Mathematica 11.3 Integration Test Results

on the problems in the test-suite directory "0 Independent test suites”

Test results for the 175 problems in "Apostol Problems.m"

Problem 41: Result unnecessarily involves imaginary or complex numbers.

t3
J dt
V4 +t3
Optimal (type 4, 172leaves, 2 steps):

8 2231[2+4/3 (223 +¢)

2 2Y/3 22/3 ¢, 2

/3 (1- +
EllipticF|ArcSin M y —7-4+/3
(22 (1+ﬁ)+t)z t

2%/3 (1+\/?) +

Etx/4+t3 -

5

s ogve | P g
(22/3 (1+ﬁ)+t)2

Result (type 4, 122 leaves):
1

15+/4 + t3

J(iwr\/?) (24213 t)

2 31/4

Js (-2)*7]

6t (4+1t3) -8 (-2)Y° 33/4\/ (-1)ve (2 (71)2/3+21/3t> Ja+2 (-2)Y2t+ (-2)?7 2 EllipticF [ArcSin|

Problem 50: Result more than twice size of optimal antiderivative.
Jx“ (1+x%) > dx

Optimal (type 1, 11leaves, 1step):
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1
— (1+x5)®
5 (11X

Result (type 1, 43 leaves):
XS X1e 2 X15 X20 X25 X30

—+ — 4+ +—+ —+ —

5 2 3 2 5 30

Problem 51: Result more than twice size of optimal antiderivative.
J(l—x)zexﬂ'dlx

Optimal (type 1, 56 leaves, 2 steps):

(17)()247& (17)()25

1 21 2 2 6 23
- (1- — (1 - - — (1-
( x) + ( x> ( X) + -

21 11 23

Q|

Result (type 1, 1401leaves):

x> 10x® 190x’ 285x® 1615x° 7752x'® 38760 x! 1 ;3 83980 xM
— - + - + - + - 6460 X +9690 X - ——— +
5 3 7 2 3 5 11 7
184756 x'> 20995 x'° ,; 129208 1o 3876x* 1615x* 570x*2 190x* 5x** x»
- +7410 X - — + 2040 X7 - + - + - + —
15 2 3 5 7 11 23 6 25

Problem 55: Result more than twice size of optimal antiderivative.
Jx/1+3Cos[x12 Sin[2x] dx

Optimal (type 3, 16 leaves, 3 steps):

2 (4-3sin[x]?)*?

9

Result (type 3, 49leaves):
54/5 -5+/5+3Cos[2x] -3Cos[2x]/5+3Cos[2X]
9+/2

Problem 83: Result more than twice size of optimal antiderivative.

JAr‘cSec [x] dx

Optimal (type 3, 191leaves, 4 steps):



1
x ArcSec [x] - ArcTanh [ 1- - ]
\ X

Result (type 3, 64 leaves):
V-1+x2

~Log[1- —*—] + Log[1+ —*—]

~1+x? ~1+x?

X ArcSec [X] -

Problem 84: Result more than twice size of optimal antiderivative.

JAr‘cCsc [x] dx

Optimal (type 3, 17 leaves, 4 steps):

1
x ArcCsc[x] +ArcTanh| [1- — |

x2

Result (type 3, 64 leaves):
V-1+x2

-Log[1- —*—] +Log[1+ ——|

~1+x2 ~1+x?

X ArcCsc [X] +

Problem 113: Result unnecessarily involves imaginary or complex numbers.

J ! dx
Cos[x] +Sin[x]

Optimal (type 3, 21 leaves, 2 steps):

ArcTanh [ Cosxl-Sinixl. X\/’Zji” xL]

V2

Result (type 3, 24 leaves):
-1+ Tan| f]

V2

(-1-14) (-1)**ArcTanh |

0 Independent test suites.nb | 3



4 | 0 Independent test suites.nb

Problem 154: Result more than twice size of optimal antiderivative.

J ! dx
VX +x?
Optimal (type 3, 14 leaves, 2 steps):

]

2 ArcTanh|

VX + X2

Result (type 3, 29 leaves):
2+x V1+x Ar‘cSinh[\/;]

X (1+x)

Problem 175: Result unnecessarily involves imaginary or complex numbers.

J Loat
Vi3
Optimal (type 4, 103 leaves, 1step):

2+/2++/3 (1+t) /(11?“2)2 EllipticF[Ar‘cSin[%],—7—4\/?]
+ +t + +

314 (1+J;_t+t)2 Vietd

Result (type 4, 88 leaves):

1

341+ t3

2 (—1)1/6\/-(—1)1/" ((-1)272+t) Ji+ (1)t (-1)27¢ EllipticF[ArcSin[\/(1>:1/;<1+t) ], (-1)*?]

Test results for the 35 problems in "Bondarenko Problems.m"

Problem 1: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

J ! dz
N2 +Cos[z] +Sin[z]

Optimal (type 3, 22leaves, 1step):
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1-+/2 sin[z]

Cos[z] -Sin[z]

Result (type 3, 77 leaves):
~((1+33) «V2 ) cos[2] + ((1+d) -2 V2| sin[Z]
((1+J'l) +\/?) Cos[i] +1 ((—1—]'1) +\/7) Sin[ﬂ

Problem 7: Result more than twice size of optimal antiderivative.
Log[1 + x]

—dx
X\1+V1+X

Optimal (type 4, 291 leaves, ? steps):

2Log[l+x 1++vV1+X
fSAPCTanh[ 1+4v1+x }—M—\EArcTanh[é
AVV1+V1+X \/?

| Log[1+x] +

. L \/?[1— 1+1+x
2+/2 ArcTanh| ——] Log[1-+/1++/1+x | -2+/2 ArcTanh[——] Log[1++/1++/1+x | ++/2 PolylLog|2, -
V2 V2 2-+/2

ﬁ[l— 1++/1+x ﬁ[u 1++/1+x ﬁ(u 1++/1+x
| - /2 polylLog[2, - | ++/2 polylLog|2,

2442 2-+/2 2442
Result (type 4, 816 leaves):

} _

V2 PolylLog|2,

]
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4 (2+Log|l+V1+Xx
- ( [ ]) -4 -1+ 1 —1+Log[—1+;] -4 |1+ ! -1+Log[1+;} +/2
1+vV1+x 1+vV1+x 1+vV1+x 1+vV1+x V31+vV1l+x
1 1 2 2
Log[1l+x] -2 Log[1+x/1+x]+Log[1+7]+Log[1+—}] Log[ﬁ——}—Log[ﬁ+7] -
V1+V1+x V1+vV1+x AV1I+vV1+x 1+vV1+X
1 1 1
———|log[l+x] -2 Log[1+\/1+x]+Log{—1+—]+Log{1+7}”
21+ 1+x V1+vV1+x 1+vV1+x

472 J1VTox Log[Vz - ————] Vo [1:vVIex Log[vZ+— 2
Jieviix 1eVTix

N2 —Log[1+\/1+x]Log[1+L}+2PolyLog{2,—L] +
Jieviox Jieviox
V2 Log[1+\/1+x]Log[l—L]—ZPolyLog[z, vz ]| -
1 vIix 1Viix
V2 + —2 2-—2
\/? LOg[71+ - }Log[ Lt }+PolyLog[2, ﬂ} +
e 27 e
2- 2 2(1+ - )
\/7 LOg[—1+;} L°8[1+ﬂ]+PolyLog[2, 144/14x ] ~
144/T+x -2+vV2 2442

\/?+72 2(1+ 1 )
N2 Log[1+;] Log[ﬂ]+PolyLog[2,f /2o ]|+
V1+V1+x ~2+42 —2+4/2

2 {1+ L J 2 (1+ L ]
V7 |Log[1+ ——— ] Log[1- L L) 4 polyLog|2, SR

Jieviox 242 242
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Problem 8: Result more than twice size of optimal antiderivative.

J\/1+\/1+x Log(1+x]
X
X

Optimal (type 4, 308 leaves, ? steps):

1+V1+x
~16+/1+V/T+x +16ArcTanh[\/1+vT+x | +4/1++1+x Log[1+x]-2+2 ArcTanh[~="="" ] Log[1+x] +

N2
V2 [1-4/1+V1ex
4\/7Ar‘cTanh[%} Log[1-+/1++/1+x ]—4\/7Ar‘cTanh[%} Log[1++/1++1+x |+2+/2 PolyLog|2, - [ s
2 2 2-V2

\/7[1—\/1+m ﬁ(lﬂ/hm ﬁ[1+ 1evIrx
| -2+/2 PolylLog|2, - | +2+/2 PolylLog|2,

2442 2-+/2 2442
Result (type 4, 654 leaves):

16 1+V/Tox +41+vTrx Log[l+x] 2 Log[1+x] Log[ﬁ—m}—SLog[—l+m}—
Z\ELog[\E—m} Log[—1+m]+8Log[1+m]—2ﬁmg[ﬁ—m] Log[1+m]—
V2 Log[1+x] Log[\/?+m] +2\/7Log[—1+m] Log[\/?+m] +

22 Log[1+/1+ VT x | Log[v2 +3/1+vTex | -22 Log[-1+/1+Tox | Log[[-1+V2 ) {ﬁ+m)],

ZX/TLOg[1+\/1+\/1+X }Log[2+\/7+\/1+\/1+x +\/7\/1+\/1+X ]+
272 Log[-1++/1+V1+x | Log[1- (142 (—1+\/1+\/1+x | +2V2 Log[1++/1+1+x JLog[1- (-14+/2] (1+x/1+x/1+x

~14+/1+V1x |]+2V2 Polylog[2, (142 [-1+\/1+m ]+
22 polylog[2, (-1+/2 | (1+ 1+1+x )] -2+/2 polylog[2, - (1+/2 | (1+x/1+x/1+x ]

} _

2+/2 Polylog|2,

]

} _

2+/2 Polylog|2, - (-1+\/7)

Problem 9: Result more than twice size of optimal antiderivative.

1
J dx
1+\/X+\/1+X2
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Optimal (type 3, 84 leaves, 4 steps):
1 X 1
2 (x+\/1+x2 ) \/)Hm
Result (type 3, 347 leaves):

a4/ x+4/1+ %2 +lLog[x+xI1+x2]—2Log[1+ X++/1+x% |
2

2 lex-6/14x +4[-2xerf103 |1 x[1222 -12Log[x] +6Log[1++/1+x* | + !
12 1+x2+xV1+x2
61+x% |x+/1+x? | |2:/x+1/1+x2 —2ArcTan[{/x+~/1+x?* | +Log[l-[x+/1+x® | -Log[Llsq/x+~/1+x? |

3/2 / /
! 2 (1+x%) x+x/1+x2)/ 442X +2x1+X% +6[x+1/1+x> ArcTan[,/x+~/1+x* |+
(1+X2+X\/1+X2 )2

3./ x++/1+x? Log[l—\/x+x/1+x2 ]—3Jx+ 1+x% Log[l+./x++/1+x* ]

Problem 10: Result more than twice size of optimal antiderivative.

|

J V1+x dx
X+y1++vV1+Xx
Optimal (type 3, 41 leaves, 6 steps):

8Ar‘cTanh[Ehz Ly 14x }

2V1+x + Vs
V5

Result (type 3, 147 leaves):

10 vivx - (-5+¥/5] [2(3+V/5] ArcTanh] | 2 J1viex |s
5 3-+/5

2 2 (5+\/?) ArcTanh[Fm] —4\/?Ar‘cTanh[L V1+X]
3445 3+4/5 NG

+
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Problem 12: Result more than twice size of optimal antiderivative.

X
J dx
X+\y1-4/1+x

Optimal (type 3, 73 leaves, 6 steps):
8Ar‘cTanh[EZ Lodix }

V5
Vs

2V1+x —4~1-+/1+x +(1—\/1+X)2+

Result (type 3, 151 leaves):

2 2 1+x
X -4 1 Vi+x +2 1+ Ar‘cTanh
3+ \/—

4Ar‘cTanh[—\Chz Lex ]
(<1475 ) |2 (3++/5) ArcTanh[v2 ‘1”;} ]+ = g
5 -3+4/5 5

Problem 13: Result more than twice size of optimal antiderivative.

J\/mm
V1+X (1+X2)

dx

Optimal (type 3, 365 leaves, 20 steps):
215 - (142 \/ﬁ) NG

i ArcTan [ 2411 7(172\/171'1 ) NG } i ArcTan [ 24171 - (172\/1+J'1 ) NG } i ArcTanh [ 211 7(1+2\/17]'1 ) NG ] i ArcTanh [
3 2\/]'1+\/ 1-1 \/X+w/ 1+x . 2\/7]‘L+\/ 1+1 \/X+\/ 1+x . 2\/7]'1+\/ 1-1 \/X+V 1+x 3 2\/]'1+\/ 1+1 \/X+x/ 1+x
2 e 2 S 2 R S 2 _1+i
FRVE T i-VI+i i-Vi1-i [UVE TS

Result (type 3, 2177 leaves):

2V/1-1 A/i-+1-1

i (-jl+\/1-jl)ArcTan[[(-l-zj) +(2-4i)V1-1 - (6-6d)Vi+x - (1-20)V1-1 VI+x +41 (1+x)+ (1+38)V1-1 (1+x)+
_41)%1_\/1_]1 \/x+\/1+x -2+/1-1 \/]’1—\/1—]’1 \/x+\/1+x -(2-2i)Vi-V1-i VIex A/x+V1ex -
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41-i \i-vV1-i Vi+x \yx+V/1+x

{1 (4-21)V1-1 - (2-21) VTvx » 2LrX +(6-4i) (1+x)+8V1-i (1+x]

V1-1

|+

L i Vievica ArcTan[((l+21‘1)+(2 41)N1-1 +(6-61)VI1+x - (1-21)V1-1 V1+x 41 (1+x)+ (1+31)V1-1 (1+x)-
2V/1-1i

Vi VTt AxeVTox 29T i AieVIof AxevTex s (2-28) VieVIof VIex xeVIex -
4~/1-1 1+ 1 i V1+Xx X+ 1+X /{ 4 21)\/1—]']. +(2—21'1)\/1+X +4 1rx —(6—41'1) (1+X)+8\/1—:|'L (1+X)

Vv1-1

} _

(—i+x/1+i)Ar‘cTan[[(—2—i) v (4-2)VIvd +(6-61i)VIex - (2-0)VI+i VIex +4(1+x) -

/

1
2VTr i ioVIri
(3+J'L)\/1+Ji (1+X>+2:|'1\/1+J'1 \/Ji—\/1+1'1 \/X+\/1+X +41V1+1i \Jy1-vV1+1 V1+X A\/X+V1+X
((—4+51'1)+2\/1+J'1 +(2+6]'L> V1+x +(2+8j.>\/1+]i V1+x +<3+3]'L) <1+X> +41V1+1d <1+X>H—

L Jievied Ar‘cTan[((2+i)+<4—21’1)x/1+1’1—(6—61)\/ X - (2-d)V1+i V1ex -4 (14x) -
2V1+1

(3ei)VIed (1ox)+2iVIei VieVTed VxevTex +4ivied isvVIei VIex 3/xsvTrx
((4-5%) +2V1vi - (2+60) VIrx +(2+8i) VI+i VIex - (3+3d) (1+x)+4iV1+i (14x)]]-
(-i+V1-1)og[(VI-T -Vi+x)'] ivi+VIvi Log[(VIei -VIex|’]

/

aviziAJi-vioi aV1vi
ViVI-1 og[(VIti «VIvx )]
ey

i (—Ji+\/1+]i ) Log[<\/1+i +\/1+X)2}
4+1+1 \Ji-/1+1
1

4+/1-1i \1-vV1-1

(-J'Hm) Log[(3+51) +

+

-8V1+x +(3-7i)V1-i V1+x - (8-51i) (1+x)-

V1-1

41X, (1-1)23i VI & A[xevTox -4 (1-1)¥2i V11 VIex A/xeVIex |+

V1-1
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L i VioE Log[(-3-54) —t BvITx + (3-74) VITT VIx 4 (8-51) (14x) - L

4~/1-1 V1-1 1-1

2(1-1‘1)3/2\/51”/1-1 Jx e VTox ~4(1-1)22 1 +V1-1 VTex A x+Tex ]+ !
4v1+i Ji-Vi+i

i(-i+VIvi|Log[(-5+5i)-(6-28) VI+i +(1+31)VIri VIex -5 (1+x)+(6-2i)VIei (1+x)+

Vi+i V1+i
L iVievien Log[(5-54) - (6-21) V1+i + (1+34)VI1+1 V1+x +5(1+x)+ (6-24)V1+i (1+x)-
4/1+1
8\/]'1_*_A/1+]-l \/X+ /1+X +4\/jl+vl+jl \/X+V1+X 4 ll+m m 'X+m +8\/il+\/1+]i \/1+.X VX +V1+X ]

V1+1i V31+1i

Problem 14: Result more than twice size of optimal antiderivative.

Optimal (type 3, 337 leaves, 22 steps):

2\/j+m\/x+m 2\/—i+m \/X+\/1+X

%1 YN Ar‘cTanh[z_\/l_j - (1e2v1-i ) Viex }7?1 P Ar‘cTanh[z_\/lﬂi —(1+2\/1+J’1)\/1+x}
2 —iavVioi AxsViex 2isvVisi Afxsviix

Result (type 3, 2581 leaves):
((1+Ji) +V1-1 )

1
2vi-ii-vi-i

ArcTan||(2-34)+ (3-4)V1-1 -8+/1+x -5+/1-1 V1+x +(2+54) (1+x)+5i~/1-1 (1+x)+4\/117x/1711 \/x+\/1+x +

2T i VI d fxevTex - (6+2i) i VI1 VTex xevTix oo io¥EIol VAEX NXrVEEX /
Vv1-1
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((—4+71’L>—(6—2]’1)\/ﬁJr(4—2]’1>m+(6—21)mm+<10+i) (1+x)+ (8+41i)/1-1i (1+x>)}+

! ((-1-1) «V1-1)
2o fieVi-i

ArcTan||(-2+34)+ (3-1)V1-1 +8V1+x -5V1-1 VI+x - (2+54) (1+x)+5i+1-1 <1+x>—4\/1'1+\/1—j1 \/x+\/1+x +

2v1-1 \/Ji+\/1—1'1 \/X+\/1+X +<6+2]'1) Vi+vV1-1 V1+x A\/x+V1+X —8 tevicd Lyx Nx+rV1vx /
Vv1-1

((4-73) - (6-2i) VI-i - (4-23) VIrx + (6-2i) VI-1 VIex - (10+d) (1+x)+ (8+4i) VI-i (1+x)]]-
\/1711 ((—1+11)+\/1+j)ArcTan[((1+8jl)_5(1+j)3/2-(16+81)x/ﬁ+(10+51)mm+
21+ Ji-Vi+i

(9-81) (1+x)—(5—101‘1)@(1+x)—4\/j—m \/x+m +(4-21)V1+d \/]17\/1“1 \/x+m—
smmm+ 8-41)mmh+xm/
((9+20d) -12 (1+4)>% - (144204) VIex + (224124) VI+i VIex + (6-154) (14x)+ (2+128) VI+i (1+x)]]-
! 11((1-1)+\/H)ArcTan[((-1-8j)_5(1+j)3/2+(16+81)ﬂ+(10+51)mm_
2T+ i+ vVIet
(9-81) (1+x)—(5—101’1)@(1+x)+4\/j+m \/x+m v (4-21)V1+d \/]l+\/1+]l \/x+m+
smmm+<s_4j)mmm+xm/
((~9-204) -12 (1+i)>?+ (14+2048) VIex + (22+12) VI+d VIex - (6-153) (1+x)+ (24124) VI+d (14x))]+
i ((1+4) +VI-1 ) Log[ (VI-1 -Vi+x 7] ) ((1-4) +VI+1 ) Log[(Vivi -Vi+x 7]
4mm 441+1m
i ((-1-1) +VI-1 | Log[(VI-1 +VI+x )]
aNi-iievI-1
((-1+1) +Vi+i ) Log(VIvi +Vi1rx]’]

4~/1+1 \Ji-V1+1
1
4~/1-1 \Ji-V1-1

+

+
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i ((1+]1)'+m) Log[(5+171) +14i/1-1 - (10+22i) V1+x + (5-19i) VI-1i VI+x - (25+2i) (1+x) -
(15+94) VI 1 (1+x) - (4-4i) i VI3 VxevVIex —(6-2i) V11 /i VI i \x+VIex -
8- 4) VTV AT e T - (12-83) VT 1 Vi Yiox Voo Ve | -
! i((-1-8) +V1-i ) Log[(-5-17i) +143V1-i + (10+22i) VIex + (5-194) VI-i VIex +

(25+21) (1+x) - (15+91i) V1-i (1+x)+(4—41’1)\/j+\/1—j \/x+\/1+x -(6-21i)V1-1i \/J'l+\/1—]'1 \/x+\/1+x +
(8-8i)\i+Vi-1i VI+x x+VIex - (12-44)V1-1 \i+3V1-1 VI+x x+/Tex |-
! ((-1+1) +VI+i]|Logl(-3+5i)-(2+41) VIvi +(2-23) VIrx - (1-31)VI+ri Viex -
4+/1+1 Ni-+1+1

(8+74) (1+x)+ (9+31) VI+d (1ex)+ (4+4i) i -VIsi VxevTex —2(1+1)¥2 i VIei /x+VIex -
(8+4i)\i-Vi+i VIex \yx+VIex +8V1+i \Ji-V1+i VI+x A/x+V1ex |-
! ((1-%) +V2+i ) Log[(3-54) - (2+44) VIvi - (2-23) VIrx - (1-31) VI+i Viex +
4+1+1i \Ji+V1+1

(8+71) (1+x)+(9+3j)ﬁ(1+x)-(4+4j)\/j+m wam -2(1+1‘1)3/2\/]‘1+m \/x+\/W+

<8+4J'L) \/Ji+\/1+i \/1+X \/X+\/1+x +8V1+1i Vi+vV1+dl V3I+X UX+VI1I+X ]

Problem 15: Unable to integrate problem.

JJ1+\/;+\/1+2\/;+2X dx

Optimal (type 2, 77 leaves, 2 steps):

2\/1+\/?+x/1+2\/7+2x

2+\/?+6x3/2_(2-\/7) 1+2+/x +2x
15+/x

Result (type 8, 29 leaves):

J 1+/x +4/1+2+/x +2x dx
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Problem 16: Unable to integrate problem.

J‘\/\E+\/;+\/2+2\E&+2X dx

Optimal (type 2, 118leaves, 3 steps):

15+/x
Result (type 8, 38 leaves):

J\J\/?+\/?+\/2+2\/7\/Y+2X dx

zWJWFW\/ VX x

442X #3222 (297 x|

Problem 18: Unable to integrate problem.

1 1
1+— +— dx
X X

Optimal (type 3, 96 leaves, 7 steps):

1+*
1 1
1+ — +— x+—ArcTan
X X

- — Ar‘cTanh

Problem 19: Result more than twice size of optimal antiderivative.

dx

Jm

—e X+ e

1+\/?\/;+X
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Optimal (type 3, 25leaves, 6 steps):
7 ]
Result (type 3, 112leaves):
e2v/1+eX (Log[1-e*?] - Log[1+e¥/2] +Log[1-eX24 V2 Y1+ eX | -Log[1+eX2+y/2 VIver])
VAT

—\/?Ar‘cTanh[

Problem 20: Result more than twice size of optimal antiderivative.
Jw/ 1+e™ Cschx] dx

Optimal (type 3, 25leaves, 7 steps):
-2 \/TAr‘cTanh[lJrigx]
V2

Result (type 3, 126 leaves):

Lz e 1 Log[1-e™?] +Log[1+e™?] - Log[e™? (—1+e)‘/2+\/?«/1+ex )] - Log[e™? (1+eX/2+\Ew/1+ex

1+ X

)

Problem 21: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

J ! dx
(Cos[x] +Cos[3x])°

Optimal (type 3, 108 leaves, ? steps):

523 1483 ArcTanh [+/2 Sin[x] | Sin[x]
- —— ArcTanh[Sin[x]] + i _
256 512+/2 32 (1-2sin[x]?)*
17 Sin[x] 203 Sin[Xx] 437 Sin[X] 43 1 3
+ - - —— Sec[x] Tan[x] - — Sec[x]” Tan[X]
192 (1-25in[x]?)® 768 (1-2Sin[x]?)® 512 (1-2Sin[x]?) 256 128

Result (type 3, 478 leaves):
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TR T () (1m0 7 averan | TR

14831Ar‘cTan[7cos[ |V cos| ] sin|~ 2048 2048

- + +
1024/2 (-1+1) +V2
1483 L 2 +25i 1483 Log[2 - /2 C ~/2 si
523 | g[cos[X] - sin[%]] - 22 Log[cos[X] + sin| X]] » 24E3LoB[V2 v25inDx)] 1483 Log[2- V2 Cosx) - W2 Sinpa]
256 2 2 256 2 2 1024 /2 2048 /2
(ﬁ—%) ((—1—1‘1)+\/7) Log[2++/2 Cos[x] -2 Sin[x]] 1 43
- - +
. X . X 4 X : X 2
(—1+1)+\/7 512 (Cos[;]—Sln[;]) 512 (Cos[;}—Sm[;])
1 43 17 437 Sin[x]
+ - - + +

512 (Cos[*] +sin[*]]" 512 (cos[*] +sin[X]]® 768 (Cos[x] -Sin[x])’ 1024 (Cos[x] -sin[x]) 128 (Cos[x] - Sin[x])*
2 2 2 2

83 Sin[x] Sin[x] 17 83 Sin[x] 437

+ + + +

512 (Cos[x] - Sin[x] >2 128 (Cos[x] +Sin[x] )4 768 (Cos [x] JrSin[x])3 512 (Cos[x] +Sin[x] )2 1024 (Cos[x] +Sin[x])

Problem 24: Result more than twice size of optimal antiderivative.

Tanh[x]
Ji dx
Optimal (type 3, 110leaves, ? steps):
ArcTan|[ ——121.¢ ] ApcTan[ —-12ile ]

x X 2x 24/1+1 4/ eX+e2X 24/1-1 4/ eX+e?X
2e e’ +e - +
V1+i V1-1

Result (type 3, 444 leaves):
1

2./ e* (1+<ex)

(4+4ex+ (1+1)>2e¥2J1+e* Log[(-1)Y*-e™?] + (1-1)>2e¥2 J1+e* Log[- (-1)>*-e™?] + (1+1)%?e¥2[1+e* Log[(-1)"*+e™?] +

- (- )3/4 2 1 1 1,
|- (1+1)%%e¥2 1+ e Log[e”‘/z(—( 1)V e¥24 4171 ~J14e* |] -

(1-1)%2e? Log[- (-1)**+e™?] - (1-1)%%e¥2\[1+e* Log[e™?

(1-1)>2e2 j1+e Log[e”‘/z((—1)3/4+e"/2+\/1—j 1+e

(1+]1)3/2 X2 1+ e Log[e”‘/z((71)1/4+e"/2+\/1+j 1+e"




Problem 26: Unable to integrate problem.
JLog[x2+ 1-x* | dx

Optimal (type 3, 185leaves, ? steps):

1 (1+\/5) X
2 1 2
~2x-ArcSin| ArcTan | x|+ | = (1+\/5 ) ArcTan | |+
1+4/5 2 1-x2

( + \ﬁ ArcTanh

N |

1 1+\/7) Ar‘cTanh[ }+xLog[x2+ 1—x2}
2

Result (type 8, 18 leaves):

fuoglse /1 | o

Problem 27: Unable to integrate problem.
jLog[1+eX] dx
1+ e2X

Optimal (type 4, 102 leaves, 12 steps):

1 1 1 1 1 1
~Zlogl|T - | (i-e¥)]Log[1+eX] - T Log|[-= - | (i+eX)] Log[1+eX] -
X og| - (i-e*)] Log[1+e¥] X og| 5 2) (i+eX)] Log[1+eX]
1 1 1 1 1 1
PolyLog[2, -e*| - = PolylLog|2, f—f) (1+eX)] - = PolyLog|2, (*Jrf] (1+e¥)]
2 2 2 2 2 2

Result (type 8, 18 leaves):
JLog[lwex] dx
1+ e2X
Problem 28: Unable to integrate problem.
JCosh[x] Log[1+Cosh[x]2}2d1x

Optimal (type 4, 159 leaves, 13 steps):

0 Independent test suites.nb | 17
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Sinh[X] Sinh[x] Sinh[x] Sinh[x]

}+4i\/7Ar‘cTan{ }2+8\/7Ar‘cTan[ | Log] 22 }+4\/7Ar'cTan[

V2 V2 V2 V2 +iSinh[x] V2
22
\/2 +1iSinh [x]

-8+/2 ArcTan [

| Log[2 +Sinh[x]?] +

4i+/2 Polylog[2, 1- | +8sinh([x] -4 Log[2+Sinh[x]2] Sinh[x] + Log[2+51nh[x12]251nh[x]

Result (type 8, 14 leaves):

JCosh [x] Log |1+ Cosh[x]?] % dx

Problem 29: Unable to integrate problem.

JCosh [x] Log[Cosh[x]? +Sinh[x] ]2 dx

Optimal (type 4, 395 leaves, 28 steps):
i (1-11 3 +2$inh[x])

_4\/?Achan[M} 1 (1_11\/?) Log[1-i~/3 +2sinh[x]]*- (1+j\/?) Log | ] Log[1+i+/3 +2Sinh[x]] -
A3 2 24/3

1 , j(1+]1\/?+251nh[x])

= (14243 ) Log[1+i V3 +25inh[x]]" - (1-1/3 ] Log[1-i V3 +2Sinh(x]] Log|- ] -

2 23

2Log[1+Sinh([x] +Sinh[x]?] (1_11\/?) Log[1-1i+/3 +2Sinh[x]] Log[1+Sinh[x] +Sinh[x]2] +
i-+/3 +21iSinh[x]
2+/3

+8Sinh[x] -4 Log|1+Sinh[x] +Sinh[x]“| Sinh[x] + Log|1 + Sinh[x] + Sinh[x] Sinh[x]
] [ ’] [ ]?

(1+1ﬁ) Log[1+1i+/3 +2Sinh(x]] Log[1+Sinh[x] +Sinh[x]?] - (1+jﬁ) PolyLog[2, -

] -
i++/3 +21iSinh[x]

2+/3

(1 - i \/?) Polylog|2,

Result (type 8, 15leaves):

JCosh [x] Log[Cosh[x]? +Sinh[x] ]2 dx

Problem 31: Result more than twice size of optimal antiderivative.
JLog[x+\/1+x ]2

<1+X)2

dx

Optimal (type 4, 555 leaves, 35 steps):
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Log[1 + X] +2L°g[xl+m} ~6Log[V1+x | Log[x+V1+x |- Log[xiﬁj]z - (1+\E) Log[1-+/5 +2V1+x |+
6Log[§ (<1475 ) | Log[1- V5 +2vTox | + [3++/5 | Log[x+T+x | Log[1- V5 +2T+x | -

%(3+ﬁ) Log[1-/5 +2+/Tox | (1-+/5 | Log[1++/5 «2+/T+x | + (3-/5 | Log[x+I+x | Log[1++/5 +2v/T+x ] -
(3-+5) Log[—l_\/ii/;m] Log[1++/5 +2+/1+x | -% (3-V5 ) Log[1+V/5 +2T+x |-

145 +2 1+X}+6Log[\/1+x}Log[l+2 1+X}+6PolyLog[2,—2 1+X]

(3+V/5 ) Log[1-V5 +2V1+x ] Log| .
2+/5 1++/5 1+4/5

(3+\/?) P°1y|-°g[2: 1\/?1/27m} - (37\5) PolyLog[Z, 1+\/?12Fm] 76PolyLog[2, 1+ 2\/?]
2+/5 WG LT

Result (type 4, 1283 leaves):
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Log[100] Log| L - L ++/1+x —
Log[1+x] -Log[-1++5 -2+/1+x | -+/5 Log[-1++/5 -2v1+x |+ L5 ]-sLog[Z 1+X]Log[1—€+\/1+x]+
Vs -1++/5 2 2
3Log[1+X] Log[l—\/?+\/1+x}—3Log{—1+\/_—2\/1+x}Log[l—\/?+\/1+x]—\/?Log{—1+\/?—2\/1+x]Log[l—\/?+\/1+x]+
2 2 2 2

3 1
= Log[~ -
2 2

Log(8] Log[2 (1++/5 | +V1vx]
25
3Llog[-1++/5 -2V/1+x | Log[% (1+V5) +\/1+X]—\/?Log[—1+\g—2\/1+x]Log[i (1+V5 ) +V1ex]+

+\/1+x]2+

eI RN CPHESE

, Log[2(1+V5 ) +VI+x]® yiogx+VIix]

3Log[%(1+\5)+ 1+X] - -3Log[l+Xx] LOg[X+\/1+X]+

2 A5 1+x
3Log[1+\/?2\/1+x]Log[x+\/1+x]+\ELog[1+\/?2x/1+x]Log[x+\/1+x]Log[x; 1+X} —Log[1+\E+2\/1+x]+

\/?Log[1+\/?+2\/1+x}—3Log[%—\/?+\/1+x}Log[1+\/?+2\/1+x}+\/?Log[§—\/?+\/1+x | Log[1++/5 +2v/1+x |-

7Log[t (145 ) + V1 x| Log[1++/5 +2V/1+x]

3Log[~ (1+V5 | «V1+x | Log[1+V5 +2vTox ] - ;
Log[o VT | Log[1+ /5 2 /T | 5 Logle T Log[a S e 2T 3top[ - Y Log BT
25
3L0g{§—%+ﬂ] Log[M 52:251”‘] 1 L
+3L0g[—(1+x/?)+x/ﬁ] LOg[—(S—\/_—Z\/?\/H)]Jr
\/? 2 10
1 1 2Log{l—£+\/H] Log[5+\/?+2\/?M]
\/?Log[—(1+\/?)+\/1+x]Log[—(S—\/__z\/?m)]_ ) N
2 10 NG
3 Log(1+x) Log[1+ 21 | L spotytog[2, - 22| - (3.5 | poytogl2, 1S 2YIIX )
1+\/? 1+\/? 2\/?
6 Polylog|2, “1+V5 -2V1xx ] +3PolyLog|2, 1+ V5 +2V1:x ] +/5 PolyLog|2, 15 +27/1+x ]
—1+\/? 2\/? 2\/?

Problem 33: Result more than twice size of optimal antiderivative.

JAr‘cTan [2Tan[x] ] dx
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Optimal (type 4, 80 leaves, 7 steps):

1 s 1 1
xArcTan[2Tan[x]] + —ixLlog[1-3e®**] - =~ ixlog[l-~e
2 2

2ix] - lPolyLog[Z, le“"} + 1PolyLog 2, 3e*¥]
3 4 3 4

Result (type 4, 262 leaves):
X ArcTan[2Tan[x]] -

1 ) Cot [Xx] ) 5 5 Cot [x]
=i |41ixArcTan| | +2 i ArcCos|[ =] ArcTan[2Tan[x] ] + (Ar‘cCos[f] +2ArcTan|
4 2 3 3 2

21 | elx

v -5+3Cos[2X]

| +2ArcTan[2 Tan[x] ]

|+

Log|

\/-5+3Cos[2X]

w N

41 -4Tan[x

]]_

-2ArcTan[2 Tan[x] ]

(Ar‘cCos [ E] - 2ArcTan| M}

|- (Ar‘cCos[E] -2 ArcTan[2Tan[x] ]
3 2

L
3 og[

Log |

i+2Tan[x]

5 4 (i +Tan[x]) -31i+6Tan[x] -1+2Tan[x]
(Ar‘cCos[—] +2ArcTan[2Tan[x]] | Log[ ——————"] +1i |-Polylog[2, ——————— | +Polylog[2, —— |
3 31+6Tan[x] i+ 2Tan[x] 31+6Tan[x]
Problem 35: Result more than twice size of optimal antiderivative.

Jxl 1+x% ArcTan[x]2dx

Optimal (type 4, 121 leaves, 1OSteps)'

ArcSinh[x] -+/1+x* ArcTan[x] + —x/1+x? ArcTan[x]? - i ArcTan|e*A"Ta X | ArcTan[x]? +

i ArcTan[x] Polylog|2, -1 “'“CT""“ xI] - i ArcTan[x] PolyLog{z, ie*AreTanixl] _polylog[3, - i e*A"T"XI] 4 polylog|[3, i eArcTanix)]

Result (type 4, 405leaves):
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1 ) .
= (\/1+x2 ArcTan([x] (-2+xArcTan[x]) - ArcTan[x] Log[2] +ArcTan[x]? Log[1- i e*AreTanx]] _ ApcTan[x]? Log[1 + i e!ArcTanix]]
2

1
Zi-le

2 2

1 1
2

1. ) 1 )
nArcTan[x] Log| e 2 HArCTan(x] (-i+e*ArcTanixl) | _ ArcTan([x]? Log| o LArcTan(x] (-1 +ebArcTanixl) |

1 —1rjArcTan[x] . . i 1 —lriArcTan[x] . . i
nArcTan[x] Log[~ e 2 ((1+4) + (1-1) e*AreTanx)) |+ ArcTan [x]2 Log|[ ~ e 2 ((1+1)+ (1-1) etAreTanixl) ] —
2

| -sin] 1]+

ArcTan[x] ArcTan [x]

N

ArcTan[x] ArcTan[x]

2

2 |] +2Log[Cos| 2 | +sin] 2

ArcTan [X]
[—— 11

1
mArcTan[x] Log[-Cos[ = (r+2ArcTan[x]) ]| -2 Log[Cos|
4

| -sin]

ArcTan [Xx]
[———1

ArcTan[x] ArcTan[x]

ArcTan[x]? Log|Cos |

J1-

1
+Sin - nArcTan([x] Log[Sin[~ (7 +2ArcTan[x]) 1]+
4

ArcTan[x]? Log|Cos
2 2

2i ArcTan[x] PolylLog[2, -1 e*A™T@"X] ] _ 2 j ArcTan[x] Polylog|[2, i e*A™T@"X) ] _ 2 polylog|3, -i e AT X)| ; 2 Polylog|3, i e*ArcTan(x] ]|

Test results for the 14 problems in "Bronstein Problems.m"

Problem 4: Result unnecessarily involves imaginary or complex numbers.

j X dx
Vi-x3
Optimal (type 4, 252 leaves, 3 steps):

31/44/2-+/3 (1-x) LXZZ EllipticE[Ar‘cSin[b@}, ~7-4+/3]

21 -x3 (1+\/?7x) 143 —x
- +
1+4/3 —x L 1053
(1+\/?fx)
B 1+x+%2 . . s 143 -x _7_
22 (1 x) / 7@54)2 EllipticF [Ar‘cSm [ s ] ,-7-4 \/?]
31/4 1-x 1- X3
(1+\/?—x)2

Result (type 4, 122leaves):



0 Independent test suites.nb | 23

L () (1) (1ex) Af1exex

31/4 1*X3

P e LT A
[I\EElllptlcE[Ar‘cSm[ oy ] (—1)1/3} + (—1)1/3 EllipticF [ArcSin| e B (—1)1/3]

Problem 6: Result unnecessarily involves higher level functions and more than twice size of optimal antiderivative.

X
J dx
V-71-96x +10x2 + x*

Optimal (type 3, 76leaves, 1 step):

1
—Log[10001+3124x2-14@8x3+54x4-128x5+2ex6+x8+\/-71-96x+1ex2+x4 (781-528 x +27 x* - 88 x* + 15 x* + x°) |
8

Result (type 4, 1226 leaves):

-112

\/?+2 2(—1+\/?) —X]

[\/?+2 2(—1+\/?) ]EllipticF[Ar‘cSin[\/[[[\/?—z l2(—1+\/?) -x
/[[\/?u [2(-1+3) -x| [V3 -2 [2(-1+V/3) -Root[-71-96%1+1001%+H1"§, 4]

[[\/?u 2 (1473 -Root[-71-9611+10112+H1* g, 3]] [\/?-2 [2(-1++/3) ~Root[-71-96m1+10w1%+ 11° &, 4]

{\/?Q /2(71“5) ~Root[-71-9611 +1011% + #1* &, 4]

V3 42 [2(-1++/3) -Root[-71-96m1+ 10117+ 11* 8,

4]

]

/

] _

[{\/?2 2 (-1+7/3] -Root[-71-9651+1011%+ 11" g, 3]
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-2 [2(-1+V3) -Root[-71-96n1+1012+ 1% &, 4}
4 /2(-1+\/?) EllipticPi|
V3 +2 -1+
Ar‘cSin[\/[[

[[\/?u 2(-1++3) -

e
W - Root [-71-96 11 + 101112 + 114 &, 4}

V3 -2 2(71+\/?) -

[\/?u /2 ~Root[-71-9611+ 10112+ 111* &, 4|
( 2 |2 1+\/— ~Root[-71-9611+10 112 + 1% &, 4| ],
[[\Eu [2(-1++3) -Root[-71-9611+101%+ 11* &, 3]] [\Ez [2(-1++3) -Root[-71-9611+1011%+ 11° &, 4]

[(ﬁ-z /2 (-1++/3) -Root[-71-9611+10m12 + 11" &, 3] {ﬁm /2 (-1++3) -Root[-71-9611+10112 + 11" &, 4]

X - Root[-71-96#1 + 10 512 + 1#1* &, 3|

/

/

]

V342 [2(-1+V3) -x| |V3 -2 [2(-1+V/3] -Root[-71-9611 10112+ 11", 3]

V3 -2 [2(-1+V3) -x| |3 +2 [2(-14V/3] -Root[-71-9611+1011%+ 11§, 4]

V342 [2(-1+v3) -x| |V3 -2 [2(-1+V/3] -Root[-71-96u1+1011%+ 11" 8, 4]

(x - Root[-71-96n1+10 11 + 1% &, 4] ) /
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\/—71—96x+10x2+x4

V3 2 /2(71+ﬁ> ~Root[-71-9611 +1011% + 514 &, 4]

X - Root [-71-96 11 + 10 1112 + 11* &, 4]

V3 -2 [2(-1++3 ) -Root[-71-96m1+ 1017+ 11* 8, 4]

[\/?+2 2(-1+\/?) - x

Test results for the 50 problems in "Charlwood Problems.m"

Problem 3: Result more than twice size of optimal antiderivative.

J—Ar‘csin[\/?— m] dx

Optimal (type 3, 69 leaves, ? steps):

(Vi +3Tox | oxe VX VTox (3+X
42 8

Result (type 3, 205leaves):

xArcsin[Vx - V1ix] - [(1+x) (1+2x-23x Viex )’

Ar‘cSin[\/;—\/1+x ]

[2\/—X+\/7\/1+X (-3-2x+2\/?x/1+x)+3\/-2-4x+4\/7x/1+x Log[Z\/—x+\/7\/1+x in-2-8x+8+x V1x ]
(sﬁ(_vmmf(ux_wm)z)

|/

Problem 5: Result unnecessarily involves higher level functions and more than twice size of optimal antiderivative.

Cos [x]?

dx

\/1+Cos[x]2+Cos[x]4



26 | 0 Independent test suites.nb

Optimal (type 3, 45leaves, ? steps):
Cos[x] (1+Cos[x]?) Sin[x]

x 1
=+ —ArcTan|
3 3

}

1+Cos[x]2\/1+Cos[x]2+Cos[x}4

Result (type 4, 159 leaves):

3 i+3 21 3i-+/3 21 Tan[x]? 21 Tan[x]?
ZjCos[x]zEllipticPi[—Jri,jAr‘cSinh[ I Tan[x]],l—r g 2iTanixi® 1+l—[]/
2 2 ~31i+4/3 3i+4/3 -31++/3 31++/3
i}
-——————— +/15+8Cos[2x] + Cos [4X]
—3i++/3

Problem 6: Result unnecessarily involves higher level functions and more than twice size of optimal antiderivative.

JTan [x] \/1+Tan[x]* dx

Optimal (type 3, 56 leaves, 7 steps):

ArcTanh [ —TanXl— : ]

1 2 4/ 1+ 4 1
- = ArcSinh|[Tan[x]?] - V2 Jaanix) +—=+/1+Tan[x]*
2 ND) 2

Result (type 4, 52283 leaves): Display of huge result suppressed!

Problem 7: Result unnecessarily involves higher level functions and more than twice size of optimal antiderivative.
J Tan(x]
1+Sec[x]?
Optimal (type 3, 15leaves, 4 steps):

2
- = ArcTanh[+/1+Sec[x]? |
3

Result (type 4, 3292 leaves):
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i Cos[X] Sec[i]2 3i. 3

Bl
73]'1+\E 3]'1+\E

] _

iCos[x]? [EllipticF[i ArcSinh[+/3

i Cos[x] Sec[*]? o
[2] 31 \/?] Sec[i]A\/(4+3Cos[x}+Cos[3x])Sec[x]3

1
EllipticPi[—-(3+—j\/3 ),‘ﬂAPcSinh[\/3 ,
6 -31i++/3 31+4/3 2

4 + 3 Cos[x] + Cos[3x] Sec[i} Sin[3—x] 4 + 3 Cos[x] + Cos[3x] Sec[i] Sin[s—x]
3 Cos[x]+Cos[3x] 3 Cos[x]+Cos[3x] 3 Cos[x]+Cos[3x] 2 2 3 Cos[x]+Cos[3x] 3 Cos[x]+Cos[3x] 3 Cos[x]+Cos[3x] 2 2

_ + +
2 (3-2Cos[x] +Cos[2x]) 2 (3-2Cos[x] +Cos[2x])
4 3 Cos [Xx] Cos[3 x] X
\/3COS[X]+COS[3X] N 3 Cos [x] +Cos [3 X] " 3 Cos [x] +Cos [3 X] Tan[z] V3 —BjTan[i]z \/?+3]1Tan[ﬂ2 /
3-2Cos[x] +Cos[2X] ~31++43 31+vV3

iCOS[X}SEC[f]Z 3143

, _
~3i++/3 3i+4/3

Cos [X] Sec[i]2 X 4
\3 2 (1+3Tan{—] ) 21i+/3 Cos[x]? |EllipticF[i ArcSinh[+/3

“3-i+3

i Cos[x] Sec[*]? -
[2] 3i-3 Sec[i]s\/(4+3Cos[x]+Cos[3x})Sec[x}3

J
~31i++/3 3i+4/3 2

EllipticPi|

|

(3+1V3 ), iArcsinh[V3

\/?7311Tan[§]2 \/?+311Tan[§]2 Cos [X] Sec[ﬂ2 X an2
// [1+3Tan[—}] +
-3-i4/3

Tan[i]3

2 “31++/3 3i++/3
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i Cos [x] Sec[i]z 313

J
—3:|'l+\/? 3]'1+\/?

\/3 Cos[x]? |EllipticF[i ArcSinh[ﬁ\l | - Ellipticpi| > (3+iV3),
6

i Cos[x] Sec[*]? -
i ArcSinh[+/3 [2] s 31 \/?] Sec[i]s\/(4+3Cos[x1+Cos[3x])Sec[x]3
~3i+4/3 3i++/3 2
V3 -3iTan[%]? Cos[x}Seci2 A3 +3iTan[%]?
Tan[ ] H //2(3j+V§) H 2] (1+3Tmﬁ5]) -
2 —3i+4/3 ~3-i+/3 3i++/3 2

i Cos [X] Sec[f]z 3143

J
~3i+4/3 3i+4/3

] -Ellipticpi[}—(3+-i\/§j,
6

/3 Cos[x]? |EllipticF|[i Ar‘cSinh[\/?\I

i Cos[x] Sec[*]? o
H 3i-v3 Sec[i]6\/<4w—3cos[x}—FCOS[3X]>SQC[X]3 Tan[ =] //
31'1+\/?

X \/?+31‘1Tan[§}2
)
-31i++/3 31+4/3 2 2

1 ArcSinh [ﬁ\l

Cos [X] Sec[f]2 \/_—BjTan[§]2
~3-i+/3 ~3i++/3

e

X4 L
(1+3Tan{—] ) + |21 Cos[x] [EllipticF|
2

i Cos[x] Sec[*]? .
] 7E111pticpi[},(3+,j\/§), i ArcSinh[+/3° H B 21 V@]
6 —3]'1+\E 3]'1+\E

i Cos [X] Sec[i]2 3i /3

3
“3i++/3 3i++/3

1 ArcSinh [ﬁ\l

\/?—BiTan{ﬂz J\/?+3JiTan[;‘}2

Sec[i]z‘\/(4+3Cos[x}+Cos[3x])$ec[x]3 Sin[x] /
2 -3i++/3 3i+4/3

Cos[x] Sec[%]? i Cos[x] Sec|*]? -
\EJ [2] (1+3Tan[5}4] - |21 Cos[x]? EllipticF[jAr‘cSinh[\EJ [2} ], 3i-V3

“3_-i/3 2 “3i++/3 3i+4/3
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i Cos[x] Sec[*]? .
EllipticPi[l(hiﬁ),lArcSinh[ﬁJ 1 ], 2 ﬁ} ec[2]*\[(4+3Cos(x] +Cos[3x]) Sec(x]?
6

~3i+4/3 T 35443 2
Tan[i] \/?—BiTan{ﬂz \/?+311Tan[§]2 / s Cos [X] Sec[§]2 (1+3Tan{§]4) .
2 -3i+4/3 3i++/3 -3-14/3 2

2

i Cos [X] Sec[ﬂ 31-+/3
i Cos[x]? [EllipticF[i ArcSinh[+/3’ 2,22 V3
—3]1-%—\/? 31'1+\/?

| - Ellipticpi[ > (3+i3),
6

2

i Cos[x] Sec|* -
i ArcSinh[+/3 [2] 1, 31 \/?] Sec[i]zt\/(4+3Cos[x1+Cos[3x])Sec[x]3
-3i+4/3 3i+4/3 2

Sec[*]?sin[x]
2

“3-i+3

+

Cos [X] Sec[5

2}2 3/2 -
P ] (1+3Tan[;})]

Cos[x] Sec[*]*Tan[*]| |+/3 -3iTan[*]* |3 +3iTan[*]’ /2ﬁ
-3-1V3 *33‘1+\/? 3J'L+\/?

