Mathematica 11.3 Integration Test Results

on the problems in the test-suite directory "7 Inverse hyperbolic
functions\7.2 Inverse hyperbolic cosine"

Test results for the 166 problemsin "7.2.2 (d x)*m (a+b arccosh(c x))*n.m"

Problem 39: Result more than twice size of optimal antiderivative.

dx

JAr'cCosh [ax]*
2

X

Optimal (type 4, 150leaves, 11 steps):

ArcCosh[ax]*
_ArcCoshlax]” 8 aArcCosh[ax]®ArcTan|efrccsh(@xl | _ 12 j a ArcCosh[ax]? PolyLog[2, - i efrecoshlaxl] .
X
12 i aArcCosh[ax]?PolyLog[2, i e*rsh(@x]] 4 24 j a ArcCosh[ax] Polylog[3, -i eArecoshiax]] _

24 i aArcCosh[ax] Polylog[3, i e"eoshlax]] _ 24 i aPolylog|4, -i er"ecoshax]] ;24 i a Polylog[4, i errecoshiax]]

Result (type 4, 478 leaves):

7in* 1 3., 5 . . ArcCosh[ax]*
a |- + — 7 ArcCosh[a x] - — i n“ ArcCosh[a x]“ - 2 tArcCosh[ax]® + 1 ArcCosh[ax]® - —————
16 2 2 ax

3 i 2 ArcCosh[ax] Log[1+ i e rccosh(ax] ] _ 6t ArcCosh[ax]? Log[1 + i e Arccoshlax]] 4 4§ ArcCosh[ax]? Log[1 + i e Arecoshiax) | 4

+ 1 7T3 Log[l + i e—ArcCosh[a x]] _
2

1
33 2 ArcCosh[ax] Log[1 - i eArecoshiax]] 6 v ArcCosh[ax]? Log[1 - i efrecoshiaxl] _ = ;3 | og[1 + j ehrecoshlax]] _
2

4 i ArcCosh[ax]?Log[1+i efrecoshiaxi] 4 1 3 Log[Tan[l (m+2iArcCoshfax])]]+3i (7-21iArcCosh[ax] )2 PolylLog[2, - i e Arccoshiaxi] _
2 4

12 i ArcCosh[ax]? Polylog|[2, -i eA"ecoshiax]] ;34 12 polylog |2, i e*"“°"[2x] | ;12 ;T ArcCosh[a x] PolyLog|[2, i etrecoshiaxl]
12 rPolylog|3, - i e rccoshlaxl ] _ 24 i ArcCosh[ax] PolyLog[3, -i e A"cosh(@x]] , 24 j ArcCosh[a x] PolyLog[3, - i efrecoshiax)]

12 rPolylog|3, i efrecoshlaxl] _ 24 i polylog[4, - i e Arecoshlax]] _ 24 j polylLog[4, - i efrecoshlax]]
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Problem 41: Result more than twice size of optimal antiderivative.

ArcCosh[ax]*
J— dx

X4

Optimal (type 4, 268 leaves, 19 steps):

2a2ArcCosh[ax]? 2a+/-1+ax V1+ax ArcCosh[ax]® ArcCosh[ax]*
N _

X 3 x? 3x3

- 8a%ArcCosh[ax] ArcTan | eArecoshiax |

4
—a® ArcCosh[ax]? ArcTan|efrecoshiax]] ;4§ a3 Polylog|2, - i e*esh(@x)] _ 2 j a® ArcCosh[a x]? PolyLog[2, - i efrecoshlax] | _

3
41 a’Polylog|2, ie*"ecshlaxl] ;2 j a® ArcCosh[ax]? Polylog|2, i e*"sh@x]] ;4 j a® ArcCosh[ax] PolylLog|[3, - i efrecoshlaxl] _

4 i a® ArcCosh[ax] PolylLog|3, i efrcoshlaxl] _ 4 a3 polylog[4, -1 e*es"[2x]]| 1 4 i a® Polylog|4, i efrecoshiax|

Result (type 4, 595 leaves):
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1
—1i (8+s%-41inArcCosh[ax] - 4ArcCosh[ax]?) PolyLog[2, - i eArecoshiax) | _
2

aS

1 4 . ) , 1921 ArcCosh[ax]?
— 1 |7 7"+ 817 ArcCosh[a x] + 24 1“ ArcCosh[a x]“ +
96 ax

64 1 | “Lax (1+ax) ArcCosh[ax]?
1+ax
- 16 ArcCosh[ax]*

a2 XZ a3 X3
817 Log[1+i erecoshlax]] ; 384 ArcCosh[ax] Log |1+ i e AreCoshiax]] . 48 52 ArcCosh [a x] Log[1 + i e Arccoshlaxl] _
96 i T ArcCosh[ax]? Log[1+i e Arecoshlax]] _ g4 ArcCosh[ax]® Log[1 + i e Arecoshiax] ] _ 48 52 ArcCosh[a x] Log[1 - i eArecoshiax]]
96 i ;mArcCosh[ax]? Log[1 - i efrecoshiaxl | _gj 53 Log[1 + i efrecoshiax) | 4 64 ArcCosh[ax]® Log[1 + i efrecoshiax]]

-321imArcCosh[ax]?+

32 i ArcCosh[a x]?

- 384 ArcCosh[ax] Log[1 - i e Arecoshiaxl]

817 Log|Tan| 1 (m+2iArcCosh[ax])|] +384PolylLog|2, i eA"sh(@x]] 1 192 ArcCosh[a x]? Polylog[2, i eArecoshlax] ] _
4

48 ? Polylog|2, i ef™eceshlax]] 1 192 i ;ArcCosh[a x] PolyLog|[2, i e r<sh[2x]] 192 i srPolylog|3, - i e Arecoshlax]
384 ArcCosh[a x] PolyLog|3, -1i e A"ecsh[ax]] _ 384 ArcCosh[a x] Polylog|3, - i efrecoshiax]] _

192 i 1 Polylog|3, i efreoshlaxl] . 384 polyLog[4, - i e AreCoshiax]] ;384 polylog|4, -i eArecoshiax]]

Problem 117: Unable to integrate problem.

Jx’" ArcCosh[ax]?dx

Optimal (type 5, 154 leaves, 2 steps):
+ 5 1 2+m  4+m
XM ArcCosh [a x] 2 . 2ax*m+/1-ax ArcCosh[ax] Hyper‘geometr‘1c2F1[2, 2”‘, 2”‘, a? xz]

1em (2+3mem?) 1rax

2 a? x>*" HypergeometricPFQ[ {1, §+ f, §+ f}, {2+ 3, §+ g}, a? x?|

6+11m+6m+m

Result (type 8, 12leaves):
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Jx"' ArcCosh[ax]?dx

Problem 118: Result unnecessarily involves higher level functions and more than twice size of optimal
antiderivative.

Jx’“ ArcCosh[a x] dx

Optimal (type 5, 91 leaves, 4 steps):
xm ApcCosh[ax] @X*™V1-a>x* Hypergeometric2F1 [ i, Z*T'", ‘“T'", a2 x?|

1+m (2+3m+m2)\/—1+ax V1+ax

Result (type 6, 329 leaves):
1

1+m

N |

<1—ax)] /[a (GAppellFl[l, —m,—l, E,l—ax, (1—ax”+(—1+ax)
2 2 2

N |

1 1 3
X" —([12\/—1+ax V1+ax AppellFl[f, -m, -—, —, 1-ax,
2 2 2

3 1 5 1 3 1 5 1
(4mAppellF1[f, 1-m, -—, =, 1-ax, — (1—ax)] +AppellF1[ =, -m, =, =, 1-ax, — (1—ax)]
2 2 2 2 2 2

2 2
-l+ax 1 1 3 1 1 1 3 1
12 AppellF1[—, -m, =, =, 1-ax, — (1-aXx)]| /(a (6Appe11F1[—, -m, —, —,1-ax, — (1-ax)]+
l+ax 2 2 2 2 2 2 2 2
3 1 5 1 3 5 1
(-1+ax) |4mAppellF1[=, 1-m, =, =, 1-ax, — (1-ax)|-AppellF1[=, -m, =, =, 1-ax, — (1-ax]] ] +x ArcCosh[a X]
2 2 2 2 2 2 2

Problem 163: Result unnecessarily involves imaginary or complex numbers.

J\/fx (a+bArcCosh[cx])?dx

Optimal (type 5, 128 leaves, 2 steps):



2 (fx)*'? (a+bArcCosh[cx])?

8bc (fx)*?+/1-cx (a+bArcCosh[cx]) Hypergeometric2F1| %,

3f 152~/ -1+cx

16 b2 c2 (1‘:x>7/2 HypergeometricPFQ|[{1, 7, i}, {%, %}, c2 x?]

105 3

Result (type 5, 256 leaves):

24b2 | 22X (1+cx) ArcCosh[cX]
1+cx
N

1
—+/fx |18a?x+36abxArcCosh[cx] -

27 C
X EllipticF 1Ar‘cSlnh{ ,2}
24ab |\ -1+cx 1+cx + Lecx
~l+cx
2b>x (8 +9ArcCosh[cx]?) -
cvV1+cx

2 -1+cx . 3 5 2,2
240> | =X (1+cx) ArcCosh[cx] Hypergeometr1c2F1[4, 1, 7, A2 ] 3 \/7bzanyper‘geometr*icPFQ[{i

7.2 Inverse hyperbolic cosine.nb

C

Problem 164: Unable to integrate problem.

J(d x)" (a+bArcCosh[cx])?dx

Optimal (type 5, 181 leaves, 2 steps):

Gamma | 4] Gamma |

| 5
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(dx)*™ (a+bArcCoshcx])? 2bc (dx)*"+/1-cx (a+bArcCosh[cx]) Hyper‘geometr‘icZFl[%, 2;'", 4?'", 2 x?|

d (1+m) 2 (1+m) (2+m) V-lrcx
2b%c? (d x)3”" HypergeometricPFQ|[ {1, §+ %+ %}, {2+ f, §+ %}, 2 x?]

d® (1+m) (2+m) (3+m)

Result (type 8, 18leaves):

J(d x)" (a+bArcCosh[cx])?dx

Problem 165: Result unnecessarily involves higher level functions and more than twice size of optimal
antiderivative.

J(d x)" (a+bArcCosh[cx]) dx

Optimal (type 5, 106 leaves, 4 steps):

(dx)¥™ (a+bArcCosh(cx]) be¢ (dx)?>™/1-c2x? HypergeometricZFl[i, 2;"‘, 22|

d(1+m) d? (1+m) (2+m)\/—1+cx V1+ex

Result (type 6, 337 leaves):

1
d m
1+m( X)
[ [12b\/71+cx J1+chppe11F1[1, 7m,71, 5,17CX,1<1,CX)] /[c (GAppellFl[—,—m,,l, i,l—cx, 1(17cx”+(71+cx)
2 27 o 2 2 2 2
3 1 5 1 1 1
4mAppellFl[ =, 1-m, - =, =, 1-cXx, — (1-cx)] +AppellF1[ =, -m, =, =, 1-cx, — (1-cx]] ))]Jr
2 27 2 2 2 2
12p | SrEX APP611F1[l;—m, 231 ex, l(1-CX>] /(c (GAPPellFl[lj—m, 321 ex, S (1-ex] ]+
1+cx 2 2" 2 2 2 2 2 2
(-1+cx) |[4mAppellF1[=, 1-m, =, =, 1-cx, — (1-cx)|-AppellF1[=, -m, =, f,l—cx,f(l—cx)})] +x (a+bArcCosh[cx])
2 57 9 2 2 2 2
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Test results for the 569 problems in "7.2.4 (f x)*m (d+e x"2)"p (a+b arccosh(c x))*n.m"

Problem 33: Result more than twice size of optimal antiderivative.

a+bArcCosh[cx]
J dx

x (d-c?dx?)

Optimal (type 4, 61 leaves, 7 steps):
2 (a+bArcCosh[cx]) ArcTanh [e2ArcCoshicx] | p polylog|2, -e2Arccoshicx] | b Ppolylog[2, e2Arccoshicx] ]
. _
d 2d 2d

Result (type 4, 124 leaves):

1
- —(-2bArcCosh[cx] Log[1+e2Arccoshicx]] . 2 b ArcCosh[c x] Log |1 - e A" s"[<X]] + 2 b ArcCosh[c x] Log[1 + e Arecoshiex]] —
2d

2alog[x] +alog|[l-c?x?| +bPolylog|2, ~e 2Ar<Coshicx] | _ 2 b polylog[2, -eArecoshicx) | _ 2 b Polylog|2, e Arccoshicx]])

Problem 42: Result more than twice size of optimal antiderivative.

Ja +b ArcCosh[c x]
X

X (d—czdxz)2

Optimal (type 4, 116 leaves, 9steps):
b cx a +bArcCosh[cx]
+
2d2/-1+cx Vi+cx 2d? (1-c?x?)
2 (a+bArcCosh[cx]) ArcTanh [e2ArcCoshiex] | p polylog[2, —e?Arccoshicx] | b polylog|2, e?Arccoshicx] ]
+

d? 2d? 2d?

Result (type 4, 243 leaves):
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b -l+cx b cx -l+cx
1 b -1+cx 1rex lrex 2a b ArcCosh[cx] bArcCosh[cx]
— |- + + - + + +
4 d2 l+cx 1-cx 1-cx -1+c?x? 1-cx 1+cxXx

4bArcCosh[cx] Log |1+ e 2Arccoshicx] | _ 4 p ArcCosh[cx] Log[1 - e Arecoshiex]] _ 4 b ArcCosh[c x] Log[1 + e Arccoshiex]]

4alog[x] -2alog[1-c?x?| -2bPolylLog[2, -e2Arccoshicx]] . 4bPolylLog[2, -eArCoshicx]] 4 4 b Polylog |2, e Arccoshicx]

Problem 119: Unable to integrate problem.

a +bArcCosh[cx]
J dx

(d-c2dx?)?

Optimal (type 3, 84 leaves, 2 steps):

x (a+bArcCosh[cx]) bvV-1+cx V1+cx Log[l-c2x?
d+/d-c2dx? 2cd/d-c2dx?

Result (type 8, 26 leaves):
Ja +b ArcCosh[c x]

(d-c2dx?)*?

X

Problem 121: Unable to integrate problem.

a+ b ArcCosh[c x]
j dx

x2 (d—czdx2>3/2

Optimal (type 3, 158 leaves, 5steps):
2c?x (a+bArcCosh[cx]) bc+/d-c2dx? Log[x] bcVd-c*dx? Log[1-c?x?]

+ +

dx+/d-c2dx? d+/d-c2dx? d2v/-1+cx V1+cx 2d2+/-1+cx V1+cx

Result (type 8, 29 leaves):
a +bArcCosh[cx]
J dx

x2 (d-c2dx?)*?

a+bArcCosh[c x]




Problem 123: Unable to integrate problem.
Ja+bAr‘cCosh[c X]

x4 (d-c2dx?)??

dx

Optimal (type 3, 250 leaves, 5 steps):
bcvd-c2dx? a+bArcCosh[cx] 4c?(a+bArcCoshlcx])

6d2x2/-1+cx V1+cx 3dx3/d-c2dx? 3dx+/d-c2dx?
8c4x(a+bAr‘cCosh[cx]) 5bc3+v/d-c2dx? Log[x] bc*vVd-c?dx? Log[l—czxz]
+ +

+

3d+/d-c?dx? 3d2+/-1+cx VJ1+rcx 2d2+/-1+cx V1+cx

Result (type 8, 29leaves):
a+bArcCosh[c x]
J dx

x* (d-c2dx?)??

Problem 127: Unable to integrate problem.

sz (a+bArcCosh[cx]) 5
X

(d-c2dx?)®?

Optimal (type 3, 133 leaves, 5steps):

bV/-1+cx V1+cx X3 (a+bAr‘cCosh[cx]) bv-1+cx V1+cx Log[l—czxz]
+ +

6c3d (d-c2dx?)’? 3d (d-c2dx?)’? 6c3d?\/d-c2dx?

Result (type 8, 29leaves):

sz (a+bArcCosh[cx])

(d—czdxz)S/2

dx

Problem 129: Unable to integrate problem.
ja+bAr‘cCosh[c X]

(d-c2dx?)®?

dx

Optimal (type 3, 162 leaves, 5steps):

byv/-1+cx V1+cx X (a+bArcCosh{cx]) 2x (a+bArcCoshicx]) b~/-1+cx /1+cx Log[l-c?x?]
+ + -

6cd (d-c2dx?)>? 3d (d-c2dx?)*? 3d2+/d-c?dx? 3cd2\/d-c?dx?

7.2 Inverse hyperbolic cosine.nb | 9
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Result (type 8, 26 leaves):
Ja +b ArcCosh[c x]

(d—czdxz)s/2

X

Problem 131: Unable to integrate problem.

a+bArcCosh[cx]
J dx

x2 (d—czdxz)S/2

Optimal (type 3, 248 leaves, 5 steps):

bcVd-c2dx? a+bArcCosh[cx] 4c?x (a+bArcCoshlcx])
76d3\/71+cx V1+cx (17c2x2)7dx<d—c2dx2)3/2+ 3d(d—c2dx2)3/2 '
8 c?x (a+bArcCosh[cx]) +meLog[x] ) 5meLog{1—c2x2}
3d2+/d-c2dx® d#V/-1+cx V/1+cx 6d3/-1+cx V1+cx

Result (type 8, 29 leaves):
a + b ArcCosh[cx]
J dx

x2 (d—czdx2>5/2

Problem 133: Unable to integrate problem.

a +bArcCosh[cx]
J dx

x* (d-c2dx?)>?

Optimal (type 3, 338 leaves, 5 steps):

bc+/d-c2dx? bc3+/d-c2dx? a+bArcCosh[cx]  2c?(a+bArcCoshlcx])
- - - - +
6d3x2/-1+cx V1i+ecx 6d3+V-1+cx V1l+cx (17c2x2) 3dx3 (d—czdxz)3/2 dx(d—czdx2)3/2

8c*x (a+bArcCosh[cx]) 16c*x (a+bArcCosh{cx]) 8bc*+/d-c2dx? Log[x] 4bc®+d-c?dx? Log[1-c?x?]
+ +

N
';’»d(dfczdxz)y2 3d2+/d-c2dx? 3d3V/-1+cx V/1+rcx 3d3V/-1+cx V1+cx

Result (type 8, 29leaves):
a+bArcCosh[c x]
J dx

x4 (d—c2dx2>5/2
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Problem 143: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

(fx)*? (a+bArcCosh[cx])
J dx

1-c2x?

Optimal (type 5, 98 leaves, 1 step):

2 (fx)S/Z (a+bArcCosh[cx]) Hyper‘geometr‘icZFl[%, i, %, c2x?] 4bc (-Fx)”2 V/-1+cx HypergeometricPFQ|[{1, ZT’ i}, {%, 1, e x?]

+

5f 35f2+/1-cx

Result (type 5, 230 leaves):

L
24ia [1-F WEllipticF[jArcSinh[%],-1}

1 c2x?

FVFX :

36 c2V1-c2x? [
C

-1l+cx

3 5
8 (1+cx) [-3a+3acx-2bcx +3b (-1+cx) ArcCosh[cx] -3b (-1+cx) ArcCosh[c x] Hypergeometric2F1|[ =, 1, =, > x*|| +

l+cx 4 4

372 benx /% (1+cx) HypergeometricPFQ[{%, %, 1}, {i, ‘7—‘}, 2 x?]

Gamma [ i] Gamma | i]

Problem 144: Result unnecessarily involves imaginary or complex numbers.

(x)3? (a+bArcCosh[cx])
J dx

Vd-c2dx?
Optimal (type 5, 141 leaves, 1step):
2 (fx)*?V/1-c?x* (a+bArcCosh[cx]) Hyper‘geometr‘icZFl[i, i, %, 2 x?|
5fVd-c2dx?
4bc (-Fx)7/2\/—1+cx V1+cx Hyper‘geometr‘icPFQHl, i, Z}, {%, 171}, c? x?]

35f2+/d-c?dx?
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Result (type 5, 241 leaves):
1

36 c2~/d-c2dx? Gamma|> | Gamma |’ ]

El A
4 4

3ia /1—c21X2 V/x EllipticF|[i ArcSinh| ; |, -1]
]
| 1
C

o

ﬁ

f+/Fx SGamma[E}Gamma[Z +(1+cx) |-3a+3acx-
4 4

-l+cx . 3 5 5,5
2bcx +3b (-1+cx) ArcCosh[cx] -3b (-1+cx) ArcCosh[c x] Hypergeometric2F1[ =, 1, =, ¢*x*| || +
1+cx 4 4
-1l+cx 3 3 5 7
34/2 bcnx ’ (1+cx) HypergeometricPFQH—, =1}, {= =} x?]
1+cX 4 4 4 4

Problem 145: Result unnecessarily involves higher level functions and more than twice size of optimal
antiderivative.

j(fx)m (d—czdxz)3 (a+bArcCosh[cx]) dx

Optimal (type 5, 429 leaves, 8 steps):
bcd® (2271+1329m+284m2 + 27 m* +m*) (Fx)*™ (1-c2x?) bcAd® (9+m) (13+2m) (Fx)*" (1-c?x?) be®d (fx)°" (1-c2x?)
_ . _

+

-F2(3+m)2(5+m)2(7+m)2\/—1+cx V1+cx 4 5+m2 (7+m2+/-1+cx Vi+cx £ (7+m2y/-1+cx V1+cx

d® (fx)*™" (a+bArcCosh[cx]) 3c2d?® (fx)>" (a+bArcCosh[cx]) 3c*d® (fx)°™ (a+bArcCosh(cx])
_ . _

-F(1+m) f3 <3+m) 2 (5+m)

e ('Fx)7”" (a+bArcCoshicx]) 3bcd? (2161 + 1813 m+455m? + 35m®) (f x)z”" V1-c?x? Hyper‘geometr‘icZFl[i, 2+ij 4?’", c? x|

7 (7 +m) 2 (14m) (2+4m) (3+m)® (5+m2 (7+m2y/-1+cx V1+cx
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Result (type 6, 3439 leaves):

ad3x(1cx)"'_ 3actd®x3 (Fx)m+ 3actd®x® (fx)" Lactdx <fx>m+lbd3 (€)™ ()"
l1+m 3+m 5+m 7+m C

1
- 12 (cx)"
1+m

(—1+CX)

[\/—1+cx V1+cx AppellFl[l, -m, —l, z, 1-cx, 1 (1-cx)] /(sAppellFl[l, -m, —l, i, 1-cx, 1 (1-cx)]+
2 2 2 2 2 2 2

] .

1 1 1
/[GAppellFl[f, -my, =, =, 1-cx, = (1-cx) ]+ (-1+cx)
2 2 2

1 3 1 5 1
»1-cx, = (1-cx)] +AppellF1[ =, -m, =, =, 1-cx, — (1-cx) |
2 2 2 2 2

3

3
4mAppellF1| =, 1-m, -
2

N =

N W

-1l+cx 1 1 3 1
AppellF1[ =, -m, =, =, 1-cXx, — (1-cx)]
l+cx 2 2 2 2

2

3 1 5 1 3 3 5
4mAppellF1[;, 1-m, ;, ;, 1-cx, ; (1—cx)] —AppellFl[;, -m, —, g, l-cx, — (1—cx)]

] (c x) ™ ArcCosh[c x]
+
2

N |

1+m

3bcd®x? (cx) 2" (£x)" |- = 4 (cx)" [3\/—1+cx 1+ ex AppellFl[E,—m,—l, i,l—cx,l(l—cx”/
3+m 2 2 2 2
1 1 3 1
(GAppellFl[f,—m,—f, f,l—cx,f(l—cx”Jr
2 2 2 2
3 1 5 1 3 1 5 1
(-1+cx) 4mAppellFl[ =, 1-m, - —, f,l—cx,7<1—cx)]+AppellF1[f, -m, —, f,l—cx,f<1—cx)] )—
2 2 2 2 2 2 2 2
-1l+cx 1 1 3 1 1 1 3 1
{3 AppellF1[ =, -m, =, =, 1-cx, — (1-cx)] /(GAppellFl[—, -my, =, =, 1-cx, — (1-cx) ]+
1+cX 2 2 2 2 2 2 2 2
3 1 5 1 3 3 5 1
(-1+cx) |[4mAppellF1| =, 1-m, =, =, 1-cx, — (1-cx)|-AppellF1[=, -m, =, =, 1 cx,—(l—cx”))+
2 2 2 2 2 2 2 2
(—1+cx)3/2\/1+cx (SAppellFl[i,—m,—l, E,l—cx,l(l—cx)]/30Appe11F1{i,—m,—l, —,1-cx, = (1-cx)]+3
2 2 2 2 2 2
(-1+cx) 4mAppe11F1[E,1—m,—1, Z,l—cx,l(l—cx)]+Appe11F1[5,—m, 1, Z,l—cx,l(l—cx)] )+
2 2 2 2 2 2 2 2
(7(—1+cx)AppellF1[E, —m,—l, Z,l—cx,l(l—cx)] / 70Appe11F1{E,—m,—l, Z,l—cx,l(l—cx)]+5
2 2 2 2 2 2 2 2
7 1 9 1 7 1 9 1
(—1+cx> 4mAppe11F1[f,1—m,—f, f,l—cx,7<1—cx)]+Appe11F1[f, -m, —, f,l—cx,f(l—cx)] J] +
2 2 2 2 2 2 2 2
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(¢ x)3*™ArcCosh[c x]

+3bcd®x* (cx) " (Fx)"

1
(12 (ex)™/-1+cx V1+cx AppellFl[=, -m, -
2

3+m 5+m
1 1 3 1
[6Appe11F1[—, -m, - =, =, 1-cx, = (1-cx) ]|+
2 2 2 2
3 1 5 1 3 1 5 1
(-1+cx) |[4mAppellF1[=, 1-m, -—, =, 1-cx, — (1-cx)]| +AppellF1[=, -m, =, =, 1-cx, — (1-cx) | J—
2 2 2 2 2 2 2 2
-1l+cx 1 1 3 1 1 1 3 1
12 (cx)" AppellFl[ =, -m, =, =, 1-cX, *(1—CX>} /(GAppellFl[f, -m, —, f,l—cx,f<1—cx)]+
1+cX 2 2 2 2 2 2 2 2
3 1 5 1 3 3 5 1
4m(—1+cx)Appe11F1[—,1—m, =, —,1—cx,—(1—cx”—(—1+cx)AppellF1[—, -m, —, —,1—cx,—(1—cx)] +
2 2 2 2 2 2 2 2
(40(cx)"‘(—1+cx)3/2\/1+cx AppellF1 5, -m, 71, 5,1—cx, l(l—cx)] /[30AppellF1[i, -m, 71, E,l—cx, 1 (1-cx)]+
2 2 2 2 2 2 2 2
5 1 7 1 5 1 7
3(-1+cx) |4mAppellF1[=,1-m, -—, —, 1-cx, — (1-cx)]| +AppellF1|[=, -m, =, —, 1-cx, — (1-cx) | J+
2 2 2 2 2 2 2 2
: o) 5 1 7 1 5 1 1
(112(cx) (-1+cx)”*~v/1+cx AppellF1[=, -m, - =, —, 1-cx, — (1-cx]] /(70AppellF1[—,—m,——, —1-cx, = (1-cx)]+
2 2 2 2 2 2 2 2
7 1 9 1 7 1 9 1
5(-1+cx) |4mAppellF1[—, 1-m, -—, =, 1-cx, — (1-cx)]| +AppellF1|—, -m, =, =, 1-cx, — (1-cx) | J+
2 2 2 2 2 2 2 2
(108(cx)m(—1+cx)7/2x/1+cx AppellFl[Z, —m,—l, g,l—cx,l(l—cx)]/
2 2 2 2
7 1 9 1
[7 [18Appe11F1[—, -m, - =, =, 1-cx, = (1-cx) ]|+
2 2 2 2
9 1 11 1 9 1 11 1
(-1+cx) |[4mAppellF1[=, 1-m, -—, —, 1-cx, — (1-cx) | +AppellF1[ =, -m, =, —, 1-cx, — (1-cX)]| J]+
2 2 2 2 2 2 2 2
. o) 9 1 11 1
(44<cx) (-1+cx)??/1+cx AppellFl[;,—m,-;, ?,1—cx,;(1—cx)]/

11

9 1 1
[9 [22Appe11F1[—, -my, - =, —,1-cx, = (1-cx) ]+ (-1+cx)
2 2 2

2

1 13

11 1
AppellF1[—, -m, =, —, 1-cx, — (1-cx]]
2

2 2 2

7+m 2

(—1+CX)

3

3
4mAppellFl| =, 1-m, -
2

N =
N W

(c x)>*™"ArcCosh[c x]

1 13
2

+

)

1 1 3 1
(12 (cx)"/-1+cx /1+cx AppellFl|[—, -m, - =, =, 1-cXx, — (1-cXx)]
2

2 2

2

5+m

1
/ (6Appe11F1[—, -m, -
2

3

N |

2 2

N W

1 3 1 5 1
»1-cx, = (1-cx)] +Appe11F1[;, -m, > 1-cx, = (1-cx)|

2

b d X8 (cx) " (Fx)"

11 1
4mAppellF1[—, 1-m, - =, —,1-cx, — (1-cx) ]+
2 2

,1-cx, 1 (1-cx)]+

] .

2
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“licx 1 1 3 1 1 1 3 1
12 (cx)" AppellF1[ =, -m, =, =, 1-cx, — (1-cXx)] /(GAppellFl[—,—m, =, Ty1-cx, — (1-cx) |+
1+cX 2 2 2 2 2 2 2 2
3 1 5 1 3 3 5 1
4m (-1+cx) AppellF1[ =, 1-m, =, =, 1-cx, — (1-cx)]| - (-1+cx) AppellF1[=, -m, =, =, 1-cx, — (1-cx)]||+
2 2 2 2 2 2 2 2
3/2 3 1 5 1 15 1
(Ge(c )" (-1+cx)¥ 1+ cx AppellFl[; - ;,1—cx,;(1—cx)] /[BGAppellFl[ m,—g, ;,1—cx,;(1—cx”+
5 1 1 5 1 7 1
3(-1+cx) |4mAppellFl[ =, 1-m, -—, —, 1-cx, — (1-cx) ]| +AppellF1[=, -m, —, 7,1—cx,7(1—cxH)J+
2 2 2 2 2 2 2 2
<2 5 17 1 5 17 1
(252(cx)m<—1+cx) V1+cx AppellFl[f, -m, - —, f,l—cx,f(l—cx)] /(70Appe11F1[f,—m,—f, f,l—cx,f<1—cx)]+
2 2 2 2 2 2 2 2
7 1 9 1 7 1 9 1
5(-1+cx) 4mAppellFl[—, 1-m, - -, f,l—cx,7(1—cx>]+AppellF1[f, -m, —, f,l—cx,f(l—cxH)J+
2 2 2 2 2 2 2 2
(468(c " (1+cx)7/2\/1+cx AppellFl[Z 1, g,l—cx,l(l—cx)]/
2 2 2 2
7 1 9 1
[7 [18Appe11F1[f, -m, -—, —, 1-cx, — (1—cx)} +
2 2 2 2
9 1 11 1 9 1 11 1
(—1+cx) 4mAppellF1[f,1—m,—f, f,l—cx,7(1—cx)]+AppellF1[f, -m, —, f,l—cx,f(l—cx” ]]Jr
2 2 2 2 2 2 2 2
o2 9 1 11 1
(484(c )" (-1+cx)? /14 cx AppellFl[g e ?,1—cx,g(1—cx”/
9 1 11 1
[9 [22AppellF1{f, -m, - —, f,l—cx,f(l—cx)]+
2 2 2 2
11 1 1 1 11 1 1 1
(-1+cx) |[4mAppellF1[~—,1-m, - =, —,1-cx, — (1-cx)| +AppellF1[~—, -m, =, —, 1-cx, — (1-cx]] J]Jr
2 2 2 2 2 2
) 11 1 13
(260( )" (-1+cx) V1+cx AppellFl[? m,—;,? 1—cx,7<1—cx>]/
11 1 13 1
[11 (26AppellF1[—, -my, - =, —,1-cx, = (1-cx) ]+
2 2 2
13 1 15 13 1 1
(-1+cx) |[4mAppellF1[~—,1-m, - =, —,1-cx, — (1-cx)| +AppellF1[~—, -m, =, —, 1-cx, — (1-cx]] J]+
2 2 2 2 2
152 13 1 15
(GO(C )" (-1+cx) V1+cx AppellFl[? m”;’ ?,1—cx,;(1—cx)]/
13 1 15 1 15 1 17 1
[13 (BOAppellFl[—,—m,——, —,1-cx, = (1-cx) |+ (-1+cx) [4mAppellF1[—, 1-m, - =, —, 1-cx, — (1-cXx)]|+
2 2 2 2 2 2 2 2
15 1 17 1 (c x)7*™ArcCosh[c x]
AppellF1[—, -m, =, —, 1-cx, — (1-cx]] ]) +
2 2 2 2 7+m
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Problem 146: Result unnecessarily involves higher level functions and more than twice size of optimal
antiderivative.
J(-Fx)"' (d-c*d x2)2 (a+bArcCosh[cx]) dx
Optimal (type 5, 307 leaves, 7 steps):
bcd? (38+13m+m?) (fx)z*"' (1-c2x?) b c3 d2 (-Fx)‘”m (1-c2x?)
- +
£2 (3+m)2 (5+m2+/-1+cx V1+cx 4 (5+m2+/-1+cx V1+cx

bcd? (149 + 100m+ 15m?) (f x)z”" \V1-c2x? Hypergeometr‘icZFl[i, Z*T"', ‘”T"', c? x|

d? (fx)l*"' (a+bArcCosh[cx]) 2c*d? (f x)3”" (a+bArcCosh[cx])
F(1+m) f3 (3+m)

+

c*d? (fx)>" (a+bArcCosh[cx])
2 (5+m) 2 (14m) (2+m) (3+m)® (5+m2y/-1+cx V1+cx

Result (type 6, 2085 leaves):

ad2x<fx)’"72ac2d2x3 (fx)m+ac4d2x5 (-Fx)'"+lbd2 (cx) ™ (£x)°
1+m 3+m 5+m C
ot 12 (cx)™ [\/—1+cx NEE" AppellFl[l, —m,—l, i,l—cx,l(l—cx” /(GAppellFl[l, —m,—l, E,l—cx,l(l—cx)]+
1+m 2 2 2 2 2 2 2 2
3 1 5 1 3 1 5 1
(-1+cx) 4mAppellFl[ =, 1-m, - -, f,l—cx,7(1—cx”+AppellF1[f, -m, —, f,l—cx,f(l—cx” ]—
2 2 2 2 2 2 2 2
-1+cCcXx 1 1 3 1 1 1 3 1
AppellF1[ =, -m, —, =, 1-cXx, — (1-cx)] /{GAppellFl[—, -m, —, —,1-cx, = (1-cx) ]+ (-1+cx)
l1+cx 2 2 2 2 2 2 2 2

3 1 5 1 3 3 5 1 (c x) 1™ ArcCosh[c x]
4mAppellF1[ =, 1-m, =, =, 1-cx, — (1-cx)|-AppellF1[=, -m, =, =, 1-cx, — (1-cx)] ) + -
2 2 2 2 2

2 2 2 1+m
2bcd®x? (cx) 2" (fx)" |- ! 4 (cx)" [3\/—1+cx V1+cx AppellFl[l,—m,—l, i,l—cx,l(l—cx”/
3+m 2 2 2 2
1 1 3 1
(GAppellFl[—,—m,——, —,1-cx, = (1-cx) ]+

2 2 2 2

3 1 5 1 3 1 5 1
(-1+cx) |[4mAppellF1[=, 1-m, - =, =, 1-cXx, — (1-cx)]| +AppellF1[=, -m, =, =, 1-cx, — (1-cx) | )—

2 2 2 2 2 2 2 2
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-1l+cx 1 1 3 1 1 1 3 1
{3 AppellF1[ =, -m, =, =, 1-cx, — (1-cx)] /(GAppellFl[—, -my, =, —,1-cx, — (1-cx) ]+
1+cCcX 2 2 2 2 2 2 2 2

3 1 5 1 3 3 5 1
(-1+cx) |[4mAppellF1[=, 1-m, =, =, 1-cx, — (1-cX)|-AppellF1[=, -m, =, =, 1-cX, — (1-cx]] J+
2 2 2 2 2 2 2 2
(—1+cx)3/2\/1+cx (SAppellFl[i,—m,—l, E,l—cx,l(l—cx)]/30Appe11F1{i,—m,—1, f,l—cx,l(l—cx”+3
2 2 2 2 2 2 2
5 1 7 1 5 1 7 1
(-1+cx) [4mAppellF1[=, 1-m, -—, —, 1-cX, — (1-cx)]| +AppellF1[ =, -m, =, =, 1-cx, — (1-cx) | )+
2 2 2 2 2 2 2 2
5 1 7 1 5 1 7 1
(7(—1+cx)AppellF1[f, -m, - —, f,l—cx,f(l—cx)] / 70Appe11F1[f,—m,—f, f,l—cx,f(l—cx)]+5
2 2 2 2 2 2 2 2
7 1 9 1 7 1 9 1
(-1+cx) |[4mAppellF1[—, 1-m, -~, =, 1-cx, — (1-cx)]| +AppellF1[—, -m, =, =, 1-cx, — (1-cx) ]| J] +
2 2 2 2 2 2 2 2

3+m
(€ x) "™ ArcCosh [c x] +bcd>x* (cx) M (Fx)" |- 12 (cx)"vV-1+cx /1+cx AppellFl[l, —m,—l, i,l—cx,l(l—cx)]/
3+m 5+m 2 2 2 2
1 1 3
[6Appe11F1[—,—m,——, =, 1-cx, = (1-cx)]+
2 2 2
3 1 5 1 3 1 5 1
(-1+cx) |[4mAppellF1[=, 1-m, -—, =, 1-cXx, — (1-cx)] +AppellF1[ =, -m, =, =, 1-cx, — (1-cx) | J—
2 2 2 2 2 2 2 2
-1+cx 1 1 3 1 1 1 3 1
12 (cx)™ AppellFl[ =, -m, =, =, 1-cX, 7(1—cx” /[GAppellFl[f, -m, —, f,l—cx,f(l—cx)]+
1+cX 2 2 2 2 2 2 2 2
3 1 5 1 3 3 5 1
am (-1+cx) AppellF1[ =, 1-m, =, =, 1-cx, — (1-cx)]| - (-1+cx) AppellF1[=, -m, =, —, 1-cx, — (1-cx)]||+
2 2 2 2 2 2 2 2
(40(cx)’“(—1+cx)3/2\/1+cx AppellFl[i,—m,—l, E,l—cx,l(l—cx)] /[30Appe11F1[i,-m,-1, 5,1—cx,1(1—cx”+
2 2 2 2 2 2 2 2
5 1 7 1 5 1 7
3(-1+cx) |4mAppellF1[=, 1-m, -—, =, 1-cx, — (1-cx)]| +AppellF1[=, -m, =, =, 1-cx, — (1-cx) | J+
2 2 2 2 2 2 2 2
2 5 17 1 17
(112(cx)m<—1+cx) V1+cx AppellF1[=, -m, - =, —, 1-cx, — (1-cx) ]| /(mAppellFl[—,-m,- , s l-cx, — (1-cx)]+
2 2 2 2 2 2 2
7 1 9 1 7 1 9 1
5(-1+cx) |4mAppellFl[—, 1-m, -—, =, 1-cx, — (1-cx) ]| +AppellF1[—, -m, —, —,1—cx,—(1—cx”))+
2 2 2 2 2 2 2 2
(108(cx)m(—1+cx)7/2\/1+cx AppellFl[Z, —m,—l, g,l—cx,l(l—cx)]/
2 2 2 2
7 1 9 1
[7 {18Appe11F1[—, -my, - =, —,1-cx, — (1-cx)]+
2 2 2 2
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9 i 11 1 9 1 11 1
(-1+cx) |[4mAppellF1[=, 1-m, -—, —, 1-cx, — (1-cx)]|+AppellF1[ =, -m, =, —, 1-cx, — (1-cX)]| ]) +
2 2 2 2 2 2 2 2
. o2 9 1 11 1
[44 (cx)™ (-1+cx)??~/1+cx AppellFl[E, -m, U 1-cx, N (1-cx)] /
9 1 11 1 11 1 13 1
(9 [22Appe11F1[—, -my, - =, —,1-cx, = (1-cx) ]+ (-1+cx) [4mAppellF1[—, 1-m, - —, —, 1-cx, — (1-cXx)]|+
2 2 2 2 2 2 2 2
11 1 13 1 (c x)>*"ArcCosh[c x]
AppellF1[—, -m, =, —, 1-cx, — (1-cx]] ]) +
2 2 2 2 5+m

Problem 147: Result unnecessarily involves higher level functions and more than twice size of optimal
antiderivative.

J(-Fx)"‘ (d-c?dx*) (a+bArcCosh[cx]) dx

Optimal (type 5, 184 leaves, 6 steps):
bcd (Fx)2+m\/—1+cx Vitex d (Fx)l”" (a+bArcCosh[cx])

N -
£2 (3+m)2 -F<1+m>
c2d (£x)*" (a+bArcCosh[cx]) bcd(7+3m) (fx)*"V/1-c?x? Hypergeometric2Fl[Z, 2%, &%, c?x?|
2 (3+m) 2 (1+m) (2+m) (3+m)?/-14cx VIvcx

Result (type 6, 1047 leaves):
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adx (fx)m - actdx (fx)"' +1bd (cx)™ (fX)m

1+m 3+m C
[ 1 12 (cx)" (\/—1+cx V1+cx AppellFl[l, —m,—l, i,l—cx,l(l—cx” /(GAppellFl[l, —m,—l, 3,1—cx,1(1—cx)]+
1+m 2 2 2 2 2 2 2 2
3 1 5 1 3 1 5 1
(-1+cx) |[4mAppellF1[=, 1-m, -—, =, 1-cX, — (1-cx)]| +AppellF1[=, -m, =, =, 1-cx, — (1-cx) | ]—
2 2 2 2 2 2 2 2
-1+cXx 1 1 3 1 1 1 3 1
AppellF1[ =, -m, =, =, 1-cX, — (1—cx)] /[6AppellF1[f, -m, =, =, 1-cx, — (1—cx” +(-1+cx)
l1+cx 2 2 2 2 2 2 2 2
3 1 5 1 3 3 5 1 (c x) ¥ ArcCosh[c x]
4mAppellF1[ =, 1-m, =, =, 1-cx, — (1-cx)|-AppellF1[=, -m, =, =, 1-cx, — (1-cx)] ] + -
2 2 2 2 2 2 2 2 1+m

+ 7(—1+cx)

(-1+cx)

bcdx? (cx) 2™ (fx)" |- ! 4 (cx)" (3\/—1+cx V1+cx AppellFl[l, —m,—l, i,l—cx,1<1—cx)]/
3+m 2 2 2 2
1 1 3 1
(6AppellF1[—,—m,——, —,1-cx, = (1-cx)]+
2 2 2 2
3 1 5 1 3 1 5 1
(-1+cx) |[4mAppellF1[=, 1-m, - =, =, 1-cx, — (1-cx)]| +AppellF1[=, -m, =, =, 1-cx, — (1-cx) | )7
2 2 2 2 2 2 2 2
-1l+cx 1 1 3 1 1 1 3 1
3 AppellF1[—, -m, =, =, 1-cx, — (1-cx)] /(GAppellFl[—,—m, —, Tyl-cx, = (1-cx) ]+
1+cX 2 2 2 2 2 2 2 2
3 1 5 1 3 5 1
(-1+cx) 4mAppellF1[ =, 1-m, —, f,l—cx,7(1—cx>}—AppellF1[f, -m, —, f,l—cx,f(l—cxﬂ )Jr
2 2 2 2 2 2 2
22 3 15 1 3 1 1
(-1+cx)?*V1+cx 5AppellFl[ =, -m, - —, f,l—cx,f(l—cx)] / 30 AppellF1[ =, -m, - —, f,l—cx,f(l—cx”JrB
2 2 2 2 2 2 2
1 5 1
2

5 1 7
4mAppe11F1[f, i1-my -—, —,1-cx,
2 2 2

5 1 7 1
AppellFl[g, -m, PO 1-cx, N (1—cx)]

4 mAppellF1l [

5 1 7 1
/[70AppellF1[;, -m, Sy 1-cx, N (1—cx” +5 (-1+cx)

3+m

])] (€ x)3™ArcCosh[c x] J
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Problem 151: Unable to integrate problem.
J(-Fx)"' (d—czdx2>5/2 (a+bArcCosh[cx]) dx

Optimal (type 5, 723 leaves, 11 steps):
bcd? (fx)*"+/d-c2dx? 15bcd? (fx)*"\/d-c2dx?

f2 (2+m) (6+m) vV -1+cx V/1+cx f2 (2+m)2 (4+m) (6+m)/-1+cx V1+cx

5bcd? (fx)*"/d-c2dx? 5bc2d? (Fx)*"/d-c2dx? 2bc2d? (Fx)*"\/d-c2dx?
+ +

F2(2+m) (4+m) (6+m)\/-1+cx Vircx 4 (4+m2(6+m V-1+cx Vi+cx FH(4+m) (6+m) /-1+cx Vi+cx
bc5d? (-I:X)G*m\/d—czdx2 15 d2 (1“x)1”"\/d—c2dx2 (a+bArcCosh[cx]) 5d(-Fx)1”" (d—czdx2)3/2 (a+bArcCosh[cx])

+ +

N
5 (6+m2+v-1+cx V1+cx f (6+m) (8+6m+m?) f(4+m) (6+m)

(£x)7 (d-c2dx?)*? (a+bArcCosh[cx]) 1502 (Fx)""+/d-c>dx* (a+bArcCosh[cx]) Hypergeometric2F1[ 2, &8, =, c2x?|
N -
f (6+m) f(4+m) (6+m) (2+3m+m?*) V/I-cx V/1+cx

15bcd? (fx)?™~/d-c?dx? HypergeometricPFQ[{1, 1+ f, 1+ f}, {§+ f: 2+ f}, 2 x?]

f2(1+m) (2+m)? (4+m) (6+m) V/-1+cx V1+cx
Result (type 8, 31 leaves):

J(fx)"‘ (d—czdx2>5/2 (a+bArcCosh[cx]) dx

Problem 152: Unable to integrate problem.

J(-Fx)m (d—czdxz)g’/2 (a+bArcCosh[cx]) dx

Optimal (type 5, 455 leaves, 7 steps):
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3bcd (fx)*"/d-c2dx? bed (fx)*"/d-c2dx?
f2 <2+m)2 (4+m)V-1+cx V/1+cx f2 (2+m) (4+m V-1+cx V/1+cx

bc3d(fx)4+m\/d—c2dx2 3d(-Fx)1”“\/d—c2dx2 (a+bArcCosh[cx]) (-Fx)l”“ (d—czdx2)3/2 (a+bArcCosh[cx])
+

+ +

4 a+m2y/-1+cx V1+cx f (8+6m+m?) f (4+m)

3d (fx)¥"~/d-c?dx? (a+bArcCosh[cx]) Hypergeometric2Fi| i, 1?'", 3?'", c2 x?]

+

f (4+m) <2+3m+m2> Vi-cx V/1+cx

3bcd (fx)z”" Vd-c?dx® HypergeometricPFQ[{1, 1+ f, 1+ f}, {§+ f, 2+ f}, c? x|

£2 (1+m) (2+m>2 (d+m) vV -1+cx /1+cx

Result (type 8, 31 leaves):

J(-Fx)m (d—czdx2)3/2 (a+bArcCosh[cx]) dx

Problem 153: Unable to integrate problem.
J(fx)mx/d—czdxz (a+bArcCosh[cx]) dx

Optimal (type 5, 278 leaves, 3 steps):
be (fx)?"/d-c2dx? (fx)*"~/d-c?dx? (a+bArcCosh[cx])

- + +

-F2<2+m)2\/—1+cx V1+cx -F<2+m)

(fx)*"/d-c2dx? (a+bArcCosh[cx]) Hyper‘geometr‘icZFl[i, B, 3R 2]

f(2+3m+m?) Vi-cx V1+cx

bc (Fx)z*m Vd-c?dx? Hyper‘geometr‘icPFQ[{1J 1+ f, 1+ g}, {§+ g, 2+ f}, c? x?]

2 (1+m) (2+m)2\/71+cx V1+cx

Result (type 8, 31leaves):

J(-Fx)m d-c*dx* (a+bArcCosh[cx]) dx

Problem 154: Unable to integrate problem.

(fx)™ (a+bArcCoshlcx])
J dx

Vd-c?dx?
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Optimal (type 5, 176 leaves, 1step):
(fx)l”" 1-c?x?* (a+bArcCoshlcx]) Hyper‘geometr‘icZFl[%, I*T'", 3;7'“’ 2 x?]
f(lem)Vd-c?dx?
bc (-Fx)z*m\/—1+cx V/1+cx HypergeometricPFQ[{1, 1+ f, 1+%}, {%+ f, 2+ f}, c? x|

2
f2 (1+m) (2+m) Vd-c2dx?

+

Result (type 9, 202 leaves):

- ! 272" x (£x)"

(1+m) Vd-c2dx?

1 1+m 3+m 2+m 3+m
—2m (a«/l—czx2 Hyper‘geometr‘icZFl[;, AT, , @ x*] +b (1-c?x?) ArcCosh[c x] Hypergeometric2F1[1, >, , X2 -

. (1+cx) Gamma[1 +m] Hyper‘geometr‘icPFQRegular‘izedHl, 2+m’ 2+m}’ {3+m, 4+m}’ c? x?]
+CX 2 2 2 2

-1+cx

be (1+m)rr x

Problem 155: Unable to integrate problem.

(fx)" (a+bArcCosh[cx])
J dx

(d-c2dx?)*?

Optimal (type 5, 300 leaves, 4 steps):

(£x)¥™ (a+bArcCoshlcx]) M (fx)*"+/1-c?x? (a+bArcCosh[cx]) Hypergeometric2F1[ 2, £, 2%, 2 x|
dFVd-dd G (1om) Vd-Tdx )
be (fx)*™+/-1+cx V/1+cx Hypergeometric2Fi[1, 2;—“, %m, 2 x?]
df2 (2+m)\/d-c2dx?

bem (Fx)*™/-1+cx /1+cx HypergeometricPFQ[{1, 1+ 3, 1+ 3}, {§+ 3 2+ g}, c2 x?]

df? (1+m) (2+m) Vd-c2dx?

Result (type 8, 31 leaves):

(fx)" (a+bArcCosh[cx])
J dx

(d-c2dx?)*?
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Problem 156: Unable to integrate problem.

(fx)™ (a+bArcCoshlcx])
j dx

(d-c2dx?)®?

Optimal (type 5, 450 leaves, 7 steps):

(fx)*™ (a+bArcCosh[cx]) . (2-m) (fx)*" (a+bArcCosh[cx])
3df (d-c2dx?)?? 3d2f/d-c2dx?
(2-m)m(f x)l*mm (a+bArcCosh[cx]) Hyper‘geometr‘icZFl[%, 1*7’", 3?"', c? x?]
3d2F (1+m) /d-c2dx?
bc(2-m) (fx)*™/-1+cx +/1+cx Hypergeometric2F1[1, 2;“", %"‘, c2 x?]
3d2F2 (2+4m) Vd-c2dx?
be (fx)?™+/-1+cx /1+cx Hypergeometric2Fi|2, 2;—"‘, %"', c? x?]
3d2F2 (24m) Vd-c2dx?
bc(2-m)m (fx)*"V/-1+cx /1+cx HypergeometricPFQ[{1, 1+ ", 1+ 1, {2+, 2+ 1, 2 x?|

2’ 2 2

3d2f2 <1+m) (2+m> vVd-c2dx?

+

Result (type 8, 31 leaves):

J(F x)" (a+bArcCosh[cx])

(d-c2dx?)>?

dx

Problem 157: Unable to integrate problem.

J(-Fx)m (d1+cdix)>? (d2-cd2x)®? (a+bArcCosh[cx]) dx

Optimal (type 5, 817 leaves, 11 steps):
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bcd12d2? (fx)*"+/dl+cdlx v/d2-cd2x 15bcd1?d2? (fx)*"~/dl+cdlx /d2-cd2x

f2(2+m) (6+m) V/-1+cx V1+cx f2(2+m)? (4+m) (6+m) \/-1+cx VI+cx

5bcd1?2d2? (fx)*"+/dl+cdlx /d2-cd2x 5bc?d1?d2? (fx)*"+/dl+cdlx Vd2-cd2x 2bc3d12d2? (fx)*"+/dl+cdlx +/d2-cd2x

+ + -

f2(2+m) (4+m) (6+m) /-1+cx /1+cx 4 4+m26+m V-1+cx V1+cx 4 4+m) (6+m) V/-1+cx V/1+cx
bc®d12d2? (fx)®"+/dl+cdlx Vd2-cd2x 15d12d2? (fx)""~/dl+cdlx +/d2-cd2x (a+bArcCosh[cx])
5 (6+m2+/-1+cx V1+cx ' f(6+m) (8+6m+m?) '
5d1d2 (fx)l”" (d1+cd1x)3/2 (dZ—chx)3/2 (a+bArcCosh[cx]) (fx)l”" (d1+cd1x>5/2 (d2—cd2x)5/2 (a+bArcCosh[cx])
f(4+m) (6+m) : f(6+m) :

1 1+m 3+m
(15 d12d2? (fx)*"+/dl+cdlx \/d2-cd2x (a+bArcCosh[cx]) Hypergeometric2F1[ -, 2R e x?] )/
2 2 2

(-F (4+m) (6+m) (2+3m+m?) \/1-cx \/1+cx)—

m m
(15bcd12 d2? (fx)z*’“\/d1+cd1x V/d2 - cd2 x HypergeometricPFQ[{1, 1+ —, 1+ —}, {
2 2

N W

(fz (1+m) (2+m)2 (4+m) (6+m)/-1+cx \/1+cx)

Result (type 8, 37 leaves):

J(fx)"‘ (d1+cd1x)>? (d2-cd2x)? (a+bArcCosh[cx]) dx

Problem 158: Unable to integrate problem.

J(-Fx)m (d1+cd1x)*? (d2-cd2x)? (a+bArcCosh[cx]) dx

Optimal (type 5, 503 leaves, 7 steps):

3bcdld2 (fx)*"+/dl+cdlx Vd2-cd2x bcdld2 (fx)*"+/dl+cdlix Vd2-cd2x bc3did2 (fx)*"+/dl+cdlix /d2-cd2x
- +

+

-F2(2+m)2(4+m)\/—1+cx V1+cx f2(2+m) (4+m) V-1+cx V1+cx 4 (4+m2+/-1+cx V1+cx

3d1d2 (fx)""+/dl+cdlx +/d2-cd2x (a+bArcCosh[cx]) (fx)¥" (d1+cdlx)*? (d2-cd2x)®? (a+bArcCoshcx])
+ +

f(8+6m+m2> f (4+m)

3d1d2 (fx)""+/dl+cdlx +/d2-cd2x (a+bArcCosh[cx]) Hyper‘geometr‘icZFl[i, 1;"‘, 3;"‘, c? x?]

f(a+m (2+3m+m?) V/1-cx /1+cx

m m 3 m
(3bcd1d2 (-Fx)z”“\/lercdlx \/d2 - cd2x Hyper‘geometr‘icPFQHl, 1+, 1+ =}, {=+—, 2+
2 2 2 2

NS

(fz (1+m) (2+m)2 (4+m) vV -1+cx \/1+cx)
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Result (type 8, 37 leaves):

J(-Fx)m (d1+cd1x)*? (d2-cd2x)>? (a+bArcCosh[cx]) dx

Problem 159: Unable to integrate problem.

J(-Fx)"'\/d1+cd1x d2 - cd2x <a+bAr‘cCosh[cx]) dx

Optimal (type 5, 302 leaves, 3 steps):

be (fx)*"/dl+cdix Vd2-cd2x (fx)*"+/dl+cdlx /d2-cd2x (a+bArcCosh[cx])

+ +

f2(2+m)2\/71+cx 1+ ex f(2+m)

(fx)¥"~/d1+cdlx V/d2-cd2x (a+bArcCosh[cx]) Hyper‘geometricZFl[i, Ll 32 2 ]

f(2+3m+m?) V1-cx V/1+cx

bc (Fx)2+m\/d1+cd1x Vd2 - cd2x Hyper‘geometr‘icPFQHl, 1+ g, 1+§}, {§+f

f2 (1+m) (2+m)*/-1+cx V1+cx

Result (type 8, 37 leaves):

J(fx)"‘\/d1+cd1x A d2 - cd2x (a+bArcCosh[cx]) dx

Problem 160: Unable to integrate problem.

(fx)" (a+bArcCosh[cx])
J dx

Jdl+cdlx /d2-cd2x

Optimal (type 5, 188 leaves, 1step):

(fx)*"V1-c2x2 (a+bArcCosh[cx]) Hypergeometric2fF1[ >, =%, %, 2 x?]

+

f(1+m)~/dl+cdlx /d2-cd2x

bc (Fx)z”"\/—lJrcx V1+ex Hyper‘geometr‘icPFQHl, 1+ ?, 1+ f}, {%Jr , 2+ f}, c2 x?|

NNE

2 (1+m) (2+m) vdl+cdlx \/d2-cd2x

Result (type 9, 322leaves):
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1 m
- (fx)"~/d1+cdlx
8cdl+d2-cd2x
1 1 2 1 2
7[(8a(71+m) (1+cx) AppellF1[-m, -m, =, 1-m, , })/ m (mAppellF1[1-m, 1-m, —, 2-m, s
2 1+cx 1+cx 2 l1+cx 1+cx
3 2 1 1 2
AppellF1[1-m, -m, =, 2-m, s ]+ (-1+m) (1+cx) AppellFi[-m, -m, —, 1-m, B ]+
2 l+cx 1+cx 2 l+cx 1+cx
4 l% ArcCosh[c x] Hyper‘geometr‘icZFl[l, 2?'", 3?'", c? xz}
b _
1+m

2" c~/n xGamma[1+m] HypergeometricPFQRegularized|{1, &M, 20}, {30 &M 22

2 2 2 2 Sinh[2 ArcCosh[c x] ]
1+cx
Problem 161: Unable to integrate problem.
J (fx)" (a+bArcCosh[cx]) 4
X

(d1+cd1x)3/2 (d2—cd2x)3/2
Optimal (type 5, 336 leaves, 4 steps):

(£x)¥™ (a+bArcCosh[c x] ) om (fx)*"+/1-c?x? (a+bArcCosh[cx]) Hyper‘geometricZFl[i, 1;’", 3;'“, 2 x?| )
d1d2f~/dl+cdlx +/d2-cd2x d1d2f (1+m) +/dl+cdlx /d2-cd2x

be (fx)*"/-1+cx +/1+cx Hypergeometric2Fi[1, 2;’", 4;"‘, c? x?]

d1d2f2 (2+m) v/dl+cdix v/d2-cd2x

bcm (fx)z”"\/—1+cx V1+cx Hyper‘geometr‘icPFQHl, 1+ g, 1+ f}, {

N W
+

d1d2f2 (1+m) (2+m) AJdl+cdlx \/d2-cd2x

Result (type 8, 37 leaves):
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(fx)™ (a+bArcCoshlcx])
j dx

(d1+cd1x)3/2 (d2—cd2x)3/2

Problem 162: Unable to integrate problem.

(fx)™ (a+bArcCoshlcx])
J dx
(

d1+cd1x)5/2 (d2—cd2x)5/2

Optimal (type 5, 504 leaves, 7 steps):

(fx)*™ (a+bArcCosh[cx]) (2-m) (fx)*" (a+bArcCosh[cx]) i

3d1d2f (d1+cdix)®? (d2-cd2x)*? 3d12d22f~/dl+cdlx /d2-cd2x

(2-m)m (fx)*"/1-c?x% (a+bArcCosh[cx]) Hypergeometric2F1| %, 1*7’", 3?’", 2 x?]

3d12d2? f (1+m) +/dl+cdlx V/d2-cd2x

bc(2-m) (fx)*™/-1+cx \/1+cx Hypergeometric2F1[1, 2;’", 4?"‘, 2 x?]

3d12d22 £2 (2+m) \/d1+cdlx V/d2-cd2x

bc (fx)*"/-1+cx +/1+cx Hypergeometric2Fi|2, 2;"‘, %“, c? x?]

