh| = | 42 V2 tanh| = 2tanh| = | —2 V2
2 1 2 2 1 2
-— 4+ — 3/ 2 arctanh -—_— — — 3/ 2 arctanh
4 4 4 4 4 4
- + — +
2 8 2 8
x X x X
tanh| — | +2tanh| = | — 1 tanh| — | —2tanh| = | — 1
2 2 2 2

Problem 21: Result more than twice size of optimal antiderivative.

|
(1 = sinh(x)?)

Optimal (type 3, 45 leaves, 5 steps):
cosh(x) sinh(x) n 9 cosh(x) sinh(x) n 19 arctanh(ﬁtanh(x) ) J2

8 (1 —sinh(x)2)? 32 (1 —sinh(x)?) 64

Result (type 3, 123 leaves):

x ) x )2 X x
13 tanh| — 11tanh| — 31tanh| — 2tanh| = | +2 |2
- 2 — 2 + 2) 1 1942 arctanh 2
8 8 8 8 n 4
64

) 2
4[tanh(§) +2tanh(%)—1]
3

2
13tanh(%) lltanh(%) 31tanh(%) 1 (Ztanh(
- + + + — 194 2 arctanh

8 8 8 8 n

4 (tanh(%jz—Ztanh(g) - 1)2

Result more than twice size of optimal antiderivative.

Jsinh(fx+e)3\/a T+ bsinh(fx + )2 dr

1))

4

64

Problem 22:

Optimal (type 3, 114 leaves, 5 steps):



(a—>b) (a +3b)arctanh[ cosh(fx+e)ﬁ

Ja—b +beosh(fx +e)? ] . cosh(fx+e) (a — b +boosh(fx +e)2)°
863 2f 4bf

_ (a +3b)cosh(f)c+e)\/a—b+bcosh(fx+e)2
8bf

Result (type 3, 338 leaves):
1
165 /2 cosh(fx +e) Ja + bsinh(fx +e)2 f

(\/ (a + bsinh( fx +e)2) cosh( fx +e)2

4 bcosh(fx+e) + (a—b) cosh(fx +e)2 b5 /2 cosh(fx +e)>

—10Jbcosh(fx+e)* + (a—b) cosh(fx+e)2 b5 2 +2aJbeosh(fx +e)* + (a—b) cosh(fx +e)2 b3 /2

—ln[ 2bcosh(fx+e)2+2beosh(fx+e)* + (a—b) cosh(fx+e)2 Vb +a—b ]azb

25
—2aln[2bCOSh(fx+e)2+2\/b005h(fx+€)4+( —b) cosh(fx+e)> Vb +a—b ]bz
2Jb
+3b31n[2bcosh(fx+e)2+2\/bcosh(fx+e)4+(a—b)coshfx+e Jb +a—b ]J)
2Jb

Problem 23: Result more than twice size of optimal antiderivative.

Jcsch(fx+e)5\/a + bsinh(fx +e)? dx
Optimal (type 3, 128 leaves, 5 steps):

(a—=0) (3a +b)arctanh[ cosh(fx +e) Ja

Ja—b+bcosh(fx +e)? J  (a—b+beosh(fx +e)2)° coth(fx +e) csch(fx + )
8a° /2f 4af

n (3a+b)coth(fx+e) csch(fx—i—e)\/a—b+bcosh(fx—l-e)2
8af

Result (type 3, 380 leaves):

1
16 sinh( fx +e)4a® 72 cosh(fx + ) Ja + bsinh(fx +¢)2 f

(J (a + bsinh(fx + e)?) cosh(fx +e)? [6\/ (a + bsinh(fx 4 ¢)?) cosh( fx +e)? sinh(fx

te)2d” — 3 (a+b)cosh(fx+e)2+2ya Jbcosh(fx+e)* + (a—b)cosh(fx+e)2 +a—b ]Sinh(fx+e)4

sinh( fx + e)?



+2bln[ (a+b) cosh(fx+e)2+2Ja Jbcosh(fx+e)* + (a—b)cosh(fx+e)? +a—b

inh 4 2
Sinh(fx+e)2 ]Sln (fx+e)'a

(a+b)cosh(fx+e)2+2ya Jbcosh(fx+e)* + (a—b)cosh(fx+e)2 +a—b
sinh( fx 4 e)?

+1n

] b? sinh( fx + e)4a

—2b(a + bsinh(fx +¢)2) cosh(fx +e)2 sinh(fx +e)2a> 72 — 4 (a + bsinh(fx +¢)2) cosh(fx +¢)2 /ij

Problem 24: Result more than twice size of optimal antiderivative.

Jcsch(fx—i—e)s (a +bsinh(fx +¢)2)° 7 dx
Optimal (type 3, 119 leaves, 5 steps):

3 (a—b)zarctanh[ cosh(fx+e)\/?
(a—b+beosh(fx +¢)2)° 7 coth(fx +e) csch(fx +e) Ja—b +bcosh(fx +e)?
4f 8fa
n 3 (a — b) coth( fx +e) csch( fx +e) \/a —b +bcosh(fx+e)2
8f

Result (type 3, 378 leaves):
1
16 sinh( fx 4+ e)*\[a cosh(fx + ¢) \/a + bsinh(fx +e)? f

(a+b)cosh(fx+e)2+2ya Jbcosh(fx+e)* + (a—b)cosh(fx+e)2 +a—b
sinh(fx+e)2

[ (a+b)cosh(fx+e)2+2ya Jbcosh(fx+e)* + (a—b)cosh(fx+e)2 +a—b
+6abln
sinh(fx+e)2

[J (a + bsinh(fx + e)?) cosh(fx +e)?2 [

-31n

]sinh(fx+e)4a2

]sinh(fx+e)4

(a+b) cosh(fx+e)2+2Ja Jbeosh(fx+e)* + (a—b) cosh(fx+e)? +a—b
sinh( fx +e)?

—3In

JbZSinh(fx+e)4

+6+ (a + bsinh(fx +¢)2) cosh(fx +¢)2 sinh(fx +e)2a> 72 —10b+/ (a + bsinh(fx +¢)2) cosh(fx +¢)2 sinh(fx +e)2Va

|

Problem 25: Result more than twice size of optimal antiderivative.

— 443 2 [(a+bsinh(fx +e¢)?) cosh(fx +e¢)°

Jcsch(fx+e)7 (a +bsinh(fx +¢)2)° 72 dx



Optimal (type 3, 179 leaves, 6 steps):

(a —b)? (5a + b) arctanh cosh(/fx +e) Ja
Ja—b+beosh(fx+e)® ) | (Sa+b) (¢ —b+boosh(fx+e)2)° coth(fx +e) csch(fx +e)?
16 &3 /2f 24af
3 (a—b+beosh(fx+e)2)° 7 coth( fir +e) esch( fix + )3 _ (a=b) (5a+b) coth(fx +e) csch(fx +e) ya—b+bcosh(fx +e)?
6af 16af
Result (type 3, 568 leaves):

- 1 (\/(a+bsinh(fx+e)2)cosh(fx+e)2 [30a7 72 [(a + bsinh(fx +e)2) cosh(fx + e)>

96 sinh( fx + ¢)¢a® /2 cosh(fx +e) Ja + bsinh(fx +¢)2 f

sinh(fx +¢)* _ 445 [z + bsinh(/x + ¢)2) cosh(/x +¢)2 sinh(fx +¢)* > /2

(a+b)cosh(fx+e)2+2Ja Jbcosh(fx+e)* + (a—b)cosh(fx+e)> +a—b

—154*1 inh(fx +¢)®

a’ln sinh(fx+e)2 ]sm (fx+e)

7| LatD) cosh(fx+e)2+2J7chosh(fx+e)24+ (a —b) cosh(fx+e)> +a—b ]sinh(fx+e)6

sinh( fx + e)

_oqn| Lath) cosh(fx+e)2+2J7chosh(fx+e)24+ (a —b) cosh(fx+e)> +a—b ]bzsinh(fx+e)6a2
sinh( fx +e)

3| Latb) cosh(fx +e)2 +2a Jbcosh(fx+e)* + (a—b) cosh(fx+e)2 +a—b ]bgsinh(fxﬂ)éa
ﬁnh(fk—%e)z

— 204" 2/ (a + bsinh(fx +¢)2) cosh(fx +e)2 sinh(fx + )2 + 652y (a + bsinh(fx +e)2) cosh(fx + )2 sinh(fx +e)*a® /2

|

+28b(a + bsinh(fx +e)2) cosh(fx +e)2 sinh(fx +e)2a> /2 +16a’ 2\ (a + bsinh(fx +)2) cosh(fx +¢)>

Problem 27: Result more than twice size of optimal antiderivative.
J a + bsinh(x)? dx

Optimal (type 4, 49 leaves, 2 steps):

—1./ cosh(x)? EllipticE(Isinh(x), /b ] a + bsinh(x)?
a

: 2
cosh(x) /1 + bsinh(x)”

a

Result (type 4, 108 leaves):



. 2
atbsinh(x)” )2 aEllipticF(sinh(x) b )—bEllipticF[sinh(x) b Ja ]+bEllipticE(sinh(x) b )J
a a b a b a b
/-2 cosh(x) v a + bsinh(x)?
a

Problem 28: Result more than twice size of optimal antiderivative.

J csch(fx +e) &
Ja + bsinh(fx +e)?

Optimal (type 3, 36 leaves, 3 steps):

arctanh[ cosh(fx + e) \/?
Ja—b+bcosh(fx +e)?
Aa

Result (type 3, 112 leaves):

a+b)cosh(fx+e)?+2ya Jbeosh(fx+e)* + (a—b) cosh(fx+e)? +a—b
sinh(fx—l—e)2

2Ja cosh(fx+e)Ja+bsinh(fx+e)? f

J (a + bsinh( fx + e)?) cosh(fx + )2 1n[ (

Problem 29: Result more than twice size of optimal antiderivative.

J csch(fx + ¢)3 &
Ja + bsinh(fx +e)?

Optimal (type 3, 77 leaves, 4 steps):

(a+b)arctanh[ cosh(fx +e) Va

Ja—b+bcosh(fx+e)? J _ coth(fx +e) csch(fx +e) Ja —b +bcosh(fx +e)?
243 2f 2af

Result (type 3, 233 leaves):

- ! [\/ (a +bsinh(fx+e)2)cosh(fx+e)2 [
4sinh(fx +e)2a® 2 cosh(fx +e) a + bsinh(fx +e)2 f

I (a+b)cosh(fx+e)2+2J7chosh(fx+e)24+ (a —b) cosh(fx+e)> +a—b sinh(fx +¢)2 a2
sinh( fx + e)
oyl Latd) cosh(fx+e)2+2J7chosh(fx+e)24+ (a —b) cosh(fx+e)? +a—b Jsinh(fx+e)2a
sinh( fx +e)




+2a3 2 [(a + bsinh(fx + ¢)2) cosh(fx +e)2

|

Problem 35: Result more than twice size of optimal antiderivative.

