Mathematica 11.3 Integration Test Results

on the problemsin "4 Trig functions\4.4 Cotangent"

Test results for the 52 problemsin "4.4.0 (a trg)"m (b cot)*n.m"

Problem 39: Result unnecessarily involves higher level functions and more than twice size of optimal antiderivative.
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Problem 46: Result unnecessarily involves higher level functions and more than twice size of optimal antiderivative.
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o3 (3] AppellF1[1+ — - [5 (e Fx)] [ (exFx)]]

(e+fx)]+

2Tan[§ (e+fx)]2 [n

(1-n) (3-n) AppellF1[1+ 3—n) 2-n,3,1+ s Tan[l (e+-Fx>]2,

1 2
Sec[= [e+fx)]°T
ec[z(e+ XH an| —_— A A A

N |

—Tan[l<e+Fx)]2]Sec[1(e+Fx)]2Tan[l(e+-FxH)+3 o1 (3—n)nAppe11F1[1+3_n,1—n,
2 2 2 5-n 2
4,1+5?n, Tan[i(eJr-Ftz, —Tan[i(e+fx)]2}5ec[§(e+fx)]2Tan[%(e+fx)]—sfn4(3—n)
Appe11F1[1+37n, -n, 5,1+ — ,Tan[l(eJrFxH , —Tan[l (e+fx>]2} Sec[1 (e+fx>]2Tan[1(e+-Fx)] ])]/
2 2 2 2 2 2
1-n 3-n 1 2 2 3-n
(-3+n) AppellFl[~——, -n, 3, —, Tan[—(e+fx)] ,—Tan[—(e+1‘x” | +2 |nAppellF1[~——, 1-n,
2 2 2 2
3, 5%, Tan[%(eﬁzx”z,7Tan[§<e+fx)]2]+
_ _ 2
3AppellF1[37n, -n, 4, 57n, Tan|— (e+-Fx)] , —Tan[l (e+-FxH ])Tan[1 (e+Fx)] ) ]])
2 2 2 2

Problem 47: Result unnecessarily involves higher level functions and more than twice size of optimal antiderivative.
J(dCot[eﬂcx])”Sin[e+1:x]4d1x

Optimal (type 5, 51 leaves, 2 steps):

(d Cot[e+fx] )" Hypergeometric2F1[3, 1;”, 3;”, ~Cotle+fx]?]

df (1 + n)
Result (type 6, 8475 leaves):

{25" (-3+n) Cot[e+fx] ™" (dCote+Fx])"

(COSH (e+fx)] iCo‘c[e+1"x]”—lJiCot[eﬂ‘:x]”Sin[Z (e+fx)] —iCot[e+Fx1”Sin[2 <e+fx)]2+
16 4 8

—iiCot[e+Fx1”Sin[4 (e+fx)] -

1JiCo‘c[e+1‘:x]“Sin{2 (e+FxH3+iCot[e+fx1”Sin[2 (eJr-Fx)]4
16

4 16

1Co‘c[le-Fx}”S.in[Z (e+fx)]|Sin[4 (e+fx)] +ijCot[e+-Fx]"Sin[2 (e+-FxHZSin[4 (e+fx)]+
4 8

1Co1:[e+-Fx}”Sin[2 (e+fx>]BSin[4 (e+fx)] —ijCot[eJr-Fx]”Sin[Z (e+~FxH4Sin[4 (e+fx)]+
4 16

Cos |2 (e+fx”4 iCos[4 (e+fx)] Cot[emcx]”fLjCot[e+fx]“Sin[4 (e+fx)]
16 16

+




8 | 4.4 Cotangent.nb

Cos |2 (e+fx”3

1 1 X
Cos[4 (e+fx)] [—ZCot[e+fx}”+4—1Cot[e+fx]“$1n[2 (e+fx)]

+

+

lJiCo‘c[e+1Cx]“Sin[4 (e+fx)] +£Cot[e+fx}”sin[2 (e+fx)]sin[4 (e+fx) ]|
4 4

Cos |2 (e+-FxH2

3 3. . 3 . 2
Cos[4 (e+fx)] [gCOt[E+‘FX]n—Z]lCOt[e+'FX]nSln[2 (e+fx)] —gCot[eﬂcx}“Sln[Z (e+fx)]

+

—iCotle+fx]"Sin[4 (e+fX) | —zCot[eH‘:x}”Sin[z (e+fx)]sin[4 (e+fx) ]| +iiCot[e+fx1”Sin[2 (e+-Fx)]ZSin[4 (e+fx)]
8 4 8

Cos[2 (e+fx)] (COSH (e+fx)]

—lCot[e+-Fx]“+iiCot[eﬂ‘x]“SinP (e+fx)] +iCot[e+fx1”Sin[2 (e+fx)]2—11Cot[e+fx1”
4 4 4 4

1, . 3 i . 3.
+ = iCotle+fx]"Sin[4 (e+fx)|+ =Cot[e+fx]"Sin[2 (e+fx)]Sin[4 (e+fx)]|- =iCot[e+Ffx]"
4 4 4
_ _ 2
[AppellFl[l—n, -n, 3, 3_n, Tan[1 (e+fx)]2, 7Tan[1 (e+FxH2} (1+Tan[1 (e+fx”2] ]
2 2 2 2 2

Sin|2 (e+fx)]3

n

Cot{% (e+fx)] —Tan[1 (e+fx) |

Sin|2 (e+-FxHZSin[4 (e+fx) | —iCot[ewa]”Sin{Z (e+-FxH3Sin[4 (e+fx) | A

Tan[% (e+fx)]

(e+1°x)]2, —Tan[l (e+fx”2] +2 (nAppellFl[ﬂ, 1-n, 3, 7n, Tan|
2 2 2

U'I\

((—3+n)Appe11F1[1;7n,—n, 3, 327n, Tan| (e+fx)]2,

N |

7Tan[§ (e+fx>]2} +3Appe11F1[3; , -n, 4, 5%, Tan[% (e+fx”2, 7Tan[§ (e+fx)]2}] Tan[% (e+fx”2]J +

(ZAppellFl[lfn, -n, 4, 3%, Tan[% (e+fx”2, ,Tan[i (emcx)]z} (1+Tan[§ (e+fx)]zJ]/

n

((73+n) AppellFl[u, -n, 4, —, Tan[1 (e+fx)]2, 7Tan[l (e+Fx”2] +2 (nAppellFl[u, 1-n, 4, >-n
2 2

, Tan[1 (e+fx)]2,

2 2 2 2 2

7Tan[1 (e+fx)]2} +4Appe11F1[3;n, -n, 5, S;n’ Tan[1 (e+fx”2, 7Tan[1 (e+fx)]2}] Tan[1 (e+fx”2] -
2 2 2 2 2 2
AppellFl[%, -n, 5, 3%, Tan[% (e+fx)]2, —Tan[% (e+fx)]2]/ ((—3+n) AppellFl[LTn, -n, 5, }Tn,

Tan[1 <e+fx)]2, —Tan[1 (e+fx)]2] +2 (nAppellFl[B;n, 1-n,5, S;n, Tan[1 (e+fx)]2, —Tan[1 (e+fx)]2] +
2

2 2 2 2 2

5Appe11F1[3?n, -n, 6, S;n’ Tan[i (e+fx)]2, —Tan[% (e+Fx)]2]] Tan[i (e+fx>]2 )]/
1 2)° 1 5*”—+necle+xzole+x—anle+xn
f(-1+n) (1+Tan[2(e+fx>]] [- i (1+Tan[;(e+“)]2)65 2°" (-3+n) S [2( fx) ] Ct[z( fx)|-T [2( fx) |
Tan[%(ewa)]z [[[AppellFl[lzn, “n,3, —, Tan[i(ewa)]z, —Tan[%(eJr-Fx)]z] [1+Tan[i(e+fx”2)2)/((3+n)

- <e+fx)]2, —Tan[l (e+FxH2] +2 (nAppellFl[ﬂ, 1-n, 3, S;n, Tan[l <e+fx)]2,
2 2

1-n n
AppellFl[——, -n, 3, —, Tan|
2 2 2 2

N |
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7Tan[1 (e+fx)]2] +3AppellF1[ﬂ, -n, 4, S;n, Tan[1 (e+fx)]2, 7Tan[1 (e+fx)]2]] Tan[1 (e+fx)]2J
2 2 2 2 2 2
1-n 3-n 1
2 AppellFl[~——, -n, 4, —, Tan|
2 2

N <e+fx)]2, 7Tan[§ (e+fx)]2] [1+Tan[§ (e+FxH2))/ [(73+n>

1l1-n 3-n 1 2 1
AppellFl[T, -n, 4, — Tan[; (e+fx)]7, 7Tan[;

+

(e+FxH2] +2 (nAppellFl[ﬂ, 1-n, 4, 5*_”, Tan[1 <e+fx)]2,
2

2 2
7Tan[1(e+fx)]2]+4AppellF1[ﬂ,7n, 5, u, Tan[1<e+fx)]2, 7Tan[1(e+fx)]2]JTan[1(e+fx)]2
2 2 2 2 2 2
AppellFl[L—n, -n, 5, ﬂ, Tan[1 (e+fx)]2, —Tan[1 (e+fx”2]/ (-3+n) AppellFl[L—n, -n, 5, 37n,
2 2 2 2 2 2
Tan[l(eﬂcx)}z,—Tan[l(e+fx”2}+2[nAppe11F1[—37n,1—n, 5, —Sin,Tan[l(erFx)]z,—Tan[l(e+fx”2}+
2 2 2 2 2 2
5Appe11F1[u, -n, 6, H, Tan[1 (e+-FX)]2, fTan[l (e+FxH2}) Tan[1 (e+-Fx)]2 ]+
2 2 2 2
1 52“’n (-3+n) Sec[l(emcx)}z Cot[l(e+FxH7Tan[1<e+fx)] "
(-1+n) (1+Tan[l(e+fx”2) 2 2 2
2
_ _ 2 _
(—([AppellFl[l—n, -n, 3, 3_n, Tan[l <e+fx)]2, —Tan{l (e+FxH2] [1+Tan[l (e+-FxH2] )/((—3+n) AppellFl[l—n, -n, 3,
2 2 2 2 2 2
H, Tan[l(e+fx)]2, —Tan[l(e+fx)}2]+2(nAppellF1[L 1-n, 3, H Tan[1<e+fx)]2, —Tan[l(e+fx)]2]+
2 2 2 2 2
3AppellF1[3_n, -n, 4, S—_n’ Tan[l (e+-FxH2 ~Tan[ = (e+fX) 2 ]Tan - e+-FxH2]
2 2 2

[ZAppellFl[I%, -n, 4, 3%, Tan[i (e+-FxH2, —Tan[i (e+fx)] } (1+Tan[ (e+fx)] J

/((—3+n)

AppellFl[l_—n,—n, 4, 3—_n’ Tan[l(eﬂcx)r, —Tan[l<e+fx)]2}+2[nAppe11F1[3—,1—n, 4, S;n, Tan[l(eﬂcx)r,
2 2 2 2 2 2 2
—Tan[l(e+fx”2}+4AppellF1[3_—n,—n, 5, S;n) Tan[l(ewaHZ,—Tan[l(e+fx)]2})Tan[l(e+-FxH2 -
2 2 2 2 2 2
AppellFl{l_—n, -n, 5, 3_—n, Tan[l (e+-FxH2, —Tan[l <e+fx)]2]/ ((—3+n) AppellFl{l_—n, -n, 5, 3—_n’
2 2 2 2 2 2
Tan[l(e+fx)]2,—Tan{l(e+-Fx)]2]+2(nAppellF1[—3_n,1—n, 5, —S_n,Tan[l(e+fx>]2,—Tan[l(e+1‘:x)]2]+5
2 2 2 2 2 2
3-n 5-n 1 2 1 2 1 2
AppellFl[~——, n, 6, ——, Tan[= (e+fx)]|", -Tan[= (e+f Tan[= (e+f
ppe [ A n A an[z(e+ x) | an[z(e+ x) | ]) an[2<e+ x) | ]Jr
1 525’” (—3+n)n(—ECsc[l(e+fx)]2—35ec[l<e+fx)]2J
(-1+n) (1+Tan[i(e+fx”2) 2 2 2 2
1 1 ~1en 1
(Cot[—(e+fx)]7Tan[;(e+fx” Tan[;(eJrfx)]
2
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_ _ 2 _
(([AppellFl[l—n, -n, 3, 3_n’ Tan[1 <e+fx)]2, 7Tan[l (e+FxH2] [1+Tan[l (e+1‘x)}2] )/ ((73+n) AppellFl[l—n, -n, 3,
2 2 2 2 2 2
3-n 1 2 1 2 3-n - 1 2 1 2
T, Tan[= (e+fx)]|°, -Tan[= (e+f 2 [nAppellF1[=—, 1-n, 3, >—, Tan| = (e+fx)]", -Tan[ = (e+f
A an[2<e+ x) | an[z(e+ x)]"] +2 |nAppe [ A n A an[2<e+ x) | an{z(e+ x) 7]+
3AppellF1[37n,fn, 4, u, Tan[l(eﬂcx)f,7Tan[1<e+fx)]2]]Tan[l(e+fx”2] +
2 2 2 2 2

[ZAppellFl[l;n, -n, 4, 31, Tan[l (e+FxHZ, —Tan[l (e+fx)]2} (1+Tan[1 (e+-Fx)]2J]/ ((—3+n)
2 2 2 2
1-n 3-n 1 2 1 2 3-n 5-n 1 2
AppellF1[~——, -n, 4, —, Tan|[ =~ (e+fXx) |, 7Tan[; (e+fx)]7]+2 [nAppellFl[T, 1-n, 4, 0 Tan[; (e+fx)]%,
2 2
7Tan[1 (e+fx”2} +4Appe11F1[3;n, -n, 5, S;n, Tan[l (e+1‘x)}2, 7Tan[1 (emcx)]z}) Tan[l (e+FxH2 -
2 2 2 2 2 2
AppellFl[L—n, -n, 5, —n, Tan[1 (e+fx”2, 7Tan[1 <e+fx)]2]/ ((73+n) AppellFl[L—n, -n, 5, S;n,
2 2 2 2 2 2

Tan[1 (e+fx)]2, 7Tan[1 (e+fx)]2] +2 (nAppellFl[u, 1-n,5, u, Tan[1 (e+fx>]2, 7Tan[1 (e+fx)]2] +5
2 2 2 2 2 2

AppellFl[g_Tn, -n, 6, 5—7n, Tan[% (e+fx)]2, fTan[i (e+-FxH2]JTan[§ <e+-Fx)]2 ]Jr
= 2°" (-34n) Cot[1<e+fx)]—Tan[l(e+Fx” nTan[l(eJrFxH
(-1+n) (1+Tan[%(e+fx”2)5 2 2 2
(—((ZAppellFl[l;—n, -n, 3, 3;_n’ Tan[% (e+fx)]2, —Tan[% (e+-FxH2] Sec{% (e+-FxH2Tan[§ (e+fx)] (1+Tan[% (e+fx)]2)]/

((—3+n) AppellFl[l_—n,—n, 3, 3—_n, Tan[l<e+fx)]2, —Tan[l(e+fx”2]+
2 2 2
Z(nAppellFl[B_—n,l—n, 3, S—_n, Tan[l(eﬂcx)]z, —Tan{l(e+1‘:x”2]+
2 2 2
3-n - 1 2 1 2 1 2
3AppellF1l[ =, -n, 4, >, Tan|[ = (e+fx)]", -Tan[= (e+f Tan[~ (e+f -
ppe [ A n A an[z(e+ x) | an[2<e+ x)]7] an[z(e+ x)}])

[( ! (1-n) nAppellF1[1 + 1—n, 1-n,3,1+ 37”, Tan[1 (e+FxH2, —Tan[l (e+fx)]2} Sec[1 (e+-Fx)]2Tan[l (e+-FxH -
3-n 2 2 2 2 2 2

3inB(1—n)Appe11F1[1+1;n,—n, 4,1+3;n,Tan[%(e+fx)]2, —Tan[i(eJrfx)}z} Sec[i(e+-FxH2Tan[§<e+-Fx)]
2 _ _
(1+Tan[l <e+fx)]2J ]/ [(—3+n)Appe11F1[1—n, -n, 3, B_n) Tan{l (e+-FxH2, —Tan[1 (e+fx>]2} +
2 2 2 2 2
Z(nAppellFl[u,l—n, 3, H, Tan[l(e+fx)]2, —Tan[l(e+fx)}2]+3
2 2 2 2
AppellFl[ﬂ,—n, 4, H, Tan[l(ewa)]z, —Tan[l(eJr-FxHZ] Tan[1<e+fx)]2 +
2 2 2 2
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;n) Tan{l (e+-FxH2, —Tan[l (e+fx)]2} Sec[l (eJr-Fx)]zTan{l (e+fx)]

1-n
[2 AppellFl| ——, -n, 4,
2 2 2 2 2

/

((—3+n) AppellFl[l_—n, -n, 4, ﬂ, Tan[1 (e+fx)]2, —Tan[l (e+FxH2] +
2 2 2 2

Z(nAppellFl[B_—n,l—n, 4, ;n, Tan[l(eﬂcx)]z, —Tan[l(e+fx”2]+4
2 2 2 2
3-n 5-n 1 2 1 2 1 2
AppellF1[ =, -n, 5, >—, Tan[~ (e+fx) ]| , -Tan[ = (e+f Tan[= (e+f
ppe [ 5 n A an[2<e+ x) | an[z(e+ x)]7] an[2<e+ x)])+

[2 {— 1 (1—n)nAppellF1{1+1_n,1—n,4,1+3_n,Tan[1(e+fx”2,—Tan[l(e+fx)]2]5ec[l(e+Fx)]2Tan[l(e+-FxH—
3-n 2 2 2 2 2 2
3i'n4(1—n)Appe11F1[1+1;”,—n, 5,1+3;n,Tan[%(e+Fx)]2,—Tan[%(ewaHz} Sec[i(e+-FxH2Tan[§<e+-Fx)]
(1+Tan[l<e+-Fx)]2J]/((—3+n)AppellF1[1_7n, -n, 4, 3—7n, Tan[l(e+1:x)]2, —Tan[l(e+fx”2]+
2 2 2 2 2
Z(nAppellFl[B_in,l—n,Q z Tan[l(ewa)]z, —Tan[l(e+fx)}2]+4
2 2 2 2
AppellFl[B_Tn,—n, 5, ?, Tan[%(ewa)]z, —Tan[%(ewaHz] Tan[i(ewa)]2 -
[—BTn(l—n)nAppellF1[1+1;n,1—n, 5,1+ ; ,Tan[%(ewa)]z, —Tan[%(e+fx)]2]5ec[§(e+-FxH2Tan[§(e+fx>]—
! 5(1—n)Appe11F1[1+17n,—n, 6,1+37n,Tan[l(e+-Fx)]2, —Tan[l(e+fx”2} Sec[l(e+fx”2Tan[1(e+fx)]/
3-n 2 2 2 2 2 2

(<73+n) AppellFl[u, -n, 5, u, Tan[1 (e+fx)]2, -Tan]| (e+-FxH2] +
2 2 2

N |

3-n 5-n 1 2 1 2
2 (nAppellFl[T, 1-n,5, P Tan[g <e+-Fx)] s —Tan[; (e+~FxH | +5

ﬂ, Tan[l <e+fx)]2, :ran[% (e+FxH2]J Tan|

3-n
AppellF1 [ —y -n, 6,
2 2

<e+-Fx)]2J N

N |

1-n - 1 2 1 2 1 2)2

AppellF1| ——, -n, 3, ——, Tan| — (e+fXx , -Tan|— (e+fx 1+Tan|— (e+fx

appeiFa[ S Tan| (e )], Tan[ e+ £x) 7] [14Tan[ e+ x)]|
3-n - 1 2

(2 (nAppellFl[i, 1-n,3, —, Tan[f (e+-FxH , —Tan[
2 2 2

2 3-n 5-n
(e+-Fx)] ]+3AppellF1[T,—n, 4, -

N |

1
_ 1-
3—n< n)n

Tan[% (e+-Fx)]2, —Tan[% (e+FxH2} Sec %(eJr-Fx)]zTan[i (e+fx)} +(-3+n)

1
3-n

AppellF1[1 + 1—n, 1-n,3,1+ 3 (e+Fx”2, ~Tan| (e+fx)]2} Sec| (e+-Fx)]2Tan[
2 2

N |
N |
N |

(e+fx)] -

3 (1-n) AppellF1[1+ 17n, -n, 4,1+ s Tan[l (e+fx”2, —Tan[1 (e+fx)]2} Sec[1 (eJr-Fx)]zTan[1 (e+fx)]|+
2 2 2 2 2 2

1 2 1 3-n
2Tan[ = (e+fx) | [n [- 3 (3-n) AppellF1[1+ ,1-n,4,1+

) ,Tan[l(e+fx”2,—Tan[%(eﬂcx)]z]

5-n 2 2 2
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. 1 }VV 1 1 B -n 5-n
Sec[= (e+f Tan[= (e+f 1-n) (3-n) AppellFi[1 ,2-n,3,1 ,Tan[ = (e+fx)]%,
ec[z(e+ x) | an[z(e+ x)]+5_n( n) (3-n) Appe [1+ A n + A an[z(e+ x) |
—Tan[l(e+-Fx)]2]Sec[l(e+-Fx)]2Tan[l(e+-FxH)+3 - (3-n) nAppellF1|1+ ,1-n,
2 2 2 5-n 2
5-n 1 2 1 2 1 2 1
4,1 > T N f , - T - f S - f T - f - 4 (3 -
+ 5 an[z(e+ XH an[z(e+ x)]} ec[z(e+ x)] an[z(e+ x)] A ( n)
Appe11F1[1+3_n,—n, 5,1+5_n,Tan[l(e+-FxH2,—Tan[l(e+fx>]2} Sec[l(e+-Fx)]2Tan[l(e+Fx)] ])]/
2 2 2 2 2

2
3-n
nAppellFl[~——, 1-n, 3,
2

((—3+n) AppellFl[l_—n, -n, 3, 3—_n, Tan[l (e+fx)]2, —Tan[l (e+FxH2] +2
2 2 2
5—n, Tan[l <e+fx)]2, —Tan{l (e+FxH2] +3AppellF1[;n, -n, 4, S—_n’ Tan[1 (e+fx)]2, —Tan[l (e+-FxH2])
2 2 2 2

2 2
2 _ _
Tan[1 (e+fx)]2J - (ZAppellFl[l—n, -n, 4, B_n’ Tan[l (e+fx”2, —Tan[1 (e+fx)]2} (1+Tan[l <e+fx)]2J
2 2 2 2 2 2
3-n - 1 2 1 2 3-n 5-n
(2 (nAppellFl[i, 1-n,4, —, Tan|~ (e+fx” , -Tan| = <e+-Fx)] | +4AppellF1[~——, -n, 5, ,
2 2 2 2 2
Tan[l(eJr-Fx)]z, —Tan[l(eJrFtz} Sec[l(eJr-Fx)]zTan[}(e+-FxH+(—3+n) - (1-n)n
2 2 2 2 3-n
A ellFl[l 1 1-n,4,1 - Tan[1 (e Fx”z Tan[1 (e fx)]z}Sec[l (e fx)]ZTan[ (e FXH !
+ + - + - — + — + — + -
PP 2 T 2’ 2 ’ 2 2 2 3_n
4(1—n)Appe11F1[1+1_n,—n, 5,1+3_n,Tan[l(e+fo2,—Tan[l(e+fx)]2}5ec[l(e+fx)]2Tan[1(e+fx)] +
2 2 2 2 2 2
2Tan[l<e+fx)]2(n - 4(3—n)Appe11F1[1+3_n,1—n, 5,1+5_n,Tan[1(e+fx”2,—Tan[l<e+fx)]2]
5-n 2 2 2 2
S_n,Tan[l(eﬂcx)]z,

-Nn
,2-n,4,1+
2

2

3
1- 3-n) AppellF1l|1
(1-n) (3-n) AppellF1[1+ A A

Sec[1 (e+1‘xH2Tan[l (e+fx)]+ —

2
—Tan[l(e+Fx)]2]Sec[1(e+Fx)]2Tan[l(e+-FxH +4 |- (3-n) nAppellF1[1+ _n,l—n,
2 2 2 5-n 2
5,1+5_n,Tan[l(e+-FxH2, —Tan[l(e+fx)]2}5ec[l(e+fx)]2Tan[1(e+fx)]— 5(3-n)
2 2 2 2 5-n
Appe11F1[1+37n,fn, 6, 1+57n,Tan[E(e+-FxH2, —Tan[l(ewa)]z} Sec[l(e+fx>]2Tan[1(e+-Fx)] ])]/
2 2 2 2 2 2
1-n 3-n 2 1 2 3-n
(<73+n) AppellFl[~——, -n, 4, —, Tan[ = (e+-Fx)] , ~Tan[ = (e+-FxH | +2 |nAppellF1| ,1-n, 4,
2 2 2 2 2
57n,Tan[£<e+-Fx)]2, —Tan[l(e+fx)}2]+4AppellFl[ﬂ,—n, 5, H, Tan[l(ewa)]z, —Tan[l(eJrFxHZ])
2 2 2 2 2 2
2 _ _
Tan[%(ewa)]z] +(AppellF1[lTn, -n, 5, o Tan[%(ewaHz, —Tan[i(eJrfx)}z}
B_—n, Tan[l(eﬂcxHZ, —Tan[l<e+fx)]2]+5Appe11F1[3;n,—n, 6, S;nJ
2 2 2

3-n
(2 (n AppellFl|——, 1-n, 5,
2 2 2
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1 2 1 2 1 2 1
Tan[= (e+ fx)]%, ~Tan[= (e+f Sec[= (e+fx)]*Tan[= (e+f 3 - 1-
an[z(e+ x) ] an[z(e+ x)]7] ec[z(e+ x) ] an[z(e+ x) |+ (-3+n) 3—n< n)n
1-n 3-n 1 2 1 2 1 2 1 1
AppellF1|1 »1-n,5,1 , Tan| — f , ~Tan| = f Sec| = f Tan[ = f -
ppe [1+ A n + A an[z(e+ x) | an[z(e+ x) "] ec[z(e+ x) | an{z(e+ x) ] —_—
5(1—n>AppellF1[1+1_n,—n, 6,1+ — ,Tan[l(erFtz, —Tan[l(e+fx)]2}5ec[1(e+fx)]2Tan[1(e+-Fx)] +
2 2 2 2 2 2
1 2 1 3-n 5-n 1 2 1 2
2Tan[~ (e+f - =5 (3-n) AppellFi[1+ ——, 1-n, 6, 1 ,Tan[= (e+fx)]°, -Tan[= (e+f
an[2<e+ x) | [n _— (3-n) Appe [1+ " n + 5 an[z(e+ x) | an[z(e+ x)|"]
1 2 1 3-n - 1 2
Sec[= (e+f Tan[= (e+f 1-n) (3-n) AppellF1[1 ,2-n,5,1 ,Tan[= (e+£x)]7,
ec[z(e+ XH an[2<e+ X)]+5—n< n)( n) ppe [ + " n + , an[z(e+ x)]
—Tan[l<e+fx)]2]5ec[1(e+-Fx)]2Tan[1(e+fx” +5 |- ! (3—n)nAppellF1[1+37 ,1-n,
2 2 2 5-n
5-n 1 2 1 2 1 2 1
6,1 ,Tan[ = (e+£x)]°, -Tan[~ (e+f sec[~ (e+fx)]| Tan[~ (e+Ffx)] - ——6 (3-
+ A an[z(e+ x) | an[z(e+ x)]7] ec[z(e+ x) | an[z(e+ x) | —_— (3-n)

)/

n 5
, -h, 7, 1+

AppellF1[1 + 3 —n) Tan[l (e+-FxH2, —Tan[% (e+fx>]2} Sec[% (e+-Fx>]2Tan[§ (e+fx)]

2 2 2
(-3+n) AppellFl[l_—n,—n, 5, 3‘—_n’ Tan[l<e+fx)]2, —Tan[l(e+1‘:x”2]+2 nAppellFl[B_Tn,l—n,
2 2 2
5-n 1 2 1 2
5, ——, Tan[~ (e+Fx)]|", -Tan[= (e+f
A an[z(e+ x) | an[2<e+ x) 7]+

5Appe11F1[3_7n, -n, 6, —, Tan[1 (e+-Fx)]2, ~Tan| (e+-Fx”2]) Tan|
2 2 2

N |
N |

<e++x>12)2)]]

Problem 48: Result more than twice size of optimal antiderivative.

J(dCot[ewa])”Csc[e+-Fx]3d1x

Optimal (type 5, 79leaves, 1step):

4:n

(d Cot[e+fx})1*” Csc[e + f x]3 Hypergeometric2F1 |+, 4?", 3;—”, Cos[e+fx]?] (sinfe+fx]2) 2

2

d'F(1+n)

Result (type 5, 190 leaves):
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o
4fn(-4+n?)

4 n n
e+ fx ypergeometric -1-—, -n, -—, Tan
(e+f )] H tric2F1[-1 2 X Tan|

(dCot[e+Fx])" (—2+n)nCot[ (e+fx>}2]+

N |
N |-

n n 2
(2+n) [nHypergeometric2F1[1- —, -n, 2- S’ Tan[~ (e+fx)| ] +

2

N |

-n

n 1 2
Cos[e+fx] Sec| =~ (e+fx)] Tan|
2

2 n
(e + fx) | Hypergeometric2Fi[-n, - > 1 = Tan|

2 (-2+n) Cot|

N |
N |

(e+'FXH2

@+foZHJ

N |

Problem 50: Result unnecessarily involves higher level functions and more than twice size of optimal antiderivative.

J(dCot[ewa])”Sin[erFx] dx

Optimal (type 5, 73 leaves, 1 step):

(dCotfe+fx] )™ Hypergeometr‘icZFl[g, L | 3;“, Cos[e+fx]2|Sin[e+fx] (Sin[e+fx]2)"?

2
d'F(1+n>

Result (type 6, 1973 leaves):

. E,Tan{i(e+fx”2,—Tan[§<e+fx>]2}

/

(e+fx)]2, ~Tan|

n
[4 (-4 +n) AppellF1[1- —, -n, 2, 2-
2

1 4
Cos[~ (e+fx)| Cotle+fx]" (dCot[e+fx])"Sinle+fx]
2

<e+-Fx)]2,

n n 2 n n
f(-2+n) (ZnAppellFl[Z— —,1-n,2,3-—, Tan| (e+fx)]"] +4AppellF1[2- —, -n, 3, 3- —, Tan]|
2 2 2 2

N |
N |

N |

—Tan[l (e+fx)]2} + (=4 +n) AppellF1[1 - E, -n, 2, 2—2, Tan[l (e+fx>]2, ~Tan|
2 2 2 2

N |

2 1 2
(e+fx)] ]Cot[; (e+fx)] )

[4 (-4 +n) nAppellFl{l—E, -n, 2, 2—2, Tan[1 (e+fx)}2, —Tan[1 <e+fx)]2} Cos[1 <e+fx)]ACot[e+fx]’1*”Csc[e+fx]2)/
2 2 2 2 2

“—2+n)

4 AppellF1[2 - E, -n, 3, 3- E, Tan[1 (e+fx)]2, 7Tan[1 (e+fx”2} +
2 2 2 2

<e+fx)]2, -Tan|

n n 2
2nAppellF1[2- —,1-n, 2, 3- —, Tan| (e+FxH |+
2 2

N |
N |

(—4+n)Appe11F1[1—E, -n, 2, 2—2, Tan[l (e+-FxH2, —Tan[1 (e+fx>]2} Cot[1 (e+fx>]2]) +
2 2 2 2 2

(8 (-4+n) AppellF1[1- —, -n, 2, Z—E, Tan[1 (e+-Fx>]2, —Tan[l (e+fx)]2] Cos[1 (e+-Fx)]B'Cot[eﬂcx]“Sin[l (e+fx)]

n
2 2 2 2 2 2

/

E, Tan[l <e+fx)]2, —Tan[l (e+-FxH2] +

((—2+n) (ZnAppellFl[Z— E, 1-n, 2, 3-
2 2 2 2
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n n 1 2 1 2 n
4 AppellF1[2- —, -n, 3, 3- —, Tan{g (e+fx)]", —Tan[; (e+fx)]"] + (-4+n) AppellF1|1- >’ -n, 2, 2- >’
2

4 (-4 +n) Cos[l (e+Fx)]4Cot[e+fx]“
2

Tan[% (e+-Fx)]2, —Tan[% (e+1cx)]2] Cot[% (e+fx)]2)J -

1 n n n 1 2 1 2 1 2 1 1
- 1- —| nAppellF1[2-—,1-n, 2,3~ —, Tan|= (e+fx)]", -Tan[ = (e+f sec[~ (e+fx)]| Tan[~ (e+Fx)] -

2;( Zjn ppe [ ) n ) an[2<e+ x)] an[z(e+ x)]] ec[z(e+ XH an[z(e+ XH 273
2(1-2)a ellF1[2 N o n, 3,30 Tan[1 (e fx)]z Tan[1 (e fx”z} Sec[1 (e fx”zTan[l (e fx)] /(( 2+n)

- - T Ny 3, 53— N + > - - + - + N + —&t

( 2) PP 2 2 2 2 2 2
(e+Fx)]2, fTan[E (e+-Fx }2] +4AppellF1[2—E, -n, 3, B—E, Tan[1 (e+-Fx)]2,
2 2 2 2

N |

n n
(ZnAppellFl[Z— —,1-n,2,3-—, Tan|

2 2
(e+‘FXH2

) :

- (-4 +n) AppellF1]|

(e+FxH2] Cot |

N |
N |

,Tan[ (e+fx)]2] + (-4 +n) Appe]_]_F]_[17 E, “n,2,2- E, Tan[l (e+Fx)]2, 7Tan{
2 2 2

N |

(e+Fx)]4Cot[e+-Fx]"

(e+£x)]"] cos|

N |
N |

(e+fx)]2, ~Tan|

N |

n n
4 (-4 +n) AppellFl{l— —, -n, 2,2-—, Tan[
2 2

, -n, 2, 2—2, Tan[l <e+fx)]2, —Tan[l (e+fx”2] Cot[l (e+fx)] Csc[1 (e+fx”2+ (-4 +n) Cot[; (e+fx)]

n
1- —
2 2 2 2 2 2
[ng(lz)nAppellFl[Zz,ln, 2,372,Tan[§(e+fx”2, —Tan[i(ewa”z} Sec[i(e+-FxH2Tan[§(e+Fx)]—
Zfﬂz(l—gJAppellFl[Z—g, -n, 3,3—2,Tan[%(e+fx)]2, —Tan[i(eJrfx)}z} Sec[i(e+-FxH2Tan[§<e+-Fx)] +2n
{—31;2(Z—EJAppellFl[B—g,l—n, 3,4—§,Tan[§(e+fx”2,—Tan[§(e+fx”2} Sec[%(e+fo2Tan[§(e+fx)]+31;
(1-n) |2 M)A ellFl[B N on, 2,40 Tan[l(e FXHZ Tan[1<e -Fx)]z}Sec[l(e -Fx)]zTan[l(e -Fx)]
- - — - — - -— — + - — + — + — + +
( 2) pp 2) 3 bl 2) 2 bl 2 2 2
1 n n n 1 2 1 2 1 2 1
4 3_g(zzjnAppellFl[az,ln, 3,4—5, Tan[g(ewa)] ,—Tan[g(eJr-FxH ]Sec[g(eJr-FxH Tan[g(ewa)]—
3‘_123(22)Appe11F1[32,n,4,42,Tan[§(e+fx)]2,Tan[%(eJrFtz}Sec[i(eJrFtzTan[i<e+1cx)] ]/
n 1 2 1 2 n
[(—2+n) (ZnAppellFl[Z— ,1-n, 2,3—;, Tan[;<e+-Fx)] s —Tan{;(ewaH ]+4AppellF1[2—;,

2
1 2
N (e+fx)]7]+

N |

-n, 3, B—E, Tan| (e+1:x)]2, -Tan]|
2
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(—4+n)AppellF1[1—§,—n 2, 2- >’ Tan[i <e+fx)]2, _Tan[i(e+fx)]2]cOt[§(e+fx)]2)zJ]]]

Problem 51: Result unnecessarily involves higher level functions and more than twice size of optimal antiderivative.

J(dCot[eﬂcx])”Sin[e+1‘x]3dlx

Optimal (type 5, 79leaves, 1step):

(-2+n), 1;n, 3;n,Cos[e+fx]2} Sinfe+fx]? (Sin[e+fx]?)z

L (“2+n)

(dCot[e+fx] )" Hypergeometric2F1 |

N |

Cdf (1+n)
Result (type 6, 5173 leaves):

[16 (-4 +n) Cos[1 (e+fx)]6 (dCot[eercxH”Sin[l (e+1‘x)}2
2 2

(Cos[3 (e+fx)]

711Cot[e+fx]“fiCot[eH‘x]”Sin[z (e+fx)] +ijCot[e+fx}”Sin[2 (e+fx)]2+ECot[eJrfx}”Sin[Z (e+fx)]3) -
8 8 8 8

1Co‘c[e+1‘x}”sin[3 (e+fx)] +ijCot[e+fx]“Sin[2 (e+fx)]sin[3 (e+fx)] +iCot[e+fx]”Sin[2 (e+fx)]25in[3 (e+fx)] -
8 8 8

lJ'LCot[e+1‘:x}”Sin[2 <e+-Fx)]3Sin[3 (e+fx)]+cCos|2 (e+fx)]3 lJ'LCos[3 (e+fx)] Cot[e+-Fx]”+1Cot[e+fx]”sin[3 (e+fx)]
8 8 8

Cos|[2 (e+-FxH2

+

3 3 .
Cos[3 (e+fx)] [—glCot[eﬂcx}”—gCot[eﬂcx]“Sln[Z (e+fx)]

+

iCot[e+-Fx]“Sin[3 (e+fx)] +iiCot[e+Fx1”Sin[2 (e+fx)]sin[3 (e+fx) ]|
8 8

Cos[2 (e+fx)] (Cos[B (e+fx)] [iiCot[e+-Fx]"+iCot[eﬂcx}”Sin[Z (e+fx) | —ziCot[eﬂcx]“Sin{Z (e+-FxH2 +
8 4 8

ECot[e+-Fx]"Sin[3 (e+-Fx)]—ijCot[ewa}”Sin[Z<e+-Fx)]Sin[3 (e+Fx)]—iCot[e+fx]”Sin[2 (e+-FxHZSin[3<e+-Fx)]

8 4 8

(—([AppellFl[l—g,—n 3,2-—, Tan| (e+fx)]2, —Tan{%(ewaHz]Sec{%(e+-FxH2)/

|

NS
N R

n n 1 2 1 2 n n 1 2
((—4+n) AppellF1[1- —, -n, 3, 2- —, Tan[ = <e+Fx)] , ~Tan[ = (e+-FxH | +2 (nAppellFl[Z—f, 1-n,3,3-—, Tan|[~ <e+-Fx)] ,
2 2 2 2 2 2 2
—Tan[l(e+fx>]2}+3AppellF1[2—E, -n, 4, 3—E an[l(eJr-Ftz, —Tan[l(ewa)]z}]Tan[l(e+-FxH2])+
2 2 2 2 2 2
n n 1 2 n n
AppellFl[l—f, -n, 4,2-—, Tan[f (e+-Fx>] —Tan e+fx /( -4 +n) AppellFl[ - =, -n,4,2-—
2 2 2 2 2
Tan[1<e+fx)]2, —Tan[l(e+fx)]2]+2 nAppellFl[Z—f,l—n,4,3—n, Tan[l( +fx )]2, —Tan[l(e+fx)]2]+
2 2 2 2 2 2
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4Appe11F1[2—§, -n, 5, 3—2, Tan[% (e+-Fx)]2, _Tan[i (e+fx)]2] Tan[% (e+fx>]z])J/

1 7 1
16 (-4+n) Cos|~ (e+fx)]| Cot[e+Ffx]"Sin[= (e+fx) |
-2+n 2 2

<e+-Fx)]2, —Tan[% (e+-FxH2] Sec[% (e+fx)}2)/

n n
(-4+n) AppellF1[1- —, -n, 3, 2- —,
2 2

N |

n n
(7((AppellF1[1— ~, -n,3,2-—, Tan|
2 2

Tan[1 (e+fx)]2, —Tan[l (e+fx)]2] +2 (nAppellFl[Z—E, 1-n, 3, 3—9, Tan[1 (e+-FxH2, —Tan[l (e+fx)]2] +
2 2 2 2 2 2
3Appe11F1[2—2, -n, 4, 3—2, Tan[i (e+-FxH2, —Tan[% <e+fx)]2]] Tan[i (e+fx”2 )+
2 n

n n 1 2 1
AppellF1[1-—, -n, 4, 2- —, Tan| = (e+fx” B —Tan[; <e+-Fx)] ]/ ((—4+n) AppellF1[1 -
2 2 2

2
Tan[l (e+fx)]2, —Tan[l (e+fx)]2] +2 (nAppellFl[Z— E, 1-n,4, 3- E, Tan[l <e+fx>]2, ~Tan| = (e+fx)]2] +4
2 2 2 2 2 2

n n 1 2 1 2 1 2
AppellF1[2- —, -n, 5,3- —, Tan[= (e+fx)]|", -Tan[= (e+f Tan[= (e+f -
ppe [ ) n ) an[z(e+ x) | an[z(e+ x) | ]) an[2<e+ x) | ]
16(74+n)nCos[1(e+fx)]6Cot[e+fx]’1*”Csc[e+fx}zsin[l(e+fx>]2
-2+n 2 2
(—((AppellFl[l—E,—n, 3,2—2, Tan[l<e+fx)]2, —Tan[l(e+FxH2]Sec[l(e+FxH2)/ (-4 +n) AppellFl[l—E,—n, 3,2—2,
2 2 2 2 2 2 2

Tan[l (e+-Fx)]2, —Tan[l (e+fx)]2] +2 (nAppellFl{Z—E, 1-n, 3, 3—2, Tan[l (e+-FxH2, —Tan[l (e+fx)]2] +
2 2 2 2 2 2
3AppellF1[2—E, -n, 4, 3—2, Tan[l (e+-FxH2, —Tan[l <e+fx)]2]] Tan[l (e+-FxH2 )+Appe11F1[1—E, -n, 4, 2—2,
2 2 2 2 2 2 2
Tan{l (e+fx”2, —Tan[l (e+fx”2}/ [(—4+n)Appe11F1[1—E, -n, 4, 2—2, Tan{l (e+fx”2, —Tan[l (e+fx)}2} +
2 2 2 2 2 2

Z(nAppellFl[Z—E,l—n, 4,3—2, Tan[l(eﬂcx)]z, —Tan{l(e+fx”2]+4AppellF1[2—E,—n, 5,3—2, Tan[l(eﬂcx)]z,
2 2 2 2 2
1 2 1 2 1 1 5 -1 3
~Tan| = (e+fx)] })Tan[f(eﬁ:x)} )J— 48 (-4+n) Cos|[— (e+fx)| Cotle+fx]"Sin[= (e+fx)]
2 2 -2+hn 2 2
(—((AppellFl[l_ﬂ,_n,B,Z_E,Tan[l<e+fx)]2,—Tan{l(e+-FxH2]Sec[l(e+-FxH2)/ (—4+n)Appe11F1[1_E,_n,3,
2 2 2 2 2 2
2—2, Tan[i(ewa)]z, —Tan[%(e+-FxH2]+2(nAppe11F1[2—2,1—n, 3,3—2, Tan[i(ewa)]z, —Tan[%(e+fx)]2]+
3Appe11F1[2—E,—n, 4,3—E, Tan[l(e+fx }2,—Tan[1<e+fx)]2]]Tan[l(e+fx)}2] +
2 2 2 2 2

2 n n
<e+-Fx)] ]/ ((—4+n>AppellF1[1—f, -n, 4, 2-—,
2

)
1
2 2

n n 1 2
AppellF1[1- —, -n, 4, 2- —, Tan[g (e+fx)]", ~Tan|
2 2
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-2+n

16

Tan[l(e+fx)]2,—Tan[l(e+fx)]2]+2(nAppe11F1[2—E,1—n, 4,3—2, Tan[l(e+fx>]2,—Tan[—(e+fx)]2]+4
2 2 2 2 2 2
n n 1 2 1 2 1 2
AppellF1[2- —, -n, 5,3 —, Tan[= (e+fx)|", -Tan[= (e+f Tan[= (e+f
ppe [ ) n ) an[z(e+ x) | an[z(e+ x) | ]J an[2<e+ x) | ]+
(-4 +n) Cos[l(e+fo6Cot[e+fx]”Sin[l(e+fx)]2 —([AppellFl[l—E,—n, 3,2—2, Tan[l(eﬂcx)]z,
2 2 2 2 2
Tan[1 (e fx”z} Sec[1 (e -Fx)]zTan = e -Fx /[ ~44+n) A ellFl[l n n, 3,2 n Tan[ (e Fx”
- — + — + — + + -—y - - = — + R
2 2 2 PP 2 2 2
—Tan[l(e+fx)]2]+2 nAppellF1[2- —, 1-n, 3, 3—E Tan[l(e+fx)]2,—Tan[l(e+fx)]2]+
2 2 2 2 2
3Appe11F1[2—E,—n, 4,3- —, Tan[l(e+-FxH2,—Tan[l<e+-Fx)]2] Tan[l(e+fx”2])— Sec[l(eJr-Fx)]2
2 2 2 2 2
_2_12[1_2)nAppe11F1[2—;,1—n, 3,3—2, Tan[i(ewa)]z, —Tan[i(e+1‘x)]2]5ec[i(e+-Fx)]2Tan[;(e+-l:x”—2}3
3(1-" AppellF1|2 N o n,a,3-" Tan[1 (e Fx)]z Tan[1 (e -FXHZ} Sec[1 (e -FxHZTan[l (e+fx)] /(( 4 +n)
- -7 N, 4, 5-7, - + > N + N + N + -4+
( 2) 2 2 2 2 2 2
AppellFl[lfﬂ,fn 3,2- Tan[1 (e+fx”2,7Tan[1<e+fx)]2}+2 nAppellFl[Zfﬂ,lfn, 3,372, Tan[l(eﬂzx”z,
2 2 2 2 2 2 2
7Tan[1(e+fx” }+3Appe11F1[Zfﬂ,fn, 4,372, Tan[l(e+fx”2,7Tan[l(e+fx)]2} Tan[l(eﬂcx)}z +
2 2 2 2 2 2
1 n n n 1 2 1 2 1 2 1
1- | nAppellFi[2-—, 1-n,4,3-—, Tan[= (e+fx)|", -Tan[= (e+f Sec[~ (e+fx)]| Tan[= (e+Fx)] -
2;( z)n ppe [ ) n ) an[z(e+ x) | an[z(e+ x)]7] ec[z(e+ x) | an[z(e+ x) ]
1(le-Fx)]z,—Tan[l(e+1:x)]2]5ec[1(e+1:x)]2Tan[l(e+-FxH/
2 2 2 2

1 n n n
———4 (1- f] AppellF1[2- =, -n, 5, 3- —, Tan|
2 2 2

(e+'FXH2] +

N |

<e+-Fx)]2, -Tan|

, Tan|

n n 1 2 1 2
(nAppellFl[Z— —,1-n,4,3-—, Tan[~ (e+-Fx)] s —Tan[; (e+-FxH | +4AppellFi[2
2 2

e
N R

((—4+n) AppellF1|1 - E, -n, 4, 2-
2
(e+fx)]2,

N |

n n
-=,-n,5,3-—, Tan|
2

1 (e+fx)]2}

1 1 1
—Tan[;(e+fx)}2})Tan[E(e+fx”2)+ AppellFl[l—g,—n, 3,2—2, Tan[;(ewaHz,—Tan[z
1 2 n 1 2 1 2
Sec[f(ewa)] Z(nAppellFl[Z—f,l—n, 3,3-—, Tan[f(ewa)] ,—Tan[f(eJrFxH |+

2 2 2 2
n 1 2 1 2 1 2 1

3AppellF1[2-—, -n, 4,3- —, Tan[~ (e+fx)]|", -Tan| = (e+fx) ||| Sec[= (e+Ffx)] Tan|= (e+Fx) ]|+ (-4+n)
2 2 2 2

2
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1 n n n 1 2 1 2 1 2 1
- 1- —|nAppellFi[2-—,1-n,3,3-—, Tan[= (e+fx)]|", -Tan[= (e+f sec[~ (e+fx)]| Tan[= (e+fx)] -
[ ( Z)n ppe [ ) n X an[z(e+ x) | an[z(e+ x)]7] ec[z(e+ x) | an[z(e+ x) |

[SRE]

n n n 1 2 1 2 1 2 1
3(1-—| AppellF1[2- —, -n, 4,3- —, Tan|[ = (e+fx)]", -Tan[ = (e+f sec[~ (e+fx)]| Tan[= (e+f
( 2) ppe [ » n ) an[z(e+ x) | an[z(e+ x) 7] ec[z(e+ x) | an[2<e+ x) ||+

2Tan|

<e+fx)]2 {n

! 1
_3723 (2‘%) AppellFl[B—g, 1-n, 4, 4_21 Tan{ <e+'FX)]2, —Tan{— (e+-FxH2]

2

N |

Sec| (e+fo2Tan[

N |

(e+fx) ]+ (1-n) (2‘2)APD611F1[3‘2’2_n’ 3,4-7,

2

1 n
+3 |- (2—*)n
3-1 2
2

(e+1‘x)]2] Sec|

N |

37&
2

Tan[ (e+-FxH2,—Tan[ (e+fx)]2]5ec[ (e+-Fx)]2Tan[

N |

(e+'FXH

N |
N |
N |

(e+fx)]2, ~Tan]| (e+-FxH2Tan[

n n
AppellF1[3- —,1-n, 4,4- —, Tan|
2 2

N R
N R
N R
N R

(e+-Fx)] -

3_ﬂ
2

n n n 1 2 1 2 1 2 1
4(2-=|AppellF1[3-—, -n,5,4- —, Tan[~ (e+fx)]|", -Tan[= (e+f sec[~ (e+fx)]| Tan[~ (e+f
( 2) ppe [ ) n ) an[z(e+ x) | an[z(e+ x)]7] ec[z(e+ x) | an[z(e+ x) |

)/

n n 1 2 1 2 n
((—4+n) AppellF1[1-—, -n, 3,2~ —, Tan[—(e+-Fx)] s —Tan[;(eJr-FxH | +2 nAppellFl[Z—;,l—n, 3,
2 2 2
373, Tan[%(em‘x)]z, 7Tan[§(e+FxH2]+3AppellF1[2fg,7n, 4,372, Tan[%(e+fx)]2, 7Tan[§(e+1‘x”2])
2
Tan[l(ewa)]z] - AppellFl[l—E, -n, 4,2—E, Tan[l(eJr-Ftz, —Tan[l(eJrfoz}
2 2 2 2 2

n n 1 2 1 2 n
2 (nAppellFl[Z— —,1-n,4,3-—,Tan[~ (e+fx) ], —Tan[; (e+fx)]"] +4AppellF1[2- S’ -n, 5,
2 2 2

3 -

—

an[i (e+Fx”2, ~Tan|

N |

(e+fx)]2} Sec[% (e+FxH2Tan[ (e+-Fx)] + (=4 +n)

) Tan[i (e+fx”2, ~Tan| (e+fx”2} Sec[1 (e+1cxH2Tan[l (e+fx)] -

1
2
1
2-2\7 2 2 2 2

n
e
2
1 n n n
{- (1 —) nAppellF1[2-—,1-n, 4,3~ —
2

4 (1—2) AppellFl[Z—E, -n, 5, 3—2, Tan{l (e+1°x)]2, —Tan[l (e+-FxH2} Sec{l (e+-FxH2Tan[ (e+fx)]|+
2 2 2 2 2 2

N |

1 n n n
-——a (2- ,J AppellF1[3- —,1-n, 5, 4- —, Tan|
2 2 2

N (e+Fx)]2, ~Tan]|
2

(e+Fx)]"]

N |

N |
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1 2 1 n n n
Sec[= (e+f Tan[= (e+f 1-n) [2- =] AppellF1[3-—, 2-n, 4,4- —,
ec[z(e+ x) | an[z(e+ x)]+37§( n)( 2) ppe [ ) n
Tan[l(e+-FxH2,—Tan[l<e+fx)]2]5ec[

2 2

<e+-Fx)]2Tan[ (e+fx)]|+4

N |
N |

1 n
a2l
3- 2

n
2

AppellFl[B— E, 1-n,s5, 4_2) Tan[ (e+‘FX)]2] sec[l (e+'Fx)]2Tan[
2 2

<e+-Fx)]2, ~Tan]| !

