Mathematica 11.3 Integration Test Results

on the problems in the test-suite directory "6 Hyperbolic functions\6.7
Miscellaneous"

Test results for the 1059 problems in "6.7.1 Hyperbolic functions.m"

Problem 8: Result more than twice size of optimal antiderivative.

JCosh[a +bx] Sinh[a +bx] dx

Optimal (type 3, 15leaves, 2 steps):
Sinh[a+bx]?

2b

Result (type 3, 37 leaves):

1 (Cosh[z a] Cosh[2bx] Sinh[2a] Sinh[2bX]
— +

2 2b 2b

Problem 24: Result more than twice size of optimal antiderivative.
JCsch [a+bx] Sech[a+bx] dx
Optimal (type 3, 11leaves, 2 steps):

Log[Tanh[a+bx]]
b

Result (type 3, 31 leaves):
) Log[Cosh[a+bx]] Log[Sinh[a+bXx]]
- +
2b 2b
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Problem 29: Result more than twice size of optimal antiderivative.
JCsch [a+bx]2Sech[a+bx] dx
Optimal (type 3, 24 leaves, 3 steps):

ArcTan[Sinh[a+bx]] Csch[a+bXx]
b b

Result (type 3, 51 leaves):

2Ar‘cTan[Tanh[i (a+bx)H i Coth[i (a+bx)] ) Tanh[i (a+bx)}

b 2b 2b

Problem 39: Result more than twice size of optimal antiderivative.

JCsch[a +bx]%Sech[a+bx] dx

Optimal (type 3, 37 leaves, 4 steps):

ArcTan[Sinh[a+bx]] Csch[a+bx] Csch[a+bx]3
n _

b b 3b

Result (type 3, 109 leaves):
2Ar‘cTan[Tanh[% (a+bx)]] 7Coth[% (a+bx)]

+ —

b 12b

Coth[i (a+bx)] Csch[i (a+bx)]2 7Tanh[§ (a+bx)] Sech[% (a+bx)]2Tanh[i (a+bx)]

24 b 12b 24 b

Problem 49: Result unnecessarily involves higher level functions.
Jsinh[a+bx17/2

Cosh[a+bx]7/?

dx

Optimal (type 3, 106 leaves, 6 steps):
ArcTan [ Cosh[a+b x] ] ArcTanh [ 4/ Cosh[a+bx]

\[sinh[a+bx] sinhla+bx] 2+/Sinh[a+ b x] 2Sinh[a +bx]%/?
_ . _ _
b b bq/Cosh[a+bx] 5bCOSh[a+bX]5/2

Result (type 5, 98 leaves):
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) )

[Zsinh[aerx]S/2 5 Cosh[a+ b x]*Hypergeometric2Fi| , Cosh[a+bx]2] +3 (2+3Cosh[2 (a+bx)]) (7Sinh[a+bx]2)1/4)J/

5N

3
4

»jw

(15bCosh[a +bx]%/? (—Sinh[a+bx]2)5/4)

Problem 50: Result unnecessarily involves higher level functions.

Sinh[a+bx]>/2
J— dx

Cosh[a+bx]°/?

Optimal (type 3, 81 leaves, 5steps):

ArcTan [ Sinh[a+b x] ArcTanh [ Sinh[a+b x] ]
+/ Cosh[a+b x] Cosh[a+b x] 2Sinh[a+bx]3/?
_ + _
b b 3bCosh[a+bx]3?

Result (type 5, 85leaves):
2sinh[a+bx]32 2VCosh[a+bx] Hypergeometric2Fl [ i,

3bCosh[a+bx]3? b (-Sinh[a+

s i, Cosh[a+bx]2] Sinh[a+bx]3/2

X] 2)3/4

1
4
b

Problem 51: Result unnecessarily involves higher level functions.

Sinh[a+bx]3/?
J— ax

Cosh[a+bx]3/?

Optimal (type 3, 79leaves, 5steps):

ArcTan [ +/ Cosh[a+b x] ] ArcTanh [ Cosh[a+b x] ]
/Sinh[a+b x] Sinh[a+b x] 2+/Sinh[a +bx]
_ + _
b b b +/Cosh[a+bXx]

Result (type 5, 85leaves):

3

2+/Sinh[a + b x] 2 Cosh[a+bx]3/2 Hyper‘geometr*icZFl[%, e ‘7;, Cosh[a+bx]2] v/Sinh[a +bx]
b~/Cosh[a +bx] 3b (-Sinh[a+bx]2)"*

Problem 52: Result unnecessarily involves higher level functions.

J\/ Sinh[a + b x]
v/ Cosh[a+bx]

dx
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Optimal (type 3, 54 leaves, 4 steps):
Ar‘cTan[ Sinh[a+b x] ] Ar‘cTanh[3 Sinh[a+b x] ]

Cosh[a+b x] 4/ Cosh[a+b x]

b b

Result (type 5, 57 leaves):
2+/Cosh[a+bx] Hypergeometric2Fl [ i,

b (-Sinh[a+

s i Cosh[a+bx]2?] Sinh[a+bx]3?

x]2)3/4

1
a
b

Problem 53: Result unnecessarily involves higher level functions.
Jx/Cosh[a+bx}
\/Sinh[a + b x]

Optimal (type 3, 54 leaves, 4 steps):
Ar‘cTan[ Cosh[a+b x] ] APCTanh[:{Cosh[amx] ]

Sinh[a+b x] Sinh[a+b x]

dx

b b

Result (type 5, 59 leaves):
2Cosh[a+bx]3/? Hyper‘geometr‘icZFl[i, i, i, Cosh[a+bx]2] v/Sinh[a+bx]

3b (-Sinh[a+bx]2)**

Problem 54: Result unnecessarily involves higher level functions.

Cosh[a+bx]3/2
J— ax

Sinh[a +bx]3/?

Optimal (type 3, 79leaves, 5steps):

ArcTan [ :{ Sinh[a+b x] ] ArcTanh [ Sinh[a+b x] ]
Cosh[a+b x] Cosh[a+b x] 2+/Cosh[a+bx]
_ + _
b b b+/Sinh[a + b x]

Result (type 5, 83 leaves):
2/Coshja+bx] 2 /Cosh[a+bx] Hypergeometric2F1| i,

, i, Cosh[a+bx]2] Sinh[a+bx]3/2

1
4

4
b 3/

b+/Sinh[a+bx] b (-Sinh[a+

x]z)
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Problem 55: Result unnecessarily involves higher level functions.

Cosh[a+bx]>%/?
J— ax

Sinh[a+bx]>/2
Optimal (type 3, 81 leaves, 5steps):
ArcTan [ :{Cosh[a+b x] ] ArcTanh [ Cosh[a+b x]

Sinh[a+bx] Sinh[a+bx] 2Cosh[a+bx]3/2
+

b b 3bSinh[a+bx]3/?

Result (type 5, 83 leaves):

1 7

, =, Cosh[a+bx]?] Sinh[a+bx]?+ (-Sinh[a+bx]2)"*

2Cosh[a+bx]*2+/Sinh[a+bx] [Hypergeometric2F1]

)

B w
B lw
o

3b (-Sinh[a+bx]?)**

Problem 56: Result unnecessarily involves higher level functions.

Cosh[a+bx]7/?
J— dx

Sinh[a +bx]7/?

Optimal (type 3, 106 leaves, 6 steps):

ArcTan [ Q{Sinh[a+bx] ] ArcTanh [ Q{Sinh[a+bx] ]
/ Cosh[a+b x] +/ Cosh[a+bx] 2 Cosh[a+bx]°/? 2+/Cosh[a+bx]
_ + _ _
b b 5bSinh[a+bx]*? p+/Sinh[a+bx]

Result (type 5, 97 leaves):
[2 \/Cosh[a+bx] |5Hypergeometric2F1 [ 1
4
(Sb\/sinh[a+bx] (—Sinh[a+bx]2)7/4)

) )

E, Cosh[a+bx]?| Sinh[a+bx]*+ (—Sinh[a+bx]2)3/4 <1+6Sinh[a+bx]2)])/
4

FNQN

Problem 57: Result unnecessarily involves higher level functions.

Sinh[a+bx]7/3
j— dx

Cosh[a+bx]7/3

Optimal (type 3, 155leaves, 9steps):

1, 25inh [asbx]??

bx]|23 i 2/3 i 2/3 i 4/3
\/?Ar‘cTan[ Cosj/—[abx ] Log[l _ Sinhfa+bx } Log[l 4 Sinh[a+b x]% i Sinh[a+b x]%¥ ]
3

Cosh[a+bx]?/3 Cosh[a+bx]%/®  Cosh[a+bx]%/3

3Sinh[a+bx]%/?3
+
2b 2b 4b 4bCosh[a+bx]4?3
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Result (type 5, 80 leaves):

3 (7Sinh[a+bx]2+2Cosh[a+bx]ZHyper‘geometr‘iczFl[i, i, i, Cosh[a+bx]?] (7Sinh[a+bx]2)1/3)

4bCosh[a+bx]%3Sinh[a+bx]?/3

Problem 58: Result unnecessarily involves higher level functions.

Sinh[a+bx]>/3
J— dx

Cosh[a+bx]?/3

Optimal (type 3, 155leaves, 9 steps):

2Cosh[a+bx]??
t Sinh[arbx] %> Coshla+bx]%/3 Cosh[a+bx]%?  Cosh[a+bx]?/3
V3 ArcTan| —simleex® ] log[1- | Log[1+ + ]
A3

Sinh[a+b x]2/3 Sinh[a+bx]%3  sinh[a+bx]?/3? 3Sinh[a+bx] 2/3
_ + _

2b 2b 4b 2bCosh[a+bx]?/3

Result (type 5, 87 leaves):
3Sinh[a+bx]?/3 3 Cosh[a+ b x]%3 Hypergeometric2F1 [ i, i, g, Cosh[a+bx] 2] Sinh[a+bx]2%/3

2bCosh[a+bx]2/? 4b (-Sinh[a+bx]2)'?

Problem 59: Result unnecessarily involves higher level functions.

Sinh[a+bx]%/3
J— dx

Cosh[a+bx]%3

Optimal (type 3, 243 leaves, 12 steps):

~ 2Cosh[arbx]*? +2ccsh[a<b><]]r'3

1 1 ,
inh[a+bx]*> inh[a+bx]*? Y3
/3 ArcTan[ —simleba2 | /37 ApcTan | —sileexd™ | ApcTanh [ Soshl2:bxl
V3 V3 Sinh[a+bx]/3
_ N _
2b 2b b
Cosh[a+b x]%/3 Cosh[a+b x]/3 Cosh[a+b x]?/3 Cosh[a+b x]Y/3
Log |1+ — — - Log|1 + - .
g[ Sinh[a+bx]??  Sinh[a+bx]%/? ] g[ Sinh[a+bx]%/3  Sinh[a+bx]Y/? ] 3Sinh[a+bx]1/3
N _

4b 4b b Cosh[a +bx]1/3

Result (type 5, 85leaves):
3Sinh[a+bx]1/? 3Cosh[a+bx]®?3 Hyper‘geometr‘icZFl[%, %, %, Cosh[a+bx]2] Sinh[a+bx]%/3

b Cosh[a+bx]'/3 5b (-Sinh[a+bx]2)"®



Problem 60: Result unnecessarily involves higher level functions.

Sinh[a+bx]?/3
J— dx

Cosh[a+bx]%/3

Optimal (type 3, 218 leaves, 11 steps):

i 1/3
17251nh[a+bx] 1

25inh[a+bx]"?
2oamn|ard x|

\/?Ar‘cTan[ﬂM} \/?ArcTan[Mi]

V3

\3

2b 2b

+

i 1/3 i 1/3
Ar‘cTanh[Smh a+b x ] Log[l _ Sinh[a+b x] ¥

Cosh[a+bx]/3 Cosh[a+bx]1/3

Sinh[a+b x]%/3

Sinh[a+bx12/3 }

14 Sinh[a+b x]Y/3
Cosh[a+bx]?/3

Lo ;
g[ Cosh[a+b x]/3
+

Cosh[a+bx]?/3

]

b 4b

Result (type 5, 57 leaves):
3 Cosh[a+bx]/3 Hypergeometric2Fi| i,

4b

s %, Cosh[a+bx]2] Sinh[a+bx]%3

1
6
b (-Sinh[a+b

Problem 61: Result unnecessarily involves higher level functions.

Sinh[a+bx]1/3
J— dx

Cosh[a+bx]1/3

Optimal (type 3, 128 leaves, 8 steps):

14 2sinh[asbx]?/?

ﬁAr‘cTan[ Cos:/ibx /3 ] Log [1 _ sinh[a+bx]%/?
3

Cosh[a+bx]?/3

X] 2) 5/6

s 2/3 s 4/3
} Log[l + Sinh[a+b x] — Sinh[a+b x] - ]
Cosh[a+b x]?%/3 Cosh[a+b x]4/3

2b 2b

Result (type 5, 59 leaves):

+

4b

3Cosh[a+bx]%/3 Hyper‘geometr‘icZFlE, %, 4;, Cosh[a+bx]2]| Sinh[a+bx]*3

2b (-Sinh[a+bx]2)??

Problem 62: Result unnecessarily involves higher level functions.

Cosh[a+bx]1/3
J— ax

Sinh[a+bx]/3

Optimal (type 3, 128 leaves, 8 steps):
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1., 2Cosh [asbx]?*?

\/?Ar‘cTan[ Sinj/ibx 2/3 ] Log[l _ Coshla+bx 2/3} Log[l . Cosh[a+b x]%/3 N Cosh[a+bx12/3]
3

Sinh[a+bx]?/3 Sinh[a+bx]%/3 Sinh[a+b x]%/3

+
2b 2b 4b

Result (type 5, 59 leaves):

3Cosh[a+bx]43 HypergeometricZFlE, %, 2, Cosh[a+bx]2]| Sinh[a+bx]?/3

4b (-Sinh[a+bx]2)?

Problem 63: Result unnecessarily involves higher level functions.

Cosh[a+bx]%/3
J— dx

Sinh[a+bx]?/3

Optimal (type 3, 218 leaves, 11 steps):

3 ArcTan | —Simlebx? \/3 ArcTan [ —simlabx*®
\ﬁ [ N3 } - [ V3 ] .
2b 2b

1/3 2/3 1/3 2/3 1/3
ArcTanh [ Coshla+b x]% ] Log {1 4 Coshla+bx] _ Coshfa+bx] } Log[l , Coshla+bx] — Coshla+b x]
Sinh[a+bx]?/>  Sinh[a+bx]Y/3

Sinh[a+bx]Y/3 Sinh[a+b x]2/3 Sinh[a+b x]/3

]

b 4b 4b

Result (type 5, 59 leaves):

5 11

3 Cosh[a+bx]5/3 Hyper‘geometr‘icZFl[%, ol Cosh[a+bx]2?] Sinh[a +bx]?/3

5b (-Sinh[a+bx]2)"®

Problem 64: Result unnecessarily involves higher level functions.

Cosh[a+bx]4/3
J— dx

Sinh[a +bx]4/3

Optimal (type 3, 243 leaves, 12 steps):

/ b ]/ N, cox]® Sinh[a+b x>
3 Ar‘cTan[ﬂ\F"#} 3 Ar‘CTan[ﬂJi—”—] Ar\CTanh[Sln: a+ix 1/3]
3 3 Coshla+bx]V/

+ —

2b 2b b

i 1/3 i 2/3 i 1/3 i 2/3
Log[l _ Sinh[a+bx] — Sinh[a+b x] . ] Log[l . Sinh[a+b x] . Sinh[a+b x] : ]
Cosh[a+b x]/3 Cosh[a+b x]?/3 Cosh[a+bx]1/3 Cosh[a+b x]?%/3

3Cosh[a+bx]13
+ _

4b 4b bSinh[a+bx]1/3



Result (type 5, 83 leaves):

3Cosh[a+bx]/? 3Coshla+bx]?3 Hyper‘geometr‘icZFl[i, s é, Cosh[a+bx]2?] Sinh[a+bx]%3

bSinh[a+bx]1/3

1
6
b (-Sinh[a +bx]2)5/6

Problem 65: Result unnecessarily involves higher level functions.
JCosh[a+bx}5/3

Sinh[a+bx]>/3

dx

Optimal (type 3, 155leaves, 9steps):
1+Zsinh[a+bx]2/3
\/?Ar‘cTan[ cosj/ibx 2/ ] Log [1 _ Sinh[a+bx :/z } Log [1 . Sinh[a+b x]%/3 . Sinh[a+b x]%/3 ]
3 Cosh[a+b x]*/

Cosh[a+bx]%/3 Cosh[a+bx]%/3

3 Cosh[a+bx]?/3
'
2b 2b 4b

2bSinh[a+bx]?/3

Result (type 5, 83 leaves):
1

2/3 ¢ 4/3 ; 11
3 Cosh[a+bx] Sinh[a + b x] Hyper‘geometr‘1c2F1[f, -
2b (-Sinh[a+bx]2)%3 373

4

3

Problem 66: Result unnecessarily involves higher level functions.
JCosh[a+bx}7/3

Sinh[a+bx]7/3

dx

Optimal (type 3, 155leaves, 9 steps):
1, 2Cosh[asb x]¥?

; R ./ 2/3 4/3 2/3
\/? Ar‘cTan[ Sinh[a+bx]?/? ] Log {1 _ Coshfa+bx } Log [1 , Coshla+bx] , Coshla+bx] ]
3

Sinh[a+b x]2/3 Sinh[a+bx]%3  sSinh[a+bx]?/3?
- +

3 Cosh[a+bx]%/?3
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, Cosh[a+bx]?] Sinh[a+bx]2+ (-Sinh[a+bx]?)*?

2b 2b 4b 4bSinh[a+bx]%3
Result (type 5, 83 leaves):
1 4/3 ¢4 2/3 : 2.2 5 27 < 2 . 2)1/3
3 Cosh[a+bx] Sinh[a + b Xx] Hyper‘geometr‘1c2F1[—, —, —, Cosh[a+Dbx] ]Slnh[a+bx} + (—Slnh[a+bx] )
4b (-sinh[a+bx]2)*? 3 3 3

Problem 100: Result more than twice size of optimal antiderivative.

JSech [x]® Tanh[x]® dx

Optimal (type 3, 33 leaves, 3 steps):
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Tanh[x]7 Tanh[x]® 3Tanh[x]' Tanh[x]13
_ N _

7 3 11 13

Result (type 3, 67 leaves):
16 Tanh[x] 8Sech[x]2Tanh[x] 2Sech[x]?%Tanh[x]
+ +

3003 3003 1001
5 Sech[x]® Tanh[x] 53 g 27 10 1 1
- —— Sech[x]®Tanh[x] + — Sech[x]*Y Tanh[x] - — Sech[x]*° Tanh [x]
3003 429 143 13

+

Problem 102: Result more than twice size of optimal antiderivative.

JCosh[a +bx] Coth[a+bx]%dx

Optimal (type 3, 22leaves, 3 steps):
Csch[a+bx] Sinh[a+bXx]
b b

Result (type 3, 45leaves):

Coth[i<a+bx)] Sinh[a + b x] Tanh[i(a+bx)]

- + +

2b b 2b

Problem 104: Result more than twice size of optimal antiderivative.

JCosh[a +bx] Coth[a+bx]%dx

Optimal (type 3, 37 leaves, 3 steps):
2Csch[a+bx] Cschla+bx]3 Sinh[a+bx]

+

b 3b b

Result (type 3, 103 leaves):

11Coth[§(a+bx” Coth[%(a+bx)]Csch[%<a+bx)]2 Sinh[a+ b x] 11Tanh[%(a+bx)] Sech[%(a+bx)}2Tanh[§(a+bx)]
_ _ . . _

12b 24 b b 12b 24 b

Problem 118: Result more than twice size of optimal antiderivative.

JCO‘th[a +bx]3Csch[a+bx] dx



Optimal (type 3, 27 leaves, 2 steps):
Csch[a+bx] Csch[a+bx]3
b 3b

Result (type 3, 93 leaves):

5Coth[%(a+bx)] Coth[%(a+bx)}Csch[§(a+be2 5Tanh[%(a+bx)] Sech[i(a+be2Tanh[§<a+bx)]

— — + —

12b 24 b 12b 24 b

Problem 119: Result more than twice size of optimal antiderivative.
JCoth[a+bx]3Csch[a+bx}3d1x
Optimal (type 3, 31leaves, 3 steps):

Csch[a+bx]® Csch[a+bx]?
3b 5b

Result (type 3, 151 leaves):
11Coth[i(a+bx)] 11Co‘ch[i(aerx)]Csch[i(aerx)]2 Coth[i(a+bx)]€sch[§(a+bx)]4

240 b 480 b 160 b
11Tanh[§ (a+bx)] ) 115ech[§ (a+bx>]2Tanh[§ (a+bx)] ) Sech[% (a+bx”4TanhE (a+bx)]

240b 480 b 160 b

Problem 121: Result more than twice size of optimal antiderivative.

JCoth[a +bx]2Csch[a+bx] dx

Optimal (type 3, 34 leaves, 2 steps):
ArcTanh[Cosh[a+bx]] Coth[a+bx] Csch[a+bx]
2b 2b

Result (type 3, 75leaves):

7Csch[i (a+bx)]2 7 Log[Cosh[i (a+bx)]] ) Log[Sinh[i (a+bx)]] 7 Sech[i (aerx)]2

8b 2b 2b 8b
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Problem 122: Result more than twice size of optimal antiderivative.

JCoth[a+bx]2Csch[a+bx]3d1X

Optimal (type 3, 55leaves, 3 steps):

ArcTanh[Cosh[a+bx]] Coth[a+bx] Csch[a+bx] Coth[a+bx] Csch[a+bx]3
8b 8b 4b

Result (type 3, 113 leaves):

Csch[i(a+bx)]2 Csch[%(a+bx”4 Log[Cosh[%(a+bx)H Log[Sinh[%(aerx)H Sech[§<a+bx)]2 Sech[%(a+bx”4
) 32b ) 64b : 8b ) 8b ) 32b : 64b

Problem 123: Result more than twice size of optimal antiderivative.
JCoth[a+bx]4Csch[a+bx} dx

Optimal (type 3, 55leaves, 3 steps):

3 ArcTanh[Cosh[a+bx]] 3Coth[a+bx] Csch[a+bx] Coth[a+bx]3Csch[a+bx]
8b 8b

4b
Result (type 3, 113 leaves):

5Csch[i(a+bx)]2 Csch[i(a+bx)]4 3Log[Cosh[§<a+bx)H 3Log[Sinh[i(a+bx)]] SSech[i(aerx)}z Sech[i(aerx)]4
) 32b ) 64b ) 8b ' 8b ) 32b : 64b

Problem 127: Result more than twice size of optimal antiderivative.

jCoth[x]“Csch[x]?’dlx

Optimal (type 3, 38leaves, 4 steps):

1 1 1 1

— ArcTanh[Cosh[x]] - — Coth[x] Csch[x] - = Coth[x] Csch[x]®- = Coth[x]3Csch[x]3

16 16 8 6

Result (type 3, 95 leaves):

~ D eseh[ X7 Eeseh[ X0 2 csen[X]° 4 L Log[cosh[ X]] - 2 Log[sinh[X]] - = sech| 2]+ S sech| 2]~ - sech[X]°
64 2 64 2 384 2 16 2 16 2 64 2 64 2 384 2
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Problem 129: Result more than twice size of optimal antiderivative.

JCoth [6x]°Csch[6x] dx

Optimal (type 3, 29leaves, 3 steps):

1 1 , 1 .
- —Csch[6Xx] - —Csch[6Xx]° - — Csch[6X]
6 9 30

Result (type 3, 73 leaves):

89 Coth[3x] 31Coth[3x] Csch[3x]? 1 . 89Tanh[3x] 31Sech[3x]?Tanh[3x] 1 4
- - - —— Coth[3x] Csch[3x]"+ - + —— Sech[3 x]*Tanh[3 x]
1440 2880 960 1440 2880 960

Problem 130: Result more than twice size of optimal antiderivative.
JCoth [x]7 Csch[x]3dx
Optimal (type 3, 33 leaves, 3 steps):

1 ; 3Csch[x]® 3Csch[x]’ Csch[x]?
- —Csch[x]° - - -
3 5 7 9

Result (type 3, 165leaves):

1823 Coth [ X | 1823 Coth|[*] csch[*]* 463 Coth|[*] csch[*]* 73 Coth|*] csch[*]° ) Coth|[*] csch[*]°® )
80640 161280 53760 32256 4608
1823 Tanh|[ ) 1823 Sech[?]zTanh[i] ) 463 Sech[i]ATanh[i] ) 73 Sech[?]GTanh[ﬂ ) Sech[i]sTanh[i]
80640 161280 53760 32256 4608

Problem 143: Result more than twice size of optimal antiderivative.

Jsinh [a+bx] Tanh[c +bx] dx
Optimal (type 3, 29leaves, 3 steps):

ArcTan[Sinh[c+bx]] Cosh[a-c] Sinh[a+bXx]
- +
b b

Result (type 3, 86 leaves):
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2 Ar‘cTan[ (Cosh[c]-Sinh[c]) (Cosh[T} Sinh[c]+Cosh[c] Slnh{T]) ] Cosh [a ~ C]

Cosh[ Cosh{ ]Cosh[ }Slnh[cl Cosh[bx] Sinh[a] Cosh[a] Sinh[b x]

+ +

b b b

Problem 144: Result more than twice size of optimal antiderivative.
Jsinh [a+bx] Tanh[c+bx]%dx
Optimal (type 3, 45leaves, 6 steps):

Cosh[a+bx] Cosh[a-c]Sech[c+bx] ArcTan[Sinh[c+bx]] Sinh[a- ]
n _
b b b

Result (type 3, 102 leaves):

(Cosh[c]-Sinh| (Cosh[b—} Sinh[c]+Cosh[c] Sinh[b—XH A
2 ArcTan| 2 L] sinh[a-c]
Cosh[a] Cosh[bx] Cosh[a-c] Sech[c +bXx] Cosh| Cosh{ ] Cosh{ ]Slnh[cl Sinh[a] Sinh[b x]
+ - +
b b b b

Problem 146: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.
JCoth [c+bx] Sinh[a+bx] dx
Optimal (type 3, 29 leaves, 3 steps):

ArcTanh[Cosh[c +bx]] Sinh[a-c] Sinh[a+bXx]
- +
b b

Result (type 3, 93 leaves):

[ (Cosh[c]-Sinh[c]) (Cosh Cosh{bz—] +Sinh|[c Slnh{z—xm

2 1 ArcTan - | sinhfa-c]
Cosh[bx] Sinh[a] J'lCosh[c]Cosh[ 2} ICOSh[T] Sinh[c] Cosh[a] Sinh[b x]
- +

b b b

Problem 147: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

JCoth[c +bx]2Sinh[a+bx] dx

Optimal (type 3, 46 leaves, 6 steps):
ArcTanh[Cosh[c+bx]] Cosh[a-c] Cosh[a+bx] Csch[c+bx]Sinh[a-C]
- +

b b b




6.7 Miscellaneous.nb | 15

Result (type 3, 110leaves):

) (Cosh[c)-Sinh[c]) (Cosh(c ]Cosh[ %slnh[ ]Sinh[b—XH
2i ArcTan| - L] Cosh[a-c]
i Cosh[c] Cosh[z] 1C°Sh[ﬂ Sinh[c] Cosh[a] Cosh[bx] Csch[c+bx] Sinh[a-c] Sinh[a] Sinh[bXx]
- + - +
b b b b

Problem 150: Result more than twice size of optimal antiderivative.
JSech [c+bx]%2Sinh[a+bx] dx
Optimal (type 3, 35leaves, 4 steps):

Cosh[a-c] Sech[c+bx] ArcTan[Sinh[c+bx]] Sinh[a -]
- +
b b

Result (type 3, 83 leaves):

(Cosh[c]-Sinh[c]) (Cosh|®*| sinh[c]+Cosh[c] Sinh|®*]]

2 ArcTan| - ]
Cosh[a-c] Sech[c +bXx] Cosh c]Cosh{ } Cosh[ }Sll’lh ]

- +

b b

Sinh[a -]

Problem 153: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.
JCSCh [c+bx]%2Sinh[a+bx] dx
Optimal (type 3, 36 leaves, 4 steps):

ArcTanh[Cosh[c+bx]] Cosh[a-c] Csch[c+bx] Sinh[a- ]
b b

Result (type 3, 90 leaves):

) (Cosh[c])-Sinh[c]) (Coshc ]Cosh[ lenh[ JSinh[LXH
2i ArcTan| L] Cosh[a-c]
1 Cosh[c] COSh{b ] JlCOSh[—} Sinh[c] CSCh[C+bX] Sinh[a_c}
b b

Problem 155: Result more than twice size of optimal antiderivative.

JCosh[a +bx] Tanh[c + b x] dx

Optimal (type 3, 29 leaves, 3 steps):
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Cosh[a+bx] ArcTan[Sinh[c+bx]] Sinh[a-c]
b b

Result (type 3, 86 leaves):

Cosh[c]-Sinh Cosh sinh[c]+Cosh[c] Sinh[®%X
2Ar‘cTan[ (Cosh[c]-Sinh[c]) ( os b{ } inh[c]+Cosh[c] Sin [ S ” ] Sinh (a-c]
Cosh[a] Cosh[bx] Coshc] Cosh| 2| -cosh| X sinh(c] Sinh[a] Sinh[b x]
- +
b b b

Problem 156: Result more than twice size of optimal antiderivative.

