Maple 2018.2 Integration Test Results
on the problems in "8 Special functions"

Test results for the 82 problems in "8.1 Error functions.txt"

Problem 10: Unable to integrate problem.

J)éerf(bx)zdx

Optimal (type 4, 112 leaves, 8 steps):
1 S _ 3erf(bx)? | fef(bx)? | Bxerf(by) | Perf(bx)
2R 4 p2 2P g 16 b* 4 4b3eb2x2\/; 2beb2x2\/;

Result (type 8, 12 leaves):

J)éerf(bxﬂdx
Problem 12: Unable to integrate problem.

J(dx+c)2erf(bx+a)2dx

Optimal (type 4, 345 leaves, 16 steps):
d(-ad+be) d* (bx+a)  d(-ad+bc)ef(bx+a)? L (-ad +bc)? (bx+a)erf(bx+a)? L d(-ad+be) (bx+a)?erf(bx+a)?
p3e2 bx+a? o 3p3e2 bx+a)? o 253 b3 b3

N & (bx+a)erf(bx+a)?  (-ad+be)erf((bx+a)y2 )2 4 2d%erf(bx +a) N 2 (-ad+bc)’erf(bx+a)
33 \/Fb3 33 e(bx—i—a)z\/; b3e(bx+a)2\/F
L 2d(-ad+be) (bxta)ef(bxta) | 2d (bx+a)lef(bx+a) Sdef((bx+a)J2) V2

b3 e(bx—t—a)z\/? 3 b3 e(bx-i—a)z\/; 12 b3\/?

Result (type 8, 18 leaves):

J(dx+c)2erf(bx+a)2 dx

Problem 14: Unable to integrate problem.

[rert(a (a+bin(e))) ax
Optimal (type 4, 91 leaves, 5 steps):



2abd?n+1 [

b2 d2 n2

Cerf(d(a+bln(ex))) et
) 2
Z(CXQn

abd — L £ 2P m(cx)
n

bd

Result (type 8, 17 leaves):
Jxerf(d(a—i—bln(cﬂ))) dx

Problem 15: Unable to integrate problem.

dx

Jerf(d(a +bIn(cx")))
x

Optimal (type 4, 90 leaves, 5 steps):
2abd?n+1 2
n

22 2
_erf(d (a+bIn(cx"))) N bod (ex?)

erf( 1 +abd®n+b*dnin(cx) )
bdn

242 22

Result (type 8, 19 leaves):

dx

J erf(d (a +bIn(cx")))
P

Problem 17: Unable to integrate problem.
e—b2x2+c
— dx
erf (bx)

EIn(erf(bx)) Jm
2b

e—b2x2+c
— dx
erf (bx)

Optimal (type 4, 15 leaves, 2 steps):

Result (type 8, 20 leaves):

Problem 23: Unable to integrate problem.
2,2
Jeb Erederf(bx) dx

Optimal (type 5, 96 leaves, 7 steps):



3
3ex2 Hy tricPFQ| [1,1], | =,2 b2x2)
3eb2x2+cxerf(bx) +eb2x2+cf’erf(bx) n 3ex? _ X ¢ Tpergeometric Q([ ’ ]’[2’ ]’

4 20 4’ fx 4nm 4’ n

Result (type 8, 20 leaves):
2240
Jeb ¥reterf(bx) dx

Problem 25: Unable to integrate problem.
4
Jx erf (bx) dr

eb2x2
Optimal (type 4, 98 leaves, 7 steps):
3xerf(bx) _ Xerf(bx) | B 2 N Jerf(bx)2Jm
4p4 P 2R 5202 [ a2 [T 16 b

Result (type 8, 20 leaves):
Jx4erf(bx) “

22
ebx

Problem 28: Unable to integrate problem.
Jerf(bx) sinh(52.2 + ¢) dv

Optimal (type 5, 44 leaves, 4 steps):

. 3 )
becszypergeometrlcPFQ( [1,1], [3,2],17 xz) B erf(bx)z\/?

N 8be

Result (type 8, 17 leaves):
Jerf(bx) sinh(52 2% + ¢) dx

Problem 29: Unable to integrate problem.
J—erf(bx) sinh(b%2x% — ¢) dx
Optimal (type 5, 44 leaves, 4 steps):

. 3 2
H PF L1, | =,2
b lypergeometric Q([ , 11, [ 5’ ],b xz) .\ eCerf(bx)z\/;

2§J;- 80

Result (type 8, 20 leaves):



J—erf(bx) sinh(5? 2 —¢) dx

Problem 30: Unable to integrate problem.
J-cosh(bzx2 +c)erf(bx) dx

Optimal (type 5, 44 leaves, 4 steps):

. 3 5
becszypergeometrlcPFQ( [1,1], [5,2],13 xz) N erf(bx)z\/;

N 8be

Result (type 8, 17 leaves):
Jcosh(bzxz +¢)erf(bx) dx

Problem 33: Result more than twice size of optimal antiderivative.
J(dx+c)3erfc(bx+a) dx
Optimal (type 4, 260 leaves, 12 steps):
3derf(bx+a) + 3d(-ad+bc)’erf(bx+a) N (-ad+bc)*erf(bx+a) N (dx+c)erfe(bx+a)  d*(-ad+bc)  (-ad+bc)?
16 b* 4 p* 4p*d 4d b4e(bx+a)2\/; b4e(bx+a)2\/;
38 (bx+a)  3d(-ad+bc)? (bx+a) d*(-ad+bc) (bx+a)®> & (bx+a)’

2 2 2 2
8b4 e(bx+a) T 2b4 e(bx-i—a) B b4e(bx+a) T 4b4 e(bx-i-a) T
Result (type 4, 728 leaves):

1| Lefe(bx+a) (bxt+a)t _ Lerfe(bxta) (bx+a)’a  derfe(bx+a) (bxt+a)’c | 3derfe(bx+a) (bx+a)’a®
b 40 b b? 20

_ 3dPerfe(bx+a) (bx+a)lac L 3derfe(bx+a) (bx+a)>?  derfc(bx+a) (bx+a)d N 3d2erfe(bx +a) (bx+a)dc
b2 2b b3 b2

_ 3derfc(bx+a) (bx+a)ad derfc(bx+a)a®  derfe(bx+a)dc | 3derfe(bx+a) a*

+erfe(bx+a) (bx+a)d + +

—erfc(bx

b 45 b? 2b
fa)ad 4 berfe(bx+a) 1 Al bx+a)?  3(bxta) 31 erf (bx +a) N ¢ d*r erf(bx +a)
4d 2\/;19351 9 olbxtar? 4 olbxta? 8 2



4 4 3
+bcﬁerf(bx+a) L 2dd +6a2d4[_ bx+a +ﬁerf(4bx+a) AL

2 2
2 e(bx-i-a) ze(bx-i-a)

g [ lexta)® 1 20 3d
2 elbx+a? 5 olbxta? elbx+a?

(bx-i—a)2 B 1

Ze(bx+a)2 Ze(bx+a)2

__bx+a _I_\/;erf(bx—i-a)
2e(bx+a)2 4

+4bed ( ] —2ab3Edm erf(bx+a) +32 E P n erf (bx +a)

)

2 2 2 3
o bed T at(bx +a) + 52 & _6abed o s _bxta Jmerf(bx +a)
olbxta)? olbx+a)? 2 elbxta? 4

Problem 34: Result more than twice size of optimal antiderivative.

J(dx—l—c)zerfc(bx—l-a) dx
Optimal (type 4, 172 leaves, 9 steps):

d(-ad+bc)ef(bx+a) | (-ad +bc)derf(bx +a) N (dx+c)derfe(bx+a) a2 _ (-ad+bc)>  d(-ad+bc) (bx+a)
203 3b3d 3d 3b3e(bx+a)2\/F b3e(bx+a>2ﬁ B e(bx—i—a)zﬁ
_ dz(bx—i-a)2
3b3e(bx+a)2\/;

Result (type 4, 427 leaves):

1| defe(bx+a) (bx+a)® _ derfe(bxta) (bx+a)’a  derfe(bxta) (bx+a)’c  derfe(bxta) (bx+a)d
b 3b° b? b b?

_ 2derfc(bx+a) (bx+a
b

2 3 2
)ac-fa&(bx+a)(bx+a)3——d erfc(bx +a) a +_derfc(bx+a)ac

—erfe(bx+a)ad
3b2 b

N berfc(bx+a)c3 L 1 5 d3 ) (bx+a)2 3 1 n b3c3\/;erf(bx+a) _ a3d3\/;erf(bx+a) _ 3a2d3 _3ad3
3d Ny selbx+a? 5 bx+a)? 2 2

ze(bx-i-a)2
_ bx+a +ﬁerf(bx+a)
2e(bx+a)2 4

302Pd 5, | _bxta +ﬁerf(bx+a) _ 3ab*Pdx erf(bx +a)
2 e(bx+a)2 2 e(bx+a)2 4 2

4 3a2bcd2\/;erf(bx+a) 4 3abced? J)J

2
2 elbx+a)

Problem 38: Unable to integrate problem.

J)é erfc(bx)? dx
Optimal (type 4, 112 leaves, 8 steps):



1 2 _ Berfe(bx)? | aferfe(bx)?  3xerfe(bx)  Xerfe(bx)
9 pte2 b2 4p2 2?2 g 16 b* 4 4b3eb2x2\/; Zbebzxz\/;
Result (type 8, 12 leaves):
errfc(bx)zdx

Problem 39: Unable to integrate problem.

X
Optimal (type 4, 157 leaves, 12 steps):
) b? 2 28b8Ei(-26%2%)  4bCerfc(bx)?  erfe(bx)? 2berfe(bx)  4berfc(bx) 4 8 b erfe(bx)
152022 p 4 92?2 451 45 6x° 15eb2x2xs\/; 45eb2x2)9\/F 456b2x2x\/;

Result (type 8, 12 leaves):

Problem 42: Unable to integrate problem.
Jerfc(d(a +bIn(cex?))) &
x2
Optimal (type 4, 88 leaves, 5 steps):
m % % [Zabdz—i-% +2b> P n(cx") J
_e (") " ef 2bd _ erfe(d (a +bIn(cx")))
X X
Result (type 8, 19 leaves):
Jerfc(d(a +bIn(cex?))) dr
x2
Problem 43: Unable to integrate problem.
Jerfc(d(a +bIn(cx"))) dr
S
Optimal (type 4, 90 leaves, 5 steps):
2abd?n+1 2
b2 32 n2 n

2 2 2
(ex) erf( 1 +abd*n+b*dnin(cx?)

bdn

J erfe(d (a +bIn(cx")))

2%

242



Result (type 8, 19 leaves):

erfe(d (a +bIn(cx"))) dr
S
Problem 44: Unable to integrate problem.
e—b2x2+c &
erfc(b x)
Optimal (type 4, 15 leaves, 2 steps):
lnerfe(bx)) V.
2b
Result (type 8, 20 leaves):
e—b2x2+c &
erfc(b x)
Problem 45: Unable to integrate problem.
Je‘bzxzﬂerfc(bx)”dx
Optimal (type 4, 23 leaves, 2 steps):
. ecerfc(bx)“r”\/?
2b(1+n)
Result (type 8, 20 leaves):
Je‘b2x2+cerfc(bx)"dx
Problem 49: Unable to integrate problem.
Jerf;(sz) @
eb x: x4
Optimal (type 4, 93 leaves, 7 steps):
_erfe(bx) | 2bPerfe(bx) b L APEI(2522) Berfe(bx)2n
3 b2 3 3P2 3e2b2x2xzﬁ 35 3

Result (type 8, 20 leaves):

Jeﬂb(bx) &

22
ebxx4



Problem 50: Result more than twice size of optimal antiderivative.
24,
Jedx texerfe(bx +a) dv

Optimal (type 4, 76 leaves, 3 steps):

c+ﬂ B
be —d arp ab+ (b —d)x]
P Forfe(bx +a) N »—d
2d 2dp*—d
Result (type 4, 174 leaves):
(bx+2a)2d_2ad(l72x+a) +a2_2d+c (bx+2a)2d_2ad(l72x+a) +a2_2d+c
1| be ° b b _erf(bx+a)be ° b b
b 2d 2d

a2d a2 d2
c— a0

b4 ( 1+—
be erf 1—— (bx+a) _—
/ »? —
+
d

2d 1—-;5

Problem 52: Unable to integrate problem.
J—erfc(bx) sin( -c +16%2%) dx

Optimal (type 5, 70 leaves, 6 steps):

, 3
1belex? Hy icPFO| [1,1], | =,2 |,
be'°x" Hypergeometric Q([ : ]’[2’ ]’b sz Terfe(bx)2Yn 1 erfi(bx) J
1
I 8bee 4b

Result (type 8, 22 leaves):
J—erfc(bx) sin( -¢ +Ib2x2) dx

Problem 53: Unable to integrate problem.
Jcosh(bzxz +¢) erfe(bx) dx



Optimal (type 5, 58 leaves, 6 steps):

3
b2 H tricPFQ| [1,1], | =,2 bzxz) I %
e lypergeometric Q[[ ,],[23 ]’ _erfe(bx) 2 eeﬁibx T

2 /x 8be 4b

Result (type 8, 17 leaves):
Jcosh(bzxz +¢) erfe(bx) dx

Problem 58: Result more than twice size of optimal antiderivative.
J(dx+c)3erﬁ(bx+a) dx
Optimal (type 4, 247 leaves, 12 steps):

3derfi(bx +a) 4 3d(-ad+bc)etfilbx+a)  (-ad+bc)terfi(bx+a) + (dx +c)*erfi(bx +a) N P (-ad +be) ebrta?
16.5* 4p* 4b*d 4d aNEs

_ (-ad+bc)e elbx+a? N 3B eI (py ) _ 3d(-ad+bc)te X+ (px 4 q) _ d*(-ad+be) e ebxta? (py 4 g)2

¥ AN 208 n n

PP F D (hx+a)?

artfn

Result (type 4, 702 leaves):

| Lefi(bx+ta) (bxta)®  defi(bx+a) (bx+a)*a  defilbxta) (bx+a)’c  3derfi(bx+a) (bxta)®d

b 45 b b? 25
_ 3dPerfi(bx +a) (bx+a)ac L 3derfi(bx +a) (bx+a)’d  dPefi(bx+a) (bx+a)d N 3derfi(bx+a) (bx+a) d*c
b 2b b b
3 4 2 2
_ 3derfi(bx+a) (bx+a)ad erfi(bxta) (bxta) S+ detfi(bx +a)a* _ detfi(bxta)dc | 3defibxta)a A —erfi(bxta) ac
b 4 b3 b 2b
" berfi(bx +a) & _ 1 (d4[ f:(bx+“)2(bx-+-a)3 _ 3(bx-{-a)e(b"""”2 " 3vc;eﬁﬂbx-+a) a4d4Jq;eﬁbe-+a)
4 8 2

4d 2034w

p**fm erfi(bx +a) —2a3d4e(bx+“)2+6a2d4[ (bx+a) et [x erfi(bx +a)

2 2 2 2

2
bx+a) bx-‘ra) e(bx+a)
—4ad* ((



+203 P deb O’ 4652 2 P

2 2
(bx+a)26(bx+a) e(bx+a)

+32P P etfilbx+a) —2d3bed T efi(bx+a) —6ab? AP 162 bed PO —12abed

_ Jn erfi(bx +a)
4

)

Problem 60: Unable to integrate problem.