X 4 \/?—31’1Tan[5]2 \/?+311Tan[5}2
i Cos[x]?Sec|~| \/(4+3Cos[x] +Cos[3x]) Sec[x]? \/_2 = 2
2 -31+4/3 3i++/3

) jSec[x—rSin[x] i Cos[x] Sec[x—rTan[x—}
. \/? [ -3211+\E i -3 j+\ZE ’

+

5 5 ) -31++vV3 -31+vV3
i Cos[x] Sec{x—] 31i Cos[x] Sec{x—] 3i (3 J‘L—\/?) Cos [X] Sec{1
2 2 1+ 2 1+ 2
3i4/3 3i4/3 (73 juﬁ) (3 fuﬁ)

B [j\/? {_iSec[?Fsin[x] i Cos [X] Sec[?]zTan[ﬁ ]J/
|
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i Cos[X] Sec[i]2 31 Cos [X] Sec[ﬁ2 1‘1(3+]’1\/?)C05[x] Sec[ﬂ2 31‘1(31‘1—\/?)Cos[x} Sec[ﬂ2
2 1+ 1+ +
“3i+4/3 “3i+4/3 2(73“%?) (731'“%?) (3j+ﬁ)

X 12 ‘ —
Cos[x] Sec|%* i Cos[x] Sec|%* .
? LZ] [1+3Ta“[5}4] ~ | i Cos[x]? |EllipticF [i ArcSinh[v/3 (3] L 3i-+/3 |-
R 2 -3i+V3 3i++/3

i Cos[x] Sec[*]? - V3 -3iTan[%]?
Ellipticpi[1 (3+jﬁ), i Arcsinh[+/3° H ], 31 \/?} sec[i]4 H
6 ~31+4/3 3i++/3 2 ~31+4/3

(Sec[x]? (-3Sin[x] -3Sin[3x]) +3 (4+3Cos[x] +Cos[3x]) Sec[x]>Tan[x]) /

\/?+3J‘1Tan[§]2
3i++/3

Cos[x] Sec[%]?
2\/?\1 {2} \/(4+3Cos[x1+Cos[3X])Sec[X]3 (1+3Ta”[§]4)

-3-1i+/3 2

Problem 8: Result unnecessarily involves higher level functions and more than twice size of optimal antiderivative.

J\/2+2Tan[x1 +Tan[x]? dx

Optimal (type 3, 137 leaves, 9steps):
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2\/?7 5+\E Tan [x]
ArcSinh[1+Tan[x]] - 1 (1+\/?) ArcTan| ( ) | -
2
1@(

1+\/?) \/2+2Tan[x1 +Tan[x]?

Z\EJr (57\/?) Tan [x]

N |-

(-1++/5 ] ArcTanh| ]

|10 (—1+\/?) J2+2Tan[x] + Tan[x]?

Result (type 4, 7376 leaves):

1
- 4 Cos [X]

(1+COS[X]> \/3+Cos[2x]+2$in[2x1

(1+Cos[x])?

([[EllipticF[Ar‘cSin[\/ [((Root[1+2n1-2:¢13+n14 &, 2] -Root[1+2u1-2n1%+nu1* &, 4]) (—Root[1+2n1-2n13+:¢14 &, 1] +Tan[5}))/
2

(Root [1+2#1 - 2113+ 11% &, 1] -Root[1+2n11-2n1%+11* &, 4])

7Root[1+2ul—21113+t£14&, 2] +Tan[i})”]:
2

- (((Root[1+2#1-211%+n1* &, 2] ~Root [1+211-211°+11*&, 3]) (Root[1+211-201%+u1* &, 1] -
Root[1+2#11-211%+n1% &, 4])) / ((-Root[1+2n1-241%+11*&, 1] +Root [1+2n1 - 2113 + 111* &, 3])
(Root [1+251 - 2113 +11* &, 2| ~Root[1+211-211%+11% &, 4])) )] (1-Root[1+2n1-2n1%+n1%&, 1]) -
EllipticPi[ ((-1+Root[1+2u1-2u1%+nu1*&, 2]|) (-Root|1+211-2411°+u1*&, 1] +Root[1+201-2u1% +11* &, 4])) /
((-1+Root[1+2n1-211%+n1%&, 1]) (-Root[1+2u1-211%+n1* &, 2| +Root[1+211-211°+u1* &, 4])),

Ar‘cSin[\/ [((Root[1+2tt1—21113+1114 &, 2] -Root[1+251-241%+11% &, 4]) (—Root[l+2ﬁ1—2tt13+tt14&, 1] +Tan[5})J/
2

((Root[1+2n1-2n13+n14 &, 1] -Root[1+2u1-2n1%+u1*&, 4]) (—Root[1+2u1-2nl3+nl4&, 2] +Tan[5}))]],
2

- (((Root[1+251-251%+11% &, 2] -Root[1+211-211%+411*&, 3]) (Root[1+2a1-201%+51%8, 1] -
Root[1+2n1-211%+u1*&, 4])) / ((-Root[1+2n1-2n11%+u1*&, 1] +Root [1+2n1-2u1% +ul* &, 3])
(Root [1+211-211%+11* &, 2] ~Root[1+211-211%+n1% &, 4])))] (-Root[1+2n1-211%+n1* &, 1] +

Root [1+2m1-211% + 11* &, 2})] (-Root[1+2m1-2n1%+n11* &, 1] +Root [1+211-2n11° +11* &, 4])

\/[((Root[1+2n1—2ﬁ13+ﬁ14 &, 2] -Root[1+2u1-2n1%+u1* &, 4]) (-Root[1+2n1-2n13+n14&, 1] +Tan[5}))/
2

[(Root[1+2n1_2n13+nl4 & 1] -Root[1+2u1-2u1%+n11% &, 4])

{7Root[1+2ﬁ172n13+n14 &, 2| +Tan[5]J]) (—Root[1+2tt1—21113+1114 &, 2| +Tan[5]]2
2 2
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J[ ~Root [1+211-2#1% + 1% &, 1] +Root [1+251 - 2113 + 111* &, 2]) |-Root[1+2u1-2n1%+nu1* &, 3] + Tan|

~Root [1+211-2n11° +11* &, 1] +Root [1+211-211% +11% &, 3]) |-Root[1+2n1-211%+n1* &, 2] + Tan|

J[( ~Root [1+211-2#1° + 51 &, 1] + Root [1+271 - 2113 + 11* &, 2]) [ Root [1+2#1-211% + 51* &, 4] + Tan|
[ ~Root [1+211-241%+11% &, 1] +Root [1+2 11 - 2113 + n1* &, 4]) (

Root [1+211 211 +11% &, 2] +Tan[5}))]]/

(-1+Root[1+2n1-241%+11%&, 1]) (1-Root[1+2n1-211%+n1*&, 2])

(-Root[1+2m1-2n1%+n11* &, 1| +Root [1+211-2411° + 11* &, 2])
(Root [1+2m1-2u1% +111* &, 2| - Root [1+2#11 - 2113 + n1* &, 4])

\/1+2Tan[i] —2Tan[£}3+Tan[i}4

2 2 2

((z-j) [EllipticF[Ar‘cSin[J(((Root[l+21:t1—2ttl3+ttl4 &, 2] -Root[1+2u1-2n1%+n1* &, 4]) [-Root[1+zn1-2n13+n14 &, 1] +

Tan[f}])/ ((Root[1+2u1-2u13+m1“ &, 1] -Root[1+2u1-2n1%+n1*&, 4]) [-Root[1+2u1-2u13+m4 &, 2] +
2

Tan[ X , - Root[1+2n1-211%+11%8&, 2| ~Root|1+281 -281%+11% &, 3 Root[1+2n1-211%+11%8&, 1] -
[2

Root[1+2n1-211%+u1%&, 4])) / ((-Root[1+2n1-241%+u1*&, 1] +Root [1+2n1 - 2413+ u1* &, 3])
(Root [1+2m1 - 2113 +11* &, 2] ~Root[1+211-211%+n1% &, 4])))] (i-Root[1+2n1-2u1%+11%8, 1]) -
EllipticPi[ ( (-1 +Root[1+2n1-211%+11* &, 2]) (-Root[1+211-211%+n1% &, 1] +Root [1+2m1-211%+11*&, 4])) /
((-i+Root[1+2n1-2u1+u1*8&, 1]) (-Root[1+2n1-211%+u1*&, 2] +Root[1+2u1-2u1%+nu1" &, 4])),

Ar‘cSin[\/ (((Root[1+2m1—2m13+ul4 &, 2] -Root[1+2n1-2n1%+n1* &, 4]) (—Root[1+2n1-2m13+m14&, 1] +Tan[5}))/
2

((Root[l+2ﬁ172ttl3+n14 &, 1] -Root[1+2u1-2n1%+nu1%8&, 4]) (—Root[1+2n1—2tt13+tt14&, 2] +Tan[5})J]],
2

- (((Root[1+2#1-211%+n1* &, 2| ~Root [1+211-211° +11*&, 3]) (Root[1+2m1-211%+u1*&, 1] -
Root[1+2#1-211%+n1% &, 4])) / ((-Root[1+2n1-2#13+11* &, 1] +Root [1+2n1 - 2113 + 111* &, 3])
(Root [1+211 - 2113+ 111* &, 2] ~Root[1+211-211%+11% &, 4])))] (-Root[1+2n1-211%+n1% &, 1] +

Root[1+2n1-211%+n1% &, 2])| (-Root[1+2n1-24u1%+11*&, 1] +Root [1+2n1 - 2113+ 11t &, 4])

\/[((Root[l+2t&12n13+n14 &, 2] -Root[1+2u1-2n1%+u1*&, 4]) (—Root[l+2ﬁ1—2t&13+ul4&, 1] +Tan[5}))/
2

(Root [1+2m1 - 2113+ 11* &, 1] -Root[1+2n11-211%+n1* &, 4])
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[7Root[1+2ﬁ1—2nl3+ml4 & 2] + Tan[ >

2])]) (—Root[1+2tt1—21113+1114&, 2] +Tan[§]]2

J[ ~Root[1+2m1-2n1%+n1* &, 1] +Root[1+2n1-211%+n1* &, 2])

Sl

[(j+Root[1+2H121¢13+1¢14 &, 1]) (i-Root|[1+2n1-211%+n1*8&, 2])

-Root [1+2n1-211% + 11* &, 3}+Tan[§]”/

~Root[1+2n1-2n1%+n1% &, 1| +Root[1+2n1-2n1%+n1* &, 2]) [-Root[1+2n1-2n1%+n1* &, 4}+Tan[—])
2

~Root[1+2n1-2n1%+11* &, 1| + Root [1+2n1 - 2113 + 11* &, 4|

[ ~Root [1+2#1-211% +11* &, 1] + Root [1+211 -2 11% + 11* &, 3]) ( Root [1+2#1 - 2113+ 11* &, 2| + Tan|
[ ( Root [1+211 - 2113+ 11* &, 2| + Tan|

(-Root[1+2m1-2n1%+n11* &, 1] +Root [1+211-2411° + =1* &, 2])
(Root [1+211-2u1%+11* &, 2] -Root[1+2n1-211%+nl* &, 4])

\/1+2Tan[x] —2Tan[i}3+Tan[i}4

2 2 2

((2+j) [EllipticF[Ar‘cSin[J(((Root[1+2tt12ﬁ13+n14 &, 2] -Root[1+2u1-2n1%+n1*&, 4]) (—Root[1+2t11—21113+1114 &, 1] +

Tan[i}])/ ((Root[l+21¢1—21¢13+tt14 & 1| -Root[1+211-2u1%+11* &, 4]) |-Root[1+211-211° +11* &, 2| +

2

Tan[i}])]], - (((Root[1+2m1-2n1%+n11* &, 2| -Root[1+211-211% +11* &, 3]) (Root[1+2m1-2n1%+n1* &, 1] -
2

Root[1+2#11-211%+n1* &, 4])) / ((-Root[1+211-241%+11*&, 1] +Root [1+2n1 - 2113 + 1% &, 3])
(Root [1+211 - 2113+ 11* &, 2] -Root[1+211-211%+n1* &, 4])))] (-i-Root[1+2n1-2n1%+n1%&, 1]) -
EllipticPi[ ( (i +Root[1+2m1-251%+11* &, 2]) (-Root[1+2n1-2n81% +11* &, 1] + Root [1+201 - 2113 +n1* &, 4])) /
((i+Root[1+2u1-2n1%+n1%&, 1]) (-Root[1+211-2n11°+u1*&, 2] +Root [1+211-2401% +11* &, 4])),

(
2
ArcSin | \/(( (Root [1+2#1 - 2113 +11* &, 2] -Root[1+2n11-2n1%+11* &, 4]) (—Root[l+21¢1—21¢13+m14&, 1] +Tan[5}))/
2

((Root[1+2u1-2n13+n14 &, 1] -Root[1+2u1-2n1%+u1* &, 4]) (-Root[1+2n1-2u13+nl4&, 2] +Tan[5})J]],
2

- (((Root[1+2m1-2m1%+n11* &, 2| ~Root [1+211-211%+11* &, 3]) (Root[1+2m1-211%+n1* &, 1] -
Root[1+2#11-211%+n1% &, 4])) / ((-Root[1+211-2413+11* &, 1] + Root [1+2 11 - 2113 + 11* &, 3])
(Root [1+211-211%+n1* &, 2] ~Root[1+2u1-211%+n1*&, 4])))] (-Root[1+2u1-2u1%+n1"&, 1] +

Root[1+2#1-211%+n1% &, 2]) | (-Root[1+2n1-241%+11* &, 1] +Root [1+2n1 - 2113+ 11* &, 4])

\/[((Root[l+2n1—2n13+nl4 &, 2] -Root[1+2n1-2n1%+nu1* &, 4]) (-Root[1+2n1-2n13+m4&, 1] +Tan[5}))/
2
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[(Root[1+2n1—2nl3+n1“ &, 1] -Root [1+2n1-2n1%+n1* &, 4])
[—Root[1+2111—21113+1:t14 &, 2] +Tan[§]j]) (—Root[1+2ttl—2tt13+ttl4 &, 2] +Tan[5]]2
2 2

J[ ~Root [1+211-2#1%+11* &, 1] +Root [1+211 - 2113 + 111* &, 2]) |-Root[1+2n1-211%+n1* &, 3| + Tan|

~Root [1+211-2411% +11* &, 1] +Root [1+211 - 2113+ 11* &, 3]) [-Root [1+211 - 2113 +n1* &, 2| + Tan| —

A
[ :
A
[

Root[1+211-211% +11* &, 4] + Tan|

\/(( ~Root [1+211-2#1° +11* &, 1] + Root [1+211 - 2113 + 11* &, 2])

~Root [1+211-2#1° +11* &, 1] + Root [1+211 - 2113 + 11* &, 4] ) |-Root[1+2 11 - 2113 +n1* &, 2] + Tan|

[(1+Root[1+2n12m13+u1“&, 1]) (-1 -Root[1+2n1-2n1%+11% &, 2])

(-Root[1+2m1-2n1%+n1* &, 1] +Root [1+211-2n11° +11* &, 2])
(Root [1+2m1-211% +111* &, 2] - Root [1+2 11 - 2113+ 11" &, 4])

\/1+2Tan[x] —2Tan[§}3+Tan[i}4

2 2 2

([EllipticF[ArcSin[\/([(Root[1+2tt12u13+1:14 &, 2| -Root[1+251-2u1%+11* &, 4]) (—Root[l+2tt1—21¢13+1114 &, 1] +Tan[5]J)/
2

((Root[1+2n1-2n13+n14 &, 1] -Root[1+2u1-2n1%+u1* &, 4])

~Root [1+2n81-211%+ 11* &, 2| +Tan[5})”],
2
- (((Root[1+2m1-2n1%+n11* &, 2| ~Root [1+211-211° +u1* &, 3]) (Root[1+2m1-201%+n11* &, 1] -

Root[1+2m1-211%+11% &, 4])) / ((-Root[1+2n1-211%+u1* &, 1] +Root [1+201-2n11% +11* &, 3])
(Root [1+2w11-211%+n1* &, 2] ~Root[1+211-211%+n1% &, 4])))] (-1-Root[1+2n1-2n11%+11*&, 1]) -
EllipticPi[ ((1+Root|[1+2n1-211%+11* &, 2]) (-Root[1+2#1-211%+n1% &, 1] +Root [1+2u11-2n1%+n1*&, 4])) /
((1+Root[1+2m1-2u1%+11%&, 1]) (-Root[1+211-211%+n1%&, 2] +Root[1+2u81-211%+n1*&, 4])),

[
ArcSin| \/(( (Root [1+2#1-211%+11* &, 2] -Root[1+2u1-2n1%+ 11" &, 4]) (—Root[1+2ﬁ1-2nl3+nl4&, 1]+Tan[5}))/
2

(Root [1+2#1-211%+11% &, 1] -Root[1+2n11-2n1%+11* &, 4])

~Root[1+2a1-2a1%+11% &, 2] +Tan[5})J]],
2
- (((Root[1+2#1-211%+n1* &, 2] ~Root [1+211-201°+11*&, 3]) (Root[1+211-201%+u1*&, 1] -

Root[1+2#11-211%+n1% &, 4])) / ((-Root[1+2n1-2#13+11*&, 1] +Root [1+2n1 - 2113 + 111* &, 3])
(Root [1+211 - 2113+ 111* &, 2| -Root[1+211-211%+n1% &, 4])))] (-Root[1+2n1-2n1%+n1% &, 1] +

Root[1+2n1-211%+n1% &, 2])| (-Root[1+2n1-2n11%+11*&, 1] +Root [1+2n1 - 2113+ 11t &, 4])
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\/[((Root[l+2m12tt13+ttl4 &, 2| -Root[1+2n1-2n1%+n1* &, 4]) (—Root[l+2ﬁ1—2ﬁ13+ml4&, 1] +Tan[5}))/
2
[(Root[1+2n1-2n13+n14 &, 1] -Root[1+2u1-2n1%+n1% &, 4])

[—Root[l+2ﬁ1—2n13+nl4 &, 2| +Tan[i

2])]) (_ROOt[1+2H1_2H13+ﬁ14&, 2] +Tan[§]]2

-Root[1+2n1-2n1%+11* &, 3| + Tan|

\/[ ~Root [1+211-2#1° +11* &, 1] + Root [1+211 - 2113 + 11* &, 2])

-Root [1+211-2#11%+51* &, 1] +Root [1+211 - 2113 + 11* &, 3]) |-Root[1+211 - 2113 +n1* &, 2] + Tan|

\/(( ~Root [1+211-2#1° +11* &, 1] + Root [1+271 - 2113 + 11* &, 2]) [Rootl +281-2481% + 51% &, 4] + Tan|

X
~Root[1+251-241%+11% &, 1] + Root [1+211 - 2113+ 11* &, 4]) [-Root[1+251 -211% + n1* &, 2]+Tan[*})

[(1+Root[1+2n1-2n13+n14&, 1]) (-1-Root[1+2m1-211%+u1%8, 2])

(-Root[1+2u1-211%+n11* &, 1] +Root [1+211-2n11° +11* &, 2])
(Root [1+2m1-211% +111* &, 2| - Root [1+2 11 - 2113+ n1* &, 4])

\/1+2Tan[x] —2Tan[§}3+Tan{§}4

2 2 2

+ (2 EllipticF|

ArcSin[\/([(-Root[1+2u1-2u13+n14 &, 2] +Root[1+2n1-2n1%+11% &, 4]) (-Root[1+2m1-2u13+u1“&, 1] +Tan[5})J/
2

[(—Root[1+2m1—2m13+m1“ &, 1] +Root[1+2n1-2n1%+n1* &, 4]) (—Root[1+2u1-2m13+m1“&, 2] +Tan[5}))]],
2

((Root[1+21-211%+n1* &, 2] -Root[1+2n1-2n1%+n1% &, 3]) (Root[1+211-2113+n1* &, 1] -
Root [1+2n1-211%+n1* &, 4])) / ((Root[1+2#11-211%+n1% &, 1] -Root[1+2u1-2n1%+n1* &, 3])
(Root[1+211-211%+11* &, 2] -Root[1+2n1-2n1%+n11* &, 4])) |
(Root [1+2m1 - 2113 +111* &, 1] - Root[1+2 11 - 2113 + n1* &, 4])

\/(((—Root[l+2nl—2n13+nl4 &, 2] +Root[1+2u1-2n1%+n1* &, 4]) [-Root[1+2n1-2u13+u14 &, 1] +Tan[§]J]/
2
[(—Root[1+2tt1—21113+n14 &, 1] +Root[1+2n1-2n1%+11% &, 4])

[7Root[1+2ﬁ1—2nl3+ml4 & 2] + Tan[ >

2])]) (—Root[1+2tt1—21113+1114&, 2] +Tan[§]]2

\/[((—Root[l+2n1—2n13+n14&, 1] +Root[1+2n1-2n1%+n1* &, 2]) [—Root[l+2n1—2n13+nl4&,3 | +Tan| J]/

[(7Root[1+2m172tt13+ttl4 &, 1] +Root[1+2n1-2n1%+n1* &, 3]) (7Root[1+211172tt13+t114&, 2| +Tan| ))
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\/[((Root[l+2ﬁ12u13+ul4 &, 1] +Root[1+2u1-2n1%+n1* &, 2]) [7Root[1+2t11721¢13+1¢14 &, 4] +Tan[5]))/
2
[(7Root[1+2111—21113+1114 &, 1] +Root[1+2n1-2n1%+n11% &, 4]) (—Root[l+2ﬁ1—2t&13+tt14&, 2] +Tan[5})))
2

/

[(_Root[1+2n1_2n13+n14&, 1] +Root[1+2n1-2u1% +111* &, 2]) (-Root[1+2n11-2u1%+n1% &, 2] +Root [1+2u1-2n1%+11* &, 4])

\/1+2Tan[£] —2Tan[£}3+Tan[i]4] \/2+2Tan[x} +Tan[x]2
2 2

2

Problem 9: Result unnecessarily involves higher level functions and more than twice size of optimal antiderivative.

jAr‘cTan[\/—1+Sec[x} ] Sin[x] dx

Optimal (type 3, 41 leaves, 7 steps):
1Ar‘cTan[\/flJrSec[x] | -ArcTan[+/-1+Sec[x] | Cos[x] + ECos[x] A/ -1+Sec[x]
2

2

Result (type 4, 285leaves):

~ArcTan[+/~1+Sec[x] | Cos [x] +§Cos[x} \/m-i (-3-2\/7) COS[E]Z (1—\/7+ (-2+ﬁ) Cos[g])
X Tan|[*] Tan[%]
Cot|[ =] |EllipticF[ArcSin[————], 17-12+/2 | + 2EllipticPi[-3+2/2, -ArcSin[——], 17 -12/2 |
¢ 3-2v2 e
J(7—5\/7+ (19—7\/7) COS{E]) Sec[z]z \/(—1—\/?+ (2+\/7) Cos[?]) Sec[i]2

-1+ Sec[x] Sec[x]\/32\5Tan[x]z\/1+(3+2\5)Tan[x}2
4

4

Problem 12: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

JAr‘cTan[x +4/1-x% | dx

Optimal (type 3, 141 leaves, ? steps):
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_Arcsin(x +—\/—Ar‘cTan[ 1+\/?X}+l\/?Ar‘cTan[1+\/?x}—
2 Vi-x2 4 Vi-x2
B 2
lV?Ar‘cTan[ 1r2x | +xArcTan|x + 1—x2]—lAr‘cTanh[xwl—xZ]—lLog[l—x2+x4]
4 J3 4 8

Result (type 3, 1822 leaves):

xArcTan|[x ++/1-x2 | +

_8ArcSin[x] +2+/2+2i 3 Ar‘cTan[((l+1’1\ﬁ—2X2) (—1+x2>)/[—3j1—\/?+2\gx4+x3 (—6—21’1(—2\/2—21’1\/?\/1—% +
x[6+2i3 -2+/2-2i /3 J1-x

16

3i-v3 +246-6i3 J1-x2
3i-v3 +246-6i3 J1-x2
6-2i/3 -22+2i/3 ~J1-x* |+
3543 124646143 J1-x2
3—1\E+mm +
+x2(—31 V3 2461603 J1-x2

+ %2

23/2+2i+/3 ArcTan[((1+1V3 -2x) (—1+x2))/(—3j—\5+2\/?x4+2x

+ X2

2% (3413 e\J2-2iv3 J1-x2

2+/2-21 3 ArcTan[((-1+x?) (—1+Ji\/?+2x2))/[31’1—\E+2\/?x4+x

64203 -2+/2+2i3 J1-x2

+ %2

]+

2+/2-21 3 ArcTan|[((-1+x?) (—1+Ji\/?+2x2))/[3]’1—\E+2\/?x4+2x3

34043 +4/242i/3 \/1—x2

ﬁ* ?| +21+3 Log|[- zrﬂz}uog[%ﬂ (i+ﬁ)+xz]721ﬁmg[§ﬂ

i2 0g[16 (1+3 x+x)*] +i/2+21 3 Log[16 (143 x+x2|7] +

2-2i+/3 Log (4—4\Ex+4x2)2}—j 2:2i+/3 Log[(4—4\5x+4x2)2]—

2+21i+/3 Log| 31+\E—(—j+\5)x4+21m\/ﬁ+51x2 2404J2-2i+/3 1%
3.5i3 +3i+/6-6i3 J1-x2 3i+3v3 +\/6-6i+3 Ji-x2 |
24233 Log[3i+V/3 - (- j+ﬁ)x4+21m\/ﬁ+51ixz
3-3iv3 -iv6-6i3 J1-x2

2Log|-

N|I—‘
N|I—\

]'1+\E)+X2]—

+

bed

+ 1 x3

+

240J2-2i+/3 J1-x2

+

x3 +

—ix(—311+5\/?+3\/6—61\/? J1-x2 |]
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i12-2313 Log[-3i+V/3 - [1+V3 | x*-2i2+2iV/3 J1-x2 -5ix® 24024203 J1-52 |+

x[3-5iv3 3i\6+6i3 J1-x2 3133 +\/6+6i3 J1-x2
i12-2313 Log[-3i+V3 - (1443 | x*-2i2+2iV/3 J1-x2 -5ix® 24424203 J1-52 |

33,303 +i646i3 J1-x2 +Jlx(3j+5\/?+3\/6+611\/? \/1_x2)]

-1 x3

Problem 13: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

JxAr'cTan[XJr\/ﬁ] dx
Vi-x2
Optimal (type 3, 152 leaves, ? steps):
_ Arcsin(x] +—\/—Ar‘cTan[ 1+\Ex}+l\/?Ar‘cTan[—1+\/?X]—
2 V1-x2 4 1-x?
i\/?Ar‘cTan[ _1\;_2)(2] -+J1-x% ArcTan|x++/1-%2 | + iAr‘cTanh[x 1-x% |+ i Log[1-x?+x*]
3

Result (type 3, 2408 leaves):

—m—ﬂl—xz ArcTan[x++/1-x2 | + !

2
4 6(1—]1\/?)

(-31+/3) Ar‘cTan[[3—1’1\/?—12Jix+4\/?x—12Ji\/?xz—lzjx3—4\/?x3—3x4

i3 x*-21 /2(1-1ﬁ) xA/1-x2 21 6(1-1\/?) x2A1-x2 21 ( -1\/—) x31/1

1

4 6(1-]1\/?)

|/

[i-V3 -6x+6iV3 x+30ix2-23 x2+6x7+181 V3 X +11ix*+3/3 x*|] -

(-31+/3) ArcTan[[3-jlﬁ+1zix-4ﬁx-12iv?x2+1zix3+4\/?x3-3x4-j\/?x4+
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211\/mesz 6(1-1V3) 1% v2i |2 2(1-143) x 1%

1

/

(11_\/?+6x_61'1\/?x+3ej1x2-2\/?x2-6x3-18]1\/?x3+1111x4+3\/?x4)]-
4 6(1“1\/?)

(31++3) ArcTan[{-3-1ﬁ-121x-4ﬁx-121\/?x2-121x3+4\/?x3+3x4-j\/?x4-

21 /2(1+1ﬁ) x~A/1-x2 21 6(1+J’1\/?> x2A[1-x® 21 (1+1d—) x3 /1

1

|/

(-i-V3 -6x-6iV3 x-30ix*-2V/3 x¥+6x-18i V3 x*-11ix*+3V3 x*|] +
4 |6(1+iV3)

(3j+ﬁ)ArcTan[[-3-11ﬁ+12ix+4ﬁx-1211ﬁx2+121x3-4ﬁx3+3x4-1\/?x4+
2i [2(1+3V3 ) xy/1-x -2i [6(1+3V/3] x[1- +21 [2 (1403 ) 41

(-i-V3 +6x+6iV3 x-30ix*-2V/3x-6x7+181 V3 X’ -11ix*+3V3 x*|] -
i (-31+V3 ) Log[(-i+V3 -2x)" (1+v3 -2x)"] i (31+v3 | Log[(-i+V3 -2x)" (i+V3 -2x)]

|/

+ +

8 6(1-]1\/?) 8 6(1“1\/?)

(3]1+\/—) Log[( ]L+\/_+2X) (IL+\/?+2X)2]_

8 6(1—]‘1\5)

i (31+V3 ) Log[(-i+v3 +2x)” (i+3 +2x)]

+

8 6(1+j\5)

3i++/3 Log—l—MEJrX2
( J og[-} }

2
83
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(731'1+\/3 ) Log[—iJr DZEerZ]
83

+

1

8 6(1-1%?)

i(-31+V3 ) Log[3:+V/3 -3x-5iV3 x+10ix* 43X =313 x4 ixt -3 x +2i [2(1-1V3 ) (15 -

34 /6(1—1’1\/?) x\[1-x +51i z(l-jﬁ) Af1-x2 —i |6 (1 lr> \/7

8 (1-1ﬁ)

i(-3:+7/3 ) Log[3i+V/3 +3x+5iV3 x+10ix-3x* 4313 P+ ix - V3 xte2i [2(1-24/3) 152

3i . /6(1-1V3) x\[1-x +51i 2(1-1v3 ) 1% +i |6 6(1-1v3] x ~f1-x2 ]+

8 (1+11\/?)

i(3i++/3)Log[-31++/3 +3x-51/3 x-10ix2-3x3-31+/3 x®>-ix*-/3 x*-21 [2(1+1+/3 1-x% -
[-

3i /6(1“1\/?) x+/1-x% 51 2(1+1ﬁ) x2A1-x® -1 (1+1V—) x31/1

8 (1+]1\/?)
i (31+V3 ) Log[-3i+V3 -3x+5iV3 x-10ix*+3x+3iV3 X -ix* -3 x -2 [2 (1483 \J1-x 4

31 /6(1“1\/?) xA/1-x2 -51 2(1“1\/?) x2~/1-x% +1 (1+1\/—) x3 /1

Problem 17: Result more than twice size of optimal antiderivative.
JLog[x+\/—1+x2 ]

(14x2)>2

dx

Optimal (type 3, 32leaves, 3 steps):



1 xLog[x+/-1+x2 |
- = ArcCosh [xz] +
2 VI
Result (type 3, 89 leaves):
A\ -1ex? (14x2) Log[l— L }—Log[h L }
4 x Log [x + m] + 2 i ]
3 -1+x*

44/1 + x2

Problem 21: Result more than twice size of optimal antiderivative.

dx

JXB ArcSin[x]

1-x4

Optimal (type 3, 38leaves, 5steps):

1 1 ArcSinh[x
Sxaf/1+x2 - =4/1-x* ArcSin[x] + Arcsimnix]
4 2

4

Result (type 3, 85leaves):

A/1 _ w4
u72«/17x4 ArcSin[x] + Log[1-x?| - Log[-x+ x> +/1-x? 4/1-x* |

V1-x?

1
4
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Problem 37: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

Sin[x]
j A gk
1+Sin[x]?
Optimal (type 3, 16leaves, 2 steps):
ArcTanh| ngm_}

V2

Result (type 3, 46 leaves):
i Ar‘cTan[ﬂLﬂ-] —Ar‘cTan[mﬂ]
V2 V2

V2
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Problem 38: Result unnecessarily involves higher level functions.

J 1+ x2 dx
(1) VT xt

Optimal (type 3, 23 leaves, 2 steps):
Ar‘cTanh[—*@

14x*

V2
Result (type 4, 36 leaves):

(-1)%* (EllipticF[Ji ArcSinh[(-1)**x], -1] - 2EllipticPi[i, ArcSin[(-1)**x], —1])

Problem 39: Result unnecessarily involves higher level functions.

J 1-x2 dx
(1032) VIokE

Optimal (type 3, 23 leaves, 2 steps):
Ar‘cTan{@}

1+x4

V2
Result (type 4, 40 leaves):

(-1)** (ELlipticF[i Arcsinh[(-1)**x], -1] - 2E1lipticPi[-i, i ArcSinh[(-1)**x], -1])

Problem 41: Result more than twice size of optimal antiderivative.

JLog[Sin [x]] V1+Sin[x] dx

Optimal (type 3, 42 leaves, 6 steps):

Cos [X] 4 Cos [X] 2 Cos[x] Log[Sin[x]]
-4 ArcTanh| + -
\1+Sin[x] A1 +Sin[x] \/1+Sin[x]

Result (type 3, 87 leaves):
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1

Cos[i] +Sin[§}

2 (—Log[l+Cos[§] —Sin[i“ +Log[1—Cos[§} +Sin[§H —Cos[g] (-2+Log[sin[x]]) + (-2 +Log[Sin[x]]) Sin[g}) 1 +Sin[x]

Problem 44: Result unnecessarily involves higher level functions and more than twice size of optimal antiderivative.
J sin(x]
1-Sin[x]®
Optimal (type 3, 39leaves, 4 steps):

ArcTanh [

\/3 Cos[x] (1+Sin[x]?) ]

2+/1-Sin[x]®
2+/3

Result (type 4, 5825 leaves):

~ || (-2)? (3j+ (1+24) V2 3V4+ (1+21) ﬁ+i\/?33/4)

EllipticF [Arcsin[ = (1) (272 32) (2443 + (2-0 V2 374) Tan[%]?)

2 2i+2 (-3)Y*4/3 +iTan[*]?

],8-4+/3]-2 34 (\/7+31/4) EllipticPi|

(1+i) (2472 394) (2+4/3]) + (2-iV2 394 Tan[X]?)

6 (-3)Y4_2(_3\3%,4+/3 X
( ) ( ) + \ﬁ ,Ar‘cSin[l 2 ],8—4\/?]
34342 344 (2-1) /3 +/2 334 2 2i+2 (-3)Y*4/3 +iTan[*]?

2i-2(-3)Y4++/3 +iTan[%]?
Sin[x] -3 [2} (2-2(-1)3/431/4-1\/?+Tan[5]2)2

(,jﬁ+31/4) (2]'1+2 <73>1/4+\/?+]1Tan[§}2) 2

(iV2 +3Y4) (-i+2(-20+V3 ) Tan[%]* - iTan[X

] 2 /

(28+2(-3)"*+ 3 +iTan[X]’)
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2

[ﬁ3w(<3+61>ﬁ+<6+61) 3944 (2+23) 3%+ (3424) 6 | /1 sin(x® (1+Tan[5]2)2

(1+Tan[§]2)4

J1+ST""“W+30Tan[§r‘+8Tan[:1man[:18 [[

(71)3/4\/? [(31+ (1+214) 2 314, (1+21) \/?H‘lﬁf/“) EllipticF|

],8-4+/3]-2 34 (\/7+31/4) EllipticPi|

2i+2(-3)"*++/3 +iTan[X]?

Ar‘cSin[l\I <1+jl> ((2+ﬁ31/4) (2+\/?) + (2‘3'1\/?31/4) Tan[?]z)

6(—3)1/4—2(—3)3/4+4\/? ,Ar\csj_n[l\l (1+1) ((2+ﬁ31/4) (2+\/?) + (2—1'1\/?31/4> Tan[ﬂz) })8_4\/?]

34342 3Y44 (2-1) V3 +/2 334 2 2i+2 (-3)Y*++/3 +iTan[X]?

X
2

2i-2(-3)"*++/3 +iTan[X]? » .
2-2(-1)¥*3Y4_3+/3 +Tan[~]

Sec[—]ZTan[—] . . . 5 ( J
2 200 (-iV2 +314) (2842 (-3)Y* 43 4 i Tan[ 2] 2

\I (jﬁ+31/4) (_J'Hz (—211+\/?) Ta”[f]z‘“a”[fr‘)

(Zi+2 (_3)1/4+\/?+11Tan[§}2>2

J/ [31/4 ((3+611) V2 4 (6+61) 34 (24214)3%4 4 (3+21) \/?)

x 22 | 1+8Tan[*]*+30Tan[*]*+ 8Tan[*]®+ Tan[X]®
(1+Tan[f]) +

2 (1+Tan[§]2)4

2

[(1)3/4\/? [(31+ (1+2i) V2 34+ (1421) V3 +iV2 3%/4) EllipticF [Arcsin| >

J 102) [T o V3] s S enE) ) e evgpen

2i+2(-3)"*++/3 +iTan[X]’
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6(-3)Y4-2(-3)%*+4+/3 Ar‘cSin[l (1+1) ((2“/731/4) (2+\/?) . (2_11\/731/4) Tan[f}z) | 84T
3+3ﬁ31/4+(271)\5+\/733/4’ 2 2i+2 (-3)Y*++/3 +iTan[*]? ’
< s « 2i-2(-3)Y*+ /3 +iTan[*]? a2
Sec[ =] Tan|—] 2 (2—2(—1)3/431/4—1'1\/?+Tan[—]J
2 2 (711\E+31/4) (21’1+2(—3)1/4+\/?+11Tan[ﬂ2) 2

\I (iv2 +31%) (i+2(-2i+V/3 ) Tan[X]*-iTan[2]"] J/

(2802 (-3 /3 wiTan[ X]7)]

X 213 | 1+8Tan[*]
31/4 ((3+611) V2 + (6+61) 344 (2421)3%4 4 (3+21) ﬁ) (1+Tan[;} ) 2

2+30Tan[§]4+8Tan[§]6+Tan[§]8 ]

(1+Tan[§}2)4

[(1)3/4 [(3“ (1+21) V2 3Y4+ (1+21) \/?Hiﬁ?/“)

(1+4) ((2+V2 394) (243 ) + (2-1+2 394 Tan[*]7]

2i+2 (—3)1/4+\/?+11Tan[§]2

EllipticF[Ar‘cSin[1J |, 8-4+3] -2 3V (2 +3"%] Ellipticpi]

2

6(-3)V-2(-3)**.4+/3 ArcSin[l (1+i) ([(2+V2 394) (243 ) + (2-1 2 3V/4) Tan[*]?]
3+3ﬁ3”4+(271‘1)ﬁ+ﬁ33/4’ 2 2i+2(-3)”4+\/?+ﬂan[§}2

J,Hm]

(2—2 (-1)%43Y4_ i /3 +Tan| 7]
2

o | (e o2 fat V5 rnls] v
(212 (-3) /3 v aman[3])]
isec[¥]*Tan[X] (20 -2 (-3)"* V3 +iTan[2]*) i Sec[*]? Tan[*]

_ (-iV2 +3V4) (2842 (-3)Y* 4 V3 +iTan[ X))’ + (-iV2 +3v4) (242 (3)1/4+\E+1Tan[§]2)”/
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2i-2(-3)Y*4/3 +iTan[*]?

(fﬂﬁdl“‘) (2142 (—3)1/4+\/?+11Tan[ﬁ2)

2+/2 314 ((3+6j) V2 o+ (6+6]'l> 34 (2+211> ERA (3+2j> \/?)J

(1+Tan[ ]2)4

X 212 1+8Tan[§]2+30Tan[ﬂ4+8Tan{ﬂ6+Tan[§}
(1+Tan[—] )
2

][(1)3/4{(31+(1+21>\/731/4+(1+21i)\/?+1i\/733/4)

2472 3Y4) (2443 ) + (2-1+/2 3V4) Tan[*]7]

2i+2 (-3)Y*4/3 +iTan[*]?

],8-4+/3]-2 34 (ﬁ+31/4) E1lipticPi|

1+1
EllipticF [Ar‘cSin [ : J ( ) (
2

6 (_3>1/4_2 (_3)3/4+4\/?

1\] (1+i) ([2+V2 374) (243 )+ (2- 12 394 Tan[*]7]
,Ar‘cSin[f 2 },874\/?]
3+3/2 3V4+ (2-14) V3 +/2 34 2 2i+2 (-3)"* /3 +iTan[*]?
23‘1—2(—3) +V3 +1Tan[§] [2—2(—1)3/431/4—1\/?+Tan[5]2)2
(-iV2 +31%) (2342 (-3)Y* 43 4 iTan[X]?] 2

[_ (i\/?+31/4) (2 (-211+\/?) Sec[*]*Tan[*] —ZiSec[ﬂzTan[f]B)
(2842 (-3)V* 43 +iTan[*]?)’

X
2

X
2 2

3

2i (12 +3V4) sec[*] Tan[X] (-i+2(-2i+/3 ) Ta”[x]z‘“a“[;ﬁJ /
PR

X
2

2E 5 ((3064) VT + (5454) 304 (202) 34 (3221) ] [t 7an X]7|

2

\I (V2 +3Y4) (~i+2(-20+V3 ) Tan[%]* - iTan[%]*) \I1+8Tan[;}2+39Tan[;]4+8Tan[;}5+Tan[;}8

(ZJ-HZ(_3)1/4+\/?+1Tan[§}2)2 (1”3“[?}2)4

2

[(1)3/4 [(31+ (1+2i) V2 34+ (1421) V3 +iV2 3%/4) EllipticF [Arcsin| >
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\l <1+j> ((2+\E31/4) (2+\/?) i (271‘1\531/4) Tan[ﬂz) }’ 874\/?] -2 34 (\E+31/4) Ellip‘ticPi[

2i+2 (-3)1/4+\/?+11Tan[§]2

l\l (1+1) ((2+\/?31/4) (2+\/?)+(2711\531/4) Tan[ﬂz) | eoavT]

6 (-3)Y*-2(-3)"*+a+/3
,Ar‘cSin[f
2i+2 (-3)1/4+\/?+11Tan[§}2

3+34/2 344 (2-1) /3 +/2 334 2

2i-2(-3)"*++/3 +1Tan[§]2

(fiﬁdl/“) (zmz (73)1/4+\/?+11Tan[§]2)

2

[2_2 <‘1>3/431/4—1\E+Tan{§]2)

(V2 +3Y4) (~i42(-20+V3 ) Tan[2]* - iTan[X]*

X
2

(21+2 (-3)1/4+ﬁ+ﬂan[§}2)

2

8Sec[§}2Tan[§] +605ec[ﬂ2Tan[§]3+24Sec[§]2Tan[ﬂ5+4Sec[§}2Tan[ﬂ7

(1+Tan{ﬂ2)4

X x
2 2

2 \/? 31/4

4Sec[§]2Tan[§} (1+8Tan[ ]2+39Tan[§]4+8Tan[ ]6+Tan[’2‘]8)]

/

(1+Tan[§}2)5

(3065 T+ (s065) 0 (2025) 20 (302:) V&) [1oman( 27| Ll 20Tl O Tenl ] Tl
2 (1+Tan[§]2)4
(71)3/4 21’172(*3>1/4+\/?+11Tan[§}2 (272(71)3/431/4*1\E+Tan[5}2)2
(—iﬁ+31/4) (21’1+2 (-3)1/4+\/?+11Tan[§]2) 5

) (Ji\/?+31/4) (7j+2(—211+\5) Tan[i}Z*iTan[f}“)
(Zj+2<‘3)1/4+\/?+iTan[ }2>2

X
2

[[(31+(1+21)\E31/4+(1+21)\E+1ﬁ33/4)

(1+4) [2-0 2 3] sec[]*Tan[2] (34 sec[2] Tan[3] (2472 34) (2493 < (212 314 Tan{z}z)”/
2042 (-3)Y4 /3 1 i Tan[X]? (szz(_3)1/4+ﬁ+ﬂan[§}2)2

X
2
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4\] (1+1) ((2+ﬁ31/4) (2+\E) +(2,j\/731/4) Tan[i]z)

2i+2(-3)"*++/3 +iTan[X]?

. (3 5) ([(2+V2 37%) (243 ) + (2-1 V2 3Y4) Tan[X]?)

2i+2 (-3)Y*4/3 +iTan[*]?

(F+2) (8-4V3 ) [[(2+V2 3Y4) (2443 )+ (2-i V2 3V/4) Tan[*]7]

1- 4 4

2i+2 (-3)Y*4+/3 +iTan[*]?

] Py

(104) 252 344 sec[3] Tan 3] (1-4) sec[3)*Ten[3] [2+32 3] [2-¥/3 )« [2-5 72 3¢ Tan[]?) /
2142 (-3)Y% /3 +iTan[2]? (szz(73)1/4+ﬁ+ﬂa”[ﬁ2)2

2i+2 (-3)Y*4/3 +iTan[X]?

H o) (273 (205 ) (2057 3 Tan )

(2 5) ((2+V2 37%) (243 )+ (2-1V2 394) Tan[X]?)

2i+2(-3)"*++/3 +iTan[X]’

1-

(F+2) (8-4V3 ) [[(2+V2 394) (2443 )+ (2-iV2 3V4) Tan[X]7]

1.4 4 Zj+2(,3)1/4+\/?+jTan[§]2
[17 [(i+i) 6 (-3)"*-2(-3)"*+a+/3 ((uﬁa”“) (2443 + [2-242 314 Tan[z]z)J/

((3+3\531/4+(271)\5+\533/4) (21+2(3)1/4+\/?+1Tan[)2(]2)””]/ V2 34

((3+64) V2 + (6+61) 3%+ (2+21i) 3%+ (3+21) V6 | (1+Tan[x]2)2\ll+8Tan[z] +30Tan[7]"+8Tan[ "+ Tan| 7] ”]]

2 (1+Tan[§]2>4

Problem 47: Result unnecessarily involves imaginary or complex numbers.
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JAr‘cTan[x \J1+x? | dx

Optimal (type 3, 120leaves, 12 steps):

x ArcTan [x /1 +x? | +1Ar‘cTan[\/_—2x/1+x2 ] - 1Ar‘cTan[\/?+2x/1+x2 |- 1\/?Log[2+x2—\/?x/1+x2 ] +1\/?Log[2+x2+\/?x/1+x2 ]
2 2 4 4

Result (type 3, 116 leaves):

~/ 2 ~/ 2
1 “2+2i4/3 Ar‘cTan[u]— _2-2i4/3 Ar‘cTan[u]+2xAr‘cTan[x\/1+x2]

2 \-1-i+/3 \-1+i4/3

Test results for the 284 problems in "Hearn Problems.m"

Problem 20: Result unnecessarily involves imaginary or complex numbers.

1
J dx
1+x2+x4

Optimal (type 3, 67 leaves, 9steps):
ArcTan [ 1-2x ] ArcTan [ w]
- Vi -, V3 —lLog{l—x+x2}+1Log[1+x+x2}

2/3 2+/3 4 4
Result (type 3, 73 leaves):

]i[ 1-i+/3 Ar‘cTan[i(—i+\/?) x]—\/1+i\/? Ar‘cTan[%(jH\/?) x|
6

Problem 44: Result unnecessarily involves imaginary or complex numbers.

1
J dx
2+ x2%+ x4

Optimal (type 3, 196 leaves, 9 steps):
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1|1 “1424/2 -2
——\/—(—1+2w/2 ArcTan| =" ]+
2\ 14

1+22

—1+2\/? +2x]_Log[\/7—\/—1+2\/? X+X2} +Log[\/7+\/—1+2\/7 X+X2]

l\/l(_1+2\/7) ArcTan|
21\ 14
1422 4 2(-1+2\/7) 4\/W

Result (type 3, 91 leaves):

—_——

T

iArcTan| ——>*——] iArcTan| —>*——]
_ o) o)
on] )

Problem 45: Result unnecessarily involves imaginary or complex numbers.

1
J dx
2-x%+x4

Optimal (type 3, 196 leaves, 9 steps):
1+24/2 -2x

11
- | = [(1+2v/2] ArcTan|
2

=
N

1 (1+2\/?) Ar‘cTan[

N |
= |
.|>
I
=
+
N
~]
i
N
=
+
N
~]
i
N
=
+
N
~]

Result (type 3, 91 leaves):

iArcTan[——>——] iArcTan|—*——|
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Problem 51: Result is not expressed in closed-form.

1
Jidlx
1-x*+x8

Optimal (type 3, 275leaves, 19 steps):
Ar‘cTan[liz’ 2 2x Ar‘cTan[Lz* e— Ar‘cTan[@l’ — Ar‘cTan[ﬁiz* 3 +2x

26 26 26 2+/6
Log[1-4/2-+/3 x+x?] Log[1++/2-+/3 x+x2}7Log{1—\/2+\/? x+x2|  Log[1+\2+/3 x+x?]
a6 46 4+/6 46

Result (type 7, 42leaves):
L Rootsum [1-51%+m188, Log(x-#1]

&]
4 -113 + 2117

Problem 52: Result more than twice size of optimal antiderivative.

x7
J dx
1+ x12

Optimal (type 3, 49leaves, 7 steps):

Ar‘cTan[—l’“A] 1 1
= Log[1+x*| + — Log[1 - x*+x&]

4-/3 12 24
Result (type 3, 260 leaves):

1 1 3 -2+2 1-+vV3 +2+V2
— Z\EAPcTan[ +\ﬁ rx]—Z\/?ArcTan[ \ﬁ+ \/7)(]+

24 1-3 1+43

-1 3 22 1 3 22
I \/_X}—Z\/?Ar‘cTan[ 3 +2V2 x

1+\/? —1+\/?

2+/3 ArcTan [

}—2Log[1—x/7x+x2] —2L0g[1+x/7x+x2] +

Log[2+ﬁx—\/€x+2x2] +L0g[2+\5 <71+\/?)X+2X2] +Log[2— (\/?‘F\/E) X+2X2] +L0g[2+ (\/?Jrﬁ) X+2X2]
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Problem 81: Result more than twice size of optimal antiderivative.