3d12d22 f2 (2+m) \/d1+cdlx v/d2-cd2x

bc(2-m)m(fx)*"+/-1+cx +/1+cx HypergeometricPFQ[{1, 1+ f, 1+§}, {§+§, 2+§}, c2 x?|

3d12d22 2 (1+m) (2+m) v/dl+cdlx +/d2-cd2x

Result (type 8, 37 leaves):

(fx)" (a+bArcCosh[cx])
J( dx

d1+cdlx)5/2 (d2—cd2x)5/2

Problem 163: Unable to integrate problem.

(fx)™ArcCosh[ax]
J dx

1-aZx?

Optimal (type 5, 128 leaves, 1step):

l+m 3+m

('F X)l”" ArcCosh[ax] Hyper‘geometr‘icZFl[i, DR a? xz} a (-F x)z*m V-1+ax Hyper‘geometr‘icPFQ[{l, 1+ g, 1+ %}, {3+ D2+ f}, a2 XZ]

2 2
+

f (1+m) £ (1em) (2+m) Vi-ax
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Result (type 9, 164 leaves):

1 -l+ax

2 [ Fleax (1+ax) ArcCosh[ax] Hypergeometric2F1l 1,1+,
1+ax 2
(1 +a X>

- x(fx)m
l+ax 1+m

2\/—(—1+ax> (1+ax)

m m 3+m
27™a~/n xGamma[1+m] HypergeometricPFQRegularized|{1, 1+ —, 1+ —}, {
2 2 2

, 2+ g}, a?x?|

Problem 176: Result more than twice size of optimal antiderivative.
J\/dczdx2 (a+bArcCosh[cx])?

3

dx
X

Optimal (type 4, 427 leaves, 12 steps):
bcvd-c?dx? (a+bArcCosh[cx]) +d-c2dx? (aerAr‘cCosh[cx”2

+

xvV-1l+cx V1+cx 2x?
c2+/d-c2dx? (a+bAr‘cCosh[cx})ZAr‘cTan[eA”c“h[”]} b2 c2~/d-c?dx? ArcTan[V/-1+cx V1+cx |
N _
\/—1+cx \/1+cx \/—1+cx \/1+cx

ibc2Vd-c?dx* (a+bArcCosh[cx]) Polylog|2, —i etrccoshicx]] jpc2+/d-c2dx* (a+bArcCoshcx]) Polylog|2, i efrecoshicx]]

+

V-1+cx V1+cx V-1+cx V1+cx
ib2c2+/d-c?dx? PolyLog[B, -1 eArC@Sh[CX]} ib2c2+/d-c?dx? PolyLog[B, JieA'”CC“h[CX]]
\/—1+cx \/1+cx \/—1+cx \/1+cx

Result (type 4, 5160 leaves):

a2 /-d (-1+c2x?
- \/ ( 2+ ) _laZCZ\/?Log[X]+132c2\/?Log{d+\/d_\/_d(_1+czxz)]+
2 X 2 2

. Ji\/%(hcX> i (-1+cx) (1+cx) ArcCosh[cx]

iabc?d |- - — +
\/—d<—1+cx> <1+CX> cXx SR

+



d

-1l+cCcx

1+cx

-1l+cx

1+cx

| 2% (1+cx) ArcCosh[c x]
1+cx

-1+cCcXx

(1+cx) ArcCosh[cx] Log[1 - i e Arccoshiexl] _
1+cx

-1+cCcxXx

1+cx) PolyLog|2, - i e ArcCoshlcx]] _ 1+ cx) PolyLog|2, i eArcCoshlcx] ]| | ph2 ¢2
< ) Polylog|2, ] ( ) PolyLog|2, ]

1+cx

-1l+Ccx
1+cx

(1+c x) ArcCosh[c x]

2+

-1+cCcXx
2
1+cxXx

- =d
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(1+cx) ArcCosh[cx] Log |1+ i e Arecoshlexi]

ex ] . 2 l’fjﬁ (1+cx) (2+ArcCosh[cx]?) Ar‘cTan[Tanh[iAr‘cCosh[cx}H

2cx\/—d(—1+cx) (1+cx) 2 J—d(—1+cx) (1+cx)

1
(1+cx) ArcCosh[cx] [2ArcTan [Tanh| = ArcCosh[cx] ]|

2

LOg [1 _i ez jArcTan{Tanh[i—Ar‘cCosh[c x] H }

—Log[1+

i eziArcTan{Tanh[%Ar‘cCosh[c X]H ] ) ‘i (PolyLog {2 _i (EZjArcTan{Tanh{%Ar‘cCosh[c X]H } _ PolyLog {2 i eziArcTan{TanhB—Ar‘cCosh[c x]H ] J J /
3 2

=

1 -1+cx
(-1+cx) (1+cx))+2{2\/d<1+cx) Trew /1+cx (1+cx)

i ArcCosh[cx]?Log[1 - i e recoshiex]] ., j ArcCosh[c x]? Log |1 + i e Arecoshiex)]

i(1+cx) (—1’1+Tanh[§Ar‘cCosh[cx]”2

4 ArcCosh[c x] ArcTan|Tanh| 1 ArcCosh[cx] | ] Log[1-
2 2cx

} _

i(1+cx) (—]'l-%-Tanh[iAr‘CCOSh[CX]])Z

2 i ArcCosh[c x] Log[1 - i e Arecoshlex]] | og[1 - |+

2CcX

i(1+cx) (71'1+Tanh[lAr'cCosh[cx]])2
2 i ArcCosh[c x] Log[1+i e Arecoshlex] ] | og[1 - 2

+
2cx
1 i(1+cx) (71'1JrTanh[lAr'cCosh[cx]”2
4 ArcCosh[c x] ArcTan|Tanh|[ = ArcCosh[cx] || Log[1+ 2

2 2cx

|+

1
-2 ArcCosh[cx]?ArcTan|Tanh|[ = ArcCosh[cx] || -

2
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i(1+cx) (71'1+Tanh[lAr~cCosh[cx]])2
2 i ArcCosh[c x] Log[1 - i e Arecoshlex] ] | og |1 + 2

2cx }7
i(l+cx) (—J‘l+Tanh[lAr‘cCosh[cx]])2
2 i ArcCosh[c x] Log[1+i e Arecoshicx] ] | og |1 + 2 |-
2cx
i(l+cx) (7j+Tanh[lAr‘cCosh[cx}])2 i(l+cx) (—j+Tanh[lAr‘cCosh[cx}])2
21 |Log[1- 2 ] -Log[1+ 2

] PolyLog[Z,
2cX 2cX

i(1+cx) (—j.-%—Tanh[lAl"CCOSh[CX}])Z
_je—Ar‘cCosh[cx]] +21i Log{l— 2

| -Log[1+

2CX

i(1+cx) (—j+Tanh[%ArcCosh[cx]])2}
2cx

Polylog|2, i e Arccoshlexl] ;2 j Polylog[3, - i e A"eCoshicx]] _ 2 j polylLog[3, i e Arecoshicx]| ] -

= i “lrex (1+cx)
\/—d(—1+cx) (1+cx) \ 1+cx

-1l+cx

-1+cCcXx 1

Log[i |cx+ (1+cx) ]ZLog[

1+cx

1- Tanh[%Ar‘cCosh [cx] ]

2
Log[—j CX+

(1+cx) ]ZLog[—
1+cx

] - 21 ArcTan [Tanh [ E ArcCosh[c x] ] ] Log[l - Tanh[
71+Tanh[§ArcCosh[c x] | 2

1 1 2
~ ArcCosh[cx] || Log[-1+Tanh| = ArcCosh[cx] ]| +2jArcTan[Tanh[;Ar‘cCosh[c x]]] Log[71+Tanh[;ArcCosh[c x]]]" -
2 2

-1+cx

) 2 1 i ) 1 1
Log[-1 [cx+ |” Log| E+E) (—1+Tanh{7ArcCosh[cx]])]+Log[l—Tanh[fAr‘cCosh[cx]}]

2 2

(1+cx)

1+cx

1
Log[—l +Tanh[gAr‘cCosh[c X] } ] Log[

1 i 1
-, 7] (7]1 + Tanh [ = ArcCosh[c x] |
2 2 2

} —Log[—1+Tanh[lAr‘cCosh[c x]HzLog[

2
. - 1-1) (-i+Tanh[2ArcCosh[c x]
(l+£J (—J'HTanh[lAr‘cCosh[cxH | +Log[-i [cx+ 1rcx (1+cx) }ZLog[( ) ( [2 ]) |+
2 2 2 1+cCx _1+Tanh[§ArcCosh[cx1]

1 1 (1-1) (—1+Tanh[lAr‘cCosh[cx}])
2 i ArcTan|[Tanh| = ArcCosh[c x] || Log[1 - Tanh[ = ArcCosh[c x] | | Log| 2
2 2

} _

i + Tanh[ > ArcCosh[c x] ]

1 1 (1-1) (—1+Tanh[lAr‘cCosh[cx]})
2 i ArcTan|Tanh|[ = ArcCosh[c x] | | Log[-1+ Tanh| = ArcCosh[cx] || Log]| 2
2 2

] +

i+ Tanh[%Ar‘cCosh [cx]]
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(1-14) (71+Tanh[iAr'cCosh[c x] ])

1 1 1 1
Log[71+Tanh[;Ar‘cCosh[c x]|] Log| —+—) (w’wTanh[—Ar‘cCosh[c x]]|] Log| |+

2 2 2

i+ Tanh[%Ar‘cCosh [cx]]

Log[i |cx+ Tlrex (1+cx) ]ZLog[(l—i) [J‘HTanh[lAr‘cCosh[cx]])}—
l1+cx 2
1icx X (1+1) (Ji+Tanh[lAr'cCosh[cx]H 1icx
Log[i |c (1+cx)|] Log] 2 | -2Log[-i |ex+ (1+cx) ]
l+cx —1+Tanh[%Ar‘cCosh[cx}] 1+cx
1 1 1 i
Log[—( (1+1) - i) Tanh| = ArcCosh[c ]])}Log[ ———)[ +Tanh[ ArcCosh[cx] | |] -
2 2 2 2 2
1 1 1 1 i 1
2log[ = [ (1+1) - ) Tanh| = ArcCosh[cx] | |] Log|[- 1+Tanh[2Ar‘cCosh[ x]]] Log[| = ;J (1+Tanh[;Ar‘cCosh[cx}] |+
2 2
-1l+cx i 1
2Llog[-1 [cx+ (1+cx)|] Log| —+—J (—1+Tanh[ Ar‘cCosh[cx]])}Log[ —) [1+Tanh[;ArcCosh[cx]} ]+
1+cx
1 1 1 i
2Log[-1+Tanh| Ar‘cCosh[ x]|] Log| —+—) [71+Tanh[ ArcCosh[cx]||] Log|| = —] (1 Tanh[ ArcCosh[cx] | |] +
2 2 2 2 2 2
Log| [( i) - ( )Tanh[ ArcCosh[cx] || ] Log]| 17]'1_] (1 Tanh[ ArcCosh[cx] | ]27
2 2 2
1 1 i 1 2
Log | —+— {71+Tanh ~ ArcCosh[cx] | |] Log| |~ —] (1+Tanh[ ArcCosh[c ]])] +
2 2 2 2
-1+cx 1 i i
2Log[i [cx+ (1+cx)|] Log| ————J (1+Tanh[ ArcCosh[cx]]|] Log| —+—J (1+Tanh[ ArcCoshcx]||] +
1+cx

1 i 1 1 1
2Log[ 1+Tanh Ar‘cCosh[ ]H Log[ 7*77] (1+Tanh[ ArcCosh|c }] ]Log[(7+f] (1 Tanh[ ArcCosh|[c ]] ]f
2 2 2 2 2 2 2
1 i 1 1 1 2
Log[ -—- f] (j+Tanh[fAr‘cCosh[ ] ] Log[ -+ — (1 Tanh[ ArcCosh|[c ]])] +
2 2 2 2 2 2

. 1 1 1
2 1 ArcTan [Tanh [ — ArcCosh[c x] } ] Log[l - Tanh [ ; ArcCosh[c x] ] } Log[l + Tanh [ E ArcCosh[c x] } ] -
2

1
Log|[1 —Tanh[;Ar‘cCosh[c x]|]| Log|

N |

((1“1) - (1-1) Tanh[ ArcCosh|[c ]])} Log[1+Tanh[1Ar‘cCosh[cx}H -
2 2

2 i ArcTan [Tanh[ ArcCosh[cx] || Log[-1+Tanh| 1 ArcCosh[cx] || Log[1+ Tanh[ ArcCosh[cx] || +
2 2 2

2Log[l (1+1) - (1-1) Tanh[lAr‘cCosh[c x] |
2 2

| Log|- 1+Tanh[ ArcCosh[cx] || Log[1+Tanh[lAr‘cCosh[cx]}] -
2 2



32 | 7.2 Inverse hyperbolic cosine.nb

1
Log[-1+ Tanh| = ArcCosh[cx] || Log]|

1 1 ) 1
_+_) [—1+Tanh[—Ar‘cCosh[c x] |
2

2 2 2
(1-1) (71+Tanh[§Ar‘cCosh[c X] ])

1
| Log[1+ Tanh| = ArcCosh[cx]]] -
2

(1+4) - (1-14) Tanh[lAr‘cCosh[c x] |
2

N =

| Log| ] Log[1+Tanh[1Ar'cCosh[c x]]]+
2

Log |
i+ Tanh| % ArcCosh[c x] |

} Log[l +Tanh[1Ar‘cCosh[c X] } ] -

1
Log[l—Tanh[—Ar‘cCosh[cx]]} Log[ N

1 1 1
-—- —) [J‘l +Tanh[—Ar‘cCosh[c x]}
2 2

2 2

] Log[1+Tanh[lAr‘cCosh[c x]]] +

1
2 Log[-1+Tanh[ = ArcCosh[cx] ]| Log| 5

2
(1-4i) (~1+Tanh[*ArcCoshcx]]|

1 1 1
- - —] (1’1 + Tanh[ = ArcCosh[c x] |
2 2 2

] Log[l +Tanh[1Ar‘cCosh[c X] } ] -
2

]Log[(f

N |

i 1
- f) []‘1 + Tanh[f ArcCosh[c x] }
2 2

Log|
i+ Tanh| i ArcCosh[cx] |

(1+1) (1+Tanh[§Ar‘cCosh[c X] ”

|+

. 1 1
2 i ArcTan|[Tanh| = ArcCosh[c x] || Log[1 - Tanh[ = ArcCosh[c x] | | Log|

2 2 j+Tanh[iAr‘cCosh[c x] |
1 1 (1+1) (1+Tanh[lArcCosh[cx}])

2 i ArcTan|Tanh|[ = ArcCosh[c x] | | Log[-1+ Tanh| = ArcCosh[cx] || Log]| 2 | -
2 2 i+Tanh[%Ar‘cCosh[c x] |

(1+1) (1+Tanh[%Ar‘cCosh[c X] })

|+

1
Log[-1+Tanh| = ArcCosh[cx] || Log]|

A | Log]|

1 iy 1
1 7) [_1 +Tanh[ = ArcCosh[c x] |
2 2 2

1+ Tanh[iArcCosh [cXx] ]

(1+1) (1+Tanh[§Ar‘cCosh[c X] ])

1 , , 1 1
Log| [(1+1) - (1-1) Tanh|[ = ArcCosh[cx] | || Log[1+ Tanh| — ArcCosh[cx] ]| Log| | -
2 2 2 j+Tanh[iAr‘cCosh[c x] |
1 iy 1 1 (1+1) (1+Tanh[§ArcCosh[cx1])
Log[ |-~ - f] (1+Tanh[fAr‘cCosh[c x]]|] Log[1+ Tanh[ = ArcCosh[cx] ]| Log] |-
2 2 2 2 i+Tanh[§Ar~cCosh[c x] |

1 1 1 . . 1
Log[l—Tanh[gAr'cCosh[cx]]} Log[—l+Tanh[;Ar‘cCosh[cx]H Log[g ((1+1> +(1-1) Tanh[;Ar‘cCosh[cx]])} +

} -

1 2 1 , , 1
Log[—1+Tanh[£Ar‘cCosh[c x]]] Log[; ((1+1) +(1-1) Tanh[EAr‘cCosh[c x] |

(1-1) (—1+Tanh[§Ar‘cCosh[c X] })

}_

| Log]|

1
Log[—1+Tanh[;Ar‘cCosh[c x]|] Log]

N |

((1+ i)+ (1-1) Tanh[lAr‘cCosh[c x] |
i +Tanh[%Ar‘cCosh[c x]] 2

-1+cx

2Logi |cx+ (1+cx) | Log| 1+£] (1+Tanh[1ArcCosh[cx]])]Log[ ((1+J’1)+(1—j>Tanh[1Ar‘cCosh[cx]} |-
2

2 2 2

N |

l+cx
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1
2 Log[—1+Tanh[£Ar‘cCosh[c X] H Log[

] +

1 i 1
-+ f) [1 +Tanh[7Ar'cCosh[c x]}
2 2 2

] Log[% [(1+J‘L) +(1-1) Tanh[iAr‘cCosh[cx}]
}‘F

1 1 1 _ , 1
Log[-1+ Tanh|[ = ArcCosh[cx] || Log[1+Tanh[gAr‘cCosh[c x]]] Log[; ((1+1> +(1-1) Tanh[gAr‘cCosh[c x] |
2

Log[

1 1 1
-+ f) [1 +Tanh[7Ar'cCosh[c x]}
2 2 2

}zLog[i ((1+1‘L) +(1-1) Tanh[%Ar‘cCosh[cx]}

} +

1 (1+3i) (1+Tanh[%ArcCoshicx]])
2

Log[-1+Tanh|[ = ArcCosh[cx] |] Log|

2 i+ Tanh[iAr‘cCosh[c x] |

] Log|

N |

[(1+ i)+ (1-1) Tanh[lAr‘cCosh[c x]]
2

|+

Log[1 - Tanh| 1 ArcCosh[cx] || - Log[1+Tanh| 1 ArcCosh[cx] || ) Polylog|2, -1 o2 1 ArcTan|Tanh | - ArcCosh (cx] | | |+
2 2

2 i ArcTan [Tanh { z—Ar‘cCosh [cx] } } ] B

1 1
—Log[l - Tanh[gAr'cCosh [cX] ] } + Log[l + Tanh[;Ar‘cCosh [cX] } ] PolyLog[Z, ie

-1+cx -1+cx

2Llog|-1 [cx+ (1+cx)|]PolyLog[2, -cx - (1+cx)]+
1+cx 1+cx
~1+cCcX -1+cxXx -1+cx

2Logi |cx+ (1+cx)|] PolyLog[2, ~cx - (1+cx)] +2Log[-1i |ex+ (1+cx) || PolyLog|
1+cXx l+cx l1+cx
-1+cx -1+cx -1+cx

2, -1 |cx+ 1+cx)|]-2Log[i [cx+ (1+cx)|]PolyLog[2, i |cx+ (1+cx)|]+

1+cx 1+cx 1+cx
-1+cx 1 i 1

2Llog|-1 [cx+ (1+cx) || PolyLog|2, (7—7—) [—1+Tanh[—Ar‘cCosh[cx}] |+
1+cx 2 2 2

1 1 1 1
Log[l—Tanh[;Ar‘cCosh[c x]| ] PolyLog|2, (—E— ;) (—1+Tanh{;Ar‘cCosh[c x]])} +

(1-1) (71+Tanh[§Ar'cCosh[c X] })

Log | | -

1 1 1
| PolyLog|2, [——— —J (—1+Tanh[—Ar‘cCosh[c x] |
2 2 2

i+ Tanh[iAr‘cCosh [cx]]

1 1 1 1
Log[1+Tanh[—Ar‘cCosh[cx]]} PolyLog[Z, (—E—;) (—1+Tanh[;Ar‘cCosh[cx]]
2

(1+1i) (1+Tanh[%ArcCoshicx]])

} _

Log | ] -

} PolyLog[Z, (—

N R
\

i 1
- ] (—1+Tanh[fAr‘cCosh[cx}]
2 2

i+ Tanh| i ArcCosh[c x] |
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-l+cx
2 Log[i

CX+ (1+cx) ] -

1 1 1
| PolyLog|2, [7—+ —J (71+Tanh[—Ar'cCosh[c x] |
2 2 2

l1+cx

} _

1 1 1 1
Log[1 - Tanh[ = ArcCosh[cx] | | PolyLog|2, (7;+ —] (71+Tanh[gAr‘cCosh[c x] |
2

(1-1) (—1+Tanh[§Ar‘cCosh[c x] ”

1 1 1
] PolyLog[Z, [—*Jr 7] (—1+Tanh[7Ar‘cCosh[c x]}
2 2 2

} +

Log[
i+ Tanh| % ArcCosh[c x] |

1 1 i 1
Log[1+Tanh[gAr‘cCosh[cx]]} PolyLog[Z, (—;Jrf) (—1+Tanh[gAr‘cCosh[cx]])} +

(1+1) (1 +Tanh[%Ar‘cCosh[c X] ])

1 i 1
Log| | PolyLog|2, (—*+f] (—1+Tanh[7Ar‘cCosh[c x1]|] -
j+Tanh[§Ar‘cCosh[c x] | 2 2 2
) -1l+cx 1 i 1 1
2Llog[-1 [cx+ (1+cx)|] PolyLog|2, (—7—J (1+Tanh[fAr‘cCosh[cx}] | - Log[1 - Tanh[ = ArcCosh[cx] | ]
1+cx 2 2 2 2

(1-4i) (~1+Tanh[*ArcCoshcx] ]|

1 1 1
PolyLog[Z, [f - f] (1 + Tanh[;Ar‘cCosh [cX] ] )] - Log[ } PolyLog[Z,
2 2

i+ Tanh| % ArcCosh[c x] |

1 i 1 1 1 i 1
(*—*J (1+Tanh[7Ar‘cCosh[cx}] ]+Log[1+Tanh[7Ar‘cCosh[cx]}] PolyLog[Z, [7—7] (1+Tanh[7Ar'cCosh[cx]] }+
2 2 2 2 2 2 2
(1+1) (1+Tanh[lArcCosh[cx}]) 1 3 1
Log| 2 | PolyLog|2, (—— —) (1+Tanh[—Ar‘cCosh[c x| |]+
j+Tanh[§Ar'cCosh[cx]} 2 2 2
) -1l+cx 1 i 1 1
2Log[i [cx+ (1+cx)|] PolyLog|2, [*+ f] [1+Tanh[7Ar‘cCosh[c x]})} +Log[1-Tanh| = ArcCosh[cx] | ]
l+cx 2 2 2 2

(1-4) (~1+Tanh[*ArcCosh(cx] ]|

1 i 1
PolyLog[Z, [f + f] (1+Tanh[7Ar'cCosh[c x]])] + Log[ } PolyLog[Z,

2 2 2 1’1+Tanh[§Ar'cCosh[c x] |

1 i 1
(7 + —J (1+Tanh[7Ar‘cCosh[c x] |
2 2 2

(1+1) (1 +Tanh[§Ar‘cCosh[c X] ])

1 1 i 1
| - Log[1+Tanh[ = ArcCosh[cx] || PolyLog|2, [*+ f] (1+Tanh[fAr'cCosh[c x| -
2 2 2 2

1 1 1
Log| | PolyLog|2, (;+ ;) (1+Tanh[£Ar‘cCosh[c x1||] -

i +Tanh[ > ArcCosh[cx] |
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-1l+cxXx

2Polylog[3, -i |cx+ (1+cx)|]+2PolyLog|3, i |cx+ (1+cx)|]

l1+cx

Problem 184: Result more than twice size of optimal antiderivative.

dx

J(dczdxz)g/2 <a+bAr‘cCosh[cx])2
3

X
Optimal (type 4, 630 leaves, 18 steps):
b2 2dd-rd +3abc:3dxx/d—c2dx2 +3b2c3dxx/d—c2dx2 ArcCosh[c x] 7bcd\/d7c2dxz (a+bArcCosh[cx])

\/—1+cx \/1+cx \/—1+cx \/1+cx X\/—1+cx \/1+cx
bc3dx+/d-c?2dx? (a+bArcCosh[cx] 3 d-c2dx?)?®? (a+bArcCosh[cx])?
( )7—c2d d-c?dx? (a+bAr‘cCosh[cx})27( 7 ) +
v-1l+cx V1+cx 2 2x2
3c2d~/d-c?dx? (a+bArcCosh[cx])?ArcTan[eArcoshicx] | p2c2d~/d-c2dx? ArcTan[V/-1+cx V1+cx |
. _
V-1+cx V1+cx V-1+cx V1+cx

3ibc?dVd-c?dx? (a+bArcCosh[cx]) Polylog|2, i efrccoshicx] | 3ibc?dyd-c2dx? (a+bArcCosh[cx]) PolylLog|2, i eArccoshicx |
+

+

\/—1+cx \/1+cx \/—1+cx \/1+cx
3ib2c2d/d-c2dx? Polylog|3, -1ietrccoshiex]] 3 b2c2d+/d-c?dx? PolylLog[3, i eArccoshicx] ]
\/—1+cx \/1+CX \/—1+cx \/1+CX

Result (type 4, 5484 leaves):

\/—d (-1+c2x?) - ia2 c2d®? Log[x] +

[_aZCZd_aZd
2

2 x?

3a2c2d3/2Log[d+V?\/—d(—1+c2x2)]—Zabczd\/—d(—1+cx) (1+cx) |- ex +ArcCosh[c x] +

2 -1+cx
/ T (1 + CX>
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i ArcCosh[c x] (Log [1 - f g-ArcCosh[cx] ] - Log [1 + 1 @-ArcCosh[cx] } ) i (PolyLog [2, — j @-ArcCosh[cx] ] - PolyLog [2, j g-ArcCosh[cx] ] )
+ +

\/ _11++ccxx (1 +c X) _11++CC_XX (1 + C X)
. -l+cx
1 -_— <1+CX) .
1 \[ leex i (-1+cx) (1+cx) ArcCosh[cx]

iabc?d? |- _ — .
\/—d(—1+cx) (1+cx) cX c2x
_11 +CC X (1 N CX> ArcCosh[c x] Log[l— i e—Ar‘cCosh[cx]] _ —11 +CCX (1+ cx) ArcCosh[c x] Log[l ‘i efAr‘cCosh[cx]] .
+CX +CX
-1l+cx <1+CX> PolyLog[Z, _]-lefArccosh[cxw _ -1l+cx <1+CX> PolyLog[Z, ]-l(e—Ar‘cCOSh[CX]]

1+cx 1+cxXx

bzczd\/—d (-1+cx) (L+cx) |2- 2 ¢ x ArcCosh[cX] +ArcCosh[cx]?+ =

f 7’11:;: (1+cx) f 7’11:;; (1+cx)

i (ArcCosh[cx]? Log[1-i e Areceshlex]| _ ArcCosh[c x]? Log |1+ i e recoshiex]] . 2 ArcCosh[c x] Polylog[2, - i e Arecoshiexl] —

2 ArcCosh[c x] Polylog[2, i e Amshlcx] ] 2 Polylog[3, -1 e A"<CoshicX)] _ 2 polylog|3, i e Arccoshiexl]) |

l+cx
l+cx

(1+c x) ArcCosh[c x]

2+

d_| =1 (1+cx) ArcCosh[cx]
1+cx

b2 c%d +
2ch—d(—1+cx) (1+cx) 2\/—d(—1+cx) (1+cx)

cX

1
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. -l+cx
id

1
4 i ArcTan|Tanh| = ArcCosh[c x] || + ArcCosh[c x]? Log[1 - i e ArCoshiex) ] _ ApcCosh[c x]2 Log[1 + i e Arecoshlex) |

(1+cx) 5

l1+cx

2 i ArcTan {Tanh {%Ar‘cCosh [cx] } } ]

4 i ArcCosh[c x] ArcTan|Tanh| 1 ArcCosh[cx] || Log[1-1ie +4 1 ArcCosh[c x] ArcTan|Tanh| 1 ArcCosh[cx] ||
2 2

Log[lJr].1eziArcTan{Tanh{%ArcCosh[cx]}}] +2Log[j Cx+ -1l+cx <1+CX) }ZLOg[ 1 ]7
1+cx 1—Tanh[%Ar‘cCosh[cx}]
, -1l+cx 2 2 . 1
2Llog[-1i [cx+ (1+cx)|] Log[- | -4 i ArcTan[Tanh|[ = ArcCosh[cx] || Log|
1+cx 71+Tanh[§Ar‘cCosh[cx]} 2

1 1 , 1 1 2
1—Tanh[7Ar‘cCosh[c X]H Log[—1+Tanh[7Ar'cCosh[c X]H +41Ar‘cTan[Tanh[7ArcCosh[c X}H Log[—1+Tanh[7Ar‘cCosh[c X]H -

2 2 2 2
i -1l+cx 2 1 i . 1 1
2Llog[-1i [cx+ (1+cx)|] Log| —+—) [—1+Tanh[—Ar‘cCosh[cx}] | +2Log[1-Tanh[ = ArcCosh[cx]]]
l+cx 2 2 2 2

1 2
} -2 Log[—1+Tanh[7Ar'cCosh[c X] H
2

1
Log[—1+Tanh[;Ar‘cCosh[c X] H Log[

1 1 1
il 7] (71'1 +Tanh[7Ar'cCosh[c X]}
2 2 2

“1+cx (1-1) (711+Tanh[iAr'cCosh[cx]])

CX+

1 i , 1
bl _] (—1 + Tanh|[ = ArcCosh[c x] |

2
L
2 2 2 } Og[

Log |

| +2Log[-1

<1+CX) }Jr

1+cxXx

-1+ Tanh[ ArcCosh[cx] |

(1-1) (—1+Tanh[§Ar‘cCosh[c X] ])

, 1 1
4 i ArcTan|Tanh| 5 ArcCosh[cx] || Log[1-Tanh| ; ArcCosh[cx] || Log| | -

i +Tanh[ > ArcCosh[cx] |

1 1 (1-1) (—1+Tanh[lAr'cCosh[cx]H
4]1Ar‘cTan[Tanh[fAr‘cCosh[c X] H Log[—1+Tanh[7Ar‘cCosh[c X] H Log[ 2 ] +
2 2 J‘L+Tanh[§Ar‘cCosh[c x] |

(1-1) (—1+Tanh[%Ar‘cCosh[c X] ])

| Log]|

|+

1
2 Log{—1+Tanh[;Ar‘cCosh[c x]]] Log]

1 i . 1
z, _] (—1 + Tanh | = ArcCosh [c x] |
2 2 2

i + Tanh [ i ArcCosh[c x] }

-1+cX

2Logi [cx+ (1+cx)

] -

1+cxXx

|* Log|[ (1-1) (j +Tanh[3Ar~ccOsh[c x]]
2
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1+cx 5 (1+1) (11+Tanh[lAr'cCosh[cx]])

2Log[j1 CX+ (1+cx) ] Log[ 2 }_
1+cx 71+Tanh[§Ar'cCosh[cx]}

4log[-i |cx+ Lrex (1+cx) }Log[l[(1+J’1)—(l—i)Tanh[lAr‘cCosh[cx}] | Log] l—i—] (1+Tanh[lAr~cCosh[cx}] ] -
l+cx 2 2 2 2 2

1 ) . 1 1 1 i 1

4Log[g((1+1)—(1—1)Tanh[;Ar‘cCosh[cx]} }Log[—1+Tanh[;Ar‘cCosh[cx}H Log| ;—;) (1+Tanh[;ArcCosh[cx]} |+
-1+cx 1 1 1 i 1

4log[-i |cx+ (1+cx)|] Log| —+—) [7j+Tanh[—ArcCosh[cx]])] Log| —7—] (1+Tanh[—Ar~cCosh[cx]] |+
1+cx 2 2 2 2 2 2

1 1 i , 1 1 i 1
4Log[—1+Tanh[;Ar‘cCosh[cx]}] Log| ;+;] (—1+Tanh[;Ar‘cCosh[cx}] | Log]| ;—;J (1+Tanh[;Ar‘cCosh[cx}] |+

1 . . 1 1 i 1 2
2Log[;((1+1)—(1—1)Tanh[;Ar‘cCosh[cx]} | Log] E—;) [1+Tanh[;Ar‘cCosh[cx]} 1" -
1 i , 1 1 i 1 2
2 Log| —+—] (—1+Tanh[—Ar‘cCosh[cx}] | Log]| ———J (1+Tanh[—Ar‘cCosh[cx}] "+
2 2 2 2 2 2
-1+cCcX 1 1 1 1 1 1
4Log[j1 [cx+ 1+cx) ]Log[ 7*77) {j+Tanh[*Ar‘cCosh[cx]} } Log[ 7+7) (1+Tanh[7Ar‘cCosh[cx]} ]+
l1+cx 2 2 2 2 2 2
1 , 1 1 i 1
4 Log[-1+Tanh|[ = ArcCoshlcx] || Log[ |-~ - — (1+Tanh[—Ar‘cCosh[cx}] | Log| —+—] (1+Tanh[—Ar‘cCosh[cx]] ] -
2 2 2 2 2 2 2

"

. 1 1 1
4 i ArcTan|Tanh| = ArcCosh[cx] || Log[1 - Tanh| ; ArcCosh[cx] || Log[1+Tanh| 5 ArcCosh[cx] || -
2

2 Log|

1 i ) 1
= —J (1+Tanh[—Ar‘cCosh[c x]]|] Log[

1 1 1
. —] (1+Tanh[—Ar‘cCosh[c x] |
2 2 2

2 2 2

2Log{1—Tanh[lAr‘cCosh[c x]|] Log] {(1+J’1) - (1-1) Tanh[lAr‘cCosh[c x] |
2

1
] Log[1+Tanh[;Ar‘cCosh[c x]]] -
2

N |

. 1 1 1
4 i ArcTan [Tanh[;Ar‘cCosh[c x]|] Log[-1+ Tanh{;Ar‘cCosh[c x]|] Log[1+ Tanh[EArcCosh [ex]]]+

4 Log 1 1+1i) - (1-1) Tanh 1Ar‘cCosh[cx]
2 2

1 1
| Log[-1+Tanh[ = ArcCosh[cx] || Log[1+ Tanh[ = ArcCosh[cx]]] -
2 2

] Log[l +Tanh[1Ar‘cCosh[c X] } ] -

1
2Log[-1+Tanh[ = ArcCosh[cx] || Log] -

2

1 i 1
1. 7] (,j +Tanh| = ArcCosh[c x] |
2 2 2

(1-4) (~1+Tanh[?ArcCosh(cx]]|

2 Log|

N |

((1+ i) - (1-1) Tanh[lAr‘cCosh[c x] |

] Log[1+Tanh[EAr‘cCosh[c X] H +
2 2

| Log|

i+Tanh| i ArcCosh[c x] |
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1 iy (. 1
2Log[1—Tanh[;ArcCosh[cx}H Log[ - —;] (1+Tanh[—Ar‘cCosh[cx]]

} Log[1+Tanh[lArcCosh[c X] H -
2 2

N | =

1 1 iy [ 1 1
4Log[71+Tanh[;Ar‘cCosh[cx]}] Log| - ;] (1+Tanh[;ArcCosh[c x]]|] Log[1+Tanh[;Ar‘cCosh[c x]]]+

(1-4i) (~1+Tanh[?ArcCoshicx]]|

1 1 1 1
2Log[ ] Log[ —f—f) [j+Tanh[7Ar'cCosh[cx]} } Log[1+Tanh[7Ar‘cCosh[cx]]} -
i +Tanh[§Ar‘cCosh[c x] | 2 2 2 2
1 1 (1+1) (1+Tanh[lAr‘cCosh[cx]])
4 i ArcTan|Tanh| = ArcCosh[cx] || Log[1 - Tanh| = ArcCosh[c x]]] Log| 2 |+
2 2 j+Tanh[§ArcCosh[c x] |

(1+1) (1+Tanh[§Ar‘cCosh[c x] ])

41‘1Ar‘cTan[Tanh[lAr‘cCosh[c x]]] Log[71+Tanh[lAr‘cCosh[c x]|] Log| | -
2 2 j+Tanh[%Ar‘cCosh[c x] |

1+1) (1+Tanh[YArcCosh[c x]
g ) [T I

1 1 iy 1
2Log[-1+Tanh| = ArcCosh[cx] || Log]| 7+7] (—1+Tanh[7Ar‘cCosh[cx}]

2 2 2 2 i + Tanh|[ > ArcCosh[cx] |
1 1 1 (1+1) (1+Tanh[lAr‘cCosh[cx]})
2Log|~ ((1+1’1) - (1-1) Tanh[ = ArcCosh[cx] | |] Log[1+ Tanh| = ArcCosh[cx] || Log| 2 ] -
2 2 2 j+Tanh[§ArcCosh[c x] |
1 i 1 1 (1+i) (1+Tanh[%ArcCoshicx]])
2Log[ |-~ - 7) (J’l+Tanh[7Ar‘cCosh[c x]]|] Log[1+Tanh[ = ArcCosh[cx]|] Log] 2 |-
2 2 2 2 j+Tanh[§ArcCosh[c x] |

]+

1 1 1 ) . 1
2Log[1- Tanh| = ArcCosh[cx] | ] Log[-1+Tanh[ = ArcCosh[cx] || Log| = ((1+1) +(1-1) Tanh| = ArcCosh [c x] |
2 2 2 2

1 2 1 , , 1
2Log[—1+Tanh[£Ar‘cCosh[cx]}] Log[; (<1+1) +(1-1) Tanh[gArcCosh[cx]])} -

(1-1) (—1+Tanh[%Ar‘cCosh[c X] ”

1 1 1
2Log[-1+Tanh|=ArcCosh[cx]]]| Log| ] Log[ = ((1+1‘1) +(1-14) Tanh[—ArcCosh[cx]])] -
2 i +Tanh[iAr‘cCosh[c x] | 2 2
4Log[i{cx+ lrex (1+cx) ]Log[(l+£] (1+Tanh[lAr‘cCosh[cx}] ]Log[l((1+J’1)+<1—J‘1)Tanh[lAr‘cCosh[cx]} |-
1+cx 2 2 2 2 2

1 1 1 1 1
4 Log[-1+Tanh|[ = ArcCosh[cx] || Log[| =+ — (1+Tanh[—Ar‘cCosh[cx]] ] Log[—((1+1’1)+(1—J’1)Tanh[—Ar‘cCosh[cx]} |+
2 2 2 2 2 2
1 1 1 2 1 1
2 Log| —+—] (1+Tanh[—ArcCosh[cx]] ] Log[;((1+1’1>+(1fj)Tanh[;ArcCosh[cx]} |+
2 2 2

] +

1 1 1 ) . 1
2Log[71+Tanh[;Ar'cCosh[c x]]] Log[1+Tanh[;Ar‘cCosh[c x]]] Log[; [(1+1) +(1-14) Tanh[;Ar‘cCosh[c x] |
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(1+1) (1+Tanh[%Ar‘cCosh[c x}])

1
2Log[-1+Tanh| = ArcCosh[cx] || Log]|

| Log]|
2 j+Tanh[%Ar‘cCosh[cx]]

N |

((1+Ji> +(1-1) Tanh[%Ar‘cCosh[cx]} |-

1 i(l+cx) (—J‘L+Tanh[lArcCosh[cx]])2
4 i ArcCosh[c x] ArcTan|[Tanh[ = ArcCosh[cx] | | Log|[1 - 2
2 2cx

} +

i(l+cx) (—J‘l+Tanh[lAr‘cCosh[cx]})2
2 ArcCosh[c x] Log[1 - i e Arecoshlexl ] | og[1 - 2 |-
2cx

i(l+cx) (7j+Tanh[iAr‘cCosh[cx]”2

2 ArcCosh[c x] Log[1+ i e Arecoshlex) | og[1 -

} +

i (1+cx) (-i+Tanh[LArccoshicx]]}*

2cCcXx

4 1 ArcCosh[c x] ArcTan [Tanh [ 1 ArcCosh[c x] ] } Log[l +
2 2cx

i (1+cx) (-i+Tanh[XArccoshicx]]|*
2 ArcCosh[c x] Log[1 - i e Arecoshiexl ] | og[1 + 2 ]+
2cx

i (1+cx) (-i+Tanh[XArccoshicx]]|*
2 ArcCosh[c x] Log[1+ i e Arecoshiex] | | og[1 + 2

} +

2cx
i(1+cx) (—J'1+Tanh{lAr‘cCosh[cx1])2 i(1+cx) (—JiJrTanhHAr‘cCosh[cm])2
2 Log[l— 2 ]—Log[1+ 2 PolyLog[ i @-ArcCosh(c 1] _
2cX 2cXx
i(l+cx) (—1’1+Tanh[lAr‘cCosh[cx]])2 i(l+cx) (—1‘1+Tanh[lArcCosh[cx]])2
2 |Log|1- 2 | -Log[1+ 2 Polylog|2, i e ArccoshicxI]
2cX 2cx

2 iArcTan[Tanh{%ArcCosh[cx]}}]

2 ArcCosh[c x] PolylLog[2, -ie +2Log[1-Tanh| 1 ArcCosh[cx] || PolyLog|2, -i g2 ArTanTanh S Arccosh e x] | |-
2

2Log[1+ Tanh| 1 ArcCosh[cx] ]| PolyLog[2, -1 g2 Arctan[Tanh [ L arccosh < x1 ]| | - 2ArcCosh[cx] PolyLog[2, i g2 Arctan[Tanh[ L arcCosh < x1 ] | ] -
2

2Log|1- Tanh[lAr‘cCosh[ x] || PolyLog|2, j g2 iAreTan[Tanh % arccoshicx) ] +2Log[1+Tanh[1Ar‘cCosh
2
PolyLog|2, j g2 i ArcTan[Tanh | Arccosh CXH} 4Llog[-i |cx+ “lrex (1+cx)|] PolyLog[2, -cx - “lrex (1+cx) ]+
l+cx l1+cx

-1+cCcX

4Logi |cx+ (1+cx)

l1+cx

| Polylog[2, -cx - “lrex (1+cx)]+4Log[-1
l1+cx

-1+cCcXx
CX+ (1+cx) ]
1+cx
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-l+cx -1+cx -1+cx
PolyLog[2, -i [cx+ (1+cx)|] -4Log[i |cx+ (1+cx)|]PolyLog[2, i |cx+ (T+cx)|]+
l+cx 1+cx 1+cx
-1+cx 1 i 1
4log[-i |cx+ (1+cx)|] PolyLog|2, (————) [—1+Tanh[—Ar‘cCosh[cx}] |+
1+cx 2 2 2
1 1 1
2Log[1 Tanh ArcCosh PolyLog[ (—;—E) [—1+Tanh[;Ar‘cCosh[cx}] ]+
2
(1-1) (—1+Tanh[lAr‘cCosh[cx]]) 1 3 1
2 Log| 2 | Polylog|2, (————) {—1+Tanh{—Ar‘cCosh[cx}] | -
j+Tanh[iAr‘cCosh[cx]] 2 2 2

] -

1 1 i 1
2 Log[1+Tanh[;Ar‘cCosh[c x] || PolyLog|2, (— . ;) [—1+Tanh[;Ar‘cCosh[c x] |

(1+1) (1+Tanh[§Ar‘cCosh[c X] })

1 1 1
2 Log| | PolyLog|2, [7—7—] (71+Tanh[—Ar‘cCosh[cx]} |-
j+Tanh[%Ar‘cCosh[cx}] 2 2 2
. -1+cx 1 1 1
4Log[i [cx+ (1+cx) || PolyLog|2, [——+—] (—1+Tanh[—Ar‘cCosh[cx]})} -
l1+cx 2 2 2

1 1 i 1
2Log[1—Tanh[;Ar‘cCosh[c X}H PolyLog[Z, (—;+ E) [—1+Tanh[;Ar‘cCosh[c x}]

] -

1-14)

-1 +Tanh[%Ar~cCosh[c X] ])

2 Log|

]+

| Polylog|2, (—l+ E) [—1+Tanh{lArcCosh[c x] |
2 2 2

i + Tanh[ > ArcCosh[cx] |

1 1 1 1
2 Log[1+ Tanh|[ = ArcCosh[cx] || PolyLog|2, (— ; + ;J [—1+Tanh[;Ar‘cCosh[c x] |
2

|+

(1+1) (1+Tanh[§Ar‘cCosh[c x] })

1 1 1
2 Log| | PolyLog|2, [7—+—] (71+Tanh[—Ar'cCosh[cx]} |-
i+Tanh[%Ar‘cCosh[cx]] 2 2 2
. -1+cx 1 1 1
4log[-i |cx+ 1+cx) || PolyLog|2, (———J (1+Tanh[—Ar‘cCosh[cx}] ] -
1+cXx 2 2 2

(1-1) (—1+Tanh[§Ar‘cCosh[c X] ”

1 1 i 1
2 Log[l—Tanh[;Ar‘cCosh[c x] || PolyLog|2, (; - —J (1+Tanh[—Ar‘cCosh[c x] |

-2L
A A ] -2Log|

]

i +Tanh[ > ArcCosh[cx] |

|+

1 i 1
PolyLog|2, (———] (1+Tanh[—Ar‘cCosh[c x] |
2 2 2

1 1 1 1
| +2Log[1+Tanh[ = ArcCosh[cx] || PolylLog|2, [—— —] (1+Tanh[—Ar‘cCosh[c x] |
2 2 2 2
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(1+1) (1+Tanh[%Ar‘cCosh[c X] })

2 Log|

|+

| PolyLog|2, [l— 3) [1+Tanh[lAr‘cCosh[c x] |
2 2 2

1+ Tanh[%Ar‘cCosh [cX] ]

-1+cx

(1+cx) | PolyLog|2, [1+£] (1+Tanh[1ArcCosh[cx]])] +
2 2

2

4Log[j1 CX+
l1+cx

o2t [(1-]1) (-1+Tanh[ ArcCosh[cx] ]
+2 Log

]

1 1 i 1
2Log[1—Tanh[;Ar‘cCosh[c x]] ] PolylLog|2, (£+;] (1+Tanh[;Ar‘cCosh[c x]]

i+ Tanh[iAr‘cCosh [cx] |

1 i 1
Polylog|2, (7+7] (1+Tanh{fAr‘cCosh[c x] |
2 2 2

(1+1) (1+Tanh[§Ar‘cCosh[c X] ”

1 1 i 1
| -2Log[1+Tanh| = ArcCosh[cx]]] Polylog|2, [*+ f) (1+Tanh[7Ar‘cCosh[c x]])} -
2 2 2 2

1 i 1
og olylog|2, |—+ — + Tanh| — ArcCosh[c x
2 Log| | PolyLog|2 [2 )[1 Tanh|[ = ArcCosh[c x] |

N N | - 2PolyLog[3, —i e recoshiex) ]

i +Tanh[ > ArcCosh[cx] |

-1+cx -1+cx

(1+cx)|]+4Polylog(3, i [cx+ (1+cx)

]

2 Polylog[3, i e AreCoshicxl] _ 4 polylog[3, - i {c X +

1+cx 1+cx

Problem 192: Result more than twice size of optimal antiderivative.

(d-c2dx?)*? (a+bArcCosh[cx])?
J dx

x3

Optimal (type 4, 890 leaves, 28 steps):
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170 5 5abc3d?x/d-c?dx?
- —b%c?d?*\Jd-c?dx® + —b%>c*d®’x®+\/d-c?dx® + +

27 27 V-1+cx V1+cx
5b2 c2 d?2 (l—czxz)\/erbzczd2 (1—c2X2)2m+5b2c3dzxmAr~cCosh[cx] )
3(1-cx) (1+cx) 9 (1-cx) (1+cx) V-ol+cx J1+cx
bcdzm(aerAr'cCosh[cx]) bc3d2xm(a+bAr‘cCosh[cx]) 2bc5d2x3m(a+bAr‘cCosh[cx})
X\/—1+cx \/1+cx . 3\/—1+cx \/1+cx . 9\/—1+cx \/1+cx .
Ec2d2 d-c?dx? (a+bAr‘cCosh[cx])2—Ec2d(d—czdx2)3/2 (a+bAr‘cCosh[cx])2_ (d—czdxz)S/Z <a+bArCC°Sh[CX1>2+
2 6 2 x?
5c2d2+/d-c2dx? (a+bAr‘cCosh[cx])2Ar‘cTan[eA"CC°5h[”]] b2c2d>v/-1+c2x? Vd-c2dx? ArcTan[V/-1+c2x? |
V-l+ecx V1+cx ) (1-cx) (1+cx) B
5ibc2d?\/d-c2dx® (a+bArcCosh[cx]) PolyLog|2, -i efrccoshiex]| 54 pc2 d2+/d-c2dx? (a+bArcCosh[cx]) PolylLog|2, i eArccoshicx]]
v-l+cx V1+cx ' V-l+ecx V1+cx '
51ib2c2d2+/d- c2dx? Polylog (3, —i efrccoshicxl ] 5§ b2 ¢2 g2 \/d-c2dx? Polylog [3, i eArcCoshiex]]
\/—1+cx \/1+cx ) \/—1+cx \/1+cx

Result (type 4, 5734 leaves):

| 43

2 42
x/—d(—1+c2x2) (—Zazczdz—a d +£a2c“d2x2 - !
3 2x2 3
18 | =2 (1+cx)
l+cx
3/2
abczdz\/fd(flJrcx) (1+cx) 79cx712(£ (1+cx)3Ar‘cCosh[cx]+Cosh[3Ar‘cCosh[CX]] +ib2c2d2\/7d(71+cx> (1+cx)
l1+cx 54

6 27 ¢ x ArcCosh[c x] 3 ArcCosh[c x] Cosh[3 ArcCosh[c x]]
n _

-9 ArcCosh[cx]?+ (2+9ArcCosh[cx]?) Cosh[2ArcCosh[cx]]
-l+cx <1+CX) _1+c X (1+CX>
Al 1l+cx \] 1l+cx

Ea2 c2d*>? Log[x] + Ea2 c?d>? Log[d+\/?\/—d (-1+c2x?) | -
2 2

1 ArcCosh L 1 - j e@ArcCoshfcx] | _ 1+ j e-ArcCoshcx]
4abc2d2\/—d<—1+cx) (1+cx) |- X +Ar‘cCosh[cx]+]l retos [CXJ(Og{ re ] -Log[i+ie ]>+

f —’lljccxx (1+cx) f —’11:;: (1+cx)
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i (PolyLog [2, _ j @ArcCosh[cx] } _ PolyLog [2, i @ ArcCosh[cx] ] ) 1 Cab el g
+ 1abc

_1+C X (1+CX) \/*d <*1+CX> (1+CX>
1+CcXx
. -1+cx
l\l 1rcx (1+CX> 1'1(—1+cx) (1+cx)Ar‘cCosh[cx] _1+cCX ~1+cCX
- - + (1+cx) ArcCosh[cx] Log|[1- i e recoshiex)] — (1+cx)
l1+cx

c X c? x? 1+cX

-1l+cx -1l+cx
ArcCosh[c x] Log[lJr i e’A'"‘C“h[CX]} + (1+cx> PolyLog[Z, -i e’APC@Sh[CX]} - (1+ cx) PolyLog[Z, i e’Arcc“h[”]]
1+cx 1+cx

2 c x ArcCosh [c x] ) 1
- +ArcCosh[cx]“+

| —’11;;: (1 +C x) | —’11:;: (1 +C x)

i (ArcCosh[cx]? Log[1- i eArcoshiex] | _ ArcCosh[cx]? Log[1+ i e Arecoshlex] ] . 2 ArcCosh[c x] Polylog[2, —i e Arccoshiexl ]

2b2c2d2\/—d (—1+cx) (1+cx) 2

2 ArcCosh[c x] Polylog[2, i eArcoshiex] ] 1 2 polylog[3, -i e ArecoshicxI] _ 2 polyLlog|3, i e Arecoshiexl|) |

X (14¢ x) ArcCosh[c x]
d [ =2 (1+cx) ArcCosh[cx] |2+ e
1+cx cX
b? c2 2 R !
2cx\/—d(—1+cx) (1+cx) 2\/—d(—1+cx) (1+cx)
id lrcx (1+cx) 41‘1Ar‘cTan[Tanh[lAr‘cCosh[c x]]] +ArcCosh[c x]? Log[1 - i e recoshiex]] _ ApcCosh[c x]? Log[1 + i e Arecoshiex]] _
l1+cx 2
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4 1 ArcCosh[c x] ArcTan [Tanh [ 1 ArcCosh[c x] ] } Log [1 -1 e2iArCTan{TanhHAPCCOSh[CX]}} ] +4 1 ArcCosh[c x] ArcTan [Tanh [ 1 ArcCosh[c x] } ]

2 2
Log[l_'-j-(eziAPCTan{Tanh{;AI“CCOSh[CX]}}] +2Log[i x4 -1l+cx <1+CX) }ZLog[ 1 ]_
1+cx 17Tanh[iAr‘cCosh[cx}]
. -1+cx 2 2 ) 1
2Llog|-1 [cx+ 1+cx) || Log|- | -4 i ArcTan|[Tanh| = ArcCosh[cx] || Log|
1+cx —1+Tanh[%Ar‘cCosh[cx]} 2

1 1 , 1 1 2
1-Tanh|[ = ArcCosh[cx] || Log[-1+Tanh| = ArcCosh[cx]]] +4 i ArcTan|[Tanh| = ArcCosh[cx] || Log[-1+ Tanh| = ArcCosh[cx]]]" -

2 2 2 2
-1l+cx 2 1 i 1 1
2Llog[-1 [cx+ 1+cx) || Log| —+—) [7j+Tanh[—ArcCosh[cx}] | +2Log[1-Tanh[ = ArcCosh[cx] ]|
1+cx 2 2 2 2

1 2
| -2Log[-1+Tanh| = ArcCosh[cx]]]
2

1
Log[-1 +Tanh[EAr‘cCosh[c x] ]| Log]|

1 i , 1
=, _J (—1 + Tanh | = ArcCosh[c x] |
2 2 2

, (1-4) (~i+Tanh[2ArcCoshicx]]|
} Log[ }+
71+Tanh[§Ar'cCosh[c x] |

-1+cxXx

CX+

1 i 1
1 7} (7]1 +Tanh|[ = ArcCosh[c x] ]

Log|
2 2 2

| +2Log[-1

1
1+cX ( +CX)

1 1 (1-4) [~1+Tanh[*ArcCosh(cx] ]|
4]1Ar‘cTan[Tanh[fAr‘cCosh[c X] H Log[l—Tanh[fAr‘cCosh[c X] H Log[ 2
2 2 i+Tanh[§Ar‘cCosh[c x] |

(1-1) (—1+Tanh[§Ar‘cCosh[c X] ”

4 i ArcTan|Tanh| 1 ArcCosh[cx] || Log[-1+Tanh| 1 ArcCosh[cx] || Log|
2 2 ]'HTanh[iArcCosh[c x] |

]+

(1-1) (—1+Tanh[§ArcCosh[c x] ])

1 1 1 1
2Log[-1+Tanh| = ArcCosh[cx] || Log]| —+—] (7j+Tanh[—ArcCosh[cx}] | Log| |+
2 2 2 2 i+Tanh[§Ar‘cCosh[cx]}
-1+cCcxXx 2 1
2Logli |cx+ (1+cx)|] Log[(1-1) (i+Tanh[—Ar‘cCosh[cx}] ] -
l1+cx 2
1.cx , (1+4) [i+Tanh[2ArcCoshicx]])
2Logli [cx+ (1+cx)|] Log| 2 ] -
1+cx —1+Tanh[§Ar‘cCosh[cx]}
4log[-1i [cx+ “lrcx (1+cx) }Log[l[(1+J‘1)—(1—i)Tanh[lAr‘cCosh[cx1] ]Log[(l—j—J (1+Tanh[£Ar‘cCosh[cx}] ] -
l1+cx 2 2 2 2 2
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1 1 1 1 1 1
4Log|~ ((1+1‘L> - (1-1) Tanh[gAr'cCosh[cx]} ] Log[—1+Tanh[;Ar‘cCosh[cx}H Log| ;75) (1+Tanh[£Ar‘cCosh[cx]} |+
2
, “1+cx 1 i , 1 1 i 1
4log[-i |cx+ 1+cx)|] Log| —+—) [—1+Tanh[—Ar‘cCosh[cx]])] Log| ———] (1+Tanh[—Ar‘cCosh[cx]])} +
1+cxXx 2 2 2 2 2 2

1 iy 1 1 i 1
4log[-1 +Tanh[2Ar‘cCosh[ x]|] Log]| ;+E] (—1+Tanh[;Ar‘cCosh[cx}] ]Log[(;—;] (1+Tanh[;Ar‘cCosh[cx}] |+

) -

2 Log|

N |

((1+J’1)—<1 )Tanh[ ArcCosh[cx] ] |] Log| l—ji) {1+Tanh[ ArcCosh[c x] |
2 2 2 2

"+

1

2 Log| ;+§] (—j+Tanh[§Ar‘cCosh[cxH | Log| —%J (1+Tanh[2Ar~cCosh[ x] |

-1+cCcXx

) 1 1 ) 1 1 1 1
4Log[i [cx+ 1+cx)|] Log| 7;7;) [1+Tanh[—Ar‘cCosh[cx]} | Log| ;+;J (1+Tanh[;Ar‘cCosh[cx]} |+

2

1+cx

] -

4Llog[-1 +Tanh[ ArcCosh[cx] ]| Log|[|-=
2 2 2

| Log]|

1 1 1
| Log| —+—] (1+Tanh[—Ar‘cCosh[cx}]

2 2 2
]

1
411Ar‘cTan[Tanh[2Ar‘cCosh[ x]|] Log[1- Tanh[zAr‘cCosh[ x]]] Log[1+Tanh[;Ar‘cCosh[cx]}] -

1
(i + Tanh|[ = ArcCosh[c x] ]
2

1 i 1
2Log[ |-~ - —J (i + Tanh[ = ArcCosh[c x] |

1 i
—+—J (1+Tanh[ ArcCosh[c x] |
2 2 2

2 2 2

1
2Log[1- Tanh| ; ArcCosh[cx] || Log]

N |

[(1“1)7(1 )Tanh[ ArcCosh[cx] |

] Log[1+Tanh[lAr‘cCosh[c x]]] -
2 2

4 i ArcTan [Tanh[ ArcCosh[cx] || Log[-1+ Tanh[lAr‘cCosh[c x]]] Log[1+ Tanh[ ArcCosh[cx] || +
2 2 2

4Log[1 ((1+1‘1) - (1-1) Tanh[lAr'cCosh[cx]}
2 2

| Log[-1+ Tanh[ ArcCosh[cx] || Log[1+ Tanh[ ArcCosh[cx] || -
2 2

1
i+ Tanh|[ = ArcCosh[c x] |
2

(1-4i) (~1+Tanh[}ArcCoshcx] ]|

2Llog[-1 +Tanh[ ArcCosh[cx] || Log]
2

1 1 1
—+—] | Log[1+Tanh| = ArcCosh[cx]]] -
2 2 2

((1+ i) - (1-1) Tanh[lAr'cCosh[c x] |
2
2)
2

1 i 1
-=- f) (j + Tanh| = ArcCosh [c x] |
2 2 2

2 Log|

N |

| Log| ] Log[1+Tanh[EAr‘cCosh[c x]]]+
2

i+ Tanh| i ArcCosh[c x] |

N |

1 1 1
2Log[1—Tanh[;Ar‘cCosh[c X}H Log[ - j+Tanh[gAr'cCosh[c x]])} Log[1+Tanh[;Ar‘cCosh[c X}H -

4 Log[-1 +Tanh[ ArcCosh[cx] | ] Log]
2

]Log[1+Tanh[ ArcCosh|[c ]H +
2

(1-1) (—1+Tanh[%Ar‘cCosh[c X] ])

1 iy 1 1
== |1+ - + -t _
2 Log| | Log]| A 2) [ Tanh[2 ArcCosh[cx] | |] Log[1 Tanh[2 ArcCosh[cx] ||

1+ Tanh[iAr‘cCosh [cX] ]
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1 1 (1+1) (1+Tanh[lAr'cCosh[cx]])
4 i ArcTan|Tanh| = ArcCosh[c x] || Log[1 - Tanh|[ = ArcCosh[cx] || Log| 2

|+

2 2 i+Tanh{%Ar‘cCosh[c x] |
1 1 (1+1) (1+Tanh[lArccOsh[cx1])
411Ar‘cTan[Tanh[fAr‘cCosh[c X] H Log[—1+Tanh[7Ar‘cCosh[c X] H Log[ 2 } -
2 2 j+Tanh[iAr‘cCosh[c x] |
1 1 3 1 (1+1) (1+Tanh[lAr'cCosh[cx]”
2Log[-1+Tanh| = ArcCosh[cx] ]| Log[ |~ + —] (—i+Tanh[—Ar‘cCosh[c x]]|] Log[ 2 |+
2 2 2 2 j+Tanh[iAr‘cCosh[c x] |
1 1 1 (1+4i) (1+Tanh[%ArcCoshcx]])
2Log[f ((1+1‘L> - (1-1) Tanh[fAr'cCosh[cx]} } Log[1+Tanh[7Ar‘cCosh[cx]}] Log{ 2 ] -
2 2 2 i+Tanh[§Ar‘cCosh[c x] |
1 i 1 1 (1+1) (1+Tanh{lAr‘cCosh[c x}])
2Log[ |-~ - —J (i+Tanh[—Ar‘cCosh[c x]||] Log[1+Tanh| = ArcCosh[cx] || Log]| 2 | -
2 2 2 2

1+ Tanh[iAr‘cCosh [cXx] ]

1 1 1 , , 1
- - -1+ — — +i)+ (1-1 -

2 Log[1-Tanh|[ = ArcCosh[cx]|] Log[-1+Tanh|[ = ArcCosh[cx] || Log| [(1 ) + (1-1) Tanh| = ArcCosh[c x] |
2 2 2 2

|+

1 2 1 , , 1
2Log[—1+Tanh[;Ar‘cCosh[cx]}] Log[g (<1+1) +(1-1) Tanh{;Ar‘cCosh[cx]])} -

(1-1) (71+Tanh[iAr‘cCosh[c X] ”

1 1 1
2Log[-1+Tanh| = ArcCosh[cx] || Log| ]Log[—((1“1)+(1—1’1)Tanh[—Ar‘cCosh[cx]])]—
2 i+TanhEAr‘cCosh[cx}] 2 2
4Log[i [cx+ “lrcx (1+cx) ]Log[(l+j—] (1+Tanh[lAr‘cCosh[cx}] ]Log[l((1+1‘1)+(1—1‘1)Tanh[lAr‘cCosh[cx]} | -
l1+cx 2 2 2 2 2
1 1 1 1 1
4Log[—1+Tanh[£Ar‘cCosh[cx]}]Log[ £+E (1+Tanh[gArcCosh[cx]])}Log[g((1+J’1)+(1—J’1>Tanh[;Ar‘cCosh[cx]} |+
1 1 1 2 1 1
2 Log| ;+g] (1+Tanh[;Ar‘cCosh[cx]])] Log[;((1+J’1>+(1—J‘1)Tanh[gAr'cCosh[cx]} |+

1 1
2 Log[—l +Tanh[£Ar‘cCosh[c X] } ] Log[l +Tanh[;Ar‘cCosh[c X] H Log[

(1+1) (1+Tanh{%Ar‘cCosh[c x}])

]+

((1+ i)+ (1-1) Tanh[lAr‘cCosh[c x] ]
2

N |

1
2Log[-1+Tanh| = ArcCosh[cx] ]| Log]|

1
| Log| ((1+J’1)+(1—i>Tanh[7Ar‘cCosh[cx]}
2 j+Tanh[%Ar‘cCosh[cx]] 2

} .