[ (bx+a)e?*+9? [ erfi(bx +a)
2 4

4bhed
+4bcd ( 2 2

] —2ab33dJm etfi(bx +a)

2

J)éerﬁ(bx)zdx

( (bx+a) e e
2

Optimal (type 4, 147 leaves, 12 steps):
11 2 b2 _ 72bH 2 2024 Serfi(bx)? + Perfi(bx)? _ Sebzxzxerﬁ(bx) + Sebzxzx"'erﬁ(bx) _ ebzxzxserﬁ(bx)
6 4 2 6
120°n 12b%n 6b°m 16 b 6 4p5 631 36w

Result (type 8, 12 leaves):

Problem 61: Unable to integrate problem.

5 steps):
2,2
ebe

Optimal (type 4, 61 leaves,

erfi(bx)? L Lerfi(bx)?

J)éerﬁ(bx)zdx

Jxerﬁ(bx)zdx

ebzxzxerﬁ(bx)

20

Result (type 8, 10 leaves):

2
4b 2 bdm

Jxerﬁ(bx)zdx

Problem 63: Unable to integrate problem.
J'erﬁ(bx)z i@
©
Optimal (type 4, 104 leaves, 8 steps):
PP aptE(RR) | blerfi(bn)?  erfi(bx)? b Perfi(bx) _ 26° P erfi(bx)
4
3’ 3n 3 4 x NS 3xdm

Result (type 8, 12 leaves):



Jerﬁ(bx)z i@

Problem 66: Unable to integrate problem.
J(dx+c) erfi(bx +a)? dx
Optimal (type 4, 166 leaves, 10 steps):

d bxta? N derfi(bx +a)> 4 (ad+be) (bx +a)erfi(bx +a)> N d(bx+a)*erfi(bx +a)> L (rad+be) erfi( (bx+a)J2 )2
20%n 41 b 20 T B

_2(-ad+bc) P TP erfitbx+a)  de® 9% (bx+a) erfi(bx +a)

P r P n

Result (type 8, 16 leaves):

J(dx-l—c) erfi(bx +a)? dx

Problem 67: Unable to integrate problem.
Jerﬁ(bx—i—a)zdx
Optimal (type 4, 60 leaves, 4 steps):
(bx+a)erfi(bx+a)® erfi( (bx+a)yZT)JZT 2P+ erfi(bx +a)

b Jx b N3

Result (type 8, 10 leaves):
Jerﬁ(bx—i—a)z d

Problem 68: Unable to integrate problem.
[ertiCa (a +bin(ex'))) ax
Optimal (type 4, 91 leaves, 5 steps):

abd + L+ + 2P n(cx)
n

fi
Perfi(d (a +bIn(cx"))) xze“[ bd
2 2abd?n+1 2
2e b2 d2 2 (cﬂ)n

Result (type 8, 17 leaves):
Jxerﬁ(d(aerln(cﬂ))) dx



Problem 69: Unable to integrate problem.

Jerﬁ(d(a+b1n(c;ﬁ))) i@
x2
Optimal (type 4, 89 leaves, 5 steps):
Ly L [2abd2—l+zb2d21n(cx”)
4bsden n ¥ n fi n
efi(d (a+pmn(ern))  © (ex') ™ erf Tbd
X X

Result (type 8, 19 leaves):

Jerﬁ(d (a +bIn(cx?))) dr

v

Problem 70: Unable to integrate problem.
2,2
Jeb ¥t Cerfi(bx)" dx
Optimal (type 4, 23 leaves, 2 steps):

Cerfi(bx) T
2b (1 +n)

Result (type 8, 19 leaves):
Jeb2x2+cerﬁ(bx)”dx

Problem 71: Unable to integrate problem.
2
Jedx teerfi(bx) dx
Optimal (type 4, 220 leaves, 9 steps):

edx2+cerﬁ(bx) edx2+cxzerﬁ(bx) n edx2+cx4erﬁ(bx) _ 3becerﬁ(x\/ b? —i—d) . becerﬁ(x\/ b? +d) _ becerﬁ(x\/ b? +d)

& & 2d 8d (1 +d)° "> 2 (1 +d)° 2 S 1d

3bec+(b2+d)x2 bec+(b2+d)x2x bec+(b2+d)x2x3

X

4d (B2 +a)Jn P B +a)dn 24P +d)n

Result (type 8, 18 leaves):

_|_

Jedxzﬂ)é erfi(bx) dx

Problem 74: Unable to integrate problem.



szerﬁ(bx) “

2.2
ebx

Optimal (type 5, 58 leaves, 3 steps):
3

2 szypergeometricPFQ( [1,1], [3,2]’ _bzxz)

_xerfi(bx) I

20272 o m 2bn

szerﬁ(bx) “

2,2
ebx

Result (type 8, 20 leaves):

Problem 75: Unable to integrate problem.
Jerﬁ(bx) @

22
eb xx4

Optimal (type 5, 87 leaves, 5 steps):

4b5x2HypergeometricPFQ( [1,1], [%, 2}, —bzxzj

_erfi(bx) 2b%erfi(bx) b N 4% In(x)
3790 377 32Vn cNE 3Vn
Result (type 8, 20 leaves):
Jerﬁ(bx) @
eb2x2x4
Problem 76: Unable to integrate problem.
Jerﬁ(bx) i@
b2 (6
Optimal (type 5, 120 leaves, 7 steps):
_etfi(bx) |, 207erfi(bx) _ 4bterfi(bx) b . 2b 8b7x2Hyperg60metriCPFQ([1’1]’B’z]’ 'bzxz) L 805 In(x)
50225 15674 3 1567 ¢ 10x4\/; 15x2\/; 15\/; 15\/;

Result (type 8, 20 leaves):
Jerﬁ(bx) @

22
eb xx6

Problem 77: Unable to integrate problem.



Jeb2x2+cx3 erfi(bx) dx
Optimal (type 4, 79 leaves, 5 steps):
eb2x2+cerﬁ(bx) + eb2x2+cx2erﬁ(bx) " SeCerﬁ(bx\/T) J2 _ P tey
25 257 16 6* PUEN P

Result (type 8, 20 leaves):
Jeb2x2+cx3 erfi(bx) dx

Problem 78: Unable to integrate problem.
2,2
Jeb e derfi(bx) dx
Optimal (type 4, 100 leaves, 7 steps):

3eb2x2+cxerﬁ(bx) eb2x2+c)§erﬁ(bx) + eZb2x2+C e2b2x2+cx2 + 3ecerﬁ(bx)2\/;

4 2 5
4b 2b NPT 16

Result (type 8, 20 leaves):
2,2
Jeb ¥rederfi(bx) dr

Problem 79: Unable to integrate problem.
2
Jedx Fexerfi(bx +a) dx

Optimal (type 4, 68 leaves, 3 steps):

2
c+ad

be PR o ab+ (b 4+d)x
¥ teerfilbx +a) J¥+d
2d 202 1 d

Result (type 8, 18 leaves):
2
Jedx Texerfi(bx +a) dx

Problem 82: Unable to integrate problem.
J—erﬁ(bx) sinh(bzx2 —c) dx

Optimal (type 5, 45 leaves, 4 steps):



b&fHWagmwdeQULlL[%J}—ﬁf} ﬂﬂbﬂzﬁ;

N 8be

Result (type 8, 20 leaves):
J—erﬁ(bx) sinh(b% 2 — ¢) dx

Test results for the 27 problems in "8.10 Formal derivatives.txt"

Problem 11: Result more than twice size of optimal antiderivative.
J -g(x) Derivative(1) (f) (x) — f(x) Derivative(1) (g) (x) dx
L+/(x)?g(x)?

Optimal (type 9, 8 leaves, 2 steps):
-arctan( f(x) g(x))
Result (type 9, 29 leaves):

dx

J -g(x) Derivative(1) (f) (x) — f(x) Derivative(1) (g) (x)
L +£(x)%g(x)?

Problem 23: Result more than twice size of optimal antiderivative.
Jcos(Derivative( -1 +m) (f) (x) Derivative( -1 +n) (g) (x)) (Derivative(m) (f) (x) Derivative( -1 +n) (g) (x) + Derivative( -1
+m) (f) (x) Derivative(n) (g) (x)) dx
Optimal (type 9, 6 leaves, 2 steps):
sin( Derivative( -1 +m) (f) (x) Derivative( -1 +n) (g) (x))
Result (type 9, 20 leaves):

Jcos(Derivative( -1 +m) (f) (x) Derivative( -1 +n) (g) (x)) (Derivative(m) (f) (x) Derivative( -1 +n) (g) (x) + Derivative( -1
+m) (f) (x) Derivative(n) (g) (x)) dx

Problem 24: Result more than twice size of optimal antiderivative.
Jcos(Derivative( -1 +m) (f) (x)zDerivative( -1 +n)(g) (x)) Derivative( -1 +m) (f) (x) (2 Derivative(m) (f) (x) Derivative( -1 +n) (g) (x) + Derivative(
-1 +m) (f) (x) Derivative(n) (g) (x) ) dx
Optimal (type 9, 8 leaves, 2 steps):
sin( Derivative( -1 +m) (f) (x)zDerivative( -1+n)(g)(x) )
Result (type 9, 25 leaves):
Jcos(Derivative( -1 +m) (f) (x)zDerivative( -1 +n) (g) (x)) Derivative( -1 +m) (f) (x) (2 Derivative(m) (f) (x) Derivative( -1 +n) (g) (x) + Derivative(



-1 +m) (f) (x) Derivative(n) (g) (x) ) dx

Problem 26: Result more than twice size of optimal antiderivative.
Jcos(Derivative(m) N (x)zDerivative(n) (g) (x)3) Derivative(m) (f) (x) Derivative(n) (g) (x)2 (2 Derivative(1 +m) (f) (x) Derivative(n) (g) (x)

+ 3 Derivative(m) (f) (x) Derivative(1 +n) (g) (x)) dx
Optimal (type 9, 10 leaves, 2 steps):
sin(Derivative (m) (f) (x)zDerivative(n) (g) (x)3)
Result (type 9, 32 leaves):

Jcos(Derivative(m) f (x)zDerivative(n) (g) (x)3) Derivative(m) (f) (x) Derivative(n) (g) (x)2 (2 Derivative(1 +m) (f) (x) Derivative(n) (g) (x)
+ 3 Derivative(m) (f) (x) Derivative(1 +n) (g) (x)) dx

Test results for the 56 problems in "8.2 Fresnel integral functions.txt"

Problem 12: Unable to integrate problem.
J)é FresnelS (b x)? dx

Optimal (type 4, 122 leaves, 10 steps):

xgcos( b j FresnelS (b x) 3 xFresnelS (b x) sin( M]
32 N 2 cos(b?na?) N 2 N 3 FresnelS (b x) 2 N «* FresnelS (hx)? 2 _ sin(p?na?)
8 b2 1 821 2bm 4B 4 2037 264

Result (type 8, 12 leaves):

Jx3 FresnelS ( bx)2 dx

Problem 16: Unable to integrate problem.

J FresnelS(bx)2 dr

X

Optimal (type 4, 210 leaves, 20 steps):

2 2 b3ncos( b’ jFresnelS(bx) b7n3 cos( b’ ]FresnelS(bx) 4
s N Bom N prcos(BPm?)  BOm cos(bPmx®) N 2 N b3 1’ FresnelS (bx)?2
336x° 168047 33610 336 X2 140 x° 420 x 840
. Prmad 5 2 . [ b2l )
b FresnelS (b b 1" FresnelS (b -
_ FresnelS(bx)? b7 Si(p2ma?) resnelS (b.x) Sm( j m FresnelS(bx) sin| — b* sin(b? 1a?)

— — + —
88 280 28 x7 4203 420x*

Result (type 8, 12 leaves):



J FresnelS (b x) 2 &

X

Problem 17: Unable to integrate problem.
J(dx+c)2FresneIS(bx+a)2 dx

Optimal (type 5, 451 leaves, 18 steps):

n(bx+a)?
2d%x +d(—ad+bc)cos(n(bx+a)2) +d2(bx+a)cos(n(bx+a)2) 4 2
3b21t2 2b37t2 6b3n2 br

2 2
M)FresnelS(bx+a) 2d2(bx+a)zcos(w

+
pPr 3bin

2(—ad+bc)zcos( )FresnelS(bx+a)

2d(-ad+bc) (bx+a)cos( )FresnelS(bx+a)

+

d(-ad +bc) FresnelC(bx +a) FresnelS (bx +a) (-ad+bc)? (bx+a) FresnelS (bx +a)? L d(-ad+be) (bx 4+ a)?FresnelS (bx +a)?
»Pr b b
3 I
Id ( - 2 icPF L1, | =2, -= 2
dz(bx+a)3FresneIS(bx+a)2 . d(-ad+bc) (bx+ a)” Hypergeometric Q([ , 1], [ 7 ], 2 n(bx+a) )
33 43

Id (-ad+bc) (bx+a)2HypergeometricPFQ( [1,1], [%,2], %n (bx—i—a)z] 4d2FresnelS(bx+a) sin(

+

n(bx+a)2 )
2

4’ 3b31t2

_ SszresnelC((bx+a)\/7)\/7 _ (—ad+bc)2FresneIS((bx+a)\/7)\/7
1263 20w

Result (type 8, 18 leaves):
J(dx+c)2FresneIS(bx+a)2 dx

Problem 18: Unable to integrate problem.
JFresnelS(d (a +bIn(cx?))) dx
Optimal (type 4, 186 leaves, 10 steps):

+l) ( 1 +Iabd2n+1b2d2nln(cx”)) L

1 11 2 22
2 n R N | —1 1
1 I (2 2 n 1 I (2+2)[n abd™m bdnn(c{’))
iy xerf i yerfi
bdn N bdm
2abn—L 2abn+L
—Ttdz l n:d2 l
e 2P0 (exn)” e 2P0 (oxn)”



+ xFresnelS (d (a +bIn(cx)))
Result (type 8, 15 leaves):

jFresnels(d (a+bin(cx"))) dx

Problem 19: Unable to integrate problem.