J sinh( fx + ¢)©
(a + bsinh(fx +e)

2)5 /2 dx

Optimal (type 4, 400 leaves, 7 steps):

acosh( fx +e) sinh(fx—i—e)3 _2a(2a—3b)cosh(fx +e)sinh(fx+e)
3(a—b)bfla+bsimh(fi+e)2) 3 (a—b) 2P A a T bemh(fx £ o)
(842 — 13ab +3b2)/ . L = V1 +sinh(fx +e)? EllipticE[ sinh(fx+e) _ /;_2% Jsech(fx+e)\/a+bsinh(fx+e)2
1+S1Hh(fx+€) \/l+smh(fx+e)2 a

3 (a —b)2b3f/ sech(fx + e)2 (a + bsinh(fx +¢)?2)

a

sinh(fx+e) [, _ b ]Sech(fore) Ja+bsinh(fx +e)?
J1 +sinh(fx +e)? ‘

3 (a—b)zbe/ sech(fx +¢)? (a + bsinh(fx +e)?)

a

2 (2a—3b) ! JT +sinh(fx + ¢)2 EllipticF
2
1 + sinh( fx +e)

_l.

(84> —13ab +3b%) Ja +bsinh(fx +e)? tanh(fx +e)
3(a—b)2Bf
Result (type 4, 867 leaves):

_ : ([5 / -% ab—17 /—% aszsinh(fx+e)cosh(fx+e)4-|- [4 ‘% A

3 /—% (a —l—bsinh(fx+e)2)3 /Z(a—b)zbzcosh(fx+e)f

—11/——-a b+7 /—— a#jcmhjk+e)smhjk+e +Jcmhjk+e J/bcmhjk+e) a—b b[4EmmwF(SMfo+e)/ b,
a
/ bJa —7EmmwF&mhfk+e)/—— [ — Jab+3EmmwF&mhfk+e /—— | — )b2—8Emme&mhfk+e /—— [ — )
c . . b a c s . b a 2 2
+ 13 EllipticE | sinh(fx +e) [ -—, " ab — 3 EllipticE| sinh(fx +e) [/ -—, " b* | cosh( fx +e)
a a

P
+4/ beosh(fx+e)” | a=b [hiFrte)? EllipticF[sinh(fx—Fe) /-2 o ]a3
a a a

+




11/bCOSh frte) —b \/WElhptlcF[smh (fx+e) F/iJ a’b
+1o/ b cosh( fx” WElhptlcF[smhfx—i-e /7—/7] p?
3/ b cosh( fx+e mElhpncF[smh (fx+e) F/i] b
8/ b cosh( fx+e WElhptlcE(smh (fx+e) F/i]

+21/bCOSh frte) mElhptlcE[smh (fx+e) F/iJ
16/ b cosh( fx” —b WElhptlcE[smhfx—i-e /7—/7] p?
+3/lwmhfk+e b<ﬁ;$7;1:_Emme“mhﬁﬂw?/Ti_/r_]f)

Problem 36: Result more than twice size of optimal antiderivative.

J sinh( fx + e)?
(a + bsinh(fx +e)?)

5/2dx

Optimal (type 4, 277 leaves, 7 steps):
cosh( fx + e) sinh( fx +e) n (a +b) cosh(fx + e) sinh(fx + e)
32

3 (a—b)f(a+bsinh(fx+e)?) 3a(a—b)2ffa+bsinh(fx+e)?

I(a+b)cos(le+1fx)> EllipticE[sin(Ie+Ifx), /% ]\/a+bsinh(fx+e)2

: 2
3cos(le+1fx)a (a —b)zbf/l + w

. 2
1/cos(le + Lfx)2 EllipticF[sin(Ie+Ifx), /b }/1 4 bsinh(fx +e)”
a

a

_l.

3cos(le+1fx) (a —b) bfJa+bsinh(fx+e)?
Result (type 4, 597 leaves):

- I ([-/-2 ab— -2 szsinh(fx+e)cosh(fx+e)4+[—2 [-2 24 |- g
3/2 a a a a

3 /-% (a+bsinh(fx+e)2)’ 7 a(a—b)cosh(fx+e)f




2
+ /—% bz]cosh(fx+e)2sinh(fx+e) +/ bCOSh(f‘”) + “;b cosh(fx +e)2 b [aEllipticF(sinh(fx+e) /-%, /% )
—EllipticF(sinh(fx+e) / —%, /% jb+EllipticE[sinh(fx+e) / —%, / % ]a—l—EllipticE(sinh(fx—}-e) / —% ./ % ]b] cosh(fx + ¢)?2

2 —
+/ beosh(fxte)” | a=b [ Frte)? EllipticF[sinh(fx—i—e) [-b /% ]aZ
a a

a

p
_2/ beosh(fxte)” | a=b [ohFxte)? EllipticF(sinh(fx—}-e) [-b /% ]ab
a a a
P
+/ beosh(fxte)” | a=b [ Frte)? EllipticF[sinh(fx—i—e) [-b /% b?
a a

a

) —
+/ beosh(fx+e)” | a=b [ohFxte)? EllipticE[sinh(fx—i—e) /-b /% e
a a

a

2
—/ beosh(fxte)” | “;b JWEuipﬁcE[smh(fore) /-%, /% b2)

a

Problem 39: Unable to integrate problem.
Jsinh(fx—i—e)s (a + bsinh(fx +e)?)? dx
Optimal (type 5, 224 leaves, 5 steps):

(3a+2b(2+p))cosh(fx+e) (a—b+bcosh(fx+e)?)
B f(3+2p) (5+2p)

1+p

2

(3a®> +4ab (1 +p) +4b* (p* +3p +2)) cosh(fx+e) (a—b +bcosh(fx+e)2)phypergeom[[%, -p], [%], '—bCOSh(fxb+e) j
°—

+

p
PF(3+2p) (5+2p) (1 +wj

a—2>b

cosh(fx +e) (a—b +beosh(fx+e)?) P sinh(fx +e)?
bf(5+2p)

Result (type 8, 25 leaves):

+
Jsinh(fx+e)5 (a + bsinh(fx +e)?)? dx
Problem 40: Unable to integrate problem.

Jsinh(fx+e) (a + bsinh(fx +e)?)” dx

Optimal (type 5, 76 leaves, 3 steps):



2
cosh(fx +e) (a—0»b + bcosh(fx +e) ) hypergeom[ [ l, —p], [%], —W)

2
f{l I bcoﬁljk—ke )p

Result (type 8, 23 leaves):
Jsinh(fx+e) (a + bsinh(fx +¢)2)” dx

Problem 64: Result is not expressed in closed-form.

J i 1 4 dx
a — bsinh(dx + ¢)
Optimal (type 3, 79 leaves, 4 steps):

mamh[ J_:—thdex+c)J mamh[ J;1+Jythdx+c)]

4! /4 N 4! /4

288 AadJa b 283 AaJa +Vb

Result (type 7, 101 leaves):

(—_R6+3_R4—3_R2+1)1n(tanh( dzx +3 ) —_R)

7 5 3 3
R=RootOf(a ZB—4a Z5+6a—16b) Z—4a 2 +a) R'a—3 Ra+3 Ra—8 R b— Ra
4d

Problem 65: Result is not expressed in closed-form.

J esch(dx + ¢)?
a — bsinh(dx +¢)*

Optimal (type 3, 99 leaves, 6 steps):

arctanh[ \/——\/Zt/alnh(dx+c)]\/? arctanh{ \/7+\/71t/inh(dx+c) Jb
_coth(dx+¢) a + a
ad
2084 Ja —JB 288 A dJa +VF
Result (type 7, 134 leaves):
(_R4——_R2)ln(tanh( dx + = j —-_R)
aon( L4 € ) T
. 2 2) R=RootOf(la ZB~4a 25+ 6a—16b) Z—4a 2+a) R'@a—3 Ra+3 Ra—8 R°b— Ra ) 1
2da da

Zdatanh( % +

NS



Problem 66: Result more than twice size of optimal antiderivative.
inh(d ’
J sinh(dx + ¢) dr

(a — bsinh(dx +¢)*)*

164 leaves, 5 steps):
b! /4cosh(dx +c)

arctan
. [ JVa -J&

867 d (Va —VF)

(3va —4y7)

Optimal (type 3,

acosh(dx +¢) (2 —cosh(dx +¢)?)
3 /2

4 (a—b)bd(a—b+2bcosh(dx+¢)?> —bcosh(dx +c)*)

(3Va +4J7)

bl /A cosh(dx + ¢)

VVa +Vb
86" /a (7 +47) "

1199 leaves):

2
tanh(ﬂ +%) Jab

arctanh [

Result (type 3,

] 2
2
. 4\/abtanh[ﬂ+£ 5
44db* tanh(ﬂ+£) -~ 2 2 —2tanh(ﬂ+£j +1|(a—b)
2 T2 a 2 T2
2
tanh[ﬂ+£) Jab
2 "2
+ 2
4yab tanh(%-i—% J 5
—2tanh(7x—l—§) +1] (a—b)

4
2dab tanh(%—i—%) - .
dx c \?
tanh[ X + £
an(z 2)

a 2
4\ ab tanh(% +%) d )
—2tanh(7x+£) +1|(a—>)

dx c\*
4 hf —+ = | —
db | tan ( > 2) p

1

C

B dx 2
4 4\ ab tanh(7+zj d P
- —Ztanh(Tx—l-E) +1| (a—0>)

dx c
4 h| — + =
db | tan ( > +2) p >
i Jab
dx ¢ \?
4./ ab tanh 74‘5 d D)
—2tanh(7x+%) +1|(a—>»)

dx e \*
4db? h| —+= | —
db” | tan ( 2 2)



NS

2 2
%) a+4\yab +2a ] a+4\yab +2a
3 g arctan Jab arctan
4 4 -ab—+ab a 4 -ab—+ab a

-2 tanh( % + -2 tanh( % +

Sdbz(a—b)\/ -ab—+ab a 2db(a—>b) -ab—+ab a
dx ¢ \?
—Ztanh(T—i—E) a+4\yab +2a
a arctan x ¢ \?
tanh| — + — | Vab
4 4\ -ab—+ab a n an[ 2) “

8db (a—b) -ab—ab a 4\/abtanh(%+£

2

2
. ) +1|(a—0b)

dx c\* dx ¢ \? 2
2 h| — 4+ = | —2tanh| — + — 1 —
dab tan(z—i-z) tan(2+2)+ p + (a—0>)
dx ¢ \?
tanh| — + —
] 42 4.€)
2
dx ¢\ dx ¢ \? 4Vab tanh[%+%)
4 tanh| — 4+ — | —2tanh| — + = 1 —
db an(2+2) a(2+2)+ p + (a—0»b)
_ Jab
2
. 5 4\/abtanh(ﬂ+£)
4dp tanh(ﬂ+£j —2tanh(ﬂ+£j + 2 2) | (a-b)
2 2 2 2 a
B 1
dx c \?

b ) o\ . dx o \2 4\ ab tanh[7+5) 1 \
t ==+ =] -2t ==+ = -
an ( > +2) a ( > +2) + p + (a )

dx 2 dx c \?
2 tanh 7+5 a+4\ab —2a 2 tanh 7+E a+4yab —2a

Jab arctan Jab

4 4\ -ab++ab a _ 4 -ab++ab a

8db2(a—b) -ab++ab a 2db (a—>b)\ -ab++ab a




2
2tanh(% +§) a+4yab —2a
a arctan

_ 4 -ab++ab a

8db(a—>b)y -ab++ab a

Problem 67: Result more than twice size of optimal antiderivative.

