Mathematica 11.3 Integration Test Results

on the problems in the test-suite directory "5 Inverse trig functions\5.3
Inverse tangent”

Test results for the 166 problemsin "5.3.2 (d x)*m (a+b arctan(c x*n))*p.m

Problem 81: Unable to integrate problem.

sz (a+bArcTan [cx?] )2 dx

Optimal (type 4, 1393 leaves, 86 steps):
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Result (type 8, 18leaves):
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5.3 Inverse tangent.nb | 3

Problem 82: Result more than twice size of optimal antiderivative.

J(a +bArcTan|c x?| )Zdlx

Optimal (type 4, 1191 leaves, 69 steps):
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Problem 83: Attempted integration timed out after 120 seconds.
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Problem 84: Unable to integrate problem.

b ArcT 2])2
J(a+ rc an[cx” i

x4

Optimal (type 4, 1360 leaves, 64 steps):
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72abc 4 (—1)1/4b2 c3/2Ar‘cTan[(—1)3/4\Ex] +1
3 X 3 3

(—1)3/4b2 c3/2Ar‘cTan[(—1)3/4\/?x}2+

% (—1)3/4abc3/2Ar‘cTanh[(—1)3/4\/?x] —% (—1)1/4 b2 c3/2Ar‘cTanh[(—1)3/4Wx} —3 (—1)1/4 b2 c3/2Ar‘cTanh[(—1)3/4\/c_x]2+

2 1/4 b2 (3/2 preTan | (1) 374 « 2 _3_1/423/2r,n_3/4 « 2 N

S A0 el (7 enl ) ) el [ el
l(—1)1/4b2c3/2Ar‘cTan[(—1)3/4\/?x] Log[\/y(<1> +\/?X)}+£(—1)1/4b2c3/2Ar‘cTanh[(—1)3/4\/?x] Log| 2 ] -

3 1+ (-1)7* e x 3 1-(-1)>*+c x

2 2 1 \/?((—1)3/4+\/?x)
—(—1)1/4b2c3/2Ar‘cTanh[(—1)3/4\/?x} Log[ ]+—(—1)1/4b2c3/2Ar‘cTanh[(—1)3/4\/?@ Log[— }+
3 1+ (-1)*Vex 3 1+ (-1)*c x

(1+i) (14 (-1)Y* Ve x]
1+ (-1)¥*c x

(1-1) (1+(‘1)3/4\/?X) ib?clog|l-icx?]

w | =

(-1)** b2 2 ArcTanh [ (-1)**+/c x] Log|

|+

: (-1)**b* 2 ArcTan[ (-1)**~/c x] Log| ]- -
3 1+ (-1)Y* e x 3x
b 2 ibL 1-1 2
l(—1)1/4b2c:3/2Ar‘cTanh[(—1)3/4\/?x} Log[1-icx?] - ¢ [22+iblog[1-icx’]) -
3 3x
2a+iblog[1-icx?])?
l(—1)3/4bc3/2Ar'cTan[(—1)3/4\/?@ (2a+ijog{1—jcx2])—( art og[3 chx” +
3 12 x
iablog[l+icx?] 2ib?clog[l+icx?| 1 Vais 3, 2 o,
; + S —;(—1) b2 3/ Ar‘cTan[(—l) \/?x} Log[1+1cx}+
3x X
1 (~1)¥4b? 372 ArcTanh[ (~1) 4 /¢ x] Log[1+i cx?] - b2 Log[1- i cx?] Log[1+1i cx?] ) b2 Log[1+icx?]’ +
3 6 x3 12 x3
1 (—1)3/4 b? c*/2 PolyLog[2, 1 - 2 |+ 1 (—1)3/4 b? c*/2 PolyLog[2, 1 - 2 ] -
3 1-(-1)"*Vex 3 1+ (-1)"*e x
V2 ((—1)Y* A e x
: (—1)3/4 b? c*/2 PolyLog[2, 1 - (( ) ) |+ : (—1)1/4 b? c*/2 PolyLog[2, 1 - 2 +
6 1+ (-1)"*c x 3 1-(-1)*c x
3/4
1 (-1)Y4 b2 32 pol _ 2 1 e 3 \E((il) +\Ex) _
ylog[2, 1 ] (-1)"*b? c*2 Polylog[2, 1+ ]
3 6

1+ (-1)>*c x 1+ (-1)>*c x
(1+4) (14 (-1)¥* Ve x]

s s s (1-1) (1+ <—1)3/4\/?x)
(-1)7*p*> ¥ PolylLog[2, 1- ] - (-1)**p*>c¥ PolylLog[2, 1-

1
1+(—1)3/4\/?x 6 1+(—1)1/4\/?x

| =



Result (type 8, 18leaves):

b ArcT 21)2
J(a+ rc an[cx” i

x4

Problem 85: Unable to integrate problem.

J (a+bArcTan[cx?] )2

6

dx
X

Optimal (type 4, 1444 leaves, 77 steps):

5.3 Inverse tangent.nb | 13
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: 2 2 2
7zabc+21abc _8b%c —i(—1)3/4b2c5/2Ar‘cTan[(—1)3/4\/?x}—1(—1)1/4b2c5/2Ar'cTan[(—1)3/4\Ex]2+
15 x3 5 x 15 x 15 5
2 (—1)1/4abc5/2Ar‘cTanh[(—1)3/4\/?x] + 4 (—1)3/4b2 c5/2Ar‘cTanh[(—1)3/4\/?x] + 1 (—1)3/4 b2 CS/ZAr‘cTanh[(—l)3/4\/?x}2+
5 15 5
E(—1)3/4b2c5/2Ar‘cTan[(—1)3/4\/?x] Log| 2 }—E(—1)3/4b2c5/2Ar‘cTan[(—1)3/4\/?x} Log| 2 |+
> 1-(-1)"*Vex 5 1+ (-1)Y*Ve x
V2 (-1 e x
l(—1)3/4b2c5/2Ar‘cTan[(—1)3/4\/?x] Log| (< ) )}—E(—1)3/4b2c5/2Ar‘cTanh[(—1)3/4\/?x] Log| 2 ]+
5 1+ (-1)7* e x 5 1-(-1)>*+c x
3/4
2 34,2 502 _4\3/4 2 1 e s _1y3/4 7\/?“_1) +\/?X) ~
( 1) b2 c Ar‘cTanh[( 1) \/?x} Log[ ] ( 1) b2 c ArcTanh[( 1) \/?x} Log[ }
5 5

1. (-1)¥4/C x
1+1) [1+ (-1)Y*+c x
(-1)%* b2 c*2 ArcTanh [ (-1)%*/c x] Log[< > ( 1) )]+
1+ (-1)¥*c x
(1-1) (1+(‘1)3/4\/?X) ib?clog|l-icx?] i

14 (-1)Y4VC x . 153

1+ (-1)*+c x

(S0

(—1)3/4 b? c5/2Ar‘cTan[ (—1)3/4\Ex] Log[

vl |

b2c?L 1-1 2 b 2 ibL 1-i 2
cLog[1- 1 cx?] L (~1)%/b2 52 ArcTanh|[ (1) 4 /< x| Log[1- 1 ¢ x?] - c(2a+iblog[1-1icx?]) i
5

5 X 15 x3
ibc? (2a+iblog[l-icx? 2a+iblog[l-icx?])?
ibc? (2a+iblog[l-icx?]) +1<71)1/4bc5/2Ar‘cTan[<71>3/4\/?x] (2a+ijog[1fjcx2])7< a+i og[5 icx?]) X
5x 5 20 x
iablL 1+1 2 2ib%clL 1+ 2
iabLog| 5+11cx} ,2ibic og{3+1cx ] 1 (-1)%%b2 c5/2 ArcTan [ (-1)%4 V¢ x| Log[1+icx?] -
5x 15x 5

szog[l—jcxz] Log[1+jcx2] szog[lJrJ'chz]2
+ _

10 x° 20 x°
2
] +

1+ (-1)"* e x

(_1)3/4 b2 CS/ZAr‘cTanhH—l)sM\/?X} Log[1+icxz} -
2

- (_1)1/4\/?x] _

L (-1)"*b*c>'?PolyLog|2, 1- 2 (<71> H/?X) 2 ] -
10 14+ (_1)1/4\/?)( 1- (—1)3/4\/?X

2 1 V2 ((-1)**+ Ve x)

]+f(—1)3/4b2c5/2PolyLog[2,1+ }+

1+ (-1)*+cx 10 1+ (-1)%*c x
(1+4) (14 (-1)* Ve x| (1-4) (1+(-1)¥* Ve x]

x (-1)**b*c>'?PolyLog|2, 1- +— (-1)"*b? c>? Polylog[2, 1 -

10 1+ (-1)**+c x 10 1+ (-1)"* Ve x

(G IR =T, RS

(-1)**b*c>/? PolyLog[2, 1-

vl |

(-1)**b*c>/? PolyLog[2, 1-
1

]- : (-1)**b*c>'?PolyLog|2, 1-
5

(—1)3/4 b? c>/2 PolyLog[2, 1 -

v |

]
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Result (type 8, 18leaves):

J (a+bArcTan[cx?])?

6

dx
X

Problem 166: Result unnecessarily involves higher level functions.
JAr‘cTan[a x"]

X

dx

Optimal (type 4, 39leaves, 4 steps):
i Polylog[2, -i1ax"] 1iPolylLog[2, iaXx"]
2n 2n

Result (type 5, 34 leaves):

ax" Hyper‘geometr‘icPFQ[{%, %, 1}, {%, %}, ~a?x2"]

n

Test results for the 31 problemsin "5.3.3 (d+e x)"m (a+b arctan(c x*n))*p.m"

Problem 6: Result unnecessarily involves imaginary or complex numbers.
a+bArcTan[c x]
J dx
(d+ex)2

Optimal (type 3, 98 leaves, 6 steps):

bc2dArcTan[cx] a+bArcTan[cx] bclog[d+ex] bclog[l+c?x?]
N _

e (c?d?+e?) e (d+ex) c2d?+e? 2 (c2d?+e?)
Result (type 3, 115leaves):

-((2ac?d?*+2ae?+2be (e-c?dx) ArcTan[cx] -2bce (d+ex) Log[d+ex] +bcdelog[1+c?x?*| +bce’xLog[1+c2x*]) /
(2e (-icd+e) (icd+e) (d+ex)))

Problem 7: Result unnecessarily involves imaginary or complex numbers.
a+bArcTan[c x]
J dx
(d+ex)3
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Optimal (type 3, 146 leaves, 7 steps):

bc bc? (cd-e) (cd+e) ArcTan[cx] a+bArcTan[cx] bc3dLlog[d+ex] bcdLlog|l+c2x?]
_ . _

- +
2 (c2d*+e?) (d+ex] 2e(c2d2+e2)2 2e(d+ex)2 (c2d2+e2)2 2(c2d2+e2)Z

Result (type 3, 177 leaves):

1 43 4bc
— |- - +
8 e(dJrex)2 (c2d?+e?) (d+ex)
2b (c2 ((cdfl]ie)Z - (cd+1j1e)2) ) <d+§x>2> ArcTan[c x] . 8bc*dlog[d+ex] ibc? Log[1+c2 XZ] - ibc? Log[1+c2 XZ}

.
e <c2d2+e2>2 e(—jlcd+e)2 e(jcd+e)2

Problem 8: Result unnecessarily involves imaginary or complex numbers.

Ja +bArcTan[c x]

(d+ex)4

dx

Optimal (type 3, 206 leaves, 7 steps):
bc 2bc3d bc*d (c?d?-3e?) ArcTan[c X]

- - +
6 (c2d2+e2) (d+ex)2 3 (c2d2+e2)2 (d+ex) 3e <c2d2+e2)3

a+bArcTan[cx] bc?(3c?d?-e?) Llog[d+ex] bc®(3c2d?-e?) Log[l+c?x?]
N _

3e(d+ex)3 3(c2d2+e2)3 6(c2d2+e2)3
Result (type 3, 211 leaves):

1 4a 2bc 8bc3d
- - +
12 e(d+ex)3 (c2d?+e?) (d+ex>2 (c2d2+e2)2(d+ex)

3 1 1 2
2b (C ((cdfje)s + (cdﬂ-le);) - (d+ex)3) ArcTan[cX]  4p¢3 (3c2d?-e?) Log[d+ex] bcdLog[l+c?x?] bc?log|l+c?x?]
+ + +

e <c2d2+e2>3 e(—1‘1cd+e)3 e(1‘1cd+e)3

Problem 12: Attempted integration timed out after 120 seconds.

(a+bArcTan[cx])?
J dx

d+ex

Optimal (type 4, 223 leaves, 1step):
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+ .
) (a+bArcTan|c X]>2L°g[1,fcx] ) (a+bArcTan[cx])? Log[g(—);(cdfjce)d(ilcx)} ) ib (a+bArcTan[cx]) PolylLog[2, 1- ﬁ]
e e e

ib (a +bArcTan[c x]) PolyLog[Z, 1- ¢<w)—] b2 PolyLog[3, 1- #] b2 PolyLog[3, 1- #(M);]

(cd+ie) (1-1icXx) 1-icx (cd+ie) (1-1cx)

e 2e 2e

Result (type 1, 1leaves):

PP

Problem 18: Attempted integration timed out after 120 seconds.

3

(a+bArcTan[cx])
J dx

d+ex

Optimal (type 4, 320 leaves, 1step):

i (a+bAr‘cTan[cx])3Log[lifcx] ) (a+bArcTan[cx])3Log[<cd—f;e{%)c—m} ) 3ib (a+bArcTan[cx])?Polylog|2, 1- 17J'12cx] 7
e e 2e

3ib (a+bArcTan[cx])?Polylog[2, 1~ —2¢l&eX——] 32 (a+bArcTan[cx]) Polylog[3, 1- —2—]

(cd+ie) (1-icx) 1-icx

2e ) 2e
3b? (a+bArcTan[cx]) Polylog[3, 1- —2eX——] 3 p3polylog[s, 1- —2—] 31ib’Polylog[4, 1- —2cldex ]

(cd+ie) (1-1cx) 1-1 cXx (cd+ie) (1-icx)

2e 4e 4e

Result (type 1, 1leaves):
???

Problem 19: Attempted integration timed out after 120 seconds.

(a+bArcTan[cx] )3
J dx

(d+ex)2

Optimal (type 4, 499 leaves, 10 steps):
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ic(a+bArcTan[cx])® c2d (a+bArcTan[cx])® (a+bArcTan[cx])? 3bc (a+bArcTan[cx])? Log[ —2—]
- +

1-1cx
+ _

c2d? + e2 e (c2d?+e?) e(d+ex) c2d? + e2

3bc(a+bAr‘cTan[cx])2Log[ 2 ] 3bc(a+bAr‘cTan[cx])2Log[M)—} 31'1b2c(a+bAr‘cTan[cx}>PolyLog[Z,1—#]
+

1+icx (cd+ie) (1-icx) 1-icx

c2d?+e? c2d? +e? c2d?+e?

3ib?c (a+bArcTan[cx]) Polylog[2, 1- #] 3ib%c (a+bArcTan[cx]) Polylog|2, 1- M)—}

1+1cCXx (cd+ie) (1-icx)

c2d?+e? c?d? +e?

3b%cPolylog[3, 1- —2—| 3b3cPolylog[3, 1- —2—| 3b’>cPolylog[3, 1- —2cldex—]
+ +

1-1cx 1+1 CX (cd+ie) (1-icx)

2 (c2d?+e?) 2 (c2d?+e?) 2 (c2d?+e?)

Result (type 1, 1leaves):

PP

Problem 20: Attempted integration timed out after 120 seconds.

(a+bArcTan[cx] )3
J dx

(d+ex>3

Optimal (type 4, 936 leaves, 23 steps):
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3bc3d(a+bAr‘cTan[cx])2 31‘1bc2e(a+bAr‘cTan[cx})2 3bc(a+bAr‘cTan[cx])2 J'1c3d(a+bAr'cTan[cx}>3
+ - + +

2 (2d?+e?)? 2 (2d?+e?)? 2 (c2d?+e?) (d+ex) (c2d®+e?)?

2 (cd-e) (cd+e) (a+bArcTan[cx])® (a+bArcTan[cx])> 3b2c2e(a+bAr‘cTan[cx])Log[liﬂzcx}

2e<c2d2+e2)2 2e(d+ex)2 <c2d2+e2>2

3bc*d (a+bArcTan[cx])?Log[—2—] 3b2c?e (a+bArcTan[cx]) Log[—2—]| 3bc3d (a+bArcTan[cx])?Log[ —2—]
+ +

1-icx 1+icx 1+icx

(c2d2+e2)2 (c2d2+e2)2 <c2d2+e2>2

2 .2 2c (d+ex 3 2 2c (d+ex .32 2
3b*c?e (a+bArcTan[cx]) Log{é—)—“dﬂie) (chx)} 3bc*d (a+bArcTan[cx]) Log{—(—)—(cdﬂie) (LMX)] ) 3ib?c?ePolylog(2, 1- l—jcx}

(c2d2+e2)2 (c2d2+e2)2 2 (c2d2+e2)2

1-1cx 1+1cx 1+1cx

3ib2c®d (a+bArcTan[cx]) PolyLog[2, 1 - 2 | 3ib3c?ePolylog|2, 1- 2 | 3ib2cid (a+bArcTan[cx]) PolylLog[2, 1- 2 ]
+ +
(c? d2+e2>2 2 (c? d2+e2)2 (c? d2+e2)2

31ib%c2ePolylog[2, 1- —2<4ex—] 3jb2cd (a+bArcTan[cx]) Polylog[2, 1 - —2cld=ex ]

(cd+ie) (1-1cx) (cd+ie) (1-1icx)

2<c2d2+e2>2 (c2d2+e2)2

__2c(drex)
3 b3 c3dP01yLog[3, 1- #] 3 b3 c3dPolyLog[3, 1_ #] 3 b3 c3dPolyLog[3, 1_ 2¢c (drex ]
+ +

1-icx 1+icx (cd+ie) (1-icx)

2 (24 e?)? 2 (2?4 e?)? 2 (s e?)?

Result (type 1, 1leaves):

PP

Problem 23: Attempted integration timed out after 120 seconds.

Ja +bArcTan[c x?| .
X

d+ex

Optimal (type 4, 501 leaves, 19 steps):
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bel e 1—(—c2)1/4 L d bel e 1+(—c2)1/4x L q
(a+bArcTan[cx?]) Log[d +ex] ¢ Log| (-c2)v/e | Logld +ex] ¢ Log| - ()Y d e | Logld+ex]
+ +
e 2+/-c? e 2+/-c? e
e |14/ -n/-c® x e [1+4) o/ -2
bcLog| | Log[d+ex] bclog|- | Logld+ex] 1V e
- / +
A -/ -c2  d+e -4/ -c? d-e bcPolyLog[Z, ({2)1/4(1,9 }
- +
24/-c? e 24/ - 24/-c? e
-/ -¢c? d+ -/ -¢%  (d+
b c PolyLog|2, € (e ] @1V e b c PolyLog|2, € e ]
- / +
\ -/ -2 d-e bCPOlyLog[Z) (—c2)1,/“d+e ] A - -c2 de
. _
2+/-c? e 2+/-c? e 2/-c% e
Result (type 1, 1leaves):
PP?

Problem 25: Result more than twice size of optimal antiderivative.

J(d+ex) (a+bAr‘cTan[c x2] )Zdlx

Optimal (type 4, 1325leaves, 77 steps):



5.3 Inverse tangent.nb | 21

24 2 (—1)3/4abdAr‘cTan[(—1)3/4\/?x] (—1)3/4b2dAr'cTan[(—1)3/4\/?x}2 ie (a+bAr‘cTan[cx2])2
a X - + + +
Ve Ve 2c
2 (-1)**abdArcTanh| (-1)%* ~1)Y*b2d ArcTanh| (-1)3* g
lex2 <a+bAr‘cTan[cx2”2+ (-1)™"a rean H ) \/?X} —< ) relan H ) \/?X} +
2 Ve Ve
2 (—1)1/4b2dAr‘cTan[(—1)3/4\Ex] Log[m} ) 2 (—1)1/4b2dAr‘cTan[(—1)3/4\/?x] Log[m}
Ve Ve
V2 ((-1) Y% x
(—1)1/4 bszrcTan[(—l)w‘\/?x} Log[ LT e ] ) 2 (—1)1/4b2dAr‘cTanh[(—1)3/4\/?@ Log[m] )
Ve Ve
V2 ((-1)¥%c x
2 (—1)1/4b2dAr‘cTanh[(—1)3/4\/?@ Log[m] ) (—1)1/4b2dAr‘cTanh[(—1)3/4\/?x] Log|- PP, ]
NG Ve
(1+1) [1+(-1)V* /¢ x (1-1) (14 (-1)3/%Vc x
(2] ot aarctan (1) € x] Log | P (1) ot aavetan] 1) e ] og [ ETRTIE)
Ve Ve
iabdeog[l—icxz} . (—1)1/4b2dAr‘cTan[(—1)3/4\Ex] Log[l—jcxz] ) (—1)1/4b2dAr'cTanh[(—1)3/4\/?x] Log[l—jcxz] )
Ve Ve
be (a+bArcTan|[cx?]) Log|[—2 _1)Y4 b2 d ArcT _1)3/4 Log |1+ 1 ¢ x2
lbdeLOg[l—jCXZ}zﬁ— | <)) [1””2]—jabdeog[1+j1cx2]—( ) reTan] (-1) Ve x] Log] chX}Jr
4 C Ve
-1)Y*b2dArcTanh| (-1)%* Log[1+1icx?
(-1) reTanh[ (1) Ve x] Log| +JICX]Jrlbzdeog[l—Jicxz} Log[lﬂicxz}—lbzdeog[1+icx2]2+
Je 2 4
V2 [nh/ex
(—1)3/4 bZdPolyLog[Z, 1—%] ) <,1>3/4b2dPolyLog[2, 1—%] (,1)3/4b2dPolyLog[2, 1- e x ] )
Ve Ve 2+/c
V2 (-1 x
(-1)**b2dPolyLog|2, 1—717(71)32/4\5)(] ) (-1)**b2dPolyLog|2, 1——1“71)32/4%)(] ) (-1)**b2dPolyLog|2, 1+ AP, ] )
Ve Ve 2+/c

(1-1) (1+(-1)¥* Ve x] | iy . .
1+ (-1)Y4/¢ x 1 ePo yLOg[Z, 1- }

1+i c x?

(1+1) (1+(-1)V4Vc x) 24,
NN ] . (71) b dPolyLog[Z, 1- )

2+/c 2+/c 2c
Result (type 4, 5745leaves):

(-1)**b2dPolyLog[2, 1-
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abe |cx2ArcTan|cx?] + Log|

—]
1 A/ 1+c2 x4 ] 1
a’ldx+—atex?+ <X + —abd/cx?
cXx

2 C

[2 cx? ArcTan|c x?| —i[—ZAr‘cTan[l—\/Tw/cx2 ] +2Ar‘cTan[1+\/7w/cx2 ] +Log[1+cx2—\/7w/cx2 ] —Log[1+cx2+\/7w/cx2 })] +

V2
ib2e (Ar‘cTan[c x2| (—JiAr‘cTan[c x?] + cx?ArcTan[c x| +2 Log[1+<e2“r”a”[cx2}]) - i Polylog|2, “A"CTa“[”Z}]) +
2cC
b2dA/c cx? ArcTan|c xz}z—
2Ccx
4 Ar‘cTan[cxz] —2Ar‘cTan[1—\Ewcx2 } +2Ar‘cTan[1+\Ex/cx2 } +Log[1+cx2—\5xlcx2 } —Log[1+cx2+\5xlcx2 }
22
1 —[Ar‘cTan \/—\/ +Ar‘cTan 1+\/—\/ Log 1+cx —\/_w/
2+/2

[ArcTan[l—ﬁx/cxz ] +Ar‘cTan[1+\/7\/cx2 ] Log[1+cx2+\5\/cx2 ] -
3/2
e ( \/—\/ 2] -5ArcTan[2 + 1] ArcTan \/—«/ +4Ar‘cTan \/_«/ 1 21 1+1

e HArCTan(2:i] ApcTan | -2 +/c (1-21i) V1-1i eArcTanhiie2i] Ar‘cTan[l—\Ex/cx2 ]Z—SJIAr‘cTan[l—\/?x/cxz ]
—ArcTan[2+i]+ArcTan|1-+/2 +/ ¢ x?
ArcTanh[1+21] +51 [—Ar‘cTan[2+1 ] +ArcTan]| -2 4/c reTan(2+4] sarcTan | * ”] +

5 [—jAr‘cTan[l—\/?x/cx2 | +ArcTanh[1+2i]| Log[1 - g2 1 ArcTan[1-v/2 y/ox* [-2ArcTanh (1:2:4) '] +51iArcTan[2+1] Log[-Sin|

211

Log

ArcTan([2 + i] ArcTan -2 4/c —5Ar‘cTanh[1+21’1] Log[Sin[Ar‘cTan[l—\/? cx? } +11Ar‘cTanh[1+2j1]H +

5 polylog [2, ez i (—Ar‘cTan[Zﬂl +Ar‘cTan{ 1-V2 yex? ” } ~5PolylLog [2, (EZJ‘LAr‘cTan{l—\/T 3/ € x? }—2Ar‘cTanh[1+2 i] ] ] (3 N
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2Cos[2Ar~cTan[1_\/7\/§H —ZSin[ZAr‘cTan[l—\/T\/?H)J/

1 1-+2 Vex?

- +

J1+(1—\/7\/cx2)2 J1+(1—\/7\/cx2)2

20\/7(—1—CX2+\E\/CX2

(1+cx2+\5xlcx2

1

1+CX2+\E\/CX2

5 5 ]l 1Ar‘cTan[2+1‘1]+Ar‘cTanh[1+2 1]

U

LJr L) @1 ArcTan[2+i]-ArcTanh[1+2 1] [7 Cex?+2 A c
20

20

Ar‘cTan[ / /C X +10i el ArcTan[2+1]+ArcTanh[1+2 1] Ar‘cTan [2 n ]l Ar‘cTan / l /1 _ i (ejL ArcTan[2+1]
ArcTan q/ /C X 4 2 1 | /1 i1 eAr‘cTanh[1+2 i] ArcTan / ,C X 8 8 1 nArcTan[2+n]+Ar‘cTanh[1+2 i] Ar‘cTan[
1- / /C X 101 ILAr‘cTan [2+1] +ArcTanh[1+2 1] ArcTan [1 _ /2 'C X ArcTanh [1 +2 j_] + (5 _5 ]j_) e]’l ArcTan[2+1]+ArcTanh[1+2 1] 7T

) , . . 2i [-ArcTan[2+i]+ArcTan|1-+/2 +/ c x?
Log[l N e—ZnAr‘cTan{l—ﬁ NI 'S H _ 1@ el ArcTan[2+i]+ArcTanh[1+21] AneTan [2+1] Log[l _e [ { ]

]+10

i ArcTan[2+1]+ArcTanh[1+21] ApcTan [1 2 A]cx? } Log[l _ (e“ ’APCTa"[Z*M*APCTa”{l’ﬁ Vext ]]] _ 1@ j @i ArcTan[2+i]+ArcTanh([1+21]
Ar‘cTan _2 +Jex? Log 21ArcTan[1 V2 Afex? }—ZArcTanh[ld i] ] 110 @i ArcTan(2+i]+ArcTanh (142 ] AncTanh[1+2 1]
Log[ ZnAr‘cTan{ 1-4/2 A cx? }—2Ar‘cTanh[1+2 Ji]} B (5 _s5 jl) elArcTan[2+i]+ArcTanh[1+2£] - Log[ 1 ] +10

\/1+(1—\/7\/cx2)2

el ArcTan(2ei]sArcTanh(1:21] ApcTan[2 + 1] Log[-Sin[ArcTan[2+i] - ArcTan[1 - V2 A ex? 11] -10
gl ArcTan(2ei]sArcTanh(1:21] ApcTanh[1+2 1] Log[Sin[ArcTan[1-+/2 +/cx? | +iArcTanh[1+2i]]] -5

—ArcTan[2+i] +Ar-cTan{ 2 \ex? U

2]1

i ej ArcTan[2+1]+ArcTanh[1+2 1] PolyLog[ ] 5 e]‘lAr‘cTan[ZHi]+Ar‘cTanh[1+2 1]

Polylog|2, g2 iACTan[14/2 /e }’“"T”’“h[l*“]] (3+2Cos[2Ar‘cTan[1— V2 ~Jex? |] -2sin[2ArcTan[1 -2 ~/cx? H) +
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-1 ArcTan[2+1]-ArcTanh[1+2 1]

s e

] 5 5 ]l 1ArcTan[2+i]+Ar‘cTanh[1+2 1] 7 ArcTan [1 _ ,/2 / C X2 } +

. . . . . 2
10 el ArcTan(2+i]+ArcTanh[1+2 ] ApcTan[2 + 1] Ar‘cTan ~2 4/c 4 +2 11 x/ 1-i etArcTani2+i] ApcTan [1 -2 A/ cx? ] -
. . 2
(2+4]l) */1+j eAr‘cTanh[th] Ar‘cTan[l— /2 /CX + 4741'1 enAr‘cTan[Zﬂl]+Ar‘cTanh[1+21] Ar‘cTan[l— /2 ,CXZ } +
19 (ejL ArcTan([2+i]+ArcTanh[1+2 1] ArcTan [1 _ /2 /C X2 ] ArcTanh [1 L2 ]'l} 4 (5 _5 j) ejAr‘cTan[Zﬂi]+Ar‘cTanh[1+2 i] T

Log[1 + o 2iArcTan[1/2 /e }] +10 i ! ATCTaN 2041 sAPCTaNh (14231 ApcTan[2 + ] Log 1 - o (’A”CT"""[Z”‘ J+ArcTan |12 ex? ”

] -

2i [—ArcTan[2+i]+ArcTan{1—\/7 /¢ x? }

10 i e]‘lAr‘cTan[Zﬂi]+Ar‘cTanh[1+2 1] Ar‘cTan 1- /2 'C X2 Log 1 _ ] 4

19 el ArcTan[2+i]+ArcTanh[1+2 i ArcTan [2 /C X Log ZJLArcTan{ 1-4/2 +/cx? }72Ar*cTanh[1+2 i] } +10 1 el ArcTan[2+i]+ArcTanh[1+2i]
ArcTanh[1+21i] Log[ ZnArcTan[ 1-v2 A ex? }—2ArcTanh{1+2 i]] _ (5 _s5 ]-l) @l ArcTan[2+i]+ArcTanh[1+2 4] Log[ 1 ] _

JlJr (1—\/7\/cx2 )2

10 i et ArcTan(2+i]+ArcTanh[1:2i] ApcTan[2 + 1] Log[-Sin[ArcTan[2+i] - ArcTan[1-+/2 +/cx? |]]
10 i et ArcTan(2+i]+ArcTanh[1:2i] ApcTanh([1+2 1] Log[Sin[ArcTan[1-+/2 +/cx? | +iArcTanh[1+21]]] -
—ArcTan[2+1] +Ar‘cTan{ A2 [cx? U

5 ej ArcTan[2+1] +ArcTanh[1+2 1] PolyLog[Z ezj
J

] 51 eJiAr-cTan[Z»fJi]+Ar‘cTanh[1+2 i]

PolyLog|2, g2t ArcTan |12 cx? }’ZAPCTa”h“*“]} [3+2Cos[2Ar‘cTan[17\/?«/cx2 1] 725in[2Ar‘cTan[17\/7«/cx2 H] /

2

1 1-/2 Vex?

J1+(1—\/7\/cx2)2 \/1+(1—\/?\/cx2)2

(—1—cx2+\/7x/cx2

(1+cx2+\/7x/cx2

2y 3/2
\ex? +(1+\Ex/cx2 ] ~5ArcTan[2+1] ArcTan[1++/2 /cx? | +4ArcTan[1++/2 +/c (1+2i)V1+1

e iArcTan2+i] ApcTan([1+4/2 4/ c (1-21) V1-i ereTanhl2i] ApcTan[1+4/2 /e x? ]Z—SiAr‘cTan[1+\/7x/cx2}
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—ArcTan[2+1] +ArcTan {1+ﬁ A € x? H

2]1

ArcTanh[1+21] +51 [ ArcTan[2 + 1] +Ar‘cTan 1+4/2 4/cC Log

|+

Log[ 21Ar‘cTan{1+\/7 \ € x? ] 2 ArcTanh[1+2 i] ] +5iArcTan[2+1i] Log[—sin[

5 [—J'LAr'cTan[lJr\/?\/cx2 | +ArcTanh[1+21i]

ArcTan[2+1i] -ArcTan[1++/2 yJcx? ||] -5ArcTanh[1+21i] Log[Sin[ArcTan[1++/2 \/cx? | +iArcTanh[1+21]]]| +

2 [—Ar‘cTan[2+J’1]+Ar‘cTan{1+\/2 ) € x? }

5 PolyLog[Z, e } _s5 PolyLog[Z, eZIAPCTan[1+\/7 \/?}—ZArcTanh[hZ i] ]] [3 +

2C05[2Ar‘cTan[1+\/7\/§H —ZSin[ZAr‘cTan[1+\/7\/§HJJ/

1 1+v2 Vex?

\/1+(1+\/7\/CX2)2 \/1+(1+\/7\/CX2)2

20\/7(—1—CX2+\/7«/CX2

(1+CX2+N/?HCX2

1

“1-cx2+v2 Vex?

1 i
= .=

20

e*]'l ArcTan[2+1]-ArcTanh[1+2 1] (1 i C X2 + /2 ,C X2

(5 45 j) ej ArcTan[2+1]+ArcTanh[1+2 1] 7 ArcTan {1 4 /2 ,C X2 ] +10 1 ei ArcTan([2+i]+ArcTanh[1+2 1] ArcTan [2 i ]'l]

Ar‘cTan +/2 /¢ + 2 4 11 \/1—— iArcTan[2+i] Ar‘cTan 1++/2 +Jcx? 4 2 11) \1+1 ehreTanh(l21)
ArcTan \/_ / 8 8 1 JiAr‘cTan[2+11]+Ar‘cTanh[1+21 ArcTan [1 . ﬁ 'C x2 _10 1 et ArcTan([2+i] +ArcTanh [1+2 1]
ArcTan[1++/2 +/cx? | ArcTanh[1+21i] + (5-5 1) e*ArcTan(2i] ArcTanh[1:2 5] Log[l + @ 2iAreTan[1:/2 \ox | | - 10

2i [—Ar‘cTan[2+i]+Ar‘cTan{1+\/7 4/ cx? ”
e

i ArcTan[2+1]+ArcTanh[1+2 1]

e ArcTan[2 + 1] Log[l—

. _ . 2
ArcTan {1 . \/7 /—C 2 ] Log [1 B eZJl ( Ar‘cTan[2+n]+ArcTan{1+\/7 A e x H ] 10 i o ArcTan([2:i] AncTanh (12 ]

Ar‘cTan 1+2 +/c Xz Log 1 B erArcTan[lnﬁdcxz | -2ArcTanh1:2 i]] + 10 @ ArcTan [2+4 ] +APCTanh [1+2 5] ApcTanh[1 + 2 i ]

} +10 ej ArcTan[2+1i]+ArcTanh[1+2 1]

Log[ 21ArcTan{1+\F \/?} 2 ArcTanh[1+2 i ] } B (5 _s Ji) @i ArcTan[2+i]+ArcTanh[1+2 ] ﬁLog[ 1 ] +10

+(1+\/7W)2

el ArcTan(2+i]ArcTanh[1:2 1] ApcTan[2 + 1] Log|-Sin[ArcTan[2+i] - ArcTan[1++/2 ~Jcx? |]] - 10
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gl ArcTan(2¢i]sArcTanh[1:2 1] ApcTanh[1+2 1] Log[Sin[ArcTan[1++/2 y/cx? | + i ArcTanh[1+21i]]] -5
—Ar‘cTan[2+1‘L]+Ar‘cTan{1+ﬁ i o x? ”

21i

i1 ArcTan[2+1i]+ArcTanh[1+2 1] PolyLog [2’ e

ie ] -5 e]‘lAr‘cTan[2+1‘1]+Ar‘cTanh[1+2 i]

PolyLog|2, g2 iAncTan[1:4/2 e }’“"Ta”h[l*z“] (3+2Cos[2Ar‘cTan[1+\/7x/cx2 |] -2sin[2ArcTan[1++2 ~/cx? H) -

cet ArcTan[2+1i]-ArcTanh[1+2 1] XZ

1+(1+\/7\/§

2
] (5 +5 ]'1) enArcTan[2+1]+ArcTanh[1+2 1] 7 ArcTan [1 N ,/2 'C X2 } N

10 @* ArcTan(2+4] ArcTanh(1:25) ArcTan[2 + i ] ArcTan[1+/2 AJcx® | + (4+2i) VI-1 eATaniz:il ancTan[14+/2 \Jex? |*-
(2+43) 1+i eM<TahL2i ancTan (1442 (Jox? |*+ (4-41) et AreTani2iil ncTamh(126) ArcTan [1++/2 1/ ex? |+

19 (ejLAr‘cTan[2+Ji]+Ar‘cTanh[1+2 1] Ar'cTan[1+ /2 /CXZ ] Ar‘cTanh[1+ 2 ]'l} N (5 _5 j) e]iAr‘cTan[ZHi]+Ar‘cTanh[1+2 i] T

Log [1 . e—Z]‘LAr‘cTan{lﬂ/T e x? } ] +10 i eiArcTan[2+i]+ArcTanh[1+2i] AneTan [2+1i] Log [1 _ eZi (*APCTB"'[ZHMAPCTan{lﬂ/? N ex? ” } )

10 i e]‘lAr‘cTan[Zﬂi]+Ar‘cTanh[1+2 i] ArcTan [1 + \/? 'C X2 } Log[l _e ] .

10 (ejL ArcTan[2+1]+ArcTanh[1+2 1] ArcTan [1 + /2 ,C X2 ] Log {1 _ ez iArcTan{lﬂﬁ \ € x? }—2Ar~cTanh[1+2 1] } +101 ejl ArcTan[2+1]+ArcTanh[1+2 1]

21 [—Ar‘cTan[2+J‘L]+Ar‘cTan{1+\/? 3 € x? ”

ArcTanh[1+2 1] Log {1 _ g2 iAncTan[1+1/2 \/cx? |-2ArcTanh[1+21i] ] ~ <5 5 1'1) @i ArcTan[2+i] +ArcTanh[1424] Log{ 1 ] B

J1+(1+\/7\/CX2)2

10 i et ArcTan(2+i]ArcTanh([1:21] ApcTan (2 + 1] Log[-Sin[ArcTan[2+i] - ArcTan[1++/2 1/cx? |]] -

10 i et ArcTan(2+i]+ArcTanh[1:2i] ApcTanh([1+2 1] Log[Sin[ArcTan[1++/2 «/cx? | + i ArcTanh[1+21]]] -
—Ar‘cTan[2+11]+Ar‘cTan{1+ﬁ 3/ € x? U

2i
! Polylog(2, e

5 ej ArcTan[2+i]+ArcTanh[1+2 i ] _53 eJ'lAr'cTan[2+J'1]+Ar‘cTanh[1+2 1]

PolyLog|2, @2 ArcTan[1:3/2 ycx? }‘ZA”CT"”““*“]} (3+2Cos[2Ar‘cTan[1+\/?«/cx2 1] —25in[2Ar‘cTan[1+\/?«/cx2 H] /



1 1+4/2 Vex?

\/1+(1+\/?\/CX2)2 \/1+(1+\E\/CX2)2

—1-cx?+V2 yJcx?

(1+CX2+\/7\/CX2

Problem 26: Attempted integration timed out after 120 seconds.

J (a+bArcTan[cx?|)?

d+ex

dx

Optimal (type 9, 22leaves, 0steps):

(a+ b ArcTan|c x?] )2

Unintegr'able[ B x]

d+ex

Result (type 1, 1leaves):

???

Problem 28: Attempted integration timed out after 120 seconds.

J(d+ex)2 (a+bArcTan[cx?]) dx

Optimal (type 3, 315leaves, 24 steps):

bdeArcTan|c'3x| bd®ArcTan[cx?] (d+ex)3 (a+bAr‘cTan[cx3])
- - + +
c?/3 e 3e

bdeArcTan[+/3 -2c'3x] bdeArcTan[v/3 +2c1/3x] \/?bdzArCTan[l_z\/C;—/gxz] bd? Log[1+c?/3 x?]
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_ . N _
2 c2/3 2 c2/3 2 cl/3 2 cl/3
V3 bdelog[1-+/3 c¥3x+c?3x?] /3 bdelog[1++/3 c3x+c?3x?] bd?log[1-c?3x2+c*3x*| be?logl+c?x?|
4c2/3 N 4C2/3 - 4c1/3 N 6C

Result (type 1, 1leaves):

2P

Problem 30: Attempted integration timed out after 120 seconds.

Ja +bArcTan|c x?| 5
X

d+ex
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Optimal (type 4, 739 leaves, 25 steps):
e (1-(-c?)¥%x e (1+(-c2) Y6 x
bcLog[M] Log[d+ex] bcLog[—M} Log[d+ex]

(—cz)l/6 d+e (—cz)l/sd—e

(a+bArcTan|[cx?]) Log[d +ex]

+ - +

€ 24/-c? e 2/-c? e

_1)1/3, (_c2) /e _1)2/3, (_c2)Y/6 1)2/3 e (14 (-1)V/3 (_c2)/6
bcLog[—e(( )/ (C),X)}Log[d+ex] bcLog[—e(( )/ (C)/X)]Log[dJrex] bcLog[( ) e( ,( ) <,C) X)}Log[d+ex]
() Vod (1) e (-?)¥od- (1)e (-c) o1 e
_ + _
24/ -c? e 24/ -c? e 24/ -c? e
_1)1/3 14 (-1)2/3 (_c2)\ /6 _e2)\ /6 (g. _c2) /6 gy

bcLog[< e [t ) () X)} Log[d+ex] bcPolylog|2, 1) drex) X1 bcPolylog|2, 1) drex) =

(—cz)l/6 d+(-1)3e (—cz)l/(’ d-e (—cz)l/6 d+e

+
2+/-c? e 2+/-c? e 2+/-c? e
~2) Y% (diex) ~2) Y5 (diex) ~2) Y% (diex) ~2) Y5 (diex)

b c PolylLog [2, ] b c PolylLog [2, } b c PolylLog [2, ] b c PolylLog [2, }

(—cz)l/sd—(—l)l/3e <7cz)l/6 d+(—1)1/3e (7c2)1/5d—(—1)2/3e (7(:2)1/6 d+(—1)2/3e

24/ -c? e 24/ -c? e 2/ -c? e 24/ -c? e
Result (type 1, 1leaves):
???

Test results for the 1301 problems in "5.3.4 u (a+b arctan(c x))*p.m

Problem 130: Result more than twice size of optimal antiderivative.

(a+bArcTan[cx] )3
J dx

x(d+jcdx)

Optimal (type 4, 128 leaves, 4 steps):

1+1cx 1+1cx

(a+bArcTan[cx])’Log[2- —2—] 3ib (a+bArcTan[cx])?Polylog[2, -1+ —2—]
+

d 2d
3b% (a+bArcTan[cx]) PolyLog[3, -1+ 2—] 3ib’Polylog[4, -1+ —>—]

1+1cx 1+1cx

2d 4d

Result (type 4, 268 leaves):
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- i (8ab®s®+b®n*+64a°ArcTan[cx] +192a*bArcTan[c x]?+192 i ab® ArcTan[c x]? Log[1 - e 2 ArcTanlex)]
64d

64 i b> ArcTan[c x]3 Log[1 - e 2 ArcTan(ex]] 1 192 j a? b ArcTan[c x] Log[1 - e?*Ar<Tanicx] ] . 64 i a® Log[c x] -
32ia®Log|[1+c*x?| -96b*ArcTan[cx] (2a+bArcTan[cx]) Polylog[2, e 2 Ar<Teniex)| , 96 a2 b PolyLog |2, e tArcTanlex]]
96 i ab? PolylLog[3, e 2*ArTanlcx] | 1 96 j b? ArcTan[c x] Polylog[3, e 21 Ar<Tan(exl | . 48 b3 polylog|[4, e 2iArcTanicx] )

Problem 141: Attempted integration timed out after 120 seconds.

jx3 (a+bArcTan[cx])?
dx

d+ex
Optimal (type 4, 598 leaves, 23 steps):

abdx b2x b2ArcTan[cx] b2dxArcTan[cx] bx?(a+bArcTan[cx]) id?(a+bArcTan[cx])? d (a+bArcTan[cx])?

+ - + - + - -
ce? 3cle 3c3e c e? 3ce cel 2c2e?
i (a+bArcTan[cx])? d2x (a+bArcTan[cx])? dx? (a+bArcTan[cx])? x> (a+bArcTan[cx])? d® (a+bArcTan[cx] >2L0g[17ﬁ2cx]
+ - + +
3c3e e? 2e? 3e et

2 2 2 3 2 __2c(dvex)

2bd? (a+bArcTan[cx]) Log[lﬂicx} 72b(a+bAr‘cTan[cx]) Log[lﬂicx} d® (a+bArcTan[cx]) LOg[(cd+je) (1—1cx)}
ced 3c3e et
b?d Log |1+ c? x2] ibd? (a+bArcTan[cx]) Polylog[2, 1 - 17].12“} i b2 d2 PolyLog[2, 1 - Mfcx} i b2 Polylog|2, 1 - 1”12“}
- +
2c?e? et cel 3c3e

(cd+ie) (1-icx) 1-i ¢cx (cd+ie) (1-icx)

ibd® (a+bArcTan[cx]) Polylog[2, 1- —2¢I&eX——]  p2g3polylog(3, 1- —2—] b2d®Polylog[3, 1- — 2 ldex ]

et 2et 2e

Result (type 1, 1leaves):

???

Problem 142: Attempted integration timed out after 120 seconds.

2

sz (a+bArcTan[cx]) ;
X

d+ex

Optimal (type 4, 430 leaves, 14 steps):

| 29
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abx b?xArcTan[cx] id(a+bArcTan[cx])? (a+bArcTan[cx])® dx (a+bArcTan[cx])? x? (a+bArcTan[cx])?

Cce ce ) c e? : 2c’e e? ’ 2e )
d? (a+bArcTan[c x])ZLog[ljcx} i 2bd (a+bArcTan[cx]) Log[hfcx} d? (a+bAf‘CTan[CX])2|—08[(cd—f;e{ﬁ)c—x)}
e’ ce? o3
b2 Log[1+ c2? Xz} i b d? (a+bAr‘cTan[c x]) PolyLog[Z, 1- lfichx] i bZdPolyLog[Z, 1- 1”?”]
2c’e : e3 ) ce? .

. 2 B 2c (d+ex) 2 12 2 2 42 B 2c (d+ex)
ibd (a+bAr‘cTan[c x]) PolyLog[Z, 1 Cdie micx } 7 b2d PolyLog[3, 1- 714‘1”} b2d PolyLog[B, 1 Caie (1—1cx)]

e3 2e3 2e3

Result (type 1, 1leaves):

e

Problem 143: Attempted integration timed out after 120 seconds.

Jx (a+bArcTan[cx] )2 ;
X

d+ex

Optimal (type 4, 323 leaves, 8steps):

Ji(a+bAr‘cTan[cx])2 x(aerAr'cTan[cx])2 d(a+bAr‘cTan[cx})2Log[ 2—] 2b(a+bArcTan[cx]) Log[ —2—]
+

1-icx 1+icx

+ + -
ce e e? ce

2 2c (d+ex) . 2 L2 2

d (a+bArcTan[cx])” Log| Cdrie) (1icx | ibd (a+bArcTan[cx]) Polylog[2, 1- l—jcx} i b2 Polylog|2, 1- 1+Mx]
e? e? ce

. _ 2c (drex 2 2 2 _ 2c (drex

ibd (a+bArcTan[cx]) Polylog[2, 1 4—)—(“““) hen | b2d Polylog|3, 1 - —HLCX] b%d PolyLog|3, 1 é—)—“dﬂie) en ]
e? 2e? 2e?

Result (type 1, 1leaves):
???

Problem 144: Attempted integration timed out after 120 seconds.

(a+bArcTan[cx] )2
J dx

d+ex

Optimal (type 4, 223 leaves, 1step):
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(a+bArcTan[cx])?Log[ —2—] (a+bArcTan[cx])? Log[ —2cldex ] (a+bArcTan[cx]) Polylog[2, 1- —*—|
+

1-icx (cd+ie) (1-icx) 1-icx

e e e
ib (a +bArcTan[c x]) PolyLog[Z, 1- ¢<w)—] b2 PolyLog[3, 1- #] b2 PolyLog[3, 1- #(M);]
- +

(cd+ie) (1-1icXx) 1-icx (cd+ie) (1-1cx)

e 2e 2e

Result (type 1, 1leaves):

PP

Problem 145: Attempted integration timed out after 120 seconds.

2

(a+bArcTan[cx])
J dx

x (d+ex)

Optimal (type 4, 369 leaves, 9 steps):

2 (a+bArcTan[cx])zAr‘cTanh[l—1”12”} (a+bAr‘cTan[cx}>2Log[1_fcx} (a+bArcTan[cx})2Log[(cd—fJi°e(%]

d d d
ib(a+bArcTan[cx]) Polylog[2, 1- —2—] ib (a+bArcTan[cx]) Polylog[2, 1- —*—]

1-icx 1+icx

d d
ib (a+bArcTan[cx]) Polylog[2, -1+ 2] ib (a+bArcTan[cx]) PolyLog[2, 1- #(M)_]

1+1 CXx (cd+ie) (1-icx)

d d
b2Polylog[3, 1- —2—]| b2Polylog[3, 1- —2—| b?Polylog|3, -1+ —2—| b*Polylog[3, 1- —2cldex—]
+

1-icx 1+1cx 1+icx (cd+ie) (1-icx)

2d 2d 2d 2d

Result (type 1, 1leaves):

2P

Problem 146: Attempted integration timed out after 120 seconds.

(a+bArcTan[cx] )2
J dx

x2 (d+ex)

Optimal (type 4, 473 leaves, 13 steps):
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ic (a+bArcTan[c x])2 (a+bArcTan[c x])2 2e (a+bArcTan(c X])ZAPCTanh[lf 1+1'12cx}
d dx d?
__2c(dvex)
e (a+bArcTan[cx])? Log[l_fcx} e (a+bArcTan[cx])? Log| (Cdfjlce)d(jj(jlcx)] ) 2bc (a+bArcTan[cx]) Log|2 - l_fcx}
d? d? d
ibe (a+bArcTan[cx]) Polylog[2, 1- —*—] 7 i b? c Polylog[2, -1+ —*—| ) ibe (a+bArcTan[cx]) Polylog[2, 1- —*—] )
d? d d?
ibe (a+bArcTan[cx]) PolyLog[2, -1+ 1”12”] ibe (a+bArcTan[cx]) PolyLog[2, 1- ﬁ)c—x)]
d2 N dz N
__2c(dvex)
b2 e Polylog|3, 1- HZCX] ) b2 e Polylog|[3, 1 - mzcx] _ b2 e Polylog[3, -1+ ﬁ] b% e PolyLog[3, 1 - (Cdf;e)"(ij‘ux) ]
2 d? 2 d? 2 d? 2 d?

Result (type 1, 1leaves):
22?

Problem 147: Attempted integration timed out after 120 seconds.

(a+bArcTan[cx] )2
J dx

x3 (d+ex)

Optimal (type 4, 591 leaves, 21 steps):

bc (a+bArcTan[cx]) c? (a+bArcTan[cx])? ice (a+bArcTan[cx])?> (a+bArcTan[cx])?

+ - +
dx 2d d? 2dx?
e (a+bArcTan(cx])? 2e? (a+bArcTan[cx])?ArcTanh[1 - 1+1‘ch] b2 2 Log ] e? (a+bArcTan[cx])? Log[ljcx]
+ + + -
d? x d? d d3
2 2 d+
e? (a+bArcTan[cx])?Log| (cdﬂfe) (i—xicx) | b2e2 Log[1+c2x?| 2bce (a+bArcTan[cx]) Log|2- Lfcx}
d3 2d d?

i 2 2 2 2 : 2 2
ibe? (a+bArcTan[cx]) Polylog[2, 1- HLCX] ) ib?cePolylog(2, -1+ chx} ) ibe? (a+bArcTan[cx]) Polylog[2, 1- 1+1‘ch]
d3 d2 d3

. 2 2 . 2 _ 2c (d+ex
ibe? (a+bArcTan[cx]) Polylog[2, -1+ 1+J'1cx} ibe? (a+bArcTan[cx]) Polylog[2, 1 —‘—)—“dﬂie) pay ]
d3 d3
2 A2 2 2 42 2 2 .2 2 2 A2 _ 2c (d+ex)
b? e> Polylog[3, 1 - ——] ) b?e> Polylog[3, 1 - ——] ) b?e> Polylog[3, -1+ —*—] ) b?e? Polylog (3, 1 - =< (HCX)}
2d? 2d? 2d 2d?

Result (type 1, 1leaves):
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222
Problem 217: Result more than twice size of optimal antiderivative.
sz (c +azcxz)5/2 ArcTan[a x] dx

Optimal (type 4, 418 leaves, 51 steps):
5c2/cratcx? 5c(cratex?)?? (c+a?ex?)®? (c+a?ex?)’’? sc2x+/c+a?cx? ArcTan[ax]
+

+ - + +
128 a3 576 a3 240 a3 56 a°c 128 a?
59 5.3/ 2 -2 17 2 25/ 242 1 427 2 42
——c?x3Jc+a?cx? ArcTan[ax] + —a?c?x’+/c+a’cx?® ArcTan[ax] + —a*c?x’+/c+a?cx?® ArcTan[ax] +
192 48 8
5ic3+/1+a%x? ArcTan[ax] Ar‘cTan[@} 5ic3V1+a?x? PolyLog[Z, —@] 5ic3V1+a%x? PolyLog[Z, @]
1-iax a W 1-1ax . WV 1-1ax
64 a3/ c+a%cx? 128 a3+ c+a?cx? 128 a3+ c+a2cx?
Result (type 4, 1780 leaves):
1 89 ./c (1+a%x? 1
—c? ( ) - 5./c (1+a*x?)
a’ 10080+/1+a?x2  128+/1+a? x2
(ArcTan[ax] (Log[lf ietArcTanaxi] _jog(1+1 e“"”a”[ax]” +i (PolyLog[Z, i etAreTanlaxl ] _polylog|2, i e“'““a“[”]”) +
¢ (1+a?x?) ArcTan[ax] c(1+a?2x?) (-3-98ArcTan[ax])

+

N
1281+ a2 x2 (Cos[%Ar‘cTan[ax]}—Sin[iAr‘cTan[ax}])8 2688 V1 + a2 x2 (Cos[iAr‘cTan[ax]]—Sin[iAr‘cTan[ax]”6

c (1+a?x?) (178 +1575ArcTan[ax]) c(1+a2x?) (-1219-1575ArcTan[ax])

+
268801 + a% x? (Cos[iAr‘cTan[ax}]—Sin[iAr‘cTan[ax]”4 80640 /1 + a x? (Cos[iAr‘cTan[ax]]—Sin[iAr‘cTan[ax]})2

¢ (1+a2x?) Sin[%Ar‘cTan[ax]] 89 /c (1+a%x?) Sin[iAr‘cTan[ax}]
+ _

448 /1 + a2 x2 (Cos[iAr‘cTan[ax]}—Sin[iAr‘cTan[ax}])7 67201 + a2 x2 (Cos[iAr‘cTan[ax}]—Sin[iAr‘cTan[ax]”5

1219/ c (1 +a? x?) Sin[iAr‘cTan[ax]} 89./c (1+a2x?) Sin[iAr‘cTan[ax}]

.
403201 + a2 x2 (Cos[iAr*cTan[ax}]—Sin[%Ar\cTan[ax]”3 10080 /1 + a2 x? (Cos[%Ar‘cTan[ax]]—Sin[%Ar‘cTan[ax]”

c (1+a%x?) ArcTan[ax] ¢ (1+a*x?) Sin[iArcTan[ax}]

+

N
1281+ a2 x2 (Cos[iAr‘cTan[ax]}+Sin[§Ar‘cTan[ax}])8 448 /1 + a2 x2 (Cos[iAr‘cTan[ax]}+Sin[iAr‘cTan[ax}])7
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c(1+a?x?) (-3+98ArcTan[ax]) 89./c (1+a%x?) Sin[iAr‘cTan[ax]]

+

2688 V1 + a2 x2 (Cos[%Ar‘cTan[ax]]JrSinEAr‘cTan[ax]”6 6720 V1 + a2 x2 (Cos{%Ar‘cTan[ax]}+Sin[§Ar‘cTan[ax}])5

c (1+a%x?) (178 -1575ArcTan[ax]) 1219 /c (1+a%x?) Sin[iAr‘cTan[ax]}

+

N
26880V 1+ a2 x2 (Cos[iAr'cTan[ax}]+Sin[§Ar‘cTan[ax]”4 40320+/1 + a2 x2 (Cos[iAr‘cTan[ax]]+Sin[§Ar‘cTan[ax]”3

c (1+a2x?) (-1219+1575ArcTan(ax]) 89./c (1+a’x?) sin[>ArcTan[ax] |

+

806401+ aZx2 (Cos[LArcTan[ax]] +Sin[LArcTan{ax]]]® 10080+/1+a?x? [Cos[®ArcTan[ax]] +Sin[% ArcTan[ax]
2 2 2 2

1 ) .
c®Jc(1+a’x?) |-61Polylog[2, —ie!Ar<Taniaxl] 4 6 Polylog|2, i etArcTen(axl] _
48 a3 /1 + a% x?
1 2
= (1+a2x2>2 (6Cos[3ArcTan[ax]} +
4 V1+a?x?
14 a x

3ArcTan[ax] |-—————+3Llog[1-ie' A"™"(@X/] 4 Cos[2ArcTan[ax]] (Log[1-1ie!A"T[ax]] _log[1+1elArcToniaxi]) .

Cos[4ArcTan[ax]] (Log[1-ie'Ar<Tanlexl] _og[1+ietArTanlax]) 3 Log[1+1ie!ATN@x] 4 2Sin[3 ArcTan[ax] ]

1 . .
/e (1+a%x?) (9@1 PolyLog[2, -1 e*A™Tanlax]] _ 99 j Polylog[2, i e'ArcTaniax]]
720 a%/1 +a?x?
1 12
— (1+a° x2)3 [7+110C05[3APcTan[a x]] -90Cos[5ArcTan[ax]] +
16 V1 +a2x?
156 a x . .
15 ArcTan[a x] ( +30Log[1-1ietAreTan(ax] 4 3 Cos[6ArcTan[ax]] Log[1 - i e*ArTanax]] ;45 Cos[2 ArcTan[a x] ]
V1+a?x?

(Log[1-ietArcTenaxl] _log[1+ i etArcTanlax] ) + 18 Cos[4 ArcTan[ax]] (Log[1-1ie*A"T2x]] _|og[1+ i et ArcTaniaxi]) —

|

30 Log[1+ i e!ArcTan(ax] ] _ 3 Cos[6ArcTan[ax]] Log[1+ i e*ArTan(@x]] _94Sin[3 ArcTan[ax]] +6Sin[5ArcTan[ax]]

Problem 316: Result more than twice size of optimal antiderivative.

sz (c+a’c x2)3/2 ArcTan[a x]2dx

Optimal (type 4, 531 leaves, 92 steps):
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cxVe+aZex? 1 ﬁ 31cvVc+a?cx? ArcTan[ax] 19cx?+c+a?2cx? ArcTan[ax]
- c+alcx? + -

+—cx3 -
36 a? 60 360 a3 180 a
1 cxy/c+a2cx? ArcTan[ax]? 7 1
—acx*\/c+a’?cx® ArcTan[ax] + [ax] +—cx>/c+alcx? ArcTan[ax]?+ —a?cx’+Jc+a’cx? ArcTan[ax]?+
15 16 a2 24 6
_ 41 c3/2 ArcTanh | M] ,
ic2V/1+a2x? ArcTan|etArcTan(axl | ApcTan[a x]2 Jeratex? ic2+/1+a2x? ArcTan[ax] Polylog[2, -i e!ArcTan(ax] |

+

8adcralcx? 360 a galVc+alcx?
ic2y/1+a2x? ArcTan[ax] Polylog|2, i efArcTaniax]|  ¢2+/14+a2x? Polylog|3, -ielArcTanax]]  ¢2+/1+a%x? Polylog|3, i elArcTan(ax]]

+

8a+c+a%cx? 8a+c+a%cx? 8a3+c+a%cx?

Result (type 4, 1115leaves):
1

11520a3+V1+a?x?

c+/c+aZcx?

830 ArcTan[a x] Cos[3ArcTan[ax]] + 1770 a®> x?> ArcTan[a x] Cos [3 ArcTan[a x]] + 1050 a* x* ArcTan[a x] Cos[3ArcTan[ax]] +
110 a® x® ArcTan[a x] Cos[3 ArcTan[ax]] - 99 ArcTan[a x] Cos [5ArcTan[ax]] - 270 a? x> ArcTan[a x] Cos [5ArcTan[ax]] -
270 a* X4Ar‘cTan[a Xx] Cos[5ArcTan[ax]] -90 ab x® ArcTan[a x] Cos[5ArcTan[ax]] -720 rArcTan[a x] Log[2] +

480 7t ArcTan[ax] Log[8] - 720 ArcTan[ax]? Log[1 - i e*ArTan(ax)] 4 729 ArcTan[a x]? Log[1 + i etArcTan(ax) | _

i . . 1 ‘
) @ 2 LArcTanfax] (—J‘l+e“"‘CTa”[”])] +720 ArcTan[a x]? Log[ _—— x] (—J‘l+e“"CTa”[”])] -

1
720 7 ArcTan[ax] Log| (_ ~_=
2

1) —iﬁAr‘cTan[a
e 2
2

184ax+/1+a2x® +128a>x3/1+a’x? -56a°x°+/1+a’2x? +252+/1+a%x? ArcTan[ax] +264a?x%>+/1+a’>x? ArcTan[aXx] +
12 a*x*+/1+a?x® ArcTan[ax] +3699ax+/1+a’x? ArcTan[ax]?+4860a>x>+/1+a%x?> ArcTan[ax]?+1170a°x>+/1+a?’x?® ArcTan[ax]?+

| 35

1 1, . 1 1. .
720 rArcTan[ax] Log[ = e 2 A" (14 4) 4 (1- 1) etAreTaniax]) ] 720 ArcTan[ax]2Log[ = e 2 AT (14 4) 4 (1 1) efArcTaniax)) ]
2

N

1 1 o1
720 st ArcTan[a X] Log[—Cos[f <JT+2ArcTan[a x])H +1312 Log[Cos[fAr‘cTan[a x}] —Sln[fArcTan[a X]H -
4 2 2

1 1 1 1
720 ArcTan[ax]? Log[Cos |~ ArcTan[ax] | - Sin| = ArcTan[ax] || - 1312 Log[Cos| ~ ArcTan[ax] | +Sin[ = ArcTan[ax] || +
2 2 2 2

, 1 1 1
720 ArcTan[a x] Log[Cos[;Ar‘cTan[a x] |+ Sln[;Ar‘cTan[a x] || +720 nArcTan[ax] Log[Slnu— (r+2ArcTan[ax])]] -

1440 i ArcTan[a x] Polylog[2, -i e!ArcTan[ax]] 1440 i ArcTan[ax] Polylog|2, i e*A™Tan(ax]] , 1440 PolylLog |3, - i e*ArcTan(ax]] _
1440 Polylog|3, i e*A™T@n(ax]] 1 132 Sin[3 ArcTan[ax]] + 156 a®> x* Sin[3 ArcTan[ax]] - 84 a* x* Sin[3 ArcTan[ax]] -

108 a® x® Sin[3 ArcTan[ax]] - 1865 ArcTan[a x]2Sin[3 ArcTan[ax]] - 2835 a? x2 ArcTan[a x]2Sin[3 ArcTan[ax]] -

2475 a* x* ArcTan[a x]2Sin[3 ArcTan[ax]] - 705 a® x® ArcTan[a x]2Sin[3 ArcTan[ax]] - 525in[5ArcTan[ax]] -

156 a® x2 Sin[5ArcTan[ax]] - 156 a* x* Sin[5ArcTan[ax]] - 52a®x® Sin[5ArcTan[ax]] +45ArcTan[ax]2Sin[5ArcTan[ax]] +

135 a% x> ArcTan[ax]2Sin[5ArcTan[ax] ] + 135 a* x* ArcTan[ax]2Sin[5ArcTan[ax]] + 45 a® x® ArcTan[ax]2Sin[5ArcTan[a x] ]
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Problem 323: Result more than twice size of optimal antiderivative.

sz’ (c+a’cx?) >’2 ApcTan[a x]2 dx

Optimal (type 4, 578 leaves, 203 steps):
115c2/c+acx? 115c (c+a?cx®)¥? 23 (c+a?cx?)®?  (c+a?ex?)”? 47c2x+/c+a’cx? ArcTan[ax]
_ _ _ N N _
18144 a* 7560 a* 252a%c 1344 a3

4032 a*
205c? x> c+a’cx? ArcTan[ax] 1@3ac?’x>+Vc+a’cx? ArcTan[ax] 1 , , . S S 2c?+vc+a?cx?® ArcTan[ax]?
- -—a’c“x’'yJc+a“cx® ArcTan[a x] - +

6048 a 1512 36 63 a*
c?x?+/c+a’cx? ArcTan[ax]? 5 19 1
[ax] +—c?x*+Jc+a’cx? ArcTan[ax]?2+ —a?c?x®+/c+a?cx® ArcTan[ax]?+ —a*c?x®+/c+a?cx® ArcTan[ax]?-
63 a? 21 63 9
1151 31+ a2x2 ArcTan[ax] ArcTan| 292X ] 1154 ¢3+/1+a2x? Polylog[2, - 223X ] 1153 c3+/1+a2x2 PolylLog[2, ‘¥ idax
i [ ] [\/l—iax} i y g[ ? A/1-iax ]_ i y g[ ? A/1-iax ]
4032 a*+/c+a’cx?

2016 a* /¢ + a2 ¢ x2 4032 a*\/c + a? c x?