JFresnelS(d(a—l—bln(cx"))) d
S
Optimal (type 4, 200 leaves, 10 steps):
21+2abdnm 2 (i +1) (3 —Iabdzn—lbzdznln(cﬂ))
1 I Pd2n2r n 2 2 n
) e (ex)” erf
bdn
x2
2 11 2 2 2 2
2 —+ = || = +labd*n+1b*d*nln(cx")
1 I n 2 2 n
(g—g)(c{’) erfi
bdm FresnelS (d (a 4+ bIn(cx?)))
_|_ —
2(I-abd2nn) 22
B2d?n’n 2
Result (type 8, 19 leaves):
JFresnelS(d(a+bln(cxn))) d
X

Problem 20: Unable to integrate problem.

2
Jcos(c—i— b ;xz ]FresnelS(bx) dx

Optimal (type 5, 81 leaves, 4 steps):

1bx%cos(c) HypergeometricPFQ[ [1,1], [%,2], —% bznxzj

cos(c) FresnelC (b x) FresnelS (b x)

2b 8

. 3 Lo
H PF L1, | =,2], =
1bx% cos(c) Hypergeometric Q([ , 1], [ > }, > b nxz) B FresnelS (b )2 sin(c)

8 2b

+

Result (type 8, 19 leaves):

2
Jcos(c—i— b ;xz ]FresnelS(bx) dx



Problem 26: Unable to integrate problem.

2
Jx cos( : ;xz )FresnelS bx) dx
Optimal (type 5, 271 leaves, 23 steps):
b2 ma? b2t )
105 FresnelS (b 7 FresnelS (b
354 _ 8 _4000s(b27cx2) +5x4cos(b2nx2) B xcos[ 2 ) resnelS (bx) n COS[ resnelS (bx)
8p5 T l6bn P 2057 B b
3 I
105 1.2 H) ricPFO| [1,1], | =,2 |, - = b° xz)
. 105 FresnelC(bx) FresnelS (bx) _ Tpergeometric Q([ ] [2 ] 2 VT
2000 8571
2 2
. lOSIszypergeometricPFQ([1,1], [%2] %bznxz) i 352 FresnelS (b x) sin( b ;"‘2) ) + FresnelS (b x) sin(%] s an(Pnd)
8b’ n4 b61t3 b’ 45’ n4

X0 sin(bznxz)
t—o 2
4031
Result (type 8, 20 leaves):

2
ngcos( b ;xz )FresnelS(bx) dx

Problem 29: Unable to integrate problem.

2
cos( b’ )FresnelS(bx)
2 dr
x2
Optimal (type 4, 42 leaves, 4 steps):
b A’
F IS (b
_"08[ 2 ) resnelS(5X) 1 FresnelS (bx)? L bSi(Pne)
X 2 4
Result (type 8, 20 leaves):
2
cos( b ;xz )FresnelS(bx)
dx

Problem 41: Unable to integrate problem.
st FresnelC (b x) 2 dx



Optimal (type 5, 227 leaves, 16 steps):

b
5% FresnelC (b
5x% 4 llcos(bznxz) _ x4cos(b27tx2) _ COS( J resnelC(bx) n )c6FresnelC(bx)2 _ SFresnelC (b x) FresnelS (b x)
24P 660" 2R 3p3 T 6 2051
. 3 I - . 3 I 5 . szsz
51> HypergeometricPFQ| [1,11], 3,2 , _Eb X’ 51x* HypergeometricPFQ| [1,1], 5,2 , Eb X’ 5 xFresnelC (b x) sin >
N 3 + 3 + 3
8btm 8b*m pm
. b*mi?
x° FresnelC (b [—J
| rhreelCtnsnl ) | 72sin(se)
3bm b4
Result (type 8, 12 leaves):
st FresnelC (b x) 2 dx
Problem 44: Unable to integrate problem.
JFresnelC(bx)2 &
X
Optimal (type 4, 109 leaves, 9 steps):
b* X’ j
b F 1C (b
P Poos(BPrd) COS( resnelC(hx) 442 ProsnelC (bx)2  FresnelC(bx)2  b*msi(pna?)
24 24 6 12 4 x4 12
2
b3 mFresnelC (b x) sin( b ;xz ]
_|_
6x
Result (type 8, 12 leaves):
JFresnelC(bx)2 dr
©
Problem 46: Unable to integrate problem.
JFresnel(g?(bx)2 &
X
Optimal (type 4, 210 leaves, 20 steps):
b 5 2 ( b2 )
b F 1C (b b F 1C (b
b? i 1767t2 bzcos(bznxz) I bénzcos(bznxz) COS( ) resnelC (5 x) n T cos resnelC (5 x) +b87c4Fresn61C(bx)2

33625 16802 3360 336 2

28 x/

420%°

840



2

. brra? 3 . brma? ]
b’ wFresnelC (b b’ FresnelC (b —
_ FresnelC(bx)? | b3 Si (B2 mad) N mFresnelC(5x) Sm( 2 ) _ b FresnelC(bx) Sm[ 2 b* nsin(p2 )

8x8 280 140 X° 420 x 420 x*

Result (type 8, 12 leaves):

dx

J FresnelC (b x) 2
X

Problem 47: Unable to integrate problem.
[FresnelC(d (a + bin(ex'))) ax

Optimal (type 4, 186 leaves, 10 steps):

I 1

+—) [—+1abd2n+1b2d2n1n(cﬂ)) !
n

(l + l) (— —Iabdzn—lbzdznln(cx”))
J 2 2
xerfi

( 1
(%+ijxerf 2 2 (%+% d
bdn _ bdn
2abn—L 2abn+L
nd? 1 nd? 1
e 2072 (ex?)” e 2072 (ex?)”
+ xFresnelC(d (a + bIn(cx)))
Result (type 8, 15 leaves):
[FresnelC(d (a + bin(ex'))) ax
Problem 48: Unable to integrate problem.
JFresnelC(d(a%—bln(cf))) dr
x2
Optimal (type 4, 185 leaves, 10 steps):
2abn+L2 1 I 1
L _ mds L (— +5) (— —Iabdzn—lbzdznln(cx”))
(Z-I-ZJe 2020 (ex)" erf n
bdn
X
1
2abn——2 1 I 1
R % 1 (5 +5) (— +Iabd2n+1b2d2nln(cx"))
(Z+Z)C 2b%n (cx")nerﬁ L
_ de;- __FmﬁwKXd(a+bhﬂcﬂ)))
x x

Result (type 8, 19 leaves):



J FresnelC(d (a + b1In(cx"))) dx

2

Problem 52: Unable to integrate problem.

2
ng FresnelC (b x) sin( b ;xz ) dx
Optimal (type 5, 272 leaves, 23 steps):
2

35x3005( M

4 8 2 4 2
35x L X B 40 cos(b TCXZ) i 5x* cos(b nxz) n 2 B

8p5 T l6bn P 20510 b b n

) FresnelC (b x) x’ cos ( X ) FresnelC (b x)

105 IszypergeometricPFQ( [1,1], [ %, 2], —% bznxz)

4 105 FresnelC (b x) FresnelS (b x) i

2090 §b7
2 2
IOSIxZHypergeometricPFQ( [1,1], [%,2], %bznxz) 105 x FresnelC (b x) sin[ b ] 7 x° FresnelC (b x) sin[ b ;sz )
- - +
8b71t4 b8n4 b4n2
_ 55x2sin(b27tx2) 4 x6sin(b27tx2)
4b77'l:4 4 b3 n2

Result (type 8, 20 leaves):

2
ng FresnelC (b x) sin( b ;cxz ) dx
Problem 55: Unable to integrate problem.
2
JFresnelC(bx) sin( b ;”‘2 ) dx

Optimal (type 5, 62 leaves, 1 step):

bezHypergeometricPFQ( [1,1], [%, 2}, —% bznxz) bezHypergeometricPFQ( [1,1], [%, 2], 1 b? Ttxz)

FresnelC (b x) FresnelS (b x) n 2

2b 8 8
Result (type 8, 17 leaves):

2
JFresnelC(bx) sin( b ;xz ) dx

Test results for the 55 problems in "8.3 Exponential integral functions.txt"

Problem 1: Result more than twice size of optimal antiderivative.



szEil(bx) dx
Optimal (type 4, 21 leaves, 1 step):

CEi_,(bx)  » Ei(bx)
) 3 + 3

Result (type 4, 47 leaves):
3 .
b’ x Ell(bx) b2 2ebx 2bxebx 2ebx

3 3 3 3
b3

Problem 3: Result more than twice size of optimal antiderivative.

Ei (bx) “
x4

Optimal (type 4, 21 leaves, 1 step):
Eﬁ(bx) Eu(bx)

3% " 3%
Result (type 4, 64 leaves):
5 _Eil(bx) N o bx B o bx N o bx B Ei, (bx)
3% 9p°x  18p2x*  18bx 18

Problem 4: Result more than twice size of optimal antiderivative.
[Eiy(bx) ax

Optimal (type 4, 10 leaves, 1 step):

E%(bx)

Result (type 4, 67 leaves):

3 2
(’Y—E +In(x) +ln(b))x2b N 3b2x2 +l (_be+3)e‘bx bzxz(-v—ln(bx) _Eil(bx))

2 4 2 6 + 2

b

Problem 5: Result more than twice size of optimal antiderivative.
Ei, (b x)
—iL———-dx
e

Optimal (type 4, 21 leaves, 1 step):



Ei, (bx)
3

Eig (bx)
3

X

X
Result (type 4,

164 leaves) :

2
B —§~+y+hﬂx)+hﬂb) ! !

s 4p22  12bx

1
bt -
4p% 5

29

¥ In(x)  In(b)
864

72 72 72

L -145p% 3 4360 0% ° —

1080 b2 32 — 960 b x + 1080

(2033 —200% 2% +40bx +360) e ¥

~ (206 +480) ( -y —In(bx) —Ei (bx))
1440 b* x*

1440 b3 °

Problem 6: Result more than twice size of optimal antiderivative.

J.szi3(bx) dx
Optimal (type 4, 21 leaves, 1 step):

X Bi,(bx) N X Eiy (bx)
5 5

Result (type 4,

i

‘T6+Y+MU)+MM)

91 leaves):

515
b
)x 7B
100

2
5

5
L2 (8P - 8PP 43672 £ 2bxT2) et X
10

180

4320 b* ¥*

-y —In(bx) —Ei (bx))

10

b3

Problem 7: Result more than twice size of optimal antiderivative.

JxE%(bx)dx
Optimal (type 4, 21 leaves, 1 step):

2Ei_,(bx) = XEi(bx)
- 4 + 4

Result (type 4, 83 leaves):

;
_ ('Z + v+ In(x) +1n(b))x4b4 e L1
8 4

32

(15633 = 15622 +30bx +30) ¥ ba* (-y—In(bx) —Ei (bx))

120

8

b2

Problem 8: Result more than twice size of optimal antiderivative.

JEiS.(bx) dx



Optimal (type 4, 10 leaves, 1 step):
_Eu(bx)
b
Result (type 4, 75 leaves):

(y— 1 +1In(x) +In(b) );éiﬁ

3
6 _upe 1

(402 —4bx+8)ebx b2 (-y—In(bx) —FEi (bx))

6 36 3 24

6

b

Problem 9: Result more than twice size of optimal antiderivative.

Ei, (b x)
X
Optimal (type 4, 15 leaves, 1 step):
_Eh(bx) N E%(bx)
2 2

Result (type 4, 77 leaves):

Y, In(x)  In(b) _

(2 +7y+In(x) +In(b)) P> b4 L (9bx+9)e

bx  (-967% +18) (-y—In(bx) —Ei (bx))
+

2 2 2 4 2 36

Problem 10: Result more than twice size of optimal antiderivative.

Ei, (b x)
e AL
X
Optimal (type 4, 21 leaves, 1 step):
_E%(bx) N E%(bx)
24 24

Result (type 4, 164 leaves):

36

+ ~155 6% x* + 480 b X + 720 b2 X% — 960 b x + 360

b 1 n 1 -1+y+In(x) +In(b) 1 31 vy  In(x) In(b)
syt 35D 4.2 0% 6bx 576 48 48 48
(503 - 15822 —150bx +90) b+, (11562 +180) (v~ In(bx) — i, (bx) )
720 b4 x4 720 b2 X2

Problem 11: Result more than twice size of optimal antiderivative.
JEil(bx)

X

dx

Optimal (type 4, 15 leaves, 1 step):

2880 p* x*



Ei_,(bx)  Ei(bx)

T2 T
Result (type 4, 68 leaves):
1 1 I ) 302 +6  (3bx+3)e’™  In(bx)  Ei(6X)
207 4 2 2 1267 657 2 2

Problem 13: Result more than twice size of optimal antiderivative.
JEi_z(bx)

3 dx

Optimal (type 4, 21 leaves, 1 step):

_Ei,(bx) | Biy(bx)
52 52

Result (type 4, 128 leaves):

.2 1 1 17 Inx) _In(h)  -1536°x +2255"x* —1505°x° +360 _ (186%x* — 185° +366°2 +72bx +72) e
500° 667  4bx 100 10 10 900 5° x° 18067 x°
N In(bx) Eil(bx)
10 10

Problem 15: Result more than twice size of optimal antiderivative.

[Eii (bx) ax
Optimal (type 3, 14 leaves, 1 step):
1
b2 ePx
Result (type 3, 41 leaves):
1 2bx+2  eh¥
-— +1+ —
bx 2bx bx
b

Problem 16: Result more than twice size of optimal antiderivative.
JEi_3(bx)

e

Optimal (type 4, 21 leaves, 1 step):

Ei_5(bx) Eﬁ(bx)
) 5x + 5x



Result (type 4, 110 leaves):
b[ 6 1 6 . In(x) , In(b) , 72655 =756 +360  (-126*X* + 1207 +36622 +72bx+72) e ?*  In(bx)  Eij(bx)

- + - — + + + — — —
50p  4bx 25 5 5 3005 X 60 b x° 5 5

Problem 20: Result unnecessarily involves higher level functions.
J(dx)mE%(bx)dx

Optimal (type 4, 46 leaves, 1 step):
(dx)!' T™Ei_ (bx) (dx)! *™Ei (bx)
+
d(m+n) d(m+n)

Result (type 5, 88 leaves):
x! Tl hypergeom([1 4+ m, 1 —n], [2 +m, 2 —n], -bx) +_nxm+”bm+”cminn)

dx)™ —mb—l—m
(dx)"x (-1+n) (1+m) (m+n)T(n)

Problem 23: Result unnecessarily involves higher level functions and more than twice size of optimal
antiderivative.

JxE%(bx)dx
Optimal (type 4, 30 leaves, 1 step):
2Ei_ (bx) ¥ Ei (bx)
- +
1+n 1+n

Result (type 5, 62 leaves):
b% x* hypergeom([2,1 —n], [3,2 —n], -bx) +_nx1+”b1+”cainn)
2(-1+n) (1+n)T(n)

b2

Problem 26: Unable to integrate problem.
J(dx+c)3Ei3(bx+a) dx

Optimal (type 4, 75 leaves, 4 steps):
(dx+c)’Ei,(bx+a) 3d(dx+c)?Eig(bx+a) 6d* (dx+c)Ei(bx+a) 6d Ei(bx+a)

b b? b bt

Result (type 8, 17 leaves):
J(dx+c)3Ei3(bx+a) dx



Problem 27: Unable to integrate problem.

