Maple 2018.2 Integration Test Results
on the problems in "6 Hyperbolic functions/6.5 Hyperbolic secant"

Test results for the 6 problems in "6.5.1 (c+d x)”"m (a+b sech)"n.txt"

Problem 1: Unable to integrate problem.
J(dx+c)3sech(bx+a) dx

Optimal (type 4, 160 leaves, 9 steps):
2 (dx +c)3arctan(e’* ) 31d (dx+c)?polylog(2, —1e’*14) N 31d (dx + ¢)? polylog(2, Ie?*4) N 61d> (dx + c) polylog(3, —Te?*T¢)

b b? b? b
61d* (dx + c) polylog(3,1e?*T4) 6 1d° polylog(4, —1eP*+@) 61d> polylog(4, 1P *+@)
_ polylog _ +
b bt bt

Result (type 8, 16 leaves):
J.(dx+c)3sech(bx+a) dx

Problem 2: Result more than twice size of optimal antiderivative.

J(dx+c)%dﬂbx+a)dx

Optimal (type 4, 54 leaves, 5 steps):
2 (dx 4 c) arctan(e?* T9) _ Ld polylog(2, —1eP*T4) + 1d polylog(2, 1e?*T4)

b b b
Result (type 4, 448 leaves):
bx a . bx a
Idln| (1 —1)cosh| == + < | + (1 +1)sinh| == + &
Id dilog( -Icosh(bx +a) —Isinh(bx +a)) _ n(( ) cos ( 2 zj ( )sm( 2 2))"
b? b
TdIn(-Tcosh(bx + a) —Isinh(bx+a))1n( (1-1) cosh(% +%) (14T sinh(% +%))
_|_
b2
Idln(u—l)cosh(ﬁ+ﬁ)+(1+1)smh(ﬁ+ﬁ))a
B 2 2 2 2 _ Iddilog(Icosh(bx +a) +Isinh(bx+a))
b? b?
bx a . bx a
IdIn| (1 +1) cosh 7+3 + (1 —1) sinh 7+3 X
+ b

Idhﬂlcoﬂubx-+a)-+Iﬁnh(bx—ka))ln((l-+I)umh( bx +

5 )+(1—I)sinh(%+%))

(SRR

b2



bx a . bx a
Tdin[ (1 +1) cosh[ 2% + & | —1) sinh[ 2% + 2
dn(( +1) cos ( 2t z)“ )Sm( 2t z)]a . IdIn(-Tcosh(bx +a) —Isinh(bx+a))x

+ b2 2b
_ IdIn(Icosh(bx +a) +1Isinh(bx+a))x i IdIn(-Icosh(bx+a) —Isinh(bx+a))a  IdIn(Icosh(bx+a) +Isinh(bx+a))a
2b 2 b? 2 b?
B 2daarctan(e? ¥ 1) 2 carctan(e?*+¢)
»? b

Problem 4: Unable to integrate problem.
J(dx+c)zsech(bx+a)3 dx

Optimal (type 4, 160 leaves, 9 steps):
(dx +c)?arctan(e? ¥ +) _ d? arctan(sinh(bx +a)) _Id(dx+c) polylog(2, —1ebxta) " Id(dx+c)polylog(2,Iebx+a)

b b b? b?
N 1d* polylog(3, —1e’**¢) 1% polylog(3,1¢"**¢) L d(dx+c)sech(bxta) (dx +c)?sech(bx +a) tanh(bx +a)
b b b? 2b

Result (type 8, 182 leaves):
dita(p2 2 (31a) Lopedx (2319) 452 (L¥19) —p P2 +28x (P¥19): —2bedx+2cd (7)Y —p 2 +2Px+2cd)

5 +8
»? ( (ebx+a)2 _|_1)

Jebﬁa (B2 420 cdx + P2 E —2d%) dx]
862 ()% +1)

Problem 5: Unable to integrate problem.

X _ S5xy/sech(x) de
sech(x)7 /2 21
Optimal (type 3, 31 leaves, 5 steps):

4 20 2 x sinh(x) 10 x sinh(x)
h 7/ 3 sp T
49 sech(x) 63 sech(x) 7 sech(x) 21 /sech(x)

X _ Sxy/sech(x) dr
Hsech(x)”2 21 )

Result (type 8, 16 leaves):

Problem 6: Unable to integrate problem.



J( 2 _ xlesech(x) ] dr
sech(x)3 /2 3

Optimal (type 4, 63 leaves, 7 steps):

2
x . .
- N 16 sinh(x) N 2.2 sinh(x) B 161 cosh(g) Ell1pt1cF(Ismh( J,\IZ )\/cosh(x)  sech(x)

X
) 2
9 sech(x)3 /2 27 /sech(x) 3/ sech(x) 27 cosh( % )

Result (type 8, 20 leaves):

J( X _ xzx/sech(x) J dr
sech(x)3 /2 3

Test results for the 25 problems in "6.5.2 (e x)”"m (atb sech(c+d x"n)) "p.txt"

Problem 1: Unable to integrate problem.

st (a + bsech(dx® +¢)) dx

Optimal (type 4, 110 leaves, 10 steps):
ax® + bx4mcmn(€“2+c) __bezpdybg(2,—ld“2+c) +_be2pdybg(lled%+f) +_Ibpdybg(3,—l€“;+c) _ Ibpdybg(&ld“2+c)

Result (type 8, 37 leaves):

axb J 26dx2+"bx5 dx

(edx2+c)2 +1

Problem 2: Unable to integrate problem.

[# (a+bsech(ar +¢)) ar
Optimal (type 4, 64 leaves, 8 steps):

a_x4 " bxzarctan(edx2+c) _ Ibpolylog(Z, RS +C) 4 Ibpolylog(2,1edx2 +c)
* d 24 24

Result (type 8, 37 leaves):

4 dx2+c
ax +J(2e bx dr

2
edxz-‘rc) +1

Problem 4: Unable to integrate problem.



ij’ (a + bsech(a’x2 +c) )2 dx

Optimal (type 4, 106 leaves, 10 steps):

a?xt " 2abx2arctan(edx2+c) _ b*In(cosh(dx® +¢)) _ Iabpolylog(Z, —Iedx2+c) + Iabpolylog(2,ledx2+c) + b? 2 tanh(dx* + ¢)
4 d 2 d? &2 & 2d

Result (type 8, 74 leaves):

a? X _ * b? +J2bx(2adﬁe¢#+c+b) &
4 d((edx2+c)2+1) d((edx2+c)2+1>

Problem 6: Unable to integrate problem.

X
Ja +bsech(dx2 +¢) &

Optimal (type 4, 313 leaves, 13 steps):

dx2+c dx2+c dx2 +c dx2+c
bx*In 1+“e—] bx4ln(1+ ac bxzpolylog[z,—ae—J bxzpolylog[2,—ae—]
e b—-a+p* ) | b+y-a*+b* ) b—J-a+v* ) | b+ -a® + b
6a 2ady -a® + b2 2ady -a® + b2 ad® -a® +b? ad® -a® +b?
dx2+c dx2+c
bpolylog[3, _ae—] bpolylog[3, i
N b— -a* + b? b+ -a® +b?

ad3\/ -a* + b2 ad®\ -d* + b?

Result (type 8, 55 leaves):

6 dx2+c
gc__i_J_ 2262 bx ; dr
a a(a(&x'”) +2bd“’+c+a)
Problem 8: Unable to integrate problem.
a+bsech(dx2+c)
Optimal (type 4, 211 leaves, 11 steps):
dx2+c dx2+c dx2 +c dx2+c
b 1In 1+“e—] bx*In 1+“e—] bpolylog[2,—ae— bpolylog[z,—ae—]
e b—\-a+b b+ -a*+b* b—\-a*+b* b+ -a*+b*

+ — +
4a 2ady -a* + b? 2ad -a* + b? 2ad2\/ -a* + b2 2ad*\ -a* + b?

Result (type 8, 55 leaves):



4 dx2+c
oo e
a a(a(edx +C) +2bel JrC+a)
Problem 10: Unable to integrate problem.
(a +bsech(dx2 +c))
Optimal (type 4, 912 leaves, 31 steps):
dx2+c dx2+c dx2+c
b2 1n 1+"e—] b x*In 1+“’—J bzlen[l—l— Ad
b S b— -d* +b? b—-a*+p* ) b+ -a* +b?
2a* (i — 1) d 6 a* @ (a* = b*) &? 2612(—a2+b2)3/2d a (a® = b)) d?
dx2+c dx2+c dx2+c dx2+c
B x*In 1+"e—] bzpolylog[Z,—ae—J b3x2polylog[2,—ae—] bzpolylog[Z,—ae—J
b+{-+b ) b—J-a+p* ) | b—J-+b ) b+ -a* + b
202 (- + 1)’ d a* (a* = b*) & &2 (- +12)° 2 a* (> = b*) &
dx2+c dx2+c dx2+c
b3 ¥ polylog[ 2, - S — b polylog[ 3, - S — b polylog[ 3, - ac ]
b+ -a* + b? b —+ -a* + b? b+ -a* + b?
B 2(_2. 2372 » B 2(_2.,.2\372 3 + 2(_2.2\372 3
a* (-a* +b?) d a* (-a* +b?) d a* (-a® +b?) d
dx2+c dx2+c dx2+c
bx*In 1+"e—] bx4ln[1+ae— bezpolylog[Z,—ae—J
N b*x*sinh(d2? + ¢) 3 b—y-a+v* ) | b+y-a+b* ) b—-a+p
2a(a®*—b*)d (b +acosh(dx* +¢)) Ldl 22 I v 3N e )
dx2+c dx2+c dx2 +c
2bx2p01y10g[2, _ae—J 2bpolylog[3, S — 2bp01y10g[3, - ac
b+y-d+b* b —+ -a* +b? b+ -a* +b*

+

+ —
a* d* N, -a* +b? ad -a* + b? ad -a* + b?
Result (type 8, 177 leaves):
X0 b2x4(bedx2+c+a) +{_be"(2a2dxzedx2+c—b2dxzedx2+c—ZbZedx2+c—2ab)

a (a? —bz)d(a (edx2+c)2 +2bedx2+c+a>

dx
2 2
6a a2(a2_b2)d(a(edx2+c) +2bedx2+c+a

Problem 13: Unable to integrate problem.

Jx(a+bsech(c+dﬁ) )% dx

Optimal (type 4, 264 leaves, 18 steps):



2253 /2 a* P " Sabx /2arctan(ec+dﬁ) _ 6b2xln(l +e2€+2dﬁ) B 12Iabxpolylog(2, —IeCJ“d‘/?) " 12Iabxpolylog(2,lec+dﬁ)

d 2 d dz d2 dz
+ 3b2p01y10g(3, —ez"'”dﬁ) _ 24Iabp01ylog(4, —Iec+d‘/7) n 24Iabpolylog<4,lec+d‘/7) _ 6b2p01y10g(2, —ez"'”dﬁ) Jx
a at a &
+ 24Iabp01ylog<3, —Iec+d\/?) Jx _ 24Iabp01y10g<3,lec+d‘/7) Jx " 26% X /Ztanh(c+d\/7)
d3 d3 d

Result (type 8, 18 leaves):

Jx(a+bsech(c+dﬁ) )? dx

Problem 16: Unable to integrate problem.

[t
(a —i—bsech(c—i—d\/?))