Result (type 4, 1381 leaves):

1 2 2,,2\2 2,2 2 2
c® (1+a*x*)°\/c (1+a*x?) |50-32ArcTan[ax]?+72Cos[2ArcTan[ax]] +16@ArcTan[ax]?Cos[2ArcTan[ax]] +

960 a*
110 ArcTan[ax] Log[1 - i el ArcTanax] | _
22 Cos[4ArcTanfax]] - -55ArcTan[ax] Cos[3ArcTan[ax]] Log[1 - i e*ArcTaniax]]
Vi+atx?
. 110 ArcTan[ax] Log|[1 + i et ArcTan(ax]
11 ArcTan[ax] Cos[5ArcTan[ax]] Log[1 - i e*ArcTaniax]] +55ArcTan[a x] Cos [3 ArcTan[a X] ]
V1+azx?

176 i Polylog[2, - i etArcTaniax]|
N

Log[1+ i etArcTanlaxl] . 11 ArcTan[a x] Cos[5ArcTan[ax]] Log[1 + i e*ArcTaniax]] _
(1+a%x2)%2

+

176 i PolyLog[2, i e!ArcTan(ax |
+4 ArcTan[ax] Sin[2 ArcTan[ax]] - 22 ArcTan[a x] Sin[4 ArcTan[a x] ]

(1+a2x2)5/2

4116 + 10944 ArcTan[a x]2 + 6262 Cos [2 ArcTan[a x] ] - 5376 ArcTan[a x]2 Cos [2 ArcTan[a x] ] +

1
—? <1+a2x2>3 c <1+a2x2)
80640 a*
10815 ArcTan[a x] Log[1 - i e*ArcTan(ax] ]
2764 Cos [4 ArcTan[a x]] + 6720 ArcTan[a x]? Cos [4ArcTan[ax] ] + 618 Cos[6ArcTan[ax]] - B

6489 ArcTan[a x] Cos[3 ArcTan[ax]] Log[1- i e!ArTan(ax]] _ 2163 ArcTan[ax] Cos[5ArcTan[ax]] Log[1- i e!ArcTan(ax)]
10815 ArcTan[a Xx] Log[l + i @l ArcTan( X]}
N

309 ArcTan[a x] Cos[7 ArcTan[a X] ] Log[lf i elArcTan( 1} +
V1+a?x?
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6489 ArcTan[a x] Cos[3 ArcTan[ax]] Log[1+ i e*A"Tenlax]] , 2163 ArcTan[a x] Cos[5ArcTan[ax]] Log[1+ i et ArcTantaxl]
19776 i POlyLOg [2) —1i e]l ArcTan[a x] } 19776 i POlyLOg [2, i e]i ArcTan[a x] ]
- +

(1+a2x2>7/2 (1+azxz)7/2

309 ArcTan[a x] Cos[7 ArcTan[ax] ] Log[1 + i e!ArcTaniax] ]|

1266 ArcTan[a x] Sin[2ArcTan[a x]] + 360 ArcTan[a x] Sin[4 ArcTan[a x]] - 618 ArcTan[a x] Sin[6ArcTan[ax]] | -

1
46 448 640 a*

3276288 ArcTan[a x]2 Cos[2ArcTan[ax]] + 576936 Cos [4ArcTan[a x]] - 580608 ArcTan[a x]2 Cos[4 ArcTan[ax]] +
184160 Cos [6 ArcTan[a x] ] + 483840 ArcTan[a x]2Cos [6ArcTan[a x]] + 32814 Cos [8 ArcTan[a x]] -

2067282 ArcTan[ax] Log[1 - i el ArcTan(ax] |

V1+a?x?
598652 ArcTan[a x] Cos[5ArcTan[ax]] Log|1- i e*A"<Tanlax]| _ 147663 ArcTan[ax] Cos[7 ArcTan[ax]] Log[1 - i efArcTantaxl|

, 2067282 ArcTan[a x] Log [1 + i elArcTan[ax] ]
16407 ArcTan[ax] Cos[9ArcTan[ax]] Log[1 - i etArcTan(ax)] 4 +

V1+aZx?
1378188 ArcTan[a x] Cos[3 ArcTan[ax]] Log[1+ i e*A"<Tenax]| , 509652 ArcTan[a x] Cos[5ArcTan[ax]] Log[1 +i efArcTantaxl|
147663 ArcTan[a x] Cos[7 ArcTan[ax] ] Log[1+ i e!Ar<Tan(ax] |, 16407 ArcTan[a x] Cos[9ArcTan[ax] ] Log[1 + i elArcTanlax] | _

4200192 i PolylLog [2, -1 etArcTan[ax] ] 4200192 i Polylog [2, i el ArcTan(ax] }
+ + 78444 ArcTan[a x] Sin[2 ArcTan[ax]] -

(1+a2x2)9/2 (1+a2x2)9/2

¢ (1+a? x2)4 c (1+a*x?) (657578 - 820224 ArcTan[ax]*+1083168 Cos[2ArcTan[ax]] +

-1378188 ArcTan[ax] Cos[3ArcTan[ax]] Log[1 - i e!ArcTanlax] | _

160452 ArcTan[a x] Sin[4 ArcTan[a x]] + 38172 ArcTan[a x] Sin[6ArcTan[a x]] - 32814 ArcTan[a x] Sin[8 ArcTan[a Xx] ]

Problem 324: Result more than twice size of optimal antiderivative.

JXZ (c+a’c XZ)S/Z ArcTan[a x]%dx

Optimal (type 4, 638 leaves, 238 steps):
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43c2xvVec+atex?  29c2x3Vc+a’cx? 1, ., S\ﬁ 1373 c?+/c+a%?cx? ArcTan[ax] 737c?x?®+/c+a?cx?® ArcTan[ax]
+ a?c?x®+Jc+atcx? + -

+

4032 a? 1680 168 20160 a3 10080 a
83 1 5c2x/c+a%2cx? ArcTan[ax]?
——ac?x*Jc+a?cx? ArcTan[ax] - — a®c?x®+/c+a%cx?® ArcTan[ax] + [ax] +
840 28 128 a?
59 23 2 2 2 17 2 2,5 2 2 2 1 4 2.7 2 2 2
—c*x’/c+a‘cx® ArcTan[ax]“+ —a“c*x’Jc+a“cx” ArcTan[ax]*+ —a*c*x’+/c+a“cx® ArcTan[ax]‘+
192 48 8

, 397 ¢5/2 Ar‘cTanh{M] .
5ic3+/1+a?x? ArcTan[e!ArcTaniax] | ArcTan[ax]? Jeratex? 5ic®+/1+a%x? ArcTan[ax] Polylog|2, -i e!ArcTan(ax] ]|

64 a3+ c+a%cx? 5040 a* 64 a3+ c+a?cx?
5ic3+/1+a%x? ArcTan[ax] PolylLog [2, i et ArcTan[ax] } 5c3+/1+a?2x? PolylLog [3, — 1 eiArcTan[ax] } 5c3+/1+a2x? PolylLog [3, i el ArcTan[ax] }

+

64 a3/ c+a?cx? 64 a3/ c+a?cx? 64 a3/ c+a?cx?
Result (type 4, 1557 leaves):
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1

2580480 a1+ a?x?

c?+Jc+a%cx? |35678ax~/1+a’x? +24602ax>/1+a2x? -4070a° x°J/1+a2x?> +7006a’ x’ +/1+a%x?> +21002+/1+a%x?> ArcTan[aXx] -

49890 a% x?>+/1+a%x? ArcTan[ax] - 109026 a* x* /1 + a?x? ArcTan[ax] - 38134 a°x%+/1+a?x? ArcTan[ax] +
1273965ax+/1+a%x?> ArcTan[ax]2+2168775a>x>+/1+a%x? ArcTan[ax]?+1080135a°x>~/1+a%x? ArcTan[ax]?+

185325a’ x” /1 +a%x?® ArcTan[ax]?+ 202902 ArcTan[a x] Cos[3ArcTan[ax]] + 439768 a2 x?> ArcTan[a x] Cos[3ArcTan[ax]] +

263172 a* x* ArcTan[a x] Cos[3 ArcTan[ax]] + 18648 a® x® ArcTan[a x] Cos [3 ArcTan[ax]] -

7658 a® x8 ArcTan[a x] Cos[3 ArcTan[ax]] - 51310 ArcTan[a x] Cos [5ArcTan[a x]] - 164920 a? x> ArcTan[a x] Cos [5 ArcTan[ax]] -

186 900 a* x* ArcTan[a x] Cos[5ArcTan[a x]] - 84280 a® x® ArcTan[a x] Cos[5ArcTan[ax]] - 10990 a® x® ArcTan[a x] Cos[5ArcTan[ax]] +
3150 ArcTan[a x] Cos[7 ArcTan[ax]] + 12600 a® x? ArcTan[a x] Cos[7 ArcTan[ax] ] + 18900 a* x* ArcTan[a x] Cos [7 ArcTan[a x]] +

12600 a® x® ArcTan[a x] Cos[7 ArcTan[a x] ] + 3150 a® x® ArcTan[a x] Cos[7 ArcTan[a x] ] - 221760 st ArcTan[a x] Log[2] +

107520 T ArcTan[a x] Log[8] - 160800 ArcTan[ax]? Log[1 - i e*A"Ta(@X] | ; 100808 ArcTan[a x]? Log[1 + i e!ArcTanlax] | _

2

100800 T ArcTan[a x] Log| |- = - (-1 +etAreTaniax)) ] _

iy 1y . 1 i) 1y
] e 2 i ArcTan[a x] (_ i+ el ArcTan[a x] ) ] + 100800 ArcTan [a X} 2 Log{ (7 4 7} e 2 i ArcTan[a x]
2

100800 st ArcTan[a x| Log[lef“ma”[”] ((1+1)+ (1-i) ebArcTantax]y]
2

1 -1 3 ArcTan [ax]

100800 ArcTan[ax]? Log| ~ e 2 ((1+d)+(2-1) e“'“CTa“[”])] +100800 s ArcTan[a x] Log|-Cos [ (r+2ArcTan[a x})H +

N
I

1 o1 1 .1
203264 Log[Cos |~ ArcTan[ax] | - Sln[;Ar‘cTan [ax]]|]| - 1008060 ArcTan[ax]? Log[Cos[;Ar‘cTan [ax]| - Sln[;Ar‘cTan[a x1]] -
2

1 1 1 1
203264 Log[Cos |~ ArcTan[ax] | +Sin[ = ArcTan[ax] || + 100800 ArcTan[a x]? Log[Cos [~ ArcTan[ax] | +Sin[ = ArcTan[ax] || +
2 2 2 2
100800 st ArcTan[a X] Log[Sin[1 (m+2ArcTan[ax])|] - 201600 i ArcTan[ax] PolyLog|2, -i e!ArcTaniaxl]

201600 i ArcTan[a x] PolyLog|2, i e'A™Te"lax]] ;. 291600 Polylog|3, -i e'A"T"[ax] | _ 201660 PolyLog|3, i e*ArcTaniax]]
17622Sin[3ArcTan[ax]] +11352a2x2Sin[3ArcTan[ax]] - 17916 a* x* Sin[3 ArcTan[ax] ] + 600 a® x® Sin[3 ArcTan[a x] ]
12246 a® x® Sin[3 ArcTan[a x]] - 490455 ArcTan[a x]2Sin[3ArcTan[ax]] - 1484700 a® x> ArcTan[a x]2Sin[3 ArcTan[ax]] -
1592010 a* x* ArcTan[a x]2Sin[3 ArcTan[a x]] - 691740 a® x® ArcTan[a x]2Sin[3 ArcTan[a x]] - 93975 a® x¥ ArcTan[ax]2Sin[3 ArcTan[ax]] -
15618 Sin[5ArcTan[ax]] - 39176 a2 x2 Sin[5ArcTan[ax]] - 23820 a* x* Sin[5ArcTan[ax] ] + 7416 a® x® Sin[5 ArcTan[ax]] +

7678 a® x8 Sin[5 ArcTan[ax] ] + 61845 ArcTan[a x]2Sin[5ArcTan[ax]] + 227220 a?x? ArcTan[a x]2Sin[5ArcTan[ax]] +

310590 a* x* ArcTan[a x]2 Sin[5ArcTan[a x] ] + 186900 a® x® ArcTan[a x]2Sin[5ArcTan[a x]] + 41685 a® x® ArcTan[ax]2Sin[5ArcTan[ax]] +
2438Sin[7 ArcTan[ax]] + 9752 a2 x?Sin[7 ArcTan[ax]] + 14628 a* x*Sin[7 ArcTan[ax] ] + 9752 a® x® Sin[7 ArcTan[ax]] +

2438 a® x8Sin[7 ArcTan[ax]] - 1575 ArcTan[a x]2Sin[7 ArcTan[ax] ] - 6300 a2 x> ArcTan[a x]2Sin[7 ArcTan[ax]] -

+

9450 a* x* ArcTan[ax]2Sin[7 ArcTan[ax] ] - 6300 a® x® ArcTan[a x]2Sin[7 ArcTan[ax]] - 1575 a® x® ArcTan[a x]2Sin[7 ArcTan[a x] ]
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Problem 325: Result more than twice size of optimal antiderivative.

Jx (c+a? cxz)S/ZArcTan[a x]2dx

Optimal (type 4, 387 leaves, 6 steps):

3/2 5/2
5c2+/c+a2cx?2  5c¢ (c+atcx?) (c+a?cx?) 5c2x+c+a?cx? ArcTan[ax]
N -

+

56 a2 252 a? 105 a? 56 a
5cx (c+a2cx2)3/2Ar‘cTan[ax} X (c+a2cx2)5/2Ar‘cTan[ax] (c+a2cx2>7/2Ar‘cTan[ax]2
84 a ) 21a : 7a’c :
5ic3+/1+a%2x? ArcTan[aXx] Ar‘cTan[@} Sjc3mPolyLog[2, —@] Sjc3mPolyLog[2, @]
Tiax ) Viiax ) Jiiax
28a2+/c+alcx? 56a2+c+alcx? 56a2+c+alcx?

Result (type 4, 1087 leaves):
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1

. c? (1+a2 x2> C <1+a2x2)

3 ArcTan[ax] Log [1 _ 4 @iArcTan[ax] ]

V1+a?x?

2+4ArcTan[ax]2+2Cos[2ArcTan[ax]] - - ArcTan[ax] Cos[3ArcTan[ax]] Log[1 - i etArcTaniaxl]

3ArcTan[ax] Log|[1+ i elArcTan(ax]

+ArcTan[a x] Cos[3 ArcTan[a x] ] Log[l +1 e“'"CTa”[aXJ] _

V1+a?x?

4iPolylog|2, -i elArcTanlaxl | 4 j polylog|2, i e!ArcTaniax] |
+ - 2ArcTan[ax] Sin[2ArcTan[ax]]| -
(1+a2 X2)3/2 (1+a2 X2>3/2
1 2 2,2\2 2,2 2 2
5 C (1+a X ) C (1+a X ) 50 - 32 ArcTan[ax]“+72Cos[2ArcTan[ax]] + 160 ArcTan[ax]“Cos[2ArcTan[ax]] +
480 a
110 ArcTan[a x] Log|[1 - i elArcTaniax] | .
22 Cos[4ArcTanfax]] - - 55ArcTan[ax] Cos[3ArcTan[ax]] Log[1 - i e*ArcTaniax]] _
V1+a%x?
. 110 ArcTan[a x] Log|[1 + i el ArcTan(ax] |

11 ArcTan[ax] Cos[5ArcTan[ax]] Log[1 - i e!ArcTaniax]] +55ArcTan[a x] Cos[3 ArcTan[a X] ]

i . 176 i Polylog|2, —i elArcTan(ax]
Log[1+i e'ArcTanlax]] 4 11 ArcTan[a x] Cos[5ArcTan[ax]] Log[1+ i etArcTan(ax)] 2, ] .

(1 +a? x2> 5/2
176 1 PolyLog [2, i @iArcTan(ax] ]

(1+a2 x2>5/2

+4 ArcTan[ax] Sin[2 ArcTan[a x]] -22ArcTan[ax] Sin[4 ArcTan[ax]] | +

1

728 (1+a? X2)3 c (1+a*x?) |4116 + 10944 ArcTan[a x]* + 6262 Cos[2 ArcTan[ax]] - 5376 ArcTan[ax]?Cos[2ArcTan[ax]] +
161280 a

10815 ArcTan[ax] Log [1 _ i @lArcTan[ax] }
2764 Cos [4 ArcTan[a x]] + 6720 ArcTan[a x]2 Cos [4ArcTan[ax] ] + 618 Cos[6 ArcTan[a x]] - B

V1+a%x?

6489 ArcTan[a x] Cos[3 ArcTan[ax]] Log[1 - i e!A"Tan(ax]] _ 2163 ArcTan[ax] Cos[5ArcTan[ax]] Log[1- i e!ArcTaniax)] _

. 10815 ArcTan[a x] Log[1+ i el'LAr‘cTan[ax]}
309 ArcTan[a x] Cos[7 ArcTan[a x]] Log [1 - 1 etArcTan(ax] } + .

V1+a%x?

6489 ArcTan[a x] Cos[3 ArcTan[ax]] Log[1+ 1 e'A™Tenlax]] ; 2163 ArcTan[a x] Cos[5ArcTan[ax]] Log[1+ i et ArcTantaxl]

19776 i Polylog {2) _ i elArcTan[ax] } 19776 i PolylLog [2’ i elArcTan[ax] ]
- +

(1+a2x2>7/2 <1+a2x2)7/2

309 ArcTan[a x] Cos[7 ArcTan[ax]] Log [1 + 1 et ArcTan(ax] }

1266 ArcTan[a x] Sin[2 ArcTan[a x]] + 360 ArcTan[a x] Sin[4 ArcTan[a x]] - 618 ArcTan[a x] Sin[6 ArcTan[a X] ]

| 41
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Problem 326: Result more than twice size of optimal antiderivative.

J(c +a? cxz)S/ZArcTan[a x]2 dx

Optimal (type 4, 516 leaves, 21 steps):

17 5 1 . ,u32 5c2\/cra’cx? ArcTan[ax] 5c (c+a?cx?)??ArcTan[ax]
——c?xqfc+atex® + —cx (c+atcx?) - - -
180 60

8 a 36 a
2 2\5/2
c+a’cx ArcTan[ax] 5 5 1
( ) + —c?x+/c+atcx? Ar‘cTan[ax]2+—cx<c+a2cx2>3/2Ar‘cTan[ax}2+—x<c+a2cx2>5/2Ar‘cTan[ax}2—
15 a 16 24 6
, 259 c°/2 ArcTanh [ M] ,
5ic3/1+a%x? ArcTan[elArcTan(ax] | ApcTan[a x]?2 S 5ic3+/1+a%x? ArcTan[ax] Polylog[2, -i etArcTaniax] ]
+ + -
8a+/c+acx? 360a 8a+/c+a?cx?
5ic>+/1+a?x? ArcTan[ax] Polylog|2, ie'ArcTaniax]|  5¢c3+/1+a2x2 Polylog[3, -ielArcTaniaxl]  5¢c3+/1+a2x2 Polylog|3, i elArcTanlax] |
- +
8aVc+a?cx? 8aVc+a?cx? 8aVc+a?cx?

Result (type 4, 1117 leaves):



5.3 Inverse tangent.nb | 43
1

11520a+/1+a?x?

c?Jc+a’cx? [424ax~/1+a%x? +368a3x3/1+a’x? -56a°x°+/1+a’x?® -11028+/1+a%x? ArcTan[ax] +504 a?x?+/1+a?x? ArcTan[aXx] +
12a*x*+/1+a?x? ArcTan[ax] +11970ax+/1+a’x? ArcTan[ax]?+7380a®>x>+/1+a%x?> ArcTan[ax]?+

1170 a° x> </ 1 + a2 x?> ArcTan[ax]? + 1550 ArcTan[a x] Cos[3 ArcTan[a x]] + 3210 a? x> ArcTan[a x] Cos[3 ArcTan[ax]] +

1770 a* x* ArcTan[a x] Cos[3 ArcTan[ax]] + 110 a® x® ArcTan[a x] Cos[3 ArcTan[ax]] - 99 ArcTan[a x] Cos [5ArcTan[ax]] -
270 a% x?> ArcTan[a x] Cos[5ArcTan[ax]] - 270 a* x* ArcTan[a x] Cos[5ArcTan[ax]] - 99 a® x® ArcTan[a x] Cos [5ArcTan[ax]] -
6480 s ArcTan[a x] Log[2] + 960 r ArcTan[ax] Log[8] + 3600 ArcTan[a x]? Log[1 - i e!ArcTan(ax]] _

1 i ,
- - = -i+e
2 2

~L 3 ArcTan [aX]
e 2 (

3600 ArcTan[a x]2 Log |1+ i e'A"cTanlax] |, 3600 st ArcTan[a x] Log| tArcTanfax]) ] -

3600 ArcTan[a x]? Log| ~i+elAcTaniaxl) ], 3600  ArcTan [a x] Log[1 e B EATCTNEX) (9 4) (1) etArcTaniax])]

—+ —

2 2

3600 ArcTan[a x]ZLog[lef““Ta”[“] ((1+1)+ (1-1i) etArcTaniax]) ] 3600 51 ArcTan[a x] Log |- Cos|
2

1 ) _L i ArcTan[ax]
e 2 (

N

(m+2ArcTan[ax]) ]| -

ENI

1 o1 1 1
8288 Log[Cos |~ ArcTan[ax] | - Sin| ~ ArcTan[ax] | | + 3600 ArcTan[a x]? Log[Cos |~ ArcTan[ax]| - Sin| ~ ArcTan[ax] || +
2 2 2 2

1 o1 1 "
8288 Log|Cos |~ ArcTan[ax] | +Sin[ = ArcTan[ax]]|] - 3680 ArcTan[a x]? Log[Cos [~ ArcTan[ax] ] +Sin[ = ArcTan[ax]]] -
2 2 2 2

1 .
3600 st ArcTan[ax] Log[Sin[~ (m+2ArcTan[ax]) || +7200 i ArcTan[a x] Polylog[2, - i e*ArcTanlax]] _
4

7200 i ArcTan[a x] Polylog|2, i e*A™Tenax]] _ 7200 PolyLog[3, - i e*A"Te"(@ax]] | 72008 PolyLog|[3, i e'ArcTanlaxl]
372Sin[3ArcTan[ax]] + 636 a?x2Sin[3 ArcTan[a x] ] + 156 a*x* Sin[3 ArcTan[ax]] - 108 a® x® Sin[3 ArcTan[a x]] -

1425 ArcTan[a x]2Sin[3 ArcTan[a x]] - 3555 a® x> ArcTan[ax]2Sin[3 ArcTan[ax] ] - 2835 a* x* ArcTan[a x]?Sin[3 ArcTan[ax]] -
705 a® x® ArcTan[a x]2Sin[3 ArcTan[ax]] - 52Sin[5ArcTan[a x]] - 156 a®> x> Sin[5ArcTan[ax]] -

156 a* x* Sin[5ArcTan[ax]] - 52 a® x® Sin[5ArcTan[a x]] +45ArcTan[a x]%Sin[5ArcTan[ax]] +

135 a% x> ArcTan[a x]2Sin[5ArcTan[ax] ] + 135 a* x* ArcTan[ax]2Sin[5ArcTan[ax]] + 45 a® x® ArcTan[ax]2Sin[5ArcTan[a x] ]

Problem 413: Result more than twice size of optimal antiderivative.
sz A/ c+a%cx? ArcTan[ax] 3 dx

Optimal (type 4, 747 leaves, 40 steps):
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Veratex?  xvVc+alcx® ArcTan[ax] Vc+a?cx? ArcTan[ax]? x2+/c+a2cx? ArcTan[ax]? x+/c+a?cx? ArcTan[ax]3
- + + - + +
433 4 a2 8 a3 42 8 a?
1 icvVlzalx? APCTan[eiAr‘cTan[ax]] ArcTan[ax]3 icvV1+a?x? ArcTan[ax] Ar‘cTan[@]
- U3 2 2 3 A 1-1ax
x4/ c+a“cx® ArcTan[ax]” + + -
4a%\/c+a%cx? a*Vc+a’cx?
3ic/1+a2x2 ArcTan[ax]?Polylog[2, -ielArcTan(axl] 33 c+/1+a2x2 ArcTan[ax]?Polylog|2, i e!ArcTaniax] ]
+ _
8a3/c+a?cx? 8a3/c+a?cx?
. 2 2 iv1+1ax . 2 2 1y 1+iax X
icv1+a?x? Polylog|2, ——\:Hlax | icvi+a2x? PolylLog|2, 4:171“ ] 3c/1+a’x? ArcTan[ax] Polylog[3, - i e!ArcTaniax] |
v v . _
2a3+/c+a?cx? 2a3/c+a?cx? 4a*~c+atcx?
3c+/1+a%x? ArcTan[ax] Polylog|3, ietArcTanlax]] 33 c+/1+a?x? Polylog[4, -ielArcTaniaxl| 34 c+/1+a%x? Polylog|4, ie!ArcTaniax]]
. _
4a%\/c+a%cx? 4a*\/c+a’cx? 4a*\/c+a’cx?
Result (type 4, 1844 leaves):
1 c(1+a*x?) (-1+ArcTan[ax]?) 1
— +
a? 4+/1+a%x? 2+/1+a%2x?

c(1+a®x?) (-ArcTan[aXx] (Log[l - i etAreTanlaxl] | og[1+ i etArcTanlax] | ) - (PolyLog[z, -1 etAreTanlaxi] _polylog[2, i e'ArcTaniax]| )) +
1

8+/1+a%x?

Log [1 _ e]i (%—Ar‘cTan[a x]) ] ~Log [1 . ei (%—Ar‘cTan[a x]) } ] ‘i (PolyLog [2, _ejl (%—Ar‘cTan[a x]) } _Polylog {2’ e]’l (%—Ar‘cTan[a x]) } ) ) .

c (1+a?x?) (1ﬂ3 Log[Co‘c[1 (EfAr'cTan[a x]
8 2 \2

1] 7§7r2 ((zfAr'cTan[ax]
2

|

o ((—7ArcTan[a x])2 (Log[lfejl (g'A’"CT"‘”["‘X])] ~Log[l+e’ (2'””3”[“])]

T
+21 [—7Ar~cTan[ax}
2

[PolyLog [2, 7@11 (:LfArcTan[a x]) ] _Polylog [2, ei (;LArcTan[a x]) ] J L2 [—PolyLog [3’ 7@1‘1 (ngrcTan[a x]) ] +Polylog [3, e]‘l (ngrcTan[a x]) ] J ) _

N

1 7T
8 ( i [*—Ar'cTan[ax}
64 2

4 1 (n 1 7T
+71[7+7(77+ArcTan[ax]

3 Log[l . ejl (%Ar‘cTan[ax}) } B
4 2 2 2

4 1 (n
) - = [*—APcTan[ax}
8 \2

s (. (7 1 7T
— 7T (1 (—+—(——+Ar‘cTan[ax}
2 2 2

3

o1

Log[l . eZJi (;+2— (—Z—+Ar‘cTan[ax])) ] .

—Log[1+ezj (%+;—(—Z—+Ar‘cTan[aX]))]) _ [£+ l (—£+Ar‘cTan[a X]
2 2 2

3 2
=1 [— - ArcTan[a X]
8 2

2 (e 3 1 a1 7T
PolyLog|2, et A"CTa"[aX])] + = (—i (—+ = (——+Ar‘cTan[ax]
4 2 2 2 2

{1 L (- " arcTan(ax) | | Log[1+ &2t (55 [Faremnien] ) 25 poryiog)a, — o2t (75 [raneTanian)] ]] s

2 2 2 2

3 (n 1 s 2 24 (L,l (_1+Apc'ran[ax])) 3 i (1—Ar~cTan[ax])
=1 [—+ = (7—+Ar~cTan[a X] PolyLog[2, -e" 27212 ]-= (—7ArcTan[a x] | Polylog(3, -e" |2 ]
2 2 2 2 4 \2
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2 o1

Log[1+e2j (T;(-%ArcTan[aX]))] +i (EJr l [7E+Ar‘cTan[ax]
2 2 2

3
2

3 (n 1 &
Vs - [—+— (——+Ar‘cTan[ax]

2 2 2

1 (7 1 T
— 1 (—+— (7—+Ar‘cTan[ax]
3 2 2 2

PolyLog[Z, _e2t (;&% (—;l+Ar'cTan[ax])>] B 1 PolyLog[B, _e2t (%+§ <—§+Ar~cTan[ax])) }) _ i (E . 1 (7 T + ArcTan [a ]
2

2\2 2 2

PolyLog[B, _e2j1 (§+§ (—%#—\r‘cTan[ax])) ] B i i PolyLog[4, _ejl (g—Ar‘cTan[ax]) ] _ z i PolyLog[4’ _ezj (§+§ (*%*Ard—an[ax])) ] ) ] +
4 4

¢ (1+a?x?) ArcTan[ax]? ¢ (1+a?x?) (2ArcTan[ax] -ArcTan[ax]?-ArcTan[ax]?)
+ _

16 V1 + a2 x2 (Cos[iAr‘cTan[ax]] —Sin[iAr‘cTan[a x]})4 16 V1 + a2 x2 (Cos[%Ar‘cTan[ax]] —Sin[iAr‘cTan[ax]})2

c (1+a2x?) ArcTan[a x]zsin[iAr‘cTan[a x] |

8+/1+a2x2 (Cos[%Ar‘cTan[a x]] —Sin[%Ar‘cTan[a x] | )3

¢ (1+a?x?) ArcTan[ax]?

+

16 V1 + a2 x2 (Cos[%Ar‘cTan[a x]] + Sin[%Ar‘cTan[a x] | )4

c (1+a%x?) ArcTan[a x]ZSinEAr‘cTan[a x] |

+

81+a2x2 (Cos[iAr‘cTan[a x] | +Sin[§Ar‘cTan[a x] | )3

¢ (1+a?x?) (-2ArcTan[ax] -ArcTan[ax]?+ArcTan[ax]?)

+

16 V1+a%x? (Cos[iAr‘cTan[a x] | +Sin[§Ar‘cTan[a x] | )2

¢ (1+a2x?) (Sin[iAr‘cTan[a x]| - ArcTan|a x]ZSin[iArcTan[a x]])

+

4+/1 + a?% x? (Cos[iAr‘cTan[a X] ] + Sin[iAr‘cTan[a x] ”

c (1+a?x?) (—Sin[%Ar‘cTan[a x]| +ArcTan[a x}zsin{%Ar‘cTan[a x]])

4+/1+a2x? (Cos[iAr‘cTan[a x] | —Sin[%Ar‘cTan[a x] ])

Problem 415: Result more than twice size of optimal antiderivative.
Jw/c+a2cx2 ArcTan[a x] 3 dx

Optimal (type 4, 626 leaves, 14 steps):
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3vc+atcx? ArcTan[ax]? 1 S , icvVil+a’?x? ArcTan|e’Are™niax]] ArcTan(ax]>
- \/Cc+a‘cx ArcTan[ax]” -

+ — X

2a 2 avc+alcx?
. 2 U2 V1+iax .
6icvV1l+a x® ArcTan[aXx] Ar‘cTan[ ] 3ic/1+a2x? Ar‘cTan[ax}zPolyLog[Z, _i (eJLAr‘cTan[ax]}

A 1-1ax + B
avc+aZcx? 2a/c+atcx?
X . 2 U2 i+v1+iax . 2 U2 i1+iax
3ic/1+aZx? Ar‘cTan[ax}ZPolyLog[z, jelArcTan[ax]} 3icvV1l+asx PolyLog[Z, e } 31cvVi1l+a‘x PolyLog[Z, —— ]

+

2a/c+atcx? avc+atcx? aVvc+atcx?

3c+/1+a%x? ArcTan[ax] Polylog|3, -i efArcTan(axl | 3¢+/1+a2x2 ArcTan[ax] Polylog|3, i e*ArcTan(ax] |

+ —

avc+aZcx? aVvc+a?cx?
3ic\1+a2x? Polylog(4, -ielArcTaniaxl] 34 c+/1+a%x? Polylog|4, i elhArcTaniax]|
+

avc+atcx? avc+atcx?
Result (type 4, 1524 leaves):
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1| 3+/c(1+a?x?) ArcTan[ax]? 1

- +

a 2V 1+ a%x? V1+a?x?

3./c (1+ a? x2> (Ar‘cTan[a x] (Log[l -1 e“"“a”[ax]} - Log[lJr i et ArcTan(ax] ]) 1 (PolyLog[Z, -1 e“"Ta”[ax]] - PolyLog[Z, i et ArcTan[ax] } )) +

1 P 1 1 3 (T
—————Jc(1+a’x?) |=n Log[Cot[f(f—Ar'cTan[ax] 1]+=n ([——ArcTan[ax}
2V1+a%x? 8 212 4 2
Log[l _ e]‘l (%‘ArcTan[a x])] B Log[l N (Ei (%7ArcTan[a x]) }] +i PolyLog[Z, 7@1‘1 (ngr-cTan[a x])} _Polylog {2’ e]‘l (ngr-cTan[a x]) } )) _
E7T ((I — ArcTan[a X] )2 (Log[l— e (%A"Ta”[a”)] - Log[1+ e (%A"Ta"[“”] +21 {E - ArcTan[ax]
2 2 2
[PolyLog{Z, _et (%—Ar‘cTan[ax])] B PolyLog[Z, et (%—Ar‘cTan[ax])]) 42 (—POlyLOg{?ﬁ, _et (%—Ar‘cTan[ax])] +PolyLog[3, et (%—Ar‘cTan[ax])])] .
4 L

8 (i i (Z - ArcTan[a X] )4 + 1 i (I + 1 (— X +ArcTan[a X] J) 1 [f - ArcTan[a x] )3 Log[1+e (?’A”Ta”[a”)} _

64 2 4 2 2 2 8 \2

o x 3 o ”
17(3 (1 I+E (7I+Ar'cTan[ax} 7Log[1+(e2]l(?*%(7?%“”"[3”))]) - [£+E (75+ArcTan[ax] Log[1+(e2]l(T%(ffAFCTan[ax]))] +
8 2 2 2 2 2 2
e 2
3, [zfAr'cTan[a x] 2PolyLog[Z, —e' (TA"Tan[ax])] 2 [1 i (I+ : (*I+A"CTan[a x]|| -
8 2 4 2 2 2 2
[E + 1 (— 2, ArcTan [aX] Log[l et (343 (’%APCT‘_"”[”]))] + 1 i PolyLog[Z, _et (55 (-5varcTantax] | ]] +
2 2 2 2
2 . . e
3 T EAN 1 (—E +ArcTan[a X] Polylog|2, _e?t (TH’TA'"CTE’"[”]))] 3 (E—Ar‘cTan[a x] | PolyLog[3, -e’ (?’A"Ta”[ax])} -
2 2 2 2 4 \2
3 2 n -
En 11’1 [£+E (—£+Ar‘cTan[ax} - E+E (—£+Ar‘cTan[ax} Log[1+e“(THTMPCT&‘”[“]))] +i (E+1 [—E+Ar‘cTan[ax]
2 3 2 2 2 2 2 2 2 2 2
PolylLog[2, -’ 3+ (%*APCTan[aX]))] 1 PolylLog[3, -’ (543 (-5arcTantax )] }) 2 (E L1 (—E +ArcTan[ax]
2 2\2 2 2
PolyLog[B, 7@21‘1 (%+§ (—%+Ar‘cTan[ax]))} B i i PolyLog[4, 7@1‘1 (%—Ar‘cTan[ax])] _ i i PolyLog[4, 7e2j (gaf% (_§+Achan[aX])) ] J] +
4 4
c (1+a%x?) ArcTan[ax]? 3./c(1+a2x?) ArcTan|a x]ZSin[iAr‘cTan[a x] |

PN (Cos[iAr‘cTan[axJ]—Sin[iAf‘CTan[aX]])z 2+/1+a2x? (Cos[iAr‘cTan[ax]}7Sin[§Ar‘cTan[ax}])

c (1+a?x?) ArcTan[ax]?

4+/1+a2x? (Cos[iAr‘cTan[a x]] +Sin[§Ar‘cTan[a x] | )2

+

3./c(1+a%x?) ArcTan[ax]zsin[iArcTan[ax]}

2+/1+a%x2 (Cos[iAr‘cTan[a x]] +Sin[§Ar‘cTan[a X] ])
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Problem 420: Result more than twice size of optimal antiderivative.
sz’ (c+a’cx?) 32 ApcTan[a x] 2 dx

Optimal (type 4, 652 leaves, 200 steps):
cxvVe+atex? cx?i/c+atcx? 163cVc+atcx? ArcTan[ax] cx?+/c+a%2cx? ArcTan[aXx]
- - +

+

420 a3 140 a 840 a* 60 a2
1 N S 9cxVc+atcx? ArcTan[ax]? 23cx3+/c+a?cx? ArcTan[ax]?
— cx"y/c+a“cx® ArcTan[ax] + - -
35 112 a3 280 a
1 . S , Slic?vil+a?x? ArcTan[elArcTaniax] | ArcTan[ax]?  2c+/c+a? cx? ArcTan[ax]3
—acx’y/c+a“cx® ArcTan[ax]” - - +
14 280 a*+/c+a?cx? 35a*
. — . 23 ¢3/2 ArcTanh [ 2o
cx“Vc+ascxs ArcTan[a X 8 1 A/ c+a? o x?
[ax] +—cx*/c+a?cx? ArcTan[ax]3+ —a?cx®+/c+a?cx? ArcTan[ax]3+ CALILL .
35 a? 35 7 120 a*
511ic?+/1+a2x2 ArcTan[ax] PolylLog[2, -i elArcTaniax]] 514 c2+/1+a%x? ArcTan[ax] Polylog|2, i elArcTan(ax]]
280 a*+/c+aZcx? 280 a*+c+a?cx?
51 c?+/1 +a? x? PolyLog[3, -1 e“‘"”an[ax]] 51c?+/1+a?x? PolyLog[B, Jie“'“”a”[“]}
+
280a*+c+atcx? 280 a* /¢ +a?cx?
Result (type 4, 1306 leaves):
1 1 )
—c|-——————Jc(1+a*x?) [117TAr'cTan[a x] Log[2] - 11 ArcTan[ax]? Log[1 - i e*ArcTanlaxl]
a* 40+/1 +a?x?

) 1 i 1y )
11 ArcTan[ax]? Log[1+ i e'A"<T[ax]] _ 11 rArcTan[a x] Log| |- — - 7) @ 7 LArcTan(ax] (-i+etAreTaniax))]
2
1 1 . ) 1 )
11Ar‘cTan[ax}2 Log[ i 7) e 5 1 ArcTan[ax] <_]-l+eJLAr‘cTan[ax]>] ~11 s ArcTan[a x] Log[*e 5 1 ArcTan[ax] ((1+]-l) N (1-1) enArcTan[ax]H _
2 2 2

1

11 ArcTan[ax]? Log[fe%“rﬂan[ax] ((1+1) + (1-1) e*AreTanlax]) ] 4 11 rArcTan[ax] Log[-Cos[~ (7 +2ArcTan[ax])]] +
2

FNQUPN

1 1 1 1
20 Log[Cos[g ArcTan[a x] ] - Sin[g ArcTan[a x] ] ] - 11 ArcTan[a x]? Log[Cos[; ArcTan[a Xx] } - Sin[; ArcTan[a x] ] } -

" 1 .1
+Sin[ = ArcTan[ax] || +11ArcTan[ax]? Log[Cos |~ ArcTan[ax] | +Sin| = ArcTan[ax] || +

1
20 Log[Cos | — ArcTan[a x]
2 2 2 2

BR —

11ArcTan[ax] Log[Sin[ =~ (;m+2ArcTan[ax])]|] -22i ArcTan[ax] Polylog[2, -i e'ArcTen(axl] .

N

22 i ArcTan[a x] Polylog|2, i e*A™Te"(@ax]] ;22 polyLog[3, - i e'A"<Tenl2x]] _ 22 Polylog|3, i e*ArcTan(ax] ]



5.3 Inverse tangent.nb | 49

1
— (1+a° xz)z c (1+a*x*) (15@ArcTan[ax] - 32ArcTan[ax]?+8ArcTan[ax] (27 +20@ArcTan[ax]?) Cos[2ArcTan[ax]] +
960

66 ArcTan[a x] Cos[4ArcTan[ax]] +12Sin[2ArcTan[ax]] + 6 ArcTan[ax]2Sin[2ArcTan[ax]] +

6Sin[4 ArcTan[ax]] - 33 ArcTan[ax]?Sin[4ArcTan[ax]]) | +

1
—cC
34

1
1680 V1 + a? x?

309 ArcTan[ax]? Log[1+i e!ArcTanlaxl ] _ 309 ;r ArcTan[a x] Log|

¢ (1+a*x?) (3097rAr‘cTan[a x] Log[2] - 309 ArcTan[ax]? Log[1 - i e*ArcTan(ax)]

_ 1 _ 3] e—%iAr‘cTan[ax] i ArcTan[aXx] ) ] 4
2

(—J'L+<e

309 ArcTan[a x]?2 Log[ l+ E) e—ifjAr*cTan[ax] (_j+eiArcTan[ax]>] 309 rArcTan[a x] Log[le—ziAr‘cTan[ax] (<1+ j_> + (1_]-1) eiAr‘cTan[ax])] _
2 2 2

309 ArcTan[a x]?2 Log[le%“"mn[ax] ((1+1)+ (1-1) e*AreTnl2x]) ] 4 309 1 ArcTan [a x] Log[—Cos[1 (m+2ArcTan[ax])]] +
2 4

1 01 1 .1
518 Log[Cos{;Ar‘cTan[a x] | —Sln[EAr‘cTan[a x]]|] - 309 ArcTan[ax]? Log[Cos[;Ar‘cTan[a x] | —Sln[EAr‘cTan[a x1]] -

" 1 !
+Sln[fAr‘cTan[a X]H +309 ArcTan[a x]? Log[Cos[fAr'cTan[a x}] +51n[fAr‘cTan[a X]H +

1
518 Log[Cos [ — ArcTan [a X]
2 2 2

2

309 rArcTan[ax] Log[Sin[~ (r+2ArcTan[ax])|] - 618 i ArcTan[a x] Polylog[2, - i e*ArcTaniax]| .

N s =

618 i ArcTan[a x] PolylLog[2, i e!A"Ta"[ax | , 618 PolyLog[3, -1 e'A"<Tanlax]| _ 618 Polylog|3, i e*ArcTaniax]] ) -

1

53760
4 ArcTan[ax] (691 + 560 ArcTan[ax]?) Cos[4ArcTan[ax]] - 618 ArcTan[ax] Cos[6ArcTan[ax]] -

404 Sin[2 ArcTan[ax]] + 633 ArcTan[a x]2Sin[2 ArcTan[a x]] - 352Sin[4 ArcTan[ax]] -

(1+a° x2)3 c (1+a®>x*) (-4116ArcTan[ax] - 3648 ArcTan[ax]>+2ArcTan[ax] (-3131+896ArcTan[ax]?) Cos[2ArcTan[ax]] -

180 ArcTan[ax]?Sin[4 ArcTan[ax]] - 100 Sin[6 ArcTan[a x]] + 309 ArcTan[a x] 2 Sin[6 ArcTan[a x] ] ) ]

Problem 421: Result more than twice size of optimal antiderivative.

sz (c+a?cx?) 32 ApcTan[a x]3 dx

Optimal (type 4, 882leaves, 108 steps):
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cVec+atcx? (c+a2cx2)3/2 cxvVc+a?cx? ArcTan[ax] 1 S 31cvc+a?cx?® ArcTan[ax]?2
yJc+acx? ArcTan[ax] + -

_ _ + + —cx?
30 a3 60 a3 12 a? 20 240 a3
19cx?Vc+a%?cx? ArcTan[ax]? 1 4 S S , cxvc+atcx? ArcTan[ax]? 7 3 P 3
- —acx ' yc+a‘cx® ArcTan[ax]“ + +—cCcx’y/Cc+a‘cx® ArcTan[ax]” +
120 a 10 16 a2 24

1 ic2vV1+a2x2 Ar‘CTan[@jAPCTan[ax]] ArcTan|a X]3 411 c?+/1+a?x? ArcTan[ax] Ar‘CTan[@}
-2 5 2 2 3 Vi-iax
a’?cx’+c+aZcx® ArcTan[ax]3+ + -

6 8a*+/c+alcx? 60 a3/ c +a?cx?
3ic2v/1+a?x? ArcTan[ax]2Polylog|2, -i elArcTaniax]| 3 c2+/1+a2x? ArcTan[ax]?Polylog|2, i e*ArcTan(ax] |
+

16a%+c+a2cx? 16a3+Vc+a2cx?
414 c2V1+a?x? Polylog[2, - A2 413 c2V/1+a2x® Polylog[2, “IAeX] 5 o oo aia plran g PolyLog[3, —i e ArcTaniax] |
+

V1-iax 1-iax
+

120a3+Vc+a?cx? 120a3+c+aZcx? 8a*+vc+atcx?
3c2+/1+a%*x? ArcTan[ax] Polylog|3, i elArcTanax]] 34 c2+/1+a2x2 Polylog|4, -ielArcTaniax]] 3 c2+/1+a2x? PolylLog|4, i e*ArcTaniax] ]|
. _

8a+/c+a?cx? 8a+/c+a?cx? 8a+/c+atcx?

Result (type 4, 4015 leaves):

1+a2x2) (-1+ArcT 2
ic C( +aX) ( T Arc an[ax])+ 1 c(1+aZX2>

a’ 4+/1+ a2 x? 2+/1+a%x?
- - i et - +1 el -i , —iel - ,ie +
( ArcTan [a X] (Log[l i ArcTan[a x]} Log[l 1 ArcTan[a x] ] ) (PolyLog[z ie ArcTan[a x]] PolyLog[Z i ArcTan[a x] ] ) >
1
8+1+a?x?

Log [1 _ (efL (g—Ar‘cTan[a x]) ] ~Log [1 . ei (E—Ar‘cTan[a x]) } ) ii (PolyLog [2, _ej (g—Ar‘cTan[a x]) } ~Polylog {2“ ej (g—Ar‘cTan[a x]) } ) J .

1] —EJTZ ((E—Ar‘cTan[ax]
4 2

c (1+a?x?) (—179 Log[Co‘c[1 (E—Ar‘cTan[a x]
8 2 \2

2 Z_ArcTan[

(Log[liefl (2 (%—ArcTan[ax])]

— _ArcTan[a X] aX])]fLog[lwejL

Vs
+21 [—7Ar'cTan[ax}
2

_PolylLog {3’ et (ngr‘cTan[ax]) ] N PolyLog[B, et (%—ArcTan[ax]) ] ) ) B

N W
|
NS

Polylog[2, —e' [ A" (@X1] | _polylog|a, e [7ArcTeniax] ]] £2

8

= _ArcTan[ax] ’ Log[1+ et (F-ArcTanax]) ]

41[7r
2

1 T
8| —1 (—7Ar‘cTan[ax}

4 1 (n 1 T
+—1(—+—(——+Ar‘cTan[ax]
2

4 2 2 2

L1 n 3
—LOg[1+(EZJl (;+2—(—2—+Ar‘cTan[aX]))]J _ (£+ l (—£+Ar‘cTan[a X})
2 2 2

1 ( (1 7T
— 7T (1[—+—(——+Ar‘cTan[ax})
2

2

Log[1+e®! (3+3 (’;’(*A"Ta”[”]))} NES (l - ArcTan[ax] )2 Polylog |2, -e' (%’A”CT"”[”])} REg

8 2 4

Log[1+e®! (545 [5rreTantax) ) |+ 1 PolyLog[2, -’ (5+3 [-3+arcTanaxi ) ] ] +
2

1 (7 1 7T
—1 (—+— [——+Ar‘cTan[ax])
2 2 2 2

a1 7T
[—+— (——+Ar‘cTan[ax})
2
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3 a1 ¢ x 2 L
—1i [—+ - (——+Ar‘cTan[ax] 2 A'“CT""”[”])] -
2

PolyLog|2, et (53 (’%A"Ta"[”]))] 3 (ﬁ —-ArcTan|a x]) PolyLog|3, et
2 2 2

3
4 12 2

2 N

LOg[1+ezjl (;+2—(—§+Ar‘cTan[aX]))] fi (£+ 1 (—£+Ar‘cTan[a x]
2 2 2

1 (7 1 7T
7T —1(—+—(——+Ar‘cTan[ax}

3 a1 T
- (—+— (——+Ar‘cTan[ax}
3 2 2 2

2 2 2

|

PolyLog[Z, _e2t (;—+§(f%+Ar‘cTan[ax]))} B 1 PolyLog[3, _e2t (Z+i<2+Ar‘cTan[ax]))}] _ i (E . 1 (—£+Ar‘cTan[ax]
2 212 2 2

PolyLog[B, _ 2t (%2— (—%Ar‘cTan[a x])) ] B E i PolyLog[4, et (g—Ar‘cTan[ax]) ] _ i i PolyLog[4’ 2 (%% (*%A"CTan[ax])) ] ] ] +
4 4

¢ (1+a?x?) ArcTan[ax]? ¢ (1+a?x?) (2ArcTan[ax] -ArcTan[ax]?-ArcTan[ax]?)
+

16V1+a2x2 (Cos[LArcTan[ax]] -Sin[LArcTan[ax]])® 16V1+aZx? (Cos[%ArcTan[ax]]-Sin[LArcTan{ax]]])’
2 2 2 2

c (1+a%x?) ArcTan[a x]ZSin[iAr‘cTan[a x] |

8V1+aZx? (Cos[iAr'cTan[a x] | —Sin[%Ar‘cTan[a x] | )3

\Jc (1+a?x?) ArcTan[ax]?

161 +a? x? (Cos[%Ar‘cTan[a x] | +Sin[§Ar‘cTan[a x] | )4

+

c (1+a*x?) ArcTan[a x]zsin[iAr‘cTan[a x] |

+

8+1+a%x? (Cos[iAr‘cTan[a x] | +Sin[§Ar‘cTan[a x] | )3

c (1+a*x?) (-2ArcTan[ax] -ArcTan[ax]?+ArcTan[ax]?)

+

16 \/1 + a2 x? (Cos[iAr‘cTan[a x]] +Sin[§Ar‘cTan[a X] ] )2

¢ (1+a2x?) (Sin[iAr‘cTan[a x]| - ArcTan[a x]zsin[iAr‘cTan[a x] ])

+

4+/1+ a2 x2 (Cos[iAr‘cTan[a x]] + Sin[iAr‘cTan[a X] ”

¢ (1+a2x?) (—Sin[iAr‘cTan[a x]| +ArcTan[a X}ZSin[iAr‘cTan[a x]”

+

4+/1+a%x? (Cos[%Ar‘cTan[a x] ] —Sin[iAr‘cTan[a x] ])

c (1+a*x?) (50-19ArcTan[ax]?) 1
+ 194/c (1+a*x?)
240 /1 + a2 x2 120 V1 + a2 x2
(ArcTan[a x] (Log[l - i etAreTanlaxl] | og[1+ i etArcTan(ax] | ) +i (PolyLog[Z, i etAreTanlaxl ] _polylog|2, i e!ArcTaniax]] )) +
1

16 V1 +a? x?

c (1+a%x?) lﬂ?’ Log[Co‘c[1 (E—APcTan[a x]

3, 7T
|]+=n [(——Ar‘cTan[ax]
8 2 \2

4 2
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[Log [1 _ et (ngrcTan[a x]) ] ~Log [1 + et (ngr*cTan[a x]) } ) vi (PolyLog [2, _et (ngr‘cTan[a x]) } ~ Polylog {2, el (ngr‘cTan[a x]) } ) J _

iﬂ ((E ~ArcTan[aXx] )2 (Log[l _et (%—Ar‘cTan[aX])] B Log[l + el (;i—Ar‘cTan[ax])]
2

Tt
+21 [——Ar‘cTan[ax})
2

[PolyLog [2) _et (%—Ar‘cTan[a x]) ] _Polylog [2, et (%—Ar‘cTan[a x]) ] ] 42 (—PolyLog [3, _ et (%fAr'cTan[a x]) ] +Polylog [3, ot (%fAr'cTan[a x]) ] J ) .

1 7 4 1 a1 7 4 1 n 3 (e
8(—1‘1(——Ar‘cTan[ax]) +—i(—+—(——+Ar‘cTan[ax]J) ——[——Ar‘cTan[ax}) Log[1+el(zA"Ta"[aX])]
2 4 2 2 2 8 \2

1 ,(. (n 1 3
— T (11 [*+*(—*+ArcTan[ax}

- Log[1+e®* (%*i’(’%*””a“[ax]))]) - [E+ 1 (—E+Ar*cTan[a x]

8 2 2 2 2 2 2
o ” o 2
Log[1+ e’ (?%(’?*ANT‘—""[‘—"X]))} + 3 i (ﬁ - ArcTan[a x| ’ PolyLog[2, -e' (?’APCTa"[aX])} + ET(Z 1 i (E + 1 [—E +ArcTan[a x| -
8 2 4 2 2 2 2
[E + 1 (— 2, ArcTan [aX] Log[l + et (33 (’g*A"Ta"[ax]))] + 1 i PolyLog[Z, _e?t (33 [-FrarcTaniax) ) | }] +
2 2 2 2
2 (o1 o L
3, [1 L1 (_f + ArcTan[a x}) Polylog|2, - &' (;*Z(’?*A"Ta“[a”))] 2 (E—Ar‘cTan[a x]) PolyLog[3, -e' (?’A”Ta”[”])] 2
2 2 2 2 4 \2 2
3 2 (o1 0w
7 l1'1(£+£(—£+Ar'cTan[ax]) —(£+l(—£+Ar‘cTan[ax1) Log[1+<e“(?*3(’§*APCT‘"“[‘"X]))]+j1[£+l(—£+Ar‘cTan[ax])
3 2 2 2 2 2 2 2 2 2

PolyLog[Z, _e2t (’Zl+§ (—%+Ar‘cTan[ax]))} B l PolyLog[3, _e2t (§+§ (—%Ar‘cTan[ax])) } J B i (E . l (_ T +ArcTan[a X])
2 212 2 2

PolyLog[B, _e2t (§+§ (7§+ArcTan[a x])) ] _ i i PolyLog[4, _et (ngr*cTan[ax])] B i i PolyLog[4, _e2t (§+i (7%+Ar‘cTan[a x])) ] ]] .
4 4

c (1+a*x?) ArcTan[ax]? ¢ (1+a*x?) (ArcTan[ax] -ArcTan[ax]?-5ArcTan[ax]?)

+ +
48 /1 + a2 x2 (Cos[iAr‘cTan[ax]] —Sin[iAr‘cTan[a x]})6 80/1+a?x? (Cos[%Ar‘cTan[a x] | —Sin{iAr‘cTan[ax}])4

¢ (1+a?x?) (-2-52ArcTan[ax] +26ArcTan[ax]?+15ArcTan[ax]?)

480 /1 + a2 x2 (Cos[%Ar‘cTan[a x]] - Sin[%Ar‘cTan[a x] | )2

c (1+a2x?) ArcTan[ax]? Sin[iAr‘cTan [ax]|

40+/1 + a2 x? (Cos[%Ar‘cTan[a x] | —Sin[iAr‘cTan[a x] | )5

¢ (1+a?x?) ArcTan[ax]?

+

48/1 + a2 x? (Cos[%Ar‘cTan[a x] | +Sin[§Ar‘cTan[a x] | )6

c (1+a2x?) ArcTan[ax]? Sin[%Ar‘cTan [ax] |

+

401 +a?x? (Cos[%Ar‘cTan[a x]] +Sin[iAr‘cTan[a X] } )5
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c (1+a*x?) (-ArcTan[ax] - ArcTan[ax]?+5ArcTan[ax]?)

+

80 /1 + a x? (Cos[iAr‘cTan[a x]] +Sin[§Ar‘cTan[a X] ] )4

¢ (1+a?x?) (-2+52ArcTan[ax] +26ArcTan[ax]?-15ArcTan[ax]?)

+

480 /1 + a2 x? (Cos[%Ar‘cTan[a x] | +Sin[§Ar‘cTan[a x] | )2

¢ (1+a2x?) (50 Sin[%Ar‘cTan[a x]] - 19 ArcTan[ax]? Sin[iAr‘cTan[a x] ”

+

240 /1 + a2 x? (Cos[%Ar‘cTan [ax] ] -Sin [ i ArcTan[a x] ] )

c (1+a?x?) (Sin[%Ar‘cTan[a x]| - 13 ArcTan|a x]ZSin[iAr‘cTan[a X] ])

+

1201 +a2x? (Cos[iAr‘cTan[a x]] +Sin[%Ar‘cTan[a X] ])3

¢ (1+a2x?) (—Sin[iAr‘cTan[a x]]| +13ArcTan|a X]ZSin[iAr‘cTan[a x]”

+

1201 + a2 x? (Cos[iAr‘cTan[a x]] - Sin[%Ar‘cTan[a x] | )3

c (1+a?x?) (—5@ Sin[%Ar‘cTan[a x] | +19 ArcTan|a x]ZSin[%Ar‘cTan[a X] ])

240 /1 + a2 x2 (Cos[%Ar‘cTan[a x] | +Sin[%Ar‘cTan[a X] ])

Problem 422: Result more than twice size of optimal antiderivative.

JX (c+a?cx?) >2 ArcTan[a x]3 dx

Optimal (type 4, 477 leaves, 17 steps):
cxVcratcx®  9c+/c+alcx? ArcTan[ax] (c+a?cx?)¥?ArcTan[ax]

+ —

20 a 20 a? 10 a?
9cx/c+aZcx? ArcTan[ax]2 3x (c+a? cx2)3/2 ArcTan[ax]? 91 czmAr‘cTan[e“"”a”[”]} ArcTan[a x]?
40 a . 20 a : 20a2+/c+atcx? :
52 c3/2 Ar‘cTanh[L" — . o
(c+a®cx?)”*ArcTan[ax]? Jerarexd 9ic2+/1+a’x* ArcTan[ax] Polylog|[2, —i e*AcTan(ax |

+

5a’c 22 20a2+/c+a2cx?
9ic2+/1+a2x? ArcTan[ax] Polylog[2, i elArcTaniaxl| 9 c2+/1+a2x2 Polylog(3, i e'ArcTaniaxl| 9 ¢2+/1+a2x2 Polylog|3, i e!ArcTan(ax]

+

20a%2+/c+a?cx? 20a%2+/c+a?cx? 20a%2+/c+a?cx?
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Result (type 4, 1188 leaves):
1 1

i P
2+v1+a?x?

aZ
nArcTan[ax] Log|

c(1+a%x?) [JTAr‘cTan [ax] Log[2] -ArcTan[ax]?Log|1-ie*A"Tanlax]] . ArcTan[ax]? Log[1 + i e*ArcTan(ax)| _

— 5 —

2 2

1 jl) —ler‘cTan[ax
—_ e 2
2 2

—1iArcTan[aXx

J (-1 +etAreTaniax]) | +ArcTan[ax]? Log|

jl) e—;—jAr‘cTan[ax] <_]i+ej1Ar‘cTan[ax])] _
1
nArcTan[ax] Log|—

N

P((1+d) + (1-1) etAreTnax)) ] ArcTan[ax)? Log[ FRARCTAN(EX) (9,4} 4 (1 1) elArcTanax])]
2"

1 1 1
JTArCclan|ax og|-Cos| — (7T + rclan|ax + 0og OS| —Arclan|ax ->1n| —Arclanjax —
ArcTan[ax] Log[-Cos| (7+2ArcTan[ ])]] 2 Log[Cos| = ArcTan[ax] | - Sin[ = ArcTan[ax]]]
4 2 2

) 1 o1 1 o1
ArcTan[a x] Log[Cos[gAr‘cTan[a X]] —Sln[;Ar‘cTan[a X}H —2Log[Cos[;Ar‘cTan[a x]} +Sln[gAr'cTan[a X}H +

. 1 1 :
ArcTan[ax]? Log[Cos |~ ArcTan[ax] | +Sin| = ArcTan[ax] || + mArcTan[ax] Log[Sin]

(m+2ArcTan[ax]) ]| -21iArcTan[ax]
2 2

AR

PolylLog[2, -ie*A™Tan@ax]] ;2 j ArcTan[ax] Polylog|2, i e*A™Ten@ax]] ;2 polylog|[3, -ie*A™Ta(@x)] _ 2 polylog|3, i etArcTaniaxi]| 4

— (1+a*x%) y/c (1+a*x®) ArcTan[ax] (6+4ArcTan[ax]?+6Cos[2ArcTan[ax]] -3 ArcTan[ax] Sin[2ArcTan[ax]]) | +
12

1
—cC
32

1 .
-—————4/c (1+a* ) (1171Ar‘cTan[a x] Log[2] - 11 ArcTan[ax]? Log[1 - i e'ArcTanlax] |

40+/1 + a2 x?

11ArcTan[ax]?Log|[1 + i e!ArcTanlax]] _ 11 ;rArcTan[a x] Log|

] <7j+ejArcTan[ax]>} .

1 1) -1 ArcTan[ax
T _ ez
2

) 1
11 ArcTan[ax]? Log|

— 4 —

]l) -1 ArcTan[ax
e 2

V(i + @tArcTan(ax)) | - 11 5 AncTan [ax] Log| — ez “A™TEX (1, 4) 4 (1- 1) eiArcTaniax))]

N

11 ArcTan[a x]? Log[1 -§iArcTan[ax] ((1+d)+ (1-1) etAreTanlax]) | 4 11 rArcTan[ax] Log|[-Cos|[~ (7 +2ArcTan[ax]) || +
2

FNQRPN

1 1 1 1
20 Log[Cos |~ ArcTan[ax]] - Sin[ = ArcTan[ax] || - 11 ArcTan[ax]? Log[Cos |~ ArcTan[ax] | - Sin| = ArcTan[ax] || -
2 2 2 2

1 1 1
+Sin[ = ArcTan[ax] ]| + 11 ArcTan[a x]? Log[Cos| = ArcTan[ax] | +Sin|[ = ArcTan[ax] || +

1
20 Log[Cos [~ ArcTan|[
2 2 2 2

11w ArcTan[ax] Log[Sin[~ (m+2ArcTan[ax]) ]| - 22 i ArcTan[ax] PolylLog[2, -i e!ArcTaniaxl |,

1
4
22 i ArcTan[ax] Polylog|2, i e*A™Tan(ax]] , 22 polyLog[3, -1 e!Ar<Tanlax]] _ 22 polylog|(3, i e*ArcTan(ax] ]|

— (1+a° x2)2 c (1+a*x*) (15@ArcTan[ax] - 32ArcTan[ax]®+8ArcTan[ax] (27 +20@ArcTan[ax]?) Cos[2ArcTan[ax]] +
960

66 ArcTan[a x] Cos[4ArcTan[ax]] +12Sin[2ArcTan[ax]] + 6 ArcTan[ax]2Sin[2ArcTan[aXx]] +

6Sin[4 ArcTan[ax]] - 33 ArcTan[ax]?Sin[4 ArcTan[a x] ] )
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Problem 423: Result more than twice size of optimal antiderivative.

J(c +a? cx2)3/2ArcTan[a x]3 dx

Optimal (type 4, 760 leaves, 18 steps):

cvec+atex? 1 ) 9cvcratcx? ArcTan[ax]? (c+a?cx?)¥?ArcTan[ax]? 3
=" i Zcx+Jc+atcx? ArcTan[ax] - -

+=cxy/c+a’cx? ArcTan[ax]3+
4a 4 8a 4a

8
1 3ic2y/T+a2x? ArcTan[eiArcTaniax | ArcTan [ax]3 51c2+/1+a%x? ArcTan[ax] Ar‘cTan[F*?ﬁ]
= x (c+a2cx2)3/2ArcTan[ax]3f - —ax
4 4a+/c+a?cx? avcr+a?cx?
9ic2+V1+a2x? ArcTan[ax]2?Polylog|[2, -i elArcTanlaxl] 9 ¢2+/1+a2x2 ArcTan[ax]?Polylog[2, i elArcTaniax]|
- +
8a+c+a?cx? 8a+c+alcx?
) 2 U2 iv1+iax 2 2 U2 iv1+iax .
5ic2+/1+a%x? Polylog|2, —4:171” | 5ic2V1+a2x? PolylLog[2, 4:171” ] 9c2\/1+a2x? ArcTan[ax] Polylog[3, —i e ArcTaniax]]
- - +
2avc+acx? 2avc+a?cx? 4ar/c+atcx?
9c2+/1+a2x? ArcTan[ax] Polylog|3, i efArcTaniaxl] 9 j c2+/1+a2x2 Polylog[4, -i e*ArcTaniaxl| 9 c2+/1+a?x? Polylog[4, i e!ArcTaniax]]
- +
4a+c+a’cx? 4a+c+a’cx? 4a+c+a’cx?
Result (type 4, 3371 leaves):
1 3./c(1+a?x?) ArcTan[ax]? 1
“c |- + 3 c(1+a2x2)
a 2+1+a2x? V1+a?x?