JCosh[a +bx] Tanh[c+bx]%dx

Optimal (type 3, 45leaves, 6 steps):
7Ar‘cTan[Sinh[c+bx}] Cosh[a-c] Sech[c+bx]Sinh[a-c] Sinh[a+bXx]

+

b b b

Result (type 3, 102 leaves):

5 ArcT [ (Cosh[c]-Sinh[c]) Cosh[ }Slnh ]+Cosh| ]S1nh[_"]) ] c h[ ]
rcTan ’ oshla-c
Cosh | CC,sh{bT] c°sh[ }slnh[c] Cosh[bx] Sinh[a] Sech[c+bx] Sinh[a-c] Cosh[a] Sinh[bXx]
b b b °

Problem 158: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.
JCosh [a+bx] Coth[c+bx] dx
Optimal (type 3, 29leaves, 3 steps):

ArcTanh[Cosh[c +bx]] Cosh[a-c] Cosh[a+bx]
- +
b b

Result (type 3, 93 leaves):

i Ar‘cTan[ (Cosh[c]-Sinh[c]) (Cosh[ ] Cosh{ }+Slnh[ c] Slnh[Tx”

- | Coshla-c]
i Coshc] Cosh | °] i Cosh| 2" ] sinhc] Cosh[a] Cosh[bx] Sinh[a] Sinh[bx]

- + +

b b b

Problem 159: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

JCosh[a +bx] Coth[c+bx]?dx
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Optimal (type 3, 46 leaves, 6 steps):

Cosh[a-c] Csch[c+bx] ArcTanh[Cosh[c+bx]] Sinh[a-c] Sinh[a+bXx]
- - +

b b b

Result (type 3, 110leaves):

(Cosh[c]-Sinh[c]) (cOsh[ ]Cosh[ ]+Slnh[ ]Sinh[bz—x])

2i ArcTan| — | sinha-c]
Cosh[a-c] Csch[c+bx] Cosh[bx] Sinh[a] iCOSh[C]Cosh[ } ICOSh[ }Slnh[ ] Cosh[a] Sinh[b x]

+ - +

b b b b

Problem 162: Result more than twice size of optimal antiderivative.
JCosh [a+bx] Sech[c+bx]?dx
Optimal (type 3, 35leaves, 4 steps):

ArcTan[Sinh[c +bx]] Cosh[a-c] Sech[c+bx] Sinh[a-c]
b b

Result (type 3, 83 leaves):

(Cosh[c]-Sinh[ (Cosh“—] sinh[c]+Cosh|c ]Sinh{iﬂj
2 ArcTan| 2 >-] Cosh[a-c]
Cosh[c]Cosh[b } Cosh{ }Slnh[ ] Sech[c+bx} Sj_nh[a_c]
b b

Problem 165: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.
JCosh [a+bx] Csch[c+bx]?%dx
Optimal (type 3, 36 leaves, 4 steps):

Cosh[a-c] Csch[c+bx] ArcTanh[Cosh[c+bx]] Sinh[a -]
b b

Result (type 3, 90 leaves):

23 Ar‘cTan[ (Cosh[c]-Sinh[c]) (Coshlc] Cosh[ %slnh[ ]Sinh“)—x])

| sinhfa-c]
Cosh[a-c] Csch[c+bx]

b b

1 Cosh[c] Cosh{ ] nCosh[ }Slnh[ ]
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Problem 188: Result more than twice size of optimal antiderivative.

JSinh[a +bx] Tanh[c +d x] dx

Optimal (type 5, 121 leaves, 6 steps):

e-a-bx ) earbx ) e 2 ®XHypergeometric2F1[1, - i, 1- 2bd’ -2 (erdx) | ) e?'"X Hypergeometric2Fi|1, Ld, 1+ 2bd’ -e?(c+dx) ]
2b 2b b b
Result (type 5, 278 leaves):
1 b b
— e cbx [fb (b+2d) e (<9 (-1+e??) Hypergeometric2F1[1, 1- —, 2- —, -e? (“9¥ | sech[c] +
4 (b®-4bd?) 2d 2d
b
(b-2d) (2 b e? (ax¢+ (b+d) ) Hypergeometric2F1[1, 1+ —, 2+ —, —e? (“9% | Sech[c] -
2d 2d
b b
(b+24d) (7Sech [c] -e®?Sech[c] + (1+e??+2e”°) Hypergeometric2F1[1, - —, 1- —, -? (“9¥ | Sech[c] +
2d 2d
b b
2 e? (3**®X) Hypergeometric2F1[1, —, 1+ —, -e?(“9¥ | Sech[c] -4 e™“***Cosh[a + b x] Tanh[c] ) ) )
2d 2d
Problem 189: Result more than twice size of optimal antiderivative.
JCoth [c+dx] Sinh[a+bx] dx
Optimal (type 5, 117 leaves, 6 steps):
-a- 3 b b + + 1 L L +
eabx ) eatbx i e 2"°XHypergeometric2F1[1, - S @2 (c+dx) e®*®X Hypergeometric2F1|[1, PR R g2 (c+dx) |
2b 2b b b
Result (type 5, 240leaves):
Cosh[a] Cosh[bx] Coth[c] 1
+
b b(b-2d) (-1+e2€)
—as2c-b 2d : b b 2 (c+d : b b 2 (c+d
e 22¢PX b e2dX Hypergeometric2F1(1, 1- —, 2- —, € (“99 ] — (b-2d) Hypergeometric2F1|1, - —, 1- —, e® (<4
2d 2d 2d 2d
[ e(b+2d) X Hypergeometric2F1 {1,1+ b 5.0 e2(cidx) w e Hypergeometric2F1 [1, b 1.0 e2(cidx) w
ea+2c _ 2d 2d + 2d 2d
b+2d b

Coth[c] Sinh[a] Sinh[b x]
+
-1+ e3¢ b
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Problem 200: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.
Jsinh[x] Tanh[2 x] dx
Optimal (type 3, 19leaves, 4 steps):
ArcTan[+/2 Sinh(x] |
V2
Result (type 3, 167 leaves):

+Sinh[x]

1

42

Cosh[2] +Sinh[] | -2 arcTan] Cosh[>] +Sinh[¥] )

(1+\/7) Cosh[i] - (—1+\/7) Sinh[?] (—1+\/7) Cosh[i] - (1+\/7) Sinh[f]

-2 ArcTan|

2 ArcTan [\/7 Sinh[x]] +1 Log[\/? - 2Cosh [x]] +1 Log[\/? +2 Cosh[x] ] -1iLog[Cosh[2x]] +4 \/2 Sinh [x]

Problem 202: Result is not expressed in closed-form.

Jsinh [x] Tanh[4 x] dx

Optimal (type 3, 69leaves, 6 steps):

—1 2—\5 Ar‘cTan[m]—1 2+\/7 ArcTan[M]+Sinh[x]
* 2 v2 202
Result (type 7, 111 leaves):
1 1
- — RootSum[1 + 118 &, ——
16 17
x +2Log[-Cosh[>] - sinh[~] + Cosh[>] =1 - Sinh[~] 1] + x 415 + 2 Log[ - Cosh[ ] - Sinh[>] + Cosh[~] =1 - Sinh|[~] s1] ms) &) +Sinh[x]
2 2 2 2 2 2 2 2

Problem 203: Result is not expressed in closed-form.

Jsinh [x] Tanh[5x] dx

Optimal (type 3, 87 leaves, 9 steps):
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1
- —ArcTan[Sinh| 3 +/5 Ar‘cTan Sinh| Ar‘cTan [2 3 +/5 Sinh| +Sinh[x]
5 3+4/5

Result (type 7, 262 leaves):

-2 ArcTan [Tanh| i] |- 2 Rootsum [1-81%+81% - 121° + 218 g,

5 2 20
(3x+sLog[_cosh[i]_Sinh[ipcosh[i] ©1-Sinh[>]=1] - x 212 -2 Log[-Cosh[~] - Sinh[>] + Cosh[~] t:1 - Sinh[~] 1] 212 -
2 2 2 2 2 2 2 2
XH14—2Log[—Cosh[i} —Sinh[i} +Cosh[5} mlfsinh[i] m1] =1+ 3 x 118 +
2 2 2 2

6Log[—Cosh[§] —Sinh[)z(] +Cosh[2] 1l - Slnh[z] 111 | ms)/ (-#1+201%-311° + 4117) &| + Sinh[x]

Problem 204: Result is not expressed in closed-form.

Jsinh [x] Tanh[6 x] dx

Optimal (type 3, 87 leaves, 10 steps):

ArcTan[V2 sinh(x]| 1 2Sinh[x] 2Sinh[x]

2-+/3 ArcTan| |- 1 2++/3 ArcTan]| | +sinh[x]
3V2 ° NPIEER 243
Result (type 7, 397 leaves):
Cosh|[*] +Sinh[*] Cosh|[*] +Sinh[*]
- 4 ArcTan | 2 2 | +4ArcTan| 2 2 ]+
242 (1++2 ) cosh[ ] - (-1++/2] sinh[%] (-1+v2 | cosh[*] - [1++/2 ] sinh[*]
4 ArcTan[+/2 Sinh([x]] - 21i Log[+/2 ~2Cosh[x]]| -21i Log[+/2 +2Cosh[x]] +21i Log[Cosh[2x]] +
V2 RootSum|1 - #1%+ 1% &, ;(2x+4Log[—Cosh[i] ~sinh[ ] + Cosh[ =] 1 - sinh[ > ] m1] - x =112 -
-113 + 2117 2 2 2 2
2Log[-Cosh[>] - sinh[>] + Cosh[~] =1 - Sinh[~] 1] 212 - x=1% - 2 Log[ - Cosh[~] - Sinh[>] + Cosh[~] 121 - Sinh[ =] 1] 214 +
2 2 2 2 2 2 2 2

2x15 + 4 Log[ - Cosh|[ =] - Sinh[ > ] + Cosh|[ > ] =1 - Sinh [~ ] =1] 1116] &] - 24~/2 sinh[x]
2 2 2 2

Problem 205: Result more than twice size of optimal antiderivative.

JSinh [x] Tanh[n x] dx
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Optimal (type 5, 81 leaves, 6 steps):
e™* et 1 1 1 1 1
+ — - e *Hypergeometric2F1[1, - —, 1- —, -e?"*| - e Hypergeometric2F1[1, —, — [2 + f) , —e?nx]
2 2 2n 2n 2n 2 n

Result (type 5, 164 leaves):

e**2"X Hypergeometric2F1[1, 1 - ZL, 2- 1, —e?"x]  e(2MXHypergeometric2F1[1, 1+ *, 2+ -, —e2"X]

n 2n 2n’ 2n’
- +

-1+2n 1+2n

1 1 1 1
e |Hypergeometric2F1[1, - —, 1- —, -e2"*| + e?* Hypergeometric2F1[1, —, 1+ —, -e?"*] )]

2n 2n 2n 2n

Problem 208: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

JCoth [4 x] Sinh[x] dx

Optimal (type 3, 28 leaves, 6 steps):

1 Ar‘cTan[\E Sinh[x]]
- —ArcTan[Sinh[x]] - +Sinh[x]
4 22
Result (type 3, 181 leaves):
Cosh[*] +sinh|[X] Cosh[*] +sinh|*]
- 2 ArcTan| 2 2 | +2ArcTan| 2 2 | +2ArcTan[v/2 Sinh[x]] +
8/2 (1+V2 ) cosh[*] - (-1++/2 ] sinh[%] (-1+v2 | cosh[*] - (142 ] sinh[%]

4\/7Ar'cTan[Tanh[§H ~ilog[V2 -2Cosh(x] | -iLog[v2 +2Cosh[x]] +1iLog[Cosh[2x]] -8+/2 Sinh[x
2

Problem 209: Result more than twice size of optimal antiderivative.

JCoth [5x] Sinh[x] dx

Optimal (type 3, 82leaves, 6 steps):

1
— 5 + Ar‘cTan Sinh[ Ar‘cTan
2 5++/5

Result (type 3, 198 leaves):

5 ++/5 Sinh| +Sinh[x]

U'I|N
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1

(5] ol et 2L ) s averan LT

}+
20/5 18-2+/5 \J1e-2+/5

10-2+/5 (5+\/?) ArcTan | ( +\ﬁ Tanh| } ~ArcTan| (3 Tanh ]

Problem 211: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

+20+/5 Sinh[x] ]

jSech [2x] Sinh[x] dx

Optimal (type 3, 16leaves, 2 steps):
ArcTanh[+/2 Cosh[x] |
V2

Result (type 3, 155leaves):

Cosh[*] +sinh|[*]
—ZjArcTan[ 2 2 } +

(1472 ) Cosh[*] - (-1++/2 ) sinh[X]

. Cosh[ﬁ +Sinh[§] ' x
i ArcTan| | ~4ArcTanh[+/2 -iTanh[=]] + Log[V/2 -2Cosh[x]] - Log[V/2 +2Cosh[x]]
(-1++/2 ) cosh[*] - (142 ] sinh[%] 2

4~/2

Problem 213: Result is not expressed in closed-form.

JSech [4 x] Sinh[x] dx

Optimal (type 3, 71leaves, 4 steps):

ArcTanh [ 2€oshixL | ArcTanh[ ZCoshix] |

Javz Jalz
zzﬁ) 22+ﬁ)

Result (type 7, 1101leaves):
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1 8
— RootSum |1 + 1118 &,
16

X X X X
2L Cosh| =] - Sinh Cosh 1 - Sinh 1 #1%2 + 2 Log|-Cosh| =] - Sinh Cosh 1 - Sinh 1 mz) &
Hl ( X - og[ oS [2} 1in [Z}Jr oS [2} 1in [2} ]+X + og[ 0os [2] in [Z}Jr 0os [2} in [2] } ]

Problem 215: Result is not expressed in closed-form.

JSech [6 x] Sinh[x] dx

Optimal (type 3, 85leaves, 7 steps):

Ar‘cTanh[—'—LZCOSh *L] ArcTanh|[ 2EeshixL 2Coshix] ]

ArcTanh [\/? Cosh[x] } J2-v3 2073

32 GW 2++/3

Result (type 7, 385leaves):

Cosh|[*] +sSinh[*] Cosh|[*] +Sinh[*]
4]'1Ar‘cTan[ 2 2 ]—4]‘1Ar‘cTan[ 2 2 +
24~/2 (1++2 ) cosh[*] - (-1++/2 | sinh[%] (-1+v2 ] cosh[*] - (1++/2] sinh[%]
8Ar‘cTanh[\/7—JiTanh[iH —2Log[x/?—2Cosh[x]} +2Log[\/7+2Cosh ] \/7RootSum[1 714 + 118 &, N S
2 -3+ 2317

(—x—ZLog[—Cosh[g] —Sinh[)z(] +Cosh[2] 1l - Slnh[z] 1 | +xﬁ12+2Log{—Cosh[§} —Sinh[g] +Cosh[§] ﬁl—Sinh[g} w1 #1? - x w1t -

X X X X
2Log|-Cosh|—| -Sinh + Cosh 1l - Sinh 11| #1% + x #1° + 2 Log | -Cosh| = | - Sinh + Cosh 1l - Sinh 1| 118 &
og|-cosh[%] - sinn[ %] - cosh| %] s1 - sinn[ ] sa] ua®  x22° - 2 Log[-Cos[ %] - sinn| %] - cosn[%] u1 - sinn[ %] ua] 1) g]
Problem 218: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.
JCsch[4 x] Sinh[x] dx
Optimal (type 3, 26 leaves, 4 steps):
1 ArcTan[+/2 Sinh[x] |
- —ArcTan[Sinh[x]] +
4 22
Result (type 3, 172leaves):
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1
82

Cosh[ﬂ +Sinh[§] Cosh[f] +Sinh[§]

| +21iArcTan| +

(142 ) cosh[*] - (-1++/2 | sinh[%] (-1++/2 ) cosh[*] - [1++/2 ] sinh[%]

i |21 ArcTan|

21iArcTan[+/2 Sinh[x]] -4 1 x/?Ar‘cTan[Tanh[i} | +Log[V2 ~2Cosh(x]] +Log[V/2 +2Cosh[x]]| - Log[Cosh[2x]]
2

Problem 229: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.
JCosh[x] Tanh[2 x] dx
Optimal (type 3, 191leaves, 4 steps):
ArcTanh[+/2 Cosh[x] |
V2
Result (type 3, 164 leaves):

+ Cosh [x]

1

a2

Cosh|%| +Sinh|* Cosh| %] +Sinh|*
[2] [2} | +21iArcTan| [2} [2] -

(1+V2 ) cosh[*] - (-1++/2] sinh[X] (-1++/2 ) cosh[*] - (142 ] sinh[%]

-2 i ArcTan|

4Ar~cTanh[\/?7j1Tanh[i]] +4+/2 Cosh[x] +Log[v2 -2Cosh[x]] - Log[V/2 +2Cosh[x] ]
2

Problem 230: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

JCosh [x] Tanh[3 x] dx

Optimal (type 3, 20leaves, 3 steps):

Ar‘cTanh{—LLZCOSh L]

- 2 + Cosh[x]

V3

Result (type 3, 55 leaves):
Ar‘cTanh[—le_jlTanh H ] Ar‘c:Tanh[—L”lTanh H ]

- VE - VE + Cosh[x]

V3 V3
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Problem 231: Result is not expressed in closed-form.
JCosh [x] Tanh[4 x] dx

Optimal (type 3, 69leaves, 6 steps):
1 2 Cosh[x] 1

_ZA2-+2 ArcTanh | |-~
2-+/2

4 4
Result (type 7, 113 leaves):

2 Cosh[x]

2+\E

2++/2 ArcTanh| | +Cosh[x]

1
Cosh[x] + — RootSum[1 + 718 &,
16

— —x—2Log[—Cosh[§]—Sinh[)z(]+Cosh[2]n1 Slnh[z]nl}+XH16+2Log[—Cosh[§]—Sinh[)z(]+Cosh[2]H1 Slnh[z]nl]nls) 8]

Problem 232: Result is not expressed in closed-form.

JCosh [X] Tanh[5 x] dx

Optimal (type 3, 82leaves, 6 steps):

1
— 5 + Ar‘cTanh
2

Result (type 7, 249 leaves):

Cosh[x

N\I—‘

ArcTanh Cosh[x] | + Cosh[x]

1 2 4 6 8
Cosh[x] + = RootSum|1 - #1? + #1% - 11° + 11% &,
4

(—x—ZLog[—Cosh[i}7Sinh[i}+Cosh[i}ul—sinh[i}ﬁl]+XH12+2Log[—Cosh[§]—Sinh[X]JrCosh[ ] #1-Sinh[ ] =1] =12 -
2 2 2 2 2 2 2 2
le“—ZLog[—Cosh[i] —Sinh[i} +Cosh[§} ttl—Sinh{i] H1] 514+ x 116 +
2 2 2 2

2Log[—Cosh[§] —Sinh[z] +Cosh[2] o1 - slnh[z] = mﬁ)/ (-=1+281% - 3515 + 4117 &]

Problem 233: Result is not expressed in closed-form.

JCosh [x] Tanh[6 x] dx
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Optimal (type 3, 87 leaves, 10 steps):

ArcTanh 2 Cosh
_ rean [\/7 °° [X]] —l 2—\/? Ar‘cTanh[m} —l\/2+\/? Ar‘cTanh[M] + Cosh[x]
3V2 ° NP 203

Result (type 7, 395leaves):

Cosh|[*] +sSinh|[*] Cosh|[*] +sinh|*]
—4]‘1Ar‘cTan[ 2 ! }+411Ar'cTan[ ! 2 ]—
242 (1472 ] Cosh[*] - (-1++/2 | sinn[X] (-1++2 ) cosh[%] - (142 sinh[X]
8 ArcTanh[v/2 - i Tanh[ ] ] +24+/2 Cosh([x] +2Log[/2 - 2Cosh[x]] -2 Log[\/2 +2Cosh[x]] + /2 RootSum[1-u1%+ 1% &, %
2 ~m13 4201

(—2x—4Log[—Cosh[§] —Sinh[g] +Cosh[§] nl—Sinh[f] a1] —xn12—2Log[—Cosh[§] —Sinh[g] +Cosh[§] nl—Sinh[g] 51] 812+ x 1+

2 Log[-Cosh|~] - Sinh[>] +Cosh[~] =1 -Sinh[~] =1] #1%+ 2x 516 + 4 Log[ - Cosh[ = | - Sinh[ ] + Cosh[ ] 1 - Sinh[ > ] 1] 1115) &
2 2 2 2 2 2 2 2

Problem 234: Result more than twice size of optimal antiderivative.

JCosh [x] Coth[2x] dx

Optimal (type 3, 10leaves, 4 steps):

1
- —ArcTanh[Cosh[x]] + Cosh[x]
2

Result (type 3, 25leaves):
x 1 X

1
Cosh -—L Cosh —L Sinh
osh[x] A og|Cos [2]]+2 og| 1n[2H

Problem 236: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.
JCosh [x] Coth[4 x] dx
Optimal (type 3, 28 leaves, 6 steps):
1 ArcTanh[+/2 Cosh[x] |
- —ArcTanh[Cosh[x]] -
4 22
Result (type 3, 192 leaves):

+ Cosh[x]
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Cosh[f] +Sinh{ﬂ | 224 ArcTan| Cosh[ﬂ +Sinh[§]
+ 1

(1+V2 ) cosh[*] - (-1++/2] sinh[%] (-1++v/2 ) cosh[*] - (142 ] sinh[%]

-2 1 ArcTan]|

8+/2

4Ar‘cTanh[\/7—JiTanh[£H +8+/2 Cosh[x] —ZﬁLog[Cosh[i]] +Log[v/2 - 2Cosh([x]]| - Log[V2 +2Cosh[x]] +2\/7Log[Sinh[iH
2 2

Problem 238: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

JCOSh [x] Coth[6x] dx

Optimal (type 3, 38leaves, 7 steps):

1 1 Ar‘cTanh[—LLZCOSh X }
V3
- — ArcTanh[Cosh[x]] - —ArcTanh[2 Cosh[x]] - + Cosh [x]
6 6 2+/3

Result (type 3, 95 leaves):

Z—jTanh[l} 2+J'1Tanh[5]

—Zx/?Ar‘cTanh[—Z] —Z\EAr‘cTanh[—z] +

12 NEY NEY

X . X
12 Cosh[x] —2Log[Cosh[;]] +Log[1-2Cosh[x]] -Log[1+2Cosh[x]] +2Log[Slnh[;H

Problem 239: Result more than twice size of optimal antiderivative.

JCosh [x] Coth[nx] dx

Optimal (type 5, 76 leaves, 6 steps):
(efX X

. 1 1 ) . 1 1 1
- + — + e * Hypergeometric2F1[1, - —, 1- —, e*"¥| - e* Hypergeometric2F1[1, —, — [2 + =
2 2 2n 2n 2n 2 n

2nx
, €]

Result (type 5, 156 leaves):

@X+2nx Hyper‘geometr‘icZFl[l, 1- f, 2- L, e“x}

" e(3*2M X Hypergeometric2F1[1, 1+ zi, 2+, e2nX]
n n

n 2n

-1+2n 1+2n

+

1 1 1 1
e* Hypergeometric2F1[1, - —, 1- —, e?"*| - €** Hypergeometric2F1[1, —, 1+ —, e*"*]
2n 2n 2n 2n
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Problem 240: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.
JCosh[x] Sech[2 x] dx
Optimal (type 3, 15leaves, 2 steps):
ArcTan[~/2 Sinh[x] |
V2
Result (type 3, 156 leaves):

Cosh[2] +Sinh[X] | +2 4 arcTan| Cosh[2] +Sinh[>] )

(1+\/7) Cosh[i] - (—1+\/7) Sinh[ﬂ (—1+\/7> Cosh[i] - (1+\/?> Sinh[i]

i |21 ArcTan|

A

2 i ArcTan [\/7 Sinh[x] } + Log[\/? -2 Cosh[x] ] + Log[\/? +2 Cosh [x] ] - Log[Cosh[2x]]

Problem 242: Result is not expressed in closed-form.

JCosh [x] Sech[4 x] dx

Optimal (type 3, 71leaves, 4 steps):
ArcTan|2310hXL ] ApcTan [ 25i0h0xL |

V2-v2 V242

2 /2(27\5) _ 2 /2(2+ﬁ)

Result (type 7, 108 leaves):

1

— RootSum |1 + 1118 &,

16

%]+ cosh|[ ] 1 -sinh[ ] 1] + x=1% + 2 Log[-Cosh[ = | - sinh[ ] + Cosh[ ] 11 - Sinh[ ] 1] mz) &

1 X
—(x+2Log[—Cosh[—] - Sinh]|
2 2 2 2 2 2 2 2

751°

Problem 244: Result is not expressed in closed-form.

JCosh [x] Sech[6 x] dx

Optimal (type 3, 85leaves, 7 steps):
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ArcTan[23iMXL ] ApcTan [ 2510hxL ]

ArcTan[+/2 Sinh[x] | e 23
- + +
3V2 623 6/2+/3
Result (type 7, 383 leaves):
1 Cosh[*] +sinh|[*] Cosh[*] +sinh|[*]
-4 ArcTan| 2 2 | -4ArcTan| 2 2 | ~4ArcTan[+/2 sinh(x]] +
242 (1++2 ) cosh[*] - (-1++/2 ] sinh[X] (142 Cosh[*] - (142 ] sinh[%]
21 Log[V2 -2Cosh(x]]| +2iLog[v2 +2Cosh([x]] -21iLog[Cosh[2x]] ++/2 RootSum[1- 1%+ 1% &, %
-#1° + 21
x+2Log[-Cosh[>] - Sinh[ ] + Cosh[ ] #1-Sinh[ ] 1] + x 312 + 2 Log[-Cosh[ ] - Sinh[>] + Cosh[ ] =11 - Sinh [~ ] m1] #12 + x 71 +
2 2 2 2 2 2 2 2
2 Log[-Cosh|~] - Sinh[>] +Cosh[~] =1 -Sinh[~] 1] #1*+ x #1° + 2 Log |- Cosh[ | - Sinh[~] + Cosh[~] 11 - Sinh[ ] r1] ms) &
2 2 2 2 2 2 2 2

Problem 245: Result more than twice size of optimal antiderivative.

JCosh [X] Csch[2x] dx

Optimal (type 3, 7 leaves, 2 steps):

1
- — ArcTanh[Cosh[x]]
2

Result (type 3, 21 leaves):

1 X X

— |-Log|Cosh| — Log|Sinh| —
[ -toglcosh["]] + Log[sinn[ " ]])

Problem 247: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.
JCosh[x] Csch[4 x] dx
Optimal (type 3, 26 leaves, 4 steps):
1 ArcTanh[+/2 Cosh[x] |
- —ArcTanh[Cosh[x]] +
4 2+/2
Result (type 3, 183 leaves):
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8+/2

Cosh[f] +Sinh[§] | -2 4 ArcTan| Cosh[f] +Sinh[§]

(142 ) cosh[*] - (-1++/2 ] sinh[%] (-1+v2 | cosh[*] - (142 ] sinh[%]

2i ArcTan]

+

X X

4 ArcTanh \/T—JiTanh —2\/7Log Cosh - Log \/T—ZCosh[x] + Log \/?+2Cosh[x] +2\/7Log Sinh X
2 2 2

Problem 249: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

JCosh [x] Csch[6x] dx

Optimal (type 3, 36 leaves, 7 steps):

Ar‘cTanh[—LLZCOSh X ]

1 1
- — ArcTanh[Cosh[x]] - —ArcTanh[2 Cosh[x]] +

6 6 23
Result (type 3, 91 leaves):

2-iTanh[*] 2+1Tanh[*]
2+/3 ArcTanh| —————2=] + 2+/3 ArcTanh]| 2

V3 V3

X X
12

| -2Log[Cosh|[=]] +Log[1-2Cosh[x]] - Log[1+2Cosh[x]] +2Log[Sinh[~]]
2 2

Problem 254: Result more than twice size of optimal antiderivative.

JCosh[a +bx] Sinh[a +bx] dx

Optimal (type 3, 15leaves, 2 steps):
Sinh[a+bx]?
2b

Result (type 3, 37 leaves):

1 (Cosh[z a] Cosh[2bx] Sinh[2a] Sinh[2bXx]
— +

2 2b 2b

Problem 337: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

Jx Tanh[a + b x] dx

Optimal (type 4, 45leaves, 4 steps):
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X2 x Log {1 4+ @2 (a+bx) ] PolyLog [2, _ @2 (atbx) ]
. +

2 b 2 b?