J sinh(dx +¢)’
(a — bsinh(dx +¢)*)*

dx

Optimal (type 3, 167 leaves, 5 steps):

(Va —2v7)

arctan[ ! /4 cosh(dx +c)
e
85° Aava (Vo -7) "

cosh(dx +¢) (a+b—bcosh(dx +¢)?)
4(a—b)bd(a—b+2bcosh(dx+c)*> —bcosh(dx +c)?)

bl /A cosh(dx + ¢)

JVa +Jb
805 aya (Vo +v7)° "

Result (type ?, 3169 leaves): Display of huge result suppressed!

(Va +2y7)

arctanh [

Problem 68: Result is not expressed in closed-form.

J sinh(dx +¢)®
(a — bsinh(dx +¢)*)*

dx

Optimal (type 3, 240 leaves, 14 steps):

4! /4arctanh[ Ja —b tanh(dx+c)

4 /4arctanh[ Ja +b tanh(dx +c) ] 4 /4arctanh[ Ja —b tanh(dx+c)

N 4! /4 4! /4 4! /4
» 85 2a (o —v7) 85 2a (7 +v5) 2624 Va Vb
4 /4arctanh[ Ja +b tanh(dx +c)
_ al /4 _ tanh(dx +c¢) n tanh(a’x+c)5
2b2dm 4(a—b)bd  4bd(a—2atanh(dx+c)?>+ (a —b) tanh(dx +¢)?)

Result (type 7, 573 leaves):

ln(tanh(ﬂ—i-g)—l) ln(tanh(ﬂ+£)+l)
B 2 2 n 2 2
db? db?




2
dx c\® dx ¢ )¢ X ¢\ ¢\ dx ¢ \?
Zdb[atanh( 2 +2) 4atanh( 2 + 2) +6tanh( + 2) a 16btanh( +2) 4tanh( 2 +2) a+a|(a—0>»)
5
Satanh(ﬂ+£)
2 2
" dx c\® dx ¢ \° dx ¢\ ¢\ dx ¢ \?
2db[atanh(7+5) —4atanh(7+5) +6tanh(7+3) a—l6btanh[—+5) —4tanh(7+z) a—i—a) (a—b)
3
5 a tanh ﬂ—i-g
2 2
" dx c\® dx ¢ )\® ¢\ ¢\ dx ¢ )2
Zdb[atanh(T—l-E) —4atanh(7+5) +6tanh(—+3) a—l6btanh(—+5) —4tanh(7+5) a+a) (a —b)
dx c
tanh| — + —
] v 42 4. )
dx c\® dx ¢ \® dx ¢\ dx ¢\ dx ¢ \?
2 hl —+ = | —4 h| — + = h| — + = —1 h| — + = | —4tanh| — + — -
db[atan(z—i-z) atan(2+2)+6tan( +2)a 6btan(2+2) tan(z—i-z)a—i-a (a —b)
1
16db?
((4a—5b)_R6+(—12a+19b)_R4+(12a—19b)_R2—4a+5b)1n(tanh(%+%)—_R)
"R=RootOf(a B~4a O+ 6a—16b) Z*—4a 72 +a) (a—b) (_R7a_3_R5a+3_R3a_8_R3b__Ra)

Problem 69: Result is not expressed in closed-form.
J sinh(dx + ¢)?

dx
(a — bsinh(dx +¢)*)?

Optimal (type 3, 170 leaves, 5 steps):

arctanh J_—\/fl'[/aznh(dx+c) (2\/7—\/7) arctanh[ \/7+\/71t/e:nh(dx+c) (2\/7 +\/7)
_ a + a
80 a (V7 —v5) P 80 AdT (V@ +F)
tanh(dx +c¢) (a — (a +b) tanh(dx +¢)?)

+ 2 4
4a(a—b)d(a—2atanh(dx+c)?> + (a — b) tanh(dx +¢)*)
Result (type 7, 707 leaves):




dx e\’
tanh| — + —
ari ( ; 2)
dx c\8 dx ¢\ dx c\* dx e \* dx ¢ \?
Zd(atanh( 2 + 2) 4atanh( > + 2) +6tanh( > + 2) a l6btanh( 2 + 2) 4tanh( 2 + 2) a+al|(a—0>)
dx ¢\’
tanh| — + —
i an ( - 2]
dx c\8 dx c\° dx c\* dx c\* dx c\2
2d(atanh[7+z) 4atanh(7+5) +6tanh(7+5) a 16btanh(7+EJ 4tanh[7+z) a+a|(a—>»)
dx ¢\
2tanh| — + = | b
- an ( 5 > j
dx c\8 dx ¢ \° e \* e \* dx c\2
d(atanh( > + 2) 4atanh( 2 + 2) +6tanh( + 2) a 16btanh( + 2) 4tanh( > + 2) a+ala(a—D>»)
dx c\?
tanh| — + —
i an ( - 2]
dx c\8 dx c\° X c\* dx c\* dx c\2
2d(atanh[7+z) 4atanh(7+5) +6tanh(—+5) a 16btanh(7+EJ 4tanh[7+z) a+a|(a—>»)
dx c 3
2tanh| — + = | b
- an ( 5 > j
dx c\8 dx ¢ \° dx e \* dx e \* dx c\2
d(atanh( > + 2) 4atanh( 2 + 2) +6tanh( 2 + 2) a 16btanh( 2 + 2) 4tanh( > + 2) a+ala(a—D>b)
tanh(ﬂ—i-i)
2 2
M dx c\8 dx e\ dx e \* dx c\* dx c\2
2 h) — 4+ = 1| —4 hf — + = hf — + = —1 h| — 4+ = | —4tanh| — + — —
d(atan(z-i-z) atan(2+2)+6tan(2+2)a 6btan[2+2] tan(z-i-z)a—i-a)(a b)

(-a_ RO+ (11a—4b)_R4+(—11a+4b)_R2+a)ln(tanh(% +§j

R:RootOf(a B—_4q Z6+(6a—16b) 444 Zz+a)

(a—b) (R"a—3 Ra+3 RRa—8 RPb— Ra)

Problem 70:

Optimal (type 3, 487 leaves,

_arctanh(cosh(dx +c¢))

|

16 steps):
bcosh(dx +c¢) (2 — cosh(dx +c)2)

16da

Result more than twice size of optimal antiderivative.

csch(dx +¢)
(a — bsinh(dx +¢)*)’

dx

ad

beosh(dx +¢) (2 — cosh(dx +¢)?)

8a(a—b)d(a—b+2bcosh(dx+c)?—beosh(dx +c)*)?

beosh(dx+c¢) (11a+b — (5a +b) cosh(dx +¢)?)

4a*(a—b)d(a—b+2bcosh(dx+c)? —bcosh(dx +¢)?) Y (a—b)?d(a—b+2bcosh(dx +c)> —bcosh(dx +c)*)



(5\/_—2\/7) b! Aarctan[ LA /4COSh(dx+c) ] b! /4arctanh[ bl /4COSh(dx+c) J
e-v5 ), JV@ +/F

86 2a (7 —v7) s 2a (VT +7)

blﬂammm[blﬂbmmdx+c) (&ﬁ;+2JF) bMQMMM{bIACMMdX+C)J blﬂamwm{blﬂb%mdx+c)J

JVa +Vb B VVa —Jb Via +Jb
saa’ 2 (T +vF) " 2dadVa b 283 a @ +Vb

Result (type ?, 8619 leaves): Display of huge result suppressed!

W/ arctan{ bl /4 cosh(dx + c)

JJa -7
64’ 2d (Va —F)

5,2

_|_

Problem 71: Result is not expressed in closed-form.
J sinh(dx +¢)®
(a — bsinh(dx +¢)*)*

dx

Optimal (type 3, 263 leaves, 9 steps):
arctanh Ja Vb '?nh(dx+c) (2\/?—5\/?) arctanh Ja +Jb t/anh(dx+c) (2\/7+5\/7)
B al 74 I a' /4 _ (a+5b)tanh(dx +c)

5/2 5/2 2
6aad /5 a0 (ya —yF) saad 5 2a (VT +yF) 32a(a=b)"bd
__tanh(dx +¢)? tanh(dx +¢)’ 3 sech(dx +¢)? tanh(dx + ¢)°
32a(a=b)bd  g44(a—2atanh(dx+c)2+ (a—b) tanh(dx +c)*)?  32abd(a—2atnh(dx+¢)? + (a = b) tanh(dx +¢)*)

Result (type ?, 2235 leaves): Display of huge result suppressed!

Problem 72: Result is not expressed in closed-form.
J csch(dx +¢)?

dx
(a — bsinh(dx +¢)*)*

Optimal (type 3, 307 leaves, 8 steps):

3arctanh[ Ja — b _tanh(dx +c) Jﬁ(20a+15b—34ﬁﬁ)

_coth(dx+c) al /4
3 5/2
ad I T
Ja ++/b tanh(dx+c)
3 arctanh b (20a+15b+34ya Vb )
N [ al /A a ya b + b*tanh(dx +c¢) (a (a+3b) — (&> +6ab + b*) tanh(dx + ¢)?)
64 13 /4d(ﬁ+ﬁ)5/2 84 (a—b)3d (a —2atanh(dx +c¢)? + (a —b) tanh(dx +¢)*)?
btanh(dx + ) ( 24* (9a—17b) (18a2+15ab—13b2)tanh(dx+c)2J
(a—b)? (a—b)?

+

32a°d (a —2atanh(dx +¢)> + (a — b) tanh(dx +¢)?)
Result (type ?, 2746 leaves): Display of huge result suppressed!



