Mathematica 11.3 Integration Test Results

on the problems in the test-suite directory "7 Inverse hyperbolic
functions\7.3 Inverse hyperbolic tangent"

Test results for the 243 problems in "7.3.2 (d x)*m (a+b arctanh(c x"n))"p.m

Problem 19: Result unnecessarily involves imaginary or complex numbers.

(a+bArcTanh[cx])?
J dx

X

Optimal (type 4, 117 leaves, 6 steps):
2

2 (a+bArcTanh[cx])?ArcTanh[1 - | -b (a+bArcTanh[cx]) Polylog|2, 1-

|+
1-c¢cx 1-c¢cx

1, 2 1,
| + =b?Polylog|3, 1- | - = b?Polylog(3, -1+
1-cx 2 1-cx 2 1-cx

b (a+bArcTanh[cx]) PolyLog[2, -1+

]

Result (type 4, 151 leaves):

a*Llog[cx] +ab (-Polylog[2, -cx] + Polylog[2, cx]) +
.3
17T

2
- = ArcTanh[c x]? - ArcTanh [c x]? Log[1 + e 2ArcTanhlex] |, ApcTanh[c x]2 Log |1 - e2Ar<Temhicx] | 4 ApcTanh [c x] PolyLog[2, —e 2ArcTanhiex) |
24

b2

ArcTanh[c x] PolyLog [2, @2 ArcTanh(cx] ]

-2 ArcTanh[c x] ] 2 ArcTanh[c x] ]

1 1
+ = Polylog[3, -e - = Polylog|[3, e
2 2

Problem 30: Result unnecessarily involves imaginary or complex numbers.

J<a +bArcTanh[c x] )3

dx
X

Optimal (type 4, 184 leaves, 8 steps):
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3 2 3 2
2 (a+bArcTanh[cx]) ArcTanh |1 - |-=b (a+bArcTanh[cx]) PolyLog[2, 1 - |+
1-cx 2 1-cx
3 , 2 3,
~b (a+bArcTanh[cx])?Polylog[2, -1+ | + =b* (a+bArcTanh[cx]) Polylog[3, 1- | -
2 1-cx 2 1-cx
3, 2 3, 2 3, 2
=b* (a+bArcTanh[cx] ) Polylog[3, -1+ | - = b*Polylog|4, 1- | + = b*Polylog|4, -1+ ]
2 1-cx 4 1-cx 4 1-cx
Result (type 4, 315leaves):
3
a’loglcx] + —a’b (-PolylLog[2, -cx] +Polylog[2, cx]) +3ab?
2
. 3 2
27 Z ArcTanh [cx]®-ArcTanh[c x]? Log[1 + e 2ArcTanhlex] ] 4 ApcTanh[c x]2 Log[1 - e2A™<Tanhlcx] ] 4 ApcTanh[c x] PolylLog[2, —e 2ArcTanhicx] |
24 3
1 1
ArcTanh[c x] PolyLog[Z, ezA'"CTa”h[CX]] g PolyLog[ @ 2ArcTanh(c ]] - = PolyLog[B, eZA"CTa”h[”]] +
2 2
1
—b? (n* - 32 ArcTanh[c x]* - 64 ArcTanh [c x]® Log [1 + e 2Ar<Tenlex) |, 64 ArcTanh [c x]° Log[1 - e?ArcTenhlex] |
64
96 ArcTanh[c x]? PolyLog[2, -e 2Ar<Tanh(cx] ], 96 ArcTanh [c x]2 PolyLog [2, e?AreTanhiex) | 4 96 ArcTanh[c x] Polylog[3, - e 2ArcTanhlex] ] _
96 ArcTanh [c x] PolyLog|3, e“"”a”h[ I'] + 48 Polylog[4, —e 2ArcTanhicx] ] ; 48 polylog[4, e?ArcTanhicx]])

Problem 31: Result unnecessarily involves imaginary or complex numbers.

dx

J(a +bArcTanh[c x] )3

x2

Optimal (type 4, 102 leaves, 5steps):
a+bArcTanh[c x] )3

2 2
+3bc (a+bArcTanh[cx])?Log|2- | -
X 1+cx

2 3, 2
- =b’cPolylog|3, -1+
l+cx 2 1+cx

¢ (a+bArcTanh[cx])?- (

3b%c (a+bArcTanh[cx]) Polylog[2, -1+

Result (type 4, 196 leaves):

a®> 3a’bArcTanh[cx 3
-—- [ ]+3a2bcLog[x]—fazbcLog[l—czxz}Jr
2

X X

ArcTanh[c x
3ab?c (Ar‘cTanh [cx] |ArcTanh[c x] - ArcTanhfcx] +2Log[1 - e 2ArcTanhlcx] ] ) - Polylog[2, e 2ArcTanhiex] ]

cX

5 (i ; ArcTanh[cx]?
b>c | —— -ArcTanh[cx]®- ————————— + 3 ArcTanh[c x]?2 Log[
8 C X

ZArcTanh[ ]] 4

3
3 ArcTanh[c x] PolylLog|2, e?Ar<Tanhicx]] _ = polylog|3, e?ArcTanhicx]] ]
2
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Problem 33: Result unnecessarily involves imaginary or complex numbers.

3

(a+bArcTanh[cx])
J dx

X4

Optimal (type 4, 200 leaves, 14 steps):
bc (a+bArcTanh[cx]) 2

bZc? (a+bArcTanh[cx]) 1
_ L

bc3 (a+bAr‘cTanh[cx])2— +
X 2 2 x?

1 a+bArcTanh[c x] 3 1

~c® (a+bArcTanh[cx])’ - ( ) +b? 3 Log[x] - — b’ Log[1-c?x?] +

3 3x3 2

3 2 2 .3 2 1 3 .3 2
bc® (a+bArcTanh[cx])? Log[2 - | -b?c® (a+bArcTanh[cx]) PolyLog|2, -1+ | - = b’ c?Polylog(3, -1+
1+cx 1+cx 2 1+cx

Result (type 4, 323 leaves):

8a’+12a’bcx+24a’bArcTanh[cx] -24a2bc® x> Log[x] +12a%bc®x® Log[1- c? x?| +

a3
24ab® (2x?+ (1-c*x*) ArcTanh[cx]? - cxArcTanh[cx] (-1+c?x*+2c?x? Log[1- e 2ArTamiexi]) o c3 x3 polylog|2, e 2ArcTanhicx] ] ) 4

b3 [—Ji 373 x3 + 24 c? x? ArcTanh[c x] +12 c xArcTanh[c x]% - 12 ¢ x®> ArcTanh [c x]2 + 8 ArcTanh[c x] 3 +

c X
8 3 x> ArcTanh[c x]? - 24 ¢ x® ArcTanh [c x] % Log[1 - e?AreTanhlex] | 24 ¢3 x3 Log[ ————— | -

V1-c?x?

24 c3 x3 ArcTanh[c x] PolylLog [2, @2ArcTanhcx] ] +12 3 x3 PolylLog [3, @2 ArcTanh[cx] ] )

Problem 68: Result unnecessarily involves imaginary or complex numbers.

b ArcTanh[c x2])?
J(a+ rcTan [cx]) i

X

Optimal (type 4, 137 leaves, 7 steps):

(a+bArcTanh|cx?| )zAr‘cTanh[l— 2 |- 1 b (a+bArcTanh[cx?|) PolyLog[2, 1- 2 |+
1-cx? 2 1-cx?
1 2 1 2 1 2
—b (a+bArcTanh[cx?]) Polylog[2, -1+ | + = b?PolyLog|3, 1- | - = b*Polylog|3, -1+
2 1-cx? 4 1-cx? 4 1-cx?

Result (type 4, 181 leaves):
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a? Log[x] + 1a b (-PolyLog[2, -cx?| +PolyLog[2, cx?]) +
2

1 i 73
b

2 ArcTanh|[c x?| ® _ArcTanh [cx?] ? Log [1+ @-2ArcTanh[cx’] | +ArcTanh|c x?] ? Log [1- g2 ArcTanh[cx?] | +ArcTanh|[c x?|
2 24 3

1 1
Polylog [2, _ e—ZAr‘cTanh[c x2] } + ArcTanh [C XZ} PolyLog [2, e? ArcTanh|c x?] ] + = Polylog [3, 7e—ZAr‘cTanh[c x2] } ~ = polylog [3, e2Ar‘cTanh[c x2] }
2 2

Problem 71: Unable to integrate problem.

Jx“ (a + bAr‘cTanh[c x2] )Zdlx

Optimal (type 4, 1173 leaves, 102 steps):

8b2x 2abx3 2 b 2abAr‘cTan[\Ex] 4b2Ar‘cTan[\Ex] JibzAr‘cTan[\/?x}2 4b2Ar‘cTanh[\Ex]

+ - —abx®+ - + - -
15 c? 15c 25 5c>/2 15 ¢>/2 5 c>/2 15 ¢>/2
b2 Ar‘cTanh[\/c_x}Z 2b2ArcTanh|[+/c x] Log{li&x} 2b%ArcTan[+/c x| Log{liﬁzﬁx] b? ArcTan[+/c x| Log]| miij}fx ]

5 C5/2 * 5 CS/Z h 5 c5/2 i 5 c5/2 *
2V (1-v/=c x|
b2 ArcTanh L -

2b%ArcTan[+c x| Log[lﬂizﬁx] ) 2b% ArcTanh [/ ¢ x| LOg[h\ZEX] ) rcTanh[+/c x| Log| e (1+\/?x)} +

5c>/2 5 ¢5/2 5 ¢5/2

2+ (1”/TX) (1-1) (1++/C x
(V=e e (1+\/?x)} b? ArcTan[+'c x| Log| 11 x | b2y Log[1-cx?]

+

b2 ArcTanh[+/c x| Log|

Jribzx5 Log[1-cx?| -

5c>/2 5c5/2 15¢ 25
b2 ArcTan[+/c x] Log[1 - c x?] . bx*> (2a-bLlog[1-cx?]) o (2a-blog[1-cx?]] - bArcTanh|[vc x| (2a-blog[1-cx?]) .
5 c°/? 15¢ 25 5 ¢°/?
2b2x3 Log|1 2 b2 ArcT Log|1 2
lx5 (Za—bLog[l—cxz])2+ X’ Log| +CX}+fabx5Log[1+cx2}+ e an[\/c_x} o8| +CX}—
20 15¢ 5 5c>/2
b2 ArcTanh Log[1 2 b2 Polylog[2, 1 - —2—]
reTanh[/c x] Log[1 +cx’] —LbZXSLOg[l—CXZ] Log{1+cx2]+Lb2x5Log[1+cx2]2+ e x
5c>/2 10 20 5c>/2
i b2 PolyLog[Z 1- 2 ] i b2 PolyLog[Z R 17rx] i b2 PolyLog[Z 1- 2 } b2 PolyLog[Z 1- —2 ]
’ 1-ivex” ’ 1-i+/c x N ’ 1+i+/c x N ’ 1++/c x
5 C5/2 10 CS/Z 5 c5/2 5 C5/2
2 2Ve [1vcx) 2 _ 2V [1/c x) (1-1) {144/
b? Polylog|2, 1+ e ve) (oA | b2PolyLog|2, 1 o] (e A | b2 PolyLog[2, 1- 17]1\/??( x ]

10 CS/Z 10 CS/Z 10 c5/2
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Result (type 8, 18leaves):

Jx“ (a +b ArcTanh | c x? )2d1x

Problem 72: Unable to integrate problem.

sz (a + bAr‘cTanh[c xz] )Zdlx

Optimal (type 4, 1129 leaves, 86 steps):

4abx 2 b 2abArcTan[+/c x| 4b2ArcTan[+/c x] JinAr‘cTan[V?x}z 4 b2 ArcTanh [v/c x| bZAr‘cTanh[\/?x]2
3c N ; apx- 3 ¢3/2 i 3 ¢3/2 - 3 ¢3/2 - 3 ¢3/2 - 3 372 B
2 2 2 5 (1+1) (1-/c x ) )
2b Ar‘cTanh[\/c_ x] LOg[Lﬁx] ) 2b Ar‘cTan[\/? x] Log[l—i - X] ) b Ar‘cTan[\/? x} Log[ /e x ] ) 2b Ar‘cTan[\/? x] LOg[m‘LFx] )
3 c3/2 3 c3/2 3 c3/2 3 c3/2
5 B 2V [1-vV=c x| 5 2V (1+v/=c x|
2 b2 Ar‘cTanh[\/?x] Log[h&x] b Ar‘cTanh[\/? x| Log| e (1+\/?x)} b Ar‘cTanh[\/? x| Log| N (1+Wx)}
3 ¢3/2 i 3 ¢3/2 ! 3 ¢3/2 -
1-1) (1+v/c x

b2 ArcTan[+/c x] Log[( b2 1-cx?
+1b2x3Log[1—cx2]+ ArcTan Ve x] Log| cX]+1bx3(2a—bLog[1—cx2])—

3¢3/2 3¢ 9 3¢3/2 9

1 x ] ) 2b?x Log[1 - cx?]

bArcTanh[+/c x] (2a-bLog[1-cx?]) 2b2xLlog[l+cx?| 1

+ —abx?Log[1+cx?] -
3

+ix3 <2a—bLog[1—cx2])2+

332 12 ENe
b2 ArcT Log|1 2| b?ArcTanh Log|1 2
rcTan[Vc x| Log]| +cx]7 rcTanh[+/c x| Log| +CX]71b2x3Log[17cxz] Log[1+cx2]+Lb2X3LOg[1+CX2]2+
332 332 6 12
b2 Polylog[2, 1- —*—] ib2PolylLog[2, 1- —2——] ib?PolylLog]2 1-M] i b2 Polylog[2, 1- —2—]
ytog|2, 1- ] 4 ytog[2, 1- —*—] i yLog|2, rives ) 1 yLog[2, 1~ = —
3 c3/2 3 c3/2 6 c3/2 3 C3/2
2V (1-v/=¢ x| 27 [(1/=¢ x| .
o PolyLog 2, 1 07 PolyLog[2, 1- . o 1]
bZ POlyLOg[Z, 1- ﬁ] ) oly Og[ ) + (\/7_7\/?) (1+\/? X) } ) oly Og[ > (\/T+\/C_) (1+\/? X) } 1 b2 PolyLOg{Z) 1- 1ive x }
3c3/2 6c3/2 6C3/2 6c3/2

Result (type 8, 18 leaves):

sz (a+ b ArcTanh|[c x?| )Zdlx
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Problem 75: Unable to integrate problem.

2

dx

J(a +bArcTanh[cx?])

X
Optimal (type 4, 1102 leaves, 64 steps):

2abc 2 4 1 4
- - —abc®?ArcTan[Vc x| + —b? 2 ArcTan[Vc x| - =i b?c®?ArcTan[+ ¢ x]2+ —b? c®? ArcTanh [+/c x] +
3 X 3 3 3 3

|+ Eb2 c3/2Ar‘cTan[\/?x] Log[#} -

1 b2 c3/2 ArcTanh [\/? x| 2 2 b2 c3/2 ArcTanh {\/? x| Log|

3 3 1-+/c¢ x 3 1-i+c x
1 2 3/2 <1+1> (1_\/?)() 2 2 2 2 2 2 2 2
= b%c*2ArcTan[c x| Log| | - =b*c*2ArcTan[Vc x| Log[ —————] + = b2 c*? ArcTanh[+/c x| Log| |-
3 1—1‘1\Ex 3 1+]'l\/?X 3 1+\Ex
1 2\/?(1—\/—c x) 1 2\/?(1+\/—c x)
fb2c3/2Ar‘cTanh[\Ex] Log[— ]—fb2c3/2Ar‘cTanh[\Ex] Log[ }—
3 (Ve Vo) (1evex) 3 (V=c +Vc ) (14vc x]

1-1i) [1++/c x b2clogl1-cx? bc (2a-blogl1l-cx?
lb2c3/2Ar‘cTan[\/?x} Log[< ) ( ) + c Log[1 - cx’] +1b2c3/2ArcTan[\/?x} Log[1-cx?] - c (22 og[1-cx]) +
3 1-i+c x 3x 3 3x

(2a—bLog[1—cx2])2 ablog[1+cx?] 2b2clog|l+cx?]

lbcg’/zAr‘cTanh[\/?x} (Za—bLog[l—cxz]) -
3 12 x3 3 x3 3x

b? Log[1-cx?| Log[1+cx?| b2 Log[lJrcxz]2

lb2 c*2ArcTan[Vc x| Log[1+cx?] + lb2 c*2ArcTanh [/ c x] Log[1+cx?] +
3 3 6 x> 12 x3

(1+1) (1—\Ex)

lb2 c*2polylog|2, 1- 2 | - 1 i b? c*?Polylog|2, 1- ;} Lt i b? c*?Polylog|2, 1-

3 1—\/?x 3 1—1'1\/?x 6 l—j\/?x

1 2 1 2 1 Z\E(l—\/—c X)

~ib%*c*?pPolylog(2, 1- —————| - = b*>c*?PolyLog[2, 1- | + =b?c*?PolyLlog[2, 1+ ]+

3 1+i+cx 3 1++/cx 6 (x/—c—\/?) (1+\/?x)
2+/c (144 ¢ x) (1-1) (1+v?x)

1
| + = ib?c*?Polylog|2, 1-

(1+\Ex) 6 1—]'1\/?X

1
= b?c*2Polylog|2, 1-

6 0

Result (type 8, 18leaves):

b ArcTanh[c x2])?
J(a+ rcTanh[cx?]) i

x4
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Problem 76: Unable to integrate problem.

2

dx

J(a +bArcTanh[cx?])

X

Optimal (type 4, 1176 leaves, 77 steps):

2abc 2abc? 8bZc?2 2 4 1
- + - +—abc*?ArcTan[vc x| - —b*c®?ArcTan|[+/c x| + = ib®c*2ArcTan|+/c x}2+

15 x3 5x 15 x 5 15 5

4 5 s 1., s 2 2 5 5 2

— b? c®2 ArcTanh[+/c x| + = b?c*2ArcTanh[v/c x| - = b?c*2ArcTanh [/ c x| Log| ] -

15 5 5 1-¢ x

2 = b%c*2ArcTan[Vc x| Log[#] +
1+]'1\/?X

1+1) (1- \/?x
22 c*2 ArcTan[c x| Log[#] L1 ¢5/2 ArcTan [\ ¢ x| Log[< ) ( )
> 1-ivcx 3 1-i+c x

5
2 1 2\/C_(1 -C X)
= b%c*2ArcTanh [/ c x] Log]| | - =b%*c*2ArcTanh [V c x] Log|-
5 1+\Ex 5 ( -C - )<1+\/?x)

2\/?(1+\/Tx)

} .

(1- jl)( \/?X) b2 c Log|1-cx?|

lb2 c*2 ArcTanh [/ ¢ x] Log]| 1b2 c*2ArcTan[+c x| Log| |+ -
5 (\/—c +\E) (1+\/?x) > 1-i+/c x 15 x*
b2 c?L 1- 2 b 2a-blL 1- 2 bc? (2a-blL 1- 2
c? Log| CX]—EbZCS/ZAr‘cTan[\/?X} Log[1-<x7] - c(2a og| CX]), c? (2a og| CX])+
5 X 5 15 x3 5 Xx

2a-blog[1-cx?])®> ablogl1 2] 2b2clogl1 2
lbc5/2Ar‘cTanh[\/?x} (2a—bLog[1—cx2])—< 2 og[1-cx*]) 2 o8| +CX}— ¢ Log| +CX}+
5 20 x° 5 x° 15 x3

b2 Log[1-cx?] Log[1+cx?] b2 Llog[1+cx?]?
leCS/ZAr‘cTan[\/?x} Log[1+cx2]+lb2c5/2Ar‘cTanh[\/?x] Log[1+cx?] + og[1-cx?] Log| +CX]_ 0g[1+cx?] -

5 5 10 x° 20 x°

1+1) (1-+c x
leCS/ZPolyLog[Z,l— 2 }+ljb2c5/2PolyLog[2,1—#}—iijCS/ZPolyLogP,l— ( > ( )]+
> 1-v/cx 5 1-i+cx 10 1-i+c x
1 2 1 2 1 2\/?(1—\/—C X)
~ib%*c”2pPolylog(2, 1- ————| - = b*c*2PolyLog[2, 1- | + —b*c*?Polylog|2, 1+ |+
> 1+ivex 5 1:/c x 1o (ﬁc e (1+\Ex)
1 27 (1++/c x| 1 (1-1) (1++c x]
—b? c*2 Polylog[2, 1- | - —1ib?c>’?PolyLog[2, 1-
10 (V-c+Vc| [1+Ve x| 10 1-i+c x

Result (type 8, 18leaves):
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b ArcTanh[c x2])?
J(a+ rcTan [cx]) x

x6

Problem 79: Result unnecessarily involves imaginary or complex numbers.

b ArcTanh|[c x2] )3
J(a+ rcTan [cx]) x
X

Optimal (type 4, 207 leaves, 9 steps):

(a+bArcTanh|cx?| )3Ar‘cTanh[1— 2 |- 3 b (a+bArcTanh|cx?| )2 PolylLog[2, 1- +
1-cx? 4 1-cx?
ib (a+bArcTanh|c xz])ZPolyLog[Z, -1+ ]+ zb2 (a+bArcTanh[cx?]) Polylog[3, 1- 2 |-
4 1-cx? 4 1-cx?
3 b®> (a+bArcTanh|cx?|) PolylLog|3, -1+ 2 | - 3 b® PolyLog |4, 1 - |+ 3 b*PolyLog |4, -1+ ]
4 1-cx? 8 1-cx? 8 1-cx?

Result (type 4, 371leaves):

a’log[x] + ia2b (-Polylog[2, -cx?] +Polylog[2, cX?|) +
4

3
3 a b? [ it 2 ArcTanh|[c x?| ® _ ArcTanh [cx?] ? Log [1+ e2ArcTanh [cx?] | +ArcTanh|cx ] Log[1- g2 ArcTanh[cx] | +ArcTanh|[c x?|
2 24 3
PolyLog[ _ @ 2ArcTanh[cx’] } + ArcTanh {C XZ} PolyLog [2, @2ArcTanh[cx?] ] N l PolyLog[ _ @ 2ArcTanh[cx?] } _ l Polylog [3) e2ArcTanh[cx?] } +
2 2

1 <7T4 - 32ArcTanh[c x*]® - 64 ArcTanh [c x2]* Log [1 + e 22T [ ¥*] ] . 64 ArcTanh [c x?]° Log[1 - e2Ar<Tamlex] ]
128

96 ArcTanh [c x2]* PolyLog[2, —e 2Ar<Ta[cX*]] , 96 ArcTanh[c x*]® PolyLog |2, e2A"Tam(<X*]] | 96 ArcTanh [c x?] PolyLog[3, —e 2ArcTanh[cx*]] _

96 ArcTanh [ c x2] PolyLog|3, e“””a“h[“ I+ 48PolyLog[a, —e2AcTamh[c<x*]] | 48 Polylog |4, e2Ar<Tanh[cx’] )

Problem 80: Result unnecessarily involves imaginary or complex numbers.

dx

J(a + b ArcTanh | c x?] )3

x3

Optimal (type 4, 125leaves, 6 steps):

(aerAr‘cTanh[cxz])3 2

3 © (parcramn o]} S TR e Db o barcTann e 2)) g2 ) -

3, ) 3 5 2
~b%c (a+bArcTanh[cx?|) Polylog[2, -1+ | - =b®cPolylog[3, -1+
2 l+cx2 4 1+cx?