Result (type 4, 197 leaves):

_ 7b2 efAr'cTanh[Coth[a]] X2 4 1

Cschla]

1 - Coth[a]?
iCothla] (-bx (-r+21iArcTanh[Coth[a]]) - mLog[1+e?®*] -2 (ibx+iArcTanh[Coth[a]]) Log[1-e>" (Px+iArcTanhiCothlal]) | ,

sLog[Cosh[bx]] +2iArcTanh[Coth[a]] Log[i Sinh[bx + ArcTanh[Coth[a]]]] + 1 PolyLog[z, @21 (ibx+iArcTanh[Coth[a]]) ] )

Sech[a}]/ (2 bz\/Csch[a]2 (-Cosh[a]?+Sinh[a]?) ) + lszanh[a]
2

Problem 349: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

Jx3 Sech[a+bx]?Tanh[a +bx] dx

Optimal (type 4, 83 leaves, 6 steps):

3 x? 3XLOg[1+ez(a*bX>] 3P01yLOg[2,f<ez(a*bx)] x3Sech[a+bx]?2 3x2Tanh[a+bx]
—_— - +

2b? b3 2b* 2b 2 b?

Result (type 4, 228 leaves):

x3Sech[a+bx]?
- +

2b

_ bZ e—Ar‘cTanh[Coth [all X2 4 1

1-Coth[a]?

3 Csch[a]

iCothfa] (-bx (-r+2iArcTanh[Coth[a]]) - wLog[1+e?®*] -2 (ibx+iArcTanh[Coth[a]]) Log|[1-e?* (1Px+ArcTanhiCothlal]) |,

Sech[a]]/

nLog[Cosh[bx]] +2 i ArcTanh[Coth[a]] Log[i Sinh[bx +ArcTanh[Coth[a]]]] + i Polylog|2, e?* (*bxiArcTanhiCothlall) ] )

3x2Sech[a] Sech[a+bx] Sinh[b x]
2 b?

(2 b“\/Csch[a]2 (-Cosh[a]?+sSinh[a]?) ) +

Problem 358: Result more than twice size of optimal antiderivative.

jx Sinh[a + bx] Tanh[a + b x] dx
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Optimal (type 4, 77 leaves, 8 steps):

2xArcTan[e®®*| Cosh[a+bx] 1iPolyLog[2, -ie*®*| iPolylog|2, ie®®*| xSinh[a+bx]
- - + +

b b2 b? b2 b

Result (type 4, 212leaves):

l[(7]'1a+£7]1bx Log[l—ei(_ja+:__jbx)] —Log[1+ej(_“+§_ibx)}) - (7ja+£) Log[Tan[l [7]‘La+ T o ibx 1]+
b2 2 2 2 2
. (PolyLog[z, e (—J'La+;i—ﬂbx)] ~ PolyLog[2, o (_ja+§_ibx)])] X Cosh[bx] (-Cosh [Za] +bxsinh[a]) . (bxCosh[a] —Sl:h[a]) Sinh[b x]
b b

Problem 364: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

sz Tanh[a +bx]?dx

Optimal (type 4, 65leaves, 6 steps):

x2 x> 2xlog[l+e?@®9] Ppolylog[2, -e2(@®¥ | x2Tanh[a+bx]
-+ — 4+ +

b 3 b2 b3 b

Result (type 4, 213 leaves):

3

2 _ b2 e—Ar‘cTanh[Coth[a]] X2 4 1

Csch[a]

1-Coth[a]?
iCothfa] (-bx (-r+2iArcTanh[Coth[a]]) - Log[1+e?®*] -2 (ibx+iArcTanh[Coth[a]]) Log[1-e?* (1bx+iArcTanhiCothlal]) | ,

Sech[a]]/

mLog[Cosh[bx]] +2iArcTanh[Coth[a]] Log[i Sinh[bx +ArcTanh[Coth[a]]]] + i Polylog[2, e®* (1Px:tArcTanhlCothlal]) |}

2 .
2 [Cacha1? [-Cosnar? simm a)7] | - ¥ Se€hl2) Sechia- b sion b

Problem 393: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

JxTanh[a+bx]3d1x

Optimal (type 4, 82leaves, 7 steps):

x x2 xlog[l+e?(@®¥] polylog|2, -e*@®¥ ] Tanh[a+bx] xTanhla+bx]?
— - —+ + - -

2b 2 b 2 b? 2b? 2b
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Result (type 4, 232 leaves):

x Sech[a+bx]?
2b

1

Csch[a} {_bz e—Ar‘cTanh[Coth[a]] X2 i
1-Coth[a]?
iCothla] (-bx (-7+2iArcTanh[Coth[a]]) - Log[1+e?®*] -2 (ibx+iArcTanh[Coth[a]]) Log[1-e?* (1bx+iArcTanh(Cothlal]) | ,

Sech[a]]/

nLog[Cosh[bx]] +2 i ArcTanh[Coth[a]] Log[i Sinh[bx +ArcTanh[Coth[a]]]] + i Polylog|2, e?* (+bxiArcTanhiCothlall) ] )

Sech Sech b Sinh[b 1
2b2\/Csch[a]2 (-Cosh[a]?+sSinh[a]?) )7 echfaj sechfa+bx] >inh[b X] =
2 b? 2

XZ

Tanh[a]

Problem 400: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

Jx Coth[a +bx] dx

Optimal (type 4, 45leaves, 4 steps):

x> xlog [1 - @2 (abx) ] PolyLog [2, @2 (a+bx) }
+

2 b 2 b?

Result (type 4, 148 leaves):

; []1 brx+b?x?Coth[a] -imlLog[l+e®®*| +2bxLog[1-e 2 (PxArcTanh(Tanh(al]) ]
2b

iLog[Cosh[bx]] +2ArcTanh[Tanh[a]] (bx+Log|[1-e 2 Px:ArcTanhiTanh(al]) ] _ | og[i Sinh[bx +ArcTanh[Tanh[a]]]]) -

PolyLog {2’ e—z (b x+ArcTanh[Tanh[a]]) } _ b2 e—Ar‘cTanh[Tanh[a]] X2 Coth [a] Sech [a] 2 J

Problem 420: Result unnecessarily involves imaginary or complex numbers.

JX?’ Cosh[x]2 Coth[x]? dx

Optimal (type 4, 102 leaves, 12 steps):

3 x? 3x* 3Cosh[x]? 3
= s —A——XZCosh[x]z—ﬁCoth[x} +3x%Log[1-e?*] +
8 8 8 4

3 3 X 1 .
3xPolylog|[2, e®*] - = PolylLog[3, e®*] + = x Cosh[x] Sinh[x] + — x? Cosh[x] Sinh[x]
2 4 2
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Result (type 4, 94 leaves):
1 . 3 3 4 2 3
— (2]17T -16 x* + 6 x* -3 Cosh[2x] - 6 x“Cosh[2x] - 16 x° Coth[x] +
16
48 x* Log[1- e**| +48 x Polylog[2, e®*| - 24 PolylLog |3, e**| +6xSinh[2x] +4x*>Sinh[2x])

Problem 422: Result unnecessarily involves imaginary or complex numbers.

sz Cosh[x]? Coth[x]3dx

Optimal (type 4, 96 leaves, 19 steps):

3x2 2x3 1 .

~—— - = -xCoth[x] - = x*Coth[x]?+2x*Log[1-e**| +Log[Sinh[x]] +
4 3 2

1 Sinh[x]? 1
2 x PolyLog|2, e**| - PolyLog[3, e**| - = x Cosh[x] Sinh[x] + inh[x]” + = x?Sinh[x]?
2 4 2

Result (type 4, 98 leaves):
i 2% 1, 1, X

- + —Cosh[2x] + —x“Cosh[2x] - xCoth[x] - —x“Csch[x]*+
12 3 8 4 2

1
2x?Log[1-e®*] + Log[Sinh[x]] + 2 x PolyLog[2, e?*| - Polylog|3, e**| - = xSinh[2X]
4

Problem 426: Result more than twice size of optimal antiderivative.

sz Coth[a+bx] Csch[a+bx] dx

Optimal (type 4, 59leaves, 6 steps):

4xArcTanh[e®®*] x2Cschja+bx] 2PolylLog[2, -e'®X] 2Polylog[2, e*®*|
- - - +

b2 b b3 b3

Result (type 4, 133 leaves):

—% b>x?Csch[a+bx] -2alog[l-e®®*| -2bxLlog[l-e | +2alog[l+e "X+
b

2bxlog[l+e?"X] +2a Log[Tanh[1 (a+bx)]]-2PolyLog[2, -~e 2P| +2Polylog[2, e "]
2



6.7 Miscellaneous.nb | 35

Problem 427: Result more than twice size of optimal antiderivative.

JX Coth[a +bx] Csch[a+bx] dx

Optimal (type 3, 25leaves, 2 steps):
ArcTanh[Cosh[a +bx]] xCsch[a+bx]

b? b

Result (type 3, 114 leaves):

xCschla] Log[Cosh[%+bTx]] ) Log[Sinh[§+b7XH +szch[§] Csch[§+b7x} Sinh[bTX} ) xSech[%] Sech[%

b b? b2 2b 2b

+bTX] Sinh[bTX]

Problem 433: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

sz Coth[a+bx]?dx

Optimal (type 4, 65leaves, 6 steps):

x2 x> x?Coth[a+bx] 2xlog[l-e?@®%]| polylog|2, 2 (@bx]
- T + +

b 3 b b2 b3

Result (type 4, 211 leaves):
x>  x%2Csch[a] Csch[a+bx] Sinh[bx]

— + +

3 b

1
Csch[a] Sech[a] (—bz e Arctanh(Tanhial) w2y — =4 (-bx (-7 +21iArcTanh[Tanh[a]]) - wLog[1+e?°*] -

1-Tanh[a]?

2 (ibx+iArcTanh[Tanh[a]]) Log[1 - e?* (1Px+iArcTanh[Tanh(al]) |, ;| og[Cosh[bx]] +2 i ArcTanh[Tanh[a]]

]/ (b3\/5ech[a]2 (Cosh[a]?-sinh[a]?) )

Log[i Sinh[bx +ArcTanh[Tanh[a]]]] + i Polylog[2, e?* (1bxriArcTanhiTanhiall) 1) Tanh[a]

Problem 440: Result more than twice size of optimal antiderivative.

sz Cosh[a+bx] Coth[a+bx]?dx

Optimal (type 4, 95leaves, 10 steps):
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4xAr‘cTanh[ea*bX] 2xCosh[a+bx] x?Cschl[a+bx] 2POlyLog[2,—ea*bx} 2P01yLog[2,ea*bX] 2Sinh[a+bx] x?Sinh[a+bX]
- +

+ +

b2 b2 b b3 b3 b3 b

Result (type 4, 230leaves):

:?Csch{i (a+bx)} Sech[% (a+bx)]

-2-3b*x?+2Cosh[2 (a+bx)] +b*x?Cosh[2 (a+bx)| +4aLlog[1-e?"*]Sinh[a+bx] +4bxLog[1-e?P"*]|Sinh[a+bx] -
4alog[l+e®PX]sSinh[a+bx] -4bxLog[l+e?P*|Sinh[a+bx]-4a Log[Tanh[l (a+bx)]]sinh[a+bx] +
2

4Polylog[2, -e®®*] sinh[a+bx] -4PolyLog|2, e | Sinh[a+bx] -2bxSinh[2 (a+bXx)]

Problem 442: Result more than twice size of optimal antiderivative.
jCosh [a+bx] Coth[a+bx]%dx
Optimal (type 3, 22leaves, 3 steps):

Csch[a+bx] Sinh[a+bXx]
- +
b b

Result (type 3, 45leaves):

Coth[i(a+bx)] Sinh[a + b x] Tanh[i(a+bx)]
- + +

2b b 2b

Problem 446: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

in‘ Coth[a+bx] Csch[a+bx]?dx

Optimal (type 4, 83 leaves, 6 steps):

3x2 3x2Coth[a+bx] x3Cschla+bx]? 3xLlog[l-e?(@®X]| 3Ppolylog|2, e (@bx ]
- - + +

2b2 2b2 2b b3 2 b*

Result (type 4, 228 leaves):
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x3Csch[a+bx]?2 3x%2Csch[a] Csch[a+bx] Sinh[bx]
- +

2b 2 b?

+

3Csch [a] Sech [a] _b2 e—Ar‘cTanh[Tanh[a]] X2 1

+

i (-bx (-7+2iArcTanh[Tanh[a]]) - Log[1+e®®X] -
1-Tanh[a]?

2 (ibx+iArcTanh[Tanh[a]]) Log[1 - e?! (1Px+iArcTanh[Tanh(al]) |, ;| og[Cosh[bx]] +2 i ArcTanh[Tanh[a]]

Log[i Sinh[bx +ArcTanh[Tanh[a]]]] + i Polylog[2, e?* (1bxriArcTanhiTanhiall) 1) Tanh[a]

]/ (2 b“\/Sech[a]2 (Cosh[a]?-sinh[a]?) )

Problem 456: Result more than twice size of optimal antiderivative.
JCoth [a+bx]2Csch[a+bx] dx
Optimal (type 3, 34 leaves, 2 steps):

ArcTanh[Cosh[a+bx]] Coth[a+bx] Csch[a+bx]
2b 2b

Result (type 3, 75leaves):

Csch[i(a+bx)]2 Log[Cosh[i(aerx)H Log[sinh[i(a+bx)]] Sech[i(a+bx)]2
) 8b ) 2b ' 2b ) 8b

Problem 462: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.
ijoth[a+bx]3d1x

Optimal (type 4, 82leaves, 7 steps):

x x? Coth[a+bx] xCothfa+bx]2 xLog[1l-e?@®X | Polylog|[2, e (X ]
—_— - +

+
2b 2 2 b? 2b b

2 b?
Result (type 4, 232leaves):
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! 2 Coth[a] xCsch[a+bx]? Csch[a] Csch[a+bx] Sinh[bx]
x - . )
2 2b 2b?
1
Csch[a] Sech[a] |-b? e ArcTanhiTanhlal] w2, (~bx (-7+2iArcTanh[Tanh[a]]) - rLog[1+e?®*] -
1-Tanh[a]?

2 (ibx+iArcTanh[Tanh[a]]) Log[1 - e?! (1Px+iArcTanh[Tanh(al]) |, ;| og[Cosh[bx]] +2 i ArcTanh[Tanh[a]]

Log[i Sinh[bx +ArcTanh[Tanh[a]]]] + i Polylog[2, e?* (1bxriArcTanhiTanhiall) 1) Tanh[a]

]/ (2 bz\/Sech[a]2 (Cosh[a]?-sinh[a]?) )

Problem 470: Result more than twice size of optimal antiderivative.

JCsch[a +bx] Sech[a+bx] dx

Optimal (type 3, 11leaves, 2steps):
Log[Tanh[a + bx]]
b

Result (type 3, 31leaves):

5 Log[Cosh[a+bx]] Log[Sinh[a+bx]]
- +

2b 2b

Problem 485: Attempted integration timed out after 120 seconds.

Csch[a+bx] Sech[a+bx]3
J dx

X

Optimal (type 9, 20leaves, 0 steps):
Csch[a+bx] Sech[a+bx]3

CannotIntegrate| » X]

X

Result (type 1, 1leaves):

e

Problem 491: Result more than twice size of optimal antiderivative.

JCsch[a +bx]2Sech[a+bx] dx

Optimal (type 3, 24 leaves, 3 steps):



ArcTan[Sinh[a+bx]] Csch[a+bx]
b b

Result (type 3, 51leaves):
2Ar‘cTan[Tanh[i (a+bx)H Coth[i (a+bx)] Tanh[i (a+bx)}

- - +

b 2b 2b

Problem 505: Attempted integration timed out after 120 seconds.

Csch[a+bx]2Sech[a+bx]3
J dx

X
Optimal (type 9, 22leaves, 0steps):

Csch[a+bx]?Sech[a+bx]3

CannotIntegr‘ate[ B x}

X

Result (type 1, 1leaves):

2?7

Problem 512: Attempted integration timed out after 120 seconds.

Csch[a+bx]3Sech[a+bx]
J dx

X
Optimal (type 9, 20leaves, 0 steps):
Csch[a+bx]3Sech[a+bx]

CannotIntegrate| » X]

X

Result (type 1, 1leaves):

2P

Problem 516: Result more than twice size of optimal antiderivative.

JXZCsch[a+bx]3Sech[a+bx]2dlx

Optimal (type 4, 197 leaves, 29 steps):
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4xArcTan[e*?*] 3 x%ArcTanh[e®®X]  ArcTanh[Cosh[a+bx]] xCsch[a+bx] 3xPolylLog[2, -e*®X] 2iPolylLog[2, -i ePX]
- +

+ - - +

b2 b b3 b? b? b3
2i PolylLog[2, i e2*®*] 3 xPolyLog[2, e®*®*| 3PolyLog[3, -e2*®*| 3PolylLog|3, e*®*| 3x2Sechfa+bx] x2Csch[a+bx]2Sech[a+bx]

+

b3 b2 b3 b3 2b 2b

Result (type 4, 425 leaves):

b 2
x Cschla] XZCSChEJ’TX} 1

b2 8b b3
J]+

i [PolyLog[z, et (-ia+Z-i bx)] ~ PolyLog[z, o (-1a+Z-ibx] ] ]) B %<4APCTanh[ea+bx] +3b2 %2 Log[l _ea+bx} _
2b
3b>x?Log[1+e**] -6bxPolyLog[2, -e***] + 6 bxPolyLog[2, e™?*] + 6 PolyLog[3, -e®"*| -6 PolylLog[3, e*'°*]) -
bx 2
2

XZSech[iJr | x2 Sech[a + b x] szch[]Csch[ierTX]Sinh[bT"] xSech[i]Sech[§+bx}sinh[b7x}

T
2([7ja+f—jbx
2

Log[l—zejl (’ﬁ‘—”zﬁjbx)] —Log[1+ei(’ja+%’ibx)]) - (—J’la+z) Log[Tan[1 (—J’la+£—ibx
2 2 2

a bx
2 2 2

- + +

8b b 2 b? 2 b?

Problem 519: Attempted integration timed out after 120 seconds.

Csch[a+bx]3Sech[a+bx]?
J dx

X
Optimal (type 9, 22 leaves, 0steps):

Csch[a+bx]3Sech[a+bx]?

CannotIntegrate| » X

X

Result (type 1, 1leaves):

e

Problem 529: Result unnecessarily involves higher level functions and more than twice size of optimal
antiderivative.

JxCosh[a+bx]3/2 Sinh[a+ b x] dx

Optimal (type 4, 64 leaves, 3 steps):

. . . 1 .
2xCosh[a+bx]52 121E111pt1cE[;1 (a+bx), 2] 4 Cosh[a+bx]32Sinh[a+bx]
N _

5b 25 b? 25 b?
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Result (type 5, 142leaves):
1

504/2 b2 4/e—afbx + ea+bx

(1+e?@®¥) (2+5bx+2e?@P¥ (12+5bx) +e*@®¥ (_2+5bx)) +48e?(@PX) \[1+e?(@PX) Hypergeometric2Fl|-

-3 (a+bx)

e

Bl 3 3

N |

_ eZ (a+b x) ]

»jw

1
4

Problem 531: Result unnecessarily involves higher level functions and more than twice size of optimal
antiderivative.

x Sinh[a + b x]
J dx

v/ Cosh[a+bx]
Optimal (type 4, 37 leaves, 2 steps):

, . . 1.
2x~/Cosh[a+bx] 41E111pt1cE{;1(a+bx),2}
N
b b?

Result (type 5, 109 leaves):
1

b2/ Cosh[a +bx]

4 Hypergeometric2F1 |-

(Cosh[a+bx] -Sinh[a+bx])

| W

, —» -Cosh[2 (a+bx)]-Sinh[2 (a+bx)]] \/1+Cosh[2 (a+bx)] +sinh[2 (a+bx)] +

SIS

1
2
b

a+bX

-~

(-2+bx) (1+Cosh[2

—

| +sinh[2 (a+bx)])

Problem 540: Result unnecessarily involves higher level functions.

Jx v Sech[a+bx] Sinh[a+bx] dx

Optimal (type 4, 57 leaves, 3 steps):

2 x 41 +/Cosh[a+bx] EllipticE[ij (a+bx),2] v/Sech[a+bx]
.
b~/Sech[a + b x] b?

Result (type 5, 100 leaves):

1 ea+bx
—V2 e 3bx Py [ (1+e*@P) (~2+bx) +4+/1+e? @ Hypergeometric2F1[-
b a+b X

*@2 (a+bx)]
l+e

» PR
-
N |
»jw
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Problem 542: Result unnecessarily involves higher level functions.

dx

stinh[aerx]

Sech[a+bx]3/2

Optimal (type 4, 84 leaves, 4 steps):
2% +121‘m/COsh[a+bx] EllipticE[>i (a+bx), 2] /Sech[a+bx] 4sinh[a+bx]

5bSech[a+bx]>%? 25 b? 25 b2 Sech[a + b x]3/?

Result (type 5, 125leaves):
1

e—B (a+b x)
100 b2
((1+e2 (X)) (245bx+2e?@®¥ (~12+5bx) +e* (X (~2+5bx)) +48e? (@PX) \[1+e?(@PX) Hypergeometric2Fl|-
\/Sech[a+bx]

Problem 545: Result unnecessarily involves higher level functions.

JxCosh[aJr b x] Sinh[a + b x]3/2 dx

Optimal (type 4, 98 leaves, 4 steps):
12 i EllipticE[} (ia-Z+ibx), 2] VSinh[a+bx]  4coshia+bx] Sinh[a+bx]>2 2xSinh[a+bx]5/2
- - +

25b2+/1 Sinh[a + b x] 25 b2 5b
Result (type 5, 143 leaves):

o3 (20 ((—1+e2 93} (24 5bx+e? (0% (24 10bx) + e (0% (2:5bx)) +

1 3
48 e (30X /1 - 2 (*PX) Hypergeometric2F1[- =, =, =, e? (30X ] ) )/ 502 b2/ -e ¥ PX e2bx )
2 4

Problem 547: Result unnecessarily involves higher level functions.

JxCosh[a+bx]
v/ Sinh[a + b x]

Optimal (type 4, 71leaves, 3 steps):

dx
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2x/Sinh[asbx] 41EllipticE[? (ia—§+ibx), 2] \/sinh[a+bx]
.
b b2+/1 Sinh[a + b x]

Result (type 5, 115leaves):
1

b2 +/Sinh[a + b x]

(-Cosh[a+bx] +Sinh[a+bx]) (—2 (-2+bx) sinh[a+bx] (Cosh[a+bx] +Sinh[a+bx]) +

3

4~/2 Hypergeometric2F1l|-

N |-
5w

J

1 , Cosh[2 (a+bx) | +Sinh[2 (a+bx)]] J-Sinh[awx] (Cosh[a+bx] +Sinh[a+bx])
4

Problem 556: Result unnecessarily involves higher level functions.
jx Cosh[a+bx] v/Csch[a+bx] dx
Optimal (type 4, 71leaves, 3 steps):
2 x 4 i EllipticE[} (ia-Z+ibx], 2]

N
b+/Csch[a+bx] b2+/Csch[a+bx] +/1Sinh[a+bx]

Result (type 5, 100 leaves):

a+b x

1 e .
—V2 e | ——— ( (-1+e2@P¥) (—24+bx) -4+/1-e® ¥ Hypergeometric2F1i|- , e (20X ]
b2 1+ ez (a+b x)

» R
-
N |
»jw

Problem 558: Result unnecessarily involves higher level functions.
JxCosh[a+bx] q

Csch[a+bx]3/?

X

Optimal (type 4, 98 leaves, 4 steps):

5bCsch[a+bx]®? 25b2Csch[a+bx]3?

. . . 1 . T .
2 X 4 Cosh[a+bx] 121E111pt1cE[;(1a—;+1bx),2}

25b2+/Csch[a+bx] +/iSinh[a+bX]
Result (type 5, 111 leaves):

1 48 €2 (5% Hypergeometric2F1[- 2, 1, 3, 2 (230X ]
e2(@PX 12, 5bx+e2@P% (24-10bx) +e*@P¥ (L245bx) - K :
50 b2 +/Csch[a+bx]

1 - @2 (a+b x)
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Problem 563: Result more than twice size of optimal antiderivative.

J\/Cosh [x] Coth[x] dx

Optimal (type 3, 13 leaves, 3 steps):

2+/Cosh[x] Coth[x] Tanh[x]

Result (type 3, 35leaves):

2+/Cosh[x] Coth[x] (71+ (—Sinh[x]2)1/4) Tanh [x]

(-sinh[x]2)*

Problem 584: Result more than twice size of optimal antiderivative.

J(a Cosh[x] +bSinh[x])®dx

Optimal (type 3, 61leaves, 3 steps):

(az—bz)2 (bCosh[x] +asSinh[x]) + 2 (a*-b*) (bCosh[x] +aSinh[x] )3+ 1 (bCosh[x] +aSinh[x] )5
3 5

Result (type 3, 133 leaves):

1
— (159b (az—bz)ZCosh[x] -25b (-3a*+2a*b?+b*) Cosh[3x] +3b (5a*+10a>b”+b*) Cosh[5x] +
240

150 a (a?-b?)?Sinh[x] +25a (a*+2a®b*-3b*) Sinh[3x] +3a (a*+10a%b? + 5 b*) Sinh[SX])

Problem 590: Result unnecessarily involves higher level functions and more than twice size of optimal
antiderivative.

J\/a Cosh[x] +bSinh[x] dx

Optimal (type 4, 65leaves, 2 steps):

21 EllipticE[i (ix-ArcTan[a, -ib]), 2] v/aCosh[x] +bSinh[x]

aCosh[x]+bSinh[x

a27bZ

Result (type 5, 206 leaves):
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b (-a®+b?) Hyper‘geometr‘icPFQ[{—l, —l}, {E}, Cosh[x+Ar‘cTanh{E] }2} Sinh[x+Ar‘cTanh[EH +
27 a4 a a

_ b, .2 b2 b b2
-Sinh[x +ArcTanh|[—]|" [22® [1- - Cosh[x] - 2a (a*-b?) Cosh[x+ArcTanh|[ =] +2a%b [1- - Sinh[x] +
a a a a

2
aZbSinh[XJrAr‘cTanh[EH —b3Sinh[x+Ar‘cTanh[EH / ab 1fb*2 VaCosh[x] +bSinh[x] \/Sinh[x+Ar‘cTanh[bH2
a

a a a

Problem 591: Result unnecessarily involves higher level functions.

J(a Cosh[x] +bSinh[x])*?dx

Optimal (type 4, 103 leaves, 3 steps):

21 (a?-b?) EllipticF[i (ix-ArcTan[a, -ib]), 2] \/MMMLL

[a2_p2

2
— (bCosh[x] +asSinh[x]) +/aCosh[x] +bSinh[x] -
3

3+ aCosh[x] +bSinh[x]

Result (type 5, 92 leaves):

2 2
= |bCosh] / — b \/Cosh X + ArcTanh [ A ||~ HypergeometricPFQ[{—,
3

asSinh[x] | vaCosh[x] +bSinh[x]

} {—} —Sinh[x+Ar‘cTanh[§H2] Sech[x+Ar‘cTanh[§H +

-l>||—‘

Problem 592: Result unnecessarily involves higher level functions.

J(a Cosh[x] +bSinh[x])*?dx

Optimal (type 4, 103 leaves, 3 steps):

61 (a2-b?) EllipticE[i (i x-ArcTan[a, -ib]), 2] /aCosh[x] +bSinh[x]

E (bc . . 3/2
osh[x] +asSinh[x]) (aCosh[x] +bSinh[x])**-
5 \/ aCosh[x]+bSinh[x]

a2 b?
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Result (type 5, 193 leaves):

(aCosh[x] +bsSinh[x]) (6a (a*>-b®) +2ab*Cosh[2x] +b (a®+b?) Sinh[2x] ] -

b HypergeometricPFQ| { -

[3 (a—b)2 <a+b>

N|I—‘

a

—l}, {i}, Cosh[x+Ar‘cTanh[E} ]2] Sinh[x+Ar‘cTanh[EH Jr\/Sinh[XJrAr‘cTanh[EH2
4 4 a a

a a a

2
2 aCosh|x +ArcTanh E - b Sinh|x + ArcTanh E a 1—b— -Sinh|x + ArcTanh E 2 5b+/aCosh[x] +bSinh[x]
2
a

Problem 593: Result unnecessarily involves higher level functions.
1

dx

J\/a Cosh[x] + b Sinh[x]

Optimal (type 4, 65leaves, 2 steps):

ZjEllipticF[i (i x-ArcTan[a, -ib]), 2] JMM

[a2_p2

v/aCosh[x] +bSinh[x]

Result (type 5, 81 leaves):

Cosh]| x+Ar‘cTanh[‘ZH2 Hyper‘geometr‘lcPFQ[{ }s {E}, —Sinh[x+Ar‘cTanh[§} ]2] Sech[x+Ar‘cTanh[§H v aCosh[x] +bSinh[x]
4

s e
N R

=l

Problem 594: Result unnecessarily involves higher level functions.

J ! dx
(aCosh[x] +bsSinh[x])>?

