Maple 2018.2 Integration Test Results
on the problems in "7 Inverse hyperbolic functions/7.6 Inverse hyperbolic cosecant"

Test results for the 48 problems in "7.6.1 u (a+b arccsch(c x)) " n.txt"

Problem 4: Result more than twice size of optimal antiderivative.

J a + b arcesch(cx) &
S
Optimal (type 3, 45 leaves, 4 steps):
bce /1-+-—L—
~ bczarccsch(cx) 4 — barccsch(cx) n AP
4 22 4x

Result (type 3, 99 leaves):

\/c2x2+1 (arctanh[ L ]czxz—\/czxz+l )

a4y _arcesch(ex) JEZ+1
2342 2342 22
4 cxtl X
22

Problem 5: Unable to integrate problem.

J)é (a + barcesch(cx) )2 d
Optimal (type 3, 91 leaves, 5 steps):

/ 1 1
bx (a +barcesch(cx)) [ 1 4+ ——= bx (a +barcesch(cex)) / 1+ ——=
b x? 4 x4(a +barccsch(cx))2 _ bzln(x) _ A i A2
12 &2 4 3 33 6c¢

Result (type 8, 16 leaves):

J-x"' (a + b arccsch(cx) )2 dx
Problem 6: Unable to integrate problem.

Optimal (type 4, 148 leaves, 8 steps):

J-xz (a + b arccsch(cx) )2 dx
) ) 2 b (a + barcesch(cx) ) arctanh
b*x | X (a+barcesch(ex))?

1 / 1 5 1 1
— 1+ — lylog| 2, -— — /1 + —
. cx+ +c2x2 J bpoyog(, o +c2x2 ]

32 3 33 B 33




1 1 1
bzpolylog 2, — + |1+ ——= ) bx* (a +barcesch(ex)) [/ 1+ ——=
ex 22 272
+ +
3c3 3¢
Result (type 8, 16 leaves):

sz (a + barcesch(cx) )2 dx

Problem 7: Unable to integrate problem.

Jx (a + barccsch(cx) )2 dx

Optimal (type 3, 50 leaves, 4 steps):

bx (a + barcesch(cx)) [ 1 —l—L

¥ (a + barcesch(cx) )? +b21n(x) N A
2 A c

Result (type 8, 14 leaves):

Jx (a + barcesch(cx) )2 dx

Problem 8: Unable to integrate problem.

J(a + barcesch(cx) )2 dx
Optimal (type 4, 108 leaves, 7 steps):

4b(a+barccsch(cx))arctanh[L+ 1+L) 2b2polylog[2,—£— 1+L]
cx

x(a +barccsch(cx))2+ ks + ks

C C

1 1
2b%polylog| 2, — + [/ 14+ —
poyog[ e 20 ]

c

Result (type 8, 12 leaves):

J(a + b arcesch(cx) )2 dx

Problem 9: Unable to integrate problem.

J (a + barccsch(cx) )2 dr

X
Optimal (type 4, 116 leaves, 6 steps):



2
3
(a+bar(;czch(cx)) - (a+barccsch(cx))21n(l - [i + /1+ czl_xz ] ] —b (a +barccsch(cx))polylog[2, i + /1+ czl_xz
1 1 2
bzpolylog 3, | —+ /1 +—= ]
. x 22
2
Result (type 8, 16 leaves):
J(a+barccsch(cx))2 dr
X
Problem 10: Unable to integrate problem.
J(a+barccsch(cx))2 dr
e
Optimal (type 3, 114 leaves, 5 steps):
1
bc (a+barcesch(cx)) [ 1+ —=
B b? i 3 b2 2 3abc4arccsch(cx) n 3bzc4arccsch(cx)2 _ (a —l—barccsch(cx))2 I A2
32xY 0 324 16 32 4x* 8x°
366 (a +barcesch(cx)) |1+ ——
B 22
16 x
Result (type 8, 16 leaves):
J(a+barccsch(cx))2 dr
©
Problem 11: Unable to integrate problem.
J(a+barc:2sch(cx))3 @

Optimal (type 3, 74 leaves, 5 steps):

2 3
_6b° (a +barcesch(cx))  (a + barcesch(cx) ) t6p’c |1+ 1 +3bc(a+barccsch(cx))2 1+ 1
x X J 22 27

Result (type 8, 16 leaves):

J (a + barccsch(cx) )3 dr

2

Problem 14: Unable to integrate problem.



J(dx)m (a + barcesch(cx) ) dx
Optimal (type 5, 63 leaves, 3 steps):

1 m m 1
b (dx)"h Loomlfy_m] 1
(dx)' ™™ (a + barcesch(cx) ) N (dx) ypergeom([z 2] [ ] )
d(1+m) cm (1 +m)

Result (type 8, 16 leaves):
J(dx)m (a + barcesch(cx) ) dx

Problem 17: Result more than twice size of optimal antiderivative.
+ b arccsch

Ja (20x) &
(ex+d)

Optimal (type 3, 94 leaves, 7 steps):

Fd-*<
X

b arctanh

[CE+Z 1+
b arccsch(cx) n -a — barcesch(cx) 4 ¢ A2
de e(ex+d) d/czd2+ez

Result (type 3, 207 leaves):

CEYE [T e dlate

1 2[
e &
ca _ charcesch(cx) JEP 41 ) _ byels +11n cex+dc

(cex+dc)e (cex+dc)e /W sz2+1 /czd2+ez
ce de ce

Problem 18: Result more than twice size of optimal antiderivative.

