Maple 2018.2 Integration Test Results
on the problems in "6 Hyperbolic functions/6.6 Hyperbolic cosecant"

Test results for the 11 problems in "6.6.1 (c+d x)”"m (a+b csch) n.txt"

Problem 1: Result more than twice size of optimal antiderivative.
J(dx+c)3csch(bx+a) dx

Optimal (type 4, 142 leaves, 9 steps):
2 (dx+c)3arctanh(e’*T9) 34 (dx+c)?polylog(2, -e"* 1) N 3d (dx + ¢)? polylog(2, e’ *+@) N 6d> (dx + ¢) polylog(3, -e’*+)
b b b? b
_ 6 d> (dx + c) polylog(3, e’ * 1) _ 6 d° polylog(4, -e?* 1) + 6 d° polylog (4, & *T4)
b bt b
Result (type 4, 540 leaves):

6 d> polylog(3, -e®*T4) x | &P In(1 —P*T9) 3

CdPaIn(1 e N PPl —eT) Pl +e719) P 34 polylog(2, -eP*¥T9) 2

+ +
b* b* b b? b b
n 3.3 polylog(2, ¥ T4) 2 B 6 d° polylog(3, e **4) x B 3 2 dpolylog(2, -e?**+4) n 3 2 dpolylog(2, P *T4) " 6 cd? polylog(3, -e?**¢)
b? b b? b? b
_ 6 cd? polylog(3, 2 *4) n 2 d3 @ arctanh (? ¥ T9) _ 2 A arctanh(e? ¥ 1¢) " 3ed>d®In(1 +eP¥te) _ 3ed?a®In(1 — ¥ te)
b b b b b
_ 3AdIn(1 +eP¥t9) x _ 3AdIn(1 +eP*9) a " 3AdIn(1 —eP*t9) x n 32dIn(1 —eP**t9)q _ 3ed*In(1 +eP¥Ta) 2
b b2 b b2 b
B 6 cd? polylog(2, —gbxta) + 3ed*In(1 —eP¥ta) 2 n 6cd2polylog(2,ebx+“)x _ 6 d? a® carctanh (e? ¥ +) + 6dac?arctanh(e?*T9)
b? b b? b b?
B 6 d° polylog(4, -e?*+) n 6 d° polylog(4, e *T4)
b b*

Problem 4: Result more than twice size of optimal antiderivative.
J(dx+c)zcsch(bx+a)3 dx

Optimal (type 4, 147 leaves, 9 steps):
(dx +c)?arctanh(e?*14) @ arctanh(cosh(bx+a))  d(dx+c)cesch(bx+a)  (dx+c)?coth(bx +a)csch(bx +a)

b b3 b2 2b
+ d (dx + ¢) polylog(2, -e?*+4) _d(dx+c) polylog(2, e?*+) _ d? polylog (3, -e?**4) + d? polylog(3, e?*14)
2 2 3 3
b b b b
Result (type 4, 443 leaves):




(b PP 24 o bedx P P2 4 AP 4 p PP 42 dx PP 2 4 2 bedx+2cd P TTO4+b P —2dPx —2cd)
p? (2b¥+2a _ 1)2

_ 2 acdarctanh(e?*+) " In(1 +eP**9) cax " In(1 +e’**t9) qgcd _ In(1 —eP**a) cax _ In(1 —e?**t9) gcd _ d? polylog(3, -ghxta)
b? b b? b b? b
+ dzpolylog(3,ebx+“) B 2 d? arctanh(e? ¥ ) " cdpolylog(2, -gPxta) _ cdpolylog(2, ehxta) B In(1 +eP*t9) 2 2 " In(1 —eb¥+a) 242
b b b? b? 25 203
n azdzarctanh(ebx+”) n czarctanh(ebe”l) In( 1 +ebx+“)d2x2 n polylog(2, —ebx+”)d2x _ In(1 —eb"J”’)dzx2 _ polylog(2, ebx+”)d2x
b3 b 2b b2 2b b2
Problem 5: Unable to integrate problem.
J[ X _ Sx+ csch(x) ]dx
csch(x)7 /2 21
Optimal (type 3, 31 leaves, 5 steps):
4 2 x cosh(x) 20 10 x cosh (x)

49 csch(x)7 /2 7csch(x)5 /2 63 csch(x)3 /2 21 csch(x)
Result (type 8, 16 leaves):

J( X _ 5xy csch(x) ]dx
csch(

x)7 /2 21

Problem 6: Unable to integrate problem.

X 2 csch(x) J
dx
J( csch(x)3 /2 " 3

Optimal (type 4, 78 leaves, 7 steps):

2
(T Ix . 1 Ix -
161 — + — | EllipticF -+ = 2 h I'sinh
_ 8x i 16 cosh(x) 4 2xzcosh(x) _ 6 /sm( 4 + 2 ) fpie [cos( 4 2 )’\/_J\/CSC (x) VIsinh(x)
9 csch(x)3 /2 27+ esch(x) 3y csch(x) 27 sin( KL I_x)
4 2

Result (type 8, 20 leaves):

J( X n 2 cs30h(x) de

csch(x)3 /2

Problem 7: Unable to integrate problem.

(fx +e)> cosh(dx +¢)
a +bcsch(dx +c¢)



Optimal (type 4, 422 leaves, 17 steps):

dxtc dx+c
b(fx+e)31n[1+—“e b(fx+e)3ln(l+—ae
b(fx+e)* 6fcosh(dx+c)  3f(fx+e)’cosh(dx+c) b—Ja*+b* ) b++a* + b
4d’f ad* ad? ad 2d
dx+c dx+c dx—+c
3bf(fx+e)2polylog[2,—LJ 3bf(fx+e)2p01ylog[2,—ae—] 6b (fx+e)polylog[3,-—ae )
b—J® + b b+ +b* N b—Jd® +b?
a® d* 2 &> 2P
6b /> (fx +e) polylog 3,& 6bf3polylog[4,— aeltre 6bf3p01y10g[4’_ﬂj
N b+Ja+b* ) b—Ja*+b* ) b+ +1*
& 2 2
L 6 (fxte)sinh(dxte) | (fx+e) sinh(dx+c)
ad® ad

Result (type 8, 368 leaves):

1 3.4 2 3
b(4f3x tefr g ezfx2+e3xJ L PRP 3P R +ILE 3PP+ E — 6 ef x =3 fd +6df x+6efd—6f) T
a? 2ad
PR3P e3P P3P LR+ P E + 6l efx+3P P +6dfx+6efd+6f 4
2ad4€dx+c
_2b(—b/g)g’edx+c+af3x3—3bef2xzedx+c+3aef2x2—3bezfxedx+c+3aezfx—beSedx+c+ae3)
(a (edx+c)2+2bedx+c_a) a2

dx

Problem 8: Unable to integrate problem.

(fx +e)?cosh(dx +¢)
a +bcsch(dx +c¢)

Optimal (type 4, 310 leaves, 14 steps):

aedx+c

) 5 aedx+c
b(fx+e)“In 1+—] b(fx+e) ln{1+

a a

b(fx+e)®  2f(fx+e)cosh(dx+c) b—Ja*+p* ) b+ a*>+ b
3a2f ad? a>d a>d
edx+c edx+c aedx-i—c
2bf(fx+e)polylog[2,—— 2bf(fx+e)polylog| 2, - ————— bezpolylog 3,——J
_ b—Jd+b* ) _ btJa+o? ) |
a? d* a? d* a &

° aedx-i—c
2bf polylog[S, ——j
b++a*+b* +2/2sinh(dx+c) L (fx 4+ e)?sinh(dx +¢)

+
P ad® ad




Result (type 8, 235 leaves):

|
b LA+ fer? 62)
) (3f2 tfex tex L (PR 2dlefi+ PP —2dfx—2efd +2£) T LRE 42l efx+dPE +2d x+2efd 42 |
a? 2ad’ Qaddedxte
_2b(—b/gxzedx“'+af2x2—2befxedx+c+2aefx—bezedx+c+ae2) dx
(a(edx+c)2+2bedx+c_a)a2

Problem 9: Result more than twice size of optimal antiderivative.