N |

i(1+cx) (71+Tanh[iArcCosh[cx}])2

4 i ArcCosh[c x] ArcTan|[Tanh| 1 ArcCosh[cx] || Log[1-
2 2cx

} +
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i(1+cx) (71'1+Tanh[lA|"cCosh[cx]”2
2 ArcCosh[c x] Log[1 - i e Arecoshlexl | og[1 - 2

},

2CcXx

i(l+cx) (—j+Tanh[§Ar‘cCosh[cx]”2

2 ArcCosh[c x] Log[1+ i e Arecoshlexl | og[1 -

} +

1 i(l+cx) (—J‘L+Tanh[lAr‘cCosh[cx}])2
4 1 ArcCosh[c x] Ar‘cTan[Tanh[—Ar‘cCosh[c X] H Log[1+ 2 } -
2 2cx

2cCcx

i(1l+cx) (7]'1+Tanh[lAr'cCosh[cx]”2
2 ArcCosh[c x] Log[1 - i e Arecoshiexl | | og[1 + 2

} +
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2 ArcCosh[c x] Log[1+ i e Arecoshlex] | | og[1 + 2 |+
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i(l+cx) (—J'1+Tanh[lAr‘cCosh[cx}])2 i(l+cx) (—1'1JrTanh[lAr‘cCosh[cx}])2
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2cXx 2cx
i(1+cx) (7j+Tanh[lAr‘cCosh[cx}])2 i(1+cx) (71'1+Tanh[lAr'cCosh[cx}])2
2 |Log[1- 2 ] - Log[1+ 2 | | PolyLog[2, i eArccoshicx]] .
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+2Log[1-Tanh| 1 ArcCosh[cx] || PolyLog|2, -i g2 AreTan | Tanh S Arccosh [ x] | |-
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2Log|1+ Tanh| L Arccosh [cx] ]| Polylog|2, -i g2 Arctan[Tanh [ % arccosh e x1 ]| ]

2 i ArcTan {Tanh[%/—\r‘c(josh[c x] } } ] B
2

- 2ArcCosh[c x] PolyLog[2, i e

2 jArcTan{TanhB—Ar‘cCosh[c X] H } +2 Log {1 + Tanh [ 1 ArcCosh |

-1l+cx

}PolyLogZ -CX - 1+cx +
l1+cx
-1+cx

CX+ (1+cx) ]
1+cx

-1l+cx

2Log[1-Tanh| ! ArcCosh[cx] || PolyLog[2, i e
2

-1+cCcx

i ez i ArcTan {Tanh { %Ar‘cCosh [cX] } } }

PolyLog|2, -4 Log[-i |cx+ (1+cx)

1+cxXx

-1+cx -1+cx

1+cx) || Polylog|2, -cx- (1+cx)]+4Log[-1

l1+cx

4Llogi |cx+
l1+cx

-1+cCcXx -1l+cx

CX+ 1+CX

PolylLog[2, -1 -4 Llog[i [cx+ (1+cx)|] PolyLog[2, i |cx+ (1+cx)

1+cx }+

1+cx 1+cxXx

-1+cCcXx

1 i 1
4Log -1 |cx+ 1+cx PolyLog[Z, (—f— 1) [—1+Tanh[7Ar‘cCosh[cx]]
2 2 2

] +

1+cxXx
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] +

1 1 i 1
2Log[1—Tanh[;Ar‘cCosh[c X}H PolyLog[Z, (—;—g) [—1+Tanh{;Ar‘cCosh[c x}]

(1-4)

-1+ Tanh[ 2 ArcCosh [c X] ])

2 Log| ] -

]PolyLog[Z, (—l—]i) [—1+Tanh[lAr‘cCosh[cx]]
2 2 2

i+ Tanh[iAr‘cCosh [cx] |

1
2 Log[1+Tanh| 5 ArcCosh[cx] || PolyLog|2, (—

N |

1 1
- f) [—1+Tanh{7Ar‘cCosh[c x] |
2 2

] -

(1+1) (1+Tanh[§Ar‘cCosh[c X] H

1 i 1
2 Log| | PolyLog|2, [————] (—1+Tanh[—Ar‘cCosh[cx]} |-
j+Tanh[§ArcCosh[cx1] 2 2 2
. -1+cx 1 1 1
4Logi |cx+ (1+cx) || PolyLog|2, [——+—J (—1+Tanh[—Ar‘cCosh[cx]})} -
l1+cx 2 2 2

1 1 i 1
2Log[1—Tanh[;Ar‘cCosh[c X}H PolyLog[Z, (—;+*) [—1+Tanh[;Ar‘cCosh[c x}]

2

] -

]PolyLog[Z, (—E+£) {—1+Tanh[lAr‘cCosh[cx1]
2 2 2

(1-1) (—1+Tanh[iAr‘cCosh[c X] ])
2 Log|

]+

i+ Tanh[iAr‘cCosh [cx] |

|+

1 1 i 1
2 Log[1+Tanh[;Ar‘cCosh[c x] || PolyLog|2, (— 5 + ;) [—1+Tanh{;Ar‘cCosh[c x] |

(1+1) (1+Tanh[§Ar‘cCosh[c X] })

1 1 1
2 Log| | PolyLog|2, [——+—] (—1+Tanh[—Ar‘cCosh[cx]} |-
j+Tanh[§Ar‘cCosh[cx1] 2 2 2
. -1+cx 1 i 1
4Llog[-1i [cx+ (1+cx)|] PolyLog|2, (———J (1+Tanh[—Ar‘cCosh[cx}] ] -
l1+cx 2 2 2

(1-1) (—1+Tanh[%Ar‘cCosh[c X] H

| -2Log|

]

1 1 i 1
2 Log[l—Tanh[;Ar‘cCosh[c x] || PolyLog|2, (; - ;J (1+Tanh[;Ar‘cCosh[c x] |

1+ Tanh[iAr‘cCosh [cX] ]

1 i 1
Polylog|2, (———] (1+Tanh{—Ar‘cCosh[c x] |
2 2 2

1 1 i 1
| +2Log[1+Tanh| = ArcCosh[cx]]] Polylog|2, [—— —] (1+Tanh[—Ar‘cCosh[c x] |
2 2 2 2

|+

(1+1) (1+Tanh[§Ar‘cCosh[c X] })

1 1 1
2 Log| | PolyLog|2, [———) {1+Tanh[—Ar‘cCosh[cx]} |+
j+Tanh[iAr‘cCosh[cx}] 2 2 2
. -1+cx 1 1 1
4Log[i [cx+ (1+cx)|] PolyLog|2, [—+—] (1+Tanh[—Ar‘cCosh[cx]])] +
l1+cx 2 2 2
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(1-1) (—1+Tanh[§Ar‘cCosh[c x] })

1 1 1 1
2 Log[1- Tanh| = ArcCosh[cx] || PolyLog|2, (; + —) [1+Tanh[—Ar‘cCosh[c x] |

2L
2 2 2 | +2Log|

]

i+ Tanh[%Ar‘cCosh [cx]]

1 1 1
PolyLog[Z, (*Jrf] (1+Tanh[fArcCosh[c x}]
2 2 2

(1+i) (1+Tanh[%ArcCoshcx]])

1 1 1 1
] —2Log[1+Tanh[7Ar'cCosh[c X]H PolyLog[Z, [7+ f) (1+Tanh[7Ar'cCosh[c x]]
2 2 2 2

} _

2 Log|

] PolyLog[Z, [l + 1) [1 + Tanh[1 ArcCosh[c x] } } -2 PolyLog[B, — 1 @ ArcCoshlcx] } +
2

2 2

i+ Tanh[iArcCosh [cx] |

~1+cXx -1+cx

2Polylog(3, i e Arecoshicxl] _4polylog(3, -i |cx+ (1+cx)|] +4Polylog(3, i |[cx+

1
l1+cx 1+cx < +CX) }

Problem 199: Result more than twice size of optimal antiderivative.

(a+bArcCosh[cx] )2
J dx

Vd-c?2dx?
Optimal (type 3, 53 leaves, 1step):

V-1+cx V1+cx (aerAr'cCosh[cx])3

3bcvd-c?dx?
Result (type 3, 147 leaves):

N 14 c deczd 2
3ab | 2% (1.cx) ArcCosh[cx]? b2 | 2% (1,cx) ArcCosh[cx]® 3@° A"CTa”{ix : }
1+cx 1+cx d (-1:c2x?)
+ _

 d-c?d x? \ d-c?dx? Vd

3c

Problem 202: Result more than twice size of optimal antiderivative.

(a+bArcCosh[cx] )2
J dx

x3/d-c?dx?
Optimal (type 4, 430 leaves, 12 steps):
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bcvV-1+cx V1+cx (a+bArcCosh[cx]) +d-c?dx? (a+bArcCosh[cx])? c2+/-1+cx V1+cx (a+bArcCosh[cx])?ArcTan|eArccoshicx]]

— + —

xVd-cZdxZ 2dx? Vd-c2dx?

b2c2y/-1+cx Vi+cx ArcTan[v/-1+cx V1+cx | ibc?y/-1+cx Vi+cx (a+bArcCosh[cx]) PolylLog[2, - i eArccoshicx] |

- +

Vd-c2dx? Vd-c2dx?
ibc2V/-1+cx V1+cx (a+bArcCosh[cx]) Polylog|2, i eArccoshicx]]
Vd-c2dx?
ib2c2+/-1+cx VV1+cx Polylog|3, —iefrccoshiex] | jp2c2~/-1+cx V/1+cx Polylog|3, i eArccoshicx]]
Result (type 4, 5076 leaves):

aszd (-1+2x)  a2c2log[x] a2c? Log[d+ﬁ\/—d (-1+c2x?) | 1
_ N _

+

2dx? 2+d 2+/d \/_d<—1+cx) (1+cx)

-1+cXx
, \/ 1l+cx (1+CX> (—1+cx) (1+cx) ArcCosh [c x]
C

+

-1+cCcXx

N _i ~-ArcCosh[c x]}
2 2

abc (1+cx) ArcCosh[cx] Log[1-1ie

+

1+cXx

X c° X

-1+cX -1l+cx
;| Tirex <1+CX) ArcCosh[c x] LOg[lJrl'l efArcCosh[cx]} g === <1+cx> PolyLog[Z, i e*Af‘CCOSh[cx]} +
1+cxXx 1+cX
’11*;: (1+c x) ArcCosh[c x]
—lrex (1+cx) ArcCosh[cx] |2+
1+cx cX
-1l+cx
i | ——— (1+cx) Polylog[2, i e r<coshlcx]] | . p?c? -
l+cx 2ch—d(—1+cx) (1+cx)
1 -1+cCcXx

(1+cx) —4jArcTan[Tanh[lAr‘cCosh[c x] || +ArcCosh[c x]? Log[1 - i e Arecoshiex] ] _
1+cx 2

2\/fd (-1+cx) (1+cx)

ArcCosh[cx]? Log[1+ i e AreCoshicx]] _ 4§ ArcCosh[c x] ArcTan|Tanh | 1 ArcCosh[cx] || Log[1- i g2 ArcTanTanh [ S arccosh (] | ]

2
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4 i ArcCosh|[c x] Ar‘cTan[Tanh[lAr‘cCosh[c x]]] Log[1+JieziArCTan{TanhBAmC(’Sh[cX]}}] +2Log[i [cx+ “lrcx (1+cx)]}2
2 l1+cx
Log| ! | -2Log[-i |cx+ “lrex (1+cx) ]zLog[— 2 ] -
1—Tanh[§Ar‘cCosh[c x]] 1+cx —1+Tanh[§Ar‘cCosh[c x]]

. 1 1 1 , 1
4 i ArcTan|Tanh| = ArcCosh[c x] || Log[1 - Tanh| = ArcCosh[c x] || Log[-1+Tanh| = ArcCosh[cx]|] + 4 i ArcTan|Tanh| = ArcCosh[cx] ]|

2 2 2 2
1 2 . -1l+cx 2 1 i . 1

Log[—1+Tanh[7Ar'cCosh[cx]H —2Log[—n CX+ (1+cx) } Log[ -+ — —1+Tanh[fAr‘cCosh[cx}] ]+
2 l1+cx 2 2 2

1 1
2 Log[lfTanh[;Ar‘cCosh[c x]|] Log[-1 +Tanh[;Ar‘cCosh[c x] || Log|

1 1 1
=, _) (7]1+Tanh[—Ar‘cCosh[c x]]
2 2 2

]+

R (1-1) (—1+Tanh[%Ar‘cCosh[cx]”
|" Log| |+
71+Tanh[iAr‘cCosh[c X] ]

} _

1 2
2Llog[-1 +Tanh[;Ar‘cCosh[c x]|]" Log]

1 i , 1
-, _] (71 + Tanh|[ = ArcCosh[c x] |
2 2 2

) -1+cx
2Log[-1

CX+ <1+cx)

1+cxXx

1 1 (1-1) (—1+Tanh[lAr‘cCosh[cx1])
. 2

4 i ArcTan|Tanh| = ArcCosh[cx] || Log[1 - Tanh| = ArcCosh[cx]]] Log|

2 2 Ji+Tanh[§Ar'cCosh[c x]}

} _

(1-1) (71 +Tanh[§Ar‘cCosh[c X] ”

411Ar‘cTan[Tanh[lAr‘cCosh[c x]]] Log[—1+Tanh[1Ar‘cCosh[c x]|] Log| |+
2 2 i+Tanh[§Ar‘cCosh[c x] |
(1-4i) (~1+Tanh[*ArcCoshcx] ]|
| Log| : |+
i+Tanh[;Ar‘cCosh[c x] |

1
2Log[-1+Tanh[ = ArcCosh[cx] || Log]

1 i 1
1. 7] (711 +Tanh|[ = ArcCosh[c x] |
2

2 2 2

-l+cx 2 1
2Logli [cx+ (1+cx)|] Log[(1-1) (j+Tanh[fArcCosh[cx}] ] -
1+cx 2
1icx . (1+1) (1+Tanh[lAr‘cCosh[cx]])
2Log[i [cx+ (1+cx)|] Log| 2 ] -
1+cx 71+Tanh[§Ar‘cCosh[cx]}
4log[-i |cx+ “lrcx (1+cx) }Log[l[(1+J‘1)—(1—i)Tanh[1Ar‘cCosh[cx}] ]Log[(l—j—] (1+Tanh[lAr‘cCosh[cx]] | -
1+cXx 2 2 2 2 2
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1 1 1 1 1 1
4Log|~ ((1+1‘L> - (1-1) Tanh[gAr'cCosh[cx]} ] Log[—1+Tanh[;Ar‘cCosh[cx}H Log| ;75) (1+Tanh[£Ar‘cCosh[cx]} |+
2
, “1+cx 1 i , 1 1 i 1
4log[-i |cx+ 1+cx)|] Log| —+—) [—1+Tanh[—Ar‘cCosh[cx]])] Log| ———] (1+Tanh[—Ar‘cCosh[cx]])} +
1+cxXx 2 2 2 2 2 2

1 iy 1 1 i 1
4log[-1 +Tanh[2Ar‘cCosh[ x]|] Log]| ;+E] (—1+Tanh[;Ar‘cCosh[cx}] ]Log[(;—;] (1+Tanh[;Ar‘cCosh[cx}] |+

1 1 i 2
2L — 1+1) - (1- Tanh ArcCosh L - - — 1+ Tanh ArcCosh -
og[z(( +i) - (1-1) Tan [2 rcCosh[cx] | |] Log| A 2)( +Tan [2 rcCosh[cx] | |]
1 1 1 1 1 2
2Log[ 7+7] (—j+Tanh[7Ar‘cCosh[c x” ]Log[ *—fJ (1+Tanh[ ArcCosh|[c }] ] +
2 2 2 2 2 2
-1+cx 1 i 1 1 i 1
4Log[i [cx+ 1+cx)|] Log| 7—7—) []‘1+Tanh[—Ar‘cCosh[cx]} | Log| —+—J (1+Tanh[—Ar‘cCosh[cx]} |+
1+cx 2 2 2 2 2 2

4Llog[-1 +Tanh[ ArcCosh[cx] || Log[ |-~ | Log]| ] -

2 2 2

| Log]|

1 i 1
—_ —J (1+Tanh[—Ar‘cCosh[c x] |
2 2 2

]

1
411Ar‘cTan[Tanh[2Ar‘cCosh[ x]|] Log[1- Tanh[zAr‘cCosh[ x]]] Log[1+Tanh[;Ar‘cCosh[cx]}] -

1
(i + Tanh|[ = ArcCosh[c x] ]
2

1 i 1
2Log[ |-~ - —J (i + Tanh[ = ArcCosh[c x] |

1 i
—+—J (1+Tanh[ ArcCosh[c x] |
2 2 2

2 2 2

1
2Log[1- Tanh| ; ArcCosh[cx] || Log]

N |

[(1“1)7(1 )Tanh[ ArcCosh[cx] |

] Log[1+Tanh[lAr‘cCosh[c x]]] -
2 2

4 i ArcTan [Tanh[ ArcCosh[cx] || Log[-1+ Tanh[lAr‘cCosh[c x]]] Log[1+ Tanh[ ArcCosh[cx] || +
2 2 2

4Log[1 ((1+1‘1) - (1-1) Tanh[lAr'cCosh[cx]}
2 2

| Log[-1+ Tanh[ ArcCosh[cx] || Log[1+ Tanh[ ArcCosh[cx] || -
2 2

1
i+ Tanh|[ = ArcCosh[c x] |
2

(1-4i) (~1+Tanh[}ArcCoshcx] ]|

2Llog[-1 +Tanh[ ArcCosh[cx] || Log]
2

1 1 1
—+—] | Log[1+Tanh| = ArcCosh[cx]]] -
2 2 2

((1+ i) - (1-1) Tanh[lAr'cCosh[c x] |
2
2)
2

1 i 1
-=- f) (j + Tanh| = ArcCosh [c x] |
2 2 2

2 Log|

N |

| Log| ] Log[1+Tanh[EAr‘cCosh[c x]]]+
2

i+ Tanh| i ArcCosh[c x] |

N |

1 1 1
2Log[1—Tanh[;Ar‘cCosh[c X}H Log[ - j+Tanh[gAr'cCosh[c x]])} Log[1+Tanh[;Ar‘cCosh[c X}H -

4 Log[-1 +Tanh[ ArcCosh[cx] | ] Log]
2

]Log[1+Tanh[ ArcCosh|[c ]H +
2

(1-1) (—1+Tanh[%Ar‘cCosh[c X] ])

1 iy 1 1
== |1+ - + -t _
2 Log| | Log]| A 2) [ Tanh[2 ArcCosh[cx] | |] Log[1 Tanh[2 ArcCosh[cx] ||

1+ Tanh[iAr‘cCosh [cX] ]
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1 1 (1+1) (1+Tanh[lAr'cCosh[cx]])
4 i ArcTan|Tanh| = ArcCosh[c x] || Log[1 - Tanh|[ = ArcCosh[cx] || Log| 2

|+

2 2 i+Tanh{%Ar‘cCosh[c x] |
1 1 (1+1) (1+Tanh[lArccOsh[cx1])
411Ar‘cTan[Tanh[fAr‘cCosh[c X] H Log[—1+Tanh[7Ar‘cCosh[c X] H Log[ 2 } -
2 2 j+Tanh[iAr‘cCosh[c x] |
1 1 3 1 (1+1) (1+Tanh[lAr'cCosh[cx]”
2Log[-1+Tanh| = ArcCosh[cx] ]| Log[ |~ + —] (—i+Tanh[—Ar‘cCosh[c x]]|] Log[ 2 |+
2 2 2 2 j+Tanh[iAr‘cCosh[c x] |
1 1 1 (1+4i) (1+Tanh[%ArcCoshcx]])
2Log[f ((1+1‘L> - (1-1) Tanh[fAr'cCosh[cx]} } Log[1+Tanh[7Ar‘cCosh[cx]}] Log{ 2 ] -
2 2 2 i+Tanh[§Ar‘cCosh[c x] |
1 i 1 1 (1+1) (1+Tanh{lAr‘cCosh[c x}])
2Log[ |-~ - —J (i+Tanh[—Ar‘cCosh[c x]||] Log[1+Tanh| = ArcCosh[cx] || Log]| 2 | -
2 2 2 2

1+ Tanh[iAr‘cCosh [cXx] ]

1 1 1 , , 1
- - -1+ — — +i)+ (1-1 -

2 Log[1-Tanh|[ = ArcCosh[cx]|] Log[-1+Tanh|[ = ArcCosh[cx] || Log| [(1 ) + (1-1) Tanh| = ArcCosh[c x] |
2 2 2 2

|+

1 2 1 , , 1
2Log[—1+Tanh[;Ar‘cCosh[cx]}] Log[g (<1+1) +(1-1) Tanh{;Ar‘cCosh[cx]])} -

(1-1) (71+Tanh[iAr‘cCosh[c X] ”

1 1 1
2Log[-1+Tanh| = ArcCosh[cx] || Log| ]Log[—((1“1)+(1—1’1)Tanh[—Ar‘cCosh[cx]])]—
2 i+TanhEAr‘cCosh[cx}] 2 2
4Log[i [cx+ “lrcx (1+cx) ]Log[(l+j—] (1+Tanh[lAr‘cCosh[cx}] ]Log[l((1+1‘1)+(1—1‘1)Tanh[lAr‘cCosh[cx]} | -
l1+cx 2 2 2 2 2
1 1 1 1 1
4Log[—1+Tanh[£Ar‘cCosh[cx]}]Log[ £+E (1+Tanh[gArcCosh[cx]])}Log[g((1+J’1)+(1—J’1>Tanh[;Ar‘cCosh[cx]} |+
1 1 1 2 1 1
2 Log| ;+g] (1+Tanh[;Ar‘cCosh[cx]])] Log[;((1+J’1>+(1—J‘1)Tanh[gAr'cCosh[cx]} |+

1 1
2 Log[—l +Tanh[£Ar‘cCosh[c X] } ] Log[l +Tanh[;Ar‘cCosh[c X] H Log[

(1+1) (1+Tanh{%Ar‘cCosh[c x}])

]+

((1+ i)+ (1-1) Tanh[lAr‘cCosh[c x] ]
2

N |

1
2Log[-1+Tanh| = ArcCosh[cx] ]| Log]|

1
| Log| ((1+J’1)+(1—i>Tanh[7Ar‘cCosh[cx]}
2 j+Tanh[%Ar‘cCosh[cx]] 2

} .

N |

i(1+cx) (71+Tanh[iArcCosh[cx}])2

4 i ArcCosh[c x] ArcTan|[Tanh| 1 ArcCosh[cx] || Log[1-
2 2cx

} +
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i(1+cx) (71'1+Tanh[lA|"cCosh[cx]”2
2 ArcCosh[c x] Log[1 - i e Arecoshlexl | og[1 - 2

},

2CcXx

i(l+cx) (—j+Tanh[§Ar‘cCosh[cx]”2

2 ArcCosh[c x] Log[1+ i e Arecoshlexl | og[1 -

} +

1 i(l+cx) (—J‘L+Tanh[lAr‘cCosh[cx}])2
4 1 ArcCosh[c x] Ar‘cTan[Tanh[—Ar‘cCosh[c X] H Log[1+ 2 } -
2 2cx

2cCcx

i(1l+cx) (7]'1+Tanh[lAr'cCosh[cx]”2
2 ArcCosh[c x] Log[1 - i e Arecoshiexl | | og[1 + 2

} +

2cx
i (L+cx) (-i+Tanh[XArccoshicx]]|*
2 ArcCosh[c x] Log[1+ i e Arecoshlex] | | og[1 + 2 |+
2cx
i(l+cx) (—J'1+Tanh[lAr‘cCosh[cx}])2 i(l+cx) (—1'1JrTanh[lAr‘cCosh[cx}])2
2 Log[l— 2 ]—Log[1+ 2 ] PolyLog[ i @-ArcCoshic ]]7
2cXx 2cx
i(1+cx) (7j+Tanh[lAr‘cCosh[cx}])2 i(1+cx) (71'1+Tanh[lAr'cCosh[cx}])2
2 |Log[1- 2 ] - Log[1+ 2 | | PolyLog[2, i eArccoshicx]] .
2cx 2cx

21 ArcTan {Tanh { %ArcCosh [cx] } } ] 2 1 ArcTan {Tanh [ %Ar‘cCosh [cx] } } }

+2 Log[l —Tanh[lAr'cCosh[c X] } ] PolyLog[Z, -ie
2

2 i ArcTan {Tanh BAr‘cCosh [cx] } } ]

2 ArcCosh[c x] PolylLog [2, -ie

1
2Log|1+Tanh|[ = ArcCosh[cx] || PolyLog[2, -ie

2 i ArcTan {Tanh[%/—\r‘c(josh[c x] } } ] B
2

- 2ArcCosh[c x] PolyLog[2, i e

2 jArcTan{TanhB—Ar‘cCosh[c X] H } +2 Log {1 + Tanh [ 1 ArcCosh |

-1l+cx

}PolyLogZ -CX - 1+cx +
l1+cx
-1+cx

CX+ (1+cx) ]
1+cx

-1l+cx

2Log[1-Tanh| ! ArcCosh[cx] || PolyLog[2, i e
2

-1+cCcx

i ez i ArcTan {Tanh { %Ar‘cCosh [cX] } } }

PolyLog|2, -4 Log[-i |cx+ (1+cx)

1+cxXx

-1+cx -1+cx

1+cx) || Polylog|2, -cx- (1+cx)]+4Log[-1

l1+cx

4Llogi |cx+
l1+cx

-1+cCcXx -1l+cx

CX+ 1+CX

PolylLog[2, -1 -4 Llog[i [cx+ (1+cx)|] PolyLog[2, i |cx+ (1+cx)

1+cx }+

1+cx 1+cxXx

-1+cCcXx

1 i 1
4Log -1 |cx+ 1+cx PolyLog[Z, (7773) [—1+Tanh[7Ar‘cCosh[cx]]
2 2 2

] +

1+cxXx
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] +

1 1 i 1
2Log[1—Tanh[;Ar‘cCosh[c X}H PolyLog[Z, (—;—g) [—1+Tanh{;Ar‘cCosh[c x}]

-1+ Tanh[ 2 ArcCosh [c X] ])

(1-4)

2 Log| ] -

]PolyLog[Z, (—l—]i) [—1+Tanh[lAr‘cCosh[cx]]
2 2 2

i+ Tanh[iAr‘cCosh [cx] |

1
2 Log[1+Tanh| 5 ArcCosh[cx] || PolyLog|2, (—

N |

1 1
- f) [—1+Tanh{7Ar‘cCosh[c x] |
2 2

] -

(1+1) (1+Tanh[§Ar‘cCosh[c X] H

1 i 1
2 Log| | PolyLog|2, [————] (—1+Tanh[—Ar‘cCosh[cx]} |-
j+Tanh[§ArcCosh[cx1] 2 2 2
. -1+cx 1 1 1
4Logi |cx+ (1+cx) || PolyLog|2, [——+—J (—1+Tanh[—Ar‘cCosh[cx]})} -
l1+cx 2 2 2

1 1 i 1
2Log[1—Tanh[;Ar‘cCosh[c X}H PolyLog[Z, (—;+*) [—1+Tanh[;Ar‘cCosh[c x}]

2

] -

]PolyLog[Z, (—E+£) {—1+Tanh[lAr‘cCosh[cx1]
2 2 2

(1-1) (—1+Tanh[iAr‘cCosh[c X] ])
2 Log|

]+

i+ Tanh[iAr‘cCosh [cx] |

|+

1 1 i 1
2 Log[1+Tanh[;Ar‘cCosh[c x] || PolyLog|2, (— 5 + ;) [—1+Tanh{;Ar‘cCosh[c x] |

(1+1) (1+Tanh[§Ar‘cCosh[c X] })

1 1 1
2 Log| | PolyLog|2, [——+—] (—1+Tanh[—Ar‘cCosh[cx]} |-
j+Tanh[§Ar‘cCosh[cx1] 2 2 2
. -1+cx 1 i 1
4Llog[-1i [cx+ (1+cx)|] PolyLog|2, (———J (1+Tanh[—Ar‘cCosh[cx}] ] -
l1+cx 2 2 2

(1-1) (—1+Tanh[%Ar‘cCosh[c X] H

1 1 i 1
2 Log[l—Tanh[;Ar‘cCosh[c x] || PolyLog|2, (; - fJ (1+Tanh[7Ar‘cCosh[c x] |

-2Lo
2 2 ] g[

]

1+ Tanh[iAr‘cCosh [cX] ]

1 i 1
Polylog|2, (———] (1+Tanh{—Ar‘cCosh[c x] |
2 2 2

1 1 i 1
| +2Log[1+Tanh| = ArcCosh[cx]]] Polylog|2, [—— —] (1+Tanh[—Ar‘cCosh[c x] |
2 2 2 2

|+

(1+1) (1+Tanh[§Ar‘cCosh[c X] })

1 1 1
2 Log| | PolyLog|2, [———) {1+Tanh[—Ar‘cCosh[cx]} |+
j+Tanh[iAr‘cCosh[cx}] 2 2 2
. -1+cx 1 1 1
4Log[i [cx+ (1+cx)|] PolyLog|2, [—+—] (1+Tanh[—Ar‘cCosh[cx]])] +
l1+cx 2 2 2
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(1-1) (—1+Tanh[§Ar‘cCosh[c x] })

1 1 1 1
2 Log[1- Tanh| = ArcCosh[cx] || PolyLog|2, (; + —) [1+Tanh[—Ar‘cCosh[c x] |

2L
2 2 2 | +2Log|

]

i+ Tanh[%Ar‘cCosh [cx]]

} _

1 1 1
PolyLog[Z, (*Jrf] (1+Tanh[fArcCosh[c x}]
2 2 2

(1+i) (1+Tanh[%ArcCoshcx]])

1 1 1 1
] —2Log[1+Tanh[7Ar'cCosh[c X]H PolyLog[Z, [7+ f) (1+Tanh[7Ar'cCosh[c x]]
2 2 2 2

2 Log|

} - 2PolylLog [3, _j @-ArcCoshcx] } .

]PolyLog[Z, [l+£) [1+Tanh[1Ar‘cCosh[c x]}
2 2

]‘1+Tanh[iArcCosh[cx]] 2

-1l+cX

2Polylog(3, i e Arecoshicxl] _4polylog(3, -i |cx+ (1+cx) | +4PolyLog[3, i [cx+ (1+cx) ]

l1+cx

Problem 212: Result more than twice size of optimal antiderivative.

(a+bArcCosh[cx] )2
J dx

x3 (dfczdxz)B/2

Optimal (type 4, 650 leaves, 27 steps):

bcvV-1+cx V1+cx (a+bArcCosh[cx]) 3c2(a+bArcCosh[cx])?

+ —

dxd-c2dx? 2dV/d-c2dx?*
(a+bArcCosh[cx])? 3c2y/-1+cx V/1+cx (a+bArcCosh[cx])?ArcTan]|eArccoshicx] |
2axd- T aa-cax )
b?c2v/-1+cx V1+cx ArcTan[v/-1+cx V1+cx | 4bc2v/-1+cx V1+cx (a+bArcCosh[cx]) ArcTanh|eArecoshicx] |
aVa-cian ) NeErrra )
2b2c2/-1+cx VJ1+cx PolyLog[Z, —eA"c“h[cx]} 3ibc2/-1+cx VJ1+cx (a+bAr‘cCosh[c x}) PolyLog[Z, -1 eA'”CC“‘h[CX]]
NrErrra ) dva-ctaxt )
3ibc?2V/-1+cx V1+cx (a+bArcCosh[cx]) Polylog|[2, i efrccoshicx]] i 2b?c2+/-1+cx V1+cx Polylog|2, eArccoshicx] | )
dvVd-c2dx® dvVd-c2dx®

3ib?c?y/-1+cx V/1+cx Polylog[3, -i efrccoshicxl ] 34 b2c2~/-1+cx V/1+cx Polylog|3, i efrccoshicx] ]

d+/d-c?dx? d+/d-c?dx?
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Result (type 4, 5400 leaves):

3a2c?log[x] 3a2c’log[d+d [-d(-1+c*x?) |
' 2d3%2 . 2 d3/2

a2 a2 c?

J-d (-1 2] |- -

2d2x2 d? (—1+c2x2)

1 1 . -1l+cx
“b2c? i (1+cx)
d 2\/—d(—1+cx) (1+cx) 1+cx

1
-4 i ArcTan[Tanh| = ArcCosh[c x] | ] + 3 ArcCosh[c x]? Log[1 - i e Arccoshiex] | _

2
3 ArcCosh[cx]2Log |1+ i e AreCoshlex]] _ 12 j ArcCosh[c x] Ar‘cTan[Tanh[lAr‘cCosh[c x]|| Log[1-1 e2“rda"{“”h{i’”cc"s“[‘X]}}] +
2
12 i ArcCosh[c x] Ar‘cTan[Tanh[lArcCosh[cﬂH Log[1+Jie2“NTa"{TanhBA"COSh[Cx]}}]+6Log[i CX+ “lrcx (1+cx) }2
2 l+cx
Log | ! | -6Log[-1i [cx+ Slrex 1+cx) }zLog[— 2 | -
1—Tanh[iAr‘cCosh[c x] | l+cx —1+Tanh[§Ar‘cCosh[c x] |

1 1 1
12 i ArcTan [Tanh[; ArcCosh[cx] | ] Log[1 - Tanh| N ArcCosh[cx] || Log[-1+Tanh| N ArcCosh[cx] || +

-1l+cx

CX+ 1+cx) ]2

. 1 1 2 )
12 i ArcTan|Tanh| = ArcCosh[c x] || Log[-1+ Tanh[ = ArcCosh[cx] || - 6Log|-1

2 2 l1+cx

1 1
| +6Log[1-Tanh| = ArcCosh[cx]]] Log[-1+Tanh[ = ArcCosh[cx] ]|
2 2

1 1 , 1
Log| —+—) [—1+Tanh[—Ar‘cCosh[cx}]

2 2 2

1 i , 1
—+—) [—1+Tanh[—Ar‘cCosh[ch] ]+

1 2
| -6Log[-1+Tanh| = ArcCosh[cx]]|]" Log]
2 2 2

2

1 i . 1
z, _) [—1 + Tanh| = ArcCosh[c x] |
2 2 2

Log|

1 Log (1-4i) (-i+Tanh[> Arccoshicx] ]| |
—1+Tanh[§Ar‘cCosh[c x] |

-1+cX

(1+cx)

6Log[—1’1 CX+
1+cx

(1-1) (—1+Tanh[iAr‘cCosh[c X] ])

} _

12 1 ArcTan [Tanh [ 1 ArcCosh[c x] } ] Log [1 - Tanh [ 1 ArcCosh[c x] ] } Log[
2 2 Ji+Tanh[§Ar‘cCosh[c x] |

(1-1) (—1 +Tanh[%Ar‘cCosh[c X] ”

|+

12 i ArcTan|Tanh]| 1 ArcCosh[cx] || Log[-1+Tanh| 1 ArcCosh[cx] || Log|
2 2 J'L+Tanh[iArcCosh[c x}]
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(1-1) (71 +Tanh[§Ar‘cCosh[c x] ”

1 1 i , 1
6Log[71+Tanh[;Ar‘cCosh[cx}H Log| —+—J (71+Tanh[—Ar‘cCosh[cx]} | Log| |+

2 2 2

i+ Tanh[%Ar‘cCosh [cx]]

. -1+cCcX 2 ) . 1
6Log|i |cx+ (1+cx)|] Log|(1-1) [1+Tanh[—Ar‘cCosh[cx]} | -
1+cx 2
_ 1+1) (1+Tanh[2ArcCosh[cx]
6Log[i |cx+ 1rex (1+cx) }2Log[( )( [2 })]
1+cx —1+Tanh[§Ar‘cCosh[cx}]
-1+cx 1 ) ) 1 1 i 1
12 Log|[-1i [cx+ (1+cx) Log[f[(1+1)—(1—1)Tanh[7Ar‘cCosh[cx}] ]Log[(f—f] (1+Tanh[fAr‘cCosh[cx}] ] -
1+cx 2 2 2 2 2
1 1 1 1 1
12 Log — 1+11 - Tanh Ar‘cCosh[ ]} }Log[ 1+ Tanh[ ArcCosh|c }H Log[ f) (1+Tanh[7Ar‘cCosh[c x]} }+
2 2 2 2
-1l+cx i 1
12 Log[-1 |cx+ / (1+cx)|] Log| —+—) [—1+Tanh[ ArcCosh[c x] | ]Log[ ] (1+Tanh[;Ar‘cCosh[cx]])} +
1+cx
1 1 1 i 1
12 Log[ +Tanh Ar‘cCosh H Log[ 7+7] (—1+Tanh[ ArcCosh|[c }] ]Log[ 7] (1+Tanh[ ArcCosh[c x}] ]+
2 2 2 2 2 2 2
1 , 1 i 1 2
6Log|— ((1+1) - (1-1) Tanh[ ArcCosh[cx] | |] Log[(f— f] (1+Tanh[7ArcCosh[cx}] " -
2 2 2 2 2
1 Jl 1 1 1 2
6 Log| oS 71+Tanh ArcCosh[ x]]|] Log[ —) [ +Tanh[ ArcCoshlcx]]|]"+
2 2 2 2
-l+cx 1 ) 1 1 i 1
12 Log[i |cx + (1+cx)|] Log[|-= —) [1+Tanh[—Ar‘cCosh[cx]} | Log| —+—) (1+Tanh[—Ar‘cCosh[cx]} |+
l1+cx 2 2 2 2 2
1 i 1 1 i 1
12 Log[-1 + Tanh| Ar‘cCosh cx]]] Log[|- ——J (1+Tanh[—Ar‘cCosh[c x]]|] Log| —+—J (1+Tanh[—Ar‘cCosh[c x1]|]-
2 2 2 2 2 2 2

]

. 1 1
12 i ArcTan [Tanh[; ArcCosh[cx] || Log[1 - Tanh| N ArcCosh[cx] || Log[1 + Tanh [ A ArcCosh[cx] | ] -

1 iy 1 1 i 1
6 Log| ————] [1+Tanh[—Ar‘cCosh[cx]])} Log| —+—) [1+Tanh[—Ar‘cCosh[cx]}
2 2 2 2 2 2

6Log[1—Tanh[1Ar‘cCosh[c x]]] Log[1 ((1+1’L) - (1-1) Tanh[ ArcCosh[c x] |
2 2 2

| Log[1 +Tanh[1ArccOsh[c x1]] -
2

. 1 1 1
12 i ArcTan [Tanh[f ArcCosh[c x] } ] Log[—l + Tanh[g ArcCosh[c x] } ] Log[l + Tanh [ g ArcCosh [c x] ] } +
2
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12 Log[l ((1+1’1) - (1-1) Tanh[lAr‘cCosh[cx]}

] Log[—1+Tanh[lAr‘cCosh[c x]]] Log[1+Tanh[lAr‘cCosh[c x]]] -
2 2 2

2

1
[ —

1
6 Log[-1+Tanh|[ = ArcCosh[cx] || Log]|

1
(—Ji + Tanh|[ = ArcCosh[c x] |
2

2
(1-1) (71+Tanh[iArcCosh[c X] ])

1
| Log[1+ Tanh| = ArcCosh[cx]]] -
2

6 Log|

N |

[(1+ i) - (1-14) Tanh[lAr‘cCosh[c x] |

A | Log|

1
| Log[1 + Tanh| = ArcCosh[cx]]] +
2

i + Tanh | > ArcCosh[cx] |

| Log[1 +Tanh[1Ar'cCosh[c x]]] -

1
6 Log[1 - Tanh[ = ArcCosh[cx] || Log| A

1 1 1
- —J (Ji + Tanh[ = ArcCosh[c x] |
2 2 2

2

| Log[1 +Tanh[1Ar'cCosh[c x]]]+

1
12 Log[-1+ Tanh| = ArcCosh[cx] | | Log| A

2
(1-4i) (~1+Tanh[?ArcCoshcx] ]|

1 1 1
-=- —J (Ji + Tanh[ = ArcCosh[c x] |
2 2 2

] Log[l +Tanh[1Ar‘cCosh[c X] H -

6 Log|
2

i 1
} Log[ —f] (1‘1+Tanh[7Ar‘cCosh[cx}]

2 2

N |

i+ Tanh| i ArcCosh[c x] |

(1+1) (1+Tanh[§Ar‘cCosh[c X] ])

12 1 ArcTan [Tanh[l ArcCosh[cx] || Log[1 - Tanh| 1 ArcCosh[cx] || Log|
2 2 j+Tanh[§Ar‘cCosh[c X] }

|+

(1+1) (1+Tanh[§Ar‘cCosh[c x] ])

12 jAr‘cTan[Tanh[lAr‘cCosh[c x]]] Log[71+Tanh[lAr'cCosh[c x]|] Log| | -
2 2 Ji+Tanh[%Ar‘cCosh[c x] |

1+1i) (1+Tanh[2ArcCosh[c x]
g ) o I

1
6 Log[-1+Tanh| = ArcCosh[cx] ]| Log]|

1 i 1
i —J (-]1 + Tanh[ = ArcCosh[c x] |

2 2 2 2 j+Tanh[§Ar'cCosh[c x] |
1 1 1 (1+1) (1+Tanh[lAr‘cCosh[cx}])
6 Log| — [(1+1’1) - (1-14) Tanh| = ArcCosh[cx] | || Log[1+ Tanh| — ArcCosh[cx] ]| Log| 2 |-
2 2 2 j+Tanh[§Ar~cCosh[c x] |
1 i 1 1 (1+1i) [1+Tanh[2ArcCoshicx]])
6Log[ -—- f] [J‘L+Tanh[7Ar‘cCosh[cx]] } Log[1+Tanh[7Ar‘cCosh[cx]]} Log[ 2 ] -
2 2 2 2 j+Tanh[§ArcCosh[c x] |

} +

1 1 1 ) . 1
6 Log[1 - Tanh|[ = ArcCosh[cx] || Log[-1+ Tanh[ = ArcCosh[cx] | ] Log[~ ((1+1) +(1-1) Tanh[ = ArcCosh[c x] |
2 2 2 2

] -

1 2 1 _ , 1
6 Log[-1+Tanh| = ArcCosh[cx]]]|" Log[~ [(1+1) + (1-1) Tanh[ = ArcCosh[c x] |
2 2 2

(1-1) (—1+Tanh[%Ar‘cCosh[c x}])

6Log[—1+Tanh{lArcCosh[cx1H Log| | Log] ((1+Ji> +(1-1) Tanh[lAr‘cCosh[cx]} ] -
2 2

N | =

1 + Tanh [ i ArcCosh[c x] }
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-1+cX

(1+cx)|] Log| | Log|

} _

1 i 1
—_ 7] (1+Tanh[fAr‘cCosh[c x] |
2 2 2

N |

((1+ i)+ (1-1) Tanh[lAr'cCosh[c x] |
2

12Log[1’1 CX+
l1+cx

1
12 Log[-1 +Tanh[;Ar‘cCosh[c x]|] Log|

|+

1 1 1
—_ —] (1+Tanh[—Ar‘cCosh[c x]])} Log |
2 2 2

N |

((1+1’1) +(1-1) Tanh[lAr‘cCosh[c x] |
2
]+
1 1 1 , _ 1
6 Log|-1+Tanh| = ArcCosh[cx] ]| Log[1+ Tanh| = ArcCosh[cx] || Log| = ((1+1) +(1-1) Tanh[ = ArcCosh[c x] |

2 2 2 2
(1+1) (1+Tanh[§Ar‘cCosh[c x] ])

1 1 1
6Log|| =+ —) (1+Tanh[—Ar‘cCosh[c x] |

2 2 2

]ZLog[i [(1+J‘L) +(1-1) Tanh[%Ar‘cCosh[cx}]

|+

6 Log[71+Tanh[lArcCosh[c x]|] Log|
2 i+ Tanh[%Ar‘cCosh[c x] |

| Log|

] _

N |-

((1“'1) +(1-14) Tanh[lArcCosh[c x] |
2

i(1+cx) (—J‘L+Tanh{%Ar‘cCosh[cx1])2

12 i ArcCosh[c x] ArcTan|Tanh| 1 ArcCosh[cx] || Log[1 -
2 2cx

|+

i(1+cx) (—i+TanhEAr‘cCosh[cx}])2

6 ArcCosh[c x] Log |1 - i e Arecoshiex]] | og[1 - ] -
2cX
i(1+cx) (—i+Tanh[lAr‘cCosh[cx}])2
6 ArcCosh[c x] Log |1 + i e Arccoshiex]] | og[1 - 2 |+
2cX

1 i(1+cx) (—]'].+Tanh[lAl"CCOSh[CX}])2
12 i ArcCosh[c x] ArcTan|[Tanh|[ = ArcCosh[c x] | | Log[1 + 2
2 2cx

} _

i(1+cx) (—j+Tanh[§Ar‘cCosh[cx}])2

6 ArcCosh[c x] Log[1 - i e Arecoshiexl] | og[1 + |+

2cCcX

i(1+cx) (—j+Tanh[§Ar‘cCosh[cx]])2

6 ArcCosh[c x] Log[1 + i e Arecoshiexl] | og[1 + |+
2cx
i(1+cx) (71'1JrTanh[lAr‘cCosh[cx]”2 i(1+cx) (71'1JrTanh[lAr'cCosh[cx]”2
6 |Log[1- 2 | - Log[1+ 2 ] | PolyLog[2, - i eArecoshicx]] _
2cx 2cx
i(1+cx) (—Ji+Tanh[lAr‘cCosh[cx]”2 i(1+cx) (—J’l+Tanh[lAr‘cCosh[cx]})2
6 |Log[1- 2 | - Log[1+ 2 ] | PolyLog|[2, i eArccoshicx]]
2cx 2cx

2 i ArcTan {Tanh { %Ar‘cCosh [cXx] } } } 2 i ArcTan {Tanh {%Ar‘cCosh [cx] } } ] B

1
6 ArcCosh[c x] Polylog[2, -ie +6Log[1-Tanh[ = ArcCosh[cx] || Polylog|2, -ie
2

6 Log[1 + Tanh| 1 ArcCosh[cx] || PolyLog[2, - i g2 & ArcTan[Tanh | 2 arccoshc x] | | - 6ArcCosh[cx] PolyLog[2, i g2 ArcTanTanh[ L arcCosh (e x] | |-
2
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2 i ArcTan {Tanh { ArcCosh[c x] } }

6 Log[1 - Tanh[ = ! ArcCosh[cx] || PolyLog[2, ie +6Log |1+ Tanh [ ! ArcCosh|
2

-1l+cx -1+cx
PolyLog[Z 1@21’“‘“3”{“””{ APCCOShCXH]—lz Log -1 |cx+ 1+cx PolyLog 2 -CX- 1+cx +
l1+cx 1+cx
) -1l+cx -1l+cx -1l+cx
12 Log[i |cx+ (1+cx)|]PolyLog[2, -cx - (1+cx)]+12Log[-1 [cx+ (1+cx)
1+cx l+cx l+cx
) -1+cx ) -1+cx ) -1+cx
Polylog[2, -i |cx+ (1+cx)|]-12Log[d [cx+ (1+cx)|] PolyLog[2, i |cx+ 1+cx)|]+
1+cx l1+cx l1+cx
) -1+cx 1 i 1
12 Log[—l CX+ 1+cx) }PolyLog[Z, (—f—f] (—1+Tanh[fAr‘cCosh[cx]] ]+
l1+cx 2 2 2

|+

1 1 i 1
6 Log[1 - Tanh[ = ArcCosh[c x] | | PolyLog|2, [—;—;J (—1+Tanh[;Ar‘cCosh[cx]}
2

(1-1) (—1+Tanh[§Ar‘cCosh[c x] ])

1 1 1
6 Log| | PolyLog|2, [7;7 ;] (71+Tanh[—Ar'cCosh[c x] |

2

} _

i+ Tanh| % ArcCosh[c x] |

} ,

1 1 1 1
6Log[1+Tanh[7Ar'cCosh[cx]}] PolyLog[Z, [—g—;] (—1+Tanh[gAr'cCosh[cx]}
2

(1+1) (1+Tanh[%ArcCoshicx]])

6 Log| ] -

] PolyLog[Z, (—

N |-

i 1
- f) [—1+Tanh[fAr‘cCosh[c x] |
2 2

i+ Tanh| i ArcCosh[cx] |

-1+cCcX

(1+cx) ] -

1 1 1
]PolyLog[Z, (77+7J (—1+Tanh[7Ar‘cCosh[cx]]
2 2 2

12Log[1’1 CX+
l1+cx

} _

1 1 1 1
6 Log[1 - Tanh[ = ArcCosh[cx] | | PolyLog|2, [—;+;J (—1+Tanh[EAr‘cCosh[cx]}
2

(1-1) (—1+Tanh[iAr‘cCosh[c x] ])

1 i 1
6 Log| | PolyLog|2, [7;+ —] (—1+Tanh[—Ar‘cCosh[c x] |

2 2

} +

i+ Tanh| % ArcCosh[c x] |

1 1 i 1
6Log[1+Tanh[gAr'cCosh[cx]}] PolyLog[Z, [75+;] (—1+Tanh[gAr'cCosh[cx]}

} +
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(1+1) (1+Tanh[%Ar‘cCosh[c X] ])

1 1 1
6 Log| | Polylog|2, (——+—) [—1+Tanh{—Ar‘cCosh[cx}] ] -
j+Tanh[§Ar‘cCosh[cx]} 2 2 2
. -1l+cx 1 1 1
12 Log[-i |ex+ (1+cx)|] PolyLog]|2, (*—*) (1+Tanh[7Ar‘cCosh[cxH ] -
l+cx 2 2 2

1 1 1 1
6Log[1—Tanh[—Ar‘cCosh[cx]}] PolyLog[Z, [;——) [1+Tanh[;Ar‘cCosh[cx]}
2

(1-4i) (~1+Tanh[?ArcCoshcx] ]|

} _

6 Log|

} +

| PolyLog|2, (37 ji) [1+Tanh[1Ar‘cCosh[c x] |
2 2

i+ Tanh| i ArcCosh[c x] |

1 1 1 1
6Log[1+Tanh[;Ar‘cCosh[c X]H PolyLog[Z, [;_E) [1+Tanh[;Ar‘cCosh[c x]}

(1+1) (1+Tanh[§Ar‘cCosh[c X] ])

]+

6 Log|

|+

1 i 1
| Polylog|2, (—— —J (1+Tanh{—Ar‘cCosh[c x] |
2 2 2

i + Tanh[ > ArcCosh[c x] ]

-l+cxX
12 Log|[1i

1 i 1
cx+ 1+cx) || PolyLog|2, (;Jff] (1+Tanh[7ArcCosh[cx]])] +

1+cx 2 2

} +

1 1 1 1
6Log[1—Tanh[7Ar'cCosh[cx]}] PolyLog[Z, [;+g) [1+Tanh[gAr‘cCosh[cx]}
2

(1-4i) (~1+Tanh[?ArcCoshcx] ]|

1 i 1
og olyLog |4, | —+ — + lann| — Arctosn|C X
6 Log| | Polylog|2 {2 )[1 Tanh| = ArcCosh[cx] |

2 2

} _

i+ Tanh| i ArcCosh[c x] |

} .

1 1 i 1
6Log[1+Tanh[;Ar‘cCosh[c x]|] PolyLog|2, {;+ ;) [1+Tanh[;Ar‘cCosh[c x] |

(1+1) (1+Tanh[%Ar‘cCosh[c X] ])

6 Log Polylog|2, 1 + L 1+ Tanh ! ArcCosh [c x] -6 Polylog[3, -1 eArcCoshlex]]
2 2 2

i + Tanh[ > ArcCosh[cx] ]

-1+cXx -1+cCcXx

(1+cx)|]+12Polylog[3, i |cx+ (1+cx) +

]

l1+cx

6 PolylLog[3, i e ArCoshicxl| _ 12 polylog|3, -1 {c X +
1+cx

1 -1l+cCcXx -1+cCcXx

4 (1+cx) PolylLog |2, —eArcoshicx]] _4
2\/7d(71+cx> (1+cx) 1+cx 1+cx

(1 +C X) PolyLog [2) @-Arccosh[cx] } B
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-1l+cXx
2\[ 1rcx (1+CX> (—1+cx) (1+cx) ArcCosh[c x]

ArcCosh[c x] + + 2 ArcCosh[c x] Cosh[lAr‘cCosh[c x}]z—
X c2 x? 5
a | (1 ox) Lo et ] va | RN (14 cox) Log[1+ e M (X) | 2 ArcCosh(c x] Sinh| > Arccoshc x|’
l+cx l+cx 5
-1+cx
1 b _\/?(1+CX>_(1+CX> (1+zx2Ar‘cCosh[cx]_
d\/—d(—1+cx) (1+cx) cx 2 x

1
2 ArcCosh[c x] Cosh| = ArcCosh[c x] ]2 +

2
314 “lrex (1+cx) ArcCosh[cx] Log[1 - i e Arecoshiex]]
l1+cx
33 “lrcx (1+cx) ArcCosh[c x] Log[1+je’A”cc°Sh[cx]] -
l1+cx
-l+cx 1
2 (1+cx) Log[Cosh[ = ArcCosh[cx]]] +
l1+cx 2
-1+cx . 1
2 (1+cx) Log[Sinh| = ArcCosh[cx]]] +
1+cx 2
3i -1+cCcXx (1+CX) PolyLog[Z, _i <e%urcCosh[cx]} _
l1+cx
3 -1+cx (1+CX> PolyLog[Z, ]-lefAr‘cCosh[CX]] i

l1+cx
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-1l+cx 1
———— (1+cx) ArcCosh[c x] Tanh[ = ArcCosh[c X] |

1+cx 2

Problem 222: Result more than twice size of optimal antiderivative.

(a+bArcCosh[cx])?
J dx

x3 (d—czdxz)S/2

Optimal (type 4, 796 leaves, 41 steps):

b2 2 bcvV-1+cx V1+cx (a+bArcCosh[cx]) 2bc3x+/-1+cx V1+cx (a+bArcCosh[cx]) 5c2 (a+bArcCosh[cx])?
_ . _ . _
3d2+/d-c2dx? d?x (1-c2x?) Vd-c?dx? 3d? (1-c2x?) Vd-c?dx? 6d(d—C2dX2)3/2

(a+bAr‘cCosh[cx])2 5c? (a+bArcCoshcx])? 5c2+/-1+cx V/1+cx (a+bAr‘cCosh[cx])zAr‘cTan[eA"C“h[cx]}
+ +

2dx* (d-c2dx?)*? 2d2/d-c2dx® d>d-c2dx?

b?c2y/-1+cx V1+cx ArcTan[v/-1+cx V1i+cx | 26bc?+/-1+cx Vi+cx (a+bAr'cCosh[cx])Ar'cTanh[eA'"CC"Sh[‘X]]
NFECITS ) N )

13b2c2+/-1+cx /1+cx Polylog[2, -efrccoshicx] | 54 bc2/-1+cx /1+cx (a+bArcCosh[cx]) Polylog[2, - i eArccoshicx] ]
302d-cTdxd _ @ d T dxT

5ibc?y/-1+cx V1+cx (a+bArcCosh[cx]) Polylog[2, i efrecoshiex]]  13p2c2~/-1+cx \/1+cx Polylog|2, etrecoshicx ]

AT dx * 32\/d - dxd
5ib2c2+/-1+cx V1+cx PolyLog[B, -1 eA'"CCOSh[CX]] 5ib2c2+/-1+cx V1+cx PolyLog[B, J'leA'“C“Sh[CX]]

d?+/d-c?dx? d?+/d-c?dx?

+

+

Result (type 4, 5568 leaves):

\/—d(—1+c2x2) - a? + a -
2d3x? 3d3(71+c2x2>2 d3(—1+c2x2>

2 ¢2 2a%c?

5a2c2 Log[X] SaZCZLOg[d+\H\/—d(71+c2x2) ] 1

+

2 d5/2 2 d5/2 6d2\/—d(—1+cx) (1+CX)
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6 | —leex (1+cx)
o N ex 6 (-1+cx) (1+cx) ArcCosh[cx]

1 1
abc + +26 ArcCosh[c x] Cosh|[ = ArcCosh[c x}]27Coth[—Ar~cCosh[cx}] -
cX 2 x? 2 2

-1l+cx . ~ArcCosh[c x]

(1+cx) ArcCosh[cx] Log[1-ie |+

1 2
ArcCosh[c x] Coth| = ArcCosh[cx] ] -301i
2 l+cx

301 “lrcx (1+cx) ArcCosh[cx] Log[1+ 1 e Arecoshiexl] 4 26 “lrcx (1+cx) Log[Cosh[lAr‘cCosh[c x1]] -
l1+cx 1+cx 2
-1l+cx . 1 ) -1l+cx o . -1l+cx
26 (1+cx) Log[Sinh[ = ArcCosh[cx]]|] -301 (1+cx) PolyLog[2, —1i e recoshicexl] 4 3¢ 3 (1+cx)

1+cX 2 l1+cx l+cx

1 2 1 1 2
PolyLog [2, 1 e Arecoshlcx] ] - 26 ArcCosh[c x] Sinh [ — ArcCosh[c x] ] - Tanh [ — ArcCosh[c x] } - ArcCosh[c x] Tanh [ — ArcCosh[c x] } +
2 2 2

1, ., 1 | -1+cx
— bt |- i (1+cx)
d 2.[-d[-1+cx) (1+cx) 1rex

1
5ArcCosh[cx]2 Log |1+ i e Arecoshiex) ] _ 2@ j ArcCosh[c x] ArcTan|Tanh|[ = ArcCosh[cx] || Log[1-1ie
2

1
-4 i ArcTan|Tanh|[ = ArcCosh[cx] || + 5 ArcCosh[cx]? Log[1 - i e Arecoshiex] |
2

2 i ArcTan {Tanh { %Ar‘cCosh [cX] } } } .

