Maple 2018.2 Integration Test Results
on the problems in "7 Inverse hyperbolic functions/7.4 Inverse hyperbolic cotangent"

Test results for the 80 problems in "7.4.1 Inverse hyperbolic cotangent functions.txt"

Problem 6: Result more than twice size of optimal antiderivative.
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Problem 7: Result more than twice size of optimal antiderivative.
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Problem 8: Result more than twice size of optimal antiderivative.
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Problem 9: Result more than twice size of optimal antiderivative.
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Optimal (type 4, 55 leaves, 4 steps):
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Problem 10: Result more than twice size of optimal antiderivative.

J)f arccoth(ax)3 dx

Optimal (type 4, 160 leaves, 33 steps):
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Problem 11: Result more than twice size of optimal antiderivative.
Jarccoth(ax)3 dr
X
Optimal (type 4, 138 leaves, 8 steps):
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Problem 13: Result is not expressed in closed-form.
th
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Result (type ?, 2849 leaves): Display of huge result suppressed!

Problem 15: Unable to integrate problem.
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Problem 16: Unable to integrate problem.
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Problem 18: Result more than twice size of optimal antiderivative.
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Optimal (type 4, 33 leaves, 4 steps):
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Problem 19: Result more than twice size of optimal antiderivative.
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Problem 23: Result more than twice size of optimal antiderivative.
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Optimal (type 4, 190 leaves, 15 steps):
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Problem 30: Result more than twice size of optimal antiderivative.
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Problem 31: Result more than twice size of optimal antiderivative.
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Problem 32: Result more than twice size of optimal antiderivative.
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- +
S A
2 2d (fx+e) )
th 2 polylog| 2,1 — ——=—— th 2 polylog| 2,1 —
. 3b (a+ barccoth(dx +c¢)) poyog( , dx+c+1) ~ 3b (a+ barccoth(dx +c¢)) poyog( , (fetde+f) (drtet 1)
2f 2f
2 2d (fx+e) )
3p? b th(d lylog| 3,1 — —=——— 3b? b th(d lylog| 3,1 —
. (a + b arccoth( x+c))p0yog( , dx+c+1j ~ (a + b arccoth( x+c))p0yog( , (Jetde+f) dxtet1)
2f 2f
2 2d (fx+e)
3 b3 polylog| 4,1 — ———— 3 b3 polylog| 4, 1 —
poyog( : dx-i—c-i—l] B poyog( T (fetde+f) (drte+1) )

_|_

4f 4f

Result (type ?, 3795 leaves): Display of huge result suppressed!

Problem 33: Result more than twice size of optimal antiderivative.
J(a+bmmMde+cH3
(fx+e)?

dx

Optimal (type 4, 1067 leaves, 33 steps):

2 2
3ab?darccoth(dx +¢) In| ——— 3 b3 darccoth(dx +c¢)?1 (—j
_(a+barccoth(dx +¢))3 | ~07 T (dx+c) n( —dx—c+l) N arccoth(dx )"l =5 = 37 )  3a2bdln(-dx—c+1)

f(fx+e) f(~fct+de+)) 2f(-fct+de+f) 2f(-fct+de+f)




_|_

3.ab? darceoth (dx + c) h{ﬁ) ) 6ab2darccoth(dx+c)ln(ﬁ) i 3b3darccoth(dx+c)21n(ﬁ)
f(~fe+de—f) (fe+de+)) (de— (1 +c) /) 2f(fe+de—/)

3 2 2
3 b7 darccoth(dx +¢) ln( dx+ec+1 ) L 3dbdin(dx+c+1) | 3abdin(fx+e)

(<fe+de+f) (de—(1+c)f) 2f(~fe+de—Jf) £ = (~fc+de)?

2 2d (fx+e) 3 2 2d (fx+e)
6abdmmmmdx+c)m((ﬁb+de+ﬂ(dx+c+l)j__3bdmmmmdx+c)m((ﬁb+de+ﬂ(dx+c+l))

(~fe+de+f) (de— (1 +c)f) (~fe+de+f) (de— (1+¢)f)

5 -dx—c—1 3 _ 2 2 -2
3ab dpdybg(Z,jgzij:jf) +_3b dachh(dx%—c)pdybg(2,1 —dx——c+—1) +_3ab dpdybg(Z,l drterl )
2f(~fc+de+)) 2f(-fc+de+f) 2f(-fe+de—f)
sabdpolylog 21— 2 | 30 darccoth(dx -+ ) polylog 21— =2 | 30 darccoth(dx -+ ) polylog 2,1 = 72|

(~fe+de+f) (de— (1+¢)f) 2f(-fc+de—f) B (~fe+de+f) (de— (1+¢c)f)

2 _ 2d (fx +e) 3 _ 2d (fx+e)
3ab dpolylog(Z,l (Fetde+/) ditet) ) . 3b darccoth(dx+c)polylog(2,1 (Jetde+/) (dxtetl) j
(~fe+de+f) (de— (1+c)f) (~fe+de+f) (de— (1+c)f)

3 _ 2 3 _ 2 3 _ 2

3b dpdybg(3,l —dx——c+—1) +_3b dpdybg(3,1 dx—%c+—1) _-3b dpdybg(3,1 dx—%c%—l)
4f(-fe+de+f) 4f(-fe+de—f) 2(-fc+de+f) (de— (1+c¢)f)

3 _ 2d (fx+e)

30 dp°1y1°g(3’l (fetde+f) (dx+c+1) )

2(~fct+de+f) (de— (1+c)f)

Result (type ?, 5130 leaves): Display of huge result suppressed!

Problem 34: Unable to integrate problem.

J(fx—i—e)m(a + barccoth(dx +c¢) ) dx

Optimal (type 5, 162 leaves, 6 steps):

(fx +e)' 7" (a 4 barccoth(dx +¢) )

5 m d(fx+e)
. bd (fx+e) hypergeom([192+m]’[3+m]’ —fc—l—de—f)

Sl +m) 2f(de— (1 +c)f) (1 +m) (2 +m)

bd (fx+e)2+mhypergeom( (1,2 +m], [3+m], _%f—%)

2f(-fc+de+f) (1 +m) (2 +m)

Result (type 8, 20 leaves):

J.(fx+e)m (a + barccoth(dx +¢)) dx

Problem 37: Result more than twice size of optimal antiderivative.



2
a-+b arccoth[ yoext+l j J
dx

Jex+1
AP+

Optimal (type 4, 258 leaves, 7 steps):

2
2 arccoth| 1 — S a+barccoth[—'_cx+lJ] b [a +barccoth(—“_cx+1 polylog| 2,1 — S T
1_\/—cx+l Vvex +1 cx+1 1_i_\/-cx+1
Jex+1 _ Jex+1
c c
b | a + barccoth Joexdl polylog| 2,1 — 2y ex ] b? polylog| 3,1 — I
Jex+1 1_i_\/—cx+1 m 1+\/—cx+1
+ vex+1 vex+1
c 2c¢
bzpolylog 3,1 — 2 ex+1
1 +.i_:££;tl_] [ex +1
4 Vvex+1
2¢
Result (type 4, 695 leaves):
1_i_\/-cx+1 1+\/—cx+1
2
b arccoth[L-i_1 Infl + ———— fex+1 b arccoth[L-i_1 polylog| 2, -——————— ex +1
Jex+1 \J -ex+1 1 cx+1 v -ex+1 1
_azln(cx—l) _|_a21n(cx+1) _ Jex+1 _ Jex+1
2c¢ 2c¢ c c
2
b? arccoth[ —,—cx—l-l] In
1+\/—cx+1 vex+1 N-ex+1 1
bzpolylog 3, - — Jex + 1 cx+
v -ex+1 1 cx+1

+ Jex+1 i cx+1

2¢



2 arccoth[ Joext 1 polylog| 2 2 polylog| 3
Vex+1 Neeza O Joex+ 1 .
cx-+ cx-+
NVoex+1 J-ex+1 NVoex+1 J-ex+1
i cx-+1 _ cx-+1
c
2
b? arccoth{ Joex+l In 2° arccoth[ Joext+ 1l J polylog| 2
Jex ¥ 1 JertT Vex+1T NEzza
cx-+ Jex+1
cx-%l \/—cx-+1
+ cX + 1 + Jex + 1
c
2 polylog| 3 )
V_cx+1 -1 v -ex+1 —1 [—V_cx—i_l_l]
/ cx+1
O N— 2abdilog| VXL | apdilog| ~— .
cx+1 1+ v -ex+1 1_|__\/-cx+1
_ cx+l i Vex +1 _ Jvex+1
c 2¢

Problem 39: Result more than twice size of optimal antiderivative.
memﬁmex+ade
Optimal (type 3, 14 leaves, 2 steps):

arccoth(tanh(bx + a) )2
2b

Result (type 3, 31 leaves):

arctanh(tanh(bx + a) )2
2

arctanh(tanh (b x + a) ) arccoth(tanh(bx +a)) —

b

Problem 41: Result more than twice size of optimal antiderivative.

J arccoth(tanh(bx + a) )2

3 dx

Optimal (type 3, 39 leaves, 3 steps):



arccoth(tanh(bx +a) )2
X

2b%x —

—2b (bx —arccoth(tanh(bx +a)) ) In(x)

Result (type 3, 1098 leaves):
2bx+2a 2
Inln(ebx+“)csgn(Iesz+2“)csgn[ Ie J

2_ ebe+2a+1

2b%x +Inln(x) besgn(1eP*T4) csgn(1e22¥+24) 5
X

( bx+a) I Iebe+2a 2
Inin(e csgn| ————— |c¢esgn| —————
( Q2bx+2a 4 ] ( Q2bx+2a 4 ] Inln(ebx-i-a)ngn(lebx-i-a)zcsgn(Iebe+2a)

— +
2x 2x

Ie

Inin(e?* ") csgn| —————
3 ebe+2a+1

_ ITcln(eb"J”’)csgn(Ieb’H”“)csgn(IeN”‘Jrza)2 n Inln(ebx+“)csgn(Iebe'”a) n
X 2x 2x
Iebe+2a Ie2bx+2a JZ

3
1
(12bx+2a)? Inln(x)bcsgn[ 2bxt2a || J N Inln(x)bcsgn[ 2bxt2a || )ngn[ 2bxt2a ||

2bx+2a ]3

_ Imin(x) bcsgn .
2 2 2

[2bx+2a 2 (Hr+0) I 3
Itln(¢ csgn| ——————
_ Imlin(x) bcsgn(Iebx+“)2csgn(IebeJrz“) " ) N ( QR2bx+2a 4 )

2 2 X

1
ebe+2a 41

Inln(x) besgn(1e??¥T2¢)

CSgn[ 2bx+2a 4 |

Inin(ef*+) csgn(

]2
—2In(x) xb* +2In(e*T%) In(x) b

_ITCIH(X) bcsgn( m

3
J +Inin(x) bcsgn(

Iebe-i—Za
Intin(x) bcsgn[ )

2
ebe+2a+l J N x
Inln(ebx-i-a) 1n(ebx+a)2 Q2bx+2a 4

) csgn(Ie2bx+2a) csgn(
—Inin(x) b + - -

X X 2

ebe-‘rZa +1

Inin(ef*+)

_|_

I 2 bx42a Iebe+2a
ngn( 2bx+2a 4 jcsgn(le )csgn[ 2bx+2a 4 J 1 s
+ T | 2csgn

2x 16 x

2
( ebe+2a+1 )

I

3 I o hrtn [2bx+2a [2bx+2a 2
- - — - X a
2°Sgn[ QR2bx+2a 4| ) CSgn( Q2bx+2a 4 JCSgn(Ie ) J

1
ngn[ ebe+2a+1 ] +ngn( ebe+2a+1 jcsgn( ebe+2a+1

2bx+2a 2
—csgn(Iebx+")2csgn(IebeJrz”) +chgn(1ebx+“)csgn(IebeJrz“)z—csgn(Iebe+2“)3+csgn(le2bx+2“)csgn( Ie )

B Iebe+2a 3_2 2
csgn 2bx+2a 4 |

Problem 42: Result more than twice size of optimal antiderivative.

ebe-i—Za +1



Jx“ arccoth(tanh(bx +a) )3 dx

Optimal (type 3, 53 leaves, 4 steps):

_ b3 x® i b2x7arccoth(tanh(bx+a)) _ bx6arccoth(tanh(bx+a) )2 n xsarccoth(tanh(bx+a) )3
280 35 10 5

Result (type ?, 18110 leaves): Display of huge result suppressed!

Problem 43: Result more than twice size of optimal antiderivative.

J)é arccoth(tanh(bx +a) )3 dx

Optimal (type 3, 53 leaves, 4 steps):
o paParccoth(tanh(bx+a)) _ 3bxarccoth(tanh(bx +a))? | 2*arccoth(tanh(bx +a))°
140 20 20 4

Result (type ?, 18110 leaves): Display of huge result suppressed!

Problem 44: Humongous result has more than 20000 leaves.

J arccoth(tanh(bx + a) )3
X

dx

Optimal (type 3, 73 leaves, 4 steps):

bx — arccoth(tanh(bx +a) ) ) arccoth(tanh(bx +a) )> . arccoth(tanh(bx +a) )3
2 3

bx (bx — arccoth(tanh(bx +a)) )2 _ — (bx — arccoth(tanh (b x

+a)))? In(x)
Result (type ?, 21847 leaves): Display of huge result suppressed!

Problem 45: Result more than twice size of optimal antiderivative.

Jarccoth(tanh(bx—#a))S e
x4
Optimal (type 3, 51 leaves, 4 steps):
_bzarccoth(tanh(bx+a)) . b arccoth (tanh (bx + a) )? _ arccoth(tanh(bx +a) )3 + b3 In(x)
x 25 3%
Result (type ?, 17236 leaves): Display of huge result suppressed!
Problem 46: Result more than twice size of optimal antiderivative.
Jarccoth(tanh(bx—#a))S e
©

Optimal (type 3, 29 leaves, 1 step):
arccoth (tanh(bx +a))*
4x* (bx — arccoth(tanh(bx +a)))
Result (type ?, 17234 leaves): Display of huge result suppressed!




Problem 47: Attempted integration timed out after 120 seconds.

J 1
dx
x> arccoth(tanh(bx +a))
Optimal (type 3, 90 leaves, 6 steps):
b L 1 B b* In(x) L _b*In(arccoth(tanh(bx +a)))
x (bx —arccoth(tanh(bx +a)))>  2x* (bx — arccoth(tanh(bx +a)))  (bx —arccoth(tanh(bx +a)))>  (bx — arccoth(tanh(bx +a)))>

Result (type 1, 1 leaves) :2?2?

Problem 48: Humongous result has more than 20000 leaves.

