Maple 2018.2 Integration Test Results
on the problems in "6 Hyperbolic functions/6.2 Hyperbolic cosine"

Test results for the 48 problems in "6.2.1 (c+d x)”"m (a+b cosh)"n.txt"

Problem 1: Result more than twice size of optimal antiderivative.
J(dx—i—c)“cosh(bx—i—a) dx

Optimal (type 3, 91 leaves, 5 steps):
24d° (dx+c)cosh(bx+a)  4d(dx+c)cosh(bx+a) N 24 d*sinh(bx + a) + 12d? (dx 4 ¢)?sinh(bx + a) + (dx +c)*sinh(bx + a)

p* b? b b b
Result (type 3, 546 leaves):
12dac ((bx+a)?sinh(bx+a) —2 (bx+a) cosh(bx +a) +2sinh(bx +a))

% (c4sinh(bx+a) —

b3
L 12dac((bx+a)sinh(bx+a) —cosh(bx+a)) _ 12d%ac ((bx+a)sinh(bx+a) —cosh(bx+a))
b b
N d* ((bx+a)*sinh(bx+a) —4 (bx+a)>cosh(bx +a) +12 (bx +a)?sinh(bx+a) —24 (bx +a) cosh(bx +a) +24sinh(bx +a))
b4
N d*a*sinh(bx +a)  4d°a’csinh(bx +a) N 6d*a® sinh(bx+a)  4dacsinh(bx +a)
b* b b b
_4d*a((bx+a)3sinh(bx+a) —3 (bx+a)?cosh(bx+a) +6 (bx+a)sinh(bx+a) —6cosh(bx +a))
b4
N 4dc((bx+a)’sinh(bx+a) —3 (bx+a)?cosh(bx+a) +6 (bx+a) sinh(bx+a) —6cosh(bx+a))
b3
N 6d*a®> ((bx+a)?sinh(bx+a) —2 (bx+a) cosh(bx +a) +2sinh(bx+a))
b4
L 62 ((bx+a)?sinh(bx+a) =2 (bx+a) cosh(bx+a) +2sinh(bx+a)) _ 4d*a® ((bx+a)sinh(bx+a) —cosh(bx+a))
b? b*
+_4dg((bx+a)QMNbx+a)—wmﬂﬂbx+a)))
b

Problem 2: Result more than twice size of optimal antiderivative.
J(dx+c)zcosh(bx+a) dx

Optimal (type 3, 49 leaves, 3 steps):

2d (dx+c¢)cosh(bx+a) | 2d*sinh(bx +a) (dx+c¢)?sinh(bx +a)
- 2 + 3 + >,




Result (type 3, 146 leaves):

l_(cﬁ((bx-+a)zsmh(bx—%a)——2(bx—%a)coﬂﬂbx-+a)-+2shm(bx—ka)) 2d2a((bx—ka)smh(bx—ka)——mmh(bx—ka))

b b2

+2chbx+a)mmwx+a)—cmex+aH +cﬁdﬁmex+a)__2dammex+a
b b2 b

Problem 3: Result more than twice size of optimal antiderivative.

b2

) +c25inh(bx+a))

Jcosh(bx+a)
(dx+c¢)3
Optimal (type 4, 96 leaves, 5 steps):
. bc bc .( bc . be
b*Chi| — +b hla— — b Shi| — b) h[ ——j
1( a x)cos (" d ) _ cosh(bx +a) 1( g FhxsmeT T ) psinn(bx ta)
24 2d (dx+c¢)? 24 2d* (dx +¢)
Result (type 4, 276 leaves):
_dafcb d b
2 d . a—=c¢
bSefbxfax b3efbx7ac bZefbxfa boe El](bx_'_a_T)
+ — —
4d (PP +2bcdx+Ab?) 48 (PP +2bPcdx+Ab)  4d (BPd* x> +2b2cdx + A b?) 443
da—cb d b
2 d . -da +c
bZebx+a b2ebx+a boe Ell(_bx_a_ d )
- 2 B 3
4d3(% +bx) 4d3(% +bx) 4d

Problem 4: Result more than twice size of optimal antiderivative.
J(dx+c)zcosh(bx+a)2dx
Optimal (type 3, 85 leaves, 4 steps):
dx | (dx+c)®  d(dxtc)cosh(bx+a)® | d’cosh(bx+a)sinh(bx+a)

(dx+c)?cosh(bx +a) sinh(bx +a)

+
4 p? 6d 2 b2 43

Result (type 3, 261 leaves):

2b

dz[ (bx+a)?cosh(bx +a) sinh(bx +a) N (bx+a)®  (bx+a)cosh(bx+a)? 4 cosh(bx+a)sinh(bx+a) , bx
1

a
1 2 6 2 4 Ty 4)
b b2
2d2a( (bx +a) cosh(bx +a) sinh(bx+a) (bx+a)? cosh(bx+a)2j
2 4 4

b2



. 2 2 .

2de (bx+a) cosh(bx +a) sinh(bx +a) n (bx+a)- cosh(bx+a) 2 i cosh(bx +a) sinh(bx +a) +Q L a

" 2 4 4 n 2 2 2
b b2
cosh(bx +a) sinh(bx +a) bx aj

2d += 4+

B “c( 2 2 "2 +cz(cosh bx+a)sinh(bx+a) | bx +£)
b 2 2 2

Problem 5: Result more than twice size of optimal antiderivative.
cosh(bx +a)?
————————jr—-dx
(dx+c)
Optimal (type 4, 150 leaves, 7 steps):

2bc ( 2bc ( 2bc . 2bc
2 b3 cosh| 2 Sh 2b3Ch 2b h({2a—
b2 _ cosh(bx+a)® _ 202cosh(bx+a)® COS[ d ) 1( d x) N 1( a x)m[ T )
3d3 (dx +¢) 3d (dx+c¢)’ 343 (dx +¢) 3t 3t
_ bcosh(bx +a) sinh(bx +a)
3d% (dx+c¢)?
Result (type 4, 554 leaves):
1 bSe—be—ZaXZ bSe—be—Zacx
6d(dx+c)? 6d(PPX 3P cd P +308°Pdx+bF) 3 (PP +3Pcd 2 +33Fdx+b )
b5€—2bx—2a62 b4e—2bx—2ax
— +
68 (PP +30cd* > +308°Fdx+bF)  1RdBPEL+30cd* 2 +308°Fdx+b )
b4e—2bx—2ac b3e—2bx—2a
+ —
REBPEPL+3Pcd**+3083Fdx+b3)  RdBPEL+30cd* 2 +308°Fdx+b )
2(da—cbh) 2(d b)
3 d . a —c¢C
b e Ell(sz+2a_—d ) p32brt2a p32brt2a p32br+2a
+ — —
3d4 3 2 d4
12d4(—+bx) 12d4(—+bx) 6 —+bx
2(da—cb)
pe 4 Eil(—be—Za—W)
34t

Problem 6: Result more than twice size of optimal antiderivative.
J(dx+c)4cosh(bx+a)3 dx

Optimal (type 3, 205 leaves, 12 steps):



1604 (dx+c)cosh(bx+a)  8d(dx+c)3cosh(bx+a)  8d° (dx+c)cosh(bx+a)®  4d(dx+c)’cosh(bx+a)’ + 488 d*sinh(bx +a)

9p* 3p% 27 b* 9h? 27
N 80d? (dx +c)*sinh(bx +a) N 2 (dx+c¢)*sinh(bx +a) N 4% (dx +c)*cosh(bx +a)?sinh(bx +a)
953 3b 953
N (dx +c)*cosh(bx +a)?sinh(bx +a) N 8d*sinh(bx +a)’
3b 81p°

Result (type 3, 1216 leaves):

4 (bx+a)*sinh(bx +a) cosh(bx+a)®> 28 (bx+a)’cosh(bx +a) N 80 (bx +a)?sinh(bx +a)

3 3 9 9

1 L(d4(2(bx+a)4sinh(bx+a)
b\ p*

488 (bx +a) cosh(bx +a)  1456sinh(bx +a) 4 (bx+a)’sinh(bx +a)?cosh(bx +a) +4(bx+a)2sinh(bx+a)cosh(bx+a)2

27 81 9 9

_ 8(bx+a)sinh(bx+a)?cosh(bx+a)  Scosh(bx+a)’sinh(bx+a) )) _L(4d4a [ 2 (bx+a)’sinh(bx +a)
27 81 b 3

(bx+a)3sinh(bx +a) cosh(bx+a)®> 7 (bx+a)’cosh(bx+a) 4+ 40 (bx+a)sinh(bx+a) _ 122cosh(bx+a)
3 3 9 27

_ (bx+a)?sinh(bx +a)?cosh(bx+a) | 2 (bx+a)sinh(bx+a)cosh(bx+a)® _ 2sinh(bx+a)?cosh(bx +a) ))
3 9 27

L(6d4a2( (bx +a)?sinh(bx +a) cosh(bx +a)? + 2 (bx+a)?sinh(bx+a) 2 (bx+a)sinh(bx+a)’cosh(bx +a)
B 3 3 9

14 (bx+a)cosh(bx+a) n 2cosh(bx +a)?sinh(bx +a) i 40 sinh(bx + a) ))
9 27 27
4t ad 2 (bx+a)sinh(bx+a) I (bx+a)sinh(bx+a)cosh(bx+a)2 _ TJcosh(bx+a) sinh(bx+a)2cosh(bx+a) )
3 3 9 9
b4

2
& at [% + —""Sh(b;‘”) ]sinh(bx+a)
bt s

_|_

(4“13 ( 2 (bx+a)’sinh(bx +a) + (bx+a)3sinh(bx +a) cosh(bx +a)?
3 3

_ 7(bx+a)*cosh(bx+a) 4 40 (bx+a)sinh(bx+a) _ 122cosh(bx+a) _ (bx +a)?sinh(bx +a)?cosh(bx +a)

3 9 27 3




+

2 (bx +a)sinh(bx +a) cosh(bx+a)?>  2sinh(bx+a)?cosh(bx +a) )) 1 (120d3a( (bx +a)?sinh(bx +a) cosh(bx +a)?

9 27 » 3

N 2 (bx+a)’sinh(bx+a) 2 (bx+a)sinh(bx+a)cosh(bx+a) 14 (bx+a) cosh(bx +a) N 2cosh(bx +a)?sinh(bx +a)
3 9 9 27

40 sinh(bx +a) ))
27

Ded & [ 2 (bx+a) sinh(bx +a) n (bx+a)sinh(bx +a) cosh(bx—l—a)2 _ Tcosh(bx+a) sinh(bx+a)2cosh(bx+a) )

3 3 9 9
b3

cosh(bx+a)2

4cd3a3(%+ ]sinh(bx+a)

2. 2 2
_ 3 +L(6c2d2( (bx+a)“sinh(bx +a) cosh(bx +a) 4 2 (bx+a)“sinh(bx+a)
b3 b2 3 3
B 2(bx—%a)shm(bx—%a)zmmh(bx—Fa) 14 (bx+a)cosh(bx+a) +_2coﬂﬂbx-+a)2ﬁnh(bx—ka) +_40sinh(bx+a)
9 9 27 27
DAL 2 (bx+a) sinh(bx +a) n (bx—i—a)sinh(bx—i—a)cosh(bx—i—a)2 _ Tcosh(bx+a) sinh(bx+a)2cosh(bx+a)
B 3 3 9 9
b2
2
6c2d2a2[3 +M)5inh(bx+a)
n 3 3
b2
4c3d( 2 (bx+a)sinh(bx+a) 4 (bx+a)sinh(bx+a)cosh(bx+a)2 _ TJcosh(bx+a) sinh(bx+a)2cosh(bx+a) ]
" 3 3 9 9
b
2
4c3da(%+w)sinh(bx+a) , bt a2
- . +c4(? +WJsinh(bx+a)

Problem 7: Result more than twice size of optimal antiderivative.
J(dx+c)3cosh(bx+a)3 dx
Optimal (type 3, 161 leaves, 8 steps):

_40d cosh(bx+a) _ 2d(dx+c)’cosh(bxta) _ 2d°cosh(bx+a)® _ d(dx+c)®cosh(bx+a)® | 40d” (dx+c)sinh(bx+a)
9p* b? 27 b* 3p° 9




2 (dx +¢)3sinh(bx +a) +2d2(dx+c)cosh(bx+a)2sinh(bx+a) N (dx +c¢)3cosh(bx +a)?sinh(bx +a)
3b 953 3b

Result (type 3, 675 leaves):

_|_

+ (bx+a)sinh(bx +a) cosh(bx+a)?> 7 (bx+a)’cosh(bx+a) + 40 (bx+a) sinh(bx +a)
3 3 3 9

1 L(d3(2(bx+a)3sinh(bx+a)
b\ p3

_ 122cosh(bx+a)  (bx+a)?sinh(bx+a)?cosh(bx+a) N 2 (bx+a)sinh(bx +a) cosh(bx+a)?>  2sinh(bx+a)?cosh(bx +a) ))

27 3 9 27

_L(3d3a[ (bx+a)?sinh(bx +a) cosh(bx+a)? | 2 (bx+a)’sinh(bx+a) _ 2(bx+a)sinh(bx+a)?cosh(bx+a)
3 3 3 9

_ 14 (bxta)cosh(bxta) 2cosh(bx +a)?sinh(bx +a) L 40sinh(bx +a) )) +L(3d2c( (bx +a)?sinh(bx +a) cosh(bx +a)?
9 27 27 »2 3

2(bx+a)zsinh(bx+a) _ 2(bx+a)sinh(bx+a)2cosh(bx+a) 14 (bx+a) cosh(bx +a) i 2cosh(bx+a)2sinh(bx+a)

+ 3 9 9 27

40 sinh(bx + a)
Ty ))

S 2 (bx+a)sinh(bx+a) i (bx+a)sinh(bx+a)cosh(bx+a)2 _ TJcosh(bx+a) sinh(bx+a)zcosh(bx+a) )
n 3 3 9 9
b3
2 2 (bx+a)sinh(bx +a) (bx—l—a)sinh(bx-l—a)cosh(bx—i—a)2 7 cosh(bx +a) sinh(bx+a)2cosh(bx+a)
6d ac + - -
B 3 3 9 9
b2
3c2d( 2 (bx+a) sinh(bx +a) i (bx+a)sinh(bx+a)cosh(bx+a)2 _ TJcosh(bx+a) sinh(bx+a)zcosh(bx+a) J
4 3 3 9 9
b
2 2 2
& [% + w]smhwﬁw 3d2azc[% +w)5inh(bx+a) 3dad [% + w]smhwﬁw
a b3 + b2 o b
2
+ 3 (% + —COSh(b;‘“) )sinh(bx—i—a)



Problem 8: Result more than twice size of optimal antiderivative.
J(dx+c)2cosh(bx+a)3dx
Optimal (type 3, 111 leaves, 6 steps):
_Ad(dx+c)cosh(bxta) _ 2d(dx+c)cosh(bx+a)® | 14dsinh(bx+a) | 2(dx+c)’sinh(bx+a)  (dx+c)cosh(bx+a)’sinh(bx +a)
352 952 953 3b 3b
2dsinh(bx +a)3
273
Result (type 3, 319 leaves):

+

N 2 (bx+a)’sinh(bx+a) 2 (bx+a)sinh(bx +a)’cosh(bx +a)
3 3 9

b\ »

1] 1 (dZ( (bx+a)?sinh(bx +a) cosh(bx +a)?