-1l+cXx

21'1Ar‘cTan{Tanh{%Ar‘cCosh[cx]H}+1@Log[i x4+ 1+CX) }2

1
20 i ArcCosh[c x] ArcTan[Tanh[ = ArcCosh[cx] || Log[1+ie
2 l1+cx

2 2
(1+cx)|] Log]- . | -
-1 +Tanh[;Ar‘cCosh[c x] |

Log[ ! ]—10Log[—1‘1

1- Tanh[%Ar‘cCosh [cx] ]

-1+cCcXx

CX+

1+cxXx

. 1 1 1
201 Ar‘cTan[Tanh[EAr‘cCosh [cx]]] Log[1- Tanh[;Ar‘cCosh[c x]|] Log[-1+ Tanh[;Ar‘cCosh[c x1]] +
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-1l+cx

]2

. 1 1 2 .
20 i ArcTan|Tanh| ~ ArcCosh[c x] || Log[-1 + Tanh]| ; ArcCosh[cx] || -10Log[-1
2

CX+ (1+cx)

l1+cx

1 i , 1 1 1
Log| ;+;J (—1+Tanh[;Ar‘cCosh[cx]} | +10 Log[l—Tanh{;Ar‘cCosh[cx]]} Log[—1+Tanh[;Ar‘cCosh[cx]}]

1 i , 1
f+—) [—1+Tanh[7Ar‘cCosh[ch] ]+
2 2

Log| A

1 1 . 1
=, 7J (—1 + Tanh|[ = ArcCosh[c x] |
2 2 2

| -10Log| - 1+Tanh[ ArcCosh|c 1]]2Log[
2

“1l+cx (1-1) (7j+Tanh[iAr‘cCosh[cx}])

(1+cx) ]zLog[ |+

10Log[—1’1 CX+
1+cx

-1 +Tanh[%Ar‘cCosh[c x] |

(1-1) (—1+Tanh[iAr‘cCosh[c x] ”

20 i ArcTan|Tanh | 1 ArcCosh[cx] || Log[1 - Tanh[1 ArcCosh[cx] || Log]|
2 2 i+TanhEAr‘cCosh[c x] |

] -

(1-1) (—1+Tanh[%Ar‘cCosh[c X] ])

20 i ArcTan|Tanh| 1 ArcCosh[cx] || Log[-1+Tanh| 1 ArcCosh[cx] || Log|
2 2 i + Tanh [ i ArcCosh[c x] }

|+

(1-1) (71 +Tanh[§Ar‘cCosh[c X] ”

1 1 i , 1
10 Log[—1+Tanh[;Ar‘cCosh[c x]|] Log[| =+ —) (—1+Tanh[—Ar‘cCosh[cx]])} Log | |+

2 2 2

-1+cx 2 1
10 Log|i |cx+ / (1+cx)|] Log|(1-1) [11+Tanh[—Ar‘cCosh[cx]}
l1+cx 2
1icx 5 (1+1) (1‘1+Tanh[lAr‘cCosh[cx]})
10 Log[i |cx+ (1+cx)|] Log| 2 ] -
1+cx —1+Tanh{§Ar‘cCosh[cx}]

i + Tanh|[ > ArcCosh[cx] |

} _

[ -1+cx 1 , , 1 1 i 1
20 Log | 1{cx+ (1+cx) Log[f((1+1)—(1—1)Tanh[7Ar'cCosh[cx]} | Log| f—f) [1+Tanh[7Ar‘cCosh[cx]} |-
l1+cx 2 2 2 2 2
1 1 1 i 1
20Log|~ | (1+1) - ) Tanh| Ar‘cCosh[ x]||] Log[-1+Tanh[ = ArcCosh[cx] || Log| |~ —] (1+Tanh[—Ar~cCosh[c x1||]+
2 2 2 2
-1l+cx i 1
20Log[-1 |[cx+ (1+cx) Log[(—+—] ( 1+Tanh[ ArcCosh[c x] | }Log[ —J (1+Tanh[;Ar‘cCosh[cx}] |+
1+cx
1 1 1 1 1
20 Log[ 1+ Tanh Ar‘cCosh[ }H Log[ 7+7J (—1+Tanh[ ArcCosh|[c ]] }Log[ *) [ +Tanh[ ArcCosh|[c x]} }Jr
2 2 2 2 2 2 2
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10Log[§[(1+1’1 - (1- )Tanh[ ArcCosh[c x] |

1 i 1
| Log]| (— - —] (1+Tanh{—Ar‘cCosh[c x] |
2 2 2

2
]

1 , 1
—+— -1+ Tanh| Ar‘cCosh[cx]])} Log[ |~

2
-l+cx
CX+ 1+cx
l+cx
20 Log[-1+ Tanh[ ArcCosh[cx] || Log|
2

1 1
10 Log| —) [1+Tanh[—Ar‘cCosh[c x] |

2 2

20 Log| i | Log| |- | Log|

N\I—‘

1
f] (j + Tanh[ = ArcCosh[c x] |

1 i 1
7+f] (1+Tanh[7Ar‘cCosh[cx]])] +
2

2 2 2

1 1 1
—_ —) [1 + Tanh|[ = ArcCosh[c x] |
2 2 2

]

ZejArcTan[Tanh[ ArcCosh[cx] || Log[1- Tanh{ ArcCosh[cx] ]| Log[1+Tanh[ ArcCosh[cx] || -
2 2 2

1 iy () 1
. —) [1 + Tanh| = ArcCosh[c x] |
2 2 2

} _

| Log|

1 1 1
—_ —) [1 + Tanh[ = ArcCosh[c x] |

10 Log |
2 2 2

1 i 1
= —] (J‘HTanh[—Ar‘cCosh[cx]])} Log|
2 2 2

1
10 Log|1 —Tanh[;Ar‘cCosh[c x]]] Log]|

N |

((1+ i) - (1-1) Tanh[lAr‘cCosh[c x] |
2

1
| Log[1+ Tanh| = ArcCosh[cx]]] -
2
201 Ar‘cTan[Tanh[ ArcCosh[cx] || Log[-1+ Tanh[ ArcCosh[cx] || Log[1 + Tanh[ ArcCosh[cx] | ] +
2 2 2

20 Log[1 [(1+J’1) - (1-1) Tanh[EAr‘cCosh[c x] |

]Log[—1+Tanh[1Ar‘cCosh[cx]}] Log[ +Tanh[ ArcCosh|c }H -
2 2 2 2

1 1 1 1
10 Log[ 1+ Tanh[2 ArcCosh|[c ]H Log[ ;Jr E) —J‘L+Tanh[£Ar'cCosh[c x]] } Log[1+Tanh[;Ar‘cCosh[c X]H -
1 1 (1-1) (—1+Tanh[lAr'cCosh[cx]]) 1
10 Log| — [(1+J’1) - (1-1) Tanh[ = ArcCosh[cx] | |] Log| 2 | Log[1+ Tanh| = ArcCosh[cx]]] +
2 2 j+Tanh[iAr‘cCosh[c x}] 2
1 1 i 1 1
10 Log[l—Tanh[;Ar‘cCosh[c x]]] Log| - ;J i+Tanh[;Ar‘cCosh[c x1] ] Log[1+Tanh[;Ar‘cCosh[c x1]] -
1 iy [ 1
20 Log| - 1+Tanh[2 ArcCosh[cx] || Log| - ;) [1+Tanh{;Ar‘cCosh[c x] 1] Log[1+Tanh[2 ArcCosh[cx] || +
(1-1) (—1+Tanh[lAr‘cCosh[cx}]) 1 3 1 1
10 Log | 2 | Log[|-=- —J (i+Tanh[—Ar‘cCosh[c x]]|] Log[1+Tanh[ = ArcCosh[cx]]] -
j+Tanh[iAr‘cCosh[c x] | 2 2 2 2
1 1 (1+1i) (1+Tanh[%ArcCoshicx]])
20J'lAr‘cTan[Tanh[fAr‘cCosh[c X}H Log[l—Tanh[fAr‘cCosh[c X]H Log[ 2 ] +
2 2 j+Tanh[iAr‘cCosh[c x] |

(1+1) (1+Tanh[%Ar‘cCosh[c X] ”

20 i ArcTan|Tanh]| 1 ArcCosh[cx] || Log[-1+Tanh| 1 ArcCosh[cx] || Log|
2 2 j+Tanh[iAr‘cCosh[c x] |

] -
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(1+1) (1+Tanh[§Ar‘cCosh[c X] ])

1 1 i , 1
10 Log[-1 + Tanh[ = ArcCosh[cx] | | Log| | = + —) (71+Tanh[—Ar~cCosh[c x]||] Log| |+
2 2 2 2 i + Tanh|[ > ArcCosh[cx] |
1 1 1 (1+1) (1+Tanh[%ArcCoshicx]])
10 Log [ — [(1+J’1) - (1-1) Tanh| = ArcCosh[cx] | | ] Log[1+ Tanh[ = ArcCosh[c x] | ] Log] 2 |-
2 2 2 j+Tanh[§Ar‘cCosh[c x] |
1 i 1 1 (1+1) (1+Tanh[lAr'cCosh[cx]”
10 Log[ |-~ - —] (J‘HTanh[—Ar‘cCosh[cx]]J} Log[1+ Tanh[ = ArcCosh[cx] || Log| 2 | -
2 2 2 2

i + Tanh[ > ArcCosh[cx] |

1 1 1 ) ) 1
10 Log[1 - Tanh|[ = ArcCosh[c x] | | Log[—1+Tanh[;Ar‘cCosh[c x]]] Log[; ((1+1) +(1-1) Tanh[;Ar‘cCosh[c x] |
2
]_

} +

1 2 1 , ) 1
10 Log[—1+Tanh[;Ar‘cCosh[c x]]] Log[; [(1+1) +(1-1) Tanh[;Ar‘cCosh[c x] |

(1-1) (—1+Tanh[iAr‘cCosh[c X] ])

1 1 1

10 Log[-1 + Tanh | = ArcCosh[c x] | | Log| | Log[ = ((1+1’L) +(1-1) Tanh| = ArcCosh[cx] | |] -
2 i+Tanh[§Ar‘cCosh[cx]} 2 2

20 Log[i [cx+ “lrcx (1+cx)|] Log| l+j—) {1+Tanh[1Ar‘cCosh[cx]} }Log[l{(1“1)+(171)Tanh[lAr‘cCosh[cx}] ] -
1+cX 2 2 2 2 2
1 i 1 1 1

20 Log[ -1+ Tanh|[ = ArcCosh[cx] || Log[| =+ — (1+Tanh[—Ar‘cCosh[cx}] ]Log{—((1+J’1)+(1—J‘1)Tanh[—Ar'cCosh[cx]] ]+
2 2 2 2 2 2

10 Log|

|+

((1+ i)+ (1-1) Tanh[lArccosh[c x] |
2

1 i 1
—_ f) (1+Tanh[7Ar‘cCosh[c x] |

2 1 1
L — | (1+1 1-1i) Tanh|— ArcCosh
- A ] og[z[( +i)+ (1-1) Tan [2 rcCosh[c x] |

1 1
10 Log[—l+Tanh[;Ar‘cCosh[c x] || Log[1 +Tanh{;Ar‘cCosh[c x]]] Log]|

(1+1) (1+Tanh[%Ar‘cCosh[c X] ])

|+

N |

10 Log[—1+Tanh[lArcCosh[c x]|] Log]
2 i + Tanh[ > ArcCosh[cx] ]

] -

| Log]|

N |-

((1+ i)+ (1-14) Tanh[lArcCosh[c x] |
2

i(1+cx) (—Ji+Tanh[§Ar‘cCosh[cx]})2

20 1 ArcCosh[c x] ArcTan [Tanh [ 1 ArcCosh[c x] } ] Log [1 -

] +

2 2cx
i (1+cx) (-i+Tanh[LArcCoshicx]]|*
10 ArcCosh[c x] Log|[1 - i e Arecoshiex] ] | og[1 - 2 ] -
2cx
i (1+cx) (-i+Tanh[LArcCoshicx]]|*
10 ArcCosh[c x] Log[1 + i e Arecoshiex] ] | og[1 - 2 |+
2cx

i (1+cx) (-i+Tanh[2ArcCoshicx]] )"

] -

1
20 i ArcCosh[c x] ArcTan [Tanh [ — ArcCosh[c x] } ] Log [1 +
2 2cx
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i(1+cx) (7j+Tanh[lAr‘cCosh[cx}])2
10 ArcCosh[c x] Log |1 - i e AreCoshlex] ] | og[1 + 2

|+

2CcXx

i(l+cx) (—1’1+Tanh[§Ar‘cCosh[cx]])2

10 ArcCosh [c x] Log[1 + i e Arecoshiex] ] | og[1 +

] +

i(1+cx) <7j+Tanh[§Ar'cCosh[cx]H

2CcXx

i(1l+cx) (7j+Tanh[iArcCosh[cx]”2 2

10

Log[l— } —Log[1+
2cXx 2cx

]

Polylog [2,

i(1+cx) (—Ji+Tanh[§Ar‘cCosh[cx]})2

_j @ArcCosh[cx] ] ~10 Log[l _

| - Log[1+
2cx 2cx

i(1+cx) (—i+Tanh[iAr‘cCosh[cx}])2]]

N 1
Polylog [2, j @ ArcCoshcx] ] +10 ArcCosh[c x] PolyLog [2, -i ezlAPCTan{Ta"h[EANCOSh[CX]H }

10 Log [1 - Tanh [ 1 ArcCosh[c x] } ] Polylog [2, -1 ezjAPCTan{TanhBAPCCOSh[CX]H } - 10 Log [1 + Tanh [ 1 ArcCosh[c x] ] }
2 2

2 i ArcTan [Tanh { ;Ar‘cCosh [cx] } } ] 2 1 ArcTan {Tanh { %ArcCosh [cx] } } } _

PolylLog [2, -ie - 10 ArcCosh[c x] PolyLog [2, ie

10 Log[1 - Tanh| 1 ArcCosh[cx] || PolyLog|2, i g2 Arctan[Tanh[ L arccosh < x1 ] | | +10Log[1 + Tanh]| : ArcCosh[cx] ]|

2 2

POlyLOg[Z,]i(ezjAPCTan{Tanh{gANCOSh[CX]H}—2OLOg[_jl {CX+ -1+cx (1+CX> ]PolyLog[2, Cex -1l+cx <1+CX)]+
1+cx l+cx
) -1+cx -1+cx ) -1+cx
20 Log[i [cx+ (1+cx)|] PolyLog[2, -cx- (1+cx)]+20Log[-1 |cx+ (1+cx) ]
1+cx 1+cx 1+cx
-1l+cx -1l+cx -1l+cx
PolylLog[2, -i [cx+ (1+cx)|]-20Log[i [cx+ (1+cx)|]PolyLog[2, i [cx+ (T+ex)|]+
l+cx 1+cx 1+cx
-1+cx 1 i 1
20 Log |- i {cx+ (1+cx) | PolyLog|2, [—*—*J (—1+Tanh[7Ar‘cCosh[cx]} ]+
1+cx 2 2 2

1 1 1 1
10 Log[l—Tanh[—Ar‘cCosh[cx]}] PolyLog[z, [—;—;J (—1+Tanh[;Ar‘cCosh[cx]}
2

1-1) (-1+Tanh[? ArcCoshicx]])

} +

10 Log | ] -

1 i 1
] PolyLog[Z, {—f— f] (—1+Tanh[7Ar‘cCosh[c x]}
2 2 2

i+ Tanh| i ArcCosh[c x] |

1 1 1
10 Log[1+Tanh[£Ar‘cCosh[cx]}] PolyLog[Z, [—;—7] (—1+Tanh[;Ar‘cCosh[cx]}

} -
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(1+1) (1+Tanh[%Ar‘cCosh[c X] ])

1 i 1
10 Log| | PolyLog|2, (————) [—1+Tanh{—Ar‘cCosh[cx}] ] -
j+Tanh[§Ar‘cCosh[c x]} 2 2 2
) -1+cx 1 i 1
20 LOg[]L CX+ 1+cx) }PolyLog[Z, (—*+f] (—1+Tanh[fAr‘cCosh[cx}] ]—
l+cx 2 2 2

1 1 i 1
10 Log[l—Tanh[—Ar‘cCosh[cx]}] PolyLog[z, [—;Jr—J (—1+Tanh[;Ar‘cCosh[cx]}
2

(1-4i) (~1+Tanh[?ArcCoshcx] ]|

} _

1 i 1
| PolyLog|2, (7£+ f] (—1+Tanh[gAr‘cCosh[c x] |

10 Log |
2

} +

i+ Tanh| i ArcCosh[cx] |

1 1 i 1
10 Log[1+Tanh[£Ar‘cCosh[cx]}] PolyLog[Z, [—;+;] (—1+Tanh[;Ar‘cCosh[cx]}

(1+1) (1+Tanh[%Ar‘cCosh[c X] ])

]+

[y

10 Log| ] -

i 1
| PolyLog|2, (——+E) [—1+Tanh{;Ar‘cCosh[cx}]

N

i + Tanh[ > ArcCosh[c x] ]

) -1l+cx
20 Log|- i

1 i 1
cx+ (1+cx) || PolyLog|2, [f—f] (1+Tanh[7ArcCosh[cx]])} -

l1+cx 2 2 2

} _

1 1 1 1
10 Log[l—Tanh[fAr'cCosh[c X] H PolyLog[Z, [; - g) [1+Tanh[gAr‘cCosh[c x]}
2

(1-4i) (~1+Tanh[?ArcCoshcx] ]|

1 i 1
og olyLog|4, |—- — + lann| — Arctosn|C X
10 Log| | Polylog|2 {2 )[1 Tanh| = ArcCosh[c x] |

2 2

} +

i+ Tanh| i ArcCosh[c x] |

|+

1 1 i 1
10 Log[1+Tanh[;Ar‘cCosh[c x]|] PolyLog|2, [;— E) [1+Tanh[;Ar‘cCosh[c x] |

1+1) (1+Tanh[%Ar‘cCosh[c X] ])

1 i 1
10 Log| | PolyLog|2, (———J (1+Tanh[—Ar‘cCosh[c x1]|]+
i + Tanh[ > ArcCosh[c x] ] 2 2 2
) -l+cx 1 i 1
20 Log|i |cx+ (1+cx)|] PolyLog|2, (—+—) (1+Tanh[—Ar‘cCosh[cx]} |+
l+cx 2 2 2

} +

1 1 1 1
10 Log[l—Tanh[fAr'cCosh[c X]H PolyLog[Z, [;+ g) [1+Tanh[gAr‘cCosh[c x]}
2

1-1) (-1+Tanh[? ArcCoshicx]])

10 Log | ] -

]PolyLog[Z, (E+£) [1+Tanh[1Ar‘cC05h[c x]}
2 2 2

i+Tanh| i ArcCosh[cx] |
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1 1 1 1
10 Log [1 + Tanh [ — ArcCosh[c x] } ] Polylog [2, [; + ;) [1 + Tanh [ E ArcCosh[c x] ]
2

(1+31) (1+Tanh[%ArcCoshicx]])

} _

10 Log| | -10PolyLog[3, - i eArccoshiex]]

} PolyLog[Z, (1+ EJ (1+Tanh[lAr‘cCosh[c x}]
2 2 2

i+ Tanh| % ArcCosh[c x] |

-1+cCcXx -1+cCcxXx

10 Polylog|3, i e Arcoshiex)] _ 2@ polylog[3, -1 [cx + (1+cx)|]+20PolyLog[3, i |cx+ (T+ex)|]|+

l1+cx

12 [ =lex (1 ArcCosh
1 1ecx < +CX> recoshicx] 6<—1+cx) (1+cx)Ar‘cCosh[ch2

+ —

12\/—d<—1+cx) (1+cx) cX c?x?

l1+cx

1 2 1 2 1
4 Cosh|[ = ArcCosh[c x]|” + 26 ArcCosh[c x]2 Cosh[ = ArcCosh[c x]|" - 2 ArcCosh[c x] Coth| = ArcCosh[cx]] -
2 2 2

5 1 2 -1+cx
ArcCosh|[c x] Coth[fAr‘cCosh[cx]] -52 | ——

A (1+cx) ArcCosh[cx] Log[1 - e Arccoshlex] |

1+cxXx

-1l+cx -1+cCcX

52 (1+cx) ArcCosh[cx] Log[1+eArccoshicx]] _ 52 (1+cx) Polylog[2, —eArccoshlex]] .

l1+cx l1+cx

-1+cXx

1 1
52 (1+cx) PolylLog [2, e Arccoshlexl] 4 4.5inh[ = ArcCosh[c x] }2 - 26 ArcCosh[c x]2 Sinh[ = ArcCosh[c x] }2 -

l1+cx 2 2

1 1
2 ArcCosh[c x] Tanh [ — ArcCosh[c x] ] - ArcCosh[c x]2 Tanh [ — ArcCosh[c x] ]2
2 2

Problem 250: Result unnecessarily involves imaginary or complex numbers.

ArcCosh[ax]?
J— dx

(c-a?cx?)??

Optimal (type 4, 241 leaves, 7 steps):
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xArcCosh[ax]® ~/-1+ax v/1+ax ArcCosh[ax]? 3+ -1+ax /1+ax ArcCosh[ax]?Log[1 - e?Arccoshiax]]
N _

cVec-atcx? acyc-a?cx? acyc-a?cx?
3v-1+ax \/1+ax ArcCosha x] PolyLog[Z, e“'"cc“h[”]} 3+/-1+ax V1+ax PolyLog[S, e““c“h[“]}
+
acvVc-a?cx? 2acVc-a?cx?
Result (type 4, 212leaves):
.3 -l1+ax 3 -l1+ax 3
-||i7® | ——— (1+ax) -8axArcCosh[ax]®-8 |——— (1+ax) ArcCosh[ax]®+
l+ax l+ax
-l+ax -l+ax
24 | ——— (1+ax) ArcCosh[ax]?Log[1-e?Arceshlax]] 24 | ———— (1+ax) ArcCosh[ax] Polylog[2, e?Arccoshiax]] _
l1+ax l+ax
-l+ax
12 | ——— (1+ax) Polylog[3, e*Arccoshiax]] /(Sac\/—c (-1+ax) (1+ax) )
l+ax

Problem 251: Result unnecessarily involves imaginary or complex numbers.

ArcCosh[ax]?
J— dx

(c-a?cx?)®?

Optimal (type 4, 413 leaves, 12 steps):

x ArcCosh[ax] +/-1+ax /1+ax ArcCosh[ax]?2 x ArcCosh[ax]3 2 x ArcCosh[ax]?
- + + + +

3/2
c2vc-a?cx? 2ac? (1—a2x2)\/c—a2cx2 3C<C—32CX2) 3c2+v/c-atcx?

2+/-1+ax V1+ax ArcCosh[ax]® 2+ -1+ax v/1+ax ArcCosh[ax]2?Log[1l-e2Arccoshiax]| /-1 ax v/1+ax Log[l-a?x?]

— + —

3ac?/c-a?cx? ac?/c-a%cx? 2ac?y/c-a%cx?
2+/-1+ax V1+ax ArcCosh[ax] PolylLog[2, e2Arccoshiaxl] /-1 +ax /1+ax Polylog|3, e2Arccoshiax] |
+
ac?vc-a%cx? ac?+yc-a%cx?

Result (type 4, 258 leaves):
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1 -l+ax
(1+ax)
12ac2+/c-a?cx? l+ax
| 1.ax -i+ax 3 3/2

12ax onx ArcCosh[ax] 6 ArcCosh [a x| 8ax - ArcCosh[a x] 4ax(711+ax) ArcCosh[ax]?

-1 - + + 8 ArcCosh[ax]? + - ax -
-l+ax 1-a2x? -l+ax (—1+ax)3
-l+ax

24 ArcCosh[ax]? Log[1 - e?Arecosh(axl | 4 12 Log| (1+ax)] -24ArcCosh[ax] PolyLog[2, e?Arccoshlax]] ;12 polylLog|3, e?Arccoshiax] ]

l1+ax

Problem 252: Result unnecessarily involves imaginary or complex numbers.

ArcCosh[ax]3
j— dx

(c-a%cx?)’?

Optimal (type 4, 607 leaves, 20 steps):

V-1+ax V1l+ax x ArcCosh[a x] x ArcCosh[a x] 3v-1+ax V1+ax ArcCosh[ax]?2
- - - + +
20ac3(1—a2x2)\/c—a2cx2 c3vc-atcx? 10C3 (1-ax) (1+ax) Vc-a?cx? 20ac (1—a2x2)2\/c—a2cx2
2+v-1+ax V1+ax ArcCosh[ax]?2  xArcCosh[ax]3 4 x ArcCosh[ax]?3 8 x ArcCosh[ax]3

+

+ +
5ac® (1-a2x?) Vc-a2cx? 5c(c-a?cx?)®? 15¢2 (c-a2cx?)?? 15c3+/c-atcx?

8+/-1+ax \/1+ax ArcCosh[ax]® 8+-1+ax \/1+ax ArcCosh[ax]?Log[1l-e?ArcCoshiax]] ~/_1.+ax +/1+ax Log[l-a?x?]
+

+

15ac3+Vc-acx? 5ac3c-a?cx? 2ac3y/c-a%cx?
8+/-1+ax V1+ax ArcCosh[ax] Polylog|2, e?ArcCoshiax]] 4+/-1+ax +/1+ax PolylLog|3, e2ArcCoshiax]]
+
S5ac3yc-a?cx? 5ac3+c-a?cx?

Result (type 4, 363 leaves):
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1 -l+ax
- (1+ax)
60ac3c-a2cx? l+ax
60ax | 12X ApcCosh[a X] 6 1:ax )32 5 Cosh
. 3 Lrax ax ( M,X) rcCosh[ax] g apcCosh[ax]?2 24 ArcCosh[ax]2 3
4157+ + - - + - 32 ArcCosh[ax]® -
1-a%x? -l+ax (—1+ax)3 (71+a2x2)2 -1+a%x?
l+ax 3/2 -1l+ax
32ax ,1+a ArcCosh[ax]3 16ax(’1*”) / ArcCosh[a x]? 12ax | - ArcCosh[ax]3
+ l+ax B + 96 ArcCosh[a ] Log[ 2ArcCosh[ax]] _
-l+ax (—1+ax)3 (—1+ax)3(1+ax>2
-1l+ax
60 Log| | ——— (1+ax)|+96ArcCosh[ax] PolylLog[2, e*Ar<cosh(ax]| _ 48 Ppolylog|3, e?Arecoshiax]]
1+ax

Problem 260: Result more than twice size of optimal antiderivative.

ArcCosh[ax]3
J— dx

2 42

x3/1-a%x

Optimal (type 4, 460 leaves, 18 steps):
av/-1+ax ArcCosh[ax]? +/1-a?x? ArcCosh[ax]® 6a?+/-1+ax ArcCosh[ax] ArcTan|eArcCoshiax] |

- +

2x\/1-ax 2x? \/m
a2+/-1+ax ArcCosh[ax]3ArcTan [ @Arccosh(ax] } 3ia?+/-1+ax PolyLog|2, hrccosh(ax] |
3ia?+/-1+ax ArcCosh[ax]?Polylog[2, —i eArcCosh(ax]] 34 a2+/-1+ax Polylog[2, i eArcCoshiax]]
2T ax _ Vi-ax )
3ia2+/-1+ax ArcCosh[ax]2?PolylLog[2, i eArcshiax]] 34 a2+/-1+ax ArcCosh[ax] PolyLog[3, i eArccoshiax]]
21 ax ) T )
3ia?+/-1+ax ArcCosh[ax] Polylog[3, i efrccoshiax] ] 3ia?+/-1+ax Polylog[4, —i eArccoshiax]] 33 a2+/-1+ax Polylog[4, i eArccoshiax]|

Result (type 4, 1216 leaves):
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1

128 x2 /1 - a2 x?

-1l+ax -l+ax -1l+ax

(1+ax) |-7ia*n*x? +8a% s x? ArcCosh[ax] +192ax ArcCosh[ax]?-241 a??x?

l+ax 1+ax l+ax
3 3 2 2 | -l+ax 3
64 ArcCosh[ax]” + 64 axArcCosh[ax]”-32a° X — ArcCosh[ax]” +
l1+ax
. a0 [ Zlrax 4 . 2., |[Z1lrax . -ArcCosh
16ia?x? | ———— ArcCosh[ax]®+3841ia’x? | ——— ArcCosh[ax] Log[1- i e Arccoshiax]]
1+ax l+ax
2 3,2 -l+ax . __ArcCosh[ax] L2 2 -l+ax . __ArcCosh[ax]
8a?/x? | ——— Log[l+ie | -384ia?x* | ——— ArcCosh[ax] Log[l+ie | -
l1+ax l1+ax
C02 2,2 -l+ax . _—ArcCosh[ax 2 2 -l+ax 2 . _—ArcCosh[ax
48 i a® 1 x* | ———— ArcCosh[ax] Log[1+i erecoshlax]] 96 a2 rx? | ———— ArcCosh[ax]?Log[1+1i e rccoshiax)] ,
l+ax 1+ax

-l+ax

64 i a2 x? ArcCosh[ax]?Log[1+i erecoshlax] ;48 j a% 2 x? ArcCosh[ax] Log[1 - i efrecoshlax]]

l+ax

-1l+ax

96 a2 71 x2 ArcCosh[ax]?Log[1 - i efrecoshiax]] _ g a2 ;3 x2

Log[l i1 eArcCosh[a x]] _

l+ax

-l+ax -l+ax

64 1 a% x? ArcCosh[ax]?Log[1+i efrecoshiaxl] ;g a2 ;3 x2 Log[Tan|

(m+21iArcCoshlax])]] +

AR

l+ax l+ax

-1l+ax

48 i a% x? (8 + 7% -4 i ArcCosh[ax] - 4ArcCosh[ax]?) PolylLog[2, -i eArccoshiax]] _

l+ax

-1l+ax -1l+ax

3841 a’x? PolyLog[2, i e recoshlaxl] _ 192 j a2 X ArcCosh[ax]?Polylog|2, -i etrecoshiax)]

l1+ax l1+ax

~-1+ax -l+ax
48 i a® i x* | ———— Polylog[2, i ereCoshiaxi] 119282 rx? | ———— ArcCosh[ax] PolylLog|[2, i erecoshiax]] .
l+ax l+ax

ArcCosh[ax]? -



192 a? i x? / PolyLog i e Arccoshlaxl] _ 384 j a2 x2
l1+ax

-1l+ax
384 i a? x>

ArcCosh |
l1+ax

x] Polylog|3,

1e

ArcCosh[ax] ]

384 i a? x? PolyLog i e Arccoshlax] ] _ 384 j a? x?
l+ax

Problem 326: Attempted integration timed out after 120 seconds.

Iy

dx
a+bAr‘cCosh[cx1>2

Optimal (type 9, 30leaves, 0steps):

Unintegrable[

1-c2x?

x> (a+bArcCosh[c

Result (type 1, 1leaves):

2?7

x])2

, x]

-l+ax

l+ax

-192 a2 x?

-1l+ax

l+ax

ArcCosh[a

-l+ax

l+ax

PolyLog|[4,

Problem 327: Attempted integration timed out after 120 seconds.

Iy

dx
aa—bAr‘cCosh[cx})2

Optimal (type 9, 30leaves, 0steps):

Unintegrable|

1-c2x?

x* (a+bArcCosh[c

Result (type 1, 1leaves):

2?2

x])2

, X|

x] Polylog|3,

PolyLog[3, ie

1e

ArcCosh[a x] ]
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e—Ar‘cCosh[ ]] 4

ArcCosh[ax] } _
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Problem 333: Attempted integration timed out after 120 seconds.
22\ 3/2
J (1-c2x?) ix

x> (a+bArcCosh[cx])?

Optimal (type 9, 30leaves, 0steps):
(1-c2x?)%?

x> (a+bArcCosh[cx])

Unintegrable| = x|

Result (type 1, 1leaves):

PP

Problem 334: Attempted integration timed out after 120 seconds.

dx

J (1-c2x2)%?

x* (a+bArcCosh[cx] )2

Optimal (type 9, 106 leaves, 2 steps):

. -1+c? x?
Vliex Virex (1-¢ Xz>3/2 4+/1-cx Un1ntegr‘ab1e[x5 b Arccomnion) q

bcx* (a+bArcCosh[cx]) bcv_14+cx
Result (type 1, 1leaves):

2?7

Problem 339: Attempted integration timed out after 120 seconds.
5/2
J (1—C2 Xz) dx
X2 ( 2

a+bArcCosh[cx])

Optimal (type 9, 160 leaves, 3 steps):
Vorex VTrex (1-c2x2)%? 2 V/1-cx Unintegrable| - (Lce)? x| 4c+/1-cx Unintegrable| L L S x|

x> (a+b ArcCosh[c x]) X (a+b ArcCosh[c x])
+ +

bcx? (a+bArcCoshlcx]) bcv—-14+cx b/—-14+cx
Result (type 1, 1leaves):

???
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Problem 340: Attempted integration timed out after 120 seconds.

dx

(1-c2x2)%?
Jx3 (a+bArcCosh[cx])?
Optimal (type 9, 30leaves, 0steps):
(1-c2x?)%?

x> (a+bArcCosh[cx])

Unintegrable| = x|

Result (type 1, 1leaves):

PP

Problem 341: Attempted integration timed out after 120 seconds.
5/2
J (1-c*x?) ix

x* (a+bArcCosh[cx] )2

Optimal (type 9, 30leaves, 0steps):
(1-c2x?)%?

x* (a+bArcCosh[cx] )2

Unintegr‘able[ , x}

Result (type 1, 1leaves):
22?

Problem 489: Result unnecessarily involves imaginary or complex numbers.

Jx“ (a+bArcCosh[cx]) 5
X

d+ e x?

Optimal (type 4, 627 leaves, 27 steps):



80 | 7.2 Inverse hyperbolic cosine.nb

2b/-1+cx V1+cx bx2+/-1+cx V1l+cx

adx bdv/-1+cx V/1+rcx
_ N _
e? ce? 9c3e 9ce
(-d)*% (a+bArcCosh[cx]) Log[1- —° chrecomi e
bdxArcCosh[cx] X3 (a+bAI"CCOSh[C X]) e d A/ de
+ +
e 3e 2e5%/2
(-d)*? (a+bArcCosh[cx]) Log[1+ —'¢ ghrecomhiex) ] (-d)*? (a+bArcCosh[cx]) Log[1- —‘* ehrecosne
cy-d -1/ -c?d-e c+/-d 1/ -c?d-e
2e5/2 2e5/2
(-d)*? (a+bArcCosh[cx]) Log[1+ —'* ehrecomiex ] b (-d)*?PolyLog[2, - ‘¢ ehreconiex
eV cde cVod [ -cde
2e%/2 : 5 @5/2
b (_d 3/2 POlyLOg ) e ArcCosh[cx] b (_d 3/2 POlyLOg 5 e @hrcCoshicx] b(_d 3/2 POlyLOg e ArcCosh[cx]
( ) [ ’ cv/-d -/ -c2d-e ] ( ) [ ’ c/-d +/ -c2d-e ( ) [ ’ cv-d +/ -c2d-e
2e5/2 N 2e5/2 * 2e5/2
Result (type 4, 956 leaves):
3 ad?¥? Ar‘cTan[@}
adx ax Jd
- + + +
e? e e5/?
4d l’l*cx 1+cx)-cxArcCosh[cx
1 Ve cx ( " ) [ex] 4 e3/2 (\/71+cx V1+cx (2+c2x2)73c3x3Ar'cCosh[cx}
b - +
4 e>/? c 9c3
ic+/d
1+ Je (C\/?Hi\/?) Tanh[%Ar‘cCosh[cx]]
i d®?2 |ArcCosh[cx]?+8 i ArcSin[ ——————] ArcTanh| ]+
N2 Je2d+e
]lCl
i (—C\/? m) ©-ArcCosh| 1+ r ]'l C\/? m) @-ArcCosh[cx]
2 ArcCosh[c x] Log[1 - ] 4 i ArcSin| | Log[1 |+
Ve V2 Ve

i (Cﬂld ++/c 2d+e) @-ArcCosh[cx] 1+11c cd ++/c 2d+e) @-ArcCosh[cx]
| +41iArcSin[ ————] Log| 1+

2 ArcCosh[cx] Log[1 +
Ve /7 Ve

ﬁ%

] _
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J'L(—C\/d_ N 2d+e) @-ArcCosh[cx] ]']_(C\/? N 2d+e) @-ArcCoshlcx]

2 Polylog [2, ] - 2 PolylLog [2, -

} -

Ve Ve
ico/d
1- f/? (C\/?—jl\/?) Tanh[ 2 ArcCosh[cx] |
i d®2 |ArcCosh[cx]?+8 i ArcSin| ———————] ArcTanh| 2 |+
N2 Vctd+e
i (—C\/d_ m) ~ArcCosh[c x] 1- jlf/?d i (—C \/? m) ~ArcCosh[c x]
2 ArcCosh[c x] Log[1 + | -4iArcSin[————] Log|[1+ |+
Ve vz Ve
ic/d
i (C \/? m) ~ArcCosh[c x] 1- :/? i (C\/? m) @ArcCosh[cx]
2 ArcCosh[c x] Log[1 - | +4iArcSin[————] Log|[1- ] -
Ve vz Ve

i (—C \/? m) ~ArcCosh [c x] i (C \/? m) ~ArcCosh [c x]
e | -2PolyLog|2, e
e e

2 Polylog|2, -

]

Problem 490: Result unnecessarily involves imaginary or complex numbers.

JXS (a+bArcCosh[cx]) 5
X

d+ex?

Optimal (type 4, 521 leaves, 23 steps):
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e eArcCosh [cx]

c/-d -/ -c2d-e

d (a+bArcCosh[cx]) Log[1-

bxv-1+cx V1+cx bArcCosh[cx] X2 (a+bArcCosh{cx]) d(a+bArcCosh[cx])?

+ + -

4ce 4c?e 2e 2be? 2e?

d (a+bArcCosh[cx]) Log[1+ —** d (a+bArcCosh[cx]) Log[1- —‘¢ ekl | d(a+bArcCosh[cx]) Log[1+ e ofretomicr

cv-d -/ -c2d-e ] c/-d +/ -c2d-e c/-d +/ -c?d-e

2¢e? 2e? 2¢e?

ArcCosh[c x]

ArcCosh[c x]

e ehrcCoshicx] } b d PolyLog[Z, e e bd PolyLog[Z, _Yee bd PolyLog[Z; =

c/-d -/ -c2d-e c/-d -/ -c2d-e c/-d +/-c2d-e c\/-d +\/-c2d-e ]

2¢e? 2¢e? 2¢e? 2e2

ArcCosh[cx] ] ArcCosh[c x] }

b d PolylLog [2, -

Result (type 4, 893 leaves):

1 V-1
2ac’ex?-2ac’dlog[d+ex?| +b |2c?ex?ArcCosh[cx] e [cxV/-1+cx V1+cx +2Ar‘csinh[7+cx} -
4 c?e? 2
ic+/d
1+ Je (C\/?*’]‘l'\@) Tanh[lAr‘cCosh[cx}]
c*d |ArcCosh[cx]?+8 i ArcSin[ ——————] ArcTanh]| 2 |+
V2 Vcid+e
ic+/d
i [~V +VcTdre ) etrecoshicn 1 i [~V +VcTdre ) etrecoshicn
2 ArcCosh[c x] Log[l— } —41‘1Ar‘cSin[7} Log[l— } +
Ve V2 Ve
ic+/d
i(c\/g m) ©-ArcCosh(cx] 1+ 7 = i(c\/? m) @-ArcCosh[cx]
2 ArcCosh[c x] Log[1+ ] +4J’1Ar‘cSin[7] Log[1+ } -
Ve vz Ve

i (—C \/F m) @-ArcCosh[cx] i (C \/? m) @-ArcCosh[cx]
e } -2 PolyLog[Z, - N
e e

2 Polylog [2,

] _
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1_jf/;d (C\/?—Ji\/?) Tanh|[ 2 ArcCosh[c x] |
c?d |ArcCosh[cx]? + 8 i ArcSin[ ——————] ArcTanh]| 2 |+
V2 Vetd+e
icy/
i (-cVd +VcTdre ) etrecoshicn 1- cﬁd i (-cVd +VcTdre ) etrecoshicn)
2 ArcCosh[cx] Log[1 + | -41iArcSin[———] Log[1+ |+
Ve V2 Ve
ic/d
i (cVd +VTdre ) erccoshicn 1-40 i (cVd +VTdre ) erecosicn
2 ArcCosh[cx] Log[1 - | +41iArcSin[———] Log[1- |-
Ve V2 Ve

j(*C‘/d +1/c2d+e)e—Ar‘cCosh[cx] j(CA/d A/ 2d+e) —Ar‘cCosh X]
| - 2PolyLog|2,
N e \e

]

2Polylog|2, -

Problem 491: Result unnecessarily involves imaginary or complex numbers.

sz (a+bArcCosh[cx])
dx

d+ex?

Optimal (type 4, 544 leaves, 23 steps):

vV -d (a+bArcCosh[cx]) Log 1 - e ety
ax b+/-1+cx v/1+cx bxArcCosh[cx] ( ) [ cVTd +/—c?d-e )

- _ + +
e ce e 2e3/2

\/=d (a+bArcCosh[cx]) Log[1+ —Le<™" | /Zq (a+bArcCosh[cx]) Log[1- —Le<" =
- ol e e el e

2e3/2 5 @3/2

V/-d (a+bArcCosh[cx]) Log[1+ —‘* chrecomiex) | b+/-d PolyLog[2, - &=

c/-d +\/-c2d-e cv/-d -/ -c*d-e

2e3/2 2 @3/2

b /*d POlyLOg 2 e eArcCoshicx] bﬂpolyl_og 2 7& b\/jpolyLog 2 e ehrcCoshicx]
® e PN > e

2e3/2 2 @3/2 2 @3/2

ArcCosh[c x]

Result (type 4, 893 leaves):

| 83
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-1l+cx
N - | == (1l+cx c x ArcCosh[c x
ax 2Vd ArcTan | edx] o] Tiex (1T+ex)+ [cx]

- _ +b .
e e3/? ce
1 1+Mﬁd (cﬁﬂix/?) Tanh[lAr‘cCosh[cx]}
i+/d |ArcCosh[cx]?+8 i ArcSin|[ ——————] ArcTanh]| 2 ]+
432 NGy JZdre
[N A Edre | et 1o b0 i (VA o Tare) etreomhicn
2 ArcCosh [c x] Log[l— ] —4jArcSin[7] Log[l— ] +
Ve V2 Ve
i (C W m) @-ArcCosh[cx] 1+ j%/?@ i (C \/F m) @-ArcCosh[cx]
2 ArcCosh [c x] Log[1+ } +4jAPcSin[7} Log[1+ ] -
Ve V2 Ve

i (—C \/d— m) @-ArcCosh[cx] i (C \/? m) @-ArcCosh[cx]

2 Polylog [2,

] -2 PolylLog [2, -

} +

Ve Ve
ic+/d
- o ‘ 1- = (cx/?n'l\/?) Tanh[iAr‘cCosh[cx]}

73/211\/? ArcCosh[c x] +81Arc51n[7] Ar‘cTanh[ }Jr
4e N2 Vcid+e

i [cVd o Tare) etrehicn - L‘&E 4 [T e et

2 ArcCosh [c Xx] Log[1+ ] 4]1Arc51n Log ] +
Ve V2 Ve
ic+/d
i (C\/? Jc2dre ) ~ArcCosh[c x] 1- r \/_ Jc2d+e ) ~ArcCosh[c x]

2 ArcCosh[c x] Log[1 - | +41i ArcSin| | Log] 1— ] -

Ve Vz Ve
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i (—C\/?+“/C2d+e ) @-ArcCosh[c x] i (C\/?+q/c2d+e ) @-ArcCoshlcx]
} —2PolyLog[2,
Ve Ve

2 PolyLog[Z, -

}

Problem 492: Result unnecessarily involves imaginary or complex numbers.

JX (a+bArcCosh[cx]) 4
X

d+ex?

Optimal (type 4, 449 leaves, 18 steps):

2 (a+bAr‘cCosh[cx]) Log[l——\w} (a+bAr‘cCosh[cx]) Log[1+ —\w]
(a+bArcCosh[cx]) cvVd [ -cde e T c2de
- + + N
2be 2e ’e
(a+bAI"CCOSh[C X] ) Log[l, M] <a 4 bAr‘cCosh[cx] ) LOg[lJr e eArcCoshicx] ] bPOlyLOg[Z, B e @ArcCoshicx] ]
e/ +f-ctde cVd i/ cde Vd o cde
+ + .
2e 2e 5 e
b POlyLOg 2, e @hrcCoshicx] b Po]_yLog 2) N e @hrcCoshicx] b POlyLOg 2) e eArcCoshicx]
[ cv-d ’m ] [ cy/-d +m] [ c+/-d +m
+ +
2e 2e Je

Result (type 4, 808 leaves):
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1 Nry (C\/?—i\/?) Tanh[ % ArcCosh[c x] |
— |bArcCosh[cx]?+4ibArcSin| —————] ArcTanh| 2 |+
2e N2 J2die
1+ ifgd (C\/?-%—]l\/?) Tanh | ArcCosh [c x] | i (7cﬁ +/c 2d+e) @-ArcCosh[cx]
41ibArcSin| | ArcTanh| 2 | +bArcCosh[cx] Log|1- ] -
V2 Vc2d+e Ve
1+ Mvgd i (7c\/? m) -ArcCosh [cx] i (7“/? m) e-ArcCosh[cx]
2ibArcSin[—————] Log[1- | +bArcCoshicx] Log|1+ | -
V2 Ve Ve
ico/d
1- ;? i (—c\/d_ m) ©-ArcCosh[cx] i (C\/? m) @-ArcCosh[cx]
2i bArcSin| | Log[1+ | +bArcCosh[cx] Log|1 - |+
V2 Ve Ve
ico/d
1- ;F i (C\/? m) ©-ArcCoshcx] i (c ﬁﬂ/m) @-ArcCosh[c x]
2ibArcSin[ —————] Log[1- | +bArcCosh[cx] Log[1+ ]+
V2 Ve Ve
ico/d
1+ CJ? i (c Nrpe m) ©-ArcCosh[cx]
2ibArcSin[ ———] Log[1+ | +aLog[d+ex?] -
iz Ve

i

J—

7C‘/d +1/(:2d+e)(e—Ar'cCosh[cx] ]-l(fcﬂld 4/ 2d+e) —Ar‘cCosh X]
| -bPolyLog|2,
N e \e

b PolyLog|2,

} _

i (C\/? JcZd+e ) @-ArcCosh[cx] 1 (c\/?_‘_ﬂ/czd_'_e ) @-ArcCosh[cx]
} —bPolyLog[Z,
Ve Ve

b Polylog [2, -

]

Problem 493: Result unnecessarily involves imaginary or complex numbers.

a +bArcCosh[c x]
J dx

d+ex?

Optimal (type 4, 501 leaves, 18 steps):
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e eArcCosh[cx] e eArcCosh[cx]

(a+bArcCosh[cx]) Log|1- (a+bArcCosh[cx]) Log[1+

cm,m] ) cm,m} )
2/d e 27/=d e

(a+bArcCosh[cx]) Log[1- —\w} (a+bArcCosh[cx]) Log|1+ bPolyLog[2, -

cv-d +1/ -c2d-e cv-d +1/ -c2d-e cv-d -1/ -c2d-e ]
- +

2+/-d Ve 2+/-d Ve 2+/-d Ve
e eAr‘c(:csh[cx' ]

e eAr‘cCosh[cx} ] e eArc(:osh[cx}
c/-d -/ -c2d-e c/-d +/-c2d-e c/-d +1/ -c?d-e
- +

2+/-d Ve 2+/-d e 2+/-d e
Result (type 4, 821 leaves):

e eAr‘cCosh[c X] ] e eArcCosMc X]

b PolylLog [2, b PolylLog [2, - b PolylLog [2,
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1_1‘1c d

Je c+/d -i+e | Tanh[ 2 ArcCosh[c x]
. 2aAr‘cTan[\/?X]+4bAr‘cSin{7e]Ar‘cTanh[( ) {2 ]]—
2+/d e \d V2 Vc2d+e
1+M¢;d (C\/Fﬂi\/?) Tanh|[ 2 ArcCosh[c x] |
4bArcSin| ——————] ArcTanh| 2 |+
N2 Vc2d+e
i (c/d /T dre ) e mrecoshicn 1e 22 i (-cd VT dre | etrecosnicn
ibArcCoshicx] Log|1- | +2bArcSin[ —————] Log[1- | -
Ve V2 Ve
ic/d
i (—cﬁ+m) @ ArcCoshcx] 1- f/? i (—C\/? m) @-ArcCosh[cx]
ibArcCoshlcx] Log|[1+ | -2bArcSin| ————] Log[1+ | -
Ve V2 Ve
ic/d
i (cVd +VeTdre | eteccosnicn -t i (cVd +Tdre | etrecosnicn
i b ArcCosh[c x] Log[l— } +2bAr‘cSin[7} Log[l— ] +
Ve V2 Ve
ico/d
i (cVa +VEdre | etrecosnicn [1+ 0 i (cVd +Vd e | etrecosnicn
i b ArcCosh[c x] Log[1+ } —2bAr‘cSin[7} Log[1+ ] +

Ve vz
]-1(7CH e 2d+e) @-ArcCosh[cx] ]-l(7c\/?+1/c2d+e)e—Ar‘cCosh[cx]
| -ibPolylog|2,
Ve Ve

Ve

ibPolyLog|2, -

] _

i (c\/?_‘_ﬂ/czd_'_e ) @-ArcCosh[cx] i (C\/F Jc2d+e ) @ -ArcCosh[cx]
| +1ibPolyLog|2,
Ve Ve

i b PolylLog [2, -

]

Problem 494: Result unnecessarily involves imaginary or complex numbers.

a +bArcCosh[c x]
J dx

X (d+ex2)

Optimal (type 4, 489 leaves, 25 steps):
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1 {e eArcCosh [cx]
c+/-d -1/ -c?d-e

(a+bArcCosh[cx]) Log|

(a+bArcCosh[cx])? (a+bArcCosh([cx]) Log[1+ e 2ArcCoshicx]
+

bd d

e eArcCosh{c x]

2d

(a+bArcCosh[cx]) Log|1- e hretomicd

c/-d -/ -c2d-e } c/-d +/ -c2d-e

(a+bArcCosh[cx]) Log[1+

2d 2d
e @ArcCoshicx] e @ArcCoshicx]
(a+bArcCosh[cx]) Log[1+—\; b PolyLog|2, ——\;}
e Td ] cde bPolylLog[2, —e 2ArcCoshicx] | cvd [ -ctde
2d 2d 2d

e eArcCosh [cx]

e eAr‘cCosh[c X] ] e eArcCosMc X] ]

bPolyLog|2, - b PolyLog|2,

c\/-d -/ -c?d-e c/-d +\/-c?d-e c/-d +\/ -c2d-e

b PolyLog|2,

2d 2d 2d

Result (type 4, 837 leaves):
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ic+/d
1 1- Nrs (cx/?—ix/?) Tanh[ 2 ArcCosh[cx] |
- —— |4ibArcSin[ ————] ArcTanh| 2 |+
2d V2 Vczdre
ic+/d
1+ Je (C\/?+]'].\/F) Tanh [ ArcCosh[c x] |
41ibArcSin[ —————] ArcTanh| 2 | -
V2 Vc2dre

i (_cﬁld +“/c2d+e ) efAr‘cCosh[cx]

2b ArcCosh[c x] Log |1 + e 2Arccoshlex] |, b ArcCosh[c x] Log[1 -

] -

Ve
ic+/d
1+ Cﬁ i (705 m) ©-ArcCosh[c x] i (7“5 m) @-ArcCosh[cx]
2 bArcSin| | Log|1- | +bArcCoshicx] Log|[1 + ] -
vz Ve Ve
icy/d
1- Cﬁ i (_C Jd + m) ©-ArcCoshc x] i (C Jd + m) ©-ArcCosh[cx]
21 bAr‘cSin[ ] Log[lJr } + b ArcCosh[c x] Log[l— } +
NF Ve Ve
ic+/d
1- f/? i (C \/F m) @-ArcCosh[cx] i (C \/? m) @-ArcCosh[cx]
21 bAr‘cSin[ ] Log[l— ] + b ArcCosh[c x] Log[1+ ] +
Vz Ve Ve
ic+/d
- bApCSin{ 1+ Ve ] o i (C \/F Jc2d+e ) @-ArcCosh[cx] ) . oo |
g1+ | -2alog[x] +alog[d+ex?| +bPolylLog|2, ]
Vz Ve

i

J—

7C\/?+4/c2d+e>e—Ar‘cCosh[cx] ]i(*C\/F N 2d+e) @-ArcCosh[cx]
| -bPolyLog|2,
Ve Ve

b PolyLog|2,

] -

i (C \/F m) @-ArcCosh[cx] i (C \/? m) @-ArcCosh[cx]
N ] - b PolylLog [2, e
e e

b PolyLog[Z, -

]
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Problem 495: Result unnecessarily involves imaginary or complex numbers.
Ja+bAr‘cCosh[c X]

x2 (d +ex2)

dx

Optimal (type 4, 543 leaves, 23 steps):

Ve (a+bArcCosh[cx]) Log[1- —*® ehrecomniex.
a+bArcCosh[cx] bcArcTan[/-1+cx V/1+cx |

c/-d -+/ -c?d-e
+ + -
d x d 9 <7d> 3/2
/e (a+bArcCosh[cx]) Log 14 e ety /e (a+bArcCosh[cx]) Log 1 e gy
( ) [ cv/-d -/ -c2d-e ( ) [ cv-d +1/ -c2d-e
n _
2(7d)3/2 2(7d)3/2
Ve (a+bArcCosh[cx]) Log[1+ —feeromed b+/e Polylog[2, - — &<
( ) [ c/-d +/ -c*d-e } [ ’ c/-d -/ -c?d-e }
- +
2 (-d)*"? 2 (-d)>"?
b\EPOlyLOg 2 e eArcCosh(cx] b\/?POlyLOg 2 :e @ArcCoshicx] b\/?POlyLOg 2 e eArcCosh(cx]
[ ’ c/-d -/ -c?d-e ] [ ’ c/-d +/ -c?d-e [ ’ c/-d +/ -c?d-e
- +
2<—d>3/2 2 (—d>3/2 2(7d)3/2
Result (type 4, 887 leaves):
1 1
74aﬁ74a\/?xAr‘cTan[\/FX}—4b\H ArcCosh[c x] + ¢ xArcTan| -
4d3/2 % \/?

\/—1+cx \/1+cx

ic+/d
1+ Je (C\/d_Hi\/?)Tanh[iArcCosh[cx]}
ib+e x ArcCosh|[c x]2+8j1Ar‘cSin[ ]Ar‘cTanh[ +
V2 Vcid+e
ic+/d
i (-cWH/m) @ArcCoshlcx] 1+ :/; i (—C\/?+\/m) @ArcCoshlcx]
2 ArcCosh[c x] Log[1 - | -41iArcSin[—————] Log|1- ]+
Ve vz Ve
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ic~/d
]'l(cﬁ/d 1/CZdJre) —-ArcCosh[c x] 1+ :/? j(cﬂ/d 1/CZdJre) —-ArcCosh[c x]
2 ArcCosh[c x] Log[1 + | +4iArcSin[—————] Log[1+ ] -
Ve V2 Ve

]i.(—C\/d_ e 2d+e) @-ArcCosh[cx] ]']_(C\/? N 2d+e) @-ArcCoshlcx]

2 Polylog|2, | -2Polylog|2, -

I+

Ve Ve
ic+/d
1- fg (C\/d_—i\/?>Tanh[lAr‘cCosh[cx]}
ib~/e x |ArcCosh[c x]%+ 81 ArcSin| —————] ArcTanh| 2 +
N2 Vc2d+e
i (*C\/d_ m) —ArcCosh[c x] 1- i:/?d i (*C\/? m) —ArcCosh[c x]
2 ArcCosh[c x] Log[1 + | -4iArcSin[—————] Log[1+ |+
Ve vz Ve
ic/d
i (C \/? m) @-ArcCosh[cx] 1- :/? i (C \/? m) @-ArcCosh[cx]
2 ArcCosh[c x] Log[1 - | +41iArcSin[—————] Log[1- | -
Ve V2 Ve

i (—C \/? m) ~ArcCosh [c x] i (C \/? m) ~ArcCosh [c x]
e | -2PolyLog|2, s
e e

2 Polylog|2, -

]

Problem 496: Result unnecessarily involves imaginary or complex numbers.

a +bArcCosh[cx]
J dx

3 <d+ex2)

Optimal (type 4, 550 leaves, 27 steps):
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bcv/-1+cx V1+cx a+bArcCosh[cx] e(aerAr‘cCosh[cx})2 e(a+bAr‘cCosh[cx}) Log[l+e’“"c°5h[cx]}
- - - +
2dx 2dx? b d?2 d?
e eArcCosMcx, e eAr‘cCosh[cxj
e (a+bArcCosh[cx]) Log[1- | e(a+bArcCosh[cx]) Log[1+
c~/-d -1/ -c?d-e c+/-d -1/ -c?d-e
2 d2 2d?
e eAr‘cCosh[cx, Ar‘cCosh[ x]
e (a+bArcCosh[cx]) Log[1- | e(a+bArcCosh[cx]) Log[1+
c/-d +\/-c?d-e c/-d + -c?d-e b e POIyLOg[ @-2ArcCoshfcx] }
+
2 d?2 2 d? 2 d?
e eAr‘cCoshjcx] e eAr‘cCosh[cx] e eAr‘cCosh[cx] e eAr‘cCosh[cxj
bePolyLog|2, - | bePolyLog|2, | bePolylog|2, - | bePolyLog|2, ]
c/-d -/ -c?d-e c/-d -/ -c2d-e c/-d +\/-c2d-e c/-d +/-c?d-e
2 d? 2d? 2d? 2 d?

Result (type 4, 913 leaves):

1
4 d? x?

-2ad-4aex?log(x] +2aex’Log|d+ex?]| +

bl2d (cxx/71+cx V1+cx 7Ar'cCosh[cx]) -2ex? (ArcCosh[cx] (ArcCosh[cx] +2Log[1+e 2ArcCoshiex] | ) _polylog|2,

—2Ar‘cCosh[ ]]) N

ic+/d
1+~ (cx/?ﬂ'm@) Tanh[iAr‘cCosh[cx}]
ex? |ArcCosh[cx]? +8 i ArcSin| | ArcTanh| |+
V2 Vc2d+e
Jng[d
]'l(—C\/F e 2d+e) @-ArcCoshfcx] \ﬁ Ji(—C\/? NI 2d+e) @-ArcCosh[cx]
2 ArcCosh[c x] Log[l— 41Ar‘c51n Log } +
Ve Vz Ve
i (C \/? Jc2d+e ) @ -ArcCosh[cx] %/\—l i (C\/? Jc2d+e ) @-ArcCosh[cx]
2ArcCosh[cx] Log[1 + | +41iArcsin| | Log[1+ |-
Ve V2 Ve
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i (—C \/? m) @-ArcCosh[cx] i (C \/F m) @-ArcCosh[cx]

2 Polylog [2, } -2 PolylLog [2, -

1+

Ve Ve
ico/d
1- cv; (C\/?—]l\/?) Tanh[ 2 ArcCosh[cx] ]
ex? |ArcCosh[cx]? +8 i ArcSin[ ——————] ArcTanh]| 2 ]+
V2 Vcid+e
ico/d
i (-cVd s Tdre | etrecosnicn 1- 42 i (~cVd s Tdre | etrecosnicn
2 ArcCosh[c x] Log |1+ | -4iArcSin[———] Log[1+ |+
Ve vz Ve
i (C \H m) @-ArcCosh[cx] 1- J'LL\/?@ i (C \/? m) ~ArcCosh[c x]
2 ArcCosh[c x] Log|1 - | +41iArcSin[ ————] Log[1 - |-
Ve V2 Ve

i (—C\/? “’c2d+e) —ArcCosh[c x] i (C\/? */c2d+e) —ArcCosh[c x]
| -2PolyLog|2,
Ve Ve

2Polylog[2, -

]

Problem 497: Result unnecessarily involves imaginary or complex numbers.