JSec[x] dx

Optimal (type 3, 3leaves, 1step):
ArcTanh[Sin[x]]

Result (type 3, 33 leaves):

X X X X
-Log|Cos[—=] -Sin[=]] + Log[Cos|[ =] +Sin|—
og[cos| "] - sin[ *]] + Log[cos[ *] sn[ *]]

Problem 82: Result more than twice size of optimal antiderivative.

JCsc[x] dx

Optimal (type 3, 5leaves, 1step):
-ArcTanh[Cos [x]]

Result (type 3, 17 leaves):

—Log[Cos[%H + LOE[Si”[EH

Problem 108: Result more than twice size of optimal antiderivative.

JCos [a+bx] dx

Optimal (type 3, 10leaves, 1 step):
Sin[a+bx]
b

Result (type 3, 21 leaves):
Cos[bx] Sin[a] Cos[a] Sin[bXx]
+
b b

Problem 111: Result more than twice size of optimal antiderivative.

JCsc [a+bx] dx



Optimal (type 3, 12leaves, 1step):
ArcTanh[Cos[a + b Xx]]
b

Result (type 3, 38leaves):

Log[Cos[§+ bTXH Log[Sin[%+bTx]]
- +

b b

Problem 112: Result more than twice size of optimal antiderivative.

JSec [a+bx] dx

Optimal (type 3, 11leaves, 1step):
ArcTanh[Sin[a+b Xx]]
b

Result (type 3, 68 leaves):

Log[Cos[§+ bTX} —Sin[§+b7x]] Log[Cos[3+ bx ] +Sin[§ bTXH
- +

b b

Problem 120: Result more than twice size of optimal antiderivative.

1
Ji ax
1+Sin[x]

Optimal (type 3, 10leaves, 1 step):

Cos [X]

1+Sin[x]

Result (type 3, 23 leaves):
2sin[ %]

Cos[f] +Sin[§}

Problem 121: Result more than twice size of optimal antiderivative.

1
Jidlx
1-Sin[x]
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Optimal (type 3, 11leaves, 1step):
Cos [X]

1-Sin[x]

Result (type 3, 25leaves):
2sin[ %]

Cos[f] —Sin[ﬂ

Problem 190: Result more than twice size of optimal antiderivative.

i — 1 ax

V-1+x?

Optimal (type 3, 12leaves, 2 steps):
ArcTanh | #]

V-1+x2

Result (type 3, 38leaves):

X X

]+lLog[1+

Voiex2 o 2 Vo1ex?

1
-~ Log[1-
2

Problem 197: Result unnecessarily involves imaginary or complex numbers.

1
—— dx
JX\/—1+x2—x4
Optimal (type 3, 30leaves, 3 steps):

1 2 -x2
——Ar‘cTan[—
2 2 -1+x%-x*

Result (type 3, 37 leaves):

-1 Log[X] +§iLog[—2+x2+211w/—1+x2—x4]
Problem 202: Result more than twice size of optimal antiderivative.

J[ 10 1
+
-4+ x? -1+ x?

dx




0 Independent test suites.nb | 55

Optimal (type 3, 27 leaves, 5steps):

X X
rclanh| ——— | + Arclanh| ———
10 ArcTanh | | +ArcTanh| ]

V-4 x2 V-o1ex2
Result (type 3, 71 leaves):

-5 Log[1- #] +5Log[1+ ;] - lLog[l— #} +£Log[1+#]
V-4 x? V-4+x2 2 Vo1ex2 2 V-1+x2

Problem 206: Result unnecessarily involves imaginary or complex numbers.

1

dr

r \/—alpha2 —epsilon?+2hr?

Optimal (type 3, 46 leaves, 3 steps):

ArcTan { \/—alphaz—epsilon2+2 hr?

~/ alpha?+epsilon?

\/alpha2 + epsilon?

Result (type 3, 58 leaves):

2 (—J‘L \/alphaz+epsilon2 +\/ —alpha?-epsilon?+2 hr?
iLog] - ]

\/alpha2 +epsilon?

Problem 207: Result unnecessarily involves imaginary or complex numbers.

dr

J 1
r‘\/—alphaz—Zkr‘+2hr‘2

Optimal (type 3, 37 leaves, 2 steps):

2
Ar‘cTan[ alpha®+k r

alpha/ -alpha?-2k r+2hr?

alpha

Result (type 3, 48 leaves):
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5 [ i (alpha?ricr)
[ alpha

+\/—alpha2+2 r (-k+hr) ]

i Log

r

alpha

Problem 208: Result unnecessarily involves imaginary or complex numbers.

1

dr

r \/—alpha2 -epsilon?-2kr+2hr?

Optimal (type 3, 61leaves, 2steps):

2 3 2
ArcTan [ alpha’+epsilon®+k r

\/alpha2+epsilon2 \/—alphaz—epsilonz—z k r+2hr?

\/alpha2 +epsilon?

Result (type 3, 72leaves):

i (alpha?+epsilon®+k r

2 [ ) +\/—alpha2—epsilon2+2 r (-k+hr) ]
[ +/ alpha?:epsilon?

. ]

\/alpha2 +epsilon?

i Log

Problem 211: Result unnecessarily involves imaginary or complex numbers.

dr

J r
\/—alpha2+2er'2—2kr‘4

Optimal (type 3, 56 leaves, 3 steps):

ArcTan| e-2kr?
-alpha?+2er2-2kr*

22 Kk
Result (type 3, 66 leaves):
i Log[—i(Lkpz)-+2\/—alph32+2er'2—2kr'4 ]

NS
22 Wk
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Problem 213: Result unnecessarily involves imaginary or complex numbers.

dr

J 1
r‘\/falphaerZhr‘Zfzkr‘4

Optimal (type 3, 44 leaves, 3 steps):

2 2
ArcTan [ alpha’-hr }
alpha/ -alpha?+2hr2-2kr*

2 alpha

Result (type 3, 59 leaves):

-2 i alpha?+2 i hr2+2 alpha \/ -alpha?+2r? (h-k r?) }

ilo
g [ alphar?

2 alpha

Problem 214: Result unnecessarily involves imaginary or complex numbers.

1

dr

r \/—alpha2 -epsilon?+2hr2-2kr*

Optimal (type 3, 68 leaves, 3 steps):

2 3 2 2
ArcTan [ alpha’+epsilon®-hr

\/a1|:aha2+epsilon2 \/—alphaz—epsilon2+2 hr2-2kr*

2 \/alpha2 + epsilon?

Result (type 3, 80 leaves):

2 [,Mﬂ/ -alpha?-epsilon?+2r? (h-k r?) ]

\/ alpha?+epsilon?

iLog

r.2

2 \/alpha2 + epsilon?

Problem 235: Result more than twice size of optimal antiderivative.

J\/ 1+Sin[x] dx

Optimal (type 3, 12leaves, 1step):
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2 Cos [X]
V1+Sin[x]
Result (type 3, 40 leaves):
2 (—Cos[f] + Sin[f] ) A1 +5Sin[x]

Cos[?] +Sin[§]

Problem 236: Result more than twice size of optimal antiderivative.

J\/ 1-Sin[x] dx

Optimal (type 3, 14 leaves, 1step):
2 Cos [X]

V1-Sin[x]
Result (type 3, 42 leaves):
2 (Cos[ﬂ +Sin[§]> A/1-Sin[x]

Cos[i] —Sin[i]

Problem 256: Result more than twice size of optimal antiderivative.

X
J dx
-1+x4

Optimal (type 3, 8leaves, 2 steps):

1 ArcTanh [xz]
2

Result (type 3, 23 leaves):

1 Log[1- x| - 1 Log[1+x?]
4 4

Problem 278: Result unnecessarily involves higher level functions and more than twice size of optimal
antiderivative.

—8-8x-x2-3x3+7x*+4x>+2x5
J dx

(—1+2x2)2\/1+2x2+4x3+x4



Optimal (type 3, 94 leaves, ? steps):

(1+2x)\/1+2x2+4x3+x4 X (2+x) (7-x+27x2+33x3)

- ArcTanh [
2(—1+2x2) (2+37x2+3lx3)\/1+2x2+4x3+x4

Result (type 4, 5137 leaves):

(1+2X) Vi+2x2+4x3 x4

5 (x-Root[1-#1+3112+5138, 1])°

+

2 (-1+2x?%)
1 (1+x) (Root[1-n1+3u12+11%8&, 1] -Root[1-u1+3n1%+n1° &, 3])
(1 + EllipticF [ArcSin| |- ]
V2 (x -Root[1-n1+3112+113&, 1]) (1+Root|1-u1+3n1%+n1° &, 3])

((Root[1-#1+3n1%+ 1% &, 1] —~Root [1-n1+311%+11%&, 2]) (1+Root[1-n1+3n12+m13&, 3])) /
((1+Root[1-n1+3m12+11%8&, 2]) (Root[1-#1+311%+n1%&, 1] -Root[1-11+3012+u138&, 3]))] -

- == +Root [1-51+3u12+11% 8§, 1}) (1+Root[1-11+3012+u138, 3])
V2
EllipticPi] P
(-1- ) (-Root[1-w1+3m1?+ 51’ &, 1] +Root[1 -1+ 3512+ 11® &, 3])

Arcsin| (1+x) (Root[1-n1+3u12+11%8&, 1] - Root[1-u1+3n1%+n1° &, 3])
rcsin -
(x -Root[1-u1+3n12+u138&, 1]) (1+Root|1-u1+3u1%+n1’8&, 3])

((Root[1-#1+3n1%+11% &, 1] -Root [1-#1+3112+11%&, 2]) (1+Root[1-n1+3012+u13&, 3])) /
((1+Root[1-n1+3m1%+11%8, 2]) (Root[1-nl+311%+n1%&, 1] -Root[1-u1+3n1%+u1’8, 3])) ]|

(1+Root[1- 1+ 3522 s 113 &, 1] J (1+Root[1-11+3012+u1>8&, 1]) (x-Root|[1-u1+3u1%+nu1’8&, 2])

(x -Root[1-11+3112+11>8&, 1]) (1+Root|[1-u1+3n1%+u1°8&, 2])

(1+Root[1-11+3n12+u138&, 1]) (x-Root|[1-u1+3u1%+u1’8&, 3])
(x -Root[1-11+3n12+u138&, 1]) (1+Root|[1-u1+3u1%+u1’8&, 3])

(1+x) (Root[1-n1+3m12+11%8&, 1] -Root[1-u1+3n1%+n1° &, 3])
(x - Root[1-n1+3#112+113&, 1]) (1+Root|1-u1+3n1%+n1° &, 3])

(1+Root[1-u1+311%+11% 8, 3])}/

21 L—Root[l—nl+3ﬁlz+ﬁl3&, 1]| (1+Root|[1-51+3n1%+11° &, 1])

\/1+2X2+4X3+X4
V2

V2
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(Root [1-#1+311%+11% &, 1] -Root [1-n1+311%+u13 &, 3]) | +

[5\/7 (x-Root[1-m1+3m2+n11% &, 1])°

(1+x) (Root[1-n1+3u12+11%8&, 1] -Root[1-u1+3u1%+n13 &, 3])
(1+ ] EllipticF |[ArcSin| |-
V2 (x -Root[1-n1+3u12+1138&, 1]) (1+Root[1-u1+3u1%+u138&, 3])

]

((Root[1-#1+3n1%+u1%8&, 1] -Root [1-#n1+3u1>+u1*&, 2]) (1+Root[1-ul+3n1?+u138, 3]))/
((1+Root[1-n1+3m1%+11%8, 2]) (Root[1-#1+311%+n1%&, 1] -Root[1-11+3n1%+u138&, 3]))] -

—%+Root[1—n1+3ﬁ12+ml3&, 1}) (1+Root[1-11+3n12+u1%8&, 3])

EllipticPi]|

3

(-1- 2] (-Root[1-m1+3m12+11%§, 1] +Root[1- 1 +3m1%+ 11’ &, 3])
\/7

arcsin| (1+x) (Root[1-n1+3m12+11%8&, 1] - Root|[1-n1+3n1%+n1° &, 3])
rcsin -
(x - Root[1-n1+3#112+113&, 1]) (1+Root|1-u1+3n1%+n1° &, 3])

((Root[1-#1+3n1%+11% &, 1] -Root [1-11+311>+11%&, 2]) (1+Root[1-n1+3n12+u138, 3]))/
((1+Root[1-n1+3m12+11%8, 2]) (Root[1-#1+311%+n1%&, 1] -Root[1-11+301%+u138&, 3])) |

2 3
- )
(1+Root[1-11+301%+u1%8&, 1])

J (1+Root[1-11+3112+m138&, 1]) (x-Root|[1-n1+3n1%+n11° &, 2])

(x -Root[1-11+3112+m13&, 1]) (1+Root|[1-n1+3n1%+n11° &, 2])

J (1+Root[1-11+3112+m138&, 1]) (x-Root|[1-n1+3n1%+n1° &, 3])

(x - Root[1-11+3112+m13&, 1]) (1+Root|[1-n1+3n1%+n1° &, 3])

(1+x) (Root[1-n1+3u12+11%8&, 1] -Root[1-u1+3n1%+n1° &, 3])
(x -Root[1-n1+3n12+1138&, 1]) (1+Root|1-u1+3n1%+n1’8&, 3])

(1+Root[1-n1+3u1%+11%8, 3])}/

[(—1-i] Jiv2xtsaxd o x [L—Root[l—ﬁl+3nlz+nl3&, 1}) (1+Root[1-n1+3u1%+1138, 1])

V2 V2

(Root [1-#1+311%+11° &, 1| - Root [1-n1+3u1%+ 113 8, 3”] + [5

2 3 2
- - ]
(X ROOt[l 71 +381° +181° & 1])



. _ (1+x) (Root[1-n1+3u12+u1%8&, 1] -Root[1-u1+3u1%+u13 &, 3])
EllipticF [ArcSin| |- ) - B
(x -Root[1-n1+3u12+1138&, 1]) (1+Root|1-u1+3u1%+n1’8&, 3])

( 1
1- ——
[ V2
((Root[1-#1+3n1%+u1%8&, 1] -Root [1-u1+3u1%+u1%&, 2]) (1+Root[1-ul+3n1?+u138, 3]))/

((1+Root[1-n1+3m1%+11%8, 2]) (Root[1-#1+311%+n1%&, 1] -Root[1-n1+3n1%+u138&, 3]))] -

—— 4+ Root [1 -1 +311%+ 113 &, 1}) (1+Root[1-n1+3n12+1138, 3])

3

EllipticPi
| —1+#) (-Root[1-1+3n112+1138&, 1] +Root [1 -1 +311%+n11° &, 3])

arcsin| (1+x) (Root[1-n1+3m12+11%8&, 1] - Root |1 -1 +3n1%+n1° &, 3])
rcsin -
(x - Root[1-n1+3112+113&, 1]) (1+Root|1-n1+3n1%+n1° &, 3])

((Root[1-#1+3n1%+11% &, 1] -Root [1-#1+311>+11%&, 2]) (1+Root[1-n1+3n1%+u138, 3]))/
((1+Root[1-n1+3m12+11%8, 2]) (Root[1-#1+311%+n1%&, 1] -Root[1-11+301%+u138&, 3])) |

2 3
- )
(1+Root[1-11+3n1%+u1%8&, 1])

(1+Root[1-11+3112+m138&, 1)) (x-Root|[1-n1+3n1%+n11° &, 2])
(x -Root[1-11+3112+m13&, 1)) (1+Root|[1-n1+3n1%+n11° &, 2])

J (1+Root[1-11+3112+m138&, 1]) (x-Root|[1-n1+3n1%+n1° &, 3])

(x -Root[1-11+3112+m13&, 1]) (1+Root|[1-n1+3n1%+n1° &, 3])

(1+x) (Root[1-n1+3u12+11%8&, 1] -Root[1-u1+3n1%+n1° &, 3])
(x-Root[1-n1+3n12+1138&, 1]) (1+Root|1-u1+3n1%+n138&, 3])

(1+Root[1-n1+3u1%+11%8, 3])}/

—L—Root[l—n1+3n12+m13&, 1]| (1+Root[1-u1+3n1%+nu1° &, 1])

V2

\/1+2X2+4X3+X4

1
2 -1+
e

(Root [1-#1+311%+11° &, 1] - Root [1-n1+3u1%+ 11?8, 3})] -
{sﬁ (x-Root[1-#1+3m12+511% &, 1])°

&

((Root[1-11+3112+113&, 1] -Root|1-11+3112+11%8&, 2|) (1+Root[1-11+311%2+1138&, 3])) /

)

E1lipticF [Arcsin| (1+x) (Root[1-n1+3m12+11%8&, 1] - Root[1-u1+3n1%+n1° &, 3])
1ptTic rcsin -
(x -Root[1-n1+3112+113&, 1]) (1+Root|1-u1+3n1%+n1° &, 3])
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v

((1+|§oot[1-u1+3n12+n13§, 2]) (LRoot[1_n1+3n12+n13jé,\1} _Roo£[1-n1+3n12+n13&, 3]))] -

| +Root[1-m1+3m12+ 11 &, 1]) (1+Root[1-r1+3m1%4 118, 3])
EllipticPi[—

J

71+i) (-Root[1-n1+3112+113&, 1] +Root [1 -1 + 3112+ 113 &, 3])
NP3

]

((Root[1-#1+3n1%+11% &, 1] -Root [1- 51 +3 1512 +11% &, 2]) (1+Root[1-n1+3112+m13&, 3])) /
((1+Root[1-n1+3u1%+11%8, 2]) (Root[1-#1+311%+n1%&, 1] -Root[1-11+301%+u1%8, 3])) ]|

arcsin| (1+x) (Root[1-n1+3m12+11%8&, 1] - Root[1-u1+3n1%+n1° &, 3])
rcsin -
(x -Root[1-n1+3n12+1138&, 1]) (1+Root|1-u1+3n1%+n1° &, 3])

(1+Root[1- 1+ 3527 4 513 &, 1] J (1+Root[1-11+3112+1138&, 1)) (x-Root|[1-n1+3n1%+n1°8&, 2])

(x -Root[1-11+3112+1138&, 1]) (1+Root|[1-n1+3n1%+n11° &, 2])

J (1+Root[1-11+3n12+1138&, 1]) (x-Root|[1-u1+3n1%+n1° &, 3])

(x - Root[1-11+3n12+1138&, 1]) (1+Root|[1-u1+3n1%+n1° &, 3])

J (1+x) (Root[1-n1+3m12+11%8&, 1] -Root[1-u1+3n1%+11° &, 3])

(x -Root[1-n1+3112+113&, 1]) (1+Root|1-u1+3n1%+n1° &, 3])

(1+Root[1-n1+3n12+1138, 3])}/
1

J1e2x2cax ¢ xt (_ ~Root[1-#1+3512+ 413 &, 1]

[(_1+ L (1+Root[1-n1+3012+m138&, 1])
V2

V2

+

(Root [1-#1 +311% +11° &, 1] - Root [1-11+3 11 + 113 &, 3])

(1+x) (-Root[1-#1+311%+n1® &, 1] +Root [1-n1+3112+113 &, 3])

6 EllipticF |ArcSin
| [J (x - Root[1-11+3112+m13&, 1]) (1+Root|1-n1+3n1%+n1° &, 3])

((Root[l—u1+31112+tt13&, 1] —Root[l—ml+3tt12+1il3&, 2” (—1—Root[1—1¢1+31¢12+1113&, 3]))/
2 3 2 3 2 3
1 _ s R _ s _ _ s
(( 1 Root[l gl + 381 +181° & 2]) ( oot[l g1+ 3H#1°+H#1° & 1} Root[l 21+ 3481%+1H#1° & 3]))]

(1+Root[1-u1+3n12+u138&, 1]) (x-Root[1-u1l+3n1%+n1’8&, 2])

(x-Root[1-#1+3m12+51%8&, 1])°
(x-Root[1-u1+3n12+u138&, 1]) (1+Root|1-u1+3n1%+n1’8&, 2])

(-1-Root[1-#1+3112+11°8&, 3])
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J (1+Root[1-11+3n12+u1>8&, 1]) (x-Root|[1-u1+3n1%+n1° &, 3])

(x -Root[1-11+3n12+u138&, 1]) (1+Root|[1-u1+3n1%+u1° &, 3])

(1+x) (-Root[1-#1+311%+51% &, 1] +Root[1-n1+3112+113 &, 3]) /
(x -Root[1-n1+3112+m13&, 1]) (1+Root|1-u1+3n1%+u1° &, 3])

[\/1+2x2+4x3+x4 (1+Root[1-n1+3u1%+11%8&, 1]) (-Root[1-#1+3n1%+u1’8&, 1] +Root [1-a1+3u1%+nu1’ g, 3]))

Problem 279: Result unnecessarily involves higher level functions and more than twice size of optimal
antiderivative.

J (1+2y)m
Y

1+y) (2+y)J1-y-y

dy
2

Optimal (type 3, 142leaves, ? steps):

(1-3y)/1-5y-5y2 (4+3y)+/1-5y-5y?

11+7y)/1-5y- 5y
flArcTanh[ }—lAr‘cTanh[ ]+2Ar‘cTanh[( +7y) y-°y ]
* (1-5y)\J1-y-y? 2 (6+5y)/1-y-y? 4 3(7+5y)~/1-y-y?

Result (type 4, 630leaves):
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1 [ 2
~1-

16\/1—5y—5y2 \/1—y—y2 V5

+ +2y —_—
5+5\/?+10y

0o |4 -5+34/5 -10y [ -1++/5 -2y JE -5+34/5 -10y [ -1++/5 -2y : -5+4/5 +2+/5 y -3+4/5 +2+/5 y
_ N . _ _ _
1+\E+2y 1+\/?+2y 1+\E+2y 1+\/?+2y 1+\/?+2y 1+\/?+2y
2 5+3+/5 +10y
-5 5 +24/5 -3 5 +24/5 145 +2y 15
2y | 525y [ 3es 205y EllipticF [ArcSin[ ——— ], =]«
1+\/?+2y 1+\/?+2y /15 16
5 [ 5:34/5 +ley
-5+3+/5 -10 -1++/5 -2 5 5 15 +2y 15
r33/5 ~10y /5 -2y 9\EEllipticPi[——£, Arcsin[ ——————], =]+ (-20+9+/5 |
1+4/5 +2y 1+4/5 +2y 8 8 \/15 16
5 5+3+/5 +10y 5 5+3+/5 +10y
3 1+4/5 +2y 15 3 1+/5 +2y 15
EllipticPi[- = (—5+\/?), ArcSin[ ————— ], =] +2+/5 EllipticPi[ = (5+\/?), ArcSin[ —————], =]
8 /15 16 8 A/15 16

Problem 280: Result more than twice size of optimal antiderivative.
Jx (—\/—4+x2 +x2 412 —4+/-1+x2 +x2m)

(4-5x2+x4) (1+\/—4+x2 +\/—1+x2)

dx

Optimal (type 3, 21 leaves, 1step):
Log[1+\/—4+x2 +\/—1+x2 ]

Result (type 3, 97 leaves):

—lAr‘cTanh[x/—4+x2 ] JrlAr‘cTanh[lx/—er2 ] +1Log[17—5x2—4\/—4+x2 \/—1+x2 ] +£Log[5—2x2—2\/—4+x2 \/—1+x2]
4 4

2 2 2

Test results for the 7 problems in "Hebisch Problems.m"



Problem 3: Unable to integrate problem.

J\eﬁ (2+2x+3x2—x3+2x4)
dx

2x+x3

Optimal (type 4, 28 leaves, ? steps):

erd (2+x?) + ExpIntegralki|
2+ x?

Result (type 8, 43 leaves):

J\eﬁ (2+2x+3x2—x3+2x4)
dx

2x+ %3

Test results for the 9 problems in "Jeffrey Problems.m"

Problem 2: Result more than twice size of optimal antiderivative.

J 1+ Cos[x] +2Sin[x] dx
3+Cos[x]?+2Sin[x] -2Cos[x] Sin[x]

Optimal (type 3, 19leaves, ? steps):

_ArcTan [ 2Cos[x] -Sin[x] }

2 +Sin[x]

Result (type 3, 46 leaves):
1+ Cos[X]

1
= ArcTan|
2 -1+ Cos[x] -Sin[x] 2 2 2

Problem 6: Result more than twice size of optimal antiderivative.

J -5+2Cos[x] +7Cos[x]?
-1+2Cos[x] -9Cos[x]2+4Cos[x]3

dx

Optimal (type 3, 25leaves, ? steps):

2Cos[x] Sin[x
x—ZArcTan[ [x] [x]

1-Cos[x] +2Cos[x]?

| - lAr‘cTan[ESec[i]2 (-1+Cos[x] -Sin[x]) ]
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Result (type 3, 63 leaves):

1 X3 X 3 X 1 X3 X 3 X
ArcT —S — 5Si —| -3Sin| — - ArcT —S — -5Sin| — 3Si —
rc an[4 ec[z] 1n[2} 1n[2] | -Arc an[4 ec[z] 1n[2]+ 1n[2] ]

Problem 7: Result more than twice size of optimal antiderivative.

3
Ji ax
5+4Sin[x]

Optimal (type 3, 14 leaves, 2 steps):
Cos [X]

2 +Sin[x]

X + 2 ArcTan

Result (type 3, 79 leaves):

2Cos[%] +sin|X] 1ArCTan[cOs[§]+2Sin[
L=

] 3 2Cos[§]+$in[

]
]

3

- = ArcTan|
3 Cos|[*] +2Sin]
2

N X [N X
N X N X

Test results for the 113 problems in "Moses Problems.m"

Problem 31: Result more than twice size of optimal antiderivative.

x7
J dx
1+ x12

Optimal (type 3, 49 leaves, 7 steps):

ArcTan| 1-2x ]

——ﬁ—iLog[1+x4} +lLog[1—x4+x3]
43 12 24
Result (type 3, 260 leaves):
1 zﬁArcTan[1+ﬁ_2ﬁx] —Zx/?ArcTan[l_\/?Jrzﬁx] +
24 1-+/3 1+4/3
2\/?Ar‘cTan[_1+ﬁ+2\/7X} —Z\EAr‘cTan[lJﬂ/?Jrzﬁx} ~2Log[1-+2 x+x2] -2Log[1+/2 x+x?] +
1+\/? —1+\/?

Log[2+\/7x—\/?x+2x2] +Log[2+\/7 (—1+\/?)x+2x2] +Log|2- (\/7+\/€) x+2x2] +Log[2+ (ﬁ+\/€) X +2x%]
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Problem 40: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

A2+BZ—BZ 2
y dy
1-y?2

Optimal (type 3, 51leaves, 5steps):
By

B ArcTan [ ] +AArcTanh [ Ay ]

A2+BZfBZy2 A2+B2fBZy2

Result (type 3, 134 leaves):

1 1 . : 2 2 2,2
-~ Alog[l-y]+—Alog[l+y]+iBlog[-2iBy+2+/A*+B2-B2y? |+
2 2
1 1
~Alog[A?+B* B>y +A~/A?+B2-B2y? | - ~ALog[A?+B2+B2y+A~/A?+B2-B?y? |
2 2

Problem 42: Result more than twice size of optimal antiderivative.

JCSC [x] /A2 +B?Sin[x]? dx

Optimal (type 3, 49leaves, 6 steps):

B Cos [X] A Cos [X]
—BAr‘cTan[ } —AAr‘cTanh[ ]
A2 +B%2Sin[x]? A2 +B%2Sin[x]?
Result (type 3, 99 leaves):
+/ A2
A? ArcTanh| V2 A Cosix] | ++/-B? Log[v2 +/-B? Cos[x] ++/2A2+B? B2 Cos[2X] |

\/2A2 + B2 - B2 Cos [2 x]

Problem 69: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

[

Optimal (type 3, 53 leaves, 6 steps):
—BAr‘cTan[B—y} —AAr‘cTanh[ Ay

A2+B2fB2y2 A2+B2fB2y2

]



68 | 0 Independent test suites.nb

Result (type 3, 127 leaves):

1 . . 2 2 2,2
= (ALog[l—y] ~Alog[l+y] -21iBLog[2 (—JlBy+ A2 +B2-B%y ]] -
2

Alog[A?+B2-B2y +A+/A?+B>-B’y? | +Alog[A?+B? (1+y) +A+/A?+B?-B?y? })

Problem 70: Result more than twice size of optimal antiderivative.

(-A%-B?) Cos[z]? 5
z
B (1 (w2 Sin[z]z)
B2
Optimal (type 3, 16leaves, 5steps):
ATan[z] ]

-Bz-AArcTanh]|
B

Result (type 3, 35leaves):

B (A?+B2) (Bz+AArcTanh[ATenizl] )

A2B +B3

Problem 71: Result more than twice size of optimal antiderivative.

J A2 ; B2

- dw
2 (A24B2) w?

B (1+w?) (1- = (1ne) )

Optimal (type 3, 16leaves, 6 steps):

Aw
-BArcTan[w] - AArcTanh|[— |
B

Result (type 3, 35leaves):

B (A2 +B2) (BArcTan(w] +AArcTanh[%*])

A% B + B3

Problem 72: Result more than twice size of optimal antiderivative.

J‘ ( B (A% +B2) "

1+w2) (32 Y wz)
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Optimal (type 3, 16 leaves, 4 steps):

Aw
-BArcTan[w] - AArcTanh [ 7]
B

Result (type 3, 35leaves):
) B (A2 + B2) (B ArcTan[w] + AAr‘cTanh[A?“] )

AZB + B3

Test results for the 376 problems in "Stewart Problems.m"

Problem 80: Result more than twice size of optimal antiderivative.

JSec [x] (1-Sin[x]) dx

Optimal (type 3, 5leaves, 2steps):

Log[1l+Sin[x]]

Result (type 3, 36 leaves):

Log[Cos[x]] - Log[Cos[i} - Sin[i] |+ Log[Cos[i} + Sin[i] ]
2 2 2 2

Problem 81: Result more than twice size of optimal antiderivative.

1
Jidlx
1-Sin[x]

Optimal (type 3, 11leaves, 1step):
Cos [X]

1-Sin[x]

Result (type 3, 25leaves):
2sin[ %]

Cos[f] —Sin[ﬂ
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Problem 97: Result more than twice size of optimal antiderivative.

JSec[x] Tan[x]2dx

Optimal (type 3, 16leaves, 2 steps):

1 1
- —ArcTanh[Sin[x]] + — Sec[x] Tan[x]
2 2

Result (type 3, 42 leaves):

% (Log[Cos[E] —Sin[g]] —Log[Cos[E] +Sin[§H +Sec[x] Tan[x]

Problem 100: Result more than twice size of optimal antiderivative.
JCot[x]“Csc[x]‘ldlx

Optimal (type 3, 17 leaves, 3 steps):

1 Cot[x]”
- = Cot[x]° - [x]
5 7

Result (type 3, 37 leaves):
2 Cot [x] 1 , 8 . 1 6
-—— - — Cot[x] Csc[x]“+ —Cot[x] Csc[x]"- —Cot[x] Csc[x]
35 35 35 7

Problem 102: Result more than twice size of optimal antiderivative.

JCsc[x] dx

Optimal (type 3, 5leaves, 1step):
—-ArcTanh [Cos [x] ]

Result (type 3, 17 leaves):

X X
~Log[Cos[=]] + Log[sin|[ =
og[cos| "] ] +Log[sin["]]



Problem 103: Result more than twice size of optimal antiderivative.

JCSC[X]3 dx

Optimal (type 3, 16leaves, 2 steps):

—lAr‘cTanh[Cos[x}] - 1Cot[x} Csc[X]
2 2

Result (type 3, 47 leaves):
x 1 x

-~ sl 2]~ > Log[cos[ >]] « ~ tog[sin[ *]] « * sec| ]’

Problem 104: Result more than twice size of optimal antiderivative.

JCos[x] Cot [x] dx

Optimal (type 3, 8leaves, 3 steps):
—ArcTanh[Cos[x]] + Cos[X]

Result (type 3, 19leaves):

Cos[x] - Log[COS[E]] + Log[Si”[g]]

Problem 113: Result more than twice size of optimal antiderivative.

JCsc[Z x] (Cos[x] +Sin[x]) dx

Optimal (type 3, 15leaves, 6 steps):

1 1
- —ArcTanh[Cos[x]] + —ArcTanh[Sin[x] ]
2 2

Result (type 3, 61leaves):
X 1 X

éLog[cos[z]] - Log[cos ] —Sin[g]] +§Log[$in[§“ +§Log[cos[§} +Sin[§]]
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Problem 121: Result more than twice size of optimal antiderivative.

J _ 1 4

V-arix?

Optimal (type 3, 16leaves, 2steps):
ArcTanh [ L}

Result (type 3, 46 leaves):

X X

1
} + —Log[1+
“aZ . x? 2 a2+ x?

]

1
-~ Log[1-
2

Problem 152: Result more than twice size of optimal antiderivative.

i — 1 ax
VaZ+x?
Optimal (type 3, 14 leaves, 2 steps):

Ar‘cTanh{L]
VaZ+x?
Result (type 3, 42 leaves):
1 X 1 X
-~ log[l- —— |+ ~Log[l+ ———|
2 Vatixz 2 Varix?

Problem 195: Result more than twice size of optimal antiderivative.

1
J dx
-x2+ x4

Optimal (type 3, 8leaves, 3 steps):

1
— - ArcTanh [x]
X

Result (type 3, 22 leaves):

1 1 1
—+ —Log[1l-x] - —Log[l+Xx]
X 2 2



0 Independent test suites.nb | 73

Problem 211: Result more than twice size of optimal antiderivative.

JCos[x] (-3+2sin[x]) 4
X

2-3Sin[x] +Sin[x]?

Optimal (type 3, 11leaves, 2steps):
Log[2-3Sin[x] +Sin[x]?]

Result (type 3, 26 leaves):
X X
2 Log[Cos[;} - Sin[;] | +Log[2-Sin[x]]

Problem 212: Result more than twice size of optimal antiderivative.
JCos[x]zsin[x}

5+ Cos[x]?

dx

Optimal (type 3, 20leaves, 3 steps):

\/?Ar‘cTan[Cos[X1 | - Cos[x]

Vs
Result (type 3, 82leaves):

}+21\/?Ar'cTan[L— /g Tan[iH +21\/?Ar‘cTan[
5 2

V5 V5

Cos [X]

—ﬁAr‘cTan[

1
2

1 6 X
+ | = Tan[=]] - 2@ Cos[x]
N 5 2

Problem 221: Result more than twice size of optimal antiderivative.

J ! dx
-4 Cos[x] +3Sin[x]
Optimal (type 3, 18leaves, 2 steps):

1 1 .
- = ArcTanh| — (3Cos[x] +4Sin[x]) |
5 5

Result (type 3, 41 leaves):

ELog[Cos[g} -2Sin[§]] —%Log[2€os[§] +Sin[§H
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Problem 225: Result more than twice size of optimal antiderivative.

1
J dx
XV1+Xx

Optimal (type 3, 10leaves, 2 steps):
-2 ArcTanh [\/ 1+X ]

Result (type 3, 25leaves):
Log[1-+1+x | -Log[1+~1+x |

Problem 244: Result unnecessarily involves imaginary or complex numbers.

J ! dx
Cos [Xx] +Sin[x]

Optimal (type 3, 21leaves, 2 steps):
ArcTanh[Mﬂlﬁ_]

B V2
V2
Result (type 3, 24 leaves):
-1+ Tan[*]
(-1-1) (-1)**ArcTanh|[ ——2—
V2

Problem 245: Result more than twice size of optimal antiderivative.

J ! dx
1-Cos[x] +Sin[x]

Optimal (type 3, 11leaves, 2steps):

_Log[1+cot{§]]

Result (type 3, 24 leaves):

X X X
Log[Sin|[=]] - Log[Cos[—=] +Sin|[—
og[sin| >]] - Log[cos| > +sin[ 7]



Problem 246: Result more than twice size of optimal antiderivative.

J ! dx
4 Cos[x] +3Sin[x]
Optimal (type 3, 18leaves, 2 steps):

1 1 )
- = ArcTanh| = (3Cos[x] -4Sin[x]) |
5 5

Result (type 3, 43 leaves):

__ELog[chs[zq —Sin[i]]a—ilﬂg[Cos[g}-+2$in[§]]

Problem 249: Result more than twice size of optimal antiderivative.

Sec [Xx]
J 22X ax
1+Sin[x]
Optimal (type 3, 18leaves, 4 steps):

lAr‘cTanh[Sin (x]] - _r
2 2 (1+sin[x])

Result (type 3, 54 leaves):

1

(cos[ ] +5in[§])2

1 X1 _sin[ X711+ X1, sin[ X1 -
N —Log[Cos[;]—Sln[z]] Log[Cos[z} Sln[z]]
Problem 255: Result more than twice size of optimal antiderivative.

JSec[x] Tan[x]?2 dx

Optimal (type 3, 16leaves, 2 steps):

1 1
- —ArcTanh[Sin[x]] + — Sec[x] Tan[x]
2 2

Result (type 3, 42 leaves):

% (Log[Cos[g] 7Sin[§]] 7Log[Cos[§] +Sin[§“ +Sec[x] Tan[x]
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Problem 270: Result more than twice size of optimal antiderivative.
J(1 Vx| ® dx

Optimal (type 2, 27 leaves, 3 steps):
2 (1+&)9+§ (144"

9

Result (type 2, 60 leaves):

3/2 112 x5/2 79 x3 16 x9/2 5
16 2 X + X +16 X772+ 7 x* + X +X—

X +

+14 x° +

3 5 3 9 5

Problem 291: Result more than twice size of optimal antiderivative.

1
J— dx
—e X+ X

Optimal (type 3, 6leaves, 2 steps):
~ArcTanh|e* |

Result (type 3, 23 leaves):

1 1
~Log[1-e*| - = Log[1+ e
A og[1- e A og[1+e*]

Problem 297: Result more than twice size of optimal antiderivative.

J(l +Cos[x]) Csc[x] dx

Optimal (type 3, 7 leaves, 2 steps):
Log[1l - Cos[x]]

Result (type 3, 20 leaves):

—Log[Cos[iH + Log[Sin[i]] +Log[Sin[x]]
2 2
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Problem 298: Result more than twice size of optimal antiderivative.

eX
J dx
-1+ e?X

Optimal (type 3, 6leaves, 2 steps):
—~ArcTanh [ex]

Result (type 3, 23 leaves):

1 1
~Log[1-e*] - = Log[1+ e
A og[1- e A og[1+eX]

Problem 314: Result more than twice size of optimal antiderivative.

JCot[Z x]3Csc[2x]3dx

Optimal (type 3, 21leaves, 3 steps):

1 3 1 5
—Csc[2x]?- —Csc[2X]
6 10

Result (type 3, 53 leaves):
11 Cot [x] 11 1 11 Tan[x] 11

1
+ — Cot[x] Csc[x]% - —— Cot[x] Csc[x]*+ + ——Sec[x]%Tan[x] - — Sec[x]* Tan[x]
480 960 320 480 960 320

Problem 328: Result more than twice size of optimal antiderivative.
Jx Sec[x] Tan[x] dx
Optimal (type 3, 10leaves, 2 steps):
—-ArcTanh[Sin[x]] + x Sec[X]

Result (type 3, 37 leaves):

Log[Cos[g] —Sin[EH - Log[Cos[g] +Sin[§]] + X Sec[x]
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Problem 334: Result more than twice size of optimal antiderivative.

1
Jgdlx
—eX + e3X

Optimal (type 3, 12leaves, 3 steps):

e - ArcTanh [ex]
Result (type 3, 32leaves):

exs t Log[1-e™] - 1 Log[1+e™]
2 2

Problem 337: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.
J Sin[2x] dx
9 -Cos[x]*
Optimal (type 3, 11leaves, 5steps):

]

Result (type 3, 26 leaves):

ilog[iCos[x]2++/9-Cosx]* |

Cos [x]?

3

~ArcSin|

Problem 351: Result more than twice size of optimal antiderivative.
Jex Sech|e*] dx

Optimal (type 3, 5leaves, 2steps):
ArcTan|Sinh|e*| |

Result (type 3, 11leaves):

eX
2 ArcTan|Tanh| —] |
2
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Problem 355: Result more than twice size of optimal antiderivative.

JSec[x]S dx

Optimal (type 3, 26 leaves, 3 steps):

3 3 1
= ArcTanh[Sin[x]] + = Sec[x] Tan[x] + — Sec [x]3 Tan[x]
8 8 4

Result (type 3, 58 leaves):
X X X

1 X 1
— |-6Log|C -Sin| = 6 Log|C Sin| = =S 4 (1154 3Sin(3
16[ og[os[z] 1n[2H+ og[os[2}+ 1n[2H+2 ec[x]* (11Sin([x] +3Sin[3x])

Problem 363: Result more than twice size of optimal antiderivative.

X4
Ji dx
A/ -2+ x1e
Optimal (type 3, 18leaves, 3 steps):

1 x>

= ArcTanh| ————|

5 \ -2+ x1e

Result (type 3, 42leaves):
1 x> 1 x>

Sl g1 — ] log[1e ]
10 vV -2+ x1 1o V-2+x1

Problem 370: Result more than twice size of optimal antiderivative.
sz (1+x3>4d1x

Optimal (type 1, 11leaves, 1 step):

1

— (1+x3)°

5 (1+%)

Result (type 1, 36 leaves):
x3 2x5 2x® x1Z2 x®°

3 3 3 3 15
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Test results for the 705 problems in "Timofeev Problems.m"

Problem 3: Result more than twice size of optimal antiderivative.

JSec [2ax] dx

Optimal (type 3, 13leaves, 1 step):
ArcTanh[Sin[2aXx]]
2a

Result (type 3, 37 leaves):
Log[Cos[ax] -Sin[ax]] Log[Cos[ax] +Sin[ax]]
- +

2a 2a

Problem 4: Result more than twice size of optimal antiderivative.

1 X
J— Csc[—] dx
4 3

Optimal (type 3, 11leaves, 2steps):

3 X
- — ArcTanh|Cos| —
, arcTanh [cos [~

Result (type 3, 23 leaves):

taton ) st 1)

Problem 5: Result more than twice size of optimal antiderivative.
J—Sec[§+2x] dx

Optimal (type 3, 15leaves, 1step):

1 7T
- —ArcTanh|Sin| —+2
N rcTan [1n[4+ XH

Result (type 3, 55leaves):



%Log[Cos[i (m+8x) ] 7Sin[§ (r+8x)]] 7§Log[Cos[§ (m+8x) | +Sin[§ (m+8x)]]

Problem 19: Result more than twice size of optimal antiderivative.

eX
J dx
-1+ e2X

Optimal (type 3, 6leaves, 2 steps):
—-ArcTanh [ex]

Result (type 3, 23 leaves):

1 1
Zlog[1-eX] - = Log[1+eX
A og[1-eX] A og[1+eX]

Problem 35: Result more than twice size of optimal antiderivative.
JCO’C[X]B’ Csc[x] dx
Optimal (type 3, 11leaves, 2 steps):

Csc[x]?3

3

Csc[x] -

Result (type 3, 57 leaves):

5 X 1 X X 52 5 X 1 X 52 X
— Cot|—| - —Cot|—|C — —T —|-—S —| T —
12 ° [2] 24 ° [2] SC[Z} +12 an[z] 24 ec[z} an[z]

Problem 41: Result more than twice size of optimal antiderivative.
J Sin[x] dx

1+Sin[x]
Optimal (type 3, 11leaves, 2 steps):

Cos [x]

1+Sin[x]

Result (type 3, 25leaves):
2sin[ %]

Cos[f] +Sin[§]

X —
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Problem 51: Result unnecessarily involves imaginary or complex numbers.

i —ax

xV-a?+x2

Optimal (type 3, 22 leaves, 3 steps):
Ar‘cTan[l:’a;”‘2 }

a

Result (type 3, 35leaves):
i Log[-#2+ 22/t ]

X

a

Problem 56: Result more than twice size of optimal antiderivative.

1
J dx
VX - x2

Optimal (type 3, 8leaves, 2steps):
—-ArcSin[1-2x]

Result (type 3, 38leaves):
2V -1+Xx \/;Log[\/—1+x +\/;}

- (-1+x) x

Problem 63: Result more than twice size of optimal antiderivative.

1+ Tan[x]?
Ji dx
1-Tan[x]?

Optimal (type 3, 11leaves, 2steps):

1
— ArcTanh[2 Cos [x] Sin[x]]
2

Result (type 3, 23 leaves):

1
- —Log[Cos[x] -Sin[x]] + 1 Log[Cos [x] +Sin[x]]
2 2
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Problem 64: Result more than twice size of optimal antiderivative.

J(a2 ~4Cos[x]2)**sin[2x] dx

Optimal (type 3, 18leaves, 3 steps):

% <a2—4Cos[x]2)7/4

Result (type 3, 127 leaves):
1

7 (-2+a*-2Cos[2x])"*

-2+a%?-2Cos[2x]

-2+a?

~2+a%-2Cos[2x] V4
6—4a2+a4—4[ [ ])

1/4 2 1/4
-2+a“-2Cos[2x
, +4a2[ —a4[ [2x]
-2+a

-2+a?

-4 (-2+a%) Cos[2x] +2Cos[4x]

Problem 65: Result more than twice size of optimal antiderivative.

J Sin[2x] dx

(a?-4sin[x]?)"?

Optimal (type 3, 18leaves, 3 steps):

2 (a®-4sin[x]?)*?
8

Result (type 3, 67 leaves):

3 (-2+a2+2Cos[2x])%? (_1+ (Lic;su)m)

~2+a2+2Cos[2x] | 2/3
8
-2+a?

Problem 76: Result more than twice size of optimal antiderivative.

JCsc[x]5 dx

Optimal (type 3, 26 leaves, 3 steps):

3 3 1
- = ArcTanh[Cos[x]] - — Cot[x] Csc[x] - — Cot[x] Csc[x]?3
8 8 4

Result (type 3, 71 leaves):
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3 X 52 1 X4 3 X 3 X 3 X 52 1 X 4
- = csc[2] - —cesc[ 2] - T Log[Cos[ =] ] + = Log[sin[=]] + — sec[ =] + — sec[>
~ sc[z] ” sc[z] 5 og| os[z]]+8 og| 1n[2H+32 ec[z] +64 ec[z}

Problem 99: Result more than twice size of optimal antiderivative.
-5+ 2x?
J— dx
6-5x2+x*
Optimal (type 3, 31leaves, 3 steps):
ArcTanh| =]  ArcTanh[ ]
VTl /3
V2 V3
Result (type 3, 69leaves):
x (3\/7Log[\/7—x] +2+/3 Log[V3 -x] -3+2 Log[V2 +x] —Zx/?Log[\/?+x])
12

Problem 113: Result unnecessarily involves imaginary or complex numbers.

1
Jidlx
1+ x%2+x4

Optimal (type 3, 67 leaves, 9 steps):
ArcTan[+2X]  ArcTan|*2X]
- V3 + V3 —lLog[l—Xerz}+lLog[1+x+x2}

2+/3 2+/3 4 4
Result (type 3, 73 leaves):

]1( 1-i /3 ArcTan[ [-i++/3 | x] V1413 ArcTan[ (i+V3)x]
Ve

Problem 193: Result unnecessarily involves higher level functions and more than twice size of optimal
antiderivative.

J(b1+c1x) (a+2bx+cx2)"dlx

Optimal (type 5, 159 leaves, 2 steps):



b-+/b%-ac +cx

2" (blc-bcl) {
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bt/ b%-ac +cx }

-1-n
] (a +2bx+c x2>1+” Hypergeometric2F1 [—n, 1+n,2+n,

c1<a+2bx+cx2)1+n Joroac 2 Jbrac
2c (1+n) cvVb*-ac (1+n)
Result (type 6, 471 leaves):
1
—(b—x/bz—ac +cx| (a+x (2b+cx) )"
2
2
[3(b+x/b2—ac]c1x2 a+(b— b>-ac | x| AppellF1[2, -n, -n, 3, - ex B ex })/
b+vb?-ac -b++b2-ac
[(—b+\/b2—ac] (b+xlb2—ac +cx| (a+x (2b+cx)) [-3aAppellF1[2, -n, -n, 3, - €X s ex |+
b+vb?-ac -b++/b%2-ac
n x —b+x/b2—ac]AppellF1[3,l—n,—n,4,— °X B €X ]—(b+xlb2—ac)AppellF1[3,—n,l—n,4,
b+vb2-ac -b+vVb%2-ac
-n
21 b1 [L bzacmx) Hyper‘geometr‘icZFl[—n, 1+n, 2+n, “berfbac cx bz’ac’cx]
CcX C X ]]]} b%-ac 2+/b%-ac
_ , +
brvb2-ac -b+/b?-ac c(1+n)

Problem 198: Result unnecessarily involves
antiderivative.

J(b1+c1x) (a+2bx+cx2)’ndlx

Optimal (type 5, 169 leaves, 2 steps):

27" (blc-bcl) (_

cl <a+2bx+cx2)1'n

N b*-ac

b-+/b%-ac +cx

higher level functions and more than twice size of optimal

b++/b%-ac +cx

Jb—}

-1+n
] (a+2bx+cx?) " Hypergeometric2fF1[1-n, n, 2 -n,

2c (1-n)

Result (type 6, 374 leaves):

cvVb?-ac (1-n)
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N |

(a+x (2b+cx))™

cX cX

- Bl
b+vVb2-ac -b+vb%2-ac

cX cX

3
+Vb2-ac -b+i/b?-ac

] +

([Bacl X2 AppellFl[Z, n, n, 3, })/ (3aAppe11F1[2, n, n, 3,

nXx

cx cx
b+x/b27ac)AppellFl[B,n,1+n,4,7 s |+
b+vb2-ac -b++b?-ac

[b—m)AppellFl[3,1+n,n,4,f — = ]]]]
b+

b2-ac -b++/b2-ac

n
21" b1 (b ~Jb?-ac +c x) (L’* blac “X] Hypergeometric2F1[1-n, n, 2-n, bifbtac cx X
b’-ac 2+/b%-ac

c(-1+n)

Problem 217: Result unnecessarily involves higher level functions.