Result (type 4, 222 leaves):
1

4

2a3

6 a2 b ArcTanh | c x?]

x2 x2

6ab?c (Ar‘cTanh [cx?]

1
=
c x?
Ar‘cTanh[c x2]3

c x2

Problem 90: Attempted integrati

J\/dx (a +b ArcTanh|c x?| >2d1x

Optimal (type 4, 6327 leaves, 238 ste

+12 a?

bclog[x] -3a’bclog|l-c?x*] +

: 3
ArcTanh[cx?] +2 Log|1 - e2ArcTanh [cx?] || - PolyLog|2, e-2ArcTanh [cx?] ] ) +2b3c {i

ion timed out after 120 seconds.

ps):
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- ArcTanh|[c x?| .

8

+3ArcTanh|c x ] Log[1 - e2ArcTanh[cx?] | +3ArcTanh[cx?| PolyLog|2, g2 ArcTanh[cx’] | - 3 Polylog|3, g2 ArcTanh[cx’] ] } ]
2

8 bx VX 22 ab+/dx Ar‘cTan[l—\/?cl/“\/?] 2+/2 ab+/dx Ar‘cTan[1+\Ec1/4\/?}
-—abx - + -
° 3¢344/x 3¢344/x
21ib2+/dx Ar‘cTan[ y1/4 \/7} 2]'1b2 A/ dx Ar‘cTan[cl/“\/?]2 24/dx Ar‘cTanh[ 1/4\ﬁ]
c)”“ﬂ 3C3/4\/; c 3/4\/7
bz\/d7XAr‘cTanh[c1/4\/?]2 b2+/dx ArcTanh| (- 1/4\/—] Log[ﬁ} 4b%+/dx ArcTan| (- 1/4\/—} Log[m}
+ + -
3c3/4\/7 —c)3/4\/; —c)3/4\/;
)41 e VX 2 (-t 1y Ve Vx
2+/dx ArcTan[ (-c)¥*+/x | Log[- [ ] ] 2+/dx ArcTan[ (-c)¥*+/x | Log| i
[u/ e f<—c>1/“J (1-1 (-e)¥2 /x| [m/ ~c +<—c>1/4] (1-3 (-e) ¥/ /x|
- +
c)3/4\/; c)3/4\/?
(1+1) (1- () Y4+/x
2+/dx Ar‘cTan[ )14 \/—} Log[ 17]1(({)1/4\5 )] ) b2 +/d x Ar‘cTan[ 1/4\/—] Log[ Mr} )
c)3/4\/; c)3/4\/;
2 (0¥ 14/ Ve VX
24/d x Ar‘cTanh[ 1/4\ﬁ] Log[ ‘ { -
2~/dx ArcTanh| (- 1/4\/—] Log[ 1/4W} («/—F ,(7c)1//“] (14 -0 Vo)
—C)3/4W B

—c)”“x/?
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2 (- Y% 1] e X 2 (-0 1] Ve Vx
i [ i ] 2+/dx ArcTanh| (-c)¥*~/x | Log[- i ( i

2./dx ArcTanh )1/4~/x | Log
[ ] [ [ /-\/T +(-c)1/4] ( o 1/4r) [«/_\/? —(—c)l/“] (1+(—c)1/4\/7) }

c)3/4\/Y 3 (—c)3/4\/?

2 (co)V/a [m/ e Vx

[\/7\5 +(—c)1/“] (14 (-0 74 VX ) } 2b%+/dx Ar‘cTan[ (-c)l/4 \/?} Log[ (171) ((+ )1/41}W) }

+ +

)34 x 3 (-c)¥*x

b2 +/dx ArcTanh[ (-c)**+/x | Log|

m ArcTan [ 1/4 \/_} LOg[ 2 (-c)Y/4 (l—cl/“ W) }

b2 /dx ArcTanh|c'/*+/x | Log[1 cl/"r} (01 ) (15 (0¥ )
- +

3¢3/44/x 3(-c)¥4+x

2 (-c)¥4 (1 ci/4 r)
Vd x Ar‘CTanh[ )14 \/—] LOg[ ( )1/’4,c1/4) ( (o) 1/ \ﬁ) } 4 b2 mAr‘cTan[ 14 \/—] Log[
+

c)3/4 \/; 3 c3/4 \/7
2cY/4 [1—\/?\/?
3 c3/4 \/; : 3 ¢3/4 \/; .

el

2cY4 (1) /WX
| 2b*+/dx ArcTan[c'/4+/x | Log]| : [ : X]

b2+/dx ArcTan[cl/4+/x | Log
[ ] [ 4] (1-1 /4 Vx ) [1 NNers +c1/4] (14 /2 /)

’ /4 / -V
b2 /d x ArcTan[cl/“ﬁ] Log[f (l(zc)ll/::(ll/()C():“l ’;) )] 2b2/dx Ar‘cTan[cl/“ ,—X] Log[(.(zju( )(14r) )]
i (-c)¥4-c¥%) [1-1 c¥/*+/x i o(mo) YA, cr/a) (1-1 VAN x

- +

3c¢344/x 3¢344/x

(1+1) (1-cV4/x
b2~+/dx ArcTan|[c'*~/x | Log| T | 4b2+/dx ArcTan[c*~/x | Log|
-1 ct/*+/x

3¢344/x 3¢3/44x

1+1 cl/“r] B

2cY/4 [1—\/? X
IERT

b2~/dx ArcTanh[c'/4~/x | Log|[-

(1+c1//4 \/Y)

d x ArcTanh|c/4 Lo
2+/dx ArcTanh|c \/—] g{hcmr} )
3¢3/44/x 334 /x

251’4[ -V-c WJ

24 |14/ Ve x
] 2b%2+/dx Ar‘cTanh[cl/“W] Log[— i [ -
\/_ 1/AJ 1+C1/A\/_ [ 7\/‘:_ —Cl/“

3c¢344/x 3c3/44/x

2+/d x ArcTanh [cl/“ \/7 Log

(1+C1/4 \/7)
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b2+/dx ArcTanh[ct/*+/x | Log|

2cY/4 [1+\/ Vo x } ( ) )
, , 2 1/4 B 24 (1 (oYX
( (/e vca (1eet/s v 2b2+/dx ArcTanh[c'*+/x | Log| o] (1o vx] ]

+ +

3¢3/44/x 3c3/44/x

2 cl/4 ( F (- VA r) 2 (-c)v/ (1%1/4 W)
b2 /dx ArcTanh[c'/4~/x | Log| ((-c)l//4+c1/4) (1+c1/4ﬁ) | 2b%+/dx ArcTan| (-c)¥*~/x | Log| (ervhes 4] (14 (oo | ]
- +

3¢3/44/x 3 (—0)¥Ax
_cy1/4 (1+c1/4 \/*) . L
b2~/dx ArcTanh| (-c)¥4~/x | Lo 2 (1-1) (1+cV/4/x
[(- | Log| (1) (1 (-0 ¥4/ ) ] ) 2b%+/dx ArcTan|c'/4+/x | Log| T ] )
c)34+/x 334 4/x

V2 ab+/dx Log[1-+2 ¢*+/x ++/c x| 2 abydx Log[1++2 c*+/x +Vc x| a
- +—b2x~/dx Log[1-cx?|+

3C3/4\/— 3C3/4\/— 2
dx ArcT y1/4 L _cx? d x ArcTanh y1/4 L -cx?
b?+/dx Arc an[ r} og[ CX] b>+/dx ArcTan [ \ﬁ} og[ CX} +ibx\/d7x(Za—bLog[lchZH+
_)3aa/x —c)34x 2

2b+/dx ArcTan[c¥*~/x | (2a-bLog[1-cx?]) Zb\/dxAr‘cTanh[cl/“W] (2a-blog[1-cx?]) 1 Jax (2a-bLog[1 2”2
- +=x+/dx (2a-blog[1-cx +

3c3/4\/7 3c3/4\/7 6
2 2b2+/dx ArcTan| (-c)¥4+/x | Log[1+cx?] 2b%2+/dx ArcTan[c¥4+/x | Log[1+cx?
—abx+/dx Log[l+cx?] - L= | Log] }+ [ ] Log| }+
3 3<7c)3/4& 3c3/4\/?
b2 +/d x ArcTanh| (-c)24/x | Log[1 + c x2 2b2+/dx ArcTanh[c'4+/x | Log[1 + ¢ x2 1
[-<) J tog] ]7 [ J Log] }7—b2xx/dx Log[1-cx?| Log[1l+cx?] +
—c)”“x/? 3c3/4\/Y 3
2b2+/dx Polylog[2, 1- —2——] 2ib?+/dx PolyLog[2,1- —>——]
1 o / e /
= b%x+/dx Log[1+cx2]2+ LCoVivx © L cofVe
6 3 (-c)3¥4+x 3 (-c)¥4/x

1"‘( SENENEY 2 (-c)1/ [1WW]
Ji\/f—(—C)l/"] (1—1'1 (-0 ¥4 | [i \/fw-c)l/“] (1-3 (_c)l/“\/T) }
+ -

—0)hax 3 (-c)34/x

(1+1) (1-(-0) ¥4 V/x ) | 2ib2/dx Polylog[2, 1- )

b2+/dx PolylLog|2, 1- 2
y g{ ’ 1-i (—C)l//“\/? 1+ (7c>1/'4\/7] .

—c)3/4\/; 3(—c)3/4\/; 3(—c)3/4\/;

b2~/dx PolyLog[2, 1+ | ib*+/dx PolylLog[2, 1-

b2+/dx PolylLog[2,1- —2—
X Poly Og[ 1+(7C)1/4\/7] N




12 | 7.3 Inverse hyperbolic tangent.nb

2 (-c)¥* (17\/ ¢ Vx

[Jf—(—c)l/“] (1422 Vx|

2 ()4 [Mfﬁ
[wac)l/"] (1+(-0)¥/2 Vx) |

+ —

3 (-c)¥4+x 3 (-0 ¥4x

b2~/dx PolylLog|2, 1+ | b*+/dx PolyLog[2, 1-

2 (coy1/e {1, NN 2 (coy1/e {1+ NN

| b2+/dx Polylog|2, 1- ]

b?+/dx PolyLog[2, 1+
[\/fF f<fc>1/“] (14 (-0) V4 V)

3(7(:)3/4\/? 3(*(:)3/4\/?

[\/— c +(7c)1,/4J (1+(—c)1/“\/7)

2 (—c)l//“ (1—c1/4 W)

. (1-1) (1+ (- V24X i b2+/dx PolylLog|2, 1-
i b2+/dx PolyLog[Z, 1- 171<H)1/4W ) ] 2b24/dx PolyLog[Z, 1- chiﬁ] 1 X Poly og[ s (({)l/kjcl/q) (17]_1 <—C)1/“V7) }

+ + -

3 (-c)¥*/x 3c¢34/x 3 (-c)¥*/x

2c/4 |14 - x
i b?+/dx PolylLog [2, 1+ [

2 (—c)l/"‘ (1—c1/4 \/?) } - ., l » —
21ib2+/dx PolyLog[Z,l—ll MW} [ Jch/](lflcxﬁ)
-1cY X

((-e)/a-c/a) (14 (-) ¥4 v/ )

3 (_c)3/4\/; 3C3/4\/Y 3C3/4\/T

SnbR . -]
’ . 5 2cl/4 (1- (-¢) 1/4 x
[j \/fwym (171 cl/aﬁ) o 4 Polytog [2, e (J'L (fc)l//“fcl/m) (1*1'1 /4 \/?) }

+ +

3c¢344/x 3¢3/44/x
24 (14 (o) V4 V/x )

b2+/dx PolyLog [2, 1-

2 c1/4

ib2~/dx Polylog|2, 1-

. i _cl/a
ib>+/dx PolylLog[2, 1- (i or/aece) (1s e Vx| | i Vdx Polylog[2, 1- & 1:-1 ;; Wﬁ | 2ib2+/dx PolyLog[2, 1- m]
- - +
3¢344/x 3¢344/x 3¢34/x
2¢Y% (1) v/ X 2¢Y% |1 Ve VX
b?+/dx PolyLog[2, 1+ [ | b2+/dx Polylog|2, 1- [
2b%+/dx Polylog[2, 1- cl/fw_} [wﬁ ~ct/4] (12ct4x ) [\/—ﬁ /| (1ecva X )
+cl X
- - +

3644/x 3044/x 363/44/x
2cl/4 [17\/ -~ W] 2¢Y4 |14 e A/x

b?~/dx Polylog[2, 1- |- 264 (1 -0y x|
[1 7\/? 7C1//4] (1+c1/4 \/7) [ re +C1/4] <1+C1/4 W) b V d x POlyLog {2, 1+ ((7(:)1/47(:1/4) (1+c1/4\/?) ]
+

3 c3/4 & 3 c3/4 W 3 c3/4 &

b2~/dx PolylLog|2, 1+
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24 (14 (o) V4 V/X )
((—c)l/'4+c1/") (1+c1/4 \/Y)

Loy V/A (14cV/
b2~/dx PolylLog|2, 1- | ib*+/dx PolyLog[2, 1- 2 (e (1t V] ]

((—c)l//“ﬂi C1/’4) (17]-1 (~c)V/4 W)

+ —
3c3/4\/? 3 (—c)”“&
2 (~c)Y/4 (1+c1/“\fj . e
b2+/dx PolylLog|2, 1- (1-i) (14X
y g[ ((7C)1//4+C1/4) ( L (—c) VA \/7) } b2 /d x POlyLOg {2, 1- 1t Ux ]
—c)¥4a/x 3c¥4/x

Result (type 1, 1leaves):

PP

Problem 91: Attempted integration timed out after 120 seconds.

b ArcTanh[c x2])?
J(a+ rcTan [cx]) i

A\ dx
Optimal (type 4, 6177 leaves, 241 steps):
2a2x Zﬁab\/;Ar‘cTan[l—\/?cl/“\/Y] 2x/7abx/?Ar‘cTan[1+\/7c1/4\/;] anzx/—ArcTan[ 1/4\/—]

Vdx 4\ dx cl/4~[dx (—c)V4~/dx
4ab\/?Ar‘cTan[c1/4 \/;} Zij\/TAr'cTan[cl/“\/;} 2b2\/_Ar‘cTanh[ -c 1/4\/—] 4ab\/7Ar‘cTanh[c1/4\/?]
N _
ct4Jdx c4Jdx (—c)V4/dx cv4Jdx
2b2\/x ArcTanh[c/4+/x | 4b2+/x ArcTanh[ (-c)¥/4+/x | Log[4“r] 4b2+/x ArcTan| (-c)¥*+/x | Log[41/4ﬁ]
+ +

/4 /dx (—o)V4/dx (—o)V4/dx

)4 [ Ve vx 2 (o)t [1+\/?\/7
[n e —<—c>1/“] (1-i (-0 ¥4 x| (m/fw—c)l/“] (1-1 co ¥4 vx)

2b2\ﬁAr‘cTan[ 1“‘(] Log[

ZbZ\FArcTan[ 1/4\/7} Log[

N _
(-c)¥4+/dx (-c)¥4+/dx
(1+1) (1-(-)¥*V/x )
2b2\/—Ar‘cTan{ )1/4 \/—] Log{ T ] ) 4b2\/_Ar=cTan[ y1/4 \/—] Log[1+1 B 1“‘r]
(-c)¥4+/dx (-c)¥4+/d x

2 (—o)Y* 1 /= X
2b%2+/x ArcTanh| (-c)**+/x | Log|[- : [ : ]
45T soctann (-4 V| Lo 2| o

(-)M*Vdx (o) V4/dx

]

1/4r)




14 | 7.3 Inverse hyperbolic tangent.nb

2 (~o)¥*

1—Jfﬁ]

2 (-c)V/4 (1+\/ ¢ Vx ]
[\/ e +<—c>1/“] (14 -2 /x | [\/ Ve —<—c>1/4] (14 (-0)¥/* Vx|
+ +

(- )1/4m (- )1/4m

2 (-t 1] /e Vx|

[\/ o +(7c)1/“] (1+ (-0 ¥4 Vx| ) 2b%+/x ArcTan[ (-c)¥*~/x | Log] (171 (<t )1/41}r) ]

- +

(’C>1/4de (*C)1/4‘/dx

2b%+/x ArcTanh[ (-c)**+/x | Log| | 2b%+/x ArcTanh[ (-c)¥*+/x | Log[-

2b%+/x ArcTanh| (-c)**+/x | Log|

2b2+/x ArcTan| (-c)¥4+/x | Log| 2 (V4 (1 Vx| |

2 1/4 /a . 1/4
4b \/TAr‘cTanh[ \/—] Log[1 cl“‘r} ) ((ce)Vai /4] (14 (-0 Vo V| )

cl/4 \/d—x 1/4 \/—

2 (- )1/4 (1 CIM\/i)
2 b \/— APCTanh[ )14 \/_] LOg[ ((,c)1/4,51/4) ( F(-c)V/4 \/*) } 4b2+/x ArcTan {Cl/‘l \/;} Log[ 1 12/4r}
-icV X
+

1/4 \/— cl/4 \/d—X

1/ X 1V VX
| 2b%+/x ArcTan[c¥4+/x | Log]
[j\/_ﬁ ~et/4| (15 e/ | (j\/_ﬁ Lcy/s
4~ dx V4 /dx

c1/4 c1/4

2b%+/x ArcTan[c¥/*+/x | Log|- ]

(1-]1 c1/4 W)

2 c1/a 17(7(:)1/4\/7 2 cl/4 4 1/4\/*
2b? \/? ArcTan [CI/A \/?} LOg[7 (]'1 (—c)1/4_(51/’4) (1-1’1 c1/4)ﬂ) ] 2 b? \/? ArcTan [C1/4 \/?] LOg[ (1'1 (—C)l/“fcl/") (1—11 cl/“)\ﬁ) ]

+ —

4 fdx SUNEEY

2b2\/7Ar‘cTan[c1/4\/7} Log[%} 4b2\/—Ar‘cTan[c1/4\/_} Log[1 1/4(} 4b2\/—Ar‘cTanh[c1/4\/—]Lg[
-1 C%/ X +1 ¢

c4~[dx c4~[dx cl/4+/d x
21/ [17\/7ﬁ X N s
( BV —cl//“] (1+cl/4ﬁ) [ﬂ/_\/j L/ (1+c1/4 \/?)

+ —

cl/4/d x cl/44/d x

1+C1/4r }

+

2cl/4

2b%+/x ArcTanh[c'/4+/x | Log|[- | 2b%+/x ArcTanh|c'/4+/x | Log]|

2 ct/4 {1— o x

2cl/4 [1+\/f X
e e e )

- +

e fdx e fdx

2b2+/x ArcTanh [cl/“ \/?] Log [— ] 2b2+/x ArcTanh [cl/“ \/?} Log[

Ve -] e
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2 c1/4 (17 (—c)l//“ W)
(({)1/4%1/’4) (1%1/4 W)

2c1/4( +( 1/4r)

2b2+/x ArcTanh|[c?*+/x | Log|- (({)1/4%1/4) (o] ]

] 2b2\/7Ar'cTanh[c1/4\/7} Log|

" +
c1/4m C”“\/W
262/ ArcTan () ¥4/ | Log[ - )5 b anctann ()4 /x| Log[ L Nl

( (-c) V44 cl/4) (171 (—c)l//4\/7) ( c)l//4+c1/4) ( o 1,4r)
+ _

(’C>1/4vdx (*C)1/4‘/dX
2b2+/x ArcTan[ct/4+/x | Log[ﬂ(w}

N V2 ab+/x Log[1-+2 ¢¥*+/x ++/c x| 2 ab/x Log[1++/2 c4+/x ++/c x]

_ + _
cl/4+/dx ct/4+/dx cl/4+/dx
2abeog[1—cx2} 2b2+/x Ar‘cTan[ )1/4 4/ x ] Log[ —cxz] 2b2+/x Ar‘cTan[cl/4 VX ] Log[l—cxz]

+

Vdx (-c)¥4+/dx cl/4+/d x
2b2\/—Ar'cTanh[ 1/4\/—] Log[ —cxz} 2b2\/;Ar‘cTanh[c1/4\/?} Log[l—cxz] bzxLog[l—cxz]2 2abeog[1+cx2}
+ + + +

(-c)¥4+/dx c/4+/d x 2+/dx Vdx
2b2\/?Ar‘cTan[(—c)1/4\/?] Log[1+cx2] 2b2WAr‘cTan[c1/4\/?] Log[1+cx2] 2b2\ﬁAr‘cTanh[ y1/4 x/i} [1+cx2]

(- >1/4m c1/4m (- >1/4m

2b%+/x ArcTanh[c'*+/x | Log[1 + c x?] ) b?x Log[1-cx?| Log|1+cx?] X bzxLog[1+cx2]2 X 2b%/x Polylog|2, 1- 1—(—c)21/"\/7] )
ct/4+/d x Vdx 2+/dx (-c)¥*+/dx
o

2 / X y)
1-1 (o) ¥4 +/x [i e 7({)1/4] (- o]
i o

ib2+/x PolyLog(2, 1+
21 b?+/x Polylog[2, 1- 2

(o) ¥4 [dx (o) ¥4 [dx

1y Ve Vx
[m/_ﬁ +(—c)1/4J (1-1 (-) V4 V) i b>+/x Polylog[2, 1 -

2 (—c)l/“

ib2+/x PolyLog[Z, 1- (1+1) (17({)1/41 W) ]

1-i (-)Y4~/x

+ +

(—o)4/dx (—o)¥*dx

2 ({)1/4&

14/ W]
b?+/x PolylLog[2, 1+

21b2+/x Polylog[2,1- —2——] 2b2+/x Polylog[2,1- —2 —| [/ﬁ 7(7c)1/4) (1+ (-0 ¥4V |
1+ (-) Y4 +/x 1+ (-c) ¥4 \/x

+ + +

(o) ¥4[dx (o) ¥4[dx (o) ¥4 [dx
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2 (—c)l/“

1y Ve Vx 2 (-o)e [LV Ve Vx
| b2+/x PolylLog|[2, 1+
[\/ ¢ +(—c)1/4] ( + (- 1’4\ﬁ) [xl—ﬁ -(-c)l/“] (1+(_c)1/4\/7)

(-c)¥4/dx (—c)¥4[dx
1/ VT W]

NN +<,c)1/4] ( +( l’hﬁ)] i bZWPolyLog[Z, 1-

b2 +/x PolylLog|[2, 1-

2 (7C)1/4

b2 +/x PolyLog|2, 1-

(1-1) (1+(—c)1/4\/7) }

2 B 2
T 2b%/x Polylog[2, 1- - ]

—cY/4[x

+ + -
(—c)V4+[dx (—c)V4~[dx cl/4+/d x
) 2 (cc)V/4 (111/4 \/7) 2 (—c)Y/4 (1 c1/4 \ﬁ)
b2 PolylLog|2, 1- b2 PolylLog|2, 1- .
' \/; o Og[ ((—c)l/“fi 51/4) (1,]-1 (—c)¥/4 W) ] ) \/? oly Og{ (({)1/4{1/4) ( L ()4 \/*) ] . 2 1 b2 \/? PolyLog[Z, 1- . cf/“\ﬁ}

(- )1/4\/d—X (- >1/4A/dx c1/4‘/dx
a1t [mﬁﬁ NS 201 [m/ N NEY
i -y -c _51/4] (1_]'1 cl/4 W) (jl \/fml/“] (1—1‘1 cl/“\/T) }

c/4/d x cl/4+/d x

2¢/4 (1- (o) ¥4 /x )
(i (- 4-ct/4) (1-1 ¥/ Vx|

ib2+/x PolyLog[2, 1+ | ib2+/x Polylog[2, 1-

2 cl/4 ( “( 1/4 r) ]
) (fl (—c)l/"+c1/“) (1—1 cl/“ﬂ)

ib2+/x PolyLog[2, 1+ | ib2+/x Polylog[2, 1

- +
c4~[dx c4-Jdx

i b2+/x PolyLog[2, 1- (i) (160 VO ] 2ib2+/x Polylog[2, 1- —2—] 2b2+/x Polylog[2, 1- —2—]|
’ 1-i cV/4/x . ? 1+ Y4/ x . ? 1+c/4/x

e fdx e fdx e dx

2ci/e [14/,\/T NF 1/ VT VX 20/ [uﬁﬁ W]
| b*+/x Polylog|2, 1- | b2+/x PolyLog[2, 1+
[ [Yre —cl/"‘) (1+c1/4\/?) [ /—ﬁ +c1//4) (1+c1/4\/T) ( /—r —cl//4] <1+C1/4W)

- + +

SUNERY SUNEEY SUNERY

2 cl/4 [1+xl—\/? W] bzrp Il - 2 c1/4 (17(%)1/4\/?) bzrp - - 2c1/4( (- 1/4\/7)
(Ve e faeere ] x Polylog[2, 1~ ((-e)¥/acv/] (1+c1/“W)] x Polylog|2, 1- (o) (MWW)}

C1/4A/dx C1/4‘/dX C1/4A/dx
_c)1/4 (14c1/4 _) V4 (14c1/4 ) ,
PLOT BN ) g polytogl2, 1 LNy b? /X Polylog|2, 1 e

_ ((,c)l’/“ﬂi cl/a) (17]-1 (—c)V/4 W) ) ((7c)1//‘+c1/“) (1+(7C)1/4 W) X 1-1 ¥4 /x

(-c)¥4dx (-c)¥4dx ct4+/dx

2 cl/4

b2 /x PolylLog|[2, 1+

b2+/x PolylLog [2, 1-

i b2+/x PolylLog[2, 1




7.3 Inverse hyperbolic tangent.nb | 17

Result (type 1, 1leaves):
22?