Problem 73: Result is not expressed in closed-form.

a + b sinh(x)
Optimal (type 3, 280 leaves, 17 steps):
161 /5 — (=1)2 /1041 /5 tann [ X bl /5 — ¢! Stann| £
2 2
2 arctanh

\/_(_1)4 S22 /5 /ﬁz 512 /5
5a4/5\/_(_1)4 S22 /5 50l4/5 /a275+b275

B! /5+(—1)1 /541 /Stanh(g) (—1)9/10((—1)1 Byt 54! ﬁmnh(%))

2(—4)9ﬂomdmm

2 ( —1)9 /loarctanh

2(—1)l /Sarctanh

\/(_1)2 5a2 5+b2 5 \/_(_1)4 5(12 5+(_1)1 5b2 5

+ +
5a4/5\/(_1)2 S22 /5 5a4/5\/_(_1)4 542 5+(_1)1 5p2 /5
(_1)3/10 »! /5+(_1)3/5 1/5tanh X
2(—1)9/10arctanh ( ’ ( 2 ))
N \/_(_1)4 5a2 5+(_1)3 5b2 5

5a4/5\/_(_1)4 52 5+(_1)3 Sp2 /5
Result (type 7, 112 leaves):
X
2
9 7 5 4 3
R=RootOf (a Z10 54 ZB4+10a 26 -32b 25—10a Z2+5a 2 —a) _R a_4_R a+6_R a_16_R b_4_R a+ _Ra

(-R*+4 RO —6 R*+4 R*—1) ln(tanh( ) —_R)

5

Problem 75: Result more than twice size of optimal antiderivative.
sech
J g,
a + asinh(x)
Optimal (type 3, 18 leaves, 3 steps):

arctan(sinh(x) ) n sech(x) tanh(x)
2a 2a
X

3
tanh( = ) tanh( X ) arctan(tanh( % ) )
+ +
x x
2 2

ofan(2) 1) a2V 1] ‘

Problem 76: Result more than twice size of optimal antiderivative.

Result (type 3, 49 leaves):




J sech(x)3 dr
a + asinh(x)?

Optimal (type 3, 29 leaves, 4 steps):

3 arctan( sinh(x) ) 4 3 sech(x) tanh(x) i sech(x)? tanh (x)
8a 8a 4a

Result (type 3, 93 leaves):

%) ) 3arctan(;anh(§))
fal "

7 5 3
5 tanh X 3 tanh X 3 tanh X 5 tanh
2 2
+ —
2 2 X
2

_4a(tanh(§)2+1)4 4a[tanh(§) +1)4 4a(tanh(%) +1)4 [tanh(

Problem 78: Result more than twice size of optimal antiderivative.
Jsech(dx+c)3 (a +bsinh(dx +c¢)?) dx
Optimal (type 3, 38 leaves, 3 steps):

(a +b) arctan(sinh(dx +¢) ) (a —b) sech(dx + c) tanh(dx + c)
2d + 2d

Result (type 3, 81 leaves):
asech(dx +¢) tanh(dx +¢) " a arctan (e?* ) bsinh(dx +¢) bsech(dx+c) tanh(dx + ¢) " b arctan (e?* )

2d d dcosh(dx +¢)? 2d d

Problem 80: Result more than twice size of optimal antiderivative.
. 2
Jsech(dx+c)3 (a + bsinh(dx +¢)?)” dx

Optimal (type 3, 60 leaves, 5 steps):

(a —b) (a+3b) arctan(sinh(dx +c)) bzsinh(dx—i-c) (a—b)zsech(dx—i-c)tanh(dx—i-c)
2d + d + 2d

Result (type 3, 168 leaves):

azsech(dx+c) tanh(d x + ¢) i azarctan(edx+c) _ 2absinh(dx +¢) 4 absech(dx +c) tanh(dx + ¢)

2 a barctan(e?*+¢) " b?sinh(dx +¢)>

+

2d d dcosh(dx +¢)? d d dcosh(dx +c)?

L 3bPsinh(dx+c) _ 3b%sech(dx+e) tanh(dx+c) _ 3 b arctan(e?¥ )
dcosh(dx—i—c) 2d d

Problem 81: Result more than twice size of optimal antiderivative.
. 2
Jsech(dx—}-c)é (a + bsinh(dx +¢)?)” dx

Optimal (type 3, 53 leaves, 3 steps):



a*tanh(dx+¢)  2a(a—b) tanh(dx+c)?

(a —b)%tanh(dx +¢)°

+

d 3d 5d
Result (type 3, 157 leaves):
4 2 :
1 az(iJr sech(dx+c)* | 4sech(dx +c) )tanh(dx+c) 4oy | - sinh(dx +c) :
d 15 5 15 4cosh(dx +c)
8 , sech(dx+c)? 4sech(dx+c)2)
- + + tanh (dx +
N (15 5 15 anh(dx + ) | _sinh(dx+e)®  3sinh(dx+c)
4 2cosh(a’x+c)5 8005h(dx+c)5
4 2
3 §_+sdex+c)_F4%mum+w) tanh (dx + ¢)
n 15 5 15
8
Problem 83:

Result more than twice size of optimal antiderivative.
. 3
Jsech(dx+c)5 (a + bsinh(dx +¢)?)” dx
Optimal (type 3, 97 leaves, 6 steps):

3(a—>b) (462 4 (a +b)?) arctan(sinh(dx +¢)) . b>sinh(dx +c)
+ +
8d d
N (a —b)3sech(dx +c¢)3tanh(dx + ¢)
4d
Result (type 3, 375 leaves):

atanh(dx +¢) sech(dx +¢)3 | 3a’sech(dx + ¢) tanh(dx + ¢)
4d + 8d +

3(a—5b)%(a+3b)sech(dx +c) tanh(dx +¢)
8d

3’ arctan(e?**¢)  a*bsinh(dx +¢) N a®btanh(dx +¢) sech(dx +¢)3

4d dcosh(dx +¢)* 4d
N 3a®bsech(dx + ¢) tanh(dx + ¢) N 3a®barctan(e?*1¢)  3b’asinh(dx+c¢)®  3b’asinh(dx+c)

3b%atanh(dx +¢) sech(dx +¢)>
8d 4d dcosh(dx +c¢)* dcosh(dx +c¢)* 4d
" 9 b% asech(dx +¢) tanh(dx + ¢) " 9 b2 a arctan (¥ T¢) b3 sinh(dx +¢)°?

55 sinh(dx +¢)> + 55 sinh(dx + ¢)
8d 4d dcosh(dx +¢)* dcosh(dx +c)* dcosh(dx +c¢)*
_ 5btanh(dx +c) sech(dx +¢)®  15b%sech(dx +c) tanh(dx +¢) 155 arctan(e?*+¢)
4d 8d 4d

Problem 84: Result more than twice size of optimal antiderivative.

J cosh(dx +c)’
a + bsinh(dx +¢)?

Optimal (type 3, 96 leaves, 4 steps):



(a—b)3arctan( smh(dx+c)ﬁ]
(> —3ab+3b*)sinh(dx+c)  (a—3b)sinh(dx+c)? N sinh(dx +¢)° Ja
bd 3b%d 5bd b 2aJa

Result (type 3, 1655 leaves):

dx c dx c dx c
atanh| — + — atanh| — + — atanh| — + —
3 a? arctan ( 2 2] ] 3aarctan[ ( 2 2) ] 3a arctanh[ ( 2 2) ]
JOJVa=0b —a+2b)a ) _ JQJ/a=hmb —a+2b)a ) _ J(VTa=5)b +a—2b)a
dv*y (2 (@a=0)b —a+2b)a dby (2 "(a=0)b —a+2b)a dv*y (2 (@a=b)b +a—2b)a
dx c dx
atanh| — + — a tanh +
3 g arctanh ( 2 2) 4 g arctanh ( 2 2) ]
N JQJV=@=0b +a—2b)a ) JOVT @06 +a—2b)a
dby (2y—(@a=B)b +a—2b)a dNa—b0) by 2V (@B b +a—2b)a
atanh(%—k%)
4 q arctan
~ JOy—@—n5 —a+2b)a ~ 1 N 1
dx c 2 dx c 2
da—b by (27 Y5 —a+2b)a 8db(tanh(7+5)—l) Sdb(tanh(7+5)+1)

5 1 5

1 — —
2db(tanh(%+5j—l)4 4db(tanh(%+%j—l)3 2db(tanh(dzx+2j+l)4 4db(tanh(%+£j+l)3
[ atann 4 1) e J
N JOJa=0)b —a+2b)a JOJT@a=0)b —a+2b)a
A a=0)5 4 ( 2m—a+2b a db\/m\/(z\/m—a+2b)a

atanh( atanh(%+%)
6 a* arctanh

a4arctanh[
. JOJ— @05 +a—2b) JOJ— @05 +a-2b)a
A’y a5 (2y(@a=b)b +a—2b)a db\/—(a—b)b\/ (2y~(a=5)b +a—2b)a

6 a* arctan [

atanh( dzx + = 7 j atanh( dzx + — 2 )
arctan b arctanh b
N \/(2\/—a— Vb —a+2b)a N JOy—@a—0b +a-2b)a

AV a—55J 2V @b b —a+2b)a dyT(a-bbyJ (V@b b +a—2b)a



atanh(%_i‘i) atanh(%.'.i)

@ arctan 2 & arctanh 2
\/(2\/-(a—b)b—a+2b)a + \/(zx/m+a—2b)a 3 1
5
av’J (2@=51F ~a+25)a do’\ (2y(a=0) b +a—2b)a Sdb(tanh(% +%) +1)
! 3 3 3a

d 5 dx | ¢ dx | ¢ dx | ¢
X c 2 £r L2 -
5db (tanh(T—{—E)—l) db(tanh( > +2) 1) db (tanh( > +2)+1) db (tanh( > +2) 1)

atanh(%+%) atanh(%+%)
arctan arctanh
N 3a N JOV@=b0b —a+2b)a ) JOJVT a0 b +a—2b)a
dx c
dbz(tanh(7+5)+l) dJ 2y @=0) b —a+2b)a dJ (2y—(@a=0)b +a—2b)a
atanh(% +%) atanh(%-ﬁ-%)
4 a3 arctan 4 g3 arctanh
B JOJVa=hmb —a+2b)a ) JOV— @05 +a-2b)a N
3
Ay a=05y 2y @a=b1b —a+2b)a diPvT(a=5)bJ 2V(@a=b)b +a—2b)a  3db (tanh(% +%) —1]
2
" D) dax c 2_db3thaflx+c 1 * 5 d‘; c 3 b dax c 2
a2
B db3(tanh(ﬂ+£)+1J
2 2
Problem 85: Result more than twice size of optimal antiderivative.
J sech(dx+¢)®
a + bsinh(dx +c¢)?
Optimal (type 3, 124 leaves, 6 steps):
55 /2arctan[ sinh(dx + c) ﬁ]
(34> —10ab + 15 %) arctan(sinh(dx +¢)) Ja + (3a=7b) sech(dx +c) tanh(dx +c)
8(a—b)3d (a—b)3dya 8 (a—b)>d
sech(dx + ¢)> tanh(dx + ¢)
4(a—b)d

