Mathematica 11.3 Integration Test Results
on the problems in "4 Trig functions\4.3 Tangent"

Test results for the 387 problems in "4.3.0 (a trg)*m (b tan)*n.m"
® Problem 59: Result unnecessarily involves imaginary or complex numbers.
JSin[a+bx}3\/dTan[a+bx} dx

Optimal (type 4, 105leaves, 5steps):

5dSinfa+bx] dSin[a+bx]3 5Cscla+bx] EllipticF[a- 7 +bx, 2] VSin[2a+2bx] VdTan[a+bx]
- - +
6b~dTan[a+bx] 3b-+dTan[a+bx] 12b

Result (type 4, 139 leaves):
7[003[2 (a+bx)] Sec[a+bx]
(75 (71)1/4EIIipticF{]iArcSinh[(fl)l/“\/m], 71}Sec[a+bx]2 + (-6+Cos[2 (a+bx)])~/Sec[a+bx]2 /Tan[a+bx]
\/m)/ (Gb\/Sec a+bx]? VTan[a+bx] (-1+Tan[a+bx] ))
® Problem 60: Result unnecessarily involves imaginary or complex numbers.
JSin[a+bx} vdTan[a+bx] dx

Optimal (type 4, 75leaves, 4 steps):

dSinfa+bx] Csc[a+beEIIipticF[a—%Jfbx, 2] +/sin[2a+2bx] VdTan[a+bx]
- +
b~/dTan[a + b X] 2b

Result (type 4, 85leaves):
Cos[a+bx] | (-1)Y4EllipticF lercSinh{(—1)1/4\/Tan[a+bx ] }x/Sec a+bx]?2 ++/Tan[a+bx] | vVdTan[a+bx]

b+Tan[a+bx]
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® Problem 61: Result unnecessarily involves imaginary or complex numbers.
JCsc[a+bx} VdTan[a+bx] dx

Optimal (type 4, 47 leaves, 3steps):

Cscla+bx] EIIipticF[a741+bx, 2] v/sin[2a+2bx] +/dTan[a+bx]

b
Result (type 4, 73 leaves):

2 (-1)Y* Cos[a+bx] EIIipticF[jArcSi nh[(fl)l/“\/Tan[aerx} } 71} Sec[a+bx]? VdTan[a+bx]
b+Tan[a+bx]

Problem 62: Result unnecessarily involves imaginary or complex numbers.

JCsc[a+be3x/dTan[a+bx} dx

Optimal (type 4, 77 leaves, 4 steps):

2dCscla+bx] 2Cscla+bx] EllipticF[a- 7 +bx, 2] \JSin[2a+2bx] v/dTan[a+bx]
- +
3b+/dTan[a+bx] 3b

Result (type 4, 115 leaves):
(2003[2 (a+bx)] Cscla+bx]® (dTan[a+bx])%?2
[\/Sec[a+bx12 +2 (-1)Y4E lipticF|iArcSi nh{(—l)l/4 m], —1] Tan[a+bx]3/2])/ (de Secia+bx]? (—1+Tan[a+bx}2)]
Problem 63: Result unnecessarily involves imaginary or complex numbers.
J-Csc[a+bx}5\/mdlx

Optimal (type 4, 105leaves, 5steps):

4dCscla+bx] 2dGCscla+bx]3 4Cscla+bx] EllipticFla-7+bx, 2] V/Sin[2a+2bx] ~/dTan[a+bXx]
- - +
7b~dTan[a+bx] 7b-+dTan[a+bx] 7hb

Result (type 4, 124 leaves):
- (ZdCos[Z (a+bx)] Cscla+bx]3

((—2+Cos[2 (a+bx)]) (Sec[a+bx]2)3/2—4 (-1)1/4 EIIipticF[J‘LArCSi nh[(—1)1/4\/Tan[a+bx} } —1] Tan[a+bx}7/2))/

(7bxlSec[a+bx]2 vdTan[a +bx] (71+Tan[a+bx]2))
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® Problem 69: Result unnecessarily involves imaginary or complex numbers.
JSi nja+bx]% (dTan[a +bx])3%? dx
Optimal (type 4, 110leaves, 5steps):
7d®Sinfa+bx]? 7d?EllipticE[a-;+bx, 2]Sinfa+bx] 2dSinfa+bx]3vdTan(a+bx]

- +

3b (dTan[a+bx])3"? 2b+/Sin[2a+2bx] VdTan[a+bx] b

Result (type 4, 156 leaves):
1

- (42 (-1)3%/% Cos[a+bx] EIIipticE{jArcSi nh{(71)1/4\/Tan[a+bx] ] 71] Secla+bx]? -42 (-1)%4 Cos[a+bXx]
12b Tan[a + b x]3/2

Ell pticF[]‘LArcSi nh[(—l)l/“m}, —1] Secla+bx]? + (17Sinfa+bx]-Sin[3(a+bx)])VTan[a+bx] | (dTan[a+bx])32
Problem 70: Result unnecessarily involves imaginary or complex numbers.
JSin[a+bx} (d Tan[a + b x])3%/2 dx
Optimal (type 4, 76leaves, 4 steps):
3d?EllipticE[a-;+bx, 2]Sinfa+bx] 2dSinfa+bx]dTan[a+bx]

- +

bvSin[2a+2bx] VdTan[a+bx] b

Result (type 4, 128 leaves):

1
Cos[a+bx] (dTan[a+bx])%? [3 (71)3/4EllipticE[iArcSi nh[(71)1/4\/Tan[a+bx] } 71] \/Sec[a+bx]? -

7bTan[a+bx}3/2
3 (-1)%4E lipticF|iArcSi nh[pl)lﬂm}, _1} Sec[a+bx]2 +Tan[a+bx]3/2]
Problem 71: Result unnecessarily involves imaginary or complex numbers.
JCsc[a+bx} (d Tan[a + b x])3%/2 dx
Optimal (type 4, 76leaves, 4 steps):
2d?EllipticE[a-;+bx, 2] Sinfa+bx] 2dSinfa+bx]dTan[a+bx]

- +

bvSin[2a+2bx] VdTan[a+bx] b

Result (type 4, 99 leaves):

1
2 (-1)%4 Cos[a+bx]

b Tan[a + b x]%/2

~EllipticE|iArcSi nh[(—1)1/4\/Tan[a+bx} } —1] +EllipticF|iArcSi nh[(—1)1/4\/Tan[a+bx] } —1]) Sec[a+bx]? (dTan[a+bx])%?
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® Problem 72: Result unnecessarily involves imaginary or complex numbers.
JCsc[a+bx}3 (d Tan[a + b x])3%/2 dx

Optimal (type 4, 102leaves, 5 steps):

4d2Cos[a+bx] 4d’°EllipticE[a-7+bx, 2]Sinfa+bx] 2dCscla+bx]~/dTan(a+bx]

+

b+/dTan[a+bx] bvSin[2a+2bx] VdTan[a+bx] b
Result (type 4, 129 leaves):
1
- 2dCscla+bx] (x/Sec[a+bx]2 +2 (71)3/4EllipticE[JiArcSi nh[(fl)1/4x/Tan[a+bx} } 71} vJTan[a+bx] -
b~/Sec[a+bx]2
2 (-1)%4 EIIipticF[]iArcSi nh[(—1)1/4x/Tan[a+bx} } —1} v/Tan[a +b x] ) vJdTan[a +bx]

Problem 78: Result unnecessarily involves imaginary or complex numbers.
JSi nja+bx]% (dTan[a +bx])%? dx

Optimal (type 4, 137 leaves, 6 steps):
5d3Sin[a+bx] d3Sin[fa+bx]®

+ —

2b~/dTan[a+bx] b+/dTan[a+bx]

5d2Cscla+bx] EllipticF[a- 7 +bx, 2] VSin[2a+2bx] VdTan[a+bx] 2dSinfa+bx]3 (dTan[a+bx])3?

+

4b 3b
Result (type 4, 200 leaves) :
Cot [a +bx]? (—2003[a+bx] 7$003[3 (@a+bx)] +§Sec[a+bx]) (dTan[a+bx])52 1
+ (dTan[a +bx])5/?
b 24bTan[a+bx]%2

60 (-1)Y*El lipticF[iArcSinh[(-1)"/Tan[a+bx] |, -1| Secla+bx]® 106 Cos(2 (a+bx)] Cscla+bx] Sec(a+bx]2Tan[a+bx]%?
+

<1+Tan[a+bx]2)3/2 (1-Tan[a+bx]?) (1+Tan[a+bx]?)

Problem 79: Result unnecessarily involves imaginary or complex numbers.

JSin[a+bx} (d Tan[a + b x])%2 dx

Optimal (type 4, 108leaves, 5 steps):

5d3Sin[a+bx] 5dZCsc[a+bx}EIIipticF[a—41+bx, 2]\/Sin[2a+2bx} vJdTan[a + b x] 2dSin[fa+bx] (dTan[a+bx])3/2
- +
3b~/dTan[a+bx] 6b 3b

Result (type 4, 133 leaves):



7[005[2 (a+bx)] Csc[a+bx]~/Sec[a+bx]?

(10 (-1)Y4 BT pticF[JiArcSi nh[(-l)l/“ VTan[a+bx] } -1} +(7+3C0s[2 (a+bx)])/Sec[a+bx]2 v/Tan[a+bx]

(dTan[a+bx])5/2)/ (6bTan[a+bx]3? (-1+Tan[a+bx]?))

Problem 80: Result unnecessarily involves imaginary or complex numbers.

JCsc[a+bx1 (dTan[a +bx])5%2 dx

Optimal (type 4, 80leaves, 4 steps):

d? Csc[a+bx] EIIipticF[a—§+bx, 2} \Sin[2a+2bx] +/dTan[a+bx] 2dCscla+bx] (dTan[a+bx])3/2
- +

3b 3b

Result (type 4, 87 leaves):

(-1)Y4Eipti cF{iArcSi nh[(—l)l/4 v/ Tan[a+b x] } —1}

2Cscla+bx] ++VTan[a+bx] | (dTan[a+bx])5/?

Sec [a+b x ]2

3bTan[a+bx]3?2

Problem 81: Result unnecessarily involves imaginary or complex numbers.

JCsc[a+bx}3 (d Tan[a + b x])%/2 dx

Optimal (type 4, 80leaves, 4 steps):

2d?Cscla+bx] EllipticF[a- 7 +bx, 2] VSin[2a+2bx] VdTan[a+bx] 2dCscfa+bx] (dTan[a+bx])3?

+

3b 3b

Result (type 4, 88leaves):

2 (-1)1/4 EIIipticF[JiArcSi nh[(—l)1/4\/Tan[a+bx] } —1]

- +VTan[a+bx] | (dTan[a+bx])%2

Sec [a+b x]2

3bTan[a+bx]3/2

2Cscl[a+bx]

Problem 82: Result unnecessarily involves imaginary or complex numbers.

JCsc[a+bx}5 (d Tan[a +b x])%2 dx

Optimal (type 4, 110leaves, 5steps):
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4d3Cscia+bx] 4d?Cscla+bx]EllipticF[a- 7 +bx, 2] VSin[2a+2bx] YdTan[a+bx] 2dCscia+bx]3 (dTan[a+bx])3?2
- + +
3b+dTan[a+bx] 3b

Result (type 4, 110leaves):
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1
3b+/Sec[a+bx]?

2dCscla+bx]® (COS[Z (a+bx)]+/Secla+bx]? +2 (-1)Y*EllipticF|iArcSi nh[(71)1/4\/Tan[a+bx] } 71] Sin[2 (a+bx)]VTan[a+bx]

(dTan[a + b x])3/?

® Problem 83: Result unnecessarily involves imaginary or complex numbers.

JCsc[a+bx}7 (d Tan[a + b x])%/? dx

Optimal (type 4, 140leaves, 6 steps):
40d3Cscla+bx] 20d3 Cscla+bx]3

- - +
21b+dTan[a +bx] 21 b+vdTan[a+bx]
40d2Cscla+bx] EllipticFla-Z+bx, 2] VSin[2a+2bx] VdTan[a+bx] 2dCscfa+bx]® (dTan[a+bx])3?

+

21b 3b

Result (type 4, 130 leaves):

1
- d? Csc[a +bx] [(1+10005[2 (a+bx)]-5Cos[4 (a+bx)])Cscla+bx]®Sec[a+bx]~Sec[a+bx]? +

21b+/Sec[a+bx]?

80 (—1)1/4EllipticF{11ArcSi nh{(—1)1/4\/Tan[a+bx] ] —1] vTan[a+bx] | VdTan[a +bx]

® Problem 89: Result unnecessarily involves imaginary or complex numbers.

Sinfa+bx]®
J dx

VdTan[a+bx]
Optimal (type 4, 107 leaves, 5 steps):

7dSinfa+bx]? dSinfa+bx]® 7TElipticE[a-7+bx, 2] Sin[a+bx]

- - +
30b (dTan[a+bx])¥? 5b(dTanfa+bx])*? 20p+/Sinj2a+2bx] VdTan|a+bx]

Result (type 4, 153 leaves):

1
Cos[a+bx]VTan[a+bx] (42 (71)3/4EllipticE{]iArcSi nh{(fl)l/“\/Tan[aerx} ] 71} \JSecja+bx]? -
120 b vdTan[a + b x]

42 (-1)34El i pticF[iArcSi nh[(—l)l“‘\/Tan[aerx] } 71] Secla+bx]? + (25-14Cos[2 (a+bx)] +3Cos[4 (a+bx)]) Tan[a + b x]3/2
® Problem 90: Result unnecessarily involves imaginary or complex numbers.

dx

J Sin[fa+bx]®
VdTan[a+bx]
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Optimal (type 4, 79leaves, 4 steps):
dSinfa+bx]? EllipticE[la- 7 +bx, 2] Sinfa+bx]

N
3b(dTan[a+bx])%? 2p+/Sin[2a+2bx] VdTan[a+bx]
Result (type 4, 154 leaves):

1

12b+vdTan[a+bx]
(76 (71)3/4EllipticE[JiArcSi nh[(fl)1/4x/Tan[a+bx} } 71} \JSecla+bx]? +6 (-1)%*EllipticF|iArcSi nh{(fl)1/4\/Tan[a+bx] } 71]

Cos[a+bx]

Sec[a+bx]2 +Sec[a+bx] (-5Sin[fa+bx]+Sin[3(a+bx)])Tan[a+bx] ) ~/Tan[a + b x]
Problem 91: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

dx

Sinfa+bx]
Jm
Optimal (type 4, 47 leaves, 3steps):
EIIipticE[a—;l+bx, 2] Sinfa+bx]

bvSin2a+2bx] VdTan[a+bx]
Result (type 4, 126 leaves):

1
Cos[a+bx]VTan[a+bx] ((—1)3/4EllipticE[jArcSi nh[(—1)1/4\/Tan[a+bx] } —1] \/Secla+bx]? -
b+vdTan[a+bx]

(71)3/4EllipticF[j1ArcSi nh{(71)1/4\/Tan[a+bx] ] 71} Secla+bx]? +Tan[a+bx]3/2)

Problem 92: Result unnecessarily involves imaginary or complex numbers.

J Cscla+bx]
vVdTan[a+bx]
Optimal (type 4, 72leaves, 4 steps):

dx

2 Cos[a+bx] 2EIIipticE[a—§+bx, 2] sinfa+bx]

b+/dTan[a+bx] bvSini2a+2bx] VdTan[a+bx]

Result (type 4, 135leaves):

1
- 2 Cos[a+bx] [Sec[a+bx]2+ (—1)3/4EllipticE[jArcSi nh[(—1)1/4\/Tan[a+bx] } —1] Sec[a+bx]? v/Tan[a+bXx] -
b+dTan[a+bx]

(71)3/4EllipticF[JiArcSi nh[(fl)l/“\/Tan[aerx} } 71} n/Sec[a+bx]? v/Tan[a +bx] )
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® Problem 93: Result unnecessarily involves imaginary or complex numbers.

dx

Cscla+bx]®
J-\/m
Optimal (type 4, 102leaves, 5 steps):

2dCscla+bx] 4 Cos[a+bx] 4EllipticE[a- 7 +bx, 2] Sin[a+bx]
5b(dTan[a+bx})3/275b\/mi 5b+/Sinj2a+2bx] VdTan[a+bXx]
Result (type 4, 149 leaves):

(Sec[a+bx1 ((—3+Oos[2 (a+bx)]) Cscla+bx]2+/Secla+bx]? 74(71)3/4EllipticE{JiArcSi nh{(fl)l/“\/Tan[aerx} ] 71} VTan[a+bx] +
4 (-1)%/4EllipticF|iArcSi nh{(71)1/4\/Tan[a+bx] ] 71] VTan[a +bx] ))/ (be/Sec[a+bx}2 vdTan[a+bx] )
Problem 99: Result unnecessarily involves imaginary or complex numbers.

dx

J Sin[fa+bx]3
(d Tan[a + b x])3/2

Optimal (type 4, 112 leaves, 5steps):

Sinfa+bx] Sinfa+bx]® Cscla+bx] EllipticFla- 7 +bx, 2] VSin[2a+2bx] vdTan[a+bx]
- + +
6bdvdTan[a+bx] 3bd+/dTan[a+bx] 12 b d?
Result (type 4, 102 leaves):
1

24bd?+/Sec[a+bx]?

Cscla+bx] (\/Sec[a+bx}2 Sin[4 (a+bx)]+4 (-1)Y*EllipticF|iArcSi nh[(71)1/4\/Tan[a+bx] } 71] vTan[a+bx] | v/dTan[a+bx]

Problem 100: Result unnecessarily involves imaginary or complex numbers.

Sin[a+bx]
J ax

(d Tan[a + b x])3/2

Optimal (type 4, 79leaves, 4 steps):

Sinfa+bx] EllipticF[a- 7 +bx, 2] Sec[a+bx]VSin[2a+2bx]
.
bd+dTan[a+bx] 2bd+dTan[a+bx]

Result (type 4, 126 leaves):
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[Cos[z (a+bx)] Sec[a+bx] [(71)1/4EllipticF[iArcSi nh[(71)1/4x/Tan[a+be } 71} Secla+bx]?-+/Sec[a+bx]%2 v/Tan[a+b x]
Tan[a+bx]3/2)/ [bx/Sec[a+bx}2 (d Tan[a + b x])3/? (—1+Tan[a+bx]2))

® Problem 101: Result unnecessarily involves imaginary or complex numbers.

dx

J- Csc[a+bx]
(dTan[a +b x])3/?

Optimal (type 4, 82leaves, 4 steps):

2Cscla+bx] Cscla+bx] EllipticFla- 7 +bx, 2] VSin[2a+2bx] VdTan[a+bx]
3bd+/dTan[a+bx] 3bd?

Result (type 4, 110 leaves):

(2Cos[2 (a+bx)]Sec[a+bx]\/5ec[a+bx]2 (JSec[a+bx}2 - (-1)Y4EllipticF|iArcSi nh{(71)1/4\/Tan[a+bx] } 71] Tan[a+bx]3/2])/
(3b (dTan[a+bx])%? (-1+Tan[a+bx]?))

® Problem 102: Result unnecessarily involves imaginary or complex numbers.

dx

J‘ Cscla+bx]®
(dTan[a +b x])3/?

Optimal (type 4, 112leaves, 5steps):

2 Cscla+bx] 2Cscla+bx]3 2Cscla+bx]EllipticF[a-7+bx, 2] VSin[2a+2bx] vdTan[a+bx]
21bd+/dTan[a+bx] 7bd+/dTan[a+bx] 21bd?

Result (type 4, 136 leaves):

(Csc[a+bx}3 ((1+100os[2 (@a+bx)] +Cos[4 (a+bx)]) (Secfa+bx12)¥?-

8 (-1)14Cos[2 (a+bx)] Elli pticF[jArcSi nh[(—l)l/4 v/ Tan[a +b x] } —1] Tan[a+bx]7/2))/
[42bd\/5ec[a+bx]2 v/dTan[a +b x] (—1+Tan[a+bx]2))

® Problem 108: Result unnecessarily involves imaginary or complex numbers.

dx

J Sinfa+bx]”’
(d Tan[a + b x])5/?

Optimal (type 4, 144 leaves, 6 steps):

Sinfa+bx]3 3Sin[a+bx]® Sinfa+bx]? 3EIIipticE[a72—\+bx, 2] Sinfa+bx]

- - + +
20bd (dTan[a+bx])*2? 70bd (dTanfa+bx])%? 7bd (dTan[a+bx])%? 40bd2+/Sin[2a+2bx] VdTan[a+bx]
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Result (type 4, 206 leaves) :

3 o _ 29Sin[3 (a+bx)] _ 9Sin[5 (a+bx)] 1 o 3
(—448 Sinfa+bx] a0 2340 * g SINL7 (a+bx)]) Tan[a+bx]

+

b (d Tan[a +b x])5%/?

3Sec[a+bx] Tan[a +b x]5/2 (—1)3/4EllipticE{j1ArcSi nh{(—1)1/4\/Tan[a+bx] ] —1] -

Tan[a + b x]3/2

(-1)3/4EllipticF|iArcSi nh{(—1)1/4x/Tan[a+bx} ] —1} + / [40b (dTan[a+bx})5/2\/1+Tan[a+bx]2

\/1+Tan[a+bx}2

® Problem 109: Result unnecessarily involves imaginary or complex numbers.

dx

J‘ Sinfa+bx]®
(d Tan[a + b x])%/?

Optimal (type 4, 114 leaves, 5steps):

Sinfa+bx]3 Sinfa+bx]® 3EIlipticE[a-f+bx, 2] Sin[a+bx]

- + +
10bd (dTanfa+bx])*? 5bd (dTanfa+bx])*? 20hd2+/Sin[2a+2bx] YdTan[a+bx]

Result (type 4, 151 leaves):
1

40bd2+/dTan[a+bx]
(76 (71)3/4EllipticE[JiArcSi nh[(fl)1/4x/Tan[a+bx} } 71} \JSecla+bx]? +6 (-1)%4EllipticF|iArcSi nh{(fl)1/4\/Tan[a+bx] } 71]

Cos[a+bx]

Secja+bx]?2 + (Sin[4 (a+bx)] -6Tan[a+bx]) VTan[a+bx] ] v/Tan[a +b x]
® Problem 110: Result unnecessarily involves imaginary or complex numbers.

dx

J Sin[fa+bx]3
(d Tan[a + b x])%/?
Optimal (type 4, 84 leaves, 4 steps):

Sinfa+bx]3 EllipticE[a- 7 +bx, 2] Sinfa+bx]

.
3bd (dTan[a+bx])*? 2pd2+/Sinj2za+2bx] /dTan[a+bx]
Result (type 4, 144 leaves):

1

6bd?2+/dTan[a+bx]

3 (71)3/4EllipticF[j1ArcSi nh{(71)1/4\/Tan[a+bx] ] 71} Secla+bx]? + (4+Cos[2 (a+bx)})Tan[a+bx}3/2)

Cos[a+bx]VTan[a+bx] (3 (—1)3/4EllipticE[J‘1ArcSi nh[(—1)1/4\/Tan[a+bx] } —1] \/Sec[a+bx]? -
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Problem 111: Result unnecessarily involves imaginary or complex numbers.

dx

Sinfa+bx]
J-(dTan[a+bx1)5/2
Optimal (type 4, 78leaves, 4 steps):

2Sin[a+bx] 3EllipticE[a-7+bx, 2] Sin[a+bx]

bd(dTan[a+bx])¥? pg2+/Sinj2a+2bx] VdTan[a+bx]
Result (type 4, 142 leaves):

1 6 (-1)%/4 EIIipticE{lercSi nh{(71)1/4\/Tan[a+bx] ] 71} VTan[a +bx]
Cscla+bx] |-5+Cos[2 (a+bXx)] - +

Sec[a+bx]?

6 (-1)3*Ellipti cF[JiArcSi nh[(—l)l/4 VTan[a +bx] } —1] VTan[a+bx]

2bd?

dTan[a+bx]
Sec[a+bx]?
Problem 112: Result unnecessarily involves imaginary or complex numbers.
Cscla+bx]
J ax
(d Tan[a + b x])5%/2
Optimal (type 4, 110leaves, 5steps):
2Cscla+bx] 6 Cos[a+bx] 6EIIipticE{a—%+bx, 2] sinfa+bx]

- + +
5bd (dTan[a+bx])*? 5pd2+/dTan[a+bx] 5bd2+/Sin[2a+2bx] VdTan[a+bx]
Result (type 4, 157 leaves):

1
- 2 Cos[a+bx]

5bd2+dTan[a+bx]
(4 (-1+2Cos[2 (a+bx)]) Csc[2 (a+bx)]%2-3 (71)3/4EllipticE[iArcSi nh[(71)1/4\/Tan[a+bx] } 71] Secla+bx]? VTan[a+bx] +

3 (71)3/4EllipticF[]iArcSi nh[(fl)l/“\/Tan[aerx} } 71} \/Sec[a+bx]% v/Tan[a+b x] )

Problem 113: Result unnecessarily involves imaginary or complex numbers.

dx

J Cscla+bx]®
(d Tan[a + b x])5%/2

Optimal (type 4, 140leaves, 6 steps):

2Cscla+bx] 2Cscla+bx]® 4Cos[a+bx] 4EllipticE[a- 7 +bx, 2] Sinfa+bx]

- +

N
15bd (dTanfa+bx])*? 9bd (dTan[a+bx])*? 15pd2+/dTan[a+bx] 15bd2+/Sin[2a+2bx] VdTan[a+bx]
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Result (type 4, 204 leaves) :

(f—SCsc[a+bx} +%Csc[a+bx}3—§Csc[a+bx}5—%8in[a+bx”Tan[a+bx}3

+

b (d Tan[a + b x])%/?

4Secla+bx] Tan[a+bx]5/? (—1)3/4EllipticE{j1ArcSi nh{(—1)1/4\/Tan[a+bx] ] —1] -

Tan[a + b x]3/2

(-1)34El i pticF{ﬂArcSi nh{<_1>1/4 VTan[a+bx] ] _1} .

/ [15b (dTan[a+bx})5/2\/1+Tan[a+bx]2
\/1+Tan[a+bx}2

® Problem 115: Result unnecessarily involves higher level functions.
J(aSi nie+f x])%?+VbTan[e+f x] dx

Optimal (type 4, 88leaves, 3steps):
2b (aSinfe+f x])%2 4a?+/Cose+f x] EIIipticF[% (e+fx), 2] VbTan[e +f x]

- +

3f VvbTan[e +f x] 3f VvaSin[e+f x]
Result (type 5, 77 leaves):

2b ((Cosfe+f x]2)1/4—l-|ypergeorretricZFl[%, %, % Sinfe+f x]?]) (aSinfe+f x])%2

3f (Cos[e+f x]z)l/4 Vb Tan[e +f x]
® Problem 117: Result unnecessarily involves higher level functions.
J\/bTan[eM X]

VaSinje+f x]
Optimal (type 4, 50leaves, 2steps):

2+ Cos[e+f x] EIIipticF[% (e+fx), 2] VbTan[e +f x]

f vaSin[e+f x]
Result (type 5, 69 leaves):

dx

Hyper geonet ri c2F1[%, %, % Sinfe+fx]2]sin[2 (e+f x)] VbTan[e +f x]
2f (Cos[e+f x]2)1/4\/aSi nie+f x]
® Problem 118: Result unnecessarily involves higher level functions.

Vb Tan[e +f x]

(aSin[e+f x])3/?

dx
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Optimal (type 3, 107 leaves, 7 steps):

ArcTanWOos[eH‘xJ }VOos[eH‘x} VbTanfe +f x] ArcTanh{\/Oos[eMx] ]\/Oos[e+fx] JbTanfe +f x]

af vaSin[e+f x] af VvaSin[e+f x]
Result (type 5, 66 leaves):

3

2 (-Cot [e+f x]?)%" 2 %, Cscle+f x]2] (bTan[e +f x])3/2

Hyper geomet ri cZFl[

3bf (aSin[e+f x])3/?

Problem 119: Result unnecessarily involves higher level functions.

J VbTan[e +f x]

dx

aSin[e+f x])%?2

Optimal (type 4, 86 leaves, 3steps):

b \/Cos[e+f x] EIIipticF[%(e+fx),2}\/bTan[e+fx}
- +
a2f VaSin[e+f x] VbTan[e +f x] a?f vaSin[e+f x]

Result (type 5, 89 leaves):

b (-2 (Cos[e +f x}2)1/4+l-lypergeorretri c2Fl[%, %, % Sinfe+f x]?] Sinfe+f x]?)

2a%f (Cosfe+f x]2)"*+/asinfe+f x] VbTan[e+f x]
Problem 120: Result unnecessarily involves higher level functions.
J-(aSi nie+f x])%2 (bTan[e +f x])%2 dx
Optimal (type 4, 126 leaves, 4 steps):
24 a%b?Ellipti CE[% (e+fx), 2| Vasin[e+fx] 12a2b+aSinfe+fx] VbTan[e+fx] 2b(aSinfe+fx])52/bTan[e+f x]

— + —

5f +/Cos[e+f x] VbTan[e +f x] 5f 5f

Result (type 5, 99 leaves):
1

5f (Cos[e +f x]2)3/4

)3/4 vaSin[e+f x] VbTan[e+f x]

N | W

1
(11 +Cos[2 (e+f x)]) -12Cos[e +f x]2 Hyper geonetri c2F1| —, , Sinfe +f x] ]
4

¢';12b[(Oos[e+fx]2 2’

Problem 122: Result unnecessarily involves higher level functions.
J\/aSi nfe+f x] (bTan[e+f x])%2dx

Optimal (type 4, 84 leaves, 3steps):
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4b2EIIipticE[% (e+fx), 2] VaSin[e+fx] 2p+aSinfe+fx] VbTan[e+f x]

+

f VCos[e+f x] VbTan[e +f x] f

Result (type 5, 83 leaves):

1 3/4

1 1 3
2b | (Cos[e+f x]?) Cos[e +f x]%2 Hypergeonetri c2F1| —, —, —, Sin[e+fx}2] JaSin[e+f x] vVbTan[e +f x]
4 2 2

f (Cosfe+f x]12)%*

Problem 124: Result unnecessarily involves higher level functions.

dx

J(bTan[eJrf x])3%/2
(aSin[e+f x])%/?

Optimal (type 4, 90leaves, 3steps):

2b%EllipticE[; (e+fx), 2] VaSinle+fx] 2b+asinie-fx] VbTanlef x]

+

a2f +/Cos[e+f x] VbTan[e+f x] a’f

Result (type 5, 92 leaves) :
2Cos[e+f x] (Cos[e +f x]2)3/4—

(af (Cosfe+f x12)¥*asinie+f x] )

Problem 125: Result unnecessarily involves higher level functions.

N | W

1 1
Cos [e +f x]% Hypergeonetri c2F1| —, —,
4" 2

, Sinfe+f x}z]] (b Tan[e +f X])S/z]/

dx

J(bTan[eJrf x])3%/2
(aSin[e+f x])5%/2

Optimal (type 3, 145leaves, 8steps):

bZArcTan[\/Cos[eMx} ]\/aSin[eMx} b2ArcTanh[\/Cos[e+fx} ]\/aSin[eMx} 2b-/bTan[e+f x]

a3f v/Cos[e+f x] VbTan[e +f x] a®f /Cos[e+f x] VbTan[e+f x] +azf\/m
Result (type 5, 68 leaves):
2b (-1+ (-Cot [e+f x]2)1/4 WpergeonetricZFl[%, 41, %, Cscle+f x]2]) vV/bTan[e +f x]
azf VaSin[e+f x]

Problem 126: Result unnecessarily involves higher level functions.

J(aSi nie+f x1)%?
Vb Tan[e +f x]
Optimal (type 4, 123leaves, 4 steps):

dx



4a2b (aSinfe+f x])%2 2b (aSinfe+f x])9?2 8a4EIIipticE[§(e+fx),2]vaSin[e+fx]

- +
15f (bTanfe+f x])%2 9f (bTan[e+f x])3%? 15f \/Cos[e +f x] bTan[e+f x]
Result (type 5, 100 leaves):

at (Cos[e+fx}2)3/4
(901‘ (Oos[e+fx12)3/4\/bTan[e+f X] )

® Problem 128: Result unnecessarily involves higher level functions.

11
(-17 +5Cos[2 (e +f x)]) + 12 Hyper geomet ri cZFl{f, -,
4" 2

N | W

, Sinfe+f x}z]

J(aSi nie+f x])5%/2
Vb Tan[e +f x]
Optimal (type 4, 88leaves, 3steps):

dx

2b (aSin[e+f x])5?2 4a2EIIipticE[§ (e+fx), 2] VaSin[e+f x]

- +
5f (bTan[e +f x])3%2 5f VCos[e+f x] vbTan[e +f x]
Result (type 5, 87 leaves):

a2((Oos[e+fx}2)3/4fl-lypergeorretric2F1[%, % % Sinfe+f x]2])VaSin(e+f x] Sin[2 (e+fx)]

vaSinje+f x] Sin[2 (e+f X)]

5f (Cosfe+f x]2)¥*/bTan[e+f x]
® Problem 130: Result unnecessarily involves higher level functions.
J\/aSi nie+f x]

Vb Tan[e +f x]
Optimal (type 4, 50leaves, 2 steps):

2Bl lipticE[; (e+fx), 2] VaSin[e+f x]

f VCos[e+f x] VbTan[e+f x]

dx

Result (type 5, 69 leaves):
Hyper geonet r i c2F1[i—, % % Sinfe+f x]?2] VaSinfe+fx] Sin[2(e+fx)]
2f (Cosfe+f x]2)**bTan[e +f x]

® Problem 131: Result unnecessarily involves higher level functions.
1

dx

J\/aSi nie+f x] VbTan[e+f x]
Optimal (type 3, 106 leaves, 7 steps):
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/
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ArcTan[\/Oos[eﬂ X] ]\/aSin[e+f X] ArcTanh[\/Oos[eH X] ]\/aSin[e+f X]

af VCos[e+f x] vbTan[e +f x] af V/Cos[e+f x] vVbTan[e+f x]
Result (type 5, 64 leaves):

2 (-Cot [e+f x] )1/4

Hyper geonet ri c2F1|

15 Cscle+f x]2] vVbTan[e +f x]
4’ 4 4
bf vaSin[e+f x]

® Problem 132: Result unnecessarily involves higher level functions.

1
J ax
(aSin[e+f x])%2+/bTan[e +f x]
Optimal (type 4, 87 leaves, 3steps):

bvasSin[e+f x] EIIipticE[% (e+fx), 2] VaSinfe+f x]

a?2f (bTanfe+f x])3%? a?f +/Cos[e+f x] VbTan[e+f x]

Result (type 5, 89 leaves):
bvaSinfe+fx] (2 (Cos[ef x}2)3/4+HypergeorTetr| c2F1|

)3/4

10103 o .
I Sinfe+f x]?] Sinfe+f x]?)
3/

2

2a?f (Cosle+f x]? (bTan[e +f x])%

® Problem 133: Result unnecessarily involves higher level functions.

1
J ax
(aSinfe+f x])3%2+/bTan[e +f x]
Optimal (type 3, 146 leaves, 8steps):

b ArcTan[\/Cos[e+fx] }\/aSin[e+fx} ArcTanh[\/Oos[e+fx} }\/aSin[e+fx}
.

2a%f vaSin[e+f x] (bTan[e+f x])3/2 4a%f /Cos[e+f x] VbTan[e+f x] 4a%f /Cos[e+f x] VbTan[e+f x]
Result (type 5, 82 leaves):
1

Secje+f x]VaSin[e+f x]

Cot [e +f x]?+ (-Cot [e +f x]z)l/4 Hyper geonet ri c2F1

2a%f VbTan[e +f x] 4’

® Problem 137: Result unnecessarily involves higher level functions.

J vaSin[e +f x]

bTan[e +f x])3/2

s o

, Cscle +f x]z}

INYI

dx

Optimal (type 3, 141 leaves, 8steps):
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2vasin(e+f x] aArcTan[x/Oos[eMx] ]\/Oos[e+fx] JbTan[e +f x] aArcTanh{\/Oos[eMx] }x/Oos[eMx] vbTanfe + f x]
bf VvbTan[e+f x] b2f v/aSin[e+f x] b2f v/aSin[e+f x]
Result (type 5, 87 leaves):

1

Secle+f x]?VaSin[e+f x]

;
2 [30os[e+f x]? - (-Cot [e +f x}2)3/4 Hyper georret ri c2F1 , — GCscle+f x}z]
4

A w
NN

3bf vbTan[e +f x]
Problem 138: Result unnecessarily involves higher level functions.

1
dx

J(aSi nje+f x])%2 (bTan[e +f x71)%/2
Optimal (type 3, 151 leaves, 8steps):

1
2bf (aSinfe+f x])¥2VbTan[e T x]

ArcTan{\/Oos[e+fx} }\/Oos[eﬂ‘x} vbTanfe +f x] ArcTanh[\/Cos[e+fx] ]\/Cos[e+fx] v/bTan[e +f x]

+

4ab?f JaSin[e+f x] 4ab?f JaSin[e+f x]
Result (type 5, 70leaves):

+

-3

4
2)1/
6bf (aSin[e+fx])%%2+bTan[e +f x]

Problem 139: Result unnecessarily involves higher level functions.

dx

(aSin[e+f x])tt/2
J-(bTan[en‘ x])3%2
Optimal (type 4, 167 leaves, 5 steps):

4a%* (aSinfe+fx])%2 2a2aSinfe+f x])”7? 2 (aSinfe+fx])/? 8aemEllipticF[§<e+fX>,Z]Vm
770t bTanfe fx]  77bf VbTan(e«fx] 11bf VhTanie«fx] 77621 VaSinie fx]

Result (type 5, 106 leaves):

at , Sin[e+fx]2}

plw
N w

1
2 (Cosfe+f x]?)"* (1-24Cos[2 (e+f x)] +7Cos[4 (e+f x)]) +32Hypergeomet ri c2F1| —,
2

(aSinfe +f x})3/2]/

(616bf (Cos[e +f x}2)1/4 vbTan[e +f x] )

Problem 140: Result unnecessarily involves higher level functions.

dx

J(aSi nie+f x1)7/2
(b Tan[e +f x])3/2
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Optimal (type 4, 130leaves, 4 steps):
222 (aSinfe+fx])¥2 2 (aSin[e+fx])7/2 4a*+/Cos[e~+f x] EIIipticF[%(eAffx),2]x/bTan[e+fx}

- + +
21bf ~/bTan[e +f x] 7bf v/bTanfe +f x] 21b%f \/aSin[e+f x]
Result (type 5, 95 leaves):

1/4
a2

(Cosfe +f x]?)

(Zlbf (Cos[e +f x]z)l/4 v/bTan[e +f x] )

Problem 141: Result unnecessarily involves higher level functions.

(-1+3Cos[2 (e+fx)]) —2HypergeorretricZF1[

N | W

, Sinfe+f x}z]

oW

NS

(aSinfe+f x])3/2J/

J(aSin[eJrf x])3%/2

(b Tan[e +f x])3/2

dx

Optimal (type 4, 93leaves, 3steps):
2 (aSin[e+f x])¥2 2a’?+Cosle+f x] EIIipticF[% (e+fx), 2] VbTan[e+f x]

N
3bf VbTan[e +f x] 3b2f VaSin[e+f x]
Result (type 5, 79 leaves):

1/4

(2 (Cos[e+f x]2) +I—|ypergeonetric2F1[%, 43, g Sinfe+f x]2]) (aSinfe+f x])3%2

3bf (Cosfe+fx)2)"*/bTan(e +f x]

Problem 142: Result unnecessarily involves higher level functions.
1

J ax
VJasSin[e+f x] (bTan[e +f x])%/2
Optimal (type 4, 86 leaves, 3steps):
1 VCos[e«f x] BllipticF[3 (e+fx), 2] VbTan[e+f x]
7bf\/aSin[e+fx] v/bTan[e +f x] 7 b2f JaSin[e+f x]

Result (type 5, 89 leaves):

-2 (Cos[e +f x]2)1/4—Hypergeom3triCZFl[%, %, g Sinfe+f x]2]Sinfe+f x]?

2bf (Cos[e+f x]2)1/4\/aSin[e+f x] vbTanfe +f x]

Problem 143: Result unnecessarily involves higher level functions.

1
dx

J(aSi nje+f x])%2 (bTan[e +f x1)%/2
Optimal (type 4, 130leaves, 4 steps):
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1 1 Cos[e+f x] EIIipticF[%(eAffx),2]x/bTan[e+fx}
_ . _
3bf (aSin[e+f x])%2+bTan[e +f x] 6a2bf vVaSin[e+f x] VbTan[e +f x] 6aZb2f vaSin[e+f x]

Result (type 5, 104 leaves):

2 (Cos[e+f x]z)l/4 (1-2Cscle+f x]?) 7Hypergeorretri02F1[%, %, g Sinfe+fx]2] Sinfe+f x]?

12a’bf (Cosfe+f x]?)"*/asin(e+fx] VbTan[e+f x]

Problem 144: Result unnecessarily involves higher level functions.
1

J-(aSi nie+f x])%? (bTanfe +f x])%/?
Optimal (type 4, 167 leaves, 5 steps):

1 1
- + +
5bf (aSinfe+f x])%?+/bTan[e+f x] 30a2bf (aSinfe+f x])%2+bTan[e+f x]

1 \/Cos e +f x] EIIipticF[%(eH‘x), 2] VbTan[e +f x]
12a*bf VaSin[e+f x] VbTan[e+f x] 12a*b2f VaSin[e+f x]

Result (type 5, 114 leaves):

1
[2 (Cos(e+f x]z)l/4 (5+2Cscle+f x]?-12Csc[e+f x]*) - 5 Hypergeonetri c2Fl{—,
2

N w
N W

, Sinfe+f x]%2|Sin[e+f x}z)/

(120a“bf (Cosfe+f x]2)"*+/asinfe+f x] VbTan[e+f x] )

Problem 173: Result more than twice size of optimal antiderivative.

dx

J- (aSinfe+f x])m
(b Tan[e +f x])3/?

Optimal (type 5, 79leaves, 2steps):

2HypergeomatricZF1[—%, 43(—1+2m), %(3+2m), Sinfe+f x]2] (aSinfe+fx])™

bf (1-2m) (Cos[e~+f x}2>l/4x/bTan[e+f X]
Result (type 5, 224 leaves):
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1
Secle+f x]* (Secfe+f x12)2 “*™ (asin[e+f x])"

m 1 1
[HypergeomatricZFl{g, " (-1+2m, " (3+2m, 7Tan[e+fx}2]+(Oos[2 (e +f x)] Sec[e+f x]?

m 1 2+m 1
[—(3+2m) HypergeonetricZFl[—, — (-1+2m), (3+2m, —Tan[e+fx}2]+2(—1+2m) HypergeomatricZFl[—, — (3+2m),
2 2 4

4

NP

1
— (7+2m), -Tan[e +f x]z} Tan[e +f x}z)
4

/ (3+2m (-1+Tan[e +f x]2)>]J/ (bf (-1+2m VbTan[e +f x] )
® Problem 174: Result unnecessarily involves higher level functions and more than twice size of optimal antiderivative.
J(aSi nje+f x])M(bTan[e +f x])" dx

Optimal (type 5, 83leaves, 2steps):

1 1+n

1+n l
————(Cos [e +f x]?) 2 Hypergeonetric2F1 —(1+m+n), — (3+m+n), Sinfe+f x}z] (aSinfe+f x])™(bTan[e +f x])%*"
bf (1+m+n) 2 2 2

Result (type 6, 2107 leaves) :

1 1 1 2 1 2
[(3+m+n)AppeIIF1{— (+m+n), n, 1+m — (3+m+n), Tan{— (e+fx)} , —Tan[— (e+fx)} }
2 2 2 2

/

1
[f (1 +m+n) ((3+m+n)AppeIIFl[5 (L+m+n), n, 1+m 5 (3+m+n), Tan[2

Sinfe+f x]'*™(aSin[e+fx])™Tan[e+f x]" (b Tan[e +f x])"

2 1 2

(e +f x)] , 7Tan[5 (e +f x)] }7

2 1 2

2 (5+m+n), Tan[% (e+fx)] , 7Tan[5 (e+fx)] }7

1
(1 +m) AppeIIFl{— (3+m+n), n, 2+m
2

N |

2 1 2

1 1 1 2
nAppeIIFl{E (3+m+n), 1+n, 1+m E (5+m+n), Tan[g (e+fx)] , 7Tan{£ (e+fx)} }

Tan{% (e +f x)}

1 1 1 2 1 2
(n (3+m+n)AppeIIF1{E (L+m+n), n, 1+m 5 (3+m+n), Tan[5 (e+fx)] , —Tan[E (e+fx)] }Sec[e+fx}28in[e+fx]1*m

1 1 1 2 1 2
Tan[e+fx]’1*”]/ (1 +m+n) (3+m+n)AppeIIF1{—(1+m+n),n,1+m —(3+m+n),Tan{—(e+fx)},7Tan{—(e+fx)} ]7
2 2 2 2
1 1 1 2 1 2
21 (1+m AppeIIFl{— (3+m+n), n, 2+m — (5+m+n), Tan[— (e+fx)} , 7Tan[— (e+fx)] }7
2 2 2 2
1 1 1 2 1 2 1 2
nAppeIIFl[—(3+m+n),1+n,1+m —(5+m+n),Tan[—(e+fx)],7Tan[—(e+fx)] } Tan{—(e+fx)} ]+
2 2 2 2 2
1 1 1 2 1 2
[(1+m) (3+m+n)AppeIIFl[— (L+m+n), n, 1+m — (3+m+n), Tan[— (e+fx)] , —Tan{— (e+fx)} ]Cos[e+fx]Sin[e+fx]m
2 2 2 2
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2

2, —Tan[% (e +f x)] }—

2 1

1
/((1+m+n) ((3+m+n)AppeIIF1 —(l+m+n), n, 1+m — (3+m+n), Tan[ (e+fx)]
2 2
Tan| e+ |']
, -Tan|— (e X) -
2 +

Tan[e +f x]"

1
2 [(1+m) AppeIIFl{— (3+m+n), n, 2+m — (5+m+n), Tan{ (e+fx)}
2 2 2
1 1 2 1 2 1 2
nAppeIIFl[ (3+m+n), 1+n, 1+m — (5+m+n), Tan[ (e+fx)] , —Tan[ (e+fx)] } Tan{f (e+fx)} ] +
2 2
1 1 2
AppeIIF1[1+f (L+m+n), n, 2+m 1+E (3+m+n), Tan{2 ( +fx)} ,

1

[(3+m+n)Sin[e+fx]1*m( (1+m (1+m+n
3+m+n

1
1+— (1+m+n), 1+n,
2

1 2 1 2 1
—Tan{f(edffx)} ]Sec[—(en‘x)] Tan[—(e+fx)]+ n (1+m+n) Appel | F1
2 2 2 3+m+n
1 2 1 2 1 2 1
1+m 1+ — (3+m+n), Tan{ (e+fx)} , —Tan[g (e+fx)] }Sec{z (e+fx>} Tan[ (e+fx)} Tan[e +f x]" /
1 1 1 2 2
((1+m+n) ((3+m+n)AppeIIF1{E (L+m+n), n, 1+m — (3+m+n), Tan[5 (e+fx)] , —Tan[2 (e+fx)] }—
1 1 1 2
, N, 2+m — (5+m+n — +fx},—Tan[7(e+fx)]}—
2 2 2
2 1

’ Tan{f(e+fx)r]]—

Tan|
! E , —Tan[%(enx)] }

1
nAppeIIFl[ (3+m+n), 1+n, 1+m 5 (5+m+n), Tan[2 (e+fx)]
2 1 2
7Tan{f (e+fx)} ]Sin[e+fx]1*m

1
2 [(1+m> AppeIIFl{f (3+m+n)
2

|

1 1
[(3+m+n)AppeIIF1{f(1+m+n),n,1+m E(3+m+n> Tan{z( +fx>}
1 1 2 1 2
[72 1+m AppeIIFl{—(3+m+n),n,2+m — (5+m+n), {— e+fx)},7Tan[—(e+fx)]}f
2 2 2 2
1 1 1 2 1 2 1 2 1
nAppeIIFl[— (3+m+n), 1+n, 1+m — (5+m+n) Tan[— (e+fx)] , 7Tan[— (e+fx)] } Sec{— (e+fx)} Tan{— (e+f x)| +
2 2 2 2
1 1 1 2
(3+m+n) |- (1+m) (1+m+n)Appe||F1{1+—(1+m+n),n,2+m 1+— (3+m+n) Tan[ (e+fx)]
3+m+n 2 2 2
1 2 1 2 1 1
7Tan[ ( +fx)] }Sec{—(eﬂx)} Tan{—(e+fx)}+ (1 +m+n AppellFl[l+—(l+m+n), 1+
2 2 3+m+n 2
2 1 2 1 2
7Tan{ (e+fx)} ]Sec[—(edx)} Tan[ (e+fx)} -
2 2

1
n, 1+m 1+ — (3+m+n), Tan[— (e+fx>}
2 2
1
AppeIIFl{lJr— (3+m+n), n, 3+m 1+ — (5+m+n)
2 2

1 2 1
2Tan[—(e+fx)] (1+m |- (2+m) (3+m+n)
2 [ 5+m+n
1 2 1 2 1 2 1
Tan[f (e+fx)] , 7Tan{ (e+fx>} ]Sec[f (e+fx)] Tan[ ( +fx)]+ n (3+m+n) Appel F1|{1+ — (3 +m+n),
2 2 2 2 5+m+n
2 1 2 1
7Tan{ (e+fx)} ]Sec[;(eﬁx)] Tan[;( +fx)] -

1
1+n,2+m 1+— (5+m+n), Tan{— (e+fx)}
2 2
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1 1 1 1 2
n|- (1+m (3+m+n)AppeIIFl[1+— (3+m+n), 1+n, 2+m 1+ — (5+m+n), Tan[f (e+fx)] ,
5+m+n 2 2 2
1 2 1 2 1 1
7Tan[—(e+fx)]}Sec{—(eﬂx)} Tan[—(e+fx)}+ (L+n) (3+m+n) AppellF1|1+ — (3+m+n), 2+n, 1+m
2 2 2 5+m+n 2
1 1 2 1 2 1 2 1
1+— (5+m+n), Tan[— (e+fx)] , 7Tan{f (e+fx)] }Sec[— (e+fx)} Tan[— (e+fx)]] Tan[e+fx}”]/
2 2 2 2 2
1 1 1 2 1 2
[(1+m+n) ((3+m+n)AppeIIF1{f (L+m+n), n, L+m — (3+m+n), Tan[f (e+fx)] , —Tan[f (e+fx)] }—
2 2 2 2
2 1 2

1 1 1
2 ((1+m) AppeIIFl[E (3+m+n), n, 2+m E (5+m+n), Tan{g (e +f x)} , 7Tan{5 (e+fx)} ]7n

1 1 1 2 1 2
AppeIIFl{g (3+m+n), 1+n, 1+m E (5+m+n), Tan[— (e+fx)] , 7Tan{— (e+fx)} ]

1
Tan{— (e +f x)}
2 2

2

)

® Problem 175: Result unnecessarily involves higher level functions and more than twice size of optimal antiderivative.
JSi nje+f x]* (bTan[e +f x])" dx

Optimal (type 5, 50leaves, 2 steps):
5+n 7+n

Hyper geomet ri c2F1[3, %, =
b%f (5+n)

, -Tan[e +f x]2] (bTan[e +f x])57"

Result (type 6, 7770 leaves) :

Tan[% (e+f x)]

2540 (3+n)Tan{E (e+f x)}
2

|

—1+Tan[% (e +f x)}2

S%n’ Tan[% (e +f x)}z, —Tan{% (e +f x)r] [1+Tan{; (e +f x)}

1+n 2
Appel | Fl{—, n, 3,
2

2]//
3+n 1 2 1

- Tan{g (e +f x)} , —Tan{g <e+fx)r] +2 [—3AppeIIF1[3;n, n, 4, >en ! ’

1+n
[(3+n)AppeIIF1{—, n, 3, _, Tan{—(eﬂ‘x)} ,
2 2

3+n 5+n 1 2 1 2
— 1+n, 3, —, Tan[— (e+fx)] , —Tan[— (e+fx)] }
2 2 2

1+Tan[% (e +f X>]2]J/

—Tan{% (e +f x)r] +nAppeIIFl[

Tan[% (e +f X>]2] _

3+n 1 2

[2AppeIIF1[1;n, n, 4, ——, Tan[E (e +f x)] , —Tan{g (e +f x)r]

1+n 3+n 1 2 1 2 3+n 5+n 1 2
((3+n)AppeIIF1{—, n, 4, , Tan{E (e +f x)} , —Tan{g (e+fx)} ]+2 [—4AppeIIF1{T, n, 5, 5 Tan{g <e+fx)} ,
1 2 3+n 5+n 1 2 1 2 1 2
—Tan{f (e+fx)} ]+nAppeIIF1[—, 1+n, 4, , Tan[f (e+fx)] , —Tan[f (e+fx)] } Tan[f (e+fx)] ]+
2 2 2 2 2
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3+n 1 2 1 2 3+n

_ Tan{g <e+fx)} , —Tan[g (e+fx)] }/ [(3+n)AppeIIF1{12+n, n, 5, 5 ,

5+n’ Tan[% (e +f x)]z, —Tan[% (e +f x)}z] +

1+n
Appel | Fl[—, n, 5,
2

Tan[% (e +f x)]z, —Tan[% (e +f X)]2

3+n
) (—SAppeI [ Fl[—, n, 6,
2

1

? Tan[g(edx)]z]]

5+n
(e +f x)] ,

1

1 2
,Tan[2 -

7Tan[2 (e +f x)] }

3+n
nAppellFl[—, 1+n, 5,
2

1 1
-—iSin[4(e+fx)]Tan[e+f x]"-—Sin[2 (e+fx)]Sin[4 (e+fx)] Tan[e+f x]"+

Tan[e+f x]™ (bTan[e +f x])"
16 4

3 1
—iSin[2((e+fx)]2Sin[4(e+fx)]Tan[e+f x]"+—Sin[2 (e+f x)]3Sin[4 (e+f x)] Tanfe +f x]" -
8 4

1
EjSin[Z (e+f x)1*Sin[4 (e+f x)] Tan[e+f x]" +

1 1
Cos[4 (e +f x)] [—Tan[e+f X]"-—1Sin[2 (e+fx)] Tan[e +f x]" -
16 4

3 1 1
—Sin[2 (e+fx)]2Tanfe+f x]"+ —1Sin[2 (e+f x)]3Tan[e+f x]"+ —Sin[2 (e+f x)]*Tan[e +f x]"| +
4 16

1 1
Cos[2 (e +f x)]* [ECDS[4 (e+f x)] Tan[e +f x}”fnginM (e+f x)] Tan[e +f x}”] +

1 1
Cos[2 (e+f x)]° [—jSin[4 (e+fx)]Tan[e+f x]"+ —Sin[2 (e+f x)]Sin[4 (e+f x)] Tan[e+f x]" +
4 4

1

1
Cos[4 (e+f x)] |-—Tan[e+f x]"+ —1Sin[2 (e+f x)] Tan[e +f x]"|| +Cos[2 (e +f x)]?
4

3 3 3
[——J‘lSin[4 (e+f x)]Tan[e +f x]"- —Sin[2 (e+f x)]Sin[4 (e+fx)] Tan[e+f x]"+—1Sin[2 (e+f x)]2Sin[4 (e+fx)] Tan[e+f x]"+
8 4 8

+

3 3 3
Cos[4 (e +f x)] [—Tan[e+f Xx]"-—1Sin[2 (e+fx)]Tan[e+f x]"- —Sin[2 (e+f x)]?Tan[e +f x]"
8 4 8

1 3
Cos[2 (e +f x)] [—jSin[4 (e+f x)])Tan[e+f x]"+ —Sin[2 (e+f x)]Sin[4 (e+f x)] Tan[e+f x]" -
4 4

3 1
—iSin[2(e+fx)]2Sin[4(e+fx)]Tan[e+f x]"- —Sin[2 (e+fx)]13Sin[4 (e+f x)] Tan[e+f x]"+Cos[4 (e +f X)]
4 4

1 3 3 1
[7—Tan[e+f X"+ —1Sin[2 (e+fx)]Tanfe+f x]"+ —Sin[2 (e+f x)]2Tan[e+f x]"- —1Sin[2 (e+f x)]3Tan[e +f x]"
4 4 4 4

1)/

1 1 2 1 2
525" (3+n) Sec —(e+fx)} Tan[—(e+fx)
6 2 2

1 2\°
f (1+n) 1+Tan[£ (e+fx)] ] -

(1+n) 1+Tan[% (e +f x)]z)
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Tan[3 (e +f x)] 34n 1 2 1 2 1 2)2
- [AppeIIFl{ n, 3, ,Tan{—(e+fx)},7Tan{—(e+fx)} ][1+Tan{—(e+fx)}] ]/
_1+Tanlt 2 2 2 2 2
+ an[z(e+fx)}
1+n 3+n 1 2 1 2 3+n 5+n 1 2
[3+n AppeIIFl[ n, 3, ,Tan{f(edffx)},—Tan[—(eﬂ‘x)} ]+2[—3AppeIIF1{ , n, 4, ,Tan[—(e“‘x)},
2 2 2 2 2
5+n 1 2 1 2

1 2 3+n
—Tan{f(e+fx)} +nAppeIIFl[—, 1+n, 3,
2 2

, Tan[g (e +f x)} ,

5 —Tan[g(e+fx)] } Tan[;(e+fx)]zj_

1+Tan[% (e +f x)]z]J/

1 2 3+n
, _Tanb <e+fx>} ]+2 [_4Appe||F1[T, n, 5,

3+n 1 2
, Tan[— (e +f x)] ,
2 2

, n, 4,

1+n 1 2
[ZAppeIIFl[ 5 —Tan{g(eﬁx)} }

3+n 1 2

5+n 1 2
, Tan{E (e +f x)}

, Tan{g (e+fx>} ,

1+n
(3+n AppeIIFl[ ., n, 4,
2

1 2 3+n 5+n 1 2 1 2 1 2
—Tan{f (e+fx)} +nAppeIIF1[—, 1+n, 4, , Tan[f (e+fx)} , —Tan[f (e+fx)] } Tan[f (e+fx)] ]+
2 2 2 2 2
1+n 3+n 1 2 1 2 1+n 3+n
AppellFl{T, n, 5, , Tan{E (e+fx)} , —Tan[5 (e +f x)} }/ [ (3+n) AppeIIFl[ 5 n, 5 5
1 2 1 2 3+n 5+n 1 2 1 2
Tan[f (e+fx)] , 7Tan[f (e+fx)] }+2 (75AppeIIF1[ , n, 6, , Tan[f (e+fx)] , 7Tan{f (e+fx)} ]+
2 2 2 2 2
5+n 1 2 1 2 2

nAppeIIFl[Sz;n, 1+n, 5 , Tan{g (e +f x)} , 7Tan[5 (e +f x)] } Tan[% (e +f x)]

J .

1 2

24 (3 1) Sec[E (e +f x)]
2

Tan[%(eﬁx)] ]n

(1+n) (1+Tan[%(e+fx)}2)5 —1+Tan[%(e+fx)]2

3+n 1 2

,Tan[g(eﬂ‘x)] ’

, h, 3

1+n 1 2 1
[[AppellFl{ , —Tan[— (e +f x)] } (1+Tan[— (e+fx)}
2 2 2

2]/
3+n 1 2 1

2 3+n 5+n 1 2
, Tan{— (e+fx)} , —Tan[— (e +f x)] }+2 [—SAppeIIFl[
2 2 2 2

, Tan[g (e +f x)] ,

1+n
[<3+n>Appe||F1{ . n, 3,
2

, N, 4,

S;n’ Tan[% (e +f x)]z, —Tan[% (e +f x>r]

3+n 1 2 1 2

, Tan{g (e+fx)} , —Tan[5 (e+fx)] }+2 [—4AppeIIF1[3;n

2

1 2 3+n 1
—Tan{g (e+fx)} ]+nAppeIIF1[T, 1+n, 3 Tan{g (e+fx>}

3+n 1 2

5 ,Tan{g(eﬁx)} ’

1+n 1 2 1
[ZAppeIIFl{?, n, 4, , —Tan{g (e+fx)} ] [1+Tan{E (e+fx>}

5+n 1 2
, Tan[f (e +f x)] ,
2

, N, 5,

+Nn
[ (3+n) AppellFl{—, n, 4,
2

5+n 1 2 1 2

,Tan[;(enx)],—Tan[g(eﬁxw ] ’

1 2 3+n 1
—Tan{E <e+fx)} ]+nAppeIIF1{?, 1+n, 4, Tan{E (e+fx>} +

3+n 1 2 1 2

,Tan[;(eﬂ‘x)],7Tan[5(e+fx)] }/ $:n

5

, N, 35,

1+n 1+n
AppellFl[ (3+n) AppellFl{—, n, 5,
2 2
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2 1 2

1 3+n 5+n 1 2 2
Tan{g (e +f x)] , —Tan[g (e+fx)} ]+2 [—SAppeIIFl[T, n, 6,

, Tan[g (e+fx)} , —Tan[% (e+fx)} ]+n

5+n’ Tan{% (e +f x)r, 7Tan[% (e +f x)]z}

3+n
AppellFl[—, 1+n, 5,
2

1

1
25" n (3+n) Tan[— (e +f x)]
5 2

Tan[%(eﬁx)] Jlm

(1+n) (1+Tan[%(e+fx)}2) —1+Tan[%(e+fx)]2

Sec[%(e+fx)]2Tan[%(e+fx)]2 Sec[%(eaffx)}z
(—1+Tan[§(e+fx)]2)2 2(71+Tan[%<e+fx)}2)
1 3 1 1 1 2
[[AppellFl{ +n] n, 3, +n’ Tan[— (e +f x)]z, 7Tan[— (e +f x)]z} [1+Tan[— (e +f x)r] J/
2 2 2 2

3+n 1 2 1 2 3+n 5+n 1 2
,Tan[—(e+fx)}, 7Tan[—(e+fx)] }+2[73AppeIIF1[ , n, 4, ,Tan[—(e+fx)],
2 2 2 2 2 2

1+n
(3+n) AppellFl[

, h, 3

1 2 3+n 5+n 1 2 1 2 1 2
7Tan{— (e+fx)} ]+nAppeIIF1{—, 1+n, 3 , Tan[— (e+fx)] , 7Tan{— (e+fx)} ] Tan[— (e+fx)}
2 2 2 2 2 2
1+n 3+n 1 2 1 2 1 2
[ZAppeIIFl{T, n, 4, Pt Tan[g (e+fx>} , —Tan{g (e+fx)} ] [1+Tan{5 (e+fx)} ]/
1+n 3+n 1
[3+n AppeIIFl[ o4

3+n 5+n 1 2
, Tan{— (e +f x) } , —Tan[ (e +f x) ] } 2 [—4AppeIIF1[ , n, 5, , Tan[— (e+fx)] ,
2 2 2 2 2
n

1 2 3+n 5+ 1 2 1 2 1 2
—Tan{— (e+fx)} ]+nAppeIIF1[—, 1+n, 4, , Tan[ (e+fx)] , —Tan[— (e+fx>} ] Tan[— (e+fx)} +
2 2 2 2 2 2
1+n 3+n 1 2 1 2 1+n 3+n
AppeIIFl[ 5 , n, 5, 5 ,Tan[g(e+fx)], —Tan[g(e+fx)] }/[3+n AppeIIFl{ 5 n, 5, 5 ,

1 2 1 2 3+n 5+n 1 2 1 2
Tan{f (e+fx)] , —Tan{f (e+fx>} ]+2 [—SAppeIIFl{—, n, 6, , Tan{f (e+fx>} , —Tan[f (e+fx)} ]+n
2 2 2 2 2 2

5+n 1 2 1 2

AppeIIFl[?)Z;n, 1+n, 5 , Tan{g (e +f x)} , 7Tan[2 (e +f x)] }

Tan[% (e +f x)]

1 Tan[%(en‘x)]

25" (34 n) Tan[E (e +f x)]
2

(1+n) (1+Tan[%(e+fx)}2)5 71+Tan[§(e+fx)]2

l+n 1 2 1 2 1 1 2
[[ZAppeIIFl{ 5 n, 3 - Tan[5 (e+fx)] , —Tan[E (e+fx)] }Sec{g (e+fx)} Tan{g <e+fx)} [1+Tan[5 (e+fx)] ]]/
1+n 3+n 1 2 1 2 3+n 5+n 1 2
(3+n) AppeIIFl{ 5 n, 3, - Tan{g (e+fx)} , 7Tan[£ (e+fx)] }+2 [73AppeIIF1[ - n, 4,

, Tan[; (e +f x)] ,
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2 1 2 2

5+n’ Tan[% (e +f x)] , —Tan[g (e+fx>} ]

+

1 2 3+n 1
-Tan| — (e+fx)} ]+nAppeIIF1 —— 1 1+n, 3, Tan[— (e+fx)}
2 2 2

3;n’ Tan[% (e +f x)f, 7Tan{§ (e +f x)r] Sec{% (e +f x)}2

[[1/ (3+n)3 (1L+n) AppeIIFl[

1+n 3+n 1 2
,1+n, 3, 1+ ,Tan{—(e+fx)},
2

y

1 2 3+n
, 7Tan[5 (e+fx)] }+2 [73AppeIIFl[ 5

1
Tan{g (e+fx>} +1/(3+n)n (1+n) AppeIIFl[

,Tan[g (e +f x)]z} Sec{% (e +f x)rTan{% (e +f x)}] [1+Tan{% (e +f x)}z

5+n 1 2

3+n 1 2
, Tan[— (e +f x)] )
2

, Tan{g (e +f x)}

l1+n
(3+n) AppeIIFl{—,n 3, , N, 4,
2

5+n 1 2 1 2 2

, Tan[g (e+fx)] , 7Tan{5 (e+fx>} ]

Tan{% (e +f x)}

/

n
, N, 5,

1 2 3+n
7Tan{5 (e +f x)} ]+nAppeIIF1{T, 1+n, 3,

3+n, Tan{% (e +f x)}z, 7Tan{% (e +f x)r] Sec{% (e +f x)rTan{g (e +f x)}

, N, 4,

1+n
[2Appe||F1[

2 2
5+n 1 2

3+n 1 2 1
, Tan[— (e +f x)] )
2

, Tan{g (e +f x)} , 7Tan[5 (e +f x)]z} +2 [4AppeIIFl[3;

n
, N, 4,

1+
(3+n) AppellFl[
2

1 2

5+n 1 2 1 2
Tan[— (e +f x)}
2

, Tan[g (e+fx)] , 7Tan{5 (e+fx)} ]

1 2 3+n
7Tan{5 (e +f x)} ]+nAppeIIFl{?, 1+n, 4,

1+n 3+n 1 2 1 2 1 2
, N, 5 1+ , Tan[— (e+fx>} , —Tan{— (e+fx)} ]Sec{f (e +f x)}
2 2 2

(2 [-1/ (3+n)4 (1+n) AppeIIFl[

1 3+n 1 2
Tan[—(e+fx)}+1/(3+n) (1+n) AppeIIFl[ ,Tan[—(e+fx)},
2 2 2
T ! f ? S ! f 2T ! f 1+T ! f ?
Tan[~ (et x| | sec[~ et 0] Tan[~ (e x@][ cTan[ et x0]| /
l1+n 3+n 1 2 1 2 3+n 5+n 1 2
(3+n) AppeIIFl[ , n, 4, ,Tan{—(e+fx)}, —Tan[—(e+fx)] }+2[—4AppeIIF1[ , n, 5, ,Tan[—(e+fx)],
2 2 2 2 2 2 2
1 2 3+n 5+n 1 2 1 2 1 2
—Tan{— (e+fx)} ]+nAppeIIF1[—, 1+n, 4, , Tan[f (e+fx)] , —Tan[— (e+fx>} ] Tan[— (e+fx)} +
2 2 2 2 2 2
+n 3+n 1 2 1 2 1 2 1
(—1/(3+n)5 (1+n) AppeIIFl[ , n, 6, 1+ ,Tan[—(e+fx)],—Tan[f(e+fx)] }Sec[—(eﬂ‘x)} Tan[—(e+fx)]+
2 2 2 2 2
1+n 3+n 1 2 1 2 1 2
/(3+n)n(1+n)AppeIIFl[1+ , 1+n, 5 1+ ,Tan{f(eJrfx)],7Tan{—(e+fx)}]Sec[f(eJrfx)]
2 2 2

3+n’ Tan[% (e +f x)]z, —Tan{% (e +f x)r] +

1 l+n
Tan{;(eﬁx)} (3 +n) AppeIIFl[ 5 n, 5

/

3+n
2 [—5Appe| | Fl{
2

5+n 1 2

2 3+n
+nAppeIIF1[—, 1+n, 5, —, Tan{—(eﬂ‘x)
2 2 2

5+n 1
, Tan[— (e +f x)] ,
2

, h, 6

—Tan[% (e +f x)]2
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2

7Tan{%(e+fx)}] 3+n

2

5+n 1 2
, Tan[— (e +f x)]
2

1

2 1 2
,Tan[2

(e +f x)] , 7Tan{g (e +f x)} ]

, n, 3

1 2 1+n
Tan{; (e +f x)} ]7 [AppeIIFl[ 5

, n, 4,

1 2)\2 3+n 1 2
[1+Tan{f (e+fx)} ] [2 [—SAppeIIFl[ , —Tan{— (e+fx)} ]+nAppeIIFl[
2 2 2

3+n 5+n 1 2 1 2 1 2 1
, 1+n, 3, ,Tan[—(e+fx)],7Tan[—(e+fx)]}]Sec{—(edx)} Tan[—(e+fx)}+(3+n)
2 2 2 2

3 (1+n)
3+n

1+n 3+n 1 2 1 2 1 2 1 1
, N, 4, 1+ ,Tan[—(e+fx)],7Tan{—(e+fx)} ]Sec[—(e+fx)] Tan[—(e+fx)]+
2 2 2 2

Appel | Fl[l .

3+n

, Tan{% (e +f x)r, 7Tan{% (e +f x)}z] Sec[% (e +f x)]zTan[% (e +f x)]

3+n

2

(1+n) AppellFl[

+

5+n’ Tan{% (e +f x)r, 7Tan{% (e +f x)r]

(3+n) AppeIIFl[

1 2 1
2Tan{5(e+fx)} [73(75
+Nn

1 2 1 1

5+n 1 2
Sec[; (e +f x)] Tan[; (e +f x)]+

= Tan[; (e +f x)] ,

n (3+n)AppeIIF1[1+
5+n

1 2 1 2 1 1 5+n
7Tan{—(e+fx)} ]Sec[—(e+fx)] Tan{—(e+fx)] +n |- 3((3+n) AppeIIFl[
2 2 2 5+n
2 1 2 1 2 1 1 3+n

Tan{%(eﬁxw , —Tan{E (e+fx)} ]Sec{5 (e+fx)} Tan{g(e+fx)}+ (1+n) (3+n) AppeIIFl[

5+n

5+n 1 2 1 2 1 2 1
2+n, 3, 1+ ,Tan{—(e+fx)},7Tan{—(e+fx)}]Sec[—(eJrfx)] Tan[—(e+fx)] ]]]/
2 2 2 2 2
1+n 3+n 1 2 1 2 3+n 5+n 1 2
[3+n AppeIIFl{ , n, 3, ,Tan{—(eﬂ‘x)}, —Tan[—(e+fx)] }+2[—3AppeIIF1[ , n, 4, ,Tan[—(e+fx)],
2 2 2 2 2
1 2 3+n 5+n 2 1 2

7Tan{5 (e+fx)} }+nAppeIIF1[?, 1+n, 3, , Tan[% (e+fx)} , 7Tan[£ (e+fx)] } Tan[% (e+fx)]2]2+

3+n 1 2 1 2

, Tan[g (e+fx)} , —Tan{g (e+fx)} ] [1+Tan{i (e+fx)}2

, N, 4

1+n
[2Appe||F1[
2

3+n 5+n 1 2 1 2 3+n 5+n
[2 [—4AppeIIF1{ 5 , n, 5 5 , Tan{g (e +f x)} , —Tan[; <e+fx)} ]+nAppeIIF1{T, 1+n, 4, 5 ,
1 2 1 2 1 2 1 1
Tan[— (e+fx)] , —Tan[— (e+fx)} ]]Sec[— (e+fx)} Tan{— (e+fx)}+(3+n) - 4 (1+n)
2 2 2 2 3+n
+n 3+n 1 2 1 2 1 2 1 1
AppeIIF1{1+ , N, 5 1+ , Tan[f (e+fx)] , 7Tan{f (e+fx)} ]Sec[f (e+fx)] Tan[f (e+fx)]+
2 2 2 2 2 3+n
3+n 1 2 1 2 1 2

(1+n) AppeIIFl[

, Tan{g (e+fx)} , —Tan[g (e+fx)} ]Sec[g (e+fx)] Tan[% (e+fx)]

+

2

3+n 5+n 1 2 1 2
, n, 6, 1+ ,Tan{—(e+fx)},—Tan[—(eﬂ‘x)}]
2 2

5 (3+n) AppeIIFl[

1 2
2 Tan f(e+fx)} [—4[—
2 5+n



+n, Tan[E (e +f x)]z,
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1 2 1 3+n
Sec[f(eﬂ‘x)] Tan[f(e+fx)]+ (3+n) AppeIIFl[ , , 5,
2 2 5+n 2 2 2
1 2 1 2 1 n 5+n
7Tan{—(e+fx)} ]Sec[—(eﬁx)] Tan{—(e+fx)] +n |- (3 +n) AppeIIFl[
2 2 5+I’1
1 3+n
(1+n) <3+n)Appe||F1[1+

Tan{% (e +f x>r, —Tan{E (e +f x)r] Sec{% (e +f x)rTan{E (e +f x)} +5+n

1/

’ —Tan{E (e +f x)r] Sec[% (e +f x)]zTan[% (e +f x)]

5+n 1
2+n, 4, 1+ ,Tan{f(enx)},
2
1+ 3+n 2 1 2 3+n 5+n 1
(3+n) AppeIIFl{ 5 n, 4 , Tan{g (e+fx)} , 7Tan[£ (e+fx)] }+2 [74AppeIIFl[ = n, 5, 5 Tan[g( +fx)]
1 2 3+n 5+n 1 2 1 2 1 22
7Tan{— (e+fx)} }+nAppeIIF1[—, 1+n, 4, ,Tan[— (e+fx)} , 7Tan[— (e+fx)] } Tan[— (e+fx)] ] -
2 2 2 2 2 2
1+n 3+n 1 2 1 2 3+n 5+n
[AppellFl{—2 , n, 5, , Tan{E (e+fx>} , —Tan{f (e+fx)} ] [2 [—SAppeIIFl{—2 , n, 6, -
1 2 1 2 3+n 5+n 1 2 1 2
Tan[f (e+fx)] , —Tan{f (e+fx)} ]+nAppeIIF1[—, 1+n, 5, , Tan[f (e+fx)] , —Tan[f (e+fx)] ”
2 2 2 2
1 2 1 1 1+n 3+n
Sec[f(en‘x)] Tan[g(e+fx)]+(3+n) [—3 n5 (1+n) AppeIIFl{ , n, 6, 1+
+
1 2 1 2 1 2 1 1
Tan{f (e+fx)} , —Tan[f (e+fx)] }Sec{f (e+fx)} Tan{f (e+f x)| + n(1+n)
2 2 2 3+n
1+n 3+n 2 1 2 1 2
AppeIIF1[1+ , , 5, , Tan{f (e+fx>] , —Tan{f (e+fx>} ]Sec[f (e+fx)] Tan[f (e+fx)] +
2 2 2 2 2 2
1 2 1 3+n 5+n 1 2 1 2
2Tan{E (e+fx)} [—5(—5”]6 (3+n)AppeIIF1[1+ ;™7 5 Tan{ (e+fx)} , —Tan{g (e+fx)} ]
1 2 1 1 +n +n 1 2
Sec[— (e+fx)] Tan[— (e+fx)]+ (3 +n) AppeIIFl[ , , , Tan[ (e+fx)] ,
2 5+n 2 2 2
1 2 1 2 1 5+n
—Tan{f(e+fx)} ]Sec[f(enx)] Tan{f(e+fx)] +n |- 5(@@3+n) AppeIIFl[
2 2 5+n
1 2 1 2 1 2 1 1
Tan[—(e+fx)} , —Tan{ (e+fx)} ]Sec{f (e+fx)} Tan{—(e+fx)}+ (1+n) (3+n) AppeIIFl[
2 2 2 5+n
5+n 1 2 1 2 1 2
2+n, 5, 1+ ,Tan{f(edffx)},—Tan{—(eﬂ‘x)}]Sec[—(e+fx)] Tan[—(e+fx)] ]]]/
2 2 2 2 2
n 3+n 2 1 2 3+n 5+n
, n, 5, , Tan{— (e+fx)} , —Tan[— (e +f x)] }+2 [—SAppeIIFl[ , n, 6,
2 2 2 2

1
(3+n)AppeIIFl{ .




4.3 Tangent.nb |29

2 5+n 1

2 1 2
, Tan

5 (e+fx)} , —Tan[E (e+fx)] }

1
-Tan|— (e +f x)}
2

3+n
+nAppel | F1| ——, 1+n, 5,
2

1 22
Tan[f (e +f x)] ] )
2
® Problem 176: Result unnecessarily involves higher level functions and more than twice size of optimal antiderivative.
JSi nje+f x]2 (bTan[e +f x])" dx

Optimal (type 5, 50leaves, 2steps):

Hyper geonet ri c2F1 |2, 3;”, 5;”, -Tanfe +f x]?] (bTan[e +f x])%"

b3f (3+n)
Result (type 6, 4602 leaves):

1 5 1
[8 (3+n)Oos{£ (e +f x)} Sin{g (e +f x)}

3+n 1 2 1 2 1

1+n 2 1+n 3+n
[[AppellFl{T, n, 2, T Tan{E (e+fx>} , —Tan{E (e+fx)} ]Sec{E (e+fx)} ]/ (3+n>AppeIIF1{?, n, 2, 5 ,
1 2 1 2 3+n 5+n 1 2 1 2
Tan[f (e +f x)] , —Tan[f (e +f x)] +2 (—ZAppeIIFl[—, n, 3, , Tan[f (e +f x)] , —Tan{f (e+fx>} ]+
2 2 2 2 2

5+n' Tan[% (e +f x)]z, —Tan[% (e +f x)]z}

3+n
nAppellFl[—, 1+n, 2,
2

Tan[% (e +f X>]2] _

1+n 3+n 1 2 1 2 1+n 3+n
AppeIIFl{?, n, 3, , Tan{E (e+fx)} , 7Tan[£ (e +f x)] }/ ((3+n)AppeIIF1{?, n, 3, ,

1 2 1 2 3+n 5+n 1 2 1 2
Tan[— (e+fx)] , 7Tan[— (e+fx)] }+2(73AppeIIFl[—, n, 4, , Tan[— (e+fx)] , 7Tan{— (e+fx>} ]+
2 2 2 2 2
3+n 5+n 1 2 1 2 1 2
nAppeIIFl[—, 1+n, 3, , Tan[— (e+fx)] , 7Tan[— (e+fx)] } Tan[— (e+fx)] J
2 2 2 2
1 1 1
(bTan[e+fx}>”[74—Oos[2 (e+fx)]3Tan[e+fx}”+4—iSin[2 (e+fx)]Tan[e+fx]”+£Sin[2 (e+f x)]2Tan[e +f x]" -

1 1 1
—i1Sin[(2 (e+fx)]3Tan[e+f x]"+Cos[2 (e +f x)]? [—Tan[e+f X]"-—1Sin[2 (e+fx)] Tan[e +f x}“) +
4 2 4

)/

1 1
Cos[2 (e +f x)] [7—Tan[e+f X]"- —Sin[2 (e+f x)]?Tan[e +f x]"
4 4

1 5 1
[f (1+n) 8n(3+n)Cos{f(e+fx>} Sec[e+fx125in[f(e+fx)]
1+n 2 2
[[AppellFl{l%, n, 2, 3+n’ Tan[% (e +f x)]z, 7Tan[% (e +f x)]z} Sec{% (e +f x)r)/
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1+n 3+n 1 3+n 5+n 2
[ (3+n) AppeIIFl{ 5 n, 2 , Tan{g (e +f x) } , —Tan[ (e +f x) ] } 2 [—ZAppeIIFl[ 5 , n, 3 5 Tan[— (e+fx)] ,
1 2 3+n 5+n 1 2 1 2 1 2
—Tan{— (e+fx)} ]+nAppeIIF1[—, 1+n, 2, , Tan[ (e+fx)] , —Tan[— (e+fx>} ] Tan[— (e+fx)} -
2 2 2 2 2
1+n 3+n 1 2 1 2 1+n 3+n
AppeIIFl[ . n, 3 ,Tan[f(e+fx)],—Tan[f(e+fx)] }/[3+n AppellFl{ . n, 3 ,
2 2 2 2 2
2 1 2 5+n 1 2 1 2

Tan{% (e+fx)} , —Tan{E (e+fx>} ]+2 [—3AppeIIF1{3;n, n, 4, , Tan{E (e+fx>} , —Tan{g (e+fx)} }+n

3+n 5+n 1 2 1 2 1 2
AppeIIFl[—, 1+n, 3 , Tan{f (e+fx)} , —Tan[f (e +f x)] } Tan[f (e +f x)] Tan[e +f x] 1"+
2 2 2 2
1 1 6 1+n 3+n 1 2 1 2 1 2
4<3+n)Oos{f(e+fx)] ([AppellFl[ , n, 2 ,Tan[f(e+fx)], —Tan[f(e+fx)] }Sec{f(eﬂx)} /
1+n 2 2 2 2 2
1+n 3+n 1 2 1 2 3+n 5+n 1 2
(3+n>AppeIIF1{—, n, 2 , Tan{— (e +f x)} , 7Tan[— (e +f x)] }+2 [72AppeIIFl[ , n, 3, , Tan[— (e +f x)] ,
2 2 2 2 2 2
2 3+n 5+n 1 2 1 2 1 2

, Tan[; (e +f x)]

7Tan{§ (e+fx)} ]+nAppeIIF1[?, 1+n, 2, , 7Tan{5 (e+fx>} ]

Tan[; (e +f x)}

1+n 3+n 1 2 1 2 l1+n 3+n
AppeIIFl[ Pt n, 3, Pt Tan[; (e +f x)] , 7Tan[£ (e +f x)] }/ (3+n)AppeIIFl{—2 , n, 3 pal
1 2 1 2 3+n 5+n 1 2 1 2
Tan{g(edx)},7Tan{5(e+fx)} ]+2 73AppeIIF1{ 5 , n, 4, 5 ,Tan{;(eﬁx)}, 7Tan{5(e+fx)} }Jrn
3+n 5+n 1 2 1 2 1 2 1
AppeIIFl[—2 , 1+n, 3, - Tan{g (e +f x)} , 7Tan[£ (e +f x)] } Tan[g (e +f x)] Tan[e +f x]”f1+n
1 4 1 2 1+n 3+n 1 2 1 2 1 2
20(3+n)Cos[E(e+fx)} Sln[g(e#x)] (AppellFl{ 5 , n, 2 5 ,Tan{g(eﬁx)},7Tan[5(e+fx)} }Sec{g(eﬂx)}]/
1+n 3+n 1 2 1 2 3+n 5+n 1 2
(3+n) AppeIIFl{ 5 , n, 2, 5 ,Tan{g(eﬁx)}, 7Tan[5(e+fx)] }+2[72AppeIIFl[ 5 , n, 3, 5 ,Tan[;(eJrfx)],
1 2 3+n 5+n 1 2 1 2 1 2
—Tan{— (e+fx)} ]+nAppeIIF1{—, 1+n, 2, , Tan[f (e+fx)] , —Tan{— (e+fx)} ] Tan[— (e+fx)} -
2 2 2 2 2 2
1+n 3+n 1 2 1 2 1+n 3+n 1 2
AppeIIFl[ 5 , n, 3 5 ,Tan[g(eﬂ‘x)],—Tan[g(e+fx)] }/ (3+n) AppeIIFl[ 5 , n, 3 5 ,Tan{g(eﬁx)},
1 2 3+n 5+n 1 2 1 2 3+n
—Tan[— (e +f x)] }+2 [—SAppeIIFl[ , n, 4 , Tan[— (e +f x)] , —Tan[— (e +f x)] +nAppeIIF1[—, 1+n,
2 2 2 2 2 2
5+n 1 2 1 2 1 2 1 5
, Tan{— (e+fx)} , —Tan[— (e+fx)] } Tan[— (e+fx)] Tan[e +f x]" + 8(3+n)Oos[— (e+fx)]
2 2 2 2 1+n 2

Sin %(ed x)] [[AppellFl{lz;n, n, 2, 3;n' Tan[% (e +f x)]z, 7Tan[% (e +f x)]z} Sec{% (e +f x)rTan{% (e +f x)}]/
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2

5+n 1
, Tan[— (e +f x)] )
2

3+n 1 2
, Tan{— (e +f x)} ,
2

, n, 3

1+n 1 2 3+n
(3+n) AppeIIFl[ n 2 7Tan[£(e+fx)] }+2[72AppeIIFl[ .

5+n,Tan[%(e+fx)]2, —Tan{%(eﬁx)r] ?

+

Tan[% (e +f x)}

1 2 3+n
—Tan{; (e+fx)} ]+nAppeIIF1[T, 1+n, 2,

2 1 2

3+n’ Tan[% (e+fx)} , —Tan[g (e+fx)} }

+Nn
, n 3, 1+

1 2
Sec[—(e+fx)] [—1/(3+n)2 (1+n) AppeIIFl[
2

1 2 1
Sec{f(eﬂ‘x)} Tan{—(e+fx)}+l/(3+n) (1+n) AppeIIFl{
2 2
1 3+n T 1 ¢ 2 - 1 . 2 s 1 ‘ 2T 1 ‘
SR [ eet o] STan [ et see [ et x| Tan [ et x| ]/
1+n 3+n 1 2 1 2 3+n 5+n 1 2
[ (3+n) AppeIIFl[ , n, 2, , Tan{— (e+fx)} , —Tan[— (e+fx)] }+2 [—ZAppeIIFl[ , n, 3, , Tan[— (e+fx)] ,
2 2 2 2 2

>n ! ’ —Tan{%(edffx)r] ?

Tan[% (e +f x)}

1 2 3+n
—Tan{g (e+fx)} ]+nAppeIIF1[T, 1+n, 2, , Tan[g (e +f x)] ,

1+n 3+n 1 2 1 2 1 2 1

[—1/ (3+n)3 (1+n) AppeIIFl[ ., n, 4, 1+ , Tan[g (e+fx)] , —Tan[g (e+fx)] }Sec[; (e+fx)} Tan[g (e+fx)]+
3+n 1 2 1 2 1 2
1/ @+n)n (1+n) AppeIIFl[ , Tan{f (e+fx)] , —Tan[— (e+fx>} ]Sec[— (e+fx)]
2 2 2
1 1+n 3+n 1 2 1 2
Tan{—(eﬂ‘x)} / (3 +n) AppeIIFl[ , n, 3 ,Tan[f(e+fx)],—Tan[—(e+fx>} ]+
2 2 2 2 2
3+n 5+n 1 2 1 2 3+n 5+n 1 2
2 [—SAppeIIFl{ , n, 4, , Tan[— (e +f x)] , —Tan[— (e +f x)] +nAppeIIF1[—, 1+n, 3, , Tan{— (e+fx)} ,
2 2 2 2 2 2 2
1 2 1 2 1+n 3+n 1 2 1 2
—Tan{f <e+fx)} ] Tan{f (e+fx)} - [AppeIIFl[ , n, 2 , Tan[f (e +f x)] , —Tan{f (e +f x)} ]
2 2 2 2 2
1 2 3+n 5+n 1 2 1 2 3+n
Sec[f (e +f x)] [2 [—ZAppeIIFl{—, n, 3 , Tan[f (e+fx>} , —Tan{f (e+fx)} ]+nAppeIIF1{ ,
2 2 2 2 2
5+n 1 2 1 2 1 2 1 1
1+n, 2, ,Tan[f(e+fx)],—Tan[f(e+fx)] ”Sec[f(enx)] Tan{f(e+fx)}+(3+n) - 2 (1+n)
2 2 2 2 3+n
1+n 3+n 1 2 1 2 1 2 1 1
AppeIIF1{1+ , N, 3, 1+ ,Tan[—(e+fx)], —Tan{—(edffx)} ]Sec[—(en‘x)] Tan[—(e+fx)]+
2 2 2 2 3+n
3+n 1 2 1 2 1 2 1
(1+n) AppeIIFl[ 5 ,Tan{g(enx)},—Tan{g(eﬂx)} ]Sec[g(enx)] Tan[g(enx)] +
1 2 1 5+n 1 2 1 2
2Tan{f (e+fx)} [—2(— 3(3+n) AppeIIFl[ , Tan{f (e+fx)} , —Tan{f (e+fx>} ]
2 5+n 2 2
1 2 1 1 3+n 5+n 1 2
Sec[—(e+fx)] Tan[—(e+fx)]+ (3+n) Appel | F1|1 ,Tan[—(e+fx)],

2 2 5+n 2 2 2
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1 2 1 2 1 3+n 5+n
7Tan{f(e+fx)} ]Sec[f(eﬁx)] Tan{f(eﬁx)] +n 2 (3+n) AppeIIFl[ , , 3, ,
2 2 2 5+n 2 2
1 2 1 2 1 2 1 1 3+n
Tan{g(eﬂx)},—Tan{g(eﬂ‘x)} ]Sec{g(enx)} Tan{g(e+fx)}+5 (L+n) (3+n) AppeIIFl[ ,
+Nn
5+n 1 2

, —Tan{% (e +f x)}z] Sec[% (e +f x)]ZTan[% (e +f x)]

3+n 1 2
, Tan{f (e+fx)}
2

2+n, 2, 1+

, Tan{5 (e +f x)}

1/

1 2 3+n 5+n 1 2
, _Tan[f <e+fx)] }+2 _2Appe||F1[ ., n, 3,
2 2 2

[3+n AppeIIFl{l%n,n 2, .Tan[g(e+fX)],

1 2 3+n 54+n 1 2 1 2 1 2\2

7Tan{— (e+fx)} }+nAppeIIFl[—, 1+n, 2, ,Tan[— (e+fx)} , 7Tan[— (e+fx)] } Tan[— (e+fx)] ] +
2 2 2 2 2 2

1+n 3+n 1 2 1 2 3+n 5+n 1 2

[AppeIIFl{ 5 , n, 3, 5 , Tan{g (e+fx>} , —Tan{g (e+fx)} ] 2 [—3AppeIIF1[ 5 , n, 4, 5 , Tan{g (e+fx)} ,

1 2 3+n 5+n 1 2 1 2 1 2

—Tan[f (e+fx)] }+nAppeIIF1{—, 1+n, 3, , Tan{f (e+fx)} , —Tan{f (e+fx)} ] Sec{f <e+fx)} Tan{
2 2 2 2 2 2

3+n 1 2 2
(e+fx>}+(3+n)

5 Tan{g (e+fx)} , —Tan[% (e+fx)] }

+Nn
3 (1+n) Appel | F1|1 , N, 4, 1+

1
2

3+n

1 2
Sec[g (e +f x)] Tan

1 1+n 3+n 1 2
f(e+fx)]+ (1+n) AppeIIFl[ , , 3, ,Tan{f(eaffx)},
2 2 2

3+n

1 2 1 2 1 1 2 1 3+n
—Tan[f(e+fx)] }Sec{f(ewx)} Tan{f(e+fx>} +2Tan{f(e+fx)} [—3 [— 4 (3+n) Appel I F1|1 ,
2 2 2 2 5+n
5+n 1 2 1 2 1 2 1
n, 5, 1+ ,Tan{f(e+fx)],—Tan[—(e+fx)} ]Sec[—(e+fx)] Tan[—(e+fx)]+ n (3+n)
2 2 2 2 5+n
3+n 5+n 1 2 1 2 1 2 1
AppeIIF1[1+ Pt , 4, - Tan[g (e+fx)] , —Tan[g (e+fx)] }Sec[g (e+fx)} Tan[g (e+fx)]]+
3+n 5+n 1 2 1 2 1 2
nj|- 3 (3+n) AppeIIFl[ , , 4, ,Tan{—(edffx)},—Tan[—(e+fx)}}Sec{f(eaffx)}
5+n 2 2 2 2 2
1 1 3+n 5+n 1 2 1 2
Tan[— (e+fx)]+ (L+n) (3+n) AppeIIFl[ , , 3, , Tan{— (e+fx)} , —Tan[— (e+fx)] }
2 5+n 2 2 2 2
1 2 1 1+n 3+n 1 2
Sec{f(edffx)} Tan[—(e+fx)} ]J]/[3+n AppeIIFl{ n, 3, ,Tan[—(e+fx>},
2 2 2 2 2
1 2 3+n 5+n 1 2 1 2
—Tan[— (e+fx)} ]+2 [—3AppeIIF1[ , n, 4, , Tan[— (e+fx)} , —Tan[— (e+fx)} }+
2 2 2 2 2
5+n 1 2

- Tan{g (e +f x)} , —Tan[% (e +f x)]z} Tan[% (e +f x)]z]2

3+n
nAppeIIFl[—, 1+n, 3, Tan[e +f x]"
2

® Problem 180: Result unnecessarily involves higher level functions and more than twice size of optimal antiderivative
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JSin[en x1% (b Tan[e +f x])" dx

Optimal (type 5, 78leaves, 2 steps):

1+n 4+n 6-+n
2’ 2’ 2’

bf (4+n)

1+n
(Cos[e+f x]2) 2 Hypergeometric2F1] Sinfe+fx]2]Sinfe+f x)® (bTan[e +f x])"

Result (type 6, 4958 leaves) :

1

1 6 2
[16 (4+n)Cos[E (e+fx)} Sin[g (e +f x)]

2+n 4 4+n
(4+n)AppeIIF1{—, n, 3, ,
2 2

[[AppellFl{Z;n, n, 3, 4%” Tan{% (e +f x>r, —Tan{% (e +f x)r] Sec{% (e +f x)r]/

1 2 1 2 4 +n 6+n 1 2 1 2
Tan[f (e +f x)] , —Tan[f (e +f x)] +2 (—SAppeIIFl[—, n, 4, , Tan[f (e +f x)] , —Tan{f (e+fx>} ]+
2 2 2
4 +n 6+n 1 2 1 2 1 2
nAppeIIFl[ , 1+n, 3, , Tan[5 (e+fx)] , —Tan[E (e+fx)] } Tan[E (e+fx)] ]—
2+n 4 +n 1 2 1 2 2+n 4 +n
AppeIIFl{?, n, 4, , Tan{; (e+fx)} , 7Tan[£ (e +f x)] }/ ((4+n)AppeIIF1{?, n, 4, -
2 6+n 1 2 1 2

Tan[% (e +f x)] , 7Tan[% (e +f x)]z} +2 (4AppeIIFl[4%n, n, 5, , Tan[; (e +f x)] , 7Tan{5 (e+fx>} ]+

2

6+n
(e +f x)] ,

1

1 2
,Tan[2 -

7Tan[2 (e +f x)] }

4 +n 1 2
nAppeIIFl[—,l+n, 4, Tan[—(e+fx)] JJ
2 2

1 3
(bTan[e +f x])" 7§Sin[3 (e+f x)] Tan[e +f x}”+giSin[2 (e+fx)]Sin[3(e+fx)]Tan[e+f x]" +

3
gSin[2 (e+fx)]12Sin[3 (e+f x)] Tan[e+f x]" -

1
gJisin[z (e+fx)13Sin[3 (e+f x)] Tan[e+f x]"+Cos[3 (e +f x)]

1 3 3 1
(—ijan[eH Xx]"-—Sin[2 (e+f x)] Tan[e +f x}“+§i8in[2 (e+f x)]2Tanfe +f x]”+§Sin[2 (e+f x))®Tan[e+f x]"| +
1 1
Cos[2 (e +f x)]3 [gjOos[?, (e+f x)] Tan[e +f x]”+gSin[3 (e+f x)] Tan[e +f x}“] +

3
Cos[2 (e +f x)]? [7 Sin[3 (e+f x)] Tan[e +f x}“+giSin[2 (e+fx)]Sin[3(e+f x)]Tan[e +f x]" +

3
iTan[e+f x]"- —Sin[2 (e+f x)] Tan[e +f x]"
8

Cos[3 (e +f x)] +Cos[2 (e+f x)]

— 0| W
® | w

3 3 3
ESin[3 (e+f x)] Tan[e +f x]”fziSin[Z (e+fx)]Sin(3(e+f x)] Tan[e +f x}”7§Sin[2 (e+fx)]12Sin[3 (e+f x)] Tan[e+f x]" +
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3 3
Cos[3 (e+fx)] |—iTan[e+f x]"+—Sin[2 (e+fx)] Tan[e+f x]"- —1Sin[2 (e+f x)]?Tan[e +f x]"
8 4 8

%

2

1 6 1
[f (2 +n) 16 n (4+n)Cos[E (e +f x)] Sec[e +f x]ZSin{E (e +f x)}

2+n

2+n 4 +n 1 2 1 2 1 2
[[AppellFl{ - n, 3 - Tan[g (e+fx)] , 7Tan[5 (e+fx)] }Sec{g (e+fx)} /
2+n 4 +n 1 2 1 2 4 +n 6+n 1 2
{4+n AppeIIFl[ , n, 3 ,Tan{—(e+fx)}, —Tan[—(e+fx)] }+2[—3AppellF1[ , n, 4, ,Tan[—(e+fx)],
2 2 2 2 2 2 2
1 2 4+n 6+n 1 2 1 2 1 2
—Tan{— (e+fx)} ]+nAppeIIF1[—, 1+n, 3, , Tan[f (e+fx)] , —Tan[— (e+fx>} ] Tan[— (e+fx)} -
2 2 2 2 2 2
2+n 4+n 1 2 1 2 2+n 4+n
AppeIIFl[ 5 , n, 4, 5 ,Tan[g(eﬂ‘x)], —Tan[g(e+fx)] }/[4+n AppeIIFl{ 5 , n, 4 5 ,
2 1 2 6+n 2 1 2

Tan{% (e+fx)} , —Tan[g (e+fx>} ]+2 [—4AppeIIF1{4;n, n, 5, , Tan[% (e+fx)} , —Tan{; (e+fx)} }+n

4+n 6+n 1 2 1 2 1 2 1
AppeIIFl[—, 1+n, 4, , Tan{f (e+fx)} , —Tan[f (e +f x)] } Tan[f (e +f x)] Tan[e +f x] 1"+
2 2 2 2 2 2+n
1 4 +n 1 2 1 2 1 2

/

1 7 2+n
16 <4+n>cos{E <e+fx)} Sin[g <e+fx>] (AppeHFl{?, n, 3,

, Tan{E (e+fx>} , —Tan{5 (e +f x)} }Sec{5 (e +f x)}

4 +n 1 2 1 2 4 +n 6 +n 1 2

2+n
[4+n AppeIIFl{—,n 3, ,Tan{f(e+fx)}, —Tan[f(e+fx)] }+2[—3Appe|lF1[ , n, 4, ,Tan[f(e+fx)],
2 2 2 2 2
1 2 4+n 6+n 1 2 1 2 1 2
7Tan{— <e+fx)} ]+nAppeIIF1{—, 1+n, 3, , Tan[— (e+fx)] , 7Tan{— (e+fx>} ] Tan{— (e+fx)} -
2 2 2 2 2
2+n 4 +n 1 2 1 2 2+n 4+n
AppeIIFl[ , n, 4, , Tan[— (e +f x)] , 7Tan[— (e +f x)] }/ (4 +n) AppeIIFl{—, n, 4, ,
2 2 2 2 2 2
2 4 +n 6 +n 1 2 1 2

, N, 5,

Tan{% (e +f x)} , 7Tan{% (e +f x)f] +2

74AppeIIF1[ 5 , Tan[g (e+fx)} , 7Tan{5 (e+fx)} }+n

1 1

6 +n 1 2 2
Tan[— (e +f x)]
2

,Tan{g(e#x)}, ?

7Tan[% (e +f x)] }

4 +n
AppeIIFl[—, 1+n, 4, Tan[e +f x]" -
2

2+n

}Sec[% (e +f x)r]/

6 +n 1 2
, Tan[— (e +f x)] ,
2

4 +n 1 2

5 ,Tan{g(eﬁx)}, ?

1 5 1 3
48 (4+n)Oos{E (e +f x)} Sin[g (e +f x)]

, N, 3,

2+nN 1
(AppellFl{ 5 7Tan{5(e+fx)}

4 +n 1 2
, Tan{— (e +f x)}
2

2+n 1 2 4 4+n
(4 +n) AppellFl{ o 3, , Jan[a <e+fx)] }2 [73AppeIIF1[ o 4,

6+n’ Tan[% (e +f x)]z, 7Tan{% (e +f x)r]

1 2 4+n
7Tan{5 (e +f x)} ]+nAppeIIF1{T, 1+n, 3,

2+n 4 +n 1 2 1 2 2+n
AppeIIFl[ 5 , n, 4, 5 ,Tan[g (e+fx)] , 7Tan[£ (e+fx)] }/ (4 +n) AppeIIFl[ 5
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1

2 4+n 6 +n 1 2
—Tan[g (e +f x)] }+2 [—4AppeIIF1[ 5

5 , Tan[g (e +f x)] ,

2

1 4 +n
—Tan[—(e+fx)] +nAppeIIF1[—, 1+n,
2 2

, nh, 5

6+n 1 2 1 2 2 6

, Tan{g (e+fx)} , —Tan[g (e+fx)] } Tan[% (e+fx)]

Tan[e +f x]" +

1
16 (4+n)Cos[E (e+fx)}

2+n

Sin[% (e +f x)]2 [[AppellFl{Z%n, n, 3, 4;n’ Tan[% (e +f x)]z, 7Tan[% (e +f x)]z} Sec{% (e +f x)rTan{% (e +f x)}]/

2+n 4 +n 1 2 1 2 4 +n 6+n 1 2
{4+n AppeIIFl[ 5 , h, 3 5 ,Tan{g(eﬁx)}, —Tan[g(eﬂ‘x)] }+2[—3AppellF1[ 5 , n, 4, 5 ,Tan[g(eﬂ‘x)],
1 2 4+n 6+n 1 2 1 2 1 2
—Tan{— (e+fx)} ]+nAppeIIF1[—, 1+n, 3, , Tan[f (e+fx)] , —Tan[— (e+fx>} ] Tan[— (e+fx)} +
2 2 2 2 2

2
—Tan[E (e +f x)r}

1 2 +n 4+n 1 2
Sec[— (e +f x)] [—1/ (4+n)3 (2+n) AppeIIFl[ , n, 4, 1+ , Tan[— (e+fx)} ,
2 2 2 2
1 2 1 2+n
Sec{f(e+fx)} Tan{—(e+fx)}+l/(4+n) (2 +n) AppeIIFl{ , 1+n, 3
2 2
+4;n’ Tan[% (e+fx)]2, —Tan{% (e+fx)r]5ec[% (e+fx)]2Tan[% (e+fx)] J/
2+n 4 +n 1 4+n 6+n 1 2
[4+n AppeIIFl{ , n, 3 ,Tan{—(eﬂ‘x } —Tan[ (e +f x) ] } 2[—3AppeIIF1[ , n 4 ,Tan[—(e+fx)],
2 2 2 2
1 2 4 +n 6+n 1 2 1 2 1 2
—Tan{— (e+fx)} ]+nAppeIIF1[—, 1+n, 3 Tan[f (e+fx)] , —Tan[— (e+fx>} ] Tan[— (e+fx)} -
2 2 2 2 2

2 1 2 1 2 1

4+n' Tan[% (e+fx)] , —Tan[E (e+fx)] }Sec[g (e+fx)} Tan[E (e+fx)]+

+Nn
, n, 5 1+

[_1/ (4+n)4 (2+n) AppellFl[

1/ (4+n)n (2+n) AppeIIFl[ ;n’ Tan{% (e+fx)]2, —Tan[% (e+fx>r]Sec[% (e+fx)]2
4 +n 1 2 1 2

1 2+n
Tan{g(eﬂ‘x)} (4 +n) AppeIIFl[ 5 , n, 4,

/

4+n
2 [—4Appe| | Fl{
2

, Tan[g (e+f x)] , —Tan[g (e+fx>} ]+

6+n 1 2

6+n 1 2
, Tan[g (e +f x)] ,

, Tan{g (e+fx)} ,

1 2 4+n
, n, 5, —Tan[—(e+fx)] +nAppeIIF1[—, 1+n, 4,
2 2

2

1 4+n 1 2 1 2
—Tan{E (e +f x)} ]

, Tan[5 (e+fx)] , —Tan{E (e+fx)} ]

, n, 3,

1 2 2+n
Tan{5 (e+fx)} - [AppeIIFl[ 5

6+n 1 2

4 +n
, Tan[E (e+fx>} ,

2

1 4 +n 1 2
Sec[5 (e +f x)] [2 [—SAppeIIFl{?, n, 4, —Tan{g (e+fx)} ]+nAppeIIF1{

6+n 1 2 1 2 1 2 1
1+n, 3 ,Tan[f(e+fx)],—Tan[f(e+fx)]”Sec[f(enx)] Tan{f(e+fx)}+(4+n) - 3 (2+n)
2 2 2 2 4+n
4 +n 1 2 1 2 1 2 1 1
AppeIIF1{1+ , Tan[E (e+fx)] , —Tan{E (e+fx)} ]Sec[5 (e+fx)] Tan[5 (e+fx)]+4 -
+
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(2 +n) AppeIIFl[ -n Tan{%(eﬂx)}2 7Tan{ (e+fx)r]8ec[ ( +fx)]2Tan[ ( +fx)]
1 2 1 4+n 6+n 1 2 2
2Tan{— (e+fx)} -3 |- 4 (4 +n) AppeIIFl[ , n, 5, , Tan{— (e+fx)} 7Tan{ (e+fx)} ]
2 6+n 2
1 2 1 1 4+n 6 +n 1 2
Sec[f(e+fx)] Tan[f(e+fx)]+ (4 +n) AppeIIFl[ , , 4, ,Tan[f(e+fx)]
2 2 6+n 2 2
1 2 1 2 1 6+n
—Tan{f(e+fx)} ]Sec[f(enx)] Tan{f(e+fx)] +Nn |- 3 (4+n) AppeIIFl[
2 2 2

Tan{% (e +f x)}z, —Tan{% (

6+n 1

2+n, 3, 1+ ,Tan{f(en
2

4 +n 1

2+n
[ (4 +n) AppellFl{—, n, 3,
2

1 2 4 +n 6+n 1 2 1 2
7Tan{— (e +f x)} }+nAppeIIFl[—, 1+n, 3
2 2

4 +n 1 2

e+fx)r]3ec{§ (e +f x)rTan{E (e +f x)} +

,Tan{g (e

6+n
1

6+n

x)r, —Tan{% (e +f x)}z] Sec[% (e +f x)]ZTan[% (e +f x)]

2 1 2

+fx>} , _Tan[5 <e+fx)] }+2 [—3AppeIIF1[4+n

5 ,Tan[g (e+fx)} , 7Tan[£ (e+fx)] }

2+n 1 2 4+n 6+n
[AppeIIFl{ 5 , n, 4, 5 , Tan[g (e+fx>} , —Tan{g (e+fx)} ] 2 [—4AppeIIF1[ 5 , n, 5, 5
1 2 4 +n 6 +n 1 2 1 2
—Tan[f (e+fx)] }+nAppeIIF1{—, 1+n, 4, , Tan{f (e+fx)} , —Tan{f (e+fx)} ]
2 2 2 2 2

1
(e+fx>} + (4 +n)

1
2

4+n

1 2
Sec[g (e +f x)] Tan

1
— (e+fx)]+
2

—Tan[g (e +f x)]z} Sec[% (e +f x)}

6+n 1

4 (2 +n) Appel I F1|1

4 +n 1 2

+Nn
, n, 5 1+ ,Tan{f(e+fx)},—Tan[
2

2+n 4 +n
(2 +n) Appel | F1[1+ , . 4,
2

4+n
2

1
Tan[g(eaffx)} 5 (4 +n)

1 2 1
+2Tan{5(e+fx)} [—4[—6
+N

(1+n) <4+n)Appe||F1[1+

%(eﬂ‘x)] }

, Tan{% (e +f x)} ,

4 +n

1 2

, Tan{g (e+fx)} ,

Sec{% (e +f x)rTan{

2
2

4+n

Appel | F1

2 1 2 1 2 1
n, 6, 1+ ,Tan{g(e+fx)],—Tan[g(eﬁx)} ]Sec[g(eﬁx)] Tan[g(e+fx)]+6 nn(4+n)
+
4 +n 6+n 1 2 1 2 1 2 1
AppeIIF1[1+ , , 5, , Tan[— (e+fx)] , —Tan[f (e+fx)] }Sec[— (e+fx)} Tan[— (e+fx)]]+
2 2 2 2 2 2
6+n 1 2 2 2
nl- 4 (4+n) AppeIIFl[

6+n

1
Tan[— (e +f x)] +
2 6 +n
1 2 1
Sec{f(edffx)} Tan[—(e+fx)}
2 2

5 Tan[g (e+fx)} , —Tan[% (e+fx)} }Sec

4 +n 6+n 1 2
(L+n) (4+n) AppeIIFl[ , , 4,

, Tan{— (e +f x)}
2 2 2

2+n 4 +n 1
]J]/[4+n AppeIIFl{ 5 , n, 4, 5 ,Tan[g(eﬁx)},

{% (e +f x)}

, —Tan[% (e +f x)]z}

2
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1 2 4 +n 6+n 1 2 1 2
—Tan[— (e+fx)} ]+2 [—4AppeIIF1[—, n, 5, ——, Tan[— (e+fx)} , —Tan[— (e+fx)} }+
2 2 2 2 2

2

6+n 1 2 (e+fx)]}

nAppeIIF1[4%n, 1+n, 4, ? Tan{g (e+fx)} , —Tan[%

1 2)2
— (e +f x)] ] Tan[e +f x]"

2

Tan [

® Problem 181: Result unnecessarily involves higher level functions and more than twice size of optimal antiderivative.