Problem 92: Attempted integration timed out after 120 seconds.

b ArcTanh[c x2])?
J(a+ rcTan [cx]) ix

(d X)3/2

Optimal (type 4, 6334 leaves, 197 steps):
2\/?abc”“WAr‘cTan[l—\/?cl/“W] Zﬁabc1/4WAr‘cTan[1+\/7c1/4\/;]

d/dx dvdx
21b2 (-c 1/“\/_Ar‘cTan[ 1/4\/_} 21’1b2 c”“x/?Ar‘cTan[cl/“\/Y}z 2b2 (-c 1/‘*\/—Ar‘cTanh[ y1/4 \/_}
d/dx d/dx + d/dx ’
2 b2 cl/“\/?Ar‘cTanh[cl/“\/Y]2 4b? (~¢)M4+/x ArcTanh[ (-c)¥*+/x ] LOg[W]
d/dx _ d/dx

2 (-c)V/4 (17 o x

2b% (~c)4+/x ArcTan[ (-¢)¥*+/x | Log|-

4 b? (-c 1/4\/—Ar‘cTan[ 1/4 \/—} LOg[m iy -V —(—c)l/“] (1—1‘1 (—c)l/"“\ﬁ) )
+
d+/dx d+/dx

2 (-0 (nﬁﬁ
[nﬁ+ 1/4]( o)

2b? (-c 1/4\/7Ar‘cTan[ 1/4\/7} Log[

d+dx
2b% (-c 1/4\/7Ar‘cTan[ 1/4\/7} Log [ 1+j).(1(_<:/)1/4rﬁ)} 4b% (-c 1/4\ﬁAr'cTan[ 1/4\/7] Log[ﬁ}
-i (-c)¥%+/x i (—c) /4
+ +
d+dx d+dx
y/4 (14 Ve vx
2b2 (-c 1/4V_Ar‘cTanh[ 1/4\/—] Log|- e
402 (-c)*~/x ArcTanh[ (-c)¥*+/x | Log{ilr} [ —ﬁ—(—c)‘/“] 1+ (=) V4 x )
c /4
+ +

d+dx d+/dx
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2 (-c)1/ [1+Jf W]

[wa—c)l/“] (14 (-0 V)

2b2 (-c 1/4V_Ar'cTanh[ 1/4\/—] Log| ]

d+dx

2b?% (-c 1/4\FArcTanh[ 1/4\/7] Log[

d+vdx

2 (v [1+\/ Ve Vx ]
[1/7\/? +(—C)1//4] ( +( 1/4\/*) 2 b? (7 1/4 \/—Ar‘cTan[ 1/4 \/_} LO [ a-b (1+<7c’)1/4\/?)}

2b% (-c 1/4\FArcTanh[ 1“‘(] Log[

1-i (o) ¥4 /x
d+/dx d+/dx

2 (—c)Y/4 (1—c1/4 \/Y) ]
((-0)¥4-1¢¥/?) (1-1 (-) ¥4 Vx|

4b2 ¥4 +/x ArcTanh[c?/4+/x | Log[1 ”“W] 2b? (~c)¥4+/x ArcTan[ (-c)**+/x | Log|
c

d+vdx d+vdx

2 b2 ( 1/4 A T h[ 1/4 ] L [ 2 ( )1/4 (1 o ) }
- \/x ArcTan \/x | Log 2
(1) (1o ¥4/ 4b2 /4 +/x ArcTan|[ct/4~/x | LOg[l,j i ]

ddx ddx
2cY/4 [14/? WJ 2 cl/4 (1+\/fﬁ
(]'L \/ffcl/“] (17]'1 c1/4 \/7) []'l mel/“] (17]1 ci/4 \/7)
+ +

d+vdx d+vdx

2 b2 c”‘HﬁAr‘cTan[cl/“\/?] Log[—

} 2 b2 cl/“\gAr‘cTan[cl/4 \/?} Log[

2cl/4 (- (-c) 1/4 Vx 2cl/4 (14 1/4 Vx
2 b2 C1/4 & ArcTan [C1/4 \/?] LOg [7 (]'L (c)1/4(c1/’4) (171'1 c1/4)\/7) } 2 b2 C1/4 & ArcTan [C1/4 \/;] LOg[ (jl (c)l/zchl/A) (1,1 51/4)\/7) ]
+ —

d+vdx d+vdx

L _el/a S
2b2 ct4~/x ArcTan[c/4+/x | Log| a-b 2 ,C/ . | 4b2cl4+/x ArcTan[ct4~/x | Log[ —2—
1-i c¥/*+/x .

dvdx d+dx

1+1 cl"‘r ]
+

2cl/4 [1—\/?\/?
e

2b% c/4+/x ArcTanh[c?/4+/x | Log|-
4b2 ct*+/x ArcTanh[c¥*+/x | Log| 1+c1/4 NS ]

dvdx dvdx

(1+c1/4 \/7)
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20/ (1] e VX

[

dvdx dVdx
20/ [1wa] |

[ch] (/e x| 2b2 c/4+/x ArcTanh[c?/4+/x | Log[-

244 [1-4/ Vo /X
] 2b2c1/4\/?Ar‘cTanh[c1/4\/?} Log |- : ( |

2b2 c¥4+/x ArcTanh [cl/4 \/?} Log |
(1+c1/4 \/Y) [ T v/

(1+c1/4 \/Y)

2 b2 cl/4/x ArcTanh [c1/4 &} Log[

2 cl/4 (17(7‘:)1/4 \/7) ]
<(7c)1/4ic1/4) (1+c1/4 \/7)

d+dx d+vdx

2 cl/4 ( F(—c) V4 \/*) 2 (—c)V4 (1+c1/4 \/?)
2 b2 _ 1/4 ﬁ/ ArcT 1/4 ﬁ/ L
((fc)1’4+c1/4) (1+cl/w_) ] ( o an[ ] og[ ((-0)¥24s /4] (1-4 (-0) VA ]

+ —

dvdx dvdx

2 (’C)I/“ (1+C1/4\/7) i Lcl/4
2b% (~)**/x ArcTanh [ (-c)** /x| Log] (-0 /aect) (10 (-c) ¥ ) | 2pe c/4+/x ArcTan[c'*+/x | Log] = 1:121; \/;7 ]

d/dx _ dvdx
\/Tabcl/4\/?Log[1—\Ec1/4\/?+\Ex] \Eabcl/“&Log[lJr\/?cl/“&Jr\/?x}
d~/dx _ dVdx _
2b% (~c)¥*+/x ArcTan| (-c)¥*+/x | Log[1-cx?] 2b% (-c)¥*+/x ArcTanh[ (-c)¥*+/x | Log[1 - cx?]
dvdx ) dvdx
2bc1/4WAr‘cTan[c1/4\/Y] (Za—bLog[l—cxz]) 2bc1/4\/?Ar'cTanh[c1/4\/?] (Za—bLog[l—cxz]) (2a—bLog[1—cx2”2

+ — —

d+vdx d+vdx 2d+/dx

2abLog[1+cx2} 2 b2 (—c)l/“\/?Ar‘cTan[(—c)l/“\/?] Log[1+cx2] 2 b2 c”“x/?Ar‘cTan[cl/“&] Log[1+cx2]
+

2 b2 cl/4/x ArcTanh [c1/4 &} Log[

+

d+/dx d+/dx d+/dx
2b% (-c)¥*+/x ArcTanh[ (-c)¥*+/x | Log[1+cx?] 2b2c¥*+/x ArcTanh[c¥*+/x | Log[1 +c x?]
+
d+dx d+dx

2b2 (-c)1/4 Polylog[2,1- —2——
(-©)*~/x Polylog[2, 1- ——2 ]

- +

d+dx 2d+/dx d+vdx

+

b? Log[1-cx?| Log[1+cx?| b2 Log[lJrcxz]2

2 ()4 [1—\/ Ve Vx

t h2 1/4 2 . 1/4 . 1/4
21ib? (—c)V4+/x PolyLog[Z, 1- T [11 Jc - (-)V J (171 (-o)¥ W)

dvdx d+vdx

i b2 (—c)””’x/?PolyLog[Z, 1+
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2 (—c)Y/4 (1+ o Ux
i Ve H)w] (1-1 (-0) V4% ib? (-c)¥4+/x Polylog[2, 1-

ib? (-c)14+/x PolylLog|2, 1-

(1+1) (1-(-0) ¥4 V/x ) }
1-i (—o)Y4/x

+ +
d+/dx d+/dx
2 2 2 2
21b2 (-c)¥*+/x Polylog[2, 1- - (—c)l/"‘ﬁ} 2b% (~c)¥*+/x PolylLog|2, 1- 1”{)1/4\”}

d+vdx d+dx

2 (-c)Y/4 (1&/4/? W] 2 () V4 (1404 T VX
| b2 (-c)¥*+/x Polylog[2, 1- ]
(\/f+(,c)1,/’4] (1+(7c)1/4\/Y)

b2 (_c)l/“\/;PolyLog[z, 1+
[Jf%,cﬂ/“] (10 ()14 )

- +
d+/dx d+/dx
2 (-q)V/* [14/7% Vx 2 (-c)i/4 [1+ e Vx
b2 (—c)l/“\/?PolyLog[Z, 1+ b2 (—c)l/“\/;PolyLog[Z, 1- }
[\/—J_ —(—c)l/‘] (1+ (-0 ¥4 x| [ - +(7c)1/‘] (1+ (-0 ¥4 x|
+ +

dvdx d+vdx

(1-1) (1+(-0) V2 V/x)
1-1 (-) V4 Vx ] ~

d+/dx d+dx

2 (=04 (1= /X ) 2, \1/4 B
o] o] ) PO VX Polylog|2, 1 ISy
+ +

d/dx d/dx
2cY/4 (LJF W]

[fL - -c —cl//“] (1—1’1 cl/“ﬁ)

i b2 (—c)l/“\/;PolyLog[Z, 1- 2 b? c”“x/?PolyLog[Z, 1- 2]

17c1/’4 Ix

2 (- 1/4 /s
ib? (-c)¥*+/x Polylog[2, 1 - (-0 V4 (14 x|

ib? c/4+/x PolylLog[2, 1+
21 b2ct4q/x PolyLog[Z, 1- —2—
1-i c¥/4~/x _

dvdx A ax
] oo
. i b2 cl/4 2¢Y4 (1- (~o) V4 x

[J’L \/fﬂ:lﬂ] (17]'1 cl/4 \/?) 1b*c \/; POlyLOg [2; 1+ (i <7c)1/4*C1/4) (1—]‘1 c1/4 \/?) }

d+/dx d+/dx

2044 (14 (o) Vx| (1+1) (1-cV4+/x
(i (oot (11 c¥e x| ] ib2cvayx Polylog|2, 1- TN ]

+ +

d+dx d+dx

i b? cl/4+/x Polylog[2, 1-

i b? cl/4+/x Polylog[2, 1-
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2cY/4 [17\/ ¢ x

b2 c1/4+/x PolylLog|[2, 1+

2ib?c4+/x PolylLog[2, 1- —2—] 2b2c¥*+/x Polylog[2, 1- —2—| [/F /| (1ecva X )
1+1 c¥/4+/x B 1+c/4/x N .
d+/dx d+/dx d+/dx

2cl/4 [1+Jf W] 2cl/4 [1—\/?\/7
[W J (1ect/4 V| [W ] (1ect/% V|
ddx d/dx

2cl/4 [1+\/ A x
('l—JC_ ca/e) (1ecs ) b2 c'/4+/x PolylLog[2, 1+

b2 c1/4+/x Polylog|[2, 1- | b2c¥4+/x Polylog|2, 1+

b? ¢4 +/x Polylog[2, 1- 2cV4 [1- (o) V4 /x ) ]

( (-¢) 1/4—C1//4> (1+C1/A \/7)

+ +
d+dx d+/d x
1/4 + (= 1/4 B 1/4 N 1/4
b? /4 \/x Polylog(2, 1- — [ ot V] | ib% (-c)¥4+/x Polylog[2, 1- —— (et ]

((75)1/4+c1/'4) (1+C1/4 \/7) (<ic)1/4+jc1/4) (1—]1 (75)1/4 W)

- +
d+/dx d+/dx
2 (o) V4 1+ VX ) iy [1+cV/8 X
b <7C>1/4\/;P01y|‘0g[2’ 1- ((_c)1/’4+c1/4) (1+(—C)1/4\/Y) } ib? c1/4\/YPolyLog[2, 1- = 1:1 il/4ﬁr }
+
d+/dx d+/dx
Result (type 1, 1leaves):
???
Problem 93: Attempted integration timed out after 120 seconds.
b ArcTanh|cx2])?
J<a+ rcTanh|[c x?]) i
(d X)S/Z
Optimal (type 4, 6520 leaves, 197 steps):
22 abc¥*+/x ArcTan[1-+/2 ¢¥4+/x | 2+/2 abc¥*+/x ArcTan[1++/2 c/4+/x |
_ . _
3d2+/dx 3d2+/dx
21ib? (—c)3/4\/;Ar‘cTan[(—c)l/“\/;}2 21ib2 c”“x/?Ar‘cTan[cl/“\/Y}z 2 b2 (—c)3/4\/7Ar‘cTanh[(—c)1/4 \/;}2
- + +

3d?2+/dx 3d?+/dx 3d?2+/dx
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2 b? c”“WAr‘cTanh[cl/“\g}z 4b? (-c 3/4\/—Ar‘cTanh[ )1 \/—} Log[
3d?+/dx 3d2+/dx

_ 1/4 r ]

[ﬂmfvcw] (1 e )

2b2 (-c)¥*+/x ArcTan| (-c)**+/x | Log|[-

L IR I F—

3d2\/dX 3d2A/dX

2 (co)1/ (1+ Ve VX
[1 N +<7c)1/'4] (17]1 (—5)1/4\/7)

2b2 (-c 3/“\/_Ar‘cTan[ 1/4V_} Log|

+

3d?+/dx

2b2 (—c 3/4\FArcTan[ y1/4 \/7} Log [ (1+8) (1’“531/4\5)} 402 (—c 3/4\FArcTan[ )1/4 \/7] Log[
1-i (-)Y4+/x -

3d?+/dx 3d?+/dx

1+1 (- V"\ﬁ }
+

2b2 (-c 3/“V—Ar‘cTanh{ 1/4\/—] Log| -

402 (-c)3*~/x ArcTanh[ (-c)¥4~/x | Log[ 1A\/_
) +
— 3d2/dx

2 (-4 [1+Jf W]
[wafc)l/“] (1+ (=014 Vx|

2b2 (-c 3/“V_Ar‘cTanh[ 1/4\/—] Log| ]

3d?2+/dx

2 (-c)/4 [17 e W]

[x/?—(—c)l/“]b V4|

2b? (-c 3/4\FArcTanh[ 1“‘(] Log[ ]

3d?+/dx

2 (- [1+\/—F 3 ]
[\/7\/?+(—c)1/’4] (14 (-0 7% ) 2b% (-¢)*/*+/x ArcTan| (-c)¥/4+/x | Log[

2b% (-c 3/“\/—Ar'cTanh[ 1/4\/—] Log[

71)(+ 1/4\/7)}
1-i (~) V4%

+

3d%2+/dx 3d?+/dx

] 2b% (-c)¥*+/x ArcTan| (-c)¥*+/x | Log| 2 (0¥ (104 x| |

4b? c>*+/x ArcTanh[c¥/4+/x | Log[l iy ((-0)V2i /4] (144 (-0) VA

3d2+/dx 3d2+/dx
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2 (- (1Y x|
2b% (-c)**+/x ArcTanh[ (-c)¥*+/x | Log| [Corvec] (1o x| | ape c3/4 /X ArcTan[cV/4 /x| Log[m}

+ —

3d2+/dx 3d%2+/dx

zcw( Jve X

2 cl/4 (1+\/fﬁ
[i F] (1-5 s Vx|

2b% 34 +/x ArcTan[ct/*+/x | Log|-

} 2b2c3/4+/x ArcTan[c'/*+/x | Log|

( / _c c1/4J 1 i cl/4[x

3d2+/dx 3d2+/dx

2 cl/4 ( +( 1/4 \/7)

2 cl/4 (1—(—C)1//4 W) ]
(i (—c)l/’/“—cl/“) (l—i /4 \/?) (jl (—c)l/“+c1/4) (171 cl/4 r)
- +

2b% 34 +/x ArcTan[ct/*+/x | Log|- | 2b2c*4+/x ArcTan|cl/*+/x | Log]

3d?2+/dx 3d?2+/dx

(1+1) [1-cY4+/x
2 b? c”“WAr‘cTan[cl/“\/;] Log[ ] 4 b? c3/4\/;Ar‘cTan[ 14 \/7} Log[

1-i cV/4 W/ X 1+ chl/" /_]

3d2+/dx 3d2+/dx
21/ [uhﬁ Nes
[ﬂli\/j —cl//“

2b2 34 +/x ArcTanh[c/4+/x | Log|-

4b2 ¢34 +/x ArcTanh[ct/4+/x | Log[1  — (1+c¥/ Vx|
cl/

3d2+/dx 3d2+/dx

1/ Ve VX 20/ (17\/ e VX
| 2b2c3e \/x ArcTanh [cl/4 \/?} Log |-
[\/ - s/ (1+c1/4 \/7) [\/ o V4

2 cl/4

2 b2 c3/4+/x ArcTanh [cl/4 \/?} Log |

(1rc¥e x|

3d?+/dx 3d?+/dx

1/ Ve W]
[\/f%m) (1ece /x| ) 2b2 c3/4+/x ArcTanh[c?/4+/x | Log|-

2t/

2b%c3/4+/x ArcTanh[c?/4+/x | Log| 24 (1-(-0) ¥4 /x ) ]

( (-¢) 1/4_C1/’4) (1+c1/4 W)

3d?+/dx 3d?+/dx

2cl/4 ( +( 1/4\/7) 2, 3/4 1/4 2 (-c)Y/4 (1+C1//4\/?)
((—c)l/ +c1/4) (1+C1/4\ﬁ) ] 2b ( \/7Ar'cTan[ \/7] Log[ ( (—e) V44 C1/4) (1_]-1 (_c)l/z&w) ]

3d?+/dx 3d?+/dx

2b2 (_ 3/4\/—APCTanh[ 1/4 \/—] Log[ 2 (*C)l/'A (1+c1/4\/7) } 2 3a 1/a (1-1) 1+C1/4\/7
(-0 oect) (10 (-c) ¥4 ) 2b% ¢34 /x ArcTan[cl/4+/x ] Log[—(—llijl = ]

2b% c3/4+/x ArcTanh[c?/4+/x | Log|

+ —

3d2‘\/dX 3d2‘/dX
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\/Tabce’/“\/;Log[l—\/?cl/“\/YJr\/?x] \/?abc3/4\/?Log{1+\/7c1/4\/7+\/?x}
+ +

3d2/dx 3d2+/dx
2b2 (-c 3/“\/—Ar‘cTan[ 1/4V_} Log[1-cx?] 2b% (-c 3/“\/—Ar'cTanh[ 1/4\/—] Log[1 - cx?]|
3d2+/dx + 3d2+/dx ’
2bc3/4\/?Ar‘cTan[c1/4&] (Za—bLog[l—cxz]) 2bc3/4WAr‘cTanh[c1/4\g] (Za—bLog[l—cxz]) (Za—bLog[l—cxzh2
3d2+/dx ’ 3d2/dx _ 6d>x\dx _
2ablog[l+cx?] 2b% (-c)**/x ArcTan[(-c)¥*~/x ] Log[1+cx?] 2b%c**+/x ArcTan[c¥*+/x | Log[1+cx?]
s xdx 3d2/dx ) 3d2/dx _
2b% (-c)¥*+/x ArcTanh| (-c)¥*+/x | Log[1+cx?| 2b2c>*+/x ArcTanh[c¥/*+/x | Log[1+cx?]
3d2+/dx ) 3d2+/dx +
b? Log[l—cxz} Log[1+cx2] b? Log[1+cx2]2 2b? (—c)”“x/?PolyLog[Z, 1- m}
3d?x/dx  edxvdx 3d?+/dx _

e (1 V]

ib? (-c)3*+/x Polylog[2, 1+

2ib? (-c)3*/x PolyLog[Z, 1- ——2 i v ,(,cp/a] (1-5 (o) V4 /x ) ]
1-i (-o)Y4/x . )
3d2\/dX 3d2‘/dX

2 (-c)Y/4 (1+ o x
iy Ac +(—c)1/4] (171 (- ¥4 Vx) i b? (—c)3/4\/7PolyLog[2, 1-

ib? (~c)3/4+/x PolylLog|2, 1- @) (1 CoreyE)

1-i (-o)¥Y*+/x }

3d2+/dx 3d2+/dx
© 2 3/4 -2 2 3/4 -2
21b? (-c)**+/x Polylog[2, 1- - «c)ww} ] 2b% (-c)3*+/x PolylLog|2, 1- lwc)l/nﬁ}
3d2+/dx 3d2+/dx

2 (-c)V/*4 [17\/ RN 2 (-c)1/4 [1+\/ = x
| b2 (-c)**+/x Polylog[2, 1-
[ﬂ/_\/j —(—c)l//“] ( +( 1/4r) [/—ﬁﬂ—c)l/"‘] ( +( 1/4\/7)

- +

3d?+/dx 3d?+/dx

2 (-c)i/4 [H/—F Vx 2 (-q)V/* [m/ Ve x
} b? (—c)”“x/?PolyLog[Z, 1-
[ Ve —(—c)l/‘) 1+ (-0) ¥4 /x| [\/4? +(7c)1/‘] (1+ (-0 ¥4 x|

3d?+/dx 3d?+/dx

b2 (-c)3*+/x PolylLog[2, 1+

b? (-c)*/*+/x PolyLog[2, 1+

J
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(1-1) (1+(-0)¥*V/x)
1-8 (—0)V4x B

3d2/dx 3d?+/dx

3 (7c)1/4 (1{1/4 \/Y) ]
((7c>1/4171 Cl/’a) (17]-1 (—c)1/4 W) ((7c)1/4 1/A) ( F(—)V/ \/7)
i —

3d2~/dx d?\dx

2cl/4 [ ,\/j Vx

ib? (-c)3/4+/x PolylLog|2, 1-

| 2p?c¥*/x Polylog2, 1~ —F ]

2 (- )1/4(1 Cl/a\ﬁ) ]

ib? (-c)¥*+/x Polylog[2, 1- b2 (-¢)¥*+/x Polylog[2, 1-

i b? c¥#+/x Polylog[2, 1+ |
s B
21ib?c /4 \/; PolyLOg [21 1- 1-1 /4% . [

3d2+/dx 3d?+/dx

21/ [m/_ﬁ W] ( |
. 2cl/4 (- (-¢) 1/4 \/7
[i [V +C1/’4] 140/ i b2 c/4+/x Polylog[2, 1+ o] (11 ] ]

n +

3d2-/dx 3d%2+/dx

2cY4 (14 (o) V4 x| . 1a
. bZ 3/4 / PolvL 2.1- X (1+1) [1-cv/* /X
1 ¢ X o y Og[ 4 (Ji (7C)1f/4+c1//4) (17]1 cl/d W) } 1 b2 C3/4 \V X POlyLOg [2, 1- 11 cl,//4 . ]

3d2+/dx 3d*+/dx

Ve - w] (1-5 /4 Vx|

+

ib2c3/4/x PolyLog[2, 1-

26/ [1_\/_ﬁ NF
b2 c3/4+/x PolylLog (2, 1+
21ib?c¥%+/x Polylog[2, 1- —2—] 2b2c¥*+/x Polylog[2, 1- —2—]| [ INE

1+ct/4/x
1414 51/4W 1+C1/4 /X ( )

_ + +

3d%2+/dx 3d?+/dx 3d?+/dx

2cl/4 [1+Jf W] 2cY/4 [1—\/? W]
Ve o] e ] N

b2 c3/4+/x Polylog[2, 1- ] b2c¥4+/x Polylog[2, 1+

]

3d2+/dx 3d2+/dx
24 |10 Ve Vx
< [ c X 2 /s (17({)1/4 W) ]
(«/ e +cl/4 ( ({)1/’47‘:1/4) (1+c1/4 W)

+
3d2/dx 3d2+/dx
251/4( “( 1/4() )
b2 (-c)3/4+/x Polylog[2, 1- : ,
] 1 ( ) y g[ ((7C)1///4+]'1C1/4) (1—]1 (~c)Y/4 \/7)

_ (<—c)1/4+C1/4) (1+Cl/4 \/7)
i +

3d2+/dx 3d2\/dX

2 .3/4 _
b®c \/YPolyLog[Z, 1 b2 c3/4\/?PolyLog[2, 1+

(1+c1/4 \/?)

