Maple 2018.2 Integration Test Results
on the problems in "6 Hyperbolic functions/6.4 Hyperbolic cotangent"

Test results for the 19 problems in "6.4.1 (c+d x)”"m (a+b coth) n.txt"

Problem 1: Result more than twice size of optimal antiderivative.

J;écoth(bx+a) dx

Optimal (type 4, 79 leaves, 6 steps):
_x_4 n Lln(1 —ebxt2a) " 32 polylog(2, 2 b*+2 ) _ 3 xpolylog(3, e?P*+24) " 3polylog(4, 2 bx+2a)
4 b 20 201 4p*
Result (type 4, 199 leaves):
ﬁ B 34 n 3 polylog(2, -e?*14) 2 _ 2a°x _ 6 polylog(3, -’ **4) x

In(1 —eP*ta) 3 " 3polylog(2, ?*T¢) x? _ 6 polylog(3, e?*T4) x

YT 2 b3 b " b 2 b
n In(1 +ebx+“)xq’ n 6 polylog(4, ebx+“) " 6 polylog(4, —ebx+”) n In(1 —ebx+") @ n 24° ln(ebx'H’) _ @ ln(ebx+“ —1)
b b* bt »* b* bt

Problem 2: Result more than twice size of optimal antiderivative.

choth(bx +a) dx

Optimal (type 4, 41 leaves, 4 steps):
P N xln(l _ebe+2a) L polylog(z, ebe+2a)

2 b 2 b2

Result (type 4, 121 leaves):
X 2ax In(1 —eP*T9) x " aln(1 —e**e) " polylog(2, e?*+4) " In(1 +eP*Fa) x n polylog(2, -’ *+¢) " 2aln(eP*t)

-— - = — +
2 b b2 b b2 b2 b b2 b2
. aln(ebx+“ -1)
b2

Problem 3: Result more than twice size of optimal antiderivative.
szcoth(bx+a)2 dx

Optimal (type 4, 63 leaves, 6 steps):

2 X Pceoth(bx+a) | 2xIn(1 —b*+24)  polylog(2, e?P¥F24)
R _l’_ . _"_ +
b 3 b b2 b3

Result (type 4, 155 leaves):



2 222 22 dax 24 + 2In(1 —eP**9) x N 2In(1 —e*T4) 4 N 2 polylog(2, #*1¢) + 2In(1 4+e2*T) x
3 b(Gbe+2a—1) b b2 b3 b2 b3 b3 b2
2 polylog(2, -¢?*+¢) 4aln(eb**a) 2aln(ef*te—1)
+ + -
b3 b b

Problem 6: Result more than twice size of optimal antiderivative.

(dx+c)3
a +acoth(fx +e)

Optimal (type 3, 153 leaves, 5 steps):

3dx + 3d (dx +c)? N (dx+¢)3 4 (dx+e)* 343 B 34 (dx +¢) 3 3d (dx+c)?
8af 8af daf 8ad 8/ (a+acoth(fx+e)) 4 (a+acoth(fx+e)) 4F (a+acoth(fx+e))
B (dx +¢)3
2f(a+acoth(fx+e))
Result (type 3, 928 leaves):
1 ( dg[ (fx+e)3cosh(fx +e)sinh(fx+e)  (frx+e)* 3 (fx+e)’cosh(fx+e)? L 3 (fxte)cosh(fx+e)sinh(fxt+e) 3 (fx+e)?
Fa 2 8 4 4 8
_ 3cosh(fx+e)? ] _3cd2f[ (fx+e)?cosh(fx +e)sinh(fx+e)  (frx+e)®  (fx+e)cosh(fx+e)? L sinh(fx+e)cosh(fxt+e) | fx
8 2 6 2 4 4
+£J+3d3e[ (fx+e)?cosh(fx +e)sinh(fx+e)  (fx+e)®  (fx+e)cosh(fx+e)? . sinh(fx +e) cosh(fx +e) +Q+£J
4 2 6 2 4 4 4
—3c2df2( (fx+e) cosh(fx +e) sinh(fx+e) _ (fx+e)® _ cosh(fx+e)2)+6cdzef( (fx+e) cosh(fx +e) sinh(fx+e) _ (fx+e)?
2 4 4 2 4
cosh(fx+e)2 3 2 (fx +e) cosh(fx +e) sinh( fx +e) (fx—l—e)2 cosh(fx+e A sinh( fx + e) cosh( fx +e) fx e
T 2 B 4 B 4 fg( 2 _T_EJ
2 ( sinh(fx+e)cosh(fx+e) fx e 0 sinh(fx +e) cosh(fx+e) fx e 3 sinh(fx +e) cosh(fx +e)  fx
+3c2def( > > 2) 3cd ezf( > > 2j+de3( > >
_£)+d3[ (fx+e)3cosh(fx+e)® 3 (fx+e)cosh(fx+e)sinh(fx+e)  (fx+e)? + 3 (fx +e) cosh(fx +e)?
2 2 4 4 4
_ 3sinh(fx +e) cosh(fx +e) —3—fx—£)+3cd2f( (fx+e)2cosh(fx+e)2 _ (fx+e)cosh(fx +e)sinh(fx+e) (fx+e)2
8 8 8 2 2 4
N cosh( fx + e)? J _3d3e( (fx+e)?cosh(fx+e)®  (fx+e)cosh(fx+e)sinh(fx+e)  (fx+e)? N cosh(fx+e)2J
4 2 2 4 4
+3c2df2( (fx+e) cosh(fx+e)2 _ sinh(fx +e)cosh(fx+e)  fx _5) —6cdzef( (fx+e) cosh(fx+e)2 _ sinh(fx +e) cosh(fx +e)
2 4 4 4 2 4

_fx _3) +3d3e2[ (fx+e)cosh(fx+e)?  sinh(fx+e)cosh(fx+e)  fx _g) N SPLcosh(fx+e)?  3Adef cosh(fx+e)?
4 2 4 4 4 2 2



3cd? & feosh(fx +e)?  d & cosh(fx +e)? )
+ 2 a 2

Problem 7: Result more than twice size of optimal antiderivative.

(dx+c)?
a +acoth(fx +e)

Optimal (type 3, 110 leaves, 4 steps):

x| (dx+e)? | (dxte)’ & B d(dx+c) 3 (dx+c)?
4af 4af 6ad 4f (a+acoth(fx+e)) 2/ (a+acoth(fx+e))  2f(a+acoth(fx+e))
Result (type 3, 448 leaves):
1 ( dz[ (fx+e)?cosh(fx+e)sinh(fxte) _ (fxte)® _ (fxte)cosh(fx+e)® . sinh(fx+e)cosh(fx+e) +Q+g)
fa 2 6 2 4 4 3
_2cdf[ (fx+e) cosh(fx+e)sinh(fx+e)  (fx+e)®>  cosh(fx+e)? J +2d2e( (fx +e) cosh(fx+e)sinh(fx+e)  (fx+e)?
2 4 4 2 4
_ cosh(fx+e ] c2f2 ( sinh(fx +e) cosh(fx +e)  fx _g) +2cdef( sinh(fx +e) cosh(fx+e)  fx _g)
4 2 2 2 2 2 2
dzez(smh fr+e)cosh(fx+e)  fx _g) +d2[ (fx+e)?cosh(fx+e)®  (fx+e)cosh(fx+e)sinh(fx+e)  (fxte)?
2 2 2 2 2 4
N cosh(]Zc—I—e)z J +2cdf( (fx+e) cozsh(fx—i-e)z 3 sinh(fx+e)4cosh(fx+e) _]% 3 %) —ZdZe[ (fx+e) cozsh(fx+e)2
B sinh(fx+e)4cosh(fx+e) _,% 3 %] L czﬂcoshz(fx+e)2 — edefeosh(fx +e)? + dzezcoshz(fx+e)2)
Problem 8: Result more than twice size of optimal antiderivative.
J dx+c
a +acoth(fx +e)
Optimal (type 3, 69 leaves, 3 steps):
dx | (dx+c¢)* d N -dx—c
4af 4ad 4/ (a+acoth(fx+e)) 2f(a+acoth(fx+e))