J;dx
(—1+x)2/3x5

Optimal (type 3, 104 leaves, 8 steps):

1/3
1 13 49 (.1 13 499 (_1 13 g5 (4 1/3 110 Ar‘cTan[@ﬂ)'—}
(-1+x) X (-1+x) X (-1+x) X (-1+x) ) J3 +§Log[1+(71+x)1/3]755|'0g[x]
4 x4 36 x3 27 x? 81 x 81+/3 81 243

Result (type 5, 63 leaves):

-81-18x-33x2-88x3+220x%-220 ( =L ) 22 ya Hypergeometric2F1 [ %, i, 3,

X |

]

324 (—1+x>2/3x4

Problem 221: Result unnecessarily involves higher level functions.

ATrx (1-x2)Y*
\/1 X \/1 x—\/1+x)

dx

Optimal (type 3, 304 leaves, 33 steps):
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7 (1-x2)54 1_x2)5/4
i(l_x)3/4 (1+X>1/4—L(1—X)1/4(1+X)3/4+—<1—X>5/4(1+X)3/4+ ( X) +X< X) +lm<1_xz>5/4_
16 16 24 24/1-x 61 _x 6
3Ar‘cTan[1— M} 3Ar\c'|'an[1+ M} LOg[1+ 1-x N2 (1-)()1/4} LOg[1+ 1-x . 2 (l—x)l/“}
(1+x) M4 . (1+x) M4 . 1+X (1+x) /4 ~ Viex (1+x) /4
82 82 82 82
Result (type 5, 165leaves):
V1-x2 (29+22 8 x2
LT (1-x2)Y* | -7+2x+8x2- Xt (29+22x+8%) +
48 1+X
(72 (-1+x) - (*1+x>2>1/4 Hyper‘geometr‘icZFl[i, i, i, I’TX} ) 5 (72 (-1+x) - <’1+x)2)3/4 Hyper'geometr'iczFl[%, i, i, 12;’(]
24 2%/% (1+x)>"*

8 2Y4 (1+ x)”4

Problem 222: Result unnecessarily involves higher level functions.

V1-x x (1+x)2/3
dx

J(lx)S/6 (1+x)1/3+ (1—x)2/3 1+x

Optimal (type 3, 292 leaves, ? steps):
SR 3k (1x)2P (1ex) P VT X xVTex - (1%) (3ex) s
4 4

12

1 1/3 2/3 1 1/6 5/6 1 5/6 1/6

— (1- 1 1+3 — (1~ 1 2+3 -— (1- 1 10+ 3

2 (rx (1ex) 2 (23] 4 (1ox] O (1ex] 7 (2035) - (1% (1% (1043 -
1-x)Y32 (14x) /3 3 (1-x)Y/6 (1:x)Y/6

l/_\pc-ran[ (1+x>1/6} ) 4Ar‘cTan[1—)4—)—ﬁ p—y ] ) EAPcTan[ (1—x)1/3 - (1+x)1/3] ) ArcTanh | PETAIY

6 (1-x)7° 343 6 (1-x)Y8 (1+x)Y° 63

Result (type 5, 391 leaves):
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22/3 (—2 (-1+x) - (—1+x)2)1/3 Hyper‘geometr‘icZFlE, i, i, 1;—"]

3(1+X)1/3
3(1_x)13 2
— (1+X 1-3x) (1-x - X X X -3 (1-x X (1-x - (1+3x) (1-x -
1 1/3 2/3 ( ) ( ) 1/3 2\1/6 211/3
12 (1-x2)22 (1-x)22
7(-2(-1+x)-(-1+x)? 5/6Hyper'geome‘cr'ic2F1 2,2 110 1x
4 22/3Hyper‘geometr‘ic2F1[1, 1, i, 1+X} - ( ( )~ ) ) [6, 6’ 6’ 2 ] +
3 3 3 2 39 . 25/6 (1+x>5/6

(1+x)¥2J2 (1+x) - (1+x)2 Hypergeometric2F1[ 2, 2, 5, BX| (1-x)¥3 /T2 x (1+x)¥CLog[vV-1+x +/1+x |

2
+

6 2°/°4/1-x 2 (2 (1+x) - (14%)7)7°

Problem 226: Result unnecessarily involves higher level functions.

J ! dx
((~21+%)% (1+x))*7

Optimal (type 3, 67 leaves, ? steps):

1+ 2 (-1+x
(-1+x)2 (14x) )3 1 3 -1 +x
V3 Ar‘cTan[ < : ) }—*Log[1+x]—fLog[1—

V3 2 2 “—1+xy(1+x”1”}

Result (type 5, 49 leaves):
3(-1+x) (1+x)*? Hyper‘geometricZFl[i, i, 4, ]

zws(p1+xy(1+@)”3

Problem 228: Result unnecessarily involves higher level functions.

J\((1+X)2(1+X)) i

x2

Optimal (type 3, 150 leaves, ? steps):

2+3 1-x2 10 + 3 1-x2)%®
(2+3x) x+(+x)(x)7

1+x
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1- 2 (-14x)

C1ax)2 (1ax) )Y Ar-cTan[ s ] 1*%
- (( ) ( )) - V3 —\/?Ar‘cTan[ ((-14x)2 (14%) )72 ] .
x V3 V3
Log [x] —ELog[1+x]—iLog[1— X 1/3]—1L0g[1+ L 1/3]
6 3 2 ((—1+X)2(1+X>) 2 ((—1+X)2(1+X>)
Result (type 6, 145leaves):
1 ((_1+x>2 <1+x)>1/3 _E_ 4xAppe11F1[1, l, E, 2, l, —l] /
2 X 3 3 X X
[(—1+x) (1+x) |6xAppellF1|1, 1,25, 5, —3] - 2 AppellFi|2, 128, -3] + AppellF1[2, 425 1 _1] )_
3 3 X X 3 3 X X 3 3 X X
3. 2%/3 Hyper‘geometr‘icZFl[%, %, i, 1;"]
(1_X)2/3

Problem 232: Result unnecessarily involves higher level functions.

J 1 dx
(9+3x—5x2+x3)1/3

Optimal (type 3, 75leaves, ? steps):

1+ 2 (-3+X
(9+3x-5 x2+x3)1/3 1 3
} - —Log[1l+x] - fLog[l—

-3+X ]
3 2 2 (9+3x—5x2+x3)1/3

\/? Ar‘cTan[

Result (type 5, 49 leaves):

3(-3+x) (1+x)*? Hyper‘geometr‘icZFl[i, i, i, 3;1—)‘}

22/3 ((—3+x)2 (1+x))”3

Problem 245: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

J X dx
4+ x+x2 5+4x+4x?
( v

Optimal (type 3, 63 leaves, 5 steps):
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11

ArcTan { A/ 5+4 x+4 x? } ArcTanh [ =

Vi1 5+4 x+4 x?

\/11 165
Result (type 3, 426 leaves):

(1+2 x)

(]-l +m) Ar‘cTan[ -4~/15 /15 x-/15 x2-4~/11 +/5+4 x+4 %2 ] (_].l +\/E) APCTan[4\/ﬁ+mx+\/§x274md5+4x+4xz ]

16+15 x+15 x? 16+15 x+15 x?

— " e "
i (-1 V15 ) Log[(-i+v15 -2 x)” (1+315 +2ix)°] i (i+V15 ) Log[(-i+VI5 ~2ix)" (115 +21ix)°]
4165 ) 4+/165 7
i (i+V15 ] Log[(4+x+x?) (43+52x+52x2 - V165 V5 +ax+4ax? -2/165 x5+ ax+ax? ||
4+/165 )
i(-i+V15 ] Log[(4+x+x?) (43+52x+52x% + /165 /5+ax+4x? +2/165 x\/5+ax+4ax? |]
4165

Problem 246: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

3+X
dx
J (1+x2) VI+x+x?
Optimal (type 3, 56 leaves, 5 steps):

1-
—Zx/?Ar‘cTan[—X] +\/?Ar‘cTanh[—]
\/?\/1+X+X2 \/?\/1+X+X2

Result (type 3, 352leaves):

G+ i) (-1)** ((4+21) ArcTan[[(-7+12 i)+ (12+250) 440 (-1) Y4 1o x4 +x2
(-4+374) - (10-301) Vo J1exex®

(4-21) ArcTan[((-7-1zi) +(12-251) x> + 20 (—1)1/4m+x2 ((5—281’1) -40 (-1)%* 1+ x+ X2

(-4-37i) + (30+101i) V2 J1exex®

2Log[1+x?] - (1+21) Log[(5+41i)+ (8+41)x+ (5+41)x?+8 (-1)"*J1exex? +4 (-1)Y x~[1+x+x2 ] -
(1-21) Log[(5+4i)+ (8+4i)x+ (5+41)x*+4 (-1)"* y14x+x? +8 (1) x~/14x+x? ]

1+x

(5+281) +20 (—1)3/4x/1+x+x2

J((1-364) + (32-114) x+ (5+1614) 2+ (4+251) X°) ] +

+

X

+

X /((—49+361’1> - (48-611i) x- (45-641) x>+ (4+251) %) ] +
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Problem 247: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

1+2X
J dx
V-1+6X+x2 (4+4x+3x2)

Optimal (type 3, 70leaves, 5steps):

7

(2-x)
5ArcTan | | ArcTanh| M)—]
2/ -1+6 x+x2 \/ -1+46 x+x?
614 37

Result (type 3, 991 leaves):
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1

814

1

7+4i+2

562241 +29126+/2 -99 7(7+4J’1\/2) A -1+6x+x2

2 (-i+4+/2 ) ArcTan|

7840 - 5816 1 /2 + 18 (112+37]1\/7) x*+35641 |7 (7+4]1\/7) J-1+6x+x% +

-721x

54614 +265+/2 -11 |7 (7+4]'1\/2) J-1+6x+x2

J/ (98361-5600\/7+36 (—10831’1+560\/7) X +

i x? +

3x3

1456 + 7564 i \/2 - 693 i 7(7+41x/2) J-1+6%x+x2

1

~7+4i+2

2 (i+4V2 | ArcTanh[ (4 (6344 -700 /2 +18 (4771 +140V/2 | x+ (9847 i + 977272 | x? + 12 (947 1 +644/2 | x* + 9 (4211 + 1122 | x4))/

(-41651 478176 /2 | x?+ (-91506 i + 61824 /2 | x*+ 9 (-1487 1 +896 V2 | x*)] -

+

[-9 (1228 +37/2 | x4+36x(5461’1+265\/7+44\/—98+561’1\/7 J1e6x+x?

3x3 (—728]’1—3782\/2 +994/-98 15612 ~/-1+6x+x2 +4[—980]’1+727\/2 +297+/-98+561 2 ~/-1+6x+x?

+

x? (281121 - 14563 /2 + 1287/ 984561 /2 Jo1eexex? ||]
(14412 | Log[o (4+4x+3x2)%] (i+42 | Log[o (4+4x+3x2)?] 1
. -
7+4iV2 ~7+4iV2 ~7+4iV2

(1+4V2 ) Log[(4+ax+3x)

-1011-14\/7+2(-2j+7\/7) x2+91'1\/7 (-7+41\/7) J-1+6x+%x2 +x
1

74412

18614842 - 74 [7(-7+4iV2| \[-146xsx? |]]-

(-53i+14v2 ] x?+2x (—541’1+42\/7—J’1\/98+56J’1\/7 Jo146x+x?

|

Problem 248: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

i (—Ji+4\/7) Log| (4+4x+3x?)

2i [26—711\/?+3\/98+561’1\/7 Jo1e6x+x?

B+AX
J dx
(17 - 18 x + 5 x?) V13 -22x+ 10 X2

Optimal (type 3, 80leaves, 5steps):
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(2A+B) ArcTan|[ =320 ] (A, B) ArcTanh [ —5 10

J13-22x10 %2 2/13-22x:10 %%
_ 35 _ 235
Result (type 3, 1149leaves):
! (((8721‘1) A+ (4-21)B)
8+/35

ArcTan| (4 A ((-2494-67461) + (3811+15444 i) x - (1900 + 11640 i) x* + (300 + 2800 i) x*) + (2+4 1) B2 ((-1843+921i) + (3955 +186 i) x -

(2327+336 ]1) X2 + (645+110 ]1) x3) + (4+8]’1) AB ((—3439—76 ]1) + (7427+942 j) X — (5354+1092 j) X2 + (124@+32@ j) x3))/

((1+2]i) B2 ((—608—12081’1) +(395+6101) x>+ (66-771) \/35 \/13—22x+16x2 +

X +

(1540 + 3036 1) - (104 - 103 i) /35 \/13—22x+10x2 (80-5491i) +10+/35 \/13—22x+10x2

+(4-31) %

A [(10987—321@ i) - (4800 -2800 i) x> + (748 + 187 i) /35 \/13—22x+10x2 +

10x2((1969—8921’1)+(34+17]‘1) V35 \/13—22x+10x2 -Xx | (25633-9460 i) + (1654 + 357 i) /35 \/13—22x+10x2 +

AB [(9519—6362 i) - (4225-42001i) x> + (792 +198 i) /35 \/13—22x+10x2 +

(18 +51i) x* | (828 -18711) +36+/35 \/13—22x+10x2 -x | (22801-16808 1) + (1116 + 378 i) /35 \/13—22x+10x2

)

((-2+81i) A= (2-41) B) ArcTanh| (A> ((3594-15991 i) - (8696 - 43289 i) X + (5996 - 39425 i) x* - (1400 - 12175 i) X°) +
(2+1i) B*((-367-32881) + (1085 + 8506 i) x - (1073 + 7336 i) X* + (355 +2110 1) X>) +

(4+2j) AB ((7114774952 ]l) + (3185+12882 j) X — (2993+11256 ]1) x2 + (955+3319 jl) x3))/

(2 ((2+i) B? ((—1208—6081’1) +(610+395i) x>+ (77-661) \/35 J13-22x+ 102

X ((3036+1546 i) - (183-1041i) /35 J13-22x+ 10 %2

+ (3-41) x?

+

(-80-5491i) +10/35 \/13—22x+10x2)

AB | (-9519-6362 i) + (4225+4200 i) x>+ (792-198 i) /35 \/13—22x+1@x2 +

+(10-5i) x* | (-828-18711) + 3635 \/13—22x+10x2 +

X ((22801+16898 i) - (1116 -378 1) /35 \/13—22x+10x2

A [(4see+zsee i) x*+x | (25633 +94601) - (1054 - 357 i) /35 J13-22x+ 10 %2

10i x* | (892-1969 1) + (17 +341i) /35 \/13—22x+10x2

+(1-41) [(1097277411) + (88 +1651i) /35 \/13—22x+10x2

-
2ALog[i (17-18x+5x%)| -2Blog[i (17-18x+5x*)] + (1-41)

A
Log [
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(1+21) ((—127—1566]’1) + (118 + 2844 i) x - (25+1350 i) x* + 68 i /35 \/13—22x+10x2 -701+/35 x\/13—22x+10x2

] +

(1-21)BlLog[(1+21) ((—127—15661’1) + (118 + 2844 i) x - (25+ 1350 i) x* + 68 i /35 \/13—22x+10x2 -701+/35 xx/13—22x+10x2
(1+41)

A

Log|

(2+1) {(1566+127J’1) - (2844 +1181i) x + (1350 + 25 i) x* - 68 /35 J13-22x+10x2 +70/35 x+/13-22x+ 10 %2

|+

]+

(1+21) BLog[(2+1) ((1566+127]’1) - (2844 +1181i) x + (1350 + 251 ) x* - 68 /35 \/13—22x+10x2 +70/35 x\/13—22x+10x2

)

Problem 249: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

-2+X
J dx
(17 - 18 x + 5 x?) V13 -22x+ 10 X2

Optimal (type 3, 38leaves, 2 steps):
Ar‘cTanh[JL(—)—35 1x

2+/13-22 x+10 X2
235

Result (type 3, 410leaves):

(—21’1Ar‘cTan[<4((—2+21’1> +5Xx) (13—22x+10x2))/ ((—819—1821’1) +350 %% + (44 +111) /35 \/13—22x+10x2 +

835

X

(1841 +3081i) - (62+21 1) /35 \/13—22x+10x2)+10x2 (-140-141i) + (2+1) V35 \/13—22x+10x2

] -

2iArcTan| ((7+141) ((-169-1161) + (419+2181) x - (335+140 1) x> + (85 +30 i) x3))/

((—1638+364J’1) +700 x> - (88-221) /35 \/13—22x+19x2 +20ix* | (14+1401) + (1+21) V35 \/13—22x+10x2

+

(4-21) x

(798 +2451) + (29+41i) /35 \/13—22x+19x2)

| +2Log[i (17-18x+5x?) | -

Log[(1+21) ((1566—127]‘1) - (2844 -1181i) x + (1350 -251) x* - 68 /35 \/13—22x+10x2 +70+/35 x\/13—22x+10x2

} _

]

Log[(2+1) ((1566+127]’1> - (2844 +1181i) x + (1350 + 251 ) x* - 68 /35 \/13—22x+10x2 +70+/35 x\/13—22x+10x2
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Problem 260: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.
X (2-Tx7
JW (1—X3+ (1+X2>3/2)

dx

Optimal (type 3, 136 leaves, 32 steps):

8x x2 8+1+x*? 1 41 ArcSinh[x 4 1+3x
ex X eN~LEX _—x«/1+x2——[ J+—\/7Ar~cTan[ : +
9 6 9 6 54 27 22

4 1+X 7 1-x 7

— 2 Ar‘cTan[%}+fAr‘cTanh[7]—fLog[3+2x+3x2}
27 V2 iex2 o 27 2v/1+x2 54

Result (type 3, 947 leaves):

1+3x 1
96x-18x* -6 (~16+3x) \/1+x? - 82ArcSinh([x] +16/2 ArcTan| =] - 211(4“11\5)
108 2V2. Jii2ivz

ArcTan| (2 (169 (7-45+2 | -1716 4 (i +2V2 | x+ (-4622-50324 V2 | X~ 1716 & (-1 +2V/2 | x? + (1449 - 4356 i V/2 | x4))/

[7559 (—8]’1+7\/?) +9 (78811+383\E) X+ 12 x

230 (4]1+\/?)+729J1+2]1\/? J14x?

+

1

“142i4/2
920(4+1’1\/7)—72911\/—2+41’1\/?«/1+x2
3680 8621 V2 +5103i+\ 2412 J14x? /

17317 i +1352+/2 +3432 [1+2+/2 | x+2 (199311 +5032+/2 | x2+3432 (1 +2+/2 | x3+9 (25091 +968+/2 | x*| | -
]

(-i+11V2 | Log[o (3+2x+3x2)%] i [i+11V2 ) Log[9 (3+2x+3x?)?]

12 X3

36801 - 8622 +5832+/1+21 2 NER

230(41+\/?)+729\/1+2i\/? \/1+x2)+x2 ]+

2(i+11\/7)

ArcTan[[559 (8-7i+2)+9i (881+383V2 | x*+6561i1/-2+417/2 /14x? +3%
920 (4+1+/2 | 27208 2+4iV2 Af10%2

+

3 X + %2

14 Log[3+2x+3x?] - + . 1
1+2i+2 ~1+2iv2 ~1+2iv2
(1-128 V2 ) Log[(3+2x+3x%) [-7i+4V2 + [-7i+4V2 | X -2ix |-3447/-142iV2 /14 o —
1+2i+2

(-i+11V2 ) Log[(3+2x+3x?) (71111+4ﬁ+(711]1+4\/7) X2-61i2+4iV2 \J1+x® +2ix(3+1/2+4i2 /1%

!
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Problem 264: Result more than twice size of optimal antiderivative.

1
dx
J(1+x2) V2 x + x?

Optimal (type 3, 49leaves, 5steps):

ArcTanh [ —2*—|

—EAr‘cTan[ﬂ2x+x2 ] - V3 2wt
2 23

Result (type 3, 113 leaves):

1 xEex

-6 ArcTan]| /2XX | +V3 (Log[l—\/;] ~Log[1++/x | +Log[2-+/x +V/3 V2+x | -Log[2+/x +/3 V2+x ])J

6+/x (2+x)

Problem 294: Result unnecessarily involves higher level functions.

dx

J<_1+3X>4/3

x2

Optimal (type 3, 71leaves, 6 steps):

(—1+3x)4/3 1—2(—1+3x>1/3

12 (-1+3x)Y° - +44/3 ArcTan]|

X \E
Result (type 5, 59 leaves):

| +2Log(x] -6Log[1+ (-1+3x)"?]

2/3 .
C1_-6x+27x24+2 313 (37 i) xHypergeometr‘lczFl[f, f, 3, L}

X (—1+3x>2/3

Problem 296: Result unnecessarily involves higher level functions.

dx

J(1 - 2x1/3) %8

X

Optimal (type 3, 48 leaves, 6 steps):
4 (1-2x23)¥* s 6arcTan| (1-2xY3)"*] ~6ArcTanh| (1-2x/3)*]

Result (type 5, 62 leaves):



o y1/3 3/4 (5 _ 1 \1/4 ; 11 5 _1a
4 -8X 62 (2 Xl/s) Hyper‘geometr‘1c2F1[4, T le/g]

(1-2xt/3)Y*

Problem 298: Result unnecessarily involves higher level functions.

J(hz\/?) N

x2

Optimal (type 3, 193 leaves, 13 steps):

S1e24x ) s (cav2/x )Y sarcTan[1-+/2 [-1+2+/x )7F] sArcTan[1+4/2 1424/ )Y
— — — |: —

+

X 2+/x 22 22
5Log[1-+2 (-1+2vx )" r/-1v2vx | stog[1+v2 [-1v2vx ) ifo1e2vx |
4-/2 ' 4-/2

Result (type 5, 72leaves):

3/4
-6+39+/x -54x-5 21/4 (2—%) ! xHyper‘geometr‘icZFl[i, 2,1, 2]
X

4’ 4’ Hyx
6 (-1+2\/?)3/4x

Problem 301: Result unnecessarily involves higher level functions.

J = dx
X (—27+2x7)2/3

Optimal (type 3, 59 leaves, 5 steps):

Ar‘cTan[}Z —27+2x7)1/3] .
REl _ Loslx] +—Log[3+ (-27+2x7)*?]
21+/3 18 42

Result (type 5, 43 leaves):

3 (2_ Q)ZB Hyper‘geometr‘iCZFl[f, f, 2, 2]

x7 37 2x

14 (-54+4x7)%7
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Problem 302: Result unnecessarily involves higher level functions.
7\2/3
J (1 + X ) dx
X8
Optimal (type 3, 70leaves, 6 steps):

;23 2ArcTan|k2(2¥)”?
_(1+X> + [ V3 ] _LOg[X] +1Log[1_(1+x7)1/3]

7 x’ 7/3 3 7
Result (type 5, 54 leaves):

7

1/3 .
(1+x7)2/3 2 (1+ X%) Hyper‘geometr‘1c2F1[§, %, ;i, -1 ]

7 x7 7 (1+x7)1/3

Problem 303: Result unnecessarily involves higher level functions.

J<3+4X4)M

2

dx
X

Optimal (type 3, 68 leaves, 5 steps):
Ar‘cTan[—\&] Ar‘cTanh[—*@]

(3+4x4) Y/ (3+4x2) ¥/
- +

X V2 vz
Result (type 5, 46 leaves):

(3 +4x4>1/4

3 B 3 3 17 4xt
i (3+4x4>1/4 X 4 x Hyper‘geometr‘1c2F1[4, 2’ a0 3 ]
X 3 . 33/4

Problem 304: Result unnecessarily involves higher level functions.

sz (3+4x4)5/4d1x

Optimal (type 3, 93 leaves, 6 steps):

45 ArcTan | —*@] 45 ArcTanh | ﬂ]

(3+4x2) ¥/

. /
EXS <3+4X4)1/4+1X3 (3+4X4>5/4_ (34x4)1“ .

32 8 128+/2 128+/2
Result (type 5, 51 leaves):
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7  4x
> Ty~ }
4 3

)

1. ( (3+4x*)Y* (27 + 16 x*) +5 - 3Y/* Hypergeometric2F1 |
32

Sjw

3
4

Problem 305: Result unnecessarily involves higher level functions.

Jx"’ (3 +4x4)1/4 dx

Optimal (type 3, 93 leaves, 6 steps):
27 ArcTan [ ﬂ} 27 ArcTanh [ —\@]

3 1 3.4 x4 1/4 3.4 x4 1/4
— 3 (3+4x4)1/4+7x7 (3+4x4)1/4+ (347 (3-4x)

128 8 512+/2 . 512+/2
Result (type 5, 51 leaves):

7 4xt
F ) _—}
4 3

X3
128

(3+4x%) /4 (3+16x*) -3 3% Hypergeometric2F1l |

2

B w

3

4

Problem 306: Result unnecessarily involves higher level functions.
J(x (1-x2))*3 ax

Optimal (type 3, 93 leaves, 6 steps):
Ar‘cTan[—(—(—)—)—zx' x (1% 1/3}

Sy (x (1)) L) LB L og s (x (1-x2) )]
2 23 12 4

Result (type 5, 56 leaves):

x (x-x3)? (72+2x27 (1-x2)%? Hyper‘geometr‘icZFl[f, % g, xz])

)

4 (-1+x?)
Problem 311: Result more than twice size of optimal antiderivative.
-1+ x?
J— dx
XxV1+3x%+x4
Optimal (type 3, 21 leaves, 3 steps):

1+ x2

V1+3x2+x4

ArcTanh [



100 | 0 Independent test suites.nb

Result (type 3, 59 leaves):

1 (—Log[xz} +Llog[3+2x2+24/1+3x%+x* | +Log[2+3x?+2+/1+3x%+x* })
2

Problem 319: Unable to integrate problem.
J 1
(3x+3x2+x3) (3+3x+3x2+x3)°

Optimal (type 3, 90 leaves, 3 steps):

2 313 (14x)

1+

ArcTan[ zg‘lww ] Log[l— (1+X)3] LOg[31/3 (1+X) - (2+ (1+x)3)1/3}
_ +

35/6 6 31/3 2 31/3

Result (type 8, 34 leaves):
1

J(3x+3x2+x3) <3+3x+3x2+x3)1/3

dx

Problem 320: Result unnecessarily involves higher level functions.

J 1-x2 dx
(1+X2> V1+x?t

Optimal (type 3, 23 leaves, 2 steps):
ArcTan [ @}

1ex*

V2
Result (type 4, 40 leaves):

(-1)*'* (EllipticF[: Arcsinh[(-1)**x], -1] - 2E1lipticPi[-i, i ArcSinh[(-1)*x], -1])

Problem 321: Result unnecessarily involves higher level functions.

J* 1+ x2 dx
(1-x2) VTon

Optimal (type 3, 23 leaves, 2 steps):
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ArcTanh | —\@]

1+x*
V2
Result (type 4, 36 leaves):

(-1)%* (EllipticF[Ji ArcSinh[(-1)Y*x], -1] - 2E1lipticPi[i, ArcSin] (—1)3/4x], —1])

Problem 324: Unable to integrate problem.

J 1+ x2 dx
(1-x2) V1+x2ext
Optimal (type 3, 26 leaves, 2 steps):

ArcTanh | —\@]
4/ 1+xZex?
V3

Result (type 8, 29 leaves):

1+x2
J dx
(1-2) V1+x?+x?

Problem 325: Result unnecessarily involves higher level functions and more than twice size of optimal
antiderivative.

1-x2
J dx
(1+X2) V1+x2+x?t

Optimal (type 3, 15leaves, 2 steps):

—r ]

Result (type 4, 94 leaves):
1

V1+x2+xt

(-1)22 /14 (-1)3 % J1- (-1)%° % (EllipticF[j Arcsinh[ (-1)*/®x], (-1)%?] +2E1lipticPi[ (-1)*3, -1 Arcsinh[(-1)%°x], (71)2/3})

Ar‘cTan[

Problem 327: Result unnecessarily involves higher level functions and more than twice size of optimal
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antiderivative.

1-x2

dx

J(1+2ax+x2)

Vi+2ax+2bx2+2ax3+x4

Optimal (type 3, 74 leaves, 1step):

ArcTan { a+2 (1+a’-b) x+ax?
2 /1-b \/ 1+2ax+2bx?+2ax3+x*

V2 \/1-b
Result (type 4, 17955 leaves):

(2a (x-Root[1+2anl+2bm12+2an1®+11%&, 2])?

EllipticF[ArcSin|./(((x-Root|[1+2anl+2bul®+2au1®+11*&, 1]) (Root[1+2anl+2bnl®+2an1®+n1*g, 2] -

Root[1+2anl+2bn1?+2an1®+n1*&, 4])) /((x-Root[1+2anl+2bnl?+2anl®+n1* &, 2])
(Root[1+2anl+2bn1%+2an1®+n1% &, 1] -Root[1+2anl+2bul?+2anl®+u1*&, 4])))],
~(((Root[1+2an1+2bn1?+2an1®+n1* &, 2] ~Root[1+2anl+2bu1?+2an1®+n1* 8, 3])
(Root[1+2anl+2bnl?+2an1®+n1% &, 1] -Root[1+2anl+2bul>+2anl’+u1*g, 4])) /

((-Root[1+2aml+2bnl?+2an1®+11* &, 1] +Root[1+2anl+2bnl?+2an1®+n1* &, 3|) (Root[1+2anl+2bnl?+2anl’®+nul1*g,
2] -Root[1+2anl+2bul*+2aul®+ul* g, 4])))] (-a+x/-1+a2 ~Root[1+2anl+2bnl?+2anl’+n1* g, 1]]-

EllipticPi[[(a—\/—1+a2 +Root[1+2anl+2bnl?+2an1®+n1t g, 2}) (-Root[1+2anl+2bul?+2an1®+u1*&, 1] +

Root[1+2anl+2bnl?+2an1®+n1*g, 4}))/ [(aﬂ/fhaz +Root[1+2anl+2bnl?+2an1®+n1t g, 1]]

(-Root[1+2anl+2bnl?+2an1®+n1* &, 2] +Root[1+2anl+2bul?+2aul’+ul g, 4})],

ArcSin|[./(((x-Root[1+2anl+2bnl?+2an1®+u1* &, 1|) (Root[1+2anl+2bul?+2anl®+ul1*&, 2| -
Root[1+2anl+2bn1?+2an1®+n1*&, 4])) /((x-Root[1+2anl+2bnl?+2an1®+n1*&, 2])
(Root[1+2an1+2bn1?+2an1®+n1% &, 1] -Root[1+2anl+2bul?+2anl®+u1*&, 4])))],
- (((Root[1+2anl+2bu1?+2anl’®+u1*&, 2| ~Root[1+2anl+2bul®+2anl®+nl*g, 3])
(Root[1+2anl+2bnl?+2an1®+n1% &, 1] -Root[1+2anl+2bul>+2an1’+11*g, 4])) /
((-Root[1+2aml+2bu1?+2an1®+11* &, 1] +Root[1+2anl+2bnl?+2anl®+nu1* &, 3])
(Root[1+2anl+2bu1?+2an1®+n1*&, 2] -Root[1+2anl+2bul®+2anl’+ul*g, 4])))]

(-Root[1+2anl+2bu1?+2an1®+n1* &, 1] +Root[1+2anl+2bnl?+2anl®+11* g, 2}))

V(((-Root[1+2anl+2bu1?+2an1®+u1*&, 1| +Root[1+2anl+2bul?+2au1®+n1* g, 2])
(x-Root[1+2anl+2bn1?+2anl®+u1*&, 3])) / ((x-Root[1+2anl+2bnl?+2anl®+nl*g, 2|)
(-Root[1+2anl+2bn1?+2an1®+n1* &, 1] +Root[1+2anl+2bnl?+2anl’+11* &, 3])))

J(((x-Root[1+2anl+2bt1?+2an1®+11%&, 1]) (Root[1+2anl+2bnl?+2an1®+01%8, 2] -
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Vo FRVAR

Root[1+2an1+2bu12+2an13+n14&, 4”)/((xL—Root[1+2attl+2b1:tlz+2attl3+t;14&, 2])
(Root[1+2aml+2bn1?+2an1®+n1* &, 1] -Root[1+2anl+2bul?+2anl®+nu1*&, 4])))
V(((-Root[1+2anl+2bu1?+2an1®+u1*&, 1| +Root[1+2anl+2bnl%+2au1®+n1* g, 2])
(x-Root[1+2anl+2bu1?+2an1®+u1*&, 4])) / ((x-Root[1+2anl+2bul?+2an1®+nl*g&, 2])
(-Root[1+2anl+2bn1?+2an1®+n1* &, 1] +Root[1+2anl+2bul?+2anl’+u1*g, 4])))

(-Root[1+2anl+2bu1?+2anl’+u1*&, 1| +Root[1+2anl+2bul®+2aul®+nl*g, 4]))/

[\/1+2bx2+x4+2a (x+x3)

(a—x/—1+a2 +

Root[1+2anl+2bnl?+2anl®+nl*g, 1])

(—a+x/—1+a2 ~Root[1+2anl+2bn1?+2an1®+n1tg, 2})

(-Root[1+2anl+2bu1?+2anl®+11*&, 1] +
Root[1+2anl+2bul?+2an1®+u1*&, 2])

(Root[1+2an1l+2bn1?+2an1®+n1% &, 2] -Root[1+2anl+2bnl?+2anl’+nul1*g, 4})) +
(x-Root[1+2anl+2b=12+2an1% +11% &, 2])?

(EllipticF[ArcSinW(((x-Root[1+2an1+2bn12+2an13+n14 & 1]) (Root[1+2anl+2bnl®+2an1®+n1*g, 2] -

Root[1+2anl+2bnl?+2an1®+n1*&, 4])) /((x-Root[1+2anl+2bnl®+2anl®+n1* g, 2])
(Root[1+2an1+2bn1%+2an1®+n1% &, 1] -Root[1+2anl+2bul?+2anl®+n1*&, 4])))],
~(((Root[1+2anl+2bm1?+2an1®+n1*&, 2| -Root[1+2anl+2bnl?+2an1®+n1* g, 3])
(Root[1+2anl+2bnl?+2an1®+n1% &, 1] -Root[1+2anl+2bul>+2anl’+u1*g, 4])) /
((-Root[1+2aml+2bul*+2au1®+11* &, 1] +Root[1+2anl+2bnl?+2an1®+n1* &, 3|) (Root[1+2anl+2bul?+2anl’®+ul1*g,

2] -Root[1+2anl+2bu1?+2an1®+n1*&, 4]))) | (—a+x/—1+a2 ~Root[1+2anl+2bnl?+2an1®+u1* g, 1]]-
EllipticPi[[(a—\/—lJraz +Root[1+2anl+2bnl?+2an1®+n1t g, 2}) (-Root[1+2anl+2bul?+2anl®+u1*&, 1] +
Root[1+2anl+2bnl?+2an1®+ a1t g, 4}))/[(a7\/—1+a2 +Root[1+2anl+2bu1?+2an1®+ 118, 1]]

(-Root[1+2anl+2bu1?+2an1’+11*&, 2] +Root[1+2anl+2bnl?+2an1®+n1t g, 4})],

ArcSin|[./(((x-Root[1+2anl+2bnl?+2an1®+nl*&, 1|) (Root[1+2anl+2bul?+2anl®+ul1*&, 2| -
Root[1+2anl+2bn1?+2an1®+n1*&, 4])) /((x-Root[1+2anl+2bnl?+2anl®+n1* &, 2])
(Root[1+2an1+2bn1%+2an1®+n1% &, 1] -Root[1+2anl+2bul?+2anl’+u1*&, 4])))],
- (((Root[1+2anl+2bu1?+2anl’®+u1*&, 2| -Root[1+2anl+2bnl®+2anl®+nl* g, 3])
(Root[1+2aml+2bm12+2am13+11% &, 1| ~Root[1+2anl+2bnl12+2anl®+n1*g, 4])) /
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G

((—\RootL[l+2a1:tl+2b1:t12+2attl3+ttl4&, 1J] +RootL[1+2au1+2bn12+2an13+n14&, 3J])
(Root[1+2an1l+2bnl?+2an1®+n1% &, 2| -Root[1+2anl+2bu1>+2anl’+u1*8, 4])))]

(-Root[1+2anl+2bul?+2anl®+n1* &, 1] +Root[1+2aul+2bul®+2anul®+ul* g, 2})]

V(((-Root[1+2anl+2bu1?+2anl®+u1*&, 1] +Root[1+2anl+2bnl®+2au1®+n1* g, 2])
(x-Root[1+2anl+2bn1?+2an1®+n1*&, 3])) / ((x-Root[1+2anl+2bnl?+2an1®+n1*&, 2|)
(-Root[1+2anl+2bu1?+2an1®+n1*&, 1] +Root[1+2anl+2bul?+2an1’+11* &, 3])))

V(((x-Root[1+2anl+2bu1*+2an1’+11*8&, 1]) (Root|[1+2anl+2bul®+2anul®+nl*g, 2] -

Root[1+2anl+2bn1?+2an1®+n1*&, 4])) /((x-Root[1+2anl+2bnl?+2anl®+nl*g, 2|)
(Root[1+2aml+2bn1%+2an1®+n1* &, 1] -Root[1+2anl+2bul?+2anl®+u1*&, 4])))

V(((-Root[1+2anl+2bu1?+2anl®+u1*&, 1| +Root[1+2anl+2bul®+2aul®+nl* g, 2])
(x-Root[1+2anl+2bu1?+2an1®+u1*&, 4])) / ((x-Root[1+2anl+2bnl?+2anl®+nl*g, 2|)
(-Root[1+2anl+2bn1?+2an1®+n1*&, 1| +Root[1+2anl+2bul?+2anl’+11* &, 4])))

(-Root[1+2anl+2bul?+2anl’+u1*&, 1| +Root[1+2anl+2bul®+2aul®+nl*g, 4]))/ («/-1+a2

\/1+2bx2+x4+2a (x+x3)
(a—x/—1+a2 +Root[1+2anl+2bnl?+2anl’+ 11t g, 1]]
(—a+x/—1+a2 ~Root[1+2aml+2bnl?+2an1’+nul g, 2})

(-Root[1+2anl+2bu1?+2an1®+11*&, 1] +
Root[1+2anl+2bul®+2anl®+nl* g, 2|)

(Root[1+2an1+2bn1?+2an1®+n1% &, 2] -Root[1+2anl+2bul?+2anl’+u1*8, 4})) -

(az (x-Root[1+2arl+2bu12+2a51%+ 0148, 2])?

(EllipticF[ArcSinW(((x-Root[1+2an1+2bn12+2an13+n14 &, 1]) (Root[1+2an1+2bnl®+2an1®+n1*g, 2] -

Root[1+2anl+2bul?+2an1®+u1*&, 4])) /((x-Root[1+2anl+2bnl?+2anl®+n1*g, 2])
(Root[1+2an1+2bn1%+2an1®+n1% &, 1] -Root[1+2anl+2bnl?+2anl®+n1*&, 4])))],
- (((Root[1+2anl+2bu1?+2an1®+n1*&, 2| -Root[1+2anl+2bnl?+2an1®+n1* g, 3])
(Root[1+2anl+2bnl?+2an1®+u1% &, 1] -Root[1+2anl+2bul>+2anl’+u1*g, 4])) /
((-Root[1+2aml+2bn1*+2an1®+11* &, 1] +Root[1+2anl+2bnl?+2an1®+n1* &, 3|) (Root[1+2anl+2bnl?+2anl’®+nul1*g,

2] -Root[1+2anl+2bul*+2aul®+ul* g, 4])))] (—a+x/—1+a2 ~Root[1+2anl+2bul?+2an1®+u1*g, 1]] -
EllipticPi[[(a—\/—1+a2 +Root[1+2anl+2bn1?+2an1®+n1t g, 2}) (-Root[1+2anl+2bu1?+2anl®+n1* &, 1] +

Root[1+2anl+2bnl?+2anl®+n1*g, 4}))/ [(aﬂ/fhaz +Root[1+2anl+2bnl?+2an1®+n1* g, 1]]

(-Root[1+2anl+2bnl?+2an1®+n1*8&, 2] +Root[1+2anl+2bnl?+2anl’+nul* g, 4})],



0 Independent test suites.nb | 105

ArcSin|[./(((x-Root[1+2anl+2bnl?+2an1®+n1*&, 1|) (Root[1+2anl+2bul?+2anl®+ul1*&, 2| -
Root[1+2anl+2bn1?+2an1®+n1*&, 4])) /((x-Root[1+2anl+2bnl?+2anl®+n1*&, 2])
(Root[1+2anl+2bn1?+2an1®+n1% &, 1] -Root[1+2anl+2bul?+2an1®+u1*&, 4])))],
- (((Root[1+2anl+2bu1?+2anl’®+u1*&, 2| ~Root[1+2anl+2bnl®+2anl®+nl*g, 3])
(Root[1+2an1l+2bnl?+2an1®+n1% &, 1] -Root[1+2anl+2bu1?+2an1’+11*&, 4])) /
((-Root[1+2aml+2bul?+2an1®+11* &, 1] +Root[1+2anl+2bnl?+2an1®+nu1* &, 3])
(Root[1+2anl+2bnl?+2an1®+u1% &, 2| -Root[1+2aul+2bul>+2anl’+u1*g, 4])))]

(-Root[1+2anl+2bu1?+2an1®+n1* &, 1] +Root[1+2anl+2bnl?+2an1®+1n1* g, 2}))

V(((-Root[1+2anl+2bul?+2anl®+u1*&, 1] +Root[1+2anl+2bul®+2au1®+nl* g, 2])
(x-Root[1+2anl+2bn1?+2an1®+u1*&, 3])) / ((x-Root[1+2anl+2bnl?+2anl®+nl*&, 2|)
(-Root[1+2anl+2bn1?+2an1®+n1*&, 1] +Root[1+2anl+2bnl?+2an1’+11* &, 3])))

V(((x-Root[1+2an1l+2bu1?+2an1®+u1*&, 1]) (Root[1+2anl+2bul?+2anl®+n1*g, 2] -

Root[1+2anl+2bnl?+2an1®+n1*&, 4])) /((x-Root[1+2anl+2bnl®+2anl®+nl*g, 2|)
(Root[1+2aml+2bn1%+2an1®+n1* &, 1] -Root[1+2anl+2bnl?+2anl®+n1*&, 4])))

V(((-Root[1+2anl+2bu1?+2an1®+u1*&, 1| +Root[1+2anl+2bul?+2au1®+n1* g, 2])
(x-Root[1+2anl+2bul?+2anl®+u1*&, 4])) / ((x-Root[1+2anl+2bnl?+2anl®+nl*g, 2|)
(-Root[1+2anl+2bn1?+2an1®+n1* &, 1] +Root[1+2anl+2bnl?+2anl’+11* 8, 4])))

(-Root[1+2anl+2bn1?+2an1®+n1*&, 1| +Root[1+2anl+2bnl?+2au1®+n1* g, 4]))/ (\/—1+a2

\/1+2bx2+x4+2a (X+X3)
(a—x/_1+a2 +Root[1+2anl+2bu1?+2an1®+ 1148, 1]]
(—a+x/—1+a2 ~Root[1+2anl+2bul?+2an1®+ 118, 2})

(-Root[1+2anl+2bu1?+2anl’+11*&, 1] +
Root[1+2anl+2bul?+2an1®+nu1*&, 2])

(Root[1+2an1+2bn1?+2an1®+n1% &, 2] -Root[1+2anl+2bnl?+2anl’+n1*g, 4})) -
( ~1+a? (x-Root[l+2anl+2bml?+2an1® 114§, 2])°

(EllipticF[ArcSinW(((x-Root[1+2an1+2bn12+2an13+n14 & 1]) (Root[1+2anl+2bnl®+2anu1®+n1*g, 2] -

Root[1+2anl+2bn1?+2an1®+n1*&, 4])) /((x-Root[1+2anl+2bnl?+2anl®+n1*g, 2])
(Root[1+2an1+2bn1%+2an1®+n1% &, 1] -Root[1+2anl+2bnl?+2anl®+n1*&, 4])))],
~(((Root[1+2an1+2bn1?+2an1®+n1* &, 2] ~Root[1+2anl+2bu1?+2an1®+n1* 8, 3])
(Root[1+2anl+2bnl?+2an1®+n1% &, 1] -Root[1+2anl+2bul>+2anl’®+u1*g, 4])) /
((-Root[1+2aml+2bn1?+2an1®+11*&, 1] +Root[1+2anl+2bnl?+2an1®+n1* &, 3|) (Root[1+2anl+2bnl?+2anl’®+nl1*g,

2] -Root[1+2anl+2bul*+2aul®+ul* g, 4])))] (-a+x/-1+a2 ~Root[1+2anl+2bnl?+2anl’+n1* g, 1]] -
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EllipticPi[[(a—w/—1+a2 +Root[1+2anl+2bnl?+2anl®+n1* 8, 2}) (-Root[1+2anl+2bul?+2anl®+u1*&, 1] +

Root[1+2anl+2bul?+2anl®+u1g, 4}))/ [(a-x/-1+a2 +Root[1+2anl+2bnl?+2an1’+ 01t 8, 1]]

(-Root[1+2anl+2bu1?+2an1’+11*&, 2] +Root[1+2anl+2bnl?+2anl®+nlt g, 4})],

ArcSin|[./(((x-Root[1+2anl+2bn1?+2an1®+n1*&, 1|) (Root[1+2anl+2bul?+2anl®+ul1*&, 2| -
Root[1+2anl+2bul?+2an1®+n1*&, 4])) /((x-Root[1+2anl+2bnl?+2an1®+n1*&, 2])
(Root[1+2anl+2bn1?+2an1®+u1" &, 1] -Root[1+2anl+2bul’+2anl’+ul1*&, 4])))],
- (((Root[1+2anl+2bu1?+2an1’®+u1*&, 2| ~Root[1+2anl+2bnl®+2an1®+n1*g, 3])
(Root[1+2an1l+2bnl?+2an1®+n1% &, 1] -Root[1+2anl+2bm1?+2an1’+11%&, 4])) /
((-Root[1+2anl+2bn1?+2an1®+11* &, 1] +Root[1+2anl+2bnl?+2an1®+nu1* &, 3])
(Root[1+2anl+2bnl?+2an1®+n1% &, 2] -Root[1+2aul+2bul>+2anl’+u1*g, 4])))]

(-Root[1+2anl+2bnl?+2an1®+n1*&, 1| +Root[1+2aml+2bnl?+2anl’+ul1* g, 2})]

V(((-Root[1+2anl+2bu1?+2anl®+u1*&, 1] +Root[1+2anl+2bul®+2aul®+nl* g, 2])
(x-Root[1+2anl+2bn1?+2an1®+u1*&, 3])) / ((x-Root[1+2anl+2bnl?+2anl®+nl*g&, 2|)
(-Root[1+2am1+2bu1?+2an1®+11* &, 1] +Root[1+2anl+2bu1?+2am13+11% &, 3])))

V{((x-Root[1+2aul+2bu1*+2anl’®+u1*&, 1]) (Root|[1+2aul+2bul?+2anl®+ul*g, 2] -

Root[1+2anl+2bnl?+2an1®+n1*&, 4])) /((x-Root[1+2anl+2bnl®+2anl®+nl*g, 2|)
(Root[1+2aml+2bn1%+2am1®+n1* &, 1] -Root[1+2anl+2bnl?+2anl®+n1*&, 4])))

V(((-Root[1+2anl+2bu1?+2an1®+u1*&, 1] +Root[1+2anl+2bul?+2au1®+n1* g, 2])
(x-Root[1+2anl+2bul?+2anl®+u1*&, 4])) / ((x-Root[1+2anl+2bul®+2anl®+nul*g, 2|)
(-Root[1+2anl+2bn1?+2an1®+n1* &, 1] +Root[1+2anl+2bnl?+2anl’+11* &, 4])))

(-Root[1+2anl+2bu1?+2an1®+u1*&, 1| +Root[1+2anl+2bnl®+2au1®+nl* g, 4]))/

(\/1+2bx2+x4+2a(x+x3)
( -+/-1+a? +Root[1+2anl+2bnl%+2an1®+n1*g, 1]]

( a++/-1+a? -Root[1+2aml+2bul?+2an1’+nu1*g, 2})

[ 1+2anl+2bnl?+2anl®+11* g, 1}+
Root[l 2aml+2bnl?+2an1®+ 11t g, 2])

(Root[1+2an1l+2bn1?+2an1®+n1% &, 2] -Root[1+2anl+2bul?+2anl’+ul1*g, 4})) + [2

a
(x-Root[1+2anl+2bm2+2an1®+11* &, 2])?