14 (bx +a) cosh(bx +a) 200dﬂbx-+a)2smh(bx—Fa)

B 40 sinh(bx + a)
9 * 27 + 27 ))
YPa 2 (bx+a)sinh(bx +a) +_(bx—%a)shm(bx—Fa)coﬂubx-+a)2 _ Tcosh(bx+a) ﬁnh(bx—ka)zamh(bx—%a)
B 3 3 9 9
b2
2dc(2(bx+a)ﬁﬂﬂbx+a)_+(bx+a)ﬁﬂﬂbx+a)cmhﬂuﬁ+aﬁ _ 7aﬂﬂbx+a)__smex+a)%mﬂﬂbx+a))
4 3 3 9 9
b
2 2
d2a2[§+w]sinh(bx+a) 2dac(§+w)smh(bx+a) , h(be+a)?
+ —~ +cz(—+u)sinh(bx+a)
b? b 3 3

Problem 10: Result more than twice size of optimal antiderivative.
Jx3cosh(bx+a)4 dx
Optimal (type 3, 152 leaves, 8 steps):

452> 3a% _ 4Scosh(bx+a)? _ 9xPcosh(bx+a)? _ 3cosh(bx+a)® _ 3xcosh(bx+a)* | 45xcosh(bx +a) sinh(bx+a)
128> 32 128 b* 16 b2 128 »* 16 b2 64 b
N 3x°cosh(bx +a) sinh(bx +a) N 3xcosh(bx +a)3sinh(bx +a) L x> cosh(bx +a)3sinh(bx +a)
8bh 32 b3 4b
Result (type 3, 431 leaves):

L( (bx +a)3sinh(bx +a) cosh(bx +a)> L3 (bx+a)3cosh(bx +a) sinh(bx +a) R (bx+a)* 3 (bx+a)’sinh(bx+a)’cosh(bx +a)?
b 4 8 32 16




3 (bx+a)?cosh(bx+a)?> | 3 (bx+a)sinh(bx+a)cosh(bx+a)’ | 45 (bx+a)cosh(bx +a)sinh(bx+a) | 45 (bx+a)?
B 4 + 32 + 64 + 128

_ 3sinh(bx+a)?cosh(bx+a)>  3cosh(bx+a)? _30( (bx +a)?sinh(bx +a) cosh(bx +a)’ N 3 (bx+a)?cosh(bx +a) sinh(bx +a)
128 8 4 8

(bx+a)® _ (bx+a)sinh(bx+a)®cosh(bx+a)? _ (bx+a)cosh(bx+a)® | cosh(bx+a)’sinh(bx+a)
8 8 2 32

15 cosh(bx +a) sinh(bx +a) 15bx 15a)+3a2[ (bx +a) sinh(bx +a) cosh(bx +a)>

i i 4 3(bx+a)cosh(bx+a)sinh(bx +a)

64 64 64 4 8
4 3 (bx+a)2 _ sinh(bx+a)zcosh(bx+a)2 _ cosh(bx+a)2 ) _ P ( [ cosh(bx+a)3 4 3cosh(bx +a) X +3_a))
8

3

inh (b
T T ) y) P Jsm (bx+a) +

Problem 14: Unable to integrate problem.
J(dx+c)5 /2 cosh(bx +a) dx

Optimal (type 4, 131 leaves, 8 steps):

15d5/ze erf[\/_“dx_'_c J\/; 15d5/zea d erﬁ[\/—'dx—i_c \/_

_5d (dx+c)3 Pcosh(bx +a) N (dx+¢)® 2 sinh(bx +a) Ja ~ Ja
2 b 1657 /2 1657 /2
N 15d*sinh(bx +a) Jdx ¥ c
4p3

Result (type 8, 16 leaves):
J(dx—i—c)s 72 cosh(bx +a) dx

Problem 15: Unable to integrate problem.
Jcosh(bx+a)
(dx+c)3 /2
Optimal (type 4, 91 leaves, 6 steps):

e_a+_erf[ \/_\/m)\/—\/— ea_ erﬁ[ \/_\/T-i-c

T
Jd N Jd _ 2cosh(bx+a)
B 2 B V2
d\dx+c

Result (type 8, 16 leaves):
Jcosh(bx+a)
(dx+c)* /2



Problem 16: Unable to integrate problem.
Jcosh(bx+a)
(dx+c)7 2
Optimal (type 4, 132 leaves, 8 steps):

bc bc
-a+ — [ a— — [
45 e d erf[% \/; 4ap’ e 4 erﬁ[% T 5
2cosh(bx+a)  4bsinh(bx+a) d d _ 8b°cosh(bx+a)
CSd(dx+c)’ 2 15& (dx+c) 2 1547 /2 " 1547 /2 N e
x+c

Result (type 8, 16 leaves):
Jcosh(bx+a)
(dx+c)7 /2

Problem 17: Unable to integrate problem.
J(dx+c)3 72 cosh(bx +a)? dx

Optimal (type 4, 159 leaves, 9 steps):

2bc
3d3/2e2a+76rf[\/7\/7“dx+c \/7\/?
(dx +¢)5 /2 N (dx+¢)3 2 cosh(bx +a) sinh(bx +a) N /ﬁ
5d 2b 128 5 /2
2bc
2a— —— /
3d3/ze 4 erfi J2 Vb Jdxte \/7\/;
4 Jd +3d\/dx+c _3dmebx+aﬁde+c

128 b5 /2 16 b 8 b2
Result (type 8, 18 leaves):

J(dx+c)3 72 cosh(bx +a)? dx

Problem 18: Unable to integrate problem.
J(dx+c)5 72 cosh(bx +a)3 dx

Optimal (type 4, 291 leaves, 23 steps):
5d(dx+c)3 Pcosh(bx+a) _ 5d(dx+c)3 Pcosh(bx +a)3 N 2 (dx +¢)5 sinh(bx +a) N (dx+¢)® 2 cosh(bx +a)?sinh(bx +a)
352 18 b? 3b 3b
3be

5d5/26_3a+%erf( \/T\/?ﬁdx+c ]\/?\/? 5d5/263a_ d erﬁ[ \/T\/?\/émjﬁ\/?

_|_

1728 b7 /2 1728 b7 /2



Vb Jdxt+ec

[ a—
45d5/ze d erf[ \/_ dx+tc )\/; 45 d° /2e erﬁ[
N Jd 3 Jd 45d251nh(bx+a)\/dx+c
6457 /2 6457 /2 16 53
5d?sinh(3bx+3a)Jdx +c
144 »°

Result (type 8, 18 leaves):
J(dx-i—c)s 72 cosh(bx +a)3 dx

Problem 19: Unable to integrate problem.
3
Jcoﬂubx—%a) ]

Jdx+c

162 leaves, 12 steps):

Optimal (type 4,
3bc
-3a+ / 3a— [ -a+ f
¢ eﬁ[J_J_ dxte S e em[J_J_ dxtc J3n o 3e eﬁ[J_ dx+cJJ_
JT . JZ . J7
24D Jd 246 Jd 8Vb Jd
3e erﬁ[\/_‘dx+c \/_
+ J7T
8Vb Jd
Result (type 8, 18 leaves):
Jcosh(bx+a)3 o
Jdx+c
Problem 25: Result unnecessarily involves higher level functions
Jx”mcosh(bwra) dx
Optimal (type 4, 53 leaves, 3 steps):
X" (4+m, -bx)  X"T'(4+m,bx)
26 (-bx)™ 2b%e" (bx)™
Result (type 5, 72 leaves):
2 2
x4+’"hypergeom[ [2 + % ], [5,3 + % ], szb ] cosh(a) . bx5+mhypergeom[ [% + % ], [%, % + % ], szb ) sinh(a)
5+m

4 +m



Problem 26: Unable to integrate problem.

Jf"cosh(bxm)zdx
Optimal (type 4, 83 leaves, 5 steps):
xltm 273 7m2AY T (1 +m, -2bx) 273 TMYT(1 +m,2bx)
2(1+m) b(-bx)" b (bx)™
Result (type 8, 14 leaves):
Jf"cosh(bxm)zdx

Problem 27: Unable to integrate problem.
Jx'1+mcosh(bx+a)2dx
Optimal (type 4, 70 leaves, 5 steps):
272 Tm@Ay T (m, -2bx) 2727 MY (m,2bx)

2m (-bx)™ eza(bx)m

Result (type 8, 16 leaves):
Jx'1+mcosh(bx+a)2dx

Problem 28: Result more than twice size of optimal antiderivative.
J(dx+c)2 (a +acosh(fx+e)) dx
Optimal (type 3, 65 leaves, 5 steps):

a(dx+c)®  2ad(dx+c)cosh(fx+e) N 2 ad*sinh(fx + e) L a (dx +c)?sinh(fx +e)
3d £ £ f
Result (type 3, 239 leaves):
l(d2a(fx+e)3 N d*a ((fx+e)?sinh(fx+e) —2 (fx+e)cosh(fx+e) +2sinh(fx+e))  d*ea(fx+e)?

TANEY: 7 7
2d%ea ( (fx+e)sinh(fx+e) —cosh(fx+e)) |, dea(fx+e)®> | 2dca( (fx+e)sinh(fx+e) —cosh(fx+e)) | d*a(fx+e)
- + + +
IZ f f a
N d*Fasinh(fx+e)  2deca(fx+e)  2decasinh(fx+e

) .
+%a(fx+e) +Fasinh(fx +e)
Va A S
Problem 29: Result more than twice size of optimal antiderivative.
J(dx—i—c) (a +acosh(fx+e)) dx

Optimal (type 3, 43 leaves, 4 steps):



a(dx+c)?>  adcosh(fx+e)

L4 (dx +c) sinh( fx +e)

2d \ﬂ f
Result (type 3, 90 leaves):
a’a(fx+e)2 +da((fx+e)sinh(fx+e)—cosh(fx+e)) _dea(fx+e) deasinh(fx+e) +ca (fr+e) +casinh(fx + )
2f S S S
A

Problem 37: Unable to integrate problem.

J\/a +acosh(dx +c)
X

dx

Optimal (type 4, 63 leaves, 4 steps):

: X c c dx c dx dx ) . c
Chl( 5 )cosh( 5 )sech( 5 + 5 )\/a +acosh(dx +c) +sech( 5 + 5 )Sh1( 5 )smh( 5 )\/a +acosh(dx +c)
Result (type 8, 18 leaves):

J\/a +acosh(dx+c¢)

dx
X
Problem 38: Unable to integrate problem.
J\/a +acosh(dx+c¢) d
<

Optimal (type 4, 115 leaves, 6 steps):

_Ja+ﬂcdex+d +_fCM(%;jmm(%)%d{%~+%§)Ja+ﬂcdex+d
2x 8
dzsech[% + %)Shi( %jsinh(%)\/a +acosh(dx +c) dy a+acosh(dx + c) tanh(% + %J
* 8 B 4x
Result (type 8, 18 leaves):

Ja+acosh(dx+c) d
|

Problem 39: Unable to integrate problem.

a + acosh(x) &
[

Optimal (type 4, 32 leaves, 3 steps):



h[ = | shi[ & )
] a+awmu)_%wc(2JS{2) a +acosh(x)

X 2
Result (type 8, 14 leaves):

J a + acosh(x) dr

2

Problem 40: Unable to integrate problem.
Jx3 (a +acosh(x) )3 /de
Optimal (type 3, 139 leaves, 9 steps):

2 2
64acosh(%) a +acosh(x) 8axzcosh(%J a + acosh(x)

_ 1280 a+/ a + a cosh(x) _ 1661)(2 [a +acosh(x) — -

9 27 3
x ) . X x ) . X X
32axcosh(5)smh(3) a +acosh(x) 4axgcosh(5)smh(5) a +acosh(x) 640 ax+/ a + acosh(x) tanh(;)
+ 9 + 3 + 9
8afda+ame)mM(%)
+ 3

Result (type 8, 14 leaves):
Jx3(a+acosh(x))3/2dx

Problem 44: Unable to integrate problem.
J(dx+c)'"(a+acosh(fx+e))2dx

Optimal (type 4, 257 leaves, 9 steps):

o2 et
3a2(dx+c)LH" 23_ma2; d (dx+1jmr(1+nu—21&%%iﬁl) ae d(dx+1ﬂmr(l+nu—£2£%t£lj
+
2d (1 +m) fldxtc) \" _fldx+c) \"
f( d ) f( d )
e+ fldx+c) e+ 2 2f(dx+c)

ate d(dx+wﬁmr(l+nu——4%—£;) 2737 mg2e d (dx+wﬂmr(1+nu———i§—£—)

. fldxte) )" . fldx+e) \"
r{HegEe 1Sraa

Result (type 8, 22 leaves):



J(dx+c)m(a+acosh(fx+e))zdx

Problem 46: Result more than twice size of optimal antiderivative.

J-(dx+c)3 (a +bcosh(fx+e)) dx
Optimal (type 3, 87 leaves, 6 steps):

a(dx+c)*  6bdcosh(fx+e)  3bd(dx+c)cosh(fx+e) N 6bd*> (dx+c)sinh(fx+e) | b (dx+c)’sinh(fx+e)

4 7 7 7 " 7

Result (type 3, 481 leaves):

l(d3a(fx+e)4 N b ((fx+e)3sinh(fx+e) —3 (fx+e)2cosh(fx+e) +6 (fx+e) sinh(fx +e) —6cosh(fx +e))

__feaUk+eﬁ
AT 7 Iz
_ 3dPeb ((fx+e)?sinh(fx+e) —2 (fx+e)cosh(fx+e) +2sinh(fx+e)) 4 dPca(fx+e)’
7 7
N 3d%¢h ((fx+e)?sinh(fx+e) —2 (fx +e) cosh(fx +e) +2sinh(fx+e)) 3dPa(fx+e)?
f 2/
N 38 Eb ((fx+e)sinh(fx+e) —cosh(fx+e)) 3d*eca(fx+e)®>  6d%ech ((fx+e)sinh(fx+e) —cosh(fx+e)) L 3dcta (fx+e)?
7 7 7 21
3d*b ((fx+e)sinh(fx+e) —cosh(fx+e)) dSa(fx+e) dSbsinh(fx+e) | 3dPca(fx+e) . 3d*echsinh(fx +e)
+ - - + + >
/ 7 7 7 7
B 3dec2af(fx+e) _ 3dec2bsi;h(fx+e) Fad (frte) +C3bsinh(fx+e))

Problem 48: Result more than twice size of optimal antiderivative.