+

_e) /4 [14c1/4
b2 c3/4\/;PolyLog[2, 1 - (1 : W) }
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2 (-c)¥/4 (1+c1/4 \ x ) . 1/a
b2 _ 3/4 PolyL 2,1- , (1-1) (1+c/*+/x
(-¢) /x PolyLog|2, (-0 /aect) (10 (-c) ¥ ) ] ib2 c34+/x Polylog|2, 1- o ]

3d2+/dx 3d2+/dx
Result (type 1, 1leaves):

2?7

Problem 120: Result unnecessarily involves imaginary or complex numbers.

b ArcTanh[c x3])?
j(a+ rcTan [cx]) x

X

Optimal (type 4, 140leaves, 7 steps):

2 (a+bArcTanh|c x3])2Ar'cTanh[1f 2 | - 1b (a+bArcTanh[cx?]) Polylog[2, 1- +

3 1-cx3 3 1-cx?

1 2 1 2 1 2
~b (a+bArcTanh[cx?]) Polylog[2, -1+ | + = b?Polylog(3, 1- - =~ b?Polylog[3, -1+

3 1-cx3 6 1-cx? 6 1-cx?

Result (type 4, 181 leaves):

a? Log[x] + 1a b (—PolyLog[Z, -cx?| +PolyLog|2, cx3]) +
3

.3
T2 [ %Ar‘cTanh[cx3]3 - ArcTanh[c x?]? Log[1 + e 2ATam[<X’] ]  ApcTanh[c x3]® Log[1 - e2A<Tam[<X] ] | ArcTanh[c x?]
3 24 3

1 1
Polylog [2, _ e—ZAr‘cTanh[c x3] } + ArcTanh [C X3} PolyLog [2, e? ArcTanh|c x?] ] + = Polylog [3, 7e—ZAr‘cTanh[c x3] } - =~ polylog [3, e2Ar‘cTanh[c x3| }
2 2

Problem 127: Result unnecessarily involves imaginary or complex numbers.

bArcTanh[cx3])?
J(a+ rcTan [cx]) i

X

Optimal (type 4, 210 leaves, 9 steps):

2 (a+bArcTanh|c x3])3Ar‘cTanh[1— 2 | - 1b (a+bArcTanh|cx?| >2PolyLog[2, 1- |+

3 1-cx3 2 1-cx3

lb (a+bArcTanh|c x3])2PolyLog[2, 1+ 2 |+ 1b2 (a+bArcTanh[cx?]) Polylog[3, 1- 2 | -

2 1-cx3 2 1-cx3

1 2 1 1 2
~b? (a+bArcTanh|[cx?|) PolylLog|3, -1+ | - =b’Polylog|4, 1- | + = b Polylog|4, -1+ ]
2

1-cx3 4 1-cx3 4 1-cx3
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Result (type 4, 368 leaves):

a’ Log[x] + 1azb (-Polylog[2, -cx?| + Polylog[2, cX*|) +
2

. 3
ab? [ 215 - 2 ArcTanh[c x*| > _ ArcTanh [cx?] ’ Log [1+ @ 2ArcTanh[cx’] | +ArcTanh[c x } Log[1- @2 ArcTanh [cxC] | +ArcTanh|c x?]
24 3
PolyLog[ 72Ar*cTanh[cx ] } + ArcTanh [C XB} PolyLog [2’ e2 ArcTanh[c x?] ] . 1 PolyLog[ —2Ar‘cTanh[c x| } _ 1 Polylog [3) eZAr‘cTanh[c x| }
2 2
x b3 (n“ -32ArcTanh|[c X*| * _ 64 ArcTanh [cx?] ’ Log [1+ e-2ArcTanh[cx’] | + 64 ArcTanh|c x } Log[1- @2 ArcTanh[c ] |+
192
96 ArcTanh [ c x ] PolyLog|2, ’“"Tanh[cxau +96 ArcTanh | c 3}2 PolyLog|2, e“'"”a“h[”ﬂ] +96 ArcTanh[c x*| PolyLog|3, ’ZA"Ta”h[CXB}] -
96 ArcTanh | c x?] Polylog|3, e“'"”anh[cxsu +48 Polylog|4, ’“'"CTa“h[”gu +48 Polylog[4, e?ArcTanh [ex] )

Problem 128: Result unnecessarily involves imaginary or complex numbers.

3

dx

J (a+bArcTanh|[cx?])

X

Optimal (type 4, 120leaves, 6 steps):

bArcTanh[cx3])?
lc (a+bAr‘cTanh[cx3})3— (2 +bArcTanh[c ©]) +bc (a+bAr‘cTanh[cx3])2Log[2— 2 -
3 33 1+cx?
2 1 2
b?c (a+bArcTanh|[cx?|) PolylLog[2, -1+ - = b’ cPolylog|3, -1+
1+cx3 2 1+cx3

Result (type 4, 223 leaves):

a3 a’bArcTanh|cx3 1
< [ ]+3a2bcLog[x]—fazbcLog[l—czxs}+
3X3 X3 2

ab%c [Ar‘cTanh[c 3] ([1— —
c x3

ArcTanh [C X3] +2 Log [1 _ e—ZAr‘cTanh[c xﬂ ] ] _ PolyLog [2’ e—ZAr‘cTanh[c x3] }

i 3 ArcTanh[c x3]?
ﬂ—Ar‘cTanh[cxﬂg—W+3Ar‘ﬂanh{c x3] % Log[1 - e2ArcTanh[cx’] ]
8 CcX

1
“b3c
3

3
3 ArcTanh [C X3} PolyLog [2, ezArcTanh[c xﬂ ] - 2 polyLog [3, ezArcTanh[c XB} ] ]
2

| 27
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Problem 147: Result unnecessarily involves imaginary or complex numbers.

2
J(a+bAr‘cTanh[i]) o

X

Optimal (type 4, 133 leaves, 7 steps):

] _

X 2
-2 (a + bArcCoth[f] J ArcTanh [1 -

| +b (a +bAr‘cCoth[i]) PolyLog[2, 1-
c

1-¢ c
X

<
X

2 2

]

X 1 1

b (a+bAr‘cCoth[f]) PolyLog[2, -1+ ——| - ~b*PolyLog|3, 1- | + =b?Polylog(3, -1+
c € 2 2

X

X |0

-5
Result (type 4, 177 leaves):

C e
PolyLog[Z, ——] —PolyLog[Z, —}
X X

a’log[x] +ab +

i 3 C c
_17 2 prcTanh [ E} ® 4+ ArcTanh [ E] ? Log [1+ g 2AreTanh 1] | - ArcTanh| E} ? Log (1- g2AreTanh ] ] -
24 3 X X X

b2

Ar‘cTanh[E] PolyLog|2, —e’ZA'"CTa"hH] —Ar‘cTanh[E} PolyLog|2, eZAFCTanhEH 1 PolyLog|3, —e’ZANTanh[iH Lt PolyLog|3
2 2

X X

Problem 151: Result unnecessarily involves imaginary or complex numbers.

sz (a +b ArcTanh| E} ’ dx

X

Optimal (type 4, 217 leaves, 15 steps):

b2 c? x

X 1 X-,\2 1 X .\ 2
aerAr‘cCoth[ﬂ)—fbc3 (a+bAr‘cCoth[f]J + ~“bcx? (a+bAr‘cCoth[f]J -
C 2 C 2 C

lc3 [a+bArcCoth[i]]3+1x3 a+bAr‘cCoth[£})3fbc3 [a+bArcCoth[i]]2Log[27 ]+
3 C 3 C C 1+i
2
lb3 c®Log[1- C—} +b3 3 Log[x] +b%c3 (a+bAr‘cCoth[£}) Polylog[2, -1+ 2 |+ lb3 c®Polylog|3, -1+ 2 ]
2 x2 ¢ 1+§ 2 1+i

Result (type 4, 316leaves):

ez ArcTanh { i—} ]
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1 C
= |3a?bcx?+2a’x* +6a’bx? ArcTanh[—] +3a%bc® Log[-c? + x*] +
6 X

6ab? [c2x+ (- +) Ar‘cTanh[E]2+cAr‘cTanh[£]
X X

~c?ix?-2c2Llog[1- e—ZArcTanhH ] ]

+c® PolyLog|2, o 2ArcTanh | ] ] ) .

1 b3 | -1 c3 73+ 24 c?2 x ArcTanh {E] - 12 c3 ArcTanh [5]2 +12cx? Ar‘cTanh[S} ? 4 8 3 ArcTanh {E] >+ 83 ArcTanh [ S} .
4 X X X X X
24 ¢ ArcTanh | E] 2 Log[1 - g2AreTanh 2] | -24c®Log| ;} - 243 ArcTanh | S} PolyLog|2, g2AreTanh| 2] | +12 3 PolyLog|3, g2Aretanh 2] ]
X X
1- < X

Problem 153: Result unnecessarily involves imaginary or complex numbers.

C 3
J(a +bArcTanh| — |

X

dx

Optimal (type 4, 108 leaves, 6 steps):

X.\3 X.\3 X )2 2c
c[a+bAr‘cCoth[f}] +X a+bAr‘cCoth[f}] —3bc(a+bAr‘cCoth[f]) Log| |-
c c c c-x
X 2c 3 2c
3b%c¢ [a+bAr‘cCoth[f}] PolyLog[2, 1 - | + =b>cPolylog|[3, 1- ]
C c-X 2 c-X

Result (type 4, 198 leaves):

a3x+3a2ber‘cTanh[£] + zazbcLog[—c2+x2] -
X 2

C
(c-X) Ar‘cTanh[f] +2cC Log[lfe

-2 ArcTanh| <] } )

- c PolylLog [2, e—ZAr‘cTanh[ﬂ } ]

+

3 ab? [Ar‘cTanh [ E]
X

Ebs [_j C7T3+8cAr'cTanh[£]3+8xAr‘cTanh[£]3—
8 X X

24 c ArcTanh | S] ?Log [1- g2 AreTanh | | - 24 cArcTanh| E} Polylog|2, 2ArcTanh ] ]

X X

+12 c Polylog|3, g2 ArcTanh <] ] )
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Problem 154: Result unnecessarily involves imaginary or complex numbers.

3
J(a+bAr‘cTanh[i]) o

X

Optimal (type 4, 208 leaves, 9 steps):

X.\3 2 3 X )2
-2 (a+bAr‘cCoth[f]J Ar‘cTanh[l— ] +—Db (a+bAr‘cCoth[f]) PolyLog[Z, 1- } -
c 1-£7 2 c e
3 X2 2 3 X
~b (a+bAr‘cCoth[ﬂ) PolyLog[2, -1+ c] —;bz [a+bAr‘cCoth[f]) PolyLog[3, 1- c] +
2 C 1- = C _ <
X X
3 X 3 3
~b [a+bAr‘cCoth[f]] PolyLog[3, -1+ | + = b3 Polylog[4, 1 - | - =b*Polylog(4, -1+ ]
2 c 1-° 4 1-¢ 4 1-3
Result (type 4, 373 leaves):
adLog[x] + 3 a’b (PolyLog[Z, —E} - Polylog|2, E]) +
2 X X
i 3 c c
3202 [- 27, 2 AncTanh [E] >+ ArcTanh [5]2 Log[1+ g 2AncTanh[ <] | - ArcTanh [E] ’ Log[1 - g2ArcTanh ] ] -
24 3 X X X
Ar‘cTanh[E] PolyLog|2, —e’ZA"Ta"hH] —Ar‘cTanh[S} PolyLog|2, eZAPCTa"h[H} ! PolyLog|3, —e’ZA"Ta"hH} + i PolyLog|3, eZAPCTa"hH] +
X X 2
L (7714 +32ArcTanh| 5}4 + 64 ArcTanh | E} ’ Log [1+ o 2ArcTanh | | - 64 ArcTanh| E] > Log [1- g2AreTanh[ ] ] -
64 X X X
96 ArcTanh | E] ? PolyLog|2, - g 2ArcTanh 2] | - 96 ArcTanh| E] 2 PolyLog|2, g2AreTanh 2] | - 96 ArcTanh| E] PolyLog|[3, - g 2AreTanh 2] |+
X X X
96 ArcTanh [ | PolyLog|3, e“"“”“[ﬂ] - 48 Polylog |4, w’“"”a”“[ﬂ} - 48 Polylog|4, e“‘"”a”hm]
X

Problem 173: Result unnecessarily involves imaginary or complex numbers.

J‘ (a + bAr‘cTanh[Xc—z] )2
dx

X

Optimal (type 4, 144 leaves, 7 steps):
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x2 )2 2 1 x2 2
- [a + bAr‘cCoth[—]) ArcTanh |1 - | + =b|a+bArcCoth| —]|| PolyLog[2, 1- ——] -
c 1-5° 2 c 1-=
X X
1 x? 2 1 1 2
~b [a+bAr‘cCoth[} PolylLog[2, -1+ | - = b?Polylog(3, 1- | + =b?Polylog|3, -1+ ]
2 c 1-5° 4 1-5 4 1-5

Result (type 4, 183 leaves):

+

1 c c
a’log[x] + —ab (PolyLog[Z, - —] -PolyLog[2, —|
2 x? x?

. 3 c
lbz [ AN EAPcTanh[i]BJrArcTanh[i}zLog[1+e72ArCTa”h{Tz}] —Ar‘cTanh[iz]z Log[1-e

2 ArcTanh { :—2} ]
2 24 3 x2 X2 X

-2 ArcTanh {:—2] } ez ArcTanh H—Z] } -2 Ar‘cTanh{:—z} ] ez Ar‘cTanh[:—z} }

c
- ArcTanh|—| PolylLog|2,

c
ArcTanh|—] PolyLog|2, -e ;
X

1
- = Polylog[3, -e
x? 2

1
+ = Polylog|3,
2

Problem 176: Unable to integrate problem.

J*

Optimal (type 4, 1214 leaves, 98 steps):

Cc 2
a+bArcTanh[—|| dx

x2
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ib2c2x+iabcx3+gabc5/2Ar‘cTan[L] —inCS/ZAr‘cTan[L] —lijCS/ZAr‘cTan[L]Z—
15 15 5 Ve 15 \/? 5 \E
inCS/ZAr'cTanh[ X ]+ leCS/ZAr‘cTanh[L]er%bZCS/ZAr‘cTan[L] Log[2 - i] - —b’cx®Log[l- —| -
15 v s v s Ve Voix 1 <
leCS/ZAr‘cTan[L} Log[1—£]+ibcx3 2a—bLog[1—i} —leS/ZArcTanh[L} 2a—bLog{1—i] +
5 NI x2~ 15 x2 5 NS x2
Lx5 2a-blog[l- i] ’, ib2cx3 Log[1+ i] + labx5 Log[1+ i] + leCS/ZAr‘cTan[L} Log[1+ i} -
20 x2 15 x2° 5 x2 5 N x2
lb2 c*/2 ArcTanh|[ —— X | Log[1+ i] - ib2x5 Log[1 - i] Log[1+ i} +ib2x5 Log[1 + i}z—
5 NI x27 10 x2 x2° 20 x2
1+1i) (Ve -x
Eb2c5/2Ar‘cTan[L} Log[i]+1b2c5/2Ar‘cTan[ X ]Log[( ) ( )}2b2c5/2Ar‘cTanh[X} Log | 2 Ve |+
> Ao Ve —ix 3 Ao e —ix > Ve e +x
1 X 2\/c_(\/— —x) 1 X 2\/—<\/—c +x)
= b2 2 ArcTanh| ——] Log]| |+ b2 c*2 ArcTanh| ——] Log]| |+
> Ve (\/7c e (\/?+x) Ve (\/7c ) ( )
Ve +x
lb2 c>? Ar‘cTan[L} Log[ ( ) b2 */2 ArcTanh [ —— X | Log|2- 2V |+
> Ve Ve -ix Ve Ve +x
1+1 \/?—X

lJib2 c*>/2 Polylog[2, 1- i] - 1Jibz c*/2PolyLog[2, -1+ £] S ib?c>2Polylog[2, 1- ( ) ( ) |+
5 Ve —ix 5 Ve —ix 10 Ve —ix
lb2 c*/2Polylog|2, —L] ! i b2 c®? Polylog|2, - 1x |+ lJib2 c*2polylog|2, H} - lb2 c*/2Polylog|2, X |+
: s N NERRE Ve

24/ 24/ 2V [Voe x|

1 1 1
= b2 c*2Polylog|2, 1- | - =b2c*?PolyLog[2, -1+ | - —b*c*2Polylog|2, 1 -

5 Vx5 VT x 10 (Ve Ve (Ve ]

1 2\/?(\/—c +x) 1 (1-1) (\/?+x)
—b?c*2Polylog[2, 1- | - —1ib?c>’?PolyLog[2, 1- ]
1o (\/—c +\/?) (\/?+x) 10 o —ix

} -

Result (type 8, 18leaves):
Jx“ a+bArcTanh [ i] ’ dx

x2
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Problem 177: Unable to integrate problem.

J*

Optimal (type 4, 1172 leaves, 80 steps):

C 2
a+bArcTanh|[—]| dx

x2

iabcx—gabci‘/ZAr‘cTan[ X ]+ib2c3/2Ar'cTan[ X ]+libzc”zAr‘cTan[L}z—ibzc”zAr'cTanh[ X |+
e el el s Ve
lb2 c3/2ArcTanh[L]2— Eb2 c3/2Ar‘cTan[L} Log[2 - i} - Ebzchog[l— i] + 1b2 c3/2Ar‘cTan[L] Log[1 - i] -
3 Joo 3 Jo Jo —ix 3 K203 Jo x2
lbc3/2Ar'cTanh[L} (Zabeog[l—i] Jrix3 2a—bLog[1—i} 2+Eb2chog[1+i}+1abx3Log[1+i]f
3 NI x2 12 x2 3 x2° 3 x2
lb2 c3/2Ar‘cTan[L} Log[1+i] - 1b2 c3/2Ar‘cTanh[L] Log[1+i] - lbzx3 Log[1 - < } Log[1+ i} + —b2x3 Log[1+ i}2+
3 NI x2 3 NS x> 6 x2 x2° 12 x2
1+1 \/?—X
Eb2 c3/2ArcTan[L} Log[i] ! =~ b? 2 ArcTan| X | Log]| ( ) ( ) ] —Eb2c3/2Ar‘cTanh[L} Log| 2 |+
3 Ve Ve -ix 3 Ve Ve -ix 3 Ve Ve +x
1 X 2\/?(\/—c —x) X 2\/?(\/—c +x)
~b? 2 ArcTanh | —| Log] |+ b2 c*? ArcTanh| ——] Log| -
3 Ve (\/T—\/?) (\/?+x) Ve (\/?Jr\/?) (\/?+x)
Ve +x
ERRI: Ar‘cTan[L} Log[ ( ) b2 /2 ArcTanh [ —— X | Log|2- 27/ |-
3 o Ve —ix Ve o +x
1+1i) (Ve -x
Lipen Polylog[2, 1- i] L lip e Polylog[2, -1+ i] L lipr e Polylog[2, 1- (24) ( ) |+
3 \/?—Jix 3 \/?ij 6 \/?—Jlx
lb2 c*2polylog|2, - X ]+ 1J'1b2 c*2polylog|2, —jix] - lJ'lb2 c*2polylog|2, H} - 1b2 c*2Polylog|2, L] +
3 e Vel s Nl Ve
2\/? 2\/? 2\/?(\/— 7x)

1 1 1
= b?c*2Polylog|2, 1- | - =b?c*?Polylog[2, -1+ | - =b?c*?PolyLog[2, 1-

3 Ve +x 3 Ve +x 6 (\/T—\/?) (\/?+x)

lb2c3/2PolyLog[2,1— Z\E(\/TH( }+lib2c3/2PolyLog[2,1— (1-4) <\/?+X)]
6 (\/T-%—\/?) (\/?+x) 6 Ve -ix

Result (type 8, 18leaves):

J*

[ 2
a+bArcTanh|[—]| dx

x2
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Problem 180: Unable to integrate problem.