JSin[eH x] (bTanfe +f x])" dx

Optimal (type 5, 76leaves, 2 steps):

1+n 2+n 4+n
)

oo Sinfe«f x]2] Sinfe+f x] (bTan[e +f x])*"

(Cos e +f x1?) 5 Hyper geonet ri c2F1[

bf (2+n)
Result (type 6, 1888 leaves):

2+n 4+n E 2 E 2, 5 N N
(4 +n) AppeIIFl{ n, 2, ——, Tan (e+fx)] , —Tan[ (e+fx)] }Sln[e+fx} Tan[e +f x]" (bTan[e +f x7])
2 2 2 2

2+n 4 +n 1 2 1 2
[f (2 +n) (4+n>AppeIIF1{—, n, 2, , Tan[— <e+fx)} , 7Tan[— (e+fx)] }+
2 2 2
4 +n 6+n 2 1 2
2 [—ZAppeIIFl{—, n, 3, ——, Tan[— (e +f x)] , —Tan[— (e +f x)] }+
2 2 2 2
4 +n 6+n 2 1 2 1 2
nAppeIIFl{—, 1+n, 2, —, Tan[— (e+fx)] , —Tan{f (e+fx)} } Tan{— (e+fx)} ]
2 2 2 2 2
2+nNn 4 +n 1 2 1 2
[(2 (4 +n) AppeIIFl[ , n, 2, , Tan[— (e+fx)] , 7Tan{— (e+fx)} ]Oos[eﬂ‘x]Sin[e+fx]Tan[e+fx}” /
2 2 2
2+n 4 +n 1 2 1 2
[(2+n) (4 +n) AppeIIFl{ n, 2, —, Tan[— (e+fx)} , —Tan[— (e+fx)} }+
2 2 2 2
4 +n 6 +n 1 2 1 2
2 {—ZAppeIIFl[—, n, 3, —, Tan{— (e+fx)} , —Tan[— (e +f x)] }+
2 2 2 2

1 2

6+n 1 2 1 2
Tan{f (e +f x)}
2

nAppeIIF1[4%n, 1+n, 2, ? Tan[g (e +f x)] , —Tan[g (e +f x)] }

]+ [(4+n)Sin[e+fx}2

2+n 4+n 1 2 1 2 1 2 1
[—1/(4+n)2(2+n)AppeIIF1[1+ ., n, 3, 1+ ,Tan{—(edffx)},—Tan{—(eﬂ‘x)} ]Sec[—(e+fx)] Tan{f(e+fx)}+
2 2 2 2 2

2+n 4+n 1 2 1 2 1 2 1
1/ (4+n)n (2+n) AppeIIFl[ - 1+n, 2, 1+T, Tan[5 (e+fx)] , —Tan{E (e+fx)} }Sec[E (e+fx)] Tan[5 (e+fx)]

2+n 4+n 1 2 1 2
Tan[e+fx]”/((2+n) (4 +n) AppeIIFl{ 5 , n, 2, 5 ,Tan{g(eﬂx)},—Tan[g(en‘x)} }+
4 +n 6 +n 1 2 1 2
2 [—ZAppeIIFl{—, n, 3, , Tan{f (e+fx)} , —Tan[f (e +f x)] }+
2 2 2



38| 4.3 Tangent.nb

6+n’ Tan[% (e +f x)]z, —Tan[% (e +f x)]z}

4+n
nAppeIIFl[—, 1l+n, 2,
2

Tan{% (e +f x)r]] _

2+n 4 +n 2 1 2
[ (4 +n) AppeIIFl{ n, 2 Tan[— (e+fx)] , —Tan[— (e+fx)] }Sin[e+fx}2
2 2
4+n 6+n 1 2 2
[2 [_2Appe||F1[ . n, 3 , Tan[f (e +f x)] , —Tan{f (e +f x>} .
2 2 2
6+n 2 2 2

4 +n
nAppeIIFl[—, 1+n, 2,
2

(— 2 (2+n) AppeIIFl[ -n Tan{i(eﬂx)}2 —Tan{f(e+fx)r]8ec[£(e+fx)]2Tan{7(e+fx)]+
4 +n 2 2
4 +n 1 2 2 1 2
(2 +n) AppeIIFl[ , Tan[f (e+fx)] , —Tan{f (e+fx)} }Sec[f (e+fx)] Tan[f (e+fx)]
4+n 2 2 2
1 2 1 6+n 2 2
2Tan[—(e+fx)] [72[7 3(4+n>AppeIIF1{1+ Tan[—(e+fx)] 7Tan{—(e+fx)} }Sec[—(eﬁx)]
2 6+n 2
1 1 4 +n 6+n 1 2 1 2
Tan{f (e+fx)}+ (4 +n) AppeIIFl{ 1+n, 3, 1+ Tan{ ( +fx)} —Tan[f (e+fx)] }
2 6+n 2 2
1 2 1 1 4 +n 6+n 1 2
Sec[f(e+fx)] Tan[f(e+fx)] +n[— 2 (4+n) AppeIIFl{ 1+n, 3, 1+ Tan[f(e+fx)]
2 2 6+n 2
2 1 2 1 1 4 +n 6+n

1
—Tan[f(e+fx)] }Sec{f(ewx)} Tan{f(e+fx>}+ (1+n) (4+n) AppeIIFl[
2 2 2

6+n 2 2
1 2 1 2 1 2 1
Tan[— (e+fx)} , 7Tan[— (e+fx)] }Sec[— (e+fx)} Tan[— (e+fx>}] Tan[e +f x]" / (2+n)
2 2 2 2
2+n 4+n 1 2 1 2 4+n 6+n 1 2
[(4+n)AppeIIF1[ 5 , n, 2, 5 , Tan[g (e+fx)} , —Tan[g (e+fx)} }+2 [—ZAppeIIFl{ 5 , n, 3, , Tan[g (e+fx)] ,
6+n 1 2 1 2

1 2 4+n 1 2)2
—Tan[— (e+fx)] }+nAppeIIF1[—, 1+n, 2, —, Tan{— (e+fx)} , —Tan[— (e+fx)] } Tan[— (e+fx)] ] ]+
2 2 2 2 2 2

2+n 4 +n 1 2 1 2
(4 +n) AppeIIFl{ , n, 2, , Tan[— (e+fx)] , —Tan[— (e+fx)] }Tan[e+fx}l*”]/
2 2 2 2
2+n 44+n 1 2 1 2
[(2+n) (4 +n) AppeIIFl[ , h 2 ,Tan{—(eﬂ‘x)},—Tan[—(e+fx)}}+
2 2 2 2
2 1 2

, N, 3,

4 +n 1
2 [—ZAppeIIFl{ 5 , Tan{g (e+fx)} , —Tan[g (e+fx)] }+

6 +n 1 2 1 2

nAppeI|F1[4%n, 1+n, 2, , Tan[g (e +f x)] , 7Tan[5 (e +f x)] }

TanE (e +f x)r]]]]

® Problem 183: Result more than twice size of optimal antiderivative.
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JCsc[eH x1% (b Tan[e +f x])" dx

Optimal (type 5, 78leaves, 2 steps):

Cos [e +f x] Hyper geonetri c2F1[1%‘, 4 3N Cosie+f x)?] (Sinfe+f x]z)'”/2 (bTanfe +f x])"

Result (type 5, 182 leaves):

1 n 1 2

1 4 n
B (n (2 +n) Cot {— (e+fx)} I—lypergeorretric2F1{71+—, n, —, Tan|— (e+f x)] }+
4fn (-4+n?) 2 2 2 2

(-2 +n) 1+E, n,2+2, Tan[i(e+fx)]2}+

2 2 2

n Hyper geonet ri c2F1

1 2 n n 1 2
2 (2+n) Cot[E (e +f x)] HypergeometricZFl[E, n, 1+E, Tan[5 (e +f x)] U]

2\N 1 2
Tan[— (e +f x)} (bTan[e +f x])"

1
[Cos[e+fx]Sec[—(e+fx)] 5

2

Problem 184: Result more than twice size of optimal antiderivative.
JCSC[e+f x]1% (b Tan[e +f x])" dx

Optimal (type 5, 78leaves, 2steps):

Cos [e +f x] Hyper geonet ri c2F1[12i, 6%‘ 32;” Cosfe+f x]?] (Sinfe«f x]2) ™2 (b Tanfe +f x])"

f (1-n)
Result (type 5, 254 leaves):
1 n [ Cot [% (e +f x)}4|—|ypergeonetri02Fl{72+ g n, -1+ % Tan[% (e +f x)}z]

1 2
—_— Cos[e+fx]8ec[f(e+fx)]] +
16 f 2 -4+n

4 Cot [% (e +f x)]zl-iypergeonetric2F1[71+g, n, 2 Tan[% (e +f x)}z] 6|—|ypergeonetricZF1{g, n, 1+g, Tan[% (e +f x)}z]

+ +
-2+n n

4Hypergeometric2F1[1+g, n, 2+g, Tan[% (e +f x)}z]Tan[% (e +f x)]2

.
2+n

I—|ypergeorretric2F1[2+g, n, 3+ 7, Tan[% (e+f x)}z]Tan[% (e+f x)]4

(b Tan[e +f x])"
4 +n
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® Problem 222: Result unnecessarily involves higher level functions and more than twice size of optimal antiderivative.
JOot [e+f x]MTan[e +f x]" dx

Optimal (type 5, 62leaves, 3steps):

Cot [e +f x]MHyper geonetri c2F1[1, % (1-m+n), % (3-m+n), -Tanfe +f x]?] Tan[e +f x]*"

f (1-m+n)

Result (type 6, 2965 leaves) :

1 1 1 2 1 2
— | |2 entog(Cot [e+f x]]+nlog[Tan(e+f x1] (_3 . m_n) Appel IF1|— (1-m+n), -m+n, 1, — (3-m+n), Tan|— (e +f x)] , 7Tan{f (e +f x)} }
2 2 2 2
1 2 1
COS[* (e +f x)] Cot [f (e +f x>] Cot [e+f x]2™" Tan[e «f x]" /
2 2

1 2 1 2
(5-m+n), Tan[g (e+fx)] , 7Tan{5 (e+fx)} ]+

N |-

1
[f (-1+m-n) (ZAppeIIFl{— (3-m+n), -m+n, 2,
2

1 1 1 2 1 2

2 (m—n)AppeIIFl{g (3-m+n), 1-m+n, 1, E (5-m+n), Tan[g (e+fx)] , —Tan{g (e+fx)} ]+
1 2 1 2 1 2
(3-m+n), Tan[g (e+fx>} , —Tan{; (e+fx)} ]Oot{g (e+fx)} ]

1 1
(—3+m—n)AppeIIF1{—(1—m+n), -m+n, 1, —
2 2

1 1 1 2 1 2
[[[2 (73+m7n)nAppeIIF1{f (-m+n), -m+n, 1, — (3-m+n), Tan{f (e+fx>} , 7Tan{f (e+fx)} ]
2 2 2 2
1 2 1
Oos[g(eJrfx)] Oot[g(eJrfx) Cot [e+fx}”‘Sec[e+fx]2Tan[e+fx]’l*")/
1 1 1 2 1 2
{(71+m7n) [ZAppeIIFl{— (3-m+n), -m+n, 2, — (5-m+n), Tan{— (e +f x)] , 7Tan{— (e+fx)} ]+
2 2 2 2
1 1 1 2 1 2
2 (mfn)AppeIIFl{— (3-m+n), 1-m+n, 1, — (5-m+n), Tan{— (e+fx)] , 7Tan{— (e+fx>} ]+
2 2 2 2

2
+

, 7Tan[% (e +f x)r} Cot {% (e +f x)r]

1 1 1
(73+m7n)AppeIIF1{E (-m+n), -m+n, 1, E (3-m+n)y, Tan{g (e+fx)}

1 1 1 2 1 2 1 2
[2 (73+m7n)AppeIIF1[— (1-m+n), -m+n, 1, — (3-m+n), Tan[— (e +f x)] , 7Tan[— (e +f x)] }Cos[— (e +f x)}

2 2 2 2 2

1 1 1 2 1 2
Cot [e+fx]mTan[e+fx}”]/ ((71+m7n) 2AppeIIF1[— (83-m+n), -m+n, 2, — (5-m+n), Tan{— (e+fx)} , 7Tan[— (e+fx)] }+

2 2 2 2

1 1 2 1 2

2 (mfn)AppeIIFl{— (3-m+n), 1-m+n, 1, (5-m+n), Tan[— (e+fx)] , 7Tan{— (e+fx)} }+
2

2 2

N |-
=

2 1 2

1 1 1 2
(73+m7n)AppeIIF1[E (1-m+n), -m+n, 1, E (3-m+n), Tan{g (e+fx)} , 7Tan[5 (e+fx)} ]Oot[g (e+fx)] ]]+



4.3 Tangent.nb |41

1 1 1 2 1 2 1 2
(—3+m—n)AppeIIF1[— (1-m+n), -m+n, 1, — (3-m+n), Tan[— (e+fx)] , —Tan[f (e+fx)] }Cot[— (e+fx)}
2 2 2 2 2
1 1 1 2 1 2
Cot [e+f x]™Tan[e +f x]" / ((—1+m—n) 2AppeIIF1[— (83-m+n), -m+n, 2, — (5-m+n), Tan{— (e+fx)} , —Tan[— (e+fx)] }+
2 2 2 2
1 2 1 2
(5-m+n), Tan[— (e+fx)] , —Tan{f (e+fx)} }Af

1
2 (m—n)AppeIIFl{f (3-m+n), 1-m+n, 1,
2 2

2

N | -
=

1 1 2 1 2 1 2
(—3+m—n)AppeIIFl[E (1 -m+n), -m+n, 1, E (3-m+n), Tan{g (e+fx)} , —Tan[; <e+fx)} ]Oot[g (e+fx)] ]]—

1 2 1 1 1
2(—3+m—n)Cos{—(e+fx)} Cot{—(en‘x)}Cot[edffx]m - (1—m+n)AppeIIF1[l+—(1—m+n),—m+n, 2, 1+
2 2 3-m+n 2
1 1 2 1 2 1 2 1 1
— (3-m+n), Tan[f (e+fx)] , 7Tan{f (e+fx)} ]Sec[f (e+fx)] Tan[— (e+fx)]+ (-m+n) (17m+n)AppeIIF1[
2 2 2 2 2 3-m+n
1 1 2 1 2 1 2 1
1+—@A2-m+n), 1-m+n, 1, 1+ — (3-m+n), Tan{— (e+fx)} , —Tan[— (e+fx)} ]Sec[f (e+fx)] Tan{f (e+fx)}
2 2 2 2 2 2
1 1 1 2 1 2
Tan[e +f x]" / [(—1+m—n) [ZAppeIIFl{f (3-m+n), -m+n, 2, — (5-m+n), Tan[— (e+fx)] , —Tan{f (e+fx)} }+
2 2 2 2
1 1 1 2 1 2
2 (mfn)AppeIIFl{— (3-m+n), 1-m+n, 1, — (5-m+n), Tan[— (e+fx)] , 7Tan{— (e+fx)} }+
2 2 2 2
1 1 1 2 1 2 1 2
(73+m7n)AppeIIF1[— (1-m+n), -m+n, 1, — (3-m+n), Tan{f (e+fx)} , 7Tan[— (e+fx)} ]Oot[f (e+fx)] ]]+
2 2 2 2 2
1 1 1 2 1 2 1 2 1
[2 (—3+m—n)AppeIIF1[— (1-m+n), -m+n, 1, — (3-m+n), Tan[— (e+fx)] , —Tan[f (e+fx)] }Cos[f (e+fx)} Cot[— (e+fx)]
2 2 2 2 2 2
1 1 1 2 1 2 1
Cot [e+f x]™ —(—3+m—n)AppeIIF1{f (1-m+n), -m+n, 1, — (3-m+n), Tan[— (e+fx)] , —Tan{f (e+fx)} }Cot[— (e+fx)]
2 2 2 2 2
1 2 1 2 1 1 1
Csc{—(eﬂ‘x) +(—3+m—n)00t[—(e+fx)} (— (1—m+n)AppeIIF1[l+—(1—m+n),—m+n, 2, 1+— (3-m+n),
2 2 3-m+n 2 2
1 2 1 2 1 2 1 1
Tan[— (e+fx)} , —Tan[— (e +f x)] }Sec{f (e +f x)} Tan{— (e+fx)} + (-m+n) (1—m+n)AppeIIFl[
2 2 2 2 3-m+n
1 1 1 2 1 2 1 2 1
l1+—@2-m+n), 1-m+n, 1, 1+ — (3-m+n), Tan[— (e+fx)] , —Tan{— (e+fx)} ]Sec[— (e+fx)] Tan[— (e+fx)] +
2 2 2 2 2 2
1 1 1 1 2 1 2
2 [— 2 (3—m+n)AppeIIF1[1+— (3-m+n), -m+n, 3, 1+— (5-m+n), Tan[— (e+fx)] , —Tan[— (e+fx)] }
5-m+n 2 2 2 2
1 2 1 1 1
Sec[f(eJrfx)] Tan[—(e+fx)]+ (-m+n) (37m+n)AppeIIF1{1+f(37m+n), 1-m+n,
2 2 5-m+n 2
1 1 2 1 2 1 2 1
2, 1+— (5-m+n), Tan[— (e+fx)] , —Tan[— (e+fx)] }Sec{f (e+fx)} Tan[— (e +f x) ]+
2 2 2 2 2
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1

1 1 1 2 1 2
2 (m-n) (3—m+n>AppeIIF1[1+— (3-m+n), 1-m+n, 2, 1+— (5-m+n), Tan{— <e+fx)} , —Tan[— (e +f x)] }
5-m+n 2 2 2

2

1 1 1

Sec[—(e+fx)] Tan[—(e+fx)]+ (1 -m+n) (37m+n)AppeIIF1{l+—(37m+n),27m+n, 1,
2 2 5-m+n 2
1 1 2 1 2 1 2 1

1+— (5-m+n), Tan

5 {E (e+fx)} , 7Tan[5 (e+fx)} ]Sec[g (e +f x)] Tan{g (e +f x)}

Tan[e +f x}”)/

1
[(—1+m—n) [ZAppeIIFl{E (3-m+n), -m+n, 2,

1 1 2 1 2
— (5-m+n), Tan[f (e+fx)] , —Tan{f (e+fx)} }+
2 2 2
1 1 1 2 1 2
2 (mfn)AppeIIFl[— (3-m+n), 1-m+n, 1, — (5-m+n), Tan{— (e+fx)} , 7Tan[— (e+fx)] }+
2 2 2
1 1 1 2 1 2 1 2\2
(73+m7n)AppeI|F1[— (1-m+n), -m+n, 1, — (3-m+n), Tan[— (e+fx)] , 7Tan[— (e+fx)] }Oot[— (e+fx)} ] +
2 2 2 2

1
[Zm(73+mfn) Appel | Fl[; (1-m+n), -m+n, 1,

N

(3-m+n), Tan[% (e +f x)]z, 7Tan[% (e +f x)]z}

/

1 2 1 2
(5-m+n), Tan[; (e+fx)] , 7Tan{5 (e+fx)} }+

2 1
Oos[— (e +f x)] Cot [— (e+f x)| Cot [e+f x]™Csc[e+f x]?Tan[e +f x]1*"
2 2

1
[(71+m7n) [ZAppeIIFl{— (3-m+n), -m+n, 2,
2

1 2 1 2
2 (mfn)AppeIIFl[— (3-m+n), 1-m+n, 1,
2

(5-m+n), Tan[% (e+fx)] , 7Tan{g (e+fx)} }+

N~ N| P
=

1 2 1 2 1 2
(73+m,n>Appe||F1{E (1-m+n), -m+n, 1, > (3-m+n), Tan{E (e+fx)} ) 7Tan{5 (e+fx)} ]Oot[f (e+fx)] ]]]]]

® Problem 223: Result unnecessarily involves higher level functions and more than twice size of optimal antiderivative.
JCot [e+f x]M(bTan[e +f x])" dx
Optimal (type 5, 67 leaves, 3steps):
Cot [e +f x]™Hyper geonet ri c2F1[1, % (1-m+n), % (3-m+n), -Tanfe +f x]?] (bTan[e +f x])"

bf (1-m+n)

Result (type 6, 2967 leaves) :

1 1 2 1 2
— (3-m+n), Tan|— (e+fx)] , —Tan{f (e+fx)} }
2 2 2

1
2 ehlog(Cot [e+f x]]+nLog[Tan [e+f x]] (-3+m-n) Appel | F1| — (1 -m+n), -m+n, 1,

Oos[E (e +f x)]ZOot [% (e +f x)] Cot [e +f x]2™" (b Tan[e +f x})”]/

1 1 1 2 1 2
[f (-1+m-n) [2AppeIIF1{— (3-m+n), -m+n, 2, — (5-m+n), Tan[— (e+fx)] , —Tan{— (e+fx)} ]+
2 2 2 2
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1 1 1 2 1 2
2 (m—n)AppeIIFl{5 (3-m+n), 1-m+n, 1, 5 (5-m+n), Tan[5 (e+fx)] , —Tan{E (e+fx)} ]+

1 2 1 2

(3-m+n), Tan{E (e+fx>} , —Tan{g (e+fx)} ]Oot {% (e +f x)r]

N | -

1
(-3 +m-n) Appel | Fl{f (L-m+n), -m+n, 1,
2

2

1 1 1 2 1
[[[2 (73+m7n)nAppeIIF1{E (1-m+n), -m+n, 1, E (3-m+n)y, Tan{a (e+fx>} , 7Tan{5 (e+fx)} ]

1 2 1
(:os[5 (e +f x>] Cot [E (e+f x)| Cot [e+f x]MSec[e+f x]2Tan[e «f x]*l*“J/

2 1 2

E ! —Tan{g(eﬁx)} ]+

1
[(—1+m—n) (ZAppeIIFl{2 (3-m+n), -m+n, 2, E (5-m+n), Tan{E (e +f x)] ,

1 1 1 2 1 2
2 (m—n)AppeIIFl[E (3-m+n), 1-m+n, 1, E (5-m+n), Tan{g (e +f x)] , —Tan[g (e+fx>} ]+

1 1 1 2 1 2 1 2
(—3+m—n)AppeIIFl{— (L-m+n), -m+n, 1, — (3-m+n), Tan{— (e+fx)} , —Tan[— (e+fx)} }Oot{— (e+fx)} J]]+
2 2 2 2 2
1 1 1 2 1 2 1 2
[2 (—3+m—n)AppeIIF1[f (1-m+n), -m+n, 1, — (3-m+n), Tan[f (e+fx)] , —Tan[f (e+fx>] }Cos[f (e+fx)}
2 2 2 2
1 1 1 2 1 2
Cot [e+fx]mTan[e+fx1“]/ ((_1+m—n) 2AppeIIF1[5 (3-m+n), -m+n, 2, 5 (5-m+n)y, Tan{g (e+fx)} , —Tan[5 (e+fx)] }+
1 1 1 2 1 2
2(m—n)AppeIIF1{f(3—m+n),1—m+n, 1, 7(5—m+n),Tan[—(e+fx)], —Tan{f(e+fx)} +
2 2 2 2
1 1 1 2 1 2 1 2
(—3+m—n)AppeIIF1{f (1-m+n), -m+n, 1, — (3-m+n), Tan{f (e+fx)} , —Tan{f (e+fx)} ]Oot[f (e+fx)] ]]+
2 2 2 2 2
1 1 1 2 1 2 1 2
(—3+m—n)AppeIIF1[f (1-m+n), -m+n, 1, — (3-m+n), Tan[f (e+fx)] , —Tan[f (e+fx>] }Cot[f (e+fx)}
2 2 2 2 2

1 1 1 2 1 2
Cot [e+fx]mTan[e+fx1“]/ ((_1+m—n) 2AppeIIF1[5 (3-m+n), -m+n, 2, 5 (5-m+n), Tan{g (e+fx)} , —Tan[5 (e+fx)] }+
1 1 1 2 1 2
2(m—n)AppeIIF1{f(3—m+n),1—m+n, 1, 7(5—m+n),Tan[—(e+fx)], —Tan{f(e+fx)} +
2 2 2 2
1 1 1 2 1 2 1 2
(—3+m—n>AppeIIF1{f (-m+n), —-m+n, 1, — (3-m+n), Tan{f (e+fx)} , —Tan{f (e+fx)} ]Oot[f (e+fx>] ]]—
2 2 2 2 2
1 2 1 1 1
2(—3+m—n)Cos{f<e+fx)} Cot{f(e+fx)}Cot[e+fx]m - (1—m+n)AppeIIF1[1+f(1—m+n>,—m+n, 2, 1+
2 2 3-m+n 2
1 1 2 1 2 1 2 1 1
— (3-m+n), Tan[— (e+fx)] , —Tan{— (e+fx)} ]Sec[— (e+fx)] Tan[— (e+fx)]+ (-m+n) (1—m+n)AppeIIF1{
2 2 2 2 2 3-m+n
1 1 1 2 1 2 1 2 1
1+— @A2-m+n), 1-m+n, 1, 1+ — (3-m+n), Tan{— (e+fx)} , —Tan{— (e+fx)} ]Sec[— (e+fx)] Tan{f (e+fx)}
2 2 2 2 2 2
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1 1 1 2 1 2
Tan[e +f x]" / [(—1+m—n) [ZAppeIIFl — (3-m+n), -m+n, 2, — (5-m+n), Tan[— (e+fx)] , —Tan{f (e+fx)} }+
2 2 2 2
1 1 1 2 1 2
2 (mfn)AppeIIFl{— (3-m+n), 1-m+n, 1, — (5-m+n), Tan[— (e+fx)] , 7Tan{— (e+fx)} }+
2 2 2 2
1 1 1 2 1 2 1 2
(73+m7n)AppeIIF1[— (1-m+n), -m+n, 1, — (3-m+n), Tan{f (e+fx)} , 7Tan[— (e+fx)} ]Oot[f (e+fx)] ]]Jr
2 2 2 2 2
1 1 1 2 1 2 1 2 1
[2 (—3+m—n)AppeIIF1[— (1-m+n), -m+n, 1, — (3-m+n), Tan[— (e+fx)] , —Tan[f (e+fx)] }Cos[f (e+fx)} Cot[— (e+fx)]
2 2 2 2 2 2

2

(3-m+n), Tan[% (e +f x)] , —Tan{% (e +f x)r} Cot [% (e +f x)]

1
Cot [e+f x]™ —(—3+m—n)AppeIIF1{f (L-m+n), -m+n, 1,
2

1 1

2
Csc{— (e +f x)
2

1 1
(1—m+n)AppeIIF1[1+— (L-m+n), -m+n, 2, 1+— (3-m+n),
2 2

1 2
+(—3+m—n)00t[§(e+fx)} (—3 o
-m+

1 2 1 2 1 2 1 1
Tan[— (e+fx)} , —Tan[— (e +f x)] }Sec{f (e +f x)} Tan[— (e+fx>} + (-m+n) (1—m+n)AppeIIFl[
2 2 2 2 3-m+n
1 1 1 2 1 2 1 2 1
l1+—@A2-m+n), 1-m+n, 1, 1+ — (3-m+n), Tan[— (e+fx)] , —Tan{— (e+fx)} ]Sec[— (e+fx)] Tan[— (e+fx)] +
2 2 2 2 2 2
1 1 1 1 2 1 2
2 [— 2 (3—m+n)AppeIIF1[1+— (3-m+n), -m+n, 3, 1+— (5-m+n), Tan[— (e+fx)] , —Tan[— (e+fx)] }
5-m+n 2 2 2 2
1 2 1 1 1
Sec[f(e+fx)] Tan[—(e+fx)]+ (-m+n) (3—m+n)AppeIIF1{1+f(3—m+n), 1-m+n,
2 2 5-m+n 2
1 1 2 1 2 1 2 1
2, 1+—(5-m+n), Tan[— (e+fx)] , —Tan[— (e+fx)] }Sec{f (e+fx)} Tan[— (e +f x) +
2 2 2 2 2
1 1 1 1 2 1 2
2 (m-n) |- (3—m+n>AppeIIF1[1+— (3-m+n), 1-m+n, 2, 1+— (5-m+n), Tan{— <e+fx)} , —Tan[— (e+fx)] }
5-m+n 2 2 2 2

2

1 1 1
Sec[—(e+fx)] Tan[—(e+fx)]+ (1-m+n) (37m+n)AppeIIF1{1+—(37m+n),27m+n, 1,
2 2
1

2 5-m+n
1 2 1 2 1 2 1
1+— (5-m+n), Tan{— (e+fx)} , —Tan[— (e+fx)} ]Sec[f (e+fx)] Tan{f (e+fx)} Tan[e+fx}”J/
2 2 2 2 2
1 1 1 2 1 2
[(—1+m—n) [ZAppeIIFl{f (3-m+n), -m+n, 2, — (5-m+n), Tan[f (e+fx)] , —Tan{f (e+fx)} }+
2 2 2
1 1 1 2 1 2
2 (mfn)AppeIIFl[E (3-m+n), 1-m+n, 1, 5 (5-m+n), Tan{; (e+fx)} , 7Tan[5 (e+fx)] }+

2 2

1 1 1
(73+m7n)AppeI|F1[E (1-m+n), -m+n, 1, E (3-m+n), Tan[; (e +f x)] ,

+

Jou [ eern ||

7Tan[% (e +f x)]

(3-m+n), Tan[% (e +f x)]z, 7Tan[% (e +f x)]z}

N

1
[Zm(73+mfn) Appel | Fl[; (1-m+n), -m+n, 1,
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1 2 1
Cos[— (e +f x)] Cot [— (e+f x)| Cot [e+f x]MCsc[e+f x]2Tan[e +f x]1*"
2 2

/

1 1 1 2 1 2
[(—1+m—n) [ZAppeIIFl{f (3-m+n), -m+n, 2, — (5-m+n), Tan[— (e+fx)] , —Tan{f (e+fx)} }+
2 2 2 2
1 1 1 2 1 2
2 (m—n)AppeIIFl{f (3-m+n), 1-m+n, 1, — (5-m+n), Tan[— (e+fx)] , —Tan{f (e+fx)} }Af
2 2 2 2
1 1 1 2 1 2 1 2
(—3+m—n>AppeIIF1{f (-m+n), -m+n, 1, — (3-m+n), Tan{f (e+fx)} , —Tan{f (e+fx)} ]Oot[f (e+fx)] ]]]]]
2 2 2 2 2
|

Problem 224: Result unnecessarily involves higher level functions and more than twice size of optimal antiderivative.

J(aOot [e+f x])"Tan[e +f x]" dx

Optimal (type 5, 64 leaves, 3steps):

(aCot [e +f x])™Hyper geonet ri c2F1][1, % (1-m+n), % (3-m+n), -Tanfe +f x)?] Tan[e +f x]1*"

f (1-m+n)
Result (type 6, 2973 leaves) :

1 1 1 2 1 2
2 Ntog(ot [exf xj]«nLog(Tane+f x11 (3 . m_n) Appel | F1| — (1 -m+n), -m+n, 1, — (3-m+n), Tan|— (e +f x)] , 7Tan{— (e +f x)} }
2 2 2

1 2 1
Cos[— (e +f x)] Cot [— (e +f x)] Cot [e+f x]™" (aCot [e+f x])MTan[e +f x}”)/
2 2

1 2 1 2

1
[f (-1+m-n) (ZAppeIIFl[E (3-m+n), -m+n, 2, (5-m+n), Tan[; (e+fx)] , 7Tan{g (e+fx)} ]+

N |-

2 1 2

1 1 1
2 (mfn)AppeIIFl{E (3-m+n), 1-m+n, 1, E (5-m+n), Tan[— (e+fx)] , 7Tan{5 (e+fx)} ]+

1 1 1 2 1 2 1 2
(73+m7n)AppeIIF1{E (L-m+n), -m+n, 1, E (3-m+n), Tan{a (e+fx>} , 7Tan{— (e+fx)} ]Cot{g (e+fx)} ]

2 1 2

1 1
[—[[2 (—3+m—n)nAppeIIF1{E (1-m+n), -m+n, 1, (3-m+n), Tan[g (e+fx>} , —Tan{g (e+fx)} ]

N |-

1 2 1
Oos[—(e+fx)] Cot[—(e+fx) Cot [e+fx}mSec[e+fx]2Tan[e+fx]’l*“)/
2 2
1 1 2 1 2
{(71+m7n) (ZAppeIIFl[— (3-m+n), -m+n, 2, (5-m+n), Tan{— (e +f x)] , 7Tan{— (e+fx>} ]+
2 2 2
1 2 1 2
(5-m+n), Tan{— (e+fx)] , 7Tan{— (e+fx>} ]+
2 2

N R NP

1
2 (mfn)AppeIIFl{— (3-m+n), 1-m+n, 1,
2

2

+

1 1 1 1 2 1 2
(73+m7n)Appe||Fl{E (L-m+n), -m+n, 1, 5 (3-m+n), Tan{; (e+fx)} , 7Tan[5 (e+fx)} }Oot[g (e+fx)} ]]
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1 1 1 2 1 2 1 2
2 (—3+m—n)AppeIIF1[— (1-m+n), -m+n, 1, — (3-m+n), Tan[— (e+fx)] , —Tan[f (e+fx)] }Cos[— (e+fx)}
2 2 2 2 2
1 1 1 2 1 2
Cot [e+f x]™Tan[e +f x]" / ((—1+m—n) 2AppeIIF1[— (83-m+n), -m+n, 2, — (5-m+n), Tan{— (e+fx)} , —Tan[— (e+fx)] }+
2 2 2 2
1 1 1 2 1 2
2 (m—n)AppeIIFl{f (3-m+n), 1-m+n, 1, — (5-m+n), Tan[— (e+fx)] , —Tan{f (e+fx)} }Af
2 2 2 2
1 1 1 2 1 2 1 2
(—3+m—n)AppeIIF1[— (1-m+n), -m+n, 1, — (3-m+n), Tan{— (e+fx)} , —Tan[— <e+fx)} ]Oot[— (e+fx)] ]]+
2 2 2 2 2
1 1 1 2 1 2 1 2
(—3+m—n)AppeIIF1[— (1-m+n), -m+n, 1, — (3-m+n), Tan[— (e+fx)] , —Tan[f (e+fx)] }Cot[— (e+fx)}
2 2 2 2 2
1 1 1 2 1 2
Cot [e+f x]™Tan[e +f x]" / ((—1+m—n) 2AppeIIF1[E (3-m+n), -m+n, 2, E (5-m+n), Tan{— (e+fx)} , —Tan[g (e+fx)] }+
2
1 1 1 2 1 2
2 (m—n)AppeIIFl{f (3-m+n), 1-m+n, 1, — (5-m+n), Tan[— (e+fx)] , —Tan{f (e+fx)} }Af
2 2 2 2
1

1 1 2 1 2 1 2
(—3+m—n)AppeIIFl[E (1 -m+n), -m+n, 1, E (3-m+n), Tan{— (e+fx)} , —Tan[— <e+fx)} ]Oot[— (e+fx)] ]]—

2 2 2
1 2 1 1 1
2(—3+m—n)Cos{—(e+fx)} Cot{—(e+fx)}Cot[e+fx]m - (1—m+n)AppeIIF1[l+—(1—m+n),—m+n, 2, 1+
2 2 3-m+n 2
1 1 2 1 2 1 2 1 1
— (3-m+n), Tan[f (e+fx)] , —Tan{f (e+fx)} ]Sec[f (e+fx)] Tan[— (e+fx)]+ (-m+n) (1—m+n)AppeIIF1[
2 2 2 2 2 3-m+n
1 1 1 2 1 2 1 2 1
1+—@A2-m+n), 1-m+n, 1, 1+ — (3-m+n), Tan{— (e+fx)} , —Tan[— (e+fx)} ]Sec[f (e+fx)] Tan{f (e+fx)}
2 2 2 2 2 2
1 1 1 2 1 2
Tan[e +f x]" / [(—1+m—n) [ZAppeIIFl{f (3-m+n), -m+n, 2, — (5-m+n), Tan[— (e+fx)] , —Tan{f (e+fx)} }+
2 2 2 2
1 1 1 2 1 2
2 (mfn)AppeIIFl{— (3-m+n), 1-m+n, 1, — (5-m+n), Tan[— (e+fx)] , 7Tan{— (e+fx)} }+
2 2 2 2
1 1 1 2 1 2 1 2
(—3+m—n)AppeIIF1[— (1-m+n), -m+n, 1, — (3-m+n), Tan{f (e+fx)} , —Tan[— (e+fx)} ]Oot[f (e+fx)] ]]+
2 2 2 2 2
1 1 1 2 1 2 1 2 1
[2 (—3+m—n)AppeIIF1[— (1-m+n), -m+n, 1, — (3-m+n), Tan[— (e+fx)] , —Tan[f (e+fx)] }Cos[— (e+fx)} Cot[— (e+fx)]
2 2 2 2 2 2
1 1 1 2 1 2 1
Cot [e+f x]™ —(—3+m—n)AppeIIF1{f (1-m+n), -m+n, 1, — (3-m+n), Tan[— (e+fx)] , —Tan{f (e+fx)} }Cot[— (e+fx)]
2 2 2 2 2
1 2 1 2 1 1 1
Csc{—(eﬂ‘x) +(—3+m—n)00t[—(e+fx)} (— (1—m+n)AppeIIF1[l+—(1—m+n),—m+n, 2, 1+— (3-m+n),
2 2 3-m+n 2 2

2 1 2 2 1 1

1 1
Tan[; (e+fx)} , —Tan[g (e +f x)] }Sec{g (e +f x)} Tan[g (e+fx>} + (-m+n) (1-m+n) Appel | F1

3-m+n
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1+—(1-m+n)

1 1 2
, 1-m+n, 1, 1+ — (3-m+n), Tan|— (e +f x)]
2 2 2

, 7Tan{% (e +f x)r] Sec[% (e +f x)]zTan[% (e +f x)]

1 1 1 1 2 1 2
2 [7 2 (37m+n)AppeIIFl[1+— (3-m+n), -m+n, 3, 1+— (5-m+n), Tan[— (e+fx)] , 7Tan[— (e+fx)] }
5-m+n 2 2 2

+

2

Sec

1 2 1 1 1
Sec[f(e+fx)] Tan[f(e+fx)]+ (-m+n) (3—m+n)AppeIIF1{1+f(3—m+n), 1-m+n,
2 2 5-m+n 2
1 1 2 1 2 1 2 1
2, 1+— (5-m+n), Tan[f (e+fx)] , —Tan[f (e+fx)] }Sec{f (e+fx)} Tan[f (e +f x) +
2 2 2 2 2
1 1 1 1 2 1 2
2 (m-n) |- (37m+n>AppeIIF1{1+— (3-m+n), 1-m+n, 2, 1+— (5-m+n), Tan{— (e+fx)} , 7Tan[— (e+fx)] }
5-m+n 2 2 2
1 2
2

[ (e+fx)] Tan[%(e+fx)]+
1 1
— (5-m+n), Tan{f (e+fx>}
2 2

1
(1-m+n) (3—m+n)AppeIIF1{1+f (3-m+n), 2-m+n, 1,
5-m+n 2

2 1 2 2 1
1+ Tan[e+fx]“]/

, —Tan{g <e+fx)} ]Sec[% (e +f x)] Tan{E (e +f x)}

1 1 1 2 1 2
[(1+mn) [ZAppeIIFl{— (3-m+n), -m+n, 2, — (5-m+n), Tan[— (e +f x)] , 7Tan{— (e +f x)} }+
2 2 2 2
1 1 1 2 1 2
2 (m—n)AppeIIFl[f (3-m+n), 1-m+n, 1, — (5-m+n), Tan[— (e+fx)} , —Tan[— (e+fx)] }+
2 2 2 2

2 2

1 1 1 1 2
(—3+m—n)AppeIIF1[E (1-m+n), -m+n, 1, (3-m+n), Tan[g (e +f x)] , —Tan[g (e +f x)] }Cot[g (e+fx)}

N | -

]

1 1 2 1 2
[2m(—3+m—n)AppeIIF1[£ (1-m+n), -m+n, 1, (3-m+n), Tan[g (e +f x)] , —Tan[g (e +f x)] }

/

N R

1 2
Cos[— (e +f x)] Cot [— (e+f x)| Cot [e+f x]MCsc[e+f x]2Tan[e +f x]1*"
2 2

1 1 1 2 1 2
[(—1+m—n) [ZAppeIIFl{f (3-m+n), -m+n, 2, — (5-m+n), Tan[— (e+fx)] , —Tan{f (e+fx)} }+
2 2 2 2
1 1 1 2 1 2
2 (mfn)AppeIIFl{f (3-m+n), 1-m+n, 1, — (5-m+n), Tan[— (e+fx)] , 7Tan{f (e+fx)} }+
2 2 2 2
1 1 1 2 1 2 1 2
(—3+m—n>AppeIIF1{f (-m+n), -m+n, 1, — (3-m+n), Tan{f (e+fx)} , —Tan{f (e+fx)} ]Oot[f (e+fx)] ]]]]]
2 2 2 2

® Problem 225: Result unnecessarily involves higher level functions and more than twice size of optimal antiderivative.
J(aOot [e+f x])™(bTan[e +f x])" dx

Optimal (type 5, 69 leaves, 3steps):

(aCot [e +f x])™Hyper geonet ri c2F1][1, %(17m+n), %(37m+n), ~Tanfe +f x)?] (bTanfe +f x])*™"

bf (1-m+n)
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Result (type 6, 2975 leaves) :

1 1 1 2 1 2
2 g"toglot [e+f xjjenLog(Tan(e+f x]] (_3 . m_n) Appel | F1| — (1-m+n), -m+n, 1, — (3-m+n), Tan[— (e +f x)] , —Tan{f (e +f x)} }
2 2 2 2

/

1 2 1
003[5 (e +f x)] Cot [E (e +f x)] Cot [e+f x]™" (aCot [e+f x])™ (bTan[e +f x])"

1 1 1 2 1 2
[f (-1+m-n) (ZAppeIIFl{f (3-m+n), -m+n, 2, — (5-m+n), Tan[f (e+fx)] , —Tan{f (e+fx)} ]+
2 2 2 2
1 1 1 2 1 2
2 (m—n)AppeIIFl{f (3-m+n), L-m+n, 1, — (5-m+n), Tan[— (e+fx)] , —Tan{— (e+fx)} ]+
2 2 2 2
1 1 1 2 1 2 1 2
(—3+m—n)AppeIIFl{— (1-m+n), -m+n, 1, — (3-m+n), Tan{— (e+fx>} , —Tan{— (e+fx)} ]Oot{f (e+fx)} ]
2 2 2 2 2

1 1 1 2 1 2
[[[2 (73+m7n)nAppe||Fl{E (1-m+n), -m+n, 1, E (3-m+n), Tan[g (e+fx>} , 7Tan{5 (e+fx)} ]

1 2 1
Oos[—(e+fx)] Oot[—(e+fx) Cot [e+fx}mSec[e+fx]2Tan[e+fx]’1*”)/
2 2
1 1 1 2 1 2
[(—1+m—n) (ZAppeIIFl[— (3-m+n), -m+n, 2, — (5-m+n), Tan{f (e +f x)] , —Tan[— (e+fx>} ]+
2 2 2 2
1 1 1 2 1 2
2 (mfn)AppeIIFl{— (3-m+n), L-m+n, 1, — (5-m+n), Tan{f (e+fx)] , 7Tan{— (e+fx)} ]+
2 2 2 2
1 1 1 2 1 2 1 2
(—3+m—n)AppeIIF1{— (L-m+n), -m+n, 1, — (3-m+n), Tan[— (e+fx)} , —Tan[— (e+fx)} }Cot{— (e+fx)} ]]J+
2 2 2 2 2

1 2 1 2 1 2
(3-m+n), Tan[g (e+fx)] , —Tan[g (e+fx)] }Cos[g (e+fx)}

N |-

1
[2 (-3 +m-n) Appel | Fl[— (1-m+n), -m+n, 1,
2

/((—1+m—n)

2 1 2

1 1
Cot [e+f x]MTan[e +f x]" 2AppeIIF1[— (3-m+n), -m+n, 2, (5-m+n), Tan{— (e+fx)} , —Tan[— (e +f x)] }+
2 2 2

N | =

1 1 1 2 1 2
2 (m—n)AppeIIFl{f (3-m+n), 1-m+n, 1, — (5-m+n), Tan[— (e+fx)] , —Tan{f (e+fx)} }Af
2 2 2 2
1 1 1 2 1 2 1 2
(—3+m—n)AppeIIF1[— (1-m+n), -m+n, 1, — (3-m+n), Tan{— (e+fx)} , —Tan[— <e+fx)} ]Oot[— (e+fx)] ]]+
2 2 2 2 2
1 1 1 2 1 2 1 2
(—3+m—n)AppeIIF1[— (1-m+n), -m+n, 1, — (3-m+n), Tan[— (e+fx)] , —Tan[f (e+fx)] }Cot[— (e+fx)}
2 2 2 2 2
1 1 1 2 1 2
Cot [e+f x]™Tan[e +f x]" / ((—1+m—n) 2AppeIIF1[E (3-m+n), -m+n, 2, E (5-m+n), Tan{g (e+fx)} , —Tan[g (e+fx)] }+

1 2 1 2
(6-m+n), Tan| — (e+fx)] , —Tan{f (e+fx)} }Af
2 2

N | -

1
2 (m—n)AppeIIFl{f (3-m+n), 1-m+n, 1,
2
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1 1 1 2 1 2 1 2
(73+m7n)AppeIIF1{5 (L-m+n), -m+n, 1, E (3-m+n), Tan{5 (e+fx)} , 7Tan{§ (e+fx)} ]Cot[E (e+fx)] ]]7

1 2 1 1 1
2(73+m7n)Cos{—<e+fx)} Oot{—(eﬂ‘x)}@ot[eﬂ‘x]m - (17m+n)AppeIIF1[l+—(17m+n),7m+n, 2, 1+
2 2 3-m+n 2
1 1 2 1 2 1 2 1 1
— (3-m+n), Tan[f (e+fx)] , —Tan{f (e+fx)} ]Sec[f (e+fx)] Tan[f (e+fx)]+ (-m+n) (1—m+n)AppeIIF1{
2 2 2 2 2 3-m+n
1 1 2 1 2 1 2 1
1+— (1-m+n), 1-m+n, 1, 1+ — (3-m+n), Tan{f (e+fx)} , —Tan{f (e+fx)} ]Sec[f (e+fx)] Tan{f (e+fx)}
2 2 2 2 2 2
1 1 1 2 1 2
Tan[e +f x]" / [(71+m7n) {ZAppeIIFl{— (3-m+n), -m+n, 2, — (5-m+n), Tan[— (e+fx)] , 7Tan{— (e+fx)} }+
2 2 2 2
1 1 1 2 1 2
2 (m—n)AppeIIFl{f (3-m+n), L-m+n, 1, — (5-m+n), Tan[f (e+fx)] , —Tan{f (e+fx)} }+
2 2 2 2
1 1 1 2 1 2 1 2
(—3+m—n>AppeIIF1{f (1-m+n), -m+n, 1, — (3-m+n), Tan{f (e+fx)} , —Tan{f (e+fx)} ]Oot[f (e+fx)] ]]+
2 2 2 2 2
1 1 1 2 1 2 1 2 1
[2 (73+m7n)AppeIIF1[f (1-m+n), -m+n, 1, — (3-m+n), Tan[f (e+fx)] , 7Tan[f (e+fx)] }Cos[f (e+fx)} Oot[f (e+fx)]
2 2 2 2 2

1 1 1 2 1 2 1
Cot [e +f x]™ 7(73+m7n)AppeIIF1{— (1-m+n), -m+n, 1, — (3-m+n), Tan[— (e+fx)] , 7Tan{— (e+fx)} }Oot[— (e+fx)]
2 2 2 2
1 2 1 2 1 1 1
Csc{—(e+fx)} +(73+m7n)00t{—(e+fx>} (7 (lfm+n)Appe||F1[l+—(lfm+n),7m+n, 2, 1+ — (3-m+n),
2 2 3-m+n 2 2
1 2 1 2 1 2 1 1
Tan{f (e+fx)} , 7Tan[f (e +f x)] }Sec{f (e +f x)} Tan{f (e+fx>} + (-m+n) (17m+n)AppeIIF1[
2 2 2 2 3-m+n
1 1 2 1 2 1 2 1
l1+— (21-m+n), 1-m+n, 1, 1+ — (3-m+n), Tan[f (e+fx)] , 7Tan{f (e+fx)} ]Sec[f (e+fx)] Tan[f (e+fx)] +
2 2 2 2 2 2
1 1 1 1 2 1 2
2 [7 2 (37m+n)AppeIIFl[1+— (3-m+n), -m+n, 3, 1+— (5-m+n), Tan[— (e+fx)] , 7Tan[— (e+fx)] }
5-m+n 2 2 2 2
1 2 1 1 1
Sec[f(e+fx)] Tan[f(e+fx)]+ (-m+n) (3—m+n)AppeIIF1{1+f(3—m+n), 1-m+n,
2 2 5-m+n 2

1 1 2 1 2 1 2 1
2, 1+— (5-m+n), Tan[f (e+fx)] , 7Tan[f (e+fx)] }Sec{f (e+fx)} Tan[f
2 2 2 2 2

(e +f x) +

1 1 1 1 2 1 2
2 (m-n) |- (37m+n>AppeIIF1{1+— (3-m+n), 1-m+n, 2, 1+— (5-m+n), Tan{— (e+fx)} , 7Tan[— (e+fx)] }
5-m+n 2 2 2 2
1 2 1 1 1
Sec[f(en‘x)] Tan[f(e+fx)]+ (1-m+n) (3—m+n)AppeIIF1{1+f(3—m+n),2—m+n, 1,
2 2 5-m+n 2
1 1 2 1 2 1 2 1
1+— (5-m+n), Tan{f (e+fx>} , —Tan{f <e+fx)} ]Sec[f (e+fx)] Tan{f (e+fx)} Tan[e+fx]“]/
2 2 2 2 2
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1 1 1 2 1 2
[(1+mn) [ZAppeIIFl[— (3-m+n), -m+n, 2, — (5-m+n), Tan[— (e+fx)] , 7Tan{— (e+fx)} ]+
2 2 2 2
1 1 1 2 1 2
2 (mfn)AppeIIFl[— (3-m+n), 1-m+n, 1, — (5-m+n), Tan{— (e+fx)} , 7Tan[— (e+fx)] }Jr
2 2 2
1 1 1 2 1 2 1 2)2
(73+m7n)AppeIIF1[— (-m+n), -m+n, 1, — (3-m+n), Tan[— (e+fx)] , 7Tan[— (e+fx)] }Oot[— (e+fx)} ] +
2 2 2 2 2

(3-m+n), Tan[% (e +f x)]z, 7Tan[% (e +f x)]z}

/

1 2 1 2
(5-m+n), Tan[g (e+fx)] , 7Tan[£ (e+fx)} ]+

1
[Zm(73+mfn) Appel | Fl[— (-m+n), -m+n, 1,
2

N R

1

2 1
Oos[ (e+fx)] Oot[—(e+fx) Cot [e +f x]™Csc[e+f x]?2Tan[e +f x]*™"
2 2

1
[(71+m7n) [ZAppeIIFl{— (3-m+n), -m+n, 2,
2

2 1 2

1 1
2 (mfn)AppeIIFl{E (3-m+n), 1-m+n, 1, (5-m+n), Tan[; (e+fx)] , 7Tan{5 (e+fx)} ]+

NP N| P
=

1 1 > 1 2 1 2
(—3+m_n>AppeI|F1b (I-mem), —men, 1, 2 (3-men), Tanb et _Tanb (€41 )] ]OOt[E et ] J]]]]

® Problem 231: Result unnecessarily involves imaginary or complex numbers.

JSec[eM x1®VdTan[e +f x] dx

Optimal (type 4, 107 leaves, 5 steps):

4Cose+f x)EllipticE[e-7+fx, 2] VdTan[e«f x] 4Cos[e+f x] (dTan[e+f x])¥2 2Secfe+f x] (dTan[e +f x])3/2
+ +

5f/Sinf2e+2f x] 5df 5df
Result (type 4, 139 leaves):
1

5f VTan[e +f x]

2Cos[e+f x] VdTan[e +f x] (—2 (-1)3/4 EIIipticE[lercSi nh[(—1)1/4\/Tan[e+f X] ] —1} \/Secle +f x]? +

2 (71)3/4EllipticF{j1ArcSi nh{(fl)l/“\/Tan[eﬂ‘ X] ] 71} Sec[e+f x]2 +Sec[e+f x]2Tan[e +f x}3/2)

® Problem 232: Result unnecessarily involves imaginary or complex numbers.

JSec[eM x]VvdTan[e +f x] dx

Optimal (type 4, 75leaves, 4 steps):

2Cos(e+f x]EllipticE[e- 7 +fx, 2] VdTan[e+f x] 2Cos[e+f x] (dTan[e +f x])3/2
N

f/Sin2e+2f x] df
Result (type 4, 99 leaves) :




4.3 Tangent.nb |51

1
- 2 (-1)%4 Cos[e +f x]
f VTan[e +f x]

(EI lipti cE[jArcSi nh[(—l)l/4 vTan[e +f x] } —1] ~EllipticF|iArcSi nh{(—l)l/4 vTan[e +f x] } —1]) \/Secle +f x]? vdTan[e +f x]
Problem 233: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

JCos[e+f x] VvdTan[e +f x] dx

Optimal (type 4, 47 leaves, 3steps):
Cos [e +f X] EIIipticE[e—%H‘ x, 2] V/dTan[e +f x]

fSin[2e+2f x]

Result (type 4, 126 leaves):

1
Cos[e+f x] VdTan[e +f x] ((—1)3/4EllipticE[jArcSi nh[(—1)1/4\/Tan[e+f X] } —1] Sec[e +f x]? -
f VTan[e +f x]

(-1)34Ellipti cF{jArcSi nh{(fl)l/4 VTan[e +f x] ] 71} Secle+f x]2 +Tanfe +f x}3/2)
Problem 234: Result unnecessarily involves imaginary or complex numbers.

JCos[e+f x1®VdTan[e +f x] dx

Optimal (type 4, 81leaves, 4 steps):

Cos[e+f x] EllipticE[e-7+fx, 2] VdTan[e+f x]  Cosfe+f x]3 (dTan[e+f x])3/2
N

2f VJ/Sin2e+2f x] 3df
Result (type 4, 154 leaves):
1

12f vV Tan[e +f X]
[6 (-1)3%/4 EIIipticE[jArcSi nh[(fl)l/4 VTan[e +f x] } 71] \JSecle+f x]? -6 (-1)%*EllipticF|iArcSi nh{(fl)l/4 VTan[e +f x] ] 71}

Cos[e +f Xx]

Secje+f x]2 +Sec[e+f x] (7Sin[e+f x]+Sin[3 (e+fx)])VTan[e +f x] )\/dTan[e+f X ]

Problem 235: Result unnecessarily involves imaginary or complex numbers.
JCos[e+f x1°+VdTan[e +f x] dx

Optimal (type 4, 111 leaves, 5steps):
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7Cosle+f x]EllipticE[e- 7 +fx, 2] VdTan[e+f x]  7cCos[e+f x]3 (dTan[e+f x])32 Cos[e+f x]5 (dTan[e +f x])3/2

+ +

20f V/Sin[2e+2f x] 30df 5df

Result (type 4, 166 leaves):

1
Cos[e+f x]
240f vV Tan[e +f x]
[84 (-1)%/4 EIIipticE{lercSi nh{(71>1/4\/Tan[e+f X] ] 71} Secle+f x]? -84 (-1)%/* EIIipticF[lercSi nh[(fl)l/“\/Tan[eM X] ] 71}

Secje+f x]2 +Sec[e+f x] (104Sin[e+f x] +23Sin[3(e+fx)]+3Sin[5(e+fx)])VTan[e +f x] )x/dTan[eM X]

Problem 241: Result unnecessarily involves imaginary or complex numbers.
JSec[a+bx}5 (d Tan[a +bx])3%/? dx

Optimal (type 4, 136 leaves, 6 steps):

4d2EIIipticF[a7§+bx, 2] Secla+bx]/Sin[2a+2bx]

77b+dTan[a +b x]
4dSecja+bx]vVdTan[a+bx] 2dSecfa+bx]3+v/dTan[a+bx] 2dSec[a+bx]®+/dTan[a+bx]

+

77b 77b 11b
Result (type 4, 122 leaves):
1
2Cos[a+bx]3 |4 (—1)1/4EllipticF[j1ArcSi nh[(—1)1/4\/Tan[a+bx] ] —1} (Sec[a+bx}2>3/2—

77bTan[a+bx]%?

1
" (-23+6Cos[2 (a+bx)] +Cos[4 (a+bx)])Sec[a+bx]®+VTan[a+bx] | (dTan[a+bx])%?

® Problem 242: Result unnecessarily involves imaginary or complex numbers.
JSec[a+bx}3 (d Tan[a + b x])3/2 dx

Optimal (type 4, 108leaves, 5 steps):
2d?EllipticFla- 7 +bx, 2] Secla+bx]VSin[2a+2bXx] 2dSec[a+bx]VdTan[a+bx] 2dSecla+bx]3vdTan[a+bx]

- - +

21b+/dTan[a+bx] 21b 7b
Result (type 4, 110 leaves):
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1
21b+Tana-bx]
(—4 (-1)Y* Cos[a+bx]*EllipticF|iArcSi nh{(—l)l/“m], —1} Secla+bx]2 + (-5+Cos[2 (a+bx)]) VTan[a+bx]
VdTan[a+bx]

® Problem 243: Result unnecessarily involves imaginary or complex numbers.

dSecfa+bx]3

JSec[a+bx} (d Tan[a + b x1)3/2 dx

Optimal (type 4, 80leaves, 4 steps):

d?EllipticF[a- 7 +bx, 2] Sec[a+bx] VSin[2a+2bx] 2dsecja+bx]VdTan[a+bx]

+

3b~/dTan[a+bx] 3b
Result (type 4, 87 leaves) :

(-1)Y4Eipti cF{jArcSi nh[<fl>1/4 Tan [a+b x| } 71}

2Cscla+bx] +VTan[a+bx] | (dTan[a+bx])3%?2

Sec [a+b x ]2

3b+vTan[a+bx]

Problem 244: Result unnecessarily involves imaginary or complex numbers.

JOos[abe} (dTan[a + b x])3/2 dx

Optimal (type 4, 78leaves, 4 steps):

d?EllipticF[a- 7 +bx, 2] Sec[a+bx] VSin[2a+2bx] dCos[a+bx]~/dTan[a+bx]
2b+/dTan[a+bx] b

Result (type 4, 85 leaves):

1
Cos[a+bx] ((—1)1/4ElliptiCF i ArcSi nh{(-1)1/4\/Tan[a+bx] ] —1] \/Seca+bx]? +vTan[a+bx] | (dTan[a+bx])3?2

b Tan[a + b x]3/?

Problem 245: Result unnecessarily involves imaginary or complex numbers.

J-Cos[a+bx}3 (d Tan[a + b x])3%/2 dx

Optimal (type 4, 108 leaves, 5 steps):

d?EllipticF[la-7+bx, 2] Sec[a+bx] VSin[2a+2bX] dCos{a+bx]~/dTan[a+bx] dCosfa+bx]3+dTan(a+bx]

+ —

12b+dTan[a+bx] 6b 3b
Result (type 4, 96 leaves) :
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1

6bTan[a+bx]3/?2
Cos[a+bx] [(—1>1/4EllipticF i ArcSi nh[(—l)l/“m}, -1] Secfa+bx]2 +Cos[2 (a+bx)] VTan[a+bx] | (dTan[a+bx])3/2
® Problem 246: Result unnecessarily involves imaginary or complex numbers.
JCos[aerx}5 (d Tan[a + b x])3%/2 dx

Optimal (type 4, 136 leaves, 6 steps):

d2EIIipticF[a741+bx, 2] Secla+bx]/Sin[2a+2bx]

24b+dTan[a+bx]
dCos[a+bx]vVdTan[a+bx] dCos[a+bx]3+vdTan[a+bx] dCos[a+bx]®+vdTan[a+bx]

+

12 b 30b 5b
Result (type 4, 131 leaves):

+

[005[2 (a+bx)] Cscl[a+bx]
(10 (71)1/4EllipticF{j1ArcSi nh{(fl)l/“\/m], 71} \/Sec[a+bx]? + (-3+10Cos[2 (a+bx)] +3Cos[4 (a+bx)]) VTan[a+bx]
(dTan[a+bx1>3/2]/ (120bm(—1+Tan[a+bx}2))
® Problem 253: Result unnecessarily involves imaginary or complex numbers.

dx

J— Secle+f x]°
VdTan[e +f x]
Optimal (type 4, 109 leaves, 5 steps):

4EllipticFle- 7 +fx, 2] Secle+fx]VSin[2e+2fx] 4secie+fx]VdTan[e+fx] 2Secie+f x]3~/dTan(e+f x]

+ +

7fJdTan[e +f x) 7df 7df

Result (type 4, 104 leaves):
1

7f VJdTan[e +f x]
[38in[e+f Xx]+Sin[3 (e+fx)] -8 (-1)4Cos[e«f x]SE lipticF|iArcSi nh{(—l)l“‘\/Tan[eMx] ] 71] \/Secie+f x]2 VTan[e«f x]

Secle+f x]*

® Problem 254: Result unnecessarily involves imaginary or complex numbers.

dx

J Secle+f x]°
VdTan[e +f x]
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Optimal (type 4, 79leaves, 4 steps):

2EllipticFle- 7 +fx, 2] Sec[e«f x]VSin[2e+2fx] 2secie+fx]VdTan[e+f x]

+

3f VJdTan[e +f x] 3df
Result (type 4, 84 leaves):

2(—1)1“‘EIIipticF[ﬁArcSinh[(fl)l“‘\/Tan[edx] },—1}\/Tan[e+fx] Tan | fx]
- + lanje+T X
Sec [e+f x]2

3f vVJdTan[e +f x]

Problem 255: Result unnecessarily involves imaginary or complex numbers.

2Sec[e+f x]

dx

J Sec[e +f Xx]
VdTan[e +f x]
Optimal (type 4, 47 leaves, 3steps):

EllipticF[e- 7 +fx, 2] Secfe«f x]VSin[2e+2f x]

f vVdTan[e +f Xx]
Result (type 4, 77 leaves) :

2 (—1)1/4EllipticF[jArcSi nh[(—1)1/4x/Tan[e+f X ] } —1] Secle+f x]®+VTan[e+f x]
f VdTan[e+f x] (1+Tan[e +f x}2)3/2

Problem 256: Result unnecessarily involves imaginary or complex numbers.

dx

J* Cos[e +f Xx]
VdTanfe +f x]

Optimal (type 4, 76 leaves, 4 steps):
EIIipticF[efg—T+f x, 2] Secle+fx]VSin[2e+2fXx] cosfe+f x]VdTane+f x]

+

2f v/JdTan[e +f x] df
Result (type 4, 126 leaves):

[005[2 (e+f x)] Secle+f x] [(71)1/4EllipticF[]iArcSi nh[(fl)l“‘\/Tan[eJrf X] } 71} [e+f x]?2-+/Secle+f x]%2 Tan[e +f Xx]
VTan[e +f x] J/[ \/Secle+f x]? VdTan[e+f x] (-1+Tan[e+f x] )]

® Problem 257: Result unnecessarily involves imaginary or complex numbers.

Cos[e+f x]°
J dx

VdTan[e +f x]
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Optimal (type 4, 109 leaves, 5steps):
S5ElipticFle-7+fx, 2] Secle+f x] VSin[2e+2fx] 5cCosfe+fx]/dTan[e+fx] Cos[e+fx]3/dTan[ef x]
+ +

12f ~/dTan[e +f x] 6df 3df

Result (type 4, 94 leaves) :
1

12f vdTan[e +f x]
[11$in[e+f X]+Sin[3 (e+fx)]-10 (-1)¥* Cos[e+f x] El lipticF|iArcSi nh[(fl)l“‘x/Tan[eM X] } 71} \/Sec[e+f x]%2 v/Tan[e +f x]

Problem 263: Result unnecessarily involves imaginary or complex numbers.

Sec[a+bx]®
J dx

(d Tan[a + b x])3/2

Optimal (type 4, 138leaves, 6 steps):

2Secia+bx]? 24 Cos[a+bx] EllipticE[a- 7 +bx, 2] VdTan[a+bx]

+

bd-+dTan[a+bx] 5bd?+/Sin[2a+2bx]
24Cos[a+bx] (dTan[a+bx])%2 12Sec[a+bx] (dTan[a+bx])3%?
5bd? : 5bd®
Result (type 4, 151 leaves):
! 2Sin[fa+bx]

" 5b (d Tan[a + b x])3/?

((2+3Cos[2 (a+bx)]) Secja+bx]%+12 (71)3/4EllipticE{lercSi nh{(71)1/4\/Tan[a+bx] ] 71] Sec[a+bx]? /Tan[a+bXx] -
12 (-1)%4EllipticF|iArcSi nh{(fl)l/“ VTan[a+bx] ] 71] \/Sec[a+bx]%2 v/Tan[a+b x] ]
Problem 264: Result unnecessarily involves imaginary or complex numbers.

dx

J Sec[a+bx]®
(d Tan[a + b x])3/2

Optimal (type 4, 104 leaves, 5 steps):

2Secia+bx] 4Oos[a+bx1EIIipticE[a7§+bx, Z}x/dTan[a+bx} 4Cos[a+bx] (dTan[a+bx])3/2
- - +
bd+/dTan[a+bx] bd2VSin[2a+2bx] bd?

Result (type 4, 136 leaves):
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1
- 2Sin[a+bx] (Sec[a+bx]2+2 (71)3/4EllipticE[j1ArcSi nh{(71)1/4\/Tan[a+bx] ] 71} Secla+bx]? VYTan[a+bx] -
b (d Tan[a + b x])3/?

2 (-1)3*EllipticF|iArcSi nh[(—1>1/4x/Tan[a+bx1 } —1} \/Sec[a+bx]? v/Tan[a+b x] ]

® Problem 265: Result unnecessarily involves imaginary or complex numbers.

Sec[a+bx]
J dx
(

dTan[a+bx])%?

Optimal (type 4, 78leaves, 4 steps):

2 Cos[a+bx] 2Cos[a+bx] EllipticE[la-7 +bx, 2] v/dTan[a + b x]
bd+dTan[a+bx] bd2+/Sin[2a+2bx]
Result (type 4, 135leaves):
1

- 2Sin[a+bx] (Sec[a+bx]2+ (71)3/4EllipticE{j1ArcSi nh{(71)1/4\/Tan[a+bx] ] 71} Sec[a+bx]%? /Tan[a+bx] -
b (dTan[a +bx])3/?

(-1)3/4EllipticF|iArcSi nh[(fl)1/4x/Tan[a+bx} } 71} \/Sec[a+bx]% v/Tan[a+b x] )

Problem 266: Result unnecessarily involves imaginary or complex numbers.

J Cos[a+bx]

(d Tan[a + b x])3/2

Optimal (type 4, 78leaves, 4 steps):

2 Cos[a+bx] 3Cos[a+bx] EIIipticE[a—§+bx, 2| +/dTan[a + b x]
bd+/dTan[a+bx] bd2+/Sin[2a+2bx]

Result (type 4, 142 leaves):

6 (-1)%/4 EIIipticE[lercSi nh[(—1)1/4\/Tan[a+bx] ] —1} VTan[a +bx]
Cscla+bx] |[-5+Cos[2 (a+bx)] - "

Sec[a+bx]?

6 (-1)34ElIi pticF[jArcSi nh[(—l)l/4 VTan[a +bx] } —1] VTan[a+bx]

2 b d?

vdTan[a+bx]

Sec[a+bx]?

Problem 267: Result unnecessarily involves imaginary or complex numbers.

Cos[a+bx]3
J dx

(d Tan[a + b x])3/?

Optimal (type 4, 112leaves, 5steps):
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2Cos[a+bx]3 7Cosla+bx]EllipticE[a- 7 +bx, 2] VdTan[a+bx] 7Cos[a+bx]3 (dTan[a+bx])32

bd~/dTan[a+bx] 2bd2+/Sin[2a+2bx] 3bd?
Result (type 4, 152 leaves):
1 84 (-1)%4 EIIipticE{]iArcSi nh{(fl)l/“\/Tan[aerx} ] 71} vTan[a + b x]
2Csc[a+bx] -67+18Cos[2 (a+bx)] +Cos[4 (a+bx)] - +
24bd

Sec[a+bx]?

84 (-1)%4H lipti cF[jArcSi nh{(—l)l/4 VTan[a+bx] ] —1} vTan[a +b x]
vdTan[a+bx]

Sec[a+bx]?

® Problem 268: Result unnecessarily involves imaginary or complex numbers.

Cos[a+bx]®
J dx

(d Tan[a + b x])3/2

Optimal (type 4, 142 leaves, 6 steps):
2 Cosfa+bx]® 77 Cos[a+bx] Elli pticE[a—%+bx, 2] v/dTan[a+bx]

bd+dTan[a+bx] 20bd2+/Sin[2a+2bx]
77 Cos[a+bx]% (dTan[a+bx])%? 11 Cos[a+bx]® (dTan[a+bx])3%?
30bdd 5b d3

Result (type 4, 164 leaves):

1
——Cscla+bx] |-1444 + 441 Cos[2 (a+bx)] +40Cos[4 (a+bXx)] +
480 b d2
1848 (-1)3%/4 EIIipticE{]iArcSi nh{<_1>1/4 VTan[a+bx] ] _1} VTan[a+bx]
3Cos[6 (a+bx)] - +

Sec[a+bx]?

1848 (-1)%/4 EIIipticF[lercSi nh{(fl)l/4 VTan[a +bx] ] 71} VTan[a +bx]

VdTan[a+bx]

Sec[a+bx]?

® Problem 269: Result unnecessarily involves imaginary or complex numbers.

dx

J Sec[a+bx]
(

dTan[a+bx])5%?2

Optimal (type 4, 82leaves, 4 steps):
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2 Sec(a+bx] EIIipticF[a—%+bx, 2] Secja+bx]/Sin[2a+2bx]
3bd (dTan[a+bx])3%?2 3bd2+/dTan[a+bx]

Result (type 4, 113 leaves):

(2Cos[2 (a+bx)}Csc[a+bx]\/Sec[a+bx]2 (JSec[a+bx}2 - (-1)Y4EllipticF|iArcSi nh{(71)1/4\/Tan[a+bx] } 71] Tan[a+bx]3/2])/
(deZ\/dTan[a+bx] (—1+Tan[a+bx}2))

Problem 270: Result unnecessarily involves imaginary or complex numbers.

dx

J Sec[a+bx]3
(dTan[a+bx])7/?

Optimal (type 4, 110leaves, 5steps):

2Sec[a+bx] 4 Cos[a+bx] 4Cosfa+bx]EllipticE[a-7+bx, 2] VdTan[a+bx)
5bd (dTan[a+bx])*? 5pd3+/dTan[a+bx] 5bd4+/Sin[2a+2bx]
Result (type 4, 153 leaves):
1
4 Cos[a+bx]
5bd3+/dTan[a+bx]
[(73+Oos[2 (a+bx)]) Csc[2 (a+bx)}27(71)3/4EllipticE[]iArcSi nh[(fl)l/“\/Tan[aerx} } 71} Sec[a+bx]? VTan[a+bx] +

(-1)34Ellipti cF[lercSi nh{(fl)l/4 v/Tan[a +b x] ] 71} \/Sec[a+bx]%2 v/Tan[a+b x] ]
Problem 292: Result unnecessarily involves higher level functions.
J(d Sec[e+f x])¥2+/bTan[e+f x] dx

Optimal (type 4, 93leaves, 4 steps):
d2 El i pticE[% (e-Z2+fx), 2] VbTan[e+f x] 42 (bTan[e+f x])3/2

+

f/dSec[e+f x] VSin[e+f x] bf~/dSec[e+f x]
Result (type 5, 64 leaves):

2b|—lypergeon‘etric2F1[4l, %, %, Secfe+f x]?] (dSecle+f x])%? (-Tan[e +f x]?)

3f VbTan[e +f Xx]

Problem 294: Result unnecessarily involves higher level functions.
J\/bTan[ed X]
\VdSecie+f x]

1/4

dx
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Optimal (type 4, 55leaves, 3steps):
2EII|pt|cE[% (e-Z+fx), 2] VbTan[e +f x]

f/dSecie+f x] VSin[e+f x]

Result (type 5, 78 leaves):

1 3 7
- 2 (bTanfe +f x])%2 |-3+2Cscle+f x]2Hypergeonetric2Fl|—, —, —, Sec[e+f x]z} (-Tan[e +f x]z)l/4
3bf vdSecle+f x] 4" 4 4
® Problem 296: Result unnecessarily involves higher level functions.
Vb Tan[e +f Xx]
dx
(dSec e +f x])5/?
Optimal (type 4, 95leaves, 4 steps):
4E||ipticE[% (e-Z+fx), 2] VbTan[e +f x] 2 (bTan[e +f x])3/2
.
5d2f /dSecle+f x] VSin[e+f x] 5bf (dSecle+f x])%?
Result (type 5, 92 leaves):
1
15bd2f v/dSec[e+f x]
3 7
(bTan[e +f x])3%2 |3 (5+Cos[2 (e+f x)]) -8Cscle+f x]2Hypergeonetric2Fl|—, —, —, Sec[e+f x}z] (-Tanfe + f x12)**
4" 4 4
® Problem 298: Result unnecessarily involves higher level functions.
Vb Tan[e +f x]
dx
(dSec[e +f x])%?
Optimal (type 4, 132leaves, 5steps):
8E|||pt|CE[%(e—g+fX>,2} \/bTan[e+fX} 2(bTan[e+fx})3/2 4(bTan[e+fx})3/2
+ +
15d4f /dSec[e +f x] /Sin[e+f x] 9bf (dSec[e+f x])%? 15bd?f (dSec[e+f x])°?
Result (type 5, 102 leaves):
1
(bTanfe +f x])%2
180 bd*f v/dSec[e+f x]
1 3 7 1/4
44Cos[2 (e+f x)]+5 (27+Cos[4 (e+f x)]) -64Csc[e+f x]2 Hypergeonetric2Fl|—, —, —, Sec[e+f x}z] (7Tan[e+f x}z)
4 4 a4



® Problem 299: Result unnecessarily involves higher level functions.

J(d Secle+f x])%2 (bTan[e +f x])%2 dx

Optimal (type 4, 131leaves, 5steps):
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b2d2EIIipticF[%(e7§+fx), 2] Vdsecie+f x] VSin[e+fx] pd2+dSecle+fx] VbTan[e+fx] b (dSecie+fx])>2+/bTan(e+f x]

+

6f VbTan[e +f Xx] 6f 3f

Result (type 5, 95 leaves):
1

6f (-Tan[e +f x]z)l/4

1 3 5
bd?+vdSec[e+f x] VbTan[e+f x] |Hypergeometric2Fl|—, —, —
4 4 4

, Secle +f x]z} +(-1+2Secie+f x)2) (-Tanfe + f x)2)*/*

Problem 300: Result unnecessarily involves higher level functions.

J{d Sec[e+f x])%2 (bTan[e +f x])%2 dx

Optimal (type 3, 169 leaves, 7 steps):

b3/2dArcTan{w} JdSecje+f x] VbSin[e+f x]
b

4f \/bTan[e +f x]

b3/2chTanh[%]\/dSec[e+fx] VbSin[e«f x] b (dSecle+f x])%2 VbTan[e + T x]

+

4f v/bTan[e +f x] 2f
Result (type 5, 81 leaves):
1

1/4

S w
PN

3
b (dSec[e+f x])3?+bTan[e+f x] |Hypergeonetric2F1|—, Sec[e +f x}z] +3 (-Tan[e +f x]?)
4

6f (-Tan[e +f x]z)l/4
Problem 301: Result unnecessarily involves higher level functions.

J dSecl[e+f x] (bTanf[e+f x])%/2dx

Optimal (type 4, 88leaves, 4 steps):

sz||ipticF[§(e_g+fx). 2] VdSecle+fx] VSinle+fx] p+/dSec[e+fx] VbTan[e +f x]

+

f VvbTan[e +f x] f
Result (type 5, 76 leaves):
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bvdSec[e+f x] V/bTan[e +f x] (Hyper georet ri c2F1| ., =, Secle+f x]2| + (-Tan[e +f x]2?)

13
4’ 4’ 4
2)1/4

1/4)

f (-Tan[e +f x]

® Problem 302: Result unnecessarily involves higher level functions.

dx

J(bTan[eH x])%/2

VdSec[e+f x]
Optimal (type 3, 167 leaves, 7 steps):

3/2 ybSinfed xj 3/2 p3/2 bSin(esf x] 32
2dCscle+f x] (bTanfe+f x))¥2 D /°dArcTan N (bTanfe +f xJ) b=’<d ArcTanh N (bTan(e +f x])
_ N .
f (dSec[e+f x])3%?2 f (dSec[e+f x])%2 (bSin[e+f x])3/? f (dSec[e+f x])%2 (bSin[e+f x])3/?

Result (type 5, 75leaves):
2b+bTan[e+f x] (-3+Cscle+f x]2HypergeorTetric2F1[%, %, %, Sec[e+f x]2] (-Tan[e +f x]2)3/4)
3f v/dSec[e+f x]

Problem 303: Result unnecessarily involves higher level functions.

dx

J(bTan[eJrf x])3%/2
(dSec[e +f x])3/2
Optimal (type 4, 96 leaves, 4 steps):

2b2EllipticF[s (e-2+fx), 2] /dSec[e+f x] V/Sin[e+fx] 2b~/bTan(e +f x]
3d2f VbTan[e+f x] 3f (dSecle+f x])%?
Result (type 5, 91 leaves):
1

1/4

1
- 2b+vdSec[e+f x] VbTan[e+f x] |Hypergeometric2Fl|—,
4

Sec[e+f x]?| +Cos[e+f x]? (-Tan[e +f x]?)
3d?f (-Tan[e +f x}2>1/4

o w
oo

Problem 304: Result more than twice size of optimal antiderivative.

(bTan[e +f x])3/2
J dx

(dSec[e +f x])5/2
Optimal (type 3, 34 leaves, 1step):
2 (bTan[e +f x])%/?

5bf (dSec[e+f x])%?2
Result (type 3, 141 leaves):
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1

1
- |bSec[e +f x]%? —  /Sec[e+f x] +
1+Cos[e+f x]

1 2
Cos[3 (e+f x)] Sec[e+f x]32 - Sec 5 (e +f x)] Vi+Secle+f x]

1+Cos[e+f x]

1
vbTan[e +f x] / 10f | ———— (dSec[e+f x])%?
1+Cosf[e+f x]

Problem 305: Result unnecessarily involves higher level functions.

(b Tan[e +f x])3/?
J dx
(dSecfe+f x])7/?

Optimal (type 4, 131leaves, 5steps):

4b2EIIipticF[%(e7§+fx),2}\/dSec[e+fx} JSinfe+f x] 2b+/bTan[e +f x] 2b+/bTanie + f x]
- +
21d*f VbTan[e +f x] 7f (dSec[e+f x])7?2 21d2f (dSec[e+f x])3%/?
Result (type 5, 105 leaves):
_ 1 3 5 1/4
—[b\/bTan[e+fx] 4Hypergeorretr|02F1{4—, 2 Secle+f x]?| Sec[e+f x]?+ (1+3Cos[2 (e+f x)]) (-Tan[e +f x]?) ]]/

(21d*f (dSec[e+f x])3%? (-Tan[e +f x]?)
Problem 308: Result unnecessarily involves higher level functions.

J(d Sec[e+f x])%2 (bTan[e +f x])%2 dx

Optimal (type 4, 131leaves, 5steps):
b2 d? El lipti CE[% (e-5+fx), 2] VbTan[e+f x] pd2 (bTan[e+f x])¥2 b (dSec[e+f x])¥2 (bTan[e +f x])3/2

- +

2f VJdSecle+f x] VSinje+f x] 2fJdSecle+f x] 3f

Result (type 5, 86 leaves):
1

1/4

Sec[e +f x]z} (-Tan[e +f x]?)

M| w
RN

1
bd?Cscle+f x]2 (bTan[e +f x])3/2 |Tan[e +f x]2 - Hyper geonetri c2F1| —
3f /dSec[e+f x] 4

Problem 310: Result unnecessarily involves higher level functions.

J(bTan[e+f x])52

VdSec[e+f x]
Optimal (type 4, 88leaves, 4 steps):

3 b2 EIIipticE[% (e-7+fx), 2] VbTan[e+f x] b (bTan[e+f x])3/2

- +

f VdSec[e+f x] VSin[e+f x] f vdSec[e+f x]

dx
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Result (type 5, 81 leaves):
1

f VdSec[e+f x]

Problem 312: Result unnecessarily involves higher level functions.

MW
NN

1
bCscle+f x]%2 (bTan[e+f x])3? |-1+Cos[2 (e+f x)] +2Hypergeonetri c2F1| —,
4

dx

J(bTan[eJrf x])5/2
(dSec[e +f x])%/2
Optimal (type 4, 96 leaves, 4 steps):

6b2E||ipticE[§ (e-5+fx), 2] VbTan[e«f x] 2b (bTanfe+f x])3/2

5d2f \/dSec[e+f x] V/Sin[e+f x| 5f (dSec[e+f x])%?

Result (type 5, 87 leaves):
1

5d2f \/dSec[e +f x]

b (bTan[e+f x])%2 |-5+Cos[2 (e+f x)] +4Csc[e+f x]% Hypergeonetri c2F1

1/4

’ ’

, Sec[e +f x]z} (-Tanfe +f x]?)

Nw
FNIN

4
Problem 314: Result unnecessarily involves higher level functions.

dx

J(bTan[eJrf x])5/2
(dSec[e+f x])%?
Optimal (type 4, 131leaves, 5steps):

4b2E||iptiCE[%(e—;#+fx),Z}VbTan[eJer} 2b (bTan[e +f x])%/2 2b (bTan[e +f x])3%/2

- +
15d4f vVdSecje+f x] VSin[e+f x] 9f (dSec[e+f x])%? 15d?f (dSec[e+f x])°/?

Result (type 5, 100 leaves):
1

180d4f \/dSec[e +f x]

[8005[2 (e+f x)]+5 (-9+Cos[4 (e+f x)]) +32Csc[e~+f x]?Hypergeonetric2F1

b (b Tan[e +f x])%/?

Sec[e +f x]z] (-Tanfe «+ f x)2)*/*

S w
I

ENNIS

Problem 315: Result unnecessarily involves higher level functions.

dx

J(dSec[eM x])7/2

Vb Tan[e +f x]
Optimal (type 3, 178leaves, 7 steps):

Sec[e +f x}z} (-Tan[e +f x]?)

1/4



3d3ArcTan[%] JdSecie+f x] VbSin[e+f x]
4+/b f/bTan[e +f x]

3d3ArcTanh[%] vJdSecje+f x] VbSin[e+f x] d2 (dsecie +f x1)%2 Vb Tane + f x]

+

4+/b fV/bTan[e +f x] 2bf
Result (type 5, 87 leaves):

3

d (dSec[e+f x])%2Sin[e+f x] (7Hypergeorretric2F1[%, o %, Sec[e+f x]?] + (-Tan[e +f x]2)1/4)

2f VbTan[e+f x] (-Tan[e«f x]?)"*

Problem 316: Result unnecessarily involves higher level functions.

dx

J(dSec[eM x])5/2

Vb Tan[e +f x]
Optimal (type 4, 92leaves, 4 steps):

d2EIIipticF[%(e—§+fx), 2] VdSecle+fx] VSin[e+fx] d2+/dSecje+fx] VbTane+f x|

+

f vbTan[e +f Xx] b f
Result (type 5, 84 leaves):

3

d (dSec[e+f x])%2Sin[e+f x] (7Hypergeorretric2F1[%, o %, Sec[e+f x]?] + (-Tan[e +f x]2)1/4)

f VbTan[e+f x] (-Tan[e«f x]2)"*

Problem 317: Result unnecessarily involves higher level functions.

dx

J(dSec[eM x])3%/2

Vb Tan[e +f x]
Optimal (type 3, 131 leaves, 6 steps):

dArcTan[i“bSi“v[j*m] JdSecie+f x] VbSin[e+f x] dArcTanh{ivbs”‘ﬁ””} vdSecie+f x] VbSin[e+f x]
b b

+

\/Ff\/bTan[e+fx} \/b_f\/bTan[e+fo
Result (type 5, 66 leaves):
2I—|ypergeorretric2F1[43, %, ZT’ Secle+f x]?] (dSecfe+f x])*2~/bTan[e +f x]

3bf (-Tanfe+f x)2)*/*
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® Problem 318: Result unnecessarily involves higher level functions.

J\/dSec [e+f x]

VbTan[e +f x] X]

dx

Optimal (type 4, 55leaves, 3steps):

2EII|pt|cF[%( e-2+fx), 2]/dSec[e+f x] /Sin[e+fx]

2
f VvbTan[e +f x]
Result (type 5, 64 leaves) :

2Hypergeorretric2F1[41, %, %, Sec[e+f x]2] /dSec[e+f x] VbTan[e +f x]

bf (-Tanfe+f x]2)*"*

Problem 320: Result unnecessarily involves higher level functions.

1
J dx
(dSecfe+f x])%2+/bTan[e +f x]
Optimal (type 4, 95leaves, 4 steps):

4EII|pt|cF[%( -2 +fx), 2] \/dsecle+f x] /Sin[e+f x] 2+/bTan[e +f x]
N
3d2f Vb Tan[e +f x| 3bf (dSecle+f x])%2

Result (type 5, 91 leaves):

Secle+f x]2] Sec[e+f x]%+ (-Tan[e « f x]2)/*)

2+bTan[e +f x] (72Hypergeorretri02F1[43, %, %,
3

3bf (dSecle+f x])%2 14

(-Tanfe +f x]2)

Problem 323: Result unnecessarily involves higher level functions.

(dSec[e +f x])3/2
J dx

(b Tan[e +f x])3/2
Optimal (type 4, 97 leaves, 4 steps):

2 d2 2d2EII|pt|cE[§( —§+fx), 2] VbTan[e +f x]
bfVdSecie+f x] VbTanfe +f x] b2f /dSec[e+f x] V/Sinfe+f x]

Result (type 5, 70leaves):

2 (dSecle~+f x])*? (-3 +2Hypergeonetric2Fl| %, Z—, Sec[e+f x]2] (-Tan[e +f x}z)l”)

1
2

3bf v/bTan[e +f x]




® Problem 325: Result unnecessarily involves higher level functions.
1

J-\/d Sec[e+f x] (bTan[e+f x])3/?
Optimal (type 4, 91leaves, 4 steps):

dx

2 4EIIipticE[%(e—§+fx), 2] VbTan[e +f x]
bfdSecie+f x] VbTanfe +f x] b2f v/dSec[e+f x] V/Sin[e+f x]

Result (type 5, 88 leaves):

3

Sec[e+f x]? (-9+3Cos[2 (e+f x)] +8Hypergeonetri c2F1[43, e 41, Sec[e+f x]2] (-Tan[e +f x}2)1/4)

3bf/dSecje+f x] VbTan[e+f x]

Problem 327: Result unnecessarily involves higher level functions.
1

J- dx
(dSec[e+f x])%? (bTan[e +f x])%/?
Optimal (type 4, 130leaves, 5steps):

2 24EIIipticE[%(e—g+fx>, 2] VbTan[e +f x] 12 (bTanfe +f x])372
bf (dSecie+f x])52~/bTan[e +f x] 5b2d2f dSec[e+f x] VSin[e+f x] 5b3f (dSecle+f x])%/2
Result (type 5, 91 leaves):

1
20bd*f \/bTan[e +f x]

(dSecfe+f x])%2|-69+28Cos[2 (e+f x)] +Cos[4 (e+f x)] + 64 Hypergeonetric2F1

TG
N w
5N

Problem 328: Result unnecessarily involves higher level functions.

(dSecfe+f x])7/?
J dx

(b Tan[e +f x])5%/2

Optimal (type 3, 172 leaves, 7 steps):

, Sec[e +f x}z] (-Tanfe +f x]?)
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1/4

3 Vb Sin[e+f x] - 3 Vb Sin[e+f x] -
202 (dSecle+f x])%? d3 ArcTan B }x/dSec[eH‘x} vbSinfe+f x] d3ArcTanh B ]\/dSec[e+fx] VbSinfe+f x]
- + +
3bf (bTanle+f x])3? b5/2f +/bTan[e +f x] b5/2f +/bTan[e +f x]

Result (type 5, 104 leaves):
3
2d®+/dSecle+f x] —
4
(3 b2f VbTan(e +f x] (-Tan[e +f x]2)1/4)

3 7
- HypergeomatricZFl[ , = =
4 4

, Sece +f x}z] Secle+f x] Tan[e+f x] +Cscle+f x] (-Tan[e +f x12)1/4])/
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® Problem 329: Result unnecessarily involves higher level functions.

dx

J-(dSec[en x])5/2
(b Tan[e +f x])5/?

Optimal (type 4, 101 leaves, 4 steps):
2d2~/dSec[e +f x] 2d?2 EIIipticF[% (e—§+f x), 2] JdSecie+f x] VSin[e+f x]
3bf (bTanfe+f x))%% 3b2f VbTan[e < f x|
Result (type 5, 72leaves):
2d2+/dSecle +f x] (71+Hypergeonetri02F1[%, %, % Sec (e +f x]2] (-Tan[e +f x]2)
3bf (bTan[e+f x])%2

3/4)

Problem 331: Result unnecessarily involves higher level functions.

VdSec[e+f x]

(b Tan[e +f x])5/?

dx

Optimal (type 4, 95leaves, 4 steps):
2+/dSecle+f x] 4EIIipticF[% (e—§+f x), 2] VdSec[e+f x] VSin[e+f x]

3bf (bTanfe +f x])3/2 3b2f v/bTan[e +f x]
Result (type 5, 70 leaves):

2+/dSecfe+f x] (1+2|—|ypergeorretri02F1[

13
4’ 4’
3bf (bTanfe+f x])%/2

%, Secle+f x]2] (-Tanfe «f x]2)%*)

® Problem 333: Result unnecessarily involves higher level functions.
1

J(d Secl[e+f x])%2 (bTan[e +f x])%/?
Optimal (type 4, 132leaves, 5steps):

2 8EIIipticF[%(e7§+fx),2]\/dSeC[e+fx] \Sinfe+f x] 4+bTan(e+f x]
3bf (dSec[e +f x])3/2 (bTan[e+fx])3/2_ 3b2d2f /bTan(e +f x] 3p%f (dSec[e +f x])%2
Result (type 5, 112 leaves):

1
3b3f (dSec[e+f x])3/2

Cscle+f x]?+bTan[e+f x] (-Tan[e +f x}2)3/4

-8 Hyper geonet ri c2F1 Sec[e +f x]z} +(-1+Cos[2 (e+fx)] +2Csc[e+f x]?) (-Tan[e +f x]z)l/4

Ao

FNQUREEN
oW
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® Problem 354: Result unnecessarily involves higher level functions and more than twice size of optimal antiderivative.
JOot [e+f x] (bSec[e+f x])M™dx

Optimal (type 5, 40leaves, 2steps):

m  2+m

Hyper geonet ri c2F1([1, 3 5 Secle«f x]2] (bSecfe+f x])™M

fm
Result (type 6, 4909 leaves) :

1 2
[Oot {E (e +f x)} Cscle+f x] Sec[e+f x] 1™ (bSec[e+f x])™

2 1 2
, Cos[e +f x}Sec{E (e+fx)} ]Oos[e+fx]

/

2 1 2 1 2
, chs[e+fx}3ec[5<e+fx>} ]Oos[E e+fx)| +

1 1
[[(72+m) AppeIIFl{lfm -m 1, 2-m ECos[eJrf X] Sec E (e +f x)}

1 1
[(—1+m) [2 (-2+m Appell F1|1-m -m 1, 2-m EOos[e+fx}Sec[E (e+fx)]
1 1 2 1 2
[mAppeIIFl[Z—m 1-m1l 3-m —Cos[e+fx]SeC[— (e+fx)] , Cos[e+fx}Sec{— (e+fx)} ]—
2 2 2

1 1 2 1 2
2AppeIIF1[2—m -m 2, 3-m —Cos[e+fx]Sec{f (e+fx)] , Cos[e+fx]Sec[— (e+fx)] UCos[lefx]
2 2 2

1 2
(-1+m) AppeIIFl[Z, m2-m 3, Tan{E (e+fx)} ,

1/

2 1 2 1 6

[SAppeIIFl[l, mil-m 2, Tan{% (e+fx)} , —Tan[g (e+fx)] }Csc[e+fx}28in{5 (e+fx)}

2 1 2

1
(ZAppeIIFl{l, mil-m 2, Tan{E (e+fx)} , —Tan{E (e+fx>} ]+

2 1 2 1 2

1 2
—Tan{f (e+fx)} ]+mAppeIIF1[2, 1+-m1l-m 3, Tan{f (e+fx)} , —Tan{f <e+fx)} ]
2 2 2

Tan{% (e +f x)}

1 1 2 1 1 2
[f [Cot[g (e+fx)}Csc[E (e+fx)} Sec[e+fx}m[[(72+m) AppeIIFl[lfm -m 1, 2-m 5Oos[e+fx]Se(:[£ (e+fx)] ,

/

1 1
[(—1+m) [2 (=2 +m) AppellFl{l-m “m 1, 2-m ~Cos[e+f xJSec{— <e+fx>}
2 2

1 2
Oos[e+fx]Sec{£ (e +f x)} }Cos[eaffx]

2 1 2 1 2
, Oos[en‘x]Sec{E (e +f x)} ]cOs[5 (e+f x)| +

]_
1 1 2 1 2
2AppeIIF1[2—m -m 2, 3-m fCos[e+fx]Sec[f (e+fx)] , Cos[e+fx}Sec{f (e+fx)} ]
2 2 2

/

1 1 2 1 2
[mAppeIIFl{Z—m 1-m 1, 3-m —Cos[e+f x}Sec{f (e+fx)} , Cos[e +f x}Sec{f (e+fx>}
2 2 2

Cos[e +f Xx]

1 2 1 2 1 6
[SAppeIIFl{l, ml-m 2, Tan|— (e+fx>} , 7Tan{f <e+fx)} ]Csc[e+fx]28in{f (e+fx)}
2 2 2
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2

1 2
[2AppeIIF1{1, mil-m 2, Tan[g (e +f x)] ,

—Tan{% (e +f x)]

+

2

1 1 2
((—1+m) AppeIIFl[Z, m 2-m 3, Tan[g (e+fx)} , —Tan{g (e+fx)} ]+mAppeIIF1[2, 1+m1-m 3,

2 1 2

Tan[%(eﬁxw,—Tan{g(eﬂ‘x)} ] ?

1 1 2
Tan{E (e+f x)} ]+mCot {E (e +f x>} Secfe+f x]¥*MSin[e+f x]

/

1 1 2 1 2 1 2
((—1+m) [2 (-2+m Appel lFL|1-m -m 1, 2-m EOos[e+fx]Sec{E (e+fx)} , Oos[e+fx]8ec{5 (e+fx)} ]Oos[5 (e+f x)| +

]_
1 1 2 1 2
2AppeIIF1[me -m 2, 3-m EOos[e+fx]Sec[5 (e+fx)] , Oos[e+fx}Sec{E (e+fx)} ]

/

1 1 2 1 2
([(—2+m) AppeIIFl[l—m -m 1, 2-m EOos[e+fx}Sec{E (e+fx>} , Oos[e+fx]8ec{E (e+fx>] }Oos[e+fx]

1 1 2 1 2
[mAppeIIFl{Z—m 1-m 1, 3-m —Cos[e+f x}Sec{f (e+fx)} , Cos[e +f x}Sec{f (e+fx>}
2 2 2

Cos[e+f x]

1 2 1 2 1 6
[SAppeIIFl{l, mil-m 2, Tan[; (e+fx>} , 7Tan{5 (e+fx)} ]Csc[e+fx}28in{g (e+fx)}

1 2 1 2
(ZAppeIIFl[l, mil-m 2, Tan[g (e +f x)] , 7Tan{5 (e +f x)] }+

1 2 1 2
[(71+m) AppeIIFl[Z, m2-m 3, Tan{; (e+fx)} , 7Tan{5 (e +f x)} ]+

1 2 1 2
mAppeIIFl{Z, 1+m 1-m 3, Tan[— (e+fx)] , 7Tan{— (e+fx)} ]

1 2 1 2
Tan{—(e+fx)}J]+Oot[—(e+fx)] Secle+f x]™
2 2 2

/

1 1 2 1 2
(—[[(—2+m) AppeIIFl{l—m -m 1, 2-m ECos[e+fx}Sec{E (e+fx)} , Oos[e+fx]Sec{E (e+fx)} ]Sin[e+fx]

1 1 2 1 2
[(71+m) (2 (-2+m) AppellFl{lfm -m 1, 2-m EOos[e+f X ] Sec{g (e +f x)} , Cos[e +f x}Sec{E (e+fx>}

]

1 2 1 1 2 1
Oos{; (e+fx>} + [mAppeIlFl[me 1-m1, 3-m EOos[e+f x]Sec[E (e +f x)] , Cos[e +f x]Sec[E (e +f x)]

] ]

|

1 1 2 1 2
2AppeIIFl[me -m 2, 3-m 5Oo:s[e+fx]Sec[E (e+fx)] , Oos[e+fx]Sec[E (e+fx)] ”Oos[eﬁx]

2

1 2
[24Appe|||:1[1, mil-m 2, Tan[E (e +f x)] ,

7Tan[% (e +f x)] }Cos{% (e +f x)} Csc[e+f X]ZSin[% (e +f x)]s]/

2 1 2

1 2
(ZAppeIIFl{l, mil-m 2, Tan[; (e +f x)] , 7Tan{£ (e +f x)] }+

1
(-1+m) AppeIIFl[Z, m 2-m 3, Tan{g (e+fx)} ,

2 1 2

1 2
+mAppeIIF1[2, 1+m 1l-m 3, Tan[g (e +f x)] , 7Tan{£ (e +f x)} ]

7Tan[%(e+fx)]2 Tan{%(eﬂ‘x)}

+
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2

1 2
[16Appe|||:1[1, mi-m 2, Tan[E (e+fx)],

—Tan[% (e +f x)] }Cot [e+f x] Cscle+f X]ZSin[% (e +f x)r]/

2

2 1 2 1
(-1+m) AppeIIFl[Z, m 2-m 3, Tan[— (e+fx>} ,
2

1
[ZAppeIIFl{l, mil-m 2, Tan[g (e +f x)] , —Tan{g (e +f x)]

+

1 2

’ ! ? Tan[g(eﬁx)}

1 2 1
—Tan[f (e+fx)] }+mAppeIIF1[2, 1+m 1l-m 3, Tan[f (e+fx)] , —Tan{f (e+fx)} ]
2 2 2

2 1 2 1 2

6 1 1
-—(1-m AppeIIFl{Z, m2-m 3, Tan{f (e +f x)} , —Tan{f (e+fx)} ]Sec[f (e +f x)]
2 2 2 2

1
[SCsc[e+f x]ZSin{E (e+fx>}

1 1 1 2 1 2 1 2 1
Tan{f (e +f x)} +fmAppeIIF1{2, 1+m 1-m 3, Tan{f (e+fx)} , —Tan[f (e +f x)] }Sec{f (e+fx>} Tan{f (e+fx)}
2 2 2 2 2 2

|/

2 1 2

1 2
(ZAppeIIFl{l, ml-m 2, Tan[E (e +f x)] , —Tan{E (e +f x)] }+

1
(-1+m AppeIIFl[Z, m2-m 3, Tan{E (e+fx>} ,

2 1 2 1 2

1 2
7Tan[— (e+fx)] }+mAppeIIFl[2, 1+m 1-m 3, Tan[— (e+fx)] , 7Tan{— (e+fx)} ]
2 2 2

+

Tan[% (e +f x)}

1 1 1 2
-—(1-m mAppeIIF1[me 1-m1, 3-m —Oos[e+fx]Sec[— (e +f x)] ,
2 2

[(72+m) Cos[e+f x]
2-m

+

1 2 1 1 2 1 1 2 1
Oos[e+fx}Sec{E(e+fx)} ] [7ESec[E(e+fx)] Sin[e+fx}+£Oos[e+fx]Sec[£(e+fx)] Tan{;(edx)}

1 1 1 2 1 2
—(1-m AppeIIFl[me -m 2, 3-m EOos[e+fx]Se<:[5 (e+fx)] , Oos[e+fx}Sec{E (e+fx)} ]

s y

1 1 2 1 2 1 2
((71+m) [2 (-2+m) AppeIIFl[lfm -m 1, 2-m EOos[e+fx}Sec{E (e+fx)} , Cos[e+fx]Sec[E (e+fx)} ]Oos[; (e+f x)| +

] _

1 1 2 1 2
2AppeIIF1[me -m 2, 3-m —Oos[e+fx]Sec[— (e+fx)] , Cos[e+fx]Sec{— (e+fx)} ]
2 2 2

2

1 2 1 1
7Sec{—(e+fx>} Sin[e+fx}+Oos[e+fx]Sec{—(e+fx>} Tan{—(e+fx)}
2 2 2

1 1 2 1 2
[mAppelIFl{me 1-m 1, 3-m —Cos[e +f x] Sec{— (e +f x)} , Cos[e +f x}Sec{— (e+fx>}
2 2 2

Cos[e +f Xx]

) .

2

1 6
[SAppeIIFl{l, mil-m 2, Tan{g (e+fx)} ,

1 2 1
7Tan{5 (e +f x)} ]Csc[e+f X}ZSin{E (e +f x)}

1 2 1 2
[[<71+m) AppeIIFl{Z, m2-m 3, Tan[; (e +f x)] , 7Tan[£ (e +f x)] }+

2 1 2

1 2
mAppeIIFl[Z, 1+m 1l-m 3, Tan{g (e +f x)} , 7Tan[5 (e+fx)} ]

1 1
Sec{—(eﬂ‘x)} Tan[—(e+fx)}+
2 2

1 2 1 2 1 2 1
(1-m AppeIIFl[Z, m 2-m 3, Tan[g (e+fx)} , —Tan[g (e+fx)] }Sec{g (e+fx)} Tan{g (e+fx)}+

N |-

2[-
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1 1 2 1 2 1 2 1 1 2
—mAppeIIF1[2,1+m 1-m 3, Tan[—(e+fx)], —Tan{—(e+fx)} ]Sec[—(en‘x)] Tan[—(e+fx)] +Tan{f(e+fx)}
2 2 2 2 2 2
2 1 2 1 2 1 2 1
[(—1+m) [—f (2 -m) AppeIIFl{S, m 3-m 4, Tan[— (e +f x)] , —Tan{f (e +f x)] }Sec[— (e+fx)} Tan[— (e +f x)]+
3 2 2 2 2
2 1 2 1 2

+

—Tan[E (e +f x)] }Sec{E (e +f x)} Tan[% (e +f x)

1
fmAppeIIFl{S, 1+m 2-m 4, Tan[5 (e +f x)] ,

1 2 1 2 1 2 1
(1-m AppeIIFl{S, 1+m 2-m 4, Tan[5 (e+fx)] , —Tan{E (e+fx>] }Sec[E (e+fx)} Tan[E (e+fx)]+

1/

m(—

1 2 1 2 1 2 1
(1+m) AppeIIFl{S, 2+m 1-m 4, Tan{E (e+fx)} , —Tan[E (e+fx)] }Sec{E (e+fx)} Tan{E (e+fx>}

WIN @ WIN

1 2 1 2 1 2
(ZAppeIIFl{l, ml-m 2, Tan[E (e +f x)] , —Tan{E (e +f x)] }+((—1+m) AppeIIFl[Z, m2-m 3, Tan{E (e+fx>} ,

2 1 2

1 2 1 1 2)2
7Tan{— <e+fx)} ]+mAppeIIF1{2, 1+m 1l-m 3 Tan{— (e+fx)} , 7Tan[— (e+fx)] } Tan[— (e+fx)] -
2 2 2 2

1 1 2 1 2
[(—2+m) AppeIIFl[l—m -m 1, 2-m EOos[e+fx]Sec[5 (e+fx)] , Cos[e+fx]Sec[5 (e+fx)] }Cos[e+fx}

1 1 2 1 2 1
(—2 (-2 +m) AppeIIFl{l—m -m 1, 2-m fOos[e+fx18ec{f (e+fx>} , Oos[e+fx]Sec{f (e+fx)} ]Oos[f (e+fx)]
2 2 2 2

2 1 2

1
Cos [e +f x}Sec[5 (e +f x)} }_

1 1
Sin{E (e +f x)} - [mAppeIIFl[Z—m 1-m1l, 3-m 5Oos[e+fx]Sec[5 (e +f x)] ,

1 1 2 1 2
2AppeIIF1[2—m -m 2, 3-m 5Cos[e+fx]Sec[5 (e+fx)] , (bs[e+fx}Sec{E (e+fx)} ]JSin[e+fx]+
1 2 1 1 1 2
2 (-2+m) Oos[— (e+fx)] -——(1-m mAppeIIFl{me 1-m 1, 3-m —Oos[e+fx}Sec{— (e+fx)} ,
2 2-m 2 2

1 2 1 1 2 1 1 2 1
Cos[e+fx}Sec[— (e+fx)} ] (7—Sec[— (e+fx)] Sin[e+fx]+—Oos[e+fx]Sec[— (e+fx)] Tan[— (e+fx)] +
2 2 2 2 2 2
1 1 1 2 1 2
—(1-m AppeIIFl{Z—m -m 2, 3-m f(bs[e+fx}Sec{f (e+fx)} , Oos[e+fx}Sec{f (e+fx>} ]
2-m 2 2 2

2

1 2 1 1
7Sec[f(e+fx)] Sin[e+fx]+Cos[e+fx]Sec{f(e+fx)] Tan{f(edx)}
2 2 2

]+
1 1 1 2
—((1-m (2-m AppeIIFl{Sfm 2-m 1, 4-m —Cos[e+f x] Sec[— (e +f x)] ,
3-m 2 2

Cos[e+f x] |m

1 2 1 1 2 1 1 2 1
Oos[e+fx}8ec{5(e+fx>} ] [7ESec[£(e+fx)] Sin[e+fx}+£Oos[e+fx]Sec[£(e+fx)] Tan[;(eﬂx)]

+

1 1 1 2 1 2
—(2-m) AppeIIF1{3—m 1-m 2, 4-m fOos[e+fx}Sec{f (e+f x)|, Cos[e+fx]Sec[f (e+fx)] }
3-m 2 2 2
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1 2 1 2 1
7Sec[£(e+fx)] Sin[fe+f x] +Cos[e+f x] Sec 5(e+fx)] Tan[;(eﬁx)]

) .