X4
5 dx
arccoth(tanh(bx +a))
Optimal (type 3, 96 leaves, 6 steps):
4 | 222 (bx —arccoth(tanh(bx +a)))  4x(bx— arccoth(tanh(bx+a)))? _ P
3 b2 b3 b b arccoth(tanh(bx +a))
n 4 (bx — arccoth(tanh(bx +a)) )3ln(arccoth(tanh(bx+a) ))

b5
Result (type ?, 131084 leaves): Display of huge result suppressed!

Problem 49: Humongous result has more than 20000 leaves.
Jxarccoth(tanh(bx +a))?dx

Optimal (type 3, 48 leaves, 3 steps):
xarccoth(tanh(bx +a) ) " _ arccoth (tanh(bx +a) )2 "

b(1+n) B2 (14n) (2 +n)
Result (type ?, 71610 leaves): Display of huge result suppressed!

Problem 50: Unable to integrate problem.

J arccoth(tanh(bx +a) )" dr

X

Optimal (type 5, 66 leaves, 1 step):

arccoth(tanh(bx +a) )1+”hypergeom( [1,1 +n],[2+n], - arccoth(tanh(bx +a) ) )

bx — arccoth(tanh(bx +a) )
(1 +n) (bx — arccoth(tanh(bx +a)))

Result (type 8, 15 leaves):

dx

J arccoth(tanh(bx +a) )"
X

Problem 52: Unable to integrate problem.



J-x arccoth(sinh(x) ) dx

Optimal (type 1, 1 leaves, 8 steps):

Result (type 8, 7 leaves):
Jxarccoth(sinh(x)) dr

Problem 53: Result more than twice size of optimal antiderivative.

Jxarccoth(c +dtanh(bx +a)) dr

Optimal (type 4, 211 leaves, 9 steps):

(1 —C—d) ebe+2a (1 +C+d) ebe+2a ) (1 —C—d) ebe+2a
2 arccoth(c +dtanh(bx +a)) "zln[H l—c+d ~ i 14 1 +c—d N xpolylog| 2. l—c+d

2 4 4 4b
(1 +C+d) ebe+2aJ [ (1 —C‘—d) ebe-i-Za) ( (1 +C+d) esz+2a]
lyl 3, - Lyl 3, -
1+c—d _poy% 1—c+d +poy% 1+c—d
4b 8 b2 8 b*
Result (type ?, 4989 leaves): Display of huge result suppressed!

xpobdog(2,—

Problem 55: Result more than twice size of optimal antiderivative.

J)é arccoth(1 +d + dtanh(bx +a)) dx

Optimal (type 4, 136 leaves, 8 steps):

ﬁ n x*arccoth(1 +d +dtanh(bx +a)) _ Hn(1 4 (1 4+d) 2Prt2a) _ * polylog(2, - (1 +d) 2bx+2a) n 32 polylog(3, - (1 4+d) PxT24)

” ’ i 4b 8 b2
_ 3)Cp01y10g(4’ —(1 +d) ebe-i—Za) + 3p01y10g(5, _(1 +d) ebe-i-Za)
8 b3 16 b*

Result (type 4, 1735 leaves):
ﬁ n a4ln(1 —ebx+“\/—d_—1) + a4ln(1 +ebx+a\/—d_—l) " a3dilog(l +ebx+a\/—d_—l) " a3dilog(l —ebx"”’\/—d_—l)
20 26% (1 +4d) 26% (1 +d) 26% (1 +d) 26% (1 +d)

C3ln(1+ (1+d)@0rH2a) g4 din(1+ (1+d)0729) 3 (0¥ T2ag 4205 2a41)  Fn(frT9) In(d) o

+

8b* (1 +d) 8(1+4d) 8 4 8
N daddilog(1 + ¥t =a=1) N dddiog(1 = =a—1) W1+ (1 +d) &2 xa%  3da*n(1 + (1 +d) SP5F29)
2% (1 4+d) 206 (1 4+4d) 20° (1 +d) 8% (1 +4)

N da*im(1+exte =g—1) N da*i(1 —exte =g—1) N Ain(1 - T =a =1 )x  In(1+ (1 +d)Ebxt2a)@

26% (1 +d) 26% (1 +d) 263 (1 +d) 8(1+d)




2bx+2a 2bx+2a
Incsgn(2[];]CSgl’l(I(esz+2ad+esz+2a+l))ngn( I(e d+e +1) }x4
e x+2a+1

B ebe+2a+1
16
I (12bx+2a) [2hr+2a A
Imesgn| ————— | csgnlle csgn —]
N (ebe+2”+1 j 2bxt2a 4 +da3ln(1+ebx+”\/—d—1 ) x +da31n(1—ebx+”\/—d—1 ) x
16 203 (1 +d) 263 (1 +d)
de2bx+2a 3 4 e2bx+2a 3 4
Imesgn| ———— Imesgn| ——— | X
B da3ln(1 +(1 +d) ebe+2a)x N [ ebe+2a+1 ] N Incsgn(Iebe+2“)3x4 N [ ebe+2a+1 ]
20° (1 +4d) 16 16 16
I(ebe+2ad+62bx+2a+l) 3
Incsgn( b2tz ) Xt 2bx+2 3 2bx+2
B gfhxtza g _ 3dpolylog(4, (-d —1)e*"**24) x  da’polylog(2, (-d —1) e??*+24)
16 863 (1+d) 4b* (1+4d)
da*In(2b¥T2ag 4 2bx+2a 4 ) dpolylog(2, (-d — 1) 2bx+2a) 3 3dpolylog(3, (-d — 1) 2b¥T2a) 2 a31n(1+ebx+“\/ -d—1 )x
- — + +
8h% (1 +d) 4b(1+4d) 8% (1 +d) 20° (1 4+d)
[2bx+2a [debxt2a 2 S hrt2a [2bxt2a 2 .
) Imsgn[m S Z570 17 | Y nesen(1e ) esgn(iebr eyt meele T esen| e )
16 8 16
I Ie2bx+2a 2 4 I I(Gbe+2ad+62bx+2a+l) 2 4
- Incsgn( 2bxt2a || ]csgn( 2bx+t2a || ) x s Imsgn[ 2bxt2a || )ngn[ 2bx+t2a || ) X
16 16
[(20¥+2ag 4 2bx+2a 4 q) 2 .
Incsgn(I(ebe+2“d+ebe+2“+1))csgn( X
N Incsgn(lebx+a)2ngn(Iebe+2a)x4 N ebe+2a+1
16 16
_ polylog(2, (-d —1) Zhxt2ay 3 _ polylog(2, (-d —1) ghxtzay 3 n 3 polylog(3, (-d — 1) 2bx+2a) 2 _ a*In(2bx¥t2ag p Zbxt2a )
4b (1 +d) 4% (1 +4d) 8b% (1 +4d) 8b* (1 +4d)
+ 3 polylog(5, (-d — 1) e2Px+24a) n 3dpolylog(5, (-d — 1) bx+2a) _ 3polylog(4, (-d — 1) 2?¥*2a)
16b% (1 +4d) 16b% (1 +4d) 853 (1 +d)
[debx+2a 2 . 2bx+2a 1dbx+2a \ ,
) Imesgn(ld) csgn[m X N Imesgn W csgn(Id) csgn m
16 16

Problem 57: Result more than twice size of optimal antiderivative.

Jarccoth(c +dcoth(bx+a)) dx

Optimal (type 4, 138 leaves, 7 steps):



o 2bx+2a 2bx+2a o 2bx+2a
vl U—e—d)e il O tetde polylog| 2, LL=c=d)e
n 1l —c+d 1+c—d I 1—c+d

th dcoth(b -
xarccoth(c +dcoth(bx +a)) 2 > 15

polylog(Z (1+c+d)brt2a )

14+c—d
iy
Result (type 4, 305 leaves):

dm)(dwmwx+a)+c—l)
arccoth(c +dcoth(bx +a) ) In(dcoth(bx +a) +d) arccoth(c +dcoth(bx +a) ) In(dcoth(bx +a) —d) g

_ _ c+d—1
2b 2b 4b
mUkmex+a)—dHn‘kmmbx+a)+c_l dilogdcoth(bx—i—a)—i—c—l—l) In(dcoth(bx +a) —d) In dcoth(bx+a) +c+1
_ c+d—1 I 1 +c+d n 1 +c+d
4b 4b 4b
dmg(dmmwx+a)+c+l) Idemwx+a)+d)m(dwmwx+a)+c+l) dm%(dwmwx+a)+c—l)
_ 14+c—d _ 14+c—d i c—d—1
4b 4b 4b
In(dcoth(bx +a) +d) ln( deoth(bxta) +c— 1 )
4 c—d—1
4b
Problem 59: Result more than twice size of optimal antiderivative.
Jarccoth(l +d+dcoth(bx+a)) dx
Optimal (type 4, 61 leaves, 5 steps):
_ 2bx+2a 2bx+2a
% +xarccoth(1 +d +deoth(bx +a)) — 220 = (1 e ) _ polylog(2, Lt )

Result (type 4, 246 leaves):

dilo ( dcoth(bx +a) +d)
arccoth(1 +d +dcoth(bx+a) ) In(dcoth(bx +a) +d) arccoth(1 +d +dcoth(bx+a) ) In(dcoth(bx +a) —d) &

— - _ 2d
2b 2b 4b
IMdmmwx+a)—wh1dmmwx+a)+d dilog dcoth(bx+a) +d+2 IMdmmwx+a)—@h1dmmwx+a)+d+2
— 2d " 2d+2 + 2d+2
4b 4b 4b
. dcoth(bx +a) d dcoth(bx +a) d )
dilog| ———— + = +1 In(d coth (b d)n| &2 xTd) 4y
. In(deoth(bx +a) +d)? _ “’g( 2 to Tt ) _ In(deoth(bxta) + )n( > + 5+
8b 4b

4b

Problem 60: Result more than twice size of optimal antiderivative.



sz arccoth(1 —d — dcoth(bx +a) ) dx

Optimal (type 4, 121 leaves, 7 steps):
b_x4 x> arccoth(1 —d —dcoth(bx +a)) _ Lln(l — (1 —d)Pbrt2a) _ * polylog(2, (1 —d) 2bx+2a) n xpolylog(3, (1 —d) e?P*+24)

+
12 3 6 4b 42

_ polylog(4, (1 —d) g2hx+2a)
8 b3
Result (type 4, 1778 leaves):
bt N polylog(2, (1 —d) &b**24),2  polylog(2, (1 —d) b*124) a2 polylog(3, (1 —d) 2¥124)x  Pn(flrt2ag 20320 4)

12 4b(d—1) 4% (d—1) 407 (d—1) 663 (d—1)
_ dpolylog(4, (1 =d)@"**24)  In(1+ (d—=1)"*"29) xa® | A1+ T=q)x N Ain(1 -t T=q)x
863 (d—1) 26% (d—1) 2% (d—1) 2% (d—1)
Cddém(i+ e T—a) ddém(1l -t T—a) ddidiog(i +¢*t9yT—ad)  dd*dilog(1 -+ yT-4q)
20° (d—1) 20° (d—1) 20° (d—1) 2% (d—1)
I(ébx+2ad__2bx+2a+1) 2
Imesgn
" polylog(4, (1 —d) &PxT24) n Imécsgn(IebeJrz“)S B [ Phxt2a J B din(1 4 (d—1)&PxT2a) 3
86 (d—1) 12 6 6(d—1)
(14 (d—1) FPrt2e) +a31n(1+ebx+a T—d) _'_asln(l—ebx“’\/l—d) +a2dﬂog(1+ebx+a T—d)
30 (d—1) 20 (d—1) 20 (d—1) 20 (d—1)
Ide2bx+2a 3
2 5 bx+ 31a(2bx+2 2bx+2 Imesgn| =05 bx+a)2 2bx+2
L dllog(l—ex a 1—d) +da In(e2bxt2ag —e?bxt2a 4 ) _ esPrTed — +Infcsgn(1ex @) csgn(Ie?Pxt2a)
20 (d—1) 66 (d—1) 12 12
I(esz+2ad_esz+za+1) 2
Incsgn(I(ebe+2“d—ebe+2“+1))csgn( o
B Infcsgn(lebx“l)csgn(Iesz+2”)2 N ebe+2a_1
6 12

2bx+2a

2bx+2a le 2)‘3 ddgbrirze 2)5’
Imesgn(le )ngn[mj Imesgn(1d) ng“[ hxiia J

12 B 12
. I [(2bx+2ag _2bx+2a 4 ) 2x3 I [2bx+2a 2
ncsgn(mjcsgn( 2hiiza ] Incsgn(mjcsgn(m)
12 B 12
)f’ln(ebeJrz”d—ebeJrz” +1) B dpolylog(2, (1 —d) ebeJrz“)x2 n dpolylog(2, (1 —d) e2bx+2“) a* n dpolylog(3, (1 —d) e2bx+2“)x
6 4b(d—1) 403 (d—1) 40 (d—1)




e2bx+2a 2 (ebe+2ad_ebe+2a+1) 3
Imesgn| —/——— Imesgn
N ( ebe-i-Za_l ] + ( ebe+2a_1 ] N dln(l + (d_l)ebe+2a)a3 B )r"’ln(ebx-l-a) 3 ln(d)x“’
6 12 367 (d—1) 3 6
Ie2bx+2a 3x3 Iebe-i—Za Idebe-i—Za 2x3
. (1 4+ (d—1)2bx+2a) 3 . MCSgn[ 2bx+2a _ | ) ~ InCSgn[ 2bxt2a _ | ]CSgn( 2bxt2a _ | ]
6(d—1) 12 12
Ldin(i+(@d—1) 2P0 diin(1 +**9yT—ad)x  ddm(1 -+ yT—d)x
207 (d—1) 207 (d—1) 207 (d—1)
2bx+2a 2bx+2a 2bx+2a
2bx+2a 1 le Ie Ide
Imesgn(Te )csgn[—ezbﬁza_1 JCSgn[—esz+2a_l ]x" Ichsgn(Ial)csgn(—CZbXJrza_1 )csgn[—ez})wrza_1 pa
+ +
12 12
I I ebe+2ad_e2bx+2a+l
IECSgH(WJcsgn(I (ebe+2ad_e2bx+2a+1))ngn( ( Thra ) 2
a 12
Problem 61: Result more than twice size of optimal antiderivative.
Jarccoth(l —d—dcoth(bx+a)) dx
Optimal (type 4, 68 leaves, 5 steps):
_ _ 2bx+2a _ 2bx+2a
% +xarccoth(l —d —dcoth(bx+a)) — xin(1 - (1 2d) © ) - polylog(2, (14bd) € )

Result (type 4, 270 leaves):

arccoth(1 —d —dcoth(bx+a)) In(-d —dcoth(bx+a))  arccoth(l —d —dcoth(bx+a))In(-dcoth(bx+a) +d) In( —a?—a?coth(bx+a))2

+

2b 2b 8 b
dilog —w—i-l—l In(-d —dcoth(bx +a)) In _w_iﬂ dilog -dcoth(bx+a) —d+2
2 2 ~ 2 2 N 224
4b 4b 45
In(-dcoth(bx +a) +d) In ~4hbxta) =d+2 )y ( -d=deoth(bxta)
+ 2—2d . 2d
4b 4b
1M—duﬂﬂbx+a)+d)m(—_d_dcigbx+a))

4b

Problem 63: Result more than twice size of optimal antiderivative.