2
J\ (a + bAr‘cTanh{xc2 ]) .

x4

Optimal (type 4, 1263 leaves, 105 steps):

2ab_Zab_ZabAr‘cTan[%} +4b2Ar‘cTan[%} ) inArcTan{%]z 4b2Ar‘cTanh[%] _bZAr‘cTanh[Lc]z

9x3 3cx 3¢c3/2 3c3/2 3 c3/2

ZbZAPCTan[%] Log[z—ﬁ%] _b2 Log[l,xc_z] b2 Log[lf:—z} bzArcTan[%} Log[l—x%] b(Za,bLog[l,:—zm

3c3/2 3c3/2

3¢32 9x3 : 3cx : 3¢3/? ) 9x3 )
b(2a-bLog[1- £]) +bAPcTanh[%} (2a-blog[1- <]} ) (Za—bLog[l—X%”Z_abLog[1+X%] 20%Log[1+ £
3cx 3¢3? 12 x3 3x3 3cx

bZAr‘cTan[&] Log[1+ x‘—z] bZArcTanh[J"?] Log[1+ X‘—z} b2 Log[1- Xc_z] Log[1+ Xc_J b? Log 1 + %]2 2b2Ar'cTan[}] Log[i]

+ + X + < Ve six
3¢3/? 332 6 x3 12 x3 3¢32
. Ve [V-c ]
(1+i) [V x b2 ArcTanh| 2= L -
bZArcTan[%] Log| N ] ) 2b2Ar~cTanh[%] Log[%} rcTan [F} og| e e) (\F+x)} )
3 ¢c3/2 3 ¢3/2 3 ¢3/2
2V (Ve +x) ‘
b2 ArcTanh | >~ | L (1-5) (Ve x
rctan [W] og| (Ve E) (Ve ) ] ) bzAr‘cTan{%] Log| N ] ) 2b2Ar‘cTanh[%] Log[2 - ZJF%]
3C3/2 3C3/2 3c3/2
2 2 b2 _ 2+c b2 _ M 2 X
i b2 Polylog|2, 1 Wﬂix] ) ib?Polylog|2, -1+ Wﬂix] ) i b2 Polylog|2, 1 N ] ) b? Polylog|2, ﬁ] )
3C3/2 3c3/2 6C3/2 3C3/2

C

12 _ix D12 ix 2 X 2 _24vc 2 _ 2vc
i b2 Polylog|2, W] i b2 Polylog|2, F] b? PolyLog|2, ﬁ] b2 Polylog|2, 1 = | b2pPolyLog[2, -1+ |

C +X C +X
3 C3/2 N 3 C3/2 " 3 C3/2 - 3 C3/2 * 3 C3/2
, 2vc [(V=e ) 2 2V (Ve (1-1) (Ve +
b? Polylog|2, 1 - e ve) (e | b2PolyLog[2, 1- e e) (e | 2 PolyLog|2, 1 - Wﬂlcx x ]
6c3/2 " 6c3/2 " 6C3/2

Result (type 8, 18leaves):

(a +bArcTanh| <] )2
J x dx
X4
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Problem 181: Unable to integrate problem.

2
J\ (a + bAr‘cTanh{xc2 ]) .

x6

Optimal (type 4, 1337 leaves, 130 steps):

X 2 X L2 x 12 2 X
2ab  2ab  2ab  8b? 2abAr‘cTan[—c | 4b Ar‘cTan[—\E] ib Ar‘cTan[—W] 4b Ar‘cTanh[—ﬁ}
- + - + - - +
25x> 15cx® 5c¢?x 15c?x 5 c>/2 15 ¢5/2 5 c>/2 15 ¢>/2

b? Ar‘cTanh[%}2 2 b? Ar‘cTan[%] Log[Z— ﬁ%] b2 Log[lf Xc_z] b2 Log[lf XC_Z] b2 Log[lf :_2} b2 ArcTan[%} Log[l— X%]

5 c°/? 5 c°/? 25 x° : 15 ¢ x3 ) 5c?x ) 5 c°/? )
b(Za—bLog[l—X%]) b(2a—bLog[1—X%]) b(Za—bLog[le%}) bAr‘cTanh[%] (Za—bLOg[l—:—z]) (Za—bLog[l—x%])2
_ _ + _ _
25 x° 15 ¢ x3 5c?x 5c°/2 20 x°

abLog[1+Xc—z] 2 b2 Log[1+xc—2} bZAPcTan[%] Log[1+xﬂ bzAr‘cTanh[%] Log[1+ XC—Z} b2 LOg[l‘Xc_z] Log[1+i}

- + + + -

5 x° 15¢cx3 5c¢°/2 52 rox
(1+i) (Ve -x
b2 Log[1+:—2]2 _2b2Ar‘cTan[%] Log[ﬁ%] +b2Ar‘cTan[%} Log | N ] ) 2b2ArcTanh[%] Log[bc%]
o 5 52 5 5/2 5¢5/?
2 x 2v/c (V=c ) 2 x 2/ (Vo ] (1) (Ve +x
ot arctanh | el toBl [ e ey | P AreTan L tee L g | et ancTan[ ] Log[
5 ¢5/2 B 5 ¢5/2 ' 5c>/2 _

2b2 ArcTanh [ %] Log[2 2Je ] p2polylog[2, 1- 2L ib?Polylog[2, -1+ -2Y<] ib2PolyLog|2, 1- M]
C

_\E+x Ve -ix Ve -ix B Ao -ix
5 C5/2 5 C5/2 5 c5/2 10 C5/2
b2 Polylog[2, - ﬁ] i b2 Polylog|2, - RW_X] i b2 PolyLog|2, lrx} b? PolyLog|2, } | b?*Polylog[2, 1- ?E}
C C C C C +X
5c5/2 N 5C5/2 - 5C5/2 - 5c5/2 N 5C5/2
23/ (V< x| 2 (Ve ) (e
b2 Polylog[2, 1+ 2c ] b?Polylog[2, 1- Ve ~e) (Ve | b*Polylog|2, 1~ (Ve e ) (Ve | ib2PoryLog[2, 1- %(F_L]
C +X c-1X
5C5/2 10 c5/2 * 10 CS/Z N 10 c5/2

Result (type 8, 18leaves):

J (a + bAr‘cTanh[:—z] )2
dx

x6
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Problem 199: Result unnecessarily involves imaginary or complex numbers.

(a +bArcTanh[c/x | )2
dx

X

Optimal (type 4, 145leaves, 7 steps):

4 ArcTanh|1 - #} (a +bArcTanh|c/x | )2 -2b (a +bArcTanh|c \/7]) Polylog|[2, 1- #] +
1—C\/? 1—C\/;

2b (a+bAr‘cTanh[c \/7]) PolyLog[2, -1+ #] +b?PolyLog[3, 1- #] - b?PolyLog[3, -1+ 2 ]
1—cx/? 1—C\/? 1—C\/;

Result (type 4, 203 leaves):

a’log[x] +2ab (—PolyLog[Z, ~c+/x | +PolylLog|2, C\/;” +

52 i3

24 3

PolyLog|2, fe’ZA'"CTa"h{“/?H +ArcTanh|[c+/x | PolylLog|2, eZA"Ta”h{CW]] + : PolyLog|3, fe’ZA“Ta”h[CWH ! PolyLog|3, e“"”a“h[cWH
2 2

Problem 206: Result unnecessarily involves imaginary or complex numbers.

2 ArcTanh [c \/;] > _ ArcTanh [c \/?] 2 Log [1 4 @ 2ArcTanh /x| } + ArcTanh [c \/;] 2 Log [1 _ @2 ArcTanh[c Vx| } + ArcTanh [c \/?]

2

]

J‘(a+bAr‘cTanh[cx/7])3
dx
X
Optimal (type 4, 224 leaves, 9 steps):
4 ArcTanh[1 - 2 ] (a+bArcTanh[c \5])373b (a+bArcTanh[c W])zPolyLog[z, 1- #} +
1-cVx 1-cVx

3b (a+bAr‘cTanh[c \/;])ZPolyLog[Z, 1+ | +3b? (a+bAr‘cTanh[c \/;]) PolyLog[3, 1- #] -
1-cVx 1-cVx

3 b? (a+bAr‘cTanh[c \/?}) PolylLog[3, -1+ #} - ib3 PolyLog[4, 1 - 2 |+ ib3 PolyLog[4, -1+
1-cx 2 1-c/x 2

Result (type 4, 423 leaves):

1-c/x



7.3 Inverse hyperbolic tangent.nb | 37

alog[x] +3a’b (—PolyLog[z, ~c+/x | +PolyLog|2, C\/Y]) +

i3

6 ab? ~ 2 ArcTanh [cV/x ] ® _ ArcTanh [cV/x | ? Log [1+ @ 2ArcTanh[c Vx| | +ArcTanh|c \/—] Log[1 - g2 ArcTanh[c+/x | ]+

24 3
ArcTanh[c+/x | PolyLog|2, _ g 2AncTannc \FH +ArcTanh[c \/x | PolylLog|2, @2ArcTanh [c WH .

1 PolyLog[3, -e? ArcTanh ¢ /x| ] - 1 PolyLog|3, € ArcTanh ¢ /x| ] ] +
2 2

£ b3 (7T4 - 32 ArcTanh|c \/;]4 - 64 ArcTanh|[c \/?} ’ Log [1+ @ 2ArcTanh [c /x| | +64ArcTanh|c \/_} Log[1 - @2ArcTanh /x| | +96 ArcTanh|[c \/;] 2
32

PolyLog|2, _ g2 ArcTann[c WH +96 ArcTanh[c V/x | 2 PolyLog|2, eZA“Ta”h{CWH +96 ArcTanh[c \/x | PolylLog|3, _ g 2ArcTanh|c WH -
96 ArcTanh[c V/x | PolyLog|3, e ArcTanh ¢ /x| | +48PolyLog[4, _ g2 ArcTanh [ /x| | +48PolyLog[4, g2 ArcTann [ /x| ] )

Problem 222: Result unnecessarily involves imaginary or complex numbers.

b ArcTanh|[c x3/2])?
J(a+ rcTanh|c x ]) i

X

Optimal (type 4, 156 leaves, 7 steps):

4 (a+bArcTanh[cx??| )ZArcTanh[lf 2 ] - Eb (a+bArcTanh|[cx*?]) PolyLog|2, 1- 2 .

3 1-cx3/2 3 1-cx3/2

2 3/2 2 1. 2 1., 2
S b (a+bArcTanh[cx*?]) PolyLog[2, -1+ 1—cx3/2} + ; b? PolyLog|[3, 1 - 1—cx3/2] 3 b% PolyLog[3, -1+ oon

Result (type 4, 207 leaves):

a?Log[x] + Ea b (—PolyLog[z, —cx3/2] +PolyLog[2, cx3/2]) N
3

. 3 /. /
2 p2 | 215 2 ArcTanh|[c x*/2] ® _ ArcTanh [ex*/?] ? Log [1+e? ArcTanh [ /2] | +ArcTanh|[c x3/2} Log[1 - g2 ArcTanh[cx*/?] | +ArcTanh[c x*/?]
3 24 3
Polylog[2, _ @-2ArcTanh[cx¥/2] | +ArcTanh[c x*/2] PolyLog|2, @2 ArcTanh|c x¥?| ] + 1 PolyLog|3, _ @-2ArcTanh[cx¥/2] ] - 1 Polylog |3, e’ ArcTanh|c x*/2 | ]
2 2

Problem 227: Result unnecessarily involves higher level functions.

a+bArcTanh[c x"]
J dx

X
Optimal (type 4, 36 leaves, 2 steps):

bPolyLog[2, -cx"] bPolylLog[2, cx"]
+
2n 2n

alog[x] -




38 | 7.3 Inverse hyperbolic tangent.nb

Result (type 5, 39leaves):

bcx" Hyper‘geometr‘icPFQ[{%, %, 1}, {3, 3}, c2x2n]

+alog[x]
n

Problem 233: Result unnecessarily involves imaginary or complex numbers.

J(a +bArcTanh[cx"])?
dx

X

Optimal (type 4, 148leaves, 7 steps):

2 (a+bArcTanh[cx"] >2Ar‘cTanh[1— 1-:x"} b (a+bArcTanh[cx"]) PolylLog[2, 1- l_zxn}
- +

n n
b (a+bArcTanh[cx"]) Polylog[2, -1+ —>—] b2Polylog[3, 1- —2—] b?PolyLog[3, -1+ —>]

1-cx" 1-cx" 1-cx"
+ _

n 2n 2n

Result (type 4, 181 leaves):

ab (-Polylog[2, -cx"] +Polylog[2, cx"]) 1
aLog[x] + gl
n n

i3

2 ArcTanh|[c x"]| > _ArcTanh [cx] ? Log [1+ @-2ArcTanh [cx"] | +ArcTanh|[c x"] ? Log [1- @2 ArcTanh[cx"] | +ArcTanh|[c x"]
24 3

b2

n n 1 n 1 n
PolyLog [2, 7e—2Ar'cTanh[cx ]} + ArcTanh [C Xn} PolyLog [2’ e2Ar‘cTanh[cx ] ] + = Polylog [3’ 7e—ZAr'cTanh[cx ]} -~ polylog [31 eZAr'cTanh[cx ]}
2 2

Problem 236: Result unnecessarily involves higher level functions.

ArcTanh[a x"]
J— dx

X
Optimal (type 4, 30leaves, 2 steps):
PolylLog[2, -ax"] PolylLog[2, ax"]
- +
2n 2n

Result (type 5, 33 leaves):
axn Hyper‘geometr‘icPFQ[{i, i, 1}, {%, %}, a?x2n]|

n

Test results for the 49 problemsin "7.3.3 (d+e x)"m (a+b arctanh(c x*n))*p.m"
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Problem 5: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.
Ja+bAr‘cTanh[c X]

dx
d+ex

Optimal (type 4, 114 leaves, 4 steps):

1+c X (cd+e) (l+cx) 1+C X (cd+e) (l+cx)

(a+bArcTanh[cx]) Log[ —=—] (a+bArcTanh[cx]) Log[ —2<@#X—]  ppolyiog[2, 1- —2-] bPolylog[2, 1~ —2<(dex ]
N _
e e 2e 2e

Result (type 4, 257 leaves):

1 o cd
alog[d+ex] +bArcTanh[cx] | — Log[l—c:2 xz} +Log[1 Slnh[Ar‘cTanh[f] +ArcTanh|[c X]H -

e 2 e
2
lJib —li (ﬂ—ZiAPCTanh[CX]>2+i [Ar‘cTanh[ﬂ] +ArcTanh[cx] | + (r-21iArcTanh[cx]) Log[1+e?AreTanhiex]] 4
2 4 e
2 ; ﬂ -2 (Ar‘cTanh{i} +ArcTanh[c x]) . 2
i |ArcTanh[——] +ArcTanh[cx] | Log[1-e . | - (r-2iArcTanh[cx]) Log[ ————]
e 1-c?x?

cd
Log[2 i Sinh[ArcTanh|[—| +ArcTanh[cx]]] -

) cd
21 [Ar‘cTanh [—] +ArcTanh[cx]
e

e

i Polylog|[2, -e?A"Tamicxl | _ j polylog[2, e (ArcTanh | “?] cArcTanh (c x) | ] ] ]

Problem 12: Unable to integrate problem.

(a+bArcTanh[cx] )2
J dx

d+ex

Optimal (type 4, 188 leaves, 1step):

(a+bArcTanh[cx])? Log[ 2] (a+bArcTanh[cx])? Log[ —2<dex—] b (a+bArcTanh[cx]) Polylog[2, 1- ——]

1+cx (cd+e) (1+cx) l+cx
- + +

e e e
b (a+bArcTanh[cx]) PolyLog|2, 1- —Acldiex] 1 Polylog(3, 1- 2-| b? Polylog|[3, 1 - —2<ldexi ]

(cd+e) (1+cx) 1+C X (cd+e) (1+cx)

e 2e 2e

Result (type 8, 20leaves):

(a+bArcTanh[c x] )2
J dx

d+ex
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Problem 13: Result unnecessarily involves imaginary or complex numbers.

2

(a+bArcTanh[cx])
J dx

(d+ex)2

Optimal (type 4, 321 leaves, 12 steps):
(a+bArcTanh[c x] )2 bc (a+bArcTanh[cx]) Log[i] bc (a+bArcTanh[cx]) Log| ——]

_ + _ 1+Ccx
e<d+ex) e(cd+e) (cd—e)e
2bc (a+bArcTanh[cx]) Log[lix] ) 2bc (a+bArcTanh[cx]) LOg[—(—)_(cZie>d+<ijcx>] ) b? c PolyLog[2, 1- 172”] )
c2d? - e? c2d? - e2 2e (cd+e)
crolyion[z, 1 2] bcroiyioel2, 3 (L] ¥ criop(z, 1 e
2 (cd-e)e c2d? - e? 242 _ 2

Result (type 4, 317 leaves):

abc (7 2 ArcTanh[c x] L L=< d+e) Log[l-c x]+(cd+e) Log[l+c x]-2eLog[c (d+ex) ] )
cd+cex (cd-e) (cd+e)

a2

- + +
e (d +ex> e
-ArcTanh ﬂ]
1 e L ArcTanh[c x]2 xArcTanh[c x]?2 1
Zp? |- [ ] N [ ] + cd (iﬂLog{1+e2ArcTanh[cx]} _
d . d+ex c2d?-e2
C
1- 22

ArcTanh| <% | +ArcTann (c x] | | - 2ArcTanh | ﬂ} ArcTanh[c x] +

2ArcTanh[cx] Log[1 - e 2
e

1
—ir [ArcTanh[c x] - — Log[1-c*x?]
2

Log[1 - o2 (ArcTanh [t carcTanh e x) | - Log[i Sinh[ArcTanh]| ﬂ} +ArcTanh[cx] || ) + PolyLog|2, o2 [ArcTanh[ %] arcTanh [ x) ]

e

Problem 14: Result unnecessarily involves imaginary or complex numbers.

(a+bArcTanh[cx] )2
J dx

(d+ex)3

Optimal (type 4, 480 leaves, 18 steps):
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bc (a+bArcTanh(cx]) (a+bArcTanh[cx])? bc? (a+bArcTanh[cx]) Log| —>—] b2 c2 Log[1 - ¢ x] bc? (a+bArcTanh[cx]) Log[ —*—]
N _

1-cx l+cx
- +

(c2d*-e?) (d+ex] 2e (d+ex)? 2e (cd+e)? 2 (cd-e) (cd+e)? 2 (cd-e)?e

2c (d+ex) }
(cd+e) (l+cx)

2bcd (a+bArcTanh[cx]) Log[ —2—] b2 c2 Log[1 + € X] b2 c2e Log(d + e X] 2bcd (a+bArcTanh[cx]) Log|
. _

1+cx

(cd—e)z(cd+e)2 2(cd—e)2(cd+e) (cd—e)2<cd+e)2 (cd—e)z(cd+e)2

b2 c2Polylog[2, 1- —2-| b2c2Polylog[2, 1- —2-] b2c>dPolylog[2, 1- —2-] b*>c*dPolylog[2, 1~ —2cldexl—]
- +

1-cx . 1+cC X 1+Cx (cd+e) (1+cx)
4e(cd+e)2 4(cdfe)2e (cdfe)z(cd+e)2 (cdfe)z(chre)2
Result (type 4, 467 leaves):

Log[licx]+ 2e (-2 d?re2+2c2d (drex) Log|c (drex)])

abcz 2 ArcTanh[c x] Log[l-cXx] c [cdie)? (drex)
2 (cd+cex)? (cd+e)? (-cd+e)?
a
- - +
2e <d+ex)2 2e
1 b 2 e (1-c?x?) ArcTanh[cx]? 2xArcTanh[cx] (-e+cdArcTanh[cx])
d + +

2(cd—e) <cd+e) (cd+cex)2 cd(d+ex)

2e|-eArcTanh[cx] + cd Log| <ldexl ) .

1-c2 x2 1 c°d _ cd
<X + 2] [1- eeArﬂanh{e}Ar‘cTanh[cx}2+icd
c3d®>-cde? c?d?-e? e?

(— (7‘( - 21 ArcTanh [ g] e—z (ArcTanh{%] +ArcTanh [c x]) ] .

cd
ArcTanh[c x] + 7 Log[1 + e2ArcTanhlex] ], 5 4 (Ar‘cTanh[f} +ArcTanh[cx] | Log[1 -
e

e

: nlog[1-c?x?] -21iArcTanh]| ﬂ} Log[i Sinh[ArcTanh| Q} +ArcTanh[cx] || - i PolylLog|2, e’ (arcTanh [ <] carcTanh e x] ]

2 e e

Problem 18: Unable to integrate problem.

(a+bArcTanh[cx] )3
J dx

d+ex

Optimal (type 4, 272 leaves, 1step):
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(a+bArcTanh[cx] )3 Log| -] (a+bArcTanh[cx] )3 Log[w}

2 2
i . coe) x| 3b (a+bArcTanh[cx])?Polylog[2, 1- 1+CX]
e e 2e
2 __2c (d+ex) 2 2
3b (a+bArcTanh[cx]) Polylog[2, 1 cdie) (Locx) ] ) 3b? (a+bArcTanh[cx]) PolyLog[3, 1 - 1+CX]
2e 2e

3 b2 (a+bAr‘cTanh[c x}) PolyLog[3, 1- M}

3 2 3 _ _2c(drex)
(cd+e) (1+cx) 3 b* PolyLog [4-’ 1- } 3b” Polylog [4’ 1 }
+ _

1+cx (cd+e) (l+cx)

2e 4e 4e

Result (type 8, 20 leaves):
J (a+bArcTanh[cx] )’

dx
d+ex

Problem 19: Unable to integrate problem.

(a+bArcTanh[c x] )3
J dx

<d+ex)2

Optimal (type 4, 517 leaves, 9 steps):

(a+bAr‘cTanh[cx] )3 3bc (a+bAr‘cTanh[c x] )2 Log[i}

3bc (a+bAr‘cTanh[cx}>2Log[ﬁ} ) 3bc (a+bAr‘cTanh[cx})2Log[lfcx]
N
e<d+ex) 2e(cd+e) 2(cd—e)e

3bc (a+bArcTanh[cx] >2L0g{ﬁ<)d:—i+xc%)} 3b%c (a+bArcTanh[cx]) Polylog|2, 1- ﬁ]
+

c2d?-e?

) 3b2c (a+bArcTanh[cx]) Polylog[2, 1- 1+2cx} )
c2d?-e? 2e(cd+e) Z(Cd—e)e
3b%c (a+bArcTanh[cx]) Polylog|2, 1 - 1+2cx] 3b2c (a+bArcTanh[cx]) Polylog|2, 1 - %]
c?d?-e? : c2d?-e?
d+
3b3 cPolylog|3, 1- ﬁ} ) 3b® c Polylog[3, 1- 1+2CX] ) 3b® c Polylog[3, 1- 1+2cx] ) 3b* cPolylog|3, 1- ﬁ)x—)]
4e(cd+e> 4(cd—e>e 2(c2d2—ez) 2(c2d2—e2)

Result (type 8, 20leaves):

(a+bArcTanh[cx] )’
J dx

<d+ex)2

Problem 20: Attempted integration timed out after 120 seconds.
(a+bArcTanh[cx] )3
J (d + ex)3

dx
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Optimal (type 4, 953 leaves, 21 steps):

3bc (a+bArcTanhcx])? (a+bArcTanhicx])? 3b2c2(a+bAr‘cTanh[cx])Log[ﬁ] 3bc? (a+bArcTanh[cx])? Log| 2]
N _

l-cx

2 (c2d*-e?) (d+ex) 2e (d+ex)? 2 (cd-e) (cd+e)? 4e (cd+e)?