J(ex+d)3 /2 (a + barcesch(cex) ) dx

Zx* 4+ 1 arctanh

Optimal (type 4, 415 leaves, 22 steps):

28 b cd EllipticE| ~ — _Cz \/_/ Jex+d AP +1

2 (ex+d)® 2 (a +barcesch(cx) ) L 4be(@P+1)JexFd | ch—e
S5e
153x [ 14— 15 (-2)° 2 /1 ! extd
e RN R

JZ



4be (22 d* - ElhptlcF[‘ — Xy - \/—/ ]\/czx2+1 _ex+d

d+ —<
Iz

Fd—e -c2

- 5/2 — Jex
15 (-&) /1+sz2 Jex+d

4bd3EllipticPi[ v 1_"“2"2 ﬁ,z,ﬁ JE2+1 /% )V ¢
B d +e

dy - —l—eJ
Scex l+ﬁ Jvex—+d

Result (type 4, 1938 leaves):

1 (ex+d)®2a | (ex+d)® Parcesch(cx)
e

5 5

2 + (2

\/m (Ie+dc)c

_I/_I(ex+d)ce+(ex+d)c2d Cd* — & / (ex+d)ce— (ex+d)Pd+d* + & EllipticF

Ad*+ & ch2+€2 A+
/_2che—c2d2+62 (Tetde) e (, \ g5 /dg_qy [QeFdIe 13 pay,
Ad+ & b+ Ad+ &

_9/_I(ex—|—d)ce—|—(ex-l—a’)cza’—czd2 & / (ex+d)ce— (ex+d) Cd+ A+ &

o (Ie+dc) c
EllipticF| yex+d | ——7—
2l + 7 e [

Fd*+

/_2che—c2d2+e2
2P +2




+7/_I(ex—|—d)ce+(ex+d)c2d—c2d2 & / (ex+d)ce— (ex+d) Fd+Fd+ &

.. (Ie+dc)c
EllipticE| Vex+d | ————,
b+ Eya [

&+

(Ie+dc)c
Fd*+ &

S +1 (ex+d)5/262e

/_Zche—czdz—i-ez
2d+ P

— 2 _ 2
+3/_I(ex+d)ce+(ex+d)62d Fd* — & / (ex+d)ce— (ex+d) Fd+2d*+ & EllipticPi Jox¥d (Ie+dc) c

2l +2 Eya 2812
_(lIe—dc)c
P+ i+ 3
(I€+d6‘)6‘d, (Ie+dc)c
Fd+ &

+2I/_I(ex+d)ce+(ex+d)c2d—c2d2 & / (ex+d)ce— (ex+d) Fd+Pd+&

_ (Ie+dc) c
EllipticF| yex+d | ——7—,
2P 12 i {

PP +E

Pde+2 ig%%%} (ex+d)3 2P +1 ig%ii—\/ T d S - %f%ii—\/ Py
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/ 2F 12 iFre PRt e e v



/_2che—c2d2+e2 cd

2d+ &

212 Ey

+7/_I(ex+d)ce+(ex+a’)62a7—czd2 & / (ex+d)ce— (ex+d) Fd+Fd+ &
2l + 2

mmm%fa:z Tetdac

cd

/_21(/‘cle—czdz+e2
2d+ P

— 24 _ )
_31/_I(ex+d)ce+(ex+d)c2d Fd - / (ex+d)ce— (ex+d) Fd+EP+ EllipticPi Jor¥d (Ie+dc) c

A+ c2d2+e2 A+

_(e—dc)c

Fd*+ & Fd*+ & (Iet+dc)c
Ad? = T20C Jex+d cdd
(le+dc)cd’ (Tetdec) e ‘T Fd*+ & Yrde
A+

2 2

(1503/ (ex+d) 52—2(222+;)c2d+52d +J2 (;ed;ri(;c (Ie_dc))

Problem 19: Result more than twice size of optimal antiderivative.
Jx (a + barcesch(cx))

Jex+d

dx

Optimal (type 4, 407 leaves, 14 steps):

2 (ex+d)3 /2 (a+barcesch(cx)) _ 2d (a+barcesch(cx)) Jex +4d
3¢ &




8bd2E11ipticPi[ v 1_’”2'62 2 m/—e”d Vo

d\/_+e J d\/_+e

3cx 1+—\/ex+d
4bcE111ptlcE[‘ —* _Cz \/—/ 2e _CZ ]\/ex—l—d JEXP+1

+

Fd—e —6'2
& (ex+d)
3(—c2)3/zex 1+ !
2 czd—e\/?

8bch111pncF[V —AV T J—/ ]m (ex+d)
Fd—e -c2

c2d—e\/?
3(-6‘2)3/2 ,1+ﬁ \/ex+d

Result (type 4, 867 leaves):

_l.