Optimal (type 4, 53 leaves, 3 steps):

(dx +c¢)?Ei,(bx +a)

J(dx+c)2Ei3(bx+a) dx

2d(dx+c) Eig(bx+a) ZdZE%(bx-Fa)

Result (type 8,

Problem 28:

Optimal (type 4,

b »? b
17 leaves):
J(dx+c)2Ei3(bx+a) dx
Unable to integrate problem.
J(dx+c)3Ei_1(bx+a) dx
118 leaves, 7 steps):
3dlet T4 38 (-ad+bc)e? T 3e PO (dxte) el T4 (dx+e)] 4 3d(-ad+bc)2Ei(-bx —a)

p* p*

Result (type 8, 17 leaves):

Problem 29: Unable to integrate problem.

Optimal (type 4, 69 leaves, 5 steps):

2d2 e—bx—a

b3 b(bx+a)

J(dx+c)3Ei_1(bx+a) dx

J(dx—i—c)in_l(bx—i-a) dx

P (dx+e)?

b4

2d(-ad+bc) Ei(-bx —a)

b3

Result (type 8, 17 leaves):

Problem 30: Unable to integrate problem.

Optimal (type 4, 41 leaves, 2 steps):

+

Result (type 8, 15 leaves):

b(bx+a) b3

J(dx—i—c)in_l(bx—i-a) dx

‘“dx+c)ﬁ_ﬁbx+a)dx
bx=a(dx+¢) | dEi(-bx—a)

b (bx+a) b2

‘“dx+c)ﬁ_ﬁbx+a)dx



Problem 31: Unable to integrate problem.
Ei_,(bx+a)
2 - dx
(dx+c)
Optimal (type 4, 411 leaves, 15 steps):
2 .-bx—a -bx—a 2 .-bx—a
2 d
2de " de " 3de

de—bx—a

6d2 e—bx—a

b?> (-ad +bc) (dx+¢)> b (bx+a) (dx+¢)>  b(-ad+bc)>(dx+c)> b(-ad+bc) (dx+c¢)?

bc
6bdze_a+7 Ei(_m—+c)

3dehx—a g bx—a 6bd*Ei(-bx—a)

d

(-ad+bc)

3(dx+c¢)

4 Ei

b
a2 (_b(dx—i—c)

d

)

_l’_
(-ad+bc)? (dx+c) (-ad+bc) (dx+c) (-ad+bc)?

bc bc
-at+ — -a+ —
d o bldx+c) d o _ b(dx+c)
3be E{ ———;7—— +_be Ei ———;7—— Ei_,(bx+a)

(-ad+bc)? d(-ad+bc) b (dx +c)>
Result (type 8, 17 leaves):
Ei_,(bx+
J 2(bx +a) &
(dx +¢)?

Problem 32: Unable to integrate problem.

J(dx+c)2Ei,3(bx+a) dx

Optimal (type 4, 62 leaves, 3 steps):

_zdze‘bx—a (dx+c)2Ei,2(bx+a) 2d (dx+c)Ei_|(bx+a)

(-ad +bc)?

b (bx+a) b
Result (type 8, 17 leaves):

J(dx+c)2Ei_3(bx+a) dx

Problem 33: Unable to integrate problem.

J(dx-FC)ELﬁ(bx4—a)dx

Optimal (type 4, 31 leaves, 2 steps):

bZ

(dx+c)Ei_,(bx+a) dEi_j(bx+a)

b
Result (type 8, 15 leaves):

J(dx-FC)ELﬁ(bx4—a)dx

) 6bde
+

(-ad+bc)?



Problem 34: Unable to integrate problem.
J’Ei73(bx+a) dr
Optimal (type 4, 12 leaves, 1 step):
Ei_,(bx+a)
B —
Result (type 8, 9 leaves):

JELG(bx—%a)dx

Problem 35: Unable to integrate problem.
Ei_5;(bx+a)
dx +c
Optimal (type 4, 442 leaves, 16 steps):
ZdSe—bx—a ZdZe—bx—a 3d3e—bx—a dZG—bx—a 6d3e—bx—a

T3 3 3 3 2 2 2 T 2 _ 3
b’ (-ad+bc) (dx+c) b’ (bx+a) (dx+c) b (-ad+bc) (dx+c) b (-ad+bc) (dx+c) b(-ad+bc)’ (dx+c)

"H‘E —a-i-E
6d3e d El(_wj 6d26 d El(_b(dx+c) j

N 3Pehia 3 debx—a _ 6&Ei(-bx—a) d 3 d
b(-ad+bc)? (dx+c¢) bl(-ad+bc) (dx+c) (-ad+bc)? (-ad +bc)? (-ad+bc)?
-t b (dx +c) ot b (dx +c)
d o _ xX+c d X +c
. 3de El( d ) ¢ E‘( d ) _ Ei,(bx+a) _ dEi(bx+a)

(-ad +bc)? -ad+bc b(dx+c) b (dx +¢)?
Result (type 8, 17 leaves):

Ei_5(bx+a)
dx+c

Problem 39: Unable to integrate problem.
J(dx-%c)E%(bx—Fa)dx

Optimal (type 4, 35 leaves, 2 steps):
(dx+c)EH+Abx+a)__dE5+Abx+a)

b b2

Result (type 8, 15 leaves):
J(dx—%c)E%(bx%—a)dx

Problem 50: Result more than twice size of optimal antiderivative.



Jebx+“x2 Ei(dx +c¢) dx

Optimal (type 4, 228 leaves, 14 steps):

ea—t—c—t—(b-i—d)x 26a+c+(b+d)x cea+c+(b+d)x ea+c+(b+d)xx 26bx+aEi(dx+C) Zebx+ain(dx+c) ebx+ax2Ei(dx+c)

+ - + - +
b(b+d)? b2 (b +d) bd(b+d) b (b+d) » b? b
bc bc bc
a— — a— — a— —
o T d Ei( (b +d)cfldx+c) ) 2 Ei( (b +d)cfldx+c) ) pee d Ei( (b+d)a(ldx+c) J
B JE B b B p2d

Result (type 4, 693 leaves):

1 1 )
— | — | Ei(d
4 | ap | Bdx
2 b(dx+c) ad—bc b(dx+c) ad—bc b(dx+c) ad—bc
2| (b(dx+c) | ad—bc g T4 b(dx+c) [ ad—bc 7 T4 7 T2
d + e -2 + [ +2e
d d d d
+c) 5
b
bdxto) d—b b(d ) b b(dx+c) ad—bc b(dx+c) +ad—bc
Xro ,ad-bce 2 x+c ad—bc d d 4 d
e d + d d2a2 2da[( d + d ]e — ¢ ]
+ 2 - 2
b b
(b+d) dx+c)  ad—be (b+d) dx+e)  ad—be (b+d);dx+d+“d;bc
_ L 1 2 ((b+d) (dx+¢) +ad—bc)e d TTa . 4 T e be
db | (b+d)? d d d
(b+d) (dx+c) ad—bc -ad+bc dx+c+b(dx%+a—b70
P R T . (b+d) (dx+¢) ad—bc -ad+bc 2ce
—e€ a —Pe Ei | - - — -
! d d d 14 b
d
-ad+bc
diteydxta o be Zfe_ d Ei(_(b+d)(dx+c)__ad—bc__—ad+bc)
2de d d 1 d d d

b b2
b1+ —
(1+5)



_-ad+tbe
2dce d EH[_(b+W”(dX+C)__ad—bc —ad+bc)

d d d
b

Test results for the 40 problems in "8.4 Trig integral functions.txt"

Problem 1: Result unnecessarily involves higher level functions.
‘PWSbe)dx
Optimal (type 4, 78 leaves, 5 steps):
Y'T(L+m =1bx)  "T(1+mlbx)  x"Si(bx)

2b (1 +m) (=1bx)™  2b(1+m) (Ibx)™ 1L +m
Result (type 5, 36 leaves):
1 m][3 3 m] b
b2 tmp —, 1+ = -, =2+ = |, -——
ypergeon1([ > + > ],[ 2 + ) ], 4 ]
2+m

Problem 13: Unable to integrate problem.

Si(bx) sin(bx)
[egnies)

Optimal (type 4, 84 leaves, 14 steps):

B2 Ci(2by) — Loos(bx) Sitbx) b*Si(bx)®  bcos(bx)sin(bx) _ Si(bx)sin(bx)  sin(bx)?>  bsin(2bx)

2x 4 2x 22 4 2
Result (type 8, 14 leaves):

JSi(bx) sin(bx)

Problem 16: Unable to integrate problem.

Optimal (type 4, 40 leaves, 7 steps):

. . 2 .
bCi(2bx) — amﬂijdbx)__bS%;x) B mMjbx)
X X

Result (type 8, 14 leaves):

4x



Jcos(bx) Si(bx)
x2

Problem 22: Result more than twice size of optimal antiderivative.

chos(bx +a) Si(dx +c) dx

Optimal (type 4, 350 leaves, 24 steps):
cCi(% +(b—d)x)cos(a—%) cCi(M —l—(b—i—d)x)cos[a—%) cos(a—EJSi(M +(b—d)x)

d N d d
2bd 2bd YT
- — | Si| ———— b+d Ci| ——~ b—d _bc
cos(bx +a) Si(dx+¢) cos[a d ) 1[ d + (b )x) 1[ d +( ) x| sin| a 7
+ - -
4 207 2b?
Ci(M-I-(b-I-d)stin(a—ﬁ) CSi(Mﬁ-(b—d)x)sin(a—E) cSi(c(b+d) +(b+d)x)sin[a—
— d d _ d d N d
25 2bd 2bd
+xSi(dx+c) sin(bx+a)  sin(a—c+ (b—d)x) i sin(a +c+ (b +d) x)

b 2b(b—4d) 2b(b+d)
Result (type 4, 1207 leaves):

b (dx+c) ad—bc b (dx+c) ad—>bc\ . ( b(dx+c) ad—bc
1 l[s [d(cos( p + p )+( 7 + p Jsm( p + p ))
— | — | Si(dx +¢)
d b
. ( b(dx+c) ad—bc . (b—d) (dx+c) ad—bc
~ dasm( d + p J ]] _l dsm[ P + p ) N 1 (( ;
b b 2(b—d) 2(b—d) \\°

d + d + d d

d

_bc)d[Si( (b—d) (dx+c) ad—bc _ad+bc)sin( —ad—i—bc)

Ci(
i d d d d

(b—d) (dx+c) n ad—bc n —ad—l—bc)cos( —ad—l—bc) ]J
d

d d d d
d

[ [Si( (b—d) (dx+c) I ad—bc i —ad—i—bc)sin( —ad—l—bc)
- I ad®
d)

2(b—



_|_

_|_

+

Ci( (b—d) (dx+c) n ad—

bce n —ad—l—bc)cos(

—ad—l—bc)
d d d d ]
d
Si( (b—d) (dx+c) i ad—bc 4 _ad+bc)sin( —ad+bc)
1 e d d d d
2(b—d) d
([ (b—=d) (dx+c) ad—bc -ad+bc) [ -ad+bc) . ( (b+d) (dx+c) ad—bc)
Cl[ + p + p cos —a ] B dsin p + p 1
d 2(b+d) 2(b+d)
Si( (b+d) (dx+c) i ad—bc _ad+chsin( —ad+bc)
d d d d
—bc)d p

+

_|_

+

C{(b+d)wx+d ad—

bc -ad+bc -ad+bc
p + y + 7 )cos[ 7 )]]
d
(dx +¢) +ad—bc -ad+bc sin -ad+bc
d d d
d

. (b+d)
Si
([

Y2 +a)

( (b+d) (dx+c) ad—
Cl[ p + p

+

bce —ad—l—bc) (
cos

d

(dx+c¢)

d

ad—bc

=)

+

+
d

-ad+bc ) sin( -ad+bc
d d

)

Ci

((b+d)
S
1 [fc[l( d

T 0+

d

[ (b+d) (dx+c) n ad—
d

bc i _ad+bc)cos[

d

d

ad—bc

=)

+
d

+
d

—ad+bc) ( —ad+bc)
cos| ——

d

( (b—d) (dx+¢)
1 Lﬂ[s% d

d



d d d d
d

C{(b—d)wx+d +ad—bc+-ﬂd+bc)ﬂ%-ﬂd+bc]J]

Si((b+d)(dx+c)_}_ad—bc_+_-ad+bc)cos(-ad+bc)
+_J; ) d d d d
2b d
( (b+d) (dx+c) ad—>bc —ad+bc) .(—ad+bc}
~ Cl( p + 7 + 7 sin 7 ]]]
d

Problem 28: Unable to integrate problem.
[ cila (a+bm(er))) ax

Optimal (type 4, 131 leaves, 7 steps):

x3Ei( (3 —1bdn) (a+blIn(cx")) j ) X3Ei( (3 +1bdn) (a +bn(cx")) )

X Ci(d (a+bn(cx))) bn bn

3 3a

6e?m (cx)

s W

3a i
n

6’ (cx)
Result (type 8, 19 leaves):

JxZCi(d (a +bIn(cx?))) dx

Problem 29: Unable to integrate problem.
JxCi(d(a +bIn(cx"))) dx

Optimal (type 4, 131 leaves, 7 steps):

szi( (2—1bdn) l()c;—i—bln(w/’)) J szi( (2+1bdn) gz;—i—bln(cﬂ)) )

2 Ci(d(a+bn(ex’)))

2 2a

4ebn (ex)

2a
4ebn (cx)

ENIN)
BN

Result (type 8, 17 leaves):
J.xCi(d(a +bIn(cx?))) dx

Problem 30: Unable to integrate problem.
JCi(d(a+bln(cx")))dx

Optimal (type 4, 118 leaves, 7 steps):



in[ (1 —1bdn) (a+bIn(cx")) ) in[ (1+1bdn) (a+bn(cx)) )

xCi(d (a+bIn(cx"))) — bn _ bn

a

a

2ePm (cx)

2ePm (cx)

IS | =
IS | =

Result (type 8, 15 leaves):
JCi(d(a+bln(cx")))dx

Problem 39: Result more than twice size of optimal antiderivative.
JxCi(dx +c)sin(bx +a) dx

Optimal (type 4, 351 leaves, 24 steps):

cCi(—c(b_d) —i—(b—d)x)cos(a—%) cCi(M—i—(b—i—d)x)cos(a—%) xCi(dx +¢) cos(bx +a)

d d
2bd 2bd b
cos(a—%)Si(@ﬂb—d)x) cos(a—%)Si(@—i—(b—i—d)x) Ci(@—i—(b—d)x)sin(a—%)
B 22 - 22 - 22
ci <+ d) o pyayx)sinfa—LE esi =4 L (p_ gy sinfa—2E esi CED) gy ) sinf o — 2C
al= s s Junle =) s[5 Jsin( - 5
2 b2 2bd 2bd
4 Ci(dx +c) sin(bx +a) i sin(a —c+ (b—d) x) sin(a +c+ (b+d) x)
B2 2b(b—d) 2b(b+4d)