1 1 1 2 1 2
2 (7—(27m) mAppeIIFl[Sfrn 1-m 2, 4-m —Cos[e+f x]Sec[— (e +f x)] , Cos[e +f x}Sec{— (e+fx)} ]
3-m 2 2 2
1 1 2 1 1 2 1 1
(7—Sec{—(e+fx>} Sin[e+fx}+—Cos[e+fx}Sec{—(e+fx)} Tan{—(e+fx>”+
2 2 2 2 2 3-m
2 1 2

1 1
2(2-m AppeIIFl{:Bfm -m 3, 4-m 5Oos[e+fx}Sec{5 (e+fx>} , Oos[e+fx]Se(:[E (e+fx)] }

1)/

1 1 2 1
[(1+m) [2 (-2+m) AppeIIFl[lfm -m 1l 2-m ECos[eJrf X}Sec{g (e+fx)} , Cos[e +f x]Sec{— (e +f x)}
2

1 2 1 2 1
7Sec[—(e+fx)] Sin[e+fx]+Oos[e+fx]Sec[—(e+fx)] Tan[—(e+fx)]
2 2 2

2

]

1 2 1 1 2 1 2
Oos[f (e+fx)] +(mAppeIIF1{2—m 1-m 1, 3-m fOos[e+fx}Sec{f<e+fx)} , Oos[e+fx}Sec{f(e+fx)} ]—
2 2 2 2

SRRl

Problem 355: Result unnecessarily involves higher level functions and more than twice size of optimal antiderivative.

1 1 2 1 2
2AppeIIF1{2—m -m 2, 3-m EOos[e+fx}Sec — (e+fx)} , Cos[e+fx]8ec{f (e+fx)} ]
2 2

JCOt [e+f x]% (bSec[e+f x])™dx

Optimal (type 5, 39leaves, 2 steps):

m 2+m

Hyper geonet ri c2F1 |2, o S Secle +f x]2] (bSecfe+f x])™

fm

Result (type 6, 8760 leaves) :

3+m
1
Cot [e +f x]° (bSec[e+f x])™
1—Tan[% (e +f x)]2

2\ M

71+Tan[% (e +f x)]z]3 (1+Tan[% (e +f x)} [7AppeIIF1[1, m -m 2, Cot [% (e +f x)]z, - Cot [% (e +f x)]z}/

2

1 2
(m[AppeIlFl[Z, m 1-m 3, Cot b <e+fx>} ,

1 2
_cmb (e+fx)| | «Appel IF1[2, 1+m —m 3, Cot [= (e«fx)],

N | -

1 2 1 2 1 2
+2AppeIIF1{1, m -m 2, Oot{5 (e+fx>} , 7Cot{5 <e+fx)} ]Tan[E (e+fx)]

2 / ([1+Tan[% (e +f x)]z]

o[~ gert 0]

+

2

1 1 2
[SAppeIIFl[l, ml-m 2, Tan[; (e +f x)] , —

7Tan[2 (e +f x)] }Tan{% (e +f x)}
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2

2 1 2 1
(-1+m) AppeIIFl{Z, m2-m 3, Tan[— (e +f x)] ,
2

1
[ZAppeIIFl[l, mil-m 2, Tan{g (e+fx)} , —Tan[g (e+fx)] }+

1 2 1 2 1 2 1 2
—Tan{— (e+fx)} ]+mAppeIIF1[2, 1+m 1l-m 3 Tan{— (e+fx)} , —Tan[— (e+fx)] } Tan[— (e+fx)] -
2 2 2 2

2 1 2

1 1
[ZAppeIIFl{l, m -m 2, Tan[E (e+fx>} , —Tan{g <e+fx)} ]+m[AppeIIF1[2, mil-m 3, Tan{g (e+fx>} ,

1 2 1 2 1 2
[AppeIIFl[l, m -m 2, Tan[E (e +f x)] , —Tan[5 (e +f x)] }Tan{E <e+fx)}

’ —Tan[% (e +f x)r} +

1 2 1 2 1 2
AppeIIFl[Z, 1+m -m 3, Tan{E (e+fx>} , —Tan{E (e+fx)} ] Tan[E (e+fx)] ]—

2 2

, 1—Tan{% (e +f x)} ]Oot [% (e +f x)]2 [—1+Tan[; (e +f x)}

2

|/

1 1
[4 (=2 +m) AppellFl[l-m “m 1, 2-m S (1-Tan[E <e+fx>}

2

’ , 17Tan{§ (e+fx)} ]+

1
17Tan{5 (e +f x)}

1
[(71+m) (72 (-2+m AppellF1|2-m -m 1, 2-m E

1 1 2 1 2
[mAppeIIFl[me 1-m1, 3-m E [17Tan[5 (e+fx)] ] lfTan[E (e+fx)] }72

2” [—1+Tan{; (e +f x)}

1 1 2 1
AppeIIFl[Z—m -m 2, 3-m — [1—Tan[f (e+fx)] ] 1—Tan{f (e+fx)}
2 2 2

1 1 2 1 2

1 1
77mSec{f(e+fx>} Tan{f(e+fx>} 71+Tan{7(e+fx)}
4 2 2 2

4f

3+m
17Tan[% (e +f x)]z]

[—AppellFl{l, m -m 2, Cot [% (e +f x)]z, - Cot {% (e +f x)r]/

2

2 1 2 1
- Cot {— (e+fx)} ]+AppeIIF1{2, 1+m -m 3, Cot {— (e+fx)} ,
2 2

1
[m(AppeIIFl{Z, m 1-m 3, Cot {E (e +f x)} ,

2 2

2 1
+2Appel IFL[1, m -m 2, Oot[E (e+fx)],

~ Cot g (e +f x)}

2 1
/ [[1+Tan[f (e +f x)}
2
2

1
(-1+m) AppeIIFl[Z, m2-m 3, Tan[E (e +f x)] ,

] .

_Oc)t{g(edx)} ]Tan[;<e+fx)]2]+

2 1 2 2

1 1
[SAppeIIFl[l, mil-m 2, Tan{g (e+fx>} , —Tan[E (e+fx)] }Tan{E (e+fx)}

1 2 1 2
[ZAppeIIFl{l, mil-m 2, Tan{5 (e+fx)} , —Tan{E (e+fx)} ]+

2 1 2 1 2 2

7Tan{§ (e+fx>} ]+mAppeIIF1[2, 1+m1l-m 3, Tan{E (e+fx>} , 7Tan{5 (e+fx)} ]

/

Tan[% (e +f x)}

1 2 1 2 1 2
(AppeIIFl[l, m -m 2, Tan{; (e+fx)} , 7Tan[5 (e +f x)] }Tan{g (e +f x)}
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2 1 2

1 2
[ZAppeIIFl[l, m -m 2, Tan[g (e+fx)] , —Tan[g (e+fx)} ]+m

1
AppeIIFl{Z, ml-m 3, Tan{g (e +f x)} )

1

’ ! ’ Tan[g(en‘x)]z]_

—Tan{% (e+fx)r] +AppeIIF1[2, 1+m -m 3, Tan{% (e+fx)} , —Tan[g (e +f x)] }

1 2 1 2 1 2
[4(—2+m) AppellFl[l-m m1 2-m [1-Tan[5 <e+fx>} ] 1-Tan[5 (e+fx)] }cm[g <e+fx>}

2 2 2

1
2
(— ,1—Tan{§(e+fx)}]+

1 1 1
[—1+Tan{5(e+fx>} ]/ [(—1+m) 2(—2+m>AppeIIF1{1—m -m 1, 2-m E(l—Tan{E<e+fx)}

] -

1 1 2 1 2 1
2AppeIIF1[2—m -m 2, 3-m E [1—Tan[E (e+fx)] ] 1—Tan[5 (e+fx)] U [—1+Tan[5 (e+fx)}

1 1 2 1 2
[mAppeIIFl[Z—m 1-m11, 3-m — [1—Tan[f (e +f x)] ] 1—Tan{f <e+fx)}
2 2 2

2

1)

3 1 2 1 o m
—Sec[—(e+fx)] Tan[—(e+fx)]
4 2 2

1 1

22 1 2
[71+Tan[£ (e+fx)] ] [1+Tan[£ (e+fx)] ]

17Tan[§ (e +f x)]2

[_AppeHFl{l, m -m 2, Cot [% (e +f x>]2, — Cot E (e +f x>ﬁ/

1 2

[m[AppellFl{z,ml-m 3, Ootb<e+fx>}, ’

1 2 1
— Cot {f <e+fx>} ]+Appe||F1{2, 1+m -m 3, Cot {f <e+fx>} ,
2 2

L[S et Tl et

)|

1
(-1+m) AppeIIFl[Z, m2-m 3, Tan[g (e +f x)] ,

2

1 1
—Oot{—(e+fx)} +2Appe|||:1{1,m -m 2, c:ot[—<e+fx>]
2 2

2 1 2

1 1 1 2
(SAppeIIFl[l, mil-m 2, Tan{; (e+fx)} , 7Tan[5 (e +f x)] }Tan[g (e +f x)} 1+Tan[5 (e +f x)} ]

1 2 1 2
[ZAppellFl{l, mil-m 2, Tan{g (e +f x)} , 7Tan{5 (e +f x)} ]+

2 1 2

1 2 1 1 2
7Tan{— (e+fx>} ]+mAppeI|F1[2, 1+m1l-m 3 Tan[— (e+fx)} , 7Tan{— (e+fx)} ] Tan[— (e+fx)} -
2 2 2 2

{AppeIIFl[l, m -m 2, Tan{% (e +f x)r, 7Tan[% (e +f x)]z} Tan{% (e +f X)TJ/

1 2 1 2

2
[ZAppeIIFl{l, m -m 2, Tan[g (e +f x)] , 7Tan{5 (e+fx)} ]+m

1
AppeIIFl{Z, ml-m 3, Tan{g (e+f x)} ,

1

2 1 2 2
Tan[— (e +f x)] ]7
2

1 2 1
7Tan{— (e+fx)} ]+AppeIIF1{2, 1+m -m 3, Tan{— (e+fx)} , 7Tan[— (e+fx)] }
2 2 2

2 2

1 1 2 1 1
{4(72+m) AppeIIFl{lfm -m 1, 2-m E [lfTan{g (e+fx)} ] 17Tan[£ (e+fx)] }Oot[g (e+fx)}
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2 2 2

, 1—Tan{§(e+fx)} ]+

1 1 1
[—1+Tan[5 (e+fx)} ]/ {(—1+m) (—2 (-2 +m) AppeIIFl{l—m -m 1, 2-m E [1—Tan{5 <e+fx)}

1 1 2 1 2
[mAppeIIFl[Z—m 1-m 1, 3-m E [1—Tan[£ (e+fx)] ] 1—Tan{5 (e+fx)} ]—

U [_1+Tan[; e @]m )

1 1 2 1 2
2Appe|||:1[2-m “m 2 3-m 5 [1-Tan[E (e+fx>] ] 1-Tan[5 <e+fx)]

1 1 2 1
— (3+m) Sec{—(e+fx)} Tan[—(e+fx)
4 2 2

1

lfTan[% (e +f x)}z

[—AppellFl{l, m -m 2, Cot [% (e +f x)]z, - Cot {% (e +f x)r]/

2

1 2
[m(AppeIIFl{Z, m 1-m 3, Cot {E (e +f x)} )

1 2 1
- Cot {— (e+fx>} ]+AppeIIF1{2, 1+m -m 3, Cot {— (e+fx)} ,
2 2

1 2

2 1 2 1
~Cot b (e +f x)}

1 2
+2AppeIIF1{1, m -m 2, Oot[E (e+fx)] , —Oot{E (e+fx)} ]Tan[5 (e+fx)] ]+

2 / [[1 +Tan[§ (e +f x)rJ

1
(-1+m) AppeIIFl[Z, m 2-m 3, Tan[E (e +f x)] ,

1 2 1 2 1
[SAppeIIFl[l, ml-m 2, Tan{g (e+fx)} , —Tan[E (e+fx)] }Tan{E (e+fx)}

1 2 1 2
[ZAppeIIFl{l, ml-m 2, Tan{E (e+fx)} , —Tan{E (e+fx)} ]+

1 2 1 2 1 2
7Tan{5 (e+fx>} ]+mAppeIIF1[2, 1+m1l-m 3, Tan{; (e+fx>} , 7Tan{5 (e+fx)} ]

/

1
AppeIIFl[Z, mil-m 3, Tan{g (e +f x)} ,

Tan[% (e +f x)r]] _

1 2 1 2 1 2
(AppeIIFl[l, m -m 2, Tan{; (e+fx)} , 7Tan[5 (e +f x)] }Tan[g (e +f x)}

1 2 1 2
(ZAppeIIFl{l, m -m 2, Tan[; (e +f x)] , 7Tan[5 (e +f x)} ]+m

1

2 1 2 2
Tan[— (e +f x)] ]7
2

1 2 1
7Tan{— <e+fx)} ]+AppeIIF1{2, 1+m -m 3, Tan{— (e+fx)} , 7Tan[— (e+fx)] }
2 2 2

2 2

1 1 2 1 1

{4 (-2 +m) AppeIIFl{lfm -m1l 2-m — [17Tan{— (e+fx)} ] 17Tan[— (e+fx)] }Cot{— (e+fx)}
2 2 2 2

2 2

1 1 1 2 1
71+Tan{5 (e+fx)} ]/ [(—1+m) (72 (-2 +m) AppeIIFl{lfm -m 1, 2-m E (17Tan{5 (e+fx)} ) 17Tan{5 (e+fx)}

] -

1 1 2 1 2
2AppeIIFl[me -m 2, 3-m E [17Tan[£ (e+fx)] ] 17Tan[5 (e+fx)] ”

| +

1 1 2 1 2
[mAppeIIFl[me 1-m 1 3-m E [17Tan[5 (e +f x)] ] 17Tan{5 (e+fx)}

71+Tan[% (e +f x)r]]]] -




4.3 Tangent.nb |77

1

N

17Tan[% (e +f x)}2

1 1 2 1 2 1 1 2
[—[—mAppeIIFl{Z, m1l-m 3, Oot[f (e +f x)] , —Cot {f (e +f x)} ]Oot[f (e +f x)]Csc[f (e +f x)] -
2 2 2 2 2

%mAppeIIFl{Z, 1+m -m 3, Oot[% (e +f x)]z, - Cot {% (e +f x)]z}Oot[% (e +f x)} Csc[% (e +f X)]Z]/
2

1 2
[m[AppeIIFl{Z, m 1-m 3, Cot {E (e+f x)} ,

1 2 1
- Cot {— (e+fx>} ]+AppeIIF1{2, 1+m -m 3, Cot {— (e+fx)} ,
2 2

- Cot {% (e +f x)}2

1 2 1 2 1 2
+2AppeIIF1[1, m -m 2, Oot[g (e+fx)] , 7Cot{£ (e+fx)} ]Tan[g (e+fx)] ]7

/ [[1+Tan[; (e +f x)]z]z

1 2
(-1+m) AppeIIFl[Z, m2-m 3, Tan[g (e +f x)] ,

1 2 1 2 1 2 1 3
{8AppeIIFl[1, mil-m 2, Tan[; (e+fx)} , —Tan[g (e+fx)] }Sec{g (e+fx)} Tan[g (e+fx>}

1 2 1 2
[ZAppeIIFl{l, mil-m 2, Tan{g (e+fx)} , 7Tan[5 (e+fx)} ]+

1

2 1 2 2
Tan[f (e +f x)} ]
2

1 2 1
—Tan{f (e+fx>} ]+mAppeIIF1[2, 1+m1l-m 3, Tan{f (e+fx>} , —Tan{f (e+fx)} ]
2 2 2

/|

1
(-1+m) AppeIIFl[Z, m2-m 3, Tan[g (e +f x)] ,

+

2 1 2 1 2 1

1 1 2
{SAppeIIFl[l, mil-m 2, Tan{g (e+fx)} , 7Tan[5 (e+fx)] }Sec{a (e+fx)} Tan{a (e+fx>} 1+Tan[5 (e+fx)] ]

1 2 1 2
[ZAppeIIFl{l, ml-m 2, Tan{g (e +f x)} , 7Tan{5 (e+fx)} ]+

1 2 1 2 1 2
7Tan{— (e+fx)} ]+mAppeIIF1[2, 1+m1l-m 3, Tan[— (e+fx>} , 7Tan{— (e+fx)} ]
2 2 2

+

Tan[% (e +f x)r]

1 2 1 2 1 2

1 2 1
8Tan| — (e +f x) -— (1-m AppellF1|2, m 2-m 3, Tan|— (e+f x)| , -Tan|— (e +f x) Sec|— (e+f x)| Tan

N

1 1 2 1 2 1 2 1
— (e +f x)] +—mAppeIIF1[2, 1+m1l-m 3 Tan[— (e+fx)} , —Tan{— (e+fx)} ]Sec{f (e +f x)} Tan{f (e +f x)}
2 2 2 2 2

N | =

|/

1 2 1 2 1 2
([1+Tan[£ (e+fx)] ] [ZAppeIIFl{l, mil-m 2, Tan[g (e+fx)} , —Tan{g (e+fx)} ]+

1 2 1 2
[(—1+m) AppeIIFl[Z, m2-m 3, Tan[g (e +f x)] , —Tan[g (e +f x)] }+

2 1 2 2

1 1
mAppeIIFl[Z, 1+m 1-m 3, Tan[E (e+fx>} , —Tan{g <e+fx)} ] Tan{g (e+fx)}

-
/

2

1 1 2 1 2 1
[AppeIIFl[l, m -m 2, Tan{g (e+fx)} , —Tan[E (e +f x)] }Sec{E (e +f x)} Tan{E (e+fx>}
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2 1 2

1 2
[ZAppeIIFl[l, m -m 2, Tan[g (e+fx)] , —Tan[g (e+fx)} ]+m

1
AppeIIFl{Z, ml-m 3, Tan{g (e +f x)} )

2 1 2

, —Tan[g(e+fx)] } ! ’

Tan[g (e +f x)] -

1 2 1
—Tan{g (e+fx)} ]+AppeIIF1[2, 1+m -m 3, Tan{g (e+fx)}

2 2 1 2 1 2

1 1 1
(fmAppeIIFl{Z, m1l-m 3, Tan[f (e +f x)] , —Tan{f (e +f x)} }Sec[f (e +f x)] Tan[f (e +f x)] +
2 2 2 2 2

|/

1 2
AppeIIFl{Z, mi-m 3, Tan{5 (e +f x>} ,

Tan[% (e +f xw

2 1 2 1

1 1 2 1
fmAppeIIFl{Z, 1+m -m 3, Tan{f (e+fx>} , —Tan[f (e+fx)] }Sec{f (e+fx)} Tan[f (e+fx>}
2 2 2 2 2

1 2 1 2
(ZAppeIIFl{l, m -m 2, Tan[5 (e +f x)] , —Tan{E (e +f x)} ]+m

2 1 2

—Tan{% <e+fx)r] +AppeIIF1{2, 1+m -m 3, Tan{g (e+fx)} , —Tan[E (e +f x)] }

Tan[% (e +f x)]z] +

2 1 2

1 2
[AppeIIFl[l, mom 2, Gt[ (et Gt et ] m[g (1-m Appel IFL[3, m 2-m 4,
(:otg (e +f x)r, —Cot[% (e +f x)ﬁCot E <e+fx>}Cscg <e+fx>r_

2 1 2 1 1 2

1
—mAppeIIFl[B, 1+m 1-m 4, Oot{g (e+fx)} , —Cot{g(eﬂx)} ]Oot[g (e+fx)]Csc[£ (e+fx)] -

2

1 2
(1+m AppellFl{s, 2+m -m 4, Oot[f (e +f x)] ,
2

WiN WA

- Cot {% (e +f x)] }Cot[% (e +f x)} Csc[% (e +f x)]z] +2

2 1 2 1 2

1 1
AppeIIFl[l, m -m 2, Oot[g (e+fx)} , —Cot[g (e+fx)] }Sec{g (e+fx)} Tan[g (e+fx>}+2

2 1 1 1 2

, -Cot [— (e +f x)]z} Cot {E (e +f x)} Csc[g (e +f x)} —%mAppeIIFl{

1 1
(——mAppeIIFl[Z, m 1-m 3, Cot {— (e+fx)}
2 2 2

2, 1+m -m 3, Oot[% (e+fx)]2, —Oot{% (e+fx)r]Cot[% (e+fx)]Csc[% (e+fx)]2 Tan[% (edffx)}2 ]/
1 2 1 2 1 2
(m[AppeIIFl[Z, m1l-m 3, cm{E <e+fx>} , _cOt[5 <e+fx)] }+AppeIIFl{2, 1+m -m 3, Oot[E <e+fx)] ,

2 2 1 2 1

o[ enrn] o[ i) ]Tan[2<e+fx)]2]2+

1
]+2Appe|||:1{1, m-m 2, cOt[E (e +f x>]

1 2 1 2 1 2
{AppeIIFl[l, m -m 2, Tan[; (e+fx)} , —Tan[g (e +f x)] }Tan{g (e +f x)}

1 2
m[AppeIIFl[Z, mil-m 3, Tan[; (e+fx)} ,

_Tan[% (e +f x)]z} +AppeIIF1[2, 1+m -m 3, Tan[% (e +f x)]z, —Tan[% (e +f x)]z}) Sec[% (e +f x)]zTan{

2, —Tan[% (e +f x)r] Sec[% (e +f x)]zTan[% (e +f x)] +%m

1 1 1
— (e +f x)] +2 [fmAppeIIFl{Z, mil-m 3, Tan{f (e +f x)}
2 2 2
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2 1 2 1 2

AppeIIFl{Z, 1+m -m 3, Tan[% (e+fx)] , —Tan{g (e+fx)] }Sec[g (e+fx)] Tan[% (e+fx)]]+mTan[; (e+fx)]2

1 2 1 2 1 2 1
(— (1-m AppeIIFl{S, m 2-m 4, Tan{g (e +f x)} , —Tan{g (e+fx)} ]Sec[g (e +f x)] Tan[g (e +f x)] +
2, —Tan[E (e+fx)r]8ec[E (e +f x)]zTan[E (e +f x)] +

1
mAppeIIF1[3, 1+m 1-m 4, Tan{f (e +f x)}
2 2 2 2

WIN WA W|N

1 2 1 2 1 2 1
(1+m) AppeIIFl[S, 2+m -m 4, Tan[g (e+fx)] , —Tan{g (e+fx)] }Sec[g (e+fx)} Tan[g (e+fx)]]]]/

2 1 2

1 2
[ZAppeIIFl[l, m -m 2, Tan[g (e +f x)] ,

—Tan[g (e +f x)} ]+m[AppeIIFl{2, mil-m 3, Tan{% (e +f x)} ,

2 1 2 1 2 2

—Tan{% (e+fx)} }+AppeIIF1[2, 1+m -m 3, Tan{5 (e+fx)} , —Tan{E (e+fx>} ] ’

Tan{% (e +f x)}

{4(72+m) AppeIIFl{lfm -m 1, 2-m %[1Tan{% (e+fx)r], 17Tan[% (e+fx)]2}c;sc{% (e+fx)}Sec{% (e+fx)}]/

2 2

, 17Tan[§ (e +f x)] }+

] -

1 1
[(71+m) [72 (-2+m Appel IFL|1-m -m 1, 2-m — 17Tan{f (e +f x)}
2 2

1 1 2 1 2
[mAppeIIFl[Z—m 1-m 1 3-m E [1—Tan[5 (e +f x)] ] 1—Tan[5 (e+fx)}

1 1 2 1
2AppeIIFl[2—m -m 2, 3-m E [1—Tan[£ (e+fx)] J 1—Tan[5 (e+fx)]

1 1 2 1
[4(—2+m) AppeIIFl{l—m -m1l 2-m — [1—Tan{f (e+fx)} ] 1—Tan[— (e+fx)]
2 2 2

1 2

Csc{;(en‘x)} ?

1
[—1+Tan{E (e +f x)}

J/ [(—1+m) [-2 (<2 +m AppellFl{l-m ‘m1 2-m

1 2 1 1 2
1—Tan{7<e+fx)}]+ mAppeIIFl[Z—m 1-m1, 3-m — 1—Tan[7<e+fx)] ,1—Tan{f(e+fx)}]—
2 2 2 2

U [—1+Tan[; (e +f x)r]]] -

2

1 1 2 1 2
2AppeIIF1[2—m -m 2, 3-m — [1—Tan[f (e+fx)] ] 1—Tan[f (e+fx)]
2 2 2

1 2 1 1
[4 (-2 +m) cmb<e+fx>} [ (1-m mAppellFl[z-m 1-m 1, 3-m 5 1-Tan[5<e+fx>}

2 (2-m)
1 2 1 2 1 1
17Tan{g (e+fx)} ]Sec{g (e +f x)] Tan{g (e +f x)} 7ﬂ(17m) AppeIIFl{me -m 2, 3-m

Ay

2 2 1 2

{1Tan[; (e+fx)] , 17Tan[% (e+fx)] }Sec{g (e+fx)} Tan{%(eﬂ‘x)}

[71 +Tan[% (e +f x)]Z]J/

2
+

1 1 2 1
[(—1+m) [—2(—2+m) AppeIIFl{l—m -m1l 2-m — [1—Tan[— (e+fx)} , 1—Tan[— (e+fx)]
2 2 2
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1 1 2 1 2
[mAppeIIFl[Z—m 1-m 1, 3-m E [1—Tan[5 (e +f x)] ] 1—Tan{5 <e+fx)} ]—

1 1 2 1 2 1 2
2AppeIIFl[2—m -m 2, 3-m E [1—Tan[£ (e+fx)] J 1—Tan[£ (e+fx)] U [—1+Tan[5 (e+fx)}

-

1 2 1 2 1 2
[SAppeIIFl[l, mi-m 2, Tan{E <e+fx>} , _Tan[E <e+fx)] }Tan{5 <e+fx>}

1 2 1 2
[[(—1+m> AppeIIFl{Z, m2-m 3, Tan[E (e +f x)] , —Tan{E (e+fx)} ]+

2 1 2

1 2
mAppeIIFl[z, 1+-m1l-m 3, Tan{E (e+fx>} , —Tan{g <e+fx)} ]

1 1
Sec{g (e +f x)} Tan[5 (e +f x)} +2

1 1 2 1 2 1 2 1 1
(_7 (1-m) AppeIIFl{Z, m 2-m 3, Tan{f (e +f x)} , —Tan{f (e+fx)} ]Sec[f (e +f x)] Tan[f (e +f x)] +—m
2 2 2 2 2 2

2 1 2 1 2

1 1 2
AppeIIFl{Z, 1+m1l-m 3, Tan[; (e+fx)] , 7Tan{5 (e+fx)] }Sec[; (e+fx)] Tan[; (e+fx)]

+Tan[% (e +f x)]

2 1 2 1 2 1 2 1
((71+m) [7— (2 -m) AppeIIF1[3, m 3-m 4, Tan[— (e +f x)] , 7Tan{— (e +f x)} ]Sec[— (e +f x)] Tan[— (e +f x)]+
3 2 2 2 2

2 1 2 1 2 1 2 1
—mAppeIIFl{S, 1+m 2-m 4, Tan[— (e +f x)] , 7Tan{— (e +f x)} ]Sec[— (e +f x)] Tan[— (e +f x)]] +
3 2 2 2 2
2 1 2 1 2

2 1 1
m[f— (1-m AppeIIFl[B, 1+m 2-m 4, Tan[— (e+fx)] , 7Tan{— (e+fx)} ]Sec[— (e+fx)] Tan[— (e+fx)]+
3 2 2 2 2

2 2 2

1 2 1 2 1 2
([1+Tan[2 (e+fx)] J [ZAppeIIFl{l, ml-m 2, Tan[g (e+fx)} , —Tan{g (e+fx)} ]+

§(1+m) Appel I FL[3, 2+m 1-m 4, Tang (e+f X>rf *Ta”[i (e f X)]Z}Sec{i <e*fx>rTa”{£ (T X)”])]/

1 2 1 2
((71+m) AppellFl{Z, m 2-m 3, Tan[g (e+fx>} , 7Tan{5 (e +f x)} ]+

2 1 2

1 1 2\ 2
mAppeIIFl{Z, 1+m1l-m 3, Tan[; (e+fx)] , 7Tan{5 (e+fx)] } Tan{g (e+fx)} ] ]+

1

1 1 2 1 2 2
{4 (-2+m) AppeIIFl{lfm -m11l 2-m — [17Tan[— (e+fx)} ] 17Tan[— (e+fx)] }Oot{— (e+fx)}
2 2 2 2

2 2

1 1 1 2 1
71+Tan{5 (e+fx)} [(mAppelIFl[me 1-m 1, 3-m E (lfTan{E <e+fx)} ) 17Tan[5 (e+fx)} ]7

1 2 1
Sec[; (e +f x)] Tan[— (e+fx)| -2

1 1 2 1 2
2AppeIIFl[me -m 2, 3-m E [17Tan[— (e+fx)] ] 17Tan[— (e+fx)] } 5

2 2

2 1 2
, 17Tan{— (e +f x)}

, }

(-2 +m) [
2

1 1
(1-m) mAppeIIFl{me 1-m 1, 3-m E (17Tan{— (e+fx)}

2 (2-m)
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1 2 1 1 1 1 2
Sec[— (e+fx)] Tan{f (e+fx)]——(1—m) AppeIIFl[Z—m -m 2, 3-m — [1—Tan{f (e+fx)} ]
2 2 2 - 2 2
2 1 2 1

1—Tan[§(e+fx)} ]Sec[g(en‘x)] Tan[g(e+fx)] ’

+ [—1+Tan[; (e +f x)]

1 1 1 2 1 2 1 2
(m[——(Z—m)AppellFl{S—m 1-m 2, 4-m 7[1—Tan[—(e+fx)} ,1—Tan[—(e+fx)]}Sec{—(eﬂ‘x)}
2 2 2 2

3-m

1 1 1 1 2
Tan{f(e+fx>}—7(l—m) (2—m)AppeIIF1[3—m 2-m1l, 4-m — 1—Tan[7(e+fx)] ,
2 2 (3-m) 2 2

17Tan[§ (e +f x)]z} Sec{% (e +f x)rTan[% (e +f x)]] -2

——(2-m) mAppeIIFl[sfm 1-m 2, 4-m
2(3-m)
2 2

1 2 1 1 1
, 17Tan[5 (e+fx)} ]Sec[g (e+fx)] Tan[; (e+fx)]f—2 (2-m) AppeIIFl[

PRSI

1 1
— (17Tan{— (e +f x)}
2 2

1 1 2 1 2 1 2 1
3-m -m 3, 4-m — (17Tan{— (e+fx)} ) 17Tan{— (e+fx)} ]Sec[— (e+fx)] Tan[— (e+fx)]
2 2 2 2 2

2

1 1 2 1
((—1+m) [—2(—2+m) AppeIIFl{l—m -ml 2-m — [1—Tan[— (e+fx>} , 1—Tan[— (e+fx)] +
2 2 2

2 2

1 1 1
(mAppeIIFl[me 1-m 1, 3-m 5 (17Tan{5 (e+fx)} , 17Tan[5 (e+fx)] }7

2 2

, 1—Tan{§ (e+fx>} ]] [—1+Tan{l (e +f x)}2

1 1
2Appe|||=1{2-m “m 2, 3-m - (l—Tan{f <e+fx>}
2 2

)

® Problem 356: Result unnecessarily involves higher level functions and more than twice size of optimal antiderivative.

JCot [e+f x]° (bSec[e+f x])™dx

Optimal (type 5, 40leaves, 2steps):

Hyper geonet ri c2F1(3, rzl‘ Z;m, Secle+f x]2] (bSecfe+f x])™M

fm
Result (type 6, 13654 leaves):
Cot [e+f x]° (bSec[e+f x])™
1 2 1 2 1 o 1 2\5
- |6AppellF1{1, m -m 2, Cot |— (e +f x)} , 7Oot[— (e +f x)] (71+Tan{— (e+fx>} J
2 2 17Tan[§ (e+fx)]2 2
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2 1 2

2\m 1
]/ {m[AppeIIFl{Z, m 1-m 3, Cot {E (e +f x>} , —Cot {E (e+fx)} ]+AppeIIF1{2, 1+m -m 3,

1
(1+Tan{5 (e +f x)}

2 1 2 2 1 2 1 2

1 1
_om[f <e+fx>] ”+2AppeIIF1[l, m-m 2, cm[f <e+fx>] ,
2 2

cmb<e+fx>} ,

2 1 2 1 2 1

1
3AppeIIFl[2, m -m 3, Oot{g <e+fx)} , 7Oot[£ (e+fx)] }Oot{g (e+fx>}

5[1+Tan{; o x@ﬂ/

1 2
(4 [m[AppeIIFl[& m 1-m 4, Cot [E (e +f x)} ,

17Tan[% (e +f x)]2

1 2
[—1+Tan[5 (e +f x)}

1 2 1 2
- Cot [— (e+fx)} ]+AppeIIF1{3, 1+m -m 4, Cot {— (e+fx)} ,
2 2

1 2 1 2 1 2 1 2
—Cot[— (e+fx)] H+3AppeIIF1[2, m -m 3, Cot[— (e+fx)] , —Oot[— (e+fx)] }Tan[— (e+fx)} ]+
2 2 2 2
5+m
1 2 1 2 1 2 1
32AppeIIF1{1, ml-m 2, Tan[f (e +f x)] , —Tan{f (e +f x)} ]Tan[f (e +f x)]
2 2 2 1—Tan[%(e+fx)}2
71+Tan{% (e +f x)r)s [1+Tan[% (e +f x)r]hm]/ (ZAppeIIFl{l, mil-m 2, Tan{% (e +f x)]z, 7Tan[§ (e +f x)f] +

1 2 1 2

[(71+m) AppeIIFl[z, m2-m 3, Tan{g (e+fx)} , 7Tan[£ (e+fx)] }+
1 2 1 2 2

mAppeIIFl[Z, 1+m1l-m 3, Tan{g (e+fx)} , 7Tan{5 (e+fx)} ]

Tan{% (e +f x)}

2 1 2 1 2 1

1
6AppeIIF1[1, m -m 2, Tan{g (e +f x)} , 7Tan[5 (e +f x)] }Tan{a (e+fx>}

5[1+Tan{; o x@ﬂ/

1 2 1 2 1
[ZAppeIIFl[l, m -m 2, Tan{g (e +f x)} , —Tan[g (e+fx)} ]+m[AppeIIFl{2, m1l-m 3, Tan{g (e +f x)} ,

5+m
17Tan[% (e +f x)]z]

1 2
[—1+Tan{§ (e +f x)}

? —Tan[% (e +f x)r] +

2 1 2 2

1 1
AppeIIFl[Z, 1+m -m 3, Tan{g (e+fx)} , —Tan{g (e+fx)} ] Tan{g (e+fx)}

+
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1 2 1 2 1 2 1 2
[4 [SAppeIIFl[Z, m -m 3, Tan[g (e+fx)} , 7Tan[£ (e+fx)] }+m[Appe|IF1[3, m1l-m 4, Tan[; (e+fx)] , 7Tan[£ (e+fx)] }+

Tan[% (e +f x)]z]J -

1 2 1 2
AppeIIF1[3, 1+m -m 4, Tan{; (e+fx)} , 7Tan{5 (e +f x)} ]

2 1 2

1 1 2 1
16 (-2+m) AppeIIFl[lfrn -m1l 2-m — [lfTan[— (e+fx)] ] 17Tan{— (e+fx)} ]Cot[— (e +f x)
2 2 2 2

4:m

1

1 1+Tang(e+fx)r]5(l+Tanb(e+fX>er]/

17Tan[% (e +f x)}2

((1-m> 2 (-2+m AppeIIFl[l—m “m1 2-m

2AppeIIF1[2—m -m 2, 3-m z[l—Tan{i (e+fx>]2], 1—Tan[% <e+fX)]2U [_1+Tan[; (e+fx>]z])]”/

1 2 1 2 1 2 1
6mAppeIIF1{1, m -m 2, Oot[g (e+fx)] , 7C0t{£ (e+fx)] }Sec[g (e+fx)] Tan[g (e+fx)]

{f

5+m

1

[1+Tan{% (e +f x)f]s [1+Tan[% (e +f x)]z]hm]/

17Tan[% (e +f x)]2

2

2 1 2 1
— Cot {f <e+fx>} ]+Appe||F1{2, 1+m -m 3, Cot {f <e+fx>} ,
2 2

1
[m[AppeHFl{z, m 1-m 3, Cot b (e +f x>} ,

1 2 1 2 1 2 1 2
“oot [ = (e x)] ]]+2Appe.|m{1, m-m 2 ot (e+fx)| oot [~ e+t x)] ] Tan[Z (et x)] ]
2 2 2 2

1 2 1 2 1 2 1
30AppeIIF1{1, m -m 2, Oot[5 (e+fx)] , —Oot{E (e+fx>} ]Sec[5 (e+fx)] Tan[5 (e+fx)]
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5+m
m

1 2

1 2)4 1
71+Tan{5 (e +f x)} ] [1+Tan{5 (e +f x)}

/

1 2 1 2 1 2 1
(m[AppeIIFl[Z, mil-m 3, cmb <e+fx)} , _cm[5 (e+fx)] }+AppeIIF1{2, 1+m -m 3, Cot 5 (e+fx)] , _om{5 <e+fx>}

17Tan[% (e +f x)}2

2

] .

1 2 1 2 1 2
2AppeIIF1{1, m -m 2, Oot[5 (e+fx)] , —Oot[5 (e+fx)] }Tan{E (e+fx)}

1 1 2 1 2 1 1 2
6 (——mAppeIIFl[Z, m1l-m 3, Cot{— (e+fx)} , —Oot[— (e +f x)] }Cot {— (e+fx)}Csc{— (e+fx)} -
2 2 2 2 2

1 1 2 1 2 1 1 2
—mAppeIIFl{Z, 1+m -m 3, Cot {— (e+fx)} , —Cot[— (e +f x)] }Cot {— (e+fx)}Csc{f (e+fx)}
2 2 2 2 2

/

5+m

[—1+Tan{; (e +f x)}

1 m

2 2

5 1
[1+Tan{f (e +f x>}
2

1—Tan[% (e +f x)}2

1 2 1 2 1 2 1 2
[m[AppeIIFl[Z, m1l-m 3, Cot{— (e+fx)} , 7Oot[— (e+fx)] }+AppeIIF1{2, 1+m -m 3, Cot | — (e+fx)] , —Oot{— (e+fx)} ]+
2 2 2 2
1 2 1 2 1 2
2AppeIIF1{1, m -m 2, Cot[g (e+fx)] , —Oot[g (e+fx)] }Tan{g (e+fx)} -
1 2 1 2 1 2 1
6 (5+m) AppeIIFl[l, m -m 2, Cot [E (e +f x)} , -Cot {E (e+fx)} ]Sec[g (e +f x)] Tan[g (e +f x)

6+m
m

1 2

1 2\ 1
71+Tan{5 (e+fx)} ] [1+Tan{5 (e+fx)}

/

1 2 1 2 1 2
(m[AppeIIFl[Z, m1l1-m 3, Oot{; (e+fx)} , 7Oot[5 (e+fx)] }+AppeIIFl{2, 1+m -m 3, Cot E (e+fx)] ,

17Tan[% (e +f x)}2

2

1 2
2Appe|IF1{l, m -m 2, Oot[; (e +f x)] ,

—Cot [% (e +f x)] }Tan{% (e +f x)r] +

1 2 1 2 1 1
3mAppeIIF1[2, m -m 3, Cot{g <e+fx)} , 7Oot[£ (e+fx)] }Csc{E (e+fx>}Sec{E (e +f x)

5+m

1 2

1 2)5 1
71+Tan{5 (e+fx)} ] (1+Tan{; (e+fx>}

_1+mJ/

17Tan[% (e +f x)}2
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2

1 2
[4 [m[AppeIIFlP, m 1-m 4, Cot b (e +f x)} ,

1 2 1
7C0t[— (e+fx>} ]+AppeIIF1{3, 1+m -m 4, Cot[— (e+fx)} ,
2 2
1 2 1 2 1 2 1 2
—Cot[— (e+fx)] } +3AppeIIF1[2, m -m 3, Cot[— (e+fx)] , —Oot[— (e+fx)] }Tan[— <e+fx)} +
2 2 2 2

1 2 1 2 1 1
15Appe|||=1[2, m -m 3, om[E (e+fx>] , —Cot{g <e+fx>} ]CSC[E (e+fx)]Sec[E (e+fx)]

1

1—Tan[% (e +f x)}2

1 2 1 2 1 2
[4 [m[AppeIIFl{S, m1l-m 4, Cot{; (e+fx)} , 7Oot{5 (e+fx>} ]+AppeIIF1[3, 1+m -m 4, Oot{; (e+fx)} ,

2 2

1 1 2
7Oot[— (e +f x)] } +3AppeI|F1[2, m -m 3, Oot[— (e +f x)] ,
2 2

—Cot [% (e +f x)] }Tan{% (e +f x)r)] _

1 2 1 2 1 1 2
3Appe||F1[2, m -m 3, cm{E <e+fx>} , 700t[£ <e+fx)] }omb <e+fx>}c:sc{E <e+fx>}

5+m

1

17Tan[% (e +f x)}2

1

(4[m(Appe||F1{3,m1-m 4, Oot[£<e+fx>}, ?

1 2 1
- Cot {— (e+fx)} ]+AppeIIF1{3, 1+m -m 4, Cot {— (e+fx)} ,
2 2

J+
2 1 2 1 2 1 1 2
(——mAppeIIFl[S, m1l-m 4, Cot[— (e+fx)] , —Cot[— (e+fx)] }Oot[— (e+fx)}Csc{— (e+fx)} -
3 2 2 2 2

_Cot [% (e+f x)ﬁ] +3Appe||F1[2, m -m 3, Cot [% (e +f x)]z, _Cot [% (e +f x)ﬁ Tang (e+f x>}2

1 2
3 Cot {E (e+fx)}

2 1 2 1 2 1 1 2
—mAppeIIFl{& 1+m -m 4, Cot {— (e+fx)} , —Cot[— (e +f x)] }Cot {— (e+fx)}Csc{— (e+fx)}
3 2 2 2

5+m

1 1
[—1 +Tan{— (e +f x)}
2

2

1—Tan[% (e +f x)}2

1 2

[4[m[AppeIIF1[3,mlfm 4, @tb(eux)}, ?

1 2 1
7Cot{— (e+fx)} ]+AppeIIF1{3, 1+m -m 4, Oot{— (e+fx)} ,
2 2
1 2 1 2 1 2 1 2
—Oot[— (e+fx)] } +3AppeIIF1[2, m -m 3, Cot[— (e+fx)] , —Oot[— (e+fx)] }Tan{— (e+fx)} +
2 2 2 2
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1 2 1 2 1 1
3(5+m AppellFl{Z, m -m 3, Cot [E (e +f x)} , -Cot {E (e +f x)} ]Csc[g (e +f x)]Sec[E (e +f x)

2

1 2)5 1
71+Tan{5 (e +f x)} ] [1+Tan{5 (e +f x)}

6+m
1
17Tan[% (e +f x)}2

1 2 1 2
~Cot [Z (et x)| | +Appel IF1[3, 1+m —m 4, Cot [= (e+fx)],
2 2

] .

1 2
(4 [m(AppellFl{s, m 1-m 4, Cot {5 (e +f x)} ,

1 2 1 2 1 2 1 2
oot [~ (e+fx)] ”+3Appeum[z, m -m 3, ot > (exfx)| oot |- e+t x| Tan|Z e+ x)]
2 2 2 2

1 2 1 2 1 2 1 3
32 (-1+m) AppeIIFl[l, mi-m 2, Tan{f <e+fx>} ,
2

5+m

1

2

1—Tan[% (e+fx)]

1 2 1 2

2
[ZAppeIIFl{l, mil-m 2, Tan{g (e+fx)} , 7Tan[5 (e+fx>} ]+

1
(-1+m) AppeIIFl[Z, m 2-m 3, Tan{— (e +f x)} ,
2

2 1 2

1 2 1 1 2
7Tan{f (e +f x)} ]+mAppeIIFl[2, 1+m 1-m 3, Tan{f (e +f x)} , 7Tan[— (e+fx)} ] Tan{— (e+fx)}
2 2 2 2

+

1 2 1 2 1 2 1 3
160AppeIIF1[1, ml-m 2 Tan{g (e+fx)} , 7Tan[5 (e+fx)] }Sec{a (e+fx>} Tan{a (e+fx)}

5+m

14

1 1 1 2

71+Tan[5 (e +f x)r]4 [1+Tan{5 (e +f x)}

17Tan[% (e +f x)}2

m]/

1 2 1 2 1
(-1+m) AppeIIFl[Z, m2-m 3, Tan{— (e +f x)} ,
2

(ZAppeIIFl{l, ml-m 2, Tan{g (e+fx)} , 7Tan{5 (e+fx>} ]+

2 1 2

1 2 1 2
7Tan{— (e +f x)} ]+mAppeIIF1[2, 1+m1l-m 3, Tan[— (e +f x)} , 7Tan{— (e+fx)} ]
2 2 2

Tan{% (e +f x)}

+

1 2 1 2 1 2 1
32AppeIIF1{1, ml-m 2, Tan[5 (e +f x)] , —Tan{E (e +f x)} ]Sec[5 (e +f x)] Tan[5 (e +f x)]

5+m

1 2,5 2y -1+

1 1
[71+Tan{5(e+fx)} (1+Tan{5(e+fx>}

)

17Tan[% (e +f x)}2
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2 1 2

1 2
[ZAppeIIFl[l, ml-m 2, Tan{g (e+fx)} , 7Tan[5 (e+fx>} ]+

1
(-1+m) AppeIIFl[Z, m 2-m 3, Tan{g (e +f x)} ,

2 1 2

1 2 1 1 2
—Tan{f (e +f x)} ]+mAppeIIFl[2, 1+m1l-m 3 Tan[— (e +f x)} , —Tan[— (e+fx)} ] Tan{— (e+fx)}
2 2 2 2

+

2 2 1 2 1 2

1 1 1 1
32Tan[5 (e+fx)] [75 (1-m AppeIIFl{Z, m2-m 3, Tan[; (e+fx)] , 7Tan[£ (e+fx)] }Sec[g (e+fx)} Tan[g (e+f x) |+

1 1 2 1 2 1 2 1
—mAppeIIFl{Z, 1+m1l-m 3 Tan{— (e +f x)} , 7Tan[— (e +f x)] }Sec{— (e+fx>} Tan{— (e+fx)}
2 2 2 2 2

m]/

1
(-1+m) AppeIIFl[Z, m 2-m 3, Tan{g (e +f x)} ,

5+m

1 5
{—1+Tan{5 (e +f X)}

1 2 2y -1+

1
[1+Tan[5 (e +f X)}

1—Tan[% (e +f x)}2

1 2 1 2
[ZAppeIIFl{l, mil-m 2, Tan{; (e+fx)} , 7Tan[£ (e+fx)} ]+

2 1 2 1 2

1 1 2
7Tan{—(e+fx)} ]+mAppeIIFl[2,1+m 1-m 3, Tan{—(e+fx>},7Tan{—(e+fx)} ] Tan{—(e+fx)} +
2 2 2 2

1 2 1 2 1 2 1 3
32 (5+m) AppeIIFl[l, mil-m 2, Tan[; (e +f x)] , 7Tan[5 (e +f x)] }Sec{g (e+fx)} Tan{; (e+fx)}

71+Tan{% (e +f x)r]s (1+Tan{§ (e +f x)}thmJ/

6+m
1
17Tan[% (e +f x)}2

1 2 1 2

2
(2Appe||F1{1, mi-m 2, Tan{E <e+fx>} , _Tan{E <e+fx>} ]+

1
(-1+m AppellFl[z, m2-m 3, Tan{E <e+fx>} ,

2 1 2

1 2 1 1 2
—Tan{f (e+fx)} ]+mAppeIIF1[2, 1+m1l-m 3, Tan[f (e+fx)} , —Tan{f <e+fx)} ] Tan{f (e+fx)}
2 2 2 2

1 2 1 2 1 2 1 3
6mAppeIIFl[1, m -m 2, Tan{g (e+fx)} , —Tan[g (e+fx)] }Sec[g (e+fx)} Tan[g (e+fx)}

5+m

1 5
[—1 +Tan{5 (e +f x)}

1 2 2y -1+m

1
[1+Tan[§ (e +f x)}

1—Tan[% (e +f x)}2

2 1 2

2 1
AppeIIFl{Z, m1l-m 3, Tan{g (e +f x)} , 7Tan{g (e +f x)} ]+

1 1 2
[ZAppeIIFl{l, m -m 2, Tan{g (e +f x)} , 7Tan{5 (e+fx)} ]+m

2 1 2

1 2
AppeIIFl[Z, 1+m -m 3, Tan{g (e+fx)} , 7Tan{5 (e+fx)} ]

Tan{% (e +f x)}
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1 2 1 2 1 2 1 3
30AppeIIF1[1, m -m 2, Tan[; (e +f x)] , 7Tan[5 (e +f x)} ]Sec[; (e +f x)] Tan[; (e +f x)

1 2\4 1 2
71+Tan{5 (e +f x)} ] [1+Tan{5 (e +f x)}

5+m
1
17Tan[% (e +f x)}2

m]/
2 1 2 2 1 2

1 1
(ZAppeIIFl{l, m -m 2, Tan{E (e+fx)} , —Tan{E (e+fx>} ]+m[AppeIIF1{2, ml-m 3, Tan{E (e+fx)} , —Tan{g (e+fx)} ]+

2 1 2

1 2
AppeIIFl[Z, 1+m -m 3, Tan{5 (e+fx)} , —Tan{E (e+fx)} ]

Tan{% (e +f x)}

1 2 1 2 1 2 1
6AppeIIF1[1, m -m 2, Tan{g (e+fx)} , —Tan[g (e+fx)] }Sec{g (e+fx>} Tan{g (e+fx)}

5+m

1 1 2
[—1+Tan{f (e +f x)}
2

2

5 1
[1+Tan{f (e +f x>}
2

1—Tan[% (e +f x)}2

mJ/

2 1
AppeIIFl{Z, ml-m 3, Tan{— (e +f x)} , 7Tan{— (e+fx)} ]+
2 2

1 1 2
[ZAppeIIFl{l, m -m 2, Tan{g (e +f x)} , 7Tan[5 (e+fx>} ]+m

2 1 2

1 2
AppeIIFl[Z, 1+m -m 3, Tan{g (e+fx)} , 7Tan[5 (e+fx)} ]

Tan[% (e +f x)}

2 (1 2 1 2 1 2

1 1 1
6Tan{— (e+fx)} —mAppeIIFl{Z, ml-m 3, Tan[— (e +f x)] , 7Tan{— (e +f x)} ]Sec[— (e +f x)] Tan[— (e+f x) |+
2 2 2 2 2 2

1 1 2 1 2 1 2 1
—mAppeIIFl[Z, 1+m -m 3, Tan[— (e +f x)} , 7Tan[— (e +f x)] }Sec{— (e+fx>} Tan[— (e+fx)}
2 2 2 2 2

m]/

1
AppeIIFl{Z, m1l-m 3, Tan{g (e +f x)} , 7Tan{5 (e+fx)} ]+

5+m

1 2

1 2\ 1
71+Tan{5 (e+fx)} ] [1+Tan{5 (e+fx)}

1—Tan[% (e +f x)}2

2

1 1 2
(ZAppeIIFl{l, m -m 2, Tan{; (e +f x)} , 7Tan{5 (e+fx>} ]+m

2 1 2

1 1 2
AppeIIFl[Z, 1+m -m 3, Tan{g (e+fx)} , 7Tan{5 (e+fx)} ] Tan[g (e+fx)} )7

1 2 1 2 1 2 1 3
6 (5+m) AppeIIFl{l, m -m 2, Tan{5 (e+fx)} , 7Tan{§ (e+fx)} ]Sec[E (e+fx)] Tan[E (e +f x)
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2

1 2)5 1
71+Tan{5 (e +f x)} ] [1+Tan{5 (e +f x)}

6+m
1
17Tan[% (e +f x)}2

m]/

1 1 2 1 2
(ZAppeIIFl{l, m -m 2, Tan{E (e +f x)} , —Tan{E (e+fx>} ]+m[AppeIIF1{2, m1l-m 3, Tan{E (e +f x)}

, —Tan{g (e+fx)} ]+

2 1 2 1 2

1
AppeIIFl[Z, 1+m -m 3, Tan{5 (e+fx)} , —Tan{g (e+fx)} ] Tan{g <e+fx)}

+

2, —Tan[% (e +f x)]z} Sec[E (e +f x)}zTan{E (e +f x)}5

1
3mAppe||Fl[2, m -m 3, Tan{g (e+fx)} 2 2

5+m

1 5
[—1+Tan{E (e +f x)}

1 2 2y -1+m

1
[1+Tan{E (e +f x>}

/

1—Tan[% (e +f x)}2

2 2 2 1 2

1 1 1
(4 [3AppeIIFl[2, m -m 3, Tan[g (e +f x)} , 7Tan[5 (e +f x)] +m[AppeIIF1{3, m1l-m 4, Tan[; (e +f x)] , 7Tan[£ (e +f x)] }Jr
1 2 1 2 1 2
AppeIIF1[3, 1+m -m 4, Tan[g (e+fx)} , 7Tan{g (e +f x)} ] Tan[g (e +f x)] ] +
1 2 1 2 1 2 1 5
15AppeIIF1{2, m -m 3, Tan[g (e +f x)] , 7Tan{5 (e+fx)} ]Sec[g (e +f x)] Tan[g (e +f x)]

5+m

1 2

1 2\4 1
71+Tan{5 (e +f x)} ] [1+Tan{5 (e +f x)}

17Tan[% (e +f x)}2

m]/

1 1 2
[4 [3AppeIIF1[2, m -m 3, Tan{g (e +f x)} , 7Tan[£ (e +f x)] }+m[AppeIIF1{3, m 1l-m 4, Tan[E (e +f x)]

2
+

, —Tan[% (e +f x)]

2 1 2

1 1
AppeIIFl[S, 1+m -m 4, Tan[; (e+fx)} , 7Tan{5 (e +f x)} ]

Tan[; (e +f x)]z]

+

1 2 1 2 1 2 1 3
3AppeIIF1[2, m -m 3, Tan{f <e+fx)} ,
2

1

1-Tan[> (e+f x)}2

1
2

2 1 2

1 1 2
[2 [3AppeIIFl[2, m -m 3, Tan{g (e+fx)} , —Tan[g (e +f x)] }+m[AppeIIF1{3, m 1l-m 4, Tan E (e +f x)]

2

+

, —Tan[% (e +f x)]
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2 1 2

1 1 2
AppeIIFl[S, 1+m -m 4, Tan[g (e+fx)} , —Tan{g (e+fx)} ] Tan[g (e+fx)] ]]+

1 4 (2 1 2 1 2 1 2 1
3Tan[5 (e+fx)} (gmAppellFl[& m1l-m 4, Tan[g (e+fx)] , 7Tan{g (e+fx)} ]Sec[g (e+fx)] Tan[; (e+f x)| +

2 1 2 1 2 1 2 1
—mAppeIIFl{S, 1+m -m 4, Tan{— (e +f x)} , 7Tan[— (e +f x)] }Sec{— (e+fx>} Tan{— (e+fx)}
3 2 2 2 2

m]/

1 2 1 2 1
[4 [SAppeIIFl[Z, m -m 3, Tan{g (e+fx)} , 7Tan[£ (e+fx)] }+m[Appe|lF1[3, m1l-m 4, Tan[; (e+fx)] , 7Tan[£ (e+fx)] }+

5+m

1 1
{—1+Tan{— (e +f x)}
2

2 2

5 1
[1+Tan[— (e +f x)}
2

2

1—Tan[% (e+fx)]

1 2
AppeIIF1[3, 1+m -m 4, Tan{g (e+fx)} ,

7Tan{% (e +f x)r] Tan[% (e +f x)]z] +

1 2 1 2 1 2 1 5
3((5+m AppellFl{Z, m -m 3, Tan{g (e+fx)} , 7Tan{5 (e+fx)} ]Sec[g (e+fx)] Tan[; (e+fx)]

6+m

1 2

1 2)5 1
71+Tan{5 (e +f x)} ] [1+Tan{5 (e +f x)}

17Tan[% (e +f x)}2

m]/

2 1 2 1
—Tan[f (e +f x)] }+m[AppeIIF1{3, mil-m 4, Tan[f (e +f x)] ,
2 2

1 2
(4 [3Appe|||:1[2, m -m 3, Tan{E <e+fx)} ,

+

—Tan[% (e +f x)]

2 1

1 2 1
AppeIIFl[S, 1+m -m 4, Tan{E (e+fx>} , —Tan{E (e +f x)} ]

Tan[E (e +f x)]z]] +

2

1 2
6 Appel I F1[1, m -m 2, Cot {E e+fx) |,

1

L 5+m 1 )5
7Oot[£(e+fx)] 5 (—1+Tan[5<e+f><>} ]

17Tan[% (e +f x

1 2\™m 2 1 2 1 2 1
[1+Tan[£ (e+fx)] ] [m(g (1-m AppeIIFl[3, m 2-m 4, Cot{g (e+fx)} , —Cot[g (e+fx)] }Cot[g (e+fx)}

1 2 4 1 2 1 2 1 1 2
Csc{f (e+fx)} 7—mAppeIIF1{3, 1+m 1-m 4, Cot{— (e+fx)} , —Cot[f (e+fx)] }Cot[f (e+fx)}Csc{— (e+f x)| -
2 3 2 2 2 2
2

1 2
(1+m) AppeIIFl{B, 24m -m 4, Oot[f (e +f x)] ,
2

- Cot {% (e +f x)}

W N

Cot E(e+fx) Csc E(e+fx) ? +
2 2

1 2 1 2 1 2 1
2AppeIIF1[1, m -m 2, Oot[g (e+fx)] , —Cot[g (e+fx)} ]Sec[; (e+fx)] Tan[; (e+fx)]+
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1 1 2 1 2 1 1 2
2[—fmAppeIIF1{2, mil-m 3, Cot[f <e+fx>] , 700t{7 <e+fx>} ]om[f (e+fx)]Csc[f (e+fx)] -
2 2 2 2 2

2 1 2 1 1 2

1 1 2
fmAppeIIFl[Z, 1+m -m 3, Oot{f(e+fx)} , —Cot{f<e+fx)} ]Oot[f (e+fx)]Csc{f (e+fx)}
2 2 2 2 2

Tan[% (e +f x)]

|/
"

2

1 2
[m[AppeIIFl[Z, mil-m 3, Cot{g (e+fx)} ,

1 2 1 1
—Cot[— (e+fx)] }+AppeIIFl{2, 1+m -m 3, Cot[— (e+fx)] , —Oot{f (e+fx)}
2 2 2

2

1 2
2 Appel IF1[1, m -m 2, Cot b e+fx)],

- Cot {% (e +f x)} ]Tan{% (e +f x)rjz_

2 1 2 1 2 5

1
3Appel IFL[2, m -m 3, Cot b e+t x|,

1 2

5+m 1
[—1+Tan[— (e +f x)}
e+fx)]2 2

1—Tan[% (

1 2\m 3 1 2 1 2 1
1+Tan|— (e+fx)] m|— (1-m AppeIIFl[4, m 2-m 5, Oot{— (e+fx)} , 7Oot[— (e+fx)] }Oot{—(eﬁx)}
[2 4 2 2 2

1 2 3 1 2 1 2 1 1 2
Csc{f(eﬁx)} 77mAppeIIF1{4,1+m 1-m 5, Cot{f(eﬂx)},7Oot[f(e+fx)]}Oot{f(eﬂx)}Csc{f(eMx) -
2 2 2 2 2 2

3 2

1 2
— (1+m AppeIIFl{4, 2+m -m 5, Cot[— (e +f x)] ,
4 2

,OOtE (e+fx)] ]om[% <e+fx>]CSC[% <e+f><>]2]+
1 2 1 2 1 2 1
3AppeIIF1{2. m -m 3, Cot[5 (e+fx)] , —Oot{5 (e+fx)} ]Sec[5 (e+fx)] Tan[5 (e+fx)]+

2 1 2 1 2 1 1 2
3[—fmAppeIIF1{3, mil-m 4, om[f (e+fx>] , —Oot{—(e+fx)} ]Oot[f (e+fx)]Csc[f (e+fx)] -
3 2 2 2 2

2 1 2 1 2 1 1 2
fmAppeIIFl[B, 1+m -m 4, Oot[f(e+fx)} , —Cot{f<e+fx)} ]Oot[f (e+fx)]Csc{f <e+fx>}
3 2 2 2 2

Tan (e o1 x>]Z]J/

2

2 1 2 1
_Cot {f <e+fx>} ]+Appe||F1{3, 1+m -m 4, Cot {f <e+fx>} ,
2 2

1
[4 [m(AppellFl{s, m1-m 4, Cot b (e +f x)} ,

2

1 2 1 2
- Cot [— (e+fx)} ] +3AppeIIF1[2, m -m 3, Cot [— (e +f x)} ,
2 2

- Cot {% (e +f x)} ]Tan[% (e +f x)]zjz] +

1 2 1 2 1 2
6AppeIIFl[1, m -m 2, Tan{; (e+fx)} , —Tan[g (e +f x)] }Tan[g (e+fx>}

5+m
1
1—Tan[% (e +f x)]2

5

2 2 1 2

1 1 2\m 1
71+Tan{5 (e+fx)} [1+Tan{5 (e+fx)} ] (m{AppeIlFl[Z, m1l-m 3, Tan{g (e+fx)} , 7Tan[5 (e+fx)} }Jr

1 2 1

’ ! ’ Sec[g(en‘x)] Tan[g(e+fx)]+

1
AppeIIFl[Z, 1+m -m 3, Tan{E (e+fx>} , —Tan{E (e+fx)} ]
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1 1 2 1 2 1 2 1
2 [—mAppeIIFl[Z, m1l-m 3, Tan[— (e+fx)} , —Tan{— (e+fx)} ]Sec{f (e +f x)} Tan{— (e +f x)} +
2 2 2 2 2

1 1 2 1 2 1 2 1
—mAppeIIFl[Z, 1+m -m 3, Tan[— (e+fx)} , —Tan{— (e+fx)} ]Sec[f (e+fx)] Tan{f (e+fx)}
2 2 2 2 2

+

1 2 2 1 2 1 2 1 2 1
mTan[f (e+fx)] [_7 (1-m AppeIIFl{S, m 2-m 4, Tan[f (e+fx)] , —Tan[f (e+fx)] }Sec{f (e+fx)} Tan{f (e+f x)| +
2 3 2 2 2 2
4 1 2 1 2 1 2 1
—mAppeIIFl[B, 1+m 1-m 4, Tan[— (e+fx)} , —Tan[— <e+fx)} ]Sec[f (e+fx)] Tan{f (e+fx)}+
3 2 2 2 2

2 1 2 1 2 1 2 1
— (1+m AppeIIFl{s, 2+m -m 4, Tan[— (e +f x)] , 7Tan{— (e +f X)} ]Sec[— (e +f x)] Tan[— (e +f x)]
3 2 2 2 2

I/

1 2 1 2 1 2 1 2
[ZAppeIIFl{l, m -m 2, Tan{g (e+fx)} , 7Tan{5 (e+fx)} ]+m AppeIIFl{Z, m1l-m 3, Tan{g (e+fx)} , 7Tan{5 (e+fx)} ]+
1 2 1 2 1 2)\2
AppeIIFl[Z, 1+m -m 3, Tan[— (e+fx)] , 7Tan[f (e+fx)] } Tan{f (e+fx)] ] -
2 2 2
5+m
1 2 1 2 1 4 1
3AppeIIFl[2, m -m 3, Tan{— (e +f x)} , 7Tan[— (e +f x)] }Tan{— (e+fx>}
2 2 2 17Tan[%(e+fx)]2
2\5 2 1 2

1 1 2\m 1
71+Tan{5 (e+fx)} [1+Tan{g (e +f x)} ] (m[AppeIlFl[S, m 1-m 4, Tan{; (e+fx)} ,

7Tan[5 (e +f x)} }+

2 1 2

1 2
AppeIIFl[S, 1+m -m 4, Tan[g (e+fx)} , —Tan{g (e+fx)} ]

Sec[% (e +f x)] Tan[% (e +f x)] +

2 1 2 1 2 1 2 1
3 [—mAppeIIFl[B, m1l-m 4, Tan[— (e+fx)} , —Tan{— (e+fx)} ]Sec{f (e +f x)} Tan{— (e +f x)} +
3 2 2 2 2

2 1 2 1 2 1 2 1
—mAppeIIFl[B, 1+m -m 4, Tan[— (e+fx)} , —Tan{— (e+fx)} ]Sec[f (e+fx)] Tan{f (e+fx)}
3 2 2 2 2

+

2 1 2 1 2

1 2 1 1
mTan[f (e +f x)] -—(1-m AppeIIF1{4, m 2-m 5, Tan[f (e +f x)] , —Tan[f (e +f x)] }Sec{f (e+fx)} Tan{f (e+f x)| +
2 2 2 2 2

o w

3 1 2 1 2 1 2 1
—mAppeIIFl[4, 1+m 1l-m 5 Tan[— (e +f x)} , —Tan{— <e+fx)} ]Sec[f (e +f x)] Tan{f (e +f x)} +
2 2 2 2 2

3 1 2 1 2 1 2 1
— (1+m AppeIIF1{4, 2+m -m 5, Tan[— (e +f x)] , 7Tan{— (e +f X)} ]Sec[— (e +f x)] Tan[— (e +f x)]
4 2 2 2 2

I/

1 2 1 2 1 2
(4 [3AppeIIFl 2, m -m 3, Tan{g (e+fx)} , —Tan[g (e +f x)] }+m[AppeIIF1{3, mil-m 4, Tan[g (e +f x)] ,



1 2 1 2 1 2

—Tan{E (e+fx>} ]+AppeIIF1{3, 1+m -m 4, Tan{g (e+fx>} , —Tan[E (e +f x)] } !

22
Tan[5 (e+fx)] ] J—

Z]Csc[% (e +f x)]

1 1 2 1
16 (-2 +m) mAppeIIFl[l—m -m 1, 2-m E [1—Tan[5 (e+fx)] ] 1—Tan[5 (e+fx)}

4+m 1 ) 1
[—1 +Tan[— (e +f x)}
2

1 2

1 5 1
Sec{—(e+fx)} [1+Tan[—(e+fx)}
2 2

)

.

1—Tan[% (e +f x)}2

1 1 2 1
[(17m) [72 (-2 +m) AppeIIFl{lfm -m11l 2-m — [17Tan[— (e +f x)] ] 17Tan{— (e +f x)}
2 2 2

] _

1 1 2 1 2
2AppeIIF1[me -m 2, 3-m E [17Tan{£ (e+fx)] ] 17Tan[5 (e+fx)] ”

1 1 2 1 2
{mAppeIIFl[me 1-m1, 3-m E [17Tan[£ (e +f x)] ] 17Tan{5 (e +f x)}

71+Tan[% (e +f x)]z]]] -

2

1 1 2 1 1
80 (-2+m) AppeIIFl[lfm -m1l 2-m — [lfTan[— (e +f x)] ] lfTan{— (e +f x)} ]Csc[— (e +f x)]
2 2 2 2

1

Sec{% (e +f x)}

17Tan[% (e +f x)}z

1 1 2 1
((1—m) [—2 (-2+m) AppeIIFl{l—rn -m 1, 2-m E [1—Tan[5 (e +f x)] ] 1—Tan{E (e+fx)}

] _

1 1 2 1 2
2AppeIIF1[me -m 2, 3-m E [17Tan{5 (e+fx)] ] 17Tan[5 (e+fx)] ”

1 1 2 1 2
[mAppeIIFl[me 1-m1l1, 3-m 5 [17Tan[E (e +f x)] ] 17Tan{E (e+fx)}

1 2
71+Tan[£ (e +f x)] ]]] +

Joot [~ et

1 1 2 1
16 (-2 +m) AppeIIFl[l—m m1 2-m 5 [1-Tan[5 <e+fx)] ] 1-Tanb <e+fx>}

4:m
1 2
Csc{g (e +f x)}

1 1

2)5 1 2
[—1+Tan[E (e+fx)} ] (1+Tan{E (e+fx>}

m]/
1 2 1 2

[(1—m) [—2 (-2 +m) AppeIIFl{l—m -m 1l 2-m E [1—Tan[— (e+fx)] ] 1—Tan[— (e+fx)} ]+
1

17Tan[% (e +f x>}2

2
1 1 2
[mAppeIIFl[Z—m 1-m 1, 3-m E [1—Tan[£ (e+fx)] ] 1—Tan{5 (e+fx)} ]—
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1 1 2 1 2
2AppeIIF1[2—m -m 2, 3-m E [1—Tan{£ (e+fx)] ] 1—Tan[£ (e+fx)]

) [_1+Tan[; et ]]]-

1 1 2 1 2
(1-m mAppeIIF1[me 1-m1, 3-m — [17Tan[— (e +f x)] ] 17Tan[— (e +f x)]
2 2 2

)

1 2
16 (-2+m) Cot | — (e +f Xx)
{2 } (2(2—m>

1 2

1 1 1 1 2 1 2
Sec{—(e+fx)} Tan{—(e+fx)}7—(17m)AppeIIF1{27m -m 2, 3-m —(17Tan{—(e+fx)}),17Tan{—(e+fx)}
2 2 2 2 2 2

]

4+m
1 2

Sec{g(eﬂ‘x)} Tan[%(eu‘x)} !

[—1+Tan[; (e +f x)]ZJS [1+Tan[; (e +f X)]Z]m]/
]+

1—Tan[% (e +f x)}2

1 1 2 1 2
[(17m) [72 (-2+m) AppellFl{lfm -m 1l 2-m E [17Tan[5 (e +f x)] ] 17Tan{5 (e+fx)}

] _

1 1 2 1 2
2AppeIIF1[me -m 2, 3-m E [17Tan{£ (e+fx)] ] 17Tan[5 (e+fx)] ”

1 1 2 1 2
{mAppeIIFl[me 1-m1, 3-m E [17Tan[£ (e +f x)] ] 17Tan{5 (e +f x)}

71+Tan[% (e +f x)]z]]] -

2 2

, 17Tan[§ (e +f x)} ]Csc[% (e +f x)]

1 1
16 (-2+m) (4+m) AppeIIFl[lfm -m 1, 2-m E (17Tan{5 (e+fx)}

1

1
Sec{— (e +f x)
2

17Tan[% (e +f x)}2

1 2 1
((1—m) [—2 (-2 +m) AppeIIFl{l—m -m 1, 2-m [1—Tan[E (e+fx)] ] 1—Tan{E (e+fx>}

1

2

1 1 2 1 2

[mAppeIIFl[Z—m 1-m1l1, 3-m — [1—Tan[f (e+fx)] ] 1—Tan{f (e+fx)} ]—
2 2 2

” [1+Tan[; (e +f x)]z]]] -

5+m

1 1 2 1 2
2AppeIIF1[me -m 2, 3-m E [17Tan{E (e+fx)] ] 17Tan[E (e+fx)]

2 1 2 1 2

1 1
32AppeIIF1{1, mil-m 2, Tan[g (e +f x)] ,

17Tan[§ (e+f x)}2

5

2 2 1 2

1 1 2) ~1+m 1
71+Tan{5(e+fx)} [1+Tan{5(e+fx)}] {((71+m)AppeIIFl{2,m27m 3, Tan[g(eﬂx)},7Tan{5(e+fx)} ]+

1 2 1 2
mAppeIIFl[Z, 1+m 1-m 3, Tan[g (e+fx)} , —Tan{g (e+fx)} ]

Sec[% (e +f x)]zTan[% (e +f x)] +
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1 1 2 1 2 1 2 1
2 [—— (1-m AppeIIFl[Z, m2-m 3, Tan[— (e+fx)] , —Tan[— (e+fx)] }Sec{— <e+fx)} Tan{— (e+f x)| +
2 2 2 2 2
1 1 2 1 2 1 2 1 1 2
—mAppeIIFl[Z, 1+m1l-m 3 Tan[— (e+fx)} , —Tan{— (e+fx)} ]Sec[f (e+fx)] Tan{f (e+fx)} +Tan[— (e+fx)}
2 2 2 2 2 2
2 1 2 1 2 1 2 1
((—1+m) [_7 (2 -m) AppeIIFl{S, m 3-m 4, Tan{f (e +f x)] , —Tan{f (e+fx>} ]Sec[f (e +f x)] Tan[f (e +f x)] +
3 2 2 2 2
2 1 2 1 2 1 2 1
fmAppeIIFl[S, 1+m 2-m 4, Tan[f (e+fx)] , —Tan{f (e+fx)} ]Sec[f (e+fx)] Tan[f (e+fx)] +
3 2 2 2 2
2 1 2 1 2 1 2 1
m[—f (1-m AppeIIFl[S, 1+m 2-m 4, Tan{f (e+fx)] , —Tan{f (e+fx>} ]Sec[f (e+fx)] Tan[f (e+fx)]+
3 2 2 2 2
2 1 2 2 1 2
— (1+m AppeIIFl[S, 2+m 1-m 4, Tan[— (e+fx)] , —Tan[— (e+fx)] }Sec{— (e+fx)} Tan{— (e+fx)} ]]J/
3 2 2

1 2 1 2 1
[ZAppeIIFl[l, mil-m 2, Tan{g (e +f x)} , —Tan[g (e+fx)} ]+ [(—1+m) AppeIIFl[Z, m 2-m 3, Tan{; (e+fx)} ,

1 2 1 2 1 2 1 22
—Tan[f (e+fx)] }+mAppeIIF1{2, 1+m 1l-m 3, Tan[f (e+fx)] , —Tan{f (e+fx>] } Tan{f (e+fx)} ] +
2 2 2 2
1 1 2 1 2 1 2
16 (-2 +m) AppeIIFl[lfm -m1l 2-m 5 [lfTan[E (e+fx)] ] 17Tan{5 (e+fx)} ]Cot[; (e+fx)]
4+m
1 1 2)5 1 2\m
] 71+Tan{—(e+fx)}] [1+Tan{—(e+fx>}]
17Tan[%(e+fx)}2 2 2
1

1 1 2 1 2
[[mAppeIIFl{Z—m 1-m 1, 3-m 5 [1—Tan{f (e+fx>} ] 1-Tan[5 (e+fx)] }-2Appe|||:1[2-m “m 2, 3-m 5
1 2 1 1

, 1—Tan{§ (e +f x)r]]Sec{E (e +f x)} Tan[E (e+fx>} -2 (-2+m)

2 (2-m)

Z]Sec[% (e +f x)]zTan{g (e +f x)} -

1 2
(1—Tan{§ (e +f x)}

1 1 2 1
(1-m mAppeIIFl[Z—m 1-m 1, 3-m — [1—Tan[— (e +f x)] ] 1—Tan[— (e+fx)}
2 2 2

1 1 1 2 1 2 1 2 1
—(1—m)AppeIIF1[2—m -m 2, 3-m —[1—Tan[—(e+fx)]],1—Tan{—(e+fx)}]Sec{f(eﬂx)} Tan{f(eaffx)} +
2-m 2 2 2 2 2
1 2 1 1 1 2 1 2
[—1+Tan{—(e+fx)} [m[——(Z—m)AppellFl{S—m 1-m 2, 4-m 7[1—Tan{f(e+fx)}],1—Tan[—(e+fx)]}
2 3-m 2 2 2
2 1 1 1 1 2
(1-m (2-m) AppeIIFl{S—m 2-m 1, 4-m — [1—Tan{— (e+fx)} ]
2 2

1
Sec{—(e+fx)} Tan{—(eﬂ‘x)}-
2 2 2 (3-m
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1 2 1 2 1
1—Tan{f(e+fx)] }Sec[—(eﬂ‘x)] Tan[—(e+fx)] —2[7(2—m)mAppellFl[3—m 1-m 2,
2 2 2 2(3-m
1 1 2 1 2 1 2 1 1
4-m — [17Tan[— (e+fx)] ] 17Tan{—(e+fx)} ]Sec[— (e+fx)] Tan[— (e+fx)]f—2 (2 -m)
2 2 2 2 2 3-m
2 1 2

1 1 2 1 1
AppeIIFl[Sfm -m 3, 4-m — (17Tan{— (e+fx)} ) 17Tan[— (e+fx)} ]Sec[— (e+fx)] Tan[— (e+fx)]
2 2 2 2 2

)/

[1Tan[E (e +f x)]z], 17Tan{E (e +f x)r] +

((1m) [72 (-2 +m) AppeIIFl[lfm ‘m1, 2-m
2 2

2

1
2
{— ,1—Tan{§(e+fx)} ]—2

1 1 2
(mAppellFl{z-m 1-m 1, 3-m 7(1—Tan <e+fx>}
2 2

1 1 2
AppeIIFl{Z—m -m 2, 3-m — [1—Tan[— (e+fx)}
2 2

C1oTan[ e x>ﬁ] [-1+Tan[l (e >]]]]]]

® Problem 357: Result unnecessarily involves higher level functions and more than twice size of optimal antiderivative.

J-(b Sec[e+f x])™Tan[e +f x]% dx

Optimal (type 5, 63 leaves, 1step):

5+m
(Cos(e+f x]Z)THypergeonEtriCZFl[g, em Sinfe+f x]?] (bSec(e+f x])™Tan[e +f x]°

Result (type 6, 12350 leaves):

2 1 2

1 3 1
(bSec[e+f x1)™ 3AppeI|Fl[E, ml-m E Tan{g (e+fx)] , 7Tan[5 (e+fx>} ]

-4+m

1 1 1 2y ~1+m 1 2\ 4
Tan[—(e+fx) (1+Tan{—(e+fx)}) / 16 71+Tan{—(e+fx)}]
2 1—Tan[%(e+fx)} 2 2
1 3 2 1 2 3 5 1 2
[SAppeIIFl[f, mil-m —, Tan{f (e+fx>] , —Tan{f (e+fx>} ]+2 [(—1+m) AppeIIFl[f, m2-m —, Tan{f (e+fx>} ,
2 2 2 2 2 2 2
2 5 1 2 1 2

1 3 1 2
7Tan{—(e+fx)} ]+mAppeIIF1{—,1+m 1-m —, Tan{—(e+fx)},7Tan{—(e+fx)} ] Tan{—(e+fx)}] +
2 2 2 2 2 2

-3+m
2 1 2 1 m
[1+Tan[f (e +f x)]

2

(e+fx)] , 7Tan{5 (e+fx)} ]Tan[% (e+fx)] !

3 1 2

1
Appel IFL[=, 1+m -m —, Tan|
2 2 2

17Tan[% (e +f x)}2
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4

2 3 1 2 1 2

1 1
[16 (—1+Tan{f (e+fx>} [AppeIIFl[f, 1+m -m —, Tan[f (e+fx)] , —Tan{f (e+fx)} ]+
2 2 2 2
2 3 5 1 2 1 2
— [mAppeIIFl[f, 1+ml-m —, Tan[f (e+fx)] , —Tan[f (e+fx>] +
2 2 2 2
5 1 2 1 2

3
(1+m AppeIIFl[E, 2+m -m 5 Tan[g (e+fx)] , 7Tan[£ (e+fx)] }

1 2
Tan{g (e +f x)} ]J +

-2+m
3 1 2 1 2 1

1 1
AppeIIFl[E, 2+m -m E Tan[5 (e+fx)] , —Tan{E (e+fx)} ]Tan[5 (e+fx)]

1oran[ o x>r]m]/

1—Tan[% (e +f x)}2

1 24 1 3 1 2 1 2
(8 [—1+Tan[£ (e+fx)] ] (AppellFl{E, 2+m -m 5 Tan[g (e+fx)} , 7Tan[5 (e+fx)] }+

2 3 5 1 2 1 2
— [mAppeIIFl[—, 2+ml-m —, Tan[— (e+fx)] , 7Tan[— (e+fx)] }+
3 2 2 2 2

5 1 2 1 2

3 1 2
(2 +m) AppeIIFl[E, 3+m -m E Tan[5 (e+fx)] , —Tan[5 (e+fx>] } Tan{E (e+fx)} ]]—

3 1 2 1 2

1 1 1
3AppeIIF1[E, 3+m -m E Tan[g (e+fx)] , 7Tan{£ (e+fx)} ]Tan[g (e+fx)]

1—Tan[% (e +f x)}2

[1+Tan[; (e +f x)]z]m]/ [4 [—1+Tan[; (e +f x)]z]4 [AppeIIFl{; 3+m -m z Tan{% (e +f x)r, ! ’

2

2 3 5 1 2
—[mAppeIIFl[—,3+m 1-m —, Tan[—(e+fx)],
3 2 2 2

+

—Tan[% (e +f x)]

3 5 1 2 1 2
(3+m) AppeIIFl[E, 4+m -m E Tan[g (e+fx)] , 7Tan[5 (e+fx)] }

1 2
Tan{; (e +f x)} J] +

1 3 1 2 1 2 1 1 "
AppeIIFl[E, 4+m -m E Tan[g (e+fx)] , 7Tan{£ (e+fx)} ]Tan[g (e+fx)]

1eTan[ e x@ﬂ/

1—Tan[% (e +f x)}2

1 24 1 3 1 2 1 2
[2 [—1+Tan[g (e+fx)] ] [AppellFl{E, 4+m -m E Tan{g (e+fx)} , —Tan[g (e+fx)] }+

2 3 5 1 2 1 2
— [mAppeIIFl[—, 4+m1-m —, Tan[— (e+fx)] , —Tan[— (e+fx)] }+
3 2 2 2 2

2 1 2

3 5 1 1 2
(4 +m AppeIIFl[E, 5+m -m E Tan[; (e+fx)] , 7Tan[£ (e+fx)] } Tan{g (e+fx)} ] Tan[e +f x4

/
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2 1 2 1 2 1 2

1 3 1
f 3(-1+m) AppeIIFl[E, ml-m 5 Tan{g (e+fx>} , 7Tan[5 (e+fx)} ]Sec{g (e+fx)} Tan{g (e +f x)

~4em 1 -2+m
(1+Tan{— (e +f x)}
2

1 2

/

1 3 1 2 1 2
[3AppeIIF1[E, m 1-m E Tan[; (e+fx>} , 7Tan{5 (e+fx)} ]+

17Tan[% (e +f x)}2

2\ 4

1
[16 (71+Tan{5 (e +f x)}

3 5 1 2 1 2
2 [(71+m) AppeIIFl{E, m 2-m 5 Tan{g (e+fx)} , 7Tan[£ (e+fx)] }+

3 5 1 2 1 2
mAppeIIFl[E, 1+m1l-m E Tan{g (e +f x)} , 7Tan[5 (e+fx)} ]

Tan{% (e +f x)}2

1 3 1 2 1 2 1 2 1 2
3AppeIIFl[—,m1—m -, Tan[—(e+fx)}, —Tan{—(eﬂ‘x)} ]Sec{f(eﬂx)} Tan{f(eaffx)}
2 2 2 2 2 2

-4+m

1 1
(1+Tan{— (e +f x)}
2

2

1+mJ/

1 2\5 1 3 1 2 1 2
4[71+Tan[5 (e+fx)] ] (BAppeIIFl{E, m 1-m E Tan[; (e+fx)] , 7Tan[£ (e+fx)] }+

1—Tan[% (e +f x)}2

3 5 1 2 1 2
2 {(71+m) AppeIIFl{E, m 2-m E Tan{g (e+fx)} , 7Tan[£ (e+fx)] }Jr

2 1 2

3 5 1 1
mAppeIIFl[E, 1+m 1-m E Tan{g (e+fx)} , —Tan[g (e+fx)} ] Tan{g (e+fx)}

1 3 1 2 1 2 1 2
3AppeIIF1[—, mil-m —, Tan{— (e+fx>} , 7Tan{— (e+fx)} ]Sec{— (e+fx)}
2 2 2 2 2

+ 1 o4
/ [32 [—1+Tan[g (e +f x)] ]

[1+Tan[z (e +f x)]z]l )

1 3 1 2
[3AppeIIF1{E, m1l-m E Tan{f (e+f x)] ,

1 2 3 5
—Tan{— (e+fx)} ]+2 [(—1+m) AppeIIFl[—, m2-m —, Tan[— (e+fx>} ,
2 2 2

2

1 2 3 5 1 2 1 2
—Tan{f (e+fx>} ]+mAppeIIF1{f, 1-ml-m —, Tan{f (e+fx)} , —Tan{f (e+fx)} ]
2 2 2 2 2
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5 1 2 1 2 1 2

1 1 3 1
3Tan[5 (e+fx)} 75 (1-m AppeIIFl[E, m 2-m 5 Tan{g (e+fx)} , 7Tan{5 (e+fx)} ]Sec[; (e+fx)] Tan[; (e+fx)]+

1 3 5 1 2 1 2 1 2 1
fmAppeIIFl{f, 1+-ml-m —, Tan{f (e+fx>} , —Tan{f (e+fx)} ]Sec{f (e+fx)} Tan{f (e+fx)}
3 2 2 2 2 2 2

1 Aem 1 2y ~1+m
2] (1+Tan{5(e+fx)} J/[lG

17Tan[% (e+fx)]

1 2\4
71+Tan{5 (e +f x)} )

5 1 2

1 3 1 2 1 2 3
[ —Tan{f (e+fx>} ]+2 [(—1+m) AppeIIFl[f, m2-m —, Tan{f (e+fx>} ,
2 2 2 2

3AppeIIF1{E, ml-m 5 Tan{E (e+fx>] ,

1 2 3 5 1 2 1 2
7Tan{— (e+fx)} ]+mAppe|IF1{—, 1+ml-m —, Tan{— (e+fx)} , 7Tan{— (e+fx)} ]
2 2 2 2 2

+

Tan{% (e +f x)r]

1 3 1 2 1 2 1 2 1 2
3 (-4+m AppeIIFl{g, m1-m E Tan[g (e+fx)] , 7Tan[5 (e+fx)] }Sec{g (e+fx)} Tan{g (e+fx)}

-3+m 1 1em
(1+Tan[— (e +f x)}
2

1 2

/

1 3 1 2 1 2
[3AppeIIF1[E, m1-m E Tan[; (e+fx>} , 7Tan{5 <e+fx)} ]+

1—Tan[% (e +f x)}2

2\ 4

1
[16 (71+Tan{5 (e +f x)}

3 5 1 2 1 2
2 {(71+m) AppeIIFl{E, m 2-m E Tan{; (e+fx)} , 7Tan[5 (e+fx)] }+

2 1 2 2

3 5 1 1
mAppeIIFl[g, 1+m1l-m E Tan{g (e +f x)} , 7Tan{5 (e+fx)} ] Tan{g (e+fx)} ]+
3 1 2 1 2 1 2 1 2

mAppeIIFl[%, 1+m -m E Tan[g (e+fx)] , —Tan{g (e+fx)} ]Sec[g (e+fx)] Tan[g (e+fx)]

-3+m 1 1em
(1+Tan{— (e +f x)}
2

1 2

/

1 2\4 1 3 1 2 1 2
[16 (71+Tan{5 (e+fx)} J [AppeIIFl[E, 1+m -m E Tan[g (e+fx)] , 7Tan{5 (e+fx)} ]+

1—Tan[% (e +f x)}2

2 3 5 1 2 1 2
— [mAppeIIFl[—, 1+m1l-m —, Tan[— (e+fx)] , 7Tan[— (e+fx)] }+
3 2 2 2 2

5 1 2 1 2

3 1 2
(1+m AppeIIFl[E, 2+m -m E Tan[g (e+fx)] , —Tan[g (e+fx)] } Tan{g (e+fx)} ]]—
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2

1 3 1 2 1 2 1 2 1
AppeIIFl[E, 1+m -m E Tan[; (e+fx)] , 7Tan{g (e+fx)} ]Sec[; (e+fx)] Tan[; (e +f x)

-3+m
1 1 2
] (1+Tan{—(e+fx)}
2

17Tan[% (e+fx)]

3 ! 2, —Tan[%(e+fx)]2}+

1 2\5 1
(4 [—1+Tan[5 (e+fx)] ] (AppellFl{E, 1+m -m E Tan{g (e+fx)}

2 2

2 3 5 1 1
— [mAppeIIFl[—, 1+m1l-m —, Tan[— (e +f x)] , —Tan[— (e +f x)]
3 2 2 2 2

+

2

2, 7Tan[% (e +f x)] }

1 2
Tan{g (e +f x)} ]] +

3 5 1
(1+m AppeIIFl[—, 2+m -m —, Tan[— (e +f x)]
2 2 2
1

1 3 1 2 1 2 1 2
AppeIIFl[—, 1+m -m —, Tan[— (e+fx)] , —Tan{— (e+fx)} ]Sec[— (e+fx)]
2 2 2 2 2 1—Tan[%(e+fx)}2
1 2\4 1 3 1 2 1 2
[32 (71+Tan{— (e+fx)} [AppeIIFl[—, 1+m -m —, Tan[— (e +f x)] , 7Tan{— (e +f x)} ]+
2 2 2 2 2
3 5 1 2 1 2
- 1l+rm1-m —, Tan[—(e+fx)],7Tan[—(e+fx)]}+
2 2 2

2

— [mAppeIIFl[
3 2
> ! 2, —Tan[%(eﬁx)]z}

3 1 2
(1+m AppeIIFl[E, 2+m -m E Tan[g (e+fx)] Tan{g (e+fx)} ]]+

1 3 5 1 2 1 2 1 2 1
fmAppeIIFl{f, 1+ml-m —, Tan{f (e+fx)} , —Tan[f (e+fx)] }Sec{f (e+fx>} Tan{f (e+fx>}+
2 2 2 2 2

Tan{% (e +f x>}

1 3 5 1 2 1 2 1 2 1
— (1+m AppeIIFl[—, 2+m -m —, Tan[— (e+fx)] , —Tan{— (e+fx)} ]Sec[— (e+fx)] Tan[— (e+fx)]
3 2 2 2 2 2

h 2\m 1 2]4

1 (1+Tan{§(e+fx)} /[16 (71+Tan[5(e+fx)]

17Tan[%(e+fx)}2
1 3 1 2 1 2 2 3 5 1 2
[AppeIIFl[E, 1+m -m E Tan[g (e+fx)] , —Tan[g (e+fx)] }+§ [mAppeIIFl{E, 1+m 1-m 5 Tan[g (e+fx)} ,
1 2 3 5 1 2 1 2 1 2
7Tan{— (e+fx)} ]+(l+m) AppeIIFl[—, 2+m -m —, Tan[— (e+fx)] , 7Tan{— (e+fx)} } Tan{— (e+fx)} ]]+
2 2 2 2 2

1 3 1 2 1 2 1 2 1 2
(-3+m) AppellFl{E, 1+m -m E Tan{a (e+fx)} , 7Tan{5 (e+fx)} ]Sec{g (e+fx)} Tan{g (e+fx)}
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-2+m m
] (1+Tan{£(e+fx)}
2

1 2

/

17Tan[% (e +f x)}2

1 2\4 1 3 1 2 1 2
[16 (—1+Tan{f (e+fx>} [AppeIIFl[f, 1+m -m —, Tan[f (e+fx)] , —Tan{f (e+fx)} ]+
2 2 2 2
2 3 5 1 2 1 2
— [mAppeIIFl[—, 1+ml-m —, Tan[— (e +f x)] , —Tan[— (e +f x)] +
3 2 2 2 2
5 1 2 1 2

3
(1+m AppeIIFl[E, 2+m -m E Tan[; (e+fx)] , 7Tan[£ (e+fx)] }

1 2
Tan{; (e +f x)} ]] +

1 3 1 2 1 2 1 2 1 2
mAppeIIFl[E, 2+m -m E Tan[g (e+fx)] , 7Tan{5 (e+fx)} ]Sec[; (e+fx)] Tan[; (e+fx)]

-2+m

1
(1+Tan{5 (e +f x)}

-1+m

1 2

/

1 2\4 1 3 1 2 1 2
[8 [71+Tan[£ (e+fx)] ] (AppellFl{;, 2+m -m E Tan{g (e+fx)} , 7Tan[5 (e+fx)] }+

17Tan[% (e +f x)}2

2 3 5 1 2 1 2
— [mAppeIIFl[f, 2+m1l-m —, Tan[f (e+fx)] , 7Tan[f (e+fx)] }+
3 2 2 2 2

3 5 1 2 1 2
(2 +m) AppeIIFl[E, 3+m -m E Tan[; (e+fx)] , 7Tan[£ (e+fx)] }

1 2
Tan{— (e +f x)} ] -
2
3 1 2 1 2 1 2 1 2

AppellFl[%, 2em -m Tan[E (e+fx)],

1

1—Tan[% (e +f x)}2

1 2\° 1 3 1 2 1 2
[2 [71+Tan[5 (e +f x)] ] (AppellFl{E, 2+m -m E Tan{g (e +f x)} ,

2 3 5 1 2 1 2
— [mAppeIIFl[—, 2+ml-m —, Tan[— (e+fx)] , 7Tan[— (e+fx)] }+
3 2 2 2 2

2 1 2

3 5 1 1 2
(2+m)AppeIIF1[E,3+m -m E Tan[g(en‘x)], —Tan[g(e+fx)] } Tan{;(eﬂx)} ]]+
2+m m
Appel | F1 E 2+m -m 3 Tan[E (e +f x)]z, 7Tan{£ (e +f x)r]Sec[E (e +f x) ? ! 1+Tan[— (e +f x)]z] /
2 2 2 2 17Tan[%<e+fx)} 2
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4

2 3 1 2 1 2

1 1
[16 (—1+Tan{f (e+fx>} [AppeIIFl[f, 2+m -m —, Tan[f (e+fx)] , —Tan{f (e+fx)} ]+
2 2 2 2
2 3 5 1 2 1 2
— [mAppeIIFl[f, 2+ml1l-m —, Tan[f (e+fx)] , —Tan[f (e+fx>] +
2 2 2 2
5 1 2 1 2

3
(2 +m) AppeIIFl[E, 3+m -m 5 Tan[g (e+fx)] , 7Tan[£ (e+fx)] }

1 2
Tan{g (e +f x)} ]J +

2 1 2 1 2

1 1 3 5 1 1
Tan{g (e+fx)} gmAppeIIFl{E, 2+m 1l-m E Tan{g (e+fx)} , 7Tan[g (e+fx)] }Sec{g (e+fx)} Tan{g (e+fx)}+

1 3 5 1 2 1 2 1 2 1
— (2+m) AppeIIFl[—, 3+m -m —, Tan[— (e+fx)] , 7Tan{— (e+fx)} ]Sec[— (e+fx)] Tan[— (e+fx)]
3 2 2 2 2 2 2

-2+m

1 4
(1+Tan{5 (e +f X)}

1 m

2 2

/ {8 [-1+Tan[i (e+f x>}

1 3 1 2 1 2 2 3 5 1 2
AppellFl{—, 2+m -m —, Tan[— (e+fx)] , 7Tan[— (e+fx)] }+— mAppeIIFl[—, 2+m1l-m —, Tan{— (e+fx)} ,
2 2 2 2 3 2 2 2

1—Tan[% (e +f x)}2

5 1 2 1 2

1 2 3 1
—Tan[— (e+fx)} ]+(2+m) AppeIIFl[—, 3+m -m —, Tan[— (e+fx)] , —Tan{f (e+fx)} }
2 2 2 2 2

Tan{g (e +f x)r]] +

1 3 1 2 1 2 1 2 1 2
(-2+m) AppeIIFl{f, 2+m -m —, Tan{f (e+fx>} ,
2 2 2

1

1—Tan[% (e +f x)}2

1 2\4 1 3 1 2 1 2
[8 [—1+Tan[5 (e+fx)] ] (AppellFl{E, 2+m -m E Tan{g (e+fx)} , 7Tan[5 (e+fx)] }+

2 3 5 1 2 1 2
— [mAppeIIFl[—, 2+ml-m —, Tan[— (e+fx)] , 7Tan[— (e+fx)] }+
3 2 2 2 2

3 5 1 2 1 2
(2 +m) AppeIIFl[E, 3+m -m E Tan[5 (e+fx)] , —Tan[E (e+fx>] }

1 3 1 2 1 2 1 2 1 2
3mAppeIIF1[E, 3+m -m E Tan[z (e+fx)] , 7Tan{5 (e+fx)} ]Sec[; (e+fx)] Tan[; (e+fx)]

~1+m e
] (1+Tan{£(e+fx)}
2

1 2

y

17Tan[% (e +f x)}2
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1 2\4 1 3 1 2 1 2
[4 [—1+Tan[5 (e+fx)] ] (AppellFl{E, 3+m -m 5 Tan{g (e+fx)} , —Tan[E (e+fx)] }+

2
+

2 [ 3 5 1 2

1
mAppeIIFl[E, 3+m 1-m E Tan[5 (e+fx)] , —Tan[E (e+fx>]

3 5 1 2 1 2
(3+m) AppeIIFl[E, 4+m -m 5 Tan[g (e+fx)] , 7Tan[£ (e+fx)] }

1 2
Tan{g (e +f x)} ]J +

1 3 1 2 1 2 1 2 1 2
3AppeIIF1[E, 3+m -m E Tan[g (e+fx)] , 7Tan{g (e+fx)} ]Sec[; (e+fx)] Tan[; (e+fx)]

-1+m

1 1
(1+Tan[— (e +f x)}
2

2

1—Tan[% (e +f x)}2

m]/

1 2)\5 1 3 1
-1+Tan|— (e+fx)] AppeIIFl{—, 3+m -m —, Tan{— (e+fx)} , 7Tan[— (e+fx)] }+
[2 2 2 2 2

2 3 5 1 2 1 2
— [mAppeIIFl[—, 3+ml-m —, Tan[— (e+fx)] , 7Tan[— (e+fx)] }+
3 2 2 2 2

3 5 1 2 1 2
(3+m) AppeIIFl[E, 4+m -m E Tan[; (e+fx)] , 7Tan[£ (e+fx)] }

Tan{% (e +f x)r]] -

2 1 2 1 2

1 3 1 1
3AppeIIF1[E, 3+m -m E Tan[; (e+fx)] , 7Tan{g (e+fx)} ]Sec[; (e+fx)]

17Tan[% (e +f x)}2

[1+Tan[; (e +f x)]z]m]/
3 1 2 1 2

1 2\4 1
(8 [71+Tan[5 (e+fx)] ] (AppellFl{E, 3+m -m E Tan{g (e+fx)} , 7Tan[5 (e+fx)] }Jr

2 3 5 1 2 1 2
— [mAppeIIFl[—, 3+ml1l-m —, Tan[— (e+fx)] , 7Tan[— (e+fx)] }+
3 2 2 2 2

2 1 2

3 5 1 1 2
(3 +m) AppeIIFl[E, 4+m -m E Tan[g (e+fx)] , —Tan[g (e+fx)] } Tan{g (e+fx)} ]]—

5 1 2 1 2

1 3 1 2 1
fmAppeIIFl{f, 3+ml-m —, Tan{f (e+fx)} , —Tan[f (e+fx)]
3 2 2 2 2

3Tan{§(e+fx>} }Sec{g(eﬂxw Tan{g(e+fx>}+

1 3 5 1 2 1 2 1 2 1
— (3 +m) AppeIIFl[—, 4+m -m —, Tan|— (e+fx)] , —Tan{— (e+fx)} ]Sec[— (e+fx)] Tan[— (e+fx)]
3 2 2 2 2 2 2
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-1+m

1 4
(1+Tan{E (e +f x)}

1 m

2 2

/ [4 [-1+Tan{; (e+f x)}

17Tan[% (e +f x)}2

1 3 1 2 1 2 2 3 5 1 2
[AppeIIFl[E, 3+m -m E Tan[g (e+fx)] , —Tan[g (e+fx)] }+§ [mAppeIIFl{g, 3+m 1-m 5 Tan[g (e+fx)} ,

Tan{% (e +f x)r]] _

1 2 3 5 1 2 1 2
7Tan{f (e+fx)} ]+(3+m) AppeIIFl[f, 4+m -m —, Tan[f (e+fx)] , 7Tan{f (e+fx)} }
2 2 2 2 2

1 3 1 2 1 2 1 2 1 2
3(-1+m) AppellFl[E, 3+m -m 5 Tan[g (e+fx>} , 7Tan{5 (e+fx)} ]Sec[; (e+fx)} Tan{g (e+fx)}

/

1 2\4 1 3 1 2 1 2
[4 [—1+Tan[E (e+fx)] ] (AppellFl{E, 3+m -m E Tan{E (e+fx)} , —Tan[5 (e+fx)] }+

m

1 1 2\m
[1+Tan[f (e +f x)] ]
2

1—Tan[% (e +f x)}2

2 3 5 1 2 1 2
— [mAppeIIFl[f, 3+ml-m —, Tan[f (e+fx)] , —Tan[f (e+fx)] }+
3 2 2 2 2

3 5 1 2 1 2
(3+m) AppeIIFl[E, 4+m -m E Tan[; (e+fx)] , 7Tan[£ (e+fx)] }

1 2
Tan{g (e +f x)} ]J +

1 3 1 2 1 2 1 2 1 2
mAppeIIFl[E, 4+m -m E Tan[g (e+fx)] , 7Tan{5 (e+fx)} ]Sec[g (e+fx)] Tan[g (e+fx)]

m]/
1 2\4 1 3 1 2 1 2
[2 [71+Tan[5 (e +f x)] ] (AppellFl{E, 4+m -m E Tan{g (e +f x)} , 7Tan[5 (e +f x)] }Jr

1 -1+

" 1 2
{1+Tan[— (e +f x)] ]
e+fx)}2 2

17Tan[% (

2 3 5 1 2 1 2
— [mAppeIIFl[—, 4+ml1-m —, Tan[— (e+fx)] , 7Tan[— (e+fx)] }+
3 2 2 2 2

2 1 2

3 5 1 1 2
(4 +m) AppeIIFl[E, 5+m -m E Tan[g (e+fx)] , —Tan[g (e+fx)] } Tan{g (e+fx)} ]]—

1 3 1 2 1 2 1 2 1 2
2AppeIIF1[E, 4+m -m 5 Tan[E (e+fx)] , —Tan{E (e+fx)} ]Sec[5 (e+fx)] Tan[5 (e+fx)]

m

1

vt oo x>r]”‘J/

17Tan[% (e +f x)}2
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1 2\° 1 3 1 2 1 2
71+Tan[— (e+fx)] AppeIIFl{—, 4+m -m —, Tan{— (e+fx)} , 7Tan[— (e+fx)] }+
2 2 2 2 2

2 3 5 1 2 1 2
— [mAppeIIFl[E, 4+m 1-m 5 Tan[; (e+fx)] , 7Tan[5 (e+fx)] }+

3 5 1 2 1 2
(4 +m) AppeIIFl[E, 5+m -m E Tan[; (e+fx)] , 7Tan[£ (e+fx)] }

1 2
Tan{g (e+fx)} ]]+

m
3 1 2 1 2 1 2 1

AppellFl[%, 4+m -m E Tan[E (e+fx)] , —Tan{E (e+fx)} ]Sec[5 (e+fx)]

vt e xqﬂ/

1—Tan[% (e +f x)}2

1 2\4 1 3 1 2 1 2
[4 [—1+Tan[E (e+fx)] ] (AppellFl{E, 4+m -m E Tan{E (e+fx)} , —Tan[5 (e+fx)] }+

2 3 5 1 2 1 2
— [mAppeIIFl[f, 4+ml1-m —, Tan[f (e+fx)] , —Tan[f (e+fx)] }+
3 2 2 2 2

3 5 1 2 1 2
(4 +m AppeIIFl[E, 5+m -m E Tan[; (e+fx)] , 7Tan[£ (e+fx)] }

1 2
Tan{g (e+fx)} ]]+

2 1 2 1 2

1 1 3 5 1 1
Tan[g (e+fx)} gmAppeIIFl[E, 4+m 1-m E Tan{g (e+fx)} , 7Tan[5 (e+fx)] }Sec{g (e+fx)} Tan[g (e+fx)}+

1 3 5 1 2 1 2 1 2 1
— (4 +m) AppeIIFl[—, 5+m -m —, Tan[— (e+fx)] , 7Tan{— (e+fx)} ]Sec[— (e+fx)] Tan[— (e+fx)]
3 2 2 2 2 2 2

/ [2 [1+Tan[% (e +f X)]2J4

1 3 1 2 1 2 2 3 5 1 2
[AppellFl[E, 4+m -m E Tan[g (e+fx)] , 7Tan[5 (e+fx)] }Jrg [mAppeIIFl{E, 4+m 1-m 5 Tan{g (e+fx)} ,

1 1

m 5 m
[1+Tan[— (e +f x)] ]
e+fx)}2 2

17Tan[% (

2 3 5 1 2 1 2

_Tan{% (e+fx>} ]+(4+m) AppeIIFl[E, 5+m -m E Tan[5 (e+fx)] , —Tan{E (e+fx)} } Tan{% (e+fx)r]]+

3 1 2

1 1 2 1 2 1 2
mAppeIIFl[E, 4+m -m 5 Tan[E (e +f x)] , —

—Tan{2 (e+fx)} ]Sec[E (e+fx)] Tan[E (e+fx)]

1+m

1

LT[ e x)r]”’J/

1 24 1 3 1 2 1 2
[2 [—1+Tan[g (e+fx)] ] [AppellFl{E, 4+m -m E Tan{g (e+fx)} , —Tan[g (e+fx)] }+

17Tan[% (e +f x)}2
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2 3 5 1 2 1 2
— [mAppeIIFl[—, 4+m1l-m —, Tan[— (e+fx)] , 7Tan[— (e+fx)] }+
3 2 2 2 2
3 5 1 2 1 2 1 2
(4 +m) AppeIIFl[—, 5+m -m —, Tan[— (e+fx)] , —Tan[f (e+fx)] } Tan{f (e+fx)} ]]—
2 2 2 2 2
-4+m
1 3 1 2 1 2 1 1
3AppeIIF1[—, ml-m —, Tan{— (e+fx>} , 7Tan{— (e+fx)} ]Tan{— (e+fx)}
2 2 2 2 2 lfTan[g(eJrfx)]2
1 2)-1+m 3 5 1 2 1 2
[1+Tan[— (e+fx)] ] (2 [(71+m) AppeIIFl[—, m2-m —, Tan[— (e+fx)} , 7Tan[— (e+fx)] }+
2 2 2 2 2
3 5 1 2 1 2 1 2 1
mAppeIIFl[—, 1+ml-m —, Tan{f (e+fx)} , —Tan{— (e+fx)} ] Sec{— (e+fx)} Tan{— (e+f x)| +
2 2 2 2 2
1 3 5 1 2 1 2 1 2 1
3 [—— (1-m) AppeIIFl[—, m22-m —, Tan{— (e+fx)} , —Tan[— (e+fx)] }Sec[— (e+fx>} Tan[— (e+fx>}+
3 2 2 2 2 2
1 3 5 1 2 1 2 1 2 1 1 2
fmAppeIIFl[f, 1+ml-m —, Tan[f (e+fx>] , —Tan{f (e+fx>} ]Sec[f (e+fx)] Tan[f (e+fx)] +2Tan{f (e+fx)}
3 2 2 2 2 2 2 2
3 5 7 1 2 1 2 1 2 1
((—1+m) [_7 (2-m) AppeIIFl{f, m3-m —, Tan[f (e+fx)] , —Tan{f (e+fx)} }Sec[f (e+fx)] Tan[f (e+fx)]+
5 2 2 2 2 2
3 5 7 1 2 1 2 1 2 1
gmAppeIIFl[E, 1+m 2-m E Tan[5 (e+fx)] , —Tan[f (e+fx)] }Sec{g (e+fx)} Tan[5 (e+fx)]]+
3 5 7 1 2 1 2 1 2 1
m[,, (1-m) AppeIIFl[f, 1-m2-m —, Tan[f (e+fx)] , 7Tan{f (e+fx)} }Sec[f (e+fx)] Tan[f (e+fx)]+
5 2 2 2 2 2
3 5 7 1 2 1 2 1 2 1
— (1+m AppeIIFl{f, 2+ml-m —, Tan{f (e+fx)} , —Tan[f (e+fx)] }Sec{f (e+fx>} Tan{f (e+fx>} ]JJ/
5 2 2 2 2 2 2
1 2\4 1 3 1 2 1 2
(16 (—1+Tan[— (e+fx>} [SAppeIIFl[—, mil-m —, Tan[— (e+fx>} , —Tan{— (e+fx)} ]+
2 2 2 2 2
3 5 1 2 1 2
2[(—1+m) AppeIIFl[—, m2-m —, Tan{f (e+fx)} , —Tan[— (e+fx)} ]+m
2 2 2 2
3 5 1 2 1 2 1 2)2
AppeIIFl{f,lafm 1-m —, Tan[—(eaffx)},—Tan{—(eﬂ‘x)} ] Tan[—(e+fx)} ]—
2 2 2 2 2
3+m
1 3 1 2 1 2 1 1
AppeIIFl[f, 1+m -m —, Tan[f (e+fx)] , —Tan{f (e+fx)} ]Tan[f (e+fx)]
2 2 2 2 2 1—Tan[%(e+fx)}2
1 2™ 1 3 5 1 2 1 2 1 2 1
[1+Tan[— (e+fx)] ] [—mAppeIIFl[—, 1+ml-m —, Tan[— (e+fx)] , 7Tan{— (e+fx)} }Sec[— (e+fx)] Tan[— (e+f x) |+
2 3 2 2 2 2 2 2
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3 5 1 2 1 2 1 2 1
(1+m) AppeIIFl[E, 2+m -m 5 Tan[E (e+fx)] , 7Tan{5 (e+fx)} ]Sec[E (e+fx)] Tan[5 (e+fx)]+
3 5 1 2 1 2
[mAppeIIFl[E, 1+m1l-m 5 Tan[; (e+fx)] , 7Tan[5 (e+fx)] }+(1+m)

WIN W[ R

3 5 1 2 1 2 1 2 1 2 1 2
AppellFl{—, 2+m -m —, Tan[— (e+fx)] , 7Tan[— (e+fx)] } Sec[— (e+fx)] Tan{— (e+fx)}+—Tan[— (e+fx)]
2 2 2 2 2 2 3 2

3 5 7 1 2 1 2 1 2 1
(m[f— (1-m AppeIIFl[—, 1+m2-m —, Tan{— (e +f x)} , 7Tan{— (e +f x)} ]Sec[— (e +f x)] Tan{— (e +f x)] +
5 2 2 2 2 2 2

3 5 7 1 2 1 2 1 2 1
—(1+m}AppeIIF1{—,2+m 1-m —, Tan{—(e+fx)},7Tan[—(e+fx)]}Sec{—(eﬂx)} Tan{—(e+fx)”+
5 2 2 2 2 2 2
7 1 2 1 2

3 5 2
(1+m [—mAppeIIFl{—, 2+m1l-m —, Tan{— (e +f x)} , 7Tan{— (e +f x)}
5 2 2 2 2

]Sec[% (e +f x)] Tan{% (e +f x)] +

)/

3 5 7 1 2 1 2 1 2 1
— (2+m) AppeIIFl{—, 3+m -m —, Tan[— (e+fx)} , 7Tan[— (e+fx)] }Sec{— (e+fx>} Tan[— (e+fx)}
5 2 2 2 2 2 2

2\4 3 1 2 1 2

1 1
[16 (71+Tan{E (e+fx>} [AppellFl[E, 1+m -m 5 Tan[E (e +f x)] , 7Tan{5 (e +f x)} ]+

3 5 1 2 1 2
(mAppeIIFl{E, 1+m 1-m 5 Tan{E (e+fx>} , —Tan[5 (e+fx)} }+(1+m)

wIN

3 5 1 2 1 2 1 2)2
AppellFl{E, 2+m -m E Tan{E (e+fx>} , 7Tan{5 (e+fx)} ] Tan[g (e+fx)} ] J

3 1 2 1 2 1
[

AppellFl[%, 2+m -m E Tan E (e+fx)] , 7Tan{5 (e+fx)} ]Tan[% (e +f x)

lfTan[% (e +f x)}2

1 2\m 1 3 5 1 2 1 2 1 2 1
[1+Tan[— (e+fx)] ] [—mAppeIIFl[—, 2+ml-m —, Tan[— (e+fx)] , —Tan{f (e+fx)} }Sec[— (e+fx)] Tan[— (e+f x)| +
2 3 2 2 2 2 2 2

1 3 5 1 2 1 2 1 2 1
— (2+m) AppeIIFl[—, 3+m -m —, Tan[— (e+fx)] , 7Tan{— (e+fx)} ]Sec[— (e+fx)] Tan[— (e+fx)]+
3 2 2 2 2 2 2
2 3 5 1 2 1 2
— [mAppeIIFl[—, 2+m1l-m —, Tan[— (e+fx)] , —Tan[f (e+fx)] }+(2+m)
3 2 2 2 2
3 5 1 2 1 2 1 2 1 2 1 2
AppeIIFl{E, 3+m -m E Tan[g (e+fx)] , —Tan[g (e+fx)] })Sec[g (e+fx)] Tan{g (e+fx)}+§Tan[E (e+fx)]
3 5 7 1 2 1 2 1 2 1
[m[—— (1-m AppeIIFl{f, 2+m 2-m —, Tan{— (e+fx)} , —Tan{— (e+fx)} ]Sec[— (e+fx)] Tan{f (e+fx)]+
5 2 2 2 2 2 2
3 5 7 2 2 2

+

1 1 1 1
—(2+m)AppeIIF1[—,3+m 1-m —, Tan{—(en‘x)},—Tan[—(e+fx)]}Sec[—(eaffx)} Tan[—(eaffx)}
5 2 2 2 2 2 2
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3 5 7 1

(2 +m) [—mAppeIIFl{f, 3+m1l1-m —, Tan{— (e +f x)} ,
5 2 2 2

3 5 7 1 2 1 2 1 2 1
— (3+m) AppeIIFl[—, 4+m -m —, Tan{— (e+fx)} , 7Tan[— (e+fx)] }Sec{— (e+fx)} Tan[— (e+fx)}
5 2 2 2 2 2 2

1 2\4 1 3 1 2 1 2
(8 [71+Tan[5 (e+fx)] ] [AppellFl{E, 2+m -m E Tan{g (e+fx)} , 7Tan[5 (e+fx)] }Jr

2 3 5 1 2 1 2
— (mAppeIIFl{—, 2+m1l-m —, Tan[— (e+fx)} , 7Tan[— (e+fx)} }+(2+m)
3 2 2 2 2

3 5 1 2 1 2 1 2)\2
AppellFl{E, 3+m -m E Tan{a (e+fx)} , 7Tan{5 (e+fx)} ] Tan[g (e+fx)} ]

+

1 3 1 2 1 2 1
3AppeIIF1[E, 3+m -m E Tan[g (e+fx)] , 7Tan{5 (e+fx)} ]Tan[g (e+fx)]

1

17Tan[% (e +f x)}2

1 2\m 1 3 5 1 2 1 2 1 2 1
[1+Tan[f (e+fx)] ] [fmAppeIIFl[f, 3+ml-m —, Tan[f (e+fx)] , —Tan{f (e+fx)} }Sec[f (e+fx)] Tan[f (e+f x)| +
2 3 2 2 2 2 2 2

1 3 5 1 2 1 2 1 2 1
— (3+m) AppeIIFl[f, 4+m -m —, Tan[f (e+fx)] , —Tan{f (e+fx)} ]Sec[f (e+fx)] Tan[f (e+fx)]+
3 2 2 2 2 2 2

5 1 2 2

2 3 1
— [mAppeIIFl[f, 3+ml1l-m —, Tan[f (e+fx)] , —Tan[f (e+fx>] +(3+m)
3 2 2 2 2
3 5 1 2 1 2 1 2 1 2 1 2
AppeIIFl{E, 4+m -m E Tan[5 (e+fx)] , —Tan[5 (e+fx)] } Sec[E (e+fx)] Tan{E (e+fx)}+§Tan[5 (e+fx)]
7 2 1 2 1 2

5 1
(1-m) AppeIIFl{E, 3+m 2-m E Tan{ (e+fx)} , —Tan{E (e+fx)} ]Sec[E (e+fx)] Tan{E (e+fx)]+

g ow

Il

1
2
3 5 7 1 2
— (3+m) AppeIIFl{—, 4+ml-m —, Tan{— (e+fx)} ,
5 2 2 2

1

+

7Tan[§ (e +f x)]z} Sec{% (e +f x>rTan{§ (e +f x)}

3 5 7 2 1 2 1 2 1
(3+m) (—mAppeIIFl{—, 4+m1-m —, Tan{— (e +f x)} , 7Tan{— (e+fx)} ]Sec[— (e +f x)] Tan{— (e +f x)] +
5 2 2 2 2 2 2

3 5 7 1 2 1 2 1 2
— (4+m) AppeIIFl{f, 5+m -m —, Tan{f (e+fx)} ,
5 2 2 2

1 24 1 3 1 2 1 2
4 —1+Tan[f (e+fx)] AppeIIFl{f, 3+m -m —, Tan{f (e+fx)} , —Tan[f (e+fx)] }+
2 2 2 2 2

3 5 1 2 1 2
(mAppeIIFl[E, 3+m 1-m E Tan{g (e+fx)} , —Tan[g (e+fx)} }+(3+m)

wN



5

3
Appel lF1|—, 4+m -m —, Tan{f (e+fx>} ,
2 2 2

1 3 1
AppeIIFl[E, 4+m -m E Tan[E (e +f x)]

1

1 2\m 3
1+Tan[f (e +f x)] fmAppeIIFl[f, 4+m1-m —, Tan[f (e +f x)]
2 3 2 2 2

1

2

, —Tan{% (e +f x)} ]Tan[% (e +f x)
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2

5 1 2 1 2 1 2 1
, —Tan{f (e+fx)} }Sec[f (e+fx)] Tan[f (e+f x)| +
2 2 2

1 3 5 2 1 2 1 2 1
— (4 +m) AppeIIFl[—, 5+m -m —, Tan[— (e+fx)] , —Tan{— (e+fx)} ]Sec[— (e+fx)] Tan[— (e+fx)]+
3 2 2 2 2 2 2
2 3 5 1 2 1 2
—[mAppeIIFl[—,4+m 1-m —, Tan[—(e+fx)], —Tan[—(e+fx)] + (4 +m)
3 2 2 2 2
3 5 1 1 2 1 2 1 2 1 2
AppeIIFl{E, 5+m -m E Tan[5 (e+fx)] , —Tan[E (e+fx)] ”Sec[E (e+fx>] Tan{E (e+fx)}+§Tan[5 (e+fx)]
3 5 1 2 1 2 1 2 1
(m[—f (1-m) AppeIIFl{f, 4+m 2-m —, Tan{f (e+fx)} , —Tan{f (e+fx>} ]Sec[f (e+fx)] Tan{f (e+fx)]+
5 2 2 2 2 2 2
3 1 2 1 2 1 2 1

3 5 1
Z5+m AppeIIFl{f, 6+m -m —, Tan{f <e+fx>} ,
5 2 2 2

1 2\4 1 3 1
[2 [—1+Tan[f (e+fx)] ] (AppellFl{E, 4+m -m 5 Tan[; (e+fx)} ,

2
5

2 3
— (mAppeIIFl{—, 4+m1-m —, Tan{— (e+fx)} ,
3 2 2 2

5

5
— (4+m) AppeIIFl{f, 5+m1l-m —, Tan{f (e+fx)}
5 2 2 2

AppeIIFl{g, 5+m -m E Tan{% (e+fx)}

+

, —Tan[5 (e+fx)] }Sec{E (e+fx>} Tan{E (e+fx>}

3 5 1 2 1 2 1 2 1
(4 +m) (fmAppeIIFl{f, 5tml1l-m —, Tan{f (e +f x)}
5 2 2 2

, 7Tan{5 (e+fx)} ]Sec[E (e +f x)] Tan{E (e +f x)] +

2 1 2 1 2

—Tan[% (e +f x)] }+

? 7Tan[% (e +f x)r} + (4+m)

2

, 7Tan{% (e +f x)} ] Tan[% (e +f x)r]2

® Problem 358: Result unnecessarily involves higher level functions and more than twice size of optimal antiderivative.