3b?c2e (a+bArcTanh[cx]) Log[lf?] 3b%c? (a+bArcTanh[cx]) Log{ﬁ} 3bc? (a+bArcTanh[c x})ZLog{lfcx]
. _

(cd—e)z(cd+e)2 2(cd—e)2(cd+e) 4(cd—e)2e

3bc3d (a+bArcTanh[cx])? Log[ 2| 3b2c?e (a+bArcTanh[cx]) Log[ —2<14eX—] 3pc3d (a+bArcTanh[cx])? Log| —2<(dex—]

1+C X (cd+e) (1+cx) (cd+e) (1+cx)

(cdfe)z(chre)2 (cd—e)z(cd+e)2 . (cd—e)z(chre)2
3b%c? Polylog|2, 1—&] ) 3b2c? (a+bArcTanh[cx]) Polylog|2, 1—i} ) 3b%c2ePolylog(2, 1- 1+2cx] )
4(cd—e) (chre)2 4e(cd+e)2 2(cd—e)2(cd+e)2

3b3c?Polylog[2, 1- i] 3b2c? (a+bArcTanh[cx]) Polylog[2, 1- ﬁ} 3b2c®d (a+bArcTanh[cx]) Polylog[2, 1- 2 ]
+

1+cx

4(cd—e)2(cd+e) 4(cd—e)2e (cd—e)z(chre)2

3b3c?ePolylog(2, 1- M)—] 3b>c*d (a+bArcTanh[cx]) Polylog[2, 1- M)—] 3b%c2Polylog(3, 1- 2|

(cd+e) (1+cx) (cd+e) (1+cx) 1-cx

+

2 (cd-e)? (cd+e)? (cd-e)? (cd+e)? 8e (cd+e)?

3b3c2PolyL0g[3,1_ 2 ] 3b3c3dPolyLog[3,1— 2} 3b3c3dPolyLog[3,1f 2¢ (d+ex) ]
- +

1l+cx 1+cx (cd+e) (1+cx)

8(cd—e)2e 2(cd—e)2(cd+e>2 2(cd—e)2(cd+e)2

Result (type 1, 1leaves):
22?

Problem 21: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

a+bArcTanh[c x]
J dx

1+2cx

Optimal (type 4, 67 leaves, 4 steps):

(a—bAr‘cTanh[ﬂ) Log[—l*zzd”] bPolylog[2, -1 -2 cx] b PolyLog|2, i (1+2cx)]
- +

2c¢c 4c 4c

Result (type 4, 240 leaves):
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alog[l+2cx] +bArcTanh[c x]
2c

1 Log[1-c*x?] + Log[i Sinh[Ar‘cTanh[l] +ArcTanh[cx] | ]| -
2 2

1
—1ib
2

1 2

1
- =1 (7m-21iArcTanh[cx] )2+ i [Ar‘cTanh[—] +ArcTanh[cx] | + (r-2iArcTanh[cx]) Log[1+e?ArcTanhicx]]
4 2

+

21 [Ar‘cTanh[

] + ArcTanh [C X] -2 (Ar‘cTanh{ﬂ +ArcTanh[c x]) } (

2
- (r-2iArcTanh[cx]) Log[ ————] -
1-c2x?

Log[1-e

| +ArcTanh[c x]

1
21 [Ar‘cTanh[ Log[2 i Sinh[ArcTanh| =] + ArcTanh[cx] ]| -

2

iPolylog|2, -e?ArcTanhiexl] _ j polylog|2, o2 [ArcTanh[ 2 [ carcTanh (e x) ] ] )

Problem 22: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.
JAr'cTanh[x}
1- \/7 X

Optimal (type 4, 88 leaves, 4 steps):

dx

2-1/2
- +

V2 22 22
Result (type 4, 272leaves):

Ar‘cTanh[%] Log[l—\/?x] PolyLog[Z, —@] PolyLog[Z, ;LJ;X}

1 1
72 —4Ar‘cTanh{7]2 -4 1 ArcTanh[x] + 8 ArcTanh|[——] ArcTanh[x] - 8 ArcTanh[x]? +

82 V2 V2

1 2 ArcTanh { L} -2 ArcTanh [x] 2 ArcTanh [ %} -2 ArcTanh [x]
8ArcTanh| —] Log[1-e Ja | -8ArcTanh[x] Log[1-e V2 | +41imLog[1+e2hreTamhixl]

V2

2 2
8 ArcTanh[x] Log[1+e2A"TaMX]| 4 ;log| ————] - 8 ArcTanh[x] Log[ ————] -4 ArcTanh[x] Log[1 - x?] -
NE Vi-x2

1

8 ArcTanh[x] Log [— i Sinh [Ar‘cTanh [

! } - ArcTanh [x] ] ] -8 Ar‘cTanh[ ] Log [—2 i Sinh [Ar‘cTanh [ i] - ArcTanh [x] ] ] +
V2 V2 V2
1

2Ar‘cTanh{ !

—]—2 ArcTanh[x]
8 ArcTanh[x] Log[-2 i Sinh[ArcTanh[——| - ArcTanh[x] || + 4 PolylLog[2, e V2 | +4PolyLog[2, -e2ArcTanhix] |

2
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Problem 26: Result unnecessarily involves imaginary or complex numbers.

Ja +bArcTanh|c x?] 4
X

d+ex
Optimal (type 4, 325leaves, 19 steps):
bLog[ﬂﬂ)—] Log[d + e X] bLog[f‘a e x | Log[d +ex] bLog[E Le x | Log[d +ex]

(a+bArcTanh[cx?]) Log[d+eX]  die Jc de Jc dee
- - + +
e 2e 2e 2e
bLog[—e L/e x | Log[d+ex] bPolyLog|2, M} b PolyLog|2, M] b PolylLog|2, M] b PolyLog|2, M)—]
¢ d-e B A/ -c d-e ¢ d-e ~ v -c d+e \c d+e
2e 2e 2e 2e 2e

Result (type 4, 285 leaves):
alog[d+ex] 1
arbeldrexs o~

e 2e
o lioVe I ‘(10 vE
b ZAPCTa”h[CXZ] Log[d +eXx] *Log[i] Log[d + e x] fLog[*4} Log[d + e x] +L0g[*7] Log[d+ex] +
\/?d+].].e \/?d—]ie \/?d_e
_ d g
Log[d + e X] Log[ﬂ] +p01y|_og[2) M] _polyLogPJ M} _
\/C—d+e \/?d_e \/C—d—j_e
\/?<d+ex) \/?(dJrex)
PolyLog[Z, 7} +PolyLog[2, 7]
Veod+ie Jedse

Problem 30: Attempted integration timed out after 120 seconds.

b ArcTanh[c x2])?
J(a+ rcTanh[c x?]) i

d+ex
Optimal (type 9, 22leaves, 0steps):

(a+ bAr‘cTanh[c xz] )2

Unintegrable [ » X]

d+ex

Result (type 1, 1leaves):

???
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Problem 34: Attempted integration timed out after 120 seconds.

Ja + b ArcTanh[c x?] 4
X

d+ex
Optimal (type 4, 523 leaves, 25 steps):

e (1-c¥/3x e (1+cY/3x
(a+bArcTanh[cx3]) Log[d + e x] b Log| e | Log[d+ex] blog|- Y | Log[d +ex]
+ - +

e 2e 2e

e (-1) 1/3,¢1/3 e (—1)2/3+c1//3 X b (71)2/’3 e (1+ (71)1/3 cl/3 X) q
bLog[— e e } Log[d + e x] bLog[— a0 e ] Log[d + e x] Log[ Tra e } Log[d + e x]
- +
2e 2e 2e
(-1)3e (1+(*1)2/3 /3 X) 1/3 1/3
cl/ d+e x c/ d+e x
blog[— . .. ) logldrex] bPolylog[2, < (hex] ) bPolyLog[2, & (&ex | )
2e 2e 2e

'/ (drex) /3 (dvex) c/3 (d+ex) /3 (d+ex)

b PolyLog|2, cl/3d—(—1)1/3e] bPolylog|2, cl/3d+(—1)1/3e} b PolyLog|2, c1/3d—(—1)2/3e] b Polylog|2, c1/3d+(—1)2/3e}
- - +
2e 2e 2e 2e

Result (type 1, 1leaves):

???

Problem 44: Result unnecessarily involves imaginary or complex numbers.

JXZ (a+bAr‘cTanh[c \/?])

d+ex

dx

Optimal (type 4, 460 leaves, 20 steps):
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bdvx b+x bx3? bdAr‘cTanh[cx/?] bAr‘cTanh[cx/Y}
_ N . _ _

+

ce? 2c3e 6ce c2e2 2che

dX<a+bAr‘CTanh[c \/?” x2 (a+bAr~cTanh[c\/Y” 2 d? (a+bAr‘cTanh[cx/7” Log[hczﬁ}
e? ' 2e B o3 +

2 2¢ [V-d Ve x| ) 2¢ (V@ /e Vx|

d (a +bArcTanh|[c \/7]) Log| (v e 1ec /¥ | d (a +bArcTanh|[c \/7]) Log | V] (e
e3 3
: e el
bd? Polylog[2, 1- ﬁ] b d2 PolyLog[2, 1 (e (1o ] | bd?Polylog|2, 1 o] (o] ]
e’ i 2e3 B 2e3

Result (type 4, 558 leaves):

1 2,2 2
—— |-6adex+3ae“x"+6ad”Log[d+ex] +

6 e3
%b 2ce (-3c*d+2e) Vx +ce?/x (-1+c*x) -6 (c*d-e) e (-1+c%X) Ar‘cTanh[C\/?} +3e? (—1+c2x)2Ar‘cTanh[C\/?} -
c

6 c* d? (Ar‘cTanh [cVx | [ArcTanh[c+/x | +2Log[1+ @ 2 ArcTanh [ /x| ] ) - Polylog|2, _ g2 ArcTanh [ /x| ] ) +

c2d cevx

| ArcTanh [ ————] +

C2d+e wl_czde

3 ¢*d? |2ArcTanh|c \/Y]z -4 i ArcSin|

e—ZAr‘cTanh{cx/T} (_2m+e (_1+62ArcTanh[cW}) +c2d (1+e2Ar'cTanh{cx/7}))

2
2 |-1iArcSin| < | +ArcTanh[c/x || Log]| |+
c’d+e c?d+e
y (eszr‘cTanh[c \/7} (2m+ e (71 + eZArcTanh{C\/T}) vc2d 1+ eZArcTanh[C\/?]))
2 |iArcSin| ] +ArcTanh[c+/x || Log]| ] -
c?d+e c?d+e

(—c2 d+e+ Z\W) e’ZAPCTanh{cﬁ]

c2d+e

(—czd +e-2 m) e 2ArcTanh[c /x|

c2d+e

]

} - PolyLog[Z,

PolyLog [2,
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Problem 45: Result unnecessarily involves imaginary or complex numbers.

Jx (a+bAr‘cTanh[c \/T])

dx
d+ex

Optimal (type 4, 374 leaves, 15steps):

b/x bArcTanh[c/x ] X (a+bAr'cTanh[C\/?}) 2d (a+bAr‘cTanh[c \/?]) LOg[hczﬁ]

+ + -
ce c2e e e?

2¢ (VA e Vx|
(c ﬁ—\/?) (1+cﬁ

2¢ [V e VR |
i) e

d (a+bAr‘cTanh[cx/?” Log| )] d (a+bAr‘cTanh[c \/;]) Log|

e? e2

2¢ (V-d Ve Vx 2¢ (V-d +Ve Vx )
deolyLOg[Z, 1- ;] deOIyLog{z" 1- (Cﬁ—\/?) (1+CW)] ]

bdPolyLog|2, 1-

1+c/x . (Cﬁ+\/?) (1+c\/Y)

e? 2e? 2e?

Result (type 4, 568 leaves):
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1 1
—— |2aex-2adlog[d+ex] + —
2¢e? c?

+

2b (ce/x +c2dArcTanh|c \/?}2+ArcTanh[c Vx| (—e+c2ex+2c2dLog[1+e’2A"Ta“h{CWH) - c2dPolylog|2, —e’“"”anh{cﬁ}]

bd|-2 Ar‘cTanh[c&}z—

24 ce\/; e—ZAr‘cTanh{cW} (_2m+e (_1+e2Ar‘cTanh{cx/?]) +c2d (1+62Ar‘cTanh{cx/7}))
] 2Ar‘cTanh[7] +Log[

cld+e v_c2de c’d+e

1 ArcSin [

} -

e—ZAr‘cTanh[cx/T} (2m+ e (71 N <EZAr‘cTanh{cx/T]

+c2d (1 . eZAr‘cTanh{C\/?]) )

] +

Lo
g[ c2d+e

l+e

eszr‘cTanh[cx/T] (_2 *’—czde re (_1+62ArcTanh{C\/7}) +c2d

2ArcTanh [ /x| ) )

ArcTanh[c/x | |Log|

|+

c2d+e

e—ZAr‘cTanh{cﬁ} (ZW +e (_1 + eZAr‘cTanh{C\/Y]

+c2d (1 + eZAr‘cTanh{C\/?]) )

N

Lo
g[ c?d+e

[~c?dve-2v-cTde | e2reramnle ]

c’d+e

(-c?dev2y/-c?de | e2reTam|cVx]

c2d+e

PolyLog|2, | +Polylog|2,

]

Problem 46: Result unnecessarily involves imaginary or complex numbers.

dx

Ja +b ArcTanh|[c \/Y]

d+ex

Optimal (type 4, 318 leaves, 11 steps):
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2¢ (V=d Ve VX 2¢ (V= e VX

5 (a+bAr‘cTanh[cx/?H Log[lﬂ:z\/T} (a+bArcTanh[c \/;}) Log| (a7 [1re x| ] (a +bArcTanh|[c \/7]) Log| Vg oie) (1) ]

- + +
e e e

2¢ (VA e Vx)) ] 2¢ [V=d /e Vx) ]

bPolylog[2, 1 -
bPolylog(2, 1- ﬁ] olyLog[2, (v Ve) [tevx) (cv=d e | (1ee Vx|

e 2e 2e

b PolylLog [2, 1-

Result (type 4, 551 leaves):

2
atogldrex] ib 4]'1Ar‘cSin[ cd } Ar‘cTanh[ﬂ} +4Ar‘cTanh[c \/?] Log[1+e’2APCTa“h{°WH +
e 2e c’d+e J_c2de
y e—ZAr‘cTanh[cx/?} (_2m+e (_1+(62Ar-cTanh[C\/7] +c2d (1+62Ar'cTanh[C\/T}))
2i ArcSin| | Log| |-
2 2
ccd+e c’d+e

e—ZAr‘cTanh[cx/T} (*Zere (71+e2Ar‘cTanh{cW}) +c2d (1+e2Ar‘cTanh[Cx/7}))
2 ArcTanh[c/x | Log|

] -

c2d+e
'y e—ZAr‘cTanh{cx/Y} (2m+e (_1+e2Ar‘cTanh[cW}) +c2d (1+e2Ar‘cTanh{cx/7}))
2 i ArcSin| | Log| ] -
c2d+e c?d+e

e—ZAr‘cTanh{cW} (2m+ e (_1 . eZAr'cTanh{C\/Y]

+c2d (1 . ezArcTanh{C\/Y]) )

2 ArcTanh|c \/?} Log| | -2PolyLog|2, _ o 2ArcTanh [ /x| ] +

c2d+e

(~c?dee-2v-ctde | e 2hrermlex]

c2d+e

(fczd +e+ ZW) e’ZA"CTanh[CW}

c2d+e

PolyLog|2, | +Polylog|2,

]

Problem 47: Result unnecessarily involves imaginary or complex numbers.

dx

ja +bArcTanh[c/x |

x (d+ex)

Optimal (type 4, 358 leaves, 15 steps):
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ZC(N—\/?\/T)
2 (a+bAr‘cTanh[c \/?]) Log[hczﬁ] (a +bArcTanh|c \/7]) Log| (7@ e [1revx) ]
d d
2¢ (Vd /e VX
(a+bAr‘cTanh[c \/?}) Log| (7@ /e ) [1evx) aLog[x] bPolylLog|2, 1- 1+c2¢7]
+ - +
d d d
2¢ [Vd e /x| 2¢ [Vd /e /x|
bPolylog|2, 1- bPolylog|2, 1-
olyLog| [cv-d Ve (1+cﬁ)} olyLog| (cV=d+e) (hcﬁ)} bPolyLog[2, ~c+/x | bPolyLog[2, c/x |
- +
2d 2d d d

Result (type 4, 563 leaves):

2
2z 41 bArcSin| c’d ] Ar‘cTanh[ﬂ] +4bArcTanh|c \/;] Log[l—e‘“””a”h[cﬁ]} +
2d C2d+e w/_czde
y e—ZAr‘cTanh[cW} (_2m+e (_1+62ArcTanh{cx/7}) +c2d (1+e2Ar‘cTanh[cW}))
21 bArcSin| | Log] ] -
c?d+e c2d+e
e—ZAr‘cTanh{cﬁ} (_2m+e (_1+62ArcTanh[cW}) +c2d (1+62ArcTanh{cﬂ}))
2bArcTanh|c \/;] Log| ] -
c?d+e
y eszrcTanh[c \/7} (Zer e (71 + eZArcTanh[cx/Tw +c2d (1 +(EZAr*cTanh[cx/T]))
2i bArcSin| | Log| ] -
c?d+e c?d+e

e—ZAr‘cTanh{cx/T} (2m+e (_1+ eZAr‘cTanh{cx/?]) +c2d (1+ eZAr‘cTanh{c W}))
2bAr‘cTanh[c \/?] Log[

]+

c2d+e

2alog[x] -2alog[d+ex]-2b PolyLog[z, e—ZArcTanh{cﬁ]] .

(—c2d+e—2\/—c2de ) @ 2ArcTanh[c+/x | (—c2d+e+2\/—c2de ) @ 2ArcTanh [c+/x |
| +bPolyLog|2,

c?d+e c2d+e

b PolyLog|2,

]

Problem 48: Result unnecessarily involves imaginary or complex numbers.

dx

Ja +bArcTanh|c \/?]

x2 (d+ex)
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Optimal (type 4, 413 leaves, 19 steps):

bc b c2 ArcTanh|c \/?] a+bArcTanh|c \/?} 2e (a+bArcTanh[c &]) Log[hczﬂ}

- + - - +

dVx d dx d2
2¢ (Vd Ve VX
(c\/j—\/?) (1+C\/7)

- +

2C(\/j+\/?\/?)

e

a+bAr‘cTanh[cx/?HLog[ ] e(a+bAr‘cTanh[cx/?])Log[

(v /e ) (1evx ]’ aelog[x] P° PolylLog[2, 1-

2

1+c+/ X

]

dz d2 dz dZ

2¢ (V= Ve VX)) ] 2¢ [Vd e VX)) ]

[ev=d-ve ) (1+cVx ) [ev=d Ve ) (1+cvx ) bePolyLog[2, -c+/x | bePolyLog[2, c/x |
_ N _

2d? 2d? d? d?

bePolylLog[2, 1-

bePolylLog[2, 1-

Result (type 4, 567 leaves):
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1
- 2ad+2aexlog[x] -2aexLog[d+ex] +
2d?%x
2b {cd+/x +ArcTanh[c/x | (d—czdx+exAr‘cTanh[c Vx| +2exLog{l—e’“‘"”a”h{cﬁ}]) - exPolylog|2, e’ZA"Ta”h{CWH) +

bex |-2 Ar‘cTanh[c \/?]2—

e—ZAr‘cTanh{cx/T} (—2m+e (_1+e2Ar‘cTanh[cW}) +c2d (1+62Ar‘cTanh[cx/7}))

2
JiAr'cSin[ c’d } 2Ar‘cTanh[ﬂ} + Log[ ] -
ctd+e v_c2de c?d+e

e—ZAr‘cTanh{C\/?] (Zere (71+e2ArcTanh{cW}) +c2d (1+e2Ar‘cTanh[c\/7}))

] +

Lo
g[ c’d+e

_1+e l+e

e[V ] 21/ “c7de e

2Ar‘cTanh[c \/7}) +c2d ( 2ArcTanh{c \/7} ) )

ArcTanh|c \/;] Log |

} +

c2d+e

e—zAr‘cTanh{C\/?] (2m+e (_1+62ArcTanh{cW}) +c2d (1+62ArcTanh[cW}))

e

Lo
g{ c2d+e

[~c?de-2v/-c?de | e 2Arerannc X

c’d+e

[~c2dses2y/-c?de | e2Arerannc x|

c?d+e

PolyLog|2, | +Polylog|2,

]

Problem 49: Result unnecessarily involves imaginary or complex numbers.

dx

Ja +b ArcTanh|[c \/Y]

x3 (d+ex)

Optimal (type 4, 506 leaves, 24 steps):
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bc b c3 bce bc*ArcTanh|c \/?} bc2eArcTanh|c \/;] a+bArcTanh|c \/?}
- - + + - - +
6dX2 2d/x  d?/x 2d a2 2dx?
) 2¢ (ﬂ—\/?ﬁ)
e (a+ bAr‘cTanh[c W” ) 2e? (a + bAr‘cTanh[c \/?” LOg[hczﬁ} ) e (a+bAr‘cTanh[c \/?]) Log[ (vt ] (e ] } _
d? x d3 d3
P 2c (ﬂ+ﬁw)
oo P g s
d3 e d3 :

2¢ (VA e VX)) ] 2¢ [V /e VX)) ]

be2Polylog|2, 1 -
e* PolyLog| [cv=d Ve (1+cVx ) ([cv=d Ve | (1ecvx ) be?Polylog[2, -cv/x | be?Polylog|2, c/x |
+ - +

be2Polylog(2, 1 -

2d3 2d3 d3 d3

Result (type 4, 626 leaves):
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1 2 2,2 2,2
- 3ad“-6adex-6ae“x“Log[x] +6ae“x“Log[d+ex] +
6 d3 x?

blcdy/x (d+3c?dx-6ex) -3ArcTanh[c/x | |d (-1+c?x) (d+c2dx—2ex)+2e2x2Ar~cTanh[cx/7]+4e2x2Log[l—e’“‘"ﬂanh{cﬁ}]

+

c%d

6 2 x? PolyLog|2, @2 ArcTanh [ /x| | -3e2x? | -2 |ArcTanh[c/x | 2 _ i ArcSin [ -
cd+e

Ce\/; } [GZAr‘cTanh{CW} (72m+e (,1+e2Ar‘cTanh[cw/7}) +c2d (1+e2Ar‘cTanh{c\/7}))
—— | + Log

\/,czde C2d+e

2Ar‘cTanh[

] -

(efZArcTanh[c\/T} (Zm +e (71 +(EZAr*cTa\nh[C\/Y}) +c2d (1 + (eZAr*cTanh{C\/T]))

|+

Lo
g[ c2d+e

l+e

e,zAchanh{c\/Y] (_Zﬂl_czde e (_1+62ArcTanh[cW}) +c2d

2 ArcTanh [ +/x | ) )

ArcTanh[c+/x | |Log]

|+

c2d+e

e—ZAr‘cTanh[cW} (ZW re (_1 +e2Ar‘cTanh{cx/7}) +c2d (1 + eZAr‘cTanh{C\/?]))