Optimal (type 4, 112leaves, 3 steps):

2 (bCosh[x] +aSinh(x]) ZjEllipticE[i (ix-ArcTan[a, -ib]), 2] /aCosh[x] +bSinh[x]

n
(az _ b2> v a Cosh[x] + b Sinh[x] bz \/ aCosh|[x]+bSinh[x

a2 b?
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Result (type 5, 148 leaves):

b HypergeometricPFQ| {-

N|I—‘

71}, {E}, Cosh[x+Ar‘cTanh[EH2} Sinh[x+Ar‘cTanh[EH -
4 4 a a

) b,,2 b? b . b
—Slnh[x+Ar‘cTanh[fH 2a 1—7 Cosh[x] —2aCosh[x+Ar‘cTanh[fH +bSlnh[x+Ar‘cTanh[fH /
a a a a

b? _ . b,,2
ab [1-— VaCosh[x] +bSinh[x] |-Sinh[x+ArcTanh|—]]
a a

Problem 595: Result unnecessarily involves higher level functions.

J ! dx
(aCosh[x] +bsSinh[x])*?

Optimal (type 4, 116 leaves, 3 steps):

21 EllipticF[ (ix-ArcTan[a, -ib)] MMM
2 (bCosh[x] +asSinh[x]) 2 o
3 (a2-b?) (aCosh[x] +bsSinh[x])>? 3 (a - b2) \/aCosh[x] + bSinh(x

Result (type 5, 133 leaves):

2
-2 j1-5 b (bCosh[x] +aSinh[x]) +\/Cosh[x+Ar‘cTanh[§] }2 HypergeometricPFQ[{ =,
b

N |

5 A a -2
=) —Slnh[x+Ar‘cTanh[gH ]

1
4’ 4

2
Sech[x+Ar‘cTanh[§H (aCosh[x] +bsinh(x])? / 3 17:—2 b(-a+b) (a+b) (aCosh[x] +bSinh[x])*?

Problem 648: Result more than twice size of optimal antiderivative.

J(a Coth[x] +bCsch[x]) dx

Optimal (type 3, 12leaves, 3 steps):
-bArcTanh[Cosh[x]] +aLog[Sinh[x]]
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Result (type 3, 25leaves):
X X

-b Log[Cosh[;} ] +b Log[Sinh[;} | +aLog[Sinh[x]]

Problem 658: Result more than twice size of optimal antiderivative.
J(Coth[x] +Cschx]) dx
Optimal (type 3, 9leaves, 3 steps):
-ArcTanh[Cosh[x]] + Log[Sinh[x]]
Result (type 3, 20 leaves):

X X

—Log[Cosh[;] ]+ Log[Sinh[E] | +Log[Sinh[x]]

Problem 674: Result more than twice size of optimal antiderivative.

J(Csch[x] +Sinh[x]) dx

Optimal (type 3, 8leaves, 3 steps):
—~ArcTanh[Cosh[x]] + Cosh[x]

Result (type 3, 19leaves):

Cosh[x] - Log[Cosh[i] |+ Log[Sinh[i] ]
2 2

Problem 677: Result more than twice size of optimal antiderivative.

J\/Csch [x] +Sinh[x] dx

Optimal (type 3, 13leaves, 4 steps):

2+/Cosh[x] Coth[x] Tanh[x]

Result (type 3, 35leaves):

2+/Cosh[x] Coth[x] (71+ (—Sinh[x]2)1/4) Tanh [x]

(-sinh[x]2)**
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Problem 687: Result more than twice size of optimal antiderivative.

J L dx
Sinh[x] - Tanh[Xx]

Optimal (type 3, 20leaves, 6 steps):

- 1Ar‘cTanh [Cosh[x]] + _r
2 2 (1-Cosh[x])
Result (type 3, 50leaves):
- % Csch[g]z (1 - Log[Cosh[%] | + cosh[x] (Log[Cosh[g] |- Log[Sinh[g] }) + Log[Sinh[g] ])

Problem 702: Result more than twice size of optimal antiderivative.

Sinh[x]
J dx
(acCosh([x] +bSinh[x])>

Optimal (type 3, 19leaves, 2 steps):
Tanh[x]?

2a (a+bTanh(x])?

Result (type 3, 54 leaves):
a2 -b?+b?Cosh[2x] +abSinh[2Xx]

_2a (a-b) (a+b) (aCosh[x] +bSinh[x])2

Problem 704: Result more than twice size of optimal antiderivative.

Cosh[x]
J dx
(aCosh[x] +bsinh(x])?

Optimal (type 3, 191leaves, 2 steps):
Coth[x]?

2b <b+aCo‘ch[x})2

Result (type 3, 40leaves):
b Cosh[2 x] +aSinh[2x]

2 (a-b) (a+b) (aCosh[x] +bSinh[x])2
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Problem 745: Result more than twice size of optimal antiderivative.

J ! dx
(a+bCosh[x] +cSinh([x])*

Optimal (type 3, 220 leaves, 6 steps):

~(a-b) Tanh| X
a(2a%+3b2-3¢?) Ar‘cTanh[c e

A/ a2-b2+c? c Cosh[x] +bSinh[x]
(a2 -b2+c?)7/? 3 (a2 -b%+c?) (a+bCosh[x] +cSinh[x])?
5 (acCosh[x] +absSinh[x]) ¢ (11a2+4b?-4c?) Cosh[x] +b (11a?+4b? - 4c?) Sinh[x]

2

6 (a2 -b2+c?)? (a+bCosh[x] +cSinh[x]) 6 (a2-b2+c?)? (a+bCosh[x] +cSinh[x])

Result (type 3, 488 leaves):
c+(-a+b) Tanh| X
]

/ -a%+b?-c?

(—a2+b2—c2)7/2

1

a(2a2+3b2-3¢?) ArcTan |

; ; (-442°c-82a’b*c-24ab*c+82a’c’+48ab’>c®-24ac>-30a*bc (2a°+3b*-3c?) Cosh[x] -
24b (a?-b?+c?)’ (a+bCosh[x] +cSinh[x])

6ac (a® (-7b>+11c?) +2 (b*+b*>c®>-2c*)) Cosh[2x] +22a”b?>cCosh[3x] +8b°cCosh[3x] -22a*bc’Cosh[3x] -16b>c?Cosh[3x] +
8bc’Cosh[3x] +72a*b2Sinh[x] -9a2b*Sinh[x] + 12 b®Sinh[x] - 132 a*c?Sinh[x] - 72 a% b% c2 Sinh[x] - 36 b* c2Sinh[x] +

81 a? c*Sinh[x] +36 b2 c* Sinh[x] -12 c®Sinh[x] + 54 a®>b®>Sinh[2x] +6ab’Sinh[2x] -78a%bc?Sinh[2x] -48 ab3c?Sinh[2x] +
42abc*sinh[2x] +11a’b*Sinh[3x] +4b®Sinh[3x] - 4b*c®Sinh[3x] - 11a%c*Sinh[3x] -4b®c*Sinh[3x] +4 c®Sinh[3x])

Problem 749: Result more than twice size of optimal antiderivative.

1
Ja +acCosh[x] +cSinh[x]

dx

Optimal (type 3, 15leaves, 2 steps):

Log|a +cTanh[§H

C

Result (type 3, 35leaves):

7 Log[Cosh[f]] ) Log|a Cosh[ﬁ +cSinh[§H
¢ c




Problem 750: Result more than twice size of optimal antiderivative.

1

J dx
(a+aCosh[x] +cSinh[x])?
Optimal (type 3, 43 leaves, 4 steps):
a Log[a+cTanh[§} ]

c Cosh[x] +aSinh[x]

c3 c? (a+aCosh[x] +cSinh[x])

Result (type 3, 87 leaves):

c (-a%+c?) Sinh[ﬂ

2a (—Log[Cosh[fH +Log[a Cosh{f] +cSinh[§H) + < ocosn [ rcsim ]| —cTanh[?]

2

2¢3

Problem 752: Result more than twice size of optimal antiderivative.

1

dx
J(a +aCosh[x] +cSinh[x] )4

Optimal (type 3, 140leaves, 5steps):

a(5a’-3c?) Log[a+cTanh{§H c Cosh[x] +aSinh[x]
2c’ 3¢? (a+aCosh(x] +cSinh[x] )’
5 (acCosh[x] +a%Sinh[x]) c (15a%-4c?) Cosh[x] +a (15a? -4 c?) Sinh[x]

2

6 c* (a+aCosh[x] +cSinh[x]) 6 c® (a+acCosh[x] +cSinh[x])

Result (type 3, 300 leaves):

381c7 192 (-5a*+3ac?) Log[Cosh[zH +192a (5a°-3¢?) Log[aCosh[g] +cSinh[§]] -
1
a(a+cTanh[§])3 2
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X 16
cSech[ =] (-150a°c+130a>c®-24ac®+ (-75a°c+75a>c®>+12ac’) Cosh[x] +6ac (25a*-15a> c>+4c*) Cosh[2x] +

75a° cCosh[3x] -35a3c3Cosh[3x] +4ac’Cosh[3x] +150a®Sinh[x] - 255 a* c2Sinh[x] + 129 a% c* Sinh[x] - 12 c® Sinh[x] +

120 a®sinh[2x] - 72a* c*Sinh[2x] + 36 a* c*Sinh[2x] + 30 a®Sinh[3x] + 37 a* c?Sinh[3 x] - 27 a® c* Sinh[3 x] + 4 c®Sinh[3 x])



52 | 6.7 Miscellaneous.nb

Problem 760: Result more than twice size of optimal antiderivative.

1

J\(\/bz—c2 b Cosh| ]+cSinh[x1)4

dx

Optimal (type 3, 198 leaves, 4 steps):
c Cosh[x] + b Sinh[x] 3 (cCosh[x] +bSinh[x])

+ +

7/b2 -2 (\/bz—c2 +b Cosh[x] JrcSinh[x])4 35 (b? - c?) (\/bz—c2 +b Cosh[x] JrcSinh[x])3

2 (c Cosh[x] +bSinh[x]) 2 (c+\/ b2 - c? Sinh[x})
35 (b% - c?) "2 (Aﬁbz +bCosh[x] +cSinh[x})2 35¢ (b?-c?)*? (cCosh[x] +bSinh[x])

Result (type 3, 425leaves):
1

1120 (b-c)c(b+c) (cCosh[x] +bSinh[x])’
[-832 b*c+/b?-c? +1664b2c3+/b2-c? -832c°+/b%-c? +1190bc (bz—cz)ZCosh[x] +448 c~Jb? - 2 (-b*+c*) Cosh[2x] +
112 b°> c Cosh[3 x] + 56 b®> c® Cosh[3 x] - 168 b c® Cosh[3 x] - 28 b®> c Cosh[5 x] + 28 b c® Cosh[5x] + 6 b> c Cosh[7 x] + 20 b3 ¢ Cosh[7 x] +
6bc’®Cosh[7x] -35b®Sinh[x] + 1295 b* c?2 Sinh[x] - 2485 b? c* Sinh[x] + 1225 c® Sinh[x] - 896 b3 c?+/b% - c? Sinh[2x] +
896 b c*+/b?-c? Sinh[2x] +21b%Sinh[3 x] + 189 b* c2Sinh[3 x] - 161 b% c*Sinh[3 x] - 49 c® Sinh[3x] - 7b®Sinh[5x] -

35b*c2Sinh[5x] +35b?c*Sinh[5x] + 7 c®Sinh[5x] +b®Sinh[7 x] + 15 b* c?Sinh[7 x] + 15 b? c* Sinh[7 x] + ¢® Sinh[7 x]

Problem 761: Result unnecessarily involves higher level functions and more than twice size of optimal
antiderivative.

J(a +bCosh[x] +cSinh[x])%?dx

Optimal (type 4, 294 leaves, 7 steps):
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16 . - 2 . . 3/2
— (acCosh[x] +absinh[x]) va+bCosh[x] + cSinh[x] + — (cCosh[x] +bsSinh[x]) (a+bCosh[x] +cSinh[x])**-
15 5

2i (23a%+9b2-9¢?) EllipticE[% (i x-ArcTan[b, -ic]), A@} vJa+bCosh[x] +cSinh[x]

a+/ b?-c?

15 a+b Cosh[x]+c Sinh[x]

a+v/ b?-c?

a+/ b?-c? a+/ b?-c?

15+/a + b Cosh[x] + ¢ Sinh[x]

161 a (a% - b? + c2) ELlipticF[ 1 (ix-ArcTan[b, -ic]), 2:/ - ] Ja*bc"smx“cmhm

Result (type 6, 3775leaves):

2b (23a2+9b%-9c?) 22 2 22 1
+—acCosh[x] + —bcCosh[2x] + —abSinh[x] + = (b®+c?) Sinh[2X]
15 c¢ 15 5 15 5

v a+bCosh[x] +cSinh[x]

+

c? c?

j[a+ 1-2 cSinh[x+ArcTanh[%H] j[a+ 1- Y% cSinh[x+Ar‘cTanh[fH

, - , - ] Sech[x+Ar‘cTanh[EH

3 - i
2 a° AppellFi|
2 2 2 C

J

1
2

c [ i |22 sinn [x + ArcTanh | Q] ] c [ Lic | 2 sinh [x + ArcTanh | 9} ]
[ [ b } ] c? c? c c? c? c
-1+ 1Sinh|x +ArcTanh| —

C
. _b24c? . _bh2.c2
iatc |2 —1a+c/£
c? c?

,b2+C2 . b bZ . . . b
— Sinh|x +ArcTanh| =] | / 1-— ¢ |i (1+Slnh[x+Ar‘cTanh[—H +
c C c

| 53
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ila+ [1-82 cSinh[x+Ar‘cTanh[9H ilas [1-2 cSinh[x+Ar‘cTanh[9H
1 1 1 3 < c < ‘ b
34 a b? AppellFl[f, = =, 5, - , - } Sech[x+Ar‘cTanh[f]]
2 2 2 2 C
b2 i b2 i
72 ijic ‘ :Z o 1ljzc]c

/ bz*cz c | ’b +c® Sinh|x +ArcTanh | f bz*cz / ’bz*c Sinh|[x +Ar‘cTanh[ 1]
ia+c | # -ia+c_| #
(o c

\/ -1+ 1 Sinh|x +ArcTanh|

-b%2+c? | b b2 S b
a+c Sinh|x +ArcTanh| -] | / 15 [1-— c |1 [1+Slnh[x+ArcTanh[—H) -
C2 C c2 c

1|a+ 1—i c Sinh|[x + ArcTanh[2 1|a+ 1—£ cSinh[x + ArcTanh|[ 2
c? c c? c
3

> T s - ] Sech[x+Ar‘cTanh[EH

2 c
2 : 2
1-2% j1- 22 —1¢ 1- 2
c o2 c
1-— ¢
c?

J e / L sinh[x + ArcTanh[2]] | ¢ |22 oic [ 4 sinh[x+ ArcTanh[]]
. . b C C :

34 a c AppellF1 [

)

N\I—\
N |
N |

-1+ Sinh|[x+ArcTanh|—]]

C
_b2+c? . _b2.c2
ia+c |2 -1a+c | e
c? c?
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C C C 15 ¢

b2ic? b b2 e . b 1
a:c Sinh[x + ArcTanh|[ =] | / 15 [1-— |1 [1+Slnh[x+ArcTanh[fH .
5 2

. a+b ll—;—i Cosh[x+Ar‘cTanh[§H a+b ll—E—i Cosh[x+Ar‘cTanh[§H

23 a2 b? cAppellFl[—%, —l, -=, 5, s ]Sinh[x+Ar‘cTanh{£H /

27 2 b
b [1-< |14+ —2 b [1-< |1+ —2
b? c? b? c?
b [1-— b [1-<

N |

5 b\/% —b\/% Cosh[x + ArcTanh|[ €] ]
c b b b b2 - 2 c
b [1-— a+b | ——— Cosh[x+ArcTanh|—]|]
b2 — b2 b
a+b Lb;c

a+b 175 Cosh{x+ArcTanh{§H

B . c Sinh {x+Ar‘cTanh { H w

b\/bzbzc2 +b\/|32b2C2 Cosh[X+Ar‘CTanh{§]} bt b, 1’;; 1
Caup B :
> a+b [1-S Cosh[x+ArcTanh[€]]
b b

2b

) B ) )

a+b ll—% Cosh[x+Ar‘cTanh[5H a+b ll—% Cosh[x+Ar‘cTanh[9H
1 1 b b b b c
-—y — ]Sinh[x+Ar‘cTanh[EH /

a 211
3b cAppellFl[ ,
2
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b [1-—

b \/ bZECZ -b \/ % Cosh[x + ArcTanh|
c? b b

o |0

] o

b2

2_ 2
a+b b2-c?
bZ

b2_c2? b2_c2
b\/b—zc +b\/b—f Cosh[x+Ar‘cTanh[§H

c
a+b | ——— Cosh[x+ArcTanh|—]|]
b2 b

2b

a+b 172—2 Cosh{x+Ar‘cTanh{§H

c Sinh {x+Ar‘cTanh { H w

B +

b2_c2 :
b [1-Z
bZ

-a+b Y- 2
b2 a+b [1-5 Cosh[x+Ar‘cTanh[9H
b b
a+b |1-¢ Cosh[x+Ar‘cTanh[9H a+b [1-S Cosh[x+Ar‘cTanh[9H
23 1 1 1 1 b? b b? b
Eazc cAppellFl[—;,—;,—;, ;, R
b |1-< |14+ —2 b [1-< |14 —2
b? ; b2
b 1—;—2 b [1-<
b\/bzzc2 b\/bzzCZ Cosh[x +ArcTanh[ €] ]
c? b b b b2 - 2 c
b 1—7 a+b " Cosh[x+Ar‘cTanh[fH
b b b
a+b %

b2_c2? b2_c?
b\/bzc er\/bzc Cosh[x+ArcTanh[ﬁH

2b

a+b E Cosh {x+Ar~cTanh [ ﬂ }

cSinh {x+Ar~cTanh { H }

B +
b2_c2?

\/a+b\/¥€osh[x+Ar‘cTanh[§H

] Sinh [x +ArcTanh [ E] }
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| sinh[x + ArcTanh| ]|

] . L1 a+b /1*5 Cosh[x+ArcTanh[§H a+b '1’;_2 c05h[x+Ar‘cTanh[§H
—b?c | |cAppellFl[-—, - =, - =, =, s
5 27 27 272 o
b S 2 b [1-S |-1+ :
b? 2 b? c?
b [1-S b1
b2 b?
bJu b\/u Cosh|[x + ArcTanh[ <] ]
2 b2 b2 b b? - c?
b 1. a+b Cosh|[x + ArcTanh[ =] |
b2 b2 b
a+b [P
bZ
2b |a+b 1—% Cosh {x+Ar‘cTanh { ﬂ } cSinh {x+Ar‘cTanh { H w
_ +
b\/bzb—zcz +be2b—fz Cosh|[x + ArcTanh [+ ] | bret b [1-5
e /
car b2 a+b _|1-< Cosh[x+ArcTanh[<]]
b b
; . L1 a+b ll—;—z Cosh|[x +ArcTanh[*]] a+b ll—;—i Cosh[x + ArcTanh[ =] ]
=c? | |cAppellF1[-—, - =, - =, =, ’
5 27 27 272
b [1-5 |1+ —2 b [1- |-1+—2
b b
b [1-2 b [1-
b2 b
|;,\/b2‘zC2 _ng Cosh|[x + ArcTanh[ <] |
2 b b b b2 - 2
a+b Cosh|[x + ArcTanh[ =] |

2_ 2
a+b /b7c
bz

b

| sinh[x +ArcTanh| %] ]
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2b

a+b\/¥Cosh[x+Ar‘cTanh{%H

b\/bzb'—zcz +b\/bzb'—zC2 Cosh[x + ArcTanh[ =] ] ) b?-c? '

-a+b it 2
b2 a+b [1-< Cosh[x+ArcTanh|<]]
A/ b b

Problem 762: Result unnecessarily involves higher level functions and more than twice size of optimal
antiderivative.

c Sinh [x+Ar‘cTanh { H w

J(a +bCosh[x] +cSinh[x])>?dx

Optimal (type 4, 249 leaves, 6 steps):

SiaEllipticE[i (ix-ArcTan[b, -ic]), 2 [prc?

| Va+bCosh[x] +cSinh[x]
2 i/ b2_c2?
— (cCosh[x] +bsSinh[x]) +/a+bCosh[x] +cSinh[x] - 2 < +
3 3 a+b Cosh[x]+c Sinh[x]
a+y/ b?-c?
21 (a?-b?+c?) EllipticF[> (ix-ArcTan[b, -ic]), 2/p-c a:bCosh|x] ¢ 5inh|x]
2 a+/ b?-c? a+/ b2-c?
3+a+bCosh[x] +cSinh[x]
Result (type 6, 2292 leaves):
8ab 2 2 i
+ = cCosh[x] + —bSinh[x]| Va+bCosh[x] +cSinh[x] +
3cC 3 3
J'l[a+ 1—% cSinh[x+Ar‘cTanh[gH] Ji[a+ 1—% cSinh[x+Ar‘cTanh[%H
1 1 3 ‘ ‘ b
2a? AppellFl|~, =, =, =, - , - | sech[x +ArcTanh| —] |
2 2 2 2 C
b? i b2 i
1-5 |1 -—c 1-5 |-1-——|c
-2 b?
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’bz—;cz -ic | ’bz—zcz Sinh|x +Ar‘cTanh[%H c_| —’bzzcz +ic | _4;;:2 Sinh|[x +Ar‘cTanh[g} ]

\/1+ JlSinh[x+Ar‘cTanh[gH

) [ _p2ec2
ia+cC —b%+c?
2

) [ _p2ic2
—ia+c —b%+c?
2

b2+ 2 i b b? . . . b
a+c Sinh|x +ArcTanh|[ ]| / 1-— c |1 (1+Slnh[x+ArcTanh[—H] +
c? C c? c
j[a+ 1-2 cSinh[x+Ar~cTanh[gH} j(a+ [1-% csinh[x+ArcTanh|2]]
1 1 3 C C C C b
2b? AppellFl|—, =, =, =, - , - | sech[x +ArcTanh| —] |
2 2 2 2 C
173—2 1- 2 | Jc’—j 1ot ¢
L? c ll—i—i [«

. _h2 2 . _h2 2 . _h2 2
S &Slnh[x+Ar‘cTanh[QH C b+c’ i ¢ b+
c? c c? c?

Sinh[x +ArcTanh| g} ]

b ¢ c?
-1+ 1 Sinh|x+ArcTanh|[—]]

c 2, 2
ia+cC —b%+c”
2

! [ _p2sc2
—ia+c —b%+c”
2

Sinh|x +ArcTanh| E] ]
c? c

b2
— C
CZ

\/i (Ji +Sinh[x+Ar‘cTanh[E} ]

(@]

]
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i [a+ [1-2 cSinh[x+Ar‘cTanh[2H] i [a+ [1-% cSinh[x+ArcTanh[2]]
C C c C

| Sech[x + ArcTanh| E} ]

) )

1 1 1
2c AppellFl[f, - =
2 2 2

3
2

C

. c | —’bizcz ~ic | —’bi;cz Sinh|[x +Ar‘cTanh[%H C —’b:°2

b
-1+ 1 Sinh|x+ArcTanh|—

+ic_| ’bi—fz Sinh[x+Ar‘cTanh[%H

J

C

. _b2.c2
1a+c/&
CZ

-b2+c? . b b2 . . b 1
a+c Sinh|x +ArcTanh| -] | / 3 [1-— |1 (1+Slnh[x+ArcTanh[—H] =
c? c c? c 3¢
a+b [1-< Cosh[x+ArcTanh[<]] a+b_[1-< Cosh|[x+ArcTanh[<]]
, 1 11 \ e b T b b
4ab?||cAppellFl[-—, - =, - =, =, ,
2 2 2 2
b —E—i 1+ 2 —;—z -1+ 2
b 1’5 b 17%
bez'zcz —bJ@ Cosh|x +ArcTanh| <] ]
c2 b b b b2 _ 2
b [1-— a+b Cosh|x +ArcTanh| =]
b2 b2

22
a+b /b7c
bz

. _b2.c2
_ia+cC /&
CZ

| sinh[x +ArcTanh| g] ]
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2b

a+b\/¥Cosh[x+Ar‘cTanh{5H

B . c Sinh [x+Ar‘cTanh { H w

b\/bzb'—zcz +b\/bzb'—zC2 Cosh[x + ArcTanh[ =] ] b?-c? b '17;;
_a+b b2-c? )
b2 a+b [1-< Cosh[x+ArcTanh|<]]
b b

a+b |1-< Cosh[x+ArcTanh[¢]] a+b |[1-< Cosh[x+ArcTanh[<]]
4 1 1 1 1 \ T ob b \ b b , c
—ac ||cAppellFl[-—, - =, - =, =, s | sinh[x + ArcTanh| =] | /
3 2 2 2 2 b
b [1-S |14+ —2 b [1-< |1+ —2
b - b -
b [1-S b [1-<
b? b2
2 b\/"zbzc2 —b\/bzbzc2 Cosh[x+Ar‘cTanh[§H br o2 .
b [1-— a+b | ——— Cosh|[x+ArcTanh|[—]]
b? b2 b

2_~2
a+b bZ-c?
bZ

2b

a+b\/¥€osh[x+Ar‘cTanh{sH

~ . cSinh [x+Ar‘cTanh [ H ]

b\/bzbfz er\/'ﬂzbzC2 cOsh[x+Ar‘cTanh[§H bt b 15
aip B :
o a+b [1-S Cosh[x+ArcTanh[€]]
. b

Problem 763: Result unnecessarily involves higher level functions and more than twice size of optimal
antiderivative.

J\/a +b Cosh[x] + cSinh[x] dx

Optimal (type 4, 102 leaves, 2 steps):
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21 EllipticE[% (ix-ArcTan[b, -ic]), @} vJa+bCosh[x] +cSinh[x]

a+/ b2-c?
a+b Cosh[x]+c Sinh[x]

a+/ b2-c?

Result (type 6, 1401 leaves):

2b+/a+bCosh[x] +cSinh[x]

+

i [a+ [1-2 cSinh[x+Ar‘cTanh[2H] i [a+ [1-5 csinh[x+ArcTanh[2]]
C C C C

s i, y - ] Sech[x+Ar‘cTanh[EH
2 C

C

1 1 1
2 a AppellF1l [ - —, —
2 2 2

c _b24c? _ic ~b2+c? Sinh [X + ArcTanh [ Q] } c —_bz+c2 +1cC —-b2+c2 Sinh {X + ArcTanh [ Q} ]
[ [ b } ] c? c? c c? c? <
-1+ 1 Sinh|x +ArcTanh| —
‘ ia+c | ~iasc |5
c c

-b2 + 2

| =

. b b2 e . b
a+c Sinh[x + ArcTanh|[ =] | / 1-— ¢ |i (1+Slnh{x+Ar‘cTanh[—H -
c? c c c

a+b ll—;—i Cosh[x+Ar‘cTanh[§H a+b ll—g—z Cosh[x+Ar‘cTanh[§H

s s ] Sinh[x+Ar‘cTanh[§H /

, 101
b% | |cAppellF1[-—, - =, -
2

N | R
.
N | R




b\/
C2

b?2-¢?
b2

b2_c2
—b\/b—f Cosh|[x +ArcTanh [+ |

b2 - ¢2

b%-¢?

a+b o

c
a+b Cosh[x+Ar‘cTanh[g} ]

2b

b?-¢?
b\/—bz

+b\/"2b—2c2 Cosh|[x +ArcTanh |+ ] |

a+b le; Cosh{x+ArcTanh{§}}

- +
b%-c?

cSinh[x+ArcTanh[§ww

2
b 1—:2

1
c | |cAppellF1[- =
2

c2?
b 1—;2

-a+b Y- 2
b2 a+b [1-5 Cosh[x+Ar‘cTanh[9H
A/ b b
11 a+b /1—;% Cosh[x+Ar‘cTanh[ﬁH a+b ll—;% Cosh[x+Ar‘cTanh[ﬁH
y T Ty T Ty T k)
2 2 2

1+ a

b [1-

| [ a
b /1- o -1+
CZ cZ
< b [1-<

b2 b2

b%-¢?
bez

Cosh[x +ArcTanh |

I

o |0

——— Cosh[x +ArcTanh]| E} ]

2b

b2_c?
bez

er\/bzbzc2 Cosh[x+Ar‘cTanh[iH

a+b\/;j%§7COSh{x+APcTanh[§}}

- +
b%-c?

cSinh{x+ArcTanh{§}}

\/a+b llf;—i Cosh[x+Ar‘cTanh[§H
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] Sinh [x + ArcTanh [ S} ]

Problem 764: Result unnecessarily involves higher level functions and more than twice size of optimal
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antiderivative.

1

dx

J\/a+bCosh[x} +cSinh[x]

Optimal (type 4, 102 leaves, 2 steps):

21 Elliptick[ L (ix - ArcTan[b, —ic]), 2:fv-c J a:b Coshxl reSinhlx]

a+/ b?-c? a+/ b2-c?

vJa+bCosh[x] +cSinh[x]

Result (type 6, 237 leaves):

1 1 1 3 a+bCosh[x] +cSinh[x] a+bCosh[x] +cSinh[x] b
ZAppEllFl[f: ) ) 5 ]Sech[X+Ar‘cTanh[—H

. 2 2 2 2 o . c

:l.fc—2 C a+1 :l.fc—2 C a-1i 1,':_2 C
-1 ll—% c+bCosh[x] +cSinh[x] i ll—% c+bCosh[x] +cSinh[x]

C C

va+bCosh[x] +cSinh[x] |- -
a+i 1—%c a-i 1—%c
C C

Problem 765: Result unnecessarily involves higher level functions and more than twice size of optimal
antiderivative.