J (fx +e) cosh(dx +c)
a+bcsch(dx +c¢)

Optimal (type 4, 198 leaves, 11 steps):

b(fx+e) ln(l+ aelt Tt b(fx+e) 1n[1+ﬂ bfpolylog[2,—ﬂ
b(fx+e)*  feosh(dx+c) b—Ja*+b* ) b+Ja+b* ) b—Ja*+b*
2a2f ad? ad ad a? d*
bfpolylog[z,—ﬂj
b+ a*+b? L+ Lfx+e) sinh(dx +c)
a2 d? ad
Result (type 4, 482 leaves):
bfs*  bex L xd+ed—f) e (fxdted+f) e ¢ beln(a?d It 2ped T —g) N 2beln(e?* 7€)
242 a* 2d%a 2d%a atd atd
b In —ae T4 Jat + B2 —b ]x bﬂn[ —ae T4 Jat + B2 —b JC bﬂn[ ae T4 Ja* +p* +b ]x
B -b +\a* + b -b+Ja + b b+Ja*+b*
atd a? d> atd
b In acd T4 >+ +b ]c bfdﬂog[ ae T4 [ a* + b? +b] bfdﬂog[ —ae T4 a + b2 —bJ
b+ a>+ b b+ a*>+ b -b + a> +b? 2bfex | bfS
- ) 20 22 T T
a‘d a“d a“d ad a“d
N bfcin(ae?9*t2c+2ped¥te—g)  2bhfein(e? 1)
a? d* a2 d>

Problem 10: Unable to integrate problem.

(fx 4+ e)?cosh(dx +¢)?
a+bcsch(dx +c¢)

Optimal (type 4, 468 leaves, 21 steps):



£x + (fx+e)? 4 b* (fx+e)® 2bfcosh(dx+c) b (fx+e)’cosh(dx+ec)  f(fx+e)cosh(dx+c)? L 2bf(fx+e) sinh(dx+c)

4ad® 6af 3a3f P d a>d 2ad® ad?
b (fx+e)?ln l+ﬂJ\/a2+b2
+f2cosh(dx+c) sinh(dx+¢) | (fx +e)?cosh(dx +c) sinh(dx+c) b—+a*+b*
dad’ 2ad ad
dx+c dx+c
b (fx+e)in l+ae—)\/a2+b2 2bf(fx+e)polylog[2,—LJ\/a2+b2
N b+ a>+ b b —a*+ b
ad @ d>
2bf(fx+e)polylog[2,—ﬂ Ja? + b 2bf2polylog[3,-ﬂ] a> + b
N b+ a*+ b + b —a*+ b
@ d> > P
2bf2p01ylog[3,—ﬂJ\/a2+b2
b+ +b?
@&

Result (type 8, 391 leaves):

1 2
§a2f2x3+§b2f2x3 +a2efx2+2bzefx2 +a*Px+20Px (2f2x2d2+4dzefx+2d262—2df2x—26fd+f2) (edx+c)2

+

24 16d°a
b (AP A2defx+d P —2dfx—2efd+2f) e b (APP+2defx+d*E +2dfA x4+ 2efd +21)
2a2d3 2a2d3 edx+c

2P HAPefx+2dP P +2df x+2efd+f +J_2b(a2f2x2+b2f2x2+2a2efx+2b2efx+a262+b2e2)edx+c
16d3a(edx+c)2 (a(edx+c)2+2bedx+c_a)a3

Problem 11: Result more than twice size of optimal antiderivative.

cosh(dx +¢)>
a+bcsch(dx +c¢)

Optimal (type 3, 81 leaves, 5 steps):

b(a®+b) In(b +asinh(dx+c)) , (a®+b?)sinh(dx+c) _ bsinh(dx+c)® | sinh(dx+c)®
a*d a*d 24*d 3ad

Result (type 3, 427 leaves):
1 b 1 1

dx c 3 5 dx c 2 dx c 2 ( (dx c) )
axr L ) ar L )= 22 2 da|tanh| — + - | — 1
3da (tanh( 2 +2J lj 2da (tanh( 2 +2) 1) 2da (tanh( 2 +2) ) >



C

bln(tanh( % +

_ 3 dx
2) 1) b ln(tanh( 2 + >

C

)=

+§)—q

+ +

d a?

da*

2 2
bln(tanh[—x—l-%] b—2atanh(—x+%)—b B b%n[tanh(%—i—%) b—Zatanh(%—l-%)—b] -
da? da* dx c
tanh| — + —
3da(zm ( > + 2
b 1 b
+2d anh[ 4% L < +12_2d2thfﬁ+£ +1-_m(m%1£+ﬁyu)+2mﬁmmvﬁ+£)+q
a | tan 5 2 a“ | tan 2 2 ) ) ) )
s bln(tanh(ﬂ+£)+1j b3ln(tanh(—x+£)+1)
b 2 2 2
B + 2 + 4
< da da

da’ (tanh( % +

)+

[\

Test results for the 25 problems in "6.6.2

Problem 1: Unable to integrate problem.

Optimal (type 4, 97 leaves, 10 steps):

(e x)"™m

(atb csch(ctd x*n)) "p.txt"

J)é (a +besch(dx® +¢)) dx

gjf _ beamumh(d”2+c) __bxzpdybg(Z,—é“2+c) +_bx2pdybg(2,€“2+c) " bpdybg(&

_edx2+c) _ prlleg(3, edx2+c)

6 d
Result (type 8,

d2

37 leaves):

Problem 2: Unable to integrate problem.

Optimal (type 4, 59 leaves, 8 steps):

& A
2edx2+cb)cs

—— dx
(edx2+c)2 -1

6
ax
o
6 J

J)é (a +besch(dx® +¢)) dx

ax' _ bParctanh(e/?¥¢)  bpolylog(2, -e? ¥ +¢) I b polylog(2, 7+ *¢)

4 d

Result (type 8, 37 leaves):

2 d? 2 d?

2edx2+cb)c'3

—— dx
(edx2+c)2 -1

4
ax
= 4+
4 J

)+1)



Problem 4: Unable to integrate problem.