J (a4 bcosh(fx+e))?
(dx+c¢)3

dx

Optimal (type 4, 242 leaves, 14 steps):

22 26‘f ZC‘f . C‘_f _ ﬂf
e, beh( < +2focosh( e+t ) ) abfZCh1( < +focosh( e+ d) beoshifs o) Feosh(fs e’
2d (dx+c¢)? & & d(dx+c)? 2d (dx+c¢)?
2 2gnif 2<f 2¢f 2 <f <f
B beh( d +2fx)smh( 2et ) _abs Shl( d +fo Smh( et d) _ abfsinh(fx+e) _ b fcosh(fx +e) sinh(fx +e)
&> B

& (dx +¢) &> (dx +c¢)
Result (type 4, 625 leaves):



cf—de

2 d . cf—de
abfe/ ¢ " abfe/ "¢ B abfe/ ¢ _ abfe Eh[fk4_e+ d ]
d(PfP+2cdfx+f) 28 (PfF +2cdfx+3f)  2d(Ef P +2cdfx+Ef) 24
cf—de
A g fr—e— e
_ abfelrte  appelite _“bfze Ell(fx ‘T )_ 2> ~ p?
2d3(cf f) st( df+fx) 24 2d (dx+c)®  4d(dx+c)?
b2f3€—2fx Zex N b2/3€—2fx—Zec b2f26-2fx—26
d(@fx +2cdfx+Af)  4d (PFP +2cdfx+Af)  8d (PP +2cdf x+ )
2(cf—de) 2 (cf—de)
a7 2 (cf—d T i 2 (cf—d
) pfe 4 E11(2fx+26+%)  ppere FIEErey _fzbze d Ell(—fo—Ze—%J
2d° 8d3(cf f) 4d3( f+fx) 24

Test results for the 30 problems in "6.2.2 (e x)”"m (a+b x*n)”"p cosh.txt"

Problem 1: Result more than twice size of optimal antiderivative.
Jﬁ (bx +a) cosh(dx +¢) dx
Optimal (type 3, 124 leaves, 11 steps):

_6acosh(dx+c)  24bxcosh(dx+c) 3ax2mmh(dx-+c) _ 4bx3amh(dx—+c) +_24bsinh(dx+c) 4 6 axsinh(dx +c)
a a & & &
ax’sinh(dx+c¢) | bx*sinh(dx+c)
+ +
d d
Result (type 3, 355 leaves):

L 12 b2 sinh(dx + ¢)
& s

1 ( b ((dx+c)*sinh(dx+c) —4 (dx+c)3cosh(dx+c) +12 (dx+c)?sinh(dx +¢) —24 (dx +c) cosh(dx +c¢) +24sinh(dx +c¢))

A d
_ 4bc((dx+c)’sinh(dx+c¢) =3 (dx+c)?cosh(dx+c) +6 (dx+c)sinh(dx +c) —6cosh(dx +c))
d
6bcz( dx +c¢)?sinh(dx +¢) —2 (dx +c¢) cosh(dx +¢) +2sinh(dx +¢)) _ 4bc ((dx +c) sinh(dx +¢) — cosh(dx+¢))
d d
4 .
4 e Smh;"x”) a((dx+c)3sinh(dx+c¢) —3 (dx+c)2cosh(dx +c¢) +6 (dx +c) sinh(dx +¢) —6cosh(dx +¢)) —3ac((dx

+¢)?sinh(dx +¢) —2 (dx +c¢) cosh(dx +¢) +2sinh(dx+¢)) +3ac® ((dx+c¢) sinh(dx +¢) — cosh(dx +¢)) —ac35inh(dx+c))



Problem 4: Result more than twice size of optimal antiderivative.
sz (bx+a)?cosh(dx +c) dx

Optimal (type 3, 184 leaves, 14 steps):
_12abcosh(dx+c) _ 24b’xcosh(dx+c) _ 2a’xcosh(dx+c) _ 6aba’cosh(dx+c) _ 4b?cosh(dx+c) | 240 sinh(dx+c)
a* d* a? & a2 &
4 2 a”sinh(dx + ¢) i 12abxsinh(dx + ¢) i 12 b* x“ sinh(dx + ¢) L a sinh(dx + ¢) i 2abx’ sinh(dx + c¢) 4 b x"sinh(dx + ¢)
A A A d d d
Result (type 3, 462 leaves):
1 (bz((dx+c)4sinh(dx+c) —4 (dx+c¢)>cosh(dx +¢) + 12 (dx +¢)?sinh(dx +¢) — 24 (dx +¢) cosh(dx +¢) + 24 sinh(dx +¢))

& &
_ 4b*c((dx+c)3sinh(dx+c) =3 (dx+c)?cosh(dx+¢) +6 (dx +c) sinh(dx +c) —6cosh(dx +c))
d2
L 602 ((dx+c)?sinh(dx+¢) =2 (dx+c) cosh(dx +¢) +2sinh(dx+c)) _ 46 ((dx+c) sinh(dx+c) — cosh(dx +c))
& &
_+2ab((dx+cﬁsdex+c)—3(dx+cﬂadex+c)+6(dx+c)ﬁﬂﬂdx+c)—6adex+c))
d
__6ba1de+cﬂsdex+c)—2(dx+c)udex+c)+2sdex+c))4_6ba3((dx+c)ﬁﬂﬂdx+c)—mdex+cﬁ
d d
p*c*sinh(dx+¢)  2bc asinh(dx +c¢)

_|_

7 y +a* ((dx+c¢)?sinh(dx +¢) —2 (dx +c¢) cosh(dx +¢) +2sinh(dx +¢)) —2a*c ((dx +¢) sinh(dx

+c¢) —cosh(dx+c)) +azczsinh(dx+c))

Problem 12: Result more than twice size of optimal antiderivative.

J'xcosh(dx+c)
(bx+a)’
Optimal (type 4, 175 leaves, 11 steps):
( da da da ( da ( da . da
d*Chi| == +d h| -c+ == dcosh| -c + == | Shi| == +4 dChi| == +d h| -c + ==
o 1( b x)cos ( ‘T ) | acosh(dx+c) _ cosh(ditc) €08 ( T ) 1( b x) B 1( b x)sm( ‘T )

2b% 2b% (bx+a)? b? (bx +a) » b
( da . da
d>shi| == +d h| -c + ==
¢ 1( b T x)sm( s ) | adsinh(dx +c)
2p% 20% (bx+a)
Result (type 4, 434 leaves):

_|_

d3efdxfcax d3efdxfca2 dZefdxfcx dZefdxfca

402 (PP +2abdx+d*d*) 40 (PP +2abd*x+d2d*) 2b (PP +2abdx+d*d*) 4> (VPP +2abd*x+d*d*)




da—-cbh da—ch

2 A . da—cb b . da—cb

d°e Ell(dx+c+T)a de Ell(dx-i-c-l-T 2elxte, 2elxte,

+ 2 + 3 >t 7
_~da—cbh d b _da—cbh d b

2 b . a—c¢ b . a—c

d e Ell(—dx—c—T)a Jedxte de Ell(—dx—c—T)
+ 4 - - 3

b

Problem 13: Result more than twice size of optimal antiderivative.
Jcosh(dx+c)
0 (bx—i—a)3
Optimal (type 4, 367 leaves, 26 steps):
.(da da .(da da
6 b2 Chi(dx) cosh(c) , d>Chi(dx) cosh(c) _ 6b2c}“(7 +deC°Sh(_c+ 7) ~ dzCh‘(T +dx) COSh('HT) _ cosh(dx +¢)
@ 24 @ 24 283

3bdcosh( —c+ %)Shi( % +dx)

3bcosh(dx+e) b? cosh(dx + ¢) N 3b%cosh(dx+c¢)  3bdcosh(c) Shi(dx)

+
a*x 2a3(bx+a)2 a4(bx+a) a* a*
.( da . da
3bdChi[ L% +dx | sinh| -c + 22
3bdChi(dx) sinh(c)  6bShi(dx) sinh(c) . d®Shi(dx) sinh(c) ‘( b x) Sm( ‘T )
- + + +
at @ 243 at

.( da . da .( da . da
65> Shi| —— +d h| -c+ == dZSh(—+d) h(— +—)
1( b x) Sm( ‘T ) W TS ) dsinh(dato) | bdsinh(dx +c)

+ -
@ 24 2a°x 2a3(bx+a)
Result (type 4, 759 leaves):
d3 e—dx—cb 3d2 e—dx—cxb3 N d3 e—dx—c N 9d2€—dx—cb2
4 (PP +2abdx+a*d*) o (PP +2abdx+dd*)  dax (PP +2abdx+d>d*) 248 (PP +2abd*x+d*d*)
da—chb i b
2 b . a—cC
dzeidxicb dze’dx’C d € Ell(dx+C+T)
- +
Px (PP +2abdPx+d>d*)  dax (PP +2abd*x+d*d?) 4d°
da—chb da—cbh

3de ? Eil(dx+c+u)

b . da—cb 2
b 3e Ell(dx+c+ 5 )b e °Eij(dx)  3deEi(dx)b 3¢ Ei (dx) b
+ — — —

24* @ 443 24 @



_da—cbh

P elxte Pelxte Fe " Eil(_dx_c_ dalZCb) L 3dbelHe
p (% +de2 i (% —|—de 445 M‘[% +dx)
3dbe b Ei](—dx—c—@) 3pedite  3dbe Ei (-dx) 3bte ! Eil(_dx_c_%) 367 Eiy (~dx)
i 24* " 2a*x i 24* i a - @
dite  gedxte  dPeEi (-dx)
42 4dx 4a°
Problem 14:

Result more than twice size of optimal antiderivative.

sz (bx* +a) cosh(dx +c¢) dx
Optimal (type 3, 109 leaves, 10 steps):

_24bxcosh(dx+c) _ 2axcosh(dx+c) _ 4bxcosh(dx+c) | 24bsinh(dx+c) | 2asinh(dx+c) | 12bosinh(dx+e) | axsinh(dx+c)
a & & & & & d
N bx4sinh£1dx+c)

Result (type 3, 297 leaves):

l_( b((dx-+c)4smh(dx-kc)-—4(dx-kc)3amh(dx-%c)-%12(dx-+c)zsmh(dx-kc)-—24(dx-¥c)coﬂudx-+c)-%24smh(dx-%c))

& &
_ 4bc((dx+c)3sinh(dx+c) -3 (dx+c)zcosh(dx+c) +6 (dx +c¢) sinh(dx +c) —6cosh(dx +c))
d2
6bg( dx +c) sdex+c)—2(dx+c)uﬂﬂdx+c)+2§Mﬁdx+c)) 4b@ (dx +c) sinh(dx +c¢) —cosh(dx +c¢))
& &
bt sinh(dx +c) 5 . . .
+ 2 a((dx+c)?sinh(dx+¢) —2 (dx+c¢) cosh(dx +¢) +2sinh(dx+¢)) —2ac((dx+c) sinh(dx +¢) — cosh(dx +¢))

+c2asinh(dx+c))

Problem 17: Result more than twice size of optimal antiderivative.

sz (b2 +a)cosh(dx +¢) dv
Optimal (type 3, 234 leaves, 17 steps):

720 h*xcosh(dx+c)  48abxcosh(dx+c)  2da*xcosh(dx+c)  1200*x cosh(dx+c)  8abx’ cosh(dx +c)

B _ 6b*x°cosh(dx +¢)
d° a & &

d> d>




N 720 b% sinh(d x + ¢) L 48absinh(dx+e) 2 a?sinh(dx + ¢) + 360 b% x* sinh(dx + ¢) + 24 abx?sinh(dx +¢) N a®x*sinh(dx + ¢)
d & s & a3 d
30 b2 x*sinh(dx +¢) |, 2abx*sinh(dx+c) | b*x®sinh(dx +c)
+ 7 + y + y

Result (type 3, 737 leaves):

3 _ 2 : _
L(azczsinh(dx—i—c) _ 8bac((dx+c)’sinh(dx+c) —3 (dx+c)*cosh(dx +c) +6 (dx+c) sinh(dx +c) —6cosh(dx +¢))
& a4
+]2b£a“dx+d2mmwx+c)—2UM+w)meM+w)+2mme+cH _8bga(wx+chde+c)—mdex+cH
d? a?

%(6b2c((dx+c)ssinh(dx+c) —5 (dx+c)*cosh(dx +¢) +20 (dx +c¢)>sinh(dx +¢) — 60 (dx +c¢)?cosh(dx +¢) +120 (dx +¢) sinh(dx
+¢) — 120 cosh(dx +¢)))

15622 ((dx +¢)*sinh(dx +¢) —4 (dx +¢)3cosh(dx +¢) +12 (dx +¢)?sinh(dx +¢) —24 (dx +¢) cosh(dx +¢) +24sinh(dx +¢))

+
a*
~200% ((dx+c)®sinh(dx+¢) =3 (dx+c)*cosh(dx +¢) +6 (dx +c¢) sinh(dx +¢) —6cosh(dx+c¢))
d*
N 1562 * ((dx+¢)?sinh(dx +¢) —2 (dx +¢) cosh(dx +¢) +2sinh(dx +¢))
a
i 2ba((dx-+c)4smh(dx-kc)-—4(dx-kc)3umh(dx-¥c)-%12(dx-+c)2smh(dx-+c)-—24(dx-%c)coﬂudx-+c)-%24smh(dx-%c))
d2
2.5 : _ 4 .
_ 87 ((dx”)smh(‘;‘“) cosh(dx+c)) | 2b¢ "S“;};(dx“) +a® ((dx+c)?sinh(dx +c¢) —2 (dx +c) cosh(dx +¢) +2sinh(dx
+¢)) + %(bz((dx+c)6sinh(dx+c) —6 (dx+c¢)’cosh(dx +¢) +30 (dx +c¢)*sinh(dx +¢) — 120 (dx +¢)3 cosh(dx +¢) +360 (dx

b* P sinh(dx + ¢)

+c)2sinh(dx+c) — 720 (dx +¢) cosh(dx +¢) +720sinh(dx +¢))) + 7

—-2a20((dx-+c)sﬁm(dx-kc)—-umh(dx-%c)))

Problem 24: Result more than twice size of optimal antiderivative.
sz (bx> 4 a) cosh(dx +¢) dx

Optimal (type 3, 124 leaves, 11 steps):
120 b cosh(dx +¢) _2axmeM+m)__wacdex+d _5bﬁc%de+c)+_mmdex+c)+_H0hmdex+d
& d* a & & &
ax*sinh(dx +c) + 205 x° sinh(dx + ¢) N bx° sinh(dx + ¢)
d P d

+



Result (type 3, 388 leaves):

L L(b ((dx+c)55inh(dx+c) -5 (dx+c)4cosh(dx+c) +20 (dx+c)3sinh(dx+c) — 60 (dx+c)2cosh(dx+c) + 120 (dx +¢) sinh(dx +¢)
P\ &P

120 cosh(dx +¢) ))

5bc((dx+c)*sinh(dx +¢) —4 (dx+c¢)>cosh(dx +¢) + 12 (dx +¢)?sinh(dx +¢) — 24 (dx +¢) cosh(dx +¢) 4+ 24sinh(dx +¢))

d3
N 106 ((dx +¢)3sinh(dx+c¢) —3 (dx +c)*cosh(dx +¢) +6 (dx +¢) sinh(dx +¢) —6cosh(dx +¢))
d3
_ 106 ((dx +c)?sinh(dx +c¢) —2 (dx +c) cosh(dx +¢) +2sinh(dx+c)) 4 5bc* ((dx+c¢) sinh(dx +c¢) — cosh(dx +¢))
& &
b sinh(dx +c) ) . . .
— 7 +a ((dx+c)?sinh(dx +¢) —2 (dx+c¢) cosh(dx +¢) +2sinh(dx +c¢)) —2ac ((dx+c¢) sinh(dx +¢) — cosh(dx +¢))

+c2asinh(dx+c))

Problem 25: Result more than twice size of optimal antiderivative.
Jx (bx> +a) cosh(dx +c¢) dx
Optimal (type 3, 94 leaves, 9 steps):

_acosh(dx+c) _ 24bxcosh(dx+c) _ 4bx’cosh(dxtc) | 24bsinh(dx+e) | axsinh(dxtc) | 12b2sinh(dx+c) | ba'sinh(dx+c)
d> & d> & d & d
Result (type 3, 256 leaves):
1 (b((dx+c)4sinh(dx+c) —4 (dx+c)3cosh(dx+c¢) +12 (dx +¢)?sinh(dx +¢) —24 (dx +¢) cosh(dx + ¢) + 24 sinh(dx +¢))

d3

2 >
_ 4bc((dx+c)3sinh(dx+c) -3 (dx+c)2c0sh(dx+c) +6 (dx+¢) sinh(dx +¢) —6cosh(dx +¢))
d3
N 6b ((dx+c)?sinh(dx+c¢) —2 (dx+c) cosh(dx +¢) +2sinh(dx+c))  4bc ((dx+c)sinh(dx+¢) —cosh(dx+c)) talid
7 7 a((dx
4 .
+¢) sinh(dx +¢) — cosh(dx +¢) ) + 2 simh(dx +c) —casinh(dx—i—c))