1
J(a+bCosh[x] +cSinh[x])3?

dx

Optimal (type 4, 156 leaves, 3 steps):

21 EllipticE[% (ix-ArcTan[b, -ic]), ﬂ] vJa+bCosh[x] +cSinh[x]

a+/ b?-c?

2 (cCosh[x] +bSinh[x])

(a?-b%+c?) Va+bCosh[x] +cSinh[x]

(az _ b2+ C2> a+b Cosh[x]+c Sinh[x]

a+y/ b?-c?
Result (type 6, 1522 leaves):

2 (b%2 - ¢? 2 _b2Sinh 25inh
Va+bCosh[x] +cSinh[x] (b* - ) _ (ac inh[x] + c?Sinh[x])

+

bc(-a2+b2-c?) b (-a2+b?-c?) (a+bCosh[x]+cSinh[x])
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c? c?

Ji[a+ 1- Y2 cSinh[x+Ar‘cTanh[EH] j[a+ 1- 2 cSinh[x+Ar‘cTanh[%H

1 1 1 3 b
2aAppellFl[~, =, =, =, - , - | sech|[x +ArcTanh| —] |
2 2 2 2 C
b2 i b? i
1-5 |1- az c -a |t1- az c
1*% [« 1—’22 [

-1+1 Sinh[x+Ar‘cTanh[f} ]

c
ia+c /—'bz*cz —fa+c /—'bz*cz
c? c?
_b2 2 2
a+c b%+ ¢ Sinh[x+Ar‘cTanh[EH / 17b— c(a®-b>+c?) |i (1’1+Sinh[x+Ar‘cTanh[EH] o
c? c c? C c (a?-b%+c?)

\/ A c ’bz—fZ jc\/?Sinh[x+Ar‘cTanh[gH C\/?+jcﬁsinh[x+Ar‘cTanh[iH

a+b ll—% Cosh[x+Ar‘cTanh[9H a+b /1—% Cosh[x+Ar‘cTanh[9H
1 1 1 1 b b b b C
b | [cAppellF1[-—, - =, - =, =, B | sinh[x+ArcTanh|[—] ] /
2 2 2 2 b
b [1-< [1+ : } b [1-¢ [1+ a ]
b? ) b2 ;
b 17;7 b 17;7
b J L’;Z -b \/ L’;z Cosh[x +Ar‘cTanh[5H
c? b b b b2 _ c2 C
b |1-— a+b Cosh[x+Ar‘cTanh[fH
b2 b2 b
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a+b\/;jE§7Cosh[x+ArcTanh{§}}

2b

b%-¢?
bZ

+b\/bzb'—zC2 Cosh[x + ArcTanh[ =] ]

°|

cSinh[x+ArcTanh{§ww
+

b%-c?

b?-¢?

-a+b
bZ

a+b\/¥€osh[x+Ar‘cTanh[;H a+b /1—;% Cosh|[x + ArcTanh[ =] |

a?-b%+c?

\/a+b [1-¢ Cosh[x +ArcTanh|
bZ

B

| Sinh[x + ArcTanh | E} ]

a

>
1-<
bZ

b /1-;—2 1+

b

b2 - ¢2
a+b

——— Cosh[x + ArcTanh]| E} ]

a+b\/;jE§7C05h[x+ArcTanh{s}}

cSinh[x+ArcTanh{§w]

+
@
b [1-S

b%-c?

1 1 1 1
c||cAppellFl[- =, - =, - =, =,
2 2 2 2
2
b —:TZ 1+ a 2
b [1-=
bz
b | B _p [ Cosh[x + ArcTanh|[ €] ]
c2 b2 b2 b
b [1-—
b2
b272
a+b TZC
2b
b\/bzcz +b\/hzcz Cosh|[x +ArcTanh| €] |
b2 b2 b
b272
-a+b Tzc

Problem 766: Result unnecessarily involves
antiderivative.

1
dx

J(a +b Cosh[x]

+cSinh[x])®?

Optimal (type 4, 322leaves, 7 steps):

\/a+b ll—;% Cosh[x+Ar‘cTanh[§H

higher level functions and more than twice size of optimal
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2 (cCosh[x] +bSinh[x]) 8 (acCosh[x] +absSinh[x])

3 (a?-b%+c?) (a+bCosh[x]+cSinh[x})3/2 3 a2—b2+c2>2\/a+bCosh[x1+cSinh[x]

8iaEllipticE[? (ix-ArcTan[b, -ic]), A@} v a+bCosh[x] +cSinh[x]
2 a+v/ b?-c?

+

a+/ b2-c?

3 (az _ b2 + C2> 2 \/ a+b Cosh[x]+c Sinh[x]

a+/ b2-c? a+/ b?-c?

3 (a®-b%+c?) Va+bCosh[x] +cSinh[x]

2 Elliptick[L (ix - ArcTan[b, ~ic]), 2:/p-c }Ja*"c"s"m*“i“hm

Result (type 6, 2492 leaves):

vJa+bCosh[x] +cSinh[x]
8a (b?-c?) 2 (ac-b?sinh[x] +c?Sinh[x]) 2 (-3a’c-b>c+c*+4ab?Sinh[x] -4ac?Sinh[x])

+

3bc (az—b2+c2)2 3b (-a?+b?-c?) (a+bCosh[x] +cSinh[x1)2 3b (—a2+b2—c2)2 (a+bCosh[x] +cSinh[x])

c? c?

j[a+ 1-2 cSinh[x+Ar‘cTanh[%H] j{a+ 1- Y% cSinh[x+Ar‘cTanh[gH

1 3 b

) E) y Ty~ y ] SECh[X +Ar‘cTanh[f} ]

2 2 2 2 C
S P ia 10 |_q__—dia

2 2
C b2 C b2
1-— ¢ 1-— ¢
2 c?

c | i | gipp [x + ArcTanh | 9] ] c | i | P giph [x + ArcTanh | 9} ]
[ [ b ] ] c? c? c c? c? c
-1+ 1Sinh|x + ArcTanh| —
‘ ia+c | —’bzzcz -ia+c | —’bzzcz
(o (o

2 a? AppellFi|

2
l—b—c(az—b2+c2)2 Ji(]i+Sinh[x+Ar‘cTanh[EH) +
c

-b%2+c* . b
a+c 751nh[x+Ar‘cTanh[—H/

c? c
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i [a+ [1-2 cSinh[x+Ar‘cTanh[QH} i {a+ [1-5 csinh[x+ArcTanh[2]]
3 C c C C

X 11 1 b
2b AppellFl[f, —y Ty Ty - y - ] Sech[x+Ar‘cTanh[fH
2 2 2 2 C
1-9 1 —da ¢ Sl e
CZ b? c2 b?
lfcf2 c R 1*(7 C

. c | —’bizcz ~ic | —’bi;cz Sinh|x +ArcTanh | g] ] c ’b:°2 +ic ’bizcz Sinh[x +ArcTanh | %} ]
(1]
c
ia+c | Lzzcz -ia+c | ;bz:cz

\/ -1+ 1 Sinh|x + ArcTanh

-b%2+c? . b
a+c Sinh|x +ArcTanh| -] | /
c? c

0

3 [1-— c(az—b2+c2)2\/j [Ji+Sinh[x+Ar‘cTanh[EH) ]

i [a+ ll—kc’—z cSinh[x+Ar‘cTanh[%H] i {a+ ll—tc’—z cSinh[x+Ar‘cTanh{%H]

P P } Sech[x+Ar‘cTanh[EH
C

1 1 1
2c AppellFl[f, -,
2 2 2

N W

¢ |2 i [ sinh[x+ArcTanh|[2]] ¢ [ =€ 1ic [ sinh[x+ArcTanh|[2]]
\/ [ [ b } ] c? c? c c? c? <
-1+ 1Sinh|x+ArcTanh| —
c
iarc | 22< ~iasc |
C C
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_p2? 2 2
a+c b” + ¢ Sinh[x+Ar‘cTanh[EH / 3 1_b7 (az—b2+c2)2 i Ji+Sinh[x+Ar‘cTanh[EH - 1
c? C c? C 3cC (az b2 2)2
- +C )
a+b [1-€ Cosh[x +ArcTanh[€]] a+b 1-< Cosh[x +ArcTanh| €] |
1 1 1 1 b* b b? b c
4ab? | |cAppellFl[-—, - =, - =, =, s | sinh|[x +ArcTanh|—] | /
2 2 2 2 b
b [1-S |1+ —2 b [1-€ |1, —2
b2 - b2 -
b 17;7 b 17:7
b\/u —b\/u Cosh[x + ArcTanh|[ €] ]
c2 p2 b2 b b2 _ 2 c
b 1——2 a+b b—ZCosh[x+Ar‘cTanh[gH
b
a+b btizcz
2b |a+b 1—2—2 Cosh{x+ArcTanh{;—H cSinh[x+Ar‘cTanthH
b\/bzb—zCz +b\/"2b2c2 Cosh|[x +ArcTanh |+ ] | ) b?-c? ' b '175 .
N
Caup |pe : 3 (a?-b2+c?)?
b2 a+b [1-5 Cosh[x+Ar‘cTanh[9H
A/ b b
a+b 1—% Cosh[x+Ar‘cTanh[9H a+b 1—% Cosh[x+Ar‘cTanh[9H
1 101 b b e b c
4ac cAppellFl[—f, e R ] Sinh[x+Ar‘cTanh[fH /
2 2 2 2 b
b [1-S [1+ 2 ] b [1-< [1+ 2 J
b2 - b2 -
b 17;7 b 17;7
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o |0

b v _p J - Cosh [x+ArcTanh| €] ]

) . b b2 _ CZ C

bl & a+b | ——— Cosh[x+ArcTanh|—]]
bz b2 b

2_ 2
a+b b2-c?
bZ

a+b 172—2 Cosh{x+Ar‘cTanh{§H

- +

b2_c2 b2_c2 b2_c2
b\/b—f +be—2c Cosh[x+Ar‘cTanh[§H c b [1

-a+b Y- 2
b2 a+b [1-5 Cosh[x+Ar‘cTanh[9H
A/ b b

Problem 767: Result unnecessarily involves higher level functions and more than twice size of optimal
antiderivative.

2b

c Sinh [x+Ar‘cTanh [ ﬂ w

1
j dx
(a+bCosh[x] +cSinh[x])”"?

Optimal (type 4, 411 leaves, 8 steps):
2 (cCosh[x] +bSinh[x]) 16 (acCosh[x] +abSinh[x])

5 (a2 -b%+c2) (a+bCosh[x] +cSinh[x])*? 15 (a?-b2+c?)? (a+bCosh[x] +cSinh(x])>?

2i (23a2+9b2-9c?) EllipticEE (i x-ArcTan[b, -ic]), 5@} \/a+bCosh[x] +cSinh[x]

a+/ b2-c?

15 <a2 Y C2> 3 a+b Cosh[x]+c Sinh[x]

a+/ b%-c?

16 1 a EllipticF [i (i x-ArcTan[b, -ic]), 2/bc vobLosk s siah
an/b?-c? an/b? 2 (c(23a2+9b%-9c?) Cosh[x] +b (23a2+9b%-9c?) Sinh[x])
15 (a% - b?+ c2)?Va+bCosh[x] +cSinh[x] 15 (a - b%+ c2)3 vJa+bCosh[x] +cSinh[x]

Result (type 6, 4093 leaves):

vJa+bCosh[x] +cSinh[x]
2 (23a2+9b?-9c?) (b?-c?) 2 (ac-b2sinh[x] + c2Sinh[x]) 2 (-5a%c-3b2c+3c>+8ab?Sinh[x] -8ac?Sinh([x])

+

3

15bc(—a2+b2—c2)3 5b (-a?+b?-c?) (a+bCosh[x] +cSinh[x]) 15b(—a2+b2—c2)2(a+bCosh[x]+cSinh[x])2
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(2 (-15a’c-17ab’c+17ac?+23a’b*Sinh[x] + 9b* Sinh[x] - 23 a* c* Sinh[x] - 18 b*> c*> Sinh[x] +9c4Sinh[x])>/

+

(15b (-a%+b?- c2)3 (a+bCosh[x] +cSinh[x] ))

j[aJr 175% CSinh[X+APCTa"h[?HJ Ji[a+ 1—%2 cSinh[x+Ar‘cTanh[gH
2a% AppellF1] =, =, &, 2, o | SeCh[X+Ar‘cTanh[EH
2 2 2 2 ;
1- i 1 - ia ﬁ 4 ia
) -5 c g 1% ¢ :
\/ [ [ b 1] ¢ ﬁizcz -ic \/? Sinh[x + Ar'cTanh[%] ] c bz;cz ic 7bz;°2 Sinh[x + ArcTanh | g} ]
-1+ 1Sinh|x+ArcTanh| —
‘ i1a+cC M _ia+c _p2ic?

CZ

CZ

—b? 2 2
a+c b7+ ¢ Sinh[x+ArcTanh[EH /[ 1—b— c (a2b2+c2)3\/j (J’l+Sinh[x+Ar‘cTanh[EH) JJr
c? C c? c
i [a+ l—lc% cSinh[x+Ar‘cTanh[gH] i {a+ 1—%2 cSinh[x+ArcTanh[%]]
34ab2AppellF1[l, 1, l, i, - , -
2 2 2
b2 B ia b2 _1- ia
< 1—§C ‘ < l—z—i c]c

| sech|[x + ArcTanh | E] ]
C

+ 1

2. 2 2,2 . h2. 2
Fo = S R = e Slnh[x+Ar‘cTanh[QH c | et
c? c? c c?

ic | _4;::2 Sinh[x+Ar‘cTanh[%H

-1+1 Sinh[x+Ar‘cTanh[E} ]
C

\/ . _h2.e2
iatc |
CZ

. _h2 2
_ia+c /&
CZ
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_p2? 2 2
a+c b :C Sinh[x+Ar‘cTanh[EH /[15 1—% C (az—b2+c2)3\/j (j+Sinh{x+Ar‘cTanh[EH] ]
C c \/ C c

i (a+\/jcsinh[x+Ar‘cTanh[bH] i [a+\/?c$inh[x+Ar‘cTanh[bHJ
[ c ¢ ¢

3
1;)’ > - ]

2 ; 2
St )¢ 1-%
c LY C
-= c
c2

) ) c\/bzzcz—jc\/bzzcz Sinh[x+Ar‘cTanh{%H
Sech[x + ArcTanh| —] | \/—1+jsinh[x+Ar‘cTanh{H

[ c ) F
ia+c | 2=
CZ
_h2.¢2 . _h2.¢2 .
c | P e &Slnh[XJrAr‘cTanh[gH
c? c? c -b2+c? b /

34 a c AppellF1]|

N |
N |
N |

3 3

a+c Sinh[x+Ar‘cTanh[fH
c? c

-b2+¢?
2

-ia+c
C

2
Is 17b72 (azbz+cz>3\/j(j+sinh[x+Ar‘cTanh[bH)
. c

1

15 ¢ (az—b2+c2)3
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a+b |1-< Cosh[x+ArcTanh[¢]] a+b |1-< Cosh[x+ArcTanh[<]]
- 101 1 1 R b \ b b , c
23a%b cAppellFl[—;, Ty s ] Slnh[x+Ar‘cTanh[EH /
b —;% 1+ 2 2 b —;% -1+ 2 :
b [1-5 b [1-5
, | b vt _p [ 2= Cosh|[x +ArcTanh|<]]
c b b b b2 - 2 c
b [1-— a+b b—ZCosh[x+Ar‘cTanh[gH
b
a+b Lb;cz

2b cSinh{x+ArcTanh{H w

a+b 1—5 Cosh[x+Ar‘cTanh{§H
B +
b\/bzb—zCz +b\/hzb—2C2 Cosh[x+Ar~cTanh[§H b2_c? bE 1

) _5c(a2—b2+c2)3
—a+b b?oc? 2
b? a+b [1-5 Cosh[x+Ar‘cTanh[9H
A/ b b

a+b ll—% Cosh[x+Ar'cTanh[5H a+b ll—% Cosh[x+Ar‘cTanh[9H
1 1 b b b b c
— R ]Sinh[x+Ar‘cTanh[EH /

4 111
3b cAppellFl[ R B )
2

. b\/bzbzc2 b\/bzbzCz Cosh[x+Ar‘cTanh[§H b2 _ 2

b2_c2?
b2

a+b
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a+b\/¥Cosh{x+Ar‘cTanh{5H

2b

b%-¢?

b\/
bZ

+b\/b2b'—zC2 Cosh|[x +ArcTanh [+ ] |

. c Sinh [x+Ar‘cTanh { H w

b%-c?

N
b 15 (a% - b2+ c?)?
-a+h b a+b ll—;% Cosh[x+Ar‘cTanh[§H
a+b [1-< Cosh[x +ArcTanh[€]] a+b 1-¢< Cosh|[x +ArcTanh| €] |

1 1 1 1 b* b b* b c
23a’c | |cAppellFl[-—, - =, - =, =, , | sinh[x +ArcTanh| =] |

2 2 2 2 b

b [1-5 [1+—2 b [1-S -1+ —2
b [1-S b [1-5
b b
, | b P _p [ 2= Cosh[x+ArcTanh[<]]
c b b b b2 - 2 c
b [1-— a+b | ——— Cosh[x+ArcTanh|—]]
b2 , b
a+b %
2b |a+b 1—2—2 Cosh [x+Ar‘cTanh { ;—} } Csinh {x+Ar‘cTanh [ H w
b\/bzbzCZ +b\/b2b2C2 Cosh|[x +ArcTanh|[ -] | ) b?-c? ' b '175 .
N
_a+b | =< ; 5 (a2 - b%+c?)’
b? a+b ll—gfz Cosh[x+Ar‘cTanh[§H
a+b ll—% Cosh[x+Ar'cTanh[5H a+b ll—% Cosh[x+Ar‘cTanh[9H
6b%c | |cAppellFl B i i ° ° ; <
ppe [ e s }Slnh[x+Ar‘cTanh[ H
b [1-¢ |14 —2 b [1-5 |1+ —2
b 1;_§ b 1-§_§
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~ b blc _b\/% Cosh[x +ArcTanh[ <] ]
c b b b b>-c? :
RE a+b b—ZCosh[x+Ar‘cTanh[gH
b
ap [
2b |a+b \E Cosh {X*AFCTanh { H } cSinh {X+AT‘CTa”h [ H w

- +

b2_c2 b2_c2 c b2_c2 5
b\/—bz +b\/—b2 Cosh|[x +ArcTanh |+ ] | ¢ b f1e .

, S(az—b2+c2)3
_a+b bf-c? )
b2 a+b [1-5 Cosh[x+Ar‘cTanh[9H
A/ b b

a+b 1—% Cosh[x+Ar‘cTanh[5H a+b 1—% Cosh[x+Ar‘cTanh[9H
; 1 1 1 1 \ T b b \Tob b ] c
3c cAppellFl[—;, _;’ _5) E’ B ] Slnh[x+Ar‘cTanh[gH /
b [1-¢ |1+ ""Cz bﬁ R
b [1-5 b [1-5
= b\/bzbzcz b\/bzbzCz Cosh[x+Ar*cTanh[§H b2 c? .
b |1-— a+b Cosh[x+Ar‘cTanh[*H
b2 — b b
a+b bb;zc

a+b E Cosh {x+Ar~cTanh [ H }

bezbzcz +b\/b2bfz cOsh[x+ArcTanh[iH ) b*-ct ) b [1-5
-a+b bi-c? :
- a+b [1- S Cosh[x+ArcTanh[<]]
b b

Problem 768: Result unnecessarily involves higher level functions and more than twice size of optimal

2b

cSinh {x+ArcTanh { H }
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antiderivative.
J(x/ b%? - c2 +bCosh[x] +cSinh[x]

Optimal (type 3, 140 leaves, 3 steps):

5/2
dx

64 (b? - c? Cosh b Sinh
( <?) (¢ Coshix] + bsinhix]) +E b2 - c? <CCOSh[X}+bSinh[X])\/\/b2CZ +bCosh[x] +cSinh[x] +

15
15 \/\/ b2 -c2 +bCosh[x] +cSinh[x]

3/2
2 (cCosh[x] +bsSinh[x]) («/bz—cz +b Cosh[x] +cSinh[x])
5

Result (type 4, 10223 leaves):

4b+b2-c? 4 4
\Jb?-c? |—————— + —cCosh[x] + — bSinh[x]

\/x/bzcz +bCosh[x] +cSinh[x] +
3cC 3 3
44b (b% - c? 2 2 2 1
\/x/bz—cz +bCosh[x] +cSinh[x] #+—c«/b2—c2 Cosh[x] + —bcCosh[2x] + —b+/b?>-c* Sinh[x] + = (b®+c*) Sinh[2X]

15c 15 5 15 5

+

256b (-b+c) (b+c)?/b?-c?

(—b—c+\/b2—c2) (1+Tanh[5]) (—b—c+\/b2—c2) (1+Tanh[5”
EllipticF[ArcSin| |- 2—— ], 1] - 2E1lipticPi[-1, ArcSin| |- 21, 1]
(—b+c+\/b2—c2) (—1+Tanh[§]) (—b+c+\/b2—c2) (71+Tanh[§])

71+Tanh[§]J ((bc+x/b2c2)(1+Tanh[’2‘H (7c+(7b+ bZ,CZJTanh[f]) /

2 -b+c+ bz—c2)<—1+Tanh[§]) 2

\/4/ (b-c) (b+c) +bCosh[x] +cSinh[x]

2 b-c) (b+c) +bCosh[x] +cSinh[x
15 [b+c’\/ﬁ] (bJrC*\/H) (1+Cosh[X]) ( ) ( ) [2]+ [x]

(1+Cosh[x])

J[_Manh[;r] [~2cTann[Z] oo (<1 Tann[ 7] b (1 Tann[Z)7) | | -



! 64 (b—c)2 (b+c)2J«/ (b-c) (b+c) +bCosh[x] +cSinh[x]

15¢ (1+Cosh(x]) [ ¥ o tosh ] -c Sinh(x]

(1C h[])

2

[b c Tanh| J ~4/b?-c? ~2cTanh| bTanh[i]Zer/bzfc2 Tanh[i}2
2

\/[—1+Tanh[§}2) (_2cTanh[5] b2 (_1+Tanh[§]2) b (1+Tanh[§]2)J J/
Ko [natann ] b (1 ann (X)) J

2

(-b*+c?) [—1+Tanh[§}2] JZcTanh[

\/((—1+Tanh[§]2J (—b— (b-c) (b+c) —2cTanh[§]—bTanh[§]2+ (b-c) (b+c) Tanh[f]z))

R R e R N RS

c (b+Cf\/b27c2)(1+Tanh[5H
2¢2 (1 ] ~EllipticF [ArcSin]| —— ], 1] +2
-b+/b2-c? (7b+c+x/b27c2) (71+Tanh[§])

EllipticPi|

1+’W;T ,ArcSin[\I [o+c-Vb7-c) (1+Tann[3])

(—b+c+m) (—1+Tanh[ﬂ) } 1] [—1+Tanh[g])
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(b+c—\/b2—c2) (1+Tanh{§” c
(—b+c+\/m) (—1+Tanh[§]) [_

\/[(—1+Tanh[§]2) (—b— (b—c) (b+c) —2cTanh[§]+ (—b+ (b—c) (b+c) )Tanh[z]z)J

) ;

+c-bi-c2 . x (b+c—m) 14 c

EllipticF[Ar‘cSin{J (b c e ) (1 Tanh[z[})] L 1] —2CEllipticPi[ ( -b++/ b?2-c? ] ,
“brcxVbToct ) -1+ Tanh[, e VpP_ ) i1 <

e bl oo [ ]

(b+c-bZ-c? | (1+Tanh[X]) « (b+c-bT-c? | (1+Tanh[X])
ArcSin| : |, 1] [—1+Tanh[—}) 2
(—b+c+\/b2—c2>(—1+Tanh[§” 2 ( b c+\/b2—c2>(—1+Tanh[§”

[ < +Tmm[x]]y/[(bcNﬁﬂcz)(bc+vﬁﬁcz](l c J[bVBZcZ%b+v%2c2

~b+/b2-c? 2 _b+/bEoc? c c
\/[(—1+Tanh[§]2) (—b— (b-c) (b+c) —2cTanh[§] + (—b+ (b-c) (b+c) )Tanh[z]z)]J -
4b° : ;1] -2c

(b*c*‘/bz‘ﬁ)ElliPticF[ArcSin[J (bAFc‘i\ﬂ;rjEf) (1AFTanh[ ])

(7b+c+\/ﬁ) (—1+Tanh[ H

X
2

(b+c—\/b2—C2) [1+b+\/cbzic2 ,APCSin[ (b+C—W) (1+Tanh[§”
(—b+c+m) (—1+Tanh[§])

EllipticPi|

> 1]

(b-c-vor—c| (1+ c



[,1+Tanh[i}) (b+C7\/b2,c2)(1+Tanh[§]) [ c +Tanh[i] /
2 (—b+c+\/ﬁ) (—1+Tanh[§” ~b+Vb2-c? 2

R e e e

~b+/b?-c? ¢ ¢
x/[(—1+Tanh[§]2) (—b— (b-c) (b+c) —2cTanh[§]+ (—b+ (b-c) (b+c) )Tanh[z]z)JJ -

— o . (b+c7\/W> (1+Tanh[§])
(b \/b ]Ell pticF[Arcs [\I T |,1] -2

c2 ) (—1+Tanh[§”

4b c?

(b+c—\/b2—c2) 1+ cz - tc-Jpr_c2 + Tanh[%
E1lipticri| { b+m) , Arcsin| (b Vb ) (1 Ta h[z}) 1]
(b_c_ﬂ/bz_cz) (_1+b+\/;—cz) ( b c+x/b2,c2) (71+Tanh[§])
b+c—\/m) (1+Tanh[§]) c

+Tanh[§]

(1+Tanh[x})\| ( [
2 (—b+c+m) (—1+Tanh[§” -b+Vb2-c? 2

/

“b-/p2-¢2 —b+Vb2—c2]
- +

C C

C
1_ ]
-b+Vb%2-c?

[(b_c-m) bocuiforoet|

\/[(—1+Tanh[i]2) (—b— (b-c) (b+c) —2cTanh[2]+ (—b+ (b-c) (b+c) )Tanh[x]z)]] -

2 2

— o . (b+c—\/ﬁ) (1+Tanh[§])
(—b+c+xlb -C )ElllptlcF[Ar'cSm[\I (7b+c+ bz,cz) (71+Tanh[ ” ],1}—2c

X
2

8 b2+/b? - 2

EllipticPi|

[pre-vEe] [1 ] APCSin[J o VEE) reremlz))
: )

(b—c—m) (_1+ Jci (fb+c+\/b2—c2) (—1+Tanh[§]
~b++/ b2-c?

6.7 Miscellaneous.nb | 79



80 | 6.7 Miscellaneous.nb

[,1+Tanh[i}) (b+C7\/b2,c2)(1+Tanh[§]) [ c +Tanh[i] /
2 (—b+c+\/ﬁ) (—1+Tanh[§” ~b+Vb2-c? 2

[(b‘c‘“ﬁﬂ‘cz)[‘b-c+v59—c2)[1— c ] )

b-+b2-c2 —b+Vb2—c2]
+

“b+V/b2-c? ¢ ¢
x/[(—1+Tanh[§]2) (—b— (b-c) (b+c) —2cTanh[§]+ (—b+ (b-c) (b+c) )Tanh[z]z)JJ +

(b+cfx/ﬁ) (1+Tanh[§])

8 b*/b% - c?
(—b+c+m) (—1+Tanh[§”

|,1] -2¢

(—b +c+q/b2-c? ) EllipticF |[ArcSin [\I

EllipticPi|

pre- e 10— en | e o]
(b_c_VET?ET)(_1+ (<becoB2oc?) (-1 Tann[])

c
~b++/ b%2-c?

{71+Tanh[i}) (b+c—\/b2_c2)(1+Tanh[f]) [ +Tanh[i]
2 (—b+c+m) (—1+Tanh[§” -b+Vb2-c? 2

C

/

R R e | e

“b+ Vb2 - ¢ ¢
\/[(—1+Tanh[§]2) (—b— (b-c) (b+c) —2cTanh[§]+ (—b+ (b-c) (b+c) )Tanh[z]z)]] +

ab (b2 - c?)

