Mathematica 11.3 Integration Test Results

on the problems in the test-suite directory "7 Inverse hyperbolic
functions\7.1 Inverse hyperbolic sine"

Test results for the 156 problemsin "7.1.2 (d x)"m (a+b arcsinh(c x))*n.m

Problem 40: Result unnecessarily involves imaginary or complex numbers.

dx

JAr‘cSinh [ax]*
3

X
Optimal (type 4, 108 leaves, 8 steps):
2a+/1+a?2x? ArcSinh[ax]3® ArcSinh[ax]*

-2 a?ArcSinh[ax]? +

X 2 x?
6 a? ArcSinh[ax]? Log[1 - e2Aresinhiax] ], 6 a2 ArcSinh[a x] Polylog[2, e?Aresin(axl| _ 332 polylog|3, e?Aresinhiax] |

Result (type 4, 113 leaves):
ArcSinh[ax]* 1 ; 8V1+a?x? ArcSinh[ax]?
it B _

= a? |17®-8ArcSinh[ax]
2 x? 4 ax

.
24 ArcSinh[ax]? Log[1 - e*Arsin(axl ] 4, 24 ArcSinh[a x] Polylog[2, e?Aresim(axl] _ 12 polylog|3, e?Aresinhlax]|

Problem 119: Unable to integrate problem.

Jx’“ ArcSinh[ax]?dx

Optimal (type 5, 137 leaves, 2 steps):
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24 : : 1 2im 4+m 24,2
xm ApcSinh[ax]2  2ax”™ArcSinh[ax] Hyper‘geometr‘1c2F1[2, , B, —atx ]

1+m 2+3m+m?

2 a? x>*" HypergeometricPFQ[ {1, §+ f, %Jr g}, {2+ g, §+ 3}, - a2 x?]

6+11m+6m+m

Result (type 9, 133 leaves):

1 2axV1+a%x? Hypergeometric2F1 [1, m A g2 xz}
———— ™ |4 ArcSinh[ax] |ArcSinh[ax] - 22 +
4 (1 + m) 2+m

3+m 3+m 4+m S5+m
2""a? </t x? Gamma[2 +m] HypergeometricPFQRegularized| {1, , b | , 1, -a® x|
2 2 2 2

Test results for the 663 problemsin "7.1.4 (f x)*m (d+e x*2)"p (a+b arcsinh(c x))*n.m"

Problem 29: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.
jx3 (a+bArcsinh[cx])

d+c?dx?

dx

Optimal (type 4, 135leaves, 8steps):
bxvV1+c2x2 bArcSinh[cx] x* (a+bArcSinh[cx])
- +

+ +

4c3d 4c*d 2c%d
(a+bArcsinh[c x])2 (a+bArcsinh[cx]) Log[1+e?Aresinhiex] ] ppolylog|2, —e2Arcsinhicx] |

2bc*d c*d 2c*d

Result (type 4, 286 leaves):

" 2ac?x?-bcx+/1+c*x? +bArcSinh[cx] -4ibArcSinh[cx] +2bc?x?* ArcSinh[cx] - 2bArcSinh[cx]2+2ibLlog|l-ieAresinniexl]
4c*d

4bArcSinh[cx] Log[1-i e resinlexl] 24 brlog[1l+1eArsiMiex] _4p ArcSinh[cx] Log |1+ i e Aresinhlex]]

8ibLog[l+erresiniex] 23 Log[1+c?x?] +2]'lb7TLOg[—COS[l (m+2iArcSinh[cx])]] —8]1bﬂLog[Cosh[lAr‘cSinh[cx]H -
4 2

2iblog[Sin| 1 (7m+21iArcSinh[cx])]] +4bPolylog[2, —i e Arsimniexl] . 4bpolylog|2, i e Aresinhicx]]
4
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Problem 30: Result more than twice size of optimal antiderivative.

sz (a+bArcsinh[cx])
dx

d+c2dx?

Optimal (type 4, 108 leaves, 8 steps):

bvV1+c*x2 x(a+bArcSinh[cx]) 2 (a+bArcSinh[cx]) ArcTan|eAresinhicx]]
) c3d ' c2d R 34

ibPolyLog[2, -1 efresinhicx] ] bpolylog|2, i eAresinhicx]]

+

c3d c3d
Result (type 4, 219leaves):

1
; [2acx—2bx/1+c2x2 +bArcSinh[cx] +2bc xArcSinh[cx] -
2c’d

2aArcTan[cx] +brLog[1l - i e AiMiexI] 4 24 b ArcSinh[c x] Log|[1 - i e Aresinhiex]

brlog[l+ie”rsiticxI] _ 24 bArcSinh[cx] Log|[l+ieAiMicx]] _briog[-Cos|~ (n+2iArcSinh[cx])]] -

O
+

brLog[Sin|[~ (n+2iArcSinh[cx])|] +21ibPolylog|2, -ieA"iM<xI] _2 i bPolylog|2, i e Aresinicx]]

FNQUI

Problem 31: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.
Jx (a+bArcsinh[cx])

dx
d+c?dx?

Optimal (type 4, 73 leaves, 5steps):

(a+bArcsinh[c x])2 (a+bArcsinh[cx]) Log[1+e?Aresinhiex] ] pPolylog|2, —e2Arcsinhicx] |
- + +

2bc?d c%d 2c%d

Result (type 4, 238 leaves):

.~ |2ibrArcSinh[cx] +bArcSinh[c x]2-iblog[l-ieArsithicx]] 2 pArcSinh[cx] Log[1l-i e Arimiexl] y j brlog[l+ i eAresimlex]]
2c4d

2bArcSinh[cx] Log[1+ 1 e Ainhiex]] 4 b7 Log

—

1+ehresiniex] ] 3 10g[1+c?x?| 71llb7TLOg[7COS[l (m+21iArcSinh[cx])]] +
4

41ibLog|Cosh| % Arcsinhcx] |] +ibrLlog[Sin[= (m+2iArcSinh[cx])]]-2bPolyLog|2, —-i e "*iM™M(ex]] 2 bpolylog|2, i e Aresinnicx]]
2

AR

| 3
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Problem 32: Result more than twice size of optimal antiderivative.

a+bArcSinh[c x]
J dx

d+c?dx?
Optimal (type 4, 70leaves, 6 steps):
2 (a+bArcsinh[cx]) ArcTan[eAresinhiex] | j b Polylog[2, -1 eAresinhicx]| i b Polylog|2, i eArcsinhicx]

- +

cd cd cd

Result (type 4, 189 leaves):

1 . .
- brArcSinh[cx] -2aArcTan[cx] +brLog[1 -1 e iMMiexI] 1 24 b ArcSinh[cx] Log[1 - i e Aresinhiex]]
2cd

brlog[1l+1ie resinniex] 24 bArcSinh[cx] Log[1 + 1 e Aresinhiex] ] —b7rLog[—Cos[l (m+21iArcSinh[cx])]] -
4

b ool . . , R . R
mLog|Sin 7T+ 2 1 ArcSin ¥ s r B ,
L [ [ ( rcSinh[cx] ) } ] 2ib PolyLog[Z ie® cs”‘h[“‘]] 2ib PolyLog[Z ie Af‘csmh[cxl]
4

Problem 33: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

a+bArcSinh[c x]
J dx

x(d+c2dx2>

Optimal (type 4, 61 leaves, 7 steps):

2 (a+bArcsinh[cx]) ArcTanh [e2Arcsinhiex] | p polylog |2, -e2Aresinhicx]] b Ppolylog[2, e?Arcsinhicx] |
- +

d 2d 2d

Result (type 4, 264 leaves):
1 . .
- — |2ibrArcSinh[cx] - 2bArcSinh[cx] Log[1 - e 2Aresinhlex] ] _ 4 bt Log[1 - i e Aresinhlex] ]
2d
2bArcSinh[cx] Log[1 -1 e A siMiexI] 4§ birlog[1+1 e AeiMMex]] 4 2 b ArcSinh[cx] Log[1 + i e Aresinhlex] ] _

41ibrlog[l+efsimhicx]] _2alog[x] +alog[1l+c?x?] —JibJTLog[—Cos[l (m+2iArcSinh[cx])]] +4j1bﬂLog[Cosh[lAr‘cSinh[cx]}] +
4 2

ibLog[Sin| 1 (m+21iArcsinh[cx])]|] +bPolyLog[2, e 2Arsinicx]] _ 2 b Polylog[2, —i e A"siMIcx) | 2 b Polylog[2, i e Arcsinhicx]]
a

Problem 34: Result more than twice size of optimal antiderivative.

a+bArcSinh[c x]
J dx

x2 (d+c2dx2)
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Optimal (type 4, 101 leaves, 10 steps):

a+bArcSinh[cx] 2c (a+bArcSinh[cx]) ArcTan [ @Aresinhlex] |

d x d
bcArcTanh[v1+c?x? | ibcPolylog|2, -1ietresinhiex]] i bcPolylog|2, i eAresinhicx] ]
. _
d d d

Result (type 4, 248 leaves):

- 2a+2bArcSinh[cx] -bcsxArcSinh[cx] +2acxArcTan[c X] -
2dx

bcxLog[l-ie resinlexl] 23 bcxArcSinh[cx] Log[l-i e resimhicx] _pcxlog[l+i e resinhiex]]

2ibcxArcSinh[cx] Log[1+ i e Aresinlexl] _2pcxlogx] +2bcxlog[l++/1+c2x? | +bCJTxLog[—Cos[l (m+2iArcSinh[cx])]|] +
4

bcrxlog[Sin[~ (m+21iArcSinh[cx])]|]-21ibcxPolylog|2, -i e "™/ ] 2] bcxPolylog|2, i e resinhicx]]

FNQR

Problem 35: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

a+bArcSinh[c x]
J dx

x3 (d+c2dx2)

Optimal (type 4, 113 leaves, 9 steps):
bcvV1+c2x2 a+bArcSinh[cx] 2c? (a +bArcSinh[c x] ) ArcTanh [e“"CSi"h[CX] ]

) 2dx ) 2dx? " d "
b c2 PolyLog [2, _ @2Arcsinh[cx] } b c2 PolyLog [2, @2Arcsinh[cx] ]

2d 2d

Result (type 4, 344 leaves):
1 (a bcvVl+c?2x?
il L2V are X

b ArcSinh[c x ;
-2ibc?2rArcSinh[cx] + #+2bc2 ArcSinh[c x] Log[1_e*2APcslnh[CXJ] "
2d | x2 X x2

ibc?nlog[l-ie”resinhiexi] _2pc? ArcSinh[cx] Log[1 - i e Aresinhiex]] _j b2 rlog[1+ i e Aresinhlex]]
2bc?ArcSinh[cx] Log[1+ 1 e Aresiniext] 4 44 b c? rLog[1+ eAreiMiex)] 4 2ac? Log[x] -ac? Log[1+c?x?]| +
1

(m+2iArcSinh[cx])]] -

ibc?rlog[-Cos[~ (m+2iArcSinh[cx])]] —41'1bcanog[Cosh[lArcSinh[cx]H -ibc?nlog[Sin|
2

4

EN

b c? PolyLog[2, e 2Aresinhiex]] 2 b c? PolyLog[2, -1 e A"siM(ex)] 4 2 b c? Polylog|2, i e Arcsinhicx]]

| 5
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Problem 36: Result more than twice size of optimal antiderivative.

a+bArcSinh[c x]
J dx

x4 (d+c2dx2)

Optimal (type 4, 156 leaves, 15 steps):
bcvV1+c2x? a+bArcSinh[cx] ¢ (a+bArcSinh[cx]) 2c? (a+bArcSinh[cx]) ArcTan|efresinhicx] |

- + + +
6dx? 3dx3 dx d
7bc?ArcTanh[v/1+c2x2 |  ibc3Polylog|2, -i efresinhicxl ] j b c3 Polylog|2, i efresinhicx] |
- +
6d d d

Result (type 4, 337 leaves):

1
- ; 2a-6ac’x?+bcx+/1+c®x?> +2bArcSinh[cx] -
6 d x
6 b c?x? ArcSinh[cx] +3bc® nx® ArcSinh[cx] -6ac® x> ArcTan[cx] +3b c® i x® Log[1 - i e Aresinhlex] ]

61 bc®x3ArcSinh[c x] Log [1 _ j @ Arcsinh[cx] ] +3bc? X3 Log [1 + i @ Arcsinh[cx] } -61bc?x®ArcSinh[cx] Log [1 + i @ Arcsinhfcx] } +

7bcx*Log[x] -7bc®x* Log[1++/1+c?x? | —3bc37rx3Log[—Cos[1 (r+2iArcSinh[cx])]] -
4

3bc®nx® Log[Sin| : (m+21iArcSinh[cx])]] +61ibc®x?Polylog[2, -1 e iMcxI ] _61ibc® x> Polylog|2, i e resinhicx]]
4

Problem 38: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

JXB (a+bArcsinh[cx])
dx

(dJrCZdXZ)2

Optimal (type 4, 145leaves, 8steps):

b x bArcSinh[cx] X* (a+bArcSinh[cx])
_2c3d2m+ 2 c4d? ) 2c2d2(1+c2x2> .
(a+bArcSinh[cx])? (a+bArcSinh[cx]) Log[1+e2ArSinhicx] ] ppolylog|2, -e?Arcsinhicx] ]
2bctd? ' c*d? ' 2 c*d?

Result (type 4, 291 leaves):
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1 a alog[1l+c2x?] 1 V1+c2x?2 —iArcSinh[cx] V1+c2x? +1ArcSinh[cx] . .
_— + + b |- + +4 1 tArcSinh[c x] +
2d? | c*+cox? ct 2 ¢t i+cx i-cx

2ArcSinh[cx]?+ (-2i 7+ 4ArcSinh[cx]) Log[1 -1 e siMIexI] 4 (2§ v+ 4 ArcSinh[cx]) Log[1+i e Aresinnicx] ] _

8i sLog|1 + ehresinhicx] | 72]inLog[—Cos[1 (7+2iArcSinh[cx])]] +SjnLog[Cosh[lAr‘cSinh[c x]]] +
4 2

2ilog[Sin[= (r+21iArcSinh[cx])]] -4Polylog[2, -i e A"iMcx]] _4Polylog[2, i e Aresinicx]] ] J

FNQIN

Problem 39: Result more than twice size of optimal antiderivative.

sz (a+bArcsinh[cx]) 5
X

(d+c2dx2)2

Optimal (type 4, 127 leaves, 8 steps):
b x (@+bArcSinh[cx])

- - +
23 d2V1s2x2 2c¢2d? (1+c?x?)

(a+bArcsinh[cx]) ArcTan[eAresinhiex] ] j b Polylog[2, - i eAresinhicx]] i bPolylog|2, i eArcsinhicx]]
+

c3 d? 2 c3d? 2 ¢3 g2

Result (type 4, 286 leaves):

| 7

1 ax aArcTan[c x] 1
— - ; F—b
2d?2| c?2+ctx? c3 2¢3
V1+e2x? iv1+c2x? ArcSinh[c x ArcSinh[c x . .
- - tArcSinh[cx] + lex] [cX] -nLog(1 -1 e resinniexl ] _ 24 ArcSinh[c x] Log[1 - i e Aresinhlex] ] _
-1-1cx 1+CX 1i-cX 1+CX

mlog[l+i e resinnlcx)] 4 24 ArcSinh[c x] Log[1+ i e A i™I<XI] 4 log|[-Cos[~ (rm+21iArcSinh[cx])]]+

I

mlog|Sin|

» R

(m+2iArcSinh[cx])|] -21iPolylog[2, -ieAiMlcx]] 1 2} polylog|2, i e Aresinhicx]] ] J

Problem 41: Result more than twice size of optimal antiderivative.

Ja +bArcSinh[c x]
X

(d+c2dx2)2

Optimal (type 4, 124 leaves, 8 steps):
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b X (a+bArcSinh[cx])
+
2cd?\/1+c2x® 2d (1+c?x?)

(a +b ArcSinh[c x] ) ArcTan [eAPCSi”h[CX] } i b PolylLog [2, — 1 ehresinhcx] } i b PolylLog [2, i eAresinhlcx] ]
+

c d? 2cd? 2cd?

Result (type 4, 323 leaves):

1 ax aArcTan[cx] 1 [iv1+c2x2 iV1+c2x*  nArcSinh[c x]
— + + = + - +
2d? |1+c?x? C 2 ic-c?x ic+c?x C

ArcSinh[cx] ArcSinh[cx] 7log[l-i e Aresinhlcx]] 24 ApcSinh[cx] Log|[1- i e Aresinhicx] ]
+

c(-i+cx) ic+c?x c c
mlog[1+ i eAresinhlexI ] 24 ArcSinh[c x] Log[1 + i e Arcsinhicx] | ﬁLOg[*COS[i (m+2iArcSinh[cx])]]
c + c + c +
mlog[sin[} (m+2iArcSinh{cx])]] 2 Polylog [2, ~i eAresinnicx] | 2 Polylog[2, i eArcsinhicx ] ] J
- +
c c c

Problem 42: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.
Ja +bArcSinh[c x]

X (d+c2dx2)2

dx

Optimal (type 4, 110leaves, 9steps):

bcx a+bArcSinh[cx] 2 (a+bArcSinh[cx]) ArcTanh [@2Aresinhicx] | b polylog|2, -e2ArcSinhiex] ] ppolylog|2, e?Arcsinhicx] |
- + - - +
2d2/1+c2x2 2d? (1+c?x?) d? 2 d? 2d?

Result (type 4, 367 leaves):

1 2a bvV1+c2x? b/1+c2x2
+ _

1 bArcSinh[cx 1 bArcSinh[c x .
-41ibsArcSinh[cx] + [ex] | [cx] +4bArcSinh[cx] Log[1 - e 2Aresinhlex]]
4d? |1+c?x? i-cx i+cx i-cx i+cx

2ib Log[l ~ j @ Arcsinh[cx] ] -4 bArcSinh[cx] Log[l ~ j @ Arcsinh[cx] } -2ib Log[l + 1 @ Arcsinhlcx] ] - 4bArcSinh[c x] Log[l + 1 @ Arcsinh(cx] ] +

8ibLog[l+ersinhicxl] 443 l0g(x] -2alog[l+c?x?] +21'1b7rLog[—Cos[l (m+21iArcsinh[cx])]] —81’1anog[Cosh[lAr‘cSinh[cx]}] -
4 2

2ibrlog[Sin| = (n+2iArcSinh[cx])]] -2bPolylog[2, e 2Arsinhicx]] 4 4bPolylog[2, -1 e A"*iMMiex]] . 4bPolylog|2, i e Aresinhiex] ]

1
4
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Problem 43: Result more than twice size of optimal antiderivative.

a+bArcSinh[c x]
J dx

x2 (d+c2dx2>2

Optimal (type 4, 168 leaves, 13 steps):

bc a+bArcSinh[cx] 3c2x (a+bArcSinh[cx]) 3c (a+bArcSinh[cx]) ArcTan|eAresinhicx]]
R VIiaE  Ex (1) 2d2 (1+c2x?) ) d? )
bcArcTanh[vV1+c2x? | 3ibcPolylog|2, —ieAcsimicxI|  3ibcPolylog|2, i eAresinicx]]
o ' 2 d? ) 2 d?

Result (type 4, 348 leaves):

1 (4a 2ac?x ibcV1+c?x? ibcV1l+c?x? . 4bArcSinh[cx] bcArcSinh[cx] bcArcSinh[cx]
-— | —+ + + -3bcsrArcSinh[cx] + + + +
4d% | x 1+c*x? i-cx i+cx X -i+cx i+cx

6acArcTan[cx] -3bcrLlog[l-ie simicx]] 64 bcArcSinh[cx] Log[1l -1 e siMexI] _3pclog[l+1ierresinniexl]

6ibcArcSinh[cx] Log[l+i e resimicx]] —abclog[x] +4bclog[l++/1+c2x? | +3bC7TLOg[7COS[1 (r+2iArcSinh[cx])]] +
4

3bcrlog[Sin[~ (m+2iArcSinh[cx])]] -61ibcPolylog|2, -ie A iMcxI] 6 ibcPolylog|2, i e Aresinnicx] ]

FNQUPN

Problem 44: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

ja +b ArcSinh[c x]
X

x3 (d+c2dx2>2

Optimal (type 4, 146 leaves, 12 steps):

bc c? (a+bArcSinh[cx]) a+bArcSinh[cx]
- - - +
2d2xV/1+c2x? d? (1+c?x?) 2d2x? (1+c?x?)
4 c? (a +bArcSinh[c x] ) ArcTanh [eZA”CSi”h[CX] ] b c? Polylog [2, — @2 Arcsinh[cx] ] b c? Polylog [2, g2Arcsinhlcx] }
d2 * d2 - d2

Result (type 4, 420 leaves):

| 9
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1 a ac? b c? (\/1+c2x2 - i ArcSinh[c x}) b c? (\/1+c2x2 +1 ArcSinh[c x])

_— | -—- + + +41ibc?mArcSinh[cx] +
2d2 | x? 1+c?x? 2i+2cx -21+2cx
b (cxx/1+c2x2 +Ar‘cSinh[cx])

2bc?ArcSinh[cx]? -

. -2bc?ArcSinh[cx] (ArcSinh[cx] +2 Log[1 - e 2Aresinhlexi])
X

bc® (-2im+4ArcSinh[cx]) Log[1-1e iMiexI] 4 bc? (21 +4ArcSinh[cx]) Log[1+i e Aresinnlex]] _

8ibc?mlog[l+efresiniexl] _4ac?Log(x] +2ac?Log|l+c?x?] —ZjbczﬂLog[—Cos[l (m+21iArcSinh[cx])]] +
4

8]'1bczﬁLog[Cosh[lArcSinh[cx}H +2ibc?log[sin| (7r+211Ar‘cSinh[cx])H +
2

nR

2bc?Polylog|2, e 2Aresinhlex] | 4 b c? polylog|2, i e reimhicx]] _4bc? polylog|2, i e Aresinhlcx] ]

Problem 50: Result more than twice size of optimal antiderivative.

Ja +b ArcSinh[c x]
X

(d+c2dx?)?

Optimal (type 4, 178 leaves, 10 steps):
b 3b X (a+bArcSinh[cx]) 3x (a+bArcSinh[cx])

+ + +

N
2cd (1+2x?)*? gcdVi+Zx? 4d® (1+c2x?)> 8> (1+c2x?)

3 (a+bArcSinh[cx]) ArcTan[efresinhiex] | 3§ b Polylog[2, -1 eArSinhicxl ] 3 bPolylog|2, i eAresinhicx] |
- +

4cd? 8 cd? 8 cd?

Result (type 4, 403 leaves):
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1
48 d3

12 ax 18ax ib(-2i+cx)V1+c?x? ib(2i+cx)V1+c?x* 9byArcSinh[cx] 3ibArcSinh[cx] 3ibArcSinh[cx]

+ - + - - + +
(1+c2x2>2 1+ c?x? c(—j+cx)2 c(1’1+cx)2 C c(—j+cx)2 c(1’1+cx)2

9b (—Ji V1+c?2x? +ArcSinh[c x}) 9b (Ji V1+c?2x? +ArcSinh[c x}) 18 aArcTan[cx] 9b (7T+2j1Ar'cSinh[c x]) Log[l—je’A”CSi“h[“]]

¢ (-i+cx) c (i+cx) C C

9b (7-21ArcSinh[cx]) Log[1+ i eArcsinnicx)]  9brrlog[-Cos[ (m+2iArcSinh[cx]) ]|
+ +
C C

9bLog [Sin [i (7T +2 1 ArcSinh[c x] ) ] } 18 i b PolyLog {2) _j e-Arcsinh[cx] ] 18 i b PolyLog {2) i @-Arcsinhicx] ]
- +

C C C

Problem 51: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

a+bArcSinh[c x]
J dx

X (d+c2dx2)3

Optimal (type 4, 159 leaves, 12 steps):

bcx 2bcx a+bArcSinh[cx] a+bArcSinh[cx]
12 (1+ch2)3/2_3d3m+ 4d3 (1+c2x?)? T (1+c2x?) .
2 (a+bArcSinh[cx]) ArcTanh [e2Aresinhiex] | b polylog[2, —e2Arcsinhicx] | b polylog|2, e?Arcsinhicx] ]
o i 23 i 2d3

Result (type 4, 457 leaves):
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1 a 2 b(-2i+cx)VI+cx b (2i+cx)Virezx  5b(VIrc?x® —iArcsinh(cx]
- |- - + + + +
4 [ (1) 1ectx 12 (~i+cx)? 12 (i+cx)? 4i+dcx

5b (V1+C2X2 +]‘1Ar'cSinh[cx}) . . bArcSinh[cx] bArcSinh[cx] . 5
+4 1 bsArcSinh[c x] + + +2bArcSinh[c x]“ -

4i+dcx 4 (-i+cx)? 4 (i+cx)?

2bArcSinh[cx] (ArcSinh[cx] +2Log[1l- e 2ASiMIcxI]) 42 b (—i+2ArcSinh[cx]) Log|[1- i e Aresinnlex]]
b (2i+4ArcSinh[cx]) Log[1+ i e Arsimiexl] _gjbrLog|1+efrimicx)] _4alog[x] +2alog[l+c®x?]| -

. 1 . . . 1 . . .
ZleTLOg[—COS[* (7r+211Ar‘c51nh[cx])H +81anog[Cosh[fAr'cSmh[cx}H +21anog[Sln[
4

1 .
7<7T+21'1Ar‘C51nh[CXJ>H+
3 4

2bPolylog|2, e 2Arsinhicx]] _4ppolylog|2, -1 e "iMiex]] _4bPolyLog|2, i e Aresinnicx]]

Problem 53: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

a+bArcSinh[c x]
J dx

x3 (d+c2dx2)3

Optimal (type 4, 232 leaves, 16 steps):

bc 5bc3x 2bc3x 3c? (a+bArcSinh[cx]) a+bArcSinh[cx] 3c? (a+bArcSinhfcx])
_2d3x(1+c2x2)3/2_12d3 <1+C2X2>3/2+3d3m_ 443 (1+c2x2)2 _2d3x2 (1+c2x2)2_ 24 (1+c2x?) :
6 c2 (a+bAr‘cSinh[c x] ) Ar‘cTanh[e“"CSi”h[cx]] 3bc? PolyLog{Z, —eZA"CSi“h[CX]] 3bc? PolyLog[Z, eZAPCSi“h[CX]]
& ' 2 ) 2

Result (type 4, 543 leaves):
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1 2a ac? 43c2 9bc? (\/1+c2x2—iAr'cSinh[cx]) 9bc? (\/1+c2x2+iArcSinh[cx])

_— - — + + -
4d3 x2 (1+c2x2)2 1+c2x? 4i+4cx -41i+4cx
2b(cxx/1+c2x2 +ArcSinh[cx]) bc2(<72]'1+cx) \/1+c2x2+3Ar'cSinh[cx]) bcz((211+cx) \/1+c2x2+3Ar'cSinh[cx})
+ +
x? 12 (-i+cx)? 12 (i +cx)?

12ac’log(x] +6ac’Log[l+c*x?| -6bc* (ArcSinh[cx] (ArcSinh[cx] +2Log[1- e 2ArimicxI]) _polylog|2, e 2Aresinlcx]]) 4

3bc? [BiﬂAr‘cSinh[c x] + ArcSinh[cx]?+ (21 +4ArcSinh[cx]) Log |1+ i e A SIMMIcXI] 44 s Log[1+ etresinhliex]] -
21 Log[—Cos[1 (m+2iArcSinh[cx])]] +4in Log[Cosh[lArcSinh [cx]]] -4PolyLog[2, -i e Aresinhicx] ]J +
4 2

3bc? [J‘l nArcSinh[cx] +ArcSinh[cx]?+ (-2 i +4ArcSinh[cx]) Log[1- i e ArsiMIcxI] _ 4 jrLog[1 + eAresintlex]]

1 .
17T — +21 T+ 21 - , -Ar
41 mLog|[Cosh[ = ArcSinh[cx] || +2imLog|[Sin|[~ (n+2iArcSinh[cx])]] -4PolylLog|2, i e Aresinhicx) ])
2

IS

Problem 98: Result more than twice size of optimal antiderivative.

a+bArcSinh[cx]
J dx

x3 <n+c2nx2)3/2

Optimal (type 4, 162 leaves, 11 steps):

bc 3¢? (a+bAr‘cSinh[c X]) a+bArcSinh[cx] bc?ArcTan[cx]
- - - + +
2732 x 2+ e x? 27 X2+ e x? ne/?

3¢? (a+bArcSinh[cx]) ArcTanh[efresinhiex] | 3 c2Polylog|2, —efresinhiex] | 3pc?Polylog|2, efresinhicx] |
N _

7T3/2 27.(3/2 27.(3/2

Result (type 4, 378leaves):

VoA 1+c?2x?
1
832/ 1+ c?x?
1 2 .
\/1+c*x? ArcSinh[cx] Csch| = ArcSinh[cx]|" -12+/1+c?x* ArcSinh[cx] Log[1 - e Aresinhiex)] 4
2

12+/1+c?x* ArcSinh[cx] Log[1+e Aresinhiex)] — 12 /1 + c?x? Polylog|[2, -eAresinhiexl]
. 1 2 1
12+/1+c?x* Polylog[2, e Arsinhiex)] /14 c2x? ArcSinh[cx] Sech|[ = ArcSinh[cx]|" +2+/1+c2x? Tanh| = ArcSinh[cx] |
2

2

a ac?

272x2 g2 (1+c2 xz)

-8 ArcSinh[cx] +16+/1 +c?x? Ar‘cTan[Tanh[lAr‘cSinh[c x]]]-24/1+c2x? Coth[lAr‘cSinh[c x]] -
2

2

3ac?log(x] 3ac’log[m+mv1+c2x? ]

+ +
2 7372 2 73/2

bc?

| 13
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Problem 109: Result more than twice size of optimal antiderivative.

a+bArcSinh[c x]
J dx

x3 <7T+C27TX2>5/2

Optimal (type 4, 247 leaves, 15 steps):

3bc bc 5pc3x 5c? (a+bArcSinh[cx]) a+bArcSinh[cx] 5c? (a+bArcSinh[cx])

- + + - - - +
4752x  4r%2x (1+c?x?) 12772 (1+c?x?) 67T<7T+C27TX2>3/2 27 x? (zr+c27rx2)3/2 272+ 2 rx?
13bc2ArcTan[cx] 5¢? (a+bArcSinh[cx]) ArcTanh|eAresinhicx] ] 5 c2 Polylog|2, -eArsinhicx]| 5 c2 Polylog|2, efresinhicx] ]

6 7.(5/2 " 7.(.5/2 " 2 7T5/2 - 2 7T5/2

Result (type 4, 510leaves):
2 2ac? 5ac2log(x] S5ac?logm+nvi+c2x? | 1
Vi1 |- —2 ac - +

2:3x2 33 (1+c2x2)2 3 (1+c2 x2> 2 71572 2 75/2 B 24 7572 (1+c2x2)3/2

6 (1+c2x2)>? ArcSinh[c x]

1 1
-8+/1+c?x? Cosh[ = ArcSinh|c x]]2+8Ar'cSinh[c x] Coth[ = ArcSinh[cx] | +
cX 2 2

bc?|-6 (1+c2x2>3/2+

48 (1+c?x?) ArcSinh[cx] Coth[lAr‘cSinh[c x]]| -104 (1+c? x2)3/2

1 1
ArcTan|[Tanh| N ArcSinh[cx] | ] Coth| N ArcSinh[cx] | +
2

6 (1+c? x2)3/2 Coth[lAr‘cSinh[c x] ]2+3 (1+c? x2)3/2 ArcSinh[c x] Coth[lAr‘cSinh[c x] | Csch[lAr‘cSinh[c X] ]2+
2 2 2

1 .
60 (1+c?x?)*? ArcSinh[c x] Coth| = ArcSinh[cx] | Log[1 - e Aresinhlex] |
2

60 (1+c? x2)3/2 ArcSinh[c x] Coth[lAr'cSinh[c x] | Log[1+eAresinniexi] . 60 (1+c? X2>3/2
2 2

60 (1+c*x?) *2 coth [ 1 ArcSinh[cx] | PolyLog[2, e resinhicx] || Tanh | 1 ArcSinh[cx] |
2 2

Problem 191: Unable to integrate problem.

Jxr" (d+c2dx2)5/2 (a+bArcsinh[cx]) dx

Optimal (type 5, 618 leaves, 9 steps):

1 .
Coth[ = ArcSinh[cx] | PolylLog[2, -e Aresinhlex]] _
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15b c d? x2*"™+/d + c2 d x? 5bcd?x?™/d+c?2dx? bcd?x?~/d+c?dx? 5bc3d2x*™\/d+c?dx?

(2+m)2(4+m) (6+m) V1+c2x?  (6+m) (8+6m+m?) V1+c2x?  (12+8mam?) V1+cix?  (4+m)? (6+m) VI+c?x?
2b3d2x*"d+c2dx®  bcSd2x6M/d+c?dx?  15d2x¥"+d+c?dx? (a+bArcSinh[cx]) 5dxM" (d+c:2dx2)3/2 (a+bArcSinh[cx])
- + +

+

(4+m) (6+m) V1+c2x? 6+m2/1+c2x2 (6+m) (8+6m+m?) (4+m) (6+m)
1+m 3+m

X2 (d+c2dx?)¥? (a+bArcSinhcx]) 15d2xHMV/d+c?dx? (a+bArcsinh[cx]) Hypergeometric2F1[ 2, &%, 3%, —c?x?]
N -

6+m (6+m) (8+14m+7m+m?) V/1+c2x?

15b cd*x2*"+/d + c>d x*> HypergeometricPFQ[{1, 1+ f, 1+ f}, {§+ f, 2+ f}, -2 x?]

(1+m) (2+m)2 (4+m) (6+m) \V/1+c2x?

Result (type 8, 28 leaves):

Jxr" (d+c2dx2)5/2 (a+bArcsinh[cx]) dx

Problem 192: Unable to integrate problem.

JX"‘ (d+c2dx2)3/2 (a+bArcsinh[cx]) dx

Optimal (type 5, 390 leaves, 6 steps):
3bcdx®m/d+c2dx? bcdx2M"/d+c2dx? b3dx*m/d+c2dx? 3dx*"+d+c?dx? (a+bArcSinh[cx])
- +

- +

(2+m)? (4+m) V1+c2x®  (8+6mem?) V1+c2x2 (4+m2/1+c?2x? 8+6m-m

X0 (d+c2dx?)?? (a+bArcSinh[cx]) 3dx""VdscZdx? (a+bArcsinh[cx] ) Hypergeometric2Fl[ >, &%, 3%, —c?x?]
N _

4+m (8+14am+7m?+m?) V1+c?x?

2+ 2 2 s m m 3. m m _ 232
3bcdx2m/d+c2dx Hyper‘geometr*lcPFQ[{l,1+2,1+2}, {2+2,2+2}, c2 x?]

(1+m) <2+m>2 (4+m) V1+c2x?

Result (type 8, 28 leaves):

jx"‘ (d+<:2dx2)3/2 (a+bArcsinh[cx]) dx

Problem 193: Unable to integrate problem.

jx"‘ \/d+c®dx* (a+bArcSinh[cx]) dx
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Optimal (type 5, 240 leaves, 3 steps):

bcx?™/d+c2dx? x¥"+/d+c?dx® (a+bArcSinh[cx])
- +
(2+m)?V/1+c2x

2+m

x"/d+c2dx? (a+bArcsinh[cx]) Hypergeometric2f1[ >, &%,
N

3+m
2

, —c? Xz}

bcx*"+/d+c2dx? HypergeometricPFQ[{1, 1+ RS ™, {% +

B, 240, c2x]

(1+m) (2+m)2\/1+c2x2
Result (type 8, 28 leaves):

Jxmw/d +c®dx* (a+bArcSinh[cx]) dx

Problem 194: Unable to integrate problem.
jx'" (a+bArcsinh[cx])
Vd+c?dx?

dx

Optimal (type 5, 161 leaves, 1step):

X114+ c?x? (a+bArcSinh[cx] ) Hypergeometric2F1 [ %,

(1+m) Vd+c?2dx?
becx?m+/1+c?x? Hyper‘geometr‘icPFQ[

{1, 1+§, 1+%}, {i+
<2+3m+m2) Vd+c2dx?

Result (type 9, 181 leaves):
1

1+m d+c2dx?
(1+m)

2—2—m X1+m '1 + c2 X2

5 . 1 1+m 3+m 2
2%m (a Hypergeometric2F1| —, s -cx

A A 2+m 2+m
bc (1+m) /7 xGamma[1+m] HypergeometricPFQRegularized| {1,

3+m

(2+3m+m2> V1+c?x?

, 2] +b/1+c?x? ArcSinh[cx] Hypergeometric2F1[1,
2 2 2

4+m

2~ 2 ) 2
Problem 195: Unable to integrate problem.
Jx'" (a+bArcsinh[cx])

(d+c2dx?)??

dx

Optimal (type 5, 268 leaves, 3 steps):

o -ex]

3+m

, —C2x?] | -
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X1 (a+bArcsinh[cx]) MXTVLsc? (a+bArcsinh[cx]) Hypergeometric2Fl[ >, &%, 3%, —c?x?]

2’ 2
dVd+c?dx? d(1+m)d+c2dx?
bcx*™~/1+c?x? Hypergeometric2F1|1, 2;"', 4?"', ~c2x?]  bcmx*"+/1+c?x? HypergeometricPFQ[{1, 1+ %, 1+ ?}, {§+ f, 2+ f}, -2 x?|
+
d(2+m)Vd+c2dx? d(2+3m+m2)m

Result (type 8, 28 leaves):

Jx’" (a+bArcsinh[cx]) 5
X

(d+c2dx2)3’/2

Problem 196: Unable to integrate problem.

Jx’" (a+bArcsinh[cx]) 5
X

(d+c2dx?)®?
Optimal (type 5, 402 leaves, 5 steps):
X" (a+bArcSinh[cx]) (2-m) x*" (a+bArcSinh[cx])
3d (d+c2dx?)*? ) 3d2Vd+c2dx?
(2-m) mxtma/1+ c2x2 (a+bArcsinh[cx]) Hyper‘geometr‘icZFl[%, 1*7'“, 3*7’", -c2x?|
3d2 (1+m) Vd+c2dx?

bc (2 - m) x2*M /1 + c? x? Hypergeometric2F1 [1, 2;"' , %", -c? xz} bcx?Mm+/1+c?x? Hypergeometric2Fl [2, 2?'", ‘“T'", -c? xz]

- +

3d?2 (2+m>\/d+c2dx2 3d2(2+m)\/d+c2dx2
bc (2-m) mx>"+/1+c?x? HypergeometricPFQ[ {1, 1+ g, 1+ f}, {§+ g, 2+ 3}, -c2x?]

3d? (2+3m+m2) Vd+c?dx?

Result (type 8, 28 leaves):

Jx'" (a+bArcsinh[cx])
dx

(d+c2dx2)5/2

Problem 197: Unable to integrate problem.

X" ArcSinh[a x]
J dx

V1 +a?x?

| 17
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Optimal (type 5, 102 leaves, 1step):

x1*M ApcSinh[a x] Hyper‘geometr‘icZFl[%, lem = 3.m

, —a? x|

a x*'™ HypergeometricPFQ[ {1, 1+ ?, 1+ g}, {i + g, 2+,

®}, ~a?x?|

1+m

Result (type 9, 116leaves):

1+m

4+/1+a%x? ArcSinh[a x] Hypergeometric2F1 [1, 2*7’", 20

2+3m+m?

s ~a2x?|

1+m

2™a+/;r xGamma[1l +m] HypergeometricPFQRegularized [ {1,

2+m

2 2 2 2

Problem 203: Result unnecessarily involves imaginary or complex numbers.

(d+c?dx?) (a+bArcSinh[cx] )2
J dx

X

Optimal (type 4, 166 leaves, 10 steps):

1bzczdxz—lbcdx\/brczx2 (a+bArcSinh[cx]) 1y (a+bAr'cSinh[cx])2+ld (1+c*x?) (a+bArcSinh[cx])?+
4 2 4

d (a+bArcSinh[cx])

3

2

3b

. . 1 .
d (a+bArcSinh[cx])?Log[1-e2ArsinicxI] _pd (a+bArcSinh[cx]) Polylog|[2, e 2Aresinhlex]] _ = b2 d polylog|3, e 2Aresinnlcx] ]
2

Result (type 4, 216 leaves):

cx~/1+c?x? - ArcSinh[cx]

1
~dl|4a’c?*x*-4ab
8

+8abc?x*ArcSinh[c x] +b® (1+2ArcSinh[cx]?) Cosh[2ArcSinh[cx]] +

8abArcSinh[cx] (ArcSinh[cx] +2Log[1- e 2Arsinhlcx]]) ;8 a2 | og[x] - 8abPolylLog|2, e 2Arcsinhlex]]

3

2 b2 ArcSinh[c x] Sinh[2 ArcSinh[c x] ]

Problem 205: Result unnecessarily involves imaginary or complex numbers.

dx

J<d+ c2dx?) (a+bArcSinh[cx])?
3

X

Optimal (type 4, 180leaves, 10 steps):

+

1 ; . .
—b* (i n° - 8ArcSinh[cx]?+24 ArcSinh[c x]? Log|1 - e2A"sinNlex] | 4 24 ArcSinh [c x] Polylog|2, e?A"iM(ex] ] _ 12 polylog |3, e?Aresinlcx]]) —
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bcdv1+c?x* (a+bArcSinh[cx]) 1 X
- +=c*d (a+bArcSinh[cx])* -
X 2

d(1+c?x?) (aerAr‘cSinh[cx})2 c?d <a+bAr‘cSinh[cx})3

+ +c?d (a+bArcSinh[cx] )2 Log[1 - e 2Aresinhlex]]
2 x? 3b

. 1 .
b’>c®dLog[x] -bc’d (a+bArcSinh[cx]) Polylog[2, e ?A"sinhicx]] _ = b2 c? d Polylog|[3, e 2Aresinhicx] ]
2

Result (type 4, 222 leaves):

1 a2 2ab(cxx/1+c2x2 +Ar‘cSinh[cx])
Zdl- ==
2 X2 X2

b? (2cxx/1+c2 x? ArcSinh[c x] +ArcSinh[cx]2-2c?x? Log[c x])
+2a%c?log[x] - - +
X

2abc? (ArcSinh[cx] (ArcSinh[cx] +2Log[1 - e 2Arsinniex) ) _polylog[2, e 2Aresinhiex)|)
i3 . . 1 .

2b? c? ( - = ArcSinh[c x]® + ArcSinh[c x]? Log[1 - e?Aresinhlex] | 4 ApcSinh[c x] Polylog[2, e?Arsinhiex)] _ = polylog[3, e?Aresinhicx] ] ]
24 3 2

Problem 212: Result unnecessarily involves imaginary or complex numbers.

(d+ czdxz)2 (a+bArcSinh[cx] )2
J dx

X

Optimal (type 4, 257 leaves, 17 steps):

13 1 11 1

2l d? P — b2t d? X - T bed?xA/1+c?x? (a+bAr‘cSinh[cx})——bcdzx(1+c2x2)3/2 (a+bArcSinh[cx]) -

32 32 16 8

11 1 1 d? (a+bArcSinh[cx])?
= d? (a+bAr‘cSinh[cx1)2+fd2 (1+c2x2) (a+bAr‘cSinh[cx])2+fd2 (1+c2x2)2 (a+bAr‘cSinh[cx])2+ ( ) +
32 2 4 3b

. . 1 .
d*> (a+bArcSinh[cx] )2 Log[1- e 2Aresinhlex] ] _p d? (a+bArcSinh[cx]) Polylog[2, e 2Aresinhicx]] _ = b2 d2 polylog |3, e 2Aresinnicx] |
2

Result (type 4, 333 leaves):

1
— d? (321‘1b27r3+768a2c2x2+192a2c“x“—624abcx«/1+c2x2 ~96abc3x®\/1+c%x% +
768

624 ab ArcSinh[c x] + 1536 ab c? x> ArcSinh[c x] + 384 ab c* x* ArcSinh[c x] + 768 ab ArcSinh[c x]? - 256 b% ArcSinh[c x]3 +

144 b% Cosh[2 ArcSinh[c x]] + 288 b? ArcSinh[c x]2 Cosh[2 ArcSinh[c x]] + 3 b% Cosh[4 ArcSinh[c x]] +

24 b? ArcSinh[c x]? Cosh[4 ArcSinh[c x]] + 1536 ab ArcSinh[c x] Log[1 - e 2Aresinhicx] | 4 768 b2 ArcSinh[c x]2 Log[1 - e2Aresinhlex] ]
768 a’ Log[c x] - 768 a b PolylLog |2, e 2Arsinhlcxl ], 768 b? ArcSinh[c x] Polylog|2, e?Aresinhiex] | _

384 b2 Polylog[3, e?A"sinhicx] | _ 288 b? ArcSinh[c x] Sinh[2ArcSinh[c x]] - 12 b? ArcSinh[c x] Sinh[4 ArcSinh[cx] ]

| 19
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Problem 214: Result unnecessarily involves imaginary or complex numbers.

J<d+C2dX2>2 (aerAr‘cSinh[cx])2

dx
3

X

Optimal (type 4, 272 leaves, 17 steps):

1 1 bcd? (1+c2x?)?? (a+bArcSinh[cx
=p?c*d*x*+ —bcPd?x+/1+c?x® (a+bArcSinh[cx]) - ( ) [ ])+
4 2

X

d? (1+c2x2)? b ArcSinh 2
lc2d2 (a+bArcSinh[cx])?+c?d? (1+c?x?) (a+bArcSinh[cx])?- (2retx) (a+2 resinhicx])
4 2 X

N
2c2d? (a+bArcSinh[cx] )3
3b
2bc?d? (a+bArcSinh[cx]) PolylLog[2, e 2Aresinhlcx]| _p2 c2 d? polyLog |3, e 2Aresinnicx] |

+2c*d? (a+bArcSinh[cx])? Log[1 - e 2Aresinhlex) |, p2 2 d? Log[x] -

Result (type 4, 313 leaves):

1 a2 2ab(cxx/1+c2x2 +ArcSinh[cx])
Sd? |- —+atctx- ; +abc2(—cxﬂl+c2x2+(1+2c2x2)Ar‘cSinh[cx} +
X

2 X2
b2 (2cxx/1+c2 x? ArcSinh[c x] + ArcSinh[cx]? -2 c?x? Log|[c x])

4a’c?log(x] -

+
x2

. . 1
4abc? (ArcSinh[cx] (ArcSinh[cx] +2Log[1- e 2Arsinhlcx] ) _polylog[2, e 2Aresinhicx] |} ;. = p2 ¢2

6
(i 7 - 8 ArcSinh[c x]? + 24 ArcSinh [c x]? Log[1 - e?A"<sinhiex) | 4 24 ArcSinh [c x] Polylog |2, e?Ar<simhiex]] _ 12 polylog[3, e?Aresinniex] )

=b?c?® ((1+2ArcSinh[cx]?) Cosh[2ArcSinh[cx]] -2ArcSinh[cx] Sinh[2ArcSinh[cx]])
4

Problem 221: Result unnecessarily involves imaginary or complex numbers.

J(d+c2dx2)3 (a+bAr‘cSinh[cx])2

X

dx

Optimal (type 4, 337 leaves, 26 steps):
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71 7 1 19 7
—b2c2d3x?+ b2 c*d3x*+ b2 d3 (1+c2x2)3—fbcd3x«/1+c2x2 (a+bAr‘cSinh[cx])—fbcd3x(1+c2x2>3/2 (a+bArcsinh[cx]) -
144 144 108 24 36

Lbcd3x (1+c2x2)5/2 (a+bArcSinh[cx]) - Ed3 (a+bArcSinh[cx])?+ 1d3 (1+c?x?) (a+bArcSinh[cx])?+
18 48 2
d? b ArcSinh }
ld3 (1+c2x2)2(a+bAr‘cSinh[cx])2+1d3 (1+c2x2)3<a+bAr‘cSinh[cx})2+ (a+ r‘cbln [cx]) .
4 6 3

. . 1 .
d*> (a+bArcSinh[cx] )2 Log[1 - e 2Aresinhiex] ] _p d® (a+bArcSinh[cx]) Polylog[2, e 2Aresinhicx]] _ = b2 ¢3 polyLog |3, e 2Aresinnicx] |
2

Result (type 4, 426 leaves):

1
—d3 (1441'Lb27r3+5184a2c2x2+2592a2c4x4+576a2c5x6—3600abcxd1+c2x2 ~1056abc3x3\/1+c?x? -192abc®x®/1+c?2x? +
3456

3600 a b ArcSinh[c x] + 10368 ab c? x> ArcSinh[c x] + 5184 ab c* x* ArcSinh[c x] + 1152 a b c® x® ArcSinh[c x] + 3456 ab ArcSinh[c x]?% -
1152 b2 ArcSinh[c x]3 + 783 b% Cosh[2 ArcSinh[c x] ] + 1566 b% ArcSinh[c x]2 Cosh[2 ArcSinh[c x] ] + 27 b% Cosh[4 ArcSinh[c x]] +

216 b% ArcSinh[c x]2 Cosh[4 ArcSinh[c x] ] + b? Cosh[6 ArcSinh[c x] ] + 18 b%> ArcSinh[c x]2 Cosh[6 ArcSinh[c x]] +

6912 a b ArcSinh[c x] Log[1 - e 2Aresinhlex] ] 4 3456 b2 ArcSinh[c x]? Log |1 - e2Aresinhlcx] ], 3456 a2 Log[c ] -

3456 a b Polylog[2, e 2Aresinhlcx] ] . 3456 b2 ArcSinh[c x] Polylog[2, e2A"imh(ex] ] _ 1728 b% Polylog[3, e2Aresinhiex | —

1566 b2 ArcSinh[c x] Sinh[2 ArcSinh[c x]] - 108 b2 ArcSinh[c x] Sinh[4 ArcSinh[c x]] - 6 b% ArcSinh[c x] Sinh[6 ArcSinh[c x] ]

Problem 223: Result unnecessarily involves imaginary or complex numbers.