J(bSec[eﬂ x])™Tan[e +f x]2 dx

Optimal (type 5, 63leaves, 1step):

3+m

(Cos[e+f x]2) 2 Hypergeometri c2F1[2, g

Sinfe+f x]?] (bSecie+f x])™Tan[e +f x]3
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Result (type 6, 6726 leaves) :

1+Tan|

1 (e+fx)]2 "
2 (b Sece +f x])mTan{E (e +f x)

(e+fx)]°

N[FP [ N|P

1-Tan|

2 2 2 2

1 3 1 2 1 2 3 5 1 2
(SAppeIIFl{—,ml—m -, Tan[—(e+fx)], —Tan[—(e+fx)] }+2[(—1+m)AppeIIFl[—,m2—m -, Tan[—(e+fx)],
2 2 2 2 2 2 2

[—[SAppeIIFl[;, m1l-m g Tan[E (e +f x)r, —Tan{E (e +f x)r] [—1+Tan[1 (e +f x)]zjz]/ ([1+Tan[l (e +f x)]z]

1 2 3 5 1 2 1 2
—Tan[— (e+fx)] }+mAppeIIF1[—, 1+ml-m —, Tan[— (e+fx)] , —Tan[— (e+fx)] }
2 2 2 2 2

|/

1 2
Tan{g (e +f x)] ]] +

1 3 1 2 1 2 1 2
[SAppeIIFl[E, 1+m -m 5 Tan[g (e+fx)] , —Tan{g (e+fx)} ] [—1+Tan[5 (e+fx)}

1 3 1 2 1 2
(SAppeIIFl{E, 1+m -m 5 Tan{g (e+fx)} , —Tan[5 (e+fx)] }+

2 1 2

> —Tan[g(eﬂx)] }+

3 1
2 [mAppeIIFl[f, 1+ml-m —, Tan[f (e+fx)] ,
2 2 2

5 1 2 1 2

3 1 2
(1+m) AppeIIFl{E, 2+m -m E Tan[5 (e+fx)] , —Tan[E (e+fx)] } Tan[5 (e+fx)] ]+

3 1 2

3 1 1
- /(AppellFl{f, 2+m -m —, Tan{f (e+fx)} ,
2 2 2

[ZAppeIIFl[;, 2+m -m 5 Tan[2 (e +f x)]z, 7Tan{% (e +f x)r]

1 2 2 3 5 1 2 1 2
7Tan[— (e+fx)] }+— [mAppeIIFl[—, 2+m1l-m —, Tan{— (e+fx)} , 7Tan{— (e+fx)} ]+
2 3 2 2 2 2

5 1 2 1 2

3
(2 +m) AppeIIFl{E, 3+m -m E Tan[g (e+fx)] , —Tan[g (e +f x)] } Tan[e +f x]?

Tan[% (e +f x)]2

/

2\ m
1 1 2 1 2 1+Tan[ (e+fx)}

- 34Sec[—(e+fx)] Tan[—(e+fx)
(71+Tan[%(e+fx)]2) 2 2

1 22
{f [71+Tan[5 (e +f x)] ]

1-Tan[; (e+f x)}2

N|FR N[
N

[—{BAppellFl[;, m1l-m g Tan[% (e +f x)r, —Tan{% <e+fx)r] [—1+Tan[; (e +f x)]z] J/ [[1+Tan[; (e +f x)]z]

1 3 1 2 1 2 3 5 1 2
[BAppeIIFl{f,ml—m -, Tan{—(e+fx)}, —Tan[—(e+fx)] }+2[(—1+m>AppeIIFl[—,m2—m -, Tan[—(e+fx)],
2 2 2 2 2 2 2

1 2 3 5 1 2 1 2
—Tan[— (e+fx)] }+mAppeIIF1{—, l1+ml-m —, Tan[— (e+fx)] , —Tan[— (e+fx)] }
2 2 2 2 2

|/

Tan[% (e +f X>]2]) +

1 3 1 2 1 2 1 2
[3AppeIIF1[E, 1+m -m E Tan[g (e+fx)] , —Tan{g (e+fx)} } [—1+Tan{5 (e+fx)}
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[3AppeIIFl[i, 1+m -m 2 Tan{% <e+fx)r, —Tan[% (e +f x)]z} +2 mAppeIIFl[; 1+m 1-m g Tan{% (e +f x)]z,
! ? +(l+m AppeIIFl{; 2+m -m g Tan[% (e+fx)r, —Tan[% (e +f x)]z} Tan[% (e +f x)]ZJ +

—Tan{g (e +f x)]

1 2

1 3 1 2 1 2 1 3
[ZAppeIIFl[E, 2+m -m S Tan[5 (e+fx)] , _Tan{5 <e+fx>} } /[Appelllrlb, 2+m -m S Tan{E <e+fx>} ,
1 2 2 3 5 1 2 1 2
—Tan[f (e+fx)] }+f [mAppeIIFl[f, 2+m 1-m —, Tan[f (e+fx>] , —Tan{f (e+fx>} ]+
2 3 2 2 2 2
5 1 2 1 2 2

Tan[% (e +f x)]

7Tan[£ (e +f x)] }

3
(2+m)AppeIIF1{E,3+m -m E Tan{g(eﬂx)}, J+
(e+fx)]2 " 2

1 1 2 (1+Tan|

1 3 1
( [3Appe||Fl{E, m1l-m E Tan[; (e +f x)] ,

Sec[;(edx)} <e+fx)]2

/

2 1 2 3 5 1 2
7Tan{— (e +f x)} ]+2 ((71+m) AppeIIFl[—, m2-m —, Tan[— (e+fx>} ,
2 2 2 2

1
2
(—1+Tan[%(e+fx)}2)2 1-Tan[;

2 1 2
[1+Tan[— (e +f x)] ]
2

} (1+Tan[% (e +f x)f]z

7Tan[§(e+fx)]
1 3 1
[SAppeIIFl{E, m1l-m E Tan[; (e +f x)] ,

2 1 2

1 2 3 5 1 1 2
7Tan[5 (e+fx>} ]+mAppeI|F1[£, 1+m1l-m 5 Tan{; (e+fx)} , 7Tan{5 (e+fx)} ] Tan{g (e+fx)} )]+

(SAppeIIFl{; 1+m -m g Tan[% (e+fx>r, 7Tan{% (e +f x)r] [1+Tan[% (e +f x)]zJ)/

1 3 1 2 1 2 3 5 1 2
{SAppeIIFl[—, 1+m -m —, Tan[— (e+fx)] , 7Tan{— (e+fx)} }+2 mAppeIIFl{—, 1+ml-m —, Tan{— (e+fx)} ,
2 2 2 2 2 2 2

1 2 3 5 1 2 1 2 1 2
7Tan{— (e+fx)} ]+(1+m) AppeIIFl[—, 2+m -m —, Tan[— (e+fx)] , 7Tan{— (e+fx)} ] Tan{— (e+fx)} +
2 2 2 2 2 2
1 3 1 2 1 2 1 3 1 2
(ZAppeIIFl{—, 2+m -m —, Tan{— (e+fx)} , 7Tan{— (e +f x)} ] /[AppeIIFl[—, 2+m -m —, Tan[— (e +f x)] ,
2 2 2 2 2 2 2
1 2 2 3 5 1 2 1 2
7Tan{f (e+fx)} ]+— (mAppeIIFl[—, 2+ml-m —, Tan[— (e+fx)} , 7Tan[— (e+fx)] }+(2+m)
2 3 2 2 2 2
3 5 1 2 1 2 1 2
AppeIIFl[f, 3+m -m —, Tan[f (e+fx)] , —Tan{f (e+fx)} } Tan{f (e+fx)} ]+
2 2 2 2 2

1 1+Tan| Sec[%(e+fx)]2Tan[%(e+fx)]

+

1
2mTan[— (e +f x)
2 2

(e+fx)]2]1+m

(e +f X)]2

N[F [N

(,1+Tan[%(e+fx)}2) 1-Tan| 17Tan[%(e+fx)]2
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Sec[% (e +f x)}ZTan[% (e+f x)] (1+Tan[% (e +f X)]Z)J

(17Tan[§ (e +f x)]z)2

1 3 1 2 1 2 1 2)2 1 2
[—[SAppeIIFl{z, m1l-m E Tan[5 (e+fx)] , —Tan[E (e+fx)] } (—1+Tan{E (e+fx>} ]/ [[1+Tan{5 (e+fx)} ]
1 3 1 2 1 2 3 5 1 2
[SAppeIIFl{f, mil-m —, Tan[f (e+fx)] , —Tan{f (e+fx)} ]+2((—1+m) AppeIIFl[f, m2-m —, Tan[f (e+fx)} ,
2 2 2 2 2 2 2
1 2 3 5 1 2 1 2 1 2
—Tan{f (e+fx>} ]+mAppeIIF1[f, 1-ml-m —, Tan{f (e+fx)} , —Tan{f (e+fx>} ] Tan{f (e+fx)} ]+
2 2 2 2 2 2
(SAppeIIFl{; 1+m -m g Tan{% (e+fx>r, 7Tan{§ (e +f x)r] [1+Tan[; (e +f X>]2])/
1 3 1 2 1 2 3 5 1 2
(3AppeIIFl[£, 1+m -m E Tan[; (e+fx)] , 7Tan{5 (e+fx)} }+2 mAppeIIFl{E, 1+m1l-m E Tan{; (e+fx)} ,
1 2 3 5 1 2 1 2 1 2
7Tan{— <e+fx)} ]+(1+m) AppeIIFl[—, 2+m -m —, Tan[— (e+fx)] , 7Tan[— (e+fx>} ] Tan[— (e+fx)} +
2 2 2 2 2 2

3 1 2 1 3 1 2
/[AppeIIFl[—, 2+m -m —, Tan[— (e+fx)] ,
2 2 2

(ZAppeIIFl{; 2+m -m Y Tan[g (e+fx>} ,

7Tan{% (e +f x)r]

5 1 2 1 2

1 2 2 3
7Tan{— (e+fx)} ]+— (mAppeIIFl{—, 2+ml-m —, Tan{— (e+fx)} , 7Tan[— (e+fx)] }+(2+m)
2 3 2 2 2 2
3 5 1 2 1 2 1 2
AppeIIFl[—, 3+m -m —, Tan[— (e+fx)] , —Tan{f (e+fx)} } Tan{— (e+fx)} ] +
2 2 2 2 2
1 1 1+Tan[%(e+fx)]2 " 1 3 1 2
2Tan{f (e +f x) ([BAppeIIFl[, mil-m —, Tan[— (e+fx)} ,
(71+Tan[%(e+fx)}2)2 2 1—Tan[%(e+fx)]2 2 2 2
_Tan{g (e +f x)r] Sec[% (e +f x)]ZTan[% (e +f x)] [—1+Tan[; (e +f x)]z]zj/ [1+Tan[; (e +f x)}2 i
1 3 1 2 1 2 3 5 1 2
[3AppeIIFl[—, mil-m —, Tan[— (e+fx)} , —Tan[— (e+fx)} }+2 [(—1+m) AppeIIFl{—, m2-m —, Tan[— (e+fx)] ,
2 2 2 2 2 2 2
5 1 2 1 2 1 2
Tan[g(e+fx)] ]J—

1 2 3
—Tan[f (e +f x)] }+mAppeIIF1{f, 1+-ml-m —, Tan{f (e+fx)} ,
2 2 2 2

—Tan[5 (e +f x)] }

2

(GAppeIIFl{; m 1l-m Z Tan[% (e +f x)]z, 7Tan[% (e +f x)]z}Sec{% (e+fx)rTan{% (e +f x)} 71+Tan{% (e+fx)} ]/
1 2 1 3 1 2 1 2
(1+Tan{— (e+fx)} [3AppeIIF1[—, mil-m —, Tan{— (e+fx)} , 7Tan[— (e +f x)] }Jr
2 2 2 2 2
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1

2 1 2
— (e+fx)]
2

2[(—1+m)AppeIIFl{z,m2—m ,—Tan{g(e+fx)}}+

N | ol
_|

an[

3 5 1 2 1 2 1 2
mAppeIIFl[—, 1+ml-m —, Tan{— (e+fx)} , —Tan[— (e +f x)] } Tan[— (e +f x)] -
2 2 2 2 2
1 3 5 1 2 1 2 1 2 1
[3 [7— (1-m AppeIIFl[—, m2-m —, Tan[— (e+fx)} , 7Tan[— (e+fx)} }Sec[— (e+fx)} Tan[— (e+fx>}+
3 2 2 2 2 2 2
1 3 5 1 2 1 2 1 2 1
fmAppeIIFl[—, 1+ml-m —, Tan[— (e+fx)} , —Tan[— (e+fx)] }Sec[f (e+fx)} Tan[— (e+fx)}
3 2 2 2 2 2 2

[—1+Tan[; (e +f x)]z]z]/ [[1+Tan[]2- (e +f x)]z] (SAppeIIFl{i, m 1-m g Tan[% (e +f x)]z, —Tan[% (e +f x)]z} +

3 5 1 2 1 2
2 [(—1+m) AppeIIFl[E, m 2-m E Tan[g (e+fx)] , —Tan{g (e+fx)} }Af

3 5 1 2 1 2
mAppeIIFl[E, 1+m 1-m E Tan[; <e+fx)} , —Tan[g (e+fx)] }

+

Tan[% (e +f x)]z]

1 3 1 2 1 2 1 2 1
(BAppeIIFl{g, 1+m -m E Tan[g (e+fx)} , —Tan{g (e+fx)} ]Sec{g (e+fx)} Tan{g (e+fx)}

/

3 5 1 2
mAppeIIFl[—,l+m 1-m —, Tan{—(eﬂ‘x)},
2 2 2

2

1 3 1 2
[SAppeIIFl[E, 1+m -m E Tan[g (e +f x)] ,

+2

—Tan{% (e +f x)}

1 2 3 5 1 2 1 2

1 2
—Tan{f <e+fx)} ]+(1+m) AppeIIFl[f, 2+m -m —, Tan[f (e+fx>] , —Tan{f (e+fx>} ]
2 2 2 2 2

Tan{E (e +f x)}

+

1 3 5 1 2 1 2 1 2 1
(3 [fmAppeIIFl{f, l1+ml-m —, Tan[f (e+fx)] , —Tan[f (e+fx)] }Sec{f <e+fx)} Tan{f (e +f x)
3 2 2 2 2 2 2

1
+§ (1+m AppeIIFl{

[—1 +Tan[% (e +f x)]z]]/

3 5 1 2
mAppeIIFl{—, 1+ml-m —, Tan{— <e+fx)} ,
2 2 2

3 5 1 2 1 2 1 2 1
- 2+m -m —, Tan{f (e+fx)} , —Tan[f (e+fx)} }Sec{f (e+fx)} Tan[f (e+fx>}
2 2 2 2 2 2

1 3 1 2 1 2
[3AppeIIF1[E, 1+m -m E Tan[; (e+fx)] , 7Tan{5 (e+fx)} }+2

1 2 3 5 1 2 1 2

2
7Tan{— <e+fx)} ]+(1+m) AppeIIFl[—, 2+m -m —, Tan[— (e+fx)] , 7Tan{— (e+fx>} ]
2 2 2 2 2

+

Tan[% (e +f x)}

1 3 5 1 2 1 2 1 2 1
(2 [—mAppelIFl{—, 2+ml-m —, Tan[— (e+fx)] , 7Tan[— (e+fx)] }Sec{— <e+fx)} Tan{— (e+fx)}+
3 2 2 2 2 2 2

1 3 5 1 2 1 2 1 2 1
— (2 +m) AppeIIFl[—, 3+m -m —, Tan{— (e+fx>} , 7Tan{— (e+fx)} ]Sec[— (e+fx)} Tan{— (e+fx)} ]/
3 2 2 2 2 2 2
1 3 1 2 1 2 2 3 5 1 2
{AppeIIFl[—,Zer -m —, Tan[—(e+fx)], 7Tan{—(e+fx)} }+—(mAppelIF1{—,2+m 1-m —, Tan{—(e+fx)},
2 2 2 2 3 2 2 2
1 2 3 5 1 2 1 2 1 2
7Tan{— (e+fx)} ]+(2+m) AppeIIFl[—, 3+m -m —, Tan[— (e+fx)] , 7Tan{— (e+fx)} ] Tan{— (e+fx)} +
2 2 2 2 2 2
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2

1 3 1 2 1 2 1 2
[SAppeIIFl{z, m1l-m 5 Tan[5 (e+fx)] , 7Tan[£ (e +f x)] } (71+Tan{E (e+fx>}
3 5 1 2 1 2
[2((—1+m) AppeIIFl[E, m 2-m 5 Tan{E (e+fx)} , —Tan{g (e+fx)} ]+
3 5 1 2 1 2 1 2 1 1
mAppeIIFl{E, 1+m 1-m E Tan{g <e+fx)} , 7Tan[£ (e+fx)] } Sec[E (e+fx)] Tan[E (e+fx)]+3 [75 (1-m)

3 5 1 2 1 2 1 2 1 1 3
AppeIIFl[E, m2-m E Tan{g (e+fx>} , —Tan[E (e+fx)} }Sec{E (e+fx)} Tan[E (e+fx>}+gmAppeIIF1{E,
2

5 1 2 1 2 1 2 1 1
1+ml-m —, Tan[f (e+fx)] , —Tan[f (e+fx)] }Sec{f (e+fx)} Tan[f (e +f x) J+2Tan[f (e+fx)]
2 2 2 2 2 2
3 5 7 1 2 1 2 1 2 1
[(—1+m) [—f (2-m) AppeIIFl[f, m3-m —, Tan{f (e+fx)} , —Tan{f (e+fx)} ]Sec[f (e+fx)] Tan{f (e+fx)]+
5 2 2 2 2 2 2
3 5 7 1 2 1 2 1 2 1
fmAppeIIFl[f, 1-m2-m —, Tan{f (e+fx)} , 7Tan{f (e+fx)} ]Sec[f (e+fx)] Tan[f (e+fx)] +
5 2 2 2 2 2 2
3 5 7 1 2 1 2 1 2 1
m[f— (1-m AppeIIFl[—, 1+m2-m —, Tan{— (e+fx)} , 7Tan{— (e+fx)} ]Sec[— (e+fx)] Tan{— (e+fx)]+
5 2 2 2 2 2 2
§(1+m) AppeIIFl[; 2+m 1-m 2 Tan[% (e +f x)]z, 7Tan[§ (e +f x)]z}Sec{% (e +f x)rTan[% (e +f x)]]]]]/
1 2 1 3 1 2 1 2
(1+Tan{— (e +f x)} ) [3AppeIIF1[—, mil-m —, Tan{— (e +f x)} , 7Tan[— (e +f x)] }Jr
2 2 2 2 2
3 5 1 2 1 2
2 [(—1+m) AppeIIFl[—, m2-m —, Tan{— (e+fx)} , —Tan[— (e+fx)] }+
2 2 2 2
2 1 2 2

]

Tan{% (e +f x)}

3 5 1
mAppeIIFl[E, 1+m 1-m E Tan{E (e +f x)] , —Tan{E (e+fx>} ]

1 3 1 2 1 2 1 2
[BAppeIIFl{E, 1+m -m E Tan[g (e+fx>} , —Tan{g (e+fx)} ] [—1+Tan[£ (e+fx)] ]
3 5 1 2 1 2
[2 (mAppeIIFl{f, 1+ml-m —, Tan{f (e+fx)} , —Tan[f (e+fx)] }+
2 2 2 2
5 1 2 1 2 1 2 1
—Tan{f(e+fx>}] Sec{f(e+fx>} Tan{7<e+fx) +
2 2 2

3
(1+m AppeIIFl[f, 2+m -m —, Tan{f (e +f x)} ,
2 2 2

1 3 5 1 2 1 2 1 2 1 1
S[fmAppeIIFl[f, 1+ml-m —, Tan{f (e+fx)} , —Tan{f (e+fx>} ]Sec[f (e+fx)] Tan[f (e+fx)]+f (1+m)
3 2 2 2 2 2 2 3
3 5 1 2 1 2 1 2 1 1 2
AppeIIFl[f, 2+m -m —, Tan{f (e+fx)] , 7Tan{f (e+fx>} ]Sec[f (e+fx)] Tan[f (e+fx)] +2Tan{f (e+fx)}
2 2 2 2 2 2 2
3 5 7 1 2 1 2 1 2 1
[m(f— (1-m Appell F1|—, 1+ m 2-m —, Tan{— (e+fx)} , 7Tan[— (e+fx)] }Sec{— (e+fx)} Tan{— (e+fx)}+
5 2 2 2 2 2 2
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5 7 1 2
(1+m)AppeIIF1[—,2+m 1-m —, Tan[—(e+fx)]
2 2 2

o] ow

, —Tan[% (e +f x)]z} Sec{% (e +f x)rTan[g (e +f x)]] +
7 1 2

s . 1 2 1 2 1
(1+m [7mAppeIIFl{—,2+m 1-m —, Tan{—(en‘x)},—Tan[f(e+fx)]}Sec[f(eaffx)} Tan{f(e+fx)}+
5 2 2 2 2 2 2
. 7 1 5 1 > 1 2 1
- (2+m Appel IFL[ =, 3+m —m —, Tan|~ (e«fx)], -Tan| =~ (e+fx)| |Sec|  (e+fx)] Tan|[~ <e+fx)]]]]]/
c 2 2 2 2 2 2
1 3 1 2 1 2 s > ! ’
[SAppeIIFl[f, 1+m -m —, Tan[f (e+fx)] , —Tan{f (e+fx)} }+2[mAppelIF1{f, 1+ml-m —, Tan{f <e+fx)} ,
5 5 ) 2 2 2 2

1 2 3 5 1 2 1 2 1
7Tan{— (e+fx)} }+(1+m) AppeIIFl{—, 2+m -m —, Tan[— (e+fx)} , 7Tan[— (e+fx)] }
2 2 2 2 2

22
Tan[; (e +f x)] ] -

1 3 1 2 1 2 1 3 5
[2AppeIIF1{§, 2+m -m E Tan[g (e+fx)} , —Tan{g (e+fx)} ] [gmAppeIIFl[E, 2+m 1-m E

1 2 1 2 1 2 1
Tan{— (e+fx)} , 7Tan{— (e+fx)} ]Sec{— (e+fx)] Tan{— (e+fx)}+
2 2 2 2
1 3 5 1 2 1 2 1 2 1
—(2+m)AppeIIF1{—,3+m -m —, Tan{—(e+fx>},7Tan{—(e+fx)} ]Sec{—(edx)} Tan{—(e+fx)}+
3 2 2 2 2 2 2
2 3 5 1 2 1 2 3
— [mAppeIIFl[—, 2+m 1-m —, Tan{— (e+fx)} , 7Tan{— (e+fx)} ]+(2+m) AppeIIFl[—, 3+m -m
3 2 2 2 2 2
5 1 2 1 2 1 2 1 2 1 2
-, Tan[— (e+fx)} , 7Tan[— (e+fx)] } Sec[— (e+fx)] Tan[— (e+fx)]+—Tan[— (e+fx)}
2 2 2 2 2 3 2
3 5 7 1 2 1 2 1 2 1
[m[f— (1-m AppeIIFl{—, 2+m2-m —, Tan{— (e+fx)} , 7Tan[— (e+fx)] }Sec[— (e+fx)} Tan{— (e+f x)| +
5 2 2 2 2 2 2
3 5 7 1 2 1 2 1 2 1
— (2+m) AppeIIFl[—, 3+ml-m —, Tan[— (e+fx)] , —Tan[— (e+fx)] }Sec{f (e+fx)} Tan[— (e+fx)]]+
5 2 2 2 2 2 2

3 5 7 1 2 2 1
(2 +m) [—mAppeIIFl[—,SHn 1-m —, Tan{—(e+fx)}
5 2 2 2

, —Tan[% (e +f x)] }Sec[; (e +f x)rTan[g (e +f x)} +

11/

3 5 7 1 2 2 1 2
—(3+m)AppeIIF1[—,4+m -m -, Tan[—(e+fx)]
5 2 2 2

, —Tan[% (e+fx)] }Sec{g (e+fx)} Tan[% (e+fx)]

3 1 2

1 1 2 5 1 2
[AppellFl[E, 2+m -m E Tan[g (e+fx)] , —Tan{g (e+fx)}

2 3
+ — (mAppeIIFl[—, 2+ml1-m —, Tan{— (e+fx)} ,
3 2 2 2

Tan[% (e +f x)]z]zJN

® Problem 359: Result unnecessarily involves higher level functions and more than twice size of optimal antiderivative.
JCot [e+f x]% (bSec[e+f x])™dx

1 2 3 5 1 2 2
7Tan{— (e +f x)} }+ (2 +m) AppeIIFl{—, 3+m -m —, Tan[— (e +f x)}
2 2 2 2

, 7Tan[§ (e +f x)] }
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Optimal (type 5, 59 leaves, 1step):

1

1 1 1
7f—(Oos[e+f x12)2 "1™ Cot [e + f x] Hypergeonetri c2F1{7—, (-1+m, —, Sinfe+f x]2| (bSec[e+f x])™
2 2

N |-

Result (type 6, 6766 leaves) :

1
Cot b (e+f x)} Cot [e+f x]2 (bSecle+f x])™

2+m
1
17Tan[% (e+f x)]

1 2)2 1 2\m 1 1 1 2 1 2
[—1+Tan{f <e+fx)} [1+Tan{f (e+fx)} —AppeIIFl[—f, m-m —, Tan{f (e +f x)} , —Tan{f (e+fx>} ]/
2 2 2 2 2 2
1 1 1 2 1 2 1 3 1 2
[AppeIIFl[fg, m -m E Tan{g (e +f x)} , 7Tan[5 (e+fx)} ]+2m[AppeIIF1[E, mil-m E Tan{g (e +f x)] ,
1 2 1 3 1 2 1 2 1 2
7Tan{g (e +f x)} ]+AppeIIFl[£, 1+m -m E Tan[g (e +f x)] , 7Tan{5 (e+fx)} ] Tan[g (e+fx)} +

1 2 1 3 1 2 1 2
3Tan[5(e+fx)] [—[4AppeIIF1{£, m1l-m E Tan{g(eﬁx)} , —Tan[g(eﬂ‘x)] ”/
[3AppeIIFl[;, mi1l-m g Tan[% (e+fx)r,

1 2
[l +Tan[5 (e +f X)] ]

1 2 3 5 1 2
—Tan[— (e +f x)} }+2 [(—1+m) AppeIIFl{—, m2-m —, Tan[— (e +f x)] ,

2 2 2 2

1 2 3 5 1 2 1 2 2
—Tan[— (e+fx)] }+mAppeIIFl{—, l1+ml-m —, Tan{— (e+fx)} , —Tan[— (e+fx)] } Tan[— (e+fx)] +

2 2 2 2 2 2

1 3 1 2 1 2 1 3 1 2 1 2
AppeIIFl{f, m -m —, Tan{— (e+fx)} , —Tan[— (e+fx)] }/ [SAppeIIFl{—, m-m —, Tan[— (e+fx)] , —Tan{— (e+fx)} ]+
2 2 2 2 2 2 2 2

1

5 1 2

3 2
Zm(AppeIIFl{E, m 1-m E Tan[5 (e +f x)] ,

+

—Tan[% (e +f x)]

3 5 1 2 1 2
AppeIIFl{—, 1+m -m —, Tan[— (e +f x)] ,
2 2 2

2

1 1
—mSec{— (e +f x)}
2 2

2f

1 1 1 2 1 2
(7AppeIIFl{f—, m -m —, Tan{— (e +f x)} 7Tan{— (e +f x)} ]/
2 2 2 2
1 1 1 2 1 2 1 3 1 2
{AppeIIFl[fg, m -m E Tan[g (e +f x)] , 7Tan[£ (e +f x)} }+2m(AppelIF1{E, m 1-m E Tan[g (e +f x)] ,
1 2 1 3 1 2 1 2 1 2
7Tan[£ (e+fx)] +AppeIIF1[E, 1+m -m E Tan[; (e+fx)] , 7Tan[g (e+fx)] } Tan{g (e+fx)} +
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3Tan{% (e +f X)}2 [—[4AppeIIFl[;, mil-m g Tan[% (e+f sz* -Tan{% (e+f sz]]/ 2

(1+Tan{i (e +f x)}

1 3 1 2 1 2 3 5 1 2
[SAppeIIFl[—,ml—m -, Tan{f(eaffx)},—Tan[—(edffx)} ]+2[(—1+m)AppeIIF1[—,m2—m -, Tan{—(eﬂ‘x)},
2 2 2 2 2 2 2

1

2 3 5 1 2 1 2 1 2
—Tan{f(e+fx)} ]+mAppeIIF1{f, 1+ml-m —, Tan[f(e+fx>} , —Tan{f (e+fx)} ] Tan{f (e+fx)} ]+
2 2 2 2 2 2
1 3 1 2 1 2 1 3 1 2
AppeIIFl[f, m-m —, Tan{f (e+fx>} , —Tan{f (e+fx)} ]/ 3AppeIIF1{f, m-m —, Tan[f (e+fx)] ,
2 2 2 2 2 2 2
1 2 3 5 1 2 1 2
—Tan[f (e+fx)] }+2m[AppeIIF1{f, mil-m —, Tan[f (e+fx)} , —Tan[f (e+fx)] }+
2 2 2 2 2

3 5 1 2 1 2 1 2
AppeIIFl{E, 1+m -m E Tan{E <e+fx)} , —Tan[5 (e+fx)] } Tan[E (e+fx)] ]J]+

2+m

2 1

1 2 1 2\m
[71+Tan[£ (e+fx)] ] (1+Tan[5 (e+fx)} ]

Sec[% (e +f x)]

17Tan[§ (e +f x)}2

[y

1 1 2 1

(—AppeIIFl{—f, m -m 5 Tan{5 (e +f x)} , —Tan{g <e+fx)r]/

N

1 1 1 2 1 2
[AppeIIFl[—f, m -m —, Tan[f (e +f x)]
2 2 2

, —Tan{f (e+fx)} }+2m AppeIIFl{E, m 1l-m i Tan[E (e+fx)]2,
2 2 2 2

1 2 1 3 1 2 1 2
7Tan[— (e+fx)] }+AppeIIFl[—, 1+m -m —, Tan[— (e+fx)]
2 2 2 2

, 7Tan[5(e+fx)] } ! ’

Tan{g (e +f x)}

+

1 2 1 3 1 2 1 2
3Tan{5 (e+fx)} [7[4AppeIIF1[E, m1-m E Tan[; (e+fx>} , 7Tan{5 (e+fx)} ]]/

1 2
(1+Tan{5 (e +f x)}

1 3 1 2 1 2 5 1 2
[3Appe|lFl[E, m 1-m 5 Tan{g (e+fx)} , 7Tan{5 (e+fx)} ]+2

3
(-1+m) AppellFl[E, m 2-m E Tan[g (e +f x)} ,

1 2 3 5 1 2 2
7Tan{— (e+fx)} ]+mAppe|IF1{—, 1+ml-m —, Tan{— (e+fx>}
2 2 2 2

, 7Tan{% (e +f x)} ] Tan{% (e +f x)r]

.
AppeIIFl[E, m -m E Tan{E (e +f x)}z, 7Tan{£ (e +f x)r]/ 3AppeIIF1{£, m -m E Tan[E (e +f x)]z,
2 2 2 2 2 2 2

1 2 3 5 1 2 1 2
7Tan[— (e+fx)] }+2m(AppeIIF1{—, mil-m —, Tan[— (e+fx)} , 7Tan[— (e+fx)] }Jr
2 2 2 2 2
3 5 1 2 2 1 2
AppeIIFl[—,lun -m —, Tan{—(eﬁx)} Tan[—(e+fx)] ]J]f
2 2 2 2

, 7Tan[% (e +f x)] }

1 1 2
— GCsc | — (e+fx)]
4 2

1

1—Tan[% (e +f x)}2
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Ay

(7AppeIIF1{f—, m -m % Tan{% (e +f x)r, 7Tan[% (e+fx)} ]/

N

1 1 1 2 1 2 1 3 1 2
{AppellFl[—E, m -m E Tan[g (e+fx)] , —Tan{g (e+fx)} }+2m(AppelIFl[E, mil-m E Tan[g (e+fx)] ,

3 1 2 1 2

_Tan[g (e+fx)]2}+AppeIIF1[%, 1+m -m E Tan[g (e+fx)] , —Tan[g (e+fx)] } Tan{% (e+fx)r]+

1 2
(1+Tan{5 (e +f x)}

1 2 1 3 1 2 1 2
3Tan|— (e +f x) - |4 Appell F1|—, m 1-m —, Tan|— (e+f x)| , -Tan|— (e +f x)
2 2 2 2 2
1 2 3 5 1 2
—Tan{f (e+fx>} ]+2 (-1+m) AppeIIFl[f, m2-m —, Tan{f (e+fx>} ,
2 2 2 2

] ;

1 3 1 2

[3AppeIIF1[f, mil-m —, Tan{f (e+fx)} ,
2 2 2

1 2 3 5 1 2 1 2 2

—Tan{g (e+fx>} ]+mAppeIIF1{£, 1+m 1-m 5 Tan[E (e+fx>} , —Tan{g (e+fx)} ] Tan{% (e+fx)}

3 1 2

2 1
3Appel IFL[=, m -m =, Tan[= (e+fx)],
2 2 2

AppeIIFl[%, m -m Z Tan{% (e+fx>r, —Tan{% (e+fx)} ]/

2 1 2

’ 7Tan[£(e+fx)] }+

1 3 5 1
7Tan[f (e+fx)] }+2m AppeIIFl{f, ml-m —, Tan[f (e+fx)} ,
2 2 2 2

5 1 2 1 2

AppeIIFl{; 1+m -m S Tan{g (e+fx)} , —Tan[; (e+fx)] } Tan[% (e+fX)]2]J]+

1 1 2 1

— (2 +m) Sec{—(eﬂ‘x)}
2 2

3+m
17Tan[% (e +f x)}z]

[En

(AppellFl{l, m -m —, Tan{% (e +f x)r, 7Tan{§ (e +f x)r]/

N
N

1 1 1 2 1 2 1 3 1 2
AppeIIFl[f—, m -m —, Tan[— (e+fx)] , 7Tan{— (e+fx)} }+2m AppeIIFl{—, mil-m —, Tan[— (e+fx)] ,
2 2 2 2 2 2 2

1 2 1 3 1 2 1 2 2
7Tan[— (e+fx)] }+AppeIIFl[—, 1+m -m —, Tan[— (e+fx)] , 7Tan[— (e+fx)] }
2 2 2 2 2

+

Tan{% (e +f x)}

1 2
(1+Tan{5 (e +f x)} )

3Tan{% (e +f x)}2 [[4AppeIIFl[; ml-m g Tan[% (e +f x)}z, 7Tan{% (e +f x)r]]/

1 3 1 2 1 2 3 5 1 2
[SAppeIIFl[—, mil-m —, Tan{— (e +f x)} , 7Tan{— (e+fx)} ]+2 (-1+m) AppeIIFl[—, m2-m —, Tan{— (e +f x)} ,
2 2 2 2 2 2 2

1 2 3 5 1 2 1 2 1 2
7Tan{—(e+fx)} ]+mAppeIIFl{—,1+m 1-m —, Tan{—(eﬂ‘x)},7Tan{—(e+fx)} ] Tan{—(e+fx)}] +
2 2 2 2 2 2

AppellFl[%, m -m g Tan{% (e+fx>r, 7Tan[% (e +f x)r]/ (3AppeIIF1{; m -m g Tan[% (e +f x)]z,
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1 2 3 5 1 2 1 2
—Tan[— (e+fx)] }+2m[AppeIIF1{f, mil-m —, Tan[— (e+fx)} , —Tan[— (e+fx)] }+
2 2 2 2 2

3 5 1 2 1 2
AppeIIFl[E, 1+m -m E Tan{g (e+fx)} , —Tan[g (e+fx)] }

Tan[% (e +f x)]z]J] +
2+m

1 2)2 1
[71+Tan[E (e +f x)] ] (1+Tan{E (e +f x)}

1 1 m
fom[f <e+fx)]
2

2

1 2

17Tan[% (e +f x)}2

1 3 1 2 1 2 1 2 1
[[mAppelIFl{, ml-m —, Tan[f (e +f x)] , 7Tan[f (e +f x)] }Sec{f <e+fx)} Tan{f (e+fx)} -
2 2 2 2 2 2

1 3 1 2 1 2 1 2 1
mAppeIIFl[E, 1+m -m E Tan[g (e+fx)} , 7Tan[5 (e+fx)] }Sec{g (e+fx)} Tan[g (e+fx)}

/

1 2 1 3 1 2
7Tan{£ (e+fx)} }+2m(AppelIFl[E, mil-m E Tan[; (e+fx)] ,

1 1 1 2
{AppeIIFl[fg, m -m E Tan[g (e+fx)] ,

1 2

3 1 2 1 2
—Tan[g (e +f x)]

+AppeIIF1[%, 1+m -m E Tan[g (e+fx)] , —Tan[g (e+fx)] }

1 2
Tan{g (e +f x)} ]+

1 1 2

1 3 1 2
[AppellFl{-E, mom Tan[g (e+fx)],

1 2 1
—Tan[g (e +f x)] } [—mAppeIIFl{E, mil-m E Tan[g (e +f x)] ,

1 2 1 2 1 1 3 1 2 1 2
7Tan[— (e+fx)} ]Sec[— (e +f x)] Tan[— (e +f x)]fmAppeIIFl{—, 1+m -m —, Tan[— (e+fx)} , 7Tan{— (e +f x)} ]
2 2 2 2 2 2 2

1 2 1 1 3 1 2 1 2
Sec{f(eJrfx)} Tan{f(e+fx)}+2m[AppeIlFl[—,mlfm -, Tan[—(eﬂ‘x)},7Tan{—(e+fx)} }+
2 2 2 2 2 2

1 3 1 2 1 2 1 2 1 1 2
AppeIIFl[E, 1+m -m E Tan[g (e+fx)] , —Tan{g (e+fx)} }]Sec{g (e+fx)} Tan{g (e+fx)}+2mTan[E (e+fx)]
2 1 2 1 2 1

,—Tan[g(e+fx)] }Sec{g(eﬁx)} Tan[g(e+fx)]+

3 5 1 2 1 2 1 2 1
mAppeIIFl[E, 1+m1l-m E Tan[; (e+fx)] , 7Tan[g (e+fx)] }Sec{g (e+fx)} Tan[g (e+fx)]+

3 5 1
(1-m) AppeIIFl[E, m2-m E Tan[g (e +f x)]

[_

3 5 1 2 1 2 1 2 1
(1+m AppeIIFl[E, 2+m -m 5 Tan[g (e+fx)} , 7Tan[5 (e+fx)] }Sec{g (e+fx)} Tan[g (e+fx>}

WlFr ®WIN W]k

%

1 1 1 2 1 2 1 3 1 2
(AppellFl{—E, m -m E Tan[g (e+fx>} , —Tan{; (e+fx)} ]+2m[AppeIIFl[£, m1l-m E Tan[g (e+fx)} ,

1 2 1 3 1 2 1 2

—Tan[5 (e+fx)] }+AppeIIF1[E, 1+m -m E Tan[5 (e+fx)] , —Tan[E (e+fx>] } ! ’

Tan{E (e +f x)}

3Sec{% (e +f x)rTan[% (e +f x)] {[4AppeIIFl[; m1l-m g Tan{% (e +f x)r, 7Tan{% (e +f x)r”/
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2

1 3 1 2
[3AppeIIF1[E, mil-m E Tan{g (e+fx)} ,

1 2 3 5 1
—Tan[— (e+fx)} ]+2 [(—1+m) AppeIIFl[—, m2-m —, Tan{— (e+fx)} ,
2 2 2 2
1 2 3 5 1 2 1 2 ]
+

—Tan{g (e+fx)} ]+mAppeIIF1{E, 1+m 1-m E Tan[g (e+fx>} , —Tan{g (e+fx)} ] ?

Tan{% (e +f x)}

3 1 2 1 2

1 3 1 2
AppeIIFl[f, m-m —, Tan{f (e+fx>} , —Tan{f (e+fx)} ]/
2 2 2 2

3Appe|||:1[; mom . Tan[5 (et x|,

1 2 3 5 1 2 1 2
—Tan[f (e+fx)] }+2m[AppeIIF1{f, mil-m —, Tan[f (e+fx)} , —Tan[f (e+fx)] }+
2 2 2 2 2

] .

[4AppeIIFl{; m1-m Z Tan[% (e +f x)r, 7Tan[§ (e +f x)]z} Sec{% (e +f x)fTan{% (e +f x)”/

5 1 2 1 2

3 2
AppeIIFl{E, 1+m -m 5 Tan{g <e+fx)} , —Tan[5 (e+fx)] }

Tan[% (e +f x)]

1 2
3Tan{§ (e +f x)}

2\2 3 1 2 1 2

[(1+Tan{; (e+fx)} [3AppeIIF1{;, m 1-m E Tan[g (e+fx)} , —Tan[g (e+fx)] }+

3 5 1 2 1 2
2 ((—1+m) AppeIIFl{E, m2-m E Tan{g (e +f x)] , —Tan[g (e+fx>} ]+

, Tan[% (e +f x)]z, 7Tan[% (e +f x)]z}

3 1 2
mAppeIIFl{—,l+m 1-m Tan[—(e+fx)]] -
2 2

Tan{% (e +f x)}2

+

N o NG

, —Tan[E (e +f x)]z} Sec[E (e +f x)rTan[E (e +f x)

3
(1-m) AppeIIFl{f, m 2-m
2 2 2 2

I

w |
-

3 5 1 2 1 2 1 2 1
—mAppeIIFl[f, 1+ml-m —, Tan[— (e+fx)] , —Tan[— (e+fx)] }Sec{— (e+fx)} Tan[— (e+fx)]]]/
3 2 2 2 2 2 2

1 2 1 3 1 2 1 2
[(1+Tan{5 (e+fx)} [3AppeIIF1{§, mil-m E Tan[g (e+fx)} , —Tan[g (e+fx)] }+
2 1 2

3 5 1
2((—1+m) AppeIIFl{E, m 2-m E Tan{g (e+fx)] , —Tan[g (e+fx>} ]+

3 5 1 2 1 2
mAppeIIFl{E, 1+m1-m E Tan[E (e+fx)] , —Tan[5 (e+fx)] }

Tan[% (e +f x)]ZJJ +

1 3 5 1 2 1 2 1 2 1
(fmAppeIIFl[f, mil-m —, Tan[f (e +f x)] , —Tan[f (e +f x)] }Sec{f <e+fx)} Tan{f (e +f x)
3 2 2 2 2 2 2

+

1 3 5 1 2 1 2 1 2 1
fmAppeIIFl{f, 1+-m -m —, Tan[f (e+fx)} , —Tan[f (e+fx)] }Sec{f (e+fx)} Tan{f <e+fx)}
3 2 2 2 2 2 2

/

1 3 1 2 1 2 3 5 1 2
[3AppeIIF1[f, m -m —, Tan{f (e+fx)} , 7Tan[f (e+fx)} }+2m[AppeIIFl[f, ml-m —, Tan{f (e+fx>} ,
2 2 2 2 2 2 2

1 5 1 2 1 2

2 3 1 2
7Tan{— (e+fx)} }+AppeIIFl[—, 1+m -m —, Tan[— (e+fx)] , 7Tan{— (e+fx)} ]
2 2 2 2 2

Tan[; (e +f x)}
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[AppellFl{l, m -m E Tan[E (e +f x)]z, —Tan[E (e +f x)]z} [Zm[AppeIIFl{S, mil-m g Tan{E (e+fx)r,
2 2 2 2 2 2

2
2

? Sec{% (e +f x)} Tan{

> ! ? —Tan{%(eﬂx)} ]

1 2 3
—Tan[g (e+fx>} ]+AppeIIF1[E, 1+m -m E Tan{g (e+fx)} ,

1 1 3 5 1 2 1 2 1 2 1
— (e+fx)}+3[fmAppellF1{f, mil-m —, Tan{f (e+fx)} , —Tan[f (e+fx)] }Sec{f (e+fx>} Tan{f (e+fx)}+
2 3 2 2 2 2 2 2
1 3 5 1 2 1 2 1 2 1
fmAppeIIFl{f, 1+m -m —, Tan{f (e+fx)} , —Tan[f (e+fx)] }Sec{f (e+fx>} Tan{f (e+fx>} +2m
3 2 2 2 2 2 2
1 2 3 5 7 1 2 1 2 1 2 1
Tan[f (e+fx)] [—f (1-m AppeIIFl{f, m2-m —, Tan[f (e+fx)} , —Tan[f (e+fx)] }Sec{f (e+fx)} Tan{f (e +
2 5 2 2 2 2 2 2
6 5 7 1 2 1 2 1 2 1
fx)]+—mAppeIIF1[—, 1+ml-m —, Tan{f (e+fx)} , —Tan[— (e+fx)} ]Sec[— (e+fx)] Tan[— (e+fx)]+
5 2 2 2 2 2 2
3 5 7 1 2 1 2 1 2 1
— (1+m) AppeIIFl{f, 2+m -m —, Tan{f (e+fx)} , —Tan{f (e+fx)} ]Sec[f (e+fx>] Tan{f (e+fx)] ]/
5 2 2 2 2 2 2
1 3 1 2 1 2 3 5 1 2
[3AppeIIF1[E, m -m 5 Tan{g (e+fx>} , —Tan[E (e+fx)} }+2m[AppeIIF1[E, m1-m E Tan{E (e+fx>} ,
1 2 3 5 1 2 1 2 1 2)2
7Tan[— (e+fx)] }+Appel|Fl{—, 1+m -m —, Tan{— (e+fx)} , 7Tan[— (e+fx)] } Tan[— (e+fx)] ] +
2 2 2 2 2 2

5

1 3 1 2 1 2 3
4AppeIIF1[—, mil-m —, Tan[— (e +f x)] , —Tan[f (e +f x)] } 21 (-1+m) AppeIIFl{—, m2-m —,
2 2 2 2 2 2
? ! 2] +mAppeIIF1{§, 1+m 1-m E Tan[E (e+fx>r, —Tan{E (e+fx)r]]
2 2 2 2

Tan{% (e +f x)} , —Tan{g (e +f x)

1 2 1 1 3 5 1 2
Sec[f(en‘x)] Tan[f(e+fx)]+3 - (1—m)AppeIIF1[f,m2—m -, Tan{f(e+fx>},
2 2 3 2 2 2
1 2 1 2 1 1 3 5
—Tan[— (e+fx)] }Sec[— (e+fx)} Tan[— (e +f x) +—mAppeIIF1[—, 1+ml-m —,
2 2 2 3 2 2
T ! f ? T ! f ? S ! f 2T ! f 2T ! f ?
an[g(e+ x)},—an{g(e+ x)} ] ec[g(e+ x)] an[g(e+ x)] + an{g(e+ x)}
3 5 7 1 2 1 2 1 2 1
[(—1+m) [—— (2 -m) AppeIIFl[—, m3-m —, Tan[— (e+fx)} , —Tan[— (e+fx)} }Sec{f (e+fx)} Tan[— (e+fx)}+
5 2 2 2 2 2 2
3 5 7 1 2 1 2 1 2 1
fmAppeIIFl{f, 1+m2-m —, Tan[f (e+fx>} , —Tan{f (e+fx)} ]Sec{f (e+fx)} Tan{f (e+fx)} +
5 2 2 2 2 2 2
3 5 7 1 2 1 2 1 2 1 3
m[—f (1-m) AppeIIFl{f, 1+m2-m —, Tan{f (e+fx>} , —Tan[f (e+fx)} }Sec{f (e+fx)} Tan[f (e+fx)}+f
5 2 2 2 2 2 2 5
5 7 1 2 1 2 1 2 1
(1+m) AppeIIFl{f, 2+ml-m —, Tan[f (e+fx)] , —Tan[f (e+fx)] }Sec{f (e+fx)} Tan{f <e+fx)} ]]]/
2 2 2 2 2 2
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1 2 1 3 1 2 1 2
1+Tan{— (e+fx)} 3AppeIIF1[—, mil-m —, Tan[— (e+fx)} , 7Tan[— (e+fx)] }+
2 2 2 2 2

2 1 2

3 5 1
2 [(—1+m) AppeIIFl{g, m 2-m E Tan[g (e+fx)] , —Tan[g (e+fx)] }+
3 5 1 2 1 2 1 2)2
mAppeIIFl{—,ler 1-m —, Tan{—(e+fx)},7Tan{—(e+fx)}] Tan{—(e+fx)}]] ]
2 2 2 2 2

® Problem 360: Result unnecessarily involves higher level functions and more than twice size of optimal antiderivative.
JOot [e+f x]% (bSecle+f x])Mdx

Optimal (type 5, 63leaves, 1step):
1 1

TS (Cosfe+f x]?)2 (3™ ot [e + f x]3 Hyper geonet ri c2F1| -
3

Result (type 6, 11071 leaves):

1
(-3+m), -—, Sinfe+f x]%| (bSecfe+f x])™
2

N W
N | R

1 3 1
Cot{—(eﬂ‘x)} Cot [e +f x]* (bSec[e+f x])™
2

1—Tan[% (e +f x)]2

2

! m(AppeIIFl[; m -m 7%, Tan[% (e +f x)]z, 7Tan[§ (e +f x)] }/

2)4 1
71+Tan{5 (e +f x)} ] [1+Tan{5 (e +f x)}

1 2 1 2 1 1 2

[AppeIIFl[-z, m-m - Tan[g (e+f X)] :
1 2

1 2 1 1 1 2 1 2
Tan[— (e +f x)]
2

7Tan{g (e+fx)} ]+AppeIIFl[75, 1+m -m ; Tan[; (e+fx)] , 7Tan[5 (e+fx)] }

3 1 2

1 2 1
7Tan[— (e +f x)] }+2m AppeIIFl[—, mil-m —, Tan{— (e +f x)} ,
2 2 2 2

+

[15AppeIIF1{£, m -m i Tan{E (e +f x)r, 7Tan[£ (e +f x)]z}Tan{E (e +f x)}2
2 2 2 2 2

1 1 1 2
[AppellFl[—E, m -m E Tanb (e +f x)} ,

3 1 2 1 2

1 2 1 1 2
7Tan{— (e+fx)} }+Appel|F1{—, 1+m -m —, Tan[— <e+fx)} , 7Tan[— (e+fx)] } Tan[— (e+fx)] ]+
2 2 2 2 2 2

Tan[% (e +f x)]4 [(144Appel|F1{%, m 1-m g Tan[% (e +f x)]z, 7Tan{% (e +f x)r}]/ [[1+Tan[% (e +f X>]2]

1 2 1 1

1 3
(3AppeIIF1{E, m 1-m E Tan[g (e +f x)] ,

1 2 3 5 1 2 1 2
7Tan{— (e+fx)} }+mAppeIIFl[—, 1+m1l-m —, Tan[— (e+fx)] ,
2 2 2 2

1
—Tan[f (e +f x)] }—Zm AppeIIFl{—f, mil-m —, Tan{f (e+fx)} ,
2 2 2 2

7Tan{g (e +f x)} ] Tan{% (e +f x)}

2

2 3 5
7Tan[—(e+fx)] }+2 (71+m)AppeIIF1[—,m27m -, Tan{—(e+fx)],
2 2 2 2
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1 3 1 2 1 2 1 3 1 2
[45AppeIIF1{E, m -m g Tan{g (e+fx)} , —Tan[g (e +f x)] } /[SAppeIIFl[E, m -m E Tan{g (e+f x) |,
1 2 3 5 1 2 1 2
—Tan{f (e+fx)} ]+2m(AppeIIFl{—, mil-m —, Tan[— (e+fx)] , —Tan{f (e+fx)} +
2 2 2 2 2
2

5 2 1 2
Tan[f (e +f x)] ]+
2

Appe||F1§, Lem m Tan[% (e+fx)],

[SAppeIIFl{z, m -m 2 Tan{% (e +f x)]z, —Tan{% (e +f x>r]Tan[% (e +f x)]z]/

3 5 1
(SAppellFlb, m-m Tan[g (e +f x)] ,

—Tan[% (e +f x)] }

2 1 2 5 7 1 2
—Tan[f (e+fx)] }+2m[AppeIIF1{f, mil-m —, Tan{f (e+fx)} ,
2 2 2 2

2 2

2, —Tan{% (e +f x)} ]

1 2 5 7 1
—Tan[— (e+fx>} ]+AppeIIF1{£, 1+m -m 5 Tan{g (e+fx)}

Tan{% (e +f x)}

2 1

1 1
24 f —mCsc{f (e +f x)}

2

24 2 1—Tan[%(e+fx)}
(AppeIIFl{; m -m 7%, Tan[% (e +f x)]z, 7Tan{§ (e +f x)r}/
1 1 2 1 2 1 1 2
{AppeIIFl[f—, m -m 75, Tan{g (e+fx)} , 7Tan[— (e+fx)] }72m[AppeIIF1[7£, m l-m E Tan{g (e+fx)}
2

1 1 1 2
Tan[— (e +f x)] ]+
2

+AppeIIF1[—; 1+m -m 5 Tan[; (e+fx)}

1 1 1 2 1 2 1 2
- m -m —, Tan{— (e+fx)} , —Tan{— <e+fx)} ]Tan[— (e+fx)] ]/
2 2 2 2

, —Tan[% (e +f x)] }

—Tan[% (e +f x)]

[15AppeIIF1{—2,
1 1 1 2 1 2 1 3 1 2
[AppeIIFl{—g, m -m E Tan[g (e+fx>} , —Tan{g (e+fx)} ]+2m[AppeIIF1[E, m 1-m 5 Tan[g (e+fx)} ,
3 1 2 1 2 1 2
,—Tan{g(eﬂx)}] Tan{g(eﬂ‘x)} +

1 2 1
—Tan{f (e+fx>} ]+AppeIIF1{£, 1+m -m 5 Tan{E (e+fx)}

2‘ _Tan[% (e +f x)]zu/ [[1+Tan[; (e +f x)]z]

1 4 1 3 1
Tan{f (e+fx)} 144AppeIIF1{f, mil-m —, Tan[f (e+fx)}
2 2 2 2
1 3 1 2 1 2 3 5 1
[SAppeIIFl{f, mil-m —, Tan{f (e+fx)} , —Tan[f (e+fx)] }+2 [(—1+m> AppeIIFl{f, m2-m —, Tan[f (e+fx)] ,
2 2 2 2 2 2 2
1 2 3 1 2 1 2 1 2
7Tan[f (e+fx)] }+mAppeIIF1{E, 1+-mil-m E Tan[5 (e+fx)] , 7Tan[£ (e+fx)] } Tan[E (e+fx)] ]]7
3 1 2 1 2 1 3 1 2
, 7Tan{— (e+fx)} ]J/ [3AppeIIF1[—, m -m —, Tan{— (e+fx>} ,
2 2 2 2

(45Appe|lF1[%, m -m E Tan[; (e+fx>}

2
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1 2 3 5 1 2 1 2
—Tan[— (e+fx)] }+2m[AppeIIF1{f, mil-m —, Tan[— (e+fx)} , —Tan[— (e+fx)] }+
2 2 2 2 2
3 2
AppeIIFl{f, 1+m -m
2

, Tan{% (e +f x)} , —Tan[% (e +f x)]z}

Nk N[O

Tan[;(e+fx)]2]+
(5Appe|||:1{z, m -m E, Tan[ <e+fx)]2, ! ’ ! ’ /

. —Tan[g(enx)] }Tan[g(eﬁx)}
5 7 1 2
[AppellFl[E, m 1l-m 5 Tan{E (e+fx>} ,

2

3 5 1 2 1
[5Appe||F1[
5 7 1 2
—Tan{f (e+fx)} }+AppeIIF1[f, 1+m -m —, Tan[f (e+fx)] ]]+
2 2 2

2
- m -m —, Tan{f (e+fx>} , —Tan[f (e+fx)} }+2m
2 2 2 2

2

, —Tan{%(eﬂx)} ] ’

Tan{% (e +f x>}
4+m

1

1 2)3 1 2\M
[71+Tan[—(e+fx)]] [1+Tan{—<e+fx)}]
6 lfTan[%(eMx)}z 2 2
3 1 1 2 1 2
(—AppeIIFl{—f, m-m -—, Tan[f (e+fx)] , —Tan{f (e+fx)} }/
2 2 2 2
3 1 1 2 1 2 1 1 1 2
[AppellFl[—E, m -m —5, Tan{g (e+fx)} , —Tan[5 (e+fx)] }—Zm[AppeIIFl[—E, m 1l-m 5 Tan{5 (e+fx)} ,
1 2 1 1 1 2 1 2 1 2
—Tan[f (e+fx)] }+AppeIIF1[—f, 1+m -m —, Tan{f (e+fx)} , —Tan[f (e+fx)] } Tan[f (e+fx)] ]+
2 2 2 2
1 1 1 2 1 2 1 2
[15AppeIIF1{7£, m -m 5 Tan{g (e+fx)} , 7Tan{5 (e+fx)} ]Tan[; (e+fx)] ]/
1 1 1 2 1 2 1 3 1 2
(AppellFl{fg, m -m E Tan[g (e+fx>} , 7Tan{5 (e+fx)} ]+2m(AppeIlFl[5, m 1-m E Tan[; (e+fx>} ,
2 1 3 1 2 1 2 1 2
7Tan{— (e+fx)} ]+Appe|IF1[—, 1+m -m —, Tan{— (e+fx)} , 7Tan{— (e+fx)} ] Tan{— <e+fx)} ]+
2 2 2 2 2
1 4 1 3 1 2
Tan{—(e+fx)} [[144Appe|IF1{—, m 1l-m
2 2

E, Tan[g (e+fx)} , 7Tan[% (e+fx)]2”/ [[1+Tan[§ (e+fx)]2]
1 3 1 2 1 2 3 5 1 2
[3AppeIIF1{—,m17m -, Tan{—(e+fx)}, 7Tan[—(e+fx)] }+2[(71+m>AppellF1{—,m27m -, Tan[—(e+fx)]
2 2 2 2 2 2

2 3 5 1 2 1 2
7Tan[— (e +f x)] }erAppeIIFl{—, 1+ml-m —, Tan[— (e +f x)] Tan[— (e +f x)] -
2 2 2

1 3 1 2 1 2 1 3 1 2
[45AppeIIFl[—, m -m —, Tan[— (e+fx)} , 7Tan{— (e +f x)} ] / 3AppeIIFl[—, m -m —, Tan{— (e+fx)} ,
2 2 2 2 2 2 2
+2m[Appe||F1[3 > ! ’

1 2
- m1l-m —, Tan[—(e+fx)},7Tan[—(e+fx)]}+
2 2 2 2

, 7Tan[% (e +f x)]z}

7Tan[% (e +f x)]2
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3 5 1 2 2
AppeIIFl[E, 1+m -m E Tan{g <e+fx)}

, —Tan[% (e +f x)] }

Tan[% (e +f x)]z] +
5 1 2

3 1 2 1 2
(SAppeIIFl[E, m -m E Tan[g (e+fx)] , —Tan[g (e+fx)] }Tan[g (e+fx)} /
3 5 1 2 1 2 5 7 1 2
[SAppeIIFl[E, m-m . Tan{E <e+fx>} , _Tan[E <e+fx)} }+2m[Appe||F1[£, m 1-m S Tan{E <e+fx>} ,
1 2

1 2

5 7
—Tan{f (e+fx)} +AppeIIF1[f, 1+m -m —, Tan[f (e+fx)]
2 2 2 2

2

,—Tan{%(enx)} ] ?

Tan[% (e +f x>}

-

1 1 2 1 2 1 o 1 2\4 1 2\m
—Oot[—(e+fx>} Csc{—(e+fx>} 71+Tan{—(e+fx)} [1+Tan{—(e+fx)]]
16 2 17Tan[%(e+fx)]2 2 2
3 1 1 2 1 2
(—AppeIIFl{——, m -m -—, Tan[— (e+fx)] , —Tan{f (e+fx)} }/
2 2 2 2
3 1 1 2 1 2 1 1 1 2
[AppellFl[—E, m -m —5, Tan{g (e+fx)} , —Tan[5 (e+fx)] }—Zm[AppeIIFl[—E, mil-m 5 Tan{5 (e+fx)} ,
1 2 1 1 1 2 1 2 1 2
_Tan[g (e+fx)] }+AppeIIF1[—E, 1+m -m 5 Tan{g (e+fx)} , —Tan[E (e+fx)] } Tan[5 (e+fx)] ]+
1 1 1 2 1 2 1 2
[15AppeIIF1{—E, m -m 5 Tan{E (e+fx)} , —Tan{g (e+fx)} ]Tan[5 (e+fx)] ]/
1 1 1 2 1 2 1 3 1 2
(AppellFl{fg, m -m 5 Tan{; (e+fx>} , 7Tan{5 (e+fx)} ]+2m[AppeIIF1[E, ml-m 5 Tan{; (e+fx>} ,

1 2 1 3 1 2 1
7Tan{— (e+fx)} ]+AppeIIF1[—, 1+m -m —, Tan{— (e +f x)}
2 2 2 2

,7Tan{5(e+fx)r] Tan{%(eﬂ‘x)}2 +
Tan{% (e +f x)}4 [{144Appe|IF1{; m 1-m g Tan[% (e +f x)r, 7Tan[% (e +f x)]z}]/ [[1+Tan[% (e +f x)]z]
1 3 1 2 1 2 3 5 1 2
[SAppeIIFl{E, m1-m E Tan{g (e +f x)} , 7Tan[5 (e +f x)] }+2 [(71+m> AppellFl{E, m 2-m E Tan[; (e +f x)] ,

1 2 3 5 1 2
7Tan[— (e +f x)] }erAppeIIFl{—, 1+ml-m —, Tan[— (e +f x)]
2 2 2

/

3 5 1 2
+2m[AppeIIF1{—,m17m -, Tan[—(e+fx)}
2 2 2

, 7Tan[% (e +f x)]z}

Tan[% (e +f X>]2]] _

3 1 2

3 1 2 1
3AppeIIF1[E, m -m 5 Tan{g (e+fx)} ,

1 1 2
(45AppeIIF1[—, m -m —, Tan{— (e+fx>} , 7Tan{— (e +f x)} ]
2 2 2 2

7Tan[§ (e +f x)]2

, 7Tan[% (e +f x)]z} +

3 5 1 2 2
AppeIIFl[—, 1+m -m —, Tan[— (e+fx)}
2 2 2

, 7Tan[% (e +f x)] }

Tan[% (e +f x)]z] +
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3 5 1 2 2 1 2
[SAppeIIFl[E, m -m E Tan[g (e +f x)]

, —Tan[% (e +f x)] }Tan[g (e +f x)}

3 5 1 2
[5AppeIIFl[£, m -m E Tan{g (e+fx)}

/

, —Tan[g (e+fx)} }+2m[AppeIIFl[z, mil-m g Tan[% (e+fx)r,

J-

5 7 1 2
+AppeIIF1[E, 1+m -m S Tan[E (e+fx>]

2

Tan[ et x| CTan[> et )] 2

Tan[% (e +f x>}

5+m

2 1 1 2\4
(71+Tan[— (e +f x)] ]
2

1 1
Z 4+m) Csc[— (e +f x)
24

1 2\m
1+Tan[5 (e +f x)] ]

3 1 1 2 1 2
(—AppeIIFl{——, m-m -—, Tan[— (e+fx)] , —Tan{f (e+fx)} }/
2 2 2 2
3 1 1 2 1 2 1 1 1 2
[AppellFl[—E, m -m —E, Tan{g (e+fx)} , —Tan[g (e+fx)] }—Zm[AppeIIFl[—E, mil-m 5 Tan{g (e+fx)} ,
1 2 1 1 1 2 1 2 1 2
—Tan[f (e+fx)] }+AppeIIF1[—f, 1+m -m —, Tan{f (e+fx)} , —Tan[f (e+fx)] } Tan[f (e+fx)] ]+
2 2 2 2 2 2
1 1 1 2 1 2 1 2
[15AppeIIF1{—E, m -m 5 Tan{5 (e+fx)} , —Tan{g (e+fx)} ]Tan[5 (e+fx)] ]/
1 1 1 2 1 2 1 3 1 2
(AppellFl{—g, m -m 5 Tan{E (e+fx>} , —Tan{g (e+fx)} ]+2m[AppeIIF1[E, ml-m 5 Tan{E (e+fx>} ,
1

2 1 3 1 2 1
7Tan{— (e+fx)} ]+AppeIIF1{—, 1+m -m —, Tan{— (e +f x)}
2 2 2 2

1 4 1 3 1 2
Tan{— (e +f x)} 144AppeIIF1{—, mil-m —, Tan[— (e +f x)}
2 2 2 2

2

, 7Tan{5(e+fx)} ] ! ’

Tan{; (e +f x)}

, 7Tan[% (e+fx)]2U/ {[1+Tan[§ (e+fx)]2]
1 3 1 2 1 1
[SAppeIIFl{E, m1l-m E Tan{g (e +f x)}

2 3 5 2
, 7Tan[— (e+fx)] }+2 (-1+m) AppeIIFl{—, m2-m —, Tan[— (e+fx)] ,
2 2 2 2

+

1 2 3 5 1 2
7Tan[— (e+fx)] }+mAppel|Fl{—, 1+ml-m —, Tan[— (e+fx)]
2 2 2

/

1 2 3 5 1 2 1 2
7Tan[— (e+fx)] }+2m(AppeIIF1{—, mil-m —, Tan[— (e+fx)} , 7Tan[— (e+fx)] }Jr
2 2 2 2 2

, 7Tan[% (e +f x)]z}

Tan[% (e +f X>]2]] _

1 3 1 2
3AppeIIF1[E, m -m 5 Tan{g (e+fx)} ,

1 3 1 2 1 2
(45AppeIIF1[—, m -m —, Tan{— (e+fx)} , 7Tan{— (e +f x)} ]
2 2 2 2

2 2

3 1 1
AppeIIFl[E, 1+m -m Tan{g (e+fx)} , 7Tan[5 (e+fx)] }

Tan[% (e +f x)]z] +

2 2

(e+fx)] , 7Tan[§ (e+fx)] }Tan[% (e+fx)r]/

N NG

3 5
[5AppeIIF1[E, m -m E Tan[
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3 5 1 2 1 2 5 7 1 2
[5AppeIIFl[£, m -m E Tan{g (e+fx)} , —Tan[g (e+fx)} }+2m[AppeIIFl[£, m1l-m E Tan[g (e+fx)} ,
1 2 5 7 1 2 1 2 1 2
—Tan{g (e+fx)} +AppeIIF1[E, 1+m -m E Tan[g (e+fx)] , —Tan{g (e+fx)} ] Tan[g (e+fx>} ]J+
1 3 1 o 1 2\4 1 2\m
—Oot{f(eﬂx) (71+Tan{7(e+fx>} [1+Tan[7(e+fx)]]
24 17Tan[%(e+fx)] 2 2
1 1 1 2 1 2 1 2 1
7[3mAppeIIF1{77, mil-m —, Tan[f (e+fx)] , 7Tan[f (e+fx)] }Sec{f (e+fx)} Tan{f (e+fx)}+
2 2 2 2 2 2
1 1 1 2 1 2 1 2 1
3mAppeIIF1{f—,1+m -m —, Tan{—(e+fx)},7Tan[—(e+fx)} ]Sec[—(eJrfx)] Tan{—(e+fx)} /
2 2 2 2 2 2

1 2 1 2 1 1 1 2
Tan{— (e+fx)} , 7Tan[— (e+fx)] }72m[AppeIIF1[f—, ml-m —, Tan{— (e+fx)} ,
2 2 2 2 2

N w
N e

{AppeIIFl[f m -m -
1 1 2 1 2

+AppeIIF1[—; 1+m -m 5 Tan[; (e+fx)} , —Tan[g (e+fx)] }

N

1

—Tan[g(e+f><>] Tan[;(e+fx)]2]+

1 1 1 2 1 2 1 2 1
[15AppeIIF1{—E, m -m 5 Tan{g (e+fx)} , —Tan[; <e+fx)} ]Sec[g (e+fx)] Tan{g (e+fx)} /

1 1 1 2 1 2 1 3 1 2
(AppellFl{—E, m -m E Tan[g (e+fx)} , —Tan{g (e+fx)} ]+2m[AppeIIF1[E, mil-m 5 Tan[g (e+fx)} ,

1 2

3 1 2 1 2
Tan{— (e +f x)}
2

—Tan{g (e +f x)} ]

+

1 2 1
—Tan[— (e+fx>} ]+AppeIIF1{f, 1+m -m —, Tan{— (e+fx)} ,
2 2 2 2

1 2 1 3 1 2 1 2 1 2 1
[15Tan{f (e+fx)} [—mAppeIIFl{f, mil-m —, Tan[f (e+fx)] , —Tan[f (e+fx>] }Sec{f (e+fx)} Tan[f (e+fx)]—
2 2 2 2 2 2 2
1 3 1 2 1 2 1 2 1
mAppeIIFl[f, 1+m -m —, Tan{f (e+fx)} , —Tan{f <e+fx>} ]Sec[f (e+fx)] Tan[f (e+fx)] ]/
2 2 2 2 2 2

1 2 1 2 1 3 1 2
Tan{f (e+fx>} , —Tan{f (e+fx)} ]+2m[AppeIIF1[f, mil-m —, Tan{f (e+fx)} ,
2 2 2 2 2

| =

1
(Appel | Fl{—g, m -m

1 3 1 2 1 2
]+AppeIIF1{£, 1+m -m 5 Tan{5 (e+fx)} , 7Tan{5 (e+fx)} ]

N

1
7Tan{f (e +f x)
2

— N

1 2
Tan{g (e +f x)} J+

1 1 2

3 1 1 2 1 2 1
[AppeIIFl{fg, m -m 75, Tan{; (e+fx)} , 7Tan[5 (e+fx)} } (SmAppeIIFl[fg, m 1-m E Tan[; (e+fx>} , 7Tan{

1 2 1 2 1 1 1 1 2 1 2

— (e+fx)} ]Sec[f (e+fx)] Tan{f (e+fx)]+3mAppeIIF1{—f, 1+-m -m —, Tan{f (e+fx)} , —Tan{f (e+fx>} ]

2 2 2 2 2 2 2

1 2 1 1 1 1 2 1 2

Sec{f (e+fx)} Tan{f (e+fx)}—2m AppeIIFl[—f, ml-m —, Tan[f (e+fx)] , —Tan{f (e+fx>} ]+
2 2 2 2 2 2
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1 1 2 1 2

1 2
AppeIIFl[—E, 1+m -m 5 Tan{g (e+fx)} , —Tan[g (e+fx)] }

Sec[% (e +f x)] Tan[% (e +f x)] -

1 2 1 3 1 2 1 2 1 2
2mTan{E (e+fx)} [(1—m) AppeIIFl[E, m 2-m E Tan[g (e+fx)] , —Tan[g (e+fx)] }Sec{g (e+fx)} Tan{

1 1 3 1
7(e+fx)}—2mAppeIIF1[—,l+m 1-m —, Tan[—(e+fx)]
2 2 2 2

2 1 2 1 2

2 2 2

3 1 2 1 2 1 2 ]J/

1 1
(1+m) AppeIIFl[E, 2+m -m g Tan{g (e+fx)} , —Tan[g (e+fx)] }Sec[g (e+fx)} Tan[; (e+fx)}
1 1 2

1
AppeIIFl{—E, mil-m 5 Tan{g (e+fx)} ,

1

2 1 2
— (e+fx)] ,
2

—Tan{g (e +f x)} ]—Zm

—

3 1
[AppellFl{—E, m -m —E, an[

1 1 2 1 2

! f ? Il ! f f ! f 2\’
-Tan[5 (e + x>] }+Appe Fl[—g, 1+m -m S Tanb<e+ x)} , —Tan[g (e + x)] } Tan[5 (e + x)] ] -

1 1 1 2 1 2 1 2
[15AppeIIF1{f—, m -m —, Tan{— (e +f x)} , 7Tan{— (e+fx)} ]Tan[— (e +f x)]
2 2 2 2 2

1 3 1 2 1 2 1 2 1
[7mAppeIIF1[£, m1l-m 5 Tan[g (e+fx)} , 7Tan[5 (e +f x)] }Sec{g (e+fx)} Tan[g (e+fx)} -
1 3 1 2 1 2 1 2 1
mAppeIIFl[E, 1+m -m E Tan{g (e +f x)} , 7Tan{5 (e+fx)} ]Sec[g (e +f x)] Tan[g (e +f x)] +
3 1 2 1 2 1 3

Zm[AppeIIFl[i, mil-m —, Tan[— (e+fx)] , 7Tan[— (e+fx)} ]+AppeIIF1[—, 1+m -m —,
2 2 2 2 2 2

2 1 2 1 2 1 1 2

Tan[% (e+fx)] , 7Tan{£ (e+fx)] }]Sec{g (e+fx)} Tan{g (e+fx)}+2mTan[g (e+fx)]

1 3 5 1 2 1 2 1 2 1
[——(1—m)AppeIIF1[—,m2—m -, Tan[—(e+fx)], —Tan[—(e+fx)] }Sec{f(eﬂ‘x)} Tan[—(e+fx)]+
3 2 2 2 2 2 2
2 3 5 1 2 1 2 1 2 1
—mAppeIIFl[—, 1+m1l-m —, Tan[— (e+fx)] , 7Tan[— (e+fx)] }Sec{— (e+fx)} Tan[— (e+fx)]+
3 2 2 2 2 2 2
3 5 1 2 1 2 1 2 1
—(1+m)AppeIIF1{—,2+m -m —, Tan{—(eﬂ‘x)},7Tan[—(e+fx)]}Sec{—(eﬂ‘x)} Tan{—(eﬂ‘x)} ]J/
3 2 2 2 2 2 2
1 1 1 2 1 2 1 3 1 2
(AppellFl{f—, m -m —, Tan[— (e+fx)} , 7Tan{— (e +f x)} ]+2m[AppeIIFl[—, mil-m —, Tan{— (e +f x)} ,
2 2 2 2 2 2 2
3 1 2 1 2 1

_Tan[% (e+fx)]2}+AppellFl[g, 1+m -m E Tan[g (e+fx)] , —Tan[g (e+fx)] } Tan{g (e+fx)r]2+

ZSec{% (e +f x)rTan[% (e +f x)]3 {(144AppelIF1{; m 1-m g Tan[% (e +f x)]z, 7Tan[% (e +f x)r”/

1 2 1 3 1 2
[1+Tan{§ (e+fx)} ] [3AppeIIF1{E, m 1-m E Tan[g (e+fx)} ,

, —Tan[— (e+fx)] }Sec{f (e+fx)} Tan[E (e+fx)]—

1 2 3
7Tan[£ (e +f x)] }+2 [(71+m) AppellFl{E, m 2-m
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5 1
-, Tan{—(eﬂ‘x)}
2 2
Tan[% (e +f x)]z]J - [45AppeIIF1{;, m -m ; Tan{% (e +f x)r, —Tan[% (e +f x)]ZU/

2 1 2 3 5 1 2 1 2
, —Tan[— (e+fx)] }+mAppeIIFl{—, 1+ml1l-m —, Tan[— (e+fx)] , —Tan[— (e+fx)] ”
2 2 2 2 2

2

3 1 2 1 2 3 5 1
[AppeIIFl[f, mil-m —, Tan{f (e+fx>} ,
2 2 2

[SAppeIIFl[l, m -m —, Tan{f (e+fx)} , —Tan[f (e+fx)} }+2m
2 2 2 2

1 2

5 1 2 1 2
—Tan{E (e +f x)}

3 2
+AppeIIF1[E, 1+m -m E Tan[5 (e+fx)] , —Tan{E (e+fx)} ]

Tan[% (e +f x>}

+

[SAppeIIFl{j, m -m g Tan[% (e +f x)]z, —Tan[% (e +f x)]z}Tan[g (e +f x)r]/

5 1 2 1 2

3 2
[SAppeIIFl[E, mo-m Tan{E <e+fx>} ,

5 7 1
—Tan[f (e+fx)} }+2m AppeIIFl[f, ml-m —, Tan{f (e+fx>} ,
2 2 2 2

] .
1 1 2

, 7Tan{5 (e +f x)}z] Sec{g (e +f x)} Tan{% (e +f x)}

1 2 5 7 1 2 1 2

7Tan{5 (e+fx)} }+AppeIIF1[E, 1+m -m E Tan[; (e+fx)] , 7Tan{g (e+fx)} ] ! ’

Tan[; (e +f x>}

1 4 1 3 1 2
Tan{g (e +f x)} [[144AppeIIF1[E, mil-m E Tan{g (e+fx)}

/

1 2)2 1 3 1 2 1 2
1+Tan|— (e+fx)} 3AppeIIF1[f, mil-m —, Tan{f (e+fx)} , —Tan{f (e+fx)} ]+
{2 2 2 2 2

3 5 1 2 1 2
2 [(—1+m) AppellFl{E, m2-m E Tan[E (e+fx)] , —Tan[E (e+fx)] }+

3 5 1 2 1 2
mAppeIIFl{E, 1+m1l-m 5 Tan{g (e +f x)} , 7Tan{5 (e +f x)} ]

+

Tan{% (e +f x)r]

1 3 5 1 2 1 2 1 2 1
(144 [—— (1-m AppeIIFl{f, m2-m —, Tan{— (e+fx)} , —Tan[— (e+fx)] }Sec[— (e+fx)} Tan{— (e+fx)}+
3 2

|/

2 1 2 1 2

1 3 5 1 1
—mAppeIIFl[—, 1+ml-m —, Tan[— (e+fx)] , —Tan[— (e+fx)] }Sec{— (e+fx)} Tan[— (e+fx)]
3 2 2 2 2 2 2

3 1 2 1 2

[(1+Tan{; (e+fx)}2 [3AppeIIF1{l, m 1-m E Tan[E (e+fx)} , —Tan[E (e+fx)] }+

3 5 1 2 1 2
2 ((—1+m) AppeIIFl{E, m 2-m E Tan{E (e +f x)] , —Tan{E (e+fx>} ]+

5 1 2 1 2

3 1
mAppeIIFl{E, 1-ml-m E Tan[5 (e+fx)] , —Tan[E (e+fx)] }

Tan[5 (e +f x)]zj

1 3 5 1 2 1 2 1 2 1
(45(7mAppellF1{f, ml-m —, Tan[f (e+fx)] , 7Tan[f (e+fx)] }Sec{f <e+fx)} Tan{f (e+fx)}+
3 2 2 2 2 2 2

1 3 5 1 2 1 2 1 2 1
—mAppeIIFl[—, 1+m -m —, Tan[— (e+fx)] , 7Tan[— (e+fx)] }Sec{— (e+fx)} Tan[— (e+fx)]]]/
3 2 2 2 2 2 2
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1 3 1 2 1 2 3 5 1 2
[3AppeIIFl[—, m -m —, Tan{— (e+fx)} , —Tan[— (e+fx)} }+2m[AppeIIFl[—, mil-m —, Tan[— (e+fx)} ,
2 2 2 2 2 2 2

1 2 3 5 1 2 1 2 1 2
—Tan{f (e+fx)} +AppeIIF1[—, 1+m -m —, Tan[— (e+fx)] , —Tan{— (e+fx)} ] Tan[— (e+fx>}
2 2 2 2 2 2

+

(SAppeIIFl{z, m -m g Tan[% (e +f x)]z, —Tan[% (e +f x)]z} Sec[% (e +f x)rTan[g (e +f x)]]/

3 5 1 2 1 2 5 7 1 2
[SAppeIIFl[f, m-m —, Tan{f (e+fx>} , —Tan[f (e+fx)} }+2m[AppeIIF1[f, mil-m —, Tan{f (e+fx>} ,
2 2 2 2 2 2 2

2 5 7 1 2 1 2 2

—Tan{g(enx)} ] +

Tan{% (e +f x>}

1
—Tan{f (e+fx)} }+AppeIIF1[f, 1+m -m —, Tan[f (e+fx)] ,
2 2 2 2

1 2 (3 5 7 1 2 1 2 1 2 1
5Tan[E (e+fx)] [gmAppeIIFl[E, ml-m E Tan[E (e+fx>} , —Tan{E <e+fx)} ]Sec{E (e+fx)] Tan{5 (e+fx)}+

3 5 7 1 2 1 2 1 2 1
—mAppeIIFl[—, 1+m -m —, Tan[— (e+fx)] , 7Tan[— (e+fx)] }Sec{— (e+fx)} Tan[— (e+fx)]]]/
5 2 2 2 2 2 2

3 5 1 2 1 2 5 7 1 2
[SAppeIIFl[—, m -m —, Tan{— (e+fx)} , 7Tan[— (e +f x)} }+2m[AppeIIFl[—, mil-m —, Tan[— (e+fx>} ,
2 2 2 2 2 2 2

1 2 5 7 1 2 1 2 1 2
7Tan{5 (e+fx)} }+AppeIIFl[£, 1+m -m E Tan[; (e+fx)] , 7Tan{5 (e+fx)} ] Tan[g (e+fx>} ]+
1 3 1 2 1 2 3 5 1 2
(45AppeIIF1[E, m -m E Tan{; (e+fx>} , 7Tan{5 (e +f x)} ] [Zm[AppeIIFl[E, mil-m E Tan{g (e +f x)] ,
1 2 3 5 1 2 1 2 1 2
7Tan{— (e+fx>} ]+AppeIIF1[—, 1+m -m —, Tan{— (e +f x)} , 7Tan{— (e+fx)} ] Sec{— (e +f x)} Tan{
2 2 2 2 2 2
1 1 3 5 1 2 1 2 1 2 1
— (e+fx)}+3(—mAppellFl{—, mil-m —, Tan[— (e+fx)} , 7Tan[— (e+fx)] }Sec{— (e+fx)} Tan[— (e+fx)}+
2 3 2 2 2 2 2 2
1 3 5 1 2 1 2 1 2 1
—mAppeIIFl{—, 1+m -m —, Tan{— (e+fx)} , 7Tan[— (e+fx)] }Sec[— (e+fx)} Tan{— (e+fx)} +2m
3 2 2 2 2 2 2
1 2 3 5 7 1 2 1 2 1 2 1
Tan[— (e+fx)] [—f (1-m) AppeIIFl{f, m22-m —, Tan[— (e+fx)} , —Tan[— (e+fx)] }Sec[f (e+fx)} Tan[— (e +
2 5 2 2 2 2 2 2

6 5 7 1 2 1 2 1 2 1
fx)]+—mAppeIIF1[—, 1+ml-m —, Tan{— (e+fx)} , 7Tan{— (e+fx)} ]Sec[— (e+fx)] Tan[— (e+fx)]+

5 2 2 2 2 2 2

§(1+m) AppeIIFl{; 2+m -m g Tan{% (e +f x)r, 7Tan[% (e+fx)r]8ec[§ (e +f x)]ZTan[% (e +f x)] ]/

5 1 2

3 1 2 1 2 3
7Tan[— (e+fx)} }+2m[AppeIIFl[—, mil-m —, Tan[— (e+fx)} ,
2 2 2 2

[3Appe||Fl[%, m -m E Tan[; (e+fx)} ,

5 1 2 1 2

! f ? 11 3 f f ! f )’
—Tan[g (e + x)] }+Appe Fl{g, 1+m -m E Tan{g (e + x)} , —Tan[g (e + x)] } Tan[g (e + x)] ] -
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3 5 1 2 1 2 1 2
(SAppeIIFl{—, m -m —, Tan[— (e+fx)] , 7Tan[— (e+fx)] }Tan[— (e+fx)}
2 2 2 2 2

5 7 1 2 1 2
[Zm[AppeIIFl{E, m1l-m E Tan{g (e +f x)] , 7Tan{5 (e+fx)} ]+

7 1 2 1 2

5 2
AppeIIFl{E, 1+m -m E Tan[g (e+fx)] , 7Tan[£ (e+fx)] }

Sec[% (e +f x)] Tan[% (e +f x)] +

3 5 7 1 2 1 2 1 2 1
5 [—mAppeIIFl{f, ml-m —, Tan[— (e +f x)} , —Tan[— (e +f x)] }Sec[f (e+fx)} Tan[— (e +f x)
5 2 2 2 2 2 2

3
+ — mAppel | Fl[
5

5 7 1 2 1 2 1 2

g, 1+m -m E Tan[g(eﬁx)} , —Tan{g (e+fx)} ]Sec{g (e+fx)} Tan{% (e+fx)} ?

1
+2mTan{E (e +f x)}

7 9 1 2 1 2 1 2
(1+m)AppeIIF1{f,2+m -m -, Tan{—(e+fx)}
2 2 2

5 7 9 1 2 1 2 1 2 1
[——(1—m)AppeIIF1{f,m2—m -, Tan{—(en‘x)},—Tan[—(e+fx)]}Sec[—(eaffx)} Tan{—(e+fx)}+

7 2 2 2 2 2 2

10 7 9 1 2 1 2 1 2 1

—mAppeIIFl[—,1+m 1-m —, Tan[f(e+fx)],—Tan{—(e+fx)} ]Sec[f(en‘x)] Tan[—(e+fx)]+

7 2 2 2 2 2 2

5

;

, —Tan[; (e+fx)} ]Sec[g (e +f x)] Tan{% (e +f x)]

)/

5 1 2

3 7 1 2
[5AppeIIFl[£, m -m E Tan{g (e+fx)} )

1 2 5
—Tan[g (e+fx)} }+2m[AppeIIFl[£, mil-m E Tan[g (e+fx)} ,

2 5 7 1 2 1 2

_Tan[% (e +f x)] }+AppeIIF1{E, 1+m -m 5 Tan{g (e+fx)} , —Tan[5 (e +f x)] } Tan[% (e +f x)]z]z_

2 1 2

1 3 1 5
(144AppeIIF1[E, m 1-m E Tan[; (e +f x)] ,

7Tan[£ (e+fx)] } [2 [(71+m) AppeIIFl{; m 2-m E

1 2 1 2 3 5 1 2 1 2
Tan{f (e+fx)} , 7Tan[— (e+fx)} ]+mAppeIIFl{f, 1+ml-m —, Tan{— (e+fx)} , 7Tan{— (e+fx)} ]]
2 2 2 2 2 2
1 2 1 1 3 5 1 2
Sec[f(e+fx)] Tan[—(e+fx)]+3 ——(1—m)AppeIIFl[—,m2—m -, Tan[—(eﬂ‘x)},
2 2 3 2 2 2
1 2 1 2 1 1 3 5
7Tan[—(e+fx)] }Sec{—(eu‘x)} Tan{—(e+fx)}+—mAppeIIF1[—,1+m 1-m —,
2 2 2 3 2 2
2 1 2 1 2 2

Tan{% (e+fx)} , 7Tan{5(e+fx)} ]Sec[g (e+fx)] Tan[% (e+fx)] +2Tan{%(e+fx)}

3 5 7 1 2 1 2 1 2 1
[(—1+m) [——(Z—m)AppeIIFl[—,mZZ—m -, Tan[—(eﬂ‘x)},—Tan[—(e+fx)} }Sec{f(edffx)} Tan{—(e+fx)}+
5 2 2 2 2 2 2

5 7 1 2 1 2 1 2 1
—mAppeIIFl{g, 1+m 2-m E Tan[g (e+fx>} , —Tan{g (e+fx)} ]Sec{g (e+fx)} Tan{g (e+fx)}

+

o W

5 7 1 2 1 2 1 2 1 3
(1-m AppeIIFl[E, 1+m 2-m E Tan[g (e+fx)} , —Tan[g (e+fx)} }Sec{g (e+fx)} Tan[g (e+fx)}+g

o] ow

m[—
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5 7 1 2 1 2 1 2 1
(1+m) AppeIIFl{E, 2+m1l-m E Tan[g (e+fx)] , —Tan[g (e+fx)] }Sec{g (e+fx)} Tan{g (e+fx)}

1 2 1 3 1 2 1 2
1+Tan|— (e+fx)} 3AppeIIF1{—, mil-m —, Tan[— (e+fx)} , 7Tan[— (e+fx)] }+
{2 2 2 2 2

3 5 1 2 1
2 [(71+m) AppeIIFl{g, m 2-m E Tan[— (e+fx)] , 7Tan[— (e+fx)] }+

2 2
3 5 1 2 1 2 2)2
mAppeIIFl{—, 1+ml-m —, Tan{— (e+fx)} , 7Tan{— (e+fx)} ] Tan{— (e+fx)} ] ]]J
2 2 2 2 2
® Problem 361: Unable to integrate problem.
JOOI [e+f x]® (bSecle+f x])Mdx
Optimal (type 5, 63leaves, 1step):
1 3(75+m> . 5 1 3 .
——f(()os[e+fx}2)2 Cot [e +f x]® Hypergeonetri c2F1|-—, — (-5+m), - —, Sinfe+f x]?| (bSec[e+f x])™
5 2 2 2

Result (type 8, 21 leaves):
JOot [e+f x]% (bSec[e+f x])™dx

® Problem 367: Result unnecessarily involves higher level functions and more than twice size of optimal antiderivative.
JCos[a+bx}2 (dTan[a +bx])" dx

Optimal (type 5, 50leaves, 2 steps):

1+n 3+n

Hyper geomet ri c2F1[2, =%, =
bd (1+n)

, -Tan[a+bx]?] (dTanfa+bx])*"

Result (type 6, 7155 leaves):

Tan[% (a+bx) ]

21 (3+n)Tan{E (a+bx)}
2

—1+Tan[%(a+bx)}2
1+n 3+n 1 2 1 2 1 22
[AppellFl{,n ,Tan{f(a+bx>}, —Tan{f(a+bx)} ][1+Tan{7(a+bx>} ]/
2 2 2

5+n 1 2

3+n 1 2
_ Tan[f (a+bx)] ,
2

1+n 1 2 3+n
((3+n)AppeIIF1{?, n, 1, ——, Tan{E (a+bx)} , —Tan{E (a+bx)} ]—2 [AppeIIFl[?, n, 2,

1 2

1 2 3+n 5+n 1 2 1 2
_ Tan{—(a+bx)}
2

—Tan{2 (a+bx)} }—nAppeIIFl{T, 1+n, 1, , Tan{E (a+bx)} , —Tan{E (a+bx>} ]

1/
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1+n 3+n 1 2 1 2 1 2
[4AppeIIFl[—, n, 2, —, Tan[— (a+bx)] , —Tan{— (a+bx)} ] 1+Tan[— (a+bx)] ]J/
2 2 2 2
1+n 3+n 1 2 1 2 3+n 5+n 1 2
((3+n)AppeIIF1{—, n, 2, —, Tan{— (a+bx)} , —Tan{— (a+bx)} ]+2 [—ZAppeIIFl[—, n, 3, —, Tan{— (a+bx)} ,
2 2 2 2
1 2 3+n 5+n 1 2 1 2 1 2
—Tan{f (a+bx)} ]+nAppeIIF1[—, 1+n, 2, , Tan[f (a+bx)] , —Tan[f (a+bx)] } Tan[f (a+bx)] ]+
2 2 2 2 2
1+n 3+n 1 2 1 2 1+n 3+n
[4AppeIIF1[—, n, 3, ——, Tan[f (a+bx)] , —Tan{f (a+bx)} ]]/ ((3+n)AppeIIF1{—, n, 3, ,
2 2 2 2 2
1 2 1 2 3+n 5+n 1 2 1 2
Tan[f (a+bx)] , —Tan[f (a+bx)] +2 (—SAppeIIFl[—, n, 4 , Tan[f (a+bx)] , —Tan{f (a+bx>} ]+
2 2 2 2 2
3+n 5+n 1 2 1 2 1 2
nAppeIIFl[—, 1+n, 3 , Tan[— (a+bx)] , 7Tan[— (a+bx)] } Tan[— (a+bx)] ]J
2 2 2 2
1 1
Tan[a+bx]™" (dTan[a+bx])" |—Cos[2 (a+bx)]3Tan[a+bx]"- —iSin[2 (a+bx)] Tan[a+bx]"+
4 4
1 1
—Sin[2 (a+bx)]?Tan[a+bx]"+ —1Sin[2 (a+bx)]®Tan[a+bx]"+
1 1
Cos [2 (a+bx)]2[—Tan[a+bx}”+—j18in[2 (a+bx)}Tan[a+bx}”J+
2 4
1 1
Cos[2 (a+bx)] [ZTan[a+bx}”+ZSin[2 (a+bx)}2Tan[a+bx}”)]]/
1 2)3 1 1 2 1 2
b (1+n) 1+Tan[—(a+bx)]] - 3 x 2t (3+n)Sec[—(a+bx)} Tan[—(a+bx)]
2 1 2\4 2 2
(1+n) 1+Tan[5(a+bx)])
Tan[%(a+bx)} " 1+n 3+n 1 2 1 2 1 22
- [AppeIIFl[—, n, 1, ,Tan{—(a+bx)},7Tan[—(a+bx)} ][1+Tan{—(a+bx)} ] ]/
71+Tan[%(a+bx)} 2 2 2 2 2
1+n 3+n 1 2 1 2 3+n 5+n 1 2
[(3+n)AppeIIF1[—, n, 1, ——, Tan{f (a+bx)} , —Tan[— (a+bx)} ]—2 [AppellFl[—, n, 2, —, Tan[— (a+bx)] ,
2 2 2 2 2 2
1 2 3+n 5+n 1 2 1 2 1 2
—Tan{— (a+bx)} ]—nAppeIIFl[—, l1+n, 1, ——, Tan[f (a+bx)] , —Tan[— (a+bx>} ] Tan[— (a+bx)} -
2 2 2 2 2 2
1+n 3+n 1 2 1 2 1 2
[4AppeIIF1[—, n, 2, ——, Tan[— (a+bx)] , —Tan{f (a+bx)} } 1+Tan[— (a+bx)] ]J/
2 2 2 2 2
1+n 3+n 1 2 1 2 3+n 5+n 1
((3+n)AppeIIF1[—, n, 2, —, Tan{f (a+bx)} , —Tan{— (a+bx)} ]+2 [—ZAppeIIFl[—, n, 3, —, Tan{— (a+bx)} ,
2 2 2 2 2

2
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1 2
—Tan{g (a+bx)}

3+n 5+n
+nAppe||F1[—, 1+n, 2
2

5 ,Tan[%(aubx)r, —Tan[%(a+bx)]2}
1+n 3+n 1 2 1 2 1+n
[4AppeIIF1[ , n, 3 5 ,Tan[g(a+bx)], —Tan{g(a+bx)} }]/[3+n AppeIIFl[ , n, 3
1 2 1 2 3+n 5+n 1 2
Tan[f(a+bx)], —Tan[f(a+bx)] }+2[—3Appe|lF1[ , n, 4, ,Tan[f(a+bx)],
2 2 2 2 2
3+n 5+n 1
nAppeIIFl[?, 1+n, 3

2 2
, Tan{— (a+bx)}
2 2

, 7Tan[% (a+bx)] }

1 2
Tan[—(a+bx)] J+
2
1 1 2 Tan[%(a+bx)] "
32” (3+n)Sec[—(a+bx)] - ;
(L+n) (1+Tan[%(a+bx)}2) 2 71+Tan[§(a+bx)]

1+n 3+n 1 2

[[AppellFl{ , n, 1, , Tan[— (a+bx)]
2 2 2

,7Tan[§(a+bx)]2} 1+Tan[;(a+bx)r]2]/
3+n 1 2 1
n, 1, ,Tan{—(a+bx)}

2

2 3+n
, 7Tan[— (a+bx)] }72 [AppeIIFl[
2 2
2 3+n 5+n
-Tan (a+bx) -nAppellF1| ——, 1+n, 1, ——, Tan (a+bx)
2 2

1
1+n
[4Appe||F1[

1+n
(3+n) AppellFl[

, n, 2

2

5 ,7Tan[%(a+bx)]2}
3+n 1 2 1 2 1 2
, n, 2 , Tan[— (a+bx>} , —Tan{— (a+bx)} ] [1+Tan[— (a+bx)} ]/
2 2 2 2
1+n 3+n 1 3+n 5+n
[(3+n)AppeIIF1{ , n, 2 ,Tan{—(a+bx},—Tan[ a+bx]} 2[—2AppeIIF1[ , n, 3
2 2 2
2 3+n 5+n 1 2 1 2
—Tan{ (a+bx)} ]+nAppeIIF1[—, 1+n, 2, , Tan[ (a+bx)] , —Tan[— (a+bx>} ]
2 2 2 2 2 2
1+n 3+n 1 2 1 2 1+n 3+n
[4AppeIIF1{—, n, 3, , Tan{f (a+bx>} , —Tan{f (a+bx)} ]]/ [ (3+n) AppeIIFl{ n, 3,
2 2 2 2
1 2 1 2 3+n 5+n
Tan{f (a+bx)} , —Tan{f (a+bx>} ]+2 [—3AppeIIF1{—
2 2

1 2

, n, 4, ,Tan{f(a+bx>},
2 2 2

3+n 5+n 1
delFlP——ﬂ 1+n, 3,
2

2
, Tan{— (a+bx)}
2 2

2

, 7Tan[§ (a+bx)] }

1 2
Tan[—(a+bx)] J+
2
-1+n
1 1 Tan l(a+bx)

321”n(3+n)Tan[—(a+bx)] - [2 ) -
(1+n) (1+Tan[%(a+bx)}2) 2 —1+Tan[%(a+bx)]

Se(:[%(a+bx)]2Tan[%(a+bx)]2 Sec[l

2<a+bx>}2
(71+Tan[§ (a+bx)]2)2

2 (71+Tan[% (a+bx)}2)

Tan[% (a+bx)]2] +

Tan[% (a+bx)]2] _




1+n 3+n 1
[[Appel I Fl{—, n, 1,
2
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, Tan[; (a+bx)]2, 7Tan[% (a+bx)]2} (1+Tan[% (a+bx)r]21/
1+n 3+n 1 2 1 2 3+n 5+n 1 2
[(3+n)AppeIIF1{—, n, 1, , Tan{f (a+bx)} , 7Tan[f (a+bx)] }72 [AppeIIFl[ , n, 2, , Tan{f (a+bx)} ,
2 2 2 2 2 2 2
2 3+n 5+n 1 2 1 2 1 2
7Tan[—(a+bx)]}7nAppeIIFl[—,1+n,l ,Tan{—(a+bx)},7Tan[—(a+bx)]} Tan[—(a+bx)]]f
2 2 2 2 2 2
1+n 3+n 1 2 1 2 1 2
(4AppeIIF1{—, n, 2, , Tan[— (a+bx>} , 7Tan{— (a+bx)} ] (1+Tan{— (a+bx>} ]/
2 2 2 2 2
l1+n 3+n 1 2 1 2 3+n 5+n 1 2
(3+n) AppeIIFl{—2 , n, 2, 5 ,Tan{g(a+bx)},7Tan[£(a+bx)]}+2[72AppeIIFl[ 5 , n, 3, 5 ,Tan[;(a+bx)],
1 2 3+n 5+n 1 2 1 2 1 2
7Tan{— (a+bx)} ]+nAppeIIF1{—, l+n, 2 , Tan[— (a+bx)] , 7Tan{— (a+bx>} ] Tan{— (a+bx)} +
2 2 2 2 2 2
1+n 3+n 1 2 1 2 l1+n 3+n
[4AppeIIF1{—, n, 3, , Tan{— (a+bx>} , 7Tan{— (a+bx)} ]]/ (3+n) AppeIIFl{ , n, 3, ,
2 2 2 2 2 2
1 2 1 2 3+n 5+n 1 2 1 2
Tan{— (a+bx)} , 7Tan[— (a+bx)} ]+2 73AppeIIF1{ , n, 4, , Tan{— (a+bx)} , 7Tan[— (a+bx)} }Jrn
2 2 2 2 2 2
3+n 5+n 1 2 1 2 1 2
AppeIIFl[—,1+n, 3, ,Tan{f(a+bx)},—Tan[f(a+bx)]} Tan[(a+bx)]])+
2 2 2 2 2
1

1
; 21 (3 4 n) Tan[f (a+bx)]
(1+n) (1+Tan[%(a+bx)}2) 2

Tan[%(a+bx)] ]n

71+Tan[%(a+bx)]2
l1+n 3+n 1 2 1 2 1 2 1 1 2
[[ZAppeIIFl{ Pl n, 1, Pt Tan[g (a+bx)] , 7Tan[£ (a+bx)] }Sec[g (a+bx)} Tan{g (a+bx)} [1+Tan[5 (a+bx)] ]]/
l+n 3+n 1 2 1 2 3+n 5+n 1 2
[(3+n>AppeIIF1{—, n, 1, , Tan{f (a+bx)} , —Tan[f (a+bx)] }—2 [AppeIIFl[ , n, 2, , Tan{f (a+bx)} ,
2 2 2 2 2 2 2
1 2 3+n 5+n 1 2 1 2 1 2
7Tan[f(a+bx)]}7nAppeIIF1[—,1+n, 1, ,Tan{f(a+bx)},7Tan[7(a+bx)]} Tan[f(a+bx)]]+
2 2 2 2 2 2
+N 3+n 1 2 1 2
[[1/(3+n)(1+n)AppeIlF1[1+ , N2, 1+ ,Tan{—(a+bx>},
2 2 2

7Tan[5 (a+bx)} ]Sec{% (aerx)}2
1
Tan[g (a+bx)} +1/(3+n)n

1+n 3+n 1 2
(1+n) AppeIIFl[ ,1+n, 1, 1+ ,Tan{f(a+bx)},
2 2 2
_Tan[g(aubx)]z} Sec{%(aAfbx)rTan{%(a+bx)} [1+Tan[;(a+bx)}2 2]/
1+n 3+n 1 2 1 2 3+n 5+n 2
{3+n AppeIIFl[ 5 , n, 1, 5 ,Tan{;(eubx)},—Tan[g(a+bx)]}—Z[AppeIIFl[ 5 , n, 2, ,

, Tan|— (a+bx)
2
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2 3+n 5+n 1
—Tan[2 (a+bx)] }—nAppeIIFl[?, 1+n, 1, —— Tan{ <a+bx)}

5 E 2, —Tan[%(a+bx)]2} Tan[;(a+bx)]2]_
1+n 3+n 1 2 1 2 1 2 1
[4AppeIIF1{ , n, 2, , Tan[— (a+bx>} , —Tan{— (a+bx)} ]Sec{f (a+bx)} Tan{f (a+bx)} /
2 2 2 2 2 2
l+n 3+n 1 3+n 5+n 1 2
[3+n AppellFl{ n, 2, ,Tan}(amx},_Tan[ a+be 2[_2Appe||F1[ . n, 3, ,Tan[f(a+bx)],
2 2 2 2 2 2
2 3+n 5+n 1 2 1 2 1 2
—Tan{f <a+bx)} ]+nAppeIIF1[—, 1+n, 2, , Tan[ (a+bx>] , —Tan{f (a+bx>} ] Tan{f (a+bx>} -
2 2 2 2 2 2
1+n 3+n 1 2 1 2 1 2
(4 [—1/ (3+n)2 (1+n) AppeIIFl[ , n, , Tan{f (a+bx>} , —Tan{f (a+bx)} ]Sec{f (a+bx)}
2 2 2 2
Tan{i(a+bx>}+1/(3+n) (1+n) AppeIIFl[
2

3+n 1 2
, Tan{f (a+bx)} ,
2 2

—Tan[5 (a+bx)]2} Sec{% <a+bx)rTan{E (a+bx)}

1 2
[1+Tan{7(a+bx>} /
2
+n 3+n 1 2 1 2 3+n 5+n 1 2
[3+n AppeIIFl{—,n 2, ,Tan{f(a+bx)},—Tan[f(a+bx)]}+2[—2Appe|lF1[ , n, 3, ,Tan[f(a+bx)],
2 2 2 2 2 2 2
2 3+n 5+n 1 2 1 2 1 2
—Tan{f <a+bx)} ]+nAppeIIF1{—, 1+n, 2 , Tan[f (a+bx)] , —Tan{f (a+bx>} ] Tan{f (a+bx>} +
2 2 2 2 2 2
1+n 3+n 1 2 1 2 1 2
(4[71/(3+n)3 (1+n) AppeIIFl[ ., n, 4, 1+ 5 ,Tan{g(a+bx>},7Tan{5(a+bx)} ]Sec{;(eubx)}
1 3+n
Tan{f(a+bx>}+l/(3+n) (1+n) AppeIIFl[ ,
2 2 2
Tan{% (a+bx>r, —Tan{% <a+bx)r]8ec{% (a+bx)]2Tan{E (a+bx)} ]/
1+n 3+n 1 2 1 2 3+n 5+n 1 2
[3+n AppeIIFl{—,n 3, ,Tan{f(a+bx)}, —Tan[f(a+bx)] }+2[—3Appe|lF1[ , n, 4, ,Tan[f(a+bx)],
2 2 2 2 2 2 2
1 2 3+n 5+n 1 2 1 2 1 2
7Tan{f <a+bx)} ]+nAppeIIF1{—, 1+n, 3, , Tan[f (a+bx)] , 7Tan{f (a+bx>} ] Tan{f (a+bx>}
2 2 2 2 2 2
1+n 3+n 1 2 1 2 1 2)2
AppeIIFl[?, n, 1, , Tan[; (a+bx>} , 7Tan{5 (a+bx)} ] (1+Tan{5 (a+bx>}
3+n 5+n 1 2 2 3+n
[72 {AppeIIFl{—, n, 2, , Tan{— (a+bx)} , 7Tan{— (a+bx)} ]7nAppeIIF1{—, l+n, 1
2 2 2 2 2
5+n 1 2 1 2 1 2 1 1
,Tan[—(a+bx)],7Tan[—(a+bx>} ] Sec{—(a+bx)} Tan{—(a+bx)}+(3+n>
2 2 2 2 2 3+n
1+n 3+n 1 2 1 2 1
(L+n) AppeIIFl{ , N, 2, 1+ ,Tan{f(a+bx)],
2 2

—Tan{g(a+bx>} ]Sec[g(a+bx)]2Tan[£(a+bx) + !