— o . (b+c—\/ﬁ) (1+Tanh[§])
(—b+c+xlb -C ]ElllptlcF[Ar'cSm[\I (7b+c+ bz,cz) (71+Tanh[ ” ],1}—2c

X
2

EllipticPi|

(—b+c+m) (—1+Tanh[§]

(b+c_m) {1+b+\/bz—2 APCSin[J (b+c—m) (1+Tanh[ﬂ) }1]1
, )
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[,1+Tanh[i}) (b+C7\/b2,c2)(1+Tanh[§]) [ c +Tanh[i] /
2 (—b+c+\/ﬁ) (—1+Tanh[§” ~b+Vb2-c? 2

[(b‘c‘“ﬁﬂ‘cz)[‘b-c+v59—c2)[1— c ] )

b-+b2-c2 —b+Vb2—c2]
+

“b+V/b2-c? ¢ ¢
x/[(—1+Tanh[§]2) (—b— (b-c) (b+c) —2cTanh[§]+ (—b+ (b-c) (b+c) )Tanh[z]z)JJ -

(b+c7\/b27c2) (1+Tanh[§})
(—b+c+m) (—1+Tanh[§])

|,1]-2c¢

4b3(b2c2)[(b+c+w/b2c2 ]EllipticF[ArcSin[J

EllipticPi|

pre- e 10— en | e o]
(b_c_VET?ET)(_1+ (<becoB2oc?) (-1 Tann[])

c
~b++/ b%2-c?

{71+Tanh[i}) (b+c—\/b2_c2)(1+Tanh[f]) [ +Tanh[i]
2 (—b+c+m) (—1+Tanh[§” -b+Vb2-c? 2

C

/

R R e | e

“b+V/b2-c2 C C
\/[(—1+Tanh[§]2) (—b— (b-c) (b+c) —2cTanh[§]+ (—b+ (b-c) (b+c) )Tanh[z]z)]] +
8b3(b+cdb2&)51hpucﬁAm5ﬂ4J UEiZ+ zi:; F;j?:iig)],l}zc

(b+c+\/b2—c2) (1+b+\/cbz—cz

2] )

(7b+c+m) (—1+Tanh[ ])

X
2

EllipticPi| , ArcSin|

J (b+c—m) (1+Tanh[ }) (71+Tanh[§})

[b-conb2-ct ) (_1+ c
“bafb2c?
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]/[[bcm)[bmm)[l .

(b+cf\/b2—c2) (1+Tanh[ﬂ) c N

- +Tanh| —
-b+c++Vb?-c? ) [-1+Tanh|% [ -b++/b2-c? ° [2] —b+vVbZ-c?
SRR (3] VB

-b-Vb?-c?  -b+Vb?-c?

C C

]\/((—1+Tanh[z}2J (—b— (b-c) (b+c) —2cTanh[§] + (—b+ (b-c) (b+c) )Tanh[r))] -

(b+c—\/b2—c2) (1+Tanh[§])
(—b+c+m> (—1+Tanh{ﬂ)

4b°

|, 1] -2c

(—b +C-+/b%-c? ) EllipticF[ArcSin [\I
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Problem 769: Result unnecessarily involves higher level functions and more than twice size of optimal
antiderivative.

J(x/ b%? - c2 +bCosh[x] +cSinh[x]

Optimal (type 3, 92 leaves, 2 steps):

8Vb2-c? (cCosh b Sinh
¢* (cCoshix] +bsinh(x]) +3 (cCosh[x] +bsSinh[x]) J«/bzcz +b Cosh[x] +cSinh[x]
3\/\/b2—c2 +b Cosh[x] +cSinh[x] 3

Result (type 4, 10141 leaves):

3/2
dx

2b+V/b?-c? \/\/bz—cz +bCosh[x] + ¢ Sinh[x]

C

+

Jh2 _ 2
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] (—1+Tanh[§])

~b+/ b?2-c?

+ bﬁ] (1+Tanh[ﬂ)
+ chsz) (—1+Tanh[§})

(— ¢ +Tanh[£})
~b+V/b2-c? 2

\/[(—1+Tanh[§]2) (_b_ b-c) (brc) 2cTanh[§]+(—b+ (b-c] (b+c) )Tanh[z]Z)]J+

-b+/b%-¢?

\I [—1+ : cbz - ] (1+Tanh[§]) N
] EllipticF[Ar‘cSin[ e }, 1] (—1+Tanh[;]]
1+ £ X

(1+ bjsz] (1+Tanh[X]]

- J(1+Tanh[’;})
\/[(—1+Tanh[§]2) (—b— (b-c) (b+c) 2cTanh[§] (—b (b-c) (b+c) )Tanh[f]z)JJJr

(— ¢ +Tanh[£})
~b+/b2-c? 2

J 1 Tanh[i])
] -1+ Tanh[ ])

T

—— - 1, 1] [_1+Tanh[§])

2
( 14
2b2+/b? - c? [—1 - ¢ J EllipticF[ArcSin| (

F
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J [-1+b+szj] (1+Tanh[§}) (_ ) +Tanh[x})
. clc b+

(71+Tanh[ }) Vb? - 2

X
2

—_—
=
|
(=3
+
o
—_

x/[(—1+Tanh[i]2) (—b— (b-c) (b+c) —2cTanh[i]+ (—b+ (b-c) (b+c) )Tanh[x]z)JJ +

2 2 2
1 c (b+c—\/m) (1+Tanh[5])
bc |2 |- {1+ ] EllipticE[ArcSin| 2 ], 1] -
2 ~b+b2-c? (—b+c+m) (—1+Tanh[§])
c EllipticF [ArcSin| [bmmj (rernl3)) ],1] 2c EllipticPi[h—’“’\Zji, ArcSin| (bwm] 3] |, 1]
—b+c+\/ﬁ] (—1+Tanh{x—” 71+7b+\/ﬁ —b+c+\/ﬁ] (—1 T h{ ”
(7b+\/b27c2) [1+b+\/cbzﬁ] (—b+\/b2—c2) (1+b+\/csz)

(71+Tanh[§]

(b+ch) (1+Tanh[§}) ) c
] ( b+c+ [ -b+

b
V7= e ) (-1« Tanh[ %] Nraer

2
X
Tanh| —
an[z}

/[\/((—1+Tanh[i}2J (—b— (b-c) (b+c) -2cTanh|

2

+Tanh[§]] [reTamn[ %] [

X
2]+

(—b+ (b-c) (b+c) )Tanh[

5}2
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el NE ice iamcsin | 2o VET=€t ) (LxTann[1])
\/T 5 k 1 b+W]Ell pt E[Arsn[\l (,b+c+m) (,1+Tanh[§]) -

b+c—~/b2-c? | (1+Tanh|Z e b+c-~/b?-c? | (1+Tanh| X
c EllipticF[ArcSin]| [ - - ] v 3]) |, 1] 2cEllipticPi[ —>"<—, ArcSin]| ( - i ] frerenn[3)) |, 1]
[7b+c+\ b2-c? ] (71+Tanh{ﬂ) 71+ﬁ [7b+c+\ b2-c? ] (71 T h{x”
+

(_bwﬁ) [-1+ (_bwm) [-1+

C

x (b+c—m) (1+Tanh[§” X X
(1+Ta”h[2]]\l (fb+c+\/b2—c2) (—1+Tanh[§]) [b+\/b2c2 +Tanh[2]]+[1+1—anh[ ]J [

/[\/((—1+Tanh[i}2) (—b— (b-c) (b+c) —2cTanh[i]+(—b+ (b-c) (b+c) )Tanh[ir))) /

2 2

[(bc) (b+c) [1+Tanh[)2(]2)\/b1/(bc) (b+c) —2cTanh[§}—bTanh[i}2+ (b-c) (b+c) Tanh[i}2

2 2

2 2 2

\/‘ZCTa”h[X} N [—1+Tanh[5]2) b (1+Tanh[5}2] ]
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Problem 770: Result unnecessarily involves higher level functions and more than twice size of optimal
antiderivative.

J\\/x/bz—cz +bCosh[x] +cSinh[x] dx

Optimal (type 3, 37 leaves, 1step):
2 (cCosh[x] +bsSinh[x])

\/\/ b2 - c2 +bCosh[x] +cSinh[x]
Result (type 4, 10054 leaves):

2b\/\/b27c2 +bCosh[x] + cSinh[x]

C

- 8b(b+c) b2 - ¢?

(fb7c+m> (1+Tanh[§])

(—b—c+\/b27c2) (1+Tanh[5”
EllipticF[ArcSin| |, 1] - 2E1lipticPi[-1, ArcSin]| |- ], 1]
(—b+c+\/b2—c2) (—1+Tanh[§]) (—b+c+m) (—1+Tanh[§])

i (7 -c+Vb C2) (1+Tanh[§})
( b+c+\/7c2) (—1+Tanh[§])

J (b-c) (b+c) +bCosh[x] +cSinh[x]

71+Tanh[§])

(7c+ (7b+\/ﬁ] Tanh[g]) /

2 b-c) (b+c b Cosh ¢ Sinh
(b+cf bzfcz) [b+c+x/b2—cz) <1+C05h[X]> ( >( . ) . [x] + inh[x]

(1+Cosh[x] )2

\/[—1+Tanh[)2(}2] (—2cTanh[§]+ b2 - c? (—1+Tanh[§]2)—b(1+Tanh[§]2)J -

2(b-c) (b+c) \/«/(b—c) (b+c) +bCosh[x] +cSinh[x]

4/ (b-c) (b+c) +bCosh[ cSinh[x
1+ Cosh| \/ — L+ [x]

(1+Cosh[x])?



6.7 Miscellaneous.nb | 99

[(b—cTanh[g}) \/—b—x/bz—cz —2cTanh[§] —bTanh[i]2+x/b2—c2 Tanh{i}2

2 2

wlqanhmj ~2cTanh[ ] b2 c? (<1 Tanh[ 2% b (1 Tanh[ ” )7 }/

2 2

x/[(—lJrTanh[z]zJ (—b— (b-c) (b+c) —2cTanh[§]—bTanh[§]2+ (b-c) (b+c) Tanh[g]z))

\/[—1+Tanh[§]2) (—ZcTanh[g] +\/ﬁ (—1+Tanh[§]2) -b (1+Tanh[§]2)J

c (b+c—m) (1+Tanh[5”
2 c? (—1— ] ~EllipticF [ArcSin| 2 |, 1] +2
—b+\/m (—b+c+m) (—1+Tanh[§])
1 : Vb2 - c? +Tanh| %
EllipticPi| beCiC , ArcSin | [0+ Vot ") [1-Tamn[F]) 1] (71+Tanh[i])
_1+—b+\/ﬁ (—b+c+\/ﬁ) (71+Tanh[§}) 2
bre ) fpormlEl) | e gt e fre ]
(-b+c+Vb2-c | (-1+Tanh[X]) b+Vb2-c? 2 ~b+Vb2-c? ~b+Vb2-c?
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X

2

\/[(71+Tanh[§]2) (—b— (b-c) (b+c) -2cTanh| ]+(—b+ (b-c) (b+c) )Tanh[x]z)JJ+

2

(b+c+xlb2cz)EllipticF[Ar‘cSin[\l (b+C7 bz*CZ)(lJrTanh[i]) ],1}—2c

(—b+c+\/b2—c2) (—1+Tanh[ })

8 b3

X
2

(b C—\/bZ_CZ) 1 c e R
EllipticPi| [ b*VbZCZJ , Arcsin| [brc-b2-c?) (1. Tanh 7] 1
(b-c-vo?-c | ( 1 c ) [-b+c+vb7-c?) [-1+Tanh[%]]
befbrc

X (b+c—m) (1+Tanh[§]) c X
[1+Tanh[2”J [“brco VBT cT] -1+ Tann[%]] o |/

-b-+/b?-c? b+\/b2c2]
- +

C C

Tanh[g]z))J -

(b+c—\/b2—c2) (1+Tanh[§])
(7b+c+m) (—1+Tanh[ })

X
2

4b°

|,1] -2¢

(—b +Cc++/b%-c? ) EllipticF [ArcSin [\I

+Tanh[i]

(b+c—\/b2—c2) 1+ < tc-VbZ_c2 + Tanh[%
EllipticPi| [ b+m) , ArcSin| (b ’ )(1 ! h[z}) |, 1]
boc-vpZ_cz) |-1+ c (—b+c+\/b2—c2) (—1+Tanh[5])
( ) — 2
-b++/ b2-c?
b+C7\/b2,c2) (1+Tanh[§]) [ c

[1+Tanh[)2(})\| (_( - /

b+c
e ool [ o] [ oo

-b++/b2-c? c c

+W) (—1+Tanh[§” ~b++/b2-c2 2




\/[(—1+Tanh[§]2) (—b— (b-c) (b+c) —2cTanh[§]+ (—b+ (b-c) (b+c) )Tanh[x]z)]] -

2 2

Jh2 2 x
(7b+c+ ‘bZCZ]EllipticF[ArcSi”[J ((b+c A R A H)
-b+c b

+\/ﬁ> (71+Tanh[ ”

X
2

4b c?

|,1] -2¢

(b+c—\/b2—c2) 1+ < +c-b2_c2? + Tanh[ %
EllipticPi| [ l”WJ , Arcsin| l ° ) (2 Tann[3]) ], 1]
(b—c— /—bz—cz)(—1+ c ) ( b c+\/b2,c2)(71+Tanh[§])
b2
b+c—m) (1+Tanh[§]) [ c

- +Tanh[]]]/
+\/W) (—1+Tanh[§” —b+m 2

C C

S]] |
I
[(bcm) boeifbc) 1bF]

\/[(—1+Tanh[§]2) (—b— (b-c) (b+c) —2cTanh[2]+(—b+ (b-c) (b+c)

“b-Vb2-c2  _—b++/b2-c? ]
- +

Tanh[i]z))J -

2

(b+c+x/b2cz)EllipticF[Ar‘cSin[\I (b+C— bz—CZ)(1+Tanh[§]) ],1}—2c

(—b+c+m) (—1+Tanh[ H

X
2

8b2+/b? - 2

(b+c—m) 1+ +c-p2-c2? +Tanh[ %
EllipticPi| [ bft2-ct ,Ar‘cSin[J (b ° )(1 ! h{z[})] |, 1]
c-vb2_cZ) |14 c ~brc+b?-c? | (-1+Tanh|7
(b-c-b2-c | ( 1 W ( ) )
[—1+Tanh[5}) (b+c—\/b2_c2) (1+Tanh[§]) [_ c +Tanh[£] /
2 (—b+ W) (—1+Tanh[§” —b+m 2

b2
b2 - c?

[(bcw) ooeafbc

|

“b-vVb?-c2 —b++/b2-¢c? ]
- +

C C

C
17 ]
-b+/b%-c?
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\/[(—1+Tanh[§]2) (—b— (b-c) (b+c) —2cTanh[§]+ (—b+ (b-c) (b+c) )Tanh[x]z)]] +

2 2 2

(b+c—m) (1+Tanh[§])
(—b+c+m) (71+Tanh[ ” ’

X
2

8 b*~/b? - c? (—ba—c+x/b2—c2) EllipticF[ArcSin[J

EllipticPi|

brc-vVb2-c? | |1+ < 2_ 2 +Tanh| %
( )[ b+\/WJ ,Arcsin[J (b+c—\/b - )(1 T h[z}) } 1]1

(b—c—m) (—1+ ch (fb+c+m) (—1+Tanh[§]) ’

X (b+c—m) (1+Tanh[§]) c X
[1+Tanh[2})\l (—b+c+\/m> (—1+Tanh[§” [b+W+Tanh[2]]]/

R R e e e

\/[(—1+Tanh[§]2) (—b— (b-c) (b+c) —2cTanh[§] + (—b+ (b-c) (b+c) )Tanh[g]z)JJ +

(b+c+x/b2cszllipticF[Ar‘cSin[\I (b+C— bz—Cz)(1+Tan}’l[§]) ],1}—2c

(—b+c+m) (—1+Tanh[ H

X
2

4b (b2 - c2)

(—b+c+\/m) (—1+Tanh[§]

[bec-vbr-c) [1ﬁ )APCSin{J [pre-vBTeT) frememnlz])
)

[_1+Tanh[i}) (b C—\/bz_c2> (1 Tanh[—]) [_ c +Tanh[£] /
2 ( b c+m> ( 1 Tanh[—” b++b2-c2 2
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\/[(—1+Tanh[§]2) (—b— (b-c) (b+c) —2cTanh[§]+ (—b+ (b-c) (b+c) )Tanh[x]z)]] -

2 2 2

(b+c—\/ﬁ) (1+Tanh[ﬂ)
(—b+c+\/b2—c2) (71+Tanh[ ])

X
2

],1]-2c¢

4b° (b%-c?) [(b+c+«/b2c2 ] EllipticF[Ar‘cSin[J

(b C- bz—cz) 1 < N  tanh £
Lt it e B I T o N T
(b C—m)(l c ) (—b+c+m) (—1+Tanh[§])
binfb2c?

b+c-+b2-c? 1+Tanh[§] c
( ) | ) [b+W+Tanh[2]]]/

R R e e e

b++b2-c? c c
\/[(—1+Tanh[§]2) (—b— (b-c) (b+c) —2cTanh[§] + (—b+ (b-c) (b+c) )Tanh[g]z)JJ +
, — o _ (b+c—\/b2—c2) (1+Tanh[§])
8b (—b+cfﬂb -cC )ElllptlcF[Ar‘cSm[\I (7b+c+ bz,cz) (,1+Tanh[ﬂ) ],1}—2c

(b+c+ bz_cz) 1 cz 2 b+c-+b2-c?| [1+Tanh|*] N
e [ gy
(b c+Vbc-c ) ( 1 o bzcz) 2

(b c—\/bz—cz) (1 Tanh[—}) c X
[“brco VBT cT] -1+ Tann[%]] [ ooy N

) [-b- (b-c) (b+c)—2cTanh[§]+(—b+ (b-c) (b+c))Tanh[X}2))]
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(b+cx/bzcz)EllipticF[Ar‘cSin[\l (b+C— bz—CZ)(1+Tanh[§]) ],1}—2c

4b°

(7b+c+m) (—1+Tanh[ })

X
2

(b+c+m) 1+ : +c-b?-c? +Tanh| %
EllipticPi[ [ b+w/b2c2J ,Ar‘cSin[ (b b )(1 T h[z}) },1]
b-ocsivbZ_c2) -1+ c (—b+c+\/b2—c2) (—1+Tanh[5])
( ) :
b2
[—1+Tanh[£}) (b+c7\/ﬁ) (1+Tanh[§]) [_ < +Tanh[i] /
2 (—b+c+\m) (—1+Tanh[§” ~b+Vb2-c?2 2

{ [—b—c— bz—cz)(b—c+m) [1 < J

-b-Vb2-c2  -b+Vb2-C2 ]

N2 c c
\/[(—1+Tanh[§]2) (—b— (b-c) (b+c) —2cTanh[§]+ (—b+ (b-c) (b+c) )Tanh[f]z))J -
, — o . (b+c—m) (1+Tanh[§])
4bc (—b-%—C—\/b -c ]ElllptlcF[Ar‘cSm{\I (_b+c+ b2_c2) (_1+Tanh{§” |, 1] -2c

b BT 10— 1o
e e
[pcevEroer) [ ﬁ) :
(b+c—m) (1+Tanh[ﬂ) c X [h2 2 b2 2 -
J [“brce VBT e (~1+Tanh[2]] [mmqanh[z] ]/[[bc L | )[lbﬁ]

]\/((1+Tanh[;}2J (—b— (b-c) (b+c) 72cTanh[§] +(7b+ (b-c) (b+c) )Tanh[g}
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(b+c—\/m) (1+Tanh[§])
(—b+c+m) (—1+Tanh[ H

X
2

ab (b2 - c?)

],1]-2c

(—b +c-+/b2-c? ] EllipticF [ArcSin [\I

(b+c+\/b2—c2) 1+ < vc-Vp2_c2? + x
EllipticPi| [ ryetc J , Ar‘cSin[J (b Vb ) (1 Tanh{z[})] |, 1] (—1+Tanh[§})
Vb)) i1y c b+c b2-c? ] (-1+Tanh f
e [ e [l

(b+c7\/b27c2)(1+Tanh[ﬂ) c x

- + Tanh| —
“b+c+yb2-¢c2 ) [~1+Tanh[2 [ “b++b%-c? o [2] “b++/b%-c?
( Vorocr | [2]) v N

]/[[bcm)[bmm)[l -

~b-b*-cZ -b+\bP-c?
C

C

]\/((1+Tanh[)2(}2) (—b— (b-c) (b+c) —2cTanh[§] +(—b+ (b-c) (b+c) )Tanh[i}

2)]+

4b3(b2c2)[(b+c«/bzcz]EllipticF[ArcSin[J (b+c_ bz_cz)(lﬂanh[ﬂ) ],1]-2c

(—b+c+\/ﬁ) (71+Tanh[§])

(b+c+\/b2—c2) 1+ < +c-b2_c? +Tanh[ %
EllipticPi| [ bﬂ/ﬁ) , ArcSin| (b ° )(1 ! h{z}) |, 1]
(b7c+ bzcz)(1+ c b c+\/b2—c2)(—1+Tanh[§])
bbb
x (b+c— bz—cz) (1+Tanh[§]) c .
[1+Tanh[2})\| (—b+ [_—b+W+Tanh[;] /
c? b? - c?

+\/W) (—1+Tanh[§”
b2 _ 2

C C

| e )

e

\/[(_1+Tanh[§]2) (—b— (b-c) (b+c) —2cTanh[2]+ (—b+ (b-c) (b+c) )Tanh[f]Z))J _

2 2

-b-+/b?-c? b+\/b2c2]
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2b3

_ber/ b2-c2
~1- . J EllipticF [ArcSin| e
“b+/b2-c2 (1+ c
—b++/ b2-c?

) -1+ _bﬂ/cbzicz) (1+Tanh[§]) «
2bc [1 ] EllipticF [ArcSin| J» 1] (*1”3”“[_])
-b++vVb%-c? [1+ - ‘; ] (—1+Tanh[§]) 2

-b+/b%-c?




bc
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\/[(71+Tanh[§]2) (7b7 (b-c) (b+c) —2cTanh[§]+ (7b+ (b-c) (b+c) )Tanh[f]2

1 (b+c—\/b2—c2)(1+Tanh[5])
2= [1+ ] EllipticE[ArcSin| 2 , 1]
2 -b+vVb%2-¢? (—b+c+\/b2—c2)(—1+Tanh[§])
brc—~/b?-c? | (1+4Tanh|X 1+ —= brcon/b2-c2 | (1+Tanh[X
c E1lipticF [ArcSin| prefoe ] (o)) ], 1] 2cEllipticPi[ —*< Arcsin] [preire ] frrmnl) ], 1]
[—b+c+x/b2—c2 ] (—1+Tanh{:—” -1+ oo et —b+c+y/ b2-c? ] (—1 T h[ ”
+

[~bbT-c? ) [1+ By (1+

C

x (b+c—m) (1+Tanh[§” X X
(1+Tanh[2]]\l (—b+c+\/b2—c2) (—1+Tanh[§]) [_—b+\/b2—c2 +Tanh[2]]+(1+Tanh{ ]) [_

Tanh[i}]2 /[\/((—1+Tanh[i}2J (—b— (b-c) (b+c) —2cTanh{i]+(—b+ (b-c) (b+c) )Tanh[i}z)))—

2 2

(b+c—\/b2—c2) (1+Tanh[§])
(—b+c+m) (—1+Tanh[ ])

X
2

J»1] -

c/b2-c? |2 1[1+ < EllipticE[Ar‘cSin[\l
2

N
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c EllipticF[ArcSin| [b%i e ] froremn[]) |,1] 2c EllipticPi[;%@, ArcSin| [bwi e ] foreen ) |5 1]
(—b+c+\/ﬁj (-2+Tanh [ %)) 71+7b+m (*b*c*v b*-c? ) (-2+anh[3])
(—b+\/b2—c2) [—1+b+\/csz] (—b+\/b2—c2) (—1+b+ cbzch
(b+c—\/b2—c2)(1+Tanh[i” c X X c
(—1+Tanh[—]] 2 [— +Tanh[—]]+(1+Tanh[—]] [——+
2 [-brcevVbZ-c| (-1+Tanh[X]] | -b+b2-c 2 2 b+ /b - 2

/(\/((—1+Tanh[i}2] (_b— (b-c) (b+c) —2cTanh[§] (—b+ (b-c) (brc) )Tanh[i]zJ)) /

2 2 2

2 2 2

[(b—c) (b+c) (_1+Tanh[5]2) b-/(b-c) (b+c] _chanh[g}_bTanh[i}H (b-c) (brc) Tanh[>]*

J‘“Ta”h[i} - (—1+Tanh[5]2) b (1+Tanh[5}2) ]

2 2 2

Problem 771: Result unnecessarily involves higher level functions and more than twice size of optimal
antiderivative.

1
\/\/ b2 - ¢c? +bCosh[x] +cSinh[x]
Optimal (type 3, 99leaves, 3 steps):

dx
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\/TAr‘cTan [ (bz—cz)l/4 Sinh[x+iArcTan[b,-1ic]] ]
2 J\/ b2-c? ++/b%-c? Cosh[x+iArcTan[b,-ic]]

(bz _ Cz) 1/4

Result (type 4, 211 leaves):

b2-c? —b Cosh[x]-c Sinh[x]
[b2_c2
V2

- | |V2 EllipticF[ArcSin]|

|, 1] (bz—c2+bﬂb2—c2 Cosh[x] +c+/b?-c? Sinh[x]

\/ -b2+c?2+b/b%-c? Cosh[x] +c/b%2-c? Sinh[x]

o /[«/bz-c2 (cCosh[x] +bsSinh[x]) \/«/bz—cz +bCosh[x] +c Sinh[x]
b% - c

Problem 772: Attempted integration timed out after 120 seconds.

1

J(\/bz—cz +b Cosh[x] +cSinh[x})3/2

dx

Optimal (type 3, 155leaves, 4 steps):

ArcTan [ (bz—cz)l/‘1 Sinh[x+i ArcTan[b,-1c]] ]
\/TJx/bz—cz ++/ b?-c? Cosh[x+i ArcTan[b,-ic]] c Cosh[x] +bSinh[x]
+
3/2
24/2 (bz—cz)g’/4 2/b% -2 (\/bz—c2 +bCosh[x] +cSinh[x] /

Result (type 1, 1leaves):

2P

Problem 773: Attempted integration timed out after 120 seconds.