(ArcTan[ax] (Log [1-1etAreTaniaxi] _jog[1+ 1 e ArcTaniax]] ) +i (PolylLog (2, —i e'ArcTanlaxl] _polylog|2, i e!ArcTaniax]] )) +

= c (1+a2x?) (37? Log[Cot[1 (lfAr‘cTan[ax]
8 2 \2

11 +27r2 ([EfAr'cTan[ax}

21 +a2x? 4 2

Log [1 _ ei (Z—Ar‘cTan[ ]) ] ~Log [1 . ei (';——Ar‘cTan[a x]) } ) ii (PolyLog [2, _ej (g—Ar‘cTan[a x]) } _Polylog {2) e]i (g—Ar‘cTan[a x]) } ) J B
2

N W
|
NS

— —ArcTan[ax]

(Log[l _ e]i (g-ArcTan[ax]) ] 3 Log[l . ei (Z——Ar‘cTan[a x]) ]

T
+21 [—7Ar‘cTan[ax}
2

PolylLog [2, _et (%ArcTan[a x]) ] ~Polylog [21 et (Z——Ar‘cTan[a x]) ] ] .2

~Polylog [3’ 7@1'1 (ngr‘cTan[a X]) ] + Polylog [3, e]’l (ngr‘cTan[a x]) ] J ) N

1 T
8| —1 (*—Ar‘cTan[ax}

4 1 n
[f - ArcTan[a X]

4 1 (n 1 7T
+71(7+7(—7+ArcTan[ax]

3 Log[l N (Ejl (%Ar‘cTan[ax])] B
64 2 4 2 2 2 8 \2
1 a1 7 LT a1 7 3
= (Ji (—+ - (——+Ar‘cTan[ax} —Log[1+ce2]l (3505 Araan[ax]))]) - [—+ - (-—+Ar‘cTan[ax}
8 2 2 2 2 2 2
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. (_%ANTE”[EX])) } i (g-ArcTan[a x]) } . 3 72

2
PolyLog|2, -
4

1. (7 1 T
—1 (_+_ [——+Ar‘cTan[ax]
2 2 2 2

3
+— 1 (——Ar‘cTan[ax}
8 2

Log[l . erL (;7+§ (—;l+Ar‘cTan[ax])) } N 1 i PolyLog[Z, 7@211 <;+§ (—%+Ar‘cTan[ax])) } ] .
2

a1 7T
[—+— (7—+Ar'cTan[ax]
2 2 2
3 a1 7 2 NN 3 /1 L 3
~1 [7+ - (—*+Ar'cTan[a x] PolyLog|2, et (3 (3 APCTa"[aX]))] -= (*—Ar‘cTan[a x]) PolyLog[3, -e (3 A"Ta"[ax])] - =
2 2 2 2 4 \2 2
1 1 7 3. 1 2 N ETEN N 7t 1
n(j(+[+Ar‘cTan[ax]) —(*+*(—*+ArcTan[ax} Log[1+e21(z z(zAPCTa"[aX]))]JrJi(7+7(77+Ar‘cTan[ax]
3 2 2 2 2 2 2 2 2 2

PolyLog[Z, 7@211 (3+%(—%+Ar‘cTan[ax]))} B 1 PolyLog[E, 7@21’1 (;+2(2+ArcTan[ax]))}) _ i (EJr 1 (7§+Ar‘cTan[ax]
2 212 2 2

PolyLog[B, _621'1 (’2—' i—(—%#\r‘cTan[ax])) ] _ i i PolyLog[4, _ej (%—Ar‘cTan[ax])] _ 2 i PolyLog[4, _ezj (’?% (7%+Achan[aX]>) ] ]] +
4 4

c (1+a?x?) ArcTan[ax]? 3./c(1+a2x?) ArcTan[aX]ZSin[iAr‘cTan[ax]}

4+/1+a2x? (Cos[%Ar‘cTan[ax}]—Sin[%Ar'cTan[ax]])2 2V1+a2x? (Cos[iAr‘cTan[ax}]7Sin[§Ar-cTan[ax]])

c (1+a2x?) ArcTan[ax]?

+

4+/1+a2x? (Cos[%Ar‘cTan[a x] | +Sin[§Ar‘cTan[a x] | )2

3./c(1+a%x?) Ar‘cTan[ax]ZSin[iAr‘cTan[ax}}

.
2V/1+a2x? (Cos[*ArcTan[ax]] +Sin[%ArcTan[ax] ]
2 2
1 c (1+a2x?) (-1+ArcTan[ax]?) 1
S N
a 4~1+a2x? 2v/1+a2x?
c (1+a*x?)
(-ArcTan[a x] (Log[1-1ie*ArcTaniax]] _og[1+j el ArcTaniax]] ) - i (PolylLog [2, —ie'AreTaniaxl] _polylog|2, ie'ArcTaniaxi]) ) 4
1 7 2 1 1/ 3, 7T
————————J/c (1+a%x?) (——71' Log[Cot [~ (——Ar‘cTan[ax]JH - ((——Ar‘cTan[ax]]
8+V1+a?x? 8 212 4 2
[Log 1 e]’l ;—Ar‘cTan[a x])] _ Log[l +(eJ‘L (%—Ar‘cTan[ax]) }) i1 (PolyLog[Z, 7@1’1 (%—APcTan[ax])} B PolyLog[Z, e]i (2—Ar‘cTan[ax]) } )) 4
((1 — ArcTan[aX] )2 (Log[l _et (%’APCTE‘”[“])] ~Log[l+e' (/?’A'"CT"””[”])] +21 [E - ArcTan[aX] )
2 2
[PolyLog (;L—Ar‘cTan[ax]H B PolyLog[Z, ot (;‘——Ar‘cTan[ax] 2 (—PolyLog[B, _et (ngr'cTan[ax])] . PolyLog[B, ot (;ifAr'cTan[ax]) ] )) _

4 1 L in
) - = [E—Ar‘cTan[ax} 3Log[1+el(7AmTa"[ax])] -
8

JT
8 (—1 (——Ar‘cTan[ X]
2

4 1 (n 1 7T
+—1 (—+— (——+Ar‘cTan[ax]
64 2 4

2 2 2
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—Log[1+e2j (%»fi (—§+ArcTan[aX]>)]] _ [EJr l (7£+Ar'cTan[a X]

1 ( (1 7
— T (1 [—+— (——+Ar‘cTan[ax]
2 2 2

2

21 (1+1 (_§+ArcTan[ax]))} N i i (1 _ ArcTan[ax] 2 PolyLog[z, 7@]'1 (%-ArcTan[ax]) } 2

8 2

3
+ — JT
4

1 (n 1 T
—1 (_+_ [——+Ar‘cTan[ax]
2 2 2 2

Log[1+<e2]l (%%(-%Ardan[ax]))} N liPolyLog[z, et <;+i(—;‘+Ar‘cTan[ax])>}] .
2

a1 7T

[—+— (7—+Ar'cTan[ax]

2 2 2
3 701 7T 2 i(met(m, 3 /1 i 3
~1 [7+ - (—*+Ar'cTan[a x] PolyLog|2, et (5[ APCTa"[aX]))] - (*—Ar‘cTan[a x]) PolyLog|[3, -e (3 APCTa"[aX])] - =
2 2 2 2 4 \2 2

1 a1 7T
Tl—1 (*Jrf [77+Ar‘cTan[ax]

3.1 1
- (7+7 (77+Ar‘cTan[ax}
2 2 2

2 2 2

2 L n
LOg[lJr(EZJl (;+§(7;+ArcTan[aX]))] L1 (er 1 (—§+Ar‘cTan[a x]
2 2 2

PolyLog[Z, 7@211 (3+%(—%+Ar‘cTan[ax]))} B 1 PolyLog[B, 7@21’1 (;+2(2+ArcTan[ax]))}) _ i (EJr 1 (7§+Ar‘cTan[ax]
2 212 2 2

PolyLog[B, _621'1 (’2—'+2— (—%Jr/-\r‘cTan[ax])) ] _ i i PolyLog[4, _ej (%—Ar‘cTan[ax])] _ 2 i PolyLog[4, _621'1 (’;ﬁi— (—/2‘—+Ar‘cTan[a x])) ] ]] .
4 4

¢ (1+a%*x?) ArcTan[ax]? ¢ (1+a*x?) (2ArcTan[ax] - ArcTan[ax]?-ArcTan[ax]?)
+

161 +a%x? (Cos[iAr‘cTan[ax]] —Sin[iArcTan[a x]})4 161 +a%x? (Cos[iAr‘cTan[ax]} —Sin[iAr‘cTan[ax}])z

c (1+a*x?) ArcTan]a x]ZSin[iAr‘cTan[a x] |

8+/1+a2x2 (Cos[iAr‘cTan[a x]] 7Sin[§Ar‘cTan[a x] | )3

¢ (1+a?x?) ArcTan[ax]?

+

16 V1 + a2 x2 (Cos[iAr‘cTan[a x] | +Sin[§Ar‘cTan[a x] | )4

c (1+a2x?) ArcTan[a X]ZSin[iAr‘cTan[a x] |

+

8+/1+a2x2 (Cos[%Ar‘cTan[a x]] +Sin[§Ar‘cTan[a x] | )3

¢ (1+a?x?) (-2ArcTan[ax] -ArcTan[ax]?+ArcTan[ax]?)

+

16 V1 +a2x2 (Cos[%Ar‘cTan[a x] | +Sin[§Ar‘cTan[a x] | )2

c (1+a?x?) (Sin[%Ar‘cTan[a x]| - ArcTan|a x]ZSin[%Ar‘cTan[a x}])

+

4+/1+a%x? (Cos[iAr‘cTan[a X] ] + Sin[iAr‘cTan[a X] H

c (1+a?x?) (—Sin[iAr‘cTan[a x]| +ArcTan[a x}zsin[%Ar‘cTan[a x]”

4+/1+a2x? (Cos[%Ar‘cTan[a x] | —Sin[%Ar‘cTan[a X] ])
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Problem 425: Result more than twice size of optimal antiderivative.

(c+a’c x2)3/2 ArcTan[a x]3
J dx
XZ

Optimal (type 4, 901 leaves, 37 steps):

3 cVec+a?cx? ArcTan[ax]3® 1
-~ac~/c+a’cx® ArcTan[ax]?- [ax] +—a’cxy/c+a’cx? ArcTan[ax]? -
2

X 2

, . 2./ 2 32 Jiriax
3iac2V1+a2x? ArcTan|e!ArcTan(axl| ApcTan[a x]3 6iac”Vv1+a®x® ArcTan[ax] Ar‘cTan[m}

Ve +aZcx? Ve+aZcx?

6ac?V1+a?x? ArcTan[ax]2ArcTanh|etArcTaniaxl] 6 ac?+/1+a2x2 ArcTan[ax] PolylLog|2, -elArcTaniax] |

+ +

Vec+acx? Vc+a?cx?

9iac?+/1+a?x? ArcTan[ax]?2PolylLog [2, — i efArcTan[ax] ] 9iac?+/1+a?x? ArcTan[ax]?Polylog [2, i efArcTan[ax] }

2+ c+atex? 2+/c+a’cx?
, i 3c2A/ 2 42 iiviax.
6iac2+/1+a2x2 ArcTan[a x] PolyLog[2, elAr‘cTan[ax]] 3iac 1+acx POlyLOg{Z, - — ]

+ —

Vec+a?cx? Vc+a?cx?
. 2 242 ivitiax_ _
3iac?y/1+a2x? Polylog|2, ] 6ac2V1salx? Polylog|[3, - e!ArcTan(ax] |

A 1-1ax
Vec+a?cx? Ve+aZcx?

9ac?+V1+a’x? ArcTan[ax] Polylog[3, -i etArTaniaxl ] 9ac2+/1+a2x? ArcTan[ax] PolylLog|3, i e*ArcTaniax] ]|

+ +

Ve+atcex? Ve+aZcex?
6ac?/1+a%x? Polylog|3, elArcTaniax]]  9jac2+/1+a2x? Polylog(4, -ielArcTanlaxl] 94 ac?+/1+a%x? Polylog|4, i e!ArcTaniax] |

+

Ve +a?cx? Ve +a?cx? Ve +a?cx?
Result (type 4, 2686 leaves):

1 7 5 1
———————ac./c(1+a*x?) Csc|~ArcTan[ax] |
128 \/1 + a2 x2 2

7iamx 8iamPxArcTan[ax] 241iasn?xArcTan[ax]? 3
+ ~ 64 ArcTan[ax]3 - + +

V1 +a?x? V1 +aZx? V1 +a?x? V1 +a?x? V1 +a?x?

48 an? xArcTan[ax] Log[1 - i e tArcTan(axl | 96 arxArcTan[ax]?Log|[l-i e tArcTaniax] ] 8a 3 x Log[1+ i e tArcTan(ax] |
- - +

32ianxArcTan[ax]3 161 axArcTan[ax]?
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64 axArcTan[ax]?Log[1+1 e tArcTan(axl | 192 ax ArcTan[ax]2Log[1 - elArcTaniax]] 8373 x Log[1+ i el ArcTanlax] |
+ + -

V1 +a?x? V1 +a?x? V1 +a?x?

48 a > x ArcTan[a x| Log[l + 1 et ArcTan[ax] } 96 astx ArcTan[a x]? Log [1 + 1 el ArcTan[ax] }
+ _

V1+a%x? 1+ a2x?

. . 1
64 axArcTan[ax]? Log[1+ 1 elArcTaniax]] 192 ax ArcTan[ax]? Log[1 + etArcTan(ax] | 8a7r3xLog[Tan[; (7+2ArcTan[ax])] ]|
- + +

V1+a?x? V1+a?x? V1+a?x?

192 i ax ArcTan[a x]2 Polylog|2, i e *ArcTan(axl| 48 j asx (;r-4ArcTan[ax]) Polylog[2, i e *ArcTaniax] |
+ +

1+ a?x? V1 +a?x?

384 i axArcTan[ax] PolylLog[2, —elAr<Taniax]| 48 j a2 x PolylLog|2, - i etArcTan(ax] ]|

4 _
V1+a?x? V1+a?x?

192 i asrxArcTan[ax] Polylog|2, -i elArcTan(ax]] 192 j ax ArcTan[ax]2Polylog|2, - i elArcTan(ax]]
N _

V1+a%x? V1+a%x?

384 i axArcTan[ax] PolylLog|2, etArcTaniax] | 384 axArcTan[ax] Polylog|3, -i e *ArcTaniaxl ] 192 arx Polylog|3, i e *ArcTanlax] ]

+ _ _
V1 +a?x? V1 +a?x? V1 +a?x?

384axP01yLog[3, —e“‘"”an[ax]] 192a7rxPolyLog[3, -i eiA"CTa”[aX]} 384 a x ArcTan[a x] PolyLog[E}, -1 eiA"CTa“[aX]}

+ - +
V1 +a?x? V1 +a?x? V1 +a?x?

384 ax PolylLog[3, etArcTaniaxl] 384 j axPolylLog[4, -i e *ArcTanlax]| 384 j axPolylLog[4, -i elfArcTaniax]|

V1+a?x? V1+a?x? V1+a?x?

1 3/c(1+a?x?) ArcTan[ax]? 1
Sec[~ArcTan[ax]| +ac |- +
2 21+ a?x? V1+a?x?
3./c(1+a’>x?) (ArcTan[ax] (Log[l - i etAreTanlaxl] | og[1 + i etArcTan(ax] ] ) + i (PolyLog[z, -i etAreTanlaxi ] _polylog[2, i e!ArcTaniax]| )) +
1
241 +a2x?

Log {1 _ et (%—Ar‘cTan[a x]) } ~Log [1 ;e (%—Ar‘cTan[a x]) ] ) ‘i (PolyLog [2’ _et (’zifAr'cTan[a x]) ] _Polylog [2, ot (’zifAr'cTan[a x]) ] J ) _

c (1+a*x?) lﬂ?’ Log[Co‘c[1 (E—APcTan[a x]

3, 7T
[]+=n [(*—Ar‘cTan[ax]
8 2 \2

4 2

3 [(ﬁ —ArcTan[ax] ’ (Log[l s (;”A"CTB”[”])} ~Log[l+e’ (%’APCTa"[aX])] +21 (ﬁ - ArcTan[a X]
2 2 2
(PolyLog[Z, 7@1’1 (%—Ar‘cTan[ax])} _ PolyLog[Z, e]i (%—Ar‘cTan[ax]) }) L2 (—PolyLog[3, 7@1’1 (%—Ar‘cTan[ax])} 4 PolyLog[3, e]i (g—Ar‘cTan[ax]) } )) "
4 .
8[11'1(7TAr‘cTan[ax] 4Jrlj(erl(—erAr‘cTan[ax} —E(E—ArcTan[ax] 3Log[1+el(7A"CTan[ax])]f
64 2 4 2 2 2 8 \2
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3 (. b b 3
— 7T [11 [—+— (——+Ar‘cTan[ax] - —+ArcTan[aXx]
2

2

— 4 —

2 2

Log[as o (1 L) (2,2

Lo n S 2
Log[1+e21(?%(_?*A"cm"[ax]))] +i]'l (ZfArcTan[ax] 2PolyLog[Z, 7el(z"Ar°Tan[ax])] +§7r2 l]i [£+1 (7£+Ar‘cTan[ax} -
8 2 4 2 2 2 2
(E L1 [7 X ArcTan[ax] Log[1+ 2t (3 ('%Arc“n[ax]))] L1 i PolyLog|2, _ 2t (575 [5aretantax ) ]] +
2 2 2 2
2 o ” L
3, (§+ 1 [7E+Ar~cTan[a x]|| PolyLog[2, -e*' (T%(’?*A"Ta”[”]))} 3 [ﬁ - ArcTan[ax] | PolyLog[3, -e’ (T“"CTa"[”])] _
2 2 2 2 4 \2
3 2 . n 1
EJT 1J'l(erl(ferAr‘cTan[ax] —(§+1[—§+ArcTan[ax] Log[1+e“(?*%(’?*A"Ta"[ax]))}+]1 [z+7(—z+APcTan[ax]
2 3 2 2 2 2 2 2 2 2 2
PolyLog[Z, 7@21’1 (% 2—(—;—+Ar‘cTan[ax]))] _ l PolyLog[a, 7@21’1 (%Jri— (—;—+Ar‘cTan[ax])) ]J B 3 (z . E (7 z + ArcTan[a x]
2 2 \2 2 2

PolyLog[?a, _(621'1 (/2—+§ (—%Ar‘cTan[ax])) ] B i i PolyLog[4, _(ei (%—Ar‘cTan[a x]) } B i i PolyLog[4, _(EZJ'L (/2—+§ (—’2—'+Ar‘cTan[ax])) } ] ] N
4 4

¢ (1+a?x?) ArcTan[ax]? 34/ c(1+a2x?) Ar‘cTan[ax]ZSin[iAr‘cTan[ax]]

4+/1+a?x? [cos[LArcTan{ax]] -Sin[LArcTan{ax]])® 2V1+a?x? [Cos[:ArcTan[ax]]-Sin[lArcTanlax]]
2 2 2 2

¢ (1+a?x?) ArcTan[ax]?

+

4+/1+ a2 x? (Cos[%Ar‘cTan[a x] | +Sin[%Ar‘cTan[a x] | )2

3./c(1+a%x?) Ar‘cTan[ax]zSin[%Ar‘cTan[ax]]

2v1+a2x? (Cos[%Ar‘cTan[a x] | +Sin[%Ar‘cTan[a X] ”

Problem 428: Result more than twice size of optimal antiderivative.

JX3 (c+a’c XZ)S/Z ArcTan[a x]3dx

Optimal (type 4, 798 leaves, 547 steps):
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85c2xVc+atcx? c2x3/c+atcx? 1 6157 c2\/c+a%2cx? ArcTan[ax] 47 c?x?*+/c+a%cx?® ArcTan[aXx]
- -—ac?x’Jc+atcx?® - - +
12096 a3 240 a 504 60480 a* 30240 a2
67 c2x*+c+a?cx? ArcTanfax] 1 , . ¢ S 47 c?x~ c+a%cx?® ArcTan[ax]?
+—a“c x>/ c+a“cx” ArcTan[aXx] + -
2520 84 896 a*
205 c?x®c+a?cx? ArcTan[ax]? 1@3ac’x’+Vc+a’cx? ArcTan[ax]? 1 , , . P 5
- - —atc?x’\Jc+atcx? ArcTan[ax]?-
4032 a 1008 24
115 i c> /1 +a%x? ArcTan[elArcTaniax] | ArcTan[ax]?  2c2+/c+a?cx? ArcTan[ax]® c2x2+/c+a?cx? ArcTan[ax]3
- + +
1344 a* v/ c + a% c x2 63 a* 63 a’

1433 ¢5/2 ArcTanh | —2Lex—

5 19 1 / c+a? ¢ x2
—c?x*Jc+atcx?® ArcTan[ax]3+ —a?c?x8+/c+a?cx? ArcTan[ax]3+ —a*c?x®+/c+a%cx?® ArcTan[ax]3+ +

21 63 9 15120 a*
115i c3V/1+a%x? ArcTan[ax] PolyLog|2, -ie*ArcTanlaxl| 1153 c3+/1+a%x? ArcTan[ax] Polylog|2, i elArcTan(ax]]
1344 a*\/c+a2cx? 1344 a* \/c + a% c x?
115 c3+/1 + a?x? Polylog|[3, -ietArcTan(ax) | 115c3+/1+a%x? Polylog|3, i eArcTan(ax]]
+
1344 a* /c + a2 c x? 1344 a* /c + a2 c x?
Result (type 4, 2044 leaves):
1
=2
a4
1 . .
-—————Jc (1+a*¥?) [117rAr'cTan [ax] Log[2] - 11ArcTan[ax]?Log[1- i e*A"Tan(@x]] 4 11 ArcTan[ax]? Log |1+ i el ArcTaniax]| _ 17 5
40+/1+a? x?
1 1) .14 , 1 1) _1, ‘
ArcTan[a X] Log[ (_ o _) e 2 i ArcTan[a x| <_]-l 4 elArcTan[ax] > ] +11 ArcTan[a X]2 Log[ (_ + _] e 2 i ArcTan[ax] (_]-L 4 elArcTan[ax] ) ] _
2 2 2 2

11 7w ArcTan[ax] Lo 1 o tiarctaniax) - _ i) eiArcTan(ax]) ] _
g[ e 2 ((1+1)+<1 ]].)(E )]
2

11 ArcTan[a x]? Log[le%jA"Ta"[ax] ((1+d)+ (1-1) etAmeTanl2x]) ] 4 11 rArcTan[ax] Log|[-Cos|[ =~ (m+2ArcTan[ax])]] +

N
FNQIN

1 o1 1 ol
20 Log[Cos[f ArcTan[a x] ] - Sln[* ArcTan[a x] ] ] -11ArcTan[ax]? Log[Cos[f ArcTan[a x] } - Sln[* ArcTan[a x] ] } -
2 2 2 2

" 1 !
+Sin[ = ArcTan[ax] || + 11 ArcTan[ax]? Log[Cos |~ ArcTan[ax] | +Sin|[ = ArcTan[ax] || +

1
20 Log[Cos |~ ArcTan[a x]
2 2 2 2

11 rArcTan[ax] Log[Sin|

BR —

(m+2ArcTan[ax])|] -221iArcTan[ax] Polylog[2, - i e!ArcTeniax]] 4

N

22 i ArcTan[a x] Polylog|2, i e*A™Ten(ax]] ;22 polyLog[3, -1 e'A"<Tanlax]| _ 22 polylog|3, i e*ArcTan(ax] ]|

1
— (1+2? x2)2 c (1+a*x*) (150ArcTan[ax] - 32ArcTan[ax]?+8ArcTan[ax] (27 +20ArcTan[ax]?) Cos[2ArcTan[ax]] +
960
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66 ArcTan[a x] Cos[4ArcTan[ax]] +12Sin[2ArcTan[ax]] + 6 ArcTan[ax]2Sin[2ArcTan[ax]] +

6Sin[4 ArcTan[ax]] - 33 ArcTan[ax]?Sin[4 ArcTan[ax]]) J +

1 1
—2c?

a* 1680 V1 + a2 x2

c (1+a%x? 309 ;TArcTan[a x] Log[2] - 309 ArcTan[a x]2 Log|1 - 1 et ArcTanlax]|
( [ax] Log[2] [ax] g

. 1 1y 1y .
309 ArcTan[ax]?Log |1+ i e AreTan(ax]] _ 309 ;1 ArcTan[a x] Log| |-~ - —] @ 2 LArcTan[ax] (-1 +etAreTaniax))]
2 2
1 iy 1y . 1 1y .
309Ar‘cTan[ax}2 Log[ i 7) e 5 1 ArcTan[ax] (_j+elArcTan[ax]>] ~ 309 s ArcTan[a x| Log[fe 5 1 ArcTan[ax] (<1+j> " (1_]-1) enAr‘cTan[ax])] _
2 2 2

1

309 ArcTan[ax]? Log[fe%“'ﬂdan[ax] ((1+1)+ (1-1) e*AreTanlax]) ] 4 309 r ArcTan[a x] Log[-Cos |~ (r+2ArcTan[ax])]] +
2

I

1 1 1 1
518 Log[Cos[fAr‘cTan [aX] ] - Sin[gArcTan[a X] } ] - 309 ArcTan[a x]? Log[Cos[gAr‘cTan [aX] ] - Sin[gArcTan[a X] } ] -
2

1 1 1 1
518 Log|[Cos [~ ArcTan[ax] | +Sin|[ — ArcTan[ax] || + 309 ArcTan[a x]? Log[Cos |~ ArcTan[ax] ]| +Sin[ = ArcTan[ax] || +
2 2 2 2
1 )
309 rArcTan[ax] Log[Sin[ = (n+2ArcTan[ax])|] - 618 i ArcTan[a x] Polylog[2, -1 e*ArTanlax] ] .
4
618 i ArcTan[a x] PolylLog[2, i e!ATa"[ax1] ;. 618 PolyLog[3, - i e'A"Te"l@x]]| _ 618 Polylog|3, i e“'"CTa”[“J]J -
1
(1+a% x2)3 c (1+a*>x?) (-4116ArcTan[ax] - 3648 ArcTan[ax]>+2ArcTan[ax] (-3131+896ArcTan[ax]?) Cos[2ArcTan[ax]] -
53760
4 ArcTan[a X] (691+560Ar‘cTan[a x]z) Cos[4 ArcTan[ax]] - 618 ArcTan[a x] Cos[6 ArcTan[ax]] -
404 Sin[2 ArcTan[ax]] + 633 ArcTan[ax]2Sin[2ArcTan[ax]] - 352Sin[4 ArcTan[ax]] -
180 ArcTan[ax]?Sin[4ArcTan[ax]] - 180 Sin[6ArcTan[ax]] + 309 ArcTan[a x]?Sin[6ArcTan[ax]]) ] +
1 2 1 2,2 2 . i ArcTan[a X 2 : i ArcTan[a X
—c c (1+a?x?) (16407Ar‘cTan[a x]%Log[1-1iet (ax]] _ 16407 ArcTan[ax]?Log[1+1i e’ lax1] 4
a* (1209601 +a%x2

1 ~L i ArcTan[ax

e 2 D (~i+etArcTanlax)) | 16407 ArcTan[a x]?

16407 7t ArcTan[ax] Log|

— 4y —

Log |
2 2

. N R

—i+etAreTan(ax)) |, 16407 5t ArcTan [a x] Log[lg%jmhmx] ((1+1)+ (1-1) etArcTantax]) ],

]l) ~L i ArcTan[ax]
e 2

N

16407 ArcTan [a x] 2 Log[1 e P EATCTNEX) (9 4) (1o 1) etArcTanax]) ] - 25576 Log[Cos[lAr‘cTan[a x] | —Sin[lAr‘cTan[a x]]] + 16407
2 2

Ll N

2 .ol 1 o1
ArcTan[a X] Log[Cos[EAr‘cTan[a x] | —Sln[;Ar‘cTan[a x]]] - 16407 n ArcTan[a x] Log[—Cos[EAr‘cTan[a x] | +Sln[;Ar‘cTan[a x]]]+

1 o1 1 .1
25576 Log[Cos[;Ar‘cTan [ax] } + Sln[gAr'cTan [ax] ] } - 16407 st ArcTan[a X] Log[Cos[;Ar‘cTan[a X] } + Sln[;Ar‘cTan [ax] } } -

1 1 )
16407 ArcTan[ax]? Log|[Cos |~ ArcTan[ax] | + Sin| =~ ArcTan[ax] || + 32814 i ArcTan[a x] PolylLog[2, - i e!ArcTaniax]] _
2 2
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32814 i ArcTan[a x] PolylLog[2, i e!ArcTa[ax] ] _ 32814 Polylog|3, -i e!A"T[ax] | 32814 PolyLog[3, i e!ArcTan(ax] ]

1

15482880

Cos[2ArcTan[ax]] - 216 ArcTan[a X] (—2671 + 896 ArcTan[a x] 2) Cos[4 ArcTan[ax]] + 184160 ArcTan[a x] Cos[6ArcTan[ax]] +
161280 ArcTan[a x]>Cos[6ArcTan[ax]] + 32814 ArcTan[a x] Cos[8 ArcTan[ax] ] +74932Sin[2ArcTan[ax]] +
39222 ArcTan[ax]2Sin[2 ArcTan[ax]] + 77908 Sin[4 ArcTan[a x]] - 80226 ArcTan[a x]2 Sin[4 ArcTan[a x]] +

(1+a2x2>4 c (1+a*x*) (657578 ArcTan[ax] - 273408 ArcTan[ax]>+ 288 ArcTan[a x] (3761 + 3792 ArcTan[a x]?)

| 63

36612 Sin[6ArcTan[ax]] + 19086 ArcTan[a x]2Sin[6ArcTan[a x]] + 7238 Sin[8 ArcTan[a x]] - 16407 ArcTan[a x] 2 Sin[8 ArcTan[a x] ] )

Problem 429: Result more than twice size of optimal antiderivative.

sz (c+a’cx?) >’2 ApcTan[a x] 2 dx

Optimal (type 4, 1019 leaves, 293 steps):
2 2 ~ 2 3 2 y2)3/2 2 - y2)5/2 2 2 ~ 2
13c2V/cralcx® ¢ (c+a?cx?) _<c+a cx?) 43 xVeralex? ArcTan[ax] 29 mAr‘cTan[ax]+

+—c2x3
6720 a3 560 a3 280 a3 1344 a2 560
1, ., S 1373 c?+/c+a%?cx? ArcTan[ax]? 737c?2x?>+/c+a?cx?® ArcTan[ax]?
—a‘c x>’y c+a‘cx® ArcTan[aXx] + - -
56 13440 a3 6720 a
83 3 5c2x+/c+a2cx? ArcTan[ax]?
—ac’x*\/c+a?cx?® ArcTan[ax]?- —a*c?x%+/c+a?cx?® ArcTan[ax]?+ [ax] +
560 56 128 a2
59 2,3 2 2 3 17 2 2,5 2 2 3 1 4 2.7 2 2 3
—c?2x3\c+a’cx? ArcTan[ax]3+ —a?c?x’Jc+a?cx?® ArcTan[ax]3+ —a*c?x’+/c+a%cx? ArcTan[ax]> +
192 48 8
. .3 2 32 Jiviax
5ic3/1+alx? Ar‘cTan[e“r‘CTa”[ax]] Ar‘cTan[ax]3 397 i c®V1+a“x* ArcTan[a X] Ar‘cTan[m}
+ _
64 a3/ c+a2cx? 840 a3+ c+a’cx?
151 c3v/1+a2x? ArcTan[a x}zPolyLog[Z, -i e“"”a"[ax]} 151 c3v/1+a2x? ArcTan|a x}zPolyLog[Z, Jie“'"”a“[ax]]
+ _
128 a3+ c+a?cx? 128 a3+ c+a?cx?
397 i c?+/1+a%x? Polylog|2, —@] 397 i ¢3+/1+a%x? Polylog|2, @]
\/1-iax . 1-iax
1680 a3/ c + a2 c x? 1680 a3/ c + a? ¢ x?
15c>+/1+a2x2 ArcTan[ax] PolylLog[3, -i efArcTaniaxl | 15¢3+/1+a2x? ArcTan[ax] Polylog|3, i elArcTan(ax]]
- +
64a3+/c+aZcx? 64 a3/ c+a?cx?

15i c3+/1+a2x? Polylog|4, -ietArcTanlaxl] 15 c3+/1+a2x2 Polylog|4, i elArcTan(ax] |
64 a3+ c+a’cx? 64a%+/c+a’cx?
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Result (type 4, 6517 leaves):

1 c (1+a*x?) (-1+ArcTan[ax]?) 1
= A2 2 2
c + c (1+a x?)
a’ 41 +a?x? 2V1+a2x?
(-ArcTan[a x] (Log[l— ietAretanaxi] _jog[1+1 e“"”a“[“]]) -i <PolyLog[2, i etAreTanlaxl] _polylog|2, i e“"Ta”[”]])) +
1

c (1+a2x?) (179 Log[Co‘c[1 (zfAr*cTan[ax] 1] - iﬂz ((zfAr‘cTan[ax]
8 2 \2

4 2

8/1+a2x?

Log [1 B ei (g—Ar‘cTan[a x]) ] ~Log [1 . ei (E—Ar‘cTan[a x]) } ) ii (PolyLog [2, _ej (g—Ar‘cTan[a x]) } ~Polylog {2) e]i (g—Ar‘cTan[a x]) } ) J .

2

— - ArcTan[a x]

N W
|
NS

(Log[l _ ej (;——ArcTan[aX]) ] B Log[l . ei (;L-Ar‘cTan[a x]) ]

U
+21 [—7Ar‘cTan[ax}
2

PolylLog [2, 7@1 (%—Ar‘cTan[a X]) ] _Polylog [2, el’L (%—Ar‘cTan[a x]) ] ] )

_PolyLog [3’ et (;lArcTan[ax]) ] N PolyLog[B, et (}ArcTan[ax]) ] J ) B

3 Log[l N (Ejl (%Ar‘cTan[ax]) ] B

8

— —ArcTan[a Xx]

1 T
8| —1 (*—APcTan[ax}
2

4 1 (n 1 7T
+71(7+7(—7+ArcTan[ax]
2

4 2 2 2

41(7r

1 (. (n 1 7 3
— 7T (1{—+—(——+Ar‘cTan[ax}
2 2

—Log[1+ezj (’2—'+i—(—%+ArcTan[aX]>)]J _ (£+ l (—£+Ar‘cTan[a X]

2 2 2 2
L. P s 2
Log[1+ et (?%(’?*A"Ta”[ax]))} + 3 i (1 - ArcTan[a X] ’ PolylLog[2, -e (TAPCT"’"[”])} + iﬁz 1 i (Z + 1 [_Z +ArcTan[a X] -
8 2 4 2 2 2 2
[E L1 (— X ArcTan[ax] Log[1+ et (33 (’%A"Ta"[”]))} L1 i PolyLog|2, _ 2t (35 [farcTantax) )| }] +
2 2 2 2
3 1 2 - ” 3 N 3
“i [E + = (7 X ArcTan[ax] PolyLog|2, et (i ('TA"Ta”[aX]))] = (ﬁ - ArcTan(a x]) PolylLog[3, -e (?'A"Ta"[“])] -z
2 2 2 2 4 \2 2
1 1 3 1 2 (T d 1
n(—j(£+—(£+ArcTan[axj 7(£+—(7£+Ar~cTan[ax} Log[1+e21(Ti‘(‘?””a”[”]))]+j1(£+— 7£+Ar'cTan[ax]
3 2 2 2 2 2 2 2 2 2
PolyLog[Z, _e2t (%+§(—%+Ar‘cTan[ax]))} B 1 PolyLog[B, _e2t (%+§<—§+Ar‘cTan[ax]))}J _ i (EJr 1 (—£+Ar'cTan[ax]
2 2\2 2 2

Polylog [3, _e2j1 (§+2— (—§+Ar‘cTan[a x])) ] B E i Polylog [4, _eﬁ (%—Ar‘cTan[a x]) ] _ i i Polylog [4, _ez i (§+§ (*%*Ard—an[ax])) ] ] ] +
4 4

¢ (1+a?x?) ArcTan[ax]? ¢ (1+a?x?) (2ArcTan[ax] -ArcTan[ax]?-ArcTan[ax]?)
+

16 V1 + a2 x2 (Cos[%Ar‘cTan[ax]] —Sin[%Ar‘cTan[a x]})4 16 V1 + a2 x2 (Cos[%Ar‘cTan[ax]} —Sin[iAr‘cTan[ax}])2

¢ (1+a?x?) ArcTan[a X]ZSin[iAr‘cTan[a x] |

8+/1+a2x2 (Cos[%Ar‘cTan[a x] | —Sin[%Ar‘cTan[a x] | )3
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¢ (1+a*x?) ArcTan[ax]?

+

16 V1 + a2 x? (Cos[iAr‘cTan[a x]] +Sin[iAr‘cTan[a X] } )4

c (1+a*x?) ArcTan[a x]ZSin[iAr‘cTan[a x] |

+

8+V1+a2x? (cos[iAr‘cTan[ax}]JrSin[iAr‘cTan[ax]])3
c (1+a?2x?) (-2ArcTan[ax] -ArcTan[ax]?+ArcTan[ax]?)

16 V1 +a%x? (Cos[iAr‘cTan[a x] } +Sin[§Ar‘cTan[a X] ] )2

+

c (1+a%x?) (Sin[iAr‘cTan[a x]| - ArcTan[a x]ZSin[iArcTan[a X] ])

4+/1+ a2 x? (Cos[%Ar‘cTan[a x]] + Sin[%Ar‘cTan[a X] ”

+

¢ (1+a2x?) (—Sin[iAr‘cTan[a x]| +ArcTan[a X]ZSin[iAr‘cTan[a x]”

4+/1+a2x? (Cos[iAr'cTan[a x] | 7Sin[§Ar‘cTan[a x] ])

+

1 c(1+a*x?) (50-19ArcTan[ax]?) 1
—2c? + 19 c(1+a2x2)
a’ 240 /1 + a2 x2 120 /1 + a2 x2
(ArcTan[a x] (Log[l - i etArcTanlaxl] | og[1+ i etArcTan(ax] | ) +i (PolyLog[Z, i etAreTanlaxl ] _polylog|2, i e!ArcTaniax]] )) +
1

1]+ iﬂz [(E—Ar‘cTan[ax]
4 2

c (1+a?x?) lﬂ3 Log[Co‘c[1 [E—Ar'cTan[a X]
8 2 \2

16 V1 + a2 x?

Log [1 _ (efL (g—Ar‘cTan[a x]) ] ~Log [1 . eJ‘L (g—Ar‘cTan[a x]) } ) ii (PolyLog [2, _ej (g—Ar‘cTan[a x]) } ~Polylog {2) ej (g—Ar‘cTan[a x]) } ) J B

2

2 ArcTan[ax] (Log[l B ej (;——ArcTan[ax])] _ Log[l . (ejL (;L—Ar‘cTan[ax]H

JT
+21 [—7Ar‘cTan[ax}
2

N W
|
NS

Polylog [2, et (;LfArcTan[a x]) ] ~PolyLog [2, et (;LArcTan[a x]) ] ] +2 [-PolyLog {3’ _et (/ZifArcTan[a x]) ] +Polylog [3, et (/ZifArcTan[a x]) ] J ) .

— - ArcTan[ax] ’ Log[l s (%APCTan[aX]) ]

2

41(7r
8

1 T
8| —1 (——Ar‘cTan[ax}

4 1 (n 1 7T
+—1(—+—(——+Ar‘cTan[ax]
2

4 2 2 2

L[ n 3
—LOg[1+(EZJl (;+i—(—2—+Ar‘cTan[aX]>)]] _ (£+ l (—£+Ar‘cTan[a X]
2 2 2

1 ( (1 7T
— 7T (1{—+—(——+Ar‘cTan[ax}
2 2 2

21 (%+§ (—’;ﬁAr‘cTan[a x])) } Z_ArcTan[a x]) } 3 2

2 .
PolylLog[2, -e (3 ~—+ > |-=+ArcTan[ax]

2 2 2

1 a1 7T
Log[l+e ( [

3
+—1 (——Ar‘cTan[ax}
8 2

[5 L1 (- " arcTan(ax) | | Log[1+ &2t (55 [Faeemnien] )] L poryiog)a, —e?t (73 [raneTanian)] }] s
2

2 2 2
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3 a1 ¢ x 2 L
—1i [—+ - (——+Ar‘cTan[ax] 2 A'“CT""”[“])] -
2

PolyLog|2, et (53 (’%A"Ta"[”]))] 3 (1 —-ArcTan|a x]) PolyLog|3, et
2 2 2

3
4 12 2

2 N

LOg[1+ezjl (;+2—(—§+Ar‘cTan[aX]))] i (£+ 1 (—£+Ar‘cTan[a x]
2 2 2

3 a1 7
7T - (—+— (——+Ar‘cTan[ax}

2 2 2

1 (7 1 7T
— 1 (—+— (——+Ar‘cTan[ax}
3 2 2 2

|

PolyLog[Z, _e2t (;—+§(f%+Ar‘cTan[ax]))} B 1 PolyLog[3, _e2t (Z+i<2+Ar‘cTan[ax]))}] _ i (E . 1 (_E + ArcTan [a x]
2 212 2 2

PolyLog[B, _ 2t (%2— (—%+Ar‘cTan[a x])) ] B E i PolyLog[4, et (g—Ar‘cTan[ax])] _ i i PolyLog[4’ 2 (%% (*%A"CTan[ax])) ] ]] +
4 4

¢ (1+a?x?) ArcTan[ax]? ¢ (1+a?x?) (ArcTan[ax] -ArcTan[ax]?-5ArcTan[ax]?)
+

+

48/1+a2x2 (Cos[LArcTan[ax]]-Sin[LArcTan{ax]]]® 88+v1+a2x? [Cos[LArcTan[ax]]-Sin[LArcTan[ax]])”
2 2 2 2

c (1+a?x?) (-2-52ArcTan[ax] +26ArcTan[ax]?+15ArcTan[ax]?)

480 /1 + a2 x2 (Cos[iAr‘cTan[a x] | 7Sin[§Ar‘cTan[a x] | )2

¢ (1+a?x?) ArcTan[ax]? Sin[iAr‘cTan [ax] |

40+/1 + a2 x? (Cos[%Ar‘cTan[a x]] - Sin[%Ar‘cTan[a x] | )5

¢ (1+a?x?) ArcTan[ax]?

+

48+/1 + a2 x? (Cos[%Ar‘cTan[a x]] + Sin[%Ar‘cTan[a x] | )6

c (1+a2x?) ArcTan[ax]? Sin[iArcTan [ax]|

+

40+/1 + a2 x? (Cos[%Ar‘cTan[a x] | +Sin[§Ar‘cTan[a x] | )5

¢ (1+a?x?) (-ArcTan[ax] - ArcTan[ax]?+5ArcTan[ax]?)

+

801 +a2x2 (Cos[iAr‘cTan[a x] | +Sin[§Ar‘cTan[a x] | )4

c (1+a?x?) (-2+52ArcTan[ax] +26ArcTan[ax]?-15ArcTan[ax]?)

+

480 /1 + a2 x2 (Cos[%Ar‘cTan[a x] | +Sin[§Ar‘cTan[a x] | )2

c (1+a?x?) (50 Sin[%Ar‘cTan[a x]] - 19 ArcTan[ax]? Sin[%Ar‘cTan[a X] ”

+

2401 + a2 x? (Cos[iAr‘cTan [ax]] -Sin] % ArcTan[ax] | )

c (1+a2x?) (Sin[iAr‘cTan[a x]| - 13 ArcTan[a x]2 Sin[iAr'cTan[a X] ])

+

1201 + a2 x2 (Cos[%Ar‘cTan[a x] | +Sin[iAr‘cTan[a x] | )3
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c (1+a?x?) <7Sin[§Ar‘cTan[a x]| +13 ArcTan|[a x]ZSin[iAr‘cTan[a x]})

+

1201 + a2 x? (Cos[%Ar‘cTan[a x]] - Sin[%Ar‘cTan[a x] | )3

¢ (1+a2x?) (—50 Sin[iAr‘cTan[a x]| +19ArcTan|a x]ZSin[iAr‘cTan[a X] ])

+

240/ 1 + a2 x? (Cos[iAr‘cTan[a x]} +Sin[§Ar‘cTan[a x] ])

1, c(1+a*x?) (-567+89ArcTan[ax]?) 1

a’ 3360 /1 + a2 x2 1680 /1 + a2 x2

89./¢c (1+a2 x?)
(ArcTan[a x] (Log[l - i etAreTanlaxl] | og[1+ i etArcTan(ax] | ) +i (PolyLog[Z, i etAreTanlaxl ] _polylog|2, i e!ArcTaniax]] )) -

= ¢ (1+a%x?) ]}Jrizrz((z—Ar‘cTan[ax])
4 2

1 7* Log|[Cot | 1
8 2

7T
— - ArcTan[a x]
2

———5
128 /1 + a2 x?

[Log [1 _ et (%fAr'cTan[a x]) ] ~Log [1 s et (é—Ar‘cTan[a x]) } ] ii (PolyLog [2, _et (%—Ar‘cTan[a x]) } ~Polylog [2) ot (%—Ar‘cTan[a x]) } ) J B

3 s 2
— 7T ((*—Ar‘cTan[ax}
2 2

Log[l _ ej (%ArcTan[ax]) ] 3 Log[l . ei (%ArcTan[a x]) ]

7T
+21 [*—Ar‘cTan[ax}
2

[PolyLog [2, 7@1’1 (%—Ar‘cTan[ x]) ] B PolyLog [2, e]’L (%—Ar‘cTan[a x]) ] ] L2 (*POlyLOg [3’ 7@1’1 (%—Ar‘cTan[a x]) ] + PolyLog [3, (eil (%—Ar‘cTan[a x]) ] J ) N

1 7T 4 1 a1 7 4 1 r 3 (e
8(1‘1 (*—Ar‘cTan[ax} + =1 (*+*(—*+Ar‘cTan[ax] [*—Ar'cTan[ax} Log[1+eﬂ(zA"Ta"[ax])],
64 2 4 2 2 2 8 \2
1 a1 7 S t(n, a1 7t 3
= (Ji [—+ — (7—+Ar'cTan[ax} 7Log[1+cezjl (53 (-3 Ardan[ax]))]) - [—+ - (7—+Ar~cTan[ax}
8 2 2 2 2 2 2
NN N 3 T 2 S 3 1 T 1 7T 2
Log[1+e”(z+z( g rAreTan ]))} + =i (—7Ar‘cTan[ax} PolyLog|2, et 3 APCTa"[aX])} T =1 (—+ = [7—+Ar‘cTan[ax] -
8 2 4 2 2 2 2
a1 T N 1 T T
[—+ — (7—+Ar‘cTan[ax} Log[1+<e21<? z( 2+APCTan[aX]))} + —iPolyLog[Z, —<e21<z 2( 2 APCTan[aX]))}] +
2 2 2 2
3 71 7 2 NERN N 3 P (T 3
=i [7+ - (—*+Ar‘cTan[a X] PolyLog|2, _e2t (53 APCTan[aX]))] - = (*—ArcTan[a x]) PolyLog|[3, -e (5 APCTan[aX])]
2 2 2 2 4 \2 2
1 Tt 1 7 3. 1 2 NEREN S 7t 1/
H(j(+(+Ar‘cTan[ax]) —(*Jrf —7+Ar‘cTan[ax}) Log[1+e21(2 z(zAPCTan[aX]))]Jrj(erf - = +ArcTan[a X]
3 2 2 2 2 2 2 2 2 2

PolyLog[Z, _e2t <;+§(7§+ArcTan[ax]))} B 1 PolyLog[B, _e2t (;+i(;+ArcTan[ax]))}J B i (er 1 (—erAr‘cTan[ax]
2 212 2 2

B i i PolyLog[4, _eﬁ (%—Ar‘cTan[a x]) ] _ z i PolyLog[4, _(821'1 (’;ﬁi— (—/2‘—+Ar‘cTan[a x])) ] ] ] .
4 4

o1

PolyLog[3, _et (72— (—%Jr/-\r‘cTan[ax])) ]

¢ (1+a?2x?) ArcTan[ax]? c (1+a?x?) (6ArcTan[ax] - 9ArcTan[ax]?-98ArcTan[ax]?)

+

1281+ a2 x2 (Cos[iAr‘cTan[a x] | 7Sin[§Ar'cTan[ax}])8 26881 + a2 x2 (Cos[iAr‘cTan[ax}] 7Sin[§ArcTan[ax]])6
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c (1+a?x?) (-4-178ArcTan[ax] + 178 ArcTan[ax]?+525ArcTan[ax]?)

+

8960 /1 + a2 x2 (Cos [ i ArcTan[ax] ] - Sin[iAr‘cTan [ax] | )4

c (1+a%x?) (17@+2438ArcTan[ax] - 1219 ArcTan[a x]?2 - 525ArcTan[a x]?)

268801 +a?x? (Cos[iAr‘cTan[a x] ] - Sin[iAr‘cTan[a x] } )2

3./c(1+a2x?) Ar‘cTan[aX]ZSin{iAr‘cTan[ax]}

448 /1 + a2 x2 (Cos[iAr‘cTan[a x] | 7Sin[§Ar'cTan[a x] | )7

¢ (1+a?x?) ArcTan[ax]?

+

1281+ a2 x2 (Cos[iAr‘cTan[a x] | +Sin[§Ar‘cTan[a x] | )8

3./c(1+a%x?) ArcTan[aX]ZSin[iArcTan[ax]}

+

448 /1 + a2 x2 (Cos[iAr‘cTan[a x] | +Sin[§Ar‘cTan[a x] | )7

¢ (1+a?2x?) (-6ArcTan[ax] -9ArcTan[ax]?+98ArcTan[ax]?)

+

2688 /1 + a2 x2 (Cos[%Ar‘cTan[axH+Sin[§Ar‘cTan[ax]])6

c (1+a?x?) (-4+178ArcTan[ax] + 178 ArcTan[ax]? - 525ArcTan[ax]?)

+

8960 /1 + a2 x2 (Cos [ i ArcTan[ax] | +Sin| i ArcTan[ax] | )4

c (1+a%x?) (17@-2438ArcTan[ax] - 1219 ArcTan[ax]? + 525 ArcTan[a x]3)

+

268801 + ax? (Cos[iAr‘cTan[a X] ] + Sin[iAr‘cTan[a x] } )2

c (1+a?x?) (170 Sin| % ArcTan[ax] | - 1219 ArcTan[a x] 2 Sin[%Ar‘cTan [ax]] )

+

13440 V1 + a2 x? (Cos[%Ar‘cTan[a x]] —Sin[iArcTan[a x] } )3

¢ (1+a2x?) (2 Sin[iAr‘cTan[a x]| - 89ArcTan|a X]ZSin[iAr‘cTan[a x] ])

+

2240 /1 + a2 x2 (Cos[%Ar‘cTan lax]] + Sin[%Ar‘cTan [ax] ] ) °

¢ (1+a2x?) (567 Sin[iAr‘cTan[a x]| - 89 ArcTan|a x]ZSin[%Ar‘cTan[a X] ])

+

33601 +a2x? (Cos [ i ArcTan[ax] | + Sin[iAr‘cTan [ax]] )
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c (1+a?x?) (—567 Sin[iAr‘cTan[a x]] + 89 ArcTan|a x}zsin{iAr‘cTan[a x]”

+

3360 /1 + a2 x2 (Cos[iAr‘cTan lax]| - Sin[iAr‘cTan [ax]] )

c (1+a%x?) <7251n[iAr'cTan[a x] ] + 89 ArcTan[a x]ZSinEAr‘cTan[a x]”

+

2240/1+ a2 x? (Cos[%Ar‘cTan [ax]] - Sin[iAr‘cTan [ax] ] )5

c (1+a?x?) (—170 Sin[iAr‘cTan[a x]] +1219 ArcTan[a x]? Sin[%Ar‘cTan[a X] ])

13440/1 + a2 x2 (Cos[iAr‘cTan lax]]+ Sin[iAr‘cTan[a x] | )3
Problem 430: Result more than twice size of optimal antiderivative.
jx (c+a? CXZ)S/ZArcTan[a x]3 dx

Optimal (type 4, 561 leaves, 22 steps):
17 c?2xVc+a’cx? CX<C+I=12CX2)3/2 15c?2+/c+a?cx? ArcTan[ax] 5¢c (c+a2cx2)3/2Ar‘cTan[ax]
- - + +

+

420 a 140 a 56 a2 84 a2
(c+a2cx2)5/2Ar‘cTan[a x] 15c2x+/c+acx? ArcTan[ax]? 5cCX (c+a2cx2)3/2Ar‘cTan[a x]? X (c+a2cx2)5/2Ar‘cTan[a x]2
- - - +
35 a2 112 a 56 a 14 a

. , 37 c5/2 Ar‘cTanh[M
151 c3V1+a2x? ArcTan|etArcTan(ax] | ApcTan[a x]?2 <c+a2cx2)7/2Ar‘cTan[a x]3 Jeratext
e ) 7alc 7 126 2° 7
151 ¢3+/1+a%x? ArcTan[ax] PolylLog [2, — i efArcTan(ax] } 151 ¢3+1+a%x? ArcTan[ax] PolylLog [2, i et ArcTan(ax] }
+ +
56a2+c+aZcx? 56 a2~/ c+a’cx?
151 +a2x? Polylog|3, —i etA"Tan(axl|  15¢c3/1+a%x? Polylog|[3, i e'AcTan(ax |

56 a2/ c+a2cx? 56 a2/ c+a?cx?
Result (type 4, 1871 leaves):
1, [1
2V 1+ a%x?

a2
nArcTan[ax] Log|

JiAr'cTan[ax]] + ArcTan [a X]z Log[l +i eiAr‘cTan[ax]} _

¢ (1+a*x?) (ﬂAr'cTan[a x] Log[2] - ArcTan[ax]?Log[l-1ie

i+ elAf‘CTBﬂ[BX])] _

—i +etAretaniaxiy |y ArcTan[a x]? Log|
2 2

1 jl) —iiArcTan[ax]
e ( —. =

1 ) _L i ArcTan[ax]
e (

=
=

ﬁArcTan[ax} LOg[_@—i—jAr‘cTan[aX] <(1+j) 4 (17 I'L> eiArcTan[ax])] —Ar‘cTan[ax]Z Log[_e—i—jAr‘cTan[ax] <(1+1’1> . <17]'l> eiAr‘cTan[ax])] +

2

N
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1 1 o1
nArcTan[ax] Log[-Cos[~ (r+2ArcTan[ax])]] +2Log[Cos[;Ar‘cTan[a x] | —Sln[;Ar‘cTan[a x]]] -
4

5 1 o1 1 o1
ArcTan[a X] Log[Cos[;Ar‘cTan[a x}] —Sln[gAr'cTan[a x}]] —2Log[Cos[;Ar‘cTan[a x]} +Sln[£Ar‘cTan[a X}H +

) 1 o1 .
ArcTan[a x] Log[Cos[fAr‘cTan[a X]] + Sln[fAr‘cTan[a X] H +mArcTan[a x] Log[Sln[
2

(m+2ArcTan[ax]) ]| -2iArcTan[ax]
2

AR

PolyLog[2, -ie*A™Tanax]] , 2 j ArcTan[a x] Polylog|2, i e*A™Tan@ax]] , 2 polylog|[3, - i e*A"Tan(@ax] _ 2 polyLog|3, i etArcTaniaxi]| 4

1
— (1+a*x?) y/c (1+a*x*) ArcTan[ax] (6+4ArcTan[ax]?+6Cos[2ArcTan[ax]] - 3ArcTan[ax] Sin[2ArcTan[ax]]) | +
12

1
40 /1 + a% x2

—2c?
aZ

¢ (1+a*x) [117TAr'cTan[a x] Log[2] - 11 ArcTan[ax]? Log[1 - i e*ArcTanlaxl] 4

2

11ArcTan[ax]?Log[1+ i e!ArcTaniaxl] _ 17 ;rArcTan[ax] Log|

i 1.,
1 l) e—;ﬂAr‘cTan[ax] <7j+ejAr‘cTan[ax]>} .
2

1
bl

2 2
L epianeTaniax ((1+4)+ (1-1i) elArcTaniax)) ] 4 11 ;r ArcTan[a x] Log|[-Cos |
2

1,
—z—nAr‘cTan[aX

11 ArcTan[ax]? Log| e

] <7j+eiArcTan[ax]>] fllnArcTan[ax] Log{le—gil-\r‘ﬂan[ax] ((1+]l) . (1711) e]'1Ar‘cTan[ax]>} _
2
11 ArcTan[ax]? Log| (m+2ArcTanfax])|] +

FNQNPN

1 1 1 1
20 Log[Cos |~ ArcTan[ax] ]| - Sin[ = ArcTan[ax] | | - 11 ArcTan[ax]? Log[Cos |~ ArcTan[ax] | - Sin| = ArcTan[ax] || -
2 2 2 2

1 o1 1 .1
20 Log[Cos |~ ArcTan[ax]] +Sin[ = ArcTan[ax] || + 11ArcTan[ax]? Log[Cos |~ ArcTan[ax] | +Sin|[ = ArcTan[ax] || +
2 2 2

11 ArcTan[ax] Log[Sin[~ (r+2ArcTan[ax])|] - 22 i ArcTan[ax] Polylog|2, -1 e’ ArcTeniax]]

N R =

22 i ArcTan[ax] PolylLog[2, i e'ArcTan(ax]] ;22 polyLog[3, -i e*A™™@"(@x]] _ 22 Polylog|3, i e'ArcTan(ax]]

1
— (1+2? xz)2 ¢ (1+a*x*) (150ArcTan[ax] -32ArcTan[ax]>+8ArcTan[ax] (27 +20ArcTan[ax]?) Cos[2ArcTan[ax]] +
960

66 ArcTan[a x] Cos[4ArcTan[ax]] +12Sin[2ArcTan[ax]] + 6 ArcTan[a x]2Sin[2ArcTan[ax]] +

6Sin[4 ArcTan[ax]] - 33 ArcTan[ax]?Sin[4 ArcTan[ax]]) J +

1
— 2
32

1
1680 V1 + a2 x?

c (1+a*x?) (3097rAr‘cTan[a x] Log[2] - 309 ArcTan[ax]?Log |1 - i elArcTan(ax]]

i 1.
_1_ E] e*;JLAf‘CTan[aX] (_j+eﬁArcTan[ax])] N

309 ArcTan[ax]?Log |1+ i e!ArcTan(ax]] _ 309 s ArcTan[a x] Log|
2 2

1 i
.=

=

309 ArcTan[a x]? Log]|

1. 1.
) ‘e—;nAr‘cTan[aX] (_j+eiArcTan[ax]>] - 309 1 ArcTan[a X] Log[ie—;nAr‘cTan[ax] (<1+j> + (1_]-1) eiArcTan[ax])] _

N

1 1.,
309 ArcTan[a x]? Log [ 2 gy LArcTan[ax

P((1+1) + (1-1) etArcTaniax)) ] . 399 rArcTan [ax] Log[-Cos|= (r+2ArcTan[ax])]] +

I
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1 o1 1 .1
518 Log[Cos |~ ArcTan[ax] | - Sin[ = ArcTan[ax] || - 309 ArcTan[a x]? Log[Cos | = ArcTan[ax] | - Sin[ ~ ArcTan[ax] || -
2 2 2 2

518 Log[Cos[iAr‘cTan ] +Sin [ % ArcTan[a Xx] } ] +309 ArcTan[a x]? Log[Cos[%Ar‘cTan [ax] ] +Sin [ % ArcTan[a x] } ] +
309 5 ArcTan[a X] Log[Sln[i (m+2ArcTan[ax])]] - 618 i ArcTan[ax] Polylog[2, -i e*ArcTaniaxi]
618 i ArcTan[a x] Polylog[2, i elAr<Tan(ax]] . 618 Polylog[3, - i efAT"lax]] _ 618 PolyLog|3, i elAr<Teniax] ]) B
5?;60 (1+a2x?)’/c (1+a®x?) (-4116ArcTan[ax] - 3648 ArcTan[ax] >+ 2ArcTan[ax] (-3131+896 ArcTan[ax]?2) Cos[2ArcTan[ax]] -

4 ArcTan[ax] (691 + 560 ArcTan[ax]?) Cos[4ArcTan[ax]] - 618 ArcTan[ax] Cos[6ArcTan[ax]] -
404 Sin[2 ArcTan[ax]] + 633 ArcTan[a x]2Sin[2 ArcTan[a x]] - 352Sin[4 ArcTan[ax]] -

180 ArcTan[a x]2Sin[4ArcTan[ax]] - 100 Sin[6 ArcTan[ax] ] + 309 ArcTan[a x]2Sin[6ArcTan[ax] ] ) ]

Problem 431: Result more than twice size of optimal antiderivative.

J(c +a? cxz)S/2 ArcTan[a x]3dx

Optimal (type 4, 870leaves, 23 steps):

17c2/c+atcx? ¢ (c+atex?)’? 17 S 1 2. y213/2 15c2+/c+a2cx? ArcTan[ax]?
- - \Jc+alex? ArcTan(ax] + —cx (c+a?cx?)*?ArcTan[ax] - -

+—c?x
60 a 60 a 60 20 16 a
5c(c+a?cx?)*?ArcTan[ax]? (c+a?cx?)”?ArcTan[ax]? 5 5
< ) —( ) + —c?x+/c+a?cx? Ar‘cTan[ax]3+—cx(c+a2cx2)3/2Ar‘cTan[ax]3+
24 a 10 a 16 24
- 2591 c3+/1+a2x? ArcTan[ax] Ar‘cTan[@}
1 5ic3V1+a%x? ArcTan|etAreTanlax] | ApcTan[a x]3 -
—x(c+a2cx2)5/2ArcTan[ax]3f e '] - Vi-iax
6 8a+vc+alcx? 60a+/c+a?cx?
151 c3V/1+a2x? ArcTan[ax]2Polylog|2, -ielArcTan(axl| 15 c3+/1+a2x? ArcTan[ax]?Polylog|[2, i etArcTan(ax]]
- +
16a+Vc+a?cx? 16a+c+a%cx?
2591 c3 /1 +a%x? Polylog|2, —@] 259i c3\/1+a%x? Polylog|2, @]
A/ 1-iax -1ax
120a+/c+a%2cx? 120a+/c+a2cx?
15c3+/1+a2x? ArcTan[ax] PolylLog[3, -i efArcTaniaxl|  15¢3+/1+a2x? ArcTan[ax] Polylog|3, i efArcTan(ax]]
. _
8a+/c+a?cx? 8a+/c+a?cx?

151 c3+/1+a?x? PolylLog [4, — 1 elArcTan[ax] } 151 c3+/1+a?x? PolylLog [4, i et ArcTan[ax] ]

+

8a+Vc+a?cx? 8a+c+a?cx?

| 71
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Result (type 4, 5547 leaves):

1 3./c (1+a%x?) ArcTan[ax]? 1
- ( ) + 3./c(1+a%x?)
a 21+ a?x? V1 +a?x?

(ArcTan[ax] (Log[1-ie'AreTenaxl] _og[1+1ietArcTlax]) 4 i (Polylog[2, -1 e!A"<Tanax)] _polylog|2, i e'ArcTeniaxi]))
1

2V 1+a%x?

Log [1 _ et (g—Ar‘cTan[a x]) ] ~Log [1 ; el (E—Ar‘cTan[a x]) } ) ii (PolyLog [2, _et (g—Ar‘cTan[a x]) } ~Polylog {2) ot (g—Ar‘cTan[a x]) } ) J B

c (1+a2x?) (37? Log[Cot[1 (zfAr‘cTan[a x])H + iﬂz ([EfAr‘cTan[ax}
8 2 \2 4 2

2

|

— T ((——Ar‘cTan[ax}

(Log[l _ ej (;——ArcTan[aX]) ] B Log[l . ei (;L-Ar‘cTan[a x]) ]

N

U
+21 [—7Ar‘cTan[ax}
2

PolylLog [2, 7@1 (%—Ar‘cTan[a X]) ] _Polylog [2, el’L (%—Ar‘cTan[a x]) ] ] )

_Polylog [3’ et (/ZlArcTan[ax]) ] N PolyLog[B, ot (/Zi—ArcTan[ax]) ] J ) .

1 7T 4 1 x 1 b 4 1 (n 3 (e
S(j[Ar'cTan[ax} +fj(7+7(—7+Ar‘cTan[ax] —f(f—Ar'cTan[ax} Log[1+el(zAPCTan[ax])]—
64 2 4 2 2 2 8 \2
1 a1 7 LT a1 7 3
= (Ji (—+ - (——+Ar‘cTan[ax] —Log[1+ce2]l (3505 Arﬂan[ax]))]] - [—+ - (——+Ar‘cTan[ax}
8 2 2 2 2 2 2
RN 3 T 2 e 3 1 a1 7T 2
Log[1+e“(z : (-3 A"Ta"[ax]))} + =1 (——Ar‘cTan[ax} PolyLog|2, et 3 APCTa"[aX])} T =1 (—+ = [——+Ar‘cTan[ax] -
8 2 4 2 2 2 2

a1 7T N 1 NN

[—+ — (——+Ar‘cTan[ax} L0g[1+<521<2 2( 2 APCTan[aX]))} + —iPolyLog[Z, —ezn(2 2( 2 APCTan[aX]))}] +

2 2 2 2
3 a1 7T 2 RN 3 /0 (e 3
“i [—+ - (7—+Ar‘cTan[a X] PolyLog|2, _e2t (3 z+APCTa”[aX]))] - = (—7Ar‘cTan[a x]) PolylLog[3, -e (5 A"CTan[aX])] -z
2 2 2 2 4 \2 2

1 a1 7 3 no1 7 2 NENN RN a1 7
n(—j(—+—(—+Ar~cTan[axj 7(—+—(7—+Ar~cTan[ax} Log[1+e21(2 : zArCTan[aX]))]Jrj(—Jr— - = +ArcTan[ax]

3 2 2 2 2 2 2 2 2 2

i (el 1 NN N 3 (m 1 T
PolyLog|2, _e2t (3 z+APCTa"[aX]))} - = Polylog|3, _e2t (3 (3 A"Tan[ax])nj - = (—+ = (7—+Ar'cTan[ax]
2 2\2 2 2

PolyLog [3, _e2j1 (%+i— (—§+Ar‘cTan[a x])) ] B E i Polylog [4, _eﬁ (%—Ar‘cTan[a x]) ] B i i PolyLog [4’ _ez i (%%— (—';¥+Ar‘cTan[a x])) ] ] ] .
4 4

c (1+a%x?) ArcTan[ax]? 3./c(1+a%x?) Ar‘cTan[ax]ZSin[iAr‘cTan[ax]}

4+/1+a?x? (Cos[iAr‘cTan[ax}]—Sin[%Ar‘cTan[ax]])2 21+ a%x? (Cos[iAr‘cTan[ax}]—Sin[%Ar‘cTan[ax]])

c (1+a*x?) ArcTan[ax]?