3+n
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2 1 2 1 2

3+n’ Tan %(a+bx)} , 7Tan{5 (a+bx)} ]Se(:[E (a+bx)] Tan[% (a+bx)]

(1+n) AppeIIFl[

5+n’ Tan[% (a+bx)]2, 7Tan{% (a+bx>r]

3+n 5+n 1 2
,1+n, 2, 1+ ,Tan{f(a+bx)},
2

1
2 (3+n) AppeIIFl{
5+n

1 2 1
Se(:[5 (a+bx)] Tan{E (a+bx)] +

1 2
2Tan{5 (a+bx)} {7

(3+n) AppeIIFl[
5+n

1 5+n

3+n) AppellFl{

_Tan[;(a+bx)]2}8ec{i(a+bx>rTan{i(a+bx>}—n[—5+n

1 2 1 2 1 2 1

Tan{f (a+bx>} , —Tan{f (a+bx)} ]Sec{f (a+bx)} Tan{f (a+bx)}+
2 2 2 2 5+n

3+n

(1+n) <3+n)Appe||F1[1+

2+n, 1, 1+5+n’ Tan{% (a+bx)r, 7Tan{% (a+bx)r]8ec[% (a+bx)]2Tan[% (a+bx)] ]J]/
l+n 3+n 1 2 1 2 3+n 5+n 1 2
[3+n AppeIIFl{ 5 , n, 1, ,Tan{g(a+bx)},—Tan[g(a+bx)]}—Z[AppeIIFl[ 5 , n, 2, 5 ,Tan{f(aafbx)}

1 2 3+n 5+n 1 2 1 2
—Tan{f <a+bx)} ]—nAppeIIFl{—, 1+n, 1, , Tan[f (a+bx>] , —Tan{f (a+bx>} ]
2 2 2 2 2

1+n 3+n 1 2 1 2 1 2
(4AppeIIF1{ - n, 2 , Tan{g (a+bx>} , 7Tan{5 (a+bx)} ] [1+Tan{5 (a+bx)}
3+n 5+n 1 2 1 2 3+n 5+n
[2 [72AppeIIF1{ , n, 3 , Tan{f (a+bx)} , 7Tan[— (a+bx)} ]+nAppeIIFl{—, 1+n, 2, ,
2 2 2 2 2 2
1 2 1 2 1 2 1
Tan[— (a+bx)] , —Tan{— (a+bx)} ] Sec[f (a+bx>} Tan[— (a+bx)}+(3+n) - 2 (1+n)
2 2 2 2 3+n
3+n 2 1 2 1 2 1 1

1
, Tan[— (a+bx)]
2 2

3+n’ Tan{% (a+bx)r, 7Tan[% (a+bx)r] Sec[% (a+bx)]2Tan[§ (a+bx)]

+Nn
, n 3, 1+

AppeIIF1[1+ , 7Tan{5 (a+bx)} ]Sec[; (a+bx)] Tan[; (a+bx)]+

3+n

(1+n) AppeIIFl[

+

2
1 2 +n 5+n 1 2 1 2
2Tan{7(a+bx)} [72(— 3(3+n)AppeIIF1[1+ , N, 4, 1+ ,Tan{f(a+bx)},7Tan[—(a+bx)} ]
2 5+n 2 2
1 2 1 5+n 1 2
Sec[—(a+bx)] Tan[—(a+bx)]+ (3+n) AppeIIFl[ ,Tan[—(a+bx)],
2 2 5+n 2 2
1 2 1 2 1 5+n
7Tan[—(a+bx)} ]Sec[—(a+bx)] Tan{—(a+bx)] +n |- (3 +n) AppeIIFl[
2 2 2 5+n 2
2 1 2 1 2 1 1 3+n

Tan[% (a+bx)} , 7Tan{5 (a+bx)} ]Sec[g (a+bx)} Tan{g (a+bx)}+ (1+n) (3+n) AppeIIFl[

11/

5+n

5+n 1 2 1 2 1 2

2+n, 2, 1+ , Tan{E (a+bx)} , 7Tan{5 (a+bx)} ]Sec[; (a+bx)] Tan[% (a+bx)]
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1+n 3+n 1 2 1 2 3+n 5+n 1 2
[3+n AppeIIFl{ n, 2, —, Tan{—(a+bx)}, —Tan[—(a+bx)] }+2[—2Appe|lF1[—, n, 3, ——, Tan[—(a+bx)],
2 2 2 2 2 2 2
1 2 3+n 54+n 1 2 1 2 1 2)2
—Tan{f (a+bx)} +nAppeIIF1[—, 1+n, 2, , Tan[f (a+bx)} , —Tan[f (a+bx)] } Tan[f (a+bx)] ] -
2 2 2 2 2
1+n 3+n 1 2 1 2 3+n 5+n
[4AppeIIF1{T, n, 3, , Tan{g (a+bx>} , 7Tan[£ (a+bx)} ] [ 73AppeIIF1{?, n, 4, 5 ,
1 2 1 2 3+n 5+n 1 2 1 2
Tan[— (a+bx)] , 7Tan{— (a+bx)} ]+nAppeIIF1[—, 1+n, 3 , Tan[— (a+bx)] , 7Tan[— (a+bx)] H
2 2 2 2 2

1 2 1 1+n 3+n
Sec[f(a+bx)] Tan[—(a+bx)]+(3+n) [— 3(1+n)AppeIIF1{1+ , N4, 1+ ,
2 2 3+n 2 2
1 2 1 2 1 2 1 1
Tan[— (a+bx)} , 7Tan[— (a+bx)] }Sec[— (a+bx)} Tan[— (a+bx)}+ n(l+n)
2 2 2 2 3+n
3+n 1 2 1 2 1 2

AppeIIF1[1+1+n, 1+n, 3, 1+ , Tan{— (a+bx)] , 7Tan[— (a+bx)} ]Sec[— (a+bx)] Tan[E (a+bx)] +
2 2 2 2 2

1 2 3+n 5+n 1 2 1 2
2Tan{7(a+bx)} [—3(— (3+n) AppeIIFl[ , N, 5 1+ ,Tan{f(a+bx)},7Tan[—(a+bx)} ]
2 5+n 2 2 2 2
1 2 1 1 3+n 5+n 1 2
Sec[—(a+bx)] Tan[—(a+bx)]+ (3 +n) AppeIIFl[ , 1l+n, 4, 1+ ,Tan[—(a+bx)],
2 2 5+n 2 2 2
1 2 1 2 1 1 3+n 5+n
7Tan[—(a+bx)} ]Sec[—(a+bx)] Tan{—(a+bx)] +n 3(3+n)AppeIIF1[1+ , 1l+n, 4, 1+ ,
2 2 2 5+n 2 2
2 1 2 1 2 1 1 3+n

(L+n) (3+n) AppeIIFl[

Tan[% (a+bx)} , 7Tan{5 (a+bx)} ]Sec[—

(a+bx)} Tan{— (a+bx)} +
2 2

5+n

5+n 1 2 1 2 1 2 1
2+n, 3, 1+ ,Tan[—(a+bx)},7Tan[—(a+bx)} ]Sec[—(a+bx)] Tan[—(a+bx)] ]J]/
2 2 2 2
1+n 3+n 1 2 1 2 3+n 5+n 1 2
(3+n) AppeIIFl{ 5 , n, 3, ,Tan{g(a+bx)}, 7Tan[5(a+bx)] }+2[73AppeIIF1[?, n, 4, ,Tan[g(aerx)],

2 3+n 5+n

1 2 1 2
—Tan{E (a+bx)} }+nAppeIIF1[?, 1+n, 3

, —Tan[5 (a+bx)] }

1 1 22
,Tan[f(a+bx)} Tan[f(a+bx)] ] )
2 2

® Problem 368: Result unnecessarily involves higher level functions and more than twice size of optimal antiderivative.

J-Cos[a+bx}4 (dTan[a +b x])" dx

Optimal (type 5, 50leaves, 2 steps):

1+n 3+n

Hyper geonet ri c2F1 |3, S -Tanfa+bx]?] (dTan[a+bx])*"

bd (1+n)
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Result (type 6, 12351 leaves):

n

Tan[% (a+bx) |

21 (3+n)Tan{E (a+bx)}
2

—1+Tan[% (a+bx)}2

1+n 3+n 1 2 1 2 1 2\4
[AppellFl{, n, 1, ,Tan{f(a+bx>}, —Tan{f(a+bx)} ][1+Tan{7(a+bx>} ]/
2 2 2 2 2
1+n 3+n 1 2 1 2 3+n 5+n 1 2
(3+n AppeIIFl{ n, 1, ,Tan{f(a+bx)}, —Tan{f(a+bx)} ]—Z[AppellFl[ , n, 2, ,Tan[f(a+bx)],
2 2 2 2 2 2
1 2 3+n 5+n 1 2 1 2 1 2
—Tan{f (a+bx)} }—nAppeIIFl{—, 1+n, 1, , Tan{f (a+bx)} , —Tan{f (a+bx>} ] Tan{f (a+bx>} -
2 2 2 2 2 2
1+n 3+n 1 2 1 2 1 23
[SAppeIIFl[ , n, 2, , Tan[f (a+bx)] , —Tan{f (a+bx)} ] [1+Tan[f (a+bx)] ] )/
2 2 2 2
[3+n AppeIIFl{ n n, 2, 3+n,Tan{£(a+bx},—Tan{ a+bx} ] 2[—2AppeIIF1{3+n, n, 3, 5+n,Tan{£<a+bx)r,
2 2 2 2 2 2
1 2 3+n 5+n 1 2 1 2 1 2
—Tan{f (a+bx)} ]+nAppeIIF1[—, 1+n, 2, , Tan[ (a+bx)] , —Tan[f (a+bx)] } Tan[f (a+bx)] ]+
2 2 2 2 2 2
1+n 3+n 1 2 1 2 1 2)2
[24AppeIIF1{2, n, 3, Pl Tan{g <a+bx)} , 7Tan[£ (a+bx)] } 1+Tan{E (a+bx)} J/
( (3+n) AppeIIFl{;n, n, 3, 3+n’ Tan{E (a+bx)r, —Tan{E (a+bx)r] +2 [—3AppeIIF1{3+n, n, 4, 5+n’ Tan{E <a+bx)r,
2 2 2 2 2 2 2
1 2 3+n 5+n 1 2 1 2 1 2
7Tan{f (a+bx)} ]+nAppeIIF1[—, 1+n, 3 , Tan[f (a+bx)] , 7Tan[f (a+bx)] } Tan[f (a+bx)] ]7
2 2 2 2 2 2
1+n 3+n 1 2 1 2 1 2
[32AppeIIF1{?, n, 4, pat Tan{g (a+bx)} , 7Tan[£ (a+bx)] } (1+Tan{5 (a+bx)} ]/
1+n 3+n 1 2 1 2
[3+n AppeIIFl[—,n 4, ,Tan[—(a+bx)},7Tan{—(a+bx)} ]+
2 2 2 2
3+n 5+n 1 2 1 2
2 [74AppeIIF1{—, n, 5, , Tan[— (a+bx)} , 7Tan[— (a+bx)} }+
2 2 2 2
3+n 5+n 1 2 1 2 1 2
nAppeIIFl[—, 1+n, 4, , Tan[— (a+bx)] , 7Tan[— (a+bx)] } Tan[— (a+bx)] J+
2 2 2 2 2
l1+n 3+n 1 2 1 2
[16AppeIIF1{ 5 , n, 5, 5 ,Tan{5<a+bx)},7Tan[5(a+bx)]}]/

1+n 3+n
(3+n) AppeIIFl[ n, 5, )
2
2

1 1 2 3+n 5+n 1 2 1 2
Tan[— (a+bx)] , 7Tan[— (a+bx)] }+2(—5AppellF1[ , n, 6, , Tan[— (a+bx)] , 7Tan{— (a+bx)} ]+
2 2 2 2 2 2
3+n 5+n 1 2 1 2
nAppeIIFl[—, 1+n, 5, , Tan[f (a+bx)] , —Tan[f (a+bx)] }
2 2 2 2

2

Tan[% (a+bx)]2])
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1 1
Tan[a+bx]™" (dTan[a+bx])" 7E]iSin[4 (a+bx)}Tan[a+bx}”+ZSin[2 (a+bx)]Sin[4 (a+bx)] Tan[a+bx]" +

3

ngin[Z (a+bx)]2Sin[4 (a+bx)] Tan[a+bx]" -
1

ZSin[Z (a+bx)13Sin[4 (a+bx)] Tan[a+bx]" -

1

—GjSin[z (a+bx)]*Sin[4 (a+bx)] Tan[a+bx]" +
1

1 1
Cos[4 (a+bx)] [—GTan[a+bx]”+—jSin[2 (a+bx)] Tan[a+bx]" -
1 4

3 1 1
—Sin[2(a+bx)]?2Tan[a+bx]"-—1Sin[2 (a+bx)]®Tan[a+bx]"+ —Sin[2 (a+bx)]*Tan[a+bx]"| +
4 16

1 1
Cos[2 (a+bx)]* [5003[4 (a+bx)]Tan[a+bx}”7£jSin[4 (a+bx)}Tan[a+bx]“] +

1 1
Cos[2 (a+bx)]3 [74—]iSin[4 (a+bx)}Tan[a+bx}“+4—Sin[2 (a+bx)]Sin[4 (a+bx)] Tan[a+bx]"+

1 1
Cos[4 (a+bx)] |—Tan[a+bx]"+ —1Sin[2 (a+bx)] Tan[a+bx]"
4 4

]+Oos[2 (a+bx)]2

3 3 3
[7§jSin[4 (a+bx)}Tan[a+bx]”+ZSin[2 (a+bx)]Sini4 (a+bx)]Tan[a+bx]”+§j18in[2 (a+bx)]12Sin[4 (a+bx)] Tan[a+bx]"+

] .

3 3 3
Cos[4 (a+bx)] {gTan[aerx}”JrA—r]iSin[Z (a+bx)]Tan[a+bxjnfgSin[2 (a+bx)]?Tan[a+bx]"

1 3
Cos[2 (a+bx)] [—ZjSinM (a+bx)}Tan[a+bx}”+ZSin[2 (a+bx)]Sin(4 (a+bx)] Tanfa+bx]"+

3 1
Zjlssin[z (a+bx)]2Sin[4 (a+bx)]Tan[a+bx]”728in[2 (a+bx)]1¥Sin[4 (a+bx)] Tan[a+bx]"+Cos[4 (a+bXx)]

1 3 3 1
(ZTan[a+bx]”+ZjSin[2 (a+bx)}Tan[a+bx]“fzSin[2 (a+bx>}2Tan[a+bx}“74—fiSin[2 (a+bx)}3Tan[a+bx}“)])]/

1 1 2 1 2

b (1+n) 5 x 21 (3+n)Sec[f(a+bx)} Tan[f(a+bx)]
6 2 2

1 2)5
1+Tan[5 (a+bx)] ] -

(1+n) (1+Tan[% (a+bx)]2)

Tan[%(a+bx)} "

Appe|||:1[12;n, n, 1, 3;n’ Tan{% (a+bx)}2, 7Tan{§ (a+bx)r] [1+Tan[§ (a+bx)r]4]/

|

1+n
((3+n) Appel | Fl[T, n, 1,

71+Tan[% (a+bx) |

2

5+n
(a+bx)] ,

3+n 1 2 1 2

, Tan{g (a+bx)} , 7Tan[5 (a+bx)} ]72 [AppeIIFl[Sz;n, n, 2, E

,Tan[2




1 2 3+n 5+n 2
—Tan{g (a+bx)} ]—nAppeIIFl[T, 1+n, 1,
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1 1 2
, Tan[f (a+bx)]
2 2

, —Tan{g(aAfbx)} ] Tan{%(aAfbx)}2 -
1+n 3+n 1 2 1 2 1 2)3
{SAppeIIFl[ , n, 2, , Tan[— (a+bx)] , —Tan{f (a+bx)} } [1+Tan[— (a+bx)] ] J/
2 2 2 2 2
[(3+n)AppeIIF1[1;n, n, 2, S;n’ Tan{% (a+bx)r, —Tan[% (a+bx)r] +2 [—ZAppeIIFl[S;n, n, 3, S;n, Tan{% (a+bx)r,
_Tan{g (a+bx)}2 +nAppeIIF1[32;n, 1l+n, 2, S;n’ Tan[% (a+bx)r, —Tan[% (a+bx)]2} Tan[% (a+bx)]2J+
{24AppeIIF1[l;n, n, 3, 3;n’ Tan{% (a+bx)r, —Tan[% (a+bx)r} 1+Tan{% (adfbx)}2 2]/
1+n 3+n 1 2 1 2 3+n 5+n 1 2
((3+n)AppeIIF1[ 5 , n, 3, 5 , Tan{g (a+bx)} , —Tan[g (a+bx)} ]+2 [—BAppeIIFl[ 5 , n, 4, 5 , Tan{g (a+bx)} ,
_Tan{g (a+bx)}2 +nAppeIIF1[32;n, 1+n, 3 S;n’ Tan[% (a+bx)r, —Tan[% (a+bx)]2} Tan[% (a+bx)]2J_
[32AppeIIF1{1;n, n, 4, 3;n’ Tan{% (a+bx>r, —Tan[% (a+bx)r} 1+Tan{% (a+bx>}2 ]/
1+n 3+n 1 2 1 2 3+n 5+n 1 2
[(3+n)AppeIIF1[ , n, 4, 5 Tan{5 (a+bx)} , —Tan{E <a+bx>} ]+2 [—4AppeIIF1{?, n, 5, 5 Tan{E (a+bx)} ,
7Tan{% (a+bx)r}+nAppellFl[32;n, 1+n, 4, S;n' Tan[% (a+bx)r, 7Tan[% (a+bx)]2} Tan[% (a+bx)]2]+
1+n 3+n 1 2 1 2
(16Appel|F1{?, n, 5, ot Tan{; (a+bx)} , 7Tan[5 (a+bx)} U/

1+n 3+n
(3+n)AppeIIF1{—, n, 5,
2

,
1 2 1 2 3+n 5+n 1 2 1 2
Tan[— (a+bx)] , 7Tan[— (a+bx)] }+2 (75AppeIIFl[ , n, 6, , Tan[— (a+bx)] , 7Tan{— (a+bx)} ]+
2 2 2 2 2 2
3+n 5+n 1 2 1 2 1 2
nAppeIIFl[—,1+n, 5, ,Tan{—(a+bx)}, —Tan[—(a+bx)] } Tan[—(a+bx)] ]J+
2 2 2 2 2
1 1 2 Tan[%(a+bx)] ]n
2" (3+n)Sec[—(a+bx) -
(1+n) (1+Tan[%(a+bx)}2)5 2 —1+Tan[%(a+bx)]2
1+n 3+n 1 2 1 2 2
[[AppellFl{z, n, 1, - Tan[E (a+bx)] , —Tan[5 (a+bx)] }

1
1+Tan[E (a+bx)}

v

1+n 3+n 1 2
[<3+n>Appe||F1{—, n, 1,
2

1 2 3+n 5+n 1 2
5 ,Tan{g(a+bx)},—Tan[g(a+bx)]}—Z[AppeIIFl[ 5 , n, 2, 5 ,Tan{g(aubx)},
1 2 3+n 5+n 1 2 1 2 1
—Tan[f (a+bx)] }—nAppeIIFl[—, 1+n, 1, , Tan{f (a+bx)} , —Tan[f (a+bx)] }
2 2 2 2

Tan[5 (a+bx)]2] -
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3+n 1 2 1 2

, Tan{E (a+bx>} , 7Tan{5 (a+bx)} ] [1+Tan{i (a+bx>}2

1+n
[8 Appel | Fl{—, n, 2,
2

y

+n 3+n 1 2 1 2 3+n 5+n 1 2
[3+n AppeIIFl{—,n 2, ,Tan{f(a+bx)}, —Tan[f(a+bx)] }+2[—2Appe|lF1[ , n, 3, ,Tan[f(a+bx)],
2 2 2 2 2
1 2 3+n 5+n 1 2 1 2 1 2
7Tan{f <a+bx)} ]+nAppeIIF1{—, 1+n, 2, , Tan[f (a+bx)] , 7Tan{f (a+bx>} ] Tan{f (a+bx)} +
2 2 2 2 2
1+n 3+n 1 2 1 2 1 22
[24AppeIIFl[ , n, 3, , Tan[— (a+bx)] , 7Tan[— (a+bx)] } [1+Tan[— (a+bx)] ] ]/
2 2 2 2
1+n 3+n 1 2 1 2 3+n 5+n 1 2
[3+n AppeIIFl{—,n 3, ,Tan{f(a+bx)}, 7Tan[f(a+bx)] }+2[73AppellF1[ , n, 4 ,Tan[f(a+bx)],
2 2 2 2 2 2
1 2 3+n 5+n 1 2 1 2 1 2
7Tan{— <a+bx)} ]+nAppeIIF1{—, 1+n, 3, , Tan[— (a+bx)] , 7Tan{— (a+bx>} ] Tan[— (a+bx)} -
2 2 2 2 2
1+n 3+n 1 2 1 2 1 2
(32AppeIIFl[ , n, 4, , Tan[— (a+bx)] , 7Tan[— (a+bx)] } [1+Tan[— (a+bx)] ]J/
2 2 2 2
1l+n 3+n 1 2 1 2 3+n 5+n 1 2
(3+n) AppeIIFl{—,n 4, ,Tan{—(a+bx)}, 7Tan[—(a+bx)] }+2[74AppeIIFl[ , n, 5, ,Tan[—(a+bx)],
2 2 2 2 2 2
1 2 3+n 5+n 1 2 1 2 1 2
7Tan{— (a+bx)} ]+nAppeIIF1{—, 1+n, 4, , Tan[— (a+bx)] , 7Tan{— (a+bx>} ] Tan{— (a+bx)} +
2 2 2 2 2 2
1+n 3+n 1 2 1 2 1+n 3+n
[16AppeIIF1[ , n, 5, ,Tan[—(a+bx)], 7Tan[—(a+bx)] }]/(SJrn AppeIIFl[ , n, 5, ,
2 2 2 2 2 2
1 2 1 2 3+n 5+n 1 2 1 2
Tan{— (a+bx)] , 7Tan{— (a+bx)} ]+2 75AppeIIF1{ , n, 6, , Tan{— (a+bx)} , 7Tan[— (a+bx)} ]+n
2 2 2 2 2
3+n 5+n 1 2 1 2 1 2
AppeIIFl[—, 1l+n, 5 , Tan{f (a+bx)} , —Tan[f (a+bx)] } Tan[f (a+bx)] ]]+
2 2 2 2
E -1+n
! 21*”n(3+n>Tan[£(a+bx)] - Tan[2 (a+bx] ]
(L+n) (1+Tan[%(a+bx)}2)5 2 71+Tan[§(a+bx)]2
Sec[%(a+bx)]2Tan[%(a+bx)]2 Sec[%(a+bx>}2
(—1+Tan[%(a+bx)]2)2 2(—1+Tan[%<a+bx)}2)
1+n 3+n 1 2 1 2 1 2\4
[[AppellFl{—, n, 1 , Tan[— (a+bx)] , 7Tan[— (a+bx)] } (1+Tan[— (a+bx)} ] J/
2 2 2 2 2

3+n 1 2

5+n 1 2
, Tan{— (a+bx)} ,
2 2

, Tan|— (a+bx)
2

1+n 1 2 3+n
(3+n) AppellFl{T, n, 1, 7Tan[£ (a+bx)] }72 [AppeIIFl[?, n, 2,




2
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3+n 5+n 1 2
—Tan[g(a+bx)] }—nAppeIIFl[?,l+n, 1, — Tan{—(a+bx)}

_Tan[—(a+bx)] } Tan[;(a+bx)]2]_
1+n 3+n 1 2 1 2 1 2\3
{8AppeIIF1{ , n, 2, ,Tan[—(aafbx)}, —Tan{—(a+bx)} ][1+Tan[—(a+bx>} ]/
2 2 2 2 2
1+n 3+n 1 2 1 2 3+n 5+n 1 2
[(3+n)AppeIIF1{ 5 , n, 2, 5 ,Tan{g(a+bx)},—Tan[g(a+bx)]}+2[—2Appe|lF1[ 5 , n, 3, 5 ,Tan[g(a+bx)],
1 2 3+n 5+n 1 2 1 2 1 2
—Tan{— (a+bx)} ]+nAppeIIF1[—, 1+n, 2, , Tan[f (a+bx)] , —Tan[— (a+bx>} ] Tan[— (a+bx)} +
2 2 2 2 2 2
1+n 3+n 1 2 1 2 1 2\2
{24AppeIIF1[ - n, 3, - Tan[5 (a+bx)] , —Tan[E (a+bx)] } [1+Tan[5 (a+bx)] ] ]/
1+n 3+n 1 2 1 2 3+n 5+n 1 2
[(3+n)AppeIIF1{ 5 , n, 3, 5 ,Tan{g(a+bx)},—Tan[g(a+bx)]}+2[—3Appe|lF1[ 5 , n, 4, 5 ,Tan[g(a+bx)],
2 3+n 5+n 1 2 1 2 2
—Tan{f <a+bx)} ]+nAppeIIF1[—, 1+n, 3 , Tan[f (a+bx)] , —Tan{f (a+bx>} ] Tan{f (a+bx>} -
2 2 2 2 2
1+n 3+n 1 2 1 2 1 2
[32AppeIIF1[ , n, 4, - Tan[5 (a+bx)] , —Tan[E (a+bx>] } [1+Tan[5 (a+bx)] ]]/
l+n 3+n 1 2 1 2 3+n 5+n 1 2
[(3+n>AppeIIF1{T, n, 4, 5 ,Tan{g(a+bx)}, —Tan[g(a+bx)] }+2[—4Appe|lF1[ 5 , n, 5, 5 ,Tan[f(a+bx)]
1 2 3+n 5+n 1 2 1 2 1 2
7Tan{f <a+bx)} ]+nAppeIIF1{—, 1+n, 4, , Tan[f (a+bx)] , 7Tan{f (a+bx>} ] Tan{f (a+bx>} +
2 2 2 2 2 2
1+n 3+n 1 2 1 2 1+n 3+n
(16AppeIIFl[ Pt n, 5, Pt Tan[; (a+bx)] , 7Tan[5 (a+bx)] ”/ ((3+n)AppeIIF1[ Pt n, 5, pat
1 2 1 2 3+n 5+n 1 2 1 2
Tan{— (a+bx)} , 7Tan[— (a+bx>} ]+2 75AppeIIF1{—, n, 6, , Tan[— (a+bx)} , 7Tan{— (a+bx)} }+n
2 2 2 2 2 2
3+n 5+n
AppellFl[T, 1+n, 5,

. Tan{% (a+bx)r, —Tan[% (a+bx)]2}

1 2
Tan[g (a+bx)] ]J+

1

1 Tan[%(a+bx)] ]n
21 (3+n)Tan[—(a+bx)] -
(1+n) (1+Tan[%(a+bx)}2)5 2 —1+Tan[%(a+bx)]2
1+n 3+n 1 2 1 2 1 2 1 1 2)3
[[4AppeIIF1{, n, 1, , Tan[f (a+bx)] , —Tan[f (a+bx)] }Sec{f (a+bx>} Tan{f <a+bx)} [1+Tan[f (a+bx)] ] ]/
2 2 2 2 2 2 2
1+n 3+n 1 2 1 2 3+n 5+n 1 2
[(3+n>AppeIIF1{—, n, 1, ,Tan{f(a+bx)}, —Tan[f(a+bx)] }—Z[AppeIIFl[ , n, 2, ,Tan{f(a+bx)},
2 2 2 2 2 2 2
1 2 3+n 5+n 1 2 1 2 1
—Tan[f (a+bx)] }—nAppeIIFl[—, 1+n, 1, , Tan{f (a+bx)} , —Tan[f (a+bx)] }
2 2 2 2

Tan[5 (a+bx)]2] +
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1+n 3+n 1 2 1 2 1 2
., n, 2, 1+ , Tan[— (a+bx>} , 7Tan{— (a+bx)} ]Sec[— (a+bx)
2 2 2

[[1/ (3+n) (1+n) AppellFl[

1 l1+n 3+n 1 2
Tan{—(a+bx)}+1/(3+n) (1+n) AppeIIFl[ , 1+n, 1, 1+ ,Tan{—(a+bx)},
2 2
1 2 1 2 1 1 2\4
7Tan[—(a+bx)] }Sec{—(a+bx)} Tan{—(a+bx)}] [1+Tan{—(a+bx>} ]/
2 2 2 2
1+n 3+n 1 2 1 2 3+n 5+n 1 2
(3+n) AppeIIFl{ , n, 1, ,Tan{—(a+bx)}, 7Tan[—(a+bx)] }72[AppeIIFl[ , n, 2, ,Tan{—(a+bx)},
2 2 2 2 2 2
5+n 1 2 1 2

Tan[% (a+bx)]2] _

7Tan[% (a+bx)]2}anppellF1[32;n, 1+n, 1, , Tan{g (a+bx)} , 7Tan[5 (a+bx)] }

1+n 3+n 1 2 1 2 1 2 1 1 22
{24AppeIIF1[ - n, 2 , Tan[; (a+bx)] , 7Tan[£ (a+bx)] }Sec[g (a+bx)} Tan[g (a+bx)] {1+Tan[£ (a+bx)] J J/
1+n 3+n 1 2 1 2 3+n 5+n 1 2
(3+n) AppeIIFl{ , n, 2, ,Tan{—(a+bx)}, 7Tan[—(a+bx)] }+2[72AppeIIF1[ , n, 3 ,Tan[—(a+bx)],
2 2 2 2 2 2 2
1 2 3+n 5+n 1 2 1 2 1 2
7Tan[5 (a+bx)} ]+nAppeIIFl{?, 1+n, 2, - Tan[g (a+bx)] , 7Tan{5 (a+bx)} ] Tan{g (a+bx)} -
3+n 2 1 2 1 2

+Nn 1
,n, 3, 1+ ,Tan{f(a+bx>},
2

{8 [—1/(3+n)2 (1+n) AppeIIFl[ _Tanb(amx)} ]Secb<a+bx>}

3+n 1 2
, Tan{— (a+bx)} )
2 2

"

1 2 3+
7Tan[£ (a+bx)] }+2 [72AppeIIFl[ 5

1
Tan[; (a+bx>} +1/(3+n)n (1+n) AppeIIFl[

1 2 1 2 2

7Tan[£(a+bx)] }Sec{;(a+bx)} Tan{%(a+bx)} (1+Tan{%(a+bx>}

5+n 1 2

3+n 1 2
, Tan[f (a+bx)] )
2

,Tan{g(a+bx)}, n,n, 3,

1+n
(3+n) AppeIIFl{—, n, 2,
2

5+n 1 2 1 2 2

, Tan[; (a+bx)] , 7Tan{5 (a+bx>} ]

+

Tan[% (a+bx)}

1 2 3+n
7Tan{5 <a+bx)} ]+nAppeIIF1[?, 1+n, 2,

3+n 1 2 1 2 1 2 1 2

, Tan[; (a+bx)] , 7Tan[5 (a+bx)] }Sec[; (a+bx)} Tan[; (a+bx)] (1+Tan[% (a+bx)]

|/

5+n 1 2
, Tan[— (a+bx)] )
2

n
, n, 3,

1+
(48 Appel | Fl[
2

2

3+n 1
, Tan{— (a+bx)} ,
2

n
, n, 4

1+n 1 2 3+
(3+n) AppeIIFl{?, n, 3, 7Tan[£(a+bx)] }+2[73AppeIIFl[ 5

2
1 2 3+n 5+n 1 2 1 2 1 2
7Tan{— (a+bx)} ]+nAppeIIF1{—, 1+n, 3 , Tan[— (a+bx)] , 7Tan{— (a+bx>} ] Tan{— (a+bx)} +
2 2 2 2 2
1+n 3+n 1 2 1 2 1 2
{24(—1/(3+n)3 1+n) AppeIIFl[ ., n, 4, 1+ ,Tan[g(a+bx)], —Tan[g(a+bx)] }Sec[g(mbx)}
1 1+n 3+n 1 2
Tan{f(a+bx> +1/(3+n)n (1+n) AppeIIFl[ , 1+n, 3, 1+ ,Tan{f(a+bx)},
2 2
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2

,Tan[é (a+bx)] }Sec{% (a+bx)rTan[% (a+bx)}] [1+Tan[% (a+bx>}2

y

1+n 3+n 1 2 1 2 3+n 5+n 1 2
(3+n) AppeIIFl{ , n, 3, ,Tan{—(a+bx)},7Tan[—(a+bx)]}+2[73AppeIIF1[ , n, 4, ,Tan[—(a+bx)],
2 2 2 2 2 2
1 2 3+n 5+n 1 2 1 2 1 2
7Tan{5 (a+bx)} ]+nAppeIIF1{T, 1+n, 3, T Tan[g (a+bx)] , 7Tan{5 (a+bx)} ] Tan{g (a+bx)}
1+n 3+n 1 2 1 2 1 2 1
[32AppeIIF1[ - n, 4 Pt Tan[; (a+bx)] , 7Tan[£ (a+bx)] }Sec[g (a+bx)} Tan[g (a+bx)] /
l+n 3+n 1 3+n 5+n 1 2
(3+n) AppeIIFl[ , n, 4 ,Tan{—(a+bx},7Tan[ a+bx]} 2[74AppeIIF1[ , n, 5, ,Tan[—(a+bx)],
2 2 2 2 2
1 2 3+n 5+n 1 2 1 2 1 2
—Tan{; (a+bx)} ]+nAppeIIF1[T, 1+n, 4, 5 Tan[2 (a+bx)] , —Tan[g (a+bx)} ] Tan[g (a+bx)} -
1+n 3+n 1 2 1 2 1 2
[32[—1/(3+n)4 (1+n) AppeIIFl[ , n, 5 1+ ,Tan[—(a+bx)], —Tan[f(a+bx)] }Sec[—(anbx)}
2 2 2 2 2
1 1+n 3+n 1 2
Tan{—(a+bx)}+l/(3+n) (1+n) AppeIIFl[ , , 4, ,Tan{f(aerx)},
2 2 2 2
1 2 2

—Tan[g(a+bx)] }Sec[%(mbx)} Tan{%(aAfbx)} ?

1
[1+Tan[5 (a+bx)}

/

1+n 3+n 1 2 1 2 3+n 5+n 1 2
{3+n AppeIIFl[ , n, 4, ,Tan{—(a+bx)},—Tan[—(a+bx)]}+2[—4Appe|lF1[ , n, 5, ,Tan[—(a+bx)],
2 2 2 2 2 2
1 2 3+n 5+n 1 2 1 2 1 2
—Tan{— (a+bx)} ]+nAppeIIF1[—, 1+n, 4, , Tan[f (a+bx)] , —Tan[— (a+bx>} ] Tan[— (a+bx)} +
2 2 2 2 2 2
1+n 3+n 1 2 1 2 1 2
[16[—1/(3+n)5 (1+n) AppeIIFl[ , n, 6, 1+ ,Tan[—(a+bx)], —Tan[f(a+bx)] }Sec[—(anbx)}
2 2 2 2 2
1 1+n 3+n
Tan{—(a+bx)}+l/(3+n) (1+n) AppeIIFl[ , , 5,
2 2 2
Tan[% (a+bx>r, —Tan{% (a+bx)r]8ec{% (a+bx)]2Tan{§ (a+bx)} ]/
l+n 3+n 1 2 1 2 3+n 5+n 1 2
[3+n AppeIIFl{ , n, 5, ,Tan{—(a+bx)},—Tan[—(a+bx)]}+2[—5Appe|lF1[ , n, 6, ,Tan[—(a+bx)],
2 2 2 2 2 2 2
1 2 3+n 5+n 1 2 2 2
—Tan{f <a+bx>} ]mAppeHFl[—, 1+n, 5,
2 2

- Tan[E (a+bx)] , —Tan{% (a+bx>} ] Tan{% (a+bx>}

3+n 1 2 1 2 1 2
, Tan{f (a+bx>} , —Tan{f (a+bx)} ] [1+Tan{f (a+bx>}
2 2 2 2

1+n 4
Appel | Fl{—, n, 1,
2

5+n 1 2

1 2 3+n
, Tan{f <a+bx>} , —Tan{f <a+bx>} ]_nAppeHFl{—, 1+n, 1,
2 2 2 2

3+n
[_2 [Appel | Fl{—, n, 2
2



146 | 4.3 Tangent.nb

5+n

1 2 1 2 1 2 1 1
,Tan{f(a+bx)],—Tan[—(a+bx)} ] Sec{—(a+bx)} Tan{—(a+bx)}+(3+n) -
2 2 2 2 2 3+n
1+n 3+n 1 2 1 2 1 2 1 1
(1+n) AppeIIFl{ , n, 2, 1+ ,Tan[—(a+bx)],7Tan{—(a+bx)} ]Sec[—(a+bx)] Tan[—(a+bx)]+
2 2 2 2 2 3+n
1+n 3+n 1 2 1 2 1 2 1
n(1+n)AppeIIF1[1+ , 1l+n, 1, 1+ ,Tan[g(a+bx)},7Tan[5(a+bx)} ]Sec[g(eubx)] Tan[g(a+bx)] -

5+n’ Tan[% (a+bx)]2, —Tan[% (a+bx)r]

1 2 +n
2Tan{f(a+bx)} [- 2 (3+n) AppellFl[ ,n 3 1+
2

5+n

1 2 1 1 3+n 5+n 1 2
Sec[—(a+bx)] Tan{—(a+bx)]+ n(3+n)AppeIIF1[1+ ,Tan{—(a+bx)},
2 2 5+n 2
1 2 1 2 1 1 5+n
—Tan[—(a+bx)] }Sec{—(a+bx)} Tan[—(a+bx)}fn[f (3+n) AppeIIFl{
2 2 2 5+n 2 2
2 1 2 1 2 1 1 3+n

Tan{%(a+bx)} , 7Tan{5 (a+bx)} ]Sec{g (a+bx)} Tan{g (a+bx)}+ (L+n) (3+n) AppeIIFl[

5+n

5+n 1 2 1 2 1 2 1
2+n, 1, 1+ ,Tan{f(adfbx)},—Tan{—(a+bx)} ]Sec[—(a+bx)] Tan[—(a+bx)] ]]]/
2 2 2 2
1+n 3+n 1 2 1 2 3+n 5+n 1 2
(3+n) AppeIIFl{?,n 1, 5 ,Tan{;(a+bx)}, 7Tan[£(a+bx)] }72[AppellF1[?, n, 2 5 ,Tan[g(awbx)},

1 2 3+n 5+n 1 2 1 2 1 2)\2
7Tan[— (a+bx)} ]7nAppeIIF1{—, 1+n, 1, , Tan[— (a+bx)] , 7Tan[— (a+bx)} ] Tan{— (a+bx)} +
2 2 2 2 2 2
1+n 3+n 1 2 1 2 1 23
8AppeIIF1{ , n, 2, , Tan{f (a+bx>} , —Tan{f (a+bx)} ] [1+Tan{f (a+bx>}
2 2 2 2

3+n 5+n 1 2 1 2 3+n 5+n
[2 (—ZAppeIIFl{?, n, 3 , Tan{E (a+bx)} , —Tan{g (a+bx)} ]+nAppeIIF1{?, 1+n, 2, 5 ,
1 2 1 2 1 2 1
Tan[f (a+bx)] , —Tan{f (a+bx)} ] Sec{f (a+bx>} Tan{f <a+bx>}+(3+n) - 2 (1+n)
2 2 2 2 3+n
3+n 2 1 2 1 2 1 1

+N
, nh 3, 1+

AppeIIF1{1+ , Tan[% (a+bx)] , —Tan{g (a+bx)} ]Sec[g (a+bx)] Tan[g (a+bx)]+3+n

3+n

2

2, —Tan{% (a+bx>r] Sec[% (a+bx)]2Tan[% (a+bx>]

(1+n) AppeIIFl[

, Tan{% (a+bx)}

+

5+n’ Tan{% (a+bx)r, —Tan{% (a+bx)r]

3(3+n) AppeIIFl[

1 2
2Tan{7(a+bx)} [—2(—

2 5+n
2 1 1 3+n 5+n 1 2

1
Sec[—(a+bx)] Tan[—(a+bx)]+ (3 +n) AppeIIFl[ ,Tan[—(a+bx)],
2 2 2 2

5+n

2 1 2 1

—Tan{%(mbx)} ]Sec[g(a+bx)] Tan{g(a+bx)] >N

1
+n(— 2 (3+n) AppeIIFl[
5+n
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2 1 2 1 2

1 1 3+n
Tan{f(a+bx)} , 7Tan{f (a+bx)} ]Sec{f (a+bx)} Tan{f (a+bx)}+ (L+n) (3+n) AppeIIFl[
2 2 2 2 5+n
2+n, 2, 1+5;n, Tan{% (a+bx)r, 7Tan{% (a+bx)r]5ec[§ (a+bx)]2Tan[% (a+bx)] ]JJ/
3+n 1 2

+n 5+n 1 2
[ (3+n) AppellFl{—, n, 2,
2

, Tan[5 (a+bx)] ,

, Tan{g (a+bx)}

, n, 3,

1 2 3+n
, _Tan[5 <a+bx)] }+2 [_2Appe||F1[

1 2 3+n 5+n 1 2 1 2 1 2)2
7Tan{— (a+bx)} }+nAppeIIF1[—, 1+n, 2, , Tan[— (a+bx)} , 7Tan[— (a+bx)] } Tan[— (a+bx)] ] -
2 2 2 2 2 2
1+n 3+n 1 2 1 2 1 2)2
{24AppeIIF1[ , n, 3, , Tan[— (a+bx)] , —Tan[f (a+bx)] } [1+Tan[— (a+bx)] ]
2 2 2 2 2
3+n 5+n 1 2 1 2 3+n 5+n
[2 [—BAppeIIFl{ , n, 4, , Tan{— (a+bx)} , —Tan[— (a+bx)} ]+nAppeIIFl{—, 1+n, 3 ,
2 2 2 2 2 2
1 2 1 2 1 2 1
Tan[— (a+bx)] , —Tan[— (a+bx)} ]]Sec[— (a+bx)} Tan[— (a+bx)}+(3+n) - 3(1+n)
2 2 2 2 3+n
n 3+n 1 2 1 2 1 2 1 1
AppeIIF1{1+ , N, 4, 1+ ,Tan[—(a+bx)], 7Tan[—(a+bx)} ]Sec[—(a+bx)] Tan[—(a+bx)]+
2 2 2 2 2 3+n

3+n 1 2 1 2 1 2 1
, Tan{f (a+bx)} , 7Tan[— (a+bx)} ]Sec[— (a+bx)] Tan[f (a+bx)]
2 2 2 2 2

n (1+n) Appel | F1[1+

+

5+n 1 2 2

+N 1
, N, 5 1+ ,Tan{—(adfbx)},—Tan[—(a+bx)} ]
2 2 2 2

1 2 1
2Tan{f (a+bx)} [—3 [—

(3+n) AppeIIFl[
2 5+n

1 2 1 5+n 1 2
Sec[; (a+bx)] Tan[; (a+bx)]+

- Tan[g (a+bx)] ,

(3+n) AppeIIFl[

5+n
2 1 2

1 1 1 5+n
7Tan{—(a+bx)} ]Sec[—(aerx)] Tan{—(a+bx)] +n |- 3((3+n) AppeIIFl[
2 2 2 5+n
1 2 1 2 1 2 1 3+n
Tan{—(a+bx)} , 7Tan{— (a+bx)} ]Sec{— (a+bx)} Tan{— (a+bx)}+ (L+n) (3+n) AppeIIFl[
2 2 2 2 5+n 2
5+n 1 2 1 2 1 2 1
2+n, 3, 1+ ,Tan{f(adfbx)},—Tan{—(aafbx)} ]Sec[—(a+bx)] Tan[—(a+bx)] ]]]/
2 2 2 2 2
3+n 1 2

1 2 3+n 5+n 1 2
,Tan{—(a+bx)}, 7Tan[—(a+bx)] }+2[73AppeIIFl[ , n, 4, ,Tan[—(a+bx)],
2 2 2 2 2 2

1+n
(3+n) AppeIIFl{—, n, 3,
2

2

1 3+n 5+n 1 2 1 2
7Tan{£ (a+bx)} }+nAppeIIF1[?, 1+n, 3,

5 ,Tan[; (a+bx)} , 7Tan[£ (a+bx)] }

S;n' Tan[% (a+bx)]2, —Tan[% (a+bx)]2}

1 22
Tan[g (a+bx)] ] +

, n, 4

1+n
(32AppeIIFl[
2

1 2
1+Tan[5 (a+bx)] ]

5+n 1 2

1 2 3+n 5+n
, Tan{f (a+bx)} , 7Tan{f (a+bx)} ]+nAppeIIF1{—, 1+n, 4,
2 2 2

5

3+n
[2 (—4Appe| | Fl[—, n, 5
2

2
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1 2 1 2 1 2 1
Tan[— (a+bx)] , —Tan[— (a+bx)} ]]Sec[— (a+bx)} Tan{— (a+bx)}+(3+n) - 4 (1+n)
2 2 2 2 3+n
n 3+n 1 2 1 2 1 2 1 1
AppeIIF1{1+ , N, 5 1+ ,Tan[—(a+bx)], 7Tan[—(a+bx)} ]Sec[—(a+bx)] Tan[—(a+bx)]+
2 2 2 2 2 3+n
3+n 1 2 1 2 1 2 1
n (1+n)AppeIIF1[1+ , Tan{f (a+bx)} , 7Tan{f (a+bx)} ]Sec[f (a+bx)] Tan[f (a+bx)]
2 2 2 2 2
1 2 +n 5+n 1 2 1 2
2Tan{f(a+bx)] [—4[— 5((3+n) AppeIIFl[ , n, 6, 1+ ,Tan{—(adfbx)},—Tan[—(a+bx)} ]
2 5+n 2 2
1 2 1 5+n 1 2
Sec[—(a+bx)] Tan[—(a+bx)]+ n(3+n)AppeIIF1[1+ , 5, ,Tan[—(a+bx)],
2 2 5+n 2 2 2
1 2 1 2 1 5+n
7Tan{—(a+bx)} ]Sec[—(aerx)] Tan{—(a+bx)] +n |- (3 +n) AppeIIFl[
2 2 2 5+n 2
2 1 2 1 2 1 1 3+n

(L+n) (3+n) AppeIIFl[

1%

Tan{% (a+bx)} , 7Tan{5 (a+bx)} ]Sec{g (a+bx)} Tan{g (a+bx)}+5+n
5+n 1 2

1 2 1 2 1
2+n, 4, 1+ ,Tan[—(a+bx)},7Tan[—(a+bx)} ]Sec[—(a+bx)] Tan[—(a+bx)]
2 2 2 2 2

3+n

1+n 1 2 1 2 3+n 5+n
(3+n) AppeIIFl{ , n, 4 ,Tan{—(a+bx)}, 7Tan[—(a+bx)] }+2[74AppeIIF1[ , n, 5 Tan[—(a+bx)]
2 2 2
1 2 3+n 5+n 1 2 1 2 1 2)2
—Tan{f (a+bx)] +nAppeIIF1[—, 1+n, 4, , Tan[— (a+bx)} , —Tan[— (a+bx)] } Tan[— (a+bx)] ] -
2 2 2 2 2 2
1+n 3+n 1 2 1 2 3+n 5+n
(16AppeIIFl[ , n 5 , Tan[— (a+bx)] , 7Tan[— (a+bx)] } [2 [75AppeIIFl[ , h, 6 ,
2 2 2 2 2
1 2 1 2 3+n 5+n 1 2 1 2
Tan[— (a+bx)] , 7Tan{— (a+bx)} ]+nAppeIIF1[—, 1+n, 5, , Tan[— (a+bx)] , 7Tan[— (a+bx)] }]
2 2 2 2 2 2
1 2 1 1 +n 3+n
Sec[—(a+bx)] Tan[—(a+bx)]+(3+n) [7 5(1+n) AppeIIFl{ , n, 6, 1+
2 2 3+n 2 2
1 2 1 2 1 2 1 1
Tan[— (a+bx)} , 7Tan[— (a+bx)] }Sec{— (a+bx)} Tan[— (a+bx)}+ n(1+n)
2 2 2 2 3+n
1+n 3+n 1 2 1 2 1 2

Appel | Fl[l+

,1+n, 5 1+

Pt Tan{g (a+bx)] , 7Tan[5 (a+bx>} ]Sec[g (a+bx)] Tan[% (a+bx)]

+

5+n 1 2 1 2
, Tan{— (a+bx)} , 7Tan{— (a+bx)} ]
2 2 2

1 2 1
2Tan{£ (a+bx)] [—5 (—

+Nn
, n, 7, 1+
5+n

6 (3+n) AppeIIFl[

1 2 1 5+n 1 2
Sec[;(anbx)] Tan[;(a+bx)]+ ,Tan[—(a+bx)],

2 2

(3+n) AppeIIFl[
5+n
2 1 2 1

7Tan{%(a+bx)} ]Sec[;(a+bx)] Tan{;(a+bx)] >N

1
+n(f (3+n) AppeIIFl[
5+I"I
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1 2 1 2 1 2 1 1 3+
Tan{f (a+bx)} , 7Tan{f (a+bx)} ]Sec{f (a+bx)} Tan{f (a+bx)}+ (1+n) (3+n)AppeIIF1[l+
2 2 2 2

w2 sl

5+n 1 2
, Tan[— (a+bx)] )
2

n

5+n 2 1 2

2+n, 5 1+ , 7Tan{5 (a+bx)} ]Sec[% (a+bx)]2Tan[% (a+bx)]

, Tan{% (a+bx)}

3+n 1 2
, Tan{— (a+bx)}
2

1+n
(3 +n) Appel | Fl{—, n, 5,
2

1 2 3+n
, 7Tan[£ (a+bx)] }+2 [75AppeIIFl[?, n, 6,

5+n 1 2 1 2

—Tan{% (a+bx)]2 _— Tan[g (a+bx)} , —Tan[g (a+bx)] }

3+n
+nAppe||F1[—, 1+n, 5,
2

Tan[% (a+bx)]2J2)

® Problem 369: Result more than twice size of optimal antiderivative.
JSec[a+bx}5 (dTan[a+bx])"dx

Optimal (type 5, 78leaves, 1step):

6+n
- 1+n 6+n 3+n

(Cos[a+bx]?) 7 Hypergeometric2F1]|

, Sinfa+bx])?| Secfa+bx]® (dTan[a+bx])"

2 2! 2
bd (1+n)
Result (type 5, 211 leaves):
1 1+n 3+n 1 2
—2 HypergeomatricZFl[ , 1+n, , Tan[— (a+bx>} ]7
b (1+n) 2 2
1+n 3+n 1 2 1+n 3+n 1 2
8 (HypergeonetricZFl[ , 2+n, , Tan{f (a+bx>] }—SHypergeon’etriCZFl{ , 3+n, , Tan[f (a+bx)} ]+
2 2
1+n 3+n 1 2 1+n 3+n 1 2
4Hypergeonetric2F1[ , 4+n, , Tan{f (a+bx>} ]—ZWpergeonetriCZFl{ , 5+n, , Tan[f (a+bx)] U]
2 2
1 AR 1
[Cos[a+bx]$ec — (a+bx)] Tan{f (a+bx>} (dTan[a+bx])"
2

Problem 372: Result unnecessarily involves higher level functions and more than twice size of optimal antiderivative.

J-Cos[a+bx} (dTan[a +bx])"dx

Optimal (type 5, 72leaves, 1step):

Cos [a +b x] (Oos[a+bx}2)n/2 HypergeomatricZFl[g, l;", 3;”, Sinfa+bx]?] (dTan[a+bx])*"

bd (1+n)
Result (type 6, 4430 leaves):

1 3 1
[2<3+n)Cos — (a+bx)| Cos[fa+bx]Sin|— (a+bx)
2 2
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3o ! )]2, —Tan{%(adfbx)r]Sec[%(a+bx)]2

,n, 1

/

1 2 3+n
—Tan[g (a+bx)] }—2 (AppellFl{ 5

1+n
[—[AppeIIFl[ ;

2

5+n 1
, Tan{— (a+bx)} ,
2

3+n 1 2
, Tan[— (a+bx)] ,
2

2

, n, 1

;N2

1+n
[ (3+n) AppeIIFl[
2

5+n 2 1 2

, Tan[% (a+bx)] , —Tan[5 (a+bx)] }

1 2 3+n 1 2
—Tan{E (a+bx)} ]—nAppeIIFl[T, 1l+n, 1, Tan[E (a+bx)] ]+

1+n 3+n 1 2 1 2 +n 3+n
[2AppeIIF1[ 5 , n, 2 ,Tan[g(a+bx)], —Tan{;(aubx)} ]]/(3+n AppeIIFl{ 5 n, 2, 5 ,
2 5+n 1 2 1 2

1 1 2
Tan[5 (a+bx)] , —Tan[5 (a+bx)] +2

(—ZAppeIIFl[g;n, n, 3 , Tan[E (a+bx)] , —Tan{E (a+bx>} ]+

5+n 1 2
, Tan[f (a+bx)] ,
2

3+n 1 2 1 2
nAppeIIFl[?, 1+n, 2, —Tan[E (a+bx)] } Tan[E (a+bx)] ]J

1 3 1
Tan[a+bx]" (dTan[a+bx})”J/ b ((1l+n) n (3+n) Cos[E (a+bx)} Sec[a+bx]25in[5 (a+bx)]

/

l1+n

3+n 1 2 1 2 1 2
, Tan{f (a+bx>} , —Tan{f (a+bx)} ]Sec{f (a+bx)}
2 2 2

1+n
[_ [Appel | Fl{?, n, 1

1+n 3+n 1 2 1 2 3+n 5+n 1 2
((3+n)AppeIIF1[ , n, 1, ,Tan{f(a+bx)},—Tan{7<a+bx>} ]—Z[AppeIIFl[ , n, 2, ,Tan[f(a+bx)],
2 2 2 2 2
1 2 3+n 5+n 1 2 1 2 1 2

—Tan{g <a+bx)} ]—nAppeIIFl{T, 1+n, 1, , Tan[E (a+bx)] , —Tan{E (a+bx>} ] +

Tan{E (a+bx>}

1+n 3+n 1 2 1 2 l1+n 3+n
(ZAppeIIFl{ , n, 2, ,Tan{—(a+bx>},7Tan{—(a+bx)} ]J/ (3+n) AppeIIFl{ , h 2 ,
2 2 2 2 2 2
2 5+n 1 2 1 2

1 1 2 3+n
Tan{E (a+bx)} : fTanb <a+bX>} ]+2 fZAppe”Fl{?’ n, 3,

, Tan[; (a+bx)} , 7Tan{5 (a+bx)} }+n

5+n 1 2

,Tan{g(a+bx)}, ?

1
—Tan[;(a+bx)] } Tan[a+bx] 1"+

3+n 1 2
AppeIIFl[—, 1+n, 2, Tan[— (a+bx)]
2 2

1 1 4 1+n 3+n 1 2 1 2 1 2
<3+n)Cos[— (a+bx)] [{AppellFl{—, n, 1, , Tan[— (a+bx)} , 7Tan[— (a+bx)] }Sec[— (a+bx>} /
1+n 2 2 2 2 2 2
1+n 3+n 1 2 1 2 3+n 5+n 1 2
[3+n AppeIIFl[ , n, 1, ,Tan{—(a+bx)},7Tan{—(a+bx)} ]72[AppeIIF1[ , n, 2, ,Tan[—(a+bx)],
2 2 2 2 2 2
1 2 3+n 5+n 1 2 1 2 1 2
7Tan{— (a+bx)} ]7nAppeIIF1{—, 1+n, 1, , Tan[— (a+bx)] , 7Tan{— (a+bx)} ] Tan{— (a+bx)} +
2 2 2 2 2
1+n 3+n 1 2 1 2 1+n 3+n
[ZAppeIIFl{—, n, 2, , Tan{— (a+bx)} , 7Tan{— (a+bx)} ]]/ (3+n) AppeIIFl{ , n, 2, ,
2 2 2 2 2 2
2 5+n 1 2 1 2

1 1 2 3+n
Tan{g (a+bx)} , 7Tan[5 (a+bx>} ]+2 72AppeIIFl{ Pt n, 3,

, Tan[g (a+bx)} , 7Tan{g (a+bx)} }Jrn
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5+n 1 2 1 2

3+n 1 2
AppeIIFl[?, 1+n, 2, T Tan{g (a+bx)} , —Tan[g (a+bx)] }

Tan[g(a+bx)] !

Tan[a+bx]" -

3+n, Tan{% (a+bx)r, —Tan[% (a+bx)]2} Sec[% (a+bx)}2
5+n 1 2
, Tan[f (a+bx)] ,

2 2

,n 1

1 2 1 2 1+n
3(3+n)Oos{£(a+bx)} Sin{g(adfbx)} (—(AppellFl{ 5

/

3+n 1 2
, Tan{f (a+bx)}
2 2

1+n
(3+n AppeIIFl[ ,n, 1
2

1 2 3+n
, _Tan{E <a+bx>} ]_2 [AppeIIFl[ o2

1 2 3+n 5+n 1 2 1 2
—Tan{f <a+bx)} ]—nAppeIIFl[—, 1+n, 1, , Tan[f (a+bx>] , —Tan{f (a+bx>} ]
2 2 2 2

Tan{% (a+bx>}

1+n 3+n 1 2 1 2 +n 3+n 1 2
(ZAppeIIFl{?, n, 2, 5 ,Tan{g(eubxw, —Tan{g(eubx)} ] /[3+n AppeIIFl{ 5 n, 2 ,Tan{g(a+bx)}
1 2 3+n 5+n 1 2 1 2 3+n
—Tan[g(a+bx)] }+2[—2Appe|lF1[ 5 , n, 3 5 ,Tan[g(a+bx)], —Tan[g(a+bx)] +nAppeIIF1[?,1+n,
5+n 1 2 1 2 2 3

1 1
, Tan{— (a+bx)} , 7Tan[— (a+bx)] } Tan[— (a+bx)] Tan[a+bx]"+ 2(3+n>Oos[— (a+bx)]
2 2 2 2

1+n

1 1+n 3+n 1 2 1 2 1 2 1
Sin[— (a+bx)] 7(AppeIIF1{ , n 1 , Tan[— (a+bx)} , 7Tan[— (a+bx)} }Sec{— (a+bx)} Tan{— (a+bx)} /
2 2 2 2 2 2 2
1+n 3+n 1 2 1 2 3+n 5+n 1 2
((3+n)AppeIIF1[ , n, 1, ,Tan{f(a+bx)},—Tan{7<a+bx>} ]—Z[AppeIIFl[ , n, 2, ,Tan[f(a+bx)],
2 2 2 2 2
1 2 3+n 5+n 1 2 1 2 1 2

—Tan{g <a+bx)} ]—nAppeIIFl{T, 1+n, 1,

, Tan[g (a+bx)] , —Tan{E (a+bx>} ] -

Tan{E (a+bx>}

1+n 3+n 1 2 1 2
, n, 2, 1+ ,Tan{—(a+bx)},7Tan[—(a+bx)} }
2 2

1 2
Sec[;(aubx)] [71/(3+n) (1+n) AppeIIFl[

1 2 1 1+n
Sec{g(a+bx>} Tan{g(a+bx>}+l/(3+n) (1+n) Appel | F1|1

,1+n, 1,

3+n

2

2, —Tan{% (a+bx)r] Sec[% (a+bx)]2Tan[% (a+bx)]

+

, Tan[% (a+bx)]

3+n 1 2 1 2

3+n
, Tan{f (a+bx)} , 7Tan[f (a+bx)] }72 [AppeIIFl[
2 2 2 2

1+n
[3+n AppellFl{ n, 1
2

5+n 1 2 1 2
, Tan{— (a+bx)} ,
2

1 2 3+n
7Tan[5 (a+bx)] }7nAppeIIFl[?, 1+n, 1,

3+n 2 1 2 1 2

, Tan[% (a+bx>} , 7Tan{5 (a+bx)} ]Sec[; (a+bx)}

(2 [71/ (3+n)2 (1+n) AppeIIFl[l+

1 1+n 3+n
Tan{f(a+bx>}+l/(3+n) (L+n) AppeIIFl[
2

Tan[% (a+bx>r, 7Tan{§ (a+bx)r] Sec{% (a+bx)]2Tan{% (a+bx)}
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l+n 3+n 1 3+n 5+n 2
[ (3+n) AppeIIFl{ 5 n, 2 , Tan{g (a+bx) } , —Tan[ (a+bx) ] } 2 [—ZAppeIIFl[ 5 n, 5 Tan[— (a+bx)] ,
2 3+n 5+n 2 1 2 2

, Tan[z (a+bx)] ,

—Tan{% (a+bx)} ]+nAppeIIF1[T, 1+n, 2, —Tan{g(adfbx)} ]

3+n 1 2 1 2 1 2
, Tan{— (a+bx>} , —Tan{— (a+bx)} ]Sec{f (a+bx)}
2 2 2 2

5+n 1 2

, n 1

1+n
[AppeHFl{ ,

3+n 1 2 3+n
[—2 [AppeIIFl{?, n, 2 5 , Tan{E (a+bx)} , —Tan{g (a+bx)} ]—nAppeIIFl{?, 1+n, 1,
5+n’ Tan{i(a+bx)]2, —Tan{i(a+bx>r] Sec{i(a+bx>rTan{£(a+bx)}+(3+n> - !
2 2 2 2 2 3+n
+n 3+n 1 2 1 2 1 2 1 1
(1+n) AppeIIFl{ , N2, 1+ ,Tan{f(a+bx)],—Tan[g(aafbx)} ]Sec[g(a+bx)] Tan[g(a+bx)]+3 .
N
1+n 3+n 2 1 2

,1+n, 1, 1+

—Tan{E (a+bx>} ]Sec[% (a+bx)]2Tan[% (a+bx>]

1
(1+n) Appel | F1[1+ , Tan|[= (@+bx) |,
2

5+n, Tan[% (a+bx>]2, —Tan{% (a+bx>r]

2Tan{l(a+bx>}2[_ 2 (3+n) AppellFl{

5+n

1 2 1 5+n 1 2
Sec[—(a+bx)] Tan{f(a+bx)]+ (3 +n) AppeIIFl[ ,Tan{f(aafbx)},
2 2 5+n 2
1 2 1 2 1 1 3+n 5+n
—Tan[—(a+bx)] }Sec[—(adfbx)} Tan[—(aafbx)}—n[— (3+n) AppeIIFl{ ,
2 2 2 5+n
1 2 1 2 1 2 1 1 3+n
Tan[—(a+bx)} , —Tan{— (a+bx)} ]Sec{f (a+bx)} Tan{—(a+bx)}+ (1+n) (3+n) AppeIIFl[
2 2 2 2 5+n
5+n 1 2 1 2 1 2 1
2+n, 1, 1+ ,Tan{f(adfbx)},—Tan{—(a+bx)} ]Sec[—(a+bx)] Tan[—(a+bx)] ]]]/
2 2 2 2
1l+n 3+n 1 2 1 2 3+n 5+n 1 2
[3+n AppeIIFl{ 5 , n, 1 ,Tan{g(a+bx)},—Tan[g(a+bx)]}—Z[AppeIIFl[ 5 , n, 2 5 ,Tan{g(aafbx)},
1 2 3+n 5+n 1 2 1 2 1 2)2
—Tan{f <a+bx)} ]—nAppeIIFl{—, 1+n, 1, , Tan[f (a+bx)] , —Tan{f (a+bx>} ] Tan{f (a+bx>} -
2 2 2 2 2
1+n 3+n 1 2 1 2 3+n 5+n
(ZAppeIIFl{ - n, 2, - Tan[g (a+bx)} , 7Tan{5 (a+bx)} ] [2 72AppeIIF1{ - n, 3 -
1 2 1 2 3+n 5+n 1 2 1 2
Tan[— (a+bx)] , —Tan{— (a+bx)} ]+nAppeIIF1[—, 1+n, 2, , Tan[— (a+bx)] , —Tan[— (a+bx)] H
2 2 2 2 2 2
1 2 1 1 1+n 3+n
Sec[g(aubx)] Tan[g(a+bx)]+(3+n) [—3 2 (1+n) AppeIIFl{ 5 , N, 3, 1+ 5
+N
1 2 1 2 1 2 1 1
Tan{— (a+bx)} , 7Tan[— (a+bx)] }Sec{— (a+bx)} Tan{— (a+bx)| + n(1+n)
2 2 2 2 3+n
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2 1 2 1 2

3+n’ Tan{% (a+bx)] , 7Tan{5 (a+bx>} ]Se(:[E (a+bx)] Tan[% (a+bx)]

n
AppeIIFl[l+ L 14n, 2, 1+

+

2 1 2

5+n’ Tan{% (a+bx)} , 7Tan{5 (a+bx)} ]

n
, N, 4, 1+

1 2
2Tan{5(a+bx)} (72(7 3(3+n)AppeIIFl[l+

5+n

1 2 1 1

5+n 1 2
Sec[5 (a+bx)] Tan[5 (a+bx)]+

, Tan[5 (a+bx)] ,

n
(3+n) AppeIIFl[ ,1+n, 3, 1+

5+n

2 1 5+n

1 1 2 1 n
—Tan{f(a+bx)} ]Sec[f(a+bx)] Tan{f(a+bx)] +n , 1+n, 3, 1+
2 2 2

2 (3+n) AppeIIFl[

5+n
Tang (a+bX>r, —Tan[g <a+bX>r] SECE

’ —Tan{% (a+bx>r] Sec[% (a+bx)]2Tan[% (a+bx)]

3+n
(1+n) <3+n)Appe||F1[1+ =

11/

2 1
(a+bx)} Tan{g(a+bx)}+5 -
n

5+n 1
, Tan{f (a+bx)} ,
2

2+n, 2, 1+

1+n 3+n 1 2 1 2 3+n
(3+n) AppeIIFl{ 5 , n, 2, 5 ,Tan{g(a+bx)}, —Tan[g(a+bx)] }+2[—2Appe|lF1[ , n, 3,
5+n 1 2 1 2
_ Tan{E <a+bx)} , —Tan[5 (a+bx)] }+
3+n 5+n 1 2 1 2 1 22
nAppeIIFl[?, 1l+n, 2, ? Tan{g (a+bx)} , —Tan[5 (a+bx)] } Tan[E (a+bx)] ] Tan[a+bx]"

Problem 373: Result unnecessarily involves higher level functions and more than twice size of optimal antiderivative.
JCbs[a+bx}3 (d Tan[a +b x])" dx

Optimal (type 5, 78leaves, 1step):
1
bd (1+n)

3 oy X (C2em) . 1 1+n 3+n ) , 1
Cos[a+bx]® (Cos[a+bx]?)2 HypergeometrchFl{— (-2+n), , , Sinfa+bx]?| (dTan[a+bx])™"
2 2 2

Result (type 6, 9792 leaves) :

Tan|[> (a+bx) |

1
2

Al (3+n)Tan{E (a+bx)} {
2

|

71+Tan[% (a+bx)}2

3+n 1 2 1 2

, Tan{g <a+bx)} , —Tan[5 (a+bx)] } (1+Tan{; (a+bx)}2

1+n
Appel | Fl{—, n, 1
2

3]/
3+n 1 2 1 2

, Tan{E (a+bx>} , —Tan[E (a+bx)} }—2 [AppeIIFl[S;n, n, 2, !

5+n
,Tan[f
2

(a+bx>]2,

1+n
[3+n AppellFl[ ,n, 1,
2

1 2 3+n 5+n 1 2 1 2

—Tan[5 (a+bx)] }—nAppeIIFl{?, 1+n, 1, , Tan[E (a+bx>} , —Tan{g (a+bx)} ] ! ’

Tan{g (a+bx)}




154 | 4.3 Tangent.nb

[eAppeHFl[l;n, n, 2, 3;n’ Tan{% (a+bx)r, 7Tan{§ (a+bx)r] [1+Tan{; (a+bx)r]2]/

2

5+n
<a+bx)] ,

3+n 1 2 1 2

, Tan{E (a+bx)} , —Tan[5 (a+bx)} }+2 [—2AppeIIF1{3;n, n, 3, E

,Tan[2

1+n
[(3+n) AppellFl[?, n, 2,

5+n' Tan[% (a+bx)]2, 7Tan{% (a+bx)r}

1 2
Tan{5 (a+bx)} ]+

1 2 3+n
7Tan{5 (a+bx>} ]+nAppeIIF1{?, 1+n, 2,

3+n 1

,Tan[2

(a+bx)]2, 7Tan[% (a+bx)]2} (1+Tan[% (a+bx)r]]/

1+n 3+n 1 2
—, n, 3, ,Tan{—(a+bx)},
2

1+n
[12 Appel | Fl[—, n, 3,
2

2

5+n
(a+bx)] ,

,Tan[%

1 2 3+n
(3+n) AppeIIFl{ 7Tan[— (a+bx)} }+2 [73Appe||Fl{—, n, 4,
2 2

1 2 3+n 5+n 1 2 1 2 1 2
7Tan{— (a+bx)} ]+nAppe|IF1{—, 1+n, 3, , Tan[— (a+bx)] , 7Tan{— (a+bx)} } Tan{— (a+bx)} ]7
2 2 2 2
1+n 3+n 1 2 1 2 1+n 3+n
[SAppeIIFl[—, n, 4, , Tan{— (a+bx)} , 7Tan{— (a+bx)} ]]/ (3+n)AppeIIF1{—, n, 4,
2 2 2 2 2 2
2 1 2 5+n 1 2 1 2

1 3+n
Tan[g (a+bx)] , 7Tan{5 (a+bx)} ]+2 [74AppeIIF1{T, n, 5, , Tan{g (a+bx)} , 7Tan{5 (a+bx)} ]+

3+n 5+n 1 2 1 2 1 2
nAppeIIFl[—, l+n, 4, ——, Tan[— (a+bx)] , —Tan[f (a+bx)] } Tan{f (a+bx)} ]
2 2 2 2
1 3
Tan[a+bx] ™" (dTan[a+bx])" 7§iSin[3 (a+bx)]Tan[a+bx]”+§Sin[2 (a+bx)]Sin[3(a+bx)] Tan[a+bx]" +

3 1
g]ﬁ.Sin[z (a+bx)]12Sin[3 (a+bx)]Tan[a+bx}“—§Sin[2 (a+bx)1®Sin[3 (a+bx)] Tan[a+bx]"+Cos[3 (a+bx)]

1 3 3 1
—Tan[a+bx]"+ —1Sin[2(a+bx)] Tan[a+bx]"- —Sin[2 (a+bx)]?Tan[a+bx]"-—1Sin[2 (a+bx)]®Tan[a+bx]"| +
8 8

+

1 1
Cos[2 (a+bx)]3 (5003[3 (a+bx)]Tan[a+bx]”fngin[3 (a+bx)] Tan[a+bx]"

3 3
Cos[2 (a+bx)]? (7§jSin[3 (a+bx>}Tan[a+bx]“+§Sin[2 (a+bx)]Sin[3(a+bx)] Tan[a+bx]" +
3 3
Cos[3 (a+bx)] [gTan[a+bx}“+ngin[2 (a+bx)}Tan[a+bx}“]] +Cos[2 (a+bx)]

3 3 3
7ngin[3 (a+bx)]Tan[a+bx]"+ZSin[2 (a+bx)]Sin[3 (a+bx)]Tan[a+bx]”+§j15in[2 (a+bx)12Sin[3 (a+bx)]

1)/

3 3 3
Tan[a+bx]"+Cos[3 (a+bx)] |—Tan[a+bx]"+—1Sin[2 (a+bx)] Tan[a+bx]"- —Sin[2 (a+bx)]?Tan[a+bx]"
8 4 8



1 1 2

23" (31 n) Sec[— (a+bx)] Tan{E (a+bx)}2
5 2 2

b (1+n)

1 2\4
1+Tan[5 (a+bx)] ]

(1+n) (1+Tan[% (a+bx)}2)

[ Tan[%(a+bx)]

71+Tan[%(a+bx 2 2

2 2
1+n 3+n 1 2 1 2 3+n 5+n
(3+n)AppeIIF1{ 5 , n, 1, 5 ,Tan[g(aerx)], 7Tan[£(a+bx)] }72(AppellFl{ 5 , n, 2, 5
2 3+n 5+n 1 2 1 2

7Tan{§ (a+bx)} }7nAppeIIFl[7, 1+n, 1, , Tan[— (a+bx)} , 7Tan[5 (a+bx)] }

2 2

2

1+n 3+n 1 2 1 2 1 2
(6AppeIIF1[ Pt n, 2, Pt Tan[; (a+bx)} , —Tan[g (a+bx)] } (1+Tan[5 (a+bx)}

5+n
2,

3+n 1 2 1 2 [

, Tan[— (a+bx)] , —Tan{g (a+bx)] }+2

3+n
~2 Appel | Fl[ . n, 3
2 2 2

, Tan{% (a+bx)}

5+n 1 2 1 2

3+n 2
nAppeIIFl[T, 1+n, 2, T Tan{g (a+bx)} , —Tan[g (a+bx)} ]

+

Tan[% (a+bx)}

1+n 3+n 1 2 1 2 1 2
(12AppeIIFl[ 5 , n, 3, 5 , Tan[g (a+bx)] , —Tan{g (a+bx)} ] [1+Tan[£ (a+bx)]
3+n 1 2 1 2 3+n 5+n 1 2
3, ,Tan[—(a+bx)] , —Tan{f(a+bx)] +2(—3AppeIIF1[ , n, 4 ,Tan{f(a+bx)}
2 2 2 2 2 2
3+n 5+n 1 2 1 2 1 2
nAppeIIFl{—, 1+n, 3, —, Tan{f (a+bx)} , —Tan{f (a+bx>} ] Tan{f (a+bx)} -
2 2 2 2 2
1+n 3+n 1 2 1 2 1+n 3+n
(8AppeIIF1{T, n, 4, 5 Tan{g <a+bx)} , —Tan[5 (a+bx)] U/ [(3+n)AppeIIF1[ 5 n, 4,

2 5+n 1 2

1 1 2 3+n
Tan{E (a+bx>} , —Tan{g <a+bx)} ]+2 [—4AppeIIF1{T, n, 5

5+n

3+n 1 2 1 2 1
nAppeIIFl{T, 1+n, 4, T Tan{g (a+bx)} , 7Tan{5 (a+bx)} ] Tan{g (a+bx)}

1 1 2
2" (3+n) Sec[— (a+bx)]
2

4

Tan[%(a+bx)] "
(1+n) (1+Tan[%(a+bx>}2) 71+Tan[%(a+bx)]2

3+n 1 2
, Tan[— (a+bx)]
2 2

, n, 1

1+n
{[AppellFl[ ;

, —Tan[% (a+bx)]2} [1+Tan[; (a+bx)]2]3]/

1+n 3+n 1 2 1 2

3+n
[(3+n)AppeIIF1{ 5 , n, 1 5 , Tan[g (a+bx)] , —Tan[g (a+bx)] }—Z[AppellFl{ 5 , n, 2

5+n

2, —Tan[% (a+bx>} ]+

, —Tan[% (a+bx)} ]+

, Tan{g <a+bx)} , —Tan[5 (a+bx)] }+

1
, Tan|— (a+bx)
2
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n
2] [[AppeHFl[l;n, n, 1, 3+n’ Tan[E (a+bx)]2, 7Tan[£ (a+bx)]2} [1+Tan[£ (a+bx)]2]3]/
]

1 2

, Tan[— (a+bx)} ,

2

Tan[% (a+bx)]2] _

l+n
/[(3+n>AppeIIFl[ 5 , n,

2

1+n
J/[(3+n)AppeIIFl[ 5 , N,

2
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2 3+n 5+n

1 2 1 2
—Tan{g (a+bx)} }—nAppeIIFl[?, 1+n, 1,

, Tan[% (a+bx)} , —Tan[g (a+bx)] }

Tan[% (a+bx)]2] _

1+n 3+n 1 2 1 2 1 2)2 1+n
(6AppeIIF1[ Pt n, 2, 5 Tan{g (a+bx)} , —Tan[g (a+bx)] } (1+Tan{5 (a+bx)} /[(3+n>AppeIIF1[ Pt n,
3+n 1 2 1 2 3+n 5+n 1 2 1 2
2, , Tan[— (a+bx)] , —Tan{f (a+bx)] +2 (—ZAppeIIFl[ , n, 3, , Tan{f (a+bx)} , —Tan[— (a+bx)} ]+
2 2 2 2 2 2
5+n 1 2 1 2 2

nAppeIIFl[S%n, 1+n, 2, , Tan{g (a+bx)} , —Tan[g (a+bx)} ] Tan{% (a+bx)} +

1+n 3+n 1 2 1 2 1 2 1+n
(12AppeIIF1[ S 3, -~ Tan[E <a+bx>] , _Tan{E <a+bx>} ] [1+Tan[5 (a+bx>] J/ [<3+n)Appe||F1[ S
3+n 1 2 1 2 3+n 5+n 1 2 1 2
3, , Tan[f (a+bx)] , —Tan{f (a+bx>] +2 (—SAppeIIFl[ , n, 4, , Tan{f (a+bx)} , —Tan{f (a+bx>} ]+
2 2 2 2 2 2 2

5+n 1 2 1 2

,Tan{g(a+bx)},—Tan{5<a+bx>} ] ! ’

Tan{g (a+bx)}

3+n
nAppellFl{—, 1+n, 3,
2

1+n 3+n 1 2 1 2 1+n 3+n
(SAppeIIFl{—, n, 4, ,Tan{7<a+bx)}, 7Tan[f(a+bx)] H/[(S+n)AppellF1[ , n, 4, ,
2 2 2 2 2 2
2 1 2 5+n 1 2 1 2

1 3+n
Tan[; (a+bx>} , 7Tan{5 <a+bx)} ]+2 [74AppeIIF1{?, n, 5, , Tan{; (a+bx)} , 7Tan[5 (a+bx)] }+

5+n’ Tan{% (a+bx)r, 7Tan[§ (a+bx)r]

3+n 1
nAppeIIFl[—, 1+n, 4, Tan{—(a+bx)}
2 2

1

1 Tan[%(aerx)] e
21*”n(3+n)Tan[7(a+bx)] -
4 2

(1+n) (1+Tan[%(a+bx)}2) —1+Tan[%(a+bx)]2

Sec[%(a+bx)}2Tan[§(a+bx)}2 Sec[%(a+bx)}2
(—1+Tan[§(a+bx)]2)2 2(—1+Tan[%(a+bx)]2)
1 3 1 1 1 3
{[AppellFl[ +n' n, 1, +n' Tan[f (a+bx)]2, —Tan[f (a+bx)]2} [1+Tan[f (a+bx)]2] ]/
2 2 2 2 2

3+n 1 2 1 2

3+n 5+n 1 2
, Tan[f (a+bx)] , —Tan[f (a+bx)] }—2 [AppellFl{—, n, 2,
2 2 2 2

, Tan{E (a+bx>} ,

1+n
[<3+n>Appe||F1{ N 1,

1 2 3+n 5+n 1 2 1 2 1 2
—Tan{f (a+bx)} }—nAppeIIFl[—, l+n, 1, , Tan[f (a+bx)} , —Tan[f (a+bx)] } Tan[f (a+bx)] ]—
2 2 2 2 2

3+n 1 2 1 2

5 Tan{g <a+bx)} , —Tan[5 (a+bx)] } (1+Tan{; (a+bx)}2

1+n 2 1+n
(sAppellFl{z, n, 2 ]/ [<3+n>Appe||F1{?, n,
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3+n 1 2 1 2

3+n 5+n 1 2 1 2
, Tan[— (a+bx)] , 7Tan{— (a+bx)] }+2[72AppeIIFl[
2 2 2

2, ,Tan{ (a+bx)],7Tan{2(a+bx)} ]+

, h, 3,

5+n’ Tan{% (a+bx)r, 7Tan{% (a+bx)r]

3+n
nAppeIIFl{—, 1+n, 2,
2

Tan (a+bx) )

1+n 3+n 1 2 1 2 2
[12AppeIIF1[ , n, 3 ,Tan[—(a+bx)], 7Tan[—(a+bx)} ][1+Tan (a+bx) )/ (3 +n) AppeIIFl n,
2 2 2 2
3+n 1 2 1 2 3+n 5+n 1 1 2
3, , Tan[— (a+bx)] , 7Tan{— (a+bx)] }+2[—3AppellF1[ , n, 4 , Tan{ (a+bx)] , 7Tan[ (a+bx)} ]+
2 2 2 2 2 2
3+n 5+n 1 2 1 2 1 2
nAppeIIFl[—, 1+n, 3, —, Tan{f (a+bx)} , —Tan[— (a+bx)} ] Tan[— (a+bx)} -
2 2 2 2 2
1+n 3+n 1 2 1 2 l+n 3+n
[8AppeIIF1[ 5 , n, 4 5 ,Tan{g(aAfbx)},—Tan[g(a+bx)]})/[3+n AppeIIFl[ 5 n, 4, 5
1 2 1 2 3+n 5+n 1 2 1 2
Tan[—(aafbx)}, —Tan{—(a+bx)} ]+2[—4AppeIIF1{ , n, 5 ,Tan{—(a+bx)}, —Tan[—(a+bx)] }+
2 2 2 2
5+n 1 2 1 2 2

nAppeIIFl{:g%n, 1+n, 4, Pt Tan{g (a+bx)} , 7Tan{5 (a+bx)} ] Tan{% (a+bx)}

1

21 (3+n)Tan[E (a+bx)]
2

Tan[%(a+bx)] ]n

(1+n) (1+Tan[%(a+bx>}2)4 71+Tan[§(a+bx)]2

1+n 3+n 1 2 1 2 1 2 1 1 22
{[3Appe|lF1[ - n, 1, ot Tan[; (a+bx)] , 7Tan[£ (a+bx)] }Sec[g (a+bx)} Tan[g (a+bx)] {1+Tan[£ (a+bx)] J J/
1+n 3+n 1 2 1 2 3+n 5+n 1 2
(3+n) AppeIIFl[ , n, 1 ,Tan[—(a+bx)], 7Tan[—(a+bx)] }72(AppellFl{ , n, 2 ,Tan{—(a+bx)},
2 2 2 2 2

1 2 3+n 5+n 1 2 1 2
7Tan{— (a+bx)] }7nAppeIIF1[—, 1+n, 1, ——, Tan[— (a+bx)} , 7Tan[— (a+bx)] }
2 2 2 2 2

1 2
Tan[g (a+bx)] ]+

3+n 1 2 1 2

- Tan{g <a+bx)} , —Tan[5 (a+bx)] }Sec{% (a+bx>}2

+Nn
, n, 2, 1+

([-1/ (3+n) (L+n) AppeIIFl[

1+n 3+n 1 2
,1+n, 1, 1+ ,Tan{—(a+bx>},
2

3]/
3+n 1 2 1

2 3+n
, Tan[— (a+bx)] , 7Tan[— (a+bx)] }72 (AppellFl{—, n, 2,
2 2 2 2

1
Tan{— (a+bx)} +1/(3+n)n (1+n) Appel I F1|1
2

1 2 1 2

7Tan{5 (a+bx)] }Sec[; (a+bx)] Tan[% (a+bx)]] (1+Tan{§ (a+bx)}2

5+n 1 2
, Tan{— (a+bx>} ,
2

1+n
(3+n) AppeIIFl[ , n, 1,
2

S;n' Tan[% (a+bx)r, 7Tan[% (a+bx)]2}

1 2 3+n
7Tan{5 (a+bx)] }7nAppeIIFl[?, l+n, 1,

Tan[% (a+bx)]2] _
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1+n 3+n 1 2 1 2 1 2 1
(12AppeIIFl[ , n, 2 , Tan[— (a+bx)] , —Tan{— (a+bx)} ]Sec[— (a+bx)] Tan[— (a+bx)]
2 2 2 2 2 2
1 2 1+n 3+n 1 2 1 2
[1+Tan[—(a+bx>} /[3+n AppeIIFl{ , n, 2 ,Tan[—(aafbx)}, —Tan{—(a+bx)} ]+
2 2 2 2 2
3+n 5+n 1 2 1 2
2[_2Appe||F1[ . n, 3 ,Tan[f(a+bx)], —Tan{f(a+bx)} .
2 2 2
3+n 5+n 1 2 1 2 1 2
nAppeIIFl{—, 1+n, 2, , Tan{f (a+bx)} , —Tan{f (a+bx>} ] Tan{f (a+bx>} -
2 2 2 2
1+n 3+n 1 2 1 2 1 2
(6[1/(3+n) (1+n) AppeIIFl[ , n, 3, 1+ ,Tan{5<a+bx)},7Tan[5(a+bx)]}Sec[;(eubx)}

3+n 1 2 1 2
, Tan{— (a+bx)} , 7Tan{— (a+bx)} ]
2 2 2

+1/ (3+n)n (1+n) Appel | F1|1

1+Tan[% (a+bx)]2]2]/

, N, 3,

1
Tan{— (a+bx)
2

3+n
5
5+n, Tan{% (a+bx)r, 7Tan[% (a+bx)]2} +

Sec[% (a+bx)]2Tan[% (a+bx)]

1+n
(3+n)AppeIIF1{ )
2

1 2
Tan{g (a+bx)} ,

1 2 3+n
7Tan{5 (a+bx)} ]+2 {72AppeIIF1{ 5

3+n 5+n 1 2 1 2 1 2
nAppeIIFl[?, 1+n, 2, , Tan{g (a+bx)} , 7Tan[5 (a+bx)} ] Tan[; (a+bx)} +
1+n 3+n 1 2 1 2 1 2 1
(12AppeIIFl[ , n, 3, , Tan[— (a+bx)] , —Tan{— (a+bx)} ]Sec[f (a+bx)] Tan[— (a+bx)] /
2 2 2 2 2 2
l1+n 3+n 1 2 1 2
[3+n AppeIIFl{ 5 n, 3, 5 ,Tan[g(a+bx)], —Tan[g(a+bx)] +
3+n 5+n 1 2 1 2
2[—3AppeIIF1[ 5 , n, 4, 5 ,Tan[g(a+bx)], —Tan{g(a+bx)} }+

5+n 1 2 1 2 2

—Tan{E (a+bx)} ]

+

Tan{% (a+bx)}

nAppeIIF1{3%n,1+n, 3, ,Tan{g(aubx)},

1+n 3+n 1 2 1 2 1 2
,n, 4 1+ ,Tan[f(a+bx)],
2

(12 (-1/ (3+n)3 (1+n) AppellFl{

3+n 1 2 1 2
, Tan[— (a+bx>} ,
2 2

1
Tan{— (a+bx)} +1/ (3+n)n (1+n) Appel | F1|1
2

1 2 2

Sec[g (a+bx)] Tan[% (a+bx)]

, N, 3

1 1+n
1+Tan[5(a+bx)] (3+n)AppeIIF1{ 5

|/

1 2 3+n
_Tan{E <a+bx>} ]+2 [_3Appe||F1{?, n, 4,

2 5+n

Tan[%(amx@, ,Tan[%(amx)},

1 2

5+n 1 2 1 2
Tan{f (a+bx)}
2

, Tan{5 (a+bx)} , —Tan{E <a+bx>} ]

3+n
nAppellFl{—, 1+n, 3,
2
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1+n 3+n 1 2 1 2 1 2
[8 [—1/ (3+n)4 (1+n) AppeIIFl[ - n, 5 1+ Pl Tan{g <a+bx)} , —Tan[g (a+bx)] }Sec[g (a+bx>}

1 + 2 2
Tan{;(a+bx) +1/ (3+n)n (1+n) Appel | F1|1 5 5 Tan{g(a+bx)},7Tan{ (a+bx)} ]
1 2 1 1+n 3+n 1 2
Sec[g(aerx)] Tan[g(aerx)] J/[(3+n)AppeIlFl[ 5 , n, 4, 5 ,Tan[g(aerx)],
1 2 3+n 5+n 1 2 1 2
—Tan[g (a+bx)] }+2 [—4AppeIIF1[ - n, 5, - Tan[g (a+bx)] , —Tan{g (a+bx)} ]+

5+n 1 2 1 2

5 ,Tan{g(adfbx)},—Tan[g(aafbx)} ] ?

3+n
nAppeIIFl[—, l+n, 4,
2

Tan{% (a+bx)}

1+n 3+n 1 2 1 2 1 2
AppeIIFl[ Pt n, 1, 5 Tan{g (a+bx)} , —Tan[g (a+bx)] } (1+Tan{5 (a+bx)}

3

3+n 5+n 1 2 1 2 3+n 5+n
[—Z(AppeIIFl[ 5 , n, 2 5 , Tan{g (a+bx)} , —Tan[g (a+bx)} }—nAppeIIFl[?, 1+n, 1, 5 ,
1 2 1 2 1 2 1 1
Tan{f (a+bx)} , —Tan{— (a+bx)} ] Sec{— (a+bx)} Tan{— (a+bx)| +(3+n) [— (1+n) AppeIIFl[
2 2 2 2 3+n
1+n 3+n 1 2 1 2 1 2 1
1+ , n, 2, 1+ ,Tan{—(a+bx)},—Tan[—<a+bx)} ]Sec[f(a+bx)] Tan{f(a+bx)}+ n(l+n)
2 2 2 2 2 3+n
3+n 1 2 2 1 2
Appel | F1|1 +

Pt Tan{g (a+bx)} , —Tan[% <a+bx)} ]Sec[g (a+bx)] Tan{% (a+bx)}

1 2 n 5+n 1 2 1 2
2Tan{5(a+bx>} _5+n2 (3 +n) AppeIIFl[ , n, 3, 1+ 5 ,Tan{g(aafbx)}, —Tan{g(aAfbx)} ]
1 2 1 5+n 1 2
Sec{f(a+bx)} Tan{—(a+bx)}+ (3+n) Appel I F1|1 ,Tan[—(a+bx)},
2 2 5+n 2 2 2
1 2 1 2 1 1 3+n 5+n
—Tan[—(a+bx)] }Sec[f(anbx)} Tan[—(a+bx)}—n(— (3 +n) AppeIIFl[
2 2 2 5+n
1 2 1 2 1 2 1 3+n
Tan[— (a+bx)} , 7Tan[— (a+bx)] }Sec{— (a+bx>} Tan{— (a+bx)| + (L+n) (3+n) AppeIIFl[
2 2 2 2 5+n
5+n 1 2 1 2 1 2 1
2+n, 1, 1+ ,Tan{f(a+bx>},—Tan{f(a+bx)} ]Sec{f(a+bx)} Tan{f(a+bx)} ]]/
2 2 2 2 2
3+n 1 2

5+n 1 2

[3+n %pellFl{lzj,n 1, ,Tanb(awbxﬂ,

1 2 3+n
, Tan[— (a+bx)] , 7Tan[— (a+bx)] }72 AppeIIFl[—, n, 2,
2 2 2

2
1 2 3+n 5+n 1 2 2
7Tan[5(a+bx)]} nAppeIIFl[T, 1+n, 1, —— Tan{ (a+bx)}

1 2
P 5 , 7Tan{5(a+bx)} ]

+

1 2
Tan{g (a+bx)}

3+n 1 2 2

1 1 2)2
Pl Tan{g <a+bx)} , 7Tan[£ (a+bx)] } (1+Tan{5 (a+bx)}

1+n
(GAppeI | Fl{—, n, 2
2
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3+n
[2 [—ZAppeI | Fl[

5+n 1 2 1 2 3+n 5+n
, n, 3, ,Tan{—(eubx)},7Tan[—(a+bx)} }JrnAppeIIFl{—,lJrn,Z ,
2 2 2 2 2
1 2 1 2 1 2 1
Tan{— (a+bx)} , 7Tan{—(a+bx)} ] Sec{—(a+bx)} Tan[— (a+bx)}+(3+n) 2 (1+n) AppeIIFl{
2 2 2 2 3+n
l1+n 3+n 1 2 2 1 2 1
1+ , n, 3, 1+ ,Tan[—(a+bx)},7Tan[—(a+bx)} ]Sec[—(a+bx)] Tan —(a+bx)}+ n(l+n)
2 2 2 2 2 3+n
1+n 3+n 1 2 1 2 1 2 1
AppeIIFl{l+ ,1+n, 2, 1+ 5 ,Tan[;(eubx)},7Tan[5<a+bx)} ]Sec[;(aubx)] Tan{—(a+bx)} +
1 2 1 +N 5+n 1
2Tan{—(a+bx)} (72 [7 3(3+n)AppeIIFl[1+ ,n 4, 1+
2 5+n

5 - Tan{g (a+bx)r, 7Tan{% (a+bx)r}
1 2 1
Sec[g(a+bx)] Tan[;(a+bx)]+

5+n 1 2

(3+n) AppeIIFl[
5+n
7Tan{2 (a+bx)r} Sec{% (aubx)rTan{E (a+bx)” +n

,Tan[—(a+bx)},
2 2
1
2 (3+n) AppeIIFl[ )
5+n 2 2
1 2 1 2 1 2 1 1 3+n
Tan{—(a+bx)} , 7Tan[— (a+bx)] }Sec{—(a+bx>} Tan{—(a+bx)}+ (L+n) (3+n) AppeIIFl[ ,
2 2 2 5+n
5+n 1 2 1 2
,Tan{—(a+bx)},
2 2

7Tan{2 (a+bx)} ]Sec{%(a+bx)rTan{§(a+bx)} ] /
1+n 3+n 1
[<3+n>Appe||F1{ . ,

5+n

2+n, 2, 1+

1 22
Tan[g (a+bx>} J -

, N, 4

3+n
[2 [—BAppeI | Fl{

1+n

1+

, n, 4, 1+

Appel | F1|1 +

2
1 2 1
2Tan{g(a+bx>} (—3 [—

4 (3+n) AppeIIFl[
5+n

+

2 1 2 3+n 5+n
, n, 2 ,Tan[f(a+bx)], —Tan[f(a+bx)] +2[—2AppeIIF1[ , n, 3, ,
2 2 2 2 2
1 2 1 2 3+n 5+n 1 2 1 2
Tan{f (a+bx)} , —Tan[f (a+bx)] }+nAppeIIF1{—, 1+n, 2 , Tan{f (a+bx>} , —Tan{f (a+bx)} H
2 2 2 2 2 2
1+n 3+n 1 2 1 2 1 2
12AppeI|F1[T, n, 3, Pt Tan{; (a+bx)} , 7Tan{5 (a+bx)} ] [1+Tan[5 (a+bx)} J
5+n 1 2 1 2 3+n 5+n
, ,Tan{—(a+bx)}, —Tan[—(a+bx)} }+nAppeIIF1[—,1+n,3 ,
2 2 2 2 2
1 2 1 2 1 2 1
Tan{f (a+bx)} , —Tan{f (a+bx)} ] Sec{f <a+bx)} Tan{f (a+bx) (3+n) [— 3(1+n>AppeIIF1{
2 2 2 2 3+n
3+n 1 2 1 2 1 2 1
,Tan{—(a+bx)} —Tan[ <a+bx)} ]Sec[—(a+bx)] Tan{f(a+bx)}+ n(l+n)
2 2 2 2 2 3+n
3+n - b 2 - 1 b 2 e 1 b 2T 1 b
Pt an[E (a+ x)} , - an{E (a+ x)} ] C[E (a+ x)] an[f (a+ x)}
n 5+n 1 2 1 2
, n, 5 1+ ,Tan[—(adfbx)},—Tan{—(a+bx)} }
2 2 2 2
1 2 1 1 5+n
Sec[f(a+bx)] Tan[f(a+bx)]+
2 2

(3+n) Appel | F1|1
5+n

1 2
, Tan{f (a+bx)} )
2 2
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1 2 1 2 1 1 5+n
7Tan{f(a+bx)} }Sec{f(a+bx)} Tan{f(a+bx)} +n |- 3 (3+n) AppeIIFl[
2 2 2 5+n 2
1 2 1 2 1 2 1 1 3+n
Tan{f <a+bx)} , —Tan[f (a+bx)] }Sec{f (a+bx>} Tan{f (a+bx>}+ (1+n) (3+n) AppeIIFl[
2 2 2 2 5+n
5+n 1 2 1 2 1 2 1
2+n, 3, 1+ ,Tan{f(a+bx>},—Tan{f(a+bx)} ]Sec{f(a+bx)} Tan{f(a+bx)} ]]]/
2 2 2 2
1+n 3+n 1 2 1 2 3+n 5+n
[3+n AppeIIFl{ 5 , n, 3, ,Tan[g(a+bx)],—Tan[g(a+bx)] +2(—3AppeIIF1[ 5 , n, 4 -
1 2 1 2 3+n 5+n 1 2 1 2
Tan{— (a+bx)} , 7Tan[— (a+bx)] }+nAppeIIF1{—, 1+n, 3, , Tan[— (a+bx)} , 7Tan{— (a+bx)} H
2 2 2 2 2

1 22 1+n 3+n 1 2 1 2
Tan{— (a+bx>} J + 8AppeIIF1{ , n, 4 , Tan[— (a+bx)} , 7Tan[— (a+bx)] }
2 2 2 2 2
5+n 1 2 1 2 3+n 5+n

3+n
[2 [—4AppeIIF1[T, n, 5 , Tan{f <a+bx>} ,

_Tan[, (a+bx)} }+nAppeIIF1[—, 1+n, 4,
2 2 2 2

1 2 1 2

1
4 (1+n) AppellFl{

1 1
Tan{f (a+bx)} , —Tan{f (a+bx>} ] Sec{f <a+bx)} Tan{f (a+bx)|+ (3+n) |-
2 2 2 3+n
l+n 3+n 1 2 1 2 1 2 1
1+ , n, 5 1+ ,Tan{—(adfbx)},—Tan{—(a+bx)} ]Sec[—(a+bx)] Tan{f(a+bx)}+ n(l+n)
2 2 2 2 3+n
l+n 3+n 1 2 1 2 1 2 1
Appel | F1|1 + ,1+n, 4, 1+ ,Tan{g(eubx)},—Tan{;(aubx)} ]Sec[g(a+bx)] Tan{g(a+bx)} +

5+n 1 2 1 2

+n, n, 6, 1+ 5 , Tan{E (a+bx>} , —Tan{g (a+bx)} }

1 2 1
2Tan[E (a+bx>} (_4 [_

5 (3+n) AppeIIFl[
5+n

1 2 1 5+n 1 2
Sec[—(a+bx)] Tan[—(a+bx)]+ (3 +n) AppeIIFl[ ,Tan{f(a+bx)},
2 2 5+n 2 2
1 2 1 2 1 1 5+n
—Tan{—(a+bx)} }Sec{f(adfbx)} Tan{—(aafbx)} +Nn |- 4 (3+n) AppeIIFl[
2 2 2 5+n
2 1 2 1 2 1 1 3+n

Tan{% (a+bx)} , —Tan[g (a+bx)] }Sec[;(mbx)} Tan[g(a+bx)}+ (1+n) (3+n) AppeIIFl[

5+n

5+n 1 2 1 2 1 2 1
2+n, 4, 1+ ,Tan[—(a+bx)},—Tan{—(a+bx)} ]Sec{f(a+bx)} Tan{—(aafbx)} ]]]/
2 2 2 2
1+n 3+n 1 2 1 2 3+n
(3 +n) AppeIIFl{ , n, 4 ,Tan[—(a+bx)], —Tan[—(a+bx)] 2(—4AppeIIFl[ , n,
2 2 2 2

- Tan{% (a+bx)}2, —Tan[% (a+bx)r] +

5+n
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5+n
2

3+n 1
nAppel | F1| ——, 1+n, 4, ,Tan—(a+bx)],
2 2

® Problem 374: Result more than twice size of optimal antiderivative.
J(szc[eH‘ x])™Tanfe +f x]3 dx

Optimal (type 5, 40leaves, 2 steps):

(b Cscle+f x])™Hypergeonetric2F1[2, %” Z;m, Cscle+f x]?]

fm

Result (type 5, 108 leaves):

m m
(bCscle +f x]>m(Hypergeomatri02F1 1-—, 1-—
2 2

m m m m
- , 2-—, -Tan[e +f x]?| - Hypergeonetric2F1|1- —, - —, 2- —, -Tan[e+f x]ZH
f (-2+m) 2 2 2 2
(Secle+f x}z)l’; Sinfe+f x]2
® Problem 379: Result more than twice size of optimal antiderivative.
J(szc[eM x])™Tan[e +f x]% dx

Optimal (type 5, 63 leaves, 1step):

1 _ 3 1 1 _ L aum
—f(b Cscle +f x])mHypergeorretHCZFl[f—, — (-3+m), -—, Cos[e+f x]z} (Sinfe+f x]?)2 Tan[e +f x]°
3 2 2 2
Result (type 5, 171 leaves):

1

- (bCscle+f x])™(Sece+f x]2) ™ Tan[e +f x]
f (-3+m (-1+m)

1 m m 3 m 1 m m 3 m
[(—3+m) HypergeorretricZFl[f—f, 1-—, —-—, -Tan[e +f x]z} - (-3 +m) Hypergeonetric2Fl|—- —, - —, —- —, -Tan[e+f x]?| +
2 2 2 2 2 2 2 2 2 2
3 m m 5 m
(-1+m HypergeometricZFl{——f, -—, —-—, -Tan[e+f x}z] Tan[e +f x]?
2 2 2 2 2

® Problem 381: Result more than twice size of optimal antiderivative.
JOOI [e+f x]%2 (bCscle+f x])Mdx
Optimal (type 5, 63leaves, 1step):

3:m 5 S

Cot [e+f x]% (bCsc[e +f x])mHypergeorretriCZFl[g, o7 2, Cos[e+f x]2] (Sin[e+f x]2) 2

3f
Result (type 5, 186 leaves):
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1 1 m 3 m 1 2
e — (szc[e+fx})m[74 (1 +m) Hypergeonmetric2F1|1-m — - —, — - —, 7Tan{— (e+fx)] }+
2f (—1+n¥) 2 2 2 2 2
1 2 1 m 1 m 1 2
(-1 +m Cot [— (e +f x)} HypergeorretricZFl[f—f—, -m — - —, 7Tan[— (e +f x)] }+
2 2 2 2 2 2
1 m 3 m 1 2 1 2\ m 1
(1+m) WpergeonetricZFl{fff, -m — - —, 7Tan{f (e+fx>} ] Sec[f (e+fx)] ] Tan{f (e +f x)
2 2 2 2 2 2 2

Problem 382: Result more than twice size of optimal antiderivative.
JCot [e+f x]* (bCscle+f x])Mdx

Optimal (type 5, 63 leaves, 1step):

5+m

Cot [e +f x]® (bCsc[e+f x])’“HypergeonetricZFl[g, 2m % Cos[e+f x]?] (Sinfe+fx]?) 2

5f
Result (type 5, 302 leaves):
1 1 3 1 " HypergeorretricZFl{fgfzm, -m 7%7; 7Tan[% (e+fx)}2]
~ Cot f(e+fx)] (bCscre+f x])™ Sec{f(e+fx)]] - +
8f 2 3+m
5I—|ypergeonetric2F1[—%—g, -m %—? —Tan[% (e +f x)}Z]Tan[g (e +f x)]2 4

+Tan[% (e +f x)]

m
16|—|ypergeorretri02F1[1fm %—;—" %—g —Tan[% (e +f x)]z} 5Hypergeorretri02F1[§fm, -m 27; 7Tan[§ (e +f x)}z}

+ +
-1+m -1+m

m

HypergeonetricZFlE— > -m —Tan[% (e +f x)}z] Tan[% (e +f x)]2

Problem 387: Result unnecessarily involves higher level functions and more than twice size of optimal antiderivative.