Result (type 3, 164 leaves):
L(—d( (fx +e) cosh(fx +e)sinh(fx+e) (fx+e)2 _ cosh(f)c+e)2 ) —cf( sinh( fx +e) cosh( fx + e) f_ _ J

e
fa 2 4 4 2 2
+de(sinh(fx+e)cosh(fx+e) _f_x_£)+d[ (fx+e)cosh(fx+e)2 _ sinh(fx +e) cosh(fx +¢) _f__g) cfcosh( fx+e)
2 2 2 2 4 4

_ decosh(fx +¢)? )
2



Problem 10: Result more than twice size of optimal antiderivative.

J (dx +c¢)? @
(a +acoth(fx+e))?

Optimal (type 3, 150 leaves, 8 steps):

dret/xmhe  Pe2/xm2e gertiTde gy o) N de?/*"2¢(dx+¢) ¥4 (dx+c)? + e 2/¥"2¢ (dx +¢)? N (dx +¢)3
128 > £ 8a’f 3242 44> f 161 4a*f 124%d

Result (type 3, 1056 leaves):

fl (2d2( (fx+e)?sinh(fx +e) cosh(fx+e)?  (fx+e)®cosh(fx+e)sinh(fx+e) _ (fx+e)® _ (fx+e)sinh(fx+e)”cosh(fx+e)?
a2 4 8 24 8

4 cosh(fx+e)3sinh(fx+e) _ sinh(fx+e)cosh(fx+e) fx )+4 df[ (fx +e) sinh( fx +e) cosh(fx—l—e)3
64

32 64 64 4
_ (fx+e)cosh(fx+e)sinh(fx+e)  (fx+e)®  cosh(fx+e)?sinh(fx+e)? ) —4d2e[ (fx + ¢) sinh( fx + ¢) cosh( fx + ¢)>
8 16 16 4
_ (fx+e)cosh(fx+e)sinh(fx+e)  (fx+e)®  cosh(fx+e)?sinh(fx+e)? ) +2lf ( cosh( fx + e)> sinh( fx + ¢)
8 16 16 4
sinh( fx + e) cosh( fx +e) fx e cosh(fx+e)3sinh(fx+e) sinh( fx +e) cosh( fx +e) fx e
B 8 T Ty Thede 4 B 8 8 8
AR ( cosh(fx +e)3sinh(fx+e)  sinh(fx+e)cosh(fx+e)  fx g) _2d2[ (fx +e)?sinh( fx + e)2 cosh( fx + e)?
4 8 8 8 4
_ (fx+e)®cosh(fx+e)®  (fx+e)sinh(fx+e) cosh(fx +e)? L 5(fx+e) cosh(fx +e) sinh(fx+e) 5(fx+e)?
4 8 16 32
cosh(fx +e)?sinh(fx+e)?>  cosh(fx +e)? ] _4cdf( (fx +e) sinh(fx +e)?cosh(fx+e)®  (fx+e)cosh(fx+e)?
32 8 4 4
_ cosh(fx+e)?sinh(fx +e) L Ssinh(fx+e)cosh(fx+e) | 5fx J+4d2 ( (fx + ¢) sinh( fx 4+ ¢)? cosh( fx + ¢)?
16 32 32 T ; 4
_ (fx+te) cosh(fx+e)2 _ cosh(fx+e)3sinh(fx+e) n 5sinh( fx +e) cosh( fx +e) Sfx ) 2c2f2 ( cosh(fx +e) smh(fx+e)2
4 16 32 32 T; 4

_ cosh(fx+e)? ] +4cdef( cosh(fx +e)?sinh(fx +e)?  cosh(fx +e)? ) R ( cosh(fx +e)?sinh(fx+e)>  cosh(fx+e)? )
4 4 4 4 4

2 (fx+e)?cosh(fx+e)sinh(fx+e)  (fx+e)d  (fx+e)cosh(fx+e)? | sinh(fx+e)cosh(fx+e) | fx | e
- 2 6 2 * 4 IR

+

—2cdf[ (fx+e) cosh(fx2+e)sinh(fx+e) 3 (fx:e)z B cosh(ch—I—e)z J +2d2e( (fx+e) cosh(fx2+e) sinh(fx+e) (fx:-e)z

cosh(fx +e) sinh( fx + e) cosh( fx + ) fx e sinh( fx + e) cosh( fx + ¢e) fx e
‘f] 27 2 5= 5] aeder| > -5-3)

0 sinh(fx +e) cosh(fx+e) fx e
dez( 2 2 2))




Problem 11: Result more than twice size of optimal antiderivative.

J dx+c
7 dx
(a +acoth(fx+e))
Optimal (type 3, 174 leaves, 11 steps):
ldx _ d@ | x(dx+c) _ d N -dx—c B 5d N -dx—c
%af 164° 8a° 36/ (a+acoth(fx+e))®  6f(a+acoth(fx+e))>  96af> (a+acoth(fx+e))>  8af(a+acoth(fx+e))?

_ 11d n -dx —c
96/ (a® +dcoth(fx+e))  8f(a® +ddcoth(fx+e))
Result (type 3, 770 leaves):
1 (4d[ (fx +e) sinh(fx +e)?cosh(fx+e)*  (fx+e)sinh(fx+e)cosh(fx+e)?  (fx+e)cosh(fx+e)?  sinh(fx+e) cosh(fx +e)’