J(fx—l—e)zarccoth(tan(bx+a) ) dx



Optimal (type 4, 193 leaves, 10 steps):
(fx +e)> arccoth(tan(bx +a) ) I (fx+e)3arctan(e?P¥+) I (fx+e)?polylog(2, —Ie?10x+a)) I (fx+e)?polylog(2, 12 1bx+a))
+ - +

3f 3f 4b 4b
+f(fx+e)polylog(3, —Iezl(be””) _flfx+e) polylog(3,Ie2“bx+”)) " Ifzpolylog(4, —Iezl(bx+“)) B Ifzpolylog(4,Iezl(bx+“))
4? 4 b? 8 b3 8 b3

Result (type ?, 5542 leaves): Display of huge result suppressed!

Problem 64: Result more than twice size of optimal antiderivative.
Jxarccoth(c +dtan(bx +a)) dx

Optimal (type 4, 249 leaves, 9 steps):

len(l_'_ (1—C+Id) e21a+21bxj len(l_'_ (1+C—Id) e21a+21bxj

xzarccoth(c—l—dtan(bx—i-a) )

N l—c—1d B I +c+id
2 4 4
1—c+1d eZIa+21bx 14+c—1d eZIa+21bx l—c+1d eZIa+21bx
prolylog(2, A 1—c)—Id Ixpolylog| 2, - ( 1 +c)—|—ld polylog| 3, - ( 1 —c)—Id
- b + 4b * 8 b2
lyl 3, -

B poyog( 1 +c+1d

8 b?

Result (type ?, 6445 leaves): Display of huge result suppressed!

Problem 65: Result more than twice size of optimal antiderivative.

Jarccoth(c—i—dtan(bx—i—a)) dx
Optimal (type 4, 164 leaves, 7 steps):

1—c+1d 2la+21bx l4+c—1d e2141-i—21bx l—c+1d 2la+21bx
xln[l + ( l—c)—Id xln| 1+ ( 1—I—c)—|—Id Ipolylog 2,—( l—c)—Id
xarccoth(c +dtan(bx +a)) + 5 — > _ v
(1+C—Id) eZla-‘rZbe)
Ipolyl 2, -
n poyog( ’ l1+c+1d

4b
Result (type 4, 611 leaves):

arctan( c+dtan(bx +a) —%jln(d( ctdtan(bx+a) %) +c—1)

arctan(tan(bx +a) ) arccoth(c +dtan(bx +a)) I d d
b 2b
c+dtan(bx +a) c c+dtan(bx +a) c) )
— =1 - = 1
arctan( p d) n(d( 4 p +c+

2b



Id_d(c+dtan(bx-|-a) _5)
c+dtan(bx+a) c d d
Iln| d ——= | +c—1|In
n d d Id+c—1
4b
+dtan(bx + a) c) (c+debx+M cJ
ld+d| < -< 1d—d - <
nn(d(”rdtan(b“”) —£J+c—ljln ( d d Idilo d d
B d d l—c+ld L Td+c—1
4b 4b
c+dtan(bx +a) c) (c+debx+M cj
Id+d - = Id —d - =
Ldilo [ ( d d Iln(d( ctdtan(bx+a) —i) +c+l)ln d d
o Tee I —ctld ~ d d I fc+ld
4b 4b
c+dtan(bx +a) c c+dtan(bx +a) c)
Id+d - = Id —d - =
Iln(d(c+dtan(bx+a) —£j+c+ljln[ T ( d d)] Ldilo [ ( d d
N d d Id—c—1 e 1 +c+ld
4b 4b
Id+d(c+debx+m _5)
. d d
I dilog
4 Id—c—1
4b
Problem 66: Result more than twice size of optimal antiderivative.
Jxarccoth(l —Id+dtan(bx+a)) dx
Optimal (type 4, 108 leaves, 6 steps):
16’ _ Parccoth(l —1d +dtan(bx+a)) _ 2In(1+ (1 -1d) &'9*210%)  Lrpolylog(2, - (1 —1d) &'*F21P%)
6 2 4 4b
_ polylog(3, - (1 —1d) le+21bx)

8 b2

Result (type ?, 2248 leaves): Display of huge result suppressed!

Problem 67: Result more than twice size of optimal antiderivative.

Jarccoth(l —1Id+dtan(bx +a)) dx

Optimal (type 4, 76 leaves,

1b 2

5 steps):

- +xarccoth(1 —Id +dtan(bx +a)) —

Result (type 4,

291 leaves):
_Tarccoth(1 —Id +dtan(bx +a)) In(-Id +dtan(bx +a)) i larccoth(1 —Id +dtan(bx+a)) In(Id +dtan(bx+a))  Iln( —Iaf+aftan(bx+a))2

xln(l + (1 _Id) eZIa-l-Zbe) L Ipolylog(Z, _(1 —Id) 621a+21bx)

2

4b

2b

2b

8b



Idilog(l _1d | dun(brta) ) Iln(—Id+dtan(bx+a))ln(1 _1d | dun(bxta) ) Ldilog[ 214t dtan(bx +a) )
" 2 2 " 2 2 _ -21d +2
4b 4b 4b
I
— (-Id +dtan(bx +a))
2 —1d+dtan(bx +a) . 2
~ Iln(Id+dtan(bx+a))1n( o1d+2 J . Id1log[ p J
4b 4b
%(—Id—i—dtan(bx—}-a))

IIn(ld +dtan(bx +a)) 1n[
4 d

4b

Problem 68: Result more than twice size of optimal antiderivative.

Jarccoth(l +1d—dtan(bx+a)) dx

Optimal (type 4, 77 leaves, 5 steps):

2la+21bx _ 2la+21bx
_Ibzxz +xarccoth(1 +1d —dtan(bx +a)) — xIn(1 + (1 +12d) € ) + Ipolylog(2, (14+bld) € )

Result (type 4, 296 leaves):
_Tarccoth(1 +1d —dtan(bx +a)) In(Id —dtan(bx +a))

larccoth(1 +1d —dtan(bx +a)) In(Id +dtan(bx+a))  Iln(ld —dtan(bx +a) )2

+

2b 2b 8
Tdilog[ 1+ 12 — 40 +a) Vg gran(bxta)) Inf 14 14 - dEnlbxta) )y (2= 1d b dtan{bx ta)
. 2 2 . 2 2 ~ 21d—2
b 4 40

I
— (-1d +dtan(bx +
-2 —1d +dtan(bx +a) J Idilog[ 3 ( an(bx +a)) J

IIn(Id +dtan(bx +a)) 1n(

-21d —2 d
4b * 4b
% (-1d +dtan(bx +a))
IIn(Id +dtan(bx +a)) In p
+ 4b

Problem 69: Result more than twice size of optimal antiderivative.
J(fx+e)2arccoth(cot(bx—|—a) ) dx

Optimal (type 4, 193 leaves, 10 steps):

(fx 4+ )3 arccoth(cot(bx +a)) " I(fx+e)3arctan(ezubx+“)) B I (fx+e)?polylog(2, —1e!bxTa)) n I (fx+e)?polylog(2, 12! Px+a))
3f 3f 4b 4b




Ifzpolylog(4, —[2lbxta) B IprOlylog(4’Ie2l(bx+a))

f(fx+e) polylog(3, —1!Px+a))  r(fx 4 e) polylog(3, 12 (0¥ ) N
4b2 8b3 8b3

_|_
4 %

Display of huge result suppressed!

Result (type ?, 5542 leaves):

Result more than twice size of optimal antiderivative.

Problem 70:
szarccoth(l +1d +dcot(bx +a)) dx
Optimal (type 4, 136 leaves, 7 steps):
16t arccoth(l +1d +deot(bx+a)) _ Pln(1—(1+1d) &'9F210%) 12 polylog(2, (1 +1d) 1F21P7)
12 3 6 4b
xpobdog(3,(1-+Id)621“+21bx) _ Ipohdog(4,(1-+Id)e21a+2]bx)
4 b? 8 b

Result (type ?, 2448 leaves): Display of huge result suppressed!
Result more than twice size of optimal antiderivative.

Problem 71:
Jxarccoth(l +1d +dcot(bx+a)) dx

Optimal (type 4, 107 leaves, 6 steps):
(1+Id+dcot(bx+a)) ln(l—(141d)1e+210x)  Ixpolylog(2, (1 +1d) 1e+210x)  polylog(3, (1 +1d) 2lat21bx)
— + —
8 b

b n *2 arccoth
2 4 45p

6

Result (type ?,
Result more than twice size of optimal antiderivative.

2350 leaves): Display of huge result suppressed!

Problem 72:
Jarccoth(l—Id—dcot(bx+a))dx
Optimal (type 4, 77 leaves, 5 steps):
_ _ 2la+21bx _ 2la+21bx
M—|—xarccoth(1—Ial—alcot(bx—ﬂz))—xm(1 (1-ld)e )+Ipolylog(2,(1 Id) e )
2 2 4b
Result (type 4, 303 leaves):
_Tarccoth(1 —Id —dcot(bx+a))In(-Id —dcot(bx+a)) I Tarccoth(1 —Id —dcot(bx +a)) In(Id —dcot(bx+a)) Iln(—Id—dcot(bx—i—a))2
2b 2b 8b
Idﬂog(l—ﬁ——dc"t(l’”“)) Iln(—Id—dcot(bx+a))ln(1—M——dCOt(bx+a)) Idilog Z_Id_d""t(bx”))
n 2 2 " 2 2 _ -21d +2
4b 4b 4b
1
— (-Id —dcot(bx+a))
2 —1d—dcot(bx+a) . 2
IIn(1d — t 1 Idil
n(ld —dcot(bx+a)) n( 21d+2 J dlog[ p
+ 4b

- 4b



% (-1d —dcot(bx +a))

IIn(Id —dcot(bx+a)) In
n d

4b

Problem 73: Result more than twice size of optimal antiderivative.
st (a + barccoth(cx) ) (d + eln( e +1)) dx

Optimal (type 3, 265 leaves, 18 steps):
b(6d—1le)x 23bex I b(6d—5@))¢3 _ 8bhex’ I b(3a’—e))c5 _ bex _ exz(a +barccoth(cx)) ex4(a + b arccoth(cx) )

36 456 108 & 135 90 ¢ 75¢ 6t 12
_ex®(a+barccoth(cx)) b (6d— 1le) arctanh(cx) . 23bearctanh(cx) bexln(-x* +1) N bex In(-* +1) N bexX’ In(-¥* +1)
18 36 0 45 5 60 186 30c
_ e(a+barccoth(cx)) In(-* 2 +1) L x® (a + barccoth(cx)) (d +eln(-P +1))
6 6

Result (type ?, 4033 leaves): Display of huge result suppressed!

Problem 74: Maple result simpler than optimal antiderivative, IF it can be verified!
J (a +barccoth(cx)) (d+eln(-2 A2 +1))

dx
0

Optimal (type 4, 234 leaves, 24 steps):
7ble | 2e(atbarccoth(ex)) | 2cte(atbarccoth(ex)) _ Pe(atbarccoth(ex))?  Sbceln(x) | 19bCeln(-P+1)

60 1% 155 5x 5b 6 60
_be(dtem(-P2+1)) bl (PP +1) (d+eln(-2E+1))  (a+barccoth(cx)) (d+eln(-22 +1))
20X 10 22 55
S (d+eln(- nf1-—L — Se L
+b (d+1(x262+1))1[1 —x2c2+1)_b polylog(2, —XZC2+1)
10 10

Result (type 3, 79 leaves):
~ aeln(-? % +1) L a (3P eln(-cx+1)xX —=3leln(-cx—1) X +6ctex +2e?x* —3d)
5% 15x°

Problem 76: Unable to integrate problem.

J (a + barccoth(cx)) (d +eln(g:® +£))

5 dr

Optimal (type 4, 442 leaves, 38 steps):



g(—xzcz—i-l)

- 2
_ (@ + barccoth(cx) ) (d+eln(gx® +1)) n bdn[ f ) (d +eln(g® +1)) B bcln( P +g ] (d +eln(gx* +/))
x 2 >

bcepolylog(Z, M) bcepolylog[Z, 1+ i) Zaearctan( Vg ]\/E bearctan[ /g ] ln(l _ L ) Jg

_ fE+g ) S i _ i cx
2 2 NI Jr
g 1 (NE] [ 2 (cex+ )Tz ]
b earctan Inf 1+ Je b earctan In Je
PR (1) U U e ) () )
Jr Jr
N3 [ 2(cx+1)J7Jg )J— { 2 (-ex+1)VFJg )J—
b earctan In I1bepolylog| 2,1 +
U ) Ger evm) (T ) T T e —vE) (F ) )
Jr 27
Ibepolylog| 2,1 — 2(cx+ 1) V] g ]J_
L g[ (tev7 +v5) (T -1xvz) ) °
2Jf

Result (type 8, 26 leaves):

dx

J (a + barccoth(cx)) (d +eln(g® +1) )
XZ

Problem 79: Result more than twice size of optimal antiderivative.

Jx'l T arccoth(a + bx") dx

Optimal (type 3, 45 leaves, 4 steps):

(a + bx") arccoth(a + bx") n 1n(1 - (a+bx")2)
bn 2bn

Result (type 3, 117 leaves):

1+a a—1 1+4+a a—1
a4 b0 +1) B (e + b — 1) ln(x"+ )a 1n(x”+ Ja ln(x”+ ) 1n(x"+ )

2n 2n 2bn B 2bn 2bn 2bn

Test results for the 242 problems in "7.4.2 Exponentials of inverse hyperbolic cotangent functions.txt"

Problem 1: Result more than twice size of optimal antiderivative.



P
ax—1
ax+1

dx

Optimal (type 3, 94 leaves, 8 steps)

8a*
Result (type 3, 192 leaves):
- 1 (( ax—1) [ -6x ( a3 —1 3/2a\/ —15xya*x* =1 aya -8 x—l)(ax+l))3/2\/a2
24 ax—1 Jax—1) (ax+1) a*Jd?
ax+1
2 [ 2 _ [ 2 / _
+151n @x+Ja’ ~1 a ]a—24ln[ax+ ? Vlax—1) (ax+1) a—24Ja* J(ax—1) (ax+1) J

Ja Ja*

Problem 2: Result more than twice size of optimal antiderivative.