(d+ czdx2)3 (a+bArcSinh[cx] )2
J dx

X3
Optimal (type 4, 354 leaves, 28 steps):
21

1 3
—b*ct AP — b2 xP - —bcdPx+/1+c*x* (a+bArcSinh[cx]) +
32 32 16

b d3 1 2 ,2)\5/2 b ArcSinh
Zbc3d3x(1+c2X2>3/2 (a+bArcSinh[cx]) - e (1+ )7 (a+bAncsinhicx)) _
8 X

i(:2d3 (a+bArcSinh[cx])2+iC2d3 (1+c*x?) (a+bArcSinh[cx])?+ ic2d3 (1+c2x2)2 (a+bArcSinh[cx])? -
32 2 4

d® (1+c? x2)3 (a+bArcSinh[c x])2 c*d® (a+bArcSinh|c x])3
+
2 x? b

+3c*d® (a+bArcSinh[cx])? Log[1 - e 2Aresinhlex) ],

. 3 .
b? c?d® Log[x] -3bc?d® (a+bArcSinh[cx]) Polylog[2, e 2Arsinhlex]] _ = b2 2 d° Polylog|3, e 2Arcsinnlcx]]
2

Result (type 4, 472 leaves):
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1
256

128 a? 256abc1+c?x?
32ib%2c?3 - +384a%c*x?+64a%2ctxt- -336abc®x+/1+c?x?> -32abc®x3+/1+c?x? +336abc?ArcSinh[cx] -
X

x2

256 ab ArcSinh[c x 256 b2 c/1+c2x? ArcSinh[c x
) Lcx] +768abc*x?ArcSinh[c x] +128 ab c® x* ArcSinh[c x] - [cX]
X X

128 b2 ArcSinh[c x]?

+768abc?ArcSinh[cx]? -

- 256 b? c2 ArcSinh[c x]3 + 80 b? c? Cosh[2 ArcSinh[c x] ] + 160 b2 c? ArcSinh[c x]2 Cosh[2 ArcSinh[c x]] +

x2

b? c? Cosh[4 ArcSinh[c x]] +8b? c2 ArcSinh[c x]2 Cosh[4 ArcSinh[c x]] + 1536 ab c? ArcSinh[c x] Log[1 - e 2Aresinhiex] ]
768 b? c® ArcSinh[c x]? Log[1 - e2Aresiniex] ], 768 3% c? Log [x] + 256 b? ¢ Log[c x] - 768 ab c? PolylLog |2, e 2Aresinhlexi
768 b2 c? ArcSinh[c x] Polylog|2, e?Arsinhlcx]] _ 384 h? 2 polyLog|3, e?Aresinhiexl] _

160 b? c? ArcSinh[c x] Sinh[2 ArcSinh[c x]] - 4b% c2 ArcSinh[c x] Sinh[4 ArcSinh[c x] ]

Problem 226: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

JXB (a+bArcSinh[cx])?
dx

d+c2dx?
Optimal (type 4, 199 leaves, 10 steps):
b2x2 bxV1+c2x?* (a+bArcSinh[cx]) (a+bArcSinh[cx])? x2 (a+bArcSinh[cx])? (a+bArcSinh[cx])?

- + + + -
4c2d 2c3d 4c*d 2c%d 3bc*d
(a+bArcSinh[cx])? Log[1+ e2Aresinhicx ] b (a+bArcSinh[cx]) PolylLog[2, —e?Aresinhicx] ] b2 polylog|3, -e2Arcsinnicx] |
- +
ctd c*d 2c*d

Result (type 4, 423 leaves):
1
24 c*d

24 abArcSinh[cx]2-8b2ArcSinh[cx]3 +3b?Cosh[2ArcSinh[cx]] +6b%ArcSinh[c x]%Cosh[2ArcSinh[cx]] -
24 b? ArcSinh[cx]? Log[1+ e 2Arsinhiex] ], 04§ abrLog[1-i e Arimhlcx]] 48 abArcSinh[cx] Log[1 - i e Aresinhlex]] _
24iabrlog[l+1ie resinhiex] _48abArcSinh[cx] Log[1+1ieAiMIcxI] 961 abrLog|1+etresinhiex)]

12a’c?x?-12abcx~/1+c?x? +12abArcSinh[cx] -48 1 abrArcSinh[c x] +24ab c? x? ArcSinh[c x] -

123’ Log[1+c? x?| +24J'1ab7rLog[—Cos[l (m+21iArcsinh[cx])]] —961‘1abﬂLog[Cosh[lAr‘cSinh[cx]]} -
4 2

24iabrlog[Sin[ = (r+21iArcSinh[cx])]] +24 b ArcSinh[c x] Polylog[2, -e 2A"i"(cx] ]+ 48 ab Polylog[2, -1 e Aresimhiex]] 4

AR

48 abPolylLog[2, i e ArimMicxl] 12 b% Polylog|3, -e 2Aresinhicxl] _ 6 p2 ArcSinh[c x] Sinh[2ArcSinh[cx] ]
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Problem 228: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

2

JX (a+bArcsinh[cx]) 5
X

d+c?dx?

Optimal (type 4, 105leaves, 6 steps):
(a+bArcSinh[cx] )3 (a+bArcSinh[cx] )2 Log[1 + e2Arcsinhlcx] |
l 3bc2d ' 2 d '
b (a+bArcSinh[cx]) PolylLog|[2, -e2Arcsinhicx] | p2 polylog|3, - e2Arcsinhicx] |

c2d 2c%d
Result (type 4, 325leaves):
1
6c2d
6iabrlog[l-iereinmlexl] 12abArcSinh[cx] Log[1-ie riMlexl] 64 abrlog|l+ieAresinhiex]]

12iabArcSinh[cx] +6abArcSinh[cx]? +2b?ArcSinh[cx]®+ 6 b? ArcSinh[c x]? Log|[1 + e 2Aresinhlex] |

[ =

12 abArcSinh[cx] Log[1+ i e iMIcX]] _24 i abrlog|l+efi™I<x] +3a%log[1+c*x*| -6iabrlog[-Cos[~ (r+2iArcSinh[cx])]]+

IN

241’1abrrLog[Cosh[lAr‘cSinh[c x]]] +6]’1ab7TLog[Sin[l (7+21iArcSinh[cx])]] - 6b?ArcSinh[cx] PolyLog[2, -e 2Aresinhlcx] | _
2 4

12abPolylog[2, -i e resinlcx]] 12 abPolylog|[2, i e esinhlcxl] _3p2 polylog[3, - e 2Aresinnicx] |

Problem 229: Result more than twice size of optimal antiderivative.

(a+bArcSinh[cx])?
J dx

d+c?dx?
Optimal (type 4, 138 leaves, 8steps):

2 (a+bArcsinh[cx]) 2 ArcTan [@Aresinhlex] ] 2§ b (a+bArcsinh[cx]) Polylog [2, -1 eArcsinhlex] ]

+

cd cd
2ib (a+bArcSinh[cx]) PolyLog|2, i efresinhlex]] 2 j b2 Polylog|3, - i eAresinhicx]| 2 j b2 Polylog|3, i eAresinhicx] ]
. -
cd cd cd

Result (type 4, 309 leaves):
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1 .
— |-abrArcSinh[cx] +a?ArcTan[cx] -abLog[1 - i e Aresinhlex]] _
cd

2iabArcSinh[cx] Log[1- i e Arsimhlex]] _j b2 ArcSinh[c x]? Log[1 - 1 e ArsiMiexl ] _ g Log|1+i e Aresinhlex]]

2iabArcSinh[cx] Log[1+i e resimhicex]] 4 b2 ArcSinh[c x]2 Log |1 + i e Aresinhiex] | +ab7TLOg[7COS[1 (m+2iArcSinh[cx])]] +
4
ab7rLog[Sin[l (m+2iArcSinh[cx])]|]-2ib (a+bArcSinh[cx]) PolyLog[2, —i e Aresinhlex]] .
4

2ib (a+bArcSinh[cx]) PolylLog|[2, i e A"*iM(exI] _2 j b2 polylog |3, - i e A"*iMicx] 1 2 j b2 Polylog|3, i e Aresinnicx]]

Problem 230: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

(a+bArcsinh[cx] )2
J dx

X (d+c2dx2)

Optimal (type 4, 116 leaves, 9steps):

2 (a+bArcSinh[cx])?ArcTanh[e2Arsinhicx] | b (a+bArcSinh[cx]) Polylog[2, - e2Arcsinhicx] |
- +

d d
b (a+bArcSinh[cx]) PolylLog|[2, e?Aresinhicx] | b2 polylog|3, -e2Aresinhicx] | p2 polylog |3, e2Arcsinhicx] |
N _
d 2d 2d

Result (type 4, 424 leaves):

1 .
—— |ib?n®-48 i abArcSinh[cx] - 16 b2 ArcSinh[c x]? + 48 ab ArcSinh[c x] Log[1 - e 2Aresinhlex) | _
24d

24 b? ArcSinh[c x]? Log |1+ e 2ATiniex ] 4 24§ abrLog[1- i e A"iMicx| _48 ab ArcSinh[c x] Log[1 - i e Aresinhiexl]
24iabrlog[l+1ie reimhiex)] _48abArcSinh[cx] Log[1+1ieAsiMIcxI] 961 abrLog|1+efresinhiex)]

24 b? ArcSinh[c x]? Log[1 - e?Aresinhlexl] 4 24 3% Log[c x] - 12a Log |1 + ¢ x?| +2411abrrLog[—cOs,[l (m+2iArcSinh[cx])]] -
4

1 1 .

96 i abLog|[Cosh|[ ~ArcSinh[cx]|] -241iabrLlog[Sin[= (r+21iArcSinh[cx])]] +24b?ArcSinh[cx] Polylog[2, —e 2Aresinhicxl ]
2 4

24 abPolylog [2, @ 2Arcsinhlcx] ] +48 abPolylog [2, ~ j @ Arcsinh[cx] ] +48 abPolylog [2, i @ Arcsinh(cx] } +

24 b? ArcSinh[c x] Polylog[2, e?Aresimhiexl] 4 12 b2 Polylog |3, -e 2Aresinhlcx]] _ 12 b2 polylog|3, e?Aresinhicx] |

Problem 231: Result more than twice size of optimal antiderivative.

2

(a+bArcsinh[cx])
J dx

x2 <d+c2dx2>
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Optimal (type 4, 204 leaves, 15 steps):

(a+bArcSinh[cx] )2 2c (a+bArcSinh[cx] )ZArcTan[eA”CSi”h[”]] 4bc (a+bArcSinh[cx]) ArcTanh |eAresinhicx] |

dx d d
2b% cPolylog|[2, —erresinhicx] | 24 bc (a+bArcSinh[cx]) Polylog[2, —i efresinhiex] ] 2§ bc (a+bArcSinh[cx]) PolyLog|2, i eAresinhicx]]
+ - +
d d
2b% c Polylog|2, efresinhicxl ] 2§ b2 c Polylog|3, —i efresinhiex] | 2 b2 c Polylog|3, i eAresinhicx] ]
- +
d d d

Result (type 4, 493 leaves):

1 .
-—— |a®+2abArcSinh[cx] -abcxArcSinh[cx] +b?ArcSinh[cx]?+a? c xArcTan[c x] - 2b? ¢ x ArcSinh[c x] Log[1 - e Aresinhlex] ] _
dx

abcrxlog[l-ieAsiniexi] 24 abcxArcSinh[cx] Log[1 -1 e Arsinhiex]] _j b2 ¢ x ArcSinh[c x]? Log[1 - i e Aresinhicx]
abcrxlog[l+ie A siiexI] 424 abcxArcSinh[cx] Log[1+ i e Arsinhiex]] i b2 ¢ x ArcSinh[cx]? Log[1 + i e Aresinhlex] ]

2b? c xArcSinh[c x] Log |1+ e Aresinhiex]] _2abcxloglcx] +2abexlog[l++/1+c2x? | +abCerLog[—Cos[l (m+21iArcsinh[cx])]] +
4

abcrxLlog[Sin[~ (n+2iArcSinh[cx])]] -2b?cxPolyLog|[2, -~e A imMicxI] 2 i bcx (a+bArcSinh[cx]) PolyLog[2, -i e Aresinhiexl]

1
4
2iabcxPolylog|2, i e ArsiMiex)] 4 24 b2 ¢ x ArcSinh[c x] Polylog|2, i e Aresinhlexl]

2b? cx PolyLog[2, e A"imhicxl] _ 2 j b2 ¢ x PolylLog[3, - i e AresiMicx]] ;2 j b2 ¢ x Polylog|3, i e Aresinhicx]]

Problem 232: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

(a+bArcSinh[cx])?
J dx

x3 <d+c2dx2>

Optimal (type 4, 194 leaves, 12 steps):
bcv1+c?x? (a+bArcSinh[cx]) (a+bArcSinh[cx] )2

- - +

dx 2d x?
2c? (a+bArcSinh[cx] >2 ArcTanh[e2Aresinhiex] | p2 2 og[x] bc? (a+bArcSinh[cx]) Polylog[2, -e?Arcsinhicx] |
d ' d : d
bc? (a+bArcSinh[cx]) Polylog|2, e2Arcsinhiex] | p2 c2 polylog|3, —e2Arcsiniicx] ] b2 2 polylog |3, e?Arcsinhicx] |

- +

d 2d 2d

Result (type 4, 523 leaves):
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2ab (cxx/1+c2x2 +ArcSinh[cx])

2

1 a’ - 2 : 2 ; 2
— |-—+41iabctArcSinh[cx] +2abc®ArcSinh[cx]* -

2d x2 X

2abc?ArcSinh[cx] (ArcSinh[cx] +2Log[1- e 2AsimicxI]) 4 abc? (-21im+4ArcSinh[cx]) Log[1 - i e Aresinhlex]]

abc? (2i+4ArcSinh[cx]) Log[1+1i e resimiexi] _gjabc?rlog|l+efrsimicx] _2a%c?Log(x] +

a’c?Log[1+c? x?] —Zjabcanog[fCos[l (m+2iArcSinh[cx])]] +8]‘LabczﬁLog[Cosh[lAr‘cSinh[cx}H +
4 2
+—ArcSinh[c x]

2iabc?rlog[Sin|~ (n+2iArcSinh[cx])]] +2abc®Polylog|[2, e 2Aimhicx]] _4abc?Polylog|2, -ie | -

FNQRPN

i /1+c?x? ArcSinh[cx] ArcSinh[cx]? 2 . 3
- - - + — ArcSinh[c x]~° +
24 cX 2c?x? 3

4abc?Polylog|2, i eAresiniexi] o p2 2

ArcSinh[cx]? Log |1 + e 2Aresinniex] ] _ApcSinh[c x]? Log[1 - e2Areinhiex]] o | og[c x] - ArcSinh[c x] PolylLog[2, -e 2Aresinhlex] ] _

. 1 X 1 .
ArcSinh[c x] PolylLog|2, e?Aresinhlcxl] _ = polylog|3, -e 2Arsinhlcx] ;. = polylog|3, e2Arcsinhicx]]
2 2

Problem 233: Result more than twice size of optimal antiderivative.

dx

J (a+bArcsinh[cx] )2

x* (d+c?dx?)

Optimal (type 4, 297 leaves, 24 steps):

b2c2 bcV1+c?x? (a+bArcSinh[cx]) <a+bAr‘cSinh[cx]>2 c? (aerAr‘cSinh[cx])2

- - + +
3dx 3dx? 3dx3 dx
2¢® (a+bArcSinh[cx])?ArcTan[efresinhicx] ] 14bc? (a+bArcSinh[cx]) ArcTanh[efresinhicx] ] 7 p2 c3 PolyLog|2, - efresinhicx |
d ' 3d ' 3d )
2ibc? (a+bArcSinh[cx]) Polylog[2, —i eAresinhicx]] 24 bc? (a+bArcSinh[cx]) Polylog[2, i efresinhicx] ]
d : d )
7b2 c3 PolyLog[2, eAresinhicx] | 24 b2 ¢ Polylog[3, - i efresinhicx]] 24 b2 c3 polyLog|[3, i eAresinhicx] ]
3d ' d ) d

Result (type 4, 735leaves):
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a? a’c?  a?c3ArcTan[cx]
- + + +
3dx3 d x d
1 cV1+c?x?  ArcSinh[cx 1 1 ArcSinh[c x
—2ab |- ’ - [ ]—7c3Log[x}+7c3Log[1+x/1+c2x2]—cz[—#Jrcmg[x]—cLog[1+x/1+c2x2] +
d 6 x? 3x3 6 6 X
1 . .
—1ic3 [3 i sArcSinh[cx] +ArcSinh[cx]?+ (217 +4ArcSinh[cx]) Log[1+i e Areimhiex]] 44 5 Log |1 +efresimhiex) |
4
- 1 - . - 1 : . _ArcSinh
2iLlog[-Cos|[~ (m+2iArcSinh[cx])]|]| +4iLog[Cosh[=ArcSinh[cx] || -4Polylog[2, -i e Aresin [“‘]]] -
4 2
1 . .
—1ic3 [J‘l nArcSinh[cx] +ArcSinh[cx]?+ (-2 i +4ArcSinh[cx]) Log[1- i e ArsiMIcxI] _ 4 jLog[1 + eAresinlex]]
4
1 .
41 Log[Cosh[ = ArcSinh[cx] || +2imLog[Sin|~ (n+2iArcSinh[cx])]] -4PolyLog[2, i e Aresinhicx]] )] +
2 4
1 2 3 1 . . 2 1 . . 1 . 2
——b?c? | -4 Coth| = ArcSinh[c x] | + 14 ArcSinh[c x]? Coth| = ArcSinh[c x] ] - 2ArcSinh[cx] Csch| = ArcSinh[cx] ] -
24 d 2 2 2
1 1 . .
= cxArcSinh[cx]?Csch| = ArcSinh[c x] ]4 - 56 ArcSinh[c x] Log[1 - e A"siMM(ex]] _ 24§ ArcSinh[c x]? Log[1 - i e Arsinhlcx] ]
2 2
24 i ArcSinh[cx]? Log[1 +i e Aresinhlcx]] ;56 ArcSinh[c x] Log[1 + e Aresiniex] | _ 56 polylog|2, - e Arcsinhicx]
48 i ArcSinh[c x] Polylog[2, -i e #resinhlcx] ], 48 i ArcSinh[c x] PolyLog |2, i e A sinh(ex]] , 56 polylog[2, e Aresinhicx] ] _
. . 1
48 i PolylLog[3, -1 e Arinhlex]] , 48 j Polylog|[3, i e A"iMMicx]] _ 2 ApcSinh[c x] Sech| = ArcSinh[c x] }2 -
2
8 ArcSinh[c x]2 Sinh[ % ArcSinh([c x]}4 1 1
2 +4Tanh[f ArcSinh[c x] ] - 14 ArcSinh[c x]? Tanh[f ArcSinh[c x] ]
3 x3 2 2
Problem 235: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.
x? (a+bArcSinh|[c x})z
J dx
(d+c2dx2)2
Optimal (type 4, 213 leaves, 10 steps):
bx (a+bArcSinh[cx]) (a+bArcSinh[cx] )2 x? (a+bArcSinh[cx] )2 (a+bArcSinh[cx] )3
- + - - +
V122 2c*d? 2c2d? (1+c2x?) 3bc*d?
(a+bArcSinh[cx])? Log[1+e2Aresinhicx] | b2 log[1+c2x?] b (a+bArcSinh[cx]) Polylog|2, —e?Aresinhicx]] b2 polylog[3, -e2Arcsinhicx] ]
+ + -
c*d? 2c4d? c* d? 2c4d?

Result (type 4, 430leaves):
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1 a2 ab (\/1+c2x2 —JiAr'cSinh[cx]) ab (\/1+c2x2 +JiAr'cSinh[cx}>

_ . +41abrArcSinh[cx] +
2c¢4d? |1+c?x? i+cx —i+cx

2abArcSinh[cx]?+ab (-21i+4ArcSinh[cx]) Log[1-i e iMexI] 4 ab (2 1+4ArcSinh[cx]) Log[1+ i e Aresinhiex) ] _

8iabLlog[l+efresinmhicx] a2 og[1+c?x?] —21'1ab7rLog[—Cos[l (m+2iArcSinh[cx])]] +
4

SiabﬂLog{Cosh[lAr‘cSinh[c x]|]+2iabrlog[sin[~ (m+2iArcSinh[cx])]|]|-4abPolylog|2, -ieAmsinnlcx]] _
2

ENIS

¢ xArcSinh[cx] ArcSinh[cx]? 1 . 3
+ + — ArcSinh[c x]” +

NE 2+2c%x? 3

4abPolylog|2, i e resinlexl] , op2 |-

. 1 . 1 .
ArcSinh[cx]? Log[1+ e 2Aresinhlex)] o = og[1+ c?x?| - ArcSinh[c x] Polylog[2, - e 2Arsinhlex]| _ = polylog|3, - e 2Arcsinhlcx] ]
2 2

Problem 236: Result more than twice size of optimal antiderivative.

sz (a+bArcsinh[cx])?
dx

(d+c2dx?)?

Optimal (type 4, 213 leaves, 11 steps):

b (a+bArcSinh[cx]) x (a+bArcSinh[cx])? (a+bArcSinh[cx])?ArcTan[eAresinhicx] ]

- - + +
Sd2Vi:2 2 2c2d? (1+c?x?) c3 d?
b2 ArcTan[cx] ib (a+bArcSinh[cx]) Polylog|2, - i eAresinhicx] ]
c3d? : c3d? :
ib (a+bArcSinh[cx]) PolyLog|2, i efresinhicxl ] j b2 Polylog[3, - i eAresinhlcx]]  j b2 Polylog|3, i eAresinhicx |
c3d? i c3d? ) c3d?

Result (type 4, 478 leaves):
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1 aZcx iabyV1l+c2x? iab+1+c?x?
+ +

abArcSinh[cx] abArcSinh[cx]

- +abstArcSinh[c x] + + +
2c3d? |1+c?x? i-cx i+cx —i+cx i+cx
2 b? ArcSinh[c x b2 ¢ x ArcSinh[c x]? 1 )
[cx] + [cx] -a?ArcTan[cx] -4 b?ArcTan[Tanh|[ = ArcSinh[cx] || +abrLog[l - i e Aresinhiexl]
NEEE Y 1+ c?x? 2

2iabArcSinh[cx] Log[1- i e A"simhlex] o j b2 ArcSinh[cx]? Log[1 - i e ANl ] 4 abrLog|1 + i e Aresinhlex]] _

. . 1
2iabArcSinh[cx] Log[1+i e AsinMlcxl] _j b2 ArcSinh[cx]? Log[1+ i e AresimMIex] _ g Log[-Cos |~ (n+2iArcSinh[cx])]] -
4

ablog[Sin[~ (m+2iArcSinh[cx]) || +2ib (a+bArcSinh[cx]) Polylog|2, —i e Aresinhiexl] _

I

2ib (a+bArcSinh[cx]) PolyLog|2, i e "iM(exI] 12 j b2 Polylog|[3, -i e A siMicxI] _ 2} b2 polylog|3, i e Aresinhicx] ]

Problem 238: Result more than twice size of optimal antiderivative.

2

J(a +bArcSinh[cx])
(d +c2d X2>2

dx

Optimal (type 4, 210leaves, 11 steps):
b (a+bArcSinh[cx]) x (a+bArcSinh[cx])® (a+bArcSinh[cx])?ArcTan|eAresinhicx] ]

cd?vV/1+c2x2 2d? (1+c2x?) c d?

b2ArcTan[cx] 1ib (a+bArcSinh[cx]) PolyLog [2, -1 eAresinhlex] ]

+
c d? c d?
ib (a+bArcSinh[cx]) PolylLog (2, i eAresinhiex] ] j b2 Polylog|3, - i eAresinhiex] ] j b2 Polylog|3, i efresinhicx] |
+ _
cd? cd? cd?

Result (type 4, 472 leaves):
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1 a?x a? ArcTan[c x]
— + +
2d? |1+c?x? C
1 iv1i+ce2x?  1V1+c?2x? ArcSinh[cx] ArcSinh[cx )
~ab + - mArcSinh[c x] + [cx] + [cx] -mlog[l-1ieArsinhicxl] _ 2§ ArcSinh[c x]
C i-cX 1+cCX -1+cCcX 1+cCX
. . . 1
Log[1- i e resimiex)] _rlog[1+ i e iMcx] 424 ArcSinh[cx] Log[1+ i e siMiexI] 4 rlog[-Cos|[~ (m+21iArcSinh[cx])]]+
4
1 . .
mlog[sin[~ (m+2iArcSinh[cx]) || -21Polylog|2, —i e A *iM(exI] 12 j Polylog[2, i e Aresinhlcx]] ] +
4
1 ArcSinh[c x c xArcSinh[cx]? 1 1 )
= 2b? lexy | lexj” 1 i |-41iArcTan|[Tanh| = ArcSinh[cx] || + ArcSinh[cx]? Log[1 - i e Aresinhlex]] _
c NEEE Y 2+2c2x? 2 2

ArcSinh[cx]?Log[1+ie A iMMicxI] 4 2 ArcSinh[c x] Polylog|2, - i e Aresinhlcx] ] _

2 ArcSinh[c x] Polylog|2, i e A"imiexl] 4 2 polylog(3, - i e A"iMicxI] _ 2 polylog[3, i e Aresinhicx]| ] J ]

Problem 239: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

(a+bArcsinh[cx] )2
J dx

X (d+c2dx2)2

Optimal (type 4, 193 leaves, 12 steps):
bcx (a+bArcSinh[cx]) (aerAr‘cSinh[cx])2

— + —

21 2x2 2d? (1+c2x?)
2 (a+bArcSinh[cx])?ArcTanh[e2Aresinhicx] ] p2 1og[1+c2x?] b (a+bArcSinh[cx]) Polylog[2, -e2ArcSinhicx] ]
o : 2 d2 ) o :
b (a+bArcSinh[cx]) PolylLog|2, e*Arcsinhicx] ] X b2 Polylog|3, -e2Arcsinhicx]] ) b? PolylLog|3, e2Arcsinhicx] ]
d? 2 d? 2 d?

Result (type 4, 536 leaves):
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1 a2 ab (\/1+c2x2 - i ArcSinh[c x]) ab (\/1+c2x2 +1 ArcSinh[c x])
-— |- + + +41iabmArcSinh[cx] +2abArcSinh[cx]? -
2d2 | 1+c?2x? i+cx -i+cx

2abArcSinh[cx] (ArcSinh[cx] +2Log[1- e 2ArsinlcxI]) 4w 2ab (i r+2ArcSinh[cx]) Log[1 - i e Aresinhiex)]
ab (2im+4ArcSinh[cx]) Log[1+1ie riMcxI] _8jabrlog[l+eriMicxl] _2a%Log[cx] +a’log[1l+c®x?] -
. 1 . . . 1 . . .l . .
2iabrlog|[-Cos|~ (7r+211Ar‘c51nh[cx])H +81iabsLog[Cosh| = ArcSinh[cx]]|] +2iabLog[Sin|~ (7r+21Ar‘c51nh[cx])H +
4 2 4
2abPolylLog[2, e 2Aresinhiex]] _43ppolylog[2, -1 e A"®iMicxI] _4abPolylog[2, i e Aresinhlicx] ]
i 3
2b? - - = ArcSinh[cx]® - ArcSinh[cx]?Log[1+e

24 Vit 2+2c2x? 3

. 1 .
ArcSinh[c x]? Log[1 - e?Aresimhlex] ] = | og[1+c?x?| + ArcSinh[c x] PolylLog[2, —e 2Aresinhlex] |
2

¢ xArcSinh[c x] . ArcSinh[c x]? 2 Arcsinh[cx] ] .

ArcSinh[c x] PolyLog [2, @2Arcsinh[cx] ]

{3’ _ @2Arcsinh[cx] ] [3’ @2 Arcsinh[cx] }

1 1
+ — PolyLog - —Polylog
2 2

Problem 240: Result more than twice size of optimal antiderivative.

2

(a+bArcsinh[cx])
J dx

x2 (d+c2dx2)2

Optimal (type 4, 287 leaves, 20 steps):

bc (a+bArcSinh[cx]) (a+bArcSinh[c x])2 3c2x (a+bArcSinh[c x})2 3c (a+bArcSinhc x])zAr'cTan{eA'"CSi”h[cx]]
- - - - +

d2 /11 c2 x2 d2x (1+c?x?) 2d? (1+c2x?) d?
b2 cArcTan[cx] 4bc (a+bArcSinh[cx]) ArcTanh [eAresinhlex] ] 2 b2 ¢ Polylog|2, -eAresinhicx] |
a2 ) d? ) a2 :
3ibc (a+bArcSinh[cx]) Polylog|2, -i efresimtiex] ] 3 bc (a+bArcSinh[cx]) PolyLog|2, i eAresinnicx]]
a2 : a2 :
2b2 c Polylog|2, efresinhicxI ] 3§ b2 c Polylog[3, - i eAresinhicx] | 3 b2 c Polylog|3, i eAresinhicx] |
o2 ) o : o2

Result (type 4, 689 leaves):

| 31
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a? a’c?x 3aZcArcTan[c x]
-—- - +

d?x  2d? (1+c?x?) 2d?
1 V1+c?2x? +1ArcSinh[cx ArcSinh[c x i V1+c2x? +ArcSinh[cx
~2abc ’ = [ex] [cx] 1v1+ : [ }+Log[cx]—Log[1+x/1+c2x2]—
d? 4 (-1-icx) cx 4 (i+cx)

3 . .

=1 [3]’17TAr‘cSinh[c x] +ArcSinh[cx]?+ (24 +4ArcSinh[cx]) Log[1+ i e AresinlcxI] _ 4 yrLog[1 + efresinhiex]]

8

- 1 - . - 1 : . _ArcsSinh
2i s Log[-Cos [~ (7+21iArcSinh[c x])” +41iLog[Cosh[ = ArcSinh[cx]|] -4 PolyLog[2, —i e Aresin [“‘]]] +
4 2

3 . .

—1i (J’lnAr‘cSinh[c x] +ArcSinh[cx]?+ (-2i 7+ 4ArcSinh[cx]) Log[1 -1 e Aresimhiex) ] _ 4 Log[1 +efresinhiex] |

8

1 .
41 Log|[Cosh|[ = ArcSinh[cx] || +2imLog[Sin|~ (m+2iArcSinh[cx])|]-4PolyLog[2, i e“"cs”‘h[”]])] +
2 4

1, 2 ArcSinh[cx] ¢ xArcSinh[cx]? 1 . . 5 1 .
——b%c |- - +4 ArcTan[Tanh| = ArcSinh[cx] ]| - ArcSinh[c x]2 Coth| = ArcSinh[cx] | +
22 Vicae 1ectx? 2 ?

4 ArcSinh[cx] Log[1 - e Aresinhicx] ] 4 34 ApcSinh[cx]? Log[1 - i e Aresinmhlex] | _
3i ArcSinh[cx]?Log[1+ i e AesimMiex]] 4 ArcSinh[c x] Log |1+ e Aresinhiex]] 4 4 polylog|2, —e Aresinhiex]]
6 i ArcSinh[c x] PolyLog|2, -i e Arsinlexl] _ 6 j ArcSinh[c x] Polylog|2, i e ArsiMiexl| 4 polylog|2, e Aresinhiex)] 4

. . 1
6 i PolylLog[3, i e Ar*inicx]] _6 j polylog|3, i e A"*iM(eX)] ; ArcSinh[c x]2 Tanh| = ArcSinh[c x] |
2

Problem 241: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

dx

J(a +bArcSinh[c x] )2

x3 (d+c2dx2)2

Optimal (type 4, 253 leaves, 17 steps):

bc (a+bArcSinh[cx]) c? (aerAr‘cSinh[cx})2 (aerAr‘cSinh[cx})2 4 c? (a+bAr‘cSinh[cx])ZAr‘cTanh[e“'”CSi”h[cx]}
- + +

d2xV/1+2x2 d? (1+c?x?) 2d2x? (1+c2x?) d?
b2 c2 Log[x] b*c? Log[1+c2 xz} 2bc? (a+bAr‘cSinh[c x}) PolyLog[Z, erA"CSi“h[CX]]
_ + _
d? 2d? d?
2bc? (a+bArcSinh[cx]) Polylog|2, e?Aresinhiex] ] p2 c2 Polylog|3, —e2Arsinhicxl | b2 2 Polylog|3, e2Arcsinhicx] |
o2 ) o2 : o2

Result (type 4, 649 leaves):
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2 abc? (\/1+c2x2 —JiAr‘cSinh[cx}) abc? (\/1+c2x2 +JiAr‘cSinh[cx])
—_— |-—= + + +81iabc?rArcSinh[cx] +
2d2 | x? 1+c?x? i+cx —i+ecx

2ab(cx 1+c?x? +ArcSinh[cx]) .
-4abc*ArcSinh[cx] (ArcSinh[cx] +2Log[1- e 2Arsinlcx]]) 4

4abc?ArcSinh[cx]?-
XZ

4abc? (-im+2ArcSinh[cx]) Log[1-1ie rsimiexi] 4 4abc? (i+2ArcSinh[cx]) Log|[1+ i e Aresinhiexl] _

161iabc?log|l+etresinlex]] 432 c? Log[x] +2a%c? Log[1+c?x?] 741'1abc27TLog[—Cos[1 (7+21iArcSinh[cx])]] +
4

1
16iabc? ﬂLog[Cosh[ ArcSinh[c ]H+41'Labc27rLog[Sin[f(JT+211Ar‘cSinh[cx])H+
2 4
4abc?Polylog|2, e 2Arsinhicx]] _gabc?Polylog[2, -i e ”iMicx]| _gabc?Polylog[2, i e Aresinhlex]]
2c xArcSinh[cx] 2+/1+c?x? ArcSinh[cx] ArcSinh[cx]?2 ArcSinh[cx]?
NEpr vl Cx c? x? 1+ c?x?

. cx
4 ArcSinh[cx]? Log[1+e 2Arsinhiex]] 9 | og[ —————| -4 ArcSinh[c x] Polylog|2,

V1 +c?x?

-4 ArcSinh[cx]? Log[1 - e 2Aresinhiex] ]

b2 c?

—2 ArcSinh[c x] ]

4 ArcSinh[c x] PolyLog[2, e 2Aresinh(ex]] _ 3 polylog|3, -e 2Arsinhicx]] . 2 polylog[3, e 2Arcsinhicx]]

Problem 242: Result more than twice size of optimal antiderivative.

(a+bArcSinh[cx] )2
J dx

4 (d+c2dx2)2

Optimal (type 4, 401 leaves, 32 steps):
b2c2 2bc® (a+bArcSinh[cx]) bc (a+bArcSinh[cx]) (a+bArcSinh[cx] )

_ N _ _
3d%x 3d2+/1+c?x? 3d2x2V/1+c?2x? 3d2%% (1+c*x?)

5c? (a+bArcSinh[cx] >2 5c*x (a+bArcSinh[cx] )2 5c3 (a+bArcSinh[c )ZAr'cTan[ hresinhex] |
+

+
3d?x (1+c?x?) 2d? (1+c2x?) d?
b2 c3 ArcTan[cx] 26bc? (a+bArcSinh[cx]) ArcTanh[eAresinhicx]] 132 c3 Polylog|2, - efresinhicx] |
+ +
d? 3d2 3d2
5ibc® (a+bArcSinh[cx]) PolylLog (2, —i eAresinhlex] ] 54 b 3 (a+bArcsinh[cx] ) Polylog [2, i eAresinhicx] ]
+ _

d? d?
13 b2 ¢ Polylog|2, efresinhicxl | 54 h2 c3 polyLog[3, -1 efresinhicx] ] 54 b2 c3 Polylog|3, i eAresinhicx]]
+

3d? d? d?

| 33
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Result (type 4, 897 leaves):

a? 2a%¢? a%ctx 5a2c3ArcTan[c x]
- + + + +
3d2x3  d*x 2d? (1+c?x?) 2 d?
1 cVirczx2 ¢ (\/1+c2x2 +iAr‘cSinh[cx]) ArcSinh[c x] c4(i\/1+c2x2 +ArcSinh[cx])
—2ab |- - - + -
d? 6 x2 4 (-1-icx) 3x3 4 (ic+c?x)
1 1 > 2 , ( ArcSinh[c x] > 2
= Log[x] + —clog[l++/1+c?x? | -2c (—7+cLog[x]—cLog[1+xll+c x2 ]|+
6 6 X
5

~icd [3 i sArcSinh[cx] +ArcSinh[cx]?+ (24 +4ArcSinh[cx]) Log[1+ i e Arsimhiexl] _4 4 rLog|1 +efresinhiex] ] _
8

21‘17rLog[7Cos[1 (m+21iArcSinh[cx])]] +4jnLog[Cosh[1Ar‘cSinh[c x]]|] -4PolyLog[2, -1 e*A“Si”h[“‘]]] -
4 2

5 . .
“icd [J’l mArcSinh[cx] +ArcSinh[cx]?+ (-2 i m+4ArcSinh[cx]) Log[1- i e AiMlcx]] _ 44 log[1+erresinlex]]

8
) 1 . . " . . . -ArcSinh
41 Log[Cosh[ = ArcSinh[cx]|] +2imLog[Sin|[~ (n+2iArcSinh[cx])]|] -4Polylog|2, i e " <sin [”]]) +
2 4
1 , 5 |24ArcSinh[cx] 12cxArcSinh[cx]? 1 . 1 .
b“ c + —48ArcTan[Tanh[fArc51nh[c X] H —4Coth[7Ar‘c51nh[c x}] +
24 d2 NEREY 1+c2x? 2 2

1 1 1 1
26 ArcSinh[c x]2 Coth[fAr‘cSinh [cX] ] -2 ArcSinh[c x] Csch[fAr‘cSinh [cX] ]2 - —cxArcSinh[cx]? Csch[fAr‘cSinh [cX] ]4 -
2 2 2 2

104 ArcSinh[c x] Log[1 - e Aresiniexl] _ 6@ i ArcSinh[c x]? Log[1 - i e Aresinhiex]]
60 i ArcSinh[cx]? Log |1+ i e A"*iM(ex] ], 104 ArcSinh[c x] Log[1 + e Aresinhicx]] _ 104 Polylog |2, —e Aresinnlex] | _
120 i ArcSinh[c x] Polylog[2, -i e r<sinhlcxI ], 120 i ArcSinh[c x] Polylog[2, i e A"sinlcx]] , 104 PolylLog[2, e Aresinhlcx] ] _

: : 1 2
120 i PolyLog[3, - i e A"inhlexI] 1 120 j Polylog|3, i e A"siMlexI] _ 2 ArcSinh[c x] Sech| = ArcSinh[cx]|" -
2

8 ArcSinh[c x]2Sinh| % ArcSinh[c x] }4

1 1
s +4Tanh[7Ar'cSinh[c x]] - 26 ArcSinh[c x}zTanh[fAr'cSinh[c x]]
c’x 2 2

Problem 248: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

(a+bArcSinh[cx] )2
J dx

X (d+c2dx2)3

Optimal (type 4, 275leaves, 17 steps):
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b2 bcx (a+bArcSinh[cx]) 4bcx (a+bArcSinh[cx]) (aerAr‘cSinh[cx])2 (aerAr‘cSinh[cx])2
_ _ _ + + _
123 (1+c2x?) 6d3 (1+c2x?)>? 3d3/1+ 2 x2 43 (1+c2x2)? 23 (1+¢2%?)
2 (a+bArcSinh[cx] )ZAr'cTanh [e2Aresinhicx] ] 2p2 Log[1+c2x?] b (a+bArcSinh[cx]) PolyLog[2, —e2Arcsinhicx] ]
+ - +
d? 3d3 d3

b (a+bArcSinh[cx]) PolylLog|[2, e?Aresinhiex] | b2 polylog|3, —e?Aresimhiex] ] ph2 polylog |3, e?Arcsinhicx] |
N _
d? 2d3 2d3
Result (type 4, 752 leaves):
a? a? a?loglcx] a’log[1l+c?x?]

4d? (1+c2x2)2+2d3 (1+c?x?) ’ d? 24

+

1 51 (\/1+c2x2 +11Ar‘cSinh[cx]) 51 (J’l\/1+c2x2 +Ar‘cSinh[cx]) (-2i+cx) V1+c2x2 +3ArcSinh[cx]
—2ab - -
d3 16 (-1-1icx) : 16 (i +cx) 48 (,j+cx)2

(2i+cx) V1+c2x? +3ArcSinh[cx] 1

+

(Arcsinh[cx] (ArcSinh[cx] +2Log[1- e 2Arsinniexl]) _polylog[2, e 2Aresinhiex]])

48 (i+cx)? 2
1 . .
- (—BjnAr‘cSinh[c x] - ArcSinh[cx]? - (24 +4ArcSinh[cx]) Log[1+ i e AsiMIcxI] 4 44 st Log[1 + efresinhiex]] 4
4
21l C 1 2 1 ArcSinh 41i7L Cosh lA Sinh 4 PolyL 2 . -ArcSinh[cx]
irmlog|- 05[4(7“ i ArcSin [cx])H— i og[os[2 rcSinh[cx] || +4PolyLog[2, -ie ]|+
1 3 .
- (—]l]TAI"CSiﬂh[C x] - ArcSinh[cx]? - (-2i 7+ 4ArcSinh[cx]) Log[1 -1 e Arsimiexl] . 44 rLog |1 +efresinhiex]] —
4
i 1 i i inl L i i . ~ArcSinh
417rLog[Cosh[fAr‘c51nh[cx]H 72117T|_Og[51n[* (n+21Ar‘c51nh[cx])H +4PolyLog[2, i @ Aresin [CX]]) n
2 4
N 2 4 c x ArcSinh[cx] 32cxArcSinh[cx] 6ArcSinh[cx]? 12ArcSinh[c x]? . 3
b |17 - - - + + - 16 ArcSinh[c x]® -
24 d3 1+c2x? (1+c2x?)%? Vitc2x? (1+c2x?)? 1+c2x?

24 ArcSinh[cx]? Log |1 + e 2Aresinhlex] ] 4 24 ArcSinh[c x]2 Log[1 - @2Aresiniex]] 4 32 Log[+/1+c2x? | + 24 ArcSinh[c ]

PolyLog[2, —e 2Aresinhlcx] ], 24 ArcSinh[c x] PolyLog[2, e?Aresinhlcx]] 12 Polylog |3, -e 2Aresinhicx] _ 12 polylog[3, e2Aresinhicx] ]

Problem 249: Result more than twice size of optimal antiderivative.

(a+bArcSinh[cx] )2
J dx

x2 (d+c2dx2)3
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Optimal (type 4, 389 leaves, 27 steps):

b2 c2 x bc (a+bArcSinh[cx]) 7bc (a+bArcSinh[cx]) (a+bAr*c:Sinh[cx])2
26 (1ecx) e (1:x)??  a@Tiax  Ex(1eae)?
5c2x (a+bArcSinh[cx])® 15c2x (a+bArcSinh[cx])? 15c (a+bArcSinh[cx])?®ArcTan[eAresinhicx]]
443 (1+c2x2)2 ) 8d° (1+c?x?) . 4 d3 N
11b2cArcTan[cx] 4bc (a+bArcsinh[cx]) ArcTanh [eAresinhicx] | ) 2b2 c Polylog|2, -ehresinhicx] ] .
6 d3 d3 d3
15ibc (a+bArcSinh[cx]) Polylog[2, - i eArsinhicx]] 154 bc (a+bArcSinh[cx]) Polylog|2, i eAresinhicx]]
4d3 ) 493 '
2b2 c Polylog|2, efresinhicx] | 15 j b2 c Polylog[3, - i efresinhicx] | 15 i b2 ¢ Polylog|3, i eAresinhicx] ]
o3 ) 4d? ' 443

Result (type 4, 856 leaves):
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a? a?c?x 7 a2 c?x 15 a? c ArcTan[c x]
-— - - +

d*x 443 (1+c2x2>2 8d3 (1+c2x2) 8d3

1 ] 7 (\/1+c2 x? + 1 ArcSinh[c x]) ArcSinh[cx] 7 (Ji V1+c2x? +ArcSinh(c x})
—2abc - - +
d3 16 (-1-1icXx) cx 16 (i +cx)

i ((—21‘1+cx) V1+c?x? +3Ar‘cSinh[cx}) i ((21‘1+cx) V1+c?x? +3Ar‘cSinh[cx})
+Lloglcx] -Log[l++/1+c2x? | -

48(—1’1+cx)2 48 (Ji+cx)2
15 . .
=i (BinAr‘cSinh[c x] +ArcSinh[cx]?+ (2im+4ArcSinh[cx]) Log[1+1 e ArsiMiexl] _ 4 ;rLog[1 +efresinlex] ] _
32

+ —ArcSinh[c x]

1
2irlog[-Cos|[ =~ (m+2iArcSinh[cx])]|]|+4imLog[Cosh[=ArcSinh[cx]|]|-4Polylog[2, -ie ]] +
2

FNQN

15 . .
=i (J’L nArcSinh[cx] +ArcSinh[cx]?+ (-2 i+ 4ArcSinh[cx]) Log[1- i e A iMMIcxI] _ 4 yrLog[1+ erresimlicx]] 4

32

41 Log[Cosh[l ArcSinh[cx]|] +21iLog[Sin[~ (;+21iArcSinh[cx])]] -4PolylLog|2, i eAresinnicx] ]) +

2

IS

- - + 88 ArcTan | Tanh | 1 ArcSinh[cx]]] -
1+c2x? (1+c2x2)%? Vive2x? (1+c2x?)? 1+c2x? 2

1 . .
12 ArcSinh[c x]? Coth[ = ArcSinh[c x] | + 48 ArcSinh[c x] Log[1 - e Aresinhicx] ] 4 45 4 ArcSinh[c x]2 Log[1 - i e Aresinhiex) |
2

1, ( 2cX 4 ArcSinh[cx] 42ArcSinh[cx] 6cxArcSinh[cx]?2 21cxArcSinh[cx]?
C — —
24 d3

45 i ArcSinh[c x]? Log[1 + i e Aresinhiex] | _ 48 ArcSinh[c x] Log[1 + e Aresinhlex] ], 48 polylog|2, —e Aresinhlex]]
90 i ArcSinh[c x] Polylog[2, -i e #"imhlcx]] _ 99 j ArcSinh[c x] PolyLog |2, i e A"sin(ex)] 48 polylog[2, e Aresinhicx]]

. . 1
90 i Polylog[3, -1 e #siMicxl] 99 i Polylog|3, i eI ] 4 12 ArcSinh[c x]? Tanh| = ArcSinh[c x] |
2

Problem 250: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

dx

J(a +bArcSinh[c x] )2

x3 (d+c2dx2)3

Optimal (type 4, 381 leaves, 23 steps):
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b2 2 bc (a+bArcSinh[cx]) 5bcx (a+bArcSinh[cx]) 4bc?x (a+bArcSinhfcx])
12d (1+c2x2) & x (1+c2x2)?? _ 6d> (1+c?x?)%? ) 3d3V1+c2x2 _
3c? (a+bArcSinh[cx] >2 (a+bArcsinh[cx] )2 3c? (a+bArcSinh[c x])2 6 c? (a+bArcSinh[c x])ZAPcTanh[eZA"CSi“h[CX]]
4d3 (1+c2x2)2 ) 2d3 x2 (1+c2x2)2 ) 2d° (1+c?x?) ’ 43 i
b2 c2Log[x] 7b*c’Log[1+c*x?] 3bc?(a+bArcSinh[cx]) Polylog|2, -e2Arcsinhicx]]
e 6 d* ' & :

3bc? (a+bArcSinh[cx]) Polylog|2, e?Arcsinhiex] ] 3 b2 c2 polylog|3, -e?Aresinhicx] | 3p2 c2 polylog|3, e?Arcsinhicx] ]
- +

d? 2d3 2d3

Result (type 4, 872leaves):
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a2 a2 c2 a2 2 3a2c2log[x] 3a’c?log|l+c?x?]
- - - - + +
2d3x2 443 (1+c2 x2)2 d3 (1+c2 xz) d3 2 d3
1 cz((ZJl—cx) \/1+c2x2—3Ar‘cSinh[cx}) 91 c? (\/1+c2x2+jAr'cSinh[cx])
—2ab |- _ _
d? 48 (-i+cx)? 16 (-1-1icx)

9ic? (1'1 V1+c?x? +Ar‘cSinh[cx}) cxV1+c2x2 +ArcSinh[cx] © ((2]’1+cx) V1+c?x? +3ArcSinh[cx]
_ N _
16 (i c+c?x) 2x? 48 (i+cx)?

c? (ArcSinh[cx] (ArcSinh[cx] +2 Log[1 - e 2Aresinhicx]]) _polylog[2, e 2Aresinlcx]]) 4

A jwN W

c? [3 i ArcSinh[cx] +ArcSinh[cx]?+ (247 +4ArcSinh[cx]) Log[1+ i e Aresinhlex)] _ 4 rog|1 +efresinhiex] | —

1 1 .
ZjﬂLog}Cos[Z (m+2iArcSinh[cx])]] +41’17rLog[Cosh[gAr'cSinh[c x]|| -4PolyLog|2, -1 e"““cs”‘h[cx]]) +
3 . .
=c? {]l mArcSinh[cx] +ArcSinh[cx]?+ (-2 i +4ArcSinh[cx]) Log[1-1i e ArsiMlexI] _ 4 jrlog[1+eAresintlex]]
4
41 5t Log|Cosh lA Sinh 21imLog|si 1 2 i ArcSinh 4 PolylLog(2, i e Arcsinhicx]
i 7 Log[Cos [2 rcSinh[cx]|] +21i 7 Log| 1n[4(7r+ i ArcSin [cx])H— olylLog[2, ie R
1 . .
- b?c? [-3ArcSinh[cx] PolylLog[2, -e 2Aresinhiexl | _ 3 ArcSinh[c x] PolylLog|2, e?Aresinhlex] ]
34,3 2 4 cxArcSinh[cx] 56 cxArcSinh[cx] 24+1+c?x? ArcSinh[cx] 12ArcSinh[cx]? 6ArcSinh[cx]?
— - 1 7T + + + - - - -
2 1ecixt (1.c2x2)¥? vy ¢ x ¢ x? (1+c2x?)