Ja +bArcCosh[c x]
X

4 <d+ex2)

Optimal (type 4, 624 leaves, 28 steps):
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bcv/-1+cx V1+cx a+bArcCosh[cx] e (a+bArcCoshfcx]) bc?ArcTan|[+/-1+cx /1+cx |

_ N . _
6d x? 3dx3 d? x 6d
e¥2 (a+bArcCosh[cx]) Log[1- —‘* ehrecomiex e¥2 (a+bArcCosh[cx]) Log[1+ —‘* ehrecomiex
bceAr‘cTan[\/—1+cx \/1+cx} cvod A/ -de cvd -/ c2de
N _
42 2 (_d)S/Z 2 (_d>5/2

e¥2 (a+bArcCosh[cx]) Log[1- —‘* ehrecomiex. e¥2 (a+bArcCosh[cx]) Log[1+ —L* ehretomni ey |  be*?2PolyLog|2, - e ehretomicr
c/-d +\/-c2d-e ~ c/-d +/-c?d-e ~ c/-d -/ -c?d-e
2(—d)5/2 2(—d)5/2 2(—d>5/2
b e3/2PolylLog|2 e chreteney be3/2 polylog|2, - —Ye b e3/2 PolylLog|2 e ereeene]
{ ’ c/-d -/ -c?d-e } { ’ c/-d +\/-c?d-e ] [ ’ c/-d +\/-c2d-e
- +
2<—d>5/2 2(_d>5/2 2 (_d>5/2

Result (type 4, 972 leaves):

1

1 Ve X
————|-4ad*”?+12a+/d ex? +12ae¥2x? ArcTan|
12d5/2x3 /d

| +b|12+/d ex?

ArcCosh[c x] + ¢ xArcTan|

1+

\/—1+CX \/1+CX

1

2d¥2 cx/-1+cx V1+cx -2ArcCosh[cx] —c3x3Ar‘cTan[

\/—1+cx \/1+cx

ic+/d
1+ Je (C\HJr]'l\/?) Tanh[ 2 ArcCosh[cx] |
3ie¥2x® |ArcCosh[cx]?+8 i ArcSin[ ——————] ArcTanh]| 2 |+
\/? Vcid+e
chyd
i (—C \/? m) @-ArcCosh | r j_ _c \/? m) @-ArcCosh[cx]
2 ArcCosh[c x] Log[l— } 411Ar‘c51n Log } +
Ve VT Ve
1cr
i (C \/d_ m) ~ArcCosh[c x] \/? \/— m) ~ArcCosh [c x]
2 ArcCosh[c x] Log |1+ | +41 ArcSin| | Log]| 1+ |-
Ve Vz Ve
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i (—C \/? m) @-ArcCosh[cx] i (C \/F m) @-ArcCosh[cx]

2 Polylog [2, } -2 PolylLog [2, -

] -

Ve Ve
1- ic+/d
Je (C\/?—]'l\/?) Tanh[ 2 ArcCosh[cx] |
3ie¥2x® |ArcCosh[cx]?+8 i ArcSin[ ——————] ArcTanh]| 2 |+
N2 Vctd+e
ico/d
i (—C \/F m) ~ArcCosh [c x] 1- f/? i (—C \/? m) ~ArcCosh [c x]
2 ArcCosh[c x] Log |1+ | -4iArcSin[———] Log[1+ |+
Ve vz Ve
(/@ VTare) etrecohien 1 i [cVd oV Tare ) etretomicn
2 ArcCosh[c x] Log|1 - | +41iArcSin[ ————] Log[1 - |-
Ve V2 Ve

i (—C\/? “’c2d+e) —ArcCosh[c x] i (C\/? */c2d+e) —ArcCosh[c x]
| -2PolyLog|2,
Ve Ve

2Polylog[2, -

]

Problem 498: Result unnecessarily involves imaginary or complex numbers.

JXB (a+bArcCosh[cx]) 5
X

<d+ex2)2

Optimal (type 4, 562 leaves, 24 steps):
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ArcCosh[c x]

bcd V-1+c2x2 Ar‘cTanh[@} (a+bArcCosh[cx]) Log[1- —&= ]
NERVIETEIE cVd o/ cde

2e? (d+ex?) 2be’ 2e2+/c2d+e \/-1+cx /1+cx 2e?

ArcCosh[cx]

d (a+bArcCosh[cx]) (a+bArcCosh[cx])?

ArcCosh[c x]

(a+bArcCosh[cx]) Log[1+ —\M} (a+bArcCosh[cx]) Log[1- —==* (a+bArcCosh[cx]) Log[1+ —&=

cv-d -/ -c2d-e cv-d +/ -c2d-e ] c/-d +/ -c2d-e
+ +

2 e? 2 e? 2 e?

ArcCosh[cx]

ArcCosh[c x] ] ArcCosh[c x] ]

bPolylog[2, - —t** bPolylog|2, —~*=* bPolyLog[2, - —t=* bPolylog[2, —*=

c/-d -/ -c?d-e c/-d -/ -c?d-e c/-d +\/ -c?d-e c/-d +\/-c2d-e

2 e? 2 e? 2 e? 2 e?

ArcCosh[cx] }

Result (type 4, 1108 leaves):

1 2ad

5 2+2aLog[d+ex2]+
4ec |d+ex

171'1c d . 1
d ArcCosh d ArcCosh Je c/d -ie Tanh[fAr‘cCosh[cx}]
b Vd ArcCos [cx] + Vd ArcCos [cx] +2ArcCosh[cx]2+8jAr‘cSin[i} ArcTanh[( ) 2 ]+
Ad -ive x Vd +ive x V2 Vc2d+e
1+1‘1c d ( . 1
Je C\HJr]l\/?) Tanh[;ArcCosh[cx}]

] +

8 i ArcSin|[ ——————] ArcTanh|

V2 vcid+e

1c

i (—C \/? m) @-ArcCosh[cx] Ji _c \/d— m) @-ArcCosh[cx]

L ie/d
\/7
2 ArcCosh[c x] Log [1 - ] 41 Arc51n Log ] +
Ve vz Ve
i (VA o Tare) etreohicn - L‘rﬂ 4oV P Tre] e
2 ArcCosh[c x] Log [1 + ] 41 Arc51n Log ] +
Ve V2 Ve
/d
r

]'l(C\/? “’c2d+e) ~ArcCosh[c x] 1- i€ \/_ ﬂ/c2d+e) ~ArcCosh[c x]
| +41i ArcSin| | Log[1 |+

Ve Vz Ve

2 ArcCosh[c x] Log[1 -
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14 ic+/d

i (C \/? m) ~ArcCosh [c ] Nrs i (C ﬁ m) ~ArcCosh[c x]
2 ArcCosh[c x] Log[1 + | +4iArcSin[—————] Log[1+ ] -
Ve V2 Ve
2e []-l e +c2d x-i+/-ctd-e Ircx VIrcx 2e [—\E—jczﬁx+«/—c2d—e JTrex VIrex

]iC\/?LOg[ iC\/?Log[

c+/-c2d-e (ﬁﬂi\/?x) c+/-c?d-e (Ji ﬁm@x)

. _
NEr=rery V-ctd-e

i (—C \/? m) ~ArcCosh [c x] i (—C \/d_ m) ~ArcCosh[c x]
e | -2PolyLog|2, e
e e

2 Polylog|2, -

] -

i (C \/d— m) @-ArcCosh[cx] i (C \/? m) @-ArcCosh[cx]
] -2 Polylog [2,
Ve Ve

2 PolyLog[Z, -

]

Problem 500: Result unnecessarily involves imaginary or complex numbers.

a+bArcCosh[cx]
J dx

x (d+ex?) 2
Optimal (type 4, 598 leaves, 29 steps):

cV-1+c2x2 Ar‘cTanh[@]
Vd A/ -1+c? %2

.
2d (d+ex?) b d? 2d32+/c2d+e V-1+cx V1l+cx

a+bArcCosh[cx] (a+bArcCosh[cx])?

ArcCosh [c x] ArcCosh [c x]

(a+bArcCosh[cx]) Log[1- —&=
(a+bArcCosh[cx]) Log[1+ e 2ArcCoshicx] | v d - ctae

d? 2 d? B 2 d2
(a+bAr-cC05h[c X]) Log[l— M} (a+bAr‘cCosh[cx]) Log[1+ o eArccoshlcx)

(a+bArcCosh[cx]) Log[1+ —&=

c/-d -/ -c2d-e

c/-d +\/-c2d-e c/-d +1/ -c?d-e b Polylog { @2 ArcCoshcx] ]
2d? 2d? 2d?
ArcCosh[c x] ArcCosh[c x] ArcCosh[c x ArcCosh[cx]
bPolylLog|2, - —&=< bPolylLog|2, —&= b PolylLog|2, - —&° bPolylLog|2, —&=<
[ c/-d -/ -c2d-e } [ c/-d -+/ -c?d-e ] [ c+/-d +1/ -c?d-e ] [ c+/-d +1/ -c?d-e
2d? 2d? 2d? 2d?

Result (type 4, 1146 leaves):
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a alog[x] alog[d+ex?]
+ - +
2d2+2dex? d? 2 d?
1- ic+/d ) 1
1 \/d ArcCosh[c x] . \/d ArcCosh[c x] i Arcsin| vy | ArcTanh| (C\/F—Jl\/?) Tanh[;ArcCosh[c x] | |-
4d? Vd -i+e x Vd +i+e x N2 Vc2d+e
ic+/d
1+ T (cx/d_ﬂix/F) Tanh[iAr‘cCosh[cx]}
8 i ArcSin| | ArcTanh | | +4ArcCosh[cx] Log[1+e 2Arccoshiex] | _
\E \Vecid+e
chyd
Ji(—C\/? N 2d+e) ~ArcCosh[c x] r j_ C\/? N 2d+e> ~ArcCosh[c x]
2 ArcCosh[c x] Log|1 - | +41i ArcSin| | Log[1 |-
Ve ¥ Ve
ic+/d
j(*C\/? e 2d+e) —ArcCosh[c x] 1- \/— 1'1 C\/? e 2d+e) —ArcCosh[c x]
2 ArcCosh[c x] Log |1+ | +41i ArcSin| | Log[1 |-
Ve V2 Ve
i (C\H Jc2d+te ) @-ArcCosh[cx] 1- %ﬁi \/7 JcZd+e ) @-ArcCosh[cx]
2 ArcCosh[cx] Log[1 - | -4 1iArcsin| | Log[1 | -
Ve vz Ve
J'I(C\H NI 2d+e) @-ArcCosh[cx] 1"'% \/7 NI 2d+e) @-ArcCosh[cx]
2 ArcCosh[cx] Log[1 + | -4 1iArcsin| | Log| 1+ | -

Ve

Vz Ve

J'l(fC\/? /2d+e) —Ar‘cCosh x]

_ 2e (i Ve + T x-i+/-c?d-e mm] _ 2e mezﬁx“/{zwe \/l—cxm]
ic+/d Log| . ic+/d Log|
c+/-c2d-e (\/?-HL\EX) c+/ -c2d-e ( )
+ _
V-c2d-e V-c2d-e
i (—c \/F [2d+e ) @-ArcCosh [c x]
2Polylog|2, -e 2ArcCoshiex] ], 2 polylog|2, - | +2PolyLog|2,

Ve Ve

| 99
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i (C\/?Jrq/chJre ) @-ArcCosh[cx] i (C\/?Jr“/Cszre ) @-ArcCosh[cx]
| +2PolyLog|2,
Ve Ve

2Polylog[2, -

]

Problem 501: Result unnecessarily involves imaginary or complex numbers.

ja +b ArcCosh[c x]
X

x3 (d+ex2)2

Optimal (type 4, 634 leaves, 31 steps):

bcev-1+c2x? Ar‘cTanh[@]
\/? -1+c? x?
. \ _

2d?x 2 d2 x2 2d? (d+ex?) b d3 2d52+/c2d+e V/-1+cx VJ1+cx

bcvV-1+cx V1+cx a+bArcCosh[cx] e (a+bArcCosh[cx]) 2e (a+bAr‘cCosh[cx})2

e eArcCosh [cx] }

c/-d -/ -c?d-e

e eArcCosh [cx]

c/-d -/ -c?d-e ]
+

e (a+bArcCosh[cx]) Log[1- e (a+bArcCosh[cx]) Log[1+

2e (a+bArcCosh[cx]) Log[1+e 2Anccoshicx] |

+ +

d3 d3 d3

e (a+bArcCosh[cx]) Log[1- —'¢ —— | e(a+bArcCosh[cx]) Log[1+ —‘* ehrecenie h

cV/-dn/-cde e/ d /e bePolyLog[2, - e 2ArcCoshicx] |

d3 - e + - +

b e POlyLOg [2, _ e eArchshjc x] } b e POlyLOg [2, e eArcCosh[c x] ] b e POlyLOg [2, _ e eArcCosh[c x] ] b e POlyLOg [2, e eArcCosh[cxj ]

cV-d-y-cd-e cvV-d -/ -de c+/-d + -c*d-e C\/jﬂ/m
d? ' d? ' d? ' d?
Result (type 4, 1237 leaves):
a ae 2aelog(x] aelog|d+ex?]
- - + +

2dx 242 (d+ex?) g2 g2



, - —
2e n\/?ﬂ:z\/?x—i\/fczdfe A -1+cx 4 1l+cx

c Log =
ie ArcCosh[c x] N <V -ctde {”d*ixgx
-1 \/d_+\/?X _c2d-e
cxv/-1+cx V1+cx -ArcCosh[cx]
2d? x2 " 4d5/2 *
[Ze 7\174162\/:)0\ —c2d-e \/-1+cx 1/ 1cx J
cLog !
ie _ ArcCoshlcx] cm ivd \F J
LV x o
4.d5/2 N
e (ArcCosh[cx] (ArcCosh[cx] +2Log|[1+e 2ArcCoshlex] ) _polylog[2, e 2ArcCoshicx] )
d3 :
1+ ic~/d 1
1 Je (cx/d +i\/e)Tanh[;Ar‘cCosh[cx]}
——e |ArcCosh[c x]? +8 i ArcSin[ ————] ArcTanh| |+

2d° V2 Vc2d+e

i [~cVd +VcTdre ) etrcosnicx) 1 2
| -41iArcSin[———] Log[1-

Ve VT

2 ArcCosh[c x] Log[1 -

7CA/d +*’c2d+e ) e—ArcCosh[cx]

7.2 Inverse hyperbolic cosine.nb

i (C \/d— m) @-ArcCosh[cx]

Ve

1 (C \/? m) @ArcCosh[cx] 1+ %
2 ArcCosh[cx] Log[1+ ] +4iArcSin[ —————] Log[1+

Ve Vz

i (C \/? m) @-ArcCosh[cx]

i (*C \/? m) @-ArcCosh[cx]
e | -2PolyLog|2, - e
e e

2 Polylog|2,

Ve -

1|+

|+
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ico/d
1 1- :/; (cﬁ—i\/?)Tanh[lAr‘cCosh[cx]}
—— e |ArcCosh[cx]?+8 i ArcSin| ——————] ArcTanh| 2 |+
2d° N2 Vc2d+e
i (7cx/? m) @ ArcCosh[cx] 1- M@d i (—c ﬁdﬁ) @ ArcCoshlcx]
2 ArcCosh[c x] Log[1 + | -41iArcSin[—————] Log[1+ |+
Ve V2 Ve
ic/d
i (cVd +VTdre ) erecosicn 1-4% i (cVd +VTdre ) etrecosnicn
2 ArcCosh[c x] Log[1 - | +41iArcSin[———] Log[1- ] -
Ve V2 Ve

i (—C \/? m) @-ArcCosh[cx] i (C \/? m) @-ArcCosh[cx]
} -2 Polylog [2,
Ve Ve

2 PolylLog [2, -

]

Problem 502: Result unnecessarily involves imaginary or complex numbers.

JX4 (a+bArcCosh[cx]) 5
X

<d+ex2)2

Optimal (type 4, 839 leaves, 49 steps):



ax bv-1+cx v/1+cx bxArcCosh[cx] d (a+bArcCoshfcx])

d (a+bArcCosh[cx])

7.2 Inverse hyperbolic cosine.n

bcdArcTanh| “Cv;dd’; 11*“‘ ]
e -d +/e /-1icx

+
e? ce? e?

b cdArcTanh| L€ ’dd *vi 11*” ]
cv-a-ve -1+CcX
Ve V N

4e5/2 (\/———\/?X) 4e>? (\/j+\/?x) 2\/cﬂ—\/? \/C\/j+\/? e>/?

e eArcCosh[c Xx] ]

c+/-d -+/ -c?d-e

3+/-d (a+bArcCosh[cx]) Log[1-

3+/-d (a+bArcCosh[cx]) Log[1+

b | 103

e eAl"c(:osh [cx]

c/-d -/ -c?d-e }
+

4 e5/2

23 Jcv"d —e \evod e e

3+/-d (a+bArcCosh[cx]) Log[1- —**

c/-d +\/-c2d-e ] ~

ArcCosh[cx]

3+/-d (a+bArcCosh[cx]) Log[1+

4 e5/2

e eAr‘cCosh [cx] ]

c\/-d +/-c?d-e

3b~/-d PolyLog[2, -

e eAr‘cCosh [cx]

c/-d -/ -c2d-e }
+

4 e5/2

3b+/-d Polylog[2, —¢<"™“* ] 3p+/-d Polylog[2, -

e ehrccoshicx] 3b \/j PolyLOg [ZJ

c/-d +1/ -c2d-e

4e5/2 4e5/2

e eAr‘cCosh [cx]

c/-d +\/-c2d-e ]

c/-d -/ -c2d-e

4e5/2 495/2

Result (type 4, 1185leaves):

g8e

4 e5/2

_\/E(1+cx)+chr‘cCosh[CX]
1+cx

4adyve x e x
8ax/?x+7\/_—12a\/d_Ar‘cTan[\/— | +b +
8 e3/2 d+ex? d c
[Ze ive +c2y/d x-i+/-c?d-e /-1+cx \/1+cx] {Ze e -ic2/d x+y/ -ctd-e /-1+cx \/1+cx]
c Log c Log
ArcCosh[c x] cy/-ctd-e (Vd+ive x| ArcCosh[c x] cy/-ctd-e (iVd Ve x|
+ +
~i+d «+e x V-ctd-e ivd +vVe x V-ctd-e
ic+/d
1+ Je (C\/?Hi\/?) Tanh | ArcCosh [c x] |
3i+/d |ArcCosh[cx]?+8 i ArcSin| | ArcTanh| 2 +
V2 vcid+e
ic+d
H (*C\/?+1/C2d+e ) @-ArcCosh[cx] 1+ Je H (—cﬁ+‘/c2d+e ) @-ArcCosh [c x]
2ArcCosh[cx] Log[1 - | -4 1iArcsin| | Log|1- |+
Ve V2 Ve
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ic~/d
j(cﬂ/d */c2d+e) —-ArcCosh[c x] 1+ :/? ]'l(cﬂld 1/ 2d+e) -ArcCosh[c x]
2 ArcCosh[c x] Log |1+ | +41iArcSin[—————] Log[1+ |-
Ve V2 e

i (—C \/? m) @-ArcCosh[cx] i (C \/F m) @-ArcCosh[cx]

2 Polylog|2, | -2PolyLog|2, -

]|+

Ve Ve
ic/d
1 cﬁ (C\/?—]'l\/?) Tanh[ 2 ArcCosh[cx] |
3i+/d |ArcCosh[cx]?+8iArcSin[————| ArcTanh| 2 |+
N2 Vctd+e
ico/d
i (*C \/? m) -ArcCosh [c x] 1- f/? i (7C \/? m) ~ArcCosh [c x]
2 ArcCosh[c x] Log |1+ | -4iArcSin[————] Log[1+ |+
Ve V2 Ve
ico/d
i (c V@ [T dre | erecoshicn 1- 4 i feva - m) o-ArcCosh c x]
2ArcCosh[cx] Log[1 - | +41iArcSin[————] Log[1- |-
Ve V2 Ve

i (7C \/?Jr\/m) @-ArcCosh[cx] i (C \/? m) @-ArcCosh[cx]
| -2PolyLog|2,
Ve Ve

2Polylog|2, -

]

Problem 503: Result unnecessarily involves imaginary or complex numbers.

sz (a+bArcCosh[cx]) 5
X

<d+ex2)2

Optimal (type 4, 792 leaves, 46 steps):
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b c ArcTanh [ L€ -d Ve vircx ]

a+bArcCosh[cx] a +bArcCosh[cx] \ev-d +vVe -1icx

B - +
4t [Vod Ve x| 4@t (Vod e ) Hieva Ve feva e e
b c ArcTanh [ Lo =dfe x| (a+bArcCosh[cx]) Log[1- —*¢ et ] (a+bArcCoshlcx]) Log[1+ —¢ ghrecomie)

+ —

27/ev=d -e evTd sie e 4+/-d e 4-d e
(a+bArcCosh[cx]) Log[1- e MO ] (a+bArcCosh[cx]) Log|1+ e
cd o/ cde cV/d i/ cde eVd A cde
a - +
4+/-d e3/? 4+/-d e3? 4+/-d e3/2

bPolylog[2, —&<"** | ppolyLog|2, - &] bPolyLog|[2, Y&t

c/-d -/ -c2d-e c/-d +\/-c2d-e c/-d +\/-c2d-e

- +

4+/-d e¥2 4+/-d e3? 4+/-d e32
Result (type 4, 1130leaves):

c/-d -/ -c?d-e }
+

e eAr‘cCcsh [cx] ]

b PolyLog[Z, -

ve X
1 4a+e x 4aAr‘cTan[ = }
- + +

8 e3/2 d+ex? Jd

[Ze [i Ve s /d x-i-c2de Irex VIcx [Ze Lﬁ&&ﬁx“/{zwe \/l—cxm]
cLog 2clog
2 ArcCosh[c x] 5 ArcCosh[c x] ¢y -ctd-e (Vd+ive x| cy-ctd-e (iVd Ve x|

+
id +Ve x ~i+d +Ve x Vv-ctd-e V-c2d-e

Je (C\/?+]'l\/?) Tanh[ 2 ArcCosh[cx] |
i |ArcCosh|c x]2+8jArcSin[7} Ar‘cTanh[ 2 ] +

\d N2 Vcid+re

ico/d
i (—cx/?+\/m) @-ArcCosh[cx] 1+ cv: i (—cﬁ+\/m) @-ArcCosh[cx]
| -4iArcSin[————] Log[1-

Ve Vz Ve

2 ArcCosh[c x] Log[1 -

|+
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i (C \/? m) —ArcCosh[c x] 1+ jL\/—eE i (C \/? m) —ArcCosh[c x]
2 ArcCosh[c x] Log[1 + | +4iArcSin[—————] Log[1+ ] -
Ve V2 Ve

]'].(—C\/? e 2d+e) @-ArcCosh[cx] ]']_(C\/? N 2d+e) @-ArcCoshlcx]

2 Polylog|2, | -2Polylog|2, -

} -

Ve Ve
ic/d
1 cﬁ (C\/?—]'l\/?) Tanh[ 2 ArcCosh[cx] |
i |ArcCosh|c x]2+8jArcSin[7} Ar‘cTanh[ 2 ] +
\d V2 Veid+e
ico/d
i (-cVd s /T dre | etrecoshicn -0 i (~cVd s Tdre | etrecosnicn
2 ArcCosh[c x] Log[1 + | -41iArcSin[—————] Log|[1+ ]+
Ve iz Ve
ico/d
j(cﬁ m) o-ArcCosh c x] 1- j(c\/j VT dre | etrecoshicx
2 ArcCosh[c x] Log[1 - | +41iArcSin[———] Log[1- ] -
Ve V2 Ve

2 Polylog|2, -

i (*C \H m) @-ArcCosh[cx] i (C \/? m) @-ArcCosh[cx]
| -2PolyLog|2,

Ve Ve |

Problem 504: Result unnecessarily involves imaginary or complex numbers.

Ja +b ArcCosh[c x]
X

<d+ex2)2

Optimal (type 4, 804 leaves, 26 steps):
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b c ArcTanh [ ~Lex=d e leex |
— + 4 \/C\/j-#\/? A/ -1+c x B
4d\/?(\/j—\/?x) 4d\/?(\/j+\/?x) 2d\/cm—\/?\/cx/j+\/?@

b c ArcTanh [ Le=dre viecx | (a+bArcCosh[cx]) Log[1 - —feermen (a+bArcCosh[cx]) Log[1+ —/eerten

Jevad Ve iiex ) cﬁm} ) cﬁm] 7
2d+/cvV=d -e VevTd «ve Ve 4 (-d)>? e 4 (-d)¥? e

a +bArcCosh[cx] a +bArcCosh[cx]

(3 bArcCoshic x]) Log[1- T | (o b arccosh [cx)) Log 1+ | ppolyiag[2, - L |

cv/-d +/ -c?d-e v d i de e Y BT
+ + -
a(-d)* e a(-d)** e a(-d)** e
b POlyLOg[Z, e eArcCosh[cx] ] bPOlyLOg{Z, B e eArcCosh[cxj ] bPOlyLOg{Z, e e/ArcCush[c><]
c/-d -/ -c?d-e cvV/-d +/ -c2d-e c/od +/ -2 d-e
+ —
4(_d>3/2\/? 4<—d>3/2\/? 4(—d)3/2\/?

Result (type 4, 1126 leaves):

1 aAr‘cTan[@}
ax Nrs
- +
2 |d2+dex? d32+/e
1._ ic d ) 1
1 \/d ArcCosh[cx] ~/d ArcCosh[c X] . Ve (C\/?’I\E> Tanh[;Ar‘cCosh[cx]}
b + +4Ar‘c51n[7] Ar‘cTanh[ -
2d32+e ~i+/d ++e x ivd ++e x N2 Jec2d+re
1+ ic+/d
NrY (C\/?*’]‘l\g) Tanh[iAr‘cCosh[cx]]
4Ar‘cSin[7] Ar‘cTanh[ +
V2 Vec2d+e
ic+/d
i (—C\/?+\/c2d+e ) @ ArcCosh[cx] 1+ Je i (—C\/?+\/c2d+e ) @ ArcCoshlcx]
i ArcCosh[c x] Log[l— } +2Ar‘cSin[7} Log[l— ] -
Ve V2 Ve
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1-_ ic+/d
i (*C \/? JcZd+re ) ~ArcCosh|[ ] \/— ]'L \H Jc2d+te ) —ArcCosh[c x]
i ArcCosh[c x] Log |1+ - 2ArcSin| | Log[1 ] -
Ve vz Ve
i (C \H Jc2d+te ) @-ArcCosh | ] 1- %—C \ﬁ Jc2d+te ) @-ArcCosh [c x]
i ArcCosh[c x] Log[1 - + 2 ArcSin| | Log|1- |+
Ve vz Ve
i (C\H NI ) @-ArcCosh{ ] 1+%—C \ﬁ c2d+re ) @-ArcCosh[cx]
i ArcCosh[cx] Log[1 + - 2ArcSin| | Log |1+ |+
Ve Ve

e [1'1 Ve +c2+/d x-i+/ -c?d-e +/-1+cx \/1+cx) 2e [—\/? ic2/d x+/ -c2d-e /-1+cx \/1+cx
cVd Log|
c+/-c2d-e (ﬁ+]‘l\/:X) c+/-c2d-e (]L d + ex)
V-c?d-e V-c?d-e
i (7C \/? m) @-ArcCosh[cx] i (7C ﬁ m) @-ArcCosh[cx]
| -1iPolylog|2,
Ve Ve

2
cVd Log|

i Polylog|2, -

} _

i (C \/? m) @-ArcCosh[cx] i (C ﬁ m) @-ArcCosh[cx]
N } + 1 PolylLog [2, N
e e

i PolylLog [2, -

]

Problem 505: Result unnecessarily involves imaginary or complex numbers.

a+bArcCosh[c x]
J dx

2 (d+ex2)2

Optimal (type 4, 846 leaves, 49 steps):
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a+bArcCosh[cx] \/?(a+bAr‘cCosh[cx}> \/?(a+bAr‘cCosh[cx]) bcArcTan[v/-1+cx V1+cx |

¢ x L aa(Vd Vex s (Vdvex) @

e eAm:(:osh [cx]

bc+/e ArcTanh[-Lead-ve vl:ex | pc+/e ArcTanh |-t /e iicx ] 3+Ve (a+bArcCosh[cx]) Log[1-
Jeva e e Jeva e yrex cd-cae
a(-d)?

2d2~Jcv=d -ve Jevod +ve  2d2~Jcv=d -e Jev_d +/e

3 \E a bAr‘CCOSh [c X] Log 1 w 3 e a bAr‘CCOSh [C XJ Log 1- e gArccoshlcx]
. e 2+ roglt- e
B +
4 (-d)** 4 (-d)5?

ArcCosh[c x] ArcCosh[c x]

3+/e (a+bArcCosh[cx]) Log[1+ == 3b+/e Polylog[2, - —*=°

c/-d 4+ -c*d-e cvV-d-/-cde
N _

4(—d)5/2 4(—d)5/2

e eArcCosh[c x] e eAr‘ccosh[c x]

3b+/e Polylog|2, - 3b+/e PolyLog|2, —fe ey
ra i =N > e
+ —

4 (_d>5/2 4 (_d)S/Z 4 (_d)S/Z

3b+/e Polylog|[2,

Result (type 4, 1203 leaves):

1 8 d 4 d
_ a\/if arexflza\EAr‘cTan[ X]+
8d°>/2 X d+ex? NEY
2e[ive 2 vd x-i+/ 2de v Ircx Vircx
8+/d (Ar‘cCosh[c X] +chrcTan[%]) cLog| ) .
b |- Vv -1l+cx 1+cx —2\/d—\/? AF‘CCOSh[C X] c+/ -c*d-e (ﬁﬂl\/?x) .

N
X ~i+d +e x V-c2d-e

2e (—x/e -ic?+/d x+/ -c?d-e /-1+cx /1l+cx

2d e _ ArcCosh[cx] Cm(iﬁw?x) )
iVd e x JVTd e

cLog|
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ico/d
1+ ce (C\/?+Ji\/?>Tanh[iAr‘cCosh[cx]]
3i+e |ArcCosh[cx]?+8iArcSin[————| ArcTanh| ]+
V2 Veid+e
icH/
i (-cVd +VcTdre ) etrecoshicn 1+ D?d i [~V +VcTdre ) etrecoshicn)
2 ArcCosh[cx] Log[1 - | -41iArcsin[————] Log[1- |+
Ve V2 Ve
ic/d
i (cVd +VTdre ) erecosnicn 1+ 250 i (cVd +VTdre ) erecosicn
2ArcCosh[cx] Log[1 + | +41iArcSin[———] Log[1+ |-
Ve V2 Ve

i (7(: \H m) @-ArcCosh[cx] i (C \H m) @-ArcCosh[cx]

2 Polylog|2, | -2PolyLog|2, -

]+

Ve Ve
1-_ ic+/d ) 1
NFY c/d -i+e | Tanh = ArcCosh[c x]
3i+/e |ArcCosh[c x}2+8jLAr‘cSin[7e} ArcTanh | ( ) [2 ] |+
V2 Ve2d+e
ico/
i [~V +VcTdre ) etrecoshicn 1- cﬁd i [~V +VcTdre ) etrecoshicn
2ArcCosh[cx] Log[1 + | -41iArcsin[————] Log[1+ |+
Ve V2 Ve
icH/
i (cV@ oV Tdre ) etrecosnicn 1- Cﬁd i (cVT +/Tdre | etrecosnicn
2 ArcCosh[c x] Log[l— ] +4jArcSin[7] Log[l— } -
Ve V2 Ve

i (—C \/?+m) @-ArcCosh[cx] i (C \/? m) @-ArcCosh[cx]
] -2 PolylLog [2,
Ve Ve

2 PolyLog[Z, -

]
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Problem 506: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

st (a+bArcCosh[cx]) 5
X

(d+ex2)3

Optimal (type 4, 737 leaves, 29 steps):
bcdx (1-c?x?) d? (a+bArcCosh[cx]) d (a+bArcCosh[cx]) (aerAr‘c:Cosh[cx])2

— + — —

8e? (c2d+e)/-1+cx Vi+cx (d+ex?) 4¢3 (d+ex?)? e (d+ex?) 2be’

bc/d -1+ c?x ArcTanh[ €2 | bcy/d (2c2dre) Vo1scPx® ArcTanh[ (992X | (2. bArcCoshicx] ] Log 1~ —L[E <
Vd A -1+ x? Jd [ 1sc2x? c/d - /—cz d-e
+ + 4

e3v/c2d+e V-1+cx VJ1+cx 8e3(c2d+e)3/2\/—1+cx V1+cx 2e3

ArcCosh[cx] ArcCosh[cx]

(a+bArcCosh[cx]) Log[1+w] (a+bArcCosh[cx]) Log[1- —¢= | (a+bArcCoshcx]) Log[1+ —&= ]
c/-d -/ -c?d-e c/-d +/ -c?d-e c/=d +1/ -c2d-e
+ + +

2¢e3 2e3 2 @3

e eArcCosh[cx] e eArcCosh[cxj e eArcCosh[cxj e eArcCosh[cx]
| bPolylog|2, J;] bPolylog|2, - 4;] b PolyLog|2,
c/-d -1/ -c?d-e c/-d -/ -c2d-e c/-d +\/-c2d-e c/-d +\/-c2d-e

+ + +
2e3 2e3 2e3 2¢e3

bPolyLog|2, -

Result (type 4, 1564 leaves):

ad? ad alog|d+ex?]
- + + +
4¢3 (d+ex2)2 e3 (d+ex2> 2e3

j\/:+c2\/:xfi\ —c2d-e \/-1scx 1/ 1l+cx 2e 7\/:71“:1\/17)0\ —c2d-e 1/ -1+cx 1/ 1lscx
e c2de [Vaiife x

71 /d ArcCosh[cx] 4 7].1\/? _ ArcCosh[cx] cm%\/?ﬂ/:x
id e x Jae iVd /e x Jae

2e

c Log{ } c Log[

}

16 e3 16 e3 16 e5/2
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e~/ c?d+e (7]1 Ve -c2/d x4/ c?d+e \/-1+cx /1lscx

c3+/d {Log[4] + Log[

cvV-1+cx V1+cx ArcCosh[c x]

c3 (d+]l\/?\/?x)

+

(c2d+e) (—jﬁ+ﬁx)iﬁ(fjﬁ+ﬁx)2 \/?(c2d+e)3/2

T {eJche [LM/:@VHXW 2dre /-1rcx Vlfcx\‘

c3+/d |Log[4]+Log - - -

c/-1l+cx 1+cx _ ArcCosh[c x] B Ca‘dfw/di\/?x‘

(c2dve) (iVd +Ve x| e (i ﬁ+ﬁx)2 Ve (c2d+e)¥?
+
16 e5/2
1+ ic+d 1
1 Je (C\/d +ix/e)Tanh[;Ar‘cCosh[cx]}

—— |ArcCosh[cx]? + 8 i ArcSin| —————| ArcTanh| |+

4e? V2 Vec2d+e

i (-cVd +VcTdre ) etrecoshicn 1+ 20
| -41iArcsin[————] Log[1-

Ve V2

2 ArcCosh[cx] Log[1 -

j(*C\H /2d+e) —Ar‘cCosh x]

Ve

J'l(C\/? /2d+e) —Ar‘cCosh x]

ico/d
i (cVd +VTdre ) erccoshicn 1t
2 ArcCosh[cx] Log[1 + | +41iArcSin[————] Log[1+
Ve V2

2 Polylog|2,

]'l(C\/? ’2d+e) —Ar‘cCosh x]

i (7C \H m) @-ArcCosh[c x]
= | -2PolyLog|2, - e
e e

Je (cﬁfjﬁ) Tanh[%ArcCosh[cx]}

1
—— |ArcCosh[cx]? + 8 i ArcSin| —————] ArcTanh| |+

4¢e? V2 Vvec2d+e

1+

Ve

} _

} +
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ic+/d
i ({ﬁ m) e-ArcCosh[c x] 1—% i ({\g m) e-Arccosh [ x]
2 ArcCosh[cx] Log[1 + | -41iArcSin[————] Log[1+ |+
Ve V2 Ve
ic+/d
[T VTare) etrecomien 1- e [T Tare | o
2 ArcCosh[cx] Log[1 - | +41iArcSin[———] Log[1- | -
Ve V2 Ve

i (—C \/?+m) @-ArcCosh[cx] i (C \/d— m) @-ArcCoshlcx]
| -2PolyLog|2,
Ve Ve

2Polylog|2, -

]

Problem 509: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

a + b ArcCosh[c x]
j dx

X (d+ex2>3

Optimal (type 4, 772 leaves, 34 steps):
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bcex (1—c2x2)

a +bArcCosh[cx]

a +bArcCosh[cx]
i

- +
8d? (c2d+e)v/-1+cx Vi+cx (d+ex?) 4d (d+ex?)? 2d? (d+ex?)
, bcv-1+c2x? Ar‘cTanh[@]

(a+bArcCosh[cx])

Vd A -1+c? x?

bc(2c2d+e) V-1+c*x? ArcTanh |

N c?dre x }

Vd A/ -1+c? x?
n

bd? 2d52+/c2d+e V-1+cx V1+cx

(a+bArcCosh[cx]) Log[1+e 2ArcCoshicx] |

(a+bArcCosh[cx]) Log[1 -

8 d>/2 <c2d+e)3/2\/71+cx V1+cx

e eAr‘cCosh [cx]

c\/-d -/ -c2d-e ] -

(a+bArcCosh[cx]) Log [1+

e eAr‘cCosh [cx]

c/-d -/ -c2d-e } -

d3

(a+bArcCosh[cx]) Log[1- w}

c+/-d +1/ -c?d-e

(a+bArcCosh[cx]) Log|1+

2d3

e eAr‘cCcsh [cx]

cd . /—czd—e b PolyLog{z, _(efZAr‘cCosh[c x]]

2d?

2d3 )

e eAr‘c(:osh [cx]

c/-d -/ -c2d-e

e reAr‘cCcsh [cx]

c/-d -/ -c?d-e

b PolyLog[Z, -

]

b PolyLog[Z,

]

2d3 2d3

e eAr‘cCosh [cx]

c/-d +/ -c?d-e

b PolyLog[Z, -

]

b PolylLog [2,

e eArc(:osh [cx]

c/-d +1/ -c?d-e

2d3 2d3

Result (type 4, 1613 leaves):

a a

aLog[x]
+ +
4d(d+ex2)2 2d? <d+9X2)

d3

alog[d+ex?]
- +
2d3

Ze[iz\/?-cz\/:x h\/ c2d-e 1/ -licx 1/ licx
e ctae [Jaive }

\ -c?d-e

cLog

ArcCosh[c x]

—i~/d +/e x

51

2d3

ZeL \/? ﬁcz\/jxm/ c2d-e 1/ -licx \/licx

clog

2d3

C\/ c2d-e [ﬁ\/?»\/?x

_ ArcCosh[c x] _

}

/@ e x Cae

16 d5/2

cvV-1l+cx V1+cx ArcCosh[c x]

c>+/d |Log[4] +Log]|

16 d5/2

e/ c?d+e

"
16 d?

—ive -c2+/d x+/c2d+e /-1+cx w/1+cx]

c3 (dﬂiﬁﬁx)

+

(Fdse) (-ivd +Ve x| Ve (-ivd +e x|

Ve (c2die)?
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e~/ c?d+e

~i/e +c2\/d x+y/ c2die v/ -1+cx / 1+cx]

c>+/d |Log[4] +Log]|

1 . cvV-1+cx V1+cx ArcCosh [c x] @ (45 Ve x|
- - +
16 d? (c2d+e> (]'l\/?Jr\/?x) \/?(Ji\/?+\/gx)2 \E(chJre)S/z
ArcCosh[c x] (Ar‘cCosh[c X] +2Log[1+e’“"cc°5h[” ]) PolyLog[ @ 2ArcCoshlc ]]
2d3
icy/d
1 1+ :/: (C\/?Hi\/?) Tanh[ 2 ArcCosh[c x] |
—— |ArcCosh[c x]? + 8 i ArcSin[ ——————] ArcTanh| 2 |+
443 2 Jc2dre
ic/d
i (~cVd@ +VcTdre | etrccosnicn 1+ 252 i [-cVd «VTdre | earccoshicn
2 ArcCosh[cx] Log[1 - | -41iArcsin[————] Log[1- |+
Ve V2 Ve
ic/d
i (cVd +VTdre ) etrecosnicn 1+ 250 i (cVd +VTdre ) etrecosicn
2 ArcCosh[cx] Log[1 + | +41iArcSin[————] Log[1+ | -
Ve V2 Ve

i (7(: \/? m) ~ArcCosh[c x] i (C ﬁ m) @-ArcCosh[cx]

2 PolyLog|2, | -2PolyLog|2, -

] _

Ve Ve
ico/d
1 1- fg (C\/?—Ji\/F) Tanh|[ > ArcCosh[c x] |
—— |ArcCosh[cx]? + 8 i ArcSin[ ——————] ArcTanh| 2 ]+
4d3 V2 Vc2d+e
i (-cVd +VcTdre ) etrecoshicn 1- “ﬁd i (- +VcTdre ) etrecoshicn
2 ArcCosh[cx] Log[1 + | -41iArcSin[————] Log[1+ |+

Ve V2 Ve
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1- ic+/d

i (cx/d_+\/m> @ ArcCosh(cx] Je i (cx/?+\/m) @ ArcCosh[cx]
2 ArcCosh[cx] Log[1 - | +41iArcSin[————] Log[1- | -
Ve V2 Ve

i (*C‘/d Jr1/(:ZdJre ) e—Ar‘cCosh[cx] i (cﬂ/d +*/c2d+e ) e—Ar‘cCosh[cx]
| -2PolyLog|2,
e \e

2Polylog|2, -

]

Problem 510: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

Ja + b ArcCosh[c x]

x3 (d+ex2)3

dx

Optimal (type 4, 834 leaves, 36 steps):



bcv/-1+cx V1+cx bce?x (1-c?x?) a+bArcCosh[cx] e (a+bArcCosh[cx])

e (a+bArcCosh[cx])

+ — —

2.d*x 8d3(c2d+e)\/—1+cx V1+cx (d+ex?) 2d*x? 4d2(d+ex2)2

3e (a+bArcCoshic x])2

d3 (d+ex2)

bcevV-T1scx? ArcTanh[ —[€2X 1 pce (3c2dse) VoT1sx? ArcTanh [ —loeex |
+ —

+

b d* d772+/c2d+e v/-1+cx V1+cx 8d7/2<c2d+e)3/2\/—1+cx V1+cx

3e (a+bArcCosh[cx]) Log|1- _fe ehrecoshicx
cV-d-/-cde
N

3e (a+bArcCoshlcx]) Log[1 + e 2ArcCoshicx] |
+

d* 24d*

e eArcCcsh[cx] e eArcCoshjcx]

3e (a+bArcCosh[cx]) Log|1+ 3e (a+bArcCosh[cx]) Log|1-

cmfm] v/ -cde
+ +

2d4 244

ArcCosh[c x]

3e<a+bArcCosh[cx}>Log[1+ e

3bePolyLog|2, - fe ehretomien

¢V d/ctde  3bePolylog[2, -e 2ArcCoshicx] |
+ +
24 2d* 2. d*

e eAr‘cCosh[c X] e eArcCoshjc x] e eAr‘cCosh[c x]

3bePolyLog[2, 3bePolyLog[2, - 3bePolyLog[2,

c/-d -/ -c2d-e ] c/-d +\/-c2d-e } c/-d +\/-c2d-e
+ +

2d4 2d* 2d4

Result (type 4, 1670 leaves):

a ae ae 3aelog[x] 3aelog[d+ex?]
- - - - +
2d3x?> 442 (d+ex2>2 d? (d+ex2) d* 2d4
2eive «@d xiv-cd-e V-teex 1rex
c Log
ArcCosh|c x] e/ -ctae |Jaivex

91ie

-i+/d Ve x [ _c2d-e
cxV-1+cx /1+cx -ArcCosh[cx]

b + +
2 d3 x2 16 d’/2

c/-d -/ -c2d-e
+
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Ze[dtﬁczx/?xw\ c2d-e \/ -licx Vl»cx‘
)
cy -c2d-e ‘iv’?»xe x}

[« Log[

9ie _ ArcCoshlcx] _
d /e Jaae
1
16 d7/2 16 d3
e/ctdee [ e—czﬁx+\/mmm]
c>+/d |Log[4] +Log| P
032 cV-1+cx V1+cx ArcCosh[c x] ¢ (d+i+/d e x|
- . )

(C2d+e> (*J'l\/?+\EX) \/?(—Ji\/?+\/gx)2 \E(CZdJre)B/z

e/care [1ve e VA x/cPae VTiEx VTiex
c3+/d |Log[4] +Log[ —
1 3/2 cvV-1+cx V1+cx ArcCosh[c x] c (dfll\/?x/?x)
© - - _

16 d° (c2dve) (1v/d +iex] Ve [ivd +ve x)’ Ve (c2d+e)?

3e (ArcCosh[cx] (ArcCosh[cx] +2Log|1+e2ArcCoshiex] ) _polylog[2, —e 2Anccoshicx] )
N
2d*
ic/d
1 1+ CV; (cﬁﬂix/?)Tanh[lAr‘cCosh[cx]}
——3e |ArcCosh[cx]? + 8 i ArcSin| —————| ArcTanh| 2 |+

4dt \/? Vcid+e

1c

]i(—C\/d— e 2d+e) @-ArcCosh[cx]
Ve

Jl _c \/?_Fﬂ/czd_'_e ) @-ArcCoshicx]
| Log[1 |+

Ve

2 ArcCosh[c x] Log[l— ] 4]1Arc51n

\/_ m) @-ArcCosh[cx]

Log 1+ ],

Ve

J'].(C\/? NI 2d+e) @-ArcCoshlcx]
Ve

2 ArcCosh [c x] Log[l +

L ic/d
\/7
e
ncyd
\/_
| +41Arcsin|
e
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J'L(—C\/d_ N 2d+e) @-ArcCosh[cx] ]']_(C\/? N 2d+e) @-ArcCoshlcx]

2 Polylog [2, ] - 2 PolylLog [2, -

1+

Ve Ve
1- ic+/d 1
1 Nry (C\/d_—j\/?) Tanh[ 2 ArcCosh[cx] |
——3e |ArcCosh[cx]? +8 i ArcSin| ~—————] ArcTanh| 2 ]+
4d* 2 Vc2dre
i (—C\/d_ m) —ArcCosh[c x] 1- jl:/?d i (—C ﬁ m) —ArcCosh[c x]
2 ArcCosh[c x] Log[1 + | -4iArcSin[————] Log|[1+ |+
Ve 7z Ve
ic/d
i (C \/? m) ~ArcCosh[c x] 1- :/? i (C\/? m) @-ArcCosh[cx]
2 ArcCosh[c x] Log[1 - | +4iArcSin[————] Log|[1- ] -
Ve V2 Ve

i (7(: \H m) @-ArcCosh[cx] i (C \/? m) @-ArcCosh[cx]
e | -2PolyLog|2, N
e e

2 Polylog|2, -

]

Problem 511: Result unnecessarily involves imaginary or complex numbers.

Jx“ (a+bArcCosh[cx])
dx

<d+ex2)3

Optimal (type 4, 1224 leaves, 80 steps):
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bcv-d V/-1+cx V1+cx bcv/-d V-1+cx V1+cx \/-d (a+bArcCosh[cx]) 5 (a+bArcCosh[cx])

16e? (c2d+e) (ﬂ,\/?)() 16e? (c2d+e) (H+\/?x) 16e5/2(\/777@x)2 +16e5/2(\/777\/?x)+

b cdArcTanh| JeTa /e e ] 5b c ArcTanh | Je/d Je icx ]
\/-d (a+bArcCosh[cx]) 5 (a+bArcCosh[cx]) Jev T e vIrex ST vIex

- +

16 e5/2 (\/j+\/?x)2 716e5/2 (F+\/?x) 78(C\/j—\/?)3/2 (cx/j+\/?)3/2e5/2 8\/C\/j_\/? \/C\/j+\/?e5/2

b c3dArcTanh| e d /e Viiex ] 5b cArcTanh| e d e Viiex ] 3 (a+bArcCosh[cx]) Log[1 - —ee™=nen
Jed e ix Jev=d Ve irex T ctae 7

+

8 (cv-d -Ve | [cV=d Ve |Pe? g [cyTd - cvid +ve e 16+/-d e*2

e eArcCosh [cx]

3 (a+bArcCosh[cx]) Log[1- —= —— ] 3 (a+bArcCosh[cx]) Log[1+ e ehrecoshicd

c/-d -/ -c?d-e ] . c/-d +\/-c2d-e - c/-d +\/-c2d-e -
16/ -d e/? 16/ -d e°/2 16/ -d e°/?

3 (a+bArcCosh[cx]) Log[1+

e eAr‘cCosh,c x] } e eAr‘cCosh{c x] ] e eAr‘cCosh{c x] } e eAr‘cCosMc X]

3bPolylog|2, - 3bPolylog|2, 3bPolylog|2, - 3bPolylog|2,

c/-d -1/ -c?d-e c/-d -/ -c?d-e c/-d +\/-c2d-e c\/-d +\/-c?d-e ]

+ - +

16+ -d e/? 16+ -d e*/? 16+ -d e*/? 16+ -d e*’?
Result (type 4, 1594 leaves):

3 aAr‘cTan[%}

adx 5ax
- +
4e? (d+ex2)2 8e? (d+ex?) 8/d e5/2
{Ze‘nﬁmz\/?xfi\/fczdfe A\ “1eex \/1+cx‘ {26 *ﬁ*iczﬁhmmm‘
clog - . . clog ‘
5 ArcCosh[c x] cVocde ﬁﬂi\/?xl _ ArcCosh[cx] coctde ]\/:J:XJ

5
-1 \/d_ﬂ/?x /—czd—e ]'l\/?+\/?x _c2d-e

16 e°/2 16 e%/2 16 e?
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e/c2die ( e d xi/c2dre VTrcx Irex
c3+/d |Log[4] +Log[ .
. C\/—1+cx \/1+cx ArcCosh[c x] ¢ (dﬂﬁﬁx)
iVa ; : -
<c2d+e) (—Jl\/?Jr\/?x) \/?(fliﬁ+\£x)2 \/F(czd+e>3/2
e/ c2d+e |-i+e +c2\/d x+y/ c2d+e +/-1+cx \/1+cx
c>+/d |Log[4] +Log]| —
1 ] cvV-1l+cx V1+cx ArcCosh[c x] @ -1 e o]
1 - - +
16 e? (2d+e) (iVd +e x| Ve [id s+ x)? Ve (c2d+e)??
icy/d
1 1+ ;; (C\/?Hi\/?) Tanh[ 2 ArcCosh[c x] |
—————31i |ArcCosh[cx]?+8 i ArcSin[ —————] ArcTanh]| 2 |+
32+/d e5/2 N2 Vc2d+e
ic+/d
i (—C\/? m) ~ArcCosh[c x] 1+ :E i (—C\/? m) -ArcCosh[c x]
2 ArcCosh[c x] Log[1 - | -41iArcSin[————] Log|1- ]+
Ve ¥ Ve
ic+/d
i (C \/? m) —ArcCosh[c x] 1+ f/? i (C\E m) —ArcCosh[c x]
2 ArcCosh[c x] Log[1 + | +4iArcSin[————] Log[1+ ] -
Ve V2 Ve

i (—C \/d_ m) @-ArcCosh[cx] i (C W m) @-ArcCosh[cx]
= | -2Polylog|2, -
e Ve

2 Polylog|2,

} -

1 Nry [(C\/?—Ji\/?) Tanh[%Ar‘cCosh[cx]}

31 |ArcCosh[cx]?+8 i ArcSin[ ——————] ArcTanh

32+/d 52 2 Vvcid+e

+
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ic~/d
i (*C\/? m) @-ArcCosh[cx] 1- Nry i (7Cﬁ+m) @-ArcCosh[cx]
2 ArcCosh[c x] Log[1 + | -41iArcSin[———] Log[1+ |+
Ve V2 Ve
ic+/d
i (C Vd + m) ©-ArcCosh [c x] 1- % i (c Jd s m) e-ArcCosh[cx]
2 ArcCosh[c x] Log[1 - | +41iArcSin[————] Log[1- | -
Ve V2 Ve

i (—C \/? m) @-ArcCosh[cx] i (C W m) @-ArcCosh[cx]
e | - 2PolyLog|2, e
e e

2 Polylog|2, -

]

Problem 512: Result unnecessarily involves imaginary or complex numbers.

sz (a+bArcCosh[cx]) 5
X

<d+ex2)3

Optimal (type 4, 1234 leaves, 62 steps):
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bcv-1+cx V1+cx bcv-1+cx V1+cx a+bArcCosh[c x] a+bArcCosh|c x]

16 —de(c2d+e) (\/j—\/?x)_ls —de(c2d+e) (\/j+\/?x)_15ﬂe3/2(\/_—_y?x)z_mde”z(\/j—\/?x)+

b ¢ ArcTanh | Je ST e e ] b c ArcTanh | Je/d e JTicx ]
a+bArcCosh[cx] a+bArcCosh[cx] Jevod e irex Jevod Ve iicx

16~/-d e3/2 (\/j+\/?x)2+16de3/2 (V-d +Ve x| s [cv-d -Ve ) (C\/j+\/?)3/ze3/2+8d\/cm_\/? JevTd s e e

b c3 ArcTanh | Lo/ d /e Jiiex ] b c ArcTanh| e d e e ] (a+bArcCosh[cx]) Log[1 - —ee™=nen
Jevd e iiex Jevd Ve irex T tae )

8(C\/j—\/?)3/2 (C\/j+\/?)3/2e3/278d\/cﬂ—\5 x/cx/j+\/? e3/27 16(—d>3/2e3/2

e eAr‘cCosh [cx]

e eAr‘cCosh [cx]

(a+bArcCosh[cx]) Log[1+ —\w} (a+bArcCosh[cx]) Log[1- (a+bArcCosh[cx]) Log[1+

c/-d -/ -c?d-e c/-d +\/-c?d-e ] c/-d +/-c?d-e ]
- + +

16 (-d)>/? e3/2 16 (-d)>/? e3/2 16 (-d)>/? e3/2

e eArcCosMc X] ] e eArcCosMc X] ]

e eArcCosh{c x] } e eArcCosh{c x]
c\/-d -/ -c*d-e c/-d -/ -c*d-e c/-d +1/ -c*d-e c\/-d +\/ -c*d-e

16(—d)3/2e3/2 16(—d)3/2e3/Z 16(—d)3/2e3’/2 16(—d)3/2e3/2

b PolyLog|2, - b PolyLog|2, bPolyLog|2, - b PolyLog|2,

Result (type 4, 1602 leaves):

aArcTan[@}
B ax . ax NED

4e(d+ex2)2 8de(d+ex2)Jr 8 d3/2 @3/2

iJe +c2d xoi-c2de \/-1:cx f1scx e i xl ae v trex 1o
ArcCosh [ ¢ x] cV-cde Nd sidfe _ ArcCosh[cx] e cae (’i\/d e x
VT /e x Jae VT e x e 1

16 d e3/2 16 d e3/2 16/d e

2e 2e

cLog

c Log
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e/ dee (711\/?7c2\/7x+«/c2d+e NEwraess
c>+/d |Log[4] +Log| T
cvV-1+cx Vi+cx ArcCosh[c x] (4 e x|

i - + +

(c2d+e) (—Jix/?Jr\/?x) \E(*iﬁ+\/?x)2 \/?(c2d+e>3/2

e/ c2d+e " ﬁ\ng\/?xw c2de A -licx \‘1'”1
c3+/d |Log[4]+Log . — !
c/-1rcx \/1+cx _ ArcCosh|c x] _ < [‘H\/d Ve x
(c?d+e) (iﬁ+ﬁx) Ve (J'L \/CTHEX)Z Ve (e d+e)3/’2
n
16+/d e
14+ ic+/d 1
Je (C\/d +Ji\/e)Tanh[;Ar'cCosh[cx]]
i |ArcCosh|[c x}2+8jArcSin[7} Ar‘cTanh[ ] +

3243232 V2 VecZdie

(VT sV Tare) emscomicn S (VT Ve ) emeeonicn
| -41iArcSin[————] Log[1 -

Ve Vz Ve

2 ArcCosh[c x] Log[1 -

|+

icH/
i (c Jd + m) o-ArcCosh c x] 1+ cvgd i (c V@ [T dre | erecoshicn
2 ArcCosh[c x] Log[1 + | +41iArcSin[————] Log[1+ | -

Ve V2 Ve

i (—C \/? m) —ArcCosh[c x] i (C \/? m) —ArcCosh[c x]
= | -2Polylog|2, - e
e e

2 Polylog|2,

} -

1 NS (C\/?—Ji\/?) Tanh[ 2 ArcCosh[c x] |
i [ArcCosh[cx]? +8 i ArcSin|[ ——————] ArcTanh]| 2 |+

32d3/2 e3/2 V2 Veidre
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ic~/d
i (*C\/? m) @-ArcCosh[cx] 1- Nry i (7Cﬁ+m) @-ArcCosh[cx]
2 ArcCosh[c x] Log[1 + | -41iArcSin[———] Log[1+ |+
Ve V2 Ve
ic+/d
i (C Vd + m) ©-ArcCosh [c x] 1- % i (c Jd s m) e-ArcCosh[cx]
2 ArcCosh[c x] Log[1 - | +41iArcSin[————] Log[1- | -
Ve V2 Ve

i (—C \/? m) ~ArcCosh [c x] i (C \/? m) ~ArcCosh [c x]
e | -2PolyLog|2, e
e e

2 Polylog|2, -

]

Problem 513: Result unnecessarily involves imaginary or complex numbers.

a+bArcCosh[c x]
j dx

(d+ex2)3

Optimal (type 4, 1234 leaves, 34 steps):
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bcv/-1+cx V/1+cx bcv-1+cx V/1+cx a+bArcCosh[c x]

16 (-d)*'? (c2d +e) (\/j—\/?x) 16 (-d)*'? (c?d +e) (\/j+\/?x) 16 (-d)*? e (ﬂ_ﬁx)z

b c® ArcTanh [ “Lexd e x|
3 (a+bArcCosh[cx]) a+bArcCosh[cx] 3 (a+bArcCosh[cx]) Jevdve Iiex
+

+ —

o1 (V=0 e x| 6 (4o (VO e e (Vg Ve x] aafeVd e ) (e d e e

3bcArcTanh]| eva Ve Viex ] b c3 ArcTanh [ “Lead ve vlicx | 3bc ArcTanh [ ~Lea=d e Jleex |
e -d +/e /-1+cx mm cv-d /e -licx

- +

s\ cv-d -ve Jcvdve ve 8d(cV-d-ve)(cV-d Ve PVe g@fcva -ve Jovd e ve Ve

3 (a+bArcCosh[cx]) Log[1 -

e eArcCosh[c x] e eAr‘cCosh[c X]

3 (a+bArcCosh[cx]) Log[1+

‘ ,d,m]_ ‘ dm]+
16 (_d)S/Z\/? 16 (—d)S/Z\/?

e eArcCosMc X] e eArcCosh{c x]

3 (a+bArcCosh[cx]) Log[1-

e eAr‘cCosh [cx] ]

3 (a+bArcCosh[cx]) Log[1+ 3bPolylog|2, -

cv-d +/ -c2d-e ] c/-d +/ -c?d-e c/-d -/ -c?d-e }
- - +
16 (-d)*? /e 16 (-d)*?+/e 16 (-d)*?+/e

ArcCosh [c x] ]

e ArcCosh(cx]

3bPolylog[2, —*=° 3bPolyLog|2, - 3bPolylog|2,

c/-d -/ -c2d-e c/-d +\/-c2d-e c/-d +\/-c2d-e ]

- +

16 (-d)*'* e 16 (-d)*"* e 16 (-d)** /e
Result (type 4, 1593 leaves):

e eArccosh [cx] ]

3aAr‘cTan[@]
ax 3ax NED

+ +
4d (d+ex?)? 8d® (d+ex?) 8d52 /e

Ze(ﬁ \/?WZ\/?)«J‘:\/ -c2d-e 3/ -l+cx o/ 1+cx) 2e 7\/?7]‘: cZ\/Txﬂ/ -c2d-e 1/ -1+cx o/ 1+cx)
- cLog -
eV -ctd-e [\/Tuaﬁx _ ArcCoshicx] _ e -ctd-e [J‘:\/?u/?x]
i /A e x [ae iVd /e x Cae

[« Log[

3 ArcCosh[c x]

.
16d2+e 16d2+e 16 d*/2
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e/ dee (711\/?7c2\/7x+«/c2d+e NEwraess
c>+/d |Log[4] +Log| T
cvV-1+cx Vi+cx ArcCosh[c x] (4 e x|

i - + -

(c2d+e) (—Jix/?Jr\/?x) \E(*iﬁ+\/?x)2 \/?(c2d+e>3/2

BW {e\ 2d+e ’—n\/e7+czv/:x+v 2d+e 3/ -1+cx A/ 1:cx \J

c’+/d |Log[4]+Log - -

cy -1+cx 1+cx _ ArcCosh[c x] _ < d’]\/diw/eix‘

(c2dve) (1/d +ve x| Ve (ivd /e x)’ Ve (c2dse)¥?