[
Optimal (type 4,
a*xt B Zabxzarctanh(edx2+c) _ b? 2 coth(dx? + ¢)

99 leaves, 10 steps):

(a +besch(d2 +¢))* dx

b? ln(sinh(a’x2 +c))

_ abpolylog(2, —edx2+c) " abpolylog(z, edx2+c)

4 d 2d 242 & &
Result (type 8, 74 leaves):
At B2 2 J2bx(2adx2edx2+c+b) “
2 2
4 d((edx2+c) _1) d((edxz-i-c) _1>
Problem 6: Unable to integrate problem.
J 2
a+bcsch(dx2+c)
Optimal (type 4, 289 leaves, 13 steps):
dx2+c dx2+c dx2 +c dx2+c
bx*ln| 1+ —45 ] bx4ln[1+ ac bxzpolylog[Z,— ac J bxzpolylog[Z,—ae—]
B b—Ja+v® ) | b+\d +b* b—Ja+v* ) | b+\d +b*
6a 2adya® +b? 2ada* +b* ad2\/a2+b2 ad*\ a® + b?
dx2 +c dx2+ec
bpobdog[3,— ac ] bpobdog[3,— ac
+ b—ya*+b b+Jd+ b

ad3\1a2+b2 ad3\/a2+b2

Result (type 8, 57 leaves):

2edx2+cbx5

6
— + |- dx
6a J a(a(edx2+c)2+2bedx2+c_a)

Problem 8: Unable to integrate problem.
X
a+bcsch(dx2+c)
Optimal (type 4, 195 leaves, 11 steps):
dx2 +c dx2+c dx2+c dx2+c
bx*In 1+~—lﬂl—————] b2 1 + —4& J bpdybg[2,— ac bpdybg{Z,— ac J
A b—d*+b? b+ d* +b? b—d*+ b b+ d* +b?
4a 2ad\ a® + b? 2adyd® + b 2ad*\ a® + b? 2ad*\ a* + b

Result (type 8, 57 leaves):



Problem 10: Unable to integrate problem.
(a +bcsch(dx2 +c))
Optimal (type 4, 840 leaves, 31 steps):
dx2+c dx2+c dx2+c
2| 1+ —2 J Pt 1+ —28 J bzlen[l + —2€
i p* EA b—Ja+b* ) | b-Ja+p® ) | b+ +1
2a* (i®+b%)d 6 a* a? (a* +b?) & 242 (a2+b2)3/2d & (a* +b*) &
dx2+c dx2+c dx2+c dx2+c
P 14+ —45 ] bzpolylog[Z, - ac J b3x2polylog[2, B ] bzpolylog[Z, S J
btya+v* ) b—Ja+p® ) | b—ya+v® ) | b+yad*+b
202 (a2 +12)° d a (a* +%) & & (a2 +12)* a (a* +%) &
dx2+c dx2+c dx24c
b3x2polylog[2, S b polylog| 3, - ac b polylog| 3, - ac ]
b+ a* +b? b — a* +b? N b+ a* + b?
2 (2 +p2)° 2 p 2 (2 +p2)° 23 2 (2 +p2) 2B
dx2+c dx2+c dx2+c
bx*n| 1 + —45 bx4ln[1 + 4 2bx2polylog[2, L
B b*x* cosh(dx* +¢) 3 b—Ja+v? ) | b+ +1 b—Ja*+1*
2a (a®> +b%)d (b +asinh(dx® +¢)) LdJE T LdJE T 3 v s,
dx2 +c dx2+c dx2+c
2bx2p01ylog[2, - ac J 2bpolylog[3, - ac 2bp01y10g[3, - ac
N b+yd +b b —a* +b? b+ a* + b

azdz\/ a* + b? & a? + b?

Result (type 8, 177 leaves):
NG b2x4(_bedx2+c+a)

& N, a* + b?

20282 (2d2dR P e 4 R dr P e 4ot P e —0gp)

dx

) {

2 2
6a a2(a2+b2)d(a(edx2+c) +2bedx2+c_

Problem 14: Unable to integrate problem.

P

a* (a2 +b2)d(a (edx2+c)2 +2bedx2+c—a>

dx

Ja+bcsch(c+d\/7)

Optimal (type 4, 767 leaves, 23 steps):




c+dx c+dx c+dx
26% 21 1+ae—] 26% 21 l+ae—] 14bx3p01ylog{2,—ae—]
e b—Ja+p* ) | b+Ja®+b> ) b—Ja*+1*
4a ad\ a* + b ad\ a* + b? ad®\ a* +b*
ct+dVx ct+dx ct+dx
14bx3p01y10g[2, _ae—] 84bx /zpolylog[3, _ae—] 84 bx /zpolylog[3, _ae—]
N btya+b ) | b—Ja*+p* ) b+ d* + b
ad*\a* +b* ad®\a* +b* ad®\ a* +b*
c+dx c+dx c+dx
420 b2 polylog| 4, - —+5—— 420 b2 polylog| 4, - —+5——— 1680 53 /2 polylog| 5, - —2&——
B b—Ja+v? ) | btJa+o? ) | b—Jd+1
ad*\ a® + b* ad*\ a® + b? ad’\ a® + b*
c+dVx c+dVx c+dVx
1680 b x° /2 polylog[ 5, L — 5040 bxpolylog[ 6, L — 5040 bxpolylog[ 6, B — J
B b+Ja+b* ) b-Ja+v* ) | b+a*+1*
adS\/a2+b2 ad®\a* +b* ad®\a* +b*
ct+dVx ct+dx ct+dVx
10080 b polylog| 8, - —45——— 10080bp01y10g[8,—ae— 10080bp01y10g[7,—ae— Jx
B b—Va+b ) | btya+b ) | b—a* +b?
ad®\a® +b* ad®\a® +b* ad \a* + b*
c+dx
10080 b polylog| 7, - —+5—— | /%
B b+ a* + b?
ad \a® + b*
Result (type 8, 20 leaves):
a+bcsch(c+d\/7)
Problem 16: Unable to integrate problem.
(a-i—bcsch(c-i—d\/?))
Optimal (type 4, 1723 leaves, 49 steps):
c+dx c+dx c+dx
24Ob2polylog{5,—ae—] 24Ob2polylog{5,—ae—] 24Ob3polylog{6,—ae—]
b—d* +b? b+ d* +b? b—d* +b?

2 (+b2) d° - 2 (2 +b2) d + az(a2+b2)3/2d6



aec+d\/7 aec+d\/? aec+d\/7
240 b° polylog| 6, - —————— 480 b polylog| 6, - ————— 480 b polylog| 6, - —————
b+ +br ) b—J+p* ) bt +p ) 2pe S
az(a2+b2)3/2d6 REIE TR P ELD a(d?+b*)d  3d°
ct+dx ct+dx ct+dx
40 b2 ¥ /Zpolylog[Z, L — 10 b3x2polylog[2, L — 120 bzxpolylog[3, L —
b+Ja*+b* ) b+Ja*+p* ) b—d*+ b
a(®+b2)d a2 (a2+b2)3 /2d2 & (a® + %) d*
c+d\x c+d\Vx c+dVx
4053 53 /2 polylog| 3, L — 120 bzxpolylog 3, B — 4053 53 /2 polylog[3, _ae—]
b—Ja+b* ) btJa+v? ) | b+a*+b?
& (@ +12) & (& +17) d* & (2 +12)
c+dVx c+dVx c+dx
120 53 xpolylog| 4, - —45———— 120 53 xpolylog| 4, - —45———— 4bx° 21| 14+ €
b—Ja*+v* ) b+Ja*+v* ) b—Jd+1
a? (a2+b2)3 /2d4 a? (a2+b2)3 /2d4 PdJad? +b?
ct+dx ct+dx ct+dx
4by /zln{l SR L — 20bx2polylog[2, L — 20bx2polylog[2, _ae—J
b+Ja+b* ) b-Ja+v* ) | b+a*+1*
a>d\ a* + b* A d*\ a* + b? P d*\ a* + b?
ct+dVx ct+dx ct+dx
80bx° /2p01y10g[3, _ae—] 80bx° /zpolylog[3, _ae—] 240bxpolylog[4, L —
b—Ja*+p* ) b+Ja*+p* ) b—d*+b*
P&+ b? &\ a* + b? A d*\a* + b?
c+dVx c+d\Vx c+dx
240 bxpolylog[4, ""—J 240 b2polylog[4, ‘”’—Jﬁ 240 bzpolylog[4, “—Jﬁ
b+ d* +b? L b —d* +b? N b+ d* +b?
2 A [T *(a*+07)d 2+ 0
Adad®+b a \a a \a
c+dVx c+dx c+dVx
240 b° polylog[S, B — Jx 240 b° polylog[S, B — Jx 480bpolylog[5, L — Jx
b —a* +b? N b+ a* + b b —a* +b?
& (@ +12) & (2 +12) PETTTE
ct+dx ct+dx ct+dVx
480bpolylog[5,-“e—]ﬁ 10 5222 In 1+“e—] 268350 /Zln[l+ae—
b+ d* + b b—d*+ b b—a* +b?