24 ArcSinh[c x]?

-~ +48 ArcSinh[c x]® + 72 ArcSinh[c x]? Log|[1 + e 2Aresinhiex] | _ 72 ApcSinh[c x]? Log[1 - e?Aresinhiex) | 4
1+cox

24 Log[cx] - 56 Log[+/1+c?x? | -36Polylog|3, -e 2Arsinhicx] ], 36 polylog|3, e?Aresinhicx] ] ] J

Problem 251: Result more than twice size of optimal antiderivative.

2

(a+bArcSinh[cx])
J dx

x4 (d+c2dx2)3

Optimal (type 4, 529 leaves, 43 steps):
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b? ¢2 b2 c2 b2 c* x bc3 (a+bArcSinh[cx])

T2dx 6dx (1+c2x?) Y (1+c2x?) 6d> (1+c2x?)%?

bc (a+bArcSinh[cx]) 29bc® (a+bArcSinh[cx]) (a+bArcSinh[c x])2 7c? (a+bArcSinh[cx] )2

+ - +
3d3 x2 <1+c2x2)3/2 12d3+1+c2x? 3d3 x3 (1+c2x2)2 3d3x(1+c2x2)2

2 35¢3 (a+bArcsinh[cx] )2 ArcTan [eAresinnicx] |

35c*x (a+bArcSinh[cx] )2 35c*x (a+bArcSinh[cx])
+

126 (1+c2x2)? 8d* (1+c2x?) ' 4 -
17 b2 c3 ArcTan[c x] 38bc? (a +bArcSinh[c x] ) ArcTanh [eA"CSi“h[C x] ] 19 b2 3 Polylog [2, — gArcsinh[cx] ]
6d3 ' 3 d3 ' 3 d3 .
35ibc3 (a+bArcSinh[cx]) PolylLog|[2, - i efresinhiex) | 354 bc? (a+bArcSinh[cx]) Polylog[2, i efresinhicx] |
4d : 4d .
19 b? c3 Polylog|2, eAresinhicxI ] 354 b2 ¢3 Polylog[3, - i efresinhicx]] 35 b2 c3 polylog|3, i eAresinhicx] ]
3d3 ' 443 ) 443

Result (type 4, 1161 leaves):



a
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2 3 a%c? a?c*x 11a?c*x 35a2 c3 ArcTan[c x]

3d3 dx 4d3(1+c2x2>2+8d3<1+c2x2)+ 8 d3

+ + +

cVircl2 ic ((Zj—cx) V1+c2x? —3Ar‘cSinh[cx1) 11 c3 (\/1+c2x2 +JiAr'cSinh[cx1)

—2ab |- + - -

1

d3

b2 3

6 x2 48<_j1+cx>2 16(—1—Jicx)

ArcSinh|[c x] 11c“(1‘1\/1+c2x2 +Ar‘cSinh[cx]) Ji.C3((2]i+CX>\/1+C2X2 +3Ar‘cSinh[cx])
3 x3 i 16 (i c+c?x) i 48 (i+cx)? i

1 1 ArcSinh[c x
= cLlog[x] + —clog[l++/1+c*x* | -3¢? (—#+cLog[x] -clog[l++/1+c?x? ]
6 6

X

+

3> ic3 (3 iArcSinh[cx] +ArcSinh[cx]?+ (214 7+ 4ArcSinh[cx]) Log[1+ i e AresimMiexl ] _ 44 yrLog[1+efresinniex] ] -
32
2ilog[-Cos[ = (rm+2iArcSinh[cx]) ]| +4in Log[Cosh[lAr'cSinh [cx]]] -4PolyLog|2, i e Arcsinhicx] ]J -
2

AR

35 . .
—ic (jﬂArcSinh[c x] +ArcSinh[cx]?+ (-2i 7+ 4ArcSinh[cx]) Log[1 - i e Aresimhiex)] _ 4 Log[1 +efresinhlex) ],
32

1
41 Log[Cosh[ = ArcSinh[cx] || +21iLog[Sin]

5 (m+21iArcSinh[cx])]] - 4PolylLog|2, i e Aresinhicx) ]) .

ENII

ArcSinh[c x] 11 ArcSinh[c x] cxArcSinh[cx]? -2cx+33cxArcSinh[cx]?
+ + +

6(1+c2x2)>2  4v1.2xE 4(1sc2x)? 24 (1+x)

1 1 1 1
— [—2 Cosh[fAr'cSinh [c x]] +19 ArcSinh[c x]? Cosh[fAr'cSinh[c x]} Csch[fAr‘cSinh[c x]} -
12 2 2 2

1 . 1 . 2 1 . 5 1 . 1 . 2
— ArcSinh[c x] Csch[fAr‘cSmh[c X] ] - — ArcSinh[c x] Coth[fAr‘cSmh[c X] ] Csch[fAr‘cSmh[c x]} +
12 2 24 2 2

38 1 1 . 1 .
—1i (7 ~ i ArcSinh[cx]?- = i ArcSinh[c x] Log[1 + e Aresinhlexl] o = j polylog[2, -e Aresinhicx] ] ) +
3 8 2 2

38 1 . 1 1 .
—1i (— i ArcSinh[cx] Log[1 - e Aresinhiex) ] — =3 |- = ArcSinh[c x]? + PolyLog|2, e Aresinhlcx]] )] -
3 2 2 4

1. - 1 . . 2 . _ArcSinh

— i (—136JlAr‘cTan[Tanh[—Ar‘cslnh[c x] || +105ArcSinh[cx]? Log[1 - i e Aresinhlex]] _

24 2

105 ArcSinh[c x]? Log[1 + 1 e A"imhlcx] ] 4 210 ArcSinh[c x] Polylog |2, - i e Aresinhlexl]

210 ArcSinh[c x] Polylog|2, i e A"*iMexI] ;219 PolyLog|3, - i e A"iMicxI] _ 210 Polylog[3, i e Aresinhicx] ]

1 1
2Sinh[ = ArcSinh[cx] | - 19 ArcSinh[c x]2? Sinh[ = ArcSinh[cx] | | -

1 ] 1 _ 2 1 1 ]
— ArcSinh[cx] Sech| = ArcSinh[cx]|" + — Sech[ = ArcSinh[c x] |
2 2

12 2 12 2

1 , , 1 , 2 1 ,
— ArcSinh[c x]?Sech|[ = ArcSinh[cx]|" Tanh[ = ArcSinh[cx] |
24 2 2

| 41
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Problem 331: Result more than twice size of optimal antiderivative.
ArcSinh[ax]3
—— dx

J c+atcx?
Optimal (type 4, 174 leaves, 10 steps):

2 ArcSinh[ax]3 ArcTan [eAresinhlaxl | 3§ ArcSinh[ax]2Polylog|2, - i eAresinhiax] |

+
ac ac

3 i ArcSinh[ax]2Polylog[2, i efresinhiaxl| 6 j ArcSinh[ax] Polylog[3, - i eArcsinhiax] ]|
ac ' ac -

6 i ArcSinh[ax] PolyLog|3, i efresinhlaxl] 6 j Polylog|4, - i eArsinhiaxl| 6 Polylog|4, i eAresinhiax] |
ac ) ac : ac

Result (type 4, 454 leaves):
1 .
- i |77*+8 17 ArcSinh[ax] +24 7% ArcSinh[ax]? - 321 wArcSinh[ax]? - 16 ArcSinh[ax]%+8 i 7° Log[1 + i e Aresinhlax]]
64ac
48 7> ArcSinh[ax] Log[1+ i e A"iMax1] _ 96 j ;r ArcSinh[ax]? Log |1 + i e A"*iM(@XI] _ 64 ArcSinh[a x]® Log[1 + 1 e Aresinhlaxl]
48 7® ArcSinh[ax] Log[1 - i e"simax] ] 1 96 i ;T ArcSinh[ax]? Log[1 - i e"sihax] _ g j 73 Log[1 + i eAresinhlax]]

. 1 .
64 ArcSinh[ax]® Log[1+ i ef"imM(ax]] 4 8 i 7* Log[Tan [Z (7+2iArcSinh[ax])]] -48 (n-21iArcSinh[ax])?Polylog[2, -i eAresinhiax]]
192 ArcSinh[a x]2 Polylog[2, - i efresimhiaxl] _ 48 12 polylog[2, i e*"i™M(@x1] 4 192 j s ArcSinh[a x] Polylog[2, i eAresinhlax]]
192 i mPolylog[3, -1 e AriM(ax] | , 384 ArcSinh[a x] PolylLog|[3, - i e Aresin(axl | _ 384 ArcSinh[a x] Polylog|3, -i efresinhiax]] _

192 i ;rPolylog|3, i eA"®iMN(axl] , 384 Polylog|4, - i e A"iMn(axl| . 384 Polylog[4, - i eAresinniax] ]|

Problem 348: Result unnecessarily involves imaginary or complex numbers.

ArcSinh[ax]3

J Srete X ax
x2 /1 + a2 x?

Optimal (type 4, 88leaves, 7 steps):

. 3 1+a%2x? ArcSinh[ax]?3
-aArcSinh[ax]” -

+3aArcSinh[ax]?Log[1 - e2Aresinhlaxi]
X

. 3 .
3aArcSinh[ax] PolylLog[2, e?Aresinhlaxl ] _ = 3 polylog[3, e?Arcsinhiax] ]
2

Result (type 4, 97 leaves):
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81 +a?x? ArcSinh[ax]3

axX

1 3 s 3
—a |17 -8ArcSinh[a Xx]

8

+

24 ArcSinh[ax]? Log[1 - e?Aresinh(ax] | 4 24 ArcSinh[a x] Polylog[2, e?Arsinh(ax]] _ 12 polylog[3, e?Aresinhlax]]

Problem 445: Attempted integration timed out after 120 seconds.

X
dx
J(1 +c? x2)3/2 (a+bArcsinh[cx] )2

Optimal (type 9, 27 leaves, 0steps):

X

Unintegrable| » X]
(1+c2x?)>? (a+bArcSinh[cx])?

Result (type 1, 1leaves):

PP

Problem 449: Attempted integration timed out after 120 seconds.
X3

J<1+c2 XZ)S/Z (a+bArcsinh[cx] )2

dx

Optimal (type 9, 29 leaves, 0 steps):

X3

Unintegrable | » X]

(1+c? XZ)S/Z (a+bArcSinh[c x])2
Result (type 1, 1leaves):

e

Problem 451: Attempted integration timed out after 120 seconds.

X

dx
J(1 +c2x?)*? (a+bArcSinh[cx])?

Optimal (type 9, 27 leaves, 0 steps):

X

Unintegrable [ » X]

(1+c? XZ)S/Z (a+bArcSinh[cx] )2
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Result (type 1, 1leaves):

2?7

Problem 453: Attempted integration timed out after 120 seconds.
1

J dx
X (1+c? XZ)S/Z (a+bArcsinh[cx] )2

Optimal (type 9, 29leaves, 0steps):
1

Unintegr‘able[ ) x}
x (1+c2x?)*? (a+bArcSinh[cx])?

Result (type 1, 1leaves):

???

Problem 545: Result more than twice size of optimal antiderivative.

(f-icfx)*? (a+bArcSinh[cx])
j dx

<d+icdx)5/2

Optimal (type 3, 364 leaves, 9 steps):

4]'1b1c“<1+c2x2)5/2 b f4 (1+c2x2)5/2Ar‘cSinh[cx]2 21 fF4 (1—1‘1cx>3<1+c2x2) (a+bArcSinh[cx])
- +
3c(i-cx) (dvicdx)®? (f-icfx)¥? 2c(d+icdx)®? (f-icfx)>? 3c(d+icdx)®? (f-icfx)®?
2i f* (1-1icx) (1+c2x2)2(a+bAr‘cSinh[cx]) £4 (1+c2x2)5/2Ar‘cSinh[cx1 (a+bArcSinh[cx]) 8b-F4(1+c2x2)5/ZLog[j1—cx]
+ +

c(d+jcdx)5/2(f—jcfx>5/2 c(d+1’1cdx)5/2 (-F—Jic-Fx)S/z 3c(d+1’1cdx)5/2 (-F—Jic-Fx)S/2

Result (type 3, 876 leaves):
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\/jd (i +ex) \/ﬂif (i +cx) (73d34(iiﬁa+ix>zf3ds?,a£cx)) . af3/2Log[cdfx+\/?\/?\/jd (-i+cx) \/ﬂif (i+cx) |

c c d°/?

+

( b-F\/ ~id+cdx) \/—]i.(]i.'F+C'FX) \/—d-F(1+c2x2) (Cosh[ ArcSinh|c }]—isinh[lAr‘cSinh[cx]]
2 2

(—J‘L Cosh[zAr‘cSinh[c x] | [Ar‘cSinh [cX] - 2ArcTan [Coth[ ArcSinh[cx] || - i Log[~/1+c?x? |
2 2

+

+

Cosh[lAr‘cSinh[c x] | [4+31‘1Ar‘c$inh[c x] —6JiAr‘cTan[Coth[ ArcSinh[cx]|] +3Log[+/1+c?x? |

2 2
2 [\/ 1+c?x? |ArcSinh[cx] + 2Ar‘cTan[Coth{ ArcSinh[cx] | ] +1i Log[+/1+c?x? }) +
2

Slnh[ ArcSinh[c x] |

2
]
1
Cosh[ ArcSinh[cx] | - i Sinh| N ArcSinh[c x] | )
2

2 (J’l +ArcSinh[c x] + 2Ar‘cTan[Coth[1Ar‘cSinh [ex]]] +iLog[y/1+c2x? ]

2

|/

1 . s 1 .
Cosh|[ = ArcSinh[cx] | + i Sinh[ = ArcSinh[cx] |

[6cd3(j+cx)\/(jd+cdx) (if+cfx) 5 5

(bf\/ ~id+cdx) \/—]'].(Jl'F+C'FX> \/—df(1+c2x2)

+

Cosh[iAr'cSinh [cx]] ( (-14+3 i ArcSinh[cx]) ArcSinh[c x] - 28 Ar‘cTan[Tanh[lAr‘cSinh[c x]|] +14 1 Log[~/1+c?x? |
2 2

Cosh[ ArcSinh[cx] ] [84Ar‘cTan[Tanh[ ArcSinh[cx]]] -1 (8—61’1Ar‘c$inh[c x] +9ArcSinh[cx]? + 42 Log[+/1+c?x? |
2 2

) :

1
2 [4—41’1Ar‘c$inh[c x] +6ArcSinh[cx]? + 56 i ArcTan|Tanh| = ArcSinh[cx] || + 28 Log[\/1+c2 x? | +\/1+c2 x2

2
]Slnh[zAr'cSmh[ ]])J/

(Ar‘csinh [cx] (-141i+3ArcSinh[cx]) + 28 i ArcTan|[Tanh| 1 ArcSinh[cx]|] +14 Log[+/1+c?x? |
2

4
[12cd3 (i+cx) \/7<7I'Ld+CdX> (if+cfx) Cosh[lAr‘cSinh[cx}]+jSinh[1Ar‘cSinh[cx]]) J
2 2

Problem 551: Result more than twice size of optimal antiderivative.

(-F—Jic-Fx)S/2 (a+bArcSinh[cx])
J dx

(d+1‘1cdx)5/2

Optimal (type 3, 472 leaves, 10 steps):
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ibfox (1+c2x2)%? 8ibf5 (1+c2x2)°? 5bf° (1+c2x?)>?ArcSinh[cx]?

+ - +
(d+]’1cdx)5/2(f—jcfx)5/2 3c(1‘1—cx) (d+1‘1cdx)5/2(f—jcfx)5/2 2c(d+jcdx)5/2(f—jcfx>5/2

2

21 f° (1—]1cx>4 (1+c?x?) (a+bArcSinh[cx]) 101 f° (1—1’1cx)2 (1+c?x?)° (a+bArcSinh[cx])

3c(d+icdx)®? (f-icfx)*? 3c(d+icdx)®? (f-icfx)®?
5if° (1+c? x2)3 (a+bArcSinh[cx]) 5f° (1+c? XZ)S/ZAr‘cSinh[c x] (a+bArcSinh[cx]) 28bf° (1+c? XZ)S/Z Log[1i - C X]
+ +

c(d+1’1cdx)5/2 (-F—J'Lc-Fx)S/2 c(d+icdx)5/2(f—jcfx)5/2 3c<d+1’1cdx)5/2 (-F—Jic-Fx)S/z

Result (type 3, 1412leaves):

\/jd(—i+cx) \/’jf(j“:X) (*jzsfz*3d38izix)z*35,32?11:2”)) SafS/zLog[cdfx+\Hﬁ\/jd(—J’l+cx> \/—jf(jwrcx) ]
+

C c d°/?

+

1 1
Cosh|[ = ArcSinh[cx] | - i Sinh[ = ArcSinh[cx] |

(jbfzJj(-jd+cdx) Joi (ifecfx) [-df (1+2x2) , ,

+

(—J‘L Cosh[zAr‘cSinh[c x] | [Ar‘cSinh [cX] - 2 ArcTan [Coth[l ArcSinh[cx] || -1iLog[+/1+c*x? |
2 2

+

Cosh[lAr‘cSinh [cx]] [4+ 31 ArcSinh[cx] -61 Ar‘cTan[Coth[lAr‘cSinh [ex]]] +3Log[/1+c?x? |
2 2

2 [w/1+C2X2

2 (Ji +ArcSinh[c x] +2Ar‘cTan[Coth[lAr‘cSinh[c x]]] +1iLog[y1+c?x? ]
2

ArcSinh[c x] +2ArcTan [Coth[l ArcSinh[cx] | ] +1i Log[/1+c?x? | ) +
2

1
Sinh[ = ArcSinh[cx] |
2

|

(bfz\/i(—jd+cdx) J—i(jn‘ﬂcfx) \/—d-F(1+c2x2) (Cosh[lAr‘cSinh[cx]}—JiSinh[lAr‘cSinh[cx}]
2 2

|/

1 . s 1 .
Cosh [ — ArcSinh[c x] } + 1 Sinh [ — ArcSinh[c x] ]

[6Cd3<j+cX)J(jd+cdx)(jf+cfx) 5 )

+

Cosh[iAr‘cSinh [cx]] ( (-14+3 i ArcSinh[cx]) ArcSinh[c x] - 28 Ar‘cTan[Tanh[lAr‘cSinh[c x]|] +14 1 Log[~/1+c?x? |
2 2

1 1
Cosh[ = ArcSinh[c x] | [84Ar‘cTan[Tanh{—Ar‘csinh[c x1]] -1 (8 -6 1 ArcSinh[cx] + 9 ArcSinh[cx]?+42Log[+/1+c?x? |
2 2

) :

1
2 [4—41‘1Ar‘c$inh[c x] +6ArcSinh[c x]? + 56 i ArcTan[Tanh[ = ArcSinh[cx] || + 28 Log[\/1+c2 x? | +\/1+c2 x2
2

] Sinh[%Ar‘cSinh[c x]]))/

(Ar‘csinh [cx] (-141i +3ArcSinh[cx]) + 28 i ArcTan|[Tanh| 1 ArcSinh[cx]|] +14 Log[/1+c?x? |
2

.

1 1
Cosh|[ = ArcSinh[cx] | - i Sinh| 5 ArcSinh[cx] ]
2

1 . s 1 .
Cosh [ — ArcSinh[c x] } + 1 Sinh [ — ArcSinh[c x] ]

[6cd3(j+cx)\/(jd+cdx) (i f+cfx) " 5

(ibfz\/i (-id+cdx) \/—Ji (if+cfx) \/—d-F(1+c2x2)
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5 5
-3 Cosh[*Ar‘cSinh[c x]} +3 1 ArcSinh[c x] Cosh[fAr'cSinh[c x]} -
2 2

3 1
Cosh[ = ArcSinh[cx] | [9+ 35 i ArcSinh[c x] + 9 ArcSinh[cx]? - 52 i ArcTan[Coth| = ArcSinh[c x] ]| + 26 Log[~/1 + c? X? }) +
2 2

+

1
20 - 24 i ArcSinh[c x] + 27 ArcSinh[c x]? - 156 i ArcTan[Coth[ = ArcSinh[cx] | ] + 78 Log[~/1+c?x? |
2

1
Cosh[ = ArcSinh[cx] |
2

1 1 1
20 i Sinh|[ = ArcSinh[cx] | - 24 ArcSinh[c x] Sinh[ = ArcSinh[c x] | + 27 i ArcSinh[cx]2Sinh[ = ArcSinh[cx] | +
2 2 2
1 1 1 3
156 ArcTan [Coth[fAr‘cSinh[c x] } ] Sinh[fAr'cSinh [cX] ] +781 Log[x/ 1+c?x? ] Sinh[fAr‘cSinh[c X] } +91 Sinh[fAr‘cSinh[c x] } +35
2 2 2 2

3 3 1 3
ArcSinh[c x] Sinh[fAr‘cSinh [cX] ] +9 1 ArcSinh[c x]? Sinh[fAr‘cSinh[c x]} +52 ArcTan[Coth[fAr‘cSinh [cX] H Sinh[fAr‘cSinh[c x]} +
2 2 2 2
3 5 5
26 i Log[/1+c?x? | Sinh|[ = ArcSinh[cx]]| -3 i Sinh[=ArcSinh[cx] | + 3 ArcSinh[c x] Sinh|[ = ArcSinh[cx] | )/
2 2 2

4
[12<:d3 (i+cx) \/—<—J'1d+cdx> (if+cfx) Cosh[lArcSinh[cx}]+jSinh[1Ar'cSinh[cx]]) )
2 2

Problem 564: Result more than twice size of optimal antiderivative.

(d+1icdx)*? (a+bArcSinh[cx])
J dx

(F-icfx)>?

Optimal (type 3, 470leaves, 10 steps):

ibd®x (1+c2x2)°? 8ibds (1+c2x2)>? 5bd® (1+c2x?)*?ArcSinh[cx]?
_ . _ _
(d+jcdx)5/2(f—icfx>5/2 3c (i+cx) (d+]‘1cdx)5/2 (F—ch-Fx)S/z 2c(d+1‘1cdx)5/2 (-F—Jicfx)S/z

21d° (1+]‘ch)4 (1+c?x?) (a+bArcSinh[cx]) 1@1id° (1+1‘1cx)2 (1+c2x2)2 (a+bArcSinh[cx])

+ +
3c(d+icdx)®? (F-icfx)”? 3c(d+icdx)>? (F-icfx)*?

5id° (1+c? x2)3 (a+bArcsinh[cx]) 5d° (1+c2x2)5/2Ar‘cSinh[c x] (a+bArcSinh[cx]) 28bd° (1+c? x2)5/2 Log[1i + C X]
+ +

c(d+1’1cdx)5/2 (f—jcfx)S/z c(d+icdx)5/2(f—jcfx)5/2 3c<d+1‘1cdx)5/2 (-F—jcfx)S/z

Result (type 3, 1331 leaves):
\/jld (-i+cx) \/’j“c (i+cx) (iisdz*Hle;izx)z’”fg(iizx)) 5ad”2Llog[cdfx+d /f \/Jld (-1+cx) \/ﬂif(jucx) ]
+
C c f5/2

(ibdz\/j (~idecdx) +/-i (if+cfx) [-df (1+c2x)

1 1
Cosh|[ = ArcSinh[cx] | + i Sinh[ = ArcSinh[cx] |
2 2

+

—Cosh[iAr‘cSinh[c x] | {Ar‘csinh [cX] - 2ArcTan[Coth[1Ar‘cSinh [ex]]] +1iLog[+/1+c*x? |
2 2
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+

Cosh[lAr‘cSinh [cx]] [4 i+3ArcSinh[cx] - 6Ar‘cTan[Coth[lAr‘cSinh[c x]]]+3iLog[/1+c2x? |
2 2

2 [w/1+C2X2

2 (1+JiAr'cSinh[c X] +2iAr‘cTan[Coth[lAr‘cSinh[c x] ]| +Log[/1+c?x? ]
2

+

i ArcSinh[c x] +2 iAr‘cTan[Coth[lAr‘cSinh[c x] ]| +Log[\/1+c?x? ]
2

. 1 .
Sinh[ = ArcSinh[cx] |
2
4
] .

(bdz\/i(—jd+cdx) J—i(jn‘ﬂcfx) \/—d-F(1+c2x2) (Cosh[lAr‘cSinh[cx]}+JiSinh[lAr‘cSinh[cx}]
2 2

|/

1 1
Cosh [ — ArcSinh[c x] ] - 1 Sinh [ — ArcSinh[c x] }

[6cf3(1+jcx)\/(id+cdx) (if+cfx) A 5

+

Cosh{i ArcSinh[c x] | ( (14 i - 3Arcsinh[c x]) ArcSinh[c x] +28 i ArcTan|Tanh| 1 ArcSinh[cx] || -14Log[+/1+c2x? |
2 2

1 1
Cosh[ = ArcSinh[c x] | [8 +6 1 ArcSinh[c x] + 9 ArcSinh[cx]? - 84 i ArcTan|Tanh| = ArcSinh[cx]]|] +42 Log[+/1+c? x? |
2 2

1
21 [4+41‘1Ar‘cSinh[c x] +6ArcSinh[c x]? - 56 i ArcTan[Tanh[ = ArcSinh[cx] || + 28 Log[\/1+c2 x? ] +\/1+c2 x2
2

(Ar‘csinh[c x] (141 +3ArcSinh[cx]) - 28 iAr‘cTan[Tanh[lAr‘cSinh[c x]|] +14 Log[~/1+c?x? |
2

4]
1 . s 1 .
Cosh|[ = ArcSinh[cx] | + i Sinh[ = ArcSinh[c x] |
2 2

1
) Sinh[ = ArcSinh[cx] |
2

|/

1 1
Cosh [ — ArcSinh[c x] ] -1 Sinh [ — ArcSinh[c x] }
2 2

[6c-F3 (1+J’1cx)\/—(—jd+cdx) (if+cfx)

(ibdz\/i (-id+cdx) \/—Ji (if+cfx) \/—d-F(1+c2x2)

+

3 1
-Cosh| = ArcSinh[c x] ] [9 - 35 i ArcSinh[cx] + 9 ArcSinh[c x]? + 52 i ArcTan[Coth[ = ArcSinh[cx] || + 26 Log [~/ 1+ c? x? |
2 2

1 1
Cosh[ = ArcSinh[c x] | [20+ 24 i ArcSinh[c x] +27 ArcSinh[c x]? + 156 i ArcTan |[Coth| = ArcSinh[cx]|] + 78 Log[+/1+ c? x? |
2 2

5
i [3 (-1 +ArcSinh[cx]) Cosh|[ = ArcSinh[cx] | +2 [13+7J‘1Ar‘cSinh[c x] + 18 ArcSinh[c x]2 +
2

1041‘1Ar‘cTan[Coth[lAr‘cSinh[c x]]] +34 (i+ArcSinh[cx]) Cosh[2ArcSinh[cx]] +52 Log[\/1+c2 x? | Jr\/1+c2 x2
2

1
[6+38 i ArcSinh[cx] + 9 ArcSinh[cx]?+52 i ArcTan[Coth| = ArcSinh[cx]|] + 26 Log[+/1 + c2x? |

| “]

Sinh| 1 ArcSinh[cx] |
2

)/

1 1
Cosh|[ = ArcSinh[cx] | - i Sinh[ = ArcSinh[c x] |

{12cf3(—i+cx)\/—(—id+cdx) (if+cfx) A A

Problem 565: Result more than twice size of optimal antiderivative.

(d+1icdx)®? (a+bArcSinh[cx])
J dx

(F-icfx)>?
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Optimal (type 3, 362 leaves, 9steps):
4ibd* (1+c2x?)%? bd* (1+c2x?)*?ArcSinh[cx]2  2id* (1+icx)? (1+c2x?) (a+bArcSinhcx])
3c (i+cx) (d+jcdx)5/2(f—jcfx>5/2 2c(d+jcdx)5/2(f—jcfx)5/2 3c(d+1‘1cdx)5/2(f—jcfx)5/2

+

2id* (1+1icx) <1+c2x2)2(a+bAr‘cSinh[cx}) d* (1+c2x2)5/2Ar‘cSinh[cx} (a+bArcSinh[cx]) 8bd4(1+c2x2)5/2Log[i+cx}
+ +

c(d+jcdx)5/2(f—jcfx)5/2 c(d+1’1cdx)5/2 (f—jcfx)S/z 3c<d+1’1cdx)5/2 (f—jcfx)S/z

Result (type 3, 877 leaves):

\/jld (-i+cx) \/’jlf (i+cx) (31:34(]1;:)()2 *31:38(?11)()) ad3/2Log[cdfx+\/?\/?\/jd (-i+cx) \/7]'11‘ (1+cx) ]
N _
C c f5/2

( bd\/ ~id+cdx) \/—]'].(]'].'F-%—C'FX) \/—df(1+c2x2) (Cosh[lAr‘cSinh[cx”+JiSinh[lAr'cSinh[cx1]
2 2

—Cosh[iAr‘cSinh[c x] | {Ar‘csinh[c x] —2Ar‘cTan[Coth[ ArcSinh[cx] || + i Log[+/1+c?x? |
2 2

Cosh[lAr‘cSinh[c x] | [41‘1+3Ar‘c$inh[c x] —6Ar‘cTan[Coth[lAr‘cSinh[c x]|] +3iLog[y/1+c2x? ]
2 2
2 [\/1+C2X2

i ArcSinh[c x] +21Ar‘cTan[Coth[ ArcSinh[cx] || +Log[+/1+c?x? |
2 (1 + 1 ArcSinh[c x] + 2 1 ArcTan [Co‘ch[l ArcSinh[c x] ] } + Log[\m]

+

+

+

2
2

)Slnh[ ArcSinh[c ]}

2
4
] .

|/

[6cF3 (1+1icx) \/7(7]1d+cdx) (if+cfx) Cosh[lAr‘cSinh[cx]] ﬂisinh[lAr‘cSinh[cx]}

2 2

(bd\/ ~id+cdx) x/—J'].(j.'F+C'FX> \/—df(1+c2x2) Cosh[zAr‘cSmh[ 1]+1Sinh[%Ar‘cSinh[cx]])
Cosh{iAr'cSinh[c x] | ((14]’1—3Ar‘csinh[c x]) ArcSinh[c x] +28jArcTan[Tanh[lAr‘cSinh[c x]|| -14Log[\J1+c*x? || +
2 2

Cosh[ ArcSinh[c x] ] [8 +6 1 ArcSinh[c x] + 9 ArcSinh[c x]2 -84 1 ArcTan [Tanh[ ArcSinh|[c ]} ] +42 Log[x/ 1+c?x? ]
2 2

1
21 [4+4J’1Ar'csinh[c x] +6ArcSinh[cx]?-56 i ArcTan|Tanh|[ =~ ArcSinh[cx] || +28 Log[\/1+c2 x? ] +\/1+c2 x2
2

(Ar‘csinh[c x] (14i +3ArcSinh[cx]) —28]1Ar‘cTan[Tanh[ ArcSinh[cx] || +14 Log[+/1+c?x* |
2

)

)Slnh[ ArcSinh[c ]}
2

|/

[12cf3 (1+icx) \/—(—id+cdx) (if+cfx) Cosh[lAr‘cSinh[cx]} —jSinh[lAr‘cSinh[cx}]
2 2
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Problem 580: Result more than twice size of optimal antiderivative.

(-F—Jic-Fx)3/2 (aerAr‘cSinh[cx])2
J dx

(d+1‘1cdx)3/2

Optimal (type 4, 752 leaves, 23 steps):

2iabfix (1+c2x?)%? 21b2F (1+c2x?)? 21 b2 x (1+c2x?)*?ArcSinh[cx]
_(d+icdx)3/2(f—icfx>3/2+c(d+icdx)3/2(f—icfx)3/2_ (d+icdx)®? (f-icfx)*? ’
413 (1+c?x?) (aerAr‘cSinh[cx])2 4£3x (1+c?x?) (a+bAr‘cSinh[cx})2 43 (1+c2x2)3/2 (aerAr‘cSinh[cx])2
c(d+icdx)?? (f-icfx)*? ' (d+icdx)®? (f-icfx)?? ' c(d+icdx)®? (f-icfx)*? '

if?(1+c? x2>2 (a+bArcsinh[c x})2 3 (1+c? x2)3/2 (a+bArcSinh[c x])3 16ibf3 (1+c? x2)3 (a+bArcSinh[cx]) ArcTan|eAresinhicx] |

c(d+icdx)®? (f-icfx)*? bc(d+icdx)®? (f-icfx)*? c(d+icdx)®? (F-icfx)??
8bf3 (1+c2 x2)3/2 (a+bArcSinh[cx]) Log[1+e2Aresinhicx] ] g b2 £3 (142 x2)3/2 PolylLog[2, - i efresinhicx] ]
c(d+icdx)?? (f-icfx)*? i c(d+jcdx)3/2<f—jcfx)3/2 '
8 b2 f3 (1+c2 xz)s/2 PolyLog[Z, i eA"CSi”h[CX]} 4b2 3 (1+ c? x2)3/2 PolyLog[ @2Arcsinh(c ]]
c(d+icdx)®? (f-icfx)*? _ c(d+1’1cdx)3/2(f—icfx)3/2

Result (type 4, 1546 leaves):
\/jld(—chx) \/‘j‘c(j’“CX) (%‘fﬁ) 332'F3/2L0g[Cd‘FX+\/?\/?\/]id(—]1+CX> \/—if(i+cx)}

c Cd3/2

+

(Zjabf\/j(—jd+cdx) \/—j<jf+cfx) \/—d-F<1+c2x2) Cosh[ ArcSinh[cx] |
2

1
(—cx+2Ar‘cSinh[c x] +1/1+c2x? ArcSinh[cx] + i ArcSinh[cx]? +4 ArcTan|[Coth[ = ArcSinh[cx] || +21i Log[+/1+c2x? |

2

1
-cx-2ArcSinh[cx] ++/1+c?x? ArcSinh[cx] + i ArcSinh[cx]?+4 ArcTan[Coth|[ = ArcSinh[cx]|] + 21 Log[+/1+c?x? |
Slnh[ ArcSinh|[c ]}

2
: |/
(cdz\/—(—jdﬂ:dx) (if+cfx) J1+?x?

(abf\/ 1d+cdx \/—j(if+cfx) \/—df(1+c2x2)

+

i

Cosh[ ArcSinh[c x] } +1 Sinh [ 1 ArcSinh[c x] }
2 2

] .

+

Cosh[ ArcSinh[cx] | (Ar‘csinh[cx] (-4 1 +ArcSinh[cx]) +SjArcTan[Tanh[lArcSinh[c x]|] +4Log[/1+c*x* |
2 2
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|/

i [Ar‘csinh[cx] (41 +ArcSinh[cx]) +81'1Ar‘cTan[Tanh[ ArcSinh[cx] ]| +4 Log[~/1+c?x? | Slnh[ ArcSinh[cx] |
2

2
[cdz\/—(—id+cdx) (if+cfx) J1+2x? Cosh[ ArcSinh|c ]}+i$inh[lAr‘cSinh[cx]} ]—
2 2
(bzf\/ ~idrcdx) (/-1 (ifrcfx) A[-df (1+2x2)
Cosh[ ArcSinh[cx] | (SjﬂAr‘cSinh[cx}+(6—61’1)Ar‘cSinh[cx}z+Ar‘cSinh[cx]3+12(—1'17T+2Ar‘csinh[cx])Log[ i e Aresinhlex) ] _
2

24 i Log[1 + eAresinhlex] ] +241nLog[Cosh[ ArcSinh[cx]] | +12j17rLog[Sin[1 (7+ 21 ArcSinh[c x])H] -
2 4

24 PolylLog [2, i @-Arcsinh[cx] }

+

1 1
Cosh[* ArcSinh[c x] } +1 Sinh [ — ArcSinh[c x] ]
2 2

[—67TAr‘cSinh[c x] - (6-61) ArcSinh[cx]?+ i ArcSinh[cx]?+12 (;r+2 i ArcSinh[cx]) Log[1 - i e Aresinnlex]]

|/

24 7t Log[1 + eAresinhiex] ] _ 24 ;1L og[Cosh]| 1 ArcSinh[cx] || - 12 Log[Sin| 1 (m+2iArcsinh[cx])]] ) Sinh| 1 ArcSinh[cx]]
4
1 1
Cosh| = ArcSinh[cx] | + i Sinh|[ = ArcSinh[cx] |

2 2
(3cd2\/7(7]'1d+cdx) (if+cfx) J1+2x ]+

2 2
( ib2f.[i (~id+cdx) \[-i(ifrcfx) [-df (1)

1
Cosh[—Ar‘cSinh[c x]] (—GJTAI"CSinh[C X] -6 cxArcSinh[c x] + (6+61‘1) ArcSinh[c x]?+2 i ArcSinh[cx]3+
2

34/1+c®x> (2+ArcSinh[cx]?) +12Log[1- i e iMex)] 424§ ArcSinh[cx] Log[1- i e Aresinhlex]] 4

24 71 Log |1 + eAresinhlexl ] _ 24 5 Log[Cosh[lAr‘cSinh[c x]]] —127TLog[Sin[l (7+21iArcSinh[c x])H) +
2 4

i [—Gerr‘cSinh[c x] -6 cxArcSinh[cx] - (6-61) ArcSinh[cx]?+2 i ArcSinh[cx]®+3+/1+c®x* (2+ArcSinh[cx]?) +
12 Log[1- i e Aresimhiexl ] 24§ ArcSinh[c x] Log[1 - i e AresimhIexT ] 4 24 7 Log[1 + eAresinhiex] | —

1 1 1
24nLog[Cosh[;Ar‘cSinh[c x]]] —127rLog[Sin[Z (m+2iArcSinh[c x})H] Sinh[;Ar‘cSinh[c x] ]+

. 1
24 Polylog|2, i e Aresinhlex]] (— i Cosh[ = ArcSinh[c x] | +Sinh [ ArcSinh[cx] | ) J )/
2 2

[BCdZ\/—(—J'ld+CdX) (Jif+cfx) A/ 1+ c?x?

Cosh[ ArcSinh[cx] | + i Sinh| 1 ArcSinh[cx] |
2 2

|

Problem 581: Result more than twice size of optimal antiderivative.

(-F—Jic-Fx)3/2 (aerAr‘cSinh[cx])2
J dx

(d+icdx)>?
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Optimal (type 4, 580 leaves, 21 steps):

8-F4(1+c2x2>5/2(a+bAr‘cSinh[cx}>2 -F“(1+c2x2)5/2(a+bAr‘cSinh[cx])3 831b2f4<1+C2X2)5/2C0t[ +;1Ar‘c51nh[ x] |
_ N _

c(d+jcdx)5/2(f—jcfx>5/2 3bc(d+1’1cdx>5/2 (F—J’lcfx)S/z 3c(d+jcdx)5/2(f—jcfx)5/2
81‘11:4(1+c2x2)5/2(a+bAr‘cSinh[cx}) Cot[ +;1Ar‘c51nh[ x] | 4b-F4(1+c2x2)5/2(a+bAr‘cSinh[cx])Csc[7+51Ar‘c51nh[ ]]2
+ +
c(d+1‘1cdx)5/2(f—1cfx)5/2 3c(d+jcdx)5/2(f—1cfx>5/2
21 (1+c2x2)>? (a+bArcSinh[cx])? Cot[ +;1Ar‘c51nh[ }]Csc[f+§iAr‘cSinh[cx]}2

+

c (d+1cdx>5/2 (F—J’lc-Fx)S/z

32bF* (1+c2x2)>? (a+bArcSinh[cx]) Log[1+i eAresinhicxl ] 32 b2 £4 (1+c2x2)°'? Polylog[2, - i eAresinhicx] |
+
c(d+icdx)®? (f-icfx)*? 3c(d+icdx)®? (1:71'1C1‘:x)5/2
Result (type 4, 1609 leaves):
\/J'ld (-1+cx) \/—Ji'F (i+cx) (73d34(jii:x)2 73d38(ifcx)> +a2-F3/2Log[cd-Fx+\/?\/?\/J'Ld (-i+cx) \/—jf(j+cx) ]

c cd>/?

+

1 1
Cosh| = ArcSinh[cx]] - i Sinh|[ = ArcSinh[cx] |

(ﬂabf\/ ~idrcdx) (/-1 (ifrcfx) \[-df (1+2x2)
2 2

+

(—J‘L Cosh[iAr‘cSinh[c x] | [Ar‘csinh [cX] - 2 ArcTan [Coth[lAr‘cSinh [ex]]] -iLog[y/1+c*x? |
2 2

+

Cosh 1ArcSinh[c x]| |4 +31ArcSinh[cx] - 6 1 ArcTan|Coth 1ArcSinh[cx] +3Log|+/1+c?x?
2 2

2 [\/1+C2 x? |ArcSinh[c x] +2Ar‘cTan[Coth[ ArcSinh[cx]|] + 1 Log[+/1+c*x? }) +

2

2 (Ji +ArcSinh[c x] +2Ar‘cTan[Coth[ ArcSinh[cx]|] +1iLog[+/1+c*x? |

2

Slnh[ ArcSinh[cx] |

2
]
(abf\/ ~id+cdx) \/—]l(]i.'f:+C'FX) \/—df(1+c2x2) (Cosh[ ArcSinh|c }]—jsinh[lAr‘cSinh[cx]])
2 2

|/

[3cd3 (i+cx) \/—(fjd+cdx) (if+cfx) Cosh[lAr‘cSinh[cx]} +jSinh[1Ar‘cSinh[cx]]
2 2

+

Cosh[ ArcSinh[cx] | ((—14+ 3 i ArcSinh[c x]) ArcSinh[cx] - 28Ar‘cTan[Tanh[1Ar'cSinh[c x]]] +141 Log[+/1+c?x* |
2 2

Cosh[ ArcSinh[cx]] [84 ArcTan [Tanh[ ArcSinh[cx]|] -1 (8 -6 1ArcSinh[cx] +9ArcSinh[cx]?+42Log[+/1+c*x? |
2 2

) ;

1
2 [4—41‘1Ar‘c$inh[c x] +6ArcSinh[c x]? +56 i ArcTan|Tanh|[ = ArcSinh[cx] || +28 Log[\/1+c2 x? | +\/1+c2 x2

2
]Slnh{zAr‘cSmh[ ]]))/

(Ar‘csinh [cx] (-141i +3ArcSinh[cx]) + 28 i ArcTan|[Tanh| 1 ArcSinh[cx] || +14 Log[~/1+c?x? |
2
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1 . s 1 .
Cosh|[ = ArcSinh[cx] | + i Sinh[ = ArcSinh[cx] |

[6cd3 livcx) - [-idrcdx) (ifrcfx) k .

.

ib2F (ivcx)\[i(-idrcdx) (/i (ifscfx] [-df (1+2x?)

2ArcSinh[cx] (-21i +ArcSinh[cx])

(-1+1) ArcSinh[cx]? - +2i (m+21iArcSinh[cx]) Log[1 - i eAresinhlex]] _

-1+CX

i [Ar‘cSinh [cx] -4Log[1+ehresinnlex]] 4 Log[Cosh[lArcSinh [ex]]]+2 Log[Sin[l (m+2iArcSinh[cx])]] ]|+
2 4

4 ArcSinh[cx]2Sinh|[ 2 ArcSinh[cx] | 2 (4 +ArcSinh[cx]2) Sinh| 2 ArcSinh[cx] |
4 PolyLog[Z, i e‘A’"CSi”h[‘X]] - 2 + 2
(Cosh[%Ar‘cSinh [ex]]+1 Sinh[%Ar‘cSinh [cx] ] )3 Cosh[iAr‘cSinh [cx]]| +1iSinh| % ArcSinh[cx] |

2
[3cd3\/(jd+cdx) (if+cfx) 1+ ]+

7 mArcSinh[cx] - (7+7 1) ArcSinh[c x]? - i ArcSinh[cx]?+

/

1 1
Cosh [ ; ArcSinh[c x] ] -1 Sinh [ g ArcSinh[c x] }

bzf(j+cx)\/j (-id+cdx) \/—11 (i f+cfx) \/—df(1+c2x2)

2ArcSinh[cx] (-2 i +ArcSinh[cx])

- 14 (m+21iArcSinh[cx]) Log[1- 1 e imhlex] _ 28 Log |1 +efresinniex] ]
l1+icx

28 7t Log|Cosh | : ArcSinh[cx] || + 14 7 Log[Sin| : (m+2iArcsinh[cx])]] +28i Polylog|2, i e resinhiexl]
2 4

4 i ArcSinh[c x]ZSinh[%Ar‘cSinh[c x] | 2 (4+7ArcSinh[cx]?) Sinh[%Ar‘cSinh[c x] | /
+

(Cosh [ i ArcSinh[c x] } + 1 Sinh [ i ArcSinh[c x] } )3 -1 Cosh [ i ArcSinh[c x] ] +Sinh [ i ArcSinh[c x] }

{3cd3\/—(—id+cdx) (ifrcfx) J1sc2x2 2]

1 1
Cosh[ = ArcSinh[cx]] - i Sinh{; ArcSinh[cx] |
2

Problem 586: Result more than twice size of optimal antiderivative.

(f-icfx)*? (a+bArcSinh[cx])?
J dx

(d+1’1<:dx)3/2

Optimal (type 4, 972 leaves, 28 steps):
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SJ'Lab-F“x(1+c2x2)3/2 8 i b2 f4 (1+c2x2)2 bzf“x(1+c2x2>2

(d+1‘1cdx)3/2 (f—]lcfx>3/2 C (d+1‘1cdx)3/2 (-F—jcfx)3/2 4(d+jcdx)3/2 (-F—Jic-Fx)3/2

bz £ (1 +c? x2>3/2Ar‘cSinh[c x]  8ib?fix (1+c? x2>3/2Ar‘cSinh[c x] bcfix?(1+c? x2)3/2 (a+bArcSinh[cx])

4c(d+icdx)’? (-F—Jic-Fx)3/2_ (dvicdx)? (f-icfx)>? 2 (d+icdx)’? (f-icfx)??
8i 4 (1+c?x?) <a+bAr‘cSinh[cx])2 8 F4x (1+c2x?) (a+bAr‘cSinh[cx1)2 8 f4 (1+c2x2)3/2 (aerAr‘cSinh[cx])2
+ +

c(d+1’1cdx)3/2 (-F—J'Lc-Fx)3/2 (d+1‘1cdx)3/2 (f—]lcfx>3/2 c(d+1‘1cdx)3/2 (f—]lcfx>3/2

+

41 f4 (1+c2x2)2 (a+bArcsinh[c x})z 4 x (1+c2x2)2 (aerAr'cSinh[cx])2 54 (1+c? x2>3/2 (a+bArcsinh[c x}>3
+ _ _

c(d+icdx)3/2(f—icfx)3/2 2(d+1‘1cdx)3”/2(1‘:—1'1C1‘:x)3/2 2bc(d+1‘1cdx)3/2(1‘:—icfx)3/2

32i bt (1+c? x2)3/2 (a+bArcSinh[cx]) ArcTan|eAresinhiex]] 16 b £+ (1+c2 x?)%/? (a+bArcsinh[cx]) Log[1 +e?Arcsinhicx]]

C (d+1‘1cdx)3/2 (f—]’lcfx>3/2 C (d+1’1cdx)3/2 (f—jcfx)3/2

16 b2 4 (1+c2 x2>3/2 PolyLog[Z, -1 eA"Si”h[CX]} 16 b2 4 (1+c2 x2)3/2 PolyLog[Z, i eArcsinhlcx] } 8 b2 f4 (1+c2 x2)3/2 PolyLog[Z, —eZA”CSi“h[CX]]

.
c(d+icdx)’? (f-icfx)?? c(d+icdx)’? (f-icfx)?? c(d+icdx)’? (f-icfx)>?

