Mathematica 11.3 Integration Test Results

on the problems in the test-suite directory "1 Algebraic functions\1.2
Trinomial products\1.2.4 Improper"

Test results for the 140 problemsin "1.2.4.2 (d x)"m (a x*g+b x*n+c x*(2 n-q))*p.m

Problem 104: Result more than twice size of optimal antiderivative.

X
J dx
Vax+bx3+cx®
Optimal (type 6, 142leaves, 3 steps):

14 2cx? 14 2cx? AppellFl[é ; i 7 2cx? _ 2cx?
B B 3
b-+/b%-4ac b++/ b%-4ac 4’ 27 27 4 b—\/bZ—Aac b+\/b2—4ac
3vax+bx3+cx®
Result (type 6, 383 leaves):
3 1 1 7 2cx? 2cx?
- |14a*x3 b—\/m+2cx2 b+\/m+2cx AppellFl[=, =, =, —, - s ]]/
42" 24"y, -gac -bsVor-dac
(3[b—\/b2_4ac)[b+«/b2_4ac (X<a+bX2+CX4)>3/2
31 1 7 2 cx? 2 cx? 7 1 3 11
( 7aAppellF1[=, =, =, —, - s +X b+\/b2—4ac)Appe11F1[—, =, = =,
4 2 2 4 pi+/p2-4ac -b+rb2-4ac 4 2 2 4

2cx? 2cx? 7 3 1 11 2cx? 2cx?
- , ]+(b—«/b2—4ac)AppellF1[— =, =y —, - s ]]]])
b+rvVb2-4ac -b+vb2-4ac 4 2 2 4 b+rvVb2-4ac -b+vb2-4ac

Problem 105: Result unnecessarily involves imaginary or complex numbers.

Jx3/2\/ax+bx3+cx5 dx



2 | 1.2.4 Improper.nb

Optimal (type 4, 380 leaves, 5steps):
2 (b2—3ac) x3/2 <a+bx2+cx4) Vx (b+3cx2) vax+bx3+cxt

- + +
15c3/2(\/;+\/?x2)\/ax+bx3+cx5 15¢
1/4 (B2 _ 2 _arbx?rcx?t - Ax1 1[5 b

2a%* (b2-3ac) Vx (\/?+\/?x) l e EllipticE[2ArcTan]| " Is 3 (2 ﬁﬁ)] .

15c”4ax+bx3+cx® 30c’*Vax+bx+cx®
b 2 4 1/4 1 b
at* (267« Va byc ~6ac) Vx (Va +vc ) | 25 F— Elliptick[2ArcTan[ ], = ]]
(Vo + e ) A NN
Result (type 4, 486 leaves):
1
390¢? | ——— \/x (a+bx?+cx?)

b+/b?-4ac

b+vb2-4ac +2cx? \/2b—2\/b2—4ac +4 ¢ x?

b+vb2-4ac b-+vb2-4ac

Vx |2c ;x(b+3cx2) (a+bx?+cx*) - i (b*-3ac) (—b+ b2—4acJ
b+vb2-4ac

b+vb2-4ac b-+vb2-4ac

b++Vb%-4
EllipticE[iAr‘cSinh[ﬁ\/ < x|, i ac }+J‘L[—b3+4abc+b2x/b2—4ac —3aCx/b2—4ac)

\/b+\/b2—4ac +2 ¢ x? \/2b—2\/b2—4ac +4 ¢ x?

b+Vb%-4
EllipticF [i ArcSinh[~/2 < ], — —
b++vb%2-4ac b-+Vb%>-4ac

X
b+vb2-4ac b-+vb?-4ac

Problem 107: Result unnecessarily involves imaginary or complex numbers.

J\/ax+bx3+cx5
Vx

Optimal (type 4, 347 leaves, 5 steps):

dx



3/2 2 4
0x 2+ b+ ex] I faxsbe oo
3

3\/?(\/?+\/?x2) Vvax+bx3+cx®

al’4b/x (\/?+\/?X2) l% EllipticE[ZAr‘cTan[%], i (2— Va*bﬁ)}
3¢ Vax b )
al/4 (b+2\/?\/?> X (\/?+\/?x2) %Ellipticﬁzmﬂan[%}, i (2— ﬁbﬁ)]
6c*Jax+bxPrcxs
Result (type 4, 452 leaves):
1
12¢ | —— \/x (a+bx?+cx?t)

b++/b%-4ac

c 5 o 2 b+vVb?-4ac +2cx? 2b-2+/b?-4ac +4cx?
Vx l4c —x(a+bx +cx)+1b(—b+ b—4ac)
b+vb2-4ac b+vb2-4ac b-+vb?-4ac

2_
EllipticE[iAr‘cSinh[\/?\/ ¢ x],b+ b 4ac}—j]_[_b2+4ac+bx/b2_4ac]

b+vb2-4ac b-+vb2-4ac

\/b+\/b2—4ac +2 ¢ x? \/2b—2\/b2—4ac +4 ¢ x?