1
J\(\/bz—c2 +b Cosh[x] +cSinh[x1)5/2

dx
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Optimal (type 3, 205 leaves, 5steps):
(b%-c?)¥* sinh[x+i ArcTan[b,-i c]] }
ﬁJ\/ﬁdﬁ Cosh[x+1i ArcTan[b,-i c] ]
162 (b?-c?)**
c Cosh[x] + b Sinh[x] 3 (cCosh[x] +bSinh[x])

+

7?16 (b2 - c2) (x/bz-c2 +bCosh[x] +cSinh[x]

3 Ar‘cTan[

4/b? -2 (\/bZ_cz +bCosh[x]+cSinh[X]) )3/2

Result (type 1, 1leaves):

e

Problem 774: Result unnecessarily involves higher level functions and more than twice size of optimal
antiderivative.

j(—w b2 - c? +bCosh[x] +cSinh[x]

Optimal (type 3, 146 leaves, 3 steps):
64 (b? - c? Cosh b Sinh
( <?) (e Coshix] + bsinhix)) —Exlbz—cz (c Cosh[x] +bsSinh[x]) Jx/bzcz +bCosh[x] +cSinh[x] +
15 \/—\/bz—c2 +bCosh[x] + cSinh[x] 5

2 (c Cosh[x] +bSinh[x]) (—w/bz—cz +bCosh[x] +cSinh[x]
5

5/2
dx

3/2

Result (type 4, 9943 leaves):

4b+b?-c? 4 4
\Jb2-c? | —————— - —cCosh[x] - —bSinh[x] Jx/bzcz +bCosh[x] +cSinh[x] +
3c 3 3

44 b (b? - c? 2 2 2 1
# — c+/b?-c? Cosh[x] + —bcCosh[2x] - —b+/b®>-c* Sinh[x] + — (b®+c?) Sinh[2x] | +

15¢c 15 5 15 5

\/—xlbz—cz +bCosh[x] +c Sinh[x]

b+c+Vb2-c? 1+Tanh[§]
256bc (-b+c) (b+c)~/b?-c? (~b2+c?) |EllipticF[ArcSin]| |- ((b_c — )) ((_1 Tanh{é})) ], 1] -




b+c+ bz—c2 (1+Tanh

2EllipticP1 -1, Arc51n
b c+Vb2-c?2 c2 (1+Tanh[

<b+c+\/ —cz)(1+Tanh[§”
(b—c+\/ —cz) ( 1+Tanh[§]

o) | | e eyt (1+Tanwzm]/

(1+Cosh[x])

3 - b-c) (b+c b Cosh[x] + ¢ Sinh[x]
15 [b+c+«/b2—c2] (—b2+c2+bx/b2—cz) <1+Cosh[X])J boc) fore) » - -

(1+Tanh[§}]2J—(—1+Tanh[§}2] (ZcTanh{

2

i] +4/ b2 - c? (—1+Tanh[§}2) +b [1+Tanh[§]2)] ]

J\/ 1/ b - c b+c +b Cosh[x] + ¢ Sinh[x]

64 (b-c)? (b+c)2J«/ (b-c) (b+c) +bCosh[x] +cSinh[x]

15 ¢ +COSh \/ -4/ (b=c) (b+c) +bCosh[x]+cSinh[x]

(1+Cosh |

[b cTanh \/bx/bzc +2cTanh +bTanh[ } +4/b% - c? Tanh[i]2
2

[ ram 27 [zetomn 2] ot et (-amanm(X]"] b 1+ amn (%] J/

2 2 2

K] o c (aaTann (X)) < (1 Tonn [ X') J

2

(-b*+c?) [—1+Tanh[§}2] \/ZcTanh[
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\/((71+Tanh[§]2) (bf (b-c) (b+c) +2cTanh[§}+bTanh[§]2+ (b-c) (b+c) Tanh[g]

)

\/ (—1+Tanh[i]2) (ZcTanh[i] +1/b? - c? (71+Tanh[i]2) +b (1+Tanh[i]2)J

2

c (b+c+\/b2—c2)(1+Tanh[ﬂ)
2¢? (-1+ ] ~EllipticF[ArcSin| |- 2 ],1]+2
b++b2-c2 (b7c+\/b27c2)(71+Tanh[§”

1- : Jh2 2 N x
ElliptiCPi[ 1 b+\/b:j ,Ar\csin[\l (b+c+ b* - ¢ )(1 Tanh[z]) ])1] (—1+Tanh[§]]
- ’mm (b—c+\/b -c )(—1+Tanh[;])

\/{(—1+Tanh[§]2) (b (b-c] [brc) +2cTanh[>] v [beyf(b-c] (brc) | Tanh[ ] )J] 8 b3 ( b C+\/b27C2)
[b+covoct) (1+Tann[%]] prevbre] o

EllipticF [ArcSin {J - |, 1] -2 cEllipticPi]

(b—c+m) (—1+Tanh[§]) (b—cf\/ﬁ) (1
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(b+c+\/b2,c2) (1+Tanh[ﬂ) « (b+c+*/b27c2) (1+Tanh[ﬂ)
Ar‘cSin[ - },1} [71+Tanh[f}) -
(b—c+\/b2—c2) (—1+Tanh[ ” 2 (b—c+\/ﬁ) (—1+Tanh[§”

X
2

b++/b2-c? 2

— +Tanh{x}]J/[(ch)(bc+m)

[1+b+\/;_7c2]\/([—1+Tanh[§]2) [b— (b-c) (b+c) +2cTanh[§]+(b+ (b-c) (b+c) )Tanh[ﬁz])]_

4b°

|,1]-2c¢

s | P ]
(b \/b7) E1lipticF[Arcs [J [b-coB2-cF) (~1+Tanh[]]

X
2

EllipticPi|

(b+cf\/ﬂ) [1b+\/b272] ,Ar‘CSin[ i (b+C+\/W) (1+Tanh[§]) ]_‘1}
(bfcfm) (1 (b—c+x/b2_c2) (_1+Tanh{ﬂ)

[—1+Tanh[5}) ) (b+c+x/b2,c2)(1+Tanh[ﬂ) [ c +Tanh[§] /
2 (b c+m) ( 1 Tanh[—” b++b2-c2 2

[cz[bcm](bum)[bezciwbzcz][“ —
b+

c c Nrvaw=s
J[(—1+Tmm[§r)(b— (b-c) (b+c) +2chm[§]+(b+ (bc)(b+c))Tmm[§]j)J
, — o . (b+c+m) (1+Tanh[§”
4bc (—b+c+w/b -c ]ElllptlcF[Ar‘cSm[\I(bCJr b2_c2) (—1+Tanh[§” ], 1] -2c
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EllipticPi|

(b+ —\/7) (1_13&;?] ,ArcSi“[\l

c
b++/ b?2-c?

o
+
o)
+
o
N
I
o)
N
-
—_—
=
+
—
)
S
=
—

(b—c+m) (71+Tanh[ }) ]’1}}

b2 - ¢2
(b c W) (—1—
c+m) (1+Tanh{ﬂ) c
+W) (—1+Tanh[§” [b
2_ 2

« (b+
[—1+Tanh{;}) \I (b )

e

C C

(b2 [

\/[(—1+Tanh[i]2) (b— (b-c) (b+c) +2cTanh[i] + (b+ (b-c) (b+c) )Tanh[

2 2

-b-Vb2-c? b+Vb2c2][1
- + +

b++vVb?-c?

4b (b*-c?)

b+C+W) (1+

(—b+ c++/b2-c? ] EllipticF[Ar‘cSin[\I - (

(b—c+\/b2—c2 -1+

X 2

[_1+Tanh{§}) i (b+c+\/b2_c2) (1+Tanh[§}) [ c +Tanh[i]
2 (b C+m> (—1+Tanh[§” b+vb2-c? 2

C C

\/[(—1+Tanh[i]2) (b— (b-c) (b+c) +2cTanh[£] +(b+\W) Tanh{g]z)” +

2

-b-Vb2-c? b+Vb2c2][1
- + +

C

b +/b% - c?

|

\/j) (1+Tanh{ ”

X
2

b+c+
4b° (b?-c?) {(b+c +1/b% - c? ] EllipticF[Ar‘cSin[J - ((
b-c+

b2
\W) (—1+Tanh[§])

I> 1]

-2c



EllipticPi]| (b+c_ bz_CZ) (1_1’4;?] , ArcSin|[ | - (b+c+ bz_cz) bnanh[i]) |, 1]
(b—c— bz_cz)(_l_ c (b—c+\/b2—c2)(—1+Tanh[§})
ber/b2-c2
x (b+c+m) (1+Tanh{ﬂ) c X
[1+Tanh[2})\l (b—c+\/m) (—1+Tanh[§” [b+W+Tanh[2]]]/
2 2 2 2 -b-VbZ-cZ  -b+b2-c? c
[c boeforoc| (oo [ oo bt ][hm —
\/[(—1+Tanh[§]2) (b— (b-c) (b+c) +2cTanh[§] + (b+ (b-c) (b+c) )Tanh[z]z)” +
, — o _ (b+c+m) (1+Tanh[§])
8b (—b+c—xlb -C )ElllptlcF[Ar‘cSm[\I(bc+ bz,cz) (,1+Tanh[ﬂ) ],1}—2c

(b+ 1 <

C+\/b2_c2) _ . — —
-c+vb%2-c?2 ) |-1- < b- b2 —1+Tanh§
[poce o) [ ] [poee /e |
X (b+c+m) (1+Tanh[§}) c «
[1+Tanh[2})\l N [b+m+Tanh[;] /

( c

W) (—1+Tanh[§”

-b-+/b2-c®2 -b++/b%-c? C
\V b c? - 1+
)[ ]( b+\/b2C2]

]+ (b+ (b-c) (brc) )Tanh["]zm )

il

C C

\/[(—1+Tanh[§]2) (b— (b-c) (b+c) +2cTanh[i

2
4b° (_b +Cc-~/b%-c? ) EllipticF [Arcsin [\I B ((bb+cc++ x/biz__czz)) ((11++T:::h[[§;})) ] , 1} _2c¢
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preea] 1

EllipticPi|

[poee ) [ e

(b+c+VbZ-c?) (1+Tanh[*])

mVEZcZ] APcSin[J . (b+cebZ-c? | (1+Tanh[X])

fboce VBT c?) (-1 Tanh[X])

[w;{awsz/

e

2

-/b%2-c? b++vVb2-c2 ] [1 C J
+
c c b+/b?-c?

\/[(—1+Tanh[i]2) (b— (b-c) (b+c) +2cTanh[i] + (b+ (b-c) (b+c) )Tanh[z]z)” -

4bc?

b C+W) (1+Tanh[ﬂ)

(*bﬂw/ﬁ] EllipticF[Ar‘cSin[\I _ (( i

( ) +/b2 - c2 1 Tanh| ])
EllipticPi| , ArcSin]|
( \/W) +Vb2- c2 -1+ Tanh[ ]

b C+W) (—1+Tanh[§” ’

\/7@) (1 +Tanh[* })

1+ Tanh| — - (
§ U)J o8- | -1+ Tann[%]]

C X
[ + Tanh| —|
b+~/b? - c2 2

C

ﬁ] (1 c ]
b+~/b2 -2

C

\/[(—1+Tanh[§]2) (b— (b-c) (b+c) +2cTanh[£] +(b+ (b-c) (b+c) )Tanh[;]z)” +

2

8b%+/b% - ¢?

b+c
(—b+C—\/b2— c? ) EllipticF[Ar‘cSin[\I - (
b-c




(b+c+m) 1- : +c+b2-c? +Tanh[ %
EllipticPi]| { bm] , ArcSin| | - (b i )(1 ! h[z]) |, 1]
(b—c+m) (_1_ c (b7c+\/b27c2) (71+Tanh[ﬂ)
ber/b2-c2
X b+c+Vb2-c? 1+Tanh[§} c X

[—1+Tanh{;}) ( )( ) [ +Tanh[—]] /

(b—c+\/b2—c2) (—1+Tanh[§” b+/b2-c2 2

—c++/b%-c? + Vb

C C

W} [bm_b WJ (1+b+\/|:2_7c2]

\/[(—1+Tanh[§]2) (b— (b-c) (b+c) +2cTanh[i] + (b+m) Tanh[x]z)” -

2 2

(b+cx/bzcz)EllipticF[Ar‘cSin[\I (b+C+ beCZ) <1+Tanh[§]) ],1}—2c

(b—c+m) (—1+Tanh[ H

X
2

NN ey

EllipticPi|

N Arcsm[J [orer VB f1oTonlz]) |
: )

_ c
b++/ b2-c?

[—1+Tanh[§}) _ (b C+W) (1+Tanh[§}) [ C +Tanh[§] /

2 (b—c+m)(—1+Tanh[§” b+vVb2-c2 2
2 2_ 2 2 2 -b-Vb?-c2  -b+Vb2-c? c
S e L | L=

\/[(—1+Tanh[i]2) (b— (b-c) (b+c) +2cTanh[£] +(b+ (b-c) (b+c) )Tanh[g]z)” +

2 2

b+c+\/b2—c2) (1+Tanh{ })

X
(—b+c—x/b2—c2 ] EllipticF[Ar‘cSin[\I - ( 2 |,1] -2¢

ab (b2 -2 (b7c+m) (71+Tanh[ ”

X
2
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El]_iptj_cpj_[ (b+c+ b2_c2) {1_b+\/;j] ;APCSin[\I (b+c+\/b2—c2) (1+Tanh[§]) ]’1}
(b—c+m) (_1_ c (b7c+x/b2,c2) (71+Tanh[ﬂ)
ber/b2-c2
x (b+c+m) (1+Tanh{ﬂ) c X
[1+Tanh[2})\l (b—c+\/m) (—1+Tanh[§” [b+W+Tanh[2]]]/
[h2 2 [h2 2 -b-Vb?-cZ  -b+b2-c? c

(bc—b—c](—c+ b—c)[b f —b cb J(1+b+m]
\/[(—1+Tanh[§]2) (b— (b-c) (b+c) +2cTanh[§] + (b+ (b-c) (b+c) )Tanh[z]z)” -

4b* (b2 - c?) [(b+c«/bzcz]EllipticF[ArcSin[J (b+c+ bz*CZ) (1+Tanhm) ],1] -2c

(b—c+m) (—1+Tanh[ ])

X
2

EllipticPi|

b—c+\/b2—c2) (—1+Tanh[ ]

X
2

N Apcsm[J [orer VB f1oTonlz]) |
; | )

_ c
b++/ b2-c?

[—1+Tanh[§}) _ (b C+W) (1+Tanh[§}) [ C +Tanh[§] /

2 (b—c+m)(—1+Tanh[§” b++b2-c2 2
2 2_ 2 2 2 -b-Vb?-c2  -b+Vb2-c? c
S e L | L=

\/[(—1+Tanh[i]2) (b— (b-c) (b+c) +2cTanh[£] +(b+ (b-c) (b+c) )Tanh{g]z)” -

2 2
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C X
2b3 b?_c? J <1+Tanh[2])

o a] [-1eTann[>]]

“1+ < ] EllipticF[ArcSin| =
b+bZ-c? [1 B

;,cz ] (-1 +Tanh[§])

2bc [1+ . ] EllipticF[ArcSin] AL |, 1] (71+Tanh[§])
b+/b? - c? (1— < ] (—1+Tanh[§]) 2
b+ b2-c?

-1+
b+/b?%-c?
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\/[(71+Tanh[§]2) (bf (b-c) (b+c) +2cTanh[§] +(b+ (b-c) (b+c) )Tanh[i]2

1 (b+c+\/b2—c2) (1+Tanh{§”
bc|2 [1— ]EllipticE[Ar‘cSin[ - 2 ], 1]+
2 b+b2-c? (b—c+\/b2—c2) (—1+Tanh[§])

c EllipticF[ArcSin| |- prenfire ] (o)) |,1] 2c EllipticPi[;@, ArcSin[ | - [b+c+m] e 1)
[b—c+\/ﬁ] (—1+Tanh{;—” 717b‘\/h2 " [b—c+\/ﬁ] (—1 T h[ ])
) - ) o) [ )

(1+Tanh[x]]\l( 2 [b+v;_7c2+Tanh[§}J+(1+Tanh[§])[b+\/:2_7cz+

Tanh[i}]2 /[\/((—1+Tanh[i}2J (b— (b-c) (b+c) +2cTanh[£}+(b+ (b-c) (b+c) )Tanh[i]z)])Jr

2 2

— LI i [t i)
C\/ﬁ 2 2 [1 b+\/b2_c2]Ell Pt CE[A © {J (b—c+\/b2_c2) (_1+Tanh[§]) },1}




6.7 Miscellaneous.nb | 121

c EllipticF[ArcSin| |- [b+c+ 7 | ferenn[3)) |,1] 2c EllipticPi[li—b”b}&, ArcSin[ | - (m“ bkcz) freremn )] |, 1]
[b—cm/bz—c2 J (—1+Tanh{;—” 717ﬁ [b—cm/bz—c2 ) (—1+Tanh[:—])
b+ Vb | [_1_ : ] b+ Vb2-cF) (_1_ c ]
ban/b2-c? bin/b2-c?
b+c+m 1+Tanh[§] c X X c
(—1+Tanh[;]] - ( ) ( ) [ +Tanh[—}]+(1+Tanh[—]) [7+
(b—c+m) (—1+Tanh[§]) b++b2-c? 2 2 b++b2-c?

/(\/((—1+Tanh[i}2] (b— (b-c) (b+c) +2cTanh[i}+(b+ (b-c) (b+c) )Tanh[i]z)]) /

2 2 2

2 2 2

[(b—c) (b+c) (—1+Tanh[§]2) b-+/(b-c) (b+c) +2cTanh[§] +bTanh[§]2+ (b-c) (b+c) Tanh[i]2

\/ZCTanh[i] +\/ﬁ (—1+Tanh[§]2) +b [1+Tanh[i]2) ]

2 2 2

Problem 775: Result unnecessarily involves higher level functions and more than twice size of optimal

antiderivative.

3/2
J(—xlbz—cz +b Cosh[x] +cSinh[x] dx

Optimal (type 3, 96 leaves, 2 steps):
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8+ b?-¢? Cosh b Sinh
_ ¢* [cCoshix] +bsinh[x]) + 2 (cCosh[x] +bSinh[x]) \/—w/bz—cz +bCosh[x] +cSinh[x]
3\/—\/b2—c2 +b Cosh[x] +cSinh[x] 3

Result (type 4, 9861 leaves):

2b+/b2 - c2 \/—\/bz—c2 +b Cosh[x] + ¢ Sinh[x]

+

c
A/ h2 _

{ 2bVbT-cf +EcCosh[ }+fb51nh J\/ \/b?-c? +bCosh[x] +cSinh[x] - |32bc (-b+c) (b+c) (-b*+c?)
3c

(b+c+m) (1+Tanh{ﬂ) 1, 1] - 2€111ptict -1, Aresin[ |- (b+c+ bz_cz)(1+Tanh[§]) 1)

(b—c+\/m) (—1+Tanh[§” (b_CH/W) (_1+Tanh[§])

EllipticF [ArcSin|

\/— (b-c) (b+c) +bCosh[x] +cSinh[x]

—1+Tanh[§})

b+c+/b2-c? 1+Tanh[§] 2 5 X X2
[ (( ) ( [ ]))] (C+(b+m) Tanh[g]] (—1+Tanh[;} ] /

bfc+m) (71+Tanh >

-4/ (b-c) (b+c) +bCosh[x] +cSinh[x]

3
3(b+c+ bzfcz) [7b2+c2+b bzfcz](lJrCosh[x}) [1+Tanh[f])2
(1+Cosh[x})2 2

\/(1+Tanh[)2(]2J (ZcTanh[z}Jr b? - c? (71+Tanh[§]2)+b(1+Tanh[§]2)J +

8 (b-c) (b+c)+/b*-c? J—«/(b—c) (b+c) +bCosh[x] +cSinh[x]

(1+Cosh[x])?

-4/ (b-c) (b+c) +bCosh[x]+cSinh[x
3¢ (1+Cosh[x \/ e 1 [x]
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[b c Tanh| \/ -+/b*-c? +2cTanh| bTanh[i}zﬂlbz—c2 Tanh[i]2
2

2

x/[(flJrTanh[z]zJ (b— (b-c) (b+c) +2cTanh[i}+bTanh[i]2+ (b-c) (b+c) Tanh[i]zJ)

2 2 2

J_(_Manh[gr) 2etann[>] af6r et (-1 Tann[ )] b 14 Tann 77

c (b+c+\/b2—c2)(1+Tanh[5})
2 c? (—1+ ) -EllipticF[ArcSin| | - 2 |, 1] +2
b+ /b2 - 2 b c+\/b2—c2)(—1+Tanh{§”
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\/[(—1+Tanh[§]2) (b— (b-c) (b+c) +2cTanh[§]+(b+ (b-c) (b+c) )Tanh{g]z))] +|8b3 ( b C+\/b2—C2)
NYERPS) x +c-br-c? - .
EllipticF[ArcSin[J - <b‘+c - i Z ) (14Tanh[zj> |» 1] -2 cEllipticPi| (b b ) (1 b*JbLCz] ,
(b—c+\/ﬁ) (—1+Tanh[;]) (b—c—m) (_1_b+\/;ﬁJ

<b+c+\/b2,c2) (1+Tanh[ﬂ) « <b+c+m) (1+Tanh[ﬂ)
Ar‘cSin[ - },1} [71+Tanh[f}) -
(b—c+\/b2—c2) (—1+Tanh[§” (b7c+m) (71+Tanh[§”

b++/b2-c2 . ;
[1+b+\/;_7cz] \/([_1+Tanh[§]2) [b— (b-c) (b+c) +2cTanh[§] + (b+ (b-c) (b+c) )Tanh[g}z )] )

4b° ], 1] -2¢c

N It o 0]
(—b+ +Ji) Ellipt F[A > [\I(bc+m) (—1+Tanh{ })

X
2

EllipticPi|

(b+cfm) (1b+\/;7] Ar‘CSin[\I (b+C+W) (1+Tanh[§]) ] 1}
’ (

(chBZ&)(l Ji‘* b-c+Vb2-c? ) (-1+Tanh[X]] ’

X (b+c+x/b2—c2) (1+Tanh[§” c x
[1+Tanh[2})\l(bc+m> (—1+Tanh[§” [b+W+Tanh[2]]]/

el ) o | A e



\/[(—1+Tanh[§]2) (b— (b-c) (b+c) +2cTanh[§] +(b+ (b-c) (b+c) )Tanh[x]z)” -

2 2 2

4b c?

(—b+c+x/b2 -c? ] EllipticF[Ar‘cSin[\I - (

[brc-B2-cF) [1_

c
b++/ b2-c?

EllipticPi| , ArcSin|

_
|
(on
0
(ox
| N
|
0
N
—_
—
=
—
1]
>
=y
|
—_—
=
N

(b—c—m) (—1— <
ber/b2 -2

Crann (b+c+\/b2—c2) (1+Tanh{§}) c
[— + Tan {2}) B (b—C+W) <_1+Tanh[§” [b

C C

[o-esfoioet) [omcosfiier) |-
\/[(—1+Tanh[i]2) (b— (b-c) (b+c) +2cTanh[i] + (b+\W) Tanh[g]z)” -

2 2

_b-/b2-¢? b+\/b2c2] [1 c J
+ +

(b+c+x/b2cszllipticF[Ar‘cSin[\I (b+C+ bZ—CZ) (1+Tanh[ﬂ) |,1] -2¢

(b—c+m) (—1+Tanh[ H

X
2

4b (b2 - c2)

EllipticPi|

(b—c+m) (—1+Tanh{ ]

X
2

(b+c—m) [1—b+\/b272] Ar‘CSin[\I (b+C+m) (1+Tanh[§]) ] 1}
: )

[_1+Tanh[_}) i (b+c+\/b2_c2) (1+Tanh[§}) [ c +Tanh[i] /
2 (b—c+m> (—1+Tanh[§” b+m 2

[(bcm) R cEalt

“b-/b2-c2  -—b+/b2-¢2 ] [1 c J
+ +
b++Vb?2-c?

C C

6.7 Miscellaneous.nb | 125



126 | 6.7 Miscellaneous.nb

\/[(—1+Tanh[§]2) (b— (b-c) (b+c) +2cTanh[§] +(b+ (b-c) (b+c) )Tanh[z]z)” +

2

],1]-2c¢

3 (2 2 2 2 N . (b+c+m) (1+Tanh{§”
4b° (b%-c?) [(b*c+\/ﬁ] ElllptICF[Arcsm[J (b7c+m) (71+Tanh[§])

EllipticPi|

@+c_ bz_é)[l_mJ;cz] arcsin| |- @+C+VEiTT)(1anM§])]’1}
(b—C—VB?jZT)(—l— (b*C+V%?j€7)(—1+Tmm[§M

x (b+c+m) (1+Tanh{§}) c x
[—1+Tanh{2}) \I (b_c+m) (_1+Tanh[§” [ +Tanh[2]]]/

c
b++/ b2-c?

[cz[bcm](bmm)[beZCZbWbZCZJ[h ‘|
b

C C +W
\/[(—1+Tanh[§]2) (b— (b-c) (b+c) +2cTanh[§] + (b+ (b-c) (b+c) )Tanh[g]z)” +

\/7(:2) (1+Tanh[§])
\/7)( 1+Tanh[ﬂ)

Ar‘cSm\I CZ 1 Ta“h[é]) ]:1}]
-1+Tanh[X })

8 b3

(—b +C- \/ﬁ) EllipticF [ArcSin [\I ((

EllipticPi]|

fore- Vo] 1

[—1-+Tanh[——}) J - ( \[______) (1 < Tanh| }) [ . z
2 ( wf_____» ( 1+Tanh[% }) b+/bZ-c2 2

C

fomesoe) |-

(7b,c, bz,cz]( F)[ -VbT-c WHI c ]

C C



6.7 Miscellaneous.nb | 127

\/[(—1+Tanh[§]2) (b— (b-c) (b+c) +2cTanh[§] +(b+ (b-c) (b+c) )Tanh[z]z)” -

2

4b° (—b+c—x/b2—c2 ) EllipticF[Ar‘cSin[\I (( +Vb cz)) ((11 T:::h[[ ]})) 1] -2c
( ) +/b? - c:2 1 Tanh| ])
EllipticPl[ Arc51n 1}
[b- 47) # Vb2 c? | (-1 Tanh[X])

+b+mJ
\/[(—1+Tanh[i]2) (b— (b-c) (b+c) +2cTanh[i] + (b+ (b-c) (b+c) )Tanh[g]z)” -

2

\/7C2) (1+Tanh[§”
\/7) ( 1+Tanh[§”

4bc?

(—b +C- \/ﬁ] EllipticF [ArcSin [\I (<

( ) +Vb? - c2 1 Tanh| ])
EllipticPi| , ArcSin]| 1]
( \/7@) /b2 - c2 ~1+Tanh[*] )

[1+Tanh[x})\| ( )(1 ~Tanh |} }) [ ¢ . X
2 b- vi) (~1+Tanh[2]) b+ Vb7 2

e e ] [ T e

C C



128 | 6.7 Miscellaneous.nb

\/[(—1+Tanh[§]2) (b— (b-c) (b+c) +2cTanh[§] +(b+ (b-c) (b+c) )Tanh[x]z)” +

2 2 2

(b+cx/bzcz)EllipticF[Ar‘cSin[\I (b+C+ bzicz) (1+Tanh[§]) ],1}—2c

(b—c+m) (71+Tanh[ ”

X
2

8 b2~/ b? - 2

[brcevbr-c) [1-wbﬁ aresin | L2r e FE) fpoTamnls])
(b7c+m) (71+Tanh[ﬁ)

b++b2-c2
\/[(—1+Tanh[§]2) (b— (b-c) (b+c) +2cTanh[§] + (b+ (b-c) (b+c) )Tanh[g]z)” -

8t o et

(—b+c—x/b2— c? ) EllipticF[Ar‘cSin[\I - (

EllipticPi|

N ANSin[J [orer VBT f1oTonl2]) |
; )

_ c
b++/ b2-c?

(b C+
[—1+Tanh[5}) ) (b Vb2 2) (1+Tanh[§}) [ c +Tanh[§]
2 (b—c+m> (—1+Tanh[§” b+m 2

“b-/b2-c2 -—b+/b2-¢2 ] [1 c J
- +
b++Vb2-c?

{cz [boeforoct] [pocfbct)

C C



\/[(—1+Tanh[§]2) (b— (b-c) (b+c) +2cTanh[§] +(b+ (b-c) (b+c) )Tanh[x]z)” +

2 2 2

ab (b2 - c?)

(—b+ c-+/b2-¢c? ] EllipticF[Ar‘cSin[\I - ((

\/[(—1+Tanh[§]2) (b— (b-c) (b+c) +2cTanh[i] + (b+ (b-c) (b+c) )Tanh[g]z)” -

2

4b* (b*-c?) [(b+c\/b2c2 ] EllipticF[Ar‘cSin[J - ((

EllipticPi|

N ANSin[J [orer VBT f1oTonl2]) |
; )

_ c
b++/ b2-c?

(b C+
[—1+Tanh[5}) ) (b Vb2 2) (1+Tanh[§}) [ c +Tanh[§]
2 (b—c+m> (—1+Tanh[§” b+m 2

“b-/b2-c2 -—b+/b2-¢2 ] [1 c J
- +
b++Vb2-c?

{cz [boeforoct] [pocfbct)

C C

6.7 Miscellaneous.nb | 129



130 | 6.7 Miscellaneous.nb

\/[(—1+Tanh[§]2) (b— (b-c) (b+c) +2cTanh[§] +(b+ (b-c) (b+c) )Tanh[x]z)” -

2 2

2b3

2] [~2+Tann["]]

1 - < J (1+Tanh[§])
1+ ¢ ] E1lipticF [ArcSin | by broc
b b [1_ c ] (14 Tanh[2])
b++/ b2-c? 2

\/[(71+Tanh[§]2) (b— (b-c) (b+c) +2cTanh[£] +(b+ (b-c) (b+c) )Tanh[i]z)” +

_1-
+ 2_2
2bc [1+ . ] EllipticF [ArcSin | A S
b++vb%-c2 1- c




[ 1- J (1+Tanh[§]) )
{1 c 2}(1+Tanh[§]) [bﬁ/ﬁ

+Tanh[;}J

2

2

x/[(—1+Tanh[i]2) (b— (b-c) (b+c) +2cTanh[i] +(b+ (b-c) (b+c) )Tanh[x]z))] +

C

b++vb?-c?

] EllipticE [ArcSin {J -

(b+c+m) (1+Tanh[§”

(b—c+\/b2—c2) (—1+Tanh[§])

[b+c+\/ﬁ] (1+Tanh[§]) 1

[b—CJr«/bZ—c2 ] (—1+Tan

cEllipticF [Ar‘cSin [\I -

n[5])

},1]+

c
o,

, 1] 2c¢ EllipticPi[f*“i’—“l, ArcSin|

b/ b2-c?

C

b sl
b++b2-c? b+vb2-c?

|

6.7 Miscellaneous.nb | 131

+C+
-C+

(b+VBzc2)[1

c
b++/ b2-c? ]

(b+v%zcz)(1

(b+c+\/ﬁ) (1+T

(71+Tanh[§]] - -
(b—c+\/b2—c2) (—1+Tanh[;])

/[\/((—1+Tanh[§}2J (b— (b-c) (b+c) +2cTanh[£}+

anh[i]) [ c
b+m 2

2

+Tanh[£}) + (1+Tanh[

(b+ (b-c) (b+c) )Tanh[i]z)]) +

2



132 | 6.7 Miscellaneous.nb

c/b2-c? |2

1-

N | R

b +/b?%-c?