Result (type 4, 2492 leaves):

Jid (-i+cx) Af-if (i+cx) (”jj’d+322C:X+dzfifzx)) 1522 f>/2 Log[cd fx+/d VF \[id (-i+cx) [-if (i+cx] ]

C 2cd3/?

+

1
Cosh]| N ArcSinh[cx] |

1
(—cx+2Ar‘cSinh[c x] ++/1+c?x* ArcSinh[cx] + 1 ArcSinh[cx]?+4 ArcTan[Coth| = ArcSinh[cx]|] + 21 Log[y/1+c?x? |

2

1
-cx-2ArcSinh[cx] ++/1+c?x? ArcSinh[cx] + i ArcSinh[cx]2+4 ArcTan|[Coth|[ = ArcSinh[cx]|] + 21 Log[+/1+c?x? |
" .
Sinh [ — ArcSinh[c x] }

2
: l/
[cdz\/—(—jd+cdx) (if+cfx) 1+

(abfz\/j (-id+cdx) /-1 (if+cfx) J-df (1+2%2)

(4jabf2\/j (~idecdx) [-i(if+cfx) \[-df (1+2x)

+

i

1 1
Cosh [ — ArcSinh[c x] } +1 Sinh [ — ArcSinh[c x] }
2 2

] .

+

Cosh 1 ArcSinh[c x] | |ArcSinh[cx] (-4 1 + ArcSinh[c x]) + 8 1 ArcTan|Tanh 1 ArcSinh[c x] +4Log|/1+c?x?
2 2

1
Sinh| = ArcSinh[cx]]

i [Ar‘csinh[c x] (41 +ArcSinh[cx]) +81‘1Ar‘cTan[Tanh[lAr‘cSinh[c x]|] +4Log[/1+c*x* |
2 2

[cdz\/—(—id+cdx) (ifrcfx) J1sc2x2 ]_

|/

1 1
Cosh[ = ArcSinh[cx] | + i Sinh[ = ArcSinh[cx] |
2 2
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(bzfz\/i (~idecdx) [-i (if+cfx) \[-df (1+c2x)

Cosh[lAr‘cSinh[c x] | (GinArcSinh[c x] + (6-61) ArcSinh[cx]?+ArcSinh[cx]®+12 (-1im+2ArcSinh[cx]) Log[1 - i e Aresinnlex]] _
2
24 iyt Log|1 + eAresinhlex] | +24J'17TLog[Cosh[lAr‘cSinh[c x]]] +121‘17rLog[Sin{l (7+ 21 ArcSinh[c x})H] -
2 4

24 Polylog|2, i e Aresinhliex]] +

1 1
Cosh|[ = ArcSinh[cx] | + i Sinh[ = ArcSinh[c x] |
2 2

(—GJTAF‘CSinh[C x] - (6-61) ArcSinh[cx]?+ i ArcSinh[cx]?+12 (r+2 i ArcSinh[cx]) Log[1- i e Aresinnlexi] .
24 71 Log[1 + efresinhiex] ] _ 24 ;L og[Cosh]| : ArcSinh[cx] || - 127 Log[Sin| 1 (7+21iArcSinh[cx])]] ) Sinh| : ArcSinh[cx] ]
4

2 2
(3cd2\/—(—jd+cdx) (if+cfx) J1+2x2 ]Jr

(Zibzfzwl (-idecdx) [-i (ifscfx) \[-df (1+c2x)

|/

1 1
Cosh [ — ArcSinh[c x] ] +1 Sinh [ — ArcSinh[c x] }
2 2

1
Cosh| = ArcSinh[cx] | (767TAr'cSinh[c x] -6 cxArcSinh[cx] + (6+6 i) ArcSinh[cx]2+2 i ArcSinh[cx]? +
2

34/1+c?x? (2+ArcSinh[cx]?) +12Log[1- i e ArsimMiex)] 4 24§ ArcSinh[c x] Log[1- i e Aresinhlex]]

24 71 Log |1 + eAresinhlex] | 7247rLog[Cosh[1Ar‘cSinh[c x]]] 712nLog[Sin[1 (7+21iArcSinh[c x])H) +
2 4

i [—GJTAr‘cSinh[c x] -6 cxArcSinh[cx] - (6 -6 1) ArcSinh[c x]?+2 i ArcSinh[c x]? +3+/1+c*x* (2+ArcSinh[cx]?) +
121 Log (1 - i e ArsinNiexI] 4 24§ ArcSinh[c x] Log[1 - i e AresinN(ex] ]\ 24 1 Log[1 + efresinhlex] ]

1 1 1
24 7t Log[Cosh | = ArcSinh[cx] | | —127rLog[Sin[Z (7+21iArcSinh[c x})“] Sinh[gAr‘cSinh[c x] ]+
2

)/

1 1
Cosh|[ = ArcSinh[cx] | + i Sinh[ = ArcSinh[cx] |
2 2

. 1 1
24 Polylog|2, i e Aresinhiex] ]| (— i Cosh[ = ArcSinh[cx] | +Sinh[ = ArcSinh[cx] |
2 2

[3cd2\/—(—jd+cdx) (1’1f+cfx> A1+ c?x?

(bzfz\/i (~idecdx) [-i (ifrcfx) \[-df (1+c2x)

] ;

1
+Sinh|[ = ArcSinh[cx] |

1 . s 1 .
Cosh| = ArcSinh[cx]] + i Sinh|[ = ArcSinh[cx] |
2

(96 PolylLog|2, i e Arcsinhiex]]
2 2

(247rAr‘cSinh[c x] + 48 c xArcSinh[cx] + (24-24 i) ArcSinh[cx]?-10 i ArcSinh[cx]?+3i+/1+c*x* (cx+8i (2+ArcSinh[cx]?)) -3
i ArcSinh[c x] Cosh[2ArcSinh[cx]] -48Log[1 - i e A"iMIex]] _ 96 j ArcSinh[c x] Log[1 - i e "SiMMIcx] ] _ 96 ;1 Log[1 + efresinhlex] |

96 71 Log[Cosh[lArcSinh [ex]]] +48n Log[Sin[1 (m+2iArcSinh[cx])]] +3iArcSinh[cx]2Sinh[2ArcSinh[cx]] | +
2 4
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1

Cosh[ = ArcSinh[cx] | [3 \J1+c*x* (cx+81i (2+ArcSinh[cx]?)) - 3 ArcSinh[c x] Cosh[2ArcSinh[cx]] -
2

i (24nArcSinh[c x] +48 c xArcSinh[cx] - (24 +24 i) ArcSinh[cx]?-10 i ArcSinh[cx]® - 48 Log|1 - i e Aresinhlexl] _

. . 1
96 i ArcSinh[c x] Log[1 - i e A simh(exI] _ 96 yr Log[1 + e*"eSinhicx] ] 4 96 ;7 Log[Cosh [ — ArcSinh[cx]|] +
2

)%
-

48 it Log[Sin|

[12cd2\/—(—jd+cdx> (J’n‘+c-Fx) A1+ c? x>

(abfz\/j (~idecdx) [-i (if+cfx) \[-df (1+c2x)

(rr+21iArcSinh[cx]) |] +31iArcSinh[cx]?Sinh[2ArcSinh[cx]]

» R

1 . . 1 .
Cosh [ — ArcSinh[c x] } + 1 Sinh [ — ArcSinh[c x] ]
2 2

1
(—Sinh[—Ar‘cSinh[c x] | [—161‘1 A/ 1+ c?x? ArcSinh[c x] + Cosh[2ArcSinh[cx]] +2 (81‘1cx+81‘1Ar‘cSinh[c X] +
2

1
5ArcSinh[cx]?+16 i ArcTan|Tanh[ = ArcSinh[cx] || + 8 Log[+/1+c?x? | - ArcSinh[c x] Sinh[2ArcSinh[cx]]
2

16+/1+c?x? ArcSinh[cx] + 1
1

ArcSinh[cx]? +16 i ArcTan|Tanh| = ArcSinh[cx] || + 8 Log[/1+c?x? | - ArcSinh[c x] Sinh[2ArcSinh|c x}]))]))/
2

[4cd2\/—(—jd+cdx) (if+rcfx) 1+ )

) :

Cosh| 1 ArcSinh[cx]]
2

Cosh[2 ArcSinh[cx]] +2 (sicx—SiAr‘cSinh[c x] +5

1 1
-1 Cosh| = ArcSinh[cx]] +Sinh[ = ArcSinh[cx] ]
2 2

Problem 587: Result more than twice size of optimal antiderivative.

(-F—Jic-Fx)S/2 (aerAr‘cSinh[cx])2
J dx

(d+icdx)®?

Optimal (type 4, 790 leaves, 25 steps):
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2iabfx (1+c2x2)°? 2ib2F° (1+c2x?)° 2ib2f5x (1+c2x?)”?ArcSinh[cx] 285 (1+c2x2)*'? (a+bArcSinh[cx])?
. _

(d+]’1cdx)5/2(f—jcfx)5/2 c(d+1’1cdx>5/2<1‘—jcfx)5/2 (d+jcdx)5/2(f—jcfx)5/2 3c(d+jcdx)5/2(f—jcfx)5/2

if (1+c2x?)? (a+bArcSinhcx])? . 55 (1+c2x?)*? (a+bArcSinh[cx])? 16 i b2 2 (1+C2X2>5/2c°t[§+ijAr‘CSinh[CX]}

c<d+j1cdx)5/2 (F—jcfx)S/z 3bc(d+jcdx)5/2(f—jcfx>5/2 3c(d+1‘1cdx)5/2 (f—jcfx)S/z

281 F5 (1+c2x2)°? (a+bAr‘cSinh[cx])2Cot[§+%iAr‘cSinh[cx]} 8bF5 (1+c2x?)? (a+bArcSinh[cx]) Csc{i+%iAr‘cSinh[cx]}2
+ +

3¢ (d+1‘1cdx)5/2 (f—icfx)S/z 3¢ (d+j1cdx)5/2 (F—icfx)S/z

4if° (1+c2x2)%? (a+bAr‘cSinh[cx})2Cot[f+ijAr‘cSinh[cx}] Csc[§+ijAr‘cSinh[cx]}2

+

3¢ (d+1’1cdx)5/2 (F—jcfx)S/z

112 b f° (1 +c? X2> >/2 (a +bArcSinh[c x] ) Log[l + 1 ehresinhlcx] } 112 b2 5 (1 +c? xz) >/2polylog [2, -1 eA"CSi”h[CX]]
+

3¢ (d+icdx)5/2 (f—icfx)S/z 3¢ (d+1‘1cdx)5/2 ('F—JiC'FX)S/Z

Result (type 4, 2622 leaves):

Jid (-i+cx) Af-if (i+cx) (—jzzfz—3dfjjfx>z—Bdfs(ifzx)) 5a2 52 Log[cdfx+d VF \[id(-i+cx) \[-if(i+cx)]
+
c cd5/2

(jabfz\/i (~idecdx) [-i(ifrcfx) \[-df (1+c2x)

+

1 1
Cosh [ g ArcSinh[c x] } -1 Sinh [ ; ArcSinh[c x] }

+

[—J‘L Cosh[iAr‘cSinh[c X] } [Ar‘cSinh [cXx] -2ArcTan [Coth[EAr‘cSinh [cX] ] } -1 Log[x/ 1+c?x? ]
2 2

+

Cosh 1Ar‘cSinh[c x] | [4+31iArcSinh[cx] -6 i ArcTan|Coth 1Ar‘cSinh[c x]|] +3Log[~/1+c?x?
2 2

2 (\/1+C2X2

2 (1‘1 +ArcSinh[c x] + 2ArcTan[Coth[1Ar‘cSinh [ex]]]+1iLog[+/1+c?*x? |
2

ArcSinh[c x] + 2Ar‘cTan[Coth[1Ar'cSinh[c X] } ] +1 Log[\/ 1+c?2x? }) +
2

1
Sinh [ — ArcSinh[c x] }

2
]
1 . .ol .
Cosh [ — ArcSinh[c x] } -1 Sinh [ — ArcSinh[c x] ]
2 2

|/

1 . s 1 .
Cosh|[ = ArcSinh[cx] | + i Sinh[ = ArcSinh[c x] |

[3cd3(j+cx)\/—(—jd+cdx) (if+cfx) A A

(abfz\/j (~idecdx) [-i (if+cfx) \[-df (1+c2x)

+

Cosh[gAr‘cSinh [cx] ] ( (-14 + 3 i ArcSinh[c x] ) ArcSinh[cx] - 28 Ar‘cTan[Tanh[%Ar‘cSinh[c x]]] +141 Log[~/1+c?x? |

1 1
Cosh| = ArcSinh[cx] ] (84Ar‘cTan [Tanh| = ArcSinh[cx]]] -1 (8 -6 1ArcSinh[cx] +9ArcSinh[cx]?+42 Log[+/1+c?x? |
2 2

) ;

1
2 [4—41’1Ar‘cSinh[c x] +6ArcSinh[cx]? +56 i ArcTan|Tanh|[ = ArcSinh[cx] || +28 Log[\/lJrc2 x? | +\/1+c2 X2
2
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(Ar‘csinh [cx] (-141i +3ArcSinh[cx]) + 28 i ArcTan|[Tanh| 1 ArcSinh[cx]|] +14 Log[/1+c?x? |

2
4
} .

] Sinh[lAr‘cSinh[c x] | ) J/

2

1 . ces 1 .
Cosh[* ArcSinh[c x] } +1 Sinh [ — ArcSinh[c x] ]

[3cd3 (ivcx) [ (“idscdx) (ifrcfx] k k

[jbzfz (i+cx) \/1'1 (-id+cdx) \/—j (if+cfx) \/—df(1+c2x2)

2ArcSinh[cx] (-2 i +ArcSinh[cx])

(-1+i) ArcSinhcx]? - +21d (;r+21ArcSinh[cx]) Log[1- i e Aresinnlex]] _

-i+cCX

in [Ar‘csinh [cx] -4 Log[1+ehresinhiexi] 4 Log[Cosh[lAr‘cSinh [ex]]]+2 Log[Sin[l (m+2iArcSinh[cx])]] ]|+
2 4

4 ArcSinh[c x]2 Sinh[%Ar‘cSinh [cx] ] 2 (4 +ArcSinh[cx]?) Sinh[%Ar‘cSinh[c x] |
+
(Cosh[iAr‘cSinh [cX] ] +1 Sinh[iAr‘cSinh [cXx] ] )3 Cosh[%Ar'cSinh [cx] ] +1 Sinh[iAr‘cSinh [cX] }

[3cd3\/—(—j1d+cdx) [ifrcx) J1rcxd ZJ_

4 Polylog|2, i e Aresinhlexl]

/

1 1
Cosh[ = ArcSinh[cx] ] - i Sinh[; ArcSinh[c x] |
2

{ibzfz (i+cx)fi (~idecdx) /-1 (if+cfx) [-df (1+c2x?)

6 i cxArcSinh[cx] (13-131i) ArcSinh[cx]? 3ArcSinh[cx]® 2ArcSinh[cx] (-21i +ArcSinh[cx])
+ + + -31 (2+ArcSinh[cx]?) +
V1 +c2x? V1+c?x? V1 +c?x? (-i+cx) Vi+c?x?
1

V1+c?x?

4Log[Cosh[1ArcSinh[c x]|]+2 Log[Sin[1 (7+21iArcSinh[cx]) H] +41Polylog|2, i eAresinhiex) ],
2 4

131 (—2 (m+21iArcSinh[cx]) Log|[1- i e resinniexl ], (Ar‘csinh[c x] -4 Log[1 +efresinhiex]]

4 ArcSinh[c x]2 Sinh| i ArcSinh[cx] | 2 (4+13ArcSinh[cx]2) Sinh| i ArcSinh[cx] ]

V1+c2x? (Cosh[iAr‘cSinh[cx]}+J'1Sinh[iAr‘cSinh[cx]”3 V1+c?x? (Cosh[%Ar‘cSinh[cx}]+iSinh[§Ar~cSinh[cx}]) ]/

)

7 wArcSinh[cx] - (7+7 i) ArcSinh[c x]? - i ArcSinh[cx]> +

1 1
Cosh|[ = ArcSinh[cx] | - i Sinh[ = ArcSinh[cx] |

{3cd3\/(jd+cdx) (if+cfx)
2 2

2% (i +cx) \/11 (-id+cdx) \/—Ji (i f+cfx) \/—df(1+c2x2>

2ArcSinh[cx] (-21i +ArcSinh[cx])

~14 (7 +2 i ArcSinh[cx]) Log[1-i e Aresinhlcx]] _ 28 og |1+ efresinniex | 4
l+icx
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28 71 Log [ Cosh | 1 ArcSinh[cx] ]| + 14 mLog[Sin|[ =~ (m+2 i ArcSinh[cx]) || +28 i Polylog[2, i e Aresinhlcx]] _
2

AR

4 i ArcSinh[c x]? Sinh[iAr‘cSinh [cx]] 2 (4+7ArcSinh[cx]?) Sinh[iAr‘cSinh [cx] ]

* /
(Cosh[%Ar‘cSinh[c x]]+1i Sinh[%Ar‘cSinh[c x] | )3 —iCosh[%Ar‘cSinh[c x] | +Sinh[§Ar‘cSinh[c x] |
2
[3cd3\/(jd+cdx) (if+cfx) J1+c?x? Cosh[lAr‘cSinh[cx]]—jSinh[lAr‘cSinh[cx]} ]+
2 2

(iabfz\/i(—id+cdx) \/—i(if+cfx) \/—df<1+c2x2) Cosh[lAr‘cSinh[cx]}—iSinh[lAr'cSinh[cx]}
2 2

5 5
(73 Cosh| = ArcSinh[cx]| + 3 i ArcSinh[c x] Cosh| = ArcSinh[cx]] -
2 2

3 1
Cosh| = ArcSinh[cx]] [9+351‘1Ar‘c$inh[c x] +9ArcSinh[cx]?-52 i ArcTan[Coth[ = ArcSinh[cx] || + 26 Log[~/1 + c? X? }) +
2 2

Cosh]| L Arcsinh [cx] ]
2

+

1
20 - 24 i ArcSinh[c x] + 27 ArcSinh[c x]? - 156 i ArcTan[Coth[ = ArcSinh[cx] || + 78 Log[~/1+c2x? ]
2

1 1 1
20 i Sinh [ — ArcSinh[c x] ] - 24 ArcSinh[c x] Sinh [ — ArcSinh[c x] } +27 1 ArcSinh[c x]2 Sinh [ — ArcSinh[c x] ] +
2 2 2

156 ArcTan [ Coth | % Arcsinh(cx] || sinh] L Arcsinh[cx] | +781 Log[+/1+c2x? | Sinh| % Arcsinh(cx] | +9isinh| 2 Arcsinh(cx] | +35
2 2 2 2

| 59

3 3 1 3
ArcSinh[cx] Sinh| = ArcSinh[cx]] +9 i ArcSinh[c x]2?Sinh[ = ArcSinh[cx] | +52ArcTan[Coth| = ArcSinh[cx] ]| Sinh[ = ArcSinh[cx] ] +

2 2 2 2

26 i Log[+/1+c?x? | Sinh[iAr‘cSinh[c x] | —BiSinh[EAr‘cSinh[c x] | +3ArcSinh[c x] Sinh[EAr‘cSinh[c x] | )/
2 2 2

|

[6cd3 (i+cx) \/—(—jd+cdx) (i f+cfx) Cosh[lAr‘cSinh[cx]} +jSinh[1Ar‘cSinh[cx]]
2 2

Problem 591: Result more than twice size of optimal antiderivative.

(a+bArcSinh[cx])?
J dx

Vd+icdx Vf-icfx

Optimal (type 3, 59leaves, 2 steps):
V1+c2x? (a+bArcSinh[cx])?

3bcvd+icdx Vf-icfx

Result (type 3, 168 leaves):

ab~/1+c2x? ArcSinh[cx]? b2~/1+c2x? ArcSinh[cx]? a?log[cdfx++d /f Vd+icdx Vf-icfx |
+ +

cvVd+icdx VFf-1icfx 3cy/d+icdx \/f-icfx cVd VFf
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Problem 594: Result more than twice size of optimal antiderivative.

2

(d+1’1cdx)5/2 (a+bArcSinh[cx])
J ( dx

f-icfx)??

Optimal (type 4, 972 leaves, 28 steps):

Siabd4x(1+c2x2)3/2 8]'1b2d4(1+c2x2>2 bzd“x(1+c2x2)2
_ . _

(d+icdx)®? (f-icfx)¥? c(d+icdx)’? (F-icfx)>? 4(d+icdx)’? (f-icfx)>?

b2d* (1+c?x2)*?ArcSinhcx] 8ib?d*x (1+c2x?)*?ArcSinh[cx] bcd*x? (1+c2x2)*? (a+bArcSinh[cx])
N _

4c<d+1’1cdx)3/2 (F—jcfx)3/2 (d+]‘1cdx)3/2 (F—jcfx)3/2 2(d+jcdx)3/2(f—jcfx)3/2

2 2

8id* (1+c?x?) (a+bArcSinh[cx])? 8d*x (1+c2x?) (a+bArcSinh[cx])? 8d* (1+c2x2)*? (a+bArcSinh[cx])
+ +

c(d+icdx)®? (f-icfx)*? (d+icdx)®? (f-icfx)*? c(d+icdx)>? (f-icfx)*? _

43id* (1+c2x?)? (a+bArcSinhcx])? d*x (1+c2x?)? (a+bArcSinh[cx])? 5d* (1+c2x?)*? (a+bArcSinhicx])?

.
c(d+jcdx)3/2(f—jcfx>3/2 2(d+jcdx)3/2(f—jcfx>3/2 2bc(d+]‘1cdx)3/2<f—jcfx)3/2

32ibd* (1+c? XZ)B/Z (a+bArcsinh[cx]) ArcTan[efresinhlex] | 16 b d* (1+c? x2)3/2 (a+bArcSinh[cx]) Log[1 + e2Arcsinhicx] |

s
c(d+icdx)®? (f-icfx)*? c(d+icdx)®? (f-icfx)*?

16 b2 d* (1+c2x2)>'? Polylog[2, -1 eAresinhicx] | 16b2d* (1+c2x?)>? Polylog[2, i efresinhicx]] g b2d* (1+c?x2)>?Polylog|2, -e2Arcsinnicx] |

c(d+1’1cdx)3/2 (f—jcfx)3/2 c(d+1’1cdx)3/2 (-F—Jic-Fx)3/2 c(d+jcdx)3/2 (-F—Jicfx)3/2
Result (type 4, 2143 leaves):
Jid (-ivex) f-if (i+cx) (—“jfdz+az;ﬁfx+f28(iizx>) _15a2d5/2Log[cd+x+\/F\/?\/jd (~i+ex) (f-if (i+cx) ]
c 2cf32

(41’1abd2\/j (-idecdx) [-i (if+cfx) \[-df (1+c2x)

1
Cosh| = ArcSinh[cx] |
2

1
(7cx+2Ar'cSinh[c x] ++/1+c*x* ArcSinh[cx] - i ArcSinh[c x]? + 4 ArcTan[Coth[ = ArcSinh[cx] || - 21 Log[+/1+c?x? |

2

1
(ﬂicxfziAr'cSinh[c x] +1i+/1+c2x? ArcSinh[cx] +ArcSinh[cx]?+4 i ArcTan[Coth| = ArcSinh[cx]|] +2Log[~/1+c?X? })
. 1 .
Sinh| = ArcSinh[cx] |

2
2 )/
[cfz\/—(—id+cdx) (ifrcfx) /1%

(abdz\/j (~idecdx) [-i (if+cfx) \[-df (1+c2x)

1 1
Cosh[ = ArcSinh[cx] | - i Sinh[ = ArcSinh[cx] |
2 2

] .
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Cosh[lAr'cSinh[c x] | (SAr‘cTan[Tanh[lAr‘cSinh[c x]]] +1 (Ar‘csinh[c x] (41i +ArcSinh[cx]) +4Log[\/1+c?x? })J +
2 2

ArcSinh[cx] (-4 i +ArcSinh[cx]) —SjArcTan[Tanh[lAr‘cSinh[c x]|] +4Log[+/1+c?*x? }) Sinh[lAr‘cSinh[c x] |
2 2
{CFZ\/—(—jd+cdx) (if+cfx) J1+c?x? ]—

{bzd2 (—i+CX)\/i<—id+CdX) \/—]i.(j.'F+C'FX) \/—df(1+c2x2) -18 stArcSinh[c x] - (6 -6 1) ArcSinh[cx]?+ i ArcSinh[cx]? -

|/

1 1
i Cosh [ — ArcSinh[c x] ] +Sinh [ — ArcSinh[c x] }
2 2

12 (n-2iArcSinh[cx]) Log[1+ i e Aresinhlex)] 4 24 ;71 og[1 + eAresinhicx] | +12HLOg[—COS[1 (m+2iArcSinh[cx])]] -

: J/

12 i ArcSinh[c x]2Sinh| % ArcSinh[cx] |

24 7t Log[Cosh | : ArcSinh[cx] || - 24 i Polylog|[2, - i e Aresinhlex]] _
2

{BCFZ\/(jd+cdx) (1’1f+cfx> A1+ c?x?

[Zjibzd2 (-i+cx) \/]i (-id+cdx) \/—i (i f+cfx) \/—d-F (1+c*x?)

Cosh[iAr‘cSinh [cX] ] -1 Sinh[%Ar‘cSinh [cx] ]

!

1 1
Cosh|[ = ArcSinh[cx] | + i Sinh[ = ArcSinh[cx] |
2 2

6 i c xArcSinh[c x] (6+61'l) ArcSinh[cx]? 2 ArcSinh[cx]3 . . 5 1
- + + +31<2+Ar‘c51nh[cx] )+7
V1 +c?x? V1 +c?x? V1 +c?x? V1 +c?x?

61 [2 (m-21iArcSinh[cx]) Log[1+ i e Aresinniext] . (3Ar‘csinh[c x] -4 Log |1+ etresinhiex] | 72Log[7Cos[l (r+21iArcSinh[cx])]] +4
4

12 ArcSinh[c x]2Sinh| % ArcSinh[cx] ]

Log[Cosh| 1 ArcSinh[cx] || J +41Polylog[2, —i e Arcsinhicx]] ] _
2

/

V1+c?x? (Cosh[iAr‘cSinh [cx] ] -i Sinh[iAr‘cSinh [cx] } )

3

1 . s 1 .
Cosh|[ = ArcSinh[cx] | + i Sinh[ = ArcSinh[cx] |

[BC'FZ\/(Jid+cdx) (if+cfx)
2 2

[bzd2 (-i+cx) \/i (-id+cdx) \/—Ji (i f+cfx) \/—df (1+c*x?)

96 c x ArcSinh[cx]  (48-481i) ArcSinh[cx]? 20 i ArcSinh[c x]3

+ +48 (2 +ArcSinh[cx]?) +61i cx (1+2ArcSinh[cx]?) -

V1 +c?x? V1 +c?x? V1 +c?2x?
6 1 ArcSinh[c x] Cosh[2 ArcSinh[c x 1 .
[cX] [ [cx]] + 48 (2 (7-21iArcSinh[cx]) Log[1+ i e Aresinhiexl]
V1+c?x? V1+c?x?
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P (3 ArcSinh[c x] - 4 Log[1 + eAresimhlexl ] _ o | og[-Cos | E (m+21iArcsinh[cx])]] +4 Log[Cosh| 1 ArcSinh[cx] ]| ] +
2

4 ]/

96 i ArcSinh[c x]2 Sinh [ i ArcSinh[c x] ]

41 Polylog|2, -i e Aresinhicx]] ] +

A1+ c?x? (Cosh[iAr‘cSinh [ex]] -1 Sinh[iAr‘cSinh [cx] ]| )

2
{24cf2\/—<—jd+cdx> (i f+cfx) Cosh[lArcSinh[cx}] +JiSinh[1Ar'cSinh[cx]]) )+

2 2
(abdz\/j (-id+cdx) \/—1'1 (if+cfx) \/—df(1+c2x2)

1
(Sinh[—Ar‘cSinh[c x] | (—16 7/1+c2x® ArcSinh[cx] + i Cosh[2ArcSinh[cx]] +2 [8cx+8Ar‘cSinh[c x] +51 ArcSinh[c x]2 +
2

1
16 ArcTan|Tanh|[ = ArcSinh[cx] || + 81 Log[+/1+c?x? | - i ArcSinh[c x] Sinh[2ArcSinh[cx]]
2

1
Cosh[ = ArcSinh[c x] | [161'1\/1+C2 x? ArcSinh[c x] + Cosh[2 ArcSinh[cx]] -2 [Sicx—SJiAr‘cSinh[c x] - 5ArcSinh[cx]? +
2

|/

1
16 i ArcTan[Tanh|[ = ArcSinh[cx] || -8 Log[+/1+c?x? | + ArcSinh[c x] Sinh[2ArcSinh[c x]] ))
2

[4C'F2\/—(—id+CdX) (if+rcfx) 1+ ]

1 1
Cosh[ = ArcSinh[cx] ] - i Sinh{; ArcSinh[c x] |
2

Problem 598: Result more than twice size of optimal antiderivative.

(a+bArcSinh[cx] )2
J dx

(d+icdx)3/2 (f—icfx)3/2

Optimal (type 4, 224 leaves, 7 steps):

2 2

X (1+c?x?) (a+bArcSinh[cx]) (1+c? x2)3/2 (a+bArcSinh[cx])

(d+icdx)? (f-icfx)>? c(d+icdx)®? (f-icfx)??
2b (1+c? x2)3/2 (a+bArcSinh[cx]) Log[1+e?Aresinhiex] ] p2 (14 2 x2)3/2 Polylog|2, -e2Arcsinhicx] ]

c (d+1’1cdx)3/2 (-F—ch-Fx)B/2 c (d+]lcdx)3/2 (f—]‘lcfx)3/2

Result (type 4, 488 leaves):
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1
a?cx+2abcxArcSinh[cx] -2 1 b%2m+/1+c?x? ArcSinh[c x] +b?c xArcSinh[c x]? -

cdfv/d+icdx VFf-icfx
b?/1+c2x? ArcSinh[cx]2+ib?+/1+c?x? Log[1l-i e resinniexI] _2p2/1 4 c2x? ArcSinh[cx] Log[1- i e Aresinhiex]] _

ib?m+/1+c?x? Log[1+ie”resinhiexi] 2 p2 /14 c?x? ArcSinh[cx] Log[1+i e AresiMNiexI] 44 b2 /1 +c2x? Log[1+etresinhiex]]
ab+/1+c?x? Log[1+c2x?| +ib?m/1+c2x? Log[—Cos[l (m+2iArcSinh[cx])]] -4ib?n/1+c?x? Log[Cosh[lAr‘cSinh[cx]H -
2

4

ib2m/1+c?x? Log[Sin[1 (m+2iArcSinh[cx])]] +2b%/1+c? x> Polylog|[2, -i e AsiMIcxI] 4 2p2\[1+c? x> Polylog|2, i e Aresinnicx]]
4

Problem 600: Result more than twice size of optimal antiderivative.

(d+1icdx)*? (a+bArcSinh[cx])?
J dx

(f-icfx)>?
Optimal (type 4, 794 leaves, 25 steps):
2iabdSx (1+c2x2)>? 2ib2d5 (1+c2x?)°

_ N _
(d+1’1cdx)5/2 (-F—M-Fx)S/2 C (d+1’1cdx)5/2 (-F—Jic-Fx)S/2

)
(

5d° (1+c2x?)”? (a+bArcSinh[cx])® 112bd° (1+c2x2)>'? (a+bArcSinh[cx]) Log[1+ i e Arcsinhicx] |

2 2

2ib2d°x (1+c?x? id° (1+c2x2)3(a+bAr‘cSinh[cx])
+ +

f-icfx)”? 3c(d+icdx)>? (F-icfx)”? c(d+icdx)®? (f-icfx)*?

>’2 ApcSinh[cx]  28d° (1+c? XZ)S/Z (a+bArcsinh[cx])
+

(d+icdx)®>?

N
3bc (d+icdx)®? (f-icfx)*? 3c(d+icdx)®? (f-icfx)*?
11262 d5 (1+ 2 x?)*/ Polylog[2, — i e Arcsinnicx)|  8bd® (1+c2x?)*'* (a+bArcsinh[cx]) Sec[ % + 1 i ArcSinh|c x]]?
+ +
3c(d+icdx)®? (f-icfx)®? 3c(d+icdx)®? (f-icfx)®?
s

16 i b% d° (1+c2x2)5/2Tan[1+ler‘cSinh[cx]} 28 i d° (1+c2x2)5/2 (a+bAr‘cSinh[cx])2Tan[ + 1 ArcSinh[cx] ]
4 2 4 2

+ —

3(:(d+1'1cdx)5/2 ('F—JiC‘FX)S/Z 3¢ (d+j1cdx)5/2 (-F—Jicfx)S/z

43d5 (1+c2x2)>? (a+bAr‘cSinh[cx1)ZSec[§+%1Arcsinh[cx1]2Tan{f+%iAr‘cSinh[cx]}

3c(d+icdx)®? (f-icfx)®?
Result (type 4, 2552 leaves):
Jid(—jwcx) \/‘jl‘c(jl*CX) (ja:sdz+3f83]tficd;z‘szsgzizx)) 5a2d5/2Log[cdfx+ﬁF\/jd(—Ji+cx) \/—if<i+CX)]
+
C c £5/2

(J’labdz\/i (-id+cdx) \/—j (i f+cfx) \/—df(1+c2x2)

1 1
Cosh [ — ArcSinh[c x] ] +1 Sinh [ — ArcSinh[c x] }
2 2
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+

—Cosh[iAr‘cSinh[c x] | [Ar‘csinh [cX] - 2Ar‘cTan[Coth[lAr‘cSinh [ex]]] +iLog[y/1+c2x? ]
2 2

+

Cosh : ArcSinh[cx] | |41+ 3ArcSinh[cXx] - 6 ArcTan|Coth 1 ArcSinh[cx] || +31Log|~/1+c?x?
2 2

2 [w/1+C2X2

2 (1+JiAf‘CSinh[C X] +2iAr‘cTan[Coth[lAr‘cSinh[c x] ]| +Log[y/1+c?x? ]
2

i ArcSinh[c x] +2 JiAr‘cTan[Coth[lAr‘cSinh[c x]]] +Log[\/1+c?x? ]
2

+

1
) Sinh[ = ArcSinh[cx] |
2
4]

1 1
Cosh[ = ArcSinh[cx] | + i Sinh[ = ArcSinh[cx] |
2 2

|/

1 1
Cosh [ — ArcSinh[c x] ] -1 Sinh [ — ArcSinh[c x] }

{3cf3(1+jcx)\/(id+cdx) (i f+cfx) A 5

(abdz\/i (-id+cdx) \/—Ji (i f+cfx) \/—d-F(1+c2x2)

+

Cosh{i ArcSinh[c x] | ( (14 i - 3ArcSinh[c x]) ArcSinh[c x] +28 i ArcTan|Tanh| 1 ArcSinh[cx] || -14Log[+/1+c2x? |
2 2

1 1
Cosh[ = ArcSinh[cx] | [8 +6 1 ArcSinh[c x] + 9 ArcSinh[cx]? - 84 i ArcTan|Tanh| = ArcSinh[cx]|] +42 Log[+/1+c? x? |
2 2

1
21 [4+41‘1Ar‘c$inh[cx} +6ArcSinh[cx]?-56 i ArcTan[Tanh| = ArcSinh[cx] | ] + 28 Log[\/1+c2x2 ] +\/1+c2x2
2

(Ar‘csinh[c x] (141 +3ArcSinh[cx]) - 28 JiAr'cTan[Tanh[lAr‘cSinh[c x]|] +14 Log[~/1+c?x? |
2

|

1
) Sinh[ = ArcSinh[cx] |
2

|/

1 1
Cosh|[ = ArcSinh[cx] | - i Sinh[ = ArcSinh[cx] |

[3cf3(1+jcx)\/(id+cdx) (if+cfx) ) 5

ib®d? (-i+cx) \/1'1 (-id+cdx) \/—1'1 (if+cfx) \/—d-F (1+c*x?)

2ArcSinh[cx] (21 +ArcSinh[cx])

(-1-1) ArcSinh[cx]? -

-2 (;r-21iArcSinh[cx]) Log[1+i e Aresinnlex]]

i+cCX

in [3 ArcSinh[cx] -4 Log[1 + eAresinhicx]] ) Log[—Cos[l (m+21iArcSinh[cx])]] +4 Log[Cosh[lAr‘cSinh[c x]]] |+
4 2
4 ArcSinh[c x]?2 Sinh[%Ar‘cSinh[c x] | 2 (4 +ArcSinh[cx]2?) Sinh[%Ar‘cSinh[c x] |

4 Polylog [2, _j @-Arcsinh[c x]} B )
(cOsh [ 3 Arcsinh[cx] | - i Sinh[J ArcSinh[cx] | )3 Cosh|[ > ArcSinh[cx] | - i Sinh|[ > ArcSinh[cx] |

{3C'F3\/—(—j1d+cdx) (Ji-F+c-Fx> A/ 1+ c?x? 2]+

/

1 1
Cosh[ = ArcSinh[cx] | + i Sinh[ = ArcSinh[cx] |
2 2

ib?d?® (-i+cx) \/Ji (-id+cdx) \/—Ji. (i f+cfx) \/—df (1+c*x?)
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6 i c xArcSinh[c x] (13+13 ]1) ArcSinh[c x]? 3Ar'ch_nh[cx]3 2 ArcSinh[c x] (21’1+Ar‘cSinh[c X})
- + + + +31 (2+Ar‘cSinh[CX}2> +
V1+c2x? V1+c2x? V1+c?x? (i+cx)Vi+c2x?
—131 (2 (m-21iArcSinh[cx]) Log[1+ i e Aresinhiex] ], (3 ArcSinh[cx] - 4 Log[1 + eAresinhlex] | _
V1+c?x?
1 1 .
2Log[-Cos|~ (m+2iArcSinh[cx])|] +4Log|[Cosh| = ArcSinh[cx] ]| ) +4 1 Polylog|2, -i e Aresinhicx] ]J +
4 2
4 ArcSinh[c x]?2 Sinh[iAr‘cSinh [cx]] 2 (4+13ArcSinh[cx]?) Sinh[%ArcSinh [cx] ]

V1+c2x? (Cosh[%Ar‘cSinh[cx]}—JiSinh[%Ar‘cSinh[cx]”3 V1+c?x? (Cosh[iAr‘cSinh[cx}]7jSinh[iAr~cSinh[cx}]) ]/

3

-21ArcSinh[cx] - (7-71) ArcSinh[c x]? + i ArcSinh[cx]> +

1 . s 1 .
Cosh[f ArcSinh[c x] } + 1 Sinh [ — ArcSinh[c x] ]

{3cf3\/(jd+cdx) (1’1'F+cfx>
2 2

2b%d?* (-i+cx) \/1'1 (-id+cdx) \/—1'1 (i f+cfx) \/—d-F (1+c2x?)

2i ArcSinh[cx] (2 i +ArcSinh[cx])

-14 (-2 1iArcSinh[cx]) Log[1+ i e riMIcxI] 4 28 1 Log |1 +efresinhiex] ],
1+cCX

14 7t Log | - Cos | E (m+21Arcsinh[cx])]] - 28 Log [Cosh[1 ArcSinh[cx] || - 28 i Polylog|2, - i e Aresinhlex)] _
4 2

2i (4+7ArcSinh[cx]?) Sinh[iAr‘cSinh [cx]] 4 ArcSinh[c x]?2 Sinh[iAr‘cSinh [cx]]

+ /
COShEAT‘CSiNh[C x] | 7jSinh[iAr~cSinh[c x] | (]‘1 Cosh[%Ar‘cSinh[c x] | +Sinh[§Ar‘cSinh[c x}])s]]

2
[3C'F3\/—(—Jid+cdx) (if+cfx) J1+c?x? ]—

(jabdz\/j(fdercdx) \/7j(jf+cfx) \/7df(1+c2x2) Cosh[lAr‘cSinh[cx]}+jSinh[1Ar‘cSinh[cx]}
2 2

1 1
Cosh[f ArcSinh[c x] ] +1 Sinh[f ArcSinh[c x] }
2 2

+

3 1
-Cosh[ = ArcSinh[cx] | {9 - 35 i ArcSinh[cx] + 9 ArcSinh[cx]? +52 i ArcTan [Coth[ = ArcSinh[cx] || +26 Log[+/1+c? x? |
2 2

1 1
Cosh| = ArcSinh[cx] ] [2@+24iAr‘cSinh[c x] +27 ArcSinh[c x]? + 156 i ArcTan[Coth[ = ArcSinh[cx] || + 78 Log[+/1+ 2 X? |
2 2

5
i [3 (-1 +ArcSinh[cx]) Cosh| = ArcSinh[cx] | +2 [13+711Ar‘cSinh[c x] + 18 ArcSinh[c x]2 +
2

104iAr‘cTan[Coth{lAr‘cSinh[c x]]]+314 (i+ArcSinh[cx]) Cosh[2ArcSinh[cx]] +52 Log[\/1+c2 x? | +\/1+c2 x2
2

1
Sinh [ — ArcSinh[c x] }

1
[6 +38 i ArcSinh[c x] + 9 ArcSinh[cx]? + 52 i ArcTan [Coth[ = ArcSinh[cx] || + 26 Log[+/1+c? x? |
2

2

)/
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4
[6C'F3 (—i+cx)\/—(—jd+cdx) (if+cfx) Cosh[lAr‘cSinh[cx]]—JiSinh[lAr‘cSinh[cx]]) )
2 2

Problem 601: Result more than twice size of optimal antiderivative.

(d+icdx)®? (a+bArcSinh[cx])?
j dx

(f-icfx)*?

Optimal (type 4, 584 leaves, 21 steps):

8d* (1+c? XZ)S/Z (a+bArcSinh[c x])2 d* (1+c? x2>5/2 (a+bArcsinh[cx] )3 32bd* (1+c? XZ)S/Z (a+bArcSinh[cx]) Log[1 + i e Arcsinhicx] |
+ +

c(d+j1cdx)5/2 (F—icfx)S/z 3bC<d+iCdX)5/2('F—iC'FX>5/2 3c(d+icdx)5/2(f—icfx)5/2

3202 d* (1+c?x2)*2 Polylog[2, - i eArcsimicxl]  4bd (1+c2x?)*? (a+bArcSinh[cx]) Sec[f+%1’1Ar‘cSinh[c x]]?
+
c(d+icdx)®? (f-icfx)*? 3c(d+icdx)®? (f-icfx)®?

+

81ib2d4 (1+c2x2)5/2Tan[f+%iAr‘cSinh[cx]] 8id* (1+c2x2)>? (a+bAr‘cSinh[cx])2Taan+%iAr‘cSinh[cx}]
+

c(d+icdx)®? (f-icfx)*? 3c(d+icdx)®? (f-icfx)®?

21d* (1+c2x2)°? (a+bAr‘cSinh[cx})ZSec[§+ijAr‘cSinh[cx}]zTan[f+%JiAr'cSinh[cx]}

c (d+]’1cdx>5/2 (F—J’lcfx)S/z

Result (type 4, 1617 leaves):

\/jd(fjHCX) \/ﬂif(j“rcx) (3;?;12:)()2’31:38(ajzix>) a2d3/2Log[cdfx+ﬁ\/?\/jd (-i+cx) \/7]if(]i+cx) ]
N _

c cf/2

(labd\/ 1d+cdx \/—i(if+cfx) \/—d-F(1+c2x2)

1 1
Cosh[ = ArcSinh[cx] | + i Sinh[ = ArcSinh[cx] |
2 2

—Cosh[iAr‘cSinh[c x] | [Ar‘cSinh[c x] —2Ar‘cTan[Coth[ ArcSinh[cx] || +1i Log[+/1+c?x? |
2 2

+

+

Cosh[lAr‘cSinh[c x] | [41’1 +3 ArcSinh[c x] —6Ar‘cTan[Coth[ ArcSinh[cx]|] +31iLog[+/1+c?x? |
2 2

2 [\/1+C2X2 i ArcSinh[c x ]+21Ar‘cTan[Coth[ ArcSinh[cx] || +Log[+/1+c?x? |

2

2 (1 + 1 ArcSinh[c x] + 2 1 ArcTan [Coth[ ArcSinh[c x] H + Log[\/1+c72x2]

2

+

)Slnh[ ArcSinh[c ]}
2
4
]+

(abd\/ ~id+cdx) \/—Ji(if+cfx) \/—df(1+c2x2) (Cosh[lAr‘cSinh[cx”+JiSinh[1Ar'cSinh[cx]])
2 2

|/

[3CF3 (1+1icx) \/7(7]1d+cdx) (if+cfx) Cosh[lArcSinh[cx]] ﬂisinh[lAr‘cSinh[cx]}

2 2
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+

Cosh{i ArcSinh[c x] | ( (14 i - 3Arcsinh[c x]) ArcSinh[c x] +28 i ArcTan|Tanh| 1 ArcSinh[cx] || - 14 Log[/1+c2x? |
2 2

1 1
Cosh[ = ArcSinh[cx] | [8 +6 1 ArcSinh[c x] + 9 ArcSinh[cx]? - 84 i ArcTan|Tanh| = ArcSinh[cx]|] +42 Log[+/1+c? x? |
2 2

1
21 [4+41‘1Ar‘csinh[c x] +6ArcSinh[c x]? - 56 i ArcTan[Tanh[ = ArcSinh[cx] || + 28 Log[\/1+c2 x? ] +\/1+c2 x2
2

(Ar‘csinh[c x] (141 +3ArcSinh[cx]) - 28 JiAr‘cTan[Tanh[lAr‘cSinh[c x]|] +14 Log[~/1+c?x? |
2

|

1
) Sinh[ = ArcSinh[cx] |
2

|/

1 1
Cosh [ — ArcSinh[c x] ] -1 Sinh [ — ArcSinh[c x] }

[6cf3(1+jcx)\/(id+cdx) (i f+cfx) A 5

ib’d (-1i+cx) \/1'1 (-id+cdx) \/—1'1 (i f+cfx) \/—df(1+c2x2>

2ArcSinh[cx] (21 +ArcSinh[cx])

(-1-1) ArcSinh[cx]? - -2 (r-21iArcSinh[cx]) Log[1+i e Aresinnlex]] _

i+cCX
in [BAr‘cSinh[c X] -4 Log[1 + efresinhicx] | —2Log[—Cos[l (m+21iArcSinh[cx])]] +4Log[Cosh[lAr‘cSinh[c x]]] |+
4 2

. 4 ArcSinh[cx]2Sinh[2 ArcSinh(cx] | 2 (4 +Arcsinh[cx]2) sinh[2 ArcSinh[cx] |
4 Polylog|2, -1 e Aresinhlcx] ] _ 2 + 2
(Cosh [ % ArcSinh[cx]| - i Sinh| i ArcSinh[cx] | )3 Cosh | i ArcSinh[cx] | - i Sinh| i ArcSinh[cx] |

2
{3cf3x/—(—j1d+cdx) (Ji'F+C'FX> A/ 1+ c?x? ]+

-21tArcSinh[cx] - (7-7 i) ArcSinh[cx]?+ i ArcSinh[cx]? +

/

1 1
Cosh[ = ArcSinh[cx] | + i Sinh[ = ArcSinh[cx] |
2 2

[bzd (-1+cx) \/Ji (-id+cdx) \/—i (if+cfx) \/—df(1+c2x2)

21 ArcSinh[cx] (21 +ArcSinh[cx])

~14 (- 21iArcSinh[cx]) Log[1+ i e Aresimhlex]] 28 7 Log |1 + efresinhiex] ]
i+cCX

14 7 Log |- Cos | : (7+2iArcSinh[cx])]] -28Log [Cosh[1 ArcSinh[cx] || - 28 i Polylog|2, -i e Aresinhlex]] _
4 2

N
Cosh[iAr‘cSinh [ex]]| -1 Sinh[iAr‘cSinh [cx] | (J’l Cosh]| i ArcSinh[cx]] +Sinh] i ArcSinh[cx]] ) ’

{3cf3\/—(—jd+cdx) (if+cfx) NETpEIY 2]

21i (4+7ArcSinh[cx]?) Sinh[iAr‘cSinh[c x] | 4 ArcSinh[c x]ZSinh[iArcSinh[c x] | ]]/

1 1
Cosh| = ArcSinh[cx] | + i Sinh|[ = ArcSinh[cx] |
2 2

Problem 605: Result more than twice size of optimal antiderivative.
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2

dx

J (a+bArcSinh[cx])
(

d+1‘1cdx)5/2 (f—icfx)S/z

Optimal (type 4, 386 leaves, 10 steps):

b2x(1+c2x2)2 b(1+c2x2)3/2 (a+bArcSinh[cx]) x (1+c?x?) (aerAr‘cSinh[cx})2 2x(1+c2x2)2(aerAr‘cSinh[cx])2
+ + +

+

3(d+icdx)®? (f-icfx)”? 3c(d+icdx)”? (f-icfx)>? 3(d+icdx)®? (f-icfx)”? 3(d+icdx)®? (f-icfx)”?