X

dx
ax—1
ax+1

Optimal (type 3, 53 leaves, 6 steps):

arctanh[ 1 - L ] x [ 1-= L 2 /11— L
J e ) IS J s

242

Result (type 3, 151 leaves):

(ax—1) 1Ma%2—laJ__+l a—2J;mex—l)mx+l)

Px+Jatd -1 \/a_zJa—Nn[ a2x+\/a_2\/(ax—l) (ax+1)
Ja& N

ax—1 Jax—1) (ax+1) &®Jd*
ax+1

Problem 3: Result more than twice size of optimal antiderivative.

1

[ax—1 3
ax+1

dx



Optimal (type 3, 32 leaves, 3 steps):

2
a~ arcesc(ax
] (ax)

2 2

Result (type 3, 256 leaves):

- 1 (Wx—l)[2ffJ %?—1J__+aMMm[ ]J_};+23l[fx+dff—ﬂ\57
2 %ii%‘J(ax—l)(ax+l)J;Tf Jjgftq_ J;T
—2a°In

aZHJa_”(;X_—U(aH” ]xzm(azxz_1)3/2am+azmmxz_zazmx_l) T V@ 2 + (2
2
a

77

Problem 8: Result more than twice size of optimal antiderivative.

ax—+1
Optimal (type 3, 100 leaves, 14 steps):

24° _.l
X

Result (type 3, 470 leaves):

_ : ax—1 3/2[_9613)‘3" 2x2_1\/_ 2\/_ ax—1) ax+l))3/2x2a2
6a3J:?_J(ax-—l)(ax-+l) (ax4—1)( j

ax+1
Px+atP -1 \/a_z]xz—42a3ln[ a2x+\/a_2\/(ax—l) (ax+1)
Ja& Nra
2 2 2 2 2
)3 2ra— 02 @ Tar =T Tar T a2 — 181n| Lxa — 1 Ja @x+\@ [Tax=T) (ax 1) ]xa2
Ja* Jd*

J 2 T3 3
_9x‘ﬁf_q‘“ﬁﬁqﬁo(wx_l)Wx+1n3ﬂJ;T+8¢ﬁ7V(ax—l)wx+l)xa+9m[ax+J?;i_TJ;_]a
2
a

P18 2 —1 Ja? 2 +4Ja* ((ax—1) (ax

+94°In

xa* +841n




—421n ax+\/_\/ ax—1) (ax+1) ]a—42\/a_2\/(ax—l)(ax+l)]
iz

Problem 9: Result more than twice size of optimal antiderivative.

X
ax—1 3 /2 &
(ax-l—lj

Optimal (type 3, 80 leaves, 12 steps):

9arctanh[/l— J 2x2 x/l—azlx2 lel—azlxz
_|_
a 2

242

a__
X

Result (type 3, 420 leaves):

1 s [-am/—zxz_l J& +dmn

2a2\/a_2\/(ax—1) (ax+1) (ax+1) ( Zi—i_-i ]

ax+m\/_J
Ja&

a2x+\/a_2\/(ax—1)(ax+1) ]x2+2a2\/a2x2—1\/a_2x2—10a2\/(ax—1)(ax+l) \/a_2x2—2ln[ a2x+,a2x2—1\/a_2
Ja& J&

2 2

4 x—i-\/a_\/(\c/zx_—l) (ax+1) ]xaz—x\/azxz—l a\/a_2+4((ax—1) (ax+1))3/2\/a_2+20\/a_2\/(ax—1) (ax+1) xa
2
a

Px+yatP -1 \/a_ZJa—IOIn[ a2x+\/a_2\/(ax—l)(ax+l

Ja& Ja&

—10a°In

+201n

+1n

—10Jd? JTax=1) ax+1)]

Problem 10: Result more than twice size of optimal antiderivative.

1

Optimal (type 3, 79 leaves, 9 steps):
5/ 3 /2

5(1— ! ] 3a3(1— ! j 9a [1 - —
; —

a? 9 ¢? arcesc(ax) a? x>

el

Result (type 3, 640 leaves):



|

1 3/2[ 6\/_\/ PR —-1Xa +9arctan[
2/ 2y (ax=1) (ax+1) (ax+1)(‘”“—1)

ax—+1
Px+Ja*P -1 \/a_2
Ja&

—6ya* J(ax—1) ax+1)x4a4—183rctan[

+61n A4 —61n

o (Tax—T) (ax¥1) ]ms+6¢a—2<a2x2_1)3/2;a3+21mmx4a4

Wra
1 Px+atd -1 \/a_z 34

a2x+\/a_2\/(ax—l)(ax+l) ])rq’a4—ll\/a_2(a2x2—l)3/2x2a 24a3x3m\/_ 4\/_ (ax—1) ax+1))3/2x2a2

Iz

2 2 2

+12Ja Tax=1) (ax 1) £ a + 9 arctan| ——— Ax i@ —1/d |,
Jat? —1 \/a_2

4 x+\/_\/ \/x_—l (ax+1) ]x2+4x(a2x2—1)3/2a\/a_2+9a2\/a2x2—1 \/a_2x2—6a2\/(ax—l) (ax+1) \/a_zx2
2
a

]Ja_z;écﬁ—lzln

+121n

J\/a_2x2+6a3ln

—6a’In

. (M—m%—z]

Problem 12: Result more than twice size of optimal antiderivative.

ax—1
x [ £
J ax—+1
Optimal (type 3, 54 leaves, 6 steps):
1 1 1
arctanh 1 - x [ 1- 2 1=
[\/ 7 ) A
— +
24° a 2

Result (type 3, 151 leaves):

1 ax—1

2{ (ax—1) (ax+1) 2\/_[ ax+1
a x—i—\/a_\/(ax—l) (ax+1)
e

(ax+1)

Problem 13: Result more than twice size of optimal antiderivative.

a+2\/a_2\/(ax—l) (ax+1)




[ ax—1
ax+1
— dx

X

Optimal (type 3, 34 leaves, 3 steps):

a (2a - lj 1 - !
a* arccsc(ax) n X a2
2 2

Result (type 3, 256 leaves):

1 [,ax—i (ax+1) [2a3x3\/ 2xz—l\/_+a arctan[ ]\/_XZ—Z 31[a2x+,a2x2—1\/a_2
2{ (ax—1) (ax+1) \/a_zx2 ax+ Jat? —1 \/a_2

a2x+\/a_2\/(\c/zx_—l) (ax+1) ]xz—Zx(azxz—I)S/Za\/a_z—i-az\/azxzi—l\/a_zxz—Zaz\/(ax—l) (ax+1) \/a_zxz—l—(azxz
2
a

+2a°In

e

Problem 14: Result more than twice size of optimal antiderivative.

ax—1
ax+1

— dx
X

Optimal (type 3, 74 leaves, 5 steps):

3 9] / 1 / 1 ) 1
a | 16a— — 1 — a |l 1— a 1—
3 a*arcesc(ax) " ( x a2 B 22 N / 22
24 45 32

8
Result (type 3, 307 leaves):

1 [ ax;i (ax+1) [24/ Jai2i —1xd° +9arctan[
24y (ax—1) (ax+1) \/ “

Px+Ja*P -1 \/a_z]x4a5+24ln[ a2x+\/a_2\/(ax—l) (ax+1)
Ja& Ja*

_24‘/_‘/ ax—1) (ax+1) a4‘|‘15\/_ a? 2 — 3/2x2a2—8x(a2x2—1)3/261\/“_2+6(a2x2—1)3/2\/a_2

Ja 2 -1 ]J_xa

—241n

Ha —24\/a_2(a2x2— 1)3 /2x3a3 +9\/a_2\/a2x2—1 at

|




Problem 18: Result more than twice size of optimal antiderivative.

(ax—l 3 /2
ax+1j
dx
S
Optimal (type 3, 75 leaves, 9 steps):
a5(1— ! )5/2 3a3(1— ! 13/2 9a2 [1- -
2 2 2 2
~ a B a2 _ 9a”arcesc(ax) a2
3
(Hl) z(a+l) 2 2
x .x

Result (type 3, 640 leaves):

- ! [[6\/_\/ PP -1 +9arctan{
2\/a_2x2(ax—l)\/(ax—1) (ax+1)

a2x+\/a_2\/(ax—l) (ax+1)
Ja*

]\/a_zxja3—12ln

Pt Px+yat P —1 \/a_2 A
T ) 7o SR

x4a5—6\/a_2(a2x2— 3/2)6361 +21\/_\/ -1 x*a —6\/a_2\/(ax—1) (ax +1) x*a*
1 Px+Ja*P -1 \/a_z]x:’a4+121n[ a2x+\/a_2\/(ax—l) (ax+1)
1P PR 4243 R T B 4@ ((ax—1) (ax+1)) 22 - 12y @ JTax =) (ax ¥ 1) £
A x+y 2x2—l\/_ ax+\/_\/ ax—1) (ax+1) ]x2—4x(a2x2—1)3/2a\/a_2
frEes s i
_ /-
aleazxz—l\/a_2x2—6a2\/(ax—1)(ax+1) \/a_2x2+(a2x2 3/2\/—](ax 1)3 2)

+61n

b1 fa? (2R

+ 18 arctan [

P +6an

+ 9 a? arctan[

]\/_xz 64a°In

ax+1

Problem 19: Unable to integrate problem.

&

ax—1 1 /4 dx
(ax+1j
Optimal (type 3, 211 leaves, 11 steps):
3 /4 1 /4 3 /4 1 /4 3 /4 1 /4
611(1—L) (1+Lj x 269(1—Lj (1+L) 2 11(1—L) (1+i) 2
ax ax ax ax
4 + 3 + 2
1920 a 960 a 48 a




1 1 /4 1 1 /4
1+ — 1+ —
( ax ) ( ax )
. 3 /4 . | /4 . 3 /4 . | Ja 31 arctan ﬁ 31 arctanh . 7
O (0 A (o (RS R N () )
ax ax ax ax ax ax
+ + + +
40a 5 128 a® 128 a®
Result (type 8, 116 leaves):
[J 31 dxj((ax—l)(ax+1)3)l/4
(384x"a* +4324° P +4406>* +538ax +611) (ax—1) 2564* ((ax—1) (ax+1)3) 7
_ 1 /4 _ 1 /4
192045 [ 4X =1 ax—1 (ax+1)
ax+1 ax+1
Problem 20: Unable to integrate problem.
1
ax—1 /A &
(ax+1) *
Optimal (type 3, 242 leaves, 17 steps):
A T
() o
In| 1 — 2
1\ /A 1\ /A n 1\ /4 T Jz
(1+—) (1+—) (1 ;) 1+ —
2 arctan alx /4 + 2 arctanh alx T/ + 5 ax
1——) 1——)
ax ax
1 /4
(1_L) \/7 I—L
ax ax
In| 1+ i+ V2 A A
) e (-2 i)
ax ax ax ax
- + arctan| -1 + J2 +arctan| 1 + V2
2 |\ /4 1\ /4
(1+—) [1+—)
ax ax
Result (type 8, 21 leaves):
1
ax—1 /A &
’ ( ax+1 ) *

Problem 21: Unable to integrate problem.



1

(%)1/4x2dx

Optimal (type 3, 219 leaves, 13 steps):

1 /4 1 /4
(1_L) (1_L) \/7
aarctan| -1 + ax V2 aarctan| 1 + ax 2
1\ /4 1\ /4
VA A '+ ox) [ o)
+ +
( ax) ( ax) 2 2
1/4 1 /4
aln| 1 — 23 V2 al|1+ 2% N
1\ /4 T |\ /4 i
[1+—) 1+ — (1+—) 1+ —
i ax ax _ ax ax
4 4
Result (type 8, 86 leaves):
[J a — dx]((ax—l)(ax+1)3)l/4
ax—1 I 2x((ax—1)(ax-|—1)3)
ax—1 1 /4 ax—1 1 /4
X (ax+1)
ax+1 ax—+1
Problem 22: Unable to integrate problem.
1
dx
1\ A
(ax 1) 3
ax+1
Optimal (type 3, 258 leaves, 14 steps):
1 /4
(_L) J7
2 B ax
. 3 /4 . 1 /4 . 3 /4 . 5 /4 a” arctan| -1 + " /4 \/7
(S N R (e M (2]
ax ax ax ax ax
+ +
4 2 8

) ax
a“arctan| 1 + " T | /4 1 V2
(1 —) (1 —) 1+ —
ax n ax ax




Result (type 8, 95 leaves):

a? 1 /4
U W dx)((ax—l)(ax+1)3)
(ax—1) (3ax+2) " 8x((ax-—1)(ax-+1)3)

¢(a)” (21"

(ax+1)

Problem 23: Unable to integrate problem.

ax+1

a dx
ax—1 3/4
(ax+1)
Optimal (type 3, 149 leaves, 9 steps):
1 1 /4
1+ —
ax
S 1/41 | \3 /A (0 1/41 | 3/4x2 1 1/41 | 3/4x3 17 arctan 1 1 /4
- — + - — + - — + - —
[ ax] ( ax) o n ( ax) [ ax] n ( ax) ( ax) B ( ax)
24 o? 124 3 8a’
1 1 /4
o)
ax
17 arctanh . T/
)
ax
_|_
8a’
Result (type 8, 100 leaves):
J 17 dx)((ax—l)3(ax+l))l/4
(8a2x2+14ax+23)(ax—1) i 16612((a)c—1)3(ax+1))1/4
3 ax—1 3 /4
24 a (—————)

3 /4
ax—1

—_— ax+1
(ax+1) ( )
Problem 24: Unable to integrate problem.



Optimal (type 3, 146 leaves,

Result (type 8,

8 steps):

X

ax—1 5/4 d
(ax+1)

1 /4 1 1 /4
14+ — 14+ —
ax ax
. | Ja . s /4 | 9 /4 25 arctan . T 25 arctanh . T/
25(1+—j 5(1+—) X (1+—) $ 1-— (1——)
ax ax ax ax ax
s 1\ /4 1 1/4+ 1 1/4+ 442 T 442
2a (1——) 4a(1——] 2(1——)
ax X ax
107 leaves) :

(2ax+11) (ax—1)

4612(ax——1)1/4
ax—+1

-25ax—17

dx
8a2(% —x) ((ax—1) (ax+1)3)1/4

Problem 25: Unable to integrate problem.

Optimal (type 3,

114 leaves, 7 steps):

(251) e

1

ax—1 5/4 &
( ax4—1)

1 1 /4 1 1 /4
1+—J (1+
ax ax
. | /4 s /4 5 arctan ﬁ 5 arctanh . T
1o(1+—) (1 —) x (1—— (1— )
ax ax ax ax
B 1\ /A + 1 /4 a +
1__ -
-2 (o)

Result (type 8, 100 leaves):

-Sax—3

ax—1

ax—1 1 /4 *
a
(ax+1)

dx
—x) ((ax—1) (ax+1)3)" 7
a

((ax—1) (0;)6-{-1)3)1/4

Problem 26: Unable to integrate problem.