+
16 d3/2
1+ ic+d 1
1 Je (C\/d +Jix/e)Tanh[;Ar'cCosh[cx]}
31 |ArcCosh[cx]?+8 i ArcSin[ ——————] ArcTanh| |+

32d52+/e V2 Vvcid+e

i (-e/@ A/Tdre | etrecosnicn 12 i (-cd cTdre ) e precosnicn
| -41iArcSin[————] Log[1-

Ve V2 Ve

2 ArcCosh[c x] Log[1 -

] +

jl(c\/? m) e ArcCosh[cx] e i(c\/d_ m) g ArcCoshcx]
| +41iArcSin[ —————] Log[1+

Ve V2 Ve

2 ArcCosh [c x] Log[l +

] -

i (7C \/? m) @-ArcCosh[cx] i (C ﬁ m) @-ArcCosh[cx]
e | -2PolyLog|2, - e
e e

2 Polylog|2,

} _

1 Nry (cﬁfjﬁ) Tanh [ ArcCosh[c x] |
31 |ArcCosh[cx]?+8 i ArcSin[ —————] ArcTanh| 2 |+

32d52/e V2 VecZd+e
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i (7C \/? m) @-ArcCosh[cx] Nry i (7C \/?Jr\/m) @-ArcCosh[cx]
2 ArcCosh[c x] Log[1 + | -41iArcSin[———] Log[1+ |+
Ve V2 Ve
ic+d
i (c Nr m) e-ArcCoshcx] 1- % i (c Nra m) -ArcCosh[cx]
2 ArcCosh[c x] Log[1 - | +41iArcSin[————] Log[1- | -
Ve V2 Ve

i (—C \/F m) @-ArcCosh[cx] i (C W m) @-ArcCosh[cx]
e | - 2PolyLog|2, N
e e

2 Polylog|2, -

]

Problem 519: Result unnecessarily involves higher level functions and more than twice size of optimal
antiderivative.

j(fx)m (d+ exz)3 (a+bArcCosh[cx]) dx
Optimal (type 5, 558 leaves, 8 steps):

(be (3c2de (7+m)2 (12+7m+m?) +3c*d? (35 + 12m+m?)? + &2 (360+342m+119m2+18m3+m4)) (£x)2m (1—c2X2)>/

be? (3c2d (7+m)?+e (30+11m+m?)) (fx)‘“m (1-c2x?)

(csfz (3+m)2 (5+m)? (7+m2y/-1+cx \/1+cx)+ .
S 5em2(7+m2y/-1+cx V1+cx
be* (fx)*" (1-c2x?) d® (fx)*™ (a+bArcCoshcx]) 3d%*e (fx)>™ (a+bArcCoshlcx])
cfé (7+m?2+/-1+cx Vi+cx ' f(1+m) ' 2 (3+m)
3de? (fx)>" (a+bArcCosh[cx]) +e3 (fx)”*" (a+bArcCosh[cx]) . [b [cﬁd3 (3+m) (5+m) (7+m) . 1
5 (5+m) 7 (7 +m) 1+m (3+m) (5+m) (7+m)

e (2+m) (3c2de (7+m)2 (12+7m+m?) +3c*d® (35+12m+m?)? + & (360+342m+119m2+18m3+m4)) (£x)2

1 2+m 4+m
\/1-c?x* Hypergeometric2Fl[—, s , €2 x2]

2 2 2

/(CS# (2+m) (3+m) (5+m) (7+m) V/-1+cx \/1+CX)




7.2 Inverse hyperbolic cosine.nb | 129
Result (type 6, 3434 leaves):
ad®x (fx)" 3ad?ex® (fx)"

+

3ade?x® (Fx)" ae’x’ (fx)"
N

+

1+m

1
- 12 (cx)"
1+m

Jrlbd3 (cx)™m (-Fx)'"
3+m

5+m 7+m C

1 1 3 1
[\/—1+cx V1+cx AppellF1[ =, -m, - =, =, 1-cx, — (1-cx) |
2 2 2 2

1 1 3 1
/(sAppellFl[—, -my, - =, =, 1-cx, = (1-cx) ]+
2 2 2

2
3 1 5 1 3 1 5 1
(-1+cx) |[4mAppellF1[=, 1-m, -—, =, 1-cx, — (1-cx)]| +AppellF1[=, -m, =, =, 1-cx, — (1-cx) | J—
2 2 2 2 2 2 2 2
-1+cx 1 1 3 1 1 1 3 1
AppellF1[ =, -m, =, =, 1-cXx, — (1-cx)] /[GAppellFl[f, -my, =, =, 1-cx, = (1-cx) ]+ (-1+cx)
l1+cx 2 2 2 2 2 2 2 2

3 1 1 3
4mAppellF1[;, 1-m, ;, ;, 1-cx, ; (1—cx)] —AppellFl[;, -m,

+

]] (c x) ™ ArcCosh[c x]
+

1+m

ledzexz (cx) 2™ (£x)"

4 (cx)" (3\/—1+cx V1+ex AppellFl[l,—m,—l, i,l—cx,l(l—cxﬂ/
C 3+m 2 2 2 2
1 1 3 1
(GAppellFl[f, -m, - —, f,l—cx,f<1—cx)]+
2 2 2 2
3 1 5 1 3 1 1
(-1+cx) 4mAppellF1[=, 1-m, - =, f,l—cx,7(1—cx)}+AppellF1[f, -m, —, f,l—cx,f(l—cx” ]—
2 2 2 2 2 2 2 2
-1+cCcX 1 1 3 1 1 1 3
[3 AppellFi[ =, -m, =, =, 1-cX, — (1-cx)] /(GAppellFl[—, -m, =, =, 1-cx, = (1-cx)]+
1+cX 2 2 2 2 2 2 2 2
3 1 1 3 3 5 1
(-1+cx) |[4mAppellF1[=, 1-m, =, =, 1-cXx, — (1-cx)]-AppellF1[=, -m, =, =, 1-cx, — (1-cx]] )+
2 2 2 2 2 2 2 2
(—1+cx)3/2\/1+cx 5Appe11F1[i, —m,—l, 5,1—cx,l(1—cx” /(BGAppellFl[z,—m,—l, E,l cx,l(l—cx)]+
2 2 2 2 2 2 2 2
5 1 7 1 5 1 7 1
3(-1+cx) |4mAppellF1[=, 1-m, -—, —, 1-cx, — (1-cx)]| +AppellF1[=, -m, =, —, 1-cx, — (1-cx) | )+
2 2 2 2 2 2 2 2
5 1 7 1 5 1 7 1
(7 (-1+cx) AppellF1[ =, -m, - =, =, 1-cx, — (1-cx) | /(70AppellF1[7,—m,—f, —1-cx, = (1-cx)]+
2 2 2 2 2 2 2 2
7 1 9 1 7 1 9 1
5(-1+cx) 4mAppellFl[—, 1-m, - —, f,l—cx,7<1—cx)]+Appe11F1[f, -m, —, f,l—cx,f<1—cx)] )J +
2 2 2 2 2 2 2
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c x) 3" ArcCosh [c x 1
(cx) [cX] +=3bde*x* (cx) " (fx)"

C

5+m

B
3+m

1 1
12 (cx)"V-1+cx V1+cx AppellFl[ =, -m, - =
2 2

i,l—cx, l(1—cx)]

1 1
/[6AppellF1[—, -m, - ,1-cx, = (1-cx) ]+
2

3
2 2

l
2 2 2’
3 1 5 1 3 1 5 1
(-1+cx) |[4mAppellF1[=, 1-m, -—, =, 1-cx, — (1-cx)]| +AppellF1[=, -m, =, =, 1-cx, — (1-cx) | )—
2 2 2 2 2 2 2
“licx 1 1 3 1 1 1 3 1
12 (cx)™ AppellFl[ =, -m, =, =, 1-cX, — (1—cx)] /[6Appe11F1[f, -m, —, —,1-cx, — (1—cx” +
1+cx 2 2 2 2 2 2 2 2
3 1 5 1 3 3 5 1
4m(—1+cx)AppellF1[—,1—m, =, —,1—cx,—(1—cx)]—(—1+cx>AppellF1[—,—m, =, —,1—cx,—(1—cx”
2 2 2 2 2 2 2 2
s 3 1 5 1 3 1 5 1
[40(cx)"‘<—1+cx) V1+cx AppellF1[=, -m, - =, =, 1-cx, — (1-cx) | /(30Appe11F1[—, -m, - =, —,1-cx, — (1-cx) ]|+
2 2 2 2 2 2 2
5 1 7 1 5 1 7 1
3(-1+cx) |4mAppellF1[=,1-m, -—, —, 1-cx, — (1-cx)]| +AppellF1|=, -m, =, —, 1-cx, — (1-cx) ]| ]+
2 2 2 2 2 2 2 2
[112 (cx)™ (-1+cx)>?~/1+cx AppellFi 5, “m, 71, Z,l—cx, 1 (1-cx)] /(70Appe11F1[5, “m, 71, Z, 1-cx, 1 (1-cx)]+
2 2 2 2 2 2 2
7 1 9 1 7 1 9 1
5(-1+cx) |4mAppellF1[—, 1-m, -—, =, 1-cx, — (1-cx)]| +AppellF1[—, -m, =, =, 1-cx, — (1-cx) | ]+
2 2 2 2 2 2 2 2
[108 (cx)™ (-1+cx)”?/1+cx AppellFl[Z,—m,—l, 2,1—cx,£(1—cx”/
2 2 2 2
7 1 9 1 9 1 11 1 9
(7 (18AppellF1[—,—m,——, ~,1-cx, = (1-cx)|+(-1+cx) [4mAppellF1|—, 1-m, -—, —, 1-cx, — (1-cx)|+AppellFi[—,
2 2 2 2 2 2 2 2 2
-m, 1, E,l—cx, 1(1-cx)] )]+[44<cx)"‘(—1+cx)9/2\/1+cx AppellFl[g, —m,—l, E,l—cx,l<1—cx)]
2 2 2 2 2 2 2
9 1 11 1 11 1 13 1
(9 (22AppellF1[—,—m,——, —,1-cx, = (1-cx) ]+ (-1+cx) [4mAppellF1[—, 1-m, - =, —, 1-cx, — (1-cx)]+
2 2 2 2 2 2 2 2
11 1 13 1 (c x)°>*" ArcCosh|[c x]
AppellF1[—, -m, =, —, 1-cx, — (1-cx]] )] + +
2 2 2 2 5+m
lbe3x6 (cx) 8™ (Fx)" |- ! 12 (cx)"vV-1+cx V/1+cx AppellFl[l, —m,—l, z,l—cx,l(l—cx)]/
C 7+m 2 2 2 2
1 1 3 1
(sAppellFl[—,fm,f—, =, 1-cx, = (1-cx) ]+
2 2 2 2
3 1 5 1 3 1 5 1
(-1+cx) |[4mAppellF1[=, 1-m, -—, =, 1-cXx, — (1-cx)]| +AppellF1[=, -m, =, =, 1-cx, — (1-cx) | )—
2 2 2 2 2 2 2 2
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-1+cx 1 1 3 1 1 1 3 1
12 (cx)™ AppellF1[ =, -m, =, =, 1-cXx, — (1-cx)] /[6Appe11F1[—, -my, =, —,1-cx, — (1-cx) ]+
l1+cx 2 2 2 2 2 2 2 2
3 1 5 1 3 3 5 1
4m (-1+cx) AppellFl[ =, 1-m, =, =, 1-cx, — (1-cx) |- (-1+cx) AppellF1[=, -m, =, =, 1-cx, — (1-cXx)]|+
2 2 2 2 2 2 2 2
3/2 3 1 5 1 3 15 1
[GG(C )" (-1+cx)¥*/1+cx AppellF1[=, -m, - —, =, 1-cXx, — (1-cx]] /(30AppellF1{f, -my, - =, =, 1-cx, = (1-cx) ]|+
2 2 2 2 2 2 2 2
5 1 7 1 5 1 7 1
3(-1+cx) (4mAppe11F1[f,1—m,—f, —,1-cx, = (1-cx)|+AppellF1[=, -m, =, —, 1-cXx, — (1-cXx)] )+
2 2 2 2 2 2 2 2
) 5 5 17 1 5 17 1
[252 (c x) (—1+cx) Vv1+cx AppellFl[f, -m, - ,f,l—cx,f(l—cx” /(70AppellF1[7,—m,—f, 7,1—cx,7(1—cx”+
2 2 2 2 2 2 2 2
7 1 9 1 7 1 9 1
5(-1+cx) (4mAppe11F1[f,1—m,—f, ~,1-cx, = (1-cx)]| +AppellF1[—, -m, =, =, 1-cx, — (1-cx)] )+
2 2 2 2 2 2 2 2
[468( x)m (1+cx)7/2\/1+cx AppellFl[Z ,—1,2,1—cx,l(1—cx”/
2 2 2 2
7 1 9 1 9 1 11 1
(7 (18AppellF1[f, -m, =, =, 1-cx, = (1-cx)|+ (-1+cx) [4mAppellF1[—, 1-m, -—, —,1-cx, — (1-cx)]+
2 2 2 2 2 2 2
9 1 11 1 o)
AppellFl[f, -m, —, f,l—cx,f(l—cx)] ])+(484(cx)m(—1+cx) V1+cx
2 2 2 2
9 1 11 1 9 1 11 1
AppellF1[ =, -m, - =, —, 1-cXx, — (1-cx)] /[9 [22AppellF1[f, -m, - =, —,1-cx, — (1-cx) ]+
2 2 2 2 2 2 2 2

1 13 1 11 1 13

11 1
(-1+cx) 4mAppellFl[—, 1-m, - =, ~—, 1-cXx, 7(1—cx)]+AppellF1[f, -m, —, —,1-cx, 7(1—cx)] ])+
2 2 2 2 2 2 2 2
[260( x)m (1+cx)11/2\/1+cx AppellFl[E m,—l, E,l—cx,l(l—cx)]/
2 2 2 2
11 1 13 1
(11 [26Appe11F1[—, -m, - =, —,1-cx, = (1-cx) ]+
2 2 2 2
13 1 15 1 13 1 15 1
(-1+cx) 4mAppellFl[—, 1-m, -, —,1—cx,—(1—cx)]+AppellF1[—, -m, —, —,l—cx,—(l—cx)] ])+
2 2 2 2 2 2 2 2

[60 (ex)™ (-1+cx)¥ 21+ cx AppellFl[E, -m, 73, E, 1-cx, 1 (1-cx)]
2 2 2 2

/

13 1 15 1 15 1 17 1
(13 [3@Appe11F1[—, -m, - =, —,1-cx, = (1-cx) |+ (-1+cx) [4mAppellF1[—, 1-m, - —, —, 1-cx, — (1-cXx)]|+
2 20 2 2 2 2 2 2
15 1 17 1 (¢ x)7*" ArcCosh [ c x]
AppellF1[—, -m, =, —, 1-cx, — (1-cx]] )] +
2 20 2 2 7+m

Problem 520: Result unnecessarily involves higher level functions and more than twice size of optimal
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antiderivative.

J(-Fx)m (d +ex2)2 (a+bArcCosh[cx]) dx

Optimal (type 5, 353 leaves, 7 steps):

be(2c2d (5+m)?+e (12+7m+m?)) (fx)z”“ (1-c2x?) b e2 (-FX)A”" (1-c2x?)
c3 f2 <3+m)2 (5+m2+/-1+cx V1+cx +c-F4 (5+m)2+/-1+cx V1i+cx '
d? (-Fx)l”" (a+bArcCosh[cx]) . 2de (fx)3*m (a+bArcCosh[cx]) X e? (fx)s*m (a+bArcCosh[cx]) )
f(1+m) 2 (3+m) 5 (5+m)
(b [c“dz (3+m) (5+m) +e(2+m) (2c2d (5+m)2+e(12+7m+m2))] <Fx)2*mmHyper‘geometr‘iCZFl[l, 2+m, 4+m, ¢ 2] /
1+m (3+m) (5+m) 20 2 2

(c3-F2 (2+m) (3+m) (5+m) \/-1+cx \/1+cx)

Result (type 6, 2079 leaves):

ad?x (fx)" . 2adex® (fx)" X ae?x® (fx)" T (€)™ ()"

1l+m 3+m 5+m C
_ 12 (cx)™ [\/—1+cx V1+cx AppellFl[l,—m,—l, z,l—cx,l(l—cx” /(GAppellFl[l, —m,—l, i,l—cx,l(l—cx)]Jr
1+m 2 2 2 2 2 2 2 2
3 1 5 1 3 1 5 1
(-1+cx) |[4mAppellF1[=, 1-m, -—, =, 1-cx, — (1-cx)]| +AppellF1[=, -m, =, =, 1-cx, — (1-cx) | ]7
2 2 2 2 2 2 2 2
-1+cx 1 1 3 1 1 1 3 1
AppellF1[ =, -m, =, =, 1-cX, — (1-cx)] /[GAppellFl[—, -my, =, =, 1-cx, = (1-cx) ]+ (-1+cx)
1+cx 2 2 2 2 2 2 2 2

) ] (c x)1*™ArcCosh[c x]
+ +

3 1 5 1 3 3 5 1
4mAppellF1[;, 1-m, I 1-cx, N (1—cx)] —AppellFl[;, -m, b 1-cx, N (1—cx)]

1+m

l2bdex2(c:x)’z""(1:x)"' o1 4 (cx)" [3\/—1+cx VJ1+cx AppellFl[l,—m,—l, i,l—cx,l(l—cx”/
C 3+m 2 2 2 2
1 1 3 1
[GAppellFl[—, -my, - =, =, 1-cx, = (1-cx) |+
2 2 2 2
3 1 5 1 3 1 5 1
(-1+cx) |[4mAppellF1[=, 1-m, -—, =, 1-cXx, — (1-cx)] +AppellF1[ =, -m, =, =, 1-cx, — (1-cx) | ]—
2 2 2 2 2 2 2 2
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-1+cCcX 1 1 3 1 1 1 3
[3 AppellF1[ =, -m, —, =, 1-cXx, — (1-cx]] /(GAppellFl[—, -my, —, —,1-cx, — (1-cx)]+
1+cXx 2 2 2 2 2 2 2 2
3 1 5 1 3 3 5 1
(-1+cx) |[4mAppellF1[=, 1-m, =, =, 1-cXx, — (1-cx)]|-AppellF1[=, -m, =, =, 1-cx, — (1-cx]] )+
2 2 2 2 2 2 2 2
2 15 1 3 15 1
(-1+cx)**~1+cx ||5AppellF1[=, -m, - =, =, 1-cx, — (1-cx) | /(BGAppellFl[f,—m,—f, =, 1-cx, = (1-cx)]+
2 2 2 2 2 2 2
1 7 1 1 7 1
3(-1+cx) |4mAppellF1[=, 1-m, -—, —, 1-cx, — (1-cx) ]| +AppellF1[=, -m, =, =, 1-cx, — (1-cX) | )+
2 2 2 2 2 2
5 1 7 1 1 7 1
(7 (—1+cx)Appe11F1[f, -m, - —, f,l—cx,f(l—cx” /(70AppellF1[f,—m,—f, f,l—cx,f(l—cx”+
2 2 2 2 2 2 2
7 1 9 1 7 1 9 1
5(-1+cx) 4mAppellFl[—, 1-m, - —, f,l—cx,7(1—cx)]+Appe11F1[f, -m, —, f,l—cx,f<1—cx)] )J +
2 2 2 2 2 2 2 2

3+m
(cx) 7" ArcCosh[c x] +1be2x4 (cx) ™™ (Fx)" |- 12 (cx)"V-1+cx V1+cx AppellFl[l,—m,—l, i,l—cx,l(l—cx)]/
3+4m C 5+m 2 2 2 2
1 1 3 1
(GAppellFl[—, -my, - =, =, 1-cx, — (1-cx)]+
2 2 2 2
3 1 5 1 3 1 5 1
(-1+cx) |[4mAppellF1[=, 1-m, -—, =, 1-cXx, — (1-cx)]| +AppellF1[ =, -m, =, =, 1-cx, — (1-cx) | )—
2 2 2 2 2 2 2 2
-1+cX 1 1 3 1 1 1 3 1
12 (cx)™ AppellF1[ =, -m, —, =, 1-cX, — (1—cx)] /[6AppellF1[f, -m, —, —,1-cx, — (1—cx” +
1+cCcX 2 2 2 2 2 2 2 2
3 1 5 1 3 3 §5 1
4m(-1+cx) AppellF1[ =, 1-m, =, =, 1-cx, — (1-cx)]| - (-1+cx) AppellF1[=, -m, =, =, 1-cx, — (1-cx)]|+
2 2 2 2 2 2 2 2
\s 3 15 1 3 15 1
[40(cx>"‘<—1+cx) V1+cx AppellFi[=, -m, - =, =, 1-cx, — (1-cx) | /(30Appe11F1[—, -m, - =, —,1-cx, — (1-cx) |+
2 2 2 2 2 2 2 2
5 1 7 1 5 1 7 1
3(-1+cx) |4mAppellF1[=, 1-m, -—, —, 1-cx, — (1-cx)]| +AppellF1[=, -m, =, =, 1-cx, — (1-cx) ]| ]+
2 2 2 2 2 2 2 2
[112 (cx)" (-1+cx)>?/1+cx AppellFl[E, —m, -1, Z, 1-cx, 1 (1-cx)] /(70Appe11F1[5, -m, —1, Z, 1-cx, 1 (1-cx)]+
2 2 2 2 2 2 2
7 1 9 7 1 9 1
5(-1+cx) |4mAppellFl[—, 1-m, - =, =, 1-cx, — (1-cx) ]| +AppellF1[—, -m, =, =, 1-cx, — (1-cX) | ]+
2 2 2 2 2 2 2

1
,1-cx, E(l—cx”

J

N NP

7
[108 (cx)" (-1+cx)”?V/1+cx AppellF1[—, -m, -
2

N |

9 1 11 1 9
4mAppellF1[ =, 1-m, -—, —,1-cx, — (1-cx) ]| +Appe11F1[E,
2

7
(7 (18 AppellF1[—, -m, -
2 20 2 2

N |

) g,l—cx, % (1-cx) ]+ (-1+cx)
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1 11

-m, =, —,1-cx, 1 (1-cx)] )] + [44 (cx)™ (—1+cx)9/2\/1+cx AppellFl[g, -m, —l, E, 1-cx, 1 (1-cx)] /
2 2 2 2 2 2 2
9 1 11 1 11 1 13 1
(9 (22AppellF1[—, -my, - =, —,1-cx, = (1-cx) ]+ (-1+cx) [4mAppellF1[—, 1-m, - =, —,1-cx, — (1-cx)]+
2 2 2 2 2 2 2 2
11 1 13 1 (c x) 3™ ArcCosh [c X]
AppellF1[—, -m, —, —,1—cx,—(1—cx>]))] +
2 2 2 2 5+m

Problem 521: Result unnecessarily involves higher level functions and more than twice size of optimal
antiderivative.

J(-Fx)"' (d+ex?) (a+bArcCoshlcx]) dx

Optimal (type 5, 198 leaves, 5 steps):

be (fx)*"+/-1+cx V1+cx d(fx)"" (a+bArcCosh[cx]) e (fx)>" (a+bArcCosh[cx])
- + +
c f2 (3+m)2 f(l+m) 2 (3+m)

b (e (1+m) (2+m) +c?d (3+m)2) (Fx)>M/1-c2x? Hyper‘geometr‘icZFl[%, 2 A2 2]

cf?(1+m) (2+m) (3+m)2\/—1+cx 1+ cx

Result (type 6, 1044 leaves):
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dx (£x)" 3 (fx)
adx (fx) +aex (Fx) +lbd(cx)”“ (Fx)"
1+m 3+m C
[ 1 12 (cx)" (\/—1+cx V1+cx AppellFl[l, —m,—l, i,l—cx, l(1—cx” /(GAppellFl[l, —m,—l, 3,1—cx, 1(1—cx)]+
1+m 2 2 2 2 2 2 2 2

(—1+cx) , =, 1-cx,

3
4mAppellF1[ =, 1-m, -
2

N |

3 1 1
(1-cx) | +Appe11F1[;, -m, Y 1-cx, N (1-cx)]

N |

N w

-1+cXx

1 1 3 1 1 3 1
AppellF1[ =, -m, =, =, 1-cX, — (1—cx)] /[6AppellF1[f, -m, =, =, 1-cx, — (1—cx” +(-1+cx)
l1+cx 2 2 2 2 2 2 2

+

3 1 5 1 3
4mAppellF1[ =, 1-m, =, =, 1-cx, — (1-cx)|-AppellF1[=, -m,
2 2 2 2 2 2 2 2

] (c x) ¥ ArcCosh[c x]
+
1+m

lbex2 (cx) 2™ (f£x)" |- ! 4 (cx)" (3\/—1+cx V1+cx AppellFl[l,—m,—l, i,l—cx,l(l—cx)]/
C 3+m 2 2 2 2
1 1 3 1
[6Appe11F1[—, -m, - =, —,1-cx, — (1-cx) |+
2 2 2 2
3 1 5 1 3 1 5 1
(-1+cx) |[4mAppellF1[=, 1-m, -—, =, 1-cx, — (1-cx)]| +AppellF1[=, -m, =, =, 1-cx, — (1-cx) | ]7
2 2 2 2 2 2 2 2
-1+cCcXx 1 1 3 1 1 1 3
[3 AppellF1[ =, -m, —, =, 1-cX, — (1-cx]] /(GAppellFl[—, -my, =, —,1-cx, — (1-cx)]+
l1+cx 2 2 2 2 2 2 2
3 1 5 1 3 3 5 1
(-1+cx) 4mAppellF1[ =, 1-m, —, f,l—cx,7(1—cx)]—Appe11F1[f, -m, —, f,l—cx,f<1—cx)] )+
2 2 2 2 2 2 2 2
(—1+cx)3/2\/1+cx 5Appe11F1[§,—m,—1, E,l—cx,l(l—cx” /(30AppellF1[i,—m,—1, E,l—cx,1<1—cx)]+
2 2 2 2 2 2 2 2
1 7 1 5 1 7 1
3 (-1+cx) 4mAppellF1[ =, 1-m, - —, f,l—cx,f(l—cx)]+Appe11F1[f, -m, —, f,l—cx,f<1—cx)] )+
2 2 2 2 2 2

5 1
[7 (71+cx) AppellFl[g, -m, f;,

5(-1+cx)

7 1 9
4mAppellF1[g, 1-m, —;, g, l-cx, — (1—cx)] +

7 1 9
AppellFl[;, -m, ;, ;, l-cx, — (1—cx”

]] (¢ x) 3" ArcCosh [ c x]
+
3+m
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Problem 529: Unable to integrate problem.

dx

J(a +bArcCosh[cx])?

d+ex?

Optimal (type 4, 763 leaves, 22 steps):

e eAr‘cCoshjc x] e eAr‘cCosh[c x]

(a+bArcCosh[cx])?Log[1 - (a+bArcCosh[cx])?Log[1+

c+/-d -/ -c?d-e } cv-d —/-c?d-e ]
- +
2+/-d e 2+/-d Ve
(a+bArcCosh[cx])?Log[1- —¢ chrecosiex] ] (a+bArcCoshcx])®Log[1+ —'® ehrecosnie] ]
2+-d Ve 2+/-d e
b (a+bArcCosh[cx]) PolylLog|2, - —\w} b (a+bArcCosh[cx]) PolyLog[2, —¢ ehrecom )
c/-d -1/ -c?d-e c/-d -/ -c?d-e
. _
Ve Ve
b (a+bArcCosh[cx]) PolyLog|2, - Ve et b (a+bArcCosh[cx]) PolyLog|2 e efretesicr
( ) [ ’ c/-d +1/ -c?d-e } < ) [ ’ c/-d ./ -c?d-e
+ +
V-d e V-d e
b2 POlyLOg [3, B e ehrcCoshicx] } b2 POlyLOg [3, e ehrcCoshicx] } b2 POlyLOg [3, B e ehrcCoshicx] } b2 POlyLOg [3, e ehrcCoshicx] }
c/-d -~/ -c?d-e c/-d -/ -c2d-e c/-d +\/-c2d-e c/-d +\/-c2d-e
_ + _
V-d e V-d Ve V-d Ve V-d Ve

Result (type 8, 22leaves):

dx

J(a +b ArcCosh[c x] )2

d+ex?

Problem 546: Attempted integration timed out after 120 seconds.

dx

1
J(d+ex2) (a+bArcCosh[cx] )2

Optimal (type 9, 22leaves, 0 steps):
1

Unintegrable | o x|

(d+ex?) (a+bArcCosh[cx])

Result (type 1, 1leaves):
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???

Problem 547: Attempted integration timed out after 120 seconds.
J 1
(d+ex?) 2 (a+bArcCosh[cx] )2

dx

Optimal (type 9, 22leaves, 0 steps):
1

Unintegrable| s X]
(d +ex2)2 (a+bArcCosh[cx] )2
Result (type 1, 1leaves):

???

Problem 550: Attempted integration timed out after 120 seconds.

J ! dx
(d +ex2)3/2 (a+bArcCosh[cx] )2

Optimal (type 9, 24 leaves, 0steps):
1

Unintegrable| » X]

(d+ex?)*? (a+bArcCoshicx])?

Result (type 1, 1leaves):

???

Problem 551: Attempted integration timed out after 120 seconds.
J 1
(d+ex?)*? (a+bArcCosh[cx])?

dx

Optimal (type 9, 24 leaves, 0steps):
1

Unintegrable| » X]
(d+ex?)*? (a+bArcCoshlcx])?

Result (type 1, 1leaves):
22?
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Test results for the 296 problems in "7.2.5 Inverse hyperbolic cosine functions.m"

Problem 4: Result unnecessarily involves imaginary or complex numbers.
ArcCosh[c x]
Jidl

d+ex

X

Optimal (type 4, 178 leaves, 8 steps):

ArcCosh[cx] Log[1+ <] ArcCosh[cx] Log[1+ <" ] polylog[2, - <" ] polylog[2, - =<
ArcCosh[c x]? cd-~/ 2 d?-e? cd+n/ c? d?-e? cd-~/ 2 d?-e? cd+/ c?d?-e?
- + + + +
2e e e e e

Result (type 4, 281 leaves):
101 N (cd-e) Tanh[%Ar‘cCosh[cx}]
= | = ArcCosh[cx]?+4 i ArcSin| | ArcTanh| |+
e |2 1/ c2d?2 _e2

l1 d

2d2_ @2 ) @-ArcCosh[c x] 1+ C?
ArcCosh[cx] -2 i ArcSin| Log|[1 | + [ArcCosh[cx] +2 i ArcSin|[ ———]
\/— e

(Cd+‘/C2 d2 - e? ) e—Ar‘cCosh[cx] (7cd+«/cz d2 - e? ) e—Ar‘cCosh[cx]

T/ c2 d2 _ eZ ) e—Ar‘cCosh[c x]
Log[1+

| - Polylog|2, | -Polylog|2, - (

e e e

Problem 7: Result unnecessarily involves imaginary or complex numbers.

JAr'cCosh[c X]
(d +e X) 4

dx

Optimal (type 3, 195leaves, 6 steps):

]
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W cd+e /1+cx
cvV/-1l+cx VJ1+cx c3dv-1+cx V1l+cx ArcCosh[c x] c? (2c2 d2+e2> APCTanh[ﬂ/iccd,:ﬂﬁlfcx ]
- - - +
6 (c2d2-e?) (d+ex)® 2(cd-e)?(cd+e)?(d+ex) 3e(d+ex)’ 3(cd-e)*?e (cd+e)?

Result (type 3, 244 leaves):

12e? (-cd+e)? (cd+e)? (—Ji e-ic2dx+y -c?d?+e? +/-1+cx /1+cx ]

ic3(2c¢2d?+e?) Log|
1|cyV-1+cx Vilscx (e*-c’d(4d+3ex)] 2ArcCosh[cx] A dier (22 de?) (drex)
6 (-c2d?+e?)? (d+ex)? e(d+ex)? e(-cd+e)? (cd+e)?/-c?d?+e?

Problem 11: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

ArcCosh[c x]?
J— dx
d+ex

Optimal (type 4, 272 leaves, 10 steps):

ArcCosh[cx]2Log[1 + M] ArcCosh[cx]2Log[1+ -®

ArcCosh[cx]3 cdn/c2de? cdiy/ 2 d?-e?
- + +

3e e

eArcCosh [cx] ] eAr‘cCosh[c Xx]

2 ArcCosh[c x] PolyLog[Z, - -

cd-+/c?d*-e?

+
e e

+

eAr‘cCosh [cx] ] e eAr‘cCosh [cx]

2 ArcCosh[c x] PolyLog[Z, -2 2PolyLog[3, - 2 PolyLog[3, -

cd+/ c2d?-e? cd-+/ c2d?-e? cd+r/ c?d?-e? }

e eAr‘cCosh [cx] }

e e e

Result (type 4, 766 leaves):
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( 242 - ez) @-ArcCosh [c x]

1
- — |ArcCosh[c x]® -3 ArcCosh[c x]? Log[1 +
3e e

|+

A 2 d2 e2 ) —ArcCosh X] (C d+ C2 d2 _e2 ) e—Ar‘cCosh[cx]
12 i ArcCosh|[c Ar‘c51n Log ] -3 ArcCosh[c x]? Log[l + ] -
7 e e
\ Cd+ C2 d2—62 ) (B’ArCCOSh[CX] e(eAr‘cCosh[c x]
12 i ArcCosh|c Ar‘cSm Log ] -3 ArcCosh[cx]? Log [1 +
\/7 e cd-+c2d?-e?
(cd+ czdz—ez) cx- [ B (14cx)
e<eAr‘cCosh[c X] 1+cx
3 ArcCosh[cx]? Log[1 + | +3ArcCoshcx]?Log[1+ |+
cd++c?d?-e? e
cd 242 _ a2 _ -l+cx
144 (cd+ c2d?-e ) cx /1+CX (1+cx)
12 i ArcCosh[c x] ArcSin| ————] Log[1+ |+
A2 e
2 42 2 —l+cx d
(—cd+ c2d?-e ) —oxs [ S (1+cx) 1+C?
3 ArcCosh[cx]? Log|1 + | -12 i ArcCosh[c x] ArcSin[ ——]

e V2
e eAr‘cCosh [cXx]

[carVad o] ( [ Lex (1 ex)
| - 6 ArcCosh[cx] PolyLog|2, ] -

e —cd+Vc2d?-e?

Log[1+

ArcCosh[c x] ArcCosh[c x] ArcCosh[c x]

ee ee ee

6 ArcCosh[c x] PolylLog|[2, - | +6PolyLog|3, | +6PolyLog|3, -

+yc2d?-e? —cd+c2d?-e? cd++/c2d?-e?
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Problem 12: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

ArcCosh|[c x]?
J— dx

(d+ex)2

Optimal (type 4, 259 leaves, 10 steps):

e eArcCosh [cx] ]

2 cArcCosh[cx] Log[1+

ArcCosh[c x]?2 cd/c2d e
T efdrex) ecZdi_e? )
2 c ArcCosh[cx] Log[1+ =< ] 2 cpolylog[2, - =] 2cPpolylog[2, - =<
cdinfc2de? . cdfc2de? ) cdinfc2de?
e/c2d?-e? evcrd?-e? evc?d?-e?

Result (type 4, 848 leaves):
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1 ArcCosh[c x]?
-— _—
e cd+cex
1 (cd+e) Coth[ 2 ArcCosh[cx] | cd (-cd+e) Tanh[2 ArcCosh[c x] |
——————2|2ArcCosh[cx] ArcTan| 2 | -21ArcCos|[-—| ArcTan| 2 |+
V-c2d?+e? V-c2d?+e? e V-c2d?+e?
cd (cd+e) Coth[ 2 ArcCosh[cx] | (-cd+e) Tanh| ArcCosh[cx] ]
ArcCos |- —] +2 |ArcTan| 2 | +ArcTan| 2 ]
e V-c?d?+e? V-c?2d?+e?

VT di s el e i Aeeehien cd
Log | | + |ArcCos |- —] -
V2 e Vcd+cex e
(cd+e) Coth[ 2 ArcCosh[cx] | (-cd+e) Tanh[ 2 ArcCosh[cx] ] Vo1 e e AncCoshicx]
2 |ArcTan| 2 | +ArcTan| 2 ||| Log| |-
V -c?d? + e? \ -c2d? + e? V2 \Je cd+cex

(-cd+e) Tanh[%Ar‘cCosh[c x] |

(cd+e) (cd—e+1’1\/—c2d2+e2) (—1+Tanh[iAr‘cCosh[cx}])
e (cd+e+j\/—c2d2+e2 Tanh[iAr‘cCosh[cx]”

cd
ArcCos [f 7] + 2 ArcTan [

e vV -c?d?+e?

] |-

Log|

(-cd+e) Tanh[%Ar‘cCosh[c x] |

(cd+e) —cd+e+i\/—c2d2+e2) (1+Tanh[§Ar‘cCosh[cx}])

efcd+re+i/-c2d?+e? Tanh[%Ar‘cCosh[cx]”

cd
ArcCos |- —] - 2 ArcTan|

€ \V-c2d?+e? | I+

Log|

(cd—i\/—c2d2+e2) (cd+e—1‘1\/—c2d2+e2 Tanh[lAr'cCosh[cx”)
i [PolyLog|2, : ] -
e(cd+e+1‘1\/7c2d2+e2 Tanh[iAr‘cCosh[cx}])
(cd+1‘1\/—c2d2+e2) (cd+e—1‘1 -c2d?+e? Tanh[lAr'cCosh[cx]”
PolyLog[Z, 2 ]
e(cd+e+j —c2d?2+e? Tanh[iArcCosh[cx]])

Problem 13: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

ArcCosh[c x]?
j— dx

(d+ex)3

Optimal (type 4, 352 leaves, 13 steps):
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c |-+ (1+cx) ArcCosh[cx] c3dArcCosh[cx] Log[1+w]
Lrex ArcCosh[c x]? cdfcd e

_ N _
(c2d?-e?) (d+ex) 2e<d+ex)2 e(czdz—e2)3/2

ArcCosh[cx] ArcCosh[c x] ]

C3dAr‘CCOSh[C X] Log[1+ ee c3d POlyLOg[Z, _ _ee e ehrcCoshicx]

cd+/ c2d?-e? c? Log[d + e x] cd-/ c2d?-e? cd+/ c2d?-e?
+ +

e <C2d27e2>3/2 e(czdz_ez) e<C2d2762>3/2 e(c2d2762>3/2

c®dPolyLog|2, -

Result (type 4, 936 leaves):
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-1+cx

=== (1+cx]) ArcCosh[c x] ex
N < ) ArcCosh[c x]2 Log 1+ d}
C + +

(cdfe) (cd+e) (cd+cex) 2e(cd+cex)2 c2d?e-e3

1 (cd+e) Coth[ % ArcCosh[cx] | cd (-cd+e) Tanh[ 2 ArcCosh[cx] ]
cd [2ArcCosh[cx] ArcTan]| 2 | -21ArcCos|[-—] ArcTan| 2 |+
e (-c2d?+e?)’? V-c2d?+e? e V-c2d?+e?
cd (cd+e) Coth[ > ArcCosh[cx] | (-cd+e) Tanh[ 1 ArcCosh[cx] ]
Ar‘cCos[—f] +2 Ar‘cTan[ 2 } +Ar‘cTan[ 2 ]
e V-c2d?+e? V-c2d?+e?
VT dt s el e i Aeeehien cd
Log| | + |ArcCos |- —] -
V2 Ve VJcd+cex e
(cd+e) Coth[ 2 ArcCosh[cx] | (-cd+e) Tanh[ 2 ArcCosh[cx] ] V2 d2 s e e;ArcCoshicx]
2 |ArcTan]| 2 | +ArcTan| 2 ||| Log| | -
V-c2d?+e? Vv -c2d?+e? V2 Ve VJecd+cex

cd (-cd+e) Tanh[%Ar‘cCosh[cx]} (cd+e) (cd—e+1’1\/—c2d2+e2) (—1+Tanh[lAr~cCosh[cx}])
ArcCos |- —] + 2 ArcTan| || Log| 2 | -

€ \V-c?d?+e? e (cd+e+1’1 -c?2d?+e? Tanh[iAr‘cCosh[cx]])

cd (-cd+e) Tanh[ 2 ArcCosh[cx] ] cd+e) (7cd+e+j\/7c2d2+e2) (1+Tanh[lAr‘cCosh[cx}])
ArcCos |- —] - 2 ArcTan| 2 Log 2 |+

e v -c2d? +e? e(cd+e+1‘1\/—c2d2+e2 Tanh[iAr‘cCosh[cx]])

(cd—i\/—c2d2+e2) (cd+e—1’1\/—c2d2+e2 Tanh{lArcCosh[cx”)
i [PolyLog|2, 2 |-
e(cd+e+1’1\/—c2d2+e2 Tanh[%ArcCosh[cx}])
(cd+1’1\/—c2d2+e2) (cd+e—1‘1 -c2d?+e? Tanh[lAr‘cCosh[cx]”
Polylog|2, 2 ]
e(cd+e+j1 —c2d? +e? Tanh[iArcCosh[cx]])

Problem 17: Result unnecessarily involves imaginary or complex numbers.

a+bArcCosh[c x]
J dx

d+ex

Optimal (type 4, 195leaves, 8 steps):
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ArcCosh[cx]

(a+bArcCosh[cx]) Log[1+ %€

(a+bArcCosh[cx])? cddcade

- + +

2be e

e eArcCcsh [cx]

cd+/ c?d?*-e?

e eAr‘cCosh [cx] }

cd+f c?d?-e?

e eAr‘cCosh [cx] }

cd-+/c?d?-e?

(a+bArcCosh[cx]) Log[1+ bPolyLog|2, - bPolyLog|2, -

+ +
e e e
Result (type 4, 294 leaves):
alog[d+ex]
- +
e
14 cd 1 14 cd
1 |1 e (cd-e) Tanh[;Ar‘cCosh[cx]] e
~b | = ArcCosh[cx]?+4 i ArcSin|[ ————] ArcTanh| | + |ArcCosh[cx] -2 i ArcSin[ ————] | Log|
e 2 \/? 2 d? _ e2 \/7
(cd_ﬂ/cz d2_e2 ) efAr‘cCosh[cx] A [ 1+ % (Cd_‘_ﬂ/cz d2_e2 ) e—Ar‘cCosh[cx]
1+ | + |ArcCosh[cx] +2 i ArcSin| ———] | Log[1+ |-
e V2 e
(7cd+4/c2 d27e2 ) e—Ar‘cCosh[cx] (cd+4/c2 d27e2 ) e—Ar‘cCosh[cx]
PolyLog|2, | -Polylog|2, - ]

e e

Problem 20: Result unnecessarily involves imaginary or complex numbers.

Ja +bArcCosh[c x]
X

(d+ex>4

Optimal (type 3, 202 leaves, 6 steps):

bc3 (2 c? g2 +e2> ArcTanh[M]

bcv-1+cx /1+cx bc3dv/-1+cx V1+cx a+bArcCosh[cx] Jcdoe +/-1rcx
- - - +
6 (c2d?-e?) (d+ex)2 2(cd7e)2(cd+e>2<d+ex) 3e(d+ex)3 3(cd7e)5/2e<cd+e)5/2

Result (type 3, 259 leaves):
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1
6e
12e? (-cd+e)? (cd+e)? |-1e-1ic?dx+y -c?d?+e? ~/-1+cx /1+cx
234 beevlrex Virex (drex) (-e2+c2d (4d+3ex)) ibc3 (2 c2d?+ e2> Log[
(~c? d?+e?)? 2bArcCosh[cx] bc/ -2 d?re? (2c%d?+e?) (d+ex)
+ +
3 3
(d+ex) (d+ex) (—cd+e)2(cd+e)2\/—c2d2+e2

Problem 24: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

(a+bArcCosh[cx] )2
J dx

d+ex

Optimal (type 4, 303 leaves, 10 steps):

e eArcCosh [cx]

(a+bArcCosh[cx])? cdJad e

- + +

3be e

(a+bArcCosh[cx] )2 Log[1 +

e eAr‘cCosh [cx]

e e/-\r‘cCosh'c x] ] ]
cd+/ c?d?-e? cd-+/ c?d?-e?
+ +

e e

(a+bArcCosh[cx])?Log[1+ 2b (a+bArcCosh[cx]) PolyLog[2, -

e eArcCosh[c x]

cd-/ c2d?-e?

e eAr‘cCcsh [cx]

cd+r/ c? d?-e? ]

e eAr‘cCosh [cx] ]

cd+/ c?d?-e?

e e e

2b (a+bArcCosh[cx]) PolyLog|2, - 2b2Polylog|3, - 2 b2 Polylog|3, -

Result (type 4, 1064 leaves):

1
— |3a%Llog[d+ex]+
3e

14+ <4 1
e (cd-e) Tanh[;Ar‘cCosh[cx]]

6ab 1Ar‘cCosh[c x]%+4 i ArcSin[ ————] ArcTanh| | + [ArcCosh[c x] —ZjArcSin[ie]

2 V2 Ve d?-e? V2
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( 2 d2 e2 ) —Ar‘cCosh X] 1+ C?d ( 2 d2 e2 ) —Ar‘cCosh X]
Log[1+ | + |ArcCosh[cx] +2 i ArcSin| ———] | Log[1+ | -
e 2 e
( 2 dz ) —Ar'cCosh X] ( 2 d2 ) —Ar‘cCosh X]
PolyLog|2, | -PolyLog|2, - -
e e
cd
( 2 dZ e2 ) —Ar‘cCosh X] 1+ e
b? |ArcCosh[c x]? - 3 ArcCosh[c x]? Log[1 + | +12 i ArcCosh[c x] ArcSin| ——]

e Vz

c2d? - ez) @-ArcCosh[cx]

(C d+/c2d?-e2 ) e—Ar‘cCosh[c X]

Log{1+ | -3 ArcCoshcx]?Log[1+ ] -
e
\[ C d+ c2d?-e? ) e—Ar‘cCosh[cx] e eAr‘cCosh[c x]
12 i ArcCosh[c x] ArcSin| | Log[1 | -3 ArcCosh[cx]?Log[1+
V2 e cd-+c?d?-e?
(cd+\/c2d2—e2> cx- | Alx (1+cx)
e ghrcCosh(cx] l+cx

3 ArcCosh[cx]? Log|1 + | +3ArcCoshcx]?Log[1+

cd+/c2d?-e? e

144 (cd+ czdz—ez) CX- /’11*J (1+cx)
e +C X
12 i ArcCosh[c x] ArcSin|[ ————] Log[1+ |+
V2 e
(—cd+ czdz—ez) —Cx+ I% (1+cx) 1+Ce_d
3 ArcCosh[cx]? Log |1 + | -12 i ArcCosh[c x] ArcSin[ —]

e vz

1+c X e <eAr‘cCosh[c x]

| - 6 ArcCosh[c x] PolyLog|2, |-
€ —cd+/c?d?-e?

(—cd+\/c2d2—e2) (—cx+ -liex (1+cx)

Log[1 +
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e eAr‘cCosh [cx] e eAr‘cCosh [cx] e eAr‘cCosh [cx]
6 ArcCosh[c x] PolylLog|[2, - | +6PolyLog|3, | +6PolyLog|3, - ]
cd+Vc2d?-e? —cd++Vc2d?-e? cd++/c2d?-e?

Problem 25: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

2

(a+bArcCosh[cx])
J dx

(d+ex)2

Optimal (type 4, 279 leaves, 10 steps):

e eArcCosh[c x]

(a+bArcCosh[cx])? cdfg e

) e<d+ex) i e~/c2d? - e? B

e eArcCosh[c X]

2bc (a+bArcCoshcx]) Log[1+

ArcCosh[cx] ArcCosh[cx]

2bc (a+bArcCoshcx]) Log[1+ 2b2 cPolylog|2, - == 2b2cPolylog|2, - =€

cd+/ c? d?*-e? cd-~/c?d?-e? cd+/ c? d?*-e?

+ —

eVc2d?-e? eVc2d?-e? e/c2d2-e?
Result (type 4, 943 leaves):
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m flljccx)(
1 a? ArcCosh[c x] 2 ArcTan [ Cdie }
-— -2abc |- + +
e |d+ex cd+cex vV-cd+e Vcd+e
1
.| Arccoshicx)2 1 (cd+e) Coth[;Ar‘cCosh[cx]}
b% ¢ + 2 [2ArcCosh[cx] ArcTan| |-
cd+cex \-c?d? + e? \-c?d?+e?

(-cd+e) Tanh[iAr‘cCosh[c x] |

2 iAr‘cCos[fg] ArcTan | | + |ArcCos |- ﬂ] +

e “’—c2d2+e2 e

(cd+e) Coth[iAr‘cCosh[c x] | (-cd+e) Tanh[iAr‘cCosh[c x] | 2l s e? e 5 Arecoshicx]
2 Ar‘cTan[ } +Ar‘cTan[ ] Log[ ] +
V-c2d? v e? V-c?d?+e? \/?\/?w/c(d+ex>

(cd+e) Coth| i ArcCosh[c x] |

cd (-cd+e) Tanh[2 ArcCosh[cx] |
ArcCos[-—] -2 |ArcTan| | +ArcTan| 2
e V-c2d?+e? \V-c?2d?+e?

1
mez—ArcCosh[cx] cd
Log| | - |ArcCos |- —] + 2 ArcTan|

(cd+e) (cd—e+1’1\/—c2d2+e2) (—1+Tanh[iArcCosh[cx]])

-cd+e) Tanh[iAr‘cCosh[c x] | ]]

Log | |-
e(cd+e+i\/7c2d2+e2 Tanh[iAr‘cCosh[cx]”
cd (-cd+e) Tanh[2 ArcCosh[c x] | (cd+e) (—cd+e+i\/—c2d2+e2) (1+Tanh[lAr‘cCosh[cx}])
ArcCos |- —] - 2 ArcTan]| 2 || Log]| 2 |+
e v -c2d? +e? e(cd+e+1‘1\/—c2d2+e2 Tanh[%Ar‘cCosh[cx]”

(cdfj\/—c2d2+e2) (chre—Ji\/—czdere2 Tanh[iAr‘cCosh[cx]])
e (cd+e+1‘1\/—c2d2+e2 Tanh[iArcCosh[cx]])

PolyLog [2,

} _

i

Polylog|2,

(cd+1’1\/—c2d2+e2) (cd+e—1‘1 -c2d? +e? Tanh[iAr‘cCosh[cx]”]
e(cd+e+1‘1\/—c2d2+e2 Tanh[%Ar‘cCosh[cx]”
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Problem 26: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

(a+bArcCosh[cx])?
J dx

<d+ex)3

Optimal (type 4, 380leaves, 13 steps):

bc |-+ (1+cx) (a+bArcCosh[cx]) bc*d (a+bArcCoshcx]) Log 1+ -]
Leex (a+bArcCosh[cx])? cd e

— — + —

(c2d*-e?) (d+ex] 2e(d+ex)2 e(czdz—e2)3/2
bcd (a+bArcCosh[cx]) Log|1+ w} b% c3d PolyLog|2, ™ cdPolyLog|2, el
cdif 2 d2-e? b2 c? Log[d + e x] cd-/ 2 d?-e? cdi/ 2 d?-e?
+ + -
e <C2d2—62>3/2 e (Czdz_ez) e (C2d2—62>3/2 e <C2d2—92)3/2

Result (type 4, 1100 leaves):
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e/ -1+cx /1l+cx _ 2cdAnctan [cd-e
a2 v2abc? |- ArcCosh[c x] ) (-cd+e) (cd+e) (cd+cex) (-cd+e)¥/2 (cd+e)¥/? N
e(d+rex)? 2e (cd+cex)? 2e
-1+
G | 1+—ch" (1+cx) ArcCosh[cx] ArcCosh [ x12 Log[1+ e_x}
- - + +
(cd—e) (cd+e) (cd+cex) 2e(cd+cex)2 c2d?2e-e3
1 (cd+e) Coth[iAr‘cCosh[c x] | cd (-cd+e) Tanh[iArcCosh[c x] |
( . 2)3/2 cd |2ArcCosh[cx] Ar‘cTan[ ] —ZJ'LAr‘cCos[——} Ar‘cTan[ ] +
e (-ccd+e A/ -c2d? + e2 e N —c2d?+ e?
cd (cd+e) Coth[ > ArcCosh[cx] | (-cd+e) Tanh[ 2 ArcCosh[cx] |
Ar‘cCos[—f] +2 Ar‘cTan[ 2 ] +Ar‘cTan[ 2
e -c?d?+e? -c?d? +e?
Vo et e hreeeshiex cd
Log| | + [ArcCos[- —] -
V2 Ve Vecd+cex e
(cd+e) Coth[ > ArcCosh[cx] | (-cd+e) Tanh| 2 ArcCosh[cx] | meém‘cwsh[cx}
2 Ar‘cTan[ 2 ] +Ar‘cTan[ 2 Log[ ] -
—c2d?+ e? —c2d? +e? V2 AJe Vcd+cex

(cd+e) (cd e+1\/—c2d2+e2) (—1+Tanh[%Ar‘cCosh[cx]”]
Lo _
efcd+e+i/-c2d?+e? Tanh[iArcCosh[cx}])

(
(cd+e) ( cd+e+1‘1\/—c2d2+e2> (1+Tanh[iAr‘cCosh[cx]”

Log
e |

(-cd+e) Tanh[%Ar‘cCosh[c x] |

cd
ArcCos [~ —] + 2 ArcTan]|
e —c2d?+e?

cd (-cd+e) Tanh |2 ArcCosh[cx] |

Ar‘cCos[— 7] - ZAPcTan[ 2 }
e -c2d?+e?

(cd—j\/—c2d2+e2 ) (cd+e—jm/—c2d2+e2 Tanh[;Ar‘cCosh[cx]”

e (cd+e+1‘1\/—c2d2+e2 Tanh[%Ar‘cCosh[cx]”

] +

cd+e+i-c2d?+e? Tanh[iAr‘cCosh[cx}])

i [Polylog|2, ] -

PolyLog|2,

(cd+i\/—c2d2+e2) (cd+e—1’1\/—c2d2+e2 Tanh[%Ar‘cCosh[cx]])}
e (cd+e+j1\/—c2d2+e2 Tanh{%Ar‘cCosh[cx}])
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Problem 35: Attempted integration timed out after 120 seconds.
J 1
(d+ex)2 (a+bArcCosh[cx] )2

dx

Optimal (type 9, 20leaves, 0steps):
1

Unintegrable | » X]
(d+ex)2 (aerAr‘cCosh[cx])2

Result (type 1, 1leaves):
222

Problem 38: Result more than twice size of optimal antiderivative.
J(d +ex)" (a+bArcCosh[cx]) dx

Optimal (type 6, 125leaves, 3 steps):

_ﬁb (Cd+e> \/*1+CX (d+eX>m (M)imAppellFl[i, i, *1*m, %, % (1*CX>, e_(ﬂ)_} . (d+ex>1+m <a+bAr\cCosh[Cx1>

cd+e cd+e

ce (1+m) e (1+m)

Result (type 6, 715leaves):
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a(d+ex)t" “1+cx (cd+re+re(-1+cx)\" 1 1 3 1 e(-1+cx)
+=b||12cd (cd+e) AppellFl[ =, =, -m, —,—(1—cx),—7]/
e (1+m) c 1+cx c 272 272 cd+e
1 3 1 e (-1+cx)
e (1+m) (6(cd+e) AppellF1[~, =, -m, —, = (1-cx), e -4em(-1+cx)
2 2 2 2 cd+e
3 1 5 1 e (-1+cx) 3 3 5 1 e (-1+cx)
AppellF1[=, =, 1-m, =, = (1-cx], - |+ (cd+e) (-1+cx) AppellF1|[ =, =, -m, =, — (1-cx), -
2 2 2 2 cd+e 2 2 2 2 cd+e
12 (cd+e) (d+ex)™ | [vV/-1+cx V/1+cx AppellFl[l,—l,—m, i,l—g, ﬂ]/
1+m 2 2 2 2 2 cd+e
1 1 3 1 c¢cx e-cex 3 1 5 1 c¢cx e-cex
(6 (cd+e) AppellF1|—, - =, -m, =, —- —, ——— | +4em (-1+cx) AppellF1[—, - =, 1-m, =, —- —, —— | +
2 2 2 2 2 cd+e 2 2 2 2 2 cd+e
3 1 5 1 ¢cx e-cex -1l+cx 1 1 3 CX e-cex
(cd+e) (-1+cx) AppellF1[ =, =, -m, =, —-—, ————| | + AppellFl[ =, =, -m, =, —- —, }/
2 2 2 2 2 cd+e 1+cX 2 2 2 2 2 cd+e
1 1 3 1 ¢cx e-cex 3 1 5 1 c¢cx e-cex
(—6 (cd+e) AppellF1|[—, —, -m, =, —-—, ——— | -4em (-1+cx) AppellF1[ =, =, 1-m, =, = - —, +
2 2 2 2 2 cd+e 2 2 2 2 2 cd+e
3 3 1 cx e-cex (d+ex)™ (cd+cex) ArcCosh[c x]
(cd+e) (-1+cx) AppellF1[=, =, -m, =, —- —, +
272 2 2 2 cd+e e (1+m)

Problem 45: Result unnecessarily involves imaginary or complex numbers.

ArcCosh[ax]
J SrEORAX ax

c+dx?