Result (type 4, 1207 leaves):

| l[(:i(dx_|_c)[d(sin(b(d);+c) +ad;bcj_(b(d);+c) +ad;chCOS(b(d);+c) +ad;bc))

d b
b (dx+c) ad—bc . (b—d) (dx+c) ad—bc
. dmm( 7 + 7 Ja]] __l -_dmn( y + 7 ) B 1 [(ad
b b 2(b—d) 2(b—d)

d + d + d d

d

_bc)d[Si( (b—d) (dx+c) ad—bc —ad—i—bc)sin( —ad—i—bc)



N Cl[ d d d d
d

(b—d) (dx+¢) n ad—bc n —ad—l—bc)cos( —ad—l—bc) ]]

Si( (b—d) (dx+c) 4 ad—bc 4 -ad—i—bc)sin( -ad+bc)
" 1 0 d d d d d
2(b—d) d
Ci[ (b—d) (dx+c) n ad—bc i _ad+bc)cos[ -ad+bc)
4 d d d d
d
Si( (b—d) (dx+c) I ad—bc i —ad+chSin[ —ad+bc)
. 1 Lo d d d d
2(b—d) d
Ci( (b—d) (dx+c) n ad—bc I —ad—l—bc)cos( —ad—l—bc) dsin( (b+d) (dx+c) ad—bc)
" d d d . d d _ 1
d 2(b+d) 2(b+d

d d d d
d

Si( (b+d) (dx+c) i ad—bc i —ad—i—bc)sin( —ad—i—bc)
—bc)d

+Cl[ d T YT d
d

(b+d) (dx+c) ad—bc —ad—l—bc)cos( —ad—l—bc) ]]

d * d * d d

d

1
T 0+

[ 2[ Si( (b+d) (dx+c) ad—bc -ad—i—bc)sin( -ad+bc)
ad

d d d d

+
d

Ci[ (b+d) (dx+c) n ad—bc i _ad+bc)cos[ -ad+bc) ]]

d * d * d d

d

1

+ 2(b+d

| [dz [Si( (b+d) (dx+c) ad—bc —ad+chSin[ —ad+bc)

) [(ad



N Cl[ d d d d
d

(b+wﬂ(dx+c)4_ad—bc_%—ad+bc)cw(—ad+bc)]]

Si((b—-d)(dx+c)_}_ad—bc_+_-ad+bc)cos(-ad+bc)
+_J; 2 d d d d
2b d
([ (b—=d) (dx+c) ad—bc -ad+bc) .(—ad+bc)
~ Cl( p + p + p sin —a ]
d
( (b+d) (dx+c) ad—bc —ad+bc) (—ad+bc)
+_[d2 Sl( y + p + 7 cos Y
2b d
( (b+d) (dx+c) ad—bc ~-ad+bc\ . ( -ad+bc
_Cl[ p + y + y )sm(—d ]J]]]
d

Test results for the 40 problems in "8.5 Hyperbolic integral functions.txt"

Problem 1: Result unnecessarily involves higher level functions.
Jmehi(bx) dx

Optimal (type 4, 72 leaves, 5 steps):

__ X' 4m -bx) T 4mbx) x' T Shi(bx)
2b (1 +m) (-bx)" 2b(1+m) (bx)" 1 +m
Result (type 5, 36 leaves):

1 m 3 3 m b? P
b2 tmhy —, 14+ = -, =, 2+ = |, —
ypergeonl([ X + 5 ],[ 2 + ) ], 4 )

Problem 10: Unable to integrate problem.

JShi(bx—i—a) "

2

Optimal (type 4, 46 leaves, 7 steps):

bcosh(a) Shi(bx)  bShi(bx+a)  Shi(bx+a) n b Chi(bx) sinh(a)

a a X a

Result (type 8, 12 leaves):



dx

JShi(bx—l—a)
x2

Problem 13: Unable to integrate problem.

JShi(bx) sinh(bx)

S
Optimal (type 4, 84 leaves, 14 steps):

. 2 . 2 . . . . 2 .
bgcm(be)__bcoﬂubx)Shubx) 4 b=Shi(bx)“  bcosh(bx)sinh(bx)  Shi(bx)sinh(bx)  sinh(bx)=  bsinh(2bx)

2x 4 2x 22 42 4x
Result (type 8, 14 leaves):

dx

JShi(bx) sinh(bx)
s

Problem 16: Unable to integrate problem.

dx

Jcosh(bx) Shi(bx)
x2

Optimal (type 4, 40 leaves, 7 steps):

bShi(bx)2 sinh(2 b x)

bChi(2bx) — cosh(bx) Shi(bx) n _
X 2 2x
Result (type 8, 14 leaves):
Jcosh(bx)zZShi(bx) "

Problem 20: Unable to integrate problem.
JShi(dx +¢) sinh(bx +a) dx

Optimal (type 4, 145 leaves, 9 steps):

R L e e 0 P ot 3 L e e LR 2

) _
2b b 2b
C

Chi(@ n (b_d)x) sinh(a— %) Chi(% + (b +d)xj sinh(a— E)

+

2b 2b
Result (type 8, 15 leaves):

JShi(dx +¢) sinh(bx +a) dr



Problem 22: Unable to integrate problem.
chosh(bx +a) Shi(dx +c¢) dx

%) cosh(a—%JShi(@ +(b—d)XJ

Optimal (type 4, 351 leaves, 24 steps):
cChi(%ﬂb—d)x)cosh(a—ﬁj cChi(@+(b+d)x)cosh(a—
- + —_
2bd 2bd 2 b2
be . c(b+d) (c(b—d) ) ( bc)
h{a — — | Shi| ——— b+d Chi| ———= b—d h|a — —
_ cosh(bx+a) Shi(dx+c¢) | O (“ d) ‘( . Tt )x) ~ ‘( g T (b-d)xjsinh|a— 5
b? 25 25
Chi(M+(b+d)x)sinh[a—£) cShi(@+(b—d)x)sinh(a—%) cShi(@+(b+d)x)sinh[a—%)
+ +
22 2bd 2bd
4 xShi(dx +c) sinh(bx +a) i sinh(a —c+ (b—d)x)  sinh(a+c+ (b+d)x)
b 2b(b—d) 2b(b+4d)
Result (type 8, 16 leaves):
chosh(bx—i—a) Shi(dx +c¢) dx
Problem 26: Unable to integrate problem.
Chi(bx +a)
—_— dx
Jeres
Optimal (type 4, 46 leaves, 7 steps):
_bChi(bx+a)  Chi(bx+a) i b Chi(bx) cosh(a) 4 b Shi(bx) sinh(a)
a X a a
Result (type 8, 12 leaves):
Chi(bx +a)
— dx
Jees
Problem 27: Unable to integrate problem.
Chi(bx +a)
— dx
Jees
Optimal (type 4, 97 leaves, 11 steps):
b>Chi(bx+a) _ Chi(bx+a) _ b>Chi(bx)cosh(a) _ beosh(bx+a) _ bcosh(a) Shi(bx) . b>Chi(bx)sinh(a) _ b>Shi(bx) sinh(a)
2d% 22 2d% 2ax 2a 2a 24°

Result (type 8,

12 leaves):
Chi(bx +a)
—_— dx
J X



Problem 28: Unable to integrate problem.

sz Chi(d (a +bIn(cx"))) dx

Optimal (type 4, 128 leaves, 7 steps):

A (-bdn+3) (a+bln(cx")) J ( (bdn+3) (a+bln(cx?)) J
2 Chi(d (a+bin(cx))) )‘SEI( bn _ *Ei bn
3 3a 3 3a 3
6’ (cx')” 6e?m (cx")”
Result (type 8, 19 leaves):
sz Chi(d (a +bIn(ex"))) dx
Problem 29: Unable to integrate problem.
jxcm(d (a +bin(cx"))) de
Optimal (type 4, 128 leaves, 7 steps):
A (-bdn+2) (a+bln(cx")) J ( (bdn+2) (a+bln(cx")) j
2Chi(d (a +bIn(cx))) szl( bn B *Ei bn
2 2a 2 2a 2
g4ebn (ex)" d4ebn (ex)"

Result (type 8, 17 leaves):

JxChi(d(a +bIn(cx’))) dx

Problem 30: Unable to integrate problem.

JChi(d(a +bIn(cx"))) dx

Optimal (type 4, 115 leaves, 7 steps):

in( (-bdn+1) (a+bIn(cx")) j
bn

in( (bdn+1)

(a +bIn(cx?)) )
bn

xChi(d (a +bIn(cx"))) — _

a 1
bn n

2e2m (ex?)

Result (type 8, 15 leaves):

JChi(d(a 4 hin(cx"))) dx

Problem 39: Unable to integrate problem.

JxChi(dx +c¢) sinh(bx +a) dx

a

S| =

22" (ex)



Optimal (type 4, 351 leaves, 24 steps):

. b—d) bc [ c(b+d) bc)
h clb=d) + (b — h|a— — hi| ———— + (b + h{a— —
cC 1( d (b d)x) cos [a d ] cC 1( d (b d)x) €os (a d xChi(dx +c) cosh(bx +a)

2bd 2bhd b
cosh(a—ﬁ)sm(uﬂb—d)x) cosh(a—ﬁJsm(M+(b+d)x) Chi(Mﬂb—d)x)sinh(a—ﬁJ
d d d d d d
+ + +
2b2 2b2 2b2
Chi(M+(b+d)stmh(a—ﬁ) cShi(Mﬂb—d)stinh(a—ﬁ) cShi(M+(b+d)stinh(a—ﬁ)
N d d ) . d d ) . d d
2 b2 2bd 2bd
_ Chi(dx+c)sinh(bx+a) _ sinh(a—c+ (b—d)x) _ sinh(a+c+ (b+d)x)
B2 2b(b—d) 2b(b+d)

Result (type 8, 16 leaves):
JxChi(dx +c¢) sinh(bx +a) dx

Test results for the 63 problems in "8.6 Gamma functions.txt"

Problem 1: Result more than twice size of optimal antiderivative.
[0 B, (ax) ax
Optimal (type 4, 21 leaves, 1 step):
VBl (ax) (101, ax)

101 101 410!

Result (type 4, 1321 leaves):

1
4101 (
-1/

101 (

933262154439441526816992388562667004907159682643816214685929638952175999932299156089414639761565182862536979208272237582511852109168\

64000000000000000000000000 e ¢ *)

_1/



101 (
150417367799215597054291509769577641937162306114776993008430981080550850952184245627205614387649525152389280458342400000000000000000\

000 ¢4 24 e %)
1 /

101 (
830303870251670095739689133928068583493135929753569001406539015564640697256057035862174991419825378841188828130050048000000000000000\

00000 %2 x22 e7%)

—1]

101 (
383600388056271584231736379874767685573828799546148878649821025190864002132298350568324846035959325024629238596083122176000000000000\

00000000 ¢20 x20 ¢72%)

_1/

101 (
145768147461383202008059824352411720518054943827536573886931989572528320810273373215963441493664543509359110666511586426880000000000\

00000000000 a'® x18 e72¥)

~1]

101 (



446050531231832598144663062518379864785248128112261916094011888091936661679436522040848130970613503138638878639525454466252800000000\

0000000000000 ¢ x1® =4 )

B 1544745660480658589417716947971599850793795457612196415341375333993504621840071171686531072000000000000000 ¢*3 x*3 ™~
101

_ 2789810662828069412488396808036709330533594596447626726106523853192269347043168536065875116032000000000000000 a*! x*! ¢~
101

_ 4575289487038033836480970765180203302075095138174107830814699119235321729150796399148035190292480000000000000000 &> x> ™~
101

B 6780579019790366145664798673997061293675290994774027805267384094706746802601480263537388152013455360000000000000000 &7 37 ¢~ *
101

_ 9031731254360767706025511833764085643175487605039005036616155614149386741065171711031801018481922539520000000000000000 ¢>° x>° ¢ **
101

_ 100427 97020007779 9034502400 a3 e * 9900”8 @r 94109400 a*6 170 e 9 ¥
101 101 101 101 101

_1/
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107052127495639823554719135004411167548459550746942859862562853142064798803064765289803551432947240753273330873486109071900672000000\

0000000000000000 ¢4 x4 =)

~1]

101 (
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000000000000000000 a'? x!2 ¢~ )
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00000000000000000000 0 x!10 ¢~ ¥)
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Result more than twice size of optimal antiderivative.
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e

Optimal (type 4, 21 leaves, 1 step):
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Problem 7: Maple result simpler than optimal antiderivative, IF it can be verified!
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Problem 12: Result more than twice size of optimal antiderivative.

a

Ei
h[x i (ax) "

Optimal (type 4, 29 leaves, 1 step):

sziz(ax) _ e—ax(ax+1)
3a 3a°

Result (type 4, 75 leaves):



(—% +v+In(x) +ln(a))x3a3

3 Q2 -ax
+4ax”’ L1 (-8a*x* +8ax+8)e

ax ( -y —In(ax) —Eil(ax))

3 9 3 24 i

3

@

Problem 13: Result more than twice size of optimal antiderivative.
Ei, (ax)
—iL———-dx
ax’
Optimal (type 4, 26 leaves, 1 step):
Ei; (ax) Ei, (ax)
ax? ax?