3 32
21 4 (% —d«/ex-l-dj +5b arccsch(cx)3(ex+d) —arcesch(cex) dyex +d

Yol —

2 I EllipticF

_ 2/_I(ex+d)ce+(ex+d)czd—c2d2 & / (ex+d)ce— (ex+d) Fd+EdP+
Cd+ c2d2+e2

(Ie+dc) c 2lcde — ¢
Jvex—+d , | -
P+ ¢ d? 4

L (Iet+dc)c 2lcde — P d* + & ) L (Te+dc)c 2lcde — P d* + & ’
— EllipticF | yex+d [ ~————2% | - A d* — EllipticE| Vex +d | ———2=, | - Ad
p [ 2R+& 2l + A p A+ e
_(Ie—dc)c
L (Te+dc)c A+ PP+ . (Ietdc)c PP+
— Pi| d , de + 2 EllipticPi| ex +d , ,
2 I EllipticPi|  ex + 22+2  (letdo)cd T cde+ ipticP1| / ex 224 (le+dec)cd

2+



_(Ie—dc)c
2 _ 2
ddt e czdz—l-EllipticF[\/ex—i-d (Ietde)c ,/—ZICde cd+e ]ez—EllipticE[\/ex—i-d detdc)c

Tetdo)c Fd+ A&+ Fd+
A&+

2lcde—Fd*+ & (ex+d)?P —2(ex+d)Pd+Pd +¢ (Tetdc)c 3 j

/ cive S (3‘2/ 222 ) eave 1T

Problem 20: Result more than twice size of optimal antiderivative.
x (a + barccsch(cx) ) &
(ex +d)3 /2

Optimal (type 4, 430 leaves, 16 steps):

2(ex+d)3/2(a + barcesch(cx)) 2d2(a + barcesch(cx))  4d(a+barcesch(cx))Jex+d
3¢ SJex+d e

32bd2EllipticPi[ . 1_“2‘52 ﬁ,z,ﬁ m/ (ex+d) -
c2 +e
_|_

dy -c +e J
3clx 1+—\/ex+d

4bcE111pt1cE[‘ — _CZ \/_/

]mm
czd—e

3/262)6 (ex+d)

ZOdeElhptlcF[' — _CZ \/—/
czd—e

- 3 /2 — Jex
3(-2) " éx /1+sz2\/ +d

Result (type 4, 895 leaves):

+

JEeT [l
] czd—e\/?




42

Jex+d

3 2
b arccsch(cx) (ex +d) — 2 arcesch(cx) dyex ¥d — arccesch(cx) d

3 Jex+d
le+dc)c 2lcde — ¢
Jvex+d ( , | -
&+ ¢ d? 4

@ d* — 8 TEllipticPi| Vex +d ﬂi;iﬂﬁ’
&+

o] —

5 a(<@C+—W_2d i

5 I EllipticF

_ 2/_I(ex+d)ce+(e)c+d)cza’—c2d2 & / (ex+d)ce— (ex+d) Fd+EdP+
P+ 8f+é

PP 17

/_2uﬂe—8d?+é
A+ & A&+

_ 2
8f—Emma{ﬁ§¢7 (Te+dc)c /_2Mde Fd*+ &

(Ie—dc) c _(Ie—dc)c

2 h 2 2 2
Fd>+ & Ad*+ & cde + 8 EllipticPi| VoI (letdc)c AP+ Fd*+ &

(let+de)ed’  MTexdeye Ad+&  (letde)ed’  Mgigoe
Pl +E o dd+e

(Ie+dc) c /_2lca’e—c2a'2—i-e2
2P +J 2P +2

&

& — EllipticE(\/ ex+d

+EllipticF( [ex +d (Iet+dc)c /_2lca’e—c2a'2—i-e2
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222 Y ed e “e‘d”J

Problem 22: Result more than twice size of optimal antiderivative.
J a + b arcesch(cx)
(ex +d)3 /2

Optimal (type 4, 132 leaves, 6 steps):



4bE11ipticPi[ V 1_’”2'62 2,7 J\/czx2+1 /L )V
_ 2 (a+barcesch(cx) ) i dy - +e d~ +e
eyex+d cex 1+—\/ex+d

AP
Result (type 4, 327 leaves):
1 5l - a b _arcesch(cx)
€ Jex+d Jex+d
1 / I(ex+d)ce+ (ex+d) Pd—Pd> — &
+ 2 /- .
c/ (ex+d)?F—2(ex+d) Fd+Pd+&  [(letdc) cd+
AP FdP+E
_(e—dc)c
/ (ex+d)ce— (ex+d) Pd+Pd* + & EllipticPi| Ve T (Ietdc)c A+ Fd* + &

PP+ Al +E 0 (let+dce)cd’ /(ITdc)c
EY

Problem 23: Result more than twice size of optimal antiderivative.

sz (a + barccsch(cx)) &
(ex+d)3 /2

Optimal (type 4, 496 leaves, 25 steps):

_2d’ (a+barcesch(cx)) | 4d (a+barcesch(cx)) 4bd (22 +1) . 2(a+barcesch(cx)) Jex+d
363(e)c-l-01)3/2 SJex+d 2 ¢
3ce(czd +ez)x/1+ﬁ Jex+d

32dellipticPi[ Y I_XVZ'CZ ﬁ,z,ﬁ

m/% ) =&

d+/ c2 +e d+ +e

3cx l+ﬁ Jex—+d




4de111me[¢ mb J—/ _2ef@ ]J?mm
Fd—e 1?
+
3l (Cd +E)x (ex+d)
c?d-—e ﬂ?
4bcEmmmF[‘ —X _8 J__ e -8 ]J?Z?:Tr ¢ (ex+d)
+ czd-—e 1; czd——eJt;T

(‘52)3/262 /1+ﬁ Jvex+d

Result (type ?, 2496 leaves): Display of huge result suppressed!