Optimal (type 4, 2503 leaves, 61 steps):

c+dVx c+dx c+dx
10080 b° polylog[ 7, - — J 10080 52 polylog[ 7, .4~ 10080 b3 poly]og{ g - acTt ]
b—+-a*+b N b+ -a*+b N b— -a*+b*
@ (2 - ) d8 (2 — ) d a2(—a2+b2)3/2d8
aec-i—d\/? aec-i—d\/? aec-i—d\/?
10080 5 polylog| 8, ~———— 20160 b polylog| 8, ~————— 20160 b polylog| 8, ~————
b+ —a2+b2 _ b — —a2—|—b2 " b+ _a2+b2 + 2b2x7/2
@ (- +07) Y Nervey Y N @ (=) d
ct+dx c+dVx N
2637 21n 1+"e—] 14b2x31n{1 TR— 2637 2| 1 + —4C ]
N b—-a+b ) b+-a®+b* ) b+ -a® + b
az(—az—i-bz)3 /Zd a (a® — b)) d? az(—a2+b2)3 /2d
c+d\x c+dx c+dx
84 2 5 /2 polylog[2, L — 14 b%c“’polylog[z, L — 84 b2 x5 /2 polylog[2, LA — J
B b—-a+v® ) | b—J-a+b ) b+ -a* + b
@ (=) & 2 (-a+02)° 2 22— &
ct+dVx c+d\x ct+dVx
14 133)63P01Y10g[2, -2 420 bzxzpolylog[3, _ae—] 84535 /2 polylog[3, _ae—]
bty-a+b> ) | b—-a*+bv ) b— -a* + b
a2(—a2+b2)3 /2d2 2 (2 —p?) & az(_a2+b2)3 /2d3



c+d\x c+d\x ct+dVx
420 bzxzpolylog 3, - ac 84 b3 x° /2 polylog{3, -_ac ] 1680 b2 x° /Zpolylog 4, - ac
bt-a+v® ) | b+y-a®+b* ) b—-a*+b
(= b) d* & (- +12) & (@ =) &
c+dVx c+dx c+d\x
420 b3 2 polylog| 4, - —4< 1680 523 /2 polylog[4, S J 420 b3x2polylog[4, S
b—J-+b ) b+-a®+p b+y-a+1
az(—az+b2)3/2d4 @ (a* = b*) & az(—a2+b2)3/2d4
ct+dVx ct+d\x ct+dVx
5040 bzxpolylog[S, -—ac 1680 b3 x° /2 polylog| 5, - ac 5040 bzxpolylog 5, - ac
b—+ -a* +b? b—-d+b* L b+ -a* + b?
a (@ = v?) & & (- +12)* a8 @ (& — 1) d
c+dVx c+dx c+dx
1680 53 3 /2 polylog{S, -ac ] 5040 b3xp01ylog 6, - ac 5040 b3xp01ylog 6, - ac
bt-a+p> ) | b—J-a+b ) b+ -a*+b°
az(—az+b2)3 /2d5 az(—az+b2)3 /2d6 az(—az+b2)3 /2d6
c+d\Vx c+dx c+d\Vx
4bx /2ln[1 R— 4bx7 /21n[1 R—. 28bx”polylog[2, -—ac
b —+ -a* +b? b+ -a* + b? b —+ -a* +b?
a?dy -a* + b? a*dy -a* + b? a? d? N, -a* + b2
c+dx c+dx c+dx
28 bx”polylog[2, _ae—J 168 bx° /zpolylog[3, -_ac J 168 bx° /zpolylog[3, - ac J
b+ -a* + b? b — -a* + b? b+ -a* + b?
P -a* + b aAdd N -a® +b? aAdd N -a? +b?
ct+dVx ct+d\Vx ct+dVx
840 bxzpolylog[4, - ac 840 bxzpolylog[4, - ac 3360 b’ /Zpolylog[S, - ac
b—+ -a* +b? b+ -a* + b? b—+ -a* +b?
a2d4\/ -a* + b? a2d4\/ -a* + b? add N -a* +b?
c+dVx c+dVx c+dVx
3360 b3 /2 polylog[S, S 10080 bxpolylog[6, S 10080 bxpolylog[6, S
b+ -a* + b? b —+ -a* +b? N b+ -a* + b?
PP -d® + b a2d6\/ -a* + b? a2d6\/ -a* + b?
c+dVx c+dx c+dVx
10080 5> polylog[6, -—ac ]J? 10080 42 polylog| 6, - —2& Jﬁ 10080 53 polylog[7, -—ac
b— -d* +1* b+ -d® + b? b—+ -d* +b*

2 (- d

2 (- d

a* (—a2 +b2)3 /2d7




c+dVx c+dVx c+dVx
10080b3polylog[7,— ac ]J? 20160bp01ylog{7,— ac ]ﬁ 20160bp01y10g[7,— ac ]ﬁ
N b+ -a* + b + b— - + b 3 b+ -a® + b
@ (-a+12) Y Ny Y Ny
ct+d\x
14023 1In| 1 + —45 ]
b— -+ X 26257 sinh(c +d ¥ )
2(2_ 12\ 2 toa Tt 242
a* (a* —b*) d 4a a(a®—»b )d(b+acosh(c+d\/7))
Result (type 8, 20 leaves):
(a—i—bsech(c—i—d\/?))
Problem 17: Unable to integrate problem.
2
(a+bsech(c+d\/?))
Optimal (type 4, 1223 leaves, 37 steps):
c+dx c+dVx c+dVx
12b2polylog[3,—"e— 12b2polylog[3,— ac 12b3polylog[4,— ac
b —+ -d® + b* N b+ -d® + b? N b — -a® + b?
& (=07 & (=t & (- +02) 2
ct+d\Vx c+d\x ct+dVx
1253 polylog[ 4, - ac J 24 b polylog[ 4, - ac 24 b polylog[ 4, - ac J
b+-a® + 1 b—J-+p bt +pr ) 2p
@ (a2 +52) P RN s BNy @ (@ =) d
c+d\Vx c+dx c+d\Vx c+dx
6b2xln[1+ ac 2033 2| 1+ —4C J 662xIn| 1 + —4& J 2b3x3/21n[1+ ac
B b—-a?+v* ) | b—J-+b ) b+-a®+p b+y-a®+b
a2(a2_b2)d2 az(—a2+b2)3/2d a2(a2_b2)d2 az(—a2+b2)3/2d
ct+dVx c+d\x ct+d\x
6b3xp01ylog[2,— ac ] 6b3xpolylog[2,— ac 4bx° /Zln 1+ —2 ]
b—y -a*+b* b+ -d® + b* b—y -d* +b*
+ 2(_2..2\372 2 2(_2.2\372 2
a (-a* +b?) d a (-a* +b?) d 2dy -a® + b2
c+dVx c+dx c+dVx
4bx3/21n[1+ ac 12bxp01ylog[2,— ac J 12bxpolylog[2,— ac
N b+ -a® + b? b —+ -a® + b? L b+ -d® + b?
a?dy -a* +b* azdle -a* + b? P -+ b



c+dx c+dx c+dx
12 5% polylog | 2, - —L—— /¥ 12b2polylog[2,— ac Jﬁ 12b3po1y10g[3,—“e—Jﬁ
B b—\-a*+b* B b+ -a*+b° B b—\-a*+b
(- &P (- &P a2(—a2+b2)3 /2d3
c+d\Vx c+dVx c+d\Vx
12 b3 polylog| 3, - —45——— | /¥ 24bpolylog[3,—“e—Jﬁ 24bp01y10g[3,_ae— e
+ b+ —a2+b2 + b — —a2—|—b2 . b+ _a2+b2 4
@ (-2 +1) R Ny Y Ny 2a
2623 2 sinh( e +dJx )

a(a?=p?)d(b+acosh(c+dyx))
Result (type 8, 18 leaves):

i dx
J (a +bsech(c+d\/7))2

Problem 24: Result more than twice size of optimal antiderivative.

J (ex)—1+2n
a +bsech(c +dx")

Optimal (type 4, 289 leaves, 12 steps):

aec-i—dxn aec-i—dx” aec-i—dx”
b (ex)?"In| 1+ b(ex)?"In| 1+ ———— b (ex)?"polylog| 2, -—————
(ex)2" b—+ -a® +b b+ -d> + b b—+ -a® + b

—_ + —
Zaen adenx'\ -a* + b* adenx'\ -a* + b* ad*en®" -a* + b?

aec-i—dx”
b (ex)*"polylog| 2, - ————
b+ -d* +b?
ad?en®" -a* + b?

Result (type 4, 586 leaves):

_|_

(-142n) (-In csgn(Iex)3 +In csgn(Iex)2 csgn(le) +1m csgn(Iex)2 csgn(Ix) — Iwesgn(lex) csgn(le) csgn(Ix) +2 In(e) +2 In(x))
2

xX¢€

2an

1 1
- . 2
1 25 e—In n csgn(le) csgn(lx) csgn(Iex) el nn csgn(le) csgn(Iex)2 eITC n csgn(lx) csgn(l ex)2 e—ln n csgn(l ex)3 e 2 mesgn(le) csgn(lx) csgn(lex) e 2 mesgn(le) esgn(lex)

aend®



n

2 c+dxt cro_ 2c32 _ 2 2c
dx |l @€ +eb—\e b a‘e _1

—% 7 csgn(lx) csgn(lex)2 % ncsgn(lex)3 2 . b — eZ cb2 _ a2 eZ c

anc+dx” +efh + /eZCbZ_aZeZC

b +Jehr — e

e e (") ¢

2 e2cb2_a2e2c

) anc-i—dx" 4+ efh— e2(:172_aZe2c ) anc-i—dx" +eh + /eZCbZ_a262c
dilog — dilog

b — eZcbZ_GZeZC b+ eZcb2_a2€20

2 e26b2_a2e26

+

Problem 25: Unable to integrate problem.

J (ex)—1+3n
a +bsech(c +dx")
Optimal (type 4, 428 leaves, 14 steps):
c+dx? c+dx c+dx?
b(ex)3"1n[1+ae—J b (ex)3"In 1+“e—] 2b(ex)3"polylog[2,-”—]
(ex)3" b —+ -a* +b* b+ -d +b* b —+ -a* +b*

—_ + —
Saen adenx'\ -a* + b* adenx'\ -a* + b* ad?en®" -a* + b?

aec-i—dx” aec+dx” aec-‘rdx”
2b (ex)?"polylog| 2, - ————— 2b (ex)3"polylog| 3, - ————— 2b (ex)3"polylog| 3, - ————
b+ -a* +b? b— -a* + b* b+ -a* + b?

+ +
ad*en®" -a* + b? adenx® " -a* + b?

Result (type 8, 159 leaves):

(-143n) (ln(e) Fln() — Irmesgn(Iex) (-csgn(lex) +csgn(le)) (-csgn(lex) +csgn(Ix)) )

X 2

+
3an

_ Imcsgn(Iex) (-csgn(lex) +csgn(le)) (-csgn(Iex) +csgn(lx))

(-1+3n) (ln(e)-i-ln(x) D ] c+d et In(x)
_2be e dr
1 2 1
a(a(e“‘deﬂ nm) +2bec T4 n(x)+a)

Test results for the 52 problems in "6.5.3 Hyperbolic secant functions.txt"

Problem 5: Unable to integrate problem.
J(bsech(dx—i—c) )7 72 dx

Optimal (type 4, 114 leaves, 4 steps):

ad®enx® " -a* + b?




dx c \? .. . dx c
1% h| — + = | EllipticE| Isinh| == + = |,/2
2b (bsech(dx +¢))5 Zsinn(dx+¢) 1P /COS ( 2 2) ptic ( s ( 2 T2 ) ) . 6b*sinh(dx +¢) JBsech(dx F o)

+

5d 5d

SCosh( % + % ) d\[cosh(dx +c) bsech(dx +c)

Result (type 8, 12 leaves):
J(bsech(dx+c))7/2dx

Problem 6: Unable to integrate problem.
J(bsech(dx+c))5/2dx

Optimal (type 4, 90 leaves, 3 steps):

c

dx 2 .. . dx c
2162 h| = EllipticF | Isinh| — + = |, 2 h(dx + bsech(dx +
2b (bsech(dx +¢))3 Asinh(dx +¢) /COS ( 2 * 2) pHe ( Sm( 2 +2)’ chos (dxtec) Vbsech(dx +¢)
3d dx c
h - -
3 cos ( 2 +2)d

Result (type 8, 12 leaves):

J(bsech(dx+c) )5 72 dx

Problem 7: Unable to integrate problem.
J(bsech(dx+c) )3 72 dx

Optimal (type 4, 90 leaves, 3 steps):