2 (1+¢c? x2)5/2 (a+bArcsinh[c x])2 4b (1+c? xz)s’/2 (a+bArcSinh[cx]) Log[1+e?Aresinhiex] ] 2 p2 (1+c2 x2)5/2 PolylLog[2, -e2Arcsinhicx] ]

3c(d+icdx)5/2(f—jcfx)5/2 3c(d+jcdx)5/2(f—jcfx>5/2 3c(d+jcdx)5/2(f—jcfx)5/2

Result (type 4, 993 leaves):
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) 2 2 : 2 2
\/jd(—i+cx) \/—jf(jJrcx) (— -2 " a + La + a )
12d3 3 (-i+cx)? 3d3F3 (-i+cx) 12d> 3 (i+cx)? 3d3 3 (i+cx)

c
(2- i ArcSinh[cx]) ArcSinh[c x] (Cosh{%Ar‘cSinh [cx]] +1iSinh| % ArcSinh[cx] | )

+

! v (2+24) (-1)%

bZ

12cd?®f2+/d+icdx V/f-1cfx Cosh[iAr‘cSinh[cx]] —jSinh[iAr‘cSinh[cx]}

72 (J’l (37rAr‘cSinh[c x] + (1-1) ArcSinh[cx]?+Log[2] +2 (n-2 i ArcSinh[cx]) Log[1+ 1 e A imhiex]] _ 4,1 og[1+ eAresinlex]]

47 Log[Cosh| E ArcSinh[cx]]] -2 Log[-Cosh]| E ArcSinh[cx]] + 1 Sinh| 1 ArcSinh[cx] ]| ) - 4Polylog|2, i eAresinhlcx]]
2 2 2
1 . . 1 . 1 . s 1 .
Cosh[f ArcSinh[c x] ] -1 Slnh[* ArcSinh[c x] } Cosh[f ArcSinh[c x] ] +1 Slnh[* ArcSinh[c x] } -
2 2 2 2
2i+2 (—2 (-1)**ArcSinh[cx]?+~/2 [—2 (7+2iArcSinh[cx]) Log[1-i e Aresithtlex) ]y | ArcSinh[c x] -4 Log[1 + eAresinhlex) | o

4 Log[Cosh[1 ArcSinh[cx]|] +2 Log[Sin[1 (7+21iArcSinh[cx])]] ] +41Polylog|2, i e Aresinhiex] ] J ]

2 4
1 1 1 1
Cosh|[ = ArcSinh[cx] | - i Sinh[ = ArcSinh[cx] || |Cosh| = ArcSinh[cx]] + i Sinh|[ = ArcSinh[cx] || +
2 2 2 2
2 ArcSinh[c x]2 (Cosh[%Ar‘cSinh [ex]] -1 Sinh[iAr‘cSinh [cx] ] ) Sinh[iAr‘cSinh [cx] ] )

1+1cx

1
Sinh[ = ArcSinh[cx] ] +

4 (-1+2ArcSinh[cx]?)
2

1 1
Cosh| = ArcSinh[cx]] - i Sinh|[ = ArcSinh[cx] |
2 2

21 ArcSinh[c x]2 (Cosh[%Ar‘cSinh [ex]]+1 Sinh[%Ar‘cSinh [cx] ] ) Sinh[%Ar‘cSinh [cx]]
N

1+CX

1
Sinh[ = ArcSinh[cx] | +
2

. 2 1 . s 1 .
4 (-1+2ArcSinh[cx]?) Cosh[;Ar‘cSmh[c x] | +1$1nh[5Ar‘c51nh[c x] |

ArcSinh[cx] (-2 +ArcSinh[cx]) (11 Cosh[iAr'cSinh[c x] | +Sinh[§Ar‘cSinh[c x}])
.

Cosh[%Ar‘cSinh [ex]]+1 Sinh[%Ar‘cSinh [cx]]

ab [1 , 3cxArcsinhlcx] _ 3 Log[ /1 2 x2 ] B Cosh[3 ArcSinh[cx]] Log[\/hcz x2 ] N ArcSinh[c x] Sinh[3 ArcSinh[cx]] J

A/ 1+c? x? A/ 1+c? x? A/ 1+c? x?

3cd2f2/d+icdx VFf-icfx V1+c2x2

Problem 611: Result unnecessarily involves imaginary or complex numbers.

Ja +bArcSinh[c x]
X

d+ex?

| 69
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Optimal (type 4, 485 leaves, 18 steps):

e eAr‘cSinh[c X] e eAl"cSinh'c x]

(a+bArcSinh[cx]) Log[1 - (a+bArcsinh[cx]) Log[1+

ey d -/ -ctdie cﬂm}
- +
2+ -d Ve 2+ -d Ve
(a+bArcsinh[cx]) Log[1- —\M} (a+bArcSinh[cx]) Log|1+ e ehresinnlex]

cv-d +1/ -c2d+e cv-d +1/ -c2d+e cv-d -/ -c2d+e ]
- - +
2+/-d Ve 2+/-d Ve 2+/-d Ve

ArcSinh[cx]

e eAr‘csmh [ex] ]

bPolylog|2, -

e eAr‘cSinh[c x] ] e eAr‘cSinh[c X] ]

b PolyLog|2, bPolyLog|2, - bPolyLog[2, —*=°

c/-d -/ -c?d+e c/-d +\/ -c?d+e c/-d +\/ -2 d+e

- +

2+/-d Ve 2+/-d e 2+/-d e
Result (type 4, 775leaves):
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1+Q£ 1 . .
1 Ve x Nes (C\/?—V?)Coth—(7r+21Ar‘c51nh[cx]H
———— |16 aArcTan| | +4b |81 ArcSin[—————] ArcTan| ] -
16/d e \d N2 c2d-e
cd cVd
17cﬁ (C\H+\E)Cot[l(7r+211Ar‘cSinh[cx])] 1+c\g

8 i ArcSin| | ArcTan| 4 ] + |7+ 4ArcSin[ ———] - 2 i ArcSinh[c x]

2 cld-e V2

1 c/d
i (—C\/d_ m) ArcSinh[c x] - NS i (—C\/? m) ArcSinh[c x]
Log[1 - | - |+ 4ArcSin| ————] -2 i ArcSinh[cx] | Log[1 + ] -
Ve iz Ve
cVd

1- cﬁ i (cx/? m) @Arcsinh[cx]
7 -4 ArcSin[ —————] -2 i ArcSinh[cx] | Log|[1 - |+

V2 Ve

c/d_

1+ c\/? i (Cﬁ m) ArcSinh[c x]
7 -4ArcSin[ —————] -2 i ArcSinh[cx] | Log[1 + | + (m-21iArcSinh[cx]) Log|c (\/?—]'].\/?X)] +

V2 Ve

21 ArcSinh[c x] Log[c(\/?—J’L\/?x)}—(n—ZjAr‘cSinh[ )Log[ (\/—+]l\/— )]—ZjArcSinh[ ] Log[c (\/—+Jl\/— )]—

i (—C \/? m) @Arcsinh [cx] i (C \/? m) @Arcsinh [cx]
2i |Polylog|2, | +PolyLog|2, }J +
Ve Ve
i (*C \H 4 m) @Arcsinh[cx] i (C \/? m) @Aresinh [cx]
21i |Polylog|[2, - | +Polylog|2, }J
Ve Ve
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Problem 612: Result unnecessarily involves imaginary or complex numbers.

dx

Ja +b ArcSinh[c x]
(d +ex2)2

Optimal (type 4, 707 leaves, 26 steps):

e -c2+/-d x

b cArcT
care an[x/ c?d-e /1+c?x? ]

a+bArcSinh[c x] a+bArcSinh[cx]
_ + _
4d@(\/fd —\EX) 4d\/?(\/—d +\Ex) 4d~/c2d-e ‘e
b cArcTan| —%¢ 2/ d x | (a+bArcSinh[cx]) Log[1- —¢ AT ] (a+bArcSinh[cx]) Log[1+ —¢ e e
N c2d-e 1+ x? c/-d -/ -c?d+e c~/-d -/ -c?d+e
_ . _
4 (-d)*2 e

4d/c*d-e Ve 4 (-d)*?e
e eAr‘cSinh[cxj

(a+bArcsinh[cx]) Log[1- _\M} (a+bArcSinh[cx]) Log[1+ —¢ ehremiex | bPolylog|2, - ]
c/-d +1/ -c?d+e c/-d +\/ -c2d+e cv-d -/ -c2d+e
+ + -

4 (-d)**+/e 4 (-d)**+e 4 (-d)*?e

e eArcSinh [cx]

& oArcsinh(cx] ] bpolyLog[z:

bPolyLog[2, —° chresimex | bPolyLog|2, -
c+/-d -/ -c?d+e c+/-d +1/ -c?d+e c+/-d +1/ -c?d+e
+ _

4(—d)3/2\/F 4<—d>3/2\/? 4(—d)3/2\/?
Result (type 4, 1129 leaves):
aAr‘cTan[@}
ax e
N
2d(d+ex2> 2d32/e

CLog{“l’ﬁﬂzﬁ”mmﬂ CLOg{ize(@“zﬁnmm
_ ArcSinh[cx] e-cae [ia e x ArcSinh[c x] e/ -cae [ia e x
L i4/d /e x Joctdve ) “id /e x J-c2die . 1 i (-2 Arcsinh[cx])? 4
4d-e 4d-e 32d%2+/e

c/d
1+ cﬁ7\/?>Cot[l(zr+211Ar'cSinh[cx])]
4 | =21 ArcSinh[cx]

Ve

32 i ArcSin[ ————] ArcTan|
Vcid-e

V2

| +4 |7 +4ArcSin|
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i (7(: \H m) eArcsinhicx] 1+ Q\/g i (C ﬁ m) eArcsinhicx]
Log[1- | +4 |m-4ArcSin| —————] - 2i ArcSinh[cx] | Log[1+ ] -
Ve V2 Ve

4 (m-21iArcSinh[cx )Log[ cVd +ice x | -81iArcSinh[cx] Log|c \/_HLCV—}

i (—C\/?+‘/C2d—e ) @Arcsinh[cx] i (C\/? Jc2d- e) ArcSinh[c x]
81i |PolyLog|2, | +PolyLog[2, - e
Ve Ve
c/d_

1 xll_c\/; (C\/d_+\/?)Cot[l(7r+211Ar‘cSinh[cx])]
———— |1 (n-21iArcSinh[c x])2—32iAr‘cSin[7] ArcTan | 4 | -
32d%2+/e N2 c?d-e

c/d
1- C\E i (—c \/? m) @Aresinh[cx]
4 |7 +4ArcSin| —————] -2 ArcSinh[cx] | Log[1+ |-
V2 Ve
1—%/?@ ]i_(C\/? Jc2d- e) ArcSinh[c x]
4 |7 -4ArcSin| ————] - 2i ArcSinh[cx] | Log|[1 - ]+
V2 Ve

4 (7-21iArcSinh[cx]) Log[c+/d -~ic+e x| +8iArcSinh[cx] Log[c/d ~ice x|+

81

i (—C \/? m) @Aresinh [cx] i (C \/? m) @Arcsinh[cx]
| +PolyLog|2,

Ve Ve |

PolyLog[Z, -

Problem 617: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.
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2

(a+bArcSinh[cx])
J dx

d+ex?

Optimal (type 4, 739 leaves, 22 steps):

e eArcSinhjc x] e eArcSinh[c x]

(a+bArcSinh[cx])? Log[1 +

c/-d -/ -c2d+e } cv-d -/ -c2d+e
- +
2+/-d e 2+/-d e

(a+bArcSinh[cx])? Log[1 -

e eAr‘cSmh[cx] e eAr‘cSmhjcx]

(a+bArcSinh[cx])? Log[1 +

cv-d +/ -c2d+e ] c/-d +/ -c?d+e
2+-d Ve 2+/-d e
b (a+bArcSinh[cx]) Polylog|2, ——\w} b (a+bArcSinh[cx]) Polylog|2,

c/-d -/ -c?d+e c/-d -/ -c2d+e
N _
A -d Ve \V-d Ve
b (a+bArcSinh[cx]) PolyLog|2, —w} b (a+bArcSinh[cx]) Polylog|2,

c/-d 4/ -c2d+e c/-d +/ -c2d+e }
+ +
V-d Ve V-d Ve

(a+bArcSinh[cx])? Log[1 -

e eAr‘cSinh [cx]

e eArcSinh [cx]

b2 PolyLog [3, B {e gAresinhicx] } b2 PolyLog [3, e eArcsinhcx] } b2 PolyLog [3, B {e gArcsinhicx] } b2 PolyLog [3, e eArcsinhcx] }
c/-d -/ -2 d+e c/-d -/ -2 d+e c/-d +\/ -2 d+e c/-d +/ -c2d+e
_ . _
V_d e Vod e V-d e V-d e
Result (type 4, 3196 leaves):
c+/d
1 e x 1+\/? (cﬁ—\/F)Cot[l(n+21’1Ar‘cSinh[cx}>]
8a? ArcTan| | +4ab [81iArcSin[————] ArcTan| 4 | -

8+/d Ve \d A2 Veid-e

c/d cVd
lfcﬁ (C\H+\E)C0t[l(7T+2fLAPCSinh[CX])] 1+cﬁ
8 jArcSin[i] Ar‘cTan[ 2 ] + n+4ArcSin[7] -2 1 ArcSinh[c x]
V2 Vecid-e V2

| - [r+4ArcSin| ———] -2 i ArcSinh[cx] | Log|[1+

Ve V2 Ve

Log[1-

) _c/d )
i (—cx/?w’czd—e ) eAr‘cSlnh[cx] 1 NS i (—cﬁJm/czd—e ) eAr‘cSlnh[cx]

] -
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Nry i (C\/F m) @Aresinh [cx]
7-4ArcSin[ —————] -2 i ArcSinh[cx] | Log|[1 - |+
V2 Ve
c~/d
1+ % i (C \/? m) ArcSinh[c x]
7-4ArcSin[ —————] - 21 ArcSinh[cx] | Log[1+ | + (m-21iArcSinh[cx]) Log|c (\/?—]'l\/?X)] +
v Ve

21 ArcSinh[c x] Log[c(\H—i\/?x)}—(n—ZjAr‘cSinh[ 1) Log|c (\ﬁﬂl\ﬁ )]—ZjAr‘cSinh[ ] Log[c (\/7“1( )]—

i (—C \/? m) @Arcsinh [cx] i (C \/? m) @Arcsinh [cx]
21i |PolyLog|2, | +PolyLog|2, - e
Ve Ve
i (*C\H+m) @Arcsinh[cx] i (C \/? \/T) @Aresinh [cx]
21i |Polylog|[2, - | +Polylog|2, N
Ve Ve
c/d
1+ 50 (c/d -+e | cot[? (r+21ArcSinhcx])]
4b? |81 ArcSin[——————] ArcSinh[c x] ArcTan | 4 | -
V2 c2d-e
c/d
- (c/d ++e ) cot[? (r+2iArcSinhcx])]
8 i ArcSin|[ —————] ArcSinh[cx] ArcTan]| 4 | -
N2 Veid-e
cVd
[ 1+ CE ] { (c\/?_ﬁ) (Cosh[%Ar‘cSinh[cx]} —iSinh[%Ar‘cSinh[cx]” |
8 1 ArcSin| ———— | ArcSinh[c x] ArcTan +
A2 Je2d-e (Cosh[iAr‘cSinh[cx]] +iSinh[iAr‘cSinh[c x]”
c/d
1- c@ (c \d o+ \/?) (Cosh[lAr‘cSinh[c x]| - i sinh[ % ArcSinh[cx] })
8 i ArcSin[ —————] ArcSinh[c x] ArcTan]| ; 2 ; 2 | +mArcSinh[c x]
N2 Je2d-e (Cosh[;Ar‘cSinh[cx]] +iSinh[;Ar‘cSinh[cx]”
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14——\Cc d

i (*C \/? m) @Aresinh[cx] Nry i (*C \/? m) @Aresinh [cx]
Log[1- | +4ArcSin[ —————] ArcSinh[cx] Log[1 - | -
Ve V2 Ve

i (—C\/? m) ArcSinh[c x] i (—C\/? m) ArcSinh[c x]

i ArcSinh[cx]? Log[1 | - ArcSinh[cx] Log|1 +

} .

Ve Ve
c~d
1- = i (—C\/? m) @Aresinh [cx]
4 ArcSin| — | ArcSinh[c x] Log|1 + +
in[ ] [ = J
e

j(fcﬁ Jc2d- e) ArcSinh[c x] J'l(C\H Jc2d- e) eAresinh[cx]

i ArcSinh[cx]? Log[1 + | - mArcSinh[cx] Log|1 -

]+

Ve Ve
c/d
1- C\/? i (C \/? m) @Arcsinh[cx] i (C \/? m) eAresinh[cx]
4Ar‘cSin[7} ArcSinh[c x] Log[l— ] +1 ArcSinh[c x]? Log[l— ] +
7 Ve Ve
i (C \/F m) ArcSinh[c x] 1+ %/g i (C \/? m) ArcSinh[c x]
mArcSinh[cx] Log[1 + | -4Arcsin[ ————] ArcSinh[cx] Log[1 + ] -
Ve 5 Ve

i (C \/d— Vc2d-e ) ghresinh (e x] \/?eAr‘cSinh[c x]
| +iArcSinh[cx]? Log|1 + ] -
Ve icvd -/ -c2d+e
e ArcSinh[c x] ArcSinh[c x]
Ve e | - iArcsinh[cx]? Log|1 - Ve e ]+
—icvd +V-c?d+e icvd +vV/-c2d+e
/e eArcsinhicx] j(cﬁ\/czde)(cx+x/1+c2x2)]

i ArcSinh[cx]?Log[1+

i ArcSinh[cx]?Log[1+

i ArcSinh[cx]? Log[1 + | - mArcSinh[cx] Log|1 +

icvd +v/-c2d+e Ve
c/d
1+\/: ]i.(C\/?—\/CZd—(:_')(CX+\/1+C2X2)
4Ar‘cSin[T} ArcSinh[cx] Log[1 + |+
2 Ve

i (cx/d_—\/czd—e) (cx+\/1+c2x2) i (—C\/?+\/c2d—e) (cx+\/1+c2x2)
| + mArcSinh[cx] Log[1 +
Ve Ve

i ArcSinh[cx]?Log[1+

] +



7.1 Inverse hyperbolic sine.nb | 77

c/d
17¢; Ji(—C\/?+\/c2d—e)(cx+\/1+c2x2)
4Ar‘cSin[T}Ar‘cSinh[cx} Log[1+ = ] -
2 e

i (7C\H+\/c2d7e) (cx+\/1+c2x2) i (C'\HJr\/CZd*e) (cx+\/1+c2x2)

i ArcSinh[cx]?Log[1+ | + mArcSinh[cx] Log[1 - ] -
Ve Ve
d
C\ﬁ ]i(C\/?Jr\/Czdfe)(CX+\/1+C2X2)
4 ArcSin]| | Arcsinh[cx] Log[1 - ] -

Ve
i (cx/d_+\/c2d—e) (cx+\/1+c2x2) i (cx/d_+\/c2d—e> (cx+\/1+c2x2)
- ]—JTAr'cSinh[c X] Log[lJr
Ve Ve

i ArcSinh[cx]?Log|[1

] +

ﬁg

i (C\HJr\/czd—e) (cx+\/1+c2x2)
Ve
]j.(C\/?-%—\/CZd—E)(CX+\/1+C2X2) \/?eArcSinh[cx]
| - 21 ArcSinh[cx] PolyLog|2, |+
e ic/d -vV-c2d+e
e ArcSinh[c x] e ArcSinh[c x]
Ve e ] +2 1 ArcSinh[c x] PolyLog[Z, - Ve e ] -
—icvd +V-c?2d+e icd +vV-c2d+e
\/?(eAr‘cSinh[cx] \/?eArcSinh[cx]

4 ArcSin| | ArcSinh[cx] Log[1 +

|+

i ArcSinh[cx]? Log[1 +

2 i ArcSinh[c x] PolylLog [2,

2 i ArcSinh[c x] PolyLog|2,

| +21iPolylog|3,

icd +V-c2d+e ic/d -V -c2d+re
e ArcSinh[c x] e ArcSinh[c x] e ArcSinh[c x]
2 i PolyLog|3, Ve e | -21iPolyLog|3, - Ve e | +21Polylog|3, Ve e
—icvd +V-c?d+e icvd +V/-c?d+e icd +vV/-c?d+e

Problem 649: Result unnecessarily involves higher level functions and more than twice size of optimal
antiderivative.

a+bArcSinh[c x]
J dx

(d +e Xz) 3/2

Optimal (type 3, 70leaves, 6 steps):
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bAr‘cTanh[@}

X (a+bAr‘cSinh[c x}) cfdrex?
d+/d+ex? de
Result (type 6, 166 leaves):

1 11 2 1 1 2
———x | [2bcxAppellFi[1, =, =, 2, -c2x?, _e_x} /[\/1+C2 x? |-4dAppellF1[1, =, =, 2, -c* X2, _e_x] +
VdrexZ 272 d 22 d

1 3 2 3 1 2 b ArcSinh
x? |eAppellF1[2, =, =, 3, -c2x?, 7e_x] +c2dAppellFi[2, =, =, 3, -c*x?, 7e_x} ]] , arpAresn Lc x]
272 d 272 d d
Problem 650: Result unnecessarily involves higher level functions.
a+bArcSinh[c x]
J dx
<d+ex2)5/2
Optimal (type 3, 146 leaves, 7 steps):
Ve i/ 1+c?x?
2 bArcTanh
bc+/1+c2x? X (a+bAr‘cSinh[cx]) 2 X (a+bAr‘cSinh[cx]) [ cJdiex? ]
_ . N _
3d (c?d-e) Vd+ex? 3d (d+ex?)’? 3d2+/d+ex? 3d?+e

Result (type 6, 235 leaves):
bcdVi+c?x? (d+ex?)

c’d-e

1
3d? (d+ex?)®?

2
[4bcdx2 (d+ex2) AppellFl[l, E, 1, 2, -c?x?, ex]]/ [\/1+C2X2
2 2

+ax (3d+2ex2) +

1 1 ,
-4dAppellF1[1, —, =, 2, -c2x?, - ——| +
202 d

d

e x? 3 1 e x?
x2 »3, -c2x?, - ——| +c*dAppellF1[2, =, =, 3, -c2x?, - —|
d 2 2 d

1
e AppellF1[2, —, )] +bx (3d+2ex?) ArcSinh[c x]
2

Problem 651: Result unnecessarily involves higher level functions.

Ja +bArcSinh[c x]
X

<d+ex2)7/2

Optimal (type 3, 227 leaves, 8 steps):
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+

2bc (3c2d—2e) V1+c?x?
15d? (c2d-e)*/d+ex?
Ve /1+c2x? ]

8bAr‘cTanh[
8x (a+bArcSinh[cx]) c+fdiex?

bcv1+c2x?

15d (c?d-e) (d+ex2)3/2

4x (a+bArcSinh[cx])

x (a+bArcSinh[cx])
+ +
5d(d+ex?)®? 15d2 (d+ex?)?? 15d3Vd+ex? 15d3 /e

Result (type 6, 308 leaves):
bcd?V1+c?x? (d+ex?) 2bcd(3c2d-2e) V1+c?x? (d+ex2)2
- - +ax(15d2+20dex2+8e2x4)+

1
15d° (d+ex2)5/2( c2d-e (~c2dre)?
1 e x? 1 1 e x?
RN —T]]/[m “4dAppellFL[1, —, 2, e, S

[16bcdx2 (d+ex2)2AppellF1[1, l,
2

’ 13: _CZXZ)_ﬁ]
d

ex 3
» 3, ~c?x?, - ——] + c2dAppellF1[2, -, )] +bx (15d*+20dex*+8e?x*) ArcSinh[c x]
d 2

N |

e AppellF1|2,

X2 ,

N |

3
2

Test results for the 371 problems in "7.1.5 Inverse hyperbolic sine functions.m"

Problem 1: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

ArcSinh[c x]

Ji ax
d+ex
Optimal (type 4, 170leaves, 8 steps):
_ ArcSinh[cx] Log[1+ <] ArcSinh[cx] Log[1+ "] polylog[2, - *“““] polylog[2, - =<~

ArcSinh[c x]? cd-~/ 2 d?+e? cd+n/ c? d?+e? cd-n/ 2 d?+e? cd+/ c? d?+e?

- + + + +
e e e e

2e
Result (type 4, 447 leaves):
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icd
1 1+ (cd+ie)Cot[% (;+2iArcSinh[cx]) ]
— |n® -4 i nArcSinh[cx] - 4 ArcSinh[c x]? - 32 ArcSin|[ ————] ArcTan| 4 |+
8e V2 c2d? + e?
(*Cder) @Arcsinh [cx] 1+ i:d (*CdJr c2d? . e2 ) @Arcsinh [cx]
41imlog|l+ | +16 i ArcSin| ————| Log|[1 + |+
e V2 e
(7Cd +m) eArcsinhicx] ( c2d?+e? ) ArcSinh[c x]

8 ArcSinh[c x] Log |1 +

=

cdJrﬂ/CZ d2 + e2 ) eAr‘cSinh[cx] (Cd+‘/C2 d2 + e2 ) eAr‘cSinh[cx]
16 i ArcSin| | Log[1 | +8ArcSinh[cx] Log|1 - | -
/2 e e

| +4inLog[1l-
e e

] -

(Cd+ c2d2 + e2 ) eAr‘cSinh[cx]
4irLoglcd+cex] +8Polylog|2,

( m) ArcSinh[c x]
| +8PolylLog|2,

e e

]

Problem 2: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.
JAr'csinh[c x]? 4

d+ex

Optimal (type 4, 260 leaves, 10 steps):

e eAr‘csinh [cx] ] e eAr‘cSinh[c Xx]

e eAr‘cSinh [cx] ]

ArcSinh[c x]? Log[1+ ArcSinh[c x]? Log[1+ 2 ArcSinh[c x] PolyLog[Z

T
ArcSinh[c x]3 cd/c?d?ie? cdinf c? d?ie? cd/c?d?ie?

+ + +
3e e e e

+

e eAr‘cSinh [cx]

2 ArcSinh[c x] PolyLog[Z, -

e eAr‘cSinh [cx] ] e eAr‘cSinh [cx] }

2Polylog|3, - 2 Polylog|3, -

cd+/ c? d?+e? cd-/ c? d?+e? cd+r/ c? d?*+e?

e e e

Result (type 4, 1061 leaves):
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1 e (cd+ie) Cot|[+ (m+2iArcSinh[cx]) ]
- — |ArcSinh[cx]? + 24 ArcSin| ——————| ArcSinh[c x] ArcTan| 2

3e \/7 A2 d? + e2

] -

14+ icd

: e | [ (cd+ie) (Cosh[iAr‘cSinh[cx}] —J‘lSinh[iAr‘cSinh[cx}]) |
24 ArcSin| —— | ArcSinh[c x] ArcTan -
N2 Vc?d?+e? (Cosh[%Ar‘cSinh[c x]] +jSinhEAr‘cSinh[c x]”

e eArcsinhicx] (—C d+c2d?+e? ) eAresinhcx]
] -3 1s;mArcSinh[c x] Log[l +

cd-+/c2d?+e? €

3ArcSinh[cx]? Log|1 +

} _

1 icd
e (,cdﬁ/m) eArcsinh ¢ x]
12 i ArcSin[ ————] ArcSinh[cx] Log|1 +

X e
(—c d+/c2d2+e2 ) @Arcsinh[cx] @ Arcsinh[cx]

| -3ArcSinhcx]?Log[1+ |-

e cd+Vc2d?+e?

3 ArcSinh[cx]? Log[1 +

icd

(Cd-%—“/CZ C|2_*_e2 ) eAr-cSinh[cx] 1+ 1; (Cd-%—“/CZ d2+e2 ) <eAr‘cSinh[cx]

] +121’1Ar‘cSin[7] ArcSinh[c x] Log[l—

e /2 e

(cd+\/c2d2+e2 ) @Aresinhfcx] (—cd+\/c2d2+e2 ) (cx+\/1+c2x2 )
| +31imArcSinh[cx] Log[1 +

e e

3 i st ArcSinh[c x] Log[l -

] -

3 ArcSinh[cx]? Log|1 -

} +

icd
1+ : (—cd+\/c2d2+e2) (cx+\/1+c2x2)
12 jArcSin[i} ArcSinh[c x] Log[l +
Vz e
(—cd+\/c2d2+e2) (cx+\/1+c2x2) (cd+\/c2d2+e2) (cx+\/1+c2x2)
] +3 1 7rArcSinh[c x] Log[l—

e e

] +

3ArcSinh[cx]? Log|1 +

] ,

icd
1+ : (cd+\/c2d2+ez) (cx+\/1+c2x2)

12 i ArcSin[ ————] ArcSinh[cx] Log[1 - |+
V2 e

(cd+\/c2d2+e2) (cx+\/1+c2x2) e @Arcsinh(cx]

| - 6ArcSinh[cx] Polylog|2, -

e —cd+Vc2d?+e?

3 ArcSinh[cx]? Log|1 -



82 | 7.1 Inverse hyperbolic sine.nb

e eAr‘cSinh [cx] e eAr‘cSinh [cx] e eAr‘cSinh [cx]
6 ArcSinh[c x] PolylLog|[2, - | +6PolyLog|3, | +6PolyLog|3, -

cd+/c?d?+e? —cd+Vc?d?+e? cd++/c2d?+e?

Problem 3: Unable to integrate problem.

ArcSinh[cx]3
J— dx

d+ex

Optimal (type 4, 348 leaves, 12 steps):

Arcsinh[cx]3 Log[1+ =" ]  ArcSinh[cx]3Log[1+ S
ArcSinh[c x4 cd/c?d?ie? cdiy/ 2 d?re?
- + + +
4e e e
. 2 e reAr‘csinh[c x] . 2 e eAr‘csinh[c x] . e eAr‘cSinh[c x]
3 ArcSinh[c x]2Polylog[2, - *———] 3ArcSinh[cx]?Polylog|2, - |  6Arcsinh[cx] PolyLog[3, - *———
cd-+/ c? d?+e? cd+/ c? d?+e? cd-/ c? d?+e?
e e e
ArcSinh|[cx] ArcSinh[cx] ArcSinh[cx]
6 ArcSinh[c x] Polylog|3, - *———| 6PolylLog[4, - *“———] 6Polylog[4, - *——
cd+y/ 2 d?+e? cd-+/c?d?+e? cd+r/ c? d?+e?
+ +
e e e

Result (type 8, 16 leaves):

ArcSinh[c x]3
J— ax

d+ex

Problem 8: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

a +bArcSinh[c x]
j dx

d+ex

Optimal (type 4, 187 leaves, 8 steps):

e eAr‘cSinh [cx]

(a+bArcSinh[cx]) Log[1+

(a+bArcSinh[cx])? cd[Ede?
- + +
2be e
(a+bAr‘cSinh[cx]) Log[l+w} bPolyLog[z, ,w} bPolyLog[z, e chresinhicx]
cd+/ c?d?+e? cd-+/ c? d?+e? cd+v/ c? d?+e?
+ +
e e e

Result (type 4, 460 leaves):
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icd
alogd+ex] 1 1+ Z (cd+ie) Cot|[+ (m+2iArcSinh[cx]) ]
————————+ —b [n*-41i7ArcSinh[cx] - 4ArcSinh[cx]? - 32 ArcSin[ —————] ArcTan| 4 ]+

e 8e V2 c2d? + e?

(7cd+m) ghresinhicx] 1+ i:d (7cd+m) @hresinh(cx]
41imlog[l+ | +16 i ArcSin| ————| Log[1+ |+
e V2 e
(*Cd +m> eArcsinhicx] ( c2d?+e? ) ArcSinh[c x]
8 ArcSinh[c x] Log |1+ | +41inLog[1- ] -
e e

=

cdJrﬂ/CZ d2 + e2 ) eAr‘cSinh[cx] (Cd+‘/C2 d2 + e2 ) eAr‘cSinh[cx]
16 i ArcSin| | Log[1 | +8ArcSinh[cx] Log|1- | -
/2 e e

(Cd+ c2d2 + e2 ) eAr‘cSinh[cx]
4irLoglcd+cex] +8Polylog|2,

( m) ArcSinh[c x]
| +8PolyLog|2,

e e

]

Problem 16: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

(a+bArcsinh[cx] )2
J dx

d+ex

Optimal (type 4, 291 leaves, 10 steps):

e eArcSinh [cx]

(a+bArcsinh[cx] )2 Log[1+

(a+bArcSinh[cx])? cdf dre?

- + +

3be e

e eArcSinh [cx] ]

(a+bArcsinh[c x])2 Log[1 + 2b (a+bArcSinh[cx]) Polylog|2, -

cd+/ c? d?*+e? cd-+/ c?d?*+e?
+ +
e e

e eArcSinh [cx] ]

e eAr‘cSinh [cx]

2b (a+bArcSinh[cx]) PolyLog[2, -

e eAr‘cSinh [cx] } e eAr‘cSinh[c x] ]

2b2Polylog|3, - 2b2 Polylog|3, -

cd+y/ c? d?re? cd-+/ c? d?+e? cd+y/ c? d?+e? ]

e e e

Result (type 4, 1521 leaves):
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1
12 e
14 Lted . 1 . .
e (cd+ie)Cot|[+ (r+2iArcSinh[cx]) ]
12a’Llog[d+ex] +3ab |7?-4iArcSinh[cx] - 4ArcSinh[cx]? - 32 ArcSin| —————| ArcTan| 4 |+
N2 c2d?+e?
( 2d?+e2 ) @Arcsinh[cx] 1+ jl:d ( 2d?+e2 ) @Arcsinh[cx]
4irmLog[l+ | +16 i ArcSin[ —————] Log[1+ |+
e V2 e
( 2d? + e2 ) @Arcsinh[cx] (c d+~c2d?+e? ) @Arcsinh[cx]
8 ArcSinh[cx] Log[1+ | +4inLog[1- |-
e e
[ Cd + C2 d2 +e2 ) eAr‘cSinh[c x] ( 2d2 4 eZ ) Ar‘cSlnh X]
16]‘1Ar'c51n Log 1— ] + 8 ArcSinh[c x] Log[l— } -
\/7 e e
( 2d?+e? ) eArcsinhicx] ( 2d?+e? ) eArcsinhcx]
4irnLlog[c (d+ex)]|+8Polylog|2, | +8PolyLog|2, -
e e
1+ icd ) 1 ) .
e (cd+ie)Cot[+ (7+2iArcSinh[cx]) ]
4b? [ArcSinh[cx]? + 24 ArcSin[ —————] ArcSinh[c x] ArcTan| 2 ] -
N2 c2d? +e?
1+ icd
e (cd+ie) (Cosh[lAr‘cSinh [cx]] -iSinh[%ArcSinh[cx] | )
24 ArcSin[ —————] ArcSinh[c x] ArcTan]| 2 2 | -
N2 c2d?+e? (Cosh[iAr‘cSinh [cx]] +isSinh| % ArcSinh[cx] | )
e eAr‘cSinh[c x] ( 2d2 + e2 ) ArcSlnh x]
3ArcSinh[cx]? Log|1 + | -3 1imArcSinh[cx] Log[1 + | -
2d2 el e
S ( 242, a2 ArcSinh
e -cd+Vcede+e )e"cln [cx]
12 i ArcSin|[ ————] ArcSinh[c x] Log|[1 + |-

\/? e
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ArcSinh[c x]

(—Cd+“/C2 d2+e2 ) eAr‘cSinh[cx]

e
3ArcSinh[cx]? Log|1 + | -3 ArcSinh[cx]? Log[1 + £ |-
e cd++c?d?+e?
(Cd+‘/C2 d2+e2 ) eAr‘cSinh[cx] 1+ j:d (Cd+“/C2 d2+e2 ) (eAr'cSinh[cx]
3 i mArcSinhcx] Log|1 - | +12 i ArcSin[ ————] ArcSinh[c x] Log[1 - ] -
e V2 e

(cd+m) ghresinh[cx] (—cd+m) (cx+m)
| +31imArcSinh[cx] Log[1 +

e e

3 ArcSinh[cx]? Log|1 -

} +

icd
1e (7cd+\/c2d2+e2>(cx+\/1+c2x2)
12 i ArcSin[ —————] ArcSinh[cx] Log|1 + |+
V2 e

(7cd+\/c2d2+e2) (cx+\/1+c2x2)

(cd+\/c2d2+e2) (cx+\/1+c2x2)

3ArcSinh[cx]? Log|1 + | +317ArcSinh[cx] Log[1 -

] _

e e
icd

1+ e (cd+\/c2d2+e2)(cx+\/1+c2x2)
12]'1ArcSin[7} ArcSinh[c x] Log[l— } +

V2 e

(cd+\/c2d2+e2) (cx+\/1+c2x2> e gArcsinhicx]
3 ArcSinh[cx]? Log[1 - | - 6Arcsinh[cx] PolyLog|2, |-
e —cd+/c?d?+e?
e eAr‘cSinh[c x] e eAr‘cSinh[c X] e eAr‘cSinh[c X]
6 ArcSinh[c x] Polylog|[2, - | +6PolyLog|3, | +6PolyLog|3, - ]
cd+Vctd?+e? -cd+c?d?+e? cd+Vcrd?+e?

Problem 17: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

(a+bArcSinh[cx])?
J dx

(d+ex)2

Optimal (type 4, 263 leaves, 10 steps):
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e eArcSinMc x]

(a+bArcSinh[cx]) cdJade

— + —

e (d+ex) e/c2d?+e?

e eArcSinh[c x] e eAm:Sinh'c x]

cd+/ c? d?+e? cd-~/ c? d?*+e? cd+/ c? d?+e?
+ _

e+ c?d?+e? e+c?d?+e? e c?d?+e?

Result (type 4, 1381 leaves):

, 2bc (a+bArcSinh[cx]) Log[1+

e eArcSinh [cx]

2bc (a+bArcSinh[cx]) Log[1+ 2b2cPolylog|2, - 2b2 cPolylog|2, -

a2 ArcSinh[cx] Loglcd+cex] -Logle-c?dx+/c2d2+e? V/1+c2x? ]
- ————12abc |- + +
e(d+ex> e(cd+cex) eVcldls el

-e+cdTanh { %Ar‘csinh [cx] w }

i 7 ArcTanh |

ArcSinh[cx]? 1 [c2 a2

b2C + —2 |- _
e(cd+cex) e V2dZs el
1 . (cd-ie) Cot[l(l—jArcSinh[cx])] icd
_ 2(—71'1Ar~csinh[c x] | ArcTanh | 2 12 | - 2ArcCos | - ]
—cd-ie)Tan|[L [Z-iArcSinh[cx] - cd-ie)Cot|[L (Z-1iArcSinh[c x]
Ar‘cTanh[( ) [2 (2 )]]+ Ar‘cCos[—ﬂCd}—Zi Ar‘cTanh[< ) [2 (2 )]]—
V-c2d?-e? e V-c2d?-e?
~cd-ie) Tan[% (£ -1 ArcSinh[c x] V_oc2dZ_e? ~>i[Z-iArcsinhlcx] ]
Ar‘cTanh[< ) [2(2 H Log | cd-eter - |+
\-c2d?-e? V2 A/-ie Vcd+cex
- cd-ie)Cot[: [£-1iArcSinh[cx] —cd-ie)Tan[% (£ - iArcSinh[cx]
Ar‘cCos[—ICd}JrZJl Ar‘cTanh[( ) [2(2 )]}Ar‘cTanh[< ) [2(2 H}
e V-c2d?-e? \-c2d?-e?

\/me;—j(g—im‘csinh[cx]) icd
Log| | - [ArcCos |- | +2iArcTanh]|
V2 A/-ie Vcd+cex e \-c2d2-e?
i (cdfj\/fczdzfez) (cdfjlefx/fczdzfe2 Tan[i (ffjAr‘cSinh[cx}H)

e(cd—jle+\/—c2d2—e2 Tan[%(f—jAr‘cSinh[cx])])

(-cd-ie) Tan[% (i—jArcSinh[cx])]

-cd-ie) Tan[% (f—iAr‘cSinh[cx])] ]]

Log[1-

|+

e Nerror |

icd .
{Ar‘cCos [- | +21iArcTanh|
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i(Cd+i\/—C2d2—ez) (cd—jle—\/—czdz—e2 Tan[i(i—jAr‘cSinh[cm)])
E(Cd*]'leJr\/*Czdz*ez Tan[%(ffjAr‘cSinh[cx])])
j(cd—j\/—czdz—ez) (cd—je—\/—czdz—e2 Tan[i(f—jAr‘cSinh[cx])})
e(cdfje+\/7c2d27e2 Tan[i(gfjAr‘cSinh[cx])])

Log[l—

i |PolyLog|2,

] _

Polylog|2,

j(cd+iv7?:FT€7)#d—ie—vt?:szme{i(f‘iAmsmhKX]H)}”

e (cd—ie+ -c2d?-e? Tan[i (g—iAr‘cSinh[cm)”

Problem 18: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

(a+bArcSinh[cx])?
J dx

<d+ex)3

Optimal (type 4, 349 leaves, 13 steps):

ArcSinh[c x]

bcd (a+bArcSinh[cx]) Log[1+ —*¢

bcV1+c2x?* (a+bArcSinh[cx]) (a+bArcSinh[cx])? cdf e
_ _ N _
(c2d?+e?) (d+ex) 2e(d+ex)? e (c2d?+e?)??

e eAr‘cSinh[c X] ArcSinh[cx] ArcSinh[cx]

bcd (a+bArcSinh[cx]) Log[1+ b? ¢ d PolyLog[2, - = b? c®>d PolyLog[2, - ¢

cdif 2 d2ee? b2 c? Log[d + e x] cd-/ 2 d2e? cdi/ 2 d2e?
+ +

e (CZ d2+e2>3/2 e (CZ d2+ez) e (C2 d2+ez)3/2 e (cz d2+e2)3/2

Result (type 4, 1558 leaves):

a2
o — = i2abc?
2e (d+ex)2

_ _ArcSinh[cX] + (7e\/c2d2+e2 \/1+c2x2 +cd(cd+cex) Logfcd+cex] -cd (cd+cex) Log[efcdeJr\/cdeJre2 \/1+c2x2]
2e (cd+cex)?

/

(2e<—icd+e) (J’lcd+e) c2d? + e? (cd+cex) +

—e+cdTanh| X ArcSinh[c x]
L 1 ex jJTAr\cTanh[ e+C an [2 rcsSin cX ] }
, 2| V1+c?x? ArcSinh[cx] ArcSinh[c x]? og[ t oy } 1 N

e (c2d?+e?) (cd+cex) _2e<cd+cex)2+e(c2d2+e2>+e(c2d2+e2)Cd ) JZdZs el -
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1 o (cd-ie) Cot[l(ﬂ—iAr‘cSinh[cx])] icd
_ 2(*—JiAr‘cSinh[cx1)Ar‘cTanh[ 2 12 | - 2ArcCos|- ]
N -c2d?-e? 2 -c2d? - e? e
~cd-ie)Tan[2 [Z-iArcSinh[cx] : cd-ie) Cot[: [Z£-1iArcSinh[cx]
Ar‘cTanh[( ) [2(2 )]]+ Ar‘cCos[—HCd}—Zj Ar‘cTanh[( ) [2(2 )]]
N -c2d? —e? e V-c2d?-e?
-cd-ie)Tan[L (% -iArcSinh[c x] J_2d_ el ~2i[Z-iArcsinh(cx]]
Ar‘cTanh[< ) [2 (2 H Log[ cd-e e }+
V-c2d?-e? V2 A/-ie Vcd+cex
, cd-ie) Cot[L [Z-1iArcSinh[cx] -cd-ie)Tan[% (Z-iArcSinh[c x]
Ar‘cCos[—ICd}+Zi Ar‘cTanh[( ) {2(2 )]]—Ar‘cTanh[< ) [2(2 )H
e J_c2dZ_e? J_cZd?_e?

me;ﬂi (%—iAr‘cSinh[cx]) icd

Log| | - [ArcCos |- | +2 i ArcTanh]|

2 +/-ie VJcd+cex e \V-oc2d?2-e?

i (cd—j\/—czdz—ez) (cd—jle—\/—czdz—e2 Tan[% (i—jArcSinh[cx}H)
e (cdfje+\/7c2d27e2 Tan[i (gfjAr‘cSinh[cx])])

(-cd-1ie) Tan[% (f—iAr‘cSinh[cx])]

(-cd-1ie) Tan[% (?—iAr‘cSinh[cx])] ]]

Log[1-

] +

icd )
- ArcCos | - | +21iArcTanh]|

e V-c2d?-e?
i (Cd+]'l\/7C2dzer) (cdfjlefx/fczdzfe2 Tan[i (ffjAr‘cSinh[cx})”

Log[1-
e(cd—jle+\/—c2d2—e2 Tan[%(f—jAr‘cSinh[cx])])
fed- i@ ) (cd-ie v d@ e TanlL [T i Arcsi
i [oryLog(2, ]l(Cd iv-c2d? Iez) (cdzlze 2 czdj iz 'I'.an[z.(2 1Ar‘c51nh[cx])}>]_
e(cd—1e+\/—c d2-e Tan[2 (z—nArcslnh[cx])])
Ji(cd+j1\/—c2d2—e2) (cd—jle—\/—czdz—e2 Tan[i(g—jAr‘cSinh[cx])])
PolyLog|2,
oyLos| e(cdfiLeJr\/fczdzfe2 Tan[i(ffjAr‘cSinh[cx})” J]

Problem 31: Unable to integrate problem.

J(d +ex)" (a+bArcsinh[cx]) dx
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Optimal (type 6, 179 leaves, 3 steps):

velarent [ p o pennlain 3 2sn o, ]
T T Voo e (d+ex)™" (a+bArcSinh[cx])
- +
e2(1+m) <2+m)\/1+c72x2 e(1+m)

Result (type 8, 18leaves):

J(d +ex)" (a+bArcSinh[cx]) dx

Problem 37: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

dx

J\/d +c2dx? (a+bArcSinh[cx])

f+gx

Optimal (type 4, 664 leaves, 22 steps):
avd+c?2dx? becxVd+c2dx?  byd+c?2dx? ArcSinh[cx]
+

g gV1l+c?2x? 8
cxd+c2dx? (a+bArcSinh[cx])? (1+c;7:2) Vd+c?dx? (a+bArcsinhcx])?
- +
2bg1+c2x? 2bc (f+gx) V1+c?x?

a~/c2f2+g2 \Jd+c2dx? ArcTanh| —8<fx
Vi+c2x® /d+c2dx? (aerAr‘cSinh[cx})2 [ [cf.g J1.cx )

2bc (f+gx) PE v
b~/c2f2+g2 \/d+c?dx? ArcSinh[c x] Log [1+ R | byfc2f2ig? \Vd+c2dx? ArcSinh[cx] Log [1+ R ]
cf-r/c? f2ig? ¢ firf c? f2ig?
N & Tr X

b+/c2f2+g2 Vd+cZdx? Polylog[2, - B ] b/c2f2+g? /d+c?dx? Polylog[2, - <]
cfofcifg o2 figt

g1 g2 1+
Result (type 4, 1552 leaves):
a~/d(1+c?x? d /c2f2:02 Log[f ac/d fLoglcdx++/d +/d (1+c2x?
( + ) +a\/— C +g2 og| +gx]_ g[ +2 ( + )]_
g

g g

| 89
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aVd \/c2f2+g? Log[dg-c?dfx+~/d /2 f2+g? [d(1+c2x?) ]

gZ

. cx\/d (1+c2x?) Jd (1+c2x?) ArcSinh[cx] cf./d (1+c?x?) ArcSinh[cx]?
- + - +

gV1l+c?x? 8 2g2+1+c?2x?

i 7 ArcTanh [ -g+c f Tanh “—Ar‘csinh[c x] w ]

1 ( CZ .F2+32

> f24g?) Jd(1+*%) |- -

g2 V1+c?x? /c2f2+g2

(cffig)Cot[l(lfjiAr‘cSinh[CX])] icf
2 \2 | - 2ArcCos | -

/_Cz.,:z_gz g

1 T .
2 (—— 1 ArcSinh[c X]

/_cz.Fz_gz 2

ArcTanh |

]

—cf-ig)Tan[t [Z-1iArcSinh[cx] - cf-ig)cCot[t [Z-iArcSinh[cx]
APCTa“h[( Tens (2 )]]+ Ar‘cCOS[—E}—Zi Ar‘cTanh[< el (2 )]]—
_c2frog? g \m
—cf-1ig)Tan[L [Z-iArcSinh[cx] -%J’l(%-ﬂAPcSi“h[CX]) _c2f2_
Ar‘cTanh[< ) 3 (2 )H Log[e c g .
\m V2 +/-ig VJcfrcgx
- cf-ig)Cot[: [Z-1iArcSinh[cx] —cf-ig)Tan[% [Z-iArcSinh[cx]
Ar‘cCos[—lc{}Jij ArcTanh[( ) [2 (2 )]}Ar‘cTanh[< ) [z (z )H
g _c2f2_ —c2f2_g2
2 [griaresinniex ] [T o g g2 ~cf-ig)Tan[ (X -iArcSinh[cx]
Log[e : g |- Ar‘cCos[—ICF]JrZJiAr‘cTanh[( ) [2 (2 )]]
V2 \/-ig Vcf+cgx g m

i(C‘F—J]. c2f2- )[cf—ig—w/ c2f2-g? Tan| (l—jAr‘cSinh[cx1)])

Log[1- ] +
(cf—1g+x/ c2f2-g? Tan| (l—iAr‘cSinh[cx])})
—cf-ig)Tan[t [Z-1iArcSinh[cx]
—Ar‘cCos[—lmc]+21'1Ar‘cTanh[( ) {2(2 )]]
g | _c2f2_
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]i[C'F+]i\/m) [cffjgf\/mTanE(gfjAr‘cSinh[cx])])
g(cf—ngrmTan[i(f—jArcSinh[cx])}J

i [C'F—Ji —czfz—gz) [cf—ig—mTan[% (f—iAr‘cSinh[cx})})
g(cf-1g+\/mTan[§(;l-iArcSinh[cx])]]

i(C'F+]'l\/m] (cf—ig—\mTan[i(f—iAr‘cSinh[cx])]]
g[cf—ig+\/mTan[i(f—]’lAr‘cSinh[cx})])

Log[l—

} +

i |PolyLog|2,

] _

PolyLog|2,

]

Problem 38: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

J\/dJrczdx2 (a+bArcsinh[cx])
('F+gx)2

dx

Optimal (type 4, 781 leaves, 35 steps):
avd+c2dx?  bAd+c2dx? ArcSinh[cx] ac3f2+/d+c2dx® ArcSinh[cx] bc3f2+/d+c2dx® ArcSinh[c x]2
- - + +
g (frgx) g (f+gx) g2 (c2F2+g2)*/1+c2x2 22 <C2f2+gz>A/1+CzXz

ac2f+/d+c2dx? ArcTanh| —8<fx
(8-c2fx)*Vd+c2dx? (a+bArcSinh[cx])? V1+c2x2 /d+c2dx® (a+bArcSinh[cx])? [ )

+ + -
2bc (2 F24g?) (Frgx)?V1vcx 2bc (frgx)® g2 f g2 Vi

bc?2f+d+c?2dx? ArcSinh[c x] Log[1+ w] bc2f+d+c?2dx? ArcSinh[c x] Log[lJr w]

cf-/c?f2ig? cf+m
+
g2~ c?f2+g? V1+c?x? g2~ c?f2l+g? V1+c2x?

bc2f~/d+c2dx? Polylog|2, - e g | bc2f/d+c2dx? Polylog|2, - _ehresiniex g ]
bcvd+c2dx? Log[f+gx] ) c frf 2 f2ig? . cff 2 fg
g2«/1+c2x2 gz /c2f2+g2 1+c2x2 gz ’c2f2+g2m

Result (type 4, 1574 leaves):

a/d(1+c*x)  ac2+/d flog[f+gx]
- - +

g(-F+gX> g2 /c2f2+g2
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acd Log[cdx++/d /d (1+c2x?) | ac2+/d flogldg-c2dfx+/d /c2f+g2 \/d (1+c2x?) |
+
g g2/ c2 24 g2

X d (1+c?x?) ArcSinh[cx] d (1+c?x?) ArcSinh[cx]? d(1+c*x?) Log[l+ EX]
c |- + + -
g (cf+cgx) 282 V1+2x2 g2 Vit cx?