EllipticF[i ArcSinh[V/2 ‘ |
b+vb?-4ac b-+vb*-4ac

X
b+vb2-4ac b-+vb?-4ac

Problem 110: Result unnecessarily involves imaginary or complex numbers.

J\/; (ax+bx3+cx5)3/2dlx

Optimal (type 4, 487 leaves, 6 steps):

b+vb?-4ac ]
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(8b*-57ab?c+84a2c?) x3?2 (a+bx2+cx4)

VX (b(4b2-9ac)+6c(2b?-7ac)x?)Vax+bx>+cx® (3b+7cx?) (ax+bx3+cx5)3’/2

N
315 ¢5/2 (x/?Jr\Exz) Vax+bx3+cxd 315 ¢? 63c/x
b 2 4 1/4 1 b
a4 (8b*-57ab’c+84a’c?) VX (\/?+V?x2) _arpxrrext EllipticE[ZAr‘cTan[C X], = 2—7]] /
(Va +ve )’ at e T m e
(315c11/4«/ax+bx3+cx5 +
1/4 4 2 2 .2 2 5 a+bx?+cx? o 4y 1 b
a (8b—57ab c+84ac+4\/?b\/?(b —6ac))\/;(\/?+\/?x) —ZElllptlcF[ZAr‘cTan[ 1/4],— 2- ——|] /
(Va Ve e e T a e

(630c11/4«/ax+bx3+cx5

Result (type 4, 609 leaves):
1

Vx

1260¢c3 | ——— x(a+bx2+cx4>

b+/b?-4ac

C

4c | ————————— x (-4b*x®>-bPcx*+53b>c?x®+85bc3x®+35c*x®+a%c (24b+77cx2) +a (—4b3+27b2cx2+151bc2x4+112c3x6)) +
b+vb2-4ac

b+vb2-4ac +2cx?
j(8b4757ab2c+84a2c2) (—b+«/b2—4ac) * *
b+Vb%2-4ac

2b-2+b%2-4ac +4cx?
b-+b?2-4ac

b+b2-4
EllipticE[i ArcSinh[v/2 : ], — Vbtodac

x|, }7
b+Vb%2-4ac b-+Vb2-4ac

b+vb2-4ac +2cx?
i|-8b°+65ab>c-132a’bc?+8b*+/b>-4ac -57ab’c+/b?-4ac +84a2c2x/b2—4ac]

b+Vb2-4ac

2b-2+b%2-4ac +4cx? c b+vVb2-4ac
X EllipticF[i ArcSinh[v2 x|, — ]
b-+vb2-4ac b+vb2-4ac b-+vb2-4ac




1.2.4 Improper.nb | 5

Problem 112: Result unnecessarily involves imaginary or complex numbers.

3/2

dx

J(ax+bx3+cx5)

x3/2

Optimal (type 4, 425leaves, 6 steps):
2b (b?-8ac) x¥2 (a+bx?+cxt) \/?(b2+10ac+3bcx2)\/ax+bx3+cx5 (ax+bx3+cx5)3/2
+

- + +
35¢3/2 (\/?+\/?x2) Vax+bx?+cx® 35¢ 7%
2al/4b (b2 -8 2) [ —asbxiex  pyyipticE[2 ArcTan|€4x], L (2. —2P
a ( ac) x (\/?+\/?x) e ) ipticE[2ArcTan| am} " ( Hﬁ)] .
35c7*Vax+bx3+cx® 70c’/*\ax+bx3+cx®
a+bx?+cx* Vax. 1 b
at/4 (\/?\/?(bz—zeac) +2b<b2—8ac)) Vx (\/?+\/?x2) aroRrtr EllipticF[2ArcTan]| ], = 2—}]
V7 Ve )’ NN
Result (type 4, 540 leaves):
1
70c2 | ——— x(a+bx2+cx4)
b+v/b%-4ac
Vx |2¢ S X(15a2c+a<b2+23bcx2+20c2x4)+x2 (b3+9b2cx2+13bc2x4+5c3x6))—J‘lb(bz—Sac) (—b+x/b2—4ac)
b+vVb2-4ac
b+vb2-4ac +2cx? 2b-2+b2-4ac +4cx? c b+vb2-4ac
: reex rrex EllipticE[ler‘cSinh[\/? x|, * |+
b+vb2-4ac b-+vb2-4ac b+vb2-4ac b-+vb2-4ac
b+vb2-4 2 2
i|-b*+9ab?c-20a%c?+b3>+/b* -4ac —8abcwb2—4ac) * ac recx
b++vb%2-4ac
2b-2+/b2-4 4cx? b+b2_2a
ac X EllipticF[jAr‘cSinh[\/? ¢ X\, i ac}

b-+vb2-4ac b+vb2-4ac b-+vb?-4ac
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Problem 114: Result unnecessarily involves imaginary or complex numbers.