2
2Ib2/cosh( % +§) EnipticE(lsinh(ﬂ + ﬁ)ﬁ)

2 2
dx

cosh( - + % ) d+cosh(dx +c)  bsech(dx +c)

2 bsinh(dx +c) +/ bsech(dx +c)
+ d

Result (type 8, 12 leaves):
J(bsech(dx—i—c) )3 72 4y

Problem 8: Unable to integrate problem.
Jl/ bsech(dx +c¢) dx

Optimal (type 4, 64 leaves, 2 steps):



2
—21/cosh( % +§) EllipticF(Isinh(% +%),\/7)\/cosh(dx+c) JBseoh(dx 7 0)

Result (type 8, 12 leaves):

Problem 9: Result more than twice size of optimal antiderivative.
1

J i
bsech(dx +c)

Optimal (type 4, 64 leaves, 2 steps):

2
—ZI/cosh(% +§) EnipticE(Isinh[ﬂ + i)ﬁ)

2 2

cosh[ % + % ) d+ cosh(dx +c)  bsech(dx +c)

Result (type 4, 243 leaves):

2 ((e?5+¢)*p +b)

bedx+c 4 bedx-i—c ((edx+c)2+1) b\/edx+c((edx+c)2b+b)
(edx+c)2 +1 (edx+c)2
1/ -1 (e?¥Fe4+1) J2 J1(ed¥Fe—1) J1edx+e (—ZIEllipticE(\/—I (eT¥Fe4q), gj +IE11ipticF(\/—I (eT¥Feqq), TZJJ

+

\/b (edx+c)3 +bedx+c

ﬁ\/bedx-‘rc((edx-i-c)z +1)

Problem 10: Unable to integrate problem.
J(bsech(dx+c) )" dx

Optimal (type 5, 65 leaves, 2 steps):

11 _n)f3
2’2 2]

,cosh(dx+c)2j (bsech(dx +¢)) ' T sinh(dx +¢)

b hypergeom(

d (1 —n) -sinh(dx +c)?



Result (type 8, 12 leaves):
J(bsech(dx+c) )" dx

Problem 11: Result more than twice size of optimal antiderivative.

1
dx
J (sech(bx +a)?)>
Optimal (type 3, 43 leaves, 3 steps):

tanh(bx +a) n 2tanh(bx + a)
32
35 (sech(bx+a)?)’ " 3bhsech(bx +a)?
Result (type 3, 200 leaves):
e4bx-‘r4a N 362bx+2a B 3
ebe+2a e2bx+2a e2bx+2a
24 (Gbe+2(l+1) > ; 5 b 8(62bx+2a+1) > ; 5 b 8(e2bx+2a+l) v ; > b
(e x+ a+1) (e x+ a+1) (e x+ a+1)
-2bx—2a
(§

ebe-‘rZa

24(e2bx+2a+1)/ b

(esz+2a +1)2

Problem 12: Result more than twice size of optimal antiderivative.

asech(x)2

Optimal (type 3, 11 leaves, 2 steps):

tanh (x)
asech(x)2
Result (type 3, 57 leaves):
e _ 1
2x 2x
2 | —— (¥ +1) 2 | —— (P¥+1)
(¥+1) (¥+1)

Problem 13: Unable to integrate problem.
J(a sech()c)3)5 /2 dx

Optimal (type 4, 114 leaves, 7 steps):



2
154142 cosh(x)3 /2 h i) En't'E(I'h(i) 2) h(x)2
a” cosh(x) cos 2 phic st 2 V2 |Jasech(x) 154azcosh(x) sinh(x) asech(x)3 n 154 &% asech(x)3tanh(x)
195 cosh( i) 195 585
2
N 22 a® sech(x)?\/ asech(x)? tanh(x) 4 2 a*sech(x)*y asech(x)> tanh(x)
117 13

Result (type 8, 10 leaves):
J(asech(x)3)5 2 i

Problem 14: Unable to integrate problem.
J asech(x)? dx

Optimal (type 4, 55 leaves, 4 steps):

2
2 Icosh(x)3 72 cosh(%) EllipticE(Isinh(%j,ﬁ) asech(x)?

nl X
cos (2 )

+ 2 cosh(x) sinh(x) asech(x)3

Result (type 8, 10 leaves):
J asech(x)® dx

Problem 17: Result more than twice size of optimal antiderivative.
1
J—dx
asech(x)4

xsech(x)? L tanh(x)

Optimal (type 3, 28 leaves, 3 steps):

2 asech(x)4 2 asech(x)4

Result (type 3, 88 leaves):

X X
(2 )4 (62x+1)2 8 ﬁ (62x+1)2 8 ﬁ (62x+1)2
et +1 e +1 e +1

Problem 23: Result more than twice size of optimal antiderivative.



cosh(x)2 dr
a + asech(x)

Optimal (type 3, 37 leaves, 5 steps):
3x _ 2sinh(x) I 3 cosh(x) sinh(x)  cosh(x) sinh(x)
2a a 2a a + asech(x)

Result (type 3, 86 leaves):

tanh(ﬁ) 3ln(tanh(£) -I—lj
B 2) 1 3 2 1

C aafw(Z)er) 2a(wm(3)e) +2a(mh(g)_l)2Ua(mhfﬂ_l)

X

2

3ln(tanh( ij — 1)
2

2a

Problem 24: Unable to integrate problem.

J\/a +asech(dx+c) dx

Optimal (type 3, 31 leaves, 2 steps):

Ja tanh(dx +c) T

Ja+asech(dx+c)
d

2 arctanh

Result (type 8, 14 leaves):

J\/a +asech(dx+c) dx

Problem 25: Unable to integrate problem.

Ja+asech(dx+c)
Optimal (type 3, 70 leaves, 5 steps):

2 arctanh Va tanh(dx +c) arctanh[ Ja tanh(dx +c¢) 2 /T
Ja+asech(dx+c) _ 2y a+asech(dx+c)
dJa dJa

Result (type 8, 14 leaves):

Ja+asech(dx+c)



Problem 27: Result more than twice size of optimal antiderivative.

| ®
(a +bsech(dx +c))?

Optimal (type 3, 100 leaves, 5 steps):

v a —b tanh dx +%J

2b (24* — b?) arctan 2
x a+b + b*tanh (dx +c)
e @ (a—b)3"2(a+b)"d a(a* =) d (a +bsech(dx +c))
Result (type 3, 220 leaves):
dx c dx c ) dx c
ax , c ax L c ) 2 hl &2 4 £
ln(mnh( 2 + 2)-+1) m(mnh( 2 + 2) 1) b* tan ( 2 + 2)
d d? - d a? * dx 2 c \?
da(az—bz) (tanh(7+ j a—tanh(—+5) b+a+b)
(a—b)tanh(%—l—%) (a—b)tanh(d—+%)
4 b arctan 2 b3 arctan

J(a+b) (a—>b)
d(a+b) (a—b)y (a+b) (a—0>) daz(a+b)(

Problem 31: Result more than twice size of optimal antiderivative.

J tanh (x)’

a + bsech(x)
Optimal (type 3, 113 leaves,

3 steps):
In(cosh(x)) (az—b2)3ln(a + bsech(x) ) I (a4—3a2b2+3b4)sech(x) _ a(a2—3b2)sech(x)2 i (az—3bz)sech(x)3 _ asech(x)4
a ab® b 25% 3p° 4 b?
5
4 sech(x)
5b
Result (type 3, 414 leaves):
2
32 n 8a " 8a " 8 B 16 B 4a
2 5 2 3 2 3 X \2 3 ¥ \2 4 ¥ \2 4
5b|tanh| = | +1 353 | tanh[ = | +1 p* | tanh|[ = | +1 b|tanh| = | +1 b | tanh —) +1) b? | tanh —) +1)
2 2 2 2 2 2
x )2 x \? x \?
In| tanh| = | +1|d° 3In| tanh| — +l)a3 SIn[tanh(—) +1]a 3 2
" 2 _ 2 " 2 _ 2a _ 4a
b6 b4 b2 2

b4(tanh(%)2+l) b3(tanh(%)2+l)2



~

+ +

o T

+

(30

4 o* 4a 2
2
X X X X
b(tanh(% E (taﬂh(a) +1) (tan (EJ J b(taﬂh(a) +1)
X X x \? X X x \?
ln(tanh(g) +1J ln(tanh(g) —1] a5ln(tanh(5) a—tanh(z) b+a +b] 3a° ln(tanh(g) a—tanh(z) b+a +b]
— — — +
a a b6 b4
x \? x \? x \? x \?
3aln| tanh| — | a—tanh| — | b+a+b In| tanh| — | a —tanh| — | b+a +b
2 2 2 2
— +
b? a
Problem 32: Result more than twice size of optimal antiderivative.
tanh (x)> dr
a + bsech(x)
Optimal (type 3, 35 leaves, 3 steps):
2
(l—a—zjln(a—i-bsech(x))
In(cosh(x) ) b sech(x)
+ +
a a b
Result (type 3, 106 leaves):
2 2 2
In| tanh| = | +1 |a In[ tanh| = | +1 In| tanh| = | —1 aln|tanh| = | ¢ —tanh| = | b+a+5
2 n 2 2 _ 2 _ 2 2
2 2
b [tanh(i) j “ “ b
2
b+

2
ln(tanh(ij a—tanh(ij a+bj
n 2 2

a

Problem 33: Result more than twice size of optimal antiderivative.

tanh (x)?
a + bsech(x)
Optimal (type 3, 52 leaves, 7 steps):

Ja—>b tanh(%)
2 arctan Ja—ba+b
X arctan(sinh(x) ) a+b
= - +
a b ab

Result (type 3, 112 leaves):



(a—b)tanh(%) (a—b)tanh(%)

2arctan(tanh( j) ln(tanh( j+1) ln(tanh(%j —1) 2 g arctan J@aTh) (a=b) _ 2 barctan J(a+b) (a—0b)

N | =
N | =

- + - +
b a a by (a+h) (a—b) aJ(a+b) (a—b)

Problem 38: Unable to integrate problem.

JJa F bsech(dx +¢) tanh(dx+c¢)3 dx

Optimal (type 3, 84 leaves, 5 steps):

Ja+bsech(dx +c)
2 arctanh
2a(a+bsech(dx+c))3 /2 N 2 (a +bsech(dx +¢))3 /2 N Ja _ 2Ja f bsech(dx ¥ o)
3b%d 5b0%d d d
Result (type 8, 23 leaves):

J\/a T bsech(dx +¢) tanh(dx+c¢)3 dx

Problem 39: Unable to integrate problem.