N =
N |

(e+-Fx>] -

N |

3_1
2
n n n 2 1 2 1 2 1

5 (2- —| AppellF1[3-~, -n, 6, 4- —, Tan[ = (e+fx)]", -Tan[ = (e+f sec[~ (e+fx)]| Tan[~ (e+f

( 2) ppe [ ) n ) an[z(e+ x) | an[z(e+ x)]7] ec[z(e+ x) | an[z(e+ x) |

)/

n n 2
((—4+n) AppellF1[1- —, -n, 4,2- —, Tan[~ (e+fx)|", -Tan|
2

N |
N |

2 n
(e+fx)]7]+2 (nAppellFl[Z—g, 1-n,

4, 372, Tan[% (e+fx”2, 7Tan[§ <e+fx)]2] +

4 AppellF1[2 - 2, -n, 5, 3- 2, Tan[% (e+fx)]2, 7Tan[§ (e+fx”2]) Tan[% (e+fx)]2)2]]J

Problem 52: Result unnecessarily involves higher level functions and more than twice size of optimal antiderivative.
J(bCot[eﬂcx])” (aCscle+fx])"dx

Optimal (type 5, 83 leaves, 1 step):
1 1+4n m . 1+n 1 3+n
-————(bCot[e+fx])"" (aCsc[e+fx])"Hypergeometric2F1|
bf (1 + n)

, — (1+men), , Cos[e+fx]?] (Sin[e+fx}2)§(1+m+")
2 2 2

Result (type 6, 3166 leaves

~

([2 (~3+m+n) AppellF1|

N |

(1-m-n), -n, 1-m, i (B—m—n),Tan[

N |

(e+-Fx)]2, -Tan|

(e+Fx)]"]

1 (e+fx)] Cotle+fx]" (bCotle+Ffx])"Cscle+Ffx]™ (aCsc[e+-Fx])"')/
2

N |

Cos| (e+fx”2Cot[

N |

(f (-1+m+n)

2nAppellF1[= (3-m-n), 1-n, 1-m, 1 (5-m-n), Tan[l (e+fx”2, —Tan[1 (e+fx)]2} -
2 2 2 2
1 1 2 1 2
2 (-1+m) AppellFl[; (3-m-n), -n, 2-m, N (5-m-n), Tan[; (e+fx)]", -Tan[= (e+Fx)]|"] +

1
(—3+m+n>AppellF1[; (1-m-n), -n, 1-m,

N |

(3-m-n), Tan[% (e+-FxH2, —Tan[% <e+fx)]2] Cot | (e+fx)]2

([2 (-3+m+n) AppellFl[; (1-m-n), -n, 1-m, % (3-m-n), Tan[% (e+fx)]2, 7Tan[l (e+fx”2] Cos

— N R

1 (e+FxH2Cot[e+fx}”
2
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Cscle+fx]™ (-1+m+n)

/

2 (-1+m) AppellFl[l (3-m-n), -n, 2-m, 1 (5-m-n), Tan[1 (e+fx”2, —Tan[1 (e+fx)]2] +
2 2 2 2

2nAppe11F1[1 (3-m-n),1-n,1-m, 1 (5-m-n), Tan[1 (e+fx”2, 7Tan[1 <e+fx)]2] -
2 2 2 2

-3+m+n) AppellFl|— (1-m-n}), -n,1-m, — (3-m-n}), Tan
1 1
2 2

N |

(e+fx)]2, —Tan[% (e+fx”2] Cot{% (e+fx)]

-

(-3+m+n) AppellFl[l (1-m-n), -n, 1-m, 1 (3-m-n), Tan{l (e+fx)]2, —Tan[l (e+fx)}2} Co‘c[l (e+-FxH2Cot[e+fx1”
2

2 2 2 2

2 (-1+m) AppellF1]

Cscle+fx]" (-1+m+n)

2nAppe11F1[l (3-m-n),1-n,1-m, 1 (5-m-n), Tan[l (e+-FxH2, —Tan[l <e+fx)]2] -
2 2 2 2
1 2 2
(5-m-n), Tan[ = (e+fx)]|", -Tan[ = (e+Fx) ]| ] +

(3-m-n), -n, 2-m, A

— Nk
N R
— N R

(-3+m+n) AppellF1 E (1-m-n), -n, 1-m, 1 (3-m-n), Tan| <e+fx)]2, -Tan
2 2

N |

%(eJr-Fx)}z] Cot |

N |-

(eﬂcx)f]) N

=

(Zm (—3+m+n)Appe11F1[ (1-m-n), -n, 1-m, = (3-m-n), Tan[% (e+-FxH2, -Tan]| <e+fx)]2}

/

1 1 1 2
-1+m+n n Appe — -m-n),1-n,1-m, — (5-m-n), Tan| — (e+fX , —Tan
(( 1 )[2 AppellF1] (3 ), 1 1 (5 ), Tan| (e+f )} Tan|
2 2 2

N |
N
N |

Cos[1 (e+-Fx)]2C05[e+Fx] Cot[1 (e+fx)] Cotle+fx]"Cscle+Ffx]™M
2 2

(e fx)]] -

2 (-1+m) AppellFl[1 (3-m-n), -n, 2-m, 1 (5-m-n), Tan[1 (e+-FxH2, —Tan[l <e+-Fx)]2] +
2 2 2 2

N |

(-3+m+n) AppellFl[% (1-m-n), -n, 1-m, % (3-m-n), Tan[% (e+fx)]2, —Tan[i (e+FxH2] Cot[i (e+fx”2]) +
(Zn (—3+m+n)Appe11F1[§ (1-m-n), -n, 1-m, % (3-m-n), Tan[% (e+fx”2, —Tan[% <e+fx)]2}

Cos[l <e+1cx)]2Cot[l (e+fx)] Cot[e+fx]’1*”Csc[e+fx}2*m]/
2 2

((—1+m+n) [ZnAppellFl[l (3-m-n),1-n,1-m, 1 (5-m-n), Tan[1 (e+-FxH2, —Tan[l (e+fx)]2] -
2 2 2

2 (-1+m) AppellFl[1 (3-m-n), -n, 2-m, 1 (5-m-n), Tan[l (e+-FxH2, —Tan[l (e+fx)]2] +
2 2 2 2
1 1 1 2 1 2 1 2
(-3+m+n) AppellF1[ (1-m-n), -n, 1-m, = (3-m-n), Tan| = (e+-Fx)] , ~Tan[ = (e+-FxH | cot [~ (e+-FxH ]) -
2 2 2 2 2
(2 (—3+m+n)Cos[l(eJr-Fx)]ZCo‘c[l(e+-FxHCo‘c[e+-Fx}”Csc[e+-Fx]"1 - (1—m—n)nAppe11F1[1+1(1—m—n),1—n,1—m,
2 2 3-m-n 2

1+§ (3—m—n),Tan[§ <e+fx)]2, —Tan[% (e+-Fx)]2]Sec[% (e+-Fx)]2Tan[§ (e+fx)] —3_;_n(1—m) (1-m-n) AppellF1]
1 1 1 2 1 2 1 2 1
1+;(1—m—n),—n,2—m,1+;(3—m—n),Tan[;(e+-Fx)] ,—Tan[;(eJrFxH ]Sec[;(eJrFxH Tan[;<e+fx)] )/
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((—1+m+n) [ZnAppellFl[l (3-m-n),1-n,1-m, 1 (5-m-n), Tan[1 (e+-FxH2, —Tan[l <e+fx)]2] -
2 2 2

2 (-1+m) AppellFl[1 (3-m-n), -n, 2-m, 1 (5-m-n), Tan[l (e+-Fx>]2, —Tan[l <e+fx)]2] +
2 2 2 2
1 1 1 2 1 2 1 2
(-3+m+n) AppellF1[ - (1-m-n), -n,1-m, = (3-m-n), Tan|— <e+-Fx)] , -Tan[ = (e+-FxH | cot[= (e+-FxH )) +
2 2 2 2 2

R (o)1)

N |

(1-m-n), -n, 1-m, 1 (3-m-n), Tan[% (e+-FxH2, ~Tan|

(2 (-3+m+n) AppellF1|
2

2
Cos | <e+fx)]2Cot[ (e+fx)] Cotle+fx]"Cscle+Ffx]m

N |
N |

(—(—3+m+n) AppellFl[% (1-m-n), -n, 1-m, 1 (3-m-n), Tan[1 (e+-Fx)]2, —Tan[l (e+Fx”2] Cot[% (e+Fx”

2 2 2
Csc[l(e+FxH2+(73+m+n)Cot[1(e+fx)]2 1 (17m7n)nAppe11F1[1+l(17m7n),17n,17m,1+1(37m7n),
2 2 3-m-n 2 2
1 2 1 2 1 2 1 1
Tan[ = (e+fx) ]|, 7Tan[;(e+fx)] ]Sec[;(e+fx)] Tan[; (e+FxH73 (1-m) (1-m-n) AppellF1|
2 -m-n
1+£(1—m—n),—n,2—m,1+1(3—m—n),Tan[£(e+fx)}2, —Tan[l<e+fx) Z}Sec[l<e+fx)]2Tan[l(e+fx)} +
2 2 2 2 2
1 1 1 1 2
Zn[— (1-m) (3-m-n) AppellF1[1+ — (3-m-n), 1-n,2-m, 1+ = (5-m-n), Tan[= (e+fXx)]|’,
5-m-n 2 2 2
1 2 1 2 1 1
~Tan|[ = (e+fx) ] | sec|= (e+fx)] Tan[= (e+fx)]+ (1-n) (3-m-n) AppellF1[1+ = (3-m-n),
2 2 2 5-m-n 2
2—n,1—m,1+1(S—m—n),Tan[l(ewa)]z, —Tan[l(e+-FxH2]Sec[l(e+-FxH2Tan[1(e+-Fx)] -
2 2 2 2 2
2 (-1+m) |- (3—m—n>nAppe11F1[1+1(3—m—n),1—n,2—m,1+l(5—m—n),Tan[1<e+-Fx)]2,
5_m-n 2 2 2
fTan[l(e+-Fx)]2]Sec[1(e+-Fx)]2Tan[1(e+fx)}— ! (2-m) (3—m—n)AppellF1[1+1(3—m—n),
2 2 2 5-m-n 2

/

|

-n, 3-m, 1+§ (5-m-n), Tan[% <e+fx)]2, —Tan[% (e+~FxH2] Sec[% (e+FxH2Tan[§ (e+fx)]
~feex)]7) -

2nAppellF1[1 (3-m-n),1-n,1-m, 1 (5-m-n), Tan[1 (e+-FxH2, ~Tan|
2 2 2

[(—1+m+n)

2 (-1+m) AppellFl[l (3-m-n), -n, 2-m, 1 (5-m-n), Tan{l (e+1:x)]2, —Tan[l (e+-FxH2} +
2 2 2 2

(—3+m+n)Appe11F1[§ (1-m-n), -n, 1-m, i (3-m-n), Tan[% (e+fXH2, —Tan[% (e+fx)]2} cOt[i <e+fx>]2Jz])J]

Test results for the 61 problemsin "4.4.10 (c+d x)"m (a+b cot)*n.m"
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Problem 3: Result more than twice size of optimal antiderivative.

JXCot[aerx} dx

Optimal (type 4, 53 leaves, 4 steps):

ix2 xlog[l-e?® @®x ]| jPpolylog[2, et (30X ]
- + —

2 b 2 b?

Result (type 4, 166 leaves):

1 2
— x“Cot[a] -
2

. 1 .
b? etArcTaniTan(al) x2 . — (i bx (-7 +2ArcTan[Tan[a]]) - sLog[1+e2*°*| -2 (bx+ArcTan[Tan[a]]) Log|

1+Tan[a]?

Csc[a] Sec[a]

1- g2t (bxwArcTaniTan(all) | 4 v og[Cos[bx]] +2ArcTan[Tan[a]] Log[Sin[bx + ArcTan[Tan[a]]]] +

i Polylog|2, ! (bxArcTaniTan(all) ] ) Tan[a]}]/ (2 bz\/Sec[a12 (Cos[a)?+sin[a]?) )

Problem 7: Result more than twice size of optimal antiderivative.
JXZCot[aerx]Zdlx

Optimal (type 4, 74 leaves, 6 steps):

ix2 x> x2Cot[a+bx] 2xlog[l-e?®@®X] jpolylog|2, e?! (@bx |
+

b 3 b b? b3

Result (type 4, 181 leaves):

x> x?Cscla] Csc[a+bx] Sin[bx]
. _
3 b
) 1 .
Csc[a] Sec[a] |b? etArcTaniTaniall x2, — (i bx (-sn+2ArcTan[Tan[a]]) - wrLog[1+e2*°*] -2 (bx +ArcTan[Tan([a]])
1+ Tan[a]?

Log[1 - @2 (Px+ArcTan(Tan(all) |, ;1 og[Cos[bx]] +2ArcTan[Tan[a]] Log[Sin[bx +ArcTan[Tan[a]]]] +

i PolylLog[2, 2! (bx+ArcTan(Tan(all) ] ) Tan[a]J /(b3\/5ec[a}2 (Cos[a]®+sSin[a]?) )
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Problem 13: Result more than twice size of optimal antiderivative.

JxCot[a+bx}3d1x

Optimal (type 4, 91 leaves, 7 steps):

X ix? Cotla+bx] xCotla+bx]2 xLlog[l-e2® (@b ] jpolylLog[2, e?! (@0X ]
— 4 - - - +

2b 2 2 b2 2b b 2 b2

Result (type 4, 201 leaves):

1, xCsc[a+bx]2 Cscl[a] Csc[a+bx] Sin[bx]
-—x“Cot[a] - + +
2 2b 2 b?
. 1 .
[Csc[a] Sec[a] |b? elArcTaniTan(all y2, = (i bx (-7 +2ArcTan[Tan[a]]) - rLog[1+e 2'PX] -
1+Tan[a]?

2 (bx+ArcTan[Tan[a]]) Log[1 - e2* (bxArcTan(Tan(all) | , ;| og[Cos[bx]] +2ArcTan[Tan[a]] Log[Sin[bx +ArcTan[Tan[a]]]] +

JiPolyLog[z, 2t (bx+ArcTan[Tan[a]])]) Tan[a]]]/ (2 bz\/Sec[a}z (Cos[a12+sin[a]2) )

Problem 37: Result more than twice size of optimal antiderivative.

J(c+dx)3 (a+bCotf[e+fx])dx

Optimal (type 4, 147 leaves, 8 steps):
afcedx)® ib(crdx)* b(c-dx)’Log[1-e?i (@]
- +

4d 4d f
3ibd (c+dx)2PolyLog[2, e2t (efx) ] 3pg2 (c+dx) PolyLog[3, e2* (¢*fX/| 31 bd?PolylLog|4, e2! (¢+f¥ ]
+ +
22 263 4

Result (type 4, 524 leaves):
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—%bcdz e teCscle]
4
(2F2x* (2e*'°fx+31 (-1+e*'®) Log[1-e2? @ F0]) 16 (-1+e?'®) fxPolylog[2, 2! ®FX ] 434 (-1+e”'®) Polylog[3, e** (¢ F¥]) -

lbd3'<ej“*Csc[e} x4+(—1+<e’2je)x4+ e’“e(—1+e2je)
4 214
(2-F4x4+41'1-F3 x3 Log[l—e“l “*“cx)] +6F2x? PolyLog[Z, e?t (e*”)} +61‘1-FxPolyLog[3, e?t (e*”)} 73PolyLog[4, e?t <e*‘cx>]) +

bc3cC -fxC L C f Si C Sin[f Si
lx(4c3’+6c2dx+4cd2x2+d3x3)Csc[e} (bCos[e] +asSinfe]) + ©Cscle] (-FfxCosfe] + Log[Cos[f x] Sin[e] + Cos[e] Sin[fx]] Sinfe]) -
4 f (Cos[e]?+Sin[e]?)

) 1
3bc?dCsc[e] Sec[e] |elArcTaniTan(e]] £2 52

1+Tan[e]?

(ifx (-m+2ArcTan[Tan[e]]) -log[l+e?'FX| -2 (fx+ArcTan[Tan[e]]) Log[1- e (FxrArcTan(Tanlel]) |, ;11 0g[Cos [f x]] +2ArcTan|

Tan[e]] Log[Sin[fx +ArcTan[Tan[e]]]] + i PolylLog|2, e (fxwArcTan(Tanlel]) 1) Tan[e] / (2 £2 \/Sec [e]? (Cos[e]?+Sin[e]?) )

Problem 38: Result more than twice size of optimal antiderivative.

J(c+dx)2 (a+bCot[e+fx])dx

Optimal (type 4, 112leaves, 7 steps):
a (c+dx)3 ib (c+dx)3 b (Cerx)zLog[l—e“l @f0] ibd (c+dx) PolyLog[2, e?!(*fX) | bd?PolyLog|3, e2! (¢ ]
+

- +

3d 3d f £ 2 £

Result (type 4, 361 leaves):
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1
12 3
(2F2x* (2e*'°fx+31 (-1+e*'®) Log[1-e2? ®F0]) 16 (-1+e?!¢) fxPolylog[2, 2! ®FX ] +34 (-1+e”'®) Polylog[3, e** #F¥]) +

bc?cC -fxC L C f Si C Sin[f Si
N (3c*+3cdx+d*x*) Csc[e] (bCos[e] +aSin[e]) + ¢* Cscle] (- xCos[e] +Log[Cos(fx] Sin[e) + Cos[e] Sin[fx]] Sin(e]) -
3 f (Cos[e]?+Sin[e]?)

bd?>e®Cscle]

iArcTan[Tan[e]] .FZ X2 + 1

{b cdCscle] Sec[e] |e

1+Tan[e]?

(ifx (-m+2ArcTan[Tan[e]]) - log[l+e?'FX] -2 (fx+ArcTan[Tan[e]]) Log|1- ! (Fx-ArcTan(Taniel]) | . ;11 og[Cos [fx]] +2

ArcTan[Tan[e]] Log[Sin[fx +ArcTan[Tan[e]]]] + i PolylLog|[2, e2* (FxwArcTaniTanlel]) ] )

Tan[e]

/(1CZ\/Sec[e]2 (Cos[e]?+sSin[e]?) )

Problem 39: Result more than twice size of optimal antiderivative.

J(c+dx) (a+bCot[e+fx])dx

Optimal (type 4, 83 leaves, 6 steps):
a(c+dx)2 Jib(c+dx)2 b (c+dx) Log[1-e2*©FX] jbdPolylog|2, e?* (¢ fx|
- +

2d 2d f 2 f2

Result (type 4, 196 leaves):

1 1 bclog[Sin[e+ fXx
acx+—adx?+ —bdx?Cot[e] + gicinfertxj]
2 2 f

) 1 )
{desc[e} Sec[e] {e”‘"”a“”a”[e” 2 %2 + (ifx (-m+2ArcTan[Tan[e]]) - mLog[l+e '] -
1+Tan[e]?

2 (fx+ArcTan[Tan[e]]) Log[1 - e2* (FxwArcTan(Tan(el]) | , ;| og[Cos[fx]] +2ArcTan[Tan[e]] Log[Sin[fx +ArcTan[Tan[e]]]] +

i Polylog|2, ! (FxwArcTan(Tanle]]) ] ) Tan[e]] / (2 FZJSec[e}Z (Cos[e]?+Sin[e]?) )

Problem 42: Result more than twice size of optimal antiderivative.

J(c+dx)3 (a+bCot[e+fx])?dx

Optimal (type 4, 295 leaves, 15 steps):
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Jibz(c+dx)3 az(c+dx)4 J'lab(c+dx>4 bz(c+dx)4 b2<c+dx)3Cot[e+-Fx} 3b2d(c+dx)2Log[1—e“<e*‘°X>}

) £ Y44 2d  4d f : £ :
2ab (c+dx)’Log[1-e?i(®f0] 3ib2d? (c+dx)Polylog[2, e?! (¢f¥ ] 3iabd (c+dx)?PolyLog[2, e?* (¢Fx |
f i £ ) £ '
3b%d*Polylog[3, e2i (¢ fX) ] 3abd? (c+dx) Polylog[3, e (®f¥ | 3iabd®Polylog|4, ! (eFx |
2§ i = ' 2 ¢4

Result (type 4, 1313 leaves):
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1 )
-—b?d*et®Cscle]
4 4

(2F2x* (2e*'°fx+31 (-1+e*'®) Log[1-e2? @ F0]) 16 (-1+e?'®) fxPolylog[2, 2! ®FX ] 434 (-1+e”'®) Polylog[3, e** (¢ F¥]) -
LBabcd2 e'eCscle] (2F2x* (2e®*®fx+31 (-1+e’'?) Log[l—ezj(e*‘c")” +6 (-1+e’t°) fxPolyLog[2, e?* (¢*F¥) ] 4
2 f
1

24

3i (-1+e*'¢) Polylog[3, e** (¢ ]) - labd3 e'®Cscle] [x*+ (-1+e?%®) x*+

-2ie -1 2ie
2 e (-1+e2*¢)

(2F*x*+41 2 x° Log[1-e?! (¢FX ] . 62 x? Polylog[2, e*' T ]| 16 i fxPolylog|3, e*! ®F¥ | _3Polylog[4, e** <e*‘cx>]) +

3b2c?dCscle] (-fxCos[e] +Log[Cos[fx] Sin[e] +Cos[e] Sin[fx]] Sin[e])

f2 (Cos[e]? +Sin[e]?) :

2abc3Csce] (-fxCos[e] +Log[Cos[fx]Sin[e] +Cos[e] Sin[fx]] Sin[e])

+

f (Cos[e]?+Sin[e]?)
1
— Csc[e] Csc[e+fx] (4a®c® fxCos[fx] -4b>c?>fxCos[fx]+6a’c?dfx’Cos[fx]-6b>c?®dfx®Cos[fx]+4a*cd®fx>Cos[fx] -
8f
4b2cd?>fx3Cos[fx] +a’d®fx*Cos[fx]-b?>d3>fx*Cos[fx] -4a’c3fxCos[2e+Ffx]+4b>c3>FfxCos[2e+Ffx]-
6a’c’dfx?Cos[2e+fx] +6b>c?dfx?Cos[2e+fx]-4a’cd’fx’Cos[2e+Ffx]+4b>cd’fx’Cos[2e+Ffx]-
a’?d>fx*Cos[2e+fx] +b>d>fx*Cos[2e+Ffx] +8b>c3Sin[fx] +24b%c?dxSin[fx] +8abc3fxSin[fx] +24b2cd?>x?>Sin[fx] +
12abc?dfx?Sin[fx] +8b2d>x3Sin[fx] +8abcd?fx3Sin[fx] +2abd®fx*Sin[fx] +8abc3fxSin[2e+fx] +

12abc®dfx*sin[2e+fx] +8abcd®fx*Sin[2e+fx] +2abd®fx*Sin[2e+fx]) - [3b?cd®Cscle] Sec[e] |e'ArcTanlTaniel] £2 52,

! (i fx (-7+2ArcTan[Tan[e]]) -nLog[1+e?*FX| -2 (fx+ArcTan[Tan[e]]) Log[1- 2! (FxrArcTan(Tanle]]) |

1+Tan[e]?

nLog[Cos[fx]] +2ArcTan[Tan[e]] Log[Sin[fx+ArcTan[Tan[e]]]] + i PolylLog|2, e*! (FxwArcTaniTan(ell) 1) Tan[e] /

. 1
(f3 \/Sec[e]z (Cos[e]?+sSin[e]?) ) - |3abc?dCscle] Sec[e] |elArcTaniTan(el] £2 42,

1+Tan[e]?

(ifx (-m+2ArcTan[Tan[e]]) -nlog[1+e2*¥X] -2 (fx+ArcTan[Tan[e]]) Log[1 - 2 ® (FxwArcTan(Tanlel]) |, ;| og[Cos [f x]] +2

ArcTan[Tan[e]] Log[Sin[fx +ArcTan[Tan[e]]]] + i PolylLog|2, e?* (fxwArcTan(Tan(e]]) | ) Tan[e] / (fz \/Sec [e]? (Cos[e]?+Sin[e]?) )
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Problem 43: Result more than twice size of optimal antiderivative.

J(c+dx)2 (a+bCot[e+-Fx])2d1x

Optimal (type 4, 227 leaves, 13 steps):
1'Lb2(c+dx)2 az(c+dx)3 Zjab(c+dx)3 bz(c+dx)3 bz(c+dx)2Cot[e+-Fx} 2b2d(c+dx)Log[l—esz(e*fx)]

+ - - - + +

f 3d 3d 3d f f2
2ab (c+dx)*Log[1-e? &fO] jb2d?Polylog[2, e?* =¥ | 2iabd (c+dx) Polylog[2, e2* (X ] abd?Polylog[3, e?! (¢FX]

- - +

f £ £ £

Result (type 4, 635leaves):

1 )
-——abd?et®Cscle]
6

(2F2x* (2e*'°fx+31i (-1+e*'®) Log[l—ezﬂe*“)]) +6 (-1+e?"°) fxPolyLog[2, e (¢F) ] 433 (-1+e?te) Polylog[3, e (¢*fX) ]} 4

=x (3c®+3cdx+d*x?) Cscl[e] (2abCos[e] +a*Sin[e] -b>Sin[e]) +
3

2b?cdCscle] (-fxCos[e] +Log[Cos[fx] Sin[e] +Cos[e] Sin[fx]] Sin[e])

N
2 (Cos[e]?+Sin[e]?

]
e)?)
2abc?Csce] (-fxCos[e] +Log[Cos[fx]Sin[e] +Cos[e] Sin[fx]] Sin[e])
N
e]?)

f (Cos[e]?+Sin[e]?
Cscle] Cscle+fx] (b2c2Sin[fx] +2b?cdxSin[fx] +b?d*x*Sin[fx])
.F

iArcTan[Tan[e]] _FZ XZ +

b2d?Csc[e] Sec[e] |e

! (ifx (-mw+2ArcTan[Tan[e]]) -nlog[l+e ' FX| -2 (fx+ArcTan[Tan[e]]) Log[1- e (FxrArcTan(Tanie]]) |

/

1+Tan[e]?

nLog[Cos[fx]] +2ArcTan[Tan[e]] Log[Sin[fx+ArcTan[Tan[e]]]] + i PolylLog|2, e*! (FxwArcTaniTan(ell) 1) Tan [e]

1

iArcTan[Tan[e]] ‘F2 X2 +

(-F3\/Sec (Cos[e]?+sin[e]?) )— 2abcdCscle] Sec[e] |e

1+Tan[e]?
(ifx (-m+2ArcTan[Tan[e]]) -nlog[1+e2*FX]| -2 (fx+ArcTan[Tan[e]]) Log|1 - e?* (FxwArcTan(Tanlel]) | . ;1| og[Cos [fx]] +2

/(_Fz\/Sec (Cos[e]?+sin[e]?) )

ArcTan([Tan[e]] Log[Sin[fx+ArcTan[Tan[e]]]] + i PolylLog|2, e (fxwArcTaniTanlel]) 1) Tan |
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Problem 47: Result more than twice size of optimal antiderivative.
J(c+dx)3 (a+bCot[e+-Fx])3d1x

Optimal (type 4, 603 leaves, 28 steps):
31‘1b3d(c+dx)2 3]'1ab2(c+dx)3 b3(c+dx)3 a3(c+dx)4 Bjazb(c+dx)4 3ab2(C+dX>4 jb3<c+dx)4

22 f T 2f a4 ad ad : ad i
3b3d(c+dx)2Cot[e+fx] 3ab? (c+dx)3Cot[e+-Fx] b3 (c:erx)BCot[eer‘:x]2 3b>d? (c+dx) Log[1-e2t (&Ffx]
22 i f . 2f ' B '
9ab?d (c+dx)*Log[1-e? ]| 3a2b (c+dx)’Log[1-e2! (] b (c+dx)’Log[l-e?t (e Fx]
£ ' f ) f )
31 b3d®Polylog[2, e ¢FX ] 9iab?d? (c+dx) Polylog[2, e*! ¢f¥] 9ia’bd (c+dx)*Polylog|2, e2! (e+fx ]
2§ . = . 22 '
3ib%d (c+dx)*Polylog[2, et ¢FX ] 9ab2d®Polylog[3, e T ] 9a?bd? (c+dx) PolylLog|3, e (¢+F ]
22 ' 2§ ' 26 i
3b3d? (c+dx) Polylog[3, e?! (¢*fX)] 9ia?bd’Polylog|4, e?* (¢F¥)| 3ib3d>Polylog|4, e?® (¢*F0 ]
2 f3 ' 4 £4 B 4 4

Result (type 4, 2539 leaves):

(-p*c®-3b3c?2dx-3b3cd?x?-b>d?>x?) Cscle+fx]? 1 ,
- —3ab’d*et®Cscle]
2f 4f4

(2F2x? (2e*'®fx+31 (-1+e'®) Log[1-e2!(®F0]) 16 (-1+e?'®) fxPolyLog[2, 2! ®FX)] + 3 (-1+e?'¢) Polylog[3, e?* (#F¥]) -

L 3albcd eiecsclel (2F2x* (2e*'°fx+31 (-1+e'®) Log[1-e2! (&F ) 4

4 f3
6 (-1+e?*®) fxPolylog[2, e** #F¥ ] 1 3i (-1+e?%®) PolyLog|3, e (¢F¥) ]) & 13b3cd2 e ' Cscle]
4f
(2F2x? (2e*'®fx+31 (-1+e'®) Log[1-e2!®FV]) 16 (-1+e?'®) fxPolyLog[2, 2! ®FX)] 434 (-1+e?'¢) Polylog[3, e?* (& F¥]) -
Eazbd3cejle(isc[e] X4+<—1+e’2“>x4+ ! e’“e(—1+e”e>

4 2f4
(2-F4x4+41'lf3 x3 Log[l—ezjL <e*‘cx)] +6F2x? PolyLog[Z, e?t (e*‘cx)} +61'1-FxPolyLog[3, e?t (e*‘cx)} 73PolyLog[4, e?t “*“”])) +
1

24

1 )
—b3d*ef®Cscle] x4+

4

x4+ (—1+e’“e)

e2ie (—1+e“e)
(2Fx*+41 x> Log[1-e?! (®F¥ ] + 6 2 x? PolyLog |2, e** (***¥ ] + 6 i f x PolyLog|3, e*' (¢**¥ | -3 Polylog[4, e** <e+“>])) +

3b3cd*Cscle] (-fxCos[e] +Log[Cos[fx] Sin[e] +Cos[e] Sin[fx]] Sin[e])

+

3 (Cos[e]? +Sin[e]?)



9ab?c?dCscle] (-fxCos[e] +Log[Cos[fx] Sin[e] +Cos[e] Sin[fx]] Sin[e])

+

f2 (Cos[e]?+Sin[e]?)
3aZbc3Cscle] (—fxCos[e] +Log[Cos[fx] Sin[e] +Cos[e] Sin[fx]] Sin[e})

f (Cos[e]?+Sin[e]?)
b c3Cscle] (-fxCos[e] +Log[Cos[fx] Sin[e] +Cos[e] Sin[fx]] Sin[e])

f (Cos[e]?+Sin[e]?) :
(3x* (-a®>c*d+3ia’bc’d+3ab*c*d-ib’>c*d+a’c*dCos[2e] +3ia*bc’dCos[2e] -3ab’c*dCos[2e] -ib>c*dCos[2e] +
ia’c?dsin[2e] -3a’bc*dSin[2e] -3iab*c*dSin[2e] +b>c*dSin[2e])) /(2 (-1+Cos[2e] +iSin[2e])) +
(x* (-a*cd*+3ia’bcd*+3ab’cd®-ib’cd’*+a’cd’Cos[2e] +3ia’bcd’Cos[2e] -3ab’cd*Cos[2e] -ib’cd*Cos[2e] +
ia’cd’sin[2e] -3a’bcd’Sin[2e] -3iab*cd*Sin[2e] +b*cd*Sin[2e])) /(-1+Cos[2e] +1iSin[2e]) +
(x* (-a’d®*+3ia’bd*+3ab>d®-ib>d®>+a’d’Cos[2e] +31ia’bd’Cos[2e] -3ab’>d’Cos[2e] -ib>d*Cos[2e] +
ia’d’Sin[2e] -3a’bd®Sin[2e] -3iab>d’Sin[2e] +b>d*Sin[2e])) / (4 (-1+Cos[2e] +iSin[2e])) +
w23 3ap2css 3ia’bc? +31‘La2bc3Cos[2e}7332bc3sin[2e]+
-1+Cos[2e] +1Sin[2e] -1+Cos[2e] +1Sin[2e]
-2ib3c3Cos[2e] +2b3c3Sin[2e]

(-1+Cos[2e] +iSin[2e]) (1+Cos[2e] +Cos[4e] +iSin[2e] +iSin[4e]) :

-21ib3c®Cos[d4e] +2b3c3Sin[4de]

(-1+Cos[2e] +iSin[2e]) (1+Cos[2e] +Cos[4e] +iSin[2e] +iSin[4e])
ib3c3 -ib3*c3Cos[6e] +b3c3Sin[6e] 1
+ +
-1+Cos[6e] +1Sin[6e] -1+Cos[6e] +1Sin[6e] 22

3Cscle] Cscle+fx] (b>c®dSin[fx] +2ab’>c® fSin[fx] +2b>cd®xSin[fx] +6ab’>c®>dfxSin[fx] +b>d®x*Sin[fx] +

. 1
6ab’cd*fx*Sin[fx] +2ab>d® fx*Sin[fx]) - |3b>d®Csc[e] Sec[e] |e!ArcTaniTaniel] £252, ———

1+Tan[e]?
(i fx (-m+2ArcTan[Tan[e]]) -nLog[1+e 2 *X| -2 (fx+ArcTan[Tan[e]]) Log[1 - 2 (FxwArcTan(Tanle]]) |

nlog[Cos [fx]] +2ArcTan[Tan[e]] Log[Sin[fx +ArcTan[Tan[e]]]] + i PolylLog[2, e** (fx+ArcTan(Tan(e]1) ] ) Tan[e] /

) 1
(2 1‘:4\/Sec[e]2 (Cosle]®+sin[e]?) ) - |9ab?cd?Cscle] Sec[e] |etArcTan(Tan(e]] £242 , —  —

1+Tan[e]?
(i fx (-m+2ArcTan[Tan[e]]) -nLog[1+e 2 FX| -2 (fx+ArcTan[Tan[e]]) Log[1 - 2 (FxwArcTan(Tanle]]) |

nLog[Cos [fx]] +2ArcTan[Tan[e]] Log[Sin[fx +ArcTan[Tan[e]]]] + i PolylLog[2, e2! (fx+ArcTan(Tan(e]1) ] ) Tan[e] /

4.4 Cotangent.nb
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. 1
(1‘3\/Sec[e]2 (Cos[e]?+sin[e]?) ) - |9a’bc?dCscle] Sec[e] |etArcTaniTan(e]] £22

1+Tan[e]?

(ifx (-m+2ArcTan[Tan[e]]) -mlog[1+e? FX| -2 (fx+ArcTan[Tan[e]]) Log[1- > (FxrArcTan(Tanie]]) |

nLog[Cos [fx]] +2ArcTan[Tan[e]] Log[Sin[fx +ArcTan[Tan[e]]]] + i PolylLog[2, e?! (Fx+ArcTan(Tan(e]]) ] ) Tan[e] /

) 1
(2 -FZ\/Sec[e]2 (Cos[e]?+sSin[e]?) ) +|3b3c?dCscle] Sec[e] |elArcTan(Tan(e]] £2 42

1+Tan[e]?

(ifx (-m+2ArcTan[Tan[e]]) -log[1+e 2 FX| -2 (fx+ArcTan[Tan[e]]) Log[1- e (FxrArcTan(Tanlel]) |, ;11 0g[Cos [f x]] +2ArcTan|

Tan[e]] Log[Sin[fx +ArcTan([Tan[e]]]] + i PolylLog[2, e?! (fx+ArcTan(Tan(e]]) ]) Tan[e] / (2 £2 \/Sec [e]? (Cos[e]?+Sin[e]?) )

Problem 48: Result more than twice size of optimal antiderivative.

j(c+dx)2 (a+bCotfe+Ffx])?dx

Optimal (type 4, 433 leaves, 22 steps):

b3cdx b3d?x? 31’1ab2(c+dx)2 a3(c+dx)3 ]lazb(C+dX>3 abz(c+dx)3 Jib3<c+dx)3

£ 2f f TR d ) d ' 3d i
b*>d (c+dx) Cot[e+fx] 3ab? (c+dx)2Cot[e+-Fx} b3 (c+dx)2Cot[e+-Fx}2 6ab?d (c+dx) Log[1-e?! (e+fx) ]
2 . f ) 2f " £2 i
3ab (c+dx)’Log[l1-e?!®f0] b3 (c+dx)’Llog[l-e?! ®f9] p3g2log[Sin[e+fx]] 3iab’d?Polylog[2, e** (]
f . f ' £ i = i
3ia’bd (c+dx) Polylog[2, e ©f¥ ] ib3d (c+dx) Polylog[2, e*! (¢f¥ | 3a2bd?Polylog|3, e*! (¢*f¥ | b3d?Polylog|3, e2® (=X ]
£ i £ i 23 ) 263

Result (type 4, 1825leaves):

7%a2bd2 e teCscle]
4f
(2F2x* (2e**¢fx+31 (-1+e*'®) Log[1-e2? @ F0]) 16 (-1+e?'¢) fxPolylog[2, 2! ®FX ] 434 (-1+e”'¢) Polylog[3, e** = F¥ ]} +

3b3d2 e’°Cscle] (2F2x* (2e®*fx+31 (-1+e’'?) Log[l—e“@*”)]) +6 (-1+e’te) fx Polylog|2, e?! (&Fx¥ ]
12f

35 (c1serie) PolyLog 3, e2! (MX)” X b*d*Csc[e] (-fxCos[e] +Log[Cos[fx] Sin[e] +Cos[e] Sin[fx]] Sin[e]) .
3 (Cos[e]? +Sin[e]?)
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6ab’cdCscle] (-fxCos[e] +Log[Cos[fx] Sin[e] +Cos[e] Sin[fx]] Sin[e])

+

f2 (Cos[e]? +Sin[e]?)
3a?bc?Cscle] (-fxCos[e] +Log[Cos[fx] Sin[e] +Cos[e] Sin[fx]] Sin[e])

f (Cos[e]?+Sin[e]?
b c?Cscle] (-fxCos[e] +Log[Cos[fx] Sin[e] +Cos[e] Sin[fx]] Sin[e])

+

f (Cos[e]?+Sin[e]?)

= Cscle] Cscle+fx]* (6b’cdCos[e] +18ab*c*fCos[e] +6b>d*>xCos[e] +36ab*cdfxCos[e] +18a*bc®f>xCos[e] -6b*>c*f>xCos[e] +
18ab?d?’ fx?Cos[e] +18a’bcdf?>x?Cos[e] -6b>cdf’x?Cos[e] +6a’bd>f?>x3Cos[e] -2b>d?> f>x>Cos[e] -6b3cdCos[e+2Ffx] -
18ab?c?fCos[e+2fx] -6b>d?’xCos[e+2fx] -36ab?cdfxCos[e+2Ffx]-9a’bc?f>xCos[e+2Ffx] +3b3c?f2xCos[e+2Ffx] -
18ab?d?fx?Cos[e+2fx] -9a’bcdf?x?*Cos[e+2Ffx] +3b>cdf®x*Cos[e+2fx]-3a’bd®f?x>Cos[e+2fx] +
b3d2f2x3Cos[e+2fx] -9a’bc?f?xCos[3e+2fx] +3b>c?f>xCos[3e+2Ffx]-9a’bcdf>x?Cos[3e+2fx]+
3b3cdf?x?Cos[3e+2fx] -3a’bd?f>x>Cos[3e+2Ffx] +b3d?f2x3Cos[3e+2Ffx] -6b3c?2fSin[e] -12b3cdfxSin[e] +
6a’c?f?xsSinje] -18ab?c?f2xSin[e] -6b>d?>fx?Sin[e] +6a>cdf?x?Sin[e] -18ab%?cdf?x?Sin[e] +2a%d?f>x>Sin[e] -
6ab’d>f2x>Sinfe] +3a®c?2f2xSin[e+2fx] -9ab?c?f?xSin[e+2fx] +3alcdf’x?Sin[e+2fx] -9ab’>cdf?x®Sin[e+2fx] +
add®’f2x3Sin[e+2fx] -3ab?d?’f2x3Sin[e+2fx] -3a*>c?f?>xSin[3e+2fx] +9ab?c?f?xSin[3e+2Ffx]-3a’cdf?x?Sin[3e+2fx] +

9ab’cdf’x*sin[3e+2fx] -a’d*f2x>Sin[3e+2fx] +3ab*d*f2x>Sin[3e+2fx]) - [3ab’>d’Csc[e] Sec[e] |etArcTaniTaniel] £252

1 21 (Fx+ArcTan[Tan[e]]) }

(i fx (-7+2ArcTan[Tan[e]]) -nLog[1+e 2 ¥X] -2 (fx+ArcTan[Tan[e]]) Log[1- +

1+Tan[e]?

nLog[Cos[fx]] +2ArcTan[Tan[e]] Log[Sin[fx +ArcTan[Tan[e]]]] + i PolylLog[2, 2! (fx+ArcTan(Tan(e]1) ] ) Tan[e] /

) 1
(-F3\/Sec (Cos[e]?+sSin[e]?) )7 3a’bcdCscle] Sec[e] |elArcTanTan(el] £2 52,
1+Tan[e]?
(ifx (-m+2ArcTan[Tan[e]]) - mlog[l+e ' FX| -2 (fx+ArcTan[Tan[e]]) Log[1- > (FxrArcTan(Tanie]]) |

nLog[Cos[fx]] +2ArcTan[Tan[e]] Log[Sin[fx +ArcTan[Tan[e]]]] + i PolyLog|2, e*! (FxwArcTaniTan(el]) 1) Tan[e] /

1

(fz\/Sec (Cos[e]?+sSin[e]?) )+ b3 cdCscle] Sec[e] |elArcTan(Tan[el] £2 42,
1+Tan[e]?

(ifx (-m+2ArcTan[Tan[e]]) -log[1+e ' FX] -2 (fx+ArcTan[Tan[e]]) Log[1- e (Fx-ArcTan(Taniel]) | . ;11 og[Cos [fx]] +2
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ArcTan[Tan[e]] Log[Sin[fx+ArcTan[Tan[e]]]] + i PolylLog|2, e (fxwArcTaniTanlel]) 1) Tan [e] / (fz \/Sec [e]® (Cos[e]®+Sin[e]?) )

Problem 57: Result more than twice size of optimal antiderivative.

<C+dx)3
J dx
(a+bCot[e+fx])?

Optimal (type 4, 839 leaves, 21 steps):

21'Lb2(c+dx)3 2b2(c+dx)3 <c+dx)4

- + _
(a+j1b)2(ia+b—(ia—b)e“e*z“x)f 4<a+ib)2d

4 3b2d(c+dx)2Log[1—ia*—“’)M} 2b<c+dx)3|_og[1_1mw]

(a2 +b?)%f _ (a-ib

)
(

b(c+dx)4 b? (c+dx) S ib a b
_ N _ _
(a+ib)?(ia+b)d (a?+b?)*d (a? +b2)? £2 (a-ib) (a+ib)*f
2ib? (c+dx) *Log|1- 1—)—3*“322:*““} 31b2d? (c+dx) Polylog|[2, {aPle—" baj:Qifx] 3bd (c+dx) ?Polylog|2, {aible—— " baj;e“fx]
(a2 +b?)2 _ (a2 + b?)2 3 _ (a-ib)? (ia+b) _
3b2d (c+dx)?Polylog|[2, 2P baj;e*“fx] 3b%d? PolyLog[3, ‘2ible—n baj;emm] 3bd? (c+dx) PolyLog|[3, {250 e—— baj;e*zm}
(a? + b2)? £2 + 2 (a2 +b2)% 4 _ (a-ib) (a+ib)?f _
31b2d? (c+dx) Polylog[3, {2Ple "t baj;&zm] 3bd*PolyLog|4, (Pl baj;emfx] 3b2d* PolyLog|4, 1—)—3*“35:*““}
+ +
(a? + b2)? 3 2(a+ib)? (ia+b) 2 (a2 +b2)? £

Result (type 4, 2706 leaves):
1

2 (a—ib)3 (a+1’1b)2 <—J'1a (—1+e“e) +b (1+e21e)>f4

be’*® |4 (a-ib) (a+ib)c?f (-3bd+2acf)x-4(a-ib)c?e?'®(a(-1+e**®)+ib(1+e**®))f (-3bd+2acf)x+

12a(a-ib)bcd®fx*+12b* (ia+b) cd*f>x*-12a (a-ib)bcd’e?'*f x> +12b* (ia+b) cd®e?'*f x> -
12a® (a-ib) ?df*x*-12ia(a-ib)bc?df*x*+12a® (a-ib)c*de?'®f*x*-12ia(a-ib)bc*de? *f x*+
12 (a-ib) (a+ib)cdf® (-bd+acf)x*+4a(a-ib)bd®fx>+4b? (ia+b)d®Fx*-4a(a-ib)bde? x>+
4b* (ia+b)d®e?**fx’-8a’ (a-ib)cd®f*x’-8ia(a-ib)bcd*f*x*+8a%* (a-ib)cd’e?®f*x>-8ia(a-ib)bcd> e ®f x>+
4(a-ib) (a+ib)d*f (-bd+2acf)x’-2a*(a-ib)d’f*x*+2a(a-ib) (a+ib)d®f*x*-2ia(a-ib)bd®f x*+
22’ (a-ib)d®e?'*f'x*-2ia(a-ib)bd’e?'®fx*-3 (a-ib)bcPde?'® (a(-1+e**®) +ib (1+e*'®))
2abe2i(efx ' '
" : : ]+1‘1Log[a2 <—1+c92]‘(e*"cx))2+b2 (1+e21(e*fx))2} +
a2 (~1+e2i (X)) _p2 (1420 (X))

f2 |4 fx - 2ArcTan|
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2a (a—nb) C3 ‘8721'18 (a <\_1+‘821e> +Jlb (1+(\62je)> 'F3

zab(EZJi(eH:x) . .
4'FX—2Ar‘CTan{ : . }+J-l|_og[a2 (_1+621(e+fx)>2+b2 <1+(EZ]L(E+‘FX)>2]]_
a2 <71+621(E+'FX)> _p2 <1+621(e+‘Fx))

i b 21 (e+fx) ib 21 (e+fx)
6b(ia+b)cd’e?'®(-ia(-1+e’*®) +b (1+e?’®)) f|2Ffx [fx+ilog[l- arib)e ]J+PolyLog[2, arib)e ]]+

a-1ib a-1ib

i b 21i (e+fx) i b 2i (e+fx)
6a(a-ib)c?de?'® (a(-1+e?'®) +ib (1+e’*®)) f* |2fx |fx+1ilog[l- (ard )éb ]]+PolyLog[2, (a+i )«?b ]]_

a-1i a-1i

2fx+3ilog[l-

ib 21 (e+fx)
b(ia+h)de?i® (-ia(-1+e2i¢) +b(1+e2i¢)) (Z-FZXZ (arib)e }J+

a-ib
ib 21 (e+fx) ib 21 (e+fx)
6 f x Polylog|2, (arib)e | +31iPolyLog|3, (arib)e ]| +2a(a-ib)cd’e?'® (a(-1+e*'®) +ib (1+e’®)) f
a-ib a-1ib
i b 21 (e+fx) ib 21 (e+fx) ib 21 (e+fx)
2 F2 %2 (2fx+3jLog[1 Chl )éb || +6FxPolyLog|2, 2+ >§b | +31iPolyLog|3, ari >§b }]+
a-i a-1i a-i

(a +1i b) (621'1 (e+f x)

|+

(a+ib) e2t(efx (a+ib) et (efx (aqb)e“@-*x)]]]+

a(a-ib)d®e?'® (a(-1+e’*®) +ib (1+e*'¢)) [2f4x4+4if3x3Log[1— -
a-i

6 2 x? PolylLog| 2, | +61fxPolylog|3, | -3PolyLog|4,

a-1b a-1b a-1b

3x? (-ac’d-ibc?’d+ac?dCos[2e] -~ibc?dCos[2e] +iac’dSin[2e] +bc?’dSin[2e])

+

2(a-ib) (a+ib) (-a+ib+aCos[2e] +ibCos[2e] +iaSin[2e] -bSin[2e])

x> (-acd’-ibcd*+acd*Cos[2e] -ibcd?Cos[2e] +iacd*Sin[2e] +bcd?Sin[2e])

+

(a-ib) (a+ib) (-a+ib+aCos[2e] +ibCos[2e] +iaSin[2e] -bSin[2e])
x* (-ad®-ibd®>+ad®Cos[2e] -ibd®Cos[2e] +iad®Sin[2e] +bd’>Sin[2e])

4 (a-ib) (a+ib) (-a+ib+aCos[2e] +ibCos[2e] +iaSin[2e] -bSin[2e]) '

X

((-ia-b-iaCos[2e] +bCos[2e] +aSin[2e] +ibSin[2e]) (4abc®Cos[2e] +4iabc’Sin(2e])) /
(a-ib) (a+ib) (-a+ib+aCos[2e] +ibCos[2e] +iaSin[2e] -bSin[2e])
(a?-2iab-b®>+a’Cos[4e] +2iabCos[4e] -b’>Cos[4e] +ia’Sin[4e] -2abSin[4e] -ib>Sin[4e])) +
(c*Cos[4e] +ic*Sin[4e]) /(a®-2iab-b>+a*Cos[4e] +2iabCos[4e] -b*Cos[4e] +ia’Sin[4e] -2abSin[4e] -ib’>Sin[de])) +
b2 c3Sin[fx] +3b%2c2dxSin[fx] +3b%2cd?x?2Sin[fx] +b%d?x3Sin[fx]
(a-ib) (a+ib)f(bCos[e] +asSin[e]) (bCos[e+fx] +aSinfe+fx])

(c3/<a -2iab-b’>+a’Cos[4e] +2iabCos[4e] -b*Cos[4e] +ia’Sin[4e] -2abSin[4e] -ib’>Sin[4e]) +

Problem 58: Result more than twice size of optimal antiderivative.
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<c+dx)2
J dx
(a+bCot[e+1"x])2
Optimal (type 4, 650 leaves, 18 steps):
2ib? (c+dx)? 2b% (c+dx)? (c+dx)?

+ —

(a2+b?)>f  (a-ib) (a+ib)? (ia+b- (ia-b)e?ie2ifx) £ 3 (a+ib)?d

4b<c+dx)3 74b2 (c+dx)3+2b2d(c+dx) Log[l—“"”—“:;:)ﬂ} 72b(c+dx)2Log[1—la*—“;j;e—M] )
3(avib)? (iavb)d 3 (a7+b?)"d (a2 02) 2 (a-ib) (a+ib)?f
21 b? (C+dX>2Log[1_iﬂafj;)ﬂ} ) i b2 d? POlyLOg[Z, M;j;e—m] 7 2bd (C+dX> PolyLog[Z, A(%Z;efhfx] )
(a2+b2>2-f: <a2+b2>2_F3 <a+ib)2(ia+b) £2
2b2d (C+dX> POlyLog[z, lﬂ;i—te*h“} 7 b d2 PolyLog[3, ja+_ftbij—2;e*“fx} ) i b2 d2 PolyLog[B, M;j;e—m]
(az+b2>2fz (a—ilb> <a+ib)2-F3 (a2+b2)2f3

Result (type 4, 1309 leaves):
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1
3 (a2+b2)2 <—Jia (—1+<e“e> +b (1+e“e)> f3

b [F ~12abcde?i®fx-12ib%’cde?i®fx+12a%c?e?i®f2x+12iabc?e?i®fPx-6abd?e?i®fx?-61ib*d*e?’®fx?+12a%cde? e x?+

12iabcde? x> +4a’d*e®**f> x> +4iabd?e*' * P x’-6c(a(-1+e*'®) +ib (1+e*'®)) (-bd+acH) Ar‘cTan[

ELLL b | 6id(a(-1ee2) +ib(1se2ie)) x (-bdeaf (2csdx)) Log[1- 0l
aZ(_1+621(e+~Fx)>_b2 (1+e21(e+fx)> a-ib
3iabcdLlog|a? (—1+e“(e*‘cx>)2+b2 (1+e“(e*‘cx>)2} +3b%cdLog|a’ (—1+<e”<‘°‘*‘c>‘>)2+b2 (1+e”<e+fx>)2] -
3iabcde?!® Log|a? (-1+e?! <e*”))2+b2 (1+e?* <e*“))2] +3b2cde’'®Log[a? (-1+e?t (e*”))2+b2 (1+et (e*”))z} -
3ia%c?f Log|a? (71+e“<e*“)>2+b2 (1+e“<e*”)>2] -3abc?flogla’ (71+e2j<e*”))2+b2 (1+e2j(e*‘cx))2} +

] +

31 a2 2 e“e-FLog[aZ (—1+e2j (e+Fx))2+b2 (1+e2j (e+*Fx))2} _3a3bc2 e“e-FLog[az (71+621(e+fx)>2+b2 <1+<8211(e+fx)>2] N

<a +1i b) (621'1 (e+f x)

3d (a(-1+e®*®) +ib (1+e**¢)) (-bd+2af (c+dx)) Polylog|2, |+

a-1b
1+

(3a®c*fxCos[fx] -3b*c?fxCos[fx]+3a’cdfx*Cos[fx]-3b*cdfx*Cos[fx]+a’d>fx>Cos[fx] -
b2d?2 fx3Cos[fx] -3a’c?fxCos[2e+fx]-3b2c?fxCos[2e+fx] -
3a2cdfx?Cos[2e+fx]-3b2cdfx?Cos[2e+fx] -a’d’fx3Cos[2e+fXx] -
b2d?fx>Cos[2e+fx] +6b2>c?2Sin[fx] +12b%>cdxSin[fx] -6abc?fxSin[fx] +
6b2d2x?Sin[fx] -6abcdfx?®Sin[fx] —2abd2fx3Sin[fx1)/

(6 (a-ib) (a+ib)f (bCos[e] +asSin[e]) (bCos[e+fx]+aSin[e+fx]))

<a L1 b) eZJi (e+f x)

3iad®(a(-1+e?®) +ib (1+e®'¢)) PolylLog|3,
(a
a-1ib

Problem 59: Result more than twice size of optimal antiderivative.

c+dx
J dx
<a+bCO‘t[e+'FX]>2

Optimal (type 4, 213 leaves, 5steps):
(c+dx)2 (bd—Zac-F—Zad-Fx)2 b (c+dx)

+ + +

2 (a2+b2) d 4a <a_jlb)2 (a+jlb) d f2 (a2+b2)f<a+bCot[e+fx}>

b(bd-2acf-2adfx) Log[lfia*—j‘b;jz;&} ) iabdPolylLog|2, %]

(a2 + 2] 2 2 (a4 b2)2 £

Result (type 4, 730leaves):
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(e+fx) (-2de+2cf+d(e+fx))Cscle+fx]? (bCos[e+fx] +aSin[e+-Fx])2

- +

2 (-ia+b) (ia+b) f (a+bCot[e+1cx}>2

bdCscle+fx]?(-a(e+fx) +blog[bCos[e+fx]+aSin[e+fx]]) (bCos[e+fx] +a|Sin[e+-Fx])2

+

(-ia+b) (ia+b) (a%+b?) £ (a+bCot[e+1‘:x])2
(ZadeCsc[eﬂcx}2 (-a(e+fx) +blog[bCos[e+fx]+asSin[e+fx]]) (bCos[e+fx] +aSin[e+fx])2)/
((—Jia+b) (ia+b) (a®+b%) £ (a+bCot[e+-Fx])2>—
(2acCsc[e+1‘x}2 (-a(e+fx) +blLog[bCos[e+fx] +asSin[e+fx]]) (bCos[e+fx] +aSin[e+fx])2)/
((—Jia+b) (ia+b) (a2+b2)-F(a+bCot[e+FxJ)2>+

b
-m+2ArcTan|[ =] | -mLog[l+e
a

dCscle+fx]2 ejAPCTanH (e+-Fx)2+ ———b

bZ

aZ

]Il(eJr'FX) —2j(e+Fx)}72

b
e+-Fx+ArcTan[f})
a

21 e”CX*A"CTa"[:’”] +Log[Cos[e+fx]] +2Ar‘cTan[E} Log[Sin[e+Fx+Ar‘cTan[E]H +1i PolyLog[2, e

a a

Log [1 _e 21i (e+f x+ArcTan[§]) ] ]

a2+ b?