£d 6 12 12 36
4 cosh( fx + e)3 sinh( fx + ¢) I sinh(fx + e) cosh(fx +e) +f_x +i) +4cf[ sinh( fx + e)? cosh( fx +¢)* _ cosh( fx + e)? sinh( fx + ¢)?
36 24 24 ' 24 6 12
_ cosh(fx +e)? ] _4de( sinh(fx +e)%cosh(fx +e)*  cosh(fx +e)?sinh(fx+e)?  cosh(fx +e)? )
12 6 12 12
_4d( (fx +e) sinh(fx +e)3cosh(fx+e)®  (fx+e)sinh(fx+e) cosh(fx +e)3 4 (fx+e)cosh(fx+e)sinh(fx+e) (fx +e)?
6 8 16 32
sinh( fx +e)%cosh(fx +e)* 13 cosh(fx + e)? sinh( fx + e)? cosh(fx—i—e)z) ( sinh( fx 4 ) cosh( fx +¢)3
- + + —dcf
36 288 72 6
B cosh(fx+e);sinh(fx+e) L sinh(fx+e)lzosh(fx+e) +% N 1_e6) +4de( sinh(fx+e)36cosh(fx+e)3 B cosh(fx+e);sinh(fx+e)
L sinh(fx+e)cosh(fxt+e) | fx +i) _3d[ (fx +e) sinh(fx +e)?cosh(fx +e)®  (fx+e)cosh(fx+e)®>  cosh(fx +e)’sinh(fx +e)
16 16 ' 16 4 4 16
4 Ssinh(fx +e) cosh(fx+e) | S5fx 2) _3cf( cosh(fx +e)?sinh(fx +e)®>  cosh(fx +e)? ] +3de( cosh( fx + e)? sinh( fx + ¢)?
32 32 32 4 4 4
_ cosh(fx+e)? ] +d( (fx +e) cosh(fx +e) sinh(fx +e)® 3 (fx+e) cosh(fx +e) sinh(fx +e) R (fx+e)?  cosh(fx +e)?sinh(fx +e)?
4 4 8 16 16
N cosh(]Zc-I—e)z ] +cf[ ( sinh(f:+e)3 3 3sinh(£x+e) )cosh(fxﬂ) +% +%J _de([ sinh(f:+e)3 B 3sinh(£x—|—e) )Cosh(fx+e)
3fx | 3e
+o ))
Problem 12: Unable to integrate problem.
J (dx+c)" @
(a +acoth(fx+e))?

Optimal (type 4, 148 leaves, 4 steps):



4ef

_26+2_cf 2f(dx+c) “det —= 4f(dX+C)
drpeyitn TMe (dx+c)mr(1+m, ; ) g2=me (dx-i—c)ml"(l—i-m,T]
x+c
4a*d (1 +m) azf(‘f(dt;kc) )m azf(‘f(dt;+c) Jm
Result (type 8, 22 leaves):
J (dx+c)™ @
(a+acoth(fx+e))2

Problem 13: Result more than twice size of optimal antiderivative.

ﬁdx+d(a+bmek+ede

Optimal (type 4, 69 leaves, 6 steps):
a(dx+c)?  b(dx+c)? L bldxte) In(1 — 2/*+2¢) +bdpolylog(2,e2fx+2€)

2d 2d f 27
Result (type 4, 200 leaves):

x+e x+te x+e _ _ Jxte
ad®  bdx b cartber— 2bcln(e/* 7€) N beln(1 4 e/**¢) L beln(e 1)  2bdex bdé N bdln(1 —e/*+¢) x
2 2 f S f f Ve f
N bdln(1 —e/*+¢) e N b dpolylog(2, e/**¢) N bdln(1 +e/*+¢)x 4 b dpolylog(2, -¢/*T€) N 2bdeln(e*7¢)  bdem(e/*Te—1)
I a f a a a

Problem 16: Result more than twice size of optimal antiderivative.

J(dx+c)3 (a+bcoth(fx+e))> dr

Optimal (type 4, 524 leaves, 28 steps):
3bPd(dx+c)?  3ab® (dx+c)’ N b3 (dx +¢)3 N @ (dx+c)*  3d%b (dx+c)? N 3ab? (dx+c)* b (dx+c)?

2P f 2f 4d 4d 4d 4d

_ 3b%d(dx+c)?coth(fx+e)  3ab®(dx+c)coth(fx+e) b (dx+c) coth(fx+e)? N 363d% (dx+c) In(1 — /¥ 12e)

2/ f 2f £
" 9ab?d (dx +c)?In(1 — /¥ T2¢) n 3a2b (dx +c¢)>In(1 — /¥ F2e) n B3 (dx+c¢)’In(1 — /¥ +2e) " 353 & polylog(2, 2/*F2¢)

Va S S 21
N 9ab®d? (dx + c) polylog(2, 2/*+2¢) N 9a2bd (dx + ¢)? polylog(2, 2/*F2¢) . 363d (dx + c)?polylog(2, 2/XT2¢)
r 2/ 2/

B 9ab2d3p01ylog(3,e2fx+26) _ 94%bd?* (dx + c) polylog(3, g?/xt2e) _ 303 d? (dx+c)p01ylog(3,ezfx+2‘3) + 942 b d® polylog (4, g?/xt2e)

2/ 2/ 2/ ar
" 3b3d3polylog(4, e2fx+26)

47t



Result (type ?, 2776 leaves): Display of huge result suppressed!

Problem 17: Result more than twice size of optimal antiderivative.
J(dx+c) (a+bcoth(fx+e))> dx

Optimal (type 4, 243 leaves, 16 steps):

3abex+ bdx L 3ab?d? | &P (dx+ce)?  3dPb(dx+c)? B (dx+c)®  bdcoth(fx+e)  3ab® (dx+c)coth(fx+e)
2f 2 2d 2d 2d 27 f
_ b} (dx+c) coth(fx +e)? N 3a?b (dx +c¢) In(1 — 2/*¥T2¢) N B3 (dx +c) In(1 — /*T2¢) N 3ab*dIn(sinh(fx +e))
2f f f Va

fx+2 e)

+ 3 4% bdpolylog(2, 2/*+2¢) + b3 dpolylog(2, ¢

2f 2f
Result (type 4, 650 leaves):

_6ba*dex N 3bIn(1 —e/*T¢) a?dx L 3bIn(1 +e/*7¢) a?dx N 3bIn(1 —e*¢) Pde N 6ba*den(e/**¢)  3bd*demn(e/*te—1)

f f f f2 f2 f2
N Pin(1—e**¢)de 6b*adln(e/*1¢) N 3b%adIn(1 +e/* 7€) N 3b%adln(e/*Te—1) L 2b%den(e*T¢) B deln(e/*te—1)
a a I a a a
6ba’cn(/*¢) | 3bdcin(1+¢) | 3bdlcin(fte—1)  2b%dex  3bdPded | B (1 -t dx | b in(1 +7T¢)dx
- + + - - 5 + +
f f f f a f f
+ 3 ba? dpolylog(2, &/* 1) + 3 ba? dpolylog(2, -e/**¢) _ b de + b3 dpolylog(2, ¢/*1¢) + b3 dpolylog(2, -e/**¢) _ 26 cln(ef*e)
a i i a a f
+_b3chﬂl-+eﬁﬁf) +_b3cln(efx+e—-1)
A f
2 2fx+2e 2fx+2e 2fx+2e 2fx+2e _ 2fx+2e _ _ 2
_ b (6adfxe +2bdfxe +6acfe +2bcfe 6adfx+bde 6acf—bd) 3bd*xXd b +3abex

fz(ezfx+2e_1)2 2

2 3 3
L 3abdl | add _ pid
2 2 2

+ealx+bex

Problem 19: Result more than twice size of optimal antiderivative.

J dx+c &
(a +beoth(fx+e))?