+ +
LN v s a? (a® +b%) &? & (a® +p2)° 2,



c+dx c+dx c+dx
105222 In 1+ae—] 20°5° /21n{1+“e— 40 b2 5 /2polylog[2,—ae—]
N b+Ja®+b> ) btJa+o? ) | b—a*+b?
a* (a* + b*) & 2 (2 +02) 2d (10 &
c+dx
10 53 polylog| 2, - —2&——
N b—JE+2 ) 2626 2 cosh( e +d 3 )
2 (2 +52) & a(a®+0*)d(b+asinh(c+dyx))

Result (type 8, 20 leaves):

vyl
(a +bcsch(c+d\/7))

Problem 18: Unable to integrate problem.
Jﬁ /2 (a+besch(c+day7))" dx
Optimal (type 4, 310 leaves, 21 steps):
_2bzx2 n 2825 /2 _ Sabxzarctanh<ec+d‘/7) . 2b2xzcoth(c+d\/7) n 8b2x3/21n(1 —e25+2dﬁ) 16abx’ /2p01ylog(2, —ec+dﬁ)

+_16abx3/7pdybg(2ﬂf+dJ7) +_12b2xp0Wkg(2,éc+2dJ7> +_48abxpo].ylog(3,—ec+‘w7) _ 48abxpoWkg(3,&+dJ7)
dz d3 d3 d3
+_6b2pdybg(4ﬁgc+2dJ;) +_96abpdybg(5,%f+dJ7) __96abpdybg<5ﬁf+dJ?) __l2b2pdybg(3ﬂgc+2dJ;)J;-
& & & a
_ 96ab polylog< 4, —ec+d‘/?) Jx + 96ab polylog< 4, ec+d‘/?) Jx
d d

Result (type 8, 20 leaves):

J)é /2 (a+besch(c+dy7))’ dr

Problem 22: Unable to integrate problem.

/2
(a —i—bcsch(c—i—d\/?))
Optimal (type 4, 1427 leaves, 43 steps):



c+dVx c+dx c+dx c+dVx
96bpdybg[5,——iﬂz—————— 96bpdybg{5,——iﬂl——————] 48b2pdybg[4,——lﬂi——————] 48b2pdybg[4,——iﬂi——————
b—Ja*+b* ) btJa+b? ) | b—Ja+v* ) | b+ a*+b?
N N s PLNEL D & (a® + ) d & (& + ) d
ct+dVx ct+dx ct+dVx
48b3p01y10g 5,—“—] 48b3p01y10g[5,—ae—] 4bx%1n 1+ae—J
b—JE 1 b+ + 1 20252 250 /2 b—JP 1
B 20 2, ,2\3/2 + 2 2 2\3/2 T 2o, 2
(@@ +p) "d a? (@ +p) " d @ (a* +b%)d Sa a?d a® + b?
c+dx c+dx c+dx
4bx21n[1+ ac 16523 /2polylog[2,—ae— 1653 /zpolylog[Z,—ae—]
N b+Ja+p* ) b—Ja+v? ) | b+Ja*+1*
a?d a* + b? & &\ a* + b? &>\ a* + b?
c+dx c+dVx c+dVx
48bxpdybg{3,——iﬂl——————] 48bxpdybg[3,——iﬂz—————— 48b2pdybg[3,——lﬁi——————JJ;_
N b—Ja+b* ) b+Ja*+b* ) b—a*+1*
PP IE TR Pl ELD a (a® +b?) d
ct+dx ct+dVx ct+dVx
48 bzpolylog[S, —N—J\/? 48 b3p01y10g[4, —N—J\/? 48 b3p01y10g 4, —N—J\/?
B b+ d* +b? N b—d* +b? B b+ d* +b?
a* (a2+b2)d4 a® (c12+172)3 /2d4 a® (c12+172)3 /2d4
c+dx c+dx c+dVx
96bpolylog{4,—ae—]\/7 96bpolylog[4,—ae— Jx 852 /21n 1+ae—J
B b—Ja*+b* + b+Ja*+b* 4 b—a*+b*
2021 12\ 2
PAIELD S vy, a (> +b*)d
ct+dx ct+dVx ct+dx ct+dx
2632 1n 1+“e—] 8 b2 /21n[1+"e— 2632 1n 1+“e—] 24b2xp01y10g[2,—ae—
N b=Va+b> ) | b+Ja+b* ) btya+b ) | b—Ja +b
&2 (® +0?)° 2y a* (& +b?) & 2 (& +12)° 2, 2 (& +02) &
c+dVx c+dVx c+dVx
853 % /Zpolylog 2,—ae— 24b2xpolylog[2, S J 8b3x7’/2p01y10g 2, _ae—J
N b-—Ja+v* ) | b+Ja*+b* ) b+a*+1*
&2 (2 +p?2)° /2d2 2 (2 +0) & 2 (a2 +0) /2d2
c+dx c+dVx
24 b3xpolylog[ 3, -—4% J 24 b3xpolylog[3, S J
B b—Ja+b ) | b+ +p* ) 2622 cosh(c+dyx)
2 (2 +12) 2 (2 +12) a(a®+62)d(b+asinh(c+dJyx))

Result (type 8, 20 leaves):



ey
5 dx
(a +bcsch(c+d\/7))

Problem 24: Unable to integrate problem.

(ex)—l+3n
a +besch(c +dx")
Optimal (type 4, 404 leaves, 14 steps):

3n aec-i—dx" 3 aec+dx” 3 aec-i—dx"
b(ex)”"In| | + ——— b(ex)”"In| 1l + ——— 2b (ex)’"polylog| 2, -————
(ex)3m b—Ja+b ) | b+ d* + b b—d*+ b

Jaen adenx" a® + b* adenx'\ a* + b* ad?en®"a* + b*
aec+dxn aec+dx” a
2b (ex)?"polylog| 2, - ——— 2b (ex)3"polylog| 3, - ———— 2b (ex)3"polylog| 3, - ————
N b+ a>+ b + b—a>+b b+ a>+ b

ad?en®"a* + b* ad>enx"a* + b* ad®enx " a?® + b?

Result (type 8, 161 leaves):

ec+dx"

(-143n) (ln(e} Fln() — Incsgn(Iex) (-csgn(lex) +csgn(le)) (-csgn(lex) +csgn(lx)) )

xXe 2

+
3an

(-143n) (ln(e) +lnt) — Imtcsgn(Iex) (-csgn(lex) +csgn(le)) (-csgn(lex) +csgn(Ix))

I§
2be 2 Jec+den n(x)

dx
ala (ec+denln<x>)2 +apeetde ™ _ )

Problem 25: Result more than twice size of optimal antiderivative.