+

f2 (a+bCotle+fx])?

(bCosfe+fx] +aSinfe+fx])? /[(ia+b) (ia+b) "

(Cscle+fx]? (bCos[e+fx] +aSin[e+fx]) (-bdeSin[e+fx] +bcfSin[e+fx] +bd (e+fx) Sin[e+fx}))/
((—J’La+b) (ia+b) 2 (a+bCot[e+fx}>2)

Test results for the 23 problemsin "4.4.1.2 (d csc)*m (a+b cot)*n.m
Problem 7: Result more than twice size of optimal antiderivative.
J Csc[x]?3 dx
i+ Cot[Xx]

Optimal (type 3, 12leaves, 2 steps):
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i ArcTanh[Cos[x]] - Csc[x]

Result (type 3, 26 leaves):

_Csc[x] +1i Log[Cos[EH *Log[Si"[g]]J

Problem 9: Result more than twice size of optimal antiderivative.
J Csc[x]? dx
i+ Cot[Xx]

Optimal (type 3, 28 leaves, 3 steps):

1 1. Csc[x]3
— i ArcTanh[Cos[x]] + — 1 Cot[x] Csc[x] -
2 2 3

Result (type 3, 67 leaves):

1. 3
— 1 Csc [X]

X X X
24

811+9(Log[Cos[iH—Log[Sin[ H]Sin[x}+65in[2x]—3Log[Cos[ |] sin[3x] +3Log[Sin|[ =] ] Sin[3x]
2 2 2 2

Problem 11: Result more than twice size of optimal antiderivative.
7
j Csc[x] dx
i+ Cot[x]
Optimal (type 3, 40leaves, 4 steps):

3 3 1 ; Csc[x]?
— 1 ArcTanh[Cos[x]] + — 1 Cot[x] Csc[x] + — 1 Cot[x] Csc[x]° -
8 8 4 5

Result (type 3, 99 leaves):

L iCsc[x]® Log[Cos[iH - Log[Sin[iH) Sin[x] +140Sin[2x] -
2 2

640

128 1 + 150

X X X X
75 Log[Cos[~|] sin[3x] + 75 Log[Sin| =] ] Sin[3x] - 38Sin[4x] + 15 Log[Cos |~ || Sin[5x] - 15 Log[Sin[ =] ]| Sin[5x]
2 2 2 2

Problem 15: Result unnecessarily involves imaginary or complex numbers.

Sin[x]?
Ji ax
a+bCot[x]

Optimal (type 3, 72leaves, 7 steps):
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a(a?+3b?) x b3log[bCos[x] +asSin[x]] (b+aCot[x])Sin[x]?

2 (a2 +b2)? (a2 + b?)? 2 (a? + b?)

Result (type 3, 94 leaves):
1

72(2a3x+6ab2x—41'1b3x+41'1b3Ar‘cTan[Tan[x}] +b (a®+b*) Cos[2x] - 2b? Log| (b Cos [x] +aSin[x])2] -a®sin[2x] -ab?sin[2x]
4 (a2+b2)

Test results for the 19 problemsin "4.4.1.3 (d cos)*m (a+b cot)*n.m"

Problem 5: Result more than twice size of optimal antiderivative.
J Sec [X] dx
i+ Cot [Xx]
Optimal (type 3, 18leaves, 8steps):
-1 ArcTanh[Sin[x]] - Cos[x] + 1 Sin[x]
Result (type 3, 44 leaves):

~Cos[X] + 1 [Log[Cos[g] —Sin[z}] - Log[Cos[g] +Sin[§]] +Sin[x]

Problem 7: Result more than twice size of optimal antiderivative.
3
J Sec [X] dx
i+ Cot[Xx]
Optimal (type 3, 22leaves, 8steps):

1 1
— 1 ArcTanh[Sin[x]] +Sec[x] - — i Sec[x] Tan[x]
2 2

Result (type 3, 48 leaves):

7§1'1 (Log[Cos[E] 7Sin[§]] 7Log[Cos[§] +Sin[§]] +Sec[x] (21 +Tan[x])

Problem 11: Result unnecessarily involves imaginary or complex numbers.

Cos[x]*
Ji ax
a+bCot[x]
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Optimal (type 3, 126 leaves, 8 steps):
a(3a*-6a2b?-b*) x a*blog[bCos[x] +aSin[x]] (4b(2a%+b?) +a (5a%+b?) Cot[x])Sin[x]? (b+aCot[x])Sin[x]*

+ —

8 (a2+b2)3 (a2+b2)3 8 <a2+b2)2 4 (az+b2>

Result (type 3, 179 leaves):
1

—3(12a5x—321a4bx—24a3bzx—4ab4x+321’1a4bAr‘cTan[Tan[x]] -4b (3a*+4a’b®+b*) Cos[2x] -a’bCos[4x] -2a’b’Cos[4x] -
32 (a2 +b?)

b® Cos[4x] -16a*b Log[ (bCos[x] +aSin[x])?] +8a°Sin[2x] +8a*b?Sin[2x] +a°Sin[4x] +2a*b?Sin[4x] + ab*Sin[4x]

Problem 13: Result unnecessarily involves imaginary or complex numbers.

Cos[x]?
J———————dx
a+bCot[x]

Optimal (type 3, 73 leaves, 7 steps):

a(a?-b*)x a?blog[bCos[x] +asSin[x]] (b+aCot[x])Sin[x]?
- +

2 (a2 p?)?2 (a2 + b2)? 2 (a%+b?)

Result (type 3, 82leaves):

<1>2(4J'1a2bAr‘cTan[Tan[x]] -b (a®+b?) Cos[2x] +a (2 (a—jb)zx—ZabLog[(bCos[x} +aSin[x])2] + (a%+ b?) Sin[ZX]))
4 (a2 + b?

Problem 17: Result more than twice size of optimal antiderivative.

Sec[x]3
J———————dx
a+bCot[x]

Optimal (type 3, 79 leaves, 9 steps):

b\/mAr‘cTanh[ac&m’b—ﬁ"‘iL
ArcTanh[Sin[x]] b2ArcTanh[Sin[x]] Jarib? bSec[x] Sec[x] Tan[x]

+ + +
2a a3 a3 a2 2a

Result (type 3, 192 leaves):
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433

-a+bTan|X
8b+/a%+b? Ar‘cTanh[—[z]] +Sec[x]? (4abCos[x] + a2 Log[Cos[i] —Sin[iﬂ +2b? Log[Cos[i} —Sin[i]] + (a®+2b?) Cos[2X]
NEYY 2 2 2

(Log[Cos[g] —Sin[gH —Log[Cos{z] +Sin[§]]) - a? Log[Cos[z] +Sin[§“ - 2b? Log{Cos[E} +Sin[§]] —ZaZSin[x])

Problem 19: Result more than twice size of optimal antiderivative.
J Sec [X] dx
1+2Cot([x]

Optimal (type 3, 25leaves, 6 steps):

2Ar‘cTanh{c°S x]-2Sin[x }

Vi +ArcTanh [Sin[x]]
Vs
Result (type 3, 57 leaves):
4Ar‘cTanh[ﬂLﬂ] « « « «
5 log[cos|[~] -sin[>]] + Log[Cos[ <] +sin[~]]
5 2 2 2 2

Test results for the 106 problemsin "4.4.2.1 (a+b cot)*m (c+d cot)*n.m"
Problem 1: Result more than twice size of optimal antiderivative.
J(a+iaCot[c+dx])"dlx

Optimal (type 5, 49 leaves, 2 steps):

i (a+iaCot[c+dx])"Hypergeometric2F1[1, n, 1+n, i (1+iCot[c+dx]) |

2dn

Result (type 5, 112leaves):
1

—————i (1+iCot[c+dx]) " (a+iaCot[c+dx])"
4dn (1+n)

2 (1+n) (-1+ (1+iCot[c+dx])") +n (1+iCot[c+dx])""Hypergeometric2F1[1, 1+n, 2+n, 1 (1+iCot[c+dx]) ]
2



Problem 41: Result unnecessarily involves imaginary or complex numbers.

JCO‘t 24/1+Cot] dx

Optimal (type 3, 223 leaves, 12 steps):

|2 -2+1+Cot] 1+ V1 +Cot|
1 + Ar‘cTan

+2
2 Ar‘cTan
l2(-1:v2) 2 (-1v7]

Log[1++/2 +Cot[x] - |2 | V1+cotix Log[ #V2 +Cotx] + [2[143/2] VIsCotlx] |

] -

2 (1+Cot[x])??+
3

2 2(1+ﬁ) 2 2(1+\/7)
Result (type 3, 69 leaves):
-iv1-1 Ar‘cTanh[M} +iv1+1 Ar‘cTanh[w] 2 (1+cCot[x])*?
Vi1-i Vi+id 3

Problem 42: Result unnecessarily involves imaginary or complex numbers.
JCot ] V1+Cot[x] dx

Optimal (type 3, 135leaves, 6 steps):

4—3\/7+(2—\/7)Cot[x] 4+3\/7+(2+\/7>C0t[x]

1(—1+\/?) Ar‘cTan[ ]+ 1(1+\/?) Ar‘cTanh[ ]—2\/1+Cot[x]
2 2+/-7+5+/2 +/1+Cot[x] 2 24/7+5+/2 +/1+Cot[x]
Result (type 3, 61 leaves):
VI~ 1 Arctanh [ YO T aneranh [ VRO T Got x)
Vv1-1 V1+1i

Problem 43: Result unnecessarily involves imaginary or complex numbers.

JCot [x]2 (1+Cot[x])>*dx
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Optimal (type 3, 139 leaves, 8steps):

3-2/2 +(1-4/2] cot[x] 3+24/2 + (1++/2 ] cot[x]
-/ -1+/2 ArcTan| ( ) | -\/1+V2 ArcTanh| | ) | +2V/1+Cotx] -3(1+Cot[xj)5/2
5
2(_7+5\/7) 1+ Cot[x] 2(7+5\/?) 1+ Cot[x]

Result (type 3, 96 leaves):
1

(Cos[x] +Sin[x])?

ArcTanh | 1+C°t.[x] ] Ar‘cTanh[:hcof[X] ]
Sin[x] |-2 & + e

1-1 V1+1i

(1+Cot[x])*sin[x] - 2 (1+Cot[x])*? (-5+2Cot[x] +Csc[x]?) Sin[x]
5

Problem 44: Result unnecessarily involves imaginary or complex numbers.

JCO‘t [x] (1+Cot[x])>?dx

Optimal (type 3, 221 leaves, 14 steps):

2(1+\/7) ~2+/1+Cot[x] 2(1+\/7) +2+/1+ Cot[x]
-\/1++/2 ArcTan| ] +\/1+V2 ArcTan| | -2+v/1+Cot[x] -
2(71“/?) 2(71“/?)
, Log[1++/2 +Cot[x] - 2(1+ﬁ) V1+Cotix] | Log[l++2 +Cotlx] + 2(1+ﬁ) V1+Cotx] |
= (1+Cot[x])>*- N
> 2J1-+2 2J1++2
Result (type 3, 98 leaves):
= Sin[x] | (1+1) [-iV1-1 Ar‘cTanh[i'lJrCOt[x]] +V1+1 ArcTanh[m} (1+Cot[x])zsin[x] -
(Cos[x] +Sin[x])? V1-1 A1+

w N

(1+Cot[x] )3/2 (4 +Cot[x]) (Cos[x] +Sin[x])




4.4 Cotangent.nb | 45

Problem 45: Result unnecessarily involves imaginary or complex numbers.

J Cot[x]? dx
V1+Cot[x]

Optimal (type 3, 214 leaves, 12 steps):

2(1+\/7) ~2+/1+ Cot[x] 2(1+ﬁ) +2+/1+Cot[x]
1 = 1
-— 1+\E Ar‘cTan[ }+f 1+\E Ar‘cTan[ ]—
2 2
2(-1+ﬁ) 2(—1+ﬁ)
Log[1++/2 +Cot[x] - 2(1+ﬁ) Vi+Cot[x] | Log[1++/2 +Cotlx] + 2(1+\/7) 1+ Cotix] |
2+/1+Cot[x] - +
4~/1++/2 4~1++2

Result (type 3, 67 leaves):
: (1—1’1)3/2Ar‘cTanh[—'1+COt[x]] L (1+i)3/2ArcTanh[7M} -2+/1+Cot[x]

2 Vi-i 2 Vi+i

Problem 46: Result unnecessarily involves imaginary or complex numbers.
Cot [X]
Ji dx
1+ Cot[x]

Optimal (type 3, 121 leaves, 5steps):

3-2/2 +(1-/2] cot[x] 3+24/2 + (1++/2 ] cot[x]
“1++/2 ArcTan | ( ) }+1\/1+\/7 ArcTanh | ( ) ]
2
2(-7+5\/7) 1+ Cot[x] 2(7+5\/7) V17 Cot[x]

2

Result (type 3, 51leaves):

Ar‘cTanh[Clmlof[x] | ArcTanh| 1+c1°t.[X] ]
NEE V1+i

n
1-1 1+1
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Problem 47: Result unnecessarily involves imaginary or complex numbers.
2
J Cot [x] dx
(1+cot[x])??

Optimal (type 3, 139 leaves, 6 steps):

1 4—3\/7+(2—ﬁ) Cot(x] 1 |1 4+3V7+(2+\/7) Cot [x] 1
7( 1+\/7) Ar‘cTan[ }+f 7(1+\E) Ar‘cTanh[ ]+
2 2+/-7+5+/2 +/1+Cot[x] 2\ 2 2+/7+5+2 +/1+Cot[x] V1+Cot[x]
Result (type 3, 65 leaves):
1\/1—]‘1 ArcTanh[M]Jrl\/lﬂi Ar‘cTanh[ 1+ Cotx] ]+ !
2 Vi-1i 2 Vi+i A1+ Cot [x]

Problem 48: Result unnecessarily involves imaginary or complex numbers.
J Cot [x] dx
(1+Cot[x])??

Optimal (type 3, 226 leaves, 13 steps):

. |2 ~2+/1+Cot] . |2 1+ +2+/1+Cot]

— Ar‘cTan — ArcTan } -

2 /— \/ 2 /—

1+\/— (—1+\/—>
Log[1++/2 +Cot[x] - 2(1+ﬁ) V1+Cotix] | Log[l++/2 +Cotlx] + 2(1+ﬁ) V1+Cotix] |
\/1+ Cot

rCotix] 4 2(1+\/7) 4 2(1+\/7)
Result (type 3, 71leaves):
1J’L\/l—jl Ar‘cTanh[M} 1 iv/1+1 ArcTanh| 1+ Cot[x] | - !
2 Vi-1 2 1+1 1+ Cot[x]
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Problem 49: Result unnecessarily involves imaginary or complex numbers.
2
J Cot [x] dx
(1+cCot[x])*?

Optimal (type 3, 143 leaves, 8steps):

3-2/2 +(1-+/2] cot[x] 3+24/2 + (1++/2 ] cot[x]

1 ~1++/2 ArcTan]| ( ) }+1\/1+\/7 ArcTanh | ( ) |+ ! . !

4 4 3 (1+Cot[x] 1+ Cot
2(-7+5\/7) 1+ Cot[x] 2(7+5\/7) V17 Cot[x] (1 ) " Cotix]

Result (type 3, 75leaves):

1+Cot [x] 1+Cot [x]
ArcTanh | — ]+Ar‘cTanh[ s }Jr 2 3Cot[x]
2+/1-1 2/1+1 3 (1+Cot[x])*?

Problem 50: Result unnecessarily involves imaginary or complex numbers.
J Cot [x] dx
(1+Cot[x])®?

Optimal (type 3, 216 leaves, 13 steps):

. 2(1+\/7) ~2+/1+Cot[x] . 2(1+\/?) +2+/1+ Cot[x]
fx/1+\5 Ar‘cTan[ ]—*\/1+\/? Ar‘cTan[ }—
4 4
2(71“5) 2(71+ﬁ)
. Log[1++/2 +Cot[x] - 2(1+ﬁ) V1+Cotix] | Log[l++/2 +Cotlx] + 2(1+ﬁ) 1+ Cotx] |
. _
3 (1+Cot[x) > g\1:2 81442
Result (type 3, 69 leaves):
1 (1—1'1)3/2Ar‘cTanh[71Jrco;c[xJ ]- 1 (1+1)%?ArcTanh| 1+Cot[x] ] - !

4 N 4 N 3 (1+Cot[x])>?
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Problem 75: Result unnecessarily involves imaginary or complex numbers.

(eCot[c+dx])7/2
J dx

(a+bCo‘c[c+dx])2

Optimal (type 3, 437 leaves, 16 steps):

[\/F e Cot[c+dx] } A2 +/eCot[c+dx] }

as/? (3 a2+7b2) e’/2 ArcTan (az -2ab- bz) e7/2Ar‘cTan[1—

Vo e . Ve i
b5/2 (a2 +b?)*d V2 (a2+b?)%d
2_2a3b-b2) e?/2 ArcT 1 A2 /eCot[c+dx] 5
(a a ) €72 ArcTan[1 + e ] (3a%+2b?) e*\/eCot[c+dx] ae? (eCot[c+dx])*
- + +
\/T(a2+b2>2d b? (a%+b?) d b (a?+b?) d(a+bCot[c+dx])
(a2+2ab-b?) e7/2Log[\/?+\ECot[c+dx] ~-~/2 +JeCot[c+dx] ] (a2+2ab-b?) e7/2Log[\/?+\ECot[c+dx] ++/2 VeCot[c+dx] ]
2+/2 (a2+b?)*d 2+/2 (a2+b?)*d

Result (type 3, 775leaves):
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1
d (a+bC0‘t[C+dX])2

5 2 a®Sin[c+dx]
_c Tan[c+dXx] -
b> b2 (-ia+b) (ia+b) (bCos[c+dx] +aSin[c+dx])

(eCot[c+dx])7/2Sec[c+dx]2 (bCos[c+dx] +asSin[c+dx])

1

(eCotc+dx])”?Csclc+dx]? (bCos[c+dx] +aSin[c+dx])?

2(a-1ib) (a+ib)b2dCot[c+dx]7/2 (a+bCot[c+dx])?

2(3a3+3ab2)Ar‘cTan[W Cote+dx] | (a+bCotfc+dx]) Csc[c+dx]3Sec[c+dx]

_ \/_\/F(l\gct[ 4x17]" b+ atantc »dx] - |ab*Cos[2 (c+dx)| (a+bCot[c+dx]) Csc[c+dx]?
a L Cotlc+dx +aTan[c+dx

4 (a2 -b?) Ar‘cTan[Eﬁ Cot(c+dx] ]
Ve +2 (2 (a-b) ArcTan[1-+/2 V/Cot[c+dx] | -2 (a-b) ArcTan[1++/2 /Cot[c+dx] | +

Va /b

(a+b) (Log[l—\/?\/Cot[c+dx] +Cot[c+dx]] -Log[1+2 v/Cot[c+dx] +Cot[c+dx]])) Sec[c+dx] /

1
4 (a?+b?) (1+Cot[c+dx]?) (b+aTan[c+dx])

(2 (a®+b?) (-1+Cot[c+dx]?) (1+Cot[c+dx]?) (b+aTan[c+dx])) -

b> (a+bCot[c+dx]) Csc[c+dx]?
JeotieTa
(—8\/?\/FAr*cTan[\/F cotfc+dx]
Va

}+\/7(—2 (a+b) ArcTan[1-+/2 +/Cot[c+dx] ]+2(a+b) ArcTan[1++/2 V/Cot[c+dx] | +

(a-b) (Log[l—ﬁx/Cot[c+dx} +Cot[c+dx]]| -Log[1l++/2 +/Cot[c+dx] +Cot[c+dx]}))

Sec[c+dx]?Sin[2 (c+dx) ]

Problem 76: Result unnecessarily involves imaginary or complex numbers.

(ecCot[c+dx])®?
J( dx

a+bCo‘c[c+dx])2

Optimal (type 3, 393 leaves, 15 steps):
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[\/F eCot[c+dx] ] A2 /ecCot[c+dx] ]

a3’2 (a2+5b2> e5/2 ArcTan (a2+2ab—b2) e>/2 ArcTan|[1 -

~ Va Ve B Ve .

b3'2 (a2 +b?)%d V2 (a2+b?)%d

VT ;
(a2+2ab—b2>e5/2Ar‘cTan[1+ 2 ef/(;[c dx]} azezm
+ +

ﬁ(a2+b2)2d b (a?+b?) d (a+bCot[c+dx])

(a?-2ab-b?) e>2Log[/e ++e Cot[c+dx] -2 VeCot[c+dx] | (a®-2ab-b?) e>2 Log[Ve ++/e Cot[c+dx] +V2 /eCot[c+dx] |
2+/2 (a2+b?)*d 2+/2 (a2+b?)*d

Result (type 3, 731leaves):
a? (eCot[c+dx])>?Sec[c+dx] (bCos[c+dx]+aSin[c+dx]) Tan[c+dx]
b(-ia+b) (ia+b)d(a+bCotc+dx])?

1

+

2

(eCot[c+dx])>?Csc[c+dx]? (bCos[c+dx] +aSin[c+dx])
2 (a-ib) (a+ib)bdCot[c+dx]>? (a+bCot[c+dx])2

2 (a%+b?) Ar‘cTan[m} (a+bCot[c+dx]) Csc[c+dx]*Sec[c+dx]

- Va - |b*Cos[2 (c+dx)| (a+bCot[c+dx]) Csc[c+dx]>

a Vb (1+Co‘c[c+dx]2)2 (b+aTan[c+dx])

4 (a%-b?) Ar‘cTan[EF Cot(c+dx] ]
Ve w2 (2 (a-b) ArcTan[1-+/2 V/Cot[c+dx] | -2 (a-b) ArcTan[1++/2 V/Cot[c+dx] | +

Va /b

(a+b) (Log[l—ﬁ\/Cot[Cerx] +Cot[c+dx]]—Log[1+\/?\/Cot[c+dx] +Cot[c+dx]])) Sec[c+dx] /

1
4 (a®+b?) (1+Cot[c+dx]?) (b+aTan[c+dx])

(2 (a®+b?) (-1+Cot[c+dx]?) (1+Cot[c+dx]?) (b+aTan[c+dx])) +

ab(a+bCot[c+dx])Csc[c+dx]?
N arrrrT
(—Sx/gx/FAr‘cTan{vF Cot[c+dx]
Va

}+ﬁ(—2 (a+b) ArcTan[1-+/2 +/Cot[c+dx] ] +2 (a+b) ArcTan[1++/2 v/Cot[c+dx] | +

(a-b) (Log[l—ﬁx/Cot[c+dx} +Cot[c+dx]] -Log[1++/2 /Cot[c+dx] +Cot[c+dx]”) Sec[c+dx]?Sin[2 (c+dx) ]
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Problem 80: Result unnecessarily involves imaginary or complex numbers.
J 1
(ecot[c+dx])*? (a+bCot[c+dx])?

dx

Optimal (type 3, 437 leaves, 16 steps):

[W e Cot[c+d x] ] A2 /eCot[c+dx] }

b%/2 (7 a% + 3 b2) ArcTan (a?+2ab-b?) ArcTan|[1 -

e ) Ve .
a®'? (a? +b2)? de¥? V2 (a2 +b2)?de’?
(a2+2ab—b2>Ar‘cTan[1+ﬁ ef/‘;:[c+dx] ] 242+ 3 b2 b2
\/7<a2+b2)2de3/2 +a2 (a2+b2>de\/m_a(a2+b2)de\/m(a+bcm:[c+dx}) ’
(a®-2ab-b?) Log[Ve ++/e Cot[c+dx] -/2 VeCot[c+dx] | (a%-2ab-b?) Log[Ve ++e Cot[c+dx] ++/2 eCot[c+dx] |
2+/2 (a?+b2)2de¥? 7 2+/2 (a?+b?)?de’?

Result (type 3, 773 leaves):
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Cot[c+dx]2Csc[c+dx]? (bCos[c+dx] +aSin[c+dx]) b sinfc+dx] +2Ta’”c*d”)

2
(a2 (a%+b?) (bCos[c+dx]+aSin[c+dx]) a?

d (eCot[c+dx])>? (a+bCot[c+dx])?
! Cot[c+dx]*?Csclc+dx]? (bCos[c+dx] +aSin[c+dx])?
2a% (-ia+b) (ia+b)d(eCot{c+dx])>? (a+bCot[c+dx])?

2(3a2b+3b3)Ar'cTan[\/F Coterdx] ] (a+bCot[c+dx]) Csc[c+dx]?Sec[c+dx]
\a

- +|a’bCos[2 (c+dx)| (a+bCot[c+dx]) Csc[c+dx]?
\/?\/F(1+Cot[c+dx]2)2(b+aTan[c+dx])

4 (a%-b?) Ar‘cTan[EF Cot(c+dx] ]
l +V/2 2 (a-b) ArcTan[1-+/2 VCot[c+dx] | -2 (a-b) ArcTan[1++/2 VCot[c+dx] | +

Va /b

(a+b) (Log[lfx/?\/Cot[Cerx] +Cot[c+dx]] -Log[1++2 /Cot[c+dx] +Cot[c+dx]])) Sec[c +d X] /

1
4 (a?+b?) (1+Cot[c+dx]?) (b+aTan[c+dx])

(2 (a?+b?) (-1+Cot[c+dx]?) (1+Cot[c+dx]?) (b+aTan[c+dx])) -

a’> (a+bCot[c+dx]) Csclc+dx]?

JeotTe T
,Sﬁ\/FAr‘cTan[\/F Cc:;c—[c+dx} }+\/?(72 (a+b) Ar‘cTan[l—\E\/Cot[Cerx] ]+2(a+b) Ar‘cTan[1+\/7\/Cot[c+dx} ]+
a

(a-b) (Log[l—\/?\/Cot[Cerx} +Cot[c+dx]] -Log[1++/2 +/Cot[c+dx] +Cot[c+dx]”) Sec[c+dx]2Sin[2 (c+dx) ]

Problem 81: Result unnecessarily involves imaginary or complex numbers.

<eCOt[C+dX])9/2
J dx

(a+bCo‘c[c+dx])3

Optimal (type 3, 529 leaves, 17 steps):
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{\/F eCot[c+dx] } A2 +/eCot[c+dx] }

as/2 (15 a*+46a2b?+63 b4) e%/2 ArcTan (a—b) (a2+4ab+b2> e%2 ArcTan|[1 -

e Ve )
4b7/2 (a < b2)? d V2 (a2 b7) d
(a-b) (a2+4ab+b2>e9/2Ar‘cTan[1+ﬁ ei—t[GdX] ] (15a%+31a2b% + 8b*) e*+/eCot[c+dx] a?e? (eCot[c+dx])”?
V2 (a2+b?)°d . 4b* (a% +b2)2 d +2b(a2+b2>d(a+bCot[c+dx}>2+
a? (5a%+13b?) &3 (eCot[c+dx1)3/2_ (a+b) (a®>-4ab+b?) e*2Log[+/e ++/e Cot[c+dx] -~/2 eCot[c+dx] | .
4 b2 (a2+b2)2d(a+bCot[c+dx]) 2\/7<a2+b2)3d

(a+b) (a®-4ab+b?) e>2 Log[Ve ++/e Cot[c+dx] +V2 /eCot[c+dx] |
2+/2 (a2 +b2)°d

Result (type 3, 897 leaves):
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1 9/2 3 . 3 5a*+8a’b2+4b*
(eCot[c+dx])”“Sec[c+dx]? (bCos[c+dx] +aSin[c+dx])? |- +
d(a+bCot[c+dx])3 2b3(—1'1a+b)2(1'1a+b)2
a* -5a°Sin[c+dx] -17a3b?Sin[c+dx]
+ Tan[c+dx] -

2b (711a+b)2 (1‘1a+b)2 (bCos[c+dx] JraSin[c:erx])2

1
8 (a—jlb)2 (a+Jib)zb?‘dCo‘c[c+dx]9/2 (a+bCot[c+dx}>3

4b3 <7ja+b)2 (J’la+b)2 (bCos[c+dx] +asSin[c+dx])

(eCot[c+dx])??Csclc+dx]? (bCos[c+dx] +aSin[c+dx])>

2 (15a°+31a*b%+16ab*) Ar‘cTan[\/F C;E“dx] | (a+bCotc+dx]) Csc[c+dx]3Sec[c+dx]
a

va Vb <1+Cot[c+dx}2>2 (b+aTan[c+dx])

1
(az+b2> (—1+Cot[c+dx]2) (1+CO‘t[C+dX]2> (b+aTan[c+dx])

4ab*Cos[2 (c+dx)] (a+bCot[c+dx]) Csc[c+dx]>

Vb Cot[c+dx]]
Ja +/2 (2 (a-b) ArcTan[1-+/2 +/Cot[c+dx] | -2 (a-b) ArcTan[1++/2 ~/Cot[c+dx] |+

4 (a2 - bz) ArcTan [

Va Vb

(a+b) (Log[l—\/?\/Cot[c+dx1 +Cot[c+dx]]| -Log[1++2 +/Cot[c+dx] +Cot[c+dx]})) Sec[c+dx] -

1
4 (a?+b?) (1+Cot[c+dx]?) (b+aTan[c+dx])

N IR
(—Sx/gx/FAr‘cTan[vF C(i;c—[c+dx} }+\/7(—2 (a+b) ArcTan[1-+/2 +/Cot[c+dx] ] +2 (a+b) ArcTan[1++/2 V/Cot[c+dx] | +
a

(-4a*b*>+4Db°) (a+bCot[c+dx])Csclc+dx]?

(a-b) (Log[l—\/?\/Cot[Cerx} +Cot[c+dx] ] -Log[1++/2 /Cot[c+dx] +Cot[c+dx]})) Sec[c+dx]?Sin[2 (c+dx)]

Problem 82: Result unnecessarily involves imaginary or complex numbers.

(eCot[c+dx])"?
J( dx

a+bCo‘c[c+dx1)3

Optimal (type 3, 476 leaves, 16 steps):
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[\/F eCot[c+dx] ] A2 +/ecCot[c+dx] ]

a3/2 (3 a*+6a2b?+35 b4> e’/2 ArcTan (a+b) <a2—4ab+b2) e’/2 ArcTan|[1 -

) Vive Ve .

4b52 (a?+b2)°d V2 (a2+b?)°d

V7 .
(a+b) (a274ab+b2)e7/2Ar‘cTan[1+ 2 eic;_t[c dx) } 22 o2 (eCot[c+dx})3/2 )
+

V2 (a2+b?)°d 2b (a2+b?) d (a+bCot[c+dx])?

a% (3a%+11b?) e* Ve Cot[c+dx] (a-b) (a®+4ab+b?) e’2Log[+/e ++e Cot[c+dx] -2 eCot[c+dx] |
N _

4b% (a?+b2)?d (a+bCot[c+dx]) 2+/2 (a2+b?)°d

(a-b) (a®+4ab+b?) e’/2 Log[Ve ++/e Cot[c+dx] +V2 /eCot[c+dx] |
2+/2 (a2 +b2)°d

Result (type 3, 870leaves):
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3

1 7/2 3 . 3 a
(eCot[c+dx])"“Sec[c+dx]? (bCos[c+dx] +asSin[c+dx]) -
d(a+bCot[c:+dx])3 2 b2 (—ia+b)2(ia+b)2
a3 a*Sin[c+dx] +13a%2b?Sin[c+dx]
+ +
2(-ia+b)?(i1a+b)? (bCos[c+dx] +aSin[c+dx])? 4b?(-ia+b)®(ia+b)® (bCos[c+dx]+aSin[c+dx])
1

3

(eCot[c+dx1)7/2Csc[c+dx]3 (bCos[c+dx] +aSin[c+dx])
8 (a—jlb)2 (a+Jib)zbdeo‘c[Cerx]”2 (a+bCot[c+dx})3

2 (3a*+7a%b%+4b%) Ar‘cTan[\/F Cjﬂmdx] ] (a+bCot[c+dx]) Csclc+dx]3Sec[c+dx]
a

va Vb (1+Cot[c+dx]2)2 (b+aTan[c+dx])

(-4a’b?+4b%) Cos[2 (c+dx)] (a+bCot[c+dx]) Csclc+dx]>

4 (a%-b?) ArcTan[EF Cot(c+dx] ]
l +V/2 2 (a-b) ArcTan[1-+/2 VCot[c+dx] | -2 (a-b) ArcTan[1++/2 VCot[c+dx] | +

Va /b

(a+b) (Log[lfﬁ\/Cot[Cerx] +Cot[c+dx]] -Log[1++2 ~/Cot[c+dx] +Cot[c+dx]])) Sec[c +d X] /

1
(a2+b?) (1+Cot[c+dx]2) (b+aTan[c+dx])

(2 (a?+b?) (-1+Cot[c+dx]?) (1+Cot[c+dx]?) (b+aTan[c+dx])) +

2ab’ (a+bCot[c+dx]) Csclc+dx]?

N I
,Sx/gx/gArcTan[\/F C(j;c—[c+dx} }+\/?(72 (a+b) ArcTan[l—\/?\/Cot[Cerx] ]+2(a+b) Ar‘cTan[1+\/?\/Cot[c+dx} |+
a

(a-b) (Log[l—\/?\/Cot[c+dx} +Cot[c+dx]] -Log[1++/2 +/Cot[c+dx] +Cot[c+dx]})) Sec[c+dx]?Sin[2 (c+dx) ]



Problem 83: Result unnecessarily involves imaginary or complex numbers.

(eCot[Cerx])S/2
J dx

(a+bCot[c+dx])3
Optimal (type 3, 470leaves, 16 steps):

Vva (a“+18a2 b2—15b4) e5/2Ar'cTan[JF e Cot[c+dx] } (a—b) (a2+4ab+b2) eS/ZAr‘cTan[l— V2 yJeCoticrdx] }

i Vs e i Ve .
4 b3/2 (a2+b2>3d \/?(a2+b2)3d
(a—b) (a2+4ab+b2)e5/2Ar'cTan[1+ﬁ efg[c+dx] } azezm
+ _
V2 (a2+b?)°d 2b (a2+b?) d (a+bCot[c+dx])?
a (a?+9b?) e?veCot[c+dx] (a+b) (a>-4ab+b?) e5/2Log[\/?+\ECot[c+dx] ~+/2 JecCot[c+dx] ]
+
4b<a2+b2)2d(a+bCot[c+dx]) Z\E(a2+b2)3d

(a+b) (a2-4ab+b?) e>2Log["/e ++e Cot[c+dx] +V2 VeCot[c+dx] |
2+/2 (a2 +b2)°d

Result (type 3, 864 leaves):
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1 2

(eCot[c+dx])>?Csc[c+dx] Sec[c+dx]? (bCos[c+dx] +aSin[c+dx]) |- @ +

d(a+bCot[c+dx])3 2b(—ia+b)2(ia+b)2

a’b 3 (-a*sin[c+dx] +3ab?Sin[c+dx])
- +
2 (—J‘la+b)2 (J‘La+b)2 (bCos[c+dx] +aSin[c+dx})2 4b (7ja+b)2 (1‘1a+b)2 (bCos[c+dx] +asSin[c+dx])
1

8 (a—jlb)2 (aJrJ'lb)zdeot[c+dx]5/2 (a+bCo‘c[c+dx])3

3

(eCo‘c[c+dx])5/2Csc[c+dx]3 (bCos[c+dx] +asSin[c+dx])

2 (a® +ab?) ArcTan[@] (a+bCot[c+dx]) Csc[c+dx]*Sec[c+dx]
a

Va /b (1+Cot[c+dx]2)2 (b+aTan[c+dx])

1
(az+b2> (—1+Cot[c+dx]2) (1+CO‘t[C+dX]2> (b+aTan[c+dx])

4ab’Cos[2 (c+dx)] (a+bCot[c+dx]) Csc[c+dx]>

Vb Cot[c+dx]]
Ja +/2 (2 (a-b) ArcTan[1-+/2 +/Cot[c+dx] | -2 (a-b) ArcTan[1++/2 ~/Cot[c+dx] |+

4 (a2 - bz) ArcTan [

Va Vb

(a+b) (Log[l—\/?\/Cot[c+dx1 +Cot[c+dx]]| -Log[1++2 +/Cot[c+dx] +Cot[c+dx]})) Sec[c+dx] -

1
4 (a?+b?) (1+Cot[c+dx]?) (b+aTan[c+dx])

N IR
(—8\/?\/FAr‘cTan[vF Ci;_[CerX} }+\/7(—2 (a+b) ArcTan[1-+/2 +/Cot[c+dx] ] +2 (a+b) ArcTan[1++/2 V/Cot[c+dx] | +
a

(-4a*b+4b%) (a+bCot[c+dx]) Csc[c+dx]?

(a-b) (Log[l—\/?\/Cot[Cerx} +Cot[c+dx] ] -Log[1++/2 /Cot[c+dx] +Cot[c+dx]})) Sec[c+dx]?Sin[2 (c+dx)]

Problem 84: Result unnecessarily involves imaginary or complex numbers.

(eCot[c+dx])*>?
J dx

(a+bCo‘c[c+dx])3

Optimal (type 3, 461 leaves, 16 steps):
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(3a%-26a%b2+3Db*) e3/2Ar‘cTan[W e Cot[c+dx] ] (a+b) (a2-4ab+b?) e3/2 ArcTan|[1 - V2 yeCoticrdx] ]

i o i /e .
4va Vb (a?+0?)7d V2 (at+b?)’d
vz .
(a+b) (a2,4ab+b2>e3/2Ar‘cTan[1+ 2 eic;_t[c - } ) aereCot[c+dx] B
V2 (a2+b?)°d 2 (a2+b?)d (a+bCot[c+dx])?
(3a%-5b2) e"/eCot[c+dx] (a-b) (a®+4ab+b?) e¥2 Log[Ve ++/e Cot[c+dx] -2 "/eCot[c+dx] |
- +
4(a2+b2)2d(a+bCot[c+dx]) 2\/7(a2+b2)3d

(a-b) (a®+4ab+b?) e¥2 Log[Ve ++/e Cot[c+dx] +V2 /eCot[c+dx] |
2+/2 (a2 +b2)°d

Result (type 3, 851 leaves):
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1

(eCot[c+dx])3/2Csc[c+dx]25ec[c+dx} (bCos[c+dx] +aSin[c+dx})3
d (a+bC0‘t[C+dX])3

a ab? -7a%Sin[c+dx] +5b%Sin[c +dx]
- + +
2

2 (-ia+b)?(ia+b)?> 2(-ia+b)?(ia+b)? (bCos[c+dx] +aSin[c+dx])
1

4 (-ia+b)? (ia+b)? (bCos[c+dx] +aSin[c+dx])

(eCot[c+dx])>*Csclc+dx]>
8(a-ib)?(a+ib)*dCotc+dx]3>2 (a+bCot[c+dx])>

2 (-a?-b?) Ar‘cTan[m} (a+bCot[c+dx]) Csc[c+dx]>Sec[c+dx]

(bCos[c+dx]+aSin[c+dx})3 - Va B

Va Vb (1+Cot[c+dx]2)2 (b+aTan[c+dx])

(4a2—4b2) Cos[z (c+dx)] (a+bCot[c+dx]) Csc[c+dx]?

4 (a%-b?) Ar‘cTan[EF Cot(c+dx] ]
Ve +/2 (2 (a-b) ArcTan[1-+/2 v/Cot[c+dx] | -2 (a-b) ArcTan[1++/2 v/Cot[c+dx] |+

Va /b

(a+b) (Log[l—\/?x/Cot[c+dx] +Cot[c+dx] ]| -Log[1++/2 +/Cot[c+dx] +Cot[c+dx]])) Sec[c +dx] /

1
(a2+b?) (1+Cot[c+dx]?) (b+aTan[c+dx])

(2 (a®+b?) (-1+Cot[c+dx]?) (1+Cot[c+dx]?) (b+aTan[c+dx])) -

2ab (a+bCot[c+dx]) Csclc+dx]?
JCoTeT T
(—Sx/gx/FAr‘cTan{\/F Cotfc+dx]
Va

}+\/7(—2 (a+b) ArcTan[1-+/2 +/Cot[c+dx] ] +2 (a+b) ArcTan[1++/2 V/Cot[c+dx] | +

(a-b) (Log[l—ﬁx/Cot[c+dx} +Cot[c+dx]] -Log[1++/2 /Cot[c+dx] +Cot[c+dx]})) Sec[c+dx]?Sin[2 (c+dx) ]
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Problem 85: Result unnecessarily involves imaginary or complex numbers.
J \eCot[c+dx]
(

a+bCot[c+dx])?

dx

Optimal (type 3, 463 leaves, 16 steps):

o [ststiean 72 e
Vb (15 a* - 18 a2 b? - b*) Ve ArcTan| b \go\t/[ejdx] ] (a-b) (a2+4ab+b?) Ve ArcTan|[1 - 2 e;‘)e:[c dx] ]

+ —

4 33/2 (a2+b2)3d \E(a2+b2>3d

Jz -
(a-b) (a2+4ab+b?) \/?ArcTan[lJr 2 ej;[c “ ] b+/eCot[c+dx]
N

+

\/7(a2+b2)3d 2 (a2+b2) d (a+bCot[c+dx])?
b (7a%-b?) \/eCot[c+dx] (a+b) (a2-4ab+b?) Ve Log[Ve +e Cot[c+dx] -2 JeCot[c+dx] |
- +
4a(a?+b?)?d (a+bCot[c+dx]) 2+/2 (a2+b?)°d

(a+b) (a2-4ab+b?) Ve Log[Ve +e Cot[c+dx] ++/2 eCot[c+dx] |
2+/2 (a2+b?)°d

Result (type 3, 852 leaves):
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1

VeCot[c+dx] Csc[c+dx]? (bCos[c+dx] +aSin[c+dx])3
d (a+bC0‘t[C+dX])3

b b3 11a%bSin[c+dx] -b3Sin[c+dXx]

- + + +

2(-ia+b)?(ia+b)? 2(-ia+b)?(ia+b)? (bCos[c+dx]+aSin[c+dx])? 4a(-ia+b)?(ia+b)? (bCos[c+dx]+aSin[c+dx])

1
veCot[c+dx] Csc[c+dx]3
8a(a-ib)?(a+ib)?d+/Cot[c+dx] (a+bCot[c+dx])>
2(a2b+b3)Ar‘c:Tan[\/F Lotlcidx] ] (a+bCot[c+dx]) Csclc+dx]3Sec[c+dx]
(bCos[c+dx] +aSin[c+dx])’ |- Va +
\EW(1+Cot[c+dx]2)z(b+aTan[c+dx])

1
(a2+b?) (-1+Cot[c+dx]?) (1+Cot[c+dx]?) (b+aTan[c+dx])

4a’bCos[2 (c+dx)] (a+bCot[c+dx]) Csc[c+dx]>

[W Cot[c+dx] ]
Va +/2 (2 (a-b) Ar‘cTan[l—\/?\/Cot[Cerx] | -2 (a-b) Ar‘cTan[1+\/?\/Cot[c+dx} |+

4 (az - bz) ArcTan

Va Vb

(a+b) (Log[l—\/?\/Cot[c+dx1 +Cot[c+dx]]| -Log[1++2 +/Cot[c+dx] +Cot[c+dx]})) Sec[c+dx] -

1
4 (a?+b?) (1+Cot[c+dx]?) (b+aTan[c+dx])

JeotTeTax
_8\/?\/FAr‘cTan[\/F C(i;c—[c+dx} }+\/7(—2 (a+b) Ar‘cTan[l—\/?\/Cot[c+dx] ]+2(a+b) Ar‘cTan[1+\/?\/Cot[c+dx} |+
a

(4a3—4ab2) (a+bCot[c+dx]) Csclc+dx]?

(a-b) (Log[l—\/?\/Cot[Cerx] +Cot[c+dx}]—Log[1+\/7\/Cot[c+dx} +Cot[c+dx]”)

Sec[c+dx]2Sin|2 <c+dx)]

Problem 86: Result unnecessarily involves imaginary or complex numbers.

1

Jx/eCot[c+dx] (a+bCot[c+dx])?

dx

Optimal (type 3, 476 leaves, 16 steps):
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[W e Cot[c+dx] } A2 /eCot[c+dx] }

b3/2 (35 a*+6a? b2+3b4> ArcTan (a+b) (a2—4ab+b2) ArcTan|1 -

i Va Ve . Ve -

4252 (a2+b2)°de V2 (a2+b?)’de

V7 .

(a+b) (a2-4ab+b?) ArcTan|1+ 2 e;"e_”““] ] b2 /e Cot[crdx]

\/?(a2+b2)3d\@ 2a(a2+b2)de(a+bCo‘c[c+dx})2

b? (11a%+3b?) v/eCot[c+dx] (a-b) (a2+4ab+b?) Log[Ve ++e Cot[c+dx] -V2 VeCot[c+dx] |
. _

42a% (a®+b2)?de (a+bCot[c+dx]) 272 (a?+b?)>d e

(a-b) (a®+4ab+b?) Log[Ve ++e Cot[c+dx] ++/2 VeCot[c+dx] |
2+/2 (a2+b2)’de

Result (type 3, 879leaves):
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2 4
Cot[c+dx}Csc[c+dx]3(bCos[c+dx]+aSin[c+dX]>3[ b . b 7
2a (—Jia+b)2 (Jia+b)2 2a (—ja+b)2 (Jia+b)2 (bCos[c+dx1 +aSin[C+dX])z

3 (5a2b?sin[c+dx] +b*Sin[c+dx])

/(d\/ECOt[CerX] (a+bCot[c+dx])3) -

4 a2 (71'1a+b)2 (1‘1a+b)2 (bCos[c+dx] +asSin[c+dx])
1

8a? (a-ib)? (a+ib)?d+eCot[c+dx] (a+bCot[c+dx])’

VCot[c+dx] Csc[c+dx]? (bCos[c+dx] +aSin[c+dx])>

2 (-4a*-7a%b?-3b*) ArcTan[@] (a+bCot[c+dx]) Csc[c+dx]*Sec[c+dx]
a

a Vb (1+Co‘c[c+dx]2)2 (b+aTan[c+dx])

(4a4—4a2b2> Cos[z (c+dx)] <a+bCot[c+dx]> Csclc+dx]?

4 (a? - b?) Ar‘cTan[EF Cot(c+dx] ]
Ve w2 (2 (a-b) ArcTan[1-+/2 v/Cot[c+dx] | -2 (a-b) ArcTan[1++/2 v/Cot[c+dx] |+

Va /b

(a+b) (Log[l—\/?x/Cot[c+dx] +Cot[c+dx] ]| -Log[1++/2 +/Cot[c+dx] +Cot[c+dx]])) Sec[c +dx] /

1
(a2+b?) (1+Cot[c+dx]?) (b+aTan[c+dx])

(2 (a®+b?) (-1+Cot[c+dx]?) (1+Cot[c+dx]?) (b+aTan[c+dx])) -

2a’b (a+bCot[c+dx]) Csclc+dx]?
JeETeT T
(—Sx/gx/FAr‘cTan[\/F Cotfc+dx]
Va

}+\/7(—2 (a+b) ArcTan[1-+/2 +/Cot[c+dx] ] +2 (a+b) ArcTan[1++/2 V/Cot[c+dx] | +

(a-b) (Log[l—ﬁx/Cot[c+dx} +Cot[c+dx]]| -Log[1l++2 +/Cot[c+dx] +Cot[c+dx]})) Sec[c+dx]?Sin[2 (c+dx) |
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Problem 87: Result unnecessarily involves imaginary or complex numbers.
J 1
(ecot[c+dx])*? (a+bCot[c+dx])>

dx

Optimal (type 3, 529 leaves, 17 steps):

[W e Cot[c+dx] ] A2 +/eCot[c+dx] }

b5/2 (63 a* +46 a2 b? + 15 b4) ArcTan (a - b) (a2 +4ab+ bz) Ar‘cTan[l -

Vi le i Ve X
4 37/2 (a2+b2)3de3/2 \/7<a2+b2)3de3/2
(a-b) (a2+4ab+b2)Ar‘cTan[1+ﬁ ef/(;mdx] ] 82344+ 31a2b2+ 15 b? b2
N _ _
\/7(a2+b2)3de3/2 433 (a2+b2>2de\/eCot[c+dx} 2a (a*+b?) de+eCot[c+dx] (a+bCot[c:+dx])2
b? (13 a% + 5 b?) (a+b) (a®>-4ab+b?) Log[/e ++e Cot[c+dx] -2 VeCot[c+dx] |
4a% (a?+b?)?de/eCot[c+dx] (a+bCot[c+dx]) ' 2+/2 (a?+b2)’de’? .

(a+b) (a®-4ab+b?) Log[Ve ++/e Cot[c+dx] ++/2 VeCot[c+dx] |
2ﬁ(a2+b2>3de3/2

Result (type 3, 894 leaves):
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3 b3

Cot[c+dx]*Csc[c+dx]? (bCos[c+dx] +asSin[c+dx])” |- +
2a2 (—Jia+b)2 (ia+b)2
b> 19a?b3Sin[c+dx] +7b>Sin[c +dx] 2Tan[c +dx] /
+ +
2a2(ﬂ'laer)z(Jiaer)z(bCos[Cerx}+aSin[c+dx])2 4a3(—1'1a+b)2<J‘1a+b)2(bCos[c+dx]+aSin[c+dx}> a?

1
8a’(a-1ib)®(a+ib)*d (eCot[c+dx])*? (a+bCot[c+dx])>

Cot[c+dx]?*?Csc[c+dx]? (bCos[c+dXx] +aSin[c+dx])3

(d (ecCotfc+dx])>? (a+bCot[c+dx])3) -

2(16a4b+31a2b3+15b5)Ar‘cTan[W c\?“dx] ] (a+bCotfc+dx]) Csclc+dx]3Sec[c+dx]
a

- +

Ja Vb (1+Co‘c[c+dx}2)2 (b+aTan[c+dx])

1
(a2 +b?) (-1+Cot[c+dx]?) (1+Cot[c+dx]?) (b+aTan[c+dx])

4a*b Cos|[2 <c+dx)] (a+bCot[c+dx]) Cscc+dx]?

[W Cot[c+dx] ]
Va +2 (2 (a-b) ArcTan[1-+/2 v/Cot[c+dx] | -2 (a-b) ArcTan[1++/2 V/Cot[c+dx] | +

4 (a2 - bz) ArcTan

Va Vb

(a+b) (Log[l—\/?\/Cot[c+dx} +Cot[c+dx]] -Log[1+2 v/Cotlc+dx] +Cot[c+dx]”) Sec[c+dx] -

1
(4a°-4a’b®) (a+bCot[c+dx]) Csclc+dx]?
4 (a?+b?) (1+Cot[c+dx]?) (b+aTan[c+dx])
et IR
78\/?\EAPcTan[\/F Cotfc+dx] }+\/?(—2 (a+b) Ar‘cTan[l—\E\/Cot[Cerx] ]+2(a+b) ArcTan[1+\/7x/Cot[c+dx] ]+

Va

(a-b) (Log[l—\/?\/Cot[Cerx} +Cot[c+dx]] -Log[1++/2 +/Cot[c+dx] +Cot[c+dx]”) Sec[c+dx]2Sin[2 (c+dx) ]

Problem 88: Result unnecessarily involves imaginary or complex numbers.

J(a+bCot[c+dx])”d]x

Optimal (type 5, 167 leaves, 5steps):
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b (a+bCot[c+dx] )“‘ Hypergeometric2F1[1, 1+n, 2+n, M} b (a+bCot[c+dx] )1”‘ Hypergeometric2F1[1, 1+n, 2+n, MM]

af b2 ar/ b2
- +
27/-b% (a-V/-b7 | d (1+n) 27/-b% (a+V/-b? | d (14n)
Result (type 5, 161 leaves):
a+bCot[c+dx] - a+ib

Hyper‘geometr‘icZFl[—n, -n,1-n, -

i (a+bCot[c+dx])”[
2dn

b (-i+Cot[c+dx]) b (-i+Cot[c+dx])
- -a+1b
) Hypergeometric2F1[-n, -n, 1-n, ]
) b(]'1+C0t[C+dX])

a+bCot[c+dx]
b (I'L+C0t[c+dx]

Problem 89: Unable to integrate problem.