Optimal (type 4, 195 leaves, 5 steps):

b(—2adfx—2acf+bd)ln(1+ atb J

(d+b) erxﬁ-Ze

(dx+c)? (-2adfx—2acf+bd)? b (dx+c)
- + +
2(a®>=b*)d  4a(a—>b) (a+b)?df (a®> = b*) f(a+bcoth(fx+e)) (- p2) P




a—>b
abdpolylog[2, (@t b) 2/ii2e ]

+ 2
(@ =0*)°f
Result (type 4, 523 leaves):
dx2 L cx B 262 (dx +¢) 2K dIn(e* 1)
2(a+2ba+b?) @ +2ba+b>  (a—=b)f(a*+2ba+b?) (a2 T2 pd/*T2¢_ 4 4b)  (a+b)2(a—b)2f
bzdln(aezfx+ze+bezfx+2e a+b) " 4bacln(e*Te) _2bacln(aezfx+2e+be2fx+ze—a+b) _ 4badeln(e*T°)
(a+b)* (a—b)*f (a+b)* (a—b)f (a+b)* (a—b)f (a+b)* (a—b)*f
(a+b)62fx+2eJ [ (a+b) ez_fx-i-Ze)
2 In| 1 — 2 In| 1 —
2bade1n(ae2fx+2e+be2fx+2e a+b) bad“( a—b x  2badln a—b ¢ 2bady?
(a+b)? b)2f (a+b)2(a—b)2f (a+b)(a—b)2f (a+b)?(a—
(a +b) erx-i—Ze]
badpolylog| 2
4badex 2bad “ poyog[ . a—b
2 2T 2 22 2 22
(a+b)2(a—b)2f (a+b)?(a—b)2f (a+b)2(a—b)%f

Test results for the 58 problems in "6.4.2 Hyperbolic cotangent functions.txt"

Problem 5: Unable to integrate problem.
Jaﬁh(bx-ka)”dx

Optimal (type 5, 41 leaves, 2 steps):

coth(bx +a) 1 +nhypergeom( [ 1, % + %

b (

,cmh(bx-+a)2j

— Nl,_.

n
+ |
: |
+n)
Result (type 8, 10 leaves):
Jcoth(bx-l—a)” dx

Problem 6: Unable to integrate problem.
J(bcmh(dx—%c))”dx
Optimal (type 5, 46 leaves, 2 steps):
(bcom(dx-+c))1+”hypmgemn([1 —-+~—] [%— g—}com(dx-+c)2)

bd(1+n)
Result (type 8, 12 leaves):

J(bcoth(dx+c) )" dx



Problem 7: Unable to integrate problem.
J(bcoth(dx+c)2)n dx
Optimal (type 5, 47 leaves, 3 steps):

coth(dx +c¢) (bcoth(dx+c)2)nhyperge0m( [1, % +n

, [% +n],coth(dx+c)2)

d(1+2n)
Result (type 8, 14 leaves):

J(bcoth(dx—i—c)z)" dx

Problem 10: Unable to integrate problem.
J(bcoth(dx—i—c)z)z A
Optimal (type 3, 239 leaves, 14 steps):

arctanh(coth(dx+c)1 /3) (bcoth(a’x+c)2)2 A _ (bcoth(d)c+c)2)2 A In(1 —coth(dx+c)1 /3 +coth(clx+c)2 /3)
dcoth(dx +¢)* /2 4dcoth(dx +c)* /3

(1—2cdex+wﬁ1A)J§-) 2 /3
In(1 +coth(dx +¢)' 7 +coth(dx+¢)2 ) 3 (bcoth(dx +¢)*)" V3

4dcoth(dx +c)* /3 2dcoth(dx +¢)* /3
1/3
(1 +2coth(dx+¢)! 3) 3 ] (booth(dx +¢)2)2 /3 yF

2 /3

1.
(b coth(dx +¢)?) are a“(

_|_

/

3 tanh (dx + ¢)

arctan
[ 3

3 (beoth(dx +¢)2)°
2dcoth(dx +c)* /3 d
Result (type 8, 14 leaves):

+

J(bcoth(dx—i—c)z)z A &

Problem 12: Result more than twice size of optimal antiderivative.
1/3
J(bcoth(dx—l—c)z’) A &

Optimal (type 3, 29 leaves, 2 steps):

'3 In(sinh(dx +c) ) tanh(dx + ¢)

d

(bcoth(dx +¢)?)

Result (type 3, 191 leaves):

2dx+2ec 3\ /A3 2dx+2ec 3\ /3
[ b((sd - +1)l ) (e2dx+2c_ l)x 2 [ b((sd 5 +1)l ) (e2dx+2c_ 1) (dx+c¢)
Q2dx+2c_ gcdXxTac

ede+2c+1 a (Gde+2c+l)d



1/3
(e2dx+26_ 1)1n(62dx+26_ 1)

b (ede+20+ 1)3
(ede-i-ZC_ 1)3

+

(ede+ZC+1)d

Problem 13: Unable to integrate problem.
J(bcoth(dx+c)4)" dx

Optimal (type 5, 51 leaves, 3 steps):

2

coth(dx +¢) (bcoth(dx+c)4)nhypergeom( [1, L +2n 5

, [3 +2n],coth(dx+c)2)

d(1+4n)
Result (type 8, 14 leaves):

J(bcoth(dx+c)4)" dx

Problem 15: Unable to integrate problem.
2
J(bcoth(dx+c)4) &
Optimal (type 3, 239 leaves, 14 steps):
/-

arctanh (coth (dx +¢)' ) (beoth(dx +)*)>”  (beoth(dx +¢)*)> P In(1 = coth(dx +¢)' /3 + coth(dx +¢)2 /)
dcoth(dx +¢)8 /3 4dcoth(dx +¢)8 /3

(1—2coth(dx+c)1/3)ﬁJ a2 /3
B 1a(1 + coth(dx + ) /3 + coth (dx +¢)2 /) arcm( 3 (beoth(dx +¢)*)" V3

+
4dcoth(dx +¢)8 /3

(1+2coth(dx+c)1/3)ﬁ] 2 /3
(beoth(dx +¢)*)” 73 3 (booth(dx +¢)*)

3
2dcoth(dx—i—c)8/3 5d
Result (type 8, 14 leaves):

4 2
N (beoth(dx +¢)?)

2dcoth(dx +¢)8 /3

2/

t
are an[ 3tanh(clx+c)

J(bcoth(dx+c)4)2 are

Problem 16: Unable to integrate problem.

1
dx
J (bcoth(dx—i—c)“)1 Z
Optimal (type 3, 239 leaves, 14 steps):



_ 3coth(dx+c) . arctanh (coth(dx +¢)" /) coth(dx +¢)* 3 coth(dx +¢)* AIn(1 — coth(dx +¢)' /3 + coth(dx +¢)2 /3)
d (beoth(dx +c)%) 7 d (beoth(dx +c)%) 7 4d (beoth(dx +¢)*)'

(1—200th(dx+c)1/3)\/?) 4 /3
coth(dx +¢)* (1 + coth(dx +¢)! /3 + coth(dx +¢)2 /3) N aman( 3 coth(dx +¢)* 723
1/3

4d (beoth(dx +c)4)' 7 2d (beoth(dx +¢)*)
1 /3
(1 42coth(dx+c)! ) y3 ]coth(dx+c)4/3ﬁ

3
2d (beoth(dx +c)4)' 7

Result (type 8, 14 leaves):

_|_

arctan {

1
J (booth(dx +¢)*)

1/3dx

Problem 17: Unable to integrate problem.
1

J (bcoth(dx +¢)

4)4 /3 dx
Optimal (type 3, 311 leaves, 16 steps):
3 coth(dx +¢) arctanh (coth (dx +¢)' /2) coth(dx +¢)* 3 coth(dx +¢)* ZIn(1 = coth(dx +¢)' 7 + coth(dx +¢)2 /)