—g+chanhB—Ar‘cSinh[c x]] ]
———————cf.[d(1+*x?) |- ki _
g2V1+c?x? 2§24 g2

1 JrAr'cTanh[

(cf-ig) Cot[% (ffjArcSinh[cx])]

1 o . icf
e 2(—71Ar‘c51nh[c x] | ArcTanh | | - 2ArcCos | - ]
_c2f2_g? 2 Sc2fog? g
—cf-ig)Tan|[L (£ -1iArcSinh[cx] - cf-ig)cot[t (Z-1ArcSinh[cx]
Ar‘cTanh[( ) [2(2 )]]+ Ar‘cCos[fg}ij Ar‘cTanh[< ) [2(2 )]]
\J-c2fog? g |_c2f2_ g2
—cf-ig)Tan[% [Z£-iArcSinh[cx] 3 (p-iaresinhiex)) [T 5o
Ar‘cTanh[< ) [2(2 )H Log[(ez - c g ]+
N -c2f2og? V2 A-ig Jeficgx
cf-ig)cCot[: [Z-1iArcSinh[cx] —cf-ig)Tan[L [Z-iArcSinh[cx]
ArcCos | - 1:}+211 Ar‘cTanh[( > [2(2 )]}—ArcTanh[< ) [2(2 )H
g | _c2f2_ _c2f2_g?
1. T .
vi(jiaresinhiex)) [T 5 o2 —cf-ig)Tan[% (Z-1iArcSinh[c x]
Log[(ez : € g }— Ar‘cCos[— C-F]+21'1ArcTanh[( ) [2(2 )]]
N2 A/-ig VJefrcgx g [Ccag2_ g2

j(cffn c2f2- )[Cf*jgfﬂ c2f2-g? Tan| (”ﬂlAr'cSlnh[ ])])

Log[lf }Jr
(cf71g+w/ c2f2-g? Tan| ( -1 ArcSinh[c ]H)
—cf-ig)Tan[t [Z-1iArcSinh[cx]
—Ar‘cCos[—lc-F]+21’1Ar‘cTanh[( ) [2(2 )]]
g [_c2f2_
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]i(C'F+]i\/m) [cffjgf\/mTanE(gfjAr‘cSinh[cx])])
g(cf—ngr\/mTan[i(f—jArcSinh[cx])}J

i(cf—i\m) (cf—ig—mmn[%(f—iAr‘cSinh[cx})})
g(cf-1g+\/mTan[§(;l-iArcSinh[cx])]]

i (C'F+]l —cz-Fz—gz] (cf—ig—\mTan[i (f—iAr‘cSinh[cx])]]
g[cf—ig+\/mTan[i(f—]’lAr‘cSinh[cx})])

Log[l—

} +

i |PolyLog|2,

]_

PolyLog|2,

]

Problem 42: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

(d+c2dx?)*? (a+bArcSinh[cx])
j dx

f+rgx
Optimal (type 4, 984 leaves, 29 steps):
ad (f2+g?) Vd+c?2dx® becdxVdrc?dx? bcd(c?f+g?)xVd+c?dx® bAdfx®Vdrc2dx?  bcdx}Vd+c2dx?
- - +

- +

g’ 3g/1+c2x? g2V1+c2x? ag2\1+c2x2 9gV/1+c2x2
bd<c2f2+g2)mAr‘cSinh[cx] czdfxm<a+bAr‘cSinh[cx}> d(1+c2x2)m(a+bAr‘cSinh[cx])
g’ 7 2¢? ' 3g .
cd'F\/m(aerAr‘cSinh[cx})2 cd(c2F2+g2)xm(a+bAr‘cSinh[cx])2 d(cZ-F2+g2)2\/m(aerAr‘c:Sinh[cx])2
4bg2+/1+c2x? 2bg*V/1+c2x% 2bcgt (f+gx)m

ad (c21C2+g2)3/2\/d+c2dx2 Ar‘cTanh[—g‘cz’cx—

\ €2 f21g? A/ 1+c? x?

d(c?f2+g?) V1+c2x2 \/d+c2dx? <a+bAr‘cSinh[cx])2
2bcg? (f+gx) g Vi+ X2
bd (c2f2+g2>3/2 Vd+c2dx? ArcSinh[cx] Log[1+ w} bd (c2f2+g2)3/2 Vd+c2dx? ArcSinh[cx] Log[1+ w]
cf-fc?f2ig? cfifc? f2ig?
g VIrOx g VI
bd (c? f2+g2>3/2 Vd+c2dx? Polylog|2, _&_] bd (c? -F2+g2)3/2 Vd+c2dx? Polylog|2, _ et g ]
cf-/c?f2ig? c firf c? f2eg?
VI g V1+c2x®

| 93
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Result (type 4, 4049 leaves):
d(3c2f2+4g 2 24 x?
d(1+c*x?) (a (3c2f2+4g?) _ac?dfx actdx
3g3 2g? 3g

+

ad¥? (c2f2+g2)* % Log[f+gx] acd¥2f (2c2f2+3g?) Log[cdx+/d \/d (1+c2x?) ]

g* 2g*
ad¥? (c2f2+g?)* % Log[dg-c2dfx+/d \[c2f2+g? \[d (1+c2x?) | v cx\/d (1+c2x?) \/d (1+c?x?) ArcSinh[cx]
+ - + -
g* gV1l+c?x? g
. 7g+chanh[§ArcSinh[cx]w
cf./d (1+c*x?) ArcSinh[cx]? 1 i 7 ArcTanh | NETw ]
+ (cZ-F2+g2) d(1+c2x2> - s -
2g2V1+c?x? g2 \/1+c?x? /c2f2+g2
1 o (c-F—Jig)Cot[l(ﬂ—iAr‘cSinh[cx])] icf
2 (— -1 ArcSinh[c x}) ArcTanh | 2 12 | -2 ArcCos|- ]

N -c2f2_g? /_Cz.Fz_gz g

—cf-ig)Tan[2 [£_-iArcSinh[cx] . cf-ig)cCot[t [Z-1iArcSinh[cx]
Ar‘cTanh[( | [2 (2 )]]+ APCCOS[E;-F}ZJ'I Af‘CTanh[( ) [2 (2 )]]
4/,c2f2,g2 7c2F27g2
ArcTanh[ (—cf—ig) Tan[% (f—iAr‘cSinh[c x})} } Log[eii(;ﬂAr‘cSinh[cx]) \/m] )
[_c2¢2_g2 V2 /-ig VJef+cgx

(cf-ig) Cot[i (i—]‘lAr‘cSinh[cx})]

i1cf
ArcCos | -
g

}+2]‘L

~cf-ig)Tan[% (Z-1iArcSinh[c x]
ArcTanh | }7Ar‘cTanh[< ) [2 (2 M}]]

4/_c2f2_g2 /_szz_gz

—cf-ig) Tan[% (f—jAr‘cSinh[cx])] ]]

icf

ij(l—iArcSinh[cx])\/ﬁ
e2' |z ¢ g ] | +21iArcTanh|

\E\/—J’lg \/c-F+ch g —2f2_g?
i [cf—jxhCZ-Fz,gz) cf-ig-+/-c2f2-g° Tan[i (g—jAr‘cSinh[cx])])
g (c-Ffngm/chfz,gZ Tan[i (ffjArcSinh[cx])})

ArcCos [ -

Log |

Log[1 -

|+
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icf
~ArcCos [ -
g

| +21iArcTanh|

(-cf-ig) Tan[i (gfjAr‘cSinh[cx])] ]]

j{chjm) [cf—ig—\/mTan[i(f—iAr‘cSinh[cx})])
g(cf-ig+\/mTan[§(f-iArcSinh[cx])})

i (c-F—j 7c2f27g2) (cf—jg—mTan[i(f—jArcSinh[cx})})
g(cf—jg+mTan[i(;l—jAr‘cSinh[cx])]]

Log[1-

|+

i |PolylLog [2,

] -

i (cf+j«/—c2f2—g2] (cf—jg—x/—czfz—gz Tan[i (g—jAPcSinh[cx])]]
g [c-Ffngr«/chfz,gZ Tan[i (ffjArcSinh[cx])])

Polylog|2,

] +

-g+c f Tanh “—Ar‘csinh [cx]

i ArcTanh| w ]
1

bd | —————[d (1+c2x?) Skl s ! icf

+ 2 ArcCos | -

81+ c?x? [c2¢2, g2 [_c2f2_ g2 g

(cf+ig) Cot[i (7+21iArcSinh[cx]) ]

cf-ig)Tan[% (;+21iArcSinh[c x]
]+(n—ZiAr‘cSinh[cx})Ar‘cTanh[( ) [4( )]]+

_c2f2_g?

ArcTanh |

S22 g2

i ' (cfﬂig)Cot[i(7T+21'1Ar‘csinh[cx]” '
ArcCos[——} —ZJLAr‘cTanh[ }—ZJLAr‘cTanh[

g /_cz.Fz_gz /_cz.Fz_gz

(cf-ig) Tan[i (ﬂ+21’1Ar‘cSinh[cx]H }]

(l7 l) e—i—Ar‘cSinh[cx] 7C2 f27g2
Log | |+
\/—Jig \/c~F+ch
icf (cf+ig)Cot[+ (7m+21iArcSinh[cx]) ] (cf-ig) Tan|[+ (m+2iArcSinh[cx]) ]
Ar‘cCos[— } +21 Ar‘cTanh[ 4 ] +Ar‘cTanh[ 4 }
g ,7C2‘F27g2 /7c2f27g2

(l+ ]'1_) e%Ar‘csinh[cx] _c2? _F27g2
Log | 2 2 ] -
V-ig Vefrcgx

(cf+ig)Cot|

1
Ar‘cCos[fle} +21iArcTanh| 4

g /_Cz.Fz_gz

(7+21iArcSinh[cx]) | }J
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(icf+g) (—Jicf+g+ —czfz—gz] (1+1’1Cot[i (7r+211Ar'cSinh[cx])])
g(icf+g+jw/—c2fz—g2 Cot[i(ﬁ+21‘LAr‘cSinh[cx])]]
(cf+ig)Cot[i(ﬂ+211Ar‘cSinh[cx]H (icf+g) (icf—g+«/_c2f2_g2 (j+Cot[i(n+21’1Ar‘cSinh[cx1H)
N -c2frog? g(cf—ig+«/—czfz—g2 Cot[i(n+21’1Ar‘cSinh[cx})])
(Jic-F+x/—c2F2—g2J (jc-FJrg—Jix/—cz-Fz—gz Cot[i (H+ZjArcSinh[cx})])
g(jcf+g+jxl—c2fz—g2 Cot[i(nJrZJlAr‘cSinh[cx])]]
(c-FJrJix/—cz-Fz—gZ] (—cf+jg+x/7c2f2—g2 Cot[i (71+2]'1Ar‘cSinh[cx]>])
g(jc-F+g+jx/—c2F27g2 Cot[i(nJijAr'cSinh[cx])]]

icf .
ArcCos [— 7] - 21 ArcTanh [
g

} _

Log[

| J -

Log|

i |PolyLog [2,

] -

Polylog|2,

] +

1

72g*V1+c?x?

d(1+c®x?) |-18cg (4c*f+g*) x+18g (4c*F>+g?) \/1+c®x* ArcSinh[cx] -18cf (2c*f*+g?) ArcSinh[cx]?+

9 cfg?Cosh[2ArcSinh[cx]] +6g?ArcSinh[c x] Cosh[3 ArcSinh[cx]] +

-g+c f Tanh { %Ar‘csinh [cx] } }

i 7 ArcTanh |
CZ .F2+g2

9 (8c*f*+8c2fg2+gt) |- -

/c2f2+g2

cf+ig) Cot{i (7+21iArcSinh[cx]) ]

icf
2 ArcCos [~ ——] ArcTanh|

1
,7C2‘F27g2 g ,7C2‘F27g2

(cf-ig) Tan[i— (7 +2iArcSinh[cx]) ]

| + (m-21ArcSinh[cx]) ArcTanh|

(cf+ig) Cot[i (7+21iArcSinh[cx]) ]

| + [ArcCos |- ﬁ] -2 i ArcTanh|

\-c2fog? g |_c2f2_ g2
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cf-ig) Tan[+ (n+2iArcSinh[cx]) ] (l— L) ez Aresinhiex) [ 2 f2_ g2 icf
2 i ArcTanh | 4 || Log] | + [ArcCos | - |+
A/ -c2f2_g? V-ig Vcf+cgx g
(cf+ig)Cot[+ (m+2iArcSinh[cx]) ] (cf-ig)Tan[+ (m+2iArcSinh[cx]) ]
2i |ArcTanh| 4 | +ArcTanh| 4 |11 Log|
«/—CZ'FZ—gZ —c2f2_g?
1, i) gyArcsinhlcx] —c2f2_g2 : cf+ig)cCot[t (n+21iArcSinh[cx]
(2 2) | - Ar‘cCos[—lc-F]JijlAr‘cTanh[( > {4( )]] Log|
\/—Jig \/c-F+ch g —2f2_g?

(icf+g) (—icf+g+xl—c2fz—g2) (1+iCot[i(n+21’1Ar‘cSinh[cx])”
g(icf+g+1‘m/—c2f2—g2 Cot[i(n+21’1Ar‘cSinh[cx]”)
(c-F+Jlg)Cot[i(7r+2j1Ar‘cSinh[cx])] (icf+g) (]ELC'F—g-F\/—CZ'FZ_gZ (1’1+Cot[i(7r+21'1Ar‘cSinh[cx])])
N g(C'F—]'lg-%—\/—CZ'FZ_gZ Cot[i(n+21’1Ar‘cSinh[cx])]]
[J‘lcf+\/—c2fz—g2) {J‘lc-FJrg—jm/—chZ—gz Cot[i(n+21’1Ar‘cSinh[cx])]]
g[jcf+g+jxl—c2fz—g2 Cot[i(ﬁJrZJiAr‘cSinh[cx]HJ

(cher/,cZ-FZ,gZ) (—cf+1’1g+«/—c2f2—g2 Cot[i (7r+21‘1Ar‘cSinh[cx])]]
g(jchrgHix/—cZ-Fz—gz Cot[i <n+2]iArcSinh[cx]H)

i1cf
ArcCos |- ——] - 2 i ArcTanh|
g

] -

] J+

Log|

i PolyLog[Z,

] ,

PolyLog [2,

} .

18 c f g2 ArcSinh[c x] Sinh[2 ArcSinh[c x]] - 2 g®Sinh[3 ArcSinh[c x] ]

Problem 46: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

(d+c2dx?)*? (a+bArcSinh[cx])
J dx

f+rgx
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Optimal (type 4, 1536 leaves, 37 steps):
ad? (c2f2+g2)2\/d+c2dx2 2bcd2x/d+c2dx? bcdz(c2f2+g2)2xx/d+c2dx2 b c d2 (cz-F24r2g2>X\/d+c2dx2
. _ _

+

g° 15gV1+c2x? gVi+c2x? 3g3/1+c2x?
b3d?fx2/d+c2dx2 bc3df (2 +2g2) x2Vd+c?dx® b3 d2x*V/d+c2dx? bcdd? (2f2+2g2) x3Vd+c2dx?
6@ I N3 N N +
bc5d2fx*Vd+c2dx? bcSd?x>/d+c2dx2 bd? (c2f2+g2)2mAr‘cSinh[cx] 2d2fx/d+c2dx? (a+bArcsinh[cx])
1662 V1 x sgViicix g 8¢’
c2d?f (c2f2+2g?) x\d+c2dx? (a+bArcsinh[cx]) cAd2fx3/d+c2dx® (a+bArcsinh[cx])
2g* ) 4 g? )
d? (1+c2x2)m(a+bAr~cSinh[cx]) d? (c2f2+2g?) (1+c2x2)m(a+bAr‘cSinh[cx])
3g : 3g3 '
d? <1+c2x2)2m(a+bAr‘cSinh[cx}) +cd2fm(a+bAr‘cSinh[cx])2_cdz-F(cz-F2+2g2)m(a+bAr‘cSinh[cx])2_
5g 16bg2V1+c2x? 4bgt1+cix?
cd? (cZ-FZJrgz)ZX\/m(aerAr*cSinh[cx])2 d? (c21cz+gz)3\/m(a+bAr‘cSinh[cx])2
2685 VT 2bcgs (Frgx) Viicixa )

ad? (cZ-FZ+g2)5/2mArcTanh[—g—’czfx }

C2 .F2+g2 1+CZ XZ
+

d? (2 2+ g2)2 1+ c2x2 Vd+c2dx? (a+bAr‘cSinh[cx])2

2bcgh (f+gx) g V12 X2

bd? (c2f2+g2)%2+/d+c?dx? ArcSinh[cx] Log[1+ L"“”lg_] bd? (c2f2+g2)%2+/d+c2dx? ArcSinh[cx] Log[1 + w}

cf-/c?f2ig? c f+rf c? f24g?

- +
g®V1+c?x? g® /1 +c?x?
b d? (c2 2 4 gz) >2/d+c?d x? PolylLog [2, G . ] b d? (cz 24 g2> >/2/d+c2dx® Polylog [2, L . ]
cf-r/c?f2ig? c firf c?f2ig?
géVi1+c?x? gfV1i+c2x?

Result (type 4, 9270 leaves):
ad? (15c*f*+35c2f2g2+23¢g%) ac?d’f (4c2f2+9g%)x ac?d? (5c2f2+11g%) x> ac*d’fx® actd?x
d(1+c*x?) - + _ + N
15 g° 8 g* 15 g3 4 g2 5g

ad/? (c2f2+g?)* % Log[f+gx] acd”>f (8c*f'+20c”fg>+15g") Log[cdx++/d {/d (1+c2x?) |
g° _ 8g° _

ad>/? (CZ-FZ+g2)5/2Log[dg—czdfx+\/?w/c2f2+g2 \Jd (1+c2x?) |
.
6

g
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cx\/d (1+c2x?) \/d (1+c?x?) ArcSinh[cx] cfy/d (1+c?x?) ArcSinh[cx]?

bd? |- + - +

Nevrra g 2g 1

i 7 ArcTanh [ -g+C FTanhEAr‘cSinh[c X] } ]

1 2 A\ 2 f24g2 1

(22 g?) \[d (1+c2xF) |- -

g2 V1+c?x? /cz-F2+g2 /_czfz_gz

(cf-ig)cot[ (2

—J’lAr‘cSinh[cx})} icf
| - 2ArcCos |-

/7c2f27g2 g

7T .
2 [f -1 ArcSinh[c x]

ArcTanh [
2

J

—cf-ig)Tan|[L (£ -1iArcSinh[cx] - cf-ig)cot[t (Z-1ArcSinh[cx]
Ar‘cTanh[( ) [2 (2 )]]+ Ar‘cCos[fﬁ}fZi Ar‘cTanh[< ) [2 (2 )]]
/_Cz.Fz_gz g /_cz.Fz_gz
—cf-ig)Tan[% [Z£-iArcSinh[cx] 3i(-iarcsinhiex]) [T o o2
Ar‘cTanh[< ) [2 (2 )H Log[(e < g ]+
N -c2f2og? V2 A-ig VJeficgx
cf-ig)cCot[: [Z-1iArcSinh[cx] —cf-ig)Tan[% [Z-iArcSinh[cx]
ArcCos | - 1c}+21’1 Ar‘cTanh[( > [2(2 )]}—ArcTanh[< ) [2(2 )H
: e N
i (5-iArcsinhfex]] [ 282 _ o2 ~cf-ig)Tan|[L [Z-1iArcSinh[cx]
Log[(e € g ] - Ar'cCos[flcjc]+211ArcTanh[( ) [2 (2 )]]
2 \/-i1ig VJcf+cgx g 22 g2

j(cffn —c2f2_ )[Cf*jgfﬂ c2f2-g? Tan| ( -1 ArcSinh[c J)])

Log[lf }Jr
(cf71g+xl c2f2-g? Tan| ( -1 ArcSinh[c ]H)
—cf-ig)Tan[t [Z-1iArcSinh[cx]
—Ar‘cCos[—lc-F]+21’1Ar‘cTanh[( ) [2(2 )]]
g [_c2f2_
Ji(c-FHL c2f2- )[cf—ig—x/ c2f2-g? Tan| (l—iAr‘cSinh[cx})])
Log[1- ] +

(cf—1g+x/ c2f2-g? Tan| (E—iAr‘cSinh[cx])})
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Ji(c-F—Jl —c2f2- )(cf—jg—xl 2 f2 - Tan (*7]1APCSlnh[ ])})
(c-F—Jlg+x/ 22 - Tan (7—1Ar‘c51nh[ ])]]

Ji(c-FJrJi«/—cz-FZ—gz](cf—jg—x/ 2 f2 - Tan (*7]1AI"CSlnh[ ])]]
[c-F—Jngm/ c2f2 - Tan (*7]1APCSlnh[ })])

i 7TAI"cTanh[ g+chanh“Ar‘cSinh[c xw ]

1 Je g 1

2bd? | —————/d (1+ X +

81+ c?x? [c2 g2, _c2f2_g?

i [PolyLog|2,

] -

Polylog|2,

] +

(cf+ig) Cot[i (JT+211Ar‘cSinh[cx])]

i1cf
2 ArcCos |- —— | ArcTanh|
g S22 _g?

| + (m-21iArcsinh[cx])

(cf-ig) Tan[i (7r+21'1Ar‘cSinh[cx])] (cf+ig) Cot[i (n+2]‘1Ar‘cSinh[cx}H

icf )
ArcCos |- ——] - 2 i ArcTanh| |-
g _c2f2_g?

ArcTanh [

]+

2.F2

,gZ

(cf-ig) Tan[i— (7 +24iArcSinh[cx]) ] (l 1—) ez Aresinniex) [ 2 g2

2 i ArcTanh|

] ] +

Log|

V-ig Vef+rcgx

_c2f2_g?

ArcCos [— f} +21 |ArcTanh [ ] + Ar‘cTanh[

4/—c2'F2—g2 —cZ-FZ—gZ

(cf+ig) Cot[i (7+21iArcSinh[cx])] (cf-ig) Tan[i (m+2iArcSinh[cx]) ] }J]

8

1 N
i = ArcSinh[c x
(lJrl) ez [ex] _c2f2_g?

.F
| +21iArcTanh|
g _c2 g2

Log| | - |ArcCos |-

(cf+ig)Cot[% (m+2iArcSinh[cx])] }J

V-ig Vef+rcgx - g2

(icf+g) (—J’lcf+g+ —czfz—gz] (1+]’1Cot[i(H+2]‘1Ar‘csinh[cx])])

g (Jic-F+g+Jix/—c2-F2—g2 Cot[i (Jr+2]lAr‘cSinh[cx])]]

icf ,
ArcCos |- ——] - 2 i ArcTanh|
g

} _

Log|
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(cfﬂig)Cot[i(n+21‘1Ar~cSinh[cx]H (icf+g) [jc-ng+ _c2f2_g2 (11+C0t[i(71+211Arcsinh[cx])”

N -c2frog? g (Cf,ngm,,cze,gz Cot[i (n+21‘1Ar‘cSinh[cx})])
(icf+ —czfz—gz) (icf+g—1‘m/—c2fz—g2 Cot[i (n+21’1Ar‘cSinh[cx})])
g (icf+g+jw/—c2fz—g2 Cot[i (7r+2jLAr‘cSinh[cx])]]

(C‘F+]'lw/—C2'F2—g2] (—cf+jg+w/—c2f2—g2 Cot[i (n+21’1Ar‘cSinh[cx}>])
g [jcf+g+j«/7c2f27g2 Cot[i (ﬁ+21'1Ar‘cSinh[cx])]]

| ]+

Log|

i |PolylLog [2,

] _

PolylLog [2,

] +

1

72g*V1+c?x?

d(1+c*x*) |-18cg (4c®f?+g%) x+18g (4c®f2+g%) \/1+?x* ArcSinh[cx] -18cf (2c® 2+ g?) ArcSinh[cx]? +

-g+cf Tanh[%Ar‘cSinh [cx] } ]

CZ 'F2+g2

9 cfg®Cosh[2ArcSinh[cx]] +6g>ArcSinh[c x] Cosh[3 ArcSinh[cx]] +9 (8 c*f*+8c*f2g*+g?) |- -

ICZ.F2+g2

1 JrAr‘cTanh[

(cf+ig) Cot[i (7+21iArcSinh[cx])]

1 icf . .
2 ArcCos |- —— | ArcTanh| |+ (-21iArcSinh[cx]) ArcTanh |
_c2f2_g? g _2f2_g?
(cf-ig) Tan[i(n+21Ar‘cSinh[cx]H} Arccos | jc.,:] 2 § ArcTanh| cf+ig) Cot[i(n+2jAr‘cSinh[cx])]]
+ -— ] -21i -
22 g? g /7c2f27g2
1 .
cf-ig)Tan[2 (;+21ArcSinh[cx] L d) gphresinlex) ] 22 g2 -
21'1A|"cTanh[< ) [4< ”} Log[(z 2) B Arccos[ilcf}Jr
\-c2f2 g2 V-i1g Vecf+cgx g
) Ar\cTanh[(CFﬂig) Cot{i(n+21‘1Ar‘cSinh[cx]H] Ar‘cTanh[(C-F_jg> Tan[i(n+21’1Ar‘cSinh[cx])]] Log
1 +
_c2f2_g2 [Cc2e2_g2
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1 .
i = ArcSinh
(§+§) ez rcSinh[c x] ,—szz—gz

\/—J’lg \/c-F+ch

cf+ig) Cot[i (7+21iArcSinh[cx]) ]

icf ,
ArcCos | - | +21i ArcTanh]|
g —c2f2_g?

] - ]

Log|

(icf+g) (—icf+g+ —czfz—gz) (1+iCot[i<7T+211Ar‘cSinh[cx])”

g(icf+g+ix/—c2f2—g2 Cot[i(n+21’1Ar‘cSinh[cx]H)
(ch-F+g) (jcf—g+ —c2f2_g?
g(C'F—J'lg-%—\/—CZ'FZ—gZ Cot[i(n+21’1Ar‘cSinh[cx])]]
[J‘lcf+xl—c2fz—g2) [J‘lcf+g—jx/—c2f2—g2 Cot[i(ﬁJrZJ'lAr‘cSinh[cx])]]
g[jcf+g+jxl—c2fz—g2 Cot[i(ﬁJrZJiAr‘cSinh[cx]HJ
(c-FJrim/—czfz—gz) (—cf+1‘1g+xl—c2f2—g2 Cot[i (7r+211Ar‘cSinh[cx])]]
g(jcf+g+jxl—c2f2—g2 Cot[i(n+21’1ArcSinh[cx}H)

icf )
ArcCos |- ——] - 2 i ArcTanh|
g

] -

(1'1+Cot[i (7r+21'1Ar‘cSinh[cx])])

(cf+ig) Cot[i (7+21iArcSinh[cx]) ]

] J+

Log|

_2f_g?

i PolyLog[Z,

} ,

PolylLog [2,

} .

18 c f g2 ArcSinh[c x] Sinh[2 ArcSinh[cx]] - 2 g3 Sinh[3 ArcSinh[cx]] || + b d?

1

32g2V1+c?x?

d(1+c®x?) |-2cgx+2gy/1+c*x* ArcSinh[cx] - cfArcSinh[cx]?+

—g+chanh“—

ArcSinh[c x] w ]

c2 .F2+g2

(2c2F2+g?) |- _

ICZ.F2+g2

i ArcTanh|
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i cf (cf+ig)Cot[+ (m+2iArcSinh[cx]) ]
2 ArcCos |- ——] ArcTanh| 4 | + (m-21iArcSinh[cx]) ArcTanh|

_2f2_ g2 g _2f2_g2

(cf-ig) Tan[i (m+21iArcSinh[cx])] (cf+ig) Cot[i— (7+21iArcSinh[cx]) |

1cf )
ArcCos |- ——] - 2 i ArcTanh]|

|+

—cifr-g? 8 N
cf-ig)Tan[® (7+2iArcSinh[cx] 1 i) gyArcsinh( \/T
ZjAr‘CTa“h[( Tl | )]] Log[(2 2) + |ArcCos [ - CF]+
\/T V-ig Vefrcgx g

(cf+ig)Cot|[: (m+2iArcsinhicx])] (cf-ig) Tan|

(7+21iArcSinh[cx]) |
| +ArcTanh| |
~ — Z-FZ | _ Z.FZ
(l+ L) —Ar‘cSlnh[cx] | 22 _

Log[ 2 2 B
V-ig Vcf+rcgx

1 1
4 4

2i |ArcTanh|

(cf+ig) Cot[i—

f .
| +2i ArcTanh]|
g —2f2_g?

(icf+g) ( icf+ger/-c2f2- 2] (1+1Cot (7r+211Ar‘cSinh[cx])])

ArcCos | -

(7+21ArcSinh[cx]) | }]

Log| -
(1cf+g+1 -c2f2-g2 Cot| 7r+2j1Ar'cSinh[cx})])
icf (cf+ig)Cot[+ (m+2iArcSinh[cx]) ]
ArcCos |- ——] - 2 i ArcTanh| 4 ]
g /_cz.Fz_gz

(jC'FJrg (chf g+ -c2f%-

(]l+C0t 7r+21'LAr'cSinh[cx]H)

Log[ ]+1’1
(cf—1g+x/ c2f2-g? Cot| 7r+2j1Ar‘cSinh[cx]H)
(]'].C'F-%—\/ c2f2- )(]iC'F-Fg—]'].\/—CZ'FZ—gZ Cot[i(rr+2j1Ar‘cSinh[cx])]]
PolyLog|2, ] -
g[jlc-F+g+1«/ c2f2-g? Cot| 7r+21'1Ar‘cSinh[cx])]]
(cfﬂml c2f2- )(—cf+ig+x/—c2f2—g2 Cot[i<n+21Ar‘cSinh[cx}H)
PolyLog|2, ] +

g(jcf+g+1«/ c2f2-g? Cot| 7r+21'1Ar‘cSinh[cx])]]
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. —g+chanhF—Ar‘cSinh[c x]]
i 7t ArcTanh | 2 ]
1 [c2 g2, 02 1 : f
- d (1+C2X2) - e - ZAT‘CCOS[*IC }
16 V1 + c? x? 22, g2 _c2f2_g2 g

(cf+ig)Cot|[+ (m+2iArcSinh[cx]) ] (cf-ig) Tan[+ (m+2iArcSinh[cx]) |
2 | + (m-21ArcSinh[cx]) ArcTanh| 4 |+

ﬁ/,CZ-FZ,gZ /7c2f27g2

ArcTanh |

icf (cf+ig)Cot[+ (m+2iArcSinh[cx]) ] (cf-ig) Tan[+ (m+2iArcSinh[cx]) ]
ArcCos |- ——] -2 i ArcTanh]| 4 | -21iArcTanh| 4
g S22 g2 _c2f2_g?
(l B jl_) e—%Ar‘cSinh[cx] _c2f2 7g2
Log[ 2 2 ]+
V-ig Vef+rcgx
£ (cf+ig) Cot[l(nJijAr‘cSinh[cx])] (cf-ig) Tan[l<ﬂ+ZjArcSinh[cx}>]
ArcCos | - | +21 |ArcTanh]| 4 | +ArcTanh| 4 ]
g S22 g2 _c2f2og?
1, 1) gyArcsinhicx] —c2f2_g? cf+ig)Cot|t (+21iArcSinh[cx]
Log[(2 2) | - [ArcCos |- 1C}+21‘1Ar‘cTanh[( ) [4< H}
V-ig Vef+rcogx g [Ccag2_ g2

(icf+g) (7]'1cf+g+ 7c2f27g2] (1+1’1Cot[i (7r+2]1ArcSinh[cx])])

g (jcf+g+jw/7c2f27g2 Cot[i (JHZJ'LAr'cSinh[cx])])

Log |

} _

icf )
ArcCos |- ——] - 2 i ArcTanh|
g

(cf+ig) Cot[i(ﬂ+2iAr‘cSinh[cx]H}
_c2f2_g2
(icf+g) (Jic-F—ng —czfz—gz) (1'1+Cot[i (7r+2j1Ar‘cSinh[cx]H)

(cf—1g+x/ c2f2-g? Cot| 7r+21'1Ar‘cSinh[cx}H)

(JiC'F-%—\/ c2f2- J (icf+g—ixl—c2f2—g2 Cot[i (7T+2J'1Ar‘cSinh[cx})])
g (icf+g+jxl—c2f2—g2 Cot[i (7T+211Ar‘cSinh[cx])])

Log |

|+

i |PolyLog|2,

] _
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(C‘FJr]'lw/fCZ‘f:zng] (7C‘F+]'1g+w/7C2‘szg2 Cot[i— (n+21‘1ArcSinh[cx}>])
] _

PolyLog[Z,
g[jcf+g+j«/7czfzfg2 Cot[i(ﬁJijAr'cSinh[cx])]]
! d(1+c*x*) [-18cg (4c*f>+g?) x+18g (4c*f2+g%) \/1+c*x* ArcSinh[cx] -

144 g* /1 + c? x?

18 c f (2c® 2+ g?) ArcSinh[cx]?+ 9 c fg”Cosh[2ArcSinh[cx]] +
6 g3 ArcSinh[c x] Cosh[3 ArcSinh[cx]] +

-g+c f Tanh { %Arcsinh [cx] w }

/c2f2+g2
)CZ .FZ + g2

i 7 ArcTanh |

9 (8c*f*+8c2fg2+gt) |-

(cf+ig) Cot[i (7+21iArcSinh[cx]) ]

1 icf . .
2 ArcCos [~ ——| ArcTanh| | + (m-21iArcSinh[cx]) ArcTanh |

,7C2‘F27g2 g ,7C2'F27g2

(cf-ig) Tan] (cf+ig) Cot[i(n+21’1Ar‘cSinh[cx])]

(7+21iArcSinh[cx]) |

] _

icf )
ArcCos |- ——] - 2i ArcTanh|

g /_czfz_gz

1
4

/_Cz.,:z_gz

|+

cf-ig) Tan[+ (n+2iArcSinh[cx]) ] (l— L) e zAresinhiex) [ 2 f2_ g2 icf
2 i ArcTanh| 4 || Log] | + [ArcCos | - |+
A/ -c2f2_g? V-ig Vcf+cgx g
(cf+ig)Cot|[+ (m+2iArcSinh[cx]) ] (cf-ig)Tan[+ (m+2iArcSinh[cx]) ]
2i |ArcTanh| 4 | +ArcTanh| 4 |11 Log|[
«/—CZ'FZ—gZ /_cz.Fz_gz
L, L) g;Ancsinnicx] A -c2f2og? - cf+ig)Cot[t (m+21iArcSinh[cx]
(2 2) | - Ar‘cCos[—lc.F]JijlAr‘cTanh[( > {4( )]] Log|
g /7c2f27g2

\/—Jig \/c-F+ch

(i cfrg) (—jcf+g+ —czfz—gz) (1+iCot[j—l<n+2ler~cSinh[cx}H) CCf
] - Ar‘cCos[fl—} - 2i ArcTanh|

g(icf+g+ix/—c2f2—g2 Cot[i— (JHZJ'LAr‘cSinh[cx]H) &
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(]‘1+Cot[i (7r+211Ar‘cSinh[cx])])

(cf+ig) Cot[i (m+2iArcSinh[cx]) ] (icf+g) (jc’c*g* -2 -g?

|| Log|

N -c2f2-g? g(cffjg+x/7c21‘2—g2 Cot[i (n+21‘1Ar‘cSinh[cx])]]

[]ILC‘F+\/—C2'F2—g2) [J’lcf+g—i«/—c2f2—g2 Cot[4l (n+21‘1Ar‘cSinh[cx])]]
g (Jicf+g+j1x/—c2f2—g2 Cot[i— (n+21‘1Ar‘cSinh[cx]H)

(C'F+Ji\/—C2'F2—g2J (—cf+1’1g+«/—c2fz—g2 Cot[i (7r+21'1Ar'cSinh[cx])]]

|+

} _

i PolyLog[Z,

PolyLog[Z, } -
g (jcf+g+jx/7c2f27g2 Cot[i— (JT+2]'1Ar‘cSinh[cx}H)
1
18 c f g? ArcSinh[c x] Sinh[2ArcSinh[cx]] - 2g>Sinh[3ArcSinh[cx]] |+ —————/d (1+c*%?)

324/1+c? x?

325 F4x 243 f2x 2cx 2 (16ctfr+12c2F2g2+gh) Y1+ c?x? ArcSinh[cx]
- - - +

g’ g? g g

5

16 ¢® £5 ArcSinh[cx]2 16 ¢ 3 ArcSinh[c x]2

g° g*

3cfArcSinh[cx]2 2cf (2c2f2+g?) Cosh[2ArcSinh[cx]]
g’ ’ g* ’
8 c2 f2 ArcSinh[c x] Cosh[3 ArcSinh[c x]]
"
3¢g3
2 ArcSinh[c x] Cosh[3 ArcSinh[c x]]
i
3g
c fCosh[4 ArcSinh[cx]] 2ArcSinh[c x] Cosh[5ArcSinh[c x]]
+ +
4 g2 58

-g+cf Tanh“—Ar‘cSinh [cx] w ]

c2 .F2+g2

(2c* 2+ g?) (16c*F+16 > g’ +g*) |- -

6 lc2.F2+g2

i 7t ArcTanh|

‘ [
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i cf (cf+ig)Cot[+ (m+2iArcSinh[cx]) ]
2 ArcCos |- ——] ArcTanh| 4 | + (m-21iArcSinh[cx]) ArcTanh|

_2f2_ g2 g _2f2_g2

(cf-ig) Tan[i (m+21iArcSinh[cx])] (cf+ig) Cot[i— (7+21iArcSinh[cx]) |

1cf )
ArcCos |- ——] - 2 i ArcTanh]|

|+

—cifr-g? 8 N
cf-ig)Tan[® (7+2iArcSinh[cx] 1 i) gyArcsinh( \/T
ZjAr‘CTa“h[( Tl | )]] Log[(2 2) + |ArcCos [ - CF]+
\/T V-ig Vefrcgx g

(cf+ig)Cot|[: (m+2iArcsinhicx])] (cf-ig) Tan|

(7+21iArcSinh[cx]) |
| +ArcTanh| |
~ — Z-FZ | _ Z.FZ
(l+ L) —Ar‘cSlnh[cx] | 22 _

Log[ 2 2 B
V-ig Vcf+rcgx

1 1
4 4

2i |ArcTanh|

(cf+ig) Cot[i—

f .
| +2i ArcTanh]|
g —2f2_g?

(icf+g) ( icf+ger/-c2f2- 2] (1+1Cot (7r+211Ar‘cSinh[cx])])

ArcCos | -

(7+21ArcSinh[cx]) | }]

Log| -
(1cf+g+1 -c2f2-g2 Cot| 7r+2j1Ar'cSinh[cx})])
icf (cf+ig)Cot[+ (m+2iArcSinh[cx]) ]
ArcCos |- ——] - 2 i ArcTanh| 4 ]
g /_cz.Fz_gz

(jC'FJrg (chf g+ -c2f%-

(]l+C0t 7r+21'LAr'cSinh[cx]H)

Log[ ]+1’1
(cf—1g+x/ c2f2-g? Cot| 7r+2j1Ar‘cSinh[cx]H)
(]'].C'F-%—\/ c2f2- )(]iC'F-Fg—]'].\/—CZ'FZ—gZ Cot[i(rr+2j1Ar‘cSinh[cx])]]
PolyLog|2, ] -
g[jlc-F+g+1«/ c2f2-g? Cot| 7r+21'1Ar‘cSinh[cx])]]
(cfﬂml c2f2- )(—cf+ig+x/—c2f2—g2 Cot[i<n+21Ar‘cSinh[cx}H)
PolyLog|2, ] -
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8 c3 f3 ArcSinh[c x] Sinh[2 ArcSinh[cx]] 4 cfArcSinh[cx] Sinh[2ArcSinh[cx]] 8c?f2Sinh[3ArcSinh[cx]]

g* g’ 9g’ .
2Sinh[3 ArcSinh[cx]] cfArcSinh[c x] Sinh[4 ArcSinh[c x]]

9g g?

2Sinh[5ArcSinh[cx]]
25¢g

Problem 51: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.
J a+bArcSinh[c x]
(

frgx) VarcZdxE

dx

Optimal (type 4, 325leaves, 10 steps):

V1+c2x? (a+bArcSinh[cx]) Log[1+w—] V1+c2x? (a+bArcSinh[cx]) Log[1+mg—

cf-r/ c?f2+g? cf+r/ c? f24g?
- +
N2 freg? Vd+c?2dx? A2 fr+g? Vd+c2dx?
bv1+c2x? PolyLog|2, - Lﬂhmg—} bv1+c2x? PolyLog|2, - s
cf-r/ c? f2+g? cf+rf c? f24g?

Result (type 4, 1229 leaves):
alog(f+gx] alog[d (g-c2fx) +/d \/c? 2+ g2 Vd+cZdx? | .
e Jarg T arE

—g+chanh[

;Ar‘csinh [cx] w

i 7 ArcTanh | ]

L pfiiae |- Jerw 11

Vd+c?dx? 22 g2 _c2f2_g?

icf (cf+ig)Cot[2 (m+2iArcSinh[cx]) ]
2 ArcCos |- ——| ArcTanh| 4 | + (m-21iArcSinh[cx])

g /_Cz.Fz_gz
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ArcTanh [
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icf . (c-F+11g)Cot[i(7r+21‘1Ar‘cSinh[cx])]
Ar‘cCos[—

] —2]1Ar‘cTanh[
g /_czfz_gz

] -

(cf-ig)Tan[% (m+2iArcSinh[cx]) ] (l_ j—) e 7 Aresinhiex] [ f2_g?
2 i ArcTanh| K || Log| ] +
\J-c2f2_g? V-ig4/c(f+gx)
£ (cf+ig)Cot|[+ (r+2iArcSinh[cx])
Ar‘cCos[— ]+2]‘1 Ar‘cTanh[ 4
g

|+ ArcT h[(C'F*if%)Taﬂ[i(JT+2JiAr'cSinh[cx])]]
+ArcTan
) 7Ar‘c51nh cx] .

Y

N AT

(icf+g) ( 1cf+g+\/ﬁ) (1+ILCOt (mz]'lArcSinh[cx})”
(1C‘F+g+l\/?cot 71+2]'1ArcSinh[cx]H) "

(

N P

+

N =

Log|

ArcCos | -

g

/_cz.‘:z_gz

£ (cf+ig)Cot|[+ (m+2iArcSinh[cx]) ]
| +21i ArcTanh| 2 ]

Log|

icf . (c-F+Jig)Cot[i(ﬂ+21'1Ar‘cSinh[cx])]
ArcCos |- ——] - 2i ArcTanh| ]

g /_cz.Fz_gz
(icf+g) (]LC‘F g+ -c2f2- (1+Cot ﬂ+2]1ArcSinh[cx])])

]+
[c-F—Jngm/ c2f2-g? Cot| 7r+21‘1Ar‘cSinh[cx])]]

Log]|

(]'].C'F+\/ c2f2- ) {]'lC'F+g—Ji\/—C2'F2—g2 Cot[i— (7r+21'1Ar'cSinh[cx]H)
i [Polylog|2,

g(icf+g+1 -c2f2-g2 Cot|

] _

7r+211Ar‘cSinh[cx]H)

(cfﬂml c2f2- ) (—cf+j1g+«/—c2f2—g2 Cot[4l (n+21‘1Ar‘cSinh[cx])]]
PolyLog[Z,

g(jcf+g+1 -c2f2 - Cot

]

7r+2j1Ar‘cSinh[cx}>])

Problem 52: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative
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a+bArcSinh[cx]
J dx

f+gx)2\/d+c2dx2

Optimal (type 4, 444 leaves, 13 steps):
2 f\1+c2x? (a+bArcSinh[cx]) Log[1+ e =

g (1+c*x?) (a+bArcSinh[cx]) cfofcfg
- +
(2 g2) (Frgx) VarcTdxd (2. g2)> 2 dr cTdxt
c2fV1+c2x? (a+bArcSinh[cx]) Log[1+ =g
( ) : i c? fag? | bcvV1+c?x? Log[f+gx]
+ +
(g2 2 Vds cdxd (g2 VdrcTdx
bc2f~/1+c2x2 Polylog[2, - "™ e& | pc2f+/1+c2x? Polylog[2, - < e
[ ’ cf-n/ c? f2ig? ] [ ’ c fiaf c? F21g? }
(2. g2)> 2\ d s cdxd (2. g2) 2 d s cdxt

Result (type 4, 1586 leaves):

ag./d(1+c2x?) ac?flog[f+gx]

L) (Fr8X) G (i) (cfiig)[IPg
g (1+ c? x2> ArcSinh[c x]

ac?flog[dg-c2dfx+/d ~[c2f2+g? \[d(1+c2x?) ] X
+bc |- +
\/?(cf—jg) (cf+ig)/c2f+g? (c2f2+g?) (cf+cgx)4/d(1+c2x?)

-g+c f Tanh { L ArcSinh [cx] } }

V1+cx® Log[1+ BX] 1 i mArcTanh| Jarg
f + cf1+c2x® |- e _
(c2f2+g?) /d (1+c2x?)  (c2f2+g?) \/d (1+c?x?) A €2 2+ g?

(cf-ig) Cot[% (ffjArcSinh[cx])]

] QArcCos[flc{

/7c2{27g2 g
(cf-ig) Cot[i (gfjArcSinh[cx])]

/_cz.Fz_gz

1 T .
2 (f -1 ArcSinh[c Xx] Ar‘cTanh[

]

(-cf-ig) Tan[i (gfjAr‘cSinh[cx])]

/_Cz.Fz_gz

icf )
ArcCos|[- ——] - 21
g

ArcTanh |

|+

ArcTanh |

] -
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e-%i(g—iAr‘cSinh[cx]) m]

V2 +/-ig VJcfrcgx

ArcTanh | +

Log |

(-cf-1ig) Tan[i (f—jAr‘cSinh[cx})} }]

S22 _g?