J(a+bCot[e+-Fx])"‘ (dTan[e+fx])"dx

Optimal (type 6, 193 leaves, 8 steps):
o
2f (1-n)

-m

b Cot[e + f x] <dTan[e+‘FX])n*

b Cot[e + f x]
=

AppellFl[1-n, -m, 1, 2-n, - , —1iCot[e+fx]| Cotle+fx] (a+bCot[e+fx])" [1

a a

b Cot[e+ f X] bCot[e+fx]\™ N
AppellFl[l—n, -m,1,2-n, -——— R — (dTan[e+fx])

_ , i Cot[e+fx]]| Cotle+fx] (a+bCot[e+Fx})m(1
2f (1-n) a

a

Result (type 8, 25leaves):

J(a+bCot[e+-Fx])m (dTanf[e+fx])"dx

Problem 91: Result more than twice size of optimal antiderivative.

dx

J 1-1Cot[c+dx]
va+bCot[c+dx]

Optimal (type 3, 45leaves, 3 steps):

ZJiAr‘cTanh[ a+b Cot[c+d x] }
Aa+ib

i Va+ib d
Result (type 3, 128 leaves):
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2

ibe2i(cdx) g (71%” (c+dx))+m (71%2] (crdx)

ilog] e ]

Vva+1ib d

Problem 93: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.
J A+BCot[c+dX]
(

dx
a+bCot[c+dx])2

Optimal (type 3, 111 leaves, 3 steps):
(a?A-ADb?+2abB) x Ab-aB (2aAb-a’?B+b?B) Log[bCos[c+dx] +aSin[c+dx]]

+ —

(a2 + b?)? (a2+b?)d (a+bCot[c+dx]) (a2 +b%)%d

Result (type 3, 352 leaves):
1

2 (a2+b2)2d (a+bCot[c+dx])

(ZaZAb+2Ab3—2a3B—2ab28+2a3Ac—4ia2Abc—2aAb2c+2jLa3Bc+4a2bBc—2J'labZBc+2a3Adx—4j1a2Abdx—
2aAb’dx+2ia’Bdx+4a’bBdx-2iab’Bdx-21i (-2aAb+a’B-b’B) ArcTan[Tan[c+dx]] (a+bCot[c+dx]) -
2a*Ablog[(bCos[c+dx] +aSin[c+dx])?| +a*BLog[(bCos[c+dx] +aSin[c+dx])*] -ab?Blog[(bCos[c+dx]+aSin[c+dx])?]+
bCot[c+dx] (2 (a—jb)2<A+jB) (c+dx) + (-2aAb+a’B-b’B) Log[(bCos[c+dx]+aSin[c+dx])2])>

Problem 94: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.
j A+BCot[c+dx]

dx
(a+bCo‘c[c+dx])3

Optimal (type 3, 175leaves, 4 steps):

(a>A-3aAb?+3a2bB-b>B) x Ab-aB
(a2 +b?)? +2(a2+b2)d(a+bCot[c+dx])2+
2aAb-a2B+b?B (3a2AbfAb3fa3B+3asz) Log[bCos[c+dx] +aSin[c+dx]]
(a2+b2)2d(a+bCot[c+dx])_ (a?+b?)°d

Result (type 3, 863 leaves):
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b? (Ab-aB) (A+BCot[c+dx]) Csc[c+dx]? (bCos[c+dx]+aSin[c+dXx])

2

(
(

(-ia+b)® (ia+b)?d (a+bCot[c+dx])’ (BCos[c+dx] +ASin[c+dx])

(-a’A+3aAb®>-3a’bB+b>B) (c+dXx) (A+BCot[c+dx])Csc[c+dx]2(bCos[c+dx}+aSin[c+dx])3)/

( ~ia+b) 1a+b)3d(a+bCot[c+dx])3(BCos[c+dx]+ASin[c+dx}))+

(-3ia’Ab>+3a°Ab*-5ia°Ab’>+5a*Ab®-ia’Ab’+a’Ab®+iaAb’-Ab®+ialb’B-a’b>B-ia®b*B+a’b’B
5ia*b®B+5a’b’B-3ia’b?B+3ab’B) (c+dx) <A+BCot[c+dx})Csc[c+dx]2(bCos[c+dx]+aSin[c+dx}>3)/

((a—jb)z(a+]1b)3b2(—J‘la+b>3(]‘La+b)3d(a+bCot[c+dx])3(BCos[c+dx]+ASin[c+dx]))—

(' (-3aAb+Ab’+a’B-3ab?B) ArcTan[Tan[c+dx]] (A+BCot[c+dx]) Csc[c+dx]? (bCos[c+dx] +aSin[c+dx})3)/

( (a +b?) *d a+bCo’c[c+dx])3 (BCos[c+dx] +ASin[c+dx])) +

(( 3a’Ab+Ab’+a’B-3ab’B) (A+BCot[c+dx])Csc[c+dx]2Log[(bCos[c+dx]+aSin[c+dx})2} (bCos[c+dx]+aSin[c+dx})3)/

(2 (a2+b2 a+bCot[c+dx})3<BCos[c+dx]+ASin[c+dx]))+

(( A+BCot| c+dx])Csc[c+dx}2(bCos[c+dx]+aSin[c+dx])2(3aAbSin[c+dx]—ZaZBSin[c+dx]+bZBSin[c+dx]))/

( -ia+b)? (ia+b)? d(a+bCot[c+dx])3(BCos[c+dx]+ASin[c+dx]>)

Problem 95: Result more than twice size of optimal antiderivative.

J(aerCot[Cerx])S/2 (A+BCot[c+dx]) dx

Optimal (type 3, 188 leaves, 10 steps):

(a—Jib)S/2 (iA+B) ArcTanh| a+b Cot[c+dx] ] (a+1’1b)5/2 (iA-B) ArcTanh| a+b Cot[c+dx] ]

Jaib ) Jaiib
d d

2 (2aAb+a2B-b?B)"/a+bCot[c+dx] 2 (Ab+aB) (a+bCot[c+dx])>* 2B (a+bCotfc+dx])*?
d : 3d ) 5d

Result (type 3, 505 leaves):
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ArcTanh [ q/a+bCotlc+dx] ] ArcTanh { :{ a+b Cot[c+d x] ]

i(a®A-3aAb*-3a’bB+b’B) aib - aiib (a+bCot[c+dx])3(A+BCot[c+dx])Sin[c+dx14/

Va-1b Vva+1ib

(d (bCos[c+dx] +aSin[c+dx])> (BCos[c+dx] +ASin[c+dx])) +

ArcTanh [ a+b Cot‘[c+d X] } ArcTanh { +/a+b Cot.[c+d X] ]
(3a2Ab-Ab*+a’B-3ab?B) aib + arib (a+bCot[c+dx1)3(A+BCot[c+dx])Sin[c+dx]4/
Va-1ib Va+1ib

(d (bCosfc+dx] +asSin[c+dx])? (BCos[c+dx] +ASin[c+dx])) N ((a+bCot[c+dx])5/2 (A+BCotlc+dx])
2 2 2 .
(7 (-35aAb-23a*B+18b°B) - — (5Ab”>Cos[c+dx] +1labBCos[c+dx]) Csc[c+dx] - —b®BCsc[c+dx]? Sln[c+dx}3)/
15 15 5
(d (bCosfc+dx] +aSin[c+dx})2 (BCos[c+dx] +ASin[c+dx]))
Problem 96: Result more than twice size of optimal antiderivative.

J(a+bCot[c+dx])3/2 (A+BCot[c+dx]) dx

Optimal (type 3, 150leaves, 9 steps):

(a—1’1b)3/2 (J’lA+B) Ar‘cTanh[ a+b Cot [c+d x] ]

Vaib
d
: . +b +d
(a+ib)** (iA-B) ArcTanh| a%” ] 2 (Ab+aB)Va+bCot[c+dx] 2B (a+bCotc+dx])>?
d d 3d

Result (type 3, 441 leaves):



4.4 Cotangent.nb | 71

ArcTanh [ a+b Cot[c+d x] } ArcTanh [ a+b Cot[c+d x] ]
i(a*A-Ab’>-2abB) aib - aiib (a+bCot[c+dx1)2<A+BCot[c+dx1)Sin[c+dx]3/
Va-1ib Va+ib

(d (bCos[c+dx] +aSin[c+dx])? (BCos[c+dx] +ASin[c+dx])) +

Ar‘cTanh[ilamCOt[“dX] ] Ar‘cTanh[ a+b Cot[c+d x] }

(2aAb+a’B-b?B) Jaib N Jarib (a+bCot[c+dx])2(A+BCot[c+dx])Sin[c+dx]3/
Va-1b Va+1ib

(d (bCos[c+dx] +aSin[c+dx])? (BCos[c+dx] +ASin[c+dx])) +

(a+bCot{c+dx])*? (A+BCot[c+dx]) (- (3Ab+4aB) -beCot[mdx}) Sinfc+dx]?2

2
3
d(bCos[c+dx] +aSin[c+dx]) (BCos[c+dx] +ASin[c+dx])

Problem 98: Result more than twice size of optimal antiderivative.
J(fa+bCot[c+dx]) (a+bC0t[C+dX])5/2d1X

Optimal (type 3, 151 leaves, 10 steps):

(Jia—b> (a—ilb>5/2Ar‘cTanh[ a+b Cot[c+dx] }

B Va-ib
d
. . +b +d
(a+ib)*? (ia+b) ArcTanh| a;:f%x} ] 2b (a?+b2) "/a+bCot[c+dx] 2b(a+bCot[c+dx])>?
. _
d d 5d

Result (type 3, 479 leaves):
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/

4 4 2
[(—a+bCot[c+dx]) (a+bCot[c+dx])5/2 -—b(2a®+3b%) + —ab’Cot[c+dx] + —b’>Csc[c+dx]?| Sin[c+dx]>
5 5 5

(d (-bCos[c+dx] +asSin[c+dx]) (bCos[c+dXx] +aSin[c+dx])2) +

ArcTanh { +/ a+b Cot [c+d x| ] ArcTanh {  a+bcot[c+dx] }
i (a%-b?) aib - 20t va+bCot[c+dx]
\a-ib Va+ib

(a?+b?) (-a+bCot[c+dx]) (a+bCot[c+dx])>?
v/Csc[c+dx] VbCos[c+dx] +aSin[c+dx]

Ar‘cTanh{\ a+b Cot[c+d x| } Ar‘cTanh[\/ a+b Cot [c+d x|
2ab 2t + Lot vJa+bCot[c+dx]
Va-ib Va+ib

vCsc[c+dx] VbCos[c+dx] +aSin[c+dx]

(dCsc[c+dx}7/2 (-bCos[c+dx] +asSin[c+dx]) (bCos[c+dx] +aSin[c+dx])5/2)

Problem 99: Result unnecessarily involves imaginary or complex numbers.

—a+bCot[c+dx a+bCot[c+dx])*?dx
( [ 1) ( [ 1)

Optimal (type 3, 408 leaves, 13 steps):

a+\/az+b2 /2 \/a+bCot[c+dx] A| a++/ a%+b?  +4/2 +/a+bCot[c+d x] }

e T e
2b <a+bCot[c+dx1>3/2 +b (a%+b?) Log[a+VaZ+b? +bCot[c+dx] -2 \Ja+a?+b? JarbCot[c+dx] | i
b (a2 + b?) Log[a+\/m+b(:ot[c+dx} +2 \Ja+vVa2+b? Ja+bCot[c+dx] ]

Z\E\/a+\/a2+b2 d

b (a%+b?) ArcTanh |

| b (a% + b?) ArcTanh [
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Result (type 3, 178 leaves):

[(—a+bCot[c+dx]) (a+bCot[c+dx])

b Cot d b Cot d
{Bj\/ajb (a2+b2)Ar'cTanh[\/aJr otfc+dx] |-3iva+ib (a2+b2)Ar'cTanh[\/aJr otfcrdx] }+2b(a+bCot[c+dX}>3/2
Va-1ib Va+ib

Sin[c+dx]? /(—3b2dC05[c+dx]2+3aZdSin[c+dx]2)

Problem 100: Result unnecessarily involves imaginary or complex numbers.

j(—a+bCot[c+dx]) vJa+bCot[c+dx] dx

Optimal (type 3, 422 leaves, 13 steps):

bWArcTanh[ asa2eb? 2 \[asbCotcrdx] ] bmArcTanh[wlawahbz /2 +[asbCot[crdx] ]
a a2 a-fa2ib?
V2 Ja-aZib? d V2 Ja-aZib? d
2b+/a+bCot[c+dx] 7meog[a+W+bCot[c+dx] -V2 \Ja+Va2+b?2 Ja+bCot[c+dx] |
‘ 22 \aivaib? d
b+/a?+b? Log[a++a?+b? +bCot[c+dx] ++/2 \Ja+Va?+b> Va+bCot[c+dx] |

2+/2 \Ja++Vaz+b? d

+

Result (type 3, 158 leaves):

a+b Cot[c+d x] } a+b Cot [c+d x]

i (a%+b?) ArcTanh| : i (a%+b?) ArcTanh| :
(-a+bCotc+dx]) aib - a-ib +2b+a+bCot[c+dx] | Sin[c +d x] /
Va-1ib Va+ib

(d (-bCos[c+dx] +aSin[c+dx]))



74 | 4.4 Cotangent.nb

Problem 102: Result more than twice size of optimal antiderivative.

J A +BCot[c+dx] 4
X

(a+bCot[c+dx])>?
Optimal (type 3, 138 leaves, 8steps):

(i A+B) ArcTanh [ a+b Cot [c+d X] ]

a+b Cot[c+d x] }
A\ a-ib A\/a+ib .

(a-ib)**d (a+ib)?>?*d (a2 +b2) d+/a+bCot[c+dx]

(1A-B) ArcTanh | 2 (Ab-aB)

Result (type 3, 476 leaves):
2 (A+BCot[c+dx]) Csclc+dx] (bCos[c+dx] +aSin[c+dx]) (AbSin[c+dx] -aBSin[c+dx])

+

(-ia+b) (ia+b)d (a+bCot[c+dx}>3/2 (BCos[c+dx] +ASin[c+dx])

ArcTanh { A/ a+b Cot [c+d x] ] ArcTanh [  asbCot[c+dx] }
i (aA+bB) b - — Va+bCot[c+dx]
Va-ib Va+ib

(A+BCot[c+dx]) VCsc[c+dx] (bCos[c+dx] +aSin[c+dx])3/2
v/Csc[c+dx] VbCos[c+dx] +aSin[c+dx]

Ar‘cTanh{x a+b Cot [c+d x| } Ar‘cTanh{x a+b Cot[c+d x| }

(—Ab+aB> S + 2uib vJa+bCot[c+dx]
Va-ib A\Ja+ib
vCsc[c+dx] VbCos[c+dx] +aSin[c+dx] /

((a—jb) (a+ib)d (a+bCot[c+dx])3/2 (BCos[c+dx] +ASin[c+dx}))

Problem 103: Result more than twice size of optimal antiderivative.

J A +BCot[c+dx] dx

a+bCot[c+dx])*?

Optimal (type 3, 185leaves, 9steps):
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(iA+B) ArcTanh | a+bc::fz+dx] | (1A-B)ArcTanh| a+bc:+ti[:d” ] 2 (Ab-aB) 2 (2aAb-a2B+b2B)
- + +
(a—jb)s/zd (a+1’1b)5/2d 3(a2+b2)d(a+bCot[c+dx})3/2 (a2+b2)2d\/a+bCot[c+dx]

Result (type 3, 620 leaves):

(A+BCot[c+dx]) Csclc+dx]®? (bCos[c+dx] +aSin[c+dx])”?

\/ a+b Cot[c+d x|

ArcTanh { M} ArcTanh [ /
i (a?A-Ab2+2abB) 2 b - 22 vJa+bCot[c+dx]
Va-ib \a+ib

vCsc[c+dx] VbCos[c+dx] +aSin[c+dx]

+b Cot [c+d x|

—
ArcTanh[M} Ar‘cTanh{\a
b i b
(-2aAb+a?B-b2B) - Va+bCotlc+dx]
Va-ib Va+ib

v/Csc[c+dx] VbCos[c+dx] +aSin[c +dx]

((a—jlb)2 (a+ib)*d (a+bCotc+dx])>? (BCos[c+dx] +ASin[c+dx])) +

(A+BCot[c+dx]) Csc[c+dx]? (bCos[c+dx] +aSin[c+dx])>

+ +

[ 2 (Ab-aB) 2b? (Ab-aB)
3 (—Jia+b>2 (J‘La+b)2 3 (—ia+b)2 (Jia+b)2 (bCosfc+dx] +aSin[c+dx])2

2 (8aAbsin[c+dx] -5a?BSin[c+dx] +3b2BSin[c+dx])

]/ (d <a+bCot[c+dx}>5/2 (BCos[c+dx] +ASin[c+dx}))
3 (—J’la+b)2 (J’la+b>2 (bCos[c+dx] +asSin[c+dx])
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Problem 106: Result more than twice size of optimal antiderivative.

J -a+bCot[c+dx]
(a+bCot[c+dx])>?

Optimal (type 3, 174 leaves, 9 steps):

. +b +d . +b +d
(ia-b) ArcTanh[** C::I[Z X ] (ia+b) ArcTanh[** c::l[‘; X ] 4ab 2b (322 - b?)

— + — —

(a-ib)*?*d (a+ib)*?d 3 (a?+b?)d(a+bCotc+dx])** (a>+b2)>da+bCot[c+dx]

Result (type 3, 587 leaves):



(-a+bCot[c+dx]) Csclc+dx]??

ArcTanh [ a+b Cot[c+d x| } ArcTanh { A/ a+b Cot [c+d x| ]
i(a®-3ab?) — - — va+bCot[c+dx]
a-ib Va+ib

(bCos[c+dx] +aSin[c+dx])>?

v/Csc[c+dx] vbCos[c+dx] +aSin[c+dx]

ArcTanh { a+b Cot[c+d x| } ArcTanh { +/ a+b Cot [c+d x] ]
(-3a%b+b?) — + —— va+bCot[c+dx]
a-ib Va+ib

vCsc[c+dx] VbCos[c+dx] +aSin[c+dx]

((a—jlb)2 (a+ib)*d (a+bCot[c+dx])>?* (-bCos[c+dx] +aSin[c+dx}>) +

[(—a+bCot[c+dx}>Csc[c+dx]2 (bCos[c+dx] +aSin[c+dx])3

+ —

[ 4ab 4ab3
3 (—J’la+b)2 (J‘La+b)2 3 (—ja+b)2 (J‘la+b)2 (bCos[c+dx] +aSin[c+dx])2

2 (-13a’bsin[c+dx] +3b>Sin[c+dx])

]/ (d (a+bCotc+dx])>? (-bCos[c+dx] +aSin[c+dx]))
3(-ia+b)?(ia+b)? (bCos[c+dx]+aSin[c+dx])

Test results for the 64 problemsin "4.4.7 (d trig)*m (a+b (c cot)*n)*p.m

Problem 8: Result more than twice size of optimal antiderivative.

J(1+Co’c[x]2)3/2 dx
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Optimal (type 3, 22leaves, 4 steps):
1 ) 1 5
- —ArcSinh[Cot[x]] - — Cot[x] 1/ Csc[x]
2 2

Result (type 3, 51leaves):
1

= Jescrx? (—Csc[§}274Log[Cos[§H +4Log[Sin[§]] +sec[f}z] Sin(x]

8 2

Problem 9: Result more than twice size of optimal antiderivative.

J 1+ Cot[x]? dx
Optimal (type 3, 5leaves, 3 steps):
~ArcSinh[Cot[x]]

Result (type 3, 28 leaves):

Csc[x]? [—Log[Cos[iH + Log[Sin[iﬂ) Sin[x]
2 2

Problem 12: Result more than twice size of optimal antiderivative.
J -1-Cot[x]? dx

Optimal (type 3, 14 leaves, 4 steps):

ArcTan [ Cot¢]

-Csc[x]?

Result (type 3, 30 leaves):

Csc[x] (Log[Cos[f]] - Log[sin|*] ])

-Csc[x]?

Problem 19: Result unnecessarily involves higher level functions and more than twice size of optimal antiderivative.
JCot [x]3+/a+bCot[x]? dx

Optimal (type 3, 66 leaves, 6 steps):
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a+bcCot[x]? a+bcCotix]2)3/?
-Va-b Ar‘cTanh[—H]+\/m_( [x1?)
Va-b 3b

Result (type 4, 505 leaves):

+

\/—a—b+aCos[2x} -bCos[2x] (—a+4b Csc[x]?

-1+ Cos[2X] 3b 3
_ -a-b -b) C 2
2i (a-b) (1+Cos[x]) 1+Cos[2x] a-b- [a-b) Cos(2x] EllipticF[i ArcSinh| b Tan[i]],
(1+Cos[x])? ~1+Cos[2x] 2a+2.[a(a-b) -b 2

-2a-2./a(a-b) +b b X -2a-2./a(a-b) +b

2 2./ -b) -b
| - 2EllipticPi| 2+2yafa-p) , i ArcSinh| Tan[—]],
-2a+2./a(a-b) +b b 2a+2«/a(a—b) -b 2 -2a+2 a(a—b) +b

bTan[f]2 bTan[f]2

Tan[;] 1+2a+2«/a(a—b) -b 1_—2a+2«/a<a—b> +b /

J D A e N REr e Rl i Sl

2a+2mfb 2 (1+Tan[§]2)2

Problem 20: Result unnecessarily involves higher level functions and more than twice size of optimal antiderivative.

JCot [X] \/a+bCot[x]? dx

Optimal (type 3, 48 leaves, 5steps):

a+bCot[x]?
Ja-b Ar‘cTanh[+—H} -+Ja+bCot[x]?
\Va-b

Result (type 4, 363 leaves):
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7\/ -~a-b+ (a-b) Cos[2x]) Csc[x]?

X3 b -2a-2./a(a-b) +b
-1+ |81 (a-b) Cos|[~| |EllipticF|i ArcSinh| Tan[ 11
2 2a+2./a(a-b) -b -2a+2./a(a-b) +b
2 2 -b) -b -2a-2./ b b
2EllipticPi[ 2 a(a ) ,J'LAr‘cSinh[ b Tan[ ] 2 a(a ) . Sln ]
b 2a+2 a(a—b) -b -2a+2 a(a b) +b 2
bTan[i] bTan[i] b
1+ 2 1- 2 / (a+b+ (-a+b) Cos[2x])
2a+2 a(a—b) -b -2a+2 a(a—b) +b 2a+2 a(a—b) -b

Problem 21: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.
J a+bCot[x]? Tan[x] dx

Optimal (type 3, 60 leaves, 7 steps):

Jasbcot(x)? ot
\/?Ar‘cTanh[$] \/rArcTanh[w]

a a-b

Result (type 3, 197 leaves):

rJa+bCot[x]? |2+/a Va-b b Log[aTan[x ++/a /b+aTan[x

1
2+/a-b r/b+aTan[x]?
(b+1aTan ]-1+va-b a/b+aTan[x ] 4'(1b+aTan +Va-b r/b+aTan[x
]—Log[

(a—b)3/2 (-i+Tan[x]) (a—b)g’/2 (i+Tan[x])

(a-b) Log| ||| Tan(x]

Problem 22: Result more than twice size of optimal antiderivative.

JCOt [x]2+/a+bCot[x]?% dx

Optimal (type 3, 89leaves, 7 steps):
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(a-2b) Ar‘cTanh[—\Mm—

\Va-b Cot[x A a+ 2 1
Va-b ArcTan| [x] | - 2rbCotlx] - = Cot[x] +/a+bCot[x]?
a+bCot[x]? 2v/b 2

Result (type 3, 2937 leaves):

1 -a-b+acCos[2x] -bCos[2X]

-— Cot[x] +
2 -1+Cos[2X]
b _ a _ b N aCos[2x] b Cos[2 x] aCos[Zx] _ a _ b i acCos[2x] b Cos[2Xx]
-1+Cos [2 X] -1+Cos [2 x] -1+Cos [2 x] -1+Cos [2 x] -1+Cos [2 x] -1+Cos [2 x] -1+Cos [2 x] -1+Cos [2 x]
- +
-a-b+acCos[2x] -bCos[2X] -a-b+acCos[2x] -bCos[2X]
bCOS[ZX] _ a _ b 4 aCos[2x]  _bCos[2x]
-1+Cos [2 x] -1+Cos[2 x] -1+Cos [2 x] -1+Cos [2 x]
a+bCot[x]?

-a-b+acCos[2x] -bCos[2x]

2 2 2

4~/b \/-a+b Log[Sec[z]z} +(a-2b) Log[Tan[z}z} -alog[b+ (2a-b) Tan[x]z+W\/bCos[x]zSec[x]4+4aTan[X}2 ]+

2bLog{b+(2a—b>Tan[i]z+\/F\/bCos[x]zSec[i}4+4aTan[i}z}+

2 2 2

aLog[Zab+bTan[X}z+\m\/bCos[x]zSec[x]4+4aTan[X]2]2bLog[2ab+bTan[X}2+\/FJbCos[x}ZSec[Xr+4aTan[X]2}
2 2 2 2 2 2

4~/b +/-a+b Log[-a+b+ (a-b) Tan[£}2+x/fa+b \/bCos[x}ZSec[i]A+4aTan[§]2}

2 2 2

Tan[g} /

1

ﬁ\/FJ(a+b+(—a+b)Cos[2x])Sec[X}4 a+bCot[x]?
2
Zﬁ\/FJ(a+b+(—a+b>Cos[2x])Sec[§]4
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4\/FmLog[Sec[§}2}+(a72b) Log[Tan[g}z]faLog[bJr(Zafb) Tan| \ﬁ\/bCos 2Sec[ ] +4aTan[§]2]+
ZbLog[bJr(Za_b)Tan \/—\/bCos 12 Sec| — } +4aTan[§}2]+aLog[2a—b+bTan[§}2+

\/F\/bCos[X}ZSec[X]4+4aTan[X]2]—ZbLog[Za—b bTan[ \/_JbCos 2Sec[ } +4aTan[§]2}—
2

5 2

4\/b \/-a+b Log[-a+b+ (a-b) Tan[z] mJbCos Sec[z] +4aTan[§]2}JSec[§}2_

1

ﬁm\/<a+b+ (-a+b) Cos[2x]) Sec[ﬂ4

4\/FmLog[Sec[§}2} +(a-2b) Log[Tan[g}z] -alog[b+ (2a-b) Tan| \ﬁ\/bCOS ZSGC[ ] +4aTan[i]2 ]+

2 2

/b Cot[x] Csc[x]?

2bL0g[b+(2a—b)Tan \/—JbCos ]2 Sec| = } +4aTan[§}2]+aL°g[za‘b+bTa“[§}2+
2 2 2

\m\/bCos[X]zsec[x]4+4aTan[X]2]ZbLOE[zab bTan[ \/7\/bCos ZSec[ } +4aTan[§]2}—
2

2 2 2

Tan[g} -

4o \-a+b Log[-a+b+ (a-b) Tan[z] mJbCos x)?sec[~]*+aatan|2]" ]

2 2
1
Jasbcotix)?
3/2

22 Vb ((a+b+ (—a+b) COS[ZX” Sec[i]A)

4\/—mLog[Sec[ }}+
2

(a-2b) Log[Tan[X]"] -aLog[b+ (23~ b) Tan ercOs x2sec| | caaTan[ )" ]+
2 2 2
2bLog[b+(2a—b>Tan \/—\/bCos ]2 Sec| = } +4aTan[i}2]+aL°g[Za‘b+bTan[ir+
2 2

\/F\/bCos[X}ZSec[X]4+4aTan[X]2]—ZbLog[Za—b bTan[ \/_JbCos 2Sec[ } +4aTan[§]2}—
2

5 2

35 =375 Log|-ab (a-0) Tan[ 1" 0V a s focosiaizsec| | eaatan 1)

2 2 2
Tan[~] (-2 (-a+b) sec[*]*sin[2x] +2 (a+b+ (-a+b) Cos[2x]) sec[~]*Tan[ %] ] 4
> 2 2 2
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1

a+bCot[x]? Tan[i] (a-2b) Csc[i] Sec[i] +4+/b \/-a+b Tan[i} -
2 2 2

2

ﬁﬁ\/(a+b+ (-a+b) Cos[2x]) SeC[ﬂA

a (Zafb> Sec[ﬂzTan[i] . Vb (beCos[X] Sec{ﬂdsin[x]#laSec[g]zTan[§]+2bCos[x]2Sec{ﬂ4Tan{ﬂ)
2JbCos[x]ZSec[ﬂtélaTan{ﬂz
4
b+ (2a-b) Tan[§]2+\/FJbCos[x]zSec{ﬂ4+4aTan[§]2
X 2 X \/F(—ZbCOS[x] Sec[irsin[x]+4aSec[§}2Tan[ﬂ+2bC05[x]ZSec[§}4Tan[ﬂ)
2b | (2a-b) Sec[;} Tan[;] + /

X
2

ZJbCos[x]zsec[;‘]4+4aTan[ ]2

[b+ (2a-b) Tan[x}2+\/FJbCos[xFSec[xr+4aTan[X]2 ] +
2 2 2

2

a [b Sec{f}zTan[i] . b (—ZbCos[x] Sec{zrsin[x]MaSec{x]zTan{:}+2bCos[x]25ec{:rTan[:])]

2JbCos[X]ZSec{ﬂ“MaTan{ﬂz

2a—b+bTan[§]2+\/FJbCos[x]zSec{ﬂ4+4aTan[§]2

2b bSec[ﬂzTan[ﬂ +

Vb (—ZbCos[x] Sec{ﬂ“sin[x]+4aSec{ﬂ2Tan{ﬂ+2bCos[x]ZSec[§]4Tan{ﬂ) ]

2JbCos[X]ZSec{;—rMaTan{:—]z

4~/b \/-a+b

2ab+bTan[§}2+WJbCos[x}ZSec[§]4+4aTan[ }2

X
2

[(a—b) Sec[g}zTan[z] + (\/—a+b [—ZbCos[x} Sec[grsin[x] +4aSec[§}2Tan[§] +2bCos[x]ZSec[§]4Tan[§}))/
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2 2 2 2 2

2\/bCos[x]2Sec[§]4+4aTan{i]2J]]/[—a+b+(a—b) Tan[£]2+\/—a+b \/bCos[x]zSec[§]4+4aTan{i]2

Problem 23: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

J a+bCot[x]? dx

Optimal (type 3, 65leaves, 6 steps):
V3 b Arctan| 2B COEIXD 1 cpann[ R Ot

r/a+bCot[x]? a+bCot[x]?

]

Result (type 3, 167 leaves):

41 [a—ibCot[x] +va-b r/a+bCot[x]?

(a-b)*? (i+Cot[x])

41i [aﬂibCot[x} +va-b «/a+bCot[x]2)

(a-b)>? (-i+Cot[x])

ii Va b Log[- ] -

Va-b Log| | +2i+b Log[bCot[x] ++/b ~/a+bCot[x]? ]
Problem 24: Result more than twice size of optimal antiderivative.

J a+bCot[x]? Tan[x]2dx

Optimal (type 3, 51leaves, 5steps):
Ja-b Ar‘cTan{M] ++/a+bCot[x]? Tan[x]

a+bCot[x]?

Result (type 3, 129 leaves):
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/

V2 a-b Cos [X]

\/—a—b+ (a-b) Cos[2x]

] ++/-2(a+b)+2(a-b) Cos[2x] Sec[x]|Sin[x]

[\/—(—a—b+(a—b) Cos[2x]) Csc[x -2+/a-b ArcTanh|

( \/ a7b+ a-b Cos[ X]

Problem 26: Result unnecessarily involves higher level functions and more than twice size of optimal antiderivative.

JCot[x]3 (a+ bCot[x]Z)g’/2 dx

Optimal (type 3, 88leaves, 7 steps):

a+bCot[x]?

th 2\5/2
|+ (a-b) Ao ot T + L [as bcotpayz) 2 (21 0COLT?)

- (afb)3/2 ArcTanh |
a-b 3 5b

Result (type 4, 531 leaves):

2 1 4
+— (-6a+11b) Csc[x]?- —bCsc[x]*| +
15b 15 5

—a-b+aCos[2x] -bCos[2Xx] (3a226ab+23b2 1
-1+ Cos[2x]

21 (a-b)? (1+Cos[x])

-1+Cos[2x] -~a-b+ (a-b) Cos[2x]
(1+Cos(x])? -1+Cos[2x]

b X -2a-2./a(a-b) +b

EllipticF[i ArcSinh| Tan|[~]], | -

2a+2./a(a-b) -b 2 -2a+24/afa-b) +b

2a+2 “b) -b “2a-2 “b) +b

2EllipticPi[ 2 a(a ) ,J'LAr‘cSinh[ b Tan[iH, 2 a(a ) . } Tan[i]

b 2a+2./a(a-b) -b 2 -2a+2./a(a-b) +b 2

bTan|%]? bTan|
1+ H 1- [2] /
2a+2./a(a-b] -b -2a+24/a(a-b) +b

4aTan[§]2+b (71+Tan[§}2)2

(1+Tan[§]2)2

b \/ a-b+ (a-b) Cos[2x] 7Tan[i]2 [1+Tan[—}2) -
2a+2

afa-b) - 2
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Problem 28: Result unnecessarily involves higher level functions and more than twice size of optimal antiderivative.

JCO‘t [x] (a+bCot[x]?)*?dx

Optimal (type 3, 69leaves, 6 steps):

bC 2
NarLCOtIXI® ) ) favbcotix? - - (asbcotix)?)??

Ja-b 3
Result (type 4, 503 leaves):

(a-b) *2 ArcTanh |

\/—a—b+aCos[2x} -bCos[2x] ( 4

-1+ Cos[2Xx] 3 3
_ -a-b -b) C 2
2i (a-b)? (1+Cos[x]) 1+Cos[ax] a-b+ (a-b) Cos(2x] EllipticF|i ArcSinh| b Tan[iH,
(1+Cos[x])? -1+ Cos[2x] 2a+2.[a(a-b) -b 2

-2a-2 a(a—b) +b

2 2./ -b) -b
| - 2EllipticPi| 2+2yafa-p) , i ArcSinh| °
—2a+2«/a<a—b> +b b 2a+2«/a<a—b> -b 2 -2a+2 a(a—b) +b

bTan[f]2 bTan[f]2

Tan[;] 1+2a+2«/a(a—b) -b 1_—2a+2«/a(a—b) +b /

J b [as ez [t X (1) | T LRl

2a+2m_b 2 (1+Tan[§]2)2

Problem 29: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

J(a + bCot[x]Z)g'/2 Tan[x] dx

Optimal (type 3, 75leaves, 8 steps):

a+bCot[x]? }7 (afb)”zAr‘cTanh[ a+bCot[x]?

Jva Va-b

a*? ArcTanh | | -b+/a+bCot[x]?
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Result (type 3, 230leaves):

b\/(a+b+ (-a+b) Cos[2x]) Csc[x]?

1
.
V2 2+a-b «/b+aTan[x]?
4(b+1’1aTan[x] -iva-b +/b+aTan[x]? 41 [J’Lb+aTan[x] +va-b y/b+aTan[x]?
| - Log]

(a-b)*? (-i+Tan[x]) (a-b)>? (i+Tan[x])

a+bCot[x]? [2a*2+/a-b Log[aTan[x] ++a +/b+aTan[x]? |+

(a-b)?* |Log|

1] Tanx]

Problem 30: Result more than twice size of optimal antiderivative.

j(aerCot[x]z)”2 Tan[x]%dx

Optimal (type 3, 80leaves, 7 steps):

\va-b Cot[x b Cot[x
(a—b)3/2Ar‘cTan[—[]} —b3/2Ar‘cTanh[u} +a~/a+bCot[x]? Tan[x]
a+bCot[x]? a+bCot[x]?

Result (type 3, 222 leaves):

\/—(—a—b+(a—b)Cos[Zx])Csc[x]z -V2 (a-b)?+/-b ArcTanh| V2 Ja-b Cos(x] ]+

\/—a—b+ (a-b) Cos[2x]

V2 v/ -b Cos [X]
\/fafb+ (a-b) Cos[2x]

Va-b

/2 b2 ArcTanh| | +av/-b \/7afb+ (a-b) Cos[2x] Sec[x]

Sin[x]

/(ﬁmﬂ\/faber <afb> Cos[2x]

Problem 31: Result unnecessarily involves imaginary or complex numbers.

J(a+bCot[c+dx]2)5/2dlx

Optimal (type 3, 171 leaves, 8steps):
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(a-b)>"? Ar‘cTan[—\Lg—a’b Cotledxl ] /b (15a%-20ab+8b?) Ar‘cTanh[—\L;]—b Cotfcrdxl ]

a+b Cot[c+dx]? a+b Cot[c+dx]?

d 8d

(7a-4b) bCot[c+dx] \/a+bCot[c+dx}2 bCot[c+dx] (a+bCot[c+dx]2)3?
8d 4d

Result (type 3, 259 leaves):

41 (a—jleot [c+dx] ++Va-b \/a+bCot c+dx]?

_id b Cot[c+dx] \/a+bCo‘c[c+dx]2 (9a-4b+2bCot[c+dx]?) -4i (a-b)*?Log|-
8

|+

(a-b)”"? (i+Cot[c+dx])

4i[a+ibCot [c+dx] ++Va-b \/a+bCot c+dx1)
4i (a-b)*?Log|

|+

<a7b>7/2 (—1'1+Cot[c+dx])

\/F<15a2—20ab+8b2)Log[bCot c+dx] \/—\/a+bCot c+dx]? |

Problem 32: Result unnecessarily involves imaginary or complex numbers.

J(a+bCot[c+dx]2)3/2d1x

Optimal (type 3, 126 leaves, 7 steps):

(a-b)>? Ar‘cTan[—\LM Cotlerdxl ] (33-2b) \/FAr'cTanh[JL‘—]—b Cot.c dx
a+b Cot [c+d x]? a+b Cot[c+dx]? bCot[c +dx] \/a+bC0t[C+dX]2

d 2d 2d

Result (type 3, 234 leaves):

41 (a—jleot[c+dx] +va-b \/a+bCot[c+dx]2

Ld ~bCot[c+dx] \/aerCot[c+dx]2 +1 (a-b)*? Log|- ]-
2

(a-b)*? (i+Cot[c+dx])

4]’1(a+1'1bC0t [c+dx] +Va-b \/a+bC0t c+dx]?

i (a-b)*?Log|

] ++/b (-3a+2b) Log[bCot[c+dx] +\/F\/a+bCot[c+dx12]
(a-b)>? (-i+Cot[c+dx])
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Problem 33: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

J\/a+bCo‘c[c+dx]2 dx

Optimal (type 3, 87 leaves, 6 steps):

Ja_b ~a-b Cotfc+dx] Jb _~/b Cotfcdx]
a-b Ar‘cTan[ a-b Cot[c+dx } b Ar‘cTanh[ b Cot[c+dx ]
\/ a+b Cot[c+d x]? a+b Cot[c+dx]?

d d

Result (type 3, 202 leaves):

41 (afjbCot [c+dx] +Va-b \/a+bCot c+dx]?

1, Va-b Log|-

2d (a-b)*? (i+Cotc+dx])

] -

41 (aﬂibCot [c+dx] ++Va-b \/a+bCot c+dx]?

Va-b Log| ]+21\/—Log[bCot c+dx] \/_\/a+bCot c+dx]? |

(a—b>3/2 (—Ji+Cot[c+dx])

Problem 34: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

1
J dx
\/a+bCot[c+dx]2

Optimal (type 3, 47 leaves, 3 steps):
Ar‘cTan[ Va-b Cotlc+dx ]

a+b Cot[c+dx]?

Va-b d
Result (type 3, 151 leaves):
43 [a—ibCot[c+d x]+\/a-b /a+b Cot[c+dx]?

a-b (1+Cot[c+dx])

41 [aﬂl b Cot[c+dx]+va-b +/a+bCot[c+dx]?

a-b (-i+Cot[c+dx])

i|Log|-

]

| - Log|

2+/a-b d
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Problem 35: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.
J 1
(a+bCotlc+dx]?)*?

dx

Optimal (type 3, 85leaves, 4 steps):

Ar‘cTan[ “a-b Cot[c+dx
a+b Cot[c+d x]? b Cot[c+dx]

+
<a_b>3/2d

a(a-b) d\/a+bCot[c+dx}2

Result (type 3, 189leaves):

41i+/a-b |a-ibCot[c+dx]++/a-b ~/a+bCot[c+dx]? ] 41i+/a-b |a+ibCot[c+dx]++/a-b ~/a+bCot[c+dx]? ]
i|Log|- , | - Log] , ]
1+Cot [c+d Xx] -1+Cot[c+d Xx]
1 2bCot[c+dx]
—_— +
2d (a _ b)3/2
a(a-b) \/a+bCo‘c[c+dx}2

Problem 36: Result unnecessarily involves imaginary or complex numbers.
J* 1
(a+bCotlc+dx]?)>?

dx

Optimal (type 3, 135leaves, 6 steps):

ArcTan /a-b Cot[c+dx
[ a+b Cot[c+d x]2 ] bCot[c+dx] (Sa—Zb) b Cot[c+dx]

- + +

<a_b>5/2d 3a (a—b) d (a+bCot[c+dx]2)3/2 3 a2 (a—b)zd\/a+bCot[c+dx]2

Result (type 3, 229 leaves):

1 |2bCot[c+dx] (3a(2a-b)+ (5a-2b)bCotc+dx]?)

+

2d 3a% (a-b)? (a+bCot[c+dx]2)>?
41 (a-b)3¥? |a-ibCot[c+dx]+Va-b +/a+bCot[c+dx]? ]

43 (a-b)3/? [a+ibCot[c+d x]+Va-b +/a+bCot[c+dx]? ]

i Lo
1+Cot[c+d Xx] ] . g[ -1+Cot[c+d x]

ilog[-

(a—b)S/z (a_b)S/Z
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Problem 37: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.
J 1
(a+bCotc+dx]?)”?

dx

Optimal (type 3, 190leaves, 7 steps):
Ar‘cTan[ “a-b Cot[c+dx ]
arb Cot[crdx]2 b Cot[c+dx] (9a-4b) bCot[c+dx] b (33a2-26ab+8b?) Cot[c+dx]
- +

+ +
(a-b)"%d 5a(a-b)d(a+bCot[c+dx]?)** 15a% (a-b)’d (a+bCot[c+dx]?)*? 15a3(a7b)3d\/a+bCot[

c+dx]?

Result (type 3, 478 leaves):

- b (33a%-26ab+8b?) Cot[c+d
\/a+bCot[c+dx}2 _ b Cot[c+d x] - - (9a-4b) bCot[c+dx] - ( 3a zj + ) Cot[c+ 2x]
5a (a-b) (a+bCot[c+dx]?) 15a% (a-b)2 (a+b Cot[c+d x]?) 15a° (a-b)? (a+b Cot[c+d x]?)
d

i Log[“ (ia*-3ia’*b+3ia’b?-iab3-a’bCot[c+dx]+3a?b?Cot[c+dx]-3ab’Cot[c+dx]+b*Cot[c+dx]) LAl (a-b)3+/a+b Cot[c+d x]? }

Va-b (-i+Cot[c+dx]) —-i+Cot[c+dx]
+
2 (a-b)"*d

i Log[4 (-ia*+3ia’b-3ia’b’+iab®-a’bCot[c+dx]+3a’b’Cot[c+dx]-3ab’Cot[c+dx]+b?Cot[crdx]] 41 (a-b)>+ a+bCot[c+dx]? ]
Va-b (i+Cot[c+dx]) 1+Cot[c+d Xx]

2 (a-b)7"%d

Problem 38: Result more than twice size of optimal antiderivative.

J(l—Cot[x]z)B/z dx

Optimal (type 3, 54 leaves, 6 steps):

5
2 ArcSin[Cot [x] ] —zﬁArcTan[M} Lot x] \/1_ cCot[x]2

2

1-Cot[x]? 2
Result (type 3, 123 leaves):
1 32 Cos [x] .
= (1-cCot[x]?)*“Sec[2x]? |ArcTan| ——————] +/-Cos[2x] Sin[x]>+
2 v/ -Cos[2x]

Cos [X]
4 ArcTanh| —————

| VCos[2x] Sin[x]®-4+/2 +/Cos[2x] Log[+/2 Cos[x] +~/Cos[2x] }Sin[x]3-151n[4x]
v/ Cos[2 x] 4
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Problem 44: Result unnecessarily involves higher level functions and more than twice size of optimal antiderivative.
3
J Cot[x] iy
a+bCot[x]?
Optimal (type 3, 52 leaves, 5steps):

Ar‘cTanh[ma*bcoz x)” ]
Nes

a-b b

a+bCot[x]?

Result (type 4, 481 leaves):

—a-b+aCos[2x]-bCos[2x]
-1+Cos [2 x]

- +

b
1. —a-b+ (a-b) Cos[2

21 (1+Cos(x]) | ——rcosl2X] a-b+ (a-b) Cos(2x] E1lipticF [i ArcSinh| b Tan[2]],
(1+Cos[x])? -1+ Cos[2x] 2a+2./a(a-b) -b ‘

b X -2a-2./a(a-b) +b

2a+2./a(la-b) -b
| - 2EllipticPi] ’ (2-") , i ArcSinh|
-2a+2 a(a—b) +b b 2a+21/a<a—b> -b 2 -2a+2 a<a—b) +b

bTan[f]2 bTan[?]2

Tan[;] 1+2a+2«/a(a—b) -b 1_—2a+2«/a<a—b> +b /

s4aTan[2]24b (-1+Tan[%]?)?
b \/—a—b+(a—b> Cos [2X] —Tan[i]2 [1+Tan[£]2) - [2] ( [2} )
2a+2 b

Ja(a-b) - 2 2 (1+Tan[§]2)2

Problem 45: Result more than twice size of optimal antiderivative.
J Cot(x)?
a+bCot[x]?

Optimal (type 3, 64 leaves, 6 steps):
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Ar‘cTan[JLU—a’b Cotix | Ar‘cTanh[JL‘—]—b Cotix |

/ a+b Cot [x]? / a+b Cot[x]?
a-b \b

Result (type 3, 158 leaves):
V2 Va-b Cos [X] }+\/ﬁAr‘cTanh[ V2 /-b Cos [X]
\/—a—b+(a—b)Cos[2x] \/—a—b+(a—b)Cos[2x]

(\/a—b \/T\/fafb+ (a-b) Cos[2x]

-\/~b ArcTanh]| ] \/(a+b+(—a+b) Cos[2x]) Csc[x]? Sin[x] /

Problem 46: Result unnecessarily involves higher level functions and more than twice size of optimal antiderivative.
J Cot [x] dx
a+bCot[x]?
Optimal (type 3, 33 leaves, 4 steps):

a+b Cot[x]? ]

Va-b
a-b

ArcTanh [

Result (type 4, 352 leaves):

21’1Cos[§] (1+Cos[x]) \/—(—a—b+ (a-b) Cos[2x]) Csc[x]?
2

b X -2a-2./a(a-b) +b
EllipticF[i ArcSinh| Tan[=]], ] -
2a+2./a(a-b) -b 2 -2a+2./a(a-b) +b

2 2./ -b) -b
[ 2 2 (a-b) , i ArcSinh| Tan[iH, X
b 2a+21/a(a7b) -b 2 -2a+2 a(afb) +b 2

bTan[l}2 bTan[l}2 b
1+ 2 1- 2 (a+b+ (-a+b) Cos[2x])
4a+4./a

2EllipticPi

2a+2./a(a-b) -b -2a+2./afa-b) +b
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Problem 47: Result more than twice size of optimal antiderivative.

J Tan[x]
——— dx
a+bCot[x]?
Optimal (type 3, 60leaves, 7 steps):
Ar‘cTanh[AEa*bwc X ] Ar‘cTanh[AEMJ Cot[x)* ]

JVa +a-b

\/? a-b
Result (type 3, 204 leaves):

2+/Cos[x]? \/—<—a—b+ (a-b) Cos[2x]) Csc[x]?

NS 2
[\/a -b Ar‘cTanh[ \E 1n(x]

\/7bCos[x]27aSin[x]2

A/ -Sin[x]* /(\/?\/a—b \/—a—b+ (a-b) Cos[2x] Sin[Zx}Z)

Problem 48: Result more than twice size of optimal antiderivative.
J Tan[x]?2 dx
a+bCot[x]?

Optimal (type 3, 54 leaves, 5 steps):

ArcTan [ -2 Cotix]
a+b Cot [x]2 \/aerCO‘t[X]2 Tan[x]
+
a-b a

Result (type 3, 149leaves):

V2 Va-b Cos [X]

]—\/;Log[a\/—lJrCos[Zx] -b+/-1+Cos[2x] ++a-b \/—a—b+ (a-b) Cos[2x] ]

\/— (-a-b+ (a-b) Cos[2x]) Csc[x]? —\/?aAr‘cTanh[

| sin[x] ++a-b \/—a—b+ (a-b) Cos[2x] Tan[x]

\/7afb+ (a-b) Cos[2x]

(\Ea\/a—b \/—a—b+ (a-b) Cos[2x]

/
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Problem 49: Result unnecessarily involves higher level functions and more than twice size of optimal antiderivative.

Cot[x]3
J dx
(a+bCot[x]2)>?
Optimal (type 3, 59 leaves, 5 steps):

ArcTanh [ Ea+b COE[X] : }
Jab

- +

(a—b>3/2 (a-b) b+/a+bCot[x]?

a

Result (type 4, 489 leaves):

- ! 4]'1Cos[i]2\/—(—a—b+(a—b) Cos[2x]) Csc[x]? Sin[i}

(ab)b\/b (a+b+ (-a+b) Cos[2x]) 2 2
4a+4\/m—2b
-2a-2 -b b
ia b Sin[£}+bCos[i] EllipticF[i ArcSinh| b Tan[iH, i 2(a-b) - ]
2a+2./a(a-b) -b 2 2 2a+2./a(a-b) -b 2 -2a+2./a(a-b) +b

bTan[?]2 bTan[i]2 X [2a+24/a<a—b) -b

1+ 1- -2bCos|[~| EllipticPi

2a+2«/a(afb) -b 72a+21/a(a7b) +b 2 b

b x . -2a-2.]a(a-b) +b bTan[*] bTan[*]
1+ 1

i ArcSinh| Tan|—]], -
\I2a+21/a(ab) -b 2 —2a+21/a(a—b) +b 2a+21/a(a—b) -b —2a+2«/a(a—b) +b

Problem 50: Result more than twice size of optimal antiderivative.

J Cot[x]? s
X
(a+bCot[x]2)>?

Optimal (type 3, 59 leaves, 4 steps):

Ar‘cTan{—*LU—"”’b Cotxl ]
a+b Cot[x]2 Cot [x]

(a-b)*? (a-b)+/a+bCot[x]?

Result (type 3, 157 leaves):
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V2 a-b Cos [X]
\/—a—b+ (a-b) Cos[2x]

_2+/a-b \/—a—b+ (a-b) Cos[2x] Cot[x] ++/2 ArcTanh| | (~a-b+ (a-b) Cos[2x]) Csc[x] /

((a—b)”z\/—z (a+b) +2 (a-b) Cos[2x] x/—(—a—b+ (a-b) Cos[2x]) Csc[x}z)

Problem 51: Result unnecessarily involves higher level functions and more than twice size of optimal antiderivative.
J Cot [x] dx
(a+bCot[x]2)>?

Optimal (type 3, 55leaves, 5 steps):

Ar‘cTanh[ a+bc°t[x]z]

Vab 1

(a-b)*? (a-b)~/a+bCot[x]?

Result (type 4, 483 leaves):

- ! 4Cos[£}2\/—(—a—b+(a—b) Cos[2x]) Csc[x]? Sin[i]

(ab)\/+ (a+b+ (-a+b) Cos[2x]) 2 2
4a+4m_2b
~2a-2 “b) +b
° Sin[i]—iCos[i] EllipticF[i ArcSinh| b Tan[i]], @ afa-b) + ]
2a+2\m_b i ’ 2a+2m‘b 2 —2a+2m+b
bTan|*]? bTan| %12 5 X b
1+ [2] 1- [2] +21Cos[£} EllipticPi| 2 W ,

2a+2«/a(a—b) -b -2a+2./a(a-b) +b 2 b

b X -2a-2 a(a—b) +b bTan[f]z bTan[f]z
1+ 1

i ArcSinh| Tan[~]], -
\I2a+21/a(ab) -b 2 -2a+2./a(a-b) +b 2a+2./a(a-b) -b -2a+2./a(a-b) +b
Problem 52: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.
J Tan[x] dx
(a+bcot[x]2)?

Optimal (type 3, 84 leaves, 8 steps):
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ArcTanh| a+b Cot [x]? | ArcTanh| asb Cot[x)* ]
a B v a-b . b
a2 (a-b)>? a(a-b)+/a+bCot[x]?

Result (type 3, 243 leaves):
V2 b

a(a-b) \/(a+b+ (-a+b) Cos[2x]) Csc[x]?

+

41 [J’lb—aTan[x} +ya-b +/b+aTan[x]?

ava-b (-i«+Tan[x])

Cot [X] 2(a—b)S/zLog[aTan[x]+\/?x/b+aTan[x}2]+a3/2 Log|

|

] _

4 (b—]i (aTan[x} +va-b \/b+aTan[x]?
ava-b (i+Tan[x])

Log| ] b+aTan[x]? /(2a3/2(a—b)3/2 a+bCot[x]?

Problem 54: Result unnecessarily involves higher level functions and more than twice size of optimal antiderivative.

J Cot[x]3 dx
(a+bCot[x]2)>?

Optimal (type 3, 82leaves, 6 steps):
Ar‘cTanh[5:5‘“’0’“"]2 ]

JVab a 1

- + +
(a-b)>? 3(a-b)b(a+bCot[x]?)>* (a-b)*~/a+bcCot[x]?

Result (type 4, 579 leaves):
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—a-b+aCos[2x] -bCos[2x] a+3b 4ab 2 (2a+3b)
+ +
-1+Cos] 3 3(a-b)’(-a-b+aCos[2x]-bCos[2x])*> 3(a-b)’>(-a-b+aCos[2x]-bCos[2x])
~1+Cos| \/—a—b -b) Cos[2x]
21 1+COS
1 Cos| -1+Cos[2X]
b X -2a-24/a(a-b) +b
EllipticF[i ArcSinh| Tan[=]], |-
2a+2./a(a-b) -b 2 -2a+2./a(a-b) +b
2a+2./a(a-b) - -2a-2./afa-b b
2 EllipticPi| . ( ) , i ArcSinh| b Tan[iH, ( ) + ] Tan[i]
b 2a+2./a(a-b) -b 2 -2a+2./a(a-b) +b 2

bTan[i]2 bTan[i]2

1+2a+21/a(a—b) -b 17—2a+21/a(a—b) +b /

4aTan[§]2+b (—1+Tan[§]2)2

(1+Tan[§]2)2

b X2 X2
a-b)? -a-b+ (a-b) Cos[2x] -Tan| — 1+Tan|—
< )sz : ~ b fay) 1 [peran DT

Problem 55: Result more than twice size of optimal antiderivative.

J Cot [x] dx
(a+bCot[x]?) >/2

Optimal (type 3, 94 leaves, 6 steps):
Ar‘cTan[JLU—a’b Cotixl |

Vasbcotixi2 Cot [X] ) (2a+b) Cot[x]
(a-b)*? 3(a-b) (arbcot[x]?)*? 3a(a-b)*+/a+bCot[x]?

Result (type 3, 194 leaves):
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V2 a-b Cos [X]
\/—a—b+ (a-b) Cos[2x]

62 aArcTanh| ] (a+b+ (-a+b) Cos[2x])?+

|

2+/a-b \/—a—b+ (a-b) Cos[2x] (3 (a+b)2Cos[x] +(-3a’+2ab+b?) Cos[3x1)

\/—(—a—b+ (a-b) Cos[2x]) Csc[x]? Sin[x] /(6\/7a (a-b)>?(-a-b+ (a-b) Cos[2x])5/2)]

Problem 56: Result unnecessarily involves higher level functions and more than twice size of optimal antiderivative.
J Cot [x] dx
(a+bCot[x}2)5/2

Optimal (type 3, 78leaves, 6 steps):

ArcTanh | a+h Cot [x)* ] 1 1

=3 i
(a-b)*? 3(a-b) (a+bcot[x]?)*? (a—b)Z«/aerCo‘c[x12

Result (type 4, 566 leaves):
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\/—a—b+aCos[2x}—bCos[2x] ( 4 4 b2 10b

-1+ Cos[2x] 3(a-b)’ 3 (a-b)? (-a-b+aCos[2x] -bCos[2x])? 3 (a-b)’(-a-b+aCos[2x]-bCos[2x])

2i (1+Cos[x]) —=r oo (2] ~2-br [a-b) Cos(2x]
1 +
(1+Cos[x])2 -1+ Cos[2Xx]

b X -2a-2 a<a—b> +b
EllipticF[i ArcSinh| Tan[ =] ], ] -
2a+2«/a(a—b) -b 2 -2a+2./a(a-b) +b

[2a+2«/a(a—b) -b
b

2EllipticPi

, i ArcSinh| Tan[iH, X
2a+2~/a<a—b> -b 2 -2a+2 a(a—b) +b 2

(a—b)z b \/—a—b+(a—b> Cos [2x] —Tan[i]z (1+Tan[§}2] _4aTan[§]2+b(—1+Tan[§]2)z
2a+zm_b 2 2 (1+Tan[§]2)2

Problem 57: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

j Tan [x] d
X
(a+bcCot[x]2)®?