Problem 28: Unable to integrate problem.

dx

J a + barcesch(cx)
ex +d
Optimal (type 4,

485 leaves, 19 steps):

o[ L+ /1+C;_xz]m [L /HC;_xz)m
(a +barcesch(cx) ) Inf 1 — (a +barcesch(cx) ) In| 1 +
f_—d-gd+e Je = -Fd+e
2 -d e 2-d Je
1 1 1 1
C[;-F 1+ﬁ]\/__d c ;4‘ l+ﬁ]\/__d
(a + barcesch(cx) ) In| 1 — (a +barcesch(cx) ) In| 1 +
N Je +-Fd+e Je +-Fd+e
2 -d Ve 2 -d e
1 1 1 1
;-l- 1+ﬁJ\/__d C[;-ﬁ- 1+ﬁ]\/7
b polylog| 2, - b polylog| 2
_ J_—J—gd+e i f_—v—éd+e
2 -d e 2J-d Je
1 1 1 1
c ;4‘ l+ﬁ]\/__d C[;-F 1+ﬁ]\/__d
bpolylog| 2, - b polylog| 2
B Je +-Fd+e Je +-Fd+e
2 -d e 2 -d e

Result (type 8,

20 leaves):



a + barccesch(cx)

|

dx
ex* +d

Problem 29: Unable to integrate problem.
J a + barccesch(cx)
x(ex2+d)
Optimal (type 4, 463 leaves, 19 steps):
L+ 1+ |y7 L+ 1+ |y=7
cx i cx A
(a +barcesch(cx) ) In| 1 — (a +barccsch(cx) ) In| 1 +

(a + barccsch(cx) )2 _

e

T - Tite

2bd 2d 2d
1 1 1 1
¢l —+ [1+—== |J-d ¢l —+ [1+—== |V4d
cx A cx A
(a +barcesch(cx) ) In| 1 — (a +barcesch(cx) ) In| 1 +
Je +-Fd+e Je +-Fd+e
2d 2d
1 1 1 1
c|l —+ [ 1+—= |V-d cl —+ /1+—= |V-d
cx s cx AP
bpolylog| 2, - b polylog| 2,
_ Je —J-Fd+e _ Je —J-Fd+e
2d 2d
1 1 1 1
c|l—+ [1+—== |V-d c|l—+ [1+—=—= |V-d
cx A cx A
bpolylog| 2, - b polylog| 2,
B Je +-Fd+e 3 Je +V-dd+e
2d 2d

Result (type 8, 23 leaves):

Problem 30: Unable to integrate problem.

Optimal (type 4, 524 leaves, 24 steps):

a + b arcesch(cx)

|

x(ex2 +d)

a + barccsch(cx)

|

X (ex2 +d)



a b arccsch(cx) Je —4 -Pd+e
-— = +
dx dx 2(-d)3 /2
1 1 1 1
c|l—+ [1+—== |V-d cl—+ [1+—== |V-d
cx X cx X
(a + barcesch(cx)) In| 1 + Je  (a+barcesch(ex)) In| 1 — Je
_ Je —J-Fd+e 4 Ve +{-Pd+e
2 ( d)3/2 2(_d)3/2
1 1 1 1
cl —+ /1+—= |V-d el —+ /1+—== |V-d
cx X cx X
(a +barcesch(cx) ) In| 1 + Je b polylog| 2, - Je
B Je +y-Fd+e Je —J-Fd+e
2 (-d)3 2 (-d)} 2
1 1 1 1
c|l —+ [1+—== |V-d c|l —+ [1+—== |V-d
cx &P cx &
b polylog| 2, Je bpolylog| 2, - Je
N Je —J-Pd+e 3 Je +-Fd+e
2(—d)3/2 2(_d)3/2
ol L+ 1+L]m
cx s
b polylog| 2, Je be |1+ 1
N Je +-FPd+e N X
2 (-d)3 /2 d
Result (type 8, 23 leaves):
J a + barccesch(cx)
2 (ex? +d)
Problem 31: Result more than twice size of optimal antiderivative.
Jx(a + b arccsch(cx) )
(e +d)’
Optimal (type 3, 180 leaves, 8 steps):
bc(3c2d—2e)xarctanh[ Ve e -1 ]
-a — barccsch(cx) I bcxarctan(\/ A -1 ) 4 Jd—e n bexy -3 —1

de(ex +d)° 22 s (Fd—e)* 2o [-22

1883 leaves):