Result (type 3, 1022 leaves):



dx c
tanh| — + —
aan(2 2)

b a arctan

JOQV @85 —a+2b)a

dx c
tanh| — + —
aan(2 2)

b3 arctan

JOV @85 —a+2b)a

3@y (ovT@a—0 b —a+2b)a  da—b)>3Yy (2@ b —a+2b)a

dx
tanh +
ot 44 2)

dx
tanh +
ot 44 2)

b* arctan b? a arctanh
\/(2‘/—a—b)b—a+2b)a N \/(2\/—a—b)b +a—2b)a
d(a—b)3V(a=b) b (24 B —a+2b)a  d(a—b)>3Va=05 4 (247 Vb +a—2b)a
atanh(d?-i-a) atanh( dzx + 2)
b3 arctanh b* arctanh

JOV @0 b +a-2b)a

JOV @B b +a—2b)a

d(a—b)3J 2y (@a=B)b +a—2b)a

dx 72
tanh —
San(2 2)(1

d(a—b)3-(a-0b)
7
7tanh( dzx £j ab

5y (2 @a-5)

~—

b +a—-2b

9 tanh( d

|><

_I_
N0
N——
-

S

5]

2 4 2 2
4d(a—b>3(tanh(%+§j +1j 2d(a—b>3[tanh(—+§) +1] 4d<a—b)3(tanh(%+%) +1)
5 5 5
3tanh( dx + E) a® tanh[ﬂ + 2) ab tanh(ﬂ +<)
2 2 2 2 2 2
+ _
dx c)? 4 dx | ¢ \? 4 dx e \2 4
4d(a—b)3(tanh(—+—J +1) 2d(a—b)3[tanh[—+—) +1] 4d(a—b)3(tanh(—+—) +1)
2 2 2 2 2 2
3 3 3
3tanh(—x+£) a? tanh(ﬂ+£) ab tanh(ﬂ—l-£ b?
2 2 2 2 2 2
- d c)? 4+ dx c)? 4+ dx ¢ \? 4
4d(a—b)3(tanh(—+—) +1) 2d(a—b)3[tanh(—+—) +1] 4d(a—b)3[tanh(—+—) +1)
2 2 2 2 2 2
dx c\ 2 dx c dx c\ ;2
h| — h| = + — hl &2 + £
Stan(2 +2Ja 7tan(2 +2Jab 9tan(2 +2)b
_|_
dx ¢ dx 4 4
+

c
2 2

3 arctan ( tanh( dx + = ) j a* 5 arctan ( tanh( dz + = > ) ab 15 arctan ( tanh(

dx
2

+2)jb2

4d(a—>b)>

+
2d (a—b)>

4d (a—b)>

Problem 86: Result more than twice size of optimal antiderivative.

dx

J cosh(dx +¢)’
(

a +bsinh(dx +¢)?)*



Optimal (type 3, 92 leaves, 5 steps):

sinh(dx +¢) Vb

(3a>=2ab—b?) arctan[

a

] i sinh(dx +c¢) (a—b)zsinh(dx+c)

2a3/2b5/2d

Result (type 3, 1538 leaves):

b d 2ab*d (a +bsinh(dx +¢)?)

3
atanh(d——i-%)
- - . .
) <\, _ dx ¢ dx | ¢
db [tanh( +2) a Ztanh( 2 + 2) a+4btanh( ) +2J +a]
3
2tanh(%+%)
+
c )4 dx c )2 dx c \?
db | tanh —+E a — 2 tanh 74‘5 a + 4 btanh 74—3 +a
dx c 3
tanh(——i——)
2 2
d(tanh(—+£) a — 2 tanh ﬂ+£)2a+4btanh(d—+£)2+a)a
2 2 2 2
atanh(%—i—%)
+
db? | tanh ﬂ+£)4a—2tanh ﬂ—l-g 2a+4btanh —x+£)2+a
2 2 2 2 2
~ 2tanh(%+%j
dx c\* dx c )2 dx c \?
db(tanh( 5 -I—z) a 2tanh( > +2) a+4btanh( > +2) +a)
tanh(%+%)a
dx c 3 & arctan
tanh| — + —
a (2 2) J-a+2ab+2 b (a—b)

C

dx 4 dx c\?
d(tanh( > +2) a 2tanh( 5 +2) a+4btanh(

Ja

\/—a2+2ab +2y-a*b (a—b)

dx | ¢

tanh (
2 2

5 a* arctan

+

dx c \?
7+5) +aJa 2db*\ -a*b (a—b) /-a2+2ab+2 -a®b (a —b)

Ja

\/—a2+2ab +2-a*b (a—b)

dx | ¢

tanh (
2 2

a arctan

+

2dby -a*b (a —b) \/—a2+2ab +2y-a*b (a—b)

2d\ -a®b (a —b) /-a2+2ab +2y-a*b (a—b)



tanh(ﬂ+£)a tanh(ﬂ+£)a
2 2 2 2
arctan b 3 g arctan
N /-a2+2ab+z -a*b (a —b) 3 /-a2+2ab+z -a*b (a —b)
2d\/—a2b(a—b)\/—a2+2ab+2 -a*b (a—b) 2db2\/—a2+2ab+2 -a*b (a—b)
tanh ﬂ+£)a tanh ﬂ—i-i)a
2 2 2 2
arctan arctan
N /-a2+zab+2 -a®b (a—b) + /-a2+2ab+2 -a*b (a —b)
db/—a2+zab+2 -a*b (a —b) Zda/—a2+zab+z -a*b (a —b)
tanh(%—i—%)a tanh(%—i—%)a
3 43 arctanh 5 42 arctanh
N \/2—2ab+2 -a®b (a — b) B /2—2ab+2 ~a’b (a — b)

2db*-a?b(a—b) Ja*—2ab+2-a*b (a—b) 2db\-a*b(a—b) Ja*>—=2ab+2-a*b (a—b)

tanh(ﬂ—l-ﬁ)a

2 > tanh(ﬂ+£)a

2 2

a arctanh arctanh

\/2—2ab+2 -a®b (a —b) \/2—2ab+2 -a®b (a — b)

+ +
2d\ -a*b (a—b) / 2 2ab+2y-a*b(a—0b) 2d\ -a*b (a —b) / 2 2ab+2y-a*b(a—0b)
tanh(%+%)a tanh(%+%)a tanh(%+%ja
3 g arctanh arctanh arctanh
N @ —2ab+2-a®b(a—b) 3 a®>—2ab+2y-a*b(a—b) a®—2ab+2y-a*b(a—b)
2db2\/ 2 2ab+2y-a*b(a—b) db\/ 2 _2ab+2y-a*b(a—0b) 2da\/ 2 _2ab+2y-a*b(a—0b)

1 1

S dx _c\_.\ .2 dx | ¢
db (tanh( - +2) 1) db (tanh( - +2)+1)

Problem 87: Result more than twice size of optimal antiderivative.
J cosh(dx +¢)°
. 2
(a +bsinh(dx +c)?)

dx

Optimal (type 3, 65 leaves, 3 steps):

(a+b) arctan[ sinh(dx +¢) Vb ]
Ja

(a —b) sinh(dx + c)

283 203 24 " 2abd(a+bsinh(dx +¢)?)

Result (type 3, 1013 leaves):



dx c)?
tanh| — + —
an(z 2)

2

[\

2
) a+4btanh(% +5) +aj
d

x+£j3

4 2 2
d(tanh(—x+%) a—2tanh(d—+%j a+4btanh(—+%) +a)a
dx c
tanh| — + —
_ (545 )
X ¢\ dx c X c)?
db tanh(—+EJ a—2tanh(—+5) a+4btanh(—+zj +a

dx c
h| — + =
tan(2 2)

dx c
btanh| — + —
aan(2+2)

a? b arctanh

\/(azb—2b2a+2 -a* b (a —b) )b

dx c
btanh| — + —
a an(2 +2]

dx c\* dx | ¢ \? dx c\? -
d(tanh(7+zj a—2tanh[7+5j a+4btanh(7+5) +a)a 2dy -a*b? (a —b) \/<a2b—2b2a+2 -a* b (a —b) )b

dx c

abtanh(— + —j

2 2

arctanh a? b arctan

J(2b-20a+2{@r @=0) ) b

\/(-azb +262a+2) -5 (a—b) ) b

2a (2b—20a+2 @0 (a—b) )b

2i @ (ab) J (-@b+202a+2 @0 @a=b) ) b

abtanh(% —l—%) abtanh(% —l—%)
arctan b3 arctanh
N /(—a2b+2b2a+2 -a’b® (a —b) )b + \/(azb—2b2a+2 -a’b® (a—b) )b
2af (-b+202a+2 @0 @a=0) ) b 2i 2 (a0 J (Pb-202a+2/ @0 @a=b) ) b
dx c dx c
abtanh(7+5j abtanh(T +E)

b arctanh b? arctan

/(azb—2b2a+2 ~a>b® (a—b) )b

J(-Pb+282a+2/-@F (a—b) ) b

— +
2da/(a2b—2b2a+2 -a?b (a—b) )b
abtanh(%+%)
b arctan
N /(-a2b+2b2a+2 -a? b (a — b) )b

2da/(—a2b +2b%a +2y -a*b (a—b) )b

2d\ -a* b (a — b) \/(—azb +2b82a+2y-a*b (a—b) )b



Problem 88: Result more than twice size of optimal antiderivative.

J cosh(d)c+c)2
(a + bsinh(dx +¢)2)*

dx

Optimal (type 3, 67 leaves, 3 steps):

arctanh[ Ja@ —b tanh(dx +¢)

Ja tanh (dx + ¢)
23 2dJa—h 2ad(a— (a—b)tanh(dx +¢)?)
Result (type 3, 435 leaves):
3
tanh(%+%)
dx c\* dx c \? dx c\2
d[tanh(T—i-E) a Ztanh(T—i-E) a+4btanh(7+5) +a]a
tanh(ﬂ—i-i)a
2 2
dx L arctan b
tanh| — + —
N a (2 2) _ J-a+2ab+2 b (a—b)
dx c\* dx c 2 dx c \?
d(tanh(7+3) a—2tanh(7+5) a+4btanh(7+5) +a)a 2d1/-a2b(a—b) \/—a2+2ab+2 —azb(a—b)
tanh(ﬂ+£)a tanh(ﬂ+gja
2 2 2 2
arctan arctanh b
/—a2+zab+2 -a’b(a—b) ) a*—2ab+2-d*b(a—b)
2da/-a2+2ab+2 -a*b (a —b) 2dy-a*b(a—b) Ja*—2ab+2{-a*b (a—b)
tanh(%—i—%)a
arctanh
N @ —2ab+2{-a*b(a—0b)

2da/a2—zab +2y-a’b (a—b)

Problem 89: Result more than twice size of optimal antiderivative.