+

41+ a%x? (Cos[%Ar‘cTan[a x}] +Sin[§Ar‘cTan[a x] ] )2
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3./c(1+a%x?) Ar‘cTan[ax]2Sin[%Ar'cTan[ax1}

N
2+/1+a%2x? (Cos[iAr‘cTan[ax}] +Sin[§Ar‘cTan[ax]])
1 o c(1+a*x?) (-1+ArcTan[ax]?) 1
- +
a 4+/1+a%x? 2+/1+a%x?
c (1+a*x?)
(—Ar‘cTan[ax] (Log[l— i eiArcTan[ax]} _ LOg[lJr i ejArcTan[ax]]) _i (PolyLog[Z, _i e]‘lAr‘cTan[ax]] —PolyLog[Z, 7 ejAr‘cTan[ax]])) +
1

1] —iﬂz ((E—Ar‘cTan[ax]
4 2

c (1+a?x?) (—17T3 Log[Co‘c[l [E—Ar‘cTan[a x]
8 2 \2

2

8+1+a%x?
s
+21 [*—Ar‘cTan[ax1

Log [1 B e]‘l (g—ArcTan[a x]) ] ~Log [1 N eJ‘L (%—Ar‘cTan[a x]) } ) vi (PolyLog [2, 7@1‘1 (%—ArcTan[a x]) } ~PolyLog [2) e]‘l (%—ArcTan[a x]) } ) ) .
[l
— JT
2 2

(PolyLog {2) _et (g—Ar‘cTan[a x]) ] ~Polylog [2, ot (g—Ar‘cTan[a x]) ] ] 42 [—PolyLog {3’ el (g—Ar‘cTan[a x]) ] +Polylog [3, ot (g—Ar‘cTan[a x]) ] J ) B

- ArcTan[a x]

N

(Log [1 _ e]’l (;——Ar‘cTan[a X]) ] - Log [1 N e]‘t (%—Ar‘cTan[a x]) ]

1 7 4 1 a1 7 4 1 n 3 (e
8(—1‘1(——Ar‘cTan[ax}) +—i(—+—(——+Ar‘cTan[ax]J) ——(——Ar‘cTan[ax}) Log[1+e1(zANTan[aX])]
2 4 2 2 2 8 \2

Cina 1 3
—Log[1+e21 (?*E(’{*Ardan[ax]))]) _ [ﬁ+ jl (7£+APcTan[ax]

2 2 2
i (ngr‘cTan[a x])} . E 72
4

1 ( (1 7
— T (1 [f+f (—*+Ar'cTan[ax]
2 2

1. (7 1 7T
—1 (*Jrf [—*+Ar‘cTan[ax]
2 2 2 2

24 (%l (7§+ArcTan[a x])) }

2
PolyLog[Z, -e

3
+—1 (*—Ar‘cTan[a X]
8 2

[E VL (7 X ArcTanfax] Log[1+e®! (53 (’E*A"Ta”[a"]))} L Polylog[2, -’ (53 (5aretantax)] }] +
2 2 2 2
2 (n x P [
3,(x. L (_E +ArcTan[ax]|| PolyLog[2, -&*' (T%(’{*A“Ta“[”]))] 2 (E—ArcTan[a x]) PolyLog[3, -e' (?’A"Ta"[ax])] 22
2 2 2 2 4 \2 2
3 2 . x

bis 11’1 (I+l [—I+Ar'cTan[ax} —(I+l (—I+Ar'cTan[ax} Log[1+e“(?%(’?*A"Tan[ax]))]+J'1 (£+l(—£+Ar‘cTan[ax] )

3 2 2 2 2 2 2 2 2 2

PolyLog[Z, o2t (§+§(—§+ArcTan[aX]))} 1 PolyLog[3, el (%+§(—§+ArcTan[aX]))}) 3 (ﬂJr 1 (—£+Ar‘cTan[ax] )

2 2\2 2 2
PolyLog[B, 7@21‘1 (%»fi— (—%+Ar‘cTan[ax]))] B i i PolyLog[4, 7@1‘1 (;——ArcTan[ax])] _ i i PolyLog[4, 7@21‘1 (;—»fi— (—Z—+Ar‘cTan[a x])) ] ]] .
4 4

¢ (1+a*x?) ArcTan[ax]? ¢ (1+a*x?) (2ArcTan[ax] - ArcTan[ax]?-ArcTan[ax]?)
. _

16\/1+a2x? (Cos[iArcTan[ax]]| -Sin[%ArcTan[ax] ¢ 16\/1+a2x? (Cos[tArcTan[ax]]| -Sin[%ArcTan[ax] 2
2 2 2 2
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c (1+a*x?) ArcTan[a x]ZSin[iAr‘cTan[a x] |

8/1+a%x? (Cos[iAr‘cTan[a x] | —Sin[iAr‘cTan[a x] | )3

c (1+a%*x?) ArcTan[ax]?

+

16 V1 +a%x? (Cos[iAr‘cTan[a x]] +Sin[iArcTan[a x] } )4

c (1+a2x?) ArcTan[a x]ZSin[iAr‘cTan[a x] |

+

8+/1+a2x2 (Cos[iAr‘cTan[a x]] +Sin[§Ar‘cTan[a x] | )3

c (1+a2x?) (-2ArcTan[ax] -ArcTan[ax]?+ArcTan[ax]?)

+

16 V1 + a2 x2 (Cos[iAr‘cTan[a x] | +Sin[§Ar‘cTan[a x] | )2

c (1+a?x?) (Sin[%Ar‘cTan[a x]| - ArcTan[a x]zsin[iAr‘cTan[a x}])

+

4+/1+a2x? (Cos[%Ar‘cTan[a x] ]+ Sin[%Ar‘cTan[a X] H

c (1+a2x?) (7Sin[§Ar'cTan[a x]| +ArcTan[a x}zsin[iAr‘cTan[a x]”

+

4+/1+a2x? (Cos[iAr‘cTan[a x]] —Sin[iAr‘cTan[a X] ])

1 c (1+a2x?) (50-19ArcTan[ax]?) 1
Zc N

a 240/ 1 + a? x? 1201 + a? x?

19./c (1+a2 xz)

(ArcTan[a x] (Log[l - i etArcTaniaxl] _jog[1+ i etArcTaniax] ] ) +i (PolyLog[z, -1 etAreTaniaxl ] _polylog|2, i e'ArcTan(ax]| )) +
1

16 V1 +a?x?

Log [1 _ (EJ'L (g—Ar‘cTan[a x]) ] ~Log [1 . eJ‘L (E—Ar‘cTan[a x]) } ) ii (PolyLog [2, _ejl (%—Ar‘cTan[a x]) } ~Polylog {2) e]i (%—Ar‘cTan[a x]) } ) J B

1 7 Log | Cot | !

c (1+a”x?) = HJ’EHZ z—Ar‘cTan[ax]
8 2

4 2

JT
[— - ArcTan[a x]
2

T 2
-7 ((——Ar‘cTan[ax}

2

Z_ArcTan[ax

(Log[l— e (2

])] _ Log[l . (ejL (;;—Ar‘cTan[ax]H

JT
+21 [——Ar‘cTan[ax}
2

[PolyLog [2, _et (;L—Ar‘cTan[a x]) ] ~PolyLog [2, et (;L—Ar‘cTan[a x]) ] ] L2 (—PolyLog [3’ _et (g—ArcTan[a x]) ] +Polylog [3, et (/Zi—Ar'cTan[a x]) ] ) ) .

1 7T 4 1 T o1 bl 4 1 n 3 s
8(—]1(—Ar'cTan[ax} +—j(—+—(f—+ArcTan[ax] 7—(—7Ar'cTan[ax} Log[l+e (zA"Ta"[aX])]f

64 2 4 2 2 2 8 \2

1 a1 7 RN a1 Vs 3

= (i[—+—(——+Ar‘cTan[ax}) —Log[1+e2 5 z(zAFCTan[aX]))]]—[—+—(——+Ar‘cTan[ax})

8 2 2 2 2 2 2
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o ” (o 2
Log[l+<e2]l (?%('TA'"CTE"[“]))} + 3 i (EfAr‘cTan[a X] 2PolyLog[2, —e' (?'A"CTa"[aX])} + EJTZ 11’1 (l+ 1 [7£+Ar‘cTan[a x] -
8 2 4 2 2 2 2
[£+ & (7£+Ar‘cTan[a x] || Log[1+e?" (55 [Fraretaniaxi) ) Ly po1yiog 2, —e?t (Z*i(-?’*"“”[“]))}] .
2 2 2 2
1 2 L n 7 L
3 i [E + = (—z +ArcTan[ax] PolyLog|2, _e?t (?+§(’?+APCTa"[aX]))] 3 (E—Ar‘cTan[a x]) PolyLog[3, -e (TAPCTa"[aX])] 3
2 2 2 2 4 \2 2
1 1 3 1 2 i B 1
n(j(ﬂJr[ﬂJrAr‘cTan[ax]) —(z+7(—z+Ar‘cTan[ax} Log[1+<e21(?*%(’?*Arda"[”]))]+]‘1(E+7(—§+Ar‘cTan[ax]
3 2 2 2 2 2 2 2 2 2

PolyLog[Z, 7@211 (3+%(—%+Ar‘cTan[ax]))} B 1 PolyLog[E, 7@21’1 (;+2(2+ArcTan[ax]))}) _ i (EJr 1 (7§+Ar‘cTan[ax]
2 212 2 2

PolyLog[B, _621'1 (2+2 (—%Jr/-\r'cTan[ax])) ] _ i i PolyLog[4, _ej (%—Ar‘cTan[ax])] _ 2 i PolyLog[4, _ezj (’?% (*%*Ard—an[ax])) ] ]] +
4 4

¢ (1+a*x?) ArcTan[ax]? c (1+a*x?) (ArcTan[ax] -ArcTan[ax]2-5ArcTan[ax]?)
+ +

481 + a? x? (Cos[iAr‘cTan[ax]] —Sin[iArcTan[a x]})6 801 +a%x? (Cos[iAr‘cTan[ax]} —Sin[iAr‘cTan[ax}])‘t

¢ (1+a*x?) (-2-52ArcTan[ax] +26ArcTan[ax]?+15ArcTan[ax]3)

480 /1 +a%x? (Cos[iAr‘cTan[a x]] —Sin[iAr‘cTan[a x] } )2

c (1+a2x?) ArcTan[ax]? Sin[%Ar‘cTan [ax]]

40+/1 + a2 x? (Cos[iAr‘cTan[a x]] —Sin[%Ar‘cTan[a x] } )5

c (1+a%*x?) ArcTan[ax]?

+

481 + a? x? (Cos[iAr‘cTan[a x]] +Sin[iAr‘cTan[a x] } )6

¢ (1+a*x?) ArcTan[ax]? Sin[%Ar‘cTan [ax]]

+

40+/1 + a2 x? (Cos[iAr‘cTan[a x] | +Sin[iAr‘cTan[a x] | )5

c (1+a?x?) (-ArcTan[ax] - ArcTan[ax]?+5ArcTan[ax]?)

+

801 +a2x2 (Cos[iAr‘cTan[a x] | +Sin[§Ar‘cTan[a x] | )4

¢ (1+a*x?) (-2+52ArcTan[ax] +26ArcTan[ax]?-15ArcTan[ax]?)

+

480 /1 +a%x? (Cos[iAr‘cTan[a x]] +Sin[iAr‘cTan[a X] } )2

c (1+a2x?) (50 Sin[iAr‘cTan[a x]| - 19 ArcTan[ax]? Sin[iAr‘cTan[a x] ”

+

240+/1 + a2 x2 (Cos[iAr‘cTan [ax] ] -sin| % ArcTan[ax] | )
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c (1+a?x?) (Sin[%Ar‘cTan[a x]| - 13 ArcTan|a x]ZSin[iAr‘cTan[a X] ])

+

1201 +a2x? (Cos[%Ar‘cTan[a x]] +Sin[iAr‘cTan[a X] ])3

¢ (1+a2x?) (—Sin[iAr‘cTan[a x]] +13ArcTan|a X]ZSin[iAr‘cTan[a x]”

+

1201 + a2 x? (Cos[iAr‘cTan[a x]] - Sin[iAr‘cTan[a x] | )3

c (1+a?x?) (—5@ Sin[%Ar‘cTan[a x]]| +19 ArcTan|a x]ZSin[%Ar‘cTan[a X] ])

240 /1 + a2 x2 (Cos[%Ar‘cTan lax]] + Sin[iAr‘cTan [ax] ] )

Problem 432: Result more than twice size of optimal antiderivative.

(c+a?cx?)*?ArcTan[ax]?
J dx

X

Optimal (type 4, 845 leaves, 54 steps):

1
——ac x4/ c+a%cx? +—c \Jc+a?cx? ArcTan[ax] +—c(c+a cx)3/ Ar‘cTan[ax}——ac x4/ c+a%cx? ArcTan[ax]

10
3 32 149 i 31+ a%x? ArcTan [ej ArcTan[ax] ] ArcTan]
—acx (c+a’cx?)” ArcTan[ax]? 2 /c+a’cx® ArcTan[ax]
20 20+ c+a%cx?
1 1 34/1+a?2x? ArcTan[a x]3 ArcTanh|efArcTaniax]
fc(c+a2cx2)3/2Ar‘cTan[ax]3+f(c+a2cx2)5/2Ar‘cTan[ax]3 e } -
3 5 rasa
3 2 2 2 ArcT
3 5 a/c x 3ic3\/1+a*x? ArcTan[ax]2Polylog[2, -etArcTaniax] ]|
c*/2 ArcTanh | |+ -
2 \ec+a2cx? Vec+a2cx?
1491 c3 /1 +a?x? ArcTan[ax] Polylog [2, ~ i elArcTan(ax] ] 149 1 c3 /1 +a?x? ArcTan[ax] PolylLog [2, i et ArcTan(ax] ]
. _
20+ c+a%cx? 20~/ c+a%cx?
3ic3+V/1+a?x? ArcTan[ax]2Polylog[2, etArcTan(ax] ]| 31/1+a?x? ArcTan[ax] Polylog|3, -etArcTan(ax] ]
- +
Vc+a?cx? Ve+a?cx?
149 ¢ /1 +a2x? Polylog[3, -ielArcTaniax]] 149 ¢3+/1+a%x? PolylLog[3, i etArcTaniax]|
- +
20+ c+a%cx? 20~/ c+a%cx?
c>+/1+a%x? ArcTan[ax] Polylog|3, e!ArcTan(ax] ] 6ic®+/1+a?x? Polylog[4, -elArcTaniax] | 6 c34/1+a2x? Polylog|4, elArcTaniax]|
+
Ve+a?cex? Ve+a?ex? Ve+a?cex?

Result (type 4, 1739 leaves):
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1
—c?yfc(1+a%x?)
8
i , 2iArcTan[ax]* 8ArcTan|a x]3 Log[1- e iArcTan(ax] ] 24 ArcTan[ax]? Log[1 - i elArcTan(ax]]
o _8ArcTan[ax]3+ + - N
V1+a2x? V1+a2x? V1+a2x? V1+a?x?
24 ArcTan[ax]? Log [1 + 1 elArcTan[ax] } 8 ArcTan[ax]3 Log [1 + el A”CTa“[ax]} 24 i ArcTan[a x]2 PolylLog [2, e 1ArcTan[ax] }
- + +
V1+a%x? V1+a?x? V1+a%x?
24 i ArcTan|[a x}zPolyLog[Z, —e“'"”a”[“]] 48 i ArcTan[a x] PolyLog[Z, -1 e“"”a”[ax]} 48 i ArcTan[a x] PolyLog[Z, i e”"”a“[ax]}
- + +
V1+a?x? V1+azx? V1+azx?
48 ArcTan[a x] Polylog |3, e iAr<Tanlax]| 48 ArcTan[a x] Polylog|[3, -elArcTaniax]| 48 polylog|3, -i elArcTan(ax] ]|
_ N _
V1+a?x? V1+aZx? V1+aZx?
48 Polylog|[3, i etArcTan(axl| 48 i Polylog[4, e iArcTaniax]l| 48 j Polylog|4, -e*ArcTan(ax]]
- - +
V1+aZx? V1+a?x? V1+aZx?
1 ) .
2c¢? [7 c (1+a?x?) (ﬂAr‘cTan[a x] Log[2] - ArcTan[ax]? Log[1 - i e!A"<T[ax]] , ArcTan[ax]? Log |1 + i elArcTan(ax]] _
2+/1+a2x?
1 i 1y ) 1 i _ty )
iTAr‘cTan[ax] Log{ _7_7] e 2JLAr‘cTan[aX] (_]-l_'_enAr‘cTan[ax])} +Ar‘cTan[ax]2 Log[(—+f] e 2JLAr‘cTan[ax] (_j+enArcTan[ax]>} _
2 2 2
l -2 i ArcTan[ax] : ; i ArcTan[a x] 2 l -2 i ArcTan[ax] : ; i ArcTan[a x]
nArcTan[ax] Log[ ~ e 2 ((1+i)+(1-i)e H—Ar‘cTan[ax] Log[~e: ((1+i)+(1-i)e H+
2 2
1 1 1
stArcTan[a X] Log[—Cos[f <7T+ 2 ArcTan[a x] ) } ] +2 Log[Cos[fAr'cTan [aX] ] - Sln[fAr‘cTan[a X] } ] -
4 2 2
, 1 1 1 1
ArcTan[ax]?Log[Cos |~ ArcTan[ax]| - Sin|[ = ArcTan[ax] || -2 Log[Cos| = ArcTan[ax] | +Sin[ = ArcTan[ax]]] +
2 2 2 2
) 1 " .ol .
ArcTan[ax]?Log[Cos|—ArcTan[ax] | +Sin|[—ArcTan[ax] || +ArcTan[ax] Log[Sin[~ (;+2ArcTan[ax])]|]|-21iArcTan[ax]
2 2 4
PolylLog[2, -ie*ArT@n(@ax]] ;2§ ArcTan[ax] Polylog|2, i e*A™Tan(@ax] ;2 polylog|3, -i e*A"™a(@xI] _ 2 polylog|3, i etArcTan(axi]| 4
1 2,2 2,2 2 :
— (1+a*x*) \/c (1+a’x®) ArcTan[ax] (6+4ArcTan[ax]?+6Cos[2ArcTan[ax]] - 3ArcTan[ax] Sin[2ArcTan[ax]]) | +
12
1 )
A l-——————Jc(1+a’x?) (11 nArcTan[ax] Log[2] - 11ArcTan[ax]? Log[1 - i e!ArcTaniax]]
40+/1 + a® x?

- -i+e

i ArcTan[a x] ) ] i

) i 1y
11ArcTan[ax]? Log[1+i e*A<Ten(ax] ] _ 11 7 ArcTan[a x] Log| ] e 2 HAreTENEX

1
2 2

=

2 1 1 -2 iArcTan(ax] : i ArcTan[a X -2 iArcTan[ax] : : i ArcTan[a x
11 ArcTan[a ] Log[(—+—]ez (-i+e lax1) ] 11 rArcTan[ax] Log| ~ e : ((1+i)+(1-1)e fax1) ] -
2 2

N

11 ArcTan[a x]?2 Log[le%iA"Ta"[ax] ((1+1)+ (1-1) e*AeTnl2x)) ] 4 11 rArcTan[ax] Log[-Cos |~ (m+2ArcTanlax])|] +
2

1
4
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1 1 1 1
20 Log|Cos [~ ArcTan[ax]] - Sin[ =~ ArcTan[ax]]] - 11ArcTan[ax]? Log[Cos|[ = ArcTan[ax] | - Sin|[ = ArcTan[ax]]] -
2 2 2 2

1 .ol ) 1 o1
20 Log[Cos[; ArcTan[a x] } + Sln[; ArcTan[a x] ] } +11 ArcTan[a x] Log[Cos[; ArcTan[a x] ] + Sln[g ArcTan[a x] ] ] +

1 )
11w ArcTan[ax] Log[Sin[~ (r+2ArcTan[ax]) ]| - 22 i ArcTan[ax] PolylLog|2, -i e!ArcTaniaxi]
4
22 i ArcTan[a x] Polylog|2, i e*A™Tanax] |, 22 polylog[3, -i e'Ar<Tanlax]| _ 22 polylog|3, i e*ArcTan(ax] ]

1
— (1+2° X2>2«/C (1+a%x*) (150 ArcTan[ax] - 32ArcTan[ax]?+8ArcTan[ax] (27 +2@ArcTan[ax]?) Cos[2ArcTan[ax]] +
960

66 ArcTan[a x] Cos[4ArcTan[ax]] +12Sin[2ArcTan[ax]] + 6 ArcTan[ax]2Sin[2ArcTan[ax]] +

6Sin[4 ArcTan[ax]] - 33 ArcTan[ax]2Sin[4ArcTan[a x] ] )

Problem 433: Result more than twice size of optimal antiderivative.

(c+a?c X2>5/2 ArcTan[a x]?
J dx

X2

Optimal (type 4, 1027 leaves, 56 steps):
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1 1 21
——ac’yJc+atcx? + —atc?x+/c+a’cx® ArcTan[ax] - —ac?+/c+a’cx? ArcTan[ax]?-
4 8

4
1 c2v/c+a’cx? ArcTan[ax]3® 7
fac(c+a2cx2)3/2Ar‘cTan[ax]27 [a x] +—a’c?x+/c+a’cx?® ArcTan[ax]3+
4 X 8

1 2 15iac3\/1+a?x? ArcTan[elArcTan(ax]] ApcTan[a x]3
—a’cx (c+a’cx®)”“ArcTan[ax]’ -
4 4+/c+a%cx?

. 3 2,2 V1+iax .
lliac®V1+acx Ar'CTan[a X] Ar‘CTan[ T iax ] 63C3"/1+az XZ Ar'CTan[a X}zArcTanh[elArcTan[ax]}

Ve+acx? Ve+acx?

6iac’\1+a2x? ArcTan[ax] Polylog|2, -elArcTan(axl| 45 ac3~/1+a?x? ArcTan[ax]?Polylog[2, -i e!ArcTaniax] ]

+ —

Ve +a2cx? 8V c+atcx?

45iac*+/1+a2x? ArcTan[ax]?Polylog|2, ielArcTaniaxl]  6ijac?+/1+a2x? ArcTan[ax] PolylLog[2, e!ArcTaniax] ]|

- +

8/ c+atcx? V¢ +a?cx?

. 3 2 U2 iv1l+iax . 3 2 U2 ivVi1+iax .
lliac>vV1+a“x PolyLog[Z, e } ) lliac mPolyLog[Z, ik ] 76ac34/1+a2x2 PolyLog[B, _(elLAr‘cTan[ax]}

2+ c+atcx? 2/ c+atcx? Ve +a?cx?

45ac3+/1+a2x? ArcTan[ax] PolyLog[3, -i elArcTaniax] ] 453¢c3+/1+a2x? ArcTan[ax] Polylog[3, i e!ArcTan(ax] |

+ +

4~c+atcx? 4~ c+atcx?
6ac’/1+a%x? Polylog|3, etArcTaniax]| 45 ac?+/1+a%x? Polylog|4, -ie*ArcTan(axl| 45 ac3+/1+a?x? Polylog|4, i e!ArcTan(ax] ]|
- +
Ve+a?cx? 4+/c+a’cx? 4+/c+a®cx?
Result (type 4, 4536 leaves):

1 2 2,2 1
——————ac?\/c(1+a’x?) Csc|—ArcTan[ax] |
128 /1 + a2 x2 2

7ian*x 8iandxArcTan[ax] 241ian?xArcTan[ax]? 3
N —64ArcTan[ax]> - + +

V1+azx? V1+a?x? V1+azx? V1+azx? V1+aZx?
48 a2 x ArcTan[ax] Log[1- i e tArcTaniaxl ] 96 aix ArcTan[ax]2Log|1-i e tArcTaniaxl] 833 x Log[1+i e tArcTan(ax]]

64axArcTan[ax]?Log[1l+ i e *ArcTaniax] | 192 ax ArcTan[ax]2 Log[1 - elArcTan(ax]] 83,3 x Log[1 + i eArcTaniax] ]|
+ + -

V1 +a?x? V1 +aZx? V1 +a?x?

48 a > x ArcTan[a x| Log[1+jeiA”CTa“[ax]} 96aJTxAr‘cTan[ax}2Log[1+jeiA"CTa“[”]} 64axAr‘cTan[ax]3Log[1+jeiA“Ta“[ax]}
+ _ _

+

321ianxArcTan[ax]? 161iaxArcTan[ax]?*

+
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. 1 .
192 ax ArcTan[ax]? Log |1 + etArcTan(ax] | 8an3xLog[Tan[4— (r+2ArcTan(ax]) || 1924 axArcTan[a x]2Polylog|2, - i e tArcTaniax] ]
+ + +

V1 +a?x? V1 +a?x? V1 +a?x?

48 iarnx (n-4ArcTan[ax]) Polylog[2, i e *ArcTaniax]| 384 j axArcTan[ax] Polylog|2, -e!ArcTan(ax]]
+ +

V1 +a?x? V1+a%x?

48 i a2 x Polylog[2, - i etArcTaniaxl ] 192 j arx ArcTan[ax] Polylog|[2, - i elArcTan(ax]]

V1+a?x? V1+a%x?

192 i1 axArcTan[a x]? PolylLog [2, — i ebArcTan(ax] ] 384 i ax ArcTan[a x] PolylLog [2, @l ArcTan[ax] }

- +
V1 +a?x? V1 +a?x?

384 ax ArcTan[a x] PolylLog [3, — i e iArcTan[ax] } 192 a s x Polylog [3, i @ iArcTan(ax] ] 384 a x PolylLog [3, - el ArcTan(ax] ]

+

- - +
V1+a?x? V1+a?x? V1+aZx?
192 anx Polylog|3, —i elArcTan(axl | 384 3 x ArcTan[a x] Polylog|3, - i etArcTan(ax] | 384 a3 x Polylog[3, eArcTan(ax] ]|
_ . _
V1+a?x? V1 +a?x? V1+a?x?
3841 axPolylog[4, -ie iArcTaniax]] 384 axPolylog[4, -1 etArcTanlax]] 1
- Sec| ~ArcTan[ax] ]| +

V1+a%x? V1+a%x? 2

3./c(1+a?x?) ArcTan[ax]? 1
2ac? |- + 3./c(1+a%x?)
2V 1+a2x? V1+a?x?
(ArcTan[ax] (Log[l - j elAreTaniaxl] _og[1+ 4 etArcTanlax] ] ) +1i (PolylLog [2, —i elAreTaniax] ] _polylog|2, i e*ArcTaniax]] )) +
1 1 1 3
———————/c (1+a’x?) —7r3Log[Cot[—(EfAr‘cTan[ax} H+—7r2((zfAr'cTan[ax]
241 +a2x? 8 2 \2 4 2
Log {1 B e]i (%—Ar‘cTan[a x])} B Log[l N (eﬁ (’Z—K—Ar‘cTan[a x]) ]) ‘i (PolyLog {2’ _ei (%—Ar‘cTan[a x])] B PolyLog[Z, ei (%—Ar‘cTan[a x]) ] J) _
3 2 . o
o ((I — ArcTan[a X] (Log[l -t (F'ArCTa"[ax])} - Log[1+e’ (§-arcTantax)) | +21 (E ~ ArcTan[a X]
2 2 2
PolyLog[Z, _et (ngr‘cTan[ax])} _ PolyLog[Z, et (ngr*cTan[ax]) }) L2 —PolyLog[B, _et (%7Ar-cTan[ax])} . PolyLog{S, et (%7Ar‘cTan[ax]) } )) N
1 4 1 1 41 3 L[
S[j(ﬁAr‘cTan[ax] +fj(ﬁ+7(—E+Ar‘cTan[ax}) —f(ﬁ—ArcTan[ax] Log[1+el(z”A"°Ta”[ax])]f
64 2 4 2 2 2 8 \2

. n 3
N Log[1+621 (2—+§(—;+ArcTan[aX]))}] _ (£+ l [—£+Ar‘cTan[a X]

1 (. (7 1 7T
— 7T (1(—+—(——+Ar‘cTan[ax]

8 2 2 2 2 2 2
L[ n n T 2
Log[1+e21(T%(’?A"Tan[ax]))] +ij1 (E—Ar‘cTan[ax] ZPolyLog[Z, —el(?’AmTan[ax])] +27r2 11‘1 [E+l (—E+Ar‘cTan[ax] -
8 2 4 2 2 2 2
(Z + 1 [— al +ArcTan[ax] | | Log|[1+ o2t 3: (’%+ArCTa”[ax]))] + 1 i Polylog|2, o2t 3y [FyrancTaniaxy)) ]] +
2 2 2 2
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2 i . i
3 i (z+ : [—£+Ar‘cTan[a X] PolyLog|2, —e?t (T;(’?A"Tan[ax]))} 3 [E - ArcTan[ax] | PolyLog[3, -e’ (?’A"Ta”[ax])] -
2 2 2 2 4 \2

3 2 i .
i/’( l1'1(£+1(—£+Ar‘cTan[ax] —(1+1[—£+Ar‘cTan[ax] Log[1+e”(?*%(’?*A"Ta”[“]))}+jl [£+l(—£+Ar‘cTan[ax]
2 3 2 2 2 2 2 2 2 2 2
PolyLog[2, -’ 3+ (’%ArCTan[ax]))] 1 PolyLog|[3, -’ (543 [-5rareTantax] ) ]] 22 (1 L (— ~ \ ArcTan[ax]
2 2 \2 2 2
PolyLog[3, 7@21‘1 (%+% (—§+Ar‘cTan[ax]))] B i i PolyLog[4, 7@1 (%—Ar‘cTan[ax])} B i i PolyLog[4, 4521 (%;(f%AFCTan[aX])) } ]) +
4 4

c (1+a%x?) ArcTan[ax]> 3./c(1+a%x?) Ar‘cTan[ax]ZSin[%Ar‘cTan[ax]]

4+/1+a%x? (Cos[iAr‘cTan[ax]]7Sin[iAr‘cTan[ax]”2 2V/1+a2x? (Cos[%Ar‘cTan[ax]]—Sin{%Ar‘cTan[ax]”

¢ (1+a*x?) ArcTanl[ax]?

+
4+/1+a%x? (Cos[iAr‘cTan[ax]]+Sin[iAr‘cTan[ax]H2
3. /c(1+a2x?) Ar‘cTan[ax]ZSin[%Ar‘cTan[ax]]
+
2+1+a2x? (Cos[iAr‘cTan[ax]] +Sin[iAr‘cTan[ax]”
1+a*x?) (-1+ArcT 2
c (1+a*x?) (-1+ArcTan[ax]?) . 1 1A

4+/1+a%x? 21+ a?x?

(-ArcTan[ax] (Log[1-ie*ArTanlaxl]| _jog[1+ielArcTaniaxi]) _j (polylog|2, -i e'A™Ta"(@X] ] _polylog[2, i e*ArcTanlax]|)) 4

1 1 1 3 7T
—————/c(1+a%x) [—H3Log[Cot[—(—Ar‘cTan[ax])H—ﬂz([—Ar‘cTan[ax}
84/1+a2 X2 8 2 2 4 2
Log[l _ e]’l (%—Ar‘cTan[ax])} _ Log[l . ej (%—Ar‘cTan[ax]) ]) ‘i (PolyLog[z, —(Ejl (%fAr'cTan[ax])] B PolyLog[Z, e]i (%fAr'cTan[ax]) ] )) .

2 Log[1- ot [F-ArcTan(ax]| | - Log[1 + o (F-ArcTanfax]) ]

T
+21 (*—Ar‘cTan[ax]

- ArcTan[a x]
2

2l

(POlyLOg [2, 7@1’1 (%—Ar‘cTan[a x]) } B PolyLog [2, e]’l (%—Ar‘cTan[a x]) } ) +2 (—PolyLog [3, 7@1’1 (g—Ar‘cTan[a x]) } N PolyLog [3’ e]i (g—Ar‘cTan[a x]) } ) ) B

NN

8

4 1 r
- (*—Ar‘cTan[a X]
2

3 Log[l N ej (%ArcTan[a x]) ] B

+ — 1 -+ —

T
-—+ArcTan([a x})
4 2 2

1 7T
8 [J’l (*—Ar‘cTan[a X]
2

: lEal

(o1 b 3
-~ LOg[1+€21 <Z—+;(—;+ArcTan[ax]))}] _ (

NN

1 7T
+ = [7 — +ArcTan[a x]
2 2

7

1 (. (m 1 7T

— 7 |1 —+—(7—+Ar'cTan[ax]
2 2
o1 b
272\ 72

+ (— +Ar‘cTan[ax]))]

N~

—ArcTan[ax]) ] 3 2

2 ]1( 1 (1 7T
PolyLog[2, -e ~1 [—+— (7—+Ar‘cTan[ax}

2 2 2 2

3
+—1 (—7Ar‘cTan[ax]
8 2

(ﬁ + 1 [7 x +ArcTan[ax] | | Log|[1+ e2t (35 ('§+Ar°Tan[aX]))] + 1 i Polylog|2, _ g2t (55 (-5eancTan(ax) )] ]] +
2 2
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i (;L—Ar'cTan[a x]) ] B

3 7 1 7 2 NERN N 3
= (—+ = [——+Ar‘cTan[a x]|| PolyLog[2, -e** (53 (-3 A“Ta”[“]))} - = [——ArcTan[a x] | Polylog|3, -e
2 2 2 2 4 \2
3 1 a1 7 3 o1 7 2 NN N a1 7
= —11(—+—(——+Ar‘cTan[ax] —(—+—[——+Ar‘cTan[ax] Log[1+<e“(z : zA"Ta"[aX]))}+i[—+—(——+Ar‘cTan[ax]
2 3 2 2 2 2 2 2 2 2 2

TN N 1 RN N 3 (nm 1 7T

PolyLog|2, NP ArCTa”[aX]))] - = Polylog|3, _et (33 (s Ardan[ax]))]] - = (—+ = (——+Ar‘cTan[ax}
2 2 \2 2 2

71
+

PolyLog[3, 7@21‘1 (; = (—%Ar‘cTan[ax]))] B i i PolyLog[4, 7@1 (Z——Ar‘cTan[a x])} B E i PolyLog[4, 4921 (%% (f%AFCTan[aX])) } ] J +
4 4

¢ (1+a?x?) ArcTan[ax]? ¢ (1+a?x?) (2ArcTan[ax] -ArcTan[ax]?-ArcTan[ax]3)
+

16v/1+a2x2 [Cos[LArcTan[ax]] -Sin[%ArcTan[ax]]]® 16V1+a2x? (Cos|[LArcTan[ax]]|-Sin[LArcTan[ax]])’
2 2 2 2

c (1+a2x?) ArcTan[ax]2Sin| i ArcTan[ax] |

8V1+a2x? (Cos[%Ar‘cTan[a x] | —Sin[iAr‘cTan[a x] | )3

\Jc (1+a?x?) ArcTan[ax]?

161 +a2x? (Cos[iAr‘cTan[a x] | +Sin[§Ar‘cTan[a x] | )4

+

c (1+a2x?) ArcTan[ax]2Sin| i ArcTan[ax] |

+

8/1+a%x? (Cos[%Ar‘cTan[a x]] +Sin[iAr‘cTan[a X] } )3

¢ (1+a*x?) (-2ArcTan[ax] -ArcTan[ax]?+ArcTan[ax]?)

+

16 V1 + a2 x? (Cos[iAr‘cTan[ax]] +Sin[iAr‘cTan[a x]})2
c (1+a2x?) (Sin[iAr‘cTan[a x]| - ArcTan[a x}zsin[iAr‘cTan[a x]])

4+/1+a2x? (CosEAr‘cTan[a x] | +Sin[iAr‘cTan[a X1 ])

+

C (1+a2 x2> (—Sin[iAr‘cTan[a x]} +ArcTan[a x]ZSin[iAr'cTan[a x}])

4+/1+a%x? (Cos[iAr‘cTan[a x]} —Sin[iAr‘cTan[a x] ])

Problem 435: Result more than twice size of optimal antiderivative.

(c+a?cx?)*?ArcTan[ax]?
J dx
X4

Optimal (type 4, 1061 leaves, 86 steps):
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a?c?vc+a’cx? ArcTanax] 3 , , P , ac?Vc+a’cx? ArcTan[ax]? 2a’c?+Vc+a’cx? ArcTan[ax]?
- a®c?/c+a?cx® ArcTan[ax]?- -

4
X 2 2 x? X

1 c (c+a?cx?)®?ArcTan[ax]® 5ia®c?/1+a?x? ArcTan|eiAr<Tan(ax] | ArcTan[ax]?
—a*c?x~/c+a’cx® ArcTan[ax]?- -

3x? Ve+atex?
3 3. [a 2 o2 Vi1+iax .
61a’c 1+ a“x< ArcTan [a X} Ar‘CTan[ T iax ] ) 13 a3 C3 ﬂ/1 N aZ X2 ArcTan [a X] 2 Ar‘CTanh [elArcTan[aX] ] A/C n aZ c XZ

-a’c®? ArcTanh | —————| +

Vec+acx? Vec+acx? Ve

13ia*>c3V1+a2x? ArcTan[ax] Polylog[2, —elArcTaniax]| 15 3% c3+/1+a? x2 ArcTan[ax]?Polylog[2, - i e!ArcTaniax]]

+ —

Ve +acx? 2V c+atcx?

151ia*c®+/1+a2x? ArcTan[ax]?Polylog|2, i elArcTan(ax]] 133 a3 c3+/1+a%x? ArcTan[ax] Polylog[2, elArcTan(ax]]

- +

2+ c+aZcx? Vec+acx?

. 03 -3 2 .2 ivisiax . 03 -3 2 .2 iiriax ,
3ia*c®/1+a%x? Polylog|2, - — ] ) 3ia*c®/1+a%x? Polylog|2, — ] ) 13a%c3\/1+ a2 x? Polylog|3, —e! ArcTaniax] ]

Ve +a%cx? Ve +atcx? Ve+acx?

15a3c3+/1+a?x? ArcTan[ax] PolylLog [3, ~1 el ArcTanax] } 15a3c3+/1+a?x? ArcTan[ax] PolylLog [3, i efArcTan[ax] ]

+ +

Ve+a%cx? Ve+atcx?
13a%c3+/1+a2x2 Polylog[3, e*ArcTanlaxl ] 15j a%c>+/1+a2x2 PolylLog[4, -i elArcTaniax]| 15 a3 c3+/1+a%x? Polylog|4, i elArcTan(ax] |
- +

V¢ +a?c x? V¢ +a?cx? Ve +a?cx?
Result (type 4, 3037 leaves):

1 1
—————a’c?/c(1+a’x?) Csc|—ArcTan[ax] |
641 + a2 x2 2
7ian*x 8iarnPxArcTan[ax] 241ian?xArcTan[ax]? 32ianxArcTan[ax]?® 161 axArcTan[ax]*

+ -64ArcTan[ax]? - + +

7\/1+a2x2 . V1+a?x? V1+a?x? V1+a?x? V1 +a?x?

48 a2 x ArcTan[ax] Log[1- i e tArcTaniax] ] 96 aix ArcTan[ax]2Log[1-i e tArcTaniaxl]  gga,3 x Log[1+i e tArcTan(ax]]
- - +

64 axArcTan[ax]?Log[1+1i e tArcTan(axl | 192 ax ArcTan[ax]2Log[1 - elArcTaniax]] 8373 x Log[1 + i elArcTanlax] |
+ + -

V1 +aZx? V1 +a?x? V1 +a?x?

48 an? x ArcTan[ax] Log[1+ 1 elArcTaniax] | 96 arx ArcTan[ax]? Log[1+ 1 etArcTan(axl | 64axArcTan[ax]? Log[1 + i etArcTan(ax] ]
+ _ _

. 1 .
192 ax ArcTan[ax]?2 Log |1 + el ArcTanax] | 8a7r3xLog[Tan[; (r+2ArcTan{ax])]|] 1921 axArcTan[a x]2 Polylog[2, -1 e iArcTan(ax] |
+ +

V1 +a?x? V1+a?x? V1 +a?x?

+

| 83
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48 i anx (n-4ArcTan[ax]) PolylLog|2, i e tArcTanlaxl| 384 j ax ArcTan[ax] Polylog|2, -e!ArcTan(ax] |

+ +
V1+a?x? 1+ aZx2
48 i an? x Polylog[2, -1ie*ArcTaniax]| 192 j arx ArcTan[ax] Polylog|[2, -i e®ArcTan(ax] ]
- +
1+ a?x? 1+ a?x?

192 i ax ArcTan[ax]2Polylog |2, - i e*ArcTanlax]| 384 j axArcTan[ax] PolylLog|2, etArcTaniax] |

V1+a%x? V1+a%x?

384 axArcTan[ax] PolylLog|3, -i e *ArcTanlaxl | 192 arx Polylog[3, i e tArcTan(ax]| 384 3 x Polylog|3, -e*ArcTaniax] ]|
- - +

V1 +a?x? V1+aZx? V1 +a?x?

192 arx PolylLog|[3, - i etArcTan(axl| 3843 x ArcTan[ax] PolylLog[3, -i e!AcTaniax]| 384 ax PolylLog[3, elArcTan(ax] ]|

_ + _
V1 +a?x? V1 +a?x? V1+a?x?

384 i axPolylLog[4, i e iArcTanlax]] 384 axPolylLog[4, -i etArcTaniax] ]|

V1 +a?%x? V1 +a?%x?

+

1
Sec| = ArcTan[ax] | +
2

3./c(1+a2x?) ArcTan[ax]?2
c? |- <+ X) 2 x] + ! 3 c(1+a2x2>

2vV1+a?x? V1 +a?x?

(Ar‘cTan [aX] (Log [1 - i etArcTan(ax] } - Log [1 + 1 el ArcTan[ax] ] ) + 1 (PolyLog [2, — i etArcTan(ax] ] - PolylLog [2, i et ArcTan(ax] ] ) > +

1 SO 1 1/ 3, T
_— c(1+a x) — T Log[Cot[*(f—Ar‘cTan[ax} H+77r (*fAr‘cTan[ax]
241 +a2x? 8 2 \2 4 2

Log [1 B (e]i (%—Ar‘cTan[a x]) } ~Log [1 . ej (;l—Ar'cTan[a x]) ] ) +i (PolyLog [2’ 7@1‘1 (;-Ar‘cTan[a x]) ] ~Polylog [2, e]i (%—Ar‘cTan[a x]) ] ) ) _

2

7
- ArcTan[a x] +21 (*—Ar‘cTan[a X]

[ :

(PolyLog [2, _et (g—Ar‘cTan[a x]) } ~ Polylog {2) ot (g—Ar‘cTan[a x]) } ) L2 (—PolyLog [3, _et (%—APcTan[a x]) } + PolyLog {3, ot (%—APcTan[a x]) } ) ) .

Ny

(Log[l B ei (:ﬂ/.\rcTan[a x]) } B Log[l . eﬁ (%—Ar‘cTan[ax]) ]

1 7T
8 {J’l (*—Ar'cTan[a X]

3 Log[l L el (%ArcTan[a x]) ] ~
2

41 (n 1 s
+71(7+—(_7+Ar'cTan[ax}

4 1 n
- = (*—Ar'cTan[a X]
4 2 2 2

8 \2

B Log[1+<e2]l (%%«%mdan[aﬂ))}] _ (er 1 (—erAr‘cTan[aX]
2 2 2

1 (. (m 1/ 7 3
— 7T [1(7+7(—7+ArcTan[ax]
2

. (Ll (,;LrAr'cTan[aX])) ] i (;;ArcTan[a x]) ] . 3 772

2
PolyLog[Z, -e
4

3
+—1 (*—Ar‘cTan[ax]
8 2

1 (n 1 7T
-1 [7+7 (—*+Ar‘cTan[ax]
2 2 2 2

(ﬁ + 1 [7 al +ArcTan[a x] Log[l et (;*i’ (’g*A"Ta"[aX]))] n 1 i PolyLog[Z, _e?t (g% (7%”“3”[“])) ]J +

2 2 2 2

3 (r 1 T 2 2 (1+£(—1+ArcTan[ax])) 3 i (i—Ar‘cTan[ax])
—1i (*Jr = [—*+Ar‘cTan[a X] PolyLog[Z, —e” 272 72 } - = (ffAr‘cTan[a X] PolyLog[3, -e 2 ]
2 2 2 2 4 \2
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2 o1

Log[1+ezi (T;(-%ArcTan[aX]))} i1 [£+ l (7£+Ar‘cTan[ax]
2 2 2

1. (n 1 T
— 1 (—Jr— (——+Ar‘cTan[ax]

3 o1 b
- (—Jr— [7—+Ar‘cTan[ax]
2 2 2

2 2 2

PolyLog[Z, _et (%»f%(—g#\rdan[ax]))] B l PolyLog[3, _et (§+1(—:+Ar‘cTan[ax]))]] B i (E . l (71 + ArcTan[a x]
2 212 2 2

o1

PolyLog{B, _e?t (7; (—§+Ar‘cTan[aX]))] _ i i PolyLogH, _et (ngr‘cTan[a x])} _ i i PolyLog[4, _ 2t (%; (—%+Ar‘cTan[aX]))}
4 4

) .

c (1+a%x?) ArcTan[ax]> 3./c(1+a%x?) Ar‘cTan[ax}ZSin[iAr'cTan[ax]]

4+/1+a%x? (CosEAr‘cTan[ax]]—Sin[iAr‘cTan[ax]H2 2vV1+a2x? (Cos[%Ar‘cTan[ax]]—Sin[%Ar‘cTan[ax]})

c (1+a%x?) ArcTanlax]?

+

4+/1+a2x? (Cos[%Ar‘cTan[a x] | +Sin[§Ar‘cTan[a x] | )2

3./c(1+a%x?) Ar‘cTan[ax]zSin[%Ar‘cTan[ax]]

+

2vV1+a?x? (Cos[%Ar‘cTan[a x] | +Sin[§Ar‘cTan[a X] H

1

1 1
a®c®*+/1+a?x? |-12ArcTan[ax] Cot|—ArcTan[ax]| - 2ArcTan[ax]?Cot| = ArcTan[ax] | -
24 .\/c (1+a%x?) 2 2

1 R axAr‘cTan[ax]E‘Csc[%Ar‘cTan[ax]]4
3ArcTan[ax]?Csc[ = ArcTan[ax] ]| - +

2 21 +a?x?

12 ArcTan[a x]? Log[l — gl ArcTan(ax] ] - 12 ArcTan[a x]? Log[l + el ArcTan[ax] } n

1 :
24 Log|Tan| = ArcTan[ax] || + 24 i ArcTan[a x] PolyLog|2, -e!ArcTaniax]] _
2

24 i ArcTan[a x] Polylog|2, e!Ar<Taniaxl] _ 24 polylog[3, -e!ArcTan(axl | 4 24 Polylog |3, elArcTaniax]]

1 , 8 (1+a2x2)3/2Ar‘cTan[ax]3Sin[iAr‘cTan[a x]}4
3Ar‘cTan[ax}2Sec[fAr‘cTan[ax]] - -
2 adx3

1 1
12 ArcTan[ax] Tan|[ = ArcTan[ax] | - 2ArcTan[a x]> Tan| = ArcTan[a x] |
2 2

Problem 437: Result more than twice size of optimal antiderivative.

x%2 ArcTan[a x]3
J— dx

Vec+a?cx?
Optimal (type 4, 625leaves, 15 steps):
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3v/c+a2cx? ArcTan[ax]? x+/c+a?cx? ArcTan[ax]3 1+V1+a?x? ArcTan[e!ArcTaniax]| ArcTan[ax]3

) 2a3c : 2a’c : aBvcralex?
61i+/1+a*x? ArcTan[a x] Ar‘cTan[@] 3i+/1+a?x? ArcTan[ax]2 PolylLog[2, - i e!ArcTan(ax] |

A/ 1-1ax ¥
a?Vc+a?cx? 2a3+/c+alcx?
. -/ 2 32 ivisiax.
3i+/1+a?x? ArcTan[ax]2Polylog|2, i e!ArcTan(ax]]| 3iV1+a>x’ Polylog[2, - JTTax ]

+

2a3+vc+a%cx? alvc+a?cx?

Sewwrres i/ Tiiax |
3ivV1+acx PolyLog[Z, Jiiax ] X 3+/1 + a2 x? ArcTan[a x] PolyLog[B, _]'lenAr‘cTan[ax]}

a’vc+a’cx? a’vc+a’cx?
3v/1+a2x? ArcTan[ax] PolyLog[3, i elArcTan(axl| 3 +/1+a%x2 Polylog|4, -i efArcTan(axl] 3 +/1+a%x? Polylog|4, i eArcTaniax] |

+ —

al/c+atcx? a’\c+atcx? al/c+atcx?
Result (type 4, 1527 leaves):
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1 3./c(1+a?x?) ArcTan[ax]? 1
e +
a’c 2+ 1+a2x? V1+aZx?

3./c (1+ a? x2> (Ar‘cTan[a x] (Log[l -1 e“"“a”[ax]} - Log[lJr i et ArcTan(ax] ]) 1 (PolyLog[Z, -1 e“"Ta”[ax]] - PolyLog[Z, i et ArcTan[ax] } )) +

1 1 1 (7 3 7T
————/c (1+a%x?) (—*713 Log[Cot [~ [*—Ar‘cTan[ax} 1]-=n ((——Ar‘cTan[a X]
2V1+a%x? 8 212 4 2
Log[l _ e]‘l (%‘ArcTan[a x])] B Log[l N (Ei (%7ArcTan[a x]) }] +i PolyLog[Z, 7@1‘1 (ngr-cTan[a x])} _Polylog {2’ e]‘l (ngr-cTan[a x]) } )) N
E7T ((I — ArcTan[a X] )2 (Log[l— e (%A"Ta”[a”)] - Log[1+ e (%A"Ta"[“”] +21 {E - ArcTan[ax]
2 2 2
[PolyLog{Z, _et (%—Ar‘cTan[ax])] B PolyLog[Z, et (%—Ar‘cTan[ax])]) 42 (—POlyLOg{?ﬁ, _et (%—Ar‘cTan[ax])] +PolyLog[3, et (%—Ar‘cTan[ax])])] _
4 L

8 (i i (Z - ArcTan[a X] )4 + 1 i (I + 1 (— X +ArcTan[a X] J) 1 [f - ArcTan[a x] )3 Log[1+e (?’A”Ta”[a”)} _

64 2 4 2 2 2 8 \2

o x 3 o ”
17(3 (1 I+E (7I+Ar'cTan[ax} 7Log[1+(e2]l(?*%(7?%“”"[3”))]) - [£+E (75+ArcTan[ax] Log[1+(e2]l(T%(ffAFCTan[ax]))] +
8 2 2 2 2 2 2
e 2
3, [zfAr'cTan[a x] 2PolyLog[Z, —e' (TA"Tan[ax])] 2 [1 i (I+ : (*I+A"CTan[a x]|| -
8 2 4 2 2 2 2
[E + 1 (— 2, ArcTan [aX] Log[l et (343 (’%APCT‘_"”[”]))] + 1 i PolyLog[Z, _et (55 (-5varcTantax] | ]] +
2 2 2 2
2 . . e
3 T EAN 1 (—E +ArcTan[a X] Polylog|2, _e?t (TH’TA'"CTE’"[”]))] 3 (E—Ar‘cTan[a x] | PolyLog[3, -e’ (?’A"Ta”[ax])} -
2 2 2 2 4 \2
3 2 n -
En 11’1 [£+E (—£+Ar‘cTan[ax} - E+E (—£+Ar‘cTan[ax} Log[1+e“(THTMPCT&‘”[“]))] +i (E+1 [—E+Ar‘cTan[ax]
2 3 2 2 2 2 2 2 2 2 2
PolylLog[2, -’ 3+ (%*APCTan[aX]))] 1 PolylLog[3, -’ (543 (-5arcTantax )] }) 2 (E L1 (—E +ArcTan[ax]
2 2\2 2 2
PolyLog[B, 7@21‘1 (%+§ (—%+Ar‘cTan[ax]))} B i i PolyLog[4, 7@1‘1 (%—Ar‘cTan[ax])] _ i i PolyLog[4, 7e2j (gaf% (_§+Achan[aX])) ] J] +
4 4
c (1+a%x?) ArcTan[ax]? 3./c(1+a2x?) ArcTan|a x]ZSin[iAr‘cTan[a x] |

PN (Cos[iAr‘cTan[axJ]—Sin[iAf‘CTan[aX]])z 2+/1+a2x? (Cos[iAr‘cTan[ax]}7Sin[§Ar‘cTan[ax}])

c (1+a?x?) ArcTan[ax]?

4+/1+a2x? (Cos[iAr‘cTan[a x]] +Sin[§Ar‘cTan[a x] | )2

+

3./c(1+a%x?) ArcTan[ax]zsin[iArcTan[ax]}

2+/1+a%x2 (Cos[iAr‘cTan[a x]] +Sin[§Ar‘cTan[a X] ])
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Problem 509: Attempted integration timed out after 120 seconds.

2

X
J dx
(c+a?cx?)¥?ArcTan[ax]

Optimal (type 9, 26 leaves, 0 steps):

x2

Unintegrable| , X|

(c+a2cx2)3/2

ArcTan[a x]

Result (type 1, 1leaves):
22?

Problem 515: Attempted integration timed out after 120 seconds.

4
J dx
(c+a?cx?)®?ArcTan[ax]

Optimal (type 9, 26 leaves, 0steps):

x4

Unintegrable| , X|
(c+a?cx?)*?ArcTan(ax]

Result (type 1, 1leaves):

P2

Problem 1171: Result more than twice size of optimal antiderivative.

Ja +bArcTan[c x]
X

(d+ex2)3

Optimal (type 4, 893 leaves, 23 steps):



5.3 Inverse tangent.nb | 89

\ X
b c x (a+bArcTan[cx]) 3x (a+bArcTan[cx]) 3 (a+bArcTan[cx]) ArcTan| & ]
+ + + +
8d (c?d-e) (d+ex?) 4d(d+ex2)2 8d? (d+ex?) 8d5/2+/e
Ve [1-4/-c% x ) Ve |14/ -c? x ) e [1-4/-¢% x )
3ibcLog| }Log[lf@] 3ibclog|- ]Log[l—b@} 3ibclog[- ]Log[1+@]
i Va e Vd iy - Vd e Vd iy - Va e Vd
N
32/-c2 d°2/e 32+/-c2 d¥2+/e 32+/-c2 d¥2+/e
Ve |14 -c? x ‘ 2 o N
3ibclog] }Log[1+“ﬁx] 3ibcPolylog|2, <t [V -ive x)
i e Vd bc(5c2d-3e) Log[1+c?x?] bc (5c¢2d-3e) Log[d+ex?] Jo Jaive
- + +
32~/-c2 d5/2+/e 16 d? (czd—e)2 16 d? (czd—e)2 32+/-c? d2+/e
3ibcPolylog|2, < (ﬁfiﬁx)] 3ibcPolylog[2, < Wdﬁﬂiﬁx)} 31ibcPolylog|2, < [V i Ve x)
N -c2 /d +ine A -c2 /d -i+e A -c2 /d +ine
N _
327/ -c? d¥2/e 32V/-c? d%2+/e 32/ -c? d¥2/e

Result (type 4, 1922 leaves):

ax 3ax

3aAr‘cTan[%] 5Log[1+ (c?d-e) Cos[2ArcTan[c x] ] } 3eLog[1+ (c?d-e) Cos[2ArcTan[c x] ] }

c?d+e c?d+e

+bc’

+

+ +
4d(d+ex2)2 8d2 (d+ex?) 8d5/2/e

16c2d(c2d—e)2 16 c* d? (czd—e>2
1 cd c’d+e cex
3 |4ArcTan[cx] ArcTanh| —————] + 2 ArcCos | - | ArcTanh [ ———] -
32c?d (c?d-e) V-c’de V-c2de x c’d-e V-c2de
2d+e cex (c2d+e72]i\/7c2de) (Zczdfzcx/fczde x)
ArcCos | - | -2iArcTanh| ————] | Log[1- +
c’d-e V-c2de (c2d-e) (2c2d+2cx/—c2de x)
2d+e cex (c2d+e+2j1\/—c2de) (Zczd—ZC\/—czde x)
—Ar‘cCos[— ] —ZjArcTanh[i] Log[l— +
c’d-e V-cide (c2d-e) (2c2d+2cx/—c2de x)
2 A/ _ 2 -1 ArcTan[c x]
ArcCos | - c2d+e} 21 Ar‘cTanh[L] +Ar‘cTanh[&} Log| V2 /-clde ertirermiex |+
c‘d-e V-c*de x V-c’de Vctd-e \/c2d+e+(czd—e)Cos[ZAr‘cTan[cx]}
2 2 i ArcTan[c x]
ArcCos | - c2d+e} +21 Ar‘cTanh[L] +Ar‘cTanh[&} Log| V2 -clde etfretanicr |+
c“d-e V-c*de x V-c’de Je2d-e \/c2d+e+(czdfe)Cos[ZAr'cTan[cx]}
(c2d+e72j1\/7c2de) <2c2d72cx/7c2de x) (c2d+e+21'1\/—c2de) (Zczdfzcx/fczde x)
i [Polylog|2, | - Polylog|2, -

(czdfe) (2c2d+2cx/7c2de x) (czdfe) (2c2d+2cx/7c2de x)
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1 cd c?d+e cex
3e [4ArcTan[c x] ArcTanh| —————| + 2 ArcCos | - | ArcTanh [ ————] -
32c*d? (c?d-e) V-c?de V-c?de x c’d-e \V-c?de
2dse cex (c2d+e72]1\/7c2de) (Zczd—ZC\/—czde x)
ArcCos | - | -21iArcTanh| ——————] | Log[1- +
c’d-e V-c’de (c2d-e) (2c2d+2cx/—c2de x)
2d+e cex (c2d+e+2i1\/—c2de) (Zczd—ZC\/—czde x)
—Ar‘cCos[— ] —ZjArcTanh[i] Log[l— +
c’d-e V-c*de (c2d-e) (2c2d+2<:\/—c2de x)
2 A/ _ 2 -1 ArcTan | ]
ArcCos | - c2d+e} 21 Ar‘cTanh[L] +Ar‘cTanh[&} Log| V2 J-cide ertirereniex
c“d-e V-c?de x V-c’de Je2d-e \/c2d+e+(czd—e)Cos[ZArcTan[cx]}
2 A/ _ 2 1 ArcTan|[ ]
ArcCos | - c2d+e} +21 Ar‘cTanh[L] +ArcTanh[i} Log| V2 V-clde eliremicx
c“d-e V-cde x V-c?de Je2d-e \/c2d+e+(czd—e)Cos[ZAr‘cTan[cxH
(c2d+e—21\/—c2de) <2c2d—2cx/—c2de x) (c2d+e+2j1\/—c2de) (2C2d—2C\/—C2de x)
i PolyLog[Z, ]—PolyLog[Z,

(c2d-e) (2c2d+ZC\/—c2de x) (c2d-e) (2c2d+2cx/—c2de X)

eArcTan[c x] Sin[2 ArcTan[c x] ]

+
2c?d (c*d-e) (c2d+e+c?dCos[2ArcTan[cx]] —eCos[ZAr‘cTan[cx}])z

(2c*de+5c*d®*ArcTan[c x] Sin[2ArcTan[cx]] -8 c?*deArcTan[cx] Sin[2ArcTan[c x]] + 3 e*ArcTan[c x] Sin[2ArcTan|[c x]})/

(8c4d2 (czdfe)2 (c?d+e+c*dCos[2ArcTan[cx] ] 7eCos[2Ar‘cTan[cx}]))

Problem 1173: Result unnecessarily involves imaginary or complex numbers.

Jx3 \Jd+ex? (a+bArcTan[cx]) dx

Optimal (type 3, 223 leaves, 9 steps):
b(c2d-12e) xVd+ex* bx (d+ex2>3/2 d (d+ex2)3/2 (a+bArcTan[cx])

+
120c3 e 20ce 3¢2

b (czd—e)3/2 (2c2d+3e) Ar‘cTan[@} b (15c*d*+20c?de-24¢?) Ar‘cTanh{J@}

(d+ex2)5/2 (a+bArcTan[cx]) dee x?

d+e x?

+ +
5 e? 15 ¢’ e? 120 c> e3/2
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Result (type 3, 391 leaves):

1

-c?2+/d+ex? (8ac3 (2d2—dex2—3e2x4) +bex (—12e+c2 (7d+6ex2>)) -

120 c® e?

601icte? (cd-iex+vVc2d-e v/d+ex?
8bc®+/d+ex? (Zdz—dex2—3e2x4)Ar‘cTan[cx]741'1b(czd—e>3/2(2c2d+3e) Log |- ( )]+

b (czd—e)S/2 (2c2d+3e) (Ji+cx)

60 i cb e? (cd+1‘1ex+\/c2d—e \/d+ex2)

4ib (c2d-e)*? (2c?d+3e) Log| ] +be (15c*d*+20c*de-24¢e?) Loglex+~/e \/d+ex? |

b (czd—e>5/2 (2¢2d+3e) (-i+cx)

Problem 1175: Result unnecessarily involves imaginary or complex numbers.

JX\/deexZ (a+bArcTan[cx]) dx

Optimal (type 3, 140 leaves, 7 steps):

b (czd—e)g’/zAr‘cTan[@} b(3c2d-2e) Ar‘cTanh[—\&]

d+e x? \/ d+e x?

bx+d+ex? (d+ex2)3/2 (a+bArcTan[cx])

— + —

6c 3e 3ce 6c3/e

Result (type 3, 279 leaves):

1

12c*e (—Jicd+ex—j1\/c2d—e \/d+ex2)

+

; (cled+ex2 (-bex+2ac (d+ex?))+2bc? (d+ex2)3/2Ar‘cTan[cx]—jb(czd—e)3/2Log[
6ce

b (czd—e)S/2 (—1‘1+cx)

12c%e (jcd+ex+j\/c2d7e \/d+ex2)

ib (czd—e)B/zLog[ ]+b\/? (-3c*d+2e) Log[ex+\/?x/d+ex2}

b (czd—e>5/2 (i+cx)

Problem 1180: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.
J\/d+ex2 (a+bArcTan[cx])

dx

x4

Optimal (type 3, 137 leaves, 9 steps):

+ 2 b Zd_ 3/2 h @
bcvdiex? (d+ex2)3/2 (a+bArcTan[cx]| bc(2c2d—3e)Ar‘cTanh[3:d\/ix] (c e)’'* ArcTanh | ]

d c?d-e
_ _ + _

6 x2 3dx3 6/d 3d
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Result (type 3, 288 leaves):
1

6dx3

A/ d+ex? (bcdx+2a(d+ex2>)+2b(d+ex2)3/2Ar‘cTan[cx]+bcx/?(2c2d—3e> x3Log[x}—bcx/?(2c2d—3e) x3Log[d+\/?\/d+ex2]+

12cd(cd7]‘1ex+\/c2d—e \/d+ex2> 12cd(cd+]‘1ex+\/c2d—e \/d+ex2>

b(czd—e)3/2x3Log[ ]+b(c2d—e)3/2x3Log[

b(czd—e)S/2 (i+cx) b<c2d—e)5/2 (-i+cx)

Problem 1182: Result unnecessarily involves imaginary or complex numbers.

dx

J\/d+ex2 (a+bArcTan[cx])

x6

Optimal (type 3, 224 leaves, 10 steps):
bc(12c2d-e)/d+ex? bc(d+ex?)¥? (d+ex?)’? (a+bArcTan[cx]) 2e (d+ex?)?? (a+bArcTan[cx])

— + —

120 d x? 20d x* 5d x> 15 d? x3

bc (24c*d?-20c?de-15¢e?) Ar‘cTanh[l:dJ;XZ ] b(c?d-e)** (3c°d+2e) Ar‘cTanh[@]

c’d-e

+

120 d3/2 15 d?
Result (type 3, 413 leaves):

1
120 d? x°

-yJd+ex? (8a(3d®+dex?-2e*x*) +bcdx (7ex?+d (6-12c*x?))) -

8by/d+ex? (3d>+dex?-2e?x*) ArcTan[cx] +bc/d (24c*d*-20c*de-15e?) x* Log[x] -

60cd? (cd-iex+Vcid-e Jd+ex?
bcx/?(24c4d2—20c2de—15e2)x5Log[d+\/?x/d+ex2]+4b(c2d—e)3/2(3c2d+2e)x5Log[— ( )}Jr

b (czd—e)S/2 (3c2d+2e) (i+cx)

60 c d? (cd+jex+\/c2d—e \/d+ex2)

4b (czd—e)E’/2 (3c2d+2e) x> Log|-
b <c2d—e)5/2 (3c?d+2e) (-i+cx)

Problem 1183: Result unnecessarily involves imaginary or complex numbers.

Jx3 (d+ex2)3/2 (a+bArcTan[cx]) dx
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Optimal (type 3, 279 leaves, 10 steps):
b(3c*d*+54c?de-40e?) xVd+ex? b (13c?d-30e) x (d+ex2)3/2 b x (d+ex2)5/2 d (d+ex2)5/2 (a+bArcTan[cx])

- +

560 c° e 840 c3 e 42ce 5 e2
) b(czd—e)S/2 (2c2d+5e) Ar‘cTan[@} b(35c5d3+70c4d2e—168c2de2+89e3)Ar‘cTanh[ﬂ}
(d+ex?)”* (a+bArcTan[cx]) Jdvex? Sdrex?
+ +

7 e? 35 ¢’ e? 560 ¢’ e3/2
Result (type 3, 418 leaves):

1

S c?+/d+ex? (4Sac5 (2d-5ex?) (d+ex2)2+bex(120e276c2e(37d+10ex2)+c4(57d2+106dex2+40e2x4)))+
1680 c’ e

e | | 14Ojc8e2(cd—jex+\/c2d—e \/d+ex2)]
2c“d+5e) Log|- -
b(czd—e)”2 (2c?d+5e) (i+cX)

5/2 5/2

48bc’ (2d-5ex?) (d+ex?)”“ArcTan[cx] +24ib (c*d-e)

140 i c8 e? (cd+1‘1ex+\/c2d7e \/d+ex2)
24ib(c2d—e)5/2(2c2d+5e) Log| | -
b(c2d-e)”? (2c2d+5e) (-i+cx)

3b+e (35c°d*+70c*d’e-168c*de’ + 80 &) Log[ex+@xld+ex2]

Problem 1185: Result unnecessarily involves imaginary or complex numbers.

Jx (d+ex2)3’/2 (a+bArcTan[cx]) dx

Optimal (type 3, 181 leaves, 8 steps):
b(7c2d-4e)x/d+rex? bx(d+ex?)’? (d+ex?)*? (a+bArcTan[cx])

+ —

40 c3 20 c 5e

b (czd—e)S/zAr‘cTan[@] b (15 c4d?-20 c2de+8e2> Ar‘cTanh[@}

d+e x? d+e x?