4d%e
Result (type 3,

8d (Fd—e) (ex +d)-F2



4

EbyAP +1 xarctanh(;]e
c'a . c4barccsch(cx) JEL +1

2 2
4e(czex2+62d) 4e(C2€xz+02d) / 62;2;1 (czd—e) (—cex-l— —czde> (cex—i— —czde)

ShyEPE +1 arctanh(—1 ]

) NEEETY
szz-l-l - -cex - e cex - e
a2 x(Pd e)( +-3d )( +-3d )

2[ —@ \/czxz—i-le—i-\/—czdecx—i-e
33bhyA2 +1 xIn ¢

e

4 —cex++ -Fde
c2x2+1 / Czd czd—e) (-cex+ —czde> (cex+ -czde)
2{ —C2d_e \/c2x2+1 e+\/—c2de cx+e
3EbYAER+1 In| - ¢
4 —cex++ -Pde

16 62x2+1 / Czd_e (czd—e)( -cex + czde) (cex—i— czde)

2[ —@ \/c2x2+1e—\/—c2decx+e)
362 +1 xn =

e

4 cex++ -Pde
C2x2+1 / c2d czd—e) (—cex—l— —czde> (cex+ —czde)
2( —@ \/c2x2+1 e—\/—czde cx—i—eJ
33byE2+1 In =
4 cex++ -Pde

16 c2x2+1 / czd—e (czd—e)( -cex + czde) (cex+ czde)

byAZ+1 )carctanh[;]e2 byAZ+1 arctanh[;]e
Errs . Errsy

+

4 62:22;1 dz(czd—e)(-cex+\/ -czde) <cex+\/ -czde) 4 62:22;1 xd(czd—e)(-cex+m> (cex+ -czde)




Chxe

cbe

8 e +1 d(czd—e)(—cex—l- —czde>(cex+ —czde) 8 < +1

2[ —% \/czxz—l—le—i-\/—czdecx-l—e

bJE# +1 xln &

—cex++ -Fde
sz2+1 dz/ c2d czd—e)(-cex+ -czde)<cex+ -czde)

2[ _czde—e \/czx2+le+\/—czdecx+e

b sz2+1 In| - e
_ -cex ++ -Fde
c2x2+1 Czd czd—e)(—cex—i- —czde)(cex—l- —czde>

&

2( —@ \/czxz—i-le—\/-czdecx—i-ej
AP +1 xn ¢

cex++ -Fde

sz2+1 dz/ Czd czd—e)(—cex+ —czde)(cex—i- —czde)

e

2[ _czd—e \/czxz—i-le—\/—czdecx—i-e)
AP +1h ¢
cex++ -Fde

££+1 2=

czd—e) (—cex+ —czde) (cex+ —czde>

Problem 32: Unable to integrate problem.

J a + barcesch(cx) dr
(e +d)’

Optimal (type 4, 984 leaves, 81 steps):

xd(czd—e) (—cex—i—

—czde) (cex+

—czde)



q- e 2a+ LTLE pq T
b e arctanh b earctanh 5 b arctanh &
c\/_\/c2d—e /l+ﬁ c\/_\/czd—e /1+ﬁ cﬁ\/czd—e /1+Czl—x2
168 2 (2d—e)’ 16d 2 (Fd—e)’ 16d5 2 Zd—c
e 1 1
5 b arctanh al C[;‘f‘ 1"‘@]\/j
7J2d— 1+L 3 (a +barcesch(cex) ) In| 1 —
. N )T el Je - Fite
1685 2 fPd—e 16 (-d)° 2 e
1 / 1 1
. C{; 1+ﬁ)\/__d C[;—F l+ﬁ]\/7
(a +barcesch(cx) ) In| 1 + 3 (a +barcesch(cex) ) In| 1 —
B Je = -Fd+e N Je +V-Fd+e
16 (-d)’ e 16 (-d)’ e
1 1 1 1
(a + barcesch(cx) ) In| 1 + 3 b polylog| 2, -
B Je +-Fd+e Je —J-Fd+e
16 (-d)5 2 e 16 (-d)S 2 e
1 1 1 1
c ;4‘ l+ﬁ]\/7 C(;'i‘ 1+ﬁJ\/__d
3 bpolylog| 2, 3 bpolylog| 2
N Je —J-Pd+e 3 Je +-Fd+e
16 (-d)’ 2 16 (-d)’ 2
1 1
3 bpolylog| 2,
i Je + -Pd+e (a + barcesch(cx) ) e 5 (a+barcesch(cx) )
16 (-d)° e 16d2(—% +J7J?)

(a + barcesch(cx) ) e 5 (a + barcesch(cx))

16(—d>3/2(—f +J—_dﬁ)2

1
bc\/? 1+§

16 (-a)* (4 +¢-—drj 6 (£ VT V7

B 16 (-d)3 2 (Pd—e) (—; +J—_dﬁ)



1
bc\/? l+ﬁ

16 (-d)3 2 (Pd—e) [% +J—_dJ?)