(Zi;i )1/4(ax+1)



Optimal (type 3, 244 leaves, 17 steps):

1 /4 1 /4
1+L) [1 1 [1+_
ax ax
-2 arctan _L)l/“ + 2 arctanh (1_L)1/4 +
ax ax
1y A T
1 1+( “) J—+ ax_ |\ [z
n | N\ /4 :
(14‘;) 1+ — (1
— 2 ax —arctan| -1 +

Result (type 8, 21 leaves):

Problem 27: Unable to integrate problem.

( ax—1
ax+1
XZ
Optimal (type 3, 220 leaves, 13 steps):
1 /4
(o)
aarctan| -1 + axl T/ V2 aarctan| 1 +
L\ /A | \3 /A (14‘;)
a(l ) [1 ] +
ax ax 2
1 /4
(1_L) \/? 1_L (1__
aln| 1 — ax T/ ax V2 aln| 1 +
(1+£) L+ L (
ax n




Result (type 8, 87 leaves):

_ /4
ax—1 1 /4 J a dx] ax—11! ((a)c-—l)3(ax—}-l))l/4
_(”H)( x—i—l) N 2x ((ax—1)3 (ax+1)) 7 [“x“)
X ax—1

Problem 28: Unable to integrate problem.

Optimal (type 3, 244 leaves, 17 steps):

ax ax
2
1 1/4 1 1/4 1 1/4 1 \/_
(1+—) (1+—) [1+;] 1+ —
ax ax ax
2 arctan w + 2 arctanh (1 B L)l 7 5
ax ax
1 /4
(1_L) \/7 I—L
ax ax
In| 1 + + 2
n (1+ 1 J1/4 1 i \/— 1 1/4 . 1 1/4\/7
- + = 1 _
" ax ax . t _1+( ax] \/7_ t 1+( ax)
2 arctan L 7 arctan L 7
(1+—) [1+—)
ax ax
Result (type 8, 21 leaves):
ax—1 3 /4
( ax+1 ) de
X
Problem 29: Unable to integrate problem.
( ax—1 3 /4
ax+1)
dx
x2

Optimal (type 3, 220 leaves, 13 steps):



1 /4
(1_ ; )
3aarctan| -1 + ax

2
1 /4 ‘/7

1 1\ /A
R (3 ) ) e
( ax ax 2 2
1 /4 1 /4
(I—L) P I—L (1_L) \/7 I—L
3aln| 1 — ax X 1 /2 3al|1+ ax ax_ |\ /7
1\ /A i 1\ /A 7
(1+—) 1+ L (1+—) 1+ L
i ax ax ax ax
4 4
Result (type 8, 87 leaves):
—1\3/4
(ax+1) ax—1)3/ [J 3a T/ de ( ax+i) (ax—1) (ax+l)3)1/4
_ ax+1 I 2x((ax—1)(ax+1)3) ax
X ax—1
Problem 30: Unable to integrate problem.
[ax—1)3/4
ax-;l dr
Optimal (type 3, 258 leaves, 14 steps):
1\ /4
) 7
2 _ ax
(R M (L M (e (S (3
ax ax 4 ax ax ax
4 2 8
1 /4 1/4
( _L) / [1_L) 7 -t
ax 2 ax ax
9 a*arctan| 1 + i/ V2o 9a’In|1-— N + 1 V2
(1+—j (1+—) 1+ —
_ ax ax ax
8 16
1\ A T
- -
94%In| 1 + - V2
1\ /4 T
(1 ;] L+
i ax

Result (type 8, 95 leaves):



_1\3/4 942 ax—1Y3 /4 N/
(ax+1) (Sax—2) KMJ J- 1/ dx](ax+l) ((ax—=1) (ax+1)?)
ax+1 I 8x((ax—1) (ax+1)3)
42 ax—1
Problem 31: Unable to integrate problem.
X dx
BETR NG
( 1 +x )
Optimal (type 3, 223 leaves, 16 steps):
1 1 /6
14——-)
X
19 arctanh| ———%——
1/6 , _ 5 /6 1 /6, _ 5 /6 1/6 , _ 5 /6 _ 1/6
RS ) B (e o R S M o R N )
X X X X X X X
+ + +
27 18 3 81
1\ 3 1 \! /6 1\ /3 1 \! /6
(1+—) 1+—) (1+—) (1+—
X X X X
X X X X
324 + 324
1\! /6 1 \! /6
2(],+-— 2 (14——-)
X X
: (—1+x)1/6 ¥3 tr (—1+x)1/6 V3
19 arctan x3 \/? 19 arctan x3 \/T
162 * 162
Result (type 8, 70 leaves):
U 19 — dx]((—1+x)(1+x)5)1/6
(1852 +21x+22) (-1 +x) 162 ((-14+x) (1 4+x)7)
-1 +x 1/ - -1 +x 1/
54(—) (—) (1+x)
1 +x 1 +x
Problem 32: Unable to integrate problem.
1
dx
_ 1 /6
( 1+x) 2
1 +x

Optimal (type 3, 181 leaves, 14 steps):



2

_l_

(ﬂ)%
2arctan[ ( xl )1 /6] arctan
1/ | x5/ 1+;
SN 7 [
X —
O A e S 0
Result (type 8, 65 leaves)6: ’

[
(2]

1
X
3
+x

2( -1 +x)1/6
arctan[ 2 +\/T]
_|_

+

1+

1+(1
[

+

1
-1 +x 4 J3x((-1+x)(1+x)5)
-1 +x 1/ -1 +x 1/
x( 1+x ) ( 1+x )

7 dx] ((-1+x) (14057

(1 +x)

Problem 33: Unable to integrate problem.

(%)1/6 2( 1x+x]1/6_
(1+ )1/6( _x )5/6 (1+%)7/6( _1x+x)5/6 +arctan[ (14_%)1/6 +arctan 1+%)1/6 J3

6 + 2 9 18
2(-1+x)1/6 ( 1+xJ1/3 ( 1+xJ1/6ﬁ

arctan xl 7 +3 In| 1+ xl A T 2l G V3

) 1+1;8) ) 1+;) 36 (1+x)
(2] (22)he

ln[1+ (1+%)1/3 (14_%)1/6 V3

Result (type 8, 71 leaves):



J ! 7 dx]((—l+x)(l+x)5)1/6
(-14x) (3+4x) 18x (-1 +x) (1 +x)°)
-1 +x L /s " -1 +x 1/6
6x2( J ( ) (1+4x)
1 +x 1 +x
Problem 34: Unable to integrate problem.
1
dx
(—1+x)1/64
X
1 +x
Optimal (type 3, 221 leaves, 16 steps):
—l-i-x)l/6
INL/6 g (5 /6 INT/6 0 oy \5 /6 INT/6 0 x5 /6 19 arctan xl 1 /6
i G I G IR U A Gt I L0 B ) [
X X X X X X X
54 + 18 + 3x + 81
_ 1 /6 _ 1/6 _ 1/3 _ 1 /6
) 1+x) 2( 1+x) ( 1+x) ( 1+x) J3
X X X X
19 arctan " "/ -3 19 arctan " "/ +V3 19In| 1 + " A " 7 3
1+—) 1+—j 1+—j (1+—)
X X X X
+ 162 + 162 + 324
. 1/3 _ 1 /6
X X
19In| 1 + NV T 3
) )
X X
324
Result (type 8, 76 leaves):
[J 1o — dx]((—l+x)(l+x)5)l/6
(—1+x)(22x2+21x+18)+ 162x ( (-1 4+x) (1 +x)°)
R 1 /6 _ 1 /6
549(—1”) [—1”) (1+x)
1 +x 1 +x
Problem 35: Unable to integrate problem.
x2
1/3dx
(—I-Fx)
1 +x

Optimal (type 3,

121 leaves, 6 steps):



1/3, _ 2 /3 1/3, _ 2 /3 1/3, _ 2 /3 1/3 _ 1/3
(i) TR e alea) (TR L) T(EE) TR () ()
X X i X 4 X X _ X X
27 9 3 27
2(—1—I—x)1/3
22arctan\/T+ X \/T
o)
_ 1lIn(x) ( X )
81 81
Result (type 8, 70 leaves):
U 22 — 7 dx] ((-14x) (140)2) 7
(92 +12x+14) (-1 +x) N 81 ((-14+x) (1+x)?)
27( —1+xJ1/3 ( -1+x)1/3(1+x)
1 +x 1 +x
Problem 36: Unable to integrate problem.
1
-1 +x 1/3 &
( 1 +x )
Optimal (type 3, 78 leaves, 3 steps):
_ 1/3
2 arctan + ad \/?
3 311+ I Lo
13, _ 2 /3 1/3 _ 1/3 [ _]
(102) 7 (2 {12 () ) e :
X X X X 3 3
Result (type 8, 59 leaves):
[J 2 — de ((-1+x) (14x)2)" 7
-1 +x 3((-14x) (1+x)?)
-1 +x 1/3 -1 +x /3 1
( 1 +x ) ( 1 +x ) (1+x)

Problem 37: Unable to integrate problem.

Optimal (type 3, 81 leaves, 3 steps):

)



. 1A | 2 arctan| - \/3? + T 7 J3
1+ — —rx —In| 1+ 2l 22 a3
x x 1\ /3 3 3
1+—j
by
Result (type 8, 65 leaves):
2 1/3
[J N dx]((—1+x)(1+x)2) /
-1 +x i 3x((-1+x) (1 +x)?)
-1 +x 1/3 1 4+x 1/3
X (1+x)
1 +x 1 +x
Problem 38: Unable to integrate problem.
X dx
ax—1 /8
(ax+1)
Optimal (type 3, 351 leaves, 19 steps):
18
1+ —
ax
11 arctan| ————
7 /8 18 7 /8 18 7 /8 18 18
37(1—L) (1+i) x 3(1—i) (1+i) 2 (1—LJ (1+i) X (1—LJ
ax ax ax ax ax ax ax
96a2 + 8a + 3 + 64613
18 1 /8 1/8
(1+i) (1+L) J2 (1+L) V2
ax ax ax
11 arctanh ﬁ 11 arctan| 1 — Y % J2 11 arctan| 1 + N % 2
1 —— 1 - — 1 ——
T ax) ( GX) + ( ax)
64 a> 128 a° 128 a°
1 /4 1 /8 1 /4 1 /8
(1+L (1+i) J2 (1+L) (1+i) J2
ax ax ax ax
11In| 1+ N/ A 2 1ln| 1+ 1 it A 2
(s R Ury) vy I Ury)
ax ax 4 ax ax
256 a° 256 a3
Result (type 8, 100 leaves):

11 1 /8
dre | ((ax—=1) (ax+1)7)
(32222 +36ax +37) (ax—1) J128a2((ax—1)(ax+1)7)1/8 ]

96a3(%)1/8 (L_l)l/g(ax+l)

ax+1



Problem 39: Unable to integrate problem.

_1\1 8
( ax 1) J
ax+1
Optimal (type 3, 575 leaves, 26 steps):
1= 1)
_ ;”‘1/8 +V2+V2
)
5 1 \7 /8 1\ 8 5 1\ /8 1 \9/8  &*arctan ax 2-J2
Gl I U I Gy I Gy
ax ax i ax ax . 2—-J2
8 2 32
1/8
Z(I_L)
ax 1 /4 1 /8
e (-] ()"
+ — 2 ax
In| 1 - 2—-4y2
a® arctan ax 2-J2 atln) 1+ 1+1 1 /4 1\ /8 V2
4 \/2-—¢?T I ax) ( axJ
32 64
1 1 /8
it
R 1\ 8 - ax +J2-V2
-] (o) ik
2 ax a —
In| 1 2 -2
S 1_'_1 1/ 1_'_1 1 /8 V2 a? arctan ax 242
_ ( ax ( ax ) \/24—J§_
64 32
1/8
Z(I_LJ
ax — 1 /4 1 /8
(1 LA V2 (1—i ! [ —L] / 247
+-——) 2 ax
In| 1 + - 2442
a® arctan ax 242 @ Lo 1 /4 | 1\ /B V2
N V2 +2 + axJ ( ax)
32 64
a?In| 1+ 2+2

Result (type 8, 95 leaves):



a2

(ax—1) (5ax+4) [J32x((ax—1) (ax+1)7)

7 dx] ((ax—1) (ax+1

)/

1\ 8 _ 1A\ R
Sf(gi—i) (ii—l) (ax+1)
ax—+1 ax+1
Problem 40: Unable to integrate problem.
X
ax—1 3 /2
(ax4—l)
Optimal (type 5, 127 leaves, 9 steps):
1+m 1 1 _mj[l_m] _1 1 m _m| _1
3x hypergeon1([ D) > ],[ > 7 ], 22 X" hypergeom o 1 2 22
1+m am
14m 3 1 _mjl_mj 1 : 3 .m _m| _1
4x hypergeom[[z, > 2],[2 2 22 4 X" hypergeom 2T .1 2 | 22
+ +
1+m am

Result (type 8, 21 leaves):

X"
ax—1 3/2 dx
(ax+1)

Problem 41: Unable to integrate problem.

[o(e5t) "

L tm 11 11
AppellF1| =1 —m, ~=, =, -m, —, ~—
X ppe ( m, 4, 4, m,
m

Optimal (type 6, 37 leaves, 2 steps):

ax’ ax

1+
Result (type 8, 21 leaves):

)dn(ax—l)l/“dx
ax+1

Problem 42: Unable to integrate problem.



X
ax—1 /8
(ax+1)

! +mAppellF1( -1 —m, l, —l, -m, L, -L)
8 8 ax ax
1+m

dx

Optimal (type 6, 37 leaves, 2 steps):

Result (type 8, 21 leaves):

X"
ax—1 /8 d
(ax+1)

Problem 43: Unable to integrate problem.

Jen arccoth(a x){n dx
Optimal (type 6, 41 leaves, 2 steps):
1
! +mAppellF1( -1 —m, E, —E, -m, L, -—)
2 2 ax ax
1+m

Result (type 8, 13 leaves):
Jen arccoth(a x) " dx

Problem 44: Unable to integrate problem.