J(aCsc[eM x])™(bTan[e +f x])" dx

Optimal (type 5, 89leaves, 3steps):

1 1in
2

1+n
(Cos[e+f x]?)

1 1
(aCsc[e+fX})mHypergeorretriCZFl{ ., —(L-m+n), — (3-m+n), Sinfe+f x]%2| (bTan[e +f x])**"
2 2

bf (1-m+n)
Result (type 6, 2348 leaves):

(e+fx>r,

1 1 1 1 2
- (—3+m—n)AppeIIF1{f (1-m+n), n, 1-m — (3-m+n), Tan[f —
2 2 2

—Tan{2 (e +f x)} ]
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Cscle+f x] Y™ (aCsc[e+f x])™Tan[e+f x]" (b Tan[e +f x})”]/

1 1 1 2 1 2
[f (-1+m-n) ((—3+m—n)AppeIIF1 —(1-m+n), n, 1-m — (3-m+n), Tan[— (e+fx>} , —Tan{— (e+fx)} ]—
2 2 2 2

2 1 2

1 1
2 [(—1+m> AppeIIFl{E (3-m+n), n, 2-m (5-m+n), Tan{E <e+fx)} , —Tan[5 (e +f x)] }+

N |

1 1 2 1 2

1 1 2
nAppeIIFl{; (3-m+n), 1+n, 1-m E (5-m+n), Tan{; (e +f x)] , 7Tan{; (e+fx>} ]

Tan{; (e +f x)}

2

1 1 1 1 2
[[[(3+mn)nAppeIIF1{E (L-m+n), n, 1-m E (3-m+n), Tan[g (e+fx)] , 7Tan[5 (e+fx)] }Csc[eJrfx}’l*m

1 2

1 1
Sec[e+f x]?Tan[e +f x}*l*”]/ [(—1+m—n> (—3+m—n)AppeIIF1[2 (1-m+n), n, 1-m 5 (3-m+n), Tan{E (e +f x)] )

1 2 1 1 1 2 1 2
—Tan[f (e+fx)] }—2{(—1+m} AppeIIFl{f (3-m+n), n, 2-m — (5-m+n), Tan[f (e+fx)} , —Tan[f (e+fx)] }+
2 2 2 2 2

2 1 2
, 7Tan[£ (e +f x)] }Oos[eﬂ‘ x] Cscle +f x]™

1 1 1 2 1 2 1 2
nAppeIIFl{E (3-m+n), 1+n, 1-m E (5-m+n), Tan{E (e +f x)} , 7Tan{5 (e+fx)} ]

Tan{E (e +f x)}

+

1 1 1
[(71+m> (73+m7n>AppeIIF1{E (1-m+n), n, 1-m 5 (3-m+n), Tan{g (e+fx)}

/

1 1 2 1 2
2 [<71+m) AppellFl{E (3-m+n), n, 2-m — (5-m+n), Tan[g (e+fx)} , 7Tan[5 (e+fx)} }+n

Tan[e +f x]"

1 1 1 2 1 2
(-1+m-n) [(73+m7n)AppeIIF1 —(1-m+n), n, 1-m — (3-m+n), Tan{— (e+fx)} , 7Tan{— (e+fx)} ]7
2 2 2 2

N | -

1 1 1 2 1 2
AppeIIFl[E (3-m+n), 1+n, 1-m 5 (5-m+n), Tan{g (e+fx)} , 7Tan[— (e+fx)] }

2

Tan[% (e +f x)]z]J -
1

1
[(73+m7n)Csc[e+fx}’1*m[f (1-m) (17m+n)AppeIIF1{1+ (1-m+n), n, 2-m 1+ — (3-m+n),
3-m+n 2

2 1 2 1 2

1
2
Tan[% (e+fx)] , 7Tan[£ (e+fX)] }SGC{E (e+fx)} Tan{

(e+fx)}+

N |-

1
n (17m+n)AppeIIFl[l+E (1 -m+n),

Tanfe +f x}“]/
1 2 1 2

1 1
[(71+m7n) [(73+m7n)AppeIIFl{£ (1-m+n), n, 1-m E (3-m+n), Tan{g (e +f x)} , 7Tan{5 (e +f x)} ]7

3_

1 1 2 1 2 1 m+n2 1
l1+n,1-m1+—(3-m+n), Tan[— (e +f x)] , 7Tan{— (e +f x)] }Sec[— (e +f x)} Tan[— (e +f x)]
2 2 2 2 2

Ay

1 1 2 1 2
2 [(71+m) AppellFl[E (3-m+n), n, 2-m — (5-m+n), Tan[g (e+fx)} , 7Tan[5 (e+fx)} }Jrn

N

1 1 1 2 1 2 2
AppeIIFl[E (3-m+n), 1+n, 1-m E (5-m+n), Tan{g (e+fx)} , 7Tan[5 (e+fx)] }

Tan[% (e +f x)]

] .
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1 1 1 2 1 2
[(—3+m—n)AppeIIF1[— (1-m+n), n, 1-m — (3-m+n), Tan{f (e+fx)} , —Tan[— (e+fx)} ]Csc[e+fx]’l*m
2 2 2 2
1 1 1 2 1 2
[—2 [(—1+m) AppeIIFl{— (3-m+n), n, 2-m — (5-m+n), Tan{— (e+fx)} , —Tan[— (e+fx)} }+n
2 2 2 2
1 1 1 2 1 2 1 2 1
AppeIIFl[f (3-m+n), 1+n, 1-m — (5-m+n), Tan{f (e+fx)} , —Tan[f (e+fx)] } Sec[f (e+fx)] Tan[f (e+f x)| +
2 2 2 2 2 2
1 1 1 1 2
(-3+m-n) |- (1-m (1—m+n)AppeIIF1{1+f (1-m+n), n, 2-m 1+ — (3-m+n), Tan[f (e+fx)] ,
3-m+n 2 2
1 2 1 2 1 1
—Tan{f(e+fx)} }Sec[—(eﬂ‘x)] Tan[—(e+fx)]+ n(l—m+n)AppeIIF1[1+—(1—m+n),
2 2 2 3-m+n 2
2 1 2 1 2

1 1
l+n,1-m 1+ — (3-m+n), Tan{— (e+fx)}
2 2

, —Tan[g (e+fx)] }Sec[g (e+fx)} Tan{% (e+fx)}

1 2

1 1 1
2Tan[7(e+fx)] (-1+m) [— (2-m (3-m+n) Appell FL{1+— (3-m+n), n, 3-m 1+ — (5-m+n),
2 5-m+n 2 2
1 2 1 2 1 2 1 1
Tan{f (e+fx)} , —Tan{— (e+fx)} ]Sec[— (e+fx)] Tan[f (e+fx)]+ n (3—m+n>AppeIIF1{1+
2 2 2 2 5-m+n
1 1 1 2 1 2 1 2 1
—(3-m+n), 1+n, 2-m 1+ — (5-m+n), Tan[— (e+fx)] , —Tan[— (e+fx)] }Sec{— (e+fx)} Tan{— (e+f x)||+
2 2 2 2 2 2
1 1 1 1 2
n|- (L-m (3-m+n) AppellFL|1+— (3-m+n), 1+n, 2-m 1+ — (5-m+n), Tan{— (e+fx)} ,
5-m+n 2 2 2
1 2 1 2 1 1
—Tan[—(e+fx)] }Sec[—(eﬂ‘x)} Tan[—(eﬂ‘x) + (1+n) (3—m+n)AppeIIF1[1+f(3—m+n),2+n,
2 2 2 5-m+n 2
1 1 2 1 2 1 2 1
1-m 1+—(5—m+n),Tan{7(e+fx)},—Tan{—(eﬂ‘x)} ]Sec[—(e+fx)] Tan[—(e+fx)] Tan[e+fx]”/
2 2 2 2 2

1 1 1 2 1 2
[(1+mn) {(73+m7n)AppeIIF1{E (1-m+n), n, 1-m 5 (3-m+n), Tan{g (e +f x)} , 7Tan{5 (e+fx)} ]7

1 1 1 2 1 2
2 [(71+m) AppeIIFl[E (3-m+n), n, 2-m E (5-m+n), Tan[— (e+fx)] , 7Tan{— (e+fx)} ]+

Tan[;<e+fx>]2]2J]J]

1 1 2
Test results for the 63 problems in "4.3.10 (c+d x)"m (a+b tan)*n.m"

1 2
nAppeIIFl[f (3-m+n), 1+n, 1-m — (5-m+n), Tan{— (e +f x)}
2 2 2
® Problem 3: Result more than twice size of optimal antiderivative.

, —Tan[% (e +f x)] }
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JxTan[a+bx} dx

Optimal (type 4, 54 leaves, 4 steps):

ix2 xlog[l+e?®@bX ] jpPolylLog|2, -e?!(@bx)]
2 b ' 2 b2

Result (type 4, 175 leaves):

_ [CSC [a} [bz (efilArcTan[Cot [al] X2 _
1/ ( 1+ Cot [a]? )Oot [a] (ibx (-r-2ArcTan[Cot [a]]) -nLog[l+e2'PX] -2 (bx -ArcTan[Cot [a]]) Log[1 - e?* (DX ArcTan(Ctlal]) ],

nLog[Cos[bx]] -2ArcTan[Cot [a]] Log[Sin[bx -ArcTan[Cot [a]]]] + i Pol yLog[2, e?* (Px-ArcTan[cot [am])]

1
Sec[a])/ (2 b? \/Csc[a}z (Cos[a]®+Sin[a]?) ) + Ex2 Tan[a]
Problem 7: Result more than twice size of optimal antiderivative.
szTan[a+bx]2d1x

Optimal (type 4, 73leaves, 6 steps):
ix2 x3 2xLlog[l+e?i@bX)] jPpolylog[2, -e?* @b ] x2Tan(a+bx]
- — 4+ - +

b 3 b2 b3 b
Result (type 4, 189 leaves):

3
X
o5 (CSC [al (bz efiArcTan[Cot [a]] X2 _
3

1/( 1+ Cot [a]? JCot[ ] (ibx (-n-2ArcTan[Cot [a]]) - rLog[1+e?P*| -2 (bx -ArcTan[Cot [a]]) Log[1 - e?* (Px-ArcTan(Cot (a]}) ]

nLog[Cos[bx]] -2ArcTan[Cot [a]] Log([Sin[bx - ArcTan[Cot [a]]]] + i Pol yLog[2, e?* (Px-ArcTan(Cot [am})) Sec[a})/

x2Sec[a] Sec[a+bx] Sin[bx]
b
Problem 13: Result more than twice size of optimal antiderivative.

(b3 \/Csc[a}2 (Cos[a]?+Sin[a]?) ) +

JxTan[a+bx]3d1x

Optimal (type 4, 90leaves, 7 steps):

x ix? xlog[l+e?®@PX | jPolylLog[2, -e?!@PX)] Tanfa+bx] xTan[a+bx]?

—_— - + - - +
2b 2 b 2 b2 2 b2 2b
Result (type 4, 210 leaves):
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x Sec[a+bx]?
2b

+

Csc [a] (bz e—]iArcTan[Cot [a]] X2 _

1/ (\/1+O)t [a)? ]Cbt [a] (ibx (-m-2ArcTan([Cot [a]]) -nLog[l+e?*PX| -2 (bx -ArcTan[Cot [a]]) Log |1 - e?* (Px-ArcTan[Cotlall) |,

nLog[Cos[bx]] -2ArcTan[Cot [a]] Log[Sin[bx -ArcTan[Cot [a]]]] + i Pol yLog[2, ?* (bx-ArcTan(cot [am})) Sec[a}]/

Sec[a] Sec[a+bx]Sin[bx] 1

(2 b2 \/Csc[a]? (Cos[a]? +Sin(a]?) ) . - Ex2 Tan[a]
2b

Problem 36: Result more than twice size of optimal antiderivative.

(c+dx)m
j dx
a+iaTan[e +f Xx]

Optimal (type 4, 98leaves, 2 steps):

cfy

(crdxytm  122me 2 ET] (o)™ (HC0 ) Mg 1 g 2100 ]

+

2ad (1+m) af
Result (type 4, 205 leaves):

if (c+dx)\™(f2 (c+dx)2\ ™"
272 M (c+dx)™|- Secle +f x]
d d?
if (c+dx)\M cf ) cf 2if (c+dx) cf ] cf
[Zl*mf (c+dx) (7J (Oos[e——]HiSln[e——] +d (1+m Gamma |1 +m 7] [jCos{e——}+Sln[e——]]]
d d d d d d
c c
[711003[f [—+x ]+Sin{f — +X H /(adf (L+m (-i+Tan[e +f x]))
d d

Problem 37: Attempted integration timed out after 120 seconds.

(c+dx)m
J dx
(a+iaTanf[e+f x])2

Optimal (type 4, 171leaves, 4 steps):

cf cf

=) (C+dx>m<if ((;+d><) )’mGamra[ler 2if ((;:+dx)] pa-2metile) (C+dx>m<if ((;+d><) )’mGamra[ler 4if ((;:+dx)]
+ +

4a%2d (1+m) aZf a2 f

(cidxylm  i22meZile

Result (type 1, 1leaves):

?27?
Problem 39: Result more than twice size of optimal antiderivative.
J(c+dx)3 (a+bTan[e+f x]) dx

Optimal (type 4, 152 leaves, 8steps):



168 | 4.3 Tangent.nb

a(c+dx)* ib(c+dx)* b (c+dx)®Log[l+e?t(ex)]

ad 4d ) f :
3ibd (c+dx)?PolylLog[2, -e?!®fX)] 3phd? (c+dx) PolylLog[3, -e2* €T ] 3ibd®PolylLog[4, -e?i ()]
212 ) 213 ) 414
Result (type 4, 546 leaves):
1
——bcd?e
413
(2]’1f2X2 (2 e?ief x4+ 31 (l+e2j‘e) Log[1+e2j‘(e*fx>}) +6 1 (l+e2j‘e) f x Pol yLog[Z, 7e2j(e+fx)] -3 (l+ezjle) Pol yLog[S, —tezjl(e*fx)])
1 1 )
Secle] - —ibd3®el® |-x*+ (l+e’2je) x4 - e2ie <1+e21e)
4 2f4

(2f4x*+41if3*x3Log[1+e?" "] +6f2x%PolyLog[2, -e?*©T*) ] .6if xPolylog[3, -e®! "X ] _3PolylLog[4, -e*!©T¥ ]} Sec(e] +

bcdSec(e] (Cos[e] Log[Cos[e] Cos[f x] -Sin[e] Sin[f x]]+fxSinfe])
—x (4c®+6c?dx+4cd’x*+d*x%) Sec[e] (aCos[e] +bSin[e]) - -

f (Cos[e]?+Sin[e]?)

[3bc2dCSC[eJ [ i ArGTan (Cot (6]) §2 2 _ 1/( 1+ Cot [e]? ]Oot[ ] (if x (-x-2ArcTan[Cot [e]]) - mLog[1+e2ifX] -
2 (f x-ArcTan[Cot [e]]) Log[1 - e2* (Tx-ArcTan(Ctiell) ], ;| og[Cos [f x]] -2 ArcTan[Cot [e]] Log[Sin[f x - ArcTan[Cot [e]]]] +
i Pol yLog |2, e”(fX’A“’T""”[O"‘[em})] Sec[e}]/ (21‘2\/Csc[eJ2 (Cos[e}?+Sin[e]?) )

® Problem 40: Result more than twice size of optimal antiderivative.
J(c+dx)2 (a+bTan[e+f x]) dx

Optimal (type 4, 115leaves, 7 steps):
a(c+dx)® ib(c+dx)® b(c+dx)?Log[l+e?t®f¥)] ibd (c+dx)PolylLog[2, -e?*i©f¥] bd2PolylLog|[3, -e?® (x|

+ - +

3d 3d f f2 ) 213
Result (type 4, 375leaves):
1
1213

bd?e?® (2if2x? (2e?°f x+31i (1+e?'®) Log[l+e?* ®TX])+61i (1+e?®)f xPolylLog[2, -e?* "X ] _3 (1+e?'®) PolylLog[3, -e?* 1% ])

1 ) bc?2Sec[e] (Cos[e] Log[Cos[e] Cos[f x] -Sin[e] Sin[f x]] +f xSin[e])
Sec[e] + —x (3c?+3cdx+d®x?) Sec[e] (aCos[e] +bSin[e]) - -
3

f (Cos[e]?+Sin[e]?)

bc dCscle]

e tAcTanl I £2x? 1/( 1+ Cot [e]? )Oot le] (if x (-r-2ArcTan[Cot [e]]) -nLog[l+e?!f¥] -
2 (f x -ArcTan [Cot [e]]) Log[1 - 2! (Tx-ArcTan(Ct(e]]) ], ;1| og[Cos [f x]] -2 ArcTan[Cot [e]] Log[Sin[f x - ArcTan[Cot [e]]]] +
i Pol yLog |2, e”(“’””a”[co‘[“”})) Sec[e})/ (fz\/Csc[e}z (Cos[e}? +Sin[e]?) )
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Problem 41: Result more than twice size of optimal antiderivative.

J(c+dx) (a+bTan[e +f x]) dx

Optimal (type 4, 84 leaves, 6 steps):
a(c+dx)2 ib(c+dx)2 b (c+dx)Llog[l+e?*®T¥] jbdPolyLog[2, -e2!(efx]
- +

N
2d 2d f 2f2
Result (type 4, 206 leaves):

acx adx? bclLog[Cos[e+f x]]
. _ _

2 f
[desc[e} e tAcTan(Cot [e]] 2 2—1/ (x/1+Cot [e]? ]Cot le] (if x (-r-2ArcTan[Cot [e]]) -nLog[l+e "X -
2 (f x-ArcTan[Cot [e]]) Log[1 - e?* (Tx-ArcTaniCtiell) |, ;1 og[Cos [f x]] -2 ArcTan[Cot [e]] Log[Sin[f x - ArcTan[Cot [e]]]] +

. 1
i Pol yLog[2, e?!(fx-AcTaniCot [em})) Sec[e})/ (2f2\/Csc[e}2 (Cose]? +Sin[e]?) ) + —bdx?Tan[e]
2
Problem 44: Result more than twice size of optimal antiderivative.
J(c+dx)3 (a+bTan[e +f x])2dx

Optimal (type 4, 300 leaves, 15 steps):

ib2 (c+dx)® a2 (c+dx)* iab(c+dx)* b?(c+dx)* 3b%d (c+dx)2Log[l+e?t Ex)]

- + + - + -
f 4d 2d 4d f2
2ab (c+dx)®Log[l+e2t@©fX)] 3jph2d? (c+dx) PolylLog[2, -e?* "X ] 3iabd (c+dx)?PolylLog[2, -e2i (x|
- + +
f f3 f2
3b2d%PolyLog[3, -e? "X ] 3abd? (c+dx) PolyLog[3, -2 ¥ ] 3iabd®PolylLog[4, -e? "X | p2 (c.dx)3Tan[e+f x]
- - +
214 f3 214 f

Result (type 4, 1347 leaves) :
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—?b2d3<e'jle (21‘1f2x2 (2@2“]‘ X+31 (1+e2“> Log[l+62“e*fx)]> +
4

abcd?

6i (1+e?'®)f xPolyLog[2, -e?! X[ -3 (1+e*'¢) Polylog[3, -e®* ©TX]] Secle] + —
2f
el®(2if?x? (2e?'°f x+3i (1+e'®) Log[l+e?* "X ]) 61 (1+e?®)f xPolylLog[2, -e?®©T*¥]|_3 (1+e?'®) PolylLog[3, -e?’(1x])
1

2f4

1
Secle] - —iabd®e ® |-x*+ (1+e2®) x*- e?ie (1+e210)
2

(2f4x*+4if3x3Log[1+e?* "X ] +6f2x%PolylLog[2, -e?*©®T*].6if xPolylLog[3, -e®! "X ] _3PolylLog[4, -e?! ¥ ]} | Sec(e] +

3b2c?2dSec[e] (Cos[e] Log[Cos[e] Cos[f x]-Sin[e]Sin[fx]]+fxSin[e])
f2 (Cos[e]?+Sin[e]?)

2abc®Sec(e] (Cos[e] Log[Cos[e] Cos|[f x] -Sin[e] Sin[f x]]+f xSin[e])

+

f (Oos[e]2 +Sinfe]?)

[3 b2cd2 CSC[e} e—]iArCTan[CDt f2 2 _

1/( 1+ Cot [e]? ]Oot[ ] (if x (-n-2ArcTan[Cot [e]]) -rLog[1+e 2 7*| -2 (f x-ArcTan[Cot [e]]) Log[1 - e?* (T x-ArcTan(Cot [e]]) ]

nLog[Cos [f x]] -2ArcTan[Cot [e]] Log[Sin[f x - ArcTan[Cot [e]]]] + i Pol yLog[2, e?* (f*x-AcTan(Cot [em})) Sec[e}]/

(fS\/Csc[e]2 (Cos[e]?+Sin[e]?) ) - [3abc2dCsc[e]

e tAcTan| 1£2x 71/[ 1+ Cot [e]? ]Cot[]
(if x (-71-2ArcTan([Cot [e]]) -nLog[l+e?*"*] -2 (f x - ArcTan[Cot [e]]) Log[1 - e2* (fx-ArcTan[Cate}]) |,

nLog[Cos[f x]] -2 ArcTan[Cot [e]] Log[Sin[f x - ArcTan[Cot [e]]]] + 1 Pol yLog[Z, g2 1 (f x-ArcTan [Cot [em})) Sec[e})/

1
(1‘2\/Csc[e]2 (Cos[e]?+Sin[e]?) )+8—fSec[e] Sec[e+f x] (4a®c3f x Cos[f x] -4b?c®f x Cos [f x] +6a”c?df x? Cos [f x] -

6b%c?df x?Cos[f x] +4a?cd?f x3Cos|[f x] -4b?cd?f x3Cos|[f x] +a?d®f x*Cos[f x] -b2d®f x* Cos[f x] +4a’c3f xCos[2e+f X] -
4b%2c3f xCos[2e+f x] +6a?c?df x2Cos[2e+f x] -6b%c?df x?2Cos[2e+f x]+4a%cd?®f x3Cos[2e+f Xx] -

4p%2cd?’f x3Cos[2e+fx]+ad3f x*Cos[2e+f x]-b?d®f x* Cos[2e+f x]+8b%c3Sin[f x]+24b%2c?dxSin[f x] -

8abc3f xSin[fx]+24b2cd?®x?Sin(f x]-12abc?df x?Sin[f x] +8b2d®x3Sin(f x]-8abcd?f x3Sin[f x] -

2abd®f x*Sin(f x] +8abcd®fxSin[2e+fx]+12abc’df x?Sin[2e+f x]+8abcd*fx3>Sin[2e+fx]+2abd®fx*Sin[2e+fx])

® Problem 45: Result more than twice size of optimal antiderivative.

J(c+dx)2 (a+bTan[e +f x])2dx

Optimal (type 4, 229 leaves, 13 steps):
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ib2 (c+dx)2 a2 (c+dx)® 2iab(c+dx)® b2 (c+dx)3 2b2d(C+dX)Log[l+e2’i<e*fx)] Zab(C+dX)2Log[l+ezﬁ(e*fx)}

- + + - +
f 3d 3d 3d f? f
ib?d?PolyLog (2, -e?!®f¥] 2iabd (c+dx)PolylLog[2, -e?! "X | abd?PolylLog|[3, -e?!®fX)] 12 (cidx)2Tanle+f x]
+ - +
3 f2 f3 f

Result (type 4, 656 leaves):

1
——abd?e
3

6f
er(e+fx)]>

(2if2x? (2e2*°f x+31i (1+e?'®) Log[l+e?* ®TX]) +61i (1+e?*®)f xPolylLog[2, -e?*©T¥]_3 (1+e?'®) PolylLog[3, -
1
Secle] + —x (3¢*+3cdx+d*x?) Sec[e] (a®Cos[e] -b®Cos[e] +2abSinfe]) +
3
2b%2cdSec[e] (Cos[e] Log[Cos[e] Cos|[f x] -Sin[e] Sin[f x]]+f xSin[e])
f2 (Cos[e]?+Sin[e]?)
2abc?Sec(e] (Cos[e] Log[Cos[e] Cos|[f x] -Sin[e] Sin[f x]]+fxSinfe])
f (Cos[e}2+Sin[e]2)

+

efiArcTan f2 2 1/( 1+ COt } ]OO'[[ ]
2 (f x-ArcTan[Cot [e]]) Log[1 - e2* (Tx-ArcTan[Cotle]]) ], ;1 og[Cos [f x]] -

[bdeCsc[e}
(if x (-n1-2ArcTan([Cot [e]]) -nLog[l+e2*"X] -
2ArcTan[Cot [e]] Log[Sin[f x -ArcTan[Cot [e]]]] + 1 Pol yLog[Z, @21 (f x-ArcTan [Cot [em“] Sec[e]]/

e iAcTan[Co ]_/[ 1+Cot | } ]Cbt[]

(f3\/Csc[e]2 (Cos[e]?+Sin[e]?) )7 [Zabchsc[e]

(if x (-n1-2ArcTan([Cot [e]]) -nLog[l+e?*"*] -2 (f x-ArcTan[Cot [e]]) Log[1 - e?* (fx-ArcTan[Cote}]) |

nLog[Cos[f x]] -2 ArcTan[Cot [e]] Log[Sin[f x - ArcTan[Cot [e]]]] + i Pol yLog[z, g2t (f x-ArcTan [Cot [em})] Sec[e})/

Sec[e] Sec[e+f x] (b?c?Sin(f x] +2b2cdxSin[f x] +b?d?x?Sin[f x])
f

+

(fz\/Csc[e]2 (Cos[e]?+Sin[e]?)
® Problem 49: Result more than twice size of optimal antiderivative.
J(c+dx)3 (a+bTan[e+f x])%dx

Optimal (type 4, 612 leaves, 28 steps):
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ad (c+dx)* 3ia?b(c+dx)* 3ab? (c+dx)?*

3ib3d (c+dx)? 3iab?2(c+dx)® b3 (c+dx)®
- + + +
2f2 f 2f 4d 4d 4d

ib3 (c+dx)4 3b3d? (c+dx)Log[l+e?i®TX ] 9ab?d (c+dx)?Log|[l+e?t©fX ] 3aZb (c+dx)3Log|[l+e?t € fx]
4d ) £2 : f2 ) f '
b% (c +dx)3Log[1+e?t©Tx)] 3jph%d®PolylLog[2, -e2t®fT¥] 9iab2d? (c+dx)PolylLog[2, -e2!(fx]
f ' 214 ) £3 '
9ia?bd (c+dx)2PolyLog[2, -e?*®f¥] 3ib3d (c+dx)2PolyLog[2, -2 ©f¥] 9ab2d®PolylLog|3, -e?i (x|
212 ) 212 ' 214 )
9a2bd? (c+dx) PolylLog(3, -e?*©fx] 3p3d2 (c+dx) PolyLog[3, -e?!©fX)] 9ja2bd®PolyLog|[4, -e?i x|
213 : 213 ) 41 :
3ib3dPolylLog[4, -e2* T ] 3p3d (c+dx)2Tan[e+f x] 3ab?(c+dx)3Tan[e+fx] b3 (c+dx)3Tan[e+f x]2
454 - 22 ’ f ’ 2f

Result (type 4, 2607 leaves) :

1 .
- 3ab?d3eit®
414

(21f2x? (2e?*°f x+31 (1+e?*®) Log[l+e® ¥ ])+6i (1+e?®)f x PolylLog|2, 2i (et %) ])

—e?i (10 3 (1+e2') PolyLog[3, -e

3a’bcd?et®

Sec[e] + 3

(2if2x* (2e?*°f x+31i (1+e?'®) Log[l+e?* ®TX])+61i (1+e?*®)f xPolylLog[2, -e?* ¥ ] _3 (1+e?'®) PolylLog[3, -e?* ©1*])
1
Sec[e] - —bBcd?et®
413
(2if2x* (2€**°f x+31i (1+e*®) Log[l+e®" "X ]) +61i (1+e*®)f xPolylLog[2, -e**®"* ] -3 (1+e”'®) PolylLog[3, -e?* "% ])
1

_ e—Zﬁe (1+621'19)
2f4

3 . )
Secle] - —ia’bd®e’® |-x*+ (1+e?"®) x*
4

(2f4x*+41f3x3Log[1+e?! T ] +6f2x?PolyLog[2, -e®* ¥ ] +6if xPolylLog[3, -e? ("X | _3PpolylLog[4, —ezj(e*f”])]

1
Secle] + —ib%d3el® |-x*+ (1+e’2“) x4 - e?ie (1+ezje)

4
(2f4x*+41f3x3Log[1+e?! T ] +6f2x?PolyLog[2, -e®* ¥ ] +6if xPolylLog[3, -e?' ("X | _3PpolylLog[4, 7e“<e*fx>])]3ec[e]+

2f4

(b3c3+3b%c?dx+3b3cd?x?+b3d3x3) Secle+f x]2 3b3cd2Sec[e] (Cos[e] Log[Cos[e] Cos[f x] -Sinfe]Sin[fx]]+fxSin[e])
- +
f® (Cos[e]?+Sin[e]?)

2f
9ab?2c?dSecie] (Cos[e] Log[Cos[e] Cos[f x]-Sin[e]Sin[fx]]+fxSin[e])

f2 (Cos[e]?+Sin[e]?)
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3a?bcdSec[e] (Cos[e] Log[Cos[e] Cos[f x]-Sin[e]Sin(fx]]+fxSin[e])
f (Cos[e]?+Sin[e]?)

+

b3 c3Sec[e] (Cos[e] Log[Cos[e] Cos[f x] -Sin[e] Sin[f x]]+fxSine])
f (Cos[e]?+Sin[e]?)

-1 ArcTan [Cot [e]] f2 X2

[3b3d3Csc[e] e
1/( 1+ Cot [e]? ]Oot[ ] (if x (-7-2ArcTan([Cot [e]]) -nLog[l+e?'"*] -2 (f x - ArcTan[Cot [e]]) Log[1 - e?* (f x-ArcTan(Cotlel]) |,
nLog[Cos[f x]] -2 ArcTan[Cot [e]] Log[Sin[f x - ArcTan[Cot [e]]]] + i Pol yLog|2, e“”"’A'CTa”[C"‘[em})) Sec[e})/
(2f4\/CSC[e}2(OOS[e}ZJrSin[e}z) )+[9ab2cd2Csc[e] e tAcTan[Co 1/[ 1+ Cot [e]? ]Cbt[ ]
(if x (-71-2ArcTan([Cot [e]]) -nmLog[l+e?*"*] -2 (f x-ArcTan[Cot [e]]) Log[1 - e?* (fx-ArcTan[Cote}]) |,
nLog[Cos[f x]] -2 ArcTan[Cot [e]] Log[Sin[f x - ArcTan[Cot [e]]]] +J'1Po|yLog[2, e”“X*A'CTa”[CO‘[eJ”})) Sec[e})/
(f3\/Csc[e}2(Oos[e}2+Sin[e}2) )7(9a2bcdesc[e] e tAcTan| I f2x2 - 1/[ 1+ Cot [e]2 ]Cot[}
(if x (-n1-2ArcTan([Cot [e]]) -nLog[l+e?*"*] -2 (f x-ArcTan[Cot [e]]) Log[1 - e2* (fx-ArcTan[Cate}]) |,
mlLog[Cos[f x]] -2 ArcTan[Cot [e]] Log[Sin[f x - ArcTan[Cot [e]]]] + 1 Pol yLog[Z, @2 1 (f x-ArcTan [Cot [em})) Sec[e}]/
(Zfz\/Csc[e12(Oos[e]2+Sin[e]2) )+[3b3c2dc:sc[e] e 1 ArcTan(Cot [e]] £2 y 71/( 1+ Cot [e]2 ]cm[ ]
(if x (-r-2ArcTan[Cot [e]]) -nLog[l+e?*7*] -2 (f x - ArcTan[Cot [e]]) Log[1 - e?* ( x-ArcTan[Cot [e]}) ],

nLog[Cos[f x]] -2 ArcTan[Cot [e]] Log[Sin[f x - ArcTan[Cot [e]]]] + i Pol yLog[Z, g2 1 (f x-ArcTan [Cot [em})) Sec[e})/

(Zfz\/Csc[e}2 (Cos[e]?+Sin[e]?) )+ (3x* (a®c®d+3ia’bc?’d-3ab’c?d-ib*c?d+a’®c?dCos[2e]-3ia’bc?dCos(2e] -
3ab®c?dCos(2e] +ib*c?dCos[2e] +ia’c®’dSin[2e] +3a’bc?dSin[2e] -3iab’c?dSin[2e] -b®c?dSin[2e]))/
1
(2 (1+Cos[2e]+1iSin[2e])) + x* (a®cd®+3ia’bcd’-3ab’cd’-ib3cd*+a®cd’Cos[2e] -
1+Cos[2e]+1Sin[2e]
3ia’bcd’Cos[2e] -3ab?cd?Cos[2e] +ib®cd?Cos[2e] +ia’cd®Sin[2e]+3a’bcd’Sin[2e]-3iab’cd®’Sin[2e]-b3cd’Sin[2e]) +
(x* (a®d®*+3ia’bd®-3ab’d®-ib3d®+a®d®Cos[2e]-3ia’bd®Cos[2e] -3ab’d®Cos[2e] +1ib®d®Cos[2e] +
ia*d®sSin[2e] +3a’bd®Sin[2e] -3iab®d®Sin[2e] -b®d®*Sin[2e])) /(4 (1+Cos[2e] +iSin[2e])) +
3ia?bc3 -3ia2bcdCos[2e] +3a2bc3Sin[2e]
x |a®c®-3ab?cd+ + +
1+Cos[2e]+iSin[2e] 1+Cos[2e] +iSin[2e]
2ib3c3Cos[2e]-2b3c3Sin[2e]

+

(l+Cos[2e]+1Sin[2e]) (1-Cos[2e] +Cos[4e]-iSin[2e]+1Sin[de])
-2ib3%c3Cos[4e] +2b3cdSin[de] ibdc3 ib3c3Cos[6e]-b3c3Sin[6e]

- +
(l+Cos[2e]+1Sin[2e]) (1-Cos[2e] +Cos[4e]-iSin[2e]+1Sin[4e]) 1+Cos[6e]+1Sin[6e] 1+Cos[6e]+1iSin[6e]



174 | 4.3 Tangent.nb

1
—ZSSec[e} Sec[e+f x] (-b*c2dSin(f x] +2ab?c®f Sin(f x]-2b%cd?’xSin(f x] +6ab?c?df xSin[f x] -
2f

b3d*x?Sin(f x] +6ab?cd®f x*Sin(f x] +2ab?>d*f x*Sin[f x])
® Problem 50: Result more than twice size of optimal antiderivative.

J(c+dx)2 (a+bTan[e +f x])%dx

Optimal (type 4, 436 leaves, 22 steps):

b3cdx b3d2x2 3iab? (c+dx)?2 ad(c+dx)® ia?b(c+dx)® ab2(c+dx)® ib3(c+dx)® 6ab?d (c+dx)Log[l+e?i(Ex)]
+ - + + -

f 2 f 3d d d . 3d ' £2 )
3a?b (c+dx)2Log[l+e?i@fX] b3 (c+dx)?Log[l+e?©TX)] p3d2|og[Cosie+f x]] 3iab?d?PolylLog[2, -e?! (x|
f ' f ) £2 ) £3 '
3ia?bd (c+dx) PolyLog|[2, -e?!®fx] ib3d (c+dx)PolylLog|[2, -e?* X ] 3a2bhd?PolylLog|3, -e?! (1]
£2 ) £2 ) 213 .
b d2 Pol yLog[3, -e?*©TX) ] p3d (c+dx) Tan[e+f x] 3ab2 (c+dx)2Tan[e+f x] b3 (c+dx)2Tan[e+f x]2
213 . f2 ' f : 2

Result (type 4, 1860 leaves) :
1
aZbdZ eﬂie
413
(21f2x? (2e?*®f x+31i (1+e2*®) Log[l+e?  ®T¥])+6i (1+e?®)f xPolyLog[2, -e®*®f¥] -3 (1+e?'®) PolylLog[3, -e?!(Tx)])

Sec[e] - b3d?2et®

1213
(2if2x? (2e2*°f x+31i (1+e?'®) Log[l+e?* ®TX])+61i (1+e?*®)f xPolylLog[2, -e?* ¥ ] _3 (1+e?'®) PolylLog[3, -e?* % ])

b® d2 Sec[e] (Cos[e] Log[Cos[e] Cos[f x] -Sin[e] Sin[f x]] +f xSin[e])
Sec[e] -

+

f2 (Cos[e]?+Sin[e]?)

6ab2cdSec[e] (Cos[e] Log[Cos[e] Cos[f x] -Sinfe] Sin[f x]]+fxSin[e])

f2 (Cos[e]?+Sin[e]?)
3a?bc?Sec[e] (Cos[e] Log[Cos[e] Cos[f x]-Sin[e]Sin(fx]]+fxSin[e])

+

f (Cos[e]?+Sin[e]?)
b3 c? Sec[e] (Cos[e] Log[Cos[e] Cos[f x]-Sin[e]Sin[f x]]+fxSin[e])

+

f (Cos[e]?+Sin[e]?)

e tArcTan[Cot [e]] f2x2—1/ (\/1+Q)t [e]? )cOt [e]

(if x (-r-2ArcTan[Cot [e]]) -nLog[l+e %] -2 (f x - ArcTan[Cot [e]]) Log[1 - e?* (T x-ArcTan[Cot [e]}) |, 1 og[Cos [f x]] -

3ab?d?Cscle]

2 ArcTan[Cot [e]] Log[Sin[f x - ArcTan[Cot [e]]]] + i Pol yLog |2, e?* (fx-ArcTan(Cot [e]”})] Sec[e]]/
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(f3\/Csc[e}2(Cos[e}2+Sin[e}2) )-[Sazbchsc[e] e iAcTan| 1§2x —1/( 1+ Cot [e]? ]OOt[ ]
(if x (-7r-2ArcTan([Cot [e]]) -nLog[l+e?*"*] -2 (f x-ArcTan[Cot [e]]) Log |1 - e?* (fx-ArcTan[Cotlel]) |,
nLog[Cos [f x]] -2ArcTan[Cot [e]] Log[Sin[f x - ArcTan[Cot [e]]]] + i Pol yLog |2, e“”X’A’CTa”[O"”e”)})) Sec[e})/
(fz\/Csc[e}z(Cos[e}2+Sin[e}2) )+(b30dCsc[e] e iAcTan| 1f2x -1/[ 1+ Cot [e]? JOOt[ ]
(if x (-7m-2ArcTan[Cot [e]]) -nLog[l+e?*"*] -2 (f x-ArcTan[Cot [e]]) Log |1 - e?* (fx-ArcTan[Cotlel]) |

nLog[Cos [f x]] -2ArcTan[Cot [e]] Log[Sin[f x - ArcTan[Cot [e]]]] + i Pol yLog[2, e?® (fx-ArcTan(Cot [e”)})) Sec[e})/

(fz\/Csc[e}2 (Cos[e]?+Sin[e]?) )+ Sec[e] Sec[e+f x]? (6b%c®f Cos[e] +12b%cdf xCos[e] +6a’c?f?x Cos[e] -

122

18ab?c?f2x Cosf[e] +6b3d?f x?Cos[e] +6a’cdf?x?Cos[e] -18ab?cdf?x®Cosfe] +2a%d?f?x3Cos[e] -6ab?d?f2x3Cos[e] +
3ac?f?xCos[e+2f x]-9ab’?c?f?xCos[e+2f x]+3a%cdf?x?Cos[e+2f x]-9ab?cdf?x?Cos[e+2f x] +
a®d?f?x3Cos[e+2f x] -3ab?d?f2x3Cos[e+2f x] +3ac?f?2xCos[3e+2fx]-9ab?c?f?2xCos[3e+2f x] +
3a®cdf?x?Cos[3e+2fx]-9ab?cdf?x?Cos[3e+2fx]+a%d?f?2x3Cos[3e+2f x]-3ab?d?f2x3Cos[3e+2f x] +
6b3cdSin[e] -18ab?c?f Sin[e] +6b%d?>xSin[e] -36ab?cdf xSin[e] +18a’bc?f?xSin[e] -6b%c?f?xSin[e] -
18ab?d?f x?Sin[e] +18a’bcdf?2x?Sinfe] -6b%3cdf?x?Sin[e] +6a’bd?f2x3Sin[e] -2b3d?f2x3Sinfe] -
6b%cdSin[e+2f x]+18ab?c?f Sinfe+2f x]-6b%3d’>xSinfe+2f x]+36ab?cdf xSinfe+2fx]-9a?bc?f2xSinfe+2f x]+
3b%c?f?xSin[e+2f x]+18ab?d?f x2Sin[e+2f x]-9a’bcdf?x®Sin[e+2f x]+3b%cdf?x?Sin[e+2f x] -
3a’bd?f2x3Sin[e+2f x] +b%d?f2x3Sin[e+2fx]+9a’bc?f?2xSin[8e+2fx]-3b%c?f?2xSin[3e+2f x]+
9a’bcdf?x?Sin[8e+2fx]-3b3cdf?2x*Sin[3e+2fx]+3a’bd?f2x3Sin[3e+2fx]-b3d*f2x*Sin[3e+2f x])

® Problem 59: Result more than twice size of optimal antiderivative.
(c +dx)
J ax
(a+bTan[e+f x])2

Optimal (type 4, 848leaves, 21 steps):
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21ib2 (c+dx)® 2bZ (c+dx)3 (c+dx)*
- + + +
(az+b2>2f (@a+ib) (ia+b)? (ia-b+ (ia+b)e?ie2ifx)f 4 (a-ib)?d
_i e2ies2ifx _i e2ies2ifx
b (c:dx)* b2 (c+dx)? C-’,bzd(c+dx)2Log[l+<a e ] 2b<c+dx)3Log[l+(a PLe ]
_ . . _
(ia-b) (a-ib)?d (a2.p2)?d (a2 + b2)* 2 (a-ib)2 (a+ib)f
i e2ier2ifx . i e2ies2ifx . e2ies2ifx
2 i b2 (c+dx)3|_og[1+<ab#} 3ib2d? (c+dx)PonLog[2, Jab#} 3bd(c+dx)2PonLog[2, Jab#}
_ . _
(a2 +b?)% 1 (a2 +b?)?f3 (ia-b) (a-ib)?f?
i e2ies2ifx i e2ies2ifx i e2ies2ifx
3b2d (c+dx)2 PonLog[Z, Ja"gib} 3b2 43 PolyLog[s, Jab;ib} 3bd? (c+dx) Po|yLog{3, Jabgib]
+ + -
(a2 + b2)*f2 2 (a2 +p2)% 14 (@a-ib)2 (a+ib)f3

© h2 42 (a-ib) e?ie:2ifx 3 (a-ib) e2ies2ifx 2 13 (aib) e2ies2ifx
3ib2d? (c+dx) PolyLog[s, - @22 " g h g2 pol yLog |4, - 2L 32 g2 pol yLog 4, - (LS T
- +

(a2 4 b2)% 12 2 (ia-b) (a-ib)2f4 2 (a? + b2)% 4

Result (type 4, 2713 leaves):
1

2(a-ib)2(a+ih)® (-ib (-1+e?'®) +a (1+e?'®))f*
be?*® |4 (a-ib) (-ia+b)c?f® (B3bd+2acf)x+4 (a+ib)c®e?'® (b (-1+e’'®)+ia(l+e”'®))f3(3bd+2acf)x+

12ia(a+ib)bcd?f3x2+12 (a+ib)b?cd®f®x?+121a(a+ib)bcd?e?i®f3x?2-12ib% (-ia+h)cd?e?i®f3x?+
12i1a? (a+ib)c?df*x?+12a (a+ib)bc?df*x?+12ia® (a+ib)c?de?'®f*x?-12a (a+ib)bc?de?i®f*x%+

12 (a-ib) (-ia+b)cdfd (bd+acf)x?+4ia(a+ib)bd®f3x3+4 (a+1b)b?d®f3x3+4ia(a+ib)bd®e?i®f3x3-
41b% (-ia+b)d®e?i®f3x®+8ia% (a+ib)cd’f*x3+8a(a+ib)bcd®f4x®+8ia® (a+ib)cd?e?i®f4x3-
8a(a+ib)bcd?e?'®f*x%+4 (a-1ib) (-1ta+b)d?f3 (bd+2acf)x®+2ia® (a+ib)d3f*x*+
2a(a+ib)bd®f4x*+2a(a-1b) (-ia+b)d®f*x*+21a% (a+ib)d®e?i®f*x*-2a(a+ib)bd®e?i®f4x*+
2abe21(e+fx)

_b? (_1+6211(e+f x)) +a? (1+6211(e+f x)) }

3b(-ia+b)c?de?i® (b (—1+e2jle) +ia (1+62“))f2 -41if x—ZJiArcTan[ +

Log[b2 (—1+e21(e+fx))2+a2 (l+e2j(e*fx))2]] +2a (a+ib)cde?ie (—J'lb (—l+e2”> +a (1+e2”)) f3

2abe21(e+fx)
-4if xfszrcTan[

}Jrl_og[bz (71+e21(e+fx))2+a2 (1+ezl(e+fx)>2} -
_p2 (71+62i(e+fx)) +a? (1+62]‘1(e+fx>>

(a-1 b) er (e+f x)

(afjb) 921(e+fx) ]

6ib(-ia+b)cd?e?'® (b (-1+e?'®)+ia(l+e?i¢))f (fo fx+JiLog[1+ ]]+Po|y|_og[2, -

a+1ib a+1ib

(a_1b> eZJi(e+fx) (a—]lb) eZ]'L(e+fX)

fx+1‘1Log[1+ ]]+PonLog[2, -

6ia(a+ib)c’de?'® (-ib (-1+e®'®) +a (1+e*'®))f? (2f X

a+ib a+ib
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_2if x+3|_og[1+

_ib 2i (e+f x)
b(—ia+b)d3e2“(b(—1+e219)+ja(1+e21e))(Zfzxz @-ibe J
a+ib

(a-1b) e2i(e+fx) (a-1ib) 21 (e+f x)

GifoonLog[Z, - - ]+3POIyLog[3, - - ]]+2a(a+jb)cd2e2ie(jb(1+e2ie)+a(1+ezie))f
a+1 a+ 1

(af]'lb) @21'1(9+fx) (afjb) er(e+f><>

(21‘2x2 [_2]1fx+3|_og[1+ ”—ijxPOIyLog[Z, -

(a-1 b) EZj (e+f x)
]+3Po|y|_og{3, - ]+

a+1ib a+1ib
a-1b 21 (e+f x)
a(a+ib)d®e?i® (-ib(-1+e?i%) a (Lre?i¢)) [zif4x4+4f3x3Log[1+< ! >@b |-
a+1

a+1ib

(a_jb>e21(e+fx) (@a-1ib) @21 (e+f x)

ijzszonLog[Z, - ]+6f xPonLog{S, - ]+31‘1P0IyLog{4, -

(a—jb) eZ]i(e+fx) ]
+

a+ib a+ib a+ib

3x? (ac?’d-ibc?d+ac?dCos[2e] +ibc?dCos[2e] +iac?dSin[2e] -bc?dSin[2e])

+

2(a-1b) (a+ib) (a+ib+aCos[2e]-1bCos[2e]+iaSin[2e]+bSin[2e])
x® (acd?’-ibcd?+acd?Cos[2e] +ibcd?Cos[2e] +iacd?Sin[2e] -bcd?’Sin[2e])

+

(a-1ib) (a+1b) (a+ib+aCos[2e]-ibCos[2e]+1aSin[2e]+bSin[2e])
x* (ad®-ibd®+ad®Cos[2e] +ibd3Cos[2e] +iad®*Sin[2e] -bd®Sin[2e])

+

4 (a-ib) (a+ib) (a+ib+aCos[2e]-ibCos[2e]+iaSin[2e]+bSin[2e])
X
(c*/(a®+2iab-b*+a’Cos[4e] -2iabCos[4e] -b?Cos[4e] +ia’Sin[4e]+2abSin[4e] -ib*Sin[4e])+
((-a-ib+aCos[2e]-ibCos[2e]+iaSin[2e]+bSin[2e]) (-4iabc®Cos[2e]+4abc®Sin[2e]))/
((afjb) (a+ib) (a+ib+aCos[2e]-ibCos[2e]+iaSin[2e]+bSin[2e])
(a®+2iab-b?+a’Cos[4e]-2iabCos[4e] -b*Cos[4e] +ia’Sin[4e] +2abSin[4e] -ib®’Sin[de])) +
(c®Cos[4e] +ic®Sin[4e])/(a®+2iab-b*+a’Cos[4e]-2iabCos[4e]-b*Cos[4e] +ia’Sin[4e]+2abSin[4e] -ib®Sin[de])) +
b2c3Sin[f x] +3b%2c2dxSin[fx]+3b2cd?x2Sin[fx]+b2d®x3Sin[f x]

(a-ib) (a+1ib)f (aCos[e] +bSin[e]) (aCos[e+f x]+bSin[fe+f Xx])

® Problem 60: Result more than twice size of optimal antiderivative.

(c+dx)?
J dx
(a+bTan[e+f x])2

Optimal (type 4, 654 leaves, 18 steps):
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21b2 (c+dx)? 2bZ (c+dx)? (c+dx)3
- + + +
(a2+b2>2f (@a+ib) (ia+b)? (ia-b+ (ia+b)e?ie2ifx)f 3 (a-ib)?d
_ip) e2ies2ifx -ib) e2ie2ifx
4b (crdx)? 4b2 (c+dx)? 2b2d(c+dx)Log[l+<a o ] 2b<(:+dx)2Log[l+(a o }
_ N N _

3(ia-b) (a-ib)?d 3 (a?.p2)?d (a2 + b2)% 2 (a-ib)2 (a+ib)f

a-ib) e2n9+2nlx}

2 i b2 (c+dx)2Log{1+< P

(a-ib) eZne—anx:| (afjb)ez'e*z'”}

i b2 62 Pol yLog 2, - 12BL< 2bd (c+dx) Polylog 2, - (22l
— + -

(a2 +b?)% 1 (a2 +b?)2£3 (ia-b) (a-ib)*f?

a+ib a+ib a+ib

2b2d (c+dx) Polylog |2, - =100 b2 Pol yLog[3, - &1Lt b2 d2 Pol yLog 3, - (Lt

. _
(a2+b2>2f2 (a-ib)2 (a+ib)f3 (a2+b2)2f3

Result (type 4, 1320 leaves):
1
3(a-ib) (a+ib) (a?2+b?) (b-be?i®-ia (1+e?'¢))f3

b|-f |12abcde?i®f x-12ib%?cde?i®f x+12a%c?2e?'®f2x-12iabc?e’i®f?2x+6abd?e?i®f x2-61ib%d?e?i®f x2+12a%cde?i®f2x?-

12iabcde®'®f?x?+4a’d?e®'®f2x3-4iabd?®e®’®f?x3+6cC (-ib (-1+e?'®) +a (1+e”'®)) (bd+acf)ArcTan[
2ab621(e+fx)

_p? (_1+62ﬁ(e+fx)) +a? (1+e211(e+f><>>

(afjb) er(e+f><>
1+ +
a+ib

}+6d (b (—1+ezjle) +ja(1+e2“)>x (bd+af (2c+dx)) Log

Siabchog[bz (—1+ez’”e*fx))2+a2 <l+e2i(e*fx))2] —3bZCdLOg[b2 <—1+e21(e*fx))2+a2 <1+ezﬂe*fx))2} +
3iabcde?’®Log|b? (71+e“<e*”))2+a2 (l+e“(e*”))2] +3b%cde?’®Log|b? (71+e2“e*”>)2+a2 (1+e2ﬁ(e*f"))2} +

3ia?c?f Log|b? (—1+e2“e*”>)2+a2 (1+<e“(e*fx))2] -3abc?f Log|b? (—1+e21<e*”>)2+a2 (1+e”<e*fx))2} +
3ia2c2e2ief Log[bz <7l+621(e+fx)>2+a2 <l+ezﬁ(e+fx>)2] +3abc2e2ief Log[bz <71+621(e+fx)>2+a2 <1+62ﬁ(e+fx))2} B

(afjb) er(e+fx)
3d(—Jlb(—1+ezj‘e)+a(l+ezjle>)(bd+2af (C+dx))PO|yLOg{2, - " ]+
a+i

. . (a—lb) eZJl(e+f X)
3ad? (bfbe”efja(l+e2”)>PonLog[S, - ] +
a+1b

(3a?c?f x Cos[f x] -3b?c?f xCos [f x] +3a’cdf x?Cos[f x] -3b?cdf x*Cos[f x] +a®d*f x3 Cos [f x] -
b?2d?f x3Cos[f x] +3a%c?f xCos[2e+f x] +3b%c?f xCos[2e+f x] +
3a’cdf x?Cos[2e+f x]+3b%cdf x?Cos[2e+f x]+a?d?*f x3Cos[2e+f x]+
b2d2f x3Cos[2e+f x] +6b2c2Sin[f x] +12b%2cdxSin[f x] +6abc?f xSin[fx]+
6b2d>x?Sin(f x] +6abcdf x?Sin(f x]+2abd?f x*Sin(f x]) /
(6 (a-1b) (a+ib)f (aCos[e] +bSinfe]) (aCos[e+f x] +bSin[e+f x]))
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® Problem 61: Result more than twice size of optimal antiderivative.

c+dx
J- dx
(a+bTan[e+f x])2

Optimal (type 4, 214 leaves, 5steps):

( 2+b2‘ e21(ewf><
(C+dX)2 (bd+2acf+2adfx)2 b(bd+2acf+2adfx)Log{l+a(a)+iib>z
_ + + _
2 (a?+b?)d 4a(a+ib) (a?2+b?)df? (a? + b2)? 2
. (a2+b2‘) @21 (edf x
ladeOIyLOQ[Z‘ - (a+ib)2 } b (c+dx)
(a2+b2>2f2 (a2 +b?) f (a+bTan[e+f x])

Result (type 4, 745 leaves):
(e+fx) (-2de+2cf +d(e+fx))Secje+f x]? (aCos[e+f x]+bSin[e+f x])?

+

2 (a-1b) (a+1ib)f2 (a+bTan[e+f x])?
b2d (-b (e+f x) +alLog[aCos[e+f x] +bSin[e+f x]]) Sec[e+f x]%2 (aCos[e+f x]+bSin[e+fx])?

a(a-ib) (a+ib) (a2+b?)f2 (a+bTan[e+f x])?
(2bde (-b (e+f x) +alog[aCos[e+f x] +bSin[e+f x]]) Sec[e+f x]? (aCos[e+f x] +bSin[e+fx])?)/
((a-1ib) (a+ib) (a®+b?)f? (a+bTan[e+f x])?) +
2bc (-b (e+f x)+alog[aCos[e+f x] +bSin[e+fx]])Sec[e+f x]? (aCos[e+f x]+bSin[e+f x])?

(a-ib) (a+ib) (a?+b?)f (a+bTan[e+f x])?

. a a? a , a
d elArcTan[a] (e +f x)2+1/ 1+—2 b a[jl (e +f x) [—n+2ArcTan{EH —7(L09[1+e*21(e+fx>} _2 (E+f x+ArcTan{E]]
b

. a a
Log[1-e?* (et X*A'CTa”[EN +nlLog[Cos[e+f x]] +2ArcTan[B] Log{Si n

e+f x+ArcTan[g}H +]1PolyLog[2, et (et "*NCT""”[EUU

a2 + b2

b2

Sec[e+fx}2(aOos[e+fx]+bSin[e+fx])2/ (a-1ib) (a+1ib) f2 (a+bTan[e+f x])2| +

(Secle+f x]? (aCos[e+f x]+bSin[e+fx]) (-b>’deSin[e+fx]+b?cfSinfe+fx]+b’d (e+fx)Sinfe+fx]))/
(a(a-ib) (a+ib)f? (@a+bTan[e+f x])?)
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Test results for the 66 problems in "4.3.11 (e x)*m (a+b tan(c+d x*n))*p.m"

® Problem 1: Result more than twice size of optimal antiderivative.
Jx3 (a+bTan[c+dx?]) dx

Optimal (type 4, 73leaves, 7 steps):

ax* 1 bx2Log[L+e?* (¢9X*]] ipPolyLog[2, -e2* (c+dx)]
+ —ibx*- N
4 4 2d 4 d2
Result (type 4, 199 leaves):
ax*
4
[bCSC[c} [dz e iAcTan| 1/( 1+Cot | )Q)t[ ] (]ldXz (-7 - 2 ArcTan [Cot [C}])—nLog[lJre’“dxz}fZ(de—ArcTan[Oot [CJ])Log[

1- 2t (dx*-ArcTan(Oot [c]]) ] +7rLog[Oos[dx ]] -2ArcTan[Cot [c]] Log[Sin[dx? - ArcTan[Cot [c]]]] +

s 1
iPolyLog[2, €** (dx?-ArcTan [Cot [c]]) ] )] Sec [c}]/ (4 d? JCsc [c]? (Cos[c]?+Sin[c]?) ) + " b x* Tan[c]
Problem 7: Result more than twice size of optimal antiderivative.
Jx3 (a+bTan[c+dx2])2dlx

Optimal (type 4, 126 leaves, 10 steps):

a2x4 1 b2x? abx?Log[l+e?!(c¢¥]] p2Log[Cos[c+dx?]] iabPolyLog[2, -e?!(c9¥]] b2x2Tan|[c +dx?]
+—iabx*- - + + +
4 2 4 d 2 d? 2d? 2d

Result (type 4, 295 leaves):

1
Zx“Sec[c} (a® Cos[c] -b?Cos[c] +2abSin[c]) +

b2 Sec[c] (Cos[c] Log[Cos[c] Cos[dx?] -Sin[c]Sin[dx?]] +dx?Sin[c])

_ (aszc[c} (dz efiArcTan[Oot [c1] X4 _
2d? (Cos[c]?+Sin[c]?)

1/ ( 1+ Cot [ ]cOt [c] (idx? (-m-2ArcTan[Cot [c]]) wLog[he*“dxz] -2 (dx*-ArcTan[Cot [c]]) Log[lfeu(dxz’A’CTa”[Cm MJ)} +

nLog[Cos [dx2]] -2 ArcTan[Cot [c]] Log[Si n[dx? - ArcTan[Cot [c]]]] + i Pol yLog[2, 2 (dx*-ArcTan (oot [Cm})] Sec[c}]/

b2 x2 Sec [c] Sec [c +d x2]| Sin|[dx?]
2d

(Zd2 \/Csc[c}z (Cos[c]?+Sin[c]?) ) +
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® Problem 19: Result more than twice size of optimal antiderivative.

X3
J ax
(a+bTan[c +dx2})2

Optimal (type 4, 202 leaves, 6 steps):

) ) <a2+b2)62n:c—dx2?
4 (b+2adx2) b(b+2ad><}Log[l+7<aﬂlb)2
_ . + _
4 (a2+b?) 8a(a+ib) (a+b?)d? 2 (a2 +b2)? 2
. 2,12 eZifmde\
LabPonLog[Z, 7%] b x2
2(a2+b2)2d2 2 (a?+b?) d (a+bTan[c+dx?])

Result (type 4, 703 leaves):

(-c+dx?) (c+dx?) Sec[c+dx2}2 (aCos[c +dx?] +bSin[c+dx2])2

N
4 (a-ib) (a+1ib) d? (a+bTan[c+dx2])2

(b2 (<b (c+dx?) +aLog[aCos[c+dx?] +bSin[c+dx?]]) Sec[c+dx?]* (aCos[c+dx?] +bSin[c+dx?])?) /
(Za(afib) (a+ib) (a?+b?) d? (a+bTan[c+dx2])2)f
(bc(—b(c+dx2>+aLog[aCos[c+dx2}+bSin[c+dx2H)Sec[c+dx2}2(aOos[c+dx2}+bSin[c+dx2})2)/
((afjb) (a+ib) (a®+b?) d? (a+bTan[c+dx2])2)f

. 2
ol ArcTan[ ] (c +dx2)2+1/ 1+:—2 b|a [j (c+dx?) [7n+2ArcTan[EH —JTLOg[1+<E*21'1(C+dx2)] 5 (c+dx2+ArcTan[gH
Log[l—«e“L <°*dXZ*A’°Ta“[§”] +Log[Cos [c +dx?]] +2ArcTan{E} Log[Si n[c +dx? +ArcTan{gH] + 1 Pol yLog{Z, e?! (C*dXZ*NCTa”[E])U

a2 + b2

b2

Sec[c+dx2}2(aOos[c+dx2]+bSin[c+dx2])2/ 2(a-ib) (a+1ib) d? (a+bTan[c+dx2])2 +

Sec[c+dx2]2 (aCos[c+dx2]+bSin[c+dx2}) (—bchin[c+dx2} +b2 (c+dx2>Sin[c+dx2])

2a(a-ib) (a+ib) d? (a+bTan[c+dx2H2



182 | 4.3 Tangent.nb

® Problem 21: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

J x ax
(a+bTan[c+dx2”2

Optimal (type 3, 94 leaves, 4 steps):

(a2 -b?) x* ablog|aCos|c+dx?] +bSin[c+dx?]] b
+

2 (a2 +b2)? (a2 +b2)*d 2 (a?+b?)d (a+bTan[c +dx?])

Result (type 3, 197 leaves) :

(az ((a+11b)2 (c+dx?) +abLog[(aOos[c+dx2} +bSinc +dx2})2” +
b ((a+ib) (-ib?+ab (1+ic+idx?)+a?(c+dx?))+a?blog|(aCos[c+dx?]+bSin[c+dx?])?]] Tan[c+dx?] -
2ia?bArcTan|[Tan[c +d x?] ] (a+bTan[c+dx2}))/ (2a (a2+b2)2d (a+bTan[c+dx?]))

Problem 28: Result more than twice size of optimal antiderivative.

J(a+bTan[c+dﬁ])d1x

Optimal (type 4, 66 leaves, 6 steps):

2b\/XiLog{l+e2j(c+d\/7w JibPolyLog[z, 7@21‘1(c+dﬁ)]
ax+1ibx- .
d d2

Result (type 4, 199 leaves):

ax -

[szc[c}

d2 e-iArcTan[Cot [ x—l/( 1+ Cot | ]Oot

id+/x (-m-2ArcTan[Cot [c]]) —nLog[l+e’”dW} -2 (dW—ArcTan[Oot [c]]

Log[l—e 1 (0 Vx-ArcTanCot (e ”)] +7rLog[Oos[d \/X_H _2 ArcTan[Cot [c]] Log{Si n{d\/x_—ArcTan[Oot [c}]” +

i Pol yLog{Z, 21 (¢ -ArcTan (ot [CH)H] Sec[c])/ (dz JCsc[c]2 (Cos[c)?+Sin[c]?) ) +bx Tan[c]
Problem 33: Result more than twice size of optimal antiderivative.
J(a+bTan{c+dx/x_])2d1x
Optimal (type 4, 119leaves, 10 steps):

4abdx_Log[l+e”(°*dW)] 2b2Log{Oos{c+ddx_H ZiabPonLog[Z, 7e2’1(°*dﬁ)] 2b2Vx_Tan[c+dVX_}
a?x+2iabx-b%x- | + p + - + y

Result (type 4, 308 leaves):
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2 b2 Sec[c] (Oos[c]Log[Oos ms{d\/_] Sinic Sin{d\/x_Hmvx_sm[c])
x Sec[c] (a®Cos[c] -b*Cos[c] +2abSin[c]) + -
d? (Cos[c]?+Sin[c]?)

[Zaszc[c} [dz e iAcTan( 1/( 1+ Cot [ )Oot[ ]

(jd\/x_ (-m-2ArcTan[Cot [c]]) 77rLog{1+e‘“dW] ) (d\/x_fArcTan[Oot [c}]) Log[lfre”(dW’A'CTa”[COt [C”w +

nLog[Cos{d\/x_H ~2ArcTan[Cot [c]] Log[Sin[d\/x_fArcTan[Cot [c}]” +iPonLog[2, e )Sec[c})/
2b2+/x Seclc Sec[c+d\/_}sln{d\/_}
d

Problem 44: Result more than twice size of optimal antiderivative.

2i (d VX -ArcTan [Cot [c]])]

(dz\/Csc[cJ2 (Cos[c]?+Sin[c]?) ) +

J + T + \V
X
(a b a Cc d X )

Optimal (type 4, 204 leaves, 6 steps):

2. p2) 24 (crd VX
(br2advx |’ «  2b[bi2advx)Log[1, FICETT
2a(a+1ib) (a2+b2)d27a2+b2+ (a2+b2)2d2 .
. 2, p2 QZigcuwT)
2iabPol yLog|2, 7%] 2b+/x
(a2 + b2)? d2 (a2+b2)d(a+bTan{c+d\/x_])

Result (type 4, 772 leaves):



184 | 4.3 Tangent.nb

(—c+d\/x_) (c+d\/x_) Sec[c+d\/x_r(aOos[c+d\/x_}+bSin c+d\/x_”2

+

(a-ib) (a+1ib) d? (a+bTan[c+d\/x_”2
(2b2 (b (c+dvx ) +aLog|acos|c+dx | +b3in[c+dw_“)3ec[c+dvx_]2 (aOos[mdvx_]+b5in{c+dvx_])2)/
a+bTan[c+dW”2) -
(4bc (b (c+dx | +aLog|aCos|c+d /x| +bSin[c+d\/x_H)Sec{c+d\/x_]2 (aCos{mdvx_]+b$in{<:+dvx_])2)/

((afib) (a+ib) (a?+b?) d? (a+bTan[c+d\/x_”2) -

a2
1+— b
b2

e’ (C*dW*A’CTa“[S])] +nLog{Oos {c+d\/x_H +2ArcTan[3] Log[Si n[c +d\/x_+ArcTan{i}H + 1 Pol yLog[Z, e”(“dﬁwcmn[%””
b b

(a@-ib) (@a+ib) (a?+b?) d?

2 gt ArcTan[(] (c+dﬁ)2+1/ a (1’1 (c+dﬁ) [—JHZArcTan[g” 77rLog{1+e’2]"<°*dWw -2 (c+dW+ArcTan{g” Log{l,

a2 + b2

(a-ib) (a+1ib)
b2

Sec[c+d\/x_]2 (aOos[c+d\/x_} +bSin[c+d\/x_])2]/ d? (a+bTan[c+ddx_D2 +

(2Sec[c+dvx_}2 (acos[c+dx | +bsincrdvx |} (-b2cSinfcrdvx |+b? (csdx | Sin{mdvx_]))/

(a (a-ib) (a+1ib) d? (a+bTan[c+dW“2)

Test results for the 700 problems in "4.3.1.2 (d sec)*m (a+b tan)*n.m"

® Problem 11: Result more than twice size of optimal antiderivative.

JSec[c+dx}7 (a+iaTan[c+dx]) dx

Optimal (type 3, 98leaves, 5steps):

5aArcTanh[Sin[c+dx]] 1i1aSec[c+dx]’” 5aSec[c+dx]Tan[c+dx] 5aSec[c+dx]3Tan[c+dx] aSec[c+dx]®>Tan[c +dx]
+ + + +

16d 7d 16d 24d 6d
Result (type 3, 273 leaves):
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5aLog[Oos[%(c+dx)]—Sin[%(c+dx)H 5aLog[Oos[%(c+dx)]+Sin[%(c+dx)H iaSec[c+dx]’
i 16 d ' 16 d ' 7d '
a a 5a
+ + -

48 d (Oos[% (c+dx) | —Sin[% (c+dx)])6 16 d (Oos[% (c+dx) | —Sin[% (c+dx)})4 324d (Cos[% (c+dx)]—Sin[% (c+dx)})2

a a 5a

4

48d (Cos[ (c+dx)|+Sin[% (c+dx)])® 16d (Cos[% (c+dx)|+Sin[t (c+dx)])* 32d(Cos[} (c+dx)]+Sin[E (c+dx)])”

Problem 12: Result more than twice size of optimal antiderivative.

JSec[c+dx}5 (a+iaTan[c +dx]) dx

Optimal (type 3, 76leaves, 4 steps):
3aArcTanh[Sin[c+dx]] 1aSec[c+dx]® 3aSec[c+dx]Tan[c+dx] aSec[c+dx]3Tan[c +dx]
+ + +

8d 5d 8d 4d
Result (type 3, 209 leaves):

3alog[Cos[; (c+dx)]-Sin[Z (c+dx)|] 3alog[Cos[; (c+dx)]+Sin[Z (c+dx)]]

- + +
8d 8d
iaSec[c+dx]® a 3a
+ + -
5d 16d(Oos[%(c+dx)]—Sin[%(c+dx)})4 16d(Cos[%(c+dx)}—Sin[%(c+dx>})2
a 3a

1 1 2

16d (Cos[E (c+dx) | +Sin[§ (c +dx)])4 16d (Cos[E (c+dx) | +Sin[% (c+dx)])
Problem 13: Result more than twice size of optimal antiderivative.

JSec[c+dx}3 (a+iaTan[c +dx]) dx

Optimal (type 3, 54 leaves, 3steps):
aArcTanh[Sin[c+dx]] 1i1aSec[c+dx]® aSec[c+dx]Tan[c +dx]
+ +

2d 3d 2d
Result (type 3, 145 leaves):

aLog[Oos[% (c+dx) | —Sin[% (c+dx)]] aLog[Cos[% (c+dx) | +Sin[§ (c+dx)]]
- + +

2d 2d

iaSec[c+dx]3 a a
+

3d 4d(Cos[%(c+dx)}78in[§(c+dx)])

2 2

4d (Oos[% (c+dx) | +Sin[% (c+dx)])
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® Problem 14: Result more than twice size of optimal antiderivative.
JSec[c+dx} (a+iaTan[c +dx]) dx

Optimal (type 3, 27 leaves, 2steps):
aArcTanh[Sin[c +dx]] iaSec[c+dx]
+

d d
Result (type 3, 84 leaves):

7aLog[Oos[ +d7x] —Sin[§+d7"“ +aLog[Oos[§+"7x} +Sin[%+d7XH ) iaSecic+dx]

d d d
Problem 22: Result more than twice size of optimal antiderivative.

<
2

JSec[c+dx}2 (a+iaTan[c +dx])?dx

Optimal (type 3, 27 leaves, 2 steps):
i(a+iaTan[c+dx])3

) 3ad

Result (type 3, 68 leaves):

a2Sec[c] Sec[c+dx]® (3iCos[dx] +3iCos[2c+dx]+3Sin[dx]-3Sin[2c+dx]+2Sin[2c+3dx])
6d
Problem 23: Result more than twice size of optimal antiderivative.

J(a+jaTan[c+dx])2dlx

Optimal (type 3, 38leaves, 2steps):
2i1a?Log[Cos[c+dx]] a?Tan[c+dX]
2a’x - S - g

Result (type 3, 100 leaves):

—iaZSec[q Sec[c +dXx] (4ArcTan[Tan[3c+dx]] Cos[c] Cos[c +dx] -

4dxCos[2c+dx]+Cos[dx] (-4dx+ilog[Cos[c+dx]?|)+iCos[2¢+dx]Log[Cos[c+dx]?|+2Sin[dx])
Problem 29: Result more than twice size of optimal antiderivative.
JSec[c+dx}3 (a+iaTan[c +dx])2dx

Optimal (type 3, 94 leaves, 4 steps):

5a2 ArcTanh[Sin[c+dx]] 5ia?Sec(c+dx]® 5a2Sec[c+dx]Tan[c+dx] 1iSec[c+dx]? (a®+ia®Tan[c+dx])

+ + +

8d 12d 8d 4d
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Result (type 3, 215leaves):

2N

a?Sec[c +dx]*

1
128 i Cos [C +d X ] 745Log[003[5 (c+dx)]fsin{5 (c+dx)” -

192d

1 1 1 1
60 Cos[2 (c +dX)] Log{Oos{E (c+dx)} 7Sin[5 (c+dx)HfLog{Oos{E (c+dx)} +Sin[5 (c+dx)”] -

1 1 1 1
15Cos[4 (c +dx)] Log{Oos[E (c+dx)} 7Sin[5 (c+dx)HfLog[Cos{E (c+dx)} +Sin[5 (c+dx)”] +

1 1
45Log[Oos[E (c+dx)] +Sin[E (c+dx)||-18Sinfc+dx]+30Sin[3 (c+dx)]]
® Problem 30: Result more than twice size of optimal antiderivative.
JSec[c+dx} (a+iaTan[c+dx])?dx

Optimal (type 3, 68leaves, 3steps):

3aZArcTanh[Sin[c+dx]] 3ia2Sec[c+dx] iSec[c+dx] (a?+ia?Tan[c+dx])
+ +
2d 2d 2d
Result (type 3, 146 leaves):
1

- —a?Sec[c+dx]?

1 1
-8 Cos[c +dx] +3Log[Cos[— <c+dx)} 7Sin[— (c+dx)H .
4d 2 2

1 1 1 1
3Cos[2 (c+dx)] ]7

Log[Oos[E (c+dx)] 7Sin[5 (c+dx)H 7Log[Oos[E (c+dx)] +Sin[E (c+dx)H

1 1
3Log{Cos{E (c+dx)} +Sin[£ (c+dx)] +2Sin[c+dx]

® Problem 31: Result more than twice size of optimal antiderivative.

JCos[c+dx] (a+iaTan[c+dx])2dx

Optimal (type 3, 46 leaves, 2steps):
a2 ArcTanh[Sin[c+dx]] 2iCos[c+dx] (a?+ia®Tan[c+dx])

d d
Result (type 3, 180 leaves):
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1 1 1 1 1 1
. a? Cos{—(c+dx)}[7211+Log{003{—(c+dx)}fsin[—(c+dx)HfLog{Oos[—(c+dx)}+8in{—(c+dx)} ]+
d (Cos[dx] +1iSin[dx])2 2 2 2 2 2
23 tog[oos (e +d ] -sin[ (o) || +s tog[oos [ (e ea | esin[ 2 evan ]| sin[ 2 e ]|
-1L0OQ S|—(C+aX)|-9InNn|— (C+dX + 1 LOg S|— (C+aX +alnN|— (C+dX In|— (C+aX
2 2 2 2 2
1 1
Cos[f(c+5dx)]+jSin[f(c+5dx)]
2 2

® Problem 39: Result more than twice size of optimal antiderivative.

JSec[c+dx}2 (a+iaTan[c +dx])3dx

Optimal (type 3, 27 leaves, 2steps):
i(a+iaTan[c+dx])*
4ad
Result (type 3, 84 leaves):

1
—da3Sec[c]Sec[c+dx]4 (3iCos[c]+2iCos[c+2dx]+21Cos[3c+2dx]-3Sin[c]+2Sin[c+2dx]-2Sin[3c+2dx]+Sin[3c+4dx])
4

Problem 41: Result more than twice size of optimal antiderivative.
JQ)S[C+G|X}2 (a+iaTan[c+dx])3dx

Optimal (type 3, 49leaves, 3steps):

iadLog[Cos[c+dx]] 21at
—adx + -
d d(a-i1aTan[c +dx])

Result (type 3, 99 leaves) :

- (a® (Cos[c+dx] (2i+2dx-iLlog[Cos[c+dx]?]|)+ (-2-2idx-Log|[Cos[c+dx]?])Sin[c+dx]) (Cos[c+4dx]+iSin[c+4dx]))/
(2d (Cos[dx] +iSin[dx])?)

Problem 47: Result more than twice size of optimal antiderivative.

JOos[c+dx} (a+iaTan[c+dx])%dx

Optimal (type 3, 61leaves, 3steps):

3adArcTanh[Sin[c+dx]] 3ia®Sec[c+dx] 2iaCos[c+dx] (a+iaTan[c+dx])?
) d ) d ) d
Result (type 3, 123 leaves):
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1
a® Cos[c +dx]?

d (Cos[dx] +1iSin[dx])3

d x

[GArCTanh Sinfc] +Oos[c}Tan[7H Cos[c+dx] (iCos[3c]+Sin[3c])+ (-Cos[2c-dx]+iSin[2c-dx]) (5Cos[c+dx]-iSinfc+dx])

(-i+Tan[c +dx])3
® Problem 54: Result more than twice size of optimal antiderivative.

J-Cos[c+de (a+iaTan[c +dx])*dx

Optimal (type 3, 97 leaves, 4 steps):

15a*ArcTanh(Sin[c+dx]] 15ia*Sec[c+dx] 2iaCos[c+dx] (a+iaTan[c+dx])3 5iSec[c+dx] (a*+ia*Tan[c+dx])

2d B 2d B d 2d

Result (type 3, 906 leaves) :

15005[4(;}Cos[c+dx}4Log[Cos[% d7"}—Sin[%+dfﬂ(a+1‘1aTan[c+dx])"’
2d (Cos[dx] +iSin[dx])*
15005[4c]Oos[c+dx]4Log[Oos[% %]+Sin[%+d7x”(a+jaTan[c+dx})4
N
2d (Cos[dx] +1Sin[dx])*

Cos[dx] Cos[c+dx]* (-81Cos[3¢c]-8Sin[3c]) (a+iaTan[c+dx])*

+

d (Cos[dx] +1Sin[dx])*
Cos[c+dx]*Sec[c] (-41Cos[4c]-4Sin[dc)
d (Cos[dx] +1Sin

(a+iaTan[c +dx])*

)
[dx])*
i}_sm[gﬂ

151 Cos [c +d x]* Log [Cos | 5

|]Sinf4c] (a+iaTanfc+dx])*

+

C
2t
2d (Cos[dx] +iSin[dx])*

dx

151C05[c+dx}4Log[Cos[5+ dTXH Sinf4c] (a+iaTanf[c+dx])*

+

2d (Cos[dx] +iSin[dx])?

(a+iaTan[c +dx])*

Cosc+dx]* (8Cos[3c]-8iSin(3c])Sinfdx] (a+iaTanfc+dx])4 Cos[c+dx]* (;Cos[4c]-;iSin4c]) (
. X 2
dT]me[%er 1)

+

d (Cos[dx] +iSin[dx])* d (Cos[dx] +iSin[dx])* (Cos|

¢,
2

iCos[c+dx]* (4Cos[4c] -41Sin[4c]) Sln[%} (a+iaTan[c+dx])*

d (Cos[Z]-Sin[Z]) (Cos[dx]+iSin[dx])* (Cos]|
Oos[c+dx]4(—%Oos[4t:]+%j18in[4c]) (a+iaTan[c+dx])* ]iOos[c+dx]4(4Cos[4c]—4]‘LSin[4c]>Sin[d7X} (a+iaTan[c+dx])*

+

v 3X7)2 d (Cos[S] +Sin[Z]) (Cos[dx] +iSin[dx])* (Cos|

d (Cos[dx] +iSin[dx])* (Cos[] + ¢, ax
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® Problem 55: Result more than twice size of optimal antiderivative.
JOos[c+dx}3 (a+iaTan[c+dx])*dx

Optimal (type 3, 78leaves, 3steps):

a* ArcTanh[Sin[c+dx]] 2iaCos[c+dx]3 (a+iaTan[c+dx])® 2iCos[c+dx] (a*+ia*Tan[c+dx])
- +
d 3d d
Result (type 3, 246 leaves):
1

3d (Cos[dx] +1Sin[dx])*

1 1 1 1
a*|-3Cos[4c] Log{Oos{g (c+dx)} —Sin[g (c+dx)H +3Cos[4cC] Log[Cos[E (c+dx)]+Sin[E (C+dx)H -2Cos[3dx]Sin[c] +

1 1
6 Cos[dx] Sin[3c] +31‘1Log[Oos[£ (c+dx)] —Sin[E (c+dx)HSin[4c]—
1 1
SjLog[Cos[E (c+dx)} +Sin[E (c+dx)HSin[4c] +Cos[3c] (6iCos[dx] -6Sin[dx]) +

61Sin[3c]Sin[dx]-2iSin[c]Sin[8dx]+2Cos[c] (-iCos[3dx]+Sin[3dx])| (Cos[c+dx]+iSin[c+dx])*

Problem 61: Result more than twice size of optimal antiderivative.
JSec[c+dx}4 (a+iaTan[c +dx])®dx

Optimal (type 3, 55leaves, 3steps):
2i(a+iaTan[c+dx])’ 1i(a+iaTan[c+dx])®8
- +

7 a%d 8ad
Result (type 3, 143 leaves):

1
—da5Sec[c}Sec[c+dx}8 (351 Cos[c] +28iCos[c+2dx]+28iCos[3c+2dx]+14iCos[3c+4dx]+141Cos[5¢c+4dx] -
56

35Sin[c] +28Sin[c+2dx] -28Sin[3c+2dx] +14Sin[3c+4dx]-14Sin[5c+4dx]+8Sin[5c+6dx]+Sin[7c+8dx])

Problem 62: Result more than twice size of optimal antiderivative.

JSec[c+dx}2 (a+iaTan[c+dx])®dx

Optimal (type 3, 27 leaves, 2 steps):
i(a+iaTan[c+dx])®
6ad
Result (type 3, 134 leaves):
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1
—da5Se(:[<:}Sec[c+dx}6 (201 Cos[c] +15iCos[c+2dx] +15iCos[3c+2dx] +61iCos[3c+4dx] +
12
6iCos[5¢c+4dx]-20Sin[c]+15Sin[c+2dx]-15Sin[83c+2dx]+6Sin[3c+4dx]-6Sin[5c+4dx]+2Sin[5c+6dx])

Problem 63: Result more than twice size of optimal antiderivative.
J<a+iaTan[c+dx])5dlx

Optimal (type 3, 117 leaves, 5 steps):

16 a° 16ia5Log[Cos[c+dx]] 8aTan[c+dx] 2ia’(a+iaTan[c+dx])® ia(a+iaTan[c+dx])? 2ia(a®?+ia?Tan[c+dx])’
a” X - — + + +
d d 3d 4d d

Result (type 3, 728 leaves):
16x Cos[5¢c] Cos[c+dx]® (a+iaTan[c+dx])® 8iCos[5¢c] Cos[c+dx]®Log|[Cos[c+dx]?]| (a+iaTan[c+dx])®

- +

(Cos[dx]+1Sin[dx])® d (Cos[dx] +1Sin[dx])®

Cos[c+dx]3 (18Cos[c] +51Sin[c]) (—%jCos[Sc]—ésm[Sc]) (a+iaTan[c+dx])®

+

]) (Cos[dx]+iSin[dx])®

s[5¢c] +%Sin[50]) (a+iaTan[c+dx])® 16ixCos[c+dx]®Sin[5¢c] (a+iaTan[c+dx])®

2| g

(Cos[dx]+1Sin[dx])® (Cos[dx] +1Sin[dx])®

8 Cos[c +dx]%Log[Cos[c+dx]?|Sin(5¢c] (a+iaTan[c+dx])® Cos[c+dx]? (2005[50]—ngin[Sc])Sin[dx] (a+iaTan[c+dx])®
+ +

d (Cos[dx] +iSin[dx])® d(Cos|[Z|-Sin[Z]) (Cos[Z] +Sin]|

< : : >]) (Cosidx] +iSindx])®

Cos[c +dx]* (7?005[50} +53—°jSin[5c])Sin[dx] (a+iaTan[c+dx])>
.

|) (Cos[dx]+iSin[dx])®

x Cos [c +dx]° (-8Cos[c]®+8Cos[c]®+321iCos[c]®Sin[c]-481iCos[c]*Sin[c] +

(Cos[dx] +1Sin[dx])®
48 Cos[c] Sin[c]?-120Cos[c]®Sin[c]?-321Sin[c]®+160iCos[c]?Sin[c]®+120Cos[c] Sin[c]*-
48 iSin[c]®-8Sin[c]®Tan[c] -8Sin[c]®Tan[c] +1 (16 Cos[5¢c] -161Sin[5¢c]) Tan[c]) (a+iaTan[c+dx])®

Problem 64: Result more than twice size of optimal antiderivative.

JOos[c+dx}2 (a+iaTan[c+dx])®dx

Optimal (type 3, 83leaves, 3steps):

12 ia’Log[Cos[c+dx]] 5a°Tan[c+dx] ia®Tan[c+dx]? 81af
-12a%x + + + -
d d 2d d(@a-i1aTan[c +dx])

Result (type 3, 649 leaves):
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12x Cos[5¢c] Cos[c+dx]5 (a+iaTan[c+dx])® 6iCos[5¢c] Cos[c+dx]®°Log|[Cos[c+dx]?] (a+iaTan[c+dx])®
- + +

(Cos[dx] +1Sin[dx])® d (Cos[dx] +iSin[dx])®
Cos[2dx] Cos[c+dx]® (-41Cos[3¢c]-4Sin[3c]) (a+iaTan[c+dx])®

+

d (Cos[dx] +iSin[dx])®

Cos[c+dx)® (;iCos[5¢]+5Sin[5¢]) (a+iaTan[c+dx])® 12ixCos[c+dx]®Sin[5c] (a+iaTan(c+dx])

+ +
d (Cos[dx] +1Sin[dx])® (Cos[dx] +1Sin[dx])®
6 Cos[c +dx]°Log[Cos[c+dx]?]Sin[5¢c] (a+iaTan[c+dx])®> Cos[c+dx]* (5Cos[5¢c]-5iSin[5c])Sin(dx] (a+iaTan[c+dx])°
+ +
d (Cos[dx]+iSin[dx])® d(Oos[%}—Sin[%}) (Cos[%]+8in[§]) (Cos[dx] +1Sin[dx])S

Cos[c+dx]® (4Cos[3¢c]-4iSin[3c])Sin[2dx] (a+iaTan[c+dx])®

+

d (Cos[dx] +iSin[dx])®
1

. x Cos [c+dx]° (6 Cos[c]®-6Cos[c]®>-241iCos[c]®Sin[c]+36iCos[c]*Sin(c]-
(Cos[dx] +1Sin[dx])

36 Cos[c] Sin[c]2+90Cos[c]®Sin[c]?2+241Sin[c]®-1201Cos[c]?Sin[c]®-90Cos[c]Sin[c]*+
36iSin[c]®>+6Sin[c]®Tan[c] +6Sin[c]®Tan[c] -1 (12Cos[5¢c] -121Sin[5¢c]) Tan[c]) (a+iaTan[c+dx])®

® Problem 67: Result more than twice size of optimal antiderivative.

JOos[c+dx}8 (a+iaTan[c+dx])®dx

Optimal (type 3, 27 leaves, 2 steps):

ia®

4d (a-iaTan[c+dx])*

Result (type 3, 73 leaves):
1

ﬁa5 (10Cos[c+dx] +5Cos[3 (c+dx)] -1 (2Sin[c+dx]+3Sin(3(c+dx)])) (-1iCos[5(c+dx)]+Sin[5(c+dx)])
4

Problem 77: Result more than twice size of optimal antiderivative.

JSec[c+dx18 (a+iaTan[c +dx])8dx

Optimal (type 3, 109 leaves, 3steps):
2i (a+iaTan[c+dx])¥? 12i (a+iaTan[c+dx])¥® 3i(a+iaTan[c+dx])¥ 1 (a+iaTan[c+dx])™®
- + - +

3a*d 13a°d 7abd 15a’ d
Result (type 3, 245 leaves):
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— —a%Sec[c] Sec[c+dx]®
10920d

(6435 i Cos[dx] +64351 Cos[2c +dx] +50051 Cos[2¢c +3dx] +5005i Cos[4c+3dx]+3003iCos[4c+5dx]+3003iCos[6Cc+5dx] +
13651 Cos[6c+7dx] +13651 Cos[8c+7dx] +6435Sin[dx] -6435Sin[2c+dx] +5005Sin[2¢c+3dx]-5005Sin[4c+3dx] +
3003Sin[4c+5dx] -3003Sin[6c+5dx] +1365Sin[6c+7dx]-1365Sin[8c+7dx] +
910Sin[8c +9dx] +210Sin[10c +11dx] +30Sin[12c +13dx] +2Sin[14c +15dx])

Problem 78: Result more than twice size of optimal antiderivative.

JSec[c+dx}6 (a+iaTan[c +dx])8dx

Optimal (type 3, 82leaves, 3steps):
41 (a+iaTan[c+dx])? i(a+iaTan[c+dx])? i(a+iaTan[c+dx])™
_ N _

11a%d 3a*d 13a°d
Result (type 3, 234 leaves):

a®Sec[c] Secic +dx]'3

1716d
(1716 i Cos[dx] +1716 1 Cos[2c +d x] +1287 1 Cos[2¢c +3dx] +1287 i Cos[4c+3dx] +7151Cos[4c +5dx] +7151 Cos[6¢Cc +5dx] +286 i
Cos[6c+7dx] +2861iCos[8c+7dx] +1716Sin[dx] -1716Sin[2c+dx] +1287Sin[2c+3dx] -1287Sin[{4c+3dx] +715Sin[4c+5dx] -
715Sin[6c+5dx] +286Sin[6c+7dx]-286Sin[8c+7dx] +156Sin[8c+9dx] +26Sin[10c+11dx]+2Sin[12c+13dx])

Problem 79: Result more than twice size of optimal antiderivative.

JSec[c+dx]4 (a+iaTan[c+dx])8dx

Optimal (type 3, 55leaves, 3steps):
i(a+iaTan[c+dx])® i(a+iaTan[c+dx])?
- +

5a2d 11a%d
Result (type 3, 223 leaves):

a® Sec[c] Secc +dx]t
220d

(462 1 Cos[dx] +462 i Cos[2c +dx] +3301Cos[2c +3dx] +3301iCos[4c+3dx]+1651Cos[4c+5dx] +1651Cos[6Cc+5dx] +
551 Cos[6Cc+7dx] +551Cos[8Cc+7dx] +462Sin[dx] -462Sin[2c +dx] +330Sin[2c+3dx] -330Sin[4c+3dx] +
165Sin[4c +5dx] -165Sin[6c+5dx] +55Sin[6c+7dx] -55Sin[8c+7dx]+22Sin[8c+9dx]+2Sin[10c +11dx])

Problem 80: Result more than twice size of optimal antiderivative.
JSec[c +dx]2 (a+iaTan[c +dx])8dx
Optimal (type 3, 27 leaves, 2steps):

i(a+iaTan[c+dx])®
9ad
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Result (type 3, 212 leaves):

1
—daSSec[c]Sec[c+dx]9 (126 i Cos[dx] +126 1 Cos[2c+dx] +84 1 Cos[2c+3dx] +841Cos[4c+3dx]+36iCos[4c+5dx] +
18

361 Cos[6c+5dx]+9iCos[6c+7dx]+9iCos[8c+7dx]+126Sin[dx] -126Sin[2c+dx] +84Sin[2c+3dx] -
84Sin[4c+3dx] +36Sin[4c+5dx]-36Sin[6c+5dx]+9Sin[6c+7dx]-9Sin[8c+7dx]+2Sin[8c+9dx])

Problem 82: Result more than twice size of optimal antiderivative.
JOos[c+dx}2 (a+iaTan[c+dx])8dx

Optimal (type 3, 133leaves, 3steps):

192 1 a8 Log[Cos[c+dx]] 129a8Tan[c+dx] 36iafTan[c+dx]?
-192 a8 x + + + -
d d d
10a8 Tan[c+dx]® 2ia®Tan[c+dx]* a®Tan[c+dx]® 64 i a°
_ N _
d d 5d d((@a-iaTan[c +dx])

Result (type 3, 912 leaves):
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192 x Cos[8c] Cos[c +dx]8 (a+iaTan[c+dx])® 96iCos[8c] Cos[c+dx]®Log[Cos[c+dx]?] (a+iaTanfc+dx])®

+ +

(Cos[dx] +1Sin[dx])® d (Cos[dx] +1Sin[dx])8
Cos[2dx] Cos[c+dx]® (-32iCos[6c]-32Sin[6¢c]) (a+iaTan[c+dx])8

+

d (Cos[dx] +1Sin[dx])8
Cos[c+dx]*Sec[c] (10Cos[c] +1Sin[c]) (7§11003[8c] 7§Sin[80]) (a+iaTan[c+dx])8

+

d (Cos[dx]+iSin[dx])®8
Cos [c +dx]°Sec[c] (50 Cos[c] +13iSin[c]) (5 iCos[8c]+:Sin[8c]) (a+iaTan[c+dx])®

+

d (Cos[dx]+iSin[dx])8
192 ixCos[c+dx]8Sin[8c] (a+iaTan[c+dx])® 96Cos[c+dx]®Log[Cos[c+dx]?|Sin[8c] (a+iaTan[c+dx])®

+ +

(Cos[dx]+1Sin[dx])8 d (Cos[dx]+1Sin[dx])®

Cos[c+dx]%Sec[c] (éOos[Bc} 7§JiSin[8c})Sin[dx] (a+iaTan[c+dx])8

+

d (Cos[dx] +1iSin[dx])8
Cos[c+dx]%Sec[c] (755—2Cos[8c] +%j1$in[8c]) Sin[dx] (a+iaTan[c+dx])8

+

d (Cos[dx]+1iSin[dx])®8

6

Cos[c+dx]’ Sec[c] (ESZ—BCOS[SC] 7%118in[8c})8in[dx] (a+iaTan[c+dx])8

+

d (Cos[dx] +iSin[dx])8
Cos[c+dx]® (32Cos[6¢c]-32iSin[6¢c])Sin[2dx] (a+iaTan[c+dx])®

+

d (Cos[dx] +1Sin[dx])8
1

_ x Cos [c +dx]® (96 Cos [c]®-96 Cos[c]®-6721i Cos[c]°Sin[c] +864iCos[c]’Sin[c]-2016Cos[c]*Sin[c]?+
(Cos[dx] +iSin[dx])®
3456 Cos [c]1%Sin[c]?+33601iCos[c]®Sin[c]®-80641iCos[c]®Sin[c]®+3360Cos[c]?Sin[c]*-12096Cos[c]*Sin[c]*-
2016 1 Cos[c] Sin[c]®+12096 1 Cos[c]®Sin[c]®-672Sin[c]®+8064 Cos[c]?Sin[c]®-34561i Cos[c]Sin[c]’ -
864Sin[c]®+96iSin[c]®Tan[c] +96iSin[c]®Tan[c] -1 (192 Cos[8c]-192iSin[8c]) Tan[c]) (a+iaTan[c+dx])®

® Problem 83: Result more than twice size of optimal antiderivative.
JOOS[C+G|X]4 (a+iaTan[c+dx])8dx

Optimal (type 3, 124 leaves, 3steps):

80 a7 80iadlog[Cos[c+dx]] 3la®Tan[c+dx] 4iatTan[c+dx]? a®Tanfc+dx]3 16 i al? 80 i a®
a’ X - - - + - +
d d d 3d d@-iaTan[c+dx])? d(a-iaTan[c+dx])

Result (type 3, 566 leaves) :
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1
a®Sec[c] Sec[c +dx]% (Cos[2 (c+5dx)]+1Sin[2 (c+5dx)])

12d (Cos[dx] +1Sin[dx])®

(76611005[2c+3dx]+180dxCos[2c+3dx]+75]iOos[4c+3dx] +180dxCos[4c+3dx] -501iCos[4c+5dx] +
60dx Cos[4c+5dx] -3iCos[6c+5dx]+60dxCos[6c+5dx]+3Cos[2c+dx] (71i+80dx-401iLlog[Cos(c+dx]?])+
Cos[dx] (119 i +240dx - 120 i Log[Cos [c +dx]?]) -90i Cos[2¢c +3dx] Log[Cos[c +dx]?] -90 i Cos[4c +3dx] Log[Cos[c+dx]?] -
30iCos[4c+5dx] Log[Cos[c+dx]?] -30iCos[6c+5dx]Log[Cos[c+dx]?]-101Sin[dx]-120idxSin[dx] -
60 Log[Cos[c +dx]?| Sin[dx] +87Sin[2c+dx]-120idxSin[2¢c+dx] -60Log[Cos[c+dx]?]Sin[2c+dx] -
96Sin[2c+3dx]-180idxSin[2c+3dx]-90Log[Cos[c+dx]?|Sin[2c+3dx]+45Sin[4c+3dx] -
180idxSin[f4c+3dx]-90Log[Cos[c+dx]?] Sin[4c+3dx]-44Sin[4c+5dx]-60idxSinf4c+5dx] -
30 Log[Cos[c+dx]?|Sin[4c+5dx]+3Sin6c+5dx]-60idxSin[6c+5dx]-30Log|[Cos[c+dx]?|Sin(6c+5dx])

® Problem 84: Result more than twice size of optimal antiderivative.

JOos[c+dx}6 (a+iaTan[c+dx])8dx

Optimal (type 3, 114 leaves, 3steps):

8i1aflog[Cos[c+dx]] alTan[c+dx] 16 i all 16 i alo 24 1 a®
-8adx+ + _ N _
d d 3d(a-iaTan[c+dx])® d(a-iaTan[c+dx])? d(a-iaTan[c+dx])

Result (type 3, 414 leaves):
1

6d (Cos[dx] +iSin[dx])8

a® Sec[c] Sec[c +dx] (121’1005[0} +101Cos[3c+2dx] +12dxCos[3c+2dx] -21Cos[3c+4dx] +12dxCos[3c+4dx] +
iCos[(5¢c+4dx]+12dxCos[5¢c+4dx]+Cos[c+2dx] (7i+12dx-61iLog[Cos[c+dx]?]) -
61iCos[3c+2dx] Log[Cos[c+dx]?]|-6iCos[3c+4dx]Log[Cos[c+dx]?]-61iCos[5c+4dx]Log[Cos[c+dx]?]+
11Sinfc+2dx]-12idxSin[c+2dx] -6Log[Cos[c+dx]?]Sin[c+2dx]+14Sin[3c+2dx]-12idxSin[3¢c+2dx] -
6 Log[Cos[c+dx]?]Sin[(3¢c+2dx]-4Sin[3c+4dx]-12idxSin[3c+4dx]-6Log[Cos[c+dx]?|Sin[3c+4dx] -
Sinf5c+4dx]-12idxSin5c+4dx]-6Log[Cos[c+dx]?|Sin[5¢c+4dx]) (Cos[3¢c+11dx]+iSin[3c+1ldx])

® Problem 88: Result more than twice size of optimal antiderivative.

JOos[c+dx}14 (a+iaTanfc+dx])®dx

Optimal (type 3, 27 leaves, 2steps):

i a15

7d (a-iaTan[c+dx])’
Result (type 3, 116 leaves):

(a8 (35+56Cos[2 (c+dx)] +28Cos[4 (c+dx)] +8Cos[6 (c+dx)]-14iSin[2 (c+dx)]-141Sin[4 (c+dx)]-61Sin[6 (c+dx)])
(-1 Cos[8 (c+2dx)]+Sin[8 (c+2dx)]))/(896d (Cos[dx] +iSin[dx])?)
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Problem 92: Result more than twice size of optimal antiderivative.
JCos[c+dx}3 (a+iaTan[c+dx])8dx

Optimal (type 3, 205leaves, 7 steps):

1155a8 ArcTanh[Sin[c +dx]] 1155i1a®Sec[c+dx] 22iaCos[c+dx] (a+iaTan[c+dx])® 2iaCos[c+dx]® (a+iaTan[c+dx])’
8d ' 8d ' 3d . 3d '
33ia?Sec[c+dx] (a""+J‘1a2Tan[c+dx])3 77 i Sec[c +dX] (a4+]ia4Tan[C+dx])2 3851 Sec(c+dx] (a®+ia®Tan[c+dx])
4d " 4d " 8d

Result (type 3, 1540 leaves):
1155 Cos [8¢] Cos[c +dx]® Log[Cos[S + X] -Sin[S+ S]] (a+iaTan[c+dx])®

- +

8d (Cos[dx] +1Sin[dx])8

1155005[80]Oos[c+dx]8Log[Cos[%+d—x]+Sin[ dx

5 ]] (@+iaTan[c+dx])®

+

Cos[3dx] Cos[c+dx]8 (7%1003[5c]7%3in[50}) (a+iaTan[c+dx])8

+

d (Cos[dx]+iSin[dx])8
Cos[dx] Cos[c+dx]® (1601 Cos[7c] +160Sin[7c]) (a+iaTan[c+dx])®

N
d (Cos[dx] +1Sin[dx
115SjCos[c+dx]8Log[Oos[§+dTX} 7Sin[%+
8d (Cos[dx] +1iSin[(dx])8

X

|]sin(8c) (a+iaTanc+dx])®

115SjCos[c+dx]8Log[Oos[5+d—x} +Sin]

Tt +d?HSin[8c} (a+iaTan[c+dx])8

¢
2

+

8d (Cos[dx] +iSin[dx])8

Cos[c+dx]®Sec|c] (?1003[8(:] +22—68in[8c}) (a+iaTan[c+dx])®

+

d (Cos[dx] +iSin[dx])8
Cos[c+dx]® (-160Cos[7c] +160iSin[7c])Sin[dx] (a+iaTan[c+dx])®

+

d (Cos[dx] +1Sin[dx])®8
Cos[c+dx]® (?CDS[5C] 7§iSin[5c])Sin[3dx] (a+iaTan[c+dx])® Cos[c+dx]® (f—GCos[Sc] 7%]iSin[80}) (a+iaTan[c+dx])8

+ —

d (Cos[dx]+iSin[dx])®8 d (Cos[dx]+iSin[dx])®8 (Cos[%+d7x} —Sin[%+d7x])4
iCos[c+dx]8 (%Q)S[SC] —%jSin[Sc])Sin[dTX] (a+riaTan[c+dx])8
N
d(Cos[Z]-Sin[S]) (Cosfdx]+iSin(dx])® (Cos[S+ 2] -sin[S+2])°

2
c c 1 1
Oos[c+dx}8((—375—32]‘1)003{—]+(375—321‘1)Sin[—” [—Cos[Bc]——JiSin[Sc} (a+jaTan[c+dx})8]/
2 21) |as 48
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d [c:os{i} 7Sin{EH (Cos[dx] +iSin[dx])®
2 2

Oos{f+7}7$in[£+—

iCos[c+dx]8 (%COS[SC] —?jSinwc])Sin[dx] (a+iaTan[c+dx])8

d (Cos[S] -Sin[2]) (Cos[dx]+iSin[dx])® (Cos[S+ %] -Sin[S+X])
Oos[c+dx]8(—%005[801+i6j18in[80])(a+jaTan[c+dx})8 1Cos[c+dx]8(;1003[80}—%jSin[Sc])Sin[dTX} (a+iaTan[c+dx])8
+
d(Oos[dx}HiSin[dx})S(Cbs[%+d7x}+8|n[%+d7x])4 d(Cos[%}+S|n[%})(Oos[dx]HiSin[dx})s(Oos[%+d7x}+8in[;—
1
Oos[c+dx}8((375—321‘1)005[7}+(375+321‘L)S|n{fn[—Cos[8c}——1$|n[8c] (a+jaTan[c+dx])8/
48
c c c dx c dx,\?
[d (Oos{f}+3in{f”(Cos[dx]HiSin[dxj)S Oos[—+—}+8|n[—+—] ]—
2 2 2 2

iCos[c+dx]® (%COS[SC]—%iSin[BC])Sil"l[dx

d (Cos[S]+Sin[S]) (Cosldx]+iSin[dx])® (Cos[S+ ] +Sin[S+ ]
® Problem 93: Result more than twice size of optimal antiderivative.

JCos[c+dx15 (a+iaTan[c +dx])8dx

Optimal (type 3, 173 leaves, 6 steps):
63a% ArcTanh[Sin[c+dx]] 63ia®Sec[c+dx] 6ia®Cos[c+dx]3 (a+iaTan[c+dx])®
_ _ . _

2d 2d 5d
2iaCos[c+dx]® (a+iaTan[c+dx])’ 42ia?Cos[c+dx] (a2+ja2Tan[c+dx})3 21iSec[c+dx] (a®+ia®Tan[c+dx])

5d 5d 2d
Result (type 3, 1162 leaves):
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63C}os[8cjCos[c+dx}8Log[Cos[§ %}—Sin[% dTXH(aH‘LaTan[Cdex])Si
2d (Cos[dx] +1Sin[dx])®
63 Cos [8c] Cos[c +dx]®Log[Cos | + %]+Sin[% dTXH(a+j1aTan[c+dx})8
N
2d (Cos[dx] +iSin[dx])8
OOS[5dX}COS[C+dX}8<——J1COS[3 y%sm[s ]) (a+iaTan[c+dx])®

+

d (Cos[dx] +iSin[dx])8
Cos[3dx] Cos[c+dx]® (81Cos[5¢c]+8Sin[5¢c]) (a+iaTan[c+dx])®

+

d (Cos[dx]+iSin[dx])®
Cos[dx] Cos[c+dx]® (-48 i Cos[7c]-48Sin[7c]) (a+iaTan[c+dx])?