Result (type 8, 20 leaves):

J a + b arccesch(cx) dr
(e +d)’

Problem 33: Unable to integrate problem.

st (a + barcesch(cx) ) Vex* +d dx

Optimal (type 3, 353 leaves, 12 steps):

& (e +d)> " (a+barcesch(ex))  2d (e +d)° 7 (a + barcesch(ex)) L led +d)7 7% (4 + barcosch(cx) )
3¢ 5¢ 7¢
b(105d3c6+35c4d2e+63c2de2—75e3)xarctan[ Jey-22 -1 8hed /zxarctan[ Jex’ +d ]
+ cex’ +d N JaJ 32 -1
1680 /2[ -2 2 1056 22
b (292d+25e)x (el +d)’ P21 L bx(ed +d)’ A 221 b (3P -128de—158)x PR -1 Jed +d
840 3 2 -2 2 el [-22 16805 2\ -2

Result (type 8, 23 leaves):
st (a + barcesch(cx) ) Vex* +d dx

Problem 34: Unable to integrate problem.
J)é (a + barcesch(cx) ) ex’ +d dx

Optimal (type 3, 254 leaves, 11 steps):

b (15 d” + 1062de—962)xarctan[ \/?\/_62)627_1]
cJed +d

d(ed+d)’” (a+barcesch(ex)) L (e?+a)° 2 (a +barcesch(cx))
3¢ 5 12004e3/2m
2bed /2xarctan[ Y e’ +d J
JTJ27=T ) | bx(ed+d)’ 2N -y L b(@d=90) /P71 [e +d
15 -2 20cey - ¥ 1203 e -2 22




Result (type 8, 23 leaves):
J)é (a +barcesch(cx) ) Jex® +d dx

Problem 35: Unable to integrate problem.
Jx (a + barcesch(cx) ) ex? +d dx

Optimal (type 3, 167 leaves, 9 steps):

bed® /zxarctan{ ‘exz—i-d ] b(3c2d—e)xarctan[ Ve Rkt

(ex +d)° 3 /2 (a +barcesch(cx)) Jd -2 —1 N cexr +d +be—62x2—1 Jexr +d
e 3087 NN rrs

Result (type 8, 21 leaves):
Jx (a + barcesch(cx) ) ex? +d dx

Problem 38: Unable to integrate problem.

J (a + barccsch(cx)) Jexr +d dr

&

Optimal (type 4, 413 leaves, 8 steps):
(e +d)’ P (atbarcesch(cx)) 203 (Pd—2e) 2 ertd  2be(Pd—2¢) PR -1 Jer +d e ZP -1 e +d
3da 94\ -Z2 -2 -1 9d\[-Z2 92/-22

1 . cx e
262 (Fd—2e)x | 22 JE2+1 ElhptlcE[m, /1—% ]\/ex2+d

+
ex* +d
9dy -Ex | -E#—1 (szzﬂ)
b(Fd—3e)ex \/czxz—i-lElhptlcF[ [ ]\/exz—i-d
B szz m d
2 [ 72 _exX +d
9P -2 -FF—1 I

Result (type 8, 23 leaves):

&

J (a + barcesch(cx) ) Vext +d &



Problem 42: Unable to integrate problem.

st (a + barccsch(cx) )
(ex? +d)* "
Optimal (type 3, 216 leaves, 10 steps):

b (95’2d+e)xarctan[ Jey-2@x -1 ] Shed /zxarctan[ Jex +d J
(e +a) ¢ o+ barceschlex)) eed +d Ja -2 -1 _ d* (a4 barcesch(cx) )

3¢ 626 A IE . N AedTd
2d (a + barcesch(cx) ) Vexr +d N bxy -3 —1Jexr +d
: 6ci 22

Result (type 8, 23 leaves):

st (a + barcesch(cx) ) de
(ex? —I—a’)3 72

Problem 43: Unable to integrate problem.

Jf (a + barcesch(cx) )
(ex? +d)* "2
Optimal (type 3, 136 leaves, 9 steps):

bxarctan{ Je Rkt ] Zbcxarctan[ : ex’ +d ] d
cexr +d Jd AP -1 n d (a 4+ barccsch(cx)) n (a + barcesch(cx) ) Jex +d
o AEE EN=ry Aol d é

Result (type 8, 23 leaves):

ij (a + barcesch(cx) ) de
(e)c2 +a’)3 /2

Problem 45: Unable to integrate problem.

J a + barcesch(cx)
2 (el +d)* "
Optimal (type 4, 363 leaves, 7 steps):

-a — barcesch(cx) _ 2ex (a+barcesch(cx)) bS2Jex +d Lbe 2P -1 /el +d
dxyex* +d et +d d2\/_c2x2 \/—sz2_1 dzm




2 [~ —o | _eX+d
B -2 -2 -1 EEy
1 . cx
2bex | \/c2x2+1E111ptlcF[—, [1— ]\/exz—i-d
N ¢ +1 NEEEY
3 T o | _eX+d
Py -EP AP -1 T

Result (type 8, 23 leaves):

bEx | c2x21+1 JE2+1 EllipticE(ﬁ, /1—% ]\/ex2+d
2d

)
J a + barcesch(cx)
2 (e +d)° 2

Problem 46: Unable to integrate problem.