J\/a + bsech(dx +c) dx

Optimal (type 4, 116 leaves, 1 step):

2 coth(dx + ¢) EllipticPi vatb a a—>b

’ > + bsech(dx + _
Ja+bsech(dx+c) a+b a+b (a sech(dx c))/

b (1 —sech(dx+c)) / b (1 +sech(dx+c))
a +bsech(dx +c) a +bsech(dx +c)

dya+b

Result (type 8, 14 leaves):

J\/a +bsech(dx +c¢) dx

Problem 40: Unable to integrate problem.

dx

J tanh (dx + ¢)°

Ja+bsech(dx +c)
Optimal (type 3, 128 leaves, 5 steps):

Ja-+bsech(dx+c)
2 arctanh
2 (3a%> —2b%) (a +bsech(dx +c¢))3 /2 N 6a (a+bsech(dx+¢))3 /2 2 (a+bsech(dx+c))’ /2 N Ja
3ptd 56%d 7b%d dJa




2a (a®> —2b*)Ja +bsech(dx +c)
b*d
Result (type 8, 23 leaves):

+

dx

J tanh (dx + ¢)°
Ja+bsech(dx +c)

Problem 41: Unable to integrate problem.

tanh (dx +c)°
32 dx
(a +bsech(dx+c))
Optimal (type 3, 132 leaves, 5 steps):

Ja+bsech(dx+c)

Ja +

2 arctanh

24 (a+bsech(dx +¢))3 /2 3 2 (a +bsech(dx +¢))3 72 B

2 (a2 - b2)2

B 2d bt d sptd

_2(3d*—20*) Ja+bsech(dx tc)
b*d
Result (type 8, 23 leaves):

J tanh(dx +¢)3 @
(a +bsech(dx +¢))? 2

Problem 42: Unable to integrate problem.

tanh (dx +¢)*
32 dx
(a +bsech(dx+c))
Optimal (type 4, 830 leaves, 17 steps):

ab*d\a ¥ bsech(dx +c)

2 coth(dx +¢c) EllipticE(

Ja+bsech(dx +c) /a+b J/b(l—sech(dx+c)) /_b(1+sech(dx+c))

rEY a—2>b a+b a—2>b
ad~a—+b
4acoth(dx +c) ElhpticE[\/a—i-bsech(dx—i-c) /a+b j/b(l—sech(dx+c)) /_b(1+sech(dx+c))
N E a—>b a+b a—>b
VdJa+b
24 (8% —51?) coth(dx + ¢) EllipticE Ja+bsech(dx+c) /a-l—b /b(l —sech(dx +c¢)) /_b(l +sech(dx+c¢))
TEY a—>b a+b a—>b

3vtdJa+b



2 coth(dx + ¢) EllipticF Ja+bsech(dx +c) /a+b /b (1 —sech(dx+c¢)) /_b(l +sech(dx +c¢))
P Jatb a—>b a+b a—>b
+
ad\a+b
4 coth(dx + ¢) EllipticF Ja+bsech(dx +c) /a-l—b / b (1 —sech(dx+c)) /_b(l +sech(dx+c¢))
N Ja+b a—1>b a+b a—>b
bdya+b
2 (2a+b) (4a+b) coth(dx +¢) EllipticF Ja+bsech(dx+c) /a+b /b(l—sech(dx—l—c)) /_b(1+sech(dx+c))
B Ja+tb a—>b a+b a—>b
3pdJa+b
2 coth(dx + ¢) EllipticPi Ja+bsech(dx+c) , a+b [ a+b m/ —sech(dx +c¢)) /_b(l +sech(dx +c¢))
Ja+b a a—>b a+b a—>b
+
ad
4atanh(dx +c) 2b2tanh(dx+c) _ 2azsech(dx+c) tanh(d x + ¢)

- +
(a*> —b*) d\Ja + bsech(dx +¢) a (a* = b*)da + bsech(dx +¢) b (a®> —b*)d\Ja+bsech(dx +¢)
2 (4a* —b?*)Ja + bsech(dx +¢) tanh(dx +c)

307 (a® —b?) d
Result (type 8, 23 leaves):

_|_

J tanh (dx + ¢)*
(a + bsech(dx +¢))3 /2

Problem 43: Unable to integrate problem.

tanh (dx + ¢)?
(a +bsech(dx +c))3 /2
Optimal (type 4, 315 leaves, 7 steps):

Ja+bsech(dx +c) /a—l—b ]m/ —sech(dx+c)) /_b(l+sech(dx+c))

2 (a —b) coth(dx + ¢) EllipticE

\/m a-+b a—>b
ab*d
2 coth(dx + ¢) EllipticF Ja+bsech(dx +c) /a+b m/ b (1 —sech(dx+c)) /_b(l +sech(dx +c¢))
\/m - a+b a—>b

+
abd

2 coth(dx + ¢) EllipticPi[ vatbsech(dxtc) a+b [ath
JaTE a ' ab

atd

m/ —sech(dx +c¢)) /_b(l+sech(dx+c))

a+b a—>b

+




2tanh(dx +¢)

ad\ a+ bsech(dx +c)
Result (type 8, 23 leaves):

J tanh (dx + c)? @
(a + bsech(dx +¢))3 /?

Problem 47: Unable to integrate problem.

sech(2In(cx)) dr
=

Optimal (type 3, 34 leaves, 5 steps):

czxarccsch(czxz) 1+ sech(21In(cx))

a

2
Result (type 8, 15 leaves):

sech(2In(cx))
dx
=

Problem 49: Unable to integrate problem.

c 3
sech(a+21n[—)) dx
Jx
Optimal (type 1, 25 leaves, 4 steps):
22
¢ 2
3a -2a
€ + =
[ 5)
Result (type 8, 15 leaves):
c 3
sech(a+2ln(—)) dx
Jx

Problem 50: Unable to integrate problem.

(e jp
Jsech(a " (-2 +p) dx

Optimal (type 3, 66 leaves, 3 steps):



62a (C){,)n(Z*p)
2(1—=p)

_ In(cx?) )p
Jsech(a —n(—Z ) dx

Test results for the 57 problems in "6.5.7 (d hyper)”m (atb (c sech)”n) " p.txt"

Result (type 8, 23 leaves):

Problem 12: Result more than twice size of optimal antiderivative.
J sinh(dx + ¢)?

2

(a + bsech(dx +¢)?)

dx

Optimal (type 3, 117 leaves, 6 steps):

(3a+4b) arctanh( (/b tanh(dx +c) ]\/7
_(4b+a)x 4 Ja-+b cosh(dx + ¢) sinh(dx + ¢) I btanh(dx +c)

243 2l3dJaxh 2ad(a+b—btanh(dx+¢)?)  a*d(a+b—btanh(dx +c)?)
Result (type 3, 536 leaves):

21n(tanh(% +5) +1)b 1n(tanh(% +%) +1)

_ 1 + 1 _ 2 B
2 3 5
2dd® (tanh(ﬂ—i-i)—kl) 2dd® (tanh(ﬂ+£J+1) da 2da
2 2 2 2
21n(tanh(ﬂ+£)—1)b 1n(tanh(ﬂ+£)—1j
+ L + 1 + 2 2 N b 3
2 3 5
Zdaz(tanh(%—l-%)—l] 2da2(tanh(%+%)_1) da 2da

_|_

dx c)?

h{ — + =
btan(2 2)
X

4 4 2 2
dx c d c dx c
Ja+tanh(7+zj b+2tanh(7+5)a—2tanh(7+5) b+a+b)

c

da* (tanh( % +

[\

dx c

btanh| — + —

an[z-l-zj
dx dx

+
4 4 2
2 dx ¢ dx | ¢ dx ¢\ _ dx
da (tanh( 2 + 2) a+tanh( + 2) b+2tanh( > + 2) a 2tanh( 2 +

2
) b+a+b)

(SN

+m)

+




_3\/71n(\/mtanh(%+£j —2\/_tanh(d7+ )—i-\/m)

2
4da*\[a+b
b3/21n(\/mtanh(%+%) +2\/—tanh(d—+ )+\/m]
! da*\Ja +b
b3/2ln(\/mtanh(% £J —2\/—tanh(—+ J+\/mj
- da*\Ja+b

Problem 13: Result more than twice size of optimal antiderivative.

3
J csch(dx +¢) - dr
(a + bsech(dx +¢)?)
Optimal (type 3, 131 leaves, 6 steps):
(a —3b) arctanh(cosh(dx +c)) (a —b) cosh(dx +c) B coth(dx + ¢) csch(dx +¢)
2(a+b)d 2(a+b)*d(b+acosh(dx+c)?) 2(a+b)d(b+acosh(dx+c)?)
(3a—0>b) arctan( cosh(dx+c) Va ]\/7
_ Jb.
(a+b)3dJa
Result (type 3, 495 leaves):
2
tanh( dx + = J In (tanh( dx E)Ja 3ln(tanh(ﬂ+ﬁjjb
2 2 1 2 2 2 2
8d (a® +2ab+b2) dx 2 2d (a+b)> " 2d (a+b)3
8d(a-+b)2mnh( > +—2:
2
b tanh dx —) a
2 2
" dx ¢\ dx dx c)? dx ¢\’
d(a+b)3 (tanh(T-l-E) a+tanh( B + 2) b+2tanh(7+5) a—2tanh(7+5) b+a+b)
2
bztanh(dx 5)
3 2 2
4 4 2 2
dw+ﬁﬁ(mh(%f+%)a+mm(%f+§)b+amm(%f+§)a—zmm(%5+§)b+a+ﬂ

ba

+

4 4 2 2
dw+bﬁ(mm(%f+§)a+mm(%f+ )b+amm(%f+§)a—zmm(%5+§)b+a+ﬂ

(SRR



2
N b

4 2
J b+2tanh( dzx + = ) a—2tanh( dx + = ) b+a+b)

4
3 dx | ¢ dx | ¢
d(a+b) (tanh(—z +2) a+tanh(—2 + : S

2

2 2
2(a+b)tanh(%+%) +2a—2b 2(a+b)tanh(%+§j +2a—2b

3 b arctan a b? arctan
_ 4yJab + 4\ ab
2d(a+b)3Jab 2d (a+b)3>Jab

Problem 14: Result more than twice size of optimal antiderivative.

. 4
J sinh(dx + ¢) e
(a + bsech(dx +¢)?)

Optimal (type 3, 222 leaves, 8 steps):
3(5a2+20ab+16b2) arctanh[ Vb tanh(dx +¢) JJ?
3(a*> +12ab +16b%) x Ja+b _ (5a+8b) cosh(dx +c) sinh(dx +¢)
8a 8aSdJaTh 8a*d (a +b — btanh(dx +¢)2)*
cosh(dx+c)3sinh(dx+c) B b(7a+12b) tanh(dx +¢) _ 3b(a+2b)tanh(dx +c)
4ad(a+b—btanh(dx+c)?)®  8ad(a+b—btanh(dx+¢)2)* 2a*d(a+b—btanh(dx+c)?)

Result (type 3, 1667 leaves):
dx c dx c )
9ln(tanh( > +2)+1)b 61n(tanh( > +2)+1)b

3b 3b
d 2 4 dx + 2d 4 + d 5
2da* [tanh| &£ + £ | +1 2da (tanh[ + = ]—i—l) a a
2 2 2 2
dx c dx c 2
1 h — | =1 1 hl — + =] -1
B 3b _9n(tan(2+2) )b_6n(tan(2+zj )b
4 5
2da* | tanh + < (tanh( dx +£)_1) 2da da
2 2 2
c dx c
3 In| tanh - 3In| tanh| — + — | — 1
"o 2 2 1 |
! 8da’ 8dd’ - c it . 3
4da (tanh( +E)+l) 2da (tanh(—+EJ+l)
i d1 2 ;x c + : 4 + dl 3
3 ax 4 c 8d3(t h(— —) 1) 3 < _ 3 dx | ¢\
8da (tanh( 2 +2J+1) a’ | tan 2 +2 + 4da’ | tanh > 1 2da’ | tanh > +2 1
_ 1 _ 3
2 dx c
8da’ (tanh(%+%)—1) 8da3(tanh(7+5)—1)



+

_|_

dx
9 btanh| —
an ( >

3)7
2
dx

4 2 2 2
2 dx | ¢ dx L, dx | ¢
4da (tanh( > + 2) a+tanh( > -I—zj b+2tanh( 5 2) a 2tanh( 5 + 2) b—i—a—i—b)
dx ¢\’
21 b2 tanh| == + =
an(z 2)

dx e \* dx dx c )2 dx ¢ \? 2
4dd’ | tanh| == + = h 2 tanh = | a—2tanh| = + =
da(tan(2+2)a+tan[2+2]b+ tan(2 2)51 tan(z—l-z)b—l-a—l-b

dx e\’
3b7tanh| == + =
an(2 2)
4 2 2 2
4 dx , ¢ dx dx ¢\, _ dx , ¢
da (tanh( 2 + 2) a+tanh( 2 + 2) b+2tanh( 2 +2) a Ztanh( 2 + > b+a+b
dx c )
27 btanh| — + —
a (2 2
4 2 2 2
2 dx , ¢ dx dx ¢\, _ dx , ¢
dda (tanh( 2 + 2) a+tanh( > +2) b+2tanh( > 2) a 2tanh( 2 + > b+a+b
5
35b2tanh( dx +%J
4 2 2 2
3 dx , ¢ dx ¢ dx e\, _ dx , ¢
4da (tanh( 2 + 2) a+tanh( > +2J b+2tanh( 2 2) a 2tanh( + 2) b+a+b)
5
3b3tanh(dx ﬁ)
2 2
4 4 2 2 2
4 dx , ¢ dx dx L ¢\, _ dx ¢
da (tanh( 2 + 2) a+tanh( 2 + 2) b+2tanh[ > +2) a 2tanh( 2 + > b+a+b
d c )
27 btanh| — + —
an(2 5
4 4 2 2 2
4da2(tanh(%+§) a—l—tanh(dzx + 2] b+2tanh(%+%) a—2tanh(—+%) b—l—a—l—bj
3
35b2tanh( dx +%)

dx e \* dx dx c )2 dx ¢ \? 2
4dd’ | tanh| == + = h 2tanh| —— 4+ = | a —2tanh| == + =
da(tan(2+2)a+tan[ +2]b+ tan(z—i-z)a tan(z—l-z)b—l-a—l-b

dx c)?
3 5% tanh =
an(2 2)
4 4 2 2 2
4 dx , ¢ dx , ¢ dx ¢\, _ dx , ¢
da (tanh( 2 + 2) a+tanh( 2 + 2) b+2tanh( > +2) a Ztanh( 2 + > b+a+b