& arccoth(a x)
J— a
X
Optimal (type 5, 115 leaves, 4 steps):
n a 1
5 _ -
1
2 1+L hypergeom 1,—2, 1—2, 2l 1+ a— —
ax 2 2 1 P n n X
a+ — 2 hypergeom| | -—,-— |, |1 — = |,
X 2 2 2a

Result (type 8, 13 leaves):

& arccoth(a x)
— dx

X



Problem 45:

Unable to integrate problem.
el arccoth(a x)
———fI———dx
b
Optimal (type 5, 143 leaves, 4 steps):
1—% 1+§ 1—% 1+
asn(],—-J—J (1+——L-) az(],— —L-) (1-+-l—)
ax ax i ax ax
6 3x
_n 1
% 3 2 1 1 2 n n a_;
22 (P +2) |1 —— hypergeom| | -—,1 — = |, |2 — = |,
4 ax 2 2 2 2a
3(2—n)
Result (type 8, 13 leaves):
& arccoth(a x)
———jr———dx
b
Problem 46: Unable to integrate problem.
& arccoth(a x)
dx
e
Optimal (type 5, 159 leaves, 4 steps):
1—% 1+§ 1—% 1+§
a3(1—L) (l—i-L) (a(n2+6)+2—n) a2(1—L) (1—{-—)
ax ax X n ax ax
24 4
-2 1
242 2 a-—
2 2a4n(n2—i-8) 1—L hypergeom —ﬂ,l—ﬁ, -1 R 2
i ax 2 2 2 2a
3(2—n)
Result (type 8, 13 leaves):
& arccoth(a x)
— dx
e
Problem 51: Unable to integrate problem.
ax—1

- +c)?
J( acx+c) ax+1

Optimal (type 5, 88 leaves, 3 steps):



1 2
Ty | 2 1 T
2 x (-acx +c)?hypergeom| | -1 —p,-— —p|, [ -p], —————— 1 - — 1+ —
1 2 ( 1) ax ax
a+ — a+ — |x
X X
1+p
Result (type 8, 27 leaves):
—1
~ Lo [ ax
J( acx+c) 1

Problem 52: Result more than twice size of optimal antiderivative.

ax—1

- +
J( acx +c) ax+1

Optimal (type 3, 55 leaves, 7 steps):

1
3 carctanh 1— ——
[\/ P2

2a

1
A A
+2c¢cx /1 — —
e 2
Result (type 3, 152 leaves):

1 ax—1
1 (ax+1)c
2\/(ax—l)(ax+l)\/a_2a ax+

Px+Ja* y({ax—1) (ax+1)
Problem 56: Result more than twice size of optimal antiderivative.

Ja&
_ 32
J(—acx+c)3(—ax ! j dx

ax+1

NE o a\/a_2+4\/a_2\/(ax—l) (ax+1) +ln[ a’x + a;xz_—l \/a_2 a
2
a

—41n a

Optimal (type 3, 134 leaves, 10 steps):

315c3arctanh[ [1— 21 323 (a_lj 67ac® | 1— 21 S3* 11— 21
a X X 3 1 a? X ” 3 1 a X
- + +300x [1-——5 — +2a°0° [1-—5 -
8a 2/171 @2 2 8 @22 4
a _
22

Result (type 3, 541 leaves):

\/_ 1 [[‘2\/61_2(612)62—1)3 /2x3a3+16\/a_2((ax—1) (ax+l))3/2)62612—4\/61_2(azxz—l)3 /2x2a2
8ava® (ax—1)y(ax—1) (ax+1)




— 6922 -1 \/_+32\/_ ax—1) ax+1))3/2xa+384a2\/(ax—1) (ax+1) \/a_2x2—2x(a2x2—1)3/2a\/a_2

RPN e wllpESPIE I Rt . P W Jx2—384a31n[ axtya Tax—T) {ax¥1)
Ja& Ja&

2 2.2 2
1))} 2J& +768 @ Tax—1) (ax ¥ 1) xa — 69x /@2 — 1 aJa +1381In| x+V“Ji 1 \/a_]xaz
2
a

2 =112 ((ax—1) (ax

2x+d? — 2 T 3
_restn| CxtVe Vlax ) (ax+1) |, 2y 5oy [ Tan =Ty (ax F1T +691n| L3t =1V |
Ja? [
2 2 — _ 3/2
_3g4y| CxtVa Vlax—1) (ax+1) |, c3(ax 1]
2 ax+1
Va
Problem 57: Result more than twice size of optimal antiderivative.
ax—1 3/2
(ax-l—lj dr
—acx+c

Optimal (type 3, 49 leaves, 6 steps):
1

arctanh[ 1 -
2
) 22 )

ac 2 1

Result (type 3, 247 leaves):

1 ([-az\/(ax—l)(ax+l)\/a_2x2+a31n
Jax—1) (ax+1)

a2x+\/a_2\/(ax_l)(ax+l) ]x2+((ax_1)(ax+l))3/
W

x4+ & [Tar =TT (ax ¥1] Jxaz—Ja_zmx—maxH)
Nra

a\/_c ax—1)
2 [ -2 JTax=1) (ax+1) xa+2In

a2x+\/a_2\/(ax—l)(ax+l) ax—11\372
\/a_z “ (ax+l)

+1n

Problem 78: Result more than twice size of optimal antiderivative.



X
-1 4+x
- 1_
v 1 4+x ( *)
1

211+ —
—2arctanh( /1%]—1—(—1))( 1_é

1T

dx

Optimal (type 3, 41 leaves, 8 steps):

Result (type 3, 105 leaves):

(212221 2= 2m(x+V2=1) 2 +daxyZ =1 +4nlx+V2=1)x—2V2 -1 —2m(x+/Z =1

(-1 +x) ﬁ J(1+x) (1 +x)

Problem 79: Unable to integrate problem.

X" -acx+c dr
ax—1
ax+1

Optimal (type 5, 57 leaves, 3 steps):

2x1+’”hypergeom([—l 2 —m], [-l —m} —L)\/ —acx+tc
ax

Result (type 8, 30 leaves):

X" -acx+c dr
ax—1
ax+1

Problem 89: Unable to integrate problem.

X" -acx+c | ax—1 dx
ax+1

Optimal (type 5, 117 leaves, 4 steps):



2(5+4m))€"hypergeom([l,—l—m],[l—m,—L)\/—acx+c 2x1 7t 1+ — Facex +e
_ 2 2 2 ax i ax
a(l+2m) (3 +2m) 1——L (3 +2m) 1——L
ax ax
Result (type 8, 30 leaves):
. ax—1
X" -acx+c
x+1
Problem 98: Unable to integrate problem.
o4
Jenarccoth(ax)(_acx+c) 2 dx
Optimal (type 5, 80 leaves, 3 steps):
2—% _H% 242
2 1—L 1+L x(-acx+c) 2hypergeom 2,1—£, 2—1, 2
ax ax 2 2 ( 1)
a+ — |x
_ X
2—n
Result (type 8, 23 leaves):
o4
Jenarccoth(ax)(_acx_i_c) 2 dx
Problem 99: Unable to integrate problem.
Jenarccoth(ax) (_acx+c)pdx
Optimal (type 5, 100 leaves, 3 steps):
n
z n
a— L 3 )
)lc (1+—) x ( acx+cphypergeom l—p, p],[—p], 1
a+ — ax (a%——-)x
X X

e (1-L4)

Result (type 8, 19 leaves):
Jenarccoth(ax) (-acx +c)p dx



Problem 101: Unable to integrate problem.

& arccoth(a x)
— dx
J-acx+tc
Optimal (type 5, 86 leaves, 3 steps):
13
amy 1 '3 11 1 2
2 )lc ( +—J x hypergeom [—5,5+% , 5]’ 1
a+ — ax (a-k——)x
X X

Result (type 8, 19 leaves):
J & arccoth(a x)

V-—acx+c

Problem 102: Result more than twice size of optimal antiderivative.

)
_
ax dx

ax—1
ax+1

Optimal (type 3, 78 leaves, 8 steps):

203arctanh{ 1 - ! ) 3 (4a+ ! ) 1 - 1
32 3
3 1 ¢’ arcesc(ax)
cll———= x+ 2
22 2a a 2a
Result (type 3, 199 leaves):

1 ((ax-—l)c3[
J(ax—l)(ax+1)a%@¢27

“zxﬂ“zxz—lJa_z]f—azamtan . Ja_zxz—(azxz—l)”w_z]]
J& [Jazxz—l ]

4&94&%—1ﬁ?+4ﬂfﬁ—lfﬂaﬁ7—fdff—lﬁ?f

ax—1
ax+1

+4an

Problem 103: Result more than twice size of optimal antiderivative.



c— =
ax__ 4.
ax—1
ax+1
Optimal (type 3, 25 leaves, 3 steps):
1
cmcudax)_+cx | — .
a a2

Result (type 3, 62 leaves):

(ax—1) c[ P —1 +arctan(

Yeze)

J(ax—1) (ax+1) a

ax—1
ax+1

Problem 104: Result more than twice size of optimal antiderivative.

dx
ax—1 c )
c— <
ax+1 ( ax
Optimal (type 3, 64 leaves, 7 steps):
1 1 1
2 arctanh 1 - 2 + = x [ 1=
[ a? P ] _ (a X ] n a2
ac 5 T c
ac | 1—
22

Result (type 3, 249 leaves):

2 2
) 1 [—2a2¢(ax—1)(ax+1)Ja_2x2—2a31n[“X+J“_*/(”_”(”+l) 2+ ((ax
alax— )& eyTlax—TD (ax¥1y [ &=L Ja

ax+1

2 2
1) (ax+1))32JE +4J@ Tax=T1) (ax+1) xa+4ln[ @x+d (Tax=T] (ax+1)
W
aj

Problem 108: Result more than twice size of optimal antiderivative.

xaz—ZJ;TJ(ax—l)(ax+l)

—9In a2x+\/a_2\/(ax—l) (ax+1)
e




Optimal (type 3, 180 leaves, 11 steps):

1
16(9a—3j 64(a+ij 8(21a+ﬂj 7354 — 14T 7arctanh( - = J
X _ X _ X + X + ax2
7,2 9 /2 5,2 32 4
B3t [1— 92 (1 - L 1052 (1 — - 315264 (1 - ] ac
a2 a* 2 a2 a*
1
-2205a — 212 x [ 1= 22
+ = + <
24 [ 1 ¢t
315a° ¢ —
a? x*

Result (type 3, 621 leaves):

1
3154 (ax—1)* a? (ax—1) (ax+1) (ax+1) (—

)3/2 [—22054(ax—1) (ax+1) a? 84S

x6a7+1890((ax—1)(ax+1 3/2\/ 2x4a4+13230\/ ax—1) ax—}-l)\/azxsas

2 2 —
_22051n[ax+\/a J(ax—1) (ax+1)

+132301n @x 4@ JTax—T) (ax+1) Ba®—6376 ((ax—1) (ax+1))3 2JZ B dd —33075J@ JTax—1) (ax £ 1) +*d*

_330751n| LX V@ VTax =D (@xF 1) | 45 4 g6 [ ((ax—1) (ax+1))° 220 +44100y@ yTax =T Tar T £

+441001n| £ x+, \/ (ax—1) (ax+1) ©at —5349\/ (ax—1) ax+l))3/2xa—33075a2\/(ax—l) (ax+1) Ja* 2

2
—33075a3ln[a x+\a@ [Tax=T) (ax 1) 241259 ((ax—1) (ax+1))3 2 +13230 @ yTax—1) (ax 1) xa

§|

2 5 —
xd® —2205J@ J{ax—1) (ax+1) —2205In a“x++a \(ax—1) (ax+1)

+132301n{ax+\/ Jax—1) (ax+1)
2
Ja

!

§|

Problem 110: Result more than twice size of optimal antiderivative.



Optimal (type 3, 71 leaves, 8 steps):

2 [1- -] ] N p—

3czarccsc(ax) : arctanh[ : a? : a2 42 / 1

- — — X 1_2_
a a2

a a

Result (type 3, 226 leaves):
1 [ ax;i (ax+1) [ P a*d =1 Ja* P +4(d J(ax—1) ax+1)xa+(a2x2—1)3/2\/a2
Jlax—1) (ax+1) d®xyd? ax

—3xma\/a_2+ln Px+yatP -1 \/a_z]xaz—4ln[ a2x+\/a_2\/(ax—1) (ax+1)
Ja& J&&

xa*—3a arctan{

1
— | xv/ a?
N a2 -1
Problem 114: Result more than twice size of optimal antiderivative.

3 _1\3 /2
o) o) e
ax ax+1
Optimal (type 3, 121 leaves, 10 steps):

/ 1 1 N 3/
6 ¢ arctanh l — —— 323 ( - =
337 arcesc(ax) ( P ] n < X

2a a 24d%x

e

Result (type 3, 449 leaves):
- I [[—12\/a_2w/a2x2—1x5a5+12\/a2 (a2x2—1)3/2xza3—57\/a2 Ja2 2 —1 x*a*
2Ja* Pdd (ax—1)y(ax—1) (ax+1)
[ 2 —1 Jd?
+121n x+a’e 1 ]xa —33arctan(;]
Ji& J22 =1

— 7183322 =1 J& +241n [“ xtyale —1 J_])éa —66arctan[
J& JZ2 =1

a2x+va2x2—l \/a_z]xz—33a2arctan(;]\/a_2x2—(a2x2—1)3/2\/a_2]c3(m)3/2]
J& Nrray ax+1

\/a_2 a4+32\/_ (ax—1) ax+l))3/2x2a2+23\/a_2(a2x2—1)3/2x2a2

]\/_)ga —}-IOX(ZX2 3/2a\/a_2

—33a2\/a2x2—1 \/az P +12a1n

Problem 115: Result more than twice size of optimal antiderivative.



(=) (i) e
ax ax+1

1
4 carctanh 1 - 8
carcesc(ax) [ azxzj C X tex [1—

a a /7 azxz
Result (type 3, 375 leaves):

Optimal (type 3, 69 leaves, 8 steps):

: ! ([-Mzwax_l) CEay Ja—zxz_azmmgmzm[ ax o (Tax=T) (ax¥1)
a\/a_z(ax—l)\/(ax—l)(ax-i-l) \/a_z

(—]\/a_zxz+4((ax—1)(ax+1)3/2\/_—8\/_\/ (ax—1) (ax+1) xa—2xJa?2 —1 aJd®
J22=1

a2x+\/a_2\/(ax—l)(ax+l)
Ja&

a2x+\/a_2\/(ax—l) (ax+1)
e

- a2 arctan

+81n

xa*—2a arctan[

1 x\/a_2—4\/a_2\/(ax—l) (ax+1) —Ja*x* —1 \/a_2

a— 1 el ax—1 3/2
e — Jr] (et ]

Problem 116: Result more than twice size of optimal antiderivative.