Jf (a + barcesch(cx) )
(ex? +d)° 2
Optimal (type 3, 213 leaves, 10 steps):
bxarctan[ ey e ] 8bcxarctan[ : ex! +d ] d
cexr +d Jd -FP -1 4 2d (a+barcesch(cx))

B & (a + barcesch(cx) )

+
36 (e +d)* RN era 3372 SJeZd
4 bedxy -Zx — 1 4 (a + barccsch(cx) ) Jexr +d
3(Pd—e) @22 Jed +d ¢

Result (type 8, 23 leaves):

st (a + barcesch(cx) ) dr
(e +d)° "2

Problem 47: Unable to integrate problem.
J(fx)’" (ex? —i—a’)3 (a + barcesch(cx) ) dx

Optimal (type 5, 574 leaves, 6 steps):
& (fx)' ™ (a + barcesch(cx) ) N 3d%e (fx)3 ™ (a + barcesch(cx)) 4 3dé (fx)> " (a + barcesch(cx) ) + & (fx)7 ™ (a + barcesch(cx) )

S(1+m) £ (3 +m) £ (5+m) (7 +m)



be(Z (m2+8m+15)2—32de(3+m)2(m? +13m +42) +3* @ (m* +22m3 +179m + 638 m +840) ) x (fx) ' "~ 2 — 1
Cf24m) 34+m) (44+m) (54+m) (6+m) (7T+m)-Fx

b (e(5Am?=32d (P +13m+42))x (fx)* PP -1 bSx ()t A1

+

EL(4+m) (5+m) (6+m) (7T+m)y -5 cf(6+m) (T+m)y-Ex
B 1 (b(c6d3(2+m) (44+m) (6+m)
1+m

5f(1 +m) (24m) (4+m) (64+m)y -2 J-EF—1

(1+m) (@ (M2 +8m+15)2 =3Pde (3 +m)2 (m® +13m +42) +3*d (m* +22m3 +179 m? + 638 m + 840) )
(34+m) (5+m) (7+m)

+g],[g+g},_czxz)m)

x (fx)ltm hypergeom(

11
22
) :

Result (type 8, 25 leaves

J(fx (ex2+d) (a + barccsch(cx) ) dx

Problem 48: Unable to integrate problem.

J-(fx (ex* +d) (a + barcesch(cx) ) dx

Optimal (type 5, 206 leaves, 5 steps):
d (fx)' ™" (a + barcesch(cx) ) + e(fx)3+m(a+barccsch(cx)) bex (fx) l+mm

S A m) f3(3+m) cf(m2+5m+6)m
ble(14m2=E3d(2+m) (3+m))x (fx)1+mhypergeom( 2 ;+%Hi+ﬂ},-8x2)m
f(1+m)224m) 34+m)y-E2 - —1

+

Result (type 8, 23 leaves):

J-(fx (ex’ +d) (a + barcesch(cx) ) dx

Test results for the 23 problems in "7.6.2 Inverse hyperbolic cosecant functions.txt"

Problem 3: Unable to integrate problem.

J(fx+e)3 (a + barcesch(dx +¢) )2 dx

Optimal (type 4, 551 leaves, 20 steps):
B2 (-cf+ed) x b2f3 (dx+c)?  (-cf+ed)* (a+barcesch(dx +c¢))? (fx—l—e) (a + barcesch(dx +¢))?

P 124 4df af



1 1
2bf (-cf+ed a+barccsch(dx+c))arctanh( + /[ 1+ — ]
£ (-ef+ed) ( — o

d
4b (- AR b h(d h + PR
. (mef+ed)” (a+barcesch(dx +c)) arctan [dx-i—c / (dx+c)? ] _ BPIn(dxte) | 3Bf(-ef+ed) In(dx +c)
at 3dt a*
210, 1 _ 1 2 3 N S _
) B A cf+ed)p01ylog(2, e /1 +—(dx+c)2 . 2b° (-¢f+ed) polylog(l dxto /1+ (dx+0)2 ]
7 a*
20 1 1 2 3 1 _
. B A cf+ed)p01ylog{2, e +/1+ dx i o)’ ] ) 2b° (-¢f+ed) polylog(l dxto +/1+ (dx+0)2 ]
7 a*
) b (dx+c) (a +barccsch(dx+0))/l +m N 3bf(-cf+ed)* (dx+c) (a +barCCSCh(dx+C))/1 +m
3dt d
b (-cf+ed) (dx+c)2(a+barccsch(dx+c))/1+m bf3(dx+c)3(a+barccsch(dx+c))/1+m
+ 7 + 6d*

Result (type 8, 22 leaves):
J(fx+e)3 (a + barcesch(dx +¢) )% dx

Problem 4: Unable to integrate problem.
J(a + barcesch(dx 4 ¢) )% dx

Optimal (type 4, 120 leaves, 8 steps):

4b (a+ barcesch(dx +c¢)) arctanh[ ! +/1 + ;2 ]
(dx+c¢) (a+barccsch(a7x+c))2 4 dx+c (dx+c¢)
d d

1 1 1 1
2 % polylog| 2, - - 14— 2 b? polylog| 2, + 14+ — ]
dx+c (dx+c)? _ dx+c (dx +c)?
d d
Result (type 8, 14 leaves):

+

J(a + b arcesch(dx + ¢) )2 dx



Problem 8: Unable to integrate problem.