5c’e 40c5 e

Result (type 3, 313 leaves):
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1
40 c’ e

c?2+/d+ex? (Sac3 (d+ex2)2+bex (4e-c? (9d+2ex2)>) +

20cbe (-icdrex-iVc2d-e Vd+ex?
8bc’ (d+ex2)5/2Ar‘cTan[cx}74jb(c2d7e)5/2Log[ ( >]+

b (czd—e)7/2 (-i+cx)

20cte (J‘lcd+ex+j\/c2d7e \/d+ex2)

41ib (czd—e)S/zLog[ ]—b\/? (15c*d*-20c*de+8¢e?) Log[ex+\/?x/d+ex2]

b (czd—e)7/2 (i+cx)

Problem 1192: Result unnecessarily involves imaginary or complex numbers.

J(d+ex2)3/2 (a+bArcTan[cx])

dx

x6

Optimal (type 3, 178 leaves, 10 steps):
bc(4c2d-7e)Vd+ex?* bc(d+ex?)’? (d+ex?)®? (a+bArcTan[cx])

40 x?2 20 x4 5d x°

bc <8 c4 d2_20 c2de+15 eZ) Ar‘cTanhPt%E] b (c2d—e>5/2Ar‘cTanh[_C:d+ex ]

c?d-e

+

40+/d 5d
Result (type 3, 334 leaves):

1
40 d x°

-4/ d+ex? (8a <d+ex2)2+bcdx (9ex?+d (2—4c2x2>)) -8b (d+ex2)5/2ArcTan[cx] +

bcd (8c*d*-20c?de+15e?) x® Log [X] -bc+d (8c*d>-20c?de+15¢e?) x5Log[d+\/?x/d+ex2 |+
20cd (cd—jex+\/c2d—e \/d+ex2)

20cd (cd+jex+\/c2d—e \/d+ex2)

4b(c2dfe)5/2x5Log[f }+4b(c2dfe)5/2x5Log[f

b(czd—e)7/2(i+cx) b(czd—e)w2 (-i+cx)

Problem 1193: Result unnecessarily involves imaginary or complex numbers.

Jx3 (d+ex2)5/2 (a+bArcTan[cx]) dx

Optimal (type 3, 345leaves, 11 steps):
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b (59cd®+712c*d?e-1104c2de? +448¢e3) x/d+ex? b (69 c*d?-520c?de +336e?) x (d+ex2)3/2

8064 c’ e 12096 c’ e
b (33c2d-56e) x (d+ex2)5/2 b x (d+ex2)7/2 d (d+ex2>7/2 (a+bArcTan[cx]) (d+ex2)9/2 (a+bArcTan[cx])

- + +

3024 c3e 72ce 7 e2 9 g2

b (c2d-e)”/? (2c2d+7e) ArcTan[L9C %] b (315 P d* 1 846 5 d® e - 3024 c* d? e? + 2880 c* d * - 896 %) ArcTanh | /2% ]

d+e x? d+e x?

+
63 c? e? 8064 c° e3/2

Result (type 3, 470 leaves):

o c2+/d+ex? (384ac7 (2d—7ex2) <d+ex2)3+

24192 c? e?

bex (—1344e3+48c2e2 (83d+14ex2) -8cte (453d2+242dex2+56e2x4) +3c® (187d3+558d2ex2+424de2x4+112e3x6))) +

252 j 10 g2 (cd—jlex+\/c2d—e \/d+ex2)
384bc® (2d-7ex?) (d+ex?)”/?ArcTan[cx] +1921ib (c?d-e)”? (2c2d+7e) Log[- | -
b (czdfe)g/2 (2¢2d+7e) (i+cx)

252 i cl0 g2 (cd+iex+\/c2d—e \/d+ex2)
192ib (c2d-e)”? (2c?d+7e) Log| ] +
b (czd—e)g/2 (2c2d+7e) (-i+cx)

3bve (-315c%d*-840c°d®e+3024 c*d?e? - 2880 c*de® + 896 e*) Log[ex +/e \/d+ex? |

Problem 1195: Result unnecessarily involves imaginary or complex numbers.

JX (d+ex2)5/2 (a+bArcTan[cx]) dx

Optimal (type 3, 233 leaves, 9steps):
b(19c*d?-22c?de+8e?) xVd+ex? b (11c2d-6e)x (d+ex2)3/2 b x (d+ex2)5/2

+

112 ¢® 168 3 42 ¢
2 b (czd—e)”zAr‘cTan[@} b (35c®d*-70c*d?e+56c>de?-16¢?) Ar‘cTanh[M]
(d+ex?)”* (a+bArcTan[cx]) Jdrex? Sdrex
7e 7c’e 112C7\E

Result (type 3, 353 leaves):
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1
336c’ e

c2+/d+ex? (48ac5 (d+ex2)3fbex(24e276c2e (13d+2ex?) +c* (87d2+38dex2+8e2x4>)) +

28c8e(-icdrex-ivc2d-e Vd+ex?
48b ¢’ (d+ex2)7/2Ar‘cTan[cx} -241ib (czdfe)w2 Log| ( )}Jr

b (czd—e)‘c’/2 (-i+cx)

28 cte (J‘Lcd+ex+j\/c2d—e \/d+ex2)

241ib (czd—e)”zLog[ ]+3b\/? (-35c°d*+70c*d’e-56c*de’+ 16 ?) Log[ex+\/?«/d+ex2}

b (czd—e)g/2 (i+cx)

Problem 1201: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.
sz’ (a+bArcTanfcx])

Vd+ex?
Optimal (type 3, 176 leaves, 8 steps):
bxVd+ex? dvd+ex® (a+bArcTan[cx]) (d+ex2)3/2 (a+bArcTan[cx])

dx

+ +
6ce e? 3e2
bvc2d-e (2c?d+e) Ar‘cTan[@} b(3ctd+2e) Ar‘cTanh[—\@]
d+e x? d+e x?
33 @2 i 6 c3 e3/2

Result (type 3, 377 leaves):
121 c*e? [c d-iex+1/ c2d-e +/d+ex? ]

ib(2c*d?-c?de-e?) Log
1 Vd+ex? (bex+ac (4d-2ex?)) X 5 | ) [ b+/ctd-e (-2c*d*c2dese?) (itcx)
— - +2b (-2d+ex?) \/d+ex* ArcTan[cx] - +
6 e? c cVctd-e

ib(2c*d?-c?de-e?) Log|-

121 c*e? [c d+iex+/ c?d-e /d+ex? ] }
b/c2d-e (-2ctd*ic?dere?) (~ircx) be (3c?d+2e) Log[ex+\/?\/d+ex2 ]
4

3
c3vctd-e c
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Problem 1203: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.
JX (a+bArcTan[cx])

Vd+ex?
Optimal (type 3, 103 leaves, 6 steps):
bvcid-e Ar‘cTan[@} b ArcTanh| 4&}

d+e x? A/ d+e x?

e ce c \E
Result (type 3, 251 leaves):

4c2e(-icd+ex-ic2d-e Vd+ex?
2acy/d+ex? +2bc~/d+ex? ArcTan[cx] -ib+/c?d-e Log] ( )]+

b (czd—e>3/2 (-i+cx)

dx

Vd+ex? (a+bArcTan[cx])

1

2ce

4c?e (icd+rex+iVcid-e Vd+ex?
ib+/c?d-e Log| ( )}—Zb\/?Log[ex+\/?x/d+ex2}

b (czd—e)3/2 (i+cx)

Problem 1206: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.
Ja +bArcTan[c x]

x2/d+ e x?
Optimal (type 3, 100leaves, 7 steps):

X

\[dex? b+/c?d-e ArcTanh cifarext
Vd+ex? (a+bArcTan[cx]) b c ArcTanh | J;X ] [ )

c?d-e

dx \d : d
Result (type 3, 247 leaves):

1
— —2a\/d+ex2 —Zb\/d+ex2 ArcTan[cx] +2bc+/d xLog[x] -2bc+/d xLog[d++/d ~/d+ex? | +

2dx

4cdcd-iex+Vc2d-e Vd+ex? 4cd|cdriex+Vc2d-e Vd+ex?
by c?d-e xLog[- ( )]+bx/c2d—e x Log|- ( >]

b(czd—e)3/2 (i+cx) b(czd—e)3/2 (-i+cx)
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Problem 1208: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

Ja+bAr‘cTan[cx]
x4/ d + e x?
Optimal (type 3, 179leaves, 9 steps):

bc/d+ex? Vd+ex? (a+bArcTan[cx]) 2e+d+ex? (a+bArcTan[cx])

dx

+ +
6 d x? 3dx3 3d?x
bc(2c2d+3e) ArcTanh[lld*exz ] bvc2d-e (c2d+2e) Ar‘cTanh[@]
Jd c2d-e
6d3/2 B 3d2

Result (type 3, 372leaves):

1 |[Vd+ex? (bcdx+2a (d—2ex2))

-— +

6 d? x3

2b (d-2ex?) Vd+ex? ArcTan[cx]

3

+bcd (2c2d+3e) Log[x] —bc+d (2c2d+3e) Log[d+\/?x/d+ex2 |+

X

12cd? (c d-i ex+y/ c?2d-e +/ d+ex?

12 cd? [c d+iex+\/ c?d-e +/d+ex?

b (c*d?+c2de-2e?) Log| | b(c*d®+c2de-2¢?) Log|

by c?d-e (c*d’+c®de-2e?) (i+cx) by c?d-e (c*d?+c*de-2e?) (-i+cX)
+
Ve2d-e Ve2d-e

Problem 1209: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

JXB (a+bArcTan[cx]) ;
X

(d +e X2>3/2

Optimal (type 3, 137 leaves, 7 steps):
b (2c*d-e) ArcTan [@} b ArcTanh | 4@}

d (a+bArcTan[cx]) +d+ex? (a+bArcTan[cx]) NP [drex?
' _ _
e?/d+ex? e’ cvVcld-e e? ce’’?

Result (type 3, 321 leaves):
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4c2e? |-icd+ex-i+/c2d-e /d+ex?
ib(2c?d-e) Log| ]

1 |2a (2d+ex2) 2b (2d+ex2) ArcTan[c X] b/ctd-e (2c2d-e) (-i+cx)
= . _ 4
2e? vd+ex? Vd+ex? cvVc2d-e

4c?e? |icdrex+in/c?d-e ~/d+ex?

ib (2c?d-e) Log| ]
b~/c2d-e (2c2d-e) (i+cx) 2b\/?Log[ex+\/?\/d+ex2]
cVctd-e c

Problem 1211: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

Jx (a+bArcTan[cx]) :
X

(d+ex2)3/2

Optimal (type 3, 71leaves, 3 steps):

b c ArcTan [ @]
a+bArcTan[c x] A/ d+e x?
- +
ed+ex? Vcid-e e
Result (type 3, 210leaves):
4ie|cd-iex+\ c2d-e \/d+ex1J 4ie|cdriex+\ c2d-e \d+ex?
ibcLog[— J'LbcLog[
2a 4 2bArcTan[c x] n b\ c?d-e [i+cx) _ b c2d-e [(-i+cx)
\/d+ex2 \/d+e x? \ c?d-e \ c2d-e
2e

Problem 1212: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

a+bArcTan[cx]
J dx

(d+ex2)3/2

Optimal (type 3, 70leaves, 5steps):

bAr‘cTanh[@}
X (a+bArcTan[cx]) Jerde
.
d+/d+ex? dvc?d-e

Result (type 3, 202 leaves):
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4cd [cd—nex+\ c2d-e \diex? ] 4cd {cd+iex+\ ctd-e \diex?

bLog[— bLog{—
2ax i 2bxArcTan[cx] + by c2d-e (i:cx) i by c2d-e [-iicx)
) d+e x? / d+e x? \/ c?d-e \/ c?d-e

2d

Problem 1214: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.
Ja +bArcTan[c x]

x2 (d+ex2)3/2

X

Optimal (type 3, 135 leaves, 8steps):
bcAr‘cTanh[%] b(c2d-2e) Ar‘cTanh[@]

a+bArcTan[cx] 2ex (a+bArcTan[cx]) Cde

dx~/d+ex? d2~/d+ex? d>2 d?~/c?d-e
Result (type 3, 306 leaves):

1 2a(d+2ex? 2b (d+2ex?) ArcTan[c x]
- ( )— < ) +2bc+/d Log[x] -2bc+/d Log[d++d /d+ex® | +
2d? xVd+ex? xVd+ex?

4 c d? [c d-i e x+y/ c2d-e +/ d+ex?

4cd? d+1i + 2d- d+e x?
b(czd—2e> Log[— } b(Czd—Ze) Log[_ c (c ex\/i\/T ]

b (c?d-2e)+/c?d-e (i+cXx) b (c?d-2e)+/c?d-e (-i+cXx)
+
Vc2d-e Ve2d-e

Problem 1216: Result unnecessarily involves imaginary or complex numbers.

a+bArcTan[c x]
j dx

x4 (d+ex2)3/2

Optimal (type 3, 249 leaves, 14 steps):
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bcvVd+ex? a+bArcTan[cx] 4e (a+bArcTan[cx]) 8e?x (a+bArcTan[cx])

- - + + +
6d*x? 3dx3+/d+ex? 3d2x+/d+ex? 3d3+Vd+ex?
bceAr‘cTanh[l:mexz | bc(ctd+4e) Ar*cTanh[lzd+ex2 ] b (c*d*+4c’de-8e?) Ar‘cTanh[@]
Ja NED c2d-e
. _
6 d5/2 3 d5/2 3P VPd e

Result (type 3, 405leaves):

1 |bcdx (d+ex?)+2a (d>-4dex®-8e’x?)

— +

6d’ x3+/d+ex?

2b (d*-4dex?-8e?x*) ArcTan[c x]

+becy/d (2c2d+9e) Log(x] -bc/d (2¢*d+9e) Log[d+~/d +/d+ex? | +
x3/d+ex?

12cd? [c d-iex+y/ c?d-e +/d+ex? 12cd? [c d+i e x+1/ c2d-e +/d+ex?
| b(c*d®+4cde-8e?) Log|

by c?d-e (c*d?+4c?de-8e?) (i+cx) by/c?d-e (c*d?+4c?de-8e?) (-i+cXx)
+

Vcid-e Vcid-e

b(c*d?+4c?de-8e?) Log|

Problem 1218: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

Jx3 (a+bArcTan[cx]) ;
X

(d+ex2>5/2

Optimal (type 3, 143 leaves, 6 steps):
bc(2c2d-3e) Ar‘cTan[@}

bcx d (a+bArcTan[cx]) a+bArcTan[c x] dex?
+ - +
3(c2d-e)edrex? 3e? (d+ex?)’? e?Vd+ex? 3 (c2d-e)??e?

Result (type 3, 326 leaves):
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2\c*d-e (bcex (d+ex’) -a(c*d-e) (2d+3ex?)) -2b (czd—e)3/2 (2d+3ex®) ArcTan[cx] -

12i+vVc2d-e e (cd—iex+\/c2d—e \/d+ex2>
ibc(2c®d-3e) (d+ex2)3/2Log[— ]+
b (2c2d—3e) (i+cx)
12i+Vc2d-e e? (cd+1‘1ex+\/c2d—e \/d+ex2)

b(2c2d-3e) (-i+cx)

ibc (2c*d-3e) (d+ex?)’? Log|

] /(6 (c2d-e)®?e (d+ex2)3/2)

Problem 1219: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

sz (a+bArcTan[cx]) ;
X

(d +ex2)5/2

Optimal (type 3, 109 leaves, 5steps):

bAr‘cTanh[L drex? ]
bc x3 (a+bAr‘cTan[cx]) Jerde
N _
3 (c?d-e)evVdrex? 3d (d+ex?)?? 3d (c2d-e)??
Result (type 3, 252 leaves):
1 2adx 2(bcd+a(c’d-e)x) 2bx3ArcTan[cx]

+

6d e(d+ex?)’?  (c2d-e)edrex’ (d+ex?)®?

12cd+/c?d-e (cd—iex»f\/czd—e / d+e x? ] [12cd\/c2d-e [Cd+ieX+\/C2d—e / d+e x? ]
b Log

b (i+cx) b (-i+c x)
+

(czd—e)3/2 (czd—e)a/2

b Log|

Problem 1220: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

Jx (a+bArcTan[cx]) 5
X

(d +e XZ) 5/2

Optimal (type 3, 110leaves, 4 steps):



5.3 Inverse tangent.nb | 103

bc3 Ar‘cTan[Dczd’e *]
bcx a+bArcTan[c x] A/ d+e x?
- +
3d (2d-e)Vdrex? 3e (d+ex?)?? 3(c2d-e)*?e

Result (type 3, 259 leaves):

2a 2bcx 2bArcTan[c x]

1
6 e(d+ex2>3/2 (czdz—de)\/m e(d+ex2)3/2

12i+/c?d-e e [c d-iex+y/ c?d-e +/d+ex?

bc? (i+cx) ]

12i+/c?d-e e [c d+ie x+\/m / d+e x?

bc? (-i+cx) ]

Jlbc3Log[— ]'le3|_0g[

.
(czdfe)”ze (czd—e)3/2e

Problem 1221: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.
Ja +bArcTan[c x] dx

(d+ex2)5/2

Optimal (type 3, 144 leaves, 7 steps):

b(3c2d-2e) Ar‘cTanh[@]

bc x (a+bArcTan[cx]) 2x (a+bArcTan[cx]) Cde
+ + +
3d (c?d-e) Vd+ex? 3d<d+ex2)3/2 3d2+/d+ex? 342 (czd—e)3/2

Result (type 3, 317 leaves):

2+c*d-e (-bcd(d+ex?) +a(c?d-e)x (3d+2ex?)) +2b (czd—e)3/2x (3d+2ex*) ArcTan[c x] +

12cd?vc2d-e (cd—jex+\/c2d—e \/d+ex2)
b (3c2d—2e) (Ji+cx)
12cd?+c2d-e (cd+1’1ex+\/c2d—e \/d+ex2)

b(3c2d-2e) (-i+cx)

b (3c*d-2e) (d+ex?)*?Log[-

+

b (3c2d-2e) (d+ex?)*?Log|-

] /(6d2 (c2d-e)>? (d+ex?)>?)
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Problem 1223: Result unnecessarily involves imaginary or complex numbers.

a+bArcTan[c x]
J dx

x2 (d+ex2)5/2

Optimal (type 3, 274 leaves, 13 steps):
bc 8be b(3c*d®>-12c?de+8e?) a+bArcTan[cx] 4ex (a+bArcTan[cx])

d?2+/d+ex? 73cd3\/d+ex2 3cd® (c?d-e) Vd+ex? dX(dJrexz)s/2 3d2 (d+ex2>3’/2

bcArcTanh[llt%Xz } b (3 c*d?-12 czde+8e2) ArcTanh[@}

8ex (a+bArcTan[cx]) d-e

N
3d3\/d+ex? d>/2 3d% (c2d-e)*?
Result (type 3, 418leaves):

1 2adex 2e (bcd+5a(-c2d+e)x) 6avd+rex?
LI N _ _
6d> | (d+ex?)?? (czd—e)\/m X

2b (3d*+12dex?+8e?x*) ArcTan[c X]

+6bc~/d Log[x] —GbC\/?Log[d+\/?«/d+ex2 |+

X <d+ex2)3/2

12cd®+/c?d-e [c d-iex+/ c2d-e 1/ d+ex? ]

b(3c*d?2-12c2de+8e?) Log|-

| b(3c*d?-12c2de+8e?) Log|-

12cd®+/c?d-e (cdﬂi ex+\/ c2d-e +/d+ex? ] ]

b (3c*d?-12c2de+8e?) (i+cX) b (3c*d?-12c?de+8e?) (-i+cx)

N
(c2d-e)*? (cd-e)>?

Problem 1225: Result unnecessarily involves imaginary or complex numbers.

Ja +bArcTan[c x]
X

x4 <d+ex2)5/2

Optimal (type 3, 423 leaves, 18 steps):
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bce 16 b 2 bc(c?d+6e) b (c2d-2e) (c*d?*+8c?de-8e?) bc

— + + — —

2d3Vd+ex? 3cd*Vd+ex? 3d3/d+ex? 3»cd“(c:2d—e)\/d+ex2 6d2x2/d +ex?

a+bArcTan[cx] 2e(a+bArcTan[cx]) 8e?x (a+bArcTan[cx]) 16e’x (a+bArcTan[cx])
+ + +

3dx3 (d+ex2)3/2 d2x<d+ex2)3/2 3d3 (d+ex2)3/2 3d4/d+ex?

+

bceAr‘cTanh[l:d\gXZ | bc(c2d+6e) Ar*cTanh[E‘v*;x2 ] b(c?d-2e) (c*d*+8c’de-8e?) Ar‘cTanh[@}

c?d-e

2d7/2 3d7/2 _ 3d* (c2d-e)’?

Result (type 3, 510leaves):

1 |2a(d®-6d*ex?-24de?x*-16¢e*x°)
-— +
6 d* x3 (d+ex2)3/2

bcd (e (-d+ex?) +c2d (d+ex?)) +zb (d*-6d2ex2-24dex* - 16 e?x°) ArcTan[c X] cbevd (2¢2d-15e) Log[x] -

(c2d-e) x2\/d+ex? x3 (d+ex2)3/2

12cd*+/c?d-e (c d-iex+/c?d-e +/d+ex?

6 A3 4 42 _ 2 2 3
b (C d>+6c*d*e-24c*de’+16e ) LOg[ b (c®d®+6c*d?e-24c?de’+16e’) (i+cx)

bcx/?(2c2d+15e) Log[d+\/d_x/d+ex2}+ +

(c2d-e)??

12cd*+/c?d-e [c d+iex+\/ c?d-e +/drex?

b (c®d>+6c*d?e-24c?de?+16€3) (-i+cX)

(c2d-e)*?

b(c®d®+6c*d?e-24c2de?+16¢€?) Log|

Problem 1226: Result unnecessarily involves imaginary or complex numbers.
JAr‘cTan[a X] dx

<c+dx2)7/2

Optimal (type 3, 208 leaves, 8 steps):
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a a(7ac-4d) x ArcTan[a x]
- - + +

15¢ (a?c-d) (c+dx2)3/2 15 ¢? (azc—d)zx/c+dx2 5c (c+dx2)5/2

(15 a4C2—2032Cd+8d2) Ar‘cTanh[@]

4 x ArcTan[a x| 8 x ArcTan[a X] ) a%c-d
+ +
15¢2 (c+dx?)¥? 153 +/crdx? 15¢* (a?c-d)*?

Result (type 3, 345leaves):

1 2ac(-d(5c+4dx?) +a’c (8c+7dx?)) 2x (15c?+20cdx?+8d*x*) ArcTan[ax]

- + +
30c3 (—a2c+d)2(c+dx2)3/2 (c+dx2)5/2

60ac’ (a? c—d)3/2 [a c-idx+/a%c-d ~/c+dx? ] 60ac? (a? cfd)g/2 (a c+idx+/a?c-d A/ cedx? ) }

(15a%c2-20a%cd+8d?) Log|-

(15a%c2-20a%cd+8d?) Log|-

(15a*c?-20a% c d+8d?) (i+ax) (15a* c2-20a% c d+8d?) (-i+ax)

N
(a?c-d)>? (a2 c )2

Problem 1227: Result unnecessarily involves imaginary or complex numbers.
JAr'cTan[a X] dx

(c+dx?)®?

Optimal (type 3, 293 leaves, 8steps):

a a(11a’c-6d) a(19a*c?-22a’cd+8d?]  xArcTan[ax]
- + +

35¢ (a?c-d) (c+dx2)5/2_105c2 (azc—d)z(c+dx2)3/2 35 ¢3 <aZC—d)3\/c+dx2 7c(c+dx2)7/2

(35a°c®-70a*c2d+56 a2 cd?- 16 d*) Ar‘cTanh[Jza cdx ]

6 x ArcTan[a X] 8 x ArcTan[a Xx] 16 x ArcTan[a X] NEEE
+ + +
352 (c+dx2)5/2 35¢3 (c+dx2)3/2 35c*/c+dx? 35 c4 (achd)”2

Result (type 3, 450 leaves):
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! - 1 2ac(3c2(—a2c+d)2+c(llazc—sd) (azc—d) (c+dx2)+3(19a4c2—2232cd+8d2) (c+dx2)2>+
210 c* (a2c7d>3 <c+dX2)5/2

140 a c* (a? c—d)s/2 [a c-idx+/a2c-d /c+dx?

(35a° c>-7@ a* 2 d+56 a c d>-16 d*) (i+ax) ]

6 ~3 4 -2 2 2 3
6x (35¢3+70c2dx?+56cd?x*+16d>x°) ArcTan[a X] 3 (35a°c>-70a" c*d+56a% cd’ - 16 d°) Log| -

+ +
<c+dx2)7/2 (azc—d)7/2
140 a c* (a? c—d)s/2 [a c+idx+/ac-d ~/c+dx?
3 (35a°c®-70a%*c2d+56a2cd?-16d*) Log|- :
(35a°c*-70a* c?d+56 2% c d’-16 d°) (-i+ax)

(a2c-d)7?

Problem 1241: Result more than twice size of optimal antiderivative.
JX’3’ZP (d+ex®)? (a+bArcTan[cx]) dx

Optimal (type 6, 129 leaves, 4 steps):

bcx 2P (d+ex?)? (1+ edi)prppellFl[i (-1-2p), 1, -1-p, i (1-2p), -c*x?, —eTX] x 2@ (d+ex?)*P (a+bArcTan[cx])

2 (1+3p+2p?) 2d (1+p)

Result (type 6, 566 leaves):
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ax22p (d +e x2) T+
- +

2d (1+p)
1 1 1 e x?
Zbx32P (cx)32P [ [[czd (-1+2p) (cx) 2P (d+ex2)pAppe11F1[—f—p, -p, 1, —-p, —T, -2 x?] /(2 (1+p) (1+2p)
C 2 2
2
(1+c2x?) (czd (-1+2p) AppellFl[—l—p, -p, 1, l—p, —%, -2 x|+
2 2
2 2
2c¢2x? 7epAppe11F1[17p, 1-p,1, i7p, 7%, -2 x?| +c2dAppe11F1[lfp, -p, 2, i7p, 7%, -2 x?| ]] -
2 2
2
(e (-3+2p) (cx)*2P (d+ex2)pAppellF1[1—p, -p, 1, i—p, —%, -2 x?| /
2 2
2,2 2 1 3 eXZ 2,2
2 (1+p) (-1+2p) (1+c*x*) |c*d (-3+2p) AppellFl[;fp, -p, 1, ;7p, L -c2x?] +
2 2
2 c?x? —epAppellFl[i—p, 1-p,1, E—p, —i, -2 x?] +c2dAppe11F1[i—p, -p, 2, E—p, —i, —czxz}) ] +
2 2 d 2 2 d
e 1 ,
( - (cx)~2P (d+ex2)pAr‘cTan[cx]J
2c2d (1+p) 2c? (1+p)x?
Problem 1243: Result more than twice size of optimal antiderivative.
jx’s’ZP (d+ex®)? (a+bArcTan[cx]) dx
Optimal (type 6, 285 leaves, 8 steps):
-p 2
X J Appe11F1[E (-3-2p), 1, -1-p, 1 (-1-2p), -c*x?, e:})/
2 2

bles+c?d (1+p))x>2P (dsex?)? (1+e

ex 2P (d+ex?) 1+p (a+bArcTan[cx])

|

x 2P (d+ex?)*P (a+bArcTan[cx])

2d (2+p)

+

+

(2cd(1+p) (2+p) (3+2p)) 242 (1+p) (2+p)

exz]

bex32P (d+ex?)? (1+ ed—xz)pryper‘geometr‘iCZFl[f (-3-2p), -1-p, % (-1-2p), - ;

2cd (6+13p+9p*+2p?)

Result (type 6, 1108 leaves):
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1. s 5+2 2 3 3 1 e x?
Zbx32P (cx)5*2P —([c d(1+2p) (cx) 2P (d+ex?)?AppellFl[-=-p, -p, 1, - = -p, Y -2 x?| /
C 2 2
2,2 2 3 1 EXZ 2,2
(2(1+p) (2+p) (3+2p) (1+c*x%) |cd (1+2p) AppellFl[—g—p, -p, 1, —;—p, e —c? x4
2 2
2c¢2x? 7epAppellF1[flfp,1fp, 1, l7p, 7e_xj 7c2x2]+c2dAppellF1[flfp, -p, 2, 17p, 7e_x, -2 x?| J]
2 2 d 2 2 d
. 3 1 e x?
(czdp(1+2p) (cx)32P (d+ex?)?AppellF1[- = -p, -p, 1, - —-p, S -2 x?] /
2 2
3 1 e x?
{2 (1+p) (2+p) (3+2p) (1+c*x?) |c*d (1+2p) AppellFl[—;—p, -p, 1, —;—p, R -2x?] 4
2 2
2c2x? —epAppellFl[—l—p, 1-p,1, E—p, —i, —c2x2]+c2dAppellF1[—1—p, -p, 2, l—p, —i, -2 x?] )
2 2 d 2 2 d
1 1 1 e x?
(ep<—1+2p) (cx) 2P (d+ex?)? AppellF1[-~-p, -p, 1, = -p, S -2 x?] /
2 2
1 1 e x?
2 (1+p) (2+p) (1+2p) (1+c*x?) |c2d (-1+2p) AppellF1[-~-p, -p, 1, —-p, S -c2x?] +
2 2
2 2
2c¢2x? —epAppellFl{l—p, 1-p,1, i—p, _8X -2 x?| +c2dAppe11F1[l—p, -p, 2, i—p, L —CZXZ}J ]+
2 2 d 2 2 d
) 1 3 e x?
e’ (-3+2p) (cx)*?P (d+ex2>pAppellF1[f—p, -p, 1, = -p, —T, -2 x?] /
2 2
1 3 e x?
2c’d (1+p) (2+p) (-1+2p) (1+c?x?) |c*d (-3+2p) AppellF1[=-p, -p, 1, —-p, Y -2 x|+
2 2
2 2
2c¢2x? 7epAppe11F1[ifp, 1-p,1, E7p, 7%, -2 x?] +c2dAppe11F1[ifp, -p, 2, E7p, 7%, -2 x?| ]
2 2 2

2
(cx) 2P (d+ex?)P (c2d (1+p) -c?ex?) (c*d+c?ex?) ArcTan[c ]
2c¢*d? (1+p) (2+p)

XZ

ax*2p (d+ex?)? (1+ =) P Hypergeometric2F1[-2-p, -p, ~1-p, - ']

2 (2+p)

Problem 1245: Result more than twice size of optimal antiderivative.

JXszp (d+ex2>p (a+bAr‘cTan[c X}) dx

Optimal (type 6, 466 leaves, 10 steps):
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ex?\P 1 1 e x?
([b (2e*+2c*de (1+p) +c*d® (2+3p+p*)) x> 2P (d+ex?)? |1+ ] AppellF1[ = (-5-2p), 1, -1-p, 7(—3—2p),—c2x2,—7]
2 2
2 -2 (1+p) d 2\ 1+p b ArcT
(266 (1+p) (2+p) (3-p) <5+2p>>J_ex (d+ex?)™P (a+bArcTan[cx])
d3 (1+p) (2+p) (3+p)
e x2(2p) (d+ex2)1*'° (a+bArcTan[cx]) x72 03P (d+ex2)1*'° (a+bArcTanfcx])
- +
d? (2+p) (3+p) 2d (3+p)
x2\ P 1 1 e x?
be(e+c2d(1+p))x52p(d+ex2)p{1+ ] Hyper‘geometr‘icZFl[f(—5—2p),—l—p,7(—3—2p),—7]/
2 2
be?x32P (d+ex?)P (142X 7pHyper‘geometr‘ic2F1 1(.3-2p),-1-p, L (-1-2p), -
(d? (1+p) (2+p) (3+p) (5+2p)) - ( Il Gl | ): i sl
cd? (1+p) (2+p) (3+p) (3+2p)
Result (type 6, 1880 leaves):
1 _7-2p 7+2p 2 5.2p 2\p > 3 ex? 2,2
be (cx) -||c?d (3+2p) (cx) (d+ex?) AppellFl{—;—p,—p, 1,—;—p, —T,—c x| /
5 3 e x?
[<1+p) (2+p) (3+p) (5+2p) (1+c*x?) |c*d (3+2p) AppellF1[-=-p, -p, 1, -~ -p, S —c2x?| +
2 2
2 2
2 c? x? —epAppellFl[—z—p,l—p,l,—l—p,—e—x,—c2x2}+c2dAppellF1[—i—p,—p,2,—l—p,—e—x,—czxz] )J—
2 2 d 2 2 d
5. 5 3 e x?
(3c2dp(3+2p> (cx) 2P (d+ex?)?AppellF1[- = -p, -p, 1, - —-p, S -2 x?] /
2 2
5 3 e x?
[2(1+p) (2+p) (3+p) (5+2p) (1+c*x?) |c®d (3+2p) AppellFl[-=-p, -p, 1, - = -p, Y —c? x4
2 2
2 2
2c¢2x? 7epAppellF1[fifp,1fp, 1,717p,7&,7c2x2}+c2dAppellF1[fifp,7p, 2,7lfp,fi,7c2x2] J
2 2 d 2 2 d
= 5 3 e x?
(czdpz (3+2p) (cx)>2P (d+ex?)? AppellFl[-=-p, -p, 1, - = -p, S -c?x?] /
2 2
5 3 e x?
[2 (1+p) (2+p) (3+p) (5+2p) (1+c*x*) |c*d (3+2p) AppellF1[-=-p, -p, 1, -~ -p, T -a2x?| +
2 2
2 2
2c2x? —epAppellFl[—i—p,l—p, 1,—l—p,—i,—c2x2}+c2dAppellF1[—i—p,—p, 2,—l—p,—i,—c2x2] )—
2 2 d 2 2 d
2
(ep<1+2p) (cx)’3’2p(d+ex2)pAppe11F1[—i—p,—p, 1,—1—p,—e—x,—c2x2] /
2 2

N W &
™
x
N

2 (1+p) (2+p) (3+p) (3+2p) (1+c*x*) |c*d (1+2p) AppellFi[-=-p, -p, 1, —l—p, -, —e2x? 4
2
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2 2
2c¢2x? 7epAppe11F1[flfp, 1-p,1, l7p, 7e_x, 7c2x2]+c2dAppellF1[flfp, -p, 2, 17p, 7e_x, -2 x?| J
2 2 d 2 2 d
2 -3-2 2\p 3 1 eXZ 2 2
(ep (1+2p) (cx) P (d+ex?) AppellFl[- = -p, -p, 1,—f—p,—T, -2 x?] /
2 2
3 1 e x?
2 (1+p) (2+p) (3+p) (3+2p) (1+c*x*) |c>d (1+2p) AppellF1[-=-p, -p, 1, -~ -p, R -c2x?| 4
2 2
2 2
2c2x? —epAppellFl[—l—p, 1-p,1, E—p, —i, —c2x2]+c2dAppellF1[—1—p, -p, 2, l—p, —i, -2 x?] )+
2 2 d 2 2 d
e 1 1 e x?
(ezp (-1+2p) (cx) 2P (d+ex?)?AppellF1[-—-p, -p, 1, —-p, B -2 x?] /
2 2
1 1 e x?
c®d (1+p) (2+p) (3+p) (1+2p) (1+c2x?) |c2d (-1+2p) AppellF1[-—-p, -p, 1, — -p, R ~c2x?] +
2 2
2 2
2c¢2x? —epAppellFl{l—p, 1-p,1, i—p, _e_x) -2 x?| +c2dAppe11F1[1—p, -p, 2, i—p, —e—x, —CZXZ}J ]—
2 2 d 2 2 d
3 1-2 2\p 1 3 eXZ 2,2
e (-3+2p) (cx)*?P (d+ex?) AppellFl[g—p, -p, 1, ;—p, —T, -2 x?] /
4 42 2,2 2 1 3 eXZ 2,2
c*d® (1+p) (2+p) (3+p) (-1+2p) (1+c*x?) |c®d (-3+2p) AppellFl[E—p, -p, 1, E—p, T -2 x|+
2 2
2c2x? —epAppellFl[i—p, 1-p,1, E—p, —i, -2 x?| +c2dAppellF1[i—p, -p, 2, E—p, —i, -2 x?| ]
2 2 d 2 2 d

((cx)2C®P (d+ex?)? (Pd+c?ex?) (c*d® (2+3p+p?) -2c*de (1+p) x*+2c*e®x*) ArcTan[cx]) / (2c®d® (1+p) (2+p) (3+p))) -

XZ

ax 2P (d+ex?)? (1+ esz)fp Hypergeometric2F1[-3 -p, -p, -2-p, *QT]

2 (3+p)

Problem 1261: Result more than twice size of optimal antiderivative.

2

JXB (a+bArcTanfcx]) :
X

d+ex?

Optimal (type 4, 590 leaves, 11 steps):
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abx b?xArcTan[c X] (aerAr‘cTan[cx])2 x2 (aerAr‘cTan[cx])2
- - + + +
ce ce 2c2e 2e
, 2¢ [V d e x|
d (a+bArcTan[cx])? Log{llcx} d (a+bArcTan[cx]) Log[(ﬂlr) 1icx)
e2 B 2e2 -

ZC(HH/FX)

2
d (a+bAr'cTan[cx}) Log[ [cV=d+ive ) (1-icx) b2 Log[1+c2 XZ] ibd (a+bAr‘cTan[c x}) PolyLog[z 1-
+

1- ncx}

2e? 2cle e2
2¢ (Vd /e x| ] 2¢ (V-d e x) ]
([cV=d-ive) (a-icx) ([cV=d+ive) @-icx
2e? : 2¢e? :

2¢ (Vod Ve x) 2¢ (Vod /e x|

ibd (a+bArcTan[cx]) PolyLog[2, 1- ibd (a+bArcTan[cx]) PolyLog[2, 1-

b? d PolyLog[3, 1 -

b? d PolyLog[3, 1 -

bZdPOIyLOg[:’) I*E] (ﬁnr) (1-icx) (ﬁﬂlr) (1-icx)
2 e? 4 e? 4 2
Result (type 4, 1567 leaves):
2aex?-2a*dlogld+ex?] +
4 ¢?
ex . 2 1 2 2iArcT o2 i ArcT
4ab |-— -idArcTan[c x]* +ArcTan[c X] (e — X +2dLog[1+e LAre a”[cx]}) JldPolyLog[ i ArcTan[cx ]} +
C C
1 5 . 5 . . c2d cex . c*d
——————2d (-c®d+e) |-iArcTan[cx]?+21iArcSin| | ArcTan| ————] + | -ArcSin| | +ArcTan[cx]
2c?d-2e c2d-e c2de ctd-e
(c2d+e+2*/ Zde) 21 ArcTan[c x]
Log[1 + |+
c?d-e
C2d _2+/c2de eZJiAr‘cTan[cx] +e (_1+62jAr‘cTan[cx]> +c2d (1+6211Ar‘cTan[cx]>
Ar‘cSin[ ]+Ar‘cTan[c X] Log[ }—
c2d-e c?d-e
1 ( 2d+e Zﬂlczde) 2 i ArcTan[c Xx] (c2d+e+2*/ Zde> 21 ArcTan[c x]
~ i |Polylog|2, - | +PolyLog[2, - ] +
c’d-e c?d-e
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1 .
- b? |-4cexArcTan[cx] +2eArcTan[cx]?+2c?ex?ArcTan[cx]?+4 c?dArcTan[c x]? Log |1 + 2t ArcTaniex] ] _
c

( \F \/7) 2 i ArcTan[cx] ( \ﬁ \/7) 21iArcTan[cx]
| -2c?dArcTan[cx]? Log|[1+
cVd ++e cVd -+e
(2d+e 2“/2de) ZnArcTanc] Czd

} +4c2dAr‘cSin[
c?d-e c’d-e

( 2d+e+2\/c2de) 2i ArcTan[cx] ( 2d+e+2“’c2de> 2 i ArcTan[c X]

|+

2c?dArcTan[cx]? Log[1 +

} ArcTan[c x]

2c?dArcTan[cx]? Log |1 +

] -

| -2c?dArcTan[cx]? Log[1+

Log|1 +
[ c2d-e c’d-e

C2d _2+/c2de eZﬁArcTan[cx]+e(_1+(6211Ar‘cTan[cx])+C2d<1+62jAr‘cTan[cx]>
4 c*dArcSin| | ArcTan[cx] Log| ] -

c’d-e c2d-e

72“/C2de eZJ‘LAr‘cTan[cx] re <71+ezflAr‘cTan[cx]> +c2d <1+(e21‘1Ar‘cTan[cx])
4 c?*dArcTan[cx]? Log]| ]+
c’d-e
c2d 2ic?2d-21i+Vc?de +2c(—e+\/c2de)x

4 c?dArcSin| | ArcTan[cx] Log| |+

c2d-e (czd—e) (Ji+cx)

2ic?2d-21+vVc2de +2¢ (—e+\/c2de ) X

(c2d-e) (i+cx)

2c2dArcTan[cx]? Log| | +2elog[1+c?x?] -

24 ( c2d+e+2+/c 2de) (Cos[2ArcTan[cx]] + i Sin[2ArcTan[cx]])

} ArcTan[c x] Log[1+
c?d-e c?d-e

|+

4 c?2dArcSin [

( c2d+e+2+c 2de) (Cos[2ArcTan[cx]] +i Sin[2ArcTan[cx]])

c2d-e

}_
( C\/_ \/—) 2 i ArcTan[c x]
cVd ++e

2c2dArcTan[cx]? Log |1 +

|+

4ic*dArcTan[cx] PolylLog[2, ~e?'ArcTan(ex]] ;2 j c2d ArcTan[c x] PolyLog|2,

( \/_ \/—) @2 iArcTan(cx]
cVd -e
( C\/— \/_) @2 1 ArcTan[cx] ( \/— \/—) @2 1 ArcTan[cx]
| - c*dPolyLog|3, -
cVd ++e cVd -+e

}Jrzc dPolyLog[ @2 i ArcTan(cx ]} B

2i c2dArcTan[cx] Polylog|2, -

]

c?dPolyLog|3,

| 113
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Problem 1262: Unable to integrate problem.

sz (a+bArcTan[cx])? 4
X

d+ex?

Optimal (type 4, 554 leaves, 10 steps):

i (aerAr‘cTan[cx])2 X (a+bAr‘cTan[cx])2 2b (a+bArcTan[cx]) LOg[lﬂcx]

+ +
ce e ce

/ -d (a+bAr‘cTan[cx])2Log[ 2e [Va e ] \/j(a+bAr‘cTan[cx]>2L08[ 2e (V0 e o] ]

(cvad-ive) @-icx) (cvd+ive| a-icx  1b?Polylog[2, 1- ——]
2e3/2 ) 2e3/2 ' ce i
. 2¢ (VA Ve x) ) 2¢ (Vo Ve x)
b~/—d b ArcT Polylog|2, 1- b~/—d b ArcT Polylog|2, 1-
i (a+bArcTan[cx]) Polylog| = 11cx}+1 (a+bArcTan[cx]) Polylog| v ive] aien +
2e3/2 5 @3/2
2¢ [V-d Ve x| 2¢ (Vd e x)
b2/ -d PolyL 3 b2/ -d PolyL 3
olyLog[3, 1 (ﬁw—)ncx] olytog|[3, 1 (\/jﬂl\/_)llcx]

4e3/2 4e3/2

Result (type 8, 25leaves):

sz (a+bArcTan[cx] )2 ;
X

d+ex?

Problem 1263: Result more than twice size of optimal antiderivative.

Jx (a+bArcTan[cx] )2 4
X

d+ex?

Optimal (type 4, 492 leaves, 4 steps):
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2¢ (V@ Ve ¥
(a+bArcTan[cx])? Log[llcx (cV-d-ive) a-icx

- + +
e 2e

ZC(HW) }
(ﬁw\/_) (1-1 ¢ x)

a+bArcTan[c x] 2 Log
o )

(a+bArcTan[cx] )2 Log|

ib (a+bArcTan[cx]) PolylLog[2, 1- - MX]
N _

2e e
ZC(”—W) ]
(ﬁlr) (1-1 cx)
2e 2e
2c (V-d Ve x] ] 2c (V-d +/e x]
(c«/j nr) 1-icx) (cﬂﬂlr) (1-icx)
2e 4e 4e

2¢ (V-d +Ve x| }

ib (a+bArcTan[cx]) PolylLog|2, 1- i) aien

ib (a+bArcTan[cx]) Polylog|2, 1-

2 - 5 )
b? PolyLog|[3, 1 - ﬁ] b>PolyLog[3, 1 b? Polylog|[3, 1
1 X

Result (type 4, 1527 leaves):

1 . . c? cex -
— 811abAr‘c51n[ ]Ar‘cTan[i} -8abArcTan[c x] Log[1+e iArc a"[CX]] _
4e c2d-e Zde

( \/— \/—) 2 i ArcTan[c x]

|+
cVd ++e
( \/_ \/—) @2 iArcTan[cx] ( c2d+e- zm) @2 iArcTan(cx]
| -2b%ArcTan[cx]? Log |1 +

cVd -Je cd-e |
C2d (2d+e+2“/2de) ZJLAr‘cTancx] (2d+e+2“’2de) 21Ar‘cTancx]

— | Log |1+

czd—e} [ c2d-e

C2d ( 2d+e+2“’c2de> 2 i ArcTan[c x] , , (c2d+e+2“/ Zde) 2 i ArcTan[c Xx]
| ArcTan[c x] Log |1+ | +2b%ArcTan[c x]? Log[1 +

c’d-e c?d-e c’d-e

4b%ArcTan[c x]? Log[1 +e?*ArcTanicxl ] 4 2 b2 ArcTan[c x]? Log |1 +

2b?ArcTan[cx]? Log[1 +

4abAr‘cSin[ ] +4abArcTan[c X] Log[1+

] _

c?d-e

4b%ArcSin|

|+

C2d } [_zﬂlczde eZJ’lAr‘cTan[cx]+e(_1+62ﬁArcTan[cx])+c2d(1+QZjAr‘cTan[cx]>
Log
c2d-e c2d-e

4abArcSin| |+
—2"c2de eZJ’lAr‘cTan[cx] +e (_1+(6211Ar‘cTan[cx]> +C2d (1+621APcTan[cx]>

4abArcTan[c X] Log[ "
ccd-e

} +

C2d 72*/c2de eZJiAr'cTan[cx] +e (71+621ArcTan[cx]) +C2d <1+GZjAr‘cTan[cx]>
| ArcTan[c x] Log]|
c’d-e c2d-e

4b%ArcSin|

|+
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72‘/C2de eZJ‘LAr‘cTan[cx] re <71+e21Ar‘cTan[cx]> +C2d <1+621ArcTan[cx])

4b%ArcTan[c x]? Log|

] _

c’d-e
c2d 2ic2d-21i+c?de +2c(—e+\/c2de)x
4b% ArcSin| ; | ArcTan[cx] Log| B N ) ] -
ccd-e c’d-e) (1+cx

2ic?2d-21+vVc?de +2¢ (—e+\/c2de)x
(c2d-e) (i+cx)

2b? ArcTan[c x]? Log| | +2a%Log[d+ex?]| +

24 ( 2d+e+2\/c2de> (Cos[2ArcTan[cx]] + i Sin[2ArcTan[c x]])
| ArcTan[cx] Log|1 +
c’d-e c’d-e

4b? ArcSin |

] _

( c2d+e+2c 2de) (Cos[2ArcTan[cx]] +1iSin[2ArcTan[cx]])
2b?ArcTan[cx]? Log[1 + ; |+
ccd-e

( C\F W) @2 1 ArcTan[cx]

],
cd ++e
( c2die- zm) 2 i ArcTan[cx]

4ib (a+bArcTan[cx]) PolylLog[2, —e?*ArTanlcx]] _ 2 j b2 ArcTan[c x] Polylog|2,

( \/7 \ﬁ) @2 1 ArcTan[cx]

2 b?ArcTan[c x] PolyLog[2, - | -21iabPolylog|2, -

] _

cVd -e cd-e
(2d+e+2m) 21 ArcTan[c X]
2iabPolylog[2, - - | -2b2Polylog|[3, -e2iArcTanicxI]
c‘d-e
(C\/— r) @2 1iArcTan[cXx] ( cVd + \/—) @2 iArcTan[cx]

b? PolylLog|3, | +b?Polylog[3, -

cVd ++e cVd -+e |

Problem 1264: Unable to integrate problem.

(a+bArcTan[cx] >2
J dx

d+ex?

Optimal (type 4, 460 leaves, 4 steps):



5.3 Inverse tangent.nb | 117

(a+bAr‘cTan[cx])2Log[ 2 [V Ve o (a+bAr‘cTan[cx])2Log[ 2¢ [Vod e x)
(ﬁlr)llCX (\/j+]l\/7)1JLCX
27-d e 2-d e
ib (a+bArcTan[cx]) Polylog|2, 1- 2c [/-d Ve ¥ ib (a+bArcTan[cx]) Polylog[2, 1- 2¢c [V /e x)
(cﬁ nr) (1-1 cx) (ﬁﬂlr) (1-1 cx)
+ +

27d e 27 e

zc(ﬂﬂﬁ) } 2C(ﬂ+\/?) }
(va-ive) aiex (cVasive) aicx

4+/-d e 4+/-d e
Result (type 8, 22leaves):

b? PolyLog|[3, 1 - b? PolyLog|[3, 1 -

(a+bArcTan[cx] )2
J dx

d+ex?

Problem 1265: Result more than twice size of optimal antiderivative.

(a+bArcTan[cx] )2
J dx

X (d+ex2)

Optimal (type 4, 637 leaves, 12 steps):

(a+bAr‘cTan[cx})2Lo [ 2¢ [Vd e x)
2 (a+bArcTan[cx])ZAr‘cTanh[l— 1+J'12cx} (a+bAr‘cTan[cx}>2Log[1_fcx} g [ev/=a-ive ) (-icx
N _ _
d d 2d
, HER
(a+bArcTan[cx]) Log[( v deive ] aicx ] ) ib(a+bArcTan[cx]) PolyLog[2, 1- - “X] ) ib(a+bArcTan[cx]) Polylog[2, 1- 1+“X]
2d d d
2¢ [Vd Ve«

2] ib (a+bArcTan[cx]) Polylog|2, 1-

1+icx

ib (a+bArcTan[cx]) PolyLog[2, -1+ (v T-ive) 1-icx)

+

d 2d

2C(\/j+\/?x) ]
(cﬁﬂxﬁ) (1-icx)
2d 2d 2d

ZC(H—WX) } ZC(FM/ix) }
(ﬂlr)llcx (\/j+]l\/7)1JLCX
2d ) 4ad ad

ib (a+bArcTan[cx]) PolyLog|2, 1- 2 } b2 Polylog[3, 1 -
1-icx

1+ncx]

b? PolyLog|3, 1 -
.

2 _ 2 _
b? PolyLog[3, -1+ —2 ] b? Polylog|3, 1 b? Polylog|3, 1

1+icx
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Result (type 4, 1410leaves):

c2d cex

1
—— |24a%Log[x] -12a%Log[d +ex?| -24ab |-iArcTan[cx]?+ 2 i ArcSin| | ArcTan| | -2ArcTan[cx] Log[1 - e?tArcTanlex] ]
24d c’d-e cZde
c2d (c2d+e+2\/c2de ) @2 iArcTan[cx] c2d
—Ar‘cSin[ } +ArcTan[c x] Log[1+ ] + Ar‘cSin[ } +ArcTan[c x]
c?d-e c?2d-e c2d-e

—2*/c2de eZJiAr'cTan[cx] re (71+e21Ar‘cTan[cx]) +C2d <1+e2ﬁAr‘cTan[cx]>

Log | 24 e | +1i (ArcTan[cx]? + Polylog[2, e? *ArcTanicx] ] ) —
1 ( c2d+e- 2“/c2de) 21 ArcTan[cXx] (c2d+e+2“/ Zde) 21iArcTan[cx]

— i |Polylog|2, - | +Polylog[2, - I+

2 c’d-e c2d-e

(C\/— \/_) 21 ArcTan[c x]
C\H+\/?

} ,

b? |-i7°+161i ArcTan[cx]® + 24 ArcTan[c x]? Log[1 - e 2 ArcTanlex] | _ 12 ApcTan[c x]2 Log |1 +

( \/7 \/7) @2 1 ArcTan[cx] (c2d+e 2+/c¢ Zde) @2 L ArcTan[c x]
| +12ArcTan[cx]? Log[1 +
NV - ctd-e
(2d+e+2“/2de) ZnArcTancx] (2d+e+2“’2de) 21Ar~cTancx]
| -12ArcTan[cx]? Log[1 +

c?d-e c2d-e

12 ArcTan[c x]? Log|1 + | +24Arcsin|

} _

ArcTan[c x] Log[l +

C2d _zﬂ/czde eZJ‘LAr‘cTan[cx] re (_1+(erAr‘cTan[cx]> +C2d <1+e21'LAr'cTan[cx])

24 ArcSin| | ArcTan[cx] Log| | -
c2d-e c?d-e
_2+/c2de g2iArcTan[cx] 4 @ (_1+ezﬁArcTan[cx]> +c2d (1+GZjAr‘cTan[cx]> c2d
24 ArcTan|c x}zLog[ ]+24Ar‘cSin[ ]Ar‘cTan[c X]
c2d-e c2d-e

2ic2d-21i1+c?2de +2c (—e+\/c2de)x 2ic2d-21i+c?de +2c (—e+\/c2de)x

Lo 12 ArcTan[c x]? Lo
el (c2d-e) (i+cx) - [ex]* Log| (c2d-e) (i+cXx)
c2d ( c2d+e+2+c 2de) (Cos 2 ArcTan[c x] ] +JiSin[2Ar‘cTan[cx]})
24 ArcSin| | ArcTan[cx] Log[1 + |+
c2d-e c2d-e

( c2d+e+2Vc 2de) (Cos[2ArcTan[cx]] +1iSin[2ArcTan[cx]])

12 ArcTan[c x]? Log[1+ | +24 i ArcTan[c x] PolyLog[2, e 2 ArcTaniexl ]

c2d-e
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( C\/— \/—) @2 i ArcTan[cx] (C\/F-%—\/?) @2 iArcTan[cx]
] +12 i ArcTan[c X] PolyLog[Z, -
cd +e cVd -e
( C\/— \/_) @2 1 ArcTan[cx] ( \/_ \/—) @2 1 ArcTan[cx]
| - 6PolyLog|3, -
cVd +Ve cd -+e

12 1 ArcTan[c x] PolylLog [2,

|+

12 Polylog|3, e 2iArcTanicx] | _ 6 polylog|3,

]

Problem 1266: Unable to integrate problem.

(a+bArcTan[cx] )2
J dx

x2 (d+ex2)

Optimal (type 4, 553 leaves, 9 steps):
b ArcT 2L 2¢ [V7d Ve x]
ic (aerAr‘cTan[cx])2 (a+bAr‘cTan[cx])2 Ve (arbarcTan(cx]) og[( V=d-ive | (1-icx) )

— — + —

d dx 2(—d>3/2

Zc(ﬁﬂ/?x) }

2
Ve (a+bAr‘cTan[cx}) Log[ [cv=d +ive ) (1-icx) 2bc (a+bArcTan[c x]) Log[Z— 2 ] jbcholyLog[2, 14 —2 }

1-icx 1-1cx
2 <7d>3/2 N d B d B
- 2¢ (V=d Ve x| . 2¢ [Vd e x)
1b\5<a+bAr‘cTan[cx})PolyLog[Z,l—(Cﬁlr) P ] +11b\/?(a+bAr‘cTan[cx])PolyLog[Z,l (v ive] aien +
2 <7d>3/2 2 (7d>3/2
2¢ (Ve ¥

2¢ (Vod e x|
b2 PolyL 1-
([ev=d-ive ) (-icx) Ve poly Og[3’ [ev=d+ive ] (-icx) ]

4(—d)3/2 4(—d)3/2

b2+/e PolylLog [3, 1-

Result (type 8, 25leaves):

(a+bArcTan[cx] )2
J dx

x2 (d+ex2)

Problem 1267: Result more than twice size of optimal antiderivative.

(a+bArcTan[cx] )2
J dx

x3 <d+ex2)
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Optimal (type 4, 745leaves, 21 steps):

bc (a+bArcTan[cx]) 2 (aerAr‘cTan[cx])2 <a+bAr‘cTan[cx})2 2e(a+bAr‘cTan[cx}>2Ar‘cTanh[1— 2]

1+icx

b2 c? Log[x]
+

dx 2d 2d x? d? d
2¢ [Vd e x)

e (a+bArcTan[cx])? Log| e (a+bArcTan(cx] )2 Log| 2¢ (V-d +/e )

e(a+bAr‘cTan[cx}) Log|[ —2—] (cV-d-ive) aicx)

1-icx (\/j-%—]l\/i) (1-1 cx)
N
d? 2 d? 2 d2
bzchog[1+c2X2] +]‘1be<a+bAr‘cTan[ ])PolyLog[Z 1—1MX} jbe<a+bArcTan[ ])PolyLog[Z 1—1+MX} i
2d d? d?
. 2¢ (V- e x|
ibe (a+bArcTan[cx]) Polylog[2, -1+ ﬁ] ibe (a+bArcTan(cx]) PolyLog|2, 1- [ev=d-ive) aicx
dz 2d2
) ZC(FJr\EX)
b b ArcT PolyL 2, 1-
ibe (a+bArcTan[cx]) PolyLog| eV aive| (ch)] bZePolyLog[B 1-— MX] ) bz e PolylLog[3, 1- 1+Mx} )
2 d? 2 d? 2 d?
) - Zc(\/j—r) N - ZC(HF)
b2 e Polylog[3, -1+ —2 | b?ePolyLog|3, 1 (cVd-ive)aicx ] b*epolylog3, 1 (cVdrive) aicx ]
+
2 d? 4 d? 4 d?

Result (type 4, 1555 leaves):

1 12a?d 24abcd 24abd (1+c?x?)ArcTan[cx]

- + + +24a%elog[x] -
24 d? x? X X2

12a’elog[d+ex?| -24iabe (ArcTan[cx] (ArcTan[cx] +2i Log[1-e?*ArcTanlex] ) , polylog[2, e? ArcTaniex)|)

2 . 2 . . c? cex
——————48ab (c?d-e) e |-iArcTan[cx]®+2iArcSin| | ArcTan| ———| +
2c?d-2e c2d-e Jc2de
' Czd (C2d+e+2“/czde)erA'ﬂCTan[CX]
-ArcSin| | +ArcTan[cx] | Log[1+ |+
c’d-e c’d-e
c2d —2“’c2de eZiArcTan[cx] re (_1+(EZJ'1Ar'cTan[cx]> +C2d (1+621Ar‘cTan[cx]>
ArcSin| | +ArcTan[cx] | Log| | -
c2d-e c?d-e




b2

2b%e [41iArcTan[cx]®-6ArcTan[cx]?Log[1+

5.3 Inverse tangent.nb

( c2d+e-2+c 2de) @2 i ArcTan[cx] (c2d+e+2\/m) @2 1 ArcTan[cx]
]+PolyLog[2, -

i |PolyLog|2, -
[, c?d-e c2d-e

111+

N |

24cdArcTan[cx] 12d (1+c?x?) ArcTan[cx]?
—iend+ + +81ieArcTan[cx]?+24eArcTan[cx]? Log[1

X x?

e—z i ArcTan[c x] ] _

c X . )
24c?*dlog|—————] +241ieArcTan[cx] Polylog[2, e 2iArcTanlexl] , 12 e PolyLog[3, e 2 tArcTaniex] ]| ] +

( \/— \/—> @2 1ArcTan[cx] ( \/— \/_) @2 1 ArcTan[cx]
| -6ArcTan[cx]? Log|1 +

e T e I

(2d+e Zﬂlczde) 2 i ArcTan[c Xx]

6 ArcTan[cx]? Log[1+ | +12ArcsSin]| ¢ | ArcTan[c x]
c’d-e c2d-e
( 2d+e+2m) @2 iArcTan[cx] ( 2d+e+2m) @2 iArcTan[cx]
Log[1+ | -6ArcTan[cx]? Log|1 + | -
c?d-e c?d-e
c2d 72\/me2jAr‘cTan[cx] e (71+e2iAr‘cTan[cx]) +c2d (1+e2jArcTan[cx]>
12 ArcSin| | ArcTan[c x] Log]| ] -
c’d-e c2d-e
_2WGZiArcTan[cx] e <_1+(821'1Ar*cTan[cx]> +c2d <1+eziArcTan[cx]) c2d
12 ArcTan[c x]? Log]| | +12ArcSin]| ]
c?2d-e c?d-e
2ic?d-21i+Vc?de +2c (—e+\/c2de ) X 2ic?2d-21i+Vc?de +2c (—e+\/c2de ) X
ArcTan[cx] Log| | +6ArcTan[cx]? Log| ] -
(c2d-e) (i+cx) (c2d-e) (i+cx)
24 ( 2d+e+2\/c2de> (Cos[2ArcTan[cx]] +i Sin[2ArcTan[c x]])
12 ArcSin| ; | ArcTan[c x] Log |1+ ; |+
c‘d-e c‘d-e

( c2d+e+2+c 2de) (Cos[2ArcTan[cx]] + i Sin[2ArcTan[cx]])

6 ArcTan[c x]? Log[1 + ]+
c?d-e

( C\F r) @2 1 ArcTan[cx] ( \/7 \/7) @2 1 ArcTan[c x]
| +61iArcTan[cx] Polylog|2, -
cVd +e cVd -+e
( C\F r) @2 1 ArcTan[cx] ( \/7 \/7) @2 1 ArcTan[c ]
| -3 Polylog|3, -
cVd +Ve cVd -+e

6 i ArcTan[c x] Polylog|2,

] _

3 Polylog|3,

]

| 121
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Problem 1268: Unable to integrate problem.

dx

Jx3 (a+bArcTan[cx])?

(d+ex2)2

Optimal (type 4, 943 leaves, 33 steps):

c?d (aerAr‘cTan[cx])2 (aerAr'cTan[cx})2 (a+bArcTan|c
+

x])2

N
2 (c2d-e) e? 402 (1_1@ 402 (1+@
V-d -d
Zc(\/jfx/i)
(a-bArcTan e x) ) Log 2] bcv/-d (a+bArcTan[cx]) Log[( T ive) e ]
e? 2 (c2d-e)e¥?

Zc(\/jf\/i ) }

2
(a+bArcTan[cx]) Log[( cvV/-d-ive | (1-icx)

bc+/-d (a+bArcTan[cx]) Log|

+

2C(\/j+r) ]
( \/j-#]l\/i) (1-1 cx)

+

+
2¢e?

ZC(ﬁr) }

2
(a+bAr'cTan[CX]> LOg[(CNHﬂ/_) (1-i cx)

ib (a+bArcTan[c

2 (c2 d 7e) e3/2

x]) Polylog|2, 1-

1- lCX]
+

N
2 e?

ZC(HW)

ib2c~/-d PolyLog[2, 1

ib (a+bArcTan(c

e

2

x]) Polylog|2, 1-

2¢ (V-d Ve x|

]

(ﬁlr) (1-1 cx) (ﬂl\ﬁ) (1-1 cx)
4 (c?d-e)e¥? ) 2¢e?
Lo - - 2c(\/j+r) ) ) Zc(ﬂ\ﬁ)
ib?c+/-d Polylog|2, 1 | ib(a+bArcTan[cx]) PolylLog|2, 1 e ive) mien ]

(\/jJr]l\/i) (1-1 c x)

4 (czd—e) e3/2

b? PolyLog|3, 1 -
2 2 )
b? PolyLog|3, 1 - MX] )

2C(\/j*r)
([ev=d-ive) ( lncx]

b? PolyLog|3, 1 -

2 2

2¢ [=d +Ve ] ]

(\/jﬁ»]lr) (1-1 cx)

2¢? 4 e?
Result (type 8, 25leaves):

dx

fo‘ (a+bArcTan[cx] )2

(d+ex2)2

+

4 e?



Problem 1269: Unable to integrate problem.
x])2

x? (a+bArcTan|[c
J dx

(d+ex2)2

Optimal (type 4, 1033 leaves, 38 steps):
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ic(a+bArcTan[cx])? (a+bArcTan[cx])® (a+bArcTan[cx])? bc (a+bArcTan[cx]) LOg[IMX}
_ N _ N _

2 (c?d-e)e 4 03/2 (ﬂ/_ —\/?x) 4 3/2 (\/_—Jr\/?x) (c2d-e)e

2¢ [Vod Ve x] . 2¢ [V=d Ve x|
bc (a+bArcTan(cx]) Log[lﬂcx] bc (a+bArcTan[cx]) Log[( e dien | (a+bArcTan[cx]) Log[( TEivE) @i ]
(c2d-e)e . 2 (c?d-e)e : 4-/—d e¥2 B
bc (a+bArcTan[cx]) Log| 2¢ [V /e x) (a+bArcTan[cx])? Log| 2¢ [V-d e o ]
(ﬂﬂlr) ~i ¢ x) (Cﬁ+lr) ~i cx)
2 (c?d-e)e 4-/—d e32
. 2¢ (V-d /e o

i b2 c Polylog|2, 1711”} i b2 cPolylog|2, 171+MX} IbZCPOIyLOg[Z’lf(CNIJ—) 1-icx)

2 (c2d-e)e ) 2 (c2d-e)e 4 (c*d-e)e .

ZC(HW) ]

ib (a+bArcTan[cx]) PolylLog|2, 1-

i b2 c Polylog[2, 1- —— [V /e o] ]

(ﬁnr) (1-1 cx) (C\/jﬂr ~icx)
.
4~-d 32 4 (c*d-e)e
ib (a+bArcTan[cx]) Polylog[2, 1- 2¢ (V73 e x] | b2PolyLog[3, 1- 2 [Vod Ve 5] | b2PolyLog|[3, 1 2 [Vod Ve 5] ]
(\/jJrIL\/i) (1-1 cx) (C\/j IL\/i) (1-1 cx) B (\/jJrIL\/i) (1-1 cx)
4~/-d e3/2 8+/-d e32 8+/-d e3?

Result (type 8, 25leaves):
x]) 2

x? (a+bArcTan[c
j dx

(d+ex2)2

Problem 1271: Unable to integrate problem.