(SR

dx
4 2
da (tanh(

4 2 2 2
) a+tanh(dx + 2) b+2tanh( +%) a—2tanh(%+5) b+a+b)

)

4 2
dx dx c dx c
) a+tanh( 2 + 2] b+2tanh(7+5) a 2tanh(7+—

2
3b3tanh( dzx E)

\S)

dx

2
21b2tanh[ﬂ <
2 2

d 2
4dd3 (tanh( TX + £

2
> ) b—i—a—i—b)

2

4 2
4 dx dx | ¢ dx _ dx
da (tanh( + = > ) a+tanh(—2 + > ) b+2tanh( 2 + = 2 ) a Ztanh(—2 + >

2 2
5) b+a+b)

2
15\/71n(\/a+b tanh(% +%J —Zﬁtanh(% +%) +\/a+bj

16da*Ja+b
ISﬁln(\/mtanh(%+§) +2\/_tanh(d—+ ]+ij
- 16da*a+b
15b3/21n(mtanh(%+%) +2\/—tanh(d7+ )+WJ
- 4da*\[a +b
15b3/21n(\/mtanh( dx —) —2\/—tanh(—+ J+m)
! 4da*Ja+b
3b5/21n(\/mtanh(%+%) +2\/_tanh(d—+ J+m]
- N
3b5/21n(\/mtanh(%+%) —2\/_tanh[d7+ ]-i-\/m]
i da’\Ja +b

Problem 15: Result more than twice size of optimal antiderivative.

J csch(dx + ¢)
(

5 dx
a +bsech(dx +¢)?)

Optimal (type 3, 140 leaves, 6 steps):



_arctanh(cosh(dx+c¢)) bcosh(dx—i—c)3 b(7a+3b) cosh(dx+c)

(a+b)*d 4a(a+b)d(b+acosh(dx+c)?)? 8’ (a+b)2d(b+acosh(dx+c)?)
(15a2+10ab+3b2)arctan cosh(dx+c)\/7)ﬁ
Jb
+ 5,2 3
8a (a+b)°d
Result (type 3, 1475 leaves):
dx dx c\°
ln(tanh( 2 + 2)) B 9batanh( 2 + 2)
d(a+b) 4 4 2 2 2
( ) 4d(a+b)3[tanh(dzx E) a+tanh(%+%) b+2tanh(%+%) a—2tanh(%+%) b+a+b)
6
bztanh( %)
+ 2 2 2
4d(a+b)3(tanh(%+% 5 %4‘%) a—Ztanh(%—I—%) b+a+bj

4
) a+tanh( dx + = J b+2tanh(
<

138° tanh( dz +

4 2 2
4d(a+b)3(tanh(%+ ) a—l—tanh(dx + < j b + 2 tanh ) b—l—a—l—bj a

2
5 —l—%)a—Ztanh(%—i—£

2

(SRR

3b4tanh(d7 +

2

2 2
4d(a+b)3 (tanh(%+ +%) a—2tanh(%+£) b—l—a—l—b) a*

2

[(SRE

2

~

27btanh(d7+ a

d c
_+_
2 2

=

4
4d(a+b)3(tanh(% + ) a+tanh( dx | ¢ ] b + 2 tanh

2

(SR

2
<
2

4
) a—l—tanh[ dx + = ] b+2tanh(
( ;

2 2 2
) a—2tanh(%+£) b+a+b)

9b2tanh( dzx %)

+
4 4 2 2 2
3 dx , ¢ dx dx ¢\, _ dx , ¢
4d(a+b) (tanh( 2 +2J a+tanh( > +2) b + 2 tanh ( > +2) a 2tanh( 2 +2 b+a+b
21b3tanh( dx £j
. 2
dx ¢\ dx dx ¢ \? dx ¢ )? 2
3 ax . c axr . c — axr L c
4d(a+b) (tanh( 2 +2J a+tanh( > +2J b+2tanh( 2 +2) a 2tanh( 2 +2J b+a+b) a



dx ¢\
9b*tanh| <= + =
an! ( ) +2)
4 2 2 2
3 dx | ¢ dx dx | c B dx | ¢ )
4d(a+b) (tanh(—2 +2) a+tanh( > + = ]b+2tanh(—2 +2) a 2tanh(—2 +2 b+a+b| a
dx ¢ \?
2 h| — + =
7 b tan ( > + 2) a
4 2 2 2
4d(a+5)3 | tanh[ 2 + £\ 4 +tanh dx+ b+2tan dx €N~ 2tanh —+5) b—l—a—l—b)
2 2 2 2 2 2
dx c
13 b tanh =
3 b* tan ( 2 2)
4 2 2 2
3 dx | ¢ dx dx | ¢ _ x , c
4d(a—+b) (tanh(—2 +2) a+tanh( > + = J b + 2 tanh (—2 +2) a 2tanh(—+2) b+a+b)
dx c
23 b° tanh =
3 b7 tan ( > 2)
4 2 2 2
4d(a+b)?[tanh[ 2 £ £) 4+ tanh dx+ * 42 tanh (d—+£) a—2tanh(—x+£) b+a+bJ a
2 2 2 2 2 2
9b4tanh(d— EJ
2 2
4 2 2 2
4d(a+b)3 tanh(%+%) a+tanh(%+£j b+2tanh(d7+%) a—2tanh(—+%) b+a+b) a*

9ba

4 4 2 2 2
ad(a+b)%[tanh[ 2 + € ) a4tanh[ 4 + £ b+ 2tanh ﬂ+5 a — 2 tanh —x+5) b+a+b)
2 2 2 2 2 2
21 5%
dx c\* dx c\* dx c \2 c \? 2
4d(a+b 2 EJ a+tanh(7+5j b+2tanh(7+2) a 2tanh( + 2) b+a-+b

1503

4 4 2 2
ad(a+5)3 | tanh[ 2 + € ) atanh( 9E + S ) b+ 2tanh[ EE 4+ ) 4 —2tanh +< ) bt+a+b]| a
2 2 2 2 2 2
354
4 4 2 2
3 dx , ¢ dx , ¢ dx ¢\ _ dx 2
4d(a—+b) tanh( 2 + > a+tanh( + 2) b+2tanh( 2 + 2) a 2tanh( 2 + 2) b+a+b) a
dx ¢ \? dx
2(a+b)tanh| — + = | +2a—2> 2 (a +b) tanh + < +2a—2b
2 2 ) 22
15 b arctan 5 b* arctan
4\ ab n 4\ ab
8d(a+b)Jab 4d (a+b)>aab



dx

3 b arctan 2
i 4\ ab
8d (a +b)3a2 ab

2(a+b)tanh( +2) +2a—-2b

Problem 16: Result more than twice size of optimal antiderivative.

3
J csch(dx + c) e
(a +bsech(dx +¢)?)

Optimal (type 3, 195 leaves, 7 steps):

(a = 5b) arctanh(cosh(dx+c)) (2a —b) beosh(dx +¢) _ (4a*>—9ab—b*) cosh(dx +c)
2(a+0)*d 4a(a+b)2d (b+acosh(dx+c)2)®  8al(a+b) d(b+acosh(dx+c)?)
(15a2—10ab—b2)arctan cosh(dx—l—c)\/;]\/?
_ cosh(dx+c)coth(dx+c)> Jb
2 (a+b)d(b+acosh(dx+c)?)? 832 (a+b)*d
Result (type 3, 1554 leaves):
dx 2 dx dx c
tanh( > + 2) B 1 B ln(tanh( > + — 7 ))a N 51n(tanh( 2 2 ))b
8d (a® +3ba®> +3b%a +b%) 8d(a+b)3tanh(@+£)2 2d(a+b)* 2d (a+b)*
2 2
9ba tanh( 5)
2
+ 4 2 2
4d(a+b)4(tanh(%+§) a—l—tanh(dzx + 2] b+2tanh(d— %) a—ztanh(%Jr%) b—l—a—l—bj
5 b% q tanh 5)
B a tan ( 2
dx e \* dx dx c )2 dx ¢ \? )2
4 4| tanh| — + = h 2tanh| —— + = | a —2tanh| == + =
d(a+b) (tan(2+2)a+tan[2+2]b+ tan(z—i-z)a tan(z—l-z)b—l-a—l-b

dx c\°
133 tanh| == + =
3btan(2+2)

4 2 2 2
4 dx | ¢ dx dx | ¢ _ dx | ¢
4d(a—+b) (tanh(—2 +2) a+tanh( > +2J b+2tanh(—2 +2) a 2tanh(—2 +2 b+a+b
6
b4tanh( dx +£)
2 2
+ 4 2 2 2
4 dx | ¢ dx dx | ¢ _ dx | ¢
4d(a+b) (tanh(—2 +2J a+tanh( > +2) b+2‘[anh(—2 +2) a Ztanh(—2 +2 b+a+b



27ba2tanh(% +

dx

4d(a+b)4(tanh(

dx

+
2

4
) a+tanh( + 2] b + 2 tanh

(SRR

21 bzatanh[ %

C
+ =
2

2
) a—2tanh(% +

oo

2 2
) b—i—a—i—b)

4d(a+b)4(tanh(%

dx

+
2

[(SRE

4 4
) a+tanh[ +2]

29 b3 tanh( % +

4d(a+b)4(tanh(%

dx
2

4
+ ) a+tanh(

(SR

4d(a+b)4(tanh(%

dx
2

4
+ J a+tanh( + 2) b + 2 tanh

SR

27ba* tanh( %

4d(a+b)4(tanh(%

dx
2

+

NSR

4
J a+tanh( +2J b + 2 tanh

dx c 2
batanh| == + =
aan(2 2}

4d(a+b)4(tanh(%

dx
2

4
+ ) a+tanh(

4
+
3)

dx c
23 b° tanh =
an ( ) 2

(SR

4d(a+b)4(tanh(%

dx

+
2

4 4
) a+tanh( -I-zj

(SRR

4d(a+b)4(tanh(%

+

[(SRE

4d(a+b)4(tanh(%

+

SR

4
J a+tanh(% +



17b%a

4 4 2 2
4 dx c dx c dx c dx ]
— 4+ = —_— 4+ = —_— 4+ = — 2 tanh
4dw+b)(mm(2 +2ja+wm[2 +2]b+2mm(2 +2)a mn(z + b+a+b
70
4 4 2 2
4 dx | ¢ dx | ¢ dx | ¢ _ dx
Mﬂa+b)(mm(3—+2J a+mm(3—+2) b+2mmp7- z)a me(z + b+a+b
b4

4 2 2
4d(a+b)4(tanh(%+%) a+tanh( + < J b+2tanh(%+%) a—2tanh(dz +£) b+a+bj a

dx 2

2 2

2
2 2
2(a+b)tanh(%—l—£) +2a—2b 2(a+b)tanh(%+%j +2a—2b

15 b a arctan 2 5 b% arctan
4\ ab n 4\ ab
8d (a +b)*Jab 4d(a+b)*Jab
2
2(a+b)tanh( dx | ¢ ) +2a—2b
3 2 2
b arctan
4\ ab
8d (a+b)*ayab

Problem 24: Result more than twice size of optimal antiderivative.