Optimal (type 3, 118 leaves, 9steps):

Ar‘cTanh[ a+b;it[x]2 ] Ar‘cTanh[ a+3c%[x]2 ] b (2a - b) b
a a

- + +
a*? (a‘b)m 3a(a-b) (a+bC°t[X]2>3/2 a? (a-b)*+/a+bCot[x]?

Result (type 3, 982 leaves):
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\/—a—b+aCos[ x] -bCos[2 }((7a—3b)b 4 b3 2 (8a-3b) b?

+ + +
-1+ Cos[2x] 3a? (a-b)> 3a(a-b)’(-a-b+aCos[2x] -bCos[2x])®> 3a%(a-b)>(-a-b+aCos[2x]-bCos[2x])

-1+ Cos[2X]

\/—a—b+aCos[ x] -bCos[2x] (-i+Cot[x]) (i+Cot[x]) (a+bCot(x]2) |2 (a-b)>*Log[aTan[x] ++/a ~/b+aTan(x

[b+1aTan ]-iva-b +/b+aTan[x

41 ( ib+aTan[x] +vVa-b +/b+aTan[x )

a*? |Log| | - Log]|
a’+Ja-b (-i+Tan[x]) a’+Ja-b (i+Tan[x])
(-3a*+8ab-4b*+a”Csc[x] Sin[3x]) Tan[x] |-a+ibCot[x] +va-b Cot| b+aTan[x]?

(a+1bCot +va-b Cot] b+aTan[x]?

/

[4a5/2 <a—b)2 (-a-b+aCos[2x] -bCos[2x]) [21‘1a4szc[x}2761'1a3b2Csc[x}2+61'1a2b3Csc[x]2—2jab“Csc[x]Z—

2J'La3b2C0t[X]2CSC[X}2+4jab4Cot[X]2CSc[ 12-21b°Cot[x j2CSC[X]274]'1a2b3CO‘t[ 14 Csc[x]?+

61iab*Cot[x]%Csc[x]?- ZibSCot[ x]*Csc| a*\/a-b bCsc[x]2+/b+aTan[x]2 +2a%~/a-b b?Csc[x b+aTan[x]? -
a/a-b b>Csc[x]2+/b+aTan[x \/rbCot 2Csc[x]%+/b+aTan[x \/rbZCot Csc[x]2 b+aTan[x]? +
an3Cot 2Csc[x]%+/b+aTan[x —2Fb4Cot ]12Csc[x]%+/b+aTan[x]? -2a? \/—bZCot
Csc[x]2~/b+aTan[x +5an3Cot ]4Csc[x]%+/b+aTan[x —Zx/rb“Cot 14 Csc[x]? bJraTan[x]2 ]

Problem 60: Result more than twice size of optimal antiderivative.

JCot [x] \/a+bCot[x]* dx

Optimal (type 3, 90 leaves, 8 steps):

1 b Cot[x]? 1 a-bCot[x]? 1
—WArcTanh[u]+—x/a+b ArcTanh | [x] | - =+/a+bCot[x]*
2 a+bCot[x]* 2 Vva+b \/a+bCot[x]* 2

Result (type 3, 1081 leaves):
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1 3a+3b-4acCos[2x] +4bCos[2x] +aCos[4x] +bCos[4Xx]
- — +
2 3-4Cos[2x] +Cos[4X]

[\/—3a—3b+4aCos[2x]—4bCos[2x]—aCos[4x]—bCos[4x] Cot[x}3(a bCot[x]‘*)

-3+4Cos[2x] -Cos[4X]

(\/a+b Log[Sec[x]?] ++/b Log[Tan[x]?] -v/b Log[b++/b ~/b+aTan[x +Va+b Log[b-aTan[x]2++a+b /b+aTan[x )

(2aSin[2x]—2bSin[2x]—aSin[ X] -bSin[4x] (\/— +4/b+aTan[x {a—bCot -va+b Cot| b+aTan[x]* /
[2(—3a—3b+4aCos[2x]—4bCos[2x]—aCos[4x1—bCos[4x1>

(fa37a2b+a2\/F\/a+b Cot[x]2-2a’bCot[x]*-2ab?Cot[x]*-ab*2+a+b Cot[x]*+ab®*2+/a+b Cot[x]®-ab?Cot[x]®-b>Cot[x]®-

b>2+/a+b Cot[x]®+aCsc[x]?+a’bCsc[x]%-a’bCot[x]%Csc] 2V—\/a+b Cot[x]2Csc[x]%2+a’bCot[x]%Csc[x]?+

2ab?Cot[x]*Cscx] 2+ab3/2\/a+b Cot| 4Csc[x]z—abZCot[ ]6Csc[ - b3/2\/a+b Cot[x}GCsc[x]Z+b3Cot[x]8Csc[x]2+

b%2+/a+b Cot[x]®Csc] a2+\/a+b Cot[x]2+/b+aTan[x]* -a2+/b Cot[x b+aTan[x]* -ab32Cot[x]*/b+aTan[x]* -

ab+ya+b Cot[x]*+/b+aTan[x]* +ab+a+b Cot] b+aTan[x]* —ab3/2Cot[x]8 b+aTan[x]* -b>2Cot[x]®+/b+aTan[x]* -
b2+ a+b Cot[x]®+/b+aTan[x a2~/a+b Cot[x]2Csc[x]2~/b+aTan[x]* +a2+/b Cot[x]*Csc[x]2~/b+aTan[x]* +

ab3/2Cot[x}4Csc[ x]?+/b+aTan[x]* +ab+a+b Cot[x]*Csc[x]2+/b+aTan[x]* -ab3>?2Cot[x]®Csc[x]%+/b+aTan[x]* -
ab+va+b Cot[x]®Csc[x]? bJraTan[x]4 +b*/2 Cot[x]8Csc[x]2+/b+aTan[x 2+\/a+b Cot[x]®Csc[x]?+/b+aTan[x]*

|

Problem 61: Result more than twice size of optimal antiderivative.

JCot [x] (a+bCot[x]*) 32 9x

Optimal (type 3, 126 leaves, 9 steps):

2
1\/F (3a+2b) ArcTanh[M} +
4 a+bCot[x]*
a-bCot[x]?

(2 (a+b) -bCot[x]2) r/a+bCot[x]* - 1 (a+bCot[x]*)*?

1 (a+b) *2 ArcTanh |
6

2 va+b ~/a+bCot[x

Result (type 3, 1837 leaves):

4>||-\
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+

3a+3b-4aCos[2x] +4bCos[2x] +aCos[4x] +bCos[4X] 7 , 1 4
— (-8a-11b) + —bCsc[x]?- —bCsc[x]
3-4Cos[2x] +Cos[4X] 12 12 6

( a+bCot[x]? (2 (a+b)*?Log[Sec[x]?] -v/b (3a+2b) Log[Tan[x]?] +

Vb (3a+2b) Log[b++/b y/b+aTan[x]* | -2 (a+b)>?Log[b-aTan[x]2++/a+b \/b+aTan[x )

[(2 ) [ 3a 3b 4 aCos[2X] 4bCos[2X]
a + + +
3-4Cos[2x] +Cos[4Xx] 3-4Cos[2x] +Cos[4X] 3-4Cos[2x] +Cos[4x] 3-4Cos[2x] +Cos[4x]
aCos[4X] b Cos[4 x] .
+ Sin[2x] /(3a+3b74aCos[2x}+4bCos[2x}+aCos[4x}+bCos[4x])f
3-4Cos[2x] +Cos[4Xx] 3-4Cos[2x] +Cos[4x]
[ 3a 3b 4acCos[2X] 4bCos[2x]
2ab [ + - + +
3-4Cos[2x] +Cos[4Xx] 3-4Cos[2x] +Cos[4x] 3-4Cos[2x] +Cos[4x] 3-4Cos[2x] +Cos[4x]
aCos[4x] b Cos[4 x] .
+ Sin[2 x] /(3a+3b—4aCos[2x}+4bCos[2 x] +aCos[4x] +bCos[4x]) -
3-4Cos[2x] +Cos[4X] 3-4Cos[2x] +Cos[4Xx]
[ 5 3a 3b 4acCos[2x] 4b Cos[2x]
2b ( + - + +
3-4Cos[2x] +Cos[4x] 3-4Cos[2x] +Cos[4Xx] 3-4Cos[2x] +Cos[4x] 3-4Cos[2x] +Cos[4x]
aCos[4x] b Cos[4 x] .
+ Sin[2x] /(3a+3b—4aCos[2x1+4bCos[2x1+aCos[4x1+bCos[4x])—
3-4Cos[2x] +Cos[4x] 3-4Cos[2x] +Cos[4x]
[2 [ 3a 3b 4acCos[2x] 4bCos[2x]
a + - + +
3-4Cos[2x] +Cos[4Xx] 3-4Cos[2x] +Cos[4Xx] 3-4Cos[2x] +Cos[4Xx] 3-4Cos[2x] +Cos[4Xx]
aCos[4X] b Cos[4 x] .
+ Sin[4 x] /(3a+3b74aCos[2x]+4bCos[2x]+aCos[4x]+bCos[4x])f
3-4Cos[2x] +Cos[4Xx] 3-4Cos[2x] +Cos[4x]
[ 3a 3b 4acCos[2X] 4bCos[2X]
2ab [ + - + +
3-4Cos[2x] +Cos[4Xx] 3-4Cos[2x] +Cos[4x] 3-4Cos[2x] +Cos[4x] 3-4Cos[2x] +Cos[4x]
aCos[4x] b Cos[4 x] .
+ Sin[4 x] /(3a+3b-4aCos[2x1+4bCos[2 x] +aCos[4x] +bCos[4x]) -
3-4Cos[2x] +Cos[4X] 3-4Cos[2x] +Cos[4Xx]
[bz [ 3a 3b 4acCos[2x] 4bCos[2X]
+ - + +
3-4Cos[2x] +Cos[4Xx] 3-4Cos[2x] +Cos[4Xx] 3-4Cos[2x] +Cos[4x] 3-4Cos[2x] +Cos[4x]
aCos[4x] b Cos[4 x] .
+ Sin[4 x] /(3a+3b—4aCos[2x}+4bCos[2x1+aCos[4x1+bCos[4x])
3-4Cos[2x] +Cos[4Xx] 3-4Cos[2x] +Cos[4x]
1
Tan[x]z/ 4+/b+aTan[x]* |- a~/a+bCot[x]* (2 (a+b)3/2Log[Sec[x}2]—\/F(3a+2b) Log[Tan[x]?| +
2 (b+aTan[x]*)??
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\/7(3a+2b ) Log| [b++/b \/b+aTan[x]* | -2 a+b3/2Log[ —aTan[x]2++a+b +/b+aTan[x
2 (a+b)*?Log[sec[x]?] -/b (3a+2b) Log[Tan[x]2] ++/b (3a+2b) Log[b+b ~/b+aTan[x]* | -

2 (a+b)*?Log[b-aTan[x]?+~/a+b +/b+aTan[x ])/( \/a+bCot \/b+aTan[ x]% =

Sec[x]?Tan[x]”>

b Cot[x] Csc[x]?

+

b+aTan[x]*

2 (a+b)3/2 Log[Sec[x]?] /b (3a+2b) Log[Tan[x]?] +/b (3a+2b) Log[b++b ~/braTan[x]* | -
2 (a+b)*?Log[b-aTan[x]?++/a+b /b+aTan[x

a+bCot[x]?*

Sec[x]?Tan[x] +

1

4+/b+aTan[x]*

a+bCot[x]* Tan[x]? [-2+/b (3a+2b) Csc[x] Sec[x] +4 (a+b)*?Tan[x] +

2 (a+b)*?|-2aSec(x]2Tan[x] + 2220 Sec[x]?Tan[x]?
2ab(3a+2b> Sec[x]%Tan[x]3 b+aTan[x]*

A/b+aTan[x (b+\/7w/b+aTan ) b-aTan[x]2++a+b +/b+aTan[x

Problem 62: Result unnecessarily involves higher level functions and more than twice size of optimal antiderivative.

J Cot [x]
——— dx
a+bCot[x]*
Optimal (type 3, 41leaves, 4 steps):
Ar‘cTanh[—U—"“’bwc x]?

+/a+b ~/a+bCot[x]*
2+a+b

Result (type 4, 72807 leaves) : Display of huge result suppressed!

Problem 63: Result unnecessarily involves higher level functions and more than twice size of optimal antiderivative.

j Cot [x] dx
(a+bcCot[x]4)>?

Optimal (type 3, 74 leaves, 6 steps):
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_ a-bCot[x]®
Ar‘cTanh[ ab Cot [x]?

Vaib ~/a+bCot[x]* a+bCot[x]?
3/2
2 (a+b) 2a (a+b)+/a+bCot[x]*

Result (type 4, 61450 leaves): Display of huge result suppressed!
Problem 64: Result unnecessarily involves higher level functions and more than twice size of optimal antiderivative.
J Cot[x] dx
(a+bCot[x]4)>?
Optimal (type 3, 117 leaves, 7 steps):
Ar‘cTanh[Mz—

Va+b ~/a+bCot[x]* a+bCot[x]? 3a%+b (5a+2b> Cot [x]?
2(a+b)5/2 6a(a+b) (a+bCot[x]4)3/2 6a% (a+b)?+/a+bCot[x]*

Result (type 4, 73108 leaves) : Display of huge result suppressed!

Test results for the 32 problems in "4.4.9 trig"m (a+b cot*n+c cot”(2 n))*p.m"

Problem 1: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

J Cot[d+ex]®
dx
\/a+bCot[d+ex] +cCot[d+ex]?

Optimal (type 3, 547 leaves, 15steps):
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—c-+/ a%?+b?-2 2 +bCot[d
\/a—c—\/a2+b2—2ac+c2 Ar‘cTanh[ a-cnavb-2acrc +bCot[dreXx] }

2 a—c—\/ a?+b?-2ac+c? \/a+b Cot[d+e x]+c Cot[d+e x]?

- +
V2 Jal+b?-2ac+c? e
—c+~/a?+b*-2ac+c? +bCot[d+ex]
\/a—c+\/az+b2—2ac+c2 ArcTanh e ——
[ } b ArcTanh [ b+2 c Cot[d+e x] }
V2 a—c+\/a2+b2—2ac+c2 \/a+bC0‘c[d+ex]+cCot[d+ex]2 2\/?\/a+bCot[d+ex]+cCot[d+ex]2
- +
3/2
2 Vat+b?-2ac+c? e 2c7ce
b (5b%-12ac) ArcTanh| b+2 c Cot [dre x] .
Z\E\/a+b(:ot[d+ex]+cCot[d+ex]2 \/a+bCOt[d+eX} +cCot[d+ex]
+ _
16c’'?e ce

Cot[d+ex]2\/a+bCot[d+ex} +cCot[d+ex]? (15b*-16ac-1@bcCot[d+ex]) \/a+bCot[d+ex] +cCot[d+ex]?

3ce 24ce

Result (type 3, 3681 leaves):

(715 b?+16ac+32c?  5bCot[drex] _ Csc[d+ex12) —a-c+aCos[2 (d+ex)]-cCos[2 (d+ex)]-bSin[2 (d+ex)]
24 ¢3 12 ¢c? 3¢ -1+Cos[2 (d+ex) ]

e

[b\/a—jb—c Va+ib-c (-5b®+4c (3a+2c)) Log(Tan[d+ex]] -

8+a+ib-c c7/2Log[(—Zc—ZiaTan[d+ex] -b(i+Tan[d+ex])+2iva-ib-c Jc+Tan[d+ex] (b+aTan[d+ex]) )/
(Sx/a—ib—c c3(—i+Tan[d+ex]))]+\/a—ib—c (b\/aﬂib—c (5b>-4c (3a+2c))

Log[2c+bTan[d+ex] +2\/c_\/c+Tan[d+ex] (b+aTan[d+ex]) }+8c7/2Log[(2c+b (-i+Tan[d+ex]) -

21i|aTan[d+ex] ++a+1ib-c \/c+Tan[d+ex] (b+aTan[d+ex]) ))/(8\/a+ib—c c3 <1‘1+Tan[d+ex]))]])
5 b3 _ a _ C aCos[2 (d+ex) ] _ _cCos[2 (d+e x) ] _ bSin[2 (d+ex)]
-1+Cos[2 (d+ex) ] -1+Cos[2 (d+ex)] -1+Cos[2 (d+ex)] -1+Cos[2 (d+ex) ] -1+Cos[2 (d+ex)]

- +

8 c3 (a+c—aCos[2 (d+ex” +cCos |2 (d+ex)] +bsin[2 (d+ex)])
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3ab _ a C aCos[2 (d+ex)] cCos[2 (d+ex)] bSin[2 (d+ex) ]
-1+Cos[2 (d+ex)] -1+Cos[2 (d+ex)] -1+Cos[2 (d+eXx)] -1+Cos[2 (d+ex)] -1+Cos[2 (d+ex)]

2c? (a+c-aCos[2 (d+ex)|+cCos[2(d+ex)|+bSin[2 (d+ex)])

b _ a _ C aCos[2 (d+eXx) ] _ _cCos|2 (d+ex) ] _ bSin[2 (d+eXx) ]
-1+Cos[2 (d+ex)] -1+Cos[2 (d+ex) ] -1+Cos[2 (d+ex)] -1+Cos[2 (d+ex)] -1+Cos[2 (d+ex) ]
+
c (a+c—aCos[2 <d+ex)] +cCos |2 (d+ex)] +bsin|2 (d+ex”)
Sin[2 (d+ex” \/_ a _ [ n aCos[2 (d+reXx)] _ cCos[2 (d+ex)] _ bSin[2 (d+eXx)]
-1+Cos[2 (d+eXx) ] -1+Cos[2 (d+ex) ] -1+Cos[2 (d+eXx)] -1+Cos[2 (d+eXx) ] -1+Cos[2 (d+eX) ]

a+c-aCos[2(d+ex)|+cCos[2(d+ex)]+bSin[2 (d+ex) ]

Tan[d + e x] \/a+Cot[d+ex]2 (c+bTan[d+ex]) /

16v/a-ib-c Va+ib-c c7/2e\/c+Tan[d+ex} (b+aTan[d+ex])

[—(([b\/a—ib—c Va+ib-c (-5b’+4c(3a+2c)) Log[Tan[d+ex]] -8~a+ib-c c7/2Log[(—Zc—ZiaTan[d+ex] -

b(i+Tan[d+ex])+2i+a-ib-c \/c+Tan[d+ex] (b+aTan[d+ex]) )/ (8\/a—j1b—c c3 (—1'1+Tan[d+ex])>] +

va-ib-c [b\/aﬂib—c (5b°-4c(3a+2c)) Log[2c+bTan[d+ex]+2\/?\/C+Tan[d+ex] (b+aTan[d+ex]) | +

/

(8x/a+1‘1b—c c3 <1‘1+Tan[d+ex]))]))Tan[d+ex] (asec[d+ex]?Tan[d+ex] +Sec[d+ex]? (b+aTan[d+ex]))

8c7/2Log[(2c+b (-i+Tan[d+ex]) -21

aTan[d+ex] +vVa+1b-c Jc+Tan[d+ex} (b+aTan[d+ex]) )

\/a+Cot[d+ex}2 (c+bTan[d+ex]) J/ (32\/a—1'1b—c Va+ib-c 7’2 (c+Tan[d+ex] (b+aTan[d+ex]))3/2)J +

((b\/a—jb—c Va+ib-c (-5b>+4c(3a+2c)) Log[Tan[d+ex]]-8~/a+ib-c c’/?Log|

b(i+Tan[d+ex])+2i+va-ib-c \/c+Tan[d+ex] (b+aTan[d+ex]) )/ (Sx/a—jlb—c c3 (_1+Tan[d+ex]))] +

Va-ib-c (b\/aﬂib—c (5b>-4c (3a+2c)) Log[2c+bTan[d+ex] +2\/?\/C+Tan[d+ex] (b+aTan[d+ex]) |+

-2c-2iaTan[d+eXx] -
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8c7/2Log[(2c+b (-i+Tan[d+ex])-21i (aTan[d+ex} +Va+ib-c \/C+Tan[d+ex] (b+aTan[d+ex]) ))/
(8\/a+1'1b—c c3 (1'1+Tan[d+ex]))])) Sec[d + e x]?

+

x/a+Co’c[d+ex}2 (c+bTan[d+ex]) J/ (16\/a—j1b—c Va+ib-c c7/2\/c+Tan[d+ex} (b+aTan[d+ex])

((b\/a—jb—c Va+ib-c (-5b®+4c(3a+2c)) Log[Tan[d+ex]]-8~/a+ib-c c7/2Log[(—Zc—ZiaTan[d+ex} -

b(i+Tan[d+ex])+2i+a-ib-c \/C+Tan[d+ex] (b+aTan[d+ex]) )/ (8\/a71'1b—c c (-i+Tan[d+ex])

va-ib-c (b\/a+jbe (5b2-4c(3a+2c))Log[2c+bTan[d+ex] +2\/?\/C+Tan[d+ex] (b+aTan[d+ex]) |+

/

(8\/a+ib—c c3 (J‘L+Tan[d+ex]))]))Tan[d+ex] (bCsc[d+ex]?-2Cot[d+ex] Csc[d+ex]? (c+bTan[d+ex]))]/

] +

8c7/2Log[(2c+b (-i+Tan[d+ex])-21i

aTan[d+ex] +Va+1b-c Jc+Tan[d+ex] (b+aTan[d+ex]) )

(32\/a—jb—c Va+ib-c c7/2\/c+Tan[d+ex] (b+aTan[d+ex]) \/a+Cot[d+ex]2 (c+bTan[d+ex]) )+

Tan[d + e x] \/a+Cot[d+ex}2 (c+bTan[d+ex])

bva-ib-c Va+ib-c (-5b*+4c (3a+2c))Csc[d+ex]Sec[d+ex] - |64a-ib-c Va+ib-c c¥®?(-i+Tan[d+ex])

/

iva-ib-c (aSec[d+ex]?Tan[d+ex] +Sec[d+ex]? (b+aTan[d+ex]))

-2iaSec[d+ex]?-bSec[d+ex]?+

\/c+Tan[d+ex] (b+aTan[d+ex])

(8\/afjb—c c3 (—Ji+Tan[d+ex])) - (Sec[dJrex]2

-2c-2iaTan[d+ex] -b (i+Tan[d+ex]) +

2iva-1ib-c \/c+Tan[d+ex] (b+aTan[d+ex]) ))/(8\/a7]'1b7c c3 (j+Tan[d+ex]>z)J]/

(72c72]'laTan[d+ex] -b(i+Tan[d+ex])+2i+va-ib-c \/c+Tan[d+ex] (b+aTan[d+ex]) )+x/afjb7c

S d+ 27 d+ S d+ 2(b+aT d
[bm(5b2—4c(33+2C)) bSEC[dﬁ-eX]2+\/?<a ecl ex]"Tanidrex] +Secl exl ( atani +eX])>J]/

Jc+Tan[d+ex} (b+aTan[d+ex])

(2c+bTan[d+ex} +2\E\/C+Tan[d+ex] (b+aTan[d+ex]) )+ [64\/a+jb—c % (i+Tan[d+ex])

((bSec[d+ex]2—Zi (aSec[d+ex12+ (\/a+ib—c (asec[d+ex]?Tan[d+ex] +Sec[d+ex]? (b+aTan[d+ex1)))/
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(2\/c+Tan[d+ex} (b+aTan[d+ex]) ))]/ (8\/a+jb7c c3 (]1+Tan[d+ex])) _

(Sec[d+ex}2

2c+b(fj+Tan[d+ex}>72]1(aTand+ex +va+1b-c \/c+Tan d+ex] (b+aTan[d+ex]))))/
(8x/a+j1b—c ¢ (i+Tan[d+ex] ])/(2c+b Ji+Tan[d+ex}>—2j1(aTan[d+ex}+\/a+J‘1b—c

\/c+Tan[d+ex] (b+aTan[d+ex] ]

16\/a711b c Va+ib-c c7/2\/c+Tan[d+ex] (b+aTan[d+ex]) )]J

Problem 2: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

Cot[d+ex]?3

dx

\/a+bCot d+ex] +cCot[d+ex]?

Optimal (type 3, 384 leaves, 11 steps):

e 2,p2_2 2
\/a—c—\/a2+b2—2ac+c2 Ar‘cTanh[ a-c-+/a’+b°-2ac+c® +bCot[d+ex] ]

V2 a—c—\/az+b2—2 ac+c? \/a+b Cot[d+e x]+c Cot[d+e x]?

V2 VaZ+b2-2ac+c? e

—c+q/ a2+b2-2 2 +bCot[d
\/a—C+\/a2+b2—2ac+c2 Ar‘cTanh[ a-ceyja+b-2acsc +bCot[dreXx] }

<2 a—c+\/ a?+b?-2ac+c? \/a+b Cot[d+e x]+c Cot[d+e x]?

V2 Afa?ib2-2ac+c? e

bAr‘cTanh[ b+2 c Cot[d+e x] }
2+/c JasbCot[drex] +cCot[drex]? \/a+bCot[d+ex} +cCot[d+ex]?

2c32e ce

Result (type 3, 3144 leaves):

-a-c+aCos[2 (d+ex)]-cCos[2 (d+ex)]-bSin[2 (d+ex)]
-1+Cos[2 (d+ex) ]

ce

(b\/a—ib—c Va+ib-c Log[Tan[d+ex]] -+~a+ib-c c3/2Log[(—Zc—ZjaTan[d+ex] ~b (i+Tan[d+ex]) +
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2iva-1b-c \/c+Tan[d+ex] (b+aTan[d+ex]) )/ (x/a—ib—c c (—i+Tan[d+ex})H +

VJa-ib-c (—b\/aﬂib—c Log[2c+bTan[d+ex] +2\/?Jc+Tan[d+ex} (b+aTan[d+ex]) ]+c3/2Log[(2c+b<—i+Tan[d+ex}) _

21 (aTan[d+ex} +va+ib-c \/c+Tan[d+ex] (b+aTan[d+ex]) ))/ (\/aﬂibfc c (]‘1+Tan[d+ex]))]))

b _ a C aCos[2 (d+ex)] cCos[2 (d+ex)] bSin[2 (d+eXx) ]
-1+Cos[2 (d+eXx)] -1+Cos[2 (d+eXx) ] -1+Cos[2 (d+eXx) ] -1+Cos[2 (d+eXx)] -1+Cos[2 (d+ex)]

c(a+c-aCos[2(d+ex)]|+cCos[2(d+ex)]|+bSin[2 (d+ex)])

Sin[Z (d+ex)} B a B C n aCos[2 (dtex)]  _cCos[2 (drex)] bSin[2 (d+ex)]
-1+Cos[2 (d+ex)] -1+Cos[2 (d+ex)] -1+Cos[2 (d+ex)] -1+Cos[2 (d+ex)] -1+Cos[2 (d+eXx)]

a+c-aCos[2(d+ex)|+cCos[2(d+ex)]+bSin[2 (d+ex) |

Tan[d + e X] JaJrCot[dJrex]2 (c+bTan[d+ex]) /

2+v/a-ib-c Va+ib-c c3/2e\/c+Tan[d+ex] (b+aTan[d+ex])

((b\/a—ib—c Va+ib-c Log[Tan[d+ex]] -+~/a+ib-c c3/2Log[(—Zc—ZiaTan[d+ex] -b (i+Tan[d+ex]) +

2iva-ib-c \/c+Tan[d+ex] (b+aTan[d+ex]) )/ (\/a—jlb—c c (—1'1+Tan[d+ex]))] +va-ib-c

(—b\/aﬂib—c Log[2c+bTan[d+ex]+2\/?x/c+Tan[d+ex} (b+aTan[d+ex]) ]+c3/2Log[(2c+b(—1‘1+Tan[d+ex}) -

21 (aTan[d+ex] +va+ib-c \/c+Tan[d+ex} (b+aTan[d+ex]) ))/ (\/aﬂib—c c (J’L+Tan[d+ex]))]]

Tan[d+ex] (aSec[d+ex]*Tan[d+ex] +Sec[d+ex]® (b+aTan[d+ex])) \/a+Cot[d+ex]2 (c+bTan[d+ex]) )/

(4\/a—j1b—c Va+ib-c ¢¥? (c+Tan[d+ex] (b+aTan[d+ex])>3/2) -
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1

2v/a-ib-c Va+ib-c c3/2\/c+Tan[d+ex} (b+aTan[d+ex])

bva-ib-c Va+ib-c Log[Tan[d+ex]] -+a+ib-c c3/2Log[(—Zc—ZjaTan[d+ex] -b(i+Tan[d+ex]) +2

iva-ib-c \/c+Tan[d+ex] (b+aTan[d+ex]) )/ (\/a—ib—c c (—Ji+Tan[d+ex]))} +

VJa-ib-c (—b\/aﬂib—c Log[2c+bTan[d+ex]+2\/?\/C+Tan[d+ex} (b+aTan[d+ex]) | +

c*? Log|

2c+b (-i+Tan[d+ex]) -2i (aTan[d+ex] +Va+ib-c \/c+Tan[d+ex] (b+aTan[d+ex]) ))/

(\/aﬂib—c c (i+Tan[d+ex}>)})) Sec[d+ex]2x/a+Cot[d+ex}2 (c+bTan[d+ex]) -

((b\/a—jb—c va+ib-c Log[Tan[d+ex]]-+va+ib-c c3/2Log[(—2c—21‘1aTan[d+ex} -b (i+Tan[d+ex]) +

2iva-1b-c \/c+Tan[d+ex] (b+aTan[d+ex]) )/ (x/a—jlb—c c (—1'1+Tan[d+ex]))] +va-1ib-c

(—b\/aﬂib—c Log[2c+bTan[d +ex] +2\/?\/C+Tan[d+ex} (b+aTan[d+ex]) ]+c3/2Log[(2c+b (-i+Tan[d+ex]) -

21 (aTan[d+ex] +Va+ib-c \/c+Tan[d+ex} (b+aTan[d+ex]) ))/ (\/a+j1b—c c (J‘L+Tan[d+ex}))]]

Tan[d+ex] (bCsc[d+ex]?-2Cot[d+ex] Csc[d+ex]? (c+bTan[d+ex]))]/ (4\/afib7c Va+ib-c 32

\/c+Tan[d+ex} (b+aTan[d+ex]) \/a+Cot[d+ex]2 (c+bTan[d+ex]) )—

1

Tan[d + e x] \/a+Cot[d+ex}2 (c+bTan[d+ex])

2/a-ib-c Va+ib-c c3/2\/c+Tan[d+ex} (b+aTan[d+ex])

bva-ib-c Va+ib-c Csc[d+ex]Sec[d+ex] - |va-ib-c Va+ib-c ¢*?(-i+Tan[d+ex])

i~/a-ib-c (aSec[d+ex]?Tan[d+ex]+Sec[d+ex]? (b+aTan[d+ex]))

-2iaSec[d+ex]?2-bSec[d+ex]?+

\/c+Tan [d+ex] (b+aTan[d+eXx])

Va-ib-c c(-i+Tan[d+ex])

Sec[d+ex]*(-2c-2iaTan[d+ex] -b (i+Tan[d+ex])+2iva-ib-c \/c+Tan[d+ex} (b+aTan[d+ex]) ))/

| 111
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(\/a—jlb—cc(—j+Tan[d+ex])2) /

+

(72c72j1aTan[d+ex] -b(i+Tan[d+ex])+2iva-ib-c \/c+Tan[d+ex] (b+aTan[d+ex])

bva+ib-c |bSec[d+ex]?+
- \/c+Tan[d+ex] (b+aTan[d+e x])
Vva-ib-c |- +

2c+bTan[d+eXx] +2\/?\/C+Tan[d+ex] (b+aTan[d+ex])

v/ c (aSec[d+ex]2Tan[d+e x]+Sec [d+e x]? (b+aTan[d+ex])) }

[x/aﬂib—c c>? (i+Tan[d+ex]) ((bSec[d+ex]2—2j1 (aSec[d+ex}2+ (\/a+ib—c

(asec[d+ex]*Tan[d+ex] +Sec[d+ex]? (b+aTan[d+ex})))/(2\/C+Tan[d+ex] (b+aTan[d+ex]) )))/
(\/aﬂib—c c(j+Tan[d+ex]))f
Vva+ib-c \/C+Tan[d+ex] (b+aTan[d+ex]) ))

Sec[d+ex]?

2c+b (-i+Tan[d+ex]) -2i (aTan[dJrex} +

J Varib-cefiTanidsen)?)|| /

(2c+b (-i+Tan[d+ex]) -2i (aTan[d+ex} +va+1ib-c Jc+Tan[d+ex] (b+aTan[d+ex]) ))

Problem 3: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

J Cot[d +ex]
dx
\/a+bCot[d+ex] +cCot[d+ex]?

Optimal (type 3, 294 leaves, 6 steps):

e 2. h2_ 2
x/aici\/a2+b272ac+cz Ar‘cTanh[ a-c-y/a’+b’-2ac+c® +bCot[d+ex] }

\2 a—c—\/az+b2—2 ac+c? \/a+b Cot[d+e x]+c Cot[d+e x]?

V2 VaZib2-2ac+c? e

—c+y/ a%+b?-2 2 +bCot[d
\/?=1—C+\/a2+b2—2ac+c2 Ar‘cTanh[ a-crya+b -2acsc” +bCot[drex] }

<2 a—c+\/ a?+b?-2ac+c? \/a+b Cot[d+e x]+c Cot[d+e x]?

V2 Aa?ib2-2ac+c? e
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Result (type 3, 2104 leaves):

b (-i:Tan[d+ex])+2 (c-iaTan[d+ex]) —Zj\/c+Tan[d+ex] (braTan(d+ex] )

2 Fosies
Va-ib-c Log| acibc

] -

i+ Tan[d+ex]

2 (—b(j”a"[d*ex”*z Coatand e, +2j1\/c+Tan[d+ex] (b+aTan[d+ex]) )
Va-ib-c

Va+ib-c Log|

Sin|2 (d+ex
-1+ Tan[d+eXx] ] [ ( : )]

\/[_ a c . aCos|[2 (d+ex)] ) cCos[2 (d+ex)] i bSin[2 (d+ex) |
-1+Cos[2 (d+ex)| -1+Cos[2(d+ex)] -1+Cos[2(d+ex)] -1+Cos[2(d+ex)] -1+Cos[2(d+ex)]

Tan[d + e x] \/a+Cot[d+ex}2 (c+bTan[d+ex]) /

2+va-ib-c Va+ib-ce(-a-c+(a-c)Cos[2(d+ex)]-bSin[2 (d+ex)]) \/c+Tan[d+ex] (b+aTan[d+ex])

1

4~Ja-ib-c Ja+ib-c (c+Tan[d+ex] (b+aTan[d+ex1>)3/2

2 (b(’ﬁ”a"[d*ex”*?(c’jaTa”[d*eX” —Zch+Tan[d+ex] (b+aTan[d+ex]) )
Va-ib-c Log| aiibc |-

i+ Tan[d+ e Xx]

_ b (i+Tan[d+ex])+2 (c+iaTan[d+ex]) +2i\/c+Tan[d+ex} (b+aTan[d+ex]) )

z( _
Va+ib-c Log| aibc

]

-1i+Tan[d +eXx]

Tan[d+ex] (aSec[d+ex]*Tan[d+ex] +Sec[d+ex]® (b+aTan[d+ex])) \/a+Cot[d+ex}2 (c+bTan[d+ex]) +

2 (b('j‘”a”[d*e"”*z CoaTan.dex. —211\/C+Tan[d+ex} (b+aTan[d+ex])
W a+ib-c

Va_ib_c Log| J-

1i+Tan[d+eX]
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A\ a-ib-c

2 (—b””a"[d*“”*z re-iatan d-cx +21'1\/c+Tan[d+ex} (b+aTan[d+ex]) )
Va+ib-c Log| || secrd+ex)?
-1+ Tan[d+ex]

\/a+Cot[d+ex]2 (c+bTan[d+ex]) /(Zx/a—jlb—c Va+ib-c \/c+Tan[d+ex] (b+aTan[d+ex]) )+

b (-i+Tan[d+e x])+2 (c-i aTan[d+e x]) —ij/c+Tan[d+ex} (b+aTan[d+ex}) )

2| IS
Va ib ¢ Log| ibc

} -

i+ Tan[d+ e X]

2 (—b“”a"[d*””*z re-iatan docx . +21‘1\/c+Tan[d+ex} (b+aTan[d+ex]) )
[ +/a-1ib-c

Va+ib-c Log

]

-1+ Tan[d+ex]

Tan[d+ex] (bCsc[d+ex]*-2Cot[d+ex] Csc[d+ex]* (c+bTan[d+ex])) /

4~/a-ib-c Va+ib-c \/c+Tan[d+ex] (b+aTan[d+ex]) \/a+Cot[d+ex}2 (c+bTan[d+ex]) )+

1

Tan[d + e x] \/a+Cot[d+ex12 (c+bTan[d+ex])

2va-ib-c vVa+ib-c \/c+Tan[d+ex} (b+aTan[d+ex])

2 (2iaSec[d+ex12+bSec[d+ex12 i (aSec[d+ex]2Tan[d+e x] +Sec [d+e x]2 (b+aTan[d+ex])))
- ) Va+ib-c \/c+Tan[d+ex] (b+aTan[d+e x]) 1
Va-ib-c (i+Tan[d+ex]) -
i+Tan[d+ex] (1‘1+Tan[d+ex})2

b(-i+Tan[d+ex])+2 (c-iaTan[d+ex])

Va+ib-c

2Sec[d+ex]?

—Zj\/c+Tan[d+ex} (b+aTan[d+ex])

] ]

/

b(-i+Tan[d+ex])+2 (c-iaTan[d+ex])

Vva+ib-c

2

—Zi\/c+Tan[d+ex] (b+aTan[d+ex])
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) [_ 231 aSec[drex]?+b Sec[dre x]? . i (aSec[d+ex]2Tan[d+ex]+Sec[d+ex]? (b+aTan[d+ex])) ]
- ) Va-ib-c \/c+Tan[d+ex] (b+aTan[d+e x]) 1
Va+ib-c (-i+Tan[d+ex]) -
-i+Tan[d+ex] (—J'1+Tan[d+ex])2

_bfi+Tan[d+ex])+2(c+iaTan[d+ex]) +2i[c+Tan[d+ex] (braTan[d+ex]]

Va-1b-c

2Sec[d+ex]?

/

[2( b(i+Tan[d+ex])+2(c+iaTan[d+ex])

Vva-1b-c

+21‘1\/c+Tan[d+ex] (b+aTan[d+ex]) )]

Problem 4: Result unnecessarily involves higher level functions and more than twice size of optimal antiderivative.

J Tan[d + e X]
dx
\/a+bCot[d+ex] +cCot[d+ex]?

Optimal (type 3, 349 leaves, 10 steps):

\/a —c- \/az +b2-2ac+c?2 ArcTanh [ a-c-+/a’+b?-2ac+c? +bCot[drex] ]
2a+bCot[d+e x]

Ar‘cTanh[

2\5\/a+b Cot [d+e x] +c Cot [d+e x] 2 2 afcf\/aerbzfzamc2 \/a+b Cot[d+e x]+c Cot [d+e x]?
+ _
Va e 2 Vaz+b?-2ac+c? e
—c+q/ a2+b?-2 2 +bCot|[d
\/¢'=‘—C+\/a2+b2—2ac+c2 Ar‘cTanh[ a-crya+b -2acsc’ +bCotfdrex] }

<2 a—c+\/a2+b2—2 ac+c? \/a+b Cot[d+e x]+c Cot[d+e x]?

V2 Aa?ib2-2ac+c? e

Result (type 4, 64621 leaves) : Display of huge result suppressed!

Problem 5: Humongous result has more than 200000 leaves.

J Tan[d+ex]?
dx
\/a+bCot[d+ex] +cCot[d+ex]?

Optimal (type 3, 501 leaves, 14 steps):
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ArcTanh| 2a:+b Cot[d-ex] | (3b2-4ac) ArcTanh| 2a+bCot drex] ]
2\/?\/a+bCot[d+ex]+c Cot[d+e x]? 2\/a_\/a+bCot[d+ex]+cCot[d+ex]2
_ + _
/a e 8 a5/2 e
e/ azib2 2
\/a—c—\/a2+b2—2ac+c2 Ar‘cTanh[ a-c-y/a’+b*-2ac+c® +bCot[d+ex] }

2 a—c—\/ a?+b2-2ac+c? \/a+b Cot[d+e x]+c Cot[d+e x]?

V2 AJa2+b2-2ac+c? e

_ 2. p2_ 2
\/37C+\/32+b2723C+C2 Ar‘cTanh[ a-c+y/ a’+b*-2ac+c® +bCot[d+ex] }

V2 a—c+\/ a?+b2-2ac+c? \/a+b Cot[d+e x]+c Cot[d+e x]?

V2 VaZib?2-2ac+c? e

Bb\/a+bCot[d+ex] +cCot[d+ex]? Tan[d + e X] \/a+bCot[d+ex} +cCot[d+ex]? Tan[d+ex]?

+
43%e 2ae

Result (type ?, 325525 leaves): Display of huge result suppressed!

Problem 6: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

JCot[d+ex15\/a+bCot[d+ex] +cCot[d+ex]? dx

Optimal (type 3, 976 leaves, 21 steps):
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{[\/a2+b2+c (c+\/a2+b2—2ac+c2)—a(2c+\/a2+b2—2ac+c2)

Ar‘cTan[(szr(a—c) [a—c—\/a2+b2—2ac+c2)—bJaerbz—ZaCJrc2 Cot[d+ex])/

\E(a2+b22ac+c2)1/4\/a2+b2+c(c+\/a2+b2Zac+c2)a(2c+\/az+b22ac+c2) \/a+bCo‘c[d+exJ+cCot[d+eX]2

)/

b Ar‘cTanh[ b+2 c Cot[d+ex] } b (bz _4a c) ArcTanh { b+2 c Cot[d+ex] ]
(\E (a2+b2—2ac+c2)1/4e) B Z\F\/a+bC0t[d+9X]+CCOt[d+EX]2 . 2\/?\/a+bCot[d+ex]+cCot[d+ex]2 -
2+/c e 16 c*/? e
b (7b2-12ac) (b?-4ac) ArcTanh| b+2 ¢ Cot[d+e x] ]
2\/?\/a+bCo‘c[d+ex]+cCo‘c[d+ex]Z
.
256 c°/2e

{\/a2+b2+c [c—\/a2+b2—2ac+c2

Ar‘cTanh[(b2+(a—c) (a—c+\/a2+b2—2ac+c2]+b\/a2+b2—2ac+c2 Cot[d + e x]

—a(Zc—\/a2+b2—2ac+c2]

\/7<a2+b2—2ac+c2)1/4\/a2+b2+c(c—\/a2+b2—2ac+c2)—a(Zc—\/a2+b2—2ac+c2) \/a+bCot[d+ex]+cCot[d+eX]2J}J/

(\/7 (a2+b2—2ac+c2)1/4e) _\/a+bCot[d+ex] +cCot[d+ex]?
e
b (7b*-12ac) (b+2cCot[d+ex]) \/a+bCot[d+ex} +cCot[d+ex]?

N
128 c*e
(a+bCot[d+ex] +cCot[d+ex}2)3/2

b(b+2cCot[d+ex]) \/a+bCot[d+ex] +cCot[d+ex]?

+
8cle

3ce

Cot[d+ex]? (a+bCot[d+ex] +cCot[d+ex]?)??

5ce
(35b2-32ac-42bcCot[d+ex]) (a+bCot[d+ex] +cCot[d+ex]?)*?
2403 e

Result (type 3, 4237 leaves):

1 -105b* + 460 a b% c - 256 a% c2 + 296 b? c? - 768 a c3 + 2944 ¢*

(-35b°Cos[d+ex] +116abcCos[d+ex] +184bc?Cos[d+ex]) Csc[d+ex]
- +
e 1920 c*

+
960 c3
(7b?-16ac+176 c?) Csc[d+ex]? bCot[d+ex] Csc[d+ex]? 1

- = Csc[d+ex]*
240 c? 40 c 5
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+

\/—a—c+aCos[2 (d+ex)]-cCos[2 (d+ex)]-bSin[2 (d+ex)]
-1+ Cos[2 (d+ex) |

(b (7b*-8b%c (5a+2c) +16c* (3a*+4ac+8c?)) Log[Tan[d+ex]] -128+/a-ib-c c9/2Log[(fchziaTan[dJrex] -

b(i+Tan[d+ex])+2iva-ib-c \/c+Tan[d+ex] (b+aTan[d+ex]) )/ (128 (a—ib—c>3/2c4 (—i+Tan[d+ex])H -

b (7b*-8b%c (5a+2c)+16c* (3a’+4ac+8c?)) Log[2c+bTan[d+ex] +2\E\/C+Tan[d+ex} (b+aTan[d+ex]) |+
128+/a+ib-c c®?log[(2c+b (-i+Tan[d+ex])-21 (aTan[d+ex] +va+ib-c \/c+Tan[d+ex] (b+aTan[d+ex]) ))/

7b5 _ a _ C " aCos[2 (d+eXx) ] _ cCos[2 (d+ex) ] _ bSin[2 (d+e x) ]
-1+Cos[2 (d+ex)] -1+Cos[2 (d+ex)] -1+Cos[2 (d+ex)] -1+Cos[2 (d+ex)] -1+Cos[2 (d+ex)]

(128 (a+ib-c)>*c (1‘1+Tan[d+ex1))]) 128 c* (a+c-aCos[2 (d+ex)] +cCos[2 (d+ex)]+bsSin[2 (d+ex)])

5a b3 B a C . aCos[2 (d+ex)] cCos[2 (d+ex)] ~ _bSin[2 (d+ex)]
-1+Cos[2 (d+eXx)] -1+Cos[2 (d+ex)] -1+Cos[2 (d+ex)] -1+Cos[2 (d+eXx) ] -1+Cos[2 (d+ex)]
+
16c® (a+c-aCos[2 (d+ex) ] +cCos[2 (d+ex) | +bsSin[2 (d+ex)])
3 az b _ a _ C i acCos[2 (d+eXx) ] _ _cCos[2 (d+e x) ] _ bSin[2 (d+eXx) ]
-1+Cos[2 (d+ex) ] -1+Cos[2 (d+ex)] -1+Cos[2 (d+ex)] -1+Cos[2 (d+ex) ] -1+Cos[2 (d+ex)]
8c?(a+c-aCos[2(d+ex)]|+cCos[2(d+ex)]|+bSin[2 (d+ex)])
b3 _ a _ c , aCos[2 (d+ex)] _ _cCos[2(dvex)] _ _bSin[2 (dvex)]
-1+Cos[2 (d+eXx) ] -1+Cos[2 (d+eXx) ] -1+Cos[2 (d+eXx) ] -1+Cos[2 (d+eXx)] -1+Cos[2 (d+eXx) ]
+
8c2(a+c-aCos[2(d+ex)|+cCos[2(d+ex)]|+bSin[2 (d+eXx)])
ab B a B [d N aCos[2 (d+ex)] ~ _cCos[2 (d+ex)]  _bSin[2 (d+ex)]
-1+Cos[2 (d+eX)] -1+Cos[2 (d+ex)] -1+Cos[2 (d+eX)] -1+Cos[2 (d+ex)] -1+Cos[2 (d+ex)]
+
2c(a+c-aCos[2 (d+ex)]+cCos[2 (d+ex)]+bSin[2 (d+ex)])
bCOS[Z (d+ex>] \/_ a _ C n aCos[2 (d+eXx) ] _ cCos[2 (d+eXx)] _ bSin[2 (d+eXx) ]
-1+Cos[2 (d+eXx)] -1+Cos[2 (d+eXx) ] -1+Cos[2 (d+eXx) ] -1+Cos[2 (d+eXx) ] -1+Cos[2 (d+ex) ]

a+c-acCos|2 (d+ex” +cCos|[2 (d+ex)] +bsin[2 <d+ex)]
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aSin[Z (d+ex)] B a _ C + aCos[2 (d+ex)] ~ _cCos[2 (d+ex)]  _bSin[2 (d+ex)]
-1+Cos[2 (d+ex)] -1+Cos[2 (d+ex)] -1+Cos[2 (d+eX)] -1+Cos[2 (d+ex)] -1+Cos[2 (d+eX)]

a+c-aCos[2 (d+ex)]+cCos[2(d+ex)]|+bSin[2 (d+ex]]

cSin[Z (d+ex)] _ a _ C " aCos[2 (d+eXx) ] _ cCos[2 (d+ex)] _ bSin[2 (d+ex) ]
-1+Cos[2 (d+ex) ] -1+Cos[2 (d+ex) ] -1+Cos[2 (d+ex)] -1+Cos[2 (d+ex)] -1+Cos[2 (d+ex) ]

a+c-aCos[2(d+ex)]+cCos[2(d+ex)]|+bSin[2 (d+ex]]

Tan[d+ex}\/a+Cot[d+ex]2(c+bTan[d+ex]) /256c9/2e\/c+Tan[d+ex} (b+aTan[d+ex])

- = [b(7b4—8b2c(5a+2c)+16c2(3a2+4ac+8c2))Log[Tan[d+ex]}—

512¢%2 (c+Tan[d+ex] (b+aTan[d+ex]))*?

128+a-ib-c cg/zLog{(—Zc—ZjaTan[d+ex} -b(i+Tan[d+ex])+2iva-ib-c \/c+Tan[d+ex] (b+aTan[d+ex]) )/

(128 (a-ib-c)*?c (—J’L+Tan[d+ex]))] -b (7b*-8b%c (5a+2c) +16c? (3a’+4ac+8c?))

Log[2c+bTan[d+ex] +2\/?\/C+Tan[d+ex] (b+aTan[d+ex]) | +128+a+ib-c c9/2Log{(2c+b (-i+Tan[d+ex]) -

21i (aTan[d+ex} +va+ib-c \/c+Tan[d+ex] (b+aTan[d+ex]) ))/ (128 (a+1’1b_c>3/2c4 (1‘1+Tan[d+ex]))]]

Tan[d+ex] (aSec[d+ex]*Tan[d+ex] +Sec[d+ex]? (b+aTan[d+ex])) \/a+Cot[d+ex]2 (c+bTan[d+ex]) +
1

(b (7b*-8b*c (5a+2c) +16c* (3a*+4ac+8c?)) Log[Tan[d+ex]] -

256c9/2\/c+Tan[d+ex} (b+aTan[d+ex])

128+va-ib-c c9/2Log[(fchzjaTan[d+ex] -b(i+Tan[d+ex])+2iva-ib-c Jc+Tan[d+ex] (b+aTan[d+ex]) )/

(128 (a-ib-c)*?c* (—i+Tan[d+ex]))} -

b (7b*-8b>c (5a+2c)+16c* (3a’+4ac+8c?)) Log[2c+bTan[d+ex] +2\/?\/C+Tan[d+ex1 (b+aTan[d+ex]) |+
128+Va+ib-c c”?Log| aTan[d+ex] +vVa+1b-c \/c+Tan[d+ex] (b+aTan[d+ex]) ))/

(128 (a+ib-c)*?c* (1'1+Tan[d+ex}))]) Sec[d+ex}2\/a+Cot[d+ex]2 (c+bTan[d+ex]) +

2c+b (-i+Tan[d+ex])-2i

((b (7b*-8b%c (5a+2c) +16c* (3a’+4ac+8c?)) Log[Tan[d+ex]] -128+/a-ib-c c®?log||-2c-2iaTan[d+ex] -
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b(i+Tan[d+ex])+2i+a-ib-c \/c+Tan[d+ex] (b+aTan[d+ex]) )/ (128 (a—jb_c)3/2c4 (_]1+Tan[d+ex]))] _

b(7b*-8b%c (5a+2c)+16c* (3a’+4ac+8c?)) Log[2c+bTan[d+ex] +2\/?\/C+Tan[d+ex] (b+aTan[d+ex]) ]+

128+a+ib-c c9/2Log{(2c+b (-i+Tan[d+ex])-2i |aTan[d+ex] ++a+ib-c x/c+Tan[d+ex1 (b+aTan[d+ex]) ))

~ T

(128 (a+1‘1b—c)3/2c4 (1'1+Tan[d+ex]))})Tan[d+ex] (bCsc[d+ex]?-2Cot[d+ex] Csc[d+ex]? (c+bTan[d+ex}))]

(512c9/2\/c+Tan[d+ex] (b+aTan[d+ex]) Ja+Cot[d+ex}2 (c+bTan[d+ex]) )+

1

Tan[d + e x] \/a+Cot[d+ex}2 (c+bTan[d+ex])

256c9/2\/c+Tan[d+ex} (b+aTan[d+ex])

b (7b*-8b’c (5a+2c)+16c* (3a°+4ac+8c?)) Csc[d+ex]Sec[d+ex] - |b(7b*-8b*c (5a+2c)+16c*(3a’+4ac+8c?))

bSec[d+ex]?+

Ve (asec[d+ex]?Tan[d+ex] +Sec[d+ex]? (b+aTan[d+ex])) /

\/c+Tan[d+ex] (b+aTan[d+ex])

2c+bTan[d+eXx] +2\/?\/C+Tan[d+ex] (b+aTan[d+ex]) )— 16 384 (a—jlb—c)zc”/2 (-i+Tan[d+ex])

i+a-ib-c (aSec[d+ex]?Tan[d+ex]+Sec[d+ex]? (b+aTan[d+ex]))

-2iaSec[d+ex]?-bSec[d+ex]?+

\/c+Tan [d+e x] (b+aTan[d+eXx])

128 (a-ib-c)*?c* (-i+Tan[d+ex])

Sec[d+ex]?