J(a+ b ArcTan[c Xx] )2

(d+ex2)2

dx
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Optimal (type 4, 1039 leaves, 32 steps):

ic(a+bArcTan[cx])? (a+bArcTan[cx])? (a+bArcTan[cx])? bc(a+bAr‘cTan[cx]>Log[1“X]
_ N _
2d (c’d-e) 4d\/?(\/—d—\/?x) 4d\/?(\/—d +\/?x) d(c*d-e)
2¢ (V-d Ve x) 2 2¢ (V-d Ve x|
be (a+bArcTan(cx]) LOg[lﬂcx] bc (a+bArcTan[cx]) Log[( T dien | (a+bArcTan[cx]) Log[( T ave) @ien ]
d(c?d-e) 2d (c*d-e) ) 4 (-d)¥*e

ZC(N\/_) }

bc<a+bArcTan[CX])'—°g[( Ved+ive ) (1
d +i -icx)

(a+bArcTan[cx] )2 Log]|

ZC(N\/_) ]

(cﬁ+1r> (1-icx)

2d (c*d-e) 4(—d)3/2\/?
. EROE
i b2 cPolylog|2, 1- 2¢ |
i b? cPolylog|2, l—llcx} ) ib? cPolylog|2, 1—1+MX} ) (v a-ive] aicx
2d (c*d-e) 2d (c*d-e) 4d(c2d-e)
- 2¢ (V-d Ve x) , 2¢ (V=d /e ¥
ib (a+bArcTan[cx]) Polylog|2, 1- VT ve ) aicn ib?cPolylog|2, 1 ( Taeive ] ien
4 (-d)¥*e 4d(c2d-e)
2c (V=d /e ) 2c (V=d Ve x)

ib (a+bArcTan[cx]) PolyLog|2, 1-

(Cﬁ+l\/_) (1-1 cx)

]

b2 PolyLog [3, 1-

(cﬁ 1\/_) (1-i cx)

]

b2 PolyLog [3, 1-

2C(\/j+\/7 )

(Cﬁ+l\/_) (1-1 cx)

]

4 (_d)s/zﬁ

Result (type 8, 22 leaves):

(a+bArcTan[cx])?
J dx

<d+ex2)2

Problem 1272: Unable to integrate problem.

(a+bArcTan[cx] )2
J dx

X (d+ex2>2

Optimal (type 4, 1087 leaves, 39 steps):

8 (-d

)3/2\/?

+

8 (-d

>3/2\/?
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c? (a+bArcTan[c x])2 (a+bArcTan[c x])2 (a+bArcTan[c x})2 2 (a+bArcTan[cx])*ArcTanh|1 - 1+].12CX]
- + + +
2d (c*d-e) 4d2(17®) 4 d2 (1+@) d*
S -
2c (V-d Ve x) 5 2c (V-d Ve x)
(a+bArcTan[cx] )2 Log[llcx] bcx/?(a+bAr‘cTan[cx})Log[(cﬁlr) —— (a+bArcTanfcx]) Log[(ﬁnr) o
¢? 7 2 (~d)¥2 (c2d e 7 2 '

ZC(N\/_ ) }
(cﬂﬂlr) ~icx)

2¢ [Vd /e x)

bcve (a+bArcTan[cx]) Log| v ive) @i ]

(a+bArcTan[cx] )2 Log|

2 (-d)*? (2d-e) 2d?
ib (a+bArcTan[cx]) PolyLog|2, 1—1MX} ib (a+bArcTan[cx]) PolyLog|2, 1—1+Mx] ib (a+bArcTan[cx]) PolyLog|2, —1+1+fcx}
o ) o o
ib?c+/e Polylog[2, 1- : \%Wlidr;ﬁ jcx | ib(a+bArcTan[cx]) PolyLog[2, 1- : jid(ﬁ)rxl)cx
N _

4 (-d)*? (c2d-e) 2d?
. ZC(HW) . - ZC(FM/FX)
ib2c+/e Polylog[2, 1 ( Tive] aiem ib (a+bArcTan[cx]) Polylog|2, 1 ] aiem b? PolyLog[3, 1- - “X]

a(-d)*? (cd-e) ' 22 ’ 242 )

2c (V-d Ve x) 2c (V-d +/e x)
b? PolyLog|[3, 1 - —— | b?PolyLog[3, -1+ ﬁ] b? PolyLog[3, 1- [ev-d-ive) aicx ] b*Polylog(3, 1- [ev-d+ive) aicx
2d? 2d? ) 4 d? ) 4.d?

Result (type 8, 25leaves):

J(a+bAr-cTan[c x])?
X (d+ex2>2

dx

Problem 1273: Unable to integrate problem.

(a+bArcTan[cx])?
J dx

x2 (d+ex2)2

Optimal (type 4, 1141 leaves, 42 steps):
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Jic<a+bAr‘cTan[cx})2 Jice<a+bAr‘cTan[cx})2 (a+bAr‘cTan[cx])2 \/?(anbAr‘cTan[cx])2

d? 2d? (c2d-e) d? x : 4 d2 («/7d ,\Ex)

Ve (a+bArcTan[cx])? ) bce (a+bArcTan[cx]) Log[ljcx] ) bce (a+bArcTan[cx]) Log[lﬂlcx] )
4d2 (\/—d +\/?x) d? (c2d-e) d2 (c2d-e)
2¢ (V-3 Ve x 2 2¢ (-4 Ve x|
bce (a+bArcTan[cx]) Log[(cﬁlr) o | 3+/e (a+bArcTan[cx]) Log[(cﬂlr) o ]
2d? (c2d-e) ) 4 (-d)°? -
bce (a+bArcTan[cx]) Log| (Cjid(f;)r jcx | 3+/e (a+bArcTan[cx])?Log| (cjid(g;ﬁxjcx)
+ +
2d? (c2d-e) 4 (-d)*?
2bc (a+bArcTan[cx]) Log[2 - lecx] ) ib%cePolylog|2, 1- - MX] ) ib?cPolylog|2, -1+ 1—1'ch} ) ib? cePolylog|2, 1—5} )
d? 2d? (c2d-e) d? 2d? (c*d-e)
2¢ [Va /e x)

Zc(\/jr) ]

I'LbZCGPOJ-yLOg{ZJ (cﬁ r) (1-icx)
+

3]’1b\/?(a+bAr‘cTan[cx])PolyLog[Z, (cﬂlr) o

J

4d* (c*d-e) 4 (-d)*?

ZC(HW)

i b2 cePolylog|2, 1 2¢ [V-d e ] 3ibe (a+bArcTan[cx]) PolylLog[2, 1

(C\/jﬂl\/_) ~icx)

~d
(CHHL\/_) (1-1 cx)
4d* (c*d-e) 4(-d)%?
2¢ [V-d Ve ¥ ) B 2¢ [V-d /e )
(v -ive) aicx ] 3b7e Polylog|3, 1 (VT rive) aicn ]
+

8<—d>5/2 8<—d>5/2

3b2+/e PolyLog[3, 1-

Result (type 8, 25leaves):

(a+bArcTan[cx] )2
J dx

x2 (d+ex2)2

Problem 1274: Unable to integrate problem.

(a+bArcTan[cx])?
J dx

x3 (d+ex2)2

Optimal (type 4, 1181 leaves, 47 steps):
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bc(a+bArcTan[cx]) c2 (a+bArcTan[c x])2 c’e (a+bArcTan|[c x])2 (a+bArcTan[c x])2 e (a+bArcTan[cx] )2
_ _ . _ _ _
d? x 2d? 2d? (c*d-e) 2.d? x? 44 (1_£ex

Jd

e (a+bArcTan[cx])? 4e (a+bAr‘cTan[cx])ZAr‘cTanh[l—mlzcx] b2 2 Log[x] 2€ (a+bArcTan[cx])? Log|

1- ncx}

4 (1 , Yex o o o

=l

2¢ (V- e x) e (a+bAr‘cTan[cx}>2Log[ 2¢ (Vo3 e x)
(C\/—d —i+e | (1-icx) (\/7d 1\/_) -icx)
+ +

2 (-d)*? (2d-e) d3

bce*? (a+bArcTan[cx]) Log|

ZC(HW)

2C(\/j+\ﬁ) ]
( \/Tﬂlx/_) (1-1 cx) ( \/T‘rl\/_) -icx)
+ -

2 (-d)*? (c2d-e) d3

bce*? (a+bArcTan[cx]) Log| e (a+bArcTan[cx])? Log|

72 X} 21'1be(a+bAr‘cTan[cx])PolyLOg[2 1- 1%”]
+ ! _

2d? d3 d?

2¢ [Vd e x)
2ibe (a+bAr‘cTan[cx]) PolyLog[Z, —1+E} ( cvd - I\F) “icx) }

d3 4 (-d)®? (c2d-e)

b?c?Log[1+c2x2] 2ibe (a+bArcTan[cx]) Polylog[2, 1- :

) i b2 ce*2polyLog[2, 1

2¢ [Vd /e ¥ ] 2¢ (Vd /e x) ]
(ﬁnr)llcx (ﬂ+lr)1lcx

d3 4 (-d)®? (c2d-e)

ibe (a+bArcTan[cx]) PolyLog[2, 1- ib?ce*2polylog(2, 1-

2C(”+\Ex) ]
(cﬁﬂiv?) (1-icx) 11”] X
d3 d3 d3

2¢ (-d /e x| | b?epolylog[3, 1 e (Vod e ] ]
(C\/j 1r) —i ¢ x) (Cﬁ+lr) (1-1 ¢ x)
d? 2d3 2d3

ibe (a+bArcTan[cx]) PolyLog[2, 1 -

b? e PolyLog[3, 1 - b% e Polylog(3, 1-

1+chx}

2] b? e PolylLog|[3, 1

1+1cx

b? e PolyLog[3, -1+

Result (type 8, 25leaves):

(a+bArcTan[cx])?
J dx

x3 (d+ex2)2
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Problem 1281: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

JAr‘cTan [x] Log[1 +x?] 4
X

x2

Optimal (type 4, 41leaves, 8 steps):

ArcT L 1 2
ArcTan[x]? - reTan (x] Log[1+ x| 1 Log[1+x2]2— lPolyLog[Z, -x?]
X 4 2

Result (type 4, 190 leaves):

1 1
~ |4ArcTan[x]?-4 Log[1-1x] Log[x] -4Log[1+1ix]Log[x] +Log[-1+x]2+2Log[-1 +X] Log[——jl (i+x)] +
4 2

4 ArcT Log[1+x?
(1+1x)] Logl[i+x]+Log[i+x]?- cTan [x] Log| +X]+4Log[XJ Log[1+x*] -2Log[-i+x] Log[1+X?] -
X

2 Log|

N |

1 1ix 1
2Llog[i +x] Log[1+x?] +2PolyLog[2, —+ ~—| -4Polylog[2, -ix] -4Polylog[2, ix] +2Polylog[2, - — i (i+X) |
2 2 2

Problem 1283: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

JAr‘cTan [x] Log[1+x2]
dx

x4

Optimal (type 4, 81 leaves, 18 steps):
2 ArcT ArcT 2 1 Log|1 + x? ArcTan[x] Log|1 + x? 1 1

_2ArcTan(x] ArcTan[x] +Log[x] - — Log|1+x?] - el } - [x] Log| ] + —Log[1+x2]2+ ~ PolyLog[2, -x?]

3x 3 2 6 x2 3x3 12 6

Result (type 4, 238 leaves):
1 8 ArcTan[x]

—4ArcTan[x]2+4Log[x] +4Log[1-1x] Log[x] +4Log[1+1x] Log[x] -
12 X

(1+1x)]Log[i+x]-Log[i+x]?+8Log|

} _

Log[-i+x]%-2Log[-1i +X] Log[—lj (1+x)]-2Log|
2

N R

V1 +x?

2Log|1+x?| 4ArcT Log |1+ x?
og1+x’] _ dArctanix] og[1+x’] -4 Log[x] Log[1+x?] +2Log[-1+x] Log[1+x?] +

2Log[1+x?] -

x2 x3

2Log[i +x] Log[1+x?] -2PolyLog|2,

N |

1 X 1
+~—] +4Polylog[2, -1ix] +4Polylog[2, ix] -2Polylog[2, - — i (i+X) |
2 2
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Problem 1285: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

dx

JAr‘cTan [x] Log[1 +x?]
6

X

Optimal (type 4, 114 leaves, 26 steps):

7 2ArcTan[x] 2ArcTan[x] ArcTan[x]2 5Llog[x] 5 X
- +—Log[1+x?] -

_60X2 ) 15 x3 : 5x " 5 6 12
2 2 2
Log[1+x?] X Log[1+x?] ~ ArcTan [x] Log[1+x?] 7iLog[1+x2}zfiPolyLog[2, ]
20 x4 10 x2 5 x> 20 10

Result (type 4, 315leaves):

- . 7x3+4x° +8x%ArcTan[x] - 24 x* ArcTan[x] - 12 x° ArcTan[x]2 + 18 x° Log[x] + 12 x° Log[1 - i x] Log[x] + 12 x° Log[1+ 1 x] Log[x] -
60 X

3x°Log[-1+Xx]%2-6x°Log[-1 +X] Log[flj (i+x)]-6x° Log[l (1+1ix)] Log[i+x] -3x°Log[i+x]?+32x° Log[L] +
2 2 V1+x?
3xLog[1+x?] -6x®Log[1+x?| -9x°Log[1+x?] +12ArcTan[x] Log[1+x?] - 12x° Log[x] Log[1 +x?] + 6 x> Log[-1i + x] Log[1+Xx?| +

5 . 2] g5 4. 1x 5 . 5 . .5 1o
6 x> Log[i +x] Log[1+x?] - 6x®PolyLog[2, =+ —| +12x° Polylog[2, -i x] +12 x> PolyLog[2, i X] - 6 x> PolylLog|2, i(d+x)]
2 2 2

=

Problem 1291: Unable to integrate problem.

J(a+bAr'cTan[cx}> (d+eLlog[1+c2x?]) i

X
Optimal (type 4, 282 leaves, 18 steps):

1 1 1
adlog[x] + —ibelog[icx]Log[l-icx]?-—1ibelog[-1cx]Llog[l+icx]?+—1bdPolyLog[2, -1 cXx] -
2 2 2
1 1
—ibe (Log[l-icx]+Log[l+icx] —Log[1+c2x2}> Polylog[2, -icx] - — i bdPolylLog[2, i cx] +
2 2

1- . . 2,2 . 1 2 2

—ibe (Log[1-icx]+Log[l+1icx]-Log[l+c?x*|)Polylog[2, icx]-—aePolylog|2, -c®x?] +

2 2
ibelog[l-1icx]PolyLog[2,1-icx]-1ibelog[l+1cx]PolylLog[2,1+1icx]-1bePolylLog[3,1-1icx]+1bePolylog[3, 1+1cXx]

Result (type 8, 28 leaves):

J(a+bAr‘cTan[cx]) <d+eLog[1+c2x2]) ax

X
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Problem 1292: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

J(a+bAr‘cTan[cx1) (d+elog[1+c2x?])

dx
XZ
Optimal (type 4, 100 leaves, 6 steps):
b ArcT 2 b ArcT d+elog[l+c2x?
ce (a+bArcTan[cx]) 7<a+ rcTan[cx]) (d+elog[l+c X”+1bc(d+eLog[1+c2X2])Log[l— 1 }71bcePolyLog[2, 1
b X 2 1+c2x? 2 1+c?x?

Result (type 4, 362 leaves):

1
— |-4ad-4bdArcTan[cx] +8acexArcTan[cx] +4bcexArcTan[cx]2+4bcdxLog[x] +
4 x

i 2 i 2 i
bcexlog[-—+x| +bcexLog[~+x| +2bcexLog|[-—+x] Log|
c c c

N |

(1-icx)|-4bcexLlogx] Log[1-1icx]+

1
2bcexLlog[— +x]| Log|
c

N |

(1+icx)]-4bcexLlog[x] Log[l+icx]-4aelog[l+c®x*|-2bcdxlog[1l+c®x?]-

4beArcTan[cx] Log[1+c?x?| +4bcexLog[x] Log[1+c?x?] —2bcexLog[—£+x} Log[1 +c? x?] —2bcexLog[£+x} Log[1+c?x?] -
c c
1cx

1 1 icx
4bcexP01yLog[2,—1’1cx]—4bcexPolyLog[2,chx]+2bcexPolyLog[2,f— ]+2bcexPolyLog[2,7+ ]
2 2 2 2

Problem 1294: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

dx

J(a+bAr'cTan[cx}) (d+eLog[1+c2x?])
4

X

Optimal (type 4, 189leaves, 15steps):

_2c2e(a+bAr‘cTan[cx]) _c3e(a+bAr'cTan[cx])2+bc3e|_og[x] —lbc3eLog[1+c2x2} _bc (1+c2x?) (d+elog[l+c?x?]) i

3 x 3b 3 6 X2
(a+bArcTan[cx]) (d+elog[1+c?x?])

1

|+ 1 bc®ePolylog|2, !

1
“bc® (d+elog|l+c?x?|) Logl|1 -
6 ( ' g[ ' ]) g[ 1+c2x? 6 1+c2x?

3 x3

Result (type 4, 420 leaves):
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4ad+2bcdx+4bdArcTan[cx] +4bc®dx®Log[x] -2bc?dx® Log[1+c?x?] +

12 x3
cx
4ae (22X (1+chr‘cTan[cx])+Log[1+c2x2])+be 4c?x? |2ArcTan[cx] +cxArcTan[cx]? -2 cx Log[————] | -
V1+c?x?

2cx? (2Log[x] - Log[1+c*x?]) +2Log[1+c®x*| (cx+2ArcTan[cx] +2cx® Log[x] - > x* Log[1+c® X?]) -
4c*x? (Log[x] (Log[l-1icx]+Log[l+icx])+Polylog[2, -icx] +Polylog[2, icx])+

A x3 Log[—j—+x]2+Log[i—+x]2—2 Log[—j—+x}+Log[£+x]—Log[1+c2x2] Log[1+c®x?] +
c c c c
2 Log[i—+x] Log[l(1+icx”+PolyLog{2, l_jcx] +2 Log[—j—+x} Log[l(l—icx)]JrPolyLog[z, l+j1cx] J]
C 2 2 2 C 2 2 2

Problem 1296: Unable to integrate problem.

J(a+bArcTan[cx}> (d+eLlog[1+c2x?]) i

x6

Optimal (type 4, 248 leaves, 24 steps):

7bcle 2c?e (a+bArcTan[cx]) 2c*e (a+bArcTanfcx]) c‘-‘e(a+bAr‘cTan[cx])2

+ + -

60 x? 15 x3 5 X 5b
b d L 1 2 x? bec3 (1 2 x? d L 1 2 x?
EbcseLog[XJ+Ebc5eLog[1+c2x2}7 C( re og[ +CX]>+ ¢ ( +CX)< te og[ +CX])7
6 60 20 x4 10 x2
b ArcT d L 1 2 x2
(2 +bArcTan[cx]) [d+elog[lc X]>+ibc5 (d+elog[1+c*x?]) Log[1- ! ]—ibcsePolyLog[Z,
5 x5 10 1+c2x? 10 1+c2x?

Result (type 8, 28 leaves):

dx

J(a+bAr‘cTan[cx}> (d+elog[1+c2x?])
6

X

Problem 1297: Result more than twice size of optimal antiderivative.

Jx (a+bArcTan[cx]) (d+elog[f+gx?]) dx

Optimal (type 4, 562 leaves, 21 steps):
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b(d-e)x bex b(d-e)ArcTan[cx] 1 1 be\/?Ar‘cTan[ﬁx}
- + + +=dx* (a+bArcTan[cx]) - —ex* (a+bArcTan[cx]) - -
2¢ C 2¢? 2 2 cVg
2¢ [V /g ¥ 2¢ (VF e x)
2f_g) ArcT L 2§ _g) ArcT L
be(czf—g) ArcTan[c x] Log[ﬁ} be(c g) rctanfex] Og{(cﬁfj@) (1-i cx) be(c g) reTanfex] og[(cﬁqﬁ) (1-i ¢ x)
+
c’g 2c?g 2c’g

bexlog[f+gx?] be (c2f-g)ArcTan[cx] Log|[f+gx?] e (f+gx?) (a+bArcTan[cx]) Log|f+gx?]
- + +

2c 2c’g 2g
2c(ﬁ—\/gx)

ZC(\/TH/EX)

ibe (c2f-g) PolylLog[2, 1- ibe (c2f-g) PolylLog[2, 1-

ibe (c2f-g) Polylog[2, 1- —2—]

1-1cx

(cﬁ—iﬁ) (1-i cx) (cx/jﬂl\/g) (1-1 cx)

2c?g 4c’g 4c%g

Result (type 4, 1138 leaves):

1

; -2bcdgx+6bcegx+2ac’dgx’*-2ac’egx?+2bdgArcTan[cx] -2begArcTan[cx] +2bc?dgx?ArcTan([cx] -
4c g

c2

\/EX]+4Jibc2efAr‘cSin[ }Ar‘cTan[&]—

2
\/? C'F_g ;cz.Fg

| -4bc?efArcTan[cx] Log[1+e?iArcTanlexl] . abegArcTan(cx] Log|1 + e?*ArcTaniex]]

2bc2egx?ArcTan[cx] -4bce/f /g ArcTan|

2
cf ]Ar‘cTan[i

c2f-g /cz'Fg
2 2 1 21 ArcTan[c X] f -1 2 i ArcTan[c x] -2 2 iArcTan[cx] |/ Z.F
2bc?efArcSin| ZCTC ]Log[c (1re ) F+ | +<e2 Jg-2e ¢ g},
ccf-g ccf-g

CZ'F } Log[cz (1+eziAr‘cTan[cx]) f+ (71+e21‘LAr‘cTan[cx]> gfzeziAr‘cTan[cx] /cz.Fg
c*f-g 2f-g

41ibegArcSin|

2begArcSin|

|+

c2 <1+e2jAr‘cTan[cx]> f+ (71+621Ar‘cTan[cx]) gizeZiAr‘cTan[cx] /cz.Fg
c2f-g

C2 (1+621ArcTan[cx]) f 4+ (71+e2jAr‘cTan[cx]> g72e2j1Ar‘cTan[cx] ;Cz.‘:g
c2f-g

2bc?efArcTan[cx] Log|

} .

2begArcTan[cx] Log|

] -
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CZ.F eZJiAr'cTan[cx] [c2f+g+2 lcz.f:g]

2bc?efArcSin| | Log[1+ |+
c?f-g c?f-g
CZ.F eZJiAr‘cTan[cx] (C2f+g+2 ,szg) eZiAr'cTan[cx] (C2f+g+2 /cz.Fg)
2begArcSin| | Log[1+ | +2bc?efArcTan[cx] Log[1 + | -
c2f-g c2f-g c2f-g
<e21'LAr*<:Tan[cx] [CZ‘F+g+2 'CZ'Fg]

2begArcTan(cx] Log[1+ | +2ac?eflog[f+gx?] -2bcegxLlog|[f+gx?| +

c2f-g
2ac’egx®Llog[f+gx?| +2begArcTan[cx] Log[f+gx?| +2bc?egx?ArcTan[cx] Log[f + g x?] +

erAr‘cTan[cx] (c2f+g—2 'CZ'Fg J

2ibe (c?f-g) Polylog[2, —e**ArcTeniexl] _jpe (c* f-g) Polylog|2, - ; | -
c’f-g

erAr‘cTan[cx] (c2f+g+2 ,CZ‘Fg J eZiArcTan[cx] (C2f+g+2 /cz.Fg )
| +ibegPolylog|2, -

c2f-g c2f-g

ibc?efPolylog|2, -

]

Problem 1298: Result more than twice size of optimal antiderivative.

J(a+bAr‘cTan[cx]) (d+eLog|[f+gx?]) dx

Optimal (type 4, 656 leaves, 28 steps):

VF VE x VFE x

fex] ibey-f Log1+icx] Log[" ibe+/—F Log[l-icx] Log|"
2ae\/?ArcTan[F] ibe~ 0g[1l+1cx] og{cﬁfj@} ibe og[1-1icx] Log| cﬁ+w§]
-2aex-2bexArcTan[cXx] + . i )
Ve 2/g g
. , c [V-F +/g x . . e (VoFE x
ibe+/-f Log[l-1icx] Log| e | ibe+v-f Log[l+icx] Log| Cﬁﬂi\g} beLog|1scx
_ . )
2Ve 2+/g c
bLog[_L(hc—zxzu (d+eLog[-F+gX2” ibe~_F POlyLOg[Z, M}
2 cfe o Foivg
x (a+bArcTan[cx]) (d+elLog|[f+gx?]) - )
2c 2@
ib _f PolylLog[2, Y& 1icx i be+/—f Polylog|2, Y& =icx i be~/—f Polylog[2, /e tizcxl & (fogxt)
ibe+/-F Polylog| jcﬁ+@]+1 e/ f Polylog[2, YE B0 jpe/of Polylog[2, VAL pepolylog[2, <A

2/g 2/g _ 2/g _ 2¢
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Result (type 4, 1362 leaves):

adx-2aex+bdxArcTan]c

bdLog[1+c2x?]

+
2c

beg

(—Log[—i—ﬂ(] —Log[i—+x] +Log[1+c2x2}) Log[f + g x?]

2aeﬁArcTan[%]

X] +
Ve
L 1 2 y2
aexlog[f+gx?| +be xAr‘cTan[cx]—M Log[-FJrgx2]+1
2¢ c
Log[-* +x] Log[1 - g [ lj,} +Polylog|2, Vel ]
F-le

,]'L\/T,i\/?

c c

+

+

2g 2g

Log[—l+x} Log[l— e 7]‘;;] +PolyLog[2, M} Log[i+x} Log[l— M} +PolyLog[2, e lfxﬁ
° syl cyrle ° e e
2g : 2g :
LOg[i_JrX] Log|[1 - ﬂ%} +PolyLog|2, e Lxr
]'1\/7+]l 8 jr+j 8
i i —ibe 4 cxArcTan[cx] +4 Log| + !
2g 2c \/1+C2X2 \/—CZ'Fg
5 \-c¢tfg c2f+g cgx c2f+g . cgx
c?f |4 ArcTan[c x] ArcTanh| | - 2ArcCos |- ; | ArcTanh| ————] - |ArcCos [ - ; | -2iArcTanh | ————]
ccf-g /7c2-Fg ccf-g ,—cz-Fg
2c2f(1g+x/—c2FgJ ~i+cx) Cfig Cax Ziczf(g+ix/—c21‘:g)(i+cx)
Log |- - |ArcCos | - ; | +21iArcTanh| ————] | Log] |+
(c2f-g) (2'F—C\/ 2fg x f-g N -c2fg (c2f-g) (czf—cd—czfgx
2 [ 2.f: ~iArcTan[cx] ./ _ 2.f:
ArcCos [ - c2f+g] —ZjArcTanh[A] +21’1Ar‘cTanh[L] Log | V2 e cre |+
f-g cgx N -c?fg N -c2f+g \/ c2f- g+ - 2f+g) Cos[2ArcTan[c x] ]
2 _ Z.f: i ArcTan[c x] _ 2.{:
ArcCos | c2f+g] +21‘1Ar‘cTanh[i] 721ArcTanh[i] Log | V2 e < rE |+
c“f-g cex \ -c?fg N -c2f+g \/ c2f- g+ - 2f+g) Cos[2ArcTan[c x] ]
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[c2f+g—21'1«/—c2fg) [c2f+c«/—c21:g x] (cz-F+g+2j1x/—c2-Fg) (C2F+c«/—c2fg x)
| +Polylog|2,
(c2f-g) (Cz'F—C\/—CZ'Fg x) (c2f-g) (czf—c«/—cz-ng

i |-PolyLog|2,

]

Problem 1301: Result more than twice size of optimal antiderivative.

dx

J(a+bAr‘cTan[cx1> (d+eLog[f+gx])
3

X

Optimal (type 4, 528 leaves, 22 steps):

ZC(ﬁ—rx) }

bce\/EArcTan[%] aeglog(x] be(cszg) ArcTan[c x] Log[ﬁ] be(cz-F*g) ArcTan[c x] Log[(cﬁijrg) on
+ - + +
VE f f 2f
2¢ (VF e ¥
be (c2f-g) ArcTan[cx] Log| (
V-Frive) a-i Log|f 2l bc(d+elog|f 2
L §) arico _ace il +gx]7 ¢ (d-elog] +gx])—lbc2Ar‘cTan[cx} (d+eLog[f+gx?]) -
2f 2f 2 X 2

(a+bArcTan[cx]) (d+elog[f+gx?]) ibegPolylog[2, -icx] ibegPolylog[2, i cx] ibe (c*f-g) POIYLOg[Z’l’l,fcx}
+ - + -
2 x2 2f 2f 2f
2¢ (VF Ve ¥ 2¢ (VF g ¥
(C\/T—J‘m@) (1-1 ¢ x) (C\/TJr]'l\/E) (1-1 cx)

4f 4f

ibe (c?f-g) Polylog|2, 1-

ibe (c2f-g)Polylog|2, 1-

Result (type 4, 1213 leaves):
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1 VE X
- 2adf+2bcdfx+2bdfArcTan[cx] +2bc?dfx?ArcTan[cx] -4bce~/f /g x*ArcTan| g | -
4 f x? NI

2 2
i}+41‘1begx2Ar‘cSin[ cf }Ar‘cTan[i]—

4ibc?efx?ArcSin|
\Jc2fg

| ArcTan|

2 2
ccf-g /cz-Fg ccf-g

4begx?ArcTan[c x] Log[1 - e?tArcTaniex ] 4p c? e fx? ArcTan[c x] Log[1 + e?tArcTaniex) ] _

CZ'F CZ 1+ erAr‘cTan[cx] f+(-1+ (EZJiAr-cTan[cx] g- Z(EZJiAr'cTan[cx] lcz.':g
2bc?efx?ArcSin| | Log| ( ) ( ) |+
2 2f_
ccf-g ccf-g
CZ'F c2 1+ eZJiAr‘cTan[cx] f+(-1+ eZJiAr‘cTan[cx] g72e2iAr‘cTan[cx] /cz.Fg
2begx*ArcSin| | Log] ( ) ( ) ] -
c2f-g c2f-g
CZ 1+ eZJiAr‘cTan[cx] f+(-1+ eZJ‘LAr‘cTan[cx] g- 2 eZiAr‘cTan[cx] /CZ‘Fg
2bc?efx*ArcTan[cx] Log| ( ) ( ) ]+
c2f-g
c2 1+eZiArcTan[cx] f+ _1+(EZJiAr‘cTan[cx] g_z(EZJiAr‘cTan[cx] ICZ.Fg C2‘F
2begx?ArcTan[cx] Log| ( ) ( ) | +2bc?efx?ArcSin| ]
c2f-g c2f-g
eZJiAr‘cTan[cx] (c2f+g+2 /CZ.Fg) CZ.F eZiLAr‘cTan[cx] [c2f+g+2 'szg]
Log|1+ | -2begx?ArcSin| | Log[1+ | -
c2f-g c2f-g c2f-g

eZﬁAr‘cTan[cx] (c2f+g+2 ICZ.f:g J eZﬁAr‘cTan[cx] [c2f+g+2 ;szg ]
| +2begx?ArcTan[cx] Log[1+

c2f-g c2f-g
4aegx’log[x] +2aeflog[f+gx?| +2bcefxLlog|[f+gx*| +2aegx?Log|[f+gx?| +2befArcTan[cx] Log[f+gx?| +
2bc?efx?ArcTan[cx] Log[f+gx?| -21ibc?efx?Polylog[2, -e?!ArcTanicx] 1 2 j begx?Polylog|2, e? tArcTaniex)]

eZJiAr‘cTan[cx] (CZ'FJrng ;Cz.‘:g eZJiAr'cTan[cx] [CZ‘FJrng 'cz-Fg]
| -ibegx?Polylog|2, -

c2f-g c2f-g

eZﬁAr‘cTan[cx] (c2f+g+2 'CZ'Fg J eZiAr‘cTan[cx] [c2f+g+2 'CZ'Fg ]
| -ibegx?PolyLog[2, -

c2f-g c2f-g

2bc?efx?ArcTan[cx] Log|[1 +

} _

ibc?efx?Polylog|2, -

|+

ibc?efx?Polylog|2, -

}



Test results for the 70 problemsin "5.3.5 u (a+b arctan(c+d x))*p.m"

Problem 4: Result more than twice size of optimal antiderivative.

a+bArcTan[c +dx]
J dx

ce+dex

Optimal (type 4, 63 leaves, 5steps):

alog[c+dx] 1ibPolylog[2, -i (c+dx)] ibPolylog|2, i (c+dx”
. _
de 2de 2de

Result (type 4, 189leaves):

- (ibn*-4ibrArcTan[c+dx] +8ibArcTan[c+dx]®+bLog[16] -
8de

4brLog[l+e2tArcTanicrdxl ] g ArcTan[c +dx] Log[1+ e 2 ArcTanlcxdx] | _gphArcTan[c +dx] Log[1 - e tArcTanlcrdx] ] _
8alog[c+dx] -2brlog[l+c*+2cdx+d>x*| +41ibPolylog|2, -e 2 ArcTan(cxdx]] 4 44 b Polylog|2, e*!ArcTanicrdx] )

Problem 10: Result more than twice size of optimal antiderivative.

J(aerAr‘cTan[c+dx])2 4
X

ce+dex

Optimal (type 4, 183 leaves, 8steps):

2 (a+bArcTan[c +dx] )ZAr‘cTanh[l— m] ib (a+bArcTan[c+dx]) Polylog|2, 1- m}
de - de
ib(a+bArcTan[c+dx]) Polylog[2, -1+ m} b2 PolyLog|[3, 1 - m] b2 PolyLog[3, -1+ m]
de ) 2de : 2de

Result (type 4, 381 leaves):
1
24de
abLog[16777216] + 24 b? ArcTan[c + dx]? Log[1 - e 2tArcTanlcrdxl ] 24 a by Log |1 + e 2L ArcTanlcrdx) |

48 abArcTan[c+dx] Log[1+e2ArcTanicsdx] |, a8 abArcTan[c + d x] Log|1 - e? tArcTan(exdx] | _

(-6iabs®-ib*n’+24iabrArcTan[c+dx] -48iabArcTan[c+dx]?+16ib*ArcTan[c+dx]> -

5.3 Inverse tangent.nb

24 b ArcTan[c +d x]? Log[1 + e tArcTanicrdx] ] 4 24 32 Log[c+dx] +12ablog[l+c*+2cdx+d*x?| - 241 abPolylog|2, e 2iArcTanicdx]]

24 i b? ArcTan[c + d x] Polylog[2, e 2tArcTanlerdxl ], 24§ p2 ArcTan[c +d x] Polylog[2, -e? tArcTanlerdx] | _
241iab PolyLog [2, eszr‘cTan[md x] ] 112 b2 PolyLog [3, e—ZJ‘lAr‘cTan[md x] ] ~12 b2 PolyLog [3, 7e21'1Ar‘cTan[c+d x] } )

| 137
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Problem 17: Result more than twice size of optimal antiderivative.

J(a+bAr‘cTan[c+dx])3
dx

ce+dex

Optimal (type 4, 279 leaves, 10 steps):

3 2 . 2 - 2
2 (a+bArcTan[c+dx]) ArcTanh |1 - T | 3ib (a+bArcTan[c+dx]) Polylog[2, 1 T ]
- +
de 2de
. 2 2 2 o2
3ib (a+bArcTan[c+dx])*Polylog[2, -1+ e | 3b%(a+bArcTan[c+dx]) Polylog|3, 1 e ]
- +
2de 2de
2 _ 2 i h3 _ 2 © K3 _ 2
3b% (a+bArcTan[c+dx]) Polylog[3, -1+ —— | 3ib*PolyLog[4, 1 e | 3ib3PolyLog[4, -1+ e ]
. _
2de 4de 4de

Result (type 4, 562 leaves):

(64a°Loglc+dx] -241ia’b
64de

(7r2 —4ArcTan[c+dx] + 8ArcTan[c+dx]% -1 Log[16] +4 i Log[l + @ 2iArcTan[cdx] ] -81ArcTan[c +dx] Log [1 + @ 2iArcTan[c+dx] } +81
ArcTan([c+dx] Log[1-e?*ArcTanicdx]] 4 2 ;log[1+c?+2cdx+d?x?| +4PolylLog|2, —e2ArcTanicdx] ] 4 4 polylog|2, g2t ArcTan(cdx] ] ) +
8ab? (-is°+16iArcTan[c+dx]>+24ArcTan[c+dx]? Log[1- e 2iArcTanicrdx] | _ 24 ApcTan[c + d x]2 Log[1 + e? tArcTan(erdx] ],
24 i ArcTan[c + d x] Polylog[2, e 2tArcTanicrdxl ], 245 ArcTan[c + d x] PolyLog[2, —e?*ArcTanicrdx] |,
12 Polylog|3, e 2iArcTanlcrdxl] _ 13 polylLog[3, -2 ArcTan(crdx] ]) -
ib? (n*-32ArcTan[c+dx]*+641iArcTan[c+dx]?Log[1-e 2 ArcTanicxdx]] _ 64§ ArcTan[c +dx]? Log[1+e? ArcTanicrdx] ] _ 96 ArcTan[c +d x] >
PolyLog[z, e‘“A'"CTa”[“dX]] - 96 ArcTan[c +d x]? PolyLog[Z, —e“A’"CTa”[C*dX]] +96 1 ArcTan[c + d x] PolyLog[B, @ 21 ArcTan[cxd X]] -
96 i ArcTan[c +d x] PolylLog [3, _ @2 i ArcTan[c+dx] ] + 48 Polylog [4, @ 21iArcTan[c+dx] ] +48 PolylLog [4, _ @2 1 ArcTan[c+dx] } ) )

Problem 21: Result more than twice size of optimal antiderivative.

dx

JAr‘cTan [1+x]
2+2X

Optimal (type 4, 31leaves, 5steps):

1ijolyLog[z, -1 (1+x)] - 1ijolyLog[z, i(1+x)]
4 4

Result (type 4, 138 leaves):

1 ) .
-— 1 (m®-4rArcTan[1+x] +8ArcTan[1+x]?-1iLog[16] +4 i mLlog[1l+e 2 ATTantx] _ 8 i ArcTan([1+x] Log[1+e 2 ArcTan(tod |,
16

8 i ArcTan[1+x] Log[1-e?*Ar<Tenix)] 4 2§ rlog[2+2x+Xx?| +4Polylog[2, —e 2*ArcTani1x] | 4 4 polylog|2, e tArcTanilx] )
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Problem 22: Result more than twice size of optimal antiderivative.

ArcTan[a + b x]
—dx
ad |, gx
b

Optimal (type 4, 41 leaves, 5steps):
iPolylog[2, -i (a+bx)]| iPolylog[2, i (a+bx]]
2d 2d

Result (type 4, 168 leaves):

1 ) )
-—1i (m®-4rArcTan[a+bx] +8ArcTan[a+bx]?-iLog[16] +4 i wlLog[l+e 2 ArcTanasdx]] _g i ArcTan[a+bx] Log[1+e 2 iArcTaniarbx] ]
8d

8 i ArcTan[a + b x] Log[l—e“A"Ta”[a*bX]] +2]’17rLog[1+a2+2abx+ b? xz} +4PolyLog[2, —e‘“””an[a*bx]} +4PolyLog[2, e“A“Ta”[a*bX]])
Problem 31: Result more than twice size of optimal antiderivative.
J(e+fx)2 (a+bArcTan[c+dx])?dx

Optimal (type 4, 382 leaves, 16 steps):

b2 £2 x 2abf(de7cf)x b2 f2 ArcTan[c + d X ] 2b2f(de7cf> (c+dx>ArcTan[c+dx] bfz<c+dx)2(a+bAr‘cTan[c+dx})

+

3d? d? 3d3 d? 3d3
i(3d?e?-6cdef- (1-3c?) f?) (a+bAr‘cTan[c+dx})2_ (de-cf) (d?e’-2cdef- (3-c?) f?) (a+bAr‘cTan[c+dx}>2+
3d? 3d°f

(e+.FX>3 (a+bAr‘cTan[c+dx])2+2b<3d2e2‘6Cde‘c‘ (1-3c?) f2) (a+bArcTan[c+dx]) Log[m] )

3f 3d3
bzf(de—cf) Log[1+(c+dx)2] i b2 (3d2e2—6cdef—(1—3c2)f2) PolyLog[Z,l—m}

+
d? 3d3

Result (type 4, 801 leaves):
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1

a?e’x+atefx?+ —atfixd+
3 3d°

ab (—dfx(Gde—4cf+d-Fx) +2(3def-3c’def+c*f*+3c (d®e®-f?) +d’x (3e?+3efx+f>x*)) ArcTan[c+dXx] +

(-3d%e*+6cdef+ (1-3c?) f?) Log[1+ (C+dx)2]) .-

d
b%>e? (ArcTan[c+dx] ((-i+c+dx)ArcTan[c+dx] +2Log[1+e?tArcTanlcrdxl ) _j polylog|2, —e? tArcTanlcrdx) | ) iz
d
b2ef ((1+21’1c—c2+d2x2)Ar‘cTan[c+dx]2—2Ar‘cTan[c+dx} (c+dx+2clog[l+e?tArcTanicdxi])
. 1 3/2
2 . ~ 21iArcTan[c+dX] 2 2 2
Log[1+ (c+dx)?] +2i cPolylog|2, -e?*ArcTanic X”+12d3b f (1+(c+dx) )
c+dx 6c (c+dx)ArcTan[c+dx] 3 (c+dx)ArcTan[c+dx]? 3c?(c+dx)ArcTan[c+dx]?
+ + +1ArcTan[c +dx]?

+
«/1+(c+dx>2 «/1+<c+dx)2 ’\/1+<C+dx)2 «/1+(C+dx>2
Cos[3ArcTan[c+dx]] -3 1ic?ArcTan[c+dx]?Cos[3ArcTan[c+dx]] - 2ArcTan[c +dx] Cos[3ArcTan[c+dx]] Log[1+e? ArcTanlcrdx]]

) 1 1
6 c> ArcTan[c +d x] Cos[3ArcTan[c+dx]] Log[1+e?iArcTanicrdx]] , 6 c Cos[3 ArcTan[c +dx]] Log| |+

\/1+(c+dx)2 \/1+(c+dx>2

1 ] -

(3i-12c-9ic?) ArcTan[c+dx]?+2ArcTan[c+dx] (-2+ (-3+9c?) Log[1+e2 ArcTanicdxl]) , 18 ¢ Log|
1+ (C+dx>2

41 <71 +3 c2> PolylLog {2" 7e2ﬁAr‘cTan[c+dx]]

(1+ <C+dx)2)

. +Sin[3 ArcTan[c+dx]] +6 cArcTan[c +d x] Sin[3ArcTan[c +dXx]] -

ArcTan[c +dx]%Sin[3ArcTan[c+dx]] +3c?ArcTan[c +dx]2Sin[3ArcTan[c +dx]]

Problem 34: Unable to integrate problem.

J(a+bAr‘cTan[c+dx])2
dx

e+fx

Optimal (type 4, 261 leaves, 2 steps):
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2 2 2 2d (e+fx)
(a+bArcTan[c+dx]) Log[l_jl v ] (a+bArcTan[c+dx]) Log| FTST RS —— ]
- + +
f f
X B 2 . _ 2d (e+fx)
ib (a+bArcTan[c+dx]) PolylLog[2, 1 P | ib (a+bArcTan[c+dx]) PolylLog[2, 1 T — ]
£ f
2 B 2 2 B 2d (e+fx)
b PolyLog[EB, 1 1-i (c+dx) ] b PolyLog[B, 1 (de+if-cf) (1-i (c+dx)) }

+

2f 2f

Result (type 8, 22leaves):

J(a+bAr‘cTan[c+dx])2
dx

e+fXx

Problem 36: Result more than twice size of optimal antiderivative.

J(eﬂcx)z (a+bAr‘cTan[c+dx])3dlx

Optimal (type 4, 564 leaves, 21 steps):

ab?f2x b>f2 (c+dx)ArcTan[c+dx] bf?(a+bArcTan[c+dx])? 3ibf (de-cf) (a+bArcTan[c+dx])?

@ o 2d° ) o )
3bf (de-cf) (c+dx) (a+bArcTan[c+dx])® bf?(c+dx)? (a+bArcTan[c+dx])?
d? 243
i(3d?e?2-6cdef- (1-3c2) f2) (a+bArcTan[c+dx])’> (de-cf) (d?e?-2cdef- (3-c2) ) (a+bArcTanc+dx])?
- +

343 3d3f
e+ £x)® (a+barcTan(c dx))? 66 (de ] (asbArcTan(csdx]) Log[ ;2]

1+ (c+dXx)
- +

3f d3
b(3d?e?-6cdef- (1-3c?) f2) (a+bArcTan[c+dx])’Log|

+

1+1 (i+dx) ] B b3 -FZ LOg[1+ (C +dX)2]

& 2d3

3ib3f (de-cf) Polylog[2, 1- — (idx) | ib? (3d2e*-6cdef- (1-3c?) f2) (a+bArcTan[c+dXx]) Polylog|2, 1- - (idx) ]
d3 ' o +

b (3d?e?-6cdef- (1-3c?) f2) Polylog([3, 1- — de)

2d3

Result (type 4, 1839 leaves):
a’ (ad’e’-3bdef+2bcf?)x a?f(-2ade+bf)x* 1
- +—adfix3+
d? 2d
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(3a’bcd?’e’+3a’bdef-3a’bc?def-3a2bcf?+a’bc’f2) ArcTan[c +dx]

+

d3
(-3a’bd’e?+6a’bcdef+a’bf?-3a2bc?f?) Log[1+c?+2cdx+d?x?|
a’bx (3e*+3efx+f>x?) ArcTan[c +dx] + ; +
2d
Log%
(c+dx) ArcTan[c+dx] ¢ (c+dx) ArcTan[c+dx]? (1+(C+dX)Z)Af‘CTan[C+dXJZ [hﬁdxz}
6ab’ef |- - + - ( ) +
d? d? 2 d? d?

1 1 . 1 )
—22 C [— iArcTan[c+dx]?-ArcTan[c+dx] Log[1+e? ArcTanicdx] ], = j polylog|2, -e? *ArcTanicrdx] | 1]
d 2 2

Q |-

3ab?e” (ArcTan[c+dx] (-iArcTan[c+dx] + (c+dx) ArcTan[c+dx] +2 Log[1+ e ArTanlesdxl ) _j polylog|2, -e?tArcTanicxdxi|)

lb_’; e2

ArcTan[c+dx]? (-iArcTan[c+dx] + (c+dx) ArcTan[c +d x] + 3 Log[1 + et ArcTan(exdx] ) _

. 3 )
31 ArcTan[c +d x] PolyLog[Z, —e“A“Ta"[c*dx]} + = PolyLog[3, fe“A’"CTa”[“dx]}) +
2
1.5 - - 2 2 2
7b ef (Ar‘cTan[c+dx] (3]1Ar‘cTan[c+dx} +21cArcTan[c+dx]*+ (1+ (c+dx) )Ar‘cTan[c+dx] -
d
(c+dx) ArcTan[c+dx] (3+2cArcTan[c+dx]) - 6Log[1+e?iArcTanicrdx| _ g c ArcTan[c +d x] Log[1+e2“'"”a”[“dx]” +

31 (1+2cArcTan[c+dx]) Polylog|2, —e?*ArcTenicdxl ] _ 3 ¢ polylog|3, - e tArcTanicrdx] | ) +

3/2 c+dx 6c (c+dx) ArcTan[c+dx] 3 (c+dx)ArcTan[c+dx]?
+ +

«/1+(c+dx)2 «/1+<C+dx)2 «/1+<C+dx)2

3c? (c+dx) ArcTan[c+dx]?

1 2
Eabzw‘:2 (1+<c+dx) )

+1ArcTan[c+dx]2Cos[3ArcTan[c+dx]] -3 1 c?ArcTan[c+dx]?Cos[3ArcTan[c+dx]] -
1+ (C+dx)2

2ArcTan[c+dx] Cos[3ArcTan[c +dx]] Log[1+e2*ArcTanicsdxl] 4 6 c2 ArcTan[c +d x] Cos[3ArcTan[c + dx]] Log[1 +e? tArcTan(exdx] |,

1 1

]+ ArcTan[c+dx] (-4+ (3i-12c-9ic?) ArcTan[c+dx]) +

\/1+<C+dx)2 \/1+<C+dx>2

6 c Cos[3ArcTan[c+dx]] Log|

. 1
6 (-1+3c?) ArcTan[c +dx] Log[1+e2tArcTanicrdxl ], 18 ¢ Log|

} _
1+ <c+dx)2
41 <7l+3C2> PolyLog[Z, 7e2jAr‘cTan[c+dx]]

(1+ <C+dx)2)3/2

+Sin[3ArcTan[c+dx]] +6 cArcTan[c +dx] Sin[3 ArcTan[c+dXx]] -
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ArcTan[c +d x]%2Sin[3ArcTan[c+dx]] +3c?ArcTan[c +dx]%2Sin[3ArcTan[c+dx]]| +

1 . 1
fsb3 f2|-i (3c-ArcTan[c+dx] +3c*ArcTan[c +dx]) PolyLog[2, —e? tArcTanlexdx] | — (1+ (c+dx)2)3/2
d 12

3 (c+dx)ArcTan[c+dx] 9c (c+dx)ArcTan[c+dx]? 3 (c+dx)ArcTan[c+dx]®> 3c? (c+dx)ArcTan[c+dx]3
+ + +

«/1+(C+dx>2 «/1+<C+dx>2 «/1+(C+dx>2 w/1+<c+dx)2

91icArcTan[c+dx]2Cos[3ArcTan[c+dx]] +1iArcTan[c+dx]3Cos[3ArcTan[c+dx]] -3 1 c?ArcTan[c+dx]>Cos[3ArcTan[c+dx]] +
18 c ArcTan[c +dx] Cos[3ArcTan[c +dx]] Log[1 +e?*ArcTan(exdx] ] _ 3 ApcTan[c +dx]2Cos[3ArcTan[c +dx]] Log[1+ g2t ArcTanicrdxl]

. 1
9 c?ArcTan[c+dx]2Cos[3ArcTan[c +dx]] Log[1+e?tArcTanicxdxl ] 4 3 Cos[3 ArcTan[c+dx]] Log|————————] +
1+ (C+dx>2
1 2 . - .2
3 |ArcTan[c+dx]? (-2-9ic+iArcTan[c+dx] -4 cArcTan[c+dx] -31ic*ArcTan[c+dx]) +
1+ (C+dx>2
) 1
3ArcTan[c+dx] (6c-ArcTan[c+dx] +3c?ArcTan[c+dx]) Log[1+ e ArcTaniexdx] |, 31 og[ —————— | | +
1+ <c+dX)2

6 (—1 +3 C2> POlyLOg [3, _ @2iArcTan[c+dx] ]

(1+ <C+dx>2)3/2

+3ArcTan[c +dx] Sin[3 ArcTan[c+dx]] +9 cArcTan[c +dx]2Sin[3 ArcTan[c +d x]] -

ArcTan[c +dx]3Sin[3ArcTan[c+dx]] +3 c?ArcTan[c+dx]3Sin[3 ArcTan[c +d x] ]

Problem 39: Unable to integrate problem.

J(aerAr'cTan[c+dx])3
dx

e+fx

Optimal (type 4, 372leaves, 2 steps):
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3 2 3 2d (e+fx)
(a+bArcTan[c+dx]) Log[il_jl v ] (a+bArcTan[c+dx]) Log| FTST RS —— ]
- + +
f f
. 2 - 2 . 2 - 2d (esfx)
3ib (a+bArcTan[c+dx])?Polylog|2, 1 F——— | 3ib(a+bArcTan[c+dx])*Polylog|2, 1 TN ]
2f 2f
2 2 2 B 2d (e+fx)
3b? (a+bArcTan[c+dx]) PolyLog|3, 1 P | 3b (a+bArcTan[c+dx]) PolylLog|[3, 1 FTSTT R R— ]
+ _
2f 2f
L3 _ 2 L3 _ 2d (e+fx)
31 b?Polylog[4, 1 P | 3ib3Polylog(4, 1 TP ]

+

4f 4f

Result (type 8, 22leaves):

j(a+bAr'cTan[c+dx])3
dx

e+fx

Problem 40: Unable to integrate problem.

J(aerAr‘cTan[c+dx])3 ;
X

<e+-Fx)2

Optimal (type 4, 1233 leaves, 35 steps):
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3a’bd (de-cf)ArcTan[c +dXx] 3iab?dArcTan[c+dx]2 3ab?d(de-cf)ArcTan[c+dx]?
+ +
f(-F2+(de—c-F>2) d?’e?-2cdef+ (1+c?) f2 f(d?e?-2cdef+ (1+c?) f2)

d2e2—2cdef+(1+c2)f2+f(d2e2—2cdef+(1+c2)-F2) f (e+fx) F2+(de—c-F)2

ib3dArcTan[c+dx]3 b*d (de-cf)ArcTan[c+dx]? (a+bAr‘cTan[c+dx])3 3a2bdLlogle + f x]
N

6ab?dArcTan[c+dx] Log[—2——] 3b3>dArcTan[c+dx]?Log[—2——] 6ab?dArcTan[c+dx] Log]| —2d (exfx) ]
1-1 (c+dXx) B 1-1 (c+dXx) (de+if-cf) (1-i (c+dx))

+

d2e2—2cde1c+(1+c2)1‘:2 d2e2—2cde1c+(1+c2)1‘:2 : d?e?-2cdef+ (1+c?) 2

3b3dArcTan[c +dx]? Log| e ,fzcdfge(*fx,)“ dx))} 6ab2dArcTan[c +d x] Log[ﬁ} 3b3dArcTan[c+dx]2Log[ﬁ}
+1 f- -1 (c+ +1 (c+ +1 (Cc+

d2e272cde15+(1+c2)1c2 : d2<3272cde1c+(1+c2)1C2 : d2e272cde1c+(1+c2)1C2

3a2bdlog[1+ (c+dx)?] 3iab2dPolylog|2, 1- ﬁ} 3ib*dArcTan[c+dx] PolyLog[2, 1- ﬁ]

2(f2+(de-cf)2) ' d?e?-2cdef+ (1+c?) 2 ' d?e?-2cdef+ (1+c?) 2

. 2 _ 2d (e+fx) © a3 _ 2d (e+fx)
3iab?dPolylog[2, 1- 2T ] 3ib’dArcTan[c+dx] Polylog[2, 1- e P |

d2e2—2cde-F+(1+c2)-F2 d2e2—2cdef+(1+c2)f2

: 2 B 2 © 13 B 2
3iabsd PolyLog[Z, 1 T cedx) } 31 b*dArcTan[c +d x] PolyLog[Z, 1 T cdn) ]
4 _

d?e?-2cdef+ (1+c?) 2 d2e2—2cde1c+(1+c2)1‘:2

3 2 3 _ 2d (e+fx) 3 2
3b3dPolylog|3, 1 P | 3b*dPolylog|3, 1 I | 3b3dPolylog|3, 1 e~ ]

+

2(d2e2—2cdef+(1+c2)f2) : 2(d2e2—2cdef+(1+c2)f2) 2 (d?e?-2cdef+ (1+c?) £2)

Result (type 8, 22 leaves):

J(a+bAr'cTan[c+dx])3
dx

(e+-Fx)2

Problem 41: Unable to integrate problem.
J(ewa)m (a+bArcTan[c+dx]) dx

Optimal (type 5, 177 leaves, 6 steps):

(e Lf x) 1+m (a +bArcTan[c +d x] ) ibd (e +f x) 2" Hypergeometric2F1 [1, 2+m, 3+m, J—deei*:xcf]

f(1+m) 2f (de+ (i-c)f) (L+m) (2+m)

ibd (e+1:x)2”" Hypergeometric2F1[1, 2 +m, 3 +m, -4(eFX—]
de-(i+c) f

2f (de- (i+c)f) (1+m) (2+m)
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Result (type 8, 20leaves):

J(e+-Fx)m (a+bArcTan[c+dx]) dx

Problem 52: Result is not expressed in closed-form.

ArcTan[a + b x]
J— dx

c+dx3

Optimal (type 4, 863 leaves, 23 steps):
. . . b (cY/3+dY/3 x
Yy ilog[l-ia-1bx] Log[ b3 (1ra) i3

.

ilog[l+1ia+1bx] Log[
"

6C2/3 d1/3 6C2/3 d1/3

/: /
b (c?/3+d"/3 x ]

b (c¥/3-(-1)¥/3 d*/3x]

b (c¥/3-(-1)/3 d*/3x]

1/6 . .
-1 Log[l-ia-1bx] Lo
bcl/3—(—1)1/3 (i-a) d¥/3 ( ) g[ ] g [ bcl/3+(—1)1/3 (i+a) d¥/3
+
6 c2/3 gi/3

(-1)*°Log[1+ia+ibx] Log|

6 c2/3 d1/3

b (c¥/3+(-1)%/2 a3 x] }

b (cl//3+(—1)2/3 di/3 x) 5/6 . .
} (71> ’®Log[l-ia-1ibx] Log[bcl/h(fl)l/s (1-ia) dv

bcl/3+ (-1) 2/3 (i-a) dv/3

(-1)°°Log[1+ia+ibx] Log|

6C2/3 d1/3 6c2/3 d1/3
i 1/3 ;5. _1y1/6 41/3 (i _5_ 1)1/341/3 (5 “bx)
i Polylog[2, -4—i-a-bx)_ -1)°/®polyLog[2, - —(2—d- (d-abx) -1)Y% polyLog[2, - —FA—d - lizabx)
y g[ ’ bcl/3+ (i-a) dY/3 } ( ) y g[ > bcl/3-(~1)1/6 (i-a) d'/3 ] < ) y g[ ’ bcl/3-(~1)1/3 (i-a) d¥/3 }
+ +
6c2/3 d1/3 6c2/3 d1/3 6C2/3 d1/3

1/3 4 _1)y1/3 41/3 (5 1)2/3 41/3 (3
2, _ d : 11+a+bx/ ] <_1>1/6 POlyLog[z, ( ;l-) / d//(1+a+bx)/ ] (_1)5/6 POlyLog{Z, _ :}-) d//(1+a+bx)/ ]
bel/?-(i+a) d¥? - belP+(-1) Y2 (i+a) d¥P bcl/3-(-1)%3 (i+a) d'/3
6 c2/3 d1/3 6 c2/3 di/3

i PolylLog|

6 c2/3 d1/3

Result (type 7, 892 leaves):
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1
-~ b?RootSum[b>c-id+3ad+3ia’d-a’d+3b’cHl+3idnl-3adrl+3ia’dnl-
6
3addul+3b3cH12-31dH12-3adu1?-31a2du1?-3adu1?2+b3cn1®+idu1®+3adn1®-31a%2du1’-a>du1® g,

-1+l
—mArcTan[a+bx] - 2ArcTan[a+bx]2+21ArcTan[a+b x] Ar‘cTanh[—} + Jl;rLog[1+e

-2 1 ArcTan[a+b x] ]
1+11

+

2 i ArcTan[a+b x] -2 ArcTanh { ’11”411} }
i —

2i ArcTan[a+bx] Log[1 - g2 ArcTan(a+bx] -2 ArcTanh| 22| | - 2ArcTanh] ﬂ] Log[l-e

1+81
1 ~1+11 . -1+#1
jnLog[—] +2Ar‘cTanh[7] Log[Sln[Ar‘cTan[aerx} + jAr‘cTanh[i} H +PolyLog[2, e
1 2 1+41 1+81
+ (a+bx)

2 i ArcTan[a+b x] -2 ArcTanh { ’11*“11] }
+1 —

-1+l

1+#1
-1+¢1
————] Log[1-e
1+11
inLog[;] HlZ—ZAPCTanh[ﬂ] Log[Sin[ArcTan[a+bx] + iAr‘cTanh[ﬂ} |] =12 -
1 2 1+#1 1+m1
+ (a+bX)

2ArcTan[a+bx]? 51+ rArcTan[a+bx] #12 - 2 i ArcTan[a + b x] ArcTanh | | #1% - i ;rLog[1 + e 2FAnCTan(arbx] | g2

1401

14m1 } } 1112 +

1401

o) | #12 + 2 ArcTanh |

2 i ArcTan[a+b x] -2 ArcTanh { 2 i ArcTan[a+b x] -2 ArcTanh {

2iArcTan[a+bx] Log[1l-e

-1+11

1en1 } ] 712 42 T l

ey ArcTan[a+bx]? | ——— +
(1+m1)?

2 i ArcTan[a+b x]-2 ArcTanh[ eAr‘cTanh {

PolyLog[Z, e

"1

B remann[ ArcTan[a + b x]?2 112 1 /
(1+m1)2 (1+m1)?

1-11
4T3 ArcTan [a+bx]2m1

(PPcrad+2ia’d-a*d+2b’crl-2adul-2a*dnl+b>cnl?+adul?-2ia*dnl? - a’dul?) &

Problem 53: Result more than twice size of optimal antiderivative.

ArcTan[a + b x]
J— dx

c+dx?

Optimal (type 4, 543 leaves, 17 steps):
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b (v -c -\/d x }
V-c -(i-a) Vd .
4~-c /d 4~/-c /d

' ' . b ﬁ+ﬁx) . . . b (V-c+/d x . \d (i-a-bx
ilog[l+ia+ibx] Log[bﬁ+(j_a>ﬁ} 7 ilog[l-1a-1ibx] Log[bﬁ_(m)ﬁ] ) i Polylog|2, *bﬁ_(i_a)ﬁ]
av/=c \d a\/=c v 4v/-c Vd

i PolylLog[2, —fd izasbx) ) poly|og[a, - —Ld (xashx) | poyy|gg[p, —Ld (ixasbx)
i PolyLog| ’bﬁwi—a)ﬁ] i PolyLog(2, b\/T—(iua)\/?] i PolyLog| ’bﬁwma)\/?}

av-c\d 7 avc Vd avc d
Result (type 4, 1501 leaves):
1

4(1+a%) Ved

b (+/-c -\/d x

ilog[l+ia+1bx]Lo
gll+ia+ ] g[b \/T+<j+a)ﬁ]+

ilog[l-1ia-1ibx] Log[b

SRR \/?} Ar‘cTan[ﬁX] fZaZV?ArcTan[i(_jl+a> ﬁ] ArcTan|[ | +2WA"CT3”[M} ArcTan|

72\/?Ar'cTan[
bvec Ve bvc Ve b~c Ve

; d b2 i 24 _iArcran| Liele
[%}Ar\dan[ \/_X]—Zb\/?Ar‘cTan[\Cd_X}z+b\/?\/ cr(-i-a) o | b }Achan[ﬁX
bvc c C

bz s 2d _i ArcT Hna)\/T b2 . Zd _i ArcT fi+a)\/q
iab+c c+< 1+a) e Pcan{ b/e }ArcTan[\/?X}zJ,b\/? Me Pcan{ blc }Ar'cTan[ dx]2+
b2 c Je

:

2 a%+/d ArcTan

b2 i 24 iarctan| 20
iab\/?\/we reren| by Ar‘cTan[ﬁX]2+4(1+a2)\/?Ar‘cTan[ﬁX}Ar'cTan[a+bx]+211\/?Ar‘cTan[
b2 c Ve N bc

“2i [arcTan| 22 ] prcran] Yo x _ i d 21 [A Tan[ il a ) prepan[ Yo
Log[1-e (rc | o/ Jrare an[h ]+21’1a2\/?Ar‘cTan[M] Log[1-e reten| by/c Jrare an{w/c | |+
b
X 21 Ar‘cTan[Lﬂ”a" VT]+Ar‘cTan[\/?*X} d x 21 [Ar‘cTan[im*aLﬁ}+Ar‘cTan[”/d7x]]

2i+/d ArcTan| | Log[1-e by/c Ve M+ 21a%+/d ArcTan| | Log[1-e b/ Ve -

C c

: d “2i [arcTan| L34 1 preran[ Yo x ] i d 21 [A Tan[ 822 ] aney &]
ZiﬁArcTan[w] Log[1l-e reran| e ) rcan[ﬁ} ]-ZjaZ\/?Ar‘cTan[M] Log[1-e reren| b/ ) Pcan[\ﬁ] ] -

20 b/c

d x -2 Ar‘cTan[ liva) e } +ArcTan { /e x H d x -2 Ar‘cTan[iﬁ*a) e } +ArcTan { /e x ”
ij/FAr'cTan[ } Log[l—e b/c Ve } —ZjaZ\/FAr'cTan[ ] Log[l—e b c } -

c Ve
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—Ji+a)\/?

Zj\/?Ar‘cTan[ ( M

} Log[—Sin[ArcTan[ ( } +Ar‘cTan[
b~/c b~/c Ve
M] Log{—Sin[Ar‘cTan[M] +ArcTan |
bve bve Ve
M] Log[—Sin[Ar‘cTan[M} +ArcTan|
b~/c b~/c Ve

M} Log[—Sin [Ar‘cTan [ M] + Ar‘cTan[
b/c b~/c Ve

ArcTan [ M} +ArcTan [ \/‘TX}

/e Je

21ia2+/d ArcTan [

2i+/d ArcTan |

21ia2+/d ArcTan [

4

-21

(i-2) /e } +ArcTan[
(1+a%) V/d PolyLog|2, e

e HJ]

-21

] + (1+a%) \/d Polylog|2, e

ArcTan[

Problem 54: Result more than twice size of optimal antiderivative.

ArcTan[a + b x]
J— dx

c+dx

Optimal (type 4, 152 leaves, 5steps):

2 2b (c+dx) . _ 2 . _ 2b (c+dx)
ArcTan[a +bx] Log| Fr—— | ArcTanfa+bx] Log| TSP ——— | iPolyLog[2, 1 F—— | iPolylLog[2, 1 YT PR ]
_ N N _

d d 2d 2d

Result (type 4, 305leaves):

—Log{;] +Log[Sin[ArcTan| be-

1+ (a+bx)2

d
rclan{a+bpbXx + Arclan|{a+bX
ArcTan [a + b x] ] +ArcTan[a+bx] ]|

+

-ad 2 ;
| +ArcTan[a+bx]| + (m-2ArcTan[a+bx]) Log|[1l+e 2 ArcTan(abx]]

1 1 . s bc
~|-=1i (m-2ArcTan[a+bx])*-1 {Ar‘cTan[
2| 4

-ad
d

bc-ad

3 ]+Ar‘cTan[a+bx])} _ ( 2

n-2ArcTan[a+bx]) Log[ ————] -
1+ (a+bx)2

21 (Ar‘cTan{

bc
2 [Ar‘cTan[ ] +ArcTan[a + b x] Log[l—e

b _ bc-ad
2 [Ar‘cTan[ | +ArcTan[a+bx] | Log[2 Sin|[ArcTan| | +ArcTan[a+bx]]] -

iPolylog|2, -e2*ArcTan(asbx] | 4 polylog|2, 21 [ArcTan| 22 uarcTan (ab x| ] J ]
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Problem 55: Result more than twice size of optimal antiderivative.