- cf-1ig)cot[L (Z-1iArcSinh[cx] -cf-ig)Tan[L (% -1iArcSinh[c x]
Ar‘cCos[—lc-F}JrZJi Ar‘cTanh[( ) [2 (2 )]]Ar‘cTanh[< ) [2 (2 H}
g /7C2f27g2 /7c2f27g2
vi(jiArcsinhiex)) [T 22 o2 —cf-ig)Tan[t [Z-1iArcSinh[cx]
Log[(e c g |- Ar‘cCos[—le]JrZJiAr'cTanh[( ) [2 (2 )]]
N2 A/-ig Vefrcgx g [Cc2e2_g2
Ji[C'F—J'].\/—CZ'Fz—gZ) [cf—ig—«/—czfz—gz Tan[%(f—iAr‘cSinh[cx})])
Log[1- ] +

g (cf—ig+x/—c2f2—g2 Tan[% (f—iAr‘cSinh[cx]H)

: —cf-ig)Tan[t [Z-iArcSinh[cx]
—Ar‘cCos[—le]+21'1Ar‘cTanh[( ) [2(2 )]]]

: N

j[cfu’m/—czfz—gz) [cf—jg—«/—czfz—gz Tan[i(i—jAr‘cSinh[cx])])
g(cffjg+x/7c2fz,g2 Tan[i(f—iArcSinh[cx])})

i (cf—j —czfz—gz) (cf—ig—w/—czfz—gz Tan[i (f—iAr‘cSinh[cx])})
g(cf—jg+x/—c2f2—g2 Tan[i(?—iAr‘cSinh[cx])]]

i (cfﬂ‘m/—czfz—gz] (cf—jg—x/—czfz—gz Tan[% (g—jArcSinh[cx])]]
g [cffngm/fczfzfgz Tan[i (ffjAr‘cSinh[cx}H)

Log[1 -

|+

i |PolylLog [2,

] -

PolyLog [2,

J

Problem 54: Attempted integration timed out after 120 seconds.

J(a+bAr‘cSinh[cx])2Log[h (F+ex)" 5
X

Vi+c2x?
Optimal (type 4, 438 leaves, 13 steps):
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gAresinh[cx

m (a+bArcSinhcx])’ Log[1+ <"“"—E-] m (a+bArcSinh[cx])’ Log[1+ <"t

cf-nfc? fig? c i/ c?f2ig?

m (a+bArcSinh[cx])*

12b%c 3bc 3bc

m (a+bArcSinh[cx])?Polylog[2, - g

cf-r/c?f24g?

(a+bArcSinh[cx])’ Log[h (f+gx)"]

3bc C

m (a+bArcSinh[cx] )2 PolyLog[2, - w] 2bm (a+bArcSinh[cx]) PolyLog|[3, - R .
cfirf c? f2ig? cf-r/ c?f2eg?
.
c c
2bm (a+bArcSinh[cx]) PolyLog|3, B 2b2mPolylog|4, L 2b2mPolylog|4, I .
cfif c?f2ig? cf-r/c?f2eg? cfifc? f2ig?
c c c

Result (type 1, 1leaves):
???

Problem 55: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

J(a+bAr~cSinh[cx]) Log[h (f+gx)"] 4
X

Vi+c2x?
Optimal (type 4, 332 leaves, 11 steps):

) R m(a+bAr‘cSinh[cx])2Log[1+w m<a+bAr‘cSinh[cx])ZLog[lJrng
m (a+bArcSinh[cx]) Sy ey ctf g

6b2c 2bc 2bc

ArcSinh[cx]

m (a+bArcSinh[cx]) PolyLog[2, - =&

cf-nfc?f2ig?

(a+bArcSinh[cx])?Log[h (f+gx)"]
2bc C

m (a+bArcSinh[cx]) PolyLog|2, - . = | bmPolyLog|3, - M g | bmPolyLog|3, - N S

cfrfc? f2ig? cf-fc?f2ig? c firf c? f2eg?

C C C

Result (type 4, 1547 leaves):

1
-—— |3amm®-121iamxArcSinh[c x] -12amArcSinh[cx]?-4bmArcSinh[cx]3-
24 c
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F

icf
* g ( 7cf:7(eAr‘cSinh[cx]g+ /c2f2+g2
96 amArcSin[ ————] ArcTan| | +12bmArcSinhcx]? Log| ]
V2 \ €2 F2 + g2 —cf+qfc2f2ig?
cf+ eAr‘cSinh[c x] g+ lCZ 2 +gZ _c (eAr‘cSinh[c x] 'F+g* eAr‘cSinh[c x] /cz £2 +g2
| +12iamrLog| ]
cf+/c?Ff2+g? &
1+ icf
g [7C eAr‘cSinh[cx] .F+g7 eAr‘cSinh[c x] /cz ‘F2 +g2 }

48 1 amAr‘cSin[ } Log +24 amArcSinh[c x]
V2 g

_c eAr‘cSinh[c X] £ 4 g- eAr‘cSinh[c x] /cz f2 4 gz ] ) A [ _c eAr‘cSinh[c X] £ 4 g- eAr‘cSinh[c X] ICZ f2 4 g2 }
+12 1 bmsArcSinh[c x] Log

g g

1+ icf
g —c eAr‘cSinh[c X] f 4+ g - eAr‘cSinh[c x] . C2 'F2 4 gz
48 i bmArcSin[ ——— [ ]

| ArcSinh[cx] Log
N :

[ _c eAr‘cSinh[c X] £ 4 g- eAr‘cSinh[c x] /CZ £2 g2 ] [ _c (eAr‘cSinh[c X] f 4 g+ eAr‘cSinh[c x] /c2 f2 4 g2 }
+121iamLog

g g

1+ icf
g [7C eAr‘cSinh[cx] F+g+ eAr‘cSinh[c x] /c2 £2 +g2 }

48 i amArcSin| | Log +24 amArcSinh[c x]
V2 g

[ —c eAr‘cSinh[c X] 4 g+ eAr‘cSinh[cx] lCZ f2 4 gZ ] ) A [ _c eAr‘cSinh[cx] f+ g+ (eAr‘cSinh[cx] ICZ f2 4 g2 }
+12 1 bmsArcSinh[c x] Log

g 8

1+ icf
g [7C eAr‘cSinh[cx] f+ g+ (eAr‘cSinh[cx] lCZ f2 4 gZ ]

48 i bmArcSin[ ————] ArcSinh[cx] Log
s :

[ -c eAr‘cSinh[c X] £ 4 g+ eAr‘cSinh[c x] ICZ .FZ + gZ ]

8

cf+ig) Cot[i— (7 +24iArcSinh[cx]) ]

+

12bmArcSinh[cx]? Log|

Log

+

12bmArcSinh[c x]? Log

+

Log

+

+

12 bmArcSinh[c x]? Log

-12iamrlog[c (f+gx)] -24aArcSinh[cx] Log|h (f+gx)"] -

[—cf+«/c2fz+g2) (cx+m)

g

12bArcSinh[cx]?Log|h (f+gx)"] 12 i bmArcSinh[cx] Log[1+

] -
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1+i;f (—C'F+x/C2'F2+g2]<CX+\/1+C72X2)

48 i bmArcSin[ ————] ArcSinh[c x] Log[1+ |-
Vz :
[_cfﬁ/cuugz) [ex+Virc?x (cfﬁ/czmgz) [ex+virc?x
12bmArcSinh[cx]? Log[1+ | -12ibmArcSinh[cx] Log[1 - |+
g g
1425 (cf+«/c2f2+g2)(cx+m>
48 i bmArcSin[ ————] ArcSinh[cx] Log|1 - ] -
vz :
(cf+«/c2fz+g2 ) (cx+\/1+c2x2 ) ehresinhicx] [cf—x/c2f2+g2 ]
12 bmArcSinh|c x}zLog[l— ]+24amPolyLog[2, }+
g g
<EAr‘cSinh[cx] g eAr‘cSinh[c x] g

24 bmArcSinh[c x] PolyLog[Z, } +24bmArcSinh[c x] PolyLog[Z, -

—cf+q/c2f2+g? cf+/c?2f2+g?
eAr‘cSinh[cx] (C'F+ ICZ .F2+g2 J
| -24bmPolyLog|3, | -24bmPpolyLog|3, -
& ~cf+q/c2f2ig? cf+rfc2f2+g?

] +

ArcSinh[c x] g

e ArcSinh[c x] g

€
24 amPolylog|2,

]

Problem 56: Attempted integration timed out after 120 seconds.

dx

JLog[h (-F+gx)m}

Optimal (type 4, 197 leaves, 9 steps):

mArcSinh[c x] Log[1+ w] mArcSinh[c x] Log[1 + _ehresinhicx g
mArcSinh[c XJZ /2 fig? Cf+m
2¢ c .

mPolylog[2, - <™ & ] mpolylog[2, - <&

ArcSinh[c x] LOg[h (‘F‘*gX)m} cf-n/c? f2+g? c i/ c?f2ig?

C C C

Result (type 1, 1leaves):
22?
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Problem 62: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.
JAr‘cSinh[a +bx]

dx
X

Optimal (type 4, 131 leaves, 9steps):

1 (eAr'cSinh[a+b x]
- = ArcSinh[a+bx]?+ArcSinh[a+bx] Log[1- ——— | +
2 a-+v1+a2
eAr‘cSinh[a+b x] eAr‘cSinh[a+b x] eAr‘cSinh[a+b X]

ArcSinh[a+bx] Log[1 - | +Polylog|2, | +Polylog|2,

e e - ]
a+Vi+a? a-vi+a? a+Vi1l+a?
Result (type 4, 290 leaves):

. 1 . .
J1-1a (—1+a) Cot[—(7r+2]1Ar‘C51nh[a+bX])]
- (7r—2iAr‘cSinh[a+bx}>2+32Ar‘cSin[7l} ArcTan | 4 |+
8 \/7 V1+a?
V1-1a .
41 7r—4Ar‘cSin[7l] -21iArcSinh[a+bx] | Log|[1+aetresinnlabx] /g ghresinhlarbx] ],
V2
V1i-1a .
41 7r+4Ar‘cSin[—l] -2 1iArcSinh[a+bx] | Log[1+aefresinnlabx] /g ehresinhlabx] ] . g ApcSinh[a + b x] Log[bx] -
V2

4 (im+2ArcSinh[a+bx]) Log[bx] +8Polylog|2, (—a+w/1+a2 ) ehresinhlarbx] ], g polylog|2, - (a+«/1+a2 ) eA"CSi"hfa*bX]]]

Problem 71: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.
JAr‘cSinh[aerx]2

dx
X

Optimal (type 4, 205leaves, 11 steps):

1 eAr‘cSinh[a+b X]
-~ ArcSinh[a+bx]®+ArcSinh[a+bx]?Log[l- ———] +
3 a-V1+a?
eArcSinh[a+b x] <eA|~cSinh[a+b X]
ArcSinh[a+bx]?Log[1- ——————] +2ArcSinh[a + bx] Polylog[2, ———] +
+/1+a2 a-V1+a?
eAr‘cSinh[a+b x] (eAr‘cSinh[a+b x] eAr‘cSinh[aer x]
2 ArcSinh[a +bx] PolyLog[2, —————] - 2PolylLog[3, ———— | - 2PolyLog|3, ————|
+V1+a2 a-Vi1+a? a+\1+a?

Result (type 4, 890 leaves):
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1 a+ 4/1 +a2 _ eAr‘cSinh[a+bx]
- = ArcSinh[a+bx]?+ArcSinh[a+bx]? Log| |+
3 a+V1+a?
—a+ 4/1Jr a2 + (eAr'cSinh[a+bx] . .
ArcSinh[a+bx]? Log| | +imArcSinh[a+bx] Log[1 +a eAresinhlabxl /7 4 g2 ghresinhlasbx] ] _
—a+V1+a?
: . ryl-ia : ArcSinh[a+b 2 _Arcsinh[a+b
4 i ArcSin[—————] ArcSinh[a + b x] Log[1 +a eAresinhiarbx] _ ([, g2 gArcsinhlasbx] ],
V2
ArcSinh[a+bx]2Log |1 +a eAresinhlarbxl (/7 4 g2 ghresinhla:bx]] . j ;r ApcSinh[a + b x] Log[1 +a eAresinhiarbxl ([ , g2 ghresinhlasbxl]
V1i-1ia . .
4 i ArcSin[ ————] ArcSinh[a + bx] Log |1+ aetresinhiabxl ([, g2 ehresinhlasbx]]
V2

ArcSinh [a +b X] 2 Log[l +a eAr‘cSinh[a+b x] N /1 4 a2 eAr‘cSinh[a+b x]] _

i ArcSinh[a+bx] Log[1+ (a—x/1+a2) (a+bx) + (a—\/1+a2 ) \/1+ <a+bx)2 |+
41ArcSin[&]Ar‘cSinh[a+bx] Log[1+ (a—\/1+a2) (a+bx) + (a—\/lJra2 ) \/1+ (aerx)2 ] -

V2
Ar‘cSinh[a+bx}2Log[1+(a—x/1+a2)(a+bx)+(a—x/1+azj 1+<a+bx)2]—
i tArcSinh[a + b x] Log[1+(a+x11+a2) (a+bx>+(a+J1+a2)\/1+<a+bx)2]—

411Ar‘cSin[17jla]Ar'cSinh[a+bx] Log[1+ (a+x/1+a2) (a+bx) + (a+\/1+a2 ) \/1+ (a+bx)? ] -

V2
N ArcSinh[a+b x]
Arcsinh[a+bx]? Log[1+ (‘“ 1+az) (a+bx) + ["’”Jhaz]\/h(amx)z | +2Arcsinh[a + bx] Polylog[2, & ] .
a-Vi+a?

ArcSinh[a+b x] ArcSinh[a+b x]
] -2PolyLog|3, | - 2PolyLog|3,

a+V1+a? a-V1+a? a+V1+a?

ArcSinh[a+b x]

(S e e

2 ArcSinh[a + b x] PolylLog [2,

Problem 72: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

ArcSinh[a + b x]?
J dx

x2

Optimal (type 4, 178 leaves, 11 steps):
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eArcsinh [a+b x]

2bArcSinh[a+bx] Log[1-

ArcSinh[a +b x]?2 ar/1ea? .
2bArcSinh[a+bx] Log[1 - m] 2bPolylog|2, ghresinnfarbx] | 2bPolylog|2, ghresinh[a:bx]
/1002 ) a1a? ) e
\1+a? J1+a? JiiaZ

Result (type 4, 866 leaves):
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X -1-a Tanh[lArcSinh[am x]]
2i b ArcTanh| 2 ]

ArcSinh[a+bx]?2 1+a?
X \1+a?
1 (-i+a) Cot[ (m+2iArcSinh[a+bx])]
—————2b |-2ArcCos[i a] ArcTanh| = | - (r-21iArcsinh[a+bx])
V-1-a? \-1-a?
(i+a) Tan[> (m+21iArcSinh[a+bx]) ] (-i+a) Cot[% (m+2iArcSinh[a+bx])]
ArcTanh | 4 | + |ArcCos[ia] +2i ArcTanh| 4 |+
V-1-a? V-1-a?
(i+a) Tan[> (r+21iArcSinh[a+bx]) ]| JZ1_a? e ;Arcsinhlasbx]
2 i ArcTanh| 2 || Log] |+
V-1-a? V2 Vb x
(-i+a) Cot[% (m+2iArcSinh[a+bx])] (i+a) Tan[* (n+21iArcSinh[a+bx]) ]
ArcCos[ia] -2i |ArcTanh| 4 | +ArcTanh| 4 ]
V-1-a2 V-1-a2
1 +/21_ a2 e, Aresinhlasbx] (-i+a) Cot[% (m+2iArcSinh[a+bx])]
Log| | - |ArcCos[ia] +2iArcTanh| 4 ]
A2 /bx \-1-a?
| (i+a) (a+1’1 (71+\/—1—a2 )) (1'1+Cot[i (71+2]1Ar‘csinh[a+bx])” |
Log -

i+a-+-1-a2 Cot[i(7r+21’1Ar'cSinh[a+bx})]

(—Ji+a)Cot[i(7r+21'1Ar‘cSinh[a+bx}H
V-1-a?

(1+a) (afj(1+\/717a2)) (71'L+Cot[i(7r+2]1Ar'cSinh[a+bx])”

ArcCos[i a] - 2 i ArcTanh|

]

Log | |+
—i-a+V-1-a2 Cot[i— (7+2iArcSinh[a+bx])]
(—ia+\/—1—a2) (J‘L+a+\/—1—a2 Cot[% (n+21’1Ar‘cSinh[a+bx])])
i [PolyLog[2, - : ] -
~i-a+vV-1-a? Cot[i (n+21’1Ar‘cSinh[a+bx])]
(ja+\/717a2 (j+a+\/717a2 Cot|[2 (zr+2j1Ar‘cSinh[a+bx])])
PolyLog|2, 4 ]

-i-a+V-1-a% Cot|

i(zuZJiArcSinh[aerx])]



7.1 Inverse hyperbolic sine.nb | 119

Problem 73: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

ArcSinh[a+bx]2
J dx

X3

Optimal (type 4, 235leaves, 14 steps):

eArcsinh[a+bx]

a-+/ 1+a?

(1+27) x T (120 ’

- _ ab2ArcSinh[a+bx] Log|[1 -
b 1+(a+bx) ArcSinh[a+bx] ArcSinh[a+bx]?2

gArcsinh[a+bx] gArcsinh[a+b x| ]

ab?ArcSinh[a +bx] Log[lf ab? PolyLog[2, m}

a+/ 1+a? b2 Log[x] a-+/1+a? ai/1+2a2
+ +

(1+a2)%? 1+a? (1+a2)%? (1+a2)%?

ab2PolyLog|2,

Result (type 4, 925leaves):
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{ -1-aTanh { %Arcsinh [a+b x] w }

5 . i a b? st ArcTanh
b+/1+ (a+bx) ArcSinh[a+bX] ArcSinh[a+b x]?2 Tea?
- + +

(1+a2) X 2 x2 (1+a2)3/2

b2 Log[—"afx] 1
- ab? |-2ArcCos[ia] ArcTanh|

1+ a2 (71732>3/2 Jo1-a2

(-1+a) Cot[i (7+21iArcsinh[a+bx]) |

] -

(i+a) Tan[2 (n+2iArcSinh[a+bx])]
(m-2iArcSinh[a+bx]) ArcTanh| 2 |+

V-1-a?

-i+a) Cot[i (7+2iArcSinh[a+bx])] i+a) Tan[i (7+2iArcSinh[a+bx])] }J

ArcCos[i a] +2 i ArcTanh| | +2 i ArcTanh]|

V-1-a? V-1-a?

Vo1i-a? e—z—Ar‘cSinh [a+b x]
Log | ]+

V2 +/bx

(-i+a) Cot[+ (;r+21iArcSinh[a+bx]) | (i+a) Tan|

| + ArcTanh|

V-1-a?2 V-1-a?

1 1
4 4

ArcCos[ia]l -21

(7+21iArcsinh[a+bx]) |
ArcTanh | ]

3 ‘E%Ar‘csinh[mbx] (—Ji + a) COt[

. 1
iv-1-a 4

V2 Vbx
(i+a) (a+1’1 (71+\/717a2 )) (i+Cot[i (7T+211Ar‘csinh[a+bx])”

i+a-+-1-2a2 Cot[i (7+2iArcSinh[a+bx])]

| - |ArcCos[ia] +2iArcTanh|

(7+21iArcSinh[a+bx]) |
Log| ]

V-1-a?2

] _

Log |

(-i+a) Cot[% (r+2iArcSinh[a+bx]) ]

. ]
V-1-a?
(i+a) (a—jl (1+\/—1—a2 )) (—i+Cot[i (n+211Ar‘cSinh[a+bx]H)
—i-a+V-1-a2 Cot[i (7+2iArcSinh[a+bx]) ]

(7ja+\/717a2) (j+a+\/717a2 Cot|[* (rr+2j1Ar‘cSinh[a+bx])])
PolyLog|2, - 4 |-

—i-a+vV-1-2a2 Cot[i (m+2iArcSinh[a+bx]) |
(1’1a+\/717a2) (1’1+a+\/—1—a2 Cot[ (ﬂ+2jAPcSinh[a+bX]>]) }]]

ArcCos[ia] - 2 i ArcTanh|

]+

Log|

i

1
4

—i-a+vV-1-a2 Cot[i— (m+21iArcSinh[a+bx])]

PolyLog|2,
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Problem 74: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

dx

JAr‘cSinh [a+bx]2
4

X

Optimal (type 4, 478 leaves, 40 steps):

b2 by/1+ (a+bx)* ArcSinh[a+bx] ab?/1+ (a+bx)® ArcSinh[a+bx]

— — + —

3 (1+a%) x 3(1+a2)x2 <1+a2)2x

eArcsinh[a+bx] ]

a?b® ArcSinh[a+bx] Log[1 - m]

ArcSinh[a + b x]? af1:a2 acs/1ea2

¢ (1+22)%2 + 3 (14a2)2 )

b3 ArcSinh[a + b x] Log [1 -

gArcsinh [a+b x] } eArcsinh[asbx]

a2 b3 ArcSinh[a + b x] Log[l - b3 ArcSinh[a + b x] Log[l -

an/1ea? af1:22 ab?Log[x]
(1+a2)52 _ 3(1+a2)2 o 1ea?)?
a’ b3 Polylog|2, %] b® PolyLog|2, %] a? b* PolyLog|2, e:i/:[T:] | b PolyLog|2, e:csm:[a:] ]
+ + -
(1+a2)%? 3 (1+a2)%? (1+a%)%2 3 (1+a2)%?

Result (type 4, 2153 leaves):

b3 1+(a+bx)2 ArcSinh[a+bXx] ArcSinh[a+b x]2 —1—a2+3a«/1+(a+bx)2 ArcSinh[a+b x] aLOg[l—a;ﬁ]
_ _ + _ _
3(1+a2) b2 x? 3b3x3 3(1+a2)2bx (1+a2)2

-1-a Tanh“—Ar‘cSinh [a+b x] w ]

i 7 ArcTanh| . 1 (x . .
[1.a2 -i-a) Cot|= |~ -1ArcSinh[a+bX]
= - L - ! 2(E—iAr‘cSinh[a+bx1)Ar‘cTanh[ ) [2(2 )]}_
3(1+a%)? \1+a? \-1-2a2 2 V-1-2a2

-i+a) Tan[i (f—iAr‘cSinh[a+bx])]

V-1-a?

2ArcCos[i a] ArcTanh|

|+

-i-a) Cot|[> (1—1Ar‘csinh[a+bx1)] ~i+a) Tan[> (ﬂ—iAr‘cSinh[a+bx])]
ArcCos[ia] -21i |ArcTanh| 2 12 | - ArcTanh| 2 12 ]
N -1-a? -1-a?
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) [ .
(iJr i) me—z—n (;—JLArcSmh[aerx])

Log | ]+
Vb x
(—i—a)Cot[l(ﬂ—iAr‘cSinh[a+bx})] (—Ji+a)Tan[l(ﬂ—iAr‘cSinh[a+bx}>]
ArcCos[ia] +2 i [ArcTanh| 2 12 | - ArcTanh| 2 12
-1-a? -1-a?

(1 N Ji_) megi (£-i Arcsinh[a+bx] )
| - |ArcCos[ia] +2 i ArcTanh|

Log|[ —+—2
Vbx V-1-a?r
i(_a_jm) (—J‘l—a—mTan[i(f—]‘lAr‘cSinh[a+bx])])
-i-a+mTan[§(f-iArcSinh[awx])}
~i+a)Tan[} (% -iArcSinh[a+bx]|]
Vo1-ar
i(-aﬂix/ﬁ) (—J’l—a—mTan[%(f—]’lAr‘cSinh[a+bx])])

-i+a) Tan[i (f—]’lAr‘cSinh[a+bx])] ]]

|+

Log[1-

]

-ArcCos[ia] +21 Ar‘cTanh[

|+

|

Log[1 -
~i-a+V-1-2a2 Tan{i(%—jAr‘cSinh[anbx])}
i (—a—j\/—l—az) (—J’l—a—\/—l—az Tan[l (E—JiAr‘cSinh[aerx])])
i PolyLog[Z, 2 12 }—
-i-a++V-1-a? Tan[i(f—jArcSinh[aerx])]
i (—a+1‘1\/—1—a2) (—Ji—a—x/—l—a2 Tan[ 2 (E—JiAr‘cSinh[aerx})” 1
PolyLog|2, 212 ] P
—i-a+y/-1-a? Tan[%(f—iAr‘cSinh[a+bx})] 3(1+a%)?
. ArcTanh [ -1-a Tanh[%Ar‘cSinh[am x]] }
v [ —i-a)cot[L [Z_iArcSinh[a+bx]
2a% |- s - = Z(E—jAr‘cSinh[a+bx] Ar‘cTanh[< ) [2 (2 )]
V1 +a? \V-1-a? 2 -1 a?
(-1+a) Tan[l(l—jAr‘cSinh[a+bx})}
2 ArcCos[i a] ArcTanh| 2 12 |+
V-1-a?
—i-a)cot[L (Z-iArcSinh[a+bx] ~i+a) Tan[Y (Z - i ArcSinh[a+b x]
) [2(2 H]—Ar‘cTanh[< ) [2(2 H

ArcCos[ia] -24i |ArcTanh|

V-1-a? V-1-a?2

|
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[ (§+ i) me%i (Z—‘—J’lArcSinh[a+bx]) ]
N

Log

\/bx

—Ji—a)Cot[l(E—JiAr‘cSinh[aerx])] (—Ji+a)Tan[l(ﬂ—ler‘cSinh[aerx]H
ArcCos[ia] +21i [ArcTanh| 2 12 | - ArcTanh| 2 12
V-1-a? V-1-a?
(l+ j—) 1 a% ert[irifresinniacbn) (-i+a)Tan[2 (E—JiAr'cSinh[a+bx}>]

Log | 2 2 | - |ArcCos[ia] +2 i ArcTanh| 2 12 ]

Vb x V-1-a?

i (_a_im) (—i—a—mTan[i (f-jArcSinh[amx})])

~i-a+y/-1-a? Tan|? (f-iArcSinh[awx])]

~i+a) Tan[2 (f—jAr‘cSinh[aerx])]
Vo1-a?r

i (-aﬂi\/ﬁ) (-j—a—x/ﬁTan[% (f-iArcSinh[awx})])

|+

Log[1-

]

—ArcCos[ia] +2 i ArcTanh [

|+

Log[1 -
—i-a+vV-1-2a2 Tan[i(f—jArcSinh[a+bx])]
j(—a—j\/—l—az) (—J‘L—a—\/—l—a2 Tan[l(l—jAr‘cSinh[a+bx])})
i PolyLog[Z, 212 ]—
-i-a++-1-a? Tan[i(%—jAr‘cSinh[a+bx})}
Ji(—aﬂi\/—l—az) (—J’L—a—\/—l—a2 Tan[l(E—JiAr‘cSinh[a+bx])])
PolyLog|2, 22 ]

—i-a+vV-1-a? Tan[% (f—iAr‘cSinh[a+bx])]

Problem 78: Unable to integrate problem.

dx

jAr‘cSinh [a+bx]3
X

Optimal (type 4, 275leaves, 13 steps):
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1 ArcSinh[a+b x] eAr‘cSinh[a+b x]
- = ArcSinh[a+bx]*+ArcSinh[a+bx]® Log|1 - | +ArcSinhfa+bx]®Log[1l- —————] +

4 a-\1+a2 a+vV1+a?

ArcSinh[a+b x] ArcSinh[a+b x]

e

ArcSinh[a+b x]

3 ArcSinh[a+bx]? PolyLog[Z, ei} +3ArcSinh[a+bx]? PolyLog[Z, ei] -6 ArcSinh[a + b x] PolyLog[S, 67] -
a-Vi+a? a+Vi1+a? a-V1+a?
eAr‘cSinh[a+bx] eArcSinh[a+b X] eAr\cSinh[a+b X]
6 ArcSinh[a + b X] PolyLog[B, 7] +6PolyLog[4, 7} +6PolyLog[4, 7]
a+V1+a? a-Vi1+a? a+Vi1+a?

Result (type 8, 14 leaves):

ArcSinh[a+bx]3
J dx

X

Problem 79: Unable to integrate problem.

dx

jAr‘cSinh [a+bx]3
2

X

Optimal (type 4, 268 leaves, 13 steps):

eArcsinh [a+b x| ] eArcsinh [a+b x| }

3bArcSinh[a+bx]?Log[1- 3bArcSinh[a+bx]?Log[1-

ArcSinh[a+bx]3 a/ 1422 N ay/ 1+a2
6bArcSinh[a+bx] PolyLog[2, “™ ] 6bArcSinh[a+bx] PolyLog[2, <] 6bPolylog[3, <] 6bPolyLog[3, <" "]
af1ra? . /1002 . a/1:a2 ) an/10a?

Result (type 8, 14 leaves):

X

JAr‘cSinh [a+bx]3
2

X

Problem 80: Unable to integrate problem.

ArcSinh[a+bx]3
J dx

x3

Optimal (type 4, 514 leaves, 21 steps):
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eArcsinh [a+b x] }

3b2ArcSinh[a+bx] Log[1-

3b2ArcSinh[a+bx]2 3b+/1+ (a+bx>2 ArcSinh[a+bx]? ArcSinh[a+bx]3 a /122
- - - + +
2 (1+a?) 2 (1+a%) x 2x2 1+a2
3ab2Ar'cSinh[a+bx]2Log[1—w} 3 b2 ArcSinh[a + b x] Log[l—w} 3ab2Ar'cSinh[a+bx]2Log[1—w}
a-\/1+a? a+/ 1+a? a+\/1+a?
+ - +
2<1+32)3/2 1+a? 2(1+a2>3/2

gArcsinh [a+b x| } eAresinh[a+bx] ] @Arcsinh[a+bx] ]

3 b2 PolylLog [2, 3ab2ArcSinh[a+bx] PolylLog [2, 3 b2 Polylog [2,

a-v 1+a? a-4/ 1+a? a+/ 1+a’
+ + -
1+a (1+a2)%? 1+a2
3ab2ArcSinh[a+bx] PolylLog|2 ghresimnlarox] 3ab2Polylog|3 ghresinh[a:bx] 3ab?Polylog|3 gAresinn[a-bx]
[ ’ a+/1+a? ] [ ’ af\/ﬁ ] [ ’ a+/ 1+a?
- +
<1+a2>3/2 <1+a2)3/2 (1+a2>3/2

Result (type 8, 14 leaves):

ArcSinh[a+bx]3
J dx

x3

Problem 94: Unable to integrate problem.

JXZ (a+bArcSinh[c+dx])"dx

Optimal (type 4, 545 leaves, 22 steps):
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3a

-1- e . i -n .
3 1-n e b (a i bAr‘CSlnh[C +dX} >n (7 a+b ArcSinh[c+d x ) Gamma[1+ n, - 3 (a+b ArcSinh[c+d x]) ]

b b _
8d3
2a
-2- - s + i + -n + i +
22"ce » (a+bArcSinh[c+dx])" (—4;]-3 bA“Sll:‘h crdx ) Gamma[1+n, - 22 bA"CS;”h“ dxl) ]
e :
a

_a . : -n . .
e b <a+ b ArcSinh[c + d x] )n (_ a+b ArcSinh[c+d x ) Gamma[1+n, _ a+bArcSinh[c+dx }

b b .

8d3

_2 . s “n .
c?e v (a+bArcSinh[c+dx])" (—4M°51;h e dx ) Gamma[1+n, 74;”*““51:‘ cedx] |
+
2d3
. i -n i

ed/b (a +bArcSinh[c +dx] )n (a+bAr‘c51t:1h c+d x ) Gamma[1+ n, a+bAr‘c51t:1h c+d x ]

8 d3

. inhic+ -n inhics

c2 @a/b (a +bArcSinh[c +dx] >n (a+bl-\r‘c51bnh c+d x ) Gamma[l in, a+bAr‘cSlbnh c+d x }

2d3

2a
o 2 . i -n ;
22 Ncew <a . bAr‘cSlnh[c +d X])n (a+bAr‘cSlbnh c+d x ) Gamma[l +n, 2 (a+bAr‘cS;nh[c+dx]) }
d3 )
3a
~1- — . + i + -n i +
31"ew (a+bArcSinh[c+dx])" (4;” bArCSl:h crdx ) Gamma[1+n, 2 “*bA'"CSS”h“ dxl)]
8d3

Result (type 8, 18 leaves):

sz (a+bArcsinh[c+dx])"dx

Problem 126: Unable to integrate problem.

j(ceerex)"' (a+bArcSinh[c+dx])?dx

Optimal (type 5, 187 leaves, 3 steps):

(e (c+dx))™™ (a+bArcSinh[c+dx])? 2b (e (c+dx))*™ (a+bArcSinh[c+dx]) Hyper‘geometr‘icZFl[i, 2;", 4?'", ~(c+dx)?]
- +

de (1+m) de? (1+m) (2+m)

R i+m}, {2+g, %‘Fg}’ —(C+dX>2}

2b? (e (c+dXx) )3”" HypergeometricPFQ[ {1, % +

del (1+m) (2+m

w
+
E

Result (type 8, 25leaves):



J(ce+dex>m (a+bAr‘cSinh[c+dx])2d1x

Problem 132: Result unnecessarily involves imaginary or complex numbers.

J(aerAr‘cSinh[c+dx])2
dx

ce+dex

Optimal (type 4, 116 leaves, 8 steps):

(a+bArcSinh[c+dx])® (a+bArcSinh[c+dx])?Log[1- e 2ArcSinhlcrdx]]
N _

3bde de
b (a+bArcSinh[c+dx]) Polylog[2, e 2Arcsinhictdx] ] b2 Ppolylog|3, e 2Arcsinhicrdx] |

de 2de

Result (type 4, 152 leaves):

de

i 1 )
b? ( - = ArcSinh[c+dx]? +ArcSinh[c +d x]? Log |1 - e Aresinhlcrdx) ]
24 3

. 1 .
ArcSinh[c +dx] PolylLog|2, e?Aresinhic:dxl | _ = polylog[3, e2Arcsinhlc dx]] J ]
2

Problem 142: Result unnecessarily involves imaginary or complex numbers.

J(aerAr‘cSinh[c+dx])3 ;
X

ce+dex

Optimal (type 4, 155leaves, 9 steps):
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a’Lloglc+dx] +ab (ArcSinh[c+dx] (ArcSinh[c+dx] +2Log[1- e 2Arsinhicxdx]]) _polylog[2, e 2Aresinhicxdxl])

(a+bArcsinh[c+dx])* (a+bAr‘cSinh[c+dx}>3Log[l—e*“"CSi”h[c*dX]] 3b(a+bAr‘cSinh[c+dx])2PolyLog[2, @ 2Arcsinh[c dx] |

+ —

4bde de
3b% (a+bArcSinh[c+dx]) PolylLog (3, e 2Arcsinhic+dx] | 3p3 polylog |4, e 2Arcsinhictdx] ]

2de 4de

Result (type 4, 256 leaves):
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(64a°Loglc+dx] +
64de

96 a’b (ArcSinh[c+dx] (ArcSinh[c+dx] +2Log[1- e 2Aresinicxdxl]) _polylog|2, e 2Aresinnicrdx ) 4 8ab? (i ° - 8ArcSinh[c+dx]>+
24 ArcSinh[c +d x]? Log[1 - e?Aresinhlcrdx] |, 24 ApcSinh[c +d x] Polylog |2, e?Aresinhlcsdxl ] _ 12 polylog|3, e?Aresinhicrdxl )

b® (n* - 16 ArcSinh[c +dx]* + 64 ArcSinh[c + d x]® Log[1 - e?Aresinhic+dx] ], 96 ArcSinh[c + d x]? PolyLog[2, e2Aresinhic dx)]
96 ArcSinh[c + d x] Polylog[3, e*Aresinnic=dx] | . 48 polylog|4, e?Aresinhlcrdx]]) )

Problem 145: Result more than twice size of optimal antiderivative.

J(a+bAr'cS:'th[c+dx])3 ;
X

(ce+dex)4

Optimal (type 4, 261 leaves, 16 steps):

b2 (a+bArcSinh[c+dx]) b/1+ (c+dx)? (a+bArcSinh[c+dx])? (a+bArcSinh[c+dx])>

- - - +

de* (c+dx) 2de“(c+dx)2 3de4(c+dx)3

b (a+bArcSinh[c+dx]) ? ArcTanh [efresinhicdx] | b3 ArcTanh[+/1+ (c+dx)? | b2 (a+bArcsinh[c+dx]) Polylog[2, -ehresinhic-dx]]
_ . _
de* de* de*

b? (a+bArcSinh[c+dx]) Polylog|2, eAresinhicsdx] | p3 polylog|3, —eAresinhlctdxl | p3 polylog|3, eArcsinhic dx] ]
- +

de?* de? de?*

Result (type 4, 694 leaves):
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a3 albvV1+c2+2cdx+d®x2  a’bArcSinh[c +dXx]
3de* (c+dx)’ 2de* (c+dx)? de* (c+dx)>
aZblog[c+dx a2blog|[l++V1+c2+2cdx+d?x2 1 .
glc+ ] N g[ } N ab?|_8 PolyLog[z, _efAr‘cSmh[mdx]} _
2det 2det 8de?
1 .
2 (—2+4Ar‘cSinh[c+dx]2+2Cosh[2Ar'cSinh[c+dx}] -3 (c+dx) ArcSinh[c +dx] Log[1 - e Aresinhlcsdxl ],
(c+dx)

3 (c+dx) ArcSinh[c +dx] Log[1+ e Arsinnlc=dx) | _4 (¢ . d x) ® PolyLog[2, e Aresinhlc+dxl ] 3 ApcSinh[c +dx] Sinh[2ArcSinh[c+dx]] +

ArcSinh[c +dx] Log |1 - e Aresinhicrdxl ] sinh[3 ArcSinh[c +dx]] - ArcSinh[c +dx] Log[1 + e Aresinlc+dx] ] sinh 3 ArcSinh[c +dx] ] ) +

1 1 1
" b® | -24 ArcSinh[c + d x] Coth[ = ArcSinh[c +d x] | + 4 ArcSinh[c +d x]? Coth[ = ArcSinh[c +dx] | -
48 d e 2 2

. ) 1 . 2 . 3 1 . 4
6 ArcSinh[c+dx]?Csch[ = ArcSinh[c+dx]]" - (c+dx) ArcSinh[c +dx]?Csch[ = ArcSinh[c+dx] | -
2 2

. . 1
24 ArcSinh[c +dx]? Log[1 - e Aresinhlesdx] ], 24 ApcSinh[c + d x]? Log[1 + e Aresinhlerdx] ] , 48 Log|Tanh[ = ArcSinh[c +dx]|] -
2

48 ArcSinh[c +dx] Polylog[2, - e Aresinhlcxdx] ], 48 ArcSinh[c +d x] Polylog|2, e Aresinhic+dxI ] _ 48 polylog|3, - e Arcsinhicrdx]]

1 5 16Ar‘cSinh[cerx}3Sinh[iAr‘cSinh[c+dx]}4

48 Polylog|[3, e Aresinhlcxdx] ] _ g ApcSinh[c +d x]? Sech[ = ArcSinh[c+dx]]|" - +
2 (c +dx)3

1 1
24 ArcSinh[c +dx] Tanh| = ArcSinh[c +dx] | - 4 ArcSinh[c +d x]® Tanh|[ = ArcSinh[c + d x] |
2 2

Problem 151: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

dx

J(aerAr‘cSinh[c+dx})4

ce+dex

Optimal (type 4, 186 leaves, 10 steps):

(a+bArcSinh[c+dx])® (a+bArcSinh[c+dx])Log[1- e 2ArcSinhlcrdx]]
. _
Sbde de
2b (a+bArcSinh[c+dx] )’ PolyLog[2, e 2Arcsinhic+dx] | 3pb2 (34 bArcSinh[c+dx])?Polylog[3, e 2Arcsinhicrdx] ]

de de
3b% (a+bArcSinh[c+dx]) Polylog|4, e 2Arcsinhicrdx] | 3 b4 polylog|5, e 2Arcsinhic dx] |

de 2de



130 | 7.1 Inverse hyperbolic sine.nb

Result (type 4, 390 leaves):

16 a* Log[c +d x] +32a’b (ArcSinh[c+dx] (ArcSinh[c+dx] +2Log[1- e 2Aresinhlcdxl]) _polylog[2, e 2Aresinhlcrdx]]) 4
lede

4a’b? (i -8ArcSinh[c+dx]?+24ArcSinh[c+dx]?Log[1- e?Aresinhlerdx]]
24 ArcSinh[c +d x] Polylog[2, e?Aresinhic:dxI] _ 12 polylog[3, e?Arcsinhlcrdx]]) 4
ab® (n* - 16 ArcSinh[c +d x]* + 64 ArcSinh[c + d x]? Log[1 - e?Aresinhlc+dx] |, 96 ArcSinh[c + d x]? PolylLog[2, e?Aresinhlcrdx] ] _

96 ArcSinh[c + d x] PolyLog[3, e?Aresinhicdx] |, 48 polylog |4, e?Arcsinhicdx]] ) +
5

it 1 : .
16 b* (— - = ArcSinh[c+dx]®+ArcSinh[c +dx]* Log[1 - e2Aresinhicsdxl ] 4 5 ArcSinh[c +d x> PolyLog[2, e?Aresinhlcrdx]] _
160 5

. . 3 .
3ArcSinh[c +dx]2PolylLog[3, e?Aresinhlcxdx] ], 3 ApcSinh[c +dx] Polylog[4, e?Aresinhlcxdx]] _ = poly|og[5, e2Arcsinhlcrdx] ] J }
2

Problem 152: Result more than twice size of optimal antiderivative.

J(aerAr‘cSinh[c+dx})4 4
X

(ceerex)2

Optimal (type 4, 234 leaves, 13 steps):
(a+bArcSinh[c+dx] )4 8b (a+bArcSinh[c+dx] )3 ArcTanh [eAresinhicrdx] | 12 b2 (a4 b ArcSinh[c +d x] )2 PolyLog[2, - eArcsinhicrdx] |

dez(c+dx) de? de?

+

12b? (a+bArcSinh[c+dx])?Polylog|[2, etresinhicsdx ] 24b3 (a+bArcSinh[c+dx]) Polylog|3, -eArcsinhicdx] |
. _
de? de?

24 b3 (a +bArcSinh[c +dx] ) Polylog [3, gAresinh{c+dx] } 24 b* Polylog [4, — gAresinhc+dx] ] 24 b* Polylog [4, ghAresinh{c+dx] }
- +

de? de? de?

Result (type 4, 510leaves):
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1

2de?
( 2a% g 3l3(Ar‘c$inh[c+dx]
- -8a

1 1 1
+Log[ = (c+dx) Csch| = ArcSinh[c+dx] ]| —Log[Sinh[—Ar‘cSinh[c+dx]H] +12 a% b? (Ar‘csinh[c+dx1
c+dx c+dx 2 2 2

( ArcSinh[c +dx]

+2 Log [1 _ e—ArcSinh[ud x] } _2 Log [1 N e—Ar‘cSinh[c+d X] } +2 PolyLog [2) _ e—Ar‘cSinh[ud x] ] _2 PolyLog [2) e—Ar‘cSinh[md x] ] ] N
c+dx

8 2 b3 ArcSinh[c+dx]3
a —

+3ArcSinh[c+dx]? Log[1 - e Aresinhicrdx]] 3 ApcSinh[c +dx]? Log |1 + e Aresinhlcdx) ] 4 6 ArcSinh[c +d X]

c+dx
PolylLog|2, —e Aresinhlcrdxl] _ 6 ArcSinh[c +d x] Polylog|2, e Arsinhicsdxl ], 6 polylog[3, - e Aresinhicdxl] _ 6 polylog|3, e Arcsinhlcrdx]] ] +

2 ArcSinh[c +dx]*

b* |n* - 2 ArcSinh[c +d x]% - - 8ArcSinh[c+dx]?Log |1+ e Aresinhlerdxi]

c+dx
8 ArcSinh[c +d x]? Log[1 - efresinhic+dxI ], 24 ArcSinh[c + d x]2? PolyLog[2, - e Aresinhlc:dxi]
24 ArcSinh[c +dx]? Polylog|2, eresinhlcsdx]] ;48 ArcSinh[c + d x] Polylog[3, —e Arcsinhlcrdx]] _

48 ArcSinh[c + d x] Polylog|3, e®resinhlcdxl] , 48 polylog[4, - e Arcsinhictdxl ], 48 polylog |4, efresinhicdx| J ]

Problem 153: Result unnecessarily involves imaginary or complex numbers.

J(aerAr‘cSinh[c+dx1)4 4
X

(ceerex)3

Optimal (type 4, 186 leaves, 10 steps):

2b (a+bArcSinh[c+dx])?> 2b+/1+ (c+dx)? (a+bArcSinh[c+dx])®> (a+bArcSinh[c+dx])*
- - +

ded de* (c+dx) 2de3(c+dx)2

6b% (a+bArcSinh[c+dx])?Log[1 - e2Arcsinhic+dx] ] g b3 (a+bArcSinh[c+dx]) Polylog[2, e 2Arcsinhic+dx] ] 34 polylog[3, e 2ArcSinhic-dx] |

de3 de3 de3

Result (type 4, 360 leaves):
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1 2a* 8a3b\/m 8 a3 b ArcSinh[c +dx]

4de? <c+dx)2 c+dx (C+dx)2
2b*ArcSinh[c+dx]* A1+ <c+dx)2 ArcSinh[c+dx] ArcSinh[c +dx]2

+ 24 a° b?
(c+dx)2 c+dx 2(c+dx)2

+Loglc+dx]| +

3,/1+ (c+dx)* ArcSinh[c+dx] ArcSinh[c+dx]?

8 ab® |ArcSinh[c +dx] |3 ArcSinh[c+dx] -

+6 Log [1 _ e—ZAr‘cSinh[ud x] }

c+dx (c+dx)2

, 841+ (c+dx>2 ArcSinh[c+dx]3

c+dx

3 Polylog|2, e 2Aresinhictdx) ], bt 1 73— 8 ArcSinh[c +d X] +

24 ArcSinh[c +dx]? Log[1 - e2Aresinhlesdx] ], 24 ApcSinh[c + d x] Polylog[2, e?Aresinhicrdxl] _ 13 polylog|3, e?Arcsinhlcrdx] ]

Problem 154: Result more than twice size of optimal antiderivative.