- +
bd (beoth(dx +c)*)' bd (beoth(dx +c)*)' 4bd (beoth(dx +c)*)
(1= 2coth(dx+c)! /3)\/T )coth(dx+c)4 /3\/T

3
2bd (beoth(dx +¢)4)' 7

t
coth(dx +¢)* /3 In(1 + coth(dx +¢)! /3 + coth(dx +¢)? /3) arc an(

+
4bd (beoth(dx +c)*)'
1/3
(1 +2coth(dx+¢)! )3 ]coth(dx+c)4/3ﬁ

3
2bd (beoth(dx +c)4)' 7

Result (type 8, 14 leaves):

+

t
are an[ 3tanh(dx + ¢) 3tanh (dx + )3

7hd (beoth(dx +c)*)' ®  13bd (beoth(dx +c)*)

1 /3

1
J (beoth(dx +¢)%)

4/3dx

Problem 18: Unable to integrate problem.
2
J(bcoth(dx—i—c)’”) 7

Optimal (type 5, 52 leaves, 3 steps):

/

3coth(dx +c¢) (bcoth(dx+c)m)2 3hypergeom( [1, % + %], [% + %],coth(dx+c)2)

d(3+2m)



Result (type 8, 14 leaves):
J(bcoth(dx+c)"’)2 A g

Problem 19: Unable to integrate problem.

1
dx
J (beoth(dx +c)m)>

Optimal (type 5, 52 leaves, 3 steps):

3coth(dx +c¢) hypergeom( [1, L_ %

3 m 2
= - — h +

2 3 }cot(dx c))
2/3

;5]
d (3 —=2m) (beoth(dx +¢)™)
Result (type 8, 14 leaves):

1

J (bcoth(dx +c¢)

m)z /3 dx

Problem 24: Result more than twice size of optimal antiderivative.

J(a +beoth(dx +¢))? dx

Optimal (type 3, 38 leaves, 2 steps):

_ bPcoth(dx +c) . 2abln(sinh(dx+c))

2 2
b
(a + )x d p

Result (type 3, 115 leaves):
_b*coth(dx+c)  In(coth(dx+c) —1)a*  In(coth(dx+c) —1)ba _ In(coth(dx +c) —1) b? 4 In(coth(dx +c) +1) d?

d 2d d 2d 2d

_ In(coth(dx +¢) +1) ba  In(coth(dx+c) +1) b?
d 2d

Problem 26: Result more than twice size of optimal antiderivative.

sinh(x)?2
J 1 + coth(x) dr

Optimal (type 3, 30 leaves, 4 steps):
3 1 1 1
o +

8 8(1—coh(x)) ' §(1 +coth(x))? 4 (I +coth(x))

Result (type 3, 69 leaves):



—_

X
1 h| = 1
! ! ! 3 n(tan ( > ) + )

1

— + - + +

2(tanh(%)+l)4 (tanh(%)+lj3 2(tanh(§)+1) ; 4(tanh(%)—lj2 4(tanh(

) 3ln(tanh(%]—l)

8

Problem 27: Result more than twice size of optimal antiderivative.
inh
sinh(x) &
1 + coth(x)
Optimal (type 3, 15 leaves, 2 steps):

2cosh(x) sinh(x)
3 3 (1 +coth(x))
Result (type 3, 39 leaves):
1 1 1

+ + -

(el 3) o] (3] 23] ) (3]

Problem 31: Unable to integrate problem.

R

J’sech(x)zw/l T coth(x) dx

Optimal (type 3, 17 leaves, 4 steps):

arctanh(\/l + coth(x) ) ++/ 1 +coth(x) tanh(x)
Result (type 8, 13 leaves):

Jgech(x)lel + coth(x) dx

Problem 35: Result more than twice size of optimal antiderivative.

sech(x)3 &
a + b coth(x)

Optimal (type 3, 75 leaves, 9 steps):

x
2

)=

bmmm(awmu)+Mmmm 21
arctan(sinh(x)) b? arctan(sinh(x))  bsech(x) i Ja* —b? n sech(x) tanh(x)
2a a3 a2 a3 2a

Result (type 3, 186 leaves):



2tanh(%)b+2a 2tanh(%)b+2a

2 b3 arctan tanh
2 -+ 2\ -d® +b* 3

2 b arctan

- -

a-/ -a* + b? @ N -a* + b?

arctan| tanh X 2 arctan| tanh X b?
2b 2 . 2
2 a B

Problem 37: Result more than twice size of optimal antiderivative.

tanh (x)>
J 1 + coth(x) dr

Optimal (type 3, 31 leaves, 5 steps):

—% +2In(cosh(x)) + 3tanh(x) tan2h(x)

Result (type 3, 79 leaves):

_ 2
tanh(x)~ + 2 (1 +coth(x))

pufum( ) 1) 2 (sm(3 ) —em(5 ] vem(3))

— +

[tanh(i)ﬂ)z tanh(%)“ ’ (tanh(%)z—i-l)

Problem 38: Result more than twice size of optimal antiderivative.

tanh (x)
——— dx
J 1 + coth(x)
Optimal (type 3, 15 leaves, 4 steps):
SR ! +In(cosh(x) )

2 2 (1 +coth(x))
Result (type 3, 46 leaves):

- 1 +

(tanh(%) +1)2 tanh(

l\)|>< —

)+1 2

x 2
+21n(tanh(5j +1J

)=

) 31n(tanh(%) +1j +1n[tanh(%)2+l) ) ln(tanh(



Problem 44: Result more than twice size of optimal antiderivative

sz coth(a +21n(x)) dx
Optimal (type 3, 35 leaves, 5 steps):

N|a
\_/

3a

a
arctan( 2 ) _ arctanh(
3a
2

e 2

Result (type 3, 82 leaves):

ﬁ n 1n((—e“)3/2—xe2“) _ ln((—e“)3 /2+xeza) ( x\/_+l)

In{xy ¢ +1)
8 2 (-e)* /2 2 (-e)* /2 2 () 2 ()
Problem 45: Result more than twice size of optimal antiderivative
Jcoth(a+21n(x)) i
X
Optimal (type 3, 10 leaves, 2 steps):
In(sinh(a +21In(x)))
2
Result (type 3, 25 leaves):
_In(coth(a +2In(x)) —1)  In(coth(a +21In(x)) +1)
4 4
Problem 46: Result more than twice size of optimal antiderivative.
Jcoth(a+21n(x)) "
x2
Optimal (type 3, 29 leaves, 5 steps):
a a a a
1 +e? arctan(e2 x) —e? arctanh(e2 x)
X
Result (type 3, 92 leaves):
\/ ln( 3/2 xez") Ve ln( 3/2 xez") " -e? ln((—e")3 /2—xe2“) N e 1n(—(—e“)3 /Z—xe”)
2 2 2 2

Problem 47: Unable to integrate problem.

J(ex)”’coth(a +2In(x)) dx
Optimal (type 5, 56 leaves, 3 steps):



(ex)

1 4m 2 (ex)1+mhypergeom( [l, 1 + —

m
4 4

m 2a. 4
+ 2
4}e x)

Ha

e(l+m)

Result (type 8, 15 leaves):

Problem 48: Unable to integrate problem.