(EllipticF[ArcSinW(((x-Root[1+2an1+2bn12+2an13+n14 & 1]) (Root[1+2anl+2bul®+2au1®+nl*g, 2] -

Root[1+2anl+2bnl?+2an1®+n1%&, 4|)) / ((x-Root|[l+2anl+2bnl?+2anl’+n1* &, 2|)
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A a4

(Root[i+2au1+2bu12+2an13+n14&, 1}J—IR/oot[\l+2a111L+2b1:t12+2a1:t13+1:t14&, a1,
- (((Root[1+2anl+2bu1?+2anl’®+u1*&, 2] ~Root[1+2anl+2bnl®+2an1®+nl*g, 3])
(Root[1+2an1l+2bn1?+2an1®+n1% &, 1] -Root[1+2anl+2bu1?+2an1’+11*&, 4])) /
((-Root[1+2aml+2bnl?+2an1®+11*&, 1] +Root[1+2anl+2bul?+2an1®+n1* &, 3]) (Root[1+2anl+2bul?+2anl’®+nul1*g,

2| -Root[1+2anl+2bnl?+2au1®+11* g, 4]))) ] (—a-«/-1+a2 ~Root[1+2anl+2bul?+2an1®+n1* g, 1]] -
EllipticPi[((a+w/—1+a2 +Root[1+2anl+2bnl?+2an1®+ 118, 2}) (-Root[1+2anl+2bu1?+2anl®+n1* &, 1] +
Root[1+2anl+2bul?+2anl®+ g, 4}))/ [(a+x/-1+a2 +Root[1+2anl+2bnl?+2anl®+ 01t 8, 1]]

(-Root[1+2anl+2bu1?+2an1’+11*&, 2] +Root[1+2anl+2bnl®+2anl®+nlt g, 4})],

ArcSin|[./(((x-Root[1+2anl+2bn1?+2an1®+n1*&, 1|) (Root[1+2anl+2bnl?+2anl®+n1*&, 2| -
Root[1+2anl+2bul?+2an1®+u1*&, 4])) /((x-Root[1+2anl+2bnl?+2anl®+n1*&, 2])
(Root[1+2anl+2bn1?+2an1®+n1% &, 1] -Root[1+2anl+2bul’+2anl’+u1*&, 4])))],
~(((Root[1+2amnl+2bu1?+2anl’®+u1*&, 2| ~Root[1+2anl+2bnl®+2an1®+n1*g, 3])
(Root[1+2anl+2bnl?+2an1®+n1% &, 1] -Root[1+2anl+2bu1?+2an1’+11*&, 4])) /
((-Root[1+2anl+2bul?*+2aul®+11*&, 1] +Root[1+2anl+2bnl?+2anl®+nul* g, 3])
(Root[1+2anl+2bnl?+2an1®+n1% &, 2| -Root[1+2anl+2bu1>+2anl’+u1*g, 4])))]

(-Root[1+2anl+2bul?+2an1®+n1* &, 1] +Root[1+2aul+2bul®+2anul®+ul* g, 2})]

V(((-Root[1+2anl+2bu1?+2anl®+u1*&, 1] +Root[1+2anl+2bnl®+2au1®+n1* g, 2])
(x-Root[1+2anl+2bn1?+2an1®+u1*&, 3])) / ((x-Root[1+2anl+2bnl?+2anl®+n1*&, 2|)
(-Root[1+2anl+2bu1?+2an1®+n1*&, 1] +Root[1+2anl+2bul?+2an1’+n1*8, 3])))

V(((x-Root[1+2anl+2bul*+2an1’+11*&, 1]) (Root|[1+2anl+2bnul®+2anul®+nl*g, 2] -

Root[1+2anl+2bn1?+2an1®+n1*&, 4])) /((x-Root[1+2anl+2bnl?+2anl®+nl*g, 2|)
(Root[1+2aml+2bn1%+2an1®+n1* &, 1] -Root[1+2anl+2bul?+2anl®+u1*&, 4])))

V(((-Root[1+2anl+2bu1®+2anl®+u1*&, 1| +Root[1+2anl+2bul®+2aul®+nl* g, 2])
(x-Root[1+2anl+2bul?+2an1®+u1*&, 4])) / ((x-Root[1+2anl+2bnl?+2anl®+nl*g, 2|)
(-Root[1+2anl+2bn1?+2an1®+n1* &, 1| +Root[1+2anl+2bul?+2anl’+11* &, 4])))

(-Root[1+2anl+2bn1?+2an1®+n1*&, 1| +Root [1+2anl+2bnl®+2an1®+n1* g, 4]))/

(\/1+2bx2+x4+2a (x+x3)
(a+\/71+az +Root[1+2anl+2bu1?+2an1®+ 1148, 1]]
(7aﬂ/71+a2 ~Root[1+2anl+2bul?+2an1®+n1* g, 2})

(-Root[1+2anl+2bu1?+2anl’+11*&, 1] +
Root[1+2atl+2bnl?+2an1®+n1*g, 2])
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(Root[1+2anl+2bnl?+2an1®+n1% &, 2] -Root[1+2anl+2bul?+2anl’+u1*g, 4})) -

(x-Root[1+2anl+2bm2+2an1®+u1* 8, 2])?

(EllipticF[Ar‘cSin%/(((X—Root[1+2attl+2bttlz+2att13+tt14 &, 1]) (Root[1+2an1l+2bn1®+2an1®+n1* g, 2] -

Root[1+2anl+2bn1?+2an1®+n1*&, 4])) /((x-Root[1+2anl+2bnl?+2an1®+n1*&, 2])
(Root[1+2aml+2bn1?+2an1®+11*&, 1] -Root[1+2anl+2bul®+2anl’+u1* g, 4])))],
- (((Root[1+2amnl+2bu1?+2anl’®+u1*&, 2| ~Root[1+2anl+2bnl®+2an1®+nl*g, 3])
(Root[1+2an1l+2bnl?+2an1®+n1% &, 1] -Root[1+2anl+2bu1?+2an1’+11*&, 4])) /
((-Root[1+2aml+2bul?+2au1®+11*&, 1] +Root[1+2anl+2bul?+2an1®+n1* &, 3]) (Root[1+2anl+2bul?+2anl’®+nul1*g,

2] -Root[1+2anl+2bul?+2au1®+11* g, 4])))] (—a-«/-1+a2 ~Root[1+2anl+2bul?+2an1®+m1*g, 1]] -
EllipticPi[((a+w/—1+a2 +Root[1+2anl+2bul?+2anl®+ 118, 2}) (-Root[1+2anl+2bu1?+2anl®+n1* &, 1] +
Root[1+2anl+2bul?+2anl®+ g, 4}))/ [(a+x/-1+a2 +Root[1+2anl+2bnl?+2anl®+ 01t 8, 1]]

(-Root[1+2anl+2bu1?+2an1’+u1*&, 2] +Root[1+2anl+2bnl?+2anl®+nlt g, 4})],

ArcSin|[./(((x-Root[1+2anl+2bn1?+2an1®+n1*&, 1|) (Root[1+2anl+2bnl?+2anl®+n1*&, 2| -
Root[1+2anl+2bul?+2an1®+n1*&, 4])) /((x-Root[1+2anl+2bnl?+2an1®+n1*&, 2])
(Root[1+2anl+2bnl?+2an1®+n1* &, 1] -Root[1+2anl+2bul’+2anl’+ul1*&, 4])))],
- (((Root[1+2amnl+2bu1?+2anl’®+u1*&, 2| ~Root[1+2anl+2bnl®+2an1®+n1*g, 3])
(Root[1+2anl+2bn1?+2an1®+n1% &, 1] -Root[1+2anl+2bn1?+2an1’+11*&, 4])) /
((-Root[1+2aml+2bn1?+2an1®+11*&, 1] +Root[1+2anl+2bul?+2an1®+u1* &, 3])
(Root[1+2anl+2bnl?+2an1®+n1% &, 2| -Root[1+2anl+2bu1>+2anl’+11*8, 4])))]

(-Root[1+2anl+2bul?+2an1®+n1* &, 1] +Root[1+2aul+2bul?+2anul®+ul* g, 2})]

V(((-Root[1+2anl+2bu1?+2anl®+u1*&, 1] +Root[1+2anl+2bnl®+2au1®+n1* g, 2])
(x-Root[1+2anl+2bn1?+2an1®+n1*&, 3])) / ((x-Root[1+2anl+2bnl?+2an1®+n1*&, 2|)
(-Root[1+2anl+2bu1?+2an1®+n1*&, 1] +Root[1+2anl+2bul?+2an1’+11* &, 3])))

V(((x-Root[1+2anl+2bu1*+2an1’®+u1*8&, 1]) (Root|[1+2anl+2bul®+2aul®+ul*g, 2] -

Root[1+2anl+2bn1?+2an1®+n1*&, 4])) /((x-Root[1+2anl+2bnl?+2anl®+nl*g, 2|)
(Root[1+2aml+2bn1%+2an1®+n1* &, 1] -Root[1+2anl+2bul?+2anl®+n1*&, 4])))

V(((-Root[1+2anl+2bu1*+2anl®+u1*&, 1| +Root[1+2anl+2bul®+2aul®+nl* g, 2J)
(x-Root[1+2anl+2bn1?+2anl®+u1*&, 4])) / ((x-Root[1+2anl+2bnl?+2anl®+nl*&, 2|)
(-Root[1+2anl+2bn1?+2an1®+n1*&, 1| +Root[1+2anl+2bul?+2anl’+11* &, 4])))

(-Root[1+2anl+2bu1?+2anl’+u1*&, 1| +Root[1+2anl+2bul®+2aul®+nl*g, 4]))/ («/-1+a2

\/1+2bx2+x4+2a (X+X3)
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( +1/-1+a* +Root[1+2anl+2bu1?+2an1®+ 118, 1]]

( -+/-1+a%* -Root[1+2anl+2bml?+2an1®+n1*g, 2})

[ 1+2anl+2bnl?+2anl®+11* g, 1}+
Root[l 2anl+2bnl®+2an1®+ 11t g, 2])

(Root[1+2an1l+2bn1?+2an1®+n1% &, 2] -Root[1+2anl+2bul?+2anl’+u1*g, 4})) +
(az (x-Root[1+2anl+2bn1?+2ar1®+u1%g, 2])?

(EllipticF[Ar‘cSinh/(((X—Root[1+2a111+2b1112+2at113+1114 & 1]) (Root[1+2an1l+2bn1®+2an1®+n1*g, 2] -

Root[1+2anl+2bul?+2an1®+u1*&, 4])) /((x-Root[1+2anl+2bnl?+2an1®+n1*&, 2])
(Root[1+2anl+2bn1?+2an1®+n1% &, 1] -Root[1+2anl+2bul?+2anl’+ul1*&, 4])))],
- (((Root[1+2anl+2bu1?+2an1’®+u1*&, 2| ~Root[1+2anl+2bnl®+2an1®+n1* g, 3])
(Root[1+2an1l+2bn1?+2an1®+n1% &, 1] -Root[1+2anl+2bu1?+2an1’+11%&, 4])) /
((-Root[1+2anl+2bul*+2aul®+11* &, 1] +Root[1+2anl+2bnl?+2anl®+nl* &, 3|) (Root[1+2anl+2bul?+2anl’®+ul*g,

2| -Root[1+2aml+2bnl%+2an1®+11* g, 4]))) ] (7a7w/71+a2 ~Root[1+2anl+2bu1?+2an1®+m1*g, 1]] -
EllipticPi[[(a+w/—1+a2 +Root[1+2anl+2bul?+2an1®+ 118, 2}) (-Root[1+2anl+2bn1?+2anl®+n1* &, 1] +
Root[1+2anl+2bnl?+2anl®+nl*g, 4”)/[(a+w/—1+a2 +Root[1+2anl+2bul?+2an1®+u1* g, 1]]

(-Root[1+2anl+2bu1?+2an1’+11*&, 2] +Root[1+2anl+2bnl?+2an1®+nlt g, 4})],

ArcSin x-Root[1l+2axl+2bul?+2anl®+H1%8&, 1 Root[1+2axl+2bil?+2anl®+x1%8&, 2] -
N
Root[1+2anl+2bul?+2an1®+u1* &, 4])) / ((x-Root[1+2anl+2bnl?+2an1®+u1* g, 2|)

(Root[1+2an1+2bn1?+2an1®+n1% &, 1] -Root[1+2anl+2bul?+2anl’+ul1*&, 4])))],

- (((Root[1+2anl+2bu1?+2an1®+u1*&, 2| ~Root[1+2anl+2bnl®+2an1®+n1* g, 3])
(Root[1+2an1l+2bn1?+2an1®+11% &, 1] -Root[1+2anl+2bu1?+2an1’+u1%&, 4])) /

((-Root[1+2anl+2bul?*+2anl®+11* &, 1] +Root[1+2anl+2bnl?+2anl®+nl* &, 3])

(Root[1+2anl+2bnl?+2an1®+n1% &, 2| -Root[1+2anl+2bu1?+2an1’+11*8, 4])))]

(-Root[1+2anl+2bul?+2an1®+n1* &, 1] +Root[1+2aul+2bul?+2anl®+1l* g, 2})]

V(((-Root[1+2anl+2bu1?+2anl®+u1*&, 1] +Root[1+2anl+2bnl®+2an1®+n1* g, 2])
(x-Root[1+2anl+2bu1?+2an1®+u1*&, 3])) / ((x-Root[1+2anl+2bnl?+2an1®+n1*g&, 2|)
(-Root[1+2anl+2bnl?+2an1®+nl* &, 1] +Root|[1+2anl+2bul’+2anul’+u1*g, 3])))

V(((x-Root[1+2anl+2bu1>+2an1’+11*8&, 1]) (Root[1+2anl+2bnl®+2anul®+nl*g, 2] -

Root[1+2anl+2bnl?+2an1®+n1*&, 4])) /((x-Root[1+2anl+2bul?+2an1®+n1*g, 2|)
(Root[1+2aml+2bn1%+2an1®+n1* &, 1] -Root[1+2anl+2bul?+2anl®+ul1*&, 4])))
J(((-Root[1+2an1+2bt1%+2an13+11%8&, 1] +Root[1+2anl+2bm1?+2an1®+ 1148, 2])
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Vo

(x-RBot[1+2an1+2bn12+2an13+n14§, 4]))]((x_Root[1+2an1+2bn12+2ani3l+n14&, 2])
(-Root[1+2anl+2bnl?+2an1®+n1* &, 1] +Root[1+2anl+2bul?+2anl’+11* g, 4])))

(-Root[1+2anl+2bn1?+2an1®+n1*&, 1| +Root[1+2anl+2bnl®+2an1®+n1* g, 4]))/ (x/71+a2

\/1+2bx2+x4+2a (X+X3)

(a+\/71+az +Root[1+2anl+2bu1?+2an1®+ 1148, 1]]
(—a—x/—1+a2 -Root[1+2anl+2bul?+2an1®+n1* g, 2})

(-Root[1+2anl+2bu1?+2anl’+11* &, 1] +
Root[1+2anl+2bnl?+2an1®+n1*&, 2])
[

(Root[1+2an1l+2bn1?+2an1®+n1% &, 2] -Root[1+2anl+2bul?+2anl’+nu1*g, 4})) +

(«/—1+a2 (x-Root[1+2aml+2bm12+2am®+ 1% &, 2])?

(EllipticF[ArcSinW(((x-Root[1+2an1+2bn12+2an13+n14 &, 1]) (Root[1+2anl+2bnl®+2anl’®+nl*g, 2] -

Root[1+2anl+2bul?+2an1®+n1*&, 4])) /((x-Root[1+2anl+2bnl®+2anl®+nl*g, 2])
(Root[1+2anl+2bn1?+2anm1®+n1% &, 1] -Root[1+2anl+2bnl?+2anl®+n1*&, 4])))],
- (((Root[1+2anl+2bu1?+2an1®+u1*&, 2| -Root[1+2anl+2bul?+2an1®+n1* g, 3])
(Root[1+2anl+2bnl?+2an1®+u1% &, 1] -Root[1+2aul+2bul>+2anl’+u1*g, 4])) /
((-Root[1+2anl+2bul*+2an1®+11* &, 1] +Root[1+2anl+2bnl?+2an1®+n1* &, 3]) (Root[1+2anl+2bnl?+2anl’®+nul1*g,

2] -Root[1+2aml+2bnl?+2anm1®+11* &, 4])))] (—a—«/—1+az ~Root[1+2anl+2bnl?+2an1®+n1* g, 1]]-
EllipticPi[[(aJr\/—lJraz +Root[1+2anl+2bu1?+2an1®+ 118, 2}) (-Root[1+2anl+2bul?+2anl®+u1*&, 1] +
Root[1+2anl+2bnl?+2an1®+na1%g, 4”)/[(a+x/—1+a2 +Root[1+2anl+2bn1?+2an1®+ 118, 1]]

(-Root[1+2anl+2bu1?+2an1’+11*&, 2] +Root[1+2anl+2bnl?+2an1®+n1* g, 4})],

ArcSin|[./(((x-Root[1+2anl+2bnl?+2an1®+ul*&, 1|) (Root[1+2anl+2bul?+2anl’®+ul1*&, 2| -
Root[1+2anl+2bul?+2an1®+n1*&, 4])) /((x-Root[1+2anl+2bnl?+2anl®+n1*g, 2])
(Root[1+2anl+2bn1?+2an1®+n1% &, 1] -Root[1+2anl+2bnl?+2anl®+n1*&, 4])))],
- (((Root[1+2anl+2bu1?+2an1®+u1*&, 2| -Root[1+2anl+2bul?+2an1®+n1* g, 3])
(Root[1+2anl+2bnl?+2an1®+n1% &, 1] -Root[1+2anl+2bul>+2anl’+u1*g, 4])) /
((-Root[1+2anl+2bn1?+2an1®+11* &, 1] +Root[1+2anl+2bnl?+2anl®+n1* &, 3])
(Root[1+2anl+2bnl?+2an1®+u1% &, 2| -Root[1+2anl+2bul?+2an1’+u1%&, 4])))]

(-Root[1+2anl+2bn1?+2an1®+n1* &, 1| +Root[1+2anl+2bnl?+2an1®+n1* g, 2}))

V(((-Root[1+2anl+2bu1?+2an1®+u1*&, 1] +Root[1+2anl+2bnl?+2an1®+n1* g, 2])
(x-Root[1+2aml+2bnl?+2an1®+11%&, 3])) / ((x-Root[1+2anl+2bnl?+2anl®+nl*8, 2])
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ﬁ_Root[1L+2an1+2bn12+2an13+n14&, 1};/R;)ot\[i+2attlL+2btt12+2a1:t13+1:t14&, 3])))
V(((x-Root[1+2anl+2bu1*+2an1’+11*&, 1]) (Root[1+2anl+2bnl®+2anul®+nl*g, 2] -

Root[1+2anl+2bnl?+2an1®+n1*&, 4])) /((x-Root[1+2anl+2bnl?+2an1®+n1*g, 2|)

(Root[1+2aml+2bn1?+2an1®+n1* &, 1] -Root[1+2anl+2bul?+2anl®+ul1*&, 4])))
V(((-Root[1+2anl+2bu1?+2anl®+u1*&, 1] +Root[1+2anl+2bul®+2aul®+nl* g, 2])

(x-Root[1+2anl+2bul?+2an1®+u1*&, 4])) / ((x-Root[1+2anl+2bnl?+2anl®+nl*g, 2|)

(-Root[1+2anl+2bn1?+2an1®+n1*&, 1] +Root[1+2anl+2bnl?+2anl’+11* &, 4])))

(-Root[1+2anl+2bn1?+2an1®+n1*&, 1| +Root[1+2anl+2bnl®+2an1®+n1* g, 4]))/

(\/1+2bx2+x4+2a(x+x3)
( +1/-1+a%* +Root[1+2anl+2bu1?+2an1®+ 118, 1]]
( ~+/-1+a* -Root[1+2anl+2bn1?+2an13+11%8, 2})

(-Root[1+2anl+2bu1?+2anl’+11*&, 1] +
Root[1+2anl+2bul?+2an1®+u1*&, 2])

(Root[1+2an1+2bn1?+2an1®+n1% &, 2] -Root[1+2anl+2bnl?+2anl’+n1*g, 4})) -

(2EllipticF[Ar‘cSin[\/<((X—Root 1+2anl+2bn1?+2an1®+n1* &, 1]) (-Root[1+2anl+2bnl%+2an1®+n1* g, 2]
Root[1+2anl+2bul?+2an1®+n1*&, 4])) /((x-Root[1+2anl+2bul?+2an1®+n1*&, 2|)
(-Root[1+2anl+2bul>+2anl’®+u1*&, 1] +Root[1+2anl+2bnl®+2anl®+nl* g, 4])))],

((Root[1+2an1l+2bn1?+2an1®+n1* &, 2| ~Root[1+2aul+2bul?+2anl®+nl* g, 3])

(Root[1+2an1l+2bn1?+2an1®+n1% &, 1] -Root[1+2anl+2bul?+2anl’+u1*&, 4])) /
((Root[1+2anl+2bu1?+2an1®+n1* &, 1] -Root[1+2anl+2bul?+2an1®+n1* g, 3])
(Root[1+2an1+2bnl?+2an1®+n1% &, 2] -Root[1+2anl+2bul?+2aul’+11*g, 4])) ]

(x-Root[1+2anl+2bm12+2an1®+11* &, 2])?

V(((-Root[1+2anl+2bu1?+2anl®+u1*&, 1] +Root[1+2anl+2bul®+2au1®+nl* g, 2])
(x-Root[1+2anl+2bn1?+2an1®+n1*&, 3])) / ((x-Root[1+2anl+2bnl?+2an1®+n1*&, 2|)
(-Root[1+2anl+2bu1?+2an1®+11* &, 1] +Root[1+2anl+2bul?+2au1’+11* 8, 3])))

(Root[1+2an1+2bn1?+2an1®+n1% &, 1] -Root[1+2anl+2bul?+2anl’+ul1* g, 4])
~Root|1+2anl+2bml?2+2an1®+11%8&, 1| +Root|1+2anl+2bH12+2am1®+ 1148, 2

+
(x-Root[1+2anl+2bul?+2an1®+u1*&, 4])) / ((x-Root[1+2anl+2bul?+2an1®+nu1*g&, 2])

(-Root[1+2anl+2bul?+2an1®+n1* &, 1] +Root|[1+2aul+2bul*+2aul’+u1*g, 4])))
~Root[1+2aml+2bnl?+2anl’+nul* &, 2] +

}
V(((x-Root[1+2anl+2bu1?+2an1’+u1*&, 1]) (
Root[1+2anl+2bnl?+2an1®+n1*&, 4])) /((x-Root[1+2anl+2bul?+2an1®+n1*&, 2|)
(-Root[1+2anl+2bu1?+2an1®+u1* &, 1] +Root[1+2anl+2bul?+2an1®+1n1* g, 4}))))/

(\/1+2bx2+x4+2a (x+x*) (-Root[1+2anl+2bn1®+2an1®+n1*&, 1] +Root[1+2anl+2bnl?+2an1®+n1*g, 2|)

(-Root[1+2anl+2bml?+2aml’® +11* &, 2] +



112 | 0 Independent test suites.nb

Root[1+2anl+2bnl?+2anl®+nl*g, 4]))

Problem 338: Result more than twice size of optimal antiderivative.

JCsc[x]7dlx

Optimal (type 3, 36 leaves, 4 steps):
5 5 5 1

- — ArcTanh[Cos[x]] - — Cot[x] Csc[x] - — Cot[x] Csc[x]3 - = Cot[x] Csc[x]>
16 16 24 6

Result (type 3, 95 leaves):
X.2 1 X4 1 X6 X

5 5 5 X 5 X 52 1 X 4 1 X6
-—C —| -—=C - -—C —| - —1L @ —L Sin| — —S - —S — —S -
64 SC[Z] 64 SC[Z] 384 SC[2] 16 Og[OS[ZHJrlG og[ 1n[2]]+64 ec[z] +64 ec[z] +384 ec[z]

Problem 355: Result more than twice size of optimal antiderivative.
JCo‘c[x]3 Csc[x] dx

Optimal (type 3, 11leaves, 2 steps):
~ Gsc [x]3

3

Csc[x]

Result (type 3, 57 leaves):

5 X 1 X X 52 5 X 1 X2 X
—Cot|—| - —Cot|—|C — —T —|-—5S - T —
12 ° [2] 24 ° [2] SC[Z} +12 an[z] 24 ec[z} an[z]

Problem 357: Result more than twice size of optimal antiderivative.

JCO‘I:[X]2CSC[X]3 dx

Optimal (type 3, 26 leaves, 3 steps):

1 1 1
~ ArcTanh[Cos[x]] + — Cot[x] Csc[x] - — Cot[x] Csc[x]?3
8 8 4

Result (type 3, 71 leaves):
Xx,2 1 X.4 1 X X

1 1 1 X2 1 X4
= csc[>]" - = csc[ 2]+ = Log[cos[ =] - = Log|si - = sec[~]%+ = sec|™
~ sc[z] ” sc[z} +8 og[os[ZH . og| 1n[2H ~ ec[z} +64 ec[z]
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Problem 361: Result more than twice size of optimal antiderivative.

JCot[x]“Csc[x]z’ dx

Optimal (type 3, 38leaves, 4 steps):

1 1 1 ; 1 3 3
- — ArcTanh[Cos[x]] - — Cot[x] Csc[x] + —Cot[x] Csc[x]° - —Cot[x]°Csc[x]
16 16 8 6

Result (type 3, 95 leaves):

1 X2 1 X 4 1 X6 1 X 1 X 1 X2 1 X 4 1 X6
-—C — —C - -—C —| - —1L @ - —L Sin| — —S —| -—S - —S -
64 SC[Z] +64 SC[Z] 384 SC[Z] 16 og[ OS[ZHJrlG og[ 1n[2]]+64 ec[z] 64 ec[z] +384 ec[z]

Problem 367: Result more than twice size of optimal antiderivative.
JCOS[4X] Sec[x] dx

Optimal (type 3, 12leaves, 4 steps):
8Sin[x]3
3

ArcTanh[Sin[x]] -

Result (type 3, 45leaves):

—Log[Cos[g] —Sin[z]] +Log[Cos[§] +Sin[§]] -2Sin[x] + §Sin[3x]

Problem 369: Result more than twice size of optimal antiderivative.

JCOS [4x] Sec[x]>dx

Optimal (type 3, 26 leaves, 4 steps):

35 . 2 1 3
— ArcTanh[Sin[x]] - — Sec[x] Tan[x] + — Sec[x]” Tan[X]
8 8 4

Result (type 3, 58 leaves):

1 -70 Log[Cos[i] —Sin[iH +70 Log[Cos[i} +Sin[§H - 1Sec[x]4 (21sin[x] +29Sin[3x])
16 2 2 2 2 2
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Problem 383: Result more than twice size of optimal antiderivative.

JCOS [x]2Sec[3x] dx

Optimal (type 3, 9leaves, 2 steps):

1
— ArcTanh[2Sin[x]]
2

Result (type 3, 23 leaves):
—l Log[1-2Sin[x]] + 1 Log[1+2Sin[x]]
4 4
Problem 384: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

JSec [2x] Sin[x] dx

Optimal (type 3, 15leaves, 2 steps):
ArcTanh[+/2 Cos [x] |
V2
Result (type 3, 174 leaves):
Cos[X] - [-1+~/2 ) sin[* Cos[%] - [1++/2 ] sin[%
[2] ( ) [2]]—21'1Ar‘cTan[ [2] ( ) [2} ]+

(1+\E) Cos[i]—sin[i] <71+\/7) Cos[i]—sin[f]

1

4~/2

21 Ar‘cTan[

X

4ArcTanh[V/2 +Tan[ =] ]| - Log[2 -2 Cos[x] -2 Sin[x]] +Log[2++/2 Cos[x] -+/2 Sin[x]]
2

Problem 388: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.
JCsc[4x] Sin[x] dx
Optimal (type 3, 26 leaves, 4 steps):
1 ArcTanh[~/2 Sin[x] |
- —ArcTanh[Sin[x]] +
4 2+/2
Result (type 3, 218leaves):
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1

8+/2

Cos[?]—(—1+\/7) Sin[ﬂ . Cos[ﬂ—(1+\/7) Sin[f] x Cox
| -21iArcTan| | +2+/2 Log[Cos[=] -sin[=]] -
(1+\/7) Cos[*] -sin[X] (—1+\/7) Cos[%] -sin[%] 2 2

-2 1 ArcTan|

Z\ELog[Cos[i} +Sin[§H +2Log[V2 +2Sin[x]] - Log[2-+/2 Cos[x] -2 Sin[x]]| - Log[2++/2 Cos[x] -/2 Sin[x]]
2 2

Problem 389: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

JCsc [4x] Sin[x]3dx

Optimal (type 3, 26 leaves, 4 steps):

1 . Ar‘cTanh[\E Sin[x}]
- —ArcTanh[Sin[x]] +
4 42
Result (type 3, 218 leaves):
COS[;} - (_1+\/7) Sin[;] | -2iArcTan| COS[;] - (1+\/7) Sinb} ] +4\/7Log[Cos[£] —Sin{i]] -
(1+\/7>Cos[ | -sin[*] (—1+\/7)Cos[§]—sin[§] 2 2

1

162

-2 i ArcTan|

X X
2 2

4\/?Log[Cos[§} +Sin[§H +2L0g[x/7+2$in[x]} —Log[Z—\/?Cos[x} —\/Tsin[x]} —Log[2+\/?Cos[x} —\/Tsin[x]}
2 2

Problem 398: Result more than twice size of optimal antiderivative.

1
Jidlx
Tan[5x]1/3

Optimal (type 3, 57 leaves, 9steps):

1_2Tan[5X]2/3] . iLog[1+Tan[5X12/3] _ iLog[1+Tan[5x]2]

NEY 20 20

Result (type 3, 121 leaves):
1
20

1
-—1/3 ArcTan|
10

(—2\/?Ar‘cTan[\/?—ZTan[Sx}l/ﬂ —2\/?Ar‘cTan[\/?+2Tan[5x]1/3} "

2Log[1+Tan[5x]??] - Log[1-+/3 Tan[5x]**+Tan[5x]?/3] - Log[1++/3 Tan([5 x]1/3+Tan[5x]2/3])
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Problem 399: Result unnecessarily involves imaginary or complex numbers.

J ! dx
(4+3Tan[2x])??

Optimal (type 3, 87 leaves, 6 steps):

9 ArcTan[ 122Xl 13 ApcTanh [ —2enE2x——

A2 +/4+3Tan[2x] A2 +/4+3Tan[2x] 3

_ + _
250/2 250/2 25+/4+3Tan[2X]

Result (type 3, 83 leaves):

(24-71) \/mArcTanh[l:‘“”a"”” ]+ (24+71) V4+31 ArcTanh[22202x ] 1se

Va3t Va3i 4+3Tan[2X]
1250

Problem 411: Result unnecessarily involves higher level functions and more than twice size of optimal
antiderivative.

Cos[x]3 (Cos[2x] -3 Tan[x])
J(Sin[X]Z—Sin[ZX]) Sin[2x]>/?

Optimal (type 3, 68 leaves, 6 steps):

2
EAr‘cTanh[ESec[x] m] ~ 9 Cos [X] ~ 5Cos [x] Cot[x] N Cos [x] Cot[x]
32 2 16 /Sin[2 x] 24+/Sin[2 x] 20+/Sin[2 x]

Result (type 4, 150leaves):
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Cos[x] V/Sin[2x] iCsc[x] (-147 - 5@ Cot [x] + 12 Csc[x]?) -
15

Cos [X] L . 1 L 2 . 1
33 | ——mm E111pt1cF[Ar‘c51n[7], —1} + E111pt1cP1[—7, —Ar‘cSm[i}, —1] +
-2+2Cos[X] -1++/5
Tan{ﬂ Tan{ﬂ

EllipticPi|

N |

(—1+ﬁ), —Ar‘cSin[;}, -1] | sec[x] Tan{i] (Cos[2x] -3 Tan[x]) / (16 (Cos[x] +Cos[3x] - 6Sin[x]))
2
Tan[ﬂ

Problem 416: Result unnecessarily involves higher level functions.
Cos[2x] -VSin[2x]

\/Cos 3s5in|

dx

Optimal (type 3, 108 leaves, ? steps):

2 Log[Cos[x] +Sin[x] -2 Sec(x \/Cos 12sinix] | -
ArcSin[Cos[x] -Sin[x]] Cos[x] vV Sin[2 X] ArcTanh[Sin[x]] Cos[x] V/Sin[2Xx] Sin[2X]
\/Cos[x] Sin[x] \/Cos 35in[x] \/Cos[x]3Sin[x1

Result (type 5, 105leaves):

[—4Cos[ 13 Hyper‘geometr‘1c2F1[ B Cos[x]z] Sin[x] -

FIN

E

sw
sw

3 Cos[X] (Sin[x}z)l/4 (2 Sin[x] + (—Log[Cos[g] —Sin[i“ + Log[Cos[g] +Sin[§“) \/T))/ ( \/Cos 13sin[x] (Sin[x]z)l/4
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Problem 417: Result unnecessarily involves higher level functions and more than twice size of optimal
antiderivative.

\/Cos Sin[x]3 -2Sin[2x]

\/Cos 13sin[x] ++Tan[x]

dx

Optimal (type 3, 364 leaves, 66 steps):

Cos[x] (Cos[x] +Sin[x Cos [ V2 Cos[x] +Sin[x] 2T
~2+/2 ArcCoth| [x] (Cos[x] +Sin(x]) ] +2%%ArcCoth| ( ) ] - 214 Arccoth[m} _
ﬁ\/Cos[xPSin[x] 23/4\/Cos[x]3sin[x] 23/4+/Tan[x]
Cos[x] (Cos[x] -Sin[x Cos | V2 Cos[x] - Sin[x] 5> _T
22 ArcTan| ] {Cos ] 1)) | +2Y% ArcTan| ( ) ] 721/4ArcTan[m] "
V2 +[cos[x]3 sin[x] 23/4\/Cos[x]3Sin[x] 23/4+/Tan[x]
1
4 Csc[x] Sec| \/Cos ®Sin[x] + = Csc[x]?Log|1+Cos[x]?]| Sec] \/Cos 3sin| x/Cos Sin[x]3 +
4
1 4
—Csc[x]%Log[Sin[x]] Sec] \/Cos 3sin] \/Cos Sin| -
2 \V Tan[x]
1 1
= Csc[x]?Log[1+Cos| \/Cos Sin[x]3® +/Tan[x] + = Csc[x]?Log[Sin] \/Cos sin[x]3® /Tan[x]
4 2

Result (type 5, 2057 leaves):

Cos [X] Csc[i] (4 Log[Sec[f]z} -2 Log[Tan[lH - Log[1+Tan[ ) Sec| \/Cos sin[x]3

8\/Cos 13Sin[x]

{(1+j)

(4+41i)EllipticPi[-1i, -ArcSin| Tan[g} |, -1] - (4+41) EllipticPi[i, -ArcSin| Tan[g] |, -1] +

(-1)%* [-Ellipticpi[- (-1)*, -Arcsin| Tan[>] ], -1] + EllipticPi[ (-1)Y%, -ArcSin| Tan[ 2] ], -1] -

2 2
2+/2 Sec[x]2+/2Sin[2x] +Sin[4X] w/ Cos[2x] Sec[x]2+/2Sin[2x] +Sin[4x]
3+Cos[2X] 3+ Cos[2X]

EllipticPi[- (-1)°"%, -ArcSin| Tan[ %] ], -1] + EllipticPi[ (-1)%/%, -ArcSin| Tan[ %] ], -1]
2 2

Sec| \/Cos 3sin[x]

/
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\/Cos[x] Sec[f]z \/Tan[z} (—1+Tan[§]2) - 1

(4+41i) EllipticPi[-i, -ArcSin| Tan[i} |, -1] - (4+41i) EllipticPi[i, -ArcSin| Tan[i} ], -1] +

(1+1) A )

(_1)1/4 (—EllipticPi[— (-1)1/4, ~ArcSin] Tan[i} ], -1] + Ellipticpi[(-l)l/“, ~ArcSin[ [Tan[=] |, -1] -
2

EllipticPi[- (—1)3/4, ~ArcSin] Tan[i] |, -1] + EllipticPi| (—1)3/4, ~ArcSin]| Tan[i] B —1]]]
2 2

Sec| \/Cos 13 Sin[x Tan[i} - 1
2
\/Cos[ }Sec[ﬂz Tan|* }3/2( 1+Tan[§]2)
(l+ j—] (4+41)EllipticPi|[-1i, -ArcSin| Tan[f] |, -1] - (4+41i) EllipticPi[i, -ArcSin| Tan[f} |, -1] +
4 4 2 2
(-1)%* [Ellipticpi[ (-1)**, -Arcsin| Tan[i] |, -1] + EllipticPi[ (-1)Y*, -ArcsSin| Tan[f} ], -1] -
2 2

EllipticPi[- (-1)°"%, -ArcSin| Tan[>] ], -1] + EllipticPi[ (-1)%%, -ArcSin| Tan[ 2] |, 1]]]
2

2
Sec| \/Cos 13sin[x] + 1
\/Cos Sec| \/Cos 13sin[x Tan[i] (71+Tan[§]2)
(1+ j—] (4+41i) EllipticPi[-1i, -ArcSin| Tan[i] |, -1] - (4+41i) EllipticPi[i, -ArcSin| Tan[f} |, -1] +
2 2 2 2
(-1)%* [Ellipticpi[ (-1)**, -Arcsin| Tan[i] |, -1] + EllipticPi[ (-1)Y*, ~ArcSin| Tan[i} ], -1] -
2 2

EllipticPi[- (-1)°"%, -ArcSin| Tan[X] ], -1] + EllipticPi[ (-1)%%, -ArcSin| Tan[X] |, 1]]]
2 2

1

\/Cos[x] Sec[ﬂ2 (71+Tan[ﬁ2)

sec[2]" (Cos[x1% -3 Cos[x]2 Sin[x]?) +
2
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(4+41i) EllipticPi[-i, -ArcSin| Tan[i] |, -1] - (4+41i) EllipticPi[i, -ArcSin| Tan[i} ], -1] +

2421
(2+21) ) A

(-1)1/4 [-Ellipticpi[- (-1)1/4, ~ArcSin]| Tan[i] ], -1] +E111pticpi[(_1)1/4, ~ArcSin]| Tan[i} ], -1] -
2 2

EllipticPi[- (-1)%*, -ArcSin| Tan[X] ], -1] + EllipticPi[ (-1)3%, ~ArcSin| Tan[ 2] |, -1]}]
2

2
X 1
Sec| \/Cos 13sin[x Tan[ =] -
2
(Cos[x} Sec[ﬂz)y2 Tan[f} (—1+Tan[ﬂ2)
(l+ j—] (4+41) EllipticPi|[-i, -ArcSin| Tan[i] |, -1] - (4+41i) EllipticPi[i, -ArcSin| Tan[f} |, -1] +
2 2 2 2
(-1)%* [Ellipticpi[ (-1)**, -Arcsin| Tan[i] |, -1] + EllipticPi[ (-1)Y*, -ArcSin| Tan[f} ], -1] -
2 2
EllipticPi[- (-1)°"%, -ArcSin| Tan[ %] ], -1] + EllipticPi[ (-1)°/%, -~ArcSin| Tan[ 2] ], -1] || sec[*]*
2 2 2
X2 ., X2 X 1
\/Cos 3s5in| -Sec|=]"sin[x] + Cos[x] Sec[;] Tan[;}) +
2
\/COS[X] Sec[ﬁ2 \/Tan[’z‘} (71+Tan[§}2>
(1+1) sec[*]?
<1+]1 Sec \/Cos 3s5ing 2 -
1—Tan[§] (1—1‘1Tan[§” Tan[f] J1+Tan[§]
. x 12 x >
(1+1) Sec[;] e Sec[z] )
1—Tan[ﬂ (1+J‘1Tan[§])\/Tan[;} \/1+Tan[ﬁ 4\/1Tan[;} \/Tan[z] J1+Tan[;] (1*<71>1/4Tan[§”
sec[]’ Sec|*]?
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2
Sec| i]

4\/1—Tan[§] \/Tan[z} \/1+Tan[§] 1+ (-1)>*Tan[¥])

2 (Cos[x]2)** Hyper‘geometr‘icZFl[i, i z Amz—] (2-sin[x]?) Tan[x]3/2

4 2’ 4’ 2(17$in[x]2)
2
- +
VTan[x] 3 (1- M”ZLLZ)M (-2+sin[x]?)

v2Sin[2x] +Sin[4x]
(V2
Cot [x] +ﬁTan[x]) N
(Csc[x]2 (4 Log[+vTan[x] | - Log[2+Tan[x]2])

Sec[x]?

V2Sin[2x] - Sin[4 x]
V Tan[x]
(2+Tan[x]2))/(4
V2

(3+Cos[2x])
(1+Tan[x]2)2)

Problem 424: Result unnecessarily involves imaginary or complex numbers.

J Sin[5Xx] dx
(5Cos[x]2+9Sin[x]2)>?

Optimal (type 3, 48 leaves, 4 steps):

1 . 2Cos[x] 55 Cos [X] 295 Cos [X]
-— Ar‘c51n[ - +

2 3 27 (9-4Cos[x]2)??

243+/9 -4 Cos[x]?
Result (type 3, 63 leaves):

2550 Cos [x] - 590 Cos [3x] + 2431 (7-2Cos[2x])*? Log[21 Cos[x] ++/7-2Cos[2X] |
486 (7 -2Cos[2x])%?

Problem 426: Result unnecessarily involves higher level functions and more than twice size of optimal
antiderivative.
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JCSC[X}Z (-2Cos[x]3 (-1+Sin[x]) +Cos[2x] Sin[x]) 4
X

-5+Sin[x]?

Optimal (type 3, 111 leaves, 18 steps):
ArcTan [ —L5-costxl | 2Ar‘cTan[@]

Cos [x -545i 2
2 ArcTan| [x] ] - bt Vs -
~5+Sin[x]? V'5 V5
Sin[x] : 5, 2 , 2
2 ArcTanh| | +2+/-5+Sin[x]? + = Csc[x] 1/ -5+Sin[x]
-54+Sin[x]? >

Result (type 4, 338 leaves):
1

252 +/-9-Cos[2x]

1+21 -21+C 1-21 21+C 1+21i) Tan|* .
(16321>\EC05[X]2\/< + ]1)( i+ OS[X]) \/( Jl)( 1 OS[X]) EllipticF[ArcSin[( > [2}}, l+241}7
2 1+ Cos[X] 1+ Cos [X] \5 25 25

(32-641) ﬁcos[f}ZJ ([1+24) (-2 Cos]) J“-“) 21+ Cosix])

2 1+ Cos[X] 1+ Cos[X]
3 ai o (1+2i) Tan[}] 7 241
EllipticPi[ =+ —, ArcSin| , - — ] -
5 5 NG 25 25
/16 Cos [ V9 Cosiax]
+ /10 ArcTan| X /"9 Cos(zx] +2+/10 ArcTan| | V-9 Cos[2x] +18Cscx] +
\/-9 - Cos[2x] Jie

2Cos[2x] Csc[x] +10i 2 v/-9-Cos[2x] Log[i+/2 Cos[x] ++/-9-Cos[2x] | +5Csc[x] Sin[3x]

Problem 427: Result unnecessarily involves imaginary or complex numbers.

J Cos[3 x]
dx
\/ 1+8Cos] \/3Cos 2_Sin[x]?

Optimal (type 3, 112leaves, 27 steps):
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5 ArcSin |2 \/; Sin[x] |

3 . 2Sin[x] 3 Sin[x]
+ = ArcSin| ———] - = ArcTan| |-
a2 4 V3 4 ~1+4Cos[x]2

3 Sin[x] 1 2 s 1 2 ¢

fAr'cTan[ } - —1/-1+4Cos[x]° Sin[x] - —+/-1+8Cos[x]“ Sin[x]

4 -1+8Cos[x]? 2 2
Result (type 3, 131 leaves):

Sin[x] Sin[x] ) .

- —6Ar‘cTan[ }—GArcTan[ }—61Log[\/1+2Cos[2x] +21$1n[x]]—
8 V1+2Cos[2x] 3+4C0s[2X]

5i+/2 Log[V3+4Cos[2x] +2i+2 Sin[x]| -4+/1+2Cos[2x] Sin[x] -4+/3+4Cos[2x] Sin[x]

Problem 434: Result unnecessarily involves imaginary or complex numbers.

J(4- 5Sec([x]?)*'? dx

Optimal (type 3, 68 leaves, 7 steps):

2 Tan[Xx]

5
| - =Tan[x] +/-1-5Tan[x]?

8 ArcTan |
2

] - Z\/?Ar'cTan[ V5 Tan[x]
2

-1-5Tan[x]? -1-5Tan[x]?

Result (type 3, 115leaves):
- = (-5+4Cos[x]%) Sec[x] \/4-5Sec[x]?
2 (-3+2Cos[2x])°?

\/?Sin[x]

\/—3+2Cos[2x}

7 \/?Ar‘cTan[

| Cos[x]?+16i Cos[x]?Log[/-3+2Cos[2x] +2iSin[x]]+5+/-3+2Cos[2x] Sin[x]

Problem 438: Result more than twice size of optimal antiderivative.

(3+sin[x]?) Tan[x]?
j dx
(

~2+Cos[x]2) (5-4sec(x]?)>?

Optimal (type 3, 73 leaves, 16 steps):
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Ar‘cTanhP:S"lsecm2 ] Ar‘cTanh[AC"lsec[x]2 ]
s s

63 55 15

2

5-4Sec[x]?
Result (type 3, 234 leaves):

1

Sec[x]? [12-20Cos[2x] +

60 (5-4Sec[x]2)??

V2 (-3+5Cos[2x])*? [IS\EArcTanh[

/-3 +5Cos[2X]

/6 ~/Cos[x]2

| sin[x]?-

18\/?(L0g[105in[x]2]—Log[5 (7\/73+5COS[2X] +Cos[2x]\V/-3+5Cos[2x] ++/10 \/Sln

/ [15 \/Sin [x]2

6 Cos[x
Zex/?ArcTanh[ Ve [x] | sec \/Sln 2 \/Sin[z x]?

\/—3+5COS[2X]

Problem 439: Result more than twice size of optimal antiderivative.

Csc[x]? |Sec[x]?2-3Tan] \/4Sec 2 +5Tan[x]?
dx
(4sec(x])?+5Tan[x]2)%?

Optimal (type 3, 57 leaves, 10 steps):

3 3 ) Cot [Xx] 7 Tan[x]
-~ Log[Tan[x]] + — Log[4 +9Tan[x]?] - -
4 8

4+/4+9Tan[x]?> 8+/4+9Tan[x]?

Result (type 3, 116leaves):
1

13-5Cos[2x]
16 13-5Cos[2x
1+Cos[2 x]

1+ Cos[2x] 2 2

13 -5Cos[2x] X 42 X 4
5Cot[x]+6\/ Log[1+7Tan[f] +Tan[f} }—QCSC[X] Sec([x] -5Tan[x

Problem 442: Result unnecessarily involves higher level functions.
J Tan [x] dx
(a®+b? Tan[x]2)*?

Optimal (type 3, 133 leaves, 6 steps):

-6 \/7 Log [Tan
2

2 \/Sin[ZX]2 )]] Sin[x]?%-
\/Sin[ZXJZ)

J 5+13Sec[x]?+5Tan[x]?
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2 (a®+b? Tan([x]2)Y/?
4 2 (3707 Tan(x] %) 77

1

23313
V3 ArcTan| \Eb } Log[Cos [X] ] 3Log[(a3—b3)1/3— (a®+ b3 Tan[x]z)l/z’}
2 (a3 -b?)1? EYENSE 4 (2% 03)13

Result (type 5, 90 leaves):

1/3 3,13 2
. 1 1 4 -a’+b?) Cos [x]
) Hyper‘geometr*1c2F1[3, 7 5 - ]

3 a’+b3+ (a3-b?) Cos[2x]
b3

2 ((a®+b*+ (a®-b*) Cos[2x]) Sec[x]z)l/3
Problem 443: Result unnecessarily involves higher level functions.
JTan[x] (1-7Tan[x]?)*? dx

Optimal (type 3, 69 leaves, 7 steps):
1+ (1-7Tan[x]2)?

2 \/?Ar‘cTan[

] +2Log[Cos[x]] +3Log[2- (1-7Tan[x]?)"?] + 3 (1-7Tan[x]?)*?

el 4
Result (type 5, 42 leaves):

3 . 2 5
-— (—1 + Hypergeometric2F1 [ - 1, -,
4

(-3+4cCos[2x]) Sec[x]?] (1—7Tan[x]2)2/3
3 3

0 | =

Problem 444: Result unnecessarily involves higher level functions.
J Cot [x] dx
(a*+ b* Csc[x]z)l/4

Optimal (type 3, 52 leaves, 6 steps):
Ar‘cTan[ pesell? 1/4] Ar‘cTanh[M}

a a
- +

a a

Result (type 5, 84 leaves):

2
(-a*-2b*+a%Cos[2x]) Csc[x]?Hypergeometric2F1 | i, 1, i, _ [met-2bhaf Cos[2x]) Cse[x] ]

2a*

3a* (a* + b*Csc[x]2)V*
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Problem 445: Result unnecessarily involves higher level functions.
J Cot [x] dx
(a* - b* Csc[x]2)M*

Optimal (type 3, 54 leaves, 6 steps):

[ a*-b* Csc[x]2 1//“] { a%_b? Csc [x]? 1/4}

a

ArcTan ArcTanh
a
- +

a a

Result (type 5, 85leaves):

(-a*+2b*+a*Cos[2x]) Csc[x]2 Hypergeometric2Fl | %, 1, i, _ |mate2bteat czo;ux]) Csc[x)? ]

3a% (a% - b* Csc[x]2) V!

Problem 446: Result unnecessarily involves higher level functions and more than twice size of optimal
antiderivative.

JSec [x]2 Tan[x] ( (1-3sec(x]2)"?sin[x]2+3 Tan [x]z)
dx

(1-3Sec[x]2)*® (17x/1735ec[x}2)

Optimal (type 3, 133 leaves, 29 steps):
1+2(1-3sec[x]2)"®

/3 ArcTan| | + = Log[sec[x]?] - 2 Log[1- (1-3Sec[x]?)"®] +
V3 4 2
lLog[l—ﬂl—BSec[x]2 ] - (1—35ec[x12)1/6—1 (1—35ec[x]2)2/3+ !
3 4 2[1—«/1—35ec[x]2
Result (type 6, 4397 leaves):
_ 1/3 _ 1/3
13 [6+ [—5+Cos[2x] +Cos[2X] (75+C°S[2XJ ] (35ecx]2+ (1-35ecx]2)*?)
1+ Cos[2X] 1+ Cos[2x]

1 3
Sin[x]2 Tan[x] (—2—3Tan[x}2>5/6 (1+Tan[x]?) (2+3Tan[x]?) [—8Appe11F1[1, =, 1,2, -=Tan[x]?, -Tan[x]?] +
2 2
1 3 2 2 2 3 3 2 2 2) 2
4Appe11F1[2, —, 2, 3, -—Tan[x]°, -Tan[Xx] } Tan[Xx] +3Appe11F1[2, —, 1,3, -—Tan[x]4, -Tan[x] ] Tan[X]
2 2 2 2
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1 3 2 2 3 3 2 2 2
4AppellF1[2, —, 2, 3, -—Tan[x]°, -Tan[x] ] +3AppellF1[2, —, 1, 3, -—Tan[x]°, -Tan[Xx] ]J Tan [X]
2 2 2 2
1/3

2+3Tan[x]?
- +

1

2/3 - 114 , 2 2
30 - 3%/3 Hypergeometric2F1|[ —, —, —, 2-3Tan[x]? (1+Tan[x]?)
3 3 3 1+ Tan[x]?