J sech(dx + ¢)
(a + bsinh(dx +¢)2)*

dx

Optimal (type 3, 94 leaves, 5 steps):

(3a—105) arctan{ sinh(dx +¢) Vb ]\/7

arctan(sinh(dx +c¢)) bsinh(dx + ¢) _ Ja
(a—b)2d 2a(a—b)d(a+bsinh(dx+c)?) 2a3 % (a—b)2d




Result (type 3, 1177 leaves):

btanh( dx £
2

4
d(a—b)> [tanh(% +£) a—2tanh(% +

<
2 2
d

dx 2
) a+4btanh(7+2] +a]
b? tanh -

ax 4 <
2
4
E) a—2tanh(% +

s [Mle
N—
W

2 2
d(a—b)z(tanh(%+ j a+4btanh(%+%) +a)a

2 2
dx c
btanh| — + —
i an ( - 2)
4 2 2
d(a—b)z(tanh(—+%j a—2tanh(%+%) a+4btanh(% %) +a)
bztanh(—x+£)
2 2
" 2 dx ¢\ dx ¢ )? dx c\?
— h| — + = —2tanh| — + — 4 h| — + —
d(a—0>b) (tan(2+2)a tan(2+2ja+ btan(2+2)+a)a
tanh(%—l—% a tanh( d2x + 2)
3 ba® arctan 2 b* q arctan
/—a2+2ab+2 -a®b (a —b) B \/—a2+2ab+2 -a®b (a — b)

2d (a—b)*J-a*b (a —b) \/—a2+2ab+2 -a*b (a—b) d(a—b)*{-a*b(a—b \/—a2+2ab+2 -a*b (a—b)

tanh( dx + — 2 ) tanh( dx —)a

3 b arctan 2 3 b a* arctanh 2 2
B \/—a2+2ab+2 -a’b (a —b) N @ —2ab+2-a®b(a—b)
2d(a—b)2/—a2+2ab+2 -a®b (a —b) 2d(a—b)2\/—a2b(a—b)\/Z—Zab+2 ~a®b (a —b)
tanh(ﬂ+£)a tanh(dx+ )
2 b2 g arctanh 2 2 3 b arctanh 2 2
B a*—2ab+2-d*b(a—b) N a*—2ab+2-d*b(a—b)

)2 -a’b (a—b) Ja* —2ab+2{-a*b(a—b) 2d(a—b)2/a2—2ab+2 -a®b (a —b)

dx dx
tanh(2 +2) tanh(2 +2)

b? arctan

b3 arctan

/-a2+2ab+z -a*b (a —b) N /-a2+2ab+2 -a*b (a —b)

)2\/—a2b(a—b)\/—a2+2ab+2 -a*b (a—b) 2d(a—b)2a/-a2+2ab+2 -a*b (a—b)




tanh(ﬂ+£)a tanh ﬂ+£)a
3 2 2 5 2 2
b” arctanh b* arctanh dx c
2 arctan| tanh| — + —
N P —2ab+2-d"b(a—b) ~ @ —2ab+2/-db(a=b) ) , arcan( an(z 2))

d(a—b)?
2d (a—b)*\ -a*b (a —b) \/a2—2ab+2 -a*b (a—b) 2d(a—b)2a/a2—2ab+2 -a*b (a—b)

Problem 90: Result more than twice size of optimal antiderivative.
J sech(dx +¢)3

> d
a + bsinh(dx +¢)?)

Optimal (type 3, 141 leaves, 6 steps):

(5a—0»b) b /2arctar1[ sinh(dx +¢) Vb J
(a —5b) arctan(sinh(dx +c¢)) i Ja b (a—+b)sinh(dx+c)
2(a—b)3d 2432 (a—b)3d 2a(a—>b)*d(a+bsinh(dx +¢)?)
sech(dx + ¢) tanh(dx + ¢)
2(a—>b)d(a+bsinh(dx+c)?)
Result (type 3, 1362 leaves):

3
bztanh(ﬂ +%)

2
- . . :
d(a—b)’ [tanh(%-{-%) a—Ztanh(%—F%) a+4btanh(%+%] +aJ
3
b3tanh(ﬂ+£)
n 2 2
d(a—b) (tanh(—+£J4a—2tanh(ﬁ+£j2a+4btanh(ﬂ+£)2+a)a
2 2 2 2 2
bztanh(—x+£)
n 2 2
d(a—b) (tanh(—x+£)4a—2tanh(ﬂ+£ 2a+4btanh(ﬂ+£)2+a)
2 2 2 2 2
B b%anh(%—l—%)
2 2
_p)? dx ¢\, _ dx ¢ dx | ¢
d(a—>b) (tanh( 5 +2) a Ztanh( 5 +2J a+4btanh( 5 +2) +a)a

tanh(ﬂ—l-£ a tanh(%—i—%)a
3 b3 g arctan

5 b% a2 arctan

/—a2+2ab+2 -a®b (a —b) \/—a2+2ab+2 -a®b (a — b)

— -

2d (a—b)*J -a*b (a—b) \/—a2+2ab+2 -a®b (a —b) d(a—b)3y-a*b(a—0b) \/—a2+2ab+2 -a®b (a —b)




tanh(ﬂ+£)a

tanh(ﬂ+£)a

5 b% arctan 2 2 5 b% a* arctanh 2 2
_ 2 _2 _ 2 _ _2 _
n \/ a“+2ab+2\-a"b(a—>b) _ \/a 2ab+2+\ -a“b(a—>b)
2d(a—b)3/-a2+2ab+2 -a*b (a —b) 2d (a —b)3>-a’b(a—b) Ja*—2ab+2y-a*b (a—b)
dx c dx c
h| — + = hf — + =
tan(z-l—zja tan(z—i-zja

3 b? a arctanh

/ 2_2ab+2y-a*b(a—b)

5 b% arctanh

\/a2—2ab +2-a*b (a—b)

_|_
d(a—0b)3J-a*b(a—b) Ja*—2ab+2{-a*b (a—b)
dx c
tanh( 5 +2)a

b* arctan

/—a2+2ab +2y-a*b (a—b)

2d(a—b)>Ja*—2ab+2{-a*b(a—0b)
tanh(% +%)a
b3 arctan

/—a2+2ab +2-a*b (a—b)

2d(a—b)3J-a*b(a—0b) \/—a2+2ab +2-a*b(a—b)

dx c
tanh| — + —
an(z—}-z)a

b* arctanh

/ 2 _2ab+2y-a*b(a—0b)

zd(a—b)3a/-a2+2ab +2-a*b (a—b)

dx c
tanh| — + —
an(2+2ja

b? arctanh

\/a2—2ab +2y-a*b (a—b)

2d (a—b)*J -a*b (a—b) / 2 2ab+2y-a*b(a—b)

3
atanh(ﬂ+£] dx

2 2 2

tanh( axr 4 <

2d(a—b)}ayad® —2ab+2{-a*b(a—b)
3
j b atanh(%+%)

— -

2

2 2
d(a—b)3 (tanh(% +5) +1) d(a—b)3 (tanh(%

2

2 2 2 2
+%) +1j d(a—b)3(tanh(%+£] +1]

tanh dx +<p arctan| tanh dx + £ a Sarctan| tanh dx + £ b
_ 2 2 n 2 _ 2 2
2 2 d(a—b)? d(a—b)?
d(a—b)3(tanh(ﬂ+£) +1) ( ) ( )
2 2
Problem 91: Result more than twice size of optimal antiderivative.
cosh(d)c+c)6 dr

J (a +bsinh(dx +¢)?)*

Optimal (type 3, 146 leaves, 6 steps):

(8a2+4ab +3b2)arctanh Va—b tanh(dx +c) Ja—>»>b
x Ja (a —b) tanh(dx +c) __(a—b) (4a+3b)tanh(dx +c)
p 8a° b d 4abd(a— (a—b)tanh(dx+c)?)?  8abd(a— (a—b) tanh(dx+c)?)



Result (type ?, 2365 leaves): Display of huge result suppressed!

Problem 92: Result more than twice size of optimal antiderivative.

2
J cosh(dx + ¢) e
(a + bsinh(dx +¢)?)
Optimal (type 3, 129 leaves, 4 steps):
(4a — 3 b) arctanh ‘a—btanh(dx+c)J
Ja btanh(dx +c) (4a —3b) tanh(dx +c)

s 32 N > T2 2
8a>/* (a—b)>*d 4a(a—b)d(a— (a—b)tanh(dx+c)2)> 8a*(a—b)d(a— (a—b)tanh(dx+c)?)

Result (type ?, 2650 leaves): Display of huge result suppressed!

Problem 93: Result more than twice size of optimal antiderivative.

J sech(dx +¢)
7 dx
(a + bsinh(dx +¢)?)

Optimal (type 3, 145 leaves, 6 steps):

arctan(sinh(dx+c¢)) bsinh(dx + ¢) _ (7a—=3b) bsinh(dx +c¢)
(a—b)>d 4a(a—b)d(a+bsinh(dx+c)?)* 8a (a—b)>d(a+bsinh(dx+c)?)
(15a2— 10abd +3b2)arctan[ sinh(dx +¢) b ]\/7
Ja

8a° /2 (a—b)3d
Result (type ?, 2395 leaves): Display of huge result suppressed!

Problem 94: Result more than twice size of optimal antiderivative.
J sech(dx +¢)3

dx
(a + bsinh(dx +¢)?)*

Optimal (type 3, 199 leaves, 7 steps):
sinh(dx +¢) Vb
(a —7b) arctan(sinh(dx +c)) Ja 4 b(2a+b)sinh(dx+c)
2(a—b)*d 8a° 2 (a—b)*d 4a(a—b)*d (a+bsinh(dx+c)?)’
(-b+4a)b(a+3b)sinh(dx+c) n sech(dx + ¢) tanh(dx +¢)
8a’ (a—b)d(a+bsinh(dx+¢)?) 2 (a—b)d(a+bsinh(dx+c)?)’
Result (type ?, 2584 leaves): Display of huge result suppressed!