Optimal (type 5, 162 leaves, 5 steps):

(3+m)(5+m)(wﬁL”1_ wxﬂ+m(1+§af)2_

e(l+m)

J(ex)”’coth(a +2In(x)) dx

J(ex)mcoth(a +21In(x) )3 dx

(ex)l-i-m(eZa(?) —m) _e4a(5

+—m)xA)

8e (1l +m) 46(1—62’1)(4)2

8ee?d (1 —e?%x*)

(m* +2m+9) (ex)1+mhypergeom( [1, i + %], [% + %],ez"x“)

4e(l+m)

Result (type 8, 17 leaves):

Problem 49:

Optimal (type 3, 28 leaves, 3 steps):

79 leaves) :
. coth(d (a +bIn(cx")))

Result (type 3,

J(ex)mcoth(a +21n(x) )3 dx

Result more than twice size of optimal antiderivative.

Jcoth(d (a+bm(cx)))?

X

_coth(ad +bdIn(cx"))
bdn

_ In(coth(d (a +bIn(cx"))) — 1)

dx

+In(x)

In(coth(d (a +bIn(cx"))) +1)

bdn

2bdn

* 2bdn

Problem 50: Unable to integrate problem.
Jcoth(d(ﬁbm(cw)))z “
s
Optimal (type 5, 132 leaves, 5 steps):
hdn 42 14—§”d(cfﬂ2bd 2hnmqmmn([l,—b;n],[ —-Zézijgad(cjg2bd)
2bdn?  pan (1 —ead (ex)?b) bdn



Result (type 8, 188 leaves):

1 2

- = +
2x2 d (a-i—b (ln(c) +in(en In@) — Imesgn(Ice? In()) (-csgn(Ice? In()) +csgn(lc)) (-csgn(Ice? In(x)) 4-csgn(1e In(x))) j) 2
dbnx® \ (e 2 —1
- 4 > dx
d [a b [ln(c) +1n(en In()) — Imcsgn(Ice? In(x)) (-csgn(Ice? In(x)) +csgn(lc)) (-csgn(Ice? In(x)) +csgn(Te? In(x))) )]
dbnx® | \e 2 -1

Problem 51: Unable to integrate problem.
[coth(d (a+bin(ex)))” ax
Optimal (type 6, 107 leaves, 4 steps):
x(—l-—ezad(cx”)zbd)pAppeﬂFY( I ,p, —p, 1 + ! ezad(cx”)zbd,—ezad(cx”)Zbd)

2bdn 2bdn’
(1 +e2ad (ex)?Pd)?

Result (type 8, 17 leaves):
jcoth(d (a +bin(ex")))’ dx

Problem 55: Unable to integrate problem.

J tanh (x) “
Ja + beoth(x)? + ccoth(x)?
Optimal (type 3, 86 leaves, 8 steps):

2 2
arctanh 2a + bcoth(x) arctanh[ 2a+b+ (b+2c) coth(x)
2Ja Ja+beoth(x)? + ccoth(x)* N 2Ja+b+c Ja+bcoth(x)? + ccoth(x)*
2Ja 2Ja+¥b+c
Result (type 8, 21 leaves):
J tanh (x) &
\/a -I—bcoth(x)2 + ccoth(x)?

Test results for the 17 problems in "6.4.7 (d hyper)”m (atb (c coth)”n) p.txt"

Problem 1: Result more than twice size of optimal antiderivative.
5
J(a +beoth(dx +¢)?)” dx

Optimal (type 3, 152 leaves, 4 steps):



(a+b)5x— b(5a* +10a°b +10a>b> +5ab> + b*) coth(dx +¢)

(104> +10a*bh +5ab* +b*) coth(dx +¢)?
d 3d
b (10a* +5ba+b*) coth(dx+¢)°  b*(5a+b) coth(dx+c)? b coth(dx+c)’
5d 7d 9d

Result (type 3, 471 leaves):
_2coth(dx+¢)3d®b®  coth(dx+c)’ab*  10coth(dx + ) a® b?

_ 10coth(dx+c¢)?a®b®  Scoth(dx+c)?ab L SIn(coth(dx +c) +1)d*b
d d 3d 3d 3d 2d
5In(coth(dx+¢) +1)a>b* | 5In(coth(dx+c) +1)a*b> | 5In(coth(dx+c¢) +1)ab*®  5a*bceoth(dx+c¢) 104> b%coth(dx + ¢)
+ + + — —

d d 2d d d
_10a*bcoth(dx+c)  Sabcoth(dx+c)  Sln(coth(dx+c) —1)a*h  Sln(coth(dx+c) —1)a’b*>  Sln(coth(dx+c) — 1) a*b?
d d 2d d d
_ SIn(coth(dx+c) —1)ab*  Scoth(dx+c) ab*®  coth(dx+c)’h>  coth(dx+c¢)°b®  coth(dx+¢)3h  In(coth(dx+c) —1)d°

2d 7d 7d 5d 3d 2d
_ In(coth(dx+e¢) =1) 0 _ Dcoth(dxte) | In(coth(dxte) +1)a® | In(coth(dx+e) +1) b _ b coth(dx+¢)”
2d d 2d 2d 9d

Problem 2: Result more than twice size of optimal antiderivative.

J(a +beoth(dx +c)?)” dr
Optimal (type 3, 70 leaves, 4 steps):

(a+b)x— b(3a*>+3ba+b*)coth(dx+c)  b*(3a+b)coth(dx+c)?  blcoth(dx+c)®
d 3d 5d

Result (type 3, 234 leaves):

In(coth(dx+c¢) +1) a° 4 3In(coth(dx +c) +1)a*b 4 3In(coth(dx +c) +1)ab?

4 In(coth(dx+c¢) +1) p*  coth(dx +c¢)3 ab?
2d 2d 2d 2d d
_ 3coth(dx+c)d®b  3coth(dx+c)ab*  coth(dx+c)3h®  coth(dx+c)b®  In(coth(dx+c) —1)a®  3In(coth(dx+c) —1)a*h
d d 3d d 2d 2d
_ 3In(coth(dx+c) —1)ab®  In(coth(dx+c) —1) 5> b coth(dx +¢)°
2d 2d 5d

Problem 3: Result more than twice size of optimal antiderivative.

J a I?C()t]l dx
( ( c) )
Optimal(type 3, 128 leaves, 6 Steps) .



Ja tanh(dx +c¢)

(15a2+10ba+3b2)arctan Jb
x + bcoth(dx +c) + b(7a+3b)coth(dx +c) B Jb
(a+b)>  4a(a+b)d(a+beoth(dx+c)?)’  8a*(a+b)*d(a+bcoth(dx+c)?) 8a° 2 (a+b)3d

Result (type 3, 351 leaves):

In(coth(dx+¢) +1) 7b%coth(dx +¢)3 N 5b3coth(dx +¢)3 N 3b*coth(dx +¢)3
2d (a+b)? 8d (a+b)? (a+bcoth(dx+¢)2)>  4d(a+b)3 (a+bcoth(dx+¢)2)a  8d(a+b)3 (a+bcoth(dx+c)?) d?
N 9 bacoth(dx + ¢) L 7b% coth(dx + ¢) N 5b3 coth(dx +¢)