5/6

3+3Tan[x]?

16 ) 5 5 11 1 5 [2+3Tan[x]?
12 - 3'/®Hypergeometric2F1l[ =, =, —, ——————| (1+Tan[x)?) | ———— +
6 6 6 3+3Tan[x]? 1+ Tan[x]?
5 |2Log[1+Tan[x]?] (—Z—B»Tan[x]z)S/6 (1+Tan[x]?) +9Tan[x]* |4++/-2-3Tan[x]* | +3Tan[x]?

(20-2 (-2-3Tan[x]2)"?+5+/-2-3Tan[x]?

2/3 ; 114
30 - 3%/3 Hypergeometric2F1| —, —, —,
3 3 3

1 3 X X 1 5
8 AppellF1[1, =, 1, 2, - =~ Tan[x]?, -Tan[x]?| -2 -3Tan[x]

2 2 3+3Tan[x]?

+2 (12-2 (-2-3Tan[x]?)"?+3+/-2-3Tan[x]? + (—2—3Tan[x]2)5/6)]J B

| 127

o [2+3Tan[x]2)'3 e . 5 5 11 1 . (2+3Tan[x]2)°/®
(1+Tan[x}) —_— +12 -3 Hyper‘geometr‘1c2F1[—, —, T, 7} (1+Tan[x] EE—— +
1+ Tan[x]? 6 6 6 3+3Tan[x]? 1+ Tan[x]?
5 [2Log[1+Tan[x]?] (-2-3Tan[x]?)*® (1+Tan[x]?) +9Tan[x]* [4++/-2-3Tan[x]? | + Tan[x]>
(69—7(—2—3Tan[x]2)1/3+15x/—2—3Tan[x]2 +2(12—2(—2—3Tan[x}2)1/3+3 —2—3Tan[x}2+(—2—3Tan[x}2)5/6])]J]/
-5+ Cos|[2
g6 | g, | Z2rCoslzx] (1-3sec[x]?)>® (6+(1—3Sec[x]2)1/3+Cos[2x] (1—35ec[x]2)1/3)
1+ Cos[2X]
~4-6Tan[x]?)>°

1 3 R X
-8 AppellF1[1, —, 1, 2, - = Tan[x]?, -Tan[x]?] +
2 2
2 2 2

1 3 , 512 s 1 3 5 52 .
1152 AppellF1[1, —, 1, 2, - = Tan[x]?, -Tan[x]?|" Tan[x]? + 2880 AppellF1[1, —, 1, 2, - — Tan[x]?, -Tan[x]?]" Tan[x]° -
2 2 2

1 3 3 3
(4Appe11F1[2, =, 2,3, -—Tan[x]?, -Tan[x]?| + 3 AppellF1[2, =, 1, 3, - = Tan[x]?, —Tan[x]z}) Tan[x}z)
2

1 3 2 2 1 3 2 2 5
1152 AppellF1[1, —, 1, 2, - = Tan[x]?, -Tan[x]2| AppellF1[2, =, 2, 3, - = Tan[x]?, -Tan[x]?]| Tan[x]° -
2 2 2 2

1 3 2 2 3 3 2 2 5
864 AppellF1[1, —, 1, 2, - = Tan[x]?, -Tan[x]?] AppellF1[2, =, 1, 3, - = Tan[x]?, -Tan[x]?] Tan[x]® +
2 2 2 2

1 3 2 212 7 1 3 2 2
1728 AppellF1[1, —, 1, 2, - = Tan[x]2, -Tan[x]?| Tan[x]’ - 2880 AppellF1[1, —, 1, 2, - = Tan[x]?, -Tan[x]?
2 2 2 2
1 3 2 2 7 1 3 2 212 7
AppellF1[2, =, 2, 3, - —Tan[x]?, -Tan[x]?| Tan[x]” + 288 AppellF1[2, —, 2, 3, - = Tan[x]?, -Tan[x]?| Tan[x]’ -
2 2 2

1 3 2 2 3 3 2 2 7
2160 AppellF1[1, —, 1, 2, - = Tan[x]?, -Tan[x]2| AppellF1[2, =, 1, 3, - = Tan[x]?, -Tan[x]?]| Tan[x]7 +
2 2 2 2
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3 2 2 3 3 2 2 7
» 2,3, -—Tan[x]?, -Tan[x]?] AppellF1[2, =, 1, 3, - = Tan[x]?, -Tan[x]?] Tan[x]” +

432 AppellF1|2,
2 2 2

162 AppellF1]2,

N WN R

3 2 212 7 1 3 2 2
, 1,3, -—Tan[x]°, -Tan[x] ] Tan [x] —1728Appe11F1[1, -, 1,2, -—Tan[x]°, -Tan[Xx] }
2 2 2

-

1 3 2 2 9 1 3 2 212 9
AppellFl[Z, —, 2, 3, -—Tan[x]°, -Tan[Xx] ] Tan [X] +720Appe11F1[2J —, 2, 3, -—Tan[x]4, -Tan[x] } Tan[x]~ -
2 2

2 2

1 3 3 3
1296 AppellFi[1, —, 1, 2, - = Tan[x]2, -Tan[x]?| AppellF1[2, =, 1, 3, - = Tan[x]?, -Tan[x]?] Tan[x]° +
2 2 2 2
1 3 3
1080 AppellF1[2, —, 2, 3, - = Tan[x]?, -Tan[x]2| AppellF1[2, =, 1, 3, - = Tan[x]?, -Tan[x]?]| Tan[x]? +
2 2 2 2
3 3 1 3
405 AppellFi[2, =, 1, 3, - = Tan[x]?, —Tan[x}z]zTan[x}g+432Appe11F1[2, =, 2,3, -=Tan[x]?, —Tan[x]z]zTan[x]ll+
2 2 2 2
1 3 2 2 3 3 2 2 1
648AppellF1[2, —, 2, 3, -—Tan[x]°, -Tan[x] ]AppellFl[Z, —, 1, 3, -—Tan[x]°, -Tan[x] } Tan[x] " +
2 2 2 2
3 3 2
243 AppellF1[2, =, 1, 3, - —Tan[x]?, -Tan[x]?| Tan[x]* +
2 2
1 3 5 212 3 2\1/3
720 AppellF1[1, —, 1, 2, - —Tan[x]?, -Tan[x]?] Tan[x]? (-2-3Tan[x]?)"" -
2 2
1 3 2 2 1 3 2 2 3 2\1/3
192 AppellF1[1, =, 1, 2, - = Tan[x]?, -Tan[x]?| AppellF1[2, =, 2, 3, - = Tan[x]?, -Tan[x]?] Tan[x] (-2-3Tan[x]?)"" -
2 2 2 2
1 3 2 2 3 3 2 2 3 2)1/3
144 AppellF1[1, —, 1, 2, - = Tan[x]2, -Tan[x]?] AppellF1[2, =, 1, 3, - = Tan[x]?, -Tan[x]?] Tan[x]? (-2 -3 Tan[x]?)""> +
2 2 2 2
1 3
1008 AppellF1[1, =, 1, 2, - = Tan[x]?, —Tan[x]z}zTan[x]S (-2-3Tan[x]2)"? -
2 2
1 3 2 2 1 3 2 2 5 2\1/3
1032 AppellFi[1, —, 1, 2, - = Tan[x]?, -Tan[x]?]| AppellF1[2, =, 2, 3, - = Tan[x]?, -Tan[x]?] Tan[x]® (-2-3Tan[x]?) """ -
2 2 2 2
1 3 3 3
774 AppellF1[1, =, 1, 2, - = Tan[x]?, -Tan[x]?| AppellF1[2, =, 1, 3, - = Tan[x]?, -Tan[x]?| Tan[x]® (—2—3Tan[x]2)1/3+
2 2 2 2
1 3 1 3
128 AppellF1[1, —, 1, 2, - —Tan[x]?, -Tan[x]?| AppellF1(3, —, 3, 4, - = Tan[x]?, -Tan[x]?| Tan[x]® (—2—3Tan[x]2)1/3+
2 2 2 2

1 3 3 3
96 AppellF1[1, =, 1, 2, - = Tan[x]?, ~Tan[x]?| AppellF1[3, =, 2, 4, - = Tan[x]?, -Tan[x]?]| Tan[x]® (-2 -3 Tan[x]2)*+
2

2 2 2
1 3 2 2 3 2 2 5 2\1/3
108 AppellF1[1, —, 1, 2, - —Tan[x]?, -Tan[x]?] AppellF1[3, =, 1, 4, - = Tan([x]?, -Tan[x]?] Tan[x]® (-2-3Tan[x]?)""* -
2 2 2 2

1 3 1 3
, 1,2, -=Tan[x]2, -Tan[x]?] AppellF1[2, =, 2, 3, - = Tan[x]?, -Tan[x]?| Tan[x]’ (—2—3Tan[x}2)1/3+

1080 AppellF1[1, —
2 2 2 2

1 3
96 AppellF1[2, —, 2, 3, - = Tan[x]?, —Tan[x]z}zTan[x]7 (—2—3Tan[x]2)1/3—
2

2

1 3 2 2 3 3 2 2 7 2\1/3

816 AppellF1[1, —, 1, 2, - —Tan[x]?, -Tan[x]?] AppellF1[2, =, 1, 3, - = Tan[x]?, -Tan[x]?] Tan[x]” (-2-3Tan[x]?)"">+
2 2 2 2
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3
» 2,3, -—Tan[x]?, -Tan[x]?| AppellF1]2, 13,

144 AppellF1|2,
2

, 1,3, —iTan[x}z, ~Tan[x]?]| Tan[x]7 (-2-3Tan[x]?)
2

NP
N W

3 3
54 AppellF1[2, =, 1,3, - = Tan[x]?, ~Tan[x]2] Tan[x]7 (-2-3Tan[x]?)**+
2 2

1 3 1 3
320 AppellFi[1, —, 1, 2, - = Tan[x]?, -Tan[x]?] AppellF1[3, —, 3, 4, - = Tan[x]?, -Tan[x]?] Tan[x]’ (—2—3Tan[x]2)1/3+
2 2 2 2
1 3 2 2 3 3 2 2 7 2\1/3
240 AppellF1[1, —, 1, 2, - —Tan[x]?, -Tan[x]?] AppellF1([3, =, 2, 4, - = Tan[x]?, -Tan[x]?] Tan[x]” (-2-3Tan[x]?)"">+
2 2 2 2
1 3 2 2 5 3 2 2 7 2\1/3
276 AppellF1[1, —, 1, 2, - —Tan[x]?, -Tan[x]?] AppellF1[3, =, 1, 4, - = Tan[x]?, -Tan[x]?] Tan[x]” (-2-3Tan[x]?)""*+
2 2 2 2
1 3
144 AppellF1[2, =, 2, 3, - = Tan[x]?, —Tan[x}z]zTan[x}9 (—2—3Tan[x}2)1/3+
2 2
1 3 2 2 3 2 2 9 2)1/3
216 AppellF1[2, —, 2, 3, - =~ Tan[x]2, -Tan[x]?] AppellF1[2, =, 1, 3, - = Tan[x]?, -Tan[x]?] Tan[x]® (-2 -3 Tan[x]?)""> +
2 2 2 2
3 3 2 272 9 2\1/3
81AppellF1[2, =, 1, 3, - = Tan[x]?, -Tan[x]?] Tan[x]° (-2-3Tan[x]?)"° +
2 2
1 3 2 2 1 3 2 2 9 2\1/3
192 AppellF1[1, —, 1, 2, - = Tan[x]?, -Tan[x]?] AppellF1([3, —, 3, 4, - = Tan[x]?, -Tan[x]?] Tan[x]® (-2 -3 Tan[x]?)""*+
2 2 2 2
1 3 2 2 3 3 2 2 9 2\1/3
144 AppellF1[1, =, 1, 2, - = Tan[x]?, -Tan[x]?| AppellF1([3, =, 2, 4, - = Tan[x]?, -Tan[x]?] Tan[x] (-2-3Tan[x]?)"" +
2 2 2 2
1 3 2 2 5 3 2 2 9 2)1/3
162 AppellF1[1, —, 1, 2, - = Tan[x]2, -Tan[x]?] AppellF1([3, =, 1, 4, - = Tan[x]?, -Tan[x]?] Tan[x]® (-2 -3 Tan[x]?)""> +
2 2 2 2
1 3 2
1152 AppellFi[1, —, 1, 2, - = Tan[x]2, -Tan[x]?] Tan[x]3®+/-2-3Tan[x]? +
2 2
1 3 2
2880 AppellF1[1, —, 1, 2, - = Tan[x]?, -Tan[x]?| Tan[x]®+/-2-3Tan[x]? -
2 2
1 3 2 2 1 3 2 2 5/ 2
1152Appe11F1[1, -, 1, 2, -—Tan[x]°, -Tan[Xx] } AppellFl[Z, —, 2,3, -—Tan[x]°, -Tan[x] ] Tan [X] -2-3Tan[x]° -
2 2 2 2
1 3 3 3
864 AppellF1[1, —, 1, 2, - —Tan[x]?, -Tan[x]?| AppellF1[2, =, 1, 3, - = Tan[x]?, -Tan[x]?| Tan[x]®+/-2-3Tan[x]? +
2 2 2 2
1 3 2
1728 AppellFi[1, —, 1, 2, - = Tan([x]2, -Tan[x]?] Tan[x]”+/-2-3Tan[x]? -
2 2
1 3 1 3
2880 AppellFi1[1, —, 1, 2, - = Tan[x]?, -Tan[x]?| AppellF1[2, =, 2, 3, - = Tan[x]?, -Tan[x]?]| Tan[x]7+/-2-3Tan[x]? +
2 2 2 2
1 3 2
288 AppellF1[2, =, 2, 3, - = Tan[x]?, -Tan[x]?| Tan[x]7~/-2-3Tan[x]? -
2 2
1 3 2 2 3 3 2 2 7./ 2
2160Appe11F1[1, -, 1, 2, -—Tan[x]°, -Tan[x] } AppellFl[Z, -, 1, 3, -—Tan[x]°, -Tan[x] ] Tan [X] -2-3Tan[x]° +
2 2 2 2

1 3 2 2 3 3 2 2 7 2
432 AppellF1[2, —, 2, 3, - = Tan[x]2, -Tan[x]?] AppellF1[2, =, 1, 3, - =Tan[x]?, -Tan[x]?| Tan[x]’+/-2-3Tan[x]? +
2 2 2 2
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3 3 2 212 7 2
162 AppellF1(2, =, 1, 3, - = Tan[x]?, -Tan[x]?| Tan[x]7~/-2-3Tan[x]? -
2 2
1 3 2 2 1 3 2 2 9 2
1728Appe11F1[1, -, 1, 2, -—Tan[x]°, -Tan[Xx] } AppellFl[Z, —, 2,3, -—Tan[x]°, -Tan[x] ] Tan[x]”~/-2-3Tan[x]° +
2 2 2 2
1 3 2 212 9 |/ 2
720AppellF1[2, —, 2, 3, -—Tan[x]°, -Tan[x] ] Tan [x] -2-3Tan[x]° -
2 2
1 3 2 2 3 3 2 2 9 2
1296 AppellFi[1, —, 1, 2, - = Tan[x]?, -Tan[x]?] AppellF1[2, =, 1, 3, - = Tan[x]?, -Tan[x]?| Tan[x]°+/-2-3Tan[x]? +
2 2 2 2
1 3 2 2 3 3 2 2 9 2
1080 AppellF1[2, —, 2, 3, - = Tan[x]?, -Tan[x]?| AppellF1[2, =, 1, 3, - = Tan[x]2, -Tan[x]?]| Tan[x]%+/-2-3Tan[x]? +
2 2 2 2
3 3 2 212 9 |/ 2
405 AppellFl[Z, -, 1,3, -—Tan[x]°, -Tan[x] ] Tan [x] -2-3Tan[x]° +
2 2
1 3 2 212 11 | 2
432AppellF1[2, —, 2, 3, -—Tan[x]°, -Tan[x] ] Tan [x] -2-3Tan[x]° +
2 2
1 3 2 2 3 3 2 2 11 2
648 AppellF1[2, —, 2, 3, - =Tan[x]2, -Tan[x]?] AppellF1[2, =, 1, 3, - = Tan[x]?, -Tan[x]?] Tan[x]*+/-2-3Tan[x]? +
2 2 2 2
3 3 2 212 11 2 1 3 2 212
243 AppellF1(2, =, 1, 3, - = Tan[x]?, -Tan[x]?] Tan[x]*+/-2-3Tan[x]? + 384 AppellF1[1, —, 1, 2, - — Tan[x]?, -Tan[x]?]
2 2 2 2

5/6 5/6 _

, 1,2, —ETan[x]z, —Tan[x}z]zTan[x}5 (-2-3Tan[x]?)

+576 AppellF1][1,
2

Tan[x]? (-2-3Tan[x]?)

N |

, 2,3, —iTan[x}z, -Tan[x]?| Tan[x]® (—2—3Tan[x]2)5/6—

3 2 2
2, -—Tan[x]“, -Tan[x] ]AppellFl[Z,
2

384 AppellFi[1,
2

-
=
-

, 1,3, 75Tan[x}2, -Tan[x]?| Tan[x]® (7273Tan[x]2)5/67

3
, 1,2, -=Tan[x]2, -Tan[x]?| AppellF1|[2,
2

1

2

3

288 AppellF1|1, =
2 2

1

3 3
576 AppellF1[1, —, 1, 2, - —Tan[x]2, -Tan[x]?| AppellF1[2, =, 2, 3, - = Tan[x]2, -Tan[x]?] Tan[x]’ (-2—3Tan[x]2)5/6+

2 2 2
1 3
96 AppellF1[2, —, 2, 3, - = Tan[x]?, -Tan[x]z}zTan[x]7 (_2-3Tan[x]2)5/6_
2 2
3 3
432 AppellF1[1, —, 1, 2, -~ Tan[x]2, -Tan[x]?] AppellF1[2, =, 1, 3, - = Tan[x]?, -Tan[x]?]| Tan[x]’ (—2—3Tan[x]2)5/6+

3
2 2 2
3 2 2 3 3 2 2 7 215/6
» 2,3, -—Tan[x]?, -Tan[x]?] AppellF1[2, —, 1, 3, - = Tan[x]?, -Tan[x]?]| Tan[x]7 (-2-3Tan[x]?)”'®+

144 AppellF1|2,
2 2 2

3 3
54 AppellF1[2, =, 1, 3, - =~ Tan[x]?, —Tan[X]z}zTan[X]7 (—2—3Tan[x]2)5/6+

2 2
3
, 2,3, -—Tan[x]?, —Tan[x}z]zTan[x}9 (—2—3Tan[x}2)5/6+

144 AppellF1|2,
2

5/6
+

3 3 3
» 2,3, -—Tan[x]2, -Tan[x]?| AppellF1[2, =, 1, 3, - = Tan[x]?, -Tan[x]?]| Tan[x]° (-2-3Tan[x]?)

216 AppellF1|2, =
2 2 2
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3 3
81AppellF1[2, >, 1,3, - > Tan[x]%, ~Tan[x]?]" Tan[x]® (23Tan[x]2)5/6)”
2 2

Problem 447: Result unnecessarily involves higher level functions and more than twice size of optimal
antiderivative.

dx

JSec[x]2 (-Cos[2x] +2Tan[x]?)

(Tan[x] Tan[2x] )32

Optimal (type 3, 100leaves, ? steps):
11 ArcTanh | — 2 Tan[x]

Tan[x] Tan [x] Tan[2x] Tan[x] 2Tan[x]3 3 Tan[x]
- +

+ +
\/Tan[x] Tan[2 x] 42 2 (Tan[x] Tan[2x])** 3 (Tan[x] Tan[2x])>? 4~/Tan[x] Tan[2x]

2 ArcTanh |

Result (type 6, 207 leaves):

[(—Cos[z x] +2Tan[x]?) [73Cot[x} -4 Cos[x] Sin[x] +18Sin[x]?Tan[x] -4 Tan[x]> -9 ArcTan [~/ -1+ Tan[x]? | Cos[x] Sin[x] 1/ -1+ Tan[x]? -

1 1 3 R R . X 31 5 X R
(72Appe11F1[—, -—, 1, =, Cot[x]?, -Cot[x]?]| Cos[2x] Sin[x] Tan[x])/ 2AppellFl| =, - =, 2, =, Cot[x]2, -Cot[x]?] +
20 2 2 20 2 2
3 1 5 R R 1 1 3 5 R X
AppellFl[ =, =, 1, =, Cot[x]?, -Cot[x]?| - 3 AppellF1[~, - =, 1, =, Cot[x]?, -Cot[x]?] Tan[x] ]
202 2 20 2 2

Tan[2x]2 /(6(—3+6Cos[2x] +Cos[4x]) (Tan[x] Tan[2x])3/2)

Problem 448: Result unnecessarily involves higher level functions.
J Tan[x] dx
(a® - b?Cos[x]")*?

Optimal (type 3, 112leaves, 7 steps):

1/3

a+2 (a’-b?Cos[x]")
V3 ArcTan| J3 a ] 3 Log[Cos[x]] 3Llog[a- (a’-b3Cos[x]")""”]
. _

4

a*n a’n (a®-b3Cos[x]")*? 2a* 2a*n

Result (type 5, 71 leaves):

3 -n\1/3 . 3 -n
3 (—1+ (1— %m—) Hyper‘geometr‘1c2F1[§, i, ‘;—, %M—})

a*n (a®-b3 Cos[x]”)l/3
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Problem 449: Result unnecessarily involves higher level functions and more than twice size of optimal
antiderivative.

J(1+ 2Cos[x]9)5/6 Tan[x] dx

Optimal (type 3, 95leaves, 14 steps):
V3 [1e2Cos1x)7) +—Ar‘cTanh[(1+2Cos[x}9>1/6] - —ArcTanh[+/1+2Cos[x]° | - — (1+2Cos[x]?)

343 3 9 15
Result (type 5, 579 leaves):

5/6

(128 + 126 Cos [x] + 84 Cos [3x] + 36 Cos [5x] +9Cos[7x] + Cos[9x])>®

<1+Cot[x}2)ssin[x]2 1+5Cot[x]2+10Cot[x]*+10Cot[x]®+5Cot[x]®+Cot[x]¥®+2Cot[x]*¥®/1+Tan[x]?

1/6

{1+5Cot[x}2+10Cot[x]4+10Cot[x]6+5Cot[x]8+Cot[x}1e+2Cot[x]19 1+ Tan[x]?

(1+Cot[x]2)°

(—2 (1+5Tan[x]2+10Tan[x]4+10Tan[x]6+5Tan[x}8+Tan[x]1e+2 1+Tan[x]? | +

5 2°/® Hypergeometric2F1| >

y = (1+Tan[x]2)9/2} (1+Tan[x]?)

7
6

N |

| =
|

(2+ 1+Tan[x]2 +4Tan[x]2+/1+Tan[x]% +6Tan[x]*+/1+Tan[x]? +4Tan[x]%/1+Tan[x]2 +Tan[x]%+/1+ Tan[x]?2

I

1/6
1+5Tan[x]%2+10Tan[x]*+10Tan[x]®+5Tan[x]® + Tan[x]%*® +2+/1+ Tan[x]?

5

480 - 2°/° (1+Tan[x]2)%? [

(1+Tan[x]?)

(4Cot[x]8+20Cot[x}1a+40Cot[x]12+40Cot[x]14+20Cot[x]16+4Cot[x}18+«/1+Tan[x}2 +9Cot[x]2+/1+Tan[x]? +
36 Cot [x]*/1+Tan[x]% +84Cot[x]®+/1+Tan[x]? +126Cot[x]8~/1+Tan[x]? +126Cot[x]%¥®/1+Tan[x]?% +

84 Cot [x]%+/1+Tan[x]? +36Cot[x]*¥+/1+Tan[x]% +9Cot[x]*®+/1+Tan[x]? +5Cot[x]®¥/1+Tan[x]?
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Problem 451: Result more than twice size of optimal antiderivative.
JSec[x}ZTan[x] (1+ (1—8Tan[x]2>1/3)

(1-8Tan[x]2)?"?

dx

Optimal (type 3, 20leaves, 2 steps):

S (1+ (1—8Tan[x]2)1/3)2
32

Result (type 3, 42 leaves):
3 (-7+9Cos[2x]) Sec[x]? (2+ (1-8Tan[x12)1/3)

64 (1-8Tan[x]2)?"?

Problem 452: Result unnecessarily involves higher level functions and more than twice size of optimal
antiderivative.

Csc[x] Sec[X] (1+ (178Tan[XJ2>1/3)
(1-8Tan[x)2)?"?

dx

Optimal (type 3, 27 leaves, 15 steps):

-Log[Tan[x]] + & Log[1 - (1—8Tan[x]2)1/3]
2

Result (type 5, 93 leaves):

3 (8- Cot[x]2)?? Hyper‘geometr‘icZFl[f, f, 3, m&‘ﬂ 3 (8- Cot[x]2)"? Hyper‘geometr‘icZFl[i, % ;i M}

16 (1-8Tan[x]2)?"? 4 (1-8Tan[x]?)"?

Problem 453: Result unnecessarily involves higher level functions.

5Cos[x]? - —1+SSin[x12)Tan[x]
J ax
(

~1+5sin(x)2)"* (2+ -1+5Sin[x]?2

Optimal (type 3, 101 leaves, 14 steps):
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_1+55i 2\1/4 _ s 2)1/4
3Ar‘cTan[1—)—1 251N (x] | ArcTanh| 1+35In(x] ]

_ V2 _ e +2 (-1+5sin[x]?)

V2 2+/2 2[2+ ~1+5Sin[x]?

1 (-1+5sin[x]2)"*

Result (type 5, 158 leaves):
- ! 3 2Y% (-3+5Cos[2x]) (8\/?+\/3—5Cos[2x] +10\/7Cos[2x])5ec[x]2—

60 (3-5Cos(2x])>*

1 1 5 4Sec[x]?
30 5*%+/3-5Cos[2x] Hypergeometric2Fl[~, —, =, #] ((-3+5Cos[2x]) Sec[x}2>1/4+
4 4 4 5
3 3 7 4Sec[x]?
28 - 5Y*Hypergeometric2Fl] =, =, —, #} (2—8Tan[x]2)3’/4
4 4 4 5

Problem 454: Result unnecessarily involves higher level functions and more than twice size of optimal
antiderivative.

JCOS [x]3Cos[2x]%/3Sin[x] dx

Optimal (type 3, 25leaves, 4 steps):

3 3
- —Cos[2x]°®- —Cos[2x]8%3
40 64

Result (type 5, 1401leaves):

3
- —Cos[2x]°? -
40

w N

3 3

w
w

(3 e fix (1+<e4“)1/3 ((1+e4“)2/3 (1+e®%) +2<e4jXHyper'geometr‘ic2F1[—l, 1,

(256 22/3 (e—zﬂx+ezix>1/3)

Problem 455: Result unnecessarily involves higher level functions.

JSin[x]GTan[x} dx

Cos[2x]3/*

Optimal (type 3, 102 leaves, ? steps):
1-4/Cos[2X] } Ar‘cTanh[ 1+3{Cos[2x] ]

1/4 1/4 7 1 1
V2 Cos(2x] - V2 coszxg¥ +—Cos[2x]Y*%- = Cos[2x]°*+ — Cos[2x]°*

NEY V2 4 5 36

ArcTan |

) . 2
, —e**X] + e® 1 X Hypergeometric2F1|[ ~, —, =
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Result (type 5, 59 leaves):

2Hyper‘geometr‘ic2F1[f’T, j’:, i, M]

1
—— Cos[2x]"* (635-72Cos[2x] +5Cos[4x]) +
360 3 (1+Cos[2x])>*

Problem 456: Result more than twice size of optimal antiderivative.

J\/Tan [x] Tan[2x] dx

Optimal (type 3, 17 leaves, 3 steps):

—Ar‘cTanh[ Tan[x] }

\/Tan[x} Tan[2X]
Result (type 3, 45leaves):

ArcTanh [ 2-€es1xL] \/Cos 2 x] Csc[x] v/Tan[x] Tan[2 x]

Cos[2x]

V2

Problem 488: Result more than twice size of optimal antiderivative.

Jx Sec[x] Tan[x]3dx

Optimal (type 3, 30leaves, 5steps):

5 1 1
= ArcTanh[Sin[x]] - xSec[x] + —x Sec[x]3 - = Sec[x] Tan[x]
6 3 6

Result (type 3, 104 leaves):

1 X . X
- —Sec[x]® [4x+12xCos[2x] +5Cos[3x] Log[Cos[ =] -sin[=]] +
24 2 2
15 Cos [X] Log[Cos[i] —Sin[iH —Log[Cos[i] +Sin[£“) -5Cos[3X] Log[Cos[i] +Sin[i]] +25Sin[2x]
2 2 2 2 2 2

Problem 506: Unable to integrate problem.
J(akXJral")nd]x

Optimal (type 5, 72leaves, 2 steps):
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(1+alklix) (akxyalx)" Hypergeometric2F1[1, 1+ :f”l, 1+ klfnl, —a kb x]

lnLogla]

Result (type 8, 15leaves):

J(akx+alx)”dlx

Problem 511: Unable to integrate problem.
J(akx ~alX)"dx
Optimal (type 5, 74 leaves, 2 steps):

(17 alk-1 X) (akx fal")" Hyper‘geometr‘icZFl[l, 1+ ﬁ, 1+ Ii—r'l, alk-1) X}

lnlog[a]

Result (type 8, 17 leaves):

J(akx -atX)"dx

Problem 523: Result is not expressed in closed-form.

e)(
J dx
b+ae3X

Optimal (type 3, 100 leaves, 7 steps):

/3_2al/3 X
ArcTan | %] Log[bl/3 + a3 eX| Log[b+ae®X]

3 al/3p2/3 2 3l/3 p2/3 6 al/3 p2/3

Result (type 7, 36 leaves):
RootSum[b + a #1° & —x+Log[e*-r1] 8]

’ 11?2

3a

Problem 528: Result unnecessarily involves higher level functions.
J(l—ZeXB)lMdlx

Optimal (type 3, 54 leaves, 6 steps):
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12 (1-2e¥3)Y* ~6ArcTan| (1-2e¥3)"*] —6ArcTanh[ (1-2e*/3)*]

Result (type 5, 70leaves):

2 (—6+12 eX/3 4 214 (2- /3)3/4 Hyper‘geometr‘icZFl[%, %, i, ﬂ])

(1-2ex3)%

Problem 540: Unable to integrate problem.
Jrex (1-x-x2) ix

1-x2
Optimal (type 3, 15leaves, 1 step):
e*~/1-x2
Result (type 8, 27 leaves):

Jex (1-x-x?) ix

1-x2

Problem 552: Result more than twice size of optimal antiderivative.
eX
J— dx
1+ Cos[X]
Optimal (type 5, 28 leaves, 2 steps):
(1-1) e *Hypergeometric2F1[1-1, 2, 2-1, -e'¥]
Result (type 5, 89 leaves):
-;(1“‘1) eXCos[i]
1+ Cos[Xx] 2
((1+ i) Cos[i} Hypergeometric2F1[-i, 1, 1-1i, -e**] - e“Cos[i] Hypergeometric2F1[1, 1-4, 2-1i, -e'*] - (1-1) Sin[i])
2 2

2
Problem 553: Result more than twice size of optimal antiderivative.
i — <
1- Cos[X]

Optimal (type 5, 26 leaves, 2 steps):
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(-1+1) e™¥ XHypergeometric2F1[1-1, 2, 2- i, e']

Result (type 5, 84 leaves):
1

-1+ Cos[X]

(1+1) e Sin[f} ((1-1) Cos[i] + (1+1) Hypergeometric2F1[-i, 1, 1-1, e'¥] Sin[i] + e X Hypergeometric2F1[1, 1-1i, 2-1i, ] Sin[i]]
2 2 2

Problem 554: Result more than twice size of optimal antiderivative.

(eX
J — & ax
1+Sin[x]
Optimal (type 5, 30leaves, 2 steps):

(-1+1) e XHypergeometric2F1[1+1, 2, 2+ 1, -i e *¥|

Result (type 5, 61 leaves):
2 e*Sin [ i]

- (1-i) (1-(1- 1) Hypergeometric2F1[-i, 1, 1 -1, i Cos[x] -Sin[x]]) (Cosh[x] +Sinh[x])
Cos[f] +Sin[§}

Problem 555: Result more than twice size of optimal antiderivative.

(EX
J — & ax
1-Sin[x]
Optimal (type 5, 30leaves, 2 steps):

(1+1) e *Hypergeometric2F1|1-1, 2, 2-1i, -ie'*|

Result (type 5, 61leaves):
2 e*sin| %]

+#(1+1) (1- (1+1i) Hypergeometric2F1[-i, 1, 1-1i, -iCos[x] +Sin[x]]) (Cosh[x] +Sinh[x])
Cos[i] —Sin[ﬂ
Problem 557: Result more than twice size of optimal antiderivative.

Jex (1+sin[x])

1-Cos[x]

dx

Optimal (type 5, 41leaves, 7 steps):
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) . e*Sin[x
(-2+21i) e *Hypergeometric2F1[1-1, 2, 2-1i, ' *] + e sinix]
1-Cos[X]

Result (type 5, 100 leaves):

2¢ Sin[i] (Cos[i] + 2 i Hypergeometric2F1[-i, 1, 1- i, e'*] Sin[i} +(1+1) e *Hypergeometric2F1[1, 1-1i, 2-i, e**] Sin[i]]
2 2 2 2

/[<71+C°5[X1> (Cos[i} +Sin[§])2)

1+Si
(1+sin[x]) 5 A

Problem 559: Result more than twice size of optimal antiderivative.

Jex (1-sin[x])

1+ Cos [X]

dx

Optimal (type 5, 42 leaves, 7 steps):
e*Sin[x]

(2-21) e *Hypergeometric2F1[1-1i, 2, 2-1, -e'*] -
1+ Cos[x]

Result (type 5, 87 leaves):
_r
1+ Cos[Xx]

2 e Cos[i] (2 iCos[i] Hypergeometric2F1[-i, 1, 1-1, -e'*] - (1+1) e”Cos[i] Hypergeometric2F1[1, 1-i, 2-1i, -e*] —Sin[i]]
2 2 2 2

Problem 574: Result more than twice size of optimal antiderivative.

JSech[x] dx

Optimal (type 3, 3leaves, 1step):
ArcTan[Sinh[x]]

Result (type 3, 9leaves):
X
2 ArcTan|Tanh| E] |

Problem 575: Result more than twice size of optimal antiderivative.

stch[x] dx
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Optimal (type 3, 5leaves, 1step):
—-ArcTanh[Cosh[x]]

Result (type 3, 17 leaves):

_Log[Cosh[g] ]+ Log[Sinh[g] ]

Problem 579: Result more than twice size of optimal antiderivative.

JCsch[x]3dlx

Optimal (type 3, 16leaves, 2steps):

1 1
— ArcTanh[Cosh[x]] - — Coth[x] Csch[x]
2 2

Result (type 3, 47 leaves):

1 Xx.2 1 X 1 X 1 X2
- —Csch|— —L Cosh|—|| -—L Sinh|—|| - —Sech| —
_csen[”]%+ ~ Log[cosh| " || - Log[sinh[ > ]] - sech[ ]

Problem 592: Result unnecessarily involves higher level functions and more than twice size of optimal
antiderivative.

J Cosh[x] (-Cosh[2x] + Tanh[x]) 5
X

Vsinh[2x] (Sinh[x]?+Sinh[2x])

Optimal (type 3, 69leaves, 8steps):

i h
\/?Ar'cTan[Sech[x] \/Cosh[x] Sinh[x] ] + 1Ar‘cTan[w] - 1\EAr'cTanh[Sec:h[x] \/Cosh[x] Sinh[x] } + _Coshix]
6 \/Sinh[2 x] 3 \/Sinh[2 x]

Result (type 4, 487 leaves):
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Coth[x] V/Sinh[2x] (-Cosh[2x] +Tanh[x])
Cosh[x] + Cosh[3 x] - 2Sinh[x]

+

1 1/4
! Cosh[x] |-||6 (-1)** 1+coth[>]® |EllipticF[i Ar‘cSinh[#}, -1] -
2 (Cosh[x] +Cosh[3x] - 2Sinh[x]) 2
| Tanh [ *]
2
<71>1/4 <71>1/4

EllipticPi[- (-1)Y®, i ArcSinh| |, -1] - EllipticPi[- (-1)%®, i ArcSinh|

Tanh|[ 2] W

mem[x] \/Tanh[x]+Tanh[X]3 /[(1+Cosh[x])\/(smh[2x] [umm["]ﬂ .

], -1

2 2 2 1+Cosh[x])?

(3-3:+/3 ) EllipticPi[-i, i ArcSinh[(-1)"* Tanh[ 2] ], -1] +2 (-1+(-2)*?)

(16 (-1)°* A

EllipticPi[i, Ar‘cSinH—l)g'/4 Tanh{i] ], -1] +1 (Ji+\/?) EllipticPi[- (-1)Y°, i ArcSinh[(-1)"* Tanh[i] ], -1] +
2

2 (-1+ (-1)"3) EllipticPi[- (-1)°/%, i ArcSinh[(-1)** [Tanh X , -1]| sinh[2x]3/2 [Tanh X1 s Tanh[27?
(-1+(-1)
2 2 2

[3 (—]'l+\/?) (1+COSh[X}>3

Sinh[2 x] 32 X X ;2
_ Tanh[ ~] 1+ Tanh[~] (-Cosh[2x] + Tanh[x])
(1+Cosh(x])? 2 2

Problem 601: Result more than twice size of optimal antiderivative.

je’“ Sech[x]%dx

Optimal (type 3, 13leaves, 3 steps):
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8

3 (1+ezx>3

Result (type 3, 32leaves):

8e?* (3+3e2X+e*)

3 (1+e2%)3

Problem 622: Result more than twice size of optimal antiderivative.

1
J ax
X~/ a? + Log[x]?

Optimal (type 3, 16leaves, 3 steps):

ArcTanh| Log [x] ]

a + Log[x]?

Result (type 3, 46 leaves):

logIx]__y Loy, toBX

1
——Log[l— 5

2

a? + Log[x]? a? + Log[x]?

Problem 623: Result more than twice size of optimal antiderivative.

1
J dx
x+/ -a2 + Log[x]?

Optimal (type 3, 18 leaves, 3 steps):
Log[X] ]

ArcTanh [

a2+ Log[x]?

Result (type 3, 50 leaves):

Log X)Ly gery, —OBIX
2

]

1
-~ Log[1-
2

-a%+Log[x]? -a%2+Llog[x]?
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Problem 627: Result unnecessarily involves imaginary or complex numbers.

1
J dx
x Log[x] A/ -a? + Log[x]?

Optimal (type 3, 23 leaves, 4 steps):
Ar‘cTan[lm’az*LaO X1 ]

a

Result (type 3, 38leaves):

2ia 2~/ -a’+Llog[x]? ]

i Log|- Log(x] Log(x]

Problem 689: Result more than twice size of optimal antiderivative.

x® ArcSec [x]
Ji dx

(—1+X2)5/2

Optimal (type 4, 175leaves, 16 steps):

VX2 (2-3x2) ) EAr‘cCoth[\/xT] ) 5 x3 ArcSec [X] . x5 ArcSec [X]  5xArcSec[x]
6 (-1+x?) 6 6 (-1+x2)¥2 2 (-1+x2)?? 2142
5i+/x? ArcSec[x] ArcTan|[etAresecixl | 54 +/x? Polylog|2, -1ielArcsecixI| 54 +/x2 Polylog[2, i e!Arcsecix]]
N _
X 2 X 2 X

Result (type 4, 383 leaves):
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1 1 .
-, x® |22 ArcSec[x] + 40 ArcSec [x] Cos [2 ArcSec[x]] - 30 ArcSec [x] Cos [4 ArcSec[x]] -30 [1- — ArcSec([x] Log[1 - i elAresecixI]
96 (-1+x?) \/ X

1 ) 1 ArcSec[x 1 ArcSec [x
30 [1- — ArcSec[x] Log[1+ie'Aresecixl] 26 [1- — Log[Cos{i[]H -26 |1-— Log[Sin[i[}H +16Sin[2 ArcSec[x]] -
X2 x? 2 X2 2
. 1 . iArcs . 2 . 1 . iArcS . 2
601 |1- - PolyLog[Z, -i elhre ec[x]] Sin[2ArcSec[x]]%+601 |1- - PolyLog[Z, i etAre ecm] Sin[2 ArcSec[x]]? -
X X

15 ArcSec[x] Log[1 - i e'ArsecX)] sin[3 ArcSec[x]] + 15 ArcSec[x] Log[1 +i e!ArecX]| Sin[3 ArcSec[x]] +

ArcSec [Xx] . . ArcSec[Xx] . .
13 Log[Cos[ ———]] Sin[3 ArcSec[x]] - 13 Log[Sin| — ]| Sin[3 ArcSec[x]] - 4 Sin[4 ArcSec[x]] +
15 ArcSec[x] Log[1 - i e!AresecX)] sin[5 ArcSec[x]] - 15 ArcSec[x] Log[1 + i e!Are¢X]| Sin[5 ArcSec[x]] -
ArcSec [X] . . ArcSec[Xx] .
13 Log[Cos[———]] sin[5ArcSec[x]] +13 Log[Sin| —————] | Sin[5ArcSec[x]]

Problem 698: Result more than twice size of optimal antiderivative.

ArcTan[a - x]
Jf—dlx

a+X

Optimal (type 4, 122leaves, 5 steps):

2 2 (a+x)
ArcTan[a - x] Log[ ——————] - ArcTan[a - x] Log|[- |-
1-1 (a-x) (i-2a) (1-1i(a-x))
1 2 1 2 (a+X)
~iPolylLog[2, 1- ———————| + = iPolylLog[2, 1+ ]
2 1-1 (a-x) 2 (i-2a) (1-i(a-x))

Result (type 4, 256 leaves):
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—-ArcTan[a - X]

1
~Log[l+a?-2ax+x*| +Log[-Sin[ArcTan[2a] -ArcTan[a-x]]] | +
2

i (n—ZAr‘cTan[a—x})ZHi (ArcTan[2a] —ArcTan[a—x])z—

N |
B

(m-2ArcTan[a-x]) Log [1+e2iArcTaniax]] _ ) (-ArcTan[2a] +ArcTan[a-x] ) Log [1- @2t (-ArcTan(2a)+ArcTan(a-x]) |

2
(m-2ArcTan[a-x]) Log[ ———— ] -2 (ArcTan[2a] - ArcTan[a-x] ) Log[-2Sin[ArcTan[2a] - ArcTan[a-x]]] +

1+ (a-x)?2

i PolyLog [2, _e—ZJ'LAr‘cTan[a—x] } + i PolyLog [2, (EZJ‘L (-ArcTan[2 a] +ArcTan[a-Xx]) } ]

Problem 703: Result unnecessarily involves imaginary or complex numbers.

JAr‘cSin [Sinh[x]] Sech[x]*dx

Optimal (type 3, 49 leaves, 5 steps):

Cosh[x] 1 1
————| + =sech[x] \/1-Sinh[x]? +ArcSin[Sinh[x]] Tanh[x] - =~ ArcSin[Sinh[x]] Tanh[x]?
72 6 3

Result (type 3, 66 leaves):

2
- = ArcSin]|
3

x (8]‘1 Log[i /2 Cosh[x] ++/3-Cosh[2x] | +V6-2Cosh[2x] Sech[x] +4ArcSin[Sinh[x]] (2+Cosh[2x]) Sech[x}ZTanh[x]>
12

Problem 704: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

JAr‘cCot[Cosh[x} ] Coth[x] Csch[x]3dx

Optimal (type 3, 36 leaves, 6 steps):
ArcTanh [ TnhixL |
VZ

Coth[x] 1 R
+ - — ArcCot [Cosh[x]] Csch[x]
6/2 6 3
Result (type 3, 144 leaves):
icSch[x13 -16 ArcCot [Cosh[x]] - 2 Cosh[x] +2Cosh[3x] -3 1+/2 ArcTan[1-1i+/2 Tanh[i]] Sinh[x] +
48 2

312 ArcTan[1+i+/2 Tanh|>]] Sinh[x] + i V2 ArcTan[1-i+/2 Tanh|>]] Sinh[3x] - i V2 ArcTan[1+1i+/2 Tanh[>]] Sinh[3x]
2 2 2
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Problem 705: Result more than twice size of optimal antiderivative.

Jex ArcSin[Tanh[x]] dx

Optimal (type 3, 28 leaves, 5steps):
e* ArcSin[Tanh[x]] - Cosh[x] Log[1+e?*] +/Sech[x]?

Result (type 3, 64 leaves):

2x 2x 5 5
X X X
1+e2"} e <1+e2x)2 (1+e®¥) Log[1+e®*]

-l+e

e* ArcSin [

Test results for the 116 problems in "Welz Problems.m"

Problem 2: Result unnecessarily involves higher level functions and more than twice size of optimal antiderivative.

JZLog[\/1+ax ] +Log[-1+ax]
2V -1+ax

Optimal (type 2, 15leaves, 5steps):
B 2+1-ax

a

dx

Result (type 3, 37 leaves):
V-1+ax (-2Log[-V-1+ax ] +Llog[-1+ax]]|

ar

Problem 6: Result more than twice size of optimal antiderivative.

V-o1+x2
J NI ax
(— 1+ X) 2
Optimal (type 3, 64 leaves, 6 steps):
i ArcTan [ —lix ]
\V — 1+ X2 \/? A/ -1+x2

- +ArcTanh | #}

i x N3 NEr ey
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Result (type 3, 165leaves):

_ 2
RS [ x 2 2o |] cannctan| -
-1 +X jix+m

V2 Logl-i+x] +3/2 Log[-i-3x+2v2 y/-1+x? | +2Log[1+2ix-2x2+2i+/-1+x% -2x~/-1+x2 ]

2 X

-2i+/2 ArcTan]

N |

Problem 9: Unable to integrate problem.

1

Jm(ﬂ+m)z

dx

Optimal (type 3, 220 leaves, ? steps):

2-4x 1 \J-2+245 V-1+x2
+—/-116+50/5 ArcTan| x/2+2 Vx| - \/—110+59\/— ArcTan| 27 -

5 (Vx s -1 ) 25 2,(1,@)X

1 \ 2+ 2 V-1 2

— /110 +50+/5 Ar‘cTanh \/ -2+ 2 VX \/ 110 + 50 /5 Ar‘cTanh X }

25 5 x

Result (type 8, 29leaves):
1

Jm(wwﬁ)z

dx

Problem 10: Unable to integrate problem.
J (Vx -1 )
(1+x—x2>2m

dx

Optimal (type 3, 220leaves, ? steps):

_ _ A/ _ 2
2-ax v = 110505 ArcTan| \/2+z Vx| —\/—110+50\/? ArcTan| - 2+2V5 V-1rX ] -
5 (Vx + vV ToxZ| 25 2-(1-/5 ) x
(

1 \/ 2+ 2 -1+ x?
—/ 110+ 505 Ar‘cTanh \/ -2+ 2 VX \/ 110 + 50 /5 ArcTanh : }
25

\Fx
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Result (type 8, 41 leaves):
(Vx -V 1o )
J(1+x—x2>2\/—1+x2

dx

Problem 11: Result more than twice size of optimal antiderivative.

J

Optimal (type 3, 138 leaves, 7 steps):
(lJrL)m (i*i)m Ar‘cTanh[ﬁ] Ar‘cTanh[ \/7]

2 2

VZ (1+x) VT (1+%) (1-1)*2v2 (1+1)3/W_

1 1

\/—(1+X) V-1 + X2 \/?<1+X>2\/:|l+x2

dx

Result (type 3, 403 leaves):

2 N IV A 2
a2 i v (2-28) i 2T T (14x) ArcTan[ X 2ENAZE ML EXE
42 (1+x) (1-21) -2ix+x?
2 9/ A 2
2v/1+1 (1+x) ArcTan[l“((1 221.>1;l IZX J-iv1-1 Log[(1+x)?] +iV1+i Log[(1+x)*] -i~v1-1 xLog[(1+x)?]+
+21)+21X+X

ivVi+i xLtog[(1+x)%] +iv/1-1 Log[i- (2-1)x2+2V1-1 x+/-1i+x? Vi-1i xlog[i- (2-i)x*+2V/1-1 x+/-i+x* ]~
iV1+d Log[-i- (2+d)x*+2/1+1 x/i+x? | -i+1+1 xLlog[-i- (2+1)x*+2V/1+1 x+/i+x ]

Problem 12: Unable to integrate problem.

J 1+ X4
1+ X 1+ X4
Optimal (type 3, 125leaves, 7 steps):

7. 2 i 2
V1-ix® Vi+ix (1-)%2ArcTanh | ]_1(1+j)3/2Ar‘cTanh[

1
2 (1+x) 2(1+x) 4 Vi-i V1-1ix? 4 Viei Vivix?
Result (type 8, 34 leaves):

1+1x 1-1X

]



J 1+X4
1+X 1+X4
Problem 13: Unable to integrate problem.

1+X4
1+X 1+X4

Optimal (type 3, 81 leaves, 5steps):

1 1+1X 1 1-1X
-—V1-1 Ar‘cTanh[ 2 }—f\/1+j1 Ar‘cTanh[ = }
2 1-1 V1-1ix? 2 Vi+i V1+ix?

Result (type 8, 34 leaves):

1+X4
1+X 1+X4

Problem 14: Result more than twice size of optimal antiderivative.

dx

x2 +41+ x4
V1+ x4

Optimal (type 3, 31leaves, 2steps):
Ar‘cTanh[—*&}

NE3

Result (type 3, 145leaves):

x2+q) 1ex*
(1+X4+X2 1+x4 Log : 7|_0g

2vV2 Vi+x® Ax2eV1x* \/ 1+x4)

24 1+X4
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Problem 15: Result more than twice size of optimal antiderivative.