+

(Cos[dx] +1Sin[dx])®8

Cos[c+dx]®Sec[c] (-8iCos[8c]-8Sin[8c]) (a+iaTan[c+dx])8
d (Cos[dx] +iSin[dx])®

63 i Cos [c +dx]%Log|Cos |

dx} 7Sin[% dxHSln[Sc} (a+iaTan[c+dx])8

+

Cc
2 "
2d (Cos[dx] +1iSin[dx])8

631Cos[c+dx}8Log[Cos[7+d—X} +Sin|

5 +d7XHSin[SC] (a+riaTan[c+dx])8

+

2d (Cos[dx] +1Sin[dx])®
Cos[c+dx]® (48Cos[7c] -481Sin[7c])Sin[dx] (a+1iaTan[c+dx])8

+

d (Cos[dx] +1iSin[dx])8
Cos[c+dx]® (-8Cos[5¢c]+81Sin[(5c])Sin[3dx] (a+iaTan[c+dx])8

+

d (Cos[dx] +iSin[dx])8
Cos[c+dx]® (gCOS[3C] —%jSin[Sc])Sin[de] (a+iaTan[c+dx])® Cos[c+dx]® (45003[80} —%JiSin

+

d (Cos[dx]+iSin[dx])® d (Cos[dx] +iSin[dx])® (Cos|

iCos[c+dx]® (8Cos[8¢c] 78iSin[8c})Sin[d7x} (a+iaTan[c+dx])8

o d?x}fSin[%ﬂ’?X})

d (Cos[%]—Sin[%]) (Cos[dx] +iSin[dx])® (Cos|

Cos[c +dx]® (741Cos[8c} +i—jSin[8c]) (a+iaTan[c+dx])® iCos[c+dx]® (8Cos[8c] 78iSin[8c})Sin[d7x} (a+iaTanfc+dx])8

+

d"})z d(Cos[Z]+Sin[$]) (Cos[dx] +isSin[dx])® (Cos|

d (Cos[dx] +iSin[dx])® (Cos[3 + dTX]JfSln[% 5 $4 g

® Problem 94: Result more than twice size of optimal antiderivative.

JOos[c+dx}7 (a+iaTan[c+dx])8dx

Optimal (type 3, 152 leaves, 5 steps):
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a® ArcTanh[Sin[c+dx]] 2iaCos[c+dx]® (a+iaTan[c+dx])>
d ' 5d )
2iaCos[c+dx]” (a+iaTan[c+dx])’ 2ia%Cos[c+dx]3 (az+JiazTan[c+dx])3 2iCos[c+dx] (a®+ia®Tan[c+dx])
7d ) 3d ' d
Result (type 3, 305 leaves):

1

105d (Cos[dx] +iSin[dx])®

1 3

5 7 7
a8 -7011005[E (mdx)} +4211(:os{E <C+dx>} +2101‘1c:os[E (mdx)} -3011005{E <C+dx>} -105005[5 (mdx)}

Log[os|~ (e +dx)] -S|~ e vdx)|] 205 cos| L (o eax) | Log[oos [~ (e -dx) | +sin|> (e rax] ] Tosin[ > o ax) ] -

3 5 7 1 1 7
425|n[5(c+dx)]+21OS|n{E(c+dx) +30$|n[5(c+dx)]+1051‘1L0g[Oos[E(C+dx)}—8|n{5(c+dx)HS|n[£(c+dx)]—

1

1 7 1 1
105jLog{Cos[E (c+dx>} +Sin[5 (c+dx)HSin{E (c+dx)} [COS[E (7c+23dx)} +jSin[£ (7c+23dx)}

® Problem 116: Result more than twice size of optimal antiderivative.

dx

Sec[c+dx]®
J(aﬂiaTan[c +dx])?
Optimal (type 3, 27 leaves, 2steps):
i(a-i1aTan[c+dx])3

3a%d
Result (type 3, 68 leaves):

Sec[c] Sec[c+dx]3 (-31Cos[dx]-3iCos[2c+dx]+3Sin[dx]-3Sin[2c+dx]+2Sin[2c+3dx])
6a%d
® Problem 122: Result more than twice size of optimal antiderivative.

dx

Sec[c+dx]?
J(a+1‘1aTan[c+dx})2
Optimal (type 3, 124 leaves, 5steps):
7ArcTanh[Sin[c+dx]] 7Sec[c+dx]Tan[c+dx] 7Sec[c+dx]3Tan[c+dx] 7Sec[c+dx]®°Tan[c+dx] 21iSec[c+dx]’

+ + + -

16 a2 d 16 a2 d 24 a2 d 30a%d 5d (a?+ia?Tan[c +dx])

Result (type 3, 294 leaves):
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1
-———— Sec[c+dx]®
7680 a2 d

1 1 1
[307211005[C+dx]+5[210Log[003[£(c+dx)]—Sin[5(C+dx)H+21COS[6(c+dx Log[ [ c+dx]—Sin{E(C+dx)H+
1

1

1 1
315 Cos [2 (c +d X) ] Log[Oos{E (C+dx>} -Sin[5 (C+dX)H —Log[Oos{z (c +dx>} +s|n[2 (c+dx>”) +126 Cos[4 (c +dX) ]

Log[Cos[% (c+dx)]—Sin{% (c+dx)H—Log[Cos[§ (c+dx)]+Sin{% (c+dx)”] —210Log{003{% (c+dx)} +Sin[

|

(C+dX)H -

N | -

1 1
21 Cos[6 (c+dx)] |_og{005{E <c+dx>} +Sin[E (c+dx)H +60Sin[c+dx] -238Sin[3 (c+dx)]-42Sin[5 (c+dx)]

® Problem 123: Result more than twice size of optimal antiderivative.

dx

Sec[c+dx]’
J(a+iaTan[c+dx])2
Optimal (type 3, 100 leaves, 4 steps):
5ArcTanh[Sin[c+dx]] 5Sec[c+dx]Tan[c+dx] 5Sec[c+dx]3Tan[c +dx] 21iSec[c+dx]®

+ + -

8a%d 8a%d 12 a%2d 3d (a?+ia?Tan[c+dx])

Result (type 3, 215leaves):

1
Sec[c +dx]*

1 1
128 i Cos[c +d X] +45L0g{005{5 <c+dx)} 7Sin{5 (c+dx>”+

192a2d

60 Cos[2 (c +dx)] Log[Oos[% (c+dx)] 7Sin[§ (c+dx)” 7Log[Oos[% (c+dx)]+Sin[% (c+dx)”)+

15Cos[4 (c +dXx) ] Log[Oos[% (c+dx)] 7Sin[% (c+dx)” 7Log[Oos[% (c+dx)]+$in[% (C+dX)HJ7

1 1
45|_og[003[E (c+dx) +Sin[E (c+dx)H +18Sin[c+dx] -30Sin[3 (c+dx)]

® Problem 125: Result more than twice size of optimal antiderivative.

dx

Sec[c+dx]3
J(a+]1aTan[c+dx})2
Optimal (type 3, 48leaves, 2steps):

ArcTanh[Sin[c +dx]] 21iSec[c+dx]

- +
ad d(a?+ia’Tan[c+dx])

Result (type 3, 184 leaves):
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1

a?d (-i+Tan[c +dx])?

1

1 1 1
Oos{5 (c+dx)}

Sec[c +dx]? 21+Log{Cos{% (c+dx)} —Sin{5 (c+dx)H—Log{Cos{E (c+dx>} +Sin{E (c+dx)}

] .

1 1 1 1 1

(2+jLog{Cos{2 (c+dx)} 7Sin{5 (c+dx)H7j1Log{C‘os{E (c+dx)} +Sin{E (c+dx)”]8in{2 (c+dx)}

3 3
{Oos{g (c+dx)} +jS|n{E (c+dx>}

® Problem 133: Result more than twice size of optimal antiderivative.

Sec[c+dx]®
J dx

(a+iaTan[c+dx])3
Optimal (type 3, 27 leaves, 2steps):
i(a-iaTan[c+dx])?

4a’d

Result (type 3, 84 leaves):

1
4add
Problem 149: Result more than twice size of optimal antiderivative.

Sec[c] Sec[c+dx]* (-31Cos[c] -2iCos[c+2dx]-21Cos[3c+2dx]-3Sin[c]+2Sin[c+2dx]-2Sin[8c+2dx]+Sin[(3c+4dx])

dx

J Sec[c +dx]*?
(a+iaTan[c+dx])*
Optimal (type 3, 55leaves, 3steps):

i(a-iaTan[c+dx])® i(a-iaTan[c+dx])’

3al0d 7alld
Result (type 3, 127 leaves):
1
" Sec[c] Sec[c+dx]’ (-351Cos[dx] -35iCos[2c+dx]-211Cos[2c+3dx]-211Cos[4c+3dx]+
84 a*d

35Sin[dx] -35Sin[2c+dx] +21Sin[2c+3dx]-21Sin[4c+3dx] +14Sin[4c+5dx]+2Sin[6c+7dx])

Problem 150: Result more than twice size of optimal antiderivative.

Sec[c+dx]10
J dx
(

a+iaTan[c+dx])*
Optimal (type 3, 27 leaves, 2 steps):
i (a-iaTan[c+dx])®

5a%d
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Result (type 3, 116 leaves):

1
Sec[c] Sec[c+dx]® (-101Cos[dx] -10iCos[2c+dx] -51Cos[2¢c+3dx] -

10a*d
5iCos[4c+3dx]+10Sin[dx] -10Sin[2c+dx] +5Sin[2c+3dx]-5Sin[4c+3dx]+2Sin[4c+5dx])

Problem 152: Result more than twice size of optimal antiderivative.

Sec[c+dx]®
J dx
(

a+iaTan[c+dx])*
Optimal (type 3, 63leaves, 3steps):
4x 41ilog[Cos[c+dx]] Tan[c+dX] 41

—_— - + +
a* a*d a*d d(a*+ia*Tan[c+dx])

Result (type 3, 214 leaves):
1

2a*d
(-iCos[3c+2dx]+2dxCos[3c+2dx]+2Cos[c+2dx] (dx+1iLog[Cos[c+dx]])+Cos[c] (-3i+4dx+41iLog[Cos[c+dXx]]) +
21Cos[3c+2dx]Log[Cos[c+dx]]+Sin[c]-2Sin[c+2dx]+2idxSin[c+2dx] -
2Log[Cos[c+dx]]Sin[c+2dx] -Sin[(3c+2dx]+21dxSin[3c+2dx]-2Log[Cos[c+dx]]Sin[3c+2dXx])

Sec[c] Sec[c +dx] (-Cos[c+dx]+1Sin[c+dx])

Problem 154: Result more than twice size of optimal antiderivative.

dx

J Sec[c +dx]?
(a+iaTan[c +dx])*
Optimal (type 3, 27 leaves, 2steps):

1

3ad (a+iaTan[c+dx])3
Result (type 3, 56 leaves):
iSec[c+dx]* (3+4C0os[2 (c+dx)]+2iSin[2(c+dx)])

24a*d (-i+Tan[c +dx])*

Problem 159: Result more than twice size of optimal antiderivative.

dx

Sec[c+dx]’
J(a+iaTan[c+dx})4
Optimal (type 3, 107 leaves, 4 steps):

15 ArcTanh[Sin[c+dx]] 15Sec[c+dx] Tan[c +dX] 21Secfc+dx]® 10 i Sec[c +dx]3

+ +
2a*d 2a%*d ad (a+iaTan[c +dx])3 d(a*+ia*Tan[c+dx])

Result (type 3, 988 leaves):
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15 Cos [4 ¢ ] Log[Cos[% %} Sin| dTXH Sec[c +dx]* (Cos[dx] +1Sin[dx])*

¢
2

2d (a+iaTan[c +dx])*

15 Cos [4c] Log[Cos [+ %X +sin[S+ 2] sec[c+dx]* (Cos[dx] +iSin[dx])*

+

2d (a+iaTan[c+dx])*
Cos[dx] Sec[c+dx]* (81Cos[3c]-8Sin[3c]) (Cos[dx] +1Sin[dx])*

+

d@a+iaTan[c+dx])*

Sec[c] Sec[c+dx]* (41Cos[4c] -4Sin[4c]) (Cos[dx] +1Sin[dx])*

+

d@+iaTan[c +dx])*

151Log[Cos[% TX} Sln[5+d7xHSec[c+dx]4Sin[4c} (Cos[dx] +iSin[dx])4
2d (a+iaTan[c+dx])* )
15i Log[Cos [+ 2] +sin[S+2*]] Sec[c+dx]*Sin[4c] (Cos[dx] +iSindx])*

2d(a+iaTan[c+dx])*

Sec[c+dx]* (8Cos[3¢c]+81Sin[3c]) (Cos[dx]+1Sin[dx])*Sin[dx]

+

d@+iaTan[c+dx])*

Sec[c+dx]* (%Cos[4c]+%j18in[4c]) (Cos[dx] +1Sin[dx])* Seclc+dx]* (743005[4c} -7 1iSinf4c]) (Cos[dx]+iSin[dx])*

1
4
+
c
2

d(Cos[% d%}—Sin[%ﬂ%])z(a+1‘1aTan[c+dx])“ d(Cbs[%+d7x]+Sln[ d%})z(a+jaTan[c+dx})4
1 d x 1 d x 1 d x 1 d x
4Sec[c+dx}4(Oos[dx}HlSin[dx})“[—Oos[4cf—}7—003[4c+—]+—118in{4c7—}7—iSin[4c+—} /
2 2 2 2 2 2 2 2
d d
[d (Cos{i}+8in{in[Oos{i+—x}+8in{i+—x] (a+iaTan[c+dx])4)+
2 2 2 2 2 2
1 d x 1 d x 1 d x 1 d x
4Sec[c+dx}4(Oos[dx}ﬂ'lSin[dx})“[7—003[4c7—]+—005{4c+—}7—jSin{4cf—}+—iSin[4c+—] ]/
2 2 2 2 2 2 2 2

o e [5]- s3] [el5 - S -0[5- )

® Problem 160: Result more than twice size of optimal antiderivative.

(a+jaTan[c+dx])4)

dx

Sec[c+dx]®
J(a+1‘1aTan[c+dx})4
Optimal (type 3, 82leaves, 3steps):

ArcTanh[Sin[c +dx]] 21iSecfc+dx]3 21Sec[c+dx]

N
a*d 3ad (a+iaTan[c+dx])® d(a*+ia*Tan[c+dx])

Result (type 3, 247 leaves):
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1
Sec[c+dx]% (Cos[dx] +1iSin[dx])*

3a*d (-i+Tan[c+dx])*
1

1
-3005[4c]|_og[cos[2 -

1
]+3005[4c} Log{Oos{f (c+dx)} +Sin[ (c+dx)” -2Cos[3dx]Sin[c] +
2 2

1
<C+dx)]—Sinb (c+dx)
1 1 1 1
6 Cos[dx]Sin[3c] —3]‘1Log[Oos[£ (c+dx)] —Sin[g (c+dx)HSin[4c]+31‘1L09{C03{E (c+dx)} +Sin{£ (c+dx)H Sinfdc] +

Cos[3c] (-61Cos[dx] -6Sin[dx])-61iSin[3c]Sin[dx]+21Sin[c]Sin[3dx]+2Cos[c] (1Cos[3dx]+Sin[3dx])

® Problem 166: Result more than twice size of optimal antiderivative.

dx

J Sec[c+dx]
(a+iaTan[c+dx])8
Optimal (type 3, 134 leaves, 3steps):

192x 192 1ilog[Cos[c+dx]] 129Tan[c+dx] 36iTan[c+dx]?

+

a8 aéd atd aéd
10 Tan[c +dx]3 2iTan[c+dx]* Tan[c+dx]® 64 i
+ + +
atd atd 5a8d d(a®+iafTan[c+dx])

Result (type 3, 599 leaves):

1
Sec[c] Sec[c +dx]*¥® (-Cos[7 (c+dx)] -1Sin[7 (c+dx)])

20a%d (-i+Tan[c +dx])®

(-2201 Cos[3c+2dx] +900dx Cos[3c+2dx] +2381Cos[3c+4dx] +360dxCos[3c+4dx]-1101Cos[5c+4dx] +360dxCos[5¢c+4dx] +
771Cos[5c+6dx] +60dxCos[5c+6dx]-10iCos[7c+6dx] +60dxCos[7c+6dx]+10Cos[c] (-71+120dx +1201 Log[Cos[c+dXx]]) +
5Cos[c+2dx] (431+180dx +1801Log[Cos[c+dx]])+9001iCos[3c+2dx]Log[Cos[c+dx]]+3601Cos[3c+4dx]Log[Cos[c+dXx]] +
360iCos[5c+4dx]Log[Cos[c+dx]]+601Cos[5¢c+6dx]Log[Cos[c+dx]]+601Cos[7c+6dx]Log[Cos[c+dx]]+870Sin[c] -
985Sin[c+2dx] +3001dxSinfc+2dx] -300Log[Cos[c+dx]]Sin[c+2dx]+320Sin[3c+2dx]+300idxSin[3c+2dx] -
300 Log[Cos[c+dx]]Sin[3c+2dx]-512Sin[3c+4dx]+2401dxSin[3c+4dx]-240Log[Cos[c+dx]]Sin[3c+4dx] +
10Sin[5c+4dx]+240idxSin[5¢c+4dx] -240Log[Cos[c+dx]]Sin[5c+4dx]-97Sin[5c+6dx]+60idxSin[5¢c+6dx] -
60 Log[Cos[c+dx]]Sin[5c+6dx]-10Sin[7c+6dx]+601dxSin[7c+6dx]-60Log[Cos[c+dx]]Sin[7c+6dx])

® Problem 167: Result more than twice size of optimal antiderivative.

dx

Sec[c +dx]*?
J(a+]iaTan[c+dx])8
Optimal (type 3, 126 leaves, 3steps):
80x+8011Log[Oos[c+dxH 31Tan[c+dx] 4iTan[c+dx]2 Tan[c+dx]3 16 i 80 1

- + + + -
a8 aéd atd aéd 3afd d(a4+]1a4Tan[c+dx})2 d(a®+iafTan[c+dx])

Result (type 3, 537 leaves):
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1
Sec[c] Sec[c+dx]' (Cos[6 (c+dx)] +1Sin[6 (c+dx)])

12a8d (-i+Tan[c+dx])8

(661 Cos[2c +3dx] +180dxCos[2c+3dx] -751Cos[4c+3dx] +180dx Cos[4c+3dx] +50iCos[4c+5dx] +
60dx Cos[4c+5dx] +31Cos[6c+5dx] +60dxCos[6c+5dx]+3Cos[2c+dx] (-711+80dx+801Log[Cos[c+dx]]) +
Cos[dx] (-1191i +240dx +240 i Log[Cos[c +dx]]) +1801 Cos[2¢c +3dx] Log[Cos[c+dx]] +1801iCos[4c+3dx]Log[Cos[c+dx]] +
601 Cos[4c+5dx]Log[Cos[c+dx]]+601Cos[6c+5dx]Log[Cos[c+dx]]-101Sin[dx]+120idxSin[dx] -
120 Log[Cos[c +dx]] Sin[dx] +87Sin[2c+dx]+120idxSin[2c+dx] -120Log[Cos[c+dx]]Sin[2c+dXx] -
96Sin[2c+3dx]+180idxSin[2c+3dx] -180Log[Cos[c+dx]]Sin[2c+3dx]+45Sin[{4c+3dx] +
1801dxSin{4c+3dx] -180Log[Cos[c+dx]]Sin[4c+3dx]-44Sin[4c+5dx]+601dxSin[4c+5dx] -
60Log[Cos[c+dx]]Sin[4c+5dx]+3Sin[6c+5dx] +60idxSin[6c+5dx]-60Log[Cos[c+dx]]Sin[6c+5dx])

Problem 168: Result more than twice size of optimal antiderivative.

dx

Sec[c+dx]10
J(a+1‘1aTan[c+dx})8
Optimal (type 3, 116 leaves, 3steps):

8x 8ilog[Cos[c+dx]] Tan[c+dx] 16 i 16 i 24 i

—_— - + + - +
a8 atd atd 3a®d (a+iaTan[c+dx])3 d(a4+ia4Tan[c+dx})2 d(a®+iafTan[c+dx])

Result (type 3, 397 leaves):
1

Sec[c] Sec[c+dx]° (-Cos[5 (c+dx)]-1Sin[5 (c+dx)])
6atd (-i+Tan[c +dx])8
(-12iCos[c] -101Cos[3c+2dx] +12dxCos[3c+2dx] +21Cos[3c+4dx]+12dxCos[3c+4dx]-iCos[5c+4dx] +
12dx Cos[bc+4dx] +Cos[c+2dx] (-71+12dx+121iLog[Cos[c+dx]])+121Cos[3c+2dx]Log[Cos[c+dx]] +
121 Cos[3c+4dx] Log[Cos[c+dx]] +12iCos[5¢c+4dx]Log[Cos[c+dx]]+11Sin[c+2dx]+12idxSin[c+2dXx] -
12Log[Cos[c+dx]]Sin[c+2dx]+14Sin[3c+2dx] +121dxSin[3c+2dx]-12Log[Cos[c+dx]]Sin[3c+2dx]-4Sin[3c+4dx] +
121dxSin[3c+4dx] -12Log[Cos[c+dx]]Sin[3c+4dx]-Sin[bc+4dx]+121dxSin[5c+4dx]-12Log[Cos[c+dx]]Sin[5c+4dXx])

Problem 172: Result more than twice size of optimal antiderivative.

dx

J Sec[c +dx]?
(a+iaTan[c+dx])8
Optimal (type 3, 27 leaves, 2steps):

1

7ad (a+iaTan[c+dx])7

Result (type 3, 100 leaves):

(iSecic+dx]®
(35+56Cos[2 (c+dx)] +28Cos[4 (c+dx)] +8Cos[6 (c+dx)]+14iSin[2 (c+dx)]+141Sin(4(c+dx)]+61Sin[6 (C+dX)})>/(896
a®d (-i+Tan[c+dx])®)



® Problem 176: Result more than twice size of optimal antiderivative.

dx

Sec[c +dx]13
J-(auiaTan[c +dx])8
Optimal (type 3, 205 leaves, 7 steps):

1155 ArcTanh[Sin[c +dx]] 1155Sec([c +dx] Tan[c +d Xx]

385Sec[c +dx]3Tan[c +dx]

N
8atd 8atd

21iSec[c+dx]? 22 i Sec[c+dx]®

N
4ad
66 i Sec[c +dx]7

+

154 1 Sec[c +dx]°

3ad (a+iaTan[c+dx])’ 3a%d (a+iaTan[c+dx])®

Result (type 3, 1704 leaves) :

1155 Cos [8 ¢] Log [Cos [ < + d%] -Sin[S- 7*

|] secic+dx]®

azd (a"‘+]1aZTan[c+dx])3

(Cos[dx]+1Sin[dx])®8

8d(a+iaTan[c+dx])8

1155 Cos [8

c] Log[Oos[%+d7x] +Sin[% TXH Sec[c+dx]®8

(Cos[dx]+1Sin[dx])8

+

8d (a+iaTan[c +dx])8

Cos[3dx] Sec[c+dx]8 (%iCos[Sc]fss—zSin[Sc}) (Cos

[dx] +iSindx])8

d(@a+iaTan[c +dx])8

s[dx] Sec[c+dx]® (-1601 Cos[7c] +160Sin[7c]) (Cos

[dx] +1Sin[dx])8

d@+iaTan[c +dx])®

1155 i Log [Cos [ + d7"}7Sin[%+‘17xHSec[c+dx]8$in[8c} (Cos[dx] +iSin[dx])®8
d@a+iaTan[c+dx])8
11551Log[Cos[% dTX}+Sin[ +d7HSec[c+dx]SSin[80J (Cos[dx] +iSin[dx])8

¢
2
8d (a+iaTan[c+dx])®

Sec[c] Sec[c+dx]8 (7226 i Cos[8¢C] +@S|n[80}) (Cos [

dx] +1Sin[dx])®8

d@+iaTan[c+dx])®
Sec[c+dx]® (-160Cos[7¢c] -1601iSin[7c]) (Cos

[dx] +1Sin[dx])®Sin[dx]

+

d@+iaTan[c +dx])®

Sec[c+dx]8 (%CDS[SC] +§iSin[Sc]) (Cos

[dx] +1Sin[dx])®Sin[3dx]

+

d@+iaTan[c +dx])8

Sec[c+dx]® (%005[80} +ijSin[8c]) (Cos[dx] +18Si

nidx])®

})4 (a+iaTan[c+dx])8

d(a®+iafTan[c+dx])
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1 1 15¢ 17 c 15¢ 17 c
[[—+— Sec[c+dx]® 740711003[—]#343005{—}+4O7Sin[—]+34318in{—” (Cos[dx]HiSin[dx])g/
96 96 2 2 2 2
c c c dx c dxq)2
d[Oos{—}fsin{—H [Oos{—+—}fsin{—+—} (a+iaTan[c+dx])8| +
2 2 2 2 2 2
Sec[c+dx]8(71—005[8cJ7%jSin[8c]) (Cos[dx] +iSin[dx])8
N
d(Cos[%+d7x}+8in[%+d7x”4(a+1‘1aTan[c+dx})8
1 1 15¢c 17 c 15¢c 17 c
[[—+— Sec[c +dx]8 407@3{—]73431003[—}+407j18in[—}+343$in[—]] (Oos[deHiSin[dx})B]/
96 96 2 2 2 2
c c c dx c dxq)?
[d (Cos{—}+8in{—” [Oos{—+—}+8in[—+—} (a+iaTan[c+dx])8J+
2 2 2 2 2 2

1 d x 1 d x 1 d x 1 d x
[2368ec[c+dx}8 (Cos[dx]+1Sin[dx])® [—Oos{Bcf—} 7—003[80+—]+—118in{807—} 7—iSin{8c+—}
2 2 2 2 2 2 2 2

/

e (e 51 -0l s[5+ -0l 5

(a+iaTan[c+dx])8) +

1 dx 1 dx 1 d x 1 dx
4Secfc+dx]® (Cos[dx] +iSin[dx])® [—Cos[Scf—} 7—003[80+—]+—115in{807—} 7—JiSin[8c+—H]/
2 2 2 2 2 2 2 2

c . rc c dx ¢ dxq)®
3d(Cos{£}+S|n{EH [OOS{EJr?}JrSln{EJr?} (a+iaTan[c+dx])8| +
) 1 d x 1 dx 1 ] dx 1 ) d x
4Sec[c+dx}8(Oos[dx}ﬂ'lSln[dx})s[7—005[8c7—]+—005{80+—}7—jS|n{8cf—}+—jS|n[8c+—] ]/
2 2 2 2 2 2 2 2
c . rc c dx ¢ dxq)®
[sd(ms[E}Sm[EH [Oos{g+7}78|n[g+7} (a+iaTan[c+dx])8| +
) 1 d x 1 dx 1 ] dx 1 ) d x
[2368ec[c+dx}8(Oos[dx}+]15|n[dx}>8[7—005[807—]+—Oos{80+—}7—jS|n{8cf—}+—jsln[80+—]]]/
2 2 2 2 2 2 2 2
c [ c dx c dx
[3d(®s[5}+8in[gn[Oos{g+7}+8in{g+7} (a+iaTan[c+dx])8

® Problem 177: Result more than twice size of optimal antiderivative.

dx

J Sec[c+dx]
(

a+iaTan[c+dx])8

Optimal (type 3, 183leaves, 6 steps):



63 ArcTanh[Sin[c +dx]] 63Sec[c+dx] Tan[c +d X] 21iSec[c+dx]®
_ _ N _
2atd 2aéd 5ad (a+iaTan[c+dx])”
61Sec[c+dx]’ 42 i Sec[c+dx]® 42 i Seclc+dx]3

+ +
5a3d (a+iaTan[c+dx])® 5a2dg (a2+ja2Tan[c+dx1)3 d(a®+iafTan[c+dx])

Result (type 3, 1244 leaves):
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dx dx

63 Cos [8¢] Log[Cos[%+ }—Sin[%+7HSec[c+de8 (Cos[dx] +iSin[dx])®8

2d (a+iaTan[c +dx])8

dx

63 Cos[8¢C] Log[Oos[%+—] +Sin| +d7xH Sec[c+dx]® (Cos[dx]+1Sin[{dx])®

.
2d (a+iaTan[c+dx])8

Cos[5dx] Sec[c +dx]®8 (gjOos[Sc] 7§Sin[3c]) (Cos[dx]+1Sin[dx])8

.
d@+iaTan[c +dx])8

Cos[3dx]Sec[c+dx]® (-81Cos[5¢c]+8Sin[5¢c]) (Cos[dx] +1Sin[dx])®

.
d@+iaTan[c+dx])®

Cos[dx] Sec[c+dx]® (481 Cos[7c]-48Sin[7c]) (Cos[dx] +1Sin[dx])8

.
d@+iaTan[c +dx])®

Sec[c] Sec[c+dx]® (81Cos[8c]-8Sin[8c]) (Cos[dx] +1Sin[dx])8

.
d@+iaTan[c +dx])8

63 i Log[Cos [+ 2X] -sin[S+ ]] Seclc+dx]®Sin[8c] (Cos[dx]+iSin[dx])

¢
2 2 2

2d (a+iaTan[c+dx])®

dx

6311Log[Cos[%+ + S]] secic+dx)®sin(8c] (Cos[dx]+iSin[dx])?

.
2d(a+iaTan[c+dx])8

Sec[c+dx]® (48Cos[7c] +481Sin[7c]) (Cos[dx] +1Sin[dx])8Sin[dx]

N
d@+iaTan[c +dx])8

Sec[c+dx]® (-8Cos[5¢c]-81Sin[5¢c]) (Cos[dx]+1Sin[dx])®Sin[(3dx]

+
d@+iaTan[c +dx])8

Sec[c+dx]8 (EOos[Sc]+§iSin[3c]) (Cos[dx] +1Sin[dx])®8Sin[5dx]

.
d@+iaTan[c +dx])®

Sec[c+dx]8(%Cos[Sc]+%jlsin[8c])(Oos[dx}HiSin[dx])8 Sec:[c+dx]8(745005[80}743]18in[8c})(Cos[dx]uiSin[dx})8
+ +
d(Cos[%+d7X}—Sin[%+d7x])2(a+jaTan[c+dx])8 d(@s[%+d7x]+5in[%+d7x” (a+iaTan[c+dx])8
1 d x 1 d x 1 d x d x
88ec[c+dx}8(Oos[dx}+]1$in[dx}>8[—Cos{Scf—}7—005[8c+—]+—115in{8c7—}7—jSin[8c+—H]/
2 2 2 2 2 2 2 2
c [ c dx c dx
[d (Cos{—}+8in{—”[Oos{—+—}+8in{—+—} (a+iaTan[c+dx])8| +
2 2 2 2 2 2
1 d x 1 d x 1 d x 1 d x
88ec[c+dx}8(Cos[dxju'lSin[dx})s[7—003[8c7—]+—003{8c+—}7—jSin{8cf—}+—jSin[8c+—] ]/
2 2 2 2 2 2 2 2

o [oos[2]-sin[2] ] [@sg% “sin[S, IX

(a+iaTanfc+dx])8
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® Problem 185: Result unnecessarily involves higher level functions.
J(eSec[c+dx])7/2 (a+iaTan[c +dx]) dx
Optimal (type 4, 123leaves, 5steps):
6394E||iptiCE[§ (c+dx), 2] 2ia(eSecic+dx])”’2 6ae3+eSecic+dx] Sin[c+dx] 2ae (eSec[c+dx])®2Sin[c+dx]

+ + +

5d+/Cos[c+dx] VeSecic+dx] 7d 5d 5d

Result (type 5, 134 leaves):
1

35d (1+e2! (cdx)3

) ) ‘ ) ‘ 1 1 3 ‘
2iaede (9% 21,7721 (64X 103 e (%) 78 (¢dX) _ 21 (1421 (X)) 2 ypergeonetri c2FL|- —, —, —, -e21<c+dX>] VesSec[c+dx]
4" 2 a4
® Problem 187: Result unnecessarily involves higher level functions.
J(eSec[(:+dx])3/2 (a+iaTan[c+dx]) dx
Optimal (type 4, 90leaves, 4 steps):
26\92E||iptiCE[%(C+dX), 2] 2ia(eSecic+dx])¥2 2aeveSec[c+dx] Sinfc+dx]
- + +
d+/Cosic+dx] VeSec[c+dx] 3d d
Result (type 5, 98 leaves):
1 ‘ 1 3 .
2ae? e ?t(cdx) (74+3 1+e2t (¥ Hypergeonetric2Fl|-—, —, —, -e?'© 9% | _j Tan[c+dx]| (-i+Tan[c+dx])
3d+eSec[c+dx] 4’ 4

Problem 189: Result unnecessarily involves higher level functions.

a+i1aTan[c +dXx]
J dx

veSec[c+dx]
Optimal (type 4, 60 leaves, 3steps):

2ia 2aE|I|pt|cE[§(c+dx) 2]
.

dveSecic+dx] d+Cos[c+dx] VeSec[c+dx]

Result (type 5, 90 leaves):

dia|ls+eifcedx) /14 g21(cedX) Hyper geonetri CZFl[—%, %'

d (1+e2t (@) JeSec[c+dx]

§ 21 (c+dx)
4 € }
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® Problem 191: Result unnecessarily involves higher level functions.

dx

J-a+11aTan[c+dx]
(e Sec[c +dx])5?
Optimal (type 4, 96 leaves, 4 steps):

2ia 6aBllipticE[Z (c+dx), 2] 2asinfc+dx]

+ +
5d (eSec[c+dx])°? 5de2+/Cos[c+dx] VeSecic+dx] 5de (eSecic+dx])3?

Result (type 5, 108 leaves):

7 +8e2i(cxdx) 4 ghi(cedXx) 1D [] 4 g21 (c+dX) HypergeometricZFl[—%, % 43, —ezj(c*‘”)})
5de? (1+e?t (4 ) /e Sec[c+dx]

Problem 193: Result unnecessarily involves higher level functions.

ia

J(eSec[c +dx])%2 (a+iaTan[c+dx])?dx

Optimal (type 4, 138leaves, 5steps):

14a2e2E|IipticE[% (c+dx), 2] 14ia? (eSecic+dx])??
5d+/Cos[c+dx] VeSec[c+dx] ’ 15d :
l4a?e~/eSec[c+dx] Sin[c+dx] 21 (eSec[c+dx])%? (a®+ia?Tan[c+dx])
5d : 5d
Result (type 5, 121 leaves):
1

154 (1+e2t(crdn))?

2 ]‘lazeeij (c+d x) _21-56 e21‘1 (c+d x) _47 e4]'1 (c+d x) +21 (1+®21 (C+dx)>5/2

VeSec[c+dx]

Hyper geonet ri c2F1 | - 24 <C*dx>]

, —€

N | e
oW

N

Problem 195: Result unnecessarily involves higher level functions.

dx

J(a+]iaTan[c+dx1)2

VeSec[c+dx]
Optimal (type 4, 107 leaves, 4 steps):

6a2EIIipticE[§ (c+dx), 2] 6a2\eSec[c+dx] Sin[c+dx] 4i (a?+ia?Tan[c+dx])

d+/Cos[c+dx] VeSecic+dx] de dveSecic+dx]
Result (type 5, 94 leaves):




4 i a? (3+2e21<°*dx>—3 1+ 2t (cedx) I—IypergeonetricZFl[—%, % %, —e““’*‘“)})

d(1+e?i(c*d0)) /e Sec[c+dx]

® Problem 197: Result unnecessarily involves higher level functions.

dx

J(auiaTan[c +dx])?
(e Sec[c +dx])5?
Optimal (type 4, 85leaves, 3steps):

2a2EIIipticE[§(c+dx),2} 4i (a?+ia?Tan[c+dx])

5de2+/Cos[c+dx] veSec[c+dx] 5d (eSec[c+dx])>?

Result (type 5, 110 leaves):

21ia2 (2+3e“<c*dx>+e“(°*dx>72x/1+e“<°*dx> HypergeomatricZFl[f%, % %, 7ce“<°*d">]]
5de? (1+e?! (€90 veSec[c +dx]

Problem 199: Result unnecessarily involves higher level functions.

dx

J(a+]iaTan[c+dx})2
(e Sec[c +dx])%2
Optimal (type 4, 116 leaves, 4 steps):

2a2EIIipticE[§(c+dx),2} 2a2Sin[c+dx] 4i (a?+ia?Tan[c+dx])

.
3de*+/Cos[c+dx] VeSecic+dx] 9de® (eSeclc+dx])%? 9d (eSec[c+dx])%?

Result (type 5, 123 leaves):
ia?
(18d et (1+e?t <°*dx>) Ve Sec[c+dx] )

Problem 201: Result unnecessarily involves higher level functions and more than twice size of optimal antiderivative.

15 + 19 @21 (€+dX) ;5 gti (CrdX) | 61 (c+dX) _ 94 \[1 4 21 (€+dX) Hypergeonmetri c2F1 |-

TG
N w

g2t <c+dx>}]]/

J(eSec[c+dx])7/2 (a+iaTan[c+dx])%dx

Optimal (type 4, 202 leaves, 7 steps):

28394E||iptiCE[%(C+dX),2} 10ia3 (eSec[c+dx])72 2a%e3+/eSec[c+dx] Sin[c+dx]
+

+

d+/Cosic+dx] VeSec[c+dx] 21d d

+
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2a%e (eSec[c+dx])%2Sin[c+dx] 2ia(eSecfc+dx])”2 (a+iaTan[c+dx])2 101 (eSec[c+dx])’? (a®+ia®Tan[c+dx])

+ +

3d 11d 33d
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Result (type 5, 425 leaves):

eﬁ (c+d x)

212 etted | [1+e2“°*dx>+ (-1+e2i¢) f1+ 2t (erdx HypergeometricZFl{f

1+ er (c+d x)

E i 7621(c+dx>})
2

N
N

1

(eSec[c+dx])"? (a+1iaTan[c +dx])3 / (d (-1+e**®) Sec[c+dx]™? (Cos[dx] +iSin[dx])?) +
d (Cos[dx] +iSin[dx])3

Cos[c+dx]® (eSec[c+dx])"/? |Sec[c+dx]®

2 2
751'1003[30] 7H8in[3c]] +Cos[dx] Csclc] (2Cos[3cCc]-21Sin[3c]) +

2 2 2 2
Sec[c] Sec[c+dx]® (12Cos[c] +71Sin[c]) [ZiOos[sc] +£Sin[3c}] +Sec[c] Sec[c +dx]? 5003[30} 7§iSin[3c} Sin[dx] +

2 2 2 2
Sec[c] Sec[c+dx]*|-—Cos[3c]+—1Sin[3c]|Sin[dx]+Sec[c+dx] |—Cos[3c]-—1Sin[3c]|Tan[c]| (a+iaTan[c+dx])3
3 3 3 3
® Problem 203: Result unnecessarily involves higher level functions.
J(eSec[(ndx])S/2 (a+iaTan[c +dx])3dx
Optimal (type 4, 175leaves, 6 steps):
22a3e2EIIipticE[% (c+dx), 2] 22iad (eSecic+dx])¥? 22a%e+/eSecic+dx] Sinc+dx]
- + + +
5d+/Cos[c+dx] VeSecic+dx] 15d 5d
2ia(eSec[c+dx])¥2 (a+iaTan[c+dx])2 221 (eSec[c+dx])*? (a®+ia’®Tan[c+dx])
+
7d 35d
Result (type 5, 125leaves):
i i 5/2 . 1 1 3
da3 (eSec[c+dx])%? |556+868Cos[2 (c+dx)]-28Le?" (€% (1,21 (0> Hypergeonetric2Fl|-—, —, —, -e?! (@9,

210 4 2 4

2031 Secjc+dx]Sin[3(c+dx)]+143i1Tan[c +dx]| (i+Tan[c+dXx])
® Problem 205: Result unnecessarily involves higher level functions.

dx

J-(a+iaTan[c+dx])3

VeSec[c+dx]
Optimal (type 4, 124 leaves, 5steps):

261 a3 14a3EIIipticE[%(c+dx),2] 6adTan[c +d X] 2iad3Tan[c +dx]2

— + — —

3d+veSec[c+dx] d-+/Cos[c+dx] VeSec[c+dx] d+eSecic+dx] 3d+eSecic+dx]




Result (type 5, 109 leaves) :
1

3d+veSec[c+dx]

ia®Sec[c+dx]? |-35-33C0S[2 (C+dx)]+2Le 2t (CxdX) (1421 (cxdx))

/2 \ypergeomet ri c2F1 | -

’ ’

1
4 2

»|w

Problem 207: Result unnecessarily involves higher level functions.

dx

J-(a+iaTan[c+dx})3
(e Sec[c +dx])5?
Optimal (type 4, 111 leaves, 4 steps):

61ad 6a3EIIipticE[§(c+dx),2} 4ia(a+iaTan[c+dx])?2
5de?2+veSecic+dx] 5de?+/Cos[c+dx] VeSeclc+dx] 5d (eSec[c+dx])>?

Result (type 5, 110 leaves):

4iad (—3—2@2“°*dx)+e4i(°*dx)+3\/1+e2j‘(°*dx> I—lypergeonetricZFl[fi—, % 43, 7e21<°*dx>])
5de? (1+e?! (8 ) /e Sec[c+dx]

Problem 209: Result unnecessarily involves higher level functions and more than twice size of optimal antiderivative.

(a+iaTan[c+dx])3
J dx

(e Sec[c +dx])%?
Optimal (type 4, 124 leaves, 4 steps):

2a3EIIipticE[% (c+dx), 2] 2i(a+iaTan[c+dx])3 41i(a®+ia®Tan[c+dx])

15de*+/Cos[c+dx] VeSec[c+dx] 9d (eSec[c+dx])%? 15de? (eSec[c+dx])®?

Result (type 5, 371 leaves):

4.3 Tangent.nb | 215

, —e21 (X1 L 93 S n[2 (c+dx)]
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ei (c+d x)

21 \/2 @71 (4c+dx) ﬁ {1+(E21 (c+dx) + (*lJr(EZjC) :I.Jriezjl (c+dx) HypergeOrrEtri CZF].[*
]_Jr(e 1 (Cc+aXx

oW

E' E’ 7e21 (c+dx)]]
4 2

Sec[c+dx]%2 (a+iaTan[c+dx])3 / (15d (-1+e®'°) (eSec[c+dx])%? (Cos[dx] +1iSin[dx])®) +

1 1
-—Cos[2c]+—1Sin[2c]
90 90

+

8
Sec[c +dx]? fE]lQ')S[SdX] +Cos[dx] Csclc] (12Cos[c] +11iSin[c])

23 23 8
— Cos[2¢c] 7—jSin[2c]]Sin[dx] +—Sin[3dx] +
90 45

Cos [5dx]
90

1 1
7—11005[20]+—Sin[2c}]+
18 18

1 1
(—Oos[Zc]+EiSin[20]JSin[5dx}

5 (a+iaTan[c+dx})3]/ (d (eSec[c+dx])%? (Cos[dx] +iSin[dx])?)

® Problem 211: Result unnecessarily involves higher level functions and more than twice size of optimal antiderivative.

J(aﬂiaTan[c +dx])®
(e Sec[c +dx])1t3/2
Optimal (type 4, 155leaves, 5steps):

14a3E||ipticE[%(c+dx),2} 14a%Sin[c+dx] 2i(a+iaTan[c+dx])® 28i (a®+ia3Tan[c+dx])

+ —

39de®Cos[c+dx] VeSec[c+dx] 117de® (eSec[c+dx])¥? 13d (eSec[c+dx])™? 117de? (eSec[c+dx])%?

Result (type 5, 437 leaves) :

w

eﬁ (c+d x)

14 12 et 4cxdx) e [l+e“(°*d“+(fl+e2“) 1+ g2t (c+dx) HypergeomatricZFl{f
:I_Jr(e 1 (C+dX

PN

E' -, 7621'1 (c+dx)}
2

N

Sec[c+dx]7? (a+iaTan[c+dx])3 / (39d (-1+e®'°) (eSec[c+dx])™? (Cos[dx] +iSin[dx])?) +

1 31 25
Sec[c+dx]*|-—— 1Cos[3dx] +Cos[5dx] |-—— 1 Cos[2¢cC] + Sin[2c])+
d(eSec[c+dx])¥2 (Cos[dx]+1Sin[dx])3 234 468 468
] Cos[3c] 1Sin[3c] 1 )
Cos [d x] Csc[c] (253+41900$[2c}+185j18|n[2c})(— + ]+Oos[7dx} -——1Cos[4c] + Sin[4c]
1872 1872 104 104

1 1 31
(419 Cos[c] +1851iSin[c]) —Cos[BC}——jSin[3cJJSin[de+ Sin(3dx] +

936 936 234
25 25 1
——Cos[2c] + iSin[2c] Sin[5dx]+[—Oos[4cj+ ]iSin[4c}JSin[7de (a+riaTan[c+dx])®
468 468 104 104

+



4.3 Tangent.nb | 217

® Problem 213: Result unnecessarily involves higher level functions.
J(e Sec[c+dx])%? (a+1aTan[c +dx])*dx
Optimal (type 4, 215leaves, 7 steps):
22a%*e?El i ptiCE[% (c+dx), 2] 22ia% (eSecic+dx])¥2 22a*e+/eSecic+dx] Sin[c+dx]
+

+

3d+/Cos[c+dx] VeSec[c+dx] 9d 3d

+

2ia(eSecjc+dx])%¥2 (a+iaTan[c+dx])3® 101 (eSec[c+dx])3? (a2+j1a2Tan[c+dx})2 221 (eSec[c +dx])3/? (a4+j1a4Tan[c+dx})
+ +

9d 21d 21d
Result (type 5, 414 leaves):

el (c+d x)

~221+/2 et (Berdx) — o (1+e21<°+“>+(-1+e2“) 1+ @2t (erdx) HypergeomstricZFl[—
1+(E 1 (c+dXx)

A w

, _(EZJ'L(mdx)]]

N
N | P

(eSec[c+dx])%? (a+1aTan[c +dx])* / (3d (-1+e*¢) Sec[c+dx]™/2 (Cos[dx] +iSin[dx])*)+

1

Cos[c+dx]® (e Sec[c +dx])3/?
63

2 2
+Sec[c] Sec[c+dx] (24Cos[c] +131Sin[c]) (511005[4@ +§Sin[4c}] +Sec[c]

2 2
Sec[c] Sec[c +dx]3 (36Cos[c] +71iSin[c]) {7—1'1Cos[4c] 7—Sin[4c}] +

d (Cos[dx]+iSin[dx])* 63
22

22
Cos [d x] Csc[c] ?005[40} 7?jSin[4c]

2 2

26 26
Sec[c +dx]* §Oos[4c}7§JiSin[4c])Sin[dx]+Sec[c]Sec[c+dx]2 7;003[4c]+?]18in[4c} Sin[dx]| (a+iaTan[c+dx])*

® Problem 215: Result unnecessarily involves higher level functions and more than twice size of optimal antiderivative.

J(a+]iaTan[c+dx})4

VeSec[c+dx]
Optimal (type 4, 178leaves, 6 steps):

dx

154a4E|||ptICE[% (C+dX), 2} 154]]_a4 (eSec[Cerx})e'/z

5d+/Cos[c+dx] VeSecic+dx] 15de?
154a*+/eSec[c+dx] Sin[c+dx] 4ia(a+iaTan[c+dx])® 22i (eSec[c+dx])*2 (a*+ia*Tan[c+dx])
Sde d+eSec[c+dx] 5de?

Result (type 5, 370 leaves):
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el (C+dx) ‘ . 1 1 3 ‘

154 i+/2 et Gerdxy |~ {1+e2“°*dx>+(fl+e2“) 14 2t (crdx) HypergeorretrchFl[ - = = 7e2“°*dx>]]
1+62]‘1(c+dx) 4 2 4
(a+iaTan[c+dx])* / (5d(—1+e2“)Sec[0+dx]7/2x/e8ec[C+dx} (Oos[dx}+]iSin[dx]>4)+
1 2 2
Cos[c +dx]® [Cos[dx] Csc[c] (77 Cos[c] -371Sin[c]) [— Oos[3c}+f]iS|n[3c})+
dveSec[c+dx] (Cos[dx]+iSin[dx])* 5 5
2 2

Sec[c] Sec[c +dx] (20Cos[c] +3iSin[c])

-— 1iCos[4c]-—Sin[4c]| + (16Cos[3c] -161Sin[3c]) Sin[dx] +
15 15

2 2
Sec[c] Sec[c +dx]? gOos[4c} 7E]1$in[4c}) Sin[dx]| (a+iaTan[c+dx])*

® Problem 217: Result unnecessarily involves higher level functions and more than twice size of optimal antiderivative.

J(aﬂiaTan[c +dx])*
(e Sec[c +dx])%?
Optimal (type 4, 156 leaves, 5 steps):

42a4E||ipticE[§(C+dX>,2} 42a*+/eSec[c+dx] Sinjc+dx] 4ia(a+iaTan[c+dx])3 281 (a*+ia*Tan[c+dx])
+

N
5de2+/Cos[c+dx] eSec[c+dx] 5de’ 5d (e Sec[c+dx])°/? 5de?~/eSec(c +dx]

Result (type 5, 341leaves):

ei(mdx) . . 1 1 3 .
4212 eiBedxy | (l+e2““dx>+(fl+e2“) 142t (erdx) I—|ypergeomatr|02F1[7— - - 7e2“°*dx)]]
1+e21(c+dx) 4 2 4
(a+iaTan[c+dx})4/(5d(—1+e2“)8ec[c+dx}3/2 (eSecfc+dx])°? (Cos[dx] +iSin[dx])*) +
4 4Sin[c) _ 14 14
Cos[c +dx] (Oos[de} (7—11Cos[c]77 +Cos[dx] Csclc] (3Cos[c]-1Sin[c]) [—005[30]7?18|n[3c}] +
5 5
28 28 _ 4Cos[c] 4 _
[7—003[3c}+—118in[30] Sin[dx] + 77—j8|n[c}]sln[3dx}]
5 5 5 5

(a+jaTan[c+dx])4]/ (d (eSec[c+dx])°? (Cos[dx] +iSin[dx])*)
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® Problem 219: Result unnecessarily involves higher level functions and more than twice size of optimal antiderivative.

dx

J-(a+iaTan[c+dx])4
(e Sec[c+dx])%?
Optimal (type 4, 125leaves, 4 steps):

234E||iptiCE[% (c+dx), 2] 4ia(a+iaTan[c+dx])® 4i(a*+ia*Tan[c+dx])

- +
15de*~/Cos[c +dx] JeSec[c+dx] 9d (eSec[c+dx])%? 15de? (eSec[c+dx])®?

Result (type 5, 383 leaves):

ej (c+d x)

~l2iV2 et®ed f [1+e21‘1<°+‘“>+ (-1+e2¢) \/1+e?! 9% Hypergeonet ri c2F1|-

1+ eZ]i (c+d x)

E, E’ _e2i (C+dx>u
2

AR
N

vSec[c +dx] (a+jaTan[c+dx})4/(15d(7l+e2“) (eSec[c+dx])%? (Cos[dx] +iSin[dx])?*) +

Sinjc]
9

1 7Sin[c]

45

+

7 1
Sec[c +dXx] (Oos[3dx] (7£jOos[c] - )+Oos[5dx} (7511Cos[c]+

d(eSec(c+dx])%2 (Cos[dx] +1Sin[{dx])*

2 2 4 4
Cos[dx] Cscic] (3Cos[c] -1Sin[c]) [—Oos[Sc]f—J'LSin[Sc})+ 7—003[3c]+—iSin[30})Sin[dx} +
45 45 45 45

Cos[c] 1

+§jSin[c] Sin[5dx]| (a+iaTan[c+dx])*

7 Cos [C] 7
[77—iSin[c}JSin[3dx} +[
45 45

® Problem 221: Result unnecessarily involves higher level functions and more than twice size of optimal antiderivative.

dx

J(a+jaTan[c+dx})4
(e Sec[c +dx])t3/2

Optimal (type 4, 156 leaves, 5 steps):

2a4EIIipticE[§(c+dx>,2] 2a*Sinfc+dx] 4ia(a+iaTan[c+dx])® 4i(a*+ia*Tan[c+dx])
. _

39deb/Cos[c+dx] VeSec[c+dx] 117de® (eSecfc+dx])%? 13d (e Sec[c +dx])¥2 117 de? (e Sec[c +dx])%?

Result (type 5, 435 leaves):
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c+dXx)

‘ et ( ‘ ) - 1 1 3 ‘
2i2 eli®Ged) |~ {1+e2“°*dx> + (14 e2i0) [1 42t (crd) I—|ypergeorretri02F1[f—, -, -, 7e2“°*dx>]]
1+62]‘1(c+dx) 4 2 4
Sec[c+dx]%2 (a+iaTan[c+dx])* / (39d (-1+e®'°) (eSec[c+dx])™? (Cos[dx] +iSin[dx])*) +
1 59 59Sin[c]
Sec[c+dx]® |Cos[3dx] |-— iCos[c] - ———— | +
d (eSec[c+dx])¥2 (Cos[dx]+1Sin[dx])* 468 468
37 37Sin[c] _ 1 1 _
Cos [5dx] (——jCos[c] +7J +Cos[dx] Csclc] (24Cos[c] +31iSin[c]) [——Cos[Bc] + iSin[3c]| +
468 468 468 468
1 1 55 55 59 Cos[c] 59
Cos [7 d x] (——]‘1003[30} +—Sin[3c]| + [—COS[SC] -——1Sin[3c]|Sin[dx] + [7——jSin[cJ Sin[(3dx] +
52 52 468 468 468 468
37 Cos [c] 37 ] ] 1 1 ) )
[7+ J‘LSln[chS|n[5dx}+[—Oos[301+—j1$|n[3c] Sin[7dx]| (a+iaTan[c +dx])*
468 468 52 52
® Problem 223: Result unnecessarily involves higher level functions.
(e Sec[c +dx])tt/?
J dx
a+i1aTanc +dx]
Optimal (type 4, 136 leaves, 5steps):
6e6EIIipticE[%(c+dx),2} 2ie? (eSec[c+dx])72 6e5vVeSecic+dx] Sin[c+dx] 2e3 (eSecic+dx])%2Sin[c+dx]
- - + +
5ad~/Cos[c+dx] VeSec[c+dx] 7ad 5ad 5ad
Result (type 5, 128 leaves):
1 ‘ _ 52 _ 1 1 3 ,
- e* (eSec[c+dx])%¥? |-36-28C0s[2 (c+dx)] +2Le?" 0 (1, 2% (€X' Hypergeomet ri c2F1|-—, —, —, -e?f (x|,
70ad 4 2 4

7iSec[c+dx]Sin[3(c+dx)]+271iTan[c+dx]| (i+Tan[c+dx])
® Problem 225: Result unnecessarily involves higher level functions.

dx

J(eSec[c+dx})7/2
a+iaTan[c +dx]

Optimal (type 4, 101 leaves, 4 steps):

264E||iptiCE[%(C+dX), 2] 2ie2 (eSec[c+dx])%2 2e3+eSec[c+dx] Sin[c+dx]
+

ad+Cos[c+dx] veSec[c+dx] 3ad ad

Result (type 5, 101 leaves):
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2ed+eSec[c+dx] (Cos[c]-1Sin[c]) (Cos[dx] -iSin[dx])

3ad

: 1 1 3 ,
2i-31i+/1+e?! 9% Hypergeometric2Fl|-—, —, —, -€?!© 9| Tan[c +dXx]
4 2 4

Problem 227: Result unnecessarily involves higher level functions.

dx

(e Sec[c +dx])3/?
Ja+jaTan[c+dx]
Optimal (type 4, 70leaves, 3steps):

22 2e2EIIipticE[§(c+dx),2}
adx/m+adx/003[c+dx} e Sec[c+dx]
Result (type 5, 74 leaves):

2ieed(CHdx) (/] g2i(crdX) I—IypergeonetricZFl[—%, % %, -e?i(©+dx) ] \/e Sec[c +dx]

ad
Problem 229: Result unnecessarily involves higher level functions.
1
J ax
VeSec[c+dx] (a+iaTan[c+dx])
Optimal (type 4, 80leaves, 3steps):
6EllipticE[ (c+dx), 2] 2

+

5ad+/Cos[c+dx] VeSec[c+dx] 5d+eSec[c+dx] (a+iaTan[c+dXx])

Result (type 5, 98 leaves):
1

5ad+eSec[c+dx]

1 1 3

2+2C0s[2 (c+dx)] -6~/1+e?! (¢d% Hypergeonetric2Fl|-—, —, —, -e?1 € 9% | . 331Sin[2 (c+dx)]| (i+Tan[c+dx])
4 2 4
Problem 231: Result unnecessarily involves higher level functions.
1

J dx

(eSec[c+dx])%2 (a+iaTan[c+dx])
Optimal (type 4, 114 leaves, 4 steps):

14E lipticE[S (c+dx), 2] 14Sin[c+dx] 21
+ +

15ade?+/Cos[c+dx] VeSec[c+dx] 45ade (eSec(c+dx])*? 9d (eSec[c+dx])*>? (a+iaTan[c+dx])

Result (type 5, 123 leaves):
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. 1 3 .
7[[62+64Oos[2 (c+dx)] +2Cos[4 (C+dx)] -168~/1 + g2 (c+dx) I—Iypergeon‘etricZFl{f—, —, —, —edifexdx)
4 2 4
98iSin[2(c+dx)]+7iSin[4 (c+dx)]| (i+Tan[c+dx]) /(180ade2\/eSec[c+de )
® Problem 233: Result unnecessarily involves higher level functions.
(e Sec[c +dx])t/2
J dx
(a+iaTan[c+dx])?
Optimal (type 4, 183leaves, 6 steps):
22e8EIIipticE[§ (c+dx), 2] 22e’+JeSec[c+dx] Sin[c+dx]
- + +
15a2d~/Cos[c +dx] VeSec[c+dx] 15a%d
22e5 (eSec[c+dx])%2Sin[c+dx] 22e3(eSec[c+dx])%2Sin[c+dx] 4ie? (eSec[c+dx])/?
N _
45a2%d 63 a%d 7d (a?+ia’Tan[c +dx])
Result (type 5, 285 leaves):
1
(eSec[c +dx])t/2 (Cos[dx] +1iSin[dx])?
15dSec[c+dx]2 (a+iaTan[c+dx])?
1 . eﬁ(mdx) . ‘ . 1 1 3 .
S—————22in2 etled0 | [1+e21<°+‘“>+ (-1+e2i¢) \/1+e?? € 9% Hypergeonetric2Fl|-—, —, —, -e21<°+“>”+
~1+e2ic 14 @2t (c+dx) 4 2 4
1
——Csc[c] Sec[c +dx]%2 (Cos[2c]+1Sin[2c])
168

(1260 Cos [d x] +1050Cos[2c +dx] +1078Cos[2c +3dx] +77Cos[4c +3dx] +231Cos[4c+5dx] +7201Sin[dx] -7201Sin[2c +dXx])

® Problem 235: Result unnecessarily involves higher level functions.

dx

J (e Sec[c +dx])tt/?
(a+iaTan[c+dx])?

Optimal (type 4, 152 leaves, 5 steps):
14EGE||iDIiCE[§(C+dX),2} 14e®+/eSec[c+dx] Sin[c+dx] 14ed (eSec[c+dx])%2Sin[c+dx] 4ie? (eSec[c+dx])’’?
+ + -

5a2d+/Cos[c+dx] VeSec(c+dx] 5a’d 15a*d 3d (a®+ia’Tan[c+dx])

Result (type 5, 263 leaves):
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(eSec[c+dx])/2 (Cos[dx] +1iSin[dx])?

ei (c+d x)
-1/ (-1+€?1)14i 2 e e 23 (c+dx)

-€

[1+e2“°*dx>+(—1+e2“) 1+e2t ¢+ dxX) Hypergeonetri c2F1 |-

] .

1
— Csc[c] Sec[c+dx]%2 (Cos[2c] +1Sin[2c]) (36Cos[dx] +27Cos[2c +dx] +21Cos[2¢c+3dx] +201Sin[dx] -201Sin[2¢c+dXx]) /
6

N e
s w

1
1+62]'1(C+dX) Z

(5dSecic+dx]"? (a+iaTan[c+dx])?)

® Problem 237: Result unnecessarily involves higher level functions.

dx

J (eSec[c+dx])7/?
(a+iaTan[c+dx])2

Optimal (type 4, 115leaves, 4 steps):

6e4E||ipticE[%(c+dx),2} 6e3VeSec[c+dx] Sinfc+dx] 4ie? (eSec[c+dx])3?
- +
a2d+/Cos[c+dx] VeSec[c+dx] a’d d (a?+ia’Tan[c +dx])

Result (type 5, 80 leaves):

21edetCdx) (—1+3 1+ g2t (c+dx) HypergeomatricZFl[—%, % %, —e“(c*d“}]x/eSec[c+dx}

azd

Problem 239: Result unnecessarily involves higher level functions.

dx

J (e Sec[c+dx])3?
(a+iaTan[c+dx])?
Optimal (type 4, 90leaves, 3steps):

2e2EIIipticE[%(c+dx),2} 4 ie?
+

5a2d~/Cos[c+dx] VeSec[c+dx] 5d+veSec[c+dx] (a?+ia?Tan[c+dx])

Result (type 5, 102 leaves):

1 . . . f :
jleef311(c+dx) 1+621(C+dx) +2e211(c+d>() 1+621(C+dx) Hypergeonetri CZFl{*

21‘1(c+dx)}
5ad

\VeSec[c+dx]

) ) , — €@

N | e
5w

E i

® Problem 241: Result unnecessarily involves higher level functions.
1

J\/eSec[c+dx] (a+iaTan[c+dx])2

dX
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Optimal (type 4, 116 leaves, 4 steps):

2EIIipticE[§(c+dx),2} 2eSin[c+dx] 41 e?
+

N
3a2dCos[c+dx] VeSecic+dx] 9a*d(eSec(c+dx])¥? 9d (eSec[c+dx])®? (a®+ia?Tan[c+dx])

Result (type 5, 124 leaves):
1

18a2d+eSec[c+dx]

24 i €2t (¢+4X) Hyper geonet ri c2F1[- %, % %, -2t (erdx) |

(Cos[2 (c+dx)]-iSin[2 (c+dx)]) |[41-8iCos[2 (c+dXx)] + +10Sin[2 (c+dx)]
2i (c+dx)

l+re

® Problem 243: Result unnecessarily involves higher level functions.

1
dx

J(eSec[c+dx})5/2 (a+iaTan[c+dx])?
Optimal (type 4, 150 leaves, 5 steps):

42EIIipticE[%(c+dx),2} 2eSin[c+dx] 14Sinfc +dx] 4ie?

+ + +
65a2de2+/Cos[c+dx] VeSec[c+dx] 13a’d(eSec(c+dx])”? 65a?de (eSec[c+dx])¥? 13d (eSec[c+dx])%? (a®+ia’?Tan[c+dx])

Result (type 5, 149 leaves):
(Cos[2 (c+dx)] -iSin[2 (c+dx)]) |881i-2561iCos[2 (c+dx)]-81Cos[4 (c+dX)] +

672 i e2* (°+9%) Hyper geomet ri c2F1 |- 43, % %, g2 (edx) |

+316Sin[2 (c+dx)] +18Sin[4 (c+dx)] /(520a2de2\/e3ec[c+dx} )

1+ eZi (c+d x)

® Problem 245: Result unnecessarily involves higher level functions.

(e Sec[c +dx])t/?
J dx
(a+iaTan[c+dx])3

Optimal (type 4, 178leaves, 6 steps):

22 €% Bl lipticE[; (c+dXx), 2] 22ie* (eSecicsdx])’/?

75a3d\/Oos[c+dx] vJeSecic +dx] . 21a3d '
22e’/eSec[c+dx] Sin[c+dx] 22e5 (eSec[c+dx])>2Sin[c+dx] 4ie? (eSec[c+dx])i?
5a’d ’ 15a%d " 3ad(a+iaTan[c+dx])?

Result (type 5, 128 leaves):
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1 ‘ ) 1 1 3 )
- — e% (eSec[c+dx])%2 |-116 -308Cos[2 (C +dx)] +231 2% (cxdx) (1+e2“°*dx))5/2 Hyper geometri c2F1 |- —, —, —, 7@21<C+dx)] +
210a%d 4 2 4
771 Sec[c+dx]Sin[3 (c+dx)]+17iTan[c+dx]| (i +Tan[c +dXx])
® Problem 247: Result unnecessarily involves higher level functions.
(e Sec[c +dx])tt/?
J ax
(a+iaTan[c+dx])3
Optimal (type 4, 141leaves, 5steps):
14e6EIIipticE[% (c+dx), 2] 14ie* (eSecfc+dx])3%2 14e5+/eSec[c+dx] Sin[c+dx] 4ie? (eSec[c+dx])’/?
+ - +
a3d/Cos[c+dx] VesSec[c+dx] 3add asd ad (a+iaTan[c+dx])?
Result (type 5, 101 leaves):
S 2ed+eSec[c+dx] (Cos[c]-1Sin[c]) (iCos[dx]+Sin[dx])
3a°d
, 1 1 3 _
-8+21+/1+e&?t (9% Hypergeometric2Fl|-—, —, —, -2 9X | i Tan[c+dx]
4 2 4
® Problem 249: Result unnecessarily involves higher level functions.
(eSec[c+dx])7/?
J ax
(a+iaTan[c+dx])3
Optimal (type 4, 116 leaves, 4 steps):
6 ie? 6e4E|IipticE[%(c+dx),2] 4ie? (eSecfc+dx])3?
- - +
5a3dVeSec[c+dx] 5a3d+y/Cos[c+dx] VeSec[c+dx] b5ad(a+~iaTan[c+dx])?
Result (type 5, 117 leaves):
1
5a%d (-i+Tan[c +dx])3
, 6 g2 (crdx) HypergeonetricZFl[—%, % %, -2t (erdx) |
2eetdx |_24 (e Sec[c+dx])%2 (Cos[c+2dx] +iSinfc+2dx])
1+e211(c+dx)

Problem 251: Result unnecessarily involves higher level functions.

dx

J (e Sec[c +dx])3?
(a+iaTan[c+dx])3

Optimal (type 4, 132leaves, 4 steps):
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2e2EIIipticE[%(c+dx>,2] 41 e? 2 i e2
+ +
15a%d+/Cos[c+dx] VeSec[c+dx] 9ad+veSec[c+dx] (a+iaTan[c+dx])2 45d+/eSec[c+dx] (a®*+ia®Tan[c +dx])

Result (type 5, 140 leaves):

- let9%Secic+dx]% (e Sec[c +dx])%? (Cos[dx] +1Sin[dx]) [8+8005[2 (c+dx)] +

1 1 3

62t (X \[1 21 (€+dX) Hypergeonetric2Fl|-—, —, —, -2 (C*4X¥) | .33 Sin[2 (c+dx)]])/ (45a%d (-i+Tan[c+dx])3)
4 2 4

® Problem 253: Result unnecessarily involves higher level functions.
1

J\/eSec[c+dx] (a+iaTan[c+dx])3
Optimal (type 4, 152 leaves, 5 steps):

dx

14E lipticE[ (c+dx), 2] 14eSinfc+dx]

+ +
39a3d+Cos[c+dx] VeSec[c+dx] 117a%d (eSec[c+dx])%?
21 28 1 e?
+

13d+veSec[c+dx] (a+iaTan[c+dx])® 117d (eSec[c+dx])>? (a®+ia®Tan[c+dx])

Result (type 5, 145 leaves):

1
——+veSec[c+dx] (1Cos[3(c+dx)]+Sin[3(c+dx)]) |62+8Cos[2 (c+dx)]-54Cos[4 (c+dx)] +
468adde
) . 1 1 3 .
168 €21 (6+dX) (/1 4 21 (¢+4%) pypergeometri c2F1|-—, —, —, -2t (X | 423 Sin[2 (c+dx)]-631iSin[4 (c+dx)]

4" 2 4

® Problem 255: Result unnecessarily involves higher level functions.

dx

J (e Sec[c +dx])t5/?
(a+iaTan[c+dx])*

Optimal (type 4, 192 leaves, 6 steps):

154e8EIIipticE[§ (c+dx), 2] 154 e’ e Sec[c +dx] Sin[c+dx]
5a4d+/Cos[c+dx] eSec[c+dx] 5a*d

154 e (eSec[c+dx])%2Sin[c+dx] 4ie?2 (eSec[c+dx])12 44ie* (eSec[c+dx])"/?
+ +
15a*d ad (a+iaTan[c+dx])® 3d(a*+ia*Tan[c+dx])

Result (type 5, 135leaves):
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/

w

\eSec[c+dx]

[32 iel et (edX) | 111176 e (69X _77 41 (¢1dX) L 231 (142t (©+4X)) %2 hyper geonet ri c2F1 |- -2 (erdx) |

PN
D

(15a*d (1+e2“°*dx>)6 (-i+Tan[c+dx])?)

Problem 257: Result unnecessarily involves higher level functions.

dx

J (e Sec[c +dx])tt/?
(a+iaTan[c+dx])*

Optimal (type 4, 163 leaves, 5steps):

42965||iptiCE[%(C+dX>12} 42 e5+eSecic+dx] Sin[c+dx] 41ie? (eSec[c+dx])7/? 28 ie* (eSec[c+dx])3?
+ +

_5a4d\/Oos[c+dx] Ve Sec[c+dx] 5a*d 5ad(a+jaTan[c+dx})3_5d(a4+]‘1a4Tan[c+dx])

Result (type 5, 106 leaves):

1 . ‘ ) ) 1 1 3 )
- 2iede i (Crdx) |_p_7g2i(Crdx) 99 @21 (CxdX) ([ 4 21 (¢+dX) Hypergeonmetri c2F1|- —, —, —, 7e2“<°*dx)] Ve Sec[c+dx]
5a*d 4 2 4
Problem 259: Result unnecessarily involves higher level functions.
(eSec[c+dx])7/?
J ax
(a+iaTan[c+dx])*
Optimal (type 4, 132leaves, 4 steps):
2e4EIIipticE[%(c+dx),2} 4ie? (eSec[c+dx])3? 4 et

+

15a4d+/Cos[c+dx] VeSec[c+dx] 9ada+iaTan[c+dx])® 15d+/eSec(c+dx] (a*+ia*Tan[c+dx])

Result (type 5, 149 leaves):

edetd%Secic+dx]*VeSec[c+dx]
[—7—7005[2 (C+dx)]+6e2t(Cdx) (/1,21 (C+dX) Hypergeonetri cZFl[—

(-1Cos[c+2dx] +Sin[c+2dx]))/ (45a*d (-i+Tan[c+dx])*)

, —e2i (X)L 35§ n[2 (c+dX)]

N
N | =
A w

Problem 261: Result unnecessarily involves higher level functions.

dx

J (e Sec[c +dx])3?
(a+iaTan[c +dx])*

Optimal (type 4, 163leaves, 5steps):
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2e2EIIipticE[%(c+dx>,2] 2e3Sinc+dx]

.
39a4d+VCos[c+dx] VeSec[c+dx] 1l7a*d (eSec[c+dx])%?

4ie? 4 ie*
+

13ad+eSec[c+dx] (a+iaTan[c+dx])3 117d (eSec[c+dx])®%? (a*+ia*Tan[c+dx])

Result (type 5, 142 leaves):

iet9*Secic+dx]? (eSec[c+dx])%2 (Cos[dx] +1Sin[dx])

24 g4t (c+dX) I—lypergeonetricZFl[—%, % %, — @21 (cxdx)
28 +40Cos[2 (c+dx)] + +221Sin[2 (c+dx)] / (234a%d (-i+Tan[c+dx])*)

21 (c+dx)

l+e

® Problem 267: Result more than twice size of optimal antiderivative.
J(d Sec[e+f x])%% (a+iaTan[e+f x])? dx

Optimal (type 5, 71leaves, 4 steps):

12 1 25/6 g2 HypergeomatricZFl[—%, g, %l, %(1—1‘1Tan[e+fx])] (dSece +f x])%/3

5f (1+iTanfe+f x])5/8

Result (type 5, 264 leaves):

(dSec[e +f x])%/3 —l/ <—1+e2“)33 i 22/3 g-i (3e+f x)

el (e+f x)

o o

2 .
_ _621(e+f><)})+
3

o |

2/3
e )] [1+e”<e*fx>+<—1+e2“) (1+e”(e*”>)2/3l-|ypergeorretricZFl -
1+€ 1 (e+f X

3
— Cscle] Sec[e+f x]83 (Cos[2e]-iSin[2e]) (90Cos[f x] +75Cos[2e +f x] +55Cos[2e+3f x] -641iSin[fx]+641iSin[2e+fx])
20

(a+iaTan[e+f x])?2 / (16f Secle+f x]'/3 (Cos[f x] +iSin[f x])?)

® Problem 278: Result more than twice size of optimal antiderivative.

1
J ax
(dSecfe+f x])%3 (a+iaTan[e+f x])?
Optimal (type 5, 71leaves, 4 steps):
Z, % % %(1-1Tan[e+fx})} (1+iTan[e +f x])5/6
20x25632f (dSec[e+f x])%8

3 i Hyper geonet ri c2F1 |-
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Result (type 5, 143 leaves):

13 Lyper geonet ri c2F1

[318ec[e+f x]*|-46-40Cos[2 (e+f x)] +6Cos[4 (e+f x)] +128e?! (&1%) (1,2 (&)

ok
Wk
o~

7e2ﬁ(e+fx)] _

10iSin[2 (e+fx)]+111Sin[4 (e+f Xx)]

J/ (680a%f (dSecfe+f x])%2 (-i+Tan[e+f x])?)

Problem 296: Result more than twice size of optimal antiderivative.

JSec[c+dx]2 (a+iaTan[c +dx])%2dx

Optimal (type 3, 29leaves, 2steps):
2i(a+iaTan[c+dx])%?

) 5ad

Result (type 3, 69 leaves):

2aSec[c+dx]2 (Cos[dx] -iSin[dx]) (-1Cos[2c+3dx]+Sin[2c+3dx])Va+iaTan[c+dx]
5d
Problem 309: Result more than twice size of optimal antiderivative.

JSec[c+dx}2 (a+iaTan[c+dx])%2dx

Optimal (type 3, 29leaves, 2steps):
2i (a+iaTan[c+dx])7/?

) 7ad

Result (type 3, 73 leaves):

2a2Sec[c+dx]3 (-1iCos[3c+5dx]+Sin[3c+5dx])Va+iaTan[c +dx]
7d (Cos[dx] +1Sin[dx])2

Problem 322: Result more than twice size of optimal antiderivative.

JSec[c+dx12 (a+iaTan[c +dx])7/?2dx

Optimal (type 3, 29leaves, 2steps):
2i(a+iaTan[c+dx])%/?

) 9ad

Result (type 3, 73 leaves):

2a%Sec[c+dx]4 (-iCos[4c+7dx] +Sin[4c+7dx])Va+iaTan[c +dx]

9d (Cos[dx] +1Sin[dx])3
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® Problem 329: Result more than twice size of optimal antiderivative.

JCos[c+dx}5 (a+iaTan[c +dx])7/2dx

Optimal (type 3, 35leaves, 1step):
2iaCos[c+dx]® (a+iaTan[c+dx])%?2

) 5d

Result (type 3, 73 leaves):

2a%Cos[c+dx]3 (-1Cos[2c+5dx] +Sin[2c+5dx])Va+iaTan[c +dx]

5d (Cos[dx] +iSin[dx])3

Problem 394: Result more than twice size of optimal antiderivative.

J(eSec[c+dx])3/2 Ja+iaTan[c+dx] dx

Optimal (type 3, 524 leaves, 12 steps):

. Va-i + . Va-i +
) 32 1a3/2e3/2ArcTan{1—\/27ve7 aiaTanic+dx] | gec[c +dX] 1a3/ze3/2ArcTan[1+ﬁﬁ aiaTanic+dX] | gec(c +dx]
ia (eSecf[c+dx]) va /eSec[c+dx] Va VeSec[c+dx]
- +
dva+iaTan[c +dXx] V2 dva-iaTan[c+dx] Va+iaTan[c +dx] V2 dvVa-iaTan[c+dx] Va+iaTan[c +dx]

B V2 Ja Ve Va-iaTan[c+dx]
VeSec[c+dx]

]ia3/2e3/2Log[a +Cos[c+dx] (afiaTan[c+dx])] Sec[c +dX]

2vV/2 dva-iaTan[c+dx] Va+iaTan[c +dx]

a+ V2 +Ja Ve Va-iaTan[c+dx]
VeSec[c+dx]

]ia3/2e3/2Log[ +Cos[c+dx] (a—jaTan[c+dx])] Sec[c +dX]

22 dva-iaTan[c+dx] Va+iaTan[c +dX]

Result (type 3, 1530 leaves):
1

d~/Cos[dx] +1iSin[dx]
Cos[c+dx] (eSec[c+dx])32 (jOos[c+dx}\/Cos[dx}H‘lSin[dx] ++/Cos[dx] +1iSin[dx] Sin[c+dx})\/a+iaTan[c+dx} +

(-1)14 (Cos[%]—jSin[%]) 11+Tan[d7x] m(ms[%]—j&n[%]) 11+Tan[d7x]

(1+1) ArcTan[ +J'1ArcTan[ }

c c d x
Cos[c+dx]? (eSec[c+dx])%? (Cos{ﬂﬂ'lSin[EH (iCos[c]+Sin[c]) 11+Tan[7} Va+iaTan[c +dX]
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1 1 dx
~—/Cos[dx] +iSin[dx] - —i+/Cos[dx]+iSin[dx] Tan[c+dx]] / dJZj-zTan{]
2 2 2

L (-1)1/4 (@S[%]flsln{%]) 1+Tan[d7] V-o1+i (COS{%]fleIn{%]) 1+Tan[d7x] dx 2
—+—] ArcTan[ +11ArcTan[ } Se {—}
4 4 2
i- Tan[%} “1-1i ]lfTan[de}
d d 1
(CbS[E]Jr]'LSin[S]] (1Cos[c] +Sin[c]) VCos[dx] +1Sin[dx] / \/21 2Tan[—x} \/iHTan{—X} +
2 2 2 (2i-2Tan[9*])*"*
1 (—1)1/4(Cos[%]—11$in[g]) ]1+Tan[d7} V-ol+d (Cos[%]—jSin[g]) 11+Tan[d7x}
5+5J ArcTan[ ]HiArcTan[ ]
i- Tan[yx} -1-1 jfTan[dTX}
dx,2 c c dx
Sec[—} (Oos[—}uism[—” (i Cos[c] +Sin[c]) VCos[dx] +iSin[dx] J'HTan[—} .
2 2 2 2
L (- )1/4(005[%}7118in[%}) 1'1+Tan[d7x] V-ol+id (Oos[%}ijin[%}) 1+Tan[d7]
[—+—] ArcTan{ }+]‘1ArcTan[ }
2 2
[i-Tan[%X] Vo1-i [i-Tan[%X]
c dx

c d x
(COS[E]HISin[E”(ijs[c}+Sin[c])(JiCos[dx}—Sin[dx}) 1‘1+Tan[7] /\/Oos[dx}ﬂ'lSin[dx] \/Zj—ZTan[ +

-
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d x

1
(1Cos[c]+Sin[c]) v/Cos[dx] +iSin[dx] 1'L+Tan[—]
2

JZiZTan[dTX}

(144 [oos[ ] vasin[ ]

mSec[d%r (Cos[Z—}fﬁSin[%]) V-1+i S-ec[d?x}2 (Oos[%]fiSin[Z—}) J'HTan[d?x}

4m\/1—Tan[d7x} \/JHTan[d?x} 4v-i- (iiTan[%HS/z

i

i (Cos[;—}fisi n[g])z (1‘1+Tan{d7x]>

n—Tan[dTX}

(nvesec| ) (cos[]-isin[]) (DM sec[ 5] (Cos[5]-isin[3]) [ i+Tan[ ]

. 3/2
4\/1‘1—Tan{d7x] \/J'HTan {dz—x] 4 (liTan[dTX )

]fisin[;—})z (1+Tan[d7x“

1. ]i(Q)S[%

dx

i-Tan {7]

® Problem 395: Result more than twice size of optimal antiderivative.

J\/eSec[Cerx} VariaTan[c+dx] dx

Optimal (type 3, 323 leaves, 10 steps):

. V2 Ve Va+iaTan[c+dX] . V2 Ve Va+iaTan[c+dX]
V2 va e ArcTan|l - V2 va e ArcTan|l
. [ Vva VeSec[c+dx] ] . [ ’ Vva VeSec[c+dx]

d d

. V2 va ve Va+riaTan[c+dXx] .
va +e Logla- Cos[c+dx] (a aTan[c +dXx
. g{ e Sec[c+dx] ! [ ! 1 ( o [ ! ”}

+

V2 d

. Va+i + .
L\E\ELog{a+ﬁﬁ€Se:‘[c+:xT?”[c 9x]_, Cos[c +dx] (a+1aTan[c+dx})}

V2 d

Result (type 3, 1344 leaves):
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(-1)¥* (Cos[S] -isin[2]) [i+Tan[2*] V-1+i (Cos[2]-iSin[S]) [i+Tan[2X]
(1+1) ArcTan[ ]—jArcTan{ ]
jlfTan[d?X] N-o1od JifTan[de]

vJeSecic +dx] (Cos[%]7jSin[2”\/ZOos[dx]+2j18in[dx] 11+Tan[d7x} vJa+iaTan[c +dXx] /

d x 1 (-1)V4 (Cos[$] -isin[S]) [i+Tan[%X] V-1+i (Cos[S]-isin[$]) [i+Tan[2X]
d jfTan{—] 1 ArcTan[ ]—J’lArcTan[ ]
2 4

L (—l)““(Oos[%}qiSin[%}) Ji+Tan[d7x} \/71+11(Oos[%}7115in[%}) Ji+Tan[de}
[,+E] ArCTan{ }-]‘lArcTan{ }
4 4
i-Tan[ 2] Vo1-i [i-Tan[2X]
dx -2 c d x

Sec{7] [Oos{g]—jSin{g]]\/ZCos[dx]JrZJiSin[dx} ]l+Tan[7] .
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(Oos{g}—jSin{EH(ZjCos[dx]—ZSin[dx}) 1'1+Tan[d7x} /\/ZOos[dx}+2]iSin[dx} j—Tan{d?x] +

1 d x

(1+1) (003[; wsm[%” V2Cos[dx] +21iSin[dx] J'HTan[?}

]ifTan[dTX]

mSec{%}z (Cos[$]-isin[Z]) V-1+i Sec[de}Z (@s[%]’iSin
4m(i—Tan{d—

i +
2

4+ -1-1 JifTan[d%} JjuTan[%x}

x| —

) i (COS[;]HLSIH[%]) (J'HTan[dTXD
lfTan[dz—x}
(-1)1/4 Sec{d%r (Cos[;—]fn' Si n[%]) <*1>1’45’3°[d7xr (ms[%]’iSi "[%]) iqan[d%}

o [irl ] Jimm] EER

® Problem 400: Result more than twice size of optimal antiderivative.

J-(e Sec[c+dx])%2 (a+iaTanfc+dx])%?dx

Optimal (type 3, 453 leaves, 13 steps):
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7 ia3/2 e5/2ArcTan[l V2 Ve VariaTan[c+dx] 7 i a3/2 e5/2ArcTan{l N V2 Ve Va+iaTan[c+dx]
“a JeSec[c+dx] va eSec[crdx]
8+v2 d 8v2 d
7 1ia3/2e5/2 Log[a— V2 Va e VaiiaTanieidx] , ug (¢4 dx] (a+1aTan[c+dx])]
VeSec[c+dx]
N
16+vV2 d
. .3/2 A5/2 V2 vVa Ve VariaTan[c+dx] .
71ia¥¢%e Log[a+ P +Cos[c+dx] (a+1aTan[c+dx])] 7ia? (eSec[c+dx])5?
N _
16+/2 d 12d+/a+iaTan[c +dX]
7iae?+/eSec[c+dx] Va+iaTan[c+dx] ia (eSec[c+dx])%2+a+iaTan[c+dx]
+
8d 3d

Result (type 3, 1537 leaves) :

1
Cos[c+dx]* (e Sec[c +dx])>?
d (Cos[dx] +1Sin[dx])
7 7Sin[c] 1 Sin[c] 7 7
Sec[c +dx] 7—11003[0}74J+Sec[c+dx]3 —1Cos[c] + ]+Sec[c+dx]2[—iOos[2c+dx]+—Sin[2c+dx})
8 8 3 12 12
(a+iaTan[c+dx])%?+
o . d . . . d
— (—1)1/4(003[%}—]15|n[%}) 1+Tan[7x] V-ol+i (Oos[%}—u&n[%}) 1+Tan[7x]
[7+— ArcTan{ }-iArcTan{ }
8 8 d d
jfTan[Tx} V-1-1 ]ifTan[Tx]
3cC 3c 7 7
Cos[c+dx]® (eSec[c+dx])5/?2 005[7}—j8in[7}) [EOOS[CJ\/Oos[dx}HiSin[dx] —EjSin[c]\/Cos[dx]+jSin[dx}

d x d x
]'1+Tan[?] (a+jaTan[c+dx])3/2/ d(Oos[dx}HiSin[dx])\/Zj—ZTan[2]




236 | 4.3 Tangent.nb

S (71)1/4(005[2}7118in[§}) 1'1+Tan[d7x} \/71+J'1(Oos[§}7]i$in[;—” 11+Tan[d7x}
(§+§] ArcTan{ ]—JiArcTan[ }
i-Tan[ 2] Vo1-i fi-Tan[2X]
dx,2 3c 3¢ — . dx . dx 1
sec| | 005{7}_ls.nb”ms[dxlHls.n[dx] /le-mn{z] J“Tan[z} e
2
- (—1)1/4(003[%}—118in[%}) 1‘1+Tan[d7x] \/—1+]‘1(Oos[%}—118in[%}) 1‘1+Tan[d7x]
(E+E] ArcTan{ }-jArcTan{ }
]ifTan[dTX] No1oi ]ifTan[dTX]
Sec[d—x}2 Oos[s—c}iSin[S—cH\/Oos[dx]HiSin[dx} 11+Tan{d—x} +
2 2 2 2
S (71)1/4(005[%]7118in[%]) 11+Tan[d7x} V-ol+d (Oos[%]fiSin[%]) 11+Tan[d7x}
[—+—J ArcTan[ ]ﬂiArcTan[ ]
16 16

(005[370]jSin[%]](jCos[dx}Sin[dx]) 11+Tan[d7x] /\/Cos[dx]HiSin[dx} JuzTan[d%}

ms{g}-jsmﬁ—c} v Cos[dx] +1iSin[dx] ]1+Tan{d—x]
2 2 2

1 (7 71

R
JZjZTan[dTX}

8 8
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| seo [P (oos (S asinS]) YL see[ ] (cos[S]-isin[S]) [ ieTan| ]
1 + 3/2
4mJﬂ—Tan{de} J]‘HTan{de} 4V-1-i (ifTan[TH
1. i (COS[%]*]‘I Sin[%]d)xz (J'HTan[deH
1—Tan{7}

(1 see[ L] (oos (] iminlg)) e[S ] (o
4J1‘1—Tan[d7x} J]‘uTan[dTX} 4 (ﬁ’Ta”[T

i (Cos[%]fisi n[%})z (J‘HTan[d?X”

Ji—Tan[de]

1+

® Problem 401: Result more than twice size of optimal antiderivative.
J(e Sec[c+dx])%2 (a+iaTan[c +dx])%?2dx

Optimal (type 3, 571 leaves, 13 steps):

. vV vV Va-i + . v v Va-i +
o 32 51a5/2e3/2ArcTan[l— 2 ve Va-iaTan(c+dx] ]Sec[c+dx] 51a5/2e3/2ArcTan[l+ 2 Ve Va-iaTanic:dx] | gec(c 4+dx]
5ia® (eSec[c+dx]) Va /eSec[c+dx] Va /eSec([c+dx]
- + +
4d~Ja+iaTan[c +dXx] 4+/2 dvVa-iaTan[c+dx] VYa+iaTan[c +dx] 42 dva-iaTan[c+dx] Va+iaTan[c +dx]
. -1 + .
51a5/2e3/2Log[a7 2 va ve va-iaTan[c+dX]  cng(c +dx] (afnaTan[c+dx])]Sec[c+dx]
VeSec[c+dx]

8v2 dv/a_-iaTan[c+dx] Va+iaTan[c +dx]

. Va-i + .
51a5/ze3/2Log[a+ﬁHﬁ aiaTanic:dx] ., Cos[c +dX] (afnaTan[c+dx])]Sec[c+dx]

VeSecicdx] ia(eSecfc+dx])¥2+a+iaTan[c +dX]
+
8v2 dva-iaTan[c+dx] Va+iaTan[c +dX] 2d
Result (type 3, 5861 leaves):

1

d (Cos[dx] +1Sin[dx])

1 Sin[c] 5 5
Cos[c+dx]% (eSec[c+dx])%?2 |Sec[c+dx]?|—1iCos[c] + +Sec[c+dx] |—i1Cos[2c+dx]+—Sin[2¢c+dX] ]
2 2 4 4
1
(a+iaTan[c+dx])%?+ 5Cos[c+dx]3 (eSec[c+dx])%?

8d (Cos[dx] +1Sin[dx])%?
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R ) a-Tan[ ]
—r
V2 Log|| 1+ 1) (z,zmt[g])gngr V2 1+Sinfe] +V2Z V-1+Sinic] Tan[— | ZJ Tan{_]J Tan| |
3] [ e v (sl el |/ (] 00l
s 2] wsin[Z]] [-sin[ 2] [-aman 5] | ccos [2] [1oman S ||| voaesinier [ eman ]
V2 oo~ | (2-2) (s [ 2] exsin 2] sin[ 2] |VZ VITSnte) vz VIsSnte) Tan[ ] 2 [s-Tan| ]
ran X | cos[ 2] | V2 VISnGe) vz VISne) Tan| ) J Tan["}j 7an| 7] ]/
(oo (2] -sin[ 2] [eos (5] sin[Z] ) [eos[ 2] -2 Tan[ ]| wsin[ 2] (1 7an )] || vEoSmter 5 an ]
sin[2] | @e2s) st ] vz woo[ s (2250 2] sin[ 2] |2 o Tesre -
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\/ 1+Sin[ Tan rLog

V2 1+ Sinf -2 1+ Sin[c Tan[dzx} 21\/1 Tan[2 ] \/1 Tan[dzx}]+

dx dx

jos[~] sin[ ] [ﬂn[g] [ 1o Tan[ 7]

Cos{ }[1 Tan[

~l2-21) [oas[ ] visin[~]] |sin[ ]

dx

>

\/7\/1+Sin[c} +\/?\/1+Sin[c] Tan[dzx]+2jl\/j—Tan{d2X} \/J‘HTan{

AEHERI

d x

>

+Sin{; [1+Tan[dzx]]]]]\/m 1'1+Tan[

> |

d x

c c c c
(1+1) Cos[2c]?Cos[dx] Sec[c +dx] (COS[E]—J‘LSin[EH(Oos[dx}ﬂ'lSin[dx]) (1+1) [Oos[g}—]iSin[EH j—Tan[T} +

(—1)1/4(Cos[%}7j18in[%}) J'HTan[dTX]
\/?ArcTan{ }Sin[c] 1‘1+Tan[—] +

V-1+i (Cos[2]-iSin[S]) [i+Tan[ZX]
j\/?ArcTan{ }Sin[c] 11+Tan[—}

Ji—Tan{dTX} B 1 3/2[£+j_ oos[zc]Sec[—} (OOS[E}—iSin[%”\/Cos[dx]HiSin[dx]
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(1+1) (Oos[—]ijin[%” jlfTan[—X} +ﬁArcTan{ }Sin[c] jHTan{d?X} ¥
L—Tan[d%]
V-1+i (Cos[Z]-isin[Z]) 1+Tan[d7x} J L
jﬁArcTan[ ]Sin[c} 1+Tan[7x] - [E+—) Cos[2c] (Oos[—} 718|n[§H
N-1-i 1—Tan[d7x}
c . dx (-1)1/4 (Cos[%}fusin[%]) ]HTan[dTX]
(1Cos[dx]-Sin[dx]) | (1+1) (Oos[g}ijin[EH JifTan[— +\/?ArcTan[ }
1—Tan[d7x}

V-l+i (Cos[f]-isin[Z])

11+Tan{d—x} +Jl\/7ArcTan[

2 d x
Sinic] }Sln[c] 1+Tan[7] /
2 2
No1o1 JifTan[d?x]
d x 1 c c
Vs [dx] +iSin(dx] j’Ta”[T} - (1+1i) Cos[2c] [Cosb]fjsm[g]) VCos[dx] +iSin[dx]
j—Tan[dTX}
(-1)1/4 (Cos[%}—ﬁsin[%]) i+Tan de
ArcTan[ [ ]SeC[dTX}ZSin[c]
_(%*7)5(”[%}2<O°S[§}’j15in[%” . i—Tan[dTX] +
jl*Tan[dTX] 22 J'HTan[dTX]
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m(ms[g]fisin[g}) i+Tan de
JiArcTan[ k ]Sec[dTX]ZSin[c}

N J‘LfTan[de} dx

22 1'1+Tan[d7x}

VTTeT Sec[ 2] (cos[¢] —1sin[e])  VoIeE Sec[SH] (Gos[]-isin[3]) i+ Tan[5]

No

) 4m(j7Tan[—x})3/2 /

2

4m\/i—Tan[dzx] \/J'HTan[dx}

i(Cos[S]-1Sin[S])? (i+Tan[%X d (-1)Y4sec[9X]% (cos[&] -iSin[S
1 ( [2} [2” ( [2 ” . \/?Sin[c] 11+Tan{—x} [2] ( [2] [2]) )
i-Tan[ %] 2
2 4J1Tan[d%] J1+Tan[de]
2
(1)1/4360[%} (OOS[%}—]LSII’][%” 1+Tan[d7x] 1(0)5[%}—]ls|n[%})2 (1+Tan[d7x})
1+
4 (i-Tan[LX])%* / i - Tan[ <] ]
1 1
(a+iaTan[c+dx])3?- 51iCos[c+dx]% (e Sec[c+dx])3?
8d (Cos[dx] +1iSin[dx])%?2
JifTan[dTX]

22
(cos[ ] -isin[ ]|

v/Cos[dx] +iSin[dx]
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dx
(-2+21) J'lfTan{?} +

ol

V2 Log| (2+2]1)005[d7x] [leom[%”sm[%r \E\/m+ﬁx/mmn{d7x]fz ]ifTan[d%]
Ta [d_x} coot [ 2] [ﬁm+ﬁmmn[—] ZJ Ta {d—x} J Ta {d—x] N/
2 2 2
c c c c 1 1 d
V2 og] | 220 cos ] fans[ 1] rsin ] sin 0] V2 varsater vz isnier Tan| 2 Tan ]
d x c - - dx dx dx
i+Tan[7] +Oos[5} V2 \/1+Sinfc] +V2 V1+Sin[c] Ta”[7}+2i\/iTa”{7] \/i*Tan[7} ]]/

cos 2] -sin[ 2] [oos[ 2] sin[ 2] [cos [ evax) | -sin[ e vax)]

]x/1+Sin[c] 11+Tan[d7x]]+

sin[2] [@v20) [i-Tan[ ] v Log[ |2+ 24) 08 1] (1- 1ot [£]) sin[ )" V2 VTS nEeT -
2 2 2 2 2
\/2_\/—1+Sin[c] Tan[dx]—z\/j—Tan[dx} \/J‘HTan{dx} +
2 2 2

o [

-2 v/-1+Sinic] +vV2 v/-1+Sin[c] Tan{c:(}+2\/]1—Tan{dzx] \/1‘1+Tan[dzx}
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dx

N2 v/1+Sinc] -vV2 V1+Sin[c Tan[2 dx

\ELog{ (272]1)005{(17)(] [COS{%]JrJ'lSin{g]) Sln[ ] }*21 jfTan{T}

V2 1+ Sing| +\ﬁ\/1+$lnc Tan[dZX}Jan\/n Tan[dx] \/J'HTan[d—X}

dx
\/1 Sin| 1+Tan
d x

(o3 (o3 C (o3
(1+1) Cos[dx] Sec[c +dx] [Cosb} 7jSin{EHSin[ZC]2 (Cos[dx] +iSin[dx]) | (1+1) [ms[ﬂ wsm[EH i*Tan{T

1+Tan[dzx] +Oos[ }

/

[(Cos[ ] Sln[ ”(Oos[ }+S|n{ H[Cos[ (c+dx)} Sln[ (c+dx)

+

(-1)Y* (Cos[F] -isin[Z]) i+Tan[ 2]
\EArcTan{ }Sin[c] 1'1+Tan{7] +

d x 1 1 i
3/2[

i-Tan[— | |- Sec{d—x]z [005{3] 718“’]{5]] Sin[2c] VCos[dx] +iSin[dx]
2 2 2 2
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d d
(1+1) (Oos[—]ijin[E” JlfTan[—X} +ﬁArcTan{ }Sin[c] j+Tan{—X} +
2 2 2
]i—Tan[dTX]
Vol+d (Cos[%]ijin[%]) 1+Tan[d7x} dx
jﬁArcTan[ ]Sin[c} ]'1+Tan[7] -
V-1-1 1—Tan[d7x}
1 1 c c c c d x
(—+— Cos{—}ijin{—”Sin[Zc] (1Cos[dx] -Sin[dx]) | (L+1) [Oos[—}ijin{—H jlfTan{—] w2
2 2 2 2 2 2 2
(-1)1/4 (Oos[%]ﬂiSin[%]) 11+Tan[d7x] dx
ArcTan[ }Sin[c] ]'HTan{—] +1V2
2
l—Tan[dTX}
Vol+d (Oos[%]ﬂiSin[%]) iHTan[dTX] dx dx
ArcTan[ }Sin[c] J'HTan{—] /\/Oos[deHiSin[dx} jlfTan{—] -
2 2
N-1-1 j—Tan[dTX}
1 i dx 12 c . c
1 ~+ =) Sec|— Cos|-|-1Sin|=
(1+1) (Oos{;-jSin[%HSin[Zc}VOos[dx]HiSin[dx] -(4 o) Secl G ] [os ] [2]) ,
i*Tan[dTX] jfTan[dTX}
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(-1)1/4 (Cos[%}—jlsin[%]) i+Tan de N (Cos[%]fisin[%}) i+Tan dz—x
ArcTan k ]Sec[dTX}ZSin[c] JiArcTan[ %] }Sec[d%]ZSin[c}

jfTan[dTX} N ifTan[d%}
242 [+ Tan[9X] 272 |i+Tan[]
VT dx 12 £l-isin[¢
jﬁSin[cl ]1+Tan[d7x] ' Sec[z] <COS{2} Sln[2”+
4\/ﬁJﬂTan[d7x] \/1‘1+Tan[d7x}
Vo1vi sec[%)” (Cos[S] -isin[S]) [i+Tan[%] i (Cos[S] -5 Sin[S])? (i +Tan[%X])
1- +
av-1-i (i-Tan[2X])? / i-Tan[%X] ]
1/4 dx ©1 c (1)1/4Sec[d7x] (@S[%]*l&ﬂ[%]) JHTan[dTX]
VT sine) |iotan[2X) |2 Sl (sl ] ESnG]) /

1+

i(Cos[S]-iSin[S])2 (i+Tan[%X
< [2} [2}2 ( [2”J (a+iaTan[c +dx])3/?

jlfTan[Tx}

® Problem 402: Result more than twice size of optimal antiderivative.
Jx/eSec[c +dx] (a+iaTanfc+dx])%?dx

Optimal (type 3, 364 leaves, 11 steps):
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V2 Ve VariaTan[c+dx]
vVa eSec([c+dx]

3ia%?+/e ArcTan [1

3ia%2+e ArcTan[l

N V2 e VariaTan[c+dX]
va eSec[c+dx]

V2 d

a- V2 Va e Va+iaTan[c+dx]
VeSec[c+dx]

31a3/2\/?Log{

V2 d

+Cos[c+dx] (a+iaTan[c+dx})}

+

22 d

as+ N2 Ja /e VariaTan[c+dX]

3ia%?+e Log
VeSec[c+dx]

+Cos[c+dx] (a+jaTan[c+dx})}

iaveSecic+dx] Va+iaTan[c+dx]

2+/2 d
Result (type 3, 1488 leaves):

(Oos[c+dx] e Sec[c +dx] (iCos[c] Cos[dx] +iSin[dx] +Si
(d (Cos[dx]+iSin[dx])%?)+

(-1)14 (Cos[%]—jSin[%]) 11+Tan[d7x]
(3+31) ArcTan[ }-
jfTan[dTX}
3c 3c 3
Cos[c+dx] VeSec[c+dx] Cos[—]ijin{—] (fCos[c
2 2 2

dx

]'HTan[—] (a+iaTan[c +dx])%/?2 /
2

d

(-1)1/4 (Oos[%] 7jSin[%]) i+Tan|

2

+
d

nic] v/Cos[dx] +iSin[dx] ) (a+1‘1aTan[c+dx])3/2)/

V-1l+1i (Cos[%]—jSin[%]) 1+Tan[d7x]
lercTan[ }
V-1-1 JlfTan[dTX}
3
1V Cos[dx] +1Sin[dx] 7EjSin[c}\/Oos[dx}ﬂ'lSin[dx})

dx
d (Cos[dx] +1Sin[dx]) \/21‘12Tan[2]

V-1+i (Cos[S]-isin[¢])

3 31
(—+— ArcTan[

4 4

dX}

Ji—Tan[7

}71'1ArcTan[ ]

i-Tan|
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dx,2 3c 3c d x d x 1
Sec|—| |Cos|— | -1Sin|— ||+ Cos[dx]+iSin[dx] 2i-2Tan| — i+Tan| —| | +
22 o[22 s [ L e e
s 3: hl)”“(Cos[%]qiSin[%]) ]'1+Tan[d7x} Vol+d (Cos[%]fiSin[g]) 1'1+Tan[d7x}
(—+—] ArcTan[ ]—JiArcTan[ ]
2 2
i - Tan[ 2] Vo1-i [i-Tan|[ 2]
Se(:[d—x}2 s[u}—jSin[U\/Cos[dx]HiSin[dx] 11+Tan{d—x +
2 2 2
s 3: (1)1/4(003[%}—13|n[%}) 1+Tan[d7x] V-l+i (Oos[%}—nsln[%}) 1+Tan[d7x]
[5+_ ArcTan| | - i ArcTan| ]
l]i—Tan[dTX] V-1-1 ]i—Tan[dTX]

d x

{Oos[s?c]iSin[?’?C”(ilCOS[dx]Sin[dx]) J'HTan[?]/ d x

v/Cos[dx] +iSin[dx] \/212Tan[7}

+

1 3c 3c d x
(3+31) Cos{—] -1iSi n{—]] v/Cos[dx] +1iSin[dx] 11+Tan[—]
2 2 2
\/ZjZTan[dzx}
. VI sec[%)? (oos[E]-isin[E]) VoL sec %] (cos[£]-isin[Z]) [ i+Tan[ %]
* — 3/2
4mJi7Tan{d7x} J]‘uTan{d%} 4v-1-1 (ifTan[TH

L Lo lE)isinlE])” (sTan[ ])

ifTan{dTX}
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(1)r4sec[ )" (cos[f]-isin[]) (DM sec[2]* (cos[£]-isin[Z]) [ i-Tan[ %]
4J1‘17Tan[d7x] \/J'HTan [d%] 4 (jiTan{dTXDS/Z
1, (Cos[S]-isi n[g}d)j (i+7an[ %))
jfTan[7]

® Problem 403: Result more than twice size of optimal antiderivative.