[b+c+ﬁ] (1+7ann[ %]}
[b{ﬂ/ﬁ] <71+Tanh{§”

c EllipticF[ArcSin [\I -

] EllipticE [ArcSin [J -

1-—<
, 1 2 c EllipticPi [ —2®<—  ApcSin
], 1] [+

Ny J ) [b—cm/bz—c2 J (71+Tanh[§]) ’

\/ﬁ) (1+Tanh[ ”

[

(b+c+
b-c+

2] 1,4].

b
\/W) (71+Tanh[§])

(mm) [-1-“#]

(b+c+\/b2—c2) (1+Tanh[

X
2

)

(mm) (-1-

C

(—1+Tanh[i]] -
2 (b7c+m) (—1+Tanh[§])

2

/[\/((—1+Tanh[i}2) (b— (b-c) (b+c) +2cTanh[i}+(b+ (b-c) (b+c)

2

[b+mqanh[z}] 1+ Tann (]| [

[(bc) (b+c) [1+Tanh[)2(]2)\/b«/(bc) (b+c) +2cTanh[§]+bTanh[i]2+ (b-c) (b+c) Tanh[i]2

2 2 2

\/ZcTanh[X] ++/b%-c? (—1+Tanh[i]2) +b [1+Tanh[i]

2 2

Tanh[i]2

2




6.7 Miscellaneous.nb | 133

Problem 776: Result unnecessarily involves higher level functions and more than twice size of optimal
antiderivative.

J\\/—xlbz—cz +bCosh[x] +cSinh[x] dx
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x/[(—1+Tanh[§]2) (b— (b-c) (b+c) +2cTanh[§] +(b+ (b-c) (b+c) )Tanh[x]z) -

~b-+/b2-¢2 _—b+\/b2—c2][1+ c )

C C

c le;iz) 1+ Tanh[]) §
2 b3 [_1+ ] EllipticF [ArcSin| — ]» 1] (-1+Tanh[—])
b++bZ-c2 [1 \/%] (71+Tanh[§]) 2

b++vb?-c?

J [l‘mﬁ] (—1+Tanh[§]) [b+W+ a . )
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2b%+/b% - c? [1+ < ] EllipticF[ArcSin| LS |, 1] [—1+Tanh[f])
b++/bZ-c? 1- —¢ ](—1+Tanh[§]) 2

J{lmﬁ)(l”anh[;]) [b+ : +Tanh[§}]

| faeTely]) e

\/[(—1+Tanh[§]2) (bf (b-c) (b+c) +2cTanh[§] +(b+ (b-c) (b+c) )Tanh[i]2

1 (b+c+\/b27c2) (1+Tanh[5”
be |2 —(1— ]EllipticE[ArcSin[ - 1], 1] +
2 b++/b%-c? (b—c+\/b2—c2) (—1+Tanh[§])

1. <
], 1] 2cEllipticPi[ %<, Arcsin|

2 E) 1
[b—c+\/ﬁj (—1+Tanh{§” Ny ] ]

) [b+c+\/ﬁ) (1+Tanh{ﬂ)
[b—c+\/ﬁ) (—1+Tanh[§])

(b+\/ﬁ) (1

C
b++/ b2-c2 J
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Tanh[i}]2 /[\/((—1+Tanh[i}2] (b— (b-c) (b+c) +2cTanh[£}+(b+ (b-c) (b+c) )Tanh[i]z)])Jr

2 2 2

] EllipticE[ArcSin[J - (b+c+ e ) “ﬂanh{ﬂ) ], 1]+

cfb?-c |2 (b—c+m) (*1+Ta”h[§])

N =

1-

b +/b?%-c?

{b+c+x/b27c2 ] (1+Tanh[5]) 1- Cﬁ [b+c+xlbz—c2 ) (1+Tanh{x—”
c EllipticF[ArcSin[ |- “—],1] 2cEllipticPi[ —">“—, ArcSin]| |- 1, 1]
[b—cm/ b%-c? ] (—1+Tanh{ﬂ) -1- oo/t et [b—cm/ b%-c? ] (—1+Tanh[§])

(b+\/ﬁ) [-1- (mm) (-1-

c c
b++/ b2-c? ] bir/ b2—c2 ]

Lt X (b+c+\/b2—c2) (1+Tanh[§]) c
[ annl2]) oo VB ) -1+ Tann[¥]] [bvbf

X
2

+Tanh[§}J [ Tann )] [

Tanh[i}]2 /[\/((—1+Tanh[i}2] (b— (b-c) (b+c) +2cTanh[§}+(b+ (b-c) (b+c) )Tanh[i]z)]) /

2 2 2

[(b—c) (b+c) [—1+Tanh[§]2)\/b—«/(b—c) (b+c) +2cTanh[§]+bTanh[§]2+ (b-c) (b+c) Tanh{g]2
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\/2cTanh[§]+ b? - c? (_1+Tanh[§]2]+b[1+Tanh[§]2)}

Problem 777: Result unnecessarily involves higher level functions and more than twice size of optimal
antiderivative.

1
dx
\/—x/ b2 - c? +bCosh[x] +cSinh[x]
Optimal (type 3, 102 leaves, 3 steps):
\/7 ArcTanh [ (bz—cz)l/‘l Sinh[x+i ArcTan[b,-1ic] ] }
N2 J—w/ b2-c? ++/ b%-c? Cosh[x+i ArcTan[b,-ic]]
- <b2 _ C2> 1/4

Result (type 4, 52609 leaves) : Display of huge result suppressed!

Problem 778: Attempted integration timed out after 120 seconds.

1
J 3/2 dx
(—\/ b2 - c? +bCosh[x] +cSinh[x] )
Optimal (type 3, 159 leaves, 4 steps):
ArcTanh [ (bz—cz)l/4 Sinh[x+i ArcTan[b,-ic]] ]
ﬁ\/—w/ b2-c? ++/ b%-c? Cosh[x+i ArcTan[b,-ic]] c Cosh[x] +bSinh[x]
2+/2 (b2 - c2)3/4 2+/b2 -2 (7\/b2 - c2 +bCosh[x] +cSinh[x] 22

Result (type 1, 1leaves):
22?



Problem 779: Attempted integration timed out after 120 seconds.

1

J(—\/bz—cz +b Cosh[x] +cSinh[x])5/2

dx

Optimal (type 3, 211 leaves, 5steps):

(bz—c2)1/4 Sinh[x+i ArcTan[b,-1ic]] ]
2 J—xl b2-c? ++/b?-c? Cosh[x+iArcTan[b,-ic]]
162 (b2-c2)>*

c Cosh[x] + b Sinh[x] 3 (cCosh[x] +bSinh[x])

3 ArcTanh]|

5/2 3/2

4+/p% - c? (—\/bz—c2 +b Cosh[x] +cSinh[x}) 16 (b% - c?) (—\/bz—c2 +b Cosh[x] +cSinh[x})

Result (type 1, 1leaves):

2P

Problem 846: Result unnecessarily involves imaginary or complex numbers.

x? Csch[x] Sech[x]

</ aSech[x]*

Optimal (type 4, 98 leaves, 6 steps):

dx

x3 Sech [x]2 x? Log|1-e?*] Sech[x]? xPolylLog|2, e?*| Sech[x]? PolyLog[3, e?*] Sech[x]?
+ +

3+/aSech[x]* aSech[x]* aSech[x]* 2+/aSech[x]*

Result (type 4, 65 leaves):
(i7®-8x>+24x%Log[1-e?*| +24xPolylog|2, e2*| - 12 Polylog|3, e**|) Sech[x]?

24 +/aSech[x]*

Problem 852: Result unnecessarily involves imaginary or complex numbers.

sz Csch[x] Sech[x] +/aSech[x]* dx

Optimal (type 4, 204 leaves, 16 steps):

6.7 Miscellaneous.nb | 145



146 | 6.7 Miscellaneous.nb

1
= x2 Cosh[x]?+/aSech[x]* -2x*ArcTanh|[e?*| Cosh[x]?+/aSech[x]* +Cosh[x]?Log[Cosh[x]] +/aSech[x]* -

2
1
x Cosh[x]?PolyLog[2, -e?*| y/aSech[x]* +xCosh[x]?Polylog|2, e**| \/aSech[x]* + = Cosh[x]?PolyLog|3, -e?*| y/aSech[x]* -
2
1 ) 1 .
~ Cosh[x]?PolyLog[3, e**| y/aSech[x]* -xCosh[x] /aSech[x]* Sinh[x] - = x?+/aSech[x]* Sinh[x]?
2 2

Result (type 4, 120leaves):

1
— Cosh[x]2+/aSech[x]* (in®-16x>-24x?Log[1+e?*| +24x?Log[1-e®*] + 24 Log[Cosh[x]] +
24

24 x Polylog|2, -e ?*] + 24 x Polylog|2, e’*| + 12 Polylog[3, -e2*| - 12 PolylLog |3, e**| + 12 x*> Sech[x]? - 24 x Tanh [x] )

Problem 869: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

X
J dx
a+bCosh[x] Sinh[x]

Optimal (type 4, 186 leaves, 9 steps):

X Log|1 + —be x Log |1 + —be PolylLog|2, - —be PolyLog|2, - b
[ 2a-+/4a%+b? } { 2 a++/ 4 a%+b? } [ ’ 2a-+/4a%+b? } [ ’ 2 a++/ 4 a%+b? }
_ n _
V4 a?+b? V4 a? + b? 24 a?+b? 24 a?+b?

Result (type 4, 960 leaves):
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. _
i ﬂArcTanh[ b+2 aTanh[x }

1 /4 a%+b? B
2 Nreaa
1 2ia 2a+ib) Cot[ > (m+4ix)]| 2a-ib) Tan[+ (m+41ix) |
————— |2ArcCos |- ——] ArcTanh]| E | + (7m-41ix) ArcTanh| K ] -
V-4a2- b2 b V-4a2- b2 V-4aZ2-b2
2ia 2a+ib) Cot[L (m+4ix)] (2ia+b) (-2ia+b+V-2a7-b7 | (1+iCot[! (n+4ix)]]
ArcCos [— ] +2 1 ArcTanh [ 1 } Log [ 4 } -
V-4a? b2 b(2ia+b+i/-4a?-b? Cot[} (n+4ix)]]
2ia (2a+ib) cot[L (r+4ix)] (2ia+b) (2ia-b+-4a? b7 | (i+Cot[} (n+aix)]]
ArcCos |- =] - 2i ArcTanh| 4 Log| 4 |+
b V-4a?-p? b(2a-ib+V-4a7-b? Cot[L (r+4ix)]]

(2a+ib) Cot[ (r+4ix)]

2ia ) .
ArcCos |- =] - 2 i ArcTanh| | -2iArcTanh]|

(22 Voaa b7 e

Log| 22 |+

\/2 v/-ib +a+bCosh[x] Sinh[x]

(2a-1ib) Tan[i (r+aix)] }]

2ia (2a+ib) Cot|[; (m+4ix)] (2a-ib)Tan[+ (n+4ix)]
ArcCos | - | +21i |ArcTanh| 4 | +ArcTanh| 2 ]
b V-4a?-b? V-aa?-p?
(-1)Y* /432 - b2 e (2ia+V-4a2-b7 | (Zja+bfjx/74a27b2 Cot[2 (n+4ix)])
Log | | +1i |PolyLog|2, ] -
27/-ib va+bCosh(x] Sinh[x] b(2ia+b+i/-4a2-b? Cot[} (n+4ix)]]

1
4

b(2ia+b+i/-4a?-b? Cot[} (n+4ix)]]

1
4

PolylLog [2,

(2a+iy/-4a7-b? | (-2a+ib+/-4a?-b? Cot| (ﬁ+4ix)])]}]

Problem 871: Unable to integrate problem.

JFC (3+bx) Sinh[d + e x]" dx

Optimal (type 5, 95leaves, 2 steps):

1 en-bclog[F 1 bcLog[F
- (1-? 4®¥)) " F (aPX) Hypergeometric2Fl|-n, 7—g[}, =|2-n+ betoglf]

, e (@] sinhid+ex]"
en-bclLog[F] 2e 2 e

Result (type 8, 20 leaves):
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JFC (36X sinh[d + e x]" dx

Problem 882: Result more than twice size of optimal antiderivative.
Je“dx Cschla+bx]2dx

Optimal (type 5, 54 leaves, 1 step):

4 e¢+dx+2 (a+bX) Hypergeometric2F1 [2, 1+ i, 2+ 2%, @2 (atbx) }

2b+d
Result (type 5, 133 leaves):
1 L
b (2b+d) (-1+e2?)
d d d d
2€?? | (2b+d) e?* Hypergeometric2F1[1, —, 1+ ——, e’ @"®¥ | _d (2?9 XHypergeometric2F1[1, 1+ —, 2+ —,
2b 2b 2b 2b
Csch[a] Csch[a+bx] Sinh[b x]
Problem 884: Unable to integrate problem.
JFC (20X Cosh[d +ex]"dx
Optimal (type 5, 95 leaves, 2 steps):
1 -bclL F 1 bclL F
- (1+e? 9% ) " Fe(@2X) Cosh[d + e x] " Hypergeometric2F1[-n, - w, L (pon. 2Ct08IF]
en-bcLog[F] 2e 2 e

Result (type 8, 20 leaves):

JFC (a+bX) cosh[d + e x]" dx

Problem 889: Result more than twice size of optimal antiderivative.

Jea*b" Sech[c+dx]2dx

Optimal (type 5, 56 leaves, 1step):

_ ez (d+e x) ]
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4 e'bx:2 (¢+dx) Hypergeometric2F1[2, 1+ 2, 2+ 2, —e? (<X |

2d 2d
b+2d
Result (type 5, 138 leaves):
2 b eae2c e(b:2d) x HypergeometriczFl{1,1+%,2+%,7e2 (““)] _ <**HypergeometricaF1|1, 212, e (C‘dxw
b+2d b e?PXsech[c] Sech[c +dx] Sinh[d x]

- +

d(1+e2€) d

Problem 891: Unable to integrate problem.
JFC (a+bx) sach[d + e x]" dx

Optimal (type 5, 90leaves, 2 steps):

(1+e?(dex) )" Facsbex Hypergeometric2Fln, e”*b;mgm , 1+ e”*b;“’gm , —e2@ex ] sechid+ex]"
e e

en+bclog[F]

Result (type 8, 20leaves):

JFC (a+bX) sach[d + e x]" dx

Problem 892: Unable to integrate problem.

JFC (a+bx) cschd + e x]" dx

Optimal (type 5, 91 leaves, 2 steps):
24n-— bcloglF

e

(1 ~ g2 (dvex) ) "Factbex cschd + e x]" Hypergeometric2Fi [n, en-bclogfFl ”’b:“’ L, -2 (d+ex) ]
e

1
N e
2 )

en-bclLog[F]

Result (type 8, 20leaves):

JFC (@a+bX) cschd + e x]" dx

Problem 899: Result more than twice size of optimal antiderivative.
E€ (a+b x)
J dx
f +fCosh[d+ex]

Optimal (type 5, 61 leaves, 2 steps):
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2 edex F (3+b%) Hypergeometric2F1[2, 1+ bCLng , 24 bCLng , —edrex]

f (e+bclog[F])

Result (type 5, 213 leaves):

= 2F'b:_dCosh[1 (d+ex)]
ef (1+Cosh[d+ex]) (e+bclLog[F]) 2
+ex) [ebcLog[F]|
—bc«a(d ) : : F""CCosh[1 (d+eXH Hyper‘geometriczFl[l, 1+ bc Log[F] » 2+ beloglFl s —@dwx] Log[F] +F° (2t (S]] COSh[l (d+ex)]
2 e e 2
Hypergeometric2Fi|1, beLog(F] , 1+ bcLog(F] , —e®X] (e+bclog[F]) +F (a+b (5x)) (e+bclog[F]) Sinh[1 (d+ex)]
e e 2

Problem 900: Result more than twice size of optimal antiderivative.

E¢ (a+b x)
J dx
(f+fCosh(d+ex])?

Optimal (type 5, 151 leaves, 3 steps):

2 edex Fe (3+b%) Hypergeometric2F1[2, 1+ bCLng , 2+ bCLZ‘“H , —edeX] (e-bclLog[F])

.
3e2f2
bc F€ (2% Log[F] Sech[%+ €x]*  Fc(@bx sech[ 4+ ex]* Tanh[ ¢+ eX]

+

6 e f2 6 e 2

Result (type 5, 712leaves):
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/d ex
c(-bdvae) 20¢(* 2]

2bcF . T . Cosh[§+ez—x]2Log[F]

1 ¢ [ boae) d ex,a
+ 8bcF . Cosh[—+-—| Log[F] (-e+bclog[F]) (e+bcLog[F])
3 e2 (F+-FCosh[d+ex])2 3et (-F+-FCosh[d+ex])2 2 2
ac-2ed ‘b:‘ Zb‘\; 7‘ Log|[F]
d ex d ex
bcd c(-bdrae) Zbc(Q*TJ d ex (’*f) 2+ i ex
P e Hypergeometric2F1|1, b“‘;g[” , 1+ ”CLZE[” s 7e2(?7)] 1 P S
- + ee
2bcLog[F] 2 (e+bclog[F])
bcd c(-bd lb(‘:‘e;‘ bed c(-bd 20 ‘:‘e:‘
ac " Log|[F] ac- 2 Log[F|
1+ [ ex| 1_ -2- d ex
ey v
4 ex e+bcloglF e+bclogl[F d ex
ez(z 2 )] Hyper‘geometr‘icZFl[l, —gH, 1+ —gH, —ez(z z)] +
e e
c(-bdiae +Zb‘[€*%] c<,ba+ae)+2“\f+?)
2F - e Cosh[%+®X|sinh[%+X] aF < Cosh[4+eX]? (e2-b2c? Log[F]?) Sinh[ 2+ &X]
2 2 2 21 2 2 2 2
_'-’>e(-F+-FCosh[d+ex])2 3e3 (1C+-FCosh[d+ex])2

Problem 937: Result is not expressed in closed-form.

Jex Sech[2 x] Tanh[2 x] dx

Optimal (type 3, 113 leaves, 12 steps):

e3x ArcTan[1-+/2 €| ArcTan[1++/2 eX| Log[1-+2 e*+e?*| Log[l+V2 e*+e?¥]
_ N _

+

1+ et 22 22 4~2 4~/2
Result (type 7, 48 leaves):
eBx

X - Log[eX - 1]

1 4
- - = RootSum|1 + #1* &,
1+e** 4 ol

8]
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Problem 938: Result is not expressed in closed-form.

Jex Sech[2x]2Tanh[2x] dx

Optimal (type 3, 129leaves, 13 steps):

5 X X ArcTan|[1 - V2 e

Ar‘cTan[1+\/?<eX] Log[l—\/?exwezx] Log[1+\/7<ex+<ezx}
+ - +
(1+e4%)? 4 (1+e*) 82 82 162 162

Result (type 7, 57 leaves):

e* (1+5e*X 1 X - Log[e* - 1
-<7)- —RootSum[1+n14 &, gl :

4 (1+e4)2 16 113

8]

Problem 939: Result is not expressed in closed-form.

Jex Sech[2 x] Tanh[2x]? dx

Optimal (type 3, 130leaves, 13 steps):

e3x 3 e3x 5ArcTan[1-+/2 e¥] 5ArcTan[1++/2 €] 5Log[1-v2 e*+e?*] 5log[1+V2 e*+e?]
(1+e4X)2_4(1+e“)_ 8V2 ) 82 + 162 _ 162
Result (type 7, 58 leaves):
C3E 5 potsun[1 1t g, X OBLE T )
4 (1+e*¥)? 16 il

Problem 940: Result is not expressed in closed-form.

Jex Sech[2x]2Tanh[2x]%dx

Optimal (type 3, 149leaves, 14 steps):

4 5% 5 g5 3 e 3ArcTan[1-+/2 €] 3ArcTan[1++/2 eX] 3Llog[l1-+2 eX+e2*] 3Log[l+V2 e +e?¥]
+

— — — + —

3(1+e*%)’ 6 (1+e%)? 8 (L+e¥) 16/2 162 32+/2 32+/2
Result (type 7, 64 leaves):



4 8
_4eX (9+6e Xy 29e x) _9R00t5um[1+j¢14&’

(1+e4x>3 w13

X - Log[e* - #1]

8]

Problem 949: Result more than twice size of optimal antiderivative.
Je‘*dx Coth[a+bx] dx

Optimal (type 5, 53 leaves, 4 steps):

ecrdx 2 e“*dXHypergeometric2F1[1, deb, 1+ i, 2 (3+0%) ]

d d

Result (type 5, 120leaves):

e4* Hypergeometric2F1|1, Zd— 1+ 4 g2 (abx) e(2b+d) x Hypergeometric2F1 [1,1+ %,Z»f :—h,ez (a+bx) }

2 g2a+c b’ 2h _

e“*dx Coth[a] d 2b+d

d -1+ 22

Problem 985: Result more than twice size of optimal antiderivative.

Sech[x]?
J dx
2 +2Tanh[x] + Tanh[x]?

Optimal (type 3, 5leaves, 3 steps):
ArcTan[1 + Tanh[x]]

Result (type 3, 23 leaves):

1 (-ArcTan|Cosh[x] (Cosh[x] -Sinh[x]) ] +ArcTan[1+ Tanh[x]])
2

Problem 994: Result more than twice size of optimal antiderivative.
JSech [x]?Tanh[x]® (1-Tanh[x]?) ? dx
Optimal (type 3, 33 leaves, 4 steps):

Tanh[x]7 Tanh[x]® 3Tanh[x]' Tanh[x]13
_ N _
7 3 11 13

Result (type 3, 67 leaves):

6.7 Miscellaneous.nb | 153



154 | 6.7 Miscellaneous.nb

16 Tanh[x] 8Sech[x]2Tanh[x] 2Sech[x]*Tanh[x]
+ +

3003 3003 1001

5Sech[x]® Tanh[x] 53 g 27 10 1 1
- —— Sech[x]® Tanh[x] + — Sech[x]° Tanh[x] - — Sech[x]* Tanh[x]
3003 429 143 13

+

Problem 998: Result more than twice size of optimal antiderivative.
Sech[x]?

— dX
7/ 4 - Sech[x]?

Optimal (type 3, 9leaves, 2 steps):
Tanh [x] ]

ArcSinh|
V3

Result (type 3, 43 leaves):
ArcTanh|[ —=1MXL_——1 /112 Cosh[2x] Sech[x]

1+2 Cosh[2x]

4 -Sech[x]?

Problem 999: Result more than twice size of optimal antiderivative.

Sech[x]?
dx
7/ 1-4Tanh[x]?

Optimal (type 3, 9leaves, 2 steps):

1
— ArcSin[2 Tanh[x]]
2

Result (type 3, 52leaves):

ArcTanh [ —222810hix ) /7573 Cosh[2 x] Sech [x]
[ -5+3 Cosh[2 x]

2+/2-8Tanh[x]?



6.7 Miscellaneous.nb | 155
Problem 1000: Result more than twice size of optimal antiderivative.
2
J Sech [x] dx
-4 + Tanh[x]?
Optimal (type 3, 14 leaves, 3 steps):
Tanh [x] ]

Ar‘cTanh[
-4 +Tanh[x]?

Result (type 3, 51leaves):

ArcTan | Mm—] 7/5+3Cosh[2x] Sech[x]

5+3 Cosh[2x]

A2 /-4 +Tanh[x]2
Problem 1001: Result more than twice size of optimal antiderivative.
J 1+ Coth[x]? Sech[x]?dx

Optimal (type 3, 19leaves, 3 steps):

—ArcSinh[Coth[x]] ++/1+ Coth[x]? Tanh[x]

Result (type 3, 51 leaves):

1+ Coth[x]? Sech[2x] Sinh[x] [Cosh[x] —Ar‘cTan[w} v -Cosh[2x] +Sinh[x] Tanh[x]
1/ -Cosh[2x]

Problem 1002: Result more than twice size of optimal antiderivative.
JSech [x]2+/1+Tanh[x]? dx

Optimal (type 3, 24 leaves, 3 steps):

1 1
= ArcSinh[Tanh[x]] + — Tanh[x] /1 + Tanh[x]?
2 2

Result (type 3, 49 leaves):
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Ar‘cTanh[M} Cosh[x] ++/Cosh[2x] Tanh[x]) 1+ Tanh[x]?
Cosh[2x]

2+/Cosh[2x]

Problem 1026: Result more than twice size of optimal antiderivative.

jCosh[x]3 (a+bCosh[x}2>3Sinh[x] dx

Optimal (type 3, 36 leaves, 4 steps):

a(a+ bCosh[x]Z)4

(a+ bCosh[x}Z)5
N
8 b? 10 b?

Result (type 3, 136 leaves):

1
— |12 a?bCosh[x]*+8ab?Cosh[x]®+2b3Cosh[x]®+4a%Cosh[2x] +
32

1
4 a*bCosh[x]?Cosh[3x] +a’Cosh[4x] + — ab? (48 Cosh[2x] +36 Cosh[4x] +16 Cosh[6x] +3Cosh[8x]) +
32

1
—— b® (140 Cosh[2 x] + 100 Cosh [4 x] + 58 Cosh [6 x] + 15 Cosh[8 x] + 2 Cosh[10 ] )
320

Problem 1027: Result more than twice size of optimal antiderivative.

JCosh [x] Sinh[x]? (a+bSinh[x]?) ? dx

Optimal (type 3, 36 leaves, 4 steps):

4

a (a+bsinh[x]?) (a+bSinh[x}2)5

8 b? 10 b?

Result (type 3, 114 leaves):

(-ze (64a*+24ab*-7b%) Cosh[2x] +20 (162> +18ab* - 5b’) Cosh[4x] +
10 240

b (710 (16a-5b) bCosh[6x] +15 (2a-b) bCosh[8x] +2b>Cosh[18x] + 320 ((—4a+b)2—b2Cosh[2x]) Sinh[x}s))

Problem 1052: Result is not expressed in closed-form.

Cosh[a+bx]%-Sinh[a+bx]*
J dx

Cosh[a+bx]*+Sinh[a+bx]*



Optimal (type 3, 51leaves, 6 steps):
Ar‘cTan[l—\/?Tanh[aerx]} Ar‘cTan[1+\ETanh[a+bx}]
- +

V2 b V2 b
Result (type 7, 194 leaves):

1 2bx-Log|e?P* 1| +2bx11? - Log|e?P* - x1| 712
- ——|Cosh[2a] RootSum[1+6e*?n1? + e®2 1% &, [ ] [ }
2b

311+ e*2 113

2b 2 2b 2
Rootsum |1+ 6 €7 11 - €32 11 &, ~2bx+Log[e2®* - u1] + 2bxH1% - Log[e?®X - u1] n1

381 +e*?m13 &] sinhi2a]

Problem 1053: Result more than twice size of optimal antiderivative.

JCosh[a+bx}3Sinh[a+bx}3

Cosh[a+bx]3+Sinh[a+bx]3

dx

Optimal (type 3, 47 leaves, 5steps):

4 ArcTan [ 1-2Tanh[a+bx }

3/3 b 3b (1+Tanh[a+bx])
Result (type 3, 115leaves):
Sech[b Cosh[2a+bx] -2Sinh[2a+b
L<_Cc>sh[a+bx]+Sinh[a+bx}) (3+8\/?Ar'cTan[ echbx] ( osh[za+bx] inhizax XH} Cosh[a+bx] +
18b V3

Sech[bx] (Cosh[2a+bx] -2Sinh[2a+bx])
V3

]

Sinh[a + b Xx]

(3 +8\/?Ar‘cTan[

Problem 1055: Result more than twice size of optimal antiderivative.
JCosh[a+bx1 -Sinh[a+bx]

dx
Cosh[a+bx] +Sinh[a+bx]
Optimal (type 3, 22leaves, 1step):
1

2b (Cosh[a+bx] +Sinh[a+bx])?

Result (type 3, 65 leaves):
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Cosh[2a] Cosh[2bx] Cosh[2bx] Sinh[2a] Cosh[2a] Sinh[2bx] Sinh[2a] Sinh[2b x]

+ +

2b 2b 2b 2b

Problem 1056: Result more than twice size of optimal antiderivative.

J—Csch[a+bx] +Sech[a+bx]
Csch[a+bx] +Sech[a+bXx]

X

Optimal (type 3, 14 leaves, 2 steps):
1
b (1+Tanh[a+bx])

Result (type 3, 65 leaves):
Cosh[2a] Cosh[2bx] Cosh[2bx] Sinh[2a] Cosh[2a] Sinh[2bx] Sinh[2a] Sinh[2b x]

+

2b 2b 2b 2b

Problem 1059: Result is not expressed in closed-form.

-Csch[a+bx]%+Sech[a+bx]*
J dx

Csch[a+bx]*+Sech[a+bx]*
Optimal (type 3, 51leaves, 6 steps):
ArcTan[1-+/2 Tanh[a+bx]| ArcTan[1++/2 Tanh[a+bx]]

V2 b V2 b

Result (type 7, 194 leaves):

1 2bx-Log|[e??* 1| + 2bx 1% - Log|e??* - 11| 712
——|Cosh[2a] RootSum |1+ 6 e*?n1? + €22 111% &, [ ] [ )
2b

311+ e*?2 113

2bx 2 2bx 2
Rootsun |1 + 6 6#® 1% + €% 32t &, -2bx+Log[e2®* - u1] + 2bxn1% - Log[e?®X - n1| nl

&] Sinh[2a]
301+ e*2 13
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Summary of Integration Test Results

1059 integration problems

A - 885 optimal antiderivatives

B - 69 more than twice size of optimal antiderivatives
C - 77 unnecessarily complex antiderivatives

D - 20 unable to integrate problems

E - 8 integration timeouts