J arcesch(vx)

X

Optimal (type 4, 48 leaves, 7 steps):

arccsch(\/?)2 —2arccsch(\/7) ln[l - [% + /1 -{-%

Result (type 8, 10 leaves):

X

[l 7).,

Problem 10: Unable to integrate problem.
J‘arccsch(tzx”)

Optimal (type 4, 87 leaves, 7 steps):

2 2
1 1 1 1
arccsch(aﬂ’)ln(l - [— + /1 +— ] ] polylog[Z, [— + /1 +—- j ]
arcesch(ax") ax" & (¢)? ! )2

2n n 2n

Result (type 8, 12 leaves):

J arcesch(a ") dx

X

Problem 12: Result more than twice size of optimal antiderivative.

1 1

— + [/ 1+
ax a2
) dx
X
Optimal (type 3, 53 leaves, 6 steps):
1 2 1
1+ a 1+
1 @ arccsch(ax) N a2 N a2
- 2 _l’_ — —
4ax 8 45 8x

Result (type 3, 172 leaves):



s ) [ 1 P +1 a2+-l] 3
P41 2 AP +1 lxzz AP +1 | J & a? 4 AR +1
o || T Sxa - [ 75— [ S ¥ath 2 Vo2 e
a a a a xa

1
a Clz

g3 [axX+1 [T

a® a®

Problem 13: Result more than twice size of optimal antiderivative.

J[$+ 1+ a21x4 )fdx

Optimal (type 3, 42 leaves, 6 steps):

arctanh 1+

2.4

=+
2a 442 4

2.4 2.4
a % :—1 21 a x2+-1 2 +1n
a”x a

Result (type 3, 93 leaves):

Problem 14: Result more than twice size of optimal antiderivative.

1 1
— 4+ / 1+ x dx
J[ ax a ]

Optimal (type 3, 34 leaves, 6 steps):

214

2.4

_ arccsch(axz) n In(x) n a“x

2a a 2

Result (type 3, 115 leaves):



| a x—|—1 2 [ 1 a2x4+1 2 —1n 2[\/

+
x4 1 2 a
— a
Problem 15: Result more than twice size of optimal antiderivative.
1 1
+ / 1+
ax2 Xt
dx
S
Optimal (type 3, 34 leaves, 6 steps):
1
1+
1 aarccsch(axz) B a? X
4ax* 4 452
Result (type 3, 113 leaves):
2
ax 1 2
a“ +1
X+ [\/ ) 4 1 x4 1
2 4 X+ 2
_ a“x a a 1
dax

Problem 18: Result more than twice size of optimal antiderivative.

2
(L v
ax a d
x

Optimal (type 3, 59 leaves, 7 steps):

1 1
1+ a [ 1+
1 1 n azarccsch(ax) _ / a2 _ / a*

22X 252 4 2ax 4 x

Result (type 3, 175 leaves):
1 1

22 245"



Problem 19: Unable to integrate problem.

Optimal (type 5, 75 leaves, 4 steps):

d (dx)HthPGTgeom[ [ %, % - % ], [% - % ]’ ‘L) (dx)mhypergeom( [1, % ], [1 + % }, _szz)
+

A(1—m) cm
Result (type 8, 38 leaves):

cx
22 “
A +1
Problem 20: Result more than twice size of optimal antiderivative.
(L+ 1+L]x
cx A &
A +1
Optimal (type 3, 25 leaves, 5 steps):
1
arctanh 1+ —=—=
arctan(cx) A3 ]
+
2 2

Result (type 3, 84 leaves):



e+l
J 22

+/_(-czx+m)4(czx+m) J .
c 4 arctan(cx

221 ¢
fest e

Problem 21: Result more than twice size of optimal antiderivative.

L+

cx A
A +1

Optimal (type 3, 31 leaves, 7 steps):
_ arcesch(cx)

+mu)_mwﬁ+n

c c 2c¢

Result (type 3, 171 leaves):

2[/L /é£+1g+q
/mx /j 221 g_/_(—éxw—cz)(czxw-cz) /L - < ¢
= 5 / 5 i | = D (2 +1)
T[22 e
J @ z °

Problem 22: Result more than twice size of optimal antiderivative.

1 1

— + [ 1+ ==
cx A3
x(gx2+1)
Optimal (type 3, 28 leaves, 4 steps):
L —arctan(cx) — [/ 1 + 1
ex 22

Result (type 3, 153 leaves):



2241 [cz(czxzﬂjm_czxz 2241 x+/_(_czx+m)<c2x+m) ]x_ln

[ A2 +1
22 2 2 +In A x+ —52 ]x]

- — arctan(cx)

AP +1
6'2

cxX

Summary of Integration Test Results

71 integration problems



Hmo QW

28 optimal antiderivatives

16 more than twice size of optimal antiderivatives
0 unnecessarily complex antiderivatives

27 unable to integrate problems

0 integration timeouts