-x2 41+ x4 g
X
V1+x?t

Optimal (type 3, 33 leaves, 2 steps):
ArcTan[—\&}

NN
V2
Result (type 3, 162 leaves):
X (1+2x =22 V1ox® | * (1% - x2 1 x® | Arcsin[x? - V1 |

V2 A -x2 e 14X \/xz (—x2+\/1+x4) (—4x2—12x6—8x19+\/1+x4 +8x4V1+x4 +8x8\/1+x4)

Problem 24: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

1-x+3x?
J dx
V1-x+x2 <1+x+x2)2

Optimal (type 3, 86 leaves, 6 steps):

ArcTanh[ 2
(1+x) V1-x+x2 \/7(1+X) rcTanh| 1-xex? ]
+\EAr‘cTan[ ]—
1+x+x? V1= x+ X2 N3

Result (type 3, 961 leaves):
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(1+x)\/1—x+x2 1

1+x+x2 4 /373]1\/?
(7-1+3 ) ArcTan[ (3 (-17-641 V3 + (9443233 | x+ (-103-361 V3 | x2+14 (7-24V/3 | X+ (-21-41i V3 ) x4))/

[9611+67\/?+ (841-113\/?) x*-52+/3-3i3 J1-x+x2 +2x(1321-69\/?+26\/3-3j\/? J1-x+x2
x? (—1801’1—59ﬁ+52\/3—3i\/?w/l—x+x2

+

1

4~/3+3i/3
(=743 ) ArcTan[ (3 (-17+645 V3 + (94-320 V3 | x+ (-103+36i V3 |x*+14 (74203 | P+ [-2144i+/3 ) x4))/

[961‘1—67\E+ (84j+113\/?) x* 1524341313 /1-x+x? +x2
2641 +138+/3 -524/3+31+/3 NET

+2%3

1381 +21/3 +52+/3-31+/3 NEE

] _

1801 +59/3 -524/3+3i/3 NER

] -

+

X -2x3

13814 421/3 1524343043 NET

(<7343 Log[16 (L+x+x?)?] (7i+V3 ) Log[16 (14x+x?)?]

1
N
84/3+31+/3 sm 8m
(73+V3 ) Log[ (1+x+x?) 11]1+4ﬁ+(11]1+4\/?)x2+1911\/1-j1ﬁ Ji-x+x -x
1
84/3+3i3
(<743 ) Log[ (14x+x?)

17i+43 +8i/1-1v3 J1-x+x? ] +

“114+4+3 + (1114473 X 10i+/1+iv3 1 x+x +x

174 -4+/3 +8i 113 \/1,X+X2) ]

Problem 33: Result unnecessarily involves higher level functions.

1
J—dlx
X (1—x2)1/3

Optimal (type 3, 58 leaves, 5steps):

1+2 (1-x2)Y3
1\EAr‘cTan[ r2(1-x) ]7Log[x] +iLog[1—<1—x2>1/3]
2

NEY 2 4
Result (type 5, 41 leaves):

XZ

_14x2 1/3 .
3 (ﬂ) Hyper‘geometr*lczFl[i, i, ;i 2]

2 (1 _X2>1/3
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Problem 34: Result unnecessarily involves higher level functions.

1
J4d1x
x (1-x2)?7?

Optimal (type 3, 58 leaves, 5 steps):
1+2 (1—x2)1/3}

el 2
Result (type 5, 41 leaves):

Log[X]

—lﬁAr‘cTan[ +iLog[1—(1—x2)1/3}
2 4

_ 2\2/3 .
3 (ﬁ) Hyper‘geometr‘1c2F1[§, %, i, ]

X2
4 (1_X2>2/3

Problem 36: Result unnecessarily involves higher level functions.

1
Jid]x
X (1—x3)1/3

Optimal (type 3, 55leaves, 5steps):

Ar'cTan[—(—)—“2 1 1/3} Loz ixl 1
LED _ toelx] + = Log[1- (1-x3)%?]

V3 2 2
Result (type 5, 39 leaves):

( -1+x3

151]
X3

1/3 ) 1
) Hyper‘geometr‘lczFl[;, S

(17)(3)1/3

Problem 37: Unable to integrate problem.

1
J(1+x) (1—x3)1/3 >

Optimal (type 3, 97 leaves, 1 step):

213 (1-x)

1+

V3 ArcTan| gm} Log[ (1-x) (1+x)?] 3log[-1+x+2%3 (1-x3)"7]
- - +

2 21/3 4 2l/3 4 2l/3




Result (type 8, 19leaves):

1
J(1+x> (1—x3>1/3 >

Problem 38: Unable to integrate problem.

J(1+x) (1-x3)%? >

Optimal (type 3, 145leaves, 3 steps):

213 (1-x) 2x
142010 1-

\/?Ar'cTan[—’—b’; = | ArcTan[ —22= v ]

3Log[-1+x+22/3 (1—x3>1/3]
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Log| (1-x) (1+x)?
NEY N Og[( X) ( +X> } +lLOg[X+(17X3)1/3}
2 21/3 \/? 4 21/3 2 4 21/3

Result (type 8, 20 leaves):

J(1+x) (1—x3>1/3 >

Problem 39: Result unnecessarily involves higher level functions.

J = dx
X (2—3x+x2>1/3

Optimal (type 3, 110leaves, ? steps):

3 ArcTan|-Lt- 4 —22@x
V3 [ 5 \/?(273x+x2)1/3] Log[2-x] Log[x] 3Llog[2-x-2%3(2-3x+x2)'?]
- - +

2 21/3 4 21/3 2 21/3 4 21/3

Result (type 6, 109 leaves):

2 1 1 5 1 2
-( 15 x AppellF1| =, =, =, =, =, =] /
3 3 3 3 x X
211/3 2 1 1 5 1 2 5 1 4 8 1 2 5 4 1
(2 (2-3x+x?) 5xAppellfFi[ =, =, =, =, =, =] +2AppellF1| =, =, —, —, =, —| +AppellF1[ =, —, =
3 3 3 3 x X 3 3 3 3 x X 3 3 3

Problem 40: Result unnecessarily involves higher level functions.

j 1 dx
(—5+7x—3x2+x3)1/3

w | o
X | R

| N
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Optimal (type 3, 81 leaves, ? steps):

2 (-1
E\EAr‘cTan[ L GELL }+1Log[1fx]7§Log[1fx+(75+7x73x2+x3)1/3]
2 4

A3 \/?(—5+7x—3x2+x3>1/3 4

Result (type 6, 85leaves):
1

, 1, 3, = ((-1+21) +x), L ((-1+21) +x)]

3((2-4)+ix)*? (1 (-1+x))"? ((-1+21) +x) AppellF1] ; , 5

w | N
w | =

4(—5+7x—3x2+x3)1/3 ’

Problem 41: Result unnecessarily involves higher level functions.

1
T

Optimal (type 3, 66 leaves, ? steps):

1\EAr‘cTan[ ! + 2x }JrLOg[X} *ELOg[fX+(X(—q+x2>)1/3]
2 A3 \E(x(—q+x2))l/3 4 4

Result (type 5, 49leaves):

1/3
3x (gi) Hyper‘geometr‘icZFlE, 142 ﬁ}
q

3 3)

2 (-gx+x3)"?

Problem 42: Result unnecessarily involves higher level functions.

j 1 dx
((-1+x) (q—2x+x2))1/3

Optimal (type 3, 79leaves, ? steps):
2 (-1+x)

l\/?Ar‘cTan[ S ]+1Log[1—x]—iLog[l—x+((—1+x) (a-2x+x2))"?]
2 4

V3 V3 ((-14x) (q-2x+x2))t? 4

Result (type 5, 61 leaves):

1/3 i (1)
3(-1+x) (9—(—)—* ’12”‘ X) Hyper‘geometr‘1c2F1[§, i, :—, - 11’;2]
-1+q -1+

2 ((-1+x) (q+ (-2+x) x))1/3
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Problem 43: Result unnecessarily involves higher level functions.
1

Jx((—1+x) (q—qu+x2))1/3

dx

Optimal (type 3, 118leaves, ? steps):

1 2gY3 (-14x)
\/?APCTan[\/? + \E((*l‘rx) (q,qu+xz)>1/3] Log[l—X] Log[x] 3L0g[_q1/3 <_1+X> + <(_1+X> (q_ZqX-FXZ))l/B}
+ + -

2q1/3 4q1/3 2q1/3 4q1/3

Result (type 5, 72leaves):

1/3
3(-1+x) (—gﬂx*—xz) Hyper‘geometr‘icZFl[i, 14 M)—z]

(-1+q) X2 37 37 (“14q) x?

2 ((-1+x) (q—2qx+x2>)l/3

Problem 44: Unable to integrate problem.

J 2- (1+k)x ix
((1-x)x (1-kx))*? (1~ (1+k)x)

Optimal (type 3, 111 leaves, ? steps):

2KkY/3 x
1+

V3 ArcTan| ‘H\JSLHX\/’] Log[x] Log[1- (1+k)x] 3Llog[-k¥3x+ ((1-x)x (1-kx))"?]
+ + -

k1/3 2 k1/3 2 k1/3 2 k1/3

Result (type 8, 38leaves):

J 2- (1+k) x i

((1-x)x (1—kx))1/3 (1-(1+k) x)

Problem 45: Unable to integrate problem.
1-kx

J(1+ (-2+k) x) ((1-x)x (1—kx>)2/3

dx

Optimal (type 3, 176 leaves, ? steps):
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2Y/3 (1-kx)
1+ - :

1/3

\/3 ArcTan| “’k\’l"ng“’kx)) | Log[1- (2-K) x] Log[1-kx] 3log[-1+kx+223 (1-k)*? ((1-x) x (1-kx))*?]
) 22/3 (1-k)*3 : 223 (1-k)? : 2223 (1-k)Y7? . 2223 (1-k)Y?

Result (type 8, 35leaves):
1-kx

J<1+ (-2+k) x) ((1-x)x (1—kx>)2/3

dx

Problem 46: Unable to integrate problem.
a+bx+cx?
dx
J(1—x+x2) (1-x3)%?

Optimal (type 3, 493 leaves, 19 steps):

222 (1-x)

21/3 (1-x 2x 221/3x

1 1+ 1-

(a+b) Ar‘cTan[—ML} (a+b) Ar‘cTan[—‘i&} cAr‘cTan[—‘ﬁ&] (a-c) Ar‘cTan[JﬁLi} (b+c) ArcTan |
/5 /3 /3 /3

3 3

14223 (1-3) 3
V3

]

+ - - +

21/3 \E 2 21/3 \E \/? 21/3 \E 21/3 \/?

(a+b) Log[1+ 22?28 dex | (a+b) Log|

14 213 (1-x)

(a+b) Log|[(1-x) (1+x)2} (a-c)Log[1+x*] (b+c)Log[1+x?] 102 (1) (1)
12 21/3 N 6 21/3 N 6 21/3 N 6 21/3 3 21/3
(b+C) Log[21/3— (1—X3>1/3] . (a-c) Log[—21/3x— <1—X3)1/3} LT Log[x+ (17)(3)1/3} B (a+b) LOg[_1+X+22/3 (1_X3)1/3]
2 21/3 2 21/3 2 4 21/3

Result (type 8, 34 leaves):
a+bx+cx?
J dx
(1-x+x?) (1—x3)1/3

Problem 47: Result unnecessarily involves imaginary or complex numbers.

1
j(3—2x>1l/2 (1+x+2x2)5

dx

Optimal (type 3, 407 leaves, 19 steps):
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19255 462025 38491 141 045

395136 (3—2x)9/2 30118144 (3_2x)7/2 8605184 (3_2x)5/2 120472576 (3_2x)3/2
38225 X 23 +73x 1387 + 3049 x

+ + +

.
240945152+/3-2x 28 (3-2x)%? (1+x+2x2)" 1176 (3-2x)%% (1+x+2x?)? 32928 (3-2x)%? (1+x+2x?)?

5\/§ (149@46 503977 + 40815066112 /14 ) ArcTan [ 72204 232X |

5 (3049 + 4377 x| 7e2+14
N _

153664(3—2x)9/2 (1+x+2x2) 3373232128

5\/1 149046503977 + 40815066112 /14 | ArcTan [ 72028 232 ]
2 74214

3373232128

5\/% (-149046503977 + 46815066112 /14 | Log[3+V14 -\/7+2V14 V3-2x -2x]

6746464256

5\/% (-149046503977 + 46815066112 /14 | Log[3+V14 +1/7+2v14 V/3-2x -2x]

6746464256

Result (type 3, 206 leaves):
_
30359089152

- ( (14 (4@ 289347 - 429812744 x + 135202154 x> - 1073855156 x> + 1627773523 x* - 1470758 860 x> + 2 888625656 x° - 3106712560 x’ +

2343370048 x® - 2443779648 x° + 1873554048 x*° - 677 249 280 x*! + 88070400 xlz))/((afzx)g/2 (1+x+2x2)4)) +

451 (53515 i + 2849937 | ArcTan[ X ] 45 (-53515 i +284993/7 | ArcTan[ —L-2x |
\-7-iVT7 N -7+iVT7

\/—2]’1(—7]1+\/7) Jii(ﬂuﬁ)
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Problem 48: Result unnecessarily involves imaginary or complex numbers.
J‘ 1
(3-2x)%2 <1+x+2x2>1a

dx

Optimal (type 3, 648 leaves, 29 steps):

4718120139975 815900 548 375 3029508823715 13515743021825
351733660450816 (3—2x)19/2 629418129227 776 (3—2x)17/2 1555033 025150976 (3—2x)15/2 13476952 884 641 792 (3—2x>13/2
5846 828 446 875 37283626871975 132355162272575 11557581705 725

14513641568075776 (3 - 2x) 1172 »61245548225 363 968 (3-2x) 9/2 844 673747342852096 (3-2x) 7/2 812763927812 243456 (3-2x) >/2

46601 678 385075 24229218097 975 X 53+ 173 x
11378694 989371408384 (3-2x)>'?  22757389978742816768/3 - 2x "6 (3-2x)"2 (1+x+2x?%)° " 7056 (3-2x)"2% (1+x+2x%)° '
8477 + 21409 X 5 (21409 + 47471 x| 41 (47471 + 92875 x|
691488 (3-2x)"'% (1+x+2x?)7 ' 6453888 (3-2x)"? (1+x+2x2)° ' 90354432 (3-2x)¥? (1+x+2x%)° '
41 (3436375 + 5677637 X X 451 (811091 + 998691 x) . 451 (28962039 + 14627 273 X X

5059848192 (3—2x)19/2 (1+x+2x2)4 10119696 384 (3—2x)19/2 <1+x+2x2)3 283351498752 (3—2x)19/2 (1+x+2x2)2

11275 |1 (74214 ) (9756589235 + 2148932869 /14 | ArcTan[ {7228 —232x |
-7+2~/14

+ —

3966920982528 (3 -2 x| 1972 (1+x+2x2) 318603459702 399434752

11275 (14627 273 - 35058731 x)

11275 [ 1 (74214 | (9756589235 + 2148932869 /14 | ArcTan[ {72010 w2320 ]
-7+2~/14

318603459702 399434752

11275 (97565892352148932869\/14)\/;(7+2\/14) Log[3++/14 —+/7+214 /3-2x -2x]

637206919404 798 869 504

11275 (97565892352148932869\/14)\/;(7+2\/14) Log[3+/14 +1/7+214 /3-2x -2x]

637206919404 798 869 504

Result (type 3, 662 leaves):
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47+/3-2x -23 (3-2x)3/2 44193+/3 -2x -11993 (3—2x)3/2

4235364 (14-7 (3-2x)+ (3—2x)2)9 948721536 (14-7 (3-2x) + (3-2x)2)8

+

5 (71574149 \V3-2x + 340449 (3—2x)3/2) 5 (737938085 V3-2x +5912661 (3—2x>3/2)

+ —

185949421056 (14 -7 (3-2x) + (3-2x)? ’ 10413167579136 (14-7 (3-2x) + (3-2x)2 °
[14-7 (3-2x) + (3-2x

5 (10764374lv372x +38010319 (372X)3/2) 132204145097 \/3 - 2x + 52802422641 (3 -2x)>2

291568692 215 808 (1477 (3-2x) + (3—2x>2)5 32655693 528170496 (1477 (3-2x) + (3—2x)2>4

_ 4402987778403 V3 -2x + 1406968826615 (3,2)()3/2 11 (—6489356793153 V3-2x +1953387138017 (3—2X>3/2)

2\3 2\ 2
914359418788 773888 (1477 (3—2x> + (3—2x) ) 17068042 484057112576 (1477 (3—2x) + (3—2x> )
55 (-4751425354423+/3 - 2x + 1410835658499 (3-2x)3/2) 1 5
+ + +
68272169936 228 450 304 (1477 (3-2x) + (372x>2) 5367029731 (3-2x)*'* 4802079233 (3-2x)/?
73 165 2365 30349

+

+ + +
23727920916 (3—2x)15/2 25705 247 659 (3—2x)13/2 221460595216 (3—2x)11/2 1993145356 944 (3—2x)9/2
854095 75933 8519225 891605

+ + + -
43406276662336 (3-2x)’/? 3100448333024 (3-2x)°'? 260437659974016 (3-2x)>? 12401793332096/3 - 2x

11275 (-34555708553 i + 2148932869 V/7 | ArcTan[ 2224 ] 11275 (34555708553 i + 2148932869 \/7 | ArcTan|[ Y220-2x |
-7-iN7 N -7+iNT

22757389978742816768\/14 (-7- i ﬁ) 22757389978742816768\/14 (-7+ i \/7)

Problem 49: Result unnecessarily involves imaginary or complex numbers.

J ! dx
(3—2x)41/2 <1+x+2x2>29

Optimal (type 3, 1058 leaves, 49 steps):
13056 959 628 363 355 534 285 785425 3948194 343 291401 740 321 996 415

106 924014 357 253562 723941220352 (3 - 2 x) 39/2 792881463139404195937 734623232 (3-2x) 37/2
304 688229262 620222 736480811 2124315846 756 567 455 653 862 925

+ +
537361713180043 545997 243056128 (3 -2x)>*'> 1688851098 565851144 562763890688 (3 - 2x)>*/?
47657 515074514118 796 095 929 535 34911619993 974 714062 172 751 985

+ +
66 632852434 325399703 658138959872 (3 - 2x) 31/2 124667917457 770102 671360389021 696 (3-2x) 2972

| 159
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149066 309 808 794 760 843 017 404 825 15848613964 169066 543734380171

+ +
1624981820656 451 683095663 001731072 (3 - 2 x) 27/2  691845118761648771516912 222 863 360 (3-2x) 2572
11155168222 970774232376 891 145 14011818498 091 020 272 474 956 375

+ +
1685166 332532616 560247 354224017408 (3 - 2 ) 23/2 19110997 995 195 699 361 484 125 344 104 448 (3-2x) 2172
173441368 149 804 378 661 935 869 705 22724090823 469905 152 713 519 545

896 508 488 997 352010051 592447 177 261056 (3 - 2 x| 19/2 1604278348571 050 965 355481 221264572416 (3-2x) 1772
101190274 412779618 678 573 275 245 460503190416 958 283087 439337 135

3963511214116714149701777134888943616 (3 -2x) /2  34350430522344 855964 082068 502370844672 (3 - 2x) /2
2211619 588790911794 826 342 607 495 143401467 550 777 247 627 940 437 025

406 920484 649 315986 036049119 181931544576 (3 - 2 x| 11/2 730985542 663511997 461099 839 851 260 280 832 (3-2x) 9/2
4611053278117 143010907 562 317 585 405 965 372 440 630 510 720 926 890 227

7250583181024 175751187 784305423507 521536 (3 - 2 ) 7/2 2971595194578 335928910795 515 835 287 863 296 (3-2x) 5/2
4986681479187 781853417 316 522775 927027 754781 476 746 208 047 620 505

+

87006998172 290109014 253411 665082090 258432 (3 -2 X) 2 58004665448 193 406 009 502 274 443 388060172288 \/3 - 2 x
X 113 + 373 x 40657 + 107 329 x 5 (751 303 + 1831285 x)

+

+ + +
133(3—2x)39/2(1+x+2x2)19 33516(3—2x)39/2(1+x+2x2)18 7976808 (3 -2x)>*? (1+x+2x2)17 595601664(3—2x)39/2<1+x+2x2)16

184959785 + 429411497 x 41652915209 + 92630823167 x 2871555518177 + 6100156 355517 x

+

+ +
25015269888 (3-2x)77? (1+x+2x2)"° 4902992898048 (3-2x)>? (1+x+2x2)"  297448235814912 (3-2x)*? (14 x+2x2)"¥

77559130805 859 + 156274047 129113 x 5 (2656658801194 921 + 5020880 176 134 289 x)
+ +
7138757659557888 (3-2x)>% (1+x+2x2) 12 1099368679571914 752 (3-2x)%" (1+x+2x?) 1n
45187 921585208601 + 78752911037 377 255 x 6063974149 878048635 + 9477172618 423 641 847 x

+

.
3420258114223734784 (3-2x)>%/% (1+x+2x?)*  430952522392190582784 (3-2x)>? (1+x+2x?)°
691833601144 925854 831 + 919498192874 055581221 x 23 (919498192 874055 581221 + 908 287 136092 467 468 517 X

+ +

48266 682 507 925 345 271 808 (3—2x)39/2 (1+x+2x2)8 1576711628592 227 945 545 728 (3—2x)39/2 (1+x+2x2)7

115 <908 287136092467468517 + 298 281884944 522225747 X) 23 (2 599313568802265110081 - 10426142448 623187 379187 X)

+ —

10187 982 830903 626 725 064 704 (3—2x)39/2 (1+x+2x2)6 20375965661 807 253 450129 408 (3—2x>39/2 <1+x+2x2)5

23 (10 426142448623187 379187 + 27513723463 194262383705 X) 115 (26 513224428169016478843 + 30673 415406553789342019 X)

20018492580021161284337664 (3-2x)>%'% (1+x+2x2)* 76434244396 444433 994743808 (3 -2x)>°'% (1+x+2x2)?
115 (88411609 113007 981044643 - 5712269 536245152162963 x) 115 (28561 347 681225760814 815 + 965934 812 839 019 490 346 107 x)

+ +

125891696 652 967 303 050 166 272 (3-2x)39/2 (1+x+2x2)2 195831528126 838026 966925 312 (3-2x)39/2 (1+x+2x2)
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1
115 | —

74214 -2+/3-2x ] /

-7+2~14

(7+2+/14 ] (30297118912219360725628693061 + 8061110911 143276 053983022787 /14 | ArcTan

N

812065316274707684133031842207432842412032 -

7+2~14 +2\/372X] /
-7+2+14

1
115 | — (7 +2+14 ) (30 297118912219360725028693061 + 8061110911143276053983022787 /14 ) ArcTan [
2

812065316274707684133031842207432842412032 + |115 (30 297118912219360725028693061 - 8061110911143276053983022787 /14 )

1
“(-7+2V14] Log[3+V14 -\[7+2V14 V3-2x -2x] /1624130632549415368266063684414865684824064—
2
1
115 (30297118 912219 360 725028 693 061 - 8061110911 143276053 983022787 V14 | |~ (-7+214 |
2

Log[3+\/14 +\7+2+V14 ~3-2Xx —2X} /1624130632549415368266063684414865684824064

Result (type 3, 1242 leaves):
393/3-2x +287 (3-2x)%? ~4226921+/3-2x +1313129 (3-2x)>?

150276832468 (14-7 (3-2x) + (3-2x)?| " 75739523563872 (14-7 (3-2x) + (3-2x))"

-3401932701+3-2x + 760755809 (3_2)()3/2 5 (—14649@500023 V3-2x +16144709919 (3—2X)3/2)

2 17 2 16
36052013 216403072 (1477 (3-2x) + (3-2x) ) 16151301 920 948 576 256 (1477 (3-2x) + (3-2x) )

9745709632283 3 -2x -4557912048927 (3—2X>3/2 435856117815771 V3 -2x -123609208162571 <3—2X)3/2
- 14

2\ 15 2
452236453786 560135 168 (14-7 (3-2x) + (3-2x) ) 9330352099 175 345 946 624 (14-7 (3-2x) + (3-2x) )

127435522656997631 /3 - 2 x - 31270302414674811 (3-2x)*2 5 (—1540359167602841319 v/3-2x +342026557757 088031 (3—2x)3/2)

2\13 v 2\ 12
3396248164099 825924571136 (14-7 (3-2x) + (3-2x) ) 380379794 379180503 551967 232 (14-7 (3-2x) + (3-2x) )

5(-21084628139481190687 V3 -2x +4158669924550257827 (3—2X)3/2)

2 11
13017441 852087 510 566 000 656 384 (1477 (3—2x) + (3—2x) )

| 161

+
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1633293973597342712581+/3-2x -237080744154193 384005 <3 -2 X) 3/2

2 10
728976743716 900 591 696 936 757 504 (14_7 (3_2x) + (3-2x) )

7350432513431022017155+3-2x +5131564318471376538977 (3 -2 X) 3/2

61234046472 219 649 702 467 087 630 336 (14-7 (3-2x) + (3—2x)2)9

-113207386492327172550771 3 -2x +43421160367 342900 895 387 (3 -2 X) 3/2

279927069587 289827211278114 881536 (1477 <3—2x) + (3—2x)2)8

-22463796720502183624842107 V3 -2Xx +7094978194424786431173663 (3 -2 x) 3/2

54 865 705639 108 806 133410510 516 781056 (14-7 (3-2x) + (3-2x)2)7

5 (—186 257412289925530757362143 V3 -2x +55540178588722046667 113711 (3 -2 X> 3/2)

3072479515790093 143470988 588939739136 (1477 (3—2x) + (3—2x)2)6

23 (- 255056 047 077 847 659080618951 /3 - 2 x + 74443988473 272328189316355 (3 - 2X) 3/2)

28676 475480707 536005 729 226 830104 231936 (1477 (3—2x) + (372x)2)5

23 (1110057788 286806 589 656 260577 \/3 - 2x + 321533953 909984640923113289 (3 - 2x)*?|

188927 367 872 896 707 802 451 376 763 039 645 696 (14-7 (3-2x) + (3—2x)2)4

23 (—4820 387670797872511726954245 /3 -2x +1394304490531377203111252689 (3 -2 X) 3/2)

1220761453 947 947 958 108 147 357 545 794 633 728 (14-7 (3-2x) + (3-2x)2)3

23 (— 17490402570151108581128226213 3 -2x +5072167085782230110284731077 (3 -2 X) 3/2)

6214 785583735007 786 732 386 547 505 863 589 888 (1477 (3-2x) + (3—2x)2)2

115 (—82 782386138609724168863115877 3 -2x +24217623575858523510208130121 (3 -2 X) 3/2>

+

174013 996 344580218028 506 823 330164 180 516 864 (14-7 (3- 2x) + (3—2x)2)

1 10 143

+ + +
3111898 385 606 868 039 (3—2x)39/2 2952313853011 644037 (3—2x)37/2 7819642097 165 976 098 (3-2x)35/2
355 52 865 14333

+ + +
5266289 575642392066 (3 - 2 x| 33/2 277038748585 308867 472 (3-2x) 31/2 32395660116 830472406 (3-2x) 29/2
1478 345 475387 16575515

+ + +
1689042692987 850837168 (3 - 2x) 27/2 312785683 886639043 920 (3-2x) 25/2 7006399319060 714 583 808 (3-2x) 23/2
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246 866015 8192823353 8972680075

+ + +
73567192850137503129984 (3 - 2x) 2172 1863702218870150 079292 928 (3-2x) 19/2 1667523037 936450070 946 304 (3-2x) 1772

102495 360 575 122484 655975 10 815 878 546 425
+ + +
16479051198430800701116416 (3 - 2x)*>'? 17852305464 966700759542784 (3 -2x)"*/? 1480368099 325700262983624704 (3 -2x)™/?
769045155125 838467 657 280275
+ +
100934188590 388 654 294338048 (3 - 2x)°'* 105509 871806486 273289014706176 (3 -2x)’/?
9270470094 105 320421783064 625 683151246 370725
+ + -
1076631344964 145645806 272512 (3-2x)°>?  30145677658996078082575630336 (3-2x)>'?  30145677658996078082 575630336 /3 - 2 X
V2 /3-2x
115 (- 117022014 202441653 827 938 545631 i + 8061110911143 276 053983022787 /7 ) ArcTan[ ————] /
-7-17
58004 665 448 193 406 009 502 274 443 388 060 172 288 \/ 14 (7 7-i+7 ) J -
V2 /3-2x
115 (117 022014 202441653827 938545631 1 + 8061110911143 276053 983022787 /7 ) ArcTan| ———————| /

\/—7+i\/7

58004 665 448 193 406 009 502 274 443 388 060 172 288 \/14 (_ 7+i7 ) J

Problem 50: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

J 1 dx
(3—2x+x2)1l/2 (1+x+2x2)5

Optimal (type 3, 378 leaves, 14 steps):
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3450497 - 2004 270 X 4878869 - 2578034 x 30316369 - 15043110 x 63043297 - 29625922 x

123480000 (3—2x+x2)9/2 411 600 000 (3-2x+x2)7/2 6 860 000 000 (3—2x+x2)5/2 41160 000 000 (3—2x+x2)3/2
31 (7434109 - 3088870 X) 1-10x 28 + 67 X 5485 + 8878 x

+ + +

411600000000 /3 - 2 X + X2 _280(3—2x+x2)9/2(1+x+2x2>4 1050 (3-2x+x2)”? (14 x+2x2)> 117600 (3-2x+x2)%? (1+x+2x2)?

3 (8822 + 8233 x| 1 1
- — (151 363871237318045 + 110320475 741093 888 /2 ) ArcTan|

343@00(3_2x+x2)9/2(1+x+2x2) 137200000000\ 70

V3-2x+x2

5

368108167 + 312239803 \/2 + (932587773 + 620347970 V2 | x| | -
7 (151363871237318045 + 110320475741093888 /2 |

1 1 1
———————— | = (-151363871237318045 + 110320475741 093888 /2 ) ArcTanh| —————
137200000000\ 70 V3 o xex

5

(308108167 - 312239863 /2 + (932587773 - 620347970 V2 | x| |
7 (-151363871237318045 + 110320475741093888 /2 |

Result (type 3, 1236 leaves):
. 1 1+2x 3 (-38+45x) ~2003 + 1198 x ~97229 + 29420 x
A\/3-2X+X +

+ + +
225000 (3-2x+x2)° 350000 (3-2x+x*)* 8750000 (3-2x+x2)> 52500000 (3-2x+x2)’ 1050000000 (3 -2x+X?)
~797 - 1998 x ~14087 - 5995 x ~795589 + 1892994 x 3035369 + 14037055 x
+ +

N
28000000 (1+x+2x2)* 105000000 (1+x +2x?)° 11760000000 (1+x +2x?)> 34300000000 (1+x +2x?)

+

+

1

68600009000\/70 (75+jﬁ)

(310 173985 i + 44900803 \/7)

ArcTan { 9627 448535205165 + 357977 5365292280451 /7 - 2892591314086 740000 x + 36 106 220736881480 i /7 X + 464 983 088 285 203 040 X2 -

10385697256225243801 /7 x> +12836598046940220 x> + 328748064746 064540 1 /7 x> - 487447134867 348425 x* -

428071291440525685Ji\/7x4+358541546158555136j1\/10(—5+J’1\/7) \J3-2x+x2 +2206409514821877761’1\/10(—5+J’1\/7) X

J3-2x+x2 +579182497640742912]’1\/10(5+J'L\/7) x2~/3-2x+x2 275801189352734720]’1\/1@(5+1'm/7) x3+/3-2x+x2

(4 321741285513437647 1 + 827 387564543169945 /7 + 3694994 885631086104 i x + 285423 3033829284807 X +

/

5471192788852131980 i x? - 70525532316488480 /7 x> - 6268363351511187532 i x> +
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137879256656 321740 1/7 x> + 2092254 277956040633 i x* + 70562 873851568315 /7 x4) |-
1

i (-310173985 i + 44900803 /7 | ArcTan[ (35 (15210275631276955 i + 23639644701233427 /7 -

68600000000 |70 (5+jﬁ)

80355173705781000 1 X + 8 154951525226528 /7 x + 32801021588957180 i x2 - 2015015209042528 /7 X2 -
22632774169109180 i x> + 3939407333037764 V7 X3 -9346476174243955 1 x* + 2016082110044 809 /7 x4) )/

{9 627 448535205165 + 357977536529228045 1 \/7 +2892591314086740000 x + 361062207368814801 V7 X -

464983088 285203040 x> - 1038569725622524380 1 /7 x? -12836598046940220 x> + 328748064746 064540 1 /7 X +

487447134867 348425 x* - 428071291440525685 1 /7 x* - 27580118935273472i |70 (5 +1V7 ) \3-2x+x% -

275801189352734721i |70 (5+]1\/7) x2+/3-2x+x? +55160237870546944 1 |70 (5+J'1\/7) x33-2x+x2 |] -

(-310173985 i + 44900803 /7 | Log| (-1 + V7 -4ix| (1++7 +4ix]’]

+

137200000000 | 70 (5+jﬁ)

i (310173985 i + 44900803 V7 | Log[(—j+\/7—4jx)2 (mﬁwjx)z}

137209000900\/70 (-5+ ]1\/7)

(j (310173985 i + 44900803 ﬁ) Log[ (1+x+2x?)

[13]'1+15\/7 122ix-107 x+9ix2+5+/7 X2+j\/70(5+j\/7) J3-2x+x2 1J70(5+jx/7) XA/3-2x+x2

1}/

137200000909\/70 (-5+ jm/?)

41ix2+5+7 x*-131i /10(5+jﬁ) J3-2x+x? +51i 10(5+jﬁ) X/3-2x+x2

+ [(-31@1739851+44900803ﬁ) Log[ (1+x+2x2) (—1631’1+15\/7+1221’1x—10\/7x—

}]/

137200000000 | 70 (5 fi ﬁ)

Problem 51: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

| 165
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J 1 dx
(3—2x+x2)21/2 (1+x+2x2)10

Optimal (type 3, 638 leaves, 24 steps):
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37358055634422583 -14024622879097678 x 476849951294984711 - 125181871472148210 x

N
1840124479 200000000 (3 - 2 x + X2) 1972 104 273720488000 000000 (3 - 2 X + X?) 1772
7851758375483333511 + 1942164996 204584234 x 11 (75023251066 308 201089 - 7813986 379 726 516 886 X

15641058 073 200 000 000000 (3 - 2 x + x2) /2 406 667 509 903 200 000 000 000 (3 - 2 x + x2)**/2
3 (69053 268515296 359011 - 44840736 195018286006 X) 838519439 380 295 335657 - 466 189 390 555 853 643 870 X
1147010925 368 000 000 000 000 (3 - 2 x + x2) 11/ 9384634843 920000 000 000000 (3 - 2 x + x2)°/?
1117 646 664729 238 460189 - 568839749 685437871554 x 6551405 511565 449 301689 - 3127 298 559 983 309 301 910 X
31282116 146 400 000 000 000 000 (3 - 2 x + x?) /2 _ 521 368 602 440 000 000 000 000 000 (3 - 2 x + x2) /2 _
4179 039782398459 850819 - 1886 993445589652402694 x 12105495874 518671061833 - 5117656435043 679 338190 x
1042737 204 880 000 000 000 000 000 (3 - 2 x + x?)>'? 7 10427 372 048 800 000 000 000 00O 000 \/3 — 2 X + X2 7
1-10x 887 + 2218 x 14453 + 29371 x

+ +
630 (3—2x+x2)19/2 (1+x+2x2)9 88200 (3—2x+x2)19/2 (1+x+2x2)8 1080450 (3—2x+x2)19/2 (1+x+2x2)7

8837931 + 17459234 x 447940041 + 813432205 x

+

+

N
605 052 000 (3-2x+x2)19/2 (1+x+2x2)6 26471025000 (3-2x+x2)19/2 (1+x+2x2)5

592729157441 + 911061463974 x 277010166219 + 310 705 340015 x
+ +
29647 548000000 (3 - 2x+x2)19/2 (1+x+ zx2)4 12353145 000000 (3 - 2x+x2)19/2 (1+x+ 2x2)3
5488221294349 + 1384103 301 166 x 37857197792117 + 146 548 895 467 025 X 1

- +

Y2 (14 x+2x%)% 2421216420000000 (3 -2x+x2)*? (1+x+2x2) 32282885600 0000600 000 000 000

276710448 000 000 (3 - 2x+x2>

1
J (7 (81 042225921274 689 605478944797 800 854 846405 + 57305922523 001707126026 363 878 666 500 308 992 / 2 ) J
70

ArcTan { 81042225921 274689 605478944797 800 854 846 405 + 57 305922523001 707 126026 363 878 666 500 308 992 /2 ) ) )

—— s/
V3-2X+X

(272 944589523 248 381 749 + 191 941 026 386 645109841 /2 +

1

32282 885 600 000 000 000 000 000

(656 826642296 538601431 + 464 885615909 893491590 \/7) X) } -

1
J ( — (— 81042225921274689 605478944797 800 854 846 405 + 57 305922523001 707 126026 363 878 666 500 308 992 \/?) ) ArcTanh [
70

1

V3-2x+x?

(272 944589523248381749 - 191941026386645109841 /2 + (656 826642296538601431 - 464 885615909893491590 / 2 ) X) }

\/ (5/ (7 (— 81042225921274689605478944797 800854 846405 + 57305922523 001707126026 363 878666 500308992 /2 ) ) )

Result (type 3, 1431 leaves):

A/3-2x+x?

1-x 265 - 113 x 82361 -4841x
+ +

N
11 875 000 000 (3-2x+x2)1° 403 750 000 000 (3-2x+x2)9 60562500000000 (3 -2 X + X2 8
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1062937 + 1642511 X 7 (-678331+833371x) 7 (-73161291 + 43964675 X

+

+ +
1574625000000000 (3 -2x +Xx2)’ 2220625000000000 (3 -2x +x2)°®  90843750000000000 (3 - 2x + x2)°
~1340879383 + 430593031 X 11 (1626125723 + 112950 205 X 11 (3311570647 + 15286717673 x|

181 687 500 000 000 0O (3—2x+x2)4 3028125000 000 000 00 (3-2x+x2)3 36337 500 000 000 000 OO (3—2x+x2)2

11 (7411 521923277 + 484788 625 685 x) 251943 + 221779 X 73 (—888 423 + 1604678 x)
+ - +
363375000000000000000 (3 -2Xx +X*) 6300000000000 (1+x +2x>)° 882000000000000 (1 +x + 2 x2)°
-2596903794 - 4965311863 x -539608494 637 - 334647150510 X -40 800462989458 + 56711 874 696 335 x
+ + +

10 804 500 000 0OV OO (1+x+2x2)7 1210 104 000 000 000 000 (1+x+2x2)6 264710 250 000 000 000 0O (1+x+2x2)5

42018 358198215561 + 129196597088670934 x 62819559864 314747 + 169630389653 846945 x
+ +

296 475480 000 000 000 000 000 (1 +X+2 XZ) 4 370594 350 000 000 000 000 000 (1 +X+2 X2> 3

1082422109196 374795 + 4797048907 791526114 x 65571203144429922747 + 367152793968 978953465 x

+

8301313 440 000 000 000 000 000 (1 + X + 2 X?) 2 363182463 000 000 000 OV VB0 0OV (1 +X 42 xZ)

1

(232 442 807954946745795 1 + 21634177831191924841 /7 )

16141442 800 000 000 000 000 000 \/70 (— 5+1+V7 )

ArcTan [ -135063738860435016899586558948733259113515 + 188630894626 466 690216 8552859950458893964051 V7 -

1506241361872 688008 559 268 776 761430483 700000 x — 105711500 937472192718 115651 350 352447938680 i \/7 X +
491153 540 508 443 587 025 809 789 813 541 985 707 360 X — 460 764 064 177 139 993 399 975 100872 663 310399420 i /7 x? -
180084 985 147 246 689 199 448 745 264 977 678 818020 x> + 197 868 296 377 913 870 863 837 680 953 446 009 396 860 i /7 X> -
176 004 816 500 761 880 926 774 485 599 831 047 775 825 x* - 207 342833228 459577 163 557 043035558 264 835165 i \/7 Xx* +

186244248199 755548159585 6826056661260042241 (10 (-5+1+V7 ) \J3-2x+x% +

—5+]l\/7) XA/3-2X+x2 +

300856093 2457589624116384103629991266222081 |10 (—5 +1V7 ) x2/3-2x+x% -

/

2368773290838836979864678493023884746594823 1 + 423642940259238735473942663180025956729505 /7 +

114611845046003414252052727757333000617984 1 \/ 10
143 264 806 307 504 267 815 065 909 696 666 250772480 1 \/10 -5+1+V7 ) x3+/3-2x+x?

1890613486 065620301760074218556745311646936 1 X + 6150574559311228258394328777942059796320 V7 X +
2511300259 855822962 340893027 852239157667 820 i x> - 2027867 550801106 189 867 763431094 227596 320 \/7 x* -
3134217 746 230760357 128 318 797499 380812303788 i x> + 63430431 602720043 279192 866 968 369397935660 \/7 x> +
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944749 064 886 626 467 328 385 369190 460 703 669 697 i x* + 16 381317 765 107 264 789462917 221030750 634 835 +/ 7 X4) ] -
1

i (- 232442807 954946745795 i + 21634177 831191924841 /7 )
16 141 442 800 000 000 000 G 000 | 70 (5 +i7 )

ArcTan [ (35 (4 362494290663 946 676585186218212607 628595 1 + 12104084007 406 821013 541218948000741620843 \/7 -

40919031596 617 332707 196 094500783 237405000 1 x + 175730701 694 606 521 668409 393 655487422752 7 X +
26487 288329265127 577 733965853 364310310620 1 x> - 57939072 880031 605 424 793 240 888 406 502 752 \/ 7 X? -
15238894 149752825683 924814021 007 863070620 i x> + 1812298045 792 001 236 548 367 627 667 697083876 /7 x> -

795837 271959975 808913 244 203 765 619 963 595 i x* + 468037 650431636136 841797 634 886 592875281 /7 X4) ) /
135063738860435016899586558948733259113515 + 188630894 626466 690 216 855 2859950458893964051 V7 +
1506 241361872688008559268776761430483700000 x - 1057115009374721927181156513503524479386801 V7 X -
491153540508 443 587 025 809 789 813 541 985 707 360 x* - 460764 064 177 139993 399 975100 872 663310399420 i /7 x° +

180084 985 147 246 689 199 448 745 264 977 678 818 020 x> + 197 868 296 377 913 870863 837680953 446009396860 1 \/ 7 X3 +
176004 816 500761 880 926 774 485 599 831 047 775 825 x* - 207 342833 228459577163 557043035558 2648351651 \/7 x* -

14326480630750426781 506590969 6666250772481 | 70 (5 +1V7 ) \/3-2x+x? -14326480630750426 781 506 590 969 666 625 077 248

i [70 (54477 ] x*+/3-2x+x* +28652961261500853563013181939333250154496 1 |70 (5+i /7 | x3«/3—2x+x2]]—

((—2324428079549467457951'1+21634177831191924841 V7 ) Log[ (-1 + V7 ~4ix)7 (1447 +41’1x)2])/

+

32282 885600000 000000000000 | 70 (5 +1V7 )

(i (232442807 954946745795 1 + 21634177831191924841 /7 | Log[ (-1 + V7 -4ix) (1+\/7+4ix)2})/

32282 885 600 000 000 000 000 000 \/70 (—5 +1 \/7)

{j 232442807 954946745795 i + 21634177831191924841 V7 | Log[ (1+x+2x?)

—13Ji+15\/7+221'Lx—10\/7x+9ix2+5\/7x2+11\/70(—5+J’1\/7) J3-2x+x2 -1\/79(-5+1\/7) X~/3-2x+x2

|

)/

32282 885 600 000 000 000 000 000 \/70 (—5 +1V7 )

-232442807954946745795 1 + 21634177831191924841 /7 )
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Log|[ (1+x+2x?)

~1631+15+/7 +122ix-10+/7 x-41ix2+5+7 x2-13i |10 (5+fm/7) J3-2x4x2 +

5: (1054137 ) x\/3-2x4x }/

Problem 52: Result unnecessarily involves higher level functions and more than twice size of optimal antiderivative.
J Ca-Tial +x
(— +m+x)\/(—a+x) <1+X2>

32282 885 600 000 000000000000 | 70 (5 +1V7 ) ]

dx

Optimal (type 3, 66 leaves, ? steps):

l \ - Viva? (—a+x)
—\ﬁ ArcTan \ﬁ ’ i

—a+X) 1+x2)

Result (type 4, 213 leaves):

) [ 22X —(—J‘l—a+w/1+a2)\/1+jx (i+x) EllipticF [ArcSin| 1-ix B 21 ]+
i+a NEY i+a
2i+/1+a% V1-ix A/1+x%? EllipticPi[z—l, ArcSin| 1-ix B 21 }J]/((iﬂi—\/lﬁizj V1-1ix \/(—a+x) (1+x?) )

i+a-+vV1+a? V2 i+a
Problem 53: Result unnecessarily involves higher level functions.
a+bx
J dx
(1-x2)%? (3+x?)
Optimal (type 3, 198 leaves, 7 steps):
aAr'cTan[lXE} \/?bAr‘cTan[J—L1+ Z’Zﬁxz 1’3] aAr'cTan[ﬁ (1*21/1(1”‘2) 7 ]
+ + -
2 2233 2 223 2 2234/3
aArcTanh[x] aAr‘CTanh[1+21/3 (17x2)1/3} bLlog[3+x?] 3blog[2¥3- (1-x2)?]
6 223 2. 2%/3 T4 o2 4 223

Result (type 6, 205 leaves):
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1 11 3, x
3x 3aAppe11F1[f, - 1, f,x,—f} /
(1—x2)1/3 (3+x2> 2 3 2 3
11 3, x ) 3.1 5 , X 3 4 5 , X
9AppellFl[~, =, 1, =, x*, - —| +2x? | -AppellF1[ =, =, 2, =, x?, - —] +AppellF1|[ =, —, 1, =, x*, - —| || +
23 2 3 2 3 2 3 2 3 2 3
1 x2
bxAppellFi[1, =, 1, 2, x2, - —] /
3 3
1 , X2 5 1 , X2 4 5 2
6 AppellF1[1, —, 1, 2, x3, - —| +x* | -AppellF1[2, —, 2, 3, x?, - —] + AppellF1[2, —, 1, 3, x?, - —]
3 3 3 3 3
Problem 54: Result unnecessarily involves higher level functions.
a+bx
J dx
(3——x2) <1A+x2)1/3
Optimal (type 3, 198 leaves, 7 steps):
aArcTan X 1222 (1002) V2
aArcTan[x] [1+ﬂﬁ(1ﬂzﬂﬁ} x[§7bArcTan[ Nes ]
B 6 22/3 N 2 22/3 - 2 22/3 B
V3 3 (122 (100)7) 1/3
aArcTanh| : | aArcTanh| y blog[3-x2] 3blog[2¥?- (1+x?)"7]
_ + -
) 22/3\/? 2 22/3\/? 4 22/3 4 22/3
Result (type 6, 220 leaves):
1 11 3 , X2 11 3 , X2
3x |- ||3aAppellFl[~, =, 1, =, -x*, —| / 9AppellFl[ =, =, 1, =, -x*, —] +
(-3+x2) (1+x2)23 273 2 3 2 3 2 3
) 3.1 5 , X 3 4 5 , X2 1 , X
2x2 |AppellFl| =, =, 2, =, -x?, —| -AppellF1[ =, —, 1, =, -x?, —| - |bxAppellFi[1, =, 1, 2, -x*, —] /
2 3 2 3 2 3 2 3 3 3
1 , X2 5 1 , X 4 , X2
6 AppellF1[1, =, 1, 2, -x?, —| +x? |AppellF1[2, ~, 2, 3, -x?, —] - AppellF1[2, —, 1, 3, -x*, —|
3 3 3 3 3 3

Problem 55: Result unnecessarily involves higher level functions and more than twice size of optimal antiderivative.

J ! dx
x<4—6x+3x2>1/3

Optimal (type 3, 97 leaves, 1 step):
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ArcTan| -+ ﬁﬂ)—}
/3 (asx3x)”’ Log[x] Log[6-3x-3 23 (4-6x+3x2)"7]
- +

22/3\/? 2 22/3 2 . 22/3

Result (type 6, 273 leaves):

15 (-3-1 3 +3x] (—3+]'L\/?+3X)Appe1]_|:1{g) 115
37373737 3x 3 x

1 5 3-11\/?13“1%?]]/

2 (4—6x+3x2)4/3

} +

2 1 1 5 3-i+3 3+i+/3
e E)
373

> >
3 3 3x 3X

(3+Ji\/?)AppellF1[E, 8 3-i/3 3+i+V3
3 3

, , ]+ (371\5) AppellFl[E,
3x 3 X 3

Problem 56: Result unnecessarily involves higher level functions.
JX (1—x3’)1/3 dx

Optimal (type 3, 73 leaves, 2 steps):

2x

ArcTan | PRI ]
\E

1x2 (1—x3)1/3— —lLog[—x—(l—x3)1/3]

3 343 6
Result (type 5, 34 leaves):

= x?
6

2 2 5
2 (1-x3)*° 1+ Hypergeometric2F1[ =, =, =, x*|
3 3 3

Problem 57: Result unnecessarily involves higher level functions.

J(1x3)1/3 i

X

Optimal (type 3, 67 leaves, 6 steps):

ArcTan[ B2 1202 log(x] 1
(17X3>1/37 \/—\E _ g +—Log[1— (17X3>1/3]
3 2 2

Result (type 5, 48 leaves):
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3 1)2/3 . 2 2 5 1
2-2x3- (1— —3) Hyper‘geometr‘1c2F1[;, %5 2]
X

2 (1-x3)%7°

Problem 58: Unable to integrate problem.