Problem 28: Result is not expressed in closed-form.
Jcosh(dx+c)
2 (bx3 +a)



Optimal (type 4, 273 leaves, 17 steps):
1 /3 1 /3 113 N1 31/
p! /3Chi[ a °d —I—dx]cosh(c— a d) (—1)23p! /3Chi[ (1) "a 7d —dx) cosh[c—i— (=) ~a d)

pl /3 pl /3 N pl /3 pl /3
3443 344 /3
' (—1)2/3a1/3d (—1)2/3a1/3d
(—1)1 3p! /3Ch1[— —dx | cosh| ¢ —
B pl /3 pl /3 _ cosh(dx+c) , deosh(c) Shi(dx) , dChi(dx) sinh(c)
3443 ax a a
1/3 1/3 _\1 /3 1/ _\1 A1/
b1/3Shi{a1/3d +deSiHh(C_al—/3dJ (—1)2/3b1/38h1[-( 1)1/361 d+deSIHh(C+ ( 1)1/3a d]
b b b b
+ 34473 + 34473
_1\2/3,1/3 N2 /315
1 gl S| (Z1)7 7 a 7Pd . _(=1)*7a 4
) (—1) b Shl( A 7 +dx | sinh| ¢ A 7
3443
Result (type 7, 186 leaves):
e R'Ei (dx — RI +¢)
d 1
Cedxme N RI=RootOf( Bb—3 Zbc+3 ZbP+ad3—bc3) RI=c + de “Ei (dx) _edxte
2xa 6a 2a 2xa
d{ e Ei (-dx+ RI —c) J
n RI=RootOf( Bb-3 Zbe+3 Zb2+add—b3) RI—c _ d e Eij (-dx)
6a 2a
Problem 29: Result is not expressed in closed-form.
Jcosh(dx+c)
P (ba,j +a)

Optimal (type 4, 294 leaves, 18 steps):
1/3 1/3 _\1 /3 1/3 _\1 B 1/
b2/3Chi[ a d +dx)cosh(c— a dj (—1)1/3b2/3Chi( (1) "a 77d —dx] cosh[c+ (Z1) Za d)

& Chi(dx) cosh(c) bl /3 Nz bl /3 b /3
2a B 3c15/3 * 3as/3
(—1)2 /352 /3Chi[ - (_1);/2611 Pd —dx) cosh(c— (_1);/2“1 &l } h(d 2 Shi(dx) sinh
_ ~ ~ _ cos ;a))cc;c) i i( 2xc)l sinh(c)
b2 /3Shi[ ";l/;d +dx)sinh(c— ";l—/;dJ (—1)1 B/ Shi[— (_1);1/2"1 Pd +dx)sinh(c+ (_1);1/;;1 /3dJ
3415/3 * 3(15/3



2 A A (FD27Pd Pa o (m1)2 el B
e Shl( bt~ o imh € p! /3 _ dsinh(dx+c)

3a5/3 2ax
Result (type 7, 239 leaves):

2 e RIEi (dx— RI+c)
2
N RI=RootOf Bb—3 2hets zb@+ad-b3) _RIZ—2 Rlc+c

de—dx—c e—dx—c

d e CEij(dx)  gedvte

edx-i-c

d4xa 42a 6a

eR'Ei (-dx+ RI —c)
dz

2 2 cm L
RI=RootOf( Bb-3 Zbet+3 zb2+ad-b3) Rl —2 Rlc+d J . d” ¢ Ei (-dx)

_|_
6a 4a

Problem 30: Result is not expressed in closed-form.
J)f’cosh(dx +e)
—————————?——dx
(b)c3 —I—a)

Optimal (type 4, 500 leaves, 23 steps):

4a

1 /3 1 /3 N1 31/ 113
Chi(abl—/;i+dx)cosh(c—a d) (—1)1/3Chi(( 1) 7a 7d —dx]cosh[c—i-( 1) “a 7d

4xa 4x%a

|

bl /3 »! /3 bl /3
942 Byt /3 Bl 0 B pt /3
()2 Aenf A28 Bl oo (2022l A
b! /3 b! /3 xcosh(dx +c)
" 92 A pt /3 C 3b (b +a)
N1 1 /8 N1 1 /8 1/3 1/3
(—1)2/3dcosh[c+ ( l)bl - d]sm(-( l)bl - d +dx] dcosh(c—abl—/;lJShi[abl—/;{+dx]
- 94" 3p5 /3 B 94 Aps /3
(=D2Bd Ba) (=12 Pd P (' Bd . a' d
N (—1)1/3dcosh[c— T/ Shi T/ +dx ) d Chi Y +dx | sinh 6_171—/3
94! /3b5/3 94! /3b5 /3
1/3 1/3 N1 /31 /3 N1 /3.1 /3
Shi(abl—/;i +de sinh(c—abl—/;ij (—1)2 /3dChi( ( 1)b1 /3a d _dx] Sinh[c+ ( 1)bl /3a d)
i 942 B3 pt /3 B 04 Bps /3
N1 /1 /3 _\1 13 _1\2/3.1/3 _\2/3.1/3
(—1)1/3Shi[—( l)bl - d +dx)sinh{c+ ( Ubl = d) (—1)1/3dChi(—( l)bl - d —dx] sinh[c— ( 1)b1 - d)
- 9(12/3174/3 + 9611 /3b5/3



p! /3

_1\2/8 1/ _1\2/3 1/
(—1)2/3Shi[( D?Pal Pd +dx)sinh[c— (=1)? 7l 3")

B! /3
+
9 42 /3b4 /3
Result (type 7, 876 leaves):
d3e—dx—cx
6b(bdx° +ad®)
__
18dab?
(3 RI*b — Rlad® —5 RIbE —2acd® +2bc* +3 RIbA +ad —bc) e R'Ei (dx— RI+c) j
2
RI=RootOf( Bb-3 2bec+3 Zb2+ad3—b3) _RI> =2 Rlc+¢
; (RI—c+2)eREi(dx— RI+c) J
C
+ RI1=RootOf ( Bb—3 Zbc+3 Zb2+ad3-b3) —R12_2_R]C+CZ
18dab
P [ 3 (RI*— Rlc+ RI+c)e®Ei(dx— RI+c) ]
2
B RI=RootOf( Bb—3 2bc+3 ZbP+ad3—b3) _RIP—2 Rlc+d
6dab
[ » (2 RI*bc—3 RIbF —ad’ +bc +2 Rlbc) e R'Ei(dx— RI+c) J
C
2
n RI=RootOf( Bb—3 Pbc+3 ZbP+ad3—b3) _RI* =2 Rlc+¢ dedrtey
6dab’ 6b(bdx° +ad®)
-
18dab

(3_RI*b? — Rlad®—5 _RIbS —2acd® +2bc* =3 RIb* —ad® +bJ) e Ei (-dx+ _RI—c)

"RI?-2 Rlc+¢ ]
(LRI —c—2)eREi(-dx+ Rl —c) ]

"RI=RootOf( Bb-3 Zbc+3 Zb2+ad3—b3)

3
C
2
B { RI=RootOf( Bb—3 Zbe+3 Zb2+add—bc) _RI> =2 Rlc+¢c

18dab
P (RI*— Rlc— RI—c)e™Ei(-dx+ RI—c) J
2
N RI=RootOf( Bb-3 Zbc+3 ZbP+ad—b) RI’—2 Rlc+d
6dab

D (2 RI’bc—3 RIbF —ad® +bc —2 RIbc) e Ei (-dx+ RI—c)

C
2
_ [ RI=RootOf( Bb—3 Zbe+3 ZbP+add—b3) _RI> =2 Rlc+¢ J

6dab*



Test results for the 22 problems in "6.2.3 (e x)”"m (at+b cosh(c+d x"n))"p.txt"

Problem 11: Result more than twice size of optimal antiderivative.

cosh(a + 2)
X
— dx
A

Optimal (type 3, 46 leaves, 4 steps):

2cosh(a+£j 251nh(a+£) sinh(a+£)
X _ X X

b x b b

Result (type 3, 93 leaves):

2
(a—i—é) sinh(a—i—é) —2(a+£)cosh(a+2j +2sinh(a+£) —2a((a+£)sinh(a+£) —cosh(a—i—é)) +azsinh(a+£)
B X X X X X X X X X

b3

Problem 12: Result unnecessarily involves higher level functions.

Jcosh(a +bx") dx

Optimal (type 4, 61 leaves, 3 steps):

Jxr(lg—bfq xr(lgbﬂ
n n

SN N

- 1 _
2n (-bx")" 2¢n (bx")
Result (type 5, 73 leaves):
ni2
"2 ¥' 71 b hypergeom l—l-L, i,i+L ,xz b )sinh(a)
xhypergeom €L L 14—J; b cosh(a) + 2 2n 2 2 2n 4
YPerg 2n 120 T 20 4 nt 1
Problem 13: Unable to integrate problem.
Jcosh(a +—bxﬁ)3 dx
Optimal (type 4, 140 leaves, 8 steps):
e3"x1"(l,—3bx”] 3e“xr(i,—bx") 3xr(i,bxﬂ) xr(i,3bx”]
B n _ n _ n _ n
1 b L b 1 L
83" n(-bx")" 8n(-bx")" 8en (bx")" 83" &n (ba")"
Result (type 8, 12 leaves):

Jcosh(a +—bxﬁ)3 dx



Problem 15: Unable to integrate problem.

J(ex)_l 1 (g +beosh(c+dx"))’ dr
Optimal (type 6, 117 leaves, 5 steps):

(ex)"AppezzFl(i, 5L 3 b(1-cosh(etds)) 1 _ cosh(c+d") ) (a +beosh(c +dx") ) sinh(c +dx") V2
RSN atb 2 2
p
demf(a+bcf%2+dﬂ)) J1+cmMc+dﬂ)

Result (type 8, 24 leaves):

J(ex)_1+” (a+bcosh(c+dx") )’ dx
Problem 16: Result unnecessarily involves higher level functions.

[ﬁ”cosh(a +bx") dx
Optimal (type 4, 85 leaves, 3 steps):

¥x1+mF(-Li12,—bfq x1+mr(-311£,bfj
n

B _ n
1+m 1+m
2n(-bx") " 2¢%n (bx") "
Result (type 5, 109 leaves):
ny2
x1+mhypergeom([2m—n +21—n], [%’1+2’71_n +21_n , x24b ]cosh(a)
1+m
1 m 1 3 3, m 1] 20 .
rtntlpp —+—+— ||+ =+ h
N ypergeom| | 5+ ot o b 202 T o Taa ) 4 )o@
m+n-+1
Problem 17: Unable to integrate problem.
J-xmcosh(a+bﬂ)3dx
Optimal (type 4, 196 leaves, 8 steps):
e“x”mr(lﬂ,—wﬂ) 3e“x1+mr(lﬂ,—bﬂ) 3x1+mr(1ﬂ,bx") x1+mr(1ﬂ,3bﬂ)
n n n n
B 14+m 1+m N 1+m N 1+m N 14+m 1+m
83 " n(-bx") " 8n(-bx") " 8e?n (bx") " 83 " Sen(px) "

Result (type 8, 16 leaves):

J-xmcosh(a + bﬂ)3 dx



Problem 19: Result more than twice size of optimal antiderivative.
szcosh(a +bydx+c) de

Optimal (type 3, 310 leaves, 16 steps):

24000sh(a —l—b\/dx—i-c) 24ccosh(a +b\/dx+c) . 2C’2005h(a +b\/dx+c) . 120(dx—l—c)cosh(a +b\/dx+c)

bS b & b3
n 12¢ (dx +¢) cosh(a+b\/dx+c) _ 10 (dx+c) cosh(a+b\/dx+c) dx+c)3/2smh(a+b\/dx+c)
b b b &
(dx+c)3/zsmh(a+b\/dx+c) dx—l—c)s/zsmh(a—kb\/dx—l—c) 24OSinh(a+b\/dx+c)\/dx+c
bd bd® b &
_ 24csinh(a +bJdx+c ) Jdx+c 20251nh(a +bJdx+c ) Jdx+c
b & bd

Result (type 3, 830 leaves):

1 (2 [%((a +bydx+c )Ssinh(a +bdx+c ) -5 (a +bydx+c )4cosh(a +bydx+c ) +20(a +bydx+c )3sinh(a +b\/dx+c)

s
—60 (a+byaxTe) cosh(a +byaxTe) +120 (a + byax ¢ ) sinh(a +byTxTe) — 120cosh(a +byTxTe) ) — . 1 (54((a
v oyarTe) sin(a+oyarTe) —4(a+byarie) cosh(a +byarie) +12 (a +byaxTe) sinh(a +bydrTe) —24 (a
+byaxrTc) cosh(a+bydrTe) +24sinh(a +bydxte))) +#(IOaz((a-l—b\/T—f-cfsinh(a—l-b\/m) ~3(a

+hyarTe) cosh(a+byaxFe) +6 (a+byaxFe)sinh(a+byarFe) —6cosh(a +byarFe)))
. 10a3((a +bydx+c )zsinh(a +bydx+c ) —2(a +bydx+c ) cosh(a +b\/dx+c) +2sinh(a —l—b\/dx—i-c)) B L(2c((a

»* b?

+bydx+c )3sinh(a +b\/dx+c) -3 (a +bydx+c )2cosh(a +bydx+c ) +6(a +bydx+c ) sinh(a +bydx+c ) —6cosh(a
+bm))) n 6ca((a +bydx+c )zsinh(a +bydx+c ) -2 (a +b\/dx+c)cosh(a +bydx+c ) +25inh(a +b\/dx+c)>

b2

a4((a +bydx+c ) sinh(a +bydx+c ) —cosh(a +b\/dx+c))
b4

. 6azc((a+b\/dx+c)sinh(a+b\/dx+c ) —cosh(a —l—b\/dx—i-c)) _a s1nh(a+b\/dx+c) 2a csmh(a +b\/dx+c) ((a

b? p* b?