ArcTan[a + b x]
—dx
c+d
X

Optimal (type 4, 244 leaves, 15 steps):
idLog[l-1a-1bx] Log{_w}

(1+ia+ibx)Log[l+ia+ibx] (1-ia-ibx)Log[-i(i+a+bx)] (i23) cbd
2bc 2bc 2 c?
: : : _b (dvecx) . c (i-a-bx) : c (i+ra+tbx)
idLog[l+ia+ibx] Log| - c+bd] idPolyLog|2, ﬂ&ambd] 7 idPolylLog|2, - cfbd]
2C2 2(_-_2 2C2

Result (type 4, 771 leaves):
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1

bc? (-2ac+2bd)

-2a%c?ArcTan[a+bx] +2abcdArcTan[a+bx] +iabcdmArcTan[a+bx] -1 b?d? rArcTan[a+bx] -2abc?xArcTan[a+bx] +

bd bd
2b%cdxArcTan[a+bx] +2]'1abchr‘cTan[a—f} ArcTan[a + b x] —ZjbzdzAPcTan[a—f]Ar‘cTan[a+bx] -bcdArcTan[a+bx]?+

C C

2abd b? d? -1 Ar‘cTan{a—ﬂ}
+ ——— e <
C C

iabcdArcTan[a+bx]2-1b%d?*ArcTan[a+bx]?+bcd |[1+a%- ArcTan[a+bx]?%+

2

abcdlog|l+e2iArcTan(asbx] ] 2 g2 | og[1+ e 2tATCTan(abx] ] _ 2 ap cdArcTan[a + bx] Log[1 + g2 ArcTaniasbx] |,

2b?d? ArcTan[a + bx] Log[1+e?tArcTaniasbx]] _ 2 apcdArcTan|a - E} Log[1 - et [-ArcTan|a-“2] -ArcTan (a-bx] |+
c

21 (—Ar‘cTan {a—%} +ArcTan[a+b x] ) ] 21 (—Ar‘cTan {a—bc—d} +ArcTan[a+b x] ) ]

2b?d? ArcTan|a - ﬂ] Log[1-e
c

+2abcdArcTan[a+bx] Log[1l-e

21 (—Ar‘cTan {a—%] +ArcTan [a+b x] ) }

2b?d?ArcTan[a+bx] Log[1-e -2ac?Log|

1 1

2bcdlog] | ~abcdrLog| | +b2d?n Log|

«/1+(a+bx)2 «/1+(a+bx>2 1+(a+bx>2

| 151

2abchr‘cTan[a— E} Log[—Sin[ArcTan[a— E] —Ar‘cTan[a+bx]H -2b? dzAr‘cTan[a— E] Log[—Sin[Ar‘cTan[a— E] —ArcTan[a+bx]H +

C C C C

ibd (ac-bd) Polylog[2, -e2iArcTania®x |, j bd (~ac+bd) PolylLog|2, 21 [ArcTan[a-"% [ arcTan(a:bx) | ]

Problem 56: Result more than twice size of optimal antiderivative.

J

ArcTan[a + b x]
——dx

d
C+ —
XZ

Optimal (type 4, 668 leaves, 25 steps):
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(1+ia+ibx)Llog[l+ia+ibx] (1-ia-ibx)Llog[-i(i+a+bx)]

- - +
2bc 2bc
_ _ , b (\/d v =c x| _ , . b [\d v =c x|
1\HLog[1+1a+1bx] Log[—iﬁ_aﬁ_bﬁ} ) 1\HLog[1—1a—1bx] LOg[jl\/Taﬁmﬁ] )
4 (—C)3/2 4 (—C)3/2
. . . b (+d s/ x b (vVd +/=c x| C (i-a-
d L 1- -1b L — i i T : c (i-a-bx)
i+Vd Log[l-ia-ibx] Log| (]-Ha)Ffbﬁ] ) i+/d Log[l+ia+ibx] LOg[jﬁ_aﬁmﬁ] ) i+/d Polylog|2, jﬁ—aﬁ—bﬁ} )
4 <7c)3/2 4 (7(:)3/2 4 (*C)?’/Z
. d PolvlLo 2, -c (1+ia+ibx) . d PolvL 2 -Cc_ (i+a+bx) . d PolvL 2 -c_ (i+a+bx)
i d Polylog[2, T EeE e e . i Vd polylog|a, —F Rt ] i i Vd polylog|a, —F et ]
4 (7C)3/2 4 <7c)3/2 4 (7c)3/2

Result (type 4, 1536 leaves):

(a+bx) ArcTan[a + b x] +Llog| —*——]
1+ (a+bx)? -
bc
! Vd —Z\EArcTan[M —\/?X]—ZaZ\/?Ar‘cTan[7<_l+a)\/? € x

| ArcTan| | ArcTan|

4(1+a2)c2 b-/d Vd b~/d NED

M] arcTan] x} +232\/?ArcTan[M] ArcTan | | ~2b+/d ArcTan|
b/d Vd bd Vd vl

|+

c x Ve x o2

|7+

2+/c ArcTan [

-1 2 b2d -iArcTan (ra)fe o 2 b2d  -iArcTan (cisa) e
b\/?\/( 1+a) C+ . ca{ e }Ar‘cTan[\/?X]zfjab\H ( Jl+a> C+ . ca[ibﬁ }Achan[\/?X]2+
b2 d \/? b2d \/?
' 2 b2d  -iArcT (s-a) e ; 2 b2d  -iArcT fi-a) ¢
b\/?\/ (1+a) C+ . r‘can[ N }Ar‘cTan[\/?X}2+Jiab\/F (]1+a> C+ . rcan[ . ]Achan[\/?X}er
or va 02 va
—i “2i [arcTan[ L2 T pneran[ e
4 (1+a% \/?Ar‘cTan[\/?X]Ar'cTan[aerx] +ZjﬁArcTan[M] Log[1-e [PC an| o Joare an{ﬁ} ]+
\/? b\/?
i “2i [arctan| 22 ] anctan| Yex —Zi[A Tan[ L£2Ye T arer
ZiaZ\/?ArcTan[M] Log[1-e [rc | bi/a Jare an[ﬁ} ] +21i+/c ArcTan| X} Log[l-e retan| b/a Jsareten|

b~/d Vd

-21 [ArcTan { %} +ArcTan { \/,TX} ] . <
] Log[l—e b+/d Vd ] —211\/?Ar'cTan[
Vd bd

ArcTan {%} +ArcTan { \/TX

]'Ha)\E 21 N

| Log[1-e

Cc X

21ia%2+/c ArcTan [
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i -21i [ArcTan M +ArcTan \/?—X
Zjazx/c_Ar‘cTan[M} Log[l-e [ [ b:/a ] {Jd ”}_
b/d
2§ \FA X -21 ArcTan[M%ArcTan{\/zx}] ., X -21i Ar‘cTan[[ha)/iF%Ar‘cTan{\/Tx”
i+/c ArcTan| ] Log[1-e by/a Ve )] -21a%+c ArcTan] | Log[1-e b+/a Ja )] -
V@ @
Zix/?Ar‘cTan[M} Log[—Sin[Ar‘cTan[M} +Ar‘cTan[\/?XH] -
bd bd Vd
ZjazﬁArcTan[M] Log[—Sin[Ar‘cTan[M] +Ar‘cTan[ XH] +2]’1\/?ArcTan[M]
b/d b+/d Vd bd
Log[—Sin[Ar‘cTan[M] +Ar‘cTan[\/?X}H +21a2\/?ArcTan[M] Log[—Sin[Ar‘cTan[M} +ArcTan | XH] -
b~/d Vd b~/d b/d Jd

-21 [ArcTan{m} JrAr‘cTan{\/C X}
(1+a%) v/c PolyLog|2, e bi/a Vo

by d d

2 -2 [Ar‘cTan{M%ArcTan{Jc x]]
]+(1+a)\EPolyLog[2,e ie ]

Problem 57: Result is not expressed in closed-form.

ArcTan[a + b x]
4 &
C + XT

Optimal (type 4, 933 leaves, 31 steps):
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) ,
b (dY/3+c/3 x

(1+ia+ibx)log[l+ia+ibx] (l-ia-ibx)Log[-i (i+a+bx)] id"?Llog[l-ia-ibx] Log|-

(i+a) cV/3-bd?/?

- +
2bc 2bc 6 c*/3

) . ) b dl//3+cl/3x
id/3Log[l+1ia+1bx] Log[

(i-a) c¥/34bdl/3

1/3 1y1/3 c1/3
(—1)1/6d1/3Log[1+ja+jbX] Log| - b (dV/2- (-1)1/2 /2]

(71>1/3 (i-a) C1/37b dl/s

+
6C4/3 6c4/3

b (d1/3_ (-1)1/3 c1/3 x) b (dl/3+ (-1)2/3 13 x)

(~1)%° "> Log[1-1ia-ibx] Log|

-1)1/3 (i+a) M3+ d?/? ]

5/6 41/3 . .
(~1)%/° 63 Log 1+ fa+1bx] Log [~ ]

+
6 c4/3 6 c4/3

b (dl/'3+ (-1)%/3 cl/3 x)

] (-1)¥°d'3PolyLog|2, “”1’/%1/3“"3'“)]

(_1)5/6d1/3 Log[l-ia-1ibx] Log[(

~1)Y/6 (1-1 a) M/3+b dY/? (-1)¥/3 (i-a) ¢/3-bd¥/3
6 c*/3 6 c4/3
5/6 41/3 (-1)%/6¢t/3 (i-a-bx) . 11/3 cY/3 (i-a-bx) . 11/3 cY/3 (i+a+bx)
-1 d*/? PolylLog |2 i d*/° PolylLog|2 i d'/° PolylLog|2 ,
( ) y g[ > (-1)%/6 (i-a) cV/3-1 b d?/3 ] y g[ ) (i-a) cY/3.+b dY/3 } y g[ ) (i+a) cY/3_pd1/3 ]
+ - +
6c4/3 6c4/3 6C4/3

(71> 5/6 41/3 PolyLog[Z, (-1)2/3 Y3 (i+a+bx) } (71) 1/6 41/3 PolyLog[Z, (-1)Y/3 Y3 (i+atbx) ]

(—1)2/3 (i+a) cl/3_pdr/3 (71>1/3 (i+a) c1/3,pdv/3

+
6 C4/3 6 C4/3

Result (type 7, 933 leaves):



5.3 Inverse tangent.nb

1 1
6| (a+bx)ArcTan[a+bx] +Log| ——————— || -
6bc

1+ (a+bx)2

b*dRootSum[ic-3ac-3ia’c+a’c-b’d-3icHl+3acnl-3ia’cnl+3a’cnl-3b>dul+
3icHl?+3acHl?+31a’cH1?+3adcH1?2-3b3dm12-icH1®-3acu1l®*+31alcm1®+adcm1®-b3du1dg,

-1+#1 )
-mArcTan[a+bx] - 2ArcTan[a +bx]?+2iArcTan[a+bx] ArcTanh|[————| + i srLog[1+e 21 ArcTana:bx] ], 5§ ArcTan[a + b x]
1+51
. ~14m1 -1 +11 . ~1+31 1
Log [1 _ ez i ArcTan[a+b x}ZAr‘cTanh{ T } } _2 ArcTan [ ] Log [1 _ ez iArcTan[a+bx]-2 Ar‘cTanh{ T } ] i Log[ ] 4
1+51 1+(a+bx)2
-1+01 -1+#1 i . _ ciel
2ArcTanh| ————] Log[Sin[ArcTan[a + bx] + i ArcTanh| ———] || + PolyLog|2, g2 AncTan[arbx) -2 ArcTanh| 28] 1
1+#1 1+#1
2 2 . -1+01 2 _2i ArcTan[a+b x] 2
2ArcTan[a+bx]?al+rArcTan[a+bx] #1% -2 i ArcTan[a + b x] ArcTanh| ————] #1% - i nLog[1+e | m12 -
1+m1
) N B 101 -1 +01 . . B ~1sm1
2 i ArcTan [a +b X] Log [1 _ ez i ArcTan[a+b x] 2Ar‘cTanh{ T } ] le +2 Ar‘cTanh[ ] Log [1 _ eZJLAr‘cTan[a b x] 2Ar‘cTanh[ = } ] le +
1+l
) 1 ) -1+H1 . ) -1+11 )
it Log[—] 1° - 2Ar‘cTanh[7} Log[Sln [Ar‘cTan [a+bx] +1ArcTanh [ —_— } ] 1° -
2 1+81 1+11
1+ (a +b X)
A 1451 1-n1
PolyLog [2, ez i ArcTan[a+b x]—ZAr‘cTanh{ T ] } le ) eAr‘cTanh[E} ArcTan [a +b X] 2 4
11 1l 11
4 eArcTanh[MI] ArcTan[a+b x]2 1 - .9 eAr‘CTa"hLmJ ArcTan[a + b x]? 12

(1+1:t1)2

<—ac—2jazc+a3c—b3d+2actt1+2a3cH1—2b3dH1—acH12+2jach12+a3cH12—b3dm12) &]

Problem 58: Result is not expressed in closed-form.

ArcTan[a + b x]
j— dx

c+d \/;
Optimal (type 4, 673 leaves, 31 steps):

| 155
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) . b ) . b ) d(+/-i-a -Vb /x
2i+/i+a Ar‘cTan{%aE] ) 2i+/i-a Ar‘cTanh[l%a&] ) iclog| T | Log[c+d~/x ] )
Vb d Vb d d?
. d [Via b Vx| , d (Voica +vB VX , d (i /B x|
iclog| N }Log[c+d\/?]+1cLog[f N ]Log[c+dﬂ}incLog[f N }Log[c+dﬂ]+
d? d? d?
ix Log[l-ia-ibx] iclog[c+d+x]log[l-ia-ibx] i+/x Log[l+ia+ibx] dclog[c+d/x]Log[l+iax+ibx]
- - + +
d d? d d?
jcPolyLog[Z, Vb [erd VX } jcPolyLog[Z, Vb [erd VX } jcPolyLog[Z, Vb [erd V. ] jcPolyLog[Z, M}
Vb c-+/-i-a d . Vb c+/-i-a d ~ Vb c-+i-a d B Vb c+i-a d
d? d? d? d?
Result (type 7, 303 leaves):
1 | 4iV-ira dArcTan[YEC) 45 /i a dArcTan[ 2]
— - =2 e L 4ArcTan[a+bX] (d\/;—cLog[c+d\/?”+

2a VB Vo
cd?RootSum|[b*c*+2abc?d*+d*+a*d*-4b*c*nl-4abcd’nl+6b>c?n1?+2abd? #1? - 4b% c 113 + b2 1% &,

—Log[c+d\/?]2+2Log[c+d\/;} Log[l— c*—‘;@] +2PolyLog[2, M]

Hl

&
bc2+ad?2-2bcHl+bnl? ]

Problem 59: Unable to integrate problem.

JAr‘cTan [a+bX]
— dX
C+L
Nx

Optimal (type 4, 770leaves, 37 steps):
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2iVi+a dAr‘cTan[M} 2iVi-a dAr‘cTanh[M] JidZLog{c L] | Log[d+c /x|

~ i+a . i-a B +/-i-a c+/b d .
Vb c? b ¢? c?
- ¢ [ia Vb Vx) - ¢ (Vi VB Vx| . ¢ (Vi /B Vx|
i d? Log]| s | Log[d+c /x| 71d Log| e ] Log[d+c/x | +1Ld Log| = ] Log[d+c /x| )
c3 c3 c3
idVx Log[l-ia-ibx] id’Log[d+c+/x|Log[l-ia-ibx] id+x Log[l+ia+ibx]
CZ " c3 " CZ -
(1+ia+ibx)Log[l+ia+ibx] id?Log[d+c~/x |Llog(l+ia+ibx] (1-ia-ibx)Llog[-i(i+a+bx)]
2bc c3 2bc
i d?Polylog|2, - Vb [dreVx | id?Polylog|2, _ Yo [drev/x | id?PolyLog|2, Vb [dre V. | id?PolyLog|2, M}
+/-i-a c-+/b d N i-a c-+/b d ~ /-i-a c+/b d Vi-a c+V/b d
c3 c3 c? c3
Result (type 8, 20 leaves):
JAr‘cTan[a+bx]
—dx
C + d
WX
Problem 61: Result more than twice size of optimal antiderivative.
ArcTan[d + e X]
J— dx
a+bx?
Optimal (type 4, 543 leaves, 17 steps):
) e (V-a Vb x . . . e (v-a +/b x . .
ILOg[W(1+d)+ - e] Log[l-1d-1iex] ) lLog[iﬁ(de)f = e} Log[l-id-1iex] )
4+/-a Vb 4~/-a /b
. e [Va /b x) . ) . e (v-a +V/b x . . . Vb (i-d-ex)
lLOg{—Wu?d)i = e} Log[l+id+1iex] ) JlLog[\/Fmd)+ = e] Log[l+id+iex] ) i PolyLog|2, e E]
4v"a Vb 4+/-a Vb 4v-a Vb
. Vb (i-d-ex) . \/b (i+d+ex) . Vb (i+d+ex)
i PolyLog|2, NN e] ) i PolyLog|2, NS e} ) i PolyLog|2, N e]
4+/~a b 4v/~a Vo 4v/-a o
Result (type 4, 1501 leaves):
1

4+/a b (1+d?)
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M} ArcTan[WX] fzﬁdZArcTan[M] ArcTan[@] +2WArcTa”[M} ArcTan|

—Zx/FAr‘cTan[
Va e Va Va e Va Va e Va

Vb (i4d)

\/F<j+d>}Ar‘cTan{\/FX]ZXEeArcTan[\mX}er\Ee\/b(_j+d>2+ae2 efiArcTan{ . }Achan[
Va e Va Va ae’ Va

\/b (71'1+d)2+ae2 —JiAr‘cTan{Jii"*d)} \/?X}Z_F\/;e\/ b (J‘l+d)2+ae2 —jArcTan{@} \/FX

2+/b d?ArcTan [

Ji\/?de

]

e Jae T ArcTan| e Jae " ArcTan|

Va 5

b (i+d)? 2 i arcran| Yo (i)
ivade M e i arctan| Jae }Ar‘cTan[\/KX]2+4\/F (1+d2)Ar‘cTan[\mX}Ar‘cTan[dJrex] +2]i\/FAr‘cTan[7
ae? Va JVa Va e

“2i [arctan| Yo L1l ]  prcran| Yo x b (-i+d “2 [arcTan| Y234l ] pncran] Yo x
Log[l-e l(m | Jae Jrarc an[V‘T} ]+21’1\/Fd2Ar‘cTan[w] Log[1-e ¢ preren] Voo 1 an[\/?} ]+
Va e
X -2 Ar‘cTan[w%Ar‘cTanp/?X b x -2 [Ar‘cTan{M} Ar‘cTan[@]]
ij/FAr'cTan[ }Log[l—e Va e Va }+21’1\/Fd2Ar‘cTan[ }Log[l—e Vae Va ]—

g Va

. . [b (i-a) [b x , . [o (i [b x
b d 21 |ArcTan| X2 29 1 Ap n\’ﬁ] b d -2 [ArcTan| X2 L4 ap nVT]
Zj\/FAr‘cTan[\/_qu >]Log[1—e ArcTan| e e }ACTa{Va} ]72]'1\/Fd2Ar‘cTan[M] Log[l—ce ArcTan| Ja e }ACTa[va]]7
Va e Va e
X -21 Ar‘cTan[@%Ar‘cTan{ﬁx}] X -21i Ar‘cTan[\/?:*d‘/}+Ar‘cTan{@}]
2i+/b ArcTan| | Log[1-e o fa )] -2i+/b d?ArcTan| ] Log[1-e Vo =] -
Va Va
b (-1+d b (-1+d
Zix/FArcTan[M} Log[—Sin[Ar‘cTan[w} +ArcTan | b XH] -
Va e Va e Va
b (-1+d b (-i+d
ZdezArcTan[w] Log[—Sin[Ar‘cTan[M] +Ar‘cTan[\/FXH] +
Va e ae Va
b (1+d b (1+d
Zj\/FArcTan[M] Log[—Sin[Ar‘cTan[w} +ArcTan]| X} |1+
Ja e Va e Va
b (i+d b (1+d
ZinZAPCTan[M} Log[—Sin[Ar‘cTan[M] +ArcTan | X]H -
Va e Va e Va
21 [ArcTan { x/bv‘{zd) }+Ar‘cTan { \‘L%X} -21i (ArcTan { %} +ArcTan [ \/f;” ]

Vb (1+d?) PolyLog|2, e | +Vb (1+d?) PolyLog|2, e
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Problem 62: Attempted integration timed out after 120 seconds.

ArcTan[d + e x]
J— dx

a+bx+cx?

Optimal (type 4, 367 leaves, 12 steps):

2e[b—xlb2—4ac +2cCx 2e |b+y/b*-4ac +2cx

ArcTan[d +ex] Log| | ArcTan[d+ex] Log| ]

[2: (i-d)+|b-r/b%-4ac |e| (1-i (d+ex)) [Zc (Jifd)+[b+w/b274ac ] e] (1-i (d+ex))

Vb2-4ac Vb*-4ac

2 [ch— b-+/b%-4ac | e-2c (d+ex) 2 (ch—(bnl b?2-4ac | e-2c (d+ex)

iPolylog[2, 1+ | iPolyLog[2, 1+ ]
[Zic72Cd+be4/b2—4ac e] (1-1 (d+ex)) [2c (J'L—d)+(b+x/b274ac e) (1-1 (d+ex))
+

2vb%2-4ac 2vVb%2-4ac

Result (type 1, 1leaves):

222

Test results for the 385 problems in "5.3.6 Exponentials of inverse tangent.m"

Problem 15: Result more than twice size of optimal antiderivative.

ez i ArcTan[ax]
J & ax
X

Optimal (type 3, 13 leaves, 3 steps):
Log[x] -2 Log[1+aXx]

Result (type 3, 29 leaves):

Log[l _ @2iArcTan[ax] ] n Log[l + @2iArcTan[ax] }

Problem 48: Result more than twice size of optimal antiderivative.

e—z 1 ArcTan[aXx]
J & ax
X

Optimal (type 3, 14 leaves, 3 steps):
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Log[x] -2 Log[1 - ax]

Result (type 3, 29leaves):

Log [1 _ @ 2iArcTan[ax] } +Log [1 4+ @ 2iArcTan[ax] ]

Problem 61: Result is not expressed in closed-form.

Jeéi ArcTan[ax] XZ dx

Optimal (type 3, 339 leaves, 15 steps):
31 ArcTan [1 _ M]

3i(1-1ax)¥* (1+iax)V i (1-i1ax)¥* (1+iax)®* x(1-iax)?* (1+1ax)”* (1eiax)

- - + +

8 a3 12 a3 3a2 8+/2 a3

: V2 (1-iax)V4 . V1-i —i 1/4 . 3 w 1/4
31Ar‘cTan[1+ 2 11ax// } 31Log[1+ l-iax 2 (1 JlaX?/ ] 31Log[1+ l1-iax . 2 (1-iax) ]
(1+iax)¥* Viiax (1+iax) /4 Visiax (1+iax)¥4

- +

8+/2 a3 16+/2 a3 16+/2 a3
Result (type 7, 107 leaves):

. l;‘:ArcTan[ax] i ArcTan[ax i ArcTan[ax 421 iiArcTan[ax]_
_8ie: (9+6e% ArcTan[ax] | pg g4 i ArcTan(ax] | +9RootSum[1+1¢14 &, ArcTan[ax]+2 i Log|e 111} &]
(1+e21Ar‘cTan[ax]>3 113
96 a3

Problem 63: Result is not expressed in closed-form.
1.

jezlAr‘cTan[ax] dx

Optimal (type 3, 268 leaves, 13 steps):
. A2 (1-iax 1/4

i (1 _ia X>3/4 <1 +ia x)1/4 1 Ar‘cTan[l T ian Ve ]

- +
a V2 a
jAr\cTan[lJr M] ]‘lLOg[l+ l-iax /2 (171'1ax)1/’a] ]'lLOg[lJr liax 2 (171'Lax)1/“}

(1+iax)¥4

W/ 1+iax (1+iax)¥* Viiiax (1+iax)V/4
+
V2 a 24/2 a 2/2 a

Result (type 7, 79leaves):

1, L ArcTan[ax]
i @2 LArcTan(ax] ArcTan[ax]+2i Log|ez -l
-Bier + RootSum|1 + 11 &, ) &
1+ez iArcTan[ax] ,313

4a
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Problem 71: Result is not expressed in closed-form.

3.
= 1iArcTan[aXx
Jez * Xl y2 gx

Optimal (type 3, 339leaves, 15steps):
. V2 (1-iax)V*
174 (1-iax)”* (1+i1ax)?* i (1-iax)?* (1+iax)”* x(1-iax)V* (1+iax)”* 17 i ArcTan |1 - 2<1+1axa>1/4 ]
. _ " ¥ -

24 a3 433 3 a? 8+/2 a3

. s 1/4 . — . 1/a ) — . 1/a
1711Ar‘cTan[1+312 (1 nax)// ] 171Log[1+ l-iax 2 (1-iax) } 17JlLOg[1+ 1-iax N 2 (1 naxz ]
(1+iax)V/4 Vidiax (1+iax)V/* Jisiax (1+iax)V/4

+ —

82 a? 16+/2 a? 16+/2 a3
Result (type 7, 107 leaves):

3

81 e i ArcTan[ax] (17 + 39 @2iArcTan(ax] | g5 g4 iArcTan[ax] )
- + 51 RootSum[1 + =#1* &,
(1+e2j1Ar‘cTan[ax])3 =1

L i ArcTan [ax

1 ArcTan[ax] +21i Log|e: b o]

96 a3

8]

Problem 73: Result is not expressed in closed-form.

3.
= 1iArcTan[aXx
Jez ' 2l gx

Optimal (type 3, 268 leaves, 13 steps):

2 (1-iax 1/4]

(1+iax)¥*
- +

a V2 a

. s 1/4 . s ) 1/4 . — ) 1/4
31Ar‘cTan[1+312 (1 1ax/) } 31Log[1+ l-iax _ 2 (1 ]laX)/ ] 31Log[1+ l1-iax n 2 (1 JlaX?/ ]
(1+iax)¥* V1+iax (1+iax)¥* VJ1+iax (1+iax) ¥4

- +

\/Ta Z\Ea Z\Ea
Result (type 7, 82leaves):

i(1-iax)* (1+iax)?4 3iArcTan[1-

. lJ'LAr‘cTan[ax]
3. 4 ArcTan[a x]+21Log[ez —ﬁlw
2§ ey bArCTan(ax) 3 RootSum |1 + 11 &, = &|
a <1+e21iAr'cTan[ax]> 43

Problem 80: Result is not expressed in closed-form.

Jegj ArcTan[ax] X2 dx
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Optimal (type 3, 371 leaves, 16 steps):

551’1(1—]’1ax)3/4(1+jax)1/4 11]'1(1—1'1ax)3/4(1+j1ax)5/4 2]'1(1+1'1ax)9/4 j(l—jax)3/4(1+jax)9/4
+

+ + -
8a’ 433 a3 (171'1ax)1/4 3 a3
. -1 // . -1 // . -1 -1 -/ . -1 -1 //
55 i ArcTan[1- Y2 1-12X Y] 55 3 ApcTan[14 Y2 U122 ] 554 | og[q, YiLax 2 (19aX)PP) oo gg[q  JA-lax | W2 (diawbl]
(1+iax) V4 (1+1ax)¥* 1+iax (1+iax)¥4 Vi1+iax (1+1ax)¥*
+ + -
8+/2 a3 8+2 al 162 a3 162 a3

Result (type 7, 120leaves):

1|1 e%jArcTan[ax] (165 + 462 @2 iArcTan[ax] , 405 g4iArcTan[ax] | gg g6 iArcTan[ax] )

1 i ArcTan [

ArcTan[ax] +2 i Log|e: 9 _m|

55 4
- =~ RootSum |1+ =1* &,
a3 12 (1 + @2 iArcTan[ax] > 3 32

&
713 ]

Problem 82: Result is not expressed in closed-form.

5 .
—1iArcTan[ax
jez * Xl gx

Optimal (type 3, 299 leaves, 14 steps):
5i ArcTan|1 - M]

(1+iax)/4
+ _

a a(1-iax)'* V2 a

51 (1—1’1ax)3/4 (1+J’1ax>1/4 41 (1+J’1ax)5/4

. s 1/4 . ) s 1/4 . s s 1/4
51Ar‘cTan{1+312 (1 1ax)// } 51Log{1+ 1-1ax _ 2 (1-iax) ] 51Log{1+ l1-iax 4 2 (1 naxz ]
(1+iax)¥* ~ V1+iax (1+iax)¥* N 1+iax (1+iax) ¥4
V2 a 2+/2 a 2+/2 a

Result (type 7, 95 leaves):

1 1.,
= . ~1ArcT
8i e TN (5 g g25 ArcTanlax] ) ArcTan[ax]+2i Log[ez "™ _p1|

4
e +5RootSum |1 + f1* &, e &]

4a

Problem 89: Result is not expressed in closed-form.

1.
-=1ArcTan[aXx
Je P Xl w2 gx

Optimal (type 3, 339 leaves, 15steps):
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3iArcTan|1 - M]

(1+iax)¥/4
+ + + -

8 a’ 12 a3 3 a? 8+/2 a3

. s 1/4 . s ) 1/4 . — s 1/a
31Ar‘cTan[1+312 (1 1ax/) } 31Log[1+ 1-iax _ 2 (1 lax)/ ] 31Log[1+ l-iax 4 2 (1 JlaX?/ ]
(1+1iax)¥* Vi1tiax (1+iax)¥* V1+iax (1+iax) ¥4

+ —

8+/2 a3 16+/2 al 16+/2 al
Result (type 7, 107 leaves):

3i (1-iax)¥* (1+iax)¥* i (1-iax)** (1+iax)¥* x(1-iax)¥*(1+iax)??

1
. -~ i ArcT
ArcTan[ax]-21 Log|e , AreTantax)

13

3.
8i e iArcTan{ax] (29+6 e2iArcTan(ax] | g g4 iArcTan(ax] )

<1+eziArcTan[ax] )3

-]

+9 RootSum |1 + 111* &,

8]

96 a3

Problem 91: Result is not expressed in closed-form.

1.
-=1ArcTan[aXx
Je P X gx

Optimal (type 3, 268 leaves, 13 steps):
i (1 i3 X) 1/4 (1 Lia X) 3/4 1 ArcTan [1 - D—)—ili'jxa)f/:ld ]
- - +

a V2 a

i s 1/4 i = 4 1/4 . s i 1/4
1Ar‘cTan[1+312 1-iax) ] 1Log[1+ l1-iax _ 2 (1 nax)/ ] 1Log[1+ 1-iax i 2 (1 naxz/ }
(1+iax) ¥4 V1+iax (1+iax) V4 Vi1+iax (1+iax)¥/4

- +

\Ea Z\Ea Z\Ea
Result (type 7, 81 leaves):

2 . “L 5 ArcT
8 i o ArcTanlax] _ArcTan[ax]+2 i Log|e 2 Ar<Tan(@x! —111]

— + RootSum[1 +1:1* &,

J

1+eziArcTan[ax 1113

4a

Problem 98: Result is not expressed in closed-form.

3.
-=1ArcTan[a
Je P Xl y2 gx

Optimal (type 3, 339 leaves, 15steps):
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2 (1-iax 1/4]

174 (1-dax)¥* (1+iax)¥* i (1-iax)”* (1+iax)¥* x(1-iax)”* (1+iax)¥* 17 i ArcTan[1 - S22

+ + +

24 a3 4 a3 3a? 8+/2 a3

. _: 1/4 . = s 1/4 . — . 1/4
1711Ar‘cTan[1+312 (1 nax)/ ] 171Log[1+ l-dax 32 (1-iax) } 17JlLOg[1+ l1-iax N 2 (1 ]laxj ]
(1+iax) V4 Viiiax (1+iax)V/* Visiax (1+iax)V/4

- +

82 a? 16+/2 al 16+/2 a3
Result (type 7, 107 leaves):

1
-~ 1iArcTan[ax

ArcTan[ax]-21log|e 2 ]—111]

1.
8i e;nAr‘\:Tan[ax] (45+30 e2iArcTan(ax] 17 g4 iArcTan(ax] )

(1+ezixArcTan[ax] )3

+ 51 RootSum[1 + 1% &,

8]

a7l

96 a3

Problem 100: Result is not expressed in closed-form.

3.
-=1ArcTan[aXx
Je P X gx

Optimal (type 3, 268 leaves, 13 steps):
) i(1-iax) 3/4 (1+1iax) 1/4 ) 3iArcTan|1- 2(1+?1_ajxa>)1(/“/ ] )

a V2 a

. s 1/4 . s s 1/4 . ) s 1/4
31Ar‘cTan[1+312 (1 1ax)’ } 31Log[1+ 1-1ax _ 2 (1 lax/) ] 31Log[1+ 1-iax n 2 (1 1ax?/ ]
(1+iax)¥* V1+iax (1+iax) ¥4 V1+iax (1+iax) V4

+ —

\/?a Zﬁa Z\Ea
Result (type 7, 82leaves):

L iArcTan[ax]

ArcTan[ax]-21 Log|e 2 —nlw

2 @ 2 LACTan(ax] 3 RootSum[1 + #1* &,

a (1+e—ZjArcTan[ax]> 43

J

al

Problem 107: Result is not expressed in closed-form.

Je—z— i ArcTan[a x] XZ dx

Optimal (type 3, 371 leaves, 16 steps):
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21‘1(1—]’1ax)9/4 551‘1(1—]’1ax)1/4(1+jax>3/4 llj(l—jax)5/4(1+jax)3/4 j(l—iax)9/4<1+jax)3/4

a3 <1+Jlax)1/4 8 a3 4 33 333

. s 1/4 . s 1/4 . —: s 1/4 . = s 1/4
55 i ArcTan|[1 - Y21-LaX¥2 ) 55 4 ApcTan[1+ Y2 112XV 55 og[q, Yltax V2 (-iax)VP] g5 gg[q . dAsiax Y2 (1-iaxl
(1+iax) ¥ (1+iax)¥* A/1+iax (1+iax) ¥ A1+iax (1+iax)¥*
+ - +

8+/2 a3 8+/2 a3 16 /2 a3 16 /2 a3

Result (type 7, 120leaves):
1

a3

1. 1.
i efznArcTan[a x] (96 + 425 (EZJ'LAr‘cTan[a X1 4 462 e41‘1Ar‘cTan[a x] 4 165 eGJ’lAr‘cTan[a x] ) ArcTan [a X] _24 Log [e—z—ﬂAr'cTan[ax

5 . Hl]
- =~ RootSum|[1 + #1* &, &
12 (1 + @2iArcTan[ax] ) 3 32 13

Problem 109: Result is not expressed in closed-form.

5 .
-2 ArcT
je 7 LArc an[ax] dx

Optimal (type 3, 299 leaves, 14 steps):

} i 1/4
4i(1-iax)¥* s5i(1-iax)Y*(1+iax)** 51 ArcTan[1- 2(1;;;):4 ]
N _

a(1+iax)'* a 7 a
. s 1/4 . ) s 1/4 . ) s 1/4
5i ArcTan[1+ Y2 32axV2] g ggfq, Adax W2 (taxVi] gy ogfg, YAiax Y2 d-iax)it
(1+iax)¥* W/1+iax (1+iax)¥*4 A/1+iax (1+iax)¥*

+ —

V2 a 22 a 2/2 a
Result (type 7, 95 leaves):

1
-~ 1ArcTan[ax]

1.
8ie 2 iArcTan[ax] (4+5 e21’1ArcTan[a><]) ArcTan[ax]-21i Log|e 2

-]

4
PCTYT e +5RootSum |1 + 111* &, -~ &]

4a

Problem 115: Result is not expressed in closed-form.

1.
—1ArcTan[x
Jes * D x2 gx

Optimal (type 3, 319leaves, 16 steps):
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2 (1-1x)1/8
-Ej(1-1‘1x)5/6(1+jx)”6-ij(1_]1x)5/6 (1+jx)7/6+1(1-jx)5/6(1+jx)7/6x+—19 JiAr‘cTan[\/?—7< 1x) -
54 18 3 162 (1+]-lx>1/6

: 1/3 . 1/6 . 1/3 . 1/6
16 19i Log[l+ X2 3 IR g ogf . A0 W3 Q10
) (1+i x) /3 (1+1 x) /6 (1+i x) /3 (1+1 x) /8

2 (11 x)/6 -
EJ'LAr‘cTan[\/?+ (71)()} *EJ'IAPcTan[< ix i +

162 (1+ix)¥® " 81 (1+J’1x)1/6] 108 /3 108 /3

Result (type 7, 156 leaves):

i ArcTan [x] 2 i ArcT 41 ArcT

1 3@31 19 + 8 @2 i ArcTan[x] | gq g4 1iArcTan([x] 1

— |-61i ( ) —19Ar‘cTan[eslArCTa"[X]] -

486 (1 4 @2iArcTan(x] ) 3

. lJ'LAr‘cTan[x] 2 . £JiAr'cTan[x] 2
-2 ArcTan[x] —6]1Log[<e3 —Hl} +ArcTan[x] #1 +31Log[e3 —111] #1
19 RootSum[1 - 112 + 111* &, &]
-1l + 2713
Problem 117: Result is not expressed in closed-form.
JegiArcTan[x] dx
Optimal (type 3, 262 leaves, 14 steps):
1 2 (1-1x)"® 2 (1-1ix)"®
i(1-1x)%° (1+1ix)Y®- = iArcTan[/3 - Q} + =~ iArcTan[+/3 + 2(1-1x)7 +
3 (1+ix)1/6 3 (1+J'1X)1/6
. (1-ix)Y3 /3 (1-ix)¥6 - (1-ix)¥3 3 (1-ix)Y/s

2 (1 -1 X)l/s . Log[l ’ (1+i x)1/3 (1+1 x) /6 ] . Log[l B (1+1 x)2/3 B (1+1 x) /6 }

~ i ArcTan| |+

3 (1+ix)Y® 2+/3 2+/3
Result (type 7, 133 leaves):

1.

2 — 1 ArcTan[Xx] .
e 25 ArcTan [e§lArCTa"[X] ] +

1+ erAr*cTan[x] 3

. L i ArcTan(x] ) . L i ArcTan[x] 2

1 -2 ArcTan [Xx] —61Log[e3 —Hl] +ArcTan[x] #1 +3]1Log[<e3 —Hl] a1

~ RootSum[1 - #1? + 1% &,

9 -nl+2m13

Problem 122: Result is not expressed in closed-form.

2
= 1iArcTan[x
Jes ' D %2 dx

Optimal (type 3, 177 leaves, 5steps):



11 .\ 2/3 . ov13 1 . y2/3 . \4/3
= 1- 1 - — 1- 1
2711( Jlx) ( +11x) 91( Jlx) ( +11x) +

22 i ArcTan [ 1 L(l_X)_Z}

1 h +1 1/3 11 1- ]j.X 1/3
S (1-ix)Y? (i x) P xs V3 V3 i +—]1Log[1+¥}+—uog[1+jx]
3 27+/3 27 (1+J'1X>1/3 81
Result (type 7, 154 leaves):
.23 ArcTan[x] 2 1 ArcT. i
2 91 e53 1 11 + 10 @2 LArcTan[x] | 35 g4 iArcTan([x] i
— |- < ) +22 ArcTan[x] +33 1 Log[1+e31ArCTa"[X]} +
243 <1+e2j1Ar‘cTan[x]>3

1.
ArcTan[x] +3 1 Log[es_lA'ﬁCTan[X
11 RootSum[1 - 112 + 111* &,

1.
" m] + ArcTan[x] #1% + 3 i Log[es AT _m1] 112

Problem 124: Result is not expressed in closed-form.

2 .
=i ArcTan
Jes ' I ax

Optimal (type 3, 116 leaves, 3 steps):

2 i ArcTan [ 1 2(1-ix)?3 }
N3 A3 (1+ix) Y3

i(1-1x)%? (1+ix)3- -1ilog[1l
V3
Result (type 7, 134 leaves):
. 2iArcTan[x]
21 s AreAntx _ 4ArcTan [x] —EiLog[1+e§jA"Ta"[x]] )

1+ erAr‘cTan[x] 9 3

1.
2 ArcTan[x] +3 1 Log[e?Mrc“’m[X
~ RootSum|1 - #1? + 51 &,

-2+ 112

1-ix)'? . .
+7( )1/3}—;1L0g[1+1x]
1+1x

: -#1] + ArcTan[x] #12 + 3 i Log[e?“"ﬂa"[x] - 1] 112

9

Problem 128: Result is not expressed in closed-form.

1.
—~1iArcTan[ax
Jea ' fax] x2 dx

Optimal (type 3, 741 leaves, 27 steps):

-2+ 112
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27\/? _ <l—na|></\l/’/8
11i+/2++/2 ArcTan|————f== |

114 (1-iax)”® (1+iax)® i (1-iax)”® (1+1ax)”® x(1-1ax)"®(1+1iax)”?® Wea
- - + +
32a3 24 a3 3a? 128 a3
Wiz(lwax)“ 27\5 +2 (l—nax)]’g 2+\/7 Jrz(\l—nax\””K
11i+/2-+2 ArcTan| ————2 ] 11§+/2+/2 ArcTan| ————2==0 ] 113+/2-+/2 ArcTan| Leiaxe ]
\2-2 - \2e/2 - 2.2 -
128 a3 128 a3 128 a3
11i~/2-+/2 Log[1+ Gt N2/2 (-1ax¥) qq 5[y (/2 Log[1 Btaxtt, a2 asianif
(1+iax) ¥4 (1+iax)/® . (1+iax) ¥4 (1+iax)¥® ~
256 a3 256 a3
. (1-iax)¥*  AJ24/2 (1-iax)V/® . (1-iax)¥*  AJ24/2 (1-iax)V/®
122 Log [1 i (1+iax)¥/* (1+iax)® } . 11242 Log [1 " (1+iax) 4 i (1+iax)¥/® }
256 a* 256 a*

Result (type 7, 108 leaves):

1. 1.
1 ].le;JLAr‘cTan[ax] (33+1@ ezl'LArcTan[ax] +105 e41‘1Ar‘cTan[ax]> 1 Ar‘cTan[ax} 41 Log[eznAr‘cTan[ax] —111]
= |- + RootSum|1 + 118 &,

a3 48 (1 + @21iArcTan[ax] ) 3 512 717

8]

Problem 129: Result is not expressed in closed-form.

1.
Z i ArcT
J‘e‘l rcTan[ax] x dx

Optimal (type 3, 689 leaves, 26 steps):
2.7 _l-ian*® W](Lnax)“

2 2 ArcT (1:iax)® 2_-+/2 ArcT (10iax)¥8
(1—1’1ax)7/8 (1+iax)1/8 (1—1‘1ax)7/8 (1+J‘Lax)9/8 +V2 ArcTan| NP ] V2 ArcTan| IT )
N _ B
8 a2 2 a2 32a? 32 a2
27ﬁ+z(1n‘ax‘)’/3 2+ﬁ+2(1w‘ax)1’8

2+V2 ArcTan| ————(an ] 2-+/2 ArcTan[ b | [ oF Log 1+ 1-iax)¥t 2.2 <1—f1ax>1/8]

\ 2442 2-4/2 (1+iax)/4 (1+iax)Y/®
+ _
32a? 32a2 64 a?
— — . 1/a / . 1/8 [ s 1/4 / s 1/8 [ _i 1/4 N i 1/8
2 _ /2 Log[1+ (1—Jllax) // N 2- 2v(1—]L/ax) } 24 /2 LOg{1+ (IJ,IaX) — _ 2+ 2,(1 ]L?X) } 24 /2 LOg[1+ (1].laX) — 4 2+ 2,(1 ]L/ax) }
(1+1ax)¥* (1+1ax)?® (1+1ax)¥* (1+1ax)Y/?® (1+1ax)¥* (1+1ax)Y?
+ _
64 a’ 64 a2 64 a2

Result (type 7, 138 leaves):



1.
1 32 e;nArcTan[aX] (1 +9e2ﬁArcTan[ax])
+
128 a2 <1+621ArcTan[ax])2
i 1,
ArcTan[ax] +4 1 Log[e“—nAr‘cTan[aX] —Hl] ArcTan[ax] +4 i Log[ezlAr‘cTan[ax] _

5.3 Inverse tangent.nb

w1 |

RootSum|-i + =1* &, &] - RootSum[i + 11 &,

Hl?’ H13

Problem 130: Result is not expressed in closed-form.

Jej— i ArcTan[aXx] dx
Optimal (type 3, 674 leaves, 25 steps):

: 18 1 WAr‘cTan[ﬂi}
<1 +1a x) .

i (1—1‘1ax)7/8

a 4a

)]/8

Vowyz 2™ Jayz 2lie /7 L 2latex
i\ 2-v2 ArcTan| ———22 ] §1/2++/2 ArcTan|————22="] i./2-+/2 ArcTan| aesen |

2-4/2° 2442 \2-+/2
+ +
4a 4 a 4 a
. 1/4 _ s 1/8 . _: 1/4 _ 4 1/8
i /2_ [2 Log[1+ (1-iax)¥* J2-4/2 @ nfx)/ } i /2_ [5 Log[1+ (1-iax) /’ L N2=v2 @ iax) ]
(1+iax)Y/4 (1+1ax)Y? (1+iax)¥* (1+iax)V®
- +
8a 8a
; 1/4 ; 1/8 X i 1/4 i 1/8
i 2442 Log[1+ (1-iax)!; _a[244/2 (171?x)/ } i /2+ [ Log[1+ &1 lax)// L N22 n/ax) ]
(1+1ax)¥/4 (1+iax)Y/® (1+iax)¥4 (1+iax)V®
8a 8a

Result (type 7, 79leaves):

1 L5 ArcT
BZiQABArcTan[ax] ArcTan[ax]+4 1 Log[eA]l e an[ax]—n

— + RootSum |1+ #1% &, ; d &
1

1+ezixAr‘cTan[ax

16 a

Problem 131: Result is not expressed in closed-form.

1y ArcTan[a x]
es
— dx
X

Optimal (type 3, 859 leaves, 39 steps):

8]

| 169
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(1 +1a X) 18 \/7 W - 2(11+;Liaax); 1/:3 W } 2( 11+71'1jaax); 1//B
] +24v2 ArcTan] ] +2-+/2 ArcTan| |-
(1_ T aX) 2+\/7 2—\/7

’2—\/7 L 2-iax)ts 2442 L 2-iax)V®

2+ \/7 Ar‘cTan[ (+iax) ¥ } -\ 2- \/7 ArcTan [ A+iax) ¥ ] + \/7 ArcTan [1 _

2+4/2 22 (1-iax

-2 ArcTan|

V2 (1+1’1ax)1/8
)1/8 ]_

> (14 1/8 143 1/8 13 1/4 > 2 (13 1/8
\/TArcTan[1+\ﬁ< +1ax) ]_2Achanh[w}_l1/2_ﬁ Log[1+( lax> ~ V2 ( JlaX) ]+
(1-iax)'® (1-1ax)'®" 2 (1+iax)¥* (1+iax)?®
1 1/4 N 1/8 13 1/4 >3 (1 1/8
P Log[1+< iax) X V2 (1-iax) }_l ids Log[1+( iax)" +V2 (1-1iax) .
2 (1+iax)?* (1+iax)'® 2 (1+iax)™* (1+iax)?®

2 (1+iax)¥®  (d+iax) ¥ 2 (1-iax)V® | (deiax)¥4

. 1/4 5 . 1/8 Log|1 - — 4 Log |1+ +

1 (1—1ax) 2+2 (1—1ax) g[ (1-iax)/® (1713)()1/4} g[ (1-iax)Y/8 (1—1‘1ax)1/4]
—a2++2 Log[1l+
2

1a " -
)

(1+iax)V® NEY NEY

<1+]'laX

Result (type 7, 252 leaves):

1 i ArcTan[ax]

—ZAPcTan[e4 a ] + Log[l—ei’“'ﬂa"[ax]] + <71>1/4 Log[ (—1)1/4—<e11?“'ﬂa"[ax1] + (71)3/4 Log[ (71)3/47&“"”“’"[“1] _
Log[1+ei—jArcTan[ax]] _ <71>1/4 Log[ (71)1/4+ei—jArcTan[ax]] _ (71>3/4 Log[ (71)3/4+e‘1‘—jAr‘cTan[ax]] 4

. LJiAr‘cTan[a X]
-ArcTan[a x] —41Log[e4 —ttl]

1 i ArcTan [ax

ArcTan[ax] +4 1 Log[ezt ! —ttl]

1 . 4 1 . 4
~ RootSum| -1 +n1* &, &] + = RootSum[i +r1* &,

4 713 4 713

Problem 132: Result is not expressed in closed-form.

1y ArcTan[a x]
es
—dx
x2

Optimal (type 3, 328 leaves, 16 steps):

. V2 iax)/® . 2 (1+iax)Y8
(1 _ i ax>7/8 (1 +ia X)1/8 i 1 . aArCTan[ (1 + i aX)l/S] 1 aAr‘cTan[l (17]-1;1)()1/3 } i aAr*cTan[lJr ﬂ(l,(j;lx)l/)s } )

X 2 (1—Jiax)1/8 22 2+/2

. 1/8 ia Log[l _ a2 (asiax)V® + (1+J’1ax)1/“] ia Log[l L2 (1+iax)V/® N (1+J’1ax)1/4]
1 3 Ar\cTanh[ (1 +1a X) (1-1 ax)l/s (1-iax)¥* (1-i ax>1/3 (1-1ax)1/4
—1 +

. 1/8
2 (1-iax)" 42 4~/2

Result (type 7, 131 leaves):

8]
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leArcTan[a X] } . Log [1 . e%]‘LArcTan[a X] }

1 8 :—J‘LAr‘cTan[ax] .
—al-4i P — +2ArcTan[eZﬂArCTan[aX}] - Log[1- e«
16 _14 @2iArcTan[ax
1.
ArcTan[ax] +4 1 Log[eilAPCTan[ax] -1
RootSum|1 + =1* &, &
113

Problem 140: Result unnecessarily involves higher level functions.

Je?: i ArcTan[a x] Xm dx

Optimal (type 5, 159 leaves, 9 steps):
3 x1*" Hypergeometric2F1l | %, 12;"', 3?"', ~a2x?]  iax?*™Hypergeometric2Fl| %, 2*7’", 4?"', ~a2x?]
. 1+m : 2+m :
4 x1'M Hypergeometric2Fl | %, 1:" , 3?’", -a2x2| 41 ax?"Hypergeometric2F1l| %, 2;"' , E, —a?x?|
1+m " 2+m

Result (type 6, 315leaves):
1

(1+m) (J’L+ax)3/2

2 (2+m) xIm/ 1 +ax

1
3 AppellF1[2+m, - —,
2

1 3
/(2 (2+m) AppellF1[1+m, o 2+m, ~iax, iax]+
1
-24 (2+m) AppellF1[1+m, -

)]

1 3
—([ZAppellFl 1+m, =, =, 2+m, -1ax, iax]
2 2

5 ) ) 1 3 ) )
=,3+m, -iax, iax|+AppellF1[2+m, =, =, 3+m, -iax, iax|
2 2 2

1

(i\/l—jax \J1+a%x® AppellF1[1+m, - —, l,2+m,—iax,iax] / V1+iax
2 2
;g (20 5] et

,3+m, —iax, iax]|+HypergeometricPFQ[{ =, 1+
2 2 2

iax
,2+m, —iax, iax|+

N |

1
AppellF1[2+m, - =,

ax
2

N W

Problem 141: Result unnecessarily involves higher level functions and more than twice size of optimal

antiderivative.

Jej ArcTan[a x] Xm dx

Optimal (type 5, 79leaves, 4 steps):
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xL+m Hyper‘geometr‘icZFl[i, “T'“, 3;’", —a2x?|  dax¥m Hyper‘geometr‘icZFl[i, 2?'", 4*?'“, a2 x?]
+

1+m 2+m

Result (type 6, 193 leaves):
1

[2]‘1 (2+m) x*"/1-iax V-i+ax \/1+a?x? AppellF1l[1+m, - =, =, 2+m, -iax, iax|
2

((1+m) Vitiax (i+ax)?? [7211 (2+m) AppellF1[1+m, -

| =

/

)

N R
N RN

,2+m, ~iax, iax|+

aX

1 3 A 1 m m
AppellF1[2+m, - =, =, 3+m, -iax, iax]| +HypergeometricPFQ[{~, 1+ —}, {2+ —}, -a*x?|
2 2 2 2 2

)

Problem 142: Result unnecessarily involves higher level functions and more than twice size of optimal
antiderivative.

Je—i ArcTan[aXx] x™ dx

Optimal (type 5, 79leaves, 4 steps):

xLem Hyper‘geometr‘icZFl[i, 1*7"‘, 3?’", ~a2x?]  iax¥m Hyper‘geometr‘icZFl[i, Zm 4?'“, -a? x?]

1+m 2+m

Result (type 6, 193 leaves):
—([21’1 (2+m) x*"/1+iax i+ax y/1+a*x* AppellF1[1+m, l, —1, 2+m, —1ax, jax])/
2 2

((1+m) Vvi-iax (—1'1+ax)3/2 (21’1 (2+m) AppellF1[1+m, l, —l, 2+m, ~iax, iax]|+
2 2

ax

3 1 ) ) . 1 m
AppellF1[2+m, =, - =, 3+m, -iax, iax] +Hyper‘geometr‘1cPFQ[{f, 1+ -}, {2+
2

2" 2 2 b -atx]

NS

Problem 143: Result unnecessarily involves higher level functions.

JE—B iArcTan[ax] Xm dx

Optimal (type 5, 159 leaves, 9 steps):

3 x1*" Hypergeometric2F1 [ i, 1;—“, 3?'", -a? XZ] i a x?>*™ Hypergeometric2F1 [ i, Z*?m, 4?"', -a? xz}
+ +
1+m 2+m
4 x**" Hypergeometric2F1 [ %, Lim | 3*T'", -a? xz] 4 i a x?*"Hypergeometric2F1 [ 3, Zm A4 52 xz]

2 2 2

1+m 2+m
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Result (type 6, 315leaves):

1
(1+m) (-i+ax)*?
1 - 3 1 ) ) 3 1 . .
2 (2+m) x¥"~i+ax —[(2AppellF1[1+m, =, -—,2+m, -iax, iax] /(2 (2+m)AppellF1[1+m, =, -—,2+m, -iax, iax] -
2 2 2 2
3 1 5 1
jax(AppellF1[2+m, -, f,3+m,—jax,jax}+3AppellF1[2+m, f,—f,3+m,—jax,jax} )+
2 2 2 2

1 1
2i (2+m) AppellF1[1+m, —, - =, 2+m, -iax, iax]|+

)

1 1
(J‘L\/l+]‘1ax \/1+a?*x? AppellF1[1+m, AR 2+m, -iax, iax]

ax |AppellF1[2+m, i, —1, 3+m, -iax, iax] +Hyper‘geometr‘icPFQHl, 1+ T}, {2+ T}, -a? x?|
2 2 2

2 2

Problem 144: Unable to integrate problem.

Je;jAr‘cTan[ax] x™ dx

Optimal (type 6, 36 leaves, 2 steps):

x1M AppellF1[1 +m, i, 72—, 2+m, iax, -iax]

1+m
Result (type 8, 18 leaves):

5 .
—iArcTan[aXx
Jez * Xl ym gx

Problem 145: Unable to integrate problem.

3.
= 1iArcTan[aXx
Jez * Xl ym qx

Optimal (type 6, 36 leaves, 2 steps):

x1" AppellF1[1 +m, i, —%, 2+m, iax, -iax]|

1+m
Result (type 8, 18leaves):

3.
= 1iArcTan[aXx
Jez ' Xl ym gx
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Problem 146: Unable to integrate problem.

1.
—1iArcTan[aXx
Jez * [axlym gx

Optimal (type 6, 36 leaves, 2 steps):

x1" AppellF1[1 +m, i, —i, 2+m, iax, -iax|

1+m
Result (type 8, 18 leaves):

J\eéiAr‘cTan[ax] X" dx
Problem 147: Unable to integrate problem.

Je—g i ArcTan[ax] x™ dx

Optimal (type 6, 36 leaves, 2 steps):

x1M AppellF1[1 +m, 7‘11—, i, 2+m, iax, -iax]

1+m

Result (type 8, 18 leaves):

Je—g i ArcTan[a x] x™ dx

Problem 148: Unable to integrate problem.

3.
-=1ArcTan[ax
Je P Xl ym gx

Optimal (type 6, 36 leaves, 2 steps):

x1™ AppellF1[1 +m, —i, i, 2+m, iax, -iax]

1+m

Result (type 8, 18leaves):

3.
-=1ArcTan[ax
Je P Xl ym gx
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Problem 149: Unable to integrate problem.

5 .
-=1ArcTan[ax
Je P Xl ym gx

Optimal (type 6, 36 leaves, 2 steps):

x1" AppellF1[1 +m, —i, i, 2+m, iax, -iax|

1+m
Result (type 8, 18 leaves):

5 .
-=1ArcTan[aXx
Je P Xl ym gx

Problem 150: Unable to integrate problem.

2 ArcTan[x]
Je - x"dx

Optimal (type 6, 38 leaves, 2 steps):

x> AppellF1[1 +m, {;—, i—, 2+m, ix, -1ix]

1+m

Result (type 8, 14 leaves):

Jew%mx"‘ dx
Problem 151: Unable to integrate problem.

ArcTan[x]
Je 3 x"dx

Optimal (type 6, 38leaves, 2 steps):

x1™ AppellF1[1+m, -, i—, 2+m, ix, —ix]

L
6
+

1+m

Result (type 8, 14 leaves):

ArcTan(x]
Je 3 xX"dx
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Problem 152: Unable to integrate problem.

1.
—1iArcTan[aXx
Je‘t * [axlym gx

Optimal (type 6, 36 leaves, 2 steps):

x1" AppellF1[1 +m, i, —i, 2+m, iax, -iax|

1+m
Result (type 8, 18 leaves):

1.
—1iArcTan[aXx
Jea * Xl ym gx

Problem 153: Unable to integrate problem.

Jej nArcTan[a x] x™ dx

Optimal (type 6, 40leaves, 2 steps):

xl*’"AppellFl[ler, ;, —g, 2+m, iax, —Jiax}

1+m
Result (type 8, 17 leaves):

Jej nArcTan[a x] x™ dx

Problem 176: Result more than twice size of optimal antiderivative.

ez i ArcTan[a+b x]
j s ax
X

Optimal (type 3, 38leaves, 3 steps):
(i-a) Log(x] 2Log[i+a+bx]

i+a 1-1ia

Result (type 3, 125leaves):



1 . 2a
————|(2+2ia) ArcTan| : : |+
2 (J'L +a) _1 4 @2iArcTanfasbx] | 32 <1+621Ar‘cTan[a+bx]>

2 (]'l+a> Log[1+e2jArcTan[a+bx]] _ (—]'l+a> Log[<_1+e2j1Ar'cTan[a+bx]>2+a2 <1+621ArcTan[a+bx]>2]

Problem 203: Result more than twice size of optimal antiderivative.

e-z 1 ArcTan[a+b x]
J & ax

X
Optimal (type 3, 41leaves, 3steps):
(i+a) Log[x] 2Log[i-a-bx]

i-a l1+1ia

Result (type 3, 138 leaves):

1 ) 2a
—————|(2-21ia) ArcTan| : : |+
2 (—:fl +a> _14 @ 2iArcTan[asbx] , 32 <1+e—21Ar'cTan[a+bx])

2 (—Ji +a) Log[1+e—ZjArcTan[a+bx]] B (]'L +a> Log[e—4iArcTan[a+bx] ((_1+921ArcTan[a+bx])2+a2 <1+(EZJiAr‘cTan[a+bx]>2)]}

Problem 218: Result is not expressed in closed-form.

1.
jezlArcTan[aerx] dx

Optimal (type 3, 338 leaves, 13 steps):

. 2 (1-jia-ibx)¥/*
i(1-ia-ibx)** (1+ia+ibx)¥* iArcTan(1- (1+ﬂa+ibx)1/4]

- +
b V2 b
, gl 1/4 , i a_t R 1/4 . P T 1/4
nAr‘cTan[lJrMZ 1-ia ]le/) ] ]lLOg[lJr l1-ia-ibx B 2 (1-ia ]LbX)’ } ]lLOg[lJr l1-ia-ibx " 2 (1-ia ]le/) ]
(1+1 a+i bx)¥/* V1+ia+ibx (1+1 a+i bx)¥/* V1+ia+ibx (1+1 a+i bx)¥/*

+

V2 b 2/2 b _ 2v/2'b
Result (type 7, 87 leaves):

Ly ArcTan|a+b x|

ArcTan[a+bx]+2 1 Log[ez

113

5 ArcTan [a+bx]

_Bie: -]

+ RootSum|1 + #1* &, &

14e2dArcTan[arbx]

4b

5.3 Inverse tangent.nb

| 177



178 | 5.3 Inverse tangent.nb

Problem 219: Result is not expressed in closed-form.

1y ArcTan[a+b X]
e-2
—dx
X

Optimal (type 3, 395 Ieaves, 15 steps):

2 (1 -a]1 Arcran| 028 s st
- V_Ar‘cTan[

\/7(1+Jl(a+bx>)1/4 \/7<1+Ji(a+bx))1/4

]+\/7Ar'cTan[1+ | -

<J‘L+a>1/4 (1—1’1(a+bx))1/4 (1—j<a+bx))1/4
p i 1/4 1+1 (a+b i (a+ 1/4 1+1 b
2 (i-a )1/4 ArcTanh [ L2 4 (1ei (a+bx))1/4} Log[1 - 211 ‘a*bxz?4 1 (a+hX) Log[1 + 2t bxil i
(i- 3)1/4 (1-i (a+bx))¥/4 (1-1 (a+bx)) ¥ 1-i (a+bx) (1-i (a+bx)) Y/ 1-i (a+bx)
- +

(i+a)** V2 N2
Result (type 7, 184 leaves):

(_1>1/4 [—Log{ (_1)1/4 _ e%iAr‘cTan[mbx]] _i Log[ (_1)3/4 _ e;jAr‘cTan[mbx]] + Log[ (_1)1/4 N e;jAr‘cTan[mbx]] i Log[ (_1>3/4 + e;ilAr'cTan[aerx] ]) +

2
ArcTan[a+b x] +1 Log[ APCTan[a bx]—nl] }

(1+1a) RootSum|-i +a+inl*+anl®g, &]
113
2 (i+a)
Problem 220: Result is not expressed in closed-form.
e%iAr‘cTan[aerx]
J e T
X2
Optimal (type 3, 205leaves, 6 steps):
(ivasbx) (14i(asbx))¥e ibArcTan[ s fodeaal 0] i bancTanh [ (o2 e
- + +
(J‘l+a>x<1—j(a+bx))1/4 (Ji—a)3/4 (J’l+a>5/4 (J’l—a)3/4(j+a)5/4
Result (type 7, 131 leaves):
1 8 (Ji . a) o2 L ArcTan[a+bx] ArcTan[a+bx] +1 Log[[ 7 # ArcTan[a+bx] 7111)2}

. . +RootSum| -1 +a+i#1*+anl®g,
4 (]l +a>2 1 _ g2iArcTan[a+bx] | § g (1+e21ArcTan[a+bx]> 713

8]



Problem 223: Result is not expressed in closed-form.

3.
=1 ArcTan[a+b x
Jez B (a+bx] dx

Optimal (type 3, 338 leaves, 13steps):
3iArcTan|1- M]

(1+ia+ib x) /4
- +

b V2 b

i(1-ta-ibx)"* (1+ia+ibx)>*

31'1Ar‘cTan[1+ M} 31'1Log[1+ 1iaibx 2 (lfjafjbx)lm] 31'1Log[1 Tiaibx , /2 (Liafibx)l/n}
(1+ia+ibx)V/4 V1+ia+ibx (1+ia+ibx)¥4 V1+ia+ibx (1+i a+i bx) /4
- +
NP 2v/2 b 2~/2°b
Result (type 7, 90 leaves):
. l11Ar‘cTan[a+b>(]
ER . 4 ArcTan[a+bx]+2 1 Log|e:2 —111]

2§ e HArCTan[asbx] 3 RootSum |1 + 11 &, o &]

b (1+eziAr‘cTan[a+bx]> - 4b

Problem 224: Result is not expressed in closed-form.

2 i ArcTan [a+bx]
e:2
—dx
X

Optimal (type 3, 427 leaves, 18 steps):

. B 1/4 . . 1/4
2 (1—a)3/4Ar‘cTan[ (i+a)™?* (1+1ia+1i bx) / }
(i-a)V* (1-ia-ibx)V*

\E<1—J’1a—jbx)1/4

+ \/? ArcTan [1 -

} - \/TAr‘cTan[1+

\/7(1—1'1a—1'1bx)1/4

1/4 ] N

(]i+a)3/4 (1+J'La+J'LbX)1/4 <1+Jia+1'1bx)
. B 1/4 B : 1/4 ) Cia 1/4 P R 1/a
2(1—a>3/4Ar‘cTanh[<“a) // (1+]La+1bx)/ } LOg[1+ l1-ia-ibx _ 2 (1-ia ]le?/ } Log[1+ 1-ia-ibx N 2 (1-ia ]le?/ ]
(i-a)¥/* (1-ia-ibx)¥* 1+ia+ibx (1+1 a+i bx)¥/* V1+ia+ibx (1+i a+i bx)¥/*

N
(1+a)¥* V2
Result (type 7, 184 leaves):

V2

5.3 Inverse tangent.nb

(_1>1/4 [—Ji Log[ (_1)1/4_ei—jAr‘cTan[a+bx]] B Log[ (_1)3/4_ei—jAr‘cTan[a+bx]] ‘i Log[ (_1>1/4+ei—jAr‘cTan[a+bx]] 4 Log[ (_1>3/4+e§—jAr‘cTan[a+bx]]) +

ArcTan[a+b x]+i Log[

einArcTan[mbx] 7111] Z}

(1+1ia) RootSum|-i+a+inl*+ani*g, &]

a1

2 (i+a)

| 179
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Problem 225: Result is not expressed in closed-form.