J (ex)-l-l-n . &
(a +besch(c +dx*))

Optimal (type 3, 144 leaves, 8 steps):

a—btanh(% +%]
2b (2a* +b?) (ex)"arctanh

4 Ja + b? b? (ex)" coth(c + dx")

(ex)"
a>en a2 (a2+b2)3 /2den)g1 a(a®>+b*)denx” (a+besch(c+dx"))

Result (type 3, 489 leaves):

_(-14n) (Tesgn(1 ex3n— Icsgn(lex)2 csgn(le) m— Icsgn(lex)2 csgn(lx) m+Icsgn(lex) csgn(le) csgn(Ix) w—2 In(x) —2 ln(e))
2
xXe

dzl’l




_(=1+n) (I csgn(Iex)3 nt—Iesgn(l ex)2 csgn(le) m—Iesgn(l ex)2 csgn(Ix) w+TIcsgn(Iex) csgn(le) csgn(Ix) m—2 In(x) —2 ln(e))
2h%e 2 x(—hectd 4g)

a* (a2+b2)dnx" (ae26+2dxn+2bec+dxn—a)

— 1 26 (24%

a2@2+b%nedJ1¥¥c—§cﬁ

+5%)

- l T n csgn(le) csgn(Ix) csgn(lex) l T n csgn(le) csgn(lex)2 l 1t n csgn(lx) csgn(lex)2 - l mn csgn(lex)3 l mesgn(le) csgn(lx) csgn(lex) - l mesgn(le) csgn(lex)2
(§ 2 (S 2 [§ 2 (§ 2 (S 2 [§ 2

L 7 csgn(lx) csgn(lex)2 L chsgn(lex)3 i
e 2 e? ' e“arctan

2aetctdy Loecp J

2\/_a2626’_626b2

Test results for the 48 problems in "6.6.3 Hyperbolic cosecant functions.txt"

Problem 5: Unable to integrate problem.
J(bcsch(dx—i—c))z'/zdx

Optimal (type 4, 105 leaves, 3 steps):

2Ib2/sin[—
_2bcosh(dx+c)+/ besch(dx +c¢) I 2

d
ﬁn[lc +-§ +

Result (type 8, 12 leaves):
J(bcsch(dx—l—c) )3 72 dx

Problem 6: Unable to integrate problem.
J bcesch(dx +c¢) dx

Optimal (type 4, 79 leaves, 2 steps):

2
ZI/sin[% +§ +I‘2l—x) EllipticF[cos(% +§ +I‘2i—x),ﬁ]chsch(dx+c) JTsinh(dx +¢)
. [ Ic T Idx
LAy
mn[ > +-4 + ) ]



Result (type 8, 12 leaves):
J bcesch(dx +c¢) dx

Problem 7: Result more than twice size of optimal antiderivative.

|
bcesch(dx +c¢)

Optimal (type 4, 79 leaves, 2 steps):

2
. Ic T Idx . Ic T Idx
21/51[1(74‘24‘7) ElllpthE(COS[7+Z+T],\/7)

. [ Ic o Idx -
sin 3—+-Z-+—5— d~/ besch(dx +¢) /Isinh(dx + ¢)

Result (type 4, 226 leaves):

Jz B 1 2 (%)% —b)
4 bedx+c J bedx+c ((edx+c)2_1) b\/edx—i-c((edx-i-c)Zb_b)
(edx+c)2_1 (edx+c)2_1

\/edx+c+1 \/_zedx+c+2 \/_edx+c (—ZElliptiCE[ [edxte 1 , QJ +E11iptiCF[ [edxte 1 , QJ]
) 2 2 ﬁ\/bedx+c((edx+c)2—l)

\/b (edx+c)3 _ bedx-i—c

Problem 8: Unable to integrate problem.

1
dx
J(bcsch(dx+c))3/2
Optimal (type 4, 107 leaves, 3 steps):
2
deoshdste) 2I/sin(12—c + 3+ I;’—") ElnpﬁcF(cos(% 5 +I;Z—x],\/7)\/bcsch(dx+c) JTSmh(dx T 0)
3bdbesch(dx +c) 3sin(1—c L X +mjb2d
2 4 2

Result (type 8, 12 leaves):

! dx

J (besch(dx +c¢))3 /2

Problem 9: Unable to integrate problem.



1
dx
J (besch(dx +c¢) )’ /2
Optimal (type 4, 107 leaves, 3 steps):

Ic T Idx 2 Ic T Idx
61 [sin| L& + & 4 1Y printicE e n ) ldx | 5
2 cosh(dx +¢) ~ /sm( 2 "4 ) P (COS( 2 "4 2 JJ—)
32
Sbd (besch(dx +c)) 5sin[l7c + 3 -I—I‘Zi—x]bzd\/bcsch(dx—}-c) JTsmh(dx 7 ¢)

Result (type 8, 12 leaves):
1

dx
J (besch(dx +¢) )3 72

Problem 10: Result more than twice size of optimal antiderivative.

J(—csch(x)z)s 2 i

Optimal (type 3, 18 leaves, 3 steps):

arcsin(coth(x) ) i coth(x) —csch(x)2
2 2
Result (type 3, 98 leaves):
er 2 x X (22X er X (22X er
-T (e +1) & (e —1) -T 1n(1+ex) (& (e —1) -? ln(ex—l)
(1) ) (¢~ 1) . (25— 1)
e2¥ -1 2 2

Problem 11: Result more than twice size of optimal antiderivative.
5/2
J(acsch(x)z) 2 i

Optimal (type 3, 49 leaves, 5 steps):

347 /2arctanh[ M]
) aosch(x)® ) acoth(x) (acsch(x)?)’ /2 | 3d’coth(x) acsch(x)?

8 4 8

Result (type 3, 122 leaves):

2 ae’” 6 4 2 2 x (2 ae 2 x (2
@ | ————— (3 =11 =112 +3)  3d2e(¥—1) | ———— In(1+¢") 3d2e ™ (?¥—1)

(ezx__l)Z ~ (e2x——l)2 N (ezx__l)Z

4(2x—1)° 8 8



Problem 12:

Result more than twice size of optimal antiderivative.

1
dx
J (a csch()c)z)7 /2

Optimal (type 3, 58 leaves, 5 steps):

Result (type

coth(x) 6 coth(x) 8 coth(x)

16 coth (x)

7 (acsch(x)z)7 /2 35a(acsch(x)2)5 /2 35612(acsch(x)2)3 /2
3, 261 leaves):

o8 7e6x 7 4 x

354 acsch(x)?

8964 (2 —1

5 7e2x 7e 4

8
2x 2x 2 x
) | —45 6a0d(27—1) | —25 1283 (P -1) | 45—
(ezx_1)2 (e2x_1)2 (2 —

128 &3 (

Problem 13:

Unable to integrate problem.

Optimal (type 4, 72 leaves, 4 steps):

Result (type

Problem 14:

2
deoth(x) 21csch(x)2/sin[§ + %J EllipticF(cos(% + 17)6 ],\/7) Isinh(x)
3/ acsch(x)° 3 sin( % + %x] acsch(x)?