Result (type 4, 105 leaves):

o yEmw Am@ vy 5 W) In(e) | <1522 +6  (6ax+6)er  (6ax+12) (-y—In(ax) —Ei(ax))
24% 2 xa 2 4 2 2 12 a* 3 12 a* 2 12ax
Problem 14: Result more than twice size of optimal antiderivative.
Ei, (ax)
i AN
ax
Optimal (type 4, 27 leaves, 1 step):
Eij(ax) B Ei, (ax)
3axt 3axt
Result (type 4, 164 leaves):
2
- = +y+In(x) +1
a1 3T n(x) +Infa) P B 29y _In(x) _In(a) , -145a*x* +360a’ — 1080 4>+ — 960 ax + 1080
4 q*x* 3Cd 42 12ax 864 T2 72 72 4320 a* x*

(20833 — 20422 +40ax +360) e 0¥ (204’2’ +480) (-y—In(ax) — Ej (ax))
1440 a* x* 1440 & ¥°

Problem 15: Result more than twice size of optimal antiderivative.
Ei, (ax)
132dx
xa
Optimal (type 4, 21 leaves, 1 step):
Ei; (ax) Ei (ax)

24% 24%




Result (type 4, 81 leaves):

v, n(a) _ (-2+y+in(x) +In(a)) P @2, (Dax+9)e?* | (-94%x* +18) (-y—In(ax) —Ej (ax))
) 2 4 2 36 36

a2

Problem 17: Result more than twice size of optimal antiderivative.
Ei, (ax)
‘32 d
a?x
Optimal (type 4, 27 leaves, 1 step):
Eis(ax) Ei; (ax)

24% X 24% X
Result (type 4, 164 leaves):
2oty U -ldy+4in@) +in(@) 1 31y _ In(x) _ In(a) +—155a4x4+480a3x3+720a2x2—960ax+360
gatx* 347X 4% a? 6ax 576 48 48 48 2880 a* x*
(154°2 — 15422 —150ax +90) ™ (-15a°x* +180) ( -y~ In(ax) — Ei (ax))
720 a* x* 720 a® X
Problem 19: Result more than twice size of optimal antiderivative.
Ei,(ax)
J 43 7 dx
a’x
Optimal (type 4, 27 leaves, 1 step):
Ei, (ax) Ei,(ax)
34320 34320
Result (type 4, 212 leaves):
3
-— +y+1 +1
% I R R D T n(x) n(")+ L1, 167y In(x) _ Ina)
18 a0 x° 102 4° 8 at it 1823 4° 48 a2 2 240 ax 129600 2160 2160 2160

-1169x%a® + 3780 & — 18900 a* x* — 75600 a3 x® + 113400 a* x* — 90720 a x + 50400

_|_
907200 a® x°

3 .
(28:5a° — 284 +564° 2 +3192%2 — 2688 ax +3360) e % (284°x° +3360) -y —In(ax) — Eij(ax))
60480 af x° 60480 a3 x°

Problem 20: Unable to integrate problem.



X

(==

Optimal (type 5, 25 leaves, 1 step):

In(x) \/; — 4HypergeometricPFQ( [ ) % } [ %,

[{Eeliom)

X

N | W

)J_

l\.)|»—

Result (type 8, 15 leaves):

Problem 24: Result unnecessarily involves higher level functions.
(dx)mEE(bx)
—— dx
bx
Optimal (type 4, 55 leaves, 1 step):
(dx)' ""Eiy(bx)  (4x)"T(m, bx)

bxd (1 +m) b(1+4+m) (bx)™

Result (type 5, 96 leaves):

b7l (dx)"x [
m 1 +m 2(2+m)

Problem 25: Result unnecessarily involves higher level functions and more than twice size of optimal
antiderivative.

dx)™Ei, (b
J'(X) i ( X)dx

b2
Optimal (type 4, 57 leaves, 1 step):
(dx)' T"Eiy(bx)  (dx)"T(-1 4+ m, bx)
PR2d(1+m)  b(l+m) (bx)"

Result (type 5, 115 leaves):

3
e (l{lu +m) +y =2 —W(2+m) +In(x) +1n(b))x1+mb1+m

2(-14+m) m 2(1+m)

b—l —-m (dx)mx-m

N T2 T hypergeom([1, 1,2 +m], [2,4,3 +m], -bx) J
6(2+m)

X" N (P(14+m) +y—1 =2 +m) +In(x) +In(b) ) x Tmpttm — 2HFmp2+tmpyperogeom([1,1,2 +m], [2,3,3 +m], -bx)

|



Problem 26: Unable to integrate problem.

I'(n,ax) dr
x2
Optimal (type 4, 20 leaves, 1 step):
aF(—l-%n,ax)—-IlﬂLgﬁl
x

Result (type 9, 147 leaves):

n ax

) Mgt (ax —n+1) (ax) 2e ? WhittakerM( ,%-I—%,aXJ

SRS

nese(mn)  mese(nmn)
I'(l—n)xa T(2-n) n(-1+n)(1+n)

ax

n
x 22T (ax +1) (ax) 2

e 2 WhittakerM( +1, % + %,ax)

(SRS

n(-1+n)

Problem 27: Result unnecessarily involves higher level functions and more than twice size of optimal

antiderivative.
J‘F(n,ax) &
S
Optimal (type 4, 23 leaves, 1 step):
azr(—2-kn,ax) _ I'(n,ax)
2 27

Result (type 5, 78 leaves):

2 [_ nese(mn) n nese(mn) _ x 2 g2 hypergeom( [n, -2 +n], [1 +n, -1 +n], -ax) j
2T (1 —n)x*a*> 2T(3 —n) n(-2+n)

Problem 28: Result unnecessarily involves higher level functions and more than twice size of optimal

antiderivative.
I'(n,2x)
—— dx
J X

Optimal (type 4, 20 leaves, 1 step):

AT (-2 4n,2x) — LUL2X)
27

Result (type 5, 68 leaves):

B nese(mn) " 2mese(mn) _ x 22" hypergeom( [n, -2 +n], [1 +n, -1 +n], -2x)
2T(1 —n) 2 '(3—n) n(-2+n)




Problem 29: Result unnecessarily involves higher level functions and more than twice size of optimal

antiderivative.
JF(n,Zx) i@

x4

Optimal (type 4, 20 leaves, 1 step):
8T (-3 +n,2x) I'(n,2x)

3 30

Result (type 5, 68 leaves):
B nese(mn) _ 8mese(mn) _ x3 T2 hypergeom( [n, -3 +n], [1 +n, -2 +n], -2x)
3T(1—n)x  3T(4—n) n(-3+n)

Problem 30: Result more than twice size of optimal antiderivative.
J(dx+c)3Eil(bx+a) dx

Optimal (type 4, 259 leaves, 8 steps):

_a+b_c _bldx+o) b(d 4 )
2 d d X C
(-ad+be)debs—a  (-ad+bc)*Eij(bx+a)  (dx+c)*Ei(bx+a) d(-ad+bc)”e e (HT)
- i + —
4 p* 4b*d 4d A5
_a+b_c _bldx+o) ) 5
#(-ad+bc)e e M [1+b(dx+c) 4 boldxte) )
d 242
25%
bc b(dx+c)
at— 2 2 3 3
b (dx+c) b* (dx +c) b’ (dx+c)
3d%e d ¢ d 1+ +
_ d 242 6d>

2
Result (type 4, 765 leaves):
1 (d3Eil(bx+a) (bx+a)*  &Ei(bx+a) (bx+a)’a d*Ei(bx+a) (bx+a)’c 3dEi(bx+a) (bx+a)?d
- + +

b 4 b b 2
3dEi (bx+a) (bx+a)?ac  3dEi(bx+a) (bx+a)’c dEi(bx+a) (bx+a)a® 3d°Ei(bx+a) (bx+a)ad’c
- + - +
b2 2b b3 bZ
3dEi (bx+a) (bx+a)ac A Ei (bx+a)a®  d*Fi(bx+a)a’c 3dEi(bx+a)dc
- +Ei (bx+a) (bx+a)c + - + —Ei (bx+a)ac
b 4 b? 2b
bEi (bx +a) ¢
+ —1 77 + 4;30[ (& (~(bx+a)Pe? 74 =3 (bx+a)?e? "4 —6(bx+a)e? " —6e""") —a*d*Eij(bx +a) — b Ei (bx

+a)+4e? B d r6a’d (-(bx+a)e P —eP¥ ) L audt ((bx+a)?e ™42 (bx4a)e? "9 42eP¥70) —get a3y



+ 602 (-(bx+a)e? ™4 —e P74 —abed ((bx+a)?e™?* 442 (bx+a)e P 42eb¥7) L 122 94> PP — 1274 bed?
+4ab’ @ dEi(bx+a) —6a>b* P d*Eij(bx +a) +4a’bed Bi(bx+a) —12abed (-(bx+a) e’ 9 —ePr7%)))

Problem 37: Result more than twice size of optimal antiderivative.
et 4 (bx+a+1)
(dx+c)?

dx

Optimal (type 4, 79 leaves, 5 steps):

bc
_a+_
. ( b(dx+c)
b(-ad+b d g | ==L
pebr-a Plradrbo)e 11( d ) e bxta+t)
a? P d(dx+c)
Result (type 4, 209 leaves):
hr—u 7ad—bc b
b - - —e ¢ Eil(bx+a—u)
—bx—a—l—ﬁi:—b£ d
1 d
b 42
br—u _ad—bc d—b
(ad—be) b2 - ¢ e ¢ Eil(bxﬂ,_%) ad—be s
—bx—a—%g—if—g bre d Eh(bx+a——£—7?—£)
+ +
&P &

Problem 38: Result more than twice size of optimal antiderivative.

Jebx“(bx+a+l) i@
(dx+c)*
Optimal (type 4, 110 leaves, 5 steps):
a+bc b(d ) a+bc b(d )
T L +c T L x+c
b(-ad+b d g 22exrTe) b d g (————————)
blradbe)e ‘3( d J+ © 2 d e A (bxtat)
3(dx+c)*d 3(dx+c)d 3d (dx+c¢)3
Result (type 4, 411 leaves):
_ad-bc d—b
d . aa —bc
e e bx—a B e bx—a B e bx—a _e El](bx+a_T)
—_ 3 — 2 ad—bc 6
3(_bx_a+%) 6(-bx-a+%j 6(_bx_a+7)




-bx—a -bx—a -bx—a
+L5 b* (ad—be) | - © c - ° = - ° —
d 3 (e gy ad=be 6 pr_qy ad=be 6[_bx_a+u)
d d d
_ad-bc
e d Eil(bx+a—%)
B 6
_ad—bc d—b
d . aa —0bcC
» ebxa obx—a e Ell(bx+a—T]
ad—bc 2 ad_bCJ 2
-bx — == - 2| -bx— -
2( bx—a+ p ) ( xX—a-+ d
a

Problem 40: Result more than twice size of optimal antiderivative.

2

2
2e7bx=a (1 +hxtq+ LT )
dr
(dx-i—c)2

Optimal (type 4, 118 leaves, 6 steps):

2
2e7bxma (1 +hxtat LEFAT )

tat—r [ bldxto)
b(-ad+bc)ebxa ! 2

) N d j +be'bx_“(bx+a+l)
A a P d(dx+c)
Result (type 4, 376 leaves):

bx—a _ad—-bc
(PP —2abed +3b*) 2| - < —e ¢ Eil(bx+a—
hy—qy @d—bc
_l bze—bx—a+ d
b d* d*

ad—-bc)
d




-bx—a _
_ad=be P 207 - ¢ ¢ Eg(bx+a—-“ddbc
2(ad—be)b*e ¢ Eifbx+a— " < -bx—a+ 2 <
d d
+ +
& &
bx—u _ad-bc
2(ad—be)b?| - € e d m4bx+a——ﬁi§ﬁ£) _ad—bec i
~bx —a+ 24 2€ 2b%e d Ej bx+a— 2 ¢
d d
+ +
& &
Problem 41: Unable to integrate problem.
Ei,(bx +a)
(bx+a) (dx+c)?
Optimal (type 4, 111 leaves, 6 steps):
. . . pe @ g (bldxte)
bEL (bx +a) Ei,(bx +a) bEiL (bx +a) 1 d
- — +
(bx+a)d(-ad+bc) (bx+a)d(dx+c) (-ad +bc)? (-ad +bc)?
Result (type 8, 24 leaves):
Ei,(bx +a)
(bx+a) (dx+c)?
Problem 42: Unable to integrate problem.
(dx+c¢) Eh(bx +a)
(bx+a)?
Optimal (type 4, 99 leaves, 6 steps):
(—ad-%bc)zE%(bx-Fa) (dx-%c)zEg(bx—Fa) (-ad+bc)Ei(bx+a) dEi (bx +a)
- + — —
2 (bx+a)*b*d 2 (bx+a)%d (bx+a)b? 25

Result (type 8, 22 leaves):

(dx +c¢) Ey(bx +a)
(bx+a)?

Problem 43: Unable to integrate problem.
Ei, (bx +a)
———————?—dx
(bx+a)



Optimal (type 4, 38 leaves, 1 step):
Ei,(bx +a) Ei,(bx +a)
(bx+a)b  (bx+a)b

Result (type 8, 17 leaves):

Ei
J L(bx+a) i@
(bx+a)?

Problem 44: Unable to integrate problem.

Ei,(bx +a)
2 4 dx
(bx+a)“ (dx+c)
Optimal (type 4, 240 leaves, 9 steps):
ettt b (dx+c) -t 2t b (dx+c)
d . X TC 2 d . X TC
b Eiy(bx +a) Eiy(bx +a) be dE%(—d ) b Eiy(bx +a) b7e dE‘z(—d )
3(bx+a)’d(-ad+bc)® 3 (bx+a)’d(dx+c)? 3(dx+c)? (~ad+be)? (bx+a) (~ad+bc)* (dx+c¢) (~ad +bc)?
bc
_a+_
3 d = ( b(dx+c)
2b°dEi (bx+a) 2b7de Ell[—d
+ —_
(-ad+bc)? (-ad+bc)?
Result (type 8, 24 leaves):
Ei, (bx +a)
(bx-%a)z(dx-+c)4

Problem 45: Unable to integrate problem.

(dx +c) Ey(bx +a)
J (bx+a)?
Optimal (type 4, 106 leaves, 6 steps):
(—ad-%bc)zEu(bx-Fa) (dx-%c)zEu(bx-Fa) (-ad+bc)Ei(bx +a) dEi,(bx +a)
Y brta)rd  2(bxtard (bx+a)2p? 2 (bx+ta)b?
Result (type 8, 22 leaves):

(dx+c) Eyy(bx +a)
(bx+a)?

Problem 46: Unable to integrate problem.



J'Ei4(bx+a)
B
(bx+a)?

Optimal (type 4, 38 leaves, 1 step):
Ei,(bx +a) Ei,(bx +a)

(bx+a)%b (bx+a)%b

Result (type 8, 17 leaves):
Ei,(bx +a)
———————j;-dx
(bx+a)

Problem 49: Unable to integrate problem.
J(dx+wﬂ4rhubx+a)dx

Optimal (type 4, 163 leaves, 9 steps):
_(-ad+bc)5r(n,bx+a)+(dx+c)5r(n,bx+a) (-ad+bc)*T(1+nbx+a) 2d(-ad+bc)’T(2+nbx+a)

5p5d 5d B b5 B b3
_ 2d*(~ad+be)’T(34+nbx+a) d(-ad+bc)T(4+nbx+a) d'T(5+nbx+a)
» b 5p
Result (type 8, 17 leaves):

J(dx+c)4r(n,bx+a) dx

Problem 50: Unable to integrate problem.
J(dx—l—c)zr(n,bx-i-a) dx

Optimal (type 4, 109 leaves, 7 steps):

30%d 3d - b - b
Result (type 8, 17 leaves):

_(-ad+bc)’T(n,bx+a) + (dx+c)’T(nbx+a)  (-ad+bc)’T(1 +nbx+a) d(-ad+bc)T(2+nbx+a) dTB3+nbx+a)

J(dx—l—c)zr(n,bx-i-a) dx

Problem 51: Unable to integrate problem.
[xr(p.d (a+bm(ex))) ax

Optimal (type 4, 120 leaves, 4 steps):

33



xzr[p, ) (—bdn—l—2)l£c:l+bln(cx”)) ) (d (a+bIn(ex")))

2T(p,d(a+bin(cx?)))
2 2a 2

2ePm (c)

(_ (—bdn+2)[§c’11+bln(cx”)) ]”

Result (type 8, 18 leaves):
[¢T(p.d (a+ b)) ax

Problem 52: Unable to integrate problem.