B2 (3542 — 14ab +3 %) arctan[

Problem 95: Result more than twice size of optimal antiderivative.
J sech(dx +¢)*
. 3
(a +bsinh(dx +c¢)?)

dx



Optimal (type 3, 187 leaves, 6 steps):

b (484% — 16ab +3 b?) arctanh | Y4 —b tanh(dx +c)

Ja J (a —4b)tanh(dx +¢)  tanh(dx+c)> b*tanh (dx + ¢)
s /2 9 /2 T 4 - 5, T 2
8a> /% (a—b)"*d (a—b)"d 3(a—b)’d  4a(a—b)*d(a— (a—b)tanh(dx +c)?)

B (16a —3b) b>tanh(dx + ¢)

8a® (a—b)*d (a — (a—b) tanh(dx +¢)?)

Result (type ?, 2123 leaves): Display of huge result suppressed!

Problem 96: Result more than twice size of optimal antiderivative.

J cosh(x)2 dr
1 — sinh(x)?

Optimal (type 3, 15 leaves, 4 steps):

-x+ arctanh(ﬁtanh(x) ) J2

Result (type 3, 53 leaves):
(2tanh[§j +2)ﬁ

4

4

(un(3) )7

ln(tanh(%) - 1) —h/?arctanh[ ] —ln(tanh(g) + 1) —l—ﬁarctanh[

Problem 97: Unable to integrate problem.

Jsech(fx +e)Ja+bsinh(fx+e)? dx

Optimal (type 3, 73 leaves, 6 steps):

arctan[ sinh(fx +e) Va—b ] — arctanh[ sinh( fx +e) VB JF
Ja+bsinh(fx +e)? N Ja+ bsinh(fx +e)?

S S
Result (type 9, 50 leaves):

b 2 _
int/indefO[— bsinh(fx +e)” —a ,sinh(fx+e)]
cosh(fx—i—e)z\/a—|—bsir1h(fx—i—e)2
S

Problem 99: Unable to integrate problem.

Jsech(fx+e) (a + bsinh(fx +¢)2)° 72 dx

Optimal (type 3, 107 leaves, 7 steps):



(a—b)? " arctan sinh(fx +e) Ja—b sinh(fx +e) Vb

(3a —2b) arctanh

JB
Ja + bsinh(fx +e)? N Ja + bsinh(fx +e)? +bsinh(fx+e)\/a+bsinh(fx+e)2

S 2f 2f

Result (type 9, 62 leaves):

2 . 4 . 2 2
l.m/mdefo[ b?sinh(fx +e)* +2absinh(fx +e)? +a ’Sinh(fxﬂ)j
cosh(fx +e)2 a + bsinh(fx +e)>
S
Problem 101: Unable to integrate problem.
J sech( fx + ¢) “
Ja + bsinh(fx +e)?
Optimal (type 3, 40 leaves, 3 steps):
arctan[ sinh(fx +e)ya—>b ]
Ja + bsinh(fx + e)?
fNa—>b
Result (type 9, 34 leaves):
int/indeﬂ?[ ! sinh( fx + ¢)
cosh(fx—i—e)z\/a —i—bsinh(fx—i—e)2
S

Problem 103: Unable to integrate problem.

cosh( fx +e)>
J 32 dx

(a + bsinh(fx +¢)?)
Optimal (type 3, 69 leaves, 4 steps):
sinh(fx +e) Vb
\/a +bsinh(fx+e)2 _ (a — b) sinh(fx +e)
b2 f abfJa+bsinh(fx+e)2

arctanh

Result (type 9, 34 leaves):
cosh ( fx +e)?

(a + bsinh(fx +e)?)
f

int/indeﬂ)[ 3/ sinh( fx + e)

Problem 107: Unable to integrate problem.



J cosh(fx +e)3
(

dx
a + bsinh( fx +¢)2)° /2

Optimal (type 3, 65 leaves, 3 steps):
cosh(fx—i—e)zsinh(fx—l-e) I 2 sinh( fx +e)

3af(a+bsinh(fx +¢)?)° /2 3a2f[a + bsinh(fx +e)2

Result(type 9, 64 lea'\ies).
C()Sh X e

(b%sinh(fx +e)* +2absinh(fx+e)2 +a*) Ja + bsinh(fx +e)?
f

, sinh( fx +e)

Problem 108: Unable to integrate problem.
Jcosh(fx—l—e) (a + bsinh(fx +e)?)” dx

Optimal (type 5, 65 leaves, 3 steps):
i 2
hypergeom( [ %, -p], [%]’ _bsinh(fx +e)”

p Jsinh(fx—i—e) (a + bsinh(fx +e)?)”

f(l N bsinh( fx + )2 )”
a

Result (type 8, 23 leaves):
Jcosh(fx+e) (a + bsinh(fx +e)?)” dx

Problem 109: Unable to integrate problem.
Jcosh(fx +¢)2 (a+bsinh(fx +e)?)” dx

Optimal (type 6, 84 leaves, 3 steps):

: 2
AppellFI( % % - % _sinh(fx + )2, - 2Sinh(/x +e)” ] (a+bsinh(fx +e)2)” Jcosh(fx +e)2 tanh(fx +e)
a

bsinh( fx + ) j”
a

f(l +
Result (type 8, 25 leaves):
Jcosh(fx+e)2 (a + bsinh(fx +e)?)? dx

Problem 110: Unable to integrate problem.



J cosh(d)c+c)5 dr
(

2
a+bysmh(dx+¢) )

Optimal (type 3, 248 leaves, 4 steps):

2 (a* +0%) (9a* +5*) In(a + b /sinh(dx + 0) ) a* (7a* +6b*) sinh(dx+¢) 4a (3a* +25*) sinh(dx +c)3 /2 + (54*4+2b%) sinh(dx +¢)?

b10d b d 3b7d 26%d
_ 8a’sinh(dx +¢)5 /2 L @sinh(dx+c¢)® 4asinh(dx +c)7 L sinh(dx +¢)* _ 164° (a* +5%) Vsinh(dx + c)
5bpd btd 7b3d 4b*d b d
2a(a4+b4)2

_|_
pd (a + b sinh(dx +¢) )

Result (type 9, 954 leaves):

dx 4 dx 8
h = 4 tanh
8tan(2 zja B tan(2 +2)
2 2
db* [tanh[%+%) c12+2tanh(d2 + — 7 )bz—azj dbg(tanh( d2x 2) a2+2tanh( d2x +%)b2—a2)
2
9ln(tanh( dx | ¢ J a +2tanh( dx ﬁij—cﬁ)aS IOIn[tanh( dx | ¢ ) a2—|—2tanh(d— +£)b2—azja4
2 2 2 2 2 2 2 2
+ 10 + 6
db db
_ 7 a® _ 54° _ 6 a* _ a?
db® [tann[ 4% 4+ € ) 41 2db5 [tanh[ L+ € 41 ab* [tanh[ 4% 4+ £ ) 41 it [ 4% £ €)Y 1)
2 2 2 2 2 2 an| &~ T
91n(tanh ﬂ+£)+l)a8 IOIn(tanh(ﬂ+£)+l)a4
54 3d? 2 2 2 2
* dx ¢ 2 T dx ¢ 2 dp10 B db°
2db6(tanh(—+—)+1j 2db4(tanh(—+—)+l)
2 2 2 2
_ 7a6 I 5a4 _ a2
dx c dx c c 3
dbg(tanh(T—i-E)—l) 2db6(tanh(7+3)—l) db4(tanh( E) ) db4(tanh(%+%)_1)
dx c 8 dx c 4
5 44 34 91n(tanh( 5 5)_1)61 101n(tanh(7+3)—l)a
* dx ¢ 2 dx 2 dpl° B db°
2db6(tanh(7+3)—lj 2db4(tanh( Sy 2)—1)

o 2 cosh(dx 4 c)*absinh(dx + ¢) . dx dx

int/indef0| - ,sinh(dx + ¢) 1 (t h( )_1) 1 (t h( ) 1)

N [ b*sinh(dx +¢)? — 24 b sinh(dx +¢) +a* S O +2 M +2 +
d db? db?




1

2
+1) 4db2(tanh(% +

<
2

)-1)

2
+§) a2+2tanh[% +§)b2—a2]

7

7

9
3 2 2
2db2(tanh(dx+£)—lj 8db2(tanh(ﬂ+5)—1) db
2 2 T3
dl " -

2

Problem 111: Result more than twice size of optimal antiderivative.

J cosh(dx + )
(a+bysmn(dxFo) )

dx

Optimal (type 3, 45 leaves, 4 steps):

2

3
)+1) 8db2(tanh(%+£)—l) Sdbz(tanh(%+£)+l)

2ln(a+b\/m) 4 2a
v*d v2d (a+b\smh(dx+c) )
Result (type 3, 143 leaves):
) 2 42 . In(sinh(dx +¢) b —a?) a N n(a + b/Sinh(dx ¥ ) ) N a
d (sinh(dx +c) b* —a*) b? db? p*d(a+bsnh(dx+c) ) v*d db? (b[smh(dx +c) —a)
_ In(p/Sinh(dx+0) —a)
db?

Problem 112: Unable to integrate problem.

dx

J cosh(d)c+c)5
(a + bsinh(dx +¢)")*
Optimal (type 5, 132 leaves, 6 steps):

1] bsinh(dx+c)"

hypergeom( [2, 1 ], [1 + = e
n a

n

_ bsinh(dx +c¢)"

) sinh(dx + ¢) 2hypergeom[ [2, 3 ], [
n n

a

, jsinh(dx+c)3

+
atd 3a*d

: n
5+4+n ,_bsmh(dx+c) ]Sinh(dx+c)5
n

hypergeom( [2, El ],
n a

_|_

54%d
Result (type 8, 723 leaves):



( ( (edx+c)8 +4 (edx+c)6 +6 (edx+c)4 +4 (edx+c)2 + 1) (edx+c —1) (1 +edx+c)) / [32 (edx+c)5nad (a

+b

n [—ln(Z) —In(edx+¢) +n(edXx+c—1) +1n(1 +ed X +¢)
€

_ Incsgn(l(edx+c—1) (1 +edx+c)) (—csgn(l(edx+c—1) (1 +edx+c)) +csgn(l(edx+c—l))) (—csgn(l(edx+c—1) (1 +edx+c)) +csgn(I(1 +edx+c)))
2

Incsgn[ I(edx+c—1) (1 +edx+0) ) [—csgn[ I(edx+c—1) (1 +edx+0) ]-i—csgn( 1
edx+c dx+c edx+c
2

edx+c

)) [_ngn[l(edqu) (et ) | (i (drte— 1) (1+edx+c))] ] ]

(n (edx+c)10 —5 (edx+c)10 +5n (edx+c)8 —9 (edx+c)8 + 107 (edx+c)6 ) (edx+c)6 +10n (edx+c)4 ) (edx+c)4 +5n (edx+c)2

n [-m(z) —In(edx+¢) +In(edx+c—1) +1n(1 +edx+0)
(&

_ lncsgn(l(edx+c—1) (1+edx+c)) (—csgn(l(edx+c—1) (1+edx+c)) +csgn(l(edx+c—1))) (—csgn(l(edx+c—1) (1+edx+c)) +csgn(1(1 +edx+c)))
2

s LN ) (L D) (00 ) L
2

dx+c

)) [_csgn[l(edx-i-c_l) (e +0) ) | (i (edrteo1) (1+edx+c))] ] ]
dx

Problem 113: Result more than twice size of optimal antiderivative.