8, 10 leaves):
J : 3
acsch(x)

Unable to integrate problem.
1
dx
J (acsch(x)3)5/2

Optimal (type 4, 133 leaves, 7 steps):

26 coth (x)

i 78 cosh(x) sinh(x) 26 cosh(x) sinh(x)3 4 2 cosh(x) sinh(x)5

77 a® acsch(x)3 385 a? acsch(x)3 165 a* acsch(x)3 15 4% acsch(x)3

3 +
2x 2x 2x 2x
Fr-1) | —— (P -1) | —— 60l (P -1) | —— 8964} (& -1) [ ——
(er_l) (e2x_1) (62x_1) (e2x_1)



+

Ix

2
26Icsch(x)2/sm(§ 1x ) ElhptlcF[cos( 4 +I_x) \/7] I'sinh(x)
% —)a2 acsch(x)3

2 2
77 sm(

Result(type 8, lO leaves)-
J ac dlx
( S ( ) ) /

dx

Problem 16: Result more than twice size of optimal antiderivative.
1
dx
32
J (acsch(x)4) /

Optimal (type 3, 70 leaves, 5 steps):
5 coth(x) 5xcsch(x)2 _ Scosh(x) sinh(x) " cosh(x) sinh(x)3

16a\/acsch(x)4 16a\/acsch(x)4 24a\/acsch(x)4 6a\/acsch(x)4

Result(type 3, 229 leaves):

eSx 3 3e6x N 1564)6
4 x 4 x 4 x 4 x
16 ( 4T 3g4a (¥ —1) [ —25 84 (P¥—1)? ) —25 T qga(fr-1)F ) 4
2 4 (2x-1)* (¥ —1)* (1)
-4x

72x

(]
4 x 4 x 4 x
1284 ( —ac” ETe 1284 ( L — FEr 384 (25-1)° | —L—
2 1 2 1 (e2x_1)

Problem 18: Unable to integrate problem.

JJa —lacsch(dx +c¢) dx

Optimal (type 3, 33 leaves, 2 steps):

2arctanh( coth(dx +¢) Ja )ﬁ

Ja—Tlacsch(dx+c)
d

Result (type 8, 16 leaves):

JJa —Tacsch(dx +c¢) dx

Problem 19: Unable to integrate problem.



J 3 —3TIcsch(x) dx

Optimal (type 3, 18 leaves, 2 steps):

2 arctanh( __coth(x) ] J3
1 —Icsch(x)

Result (type 8, 11 leaves):

J 3 —3TIcsch(x) dx

Problem 20: Result more than twice size of optimal antiderivative.
J sinh(x)?2 "
I + csch(x)
Optimal (type 3, 29 leaves, 5 steps):

31x +2 cosh(x) — 3Icosh(x) sinh(x)  cosh(x) sinh(x)
2 2 I + csch(x)

Result (type 3, 95 leaves):

3Iln(tanh( E—) —-1)
2 1 1 | 21 1
) 2 B X 2 X B X B X * X 2
Z(tanh(a)_q tanh(a)—l Z(tanh(a)—l) tanh(EJ—I Z(tanh(a)—kl)
3Iln(tanh(%) +lj 1 I
+ 7 + -
tanh(%)+1 Z(tanh(%)—i-l)

Problem 21: Result more than twice size of optimal antiderivative.
J sinh(x) dr
I + csch(x)
Optimal (type 3, 18 leaves, 4 steps):
x —2Icosh(x) — _cosh(x)
I + csch(x)

Result (type 3, 50 leaves):

perET R G L R e

tanh (

)—1 tanh(

Problem 26: Result more than twice size of optimal antiderivative.

N|>< —

)+1 +1n(tanh(§) +1)

SR L]
N|>< —



J. sech(x)4 dr

I + csch(x)
Optimal (type 3, 21 leaves, 7 steps):
_sech(x)®  Itanh(x)? 4 Itanh(x)>
5 3 5
Result (type 3, 92 leaves):
_ 41 i 31 n 21 i 1 _ 1 n I
3 X 5 4 2 3
3| tanh| = | =1 8(tanh(—)—l) 5(tanh| = | =1 tanh| = | —1 tanh| = | —1 6 [ tanh| = | +1
2 2 2 2 2 2

31

—_

(o 5)) s3]

Problem 27: Result more than twice size of optimal antiderivative.

Optimal (type 3, 94 leaves,

b (a® +5*)* In(b + asinh(x) )

5 steps):

cosh(x)5 dr
a + bcsch(x)

(a® +b2)*sinh(x) b (2% +b?) sinh(x)2 4 (2a* + %) sinh(x)®  bsinh(x)* N sinh(x)?

af

_|_

Result (type 3, 599 leaves):

bln(tanh(%)+l) 2b3ln(tanh(%)+l) bSIn(tanh(%)+l) bln(tanh(%)zb—Zatanh(%j—b)

@ 24 3a° 4 4* 5a

+ + -~
a2 614 a6 a2
zb31n(tanh(i)zb—2atanh(i) —b) b51n[tanh(1)2b—zatanh(ﬁ) —bJ
2 2 2 2 b b
B at - a® - X o X 3
4a2(tanh(5) +1) 2a2(tanh(5j +1)
B b? 3 9h N b? 3 b N 7b
3 x 3 2 x 2 3 x : 4 x 2 8 a? hf = 1
34° | tanh 5 +1 8 ¢~ | tanh 5 +1 2 a° | tanh 5 +1 24" | tanh 5 +1 a” | tan ) +
X X
) 2 b3 b4 bln(tanh[z) —1) 2b3ln(tanh[5) —1)
- + -~ + : + y
a (tanh(£)+1) 2a4(tanh(£)+l) a (tanh(ﬁj+l) a a
2 2 2
BSIn| tanh| = | —1
n( an (2) ) 7h ~ 212 ~ b ~ b
6

N | =

) (3] (3] ) A (ee(3) )



R e e = I e B =
o (mm(5) 1) ae(om(5) )" se(om(5) ) +((E) ) e ()
Cnafm(3) ) sefm(3)-1)" safum{$) ) 2a(mn(3) 1) v (um(3) )
)

Problem 29: Result more than twice size of optimal antiderivative.

sech(x)5 dx
a + bcsch(x)

Optimal (type 3, 135 leaves, 7 steps):
~a(3la+b)In(I—sinh(x)) n a(3a+1b)In(I+sinh(x)) a4bln(b + asinh(x) ) sech(x)4(b—asinh(x))

16 (a —1b)3 16 (1a — b)3 (a® +?)° 4 (a* +b?)
_ sech(x)? (4a*b —a (3a* — b?) sinh(x))
8 (a® +b2)°
Result (type 3, 1167 leaves):
2 7 6
a“bm[tanh(i) b—2atanh(ﬁ) —bj 5tanh(ﬁ) a 2tanh(ﬁ) b’
i 2 2 3 2 N 2
4 2,2 4 2 2 4 2
a*+2a"b°+b a+b 2 2
( ) ( ) 4 (a* +2d2 02 + %) (a2+b2)(tanh(§) +1) (a* +2a*b* +b%) (az-l—bz)[tanh(%) +1)
5 3
3tanh(£) @ 3tanh(£) @
N 2 B 2
X 2 4 X 2 4
4 (a* +2d2 0% +b*) (® + ) (tanh(;) +1) 4 (a* +2d2 0% +b*) (® + %) (tanh(;) +1)
X 2 5 X 5 4 X 2
2tanh(5) b 5tanh(5)a a bln tanh(;) +1

+
4 (a4+2a2b2+b4) (a2+b2)

2 4 2
(a4+2a2b2+b4) (a2+b2) [tanh(%) +1) 4(a4+2a2b2+b4) (a2+b2) [tanh(i) +1)

2
3 arctan( tanh( % J j a’ b? arctan(tanh[ % ) ) ab? 3 arctan( tanh( % j ) a

(P22 1 6) (@) (a2 bY) (B b)) 4 (22 bt (4 B2)