8d (a+b)3 (a+beoth(dx+¢)2)>  4d(a+b)? (a+bcoth(dx+c)2)*  8d(a+b)3(a+bcoth(dx+c)?) a
15barctan(WJ szmtan[w} 3,,3mm[w)
4 Jba I Vba 4 Vvba _ In(coth(dx+c) —1)
8d (a+b)Jba 4d(a+b)3aba 8d(a+b)a*\Jba 2d (a+b)°
Problem 6: Result more than twice size of optimal antiderivative.
Jcoth(x)3 a + beoth(x)? dx
Optimal (type 3, 51 leaves, 6 steps):
2\3 /2 2
- (a + beoth(x)*) + arctanh a + bcoth(x) Jya+b — a+bcoth(x)2
3b Ja+b
Result (type 3, 252 leaves):
(atbeoth(x)?)®? [(eoth(x) —1)2b +2 (coth(x) — 1) btatbh
3b 2
ﬁln( (coth(x) =1)bHb | Fesih(x) — 1)2b +2 (coth(x) — 1) b +a +b }
Jb
2
_ — 12 —
\/mln[2a+2b+2(coth(x) 1)b+2Ja+b + (coth(x) —1)2b+2 (coth(x) —1) b+a+b J
4 coth(x) — 1
2
Jo [ Heoth(x))b=b | ro i o 2s —2 (1 —I—coth(x))b—i—a—i—b)
_ J (1 4coth(x))?h—2 (1 +coth(x)) b+a+b + Vb
2 2
_ T,
\/mln[2a+2b 2 (14coth(x))b+2Ja+b (1 +coth(x))2b—2(1+coth(x))b+a+b J
4 1 + coth(x)

2



Problem 7: Result more than twice size of optimal antiderivative.
Jcoth(x)z a+bcoth(x)? dx
Optimal (type 3, 67 leaves, 7 steps):
coth (x) VB ]
a +bcoth(x)2

2Jb

(a +2b) arctanh

coth(x) Va+5b

a + bcoth(x)?

Ja¥bh - coth(x)+a +bc0th(x)2

+ arctanh
arctan 2

Result (type 3, 275 leaves):

_coth(x) Va+bcoth(x)* aln(coth(x)E+Ja+bcoth(x)2 ) ~J(coth(x) = 1)%b +2 (coth(x) —1)b+a+b

ﬁln( (coth(x) =1)b+b | Fcoth(x) — 1)2b +2 (coth (x) —1)b+a+bJ
_ Vb
2
2a4+2b+2 (coth(x) —1)b+2Ja+b  (coth(x) —1)2b +2 (coth(x) —1)b+a+b ]
N Jath ln( coth(x) — 1
2
JB [ LLtcoth(x)) b =b +\/(l+coth(x))2b—2(1+coth(x))b+a+b)
+\/(1+coth(x))2b—2(1+coth(x))b+a+b 3 Jb
2 2
—_— 2a+2b—2(1+coth(x))b+2ya+b \/(1+coth(x))2b—2(1+c0th(x))b+a+b ]
_ “th ln( 1 + coth(x)
2

Problem 8: Result more than twice size of optimal antiderivative.
Jcoth(x) a+bcoth(x)? dr

Optimal (type 3, 36 leaves, 5 steps):

/ 2
arctanh[ a + b coth(x) Jya+b —a +bc0th(x)2
Ja-+b

Result (type 3, 237 leaves):

ﬁln( (coth(x) =1)bHb | Fsh(x) — 1)2b +2 (coth(x) —1) b +a +b J
J (coth(x) = 1)2b+2 (coth(x) —1)b+a+b Jb
2 2




— 2a+2b+2 (coth(x) —1)b+2Ja+b \/(coth(x) —1)2b+2 (coth(x) —1)b+a+b )
atb ln( coth(x) — 1
2

_|_

B[ LLFeoth ()b =b P Com(x))2b —2 (1 +coth(x))b+a+b)

_\/(1+coth(x))2b—2(1+coth(x))b+a+b n Jb
2 2
— 2a+2b—2(1+coth(x))b+2Ja+b \/(1 + coth(x))2b —2 (1 +coth(x))b+a+b )
+ ath ln( 1 + coth(x)
2

Problem 9: Result more than twice size of optimal antiderivative.
J a+bcoth(x)? dr

Optimal (type 3, 48 leaves, 6 steps):

—arctanh[ coth (x) ‘/7
a + b coth(x)?

Vb + arctanh

COth(X) NV a +b J\/m

a -I—bcoth(x)2
Result (type 3, 237 leaves):

ﬁln( (coth(x) 1) bHb | [ooth(x) — 1126 +2 (coth(x) — 1) b +a +b ]

J(coth(x) —1)2b+2 (coth(x) — ) btath _ JE
2 2
— 2a+2b+2(coth(x)—1)b+2\/a+b\/(coth(x)—1)2b+2(coth(x)—1)b+a+bJ
4 a—}-bln[ coth(x) — 1
2
ﬁln[ (1 +coth(x)) b—b +\/(1+coth(x))2b—2(1+coth(x))b+a+b)
(T Feoth(x)) 75 =2 (1 +eoth(x)) bta+h _ JE
P 2
— 2a+2b—2(1+coth(x))b+2\/a+b\/(1+coth(x))2b—2(1+c0th(x))b+a+bJ
— a+bln[ 1 + coth(x)
p

Problem 10: Result more than twice size of optimal antiderivative.
32
Jcoth(x)z(a+bcoth(x)2) 2 g

Optimal (type 3, 101 leaves, 8 steps):



coth(x) VB ]
a+bcoth(x)®> ) (5a+4b)coth(x) Ja +bcoth(x)?

8B 8

(3a2 +12ba +8b2) arctanh

(a +b)3 /zarctanh

coth(x) ya + b ] B
a + bcoth(x)?

_ beoth(x)*ya +bcoth(x)?
4

Result (type 3, 632 leaves):

coth(x) (a+beoth(x)2)>?  3acoth(x) Jatbeoin(x)2  3aIn(coth(x) VT +a+ beoth(x)’ )

~ ((coth(x) = 1)2b+2 (coth(x) — 1) b+a+5)> "> b/ (coth(x) — 1)2b +2 (coth(x) — 1) b +a+ b coth(x)
6 4
3ﬁ1n( (coth(x) =1)b+b | [ooth(x) — 1)2b +2 (coth(x) — 1) b +a+b |a
3 Vb
4
— 2a+2b+2(coth(x)—1)b+2\/a+b\/(coth(x)—1)2b+2(coth(x)—l)b+a+bJ
i a+bln{ coth(x) — 1 a
2
[ LeothC) =1)b+b | M%) — 1)2b + 2 (coth(x) —1)b+a+b)b3 /2
~ J(coth(x) = 1)?b +2 (coth(x) —1)b+a+ba _ N
2 p
2a+2b+2 (coth(x) — 1) b +2a ¥ B  (coth(x) — 1)2b +2 (coth(x) — 1) b +a+b J
) JaTP ln( . b
2
_ J{eoth(x) = 1)7 b +2 (coth(x) — ) bta+b b, ((1+coth(x))>b=2 (I +coth(x)) b +a+b) 2
2 6
5/ (1 tooth(x))’b—2 (1 tooth(x)) b +a+b coth(x)
4
3ﬁ1n( (Ltcoth(x))b=b | [T ¥ coth(x))2b —2 (1 +coth(x)) b +a+b ]a
3 Vb
4
2a+2bh—2 (1 +coth(x)) b +2vaFh (1 +coth(x))2b—2 (1 +coth(x)) b +a+h J
B ln{ 1 + coth (x) jatba
2
L (1+coth(x)) b=

b + (1 +coth(x))2b—2 (1 +coth(x))b+a+b )b3 /2
J (1 +coth(x))?h—2 (1 +coth(x)) b+a+ba Vb