M




b TrTe) sinh(a + 5 yTTTE) —cosh(a +5yTrTe)) —czasinh(a+b\/m)])

Problem 20: Result more than twice size of optimal antiderivative.
szcosh(a—l-b (dx+c)' 73) dx

Optimal (type 3, 477 leaves, 23 steps):
720ccosh(a+b (dx+¢)' ) 120960 (dx +¢)' Peosh(a +b (dx+c)' ) 62 (dx+c) Beosh(a+b (dx+e)' )

b & b & b &

N 360 ¢ (dx +c)* Beosh(a+b (dx+c)' ) 20160 (dx+c) cosh(a +b (dx+c)' /) N 30 ¢ (dx+c)* Beosh(a +b (dx +c)' 73)
b b & &

1008 (dx+c)’ Boosh(a +b (dx+c)' ) 24 (dx+c)? Poosh(a+b (dx+c)' ) N 120960 sinh(a + b (dx +¢)!' /3)
b v »d

L 63sinh(a+b(dx+c)' #)  720c(dxtc)' Psinh(atb(dx+c)' ) | 60430 (dx+c)* Asinh(a +b (dx+c)' /)

b & »d b &

L 33 (dx+)? Psinn(a+b(dx+e)' ) 120¢(dxtc)sinh(a+b (dxte)' ) | 5040 (dx+c)* Asinh(a +b (dx+c)' /)
bd’ b & &

_ 6c(dxtc)® Psinh(a+b (dx+c)' #) | 168 (dx+e)?sinh(a+b (dx+e)' 7)) | 3 (dxtc)® Psinh(a+b (dxtc)' )
bd® B bd®

Result (type 3, 1814 leaves):

ﬁ(S [azczsinh(a —H)(a’x—i-c)1 /3) - %(Sa((a —i—b(dx—kc)1 /3)7sinh(a —H)(a'x—i-c)1 /3) —7(a —i—b(dx—kc)1 /3)6cosh(a +b(a’x-|—c)1 /3)

+42 (a+b (dx+e) ) sinh(a+b (dx+c)' B) =210 (a +b (dx+¢)' ) cosh(a +b (dx+¢)' 73) +840 (a +b (dx+¢)' 73)’ sinh(a
b (dx+e)' B)=2520 (a+b (dx+e)! ) cosh(a+b (dx+e)' ) +5040 (a+b (dx+c)' 73) sinh(a +b (dx+c)' 73) = 5040 cosh (a

+b(dx+e)' B))) +#(28a2((a+b(dx+c)l /3)Csinh(a +b (dx+e)' B) =6 (a+b(dx+c)' ) cosh(a+b (dx+c)' 73)

+30 (a+b(dx+e) ) Sinh(a+b (dx+c)' 3) =120 (a +b (dx+¢)' ) cosh(a +b (dx+¢)' 73) +360 (a+b (dx+c)! ) sinh(a

+b(dx+e)' ) =720 (a+b (dx+¢)' ) cosh(a +b (dx+¢)' 3) +720sinh(a + b (dx+¢)! 73))) — %(56a3((a+b(dx

+¢)' ) sinh(a +b (dx+¢)' B) =5(a+b (dx+e) ) cosh(a+b (dx+e)' B) +20 (a+b (dx+¢)' 72) sinh(a +b (dx +c)! 73)



—60 (a+b(dx+c)! ) %osh(a+b (dx+c)' ) +120 (a +b (dx+c)! /) sinh(a +b (dx +¢)' /3) = 120cosh(a +b (dx+¢)L 73)))

+#(70a4((a —I—b(dx—i—c)1 /3)4sinh(a —i—b(a’x-l—c)1 /3) —4 (a —I—b(dx—i—c)1 /3)3cosh(a -I-b(a’x—l—c)1 /3) +12 (a —i—b(a’x-l—c)1 /3)zsinh(a

+b(a’x+c)1 /3) —24 (a +b(dx+c)1 /3)cosh(a +b(dx+c)1 /3) + 24 sinh(a +b(abc+c)1 /3))) —2acz((a +b abc+c)1 /3)s1nh(
+b(dx+c)' ) —cosh(a +b (dx+c)' 7)) - #(56a5((a+b(dx+c)l /) sinh(a +b (dx+¢)' ) =3 (a+b (dx+¢)' /) cosh(a

b (dx+c)' B)+6(a+b(dx+e) ) sinh(a+b(dx+c)' ) —6cosh(a+b (dx+c)' B3))) - %(2c((a+b(dx+c)1 /3)? sinh(a

tbh(dx+c) ) =5(a+b(dxte) B) cosh(a+b(dx+e)' B3)+20(a+b(dx+c)! ) sinh(a +b (dx+e)' 3) —60 (a+b (dx

+c)! /3)2cosh(a +b(dx+c)! /3) +120 (a +b (dx+c)! /3)sinh(a +b(dx+c)! /3) —120cosh(a + b (dx +¢)! /3)))

n 28a6((a—i—b(dx—i—c)l/3)2sinh(a+b(dx+c)1/3)—2(a+b(dx+c)1/3)cosh(a+b(dx+c)1/3)+25inh(a+b(dx+c)1/3))
b6
8a7((a+b(dx+c)l/3)sinh(a+b(dx+c)1/3) —cosh(a+b(dx+c)1/3)) 2a csmh(a+b(dx+c)l/3) +c2((
b® b

a+b(dx

-l-c)1 /3)zsinh(a —|—b(dx—i—c)1 /3) —2(a —I—b(a’x—l—c)1 /3)cosh(a -l-b(a’x—l—c)1 /3) + 2 sinh(a -i-b(alx—i—c)1 /3)) +%( (a
+b (dx+e)' ¥ sinh(a +b (dx+¢)' B) =8 (a+b(dx+c)' ) cosh(a+b (dx+c)' ) +56 (a+b (dx+c)' ) sinh(a +b (dx+¢)' 73)
—336 (a+b(dx+c)' ) cosh(a+b (dx+e)' 7)) +1680 (a+b (dx+¢)! ) sinh(a +b (dx+c)' B) —6720 (a +b (dx+¢)' 73) cosh(a

+b (dx+c)' ) +20160 (a +b (dx+c)' ) sinh(a +b (dx+¢)' 73) —40320 (a +b (dx +¢)' 73) cosh(a +b (dx +¢)' /3) + 40320 sinh(a

Yb(dx+c)' ) +

8 . 1/3
a S‘nh(“+bb(6d"+c) ) +#(1oca((a+b(dx+c)1/3)4sinh(a+b(dx+c)1/3)—4(a+b(dx

+e)' Y coshla +b (dx+¢)' ) +12 (a+b (dx+¢)! 73) sinh(a +b (dx+e)' ) =24 (a +b (dx+¢)' 73) cosh(a +b (dx+¢)! 73)

+ 24 sinh(a —I—b(dx—i—c)1 /3))) - %(206&2((0 —|—b(dx—i—c)1 /3)3sinh(a —i—b(alx—i—c)1 /3) —3(a —|—b(dx—i—c)1 /3)zcosh(a +b (dx



+)1 ) 46 (a+b(dx+e)! ) sinh(a+b (dx+¢)' ) —6cosh(a +b (dx+c)! 7))

+20#0(M%Jﬂdx+dlﬂ)%mMa+b(dm+dlA)—2(a+b(dx+cﬂ/ﬂc%Ma+b(dx+dlﬂ)+2ﬁMﬂa+b(dx+d1A))
b3
IOft((a+b(dx+c)lA)QMKa+b(dx+c)lA)—wmm(a+b(dx+c)lﬂ))]j

b3

Problem 21: Result more than twice size of optimal antiderivative.
chosh(a +b(dx+e)' ) dx
Optimal (type 3, 231 leaves, 13 steps):
360 cosh(a +b (dx+c)' /) N 6c(dx+c) Beosh(a+b(dx+c)' ) 180 (dx+c)2 Peosh(a +b (dx+c)' /)

S o b2 o b* d?
15 (dx+)* Poosh(a+b (dx+c)' ) 6esinh(a+b (dx+c)' ) N 360 (dx +c¢)' Bsinh(a +b (dx+c¢)' 73)
b d* b d? b d*

_ 3c(dx+c)2Psinh(a +b (dx+c)' ) L 60 (dx+e) sinh(a +b (dx +¢)' 73) N (dx+¢)® Bsinh(a +b (dx+¢)! 73)
bd? b bd?
Result (type 3, 658 leaves):

ﬁ@ [#(( b (dx+c) B sinh(a+b (dx+e)' ) =5 (a+b(dx+e)' ) cosh(a+b (dx+e)!' ) +20 (a+b (dx+c)' 73) sinh(a

b (dx+e) B) =60 (a+b(dx+c) ) cosh(a+b(dx+e)' ) +120 (a+b (dx+¢)! 72) sinh(a +b (dx+¢)' 73) =120 cosh(a

+b (dx+e)' ) - %(5a((a+b(dx+c)l /3 sinh(a +b (dx+c)' B) =4 (a+b (dx+e)' 3) cosh(a +b (dx+e¢)' 73)

+12 (a+b (dx+c)' ) %inh(a +b (dx+c)' ) =24 (a+b (dx+c)' ) cosh(a+b (dx+c)' /) +24sinh(a +b (dx+c)! 73)))

+%(10a2((a+b(dx+c)l /3 sinh(a +b (dx+¢)' B) =3 (a+b (dx+c)' B) cosh(a+b (dx+c¢)' ) +6(a+b(dx+c)' 73) sinh(a

+b(dx+c)! /3) —6cosh(a +b (dx+c¢)! /3)))

_10a® ((a+b (dx+c)' ) sinh(a+b (dx+c)' ) =2 (a+b (dx+c)' /) cosh(a +b (dx+c)' /) +2sinh(a +b (dx+c)' 7))
b3
N 5a4((a+b(dx+c)1/3)sinh(a+b(al’))3c+c)l /) —cosh(a +b (dx+c)' ) assinh(a+bb(3dx+c)l A) Ce((ath (ds




+e) ' 2)  sinh(a +b (dx+e)' 2) =2 (a+b (dx+e)! ) cosh(a+b (dx+¢)' ) +2sinh(a+b (dx+¢)' 7)) +2ac((a+b (dx
+c) 1A)sinh(a +b(d)c+c)1 /3) —cosh(a+b(dx+c)1 /3)) —azcsinh(a +b(a’x+c)l /3)))

Test results for the 11 problems in "6.2.4 (dte x)”m cosh(atb x+c x"2) " n.txt"

Problem 4: Unable to integrate problem.
J( cosh(—cx2 +bx+a) _ bsinh(—cx2 +bx+a) &
x2 X

Optimal (type 4, 82 leaves, 7 steps):

b2 b2
= _ -a— — -
e A f(—Zcx—i-b}\/?\/; e 4cerﬁ(—2cx+bj\/?\/;
_cosh(—cx2+bx+a) 4 2(c _ N
by 2 2

Result (type 8, 37 leaves):

J( cosh(—cx2+bx+a) _ bsinh(—cx2 +bx+a) jdx
2 X

Problem 11: Result more than twice size of optimal antiderivative.
J(ex+d) cosh(cx? +bx +a) dx

Optimal (type 4, 100 leaves, 6 steps):
b2 2

(-be+2cd)ea+5erf(2L+b}ﬁ (-bet2cd)e Eerﬁ(m)ﬁ
esinh(cx2+bx+a)+ 2c i 2J¢
2¢ 8 /2 8 /2
Result (type 4, 210 leaves):
_4ca—b2 _4ca—b2 4ca—b2
d\/?e 4c erf[\/?x+ b J eb\/Fe 4c erf[\/?x+ b J d\/;e 4c erf[—\/—_cx+ b ]
2Jc ) eerePbia Y 2/ ¢
N 4c g /2 4yc
4ca—b2
5 eb\/;e 4c erf(—\/—_cx+ b J
+eecx +bx+a+ 2\/-_0
4c 8cy ¢

Test results for the 89 problems in "6.2.5 Hyperbolic cosine functions.txt"



Problem 3:

Optimal (t

Result more than twice size of optimal antiderivative.

Jcosh(bx+a)7/2dx

ype 4, 85 leaves, 3 steps):
bx a)? . . bx a
101 h| — + — | EllipticF| Isinh| — + — |,V 2 : )
_ /COS ( 2 2) iphie ( s ( 2 2) ) 2cosh(bx+a)5/251nh(bx+a) n 10 sinh(bx +a) / cosh(bx + a)
bx 7b 21b
21 cosh + = 1>
cos ( 2 2 )

Result (type 4, 200 leaves):

bx a\? . bx 2 bx a\’ bx a\’ bx
(2/[2cosh( 2 + 2) l)smh( 2 + 2) (48cosh( 2 + 2) 120c0sh( 2 + 2) +128c0sh( 2
a

%) j/

Problem 4:

Optimal (t

. bx a)? bx a bx a bx
+5/ mm(z +2) / 2mm(2 +2) +1mmmw(mm(2 +2)”ﬁjﬁﬁ6mm(2
/ b

1 2 2
. . bx a bx bx a
2sinh[ 2% + £ h| 22 + £ | sinh 2cosh| 22 + 2] —1
s1n(2+2j+s1n(2+2j s1(2+2)/ cos(2+2) b)

Result more than twice size of optimal antiderivative.

Jdcoﬂdbx-+a) dx

ype 4, 46 leaves, 1 step):

2
21 / cosh( bzx +5 ) EllipticE

TN

Isinh(% + ﬁj,ﬁj

bx
h| — +
cos ( 2

SRR
N—
S5

Result (type 4, 134 leaves):

2

bx a\? . bx a\? . bx a\? bx
2 cosh —1 h| — + — -sinh| — + — -2 cosh| —
/( cos(z—i-z) js1n(2+2)/sm(2+2]/ cos(2

Elllpt]CE( cosh ( b? + =

5
+%j —72c0sh(% +

(SRR
N——
w

)7

Problem 5:

Optimal (t

] +1
b

ﬁ
2
bx 4 . bx a\? . bx a X 2
/2smh( E) +smh(7+5j 51nh(7+5)/2cosh(7+5) 15

Result more than twice size of optimal antiderivative.
J(acosh(x) )7 /2 d

ype 4, 66 leaves, 4 steps):



2
1014* h| = Ell"FI'hi)\/Z) h
2a(acosh(x))® Psinh(x) 14 (2] ptic ( st (z . cosh(x) | 10 sinh(x) Jacosh(x)
21

7 21cosh(%) acosh(x)

Result (type 4, 144 leaves):

T e 7] T o U] T sl e
—2) —144cosh(§)3 +32cosh(%]])

x ) x )2 . x V2 o X
+ 256 cosh 3 +5y2 | -2cosh 3 +1 -sinh P} EllipticF | cosh P} V2, >

Problem 6: Result more than twice size of optimal antiderivative.
J(acosh(x))s/zdx

Optimal (type 4, 53 leaves, 3 steps):

2
61d° cosh( %) EllipticE(Isinh( % ),\/7] acosh(x)

2a (acosh(x))® Zsinh(x)
> SCOSh(%) cosh(x)
Result (type 4, 183 leaves):
2 2 6
1 (/a [2cosh(£) —l)sinh(i) a [16cosh(£)sinh(£j
5 5 2 2 2 2
5/a(2sinh(£) +smh(£) j sinh(ij/a(2cosh(£) —1]
2 2 2
2 2
+16sinh(%) cosh(%] +3\/T/ —2sinh(%) -1 /—sinh(%] EllipticF(cosh(%]ﬁ,gJ

—6\/7/—25inh(%j2—1 /—sinh(%)z EllipticE(cosh(%)ﬁ, g] +4sinh(§)2cosh(%)])

Problem 7: Result more than twice size of optimal antiderivative.
J(acosh(x) )3 /2 dx

Optimal (type 4, 53 leaves, 3 steps):



2
21a% [ cosh[ = En't'FI'hij 2) h
] a~ | cos (2) iptic ( sin (2 2 | Veosh(x) 4 2 asinh(x) / a cosh(x)

3cosh( %) acosh(x) 3

Result (type 4, 129 leaves):

s Jolza(3] vam(5] T sm(3) [o[2om (3] -] [Jeleeom{s T3 [som( 5 )'eon(5)
+\/7/—2sinh(%)2—l /—sinh(%)z EllipticF[COSh(%)ﬁ’ JZ ] +4Sinh(%)2cosh(%)])

2

Problem 8: Result more than twice size of optimal antiderivative.