I'(p,d(a+bn(cx")))
| E "

Optimal (type 4, 108 leaves, 4 steps):

. 1
M (a s pinler))) | S ()" T(p A0 | (0 pin(er)) Y
_ g ’ x( (bdn+1) (a+bln(cx")) ]”
bn

Result (type 8, 20 leaves):

T'(p,d(a+bn(cx?)))
| E "

Problem 53: Unable to integrate problem.
J(dx—i—c) InGAMMA (bx +a) dx

Optimal (type 4, 30 leaves, 2 steps):

d¥Y(—=3,bx+a) (dx+c)¥Y(—2,bx+a)
- +
b2 b
Result (type 8, 14 leaves):
J(dx—i—c) InGAMMA (bx +a) dx

Problem 61: Unable to integrate problem.

dx

Y(l,bx+a) bY¥(2,bx+a)
2 x
Optimal (type 4, 12 leaves, 2 steps):

Y(l,bx+a)



Result (type 8, 27 leaves):

Y(l,bx +a) b¥(2,bx+a) dr
2 X

Problem 62: Unable to integrate problem.
Y(n,bx+a) bY(l +nbx+a) e
2 x

Optimal (type 4, 12 leaves, 2 steps):
WY(n,bx+a)

Result (type 8, 29 leaves):

VY(n,bx+a) bY(l +nbx+a) e
2 X

Test results for the 4 problems in "8.7 Zeta function.txt"

Problem 1: Unable to integrate problem.
sz‘{‘(l,bx—i-a)dx

Optimal (type 4, 38 leaves, 4 steps):

_2thAMMA(bx+a)+_2T(—be+a)4_fq%bx+a)
b b b
Result (type 8, 13 leaves):
sz‘{‘(l,bx—i-a) dx

Problem 3: Unable to integrate problem.

Y(l,bx+a) b¥(2,bx+a)

- dx
@ x

Optimal (type 4, 12 leaves, 3 steps):

Y(l,bx +a)
X

Result (type 8, 27 leaves):

Y(l,bx+a) bY¥(2,bx+a) e
@ X



Problem 4: Unable to integrate problem.
JQQ&bx+a)&
Optimal (type 4, 21 leaves, 1 step):

(0, -1 +s,bx+a)
b(1—ys)

Result (type 8, 10 leaves):
JQQ&bx+a)M

Test results for the 51 problems in "8.8 Polylogarithm function.txt"

Problem 13: Result more than twice size of optimal antiderivative.
Jx“ polylog(3, a X ) dx
Optimal (type 4, 69 leaves, 6 steps):

8x i 8x° +E _ 8arctanh(x\/;) _ 4x51n(—ax2+1) _ 2x5p01y10g(2,ax2) n xspolylog(3,ax2)
12542  375a 625 12545 /2 125 25 5

Result (type 4, 143 leaves):

1 20 (-a)7 2 (168 +280ax® +840)  8x(-a)7 2 (1 =V ) —m(1+/a?)) 82 (-a)7 Pin(-a® +1)
2a\-a 131254’ 125a3Ja 1254
_ 4x5(—a)7/2polylog(2,ax2) 4 2x5(—a)7/2p01y10g(3,ax2)
25a S5a

Problem 14: Result more than twice size of optimal antiderivative.
Jpobdog(3,ax2) dx

Optimal (type 4, 46 leaves, 5 steps):

8x —4xIn(-ax2 +1) — 2xpolylog(2, ax*) + xpolylog(3, a:2) — Sar“anjixﬁ)
a

Result (type 4, 118 leaves):
1 16x (-a) /2 N 8x(-a) 2 ({1 - Va2 ) —ml1 +Va2))  8x(-a)® Pln(-a? +1) _ 4x(-a)3 Zpolylog(2, ax?)

_ZJT;- ¢ a ax? B a a

2x (-a)3 "2 polylog(3, ax?)
a

_|_



Problem 29: Unable to integrate problem.

J(pdybg(—ggax)-+pdybg(—%gax))dx

1
xpolylog( "5 ax]

J(pdybg(—ggax)-+pdybg(—%gax))dx

Problem 39: Unable to integrate problem.

Optimal (type 4, 7 leaves, 2 steps):

Result (type 8, 13 leaves):

szpolylog(3,c (bx+a)) dx

Optimal (type 4, 313 leaves, 33 steps):
11a*x _ 5a(—ca+1)x+ (—ca—i—l)zx _ 5ax° (—ca—i—l)x2 i_ 5a(—ca+1)2ln(—bcx—ca+1) i (—ca+1)3ln(—bcx—ca+1)

18 b? 36 ¢ b? 272 72b 54bc 81 36b° & 27633
4 Saxzhﬂ—bcx-—ca-+l) _ fﬁn(—bcx-—ca-+l) +_11a2(—bcx-—ca--l—l)]n(—bcx——ca—l—l) _ 11a3pdykg(2,c(bx-ka))
36b 27 1863 ¢ 1853
_ d*xpolylog(2, ¢ (bx+a)) 4 ax*polylog(2,c (bx+a)) _ xpolylog(2,c(bx+a)) L 2a° polylog(3, ¢ (bx+a))
3p° 6b 9 353
_ (-0*X +d°) polylog(3, ¢ (bx +a))
353

Result (type 8, 15 leaves):
szpolylog(3,c (bx+a)) dx

Problem 40: Unable to integrate problem.
Jpolylog(3, c(bx+a)) dx

Optimal (type 4, 84 leaves, 9 steps):

(-bex—ca~+1)In(-bcx—ca+1) apolylog(2,c (bx+a))
be B b

Result (type 8, 11 leaves):

4 apolylog(3,c (bx+a))

+
o b

—xpolylog(2,c (bx +a)) + xpolylog(3,c (bx +a))
Jpolylog(3, c(bx+a)) dx

Problem 42: Unable to integrate problem.



Japobdog(Z,x)
(-1+x)x

Optimal (type 4, 51 leaves, 8 steps):
IMI—xﬂmU)+2mU—m)megll—x)+mU—m)meng)—2meg&1—xy—meglx)
Result (type 8, 14 leaves):

Japobdog(Z,x)
(-1+x)x

Problem 43: Unable to integrate problem.

J_ polylog(2, x)
(I —x)x
Optimal (type 4, 51 leaves, 8 steps):
lm1—xﬂmW)+2mU—w)megll—x)+mU—1jmwmng)—2megll—xy—meg&x)
Result (type 8, 17 leaves):

_ polylog(2, x)
J (1—x)x dx

Problem 44: Unable to integrate problem.

ln[l—e( bx+a )"j
B dx +c

(bx+a) (dx+c)

Optimal (type 4, 33 leaves, 1 step):

bx+a\"
1yl 2 _—
POyOg( ’e(dx-l-cj )

(-ad+bc)n

bx+a\"
In|1 —e ﬁ
X C dx

(bx+a) (dx+c)

Result (type 8, 39 leaves):

Problem 46: Unable to integrate problem.
J)f’ polylog(n,d (F”ber”))p) dx
Optimal (type 4, 135 leaves, 5 steps):
2 polylog(1 +n d (F*x+0)) 3.2 polylog(2 +n,d (F?¥+9)”) N 6xpolylog(3 +n,d (FF¥+9)”) 6 polylog(4 +n, d (F<bx+)P)

bepIn(F) b p*In(F)? B A pPn(F)3 bt p*in(F)*



Result (type 8, 21 leaves):
‘ngdybg(n,d(Ffwx+aUp)(h

Problem 48: Unable to integrate problem.

J In(-cx +1) polylog(2.cx)
X

Optimal (type 4, 175 leaves, 23 steps):

_cln(-ex+1)  Aln(-ex+1)? L —cx+1)? N Aln(ex) In(-ex+1)% P polylog(2, cx) . cpolylog(2, ex)
X 4 42 2 2 2x

-Aln(x) +AIn(-cx+1)

. czpolylog(3, cx

n A In( -cx + 1) polylog(2, cx) In( -cx + 1) polylog(2, cx
2

- ) +2In(-cx+1) polylog(2, -cx +1)
2 2.2

Result (type 8, 18 leaves):

) _ czpolylog(S, -cx+1)

Jln(—cx-+ 1) polylog(2, cx) dr
S

Problem 49: Unable to integrate problem.
J (bx +a) In(-cx + 1) polylog(2, cx)

3 dr

Optimal (type 4, 129 leaves, 13 steps):

] ) 2 )
a(zext 1) In(zex+ 17 | ) jniex) In(-ex + 1) — 2acpolylog(2, cx) +acln(-cx + 1) polylog(2, cx) — 4An{=¢x+ 1) polylog(2, cx)
X X

_ bpolylog(2, cx)?
2
Result (type 8, 23 leaves):

+2acln(-cx+ 1) polylog(2, -cx +1) —acpolylog(3, cx) —2acpolylog(3, -cx+1)

J (bx +a) In(-cx +1) polylog(2,ex)

2

Problem 50: Unable to integrate problem.

dx

&

J (bx+a)In(-cx+ 1) polylog(2, cx)
Optimal (type 4, 410 leaves, 41 steps):
~Jacln(-ex+1)  beln(-ex+1)  2acIn(-cx+1)  c¢(2ca+3b)In(-cx+1) + A (2ca+3b)In(cx) In(-cx+1)2
36 2 2x 9x 6x 6
A (2ca+3b)In(-cx+ 1) polylog(2, cx) N ? (2ca+3b)In(-cx+ 1) polylog(2, -cx + 1) N 7ac b polylog(2, cx)
6 3 36x 2

_|_




_ 2acpolylog(2,¢x) A (2ca+3b)polylog(3,cx)  *(2ca+3b)polylog(3, -cx+1)  ?(2ca+3b)In(x)  bAIn(x)  5acIn(x)

9 6 3 6 2 12
bczln(—cx—l-l) 5ac31r1(—cx+1) cZ(ZCa—I-Sb)ln(—cx—i-l) bczlrl(—cx—l-l)2 acSln(—cx—i—l)2 aln(—cx—i—l)2
+ + + - - +
2 12 6 4 9 9x°
. (2—" +ﬁ)1n( “ex +1) polylog(2, ¢x)
L bin(-ex+1)% B 2 L acpolylog(2,¢x) | ¢(2¢ca+3b) polylog(2, cx)

457 6 6x° 6x

Result (type 8, 23 leaves):

dx

4

J (bx +a) In(-cx + 1) polylog(2, cx)
X

Problem 51: Unable to integrate problem.
J (cx® +bx+a)In(-dx + 1) polylog(2, dx)

dx
A

Optimal (type 4, 465 leaves, 43 steps):
d(6c+d(2ad+3b))In(-dx+ 1) polylog(2, dx) n d(6c+d(2ad+3b))In(-dx+ 1) polylog(2, -dx+1) n c(-dx+1) In( —a’x+1)2

6 3 X
_ Jadin(-dx+1) _ bdln(-dx+1) _ adpolylog(2.dx) , d(2ad+3b) polylog(2,dx) _ 2ad’In(-dx+1) d(2ad+3b)In(-dx+1)
36 2 2x 62 6x 9x 6x
_ 2 2 2 3
4 d(6c+d(2ad~+3b))In(dx) In(-dx+1) " Tad — 2 cdpolylog(2, dx) — bd-polylog(2,dx)  2ad polylog(2,dx)
6 36x 2 9
_ d(6c+d(2ad+3b))polylog(3,dx)  d(6c+d(2ad+3b))polylog(3, -dx+1)  bd*In(x) Sad’ln(x) d*(2ad+3b)In(x)
6 3 2 12 6
N bd?In(-dx+1) N 5ad’In(-dx+1) + d* (2ad+3b)In(-dx+1)  bd*In(-dx+1)> adIn(-dx+1)> N aln(-dx+1)?
2 12 6 4 9 93
2a 3b 6¢
— +—— + — |In(-dx + 1) polylog(2, dx)
L bIn(-dx+1)% (x* 2 X J
4 x* 6

Result (type 8, 28 leaves):

dx

J (cx2 +bx+a)lIn(-dx+ 1) polylog(2, dx)

&

Test results for the 107 problems in "8.9 Product logarithm function.txt"

Problem 5: Result more than twice size of optimal antiderivative.



1
5 /2 dx
(cLambertW (bx +a))
Optimal (type 4, 70 leaves, 3 steps):

loerﬁ[\/cLambertW(bx+a) Jr
) 2 (bx+a) B 10 (bx +a) N Je
3b (cLambertW (bhx +a))° 72 3be (cLambertW (bx +a) )3 /2 366 /2
Result (type 4, 159 leaves):
\/?erf( L J cLambertW (bx + a) )
1 bx+a c
— 2] - + +c
b JcLambertW (bx +a) LambertW (bx +a) T
c
_ bx+a
3 (cLambertW (bx +a) )3 /2 LambertW (b x + a)
\/;erf( 1 J cLambertW (bx + a) )
) - bx+a i c
J cLambertW (bx +a) LambertW (bx + a) o/ -L
c
+
3¢
Problem 6: Result more than twice size of optimal antiderivative.
1
J 7/2 dx
(cLambertW (bx +a))
Optimal (type 4, 93 leaves, 4 steps):
28 erfi J cLambertW (bx + a) \/;
) 2 (bx+a) B 14 (bx +a) B 28 (bx +a) + Je
5b (cLambertW (bx +a))? /2 15bc¢ (cLambertW (bx+a))> /2 15bc (cLambertW (bx +a) ) /2 15b ¢ /2

Result (type 4, 221 leaves):



1 bx+a
%" 3,
b 3 (cLambertW (bx 4+ a) ) /2 LambertW (b x + a)

\/;erf( L J cLambertW (bx +a) )
n c

2 - bx+a
J cLambertW (bx +a) LambertW (bx + a) o /-1
c
+ +
3¢ ¢
_ bx+a +_L 2 - bx+a
5 (cLambertW (bx +a) )5 /2LambeITW(bx+a) 5S¢ 3 (cLambertW (bx +a) )3 /2LambeITW(bx+a)
\/;erf( = \ cLambertW (bx + a) )
) - bx+a n c
J cLambertW (bx +a) LambertW (bx + a) o /-L
n c

3¢

Problem 10: Result more than twice size of optimal antiderivative.