2 2
4tanh(%) a*hb 6tanh(%) 2B

+
(a* +2a° 0> +b*) (a® +57) [tanh(%) -H) (a* +2a2 0% +b*) (a* +1?) [tanh(%) —I—IJ
3tanh(£)a3b2 tanh(i)ab4
+ 2 2
2 4 5 4
2 (a* +2a° 0% +b*) (a® +b?) (tanh(%) +1) 4(a* +2a2 02 +b%) (a® + %) (tanh(%) +1)
7 7
3tanh(£) @ b? tanh(i) ab?
_ 2 B 5
2 4 5 4
2 (a* +2a2 0> +b*) (o +17) (tanh(g) +1) 4(a* +2a2 0% +b*) (d* +1?) (tanh(%) +1)
x4 X\ 53
4tanh(—) b 6tanh(—) 2 b
+ 2 2
(a* +2a° 0> +b*) (a* +57) [tanh(%) +1) (a* +2a2 0% +b*) (a* +1?) [tanh[%) —I—l]
> 5
Stanh(i) @ b? 7tanh(£) ab?
+ 2 2

4 4

2 2
2 (a* +2a° 0" +07) (a +17) (tanh(%) —H) 4 (a*+2a20% +b*) (& +1?) (tanh(%) —i—l)

4 4
4tanh(%) a*b 4tanh(%) a b

2 4 2 4
(a* +2a* > +b*) (a® +b?) [tanh(%) +1) (@ +2a20% +b*) (2 +b?) [tanh(%) +1]

3 3
Stanh(g) @ b’ 7tanh(%) ab?

2 4 2 4
2(a4+2a2b2+b4) (a2+b2) (tanh(%) +1) 4(a4+2a2b2+b4) (a2+b2) (tanh(%) +l)

Problem 31: Result more than twice size of optimal antiderivative.
J tanh (x)>
a + bcsch(x)
Optimal (type 3, 184 leaves, 11 steps):
b arctan(sinh(x)) b’ arctan(sinh(x)) 3 barctan(sinh(x)) N b 1In(a + b csch(x) ) L In(sinh(x)) _ a (a* +34d?b* +3b%) In(tanh(x))

(a2+b2)3 2(02+b2)2 8(612+b2) a(a2 +b2)3 a (a2+b2)3



. 3bsech(x) tanh(x) (a (a* +2b%) —b’csch(x) ) tanh(x)2  (a — besch(x) ) tanh(x)*

8(a2+b2) 2(512—l-bz)2 4(a2+b2)
Result (type 3, 1322 leaves):
6 x)? X x 4 X 2,3
b° In| tanh E b — 2 atanh 5 —b 3 arctan| tanh E a'b 5 arctan| tanh 5 a b

(a4+2a2b2+b4) (a2+b2)a

_|_

_|_

7
7tanh(£) b’
2

4(a4+2a2b2+b4) (a2+b2) 2(a4+2a2b2+b4) (a2+b2)

6
2tanh( 1) @
2

2
4(a4+2a2b2+b4) (a2+b2) (tanh(%) +1)

5
15tanh( X ) b
2

4

2 4
(a4+2a2b2+b4) (a2+b2) [tanh(%) +1)

4
8tanh( ﬁ) @
2

2
4 (a* +2a2 02 +b*) (a* +5?) (tanh(%) +1)

3
X 5
IStanh| — | b
an(z)

4

) 4
(a* +2a0* +b%) (i +?) [tanh(%) +1)

2
2tanh( %) @

2
4 (a* +2a2 0% +b*) (a* +b?) (tanh(%) +1)

7tanh| = | p°
an(z)

4

2 4
(a* +2a0* +b%) (i +b?) [tanh(%) +1)

2 2
3ln(tanh[%] +1Ja3b2 3ln(tanh(%) +1)ab4

2
4 (a4+2a2b2+b4) (a2+b2) [tanh(%) —i—l)

;
3tanh( %) atb

4

(a4+2a2b2+b4) (a2+b2) (a4+2a2b2+b4) (a2+b2)

7
Stanh(%) @b

2
4 (a*+2a2 02 +b%) (i + %) (tanh(%) +1)

6
6tanh(%) a b?

4

2 4
2(a* +2a2 B2 +b%) (i +07) (tanh(%) +1)

6
4tanh(§) ab?

2 4 2
(a* +2a20% + %) (& + %) [tanh(g) +1) (42020 + %) (a® + %) [tanh(%) +1]

x 5
13tanh( Ej b

4

5
lltanh(%) atb

2
2(a4+2a2b2+b4) (a2+b2) (tanh(%) +1)

4

2
4(a4+2a2b2+b4) (a2+b2) (tanh(%) +1)



x5 O\
20tanh(5) a’hb 12tanh(5) ab

(a* +2a° 0> +b*) (a® +57) [tanh(%) -H) (a* +2a2 0% +b*) (a* +1?) [tanh(%) —I—IJ

3 3
13tanh[i) &2 b 11tanh(i) b
N 2 2
2 4 2 4
2(a4+2a2b2+b4) (a2+b2) [tanh(%) —i—l) 4(a4+2a2b2+b4) (a2+b2) [tanh(%) —i—l)
2 2
6tanh(£) a b? 4tanh(£) ab?
2 B 2
2 4 2 4
(a* +2a*p* +b%) (& + 1) [tanh(%) +1) (a* +2a2 > +b%) (i + ) [tanh(%) +1j
2
3tanh(£)a4b 5tanh(£)a2b3 ln[tanh(i) +1)a5
N 2 2 2

2 4 2 4 at+2a* +b*) (& + b2
4 (a*+2a202 +b*) (a* +b?) (tanh(%) +1) 2 (a* +2a2 0% +b*) (a* + b?) (tanh(%) +1) ( ) ( )

15arctan(tanh(§))b5 ) 1n(tanh(§) —1) ) 1n(tanh(§) +1)

4(a4+2a2b2+b4) (a2+b2) a a

Problem 34: Result more than twice size of optimal antiderivative.
J coth(x)> -
a + bcsch(x)
Optimal (type 3, 51 leaves, 8 steps):

a—2>b tanh( % )
2 arctanh Ja* + b2

x _ arctanh(cosh(x)) n Ja* + b?

a b ab

Result (type 3, 109 leaves):

2btanh(%j—2a 2btanh(§)—2a
2 b arctanh

x 2 a arctanh
ln(tanh(z)—l) Y [T [T ln(tanh(

- — — +
a

)) ln(tanh(%)—i—l)

+

by d?* + b? a\/a2+b2 b 4

| =

Problem 35: Result more than twice size of optimal antiderivative.



J coth(x)3 dr

a + bcsch(x)
Optimal (type 3, 32 leaves, 3 steps):

_ csch(x) +[%+i

b b2)1n(a+bcsch(x))+M

a
Result (type 3,

105 leaves):
2 2
tanh| = In| tanh ﬁ) —1 aln| tanh| = | » —2atanh| = —b) In| tanh| = | 5 —2atanh| = | — 5
2 2 2 2 2 2
26 * *

1
a b2
a 1n( tanh (

b2

a

2btanh(§)
) (3] 1)

N | =

a

Problem 36: Result more than twice size of optimal antiderivative.