Optimal (type 4, 481 leaves, 18 steps):

d eAr‘cCosh lax] }

a~/-c -/ -a%c-d

ArcCosh[ax] Log|1 -

ArcCosh[ax] Log[1 +

{d eArcCosh[a X]
a+/-c -/ -a%c-d
4

2+/-c v/d

1 {d eAr‘cCosh[ax ]
a+/-c +/-a%c-d

ArcCosh[ax] Log| ArcCosh

2+/-c Vd

[ax] Log[1+

d EArcCosh [ax]

a/-c -/ -atc-d ]
+

d eAr‘cCosh [ax] ]

a+/-c +1/-a?c-d

PolyLog[Z, -

2+/-c /d

d eArcCosh[ax'
2, A i
av/-c -4/ -a%c-d

PolyLog[

PolyLog|2 ,M}
e ]

2+/-c /d

d eArcCcsh[axj ]
av-c +/-a2c-d

2+/-c +/d

Polylog [2,

2+/-c \/d

2~+/-c VJd

+

2+/-c \/d
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Result (type 4, 791 leaves):

iavc
1- e (aﬁfj\/?)Tanh[lAr'cCosh[ax]}
———— |4ArcSin| ——————| ArcTanh| 2 | -
2+/c \d N2 Vatc+d
ia C
1+ NER (a\/?Jrj\H) Tanh[lAr‘cCosh[ax]}
4 ArcSin[ —————]| ArcTanh| 2 |+
N2 Vatc+d
1a
i (-2 «VaTc d) etrecosniax ir i -2V« VaTc d) etrecosniax)
i ArcCosh[a x] Log[l— +2Ar‘c51n Log } -
Vd V2 Va
nay
i(—a% + /a2 C+d) @-ArcCoshlax] 1- r ]'L a\/? NEY C+d) @-ArcCosh[ax]
i ArcCosh[a x] Log[1+ —2Ar‘c51n Log } -
Va V2 v
1a; C
i (a \/? Jatc+d ) -ArcCosh[ax] 1- \/— \/— Jatc+d ) -ArcCosh[ax]
i ArcCosh[ax] Log[1 - | +2ArcSin| | Log|1 |+
NEl V2 yel
, tave
i (a\E ++a2c+d ) @-ArcCosh [ax] Nes ( \/7 JaZc+d ) @-ArcCosh[ax]
i ArcCosh[ax] Log[1 + | -2Arcsin[ ————] Log |1+ |+
NEl V2 yel
i (_a\/? +vVaZc+d ) @ ArcCosh[ax] i (_a\/?_'_q/azc_'_d ) @-ArcCosh[ax]
i PolyLog[Z, - ] -1 PolyLog[Z, ] -
\d Vd

i (a\/? Jatc+d ) ~ArcCosh[ax] i (a% ++v/a%ca+d ) —ArcCosh[ax]
| +1PolyLog|2,
e e

i PolylLog[2, -

]

Problem 46: Result unnecessarily involves imaginary or complex numbers.

dx

JAr‘cCosh[a X]
(c+dx?) 2
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Optimal (type 4, 774 leaves, 26 steps):

aAr‘cTanh[ Lay-c —d yvirax }

ArcCosh[a x] ArcCosh[ax] \av-c +/d +-1rax
- + + -
4cx/?(\/—c —\/?x) 4cx/?(\/—c +\/Fx) ZC\/a\/?—\/? \/a\/TJrﬁ\/?
aArcTanh [ M2ocnfd flax | ArcCosh[ax] Log|1- M] ArcCosh[ax] Log[1+ — ghrecomhian)
Vav-c -v/d +/-1+ax - a\/-c -/ -a?c-d . av-c ) -a?c-d -
2cJavTc Vd Javc A @ 4 (-0)*2/d 4(-0)2Vd

d eAr‘cCosh [ax]

d eAr‘cCosh[a X] ] d eAr‘c(ﬁosh[a x] ]

ArcCosh[ax] Log |1+ Polylog|2, -

av-c +1/-a2c-d a+/-c +/ -a2c-d av/-c -/ -a?c-d

+ +

4 (-c)*2+/d 4 (-c)¥2+/d 4 (-c)¥2+/d

Polylog|2, M] PolyLog|2, —M} PolyLog[2, —Ld¢m=er
av—c/-atcd av T atcd o aed

+ —

4 (-c)¥2+/d 4 (-c)*2+/d 4 (-c)¥2+/d

ArcCosh[ax] Log|[1 -

Result (type 4, 1080 leaves):
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Ja a+/c -i+/d | Tanh[ X ArcCosh[a x]
1 \/c ArcCosh[ax] . \/c ArcCosh[ax] - 4Arcsin| d | ArcTanh| ( ) [2 ] ]

4c32+/d ~ivc ++/d x ivec +vd x 2 Vvatc+d

1+j3?c (a\/?Jrj\H) Tanh[iAr‘cCosh[ax]}

4 ArcSin[ —————] ArcTanh|

V2 Vatc+d

] +

ia \ C
i (_a\/? ﬂ/a c+d ) @-ArcCoshy ] r j_ \/? NEY C+C|) @-ArcCosh[ax]
i ArcCosh[a x] Log [1 - +2 Ar‘c51n Log -
NEl 2 V@
ia \V C
i (_a\/? +/a2 C+d) @-ArcCosh| ax] 1- \/_ Ji a\/? /32 C+d) @-ArcCosh [ax]
i ArcCosh[a x] Log [1 + -2 Ar‘c51n Log } -
V@ vz Jd
]Laﬁ C
i (a \/? Jatca+d ) ~ArcCosh|[ ] 1- \ﬁ \/— vaZc+d ) ~ArcCosh[ax]
i ArcCosh[ax] Log|1 - +2ArcSin| | Log[1- |+
N VT Ja
i (a\E ﬂ/azc+d) ~ArcCosh [ ] 1"’%\—@ \/7 ﬂ/azc+d) -ArcCosh [a x]
i ArcCosh[ax] Log|1 + - 2 ArcSin]| | Log|1 |+

Vd Vd
2d (J‘l Jd +a?+yc x-i+/-atc-d /-1+ax 1+ax r [Zd [—ﬁ—j a2+/c x+/ -atc-d \/-1+ax /1+rax
a+vc Log
a+/-atc-d (\/?+J‘L\HX) a+/-atc-d (1W+ﬁx)
o d aicd
i (7a \E m) @-ArcCosh(ax] i (78 \/? m) ~ArcCosh[ax]
e | - iPolyLog|2, 77
d d

avc Log|

i PolyLog[2, -

} _

i (a\/? ++v/a2ca+d ) @-ArcCoshfax] i (a\/?_‘_ﬂ/azc_'_d ) @-ArcCoshlax]
} +11PolyLog[2,
Vd Vd

1 PolylLog [2, -

]
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Problem 56: Result unnecessarily involves imaginary or complex numbers.

J\/d -c?2dx? (a+bArcCosh[cx])

f+rgx

dx

Optimal (type 4, 785leaves, 23 steps):
becx+d-c?dx? a(l-c*x?)Vd-c?dx* b+/d-c2dx2 ArcCosh[cx]
+ +

gvV-1+cx V1+cx g(l—cx) (1+CX) g
cxvVd-c2dx2 (a+bAr‘cCosh[cx]>2+ (17czg—f> /d-c2dx? (a+bAr‘cCOSh[CX}>2_
2bgv/-1+cx Vi1+cx 2bcv-1+cx V1+cx (f+gx)

gic2 fx

N €2 f2-g? ) -1+c? x? ]

a/c2f2-g2 \/-1+c2x%2 \/d-c2dx? ArcTanh
(17czxz)\/m(aerAr‘cCosh[cx])2 \/7g |

2bc/-1+cx /1+cx (f+egx) g2 (1-cx) (1+cx)

b~/c2f>-g2 +/d-c2dx* ArcCosh[cx] Log[1 + R | by/c?f2-g? \/d-c?dx? ArcCosh[cx] Log[1 + i g ]
cf-/c?f2-g? cferf 2 f2og?

g2/ -1+cx V1+cx g2/ -1+cx V1+cx

b+/c2f2-g? \/d-c?dx? Polylog (2, - e | byc2f2-g? \/d-c?dx? PolyLog [2, - e ]
cfofcfg cffc2fg

g2v/-1+cx V1+cx g2v/-1+cx V1+cx

Result (type 4, 1121 leaves):

1 cxvVd-c2dx?
——|2ag\/d-c?dx® -2ac~/d fArcTan| X x |+
2g? \d (—1+c2x2)

2a/d \/-c2f2+g? Log[f+gx] -2a~/d /-2 +g? Log[d (g+c?fx) +\/?\/—c21:2+g2 \/d—czdx2 |+

2cgx | X cf | <X ArcCosh[cx]?
2 1+cx 1+cx 1

+2gArcCosh[cx] + + 2 (-cfrg) (cfg)

1-cx 1-cx
Joafeg |2 (1.cx
1+Ccx

b+/d-c?dx

| 157
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(cf+g) CothEArcCosh[c x] | (-cf+g) Tanh[iAr-cCosh[c x] |

| - 21 ArcCos| - i] ArcTan |

NI 8 [_c2f2 g2

|

2 ArcCosh[c x] ArcTan|

} +

cf (cf+g) Coth[ > ArcCosh[cx] | (-cf+g) Tanh [ ArcCosh[cx] |
ArcCos |- —] +2 2 2

g

Ar‘cTan[

] + ArcTan [

4/,c2f2+g2 /—c2F2+g2

—%Ar‘cCosh[cx] [ 2 52 2
Log{e crre |+ Ar‘cCos[—g] -
V2 g ¢ (f+egx) g
(cf+g) Coth[>ArcCosh[cx] | (-cf+g) Tanh [ ArcCosh[cx] | ey ArcCoshicx] [ o £, g2
2 Ar‘cTan[ 2 ] +Ar‘cTan[ 2 ] Log[ ] -
N -c2f2ig? N -c2f2ig? V2 g \Jc (fFrgx)

cf (-cf+g) Tanh[ % ArcCosh[c x] | (cf+g) [C'F—ng]i 7C2F2+g2] (71+Tanh[§Ar‘cCosh[cx]])
Ar‘cCos[—f} +2Ar‘cTan[ 2 Log[ ]—

& A -c? 24 g? g(cf+g+jw/—c2fz+g2 Tanh[iAr‘cCosh[cx}]

cf (~c+g) Tanh| % ArcCosh[c x] ] (cf+g) [—cf+g+1’m/—c2f2+g2) (1+Tanh[%Ar‘cCosh[cx]])
ArcCos |- —] - 2 ArcTan| 2 || Log| |+

g —c2f2,g? g(cf+g+jx/—c2f2+g2 Tanh[%Ar‘cCosh[cx}]

[c-F—jlx/—cz-F2+g2) [cf+g—j«/—c2f2+g2 Tanh[iAr‘cCosh[cx]}
g (cf+g+j«/—c2f2+g2 Tanh[iAr‘cCosh[cx]]

(cf+ix/—c2f2+g2) (cf+g—jw/—c2fz+g2 Tanh[iAr‘cCosh[cx}]
g (cf+g+jw/—c2f2+g2 Tanh[%Ar‘cCosh[cx]}

i [PolyLog|2,

]_

Polylog [2,

]

Problem 57: Result unnecessarily involves imaginary or complex numbers.

J\/d -c2dx? (a+bArcCosh[cx])

(-F+gx)2

dx

Optimal (type 4, 918 leaves, 38 steps):
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b |- /1+cx v/d-c?dx? ArcCosh[cx]
avd-c?2dx? ac3f2+/d-c?dx?® ArcCosh[c x] Lrex bc3f2+/d-c?2dx? ArcCosh[c x]?

g (f+egx g2 (c2f2-g?)\/-1+cx V1+cx gV-1l+cx (f+gx) 2g? (c2f2-g?) /-1+cx V1+cx

2ac2f/d-c2dx? ArcTanh| cfig Virex ]

(g+c2-l:x)2\/d—c2dx2 (a+bAr‘cCosh[cx])2 (1-c2x?) Vd-c?dx? (a+bAr‘cCosh[cx])2 Jcfg Viicx
2bc (c2f2-g?) \/-1+cx V1+cx (f+gx)2 2bcv/-1+cx VJ1+cx (f+gx)2 Vef-g giefrg V/-1+cx V1+cx

bc2f+/d-c?dx? ArcCosh[cx] Log|[1 + wﬁ—] bc2f+/d-c?2dx? ArcCosh[cx] Log|1+ R

cf-q/c?f2-g? . c f+q) c? f2-g?
g2~/c2f2-g2 \/[-1+cx V1+cx g2~/c2f2-g2 \/[-1+cx V1+cx

b £/d-cTdx® Polylog|2, - -8 | b c2£/d-Zdx? Polylog[2, - e |
bcvd-c2dx? Log[f+gx] i g N

.
g2 V-1l+cx Vi+cx g2~/c2f2-g2 \/[-1+cx V1+cx g2~/c2f2-g2 v/[-1+cx V1+cx
Result (type 4, 1154 leaves):
cxq/-d (-1+c*x?
a\/—d(—1+c2x2) acﬁArcTan[ di-t ]

\d (—1+c2x2)
g (f+gx) g2

ac2+/d flog[f+gx] ac*Vd flog[dg+c?dfx+~/d ~/-c?f?+g? \/—d (-1+c2x?) |

- +

g? ’—c2f2+g2 g2 ’—c2f2+g2

gx
2 g ArcCosh[c x] ArcCosh[c x]? 2Log[1+ P ] 1
- + + +

cf+cgx
' F<1) F<1> WF_(1>

(cf+g) Coth[ 2 ArcCosh[cx] | cf (-cf+g) Tanh[2 ArcCosh[c x] |
2cf |2ArcCosh[cx] ArcTan| 2 | -21iArcCos|[-—] ArcTan]| 2 |+

NELE g [_c2f2.g2

(cf+g) Coth [ i ArcCosh[cx] |

;?bc\/—d (—1+cx) (1+cx)

(-cf+g) Tanh[iAr‘cCosh[c x] |

cf
ArcCos |- —] +2 |ArcTan| | +ArcTan|

g /—c2f2+g2 ’—c2f2+g2

| 159
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1
e—;Ar‘cCosh[cx] ,—CZ 'F2+g2 cf
[ | + [ArcCos |- —] -
V2 Vg Vvef+cgx g

(cf+g) Coth| % ArcCosh[c x] |

Log

, (-cf+g) Tanh[%Ar‘cCosh[cx]}

1
[ ez—Ar‘cCosh[c x] \/m }

V2 g eFicex

ArcTan | | +ArcTan]

A -2 f2 4+ g? /—CZ-F2+g2

(-cf+g) Tanh[%Ar‘cCosh[c x] |

]

Log

cf
ArcCos |- —] + 2 ArcTan]|

: . .

Log|

(-cf+g) Tanh[ 2 ArcCosh[cx] ]

N

cf
ArcCos |- —] - 2 ArcTan|

g /7c2f2+g2
(cf—i«/—c2f2+g2) (c-F+g—jm/—c2f2+g2 Tanh[%Ar‘cCosh[cx}]
g (cf+g+jx/—c2f2+g2 Tanh[%Ar‘cCosh[cx}]

(cf+jw/—c2f2+g2] (c-FJrg—im/—cz-Fergz Tanh[iAr‘cCosh[cx]])
g (c-F+g+Jix/—c2-F2+g2 Tanh[iAr‘cCosh[cx]])

|+

Log|

i |PolyLog|2,

} _

PolyLog [2,

]

Problem 61: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

(d-c2dx?)*? (a+bArcCosh[cx])
J dx

f+rgx

Optimal (type 4, 1270 leaves, ? steps):
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ad (cf-g) (cf+g)Vd-c?dx* bcd(cf-g) (cf+g)xVd-c?dx? bcd(cf-g)x2Vd-c2dx?

g? ' g3vV-1+cx V1+cx 4g2~/-1+cx V1+cx '
ad<2+3cx—2c2x2)m bcdx(—12—9cx+4c2xz)m bd (cf-g) (cf+g)mAr‘cCosh[cx}

6g ' 36gvV_-1+cx V1+cx : g’ i
admAr‘cCosh[cx]+bd(2+3CX—2C2X2)mAPCCOSh[CX] bdx/mmcmsh[cx}z+

2gV-1+cx V/1+cx 68 4g~/-1+cx VJ1+cx
cd(cf—g)xm(a+bAr‘cCosh[cx}) d(c-F—g)\/m(a+bAr'cCosh[cx])2+
2g? 4bg?>+/-1+cx V1+cx

cd (cf-g) (c-F+g)xm(a+bAr‘cCosh[cx})2+d(cf—g)z(cf+g>2m(a+bAr‘cCosh[cx})2+

2bgd3v/-1+cx V1+cx 2bcgtV/-1+cx VJ1+cx (f+ex)

2ad (cf—g)3/2 (cf+g)3/2mAr‘cTanh[ cfrg VIcx

d(cf-g) (cf+g) (1-c2x?)/d-c?dx® (a+bArcCosh[cx])? Jefg VTicx

2bcg?V/-1+cx Vi+cx (f+gx) g*vV-1+cx V1+cx

bd (cf-g) (cf+g) \mmmcmsh[c x] Log[1+ —<te |
cf—m

g*V-1+cx \/1+cx

bd (cf-g) (cfrg)~/c2f2-g2 \/d_c2dx? ArcCosh[cx] Log[1+ <" e
< )( + ) [ +cf+m]

g*vV-1+cx V1+cx

bd (cf-g) (cf+g)~/c2f2-g2 /d-c2dx® Polylog[2, - <" ] pd(cf-g) (cf+g)/c2f-g* Vd-c?dx? Polylog[2, - <&
(cF-g) (cFre) > e PdlefrE) (g S
+

g*v/-1+cx /1+cx g*v/-1+cx VJ1+cx

Result (type 4, 3068 leaves):

acd¥2f (2c2f2-3g?) Ar‘cTan[@]

ad (-3c2f*+4g?) acidf ac2dx? T (-1+c2x2
\/—d(—1+C2X2) ( g)+ X X + Vd [rect ) +
3g3 2g? 3g 2¢*

ad3’/? (*C2f2+g2)3/2Log[-F+gx] ad3/2<—C2‘F2+g2)3/2L0g[dg+C2d'FX+\/? _C2.F2+g2 \/—d<—1+C2X2) ]
g* . g*

+
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2
%bd\/fd(—1+cx) (1+cx) |- 2cgx +2gAr‘cCosh[cx]—CFArCCOSh[CXJ + = 2 (-cf+g) (cf+g)
2g

| 7’11:;: <1 +C x) | 7’11:;: (1 +C x) N -c2Ff2ig? | 7’11:;: (1 +C x)

(c f+g) Coth| i ArcCosh[c x] |

cf (-cf+g) Tanh[ 2 ArcCosh[cx] |
} ijAr‘cCos[—f} Ar‘cTan[ 2 ] +

/7C21c2+g2 g /7c2-F2+g2

|

2 ArcCosh[c x] ArcTan [

(cf+g) Coth[%Ar‘cCosh[c x] | (-cf+g) Tanh[%Ar‘cCosh[c x] |

cf
ArcCos [~ —] +2
g

ArcTan | | +ArcTan]

’—c2f2+g2 ’—CZ-F2+g2

ArcCos [ - i} -

1
[eszrcCosh[cx]\m]

Log +
\E\E\/c-ﬁrch g
(c f+g) Coth[ > ArcCosh[cx] | (-cf+g) Tanh[ 1 ArcCosh[cx] ] ey ArcCoshiex] [ £2 4 g2
2 Ar‘cTan[ 2 } +Ar‘cTan[ 2 ] Log[ } -
/7c21c2+g2 /—c2f2+g2 \/?\E\/C'F+ch

Cf <—C'F+g)Tanh[lAr‘cCosh[cxH (cf+g) |cf-g+i —c2f2+g2) (—1+Tanh[§Ar‘cCosh[cx}])
ArcCos |- —] + 2 ArcTan]| 2

g A —c2 i g? g(cf+g+jx/7c2f2+g2 Tanh[iArcCosh[cx]])

] _

cf (~cf+g) Tanh[2 ArcCosh[c x] ] (cf+g) |-cfrg+i —c2F2+g2] (1+Tanh[%Ar‘cCosh[cx}])
ArcCos |- —] - 2 ArcTan| 2 || Log| |+
g N -2 g? glcf+rg+in/-c2f2+g? Tanh[iAr‘cCosh[cx]])

(cf—ix/—c2f2+g2) (cf+g—jx1—c2f2+g2 Tanh[%Ar‘cCosh[cx}]
g (c-F+g+Ji«/—c2F2+g2 Tanh[%Ar‘cCosh[cx}]

(cf+]iw/7c2f2+g2] (cf+gfj«/7c2f2+g2 Tanh[iAr‘cCosh[cx]])
g (cf+g+j«/7c2fz+g2 Tanh[iArcCosh[cx]]

i |PolyLog|2,

} _

PolyLog [2,

] -
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cf+g) Coth[ 2 ArcCosh[c x]
- bd\/fd (71+CX> (1+CX> *;9 -2 ArcCosh[cx] Ar‘cTan[< ) [2 ]}Jr

72 [ (1. cx) -t freg? - g
l+cx

(-cf+g) Tanh[iAr‘cCosh[c x] |

cf
2 1 ArcCos [— 7} Ar‘cTan[
g /—c2f2+g2

(cf+g) Coth[iAr‘cCosh[c x] |

] - Ar‘cCos[—i] +
g

, (-cf+g) Tanh[iArcCosh[cx]]

1
[efz—Ar‘cCosh[cx]m}

\/?\/E\/C'F+ch

ArcTan + ArcTan
[ ] [

ﬁ/,c2f2+g2 /—c2f2+g2

Log

cf (cf+g) Coth[ > ArcCosh[cx] | (-cf+g) Tanh [ ArcCosh[cx] |
ArcCos |- —] - 2 |ArcTan]| 2 | +ArcTan| 2 ]
g /7c2-F2+g2 /7C21c2+g2
ez Arecoshiex] [~ ag2, o2 cf (-cf+g) Tanh[ ArcCosh[cx] |
Log| | + [ArcCos |- —] + 2 ArcTan| 2
\/?\/E\/C'F+ng g lfcz.‘:ergz
(cf+g) (cf—g+i\/—c2f2+g2] (—1+Tanh[iAr‘cCosh[cx]”
Log| |+

g (cf+g+j«/—c2f2+g2 Tanh[%ArcCosh[cx}]

(-cf+g) Tanh[iAr'cCosh[c x] |

o (cf+g) [—cf+g+j«/7c2f2+g2) (1+Tanh[iAr‘cCosh[cx]])
ArcCos |- —] - 2 ArcTan|

& A -c? 24 g? g(cf+g+jxl—c2fz+g2 Tanh[iAr‘cCosh[cx}]
(C'F—j.\/—czf2+g2) (c-F+g—Jix/—c2-F2+g2 Tanh[%Ar‘cCosh[cx]}

g(cf+g+i«/—c2f2+g2 Tanh[%Ar‘cCosh[cx]}
(c-FHix/—cz-FZJrgz) (c-F+g—J'1«/—c2F2+g2 Tanh[%Ar‘cCosh[cx}]

g (cf+g+1‘1«/—c2f2+g2 Tanh[iAr‘cCosh[cx]}

] ] -

Log|

i [Polylog|2,

] _

Polylog|2,

] -

-1+cCcXx

% -18cg (—4c2fz+g2) x+18g (—4c2f2+g2>

(1+cx) ArcCosh[cx] +18cf (2c*f* - g*) ArcCosh[cx]* -
g l+cx
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1
9 cfg®Cosh[2ArcCoshcx]] +2g>Cosh[3ArcCosh[cx]] + ——————9 (8c*f*-8c*f*g*+g*)

’—c2f2+g2

(cf+g) CothEAr‘cCosh[c x] | (-cf+g) Tanh[%Ar‘cCosh[c x] |

| - 21 ArcCos|- i] ArcTan|

/—c2f2+g2 g ,—c2f2+g2

(cf+g) Coth[iAr‘cCosh[c x] |

2 ArcCosh[c x] ArcTan|

|+

(-cf+g) Tanh[iAr‘cCosh[c x] |

cf
ArcCos |- —] + 2 |ArcTan]| | +ArcTan|

g Jorg Jorg
[G;APCCOSh[CX] /7c2 f2 4 g2 } cf (c-F+g) Coth[iAr‘cCosh[c x}]

+ |ArcCos |- —] -2 |ArcTan]|

V2 g VeFrcgx g Joorag

]

Log

] +

(-cf+g) Tanh[%Ar‘cCosh[c x] | o ArcCoshicx] \/m cf
ArcTan | |11 Log| | - |ArcCos|[-—] +2
\W V2 g Vcf+cgx g

(-cf+g) Tanh[ 2 ArcCosh[c x] ] (cf+g) (cf—g+ix/—c2f2+g2 ) (—1+Tanh[§Ar‘cCosh[cx}])

ArcTan | 2 || Log| | - |ArcCos|
N —c2 Ly g? g [c-F+g+Jlx/—c2-F2+g2 Tanh[%Ar‘cCosh[cx]}
cf (-cf+g) Tanh[%Ar‘ccosh[cx}] (cf+g) (7cf+g+j«/7c2fz+g2] (1+Tanh[iAr‘cCosh[cx}])

-—| -2ArcTan| Log|

g N —Cc2 24 g? | g[cf+g+i«/7c2fz+g2 Tanh[iArcCosh[cx]}
[C'F*]i\/*CZ'F2+g2) cf+rg-i/-c2f+g? Tanh[iAr‘cCosh[cx]})
g (cf+g+1’m/7c2fz+g2 Tanh[iAr‘cCosh[cx]}
[C‘F+]i. —c2f2+g2) [cf+g—iw/—c2fz+g2 Tanh[%Ar‘cCosh[cx]}
g (c-F+g+Jix/—c2-F2+g2 Tanh[%Ar‘cCosh[cx]}

|+

—_—

i PolyLog[Z, ] - PolyLog[Z,

R

18 c f g2 ArcCosh[c x] Sinh[2 ArcCosh[c x]] - 6 g3 ArcCosh[c x] Sinh[3 ArcCosh[c X] ]
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Problem 65: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

(d- CZdX2>5/2 (a+bArcCosh[cx])
J dx

f+gx
Optimal (type 4, 1744 leaves, 39 steps):
2bcd?x/d-c2dx? bcd? (c2f2-2g%) xVd-c?dx? bcdz(czfz—gz)zxm b3 d2fx2V/d-_cldx?
N _

- +

15gvV-1+cx V1+cx 3g3vV-1+cx V1+cx g8vV-1+cx V1+cx 16g2vV-1+cx V1+cx
bc3dzf(c2f2—2g2)x2m bc3d2x3/d-c2dx? b c3d? (czfzfzgz)x3m beSd2fx4v/d-c2dx?
4g*/-1+cx VJi+cx +45g\/—1+cx V1+cx 9g3v/-1+cx V1+cx +16g2\/—1+cx Vi+cx
bcsd2x\/d-c?dx?  ad? (c2f2-g?)? (1-c2x?) VJd-c2dx®  bd? (c? fz—gz)zmArcCosh[c x]
25g+vV-1+cx V1+cx ’ g° (1-cx) (1+cx) ’ g B
czdzfxm<a+bAr‘cCosh[cx}) czdzf(c2f2—2g2>xm(aerArcCosh[cx})
8 g? ) 2¢g* )
c4d2fx3m(a+bAr‘cCosh[cx1) 2d? (1-cx) (1+cx>m(a+bAr‘cCosh[cx])
4g2 ) 15g )
d? (c2f2-2g?) (1-cx) (1+cx)m(a+bAr‘cCosh[cx}) c2d?x? (1-cx) (1+cx)m(a+bAr‘cCosh[cx])
3g3 ) 5g :
cd?f\d-c2dx? (a+bArcCosh[cx])® cd*f (c2f2-2g%)/d-c?dx? (a+bArcCosh[cx])?
16bg2v/-1+cx V1+cx ' 4bgt/-1+cx V1+cx
cd? (c2f2-g2)2x/d-c?dx® (a+bArcCosh[cx])? d? (c2f2-g?)>/d-c2dx? (a+bArcCoshicx])?
2bgsv/-1+cx V1+cx 2bcgéb/-1+cx Vi+cx (-F+gx)
d? (2 f2-g2)? (1-c2x?) /d-c?dx?* (a+bArcCosh[cx])? ad? (c2f2-g?)¥? -1+ c2x Vd-c2dxX? APCTanh[Jﬁjzj;ﬁ]

2bcgty/-1+cx Vi+cx (f+gx) g° (1-cx) (1+cx)

bd? (c22-g2)%2+/d-c?dx? ArcCosh[cx] Log[1+ w] bd? (c2f2-g2)%2+/d-c?dx? ArcCosh[cx] Log[1 + w]

cf-q/c?f2-g? cf+rf c? f2-g?

g8vV-1+cx \/1+cx gf\V/-1+cx /1+cx

bd2 (CZ fz—gz)S/szolyLog[z, B gArcCosh[cx] g ] bd2 <C2 fz—g2>5/2mPolyLog[2, B eArccoshcx] o ]

cf-/c?f2-g? cfifc?f2-g?

g8vV-1+cx V1+cx gsvV-1+cx V1+cx

Result (type 4, 7300 leaves):

| 165
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ad? (15c*f4-35c2f2g2+23g%) ac?d’f (4c?f2-9g*)x ac?d® (-5c2f2+11g%) x> ac*d?fx® actd?x?
\/—d (-1+c*x?) - - - + -
15 g° 8 gt 15 g3 4 g? 5g

+22
acd2f (8c*f-20c?f2g?+15g%) Ar‘cTan[@ e x) ]

Ja (1ect ) ad>2 (-c2£2+g2)%? Log[f + g X]
N _
8 gb g
ad3/2 (—c2f2+g2)5/2 Log[dg+c2dfx+\/? —c2f2,g? J—d (—1+c2x2) }
g6
2
Lbdz\/—d<—1+cx) (1+cx) |- 2cgx +2gAr‘cCosh[cx1—c-FAr‘CCOSh[CX] + ! 2 (-cf+g)

2g?
/ 7’11:;: (1 +C x) f 7’11:;: (1 +C x) A -c2f2ig? | 7’11:;: (1 +C x)

(cf+g) Coth[%Ar‘cCosh[c x] | (-cf+g) Tanh{%Ar‘cCosh[c x] |

. cf
(cf+g) [2ArcCosh[cx] ArcTan]| | -2iArcCos[-—] ArcTan| |+

|_c2f2. g2 g ’—c2f2+g2
cf (cf+g) Coth[ 2 ArcCosh[cx] | (-cf+g) Tanh[ ArcCosh[cx] ]
ArcCos[-—] +2 |ArcTan| 2 | +ArcTan| 2 ]
g /—c2f2+g2 /_Cz.l:2+g2

1
[eszrcCosh[cx]\/m]

ArcCos [ - ﬂ} -

Log +
\E\E\/C'ﬁrch g
(cf+g) Coth| > ArcCosh[cx] | (-cf+g) Tanh[ 1 ArcCosh[cx] ] ez ArcCoshicx] [ £, g2
2 |ArcTan| 2 | +ArcTan] 2 1] Log| |-
/7C21c2+g2 /—cz-F2+g2 \E\E\/C'ﬁrch

o (-cf+g) Tanh[ 1 ArcCosh[c x] | (cf+g) |[cf-g+1 _c2f2+g2) (_1+Tanh[iAr‘cCosh[cx}])
ArcCos |- —] + 2 ArcTan]| 2 || Log|

g N -c2f? 4 g? g(cf+g+jx/—c2f2+g2 Tanh[iAr‘cCosh[cx]]

] _

(-cf+g) Tanh[iAr‘cCosh[c x] |

cf
ArcCos |- —] - 2 ArcTan|

] ] +
g /7c2-F2+g2 g
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(cf—jx/—cthgz) (cf+g—jxl—c2f2+g2 Tanh[iAr‘cCosh[cx}]
g (cf+g+jx/7c2f2+g2 Tanh[iAr‘cCosh[cx}]

(cf+11x/—c21°2+g2] (cf+g—i«/—c2f2+g2 Tanh[iAr‘cCosh[cx]])

i [PolyLog|2,

} .

PolyLog|2, ] -
g(cf+g+ix/—c2f2+g2 Tanh[%Ar‘cCosh[cx]])
cf+g) Coth[ L ArcCosh[c x]
= bdz\/—d(—1+cx) (1+cx) —;9 —2Ar‘cCosh[cx]Ar‘cTan[< ) [2 ]]+

36 | —1+cx (1+CX> N -c? F2 4+ g? N -c? F2 4+ g?
l+cx

(-cf+g) Tanh[%Ar‘cCosh[c x]] (cf+g) Coth[iAr‘cCosh[c x] |

ArcTan | |+

’—CZ'F2+g2

cf
ArcCos [~ —] +2
g

cf
2i ArcCos |- —| ArcTan|
g /—c2f2+g2

(-cf+g) Tanh[iAr‘cCosh[c x] |

] -

1
[e—;Ar‘cCosh[cx] ,7C2 ‘F2+g2 }

ArcTan | ] || Log Ar‘cCos[—i] _
N -c2f2ig? V2 Vg Vcf+cgx g
(cf+g) Coth[2 ArcCosh[cx]] (-cf+g) Tanh[ 2 ArcCosh[c x] | @ ArcCoshicx] \/m
2 |ArcTan| 2 | +ArcTan| 2 Log| |+
Joafig g V2 Vg Vcfrcgx

glcfrg+in/-c2f2+g? Tanh[iAr‘cCosh[cx}]

(C'{:—]I].’\/—szz+g2) [cf+g—i«/—c2fz+g2 Tanh[%Ar‘cCosh[cx]}
g (cf+g+jxl—c2fz+g2 Tanh[iAr‘cCosh[cx]]

cf (-cf+g) Tanh| % ArcCosh[c x] ] (cf+g) [cf—g+iw/—c2fz+g2J (—1+Tanh[iAr‘cCosh[cx]])
ArcCos |- —] + 2 ArcTan| 2 || Log| |+

& N -c2f2ig? g(cf+g+i«/—c2fz+g2 Tanh[%Ar‘cCosh[cx}]

cf (—c-F+g) Tanh[lAr‘cCosh[cx]] (cf+g) [7c-F+g+Ji —c2f2+g2) (1+Tanh[iAr‘cCosh[cx]])
Ar‘cCos[—f} —ZAPcTan[ 2 } Log[ ]—

g /7C21c2+g2 (

i |PolylLog [2,

] -
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(c-F+Jix/—c2-F2+g2) (c-F+g—Jix/—c2-F2+g2 Tanh[iAr‘cCosh[cx}]
g (cf+g+jx/7c2f2+g2 Tanh[iAr‘cCosh[cx]}

1 -1l+cx
—|-18ce (-4c*f+g*) x+18g (-4 c*f+g?) / : (1+cx) ArcCosh[cx] +18cf (2c*f? - g*) ArcCosh[c x]* -
g l+cx

1

9 c fg?Cosh[2ArcCosh[cx]] +2g?Cosh[3ArcCosh[cx]] + ————— 9 (8c* ' -8c*f> g’ + g*)

/—c2f2+g2

Polylog|2,

] -

(cf+g) Coth[iArcCosh[c x] | (-cf+g) Tanh[%Ar‘cCosh[c x] |

] -2 1 ArcCos [— i] ArcTan [

NI g [_c2f2. g2

2 ArcCosh[c x] ArcTan [

} +

cf (cf+g) Coth[ % ArcCosh[cx] | (-cf+g) Tanh[ 2 ArcCosh[cx] |
Ar‘cCos[—f} +2 Ar‘cTan[ 2 ] +Ar‘cTan[ 2 }
g ’7c2f2+g2 /7C21c2+g2
e s ArcCoshiex) [-ag2, o2 cf (cf+g) Coth[ > ArcCosh[cx] |
Log| | + |ArcCos |- —] -2 |ArcTan| 2 +
\/Tx/gx/c-ﬂfch g /7Cz1:2+g2
(fc-F+g) Tanh[lAr‘cCosh[c x}] egAPcCOSh[CX] [_c2 f2 4 g2 cf
ArcTan | 2 |11 Log| | - |ArcCos |- —] +2
/7c2.[:2+g2 \E\E\/chrch g

(cf+g) (c-F—gHix/—cz-Fergz) (71+Tanh[iArcCosh[cx]])
g [c-F+g+1'm/—c2-F2+g2 Tanh[iAr‘cCosh[cx]}
(cf+g) (—cf+g+jxl—c2f2+g2] (1+Tanh[§Ar‘cCosh[cx]])

7—] —ZAPcTan[
J N -c2f2ig? g[cf+g+i\mTanh[iAr‘cCosh[cx]}
[cf—j«/—c2f2+g2) [cf+g—j«/—c2f2+g2 Tanh[iAr‘cCosh[cx]}
g {c-F+g+Jix/—c2-F2+g2 Tanh[iAr‘cCosh[cx]}

(-cf+g) Tanh[2 ArcCosh[cx] |
Ar‘cTan[ 2 ]

’—c2f2+g2

Log | | - |ArcCos ]|

cf (-cf+g) Tanh[iAr‘cCosh[cx}]

] ] +

Log |

i [PolyLog|2, | - PolyLog|2,




[c-F+Jix/—c2-F2+g2) [c-F+g—jm/—c2-F2+g2 Tanh[iAr‘cCosh[cx]}
g [cf+g+1‘m/—c2-F2+g2 Tanh[iAr'cCosh[cx]}

Ik

18 c f g2 ArcCosh[c x] Sinh[2 ArcCosh[c x]] - 6 g2 ArcCosh[c x] Sinh[3 ArcCosh[cx]] || -

b d? ! \/—d(—1+cx) (1+cx) |-2cgx+2g

l1+cx
32 g2 % (1+cx)

1 (cf+g) Coth[%Ar‘cCosh[c x] |
(-2c*f2+g?) |2ArcCosh[cx] ArcTan| |-

N -c2f24g? ’—cZ-F2+g2

-1l+cx

(-cf+g) Tanh[iAr‘cCosh[c x] |

cf
ArcCos|[-—| +2
g

cf
2 i ArcCos |- — | ArcTan|
g ’—c2f2+g2

(cf+g) Coth[iAr‘cCosh[c x] |

|+

(-cf+g) Tanh[iAr‘cCosh[c x] |
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(1+cx) ArcCosh[cx] - c fArcCosh[cx]?+

ArcTan [ ] + ArcTan [
«/—c2f2+g2 /—CZ'F2+g2

(cf+g) Coth[iAr‘cCosh[c x] |

Log

(-cf+g) Tanh[%Ar‘cCosh[c x] |

1
[(ef;APCCOSh[CX] ,7C2 'F2+g2 }
+

V2 /g Vcf+cgx

cf
Ar‘cCos[— 7} -2
g

ArcTan [ ] + ArcTan [

4/_c2-F2+g2 /—c2f2+g2

(-cf+g) Tanh[iAr*cCosh[c x] | J

lAr‘cCosh[c X] 2 2 2
e: A -ctf+ g cf
[ | - |ArcCos |- —] +2ArcTan]|
V2 g VcFrcgx g J-c g

(cfrg) [c-F—g+J'1 ’7c2f2+g2] (71+Tanh[§Ar'cCosh[cx]H
g (cf+g+jx/7c2f2+g2 Tanh[iAr‘cCosh[cx}]

Log

cf
ArcCos |- —] -2
g

] -

Log|

|
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(-cf+g) Tanh[2 ArcCosh[cx] |

N

(cf+g) (—c-F+g+Jix/7c2-F2+g2] (1+Tanh[iAr‘cCosh[cx]])

ArcTan |

]

Log|

N -c2f2ig? g [c-F+g+11«/7CZ-F2+g2 Tanh[iAr'cCosh[cx]}
[cf—jx/—c2f2+g2) cf+rg-i-c2f+g? Tanh[iAr‘cCosh[cx]})
g(cf+g+i«/—czfz+g2 Tanh[iAr‘cCosh[cx]}

[C‘F+i —c2f2+g2) [cf+g—i«/—c2fz+g2 Tanh[%Ar‘cCosh[cx]}
g (c-F+g+Jix/—c2-F2+g2 Tanh[iAr‘cCosh[cx]}

—_—

i PolyLog[Z, ] - PolyLog[Z,

] +

(c f+g) Coth[>ArcCosh[cx] |
\/—d(—1+cx) (1+cx) [-2ArcCosh[cx] ArcTan | 2 |+

1
2 £2 2
16/ -2 2 + g2 zl+ex <1+CX) A -ctf’+g
1+cx

cf (-cf+g) Tanh[2 ArcCosh[cx] |
2 i ArcCos |- — | ArcTan| 2 ] -
g 224 g2
cf (cf+g) Coth[ 2 ArcCosh[cx] | (-cf+g) Tanh[2 ArcCosh[c x] |
ArcCos |- —] + 2 |ArcTan]| 2 | +ArcTan| 2 ]
g ’—c2f2+g2 ’—c2f2+g2
e—%Ar‘cCosh[cx] '—Cz 'F2+g2
Log| | -
\/?\/E\/C'F+ng

(cf+g) Coth[iAr‘cCosh[c x] | (-cf+g) Tanh[iArcCosh[c x] |

cf
Ar‘cCos[— 7] -2
g

ArcTan [ ] +ArcTan [

_c2f2ig? ’—c2f2+g2

(-cf+g) Tanh[iAr‘cCosh[c x] |

|

1—Ar‘cCosh[cx] 2 2 2

e: A -ccfi+g cf

[ | + |ArcCos |- —] +2ArcTan]|
V2 Vg Vefregx g ~c?f2 4 g?

(cf+g) [cf7g+i«/7c2f2+g2] (71+Tanh[iAr'cCosh[cx]”
g (cf+g+jxl—c2fz+g2 Tanh[iAr‘cCosh[cx}]

}

Log

+

|+

Log|

|+
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c (cf+g) [—cf+g+jx17c2f2+g2) (1+Tanh[%Ar‘cCosh[cx]])
ArcCos |- —] - 2 ArcTan]|

g N -c2f2ig? g(cf+g+jx17c2fz+g2 Tanh[iAr‘cCosh[cx}]
(cf—jw/—c2f2+g2) (cf+g—i«/—czfz+g2 Tanh[iAr‘cCosh[cx]}

g(cf+g+j1x/—c2f2+g2 Tanh[iAr‘cCosh[cx]])
(cf+ix/—c2f2+g2) (cf+g—1’1«/—c2f2+g2 Tanh{%Ar‘cCosh[cxH

g{cf+g+1’1«/—c2f2+g2 Tanh[%Ar‘cCosh[cx]}

(-cf+g) Tanh[%Ar‘cCosh[c x] |

} | -

Log|

i |PolylLog [2,

] -

PolyLog|2,

11+

-1+cCcXx

\/—d (-1+cx) (1+cx) |-18cg(-4c*f+g*) x+18g (-4c*f*+g?)

1
1+cXx
144 g* —‘f:ccx" (1+cx)

18 c f (2c?f? - g*) ArcCosh[cx]? -9 c fg?Cosh[2ArcCosh[cx]] +2g’ Cosh[3 ArcCosh[cx]] +

(1+cx) ArcCosh[cx] +

(cf+g) CothEAr‘cCosh[c x] |

1
9 (8c*f*-8c?f>g?+g*) |2ArcCosh[cx] ArcTan|

4/_c2f2+g2 ’—c2f2+g2

(-cf+g) Tanh[iAr‘cCosh[c x] |

] _

cf
ArcCos|[- —]| +2
g

cf
2 1 ArcCos [— 7} Ar'cTan[
g /7c2f2+g2

(cf+g) Coth[%Ar‘cCosh[c x] |

] +

(-cf+g) Tanh{iAr‘cCosh[c x] |

1
[engr‘cCosh[c x] _cz 'F2 4 gz }
+

ﬁ@\/cf+ch

|

ArcTan [ ] + ArcTan [

/—c2f2+g2 ’7c2-F2+g2

(cf+g) Coth [%Ar‘cCosh [cx]]
ArcTan [ ] +ArcTan [

]

Log

(-cf+g) Tanh[iAr‘cCosh[c x] |

cf
ArcCos[- —] -2

g ’7c2f2+g2 /7C21c2+g2
ez Arecoshiex] [~ a2, o2 cf (-cf+g) Tanh[%ArcCosh[c x] |
Log| | - |ArcCos |- —] + 2ArcTan| ]
V2 g VcFrcgx g Jooeag
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(c-F+g) [cf—g+jxl—c2f2+g2] (71+Tanh[§Ar'cCosh[cx]H

Log| | - Ar‘cCos[—ﬂ} -2
g(cf+g+jxl—c2f2+g2 Tanh[iAr‘cCosh[cx]] g
(-cf+g) Tanh[% ArcCosh[c x] ] (cf+g) (—cf+g+jxl—c2f2+g2] (1+Tanh[§Ar‘cCosh[cx]])
ArcTan | 2 || Log| |+

N —c2 2 g? g [cf+g+i«/—c2f2+g2 Tanh[iAr‘cCosh[cx]}
cf+g-1+/-c2f2+g? Tanh[iAr‘cCosh[cx]}
g (c-F+g+Jix/—c2-F2+g2 Tanh[iAr‘cCosh[cx]}
[cf+j«/—c2fz+g2) [cf+g—j«/—czfz+g2 Tanh[iAr‘cCosh[cx]}
g [cf+g+1‘m/—c21‘2+g2 Tanh[iAr‘cCosh[cx]}

[cf—j —c2f2+g2)

—_—

i [PolyLog|2, | - PolyLog|2,

K

1

32\/7 M(ucx)
1l+cx

3244 | 21X (14 ¢ x) ArcCosh[c x
2c(16c4f4—12c21°2g2+g4)x 1icx ( ) [cx]

\/—d(—1+cx) <1+CX) - & + o _

24c2f2 [ 21X (14cx) ArcCosh[cx] 2 [ =3°* (1+cx) ArcCosh[cx]
lecx 1+cx 16 c® ° ArcCosh[c x]2

+
g’ g g°

16 c3 f3 ArcCosh[cx]2 3 cfArcCosh[cx]? 2cf (-2c?f?+g?) Cosh[2ArcCosh[cx]]
g* g g

8 c2 2 Cosh[3 ArcCosh[cx]] 2Cosh[3ArcCosh[cx]] ¢ fCosh[4ArcCosh[cx]] 2Cosh[5ArcCosh[cx]]

+ +

9g® 9g 4 g? 25g

18 c f g2 ArcCosh[c x] Sinh[2 ArcCosh[c x] ] - 6 g ArcCosh[c x] Sinh[3 ArcCosh[cx]] | -

+

2 4

+



7.2 Inverse hyperbolic cosine.nb | 173

L 262 52 4 ca > 2 a4 (cf+g) Coth[iAr‘cCosh[cx]]
(-2c2F2+g?) (16c* F*-16c* 2 g*+ g*) |2 ArcCosh[c x] ArcTan | ] -

gt /—c2f2+g2 /—c2f2+g2

cf (-cf+g) Tanh[2 ArcCosh[cx] | cf
2i ArcCos [~ —| ArcTan| 2 | + [ArcCos |- —] +2

g ’—c2f2+g2 g

(cf+g) Coth[iAr‘cCosh[c x] |

(-cf+g) Tanh[iAr‘cCosh[c x] |

e—%Ar‘cCosh[cx] ,7C2 ‘F2+g2
| +ArcTan| |1 Log[ |+
/—CZ'F2+g2 /—CZ'F2+g2 \E\/E'\/C'F‘chx

(cf+g) Coth[iArcCosh[c x] |

ArcTan |

(-cf+g) Tanh[iAr‘cCosh[c x] |

cf
rcCos|—-—| - rclan + Arclan
ArcCos | | -2 |ArcTan| | +ArcTan|

g /—c2f2+g2 /—c2f2+g2

1—Ar‘c(iosh[cx] 2 2 2

e:2 A -ctfe+ g cf

[ ]— Ar‘cCos[—f} +2ArcTan[
V2 Vg Jcfrcgx 8 —c2f24 g2

(cf+g) [cf—g+j«/—c2f2+g2] (71+Tanh[§Ar'cCosh[cx]”

(-cf+g) Tanh[%Ar‘cCosh[c x] |

Log

Log| ] - Ar‘cCos[—ﬂ} -2
g(cf+g+jxl—c2fz+g2 Tanh[iAr‘cCosh[cx}] g
(-c+g) Tanh[ % ArcCosh[c x] | (cf+g) (—cf+g+jl\/_c2f2+g2] (1+Tanh[§Ar‘cCosh[ch])
ArcTan | 2 || Log| |+

N —c2 2y g? g [c-F+g+Jix/—c2-F2+g2 Tanh[%Ar‘cCosh[cx]}

g
[c-F—jlx/ c2f2+g2) cf+g-1/-c2F2+g? Tanh[iAr‘cCosh[cx]}
g [cf+g+j«/7c2f2+g2 Tanh[iAr'cCosh[cx]}

[cf+jx/7c2f2+g2) (cf+gfj«/7czfz+g2 Tanh[iAr‘cCosh[cx]}
g (cf+g+jx/7c21‘2+g2 Tanh[iAr'cCosh[cx]}

4 ¢ f ArcCosh[c x] Sinh[2 ArcCosh[cx]] 8 c?f?2ArcCosh[c x] Sinh[3 ArcCosh[cx]] 2ArcCosh[cx] Sinh[3 ArcCosh[c x]]

+ — —

g’ 3g? 3g

—_—

i [PolyLog|2, | - PolyLog|2,

8 c3 f3 ArcCosh[c x] Sinh[2 ArcCosh[c x] ]
g

+

]

4
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c f ArcCosh[c x] Sinh[4 ArcCosh[c x]] 2ArcCosh[c x] Sinh[5 ArcCosh[c x]]
+
g 58

2

Problem 69: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

a+bArcCosh[cx]
J dx

fegx) Vd-c?dx?

Optimal (type 4, 365 Ileaves, 10 steps):

V-1+cx /1+cx (a+bArcCosh[cx]) Log[l+w] V-1+cx V/1+cx (a+bArcCosh[cx]) Log[1+&wmL

cf-fc?f2-g? c firf c?F2-g?
N2 F2-g? \d-c?2dx? N2 f2-g? \Jd-c?2dx?
bv-1+cx V1+cx Polylog[2, - <8 ] p+/—1+cx V/1+cx PolylLog[2, - <&
2, cfarg ) (2. cffarg
A2 f2-g? \/d-c?dx? c?f?-g? Jd-c?2dx?

Result (type 4, 932 leaves):



7.2 Inverse hyperbolic cosine.nb | 175

1 alog[f+gx] alogld(g+c2fx)+d/-c2f2+g? \/d-c2dx? ] 1
[_c2f2. g2 d \d Vd-c?dx?

(cf+g) Coth[iAr‘cCosh[c x] | (-cf+g) Tanh[iAr‘cCosh[c x] |

-1+cCcXx

cf
(1+cx) |2ArcCosh[cx] ArcTan| | -21iArcCos|[-—| ArcTan|

1+cX '—c2f2+g2 g I_CZ.F2+g2

|

b

]+

(cf+g) Coth[iAr‘cCosh[c x] | (-cf+g) Tanh[%Ar‘cCosh[c x] |

cf
ArcCos[-—| +2
g

ArcTan + ArcTan
[ ] [

4/—c21‘2+g2 /—c2f2+g2

e—%Ar‘cCosh[cx] ,—Cz £2 +g2 cf
Log| | + [ArcCos |- —] -
N2 Vg /¢ (f+gx) g
(c f+g) Coth[ > ArcCosh[cx] | (-cf+g) Tanh[ 1 ArcCosh[cx] ] ey ArcCoshiex] [ £2 4 g2
2 Ar‘cTan[ 2 } +Ar‘cTan[ 2 Log[ } -
o2 g? -2y g? V2 Vg +Jc (fFrgx)

cf (-cf+g) Tanh [ X ArcCosh[c ] | (cf+g) |[cf-g+i 7c2f2+g2) (71+Tanh[§Ar‘cCosh[cx]])
ArcCos |- —] + 2 ArcTan| 2

g /—c2f2+g2 g

(~c+g) Tanh[2 ArcCosh[c x] | (cf+g) (—c-F+g+Ji —cz-F2+g2J (1+Tanh[%Ar‘cCosh[cx}])

] .

N

cf
ArcCos |- —] - 2 ArcTan|

g N -2 frag? glcfrg+in/-c2f2+g? Tanh[%Ar‘cCosh[cx]])
(cf—jx/—c2f2+g2) (cf+g—jxl—c2fz+g2 Tanh[iAr‘cCosh[cx}]
g (c-F+g+j1«/—c2F2+g2 Tanh[%ArcCosh[cx}]
(cf+jw/7c2f2+g2] (cf+gfj«/7c2fz+g2 Tanh[iArcCosh[cx]])
g (cf+g+jx/—c2f2+g2 Tanh[iArcCosh[cx}]

|+

i [PolyLog|2,

} _

PolyLog [2,

]
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Problem 70: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

a+bArcCosh[cx]
J dx

(f+gx>2m

Optimal (type 4, 523 leaves, 13 steps):

gV-lrcx [~ (1+cx)*? (a+bArcCosh[cx]) c2fv/-1+cx Vi+cx (a+bAr‘cCosh[cx])Log[1+42—;:&;3":;”;??gz
B +
(c2f2-g?) (F+gx)m (c2f2-g?)¥2/d-c2dx?

c2f+/-1+cx /1+cx (a+bArcCoshcx]) Log[1+w

i foog? bcv-1+cx V1+cx Log[f+gx]
+ +

(c2F2-g2)>2\d-c2dx? (czfz—gz)m
bc2f+/-1+cx /1+cx PolylLog|2 B bc2f+/-1+cx /1+cx PolylLog|2 B
[ ’ C{,\/czfz,gz} [ ’ cfirfc?f2-g?
(c2F2-g2)>2d-c2dx? (czfz—g2)3/zm

Result (type 4, 11151eaves):
agVd-c?dx? ac?flLog[f+gx] acz-FLog[d <g+c2fx)+\/?\/—c2'F2+g2 \/d—czdxz}
- +

d(*c2f2+g2) (1‘+gX) \/?(‘c2f2+g2>3/2 ﬁ(cf—g) (cf+g)\/m
1 o g\/%(l+cx) ArcCosh[c x] Log[1+ &*]
bc 1+cx) |- + oy
Vd-c2dx? 1+cx (cf—g) (C'F+g) (c-F+ch) c2f2_g?

(cf+g) Coth[iAr‘cCosh[c x] | (-cf+g) Tanh[iAr‘cCosh[c x] |

1 cf
c f [2ArcCosh[cx] ArcTan]| | -21ArcCos|[-—| ArcTan|

(_czfz+gz>3/2 ,—c2f2+g2 g /_szz+g2

|

] +

(cf+g) Coth[%Ar‘cCosh[c x] | (-cf+g) Tanh[%Ar‘cCosh[c x] |

cf
ArcCos|[- —] +2
g

ArcTan [ } + ArcTan [

4/—c21‘2+g2 /—c2f2+g2

cf
ArcCos |- —] -
g

]

+

engr‘cCosh[cX]\/m
[ ]
V2 Vg fc (frex)

Log
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eiArcCosh[cx]\/TJrgz}
V2 Vg \Jc (frex)

(cf+g) Coth[iAr‘cCosh[c x] | (-cf+g) Tanh[iAr‘cCosh[c x] |

2 |ArcTan]| | +ArcTan|

«/—c2f2+g2 —c2f2 4 g2
(-cfrg) Tanh[%Ar‘cCosh[cx]] cf+g) cf—g+jx/—c2fz+g2) (—1+Tanh[§Ar‘cCosh[cx}])

‘ |
ArcCos[—c—] +2ArcTan | || Log
g NEXE -2 g(cf+g+1'm/7c2f2+g2 Tanh[iAr‘cCosh[cx]])

]

Log |

] -

(-cf+g) Tanh[%Ar‘cCosh[c x] |

(
[
s (cf+g) —cf+g+iw/—c21‘2+g2) (1+Tanh[%Ar‘cCosh[cx}])
ArcCos |- —] - 2 ArcTan| || Log|
g N -2 fFrag? glcf+rg+in/-c2f2,g? Tanh[%Ar‘cCosh[cx]])
(cf—jx/—cthgz) (cf+g—jxl—c2f2+g2 Tanh[iAr‘cCosh[cx}]
g (cf+g+jx/7c2f2+g2 Tanh[iArcCosh[cx}]

(cf+jm/—c2f2+g2] (cf+g—i«/—c2f2+g2 Tanh[%Ar‘cCosh[cx]])
g (cf+g+ix/—c2f2+g2 Tanh[%Ar‘cCosh[cx]])

|+

i [PolyLog|2,

} .

PolyLog|2,

]

Problem 74: Result unnecessarily involves imaginary or complex numbers.

a +bArcCosh[cx]
J dx

frgx) (d-c2dx?)*?

Optimal (type 4, 773 leaves, 27 steps):
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g2/-1+cx V1+cx [(a+bArcCoshcx]) Log[l+ "8

cf-/c?f2-g?

(1-cx) (a+bArcCosh[cx]) (1+cx) (a+bArcCoshlcx])

+

2d (cf-g)Vd-c2dx? 2d (cf+g)Vd-c2dx? d(c2f2-g2)*2/d-c2dx?

24/ _ehrecoshlcxl g B 2 l-cx
g2v/-1+cx V1+cx (a+bAr‘cCosh[cx])Log[1+c1c+ cszgz} bJ(l cx) (1+cx) Vi-c2x Log| |- 1CX}

+
2. £2 52\3/2 2 2
d (c*F2-g?) " Vd -t dx d(cheg) |2 (1rox) VA Fan

b\/ 7cx 1+cx) mLog[lcx} b\/ —cx 1+cx) mmg[m]

2d (cf-g) l—ﬁ (1+cx) Vd-c2dx? 2d (cf+g) l—ﬁ (1+cx) Vd-c2dx?

bg2yv/-1+cx V1+cx Polylog[2, - e ) pg2+/“1+cx V1+cx Polylog[2, - <
[ ’ cf-~/c?fi-g? } [ ’ cfifc?f2-g?

N
d (c2f2-g2)>2/d-2dx? d(c2f2-g2)>2/d-c2dx?
Result (type 4, 1386 leaves):

(—ag+ac2fx)\/—d<71+c2x2> ag?log[f+gx] ag?log[dg+c2dfx+/d /-c2f2+g? \/ ~1+c2x?) |

+ —

d? (—c2f2+g2> <_1+CZXZ> d3/2 (7c-F+g) (c-F+g) A/ -c2f2yg? d3/2<—c-F+g) (c-F+g) A/ -c2f2ig?

. | % (1+cx) ArcCosh[cx] Coth[%Ar‘cCosh[c x] | | % (1+cx) Log[Cosh[%Ar‘cCosh[c x]]]

b |- + +
d 2(cf+g)\/—d<—1+cx) (1+cx) (cf—g)\/—d(—1+cx) (1+cx)
/’fjﬁ (1+cx) Log[Sinh[iArcCosh[cx}]] . N
+ g (1+cx)

(cf+g)\/fd(71+cx) (1+cx) (-cf+g) (cf+g)/-c2f2+g? \/—d(—1+cx) (1+cx) 1rex

(c f+g) Coth[ > ArcCosh[cx] | cf (-cf+g) Tanh[ 2 ArcCosh[cx] | cf

2 ArcCosh[c x] Ar‘cTan[ 2 }—ZjAr‘cCos[—f}ArcTan[ 2 ]+ Ar‘cCos[—f} +
/—c2f2+g2 g ’7c2f2+g2 g

(c f+g) Coth[ > ArcCosh[cx] | (-cf+g) Tanh[ 1 ArcCosh[cx] ] e pArccoshicx] [~ 2 ¢ + g2
21 —jAr‘cTan[ 2 ] - J'lAr‘cTan[ 2 Log[ ] +
lfcz.‘:ergz “c2f2ig? \E\E\/chrch
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cf (cf+g) Coth[ > ArcCosh[cx] | (-cf+g) Tanh[ 2 ArcCosh[cx] |
ArcCos |- —] - 21 |-iArcTan| 2 | - iArcTan| 2 ]
g /—CZ-F2+g2 _c2f2ig?
ez hrecoshiex) [ ag2, o2 Cf (-cf+g) Tanh[ > ArcCosh[cx] |
Log | | - |ArcCos |- —] - 2ArcTan|
V2 g Vefrcgx g /_czfz+gz
[cf—ix/—c2f2+g2) [c-F+g—Jix/—c2F2+g2 Tanh[%Ar‘cCosh[cx]} c
Log[1- | +|-ArcCos[-—] -
g[cf+g+ix/—c2f2+g2 Tanh[%Ar‘cCosh[cx]} &
(—C'F+g) Tanh[lAr‘cCosh[cx]} (cf+jxl—c2fz+g2) [cf+g—1’m/—c2f2+g2 Tanh[iAr‘cCosh[cx]}
2 ArcTan| 2 || Log[1- |+
N -c2 e g? g (cf+g+j«/7c2f2+g2 Tanh[iArcCosh[cx]])

(Cf*j\/*szerng (cf+gfjx/7c2f2+g2 Tanh[iAr‘cCosh[cx}]
g (cf+g+jw/7c2f2+g2 Tanh[iAr‘cCosh[cx}]

i PolyLog[Z, } - PolyLog[Z,

\/7 =H€X (1 4+ ¢ x) ArcCosh[c x] Tanh[ > ArcCosh[c x] |
l+cx 2

Z(CF—g)\/—d(—1+cx) (1+cx)

(c-FJrim/—czFZJrng (cf+g—jxl—c2f2+g2 Tanh[iAr‘cCosh[cx}]
g (cf+g+1’1xl—c2f2+g2 Tanh[iAr‘cCosh[cx}]

} -

Problem 79: Attempted integration timed out after 120 seconds.

J(a+bAr'cCosh[cx])2Log[h (Frex)" 4
X

1-c2x?

Optimal (type 4, 774 leaves, 14 steps):
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my-1+cx V1+cx (a+bAr‘cCosh[cx])3|_og[1+ML]

cf-/c?f2-g?

mvV/-1+cx V1+cx (a+bArcCosh[cx])*

12b%2cV1-c?x? 3bcV1-c?x?

mv-1+cx Vi+cx (a+bArcCoshfcx])?Log[1+ e
: + ( i | ]) g[ +Cf+m V-1+cx V1+cx (a+bAr‘cCosh[cx])3|_og{h (.F_'_gx)m}
+

3bcV1-c?x? 3bc/1-c2x?

myv-1+cx V1+cx (a+bAr‘cCosh[cx])zPolyLog[Z,7ML} myv-1+cx V1+cx (a+bAr‘cCosh[cx])ZPolyLog[Z,7ML

cf-r/c?f2-g? cfirf c?f2-g?
cV1-c?x? cV1-c?x?

2bmy/~1+cx V1+cx (a+bArcCoshlcx]) Polylog[3, -~ & ]

cf-r/c?f2-g?

+

cV1-c?x?

2bmy/~1+cx V1+cx (a+bArcCoshlcx]) Polylog[3, -~ &

cfirfc?f2-g?

cvV1-c?x?
2b2m+/-1+cx V1+cx PolyLog[4, —ML} 2b2m+/-1+cx V1+cx PolyLog[4, L .

cf-r/c?f2-g? cfirfc?f2-g?

cV1-c?x? cV1-c?x?

Result (type 1, 1leaves):
???

Problem 80: Attempted integration timed out after 120 seconds.

j(a+bAr‘cCosh[cx]) Log|h (f+gx)"] 4
X

1-c2x?