1
7/2 dx
(-cLambertW (bx +a) )
Optimal (type 4, 97 leaves, 4 steps):

28 erf J -cLambertW (bx + a) \/?
) 2 (bx+a) N 14 (bx +a) 3 28 (bx +a) + Je
5b (-cLambertW(bx+a))? 72 15bec (-cLambertW (bx +a))> 2 156 (-cLambertW (bx +a) ) /2 156 /2

Result (type 4, 209 leaves):



1 bx+a
2| 3
b 3 (-cLambertW (bx +a))> /? LambertW (bx + a)
\/;erf \ -cLambertW (bx + a)
2 - bx+a _ Je
_ J -cLambertW (bx +a) LambertW (bx + a) Je .
3¢
bx+a

5 (-cLambertW (bx +a) )5 /2 LambertW (b x + a)

1 5 - bx+a
5c¢ 3 (-cLambertW (hx +a) )3 /2 LambertW (hx + a)
\/;erf( \ -cLambertW (bx + a)
2 - bx+a _ Je
J -cLambertW (bx +a) LambertW (bx + a) Je

3¢

Problem 38: Result more than twice size of optimal antiderivative.

/ cLambertW (a x)
pa

dx

Optimal (type 4, 60 leaves, 3 steps):

2a2erf{ V2 /cLambertW (a x) \/?\/7\/;

2 (cLambertW (ax) )3 /2 Je _ 24/ cLambertW (ax)

3cxt - 3 3%

Result (type 4, 121 leaves):



\/;\/Terf[ V2 /cLambertW (a x) )
_ +

2a20 ) e—2LambertW(ax) \/? e e—ZLambertW(ax)
J cLambertW (a x) Je 3 (cLambertW(ax))3/2
\/;\/Terf V2 /cLambertW (a x)
al - e72 LambertW(a x) 3 \/?
\/ ¢ LambertW (a x) Je
3¢

Problem 42: Unable to integrate problem.

o
LambertW (a x)
Optimal (type 4, 101 leaves, 3 steps):
X"T(m, - (1 +m) LambertW (ax)) (-(1 +m) LambertW (ax))' =" " X"T'(1 +m, -(1 +m) LambertW (ax) )
a e LambertWlax) (1 ) LambertW (a x) a entambertWax) (1 ) (- (1 4 m) LambertW (ax) )™
Result (type 8, 12 leaves):

o
LambertW (a x)

Problem 43: Unable to integrate problem.

X" . 1
LambertW (a x)
Optimal (type 4, 109 leaves, 3 steps):

X"T(m, - (1 +m) LambertW (ax) ) (- (1 +m) LambertW (ax))! " +_me(—l4—m,—(1+—m)LambmﬂN(ax))(—(1%—m)[anmen“Hax))2_m

qembambertWlax) (1 4 ) LambertW (ax) qmbambertWlax) (1 4 ) LambertW (ax)?

Result (type 8, 12 leaves):

X" ~ dx

LambertW (a x)
Problem 49: Unable to integrate problem.
J LambertW (a X )3
dx
x9

Optimal (type 4, 28 leaves, 2 steps):



_ 3a4Ei( —4LambeITW(ax2)) _ LambertW(axz)3
2 258

Result (type 8, 14 leaves):

dx

LambertW (a X ) 3
b

Problem 51: Unable to integrate problem.

ek

X LambertW (a X )

Optimal (type 4, 31 leaves, 4 steps):

R a Ei( —LambertW(axz)) _ 1

42 4 4% LambertW (a x?)

Result (type 8, 14 leaves):

1
Jx3 LambertW(axz) &

Problem 52: Unable to integrate problem.

x7
5 dx
LambertW (a X )

Optimal (type 4, 40 leaves, 3 steps):
8 8 8

B X " X " X
64 LambertW(axz)4 16 LarnbertW(axz)S 8 Lambel‘tW(axz)2

Result (type 8, 14 leaves):

x7
3 dx
LambertW (a X )

Problem 58: Unable to integrate problem.

\/cLambertW(axz)
dx
s
Optimal (type 4, 40 leaves, 2 steps):
aerf[ \/cLambertW(axz) J\/?\/;
_ Je _ \/cLambertW(axz)

2 2



Result (type 8, 16 leaves):

J\/cLambertW(axz) &

e

Problem 59: Unable to integrate problem.

dx

N

J \/cLambertW(axz)

Optimal (type 4, 84 leaves, 4 steps):

2a3erf( \/T\/cLambertW(axz) \/?\/?\/;

(cLambertW(ax2))* 2 (cLambertw(a?))® > Jz  JeLambertW (a2)

15 ¢x® 520 5 5x0
Result (type 8, 16 leaves):

dx

N

J \/cLambertW(axz)

Problem 60: Unable to integrate problem.

|
\/cLambertW(axz)

Optimal (type 4, 82 leaves, 4 steps):

\/?\/cLambertW(axz)
erﬁ{ \/?\/;
A0 ex® Je " X0

sha T shA T 3
72 (¢ LambertW (ax?) ) 36 (cLambertW (ax?)) 4324° ¢ 6+ c LambertW (ax?)
Result (type 8, 16 leaves):

e
\/cLambertW(axZ)

Problem 61: Unable to integrate problem.

el
\/cLambertW(axz)

Optimal (type 4, 64 leaves, 3 steps):



erﬁ[ ﬁ\/cLambertW(axz) \/7\/;
] Ve b
32
16 (cLambertW(axz)) Z 64a2\/? 4\/cLambertW(ax2)
Result (type 8, 16 leaves):

C‘.X4

e
\/cLambertW(axz)

Problem 62: Unable to integrate problem.

J CL m eltVV X
\/ a b (a )
Optimal(type 4, 32 leaves, 2 Steps) .

cex’ N x
9 (cLambertW(a?))* > 3 [eLamberw(a )

Result (type 8, 16 leaves):

e
\/cLambertW(axZ)

Problem 64: Unable to integrate problem.

J dx
x5\/CLambeI'tW (ax )
Optimal(type 4, 84 leaves, 4 Steps):

4a2erf[ ﬁ\/cLambertW(axz) ]\/7\/;

4 (cLambertW(axz) )3 /2 i Je 1 _ \/cLambertW(axz)

4 4
15 x 15Vc 5x*/cLambertW (a %) I5cx
Result (type 8, 16 leaves):

e
xs\/cLambertW(axz)

Problem 66: Result more than twice size of optimal antiderivative.

Jx (cLambeITW(axz) )p dx

Optimal (type 4, 56 leaves, 3 steps):



2 (cLambertW(axz) )p _ pT(1+p, —LambertW(axz)) (cLambertW(axz) )p
2 2a (—LambertW(axz) )p

Result (type 4, 253 leaves):

% ((—l)p (¢ LambertW (ax2) ) LambertW (ax2) 7 [LambertW(axz)p (—=1)? (1 4+p) pT(p) (-LambertW (ax*) )?

LambertW (ax2)” (—1)? (LambertW (ax2) —p — 1) ax?

+
LambertW (a X )

— LambertW (ax?)? (=1)? (1 +p) p (-LambertW (ax*) ) “T'(p, -LambertW (ax?) )

_ LambertW (ax2)? (—1)P ax®
LambertW(axz)

— (—1) " (cLambertW (ax2) )’ LambertW (a %) [LambertW(axz)p (—=1)PpT(p) (-LambertW (ax2))*

— LambertW (ax?)? (—1)? p (-LambertW (ax?) ) *T'(p, -LambertW (ax?) ) ] )

Problem 67: Unable to integrate problem.

dx

X

J (cLambertW(axz) )p

Optimal (type 4, 38 leaves, 2 steps):
1+p

(cLambertW(axz) )p (cLambertW(axz) )
_|_
2p 2¢ (1 +p)
Result (type 8, 16 leaves):

J (cLambertW(axz) )p dr

X

Problem 73: Unable to integrate problem.

sz / LambertW( % ) dx

N . 4a3erf(\/T/LambertW(%j ]ﬁﬁ . 2£/Lambertw(%j

15 5 5 5

Result (type 8, 14 leaves):
sz / LambertW( 4 ) dx
X

Optimal (type 4, 64 leaves, 4 steps):

a \3 72 a\3 2
2% LambertW( — ) 45 LambertW( — )
X X




Problem 75: Unable to integrate problem.

1
4 a
X / LambertW( — )
X

erﬁ(ﬁ/Lambertw(f) ]ﬁﬁ

dx

Optimal (type 4, 64 leaves, 4 steps):

1 B 1 1

a

)3/2 B 216 &

5,2 4
36x° LambertW( ) 18 LambertW( =
X

3x3/LambertW( %)

X

Result (type 8, 14 leaves):

1

¥ / LambertW( 4 )
X

dx

Problem 76: Unable to integrate problem.

sz ( cLambertW( < ) )p dr

Optimal (type 4, 120 leaves, 4 steps):

4LambertW(£) a a 4—p u P
337re N x41"(—3 +p,3LambertW(;)jLambertW(;) (cLambenW(;)j
a
4Lambertw(ﬁ) g N 2\ 1P
32 Pe X F( -24+p,3 LambertW( T ) ) LambertW( T ) (cLambertW( T ) )
+

ca

Result (type 8, 16 leaves):

sz (cLambenw( % ) )p dx

Problem 77: Unable to integrate problem.

(cLambertW( % ) )p

X

dx

Optimal (type 4, 38 leaves, 2 steps):



(cLambertW( 2 ] )p (cLambertW( a ) j1+p

~ _ X
P c(l+p)
Result (type 8, 16 leaves):
a p
(cLambertW( — ) )
x dx
X
Problem 81: Unable to integrate problem.
-1+n
JLambertW(a)W) Todx
Optimal (type 4, 40 leaves, 2 steps):
(I —n)x X
l + 1—n
LambertW (ax") " LambertW (a x*)
Result (type 8, 16 leaves):
-1+n
JLambertW(ax”) "odx

Problem 82: Unable to integrate problem.

-1—n
\/cLambertW(a)ﬂ)
Optimal (type 4, 71 leaves, 3 steps):

\/cLambertW(af) ]\/—
2aerf T
Je

2 _ 2\/cLambertW(ax”)

3nyc 3nx"\ c LambertW (a x")
Result (type 8, 20 leaves):

J x—l—n &
J cLambertW (a x")
Problem 83: Unable to integrate problem.

[t (e Lambertw (ax))" 7 ax

3cenx?



Optimal (type 4, 131 leaves, 5 steps):
5/ 7/ 9 /2
165 (cLambertW (ax") ) 55 (cLambertW (ax") ) _ 1lc(cLambertW(ax"))

_ (¢ LambertW (a x*) )11 /2

128 n 2" 320" Sn"

1652 M 72 erf J2 /¢ LambertW (a x") J\/T\/;
; /e

512n
Result (type 8, 20 leaves):

jx-l—w (cLambertw (ax") )" 72 dx

Problem 84: Unable to integrate problem.
-1 — 32
Jx 1=27 (. LambertW (ax") ) / dx

Optimal (type 4, 58 leaves, 2 steps):

2"

2 (cLambertW (a x") )3 /2 _ Je

323 /zerf[ ﬁ\/cLambertW(ax”) \/7\/;

nx2n 2n
Result (type 8, 20 leaves):

J-x'l =27 (¢ LambertW (ax") )3 /2 dx

Problem 85: Unable to integrate problem.

-1+n
X
J 9 /2 dx
(cLambertW (ax") )
Optimal (type 4, 111 leaves, 5 steps):

2" 18" 12"

24 X"

7n (cLambertW(ax') )’ 2 35en (cLambertW (ax”))? 2 35 n (cLambertW (ax") )

ypors J cLambertW (a x") \/?
+ J?-
35ac /2n
Result (type 8, 18 leaves):

J x—l-‘rn &
(e Lambertw (ax) )° 72

Problem 86: Unable to integrate problem.

s/

35 n (cLambertW (ax"))

32



-1+2n
J cLambertW (a x")
Optimal (type 4, 77 leaves, 3 steps):

erﬁ[ VZ |/ cLambertW (ax") e

ex*" B Je N 2n
32
8n (cLambertW (ax")) % 2a°nyc 2 n+ cLambertW (a x")
Result (type 8, 20 leaves):
J l+2n N
\/cLambertW(a)ﬂ)

Problem 87: Unable to integrate problem.

J lA2n
dx
(cLambertw (ax) ) 72

Optimal (type 4, 56 leaves, 2 steps):

Serﬁ[ J2 +/ cLambertW (a x") \/7\/;

i 22" N Je
n (¢ LambertW (a x*) )5 Z 2a2S P
Result (type 8, 20 leaves):
-1+2n
J . 5,2 dx
(¢ LambertW (ax"))
Problem 88: Unable to integrate problem.
-1+2n
J - 7/2 dx
(¢ LambertW (ax"))
Optimal (type 4, 79 leaves, 3 steps):
14 exfi J2  cLambertW (a x") Nelie
22" 142" Ve

- +
3n (cLambertw(ax))” > 3en (cLambertW(ax") ) /2 3a2 n

Result (type 8, 20 leaves):

J x—1+2n
dx
(cLambertw (ax") )" /2



Problem 89: Unable to integrate problem.

E

Optimal (type 4, 125 leaves, 5 steps):

2,27 22:2"

x—1+2n

cLambertW (a x"

))11/2 dx

88 2" 35227

7n (¢ LambertW (a x*) )11 /2 35c¢n (cLambertW (a x*) )9 z

vy axg| V2 cLambertW (a7") Jﬁﬁ
+ JT:
105 a% ¢!l /271
Result (type 8, 20 leaves):

E

Problem 90: Unable to integrate problem.

105 % n (¢ LambertW (a x*) )7 /2 105 ¢ n (¢ LambertW (a ) )5 /2

x—1+2n

cLambertW (a x"

))11/2 dx

Jx'l _2”LambertW(ax")3 dx

Optimal (type 4, 41 leaves, 2 steps):

B 3LambertW(ax”)2 _ LambertW(ax")3

Result (type 8, 18 leaves):

4nn

2"

Jx’l_Z"LanmeﬂVV(ax”)3dx

Problem 91: Unable to integrate problem.

x—l +2n
dx
LambertW (a x*)
Optimal (type 4, 37 leaves, 2 steps):
x2n
4nLambertW(ax”)2 2 n LambertW (ax")
Result (type 8, 18 leaves):
x—1+2n &
LambertW (a x*)

Problem 93: Unable to integrate problem.



Jx—1+n(2—p> (¢ LambertW (ax") ) dx

Optimal (type 4, 102 leaves, 3 steps):
Ap 277 (cLambertW(ax")) ™" cpx' @~ (cLambertW(ax"))" "' 2P (cLambertW (ax") )"
n(2-p)? n(2—-p)? n(2-p)

Result (type 8, 24 leaves):
[t 2=p) (e Lambertw (ax') )7 ax

Summary of Integration Test Results

525 integration problems



HoQw >

339 optimal antiderivatives

43 more than twice size of optimal antiderivatives
9 unnecessarily complex antiderivatives

134 unable to integrate problems

0 integration timeouts