J;/acosh(x) dx

Optimal (type 4, 38 leaves, 2 steps):

2
=21 cosh(%] EllipticE(Isinh(%),ﬁj acosh(x)

cosh( % ) cosh(x)

Result (type 4, 117 leaves):
2 2 2 2
/a[2cosh(%) —1)sinh(§) aﬁ/—zcosh( j +1/—sinh(§) [EnipticF[cosh(g)ﬁ,gj—2EnipticE[cosh(§)ﬁ,g]]
4 2 2
/a[2sinh[ j +sinh(£j j sinh(ﬁ)/a(Zcosh(ij —lj
2 2 2
Result more than twice size of optimal antiderivative.

|
acosh(x)

N | =

N | =

Problem 9:

Optimal (type 4, 38 leaves, 2 steps):

2
21 cosh(%) EllipticF(Isinh(%j,ﬁ)\/cosh(x)

cosh[ % j a cosh(x)

Result (type 4, 99 leaves):



/a (2cosh(%)2—1jsinh(%]2 / 2c05h(%) /—sinh(%)z EllipticF[cosh(%)ﬁ, g)
/a[2sinh(§) —I—smh( 5 )2] s1nh( 5 )/a(Zcosh(%)z—lj

Problem 10: Unable to integrate problem.
J(bcosh(dx+c) )" dx
Optimal (type 5, 65 leaves, 1 step):

(bcosh(dx +¢) )"'thpergeom( [ + % ] [% + % ],cosh(dx—l—c)z) sinh(dx + ¢)

0|3

1
2 b

bd (n+1) -sinh(dx +¢)?
Result (type 8, 12 leaves):
J(bcosh(dx+c) )" dx

Problem 15: Result more than twice size of optimal antiderivative.

1
J &
Ja+acosh(dx+c)
Optimal (type 3, 37 leaves, 2 steps):

arctan[ sinh(dx +c¢)Ja V2

2y a+acosh(dx+c)

Result (type 3, 102 leaves):

Problem 16: Result more than twice size of optimal antiderivative.
1

J(a+acosh(dx+c))5/2

Optimal (type 3, 88 leaves, 4 steps):



3 arctan[ sinh(dx +¢)Ja 2

sinh(dx + ¢) 3sinh(dx +c) 2y a+acosh(dx +c)

+ +
4d (a+acosh(dx+c))> >  16ad (a+acosh(dx+c))3 324524
Result (type 3, 177 leaves):

- 1 /asinh(£+ﬂ]2 31In 2( - /asmh(
. 2 2

2 <
-l-%) d cosh(2

(3
&
S,
O
o]
w
=3
/N
N|m
l\)|&‘
\_/
|
]
2.
=)
5
/N
to|m
M|&
N—
Q
(<]
]
w
=
/N
o

4 2
2+ 90) s fasin( £+ L) com( &4 25 )y T -2y [asin( £ +

N|q
o

Problem 24: Result more than twice size of optimal antiderivative.
J(a +beosh(x))3 72 dx

Optimal (type 4, 144 leaves, 6 steps):

2
2 bsinh(x ’—a T oo 81a cosh( % ] ElllpthE( Isinh \/_ / J v a -+ bcosh(x)

X a + bcosh(x
3 cosh| = atbeosh(x)
(2)‘/ b

2
21 (a* — %) cosh(%j ElhptlcF(Ismh \/_/ o ]/“"‘bCOSh(X)
a

n a+b

3 cosh( % j a + bcosh(x)

Result (type 4, 457 leaves):

214 _az—bb b2cosh(%)sinh % [ 2 /- ab+2 [ - bz)smh cosh(%j
2b sinh( z j 7 /— |~ e
+3 42 / 2 at b smh 1 EllipticF cosh 2b

2b sinh( % N b E b [-2(a=b)
+4ab b 4 —smh % EllipticF cosh
a — / /

S
|
>
S}

M|R



a—>b

2(a—b)
a+b . x V2 X Zb \/ X . x \?
+ P / s1nh( Zj EllipticE cosh 2 [ - ab /[20051’1( 2) b+a bJsmh( 2)
3 2bsinh[ = 4+(a+b)sinh N ion 2 [ 2sinn( X zb—i—a—i—b
b 2 2 2 2

Problem 25:

X [ 2(a—b)
2b s1nh = 5
2 +4 +b —sinh( % ) EllipticF cosh % [ - 2 b

2b s1nh

Result more than twice size of optimal antiderivative.

J\/a +bcosh(dx +c) dx
Optimal (type 4, 86 leaves, 2 steps):

dx L . c
ZI/cosh(E + 7) ElhptlcE[Ismh(E ) J2 a+b

Cosh(i +ﬂ)d/a+bcosh(dx+c)

j\/a + bcosh(dx +c¢)

2 a+b
Result (type 4, 275 leaves):

|n

/ 2(a—b)
d? [ - 2 b + b EllipticF cosh

/ 2(a—b)
2 | aEllipticF cosh £ d— [ - 2b — 2 b EllipticE cosh[ <
2 2 2 2
_2(a—b)
dx 2b b
+ ,
) a—>b 2
c dx \?
2cosh| — +— | b+a—b>
n{ §+2)T [ (5 )oee 2com( &+ 2 as|sin & +
2 2 a—>b 2 2 2 2
2b c dx \* c dx \? c dx c dx
( a—b /ZbSIHh(E‘F?) (a+b)s1nh(5+7J 51nh(5+7)/2s1nh(5+7) b+a+b dj

Problem 29: Result more than twice size of optimal antiderivative.

J A + Bcosh(x)
a + acosh(x)

dx

Optimal (type 3, 45 leaves, 3 steps):



(A —B) arctan[ sinh(x) V'a V2 ] 2
2 a -+ acosh(x) I 2 Bsinh(x)
Ja a + acosh(x)

Result (type 3, 127 leaves):

. 5 2 [\/7 0tsinh(%)2 —a] 2 2 [\/7 asinh(%)z —a]
cosh(E) asinh( ) In COSh(%) Aa—2B asinh(;) V-a —In COSh(%) Ba |2

N | =

2
\ -a asinh(%) acosh(%)

Problem 30: Result more than twice size of optimal antiderivative.

J A + Bcosh(x)
(a +acosh(x))3 /2

Optimal (type 3, 50 leaves, 3 steps):

(A+3B) arctan( sinh(x) a V2 ] J2

(A — B) sinh(x) 2+ a +acosh(x)
+
2 (a +acosh(x))3 7 N

Result (type 3, 158 leaves):

2 2

- 1 asinh(%) In Aacosh(%)
2 x
4cosh| = | a®J=a sinh| = acosh| = cosh( 2)

2 2 2
. x )2
21+ -a asmh(g) —a 2 . —= . —
+3In Bacosh(;j — A4 asmh(z) J-a +B asmh(zj NErRNG

nl X
cos(z)

Problem 34: Result more than twice size of optimal antiderivative.

J A + Bcosh(x)
(a +bcosh(x))? /2

Optimal (type 4, 178 leaves, 6 steps):



1(4b—aB thllEIh \/_ i
_ 2(4b —aB) sinh(x) ~ (Ab—aB) | cos (2] iptic ( sin ] Ja+bcosh(x)
2 _ 12

(a*> = b*) Ja + bcosh(x) cosh(ijb(az—bz) @+ hoosh(x

2 a+b
2
X a + b cosh(x)
21B cosh(z) ElhptlcF[Ismh ,V 2 /a+b )/ s

cosh( j b+ a + bcosh(x

Result (type 4, 482 leaves):

2 2
1 /(2cosh(1j b+a—bjsinh(ﬁ) 1 2B
2 2 =T 5
/stinh( i )

2 4
. X . X X X
s1nh( 5 )/2smh( 2) b+a+b b T —b 2) —l—(a—l—b)smh( >
2 Z
2cosh(£j b+a—-0> > 2at2b
2 ~sinh ij EllipticF | cosh ij - 2b b
a—b 2 P 2 a—b" 2
1  x\A 2
+ 2(Ab—aB) | 2bsinh 3 + (a + b) sinh 3

b . X 2 . X 2 2 2
b s1nh(2j [2s1nh(2) b+a+b) (a* —b?)

_ 2
/ 2“+2b - 2bsinh(ﬁ)
X 2b X 2 a+b
—s1nh 5 + a

2
x ) . X .
2 P bcosh( 5 )smh( 2) + EllipticF cosh 2 P T—b
[ 2a+2b o (x)?
2 bsinh| —
o x\ [ _2b b L (x)? (2) a+b o x 2b
+ EllipticF h| = - -sinh| = + b — 2 EllipticE h| = -
iptic cos(zj P > /sm(z) p— p— iptic cos(zj P
_ 2
2a+2b ~ | 2bsinn[ X
v b /-sinh(i) 2) patbhy,
2 2 a—2>b a—2>b

Problem 35: Result more than twice size of optimal antiderivative.
J A + Bcosh(x)
(

a +bcosh(x) )3 /2




Optimal (type 4, 247 leaves, 7 steps):
2 (Ab —aB) sinh(x) _ 2(44ab—da*B—3Bb*)sinh(x)
3(a=0) (a+beosh(x)) 72 3 (a2 —p2)>Ja T hoosh(x)

2
21(4Aab—azB—3Bb2) cosh(%) EllipticE[Isinh(%j,\IZ / jb|-b ]\/a+bcosh(x)
a

3cosh( X j b (a2 —b2)2 a + b cosh(x)
2 a+b

2
21(Ab—aB) cosh(%) EllipticF[Isinh(%),ﬁ/Qib ]/a+zc:s;(x)

_l.

3cosh(§jb (a® — b*) Ja + beosh(x)

Result (type 4, 794 leaves):

2 2
1 /(2cosh(1j b+a—bjsinh(ﬁ) 1 2B
2 2 7

inn[ inn 2 ) b -2 sinh(ﬁ)z(zsinh(ijzbmw](a2—b2)
smh(z) 2smh(3j b+a+b a—b 5 5

4 2 2
. X . X 2b x ) . X .. X 2b
/stmh( 3) + (a +b) s1nh( 3) 2 b bcosh( 3 ) smh( Ej + EllipticF cosh( 5)

a— a—>b"

2b
a—>b"’

_ 2
/ 2“;2” 5 2bsinh(§) o
Yy /—sinh(%) <

2 + “—b a + EllipticF cosh( %J -



— 2
/ 2“;2” 5 2bsinh(§) o -
. X a . x

A —sinh| X + b — 2 EllipticE h| — - )

2 / St (2) a—>b a—>b IPHEE| €08 (2) a—>b

2a;—2b > 2bsinh(§) b 1 cosh(%)/ZbSinh(%j + (a + b) sinh

N . X a
y 7 -sinh| = b —|2(4b—aB) | -

2 /Sm(z) a=b T a-b Ty man)

2
6b(a—b) (a+b) (cosh(%j + 4=

_ 3(a—b)2(a+b)2/(2cosh(%j2b+a—bjsinh(§j2

2
ZCosh(%] b+a—b

(3a—b)

/ —2a+2b
2
—sinh( ﬁj EllipticF cosh ﬁ 2b
" a—>b 2 2 J
(3a +3a b—3abz—3b3 [ - /2bs1nh

ZCOSh(g) b+a—b>b

+ (a +b) smh( ol )2

M|k

[ -2a + 2b
2
—sinh( % ) EllipticF cosh % [ - 2 b — EllipticE

b
+0) a—>b
2a+2b
4 2
N b (3(a+b)2(a—b)2 __2b /stinh(i) +(a+b)sinh(i) (2a—2b))
2 a—b 2 2
Problem 38:

Result more than twice size of optimal antiderivative.

1
dx
J (a cosh(x)z)3 z
Optimal (type 3, 34 leaves, 3 steps):

arctan(sinh(x) ) cosh(x) n tanh (x)

Za\/czcosh(x)2 Zcleacosh(x)2

Result (type 3, 81 leaves):

16ab (-a




asinh(x)2 (—ln[ 2 (\/7 : asinh(x)2 — a) ] acosh(x)2 +-a asinh(x)2

cosh(x)

2a? cosh(x) / —a sinh(x) v a cosh(x)?

Problem 39: Unable to integrate problem.

J__________dx
a COSh(““")
Optimal(type 4, 55 leaves, 3 Steps):

2
2 Icosh(x)3 /2 h(i) Ell't'E(I'h[ij, 2)
cosh(x)™ 7% [ cosh| 5 ipticE| Isinh| 5 |.y'2 . 2cosh(x) sinh(x)

cosh( % J acosh(x)3 acosh(x)3

Result(type 8, lO leaves):
J 1

Problem 40: Unable to integrate problem.
1

dx
J (acosh(x)3)5/2

Optimal (type 4, 114 leaves, 6 steps):

2
1541 cosh(x)3 /2 h(i) Elli t'E(I'h(ij, 2)
cosh(x)™ 7% [ cosh{ ipticE| Isinh| 5 J,/2° | 154cosh(x) sinh(x) | 154tanh(x)  , 22sech(x)’tanh(x) , 2sech(x)*tanh(x)
195005h( %—)az acosh(x)3 195 a? acosh(x)3 585 42 acosh(x)3 117 & acosh(x)3 13a2\/acosh(x)3

Result (type 8, 10 leaves):

1
dx
J (acosh(x)3)5/2

Problem 44: Result more than twice size of optimal antiderivative.
inh(x)8
Ja—ls-ac(o);;l(x) dr
Optimal (type 3, 47 leaves, 5 steps):
5x _ Scosh(x) sinh(x)  5cosh(x) sinh(x)®  cosh(x) sinh(x)> L sinh(x)”’
16a 16a 24 a 6a 7a




Result (type 3, 207 leaves):

B 1 n 2 _ 1 " 1 " 11 n 1
X 7 X 6 x 5 X 4 X 3 X 2
7a(tanh(—)+l) 3a[tanh(—)+1) a(tanh(—j+l) 4a(tanh(—)+lj 24a(tanh(—)+l) 8a[tanh(—)+1)
2 2 2 2 2 2
I h| Z]+1
5 5 n(tan [ 5 ] + ) | ) |
B X + 16a B x 7 X 6 x 5
16a(tanh(3)+lj 7a(tanh(5)—l) 3a(tanh(5)—l) a(tanh(;)—l)
SIn(tanh(i) —1)
B 1 n 11 _ 1 . 5 . 2

N e e A e e T CE R B

Problem 45: Result more than twice size of optimal antiderivative.
sinh(x)?
———— dx
a +acosh(x)
Optimal (type 3, 29 leaves, 3 steps):

2 (a —acosh(x))3

) 4 (a —acosh(x))*

344 4q°
Result (type 3, 86 leaves):
1 32 L - > + > + > + 1
a X 4 X 3 X 2 X X 4
128(tanh(EJ+lj 192(tanh(5j+l) 256(tanh(5)+1) 256 | tanh By +1 128(tanh(5)—1)
+ > + > -

Ne—
|
—_
Ne—

5
X 3 X 2 X
192 | tanh| = | — 1 256 | tanh| = | — 1 256(tanh(—
2 2 2

Problem 46: Result more than twice size of optimal antiderivative.
J sinh(x)* "
a +acosh(x)
Optimal (type 3, 25 leaves, 3 steps):

~x__ cosh(x) sinh(x) " sinh(x)3
2a 2a 3a

Result (type 3, 102 leaves):



—_—

| - | 2 | 1n(tanh(%] +1) ) 3 2
R Y B e Ot 3 ) R P R I E T Y

2a(tanh(%}—l)

Problem 47: Result more than twice size of optimal antiderivative.

sinh(x)” &
a + bcosh(x)
Optimal (type 3, 130 leaves, 3 steps):
~al(d* =320 +3b*) cosh(x) | (a* =326 +3b*) cosh(x)?>  a(a® —3b*) cosh(x)?