(ax—1j3/2

+41n

Optimal (type 3, 68 leaves, 6 steps):

1 1
_arctanh( 1_a2x2 ] ) (a_%jx 2x 1_a2x2
ad — 2

Result (type 3, 249 leaves):

- 1 ({—SazJ(ax—l)(ax+l)\/a_2x2+2a3ln
2aa® & (ax—1)J(ax=1) (ax+1)

)3/2\/_ 6\/_\/ ax—1) ax+l)xa+4ln[a2x+\/a_2\/(ax—l)(ax+l
Ja&

a2x+\/a_2\/(ax—l) (ax+1)
Ja*

a—3\/_\/ ax—1) (ax+1)

2

24 ((ax—1) (ax



+20n a2x+\/a_2\/(ax—l)(ax+1) 4 (ax—l)3/2
\/a_z ax+1

Problem 117: Result more than twice size of optimal antiderivative.

(ax—l 3/2
ax—l—lj
—_—F— dx
()
c— —=—
ax
Optimal (type 3, 97 leaves, 7 steps):
1 3 1
arctanh 1 - 4a+ = 8x [ 1 —
[ a2 ] _ ( “ xj a2

4

ac / / 3
Result (type 3, 522 leaves):

2 2
- ! [[-45\/(ax—1)(ax+l) \/a_zfas—24ln{ax+‘/a_\/(ax_l)(ax+l)
24a\/a_zc4(ax—l)4\/(ax—l)(ax+1) \/a_2
2 2
—1) (ax+1) 3/2\/_)961 +45\/_\/ ax—1) ax+1)x4a4+24ln ax—f-\/a_\/(ax—l)(ax—l-l
Ja*
2 ) —
))3/2x2a2+90\/a_2\/(ax—1)(ax+l)x3a3+481n[ax+‘/a_\/(f/lx_ 1) (ax+1)
2
a

azx—i—\/a_z\/(ax—l) (ax+1) ]x2—19((ax—1) (ax+1))3/2\/a_2
JZ

a2x+\/a_2\/(ax—l)(ax+l) ]xa2+45\/a_2\/(ax—l)(ax+l)
Ja&
PR azx—l-\/a_z\/(ax—l)(ax—}-l) 4 (ax—1)3/2
\/a_z ax+1

X a®+21 ((ax

a5+11\/ (ax—1) (ax

©at —5\/_ (ax—1) ax+1))3/2xa

— 902 {ax—=1) (ax+1) Ja? 2 —48a°In

—45\/a_2\/(ax—1) (ax+1) xa—24In

Problem 118: Result more than twice size of optimal antiderivative.

(ax—l j3/2

ax+1

()

dx



Optimal (type 3, 122 leaves, 9 steps):

2 a—l—l) —IOa—E 2 arctanh 1 - 21 _30a_ﬂ x [ 1-— 21
X X a2 X2 X a? x>
+ + + +
5/2 32 5 5
25 1 25 1 ac 1 C
Sa“c 5 ISa“c | 1 —— 1542 |1 —
a* ¥ a’ X 22
Result (type 3, 614 leaves):
2 [ 2 —
I [[—75\/(ax—1)(ax+l)\/a2x6a6—601n[ax+ a J(ax—1) (ax+1) x6a7+45((ax
30a+ 205 (ax—1) (ax+1) (ax—1)5 Jd?

ax+\/_\/ ax—1) (ax+1)
Ja&
azx—i-\/a_z\/(ax—l)(ax—}-l ] —64\/_ ax—1) ax+1))3/2x2a2
e
a2x+\/a_2\/(ax—l)(ax+l ] 14\/_
Ja&
x+\a Tax—T) (ax+1) 2437 ((ax—1) (ax+1))32J2
[z
+150\/a_2\/(ax—1)(ax+1)xa+1201n{ax+\/_\/ ax—1) (ax+1)
\/_
—60In azx—l-\/a_z\/(ax—l)(ax—}-l) 4 (ax—l) 3 /2
\/a_z ax+1

— 1) (ax+1))2JZ Fat +150y (ax—1) (ax+1) J& £ +120In

]x5a6+2((ax—l) (ax

3/2\/ L +75yd® Jax—1) (ax+1) ¥*a* +60In

— 300y y(ax=1) (ax+1) ©a® —2401n ax—1) (ax+1))32xa

+75a*J(ax—1) (ax+1) Ja* 2 +60a°In

xa2—75\/a_2\/(ax—l) (ax+1)

Problem 122: Result more than twice size of optimal antiderivative.

ax+1
c 3/2dx
(ax—l)(c——j
ax
Optimal (type 3, 81 leaves, 10 steps):
c
c— =
7 arctanh \/_ax
7 X c 7
h B 3/2+ B 3/2+ P
c
3a(c——) (c—— ac | c— =
ax ax



Result (type 3, 264 leaves):
1 clax—1) 1/ 9 /2 3 9/ 7/
x|42a \/(ax—l)x)g’—36a ((ax—=1)x) x—126a \/(ax—l)xx2+28a ((ax
6J(ax—1)X(9asﬂ(ax—l)3[ ax [
—1)x)3/2+126a7/2mx+211n[ 2/ (ax=T)xJa +2ax~1 ]x3a5—631n[ 2/ {ax=T)x Ja +2ax~1 ]x2a4
2Ja 2Ja
—42\/ma5/2+63ln( 2y (ax—1)x+a +2ax—1 ]xa3—2lln[ 2y (ax—1)x+a +2ax—1 ]az])
2Ja 2Ja

Problem 123: Result more than twice size of optimal antiderivative.

ax+1

mx—l)(c—JL)SA(h

ax

Optimal (type 3, 102 leaves, 11 steps):

Result (type 3, 332 leaves):

1 c(lax—1) x[goals /2 4 13 /2 3/ 13 /2
V{ax—1)x x"—80a ((ax—1)x) X —360a \/(ax—l)xx:’
104(ax—1)xc§a7ﬁ(ax—l)4[ ax

+132a“/2((ax—1)x)3/2x+540a“/2\/(ax—1)xx2—60a9/2((ax—l)x)3/2+451n[ 2 {ax—T)x Ja +2ax~1 ]x4a7

2Ja
— 3604 2 (ax—l)xx—lsoln[ 2 {ax=T)x Ja +2ax~1 ]x”a6+90\/(ax—1)xa7/2+2701n[ 2 (ax=T)x Va +2ax -1 ]x2a5
2Ja 2@
— 180 1n 2 (ax—1)x+Ja +2ax—1 xa4+451n[ 2y (ax—1)x+Ja +2ax—1 ]a3])
2Ja 2Ja

Problem 129: Result more than twice size of optimal antiderivative.
c 72
c— — (ax—1)
ax

dx
ax+1

Optimal (type 3, 136 leaves, 14 steps):



c— = c—— 2
ax

5CZ(C_L)3/2 3C(0_L)5/2 7 p 11¢7 /2 arctanh | Y——94% 327 /2 arctanh V2
- 2z + ax +(c—i) x— Je + 2Jc
3a S5a ax a a
218 [e— 5
_ ax
a

Result (type 3, 275 leaves):

1 clax—1) A 555a5/21n 2\/x2a—x\/7+2ax—l A /1
1 ax 2\/7 a
30x3a3\/(ax—1)x /;

—-720a° /Zln[ 2y {ax=T)xJa +2ax-1 ]x4 /% —1110a° V3% a —x x* /% +480a V (ax—1) x x* /% + 660 a* (xza—x)3/2x2 /%

2a
2V2 / L Jax—1)xa—3ax+1
- d—02a(Pa-x)"x [T 412(2a—x)” [T

—4804%*2 1
a\/_n ax+1 a a

Problem 130: Result more than twice size of optimal antiderivative.

(c—i)s /2(ax—1)

ax e
ax+1
Optimal (type 3, 115 leaves, 13 steps):
c c
N c— < T
c(c—i)3/2 s 9c5/2arctanh A 1605/2arctanh N dax \/7 72 c—i
ax +(C_Lj . Je i 2¢c _ ax
3a ax a a a
Result (type 3, 249 leaves):
— — — \/f —
1 clax—1) 2453 21 2yxPa—xJa +2ax—1 3 [ 1 B 2y (ax—1)xJa +2ax—1
ax 2Ja a 2Ja

62> (ax—1)x | %

]x3

1

a



2J2 /% Jax—1)xa—3ax+1

—90a*JXPa—xx /% +48az\/(ax—l)x)c3 /é +48a(x2a—x)3 /2x /5 — 4842 In A

—4(xza—x)3 /2 / 1

Problem 131: Result more than twice size of optimal antiderivative.

P (ax—1)
N ax dr

ax+1
Optimal (type 3, 75 leaves, 11 steps):
oo £ o< /7
5arctanh| Y——%* Je 4arctanh| Y——4*F J2 e
2
¢ + \/? +x c—L
a ax

Result (type 3, 188 leaves):

2Jx*a—x Ja +2ax—1

! =l | 2fPa—xa 2 [ a2 [ 1w

ax
2\/(a)c—l))cc13/2/l 2Va
a
1
22 | — J(ax—1)xa—3ax+1
J___TT___ —
_emm| 2 lax=DxVa +2ax—1 ) L 4Th J a [T
2\/7 a ax+1
Problem 139: Unable to integrate problem.
o c—L ax—1
ax ax+1
Optimal (type 5, 114 leaves, 4 steps):
(3 +4m)f"hypergeom([l,—m],[l —m],—Lj c— < x1+m/1—i—L I
2 ax ax ax ax
- +
2am (1 +m) 1—L (1 +m) 1—L
ax ax

Result (type 8, 34 leaves):

e

T



o [T [m=T,
ax ax+1

Problem 141: Result more than twice size of optimal antiderivative.

c— < (ax—1)
ax

dx
(ax+1)x

Optimal (type 3, 69 leaves, 11 steps):

Ny
2arctanh| Y——2* J¢ — 4arctanh N 4X JTJ;+2/c—iL
Je N ax

Result (type 3, 218 leaves):

) 1 clax—1) ZJ;m[dea—xJ7+an—l]£ [ 1 3I—I[L/ax—1 f_+2ax—1]£ /1
xy (ax—1)x |/ é— “ 2Va 2Ja a

—4amx2/7+2\/maxz/7+2 = 3/2/7 2/ In zﬁgm"_“”l 2

ax+1

Problem 142: Result more than twice size of optimal antiderivative.

c— < (ax—1)
ax

Optimal (type 3, 94 leaves, 10 steps):

VT
ax ax 2 ax . c
+ —4q%arctanh| Y—=—— | /2 Jc +4a* [ c— —
3c 507 2Jc ax

Result (type 3, 269 leaves):

) 1 clax—1) 45a5/2ln[ 2\/x2a—x\/?+2ax—1]x4 45a5/21n{ 2y (ax—1) \/—+2ax—1] A 1
ax N J a

ISfJ(ax—l)x /% 2Ja 2Ja



ZJT-/%\/wx—l)xa—3ax+l

—-90a*yx*a—xx* /é +30a3\/(ax—l)xx4 /é + 60 o (xza—x)3/2x2 /é —30a2\/71n

ax—+1
—16a(xza—x)3 /2x / L +6(x2a—x)3/2 / 1
a a
Problem 146: Unable to integrate problem.
& arccoth(a x)
dx
c— —
ax
Optimal (type 6, 93 leaves, 3 steps):
1 n 1+ a+ L
2 2 1 n 1 n n X 1 1
22 2 1+—j AppellF1| 1 + =, — + —,2,2 4+ —, 1+ — - —
_ ( ax PP 2°2 2 2 2a ax ax
a(2+n) c— <
ax
Result (type 8, 23 leaves):
& arccoth(a x)
dx
c
c— =
ax
Problem 147: Unable to integrate problem.
[ae)
c— =
ax &
ax—1
ax+1
Optimal (type 6, 76 leaves, 3 steps):
1 / a+-l
— +p 3 /2 P
22 s c— <V appeirt| 2, L —p 2 2 * 4L
~ ax ax 2 2 2a ax

Result (type 8, 31 leaves):



Problem 169:

ax—1
ax+1

Result more than twice size of optimal antiderivative.

J(ax+1) (-azc)c2 +c)9 /2 &

Optimal (type 3, 144 leaves, 10 steps):
_77c3x(—a20x2+c)3 /2 _ 776’2x(‘a26‘x2 +c)5 /2 _ llcx(-a2cx2 +c)7/2 n 11 (—a20x2 +c)9 /2 n (ax+1) (—a20x2 +¢)

9 /2

384

480 80 90 a 10a

77 /2 arctan[ M

N ~d?ex +o ] _ 77c4x\/ -d?ex +e

256 a 256

Result (type 3, 349 leaves):

x(—a2cx2 —I—c)9 /2 n 9cx(—azcx2 —I—c)7 /2 n 2102x(—a20x2 +c)5 /2 I 21 c3x(—azcx2 —i—c)3 /2 n 63t xy -a*ex’ +e
10 80 160 128 256

+

63c5arctan[ﬂj 2(—(x—%j2azc—2[x—ljac)g/z c(—(x—l)zazc—Z(x—lJacf/zx

256 ca?

7c2[—(x—%)2a2c—2(x—%)ac]5/2x B 3503(—(x—%)2a20—2(x—%)acf/zx 3504/—(x—%)2a20—2(x—%)acx

24 96 64
2
35 ¢ arctan ca X
[a) 2o (1)
-lx—— | ac—=2|x——Jac
a a
64+ ca*

Problem 170:

Result more than twice size of optimal antiderivative.

J(ax+1) (—azcx2 +c)7 /2 dr

ax—1

Optimal (type 3, 125 leaves, 9 steps):



45¢’ /2 arctan[ M J

_15c2)c(—azcx2+c)3/2 _ 3cx(—a20x2+c)5/2 9(—azcx2+c)7/2 4 (ax+l)(—azcx2+c)7/2 _ J-d?exr +¢
64 16 56a 8a 128 a
_ 453 x\ -a* e + ¢

128

Result (type 3, 295 leaves):
4 ca* x

Py Py 3 5 35 c¢*arctan| —————

x(—azcx2+c)7 +7cx(—azcx2+c)5 +35c2x(—azcx2+c) +3503x\/ ~d?ex 4 I J-dtex +e
8 48 192 128 128\/?

2| -lx——=| d*c—2 x—l ac el -lx=——=| d?c—-2 x—l ac X 502 - x—l ac—2 x—l ac X
D o L2 I (o Wl ot L I o K Lty L I
+ 7a B Bl 12
5 c* arctan ca x
Sg/—(x—%)zazc—2(x—%)acx /—(x—%)zazc—Z(x—%)ac
_ 3 _

8+ ca®

Problem 174: Result more than twice size of optimal antiderivative.

dx

ax+1

J(—azcx2 +c)5 /2(ax—1)

Optimal (type 3, 107 leaves, 8 steps):

75 /2 arctan[ _axJe

N ~d?ex +e ] _ 7czx\/ -d?ex +oe

_7cx(—a2c?x2 —i—c)3 % B 7(—a2c?x2 +c)5 /2 _ (-ax+1) (—azcxz +c)5 /2 B
24 30a 6a 16a 16
Result (type 3, 225 leaves):
2
5 arctan $] [ 12 2 1 )5/2
20 -|x+— +2 + —
x(—azcxz—l-c)S/2 SCx(—azcx2+c)3/2 52xy -a?cx +c [\/ -2 +c (x a) ‘e (x a)ac
6 * 24 * 16 - - 5
16 ca? a
2
3 & arctan cd X

2
X 352/—(x+l) azc+2(x+l)acx
a a

1) , 1
-lx+— | adc+2|x+—|ac
a a

4. ca*



Problem 184: Result more than twice size of optimal antiderivative.