Rk

Log
[ c2d+e

(—czd +e- ZW) e'ZArCTanh[CW}

c2d+e

(—c2d+e+2m) e'zmdanh{cﬁ] ]

Polylog|2, .
2d+e

| +PolyLog|2,

Test results for the 538 problems in "7.3.4 u (a+b arctanh(c x))*p.m

Problem 4: Result more than twice size of optimal antiderivative.

J(d +cdx) (a+bArcTanh[cx]) dx

Optimal (type 3, 44 leaves, 4 steps):
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b d x d(1+cx)2(a+bAr‘cTanh[cx]) bdLog[l-cx]
+

+

2 2c¢C C

Result (type 3, 95leaves):

x 1 5 1 , bdlog[l-cx] bdlog[l+cx] bdLog[1l-c2x?]
+—acdx“+bdxArcTanh[cx] + —bcdx®ArcTanh[c x] + - +
2 2 2 4c 4c 2c

adx+

Problem 72: Result unnecessarily involves imaginary or complex numbers.

2

(d+cdx) (a+bArcTanh[cx])
J dx

X

Optimal (type 4, 191 leaves, 13 steps):
2

d (a+bArcTanh[cx] )2+cdx (a+bArcTanh[cx] >2+2d (a+bArcTanh[c x})zAr‘cTanh[l—

},
| -b2dPolyLog|2, 1- | -bd (a+bArcTanh[cx]) PolyLog[2, 1-
1-cx 1-cx l1-cx

1 1 2
| + =b?>dPolyLog|[3, 1- | - =b?dPolylog|[3, -1+ ]
1-cx 2 1-cx 2 1-cx

1-cx

2bd (a+bArcTanh[cx]) Log|

|+

bd (a+bArcTanh[cx]) PolylLog[2, -1+

Result (type 4, 228 leaves):
d [azcx+a2 Log[cx] +ab (2cxArcTanh[cx] +Log[1-c?x?]) +b?

(ArcTanh[cx] ((-1+cx) ArcTanh[cx] -2 Log[1+e 2Ar<TamicxI]) , polylog[2, —e 2A™TaM(ex] ]} +ab (-Polylog[2, -cx] +Polylog([2, cx]) +
. 3
b2 17T

2
- = ArcTanh[c x]? - ArcTanh[c x]? Log |1 + e 2Ar<Tanhlex] | 4 ArcTanh[c x]2 Log |1 - e?A™<Tah x| 4 ApcTanh [ x]
24 3

1 1
Polylog [2, _ @~2ArcTanh [cx] } +ArcTanh[c x] PolyLog [2, @2 ArcTanh[cx] ] + = PolyLog [3, _ @~2ArcTanh [cx] ] - —Polylog [3, @2 ArcTanh[cx] ] ] }
2 2

Problem 73: Result unnecessarily involves imaginary or complex numbers.

dx

J(d+cdx) (a+bAr‘cTanh[cx})2
2

X

Optimal (type 4, 201 leaves, 12 steps):
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d (a+bArcTanh[cx] )2

cd<a+bAr'cTanh[cx})2— +2cd(a+bAr‘cTanh[cx])zAr‘cTanh[l— | +2bcd (a+bArcTanh[cx]) Log[2 -
X l1-cx
bcd (a+bArcTanh[cx]) PolyLog|2, 1- ] +bcd (a+bArcTanh[cx]) Polylog[2, -1+ 2 ] -
1-cx 1-cx
2 1 1 2
b’ cdPolylog|2, -1+ | + =b?cdPolyLog[3, 1- | - =b?cdPolylog(3, -1+ ]
l1+cx 2 1-cx 2 1-cx

Result (type 4, 249 leaves):

1
-=d
X

a’-a’cxlog[x] +ab (2ArcTanh[cx] +cx (-2Log[cx] +Log[1-c2x?])) +

b® (ArcTanh[cx] ((1-cx) ArcTanh[cx] -2cxLog[1-e 2ATamicxI]) . ¢ x Polylog|2, e 2ArcTanhiex] |) .
abcx (Polylog[2, -cx] - PolylLog[2, cx]) -
b2 c x i

24 3

2
- = ArcTanh[c x]? - ArcTanh [c x]? Log[1 + e 2ArcTanhiex] | ArcTanh[c x]2 Log |1 - e2Ar<Tamhicx] | 4 ArcTanh [c x]

1+cx

1 1
PolyLog [2, _e—ZAr‘cTanh[c X] } + ArcTanh [C X] PolyLog {2) <eZAr‘cTanh[c x] ] it PolyLog {3) _e—ZAr‘cTanh[c x] ] _ = PolyLog {3) <e2Ar‘cTanh[c x] ] ] ]
2 2

Problem 80: Result unnecessarily involves imaginary or complex numbers.

(d+cdx)? (a+bArcTanh[cx])?
J dx

X
Optimal (type 4, 278 leaves, 19 steps):

3
abcd?x+b%cd?xArcTanh[c x] + — d? (a+bAr‘cTanh[cx])2+2cd2x (a+bAr‘cTanh[cx})2+
2

lc2 d*x? (a+bArcTanh[cx])?+2d? (a+bArcTanh[cx])?ArcTanh|[1 - | -4bd? (a+bArcTanh[cx]) Log|

|+

2 1-cx 1-cx
1
~b?d? Log[1-c?x?| - 2b?d? Polylog[2, 1- ] -bd?> (a+bArcTanh[cx]) PolylLog|2, 1- |+
2 1-cx 1-cx
2 2 1 2 42 1 2 42 2
bd® (a+bArcTanh[cx]) Polylog[2, -1+ | + = b?d?PolyLog[3, 1- - = b?d?PolyLog[3, -1+ ]
1-cx 2 1-cx 2 1-cx

Result (type 4, 324 leaves):

| 57
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1

= d? [4a2cx+a2c2x2+2a2 Log[cx] +ab (2cx+2c*x*ArcTanh[cx] + Log[1-cx] -Log[l+cx]) +

2

4ab (2cxArcTanh[cx] +Log[1-c?*x?]) +b? (2cxArcTanh[cx] + (-1 +c?x?) ArcTanh[cx]? + Log[1-c?x?]) +
4b? (ArcTanh[cx] ((-1+cx)ArcTanh[cx] -2 Log[1+e 2Ar<Tamicx)]) , polylog[2, —e 2ArcTanniex] )

2ab (-PolylLog[2, -cx] +PolylLog[2, cx]) +

; 3
17T

2b?

2
- = ArcTanh[c x]? - ArcTanh [c x]? Log[1 + e 2Ar<Tanhiex] |, ApcTanh [c x]2 Log |1 - e2Ar<Tamhicx] | 4 ApcTanh ¢ x]
24 3

1 1
PolyLog [2, _e—ZArcTanh[c X] } + ArcTanh [C X] PolyLog {2) <e2Ar‘cTanh[c x] ] it PolyLog {3) _e—ZAr‘cTanh[c x] ] _ = PolyLog {3) <e2Ar‘cTanh[c x] ] J ]
2 2

Problem 81: Result unnecessarily involves imaginary or complex numbers.

(d+cdx)? (a+bArcTanh[cx])?
J dx

XZ

Optimal (type 4, 283 leaves, 17 steps):

d? b ArcTanh 2
2cd2(a+bAr‘cTanh[cx})2— (2 +bArcTanhc x] ) +c2d2x(a+bAr‘cTanh[cx])2+4cd2(a+bAr‘cTanh[cx})ZAr‘cTanh[l— 2 |-
X 1-cx
2bcd? (a+bArcTanh[cx]) Log| ] +2bcd® (a+bArcTanh[cx]) Log|2- | -b?cd?Polylog|2, 1- |-
1-cx l+cx 1-cx
2bcd? (a+bArcTanh[cx]) Polylog|2, 1- | +2bcd® (a+bArcTanh[cx]) Polylog[2, -1+ 2 | -
1-cx 1-cx
2

b? c d? PolyLog[2, -1+

| +b?cd?Polylog|3, 1- | -b?cd?PolyLog[3, -1+
l+cx 1-cx 1-cx

]

Result (type 4, 341 leaves):
1

——d? (-12a’+i b’ c P x+12a% > x* - 24abArcTanh[cx] + 24 ab c*x* ArcTanh [c x] -

12 x
12 b? ArcTanh[c x]? + 12 b? ¢ X2 ArcTanh[c x]2 - 16 b2 ¢ x ArcTanh [c x]® + 24 b? c X ArcTanh [c x] Log[1 - e 2ArcTanhlex] |
24 b? c x ArcTanh[c x] Log[1 + e 2ArcTanhlcx] ] _ 24 p2 ¢ x ArcTanh[c x]2 Log[1 + e 2Ar<Tanhlcx] | 24 b2 ¢ x ArcTanh [c x] 2 Log 1 - e2ArcTanhiex] |
24a” cxLlog[x] +24abcxlogcx] +12b%cx (1+2ArcTanh[cx]) Polylog|2, —e 2ArcTanhicx] |
12b? c x Polylog|2, e 2Ar<Tanhlcx] ] 4 24 h2 ¢ x ArcTanh [c x] Polylog|2, e?Ar<Taicx]] _24ab ¢ x PolylLog[2, -cx] +
24abcxPolylog[2, cx] +12b%cxPolylog[3, —e 2A™TaMicx]| _ 12 b% ¢ x PolyLog |3, e?ArcTanhicx]])

Problem 82: Result unnecessarily involves imaginary or complex numbers.

dx

J<d+CdX)2 (a+bArcTanh[cx])?
3

X



Optimal (type 4, 313 leaves, 20 steps):
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1+cx

bcd? (a+bArcTanh[c x] 5 d? (a+bArcTanh[cx])? 2cd? (a+bArcTanh[cx])?
- ( >+—c2d2 (a+bArcTanh[cx])? - ( ) - ( ) +
X 2 2 x? X
2 1 2
2c*d? (a+bArcTanh[cx])?ArcTanh[1 - | +b?c*d? Log([x] - —b>c*d’ Log[1-c®x*] +4bc?d” (a+bArcTanh[cx]) Log|2- -
1-cx 2
2 42 2 42 2
bc?d® (a+bArcTanh[cx]) Polylog[2, 1- | +bc?d* (a+bArcTanh[cx]) Polylog[2, -1+ ] -
1-cx 1-cx
2 -2 42 2 1 2 2 42 1 2 2 42 2
2b? c?d?*Polylog[2, -1+ | + =b?c?d?PolyLog[3, 1- | - =b?c?d?PolyLog[3, -1+ ]
1+cxXx 2 1-cx 2 1-cx

Result (type 4, 370leaves):

fizd2 (a2+4a2cx2a2c2x2Log[x} +ab (2ArcTanh[cx] +cx (2+cxlog[l-cx] -cxlog[l+cx])) +
2X

cx ]
V1-c?x?
4b%cx (ArcTanh[cx] ((1-cx)ArcTanh[cx] -2cxLog[1l-e2ATTanlcxI]) 4 c x Polylog[2, e 2Ar<Tanhicx)])

2abc?x* (PolylLog[2, -cx] - Polylog[2, cx]) -
3

b |2 cxArcTanh[c x] + (1 -c?*x?) ArcTanh[c x]? -2 c*x? Log|

2b%c?x?

24 3

+4abcx (2ArcTanh[cx] +cx (-2Log[cx] +Log[1-c?x?])) +

i 2
~—— - — ArcTanh[c x]® - ArcTanh [c x]? Log[1 + e 2ArcTanhlex] |, ArcTanh[c x]2 Log |1 - 2A"<Tamcx] | 4 ApcTanh [c x|

1 1
PolyLog [2, 7e—2Ar‘cTanh[c x] } + ArcTanh [cX] PolyLog [2) eZAr‘cTanh[c x] ] i PolyLog [3) 7e—2Ar‘cTanh[c x] ] = PolyLog [3) eZAr‘cTanh[c X] ] ] ]
2 2

Problem 88: Result unnecessarily involves imaginary or complex numbers.

(d+cdx)3 (a+bAr‘cTanh[cx]>2
J dx

X
Optimal (type 4, 355 leaves, 28 steps):

1 1 1
3abcd®x+ = b*cd®x- =b*>d’>ArcTanh[cx] +3b?cd®> xArcTanh[c x] + = bc*d®>x* (a+bArcTanh[cx]) +
3 3 3

11 3

~—d? (a+bArcTanh[cx])®+3cd®x (a+bArcTanh[cx])®+ = c2d®x? (a+bArcTanh[cx])?+

6 2

1 5503 2 3 2 2 20 3

—c>d®x® (a+bArcTanh[cx])?+2d® (a+bArcTanh[cx]) ArcTanh|[1 - | -—bd (a+bArcTanh[cx]) Log| |+
3 1-cx 3 1-cx

3 e g3 Log[1-c?x?] - 192 g PolylLog[2, 1- | -bd® (a+bArcTanh[cx]) PolyLog|[2, 1 -
2 3

|+
1-cx 1-cx
1,5 1,5 2
]+—b d PolyLog[B, 1- - —b°d PolyLog[S, -1+
1-cx 2 1-c¢cx 2 1-c¢cx

2

bd*® (a+bArcTanh[cx]) Polylog[2, -1+

]
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Result (type 4, 448 leaves):

1
—d® (ib*n®+72a’cx+72abcx+8b*cx+36a’c*x*+8abc®x®+8a’c®x’-8b%ArcTanh[cx] +
24

144 ab c x ArcTanh[c x] + 72 b? c x ArcTanh[c x] + 72 ab c? x?> ArcTanh [c x] + 8 b2 c? x> ArcTanh[c x] +16 ab c3 x> ArcTanh[c x] -
116 b% ArcTanh[c x]2 + 72 b? c x ArcTanh[c x]2 + 36 b2 ¢2 x2 ArcTanh[c x] % + 8 b2 c3 x3 ArcTanh [c x]2 - 16 b? ArcTanh[c x] 3 -

160 b2 ArcTanh[c x] Log[1 + e 2ArcTanhiex] | _ 54 b2 ArcTanh [c x]2 Log |1 + e 2Ar<Tanhlex] ] 24 b2 ArcTanh [c x] 2 Log |1 - e2ArcTanhlex] |
24 3% Log[cx] +36ablog[l-cx]-36ablog[l+cx]+72ablog|[l-c?x?]+36b%Log[1-c*x*|+8ablog[-1+c*x?]+

8b” (10 + 3 ArcTanh[c x] ) Polylog[2, —e 2A"Te" x|+ 24 b? ArcTanh[c x] Polylog |2, e?Ar<Tenhiex]]

24 abPolylog[2, -cx] +24abPolylog[2, cx] +12b? Polylog|3, —e 2A™TaMicx] | _ 12 b2 Polylog|3, e?ArcTannicx] |)

Problem 89: Result unnecessarily involves imaginary or complex numbers.

(d+cdx)® (a+bArcTanh[cx])?
J dx

x2

Optimal (type 4, 361 leaves, 23 steps):

7 d3 (a+bArcTanh[cx])?
abc?d®x+b?c?d®xArcTanh[cx] + — cd? (a+bAr~cTanh[cx})27 ( [ex])
2 X

+3c?d®x (a+bArcTanh[cx])?+

lc3 d*x? (a+bArcTanh[cx])?+6cd® (a+bArcTanh[cx])?ArcTanh|[1 - | -6bcd® (a+bArcTanh[cx]) Log|
2 1-cx 1-cx

|+

lbzcd3 Log[1-c®>x*| +2bcd® (a+bArcTanh[cx]) Log|2- | -3b%cd®PolyLlog|2, 1- 2 ] -
2

l1+cx 1-cx
2
3bcd® (a+bArcTanh[cx]) Polylog|2, 1- | +3bcd® (a+bArcTanh[cx]) Polylog[2, -1+ |-
1-cx 1-cx
2~ 43 3,2 43 3,2 13 2
b cd PolyLog[Z, -1+ ]+fb cd PolyLog[3, 1- }—fb cd PolyLog[3, -1+ ]
l+cx 2 1-cx 2 1-cx

Result (type 4, 479 leaves):

1
—d’ (-8a*+ib’cr’x+24a’c*x*+8abc?x* +4a’c® x> -16abArcTanh[cx] +48ab c®x*>ArcTanh[c x] + 8 b? c? x* ArcTanh [c x] +
8 X

8ab c®x®ArcTanh[c x] - 8b? ArcTanh[c x]2 - 20b?% c x ArcTanh[c x]2 + 24 b% c? x> ArcTanh[c x]? + 4 b? c® X3 ArcTanh[c x]? -
16 b? c x ArcTanh[c x]3 + 16 b? ¢ x ArcTanh [c x] Log[1 - e 2ArcTanhlex] | _ 48 b2 ¢ x ArcTanh[c x] Log[1 + e 2ArcTanhiex] | _

24 b? c x ArcTanh[c x]? Log|[1 + e 2ArcTaniex] | 4 24 b2 ¢ x ArcTanh [c x] 2 Log |1 - e2Ar<Tamlex] | 4 24 a2 ¢ x Log[x] +
16abcxloglcx] +4abcxlog[l-cx] -4abcxLlog[l+cx] +16abcxLlog[l-c?x?| +4b2cxLlog[l-c?x?] +

24b%cx (1+ArcTanh[cx]) PolyLog[2, —e 2ArcTanhlcx] | _ g p2 ¢ x PolylLog[2, e 2ArcTanhiex]] 4 24 b2 ¢ x ArcTanh [c x] PolyLog[2, e?ArcTanhiex] |
24abcxPolylog[2, -cx] +24abcxPolylog[2, cx] +12b® cxPolylLog|3, —e 2A"Te"Icx]] _ 12 b? c x Polylog|3, e?Ar<Tenhicx]|)
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Problem 90: Result unnecessarily involves imaginary or complex numbers.

(d+cdx)3 (a+bAr‘cTanh[cx]>2
J dx

x3

Optimal (type 4, 385 leaves, 25 steps):

bcd?® (a+bArcTanh[c x 9 d3® (a+bArcTanh[cx])? 3cd3 (a+bArcTanh[cx])?
- ( [ J>+—c2d3(a+bAr‘cTanh[cx])2— ( Lcx)) - ( Lcx))

X 2 2 x? X

+

c®>d®x (a+bArcTanh[cx] )2+6c2 d®> (a+bArcTanh|[c x])zAr‘cTanh[l— | +b?c*d’ Log[x] -2bc*d’® (a+bArcTanh[cx]) Log|

1-cx 1-cx

} _

| -b?c?d?PolyLog[2, 1-
l1+cx 1-cx

lb2 c?d’ Log[1-c?x?| +6bc?d® (a+bArcTanh[cx]) Log|2-
2

3bc?d® (a+bArcTanh[cx]) Polylog[2, 1 - | +3bc?d® (a+bArcTanh[cx]) Polylog[2, -1+

1-cx 1-c¢cx

3 2 3
| + =b?c?d® PolyLog|[3, 1- | - =b?c?d®PolyLog[3, -1+ ]
1+cx 2 1-cx 2 l1-cx

2

3b%c?d®Polylog|2, -1+
Result (type 4, 461 leaves):

1 a? 6a’c ab (2ArcTanh[cx] +cx (2+cxLog[l-cx] -cxLlog[l+cx]
“dd |- —- +2a’c3x+6a’c?log[x] - ( ( g g )

2 x2 X x2

+

b2 |-2cxArcTanh[cx] + (-1+c2x?) ArcTanh[cx]? +2c?x? Log[ —=*

1-c2x?

x2

6ab 2 ArcTanh -2L L 1-c2x?
2abc® (2cxArcTanh[cx] +Log[1-c?x?]) - abe [2AncTanh{cx] +cx oglcx] +Log[1-c*x]))

+
X

2b%c? (ArcTanh[cx] ((-1+cx) ArcTanh[cx] -2 Log[1+e 2A<Tamicx]]) 4 polylog|2, —e 2ArcTanhlex) | )

_ X |k

6 b’ c (ArcTanh[cx] ((-1+cx) ArcTanh[cx] +2cxLog[1-e2A"TMicxI]) _ ¢ xPolylog[2, e 2ArcTanhicx]]
6abc? (PolyLog[2, -cx] - Polylog[2, cx]) +

3

17T

—— - —ArcTanh[cx]? - ArcTanh[c x]? Log[1 + e 2ArcTanhlex] | ApcTanh [c x]? Log[1 - e?ArcTanh(ex] ] 4 ApcTanh[c x]
24 3

6 b2 c?

1 1
PolyLog [2, _e—ZAr‘cTanh[c X] } + ArcTanh [C X] PolyLog [2) eZAr‘cTanh[c x] ] it PolyLog [3) _e—ZAr‘cTanh[c x] ] _ = PolyLog [3) eZAr‘cTanh[c x] ]
2 2
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Problem 91: Result unnecessarily involves imaginary or complex numbers.

2

dx
4

J(d+cdx)3 (a+bArcTanh[cx])

X

Optimal (type 4, 396 leaves, 28 steps):

b2c2d3 1 bcd® (a+bArcTanh[cx]) 3bc?d® (a+bArcTanh[cx])
- + = b%c3d®>ArcTanh[c x] - - +

3 X 3 3 x? X

29 d3 (a+bArcTanh[cx])? 3cd3 (a+bArcTanh[cx])? 3c2d3 (a+bArcTanh[cx])?

—=cd3d (a+bAr‘cTanh[cx])2— ( Lex]) - ( Lex]) - ( Lex]) +

6 3x3 2 x? X

343 2 2.3 43 3.2 33 2,021,290, 3 3 2
2c*d® (a+bArcTanh[cx])?ArcTanh[1 - | +3b2c3d® Log[x] - ~b?c>d®Log[1-c?*x*| + ——bc®d’ (a+bArcTanh[cx]) Log[2 - ] -

1-cx 2 3 l+cx
2
bc®d® (a+bArcTanh[cx]) Polylog[2, 1- | +bc*d? (a+bArcTanh[cx]) Polylog[2, -1+ ] -
1-cx 1-cx

10 2 1 1 2

~—b? ¢ d’ Polylog[2, -1+ | + = b?c?d?PolyLlog|(3, 1- | - =b?c?d?Polylog[3, -1+ ]

3 1+cx 2 1-cx 2 1-cx

Result (type 4, 569 leaves):
1
24 x3

d®>|-8a%?-36a’cx-8abcx-72a%c?x?*-72abc?x?*-8b%2c?2x?+1b2c3®x3*-16abArcTanh[cx] -72abc xArcTanh[c x] - 8b% c xArcTanh[c x] -

144 ab c? x? ArcTanh[c x] - 72 b%? c? x? ArcTanh[c x] + 8 b% c3 x® ArcTanh[c x] - 8 b2 ArcTanh[c x]2 - 36 b2 ¢ x ArcTanh[c x]? -
72b% c? x* ArcTanh [c x] 2 + 116 b? ¢ x* ArcTanh [c x]? - 16 b? ¢ x> ArcTanh [c x]? + 160 b? c® x> ArcTanh [c x] Log[1 - e 2ArcTanhlex] ] _
24b? 3 x> ArcTanh[c x]2 Log|[1 + e 2ArcTanhiex] | 4 24 b2 ¢3 x3 ArcTanh[c x]2 Log |1 - e2ArcTanhicx] | 4 24 a2 3 x3 Log [x] +

cx
160 abc®x? Loglcx] -36abc®x® Log[1-cx] +36abc’®x® Log[1+cx] +72b%c® X’ Log| ——————] -88abc®x’Log[1-c2x?] +
V1-c?x?