(a+iaTan[c+dx])%?2
J- dx

Ve Sec[c+dx]
Optimal (type 3, 520 leaves, 12 steps):
N \E\@\/aﬂiaTan[mdx]

. \ \ Va-i + .
i/2 a5/2ArcTan[17 2 ve vaiaTanic-dx] | gecic+dx] i+/2 a5/2ArcTan[1 Sec[c +dX]
Vva veSec[c+dx] Va VeSec[c+dx]
d+e VYa-iaTan[c+dx] Va+iaTan[c+dx] d+e Va-iaTan[c+dx] Va+iaTan[c+dXx]

a- V2 Ja Ve Va-iaTan[c+dx]

ia%/2 Log[
VeSec[c+dx]

+Cos[c +dXx] (a—jaTan[c+dx])] Sec[c +dXx]

+

V2 dve VYa-iaTan[c+dx] va+iaTan[c +dx]
+ﬁ\/?#?\/a—]iaTa1n[C+d><]

]iaS/ZLog[a +Cos[c+dx] (afiaTan[c+dx])] Sec[c +dX]

Ve Sec [crdx] 4ia~Ja+iaTan[c +dx]
V2 d+ve Va-iaTan[c+dx] Va+iaTan[c +dXx] d-eSecic+dx]

Result (type 3, 5881 leaves):
41Cos[c]Cos[c+dx] (a+iaTan[c +dx])3/?
dveSec[c+dx] (Cos[dx]+1Sin[dx])

4Cos[c+dx]Sin[c] (a+iaTan[c +dx])3/? 1

d+Ve Se d Cos [d i Sin[d
& Secledx] (Lostdx]+asinidx]) dveSec[c+dx] (Cos[dx] +iSin[dx])3?2 lj—Tan[dTX]

. c .~ [C ) i’Tan[dTX] c ‘ ‘ dx
(1+1) Cos[c] Cos[c+dx] (Cos[—}—nSm[—USm[c} _ Cos[—] (2-21) n—Tan[—] -
2 2 i+ Tan[ 9] 2 2

ﬁLog[ (1+1) (Zfszot{EHSin{gr V2 v/-1+Sinc] +vV2 vV-1+Sin[c] Tan[d%]z\/jTan[d—X} \/]'HTan{d_X] +

2 2
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Oot[g] [ﬁ\/1+8in[c] +v2 v/ -1+Sin[c] Tan[d%}+2\/jTan[d7x} \/iHTan{d?X]

)

sin ] [1+Tan[d7x}]+@s[g] [nm@d?x]]]]] TSl [ieman[ 1] vz

sin[ -]

V2 VJi+Sinic] -vV2 V1+Sin Tan {dzx} 211\/]1-Tan{dzx] Jjﬂan[dzx} +

. rﬁrﬁ{wu [t m/

[os[ ] -sin[ ]|

Oos[; ( 1+ Tan{dzx]] [f} (1 Tan W i Tan

ez [s-tan|ZX] V2 oo aen) (225 [T sin[ 2] V2 VTeSRtEr -2 VLo Sl Tan[ X2 f1-Tan ]
«Tan| | oot | ﬁvm+ﬁvmm[d7x]+zjﬂan[% JMan[d?ﬂ H/
s (£] 15T S sl ) [l [oman ) o[£ o an ] rvsimer s oren ] 2
o[- |2-20 (@[] - asin[Z]] sG] |vZ VTTSRET - VZ VISR on m I NI

] |V2 Vi+sinic] +vV2 V1i+Sin[c] Tan{de]Jij\/]i—Tan[dzx} Jjﬂan[dzx} m/

[os[*] -sin[ ) [cos[ ] +sin[ 0]} [003[; (_1+Tan{d2ﬁ) o[ ] [1 Tan| | Vi-Sne] |i+Tan| ]J
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(a+iaTan[c+dx])32+ | (1+i) Cos[2c]?Cos[dx] (ms[i}-ﬂsm[i”
2 2
d
10 [oos[Z] -isin[2]) i -Tan[ 2]
(-1)1/4 (Oos[%}fnsln[;—” 1+Tan[d7x} dx
\/2_ArcTan{ ]Sin[c} 1+Tan[—} +
2
LfTan[dTX]
V-l+1d <OOS[%}—]LSIn[%” 1+Tan[d7x}

Ji\/Z_ArCTan{ ]Sin[c} J'1+Tan[—}

(a+iaTan[c+dx])%? / d+veSec[c+dx]

v Cos[dx] +iSin[dx]

i Tan[ ]
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1 [1 i
— s =
(j_Tan[d2X}>3/2 4 4

Cos[2c] Sec[d7x}2 (Cos[g] —jSin[;] v/Cos[dx] +1iSin[dx]

(-1)1/4 (oos[g] ~1iSi n[%]) 11+Tan[d?x}

d d
(1+1) [Cos{g} 7jSin{E” ]ifTan{—X] +ﬁNcTan[ ]Sin[c} ]'1+Tan[—x} +
2 2 2 2
j—Tan[‘%]
V-1+1 (COS[%}—JLSIH[%}) 1+Tan[d7x] d x
j\EArcTan{ }Sin[c] 1‘1+Tan[7} -
V-1-1 L—Tan[d%]
1 i c c c d x
[—+— Cos[2cC] (Cos{—]—iSin{—] (i Cos[dx] -Sin[dx]) | (1+1) (Cos[—]ijin[—” JlfTan[—} +
2 2 2 2 2 2 2
(-1)1/4 (Oos[%]fiSin[g}) 1+Tan[d7x} dx
\/27ArcTan{ ]Sln[c} 1+Tan[7} +
]L—Tan[%x]
V-1+1 (CX)S[%]—LSIn[g}) 1+Tan[d7x} dx dx
j\/Z_ArcTan{ ]Sin[c} 1'1+Tan[—} / \Cos[dx] +iSin[dx] j—Tan[—} -
2 2
V-1-id j—Tan[dx]
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1 i dx 12 c c
1 L3y gec[9%]? (cos[S]-isin[S
(1+1) Cos[2¢] (Oos{i]ijin{S”\/Oos[dx}u'lSin[dx} 7(“ o) Seel G ) (sl [2])+
2 2
j—Tan[dTX} j—Tan[d%]
(-1)1/4 Cos[%]fisin[%} i+Tan de NV-1+i Cos[%]fisin[g] i+Tan de
ArcTan[ ( ) 5 ]Sec[dTX]ZSin[c} i ArcTan ( ) [ }}Sec[d%]ZSin[cJ
jfTan[GTX] 1o jfTan[dTX]
22 j+Tan[d7x} 22 ]'HTan[dTX]
’ dx 12 c - c . dx
dx mSec[d?x}z(Oos[%}—iSin[%” V-1+1 Sec[T} <Cbs[5}—1$|n[§” 1+Tan[7}
j\/Z_Sin[c] 11+Tan[7] + d 3/2 /
4m\/j—Tan[dzx] \/11+Tan[dzx] 4V-1-i (i-Tan|SH)
i (Cos[S]-isSin[S])? (i+Tan[%X d (-1)14sec[9%]° (Cos[S] -iSin[S
1 ( {2] {2]) ( [2]) . ﬁSin[c] 11+Tan[—x] {2] ( [2] [2])+
jfTan[dTX}

2 4J1Tan[de} J1+Tan[d7x]

dx

(-1 sec ] (Cos[§] ~isin[5]) i« Tan [

dX]>3/2 /

2

4 (i-Tan|
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L 1 1
iCos[c +dx] —[
dveSec[c+dx] (Cos[dx]+iSin[dx])3? . e

d x

Cos[dx] +iSin[dx] Cos{g] (-2+21) jlfTan[T} +
\/27Log{ (2+2]‘1)Cos{d7x] [l—JiOot[%”Sm[ } V2 A/-1+Sin[c] +vV2 V-1+Sin[c Tan{dzx],z i Tan[dzx]
j+Tan[d—X} +Oot[i] [ﬁ\/1+8in[c] +v2 V/-1+Sin[ Tan[dx] 2\/51Tan{d_x} \/1+Tan{d_x] ]/
2 2 2 2 2
[(Cos[%]—Sin[%” [Oos{g +Sin{§” [Cos[;(c+dx)}+Sin{i(c+dx)} ]]\/—1+Sin[c} j+Tan[d7x] -
\/?Log{ 2 2]1)Cos{ ](QS{f]-#]lSIn{*]) Sln[ } V2 AiisSin[c] -vV2 V1+Sin[c] Tan[d2 }+21 n—Tan{dTX}

V2 A/1iSin[c] +vV2 V1+Sin[c] Tan[dzx}+21\/1Tan{dX] \/JHTan[dZX}

dx
W ]].+Tan

N2 A/-1+Sin[c] +

+Cos[ ]

)

[(Oos[ ] Sln[ H[Cos[ }+S|n{ H{Oos[ (c+dx)} Sln[ (c+dx)

sinl3] |@v2n | [1-Tan[ 5] v Lon |22 cos[ ) f1-sem ] sl

+

V2 /-1+Sin] Tan{dzx]z\/jTan[d%} \/1‘1+Tan{d7x
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Oo[ } -v2 V/-1+Sin[c] +V2 V/-1+Sin[c] Tan{d—X}JrZ ]ifTan{d—X] 1'1+Tan[d—x}
2 2 2 2

/

d x

F

N2 iiSinc] -2 V1+Sin[c Tan[dzx}+2]1 1—Tan{d7x}

[[oos[ 2] -sin[ 2] [os 2] esin 2] | [ams ]S e ] esin] S e

]]x/—l+$in[c} Ji+Tan{

vz tog]| 221y cos| 1] [eos[ 0] cisin[ S]] |sin ]

V2 Ji+Sinic] +vV2 V1+Sin[c) Tan[dzx}+21\/1 Tan{dx] \/iﬂan[dx}

dx
\/1 Sin[ JHTan
d x

C C C C
(1+1i) Cos[dx] Sec[c+dx] (Oos{g} -jlsianSin[zm2 (Cos[dx] +iSindx]) |(1+1) [003[5} —JiSin[EH J'l—Tan{?

ietan[ ] | coos[ 7]

JJ/

[(003[ | -sin[ 2] [cos[ 2] -sin[S H[@s[ ceax)]-sin[> e rax

+

(-1)Y/* (Cos | }—jSin[%“ i+ Tan[ 2]
\/?ArcTan{ }Sin[c] j+Tan{—] '

iﬁArcTan{ }Sin[c] J'HTan{d—X /
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jfTan{dTX} - !

Sec{—] [cOs[g]qsm{%])Sin[zc]\/cOS[dx1+iSin[dx]

C1 (cos[E] - asin[2]) [ Tan (2]

d 2 d
(1+1) Cos[i]ijin[E” jlfTan[—X} +\5ArcTan{ }Sin[c] 11+Tan{—x +
2 2 2 2
]ifTan[dTX]
V-l+i (Cos[%]—ﬂsln[%]) 1+Tan[d7x} dx
iﬁArcTan[ ]Sin[c} iHTan[?] -
V-1-1 1—Tan[d7x}
1 1 c c c [ d x
(—+— Oos[—}ijin{—])Sin[ZCJ (iCos[dx]-Sin[dx]) |(1+1) [Cos[—}fiSin[—H jfTan{—] V2
2 2 2 2 2 2 2
(-1)¥4 (Cos[S]-isin[L]) [i+Tan[2X] .
ArcTan[ }Sin[c] J'HTan{—] +1V2
2
17Tan[d7x}
V-l+d (Oos[%]—jSin[%]) 11+Tan[d7x] dx dx
ArcTan[ }Sin[c] 11+Tan{—] /\/Oos[dx}HiSin[dx} JifTan{—] -
2 2

V-1-1 j—Tan[dTX}
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1 i dx c c
1 i)y sec[=E] (Cos[2]-1Sin[S
(1+1) [Cos{%}7jSin{§HSin[2c}\/Oos[dx]HiSin[dx] 7(4 4> [2] ( [2] [2]>+
]i—Tan[dTX] 1—Tan[d7x}
(-1)1/4 (Cos[%}—jlsin[%]) i+Tan de m(&:s[%]fisin[%}) i+Tan dz—x
ArcTan[ k ]Sec[dTX}ZSin[c] JiArcTan[ %] }Sec[d%]ZSin[c}
jfTan[dTX} V-1-i i—Tan{%}
22 ]'HTan[dTX] 22 1'1+Tan[d7x}
d V-1+1 Sec[%]% (Cos[S]-isSin[¢S
i+/2 Sinic] 1+Tan[7x] 2] (s3] ) +
© . dx . dx
4~ -1-1 J]LTan[T] \/1+Tan[7}
; dx 12 c - c . dx
VvV -1+1 SEC[T} (OOS[E}—]LSIH[E” 1+Tan[7] 1(0)5[3}7]15|n[3})2 (1+Tan{d—x})
/ 1 2 2 2 .
4+/-1-1 (Jl—Tan[dTX}):g/2 I—Tan[d%]
dx. | (1)¥sec[®5] (cos[S] isin[e]) ("DYOSee[ G (Cos[G]-isin[]) [i~Tan[S
72 Sinic] 1+Tan[7] + I
4 (i-Tan[ZX
4\/1—Tan[dzx} \/1‘1+Tan[dzx] (i-Tan[57])
i(Cos[S]-iSin[S])? (1+Tan[%X
1+ ( [2} [2}3 ( [2”J (a+iaTan[c +dx])3/?

jlfTan[T}

® Problem 408: Result more than twice size of optimal antiderivative.
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J(e Sec[c+dx])%?2 (a+iaTan[c +dx])%2dx

Optimal (type 3, 612 leaves, 14 steps):

: a7/2 03/2 V2 WJe VaiaTan[c+dx]
151 a3 (e Sec[c +dx])%2 15i1a’’“e ArcTan{l e Veme o Sec[c +dX]
- +
8d+va+iaTan([c +dx] 82 dva-iaTan[c+dx] Va+iaTan[c +dXx]

V2 e Va-iaTan[c+dx)]
ﬁ\/eSec[c+dx]

151’1a7/2e3/2ArcTan[1+ ] Sec[c +dX]

+

8v2 d/a_-iaTan[c +dx] Va+iaTan[c +dx]

15 i a’/2 @3/2 Log[af V2 va e Va-iaTan[c+dx]

+Cos[c+dx] (a-i1aTan[c +dx})} Sec[c +dXx]
VeSec[c+dx]

162 dv/a-iaTan[c+dx] Va+iaTan[c +dx]

15 1 a7/2 g3/2 Log {a+ V2 Va Ve Va-iaTan[c+dx]

+Cos[c+dx] (a-i1aTan[c +dx]>} Sec[c +dXx]
Ve Sec[c+dx]

+

162 dva-i1aTan[c+dx] Va+iaTan[c +dXx]

3ia? (eSec[c+dx])3¥2+/a+iaTan[c +dx] ia(eSec[c+dx])%? (a+iaTan[c+dx])3/?
+
4d 3d
Result (type 3, 5917 leaves) :
1

d (Cos[dx]+iSin[dx])2

17 17 1 1
Cos[c+dx]* (eSec[c+dx])%? |Sec[c+dx]? |—1iCos[2c] + —Sin[2c]| +Sec[c+dx]3|-—1Cos[3c+dx]-—Sin[3c+dx]|+
12 12 3 3
15 15 1
Sec[c +dx] (—jCos[Sc+dx}+—S|n[Sc+dx] (a+iaTan[c+dx])%?+ 15 Cos [c +d x]*
8 8 16d (Cos[dx] +1Sin[dx])>?

(e Sec[c +dx])3?

C
2

V?Log[ (1+1) (2-2100t[2]]5in[ ]2 V2 V-1+Sin[c] +vV2 V-1+Sin[c] Tan[dzx}-zjj-Tan{dzx] \/]‘1+Tan[dzx] .
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-2 V/-1+Sin[c] +vV2 V/-1+Sin[c] Tan{TX

o
N
-
|
_‘
o
35
o
m|><
-
=
+
_|
o
5
ol e

jeos (2] esin[ S]] [-sin[ 5] [-2eman| ]| con [2] [aeman[ ] ||| voTeSaeT [sean| ) -

2 2
V2 Log[-| 2-21) [os [ ] cisin[~]] sin[ -] |vZ VITSIALe] -2 VISinle] Tan szq 2 j_Tan{dTX]
Tan[dTX} +Cos{§] V2 \/1iSin(c] \/_WTan[dz]+2jl\/ Tan[dx} \/ Tan{dix] J]/

Oos{; [—1+Tan{dzx]] [f} [1 Tan W Tan

VZ TrS el Tan[ ] ZJ Ta [%J Ta [%XT
Cot U V2 VI Snie] +V2 Y 1isn TTanT":szj_Taan:] Jjnan[dzﬁ ]]/[(COS[Z] [2]]

(Oos{g] +Sin{§]] (—Sin{g] [—1+Tan[dzx]] [—} [1 Tan W Tan \/_Log

V2 A/1+Sin[c] -vV2 J1+Sin[c Tan[d2}+21\/ Tan{z]\/ Tan[dZX}J+

| 2-21) [oos[ ] isin[ ] |sin[ ]

N2 /1+Sinc] +vV2 V1+Sin[c] Tan[d%]+21\/jTan[d7x} \/iHTan{d?X]

o

|/ ffentgaets)



(1+1) Cos[3c]?

(os[] vsin[ ]| [@sg]

c c c c
Cos[dx] Sec[c +dx] (Oos[;]fiSin[EH (Cos[dx] +1Sin[dx]) | (1+1) [Cos[g} 7iSin[E” JifTan{7
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dx

71+Tan[7] ¢

+Sin[5}

1+Tan[d7X”]]] mw

dx

+

(-1)1/4 (Oos[%}—jSin[%}) 1+Tan[d7x] dx
ﬁArcTan{ }SII’][C] 1‘1+Tan{7] +
JlfTan[dTX}
V-1+i (Cos[Z]-isin[7]) 11+Tan[d7x]
d x
iﬁArcTan{ }Sin[c] J'HTan[—} /
2

V-1-1 ]i—Tan[dTX]

j—Tan{dTX} _(I_Tanl[d;””z[éll L COS[SC]SGC[d%}z(O()S[E}—jSin[*})\/COS[dX]+fLSin[dX]
. . (-1)1/4 (Cos[%}fiSin[%}) 1+Tan[d7x] dx
(1+1) (Oos[—]ijin[E” jlfTan[—} +ﬁArcTan{ }Sin[c] j+Tan{7} +
L—Tan[d%]
V-1+1 (COS[%]—JLSIH[%]) 1+Tan[d7} d x 1 i c
jﬁArcTan[ ]Sln[c} 1+Tan[—] - [—+—) Cos[3¢] (Oos[—} 718|n[—U
2 2 2
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d x

(1Cos[dx] -Sin[dx]) | (1+1) (Oos[%}fiSin[%” jfTan{T} +ﬁArcTan[

q V-ol+i (Oos[%}ijin[%}) J'HTan[dTX]
Sin[c] j+Tan{—X}+j\/27ArcTan[ }Sin[c] 1'1+Tan{—] /

2
No1od ]i—Tan[dX]

d x 1

v/Cos[dx] +1iSin[dx] j—Tan{7}

- (1+i)Cos[3c] (Cbsg]—jSing]] VCos[dx] +1iSin[dx]

jfTan[dTX}

(-1)14 (Oos[%}jlsin[:—]) i+Tan d%
ArcTan[ | ]Sec[d%}ZSin[c]
. x 12 i Si . dx
_(%*z)sec[d?} (Cos[Z]-isin[Z]) ) £Tan[ %] +
ifTan[de] 22 J'HTan[dTX]
m((bs[g]fnﬁn[;—}) i+Tan d?x
i ArcTan ] ]Sec[d%]ZSin[c}
m l—Tan{l} dX

272 |i+Tan|[2]

VTTTT Sec[X] (cos (8] ~1sin[e])  VoI+E Sec[SH] (Gos[5]-isin[3]) i+ Tan[5]

No

' : . dx 3/2 /
4m\/iTan[d7x] JﬁuTan[dT"} 410 (i-Tan[9))
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1]l((:os[;}-]LSin[‘;}r):((11+Tan[d2)(”]+ JZ Sinie] 1'1+Tan{d7x} (—1)1/4seC[d7x] (Cos[S]-isin[Z]) .
i-Tan[ 2] 4\/1—Tan[dzx] J1+Tan[dzx]
( 1)1/4Sec[d7x}2(Cos[%}*ls'n[%” 1+Tan[d7x] 1(Oos[g}_ls,n[g}f(1+Tan[d7><”
/[1+ 2 2 : ]
4 (i-Tan[LX])*? el
1 1

151i Cos[c +dx]* (e Sec[c +dx])3/?

(a+iaTanfc+dx])%?-
16d (Cos[dx] +1Sin[dx])%?

P

Cos [c]
(-1+2Cos[2c])

(cos[~] -isin[ ]|

+/Cos[dx] +1iSin[dx]

Q)sg] (-2+21) j-Tan[dTX} +

d x d x

V?Log[ (2+2j)Cos[d—X] (1—]iOot[E”Sin[Sr V2 V-1+Sin[c] +vV2 V-1+Sinic] Tan{—]-z ]i—Tan[—]
2 2 2 2 2

ietan[ ] o [

V2 v/-1:Sin[c] +V2 V-1+Sin[c) Tan[dx]+2\/j—Tan{dzx} \/]‘HTan{de]

2
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eos (2] -sin[2]) [eos (5] esin[ S]] [oos [ e vaxi] wsin[ 2 e ]| || VETeSnieT s eTan| 2] -

77 | 225y o[22 fon[ ] -5 {‘;n[ B LW s
)|l v2 T iz HJ = {‘“]J- i1/
[osl5] s3] ool ] sm[3 ) el o]
sin[2] 2oz [s-Tan[ ] vz Loo| 220 cos[ ) [1-sm |5 sin[ 2 |vz voTesie -
ﬁmmng]zjﬂan[% JMan{% :
ot [] |2 VIvSnie] +VZ VIiSnce] Tan[dgpzjﬂan{dg] JMan[d?X} ”/
(e[ 5] -sin[ ) fos ] (2] e £ e osinl e ]| 2wt soan[
72 o | 225 o[ 2] o[ ] (2] |sn[Z] |2 VETmer vz Vs Ten( 2] 2 s ren|
ietan[ 1] | voos[ ] |V2 VTSR 7 VISALe) Tan[dzxpuj Tan{dx]J cran| ] J]/
ol ] sl 3] o] 1) [ ] s o e ol |
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(1+1) Cos[dx] Sec[c+dx] [Oos{;-jsm[;)sm[sqz(ms[dijsm[dx]) (1+1) [Oos[%}—]iSin[gn j_Tan[dTX .
1) (os[E] i sin[g]) [+ Tan[%] ax
\/?ArcTan{ }Sin[C] ]'L+Tan{7] N
2
JlfTan[dTX}
mmos[%}‘ls'n[%}) 1+Tan[d?x] "
iV2 ArcTan| | sinre] J'HTan[?} /
m L—Tan[dTX]
() | (s (ST el ssolG] s veRm e
(-1)ve (OOS[E}—]iSin[EH 1+Tan[d*x]
(1+1) (ms[i]_jsm[%” l-Tan[d%} +v7ArcTan{ 2 2 2 }Sin[c] 11+Tan{d7x "

V-ol+d (Cos[%]—jSin[g]) ]1+Tan[d7x} ix
iﬁArcTan[ ]Sin[c} ]l+Tan[—] -
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[COS[;‘N”E”S‘”BC] (1Cos[dx]-Sinfdx]) | (1+1) [Oos[g}-jsm{;) j_Tan{%x] 2

(-1)14 ((jos[%]ijin[%]) ]'HTan[dTX]

d x
ArcTan[ }Sin[c] J‘HTan{—] +1V2
2
1—Tan[d7x}
V-ol+d (COS[%]—JLSII’]{%]) ]'HTan[dTX] dx dx
ArcTan[ }Sin[c] j+Tan{—] / v Cos[dx] +1iSin[dx] j—Tan{—] -
2 2
Vo1-i [i-Tan[2X]
1 i dx c c
1 —+ =) Sec|— Cos|Z|-1Sin|=
(1+1) (Oos[g}ijin[EHSinBc]\/Oos[dx]+jSin[dx] 7<4 4> [2] ( [2] [2]>+
i—Ta”{d%] j—Tan[dTX}
pl)“’(Cos[Z—}jSin[Z—]) J'HTand?x m(bs[%]fisin[;—}) J'HTande
ArcTan [ }]Sec[%x}zsin[c] i ArcTan ( [ }}Sec[d%]zsin[(:}
i-Tan [ ] Vi [i-Tan[ %]
+ +
22 11+Tan[d7x] 22 11+Tan[d7x}
dx, | V-1+1i sec[%]* (Cos[Z]-isin[Z])

Ji\/?Sin[c} ]'1+Tan[7] .
4m\/iTan[dzx] \/1’1+Tan[dx}

2
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Vo1+i sec[2X]% (Cos[¢] -isin[S]) [i+Tan[%X]

4+/-1-1 (i-Tan[%*])*?

(a+iaTan[c +dx])53?

® Problem 409: Result more than twice size of optimal antiderivative.
J\/eSec[c +dx] (a+iaTanfc+dx])%?dx

Optimal (type 3, 411leaves, 12 steps):

\ﬁ . \%
N2 e VariaTan[c+dx] 21 1 a5/2 \/?ArcTan[l N V2 e VariaTan[c+dx]
“a JeSec[c+dx] “a \JeSec[c+dx]

21ia%?2+/e ArcTan[l -

4+/2 d 42 d
21ia52+/e Log|a- Y2 Ya e JaiaTanicedx] , g (c.dx] (a+iaTan[c+dx
ia%2+/e Log| e +Cos[c+dx] (a+i [c+dx]) |
.
82 d
. A5/2 V2 +Ja Ve VariaTan[c+dx] .
21ia \/e_Log[a+ e +Cos[c+dx] <a+1aTan[c+dx])]
N
8v2 d
7ia2VeSec[c+dx] Va+iaTan[c+dx] ia+veSec[c+dx] (a+iaTanfc+dx])3?2
+
4d 2d
Result (type 3, 1521 leaves):

1

Cos[c+dx]%+eSec[c+dx]

d (Cos[dx] +1Sin[dx])?
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11 11 1 1
Sec[c +dx] —JiCos[2c]+—Sin[2c]]+$ec[c+dx]2 - —1Cos[3c+dx]-—Sin[83c+dx]|| (a+1aTan[c+dx])%?+
4 4 2 2

(-1)¥4 (Cos[S] -isin[2]) [i+Tan[2X] V-1+i (Cos[2]-iSin[S]) [i+Tan[2X]
ArcTan| | -iArcTan| ]

jfTan[d—X} N-o1od ]ifTan[dTX]

— 4+

21 21
[4 4

21
— Cos[2c]V/Cos[dx] +iSin[dx] - —iSin[2c] vVCos[dx] +1Sin[dx]
8

8

Cos[c +dx]?+eSec[c+dx] [003{7] —JiSin{T] [21

d x d x
]'1+Tan[—] (a+jaTan[c+dx])5/2/ d(Oos[dx}+jSin[dx])2\/2]i—2Tan[]
2 2

01 914 (71>1/4(Cos[%]7115in[%]) ]'HTan[dTX] V-l+d (Oos[%]ijin[%]) ]'HTan[dTX]
(—+ ]ArcTan[ }—jArcTan[ }
16 16
i - Tan| 2] Vo1-i [i-Tan[2X]
dx,2 5 5 d x 1
Sec | — s|— | -1Sin|— || vCos[dx] +iSin[dx] 2i-2Tan| — i+Tan| —| | +
) fon 32 el L o e
01 914 (1)1/4(005[2]—15|n[%]) 1+Tan[d7x} V-1l+d (Cos[%]—n&n[%]) 1+Tan[d7x}
(?+ J ArcTan| | - iArcTan] ]
JlfTan[dTX} V-1-1 ufTan[dTX}
Sec[d—x}2 Oos[s—c}iSin[S—cH\/Oos[dx]+iSin[dx} 11+Tan{d—x} +
2 2 2 2
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01 214 (71)1/4(003[%}7118in[%}) 1'1+Tan[d7x] Vol+d (Cos[%}ijin[%}) Ji+Tan[d7X]
[—+ ] ArcTan{ }—]iArcTan[ }
8
Ji—Tan[dTX] N-1-i Ji—Tan[dTX]
5 5 d d
(Cos[—c]—jSin[—C]](JiOos[dx}fsin[dx]) ]'HTan[—X] /\/Cos[dx]HiSin[dx} \/ZjZTan{x} +
2 2 2 2
1 21 211 5c 5c d x
(—+ Oos{—}71'18in[—}]x/Oos[dx]HiSin[de 11+Tan{—]
4 4 2 2 2

JZjZTan[dTX}

VL see| L] (cos[£]-isin (%)) VI sec ] (cos (2] asin(
+
4m(17Tan[d7H3/z

i

x| —

4mJ17Tan[d§} JjuTan[dTX}

1. i (Oos[%]fﬁSin[Z—}d)j (J'HTan[d?x”
jfTan[T}
(-1)¥4 sec | ]” (cos[5]-isin[]) (1esec [ (cos[Z]-isin[Z]) [ ieTan[ ]
4J17Tan [—] JJ'HTan [—x] 4 (liTan{i])
1. i (Oos[%]flsln[%}) (J‘HTan[de”
nfTan[—]

® Problem 410: Result more than twice size of optimal antiderivative.

dx

J-(a+iaTan[c+dx})5/2

Ve Sec[c+dx]
Optimal (type 3, 563 leaves, 13 steps):
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. Va-i N . Vasi B
51a7/2ArcTan[lfﬁﬁ a-iaTan[c+dx] ]Sec[c+dx} 5ial/2ArcTan |1+ Y2 Ve VaiaTanic-dx] }Sec[c+dx}
“a JeSec[c+dx] Va eSec([c+dx]
V2 d+e Va-iaTan[c+dx] Va+iaTan[c +dx] V2 d+e Va-iaTan[c+dx] vVariaTan[c +dx]

V2 Va Ve Va-iaTan[c+dx]
VeSec[c+dx]

2+/2 dv/e Va-iaTan[c+dx] Ya+iaTan[c +dX]

5]1a7/2Log[a +Cos[c+dx] (a—]iaTan[c+dx])] Sec[c +dX]

+

. V2 Ja Ve Va-iaTan[c+dx]
VeSec[c+dx]

51‘1a7/2Log[a +Cos[c+dx] (afiaTan[c+dx])] Sec[c +dX]

22 d+/e Va-iaTan[c+dx] Va+iaTan[c +dx]

10ia2+va+iaTan[c+dx] ia(a+iaTanfc+dx])3?2
+
d+veSec[c+dx] d+veSec[c+dx]

Result (type 3, 5863 leaves) :

(Cos[c+dx]? (-81iCos[2c]-8Sin[2c]+Sec[c+dx] (-iCos[3c+dx]-Sin[8c+dx])) (a+jaTan[C+dX])5/2>/
1

(d\/eSec[chdx] (Cos [d x] +iSin[dx])2) -

2d+veSec[c+dx] (Cos[dx]+1iSin[dx])>?

5 Cos [c +dx]? - Oos[g} (2-21) ﬁ—Tan[d—X} -
2 2
ifTan[dTX]
\/27Log{ (1+1) (Z—ZiCOI[%”Sin{g]Z N2 v/-1+Sin[c] +ﬁWTan[d7x}2\/jTan{d7x] \/]'HTan[d?X] +

Oot[%} N2 \-1+Sinc] +/2 /-1+Sin[c] Tan{dgyz\/jmn[d?x] Jjﬂan[d?x} /[(Cos[g]—Sin[E”

jeos 5] esin[ 2] [-sin[ 2] [-aeman| ]| cos [5] [1man ||| voaesater s oman[ 2] -

\/?Log{— (2-21) (Cos[g]ﬂ'lSin[%” Sin[; V2 J1+Sin[c] -vV2 V1+Sin[c] Tan{d%}+2jl i—Tan{d%]



V2 /1+Sin[c] +vV2 V1+Sin] Tan[d2 ]+21’1\/ Tan[dx} \/ Tan{dx]
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)y

sin[2] [1+Tan W\/i]

vz sl Tan Y] ZJj_Tan[d:}

oot [

-2 \/-1+Sin[c] +V2 V/-1+Sin[c] Tan{dzx}+2\/i—Tan{dzx] \/1‘1+Tan[dzx}

(os[ =] -sin[ ]|

JJ/

(Oos{g] +Sin[§” [7Sin{§] [1+Tan[d7x]] [—} [1 Tan W Tan \ﬁLog
|20 (ms{‘;]man[‘;])[ (o] [V2 Virsiner V2 Viisingel Tan| Y] 2 J Tan| | J cran 1] |

o [

\/Tx/1+Sin[c} +\/2_\/1+Sin[c] Tan[dzx]+2j1\/j—Tan{2X} \/J‘HTan{dzx]
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\/?ArcTan{ }Sin[c] 1‘1+Tan[—] +

V-1+i (Cos[2]-iSin[S]) [i+Tan[ZX] |
j\/?ArcTan{ }Sin[c] 11+Tan[—x} /

jfTan{dTX} - !

i Cos[3¢] Sec[7} (005[2} wsm[%” VCos[dx] +iSin[dx]

(-1)1/4 (Oos[i}_jsm[&” 1'1+Tan[d—x]
(1+1) (Oos[i]—jSin[E” j—Tan[d—x} +ﬁArcTan{ ’ ? 2 }Sin[c] 11+Tan{d7x
’ 2

2 2
lifTan[dTX]

V-1+i (Cos[Z]-isSin[Z]) ]i+Tan[d7X} dx 1 . .
i\/Z_ArcTan[ ]Sin[c] 11+Tan[—] - (7+£) Cos [3¢C] (Oos[g}—iSin[fU
V-1-d jfTan[dTX}

+

+\EArCTan[ }

c c d x
(iCos[dx] -Sinfdx]) | (L+1i) (Oos[g} wsm[ﬂ) i*Tan{7



4.3 Tangent.nb | 271

- V-1+i (Cos[S]-isin[Z]) [i+Tan[ZX]

Sin[c] j+Tan[7}+i\EArcTan[ }Sin[c] i+Tan[d7X] /

d 1
VCos[dx] +iSin[dx] j_Tan{—x} o (1+i)Cos[3c] (ms{g]_jsm{i]]VOos[dxp]ism[dx}
2 2 2
jfTan[dTX}
(-1)14 Oos[%}fjsin[%}) i+Tan d%
ArcTan[ ( k ]Sec[d%}ZSin[c]
i (3+5) sec[9]" (Cos[§] -isin[g]) i-Tan [ 7]
j—Tan[dTX] 22 11+Tan[d7x]
m((x)s[%]fisin[%}) i+Tan de
JiArcTan[ k ]Sec[dTX] Sin[c]
NVo1-io ifTan[d%} dx
+]1v/2 Sin[c] 1+Tan{—]
22 1'1+Tan[d7x}
. dx 12 R . dx
msec[d%]Z (Q)S[%}*Jlsln[%]) \/71+Jl SeC{TJ (COS[%]*JSIH[%]) 1+Tan[7] /
4m(j7Tan[d7x})3/2

= d (-4 sec[<X i Si
2”J+ 2 Sin[c) 11+Tan{7x} % +
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(a+iaTanf[c+dx])%?+

2d+vVeSec[c+dx] (Cos[dx]+1Sin[dx])%/?

5
i
Cos [
C +
dx]?
! (1+i]Oos[cJ (—1+ZCos[Zc])(Cos[i]—jSin[EU\/Cos[dx]HiSin[dx]
2 2 2 2
jlfTan[d?x}
[« d x
[Oos{;] (-2+21) jfTan{T} +
\/27Log{ (2+21‘1)Cos{d—x] [17]iOot[S”Sin[i}2 V2 A/-1+Sin[c] +vV2 V/-1+Sin[c] Tan{d—x]fz ]ifTan[d—X]
2 2 2 2 2
dx c NS _ NS i dx dx d x
i _ —| |- V-1+Sinfc] v-1+Sin[c] - i _ i -
1+Tan[ 5 } +Cot[2] 2 1+Sinfc] +V2 1+Sin[c] Tan[ 5 ]+2 i Tan{ 2} 1+Tan{ 2] /
cos[ 5] sin[S]) (cos|S]vsin] S]] [cos[ S cvdx)] +sin[E (crd 1:9 . Tan| 2
—| - — — | + — — + + — + W + — -
[( s[>]-sin[>]] [oos | .nu)[ s[> c-dx)] sin] (o x@]] el i Tan[ <]
dx c . (C . rC _ i dx dx
\/?Log{ (2—211)Cos{7] (CDS{E]-#J'lSIn{E]] Sln[g] V2 AiiSin[c] -2 V1+Sin[c] Tan[7}+21 i—Tan{T}




4.3 Tangent.nb | 273

/

dx

7]

V2 A/1+Sin[c] +vV2 V1+Sin[c] Tan[dzx}+21\/1 Tan{dx] \/JHTan[d?X}

dx
\/ +Sing 1+Tan

V2 A/-1+Sin[c] +

JHTan[ +Oos[ }

[(Oos[ ] Sln[ ”[Cos[ }+S|n{ H[Oos[ (c+dx)} Sln[ (c+dx)

C

Sin[g} (2+2i) |i- Tan[dz} WLog[ (2+ 211)008[%(} [1*100t[%}]5i“[3]2

2

\/_\/—1+S|n Tan{dx]—z\/j—Tan[dzx} \/iHTan[dX

Co[ } V2 V-1+Sin[c] +vV2 V/-1+Sin[c] Tan{d—x}+2 i—Tan{d—X] 11+Tan[d—x}
2 2 2 2

/

d x

2

[oos 2] -sin[ 2] [cos 2] esin 2] | s ]S e | esin] 2 e an |

]]x/71+Sin[c} J'HTan{

dx

\/Z_Log{ (27211)Cos{d—x] [COS[E]Jr]'lSin[E]) Sln[ ] N2 A1y Sin| \/_\/1+S|n Tan[ }+2]‘1 JifTan[d—X
2 2 2 2

Man[d?x] +Cos[ ]

V2 A/1+Sin[c] +V2 V1+Sin[c] Tan[dzx}+2]i\/j—Tan{dzx] \/]'l’fTan[dzx}]]]/

]]\/1+Sin[c] ]i+Tan[d2X]]

c c c c d x
(1+1) Cos[dx] Sec[c +dx] [Oos{g} —jSin[EHSin[?,c}z (Cos[dx]+1Sin{dx]) | (1+1) [Oos[g} —]iSin[EH j—Tan[T

+



274 | 4.3 Tangent.nb

\/?ArcTan{ }Sin[c] 1‘1+Tan[—] +
2

VLT (oos[g]-isin[g]) i+ Tan[%]

j\/?ArcTan{ }Sin[c] 11+Tan[d7x} /

jlfTan{—

|

1

— 4+ —

2

d x

(1+1) (Cos[g]—jSin[g]] i- Tan[dz} V_ArcTan{

Sec{d_x]2 [COS{E] 7jSin{§” Sin[3c]VCos[dx] +1Sin[dx]

(-1)14 (Oos[%}—nsln[% 1+Tan[7x

]

[ dx
i- Tan 7

VIT (Gos[g]-isin[g]) [ieTan[ %]

iV/2 ArcTan| [ sine ]1+Tan[d—x] -

i

2

N-1oi jfTan[dx}

Oos{; —lein{g]]SinBc] (1 Cos[dx]-Sin{dx]) | (1+1) [Oos[; —iSin{%H j—Tan{

}Sin[c]

11+Tan{—

d x
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2 d x
ArcTan[ }Sln[c] j+Tan{7] +1V2
JlfTan[de}
. c R c dx
V-ol+id (O)S[E]—JSIH[E]) 1+Tan[7] dx dx
ArcTan[ }Sin[c] ]1+Tan{—] / v Cos[dx] +1iSin[dx] ]‘L—Tan{—] -
2 2
V-1-i JlfTan[de}
1 i dx c c
1 —+ =) Sec|— Cos || -1Sin|Z>
(1+1) [@s[g}qsm[%”sm[sc}\/@s[dx]+iSin[dX] (G g) sec[F]" (Cos[3] [2])+
]i—Tan[dTX] j—Tan[dTX}
(-1)1/4 (Oos[;—}fﬁsin[g]) i+Tan de m(ms[%]fisin[%}) i+Tan dz—x
ArcTan 5 ]Sec[dTX}ZSin[c] i ArcTan ki }Sec[d%]ZSin[c}
jfTan{dTX} V-1-i J‘L—Tan{%}
22 11+Tan[d7x] 22 11+Tan[d7x}
d V-1+i Sec[%*]? (cos[C]-isSin[S
1\/?Sin[cj 1+Tan[?x] [2] ( [ } [2” +
4x/li\/iTan[d7X] \/1+Tan[d7x}
. x 12 c c X
V-1+1 Sec[%} (Cbs[;}—nsln[;}) 1+Tan[d7] 1(003[%}7118in{%})2 (1+Tan{d7x})
1- +
4m(j—Tan[d7X})3/2 / i—Tan[dTX]
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1+ (a+iaTan[c +dx])5/?

® Problem 411: Result more than twice size of optimal antiderivative.

dx

J(a+jaTan[c+dx})5/2
(e Sec[c +dx])3/2
Optimal (type 3, 362 leaves, 11 steps):

. +1 + . +1 +
nﬁaS/zArcTan[l—ﬁﬁVa aTan[c+dx] ] l\/?a5/2ArCTan{1+\/27\/e7\/a aTan[c+dx]
\Va eSec[c+dx)] va eSec([c+dx]

- + +
ded/? d e3/2

a- V2 va e ariaTan[c+dx)]
VeSec[c+dx]

jaS/ZLog[ +Cos [c+dx] (a+jaTan[c+dx])]

N2 dedn?

. N2 a e VasiaTan[c+dx]

+Cos[c+dx] (a+iaTan[c+dx])]
VeSec[c+dx]

: 25/2
ia Log[a 4ia(a+iaTan[c+dx])3?

V2 ded2 3d (eSec[c+dx])%?

Result (type 3, 1571 leaves):

Cos [c +dx] (Cos[dx] (—%jCos[c] —4Si;[°])+(4cc’;[°] —ngin[CHSin[de) (a+iaTan[c +dx])5/?2

d (eSec[c+dx])%2 (Cos[dx] +1Sin[dx])?

(—1)1/4(003[%]—118in[%]) 11+Tan[d7x] \/—1+J'1(Oos[%]—j18in[%]) 11+Tan[d7x]
(1+1) ArcTan[ }—jArcTan[ }

i~ Tan[%*] V-1-a j—Tan[dTX}

(ms[g]-jsm[;] (Cos[2¢c] -iSin[2¢c]) (—Cos[Zc]\/Oos[dx}HiSin[dx} +iSin[2c]VCos[dx] +iSin[dx] )
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d d
2Cos[dx] +21iSin[dx] ]'1+Tan{7x] (a+jaTan[c+dx])5/2/ d (eSecic+dx])%2 (Cos[dx] +1Sin[dx])%? ]i—Tan[?X]
L (-1)1/4 (Oos[%}ijin[%}) 1'1+Tan[d7x] V-1l+1i (Cos[%}ijin[%}) Ji+Tan[d7X] dx 2
- [—+—] ArcTan{ }ﬂiArcTan[ } Sec[—}
4 4 . dx . ) dx 2
i-Tan[ 5] V-1-i [i-Tan[%*]
d x d x 1
[Oos[f}—jSin{f]] (Cos[2c]-iSin[2c]) V2Cos[dx] +21iSin[dx] / \/n—Tan{] \/]HTan[ - ; "
(n—Tan[%])

Sec[—} (Oos[i}fiSin[S” (Cos[2c]-iSin[2c])V2Cos[dx] +21Sin[dx] 11+Tan[—} -
2 2 2 2

L (-1y1/4 (Cos[%}fiSin[%}) 1‘1+Tan[d7x] V-ol+i (COS[%}*]].SIH[%}) 1+Tan[d?x]
[EJrE] ArcTan{ }ﬂiArcTan{ }
[i-Tan[2X] Vo1-i [i-Tan[2X]

(005[%] wsm[%” (Cos[2c] -iSin[2c]) (2iCos[dx] -2Sin[dx]) mTan{d?x] /
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j—Tan[d%} -

J2Cos[dx] +21Sin[dx]

d x

(o3 (o3
(1+1) (003[5} —]iSin[EH (Cos[2c] -iSin[2¢c])

i - Tan| 2]

mSec[%xr (Cos[Z—}fﬁSin[g]) V-1+i S-ec[d?x}2 (Oos[%]fiSin[Z—}) J'HTan[d?x}

Am\/n—Tan[%} \/“Tan[d?x} 4v-i-d (iiTan[%})S/z

\2Cos[dx] +21iSin[dx] 11+Tan{?] -

(14 sec )" (cos[]-isin[L])

(-1 ¥4 sec[ 2] (cos[]-isin[E])

i (Cos[;—}fisi n[g])z (1‘1+Tan{d7x])

n—Tan[%}

J‘L+Tan{d7x}

s fiman[%2] [ itan[%]

4 (LTan[7

dx >3/2

1. ]i(Q)S[%

]fiSin[;—})z (1+Tan[d7x“

i-Tan {dz—x]

® Problem 416: Result more than twice size of optimal antiderivative.

dx

J (e Sec[c +dx])5?

vJa+iaTan[c +dXx]
Optimal (type 3, 369 leaves, 11 steps):

\/TﬁvaﬂlaTan[(de]
“a JeSec[c+dx]

i e%2 ArcTan [1 -

i e%2 ArcTan [l +

V2 e Va+riaTan[c+dx) }
Va eSec[ctdx]

V2 a'd

V2 Va Ve a+iaTan[c+dx]
VeSec[c+dx]

ie5/?2 Log[a

V2 Va'd

+Cos[c+dx] (a+iaTan[c+dx])]

+

22 +Jad

a- N2 a e VasiaTan[c+dx]
VeSec[c+dx]

ie5/2 Log[

+Cos[c+dx] (a+iaTan[c+dx])]

ie2+eSec[c+dx] Va+iaTan[c +dx]

22 Ja d
Result (type 3, 1531 leaves):
1

dva+iaTan[c +dX]

ad
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Cos[c+dx] (eSec[c+dx])>? (—]iOos[cJ \/Cos[dx] +iSin[dx] +Sin[c] VCos[dx] +1Sin[dx] )\/Cos[dx} +1Sin[dx] +

(-1)1/4 (Oos[%]ijin[%]) 1+Tan[dx] V-1+i (Cos| ]7jSin[%]) 1+Tan[dx]
(1+1) ArcTan[ }7jArcTan[ }

i-Tan[ %] Vo1-i [i-Tan[ %]

c c
Cos[c+dx] (eSec[c+dx])%? [Cos{i wiSin{EH (Cos[c] +1Sin[c])

1 1
5czos[c] N Cos[dx] +1Sin[dx] +EiSin[c} N Cos[dx] +1Sin[dXx]

(Cos[dx] +1Sin[dx]) 11+Tan[d?x] /d\/ZjZTan{d%}

_ (-1)1/4 (Cos[%]—JlSln[%]) 1+Tan[d7x] V-ol+i (Cos[%]—JlSln[%]) 1+Tan[d7x] dx
(7+7 ArcTan[ }ﬂiArcTan[ } Se {—}
4 2
i -Tan| <] Vo1-i [i-Tan[ %]
d d 1
(Oos[i]ijin[E” (Cos[c] +i1Sin[c]) vCos[dx] +iSin[dx] / \/ZjZTan[—X} \/J'HTan{—X} +
2 2 2 2 (2172Tan[d7x})3/2
1 pl)““(Cos[%]ijin[%]) 11+Tan[d7x} V-ol+i (Cos[%]ijin[%]) 11+Tan[d7x}
(—+—] ArcTan[ ]7jArcTan[ ]
2 2
j—Tan[dTX} VA j—Tan[dTX}
dx -2 C c d x
Sec[—} (Cos[—}—]iSin[—” (Cos[c] +1Sin[c]) VCos[dx] +1iSin[dx] 1'1+Tan[—} +
2 2 2 2
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- (71)1/4(003[%}7118in[%}) i+Tan[2X] V-1+1i (Cos| }qiSin[%}) i+Tan[2X]
[—+—] ArcTan{ }—]iArcTan[ }

2 2
i - Tan| 2] V-1-i [i-Tan[%]

c c d x d x
(Cos[g]ijin[EH(Oos[c}ﬂ'lSin[c])(JiCos[dx}fsin[dxm J‘1+Tan[7] /\/Cos[dx}ﬂ'lSin[dx] \/ZjZTan[z} +

1

JZjZTan[dTX}

(1+1) [ms{g]fjsmg]] (Cos[c]+iSin[c]) VCos[dx] +iSin[dx] j+Tan{d7X]

VL see| L] (cos[£]-isin (%)) VI sec ] (cos (2] asin(
+
4m(17Tan[d7H3/z

i

x| —

4mJ17Tan[d§} JjuTan[dTX}

1. i (Oos[%]fﬁSin[Z—}d)j (J'HTan[d?x”
jfTan[T}
(1)14Sec[—} (Cos[%}nSln[%]) (1)1/45‘%[%} <C°S[§]’ls'n[’]> j”Tan[de}
4 nfTan[—] J'HTan[—x] 4(17Tan{—])
J J vJa+iaTan[c +dXx]
1. n(ms[%]flsln[g]) (J‘HTan[de”
nfTan[—]

® Problem 417: Result more than twice size of optimal antiderivative.

dx

J- (e Sec[c +dx])3/2
vJa+iaTan[c +dXx]

Optimal (type 3, 483 leaves, 11 steps):
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i /2 +/a e¥2 ArcTan|1 - Y2 Ve YaiaTaniesdx] | gac (¢ 4 d x i V2 +/a e¥2 ArcTan|1 . Y2 Ve VaiaTaniesdx] | gap (¢ 4 d x
1\/7\/7 { Va eSecic+dx] e~ ] 1\/7\/7 ! Va eSecic+dx] e~ ]
- + +
dva-iaTan[c+dx] Va+iaTan[c +dXx] dva-iaTan[c+dx] Va+iaTan[c+dx]

. V2 Ja Ve Va-iaTan[c+dx] .
a e¥2Log|a- Cos [c +d a-iaTan[c+d Sec[c +d
iva g[ N +Cos[c+dx] (a-1i rc+ x])} fc+dx]
V2 dv/a-iaTan[c+dx] Va+iaTan[c +dXx]
i \/a e¥2Log|a+ Y2 Va Ve VaiaTanic-dx] | psic dx] (a-iaTan[c+dx])]| Secc+dx
iva gla+ Nrerer +Cos[c+dx] (a-iaTanfc+dx]) | Sec(c+dx]
V2 dva-iaTan[c+dx] Va+riaTan[c +dx]
Result (type 3, 1683 leaves):
c . c . dx . c . c . dx
(-1)1/4 (COS[E]—JISIH[E]) 1+Tan[7] V-1+1i (Cosb]—nSln[E]) 1+Tan[7]
(1+1i) —lercTan[ }+ArcTan[ ]

jfTan[dTX} VN-o1-d jfTan[dTX}

c c
Cos[c +dx] (e Sec[c+dx])3/? (Cos{—]ijSin[—]] (Cos[dx] +1Sin[dx])
2 2

d x d x
Cos[dx] Sec[c+dx]VCos[dx] +iSin[dx] -iSec[c+dx]+Cos[dx] +iSin[dx] Sin[dx])JZjZTan[7} \/J'HTan[?] /

a[-x-7an] %]

Man[d?x} ] !

SEC[dTX]Z[COS{;]-#I'LSin{%]]\/CDS[dX}-*—JiSiﬂ[dX] \/21‘1—2Tan[dzx] / [—1‘1+Tan[dzx}

(—1‘1+Tan[d7x])2
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—JiArcTan[ i ]+ArcTan[

i-Tan[ 2] Vo1-i [i-Tan|[ 2]

114 (cos[5] i sn[g]) [ Tan[ 2] MRt il ]J

SeC{dix]z[@S{g]#—iSin{g]]\/COS[dX}+]lSin[dX} \/Zi—ZTan[de] \/1‘1+Tan[dzx}_

2
1 (—1)1/4(003[%}—118in[%}) 11+Tan[d7x] \/—1+11(Oos[%}—j18in[%}) 11+Tan[d7x]
(E+§] 711ArcTan{ }+ArcTan{ }
j—Tan[dTX} V-1-i j‘Tan[dTX]
Sec[d%]z(Oos{g]HiSin{%”VCos[dx]HiSin[dx] 11+Tan[d7x] /\/212Tan{d7x] (1+Tan[d_x} +

qArcTan[ i }ArcTan[

J'l-Tan[dTX} V-1-d ]i—Tan[dTX]

C1Y(cos[3] - asin[g]) i Tan ] T (oos[2] - isin(]) [ Tan[ ] }J

d x

c c d x
[Cosb} H-lSian (i Cos[dx] -Sin[dx]) \/212Tan[7} \/MTan{?]

,]-HTan{d?X]

/{\/Q}S[dX]+iSin[dX]

J .

1 dx

(1+1) [Cos{%}uiSin{%H\/Oos[dx}HiSin[dx} \/ZjZTan{d%] \/J'HTan[?}

—i +Tan[d7x]
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mSec[d%r (Cos[%]—jlsin[

c
2

1) mSec[d%r@os[%]fiSin[;—]) juTan[dz—x}
! 4m(17Tan[d7xH3'/2

411 Ji—Tan [‘%} \/J‘uTan [‘%}

L4 (Cos[]-isin[])® (i+Tan[])

i-Tan {"Z—X]

| cnasec |2 (cos [ §]-isin[ L)) (1) sec [ 5] (cos [3)-isin[5]) [ i-Tan[ %]
i + —

4\/1‘17Tan {"Z—X} \/]'1+Tan {"Z—X} 4 (ﬁ_Tan[TD
}—jSin[%”z (1‘1+Tan{d7x])

J‘L—Tan[%}

vJa+iaTan[c +dXx]

i(Cos[;—

1+

® Problem 423: Result more than twice size of optimal antiderivative.

(eSec[c+dx])7/?
J dx
(

a+iaTan[c+dx])3/?
Optimal (type 3, 529 leaves, 13 steps):

V2 We VaiaTan[c+dx]
va eSec([c+dx]

V2 e Va-iaTan[c+dx]
va eSec[c+dx]

3jle7/2ArcTan[1 }Sec[c+dx] 3]ie7/2ArcTan{1+ ]Sec[c+dx]

ie? (eSec[c+dx])3/?

+

- +
adva+iaTan[c +dx] V2 vJadva-iaTan[c+dx] vVariaTan[c +dx] V2 Jadva-iaTan[c+dx] Va+iaTan[c +dx]

_ V2 Va Ve Va-iaTan[c+dx]
VeSec[c+dx]

22 +Va dv/a-iaTan[c+dx] Va+iaTan[c +dx]

3]ie7/2Log[a +Cos[c+dx] (a—jaTan[c+dx])] Sec[c +dX]

a+ V2 va e va-iaTan[c+dx)]

3i1e7/? Log[
VeSec[c+dx]

+Cos[c +dx] (afiaTan[c+dx])] Sec[c +dx]

22 +Ja dva-iaTan[c+dx] Ya+iaTan[c +dx]
Result (type 3, 5841 leaves):
1

d(@a+iaTan[c +dx])3/2

Cos[c+dx] (eSec[c+dx])"/2 (Cos[dx] +1Sin[dx])3%2 (-1Cos[c-dx]VCos[dx] +iSin[dx] +VCos[dx] +1Sin[dx] Sinfc-dx]]+
1

3Cos[c+dx]% (eSec[c+dx])7/?2 (Cos[dx] +1iSin[dx])3?
2d (a+i1aTan[c +dx])%?
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dx
! [LE 005[5} HSin{EHSun[c} iy Oos[i} 2-21i) |1 Tan[dx] -
2 2 2 i+Tan[ %] 2 2
i-Tan[ 2] i
V2 Log[|(1+1) (ZfZﬁOot{%HSm[ |" Nz v-iisine - WWTa”{dZX]ZJjTa“[djx} J“Ta”[d%} :

V2 v/-1+Sin[c] +vV2 V/-1+Sin]| Tan[dzx]+2\/jTan[d7x} \/iHTan{d?X]

I

Cot [2]

/

[oos[2]- smm)( oS sl S]] (][4 men 2

V-1+Sin[ 1+Tan rLog

S'n{ ][WW rmTan[d%]+2jl\/jTan[d7x} \/J'HTan{d?X]

J)-

voos 2] [1oman[ 2|

(2-21) (003[ | +isin]= U

+Cos[g]

d x d x d x
\/2_\/1+Sin[c} +\/7\/1+Sin[c] Tan{]+21‘1\/j—Tan[} \/1‘1+Tan{
2 2

2} }/[(oosm—smm)

Sln[ }(1 Tan[ W ]L+Tan dx

N2 A/ -1+Sin[c] +vV2 V-1+Sin[c]

Oos[g} (-1+Tan[dx

jcos[ ] +sin[ ] [ons >

2 2 ]

Sin[%] (2+21i) |i- Tan[dz] \/_Log[ (1+1) (2-2]100t[§”s|n[2}

d x

Tan{"zx}_zJi-Tan{d:] JMan[dZX} ‘o []] 1.

V2 v/-1+Sin[c] +vV2 V/-1+Sin| Tan[




ZJL ran| | J cran| %]

dx

(—Sin[Z] [ 1+ Tan[

(Cos{;:] nsln{z”

}

sn[?]

Oos[ ][1 Tan[

}/ ((@s[z] Sln[;” [@sm s.nm)

\/ 1+Sin| \/T rLog

dx
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(2-21)

N2 V/1+Sin[c] - WWTan{Z} 21\/1 Tan{

c c
1+1) Cos[c]?Cos[dx] Sec[c +dx] (Cos[g] —jSin[E” (Cos[dx] +iSin[dx])

cos 2] (-2 man| ]| esin[ 2] [17an| || | v snter j+Tan[“2X]] i

V2 /1+Sin[c] +vV2 V1+Sin[c] Tan[dzx]+2j\/]i—Tan[dzx] \/1‘1+Tan{dzx}

(-1)¥* (Cos[5] -isin[3]) Tan[ %] dx
\/fArcTan{ }S'”[C] 1‘1+Tan[7]
i Tan[%}
VoTed (cos[S] —isin[g]) |4« Tan[%] dx
J‘L\/?ArcTan{ }SIH[C] i Tan[7} /
Vo1-i [i-Tan[2X]

d x

2

14 [oos[ ] -asin[ ]|

]Jl Tan[‘%x} .

HEERE]

j—Tan{d%} +
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jfTan{dTX} (jTanl[dTX”?’/z[%Jri Cos[c]Sec[d%r(oos[%}JLSin[EU\/Cos[dx]HiSin[dx]
(-1)1/4 (Oos[%}—]iSin[%}) 1+Tan[d7x] g
(1+1) COS[*]*JLSIH[*]] JlfTan[—X} +\/7ArcTan{ }Sin[c] 11+Tan{—x +
2 2
nfTan[dTX]

Sinfc] j+Tan{d7X} +jﬁNcTan[

d x
VCos[dx] +iSin[dx] JifTan{7}

. (1+i) Cos[c] [Oos{g]fjsmg]] VCos[dx] +1iSin[dx]
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(e (oo [F]asin[g]] | #Tan [
ArcTan e i) %] ]Sec[dTXfSin[c]
(i r3)sec[ S (s[5 -isin[5]) el
— + *
j—Tan[dTX] 22 11+Tan[d7x]

m(ms[%]fisin[;—}) i+Tan dTX
i ArcTan %] ]Sec[d%]zsin[c}

N J‘L—Tan[‘%} d x
+ 1'1\/2_Sin[c] J‘HTan[—]
2

242 11+Tan[d7x}

Vo1 sec[%]? (Cos[S] -isin[¢]) Vo1i sec[2X]% (Cos[S] -isin[S]) |4+ Tan[%X]
) 4m(ifTan[d7x})3/2 /

( 1)1/456(:[“7*} (oos[%}fnSIn[%” J1+Tan[dTX] 1((:03[%}718|n[%})2(1+Tan[d7x})
1+ !
4 (i-Tan[9])*? /[ i-Tan[ 3] ]

1

3i1Cos[c+dx]? (eSec[c+dx])"/? (Cos[dx] +1iSin[dx])3?
2d (a+iaTan[c+dx])3/?



288 | 4.3 Tangent.nb

1

jl—Tan[dTX}

33

Cos [c]
(Oosg] _is n{%”

VCos[dx] +iSin[dx]

Cos{g] (2-21) ifTan{d%] -
ﬁLog{ (2+211)Oos{d7x] [171100t[2”8|n[ } V2 A/-1+Sin[c] +vV2 V-1+Sin] Tan{dzx] 2 i*Tan[d—X]
j+Tan[d—X} +Oot[i] [ﬁ\/1+3in[c] +v2 v/-1+Sin[c Tan[dx]+2\/jTan{d_x} \/1+Tan{d_x] ]/
2 2 2 2 2
[(Cos[%]—Sin[%” [Oos{;+8in{§” [Cos[i (c+dx)}+Sin[§(c+dx)} ]]\/W J‘HTan[d?X] +
V?Log[ (2-2]1)003[—] ((I)S{*]-#ILSIH{*]) s|n[ ] V2 Ji+Sinic] -v2 V1+Sin[c] Tan[dzx}+2]1 IL—Tan{dTX}

1+Tan[d2X] +Cos[ } V2 AiiSin[c] +vV2 V1+Sin[c] Tan[dzx}+21\/1 Tan{dx] \/1+Tan[dzx}

dx
\/1 Sin[ JHTan

)

[(003[ | -sin[ 2] [cos[ 2] -sin[S H[@s[ ceax)]-sin[> (e rax
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Cc

sin[2] [@-24) [i-Tan[ ] v Log[ | 2+ 21) 08 1] (1- 1ot [£]) sin[ )" V2 VTS nEeT -
2 2 2 2 2

+

V2 /-1+Sin] Tan{dzx]z\/jTan[d%} \/1‘1+Tan{d7x

Oo[ } V2 V/-1+Sin[c] +vV2 V/-1+Sin[c] Tan{d—x}+2 j—Tan{d—X] J'1+Tan[d—x}
2 2 2 2

/

d x

2

1

“Jesinl ) [@5[2

(mdx)} +Sing (C+dx)}

]]\/71+Sin[c} J'HTan{

dx

V2 v/1+Sinc] -vV2 V1+Sin[c Tan[2 dx

vz tog|| (22 1) cos[ ] [eos[S] cisin[ S]] fsin] ] o2 s Tan[ ]

V2 1+ Sin| +\ﬁ\/1+$lnc Tan[dZX}Jan\/n Tan[dx] \/J'HTan[d—X}

dx
\/1 Sin| 1+Tan
d x

(o3 (o3 C (o3
(1+1i) Cos[dx] Sec[c+dx] [Cosb} wsmbHSin[ch (Cos[dx] +iSinidx]) |(L+1) [ms[ﬂ wsm[EH i*Tan{T

1+Tan[dzx] +Oos[ }

/

[(Cos[ ] Sln[ ”(Oos[ }+S|n{ H[Cos[ (c+dx)} Sln[ (c+dx)

+

(~1)1/4 (OOS[%}*J'lSin[%” 1+Tan[dT]

\EArcTan{ }Sin[c] 1'1+Tan{dx

2

i- Tan[d?}
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V-1+i (Cos[Z]-iSin[Z]) 11+Tan[d—x]
2 2 2 d x
ivV2 ArcTan{ }Sin[c] J'HTan[—} /

j_Tan{dTX} _(lTanl[de”3/2[i+j Sec{‘%x]z( 3{3]_jSinH)Sin[c]vCos[dx]+jSin[dx]
(-1)Y* (Cos[Z] -iSin[Z]) 1+Tan[d—x]
(1+1) (Oos[%]fiSin[g” jfTan[d%} +ﬁArcTan{ i i ’ }Sin[c] 11+Tan{d7x} +
L—Tan[d%]
V-l+d (Cos[%]ijin[%]) 11+Tan[d7x} i L
j\/?NcTan[ ]Sin[c} ]'1+Tan[—] - [—+—) [Cos{—]ijin{—”Sin[c]
2 2 2 2

d
(1Cos[dx] -Sin[dx]) | (L+1) (Oos[i}ijin[SU JifTan[—x +\EArcTan[ }
2 2 2
n—Tan[dTX}
dx V-1l+1i (Cos[%}ijin[%}) ]'HTan[dTX]

Sin[c] 11+Tan{7} +J‘1\/7ArcTan[ }Sin[c] ]‘1+Tan[dix] /
Vo1-d JifTan[dx]

d x
v/Cos[dx] +iSin[dx] jfTan{T}
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“1)14 (Cos[Z]-isin[% i+Tan |4
ArcTan el 2 5 ]Sec[dTXfSin[c]
i X 12 c s . c . dx
(3 k) seel ) (oos[5] s mnl]) o4
j—Tan[dTX] 22 11+Tan[d7x]
V-1+1 (Cos[S]-isin[S isTan| %X
i ArcTan (e 2] 2 5] ]Sec[d%]zsin[c}
Vi i-Tan[ Y] d x
+ j\/Z_Sin[c] J‘HTan[?]
242 11+Tan[d7x}
; dx 12 c R c . dx
msec[d%]Z(ms[%}_lsln[%]) V-1+1 SEC[T] (@S[E}—ISIH[E]) 1+Tan[7] /
4m(jfTan[d7x})3/2

® Problem 424: Result more than twice size of optimal antiderivative.

dx

J- (e Sec[c +dx])5/2
(a+iaTan[c+dx])%?2

Optimal (type 3, 365 leaves, 11 steps):
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. i . +1 +
i ﬁes/zArcTan[l V2 Ve VariaTan[c+dx] ] /2 e52 ArcTan|1 + V2 e Va+iaTan[c+dx]
“a JeSec[c+dx] va +eSec[c+dx]

- + +
a3/2 d a3/2 d

a- V2 va e VariaTan[c+dx]
VeSec[c+dx]

]ie5/2Log[ +Cos[c+dx] (a+]1aTan[c+dx])]

A2 a%2d

V2 va e VariaTan[cedx] .
+ e +Cos[c +dx] (a+1aTan[c+dx])] 4ie2 ﬁSec[chdx}

+

V2 a%?d ad+va+iaTan[c +dXx]

ie5/?2 Log[a

Result (type 3, 1563 leaves) :
1

d(@a+iaTan[c +dx])3/?2
Cos[c+dx] (eSec[c+dx])%? (Cos[dx] +1Sin[dx])? (Cos[dx] (4iCos[c]-4Sin[c])+ (4Cos[c]+41Sin[c])Sin[dx]) -

(-1)1/4 (Cos[%]ijin[%]) ]'HTan[dTX] V-1+i (Cos[%]ijin[%]) ]'HTan[dTX]
(1+1) ArcTan[ }—jArcTan[ } (e Sec[c +dx])>?

i - Tan| 2] Vo1-i o [i-Tan[2X]

C C
(Oos[;] wsm[ﬂ] (Cos[2c]+iSin[2c]) (7005[2(:] VCos[dx]+iSindx] -iSin[2¢c]/Cos[dx] +iSindx] )

d x d x
(Cos[dx] +iSin[dx])%2+/2Cos[dx] +2iSin[dx] 11+Tan{7} /d ]ifTan[7]

- (-1 (Cos[] -isin[Z]) 1'1+Tan[d7x] m(Cos[%}fiSin[%}) i+Tan[2%]
- [—+4—] ArcTan[ }ﬂiArcTan{ } Sec[7}

4
]i—Tan[dTX] No1od ]i—Tan[dx]
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(Cos[g}—jSin[g])(Cos[ZCJ+jSin[20})\/2COs[dx]+2]‘1$in[dx} / \/]‘L—Tan[dzx] \/1‘1+Tan[dzx] - -

L hl)”“(Cos[%]qiSin[%]) ]'1+Tan[d7x} V-l+1 (COS[%]—JLSIH[%]) 1+Tan[d7x}
—+—J ArcTan[ ]—JiArcTan[ ]
4 4
[i-Tan[%X] Vo1-i [i-Tan|[ 2]

dx,2 c c d x
Sec[—} (Cos[—}—]iSin[—” (Cos[2c] +iSin[2c])V2Cos[dx] +21iSindx] j+Tan[—} -

2 2 2 2
_ (1)1/4(003[%}—13|n[%}) 1+Tan[d7x] V-l+i (Oos[%}—nsln[%}) 1+Tan[d7x]
[§+_ ArcTan[ }—JiArcTan{ }

]i—Tan[dX] No1od ]i—Tan[dTX]

(Oos[%]—iSin[%” (Cos[2c] +iSin[2c]) (2iCos[dx] -2Sin[dx]) Jﬁ.+Tan[d7X] /

d x 1 c c
V2Cos[dx] +2iSin[dx] j—Tan[—} - (1+1) (Oos[f}—]iSin[fH(Cos[Zc]HiSin[Zc])
2 2 2
ilfTan[d?X}
| V-1 Sec[%]z(@s[;—}fﬁsin[g]) V-l+i Sec[d?xr(Cos[%]—iSin[Z—}) i*Tan[dTX}
1 + 32
dx 4+ -1-i \/nfTan[%x} \/1+Tan[d7x} 4v-1-i (nfTan[—”
V2Cos[dx] +21iSin[dx] j+Tan{—] - +
2 - JL(COS[Z—]—]LSlFI[%]) (1‘1+Tan{—]>
JL*Tan[—}
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(-1 sec[]* (cos[§]-isin[2]) (1)1 sec [ 5] (cos [3]-ssin[5]) [ 5+Tan[ %]
+ 3/2
4\/1'17Tan[d7x] \/1'1+Tan{d7x] A(jiTan{%])
- (a+iaTan[c+dx])%?2
1 i (Cos[Z]-isin[Z])* (i+Tan[ L))
+ dx
jfTan[7]

® Problem 430: Result more than twice size of optimal antiderivative.

dx

J- (e Sec[c +dx])92
(a+iaTan[c+dx])5%?2
Optimal (type 3, 411leaves, 12 steps):

) N2 e JariaTan[c+dx] ) V2 Ve VariaTan[c+dx]

592 A CTaI"I{l— 2 e variaTan[c+dX] 51e9/2ArcTan[1+ 2 e variaTan[c+dXx] ]
Va VeSec[c+dx] Va VeSec[c+dx]

- + +

\2 a%2d \2 a%2d

B N2 a e VasiaTan[c+dx]
VeSec[c+dx]

2+/2 a%2d

as V2 va e ariaTan[c+dXx)
VeSec[c+dx]

2+/2 a%2d

4ie? (eSecfc+dx])%2 5ie*+eSecic+dx] Va+iaTan[c+dX]

511e9/2Log[a +Cos[C+dX] (a+jaTan[c+dx])]

5Jie9/ZLog[ +Cos[c +dx] (a+jaTan[c+dx])]

+

N
ad (a+i1aTan[c +dx])%? asd
Result (type 3, 1511 leaves):

1
Cos[c+dx]% (e Sec[c+dx])%? (Cos[dx] +1Sin[dx])3

d(@a+iaTan[c +dx])>/2
(Cos[dx] (81Cos[2c]-8Sin[2c]) +Sec[c+dx] (1Cos[3c]-Sin[3c])+(8Cos[2c]+81Sin[2c])Sin[dx]) -

(-1)1/4 (Oos[%]—jSin[%]) 11+Tan[d7x] V-1l+d (Oos[%]—jSin[%]) 11+Tan[d7x]
(6+51) ArcTan[ }ﬂiArcTan[ } Cos[c +dx]

* ] N-o1-1 jfTan[dTX}

2

[}

i-Tan|

5c 5c¢ 5 5
(eSecfc+dx])%2 (Cos[—} +]iSin[—H [——005[3(:} \JCos[dx] +iSin[dx] - —1iSin[3c]Cos[dx] +1iSin[dx]
2 2 2 2




d x
(Cos[dx] +1Sin[dx])® 11+Tan[—}
2
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/

A pl)““(Oos[%}qiSin[%}) 1'1+Tan[d7x] V-1l+i (Oos[%}ijm[%}) 1+Tan[d7]
- [—+—] ArcTan{ }—]iArcTan[ }
4 4
JifTan[dTX] Vo1-d LfTan[dTX]
d 5 d d 1
Sec[—x]z{ s[—c]+iSin[—]]\/Oos[dx]HiSin[dx] /\/Zj—ZTan{X} \/1+Tan{x] -
2 2 2 (2i-2Tan[9¢])*?
- (-1)Y4 (Cos[Z] -isin[Z]) ]1+Tan[d7x} V-1+i (Cos[Z]-isSin[Z]) 11+Tan[d7x}
(7+—J ArcTan[ ]-jArcTan[ ]
2 2
ifTan[dTX} V-1-1 JlfTan[dT}
d 5 5 d
Sec[—x}2 Oos[—c}+iSin[—cH\/Oos[dx]ﬂ'lSin[dx} 11+Tan{—x} -
2 2 2 2
- (-1)M* (Cos[F] -isin[Z]) J'HTan[dTX] V-1+i (Cos[Z]-isin[7]) Ji+Tan[d7X]
[—+—] ArcTan{ }ﬂiArcTan{ }
2 2
j—Tan[d%] No1-i ]i—Tan[dTX]
5 5 d d
(COS[—C]+iSin[—C] (1 Cos[dx] -Sin[dx]) ]'1+Tan[—x] /\/Cos[dx]HiSin[dx} \/212Tan{—x} -
2 2 2 2
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1

\/ZiZTan[d?x}

(5+51) [Cos{szc]ﬂiSin{szc]] \Cos[dx] +1Sin[dx]

T see [P (oos [S) isin[s]) VAo see[ ] (cos[F]-isin[T]) [ 1iTan[ ]
i + =

4mJi—Tan{d7x} JjuTan{de} 4m(1—Tan{7”

1 i (Cos[g]—il Sin[;—}d): (1+Tan[d7x”
ﬁ—Tan{T}

(14 sec )" (cos[]-isin[L]) (-1 ¥4 sec[ 2] (cos[]-isin[S]) [ i+Tan] ]

4 i—Tan{dTX] 1‘1+Tan{d7x] 4(]17Tan[d7x )3/2

J J - (a+iaTan[c +dx])5%/?

1.4 i (Oos[g]fisin[;—})z (1+Tan[7x”

i-Tan {dz—x]

® Problem 431: Result more than twice size of optimal antiderivative.

dx

J (eSec[c+dx])7/?
(a+iaTan[c+dx])%?2

Optimal (type 3, 527 leaves, 12 steps):

. -1 + . -1 +
i+/2 e7/2ArcTan{lf V2 Ve va-iaTan[c+dx] }Sec[c+dx] i+2 e7/2ArcTan{1+ (2 Ve vasiaTanic:dx] | gecic 4dx]
Vva vVeSec[c+dx] Va veSec[c+dx]

N
3ad (a+iaTan[c+dx])%? a’3’2d+a-iaTan[c+dx] a+iaTan[c +dx] a’2d+/a-iaTan[c+dx] Va+iaTan[c +dx]

4ie? (eSec[c+dx])3?

a- V2 +Ja Ve Ja-iaTan[c+dx]
VeSec[c+dx]

V2 a%2d+a-i1aTan[c +dx] Va+iaTan[c +dx]

]ie7/2Log[ +Cos[c+dx] (a—jaTan[c+dx])] Sec[c +dX]

+

a- V2 va e va-iaTan[c+dx)]
VeSec[c+dx]

V2 a¥2d~/a-iaTan[c+dx] Va+iaTan[c+dx]

Jie7/2Log[ +Cos[c +dXx] (afjaTan[c+dx])] Sec[c +dXx]

Result (type 3, 5863 leaves):
1

d@a+iaTan[c +dx])5?
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4 4Sin[c] 4Cos[c] 4
Cos[c+dx] (eSec[c+dx])7/? (Cos[dx] +1Sin[dx])2% |Cos[2dx] gnms[cy . )+ . +§JiSin[c}]Sin[2dx}]+
1
(1+1) Cos[c] Cos[c+dx] (eSec[c+dx])’?
d j—Tan[d%] (a+iaTan[c+dx])%?2
dx
c ] c ) ) i- Tan[7 dx
[Cos[—}fj&n{—HSln[c} (Cos[dx] +1Sin[dx])5? Oos (2-21 i- Tan
2 2 1+Tan[d7]

ﬁl_og[

-_Tan[‘%x} JMan{dzx] .

/

10 [2-2rct S]] sin[ 2] ﬁm+ﬁmm[%_z

Cot[%] [—\/Z_V—1+Sin[c] +v2 /-1+Sinic Tan[dzx} 2\/1‘1—Tan{dzx} \/J'HTan{de]]

oos[ 2] -sn[2]) [eos[S]-sin[ S]] [-sin[ 2] [-aeman] ]| ccos[5] [1oman ] ||| v-aesinier [soman[ 2] <2
Log-| 2-25) [oos[2] +isin[S]) |sin[S] | V2 vITsinEe - rmmn[“phJI Tan| X J“Tan[d:} .
s ﬁm+ﬁmTan{d;]+qu_Tan[?} JMan[dzx} J/[(ms[;}_gn[;”
joos 5] sin[ 2] [cms 5] (-2 e man [ X esin[ 2] [aoman 1] ||] varsnier | [soman[ ] |-sinf ]
2+21) JT vz tog]| 1+ [2-2icon [0 sin[5]7 |V2 VoTsater 2 VoEisinte) Tan| ] 2 i -Tan[ ]

V2 V/-1+Sin[c] +V2 V-1+Sin[c Tan{dzx] 2\/1‘1—Tan[dzx} \/1+Tan{dzx}

]].+Tan +00t

/
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d x dx dx

[oos[3]-sin[2]] [eos 2] +sin[2]] [-sin[2] -1+ Tan[ 7] |V-1Snie] | Tan|

Oos[ ] [1 Tan[

Sln[ } N2 A1y Sin| V2 V1 Sin[c Tan{dzx} 21\/1 Tan{z]\/u Tan[z} +

(2-21) (Oosg]msmg”

Log |-

\/2_\/1+Sin[01 +\/?\/1+Sin[c] Tan{dZX]Jij\/]i—Tan[dzx} \/1‘1+Tan{dzx}

o[

/
d;”+8in[] [1 Tan| | Vivsiniel |ean[ ][]

c c
(1+1) Cos[2c]?2Cos[dx] (eSec[c+dx])7/? (Cos[—] —jSin{—” (Cos[dx] +1Sin[dx])’?
2 2

[(003[; ~sin[0]] foos[S ] esin] ) (005[; (_1+Tan{
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dx 1 1 1 dx 2 c . rcC _
d jlfTan[—} - —+—)Oos[20}Sec{—] (Q)S{—]fiSIH{—]]\/Q)S[dX]+JiSIn[dX]
2 (]ifTan[dTX])S/z 4 4 2 2 2
. (-1)1/4 (Cos[%]—jSin[%]) J'1+Tan[d7x} dx
(1+1) (CDS{*}*ISII’]{*]] LfTan{T] +ﬁArcTan[ ]Sin[c} 1‘1+Tan[7} +
jlfTan[dTX]

i\EArcTan{ }Sin[c] i+Tan{—} -

1 1 c ) [ . c . c dx
[—+— Cos[2c] [Oos{—]fjﬁn{—]] (1Cos[dx] -Sin(dx]) | (1+1) (Oos[—]—i&n[—” i-Tan|—| «
2 2 2 2 ) 5 ,
(-1)¥* (Cos[£] -isin[Z]) 11+Tan[d7"} y
ﬁArcTan{ ]Sin[C} J']_+Tan[7x} N
JlfTan[dTX]

V-1+i (Cos[Z]-iSin[Z]) 11+Tan[dx}
2 2 dx
V2 ArcTan{ ]Sin[c} 11+Tan[—2 } /
V-1-1i j—Tan[d%]

dx
v/Cos[dx] +iSin[dx] jlfTan[7}
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(o3 (o3
(1+1i) Cos[2¢c] (@sb]fjsmb]) VCos[dx] +iSindx] |- i

i - Tan| 2] i-Tan[7]

(-1)1/4 Cos[%]fisin[%} i+Tan de V-1+i Cos[%]fisin[g] i+Tan de
ArcTan[ ( ) k ]Sec[d%]ZSin[c} lercTan[ ( ) ka }Sec[dx 2

7] Sin[c]
jfTan[GTX] N jfTan[dTX]
+ +
242 11+Tan[d7x} 22 ]'HTan[dTX]
’ x 12 - , X
ix T Sec[d—x}z(Oos[i}—iSin[i}) V-l+i Sec[d?} <Cbs[§}—n$ln[§” 1+Tan[d7}
j\/Z_Sin[c] 11+Tan[—] 2 2 2 + /
2

. . dx 3/2
4+/-1-1 \/j—Tan[dzx] \/11+Tan[dzx] 4m(17Tan[7])

(a+iaTan[c+dx])%?]| -

iCos[c+dx] (eSec[c+dx])"/? (Cos[dx] +1Sin[dx])%?

d(@a+iaTan[c +dx])%/?
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jl—Tan[dTX}

d x

2

(£+j—JOos[2cJ (Oos[i}7iSin[S”\/Cos[dx]+1iSin[dx] Oos{g] (2-21) JifTan{
2 2 2 2 2

\ELog{ (2+211)Oos{d—x] [171100t[5”8|n[ } N2 A/-1+Sinfe] +vV2 V-1+Sin[ Tan{dx]fz i,Tan[d_X]
2 2 2 2
1+Tan[dx} +Oot[ ][\ﬁ\/l+$ln ++/2 V-1+Sinfc Tan[dx]+2\/1 Tan{dx} \/]HTan{dx] ]/
2 2 2

dx
x/—1+S|n 1+Tan

N2 1i+Sinc] -vV2 V1+Sin[c Tan[2}+21 i- Tan{z}

[(Cos[ ] Sln[ H [Oos[ }+S|n{ H[Cos[ (c+dx)}+S|n[ c+dx}

vz tog|| 221y cos| 1] [eos[ 0] cisin[ S]] |sin ]

d x

>

11+Tan[ +Cos[ } V2 AiisSin[e] +vV2 V1+Sin[c] Tan[d—x}+21 j—Tan{d—X] 11+Tan[d—x}
2 2 2

)

1

[(Oos[g] 7Sin[§” [Oos{; +Sin{§” [Oos[; (c+dx)} —Sin{% (c+dx)} dx

>

]]\/1+Sin[c] iHTan[

sin[2] [@-2) [i-Tan[ ] v Log[ | 2+21) 08 1] (1- 1ot [£]) sin[ )" V2 vTsnEeT -
2 2 2 2 2

WWTan[dZX]Z\/jTan[d%} \/1+Tan{d7x} +
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Oo[ } -v2 V/-1+Sin[c] +V2 V/-1+Sin[c] Tan{d—X}JrZ ]ifTan{d—X] 1'1+Tan[d—x}
2 2 2 2

/

d x

F

N2 iiSinc] -2 V1+Sin[c Tan[dzx}+2]1 1—Tan{d7x}

[[oos[ 2] -sin[ 2] [os 2] esin 2] | [ams ]S e ] esin] S e

]]x/—l+$in[c} Ji+Tan{

vz tog]| 221y cos| 1] [eos[ 0] cisin[ S]] |sin ]

V2 Ji+Sinic] +vV2 V1+Sin[c) Tan[dzx}+21\/1 Tan{dx] \/iﬂan[dx}

dx
\/1 Sin[ JHTan
d x

C C C C
(1+1i) Cos[dx] Sec[c+dx] (Oos{g} -jlsianSin[zm2 (Cos[dx] +iSindx]) |(1+1) [003[5} —JiSin[EH J'l—Tan{?

ietan[ ] | coos[ 7]

JJ/

[(003[ | -sin[ 2] [cos[ 2] -sin[S H[@s[ ceax)]-sin[> e rax

+

(-1)Y/* (Cos | }—jSin[%“ i+ Tan[ 2]
\/?ArcTan{ }Sin[c] j+Tan{—] '

iﬁArcTan{ }Sin[c] J'HTan{d—X /
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dx 1 1 i dx 2 c c
} 7(1 Tan[%})B/Z[Z N 860{7] [COS[E]*ﬁSIH{E”Sln ]+/Cos[dx] +iSin[dx]
(-1)Y4 (Cos[S] -isin[Z]) 1+Tan[d7x] y
(o) foos[ ] asin[ ] [+ -Tan[ 5] L2 ArcTan| | sinic) 1+Tan{7x .
nfTan[dTX]

iﬁArcTan[ ]Sin[c} iHTan[d—X] - (£+£) Co
dx (-1)1/4 (CI)S[%}*JLSII’][%] 1+Tan[d7x]
—} +\EArCTan[ }
2
[i-Tan| 7"
V-1l+d (Oos[%}ijin[%}) 11+Tan[d7x] dx

+J'1\EArcTan[ }Sin[c] 1'1+Tan{—
- i- Tan[d%]

c c
(1Cos[dx] -Sin[dx]) | (1+1) (Oos[;} 7iSin[£U JifTan[

d x
Sin[c] j+Tan{7}

d x

>

7;<1+m (Oos[i}—iSin[C”Sm ] VCos[dx] +iSin[dx]
2 2

VCos[dx] +iSin[dx] j—Tan{

jlfTan[d?X}
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(-1)14 (Cos[S]-isin[S]) . [i+Tan |2
ArcTan : - %] ]Sec[dTXfSin[c]
(3+5) sec[F]” (cos[¢] -isin[Z]) i-Tan| 7]
- +
j—Tan[dTX] 22 11+Tan[d7x]
m(ms[%]fisin[%}) i+Tan dTX
i ArcTan %] ]Sec[d%]zsin[c}
Vi i-Tan[ Y] d x
+ j\/Z_Sin[c] J‘HTan[—]
2

242 11+Tan[d7x}

VT sec[%X] (cos[2]~iSin[]) Vo1+i sec[2X)% (Cos[¢] -isin[S]) [i+Tan[X

ol

4410 (i-Tan[2])%?

2

2 2 /[1+1(Cos[%}18|n[%})2
4(17Tan[d7x})3/2 l—Tan[dTX

® Problem 443: Result unnecessarily involves higher level functions.

dx

J- (d Sec[e +f x])2/3
(a+iaTan[e+f x])7/3

Optimal (type 3, 437 leaves, 9steps):
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i (dSecle+f x])2/8 5x (dSec[e+f x])2/3

4f (a+iaTanfe+f x])7/® 72x223a53 (a-iaTan[e+f x])¥3 (a+1aTan[e+f x])%/3

1/3,92/3 s 1/3
e iatnie x| (g Sec e+ f x])2
3 a'/

12 x22/3+/3 a%3f (a-iaTan[e+f x])1/3 (a+iaTan[e+f x])1/3 72x2?%a%3f (a-iaTan[e+fx])¥3 (a+iaTan[e+f x])3

51 ArcTan

5ilog[Cos[e+f x]] (dSec[e+f x])?/3

5ilog[2!®al’® - (a-iaTan[e+f x])¥?] (dSecfe+f x])?/3 51 (dSecfe+f x])2/3

.
24 x223a53f (a-iaTan[e+f x])'3 (a+iaTanle+f x])"® 24f (a+iaTanfe+f x])'3 (a?+ia?Tan[e+f x])

Result (type 5, 138 leaves):

iSec[e+f x]? (dSec[e+f x])2/3

(11+11005[2 (e+f x)] +10 &2t (efx) (1+e*2fl<e+fX>)”3 Hyper geonet ri c2F1 % % g, —e it 5iSin[2 (e+f XH]]/
(48a%f (-i+Tan[e+f x])? (a+iaTanle+f x])?)
® Problem 444: Result unnecessarily involves higher level functions.
(d Sec[e +f x])2/3
J-(a+]1aTan[e+f x])4/3 >
Optimal (type 3, 378leaves, 8steps):
i (dSecle+f x])2/8 x (dSecle+f x])2/8
2f (a+iaTanfe+f x])%/8 6 x22/3 a2/ (a-iaTan[e+f x])¥3 (a+iaTan[e+f x])%/3
i ArcTan [ al.2%n (ag:z[e” XD (dsecre +f x])2/3
22/3./3 a2/3f (a-iaTan[e+f x])¥3 (a+iaTan[e+f x])1/3
ilog[Cos[e+f x]] (dSecfe+f x])2/8 ilog[2t®al®- (a-iaTanfe+f x])*3] (dSecfe+f x])2/3

6x22332/3f (a-iaTan[e+f x])3 (a+i1aTan[e+f x])1/3 2x22/332/3f (a-iaTan[e+f x])¥3 (a+iaTan[e+f x])%/3

Result (type 5, 118 leaves):

]-le—ZJi(e+f X) 1+e2j1(e+f X) +2621'1(e+f X) (1+e—2i(e+f X))l/?’ HypergeorTetriCZFl , ,

W A

, —e’zj‘(e*”)]] (dSecle+f x])2/3)/

w |k
w |k

(4af (@a+iaTanfe+f x])3)

® Problem 445: Result unnecessarily involves higher level functions.

dx

J (dSec[e +f x])2/3
(a+iaTan[e+f x])1/3

Optimal (type 3, 340leaves, 6 steps):
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i3 al’3 ArcTan

1/3.92/3 (4 =+ 1/3
al/’s.2 (a-iaTan[e+f x]) } (dSec[e+fo)2/3

al’3x (dSecle +f x])2/3 V3 als

_ N _

2x223 (a-iaTan[e+f x])¥3 (a+iaTan[e+f x])1/3 22/3f (a-iaTan[e+f x])¥3 (a+iaTan[e+f x])1/8
ial’3Log[Cos[e+f x]] (dSec[e+f x])2/3 3ia'3Log[2'*al?®- (a-iaTan[e+f x])3] (dSec(e+f x])?/3

2x223f (a-iaTan[e+f x])¥3 (a+iaTan[e+f x])/3 2x223f (a-iaTan[e+f x])¥3 (a+iaTan[e+f x])1/3

Result (type 5, 116 leaves):
3i (1+e2i e x>>1/3 (7‘1 el o0

21 (e+f x)

2/3 i 101 4 2 (e
) HypergeometncZFl[g, 5 5 —e2ie )]

l+e

2/3 ae2i(eifx) 1/3
2 (1+‘22n<e»lx>)
® Problem 454: Result more than twice size of optimal antiderivative.
(eSec[c+dx])™m
J ax
a+i1aTan[c +dXx]
Optimal (type 5, 86 leaves, 4 steps):
1.0 . m m 2+m 1
i27" HypergeorretrchFl{Z—— -, , —(l-iTan[c+dx])| (eSec[c+dx])™(1L+1iTan[c+dx]) ™?
adm 2 2 2 2
Result (type 5, 212 leaves):
eﬁ (c+d x) m
_ 12—1+me—ﬁ (c+d mx) (1+621‘L(c+dx)>m
1+ er (c+d x)
) 1 m ) ‘ m 2+m )
(e“‘ (=2+m X mHyper geonet ri cZFl[— (-2+m, m —, -2t “*dxﬂ +e! (2¢:dm) (2 . m Hypergeonetric2Fl|—, m , —e?t “”‘X)U
2 2 2 2
Sec[c+dx]*™(eSec[c+dx])™(Cos[dx] +1Sin[dx]) / (d(-2+m m(a+iaTan[c+dx]))
|

Problem 455: Result more than twice size of optimal antiderivative.

dx

J (e Sec[c+dx])™m
(

a+iaTan[c+dx])?

Optimal (type 5, 86 leaves, 4 steps):

1'12’2*? Hyper geonetri c2F1|3 - (1-iTan[c+dx])| (eSec[c+dx])™(1+iTan[c+dx]) ™2

a?dm

Result (type 5, 279 leaves):
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1
i 272+m e’j‘ (2 c+d mx)

(eﬁ (c+d x) ]m

d(-4+m (-2+mm(a+iaTan[c+dx])2 142t (€rdx)

(-2+m), -2l x| g2ic (4, m

N R

) ) 1
(1+«e2“‘”‘“))m[e““"‘*m)X (-2+m) ml—lypergeorretricZFl[— (-4+m), m
2

) m 2+m .
, 7e2“°*dx>] +e! (2¢+dm¥) (2, m) Hypergeonetric2Fl|—, m ) 7e2“°*dx)”]
2

. 1
[2 etd (-2'M x mHypergeonetri c2F1| — (-2+m), m
2 2

NN|3

Secjc+dx]®2™(eSec[c+dx])™(Cos[dx] +iSin[dx])

® Problem 456: Result more than twice size of optimal antiderivative.

(eSec[c+dx])™m
J ax

(a+iaTan[c+dx])3

Optimal (type 5, 86 leaves, 4 steps):

—1i 2’3*2T Hyper geonetri c2F1 |4 - (1-iTan[c+dx])| (eSec[c+dx])™(1+iTan[c+dx]) ™2

adm

Result (type 5, 347 leaves):

1
d(-6+m (-4+m (-2+m m(a+iaTan[c+dx])3
, e]'l (c+d x) m ‘ . 1 1 .
127 Mme t (3erdme [] (1+e21<°+dX>)”‘(eld(*6+m>Xm(876m+m?) HypergeometriczFl{— (-6+m), m — (-4+m), -2l a0,
14 @2l (crdx) 2 2

(72+m>’ 7e21(c+dx)] i

N |-

. ) 1
e?i® (-6+m) [3 etd (Hmx (2 m) mHypergeomatricZFl[— (-4+m, m
2

) ) 1 m )
¢ (4 +m |83e'9(-2Mx mHyper geonet ri c2F1{— (-2+m, m —, 7e2“°*dx>} +
2 2

2+m
2

Sec[c+dx]®™(eSec[c+dx])™(Cos[dx] +iSin[dx])3

m .
el (2exdm9) (_ 2. m) HypergeorretricZFl{—, m . —e“(c*dx)”
2

® Problem 466: Result more than twice size of optimal antiderivative.

JSec[c+dx}4 (a+iaTan[c+dx])"dx

Optimal (type 3, 65leaves, 3steps):

2i (a+iaTan[c+dx])%" 1i(a+iaTan[c+dx])3"
- +

a?d (2+n) a®d (3+n)

Result (type 3, 143 leaves):
eﬁ (c+d x) n
~ |1 23 gt (erdX) (eﬁdx)”[ )] (3+e?* (@) 1 n) Secfc+dx] " (Cos[dx] +iSin[dx])" (a+iaTan[c+dx])“]/

l+621'1 (c+d x

(d (1+e?i @)% 2.n) (3+n))
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® Problem 467: Result more than twice size of optimal antiderivative.
JSec[c +dx]?2 (a+iaTan[c+dx])" dx

Optimal (type 3, 32leaves, 2steps):

i (a+iaTan[c+dx])"

ad (1+n)
Result (type 3, 111 leaves):

i(c+dx)

: ~5l+n i (c+dX) idx)\n e 1+n -n L Qi -n . n
i2N e (e )( ) Sec[c+dx] ™" (Cos[dx]+1Sin[dx]) ™" (a+iaTan[c+dx])

1+62n (c+dx)

d (1+n)

Problem 468: Result more than twice size of optimal antiderivative.
JCbs[c+dx}2 (a+iaTan[c+dx])"dx

Optimal (type 5, 56 leaves, 2 steps):

iaHypergeonetric2F1[2, -1+n, n, %(1+1‘1Tan[c+dxm} (a+iaTan[c +dx]) ™

4d (1-n)
Result (type 5, 256 leaves):
i (c+dX) n
_ 1 i 2—3+n e—21‘1 (c+dnx) (eldX n el ]
dn(71+n2) 1+ 2t (cxdx)

((e21d(—1+n)x+62j1(c+dnx)) n (l+l’]) +2(8211(0+dn><) <1+621(c+dx))n (71+n2> I—lypergeorretricZFl[n, n, 1+n’ 7®211<c+dx)] +(821'1(20+d><+dn><)

<1+e”‘°*d"))n (-1+n) nHypergeonetric2Fl[n, 1+n, 2+n, -e?* (@9 ]) Secfc+dx]™" (Cos[dx] +iSin[dx])™" (a+iaTan[c+dx])"
Problem 469: Unable to integrate problem.
JOos[c+dx}4 (a+iaTan[c +dx])"dx

Optimal (type 5, 60leaves, 2steps):

ia?Hypergeometric2F1[3, -2+n, -1+n, > (1+iTan[c+dx])] (a+iaTan[c+dx]) 2"

1

2
8d (2-n)
Result (type 8, 26 leaves):

J-Cos[c+de4 (a+iaTan[c +dx])"dx
® Problem 470: Unable to integrate problem.

JOos[c+dx}6 (a+iaTan[c +dx])"dx
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Optimal (type 5, 60leaves, 2 steps):

i a® Hypergeometric2F1[4, -3+n, -2 +n, %(1+11Tan[c+dx])] (a+iaTan[c+dx]) 3

16d (3-n)
Result (type 8, 26 leaves):
JCDS[C +dx]® (a+iaTan[c+dx])"dx
Problem 474: Result more than twice size of optimal antiderivative.
JCos[c +dx] (a+iaTan[c +dx])"dx
Optimal (type 5, 85leaves, 4 steps):
1 1 1

1 3 1
7512’5*”Oos[c+deI—|ypergeornatric2Fl{f—, —-n, —, —(1-iTan[c+dx])| (1+iTan[c+dx])z " (a+iaTan[c+dx])"
2 2 2

Result (type 5, 195 leaves):

1 el (c+dx) -1+n
I —— 2—1+n (eldX n ] (1+ezjl(c+dx>>—l+n
d (—1+4n2) 14 @2t (c+dx)
1 1 ‘ ) 1 3 .
[(1+2n) HypergeorretricZFl{f—+n, n, —+n, 7e2“°*dx>] +@?t(+dx) (_1.2n) Hypergeonmetric2Fl|n, —+n, —+n, —e“(c*d’””
2 2 2 2
Sec[c+dx] ™" (Cos[dx] +iSin{dx]) " (a+iaTan[c+dx])"
Problem 475: Result more than twice size of optimal antiderivative.
JCOS[C+dX}3 (a+iaTan[c +dx])"dx
Optimal (type 5, 94 leaves, 4 steps):
S . 3 5 11 -
- 122" Cos[c+dx]3Hypergeonetric2Fl|-—, —-n, - —, — (1-iTan[c+dx])| (L+iTan[c+dx])z " (a+iaTan[c+dx])%"
3ad 2 2 2 2
Result (type 5, 321 leaves):
1

d(9-40n%+16n%)

i (c+dXx)

1

e n ) 3 .
] (1+<e2“°*‘“))n ((—3—2n+12n2+8n3) Hypergeometric2Fl|-—+n, n, - —+n, —ezn(c*dx)] +
2 2

i 273+n e’?’i (c+d x) (ejdx>n
21 (c+dXx)

l+e

. 1 1 , ‘
e2i(exdx) (_3,2n) [3 (3+8n+4n?) HypergeonetricZFl[—f+n, n, —+n, —eh(c*d”} +e2tedx) (_1,2n)
2 2

1 3 ) , 3 5 .
((9+6n) I—IypergeonetricZFl{n, —+n, —+n, —e“(“d")] + @2t (xdx) (1, 2n) Hypergeonmetric2Fl|n, —+n, —+n, —e“(c*d’”})])
2 2

Sec[c+dx] ™" (Cos[dx] +iSin{dx])" (a+iaTan[c+dx])"
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® Problem 476: Unable to integrate problem.
JCos[c+dx}5 (a+iaTan[c +dx])"dx

Optimal (type 5, 94 leaves, 4 steps):

(1-iTan[c+dx])| (1+iTan[c+dx])z" (a+iaTan[c+dx])%™"

5 5 7
122" Cos[c+dx]®Hypergeonetric2Fl|-—, —-n, - —,
5a2d 2 2
Result (type 8, 26 leaves):

JCos[c+dx}5 (a+iaTan[c+dx])"dx
Problem 497: Result more than twice size of optimal antiderivative.
J-(eSec[c +dx]) 2" (a+iaTan[c +dx])"dx

Optimal (type 5, 65leaves, 3steps):

i Hypergeonetri c2F1[1, -n, 1-n, %(1—1‘1Tan[c+dx})} (eSec[c+dx]) 2" (a+iaTan[c+dx])"

2dn
Result (type 5, 152 leaves):
i (c+dXx) -n
7i]-12—1—n (eﬁdx>n (1+e—21‘1(c+dx)>*n €
dn 14+ @2t (cHdx)

Hyper geonetric2Fl[-n, -n, 1-n, -e2* 9% | Sec[c+dx]" (eSec[c+dx]) 2" (Cos[dx] +iSin[dx]) ™" (a+iaTan[c+dx])"
Problem 498: Result more than twice size of optimal antiderivative.

J(eSec[c +dx]) 2" (a+1aTan[c +dx])"dx

Optimal (type 5, 95leaves, 5 steps):

1 t 1
ajl 2727 Hypergeonetri c2F1 {7 -,
2

(3+2n), (1+iTan[c+dx])| (eSec[c+dx]) 12" (171Tan[C+dx}>§*” (a+iaTan[c+dx])"

N |
N |
N |-

Result (type 5, 192 leaves):

e]i (c+d x)

Ejl 2—1—n (eidx>”

-1-n
(1 L2t (c+dx)>*1*"
2i (c+dx)

l+e

‘ ) 1 3 )
, _e21(c+dx)] _621(c+dx) HypergeorretriCZFl -, -n, — _621(C+dx):|]
2

1
[Hypergeomatri cZFl[—f, -n, ,
2 2

1
2
Sec[c+dx]'" (e Sec[c+dx]) t2" (Cos[dx] +1Sin[dx])™" (a+iaTan[c+dx])"

® Problem 499: Result more than twice size of optimal antiderivative.

J-(eSec[c +dx]) 22" (a+1aTan[c +dx])"dx
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Optimal (type 5, 74 leaves, 4 steps):
1
“4ad (1+n)

N |-

Ji|—|ypergeorretri02Fl[2, -1-n, -n, (1-1iTan|c +dx}>} (eSec[c+dx]) 21" (a+iaTan[c +dx])L"

Result (type 5, 335leaves):

1 ) ‘ , el (c+dx) -n .
_—]-12737n 6—21(c+dx) (eldx>n (1+6721(C+dx)>—n —— <l+ezl(c+dx))_n
deZn (—1+n2) 14 @21 (c+dx)
((1+e“<°*dx>> (1+n) Hypergeonetric2F1[1-n, -n, 2-n, -e 2 (4] g2i(cdx) (1 ,n) ((1+e’2“°*dx>)”

(14 (1+@@t(erdx )y g2i(cedx) (7 4 g2 “C*dx))") n+2 (1+e?! @) (14 n) Hypergeonetric2Fl[-n, -n, 1-n, -e2!(©d]))
Sec[c+dx]" (eSec[c+dx]) 2" (Cos[dx] +1Sin[dx]) ™ (a+i1aTan[c+dx])"

Problem 500: Result more than twice size of optimal antiderivative.
J(e Sec[c+dx]) 32" (a+iaTan[c+dx])"dx

Optimal (type 5, 97 leaves, 5 steps):

1 3 1 1 1 3
—de’E’“HypergeomatricZFl{—— —(5+2n), -—, —(L+iTan[c+dx])| (eSec[c+dx]) 32" (1-iTan[c+dx])z" (a+iaTan[c+dx])"
3 2 2 2
Result (type 5, 273 leaves):

1 (ejl (c+d x) -n
7]-12737n efsj(mdx) (eidx>n (1+621(c+dx)>*”
3d 14 @2t (c+dx)

3 1 1 1
Hyper geonet ri cZFl[f— -n, -—, —e?tcxdx ] +9 21 (€+dX) Hypergeonet ri cZFl[f— -n, —, -&*! “*dxﬂ -
2 2 2 2

g gt (c+dx) HypergeorretricZFl{i, -n, —, 7e2“°*dx)} — b1 (cxdx) HypergeomatricZFl[i, -n, E we“(‘“d“n
2 2

3
2 2
Sec[c+dx]%" (eSec[c+dx]) 32" (Cos[dx] +1Sin[dx])™ (a+iaTan[c+dx])"

Problem 501: Result more than twice size of optimal antiderivative.

J(dSec[e +fx])2"(a+iaTan[e+f x]) 2" dx

Optimal (type 5, 66 leaves, 4 steps):

i Hyper geonetric2F1[3, n, 1+n, %(1—1‘1Tan[e+f x])] (dSecle+f x])2" (a+iaTanfe+f x])™"

8a%fn
Result (type 5, 257 leaves):
1

j2—3+n e—ZJ‘L (e+2f x) (eif x)*” <1+e—21‘1 (e+fx)>n

fn@+n) (2+n) 14 @2 (e+fx
(ce“(e*f") (2+3n+n2)HypergeomatricZFl[n n, 1+n, —e2t@T0] 221 (X n (2 ,n) HypergeomatncZFl[n 1+n, 2+n, —e2i @],
(1+n) Hypergeonetric2Fl[n, 2+n, 3+n, —e?' "X ])secfe+f x]?" (dSec[e+f x])?" (Cos[f x] +iSin(f x])*" (a+iaTan[e+f x]) "

ejl (e+f x) n
) ]
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® Problem 502: Result more than twice size of optimal antiderivative.
J(d Secle+f x])?" (a+iaTan[e+f x]) *"dx

Optimal (type 5, 66 leaves, 4 steps):

J‘lHypergeorretriCZFl[Z, n, 1+n, %(171Tan[e+f X])] (dSecfe+f x])2" (a+iaTan[e+f x])™"

4afn
Result (type 5, 206 leaves) :
1

ei (e+f x) n
1272+n @711 (e+2f x) (@jfx)*n <l+e721(e+fx) n ]
)

1+621(e+fx

fn(l+n)
(€2 (1% (1 +n) Hypergeonetric2Fl[n, n, 1+n, -e2* "X ] nHypergeonetric2Fl[n, 1+n, 2+n, —e?2*(©TX])
Sec[e+f x]*™" (dSec[e+f x])2" (Cos[f x] +1Sin[f x])'" (a+iaTan[e+f x]) 1"

Problem 503: Result more than twice size of optimal antiderivative.
J(d Sec[e+f x])?" (a+iaTan[e+f x]) " dx

Optimal (type 5, 63leaves, 3steps):

i Hypergeonetric2F1[1, n, 1+n, %(171'1Tan[e+f x])] (dSecfe+f x])2" (a+iaTanfe+f x])™"

2fn
Result (type 5, 144 leaves):

ij 2—1+n (eifx>*n (l+e’2ﬁ (e+f><>>n el e
fn

Secle+f x] ™" (dSec[e+f x])2" (Cos[f x] +1Sin[f x])" (a+iaTan[e+f x])™"

n
—————| Hypergeonetric2Fl[n, n, 1+n, -e?2! 0]
1+621‘1 (e+f x)

Problem 508: Result more than twice size of optimal antiderivative.

JSec[c+dx}5 (a+bTan[c +dx]) dx

Optimal (type 3, 74 leaves, 4 steps):
3aArcTanh[Sin[c+dx]] bSec[c+dx]® 3aSec[c+dx]Tan[c+dx] aSec[c+dx]3Tan[c +dx]
+ + +

8d 5d 8d 4d
Result (type 3, 207 leaves):
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3aLog[Oos[% (c+dx) | —Sin[% (c+dx)]] 3aLog[Oos[% (c+dx) | +Sin[% (c+dx)]]

+ +
8d 8d
bSec[c+dx]® a 3a
+ + -
5d 16d(005[§(c+dx)]fsin[%(c+dx)})4 16d(005[%(c+dx)}fsin[%(c+dx>})2
a 3a

4 2

16d (Cos[; (c+dx)|+Sin[Z (c+dx)])" 16d (Cos[5 (c+dx)]+Sin[5 (c+dx)])

Problem 512: Result more than twice size of optimal antiderivative.

JSec[c+dx} (a+bTan[c +dx]) dx

Optimal (type 3, 24 leaves, 2steps):
aArcTanh[Sin[c +dx]] bSec[c+dx]
+

d d
Result (type 3, 81 leaves):

aLog[Cos[%+d7X]75in[§+d7xH aLog[Oos[%Uj?X} +Sin[%+d7x}] b Sec [c + d X]
- + +

d d d
Problem 520: Result more than twice size of optimal antiderivative.

J-Sec[c+dx}2 (a+bTan[c +dx])?dx

Optimal (type 3, 22leaves, 2steps):
(a+bTan[c+dx])3

3bd
Result (type 3, 56 leaves):

Sec[c+dx]? (6ab+ (3a%+h?+ (3a2-b?) Cos[2 (c+dx)]) Tan[c +dx])
6d
Problem 523: Result more than twice size of optimal antiderivative.

JSec[c+dx}7 (a+bTan[c +dx])2dx

Optimal (type 3, 163 leaves, 6 steps):
5 (8a?-b?) ArcTanh([Sin[c+dx]] 9abSec[c+dx]’ 5 (8a?-b?)Sec[c+dx]Tan[c+dx]

+ + +

128 d 56 d 128 d
5 (8a2—b2) Sec[c+dx]3Tan[c +dX] (8a2—b2) Sec[c+dx]®Tan[c+dx] bSec[c+dx]’ (a+bTan[c+dx])

+ +

192d 48 d 8d
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Result (type 3, 1521 leaves):

5abCos[c+dx]2 (a+bTan[c+dx])2 5 (8a%-b?) Cos[c+dx]2Log[Cos[% (c+dx) | —Sin[% (c+dx)|] (a+bTan[c+dx])?
- +

56d (aCos[c+dx] +bSin[c+dx])? 128d (aCos[c+dx] +bSinfc+dx])?

5 (8a2 - b?) Cos[c+dx]2Log[Cos[% (c+dx) | +Sin[% (c+dx) || (a+bTan[c+dx])?2

+

128d (aCos[c+dx] +bSinfc+dx])?
b2Cos[c+dx]2 (a+bTan[c+dx])?

+

128d (Cos[% (c+dx)] -Sin[2 (c+dx)])® (@Cos[c+dx] +bSinfc+dx])>

(28a?+24ab+7b?) Cos[c+dx]? (a+bTan[c+dx])?

+

1344 d (Oos[% (c+dx)]75in[§ (c+dx)])6 (aCos[c+dx]+bSin[c+dx])2

(112a?+64ab-7hb?) Cos[c+dx]? (a+bTan[c+dx])?

+

1792d (Cos[% (c+dx)] -Sin[% (c+dx)])* (@Cos[c+dx] +bSinfc+dx])?

5

—

56a+16ab-7hb?) Cos[c+dx]? (a+bTan[c+dx])?

+

1792 d (Oos[% (c+dx) | —Sin[% (c+dx)])2 (aCos[c+dx] +bSin[c+dx])2

abCos[c+dx]ZSin[§ (c+dx)] (a+bTan[c+dx])?

+

28d (Oos[% (c+dx) | —Sin[% (c+dx)])7 (aCos[c+dx] +bSin[c+dx])?

abCos[c+dx]ZSin[% (c+dx)] (a+bTan[c+dx])?

+

14d (Cos [ (c+dx)] -Sin[2 (c+dx)])° (@Cos[c+dx] +bSinfc+dx])?

N |-

5abOos[c+dx]ZSin[% (c+dx)] (a+bTan[c+dx])?

+

56 d (Cos[% (c+dx)]fsin[% (c+dx)])3 (aCos[c+dx]+bSin[c+dx])?

5abCos[c+dx]ZSin[§ (c+dx)] (a+bTan[c+dx])?

56 d (Oos[% (c+dx)]7$in[§ (c+dx)]) (aCos[c+dx] +bSin[c+dx])?

b2 Cos[c+dx]2 (a+bTan[c +dx])2

128d (Oos[% (c+dx) | +Sin[% (c+dx)})8 (aCos[c+dx]+bSin[c+dx])?

abOos[c+dx]ZSin[% (c+dx)] (a+bTan[c+dx])?

+

28d (Oos[% (c+dx)]+$in[% (c+dx)])7 (aCos[c+dx]+bSin[c+dx])?2

(-28a%+24ab-7b?) Cos[c+dx]? (a+bTan[c+dx])?

1344d (Cos [+ (c+dx)] +Sin[} (c+dx)])° (@Cos[c+dx] +bSinfc+dx])?
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abCos[c+dx]ZSin[§ (c+dx)] (a+bTan[c+dx])?

14d (Cos[% (c+dx)] +Sin[t (c+dx)])° (aCos(c+dx] +bSinfc+dx])?
(-

112a?+64ab+7b?) Cos[c+dx]2? (a+bTan[c+dx])?

1792 d (Oos[% (c+dx)]+Sin[% (c+dx)])4 (aCos[c+dx]+bSin[c+dx])2

5abOos[c+dx}ZSin[% (c+dx)] (a+bTan[c+dx])?

56 d (Oos[% (c+dx) | +Sin[% (c+dx)])3 (aCos[c+dx] +bSin[c+dx])2

5(56a%?-16ab-7b?) Cos[c+dx]? (a+bTan[c+dx])?

1792 d (Oos[% (c+dx)]+Sin[§ (c+dx)])2 (aCos[c+dx]+bSin[c+dx])?2

5abCos[c+dx]ZSin[% (c+dx)] (a+bTan[c+dx])?

56 d (Oos[% (c+dx) | +Sin[% (c+dx)]) (aCos[c+dx] +bSin[c+dx])?
Problem 524: Result more than twice size of optimal antiderivative.
JSec[c+dx}5 (a+bTan[c+dx])2dx

Optimal (type 3, 131leaves, 5steps):
(6a%-b?) ArcTanh[Sin[c+dx]] 7abSec[c+dx]®

+ +
16d 30d