Optimal (type 3,

Result (type 3,

dx

J sech(dx +c)*
a + bsech(dx +c)?

44 leaves, 3 steps):

aarctanh[ JB tanh(dx +c) j
Ja+b n tanh(dx + ¢)
B 2dJa+b db

137 leaves):

2tanh(dzx +2) aln[\/a—i-btanh(%—i-%) +2\/_tanh(d7+ )—i—x/a-l-b)
B 3 /2
db(tanh(dzx + 2) +1) 240 2 [a+b

dx ¢ \? dx c
aln| Va + b tanh 7+E —2/b tanh 7+E +Ja+b

+

2403 2 aTb

Problem 25: Result more than twice size of optimal antiderivative.



J sech(dx +¢)? dr

a+bsech(dx +c)?
Optimal (type 3, 74 leaves, 5 steps):

B /2arctan{ sinh(dx+c)ﬁ]
_(2a—b )arctan(s1nh(dx+c)) Ja+b i sech(dx + ¢) tanh(dx + ¢)
26%d pdJaTb 2db
Result (type 3, 188 leaves):
3
tanh dx + tanh dx + £ arctan| tanh dx + £ 2 arctan| tanh dx + <
2 2 2 2 2 2 2 2
> T > T B 2
db [tann[ 45 4 €\ 41 db [t 9 4 <) 4 a0 ab
an ( ; 2) an [ ; 2]
2tanh( dx )\/a +b +2Jb 2tanh( dx + = j\/a+b -2Jb
a3 /2 arctan 2 a3 /2 arctan 2 2
N 2Ja N 2Ja
db*\Ja +b db*Ja +b
Problem 26:

Result more than twice size of optimal antiderivative

J sech(dx +¢)6
(a +bsech(dx +¢)?)?

dx

Optimal (type 3, 89 leaves, 5 steps):

Vb tanh(dx +c¢)

va-+b tanh(d x + ¢) aztanh(dx+c)
26572 (a+b)3%d b d 20% (a+b)d(a+b—btanh(dx+c)?)
Result (type 3, 1097 leaves):

dx c
2tanh| — + —
an(2 2]

a (3a +4b) arctanh

3
) dx c
tanh| — + —
a an(2 2]

+
2
2 dx | ¢ 2 d
db [tanh( > + 2) +1] db (tanh( 2

5
+
|
N—
N
+
-+
o
3
=2
VR
IS
=

4 2
c dx c dx c
2) b+2tanh( > + 2) a Ztanh( 2 +

4 4 2 2
dbz(tanh(dzx +5) a+tanh(%+%) b+2tanh(%+ ) a—2tanh(d7+%) b+a+b) (a+b)
5 dx ¢ \? dx dx c
ab + b* In| tanh 7+5 a + tanh > + < > b+2y (a+b)b tanh 7 3 +a+b
4db® (a+b)?

2
5) b+a+b) (a +b)



2(a+b)tanh( dzx %) +2J(a+b)b 2(a+b)tanh( de %) +2J(a+b)b

3 ¢? arctan Jab +b> J(a+ b)b 3 ¢? arctan
4 2Jd% +ab _ 2Jd% +ab
2403 (a+b)2 @ +ab 2db* (a +b)Ja* +ab
2 2
ab+ b? 1n(—tanh( d2x + 2) a—tanh( ;) b+2( a—i—b)btanh(——i— 2)—a—b)
4db® (a+b) (-a—0b)
2(—a—b)tanh(dzx )+2‘/ EDE 2(-a—b )tanh(dzx %)+2\/(a+b)b
3 ¢? arctan 3 4® arctan Jab +b* (a+b)b
4 2Jd% +ab 2Jd* +ab
2db* (a+b)Ja*+ab 2db® (a+b)Ja*+ab (-a—0b)
5 dx 2 dx dx c
a~ ab + b° In| tanh B +2 a + tanh Y +2 b+2\/(a+b)btanh 74-5 +a+b
db* (a +b)?
2(a+b)tanh| X + ) 42 TaFB) B 2(a+b)tanh| X + ) 42 TaFD) b
ERD) 3 2t
2 a arctan Jab+b"\ (a+b)b 2 a arctan
4 2\/a2+ab _ 2Ja* +ab
db* (a+b)2Ja* +ab db(a+b)Ja*+ab

2
ayab + b ln(—tanh( dzx + 2) a—tanh(dzx + zj b+2\/(a+b)btanh(%—f—%)—a—b)
db* (a +b) (~a—b)

2(—a—b)tanh( dzx %) +2J(@a+b)b

2(—a—b)tanh(% +%) +2J(a+b)b

2 a arctan 2 a arctan Jab + b (a+b)b
4 2Jd* +ab i 2\/a2+ab
db(a+b)Ja*+ab db? (a +b)Ja*> +ab (-a—b)

Problem 27: Result more than twice size of optimal antiderivative.

7
J sech(dx + ¢) e
(a +bsech(dx +¢)?)

Optimal (type 3, 137 leaves, 6 steps):

a /2 (4a+5b) arctan[ sinh(dx +¢) Ja ]
_(4a—b) arctan(sinh(dx +c)) Ja+b a(2a+b)sinh(dx +c)
2b°d 26% (a+b)32d 2b% (a+b)d(a+b+asinh(dx+c)?)
sech(dx + ¢) tanh(dx + ¢)
2bd (a+b+asinh(dx +¢)?)




Result (type 3, 539 leaves):

3
tanh( dzx + = 2 ) tanh(% +%) arctan(tanh(% +%)) 4arctan(tanh( d2 +%))
2 2 ) 2 dbz - db3
dbz[tanh[“;x+§) +1] dbz[tanh(%—i-%) +1)

3
) dx c
tanh| — + —
a“ tan ( 5 > j

2

4 4 2
db2(tanh(%+5) a+tanh(%+£) b+2tanh(d7+ ) a—2tanh(%+£) b+a+b) (a+b)

<
2 2 2 2
a tanh(d2 %)
" dx ¢ \* dx dx ¢ )? dx ¢ \?
dbz(tanh(7 +5) a+tanh( = 2) b+2tanh(7 +5) a—ztanh(7 +5) b+a+b) (a+b)
2(a+bﬂmm(ix )+24(a+b)b 2(a—b)mm(%; J+2J (a+b)
4 & arctan 4 & arctan
4 2Jd* +ab _ 2Ja* +ab
db® (2a+2b)Jd* +ab db®> (2a+2b)Ja* +ab
2(a+b)tanh(dzx %)—l—%/(a%—b)b 2(—a—b)tanh( dzx %)—I—L/(a—i—b)b
5 4? arctan 5 a? arctan
i 2Jd* +ab _ 2Ja*+ab

db* (2a+2b)Ja*> +ab db* (2a+2b)Jd*> +ab

Problem 28: Result more than twice size of optimal antiderivative.

6
J sech(dx + ¢) e
(a +bsech(dx +¢)?)

Optimal (type 3, 130 leaves, 4 steps):

(32 +8ab+857) arctanh[ (/b tanh (dx +c)
va-+b asech(dx+c)2tanh(dx+c) B 3a(a+2b)tanh(dx+c)

8652 (a+b) 2d 4b(a+b)d(a+b—btanh(dx+c)?)’ 86 (a+b)2d(a+b—buanh(dx+c)?)
Result (type ?, 3891 leaves): Display of huge result suppressed!

Problem 29: Result more than twice size of optimal antiderivative.

7
J sech(dx + ¢) e
(a +bsech(dx +¢)?)

Optimal (type 3, 139 leaves, 6 steps):



arctan(sinh(dx+c¢)) asinh(dx +c¢) _ a(4a+7b) sinh(dx+c)

bd 4b(a+b)d(a+b+asinh(dx+c)2)> 86 (a+b)?d(a+b+asinh(dx+c)?)
(8a2 +20ab +15 bz) arctan[ sinh(dx +¢) Va_ ]\/7
va-+b

8b° (a+b)°2d
Result (type 3, 1448 leaves):

7
2 arctan| tanh dx + < a? tanh dx + <
2 2 " 2 2
ab’ 4 4 2 2 2
d[tanh(%Jr%) a—i—tanh(%—i—%) b+2tanh(d7 %) a—2tanh(%+%) b+a+b) b* (a +b)
7
9 a tanh d—+£
2 2
+ 4 4 2 2 2
dx c dx c dx c dx
4 h| — + = h| — + — 2tanh| — + — — 2tanh| —
d(tan[z-l-z]a—l-tan(z-i-z)b-i- tan(2+2)a tan(2 +2)b+a+be(a+b)
x 5

3 d c
tanh[ <= + =
czan(2 2)

4 2 2
d(tanh(%+%) a+tanh(%+£ ) b+a+b) (a+b)2 b

4 ¢ 2
2) b+2tanh( +5) a—2tanh( 2 + =

2

~ 1la tanh(%+%)5
4d(tanh(% +%)4a +tanh(% +%)4b +2tanh(d7 %) a—2tanh(% +%J2b +a +b]2 (a +b)2b
~ 27atanh(%+%}5
4d(tanh(% +§j4a +tanh[% +%)4b +2tanh(d7 +%)2a—2tanh( 5 + = 5 sz +a +bj2 (a +b)?
X

3 c
th — 4+ =
aan( )

dx ¢\ dx ¢\ ¢ \? 2 2 2.2
d | tanh 7+3 a + tanh 74—— b + 2 tanh +5 a — 2 tanh 2 L L) b+a+b (a+b)°b

2 2

dx c 3
11 a“tanh| — + —
aan(2 2]

™ I

2 2

dx ¢ )? 2 2
7 a—2tanh T—I—_ b+a+b| (a+b)b

4 4
4d(tanh(% +£j a+tanh(% + 5) b+2tanh(%



dx c 3
27atanh| — + —
-

_|_

dx ¢\ dx ¢\ dx ¢ \? dx ¢ )? 2 2
4d(tanh( > -I—z) a—l—tanh( 5 +2) b+2tanh( 5 +2) a 2tanh( > +2) b+a+b| (a+b)

2

4 4 2 2
d(tanh(%+%) a+tanh(%+%) b+2tanh( > +%) a—2tanh( +%) b+a+bJ b2(a+b)
dx c
9atanh| && + &
) - 2)
4d | tanh[ 4* 4 € 4a—|—tanh dx | ¢ 4b+2tanh dx | ¢ ? 0~ 2 tanh [ 4% + £ b—l—a+b 2b(a+b)
2 2 2 2 2 2 2 2
2y (a+b)? tanh( dzx+%)+z (a+b)%b 2 (a+b)3tanh(dzx+§)+2 (a+b)2b
Cl3 arctan a3 arctan
" 2Ja3+2ba2+b2a . 2Ja3+2ba2+b2a
db3Ja® +3ba* +3b2a+b Jao +2ba* +b*a db¥Ja® +3ba* +3b2a+b° Jao +2ba* +b*a
2 (a+b)3 tanh(dx+ j+2 (a+b)2b 2 (a+b)3tnh(dx )+2 (a+b)%b
5 2 2 5 2
5 a“ arctan 5 a” arctan
4 2Ja3+2ba2+b2a _ 2Ja3+2ba2+b2a
2db*Ja +3ba* +3b2a+b Ja +2ba* +bla 2db*Jd +3ba* +3b2a+b Ja +2ba* +bla
2/ (a+b)3 tanh( dx | ¢ > ) +2J(a+b)%b 2 (a+b)° tanh( dx , ¢ > ) +2 (a+b)%b
15 a arctan 15 a arctan
4 2Ja3+2ba2+b2a _ 2Ja3+2ba2+b2a
8db\a® +3ba> +3b*a+b & +2ba* +bla 8db\a® +3ba* +3b*a+b Ja> +2ba* +bla

Problem 30: Result more than twice size of optimal antiderivative.
J(a + bsech(dx +¢)?) tanh(dx +¢)* dx

Optimal (type 3, 44 leaves, 4 steps):

d 3d 5d

atanh(dx+c¢)  atanh(dx+c¢)> +btanh(dx+c)5

Result (type 3, 97 leaves):

l a [dx+c—tanh(dx+c) -

tanh(dx+c)3j+b __sinh(dx+¢)?  3sinh(dx +c)
d

3 2cosh(dx+¢)>  8cosh(dx +c¢)’



15 5 15
8

4 2
; ( 8 sech(dx +c)” | 4sech(dx +c) )tanh(dx—l—(J)
+

Problem 31: Result more than twice size of optimal antiderivative.
2
J(a + bsech(dx +¢)?) tanh(dx +¢)? dx

Optimal (type 3, 71 leaves, 4 steps):

a*In(cosh(dx +¢)) N a(a—2b)sech(dx +c)? 4 (2a —b) bsech(dx +c)* + b2 sech(dx +¢)®

d 2d 4d 6d

Result (type 3, 149 leaves):

b?sinh(dx + ¢)?

a*In(cosh(dx+¢))  tanh(dx+c)?a®  absinh(dx +¢)? L absinh(dx+c)?  b?sinh(dx +¢)? N b?sinh(dx +¢)?

d 2d 2dcosh(dx+c¢)*  2dcosh(dx+c)>  6dcosh(dx+c)®  12dcosh(dx +¢)?