J(aerAr‘cSinh[c+dx})4 4
X

(ceerex)4

Optimal (type 4, 385leaves, 21 steps):

2b2(a+bAr‘cSinh[c+dx])2 2b 1+(c+dx)2 (a+bAr‘cSinh[c+dx])3 (a+bAr‘cSinh[c+dx])4

de* (c+dx) 3de“(c+dx)2 3de4(c+dx)3

8b> (a+bArcSinh[c+dx]) ArcTanh[efresinhicsdx] | 4 b (a+bArcSinh[c+dx]) ® ArcTanh [eAresinhlcrdx] |
N _

de* 3de?
4 b* PolyLog [2, — gAresinh[c+dx] } . 2 b2 (a +bArcSinh[c +d x] )2 Polylog {2, - gAresinh[c+dx] ] X 4 b* Polylog {2, @Arcsinhc+dx] } i
de* de* de*
2b2 (a+bArcSinh[c+dx])?Polylog|2, eArcSintic=dx] | 4 b3 (a+bArcSinh[c+dx]) PolylLog|3, - eAresinnicrdx] |
de? ) de* i
4 b3 (a +bArcSinh[c +dx] ) Polylog [3, ghAresinh[c+dx] ] 4 b* Polylog [4, — gArcsinhfcrdx] ] 4 b* Polylog [4, @Aresinhc+dx] ]
de* : de* ) de*

Result (type 4, 1198 leaves):
a* 1

.
3de? (c+dx)3 4de*

a’p?|-8 PolyLog {2) _e—Ar‘cSinh[ud x] ] _
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o
(C+dx>3
3 (c+dx) ArcSinh[c+dx] Log[1+eAresinnlerdx)] _4 (¢4 dx)> PolyLog[2, e Aresinhlerdx]] 4 3 ApcSinh[c +dx] Sinh[2ArcSinh[c+dx]] +

2 (—2+4Ar‘cSinh[c+dx]2+2Cosh[2Ar‘cSinh[c+dx}] -3 (c+dx) Arcsinh[c +dx] Log[1- e Aresinhlcrdx]]

ArcSinh[c +dx] Log[1- e Aresinhlerdx] ginh[3 ArcSinh[c +dx]] - ArcSinh[c +dx] Log[1+ e Aresin(c:dxI] Sinh (3 ArcSinh[c +d x] ] ) +

1
12de*

ab3 |-24 ArcSinh[c +dx] Coth[ Ar‘c51nh[c+dx}] +4Ar‘c51nh[c+dx]3Coth[ Ar‘c51nh[c+dx]} -
2 2

1
6 ArcSinh[c +dx]2Csch| = Ar‘c51nh[c+dx]}2— (c+dx) ArcSinh[c +dx]3 Csch| =~ ArcSinh[c +d X] ]4—

2 2
24 ArcSinh[c +dx]? Log[1 - e Aresinhlcsdx] ], 24 ApcSinh[c + d x]? Log[1 + e Aresinhlcrdx] ] , 48 | og | Tanh [ ArcSinh[c+dx] || -
2
48 ArcSinh[c + d x] PolyLog[2, -e Aresinhlcsdx] ], 48 ArcSinh[c +d x] Polylog[2, e Aresinhic:dxI] _ 48 polyLog[3, - e Aresinhlcrdx]]
. R 16Ar‘cSinh[c+dx]3Sinh[;Ar‘cSinh[c+dx]}4
48 Polylog|[3, e Arsinhic+dx]] _ 6 ArcSinh[c + d x]2 Sech { ArcSinh[c+dx] ] - +
2 (C +d X> 3

1
24 ArcSinh[c +dx] Tanh| = ArcSinh[c+dx] | - 4ArcSinh[c+dx]> Tanh[ ArcSinh[c+dx] || +
2 2

1
" b* | -2 n*+ 4 ArcSinh[c+dx]* 24Ar‘c51nh[c+dx]2Coth[ ArcSinh[c+dx] | +2Ar‘c51nh[c+dx]4Coth[ ArcSinh[c+dx] | -
24de 2 2

3 2 1 . 4 1 . 4
4 ArcSinh[c +d x] Csch[ Ar‘c51nh[c+dx]} - = (c+dx) ArcSinh[c +d x] CSCh[*AI"CSlnh[CerX]} +
2 2

2
96 ArcSinh[c + d x] Log[ e Arcsinhlcrdxl ] _ g6 ArcSinh[c +d x] Log[1 + e Aresinhlcrdx] ] +16 ArcSinh[c + d x]3 Log[1 + e Aresinhlerdx] ] _
16 ArcSinh[c +d x]® Log[1 - eAresinhicsdx) | _ 48 (-2 + ArcSinh[c +d x]?) Polylog[2, —e Arcsinhictdxl ] _
96 PolylLog[2, e Aresinhlc+dx]] _ 48 ArcSinh[c + d x]? PolyLog [2 ehresinhlcdx] ] _ 96 ArcSinh[c +d x] Polylog[3, - e Aresinhlcxdx]]
96 ArcSinh[c + dx] PolyLog[3, e*esimhic+dxl] _ 96 polyLog|4, - e Aresinhic:dxI] _ 96 polyLog[4, efresinhicrdxl]

, 8ArcSinh[c+dx]*Sinh| % ArcSinh[c +d x] ]4

4 ArcSinh[c+dx]3 Sech[ ArcSinh[c+dx] ] - +

2 (C +d X) 3

1
24 ArcSinh[c +d x]?2 Tanh[ ArcSinh[c+dx] | - 2ArcSinh[c +dx]* Tanh[ = ArcSinh[c+dx] || +
2 2

1 1 1 1 1
4a3b | — ArcSinh[c+dXx] Coth[ Ar‘c51nh[c+dx}] —szch[fAr‘cSinh[c+dx}]2—fAr‘cSinh[c+dx} Coth[ Ar‘c51nh[c+dx}]
de* 12 2 24 2 24 2

1 . 2 1 1 . 1 . 1 . 1 1 . 2
Csch[ = ArcSinh[c+dx] | +*Log[Cosh[gAr‘c51nh[c+dx]}] —fLog[Slnh[;Ar‘c51nh[c+dx]}} —;Sech[;Ar‘cSmh[Cerx}] -
2 6 6 4
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1 1 1 1 1
— ArcSinh[c+dx] Tanh| = ArcSinh[c +dx] | - — ArcSinh[c +dx] Sech| = ArcSinh[c +d ] ]2 Tanh[ = ArcSinh[c +dx] |
12 2 24 2 2

Problem 200: Result more than twice size of optimal antiderivative.

J(ce+dex>2 (a+bArcSinh[c+dx])’?dx

Optimal (type 4, 481 leaves, 35 steps):

175b%e?/1+ (c+dx)? Va+bArcSinh[c+dx] 35b%e? (c+dx)?1/1+ (c+dx)? ~/a+bArcSinh[c+dx]

54 d 216d
35b%e? (c+dx) (a+bArcSinh[c+dx])*>? 35b%e? (c+dx)> (a+bArcSinh[c+dx])*? 7be? 1+ (c+dx)? (a+bArcSinh[c+dx])>?
+ + -
18d 108d 9d
+b inh[c+d
7be? (c+dx)?/1+ (c+dx)? (a+bArcSinh[c+dx])>? e? (c+dx)3(a+bAr‘cSinh[c+dx1)7/2 105b7/% 2 e2/® \/;r Erf[ 5 Arcjlﬁ;[c X]}
18d : 3d ) 128d '

Vb Vb
3456 d 128d 3456 d

3a s a N 3a N
7/2 42— T /3 1/ a+bArcSinh[c+d x] 7/2 A2 - . a+b ArcSinh[c+d x] 7/2 A2 - — T . [ V3 +/a+bArcSinh[c+d x]
35072 e’en [] Erf| . | 1e5b72e?e v/ Erfi| | 35b7%ee v /2 Erfi| ]
+

Result (type 4, 1095 leaves):
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1
16368 d

e? |2592a3c+/a+bArcSinh[c+dx] +22680ab?c+/a+bArcSinh[c+dx] +

2592 a>dx+a+bArcSinh[c+dx] +22680ab?dx~/a+bArcSinh[c +dx] —9072a2b\/1+c2+2cdx+d2x2 va+bArcSinh[c+dx] -

34@20b3\/1+c2+2cdx+d2x2 vJa+bArcSinh[c+dx] +7776a?bcArcSinh[c+dx] va+bArcSinh[c+dx] +
22680 b3 c ArcSinh[c+dx] Va+bArcSinh[c+dx] +7776a*bdxArcSinh[c+dx] vVa+bArcSinh[c+dx] +

22680 b3 d x ArcSinh[c +d x] v/a +bArcSinh[c +d x] —18144abz\/1+c2+2cdx+d2x2 ArcSinh[c +dx] Va+bArcSinh[c+dx] +
7776 ab? c ArcSinh[c + dx]2+/a+ bArcSinh[c+dx] +7776ab?dxArcSinh[c+dx]2+/a+bArcSinh[c+dx] -

9072b3’\/1+c2+2cdx+d2x2 ArcSinh[c+dx]%+/a+bArcSinh[c+dx] +2592bcArcSinh[c+dx]>+/a+bArcSinh[c+dx] +
2592 b3 d x ArcSinh[c +dx]>+/a+bArcSinh[c+dx] +1008a2b+/a+bArcSinh[c+dx] Cosh[3ArcSinh[c+dx]] +
420 b3 +/a+bArcSinh[c +dx] Cosh[3ArcSinh[c+dx]] +2016ab?ArcSinh[c+dx] \/a+bArcSinh[c+dx] Cosh[3ArcSinh[c+dx]] +

vJa+bArcSinh[c +dx] ]
Vb
V3 “a+bArcSinh[c+dx] }—8505b7/2\/?Er‘-Fi[\/a+bAr‘CSinh[c+dX1 ]Sinh[i]+

Vb Vb b

] (cOsh[i} +Sinh[i}) +35 bmmErﬁ[ﬁvawArcsmh[c*dX] | sinh[22] -
b b Vo b

}] -864a3+/a+bArcSinh[c+dx] Sinh[3 ArcSinh[c+dx]] -

a
1008 b> ArcSinh[c +dx]?+/a+bArcSinh[c+dx] Cosh[3ArcSinh[c+dx]] +8505b7/2~/s Cosh|[—]| Erfi|
b

35b7/2~/3 1 cOsh[%a} Erfi|

\/a+bArcSinh[c+dx]

Vb

\/?\/a+bAr‘cSinh[c+dx]
Vb

840 ab?+/a+bArcSinh[c +dx] Sinh[3 ArcSinh[c+dx]] - 2592 a%bArcSinh[c+dx] v a+bArcSinh[c+dx] Sinh[3 ArcSinh[c+dx]] -
840 b3 ArcSinh[c + dx] v/a+ bArcSinh[c +dx] Sinh[3 ArcSinh[c +dx]] - 2592 ab? ArcSinh[c +dx]?+/a+bArcSinh[c +d x]

8505 b7/ /7 Erf|

3—""} +Sinh[3—a

35b7/2+/3 71 Erf]|
b b

] [Cosh[

Sinh[3 ArcSinh[c+dx]] - 864 b3 ArcSinh[c +dx]3+/a+bArcSinh[c+dx] Sinh[3 ArcSinh[c+dx]]

Problem 228: Result unnecessarily involves imaginary or complex numbers.

J(ce+dex)7/2 (a+bArcSinh[c+dx]) dx

Optimal (type 4, 298 leaves, 8 steps):
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28be? (e (c+dx))3/2 1+ (c+dx>2 4b (e (c+dx))7/2 1+ <c+dx)2
405 d : 81d

28be3\/e (c+dx) \/1+ (C+dX)2 2 (e <c+dx))9/2 (a+bArcsinh[c+dx])
135d (1+c+dx) ' 9de

+

28be’/2 (1+c+dx) /% EllipticE[2ArcTan| e(}dx) |, %] 14be’? (1+c+dx) I%%i—z EllipticF[2ArcTan| 2
+c+d x e +C+d X

(c+d x)
Ve

135d 1+(c+o|x)2 135d 1+(c+dx)2

Result (type 4, 150 leaves):

4b (-7+5c2+10cdx+5d>x2) 4[/1+ <c+dx)2

(e (c+dx))”?|30a (c+dx) - +30b (c+dx) ArcSinh[c+dx] +
135d 3 (c+dx)?
(1>7/228 (-1)**b (ELlipticE[i Arcsinh[(-1)**~/c+dx |, -1] - EllipticF[i Arcsinh[ (-1)**+/cvdx |, -1])
c+dx

Problem 229: Result unnecessarily involves imaginary or complex numbers.

J((:eerex)S/2 (a+bArcsinh[c+dx]) dx

Optimal (type 4, 177 leaves, 6 steps):

ZObez\/e (c+dx) \/1+ <c+dx)2 4b (e (c+dx>)5/2 1+ (c+dx)2

- +

147d 49d
5/2 1+ (c+d x) 2 . . e (c+dXx) 1
2 (e (c+dx) |7 (a~bArcsinhic+dx]) 10be*? (1+c+dx) /—(—L(lmdx)z EllipticF[2ArcTan| e B 2]
7de

147d+/1 + (c+dx>2

Result (type 4, 149leaves):
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4b (-5+3c2+6cdx+3d2x%) /1 dx)?
L (e (crdx))¥? |42a (codx) - 205 r3cirocdx 3 yixferdx)”
147 d (c+dx)2

20 (-1)¥*b[1+ (c+dx)? EllipticF|i ArcSinh[ 22, 1]

c+d X

42b (c+dx) ArcSinh[c+dx] -

<C+dx)7/2 1+ (c+jx)2

Problem 230: Result unnecessarily involves imaginary or complex numbers.

j(ceerex)g’/2 (a+bArcSinh[c+dx]) dx

Optimal (type 4, 261 leaves, 7 steps):

4b (e (c+dx))¥?{[1+ (c+dx)? 12be\/e<c+dx) \/1+(c+dx)2 2 (e (c+dx))>? (a+bArcSinh[c+dx])
- + +

25d 25d (1+c+dx) 5de
12be®? (1+c+dx) /MM% EllipticE[2ArcTan| e (crdx) ], %] 6be¥?(1+c+dx) /MM% EllipticF[2ArcTan| e (crdx) 1, %]
(1+c+d x) Ve 2 (1+c+d x) Ve 2
+
25d+/1+ (c+dx)? 25d+/1+ (c+dx)?

Result (type 4, 145leaves):
1

2 (e (c+dx))?? ((c+dx)3/2 (Sa (c+dx) —2b\/1+c2+2cdx+d2x2 +5b (c+dx) ArcSinh[c +dX]

25d (c+dx)3/2

6 (-1)**bEllipticE[i ArcSinh[(-1)"*Vc+dx |, -1] +6 (-1)**bEllipticF[i ArcSinh[(-1)"*+/c+dx ], -1})

Problem 231: Result unnecessarily involves imaginary or complex numbers.

J\/ce+dex (a+bArcSinh[c+dx]) dx

Optimal (type 4, 142leaves, 5steps):
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1+ (c+dx)? . . e (c+dx) 1
4b\/e<c+dx) \/1+(c+dx)2 2 (e (c+dx))*? (a+bArcSinh[c+dx]) 2b/e (1+cxdx] \/ (Lecdx)? E1lipticF [2 ArcTan| I 2]

+

e
+
9d 3de 9d 1+(C+dx>2

Result (type 4, 122 leaves):
1

9d

2 (-1)Y*b[1+ (c+dx)? EllipticF[i ArcSinh[ 2], —1]
2 /e (c+dx) 3a(c+dx>—2b«/1+(c+dx>2+3b(c+dx)ArcSinh[c+dx]+

c+d X

(crdx)?? [1+ —2—
(c+d x)
Problem 232: Result unnecessarily involves imaginary or complex numbers.
a+bArcSinh[c +dx]
J dx
Vce+dex
Optimal (type 4, 223 leaves, 6 steps):
4b\/e(c+dx) \/1+ (c+dx)* 2./e(c+dx) (a+bArcSinh[c+dx])
- + +
de (1+c+dx) de
4b (1+c+dx) |90 EllipticE[2ArcTan[ Y] L] 2b (1+cedx) [ 2900 EllipticF[2 ArcTan [ LS9 1]
(1+c+d x) Ve 2 (l+c+dx) Ve 2

d'\/?\/l'i’(C‘FdX)z d\/?«/1+(c+dx>2
Result (type 4, 111 leaves):

= (2 (c+dx) (a+bArcSinh[c+dx]) +
d./e (c+dx)

4 (-1)**b~/c+dx EllipticE[iArcSinh[(-1)"*+/c+dx |, -1] -4 (-1)**b+/c+dx EllipticF[iArcSinh[(-1)**~/c+dx |, -1])
Problem 233: Result unnecessarily involves imaginary or complex numbers.

Ja +bArcSinh[c +dx]

(ce+dex)3/2

dx

Optimal (type 4, 106 leaves, 4 steps):
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. 2b (1+c+dx) M)—z EllipticF |2 ArcTan| e (crdx) 1, 2]
2 (a+bAr‘c51nh[c+dx}) (Lrc+d x) Ve 2

- +
de e(c+dx) de3/2 1+(c+dx)2

Result (type 4, 104 leaves):

2 (-1)V4b+/crdx ~/ 1+ (c+d x)? EllipticF{j Arcsinh{ (M },71]
2 |-a(c+dx) -b(c+dx)ArcSinh[c+dx] + et

1

+
(cedx)?

d(e(c+dx))>?

Problem 234: Result unnecessarily involves imaginary or complex numbers.

a+bArcSinh[c +dx]
J dx

(ce+dex)5/2

Optimal (type 4, 266 leaves, 7 steps):

4b 1+(c+dx)2 4bJe(c+dx) J1+(c+dx)2 2 (a+bArcSinh[c+dx])
- +

3de? /e (c+dx) 3de® (1+c+dx) 3de(e(c+dx))3/2

4b (1+c+dx]) /% EllipticE[2ArcTan| e(jgx) ]» i] 2b (1+c+dx) l% EllipticF[2ArcTan| eig)o B i]

+

3de>/2 1+(c+dx)2 3de5/2 1+(c+dx)2

Result (type 4, 160 leaves):

1
- 3/22 (a+2bc\/1+c2+2cdx+d2x2 +2bdX\/1+C2+2CdX+d2X2 +bArcSinh[c+dx] +

3de (e (c+dx

2 (-1)**b (c+dx)*?EllipticE[iArcSinh[(-1)**+/c+dx |, -1] -2 (-1)**b (c+dx)>? EllipticF[i ArcSinh[ (-1)"*+/c+dx |, 71]]

Problem 235: Result unnecessarily involves imaginary or complex numbers.

a+bArcSinh[c +dx]
J dx

(ce+dex)7/2

Optimal (type 4, 145leaves, 5steps):
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1+ (c+dx)? . . e (c+dx) 1
4b+1+ (c+dx)? 2 (a+bArcSinh[c+dx]) 2b (1+c+dx) (1ecrdx)? ELLipticF 2 ArcTan| Ve Js 2}

15de2(e(c+dx>)3/2 5de(e(c+dx))5/2

15de’/2 /1 + (c+dx)2

Result (type 4, 167 leaves):

2

+

1+c?+2cdx+d?x? 5 P .
, (3a+2b(c+dx>x/1+c +2cdx+d?>x® +3bArcSinh[c +dx]
(C+dX)

_q\1/4
2 (-1)Y*b (c+dx)*?* 1+ 2+ 2cdx+d? X2 EllipticF[iAr‘cSinh[L],—1}}]/ 15de (e (c+dx))*? 1+ﬁ ]
Ve+dx c+dx

Problem 236: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

J(ce+dex)7/2 (a+bArcSinh[c+dx])?dx

Optimal (type 5, 134 leaves, 3 steps):
2 (e (c+dx))*? (a+bArcSinh[c+dx])? ) 8b (e (c+dx))*? (a+bArcSinh[c+dx]) Hyper‘geometr‘icZFlE, % 14—5, ~(c+dx)?] )
9de 99 d e?

16 b? (e (c +dx) )"/ HypergeometricPFQ[ {1, 14—3, %}, {%, 14—7}, ~(c+dx)?]

1287 d €3
Result (type 5, 269 leaves):
i(e (c+dx))”?|2a? (c+dx) +4ab (c+dx) Ar‘cSinh[c+dx}7;7/28ab((c+dx)3/2 1+ (c+dx)? (77+5(c+dx)2)+
9d 45 (c +dx)

21 (-1)* [-EllipticE[i ArcSinh[(-1)**+/c+dx |, -1] + EllipticF[i Arcsinh[(-1)**~crdx |, -1})) "

2 2 : . 3 , 13 15 R
—b? (c+dx) ArcSinh[c+dx] [11ArcSinh[c+dx] -4 (c+dx) /1+ (c+dX) Hypergeometric2F1[1, —, ——, - (c+dx) ]] +

11 4 4
945 b2 7 (c + d x)° HypergeometricPFQ[ {1, 23, £}, { Js - (c+dx)?]

4

» |5
J>|§

)

4
512\/76amma[75] Gamma[14—7]

Problem 237: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

J(ce+dex)5/2 (a+bArcSinh[c+dx])?*dx
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Optimal (type 5, 134 leaves, 3 steps):

2 (e (c+dx))”? (a+bArcSinh[c+dx])? 8b (e (c+dx))®? (a+bAr‘cSinh[c+dx}>HypergeometricZFl[i,% B, - (c+dx)?]

7de 63 de?

16 b? (e (c+dx))11/2 HypergeometricPFQ|[ {1, %, %}, {% %}, - <c+dx)2]

693de3

Result (type 5, 334 leaves):

! (e (c+dx))*? |1764a% (c+dx) +168ab
6174 d
21+ (cedx)? [-5+3 (cedx)? 10 (-1)Y* 1+ (c+dx)? EllipticF[jArcSinh[i*—lﬂ} 1]
_ ( ) ( - ( ))+21(c+dx)Ar‘cSinh[c+dx]— crdx " +
(¢ +dx) <c+dx)7/2 14+ —12
(c+dx)?
1 2 . . )
( )2b ~1336 (c+dx) +1932/1+ (c+dx)* ArcSinh[c+dx] - 1323 (c+dx) ArcSinh[c +dx]?-
c+dx
252 ArcSinh[c +d x] Cosh[3 ArcSinh[c+dx]] - 1688 /1 + (c +dx>2 ArcSinh[c +dx] Hyper‘geometr‘icZFl[i, 1, E, - (c +dx)2} +
4 4

2102 7 (c+dx) Hyper‘geometr‘icPFQHi—, i, 1}, {3 i}, ~(c+dx)?]

2’

+

Gamma | i] Gamma [ ‘ﬂ

72 Sinh[3 ArcSinh[c +d x]] + 441 ArcSinh[c +d x]2Sinh[3 ArcSinh[c +d x] ]

Problem 238: Result unnecessarily involves imaginary or complex numbers.

J(ce+dex)3/2 (a+bArcSinh[c+dx])?*dx

Optimal (type 5, 134 leaves, 3 steps):
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2 (e (c+dx))%? (a+bArcsinh[c+dx])? 8b (e (c+dx))”? (a+bArcSinh[c+dx]) Hyper‘geometr‘icZFl[%, z,

4’ a4 .
5de 35de?

16 b? (e (c+dx))%? HypergeometricPFQ| {1, i, %}, {4, 14—3}, ~(c+dx)?]

315de3
Result (type 5, 251 leaves):

2a% (c+dx) —gab«/1+ (c+dx)2 +4ab (c+dx) ArcSinh[c+dx] + =

5 5 (c+dx)*?
24 (-1)**ab (—EllipticE[j ArcSinh[ (-1)Y*+/c+dx |, -1] + E1lipticF[iArcSinh[ (-1)Y*+/c+dx |, 71}) +

2 .
—b? (c+dx) ArcSinh[c +d x]
7

1 3/2
o3 (e (c+dx))

. 3 . 9 11 5
7 ArcSinh[c+dx] -4 (c+dx) /1+ (c+dx)* Hypergeometric2F1[1, 2 a0 (c+dx) ]) +
15 b2 1 (c+dx)3Hyper‘geometr‘icPFQH1, %, 21, {14—1, B, - (c+dx>2]

32+/2 Gamma| 171} Gamma | %]

Problem 239: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative
J\/ce+dex (a+bAr‘cSinh[c+dx])2dlx

Optimal (type 5, 134 leaves, 3 steps):
2 (e (c+dx))*? (a+bArcSinh[c+dx])? 8b (e (c+dx))*? (a+bArcSinh[c+dx]) Hyper‘geometr‘icZFl[%, 2 2

4—, 4—, —<C+dX>2]
3de ) 15d e? !

16 b? (e (c +dx))’/? HypergeometricPFQ[ {1, i, i}, {% 14—1}, ~(c+dx)?]

105d e3
Result (type 5, 276 leaves):
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id e (c+dx) 18a2(c+dx)+36ab<c+dx)Ar‘cSinh[c+dx}—24b2«/1+(c+dx)2Ar‘cSinh[c+dx]+2b2(c+dx) (8 +9ArcSinh[c+dx]?) -
27

24ab |Vcrdx + (crdx]? - (-1)YF (cudx) [14 o EllipticF i ArcSinh[ 222, _1]

erdx
+24b% 41+ (C+dX>2

Ve+dx 1+(C+dx)2

3 5 372 b2n (c+dx) Hyper‘geometr*icPFQ[{é, 3 1}, {5, Z}, - (c+dx)2}
ArcSinh[c +d x] Hypergeometric2F1| =, 1, =, - (c +dx)2] - 2 9 24
4 Gamma[i] Gamma[ﬂ

IN

Problem 240: Result unnecessarily involves imaginary or complex numbers.

dx

J(aerAr‘cSinh[c+dx})2
Vce+dex

Optimal (type 5, 132leaves, 3 steps):
2./e(c+dx) (a+bArcSinh[c+dx] )2 8b (e (c+dx) )3/2 (a+bArcsinh[c+dx]) Hyper‘geometr‘icZFl[i, i, i, - (c+dx)2}

de 3de?
16b? (e (c+dx))>'*HypergeometricPFQ[ {1, 2, >}, {

15de3

Result (type 5, 223 leaves):
! },{Z, g},—(c+dx)2]JrsGamma[Z]Gamma[g]

34/2 b2 (c+dx)’ HypergeometricPFQ[ {1,
4 4 4 4

3

H |
IV,

12d/e (c+dx) Gamma[i] Gamma[%}

(12 (-1)**ab~/c+dx EllipticE[iArcSinh[(-1)Y*~/c+dx |, -1] -12 (-1)**ab~/c+dx EllipticF[iArcSinh[(-1)¥*+/c+dx |, -1] +

)

5 7
(c+dx) [3 (a+bArcSinh[c+dx] )2 - 2b? ArcSinh[c +d x] Hypergeometric2F1[1, =, —, - (c +dx>2] Sinh[2 ArcSinh[c +d x]] ) J)
4 4
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Problem 241: Result unnecessarily involves imaginary or complex numbers.

J(a+bAr‘cSinh[c+dx])2 4
X

(ce+dex)3/2

Optimal (type 5, 130leaves, 3 steps):

2 (a+bArcSinh[c+dx])? 8b./e (c+dx) (a+bArcSinh[c+dx]) Hyper‘geometr‘icZFl[i, %, i, ~(c+dx)?]

) ' de?
de e(c+dx)

16 b? (e (c+dx))3/2Hyper‘geometr‘icPFQHz—, f’:, 1}, {i, i}, ~(c+dx)?]
3de?
Result (type 5, 224 leaves):
: 4(-1)Y*\[1+ (c+dx)? EllipticF[i ArcSinh[ 2], _1]
! T -2a% (c+dx) +2ab (c+dx)*? _ZArcsinhlcrdx] Jerdx

a e feax)) YOxE P e

(c+d x)
A2 7 (c+dx)?HypergeometricPFQ[ {2, 2, 1}, {2, 21, - (c+dx)?
o | YTl (2 23 (320, (e dn)*]
Gamma [ > | Gamma[ |
4 4

3 5
2 ArcSinh[c +d X] (Ar‘csinh[c +dx] —2Hyper‘geometr‘ic2F1[—, 1, —, - (c +dx>2] Sinh[2 ArcSinh|[c +dx]])
4

I

Problem 242: Result unnecessarily involves imaginary or complex numbers.

J(aerAr‘cSinh[c+dx])2 4
X

(ce+dex)5/2

Optimal (type 5, 134 leaves, 3 steps):
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2 (a+bArcSinh[c+dx] )2 8b (a+bArcSinh[c+dx]) Hyper‘geometr‘icZFl[—i, i, i, ~(c+dx)?]

- - +

3de(e<c+dx))3/2 3de? /e (c+dXx)
16b% /e (c+dXx) Hyper‘geometr‘icPFQ[{i, i, 1}, {i, i}, - (c+dx)2}

3de3

Result (type 5, 262 leaves):

1
36de (e (c+dx))3/2

(«/1+ <c+dx)2 + (—1)3/4\/c+dx (EllipticE[jAr'cSinh[(—1)1/4\/c+dx ], -1] —EllipticF[jAr‘cSinh[(—1)1/4\/c+dx B —1}))) +

-24a%+48ab (—Ar‘cSinh[c+dx} -2 (c+dx)

b? [32 (c+dx)3 1+ (c+dx)2 ArcSinh[c +d x] Hypergeometric2Fi[1, E, Z, - (c+dx)2} -
4 4

342 (c +dx)*HypergeometricPFQ[ {1, i, i}, {41, %}, - (c+dx)2]

Gamma | i] Gamma | %]

24 (—8 (c+dx)2+Ar‘cSinh[c+dx}2+2Ar‘cSinh[c+dx] Sinh[2Ar‘cSinh[c+dx}])

|

Problem 243: Result unnecessarily involves imaginary or complex numbers.

J(aerAr‘cSinh[c+dx})2 ;
X

(ce+dex)7/2

Optimal (type 5, 134 leaves, 3 steps):

s i, i, ~(c+dx)?]

2 (a+bArcSinhc+dx])? 8b (a+bArcSinh[c+dx]) HypergeometricZFl[fi

5de(e(c+dx))5/2 15de2(e(c+dx>)3/2

16 b? Hyper‘geometr‘icPFQ[{—i, —i, 1}, {i, i}, ~(c+dx)?]

Result (type 5, 258 leaves):
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1
15de (e (c+dx))5/2

8ab (crdx) |1+ (crdx)?s (-1)"* (crdx)”? [14 2 ELLipticF [i ArcSinh[L110], 1]
-6a2-12abArcSinh[c+dx] -

1+ (c+dx>2

3 5
b2 |8 - 6 ArcSinh[c + dx]% -8Cosh[2ArcSinh[c+dx]] -8 <c+dx)3 1+ (c+dx)2 ArcSinh[c +d x] Hypergeometric2F1|~, 1, —
4 4

V2 o (c+dx)4Hyper‘geometr‘icPFQ[{i, i, 1}, {i, i}, - <c+dx)2]

-4 ArcSinh[c +d x] Sinh[2 ArcSinh[c +d X]]

Gamma | i] Gamma | i]

Problem 245: Attempted integration timed out after 120 seconds.

J(ce+dex)5/2 (a+bArcSinh[c+dx])*dx

Optimal (type 9, 81 leaves, 2 steps):

. 7/2 : 2
6bUn1ntegr‘able[ (e (c+dx)) (a+b ArcSinh[c+d x]) s X}
1+ (c+dx)?

2 (e (c+dx))”? (a+bArcSinh[c+dx])>

7de 7e

Result (type 1, 1leaves):
22?

Problem 247: Attempted integration timed out after 120 seconds.
J\/ce+dex (a+bAr‘cSinh[c+dx])3dlx

Optimal (type 9, 79leaves, 2 steps):

. 3/2 i 2
2b Unlntegr‘able[ (e (c+dx))>/% (a+b ArcSinh[c+d x])

2 (e (c+dx))?*? (a+bArcSinh[c+dx])? !

3de e

1+ (c+dx)?

Result (type 1, 1leaves):
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???

Problem 251: Attempted integration timed out after 120 seconds.

J(a+bAr‘cSinh[c+dx])3 4
X

(ce+dex)7/2

Optimal (type 9, 81 leaves, 2 steps):

. : 2
6 b Unintegrable | (a+bArcSinh[c+dx)7 x|

2 (a+bAr‘cSinh[c+dx})3 (e (crdx)) %21+ (codx)?
+
5de (e (c+dx))>? 5e

Result (type 1, 1leaves):

2P

Problem 253: Attempted integration timed out after 120 seconds.

J(ce+dex)5/2 (a+bArcSinh[c+dx])*dx

Optimal (type 9, 81 leaves, 2 steps):

. 7/2 : 3
8b Unlntegrable [ (e (c+dx)) (a+b ArcSinh[c+d x]) s X}
1+ (c+dx)?

2 (e (c+dx))”? (a+bArcSinh[c+dx])*

7de 7e

Result (type 1, 1leaves):

PP

Problem 255: Attempted integration timed out after 120 seconds.
J\/ce+dex (a+bArcSinh[c+dx])*dx

Optimal (type 9, 81 leaves, 2 steps):

. 3/2 : 3
8hb Un1ntegr‘able[ (e (c+dx))3/? (a+b ArcSinh[c+d x]) , X}

1+ (c+d x)?

2 (e (c+dx))*? (a+bArcSinh[c+dx])*

3de 3e

Result (type 1, 1leaves):

2?7
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Problem 259: Attempted integration timed out after 120 seconds.

J(a+bAr‘cSinh[c+dx])4 4
X

(ce+dex)7/2

Optimal (type 9, 81 leaves, 2steps):

) , 8buUnintegrable| —(a:bArcsinhicidx] 2, x|
2 (a+bArcSinh[c+dx]) (e (crdx)) %21+ (codx)?

- +

5de(e<c+dx))5/2 5e

Result (type 1, 1leaves):

2P

Problem 284: Result unnecessarily involves imaginary or complex numbers.

sz ArcSinh|[ax?| dx

Optimal (type 4, 101 leaves, 4 steps):

(1+ax?) | L EllipticF[2ArcTan[va x|, %]
2xvVi1+aZxt 1 (1vax?)? 2
alalh A N 7x3Ar‘cSinh[ax2} +
9a 3 9a33/2+/1 1 a2 x4

Result (type 4, 75leaves):

2 (x+a2x%) 2+/ia EllipticF[iArcSinh[v/ia x|, -1]
————— +3x*ArcSinh[ax?] -

2
avil+a?xt a

1
9

Problem 286: Result unnecessarily involves imaginary or complex numbers.

JAr'cSinh [ax?] dx

Optimal (type 4, 162 leaves, 5 steps):

122 x4 . . 1 122 x4 . . 1
N . - 2 (1+ax?) ﬁ EllipticE[2ArcTan[Va x|, ﬂ (1+ax?) ﬁ EllipticF[2ArcTan[Va x|, ﬂ
- ————— +XArcSinh|ax°| + -
1+ax? Va V1+alx® a2 V1+aZxd

Result (type 4, 59 leaves):
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2 (EllipticE [iArcSinh[+ia x|, -1] - EllipticF[iArcSinh[v/ia x|, -1] )
\Via

x ArcSinh[ax?| -

Problem 288: Result unnecessarily involves imaginary or complex numbers.

JAr‘cSinh[a x2| 5
—_— 2 dx

X2
Optimal (type 4, 75leaves, 3 steps):

Va (1+ax?) | 22 EllipticF[2ArcTan[va x], ]

Ar‘cSinh[a xz} (1+ax?)?

+

X V1+axt
Result (type 4, 42 leaves):
ArcSinh[ax?| +2+/ia xEllipticF[iArcSinh[v/ia x|, -1]

X

Problem 290: Result unnecessarily involves imaginary or complex numbers.

dx

JAr'cSinh [ax?]

X4
Optimal (type 4, 197 leaves, 6 steps):
2a+/1+a2x4 2a2x+/1+a2x* ArcSinh[ax?]
- + - _

3x 3 (1+ax?) 3x3
2a%2 (1+ax?) (i%zxf;z EllipticE[ZAr‘cTan[\/?x}, i] a*? (1+ax?) /ﬁ EllipticF[ZAr‘cTan[\Ex], ﬂ
+
3v1+aZx* 3v1+aZx*

Result (type 4, 88leaves):

1| 2avi+aZx* Arcsinh[ax?] 22’ (EllipticE[JiAr'cSinh[\/ja x|, -1] -EllipticF[i ArcSinh[Via x], 71])
3| X ) X3 ' Jia
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Problem 302: Result more than twice size of optimal antiderivative.

a
JArcSinh[—] dx
X

Optimal (type 3, 25leaves, 5steps):

X a?
X ArcCsch [ f} +a Ar‘cTanh[ 1+ — ]
a X2

Result (type 3, 77 leaves):
ava?+x?

~Log[1- —*—] +Log[1+ —*—]|

32+X2 32+X2

2
2 [1+% x
x2

a
x ArcSinh|[ =] +
X

Problem 311: Result more than twice size of optimal antiderivative.

ArcSinh[a x"]
J— dx

X
Optimal (type 4, 60leaves, 5steps):
ArcSinh[ax"]2 ArcSinh[ax"] Log[1 - e?Aresinh[ax’] ] polylog|2, e2Arcsinh[ax"]]
- +

N
2n n 2n

Result (type 4, 128 leaves):
1

Ar‘cSinh[a x”} Log[x] +
2+/a?n

a (Ar‘csinh [\/a? x"] ? £ 2 ArcSinh [\/a? x"] Log[1 - e 2Aresinn[/a* x| | -2nLog(x] Log[~/a? x"++/1+a*x?" | - Polylog|2, e 2Aresinn[/a* x| ]

Problem 328: Unable to integrate problem.

J(a+ibAr‘cSin[l—idxz])S/Zdlx

Optimal (type 4, 348 leaves, 2 steps):
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5bv/21dx?+d’x* (a+ibArcSin[1-idx?])*?
15b2x\/a+ijr‘cSin[1—jdx2] - Laxr @ x (a+d1 rc 1n[ t X]) N
X

L \/aﬂl bArcSin[1-i dx?]
b

15 b2/t x FresnelS
5/2 [ Vo

|-+ (cos[%Arcsin[1-idx?]]-sin[Arcsin[1-idx?]]]

‘ , E\/aqbﬁ\rcsin[l—ﬁdxz} . X
15 /‘E b> /7 x Fresnelc| ] (ICOSh{ ] +Sinh] ])

| . | ] (Cosh{;fb} +jSinh[2ib])
x (a+1ibArcSin|1-1idx*])

a a
N 2b 2b

Cos[>Arcsin[1-idx?|] -sin[ArcSin[1-idx?]]

Result (type 8, 24 leaves):

J(a+ijrcSin[l—jdxz])S/zdlx

Problem 329: Unable to integrate problem.

J(a+ijrcSin[l—jdxz])B/zdlx

Optimal (type 4, 312leaves, 2 steps):

3b+/21dx?+d?x* \/a+ijrcSin[1—jdx2]

+x(a+ibArcSin[1—idx2])3/2+
dx
34/1b b\/;xFr‘esnelc[\/aQbf/r;%mJ;idxq } (Ji Cosh[;fb} —Sinh[z‘ib]) ) 3b2\/;xFr‘esnels[\/aqbﬁj;idxz] ] (Cosh[;fb} —jSinh[i])
Cos[; Arcsin[1-idx?|] -sin[] Arcsin[1-idx?]] Vib [cos[tArcsin[1-idx?]]-sin[?Arcsin[1-1idx?]]]

Result (type 8, 24 leaves):

J(a+ibAr‘cSin[l—idxz])S/Zdlx

Problem 330: Unable to integrate problem.

j\/aﬂibAr'cSin[l—jdxz] dx

Optimal (type 4, 263 leaves, 1step):
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\/_ _ZT \/aﬂibAr‘cSin[l—idxz} a Lo a
X\/a+ijrcsin[1—idX2} N s xFresnelS[ N } (Cosh[ﬁ] +151nh[;” )

\E (cOs[iAr‘cSin[l—idsz —Sin[iAr‘cSin[l—idsz)

. _i_ \/a+ibArcSin[1—ﬂdx2] . a . a
\/?b\/?xFr*esnelc[ = ] (ICOSh{Z} +51nh[;])

Cos[%ArcSin[l— idx?]] —Sin[iAr‘cSin[l— idx?]]

Result (type 8, 24 leaves):

J\/aﬂibArcSin[l—idxz] dx

Problem 332: Unable to integrate problem.

J ! dx
(a+1’1bAr‘cSin[1—Jidxz””2

Optimal (type 4, 291 leaves, 1step):

ArcSin([1-idx?|

L +1b
(— ﬁ) 2 [ x FresnelC [ JTJE‘

\21idx?+d?x? N } (COSh[zib]_iSinh{;_b])
- - +
bdeaqu,ﬂcsin[lfidxz] Cos|ArcSin[1-idx?]] -Sin[ 2 ArcSin[1-idx?]]

ArcSin[1-idx?]
Vo
Cos[iAr‘cSin [1-1dx?]] - Sin[iAr‘cSin[l -idx?]]

L +1b
(— . )3/2\/?xFr‘esnels[ﬁ\/a

] (Cosh[;—b] +1 Sinh[zib])

o |=

Result (type 8, 24 leaves):

J ! dx
(aHibAr‘cSin[l—Jidxz})3/2

Problem 333: Unable to integrate problem.

J ! dx
<a+ijr‘cSin[1—jdx2})5/2
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Optimal (type 4, 326 leaves, 2 steps):
V2idx?+d?xt X

3bdx (a+1’1bAr‘cSin[1—idx2])3/2 3b2\/a+ijrcSin[1—jdX2}

V7 x Fresnels | /a+ﬂbf‘/';;iirj;‘jdle ] (cosh[i} —JiSinh[zib]) \/?xFr‘esnelc[\/aﬂbf/'%?%jdle ] (Cosh[i] +JiSinh[zib”

3+vVib b2 (Cos[%Ar‘cSin[l—idxzu —Sin[%Ar‘cSin[l—idsz) 3+vVib b2 (Cos[%Ar‘cSin[l—ideH —Sin[%Ar‘cSin[l—idsz)

Result (type 8, 24 leaves):

j ! dx
(a+JibAr‘cSin[l—Jidxz})5/2

Problem 334: Unable to integrate problem.

J ! dx
(a+JibAr‘cSin[l—Jidxz})7/2

Optimal (type 4, 389leaves, 2 steps):
\V2idx?+d?x* X

3/2

5/2

sbdx (a+ibArcSin[1-1idx?]) 15b2? (a+ibArcSin[1-1idx?])

ArcSin[1-idx?]

-1 +ib
(f %)3/2 A ox FresnelC[ﬁJa -

V2idx?+d?xt Nes ] (COSh[i]ijinh[i])
- +
15b3dx\/a+j1bAr‘cSin[1—Jidx2] 15 b? (Cos[iAr‘cSin[l—jdsz —Sin[iAr‘cSin[l—jdxz]])

s eibrainfiad] ] (cosh[ 2] +isinh[2]]

(—;)3/2\/?xFr‘esnels[r = i

15 b2 (Cos[iAr‘cSin[lf idx?]] 7Sin[iAr‘cSin[1f idx?] })

Result (type 8, 24 leaves):

J ! dx
(aHibAr‘cSin[l—Jidxz})7/2

Problem 335: Unable to integrate problem.

J(a—J'ler‘cSin[lJrjldxz])S/zdlx
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Optimal (type 4, 348 leaves, 2steps):

5b+/-21idx2+d2x <a—1’1bArcSin[1+1’1dx2”3/2
d x

5/2
+

15b2x\/a—j1bAr‘cSin[1+j1dx2] - +X (a—ijr‘cSin[1+jdx2])

ArcSin[1+idx?|

vV

ArcSin[1+idx?|

vV

Ea “ib
15 bzx/?xFr‘esnels[JjJa ] (Cosh[zib} +jSinh[:—b])

z “ib
] (Cosh[zib} —jSinh[:—b]) 15 bzx/?xFr‘esnelc[JjJa

/i— (Cos[%Ar‘cSin[lﬂidsz —SinEAr‘cSin[lﬂidsz) /i— (Cos[%Ar‘cSin[lﬂidsz —SinEAr‘cSin[luidsz)
Result (type 8, 24 leaves):

J(a—ijrcSin[1+jdx2])5/2cﬂx

Problem 336: Unable to integrate problem.

J(a—J‘ler‘cSin[1+jdx2])3/2dlx

Optimal (type 4, 310leaves, 2 steps):

3bV/-21dx - d*x* \[a-ibArcSin[1+idx] ox (i bArcsin[1+ i dxt])2

dx
3b2\/7xFr'esnels[ /a’ibA:S;nhr;jdxq ] (Cosh[;—b} +iSinh[i]) ) 3+/-1b b\/?xFr‘esnelc[\/a’ij:S;nL;jdxq ] (J‘L Cosh[i] +Sinh[;—b})
V-ib (Cos[iAr‘cSin[lﬂidsz —Sin[%Ar‘cSin[lﬂideH) Cos[%Ar‘cSin[lﬂidsz —Sin[iAr‘cSin{lﬂidsz

Result (type 8, 24 leaves):

J(a—ijrcSin[1+jdx2])3/2dlx

Problem 337: Unable to integrate problem.

J\/a—ijr‘cSin[lJrjdxz] dx

Optimal (type 4, 262 leaves, 1step):
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ArcSin|1+idx?|

] (Cosh[ ] —JiSinh[zib])

ﬁ\/a—j b
a
ﬁxFr‘esnelS[ = =

x\/a—jler'cSin[lﬂidxz} + _

\/ij (Cos[%Ar‘cSin[IJrjdeH —Sin[iAr‘CSin[l.;.j_dxz]])

ArcSin[1+idx?]

Vo

s (Cos[iAr‘cSin[lﬂidsz 7Sin[§Ar‘cSin[1+jdx2H)

ﬁ\/a—ib
V7 x FresnelC|

] (Cosh[;;b] + jSinh[:—b])

Result (type 8, 24 leaves):

J\/a—ibAr‘cSin[lﬂidxz] dx

Problem 339: Unable to integrate problem.

J ! dx
(a—JibAr'cS.in[lﬂidxz})3/2

Optimal (type 4, 291 leaves, 1step):

N 3/2\/7 . ls[ﬁ\/aibm‘csin[lﬂldxz} } c h[i} o h[i]
) Vo2idx2+d?xt . (b) 7T X Fresne s (os Jp) 1 in b )7

bdx\/a—ibAr‘cSin{lﬂidxz] Cos[%Ar‘cSin[lﬂidsz —Sin[iAr‘cSin[lﬂidsz

\/a—il b ArcSin [1+J’1 d xz}

(')3/2\/?xFr‘esne1C[\/T = ] (Cosh[;fb]+jSinh[;fb”

Cos|[YArcsin[1+idx?|] -sin[Y ArcSin[1+idx2
[2 2

o |=

Result (type 8, 24 leaves):

J ! dx
(a—JibAr‘cSin[lﬂide})3/2

Problem 340: Unable to integrate problem.

J ! dx
(a—JibAr'cSin[1+Jidxz})'r’/2
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Optimal (type 4, 326 leaves, 2 steps):

V-2idx?sd?xt e

3bdx (a—]'ler‘CSin[1+].ldX2]>3/2 3b2\/a—ijr‘cSin[1+jdX2}

\/?xFr‘esnels[\/a'ij:S;”L;jdxq ] (cOsh[;—b] +JiSinh[fb}) ) m\/?xFr‘esnelC[\/a_ij%S;nL;jdxq ] (Ji Cosh[;T] +Sinh[i”
3+/-1ib b2 (Cos[iAr‘cSin{lﬂidsz —Sin[%Ar‘cSin[lﬂidsz) 3 b3 (Cos[%Ar‘cSin[lﬂidsz —Sin[%Ar‘cSin[lﬂidsz)

Result (type 8, 24 leaves):

j ! dx
(a—JibAr‘cSin[lﬂide})5/2

Problem 341: Unable to integrate problem.

J 1 dx
(a—JibAr‘cSin[lﬂide})7/2

Optimal (type 4, 389leaves, 2 steps):
V-2idx?+d?x4 X

3/2

5/2

sbdx (a-ibArcSin[1+1idx?]) 15b? (a-ibArcSin[1+1idx?])

ArcSin[1+id x?]

L Jasib
(;)3/2ﬁxppesne1qﬁ“ g

N S ] (Cosh[zib} +jSinh[;—b])

N
- +
15b3dx\/a—ibAr‘cSin[lﬂidxz] 15 b2 (Cos[iAr‘cSin[lJrjdsz —Sin[iAr‘cSin[1+jdx2]])
R E\/a—ib/-\r‘csin[lﬂidxz} . . ) s
ﬁ\/?xFr'esnelS[ = ] (1 Cosh[;} +Slnh[;])

15b% (Cos[L Arcsin[1+idx?]] - sin[ 2 Arcsin[1+idx?]])

Result (type 8, 24 leaves):

J ! dx
(afjibAr'cSin[lﬂidxz})7/2
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Problem 343: Unable to integrate problem.

1+cx

dx

1-c2x?

J\(a+bAr‘cSinh[@])3

Optimal (type 4, 261 leaves, 8 steps):

o iex o ex
. T ox 4 . Jiex 3 -2 ArcSinh [ . Jicx 2 -2 ArcSinh ﬁ
7(a+bAr‘c51nh[l%]) ) a+bArcSinh| 1+zx ]) Log[1-e Ve ] +3b(a+bAr‘c51nh[ 1+ZX }) PolylLog[2, e N ] )
4bc C 2c
) . Jicx -2 ArcSinh g —ZAPcSinh{J:}
3b (a+bAr‘c51nh[ — } PolyLog[S, e Varex } ) 3 b3 PolyLog[4, e Jiex ]
2c 4c
Result (type 8, 42 leaves):
e Viex 1)
(a +b ArcSinh]| 1+§z ]) N
1-c?x?
Problem 344: Unable to integrate problem.
2
(a +b ArcSinh| @] )
V1+cx dx
J 1-c?x?
Optimal (type 4, 194 leaves, 7 steps):
3 2 72ArcSinh{£
a+bAr‘cSinh[@]) a+bAr‘cSinh[@]) Log[1-e Jieex 7]
B A/ 1+cx N A/ 1+cx +
3bc c
ik ’“"‘Si”huﬁ} _2Arcsinh [ Yo
b |a+bArcSinh| — ]) Polylog[2, e wex ) b? Polylog|[3, e fia ]
C 2¢

Result (type 8, 42 leaves):

1+cx

dx

1-c2x?

J‘ (a + bArcSinh[@] )2
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Problem 345: Unable to integrate problem.

A 1+Cc X

dx
1-c?x?

J*a + bAr‘cSinh[@]

Optimal (type 4, 133 leaves, 6 steps):

-2 ArcSinh Vll% o 1ex
(a+bAr‘cSinh[%] )2 a+bAr‘cSinh[%]) Log[lfe e [mw }] bPolyLog[z, e—ZArcSmh{JiCX }]
- +
2bc c 2c

Result (type 8, 40 leaves):

l+cx

dx
1-c?x?

J\a + bAr‘cSinh[@]

Problem 348: Attempted integration timed out after 120 seconds.

JArcSinh [c e dx

Optimal (type 4, 76 leaves, 6 steps):

ArcSinh|[c e*®X] > ArcSinh [ce®bx] Log[1 - @2 Arcsinh[c e | PolyLog|2, @2 Arcsinh [c e ]
- + +

2b b 2b

Result (type 1, 1leaves):

e

Problem 368: Result more than twice size of optimal antiderivative.
JAr‘cSinh[

Optimal (type 3, 49 leaves, 6 steps):

}dlx
a+bx

] cArcTanh| 1+(albx)z}
N c c

b b

x

(a+bx) Ar'cCsch[f+ b

o ‘

Result (type 3, 147 leaves):
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x ArcSinh | |+

a+bx

a?+c2+2abx+b?x?
(a+bx]) e ’ (—aLog[a+bx]+aLog[c(c+\/a2+c2+2abx+b2x2

(a+bx)2

}+cLog[a+bx+\/a2+c2+2abx+b2x2}

/

(b\/a2+c2+2abx+b2x2
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Summary of Integration Test Results

1190 integration problems

A - 1032 optimal antiderivatives

B - 41 more than twice size of optimal antiderivatives
C - 74 unnecessarily complex antiderivatives

D - 30 unable to integrate problems

E - 13 integration timeouts