Jcoth(x) "
1 — sinh(x)?



Optimal (type 3, 15 leaves, 4 steps):
In(1 — sinh(x)?)
2

In(sinh(x) ) —

Result (type 3, 40 leaves):

1n(tanh(%)) ) ln(tanh(%)2+2tanh(%) - 1) ln(tanh(%)z—Ztanh(%J - 1]

2 2

Problem 114: Unable to integrate problem.

thu&+eﬁJa+wmthk+eﬁ dx

Optimal (type 3, 71 leaves, 7 steps):

3 arctanh[ \/a cosh( fx + e)2 J

B (acosh(fx—i—e)z)3 /2csch(fx+e)2 B Ja n 3\/acosh(fx—|-e)2
2af 2f 2f
Result (type 9, 53 leaves):
4
int/indeﬂ)[ acosh(/x+e) , sinh( fx + )
sinh( fx + e) (cosh(fx+e)2 — 1)\/acosh(fx+e)2
S
Problem 118: Unable to integrate problem.
J tanh (fx+e)®
\/a + asinh(fx +e)?
Optimal (type 3, 56 leaves, 5 steps):
a? 2a 1
B 215 /2 + N3 /2
5f(acosh(fx +e)?) 3f(acosh(fx +e)?) fJacosh(fx +e)?

Result (type 9, 40 leaves):

. 5

int/indeﬂ)[ sinh(fx + €) , sinh(fx +¢)
cosh(fx + )0 acosh(fx +e)?
S

Problem 121: Unable to integrate problem.

tanh( fx + e)>

. 13 /2 dx
(a +asinh(fx +e)?)



Optimal (type 3, 56 leaves, 5 steps):

a? 2a 1
— + —
7 (acosh(fx+¢)2) > sr(acosh(fx+e)2)° > 3f(acosh(fx +e)2)° /2
Result (type 9, 43 leaves):
: 5
int/indeﬂ)[ sinh(fx + ¢) , sinh( fx + )
cosh( fx +e)8a\/acosh(fx +e)2
A

Problem 124: Unable to integrate problem.

Jcoth(fx—i—e) Ja+bsinh(fx +e)? dx

Optimal (type 3, 46 leaves, 4 steps):

arctanh[ Ja + bsinh(fx +e)? ] v
i Ja +\/a+bsinh(fx+e)2

S S
Result (type 9, 45 leaves):

bsinh(fx +e) + ——a——
int/indefl) SInh(/X+ ) Gnn(fx +e)
Ja + bsinh(fx+e)?
S

Problem 125: Unable to integrate problem.

Jcoth(fx+e)5\/a + bsinh(fx +e)? dx

Optimal (type 3, 147 leaves, 6 steps):

(8a2+8ab—b2)arctanh( \/a+bsinh(fx+e)2 ]
) Ja  (8a—b) csch(fx +¢)? (a +bsinh(fx+¢)%)> 7 cseh(fx +e)* (a +bsinh(fx +¢)%) 7
8a° /2f 8>S daf
n (8512-|—8ab—b2)\/a—H)sinh(fx-l-e)2
8a2f
Result (type 9, 79 leaves):
l,m/mdefo[ cosh(fx +e)* (a — b + bcosh(fx +e)?) sinh(fx +¢)
sinh(fx +e) (1 +cosh(fx+e)* —2cosh(fx+e)2)Ja + bsinh(fx +e)2

f



Problem 128: Unable to integrate problem.

J(a +bsinh(fx +¢)2)>

2tanh(fx+e)5 dx
Optimal (type 3, 208 leaves, 7 steps):
(82 — 40a b +35b%) (a + bsinh( fx +¢)2)° /2

_ sech(fx+e)* (a +bsinh(fx+e)?)

5,2

L (8a—9b) sech(fx +e)? (a + bsinh( fx +¢)2)> /2
24 (a —b)%f 8 (a—b)2f 4(a=0b)f

: 2
(8a2 —40ab + 35 bz) arctanh \/a +bsinh(fx +e)
Ja—>b

3 N (84 —40ab +35b%) Ja + bsinh( fx + e)?

ST $(a—b)f

Result (type 9, 70 leaves):

MVquU[

sinh( fx +e)> (b%sinh( fx + e)* +2a bsinh(fx +e)? +d?)

cosh(fx +e)°a +bsinh(fx +e)?
S

, sinh( fx +e)

Problem 129: Unable to integrate problem.

Jcoth(fx—l—e) (a +bsinh(fx +¢)2)° 72 dx

Optimal (type 3, 66 leaves, 5 steps):

: 2
gy arctanh[ Ja + bsinh( fx +e) ]

) Ja N (a +bsinh(fx +¢)2)° /2 . aJa+bsinh(fr+e)?
f 3f f
Result (type 9, 61 leaves):
2
B sinh(fx +e)3 +2absinh(fx +e) + smh(]a”—x—i-e)

int/indef0 , sinh(fx +e)

Ja + bsinh(fx +e)?
S

Problem 130: Unable to integrate problem.
. 372
Jcoth(fx+e)3(a+bsmh(fx+e)2) 2 4

Optimal (type 3, 120 leaves, 6 steps):

Ja + bsinh(fx +e)? JT
Ja

(2a +3b) arctanh
(2a+3b) (a+bsinn(fx+e)2)’ 7 csch(f+e)? (a+bsinn(fx+e)2)°

6af 2af 2f



(2a+3b)Ja+bsinh(fx+e)?
2f

Result (type 9, 83 leaves):

+

2
B sinh(fx +e)® + (2ab + b2 sinh(fx +¢) + & 295

a2

sinh( fx + e)

sinh( fx +e)3

int/indef0

Ja +bsinh(fx +e)?

, sinh( fx +e)

f

Problem 133: Unable to integrate problem.

J coth(fx +e)> i
Ja + bsinh(fx +e)?
Optimal (type 3, 110 leaves, 5 steps):

Ja + bsinh(fx +e)?

(84> —8ab +3b?) arctanh

Ja _ (8a—3b)csch(fx +e)?Ja+bsinh(fx+e)?  csch(fx +e)*Va +bsinh(fx +e)?
8aS /2 f 8>S daf
Result (type 9, 53 leaves):
1 2 i 1
sinh( fx +e i 3 i 5
int/indefl) (/> ) sinh( fx + ¢e) sinh( fx + ¢e) sinh(fx + )
Ja + bsinh(fx+e)?
A
Problem 134: Unable to integrate problem.
tanh (fx + ¢)>
2 3,2 dx
(a + bsinh(fx +e)?)

Optimal (type 3, 106 leaves, 5 steps):

Ja + bsinh(fx +e)?

(2a + b) arctanh
Ja—>b

2a+5b

sech( fx + e)?

- +

2(a—b)372f

Result (type 9, 102 leaves):

2 (a—b)2fJa+bsinh(fx +e)?

sinh( fx + e)3 a + bsinh(fx +e)? cosh(fx + )2

+

2 (a—b)fJa+bsinh(fx+e)?

mﬂqup[-

-b2cosh(fx+e)'0+ (-2ab +2b%) cosh(fx+e)® + (-a> +2ab — b*) cosh(fx +e)°’

sinh( fx + e)

f



Problem 135: Unable to integrate problem.

coth(fx +e)
J 32 dx

(a + bsinh(fx +e)?)
Optimal (type 3, 49 leaves, 4 steps):

arctanh

Ja +bsinh(fx+e)? J

I
_ 5 /2f“ +

1
af\/a + bsinh(fx +e)?

Result (type 9, 34 leaves):
1
sinh( fx +e) (a + bsinh(fx +¢)?)
A

int/indeﬂ?[ W sinh( fx + e)

Problem 136: Unable to integrate problem.

coth(fx +e)>
J xX+e 7 dx

(a + bsinh(fx +e)?)
Optimal (type 3, 94 leaves, 5 steps):

Ja 2a—3b B csch( fx 4 e)?

(2a—3b) arctanh[ \/a + bsinh(fx +e)? J
+

245 2f 2d%fJa+bsinh(fx+e)?2  2afJa+bsinh(fx+e)?
Result (type 9, 42 leaves):
cosh( fx +e)?
sinh( fx +e)? (a + bsinh(fx +¢)?)
f

int/indeﬂ)[ R sinh( fx +¢)

Problem 137: Unable to integrate problem.

J coth (fx + ¢)3

dx
(a + bsinh(fx +¢)2)° /2

Optimal (type 3, 123 leaves, 6 steps):

(2a —5b) arctanh Ja + bsinh( fx +e)? ]
Ja

) 4 2a—5b csch( fx 4 ¢)?

2a—5b

/2 +

24’ /2f 6a2f(a —i—bsinh(fx—l—e)2)3 2 2af(a —i—bsinh(fx—i—e)z)3

Result (type 9, 72 leaves):

24d°fJa + bsinh(fx +e)?



cosh( fx +—e)2

int/indef0 , sinh(fx +e)
(b?sinh( fx 4+ e)* + 2 absinh( fx + )2 + a?) sinh(fx +e)>Ja + bsinh(fx + e)>
S
Problem 139: Unable to integrate problem.
Jcoth(dx+c)3 (a + bsinh(dx +¢)?)’ dx
Optimal (type 5, 92 leaves, 3 steps):
bsinh(dx + ¢)? 1+p

14p (pd +a)hypergeom([1,l+p],[2 +pl,1 + J (a + bsinh(dx +¢)?)

_cesch(dx +c¢)? (a + bsinh(dx +¢)?) a

2ad 24*d (1 +p)
Result (type 8, 25 leaves):

Jcoth(dx+c)3 (a +bsinh(dx +¢)2)? dx

Summary of Integration Test Results

417 integration problems



Hmo QW

202 optimal antiderivatives

110 more than twice size of optimal antiderivatives
4 unnecessarily complex antiderivatives

101 unable to integrate problems

0 integration timeouts