-2c-2iaTan[d+ex] -b (i+Tan[d+ex])+2iva-ib-c \/c+Tan[d+ex} (b+aTan[d+ex]) ))/

(128 (a—ib—c>3/2c4(—J‘L+Tan[d+ex])2) /

(—2c—21‘1aTan[d+ex] -b (i+Tan[d+ex])+2iva-ib-c \/c+Tan[d+ex] (b+aTan[d+ex])

+
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aSec[d+ex]?+

bSec[d +ex]2 2 Va+ib-c (aSec[d+ex]?Tan[d+ex]+Sec[d+ex]? (b+aTan[d+ex])) ]
2./ c+Tan[d+e x] (b+aTan[d+ex])
16384 (a+ib-c)2c¥/? (i+Tan[d+ex]) JesTanias . -
128 (a+ib-c)*?c* (i +Tan[d+ex])

(Sec[dﬂex}2

2c+b (-i+Tan[d+ex]) -2i (aTan[d+ex] +Va+ib-c \/c+Tan[d+ex] (b+aTan[d+ex]) )))/

(128(a+1’1b—c>3/2c4(Ji+Tan[d+ex])2) /

(2c+b (-i+Tan[d+ex]) -21 (aTan[d+ex] +va+ib-c \/c+Tan[d+ex] (b+aTan[d+ex]) ))

Problem 7: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

jCot[d+ex13\/a+bCot[d+ex] +cCot[d+ex]? dx

Optimal (type 3, 747 leaves, 16 steps):
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\/a2+b2+c (c+\/a2+b2—2ac+c2)—a(2c+\/a2+b2—2ac+c2)

Ar‘cTan[(b2+(a—c) (a—c—\/a2+b2—2ac+c2)—bJa2+b2—2ac+c2 Cot[d+ex])/

\E(a2+b2Zac+c2)1/4\/a2+b2+c(c+\/a2+b2Zac+c2)a(2c+\/az+b22ac+c2) \/a+bCot[d+exJ+cCot[d+eX]2J}J/

b ArcTanh [ b+2 c Cot[d+ex] ] b (bz _42a c) Ar‘cTanh[ b+2 c Cot[d+e x]

2+/c +/a+bCot[d+ex]+c Cot[d+ex]? 2+/c +/a+bCot[d+ex]+c Cot[d+ex]2
(\/2 (a2+b2—2ac+c2)1/4e)+ l - / -

2+/c e 16(:5/29
{\/a2+b2+c [c—\/a2+b2—2ac+c2]—a(Zc—\/a2+b2—2ac+c2]

Ar‘cTanh[(szr(afc) (a7c+\/a2+b2—23c+c2]+b\/az+b2—2ac+c2 Cot[d +ex]

/

ﬁ(a%bz2ac+c2)1/4\/a2+b2+c(c\/a2+b22ac+c2)a(Zc\/az+b22ac+c2) \/a+bCot[d+ex}+cCot[d+ex]2J}J/

+ —

) \/a+bCot[d+ex] +cCot[d+ex]? b (b+2cCot[d+ex]) \/a+bCot[d+ex] +cCot[d+ex]?
.
e 8cle

(\E (a2+b272ac+c2)1/4e

(a+bCot[d+ex] +cCot[d+ex12)3/2

3ce

Result (type 3, 3416 leaves):

(3b2—8ac+32 2 bCot[d+ex] 1 Csc[d+ex] 2) \/ —a-c+aCos[2 (d+ex)]-cCos[2 (d+ex)]-bSin[2 (d+e x)]
3

242 B 12¢ ~14Cos[2 (d+ex) ]

e

[b (b>-4c (a+2c)) Log[Tan[d+ex]] -8+va+ib-c c*?

Log[(i (b+21’1c+2aTan[d+ex] +ibTan[d+ex] +2+Va+1ib-c \/c+Tan[d+ex1 (b+aTan[d+ex]) ))/

(8 (a+1’1b—c)3/2c2 (J‘L+Tan[d+ex]))] -b (b*-4c (a+2c)) Log[2c+bTan[d+ex] +2\/?\/C+Tan[d+ex] (b+aTan[d+ex]) |+

8+va-1b-c c5/2Log[(b (i+Tan[d+ex])+2 |c+iaTan[d+ex]-iva-ib-c \/c+Tan[d+ex} (b+aTan[d+ex]) ))/
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b3 \/_ a _ C n aCos[2 (d+ex) ] _ _cCos|2 (d+e x) ] _ bSin[2 (d+ex) ]
-1+Cos[2 (d+ex)] -1+Cos[2 (d+ex)] -1+Cos[2 (d+ex)] -1+Cos[2 (d+ex)] -1+Cos[2 (d+ex)]
(8(a—jbfc)B/zcz(7j+Tan[d+ex]))}) -
8c2(a+c-aCos[2(d+ex)|+cCos[2(d+ex)]|+bsSin[2 (d+eXx)])

ab _ a d 4 aCos[2 (d+ex)] cCos[2 (d+ex)] bSin[2 (d+ex)]
-1+Cos[2 (d+eXx)] -1+Cos[2 (d+eXx) ] -1+Cos[2 (d+eXx) ] -1+Cos[2 (d+eXx)] -1+Cos[2 (d+eXx) ]

2c(a+c-aCos[2(d+ex)]+cCos[2 (d+ex)]+bSin[2 (d+ex)])

bCOS[Z (d+ex)] _ a _ C " aCos[2 (d+ex) ] _ cCos[2 (d+ex)] _ bSin[2 (d+ex) ]
-1+Cos[2 (d+ex) ] -1+Cos[2 (d+ex) ] -1+Cos[2 (d+ex) ] -1+Cos[2 (d+ex)] -1+Cos[2 (d+ex) ]

a+c-aCos[2(d+ex)]+cCos[2(d+ex)]+bSin[2 (d+ex]]

aSin[Z <d+ex>] \/_ a _ c , aCos[2 (drex)] _ _cCos[2(drex)] _ _bsSin[2 (d+ex)]
-1+Cos[2 (d+eXx)] -1+Cos[2 (d+eXx) ] -1+Cos[2 (d+eXx)] -1+Cos[2 (d+eXx) ] -1+Cos[2 (d+eXx) ]

a+c-acCos[2(d+ex)]+cCos[2(d+ex)]+bSin[2 (d+ex)]

cSin[Z (d+ex>] \/ a _ C " aCos[2 (d+ex)] ~ _cCos[2 (d+ex)]  _bSin[2 (d+ex)]
-1+Cos[2 (d+eXx)] -1+Cos[2 (d+ex)] -1+Cos[2 (d+eXx)] -1+Cos[2 (d+eXx)] -1+Cos[2 (d+eXx) ]

a+c-aCos[2 (d+ex)]+cCos[2(d+ex)]+bSin[2 (d+ex]]

Tan[d + e x] \/a+Cot[d+ex]2 (c+bTan[d+ex]) /

1
16c5/2e\/c+Tan[d+ex] (b+aTan[d+ex]) |-

32 ¢5/2 <C+Tan[d+ex} (b+aTan[d+ex}>)3/2

(b (b>-4c (a+2c)) Log[Tan[d+ex]] -8+Va+ib-c CS/ZLOg[(]i (b+2]‘1c+2aTan[d+ex] +ibTan[d+ex] +

2+/a+ib-c \/c+Tan[d+ex] (b+aTan[d+ex]) ))/ (8 (a+ib—c)3/zcz (1+Tan[d+ex])>] b (b*-4c (a+2c))

Log[2c+bTan[d+ex] +2\/?\/C+Tan[d+ex] (b+aTan[d+ex]) | +8~/a-ib-c c5/2Log[(b (i+Tan[d+ex]) +

2 (c+11aTan[d+ex] ~iva-1ib-c \/c+Tan[d+ex] (b+aTan[d+ex]) ))/ (8 (a—jb,c)3/2c2 (7]1+Tan[d+ex]))]]
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Tan[d+ex] (aSec[d+ex]*Tan[d+ex] +Sec[d+ex]® (b+aTan[d+ex])) \/a+Cot[d+ex]2 (c+bTan[d+ex]) +

! (b (b*-4c (a+2c)) Log[Tan[d+ex]] -8a+ib-c c*?

16Cs/2\/c+1’an[d+ex] (b+aTan[d+ex])

Log[(i (b+21’1c+2aTan[d+ex} +ibTan[d+ex] +2+vVa+ib-c \/c+Tan[d+ex] (b+aTan[d+ex}) ))/ (8 (a+jlb_c>3/2

/

c? (1’1+Tan[d+ex}))] -b(b*-4c (a+2c)) Log[2c+bTan[d+ex] +2\E\/C+Tan[d+ex} (b+aTan[d+ex]) |+
8+/a-ib-c c*?Log|

(8 (a—1’1b—c)3/2c2 (—i+Tan[d+ex1))}) Sec[d+ex]2\/a+Cot[d+ex]2 (c+bTan[d+ex]) +

b(i+Tan[d+ex]) +2 (c+jaTan[d+ex] ~iva-ib-c \/c+Tan[d+ex} (b+aTan[d+ex]) )

((b (b>*-4c (a+2c)) Log[Tan[d+ex]] -8+a+ib-c c5/2Log[(j (b+21‘1c+2aTan[d+ex} +ibTan[d+ex] +

2+a+ib-c \/c+Tan[d+ex] (b+aTan[d+ex]) )/(8(a+jb_c)3/2c2 (1+Tan[d+ex]))]—
b (b*-4c (a+2c)) Log[2c+bTan[d+ex] +2\/?\/C+Tan[d+ex] (b+aTan[d+ex]) ] +8vVa-ib-c c*?

c+iaTan[d+ex] -i1vVa-1b-c \/c+Tan[d+ex} (b+aTan[d+ex]) ))/

(8 (a—jb—c)3/2c2 (—1+Tan[d+ex]))]] Tan[d+ex] (bCsc[d+ex]*-2Cot[d+ex] Csc[d+ex]? (c+bTan[d+ex])))/

Log[(b (i+Tan[d+ex]) +2

1

(BZCS/Z\/CJrTan[dJrex} (b+aTan[d+ex]) \/a+Cot[d+ex]2 (c+bTan[d+ex]) )+
16c5/2\/c+Tan[d+ex} (b+aTan[d+ex])

Tan[d + e x] \/a+Cot[d+ex]2 (c+bTan[d+ex]) |b(b*-4c (a+2c))Csc[d+ex]Sec[d+ex] -

bSec[d+eX] 2, v/ c (aSec[d+ex]2Tan[d+e x]+Sec[d+e x]? (b+aTan[d+ex]))

b (b2-4c (a+2c))

\/c+Tan [d+ex] (b+aTan[d+ex])

+ |64 1 (a+1’1b—c)2c9/2 (i+Tan[d+ex])

2c+bTan[d+eXx] +2\/?\/C+Tan[d+ex] (b+aTan[d+ex])

i|2aSec[d+ex]?+ibSec[d+ex]?+

Va+ib-c (aSec[d+ex]?Tan[d+ex] +Sec[d+ex]? (b+aTan[d+ex])) /

\/c+Tan[d+ex} (b+aTan[d+ex])

(8 (a+ib-c)*?c? (i+Tan[d+ex})) - (J‘LSec[d+ex]2 b+2ic+2aTan[d+ex] +ibTan[d+ex] +2~a+ib-c

b+2ic+2aTan[d+eXx] +

\/c+Tan[d+ex] (b+aTan[d+ex]) ))/ (8 (a+ib-c)*?c? (J‘L+Tan[d+ex])2) /
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ibTan[d+ex] +2+Va+ib-c \/c+Tan[d+ex] (b+aTan[d+ex])

+|64 (a-ib-c)?c®? (-i+Tan[d+ex])

iva-ib-c (aSec[d+ex]?Tan[d+ex] +Sec[d+ex]? (b+aTan[d+ex]))
bSec[d+ex]?+2

iaSec[d+ex]?-

/

2\/c+Tan[d+ex] (b+aTan[d+ex])

(8 (a-ib-c)*?c? (—1'1+Tan[d+ex])) - (Sec[d+ex]2

b (Ji+Tan[d+ex]) +2 (c+1’1aTan[d+ex] -

im\/CJrTan[dJrex} (b+aTan[d+ex]) )))/ (8 (a-ib-c)*?c? (j+Tan[d+eX})2)]]/

(b (i+Tan[d+ex]) +2

c+iaTan[d+ex] -i1+Va-ib-c \/c+Tan[d+ex] (b+aTan[d+ex]) ))

Problem 8: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

jCot[d+ex} \/a+bCot[d+ex] +cCot[d+ex]? dx

Optimal (type 3, 602 leaves, 10 steps):
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[\/a2+b2+c (c+\/a2+b2—2ac+c2)—a(2c+\/a2+b2—2ac+c2)

Ar‘cTan[(szr(a—c) [a—c—\/a2+b2—2ac+c2)—bJaerbz—ZaCJrc2 Cot[d+ex])/

\E(a2+b22ac+c2)1/4\/a2+b2+c(c+\/a2+b22ac+c2)a(2c+\/az+b22ac+c2) \/a+bCo‘c[d+exJ+cCot[d+eX]2

)/
bAr‘CTanh[ b+2 c Cot[d+e x] }

2+/c ~/a+bCot[d+ex]+c Cot[d+ex]?
(/2 (a2+b22ac+c2)1/4e)J \/+ [d+e x]+ [d+ex] .

2+/c e
(\/a2+b2+c [cf\/a2+b2—23c+c2]7a(2c7\/a2+b2—2ac+c2]

ArcTanh[(b2+(a—c) (a—c+\/a2+b2—2ac+c2]+b\/a2+b2—2ac+c2 Cot[d +ex]

/

\/7(a2+b2—2ac+c2)1/4\/a2+b2+c(c—\/a2+b2—2ac+c2)—a(Zc—\/a2+b2—2ac+c2) \/a+bCot[d+eX]+cCot[d+eX]2J}J/

(\/7 (a2+b2—2ac+c2)1/4e) _\/a+bCot[d+ex] +cCot[d+ex]?
e

Result (type 3, 2871 leaves):

—a-c+aCos[2 (d+ex)]-cCos[2 (d+ex)]-bSin[2 (d+ex)]
-1+Cos[2 (d+ex) ] bLog[Tan[d+ex] ]

e Ve

Va+ib-c Log[(i

br2ic+2aTan[d+ex] +ibTan[d+ex] +2+/a+ib-c \/c+Tan[d+ex] (b+aTan[d+ex]) ))/

((a+ib—c)3/2 (Ji+Tan[d+ex]))} . blog[2c+bTan[d+ex] +2\/?\/C+Tan[d+ex] (b+aTan[d+ex]) ] .

Ve
Vva-ib-c Log[(b (i+Tan[d+ex]) +2 (c+1’1aTan[d+ex} -iva-ib-c \/c+Tan[d+ex] (b+aTan[d+ex]) ))/

((a—]'].b—C)S/Z (—J’l+Tan[d+ex]))]



4.4 Cotangent.nb | 127

a c acCos |2 (d+ex)] cCos[2 (d+ex)]
b Cos |2 (d+ex)} \/[—1+Cos{2 (d+ex” ) -1+Cos|[2 (d+ex)] i -1+ Cos|[2 (d+ex)] ) -1+ Cos|[2 (d+ex” )

bsSin[2 (d+ex)]

1+ cos[2 (drex)] J/(ac+aCos[2 (d+ex) ] -cCos[2 (d+ex)]|-bsSin[2 (d+ex)]) |-

aSin[Z (d+ex)] _ a _ C n aCos[2 (d+ex) ] _ cCos[2 (d+ex)] _ bSin[2 (d+ex)]
-1+Cos[2 (d+ex)] -1+Cos[2 (d+ex) ] -1+Cos[2 (d+eXx)] -1+Cos[2 (d+ex)] -1+Cos[2 (d+ex) ]

~a-c+aCos[2(d+ex)|-cCos[2 (d+ex)]|-bSin[2 (d+ex)]

cSin[Z (d+ex)] _ a _ C n aCos[2 (d+eXx) ] _ cCos[2 (d+ex)] _ bSin[2 (d+eXx) ]
-1+Cos[2 (d+ex)] -1+Cos[2 (d+ex) ] -1+Cos[2 (d+ex)] -1+Cos[2 (d+ex)] -1+Cos[2 (d+ex) ]

~a-c+acCos|2 (d+ex” -cCos|[2 (d+ex” -bsin[2 (d+ex)]

Tan[d+ex}\/a+Cot[d+ex]2(c+bTan[d+ex]) /Ze\/c+Tan[d+ex} (b+aTan[d+ex])

1 bLog[Tan[d +ex]]

4 (c+Tan[d+ex] (b+aTan[d+ex}))3/2 NS

Va+ib-c Log[(i

b+2ic+2aTan[d+ex] +ibTan[d+ex] +2vVa+ib-c \/c+Tan[d+ex] (b+aTan[d+ex]) ))/

blLog|2c+bTan[d+ex] 2+c +/c Tan[d+ex] (b+aTan[d+eXx]
((avib-c)? (i+Tan(d+ex]))] + Bl2c rex)+23/c \JerTan(d+ex] (b rexy) ]

Ve
c+iaTan[d+ex] -i1+va-ib-c \/c+Tan[d+ex] (b+aTan[d+ex]) ))/

Vva-ib-c Log[(b (i+Tan[d+ex]) +2

((a—ib—c)3/2 (—1+Tan[d+ex])>] Tan[d+ex] (aSec[d+ex]*Tan[d+ex] +Sec[d+ex]® (b+aTan[d+ex]))
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\/a+Cot[d+ex]2 (c+bTan[d+ex]) -

Ve

1 [ bLog[Tan[d +ex]]

2\/c+Tan[d+ex] (b+aTan[d+ex])

Va+ib-c Log[(i

b+r2ic+2aTan[d+ex] +ibTan[d+ex] +2+a+ib-c \/c+Tan[d+ex] (b+aTan[d+ex]) ))/

((a+ib—c)3/2 (i+Tan[d+ex1))} . blog[2c+bTan[d+ex] +2\/?\/C+Tan[d+ex] (b+aTan[d+ex]) | .

Ve
b (i+Tan[d+ex]) +2 (c+1’1aTan[d+ex} —iva-1b-c \/c+Tan[d+ex] (b+aTan[d+ex]) ))/

Va-ib-c Log[

bLog[Tan[d + e x]]

Ve
Va+ib-c Log[(j (b+2]1c+2aTan[d+ex] +ibTan[d+ex] +2+Va+ib-c \/c+Tan[d+ex} (b+aTan[d+ex}) ))/

((a—ib—c)3/2 (—1+Tan[d+ex])>] Sec[d+ex]2\/a+Cot[d+ex12 (c+bTan[d+ex]) - -

blLog|2c+bTan[d 2+/c Tan[d b+aTanld
((a+1'1b—c>3/2 <1+Tan[d+ex]))]+ Og[ C+ an[d+ex] + C \/C+ an ([ +ex}( +aTan| +ex}> } .

Ve
va-ib-c Log[(b (i+Tan[d+ex]) +2 (c+]1aTan[d+ex] -iva-1ib-c \/c+Tan[d+ex] (b+aTan[d+ex]) ))/

((a—ib—c)3/2 (—1'1+Tan[d+ex1))} Tan[d+ex] (bCsc[d+ex]*-2Cot[d+ex] Csc[d+ex]? (c+bTan[d+ex]))

/

1

(4\/C+Tan[d+ex} (b+aTan[d+ex]) \/a+Cot[d+ex]2 (c+bTan[d+ex]) )—
2\/c+Tan[d+ex} (b+aTan[d+ex])

Tan[d + e x] \/a+Cot[d+ex]2 (c+bTan[d+ex])

b |bsec[d+ex]?+ v/ c (aSec[d+ex]2Tan[d+e x]+Sec [d+e x]? (b+aTan[d+ex]))]
bCsc[d+ex] Sec[d+ex +Tan[d+ b+aTan[d+
- [d+ex] [d~ ]+ Jertanidrex] (bratanidrex)) + j(a+jb—c>2(j+Tan[d+ex])
Ve \/?(Zc+bTan[d+ex1+2\/?\/C+Tan[d+ex] (b+aTan[d+ex]))

Va+ib-c (aSec[d+ex]?Tan[d+ex] +Sec[d+ex]? (b+aTan[d+ex]))

{[i [2aSec[d+ex12+JibSec[d+ex]2+

/

\/c+Tan[d+ex] (b+aTan[d+ex])

((a+jb—c)3/2 (11+Tan[d+ex])) - (J’lSec[d+ex}2

b+2ic+2aTan[d+ex] +ibTan[d+eXx] +

zm\/c+Tan[d+ex] (b+aTan[d+ex]) ))/((aﬂib,c)?»/z <j+Tan[d+eX}>z)J]/
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(b+21‘1c+2aTan[d+ex} +ibTan[d+ex] +2+/a+ib-c \/c+Tan[d+ex] (b+aTan[d+ex]) )+ [(a—ib—c)z (-i+Tan[d+ex])

/

iva-ib-c (aSec[d+ex]?Tan[d+ex] +Sec[d+ex]? (b+aTan[d+ex]))
bSec[d+ex]?+2

iaSec[d+ex]?-

2\/c+Tan[d+ex] (b+aTan[d+ex])

((a—jb—c)3/2 (—1'1+Tan[d+ex})) - (Sec[d+ex}2

b(i+Tan[d+ex]) +

2(c+1‘1aTan[d+ex]—Ji\/afjlb—c \/C+Tan[d+ex] (b+aTan[d+ex]) )))/((a—jb—c)s/z (1‘1+Tan[d+ex])z)]]/

(b (i+Tan[d+ex]) +2

c+iaTan[d+ex] -i1+Va-ib-c \/c+Tan[d+ex] (b+aTan[d+ex]) ))

Problem 9: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

j\/a+bCot[d+ex] +cCot[d+ex]? Tan[d+ex] dx

Optimal (type 3, 570leaves, 18 steps):
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\/a2+b2+c (c+\/a2+b2—2ac+c2)—a(2c+\/a2+b2—2ac+c2)

Ar‘cTan[(b2+(a—c) (a—c—\/a2+b2—2ac+c2)—bJa2+b2—2ac+c2 Cot[d+eX]

/

\EArcTanh [ 2 a+b Cot[d+e x] ]

2+/a +/a+bCot[d+e x]+c Cot[d+ex]?
(\/2 (a2+b272ac+c2)1/4e)+ ! -
e

{\/a2+b2+c [cf\/a2+b2—2ac+c2]7a(2c7\/a2+b2—23c+c2]

ArcTanh[(b2+(a—c) (a—c+\/a2+b2—23c+c2]+b\/a2+b2—2ac+c2 Cot[d +ex]

/

\?2 (a2+b2—2ac+c2)1/4\/a2+b2+c (c—\/a2+b2—2ac+c2)—a(Zc—\/a2+b2—2ac+c2)

\/a+bCot[d+ex} +cCot[d+ex]?

}J/ (ﬁ (a2+b272ac+c2)1/4e)

Result (type 3, 2361 leaves):

[\/a+bCot[d+ex] +cCot[d+ex]? [Zx/?Log[bJrZaTan[dJrex] +2\/?\/C+Tan[d+ex} (b+aTan[d+ex]) | -

Vva+ib-c Log[(Zjl (b+21’1c+2aTan[d+ex] +ibTan[d+ex] +2+Va+ib-c \/c+Tan[d+ex] (b+aTan[d+ex]) ))/
|+
Va-ib-c Log[(zb(j+Tan[d+ex]) +4(c+1‘1aTan[d+ex]—Ji\/a—jlb—c \/c+Tan[d+ex} (b+aTan[d+ex]) ))/

((a—l'lbfc)g’/2 (—j+Tan[d+ex])H)

\/[_ a ) c . acCos|[2 (d+ex)] . cCos[2 (d+ex)] i bsSin[2 (d+ex) ] ]
—1+COS[2(d+eX” 71+COS[2<d+eX)] —1+Cos[2(d+ex” 71+COS[2<d+eX>] —1+Cos[2(d+ex)]

/

((a+1’1b—c)3/2 (i+Tan[d+ex])

Tan[d +ex]?

ﬁ<a2+b2Zac+c2)1/4\/a2+b2+c(c+\/az+b2Zac+c2)a(2c+\/az+b22ac+c2) \/a+bCo‘c[d+ex}JrcCot[dJrex]2

)/
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1

Ze\/c+Tan[d+ex} (b+aTan[d+ex]) |-
4 (c+Tan[d+ex] (b+aTan[d+ex])>3/2

\/a+bCot[d+ex] +cCot[d+ex]? (2x/?Log[b+2aTan[d+ex} +2\/?\/C+Tan[d+ex] (b+aTan[d+ex]) | -

Vva+ib-c Log[(Zj (b+2]‘1c+2aTan[d+ex] +ibTan[d+ex] +2+a+ib-c \/c+Tan[d+ex] (b+aTan[d+ex]) ))/
((a+jb—c)3/z(1'1+Tan[d+ex}))}+\/a—jb—c Log[(zb(j+Tan[d+ex])+4
(c+1‘1aTan[d+ex] -i+va-i1ib-c Jc+Tan[d+ex} (b+aTan[d+ex]) ))/((a—ib—c)S/z (—i+Tan[d+ex}))])

1

Tan[d+ex] (aSec[d+ex]*Tan[d+ex] +Sec[d+ex]? (b+aTan[d+ex])) +

2\/c+Tan[d+ex} (b+aTan[d+ex])

\/a+bCot[d+ex} +cCot[d+ex]? (Z\ELog[b+2aTan[d+ex]+2\/?\/C+Tan[d+ex} (b+aTan[d+ex]) | -
va+ib-c Log[(Zj (b+2j1c+2aTan[d+ex] +ibTan[d+ex] +2+a+ib-c \/C+Tan[d+ex] (b+aTan[d+ex]) ))/
(<a+ib—c)3/2(1'1+Tan[d+ex]))]+\/a—j1b—c Log[(Zb(i+Tan[d+ex})+4(c+1’1aTan[d+ex]—

iva-ib-c Jc+Tan[d+ex} (b+aTan[d+ex]) ))/ ((a—jlb—c)3/2 (—i+Tan[d+ex}))]) Sec[d+ex]?+

((—szc[d+ex]2—2cCot[d+ex} Csc[d+ex]?) (Zx/?Log[b+2aTan[d+ex} +2\/?\/C+Tan[d+ex] (b+aTan[d+ex]) | -

Vva+ib-c Log[(Zj (b+2]’1c+2aTan[d+ex] +ibTan[d+ex] +2+a+ib-c \/c+Tan[d+ex] <b+aTan[d+ex]) ))/
((aﬂlb—c)s/z(i+Tan[d+ex1))}+\/a—ib—c Log[(Zb(11+Tan[d+ex])+4(c+1’1aTan[d+ex]—
iva-ib-c \/c+Tan[d+ex] (b+aTan[d+ex]) ))/((a—ib—C)”Z(—1‘1+Tan[d+ex]))])Tan[d+ex] /

1

(4\/a+bCot[d+ex] +cCot[d+ex]? \/c+Tan[d+ex} (b+aTan[d+ex]) ]+
2\/C+Tan[d+ex] (b+aTan[d+ex])

\/a+bCot[d+ex} +cCot[d+ex]? Tan[d +eX]

+ 2 2
2\/; (2aSec[d+ex]2+ va (aSec[d+ex]?Tan[d+e x]+Sec[d+ex]2 (b+aTan[d+ex]))
Jc+Tan[d+ex] (b+aTan[d+e x])

J +|i(a+ib-c)? (i+Tan[d+ex])
b+2aTan[d+eXx] +2\E\/C+Tan[d+ex} (b+aTan[d+ex])
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Va+ib-c (aSec[d+ex]?Tan[d+ex] +Sec[d+ex]? (b+aTan[d+ex]))

2aSec[d+ex]?+ibSec[d+ex]?+

;

((a+1’1b—c)3/2 (i+Tan[d+ex})) - (21‘15ec[d+ex]2

|/

\/c+Tan[d+ex] (b+aTan[d+ex])

b+2ic+2aTan[d+ex] +ibTan[d+ex] +2vVa+1ib-c

Jc+Tan[d+ex] (b+aTan[d+ex]) ))/((a+ib—c)3/2 (1'1+Tan[d+ex])2) /(2 (b+21‘1c+2aTan[d+ex]+

ibTan[d+ex] +2+a+1b-c \/c+Tan[d+ex} (b+aTan[d+ex]) )) + {(ajbc)z (-i+Tan[d+ex])

iva-ib-c (aSec[d+ex]?Tan[d+ex] +Sec[d+ex]? (b+aTan[d+ex]))

iaSec[d+ex]?-

[{ZbSec[d+ex]2+4

|/

2\/c+Tan[d+ex] (b+aTan[d+ex])

((a—jb—c)3/2 (—1+Tan[d+ex])) - (Sec[d+ex]2 (Zb (i+Tan[d+ex]) +

4(c+iaTan[d+ex1 -iva-ib-c \/c+Tan[d+ex] <b+aTan[d+eXJ) )))/ ((a—ib—c)3/2 (—i+Tan[d+ex1>2)]]/

(Zb (i+Tan[d+ex]) +4(c+iaTan[d+ex] ~i+va-1ib-c \/c+Tan[d+ex} (b+aTan[d+ex]) ))

Problem 10: Humongous result has more than 200000 leaves.

J\/a+bCot[d+ex] +cCot[d+ex]? Tan[d+ex]3dx

Optimal (type 3, 691 leaves, 21 steps):
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{[\/a2+b2+c (c+\/a2+b2—2ac+c2)—a(2c+\/a2+b2—2ac+c2)

ArcTan[(szr(a—c) [a—c—\/a2+b2—2ac+c2)—b\/a2+b2—2ac+c2 Cot[d+ex])/

\E(a2+b22ac+c2)1/4\/az+b2+c(c+\/a2+b2Zac+c2)a(2c+\/a2+b22ac+c2) \/a+bCo‘c[d+exJ+cCot[d+eX]2

)/

Va ArcTanh]| 2a:bCot/d-ex] ] (b>-4ac) ArcTanh| 2a:bCot[diex]

2+a fasbCot[drex]+cCot[drex]? 2+/a ~/a+bCot[drex] +cCot[drex]?
- +

e 8a32e

(\E <a2+b2—2ac+c2)1/4e)

[Ja2+b2+c [c—\/a2+b2—2ac+c2]—a(Zc—\/a2+b2—2ac+c2]

Ar‘cTanh[(b2+(a—c) (a—c+\/a2+b2—2ac+c2]+b\/a2+b2—2ac+c2 Cot[d + e x]

/

\/7(a2+b2—2ac+c2)1/4\/a2+b2+c(c—\/a2+b2—2ac+c2)—a(2c—\/a2+b2—2ac+c2) \/a+bCot[d+ex]+cCot[d+ex]2J]J/

(2a+bCot[d+ex]) \/a+bCot[d+ex} +cCot[d+ex]? Tan[d +ex]?

(\/7 (a2+b2—2ac+c2)1/4e) +
4ae

Result (type ?, 465721 leaves) : Display of huge result suppressed!

Problem 11: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

Cot[d+ex]’

dx
j(a+bCot[d+ex] +cCot[d+ex]?)*?

Optimal (type 3, 1189 leaves, 20 steps):

3bArcTanh| boclot dex | 5b(7b2-12ac) ArcTanh]| b+2 c Cot [dre x]

2+/c \/a+b Cot[d+e x]+c Cot[d+e x]2 2+/c \/a+b Cot[d+e x]+c Cot[d+e x]2
- + +

2c%/2e 16 c®/? e

\/2a2c\/a2+b22ac+c2 \/azb22ac+c2+(ac)\/a2+b22ac+c2

Ar‘cTanh[(bz—(a—c) (a—c+\/a2+b2—2ac+c2]—b(Za—Zc—\/a2+b2—2ac+c2 Cot[d+eX]

/
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\/?\/Za—2c—\/a2+b2—2ac+c2 \/az—bz—Zac+c2+(a—c)\/a2+b2—2ac+c2 \/a+bCot[d+ex]+cCot[d+ex]2 ]/

(\/2 (a2+b2—2ac+c2)3/2e)— \/Za—2c+\/a2+b2—2ac+c2 \/az—bZ—Zac+c2—(a—c)\/a2+b2—2ac+c2

Ar‘cTanh{(bz—(a—c) (a—c—\/a2+b2—2ac+c2]—b(Za—2c+\/a2+b2—2ac+c2 /

\/7\/2a—2c+\/a2+b2—2ac+c2 \/az—bz—zac+c2—(a—c)\/a2+b2—2ac+c2 \/a+bCot[d+ex]+cCot[d+ex]2 ]/

Cot[d+ex]

(\/7(62+b2—2ac+c2)3/2e ~ 2(2a+bCot[d+ex])

+

(b2-4ac) e\/a+bCot[d+ex1 +cCot[d+ex]?

2Cot[d+ex]? (2a+bCot[d+ex]) 2Cot[d+ex]* (2a+bCot[d+ex])

(b2-4ac) e\/a+bCot[d+ex] +cCot[d+ex]?

(b2-4ac) e\/a+bCot[d+ex] +cCot[d+ex]?
2 (a(b?-2(a-c)c)+bc(a+c)Cot[d+ex])

(b2+ (a-c)?) (b2-4ac) e\/a+bCot[d+ex] +cCot[d+ex]?

(7b2-16ac) Cot[d+ex]2\/a+bCot[d+ex} +cCot[d+ex]?
+
3c2 (b2-4ac)e

2bCot[d+ex]3\/a+bCot[d+ex] +cCot[d+ex]?
C (b274ac) e

+

(3b2-8ac-2bcCot[d+ex]) \/a+bCot[d+ex} +cCot[d+ex]?
c? (b*-4ac)e

(185 b* - 460 ab? c + 256 a%c?>-2bc (35b%-116ac) Cot[d+ex]) \/a+bCot[d+ex] +cCot[d+ex]?
24c* (b*-4ac)e

Result (type 3, 5618 leaves):

1

~a-c+acCos|2 (d+ex)] -cCos|[2 (d+ex” -bsin[2 (d+ex)]

-1+Cos[2 (d+eXx) |

(105a3b4+105ab6—460a4b2c—727a2b4c—57b6c+256a5c2+1364a3b2c2+407ab4c2—448a4c3—740a2b2c3



4.4 Cotangent.nb | 135

25b*c®+96a° c* +44ab>c*+224a% c®+32b>c*-128ac®) /(24 (a-c) (a-ib-c) (a+ib-c)c* (-b>+4ac))+
2
11bCot[d3+ex}7Csc[d+2ex] +(2(2a3b4+2ab678a4b2c712a2b4c+4asc2+18a3b2c274a4c3+a4b3sin[2(d+ex)]+
12 ¢ 3c
2a’b®Sin|[2 (d+ex) ] +b’Sin[2 (d+ex)]|-3a’bcsSin[2 (d+ex) | -10a’b?cSin|2 (d+ex)]—
7ab’csSin|2 (d+ex)]+10a4bc251n[2(d+ex)]+14a2b3c251n[2 (d+ex)]—7a3bc3Sin[2 (d+ex”))/

((a-c) (a-ib-c) (a+ib-c)c®(-b>+4ac) (-a-c+aCos[2(d+ex)]-cCos[2(d+ex)]|-bSin[2 (d+ex)]))|+

\/a+bCo’c[d+ex}+cCot[d+ex]2 -b(ia+b-ic) (-ia+b+ic) (35b®-12c (5a+2c)) Log[Tan[d+ex]] +

ib+2c+ (21 a+b) Tan[d+ex]-21i+/a-ib-c /c+bTan[d+ex]+aTan[d+eX]2 ]
8+/a-i1b-c (a+ib-c) c* (-i+Tan[d+ex])

Va-ib-c
b+21i c+2aTan[d+ex]+i bTan[d+ex]+2+/a+ib-c Jc+Tan[d+e x] (b+aTan[d+ex]) ]
8 (a-ib-c) v/ arib-c c* (i+Tan[d+ex]) ]
Va+ib-c

8 (a+ib-c)c®?Log|

+

i

8c®2? (-a+ib+c) Log|

+

b(ia+b-ic) (-ia+b+ic) (35b°-12c (5a+2c)) Log[2c+bTan[d+ex]+2\/?\/C+Tan[d+ex] (b+aTan[d+ex]) ]

2b _ a _ C . aCos[2 (d+ex)] _ _cCos[2 (d+e x) ] _ bSin[2 (d+ex)]
-1+Cos[2 (d+eXx) ] -1+Cos[2 (d+eXx)] -1+Cos[2 (d+ex) ] -1+Cos[2 (d+eXx)] -1+Cos[2 (d+eXx) ]
- +

(a-ib-c) (a+ib-c) (-a-c+aCos[2(d+ex)]|-cCos[2(d+ex)]|-bSin[2 (d+ex)])

35 az b3 _ a C aCos[2 (d+ex) ] cCos[2 (d+eXx) ] bSin[2 (d+ex) ]
-1+Cos[2 (d+ex) ] -1+Cos[2 (d+ex)] -1+Cos[2 (d+ex) ] -1+Cos[2 (d+ex)] -1+Cos[2 (d+ex) ]

+

8(a-ib-c) (a+ib-c)c*(-a-c+aCos|2(d+ex)|-cCos[2(d+ex)]|-bSin[2 (d+ex)])

35 bs _ a [« aCos[2 (d+ex)] cCos[2 (d+ex)] bSin[2 (d+eXx) ]
-1+Cos[2 (d+eXx)] -1+Cos[2 (d+eXx) ] -1+Cos[2 (d+eXx)] -1+Cos[2 (d+eXx) ] -1+Cos[2 (d+eXx) ]

8(a-ib-c) (a+ib-c)c*(-a-c+aCos[2(d+ex)]|-cCos[2(d+ex)]|-bSin[2 (d+ex)])
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15 a3b B a _ C N aCos[2 (d+ex)]  _cCos[2 (d+ex)] ~ _bSin[2 (d+ex)]
-1+Cos[2 (d+ex)] -1+Cos[2 (d+eX)] -1+Cos[2 (d+ex)] -1+Cos[2 (d+eX)] -1+Cos[2 (d+ex)]

2(a-ib-c) (a+ib-c)c?®(-a-c+aCos|2(d+ex)]|-cCos[2(d+ex)]|-bSin[2 (d+ex)])

65ab3 _ a _ C i aCos[2 (d+ex) ] _ _cCos[2 (d+e x) ] _ bSin[2 (d+ex) ]
-1+Cos[2 (d+eXx) ] -1+Cos[2 (d+eXx)] -1+Cos[2 (d+eXx) ] -1+Cos[2 (d+ex)] -1+Cos[2 (d+eX)]
+
4(a-ib-c) (a+ib-c)c®(-a-c+aCos[2(d+ex)|-cCos[2(d+ex)]|-bSin[2 (d+ex)])
12 a2b _ c . aCos[2 (d+ex)] ~ _cCos[2 (d+ex)] ~ _bSin[2 (d+ex)]

—1+Cos (d+ex) ] -1+Cos[2 (d+ex)] -1+Cos[2 (d+eXx)] -1+Cos[2 (d+eXx) ] -1+Cos[2 (d+eXx) ]

+
(a-ib-c) (a+ib-c)c®(-a-c+aCos[2(d+ex)]|-cCos[2(d+ex)]|-bSin[2 (d+eXx)])
11 b3 _ C " aCos[2 (d+ex) ] _ cCos[2 (d+ex) ] _ bSin[2 (d+ex)]

—1+Cos d+ex )] -1+Cos[2 (d+ex)] -1+Cos[2 (d+ex)] -1+Cos[2 (d+ex)] -1+Cos[2 (d+ex) ]
8(a-ib-c) (a+ib-c)c?(-a-c+aCos|2(d+ex)|-cCos[2(d+ex)]|-bSin[2 (d+ex)])

3ab _ a _ c n aCos[2 (d+eXx)] _ cCos[2 (d+ex)] _ bSin[2 (d+ex)]

-1+Cos[2 (d+eXx)] -1+Cos[2 (d+eXx) ] -1+Cos[2 (d+eXx)] -1+Cos[2 (d+eXx) ] -1+Cos[2 (d+eXx) ]
2(a-ib-c) (a+ib-c)jc(-a-c+aCos[2(d+ex)]|-cCos[2(d+ex)]|-bSin[2 (d+ex)])
bCOS[Z (d+ex>] \/ a B C . aCos[2 (d+ex)] ~ _cCos[2 (d+ex)]  _bSin[2 (d+ex)]

-1+Cos[2 (d+ex)] -1+Cos[2 (d+ex)] -1+Cos[2 (d+eX)] -1+Cos[2 (d+ex)] -1+Cos[2 (d+eX)]

(a-ib-c) (a+ib-c) (-a-c+aCos[2(d+ex)|-cCos[2(d+ex)|-bsSin[2 (d+ex)])
aSin[Z (d+ex>] \/_ a _ C n aCos[2 (d+eXx) ] _ cCos[2 (d+ex)] _ bSin[2 (d+eXx) ]
-1+Cos[2 (d+ex)] -1+Cos[2 (d+ex) ] -1+Cos[2 (d+ex)] -1+Cos[2 (d+ex)] -1+Cos[2 (d+ex) ]

(a-ib-c) (a+ib-c) (—a—c+aCos[2 (d+ex” - cCos|[2 (d+ex)] -bsin[2 <d+ex)])
cSin[Z (d+ex>] \/_ a _ C " aCos[2 (d+eXx)] _ cCos[2 (d+ex)] _ bSin[2 (d+eXx) ]
-1+Cos[2 (d+eXx) ] -1+Cos[2 (d+eXx) ] -1+Cos[2 (d+eXx)] -1+Cos[2 (d+eXx) ] -1+Cos[2 (d+ex) ]

(a-ib-c) (a+ib-c) (-a-c+aCos[2(d+ex)]-cCos[2 (d+ex)]-bsSin[2 (d+ex)])

16 ¢®? (a*+b>-2ac+c?) e\/c+Tan[d+ex] (b+aTan[d+ex])

Tan[d + e X] /
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1

\/aerCot[d+ex]+cCo‘c[d+ex]2 -b(ia+b-ic) (-ia+b+ic)
32¢%2 (a2 +b2-2ac+c?) (c+Tan[d+ex] (b+aTan[d+ex]))>?

i 1 a+ -21 -1b- + + 2
8 (a+1‘1 b—C) cg/z Log[1b+2c+(21a b) Tan[d+ex]-21i+/a-i1b-c \/c bTan[d+e x]+aTan[d+e x] }

-1b- +1 b- 4 (-i+ +
(35b2-12¢ (5a+2c)) Log[Tan[d+ex]] + S\aibec (aribre)c (DirTan(drex]) .

Va-ib-c
b+2ic+2aTan[d+ex]+ibTan[d+e x]+2ch+Tan[d+ex] (b+a Tan[d+e x]) )
8 (a—ib-c) v/a+ib-c c* (i+Tan[d+ex]) ]
Va+ib-c

i

8c¥? (-a+ib+c) Log|

+b(ia+b—1‘1c>

(-ia+b+ic) (35b°-12c (5a+2c)) Log[2c+bTan[d+ex]+2\/?\/C+Tan[d+ex] (b+aTan[d+ex]) || Tan[d +eXx]

1

(asec[d+ex]?Tan[d+ex] +Sec[d+ex]? (b+aTan[d+ex])) +

16 ¢®? (a?+b%-2ac+c?) x/c+Tan[d+ex1 (b+aTan[d+ex])

\/a+bCot[d+ex]+cCot[d+ex]2 -b(ia+b-ic) (-ia+b+ic) (35b°-12c (5a+2c)) Log[Tan[d+ex]] +

ib+2c+(21a+b) Tan[d+ex]-21i+/a-ib-c \/c+bTan[d+ex]+aTan[d+ex]2 ]
8+ a-ib-c (a+ib-c) c* (-i+Tan[d+ex])

Va-1b-c
i (b+21’1c+2aTan[d+ex]+iLbTan[d+ex]+2m\/c+Tan[d+ex] (b+aTan[d+ex]) ]
[ 8 (a-ib-c) v/a+ib-c c* (i+Tan[d+ex])

Vva+ib-c

8 (a+ib-c)c®?Log|

8c?2 (-a+ib+c) Log

+b(]'1a+b—1'1c) (—ja+b+jc)

(35b2-12c (5a+2c)) Log[2c+bTan[d+ex] +2\E\/C+Tan[d+ex} (b+aTan[d+ex]) ||Sec[d+ex]?+

| 137
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(-bCsc[d+ex]?-2cCot[d+ex] Csc[d+ex]?) |-b(ia+b-ic) (-ia+b+ic) (35b*>-12c (5a+2c))Log[Tan[d+ex]] +

ib+2c+(21ia+b) Tan[d+ex]-21i+a-1b-c \/c+bTan[c|+ex]+aTan[d+ex]2 ]
8+ a-ib-c (a+ib-c) c* (-i+Tan[d+ex])

Vva-ib-c
b+2ic+2aTan[d+ex]+ibTan[d+e x]+2ch+Tan[d+ex] (b+a Tan[d+e x]) )
8 (a—ib-c) v/a+ib-c c* (i+Tan[d+ex]) ]
Va+ib-c

8 (a+ib-c)c?Log|

i

8c¥? (-a+ib+c) Log|

+b<Jia+b—JiC> (—Jia+b+1'1c)

(350 -12c (5a+2c)) Log[2c+bTan[d+ex1+2\/?\/C+Tan[d+ex] (b+aTan[d+ex]) || Tan[d+eXx] /

(."}ch/2 (a?+b®-2ac+c?) \/a+bCot[d+ex} +cCot[d+ex]? \/c+Tan[d+ex] (b+aTan[d+ex]) )+

1

\/a+bCot[d+ex] +cCot[d+ex]? Tan[d +ex]

16 c%/2 (a2 +b2-2ac+c?) \/c+Tan[d+ex] (b+aTan[d+ex])

-b(ia+b-ic) (-ia+b+ic) (35b*-12c (5a+2c))Csc[d+ex]Sec[d+ex]+ |b(ia+b-ic) (-ia+b+ic)

3502 12¢ (5a-2¢)) bSec[d+ex}2+\/? (asec[d+ex]?Tan[d+ex] +Sec[d+ex]? (b+aTan[d+ex])) /

\/c+Tan[d+ex] (b+aTan[d+ex])

(2c+bTan[d+ex} +2\/?\/C+Tan[d+ex] (b+aTan[d+ex])

+

5 i+va-ib-c (bSec[drex]2+2aSec[d+ex]?Tan[d+ex])

(2ia+b) Sec[d+ex]
+ + + + 2
64 (a+1‘1b—c)2c17/2 (—j+Tan[d+eX1) JerbTan(drex) aTan drex -

8va-ib-c (a+ib-c)c*(-i+Tan[d+ex])

Sec[d+ex]*|ib+2c+ (2ia+b) Tan[d+ex] -2i+va-ib-c \/c+bTan[d+ex] +aTan[d+ex]?
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(8\/a71'1b—c (a+ib-c)c (71'1+Tan[d+ex])2) /(jb+2c+ (2ia+b) Tan[d+ex] -

2iva-1b-c \/c+bTan[d+ex] +aTan[d+ex]?

[

- |641i (a-ib-c)c??(-a+ib+c) (i+Tan[d+ex])

Va+ib-c (aSec[d+ex]?Tan[d+ex] +Sec[d+ex]? (b+aTan[d+ex]))

2aSec[d+ex]?+1ibSec[d+ex]?+

/

\/c+Tan[d+ex} (b+aTan[d+ex])

(8 (a-ib-c)va+ib-c c* (J‘L+Tan[d+ex])) - (J’lSec[dJrex}2

b+2ic+2aTan[d+ex] +1bTan[d+eXx] +

2v/a+ib-c \/c+Tan[d+ex] (b+aTan[d+ex]) ))/(8 (a-ib-c)a+ib-c c4(j+Tan[d+eX}>2>]]/

b+2ic+2aTan[d+ex] +ibTan[d+ex] +2+va+ib-c \/c+Tan[d+ex] (b+aTan[d+ex]) )

Problem 12: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

Cot[d+ex]®
J dx
(a+bCotld+ex] +cCot[d+ex]2)3/2

Optimal (type 3, 865 leaves, 14 steps):
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3 b ArcTanh { b+2 c Cot[d+e x]

2+/c +/a+bCot[d+ex]+cCot[d+ex]?
arb ot (drex) ve Cot [dre - \/2a2c\/a2+b22ac+c2 Jaz
ZCS/Ze

Ar‘cTanh[(bz—(a—c) (a7c+\/a2+b2723c+c2]—b(Za—Zc—\/a2+b2—2ac+c2

Cot[d +ex]

/

b272ac+c2+(a—c)\/a2+b272ac+c2

\EJZaZc\/az+b22ac+c2 Jazb22ac+c2+(ac)\/a2+b22ac+c2 \/aerCot[dJrex]+cCot[d+ex]2

(\E (a2+b272ac+c2)3/2e) +

Ar‘cTanh[(bz—(a—c) (afc—\/aerbzfzac+c2]7b(2a72c+\/az+b272ac+c2

Cot[d +ex]

/

J2a2c+\/a2+b22ac+c2 JazbZZac+c2(ac)\/aerbZZac+c2

2 (2 b Cot[d
(\E (a®+b*-2ac+c?)*?el + (22+bCot[dex])

(b2-4ac) ex/a+bCot[d+ex} +cCot[d+ex]?
2Cot[d+ex]? (2a+bCot[d+ex])

(b2-4ac) e\/a+bCot[d+ex] +cCot[d+ex]?

2 (a(b?-2(a-c)c)+bc(a+c)Cotld+ex])

(b2+ (a-c)?) (b2-4ac) e\/a+bCot[d+ex] +cCot[d+ex]?

(3b?-8ac-2bcCot[d+ex]) \/a+bCot[d+ex] +cCot[d+ex]?
c? (b2—4ac) e

Result (type 3, 4537 leaves):

1\/—a—c+aCos[2 (d+ex)]-cCos[2 (d+ex)]|-bSin[2 (d+ex]]

e -1+ Cos[2 (d+ex) |

-3a*b?-3ab*+8a*c+15a2b?c+b*c-16a*c?-7ab’>c?+12a2c3+b%>c>-4act
[ (a-c) (a-ib-c) (a+ib-c)c?(-b2+4ac) -
(2 (-2a°b?-2ab*+4a*c+8a’b’c-4a’c?-a*bSin[2 (d+ex)] -2a’b*Sin[2 (d+eX) | -
b>Sin[2 (d+ex)] +6a’bcsSin[2 (d+ex)]| +5ab*cSin[2 (d+ex)|-5a’bc?Sin[2 (d+ex)])) /

\EJZaZC+\/a2+b22ac+cz Jazb223c+c2(ac)\/a2+b22ac+c2 \/a+bCot[d+ex]+cCot[d+ex]2

J]/

J]/
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((a-c) (a-ib-c) (a+ib-c)c(-b*+4ac) (-a-c+aCos[2(d+ex)|-cCos[2(d+ex)]|-bSin[2 (d+ex)])) |-

x/a+bCot[d+ex} +cCot[d+ex]® |3b(ia+b-ic) (-ia+b+ic)Llog[Tan[d+ex]] +

ib+2c+(21ia+b) Tan[d+ex]-21i+/a-ib-c \/c+bTan[d+ex]+aTan[d+ex]Z ]
a-ib-c (a+ib-c) c? (-i+Tan[d+ex])

Vva-ib-c
i (b+21‘1c+2aTan[d+e x]+jLbTan[d+ex]+2m\/c+Tan[d+e x] (b+aTan[d+ex]) ]
(a-ib-c) Jarib-c c2 (i+Tan[d+ex])
Va+ib-c

(a+ib-c)c*?Log|

+

/2 (-a+1ib+c) Log|

3b(ia+b-ic) (-ia+b+ic)log[2c+bTan[d+ex] +2\/?\/C+Tan[d+ex} (b+aTan[d+ex]) |

2b _ a _ C n aCos[2 (d+eXx) ] _ cCos[2 (d+ex) ] _ bSin[2 (d+e x) ]
-1+Cos[2 (d+ex)] -1+Cos[2 (d+ex)] -1+Cos[2 (d+ex)] -1+Cos[2 (d+ex)] -1+Cos[2 (d+ex)]

(a-ib-c) (a+ib-c) (-a-c+aCos[2(d+ex)|-cCos[2(d+ex)|-bSin[2 (d+eX)])

+

3 az b _ C . aCos[2 (d+ex)] ~ _cCos[2 (d+ex)]  _bSin[2 (drex)]
71+Cos d+ex -1+Cos[2 (d+eX)] -1+Cos[2 (d+ex)] -1+Cos[2 (d+eXx)] -1+Cos[2 (d+eXx)]
+
(a-ib-c) (a+ib-c)c? ( a-c+aCos[2(d+ex)]-cCos[2(d+ex)]|-bsin[2 (d+ex)])
_ C aCos[2 (d+ex) ] _ _cCos|2 (d+ex) ] _ bSin[2 (d+ex) ]
—1+Cos d+ex )] -1+Cos[2 (d+ex) ] -1+Cos[2 (d+ex) ] -1+Cos[2 (d+ex)] -1+Cos[2 (d+ex) ]
(a-ib-c) (a+ib-c)c?(-a-c+aCos[2(d+ex)|-cCos[2(d+ex)]|-bSin[2 (d+ex)])
6ab _ c , aCos[2 (drex)] _ _cCos[2(d+ex)] _ _bSin[2 (dvex)]
71+Cos (d+ex) ] -1+Cos[2 (d+eXx)] -1+Cos[2 (d+eXx) ] -1+Cos[2 (d+eXx)] -1+Cos[2 (d+eXx) ]
+

(a-ib-c) (a+ib-c)c(-a-c+aCos[2(d+ex)]-cCos[2(d+ex)]-bSin[2 (d+ex)])
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bCOS[Z (d+ex>] B a _ C + aCos[2 (d+ex)] ~ _cCos[2 (d+ex)]  _bSin[2 (d+ex)]
-1+Cos[2 (d+ex)] -1+Cos[2 (d+ex)] -1+Cos[2 (d+eX)] -1+Cos[2 (d+ex)] -1+Cos[2 (d+eX)]

(a-ib-c) (a+ib-c) (-a-c+aCos[2(d+ex)|-cCos[2(d+ex)|-bSin[2 (d+ex)])

aSin[Z (d+ex)] _ a _ C n aCos[2 (d+eXx)] _ cCos[2 (d+ex)] _ bSin[2 (d+ex) ]
-1+Cos[2 (d+eXx)] -1+Cos[2 (d+eXx) ] -1+Cos[2 (d+eXx)] -1+Cos[2 (d+eXx) ] -1+Cos[2 (d+ex)]
+
(a-ib-c) (a+ib-c) (-a-c+aCos[2(d+ex)|-cCos[2(d+ex)|-bSin[2 (d+ex)])
cSin[Z <d+ex>] _ a _ c " aCos[2 (d+ex)] ~ _cCos[2 (dtex)] _ _bSin[2 (d+ex)]
-1+Cos[2 (d+eXx)] -1+Cos[2 (d+eXx) ] -1+Cos[2 (d+eXx)] -1+Cos[2 (d+eXx) ] -1+Cos[2 (d+eXx) ]
Tan[d + e X] /

(a-ib-c) (a+ib-c) (-a-c+aCos[2(d+ex)]|-cCos[2(d+ex)|-bSin[2 (d+ex)])

2c¢*? (a?+b*-2ac+c?) e\/c+Tan[d+ex} (b+aTan[d+ex])

1

\/a+bCot[d+ex] +cCot[d+ex]?
4c*2 (a?+b?-2ac+c?) (c+Tan[d+ex] (b+aTan[d+ex]))3/2

ib+2c+(21a+b) Tan[d+ex]-21+a-1b-c \/CerTan[dJrex]+aTan[d+ex]2 }

(a+ib-c)c?Log| . o :
A/ a-1b- +1 b- —-1+T +
3b(ia+b-ic) (-ia+b+ic)Llog[Tan[d+ex]] + a-ibrc (avibre) & (irTanidrex)) +

Va-1b-c

[Ji (b+21’1c+2aTan[d+ex]+J‘L bTan[d+ex]+2+ a+1b-c \/c+Tan[d+ex] (b+aTan[d+e x]) ]

2 (~a+ib+c) Log ]

(a-ib-c) Va+ib-c c?