(a> =3b%) cosh(x)*® _ acosh(x)® _ cosh(x)®

+ +
bs 25° 35 45 557 6b
N (a® — %)’ In(a + b cosh(x) )
b7
Result (type 3, 1038 leaves):
2 2
5 ! ! ln(atanh(%) —tanh(%) b—a—bJ |
N > T N s T x s T a—b N N 5
16b(tanh(—)—1) 6b(tanh(—)+l) 6b(tanh(—)—l) 2b(tanh(—)+l)
2 2 2 2
ln(tanh(i)—i-l)
+ L 7+ 7 T+ b2 + > S+ L :
8b(tanh(£]+1) 12b(tanh(i)+1) 165 | tanh i)+1) 2b(tanh i)_l)
2 2 2 2
ln[tanh(i)—l)
1 _ 7 n 2 B 11 n 11
X 4 x 3 b X X
8b(tanh[3]—l) 12b(tanh(5)—1) 165 [tanh( 3] +1 165 [ tanh( 3} —1

N | =

_|_

2 x 2 7 x 2 x 2 6 x 2 x 2 5
ln(atanh( J —tanh(zj b—a—b]a ln(atanh(g) tanh(z) b—a—b]a 31n(atanh(3) — tanh 3) —a—b]a
b7 (a —b) - b (a—b) - b (a—b)

2 2
3ln(atanh(£) —tanh(ﬁ) b—a—b)a4 3ln(atanh( ) —tanh(ﬁ) —a—b)a3 3ln(atanh(£) — tanh (ﬁ) —a—b)a2
2 2 2 2 2
+ + —
b) b)

b* (a —b)



N | =

2 2
8h° (tanh(%)+lj 8b2(tanh(%)+l) bé(tanh(%J+lj 2b5(tanh(%)+l)
54° 9 4?

i i _ 15a n a i a

2b4(tanh(%)+l) 8b3(tanh(%)+1) 8b2(tanh(%)+l) 5b2(tanh(§)_1)5 453(tanh(§)_1)4

2 X 2
1 tanh —tanh| — | b—a—b>b
B n((l an ( ] an (2] a Ja B 7a2 74 a5 a4
b(a—b)

3 2

n a B a n a n a _ a
2 x ! 2 x : 4 x 3 3 x 3 2 x 3
2 b7 | tanh 3 -1 5 b | tanh £y +1 35" | tanh 3 -1 2 b’ | tanh £y -1 4 b~ | tanh 3 -1
ln(tanh(i)—lja6 3ln(tanh(£)—1]a4 3ln(tanh(£)—1]a2 4 3
_ 2 i 2 B 2 i a n a
b’ b b x 2 X 2
2b5(tanh(5)—l) 2b4(tanh(3)—l)
7 a* Ta a at 543
3 X 2 2 X 2 6 X 5 X 4 X
8 b (tanh(z)—l) 8 b [tanh(;)—l) o6 (anh( S ] =1]  26% (nb( 5 )= 1) 28* [t 3] -1
9 o? 15a a* a @
- + + + —
3 X 2 X 3 X 4 2 X 4 4 X 3
857 | tanh( o | —1 857 | tanh( > | —1 4b (tanh(z)—kl) 2b (tanh(z)-i-lJ 3b (tanh(z)—kl)
> ln(tanh(%) +1J a® 3ln(tanh(%) +1J a 3ln(tanh(%) +1J a*
a a
B N 7 T . 3 B + B N B3
2p3 (tanh(;)+lj 4 p? (tanh(5)+l)
+ a + @
2 2
ZbS(tanh(%)+l) 2b4(tanh(%)+l)

Problem 48: Result more than twice size of optimal antiderivative.
sinh(x)? &
a + bcosh(x)
Optimal (type 3, 77 leaves, 3 steps):
_a(a®=2b%)cosh(x) , (a® =2b%)cosh(x)? _ acosh(x)® _ cosh(x)* (a® = b*)*In(a + boosh(x) )
b* 20° 3p? 4b b’
Result (type 3, 598 leaves):




2 2
X X X
3 ln[atanh( > ) tanh( > ) b—a b) 1 1 ln(tanh( 5 ) -I—lj

N 2 a—b N 4 N 3 b
Sb(tanh(—)—l) 4b(tanh(—)+l) 2b(tanh(—)+l)
2 2 2
3 1 1 ln[tanh(g)—l) 5
- + + — +
al ? i ! X ’ b b | tanh h| =] -1
8 b | tanh 3 +1 4 b | tanh £y -1 2 b | tanh By -1 8b | ta tan )
X 2 X 2 5 X 2 X 2 4 X 3
ln(atanh(zj —tanh(zj b—a—b]a ln(atanh(g) —tanh(z) b—a—b]a ZIn(atanh( ) tanh(z —a—b]a
_|_ — —
b (a—b) b* (a —b) —b)
x \? x \? x \? x \?
ZIn(atanh(—) —tanh(—) b—a—b)az ln(atanh(—] —tanh(—j b—a—bJa 5
2 2 2 2 a a
+ 5 ; + 5 a5 + >+ :
b*(a—0) 2b3(tanh(%)+lj 2b2(tanh(%)+l)
ln(tanh(i) —1)a4
_ @ _ a* I 3a n a _ 2
4 x 3 x 2 x 5 X 3 »
b*(tanh| 7| +1| 20 (tanh| ] +1) 207 tanh| T ] +1 3b (tanh(ij_l)
21n(tanh(£j —l)a2 5 3 )
i i i a -+ a 4 ax i a -
b 2b3(tanh(%)—l) 2b2(tanh(§)—1) b4(tan (5) ) 2b3(tanh(5)—1)
~ 14 ~ 4 _ln(tanh(%)+l) at +2ln(tanh(%)+l) a*
3 5 3
2b2(tanh(%)—l) 3b2(tanh(§)+1) b b

Problem 60: Unable to integrate problem.

X sinh(dx + ¢)?
a +bcosh(dx +c)

Optimal (type 4, 453 leaves, 18 steps):

Yln| 1

a — dz—

dx+c
TR SR N .
b2

~ax*  6cosh(dx+c¢)  3x*cosh(dx+c) 4 Gsinh(dx +c) x> sinh(dx + ¢)
4 b? bd* bd* bd bd b d



bedx-i—c bedx+c bedx-i—c
£ln 1+—J a’> — b? 3x2polylog[2,——] a> — b 3x2polylog[2,——] a> —b?
a+a*— b a—+a* —b* a+a*— b
2 + 2 2 2 12
b-d b d b= d
dx+c dx—+c dx+c
6xp01ylog[3, L ] Jat - b 6xp01ylog[3, - be J a> — b? 6p01y10g[4, _be—j a® — b
a—+a*—b* i a++a* —b i a—+a* —b*
»* & b & p*d*
dx—+c
6p01ylog{4, _hc—] a? — b?
a+a*— b
prat
Result (type 8, 130 leaves):
axt (P& —3LP+6dx—6) "t P +3d2 +6dx+6 "

Cap? 244 b 2t pedrte

Problem 61: Resul

Optimal (type 4, 2

t more than twice size of optimal antiderivative.
xsinh(dx +c)2
a+bcosh(dx+c)

22 leaves, 12 steps):

+J 23 (2 — b?) dre
(v (

edx-i—c)2 +2aedx+c+b) b2

xIn l+ﬂ] a? — b? xln{l—i—ﬂ] a? — b?
_ax2 _ cosh(dx +c¢) xsinh(dx +¢) I a—a*— b a+a*— b
20° bd? bd b*d b’ d
dx+c dx—+c
polylog| 2, L a> — b polylog| 2, bt T @ — b
4 a—+a*—b? _ a++a* — b
b* & b* d*
Result (type 4, 861 leaves):
hl[ _bedx+C+ /az_bZ —a ]xaz ln[ _bedx+6+ /a2_b2 —a ]x
_ax2 " (dx—l)edx+c_ (dx+1) e dx—¢ ~a +a>— b _ ~a +a* — b
2 2 2
2b 2bd 2bd dJd — b2 dJa2 — b2
In bed* T4 Ja> — b +a v In bed* T4 Ja* — b +a I bt Jat — b —a o
a++a*—b* a+a* — b -a ++a* — b

+ +
b2d a* — b? dya* —b? b2 d* | a® — b?



m{

_bedx+C+ la2_b2 _a]c

A

bed Ty Ja®> —b? +a

bc%‘l]’c+c+\/czz—b2 +a

]ca2 ln[
+

_ -a ++a* —b? a+a*—p* a+a*t— b
&P a* - b B> d*\ a* — b? P a* - b
g dx+c 212 _ g dx+c 2 12 _ dx+c 2 12
dﬂog[ be +Ja —b a ]az dﬂog[ be +Jya —b a ] dﬂog[ be +Ja —b" +a ]az
4 -a++a*—b? _ -a++a* —b? . a+a*— b
b2d2/a2_b2 d2la2_b2 b2d21a2_b2
dx+c 2 _ 42 dx+c dx+c
mbg[be tya =b +11J 2carctan[2—b—e————_tgg a? 2cammn[2é£———;t%£]
N a+a -1 3 2 -a®+ 1 2 -a*+ 1
&P a* — b B> d* -a* + b? &P -a* + b
Problem 62:

Result more than twice size of optimal antiderivative.

sinh(dx +¢)?
a +bcosh(dx +c)

Optimal (type 3, 64 leaves, 4 steps):
\/a——btmﬂ%rg +-%§j
2 arctanh Ja—>bJa+b
_ax sinh(dx + ¢) n Ja-+b
b? bd b>d
Result (type 3, 176 leaves):
(a—b)tanh(%+%) (a—b)tanh(£+%)
2 arctanh a* 2 arctanh ¢ dx ) )
In| tanh| — + — | +1
J@a¥b) (a=0) J(@+b) (a=b) B a“(a (2 2
A (a+b) (a=-b) dVT{a+b) (a—b) db(tanh(% %)—Fl) dv’

dx

c
1 aln(tanh[5+7)—l)

- -

(S

db(tanh( +ﬂj —1)
2
Problem 65:

Optimal (type 3, 54 leaves,

d b?

Unable to integrate problem.

1 step):

Jcosh(a +bIn(cx")) dx



xcosh(a +bIn(cx"))  bnxsinh(a +bIn(cx"))
| -bEn? 1

Result (type 8, 13 leaves):
Jcosh(a +bIn(cx")) dx

Problem 66: Unable to integrate problem.
Jcosh(a +—bln(cx”))4 dx

Optimal (type 3, 191 leaves, 3 steps):

24 b*ntx _ 12 b% n* x cosh (a +bln(cx”))2 " xcosh(a +bln(cx”))4 n 24 b3 P xcosh(a + bIn(cx") ) sinh(a + b1n(cx"))
64 b n* — 20070 + 1 64 b n* — 20070 + 1 -16 6% 1% + 1 64 b* n* — 20670 + 1

__4bnxwﬂﬂa+bhﬂcﬂ)fsmMa+%ﬂﬂcf))
-16 7% +1
Result (type 8, 15 leaves):

Jcosh(a +blIn(cx”) )4 dx

Problem 67: Unable to integrate problem.
Jf”cosh(a +bIn(cx")) dx

Optimal (type 3, 73 leaves, 1 step):
(14+m)x' T"cosh(a +bIn(cx")) _ bnx' T"sinh(a + bn(cx"))

(1+m)?—b>n? (1+m)?—b>n?
Result (type 8, 17 leaves):
Jf”cosh(a +bIn(cx")) dx

Problem 70: Unable to integrate problem.

5,2
Jcosh(a-+ zlﬁifﬁfl.) dx

n

Optimal (type 3, 202 leaves, 8 steps):



5/2 5 s
xamh[a4—zﬂg££ilj 5xumh(a+—2£ﬁffil) 5xamh[a4—zﬂgﬁfilj
n n .
) 4 + 4 + A
n 2 i1+ —
42 (ext)" 1+;4 7
- eZa an)n
e (ex")” (
2
n 5/2
Sxarccsch(e“ (ex")" )cosh(a + 2ln(ncx”) )
a 6
n 5/2
439 (ex)” 1+;4
e2a(cxn)n

Result (type 8, 18 leaves):

5,2
Jcosh(a-+ EJELEEZl_) dx

n

Problem 71: Unable to integrate problem.

[ [l T o

Optimal (type 3, 95 leaves, 6 steps):

x/cosh(a + M) xarccsch[e” (ex?)

n

) oo+ BT

n

2 2
264 (e)” 1+

SHEN

& (cx)
Result (type 8, 18 leaves):

[ [l 2T

Problem 77: Result is not expressed in closed-form.
J’e’csech(4x)2 dx

Optimal (type 3, 263 leaves, 22 steps):



arctan _2ex+ 2_\/7
& _ln<1+ezx—ex\/2—\/7)\/2—\/7 +ln(1+ezx+ex\/2—\/7)\/2—\/7 ~ 2+7

8 x 32 32

2¢°+2 -2 2 +J2+2

arctan arctan

N J2+V2 _ln(1+e2x—ex\/2+\/7)\/2+\/7 +ln(1+ezx+ex\/2+\/7)\/2+\/7 3 J2 -2
8J4—-22 32 32 8J4+22
arctan 2ex+|2+\/7
+ 2-y2
8V 4+2y2

Result (type 7, 35 leaves):

¢ - +4[ > _Rln(ex+64_R))
2 (1+&%) _R=RootOf (281474976710656 78 +1)

Problem 78: Unable to integrate problem.
JF"(bx+“)sech(ex+d)2 dv

Optimal (type 5, 68 leaves, 1 step):
4ezex+2ch(bx+a)hypergeom( [2’ | 4 beln(F) ] [2 4 beln(F) ] _e2ex+2d)
2e 2e
bcln(F) +2e

Result (type 8, 20 leaves):
JFC bx+a) gech(ex +d)? dx

Problem 86: Unable to integrate problem.

X X
— dx
J( COSh(X)S/2 34/ cosh(x) )

2 x sinh(x) 4
3cosh(x)3 72 3 oosh(x)

Optimal (type 3, 16 leaves, 2 steps):

Result (type 8, 16 leaves):

[k
( cosh(x)> z 3/ cosh(x) )



Problem 87:

Unable to integrate problem.

[ il L

cosh(x)3 /2

Optimal (type 4, 47 leaves, 3 steps):

Result (type 8, 19 leaves):

X 2 .. : X
_161 cosh(E) ElllptlcE(Ismh(Ej’ﬁ) 4 2. sinh(x) — 8xycosh(x)_
cosh( X ) cosh (x)
2
J [ I +xzm] ar
cosh(x)3 /2

Test results for the 25 problems in "6.2.7 hyper”m (a+b cosh”n)“p.txt"

Problem 1:

Result more than twice size of optimal antiderivative.

J sinh(x)*
a —-acosh(x)2

Optimal (type 3, 16 leaves, 3 steps):

~x__ cosh(x) sinh(x)
2a 2a
Result (type 3, 77 leaves):
X X
In| tanh| = 1 = | -
1 B | N n( an (2)+ ) B 1 B ln(tanh(z) 1)

2a (tanh

Problem 2:

B O N T R e R

Result unnecessarily involves higher level functions.

J sinh(v)2
a —-acosh(x)2

Optimal (type 1, 6 leaves, 2 steps):

Result (type 3, 10 leaves):

2 arctanh ( tanh( % ) )

a




Problem 3: Result more than twice size of optimal antiderivative.