2 2



| 2a+2b =2 (1 +coth(x)) b+2Va+b V(1 +coth(x))%h —2 (1 +coth(x)) b+a+b

1 + coth(x) atbb
2

\/(1 +coth(x))2b—2 (1 +coth(x))b+a+b b
2

+

Problem 11: Result more than twice size of optimal antiderivative.
J -1 —coth(x)? dx
Optimal (type 3, 37 leaves, 6 steps):

arctan[ coth (x) ] - arctan[ coth(x) \/7 ] \/7
(x)

-1 — coth(x)? -1 —coth(x)2

Result (type 3, 141 leaves):

arctan[ coth (x) \/Tarctan[ (-2 —2coth(x) )2 J

J - (coth(x) —1)% — 2 coth(x) J - (coth(x) —1)2 — 2 coth(x) 4~ (coth(x) — 1)2 — 2 coth ()

. + N

2 2 2
arctan[ coth (x) ] \/Tarctan[ (-2 +2coth(x)) V2 J
Y= (1 +ecoth(x) ) +2 coth(x) J (1 + coth(x) )? + 2 coth(x) 4y - (1 +coth(x) )? +2 coth x)
+ + _
2 2 2

Problem 12: Result more than twice size of optimal antiderivative.

a + b coth(x)?

arctanh[ coth(x)a+b J

a + b coth(x)?

Ja+b

Optimal (type 3, 25 leaves, 3 steps):

Result (type 3, 113 leaves):

In 2a+2b+2 (coth(x) —1)b+2Ja+b \/(coth(x) —1)2b+2 (coth(x) —1)b+a+b
coth(x) — 1

2\Ja+b




N 2a4+2b—2(1+coth(x))b+2Ja+b \/(1 + coth(x))2b —2 (1 4+coth(x)) b +a+b
1 + coth(x)

2Ja+b

1

Problem 13: Result more than twice size of optimal antiderivative.

coth (x)?
dx
J (a + booth(x)?)> 7

Optimal (type 3, 45 leaves, 4 steps):

cretann| coth(x) VaTb J
a + b coth(x)? coth(x)
3 /2
(a+b)>/ (a+b)Ja+bcoth(x)?

Result (type 3, 288 leaves):
coth(x) _ 1

aJa+beoth(x)2 2 (a+b) (coth(x) —1)2b+2 (coth(x) —1)b+a+b
b (2 (coth(x) —1)b+2b)

(a+b) (4b(a+b) —4b2) (coth(x) —1)2b +2 (coth(x) —1)b+a+b
ln[ 2a+2b+2 (coth(x) —1)b+2Ja+b  (coth(x) —1)2b +2 (coth(x) —1)b+a+b J

+

coth(x) — 1
2 (a+b)3 2

N 1 N b (2 (1+4coth(x))b—2b)

+

2(a+b)y (1+coth(x))2b—2 (1 +coth(x))b+a+b (a+b)(4b(a+b) —4b2) (1 +coth(x))2b—2 (1 +coth(x))b+a+b

ln( 2a4+2b—2(1+coth(x))b+2Ja+b \/(1 + coth(x))2b —2 (1 4+coth(x)) b +a+b )
1 + coth(x)

2 (a+b)37"

Problem 14: Unable to integrate problem.

tanh (x) dr
J (a +booth(x)2)®

Optimal (type 3, 64 leaves, 8 steps):
2 2
a + bcoth(x) ] arctanh[ a + b coth(x) J

arctanh
Ja Ja+b b
3,2 + +5)3 2 +
a (a+b) a(a+b)Ja+bcoth(x)?



Result (type 8, 15 leaves):

tanh (x)

|

Problem 15:

(a +booth(x)2)*

dx

Result more than twice size of optimal antiderivative.

coth(x)

|

Optimal (type 3, 58 leaves, 6 steps):

(a + beoth(x)?)

5/2dx

sretanp| @ beoth(x)? ]
Ja+b _ 1 _ 1
(a+b)7"2 3(a+b) (a+beoth(0)2)’ 2 (4 45)2 0T booth(x)?
Result (type 3, 419 leaves):
1 b coth(x)
B 54 T N 3,
6 (a+b) ((coth(x) —1)%b +2 (coth(x) —1) b +a+b) 6 (a+b)a((coth(x) —1)2b+2 (coth(x) —1)b+a+b)
4 b coth(x) _ 1
3(a+b)a*y (coth(x) —1)2b+2 (coth(x) —1)b+a+b  2(a+b)% (coth(x) —1)2b+2 (coth(x) —1)b+a+b
i coth(x) b

2 (a+b)%ay (coth(x) —1)2b+2 (coth(x) —1)b+a+b

1

n 2a+2b+2 (coth(x) —1)b+2a+b \/(coth(x) —1)2h+2 (coth(x) —1)b+a+b

+ coth(x) — 1
2 (a+b)’ 7"
_ 1 _ b coth(x)
6(a+b)((1 +coth(x))2b—2 (1 +coth(x)) b +a +b)3 z 6(a+b)a((l +coth(x))2b—2 (1 +coth(x))b+a+b)
_ b coth(x) _ 1
3(a+b)a*y (1 +coth(x))2b—2(1+coth(x))b+a+b  2(a+b)2y (1 +coth(x))2b—2 (1 +coth(x))b+a+b
coth(x) b

2(a+b)%ay (1 +coth(x))2b—2 (1 +coth(x))b+a+b

1

n 2a+2b—2(1+coth(x))b+2a+b \/(1 + coth(x) )2bh —2 (1 +coth(x))b+a+b

1 + coth(x)
+ 5/2
2 (a—+b)
Problem 16: Unable to integrate problem.

32



tanh (x)?2 &
J (a +booth(x)2)®

Optimal (type 3, 113 leaves, 7 steps):

arctanh[ coth(x) Va + 5

a + b coth(x)? b tanh (x)

b(7a+4b) tanh(x) _ (3a+2b) (a+4b) a + bcoth(x)? tanh(x)

+
(a +b)° /2 3a(a+b) (a+bcoth(x)2)3 /2

Result (type 8, 17 leaves):

3 2
342 (a+b)2Ja+bcoth(x)? 3a’(a+b)

tanh (x)?2 &
J (a +booth(x)2)®

Problem 17: Result more than twice size of optimal antiderivative.

-1 — coth(x)?

arctan[ coth(x)\/T ]\/7

-1 ——coth(x)2
2

Optimal (type 3, 22 leaves, 3 steps):

Result (type 3, 65 leaves):

/7 arctan (-2 —2coth(x)) 2 ﬁamtan[ (-2 +2coth(x)) V2
_ 4 - (coth(x) — 1)% — 2 coth(x) N 4 ~(1 + coth(x) )2 + 2 coth (x)
4 4

Summary of Integration Test Results

94 integration problems



Hmo QW

39 optimal antiderivatives

36 more than twice size of optimal antiderivatives
0 unnecessarily complex antiderivatives

19 unable to integrate problems

0 integration timeouts