Optimal (type 4, 600 leaves, 12 steps):
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my-1+cx V1+cx (a+bAr‘cCosh[cx])2Log[1+ML

mv-1+cx /1+cx (a+bArcCosh[cx])? cr e g
6b2c1-c?x? 2bcV1-c?x?

mv-1+cx V1+cx (a+bArcCoshfcx])?Log|1+ e
: + ( i | ]) g[ +Cf+m V-1+cx V1+cx (a+bAr‘cCosh[cx])2|_og{h (.F_'_gx)m}
+

2bcV1-c?x? 2bc/1-c?2x?

my/-1+cx V1+cx (a+bArcCosh[cx]) PolyLog|2, —w] my/-1+cx V1+cx (a+bArcCoshlcx]) Polylog|2, | e

cf-/c?f2-g? cfifc?f2-g?
cvV1-c?2x? cV1-c?x?

bmy/-1+cx V1+cx PolyLog[B, —w] bmv-1+cx V1+cx PolyLog[}, B

cf-/c?f2-g? . cfifc?f2-g?
cV1-c?x? cvV1-c?2x?

+

Result (type 1, 1leaves):

222

Problem 81: Attempted integration timed out after 120 seconds.

dx

JLog[h (fregx)"]

1-c2x?

Optimal (type 4, 237 leaves, 9 steps):

mArcSin[cx] Log[1- L& &] mArcSin[cx] Log[1- 1o e ]

imArcSin[c x]? cf-r) 2 f-g? cfirfc? f2-g?

2¢ c :
. imPolylog[2, L¢"=NE ] mpolylog[2, ek
Arcsin[cx] Log[h (f+gx)"] ciJarg o
* +
C C c

Result (type 1, 1leaves):
22?2

Problem 87: Result unnecessarily involves imaginary or complex numbers.
jAr‘cCosh[a +b x]

dx
X

Optimal (type 4, 131 leaves, 9steps):
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1 eAr‘cCosh[a+b x]
- = ArcCosh[a+bx]%+ArcCosh[a+bX] Log[l - 7] +
2 a-\-1+a2
eAr‘cCosh[a+b X] eAr‘cCosh[a+b X] eAr‘cCosh[a+b X]
ArcCosh[a+bx] Log[1- ———————] +PolylLog[2, ————| +Polylog[2, ———
a+V-1+a? a-v-1+a? a+V-1+a?

Result (type 4, 221 leaves):

1 1-3 (1+a) Tanh[%Ar‘cCosh[aerx]]
fAr‘cCosh[a+bx]2—411Ar‘cSin[ ]Ar‘cTanh[ ] +
2 \/? AV -1+ a?
1-
ArcCosh[a+bx] +2 i ArcSin| 2 || Log[1+ [—a+x/ -1+ a2 | eArccoshlasox] ],
V2
1-
ArcCosh[a+bx] -2 i ArcSin| 2 || Log[1- [a+x/ -1+ a? | e Arecoshlarbx] ]
V2

e

PolyLog|2, (a —4/-1+a°

e—Ar‘cCosh[a+bx]] _ PolyLog[Z, [a N /71+a2

-ArcCosh[a+b x] }

Problem 88: Result unnecessarily involves imaginary or complex numbers.
JAr‘cCosh[a +b x]

dx
X2

Optimal (type 3, 64 leaves, 4 steps):

V1-a +/1+a+bx
ArcCosh[a + b x] 2bArcTan [ V1+a v/ -1+a+bx ]

x Vi-a?
Result (type 3, 83 leaves):

1-a%

2 [\/ -1l+a+bx +/1+a+bx +MJ

ArcCosh[a+bx] 1bLog bx

X V1-a?

Problem 89: Result unnecessarily involves imaginary or complex numbers.
JAr‘cCosh[a +b x]

dx
X3

Optimal (type 3, 106 leaves, 5 steps):
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ab? ArcTan[ 2l bx ]
\/1+a +/ -1+a+bx

2 (1—a2) X 2 x2 (1—a2)3/2

bvV-1+a+bx VY1+a+bx ArcCosh[a+bx]

Result (type 3, 136 leaves):

—

2 | M T
4iv1-a2 ‘—Lalabx—x W 1-a2 4/ -1+asbx o 1:asbx

iabxLlog -]
-+ -l+a+bx +/1+a+bx + ab2x

1-a2

b x

-ArcCosh[a+bx] +

-1+a%

2 x2

Problem 90: Result unnecessarily involves imaginary or complex numbers.

JAPcCosh [a+bx]
4

dx
X

Optimal (type 3, 154 leaves, 7 steps):

V1-a +/1+a+bx ]
6 (1-a?) x? 2(17a2>2x 33 3(1*az>5/2

2\ p3
bvV-1+a+bx V1+a+bx ab®+/-1+a+bx vJl1+a+bx ArcCosh[a+bx] (1+2a)bAr‘cTan[
N _

Result (type 3, 162 leaves):

12 (1—32)3/2 {—J‘lﬂi a?+iabx+/1-a2 \/-1+a+bx /1l+ra+bx

b® (x+2a%x)

. 2 3
1|bV-1+a+bx v/1+a+bx (1-a?+3abx) 2ArcCoshla+bx] 1(1+2a)bLog[

6 (—1+a2)2x2 x3 (1—a2)5/2

Problem 125: Result more than twice size of optimal antiderivative.

J(a +bArcCosh[c+dx])*dx

Optimal (type 3, 129leaves, 6 steps):

24b*+/-1+c+dx V1+c+dx (a+bArcCosh[c+dx]) 12b% (c+dx) (a+bAr‘cCosh[c:+dx])2

+

d d
4b+-1+c+dx V1i+c+dx (a+bAr‘cCosh[c+dx}>3 (c+dx) (a+bArcCosh[c+dx])*

+

d d

24 b* x -

Result (type 3, 261 leaves):
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((a4+12a2b2+24b4) (c+dx) ~4ab (a2+6b2> V-l+c+dx V1+c+dx -

Q |-

4b (—a3 (c+dx)-6ab® (c+dx) +3a’b/-1+c+dx V1l+c+dx +6b>+/-1+c+dx \/1+c+dx)Ar‘cCosh[c+dx] +

6 b2 (a2 (c+dx)+2b% (c+dx) ~2ab+/-1+c+dx \/1+c+dx)Ar‘cCosh[c+dx]2—

4b3 (7a (c+dx)+bv-1+c+dx \/1+c+dx)ArcCosh[c+dx]3+b4 (c+dx) ArcCosh[c+dx]4)

Problem 127: Result more than twice size of optimal antiderivative.

J(a+bAr‘cCosh[c+dx])4
dx

(ce+dex)2

Optimal (type 4, 264 leaves, 13 steps):

(a+bArcCosh[c+dx])* 8b (a+bArcCosh[c+dx] )3 ArcTan [eArccoshic+dx] | 12 j b? (a+bArcCosh[c +dx] )2 PolylLog[2, - i eArcCoshictdx]]
N _

de? (c+dx) de? de?

+

121 b? (a+bArcCosh[c+dx])*Polylog[2, i efrcoshic=dxI ] 244 b® (a+bArcCosh[c+dx]) PolyLog[3, -i eArccoshicrdx]]
de? : de? }

241 b* (a+bArcCosh[c+dx]) Polylog|3, i eArccoshicsdx] ] 24 b* PolylLog |4, - i ehrccoshicdx]] X 24 i b* Polylog|4, i efrcCoshictdx]]
de? de? de?

Result (type 4, 872 leaves):
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1 a* 3 ArcCosh[c +d x] 1
— |- +4a b(— +2Ar‘cTan[Tanh[7Ar'cCosh[c+dx}H)—
de? c+dx c+dx 2
i ArcCosh[c +d x
61 a?b? [ArcCosh[c+dx] |- [ ] +2Log[1- i ehrecoshicdx]] 5 | og[1 + j e Arccoshicrdx) ]
c+dx
2 Polylog [2, _j @ ArcCosh[c+dx] } -2 PolylLog [2, i @ ArcCosh[c+dx] } ) 4
ArcCosh[c+dx]3
4abd |- [ ] +31i (-ArcCosh[c+dx]? (Log[1- i eArccoshicdxl ] _|og[1 4+ j e Arecoshicrdx] ]} _ 2 ArcCosh[c +d X]
c+dx
(PolyLog[Z, i e—Ar‘cCosh[md x]] _ PolyLog[Z, i ef/-\r'c(:osh[md x] } > _2 PolyLog[3, i e—Ar‘cCosh[md x]] L2 PolyLog[3, i e—Ar‘cCosh[ud x] ] ) N
S 7i7 1 3., 5 s . 4 ArcCosh[c+dx]*
b* | - + — s ArcCosh[c+dx] - — 1 71“ ArcCosh[c +d x]* -2t ArcCosh[c +d x]” + 1 ArcCosh[c+d x]* - +
16 2 2 c+dx

1
=7 Log[1+ i eArecoshlcdxl ] _ 34 72 ApcCosh[c +d x] Log[1+ i e Arecoshlcxdx]] _ g ArcCosh[c +d x]2 Log|[1 + i e Arccoshlerdx] |,
2
41 ArcCosh[c+dx]®Log[1+1ieArccoshierdxl] 34 52 ArcCosh[c +d x] Log[1 - i efrecoshlerdx]] . 6y ArcCosh[c +d x]? Log |1 - i efrecoshlerdx]] _
1 1 1
=7 Log[1+ i efrecoshic+dxl ] _ 4§ ArcCosh[c +d x]® Log[1 + i efrecoshicrdxl ] = ;3 Log[Tan[~ (7 +2 i ArcCosh[c+dx])]] +
2 2 4

3i (m-21iArcCosh[c+dx] )2 Polylog|2, - i e ArccoshlcrdxI] _ 12 j ArcCosh[c +d x]?Polylog|2, -1 etrecoshicrdxl]
3 i 2 Polylog|2, i eArecoshicsdxl] 4 12 ArcCosh[c +d x] PolylLog|[2, i efrecoshlcsdx]] 12 ;1 polylog[3, -1 e Arccoshlcrdx] ] _
24 i ArcCosh[c +d x] PolyLog|[3, -1 e Arccoshicxdx] ], 94 3 ArcCosh[c + d x] Polylog[3, - i efrecoshicxdx]] _

12 1 Polylog[3, i efrecoshlic+dxl | _ 24§ polylog[4, - i e Arccoshicxdx]] _ 24 i polylog[4, - i efrecoshlc dx]] ] )

Problem 128: Result more than twice size of optimal antiderivative.

J(a+bArcCosh[c+dx})4
dx

(ce+dex)3

Optimal (type 4, 195leaves, 10 steps):
2b(a+bAr‘cCosh[c+dx])3 2by/-1+c+dx V1+c+dx (a+bAr‘cCosh[c+dx])3

+ —

de’ de? (c+dx)
(a+bArcCosh[c +dx] )4 6b? (a+bArcCosh[c+dx] )2 Log[1 + e 2ArcCoshicdx] |
2de® (c+dx)? ) de3 '
6b> (a+bArcCosh[c+dx]) PolyLog[2, —e 2ArcCoshlc+dx] | 34 polylog|3, e 2AncCoshicrdx] |
de3 : de3

Result (type 4, 398 leaves):
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1 at 4a3b+/-1+c+dx V1+c+dx 4a3bArcCosh[c+dx]
_ . _ _
2de3 (c+dx)2 c+dx (c+dx)2
—eedX (1 4 ¢+ dx) ArcCosh[c +d x]
b* ArcCosh[c +dx]* -~ Lecrdx ArcCosh[c +dx]?
+12a“b - -Log[c+dx]| +
(c+dx>2 c+dx 2(c+dx)2
3 /% (1+c+dx) ArcCosh[c+dx] ,
rerdx ArcCosh[c +dx
4ab? | -ArcCosh[c+dx] |3ArcCosh[c+dx] - + [c+dx] +6 Log[1+ e 2ArcCoshlcrdx] |
c+dx (c+dx>2

3 PolyLog [2, _ @-2ArcCosh[c+d x] }

+

| edX (14 ¢+ dx) ArcCosh[c +d x]
1+c+d x

c+dx

2b* |2 ArcCosh[c+dx]? |-ArcCosh[c +dx] + -3 Log[1+ e 2ArcCoshicrdx] |,

6 ArcCosh[c +d x] Polylog |2, —e 2ArcCoshictdx] ], 3 polylog|3, - e 2ArcCoshicrdx] ]

Problem 129: Result more than twice size of optimal antiderivative.

J(anbAr'cCosh[c+dx})4 ;
X

(ceerex)4

Optimal (type 4, 432 leaves, 21 steps):
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2b% (a+bArcCosh[c+dx])? 2b+/-1+c+dx Vl+c+dx (a+bArcCosh{c+dx])’> (a+bArcCosh[c+dx])*

N
de* (c+dx) Z-Sde“(Cerx)2 Z-Sde“(c:erx)3

8b> (a+bArcCosh[c+dx]) ArcTan[eArccoshic=dx] ] 4 b (a+bArcCosh[c+dx])>ArcTan[eArccoshicrdx] |

+ +
de? 3de?
4i b*Polylog|[2, -1 eArccoshicsdx] ] 24 b2 (a+bArcCosh[c+dx])?Polylog[2, - i eArcCoshic=dxI] 4 b% Polylog[2, i eArcCoshicdx]]
de? . de* ) de? :
2ib? (a+bArcCosh[c+dx] )2 Polylog |2, i eArccoshic+dxl ] 4 b3 (a+bArcCosh[c+dx]) Polylog|3, - i erccoshicrdx] ]
de* : de* )
41 b* (a+bArcCosh[c+dx]) PolylLog|3, i eArccoshicxdx] ] 4 j b* polylog |4, -i efrccoshic+dxl ] 4 b* Polylog|4, i efrccoshicrdx]|
de* de* : de*

Result (type 4, 1374 leaves):

-l+c+d x

(1+c+d x)

423b/-1icsdx Leidx - ArcCoshicedx] 1 ApcTan[Tanh |2 ArcCoshic+dx] ]|
6 (c+dx)? 3 (c+dx)3 3 2

4 3
2det {crdx) det | et Ticiax
1l+c+d x

/ﬁ (1+c+dx) ArcCosh[c +dx] .
1 e ArcCosh[c +dx
2a2b?/-1+c+dx - L L _ i ArcCosh[c +dx] Log[1 - i e Arccoshlcrdxi]

+ ie
c+dx (c+dx)2 <c+dx)3

i ArcCosh[c +dx] Log[1+i e Arccoshicrdxl] _j polylog[2, - i e Arccoshic+dxl ], j polylog|2, i e Arccoshicrdx]] /

-1+c+dx 1 3
— V1+c+dx | + 4ab’>+-1+c+dx

l1+c+dx j
de? M—+X\/1+c+dx
1+c+dx

| 187
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—eedX (14 ¢+ dx) ArcCosh([c +dx]?2
ArcCosh[c +d x] Lrcrdx ArcCosh[c +dx]3

+ —11'1 —4iAr'cTan{Tanh[lArcCosh[c+dx]}] +
c+dx 2 (c+dx)? 3 (c+dx)? 2 2

ArcCosh[c +dx]2Log[1- i eArcCoshictdx]] _ ApcCosh[c +dx]? Log[1 + i e Arecoshlerdxl] 4 2 ArcCosh[c + d x] PolyLog|2, - i e Arccoshlcrdx]] _

2 ArcCosh[c +d x] PolylLog[2, i e Arccoshlcrdxl] 2 polylog[3, - i e Arecoshic+dxl] _ 3 polylog|3, i e Arccoshicrdxl] ||

1 1
b*+/-1+c+dx | =i (8+n%-4imArcCosh[c+dx] -4ArcCosh[c+dx]?) PolyLog[2, -i e Arecoshicrdx]]

[ 2
de? | —lxexdx V1+c+dx
1+c+dx

1 4 .5 5 , 1921 ArcCosh[c+dx]?
— 1 |7 7%+ 81 ArcCosh[c +dx] + 24 5 ArcCosh[c+d x]* +

96 c+dx
32 i ArcCosh[c+dx]*

64 i | Lrerdx (1+c+dx) ArcCosh[c+dx]3
1+c+d x
-16 ArcCosh[c +dx]* - -

(c+dx)2 (c+dx)3

-321ArcCosh[c +dx]3+

384 ArcCosh[c +dx] Log[1 - i e Arecoshicsdxl |, g4 513 Log[1 + i e Arecoshicrdx] |, 384 ArcCosh[c +d x] Log[1 + i e Arecoshicrdxl]
48 n* ArcCosh[c +d x] Log[1 + i e Arecoshicdx] ] _ 96 j ;r ArcCosh[c +d x]? Log[1 + i e Arccoshlcrdx]] _

64 ArcCosh[c +d x]® Log[1+ i e Arccoshlcsdx]] _ 48 52 ArcCosh[c +d x] Log[1 - i eArecoshierdx]]

96 i mArcCosh[c +dx]? Log[1 - i efrecoshlerdx] g 73 Log[1 + i eArecoshicrdxl | 4 64 ArcCosh[c +d x]? Log[1 + i etrecoshierdx]]

1
81 7% Log[Tan|[~ (m+21iArcCosh[c+dx])]]| +384PolylLog|2, i e Arecoshic=dx]] 4 192 ArcCosh[c +d x]? PolylLog|2, - i eArecoshicrdxl] _
4

48 n? Polylog|2, i efrecoshic+dxl] 4 192 j ;r ArcCosh[c +d x] PolylLog[2, i eArecoshicrdx] 192 j yrPolylog|3, -i e Arccoshlcrdx]]
384 ArcCosh[c +dx] Polylog[3, -i e Arecoshic+dx]] _ 384 ArcCosh|[c +d x] PolyLog|3, -i efrecoshicrdxl | _

192 i s Polylog|3, i efrecoshlcrdxl] . 384 polylog[4, - i e Arccoshic+dxl] , 384 polylog |4, - i etrecoshicrdx]]
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Problem 166: Result more than twice size of optimal antiderivative.

J(ce+dex>2 (a+bAr‘cCosh[c+dx])5/2dlx

Optimal (type 4, 408 leaves, 26 steps):

5b2e? (c+dx) Va+bArcCosh[c+dx] 5b?e? (c+dx)’>~/a+bArcCosh[c+dx]

+ —

6d 36d
5be?y/-1+c+dx V1+c+dx (a+bArcCosh[c+dx])>? 5be?v/-1+c+dx (c+dx)?\/1+c+dx (a+bArcCosh[c+dx])>?
- +
9d 18d

e? <c+dx)3 (a+bAr‘cCosh[c+dx])5/2

15 bs/zez ea/b /7T El’"F[ a+b ArcCosh[c+d x] } 5b5/2e2 @%\/TEP'F[\E\/W}
Vb 3 Vb

3d 64d 576 d

Vb Vb
64d 576 d

15 b5/2 @2 (57:7 s Er‘Fi[ a+b ArcCosh[c+d x] } 5 p5/2 g2 esza \/? Erfi [ \/3 [ a+b ArcCosh[c+d x] ]

Result (type 4, 909 leaves):
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1
1728d

e? |432a%c+/a+bArcCosh[c+dx] +1620b%c~/a+bArcCosh[c+dx] +432a%dx+/a+bArcCosh[c+dx] +1620b%dx~/a+bArcCosh[c+dx] -

-1+c+dx -1+c+dx

1080 ab vJa+bArcCosh[c+dx] -1080abc vJa+bArcCosh[c+dx] -

1+c+dx 1+c+dx

-1l+c+dx
1880abdx | ————— +/a+bArcCosh[c+dx] +864abcArcCosh[c+dx] +a+bArcCosh[c+dx] +

l+c+dx

-1+c+dx
864 abdxArcCosh[c+dx] va+bArcCosh[c+dx] - 1080 b? etz ArcCosh[c +dx] Va+bArcCosh[c+dx] -

1+c+dx

-1l+c+dx -1l+c+dx

1080 b? ¢ ArcCosh[c +dx] va+bArcCosh[c+dx] -1080b?d x ArcCosh[c +dx] va+bArcCosh[c+dx] +

l+c+dx l1+c+dx

432 b% c ArcCosh[c+dx]2+/a+bArcCosh[c+dx] +432b%dxArcCosh[c+dx]2+/a+bArcCosh[c+dx] +
144 a®> +/a + b ArcCosh[c + d x] Cosh[3 ArcCosh[c+dx]] +60b%~/a+bArcCosh[c+dx] Cosh[3ArcCosh[c+dx]] +288abArcCosh|[c+dx]
v/a+bArcCosh[c +dx] Cosh[3ArcCosh[c+dx]] +144b%ArcCosh[c +dx]2+/a+bArcCosh[c+dx] Cosh[3ArcCosh[c+dx]] -

b ArcCosh d 3 3 b ArcCosh d
485 b5/2 /77 Cosh[ 2] erpi[ Y2 RAPCCOSNIC v dX] 1 (s 3o 32 grpy[ Y3 Y2t bACCoshic dx]

b Vb b NCY

v/a+bArcCosh[c +dx] va+bArcCosh[c +dx]

405 b5/2\/7Er'-Fi[ } Sinh[i] _ 405 bS/Z\/;Er"F[ ] (COSh[E] +Sinh[i]) +

\m b W b b
3 b ArcCosh [c + d 3 3 b ArcCosh [c + d 3 3
5b5/ZVﬁErfi[\/_\/a+ reCoshic =X 1 sinn[22] _5b52 /3 Erf[\/—\/aJr recoshic +dx] Cosh[fa]JrSinh[fa})—
Jb b Vb b b

120 ab+/a+bArcCosh[c+dx] Sinh[3 ArcCosh[c +dx]] - 120 b%> ArcCosh[c +dx] v/ a + bArcCosh[c +dx] Sinh[3 ArcCosh[c+dx]]

Problem 170: Result more than twice size of optimal antiderivative.

J(ce+dex)2 (a+bArcCosh[c+dx])’'?dx

Optimal (type 4, 509 leaves, 35 steps):
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175b%e?~/-1+c+dx V1+c+dx \a+bArcCosh[c+dx] 35b*e?+/-1+c+dx (c+dx)*+/1+c+dx /a+bArcCosh[c+dx]

+

54d 216d
35b%e? (c+dx) (a+bArcCosh[c+dx])*>? 35b%e? (c+dx)> (a+bArcCoshfc+dx])*?
18 d : 108 d )
7be?y/-1+c+dx Vi+c+dx (a+bArcCoshic+dx])®? 7bezvm(Cerx)Z\/m(a+bAr‘cCosh[c+dx])5/2+
9d 18d

7/2 2 _a/b a+b ArcCosh[c+d x] 7/2 .2 L +/3 \/a+bArcCosh[c+d x]
105 b7/2 e? e/* /71 Erf]| ] 35072eter [T Erf] 5 ]

e2 (c+dx)3(a+bAr‘cCosh[c+dx])7/27 N b .

3d 128d 3456d

a 3a
105b7/2 €2 e » /7 Erfi a+b ArcCosh[c+d x] 3507226 5 [L Eprfi \/3 +/a+bArcCosh[c+d x]
kel SRS V3 Erfil S ]

4
128d 3456 d

Result (type 4, 1435leaves):

———e?(2592a%c+/a+bArcCosh[c+dx] +22680ab?c+a+bArcCosh[c+dx] +
10368 d

’ 2 . 2y, | Zlrcrdx .
2592 a>dx+a+bArcCosh[c+dx] +22680ab?dx~/a+bArcCosh[c+dx] -9872a%b v/a+bArcCosh[c +dx]

l+c+dx

-1+c+dx

-1+c+dx

34020 b3 va+bArcCosh[c+dx] -9072a%bc va+bArcCosh[c+dx] -

l1+c+dx

l1+c+dx

-1+c+dx -l+c+dx

34020 b° ¢ va+bArcCosh[c+dx] -9072a%bdx va+bArcCosh[c+dx] -

1+c+dx

l+c+dx

-1+c+dx

34020 b3 d x va+bArcCosh[c+dx] +7776a?bcArcCosh[c+dx] va+bArcCosh[c+dx] +

1+c+dx

22680 b3 c ArcCosh[c +dx] va+bArcCosh[c+dx] +7776a?bdxArcCosh[c+dx] \/a+bArcCosh[c+dx] -+

3 B ) -1+c+dx B
22680 b3 d x ArcCosh[c +d x] /a+bArcCosh[c+dx] -18144ab? | ————— ArcCosh[c+dx] +/a+bArcCosh[c +dx]

1+c+dx

-1l+c+dx -l+c+dx

18144 ab?c ArcCosh[c +dx] Va+bArcCosh[c+dx] +

ArcCosh[c +dx] vVa+bArcCosh[c+dx] -18144ab?dx

l1+c+dx 1+c+dx

7776 ab? c ArcCosh[c +dx]2+/a+bArcCosh[c+dx] +7776ab?dxArcCosh[c+dx]2+/a+bArcCosh[c+dx] -
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_1+c+dx -1+c+dx

9072 b? ArcCosh[c +dx]2+a+bArcCosh[c+dx] -9072b°c ArcCosh[c +dx]2+/a+bArcCosh[c+dx] -

1+c+dx 1+c+dx

-1l+c+dx

9072 b3 d x ArcCosh[c +dx]%2+/a+bArcCosh[c+dx] +2592b3cArcCosh[c+dx]3+a+bArcCosh[c+dx] +

l1+c+dx

2592 b3 d x ArcCosh[c+dx]3+a+bArcCosh[c+dx] +864a>+a+bArcCosh[c+dx] Cosh[3ArcCosh[c+dx]] +

840 ab?+/a+bArcCosh[c+dx] Cosh[3ArcCosh[c+dx]] +2592a%bArcCosh[c+dx]a+bArcCosh[c+dx] Cosh[3ArcCosh[c+dx]] +
840 b> ArcCosh[c +dx] v/ a+bArcCosh[c+dx] Cosh[3ArcCosh[c+dx]] +

2592 a b2 ArcCosh[c +d x]2+/a+bArcCosh[c +dx] Cosh[3ArcCosh[c+dx]] +

a a+bArcCosh[c+dx
864 b> ArcCosh[c + d x]*+/a+bArcCosh[c +dx] Cosh[3ArcCosh[c+dx]] +8505b7/2~/7r Cosh|—| Er‘fi[\/ : [c+dx] ]+
b Vb
3a 3 vVa+bArcCosh[c+dx a+bArcCosh[c+dx a
35b7/2+/3 71 Cosh|[ ] Er‘-Fi[\/—\/ - Lexdx] ]—8505b7/2\/;Er-Fi[\/ i €9 sinn[ 2] -
b W W b
b ArcCosh d 3 b ArcCosh d 3
8505 b7/2\/;Er‘-F[\/a+ recoshier @0 ) (cosh[ 2] +Sinh[3]) ~35b72+/3 1 EPH[WV% recoshlier X1 1 sinn[22) -
/b : : /b 0
3 +/a+bArcCosh d 3a 3a
35b7/2+/3 1t Er‘f[r\/ h ¢ [c+dx] | |Cosh[ =] +sSinh[~—]| - 1808 a*b+/a + b ArcCosh[c +d x] Sinh[3 ArcCosh[c+dx]] -
Jb b b

420 b3 +/a+bArcCosh[c+dx] Sinh[3 ArcCosh[c+dx]] - 2016 ab?ArcCosh[c +dx] v/ a+bArcCosh[c+dx] Sinh[3 ArcCosh[c+dx]] -

1008 b> ArcCosh[c + dx]2+/a + bArcCosh[c +d x] Sinh[3 ArcCosh[c +dx]]

Problem 198: Result unnecessarily involves imaginary or complex numbers.

J(ce+dex)7/2 (a+bArcCosh[c+dx]) dx

Optimal (type 4, 189leaves, 8 steps):
28be?+/-1+c+dx (e(c+dx))3/2\/1+c+dx 4b~/-1+c+dx (e(c+dx))7/2\/1+c+dx

+

405 d 81d
2 (e (c+dx>)9/2 (a+bArcCosh[c + dx]) 28be*+/1-c-dx /e (c+dXx) EllipticE{Ar‘cSin[ngdx |, 2]
9de 135d+/-c-dx V-1+c+dx

Result (type 4, 219leaves):
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4b+/-1 d 1 d 7+5c2+10cd 5 42 %2
! (e (c+dx))”?|30a (c+dx) - 28b B V-1+c+dx Vi+c+dx (7+5c2+10cdx+ x)+

133 V-1l+c+dx (C+dX)5/2rc+dX 3(C+dX)2
1+c+dx

281‘1b\/ cadx \/1“*"* EllipticE[i ArcSinh| —2—], 2]
l+c+dx -1l+c+dx V -1l+c+d x

(C+dX>7/2 [ c+d x
-1+c+d x

Problem 199: Result unnecessarily involves imaginary or complex numbers.

30b (c+dx) ArcCosh[c+dx] -

J(ce+dex)5/2 (a+bArcCosh[c+dx]) dx

Optimal (type 4, 169 leaves, 8 steps):
20be2+/-1+c+dx je (c+dx) Vi+c+dx 4b~/-1+c+dx (e (c+dx>)5/2\/1+c+dx

147d 49d

+

s s . e (c+dx)
Z(e (c+dx>)7/2 (a+bAr‘cCosh[c+dx}) 20be*/?2+\/1-c-dx ElllpthF[Ar‘cSm[ = },—1]
7de 147d~/-1+c+dx
Result (type 4, 164 leaves):

! 2 (e (c+dx))5/2 21a (c+dx)372b\/71+c+dx Vi+c+dx (5+3c2+6cdx+3d>x?) +

10ib | 29X EllipticF[iArcSinh|[ —2—], 2]
“1+c+d X A/ -1l+c+d x
c+dx /
[| ——— l+c+dx
-1+c+d x

Problem 200: Result unnecessarily involves imaginary or complex numbers.

147d (c+dx)?

21b <c+dx)3Ar‘cCosh[c+dx] -

J(ce+dex)3/2 (a+bArcCosh[c+dx]) dx
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Optimal (type 4, 145leaves, 6 steps):
4b+/-1+c+dx (e(c+dx))3/2\/1+c+dx

+

25d
2 (e (c+dx>)5/2 (a+bArcCosh[c + dx]| 12be+/1-c-dx /e (c+dx) EllipticE[Ar‘cSin[Cl*jT+dX |, 2]
5de 25d+/-c-dx V-1+c+dx

Result (type 4, 190 leaves):

L (e (cvdx))*? [5a (crdx) - °b :

25d
V-l+c+dx VJe+dx Cxdx
1+c+d x

sib\/ cdx \/1*“‘“ EllipticE[i ArcSinh[ —2—], 2]
l+c+d x -1+c+dx W -1l+c+d x

<C+dX)3/2 / c+d x
-l+c+d x

Problem 201: Result unnecessarily involves imaginary or complex numbers.

j\/ce+dex (a+bArcCosh[c+dx]) dx

2b+v/-1+c+dx VY1+c+dx +5b (c+dx) ArcCosh[c+dx] -

Optimal (type 4, 127 leaves, 6 steps):

Ab—-1+c+dx /e(c+dx) [1+c+dx 2(e(c+dx))3/2(a+bAr'cCosh[c+dx}) 4b+e V1-c-dx EllipticF[ArcSin[;zegx>}1_1]
- + -

9d 3de 9d+/-1+c+dx
Result (type 4, 133 leaves):
1
9d

2ib | 29X EllipticF[iArcSinh| —2—], 2]
“1+c+d X A/ -1+c+d x
c+dx /
- l1+c+dx
-1l+c+dx

2 /e (c+dx) [3a(c+dx) ~2b+-1+c+dx J1+rc+dx +3b (c+dx) ArcCosh[c+dx] -
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Problem 202: Result unnecessarily involves imaginary or complex numbers.

a+bArcCosh[c +dx]
J dx

Jce+dex
Optimal (type 4, 104 leaves, 4 steps):
2./e(c+dx) (a+bArcCosh[c+dx]) i 4bVi-c-dx e (c+dx] EllipticE[Ar‘cSin[%], 2]

de dev-c-dx V-1+c+dx

Result (type 4, 163 leaves):

-
d./e(c+dx)
b (e d )3 2ib+yc+dx \/f;ddxx Jllﬂc*ddxx E1lipticE[i ArcSinh|[ ——], 2]
c X +C+ -1+C+ vV -1l+c+d X
2 |a(c+dx) - (crdx) +b (c+dx) ArcCosh[c+dx] -

Vv-1+c+dx —crdx c+dx
1+c+dx -l+c+d x

Problem 203: Result unnecessarily involves imaginary or complex numbers.
Ja+bAr‘cCosh[c+dx]

dx

(ce+dex)3/2

Optimal (type 4, 84 leaves, 4 steps):

2 (a+bArcCosh[c+dx]) 4b~/1-c-dx EllipticF[Ar‘cSin[Ae(\/}@}, -1]
N
de /e (c+dx) de32+/-1+c+dx

Result (type 4, 115leaves):

4ib (cedx) lllcc—"dxx EllipticF[jArcSinh[ E ]2]
-2+W/1+c+dx (a+bArcCosh[c+dx]) + e

c+d x

-1+c+d x

de /e (c+dx) V1+c+dx
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Problem 204: Result unnecessarily involves imaginary or complex numbers.
Ja+bAr‘cCosh[c+dx]

dx
(ce+dex)5/2

Optimal (type 4, 150 leaves, 7 steps):
aby Ticedx Viicidx 2 (a+bAr'cCosh[c+dx}> 4b+1-c-dx +/e (c+dx) EllipticE[Ar‘cSin[Clgdx }, 2}

3de?.[e (crdx) 3de (e (c+dx))?? 3de*-c-dx V-1+c+dx

Result (type 4, 197 leaves):

1 2b (c+dx)’?
2 7a(c+dx)f
3d (e (c+dx))5/2

+2bvV-1+c+dx <C+dX)2\/1+C+dX -
V-1+c+dx crdx

1+c+d x

21b(c+dx)5/2\/ cdx \/1*“‘“ EllipticE[i ArcSinh[ —2—], 2]
l+c+d x -1l+c+d x N ~lvc+dx

c+d x
-1+c+d x

Problem 205: Result unnecessarily involves imaginary or complex numbers.
ja+bAr‘cCosh[c+dx]

b (c+dx) ArcCosh[c+dx] -

dx
(ce+dex)7/2

Optimal (type 4, 130leaves, 7 steps):

. . . AJe (c+dx)
4bv_1+cidx Viscrdx 2(a+bAr‘cCosh[c+dx}> 4b+1-c-dx ElllptlcF[ArcSm[ e },—1]
*

e

15de2(e(c+dx))3/2 5de(e(c+dx))5/2 15de’/2~+/-1+c+dx

Result (type 4, 121 leaves):
1

15de (e (c+dx))5/2

2 —3a+2bC\/—1+C+dX \/1+C+dX +

1
2bdx+v/-1+c+dx v1+c+dx -3bArcCosh[c+dx] -1+/2 b (c+dx)5/2EllipticF[jAr‘cSinh[\/—1+c+dx 1> =]
2
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Problem 206: Result unnecessarily involves imaginary or complex numbers.

J(ce+dex)7/2 (a+bArcCosh[c+dx])?*dx

Optimal (type 5, 153 leaves, 3 steps):
2 (e (c+dx))*? (a+bArcCosh[c+dx])? 8bV1-c-dx (e (c+dx))*? (a+bArcCoshlc+dx]) Hyper‘geometr‘icZFlE, B, B, (c+dx)?]

9de 99de2+/-1+c+dx

16 b? (e (c+dx))13/2 HypergeometricPFQ| {1, 14—3, %}, {2, 21, (c+dx)2}

1287de3

Result (type 5, 303 leaves):

1 7/2
5a (e (c+dx))

213 [ 29 ElipticE [i Ar‘cSinh[;] ,2]
8ab c+dx 21414 (c+dx) <2 (c+dx) 345 (c+dx)® | “irerdx NEWTp
l+c+dx A/ -1+c+d X

c+d x

-l+c+dx

2a* (c+dx) +4ab (c+dx) ArcCosh[c+dx] -

45 (c+dx)7/2

2, “1+c+dx _ 13 15 "
—b? (c+dx) ArcCosh[c+dx] [11ArcCosh[c+dx] +4 (c+dx) |———— (l+c+dx) Hypergeometric2F1[1, —, —, (c+dx) -
11 l+c+dx 4 4

5, 2}, (crdx)’]

» |5

945 b2 77 (c +dx)3Hyper‘geometr‘icPFQ[{1, ?, %}, {
7

512 \EGamma[%} Gamma[lf]

Problem 207: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

J(ce+dex)5/2 (a+bArcCosh[c+dx])?*dx



198 | 7.2 Inverse hyperbolic cosine.nb

Optimal (type 5, 153 leaves, 3 steps):
2 (e <c+dx)>7/2 <a+bAr‘cCosh[c+dx])2 8b\1-c-dx (e (c+dx))®? (a+bArcCosh[c+dx]) Hyper‘geometr‘icZFl[i, %, %, (c+dx)?]

7de 63de2\/-1+crdx

16 b? (e (c +dx))™/? HypergeometricPFQ[ {1, **, 1}, {%, Jo (c+dx)?]

1
4 4

» |5

693d e?

Result (type 5, 369 leaves):

1 5/2 2 3 3 1
(e (c+dx)) 1764 a* (c +dx)° +3528ab (c+dx)’ArcCosh[c+dx] - ———
6174d(c+dx)2 Vv1+c+dx

5i [ <X EllipticF[i ArcSinh[ —2—], 2]
-l+c+d x AV -1+c+d x
336ab |V _-1+crdx (5+5(c+dx)+3(c+dx)2+3(c+dx>3)+

c+d x
~1l+c+dx

) -1+c+dx )

b {1336 (c+dx) -1932 | ————— (1+c+dx) ArcCosh[c+dx] +1323 (c+dx) ArcCosh[c +dx]?+72Cosh[3 ArcCosh[c +dx]] +441

1+c+dx
) -1l+c+dx . 3 5 5
ArcCosh[c +dx]?Cosh[3ArcCosh[c+dx]] +1680 | ————— (1+c+dx) ArcCosh[c+dx] Hypergeometric2F1[ =, 1, =, (c+dx]) | -
l1+c+dx 4 4

2102 (c+dx) Hyper‘geometr‘icPFQ[{%, i, 1}, {i, i}, (c+dx)?]
]

- 252 ArcCosh[c +d x] Sinh[3 ArcCosh[c +d x]]
Gamma[fﬂ Gamma |

Problem 208: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

J(ce+dex)3/2 (a+bArcCosh[c+dx])?dx

Optimal (type 5, 153 leaves, 3 steps):
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2 (e (c+dx))*? (a+bArcCosh[c+dx])? 8bV1-c-dx (e (c+dx))’? (a+bAr‘cCosh[c+dx})Hyper‘geometr‘icZFl[%, Z—, %, (c+dx)?]
Sde 35de2+/-1+c+dx

16 b2 (e (c+dx))9/2Hyper‘geometr‘icPFQHl, %, %}, {1, 21, (c+dx)2}

315d e3

Result (type 5, 326 leaves):

id (e (c+dx))3/2 2a* (c+dx) +4ab (c+dx) ArcCosh[c+dx] +
5

33 [ X LeerdX E]1ipticE i ArcSinh|[ —2——], 2]
8 3 1+c+dx -l+c+d x A —l+crd x
—ab |- ~/-1+c+dx V1i+crdx - +

5
c+d x 3/2 c+d x
V-l+c+dx Ve+dx l—1+c+dx (c+dx) ,——1+c+dx
-1l+c+dx .
7 ArcCosh[c+dx] +4 (c+dx) | —————— (1+c+dx) Hypergeometric2F1|1,
l1+c+dx

15b2 7t (c +d x) > HypergeometricPFQ[ {1, 2, %},
1 3
4

2
—b* (c+dx) ArcCosh[c +d x]
7

TRV

4

> E, (C+dx)2}J -

‘ U 0 (erdx)?]

32+/2 Gamma [ 1;] Gamma [ £ |

Problem 209: Result unnecessarily involves imaginary or complex numbers.

J\/ce+dex (a+bArcCosh[c+dx])?*dx

Optimal (type 5, 153 leaves, 3 steps):
2 (e (c+dx))*? (a+bArcCosh[c+dx])? 8bV1-c-dx (e (c+dx))>? (a+bAr‘cCosh[c+dx1)Hyper‘geometr‘icZFl[i, %, %, (c+dx)?]
3de _ 15de?1rcadx

16 b? (e (c+dx))7/2Hyper‘geometr‘icPFQHl, i, Z}, {3, Q}, (c+dx)2}

105d e3

Result (type 5, 298 leaves):
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-1+c+dx

18a® (c+dx) -24ab+/-1+c+dx VJ1+c+dx +36ab (c+dx) ArcCosh[c+dx] -24b? (1+c+dx) ArcCoshlc+dx] +

l+c+dx

24iab | 29X E1lipticF[i ArcSinh|[ —2—],
-1+c+d x ~1+rc+dx

2b* (c+dx) (8+9ArcCosh[c+dx]?) - (1+c+dx)
[ —edx  J1icrdx
-1+c+dx
34/2 b2 (c+dx) HypergeometricPFQ[{2, 2,1 2021, (c+dx)?
ArcCosh[c +dx] Hyper*geometr*icZFl[i, 1, E, (c+dx)2] - ( ) [{4’ 4’ i {4’ 4}J ( )]
4 4 Gamma[fﬂ Gamma[i]

Problem 210: Result unnecessarily involves imaginary or complex numbers.

J(anbAr‘cCosh[c+dx})2 ;
X

Vce+dex
Optimal (type 5, 151 leaves, 3 steps):

2.Je(c+dx) (a+bArcCoshc+dx])? 8by1-c-dx (e (c+dx))>? <a+bArcCosh[c+dx])Hyper‘geometr‘icZFl[%, i, i, (c+dx)?]

de 3de?+/-1+c+dx

16 b? (e (c +dx))*? HypergeometricPFQ[{1, i, 21, {i, %}, (c+dx)?]

15d e3

Result (type 5, 268 leaves):
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1
vV-1l+c+dx Jcrdx

1
24a% (c+dx) +48ab | (c+dx) ArcCosh[c+dx] -

12d./e (c+dx)

1

c+dx P 3/2 c+dx l+c+dx L. ) .
2 | ———— |c+dx+ (c+dx)’+1i (-1+c+dX) EllipticE[i ArcSinh| —————1, 2] || +
l+c+dx -1+c+dx -1l+c+dx V-o1+c+dx

ol 2)s [erdx)?]

]

+

342 n (c+dx) 2 HypergeometricPFQ[ {1,

Gamma | i] Gamma |

b2 (c+dx)

Ao s n

, (c+dx)?] sinh[2ArcCosh[c +d x] ])

)

Y,
INIEN

3 ArcCosh[c +d x] + 2 Hypergeometric2F1 [1,

8 ArcCosh[c +dx]

Problem 211: Result unnecessarily involves imaginary or complex numbers.

dx

(a+bArcCosh[c+dx])?
J 3/2

(ce+dex)

Optimal (type 5, 149leaves, 3 steps):

2 (a+bArcCosh[c+dx])? 8bVil-c-dx .|e (c+dx) (a+bArcCosh(c+dx]) Hyper‘geometr‘icZFl[i, i, i, (c+dx)?]
- + +
de?+/-1+c+dx

de e<c+dx)

16 b? (e (c+dx))*? Hyper‘geometr‘icPFQHz—, "
3deé’

Result (type 5, 208 leaves):
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1

de.je (c+dx]

Siab\/c+dx\/ cadx Jl*“dx EllipticF[i ArcSinh[ —2

2’

lrcrdx lrcrdx m]’ 2] 2 b (c+dx)ZHyper'geometr‘icPFQHi i, 1}, {i, i}, (c+dx)2]
+
]

odx Gamma | i] Gamma LZ‘
-1l+c+dx

3 5
2 | (a+bArcCosh[c+dx] )2+2b2 ArcCosh[c +d x] Hypergeometric2fF1[~, 1, =, (c+dx)2} Sinh[2 ArcCosh[c +dx]]
4 4

Problem 212: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

J(a+bAr‘cCosh[c+dx])2
dx

(ce+dex)5/2

Optimal (type 5, 153 leaves, 3 steps):
2 (a+bArcCosh[c+dx])? 8bV1-c-dx (a+bArcCosh[c+dx]) Hypergeometric2Fl |- i, i, i, (c+dx)?]

3de(e(c+dx))3/2 3de2\/—1+c+dx1/e(c+dx)
16b% /e (c+dx) Hyper‘geometr‘icPFQ[{i, 41, 1}, {i, i}, (c+dx)?]
3de3

Result (type 5, 347 leaves):
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1
3d (e (c+dx))>?

) 5 -1l+c+dx ) ) 1
8b* (c+dx) ——— (l+c+dx) ArcCosh[c+dx] -2b® (c+dx) ArcCosh[c+dx]? - —————
l+c+dx V-1+c+dx

-2a® (c+dx) - 16b? <c+dx)3—4ab (c+dx) ArcCosh[c+dx] +

3/2 c+dx ) 3/2 c+dx l+c+dx .. ) . 1
8ab (c+dx) ———— |l+c+dx+1i (-1+c+dx) EllipticE[i ArcSinh[—————], 2] | +
l+c+dx -1+c+dx -1+c+dx V-o1+c+dx

s (C+dx)2} -

3

8 4 | -1+c+dx .
—b? (c+dx] ———— (1+c+dx) ArcCosh[c +d x] Hypergeometric2F1|1,
3 1+c+dx

b2 7 (c +dx)° HypergeometricPFQ[ {1, i, i}, {i, %}, (c+dx)?]
(%

]

N
NN

[
2 \/?Gamma[i] Gamma

Problem 213: Result unnecessarily involves imaginary or complex numbers.

J(aerAr‘cCosh[c+dx})2 ;
X

(ce+dex)7/2

Optimal (type 5, 153 leaves, 3 steps):
2 (a+bArcCosh[c+dx])? 8bV1l-c-dx (a+bArcCosh[c+dx]) Hyper‘geometr‘iczFl[—i, 1 i, (c+dx)?]

2)
5de (e (c+dx))>? 15de2+/-1+c+dx (e(c+dx))3/2
16 b? Hyper‘geometr‘icPFQ[{—i, —i, 1}, {i, i}, <c+dx>2]

+

Result (type 5, 272 leaves):
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1
15de (e (c+dx))5/2

1
-6a?+4ab |-3ArcCosh[c+dx] + (c+dx) (2\/—1+c+dx V1+c+dx —i\/?(c+dx>3/2EllipticF[iAr‘cSinh[x/—1+c+dx], —]J] +

5 -l+c+dx 3 | -l+c+dx
b®> |16 (c+dx)?+8 (c+dx) |———— (1+c+dx) ArcCosh[c+dx] -6ArcCosh[c+dx]?-8 (c+dx) ————— (l+c+dx
l1+c+dx l1+c+dx

N2 on (c+dx)4Hyper‘geometr‘icPFQ[{i, > 1}, {i, i}, (c+dx)2}

3 s ) .
ArcCosh[c +d x] Hypergeometric2F1[~, 1, =, (c+dx)?] +
Gamma[i] Gamma[z—]

4 4

Problem 214: Attempted integration timed out after 120 seconds.

J(ce+dex)3/2 (a+bArcCosh[c+dx])>dx

Optimal (type 9, 88 leaves, 2 steps):

] (e (c+dx))5/? (a+b ArcCosh[c+d x]1)?
2 (e <C+dX)>5/2 (a+bAr‘cCosh[c+dx])3 6bUn1ntegr‘able[ Vlicrdx licedx ’ X}

5de 5e

Result (type 1, 1leaves):
???

Problem 215: Attempted integration timed out after 120 seconds.
J\/ce+dex (a+bAr‘cCosh[c+dx])3dlx

Optimal (type 9, 86 leaves, 2 steps):

i (e (c+dx))3/2 (a+bArcCosh[c+d x])?
2 (e <C+dX)>3/2 <a+bAr‘cCosh[c+dx])3 2bUn1ntegr‘able[ V-licrdx licrdx ’ X}

e

3de

Result (type 1, 1leaves):
22?
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Problem 219: Attempted integration timed out after 120 seconds.

J<a+bAr‘CCOSh[C+dX])3 4
X

(ce+dex)7/2

Optimal (type 9, 88leaves, 2 steps):

6 b Unintegrable (a+b ArcCoshlc+d x])? X
2 (a+bAr‘cCosh[c+dx})3 g [x/7_1+c+dx (e (c+dx))52Iscrdx = )
- +

5de (e (c+dx))>? 5e

Result (type 1, 1leaves):

2?7

Problem 221: Attempted integration timed out after 120 seconds.
J\/ce+dex (a+bAr‘cCosh[c+dx])4dlx

Optimal (type 9, 88 leaves, 2 steps):

. (e (c+dx))¥? (a+bArcCosh[c+dx])3
2 (e <C+dX)>3/2 (a+bArcCosh[c+dx])4 8bUn1ntegr‘ab1e[ V Trcidx Jircidx ? X}

3de 3e

Result (type 1, 1leaves):
???

Problem 225: Attempted integration timed out after 120 seconds.

J(anbAr‘cCosh[c+dx])4 ;
X

(ce+dex)7/2

Optimal (type 9, 88leaves, 2 steps):

8 b Unintegrable (a+b ArcCosh[c+d x])3
2 (a+bArcCosh[c+dx])* & [m(e(udx)ﬁ/zm, ]
- +

5de(e<c+dx))5/2 S5e

Result (type 1, 1leaves):
22?
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Problem 228: Unable to integrate problem.

J(ce+dex)’" (a+bArcCosh[c+dx])?dx

Optimal (type 5, 206 leaves, 3 steps):

(e (c+dx))¥™ (a+bArcCosh[c+dx])? 2bVi1-c-dx (e (c+dx))*>™ (a+bArcCosh[c+dx]) Hyper‘geometr‘icZFl[%, Zm 4?'", (c+dx)?]

de (1+m) de? (1+m) (2+m) vV -Trcrdx

2b? (e <c+dx))3”"Hyper‘geometr‘icPFQ[{l, §+ f, §+ f}, {2+§, §+ ?}, (c+dx)2]

de? (1+m) (2+m) (3+m)

Result (type 8, 25leaves):

J(ce+dex)’" (a+bArcCosh[c+dx])*dx

Problem 229: Result unnecessarily involves higher level functions and more than twice size of optimal
antiderivative.

J(ce+dex)m (a+bArcCosh[c+dx]) dx

Optimal (type 5, 118leaves, 5 steps):

(e (c+dx) )1”" (a+bArcCoshic+dx]) b (e (c+dx)>2”" (1— (c+dx)2) Hypergeometric2F1[1, 3*?'", ‘”T"', (c+dx)2]

de(1+m) de2(1+m) (2+m)\/—1+c+dx \/1+C+dX

Result (type 6, 398 leaves):
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#(e<c+dx))m —[(12b\/—1+c+dx V1+c+dx AppellFl[l,—m,—l, i,l—c—dx,—(l—c—dx)]/
d(1+m) 2 272
1 1 3 1
[6AppellF1[—,—m,——, ~,1-c-dx, — (1-c-dx) ]+
2 2 2 2
3 1 5 1 3 1 5
(-1+c+dx) [4mAppellF1[ =, 1-m, - =, =, 1-c-dX, — (1-c-dx)| +AppellF1[=, -m, =, =, 1-c-dx, — (1-c-dXx) ]| ])+
2 2 2 2 2 2 2 2
-1l+c+dx 1 1 3 1 1 1 3 1
12b | —————— AppellF1[—, -m, —, f,l—c—dx,f(l—c—dx)] /[6Appe11F1[f, -m, —, f,l—c—dx,f<1—c—dx”+
l1+c+dx 2 2 2 2 2 2 2 2
3 1 5 1 3 3 5 1
(-1+c+dx) 4mAppellFl[ =, 1-m, —, f,l—c—dx,f(1—c—dx)]—AppellF1[f,—m, =, f,l—c—dx,f(l—c—dx)] )+(c+
2 2 2 2 2 2 2 2

dx) (a+bArcCosh[c+dx])

Problem 239: Result more than twice size of optimal antiderivative.
JAr‘cCosh [ax"]

X

dx

Optimal (type 4, 60leaves, 5 steps):

ArcCosh[ax"]2 ArcCosh[ax"] Log [1 4 @2ArcCosh[ax"] ] PolyLog[ _ @2ArcCosh[ax"] ]
- +

2n n 2n

Result (type 4, 179leaves):
ArcCosh|ax"| Log[x] +

(a 1-a2x?" (AI"CSlnh[\/ a2 x"]2+2Ar‘cSinh[xl—a2 x"] Log[l—e‘ZA“Si”h[ﬁX"H -2nlog(x] Log| \/ 2 xn +\/1—a2x2”
PolyLog[Z, e-zA'"CSi”h[\/jX"H))/ [2\/—a2 n\/—1+ax“ \/1+axn

Problem 269: Unable to integrate problem.

3
J (a + bAr‘cCosh[@] )
A\ 1+C X

1-c2x?

dx

Optimal (type 4, 265 leaves, 8 steps):
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4 3 -2 ArcCosh g 2 -2 ArcCosh @
(a+bAr‘cCosh[@]) a+bAr‘cCosh[@]) Log[1l+e {thx | 3b (a+bAr‘cCosh[@}) Polylog|2, -e {VMX ]
_ \V1+cx N A 1+cx + \V1+cx
4bc [ 2c
2 ArcCosh Yiex N
Jicx - e -2 ArcCosh| V1<
3 b2 (a + b ArcCosh | 1+zi ] ) Polylog|3, -e V ] ) 3% Polylog[4, - e Jiex }]
2c 4c
Result (type 8, 42 leaves):
3
(a +b ArcCosh | @] )
A/ 1+c x dx
J 1-c2x?
Problem 270: Unable to integrate problem.
2
(a +b ArcCosh | @] )
WV 1+cx dx
J 1-c2x?
Optimal (type 4, 196 leaves, 7 steps):
\/‘lfcx
3 2 -2 ArcCosh
(a+bAr‘cCosh[@]) a+bAr‘cCosh[@]) Log[l+e {Jhcx}]
_ 1+cx _ \V1+ex N
3bc ¢
j—
-2 ArcCosh {ﬂ \/:
Vi-cx [1rex -2 ArcCosh
b a+bArcCosh| 1;’; ]) PolyLog[2, -e v ] ) b2 Polylog[3, - e Lo ]
C 2c¢C

Result (type 8, 42leaves):

l+cx

dx
2

J\(a+bAr‘cCosh[@])2

1-c?x

Problem 271: Unable to integrate problem.

1l+cx

a+bArcCosh| @]
J dx

1-c?x?

Optimal (type 4, 133 leaves, 6 steps):

+



b ArcCosh [ Y=< 1]° b ArcCosh [ -cx 1 -2arccosh | =] 2 ArcCosh | Lier
(a+ ArcCos [m]) a +bArcCosh| — ]) Log[1+e ] bPolylog|2, -e Jrex ']
N - +

2bc c 2c

Result (type 8, 40leaves):

A/ 1+cx

dx
1-c?x?

Ja + bAr‘cCosh[E]

Problem 274: Attempted integration timed out after 120 seconds.

JAr‘cCosh [ce?X] dx

Optimal (type 4, 76 leaves, 6 steps):

ArcCosh|[c e*bX] > ArcCosh [ce®x] Log[1 + e2ArcCosh[ce™ ]| polylog|[2, - e2ArcCosh[ce™]]
- +

+

2b b 2b

Result (type 1, 1leaves):

???

Problem 278: Result more than twice size of optimal antiderivative.
JeAr'cCosh[amx] dx
Optimal (type 3, 31leaves, 5steps):

@2ArcCosh[a+b x] ArcCosh [a+ b x]

4b 2b

Result (type 3, 69 leaves):

<a+bx) (a+bx+\/—1+a+bx \/1+a+bx)—Log[a+bx+\/—1+a+bx \/1+a+bx}

2b

Problem 279: Result unnecessarily involves imaginary or complex numbers.

eAr‘cCosh[a+b X]
J; dx
X

Optimal (type 3, 100 leaves, 9 steps):
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V-1l+a+bx 1-a l+a+bx
bx++v-1+a+bx /1+ra+bx +2aAr‘cSinh[é}+2\/1—a2 Ar‘cTan[\/ Vi+a+ ]
\/? \/1+a \/—1+a+bx

+alog[x]

Result (type 3, 141 leaves):

bx++v-1l+a+bx J1+a+bx +aLog[x]+aLog[a+bx+\/—1+a+bx \/1+a+bx]+
2+/-1+a+bx V1+a+bx 211(—1+a2+abx)
+

(-1+a?) x W(—lJraz)x

i+1-a? Log|

Problem 280: Result unnecessarily involves imaginary or complex numbers.

eAr‘cCosh[a+b X]
J; dx
XZ

Optimal (type 3, 109 leaves, 9 steps):

2abAr‘cTan[@
a -l+a+bx V1+a+bx V-1+a+bx Ta V1:aibx
———\/ e Vicax +2bArcSinh| e ] - La V1A b Log[x]
X X V2 V1-a?
Result (type 3, 140leaves):
2 [\/ -l+a+bx +/1+a+bx +MJ
a -1+a+bx V/1+a+bx iablog| e ]
___\/ rar Vicax +blog[x] +blogla+bx++/-1+a+bx \/1+a+bx |- abx
X X A/ 1-a?

Problem 281: Result unnecessarily involves imaginary or complex numbers.

eAr‘cCosh[a+b X]
J s ax
X3

Optimal (type 3, 138leaves, 7 steps):

2 A1-a Jirasbx
a b b+/-1l+a+bx vJl+a+bx V-1+a+bx <1+a+bx)3/2 bAr‘cTan[mm}

Cox2 x+ 2(1—a2)x 2(1+a)x2 (1,32)3/2

Result (type 3, 142leaves):

41i+/1-a% (71+a2+abx7j \/1-a2 +/-1ra+bx +/1+a+bx
1 a 2b “V-l+a+bx Vl+a+bx (—1+a2+abx) lszOg[

a b b? x

2| x2 x (-1+a2) x? (1—a2)3/2
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Problem 282: Result unnecessarily involves imaginary or complex numbers.

eAr‘cCosh[a+b X]
J4 dx
X4

Optimal (type 3, 189leaves, 8steps):

3 Ai-a Virabx
a b +ab2\/71+a+bx VJ1l+a+bx _ab\/—1+a+bx (1+a+bx>3/2+ (—1+a+bx)3/2 <1+a+bx)3/2_ab APCTan[ s /771%”“}

3 2x2 2 (1-a2)%x 2(1-2) (1+a)% 3(1-a%)% (1-a%)""

Result (type 3, 179 leaves):

2a 3b +V-1+a+bx Vl+a+bx (-2-2a*+abx-a*bx+2b>x?+a? (4+b2x?))
- —

X2 (—1+a2)2x3

1
6

4 (1—a2)3/2 [—J‘Hj a?+iabx+/1-a2 \/-1+a+bx /1+a+bx
ab3x

(17a2>5/2

3iab’Log|

Problem 283: Result unnecessarily involves imaginary or complex numbers.

eAr‘cCosh[a+b X]
J4 dx
XS

Optimal (type 3, 238 leaves, 10 steps):

4x4 3x3 4 x4 12 (1—a2> x3

a b V-l+a+bx V1l+a+bx ab~/-1+ta+bx \/l+ra+bx
- + +

2 V1-a v/1+a+bx
(3+2a%)b?2+/-1+a+bx V1+a+bx .2 (13+2a%) b*+V/-1+a+bx V1+a+bx (1+4a%) b4Ar‘cTan[mm}

24 (1—a2>2x2 24(1-a2)3x 4(1_a2)7/2

Result (type 3, 198 leaves):
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_ 2abx _ (3+22%) bx*  a(13+22%) >}
1 6a V-1+a+bx vV1+a+bx (6+ “aea? (1ea?)? EWCE )

8b

24 x* X3 x4

16 i (l—az)s/2 (—1+az+a bx-i+/1-a% +/-1l+a+bx +/1+a+bx
b* (x+4 a? x)

(1 _a2>7/2

3i (1+4a?) b*Log|

Problem 294: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.
JAr‘cCosh[

Optimal (type 3, 58 leaves, 5 steps):

}dlx
a+bx

1-2) c-bx }

a+c+bx

(a+bx) ArcSech| 2 + b—x] 2 cArcTan|
C C

b b

Result (type 3, 143 leaves):
Va-c+bx

C
x ArcCosh | |+
a+bx

2b? (—]‘L c+va-c+bx a+cibx )

a (a+bx)

ialog|- | +cLogla+bx++a-c+bx Va+c+bx |

b |-2PX Jaicibx

a+c+b x
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Summary of Integration Test Results

1031 integration problems

A - 880 optimal antiderivatives

B - 21 more than twice size of optimal antiderivatives
C - 82 unnecessarily complex antiderivatives

D - 27 unable to integrate problems

E - 21 integration timeouts