. 5
sinh(x) de

a + bcosh(x)
Optimal (type 3, 44 leaves, 4 steps):

(a +b)2arctan[ MJ

_la+2b)cosh(x) cosh(x)? Ja
b2 3b b5/2\/7
Result (type 3, 213 leaves):
x )2 x )2 x )2
2(a+bﬂmm(3j —2a+2b 2(a+bﬂmm(5) —2a+2b 2 (a +b) tanh 5) —2a+2b
arctan a> 2 arctan a arctan
4\ ab n 4\ ab i 4\ ab
> Jab by ab Jab
" 1 B 1 B a . 3 . 1
by 3 X 2 2 X X X 3
3b(tanh(—)+l) 2b(tanh(—)+lj b (taﬂh(_)"'l) 2b(tanh(—)+1) 3b tanh(—)—l)
2 2 2 2 2
_ 1 . i ax I 3x
X bz(tnh(—)—l) Zb(tnh(—)—l)
2b (tanh( 2 J 1) aj ) aj )

Problem 5: Result more than twice size of optimal antiderivative.

sinh(x)? &
a + bcosh(x)?
Optimal (type 3, 31 leaves, 4 steps):

arctanh[ M J a+b
_ Ja+b

x
b bJa

Result (type 3, 188 leaves):

ﬁln[ —\/mtanh(%)z +ztanh(§)ﬁ—m) ) ﬁm[mtanh(g)z +ztanh(§)ﬁ+m)

2bJa+b 2bJa+b
ln(—\/mtanh(%)2+2tanh(%J\/7—\/m] ln(\/mtanh(%)2+2tanh(%J\/7+\/mj ln(tanh(%)-l-lJ
’ 2T VaTh ) 2faJaTh " b

1n(tanh(§J —1)



Problem 6: Result more than twice size of optimal antiderivative.

1
J.a +bcosh(x)2

arctanh[ M ]
Ja+b

VaJa+b

Optimal (type 3, 21 leaves, 2 steps):

Result (type 3, 80 leaves):
2
ln[—\/a—i-btanh(%) +2tanh(%)\/7—\/a+b) ln[\/a—i-btanh(%) +2tanh( )\/——i—\/a-l-b)
+
2Ja Ja+b 2Va Ja+h

Problem 7: Result more than twice size of optimal antiderivative.

J csch(x)4 &
a + bcosh(x)?

Optimal (type 3, 49 leaves, 4 steps):

b2 arctanh[ M J

(a+2b)coth(x)  coth(x)? Ja+b
(a+b)? 3(a+b) (a+b)2Ja

Result (type 3, 179 leaves):

+ + —

3 3
_tanh(%) a B tanh(%) b 3tanh(%)a 7tanh(%)b 1 N 14 . 7h

24(atb)? 24 (a+h)? 8(atb)? 8 (a+b)? 24(a+b)tanh(2)3 8(a+b)2tanh(%) 8(a+b)2tanh(%]
bzln( \/a—l—btanh(%) +2tanh( )J_ \/a—i-b] bzln[\/a—kbtanh(%) 2tanh( )\/_+\/a+b)
+
2(a+b)"2Ja 2(a+b) 207

Problem 8: Result more than twice size of optimal antiderivative.

J csch(x)6 dr
a +bcosh(x)2

Optimal (type 3, 77 leaves, 4 steps):



b arctanh[ M J

_(a®*+3ab +3b%) coth(x) L (2a+3b) coth(x)®  coth(x)® Ja+b
(a+b)? 3(a+b)? 5(a+b) (a+b) 2Ja

Result (type 3, 309 leaves):

5 5 5 3 3 3
tanh(ﬁ) a* tanh(i) ab tanh(ij b> 5tanh(£j a* 7tanh(£j ab 3tanh(£) b? Stanh(i)a2 tanh(ﬁ)ab
2 2 2 2 2 2 2 2
) 3 3 3 T 5 5 T 3 3
160 (a + b) 80 (a +b) 160 (a +b) 96 (a +b) 48 (a +b) 32 (a +b) 16 (a +b) (a —I—b)

X 2
19tanh| X | b
an (2) 1 3b ~ 54 ab

oath)’ 160(a+b)tanh(§)5 % (a +b) tanh( ) 2 (a+5b) tanh(gf 16 (a +5) tanh 3 | . (a+b) anh 7 |

x
2
b3ln(—\/mtanh( )+2tanh(%) a+b] bﬁn(Wtanh(%) +2tanh( )\/_+\/m]
2(a+b) V@

B 19 N
16<a+b>3tanh(§) 2(a+b)"2a

Problem 10: Result more than twice size of optimal antiderivative.
J cosh(x)4
— dx
a + b cosh(x)

Optimal (type 3, 47 leaves, 5 steps):

@ arctanh[ \/—tanh(x ]
_(2a—-b)x n cosh(x) sinh(x) n Ja-+b
257 20 »Ja¥h
Result (type 3, 187 leaves):
2 2
a /zln[—\/a—i-b tanh(%) +2tanh(%)\/7—\/a+b) a /zln(\/a—i-b tanh[%] +2tanh(%)\/7+\/a+b) |
+ —
2 2 2
20*Va+b 20*Ja+b 2b(tanh(§)+1)
aln(tanh(ﬁ)—i-l) ln(tanh(ﬁ)—i-l) aln(tanh(i —1)
1 2 2 1 1 2
+ — + + + +
X b2 2b x 2 X b2
2b | tanh| — | +1 2b(tanh(—)—1) 2b | tanh| — | — 1
2 2 2
ln(tanh(i) lj
B 2



Problem 11: Result more than twice size of optimal antiderivative.

J sech(x)2

dx
a + bcosh(x)?

Optimal (type 3, 30 leaves, 3 steps):

. arctanh{ /@ tanh(x)

Ja+b j n tanh (x)

@ /2\/a+b

Result (type 3, 101 leaves):

bln( —\/mtanh(%)z—i-hanh(%)\/?—\/mj bln(\/mtanh(%]2+2tanh(%)ﬁﬁ-m)

a

24° /2\/a+b

Problem 12: Result more than twice size of optimal antiderivative.

1
Jmmuﬂ+1
Optimal (type 3, 13 leaves, 2 steps):

2

arctanh[ M } 2

Result (type 3, 85 leaves):

2
tanh( ) + tanh

tanh (
J2 In

J2 In

)

24° /2\/a+b

2

—tanh( )\/7+1

tanh

7\
N NN
N——

N
N NN
N—

]

+

ot

- tanh( ) V2 +1 tanh

7\
N NN
N——

X

2

2 X
+tanh(3)\/2 +1

Problem 13: Result more than twice size of optimal antiderivative.

e
(1 —cosh(x)z)

Optimal (type 3, 9 leaves, 3 steps):

coth(x)3

coth(x) — 3

Result (type 3, 31 leaves):

8



3
X X
tanh( > ) . 3tanh( > ) 1 3

3 X
X 8tanh| =
24tanh( 2 j an ( ) )

Problem 14: Result more than twice size of optimal antiderivative.
J a +bcosh(x)2 dx

Optimal (type 4, 47 leaves, 2 steps):

J -sinh(x)? EllipticE[cosh(x), /-2 ] a + bcosh(x)?
a

2
sinh(x) /1 4 beosh(x)”
a

Result (type 4, 113 leaves):

2
atbeosh(¥)™ mEHT | aEllipticF| cosh(x) [ -2, /-4 | + pEllipticF| cosh(x) /-2, /-2 | = bEllipticE| cosh(x) /-2, /-2
a a b a b a b
b . 5
-— sinh(x) @ + b cosh(x)
a

Problem 18: Result is not expressed in closed-form.

1
a + bcosh(x)
Optimal (type 3, 182 leaves, 8 steps):

Jad B =p 3 tanh(%j Jat B+ (—=1)1 B! 3tanh(%)
2 arctanh
Ial ;3+b1 73 \/al 3_(_1)1 3b1 3

+
3a2/3\/a1 3 pl 3\/a1 3L pl /3 3a2/3\/a1 3_(_1)1 31 3\/a1 3+(_1)1 3p1 /3

Ja B = (=1)2 733! 3tanh(%j

\/al 3+(_1)2 3b1 3

3612/3\/611 3_(_1)2 3p1 3Ja1 3+(_1)2 31 /3
Result (type 7, 99 leaves):

2 arctanh

2 arctanh

+




(- R*+2 R*— 1)1n(tanh(%] —_R)

5 5 3 3
R=RootOf ((a—b) B+(-3a—3b) ZA+B3a—3b) R—a—p) K a— RKb—2 Ra—-2 Rb+ _Ra— Rb
3

Problem 19: Result more than twice size of optimal antiderivative.

1
1 — cosh(x)
Optimal (type 3, 71 leaves, 7 steps):

(—1)% Mtanh| = |33/ (—=1)% Mtanh| = ]33/
2(—1)1/4arctan[ (2) 3! /4 2(—1)1/4arctanh (2) 31/4

~ 3 B 3 . sinh(x)
3(1-(-1)27) 3(1+(-1)'7A) 3 (1 —cosh(x))
Result (type 3, 211 leaves):
X 2 1 /4 X
tanh 5) +3 tanh[zj\/?—i-\/?
JZ 3P /4tanh(£) 31 /42 > J2 3 /4tanh(i)
3! /4\/?arctan 3 2 -1 tanh % -3l /4tanh(%)\/7+ﬁ 3! /4\/Tarctan 3 2 +1
6 + 12 + 6
tanh(i 3! /4tanh(£)ﬁ+ﬁ
T Aann ) ¥ AT 2. 2
33/4\/Tarctan 3 2 -1 tanh(%) +3! Atanh(%)\/?—l—\/?
a 18 B 36
\/733 Atanh(%)
33 /4\/7arctan 3 +1 |
- +
18 3tanh(£j
2

Problem 20: Result is not expressed in closed-form.

1
J a+ bcosh(x)5
Optimal (type 3, 312 leaves, 12 steps):



1/5 1/5 X
— h_
\/a: b:tan(zj

\/a1 5+(—1)1 > pl 5‘[anh(i)
2 arctanh 2 arctanh 2
\/W N \/al 5_(_1)1 5pl /5
5a4/5\/a15—b15\/a15+b15

5614/5\/011 5_(_1)1 51 5\/01 5+(_1)1 SpL /5

Ja' P = (=1)2 /5! 5tanh(§j Ja' P+ (=1)3 A p! 5tanh(§)
2 arctanh 2 arctanh
Jd B+ (—1)2 5 /5 Jd A= ()3 e /A
5a4/5\/a1 5_(_1)2 5 p1 5\/a1 5_|_(_1)2 Spl /5 5a4/5\/a1 5_(_1)3 5p1 5\/a1 5+(_1)3 Spl /5
Ja' B = (=1)*/5p! 5tanh(§j
2 arctanh
N Jd P+ (=) /5

5a4/5\/a1 5_(_1)4 5 p1 5\/a1 5+(_1)4 Spl /5

Result (type 7, 155 leaves):

1

5

>

_R=RootOf((a—b) Z10+(-5a-5b) ZB+(10a—10b) 20+ (-10a—10b) Z4+(5a-5b) Z2—a—b)
(-R¥+4 RO—6 R*+4 R*—1) ln(tanh( %) —_R)

R°a— R°b—4 R'a—4 R'b+6 RRa—6 RPb—4 RPa—4 RPb+ Ra— Rb

Problem 21: Result is not expressed in closed-form.

J
Optimal(type 3, 109 leaves, ; Steps) .

1 /6 1 /6 1/6
arctanh[ _a "“tanh(x) ] arctanh[ d tanh (x) ] arctanh[ a tanh (x)
/a173+b173 N \/al 3_(_1)1 3b1 3

N \/al 3+(_1)2 3p1 /3
3a5/6 /al 73+b1 73 3a5/6\/al 3_(_1)1 3p1 /3 3a5/6\/a1 3+(_1)2 3p1 /3
176 leaves):

Result (type 7,



_R=RootOf ((a+b) Z12+(-6a+6b) ZI0+(15a+15b) ZB+(-20a+20b) ZO+(15a+15b) Z4+(-6a+6b) Z2+a+h)

(-RO4+5 RS —10 RO4+10 R*—5 R® + l)ln(tanh( %) —_R)

R+ R"p -5 RPa+5 R°b+10 R7a+10 R’b—10 RPa+10 R°b+5 RPa+5 RPb— Ra+ Rb

Problem 22: Result is not expressed in closed-form.

1
Ja + bcosh(x)®
Optimal (type 3, 169 leaves, 9 steps):
(-a)' /8 tanh(x) (-a)' /% tanh(x) (-a)' 7 tanh(x) (-a)' /tanh(x) ]

arctanh [ ] arctanh [ ] arctanh [ j arctanh [
) JCO) A= A ) JCO)T A A ) JCO) A A ) JCa) Arp /A

4(_a)7/8\/(_a)1 Tl /4 4(_a)7/8\/(_a)1 T _1pl /A 4(_a)7/8\/(_a)1 A 1p /A 4(_a)7/8\/(_a)1 Tl /A
Result (type 7, 232 leaves):
1

8

14
Z ((—Je
(_R—RootOf( (@a+b) Z164+(-8a+8b) 714+ (28a+28b) Z12+(-56a+56b) Z10+(70a+70b) ZB+(-56a+56b) 70+(28a+28b) Z4+(-8a+8b) Z2+a+b)

+7 R?—21 RO +35 R®—35 RO+21 R*~7 R*+1) 1n[tanh(§) —_R))/(_Rlsa + RBb—7 RBa+7 RBb+21 RMa+21 RYp

—35_R9a+35_R9b+35_R7a+35_R7b—21_R5a+21_R5b+7_R3a+7_R3b—_Ra+_Rb))

Problem 23: Result is not expressed in closed-form.

J 5
Optimal(type 3, 160 leaves, 11 Steps):

tanh( L )
2
2 arctan

0| h[/l—(—l)“ (X ]
sinh(x) ~ / 1+(_1)1/5 N arctan 1+(_1)4 7 tan (2)
5 (1 4+ cosh(x)) 5 _1+(_1)2 5 5 1+(_1)3 5

-1 —(=1)37 x 1—(=1)37 1—(—=1)273 x
2arctan[/ m tanh( 5 ) ] / m 2 arctanh m tanh( 3)

+
5(14(—1)37)




)- )

0=

Result (type 7, 61 leaves):
(-5 RO+5 R*—5 R? —I-l)ln(tanh(

X

tanh| — Z 5 3

( 2 ) 4+ \_R=RootOf(s B+10 74 +1) R+ R
5 50

Result is not expressed in closed-form.

Problem 25:
J anh(x)*
a +bcosh(x)3
Optimal (type 3, 112 leaves, 11 steps):
In(cosh(x)) , b “in(a' A +b' Beosh(x)) _ b Pin(a® 7 —a' Ab! Aeosh(x) +5 Peosh(x)?) _ In(a+beosh(x)?) | sech(x)>
a 345573 6a5 /3 3a 2a
32/ aretan| (@ /3 _2p! Beosh(x)) V3 N
3611/3
B 3as/3
Result (type 7, 149 leaves):
2
S (_Rza—_sz—2_Ra—4_Rb+a+b)1n[tanh(%) —_R)
2 2
R=RootOf((a—b) B+(-3a-3b) 2+Ba—3b) Z—a—b) _Ra— R°b—2 Ra—2 Rb+a—> + 2
3a ¥ )2
a(tanh(z) +1)

2
ln(tanh( %) + 1)
_|_
a

(ST

) +1)

=

Summary of Integration Test Results

225 integration problems



HoQw >

121 optimal antiderivatives

61 more than twice size of optimal antiderivatives
4 unnecessarily complex antiderivatives

39 unable to integrate problems

0 integration timeouts