J(l—x3)1/3 i

1+Xx

Optimal (type 3, 482 leaves, 25 steps):

122/ (1x) 1+21/3 (1-x) Qo 2x 1.2 me,
213 ArcTan | —22% ] ApcTan| —2#°=]  ArcTan| —22°=] 213 ApcTan | —222 |
(1 B X3> 1/3 . V3 + V3 B N3 . 3 _
NEY 223 /3 NEY NEY
21/3 A T 1+22/’3 {17)(3)1/3 LOg 22/3 3 1-x / LOg 1+ 22/3 (1-x)2 B 21/3 (17)(/)
rc an[ e } i 1 " Log[l X Xg} . [ (17)(3)1,3} . [ (17)(3)2/3 (17)(3)1/3 } . 1 ,1/3 Log[l . 21/3 (1 - X) -
\/? 3 3 . 22/3 3. 22/3 3 (1_X3>1/3
1/3 (1-x)2 223 (1-x)
LOg[Z 2 + (17)(:/):/3 + (17)(3)1/3 } . Log[21/3 _2</1 B X3> 1/3] 1 Log[_x ) (1 ) X3> 1/3] ) Log[—21/3 Xz_/3(1 N X3) 1/3}
6 2 2 2 2
Result (type 8, 19leaves):
1-x3 1/3
[,
1+x
Problem 59: Unable to integrate problem.
1-x3 1/3
[
1-x+x2
Optimal (type 3, 280 leaves, 19 steps):
1.2 213 (-14x) o 2x 1.2 242 x a A
3113 3|13 3|13 1+24/° (1-x
\/?Ar'cTan[——’—’\l/? ] ) Ar‘cTan[—(—‘—jE ] ) Ar‘cTan[——’—”3 ] ) Ar‘cTan[—(—)—ﬁ ] ) Log[-3 (-1+x) (1-x+x?)] )
22/3 \/? 22/34/3 22/3 \/? 2 . 22/3
Log[21/3 - (1 - X3> 1/3] . 3 Log[‘21/3 (‘1 + X) + (1 - X3> 1/3] + = Log {X N (1 B X3>1/3] N LOg[ZIB X+ (1 B X3) 1/3}
2

2 22/3 2 22/3 2 22/3

Result (type 8, 24 leaves):
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J(l—x3)1/3 i

1-x+x3

Problem 60: Unable to integrate problem.
J(l_)@)l/a N
2+X

Optimal (type 6, 232 leaves, 12 steps):

2x

1-

[ 1/3 Z//3X
3 2ArcTan|—2= 1- 2 2 (1-x3)"3
(1—x3)1/3+ leppellFl{l, —l, 1, i, X3, —L] - e VE +3%6 ArcTan| E;_XB) : ] —31/6Ar'cTan[\/1_ + ( X1/>6 |-
2 3 3 3 8 3 3 3 3.3
L 8 3
7og[l/zx] +1 32/3Log[32/3—(1—x3)1/3]—Log[—x—(1—x3)1/3]+1 32/3’Log[—1 32/3x—(1—x3>1/3]
3 2 2 2

Result (type 8, 19leaves):

J(l—xi‘)l/3 i

2+ X

Problem 61: Unable to integrate problem.

J 2 +X dx
(1+x+x2) (2+x3)1/3

Optimal (type 6, 168 leaves, 9 steps):
12 3:31)('3 1/3 3\1/3
x2 AppellFl[f, 1, &, 2, %3, —Xzi] 2Ar~cTan[4\2*—ﬁ;¥] ArCTan[MB_X)_]

35/5

Log[l—x3] Log[31/3— (2+x3>1/3] Log[31/3x— (2+x3>1/3]
- 2 21/3 - 35/6 - 35/6 - 6 31/3 - 2 31/3 N 31/3

Result (type 8, 23 leaves):

j 2 +X .
(1+x+x2) (2+x3)1/3

Problem 63: Result is not expressed in closed-form.

3+12x+20x2
J dx

9+24x-12x%+80x3+320x*
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Optimal (type 3, 59leaves, 1step):

- _ 2 3
Ar‘cTan[ 7-40 x } ArcTan [ 57+30 x-40 x“+800 x ]
511 611

2+/11 2+/11
Result (type 7, 86 leaves):

3log[x-#1] +12Log[x - 1] #1 + 20 Log [x — 1] =12

1
~ RootSum|9 +24 11 - 12 51% + 80 11 + 320 111" &,
8 3-311+30n01% + 160113

8]

Problem 64: Result is not expressed in closed-form.

84 + 576 x + 400 x2 - 2560 x3
j dx

9+24x-12x2+80x3 +320x*

Optimal (type 3, 78leaves, 2 steps):

7-40x 57 + 30 x - 48 x* + 800 X°
2+/11 ArcTan| | -2+/11 ArcTan| > - | +2Log[9+24x-12x%+80 X + 320 x*]

5411 6/11
Result (type 7, 99 leaves):

1 —21Llog[x-H1] - 144 Log[x - 1] 1#1 - 100 Log [x - #1] #1? + 640 Log [x - £1] =13
~ RootSum[9 +24 11 - 12 1#1% + 80 111% + 320 111* &, 8l ] 8l ] gl ] 8l ]
2 3-311+3011% + 160113

8]

Problem 65: Result unnecessarily involves higher level functions and more than twice size of optimal antiderivative.

VixE
J dx
1+ x4
Optimal (type 3, 49leaves, 1step):
1+x2 1-x2
: ArcTan | M] L ArcTanh | M}

2 1% 2 Nep

Result (type 6, 110leaves):

—( 5x+/1-x* AppellFl[l, —1, 1, 5, x4, —xﬂ)/
] 4

((1+x4) —5Appe11F1[1, —%, 1, Z, x*, x4+ 2xt

4

5 1 S L, .
2AppellF1[Z, —;, 2, Z, X", - X } +Appe11F1[

)
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Problem 66: Result unnecessarily involves higher level functions and more than twice size of optimal antiderivative.
JW

1-x4

dx

Optimal (type 3, 53 leaves, 4 steps):
ArcTan [ @] ArcTanh [ @]

4 4

1+X 1+X

+

2+/2 22
Result (type 6, 108 leaves):

1 1 5
—( 5x+/1+x* AppellFl[~, - =, 1, =, -x*, xﬂ)/
4

2 4

((—1+x4) (SAppellFl[l, _l, 1, E, —x4, x4] +2x4
2 4

5
=, -

2 AppellF1]| » 2, =, -x*, x*] + AppellF1|
4

N |

1
y 1) e _XJX4]
2

9
4

IN

Problem 67: Unable to integrate problem.

Jx/1+px2+x4

dx
1-x4

Optimal (type 3, 75leaves, 4 steps):

1 \V2- 1 2
“2-p Ar‘cTan[¢] +=2+p Ar‘cTanh[#
4 A 1+px?ext 4 AJ1+px?ext

Result (type 8, 26 leaves):

J\x/1+pxz+x4

]

dx
1-x4

Problem 68: Result unnecessarily involves higher level functions.

1+px?-x*
J—Vpdx

1+x4

Optimal (type 3, 171 leaves, 1step):
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p+/ 4+p? -2 xz)

1+p x2-x*

24/2 [ 1+p x2-x*

«HZH\/W Ar‘cTan[ P X[pi o 72)(]] 1/—er\/m Ar‘cTanh[ AL
2
- +

22
Result (type 4, 322 leaves):

22

4 x2

2i EllipticF[i ArcSinh[+/2
-p++/4+p> p++/4+p>

2+

(24 +p) EllipticPi[l i (p—x/4+p2 ], i ArcSinh[+/2
2

(-21+p) EllipticPi]

N |

Problem 69: Result unnecessarily involves higher level functions and more than twice size of optimal antiderivative

a+bx
J dx
(2-x2)

(—1+x2)1/4

Optimal (type 3, 80leaves, 7 steps):

aAr‘cTan[ﬁ}
\E( 1+X)

2+/2
Result (type 6, 203 leaves):

1

(—2+X2> (71+X2)1/4

aAr‘cTanh[ﬁ]
—bAr‘cTan[(_1+X2>1/4] . 2 (-1ex2)

2+/2

+bAr‘cTanh[(—1+x2)1/4]

2X |- ( [3 a AppellFl[

)

2
3 , X

1
6 AppellF1| 2 1, >’ x2, ?} +x2 (2 AppellF1]

2
)

1 5 , X 3 5 5 , x?
=5 2, =, X%, 7] +APP311F1[*: — 1, s X%, 7} -
4 2 2 2 4

2bxAppellFl[1, %, 1, 2, x2,

2’

N R

)

XZ
7]
8 AppellF1[1, 1, 1, 2, x2, "ﬂ + x2 (2Appe11F1[2, 12,3, %2, ";

| +AppellFi[2, %, 1, 3, »2, ";]) ]
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Problem 70: Result unnecessarily involves higher level functions and more than twice size of optimal antiderivative.

a+bx
J dx
(—1—x2)1/4 (2+x?)

Optimal (type 3, 88leaves, 7 steps):

aArcTan[——— ] aArcTanh[ ——*— ]
2 (1) +bAr‘cTan[(—1—x2>1/4] + ey —bAr‘cTanh[(—l—x2>1/4]
2+/2 2+/2
Result (type 6, 221 leaves):
1 11 3 , X2 11 3 , X2
2x |- ||3aAppellF1[—, =, 1, —, -x*, - —] / -6 AppellF1[—, =, 1, —, -x*, - —| +
(-1-x2)1% (2432 2 4 2 2 2 4 2 2
; 3 1 5 S 3 5 5 S , X2
x? |2AppellFl| =, =, 2, =, -x?, - —| +AppellF1[ =, =, 1, =, -x?, - —| - |2bxAppellF1[1, —, 1, 2, -x*, - —| /
2 4 2 2 2 4 2 2 2
1 , X2 5 1 , X2 5 , X2
-8 AppellF1(1, ~, 1, 2, -x?, - —| +x* |2 AppellF1[2, —, 2, 3, -x?, - —| +AppellF1[2, =, 1, 3, -x?, - —|
4 2 4 2 4 2
Problem 71: Result unnecessarily involves higher level functions.
a+bx
J dx
(1-6) " 2-)
Optimal (type 3, 149leaves, 3 steps):
bArcTan[L@] bAr‘cTanh[ﬁ@]
V2 (1) 1-+1-x2 V2 (1) V4 1 1++1-x2
+ =~ aArcTan| |+ + =~ aArcTanh| ——————|
NEY 2 x (1-x2)* V2 2 X (1)
Result (type 6, 205 leaves):
1 11 3, x2
2x |- |[3aAppellFl| =, =, 1, =, x*, —| /
(1—x2)1/4 (-2+x?) 2 4 2 2
11 3, X2 5 3.1 5 , x 3 5 5 , X2
6 AppellFl|~, —, 1, =, x?, —| +x? [2AppellF1[~, =, 2, =, x?, —| +AppellF1[=, =, 1, =, x?, —] -
2 4 2 2 4 2 2 4 2 2

2bxAppellFi[1, 1, 1, 2, %2, o

8 AppellF1[1, 1, 1, 2, X2, "2—2} X2 (2 AppellF1|2,
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Problem 72: Result unnecessarily involves higher level functions.

J a+bx dx
<1+X2)1/4 (2+X2)

Optimal (type 3, 135leaves, 3 steps):

bAr‘cTanh[QLh Lox? }

bAr‘cTan[@} -
V72 (10x2) V4 1 1+/1+x2 1 1-/1+x2 V2 (1) V4
- - — aAr‘cTan[i} - = aAr‘cTanh[ -
V2 2 x(1+x2)1/4 2 x(1+x2)1/4 N2
Result (type 6, 219 leaves):
1 1 1 3 , X2 11 3 , X2
2x |- ||3aAppellF1[—, =, 1, =, -x*, - —| / -6 AppellF1[ =, =, 1, —, -x*, - —| +
(1+x2)V* (24 %2 274 2 2 2°4° "2 2
5 3 1 5 , X2 3 5 5 S x2
x? |2AppellF1| =, =, 2, =, -x?, - —| +AppellF1][ =, =, 1, =, -x?, - —| - |2bxAppellF1[1, ~, 1, 2, -x*, - —| /
2 4 2 2 2 4 2 2 2
1 , X2 5 1 , X2 , X2
-8AppellFi[1, —, 1, 2, -x*, - —] +x? |2AppellF1[2, =, 2, 3, -x?, - —| + AppellF1[2, =, 1, 3, -x?, - —|
2 4 2 4 2
Problem 73: Result unnecessarily involves higher level functions.
X
J dx
V1-x3 (4—x3)
Optimal (type 3, 127 leaves, 1step):
V3 (1-2Y3x 1/3
ArcTan 13 ArcTanh [ 122X
[ 1o ) ArcTan | NeS ] [1/1,)(3} ArcTanh [v/1-x3 |
- + - +
3 22/3./3 3. 22/34/3 3. 2/3 9 . 22/3
Result (type 6, 120 leaves):
2 1 5 3
-( 10 x2 AppellF1[ =, =, 1, =, x3, X—] /
372 3 4
2 1 5 3 5 1 8 3 5 3 8 3
(«/1x3 (-4+x3) [20AppellF1][—, =, 1, =, X, X—} +3x3 |AppellFl][ =, =, 2, —, X3, X—] +2AppellF1[ =, =, 1, —, X3, X—] ]]J
372 3 4 372 3 4 372 3 4
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Problem 74: Result unnecessarily involves higher level functions.

X
dx
J(4dx3) V-1+dx3

Optimal (type 3, 157 leaves, 1step):

/ / \/? 1-21/3¢1/3
ArcTan | 222d2x ArcTanh NS L] NEwTE
| J 1% ArcTan[+-1+dx? | [ v | ArcTanh [ : ]
3.2%2/3¢4%/3 9 . 22/3 ¢?/3 3 22/3./3 ¢2/3 3. 22/3./3 ¢2/3

Result (type 6, 135leaves):

Problem 75: Result unnecessarily involves higher level functions.

X
dx
Jm (8+x3)
Optimal (type 3, 74 leaves, 8 steps):

ArcTanh [ 21X

1-x)? NEN
iArcTan[&]+iAr‘cTan[1xl—1+x3]— S
18 3v/-1+3 18 3 63

Result (type 6, 118leaves):

5 2 1 5 5, X
- | |20 x? AppellF1[ =, =, 1, =, x3, - —] /
372 3 8
2 1 5 x3 5 1 8 3
(«/1+x3 (8+x3) (40Appe11F1[, =, 1, =, x3, - =] +3x* [AppellF1][ =, =, 2, —, X
372 3 8 372 3

Problem 76: Result unnecessarily involves higher level functions.

X
dx
J(8—dx3) V1+dx3

Optimal (type 3, 103 leaves, 8 steps):

2 1 5 d x3
-( 10 x? AppellFl[—, =, 1, =, dx3, —| /[(—4+dx3) A -1+dx3
372 3 4
2 1 5 ; dxX° 3 5 1 8 ; dxX° 5 3
20 AppellF1[ =, =, 1, =, dx®, —] +3dx? |AppellF1[~, =, 2, —, dx®, —] + 2AppellF1[~, =, 1,
372 3 4 372 3 4 3

2

X 5 3
» X3, = =] -4AppellF1][ =, =, 1,
8 3

2




y: Y 2
Ar‘cTan[vT L ] Ar‘cTanh[ L x

1+dx3 34/ 1+d X3

- +
18 d2/3

63 d?/3
Result (type 6, 139 leaves):

|

] Ar‘cTanh[%x/lerx3 ]
. 18d2/3

5 2 1 5 , dx3
20 x? AppellFl[~, =, 1, =, -dx?, —|
3 2 3 8

)/ ((—8+dx3) 1+dx?

}+3dx3

2 1 5 , dx3
40 AppellFl| =, =, 1, =, -dx?,
372 3 8

5 1
AppellFl[f, —
3 2 3

Problem 77: Result unnecessarily involves higher level functions.

dx

J<13x2)3/3 (3-x2)

Optimal (type 3, 81 leaves, 1step):

1-(1-3x2)3 :

1 1_(1_-3x2)¥3  ArcTanh|[ -]  ArcTanh|
= ArcTan]| < ) ] + (ER. ERER.
4 x 4+/3 4+/3
Result (type 6, 126 leaves):

11 3 , X2
- [ |9xAppellF1[ =, =, 1, =, 3x%, —| /

2 3 3

=

((13x2>1/3 (<34 X

N

3 3

Problem 78: Result unnecessarily involves higher level functions.

J ! dx
(3+x2) <1+3x2)1/3

Optimal (type 3, 81 leaves, 1step):

ArcTan [ X ] ArcTan [ 1- (1+3 X2>1/'3 2 5
1-(1+3x2
e _— ‘lAr‘CTanh[#

4+/3 4+/3 4 x
Result (type 6, 126 leaves):

]

1 3 R X 3 1
9AppellFl[—, =, 1, =, 3x%, —|+2x? |AppellFi[=, —, 2,
2 2

3

3

8 ; dx 5
» 2, =, -dx3?, ——] - 4AppellF1[—,
8 3

5
2
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3 ; dx3
) 1: ) -dx ) 7]
2 3 8
x2 3 4 5 x2
, 3x%, —| +3AppellF1[ =, —, 1, =, 3x%, —}J]]]
3 2 3 2 3
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2

11
~| |9 xAppellF1[ =, =, 1, i, ~3x2, X]]/ [(3+x2) (1+3x%)%?
2 3 2 3
11 3 , X2 5 3.1 5 , X2 3 4 , X2
-9 AppellFl[~, =, 1, =, -3x?%, - —| +2x? |AppellF1| =, =, 2, =, -3x?, - —| +3AppellF1[ =, —, 1, =, -3x%, - —]
2 2 3 23 2 3 23 2 3
Problem 79: Result unnecessarily involves higher level functions.
1
J dx
(1-x2)*2 (3+x?)
Optimal (type 3, 113 leaves, 1step):
\E 1721//3 (17X2>1/3 A T h X
Ar‘cTan[AXE] ArcTan | ( - ) ArcTanh[x] o on [1+21/3<17x2)1/3}
+ - +
2 22343 2 2233 6 2%/3 22%3
Result (type 6, 118 leaves):
1 1 3 X2
( 9xAppellF1[~, =, 1, =, x?, - —] /
2 3 2 3
11 3 2 3 1 5 2 3 4 2
((1—x2>1/3 (3+x) |-9AppellF1[=, =, 1, =, X2, —X—] +2x? |AppellF1[=, =, 2, =, x2, —X—] ~AppellFl[=, —, 1, =, x, —X—]
23 2 3 23 2 3 273 3
Problem 80: Result unnecessarily involves higher level functions.
1
j dx
(3-x2) (1+x2)1/3
Optimal (type 3, 109 leaves, 1step):
ArcTan [x] APCTa”[th/a (thz)l/s] Ar‘cTanh[%] ArcTanh | ’ (1721/1(1”(2) &
_ . _ _
6 22/3 2 22/3 2 22/3 ﬁ 2 22/3 ﬁ
Result (type 6, 124 leaves):
1 1 3, %
—( 9xAppellFi[ =, =, 1, =, -x?, —] /
2 3 2 3
11 3 2 31 5 2 3 4 5 2
((3+x2) (1+x2)1/3 [9Appe11F1[—, =1, o, %3, X—] +2x% |AppellFl[=, =, 2, =, -x?, X—] - AppellF1[ =, —, 1, =, -x?, X—]
23 2 3 23 2 3 23 2 3
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Problem 81: Result unnecessarily involves higher level functions.

J a+x
dx
(—a+X) \/azx— (1+a%) x®+x3

Optimal (type 3, 87 leaves, 4 steps):

2\/7\/a2—(1+a2)x+x2 ArcTan | e —

a%- (1+a%) x+x?

1-a \/az 1+a2 x2 +x3

Result (type 4, 159 leaves):

a2 3/2 -1+x
+X +X

((—1+a) Jea? J(F1ex) x (—a2 +x)

(1+a) EllipticF[i ArcSinh| ] - —] - 2EllipticPi| , i ArcSinh|

a a2 a a2 _x a2

v_ 1 “1+a \-a? 1 ]]/

Problem 82: Result unnecessarily involves higher level functions and more than twice size of optimal antiderivative.

J -2+a+X
dx
(-a+X) \/(27a) ax+ (-1-2a+a?) x> +x3

Optimal (type 1, 1leaves, ? steps):
0

Result (type 4, 100 leaves):

1+a 1+X 32
71+X -1+x

(EllipticF [i ArcSinh |

, (-1+a 2 -2EllipticPi|1 - a, i ArcSinh
[ (-1+a)

o _1+X},(—1+a)2]] /(\/(—1+x)x(—2a+a2+x))
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Problem 83: Result unnecessarily involves higher level functions and more than twice size of optimal antiderivative.

J —a+(—1+2a>x
dx
(—a+X) \/azx— (-1+2a+a?)x2+ (-1+2a) %

Optimal (type 3, 46 leaves, ? steps):

—a2+2ax+x2-2 (x+\/(1—x) X (a2+x—2ax) )

]

Lo
d (a-x)?

Result (type 4, 133 leaves):
2, x_
2i(—1+x>3/2 [ x B ac+x-2ax
-1+X (71+2a) (—1+x)

-1 2 1 2
[—EllipticF[jAr'cSinh[ ! | ( +a>}+2aEllipticPi[1—a,J‘LAr‘cSinh[ ! ]—( ), ]]]/

V1w -1+2a J1ix -1:2a
(\/—(—1+x)x(a2+x—2ax))

Problem 84: Result unnecessarily involves higher level functions and more than twice size of optimal antiderivative.

1- 21/3 %
J dx
(222 4+ x) V143
Optimal (type 3, 32leaves, 2 steps):
[ \E 1+21/3 X
3 1+x3
V3

Result (type 4, 323 leaves):

2 ArcTan




0 Independent test suites.nb | 185

2 i(1+x)
2 — RN S
J:\/ 3i+4/3

{\/—i+\/?+21’1x (6i+3i2Y2-2+/3 42233 4 (312343 +2V3V/3 | x) ELlipticF[ArcSin|

|

i3 -2ix 2+/3
)
V2 314 3i++/3

/

] _

243 1 3 -21 243
6]’1\/?\/]‘1+\/?—2]‘1x \/1—x+x2 EllipticPi[ \/— ,Ar‘cSin[ 1+\/— X \/— ]]

3
i+2122344/3 A2 314 3i++/3

[(1+2 22/3-]1x/?)\/i+\/?—2ix J14x3

Problem 85: Result unnecessarily involves higher level functions and more than twice size of optimal antiderivative.

1+x
J dx
(—2+X) V1+x3

Optimal (type 3, 23 leaves, 2 steps):

2 (1+X)2
7—ArcTanh[—
3 341+ x3

Result (type 4, 262 leaves):

i (1 . y
ave | ltex) Vi3 e2ix (14843 ex- i3 x) EllipticF[Arcsin| i+V3 21, 2¥3 ] -24/3 \i+V/3 -2ix
3i+4/3 V2 314 3i+4/3
J1-x+x2 EllipticPi[i, ArcSin| i+V3 -2ix ], 243 ] /((-3j+ﬁ) Vi+V3 —2ix 4145
-3i+/3 V2 314 3i+4/3

Problem 86: Result unnecessarily involves higher level functions.

X

J\\/1+X3 (10+6\/?+X3)

dx

Optimal (type 3, 218 leaves, 1step):
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31/4 (144/3 ) (1+x) 31/4 (144/3 -2 314 (1-4/37) (1+x)
2-+/3 ) ArcTan —(—)— 173 ) V1 2-+/3 | ArcTanh 2 -+/3 | ArcTanh
( ) [ i ] (2—\/?) ArcTan | =gy ] ( ) [ vy ] ( ) [ P ]
2+/2 334 342 334 34/2 314 6+/2 314

Result (type 6, 206 leaves):

3
10 (26 +15/3 | X2 AppellFl[E, 11,2, 00, a ]]/
372

3 10+6+/3
2 1 5 ’}
((5+3ﬁ) 143 (1e+6\/?+x3) -16 (5+3ﬁ> AppellfFi[ =, ~, 1, 2, o, - ]
372 3 10+ 63
5 1 8 3 5 3 8 i
3X3 APPellFl[_: e 2) e *X3) 7X4] * (5+3\/?) AppellFl[_’ R 11 o 7X3J X—]]]])
37 2 3 10+6+/3 3 2 3 10463

Problem 87: Result unnecessarily involves higher level functions.

X

V143 (10—6\/?+x3)

dx

Optimal (type 3, 210 leaves, 1step):
(2 + \/?) Ar‘cTan[B/ 13 2x ] (2 + \/?) Ar‘cTan[J—)—y 13 ) (10 ] (2 + \/?) Ar‘cTanh[—(—w 13 ) A ]
\Ew 1+x3 \/7« 1+%3 2 A 1+x3
+ +
342 314 62 31/ 22 3%4 342 334

/

(5@ ~30 \5) AppellF1] 2
3

/7)1 |

(2 + \/?) ArcTanh | ey

Result (type 6, 207 leaves):

[1@ (26-15/3 ) XZAppellFl[g, %, 1, 3, -, i 54373 %]

((75+3ﬁ) (—10+6\E—x3) J1+x3
8

5 1 , 1
AppellFl[f, —y 2, —, =X, —
3 2 3 4

N |

5
> 1: e ’XBJ
3

(5+3\/?) 3] -

1
4

(5+3\E) 3]+ (573\/?) AppellFl[E, 31,8 (5+3\/?) x|
37 2 3

3x3

)

1
4

Problem 88: Result unnecessarily involves higher level functions.

X

Vo143 (—10—6\/?+x3>

dx

Optimal (type 3, 222 leaves, 1step):
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(2 - \/?) Ar‘cTan{—(—M V3 ) a0 ] (2 - \/?) ArcTan | 0 [aVE 2 ] (2 - \/?) Ar‘cTanh[M] (2 - \E) ArcTanh| EaE) m}

N2 A -1 N2 A -1 N2 A -1 N2 334
+ + -
6+/2 314 34/2 314 2+/2 334 3+/2 334
Result (type 6, 196 leaves):
2 1 5 3
T (26+15 ﬁ) x2 AppellF1[=, =, 1, =, 3, Xi] /
3 2 3 10+6+/3
2 1 5 3
((5+3ﬁ) (10+6\/?—x3) Jo1+%3 |10 (5+3ﬁ) AppellF1[=, =, 1, =, %3, Xi] .
3 2 3 10+6+/3
5 1 8 3 5 3 8 3
3x3 |AppellFl[ =, =, 2, —, %3, X4] + (5+3\/?) AppellF1[=, =, 1, —, x3, Xi]]J]]
3 2 3 10+6+/3 3 2 3 10+ 63

Problem 89: Result unnecessarily involves higher level functions.

X

NS (—1O+6\/?+x3)

dx

Optimal (type 3, 214 leaves, 1step):
(2+ﬁ) Ar‘cTan[MM} (2+ \/?) ArcTan | 13 ) V1% ] (2+\/?) ArcTanh[ﬂM] (2+ \/?) Ar‘cTanh[al/4 LE 2 ]

V2 A -1ex3 N2 334 N2 A -1ex3 N2 A 103

- + + +
2+/2 334 34/2 334 62 314 34/2 314
Result (type 6, 198 leaves):
[1@ (26—15 ﬁ) XZAppellFl[E, 11,2, 1 (5+3\E) x| /
372 3 4
((75+3ﬁ) =143 (—10+6\/?+x3) 10 (75+3\/?) AppellFl[E, 11,26 ¢ (5+3ﬁ) 3] -
3 4
5 1 8 1 8 1
3% [AppellFi[=, =, 2, =, X3, - = (5+3\E) 3]+ (573\/?) AppellF1[=, =, 1, =, 3, - = (5+3\/?) x| ])
37 2 3 4 3 4

Problem 90: Result unnecessarily involves higher level functions and more than twice size of optimal antiderivative.

J 1—\/?+X dx
(1+\/?+X) \/—4+4\/?X2+X4

Optimal (type 3, 65leaves, 2 steps):
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(1—\/?+X)2

~34+24/3 ArcTanh |

]

3

3 (73+2\5) \/74+4\/?X2+X4

Result (type 4, 685 leaves):
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1+\/?— 4
(_1+ﬁ+x>2\/2(1+ﬁ)_2(2+\/?)X+(—1+\/?>X2—X3 -1+4/3 +x

3443 +1 /2(2+\/?)

2[211\/?—\/2(%@) +J6(2“/?)] 8

j[lw?ﬂi [2 (243 J+ = J 2 (2+/3) +i[1\/?+7
-1+4/3 +X -1++vV3 +X

J 2(2+ﬁ)fj(1fﬁ+_l+8ﬁ+x) 21 [2(2:v3]

1/4 }’
23/4(2+\/?) 3+\/?+J'1 [2(2+\/?)

EllipticF[ArcSin|

|+

26 W\/ 2(244/3) -i[1-43 8
(—1+\/?+x)2 ~1+4/3 +x
2 2(2+\/?) 2(2+ﬁ) 7]1(17\/?+—1+\8E+x) 21 2(2“/?)
EllipticPi| , ArcSin]| B ] /

/2(2+\E) +j(3+ﬁ) 23/4<2+\/?)1/4 3++/3 +1 /2(2+\E)

[[ 2 (2043) +i (3443 ]

8

~1+4/3 +x

\/1+\/?—(2+\/?)X+;(—1+\/?)X2—X23\/—4+4\/?X2+X4\/ 2(2+\/?) -1(1-\/?+
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Problem 91: Result unnecessarily involves higher level functions and more than twice size of optimal antiderivative.

J\ 1+\E+X

dx
(1-V3 +x)y/-a-av3 e xt
Optimal (type 3, 63 leaves, 2 steps):
(1+\/?+X)2

1
-=1/3+2+/3 ArcTan|
3

]

3 (3+2\/?) Joa-av3 x2ax

Result (type 4, 1137 leaves):

“1+4/3 + 4
v | J-24+16ﬁ+(20-8ﬁ) 145 x|+ 22435 ] (135 ox] o 143 ox)’
-3+4/3 —i+/4-2+/3

[1J 472\/?+11(1+ﬁ)+L+11 3\/ 4—2\/?+i(1+\/?)+L+

~1-+/3 +x VT ax
N L e
~1-/3 +x -1-4/3 +x
8i o1 (23]
22143 mm(uﬁ%i VB | ieivT 12 643 s2faavs TP
e ~1-/3 +x
J“JWJWW
~1-4/3 +x
\/m_j(1+ﬁ>_l%+x 2+/4-2+3

EllipticF [Ar‘cSin [

23/4(2*\5)”4 4-243 +i(-3+43)
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. a1 3 2(1+\/?)
zﬁjm—l(“ﬁ)‘ﬁ J“ 13 )t 14T e

2+/4-2/3 Arcsin[\/V4_2\/? _i(1+\/?)_,1j/i?+ 2~/4-2+/3
Va-23 -i (-3+43 ) 24 (2-+3 )" 4-23 +i[-3+/3

EllipticPi|

[m—i(—3+ﬁ))\/m_j(1+ﬁ)_81

—1—\/?+X

Js (1433 ) +4 (3233 ) [-1-+/3 +x) +2 (1473 (_1_ﬁ+x)2+§ (-1-V3 +x]

\/(48—32\/?—64 (1—\/?+x) 3243 (1—x/?+x) £ 24 (1—\/?+x)2—

163 (1-\/?+x)2-4(1-\/?+x)3+4\/? (1-\/?+x)3+ (1-\/?+x)4)

Problem 92: Unable to integrate problem.

J -1+X dx
<1+X> (2+X3>1/3

Optimal (type 3, 53 leaves, 1step):
14+ 2 (2+X)

V3 ArcTan| (200)"" | +Log[1+x] - 3 Log[2+x - (2+x3>1/3]
2

V3
Result (type 8, 20leaves):

J -1+Xx dx
(1+X> (2+X3>1/3
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Problem 93: Unable to integrate problem.

1
J(1+x) (2+x3’)1/3 >

Optimal (type 3, 108 leaves, 3 steps):

2x

1+

ArcT 20313 1+ 2 (2+%
reTan| V3 ) 1 (20¢) 2 1 3 1737 1 1/3
- = /3 ArcTan| | - = Log[l+x]+=Log[2+x- (2+x*)"7] - = Log[-x+ (2+x3) 7]
23 2 J3 2 4 4

Result (type 8, 17 leaves):

1
J(1+x) (2+x3)1/3 >

Problem 95: Unable to integrate problem.

J 1+x dx
(1+x+x2) (a+bx3)1/3

Optimal (type 3, 154 leaves, 8 steps):

2 (a+b) P x
\1/3

ly—~>t 1.2
Ar‘cTan[—[—f—?f‘” } Ar‘cTan[—‘—l—j;’im }

a+b><3)1f/3
Log[ (a+b)*? - (a+bx3)*?]  Log[(a+b)*?x- (a+bx?)?]
+ + -

V3 (a+b)'? V3 (a+b)'? 2 (a+b)*? 2 (a+b)*?

Result (type 8, 25leaves):

J 1+X dx
(1+x+x2) (a+bx3)1/3

Problem 96: Result unnecessarily involves imaginary or complex numbers.

2

J(1x3) <a+bx3)1/3 >

Optimal (type 3, 96 leaves, 5steps):

2 (a+bx3) ¥

1+
ArcTan [ —loat)? }
V3

Log[1 - x?] Log[(a+b)1/3— (a+bx3)1/3}
.

V3 (a+b)'? 6 (a+b)'? 2 (a+b)*?
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Result (type 3, 137 leaves):

2 (-1)Y2 (asbx3)Y?
1 -1+ o3
- ——————(-1)*?{2+/3 ArcTan]| (2:2) ]-

6 (a+b)'? NEY

2Log(a+b)*+ (-1)*2 (a+bx?)?] v Log[ (a+b)?? - (-1)*2 (a+ b)Y (a+bx®) PP+ (-1)%? (a+bx3)??]

Problem 98: Result unnecessarily involves higher level functions.

J(1x3)1/3 (1+x3) o

Optimal (type 3, 233 leaves, 8steps):

2243 (1-x) . 213 (1-x)

- 1
ArcTan| o | ArcTan| = ] ) Log| (1 -x) (1+x)z] )

21/3 /3 2 21/3\/? 12 21/3 6 21/3 3 21/3 4 21/3

/

(2 (1-x3)Y2 (1+%) —5Appe11F1[g,
3

223 (1% 2Y2 (a-x) 213 (1-x)
Og[1+ (1,)(3):/3 h (17)(3)1);3 } Log[1+ (1,X3)1j3 ] Log[71+x+22/3 (17X3)1/3}

Result (type 6, 115leaves):
" 2 1
7( 5x AppellFl[f,
3

5
-1, -, XBJ ’XB}
3 3

1
e 1)
3

w | U

5
» X3, =x3] +x3 |3 AppellF1]| =,
3

Wk
.
N
-
W |

, X2, %3] —AppellFl[E,
3

Problem 100: Unable to integrate problem.

J 1+X dx
(1—x+x2) (1—x3)1/3

Optimal (type 3, 135leaves, ? steps):

1_2 21/3 (1-x)

13 22/3 (1_x)2 21/3 (1. 21/3 (1.
3 ArcTan| —=2 | Log[1 + <3 ;‘/)3 - <3 53) | Log[1+ 4—)—3 2 ]
I (1) (e (1-%)"
21/3 2 21/3 21/3

Result (type 8, 27 leaves):

J 1+X dx
(1—x+x2) (1—x3)1/3
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Problem 101: Result unnecessarily involves higher level functions and more than twice size of optimal

antiderivative.

J (1+X)2 dx
(1—x3)1/3 (1+x3)

Optimal (type 3, 135leaves, ? steps):

2213 (1-x)

1- 2/3 2 1/3 1/3
313 277 (1-x) _ 27/° (1-x) 2°/° (1-x)
V3 ArcTan| —22—| Log |1+ ) (o) | Logf1- (1) ]

21/3 2 21/3 21/3

Result (type 6, 315 Ieaves) :

. 2 21
5x2 AppellFl[ =, —, 1,
373
2
3’

(1-%*)Y2 (1+%%)

5
-5 AppellFl[

1/3

3 1 _
2x3 AppellFi|1, =, 1, 2, x?, (1-x3 (1+x3)
3’

1 1
[—6AppellF1[1, =, 1,2, %3, -x*| +x* [3AppellF1[2, —, 2, 3, x*, -x*] - AppellF1]2,
3 3

2213
-1+

13|13 B 22/3 y2 B 21/3 ¢ 21/3 y
2+/3 ArcTan| —(—‘—r | - Log[1+ Do) Lo | +2Log[1+ 7(71“3)1/3 ]
6 21/3

Problem 102: Unable to integrate problem.

J 1-x dx
(1+X+X2) (1+X3>1/3

Optimal (type 3, 119leaves, ? steps):

223 (14x)
- 3173 223 (1+x)2 23 (1 213 (1+x)
\/3 ArcTan[ —2 ] Log[1+ 2—mMe 2 (W] Log[1+ 21|
V3 (14x3)% (14x3) % (14x3) ¥
+

21/3 - 2 21/3 21/3

Result (type 8, 25leaves):

J 1-x dx
(1+X+X2) (1+X3)1/3

1 5 1
=, 1, =, x3, -x*] +x* |3AppellF1[ =, =, 2, —, X}, -
3 3 3
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Problem 105: Result unnecessarily involves higher level functions and more than twice size of optimal
antiderivative.

(1-%)*

———dx
J (1-x3)%73
Optimal (type 5, 39leaves, 3 steps):
1+ (1-2
M + x? Hypergeometric2Fi | 1, E, E, x|

(1 _ X3) 1/3 3 3 3
Result (type 6, 557 leaves):

o r
10 (1-x3)‘”3

<71+X)2

10 <1+2x) <1+x+x2) -

225 (]1+\E+2]1x) (1+]1\/?+2x) Appe11F1[§,

2i (-1 2i (-1
l) E, ]l( +x>) ~ 1( +X> ] + (_3]']_4_\/?) (_1+x) AppellFl[E, 1,
33 _3i++/3 3i+4/3 3 3
2i (-1 2i (-1
(31+3) (-1+x) AppellF1] Bltex) 23 (ot

3
~31i4++/3 3i+4/3

) )

(30 i AppellF1]|

wN
w |k,

B

w |un
w D

]

1 8
> Ty
3 3

2i (-1 2i (-1
144 (i +V/3 +2ix) (-1+x] (1+jﬁ+2x)Appe11F1[5, 118 i +X>,7 i +X)]/
3.3 3 3 3i++3 3i++/3
2i (-1 2i (-1 2i (-1 2i (-1
asimppertra]®, b, 1, 8 20 (ex] 2 +X>]+(_3j+ﬁ) (C1ex) appertra[®, 1, 4, 1L 281 2 (hex]
3.3 3 3 33443 3143 3733 3 33,43 31443

(3 i +\5) (-1 +x) AppellF1|

8 4 1 11 2i(-1+x) 21 (-1+x
373

Bl 3 Bl 3
3 3 73]'1+\/? 3]'L+\E

Problem 106: Result unnecessarily involves higher level functions.
J(l—x3)2/3 dx

Optimal (type 3, 67 leaves, 2 steps):
1 2 ArcTan [ " o } 1
—x (1-x3)%7 - V3 + = Log[x+ (1-x3)?]

3 343
Result (type 6, 101 leaves):
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3(-1+x) (1—x3)2/3Appe11F1[§, -2,-2,

w |0
-

_ -1+x _ -1+x ]
1-(-1)22°  1i(c1)1

C1ex 2/3 C1ax 2/3
> (1 : 1+<71>1/3) (1 : 1+1>2/3)
Problem 107: Result unnecessarily involves higher level functions.

J(l—x3)2/3 .

X

Optimal (type 3, 70leaves, 6 steps):

1 Ar‘cTan[41+2 = 1//3} Log[x] 1
= (1-x3)2 V3 -8 + = Log[1- (1-x3)"7]
2 V3 2 2

Result (type 5, 48 leaves):

1—x3—2(1—%)1/3Hyper‘geometr‘icZFl[l, 12 L]
X 37 37 3

2 (1-x3)13

Problem 108: Unable to integrate problem.
J(1)(3)2/3 iy

a+bx

Optimal (type 6, 384 leaves, 13 steps):

o 2x . 172(a3+b33)]1’2x
(1—x3)2/3 ) (a3+b3) szppellFl[f, i, 1, %J X3, _b;_f] ) aZArcTan[AJ—;L} (a3+b3>2/3 Ar‘cTan[Aljx);} )
2b 2a%b? V3 b3 V3 b?

2b (163) Y3
L2b ()7

1
(a®+b?) 23 ApcTan [ = v ]

2 : 1
Nes a X“ Hypergeometric2F1 [ 3

B i.- x3] (a® +b3)2/3 Log[a® + b® x3|
' _

V3 b3 2 b? 3b3

2/3 a3b3) 3 x 1/3
(a®+b%)*” Log|[- - - (1-3)7]

+

a?log[x+ (1-x3)*?] (a®+b%)*?Log[(a®+b*)'? - b (1-x3)'7]
- +

2b3 2 b3 2b3

Result (type 8, 21 leaves):

j(1x3)2/3 ix

a+bx



Problem 109: Unable to integrate problem.
J4<1_X3) : dx
(1—x+x2)2
Optimal (type 5, 234 leaves, 13 steps):

2213 x
1-

3)1/3 122/3 (1.x3)1/3
2%/ ArcTan[ —22 | 22/3 ArcTan | B2 122010 r“ ]
3 3

(1_X3>2/3 X<1—X3>2/3 2X2 1—X3>2/3
- + +

(
3 (1+%3) 3 (1+%) 3 (1+x3) 33 343
L 21/3 _ (1 _x3)1/3 L _21/3 % _ (1_x3)1/3
L Hyper‘geometr‘iCZFl[l, E, E, x| - il (1-2)"] + g x-(1-2) 7]
3 3 3 3 3 21/3 3 21/3

Result (type 8, 24 leaves):
<17X3)2/3 4
————————— aX
J(1x+x2)2
Problem 110: Unable to integrate problem.

J<1_2X> (1-x3)%7°

(1—x+x2)2

dx

Optimal (type 3, 199 leaves, 14 steps):

2x 2213 x
1- 1- =

(1-x3)%3 2 ArcTan| _f;—;ﬁ] 22/3 ArcTan | — = |

— + \/37 +
1-x+x? V3 A3
22/3Ar‘cTan{M} 213 - (1531131 Losl-21/3x - (1-x3)1/3
Vv ) log[2YF- (1-x7)"P]  Log[-2'2x- (1-%) ]+Log[x+(1*X3)

\/? 21/3 21/3
Result (type 8, 29 leaves):
j<1_2x> (1-x%)%73

(1—x+x2)2

dx

+

1/3]
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Problem 111: Unable to integrate problem.
<1 _ X3>2/3
Ji dx

1+X

Optimal (type 5, 177 leaves, 5 steps):

1+21/3 (1-x) Qo 2x

\/3 ArcTan [ = | ArcTan[—2=
= (1- x3)2/3 - V3 + V3 Lt x2 Hyper‘geometr‘icZFl[l, E, 5, x| -
3

2 21/3 \/? 2 3 3
Log[(1-x) (1+x)?] 1 3Llog[-1+x+22/3 (1-x3)'7?]

- 3\1/3
s —2Log[x+(1—x) |+ Iy

Result (type 8, 19leaves):

J (1- X3>2/3 N

1+x

Problem 112: Unable to integrate problem.

dx

J(1x+x2) (1—x3)2/3

1+x3

Optimal (type 5, 177 leaves, 6 steps):

1+21/Z (1-x) Qo 2x

V3 ArcTan| —‘;—;L} ArcTan [ —2=02

= (1—x3)2/3 - + V3 + lx2 Hyper‘geometr‘icZFl[l, E, 5, x| -
2 213 J3 2 3737 3
Log|[ (1-x) <1+x>2] ) lLog[x+ (1—x3)1/3] . 3Log[-1+x+22/3 (1—x3)1/3}
2213 2 5 91/3

Result (type 8, 29 leaves):

J(l—x+x2) (1—x3)2/3

1+x3

dx

Problem 113: Result unnecessarily involves higher level functions.

J<1—x3>2/3 x

1+x3



0 Independent test suites.nb | 199

Optimal (type 3, 132leaves, 3 steps):

Zx/ 17221/37
Ar‘cTan[%] 22/3Ar'cTan[—‘\1/’—3ﬁli} Log[1+x3] Log[-23x- (1-3x3)'?]
+

3 - NeS TS s J1s —;Log[x+(1-x3)1/3}

Result (type 6, 111 leaves):

1 2 4
—( 4 x (1—x3)2/3Appe11F1[7, =1, =, x3, %] /
3 3 3
1 2 4 4 2 7 4 1 7
((1+x3) ~4AppellF1[ =, - =, 1, —, X3, -x*] +x® |3 AppellF1|—, - =, 2, —, x3, -x*] + 2AppellF1| -, =, 1, —, X3, -x?] ])]
3 3 3 3 3 3 3 3 3
Problem 114: Result unnecessarily involves higher level functions.
X (1—x3)2/3
Ji dx
1+x3
Optimal (type 5, 250 leaves, 10 steps):
223 (1x) 1+21/3 (1-x)
2/3 (1-x3) /3 1313
2 Ar‘cTan[—E—] ArcTan | —2 | 1 . 12 5
+ - = x? Hypergeometric2F1[ =, —, =, ¥*| +
\/? 21/3\/? 2 3 3 3
223 (1-x)2 23 (1-x)
Log[(l—x) <1+x>2] Log[1+ (1) /3 <17X3)1/3] Vs 213 (1-x) Log[-1+x+2%/3 (1—x3)1/3}
+ 223 Log[1+ -
6 21/3 3 21/3 3 <1—X3)1/3 2 21/3
Result (type 6, 115leaves):
2 2 5
—( 5 x2 (1—x3)2/3Appe11F1[7, -1, =, %3, —xﬂ)/
3 3 3
2 2 5 5 2 8 5 1 8
(2 (1+x3) (—SAppellFl[f, -=, 1, =, x3, -x3] + X3 |3AppellFl][ =, - =, 2, —, X3, -x*| +2AppellF1[ =, =, 1, —, x3, -x?] ])]
3 3 3 3 3 3 3 3 3

Problem 115: Result unnecessarily involves higher level functions.

dx

[l o)

1+x3

Optimal (type 5, 383 leaves, ? steps):
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2x 2213 x

1-

1/3 1/3 )
223 (1x) 1.2 (1-x)

22/3 ArcTan [ 4&} ArcTan [ Mi] ArcTan [ gﬁﬁ] 22/3 ArcTan [ M}
. V3 - J3 . Nes ) e +
\E 21/3 \/? \/? \/?
22/3 (1-x)2 213 (1-x)
: 125 Log[(1-x) (1+x)°] Log[1+x’] Log[1+ 1) (1) ]
= x2 Hypergeometric2F1[ =, =, >, x*] - i ) +
2 3 3 3 6 21/3 3213 3. 91/3

Log[—1+x+22/3 (1—x3)1/3]

21/3 (1 _ L 213y - (1_x3 1/3
( X) N Og[ X < X) }—fLog[x+(1—x3)1/3}+

2?3 Log |1+
(17)(3)1/3 21/3 2 2 21/3

w | =

Result (type 6, 209 leaves):

1 1 2 4 4
-—x (1—x3)2/3 [(8AppellF1[f, -1, %3, X / [—4Appe11F1[f, T T A
2 (1+x3) 37 3 37 3 3
4 2 7 4 1 7 2 5
x> |3AppellFl| —, - —, 2, —, x>, -x3| + 2 AppellF1[—, =, 1, —, x?, -x?] ) - |5xAppellFl| =, - —, 1, =, x3, -x?] /
3 3 3 3 3 3 3 3 3
2 2 5 5 2 8 1 8
(—SAppellFl[f, =1, 5,3, X3 X3 [3AppellFl[ =, - =, 2, —, X3, -x*] + 2AppellF1[ =, =, 1, —, x*, -X*] ])
3 3 3 3 3 3 3 3
Problem 116: Result unnecessarily involves higher level functions.
(1 7X3>1/3
Ji dx
1+x3
Optimal (type 3, 272 leaves, 14 steps):
1.2 21/3 (1-x) 1+21,’3 (1-x)
(13|13 (1.x3]13 2/3 _ 1-x
21/3 Ar‘cTan[—T—] . Ar‘CTan[ e } . Log{z (17x3)1/3] )
ﬁ 22/3\/? 3 22/3
Log 1 223 (1-x)2 2Y3 (1-x) Log[2  21/3 (1-x)2 22/3 (1-x)
g[ N (1-x2)%2 (17)(3)1/3} 1 13 21/3 (1_)() g[ * (17)(3)2/3 (17)(3)1/3]
+ = 23 Log[1+ -
3 22/3 3 (1_X3>1/3 6 22/3
Result (type 6, 109 leaves):
1 1 4
—( 4 x (1—x3)1/3Appe11F1[—, =, 1, =, X3, -X3] /
3 3 3
1 1 4 4 1 7 4 2 7
((1+x3) ~4AppellFl[ =, - =, 1, —, x*, -x*| +x3 |3 AppellF1|—, - =, 2, —, x3, -x3] + AppellF1|—, —, 1, —, x>, -x?]
3 3 3 3 3 3 3 3
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Test results for the 8 problems in "Wester Problems.m"

Problem 4: Result more than twice size of optimal antiderivative.

J ! dx
3+3Cos[x] +4Sin[X]
Optimal (type 3, 15leaves, 2 steps):

1 X
—Log|3+4Tan| —
 Log[34Tan| "]

Result (type 3, 34 leaves):

_%Log[Cos[g]] +i|-08[3c°5[§] +4Sin[§H

Problem 6: Result more than twice size of optimal antiderivative.

1
J dx
5+3Cos[x] +4Sin[X]

Optimal (type 3, 12leaves, 1step):
1

2+Tan[§]

Result (type 3, 26 leaves):
Sin [ f]

4Cos[§] +ZSin[§]
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Summary of Integration Test Results

1892 integration problems

A - 1579 optimal antiderivatives

B - 123 more than twice size of optimal antiderivatives
C - 149 unnecessarily complex antiderivatives

D - 41 unable to integrate problems

E - 0 integration timeouts