Problem 35: Result more than twice size of optimal antiderivative.
2
Jcoth(dx+c)4(a+bsech(dx+c)2) dx
Optimal (type 3, 44 leaves, 4 steps):
5 (e —b?*) coth(dx+¢)  (a+b)*coth(dx+c)?

“rT d 3d
Result (type 3, 95 leaves):
2 csch(dx +c)? j
3 (——— coth(dx +¢)
1 f(dx+c—cdex+c)—cdex+d )+2ab _cosh(dx+c) 3 3
d 3 2sinh(dx +¢)? 2

_ csch(dx +¢)?

3 ]coth(dx+c)

Problem 36: Result more than twice size of optimal antiderivative.
2
Jcoth(dx+c)6 (a +bsech(dx+c)2) dx

Optimal (type 3, 60 leaves, 4 steps):
2y a? coth(dx + ¢) (a®> —b*) coth(dx+¢)>  (a+b)coth(dx+c¢)

d 3d 5d

Result (type 3, 162 leaves):

+b2(

W

12 dcosh(dx + ¢)?



3 5 3
% f(dx+c—cdex+c)—cdex+c) _ coth(dx+¢) ]+Qab _ cosh(dx+¢) +3cosh(dx+c)

3 5 2sinh(dx +¢)? 8 sinh(dx +¢)°>
4 2

3(_2__cdex+c) +4C“de+c))cdex+d

4 15 5 15 2 - cosh(dx +c)
8 4sinh(dx +c)?
4 2

(18_5 _ csch(d5x+c) 4csch(ii5x+c) )Coth(dxﬂ)

a 4

Problem 37: Result more than twice size of optimal antiderivative.
3
J(a + bsech(dx +¢)?) tanh (dx + ¢)* dx
Optimal (type 3, 102 leaves, 4 steps):

Py @tanh(dx+e)  dtanh(dxt+c)®  b(3a’+3ab+b?)tanh(dx+c)® b2 (3a+2b) tanh(dx+c)” | b tanh(dx +c)’
d 3d 5d 7d 9d
Result (type 3, 273 leaves):

3 . 3 .
1 i (dx+c_tanh(dx+c) _ tanh(dx +c¢) )+3baz __sinh(dx +¢) - 3smh(dx—|—c)5
d 3 2cosh(dx +c) 8 cosh(dx + ¢)
8 , sech(dx+c)* 4sech(dx+c)2)
3| — + + tanh (dx +
N (15 5 15 anh(dx +c) Lagg | simh(dx+e)®  sinh(dx+c)
8 4cosh(dx+c)”  8cosh(dx+c)’
16 , sech(dx+¢)® | 6sech(dx+c¢)? SSech(dx+c)2J
— + + + tanh (dx +
N (35 7 35 35 anh{dx +c) 3| sinh(dx+¢)®  sinh(dx+c)
8 6cosh(dx+¢)®  16cosh(dx +c)°
128 sech(dx:+—c)8 8sech(dx7+—c)6 16sech(dx:+—c)4 64sech(dx—|—c)2 J
= h
N (315 + 9 + 63 + 105 + 315 tanh (dx +c)

16

Problem 38: Result more than twice size of optimal antiderivative.
3
J(a + bsech(dx +¢)?) tanh(dx + ¢)? dx
Optimal (type 3, 86 leaves, 4 steps):

5 dtanh(dx+c¢) |, b(3a*>+3ab+b*)tanh(dx+c)>  b* (3a+2b)tanh(dx+c)° . b tanh(dx +c)’
ax— + -
d 3d 5d 7d
Result (type 3, 179 leaves):




2
(% 4 Sech(dx+c)” )tanh(dx—i—c)

1 & (dx +c—tanh(dx +¢)) +3bd> smh(dx—i—c)3 3 1324 - smh(dx—i—c)5
d 2 cosh(dx +¢) 2 Hcosh(ds +)°
4 2
(i i sech(dx +c¢) 4sech(dx +c) )tanh(dx+c) .
+ 15 5 15 - sinh(dx +c)
4 6 cosh(dx +c)’
6 4 2
(g sech(dx +¢)® | 6sech(dx+c)* | 8sech(dx +c) )tanh(dﬁc)
L35 7 35 35

6

Problem 40: Result more than twice size of optimal antiderivative.
3
Jcoth(dx+c)5 (a +bsech(dx +c¢)?)” dx

Optimal (type 3, 77 leaves, 4 steps):
(2a—b) (a+b)?esch(dx+c)? _ (a+b) esch(dx+c)® _ pIn(cosh(dx+c)) (o +b°) In(sinh(dx +c))

2d 4d d d
Result (type 3, 193 leaves):

@ In(sinh(dx+c))  acoth(dx+c)®>  a’coth(dx+c)*  3ba’cosh(dx+c)®>  3ba*cosh(dx+c)®>  3b*acosh(dx +c)>

d 2d 4d 4dsinh(dx +c¢)* 4dsinh(dx +¢)? 4dsinh(dx +¢)?
N 3b%acosh(dx+¢)? b N b3 4 b3 In(tanh(dx +c))
4dsinh(dx +¢)? 4dsinh(dx +c)*  2dsinh(dx +¢)? d

Problem 42: Result more than twice size of optimal antiderivative.
J coth(dx +c)4

5 dx
a +bsech(dx +c¢)

Optimal (type 3, 77 leaves, 7 steps):
b VoS arctanh[ ﬁtanh(dx+c)

x Ja-+b _ (a+2b)coth(dx+c) coth(a’x—i—c)3
a a(a+b)"d (a +b)2d 3(a+b)d
Result (type 3, 297 leaves):
3 3
_tanh(% +%) a B tanh[%-l—%] b B 5tanh(%+%)a B 9tanh[%+%]b B !
24d (a +b)? 24d (a+b)? 8d (a+b)? 8d (a+b)?

dx c)?
24 dtanh| — + —
dan(2 +2) (a+b)



dx c dx c
B 54 ~ 9b (tan( 7 +2)+ J n(tan( ) + ) ]
8d (a +b)2tanh( dx 4 ¢ ) 8d (a —I—b)ztanh(—d2 %j da da

2 2
2

b5/21n(\/a+btanh(% %) +2ﬁtanh(% %)4_\/_],)
- 2da(a+b)5 "2

)2—2ﬁtanh(%+%)+m]

<
2
2da(a+b)S ">

[\

b /21n(\/a s tanh( %

+

Problem 43: Result more than twice size of optimal antiderivative.

5
J tanh (dx + c) a
(a +bsech(dx +¢)?)
Optimal (type 3, 72 leaves, 4 steps):
) [%—%)ln(b+acosh(a’x+c)2)
(a +b) 4 In(cosh(dx+c))  \a b

2a*bd (b +acosh(dx +¢)?) b2 d 2d

Result (type 3, 350 leaves):

dx 2 dx | c dx | c
ln[tanh( 2 +2) +l) B 1n(tanh( > +2]+1) B In (tanh( 5 +2J 1)

d b* da? da*

dx c
2tanh| — + —
an(2 5

dx dx ¢ \? dx c \?
db(tanh( > J a+tanh( + 2) b+2tanh( 2 + 2) a 2tanh( 2 + 2) b+a +b]
2 2

2
ln(tanh( %J a+tanh( +2) b+2tanh( dzx %) a—2tanh( dzx+%) b+a+bJ
2db?
2 tanh + £
~ " ( 2)
dx

da(tanh(d? J b+a+bj

ln(tanh( %J a+tanh( + 2] b+2tanh( %) a—2tanh( %J b+a+b)

2dd?

) a+tanh( + — ) b+2tanh( ) a—2tanh(d7

N

2 2




Problem 45: Result more than twice size of optimal antiderivative.

2
J coth(dx + ¢) - dr
(a + bsech(dx +¢)?)
Optimal (type 3, 107 leaves, 7 steps):
b /2 (5a+2b) arctanh[ (b tanh(dx +c)
x Ja+b _ (2a—b)coth(dx+c) bcoth(dx + ¢)
a® 2d% (a+b)52d 2a(a+b)*d 2a(a+b)d(a+b—btanh(dx +c)?)
Result (type 3, 474 leaves):
dx c dx c dx c
hf — + = 1 h| — + — 1 1 hf —+ = | -1
tan(z—i-z) | n(tan(2+2)+] n(tan(2+2) ]
2d(+2ab+07) 2 ix ey dad - dad
a a 2d (a+Db) tanh(T-l-E] a a

dx c\3
b*tanh| —= + —
an(z 2]

4 4 2 2
2 dx | ¢ dx | ¢ dx | ¢ _ dx | ¢
d(a+b) a(tanh(—2 +2) a+tanh(—2 +2J b+2tanh(—2 +2) a 2tanh(—2 + b+a+b

\S)

dx c
P tanh| <= + =
an > 2)

4 4 2 2
d(a+b)2a(tanh(%+%) a+tanh[%+%] b+2tanh(%+%) a—Ztanh(%—FE) b—i—a—i—b)

[\S]

3/ dx | ¢ \? dx | ¢
5b In|  a + b tanh 7+— +2/b tanh 7+E +Ja+b

2
4d (a+b)°2a

503 ﬂln(Wtanh(% +§)2—2\/7tanh(% -I—%j +ij
4d (a+b)°a

» ﬂln(Wtanh(% +%J2+2\/Ftanh(% +%J +ij
2d(a+b) 2

» /zln(\/mtanh(% +%)2—2ﬁtanh(% +%) +\/m]
2d (a+b)5 2

Problem 46: Result more than twice size of optimal antiderivative.
J coth(a’x+c)3

dx
(a +bsech(dx +¢)?)?