dx

J Vx
Vvax+bx3+cx®
Optimal (type 4, 121 leaves, 2 steps):

2 a+b x?+c x* . . /4 x 1 _ b
Vx (Va s | T EllipticF[2ArcTan[ < 2], 2 (2 ﬁW)]
2at4ct4ax+bx3+cx®
Result (type 4, 193 leaves):

i W\/Lb* b’ 4ac 2cx’ 14 —2ex EllipticF[i Ar‘cSinh[x/? € x| b/ b?-4ac ]

b+/b?-4ac b-+/b%*-4ac b+/b%-4ac ’ b-+/b%*-4ac
V2o ——— \/x a+bx?+cx?t
b++/b%-4ac ( )

Problem 116: Result unnecessarily involves imaginary or complex numbers.

J = dx
x3’2+ax+bx3+cx®
Optimal (type 4, 330leaves, 6 steps):

4 x (\/?+\/?x2) L*”“z EllipticE[2ArcTan|
Ve x3/2 (a+bx?+cxt) Vax+bx3+cx® (Va /e )

/,
/4 x

p
al/4

BC

3/2
a(\/a +1/c xz)\/ax+bx3+cx5 ax a3/4+ax+bx3+cx®

+bx2+c x* . . 1/_‘l 1 b
4 x (\/a_+\/?x2) 7(\7?::5‘;)2 E111pt1cF[2Ar'cTan[cal/a"], . (2— \EW)]

2a%*Vax+bx3+cx®
Result (type 4, 303 leaves):
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1
-4 (a+bx®+cxt) +
C
b++/ b%-4ac
b+vVb2-4ac +2cx? 2 ¢ x? c
Ji\/?(—b+x/b2—4ac X * i 14— EllipticE[jAr‘cSinh[\E
b+vVb2-4ac b-+/b2-4ac
C b+vb2-4ac
EllipticF[jAr‘cSinh[\E x}, * ] /(4a\/?\/x (a+bx2+cx4>)
b+vVb2-4ac b-+/b2-4ac

Problem 117: Result unnecessarily involves imaginary or complex numbers.

372
J(ax+bx3+cx5)3/2

Optimal (type 4, 391 leaves, 5steps):
x3/2 (b2 -2ac+bcx? b\/?x3/2(a+bx2+cx4)

a (b2—4ac> vax+bx3+cx> a (b2—4ac> (\/?+V?x2) vax+bx3+cx®

bcl/4+/x (\E+\/?x2) /—(;;’:‘};i:)z EllipticE[ZAr‘cTan[%], ‘1? (2— ﬁbﬁ)}

a3/4 (b2—4ac) vax+bx3+cx®

cV/4/x (\E+\Ex2> /% EllipticF[ZAr‘cTan[%], 41 (27 Va_bﬁ)]

2334 (b—zﬁﬁ) Vvax+bx3+cx®

Result (type 4, 463 leaves):

b+vVb2-4ac ]

x|, -
b+Vb2-4ac b-+b2-4ac
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1
4a<b2—4ac) é\/x(a+bx2+cx4)
b+v/b%-4ac
c b+vVb2-4ac +2cx? 2b-2+vb%2-4ac +4cx?
Vx |-4 —x(bz—Zac+bcx2>+jb(—b+ b2—4ac) ’ i i
b+vb2-4ac b+vb2-4ac b-+vb%-4ac
c b+vVb2-4ac
EllipticE[i ArcSinh[+/2 x|, — ]7]1(7b2+4ac+b b2,4ac)
b+vVb2-4ac b-+/b?-4ac
b+vbZ-4ac +2cx? 2b-2+b%2-4ac +4cx? c b+vb2-4ac
u . - EllipticF[iArcSinh[v2 |———— x|, — o]
b+vbZ-4ac b-+vb2-4ac b+vb2-4ac b-+vb2-4ac

Problem 119: Result unnecessarily involves imaginary or complex numbers.

1

J\/7 (ax+bx®+cxs)??

dx

Optimal (type 4, 468 leaves, 6 steps):

b2-2ac+bcx? 2\/?(b2—3ac>x3/2(a+bx2+cx4) 2(b2—3ac)\/ax+bx3+cx5
N _ _
a(b2—4ac>\/7\/m a’ (b2-4ac) (\/?+\/?x2)\/m a? (b>-4ac)x*?