33 ArcTan[a+b X]
e-2
— dx
x2

Optimal (type 3, 211 leaves, 6 steps):

. (i+a)Y/4 (1+ia+ibx)¥4 . i+a)¥4 (1+ia+ibx) Y/
(1—1’1a—1’1bx)1/4 <1+ia+1’1bx>3/4 31bAr‘cTan[ )/ (17jafjbx)1/4] 3]1bAr‘cTanh[ ]

(
(i-a)¥/4 (1-1a-ibx)¥/4

- +
(1_]-13))( (J’l—a>1/4(j+a)7/4 (j—a)lﬂl (]'l+a>7/4
Result (type 7, 131 leaves):
2 j ArcTan [a+b x] ArcTan[a+bx] +1i Log| y LArCTan(arbx] g 2]
1 8<J'l+a>ez . . . 4 (a+ ] +ilog||e
4(1‘1+a)2b 71+e21'LAr‘cTan[a+bX]7jla (1+e2j1Ar‘cTan[a+bx]> _3R00tsum[_l+a+lﬁ1 ranl &’ 1 &]
Problem 228: Result is not expressed in closed-form.
Je—giAr'cTan[anbx] dx
Optimal (type 3, 338 leaves, 13 steps):
. V2 (1-ia-ibx)V4
i(1-ia-ibx)Y* (1+ia+ibx)¥* TArcTan [1- Leiaribg ]
- - +
b V2 b
i ArcTan[1. Y2 aib0ll)  jogy, JIERIBX I Lieibxll]  jogy, VILAIBX I (diaibult]
(1+ia+ibx)¥ B 1+ia+1bx (1+ia+ibx)Y 1+ia+1bx (1+ia+ibx)V

V2 b 2+/2 b 2+/2 b
Result (type 7, 89 leaves):

~Li ArcTan[a+bx]

—Ar‘cTan[a+bx]+21’LLog[e 2 —nl]

i ei iArcTan[a+b x|
1

+ RootSum|1 + #1* &,

142 i ArcTan[atbx] 13 &}

4b

Problem 229: Result is not expressed in closed-form.

) ArcTan[a+b x]
e 2
— dXx
X



5.3 Inverse tangent.nb | 181

Optimal (type 3, 395leaves, 14 steps):

. 1/4 . 1/4
2 (J-l + a>1/4 Ar‘cTan{ (i-a) /’ (1-i (a+bx)) : ]
(i+a)¥/* (1+1 (a+bx))¥*

- —\/TAr‘cTan[l—

V2 (1—]1 (a+bx>)1/4

N2 (1-1 (aerx))l/4

|+ \/2 ArcTan [1+

] _

<J'L—a)1/4 (1+i(a+bx))1/4 (1+Ji(a+bx>>1/4
/ 1-1 b _i 1/4 1-1 b _i 1/4
) (]'l . a>1/4 Ar‘cTanh[ (i-a)¥/4 (1-i (a+bx))1/“} Log[l N i(atbx) /2 (:I.. i (a+b x)l/)4 ] Log[l . i (a+bx) . 2 (],. i (a+b x)l/)’4 }
(i+a) ¥4 (1+1 (a+bx) )1/ 1+i (a+bx) (1+i (a+bx))~ 1+1i (a+bx) (1+i (a+bx) )™
- +

(i a)¥4 NFY NFY
Result (type 7, 236 leaves):

(71> 1/4 []-l Log[e—ZjArcTan[a+bx] ( (71> /4 e%]‘tArcTan[amX]) ] . Log[e-ziAr‘cTan[a+bx] ( (71) 3/4 e;—ﬁAr‘cTan[amXJ ) } B
, 1. ) 1,
i Log[e—ZnArcTan[am x] ((_1> 2 egnArcTan[amX]) ] _ Log[e—ZJLAr‘cTan[a+bx] [(_1) 3/4 oy lArcTan(asb X]) ]] N

1 2
-2 b
ArcTan[a+b x]-1 Log[ e znArCTa"[a* ] -1l ]

(1-1ia) RootSum|i+a-iu1*+anl*g,

8]

13

2 (-i+a)

Problem 230: Result is not expressed in closed-form.

) ArcTan[a+b x]
e 2
—— dXx
XZ

Optimal (type 3, 210leaves, 5steps):

(i-a bx) (1-i(a+bx] )1/4 ibArcTan| “:“‘”1/4 (1-i (a+bx) >1/4] ibArcTanh| (i-a)V* (1-i (atbx) ’1’//4]

- (i+a)¥/4 (1+1 (a+bx))¥/4 - (i+a)¥4 (1+1 (a+bx)) /4
(J’l—a>x(1+j(a+bx))1/4 (j—a)5/4 (J’l+a>3/4 (j—a)5/4(j+a)3/4
Result (type 7, 133 leaves):
1. 2
1 8 <—Ji +a) e%J‘LAr‘cTan[aerx] fAr‘cTan[aerx} ‘i Log[ (elelAr‘cTan[amx] 7111) ]
b : : +RootSum|[i +a-i#1%+anl* g, &
4 (—1'1+a)2 1_e21Ar‘cTan[a+bx] +1ia (1+621Ar'cTan[a+bx]> H13

Problem 233: Result is not expressed in closed-form.

3.
je—; i ArcTan[a+b x] dx

Optimal (type 3, 338 leaves, 13 steps):



182 | 5.3 Inverse tangent.nb

. N2 (1-iaibx)¥?
i(1-ia-ibx)¥* (1+ia+ibx)¥* 3iArcTan|1 Tiaribx e ]
- - +

b V2 b

. -1 -1 // . -1 -1 -1 -1 .
31Ar‘cTan[1+312 1-ia lbxld] 31L0g[1+ l-ia-ibx /2 (1-ia Jlbx)l/"] 3]l|_0g[1

(1+ia+ibx)¥/4

1+ia+ibx (1+ia+ibx)¥4

l-ia-ibx /2 (17113—1bx)1/"‘}

\1+ia+ibx (1+1 a+i bx) /4

+ —

V2 b 2+/2 b
Result (type 7, 90 leaves):

Sy ArcTan[a+b x|

Ar‘cTan[a+bx]—2fLLog[e 2 —111]

i @ 2 LAcTan(abx) 3 RootSum |1 + 11 &,

b (1 4 e—ZjAr‘cTan[a+b x] > 4b

8]

ol

Problem 234: Result is not expressed in closed-form.

2 ArcTan[a+b x]
e 2
— dXx
X

Optimal (type 3, 427 leaves, 18 steps):

242 b

- 3/4 (i+a)¥* (1+iaribx)¥/*
B 2 <l+a> Ar‘CTan[ (]]ia)l/4 (1jajbX)1/A] _ﬁAchan[l— \/? (1’jafjbx)1/4] +\/7Ar*cTan[1+ \E <17]'1a71'1 bX>1/4
(1-a)%* (1+ia+ibx)"* (1+ia+ibx)'*
2 (J‘l+a>3/4Ar'cTanh[ (i+a)V/* <1+ia+ibx>1/“} Log[1+ liaibx _ 32 (171iafibx)1/“} Log[1+ l-ia-ibx /2 <1fﬂa—ﬂbx>1/"]

Jiliiatibx (1+ia+ibx)¥/4

(i-a)¥4 (1-ia-ibx)V4

Jiliiatibx (1+ia+ibx)V4

N
(1-a)* V2
Result (type 7, 237 leaves):

V2

(-1)ve [Log[e—ZﬂAr‘cTan[a+bx] ((_1)1/4_ e§iArcTan[a+bXJ]] L (Log[efszr*cTan[aerx] ((_1>3/4_ e%l‘LArcTan[amx})] .

i Log [e—ZiAr‘cTan[a+bx] ( (_1) 14, e;ﬁAr‘cTan[mbx]) } ~Log [efszr‘cTan[mb x] ( <_1> 34, egiArcTan[amx] ) ] ) J .

1. N 2
ArcTan[a+b x] -1 Log{ e_zMrCTan[a bx] —111] ]

(1-1ia) RootSum|i+a-1iu1*+anl*g,

8]

e

2 (—J'l+a>

Problem 235: Result is not expressed in closed-form.

2y ArcTan[a+b x]
e 2
—— dXx
x2



Optimal (type 3, 211 leaves, 6 steps):

: 1/4 . . 1/4 . . 1/a X X 1/a
31 bArcTan | i~ (edaddbxl =] 34 p ApcTanh [ el —delasibx =]

. . 3/4 . . 1/4 ) P / /.
(1—1a—1bx) (1+1a+1bx) (J'l—a)l/“ (1-ia-ibx)¥/4 (j7a>1,/4 (1-ia-ibx)¥/4

(1+1ia)x (i-a)7”* (i+a)?* (i-a)”* (i+a)™*

Result (type 7, 133 leaves):

5.3 Inverse tangent.nb

. . —i‘Ar‘cTan[a b x] 2
1 8 (~i+a) oy FArCTan[asbx] ArcTan[a+bx] -1iLog[|e " ’ —nl) ]
b - . - 3RootSum|i +a-iu1%+anl* g,
4 (—Ji +a>2 1_621Ar‘cTan[a+bx] +1ia (1+e21Ar‘cTan[a+bx]> 71

Problem 236: Unable to integrate problem.

Jen ArcTan[a+b x] x™ dx

Optimal (type 6, 140 leaves, 4 steps):

2 bx \ %
(1+ ) AppellF1[1+m, -
1+a

in b x b x
) :2+m1_. > T
2 i+a 1i-a

Lx1+m (1—ia—ibx)% (1+1’1a+1‘1bx)’%n (1— bx

1+m

in
2

i-a
Result (type 8, 16 leaves):

Jen ArcTan[a+b x] x™ dx

Problem 241: Unable to integrate problem.

e ArcTan[a+b x]
J s ax
X

Optimal (type 5, 191 leaves, 5steps):

(i-a) (1-1a-1bx) ]

- - : n - - -t ; in in
2i (1-ia-ibx)= (1+ia+ibx) : Hypergeometric2fFi|1, Sl

n

P2t (1_]1;,,_jlbx)?HypergeometriczFl[%, 1+t 2 (1-ia-ibx)|

n

Result (type 8, 16 leaves):

eh ArcTan[a+b x]
J X
X

8]

| 183



184 | 5.3 Inverse tangent.nb

Problem 242: Unable to integrate problem.

e ArcTan[a+b x]
Ji dx
XZ

Optimal (type 5, 128 leaves, 2 steps):

4b(1-ia-ibx)""2 (1+ia+ibx) " 2 Hypergeometric2F1[2, 1+ 10, 2, A0, -2l (iaibx |

2 7 (i+a) (1+ia+ibx)

(i+a)?(24-n)

Result (type 8, 16 leaves):

eh ArcTan[a+b x]
J —ax
x2

Problem 243: Unable to integrate problem.

eh ArcTan[a+b x]
J s ax
X3

Optimal (type 5, 207 leaves, 3 steps):

(1-ia-ibx)™7 (1+ia+ibx)* 5 1
2 (1+a?) x? (i-a) (i+a)®(2i-n)
, , 1,40 , , L in . in in (i-a) (l1-ia-ibx)
2b* (2a-n) (1-ia-ibx)"2 (1+ia+ibx) ~ 2 Hypergeometric2F1[2, 1+ —, 2+ —, ]
2 2 (i+a) (l+ia+ibx)
Result (type 8, 16leaves):
enAr‘cTan[a+bx]
ji dx
X3
Problem 244: Unable to integrate problem.
JeAr‘cTan[ax] (c+a2 CX2>pd1X
Optimal (type 5, 102 leaves, 3 steps):
! iolts)ee (1-iax) L3 )e (1+a2x?)P (c+azcxz)pHyper‘geometr'iCZFl[j—7p, [1+ EJ +p, [2+ EJ +p, : (1-iax) |
a((2+1)+2p) 2 2 2 2

Result (type 8, 21 leaves):
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JeArcTan[ax] (C 4 a2 c X2>P dx

Problem 259: Unable to integrate problem.

JQZArcTan[ax] (C 4 aZ C XZ) p dx

Optimal (type 5, 90 leaves, 3 steps):
1

127" (1-iax) " (1+a2x?) P (c+a®cx?)P Hypergeometric2F1[i -p, (1+1) +p, (2+1) +p, 1 (1-iax)]
a((1+i)+p) 2

Result (type 8, 23 leaves):

J\(EZArcTan[ax] (C + a2 C XZ) p dx

Problem 260: Result more than twice size of optimal antiderivative.

JQZArcTan[ax] (C +alc XZ) 2 dx

Optimal (type 5, 53 leaves, 2 steps):

(é + 3?1) 2tic? (1-ia x)s“'l Hypergeometric2F1[-2+1i, 3+1i, 4+ 1,

N |

(1-iax) |

a

Result (type 5, 114 leaves):

1
——c?eAreTeniaxl (13456 ax-16a*x*+22a’x* -3a*x* +6a° X -

30a
40 i Hypergeometric2F1|-i, 1, 1-i, —e?ATenaxi] 4 (20420 i) ! ArTe"(2X] Hypergeometric2F1[1, 1-1, 2-i, —e? ArcTeniaxi])
Problem 273: Unable to integrate problem.

Je—Ar‘cTan[a X] (C + a2 C XZ) p dx

Optimal (type 5, 101 leaves, 3 steps):
1
a((-1-2i)-2ip)

o1y (1-iax) (1-3)+p (1+a2x*) P (c+a2cxz)pHypergeometr‘iCZFl{—E—p, (1— 1) + P, (2— EJ + P, : (1-iax)]
2 2 2

Result (type 8, 23 leaves):
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Je—Ar‘cTan[a X] (C 4 az C XZ) p dx

Problem 283: Unable to integrate problem.
e—Ar‘cTan[ ]
Ji dx
Ve+atex?
Optimal (type 5, 93 leaves, 3 steps):

(1-1) PR (1—]’1ax);"%\/1+azx2 Hyper‘geometricZFl[i— if, i— L) %— if, (1-iax)]

N =

:
aVc+a?cx?
Result (type 8, 25leaves):

J e—Ar‘cTan[ ]
——————dx
Ve +aZcx?
Problem 284: Unable to integrate problem.
e—Ar‘cTan[a X]
J & ax
(c +a2cx2)3’/2
Optimal (type 3, 38leaves, 1 step):

e—Ar‘cTan[a x] <1 _a X)
2acyc+a?cx?
Result (type 8, 25leaves):

e—Ar‘cTan[a X]
J(c+a2cx2)3/2 o
Problem 285: Unable to integrate problem.
e—Ar‘cTan[a X]
J(c+a2cx2)5/2 o
Optimal (type 3, 77 leaves, 2 steps):

@-ArcTan(ax] <173aX) 3 g-ArcTan[ax] <1faX)

3/2
1@ac (c+a?cx?) 10ac2\/c+alcx?
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Result (type 8, 25leaves):
e—Ar‘cTan[a X]
J & ax
(c+a?cx?)®?
Problem 286: Unable to integrate problem.
e—Ar‘cTan[a X]
J & ax
(c +a2cx2)7/2
Optimal (type 3, 115leaves, 3 steps):

e@-ArcTan[ax] <1—53X) e-ArcTan[ax] <1—33X) 3 g-ArcTan[ax] (1—ax)

13ac2(c+a2cx2)3/2 13ac3vc+alcx?
Result (type 8, 25leaves):

e—Ar‘cTan[a X]
—dx
(c +a2cx2)7/2

Problem 287: Unable to integrate problem.

26ac (c+a2cx2)5/2

Je—ZAr‘cTan[a X] (C + aZ C Xz) p dx

Optimal (type 5, 90leaves, 3 steps):
1

————i2"P (1-iax| (1-1)+p (1+a?x?) P (c+a®cx?)P Hypergeometric2F1[-i-p, (1-i) +p, (2-1) +p, 1 (1-iax)]
a((1-1)+p) 2

Result (type 8, 23 leaves):

JQ—ZArcTan[ax] (C 4 a2 C X2> p dx

Problem 288: Result more than twice size of optimal antiderivative.
JQ—ZAr‘cTan[a X] (c Lalc x2) 2 4y

Optimal (type 5, 53 leaves, 2 steps):

(i’ 3?) 2+ ¢ (1-1i ax)> " Hypergeometric2F1[-2-i, 3-1i,4-1i, L (1-iax]]

a
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Result (type 5, 114 leaves):

1
——c?e?AreTanlaxl (134 56ax+16a*x*+22a’ x> +3a*x* + 62° X° -
30a

40 i Hypergeometric2F1[i, 1, 1+1i, —e?*ATTanlaxl] _ (2920 i) e *ArcTenlax] Hypergeometric2F1[1, 1+ i, 2+ 1, —e? *ArTaniax]])

Problem 297: Unable to integrate problem.
e—ZAr‘cTan[ ]
Ji dx
Ve+atex?
Optimal (type 5, 87 leaves, 3 steps):

. 1., 1.
(Z—i) 2:"" (1-iax): Vi1+a’x? Hyper‘geometr‘icZFl[i—j, i—]‘l, %—J’l, i (1-iax) |

5
aVc+atcx?

Result (type 8, 25leaves):
e—ZAr‘cTan[ ]
J & ax
Ve+atex?
Problem 298: Unable to integrate problem.
e—ZAr‘cTan[a X]
J S ax
(c+a?cx?)??
Optimal (type 3, 38leaves, 1step):

@-2ArcTan[ax] <2 —a X)
S5acyc+a?cx?
Result (type 8, 25leaves):

e—ZAr‘cTan[a X]
— dXx
(c+a?cx?)??

Problem 299: Unable to integrate problem.

-2 ArcTan[a x]

Je—dlx
(c+a2cx2)5/2

Optimal (type 3, 77 leaves, 2 steps):



@-2ArcTan(ax] (2733)() 6 @-2ArcTan(ax] (273x>

13ac (c+a2cx?)¥? 65ac2/c+a?cx?
Result (type 8, 25leaves):

e—ZAr‘cTan[a X]
j(c+a2cx2)5/2 o
Problem 300: Unable to integrate problem.
e—ZAr‘cTan[a X]
J(c +atcx?)’? o
Optimal (type 3, 115leaves, 3 steps):

(E—ZArcTan[ax] <2—53X) 20 e—ZAr‘cTan[ax] (2—3ax) 24 e—zArcTan[ax] (2—ax)

29ac(c+a2cx2)5/2 377 a 2 (c+a2cx2)3/2 377ac3vVc+alcx?

Result (type 8, 25leaves):

eszr-cTan[a X]
J— dx
(c+a2cx?)’’?

Problem 310: Result unnecessarily involves higher level functions.

eS i ArcTan[ax]
J S ax

Ve +acx?
Optimal (type 3, 131 leaves, 4 steps):
2i+1+a%x? 411+ a%x? iv1+a%x? Log[i+ax]
- + +
a(l—ilax)Z\/CJrazcx2 a(l—Jiax)\/CJrazcx2 avc+atcx?

Result (type 4, 131 leaves):

[x/c+a2cx2
(Zaw/a2 C (J'l+aX>2w/1+82X2
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-2ia (i+ax)?EllipticF[i ArcSinh[/a? x|, 1] +1i+/a? (—1+21’Lax—3a2x2+ (j+ax>2Log[1+a2x2}))]/
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Problem 312: Result unnecessarily involves higher level functions.

e3 i ArcTan[ax]
J S ax

Ve+a?cx?
Optimal (type 3, 84 leaves, 4 steps):
2/1+a?2x? iv1+a%x? Log[i+ax]
a(i+ax)Vec+atcx? avc+alcx?

Result (type 4, 117 leaves):

[x/c+a2cx2 2ia(i+ax)EllipticF[iArcSinh[+/a® x], 1] +1/a* (2+2iax+ (1-1iax) Log[1+a2x2]))]/[2ax/a2 c(i+ax)q/1+a%x?

Problem 314: Result unnecessarily involves higher level functions.

e]‘l ArcTan[ax]
J & ax

VeraZex?
Optimal (type 3, 42 leaves, 3 steps):
iV1+a?x? Log[i+ax]
a m
Result (type 4, 81 leaves):
iV/1+a?x (-2aEllipticF[i ArcSinh[+/aZ x|, 1] +Va? Log[1+a2x?]|
2av/a2 Vc+aZex?

Problem 315: Result unnecessarily involves higher level functions.
e—j ArcTan[a x]
J & ax
Ve+atcx?
Optimal (type 3, 43 leaves, 3 steps):

iv1+a?x? Log[i-ax]
avc+atcx?

Result (type 4, 81 leaves):
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iv1+a2x? (2 aEllipticF[i ArcSinh[+a? x|, 1] +Va? Log|1+a?x?] )
2ava? Vc+atcx?

Problem 317: Result unnecessarily involves higher level functions.

e—s i ArcTan[a x]
J  ax

Vc+a?cx?

Optimal (type 3, 86 leaves, 4 steps):
2+V1+a?x? iv1+a?x? Log[i-ax]
+
a(i-ax)Vec+a?cx? a‘/c+a?cx?

Result (type 4, 116leaves):

[x/c+a2cx2 2a (1+1iax) EllipticF[iArcSinh[~/a® x|, 1] ++/a® (2-2iax+ (1+iax) Log[1+a2x2]))]/[2ax/a2 c(-i+ax)+/1+a?x?

Problem 337: Result more than twice size of optimal antiderivative.

JenArcTan[ax] (C . az c XZ) 2 dx

Optimal (type 5, 86 leaves, 2 steps):

227 2 (1-ia x)3+7 Hypergeometric2F1[-2 + j‘zf", 3+ 17", 4+ ]17”,

N [

(1—]‘1ax”

a(6i-n)

Result (type 5, 207 leaves):
1

120 a

c2 e ArcTan[ax]

—22n-n®+120ax+22an’ x+an*x-28a’nx?-a?n*x?+80alx>+2a*n?x3-6a*nx*+242a°x°+e2tArcTanlax] (32+161‘1n+2n2+in3)

_ ~21ArcTan[ax]

in in in in ,
Hypergeometric2F1[1, 1- —, 2- —, -e | - i (64 +20n%+n*) Hypergeometric2F1[1, - —, 1- —, —e? *ArcTaniax] |
2 2 2 2

Problem 348: Result more than twice size of optimal antiderivative.

JenAr‘cTan[ax] (C +alc XZ) 3/2 dx

Optimal (type 5, 121 leaves, 3 steps):
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_ 1 27 c (1—jax)§(5*j") \Jc+atex? Hyper‘geome‘cr‘icZFl[1 (-3+1in),
a(5i-n)Vi+a2x? 2

(5+in), = (7+in), (1—1‘1ax)]

N |

N |
N |

Result (type 5, 267 leaves):
1

96ac+a?cx?

c? [enAreTantaxl (1, a2 x2)2 (n—3n3+18ax+2an2x+2a (-3+n?) xCos[2ArcTan[ax]] -n (-3+n?) \/1+a’x* Cos[3ArcTan[ax]]

+

. 1 in 3 in .
gellrmArcianiax] (34 _3n-in®+n?)\/1+a’x? Hypergeometric2F1[1, — - —, = - —, —e?*ArcTaniax] ]
2 2 2 2
nArcTan[aXx 2 2 2 i ArcTan[ax . s 1 in 3 in 2 i ArcTan[ax
48 e X (1+a*x?) [-n+ax+ (1+e** [ax]) (-1 +n) Hypergeometric2F1[1, ~— - —, — - —, -e?! [ax] ]
2 2 2 2

Problem 351: Result more than twice size of optimal antiderivative.
JenAr‘cTan[ax] X2 (C + a2 C X2>3/2 dx

Optimal (type 5, 283 leaves, 5 steps):
. L (s+in) . L (5-in) 3 . L (5+in) . L(5-in) TR
cn<1—1ax)z (1+1ax)z Ve+acx CX(l—J].aX)Z (1+1ax)z Ve +a?cx 1
- + +
30a% /1 +a?x? 6a2\V1+a2x? 15 a3 (51’1—n>\/1+a2x2
3 in 1 .
2: 2 c (5-n?) (1—1’1ax)?(5+“) \/ ¢ + a? ¢ x* Hypergeometric2Fi|

Result (type 5, 1283 leaves):

(1-iax) |

N |
N |

(—3+jn>,§(5+jn),%(7+jn),
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1

48 a3 . /c (1+a2x2)

c?+/1 +a%x?

1
= (enAr‘cTan[ax] <1+ a2 X2>2

n(-1+3n% 2ax(9+n?+ (-3+n?) Cos[2ArcTan[ax]])
( - +n (-3+n?) Cos[3ArcTan[ax]] | +
2

V1+a%x? V1+a%x?

. 1 1in 3 in )
4 elimArcTanlax] (34 _3n-in?+n’) Hypergeometric2F1[1, — - —, = - ——, —e?tArTanlax | 1,
2 2 2 2
nArcTan[aXx] _ 3 5\ 4/ 2 2 in o
icz 76 (19n 25n +n) 1+ax + | @(i+n) ArcTan[ax] (erArcTan[ax])§*T+§l(1+n) (1+n2> (45—26n2+n4>
3
a

720 /c (1+a?x?)

\/1+a?x? Hypergeometric2Fi[1, —li (i+n),1- l1'1 (i+n), —e”APCTa“[”]]J/ (360 (i+n)+/c(1+a%x?) ) +
2 2

enArcTan(ax] /7 | a2 x2_ enArcTan(ax] (-3¢ -2n+n) \1+a?x?

+ +

48 \/c (1+a?x?) (Cos[%Ar‘cTan[ax}]—Sin[%Ar‘cTan[ax]])6 480 \/c (1+a%x?) (Cos[%Ar‘cTan[ax]]—SinEAr‘cTan[ax]})4

s 1
enArcTanax] (45426 n - 26 n2 - n* + n*) V1 + a2 x2 enAretantaxi n /1 +ax* Sin|[ > ArcTan[ax] |

1440 \/c (1 +a%x?) (Cos[%Ar‘cTan[ax]}—Sin[iAr‘cTan[ax}])2 120/ c (1+a%x?) (Cos[iAr‘cTan[ax}]—Sin[iAr‘cTan[ax]”5

enArcTan(ax] n (_26 1+ n2) \/1+a2x2 Sin|LArcTan[ax] enArcTan(ax] n (19 - 25n2 + n?) v/1 + a2 x? Sin| L ArcTan[ax]
2 2

720 /c (1+a?x?) (Cos[iAr‘cTan[ax]]—Sin[iAr‘cTan[ax]})3 720/ c (1+a%x?) (Cos[iAr‘cTan[ax]}—Sin[iAr‘cTan[ax]])

enArcTan(ax] /1 5 32 x2 enArcTaniax] n~/1 4 a2 x? Sin| % ArcTan[ax] |

+ —

48 \/c (1+a%x?) (Cos[iAr‘cTan[ax}]+Sin[§Ar‘cTan[ax]])6 1204/ c (1+a%x?) (Cos[iAr‘cTan[ax]]+Sin[iAr‘cTan[ax]})5

enarcTan(ax] (3@ 2n+n2) \/1+a2x2 enAretentaxin (26 +n?) V1+a?x* sin| > ArcTan[ax] |

+ —

480 \/c (1+a%x?) (Cos[%Ar‘cTan[ax]]JrSin[%Ar‘cTan[ax]})4 720/ c (1+a%x?) (Cos[iAr‘cTan[ax]}JrSin[iAr'cTan[ax]])3

s 1
enArcTan(ax) (45 26 n - 2602 +n?+n?) v/1+a? x2 enArcTan(axin (19 - 25n2 + n*) /1 + a2 x? Sln[;Ar‘cTan[a x] |

+

1440 ./ c (1 +a? x?) (Cos[iAr‘cTan[ax]}JrSin[iAr'cTan[ax}])2 720/ c (1+a?x?) (Cos[iAr‘cTan[ax}]+Sin[§Ar‘cTan[ax]”

Problem 360: Unable to integrate problem.

jenArcTan[ax] (C 4 az CX2)1/3 dx

Optimal (type 5, 120 leaves, 3 steps):
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3252 (1—]‘1ax)%<8+3j") (c+a2cx2)1/3Hyper‘geometr‘ic2F1[ (-2+3in),

Q|

(8+3in), = (14+3in), = (1-iax)]

N |

1 1
6 6
Result (type 8, 25leaves):

JenArcTan[ax] (C +a’c X2)1/3 dx

Problem 361: Unable to integrate problem.
e" ArcTan[ax]
J & ax
(c+a2cx?)??
Optimal (type 5, 120 leaves, 3 steps):

-((3 Zi"%(l—jax)é(‘”“n) (1+a?x?)"° Hypergeometric2F1[ = (2+3in), = (4+3in), = (10+3in), = (1-iax)]

/

1
2

[N

1 1
6 6

(a (4i-3n) (c+a2cx2)1/3)J
Result (type 8, 25leaves):
enAr‘cTan[a X]
J— dx
(c+a2cx2)1/3
Problem 362: Unable to integrate problem.
enAr‘cTan[a X]
J— dx
(c+a2cx2)2/3

Optimal (type 5, 120leaves, 3 steps):

—([3 2;**“7"(1_]-13)():*(2*31”) (1+a2x2)2/3Hyper‘geometr‘icZFl[ (2+31‘Ln),l(4+31’1n),1(8+31’1n),1(1—1ax)]
2

6 6

/

1
6
(a (2i-3n) (c+a2cx2)2/3)]

Result (type 8, 25leaves):

enAr‘cTan[ax]
J— dx
(c+a?cx?)??
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Problem 363: Unable to integrate problem.
e" ArcTan[a x]
J— dx
(c+a?cx?)??
Optimal (type 5, 123 leaves, 3 steps):

[3 i (1—iax)§(’2+3“) (1+a2x2)1/3Hyper‘geome‘cr‘icZFl[1 (-2+31in), : (8+3in), = (4+31in), 1 (1-iax)]
6

(ac (2i+3n) (c+a2cx2>1/3)
Result (type 8, 25leaves):
enAr‘cTan[a X]
J— dx
(c+a2cx2)4/3
Problem 364: Unable to integrate problem.
JenAr‘cTan[ax] Xm (C +a2 C X2> dx

Optimal (type 6, 49leaves, 2 steps):

cxt*"AppellF1[1+m, -1 - 17”, —1+j‘7”, 2+m, iax, -iax]

1+m
Result (type 8, 24 leaves):

JenArcTan[ax] Xm (C +a2 C X2> dx

Problem 366: Unable to integrate problem.

e ArcTan[a x] xM
— dx
(c+a?cx?) 2

Optimal (type 6, 51 leaves, 2 steps):

x> AppellF1[1+m, 2 - ]'12—”, 2+j‘2—”, 2+m, iax, -iax|

c? (1+m)

Result (type 8, 26 leaves):
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e ArcTan[a Xx] xM
—dx
(c+a?cx?) 2

Problem 367: Unable to integrate problem.

e ArcTan[a x] xM
—dXx
(c+a?cx?)?

Optimal (type 6, 51 leaves, 2 steps):

x+" AppellF1[1 +m, 3—]'12—”, 3+j‘2—", 2+m, iax, -iax]

¢ (1+m)

Result (type 8, 26 leaves):

e ArcTan[a x] xM
— dx
(c+a?cx?) 3

Problem 368: Unable to integrate problem.

eh ArcTan[aXx] XM
— dXx

Ve +a2cx?

Optimal (type 6, 79 leaves, 3 steps):
x™~/1+a2x2 AppellF1[1+m, % (1-1in), % (1+in), 2+m, iax, -iax]

(1+m) Vec+aZcx?
Result (type 8, 28 leaves):

e ArcTan[a x] xm
— dXx

Vc+a?cx?

Problem 369: Unable to integrate problem.

en ArcTan[ax] xM
—dx
(c+a2cx2)3/2

Optimal (type 6, 82 leaves, 3 steps):
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xM~/1+ a% x2 AppellF1[1+m, % (3-in), % (3+in),2+m, iax, -iax]

c (1+m) vc+alcx?

Result (type 8, 28 leaves):
(enAr‘cTan[a X] xm
J &% ax
(c+a2cx?)??
Problem 370: Unable to integrate problem.

en ArcTan[a x] xM
— dx
(c+a?cx?)®?

Optimal (type 6, 82leaves, 3 steps):
x™~/1+a2x2 AppellF1[1 +m, % (5-in), % (5+in), 2+m, iax, -iax]

c? (1+m) Ve +a?cx?

Result (type 8, 28 leaves):

enAr‘cTan[a X] XM
J &% ax
(c +a2cx2)5/2
Problem 371: Unable to integrate problem.
JenAr‘cTan[ax] (C + a2 C XZ) p dx
Optimal (type 5, 115leaves, 3 steps):

1
a(n-2i(1+p))

PP (1_]'13)()1*%*'0 (1+a2x?)° (c+a2cxz)pHypergeometriCZFl[j—n—p, 1+ j—n+p, 2+ j—n+p, 1 (1-iax) |
2 2 2 2

Result (type 8, 23 leaves):

J(enAr‘cTan[ax] (C 4 a2 C XZ) p dx
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Test results for the 153 problems in "5.3.7 Inverse tangent functions.m"

Problem 15: Result unnecessarily involves imaginary or complex numbers.
Ar‘cTan[@

\JA 2\ d+e x? } dx
X

Optimal (type 3, 59leaves, 4 steps):

Ar‘cTan[—\&’:] \/jAr‘cTanh{lzd*ex2 ]
B d+ex B Ad
X \/?
Result (type 3, 86 leaves):
Ar‘cTan[@] iVe Log|2ide _zﬁ\/m]
d+e x? Ve x ex
- +
X \/?

Problem 18: Result unnecessarily involves imaginary or complex numbers.

Ve x
ng/z ArcTan|[ ———
Vd+ex?

Optimal (type 4, 211 leaves, 6 steps):
60d2/x Vd+ex? 36dx%2+/d+rex? 4x%2+/d+ex?
+

+ +

847 (-e)>/? 847 (-e)3/? 121+ -e

304114y (\/a + Ve x| ﬁ ELLipticF[2ArcTan[ 0], 2]
+Ve X

| ax

ix”/ZAr‘cTan[ e X |+

11 Vd+ex? 847 e13/4/d + e x?
Result (type 4, 170leaves):

ia
: 43 d . . , . Ve
4WW(15d2—9dex2+7e2x4) , e x 601d /1+ex2 x E1lipticF [i ArcSinh| o ], -1]
+ — x*/2 ArcTan| | -
847 (-e)®/? 11 Jdrex2

847 Jr@ (—e)52+/d+ex?
e
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Problem 19: Result unnecessarily involves imaginary or complex numbers.

-e X

Vd+ex?
Optimal (type 4, 181 leaves, 5steps):

JXS/Z ArcTan | | ax

V-e x

l0d74+/~e (Vd e x| [ EllipticF[2ArcTan[ = 20X ], 2]
20d/x Vd+ex? 4x2+/diex? 2 72 pncTan| ] (Ve x| @
+ + — X rclan -
147 (-e)3/? 49+/-e 7 \d+ex? 147 €%/ +/d + e X2
Result (type 4, 158 leaves):

ifa
20id2 |1+ xEllipticF[iArcSinh[+——], -1]
2 2 (5d-3ex?) Vd+ex? NE ex? Nes
—/x ( ) +21 x> ArcTan| S -
147 (-e)32 Vdrex?

147 —J@ (—e)¥2+/d+ex?
e

Problem 20: Result unnecessarily involves imaginary or complex numbers.

J\/T Ar‘cTan[i] dx

Vd+ex?
Optimal (type 4, 153 leaves, 4 steps):
204 +—e (Vd +Ve x| | e EllipticF[2 ArcTan[ €20 ] 1]
4~/x Vd+ex2 2 32 -e X (Va Ve x) d
-+ — X Ar‘cTan[ ] +
9+/-e 3 \d+ex? 9e54+/d+ex?
Result (type 4, 147 leaves):
ia
4id [1+-% xEllipticF[i ArcSinh —1, -1
X Ao 2 Ve x (1o XELLpLicE] )
————————+ —x¥2ArcTan]| ]
9+V-e 3 Vd+ex?

0 [ e Vaiex
e
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Problem 21: Result unnecessarily involves imaginary or complex numbers.
Ar‘cTan[—\@

\/ d+e x? }
J X3/2 dx

Optimal (type 4, 122 leaves, 3 steps):

2ArcTan[~Lex ] 2+v/-e (Vd e x| ,7(\/;ixe/>;_zx)z EllipticF[ZArcTan[iel/:wx I 3]

d+e x? N
\/T di/4 gl/4 m
Result (type 4, 115leaves):
id
2Ar‘cTan[%] 4i+-e [1+-% xEllipticF[iArcSinh| g ], -1]
- +

Vx

LT e
Ve

Problem 22: Result unnecessarily involves imaginary or complex numbers.
Ar‘cTan[—\@

) d+e x? }
J\ X7/2 dx

Optimal (type 4, 156 leaves, 4 steps):

o T 2Achan[Ld*et ] 2+/-e e3/4 (\/d_+\/Fx) '7(ﬁdjéx)z EllipticF[2Ar‘cTan[—\£el’:1/4x }, i]
vV — \Y, A/ d+ex

15 d x3/2 5x5/2 15d5/4~/d + e x?
Result (type 4, 150leaves):

ia
2(2+/-e x/d+ex? +3dAr‘cTan[—\&]] 4i (-e)¥? l1+ed7 x E1lipticF i ArcSinh| \/E ], -1]
d+e x? X

15 d x°/2

15d —“v_@ Vd+ex?
e
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Problem 23: Result unnecessarily involves imaginary or complex numbers.
Ar‘cTan[—\@

\/ d+e x? }
J X11/2 dx

Optimal (type 4, 186 leaves, 5 steps):

2Ar‘cTan[@] 10+V-e e’* (\/FJr\EX) lﬁ EllipticF[ZArcTan[%}, i]
4/ -e Jd+rex? 20 (-e)¥?2/d+ex? \drex? e x

- +

63dx7/2 189 d2 x3/2 9 x%/2 189 d%4/d + e x2

Result (type 4, 162 leaves):

ia
4~/-e x/d+ex? (-3d+5ex?) —42d2Ar‘cTan[@} 201 (-e)%? [1+ % xEllipticF[i ArcSinh| j_? ], -1]
d+e x? ex X

+

189 d? x9/2

189d? | 29 [diex?

Ve

Problem 24: Result unnecessarily involves imaginary or complex numbers.
Ar‘cTan[—\@

/ d+e x? }
J\ X15/2 dx

Optimal (type 4, 216 leaves, 6 steps):
4v-e Vd+ex? 36 (-e)32+d+ex?> 60 (-e)*/?2/d+ex?

143 d x1/2 1001 d? x7/? 1001 d3 x3/2
2Ar‘cTan[@] 30/ -e ell/4 (\/? + \/?x) —dex®— EllipticF|[2 Ar‘cTan[%&] , 2]
= e wr 17
13 x13/2 1001 d¥/*/d + e x?

Result (type 4, 171 leaves):
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1
1001 x*3/2

3

i

301 (-e)7/2 |1+ -9 x15/2E1lipticF[i ArcSinh -1
2+ -e Vd+ex? (7d2x—9dex3+15e2x5> v —e x (-e) ex? P { { VX ]’ ]
- —77Ar‘cTan[ ]+

o

d? Vd+ex? .
' @ [ e
e

Problem 25: Result unnecessarily involves imaginary or complex numbers.

]dlx

-e X
Vdrex?
Optimal (type 4, 326 leaves, 7 steps):
28dx¥2+/d+ex?  4x7/2+/d+ex? 28d*+/-e /x Vdrex?

205 (-e)°2 g1y e 1356502 (Vd ++e x| )

28074 \~e (\/d + e x| %Enipticqzmdan[%@}, 1]
d /e x '

Exg/2 Ar‘cTan[ ] + -

9 A/ d+ e x? 135 ell/4+/d + e x?

14d4/~e (Vd +ve x| | 4% EllipticF[2ArcTan[ <00, 1]
(Va Ve x| dve 2
135eM/4+/d+ex?
Result (type 4, 263 leaves):

1ve X -e X
2% |x ive 14d%+/-e? +4d~/-e e¥2x%2 ;10 (—e2)3/2x4+45e5/2x3’x/d+ex2 ArcTan|[ ———]
\  Vd

Vd+ex?
e x? Ve
42d%2+/"e |1+ EllipticE[iArcSinh| | >, 1]+
d \/d

e x2 1\ e 1\ e
42d%2 e |1+ ELlipticF[i ArcSinh| | - . |, -1] / ge5e2 | T2 X [g,ex2
d Vd \/d

jx”z ArcTan [

V-e x
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Problem 26: Result unnecessarily involves imaginary or complex numbers.

-e X

Vd+ex?
Optimal (type 4, 296 leaves, 6 steps):

Jx”z ArcTan | | ax

4x32~Jdrex2 12d+/-e Vx Vd+rex? 2 5/2 ApcT [ V-e X ]
+ + =X rcTan| ———— | -
25+/-e 25 e3/2 (\/?+\/?x) 5 \d+ex?
12¢°4\/~e (Vd +v/e x| | —®%— EllipticE[2ArcTan[ <], 1]
(\/d_+\/?X) d1/4 2
+
25e7/4/d + e x?
6d°/4/-e (\/?Jr\/?x) —drex? EllipticF[ZAr‘cTan[M], l]
(\/?M/?x)z dl/4 2
25e7/4+/d + e x?
Result (type 4, 244 leaves):
1 jl\/?X 2 3/2 2 3/2 2 e X
- 2x |x 2d+/-e® +2+/-e 2x*-5e2x+/d+ex? ArcTan[————] | -
~/ 2
25 e3/2 /Lj‘ € X \/d+ e x? Vd drex
\d

2 H 2 :
626 |1+ EllipticE[i ArcSinh| ive x |, -1] +6d*2+-e |1+ . EllipticF[i ArcSinh| ive x |, -1]
d NEY d NFY

Problem 27: Result unnecessarily involves imaginary or complex numbers.
Ar‘cTan[@}

d+e x?

dx

Vx
Optimal (type 4, 260 leaves, 5 steps):
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adviy"e (Vd + e x| [ —2e— EllipticE[2ArcTan| U], 1]
4~/-e \/x Jd+ex? \V-e x [V Ve | @
- +2+/x ArcTan]| |+
\/F(\/?+\/?x) \d+ex? e3/4~/d+ex?
2dV4+/_e (ﬁ+ﬁx) —dex E11ipticF[2ArcTan| €], 1]
(Va e« @ 72
e¥4[drex?
Result (type 4, 208 leaves):
1
2+/x [Ve \Jd+ex? Ar‘cTan ]f
1/d 2
Ve /n ex \diex rex
2+/d V-e [ 1\/?)(],—1]+2\/?\/—e [ lﬁx],_
Vd Vd
Problem 28: Result unnecessarily involves imaginary or complex numbers.
Ar‘cTan[@}
J\ \/ d+ex dx
X5/2
Optimal (type 4, 298 leaves, 6 steps):
2Ar‘cTan[@] 4+/-e el/* (\/?-%—\/FX) —deext EllipticE[ZAr‘cTan[i“l\m@},
4v/-e Vdrex? 4v-e? x Vdrex? Jaex (Va /e x) +
_ . _ _
3d/x 3d (Vd + e x| 3x32 3d34~/d+ex?
2+/-e el/4 (\/?+\/?x) —drext EllipticF[ZArcTan[il’m/ 1, 2]
(\/?+\/?x) di/4 2
3d34+/d+ex?

Result (type 4, 234 leaves):
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. e 2 :
- i Ve x 2+ -e x (d+ex2) +dA/d+ex? Ar‘cTan[#] +4-/d +/-e? x2 |1+ ex EllipticE[jAr‘cSinh[ ive x }, —1] -
Va Jdex d Va

e x? i e i e
4+/d ~/-e% x2 |1+ X EllipticF[i ArcSinh] i Ve x ], -1] / 3dx32 @ [d+ex?
\ d Vd . Vd

Problem 29: Result unnecessarily involves imaginary or complex numbers.
Ar‘cTan{@

\/ d+e x? }
J X9/2 dx

Optimal (type 4, 331 leaves, 7 steps):
4~/-e Jd+ex? 12 (-e)32+/d+ex? 12+/-e e¥2+/x \Jd+ex?

35dx°/2 35d2/x 35 2 (x/?m/?x)
e x B 5/4 d+e x? . . el/4\/x 1
ZAPCTan[Ld:Xz ] 12vV-ee (\/?Jr\/?x) ,7(\/?+\/:x)2 EllipticE[2ArcTan| e ]s 2]
+ _
7 X7/ 35d7/4/d + e x?
6+ -e e¥4 (\/?Jr\/?x) % EllipticF[ZAr‘cTan[M], l]
(\/?+\/?X) 4i/4 2
35d7/4/d + e x?
Result (type 4, 256 leaves):
ive x 2+/-e x (-d*+2dex*+3e’x*) -5d*+/d+ex? Ar‘cTan[ e X ] +
\/? Vd+ex?

e x? i Ve
6/d (-e)¥2+e x* |1+ > E1lipticE[i ArcSinh| | - . |, -1] +
d \d
e x? i e i Ve
6d Ve e¥2xt |1+ EllipticF[i ArcSinh[ | - X ], -1] / 35d2x7/2 | TSR fdiex
d Vd \d
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Problem 32: Unable to integrate problem.

l+cx

dx

1-c?x?

J\(a+bAr‘cTan[3@])3

Optimal (type 4, 431 leaves, 9 steps):

3 2
2 a+bAr‘cTan[@}) Ar‘cTanh[l— 2 } 31’1b(a+bAr‘cTan[@]) PolyLog[Z,l— L}
A/ 1+c X 14 iV 1oex 1+cx 1+ﬁ\/1cx
\/: A/ 1+ex
- +
C 2c
2
3ib (a+bArcTan[@}) PolyLog[Z, -1+ 2 3 b2 a+bAr‘cTan[@} PolyLog[B, 1- 2 ]
V1+cx 14 iV ex 1+cx 14 iV 1ex
NEw Viex
+ _
2c 2c
3b2( b ArcT @)PlL 3, -1 2 3ib?Polylog|4, 1- —2 31 b?Polylog|4, -1 2
a+bArcTan| — || PolyLog[3, -1+ s i b®PolyLog|4, s ib*Polylog[4, -1+ s
vﬁ \/1<cx A 1+ex
- +
2c 4c 4c
Result (type 8, 42 leaves):
3
(a+bAr‘cTan[@])
AV 1+cx
dx
J 1-c2x?
Problem 33: Unable to integrate problem.
2
(a+bArcTan[@])
A/ 1+cx dx
1-c2x?
Optimal (type 4, 283 leaves, 7 steps):
2
2 a+bAr‘cTan[@}) ArcTanh[1- —2—] ib (a+bAr‘cTan[@}) PolyLog[2, 1- —2
1+cx 1+1J17cx 1+Cx 1+nv/:
Jiex Viiex
_ + _
c c
i b [a+bArcTan|2=ex )Pol Log[2, -1 2 b2 Polylog|3, 1- — 2 b2 Polylog|3, -1 2
N ( * |:\/:|.+CX } y g[ * 1+11V/17cx } y g[ 1+n\/17cx } y g[ i 1+J‘l\/17CX
R Jiex Jiex
+ _

2c

2c
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Result (type 8, 42leaves):

J‘(aerArcTan[@])z

1-c2x?

dx

Problem 50: Result more than twice size of optimal antiderivative.

JAr‘cTan[c +dTan[a+bx]] dx

Optimal (type 4, 198 leaves, 7 steps):

1+j.c+d) eZia+2jbx

] _

1
xArcTan[c+dTan[a+bx]] + —ixLog[l+ <
2

l+1c-d
1 (c +1 (l—d)) g2iar2ibx PolyLog[Z, ,%] PolyLog[z, _ lcud (61;?()1?;:3'““]
—1xL 1 - B
S og[1+ ci(1ed] |+ " -

Result (type 4, 418leaves):

XArcTan[c+dTan[a+bx]] +

c (1+‘EZJ'1 (a+bx)> c (1+ezi (a+bx)> (C_]'l (1+d)> (EZ]'L (a+b x)

= 2 aArcTan| | +2aArcTan| | +2i (a+bx) Log[1+

} _

4b 1+d+eZi(a+bx)7de2jL(a+bx) 1+e21(a+bx)+d(71+e2j1(a+bx)> C+]'].<—1+d>
: —id 21 (a+bx) . . . ‘
21 <a+bx) Log[1+ <1+C L <> © ) } +iaL0g{e’4l(a+bX) (Cz <1+e“<a*bx)>2+ (1+d+<e“<a*bx) —dezn(a*b”)z)} -
c+1 (1+d

jaLog[e*“i(a*bX) (cz <1+ezi(a+bx)>2+ (1+ezi(a+bx) +d (_1+ezi(a+bx)>)2)] +

~i(1+d 21 (a+bx) . —id 21 (a+bx)
(C 1( + >)e ]—PolyLog[Z,—<l+c i )e })

PolyL 2, -
oyog[, C+Ji<—1+d) C+Ji(1+d)

Problem 63: Result more than twice size of optimal antiderivative.

JAr'cTan[c +dCot[a+bx]] dx

Optimal (type 4, 198 leaves, 7 steps):

<1+iC—d> eZJia+2J'1bx

] _

l ]-leog[l_ <C+Ji (1+d)> 92113+21'be} . POlyLOg[Z, iLclfJ]?L—i:W} ) POlyLog[z, (c+i (Clij)glle:;aanbx]
2 c+i(1-d) ab o

1
xArcTan[c+dCot[a+bx]] + — ixLog[1l-
2 l1+1c+d
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Result (type 4, 416 leaves):

X ArcTan[c+dCot[a+bx]] +

c (_1+e—21'1 (a+bx))

<C+]i (—1+d>) @21 (a+bx)

c-1(1+d)

1 C (_1+e21(a+bx)>
— [2aArcTan]| | +2aArcTan|
4b —1+d+e’21 (a+b x) +de—21 (a+b x) 71+d+<821 (a+b x) +dezi (a+b x)

<C+ 1 (1+d)> @21 (arbx)

| +2i (a+bx) Log[1-

] -

2i (a+bx) Log[1-

} —iaLog[e’“(a*bX) (cz <_1+eu(a+bx>>2+ <1+d_eu(a+bx) +der(a+bx))2)] .
1+c-1d

jaLog[e’”(a*bx) (Cz (71+e2j(a+bx))2+ (71+d+e21(a+bx) +de21’1(a+bx)>2)] N

PolyvL [2 (C+Ji(—1+d>)e2j(a+bx)
olylLog| 2,

~ (c+i(1+d)) 2 (abn
ij<1+d> ] POlyLog[z) e iq }]
Problem 75: Result more than twice size of optimal antiderivative.

sz ArcTan[Sinh[x]] dx

Optimal (type 4, 108 leaves, 10 steps):
2 1
- = x> ArcTan|e*] + = x> ArcTan[Sinh[x]] + i x? PolyLog[2, -1 e*| - i x? PolyLog[2, i e*| -
3 3
21 xPolylog|3, -ie*| +2ixPolyLog[3, i e*] +2iPolylog|4, -ie*| -2iPolylog|4, i €|

Result (type 4, 356 leaves):

1

—— 3 [7n%+ 81 x+24 2 x*-321 1x% -16 x* - 64 1 x> ArcTan[Sinh([x]] +8 i’ Log[l+ie™| +48 > xLog[l+ie™| -96 i nx*Log[l+1ie™| -
192

64x> Log[1+ie™| -48®xLog[1-1ie*| +961imx?Log[l-1ie*|-8irnLog[l+1ie*|+64x>Log[l+1ie*|+8inr Log{Tan[l (r+2ix)]]-
4
48 (n-21ix)?Polylog[2, -ie™] +192 x? PolyLog[2, -i e*] - 48 n? PolyLog[2, i *| +192 i nx PolyLog[2, i *| +192 i 7 PolyLog[3, -ie™] +

384 x Polylog|3, -i e ™| - 384 x Polylog[3, -1ie*| -192 i nPolylog|3, i e*| + 384 PolyLog|4, -i e *| + 384 PolylLog[4, -1i |

Problem 76: Result more than twice size of optimal antiderivative.

J(e +fx) *ArcTan[Tanh[a + b x]] dx

Optimal (type 4, 299 leaves, 12 steps):
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(e+-Fx>4Ar‘cTan[<eza*2bX} (e+-Fx)4Ar‘cTan[Tanh[a+bx]} i (e+Fx)3PolyLog[2, -1 e22+2bx]
) 4f : 4f ' 4b )
i (e+fx)’Polylog[2, i e?22°%] 3if (e+fx)?Polylog[3, -ie?®2°X] 3if (e+fx)?Polylog[3, i e22+20x]
4b ) 8 b2 : 8 b2 :

3if? (e+fx) Polylog[4, -ie22'2bx] 31 f2 (e+fx) Polylog[4, ie?2'2b%]| 3if3Polylog|[5, -ie?2'2b%]| 3if3Polylog|5, i e?20X]
- - +

8b? 8 b3 16 b* 16 b*
Result (type 4, 600 leaves):

1
—x (4e’+6e*fx+4ef? x>+ x*) ArcTan[Tanh[a+bx]] -
4

S i (8b“e3xLog[1—J'1e2 (@bx) ] 12b%e? fx? Log[1-1e?@P¥ ]| +8b%ef?x?Log[1-1e®@P¥ ]| +2b*f x*Log[1-1ie?@PX] -
16 b

8b*e®xlog[l+ie®@P¥ ] -12b*e’ fx?Log[l+ie®@P¥] _8b*ef>x®Log[l+ie®@PY]-2b%F x*Log[1+1ie?@PX ]

4b* (e+fx)’Polylog[2, -ie?@PX ]+ 4b? (e+fx)>Polylog|2, i e?@®*¥ ] +6b?e? fPolylog[3, -ie?@PX ]

12b? e f2 x Polylog[3, -ie® @"®¥ | + 6 b? 3 x* Polylog|3, -1 e” @*X | - 6b% e’ f Polylog|3, i e? @*% | -

12b%e f2x Polylog[3, i €@ | -6 b? > x? Polylog|3, i e? @ | —6bef?Polylog[4, -ie? @] -6bf>xPolylog(4, -ie? (0¥ ] 4
6bef2PolyLog[4, i e @** ] + 6b f>x PolyLog[4, i e @**X)] + 3 f>Polylog[5, -i e? @) | -3 £ PolyLog|5, i e? X | )

Problem 83: Result more than twice size of optimal antiderivative.
JAr‘cTan [c+dTanh[a+bx]] dx

Optimal (type 4, 174 leaves, 7 steps):

(j_ _c —d) eZa+2bx

] -

L i xLog[1 [i+c+d) @“*“’X] i Polylog[2, - =A™ ] polylog 2, - (et
— 1XLO i
5 1 gll+ e d 4 - -

1
xArcTan[c +dTanh[a+bx]] + —ixLog[1+
2 1-c+d

Result (type 4, 365 leaves):

| 209
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xArcTan[c +dTanh[a+bx]] + —

2b
1 2 (a+bx) N d a+b x N d a+b x
i|21iaArcTan| - |+ (a+bx) Log[1- trexde |+ (a+bx) Log[1+ trexde ] -
c7d+ce2(a+bx)+de2(a+bx) /711_(:_*_d lii—c-%—d
N d a+b x N d a+b x A _ d a+b x
(a+bx) Log[1- trexde | - (a+bx) Log[1+ trexd e | +PolyLog[2, - trexge |+
V-1-c+d V-1-c+d Vi-c+d
[ d eatbx NE d eabx NE d e?*bx
Polylog|2, rrexge | - PolyLog[2, - trexde | - PolyLog|2, rrexde ]
Vi-c+d V-1-c+d V-1-c+d

Problem 93: Result more than twice size of optimal antiderivative.

J(e +fx) * ArcTan[Coth[a + b x]] dx

Optimal (type 4, 299 leaves, 12 steps):

(e+Fx)4Ar‘cTan[eza+2bX] (e+fx)4Ar‘cTan[Coth[a+bx1] i (e+-Fx)3PolyLog[2, -1 e?2+2bx]

af ’ af ) 4b :
i (e+-Fx)3PolyLog[2, ie?a2bx] 34 f <e+-Fx)2PolyLog[3, -1 e22bX] 34 f (e+-Fx)2PolyLog[3, ie?2+2bx]
ab ' 8 b2 i 8 b2 )
3if? (e+fx) Polylog[4, -ie?22bX] 31 f2 (e+fx) Polylog[4, i e?2'2bx]| 31 f3Polylog|[5, -ie?2'2°%]| 31 f3Polylog|5, i e2?"20X]
8 b’ . 8 b3 i 16 b i 16 b*

Result (type 4, 600 leaves):

1
=x(4e’+6e’fx+4ef> x>+ ) ArcTan[Coth[a+bx]] +
4

i(8b*e’xLog[1-1ie*@P¥ ] +12b%e?fx?Log[1-1e?@P¥ ]| 8b%efx>Log[1-1e? @]+ 2b%f x*Log[1-1e?@PX]
16 b*

8b*e’xlog[l+ie?@P¥ ] -12b*e’ fx?Log[l+ie®@P¥ ]| _8b*ef?x®Log[l+ie®@PX]-2b%f x*Log[1+1e? @0 ]

4b° (e +fx)>Polylog[2, -ie? @] +ab® (e+fx)’Polylog[2, i e @PX) ] +6b?e?fPolylog[3, -ie?(@P¥ ]+

12b%e f2x Polylog(3, -i e? (@**X | + 6 b? f> x? PolyLog[3, -1 e? ®*®¥ | -6 b2 e’ f PolylLog[3, i e* (@*PX) ] -

12b% e f2x Polylog(3, i e®@*X) | -6 b? 3 x? Polylog|3, i e @*¥ | —6bef?Polylog|4, -i e’ @**¥ | -6bf>xPolylog(4, -ie® @ PX | +
6bef2Polylog[4, i e ®"®¥ | +6bf*xPolyLog[4, i e @*X) ] +3 3 Polylog|5, -i e?@PX) | -3 f3Polylog|5, i e <a+bX>})

Problem 100: Result more than twice size of optimal antiderivative.

JAr‘cTan[c +dCoth[a+bx]] dx
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Optimal (type 4, 174 leaves, 7 steps):

(j_ _c —d) <eZa+2bx

1
x ArcTan[c +d Coth[a+bx]] + — ixLog[1-

] _

2 1-c+d
L xLog[1 Lircrd) e, i Polylog[2, (-] polylog[2, (el
— 1XLO — i
2 ' ¢ i+c-d ! 4b "

Result (type 4, 365 leaves):

1
xArcTan[c+dCoth[a+bx]] + —

2b
-1 2 (a+bx) ~f_ d a+b x ~f_ d a+b x
i|21iaArcTan| £ |+ (a+bx) Log[1- rrerc € |+ (a+bx) Log[1+ rrerc € ]
Scrdece? (30X L de? (@b Jiic d Jiicd
A3 d a+b x NE d a+b x A/ _ 4 d a+b x
(a+bx) Log[1- trexde | - (a+bx) Log[1+ trexd e | +PolyLog[2, - trexge |+
Vi+c-d vi+c-d V-i1+c-d
N d a+b x NE d a+b x NE d a+bx
Polylog|2, trexde | - PolyLog[2, - trexde | - PolyLog|2, trexde ]
V-i1+c-d Vi+c-d Vi+c-d
Problem 116: Attempted integration timed out after 120 seconds.
JAr‘cTan[aerfc*dX} dx
Optimal (type 4, 196 leaves, 6 steps):
c+d x % c+d x Zb.Fmdx
) ArcTan|a + b fordx] LOg[Li o] ] ) ArcTan|a+b fo¢x] Log| o it (e ] )
d Log[f] dLog[f]
. 2 . 2b o
i PolyLog[Z, 1- 15 (ab ] ] i PolyLog[Z, 1- (a) (11 (a0 7)) }

2dLog[f] 2dLog[f]

Result (type 1, 1leaves):

2?7

Problem 117: Unable to integrate problem.

Jx ArcTan|a+b £ 9*] dx

Optimal (type 4, 232 leaves, 9 steps):
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1 1 : b.Fc+dx 1 - b.Fc+dx
= x?ArcTan|a+b f9%] - =i x? Log[1 - 17] + = ix?*Log[1+ 22T -
2 4 1-ia 4 1+ia
. i b Ferdx . i b Ferdx . i b Ferdx . i b Ferdx
IlXPOlyLOg[Z, ?] X JlXPOlyLOg[Z, 7?} X 11POlyLOg[3, ?] ) ]lPOlyLOg[?:, 7m}
2dLog[f] 2dLog[f] 2d? Log[f]? 2d? Log[f]?
Result (type 8, 16 leaves):
JxArcTan[a +bFrdx] dx
Problem 118: Unable to integrate problem.
sz ArcTan|a+ b £ 9] dx
Optimal (type 4, 302 leaves, 11 steps):
. i b ferdx
1 1 i b Ferdx 1 i b Ferdx i x2 POlyLOg[Z, —]
—x3Ar'cTan[a+b-Fc*dX}——Jix3Log[1—117]+—J'Lx3Log[1+]l - 1ia
3 6 1-1a 6 l+1a 2dLog[f]

1+ia 1+ia 1+ia

i x2 PolylLog [2, - M} i x PolyLog [3, %] i x PolylLog [3, - w] i PolylLog [4, %] i PolylLog [4, - M}
-1 -1
+ - - +
2dLog|[f] d? Log [f]2 d? Log[f]? d3 Log[f]3 d® Log[f]3
Result (type 8, 18leaves):

sz ArcTan [a +b -F‘*dx] dx

Problem 148: Result is not expressed in closed-form.
Jec (a+bx) ApcTan[Cosh[ac +bcx]] dx

Optimal (type 3, 103 leaves, 8 steps):
e2cbx AncTan[Cosh[c (a+bx)]] [1-V2 | Log[3-2V2 +e2c@®9] (142 ) Log[3+2/2 +e2¢(@bx]

bc 2bc 2bc

Result (type 7, 146 leaves):

~4c (a+bx) +2e 0% Ar‘cTan[le’c () (14 g2€ (X)) ] 4
2bc

ac+bcx-Logfet @P% —n1] +7acn1?+7bcxnl? -7 Log|ed (0% — 1] n1?

RootSum[1 + 6 #1? + #1* &, &

1+3m12
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Problem 149: Result is not expressed in closed-form.

Jec (a+bx) ApcTan[Tanh[ac +bcx]] dx

Optimal (type 3, 180 leaves, 13 steps):
ArcTan[1-+/2 e2P<x]  ArcTan[1++/2 e?crPcx]
V2 be 7 V2 bec
eac*bchr‘cTan[Tanh[c (a+bx)H Log[l+e2c<a*"x) —\Eeac*b”} X Log[1+e2c<a+bx> +\/?eac+bcx}

bc 2/2 bc 22 bc
Result (type 7, 89leaves):

+

2¢ (abx) ac+b<:foog[eC (asbx) —J:tl]

2 e (3bX) ApcTan [ ’1*@7] + RootSum [1 + {14 &, &}
14+e2¢ (atbx] 1l
2bc
Problem 150: Result is not expressed in closed-form.

Jec (a+bx) ApcTan[Coth[ac +bcx]] dx
Optimal (type 3, 180leaves, 13 steps):

ArcTan[1-+/2 e?<PcX]  ArcTan[1++/2 e?<PcX|
- + +

ﬁbc \/7 bc
eac*bchr‘cTan[Coth[c (a+bx)H Log[l+e2c<a*"x) —\Heac*bcx} Log[l+e2c(a*bx>+\/7eac*bcx
N _
bc 2+/2 bc 2+/2 bc

Result (type 7, 89leaves):

2 € (@*bX) ApcTan [ Aeelelaon)

-l+e

-~ac-bc x+Log[ec (a+bx) 7111}

e | + RootSum[1 + #1* &, ” &|

2bc

Problem 151: Result is not expressed in closed-form.

Jec (a+bx) ApcTan[Sech[ac+bcx]] dx

Optimal (type 3, 103 leaves, 8 steps):
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e?c*bcx ApcTan[Sech[c (a+bx) || (1—\/7) Log[3-2+/2 +e?c (@b (1+\/7) Log[3+2+/2 +e?c (@b

+ +

bc 2bc 2bc

Result (type 7, 145leaves):

2 e€ (a+b x)

4c(a+bx)+2e (@bx) ApcTan | ———— | +
2bc 1+62c(a+bx)

-~ac-bcx+Lloglet @PX —m1] -7acHl?-7bcxnl?+7Log[ec (30X —n1] 112

RootSum[1 + 6 #1? + #1* &, &|

1+3112

Problem 153: Result unnecessarily involves higher level functions.

(a+bArcTan[cx"]) (d+elLog[fx"])
J dx

X

Optimal (type 4, 163 leaves, 13 steps):

aelog[fx"]? 1ibdPolylLog[2, -icx"] 1ibelog[fx"] PolylLog[2, -1 cx"]
adLlog[x] + + + -
2m 2n 2n
i bdPolylog[2, icx"] 1ibelog[fx™"] PolyLog[2, icx"] 1ibemPolylLog[3, -1cx"] 1bemPolylLog[3, icx"]
- +

2n 2n 2 n? 2 n?

Result (type 5, 116 leaves):
bcemxn Hyper‘geometr‘icPFQHi, i, L 1}, {%, %, i}, -c? in]
_ " N
b ¢ x" HypergeometricPFQ[{%, 1,1 2,21, —c2x2"] (d+eLog[fx"]
HZ,Z, },{ZJ 2}, /| >+1aLog[x} (2d—emLog[x]+2eLog[-Fx'"])
2

n
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Summary of Integration Test Results

2106 integration problems

A - 1865 optimal antiderivatives

B - 63 more than twice size of optimal antiderivatives
C - 58 unnecessarily complex antiderivatives

D - 100 unable to integrate problems

E - 20 integration timeouts