Vva+ib-c

(i+Tan[d+e x])

3b(ia+b-ic) (-ia+b+ic)Llog[2c+bTan[d+ex] +2\/?\/C+Tan[d+ex} (b+aTan[d+ex]) |

Tan[d+ex] (aSec[d+ex]*Tan[d+ex] +Sec[d+ex]? (b+aTan[d+ex])) -
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1

x/a+bCot[d+ex] +cCot[d+ex]?

2c*/2 (a2 +b?-2ac+c?) \/c+Tan[d+ex} (b+aTan[d+ex])

ib+2c+(21ia+b) Tan[d+ex]-21i+a-1ib-c \/c+b Tan[d+e x] +a Tan[d+e x]?

(a+ib-c)c?Log| b ibo
3b(ia+b-ic) (-ia+b+ic)Llog[Tan[d+ex]] + aibc (aribre) ¢ (irTanfdrex)) +

Vva-1b-c

i [b+2 ic+2aTan[d+ex]+ibTan[d+ex]+2+ a+1ib-c \/c+Tan [d+e x] (b+aTan[d+ex]) ]
[ (a-1b-c) \/a+ib-c c? (i+Tan[d+ex])
Vva+ib-c

c>2 (-a+ib+c) Log

-3b(ia+b-ic) (-ia+b+ic) Log|

2c+bTan[d+ex] +2\/?\/C+Tan[d+ex] (b+aTan[d+ex]) || secrd+ex)?- (-bCsc[d+ex]?-2cCot[d+ex] Csc[d+ex]?)

ib+2c+(21a+b) Tan[d+ex]-21i+a-ib-c /c+bTan[d+ex]+aTan[d+ex]2 ]

(a+ib-c)c?Log| b mibo e
3b (J’la+b—jc> (—ja+b+jc) Log[Tan[d+ex]] + a-ibec (a+iboc) & (CirTan(drex) "

Vva-1b-c

i

b+2ic+2aTan[d+ex]+ibTan[d+ex]+2+/a+1ib-c \/c+Tan[d+e x] (b+aTan[d+ex]) )
(a-ib-c) v/a+ib-c c? (i+Tan[d+ex]) ]
Vva+ib-c

2 (-a+ib+c) Log|

3b(ia+b-ic) (-ia+b+ic) Log[2c+bTan[d+ex]+2\/?\/C+Tan[d+ex] (b+aTan[d+ex]) || Tan[d+eX] /

(4c5/2 (a?+b*-2ac+c?) \/a+bCot[d+ex] +cCot[d+ex]? x/c+Tan[d+ex1 (b+aTan[d+ex]) ]—

1

2c¢*/2 (a2 +b?-2ac+c?) \/c+Tan[d+ex] (b+aTan[d+ex])

\/a+bCot[d+ex] +cCot[d+ex]® Tan[d+ex] [3b (ia+b-ic) (-ia+b+ic)Cscld+ex]Sec[d+ex] -
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e (asec[d+ex]?Tan[d+ex] +Sec[d+ex]? (b+aTan[d+ex]))

3b(ia+b-ic) (-ia+b+ic) |bSec[d+ex]?+

/

\/c+Tan[d+ex} (b+aTan[d+ex])

2 .9/2

(2c+bTan[d+ex}+2\/?\/C+Tan[d+ex] (b+aTan[d+ex]) | +|(a+ib-c)?c®? (-i+Tan[d+ex])

i+/a-ib-c (bSec[d+ex]?+2aSec[d+ex]?Tan[d+ex])

(2ia+b) sec[d+ex]?-

\/c+b Tan[d+e x]+a Tan[d+e x]2

Va-ib-c (a+ib-c)c?(-i+Tan[d+ex])

Sec[d+ex]*|ib+2c+ (2ia+b) Tan[d+ex] -

2iva-1b-c \/c+bTan[d+ex} +aTan[d+ex]?

)/(m (a+ib-c)c? (7]1+Tan[d+ex])2) /[jlb+2c+

(2ia+b) Tan[d+ex] -2i+Va-ib-c \/c+bTan[d+ex] +aTan[d+ex]?

[

- [J’L (a-ib-c)c®?(-a+ib+c) (i+Tan[d+ex])

/

Va+ib-c (aSec[d+ex]?Tan[d+ex] +Sec[d+ex]? (b+aTan[d+ex]))

2aSec[d+ex]?+ibSec[d+ex]?+

\/c+Tan[d+ex} (b+aTan[d+ex])

((afjbfc) va+ib-c c? (]‘1+Tan[d+ex])) - (jSec[d+ex}2

b+2ic+2aTan[d+ex] +ibTan[d+ex] +

2+/a+ib-c \/c+Tan[d+ex] (b+aTan[d+ex]) ))/((afjbfc) Va+ib-c c? (j+Tan[d+eX}>2)J]/

br2ic+2aTan[d+ex] +ibTan[d+ex] +2+a+ib-c \/c+Tan[d+ex1 (b+aTan[d+ex]) )

Problem 13: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

Cot[d+ex]?3

dx
J(a+bCo‘c[d+ex] +cCot[d+ex]?)*?
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Optimal (type 3, 686 leaves, 10 steps):

JZaZc\/a2+b22ac+c2 \/azb22ac+c2+(ac)\/a2+b22ac+c2

Ar‘cTanh[(bzf(afc) (a7c+\/a2+b272ac+c2]7b(2a72c7\/a2+b272ac+c2 Cot[d+eX]

/

V2 JZaZcx/a2+b22ac+c2 Jazb22ac+c2+(ac)\/a2+b22ac+c2 \/aerCot[dJrex]+c(:ot[d+ex]2

1]/

(\/? (a2+b272ac+c2)3/2e) -

J2a2c+x/a2+b22ac+c2 \/aZbZZac+c2(ac)\/a2+b22ac+c2

V2 \/2a2c+\/a2+b22ac+c2 JaZbZZac+c2(ac)\/a2+b22ac+c2 x/aerCot[dJrex]+cCot[d+ex]2

Ar‘cTanh[(bzf(afc) (afcf\/a2+b272ac+c2]7b(2a72c+\/a2+b272ac+c2 Cot[d +ex]

1]/

2 2 21 3/2 2 (2a+bCot[d+ex])
(\/?(a +b?-2ac+c?)¥%e) -

(b2-4ac) e\/a+bCot[d+ex} +cCot[d+ex]?
2 (a(b?-2(a-c)c)+bc(a+c)Cotld+ex])

(b2+ (a-c)?) (b2-4ac) e\/a+bCot[d+ex] +cCot[d+ex]?
Result (type 3, 3282 leaves):

1\/—a—c+aCos[2 (d+ex)]-cCos[2 (d+ex)]|-bSin[2 (d+ex]]
e -1+Cos[2 (d+eX) |

2a(2a?+b*-2ac)

Cos|2 (d+ex)| -1Sin|2 (d+eXx
7ab2+j1b3+4a2c7411abc+b2c74ac2)+<( [ (+ H ! [ (+ H>

((ac) (a+ib-c) (

(ia3b+2j1a2bc+ib3c—31'1abc2+8a3cCos[2 (d+ex” +4ab?cCos|2 (d+ex” -8a’c?Cos[2 (d+ex)] -ia*bCos|4 (d+ex)] -
ZJlaZbcCos[4 (d+ex)] —Jib3cCos[4 (d+ex)] +3]'1abc2Cos[4 (d+ex” +81‘La3cSin[2 (d+ex)] +4J’1ab2cSin[2 (d+ex)] -
81ia’c?sin|2 (d+ex)] +a’bsin|4 (d+ex)] +2a’bcsin(4 (d+ex” +b?csSin(4 (d+ex)] -3abc?sin|4 (d+ex)”)/

((a-c) (a-ib-c) (a+ib-c) (-b*+4ac) (—a—c+aCos[2 (d+ex>]—cCos[2 (d+ex”—bsin[2 (d+ex)])) +
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-4c-4iaTan[d+ex]-2b (i+Tan[d+ex])+41i+/a-1b-c \/c+Tan [d+ex] (b+aTan[d+eXx]) ]

Log
\/a +bCot[d+ex] +cCot[d+ex]? [ a-ibec fariboe) ZiTan(drex]) -
(a-ib-c) 3/2

4c+2b (-i+Tan[d+ex])-41 [aTan[d+e x]++/ a+ib-c \/c+Tan[d+e x] (b+aTan[d+ex]) ]

Lo
g[ (a-ib-c) va+ib-c (i+Tan[d+ex]) }
(a+ib-c)*?
b _ a _ C . aCos[2 (d+ex)] _ _cCos[2 (d+e x) ] _ bSin[2 (d+ex)]
-1+Cos[2 (d+eXx) ] -1+Cos[2 (d+eXx)] -1+Cos[2 (d+ex) ] -1+Cos[2 (d+eXx)] -1+Cos[2 (d+eXx) ]

(a-ib-c) (a+ib-c) (-a-c+aCos[2(d+ex)|-cCos[2(d+ex)|-bSin[2 (d+eXx)])

bCOS[Z (d+ex>] _ a _ C n aCos[2 (d+eXx) ] _ cCos[2 (d+ex)] _ bSin[2 (d+ex) ]
-1+Cos[2 (d+ex)] -1+Cos[2 (d+ex) ] -1+Cos[2 (d+ex)] -1+Cos[2 (d+ex)] -1+Cos[2 (d+ex) ]

(a-ib-c) (a+ib-c) (-a-c+aCos[2 (d+ex)|-cCos[2(d+ex)|-bSin[2 (d+ex)])

aSin[Z (d+ex>]\/ a _ c " aCos[2 (d+ex)] ~ _cCos[2 (dtex)]  _bSin[2 (d+ex)]
-1+Cos[2 (d+eXx)] -1+Cos[2 (d+eXx) ] -1+Cos[2 (d+eXx)] -1+Cos[2 (d+eXx) ] -1+Cos[2 (d+eXx) ]

(a-ib-c) (a+ib-c) (-a-c+aCos[2 (d+ex)]|-cCos[2(d+ex)|-bSin[2 (d+ex)])

cSin[Z (d+ex>] \/ a _ C . aCos[2 (d+ex)] ~ _cCos[2 (d+ex)]  _bSin[2 (d+ex)]
-1+Cos[2 (d+eXx)] -1+Cos[2 (d+ex)] -1+Cos[2 (d+eXx)] -1+Cos[2 (d+eXx)] -1+Cos[2 (d+eXx) ]

(a-ib-c) (a+ib-c) (-a-c+aCos[2(d+ex)|-cCos[2(d+ex)|-bsSin[2 (d+ex)])

Tan[d + e X] / 2e\/c+bTan[d+ex] +aTan[d+ex]?

Log[ -4c-4iaTan[d+ex]-2b (i+Tan[d+ex])+4 1~/ a-1ib-c \/c+Tan[d+ex] (b+aTan[d+e x]) ]
\/a-ib-c (a+ib-c) (-i+Tan[d+eXx])

- x/a+bCot[d+ex} +cCot[d+ex]?
(a—jb—c>3/2
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4c+2b (-i+Tan[d+ex])-4 1 (aTan[d+ex]+x/a+j1 b-c Jc+Tan[d+ex] (b+aTan[d+e x]) ]

(a-ib-c) Va+ib-c (i+Tan[d+ex])

)3/2

Log|

Tan[d + e X]
(avib-c

(bSec[d+ex]?+2aSec[d+ex]*Tan[d+ex]) /(4 (c+bTan[d+ex] +aTan[d+ex]2)3/2)

-4c-4iaTan[d+ex]-2b (i+Tan[d+ex])+4 1+ a-1b-c \/c+Tan[d+ex] (b+aTan[d+e x]) }

Log |
\a-1ib- +1 b- -1+ d+
\/aerCot[dJrex]+cCo‘c[d+ex}2 a-ibc (aribre) (ZiiTanfdrex)) -

(a-ib-c)??

4c+2b (-i+Tan[d+ex])-4 1 (aTan[d+ex]+«/a+1’1 b-c Jc+Tan[d+ex] (b+aTan[d+e x]) ]

(a-ib-c) Va+ib-c (i+Tan[d+ex])

3/2

Log|

+

Sec[d+ex]? /[2\/c+bTan[d+ex} +aTan[d+ex]?

(a+ib-c)

-4c-4iaTan[d+ex]-2b (i+Tan[d+ex])+4 i~/ a-ib-c /c+Tan[d+e x] (b+aTan[d+ex]) ]

Log | : _ :
(-bCsc[d+ex]?-2cCot[d+ex] Csc[d+ex]?) a-ibc (aribe) (irTandiex]) -

(a—jb—c)3/2

4c+2b (-i+Tan[d+ex])-41i (aTan[d+ex]+x/a+Ji b-c \/c+Tan[d+ex] (b+aTan[d+e x]) ] ]
a-ib-c) v a+ib-c (i+Tan[d+ex
(@b vart rTanldre x]) Tan[d + e X] /

(avib-c)>?

Log |

1

+

(4x/a+bCot[d+ex} +cCot[d+ex]? \/c+bTan[d+ex] +aTan[d+ex]?

2\/c+bTan[d+ex} +aTan[d +ex]?

\/a+bCot[d+ex] +cCot[d+ex]* Tan[d+ex] ||(a+ib-c) (-i+Tan[d+ex])

-4iaSec[d+ex]?-2bSec[d+ex]%+

2iva-ib-c (aSec[d+ex]?Tan[d+ex] +Sec[d+ex]? (b+aTan[d+ex])) /

\/c+Tan[d+ex} (b+aTan[d+ex])

| 147
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-4c-4iaTan[d+ex] -2b (i+Tan[d+ex])+4iva-ib-c
/((a—jb—c) (—4c—41‘1a

Tan[d+ex] -2b (i+Tan[d+ex]) +4ia-ib-c \/c+Tan[d+ex1 (b+aTan[d+ex]) )) - {(a—ib—c) (i+Tan[d+ex])

/

(\/a—jlb—c (a+ib-c) (—I‘L+Tan[d+ex})) - (Sec[d+ex}2

\/c+Tan[d+ex] (b+aTan[d+ex]) ))/(\/a—jb—c (a+ib-c) (1'1+Tan[d+ex])2)]

Va+ib-c (aSec[d+ex]?Tan[d+ex] +Sec[d+ex]? (b+aTan[d+ex]))
2bSec[d+ex]?-41

aSec[d+ex]?+

2\/c+Tan[d+ex] (b+aTan[d+ex])

a-1b-c a+ib-c (1+Tan[d+ex] - |sec[d+ex]? aTan[d+ex] +
[ )V

4c+2b (-i+Tan[d+ex]) -41i

m\/c+Tan[d+ex} (b+aTan[d+ex]) )))/((ajbc)m(j+Tan[d+ex])2)]]/

((aﬂlb—c) (4c+2b (-i+Tan[d+ex]) -41 (aTan[d+ex} +va+ib-c \/c+Tan[d+ex} (b+aTan[d+ex]) )))]

Problem 14: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

Cot[d+ex]

dx
J(a+bCo‘c[d+ex] +cCot(d+ex)?)>?

Optimal (type 3, 635leaves, 7 steps):
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—[[\/Za—ZC—\/a2+b2—2ac+c2 \/az—bz—Zac+c2+(a—c> \/a2+b2—2ac+c2

Ar‘cTanh[(bz—(a—c) (a—c+\/a2+b2—2ac+c2]—b(Za—Zc—\/aZerz—ZaCJrc2

Cot[d +ex]

/

\/7\/2a—2c—\/a2+b2—2ac+c2 \/az—bz—Zac+c2+(a—c) \/a2+b2—2ac+c2 \/a+bCot[d+ex]+cCo‘c[d+ex]2

]]/

+

(\/7 (a2+b2—2ac+c2)3/2e)

JZa—2c+\/a2+b2—2ac+c2 \/az—bz—Zac+c2—(a—c) \/a2+b2—2ac+c2

/

\E\/Za—ZC+\/a2+b2—2ac+c2 \/az—bz—Zac+c2—(a—c) \/a2+b2—2ac+c2 \/a+bCot[d+ex]+cCo‘c[d+ex]2

Ar‘cTanh[(bZ—(a—c) (a—c—\/a2+b2—2ac+c2]—b(Za—2c+\/a2+b2—2ac+c2 Cot[d+eXx]

]]/

VZ (s + b2 2ac+c)7e) - 2(a(b?-2(-c)c) +bec(arc) Cotldrex])

(b2+ (a-c)?) (b?-4ac) e\/a+bCot[d+ex} +cCot[d+ex]?
Result (type 3, 3075 leaves):

1\/—a—c+aCos[2 (d+ex)]-cCos[2 (d+ex)]-bSin[2 (d+ex)]

e -1+Cos[2 (d+ex) |

2a(-b*+2ac-2c?
(a-c) (a-ib-c) (a+ib-c) (-b>+4ac)
(2 (-2abtcoascl aac-abisin[2 (drex)] +3atbesin(2 [drex]| -2abersin(2 (drex)] -besin(2 (dvex)])]

((a-c) (a-ib-c) (a+ib-c) (-b®+4ac) (-a-c+aCos[2 (d+ex)]|-cCos[2(d+ex)|-bSin[2 (d+ex)]))|+

Log{74c74iaTan[d+ex]72b (1+Tan[d+ex])+41+a-1b-c \/c+Tan[d+ex] (b+aTan[d+e x]) }
Va-ib-c (a+ib-c) (-i+Tan[d+ex
\/a+bCot[d+ex}+cCot[d+ex]2 - 1boc (aribro) (Hi-Tanldrex]) +
(a-ib-c)??
[4c+2b (-i+Tan[d+ex])-41 |aTan[d+e x]+v a+1b-c \/c+Tan[d+ex] (b+aTan[d+e x]) ]
Log

(a-ib-c) va+ib-c (i+Tan[d+ex])

(a+1‘1b—c)3/2
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b _ a _ C aCos[2 (d+ex) ] _ _cCos[2 (d+e x) ] _ bSin[2 (d+e Xx) ]
-1+Cos[2 (d+ex)] -1+Cos[2 (d+ex) ] -1+Cos[2 (d+ex)] -1+Cos[2 (d+ex)] -1+Cos[2 (d+eXx)]

- +
(a-ib-c) (a+ib-c) (-a-c+aCos[2 (d+ex)]|-cCos[2(d+ex)|-bSin[2 (d+ex)])
bCOS[Z (d+ex>] \/ a _ C . aCos[2 (d+ex)] ~ _cCos[2 (d+ex)]  _bSin[2 (d+ex)]

-1+Cos[2 (d+eXx)] -1+Cos[2 (d+ex)] -1+Cos[2 (d+eXx)] -1+Cos[2 (d+eXx)] -1+Cos[2 (d+eXx) ]

(a-ib-c) (a+ib-c) (-a-c+aCos[2(d+ex)|-cCos[2(d+ex)|-bsSin[2 (d+ex)])

aSin[Z (d+ex)] _ a _ C n aCos[2 (d+eXx) ] _ cCos[2 (d+ex)] _ bSin[2 (d+e x) ]
-1+Cos[2 (d+ex)] -1+Cos[2 (d+ex)] -1+Cos[2 (d+ex)] -1+Cos[2 (d+ex)] -1+Cos[2 (d+ex) ]

(a-ib-c) (a+ib-c) (-a-c+aCos[2(d+ex)|-cCos[2(d+ex)|-bSin[2 (d+ex)])

cSin[Z (d+ex)] \/_ a _ C n aCos[2 (d+ex)] _ cCos[2 (d+ex)] _ bSin[2 (d+ex) ]
-1+Cos[2 (d+eXx)] -1+Cos[2 (d+eXx) ] -1+Cos[2 (d+eXx) ] -1+Cos[2 (d+eXx) ] -1+Cos[2 (d+ex) ]

(a-ib-c) (a+ib-c) (-a-c+aCos[2 (d+ex)|-cCos[2(d+ex)|-bSin[2 (d+ex)])

Tan[d + e Xx] / 2e\/c+bTan[d+ex] +aTan[d+ex]?

-4c-4iaTan[d+ex]-2b (i+Tan[d+ex])+4 1+ a-1b-c \/c+Tan[d+ex] (b+aTan[d+e x]) }

Log|
Va-ib-c (a+ib-c) (-i+Tan[d+ex])

- \/a+bCot[d+ex1 +cCot[d+ex]? |-

(a—1‘1b—c)3/2

4c+2b (-i+Tan[d+ex])-4 1 (aTan[d+ex]+\/a+i b-c Jc+Tan[d+ex] (b+aTan[d+e x]) ]
(a-ib-c) v/ a+ib-c (i+Tan[d+ex]) ]

<a+J'lb7C>3/2

Log|

Tan[d + e X]

(bSec[d+ex]?+2aSec[d+ex]?Tan[d+ex]) /(4 (c+bTan[d+ex] +aTan[d+ex]2)3/2)
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-4c-4iaTan[d+ex]-2b (i+Tan[d+ex])+4 i~/ a-ib-c /c+Tan [d+ex] (b+aTan[d+ex]) ]

Log |
A/ a-ib- +1 b- -1+ d+
\/a+bCot[d+ex]+cCot[d+ex]2 - a-ibc (aribre) (irTanfdrex]) +

(a—jlbfc)?’/2

4c+2b (-i+Tan[d+ex])-4 1 (aTan[d»fex]M/aﬂi b-c \/c+Tan[d+ex] (b+aTan[d+e x]) ]

Log|
-ib-c) v a+ib- i+Tan[d
(az1brc) varibre (irTandrex)) Sec[d+ex]? /(2\/c+bTan[d+ex]+aTan[d+ex]2 +
. 3/2
<a+]1b—c>
Log[ -4c-4iaTan[d+ex]-2b (i+Tan[d+ex])+4 1~/ a-1b-c \/c+Tan[d+ex] (b+aTan[d+e x]) ]
\a-ib-c (a+ib-c) (-i+Tan[d+e
(-bCsc[d+ex]?-2cCot[d+ex] Csc[d+ex]?) |- 1boc (aribre) (irTan(drex]) +
(a-ib-c)??
4c+2b (-i+Tan[d+ex])-41i (aTan[d+ex]+w/a+Ji b-c \/c+Tan[d+ex] (b+aTan[d+e x]) ]
Lo
g[ (a-ib-c) Va+ib-c (i+Tan[d+ex]) ] Tan[d EX] /
+
(a+1‘1b—c)3/2

1

+

(4\/a+bCot[d+ex} +cCot[d+ex]? \/c+bTan[d+ex] +aTan[d+ex]?

2\/c+bTan[d+ex} +aTan[d +ex]?

\/aerCot[dJrex]+cCot[d+ex]2 Tan[d+ex] |-||(a+ib-c) (-i+Tan[d+ex])

-41aSec[d+ex]?-2bSec[d+ex]%+

2i+va-ib-c (aSec[d+ex]?Tan[d+ex] +Sec[d+ex]? (b+aTan[d+ex])) /

\/c+Tan[d+ex} (b+aTan[d+ex])

(\/a—jlb—c (a+ib-c) (—i+Tan[d+ex1)) - (Sec[d+ex12

~4c-4iaTan[d+ex] -2b (i+Tan[d+ex]) +

4i+a-ib-c \/c+Tan[d+ex] (b+aTan[d+ex]) ))/(\/a—ib—c (a+ib-c) (—1+Tan[d+ex])2) /

((a—ib—c) (—4c—4iaTan[d+ex] -2b(i+Tan[d+ex]) +4ia-ib-c \/c+Tan[d+ex] (b+aTan[d+ex]) )) +
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(a-ib-c) (i+Tan[d+ex]) ||2bSec[d+ex]?-4i |aSec[d+ex]?+

Va+ib-c (aSec[d+ex]?Tan[d+ex] +Sec[d+ex]? (b+aTan[d+ex]))

|/

4c+2b (-i+Tan[d+ex])-41i

2\/c+Tan[d+ex} (b+aTan[d+ex])

((a—jb—c) Vva+ib-c (1'1+Tan[d+ex])) - (Sec[d+ex]2

aTan[d+eXx] +

m\/c+Tan[d+ex} (b+aTan[d+ex]) )))/((afjbfc) m(mTan[dwﬂ)z)]]/

((aﬂibfc) (4c+2b (-i+Tan[d+ex]) -4i (aTan[d+ex} +va+1ib-c \/c+Tan[d+ex} (b+aTan[d+ex]) )))]

Problem 15: Humongous result has more than 200000 leaves.

Tan[d + e X]

dx
J(a+bCot[d+ex] +cCot[d+ex]?)*?

Optimal (type 3, 749 leaves, 13 steps):
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Ar‘cTanh[ 2 a+b Cot[d+e x] ]
2+/a +/a+bCot[d+ex]+c Cot[d+e x]?2
Jar = . +[J2a2c\/a2+b22ac+c2 \/azb22ac+c2+(ac)\/a2+b22ac+c2

a3’?2e

\EJZaZC\/a2+b22ac+c2 Jazb22ac+c2+(ac)\/a2+b22ac+c2 \/aerCot[dJrex]+cCot[d+ex]2

Ar‘cTanh[(bz—(a—c) (a7c+\/a2+b2723c+c2]—b(Za—Zc—\/a2+b2—2ac+c2 Cot[d +ex]

J]/

J2a2c+\/a2+b22ac+c2 \/azbZZac+c2(ac)\/az+b22ac+c2

/

\EJZaZCJr\/aZerZZac+c2 Jazb223c+c2(ac)\/az+b22ac+c2 \/aer(Zot[dJrex]+cCot[d+ex]2

(\E (a2+b272ac+c2)3/2e) -

Ar‘cTanh[(bz—(a—c) (afc—\/aerbzfzaCJrczj7b(2a72c+\/az+b272ac+c2 Cot[d+ex]

J]/

2 _
(ﬁ<a2+b272aC+C2)3/2e)7 2(b ZaC+bCCOt[d+ex]> N

a(b?-4ac) e\/a+bCot[d+ex] +cCot[d+ex]?

2 (a(b?-2(a-c)c)+bc(a+c)Cot[d+ex])

(b2+ (a-c)?) (b2-4ac) e\/a+bCot[d+ex] +cCot[d+ex]?

Result (type ?, 558 961 leaves) : Display of huge result suppressed!

Problem 16: Humongous result has more than 200000 leaves.

Tan[d +ex]3

J(a+bCo‘c[d+ex] +cCot[d+ex]?)*?

Optimal (type 3, 1008 leaves, 18 steps):
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ArcTanh { 2 a+b Cot[d+e x] ] 3 (5 b2 _4a C) ArcTanh [ 2a+bCot[d+ex] ]
2\/?\/a+bCot[d+ex]+c Cot[d+e x]? Zﬁ\/a+bCot[d+ex]+cCot[d+ex]2

a3/2e 837/26

JZaZc\/a2+b22ac+c2 \/azbzzac+c2+(ac) \/a2+b272ac+c2

Ar‘cTanh[(bz—(a—c) (a—c+\/a2+b2—2ac+c2]—b(Za—Zc—\/aZ+b2—2ac+c2 Cot[d +ex]

/

\EJZaZC\/aZerZZac+c2 Jazb22ac+c2+(ac)\/a2+b22ac+c2 \/aer(Iot[dJrex]+cCot[d+ex]2 ]/

(\/2 (a2+b2—23c+c2)3/2e)+ J2a2c+\/a2+b22ac+c2 \/a2b223c+c2(ac)\/a2+b223c+c2

/

ﬁJ2a2c+\/a2+b22ac+c2 JazbZZac+c2(ac)\/a2+b22ac+c2 \/aer(Zot[dJrex]+cCot[d+ex]2 ]/

Ar‘cTanh[(bz—(a—c) (a—c—\/aerbz—ZaCJrczj—b(Za—ZCJr\/a2+b2—2ac+c2 Cot[d+ex]

2 (b2-2 bcC d
(\/? (a2+b272ac+c2)3/2e)+ ( ac+bcCotidrex]) -

a(b’-4ac) e\/a+bCot[d+ex] +cCot[d+ex]?

2 (a(b?-2(a-c)c)+bc(a+c)Cot[d+ex])

(b2+ (a-c)?) (b2-4ac) e\/a+bCot[d+ex] +cCot[d+ex]?

b (15b2-52ac) \/a+bCot[d+ex} +cCot[d+ex]? Tan[d +ex]

433 (b274ac) e

2 (b>-2ac+bcCot[d+ex]) Tan[d+ex]?

+

a(b?2-4ac) e\/a+bCot[d+ex] +cCot[d+ex]?

(5b%-12ac) \/a+bCot[d+ex} +cCot[d+ex]? Tan[d+ex]?2

2a? (b274ac) e

Result (type ?, 930953 leaves) : Display of huge result suppressed!
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Problem 17: Result more than twice size of optimal antiderivative.

J Cot[d+ex]?
dx
\/a+bCot[d+ex]2+cCot[d+ex]4

Optimal (type 3, 182leaves, 8steps):

Ar'CTanh[ 2a-b+(b-2c) Cot[d+ex]? ] <b+2C) Ar‘cTanh[ b+2 c Cot[d+e x]2
2+/a-b+c \/a+b(201:[d+ex]2+cCot[d+ex]4 2\/?\/a+bCot[d+ex]z+cCot[d+ex]“ \/a+bCot[d+ex}2+cCot[d+ex]4
+ —_
2+/a-b+c e 4c?e 2ce

Result (type 3, 2952 leaves):

3a+b+3c-4aCos[2 (d+ex)]+4cCos[2 (d+ex)]+aCos[4 (d+ex)]-bCos[4 (d+ex) ]+c Cos[4 (d+ex)]
3-4Cos[2 (d+ex)]+Cos[4 (d+eXx) ]

2ce

2c*2Log[1+Tan[d+ex]?]
Va-b+c

2cLog[Zc+bTan[d+ex]2+2\/?\/c+bTan[d+ex]2+aTan[d+ex}4 |+

([(b+2c) Log[Tan[d+ex]?] - —bLog[zc+bTan[d+ex}2+2\/?\/c+bTan[d+ex}2+aTan[d+ex]4 | -

1
Vva-b+c

22 Log[b (-1+Tan[d+ex]?) +2 (cfaTan[d+ex}2+\/afb+c \/c+bTan[d+ex}2+aTan[d+ex]4

i

J

3a b 3c

+ + -

3-4Cos[2(d+ex)|+Cos[4 (d+ex)] 3-4Cos[2(d+ex)]+Cos[4 (d+ex)] 3-4Cos[2(d+ex)]|+Cos[4 (d+eX)]|

4acCos[2 (d+ex) | . 4cCos[2 (d+ex) | . acCos |4 (d+ex)] )
3-4Cos[2(d+ex)]|+Cos[4 (d+ex)] 3-4Cos[2(d+ex)]+Cos[4(d+ex)] 3-4Cos[2(d+ex)]|+Cos[4 (d+ex)]
bCos[4 (d+ex)] cCos[4 (d+ex)]

+

Sin[2 (d+ex) ]
3-4Cos[2(d+ex)]|+Cos[4 (d+ex)] 3-4Cos[2(d+ex)]+Cos[4 (d+ex)]

/

(3a+b+3c-4acCos|[2(d+ex)|+4cCos[2(d+ex)]|+aCos[4 (d+ex)]|-bCos[4 (d+ex)]|+cCos|4 (d+ex)})} -

Zb\/ 3a . b . 3c )
3-4Cos[2(d+ex)|+Cos[4 (d+ex)] 3-4Cos[2(d+ex)]+Cos[4(d+ex)] 3-4Cos[2(d+ex)]|+Cos[4 (d+ex)]
4acCos[2 (d+ex) | 4cCos[2 (d+ex) | acCos |4 (d+ex)]

+ +

3-4Cos[2(d+ex)|+Cos[4 (d+ex)] 3-4Cos[2(d+ex)]+Cos[4(d+ex)] 3-4Cos[2(d+ex)]|+Cos[4 (d+ex)] )
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bCos[4 (d+ex)] cCos[4 (d+ex) ]

+

Sin|2 (d+ex)]

3-4Cos(2(d+ex)|+Cos[4 (d+ex)| 3-4Cos[2(d+ex)]+Cos[4 (d+ex)] /
(3a+b+3c-4acCos[2(d+ex)|+4cCos|[2(d+ex)]|+aCos|[4 (d+ex)]|-bCos[4 (d+ex)]|+cCos[4 (d+ex)])) -
3a . b N 3c
3-4Cos[2(d+ex)|+Cos[4 (d+ex)] 3-4Cos[2(d+ex)]+Cos[4 (d+ex)| 3-4Cos[2(d+ex)]|+Cos[4 (d+ex)]
4acCos[2 (d+ex) | . 4cCos[2 (d+ex) | . acCos |4 (d+ex)] .

3-4Cos|2(d+ex)|+Cos[4 (d+ex)] 3-4Cos[2(d+ex)]+Cos[4 (d+ex)] 3-4Cos[2(d+ex)]|+Cos[4 (d+ex)]

bCos[4 (d+ex)] cCos[4 (d+ex)] /

(3a+b+3c-4aCos[2(d+ex)]|+4cCos[2(d+ex)]|+aCos[4 (d+ex)|-bCos[4 (d+ex)]|+cCos[a (d+ex)})]

il

Sin[4 (d+ex)]

3-4Cos(2(d+ex)|+Cos[4 (d+ex)| 3-4Cos[2(d+ex)]+Cos[4 (d+ex)]

Tan[d+ex12\/aJrCot[dJrex]4 (c+bTan[d+ex]?) ]/ 4

\/c+bTan[d+ex12+aTan[d+ex]4

1

8c¥? (c+bTan[d+ex]2+aTan(d+ex]*)>?

2c*2Log[1+Tan[d+ex]?]
Vva-b+c

2cLog[Zc+bTan[d+ex]2+2\/?\/c+bTan[d+ex]2+aTan[d+ex}4 ]+

(b+2c) Log|[Tan[d+ex]?] - —bLog[zc+bTan[d+ex]2+2\/?\/c+bTan[d+ex}2+aTan[d+ex]4 | -

1
Vva-b+c

c-aTan[d+ex]?2++Va-b+c \/c+bTan d+ex]?+aTan[d+ex]*

2c¢*2Log[b (-1+Tan[d+ex]?) +2

]

Tan[d+ex]* (2bSec[d+ex]*Tan[d+ex] +4aSec[d+ex]*Tan[d+ex]?) Ja+Cot[d+ex}4 (c+bTan[d+ex]?) -

1 2c*2Log[1+Tan[d+ex]?]

Vva-b+c

(b+2c) Log[Tan[d+ex]?]| -

-blog[2c+bTan[d+ex]?+

2c3/2\/C+bTan[d+ex}2+aTan[d+ex]4

2\/?\/c+bTan[d+ex]2+aTan[d+ex]4 ] —2cLog[Zc+bTan[d+ex}2+2\/c_\/c+bTan[d+ex]2+aTan[d+ex]4 |+
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—bLog[2c+bTan[d+ex]2+2\/?\/c+bTan[d+ex]2+aTan[d+ex]4 | -

2c32 Log[b (-1+Tan[d+ex]?) +2 (cfaTan[d+ex]2+\/afb+c \/CerTan[dJrex]2+aTan[d+ex]4

Vva-b+c

Sec[d+ex]?Tan[d + e x] Ja+Cot[d+ex]4 (c+bTan[d+ex]?) -

2¢3/2 Log[1+Tan[d+ex]2]
Vva-b+c

2cLog[zc+bTan[d+ex}2+2\/c_\/c+bTan[d+ex}2+aTan[d+ex]4 |+

[((b+2c) Log[Tan[d +ex]?] -

1
Vva-b+c

2c*?Loglb (-1+Tan[d+ex]?) +2 [c—aTan[d+ex]2+\/a—b+c \/c:+bTan[d+ex]2+aTan[d+ex14

J

Tan[d+ex]? (2bCot[d+ex] Csc[d+ex]?-4Cot[d+ex]>Csc[d+ex]? (c+bTan[d+ex]2))J/

(8c3/2\/c+bTan[d+ex]2+aTan[d+ex}4 \/a+C0t[d+ex]4 (c+bTan[d+ex]?) )—

1

Tan[d+ex}2\/a+Cot[d+ex]4 (c+bTan[d+ex]?) |2 (b+2c)Csc[d+ex] Sec[d+ex] -

4c3/2\/c+bTan[d+ex}2+aTan[d+eX]4

b (2bSec[d+ex]2Tan[d+ex] N v c (2bsSec[d+ex]?Tan[d+e x]+4aSec[d+e x]? Tan[d+e x]3)
4c3/2sec[d+ex]?Tan[d+ex] \/c+bTan[d+ex]2+aTan[d+ex]4
2
Va-b+c (1+Tan[d+ex]?) 2c+bTan[d+ex]2+2+/c \/c+bTan[d+ex]2+aTan[d+ex}4

2c |2bSec[d+ex]?Tan[d+ex] +

v c (2bsSec[d+ex]?Tan[d+e x]+4aSec[d+ex]?Tan[d+ex]3) ]

\/ c+bTan[d+e x]2+aTan[d+e x]*

+]2c¥? |2bSec[d+ex]?Tan[d+ex] +2

2c+bTan[d+ex]2+2\E\/c+bTan[d+ex]2+aTan[d+ex}4

-2aSec[d+ex]?>Tan[d+ex] +

Va-b+c (2bSec[d+ex]?Tan[d+ex] +4aSec[d+ex]?Tan[d+ex]3) /

2\/c+bTan[d+ex}2+aTan[d+ex]4

[\/afb+c (b (-1+Tan[d+ex]?) +2 |c-aTan[d+ex]*+va-b+c \/c+bTan[d+ex]2+aTan[d+ex}4

)

Problem 18: Result more than twice size of optimal antiderivative.

| 157
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Cot[d+ex]?3

dx
\/a+bCot d+ex]?+cCot[d+ex]?
Optimal (type 3, 141 leaves, 7 steps):
ArcTanh { 2a-b+(b-2¢) Cot[d+ex]? } ArcTanh { b+2 c Cot[d+ex]? ]
2+/a-b+c \/a+bCot[d+e x]2+c Cot [d+e x]* Zﬁ\/am Cot[d+e x]%+c Cot [d+e x]*
2+a-b+c e 2+/c e

Result (type 3, 2161 leaves):

Log[Tan[d+ex]2] Log[l+Tan[d+ex]?| Log[zc+bTan[d+ex]2+2\E\/c+Tan[d+ex}2(b+aTan[d+ex]2) ]

+

e vJa-b+c e
;Log[b<—1+Tan[d+ex]2)+2(c—aTan[d+ex +va-b+c \/c+Tan d+ex]? (b+aTan[d+ex]2))}
Vva-b+c
( \/ 3a b 3¢
2 . . _
3—4Cos[2(d+ex)]+Cos[4(d+ex)] 3-4Cos|2 (d+ex”+Cos[4(d+ex)] 3—4Cos[2(d+ex)]+Cos[4(d+ex)]
4acCos[2 (d+ex) | 4cCos[2 (d+ex) | aCos[4 (d+ex)]
+ +

3-4Cos[2(d+ex)] +Cos[4 (d+ex)] 3-4Cos[2(d+ex)]+Cos[4 (d+ex)] 3-4Cos[2(d+ex)]+Cos[4 (d+ex)]
bCos[4 (d+ex)] . cCos[4 (d+ex)]

3-4Cos[2(d+ex)]|+Cos[4 (d+ex)] 3-4Cos[2(d+ex)]+Cos[4 (d+ex)] /
(3a+b+3c-4aCos|2 (d+ex)|+4cCos|[2(d+ex)|+aCos[4 (d+ex)|-bCos|4 (d+ex)|+cCos[4 (d+ex)])+

Sin[2 (d+ex) |

3a b 3c
( 3-4Cos[2 (d+ex)] +Cos[4 (d+ex)] ' 3-4Cos[2 (d+ex)| +Cos[4 (d+ex)] i 3-4Cos[2 (d+ex)] +Cos[4 (d+ex)] i
4acCos(2 (d+ex) | 4cCos[2 (d+ex) | . acCos[4 (d+ex)]

3-4Cos[2 (d+ex)|+Cos[4 (d+ex)] ’ 3-4Cos[2(d+ex)|+Cos[4 (d+ex)| 3-4Cos[2(d+ex)]+Cos[4 (d+ex)]

/

(3a+b+3c-4aCos|[2(d+ex)]|+4cCos[2(d+ex)|+aCos[4 (d+ex)]|-bCos[4 (d+ex)]+cCos|4 (d+ex)])]

bCos[4 (d+ex)] cCos[4 (d+ex)]

+

3 ac Sin[4 (d+ex) |
~4Cos[2 (d+ex)] +Cos[4 (d+ex)] 3-4Cos[2(d+ex)]|+Cos[4 (d+ex)]

Tan[d+ex]2\/a+Cot[d+ex}4 (c+bTan[d+ex]?) / 2
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e

\/CerTan[dJrex]2+aTan[d+ex}4

Log|[Tan[d+ex]2] Log[l+Tan[d+ex]?] Log[Zc+bTan[d+ex]2+2\/?\/c+Tan[d+ex}2(b+aTan[d+ex]2) ]

- - - +

\E Vva-b+c \/?

Log[b (-1+Tan[d+ex]?) +2

_ c-aTan[d+ex]?++Va-b+c \/c+Tan d+ex]? (b+aTan[d+ex]2)>]
Va-b+c

Tan[d+ex]? (2bSec[d+ex]?Tan[d+ex] +4aSec[d+ex]*Tan[d+ex]?)

\/a+Cot[d+ex]4(c+bTan[d+ex]2) /(4(c+bTan[d+ex]2+aTan[d+ex]4)3/2) +

Log[Tan[d +ex]?| Log[1+Tan[d+ex]?] Log[2c+bTan[d+ex]2+2\/?\/c+Tan[d+ex]2(b+aTan[d+ex]2) ]

Ve i Vva-b+c Ve

+

Log[b (-1+Tan[d+ex]?) +2

— c-aTan[d+ex]?++a-b+c \/c+Tan d+ex]? (b+aTan[d+ex]2))]
Va-b+c

+

Sec[d+ex]?Tan[d+eX] \/a+Cot[d+ex14 (c+bTan[d+ex]?) /(\/c+bTan[d+ex}2+aTan[d+ex]4

Log[Tan[d +ex]?| Log[1+Tan[d+ex]?] Log[Zc+bTan[d+ex]2+2\/?\/c+Tan[d+ex]2(b+aTan[d+ex]2) ]

\/? i Vva-b+c \E

+

Log[b (-1+Tan[d+ex]?) +2

— c-aTan[d+ex]?++a-b+c \/c+Tan d+ex]? (b+aTan[d+ex]2))]
Va-b+c

Tan[d+ex]? (2bCot[d+ex] Csc[d+ex]?-4Cot[d+ex]*>Csc[d+ex]® (c+bTan[d+ex]?)) /

(4\/c+bTan[d+ex]2+aTan[d+ex]4 \/a+Cot[d+ex]4 (c+bTan[d+ex]?) )+

1 2Csc[d+ex] Sec[d+eXx]

Tan[d+ex]2\/a+Cot[d+ex]4(c+bTan[d+ex]2) -
2\/c+bTan[d+ex12+aTan[d+ex]4 Ve
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2 3 2 2
2bSec(d +ex]2Tan[d rex]+ v c (2asec[d+ex]?Tan[d+e x]3+2Sec[d+e x]? Tan[d+e x] (b+aTan[d+ex]?))

2Sec[d+ex]?Tan[d +ex] [c+Tan[d+ex]? (b+aTan[drex]?)
- +
Va-b+c (1+Tan[d+ex]?) \/?(2c+bTan[d+ex]2+2\/?\/c+Tan[d+ex}2(b+aTan[d+ex]2))

(2bSec[d+ex]2Tan[d+ex] +2 (—2aSec[d+ex}2Tan[d+ex] + (x/a—b+c (2asec[d+ex]*Tan[d+ex]>+

2Sec[d+ex]?Tan[d +eXx] (bJraTan[dJrex}z)))/(2\/c+Tan[d+ex]2 (b+aTan[d+ex]?) )J)/

(\/a—b+c (b (-1+Tan[d+ex]?) +2 (c—aTan[d+ex]2+x/a—b+c \/c+Tan[d+ex]2 (b+aTan[d+ex]?) )))

Problem 19: Result unnecessarily involves higher level functions and more than twice size of optimal antiderivative.

J\ Cot[d+ex]
dx
\/a+bCot[d+ex]2+cCot[d+ex14

Optimal (type 3, 79leaves, 4 steps):

- _ 2
Ar‘cTanh[ 2a-b+(b-2c) Cot[d+e x]
2+/a-b+c \/a+bCot[d+ex]2+cCot[d+ex]“

2+a-b+c e
Result (type 4, 84 039 leaves): Display of huge result suppressed!

Problem 20: Result unnecessarily involves higher level functions and more than twice size of optimal antiderivative.

J Tan[d + e x]
dx
\/a+bCot[d+ex]2+cCot[d+ex}4

Optimal (type 3, 142leaves, 8 steps):

2 2
ArcTanh [ 2a+bCot[d+e x] } ArcTanh [ 2a-b+(b-2c) Cot[d+ex] }
Zﬁ\/a+b Cot[d+e x]2+c Cot [d+e x]* 2+/a-b+c \/a+b Cot[d+e x]2+c Cot [d+e x]*
2+/a e 2+a-b+c e

Result (type 4, 44361 leaves) : Display of huge result suppressed!
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Problem 21: Result unnecessarily involves higher level functions and more than twice size of optimal antiderivative.

Tan[d+ex]3

dx

\/a+bCot d+ex]?+cCot[d+ex]?

Optimal (type 3, 249leaves, 11 steps):

2 2

ArcTanh { 2 a+b Cot[d+e x] ] b ArcTanh { 2 a+b Cot[d+e x] }

Z\E\/a+bCot[d+e x]2+c Cot[d+e x]* Zﬁ\/a+bCot[d+e x]2+c Cot[d+e x]*

- - +
2'/a e 4a’%e
2

Ar‘cTanh[ 2a-b+(b-2c) Cot[d+e x]

2+abic \arbCotdrex]?rcCot[d-ex]* \/a +bCot[d+ex]2+cCot[d+ex]* Tan[d+ex]?

+
2va-b+c e 2ae

Result (type 4, 124484 |leaves) : Display of huge result suppressed!

Problem 22: Result more than twice size of optimal antiderivative.

JCot[d+ex]5\/a+bCot[d+ex]2+cCot[d+ex}4 dx

Optimal (type 3, 270leaves, 9steps):

Va-b+c ArcTanh| 2a-bs (b-2¢) Cot[drex)? | (b*+2b?c-4b(a-2c)c-8c?(a+2c))ArcTanh| b+2 c Cot[dve x]* ]
2+/a-b+c \/a+bCot[d+ex]2+cCot[d+ex]d 2\/?\/a+bCot[d+ex]2+cCot[d+ex]‘
N +
2e 32c5/2¢
((b-2c) (b+4c)+2c (b+2c) Cot[d+ex]?) \/a+bCot[d+ex] +cCot[d+ex]* (a+bCot[d+ex]2+cCot[d+ex]*)?
16 c’e 6ce

Result (type 3, 4238 leaves):
1\/<(3a+b+3c—4aCos[2 (d+ex)]+4cCos[2 (d+ex)]+aCos[4 (d+ex)]-bCos[4 (d+ex)]+cCos[4 (d+ex)])/
e

- 2 - 2 -b+14 C d 2
(3—4Cos[2(d+ex)]+Cos[4(d+ex)})) [ 3b°+8ac-8bcradc +< +14c)Cscidrex] 71CSC[d+eX]4
48 c? 24 ¢ 6

+

[((b3+2b2c4b (a-2c)c-8c?(a+2c)) Log[Tan[d+ex]?| +16c>?/a-b+c Log[l+Tan[d+ex]?| -

(b*>+2b*c-4b(a-2c)c-8c®(a+2c)) Log[2c+bTan[d +ex] 2+2\/7\/C+Tan[d+ex]2 (b+aTan[d+ex]?) ] -

16 c**~/a-b+c Log[b (-1+Tan[d+ex]?) +2 [c-aTan[d+ex]?+Va-b+c Jc+Tan d+ex]? (b+aTan[d+ex]?) )])
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1

3a b 3c

3-4Cos[2 (d+ex)| +Cos[4 (d+ex)] +3—4Cos{2 (d+ex) ] +Cos[4 (d+ex) | ' 3-4Cos[2 (d+ex)| +Cos[4 (d+ex)]
4aCos[2(d+ex)] 4 cCos|2 (d+ex” aCos[4(d+exH

+ + -

3—4Cos[2(d+ex)]+Cos[4(d+ex>] 3-4Cos|2 (d+ex”+Cos[4(d+ex)] 3—4Cos[2(d+ex)]+Cos[4<d+ex>]

3-4Cos[2 (d+ex)] +Cos[4 (d+ex)] +374Cos[2 (d+ex) ] +Cos[4 (d+ex) | /
(4c® (3a+b+3c-4aCos[2 (d+ex)]+4cCos[2(d+ex)|+aCos[4 (d+ex)]-bCos[4 (d+ex)]+cCos[4 (d+ex)])) -

\/ 3a b 3¢
ab

bCos[4 (d+ex)] cCos[4 (d+ex)]

Sin[2 (d+ex) ]

+ + -

3-4Cos|2(d+ex)|+Cos[4 (d+ex)| 3-4Cos[2(d+ex)]+Cos[4 (d+ex)| 3-4Cos[2(d+ex)]|+Cos[4 (d+ex)]

4acCos[2 (d+ex) | 4cCos[2 (d+ex) | acCos|4 (d+ex)]

+ +

3-4Cos[2(d+ex)|+Cos[4 (d+ex)] 3-4Cos[2(d+ex)]+Cos[4(d+ex)] 3-4Cos[2(d+ex)]|+Cos[4 (d+ex)] i

3-4Cos[2 (d+ex)|+Cos[4 (d+ex)] ' 3-4Cos[2 (d+ex)]|+Cos[4 (d+ex)] /
(c(3a+b+3c-4acCos|[2(d+ex)|+4cCos[2(d+ex)]|+aCos[4 (d+ex)|-bCos[4 (d+ex)]|+cCos[4 (d+ex)]])+
[bz 3a b 3c

+ —

3-4Cos[2 (d+ex)| +Cos[4 (d+ex)] ' 3-4Cos[2(d+ex)|+Cos[4 (d+ex)] 3-4Cos[2(d+ex)]+Cos[4 (d+ex)]

bCos[4 (d+ex)] cCos[4 (d+ex)]

Sin[2 (d+ex) |

+ + -

3-4Cos[2(d+ex)|+Cos[4 (d+ex)] 3-4Cos[2(d+ex)]+Cos[4(d+ex)] 3-4Cos[2(d+ex)]|+Cos[4 (d+ex)]

3-4Cos[2(d+ex)| +Cos[4 (d+ex)] +3—4Cos[2 (d+ex) ] +Cos[4 (d+ex) | /
(2c(3a+b+3c-4aCos[2(d+ex)]|+4cCos[2(d+ex)]+aCos[4 (d+ex)]|-bCos[4 (d+ex)]|+cCos[4(d+ex)]))-

\/ 3a b 3¢
2c¢C

]
4acCos[2 (d+ex) | 4cCos[2 (d+ex) | acCos |4 (d+ex)]
]

bCos[4 (d+ex)] cCos[4 (d+ex)]

Sin[2 (d+ex) |

+

3-4Cos[2(d+ex)]|+Cos[4 (d+ex)] 3-4Cos[2(d+ex)]+Cos[4 (d+ex)] ) 3-4Cos[2 (d+ex)] +Cos[4 (d+ex)]

4acCos[2 (d+ex) | 4cCos[2 (d+ex) | acCos |4 (d+ex)]

+ +

3-4Cos[2(d+ex)|+Cos[4 (d+ex)] 3-4Cos[2(d+ex)]+Cos[4 (d+ex)] 3-4Cos[2(d+ex)]|+Cos[4 (d+ex)] )

3-4Cos[2 (d+ex)| +Cos[4 (d+ex)] +3—4Cos[2 (d+ex)] +Cos[4 (d+ex) | /
(3a+b+3c-4acCos|[2(d+ex)|+4cCos[2(d+ex)|+aCos[4(d+ex)|-bCos|[4(d+ex)]|+cCos|[4 (d+eX)])-

[ \/ 3a b 3¢
a

bCos[4 (d+ex)] cCos[4 (d+ex)]

Sin|2 (d+ex)]

+ + -

3-4Cos(2(d+ex)|+Cos[4 (d+ex)| 3-4Cos[2(d+ex)]+Cos[4 (d+ex)| 3-4Cos[2(d+ex)]|+Cos[4 (d+ex)]
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4acCos[2 (d+ex) | . 4cCos[2 (d+ex) | . acCos|[4 (d+ex)] .
3-4Cos[2(d+ex)|+Cos[4 (d+ex)] 3-4Cos[2(d+ex)]+Cos[4(d+ex)] 3-4Cos[2(d+ex)]|+Cos[4 (d+ex)]
bCos[4 (d+ex)] cCos[4 (d+ex)]

Sin[4 (d+ex) |

3-4Cos[2(d+ex)| +Cos[4 (d+ex)] +3—4Cos[2 (d+ex) ] +Cos[4 (d+ex) | /
(3a+b+3c-4acCos[2(d+ex)]|+4cCos[2(d+ex)]|+aCos[4 (d+ex)|-bCos[4 (d+ex)]|+cCos[4 (d+ex)])+

|

3a b 3c

3-4Cos[2 (d+ex)] +Cos[4 (d+ex)] ' 3-4Cos[2 (d+ex)] +Cos[4 (d+ex)] ’ 3-4Cos[2 (d+ex)] +Cos[4 (d+ex)]
4acCos|2 (d+ex) 4cCos[2 (d+ex) | acCos |4 (d+ex)]

]
3-4Cos[2 (d+ex)| +Cos[4 (d+ex)] +3—4Cos[2 (d+ex)] +Cos[4 (d+ex)| 3-4Cos[2(d+ex)]|+Cos[4 (d+eXx)] )

bCos[4 (d+ex)] X cCos[4 (d+ex)] /
3-4Cos[2(d+ex)]|+Cos[4 (d+ex)] 3-4Cos[2(d+ex)]+Cos[4 (d+ex)]
(3a+b+3c-4acCos|[2(d+ex)|+4cCos[2(d+ex)]|+aCos[4(d+ex)|-bCos|[4 (d+ex)]|+cCos|[4 (d+eX)]|)-

|

Sin[4 (d+ex)]

3a b 3c
3-4Cos[2 (d+ex) ]| +Cos[4 (d+ex) | +3—4Cos{2 (d+ex) ] +Cos[4 (d+ex) | ' 3-4Cos[2 (d+ex)| +Cos[4 (d+ex)]
]

4acCos |2 (d+ex)

] 4cCos[2 (d+ex) | . aCos |4 (d+ex)
3-4Cos|2(d+ex)|+Cos[4 (d+ex)| 3-4Cos[2(d+ex)]+Cos[4(d+ex)| 3-4Cos[2(d+ex)]|+Cos[4 (d+ex)]|

bCos[4 (d+ex)] cCos[4 (d+ex)] /

(3a+b+3c-4aCos[2(d+ex)]|+4cCos[2(d+ex)]+aCos[4 (d+ex)]|-bCos[4 (d+ex)]|+cCos[a (d+ex)})]

Sin[4 (d+ex)]

3-4Cos(2(d+ex)|+Cos[4 (d+ex)] 3-4Cos[2(d+ex)]+Cos[4 (d+ex)]

Tan[d+ex}2\/aJrCo‘c[dJrex]4 (c+bTan[d+ex]?) ]/ [32

5/2

e

\/c+bTan[d+ex}2+aTan[d+ex]4

1

64c>2 (c+bTan[d+ex]2+aTan[d+ex]*)>?