Ji(ax-¥1)\/—azcx24—c dx

(ax-—l)xA

Optimal (type 3, 83 leaves, 8 steps):

)
a arctanh[ ﬂ
Je

Jg+\ﬁd%f+m +ad-&aﬁ+c_+5fd-ﬁag+c
3 x

3x
Result (type 3, 260 leaves):

_2 3 /2 2 3 /2 J-ZcP+c 2(_2 3/2
( aaf+c) +LM aaf+c) +J?m>2c+2J? e +e 2 T??;:?b3+2a( aaf+c) +2fxr:F;:::
3ex cx? X cx
2 a* carctan ca x
/ 2
2a*carctan| — Y4 X 12 ) 1
W 2 1 —(x——) ac—Z(x——)ac
+ e ¢ +2a3/—(x——) a20—2(x——)ac— a a
2 a a 2
ca ca

Problem 201: Unable to integrate problem.

ax—1 3/2
ax+1
Optimal (type 5, 126 leaves, 5 steps):

30 -a?ex 4 " T —a? e + e B 4 X"hypergeom([1,1 +m], [2 +m],ax) -a*>cx* +¢

/ 1 / 1 1
a(l+m) L_ff (2 +m) L_ff a(l+m) [ 1—

22
Result (type 8, 34 leaves):

dx

" -atex +c

ax—1 3/2
(ax+1j

dx

Problem 202: Unable to integrate problem.

Jen arccoth(a x) (_aZsz +c)2 dx
Optimal (type 5, 75 leaves, 3 steps):



3-2 342

1
2 2 a—-—
64 ¢ 1—L 1+L) hypergeom 6,3—2, 4- = al
ax ax 2 2 1
a+ —
X
a(6—n)
Result (type 8, 23 leaves):
Jen arccoth(a x) (—a2 sz +c)2 dx
Problem 206: Unable to integrate problem.
& arccoth(a x)
5 3/2dx
x(—a cx24-c)
Optimal (type 5, 235 leaves, 5 steps):
1 n 1 n 1 n 1 n
- —_— -— 4+ — —_ = = -— 4+ —
32 2 2 2 2 32 2 2 2 2
Af1- - (1—L) (1+L) N A - (1—L) (1+L) 3
a2 ax ax a2 ax ax
) 2 3 /2 + 2 2 3/2
(l+n)(—acm2+c) (-n +1)(%ch-kd
1 n 1
T+ 1 )32 1y2 2 I n 1 nl[3 on x
22 24 (1- (1——) > hypergeom [———,———], = - =
a2 ax 2 2°2 2 2 2 2a
(—n—i—l)(—azcx2+c)3/2
Result (type 8, 26 leaves):
& arccoth(a x)
2 3/2dx
x(—a cx24—c)
Problem 207: Unable to integrate problem.
n arccoth(a x) 4
J - i/zdx
(-azcx24-c)
Optimal (type 5, 411 leaves, 8 steps):
3 n 3 n 1 n 3 n
L \S A LN 2 2 LN 22 L \S A V22 V22
1= (1——) (1+—) ¥ (6+n) |1 (1——) (1+—J
i a2 2 ax ax 3 a2 P ax ax
5 5,2
(3+n)bacﬁ+c)

(14+n) (34+n) (-Pe+¢)°



L_n RN
1 \5 /2 1 V2 2 1 2 2
(nP4+6n+15)|1— [1——] (1+—) x
N a2 P ax ax
(-n+1) (14n) 3+n) (-e +¢)° "
3_n SR
1 \5 /2 1 \2 2 1 2 02
(—n3—2n2+7n+18)[1— 5 ) (1——) (1+—J X
a2 2 ax ax
(n4—10n2—i-9)(—azcxz-l—c)s/2
1 n 1 n 1
- - = e 4=
1 N2 122 1y 2 2 L a1, a1 %%
21— 1-— 1+ — X h L-—4+=||=+=
( azxzj ( ax) ( ax) Ypergeom[, ) 5P| 3 ) ’a—l
X
-n + -a“cx” +c
(-n+1) (-ae? +c)° 7
Result (type 8, 26 leaves):
n arccoth(a x) .4
J - )g/zdx
(—azcx24—c)
Problem 211: Unable to integrate problem.
(—azcxz—i-c)pdx
ax—1
ax+1
Optimal (type 5, 112 leaves, 3 steps):
1
5 P
2 1
amy 1z 1 P 1
2l [1——) (l—i-—) x(—a2cx2+c)phypergeom [—1—2p,——p],[—2p],
a+—l- ax ax 2
X

(1+2p)[1— 1_)?
”( a2x2)

Result (type 8, 31 leaves):
( ~a? e + c)p

ax—1
ax+1

dx

Problem 214: Result more than twice size of optimal antiderivative.



Optimal (type 3, 216 leaves, 10 steps):
arctanh 1—L 1—1—L
B 6 B 29 n X I ax ax
5/2 32 32 32 5 /2 3,2
5ac3(1—i) (1+i) 15ac3(1—i) (1+i) é(l—L) (1+L) ac’
ax ax ax ax ax ax
14 21 l—L 16 1—L
ax ax
— + +
1 )32 3 12 I
5ac3(1+—) 1— — Sac (14'_] 5ac [ 1+ —
ax ax ax ax

Result (type 3, 713 leaves):
1

24Oa(ax+1)3\/a_2(ax—l)3c3\/(ax—l) (ax+1)

ax—1

[—525\/(ax—1) (ax+1) Ja* x'd’

ax+1

2 2 —
a0ty EXtVa J(ax—1)

(ax+1)

b +285 ((ax—1) (ax+1))32J@ 5d® +525y(ax—1) (ax+1) Ja® 1°a

§|

+2401In ax+ya lax—T

(ax+1)

x6a7+83((ax—l)(ax+l 3/2\/2x4a4+1575\/ ax—1) ax+l)\/a2x5a5

L 7201| LxFVE V(a

(ax+1) X a® =218 ((ax—1) (ax+1) 3/2\/ ©ad —1575Ja* y(ax—1) (ax+1) x*a*

7201 Px+Ja? Jlax—1

(ax+1) Ha —342\/_ (ax—1) ax+1))3/2x2az—1575\/a_2\/(ax—l)(ax+1))(7’a3

_gp01| LxFVE V(a

(ax+1) ©a —3\/_ (ax—1) a)c—l—l))3/2xa+1575c12\/(ax—1)(ax+1)\/a_zx2

(ax+1) x2+243((ax—1) ax+1) 3/2\/_4-525\/_\/ ax—1) (ax+1) xa

2 —
+72Oa3ln[ Px+ya® J(ax—1)

?Nl

azx—i-\/a_z\/(ax—l)

+ 240 In

<]

(ax+1) J @ —525Ja% J{ax—1) (axT1) —2401n @x+\@ [Tax=T) (ax 1) ]aj
e



Problem 217: Result more than twice size of optimal antiderivative.

1

(2 -

dx

Optimal (type 3, 279 leaves, 12 steps):

i 10 B 29 B 208
1 9,2 1 3,2 1 7,2 1 32 1 5,2 1 32
9ac4(l——) (1+—) 21ac (1——) (1+—j 105ac (1——) (1+—j
ax ax ax ax ax ax
1 1
3arctanh( 1 —— 1+—J
_ 1147 n X n ax ax
3 /2 32 9 /2 32 4
315ac[1—ij (1+i) c“(l—i) (1+L) ac
ax ax ax ax
T T
2609 /1 — — 1664 |1 — —
_ 1462 n ax n ax
13372 1 4 12 7
105a ¢ (1+—j 1 - — 315ac (1+—) 3154t [ 1+ —
ax ax ax ax
Result (type 3, 765 leaves):
! -138915\ (ax—1) (ax+1) Va* ¥ d°
p) 4 4 4 ax—1 3/2
40320a a* (ax—1)*c"y (ax—1) (ax+1) (ax+1) (—)
ax+1
—1209601n{‘”“+V J{ax=1) (ax+1) | 9,10 08505 ((ax—1) (ax+1))® 2@ x'd! +416745 {ax=T) (ax F1) V& 8
[ 2
a
2 2 —
+3628801n["x+V“ J({ax—1) (ax+1) Ba® = 75113 ((ax—1) (ax+1))3 2 x0a® —240861 ((ax—1) (ax+1))3 2JZ d°
[ 2
a
2 ) —
—1111320\/(ax—1)(ax+1)\/a2x6a6—9676801n[ax+ a” y(ax=1) (ax+1) | 674 178863 ((ax—1) (ax+1))3 2 2 ¥ a?
[ 2
a
2 2 —
4833490V (ax = 1) (ax ¥ 1) V& ©d° + 725760 In| LX T4 J(ax—1) (ax+1) J);a6+252497((ax—1)(ax+1))3/2\/a2x1'a3
4833490 V@ VTar =T ax T 1T o + 725760 1n| XV V{ax=T) (ax+1) ]xa — 182307 ((ax—1) (ax+1))3 22

— 1111320y a® V(ax—1) (ax+1) ©d° —9676801n[ax+v Jl{ax=1) (ax+1) |34 101071 /22 (ax—1) (ax+1))32xa

T




2 2 —
474077 ((ax—1) (ax+1))> 2y +416745 2 Tax=1) (ax ¥ 1) xa+3628801n{ @x+ V& [Tax=T) (ax+1)

\/a_z
!

xa

2 2
— 138915y a® J{ax—1) (ax+1) —1209601n[ o x+\a JTax=1) (ax+1)
Ja*

Problem 223: Result more than twice size of optimal antiderivative

ax—1 3/2
( ax4—1j

dx
o c
P2
Optimal (type 3, 124 leaves, 7 steps):
3arctanh(/1_L ) s fin T ] 1_L  [1- L
ax ax ax ax
- + +
ac 1 3 /2 1 1
3ac(1 +-——j ( — 1+ —
ax ax ax
Result (type 3, 345 leaves):

- 1 [[9J__J ax—1) (ax+1) ¥a>+9n
3a\/a_2(ax+1)c(ax—1)\/(ax—l) (ax+1)

+6Ja® ((ax—1) (

J&
a2x+\/a_2\/(ax—l)(
Ve

xa —-9JF__J ax—1) (ax+1)

a2x+\/a_2\/(ax—l) (ax+1) ]x3a4

ax+1))32xa-27 Tax—1) (ax+1) V& 2 +27d°In

ax+1) sz-i-S((ax—l) (ax

1))3 20 -2 (Tax=1)

fx+ﬁ?¢ﬂm—l)wx+l
Ja*

(ax+1) xa+271In
ax—1 3/2
a
( ax%—l)

Result more than twice size of optimal antiderivative

32
(ax+1) [c-— < )

4 9mn a2x+\/a_2\/(ax—l) (ax+1)
e

Problem 228:

22

ax—1

dx

Optimal (type 3, 185 leaves, 11 steps):



3, 3, 3, 32
a[c—azcxz) x2_5a2[c—azcx2) © [c—azcxz) x(ax+1) 2a2(c—azcxzj x> arcsin(ax)
-ax+1 2(-ax+1) (ax+1) 2(-ax+1) (—ax+1)3/2(ax+1)3/2

3 /2
a? (c— zc ) x”arctanh(\/—ax+1 Jax+1 )
N 272

2(-ax+1)3 /Z(ax—i-l)3 /2
Result (type 3, 454 leaves):

c
a a 612

1 [dﬁf—n}“% uff[dﬁf—n)“ﬂ?_£__uf(df£—njwa
c(azxz_l) )3 2 5 c a2x2 2 a2 2
o[

ca -
a2

+44[(ax—1) (ax+1) 3/2)(2/ [ ))3/2x2 _% +6a3 2 (ax—l)c;(ax—i—l) x%/_%
5,2
—344 [ 2x2 J /—— — 18432 | == —"1 2x2_1 | - +1805/21n[x\/_+ (2x2_1) ]xza —%
/(ax—1)2ax+l JT +ex 5
a /—— +32 | SR 2 /—%

—6c /2ln

N e e ]

Problem 229: Result more than twice size of optimal antiderivative.

ax+1
J c 3/2dx
(ax—l)[c— )

22

Optimal (type 3, 109 leaves, 7 steps):

(ax+1)2 2 (-2ax+5) (ax+1) (ax+ 12 2 (-ax+1)>72(ax+1)* Parcsin(ax)
c 32 c 32 c 32
3a2(c—azx2J X 3a4(c—azx2J © a4[c—a2x2) X

Result (type 3, 325 leaves):



(ax—1)c(ax+1) c3/2x3a3—15x2a2 (ax—=1)c(ax+1) 63/2
2
a

1 | ]3/20403/2([3/ a*

(ax—=1)c(ax+1) c(a2x2—1
3 s
/ =

2

a
a a a a ¢
c(a®xP —1) (ax—1)c(ax+1) _|_12/ (ax—l)c;(ax-l—l) 372 _» —C(a2x22_1) c3/2](ax
J a

—6ln{x\/?+/c(azj—2_l) C/Ta/ 2 p

-l-l))

Problem 237: Result more than twice size of optimal antiderivative.
c

(ax+1) c_a2x2
dx
(ax—l)x2

Optimal (type 3, 91 leaves, 7 steps):

3a /c—azcxz (ax+1) /c—azcx2 3a2xarctanh(\/—ax+l\/ax+l) c— a2cx2
+ +
2 2x 2y -ax+1 Jax+1
Result (type 3, 347 leaves):

c(azxz—l) 3 /2 _c
X 2

1 / cla2-1) 4435 /—c(azxz—l) c | - _4a3[—
2 2 2 2
Zx/c(azxz_l)c 3 P a a a
a2 / a2
clax+1) c c(azxz—l) /[ ¢
sz/—? —4a03/21n(x\/?+ T sz —y

—1)
+ 4 a? (ax
[

<

(ax—1)c(ax+1) \/—+
+4ad 2l / = B [P sy I E TV R —a2(—c(a2x2—l)—]3/2/—_
Je 2 2 ) 22 2
2[ [ [c@Z-1) ]
—3cn a 202 2
xXa




Summary of Integration Test Results

322 integration problems

- 189 optimal antiderivatives

- 82 more than twice size of optimal antiderivatives
0 unnecessarily complex antiderivatives

- 50 unable to integrate problems

- 1 integration timeouts
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