J coth(x)3

a + bcsch(x)
Optimal (type 3,

66 leaves, 3 steps):

B (a2 +2b2) csch(x)

4 acsch(x)?  csch(x)? + (a® +52) In(a + b esch(x) ) 4 In(sinh(x))
b 2p% 3b ab® a
Result (type 3, 218 leaves):
3 2 2
tanh(i) tanh(i) a aztanh(i) 7 tanh i) ln(tanh i) —1) aﬁn(tanh(ij b—2atanh(£) —b)
2) 2 N 2) 2) 2 N 2 2
24b 8 2 23 8h a »*
2 2
2a1n[tanh(1) b—zatanh(i) —b] 1n(tanh(i) b—2atanh(1) —b) 5
N 2 2 N 2 2 B 1 B a 3 7
2 3
b a 24btanh(%) 2b3tanh(%J 8btanh(%)
a3ln(tanh(£)) 2aln(tanh(£j) ln(tanh(ij +1)
a 2 2 2
+ \2 b - B2 B a
8b2tanh(5)

Problem 37: Result more than twice size of optimal antiderivative.

J coth(x)” "

a +bcsch(x)
Optimal (type 3, 111 leaves, 3 steps):



_ (a4 +34?b? +3b4) csch(x) L4 (a2 +3b2) csch()c)2 _ (a2 +3b2) csch()c)3 I acsch(x)4 _ csch(x)5 I (a2 +b2)3ln(a + b csch(x) )
b’ 2p* 33 45 5b ab®
In(sinh(x) )
a

_|_

Result (type 3, 387 leaves):

2
5 X X 5 X
a ln[tanh(;) b—2atanh(5) —bJ B 2 B 4 . A ~ a ln(tanh(E)J . ;
b° 3 x )3 5 X 4 x \? o 2 x
24b tanh(—j 2b tanh[—] 8b tanh(—) 64 b tanh(—j
2 2 2 2
4 3 2 5 2
tanh(i) a aztanh(i) tanh(i) @ a4tanh(£j tanh(i) Stanh(i) a llaztanh(i)
i 2 2 2 2 1 2 2 n 2
2 3 4 5 5 160 b 2 3
64 b 24 b 8b 2b 160btanh(%) 16 b 8b
2
3a31n(tanh(iJ b—zatanh(i) —b) ) 3a31n(tanh(i))
2 2 11a S5a 2
+ — + —
b* 3 X x \? b*
8 b7 tanh| 16b2tanh(—j
2 2
x )2 X x X x )3
3aln tanh(—) b—2atanh(—) —b 3aln(tanh(—j) 19tanh(—) 3tanh(—)
2 2 2 2 19 3
+ > - 2 * 16 b Y, - 3
b b 16btanh(—j 32btanh(£)
2 2
x )2 X X X
In tanh(—) b—2atanh(—)—b ln(tanh(—)—l) 1n(tanh(—)+l)
" 2 2 _ 2 _ 2
a a a

Problem 45: Unable to integrate problem.

J‘csch(21n(cx))3 /2
) dx
X
Optimal (type 3, 59 leaves, 6 steps):
4 1 3 /2 6 1 3 /2 3 /2
= xcsch(21In(cx)) c|l1 - 17 x3anxmc(czx2)csch(21n(cx))
X ctx
+
2 2
Result (type 8, 15 leaves):
Jcsch(21n(cx) )3 /2
7] dx
b

Problem 46: Unable to integrate problem.



Jcsch(a +bIn(cx")) dx

Optimal (type 5, 57 leaves, 4 steps):

b+~
_2e"x(cﬂ)bhypergeom[ 1, an ,[%4—2117"},62“(0951)2[)
bn+1

Result (type 8, 13 leaves):
Jcsch(a +bIn(cx")) dx

Test results for the 10 problems in "6.6.7 (d hyper)”m (atb (c csch)”n) " p.txt"

Problem 3: Result more than twice size of optimal antiderivative.
1

dx
J (a +besch(dx +¢)?)°

Optimal (type 3, 142 leaves, 6 steps):
X bcoth(dx +c) (7a—4b) beoth(dx +¢)
Y + +

@ 4a(-b+a)d(a—b+beoth(dx+c)2)>  8a* (-b+a)?d(a—b+bcoth(dx+c)?)
(1562 — 204 b + 8 %) arctan| Y2 T a @nhldx+c) | 7

Vb
8a> (-b+a)®2d
Result (type ?, 4583 leaves): Display of huge result suppressed!

Problem 4: Unable to integrate problem.
2
J(a +besch(dx +¢)2)> 72 dx

Optimal (type 3, 108 leaves, 7 steps):

a /2arctanh[ coth(dx +¢) Ja J (3a—b)arctanh[ coth(dx +¢) b /T
Ya=b+beoth(dx +c)? Ja—b+beoth(dx +c)? _ beoth(dx+¢) Ja—b+beoth(dx +¢)’

d B 2d 2d
Result (type 8, 16 leaves):

J(a +besch(dx +¢)2)° 7% dx

Problem 5: Unable to integrate problem.
1

J (a +bcsch(dx+c)2)

7/2dx



Optimal (type 3, 175 leaves, 7 steps):

coth(dx+c¢)Ja
\/a—b+bcoth(a7x+c)2 bcoth(dx +¢) (9a—5b) beoth(dx +¢)

arctanh

+ +
a2d a(-b+a)d(a—b+beoth(dx+¢)2)° > 154 (-b+a)2d (a— b +beoth(dx +¢)2)° 2

b (33a> —40ab +15b%) coth(dx + ¢)

_|_

1543 (-b+a)>dJa—b+bcoth(dx +c)?
Result (type 8, 16 leaves):
1

J (a +besch(dx +¢)

2)7 /2 dx

Problem 6: Result more than twice size of optimal antiderivative.
32
J(1+csch(x)2) 2 g

Optimal (type 3, 23 leaves, 4 steps):

243 /2
_ (eoth(x) )2 tanh(X) | 1 (sinh(x) ) /coth(x)2 tanh(x)
Result (type 3, 119 leaves)
2x 2x 2 x 2
(X +1)" (X +1)" 2 1) (&*+1) In(& —
_1 2x (e2x_ 1)2
2x.|_1 e +1

Problem 7: Result more than twice size of optimal antiderivative.
J 1 +csch(x)? dx
Optimal (type 3, 12 leaves, 3 steps):
In(sinh(x) )y coth(x)? tanh(x)

Result (type 3, 78 leaves):

2x 2 2x 2
(er_l) —Eez +1§2 x (er_l) —(e +1) ln(ezx—l)
e ¥ —1
e2x+1 62x+1

Problem 8: Result more than twice size of optimal antiderivative.



1 +csch(x)2

coth(x) In(cosh(x) )
coth(x)2

Optimal (type 3, 12 leaves, 3 steps):

Result (type 3, 78 leaves):
(S +1)x (*+1)In(e**+1)

(e2x—+1)2 (27— 2’“4—1
(@ -1

Problem 9: Unable to integrate problem.

J(l—csch(x)z)s/zdx

Optimal (type 3, 39 leaves, 6 steps):

_ 2
Zarcsin[ MJ +arCtanh[ coth(x) ] i coth(x) 22 coth (x)
2 — coth(x)?
Result (type 8, 12 leaves):

J(I —-csch(x)z)3 /2 dx

Problem 10: Unable to integrate problem.
J 1 + osch(x)? dx

Optimal (type 3, 29 leaves, 6 steps):
coth(x)

—arctan( ] — arctanh{ coth (x) ]
-2 + coth(x)? -2 + coth(x)?

J -1 -|-csch(x)2 dx

Result (type 8, 10 leaves):

Summary of Integration Test Results

94 integration problems



Hmo QW

40 optimal antiderivatives

24 more than twice size of optimal antiderivatives
0 unnecessarily complex antiderivatives

30 unable to integrate problems

0 integration timeouts