((b3+2b2c—4b (a-2c)c-8c?(a+2c)) Log[Tan[d+ex]?| +16c> 2\ a-b+c Log[l+Tan[d+ex]?] -

(b*+2b*c-4b (a-2c)c-8c* (a+2c)) Log[zc+bTan[d+ex]2+2\/?\/c+Tan[d+ex]2 (b+aTan[d+ex]?) |-
16 c>?~/a-b+c Log[b (-1+Tan[d+ex]?) +2 (c—aTan[d+ex12+\/a—b+c \/c+Tan[d+ex]2 (b+aTan[d+ex]?) )])
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Tan[d+ex]? (2bSec[d+ex]*Tan[d+ex] +4aSec[d+ex]?Tan[d+ex]?) \/a+Cot[d+ex]4 (c+bTan[d+ex]?) +
1

(b*+2b*c-4b (a-2c)c-8c?(a+2c)) Log[Tan[d+ex]?]| +16c**+/a-b+c Log[1+

16c5/2\/c+bTan[d+ex]2+aTan[d+eX14

Tan[d+ex]?| - (b*+2b%c-4b (a-2c)c-8c? (a+2c)) Log[zCerTan[dJrex}erZ\/?\/c+Tan[d+ex]2 (b+aTan[d+ex]?) | -
16 c*>~/a-b+c Log[b (-1+Tan[d+ex]?) +2 (cfaTan[d+ex]2+\/afb+c JCJrTan[dJrex]2 (b+aTan[d+ex]?) )}

Sec[d+ex]?Tan[d+eXx] \/a+Cot[d+ex]4 (c+bTan[d+ex]?) +

(((b3+2b2c—4b (a-2c)c-8c*(a+2c)) Log[Tan[d+ex]?| +16c>2va-b+c Log[l+Tan[d+ex]?| -

(b>+2b*c-4b (a-2c)c-8c*(a+2c)) Log[zc+bTan[d+ex]2+2\/?\/c+Tan[d+ex12 (b+aTan[d+ex]?) | -
16 c*’?~/a-b+c Log[b (-1+Tan[d+ex]?) +2 (c—aTan[d+ex}2+\/a—b+c \/c+Tan[d+ex]2 (b+aTan[d+ex]?) )])

Tan[d+ex]? (2bCot[d+ex] Csc[d+ex]?-4Cot[d+ex]>Csc[d+ex]? (c+bTan[d+ex]2)))/

1

(64c5/2\/c+bTan[d+ex12+aTan[d+ex]4 \/a+Cot[d+ex14 (c+bTan[d+ex]?) )+
32c5/2\/c+bTan[d+ex}2+aTan[d+ex]4

Tan[dJrex]z\/aJrCot[dJrex}4 (c+bTan[d+ex]?) [2 (b*>+2b*c-4b(a-2c)c-8c?(a+2c))Csc[d+ex]Sec[d+ex] +

32c¢%2+/a-b+c Sec[d+ex]?Tan[d +eX]

1+Tan[d+ex]?

(b3+2b2c—4b(a—2c)c—8c2 <a+2c))

2bSec[d+ex]?Tan[d+ex] +

\/?(ZaSec[d+ex]ZTan[d+ex]3+25ec[d+ex}2Tan[d+ex} (b+aTan[d+ex]2>)]]/

\/c+Tan[d+ex]2 (b+aTan[d+ex]?)

(Zc+bTan[d+ex}2+2\/?\/c+Tan[d+ex]2 (b+aTan[d+ex]?) )—

(16c5/2\/a7b+c (2bSec[d+ex]2Tan[d+ex] +2 (72aSec[d+ex]2Tan[d+ex} + (\/a—b+c (2asec[d+ex]?Tan[d+ex]>+

I/

2Sec[d+ex]?Tan[d + e x] (b+aTan[d+ex]2)))/ (2\/C+Tan[d+ex]2 (b+aTan[d+ex]?)

(b (-1+Tan[d+ex]?) +2 (c—aTan[d+ex}2+\/a—b+c \/c+Tan[d+ex]2 (b+aTan[d+ex]?) ))]]

Problem 23: Result more than twice size of optimal antiderivative.
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JCot[d+ex13\/a+bCot[d+ex]2+cCot[d+ex14 dx

Optimal (type 3, 209 leaves, 8 steps):
Ja-b+c Ar‘cTanh[ 2a-b+(b-2c) Cot[d+e x]? ]

2+/a-b+c \/a+b Cot[d+e x]%+c Cot [d+e x]*
- +

2e
(b>+4bc-4c (a+2c)) ArcTanh| b+2 c Cot [dre x]2 2 : :
2+/c +/a+b Cot [d+e x] 2+c Cot [dre x]* (b—4c+2cCot[d+ex} ) \/a+bCot[d+ex} +cCot[d+ex]
16 c3/2 e 8ce
Result (type 3, 4379 leaves):
3a+b+3c-4aCos[2 (d+ex)]+4cCos[2 (d+ex)]+aCos[4 (drex)]-bCos[4 (d+ex)]+cCos[4 (drex)] -bi6c 1 Csc(d +exj2
3-4Cos[2 (d+ex) ]+Cos[4 (d+eXx) ] 8¢ 4
n
e

([—(b2+4bc—4c (a+2c)) Log[Tan[d +ex]?] -

8c*?+/a-b+c Log[1l+Tan[d+ex]?] +b2Log[zc+bTan[d+ex}2+2\/?\/c+bTan[d+ex]2+aTan[d+ex]4 |-

4acLog[2c+bTan[d+ex}2+2\/?\/c+bTan[d+ex]2+aTan[d+ex}4 |+

4bcLog[2c+bTan[d+ex}2+2\/?\/c+bTan[d+ex]2+aTan[d+ex}4 ] -

8c2Log[2c+bTan[d+ex}2+2\/?\/c+bTan[d+ex]2+aTan[d+ex]4 |+

8c*2+/a-b+c Logb (-1+Tan[d+ex]?) +2 (cfaTan[d+ex}2+x/afb+c \/c+bTan[d+ex}2+aTan[d+ex]4

!

]

3-4Cos[2(d+ex)]|+Cos[4 (d+ex)] 3-4Cos[2(d+ex)]+Cos[4 (d+ex)] ’ 3-4Cos[2 (d+ex)|+Cos[4 (d+ex)]

3a b 3c

[_

4acCos[2 (d+ex) | X 4cCos[2 (d+ex) | X acCos |4 (d+ex)] )
3-4Cos(2(d+ex)|+Cos[4 (d+ex)| 3-4Cos[2(d+ex)]+Cos[4(d+ex)] 3-4Cos[2(d+ex)]|+Cos[4 (d+ex)]
bCos[4 (d+ex)] cCos[4 (d+ex)]

+

Sin[z <d+ex)]
3-4Cos(2(d+ex)]|+Cos[4 (d+ex)| 3-4Cos[2(d+ex)]+Cos[4 (d+ex)]

/

(2c (3a+b+3c-4aCos[2(d+ex)]|+4cCos[2(d+ex)]|+aCos[4(d+ex)]|-bCos[4 (d+ex)]|+cCos|[4 (d+ex”))] +

S

3a b 3c

+ + -

3-4Cos|2(d+ex)|+Cos[4 (d+ex)| 3-4Cos[2(d+ex)]+Cos[4(d+ex)] 3-4Cos[2(d+ex)]|+Cos[4 (d+ex)]
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4acCos[2 (d+ex) 4cCos[2 (d+ex) | acCos|[4 (d+ex)]

+ + -

]
3-4Cos[2(d+ex)|+Cos[4 (d+ex)] 3-4Cos[2(d+ex)]+Cos[4(d+ex)] 3-4Cos[2(d+ex)]|+Cos[4 (d+ex)]

3-4Cos[2(d+ex)| +Cos[4 (d+ex)] +3—4Cos[2 (d+ex) ] +Cos[4 (d+ex) | /
(3a+b+3c-4acCos[2(d+ex)]|+4cCos[2(d+ex)]|+aCos[4 (d+ex)|-bCos[4 (d+ex)]|+cCos[4 (d+ex)])+

[ \/ 3a b 3¢
a

bCos[4 (d+ex)] cCos[4 (d+ex)]

Sin[2 (d+ex) |

3-4Cos[2 (d+ex)] +Cos[4 (d+ex)] ' 3-4Cos[2 (d+ex)] +Cos[4 (d+ex)] ’ 3-4Cos[2 (d+ex)] +Cos[4 (d+ex)]
]

4aCos[2(d+ex) 4 cCos|2 (d+ex” aCos[4(d+ex)
+

]
3-4Cos[2 (d+ex)| +Cos[4 (d+ex)] +3—4Cos[2 (d+ex)] +Cos[4 (d+ex)| 3-4Cos[2(d+ex)]|+Cos[4 (d+eXx)] )

3-4Cos[2(d+ex)| +Cos[4 (d+ex)] +3—4Cos[2 (d+ex)] +Cos[4 (d+ex) | /
(3a+b+3c-4acCos|[2(d+ex)|+4cCos[2(d+ex)]|+aCos[4(d+ex)|-bCos|[4 (d+ex)]|+cCos|[4 (d+eX)]|)-

[ \/ 3a b 3¢
b

3-4Cos[2 (d+ex) ]| +Cos[4 (d+ex) | +3—4Cos{2 (d+ex) ] +Cos[4 (d+ex) | ' 3-4Cos[2 (d+ex)| +Cos[4 (d+ex)]
]

bCos[4 (d+ex)] cCos[4 (d+ex)]

Sin[4 (d+ex)]

4acCos |2 (d+ex)

4cCos[2 (d+ex) | aCos |4 (d+ex)

]
3-4Cos|2(d+ex)|+Cos[4 (d+ex)| 3-4Cos[2(d+ex)]+Cos[4(d+ex)| 3-4Cos[2(d+ex)]|+Cos[4 (d+ex)]|

3-4Cos[2 (d+ex)| +Cos[4 (d+ex)] +374Cos[2 (d+ex) ] +Cos[4 (d+ex) | /
(3a+b+3c-4acCos|[2(d+ex)]|+4cCos[2(d+ex)]|+aCos[4 (d+ex)|-bCos[4 (d+ex)]|+cCos[4 (d+ex)]|)+

[J 3a b 3¢
C

bCos[4 (d+ex)] cCos[4 (d+ex)]

Sin[4 (d+ex)]

3-4Cos[2(d+ex)]| +Cos[4 (d+ex)] i 3-4Cos[2 (d+ex)]|+Cos[4 (d+ex)] ' 3-4Cos[2 (d+ex)| +Cos[4 (d+ex)]
]

4aCos[2(d+ex) 4cCos[2 (d+ex” aCos[4(d+ex>
+

]
3-4Cos[2 (d+ex)]+Cos[4(d+ex)] 3-4Cos[2(d+ex)]+Cos[4(d+ex)| 3-4Cos[2(d+ex)]+Cos[4 (d+ex)]

/

(3a+b+3c-4acCos[2(d+ex)]|+4cCos[2 (d+ex)]|+aCos[4 (d+ex)]|-bCos[4 (d+ex)]|+cCos|[4 (d+ex”)}

bCos[4 (d+ex)] cCos[4 (d+ex)]

+

3-4Cos(2(d+ex)|+Cos[4 (d+ex)] 3-4Cos[2(d+ex)]+Cos[4 (d+ex)]

Sin[4 (d+ex) |

Tan[d+ex}2\/aJrCo‘c[dJrex]4 (c+bTan[d+ex]?) ]/ 16

c3/2



e
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\/c+bTan[d+ex12+aTan[d+ex]4

1

- [—(b2+4bc—4c(a+2c))Log[Tan[d+ex}2]—
32¢2 (c+bTan[d+ex]2+aTan[d+ex]*)>?

8c*2+/a-b+c Log[l+Tan[d+ex]?] +b2Log[Zc+bTan[d+ex]2+2\/?Jc+bTan[d+ex]2+aTan[d+ex}4 |-

4acLog[zc+bTan[d+ex]2+2\E\/c+bTan[d+ex}2+aTan[d+ex]4 | +4bclog[2c+bTan[d+ex]?+

2%\/c+bTan[d+ex]2+aTan[d+ex}4 ] 78c2Log[2c+bTan[d+ex]2+2\/?\/c+bTan[d+ex]2+aTan[d+ex}4 ] +

8C3/2mLog[b(—1+Tan[d+EX]2>+2 }

c-aTan[d+ex]?++Va-b+c \/c+bTan[d+ex]2+aTan[d+ex]4

Tan[d+ex]? (2bSec[d+ex]*Tan[d+ex] +4aSec[d+ex]?Tan[d+ex]?) \/a+Cot[d+ex]4 (c+bTan[d+ex]?) +
1

-(b*+4bc-4c(a+2c)) Log[Tan[d+ex]?]| -8c*?+/a-b+c Log[1+Tan[d+ex]?]| +

8c3/2\/C+bTan[d+ex}2+aTan[d+ex]4

bZLog[2c+bTan[d+ex]2+2\/?\/c+bTan[d+ex]2+aTan[d+ex}4 ] -

4acLog[2c+bTan[d+ex}2+2\/?\/c+bTan[d+ex]2+aTan[d+ex}4 | +4bclog[2c+bTan[d+ex]?+

Z\E\/c+bTan[d+ex]2+aTan[d+ex]4 ] 78c2Log[zc+bTan[d+ex]2+2\/?\/c+bTan[d+ex}2+aTan[d+ex]4 |+
8c*?~/a-b+c Log[b (-1+Tan[d+ex]?) +2 (c—aTan[d+ex}2+\/a—b+c \/c+bTan[d+ex}2+aTan[d+ex]4 ]

Sec[d+ex]?Tan[d + e x] Ja+Cot[d+ex]4 (c+bTan[d+ex]?) +

(7(b2+4bc74c (a+2c)) Log[Tan[d +ex]?] -

8c*2+/a-b+c Log[l+Tan[d+ex]?] +b2Log[2c+bTan[d+ex]2+2\/?\/c:+bTan[d+ex]2+aTan[d+ex14 | -

4acLog[zc+bTan[d+ex]2+2\/?\/c+bTan[d+ex12+aTan[d+ex]4 | +4bclog[2c+bTan[d+ex]?+

2\/?\/c+bTan[d+ex]2+aTan[d+ex14 ] —8c2Log[Zc+bTan[d+ex]2+2\/?\/c+bTan[d+ex]2+aTan[d+ex}4 |+
8c*?~/a-b+c Log[b (-1+Tan[d+ex]?) +2 (c—aTan[d+ex]2+\/a—b+c \/c:+bTan[d+ex]2+aTan[d+ex]4 ]

Tan[d+ex]? (2bCot[d+ex] Csc[d+ex]?-4Cot[d+ex]>Csc[d+ex]? (c+bTan[d+ex]2)))/

(32c3/2\/c+bTan[dJrex]ZJraTan[d+ex]4 \/a+Cot[d+ex}4 (c+bTan[d+ex]?) )+

1

Tan[d+ex]2\/aJrCo‘c[dJrex14 (c+bTan[d+ex]?)
16c3/2\/c+bTan[d+ex]2+aTan[d+ex}4

| 167
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16 c*2+Ja-b+c Sec[d+ex]?Tan[d+ex
-2 (b>+4bc-4c (a+2c))Csc[d+ex]Sec[d+ex] - : [d+ex] [d~ ]+
1+Tan[d+ex]?

b2 {ZbSec[d +ex12Tan[d rex] + N (2bSec[d+ex]2Tan[d+ex]+4aSec[d+ex]2Tan[d+ex]3)]

\/c+b Tan[d+e x]%+a Tan[d+e x]*

2c+bTan[d+ex]2+2\/?\/c+bTan[d+ex]2+aTan[d+ex}4

dac [2bSec[d+ex}2Tan[d rex] + N (2bSec[d+ex]2Tan[d+ex]+4aSec[d+ex]2Tan[d+ex]3)]

\/c+b Tan[d+e x]%+aTan[d+e x]*

+

2c+bTan[d+ex12+2\/?\/c+bTan[d+ex12+aTan[d+ex]4

v c (2bsSec[d+ex]?Tan[d+e x]+4aSec[d+ex]?Tan[d+ex]3) ]

4bc [2bSec[d+ex}2Tan[d+ex} +
\/c+b Tan[d+e x]%+aTan[d+e x]*

2c+bTan[d+ex}2+2\/?\/c+bTan[d+ex}2+aTan[d+ex]4

v c (2bsec[d+ex]?Tan[d+e x]+4 aSec[d+ex]2Tan[d+ex]3)

8c? [2bSec[d+ex}2Tan[d+ex} +
\/c+b Tan[d+e x]%+aTan[d+e x]*

+|8c*?2+a-b+c |2bSec[d+ex]?Tan[d+ex] +2

2c+bTan[d+ex}2+2\/?\/c+bTan[d+ex}2+aTan[d+ex]4

-2aSec[d+ex]?Tan[d+ex] +

Va-b+c (2bSec[d+ex]2Tan[d+ex] +4aSec[d+ex}2Tan[d+ex]3) /

2\/c+bTan[d+ex}2+aTan[d+ex]4

[b (-1+Tan[d+ex]?) +2 (c—aTan[d+ex12+\/a—b+c \/c+bTan[d+ex12+aTan[d+ex]4

|

Problem 24: Result more than twice size of optimal antiderivative.

jCot[d+ex} \/a+bCot[d+ex]2+cCot[d+ex]4 dx

Optimal (type 3, 179 leaves, 8steps):

Ja-b+c Ar‘cTanh[ 2a-b+(b-2c) Cot[d+ex]? ] <b 9 C) Ar‘cTanh[ b+2 c Cot[d+e x]?
Zx/m\/a+bCot[d+ex]2+cCot[d+ex]“ 2\/c_\/a+bCot[d+ex]2+cCot[d+ex]" \/a+bCot[d+ex}2+cCot[d+ex]4

2e 4\/?9 2e
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Result (type 3, 3486 leaves):

3a+b+3c-4aCos[2 (d+rex)]+4cCos[2 (d+ex)]+aCos[4 (d+ex)]-bCos[4 (d+ex)]+cCos[4 (d+ex)]
3-4Cos[2 (d+ex)]+Cos[4 (d+ex) ]

+ \/a+bCot[d+ex]2+cCot[d+ex]4

2e

(Z\E\/a—b+c Log[Sec[d+ex]?] + (b-2c) Log[Tan[d + e x]?] —bLog[Zc+bTan[d+ex]2+2\/?\/c+bTan[d+ex]2+aTan[d+ex]4]+

]

3a b 3c

+ —

3-4Cos[2 (d+ex)|+Cos[4 (d+ex)] ' 3-4Cos[2(d+ex)|+Cos[4 (d+ex)| 3-4Cos[2(d+ex)]+Cos[4 (d+ex)]

2cLog[Zc+bTan[d+ex]2+2\/?\/c+bTan[d+ex]2+aTan[d+ex]4 ] -

2+/c Va-b+c Log[-b+ (-2a+b) Tan[d+ex]?+2 (c+\/afb+c \/c+bTan[d+ex}2+aTan[d+ex]4

=

4acCos[2 (d+ex) | 4cCos[2 (d+ex) | acCos |4 (d+ex)]

+ + -

)
3-4Cos|2(d+ex)|+Cos[4 (d+ex)| 3-4Cos[2(d+ex)]+Cos[4(d+ex)] 3-4Cos[2(d+ex)]|+Cos[4 (d+ex)]|

3-4Cos(2(d+ex)]|+Cos[4 (d+ex)] 3-4Cos[2(d+ex)]+Cos[4 (d+ex)] /
(3a+b+3c-4acCos|[2(d+ex)]|+4cCos[2(d+ex)]|+aCos[4 (d+ex)|-bCos[4 (d+ex)]|+cCos[4 (d+eX)])-

\/ 3a b 3¢
2cC

bCos[4 (d+ex)] cCos[4 (d+ex)]

sin|2 (d+ex)]

+

3-4Cos[2(d+ex)]|+Cos[4 (d+ex)] 3-4Cos[2(d+ex)]+Cos[4 (d+ex)] : 3-4Cos[2(d+ex)| +Cos[4 (d+ex)]

4acCos[2 (d+ex) | . 4cCos[2 (d+ex) | . acCos |4 (d+ex)]

3-4Cos|2(d+ex)|+Cos[4 (d+ex)| 3-4Cos[2(d+ex)]+Cos[4(d+ex)] 3-4Cos[2(d+ex)]|+Cos[4 (d+ex)] .

3-4Cos|2 (d+ex)] +Cos [4 (d+ex>] +3—4Cos[2 (d+ex” +Cos [4 (d+ex)] /
(3a+b+3c-4acCos[2(d+ex)]|+4cCos[2(d+ex)]|+aCos[4 (d+ex)|-bCos[4 (d+ex)]|+cCos[4 (d+eX)]|)-

[J 3a b 3¢
a

3-4Cos[2 (d+ex)| +Cos[4 (d+ex)] i 3-4Cos[2 (d+ex)]|+Cos[4 (d+ex)] ' 3-4Cos[2 (d+ex)| +Cos[4 (d+ex)]
X ]

bCos[4(d+exH cCos[4<d+ex)]

sin[2 (d+ex)]

4aCos[2 (d+e 4cCos[2 (d+ex) | acCos[4 (d+ex)

+ + -

)]
3-4Cos[2(d+ex)|+Cos[4 (d+ex)] 3-4Cos[2(d+ex)]+Cos[4(d+ex)] 3-4Cos[2(d+ex)]|+Cos[4 (d+ex)]

3-4Cos[2 (d+ex)| +Cos[4 (d+ex)] ' 3-4Cos[2 (d+ex)]|+Cos[4 (d+ex)] /
(3a+b+3c-4aCos|[2(d+ex)|+4cCos[2(d+ex)|+aCos[4 (d+ex)|-bCos[4 (d+ex)|+cCos[4 (d+ex)]|)+

[ J 3a b 3¢
b

bCos[4 (d+ex)] cCos[4 (d+ex)]

Sin[4 (d+ex) |

+ + -

3-4Cos|2(d+ex)|+Cos[4 (d+ex)| 3-4Cos[2(d+ex)]+Cos[4 (d+ex)| 3-4Cos[2(d+ex)]|+Cos[4 (d+ex)]
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4acCos[2 (d+ex) 4cCos[2 (d+ex) | acCos|[4 (d+ex)]

+ + -

]
3-4Cos[2(d+ex)|+Cos[4 (d+ex)] 3-4Cos[2(d+ex)]+Cos[4(d+ex)] 3-4Cos[2(d+ex)]|+Cos[4 (d+ex)]

3-4Cos[2(d+ex)| +Cos[4 (d+ex)] +3—4Cos[2 (d+ex) ] +Cos[4 (d+ex) | /
(3a+b+3c-4acCos|[2(d+ex)]|+4cCos[2(d+ex)]|+aCos[4 (d+ex)|-bCos[4 (d+ex)]|+cCos[4 (d+ex)]) -

[ \/ 3a b 3¢
c

bCos[4 (d+ex)] cCos[4 (d+ex)]

Sin[4 (d+ex) |

+

3-4Cos[2(d+ex)]|+Cos[4 (d+ex)] 3-4Cos[2(d+ex)]+Cos[4 (d+ex)] ’ 3-4Cos[2 (d+ex)] +Cos[4 (d+ex)]
x ]

4acCos |2 (d+e

)] X 4cCos[2 (d+ex) | X acCos |4 (d+ex) .
3-4Cos[2(d+ex)|+Cos[4 (d+ex)] 3-4Cos[2(d+ex)]+Cos[4 (d+ex)] 3-4Cos[2(d+ex)]|+Cos[4 (d+ex)]

/

(3a+b+3c-4acCos|[2 (d+ex)|+4cCos[2(d+ex)|+aCos|[4 (d+ex)|-bCos[4 (d+ex)]|+cCos[4 (d+eXx)])

bCos[4 (d+ex)] cCos[4 (d+ex)]

+

3-4Cos[2(d+ex)]|+Cos[4 (d+ex)] 3-4Cos[2(d+ex)]+Cos[4 (d+ex)]

Sin[4 (d+ex)]

Tan[d +ex]?

/

1
4\Ee\/c+bTan[d+ex]2+aTan[d+ex}4 -

8+/c (C+bTan[d+eX}2+aTan[d+ex]4)3/2

\/a+bCot[d+ex]2+cCot[d+ex]4 (Zx/?\/afbu: Log[Sec[d+ex]?] + (b-2c) Log[Tan[d+ex]?] -blLog[2c+bTan[d+ex]?+

Z\E\/c+bTan[d+ex]2+aTan[d+ex}4]+2cLog[Zc+bTan[d+ex]2+2\/?\/c+bTan[d+ex]2+aTan[d+ex]4]—
2v/c Va-b+c Log[-b+ (-2a+b) Tan[d+ex]®+2 [c+va-b+c \/c+bTan[d+ex]2+aTan[d+ex]4 })
Tan[d+ex]? (2bSec[d+ex]*Tan[d+ex] +4aSec[d+ex]*Tan[d+ex]?) +

1
\/a+bCot[d+ex}2+cCot[d+ex]4 (Zx/?\/a—b+c Log[Sec[d+ex]?] +

2\/?\/c+bTan[d+ex]2+aTan[d+ex}4

(b-2c) Log[Tan[d + e x]?] —bLog{Zc+bTan[d+ex]2+2\/?\/c+bTan[d+ex]2+aTan[d+ex14 ]+

2cLog{Zc+bTan[d+ex]2+2\/?\/c+bTan[d+ex]2+aTan[d+ex}4 ] -

2+/c VJa-b+c Log[-b + (-2a+b) Tan[d+ex]?+2 [c+Va-b+c \/c+bTan[d+ex}2+aTan[d+ex]4

Sec[d+ex]?Tan[d+ex] +

]

((—2bCot[d+ex1 Csc[d+ex]?-4cCot[d+ex]>Csc[d+ex]?) (Z\E\/a—b+c Log[Sec[d+ex]?] +

(b-2c) Log[Tan[d +ex]?] 7bLog[2c+bTan[d+ex}2+2\/?\/c+bTan[d+ex}2+aTan[d+ex]4 ]+

2cLog[2c+bTan[d+ex}2+2\/?\/c+bTan[d+ex}2+aTan[d+ex]4 ]-
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/

2v/c Va-b+c Log[-b+ (-2a+b) Tan[d+ex]?+2 (c+\/a—b+c \/c+bTan[d+ex]2+aTan[d+ex]4

]) Tan[d + e x]?

1
(8\/c_\/a+bCo‘c[d+ex}2+cC0t[d+ex]4 \/c+bTan[d+ex}2+aTan[d+ex]4

+

4\5\/c+bTan[d+ex]2+aTan[d+ex]4

\/a+bCot[d+ex]2+cCot[d+ex]4 Tan[d+ex]?|2 (b-2c) Csc[d+ex] Sec[d+ex] +

2 2 3
b 2bSec[d+ex]2Tan[d+ex] N v/ c (2bsec[d+ex]?Tan[d+e x]+4 aSec[d+ex]2Tan[d+e x]3)

+bTan[d+ 2iaTan[d+ 4
4+/c \Ja-b+c Tan[d+ex] - |/ c-bTan[d-ex]*+a Tan [dse x]
2c+bTan[d+ex}2+2\/c_\/c+bTan[d+ex}2+aTan[d+ex]4

2 2 3
2c 2bSec[d+ex12Tan[d+ex] . v c (2bsec[d+ex]?Tan[d+e x] +4 aSec[d+e x]2 Tan[d+e x]3)

\/c+b Tan[d+e x]%+a Tan[d+e x]*

2c+bTan[d+ex]2+2\/?\/c+bTan[d+ex]2+aTan[d+ex}4

va-b+c (2bSec[d+ex]?Tan[d+ex] +4aSec[d+ex]2Tan[d+ex]3
2+/c Ja-b+c 2 (-2a+b)Sec[d+ex]*Tan[d+ex] + ( [ ) [ 1 [ ] [ ) /

\/c+bTan[d+ex}2+aTan[d+ex]4

(—b+ (-2a+b) Tan[d+ex]?+2 (c+\/a—b+c \/c+bTan[d+ex]2+aTan[d+ex}4)J

Problem 25: Result more than twice size of optimal antiderivative.

J\/a+bCo‘c[d+ex]2+cCo‘c[d+ex14 Tan[d + e x] dx

Optimal (type 3, 203 leaves, 10 steps):

2 2 2
/a ArcTanh [ 2a+b Cot[d+e x] } /a “b+c ArcTanh [ 2a-b+(b-2c) Cot[d+e x] ] /C ArcTanh [ b+2 c Cot[d+e x] ]
2\/?\/a+bCot[d+ex]2+cCot[d+ex]" 2+/a-b+c \/a+bCot[d+ex]2+cCot[d+ex]“ 2\/?\/a+bCot[d+ex]2+cCot[d+ex]4
2e 2e

2e
Result (type 3, 1999 leaves):

J

3a b 3c
+ +

3-4Cos[2(d+ex)|+Cos[4 (d+ex)] 3-4Cos[2(d+ex)]+Cos[4(d+ex)| 3-4Cos[2(d+ex)]|+Cos[4 (d+ex)]
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4acCos[2 (d+ex) 4cCos[2 (d+ex)] acCos[4 (d+ex)]

+ + -

]
3-4Cos[2(d+ex)|+Cos[4 (d+ex)| 3-4Cos[2(d+ex)]+Cos[4(d+ex)] 3-4Cos[2(d+ex)]|+Cos[4 (d+ex)]|

bCos[4 (d+ex)] cCos[4 (d+ex) ]

+

\/a+bCot[d+ex}2+cCot[d+ex]4
3-4Cos|2 (d+ex” +Cos[4 (d+ex)| 3-4Cos[2(d+ex)]+Cos[4 (d+ex”

(\/a—b+c Log[Sec[d+ex]?] ++/c Log[Tan[d+ex]?] ++/a Log[b+2aTan[d+ex] +2\/_\/c+bTan[d+ex1 +aTan[d+ex]* | -

\/?Log{Zc+bTan[d+ex12+2\/?\/c+bTan[d+ex]2+aTan[d+ex14 |+

Va-b+c Log[-b+ (-2a+b) Tan[d+ex]?+2 (c+\/a—b+c \/c+bTan[d+ex]2+aTan[d+ex]4

/i

}) Tan[d + e X]

1
2e\/c+bTan[d+ex]2+aTan[d+ex]4 - \/a+bCot[dJrex]ercCot[d+ex]4

4 (c+bTan[d+ex]?+aTan[d+ex]*)??

(x/afb+c Log[Sec[d +ex]?] ++/c Log[Tan[d+ex]?] ++a Log[b+2aTan[d+ex] +2\/7\/c+bTan[d+ex] +aTan[d+ex]* | -

\/?Log[zc+bTan[d+ex]2+Z\E\/c+bTan[d+ex}2+aTan[d+ex]4}+
Va-b+c Log[-b+ (-2a+b) Tan[d+ex]? +va-b+c \/c+bTan d+ex]?+aTan[d+ex]?* )]]

1

Tan[d+ex]* (2bSec[d+ex]*Tan[d+ex] +4aSec[d+ex]*Tan[d+ex]?) +

\/c+bTan[d+ex]2+aTan[d+ex]4

\/a+bCot[d+ex} +cCot[d+ex]? (x/a—b+c Log[Sec[d+ex]?]| ++/c Log[Tan[d+ex]2] ++/a Log[b+2aTan[d+ex]?+

ZV—\/c+bTan[d+ex] +aTan[d+ex]* | -+/c Log[2c+bTan[d+ex]? +2\/_\/c+bTan[d+ex] +aTan[d+ex]* | +

Va-b+c Log[-b+ (-2a+b) Tan[d+ex]*+2 [c+\/a—b+c \/c+bTan[d+ex]2+aTan[d+ex]4 ]

((—2bCot[d+ex] Csc[d+ex]?-4cCot[d+ex]?Csc[d+ex]?) ( Va-b+c Log[Sec[d+ex]?] ++/c Log[Tan[d+ex]?| +

Sec[d+ex]?Tan[d+eXx] +

\/?Log[b+2aTan[d+ex]2+2\E\/c+bTan[d+ex}2+aTan[d+ex]4 |-

\/?Log[2c+bTan[d+ex]2+2\E\/c+bTan[d+ex}2+aTan[d+ex]4 ]+
\/a—ﬁLog[—bJr (-2a+b) Tan[d+ex]?+2 (c+\/a—b+c \/c+bTan[d+ex]2+aTan[d+ex}4)]] Tan[d +ex]?

/

1

+

(4\/a+bCot[d+ex]2+cCot[d+ex}4 \/c+bTan[d+ex]2+aTan[d+ex}4

2\/c+bTan[d+ex]2+aTan[d+ex]4
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\/a+bCo‘c[d+ex}2+cCot[d+ex]4 Tan[d+ex]2 |2+/c Csc[d+ex] Sec[d+ex] -2+/a-b+c Tan[d+ex] +

2 2 3
\/? [4aSec[d+ex12Tan[d+ex1 . v/a (2bsec[d+ex]?Tan[d+e x]+4 aSec[d+e x]2Tan[d+e x] )]

\/c+b Tan[d+e x]%+aTan[d+e x]*

b+2aTan[d+ex]2JrZ\E\/c+bTan[d+ex]2+aTan[d+ex]4

\/? [2bSec[d+ex}2Tan[d rex] + N (2bSec[d+ex]2Tan[d+ex]+4aSec[d+ex]2Tan[d+ex]3)]

\/c+b Tan[d+e x]%+aTan[d+e x]*

+

2c+bTan[d+ex]2+2\/?\/c+bTan[d+ex]2+aTan[d+ex]4

Vva-b+c (2bSec[d+ex]?Tan[d+ex] +4aSec[d+ex]?2Tan[d+ex]?
Va-b+c |2 (-2a+b)Sec[d+ex]?Tan[d+ex] + wc | [drex] drexix [d+ex] [d+ex)?) /

\/(:+bTan[d+ex]2+aTan[d+ex]4

|

(fb+ (-2a+b) Tan[d+ex]?+2 [c+\/a—b+c \/c+bTan[dJrex}eraTan[dJrex]4

Problem 26: Humongous result has more than 200000 leaves.

J\/a+bCot[d+ex]2+cCot[d+ex}4 Tan[d +e x]3dx

Optimal (type 3, 435leaves, 22 steps):

| 173

2 2 5
q/a ArcTanh [ 2 a+b Cot[d+e x| ] b ArcTanh [ 2a+bCot[d+e x] } /a “bs+c Ar‘cTanh[ 2a-b+(b-2c) Cot[d+e x]
2\/:\/a+bCot[d+ex]2+cCot[d+ex]4 2\/?\/a+bCot[d+ex]2+cCot[d+ex]4 2m\/a+bCot[d+ex]2+ccOt[d+ex]4
_ + .
2e 4+/a e 2e
2 2
b ArcTanh [ b+2 ¢ Cot[d+ex] ] (b ) c) ArcTanh [ b+2 c Cot[d+ex] }

2+/c \/a+b Cot[d+e x]%+c Cot [d+e x]* 2+/c \/a+b Cot[d+e x]2+c Cot[d+e x]*

4-/c e 4-/c e

\/?Ar‘cTanh[ b+2 c Cot[d+e x]?
2+/c +JasbCot[drex]?+cCot[drex]? \/a +bCot[d+ex]?2+cCot[d+ex]* Tan[d+ex]?
+

2e 2e

Result (type ?, 215131 leaves) : Display of huge result suppressed!
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Problem 27: Result more than twice size of optimal antiderivative.

Cot[d+ex]’

J(a+bCot[d+ex]2+cCot[d+ex]4)3/z

Optimal (type 3, 236 leaves, 8 steps):

2
Ar‘cTanh[ 2a-b+(b-2¢) Cot[d+e x] }
2+/a-b+c \/a+b Cot[d+e x]%+c Cot [d+e x]*

2 <afb+c)3/2e

ArcTanh [ b+2 c Cot[d+e x]? ]
2+/C +[asb Cot [dre x] 2+c Cot [dre x]* a(b?-a(b+2c))+ (b>+2a’c-ab (b+3c)) Cot[d+ex]?

2c3%e c(a-b+c) (b>-4ac) e\/a+bCot[d+ex]2+cCot[d+ex]4

Result (type 3, 3921 leaves):

§v<(3a+b+3c—4aCos[2 (d+ex)]+4cCos[2 (d+ex)]+aCos[4 (d+ex)]|-bCos[4 (d+ex)]+cCos[4 (d+ex)])/

(3-4Cos[2 (d+ex)]|+Cos[4 (d+ex)]))
[ a?b-2ab?2+b3+4a2c-3abc
c (aberc)2 (-b2+4ac)

—(4(—2a3+a2b+ab2—b3—2a2c+3abc+2a3Cos[2<d+ex)]—3a2bCos[2 <d+ex)]+

3ab?Cos[2 (d+ex)]-b’Cos[2 (d+ex)]-6a>cCos[2 (d+ex)]+3abcCos|2 (d+ex”))/((a—b+c)2 (-b?+4ac)

<3a+b+3c—4aCos[2 (d+ex” +4cCos |2 (d+ex” +acCos|4 (d+ex)] -bCos[4 <d+ex)] +cCos |4 (d+ex”)) +

c*2Log[1+Tan[d +ex]?|

Vva-b+c

bLog[Zc+bTan[d+ex]2+2\/?\/c+bTan[d+ex]2+aTan[d+ex}4 | -

([(a—b+c) Log[Tan[d +ex]?] - —aLog[2c+bTan[d+ex]2+2\/?\/c+bTan[d+ex}2+aTan[d+ex]4 ]+

1
Vva-b+c

c>? Log[b (-1+Tan[d+ex]?) +2 (c—aTan[d+ex}2+\/a—b+c \/c+bTan[d+ex}2+aTan[d+ex]4

[

cLog[Zc+bTan[d+ex]2+2\/?\/c+bTan[d+ex]2+aTan[d+ex}4 |+

]

3a b 3c
3-4Cos[2 (d+ex)] +Cos[4 (d+ex)] ' 3-4Cos[2 (d+ex)] +Cos[4 (d+ex)] ' 3-4Cos[2 (d+ex)] +Cos[4 (d+ex)]

4acCos[2 (d+ex) | X 4cCos[2 (d+ex) | X acCos[4 (d+ex)]

3-4Cos[2(d+ex)|+Cos[4 (d+ex)] 3-4Cos[2(d+ex)]+Cos[4 (d+ex)] 3-4Cos[2(d+ex)]|+Cos[4 (d+ex)] )



4.4 Cotangent.nb | 175

bCos[4 (d+ex)] cCos[4 (d+ex) ]

+

3-4Cos(2(d+ex)|+Cos[4 (d+ex)| 3-4Cos[2(d+ex)]+Cos[4 (d+ex)] /
((a-b+c) (3a+b+3c-4aCos[2 (d+ex)]+4cCos[2(d+ex)]+aCos[4(d+ex)]-bCos[4 (d+ex)]+cCos[4(d+ex)]))+

\/ 3a b 3¢
4a

Sin|2 (d+ex)]

+ + -

3-4Cos[2(d+ex)|+Cos[4 (d+ex)| 3-4Cos[2(d+ex)]+Cos[4(d+ex)] 3-4Cos[2(d+ex)]|+Cos[4 (d+ex)]

4acCos[2 (d+ex) | . 4cCos[2 (d+ex) | . acCos |4 (d+ex)]
3-4Cos|2(d+ex)|+Cos[4 (d+ex)] 3-4Cos[2(d+ex)]+Cos[4 (d+ex)] 3-4Cos[2(d+ex)]|+Cos[4 (d+ex)]
bCos[4 (d+ex)] cCos[4 (d+ex)] )
3-4Cos[2 (d+ex)| +Cos[4 (d+ex)] +374Cos[2 (d+ex) ] +Cos[4 (d+ex) | sin2 (d+ex)] /
(c(a-b+c) (3a+b+3c-4aCos[2(d+ex)|+4cCos[2(d+ex)]|+aCos|[4 (d+ex)]|-bCos[4 (d+ex)]|+cCos[4 (d+ex)])) -
3a b 3c
4b -

3-4Cos[2 (d+ex)| +Cos[4 (d+ex)] i 3-4Cos[2 (d+ex)]|+Cos[4 (d+ex)] i 3-4Cos[2(d+ex)| +Cos[4 (d+ex)]
4acCos[2 (d+ex) | 4cCos[2 (d+ex) | aCos |4 (d+ex)]

+ + -

3-4Cos[2 (d+ex)]+Cos[4(d+ex)| 3-4Cos[2(d+ex)]+Cos[4(d+ex)| 3-4Cos[2(d+ex)]+Cos[4 (d+ex)]
bCos[4 (d+ex)] cCos[4 (d+ex)]

3-4Cos[2 (d+ex)] +Cos[4 (d+ex)] +3*4COS[2 (d+ex) ] +Cos[4 (d+ex) | /
(a-b+c) (3a+b+3c 4aCos|[2(d+ex)|+4cCos[2(d+ex)|+aCos[4 (d+ex)|-bCos[4 (d+ex)]|+cCos[4 (d+ex)]))+
b 3c

Sin[2 (d+ex) ]

I

3-4Cos[2 (d+eX) +Cos[4 (d+ex)] +3—4Cos[2 (d+ex) ] +Cos[4 (d+ex) | +3—4Cos[2 (d+ex)] +Cos[4 (d+eX) ]|
4aCos[ (d+ex)] 4cCos[2 (d+ex) | acCos[4 (d+ex)]

+ + -

3-4Cos[2(d+ex)|+Cos[4 (d+ex)] 3-4Cos[2(d+ex)]+Cos[4(d+ex)] 3-4Cos[2(d+ex)]|+Cos[4 (d+ex)]

/

((a-b+c) (3a+b+3c-4aCos[2 (d+ex)]+4cCos[2(d+ex)]|+aCos[4 (d+ex)]-bCos[4 (d+ex)]+cCos[4(d+ex)]))

bCos[4 (d+ex)] cCos|4 (d+ex)]

+

3 ac Sin[4 (d+ex) |
-4Cos[2 (d+ex)] +Cos[4 (d+ex)] 3-4Cos[2(d+ex)]|+Cos[4 (d+eX)]|

Tan[dJrex}z\/a+Cot[d+ex]4 (c+bTan[d+ex]?) ]/ 2

c3/2

(a-b+c)



176 | 4.4 Cotangent.nb

\/c+bTan[d+ex}2+aTan[d+ex]4

1

4 c3/2 <a7b+c) (c+bTan[d+ex]2Jré‘Ta”[dJreX]A)E'/2

c*2Log[1+Tan[d+ex]?]

Vva-b+c

bLog[2c+bTan[d+ex}2+2\/c_\/c+bTan[d+ex}2+aTan[d+ex]4 ] -

(a-b+c) Log[Tan[d+ex]?] - —aLog[Zc+bTan[d+ex12+2\/c_\/c+bTan[d+ex12+aTan[d+ex]4 |+

1
Vva-b+c

c*?Log[b (-1+Tan[d+ex]?) +2 (c—aTan[d+ex]2+\/a—b+c \/c+bTan[d+ex]2+aTan[d+ex]4

cLog[2c+bTan[d+ex}2+2x/?\/c+bTan[d+ex}2+aTan[d+ex]4 ]+

]

Tan[d+ex]? (2bSec[d+ex]*Tan[d+ex] +4aSec[d+ex]?Tan[d+ex]?) \/a+Cot[d+ex]4 (c+bTan[d+ex]?) +

1 c3/? Log[1+Tan[d+ex]2}

Vva-b+c

(a-b+c) Log[Tan[d+ex]?] -

c*? (a-b+c) \/c+bTan[d+ex]2+aTan[d+ex]4

aLog[Zc+bTan[d+ex]2+2\/?\/c+bTan[d+ex]2+aTan[d+ex]4 | +bLog[2c+bTan[d+ex]?+

2\/?\/c+bTan[d+ex]2+aTan[d+ex]4 ] —cLog[2c+bTan[d+ex}2+2W\/c+bTan[d+ex]2+aTan[d+ex}4 |+

]

c*? Log|b (-1+Tan[d+ex]?) +2 (cfaTan[d+ex]2+x/afb+c \/c+bTan[dJrex]eraTan[d+ex]4

Vva-b+c

Sec[d+ex]?Tan[d + e x] Ja+Cot[d+ex}4 (c+bTan[d+ex]?) +

c>2Log[1+Tan[d +ex]2]

Va-b+c

bLog[2c+bTan[d+ex}2+2\/c_\/c+bTan[d+ex}2+aTan[d+ex]4 ] -

—aLog[Zc+bTan[d+ex]2+2\/?\/c+bTan[d+ex]2+aTan[d+ex}4 ]+

[((a—b+c) Log[Tan[d+ex]?] -

1
Vva-b+c

2 Log|b (-1+Tan[d+ex]?) +2 (c—aTan[d+ex]2+\/a—b+c \/c+bTan[d+ex]2+aTan[d+ex]4

cLog[2c+bTan[d+ex}2+2\/?\/c+bTan[d+ex}2+aTan[d+ex]4 |+

J

Tan[d+ex]? (2bCot[d+ex] Csc[d+ex]?-4Cot[d+ex]>Csc[d+ex]? (c+bTan[d+ex]2))J/

(4c3’/2 (a-b+c) \/c+bTan[d+ex}2+aTan[d+ex]4 \/a+Cot[d+ex]4 (c+bTan[d+ex]?) J+
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1

Tan[d+ex]2\/a+Co‘c[d+ex]4 (c+bTan[d+ex]?) |2 (a-b+c)Csc[d+ex]

2c¢*2 (a-b+c) \/c+bTan[d+ex]2+aTan[d+ex]4

V¢ (2bsec[d+ex]?Tan[d+e x]+4 aSec[d+ex]2Tan[d+e x]3)

a {2bSec[d+ex}2Tan[d+ex} +
2c32Sec[d+ex]?Tan[d +e x] \/c+bTan[d+ex]Z+aTan[d+ex]4
Sec[d+ex] - - +

Va-b+c (1+Tan[d+ex]?) 2c+bTan[d+ex]2+2\/?\/c+bTan[d+ex]2+aTan[d+ex]4

b (ZbSec[d+ex]2Tan[d+ex] +

v/ c (2bSec[d+ex]?Tan[d+e x]+4aSec[d+ex]2Tan[d+ex]?) )

\/ c+bTan[d+e x]2+aTan[d+e x]*

2c+bTan[d+ex}2+2\/?\/c+bTan[d+ex]2+aTan[d+ex]4

v c (2bsec[d+ex]?Tan[d+e x]+4 aSec[d+e x]2 Tan[d+e x]3)

c (2bSec[d+ex]2Tan[d+ex] +
\/c+bTan[d+e x]%+aTan[d+e x]*

+|c3?2 |2bSec[d+ex]?Tan[d+ex] +2

2c+bTan[d+ex}2+2%\/c+bTan[d+ex]2+aTan[d+ex]4

-2aSec[d+ex]?Tan[d+ex] +

Va-b+c (2bSec[d+ex]?Tan[d+ex] +4aSec[d+ex]?Tan[d+ex]?) ]]J/

2\/c+bTan[d+ex12+aTan[d+ex]4

(\/a—b+c (b (-1+Tan[d+ex]?) +2 [c—aTan[d+ex]2+\/a—b+c \/c+bTan[d+ex]2+aTan[d+ex}4

)

Problem 28: Result unnecessarily involves higher level functions and more than twice size of optimal antiderivative.

Cot[d+ex]?
j dx
(a+bCot[d+ex]2+cCot[d+ex]4)3/2

Optimal (type 3, 160 leaves, 6 steps):

2
Ar‘cTanh[ 2a-b+(b-2c¢) Cot[d+ex] ]
2+/a-b+c \/a+bCot[d+ex]2+cCot[d+ex]“

2(a7b+c)3/2e

a(2a-b)+((a-b)b+2ac) Cot[d+ex]?

(a-b+c) (b*-4ac) e\/a+bCot[d+ex]2+cCo‘c[d+ex]4

Result (type 4, 78272 leaves) : Display of huge result suppressed!
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Problem 29: Result unnecessarily involves higher level functions and more than twice size of optimal antiderivative.

J Cot[d+ex]?

(a+bCot[d+ex]?+cCot[d+ex]*)??

Optimal (type 3, 153 leaves, 6 steps):

2
ArcTanh [ 2a-b+(b-2¢) Cot[d+e x] ]

2+/a-b+c \/a+b Cot[d+e x]%+c Cot [d+e x]*
- +

2 <a7b+c)3/2e

a(b-2c)+(2a-b)cCotld+ex]?

(a-b+c) (b*-4ac) e\/a+bCo‘c[d+ex]2+cCot[d+ex14

Result (type 4, 78265 leaves): Display of huge result suppressed!

Problem 30: Result unnecessarily involves higher level functions and more than twice size of optimal antiderivative.
Cot[d+ex]

J(a+bCo‘c[d+ex]2+cCot[d+eX]4)3/z

Optimal (type 3, 156 leaves, 6 steps):
ArcTanh 2a-b+(b-2c) Cot[d+ex]?
Zx/m\/a+bCot[d+ex]ercCot[d+ex]4 b’-2ac-bc+ (b -2 C> cCot[d+ex]?

2 (a—b+c)3/2e

(a-b+c) (b2-4ac) e\/a+bCot[d+ex]2+cCot[d+ex]4

Result (type 4, 78291 leaves) : Display of huge result suppressed!

Problem 31: Result unnecessarily involves higher level functions and more than twice size of optimal antiderivative.

Tan[d + e x]

dx
J(a+bCo‘c[d+ex]2+cCot[d+ex]“)3/2
Optimal (type 3, 280 leaves, 12 steps):
Achanh[ 2a+b Cot[d+ex]? } Ar‘cTanh[ 2a-b+(b-2c) Cot[d+ex]?
Zﬁ\/a+bCot[d+ex]2+c Cot[d+ex]* 2+/a-b+c Ja+bCo’c[d+ex]2+cCot[d+ex]4
2a3%e 2<a—b+c)3/2e
b2-2ac+bcCot[d+ex]? b?-2ac-bc+ (b-2c)cCot[d+ex]?

+

a(b’-4ac) e\/a+bCot[d+ex]2+cCot[d+ex}4 (a-b+c) (b2-4ac) e\/a+bCot[d+ex}2+cCot[d+ex]4

Result (type 4, 181078 leaves) : Display of huge result suppressed!
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Problem 32: Humongous result has more than 200000 leaves.

Tan[d+ex]3

J(a+bCot[d+ex]2+cCot[d+ex]4)3/z

Optimal (type 3, 478 leaves, 16 steps):

2 2 2
ArcTanh [ 2 a+b Cot[d+ex] ] 3 b ArcTanh [ 2 a+b Cot[d+ex] ] ArcTanh [ 2a-b+(b-2c) Cot[d+ex]
2\/?\/a+bCot[d+ex]2+cCot[d+ex]4 2\/?\/a+bCot[d+ex]2+cCot[d+ex]“ 2+/a-b+c \/a+bCot[d+ex]2+cCot[d+ex]4
- - + +
2a32e 4352e 2(a-b+c)*e
b2-2ac+bcCot[d+ex]? b?-2ac-bc+ (b-2c)cCot[d+ex]?

a(b’-4ac) e\/a+bCo‘c[d+ex]2+cCot[d+ex}4 (a-b+c) (b2-4ac) e\/a+bCot[d+ex}2+cCot[d+ex]4

(b2-2ac+bcCot[d+ex]?) Tan[d+ex]? (3b2-8ac) \/a+bCo‘c[d+ex]2+cCo’c[d+ex14 Tan[d + e x]?2

+

a(b*-4ac) e\/a+bCo‘c[d+ex]2+cCot[d+ex14 2a% (b?-4ac)e

Result (type ?, 293889 leaves) : Display of huge result suppressed!
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Summary of Integration Test Results

357 integration problems

A - 222 optimal antiderivatives

B - 56 more than twice size of optimal antiderivatives
C - 78 unnecessarily complex antiderivatives

D - 1 unable to integrate problems

E - 0 integration timeouts