2c4 (b2 -3ac) Vx (\/?Jr\/?xZ) % EllipticE[ZAr‘cTan[%}, i (2, ﬁbﬁ)]

a’/4 (b2—4ac) vax+bx3+cx®

2 4 1/4
/4 (2 b2+\/?b\/?—6ac) VX (\/;H/?Xz) _arbxfrcxt EllipticF[ZAr‘CTan{c X s 1
(Va e ) avt 4

[E—

b
R —
mll/
(Za”4 (b2—4ac) Jax+bx3+cex®

Result (type 4, 519leaves):




2 a2 (b2—4ac>

\/7\/ a+bx?2+cx?
b+v/b%-4ac >

X

(—4a2c+2b2x2 <b+cx2) +a (b2—7bcx2—6c2x4>) -1 <b2—3ac) (—b+x/b2—4ac

+vVb2-4ac +2c 2b-2+vb2-4ac +4cx?
$2cx? raex EllipticE[ler‘cSinh{\/?

C } b+vbZ-4ac
X,

b+vb2-4ac b-+vb2-4ac b+vb2-4ac

M
J

Vb%2-4ac +2cx? 2b-2+b%2-4ac +4cx?
i|-b*+4abc+b*+\/b?2-4ac -3ac+/b®’-4ac * ’ :
b+vb2-4ac b-+vVb%2-4ac

c x] b+vb2-4ac
B
b+vb2-4ac b-+vb2-4ac

EllipticF[i ArcSinh[+/2

]

Problem 122: Result more than twice size of optimal antiderivative.

X (d+ex2)
J dx
Vax+bx3+cx®

Optimal (type 6, 287 leaves, 7 steps):

2dx2 |14+ —2xX g, 20 AppellF1[2, 1, 2 7 2cx? 2cx?
El El ) i I )y
b/b2-4ac bi/b2-4ac 47272747y [braac bi/b2-4ac
3vax+bx3+cx®
2ext |14+ —29X 1+—2CX AppellF1[Z, 1, 2, 1 2¢x —13
B 3 B bl B
b-+/b%-4ac b+ b2 4ac 4727 2 4 b-+/b%-4ac b+y/b%-4ac
7Vax+bx3+cx®

Result (type 6, 639 leaves):

-vb2-4ac

1.2.4 Improper.nb
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1

42 (x (a+bx2+cx“))3/2
b-+/b>-4ac +2cx?

31 1 7
-7afppellFl| =, —, =, —, -
4 2 2 4

49 d AppellF1|

b++/b’>-4ac +2cx?

2 ¢ x2 2cX

b++Vb2-4ac -b++vb?>-4ac

ax3

2

[R—

2cx? 7 3 1
|+ (b—xlb2—4ac ] AppellFl[—, =, =,
-b+Vb2-4ac 4 2 2
5 7 1 1 11 2cx? 2cx?
33 ex?AppellFl[—, =, =, —, - s ]
4 2 2 4 b+vb2-4ac -b++yb2-4ac
2cx? 11 1 3
| +x2 b+x/b2—4ac)Appe11F1[f, =, =,
-b++vb?-4ac 4 2 2

)

N lw

+ X

1 1 7 2 ¢ x? 2cx? ]]/
Ty T Ty~ >
2 2 4 pi+b2-4ac -b++b?>-4ac
7 1 3 11 2cx?
2 b+x/b2—4ac)Appe11F1[—, —, Ty -
4 2 2 4 b+vVb2-4ac
2 cx? 2cx? ]] J
b+vb2-4ac -b+vb%2-4ac
7 1 1 11 2 ¢ x2
711aAppellF1[—, T Ty T - >
4 2 2 4 b+vVb2-4ac
2 ¢ x2 2 cx?

- 3
b+Vb2-4ac -b+yb2-4ac

11 3 1 15 2cx? 2cx?
(b7\/b2—4ac]AppellF1[*, — T ) - s ]
4 2 2 4 pip’-4ac -b+\b2-4ac

Problem 140: Unable to integrate problem.

149
X 2
dx
Vb x" 1 cx2"d 1 axd

Optimal (type 3, 70leaves, 2 steps):

x9/2 (2 a+bx"9) ]

2+/a 1/ bx"+cx2"94axd
Va (n-q)

Result (type 8, 38leaves):

1+ 4
x 2
dx
Vb x"+cx2Md 1 axd

ArcTanh [
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Summary of Integration Test Results

140 integration problems

A - 129 optimal antiderivatives

B - 2 more than twice size of optimal antiderivatives
C - 8 unnecessarily complex antiderivatives

D - 1 unable to integrate problems

E - 0 integration timeouts