Optimal (type 3, 104 leaves, 4 steps):



b3 _ csch(dx+¢)? N b2 (3a +b) In(b +acosh(dx+c)?) . (a+3b)In(sinh(dx+c))

+

2d (a +b)?d (b +acosh(dx +c)?) 2(a+b)%d 2d° (a +b)3d (a+b)d
Result (type 3, 366 leaves):
dx 2 dx c dx c dx c
tmm( 2 + 2) ! lnbmm( 2 + 2))a 3m(mm{ 2 +-2)Jb m(mm{ ) +-2]-+1)
8d(+2ab+ 1) i oV d(a+b)? " d(a+b)> - dd
8d(a+b)2tanh(7+5]
2
1n(tanh(ﬂ+£)—1j 2b3tanh(dx ﬁ)
3 2 2 3 2 2
2 2 2
da daw+b)(mm(%— 2)a+wm[ +2]b+2mm(%£+%)a—2mM( +%)b+a+%
4 2
3b21n(tanh(ﬂ +£) a+tanh( dx + = J b + 2 tanh (d— —) a—2tanh(ﬂ+£) b+a+b)
i 2 2 2 2 2 2
2da(a+b)
4 4 2 2
3 dx | ¢ dx L e, dx , ¢
. b ln(tanh( > + 2) a—i—tanh( > + 2) b+2tanh( 5 2) a 2tanh( 5 + 2) b—l—a—i—b)

2da® (a+b)3

Problem 47: Result more than twice size of optimal antiderivative.
J coth(dx +¢)
3
(a + bsech(dx +c)2)

dx

Optimal (type 3, 124 leaves, 4 steps):

b N b? (3a+2b) N b(3a*>+3ab+b*)In(b+acosh(dx+c)?) . In(sinh(dx +¢))
4d3 (a+b)d (b +acosh(dx+c)2)?  2a (a+b)?d(b+acosh(dx+c)?) 2a3 (a +b)3d (a+b)3d
Result (type 3, 1045 leaves):
ln[tanh(% —l—%)) B ln[tanh(% +%) +1) B ln[tanh(% +%) —1)

d(a+b)? da’ da®

d(a+b)3 (tanh( % ¥

d(a+b)’ (tanh( % +



N

dx c
2p%anh| = + =
an(2 >

C

4 4 2
d(a—i—b)3 (tanh(%—i—%) a+tanh(%+5) b+2tanh(ﬂ+ ) a—2tanh(%+

[\S]
oo

<
2
4 4 2
) a—l—tanh(%—l—%) b+2tanh(—+%) a—2tanh(

2
3 dx c dx dx 0)2 )
h = il = il
d(a+b) (tam(2 —I—2 5 5 +2 b+a+b
dx e\
4 b3 tanh| == 4+ =
b’ tan ( > + 2)
4 2 2 2
3 dx | ¢ dx | ¢ dx | ¢ _ dx | ¢
d(a+b) (tanh(—2 + 2) a+tanh(—2 + 2) b+2tanh(—+ 2) a Ztanh(—2 + > b+a+b| a

2

4 b*tanh + £
(45
X

4 2
3 dx dx | ¢ dx ¢\ _ dx
d(a-+b) (tanh( 2 + ) a+tanh( 2 + > J b + 2 tanh ( > 2 ) a 2tanh( > +

|

(S

6 b* tanh(

E
2
4
J a+tanh(%+%) b + 2 tanh [

dx c c dx c \?

d b)3 | tanh| — + = = —2tanh| — + = | b b
(a+)(an(2+2 > Z)a a(2+2) +a+)
8b3tanh( EJ

2
d(a+b)3(tanh(ﬂ+5)4a+tanh(ﬂ+£) b + 2 tanh [d— 5) a—ztanh(ﬂ+£)2b+a+b)2a
2 2 2 T2 2 2 2 2
2 b* tanh + £
an( 2)
4 2 2 2
d(a+b) (tanh( +§) a—i—tanh(dzx +§) b+2tanh(% 3) a—2tanh(%+%) b—i—a—i—b) @

ax
2
<
2

dx dx c\* dx ¢ \? dx c\?
| h| — + +tanh| — + = + 2tanh| — + — — 2tanh| — + — +a+
3bn[tan(2 )a tan(2 2)b tam(2 z)a tan[2 Zjb a+b

2da(a+b)3

4 2 2
2 dx dx dx L c B dx | ¢
3b ln(tanh(—2 ) a+tanh( + = 2 J b+2tanh( 2 2 ) a Ztanh(—2 + > b+a+b

2

(SR

2da® (a+b)3

b ln(tanh( % + <

4
2) a+tanh(%+£

4 2 2
dx c dx c
2) b+2tanh( > + 2) a 2tanh( > + 2) b+a+b)

2dd’ (a +b)3



Problem 48: Result more than twice size of optimal antiderivative.

3
J coth(dx +c) - dr
(a + bsech(dx +¢)?)
Optimal (type 3, 146 leaves, 4 steps):
) b* N b (2a+b) _ csch(dx +¢)? N b? (6a*> +4ab +b*) In(b + acosh(dx +¢)?)
4d% (a +b)2d (b +acosh(dx+¢)2)? @ (a+b)’d(b+acosh(dx+c)?)  2(a+b)’d 2d° (a+b)*d
+ (4b +a) In(sinh(dx +c¢))
(a+b)*d
Result (type 3, 1127 leaves):
2
tanh[ a’x+ ) 41n[tanh(ﬂ+£))b ln(tanh(ﬂ—}-ﬁ))a ln(tanh(ﬂ+£)+l)
2 2 1 2 2 2 2 2 2
8d (P +3bd+302a+b) i oV d(a+b)? " d(a+b)? - da
8d(a+b)3tanh(7+5)
6
(23] (% 1)
da’ d 4 d dx 2 d 2 2
4 X C X C C X C
hf &4+ £ h| &X 2tanh[ &£ + £ ) ¢ —2tanh| & + £
d(a+b) (tan ( 2 +2) a + tan ( 2 +2) b +2tan ( 2 +2) a tan ( 2 +2) b+a+b)
dx 6
10 b* tanh =
~ 05" ta ( > +2)
4 2 2 2
d(a+b)4(tanh(%+%) a+tanh( dzx + 2) b+2tanh(d +%) a—2tanh(d—+%) b+a+b) a

2
dx c 0
2 b° tanh + =
‘ (2 2)

dx ¢\ dx dx ¢ \? ¢ \? 2
daz(a+b)4(tanh(7+5) a+tanh( 2 + 2) b+2tanh(7+EJ a—2tanh(—+5) b+a+b)
4
16 b3 tanh( dx ﬁ)
3 2 2
4 2 2 2
4 dx , ¢ dx dx L ¢\, _ dx | ¢
d(a+b) (tanh( 2 + 2) a+tanh( 2 + 2) b+2tanh[ > + 2) a 2tanh( + > b+a-+b
4
8 b tanh [ X + <
2 2
+ 4 2 2 2
d(a—i—iﬂ“(tanh(%—l—%) a—i—tanh(dzx + 2) b+2tanh(ﬂ+§) a—2tanh(d +§) b—i—a—i—b) a

2

dx c \*

4 b’ tanh =
an(z—i-z)

4 4 2
daz(a+b)4 (tanh(%—ki) a+tanh( dx + = ) b+2tanh[%+%] a—2tanh(%+

2 2 2



8b3tanh(% +

— |
|><
N|m
N——
[\S)
Y
|
)
-+
oo
=]
=
/N
U
Sth
_l’_
(SRR
N—
[\S)
S
_l’_
Q
_l’_
S
Ne—
[\

4
d(a+b)4(tanh(%+ ) a—i—tanh( dx | 2) b + 2 tanh

2

o

2

dx c \?

10 b* tanh| =— + =
an(z—i-z)

4 2 2 2
4 dx c dx dx c d c
h{ — + = h 2tanh| — + — —2tanh| — + —
d(a+b) (tam(2 +2)a+tan(2 +2)b+ tan(2 —i—z)a tan( +2 b+a+b| a
dx ¢ )2
2p tanh| == + =
- b’ tan ( 2 + 2
4 2 2 2
dx dx X c
(a+b) [wm )a+mM(2 +2) b+2mm(2 +2J a 2mm(2 +2) b+a+b)
4 2 2
2 dx , ¢ dx , ¢ dx , ¢ \", _ dx , ¢
+3bh{mm(2 +2J a+mm(2-+2)b+2mm(2 z)a 2mm(2 +2 b+a+b
da(a+b)*
4 4 2 2
2 b3 In| tanh ﬂ+£ a + tanh ﬂ—l-g b + 2 tanh ﬂ+£ a — 2 tanh ﬂ—i-g) b—i—a—i—b)
n 2 2 2 2 2 2 2 2
da® (a +b)*
b41n(tanh(ﬂ+£)4a+tanh(ﬂ+£)4b+2tanh[dx E)za—ztanh(ﬂ+£)2b+a+b)
2 2 2 2 2 2 2 2

2da’ (a +b)*

Problem 49: Unable to integrate problem.

3L

J(a + bsech(x)?)” “tanh(x)? dx

Optimal (type 3, 103 leaves, 9 steps):

(3a2—6ab—b2)arctan[ (b tanh (x) ]
Ja tanh(x) Ja+b—btanh(x)?> )  (5a+b)yJa+b—btanh(x)? tanh(x)

@ /2 arctanh

Ja +b—btanh(x)2 N 8

bya+b—btanh(x)? tanh(x)3
_|_
4
Result (type 8, 17 leaves):

32

J(a + bsech(x)?)” ““tanh(x)? dx

Problem 50: Unable to integrate problem.



J-(a + bsech(x)z)3 % dx

Optimal (type 3, 70 leaves, 7 steps):

Vb tanh(x) N

(3a + b) arctan

Ja tanh(x)

Ja+b — btanh(x)> N bya+b —btanh(x)? tanh(x)

3,2
tanh
a arctan ) )

+

Ja+b — btanh(x)?2
Result (type 8, 12 leaves):

J(a+bsech(x)2)3/2dx

Problem 51: Unable to integrate problem.

J tanh (x)> &
a + bsech(x)?
Optimal (type 3, 48 leaves, 7 steps):
anﬁanh[ Ja_tanh(x) ] arctan (/b tanh (x)
Ja+b — btanh(x)?2 Ja+b — btanh(x)?2

Ja B VT

Result (type 8, 17 leaves):

J tanh (x)2 &
a +—bsech(x)2

Problem 52: Unable to integrate problem.

h
J coth(x) dr

a + bsech(x)?
Optimal (type 3, 44 leaves, 7 steps):

arctanh

a +bsech(x)2 ] [ Ja +bsech(x)2 ]

arctanh
Ja _ Ja+b

Ja Ja+b

Result (type 8, 15 leaves):

J coth(x) &
a + bsech(x)?



Problem 53: Unable to integrate problem.

tanh(x)3
J 3/2dx

(a + bsech(x)?)
Optimal (type 3, 44 leaves, 5 steps):

2
arctanh a + bsech(x) J
Ja n -a—b
e 2
ab+ a + bsech(x)
Result (type 8, 17 leaves):
3
J tanh (x) — dr
(a + bsech(x)?)

Problem 55: Unable to integrate problem.

1
dx
J (a +bsech(x)2) 72
Optimal (type 3, 49 leaves, 4 steps):

arctanh [ Ja tanh (x) ]

\/a +b— btanh()c)2
372

b tanh (x)
a(a+b)Ja+b—btanh(x)>

Result (type 8, 12 leaves):

1
dx
J (a + bsech(x)?)> 7

Problem 56: Unable to integrate problem.

1
dx
J (a +-bsech(x)2)5 Z
Optimal (type 3, 81 leaves, 6 steps):

J@ tanh(x) J

Ja+b — btanh(x)?2

arctanh

b (5a+3b) tanh(x) b tanh (x)

3a® (a+b)2Ja+b—btanh(x)?  3a(a+b) (a+b—btanh(x)?)’ Z

& /2

Result (type 8, 12 leaves):

1
dx
J (a +bsech(x)2)®



Problem 57: Unable to integrate problem.

1
dx
J(a+bsech(dx+c)2)7/2
Optimal (type 3, 165 leaves, 7 steps):
arctanh Ja tanh(dx +¢)
Ja+b—btanh(dx+c)®> ) b (334> +40ab +15b%) tanh(dx +¢c) btanh(dx +c)
7 /2 5/2
a’ 2a 156 (a+b)3dJath—bamh(dste)? Sala+b)d(a+b—buanh(dx+c)?)’”

b(9a+5b) tanh(dx +c)
154> (a+b)*d (a+b — btanh(dx +¢)?)
Result (type 8, 16 leaves):

3,2

1
J (a +bsech(dx +c)

2)7 /2 dx

Summary of Integration Test Results

140 integration problems



HoQ W

65 optimal antiderivatives

35 more than twice size of optimal antiderivatives
0 unnecessarily complex antiderivatives

40 unable to integrate problems

0 integration timeouts