24 b? ¢ x> ArcTanh[c x] Polylog |2, -e 2A"<Tanhlcx] | _ 8@ b2 c3 x3 PolyLog[2, e 2ArTa(ex)] 4 24 b2 ¢ x® ArcTanh [c x] Polylog[2, e?ArcTanhlex] ] _

24abc x> Polylog[2, -cx] +24abc® x> Polylog[2, cx] +12b? c®x? PolylLog[3, e 2ArcTanhicx] ] _ 12 b2 3 x3 PolyLog[3, e?ArcTanhicx] ]

Problem 99: Result unnecessarily involves imaginary or complex numbers.

2
dx

(a+bArcTanh[cx])
J x (d+cdx)

Optimal (type 4, 77 leaves, 3 steps):
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l+cx 1+cx 1+cx

d d 2d

(a+bAr‘cTanh[cx})2Log[2— Z ] b(aerAr‘cTanh[cx])PolyLog[Z,—1Jr 2 | b2pPolyLog[3, -1+ —2—]

Result (type 4, 132leaves):

1
—[az Log[cx] -a’Log[l+cx] +ab (2ArcTanh[cx] Log[1- e 2A"Taicxl | _polylog|2, e 2ArcTanhicx]]) 4
d

ind 2 1
b? ( - = ArcTanh[c x]? + ArcTanh[c x]? Log |1 - e?AreTanhicx] | ApcTanh [c x] PolyLog[2, e?ArTanhicx] ] _ = polylog|3, e?ArcTanhicx] | ] J
2

24 3

Problem 100: Result unnecessarily involves imaginary or complex numbers.

(a+bArcTanh[cx])?
j dx

x2 (d+cdx)

Optimal (type 4, 162 leaves, 8 steps):

c (a+bArcTanh[cx])? (a+bArcTanh[cx])? 2bc (a+bArcTanh[cx]) Log[2- —2—] ¢ (a+bArcTanh[cx])®Log[2- —*]

1+cx

l+cx
_ N _
d d x d d
2 2 2 2 2
b? c PolyLog[2, -1+ 1+CX] ) bc (a+bArcTanh[cx]) PolyLog[2, -1+ 1+cx} ) b? c PolyLog[3, -1+ 1+CX]
d d 2d
Result (type 4, 225 leaves):
1( a2 5
— |-—-a“clog[x] +a“clog[l+cXx] + —
d X X
cx
ab [-2ArcTanh[cx] (1+cxlog[1-e2ArTamhiex]]) 42 cxlog|—————] +cxPolylog|2, e 2ArcTanhiexl ||
V1-c?x?
i 3 ArcTanh[cx]? 2
b2 ¢ [ = +ArcTanh[cx]?- Arclamhfcx]” | = ArcTanh[c x]® + 2 ArcTanh[c x] Log[1 - e 2ArcTanhlex] ] _
24 C X 3

1
ArcTanh[c x]? Log [1 _ @2ArcTanh [cx] ] - PolyLog [2, @ 2ArcTanh[cx] ] - ArcTanh[c x] PolyLog [2, @2ArcTanh[cx] } + = PolylLog [3, @2ArcTanh[cx] } ) ]
2

Problem 101: Result unnecessarily involves imaginary or complex numbers.

(a+bArcTanh[cx] )2
J dx

x> (d+cdx)

Optimal (type 4, 250 leaves, 17 steps):
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bc (a+bArcTanh[cx]) «c? (a+bArcTanh[cx] )2 (a+bArcTanh[cx] )2 ¢ (a+bArcTanh[cx] )2
- - - + +
dx 2d 2dx? dx
2 2 2 2 2
b2c2Log[x] b?c?log[l-c2x?] 2bc (a+bArcTanh[cx]) Log[Z—lcx] c? (a+bArcTanh[cx]) Log[Z—lCX}
- - +
d 2d d d
b? c2Polylog[2, -1+ —2—] bc? (a+bArcTanh[cx]) PolyLog[2, -1+ —2—] b2c2Polylog[3, -1+ —2—]
1+cx B 1+cx B 1+cx
d d 2d
Result (type 4, 317 leaves):
1 a? 2a’c ) 5 ) 2 1
— |-—+ +2a“c Log[x] -2a“c“Log[l+cx] +—
2d X2 X X2
cx
2ab |ArcTanh[cx] (-1+2cx+c*x*+2c?x? Log[1-e2AmTmiex]]) _cx [1+2cxLlog|—————|| - c*x*PolyLog|2,
V1-c?x?
, o (17 ArcTanh[cx] 1 , ArcTanh[cx]? ArcTanh[cx]? 2 3
2b“c - - —ArcTanh[c x]“ - + - —ArcTanh[c x]” -
24 C X 2 2 c?x? cx 3
cx
2 ArcTanh[c x] Log[1 - e 2Ar<Tanhlcx] | 4 ApcTanh[c x]? Log[1 - e?AreTanhlex | o fog[ ————— ] +

V1-c?x?

1
PolylLog[2, e 2ArcTanh(ex] | 4 ApcTanh[c x] Polylog|2, e?ArcTanhiex] | _ = polylog|3, e?ArcTanhicx] ] ] ]
2

Problem 102: Result unnecessarily involves imaginary or complex numbers.

dx

J<a +bArcTanh[c x] )2

x4 (d+cdx)

Optimal (type 4, 334 leaves, 26 steps):

b2c2 b2c3ArcTanh[cx] bc (a+bArcTanh[cx]) bc? (a+bArcTanh[cx])
- + - + +
3dx 3d 3d x? dx
5c® (a+bArcTanh[cx] >2 (a+bArcTanh[cx] )2 ¢ (a+bArcTanh[cx] )2 c? (a+bArcTanh|[c x])2
_ . _ _
6d 3dx3 2dx? dx
b2 c* Log(x] b2c?log[1-c2x?] 8bc®(a+bArcTanhcx])log[2- 2] «*(a+bArcTanh[cx])”Log[2- 2]
+ + - -
d 2d 3d d
2 -3 2 3 2 2 -3 2
4b? c Polylog|2, -1+ 1+CX} ) bc? (a+bArcTanh[cx]) Polylog[2, -1+ 1+CX] ) b? ¢ Polylog|3, -1+ 1+CX]
d 2d

3d

Result (type 4, 388 leaves):

-2 ArcTanh[c x] }

+
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1 8a? 12a%c 24a?c? 5 3
— | - + - - 24 a°c’ Log[x] +
24d x3 x? X
1
24 3% c® Log[1 + ¢ X] —?8ab ArcTanh[cx] (2-3cx+6c?x?+3c>x3+6c x> Log[1 - e 2ArcTanhicx] ] _
X
cx
cx [-1+3cx+c?2x?+8c?x?Log|—————|| -3¢ x> Polylog[2, e 2ArcTanhicx] ] |
V1-c?x?
, 3 . 5 8 8 ArcTanh[cx] 24 ArcTanh[c x] , 8ArcTanh[cx]? 12ArcTanh[cx]?
b c’ |-17m° - — +8ArcTanh[cXx] - + +20 ArcTanh[c x]“ - + -
cX c? x? cXx 3 x3 2 x?

24 ArcTanh[c x]?2

+16 ArcTanh[c x]? + 64 ArcTanh[c x] Log[1 - e 2A"cTanhiex]] _ 24 ApcTanh[c x]? Log[1 - e2ArcTanhlex] ] _
cx

cX
24 Log| ———— ] - 32 Polylog |2, e 2ArTanhlcxl ] _ 24 ArcTanh[c x] Polylog[2, e?A™<Tam(cx]] ;12 polyLog|[3, e?ArcTanhicx] | J}

V1-c?x?

Problem 108: Result unnecessarily involves imaginary or complex numbers.

2

(a+bArcTanh[cx])
J dx

x(d+cdx)2

Optimal (type 4, 295 leaves, 19 steps):

b2 b2ArcTanh[cx] b (a+bArcTanh[cx]) (a+bArcTanh[c x})2
- + - +
2d? (1+cx) 2d? d? (1+cx) 2d?
(a+bArcTanh[cx])? . 2 (a+bArcTanh[cx])?ArcTanh[1 - 172”] ) (a+bArcTanh[cx])? Log[lfcx}
d? (1+CX> d? d2
b (a+bArcTanh[cx]) Polylog[2, 1- 1_2“} b (a+bArcTanh[cx]) PolylLog[2, -1+ 1-2cx}
d2 + dz —
b (a+bArcTanh[cx]) PolyLog[2, 1~ =] ) b?Polylog |3, 1- 2| ) b2 Polylog[3, -1+ 2] ) b Polylog(3, 1- 2|

d? 2 d? 2d? 2 d2

Result (type 4, 254 leaves):
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1 24 a2

24d? (1+cx
2 ArcTanh[c x] (Cosh[2ArcTanh[cx]] +2Log [1 - e 2ArcTanhlex] ] _sinh[2 ArcTanh[c x] ] ) -Sinh[2ArcTanh[cx]]) +
b® (i - 16 ArcTanh[c x]? + 6 Cosh[2 ArcTanh[c x]] + 12 ArcTanh[c x] Cosh[2 ArcTanh[c x] ] + 12 ArcTanh[c x]? Cosh[2 ArcTanh[c x]] +
24 ArcTanh[c x]? Log |1 - e?AreTanhlex] | 4 24 ApcTanh [c x] Polylog |2, e?AreTamhicx] ] _ 12 polyLog|3, e?ArcTanhicx]] _

+24a’Log[cx] -24a’Log[l+cx] +12ab (Cosh[2ArcTanh[cx]] - 2PolyLog[2, e 2ArcTanhlex) ],

6 Sinh[2 ArcTanh[c x] ] - 12 ArcTanh[c x] Sinh[2 ArcTanh[c x]] - 12 ArcTanh[c x]2 Sinh[2 ArcTanh[c x] ] )

Problem 109: Result unnecessarily involves imaginary or complex numbers.

(a+bArcTanh[cx] )2
J dx

x2 (d+cdx>2

Optimal (type 4, 371 leaves, 23 steps):

2 2

b2 c b2cArcTanh[cx] bc (a+bArcTanh[cx]) 3c (a+bArcTanhcx])
_ N _

2d2(1+cx) 2 d2 d2(1+cx) ' 2 d2 d? x

(a+bArcTanh[cx])

¢ (a+bArcTanh[cx])? 4c(aerAr‘cTanh[cx}>2Ar'cTanh[1f12 ] 2c(a+bArcTanhcx])?Log[ 2]

-CcX 1+cx

d? (1+cx) d? d?

2bc (a+bArcTanh[cx]) Log[2- —*=] 2bc (a+bArcTanh[cx]) Polylog[2, 1- —2—]
+

l+cx l-cx

o o )
2bc (a+bArcTanh[cx]) Polylog[2, -1+ —2—] 2bc (a+bArcTanh[cx]) Polylog[2, 1- —2—]
+

1-cx 1+cx

dz d2 B
b? c PolyLog[2, -1+ —2—| b?cPolylog[3, 1- i] b? c Polylog[3, -1+ —2—| b?cPolylog[3, 1- —2—]
- +

l+cx 1l-cx l+cx
+

d? d? d? d?

Result (type 4, 347 leaves):
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1 12a% 12a%c 5 5
- - -24a°clog[x] +24a“clog[l+cx] +
12 d? X 1+cX
5 - , 12ArcTanh[cx]? 3
b c |-1m°+12ArcTanh[cx]“ - +16 ArcTanh[c x]® - 3Cosh[2ArcTanh[c x]] -6 ArcTanh[c x] Cosh[2 ArcTanh[c Xx]] -
c X
6 ArcTanh[c x]? Cosh[2ArcTanh[c x] ] + 24 ArcTanh[c x] Log[1 - e 2ArcTanhlex]] _ 24 ApcTanh[c x]? Log[1 - e?AreTanhlex] ] _
12 Polylog|2, e 2ArcTanhlexl ] _ 24 ArcTanh[c x] Polylog|2, e?ArTamiexl] ;12 polylog|[3, e?ArcTanhlex] |
3Sinh[2ArcTanh[c x]] + 6 ArcTanh[c x] Sinh[2 ArcTanh[c x] ] + 6 ArcTanh[c x]2Sinh[2 ArcTanh[cx]] | +
cx
6abc |-Cosh[2ArcTanh[cx]] +4 Log[ —————| +4Polylog[2, e 2ArTanhicx] |, sinh[2 ArcTanh[c x]] +
1-c2x?

4
ArcTanh[c x] (— —— -2Cosh[2ArcTanh[cx]] - 8 Log[1 - e 2ArcTanniex] | 4 2 Sinh[2 ArcTanh[c X] ]
cx

J

Problem 110: Result unnecessarily involves imaginary or complex numbers.

(a+bArcTanh[cx])?
J dx

x3 (d+cdx>2

Optimal (type 4, 480 leaves, 31 steps):

b2 c2 b2c2ArcTanh[cx] bc (a+bArcTanh[cx]) bc? (a+bArcTanh[cx])

_ _ . _
2d? (1+cx) 2 d? d? x d? (1+cx)
2c? (a+bArcTanh[cx] >2 (a+bArcTanh[cx] >2 2c (a+bArcTanhc x])2 c? (a+bArcTanh[c x] )2

- + + +

d? 2 d? x? d? x d? (1+cx)

6 c? (a+bArcTanh[cx] >2Ar‘cTanh[1— 172CX} ) b2 ¢ Log ] ) 3c¢? (a+bArcTanh(c x])2 Log[lix] )
dZ d2 dZ
b? c? Log[1 - c2 x?] 4bc? (a+bArcTanh[cx]) Log[2 - i} 3bc? (a+bArcTanh[cx]) Polylog[2, 1- 172“]
22 ) e ) o :
3bc? (a+bArcTanh[cx]) Polylog[2, -1+ 172CX} 3bc? (a+bArcTanh[cx]) Polylog[2, 1- 1+2CX]
dz B d2

2b? c?Polylog[2, -1+ =] ) 3b? c?Polylog|[3, 1- ] ) 3b? c?Polylog |3, -1+ ] ) 3b? c?Polylog |3, 1- 2]

d? 2 d? 2d? 2 d?

Result (type 4, 452 leaves):

| 67
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1 4a% 16a’c 8a%c? 5y 5y
— |- + + +24a°c”Log[x] -24a“cLog[l+cx] +
8 d2 x2 X 1+cx
5 5 (. 3 8ArcTanh[cx] , 4ArcTanh[cx]? 16ArcTanh[cx]? 3
bc® |1 - ——-12ArcTanh[cx]* - + - 16 ArcTanh[c x]° + 2Cosh[2ArcTanh[c x]] +

cx 2 x? cx
4 ArcTanh[c x] Cosh[2ArcTanh[c x]] + 4 ArcTanh[c x]2 Cosh[2ArcTanh[c x]] - 32 ArcTanh[c x] Log |1 - e 2ArcTanhlex] |,
| +16 PolylLog[2, e 2ArcTanhiex] |\ 24 ArcTanh[c x] PolyLog|2, e?ArcTanhicx]] _

V1-c?x?

12 Polylog|3, e?A™Tamhicx]] _ 2 sinh[2 ArcTanh[c x]] -4 ArcTanh[c x] Sinh[2ArcTanh[c x]] -4 ArcTanh[c x]? Sinh[2ArcTanh[c x] ]

24 ArcTanh[c x]? Log[1 - e?ArcTanhiexl ], g | og|

+

1
2
cX

2ArcTanh[cx] (-1+4cx+c®x>+c?x?Cosh[2ArcTanh[cx]] +6c*x? Log[1- e 2ArTaniex] | _ 2 x2 Sinh[2 ArcTanh[c x]]))]

+

| - cxSinh[2ArcTanh[c x]]

4ab [-6c?x?Polylog[2, e 2ArcTanhlex] ] ¢ x | -2+ cxCosh[2ArcTanh[cx]] -8 cx Log|

Problem 116: Result unnecessarily involves imaginary or complex numbers.

(a+bArcTanh[cx])?
J dx

x(d+cdx)3

Optimal (type 4, 362 leaves, 32 steps):

b2 11 b2 11b2 ArcTanh[cx] b (a+bArcTanh[cx]) 5b (a+bArcTanh[cx])
+ - + + -
16d® (1+cx)? 16d> (1+cx) 16 d* 4d (1+cx)? 4d® (1+cx)
5 (a+bArcTanh[cx])? (a+bArcTanh[cx])® (a+bArcTanh[cx])? 2 (a+bArcTanh[cx])®ArcTanh[1 - 1,2”]
+ + + +
8d3 2d3 <1+cx>2 d3 <1+CX> d3
(a+bArcTanh[cx])? Log[lfcx] b (a+bArcTanh[cx]) PolyLog[2, 1 - 1—2cx] b (a+bArcTanh[cx]) Polylog[2, -1+ 1_2“}
d3 - d?, + d3 _
b (a+bArcTanh[cx]) PolyLog[2, 1- =] ) b Polylog |3, 1- 2] v Polylog[3, -1+ 2] v Polylog[3, 1- 2]
d3 243 2d? 2d?

Result (type 4, 376 leaves):
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1 96 a2 192 a? ) 5
+ +192 a“ Log[c x] -192a“ Log[1+cX] +
192 d3 (1+cx>2 1+cx

12ab (12 Cosh[2ArcTanh[c x]] + Cosh[4 ArcTanh[c x]] - 16 PolylLog [2, e 2ArcTanhlex] ] _ 12 Sinh[2 ArcTanh[c x] ] +
4 ArcTanh[c x] (6 Cosh[2ArcTanh[cx]] +Cosh[4ArcTanh[cx]] +8 Log [1- e 2ArcTanhlcx] | _ 6 Sinh[2ArcTanh[c x] ] - Sinh[4 ArcTanh[c x] | ) -
Sinh[4 ArcTanh[cx]]) +b? (81 - 128 ArcTanh[c x]? + 72 Cosh[2 ArcTanh[c x] ] + 144 ArcTanh[c x] Cosh[2 ArcTanh[c x]] +
144 ArcTanh[c x]? Cosh[2 ArcTanh[c x] ] + 3 Cosh[4 ArcTanh[c x] ] + 12 ArcTanh[c x] Cosh[4 ArcTanh[c x]] +
24 ArcTanh[c x]? Cosh[4 ArcTanh[c x]] + 192 ArcTanh [c x]? Log[1 - e?A"<Tanlex] ] 192 ArcTanh[c x] PolylLog|2, e?ArcTanhicx] | _

96 PolyLog|[3, e?Ar<Tem(cx] | _ 72 Sinh[2ArcTanh[c x]] - 144 ArcTanh[c x] Sinh[2ArcTanh[c x]] - 144 ArcTanh [c x] 2 Sinh[2 ArcTanh[c x] ] -

3Sinh[4 ArcTanh[c x]] - 12 ArcTanh[c x] Sinh[4 ArcTanh[c x]] - 24 ArcTanh[c x] 2 Sinh[4 ArcTanh[c x] ] )

Problem 117: Result unnecessarily involves imaginary or complex numbers.

(a+bArcTanh[cx])?
j dx

x2 (d+cdx>3

Optimal (type 4, 448 leaves, 36 steps):

b2 ¢ 19b2 ¢ 19b2 c ArcTanh[cx] bc (a+bArcTanh[cx]) 9bc (a+bArcTanh[cx]) 17c (a+bArcTanh[c x])?
_ _ N _ _ N _
16d® (1+cx)® 16d° (1+cx) 16 d° 4d® (1+cx)? 4d® (1+cx) 8 d?
(a+bArcTanh[c x])2 ¢ (a+bArcTanh[c x])2 2c (a+bArcTanh[cx] >2 6¢c (a+bAr'cTanh[cx])ZAr‘cTanh[l— 1,2CX}
d3 x 2d3(1+cx)2 d3<1+cx) d3
3¢ (a+bArcTanh[c x})zLog[lfcx} ) 2bc (a+bArcTanh[cx]) Log|[2 - 1+2cx} ) 3bc (a+bArcTanh[cx]) PolyLog|2, 1- 172”] )
d3 d3 d3
3bc (a+bArcTanh[cx]) PolyLog[2, -1+ Z | 3bc (a+bArcTanh[cx]) Polylog[2, 1- 2 ]
1-cx N 1+cx
d3 d3
b2 c PolyLog[2, -1+ 1+2CX] ) 3b2cPolylog(3, 1- 1,27] ) 3b2cPolylog|3, -1+ 172”] ) 3b2cPolylog(3, 1- 1+2CX]
d3 2d3 2d3 2d3

Result (type 4, 479 leaves):
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1

64 d3
64 a2

32a%c¢ 128 a%c 5 5 5 3 , 64ArcTanh[cx]? 3
- -192a“clog[x] +192a“clog[l+cx] +b“c |-81 7" +64ArcTanh[cx]‘ - +128 ArcTanh[c x]° -

X (1+cx)2 1+cx c X

40 Cosh[2 ArcTanh[c x] ] - 89 ArcTanh[c x] Cosh[2 ArcTanh[c x] ] - 80 ArcTanh[c x] 2 Cosh[2 ArcTanh[c x] ] - Cosh[4 ArcTanh[c x]] -

4 ArcTanh[c x] Cosh[4 ArcTanh[c x]] - 8 ArcTanh[c x]2 Cosh[4 ArcTanh[c x] ] + 128 ArcTanh[c x] Log[1 - e 2ArcTanhlex] ] _

192 ArcTanh[c x]2 Log[1 - e2ArcTanhicx] | _ g4 polylog|2, e 2ArTanhicx] ] _ 192 ArcTanh[c x] PolyLog[2, e?ArcTanhiex] |

96 PolylLog |3, e?ArcTanhicx] ], 49 Sinh[2 ArcTanh[c x] ] + 88 ArcTanh[c x] Sinh[2ArcTanh[c x]] + 80 ArcTanh[c x]?Sinh[2ArcTanh[cx]] +

Sinh[4 ArcTanh[c x] ] + 4 ArcTanh[c x] Sinh[4 ArcTanh[c x]] + 8 ArcTanh[c x] 2 Sinh[4 ArcTanh[c x] ]| +

1 Cc X
~4ab |48 c xPolylog|2, e 2ArcTaniexl] 4 ¢ x |- 2@ Cosh[2ArcTanh[c x] ] - Cosh[4 ArcTanh[cx]] +32Log[ —————| +
X V1-c?x?

20Sinh[2 ArcTanh[c x]] + Sinh[4 ArcTanh[c Xx] ]| -4 ArcTanh[c X] (8+10chosh[2ArcTanh[c x]] +

cxCosh[4ArcTanh[cx]] +24 cx Log[1- e 2ArcTanhicx) ] _ 19 ¢ x Sinh[2 ArcTanh[c x]] - ¢ x Sinh[4 ArcTanh[c x]]) J]

Problem 120: Result more than twice size of optimal antiderivative.

J(lJrcx)3 (a+bArcTanh[cx])?dx

Optimal (type 4, 306 leaves, 26 steps):

5 b3x b3 ArcTanh[c x] 3 1,
ab?x+ - + xArcTanh[cx] + —b%?cx? (a+bArcTanh[cx]) +
3ab 3b® x ArcTanh[c x] b (a+bArcTanh[cx] )
4 4c 4

4b (a+bArcTanh[cx])? 21 3 1
< Lcx]) +fbx(a+bAr‘cTanh[cx])2+fbcx2(a+bAr‘cTanh[cx1)2+fbc2x3(a+bAr‘cTanh[cx])2+

C 4 2 4
(1+cx)4 (a+bAr‘cTanh[cx])3 ) 11b2 (a+bArcTanh[cx]) Log[l_zcx] ) 6b (a+bAr~cTanh[cx])2Log[l_zcx]
4c C C
3b% Log[1- 2 x2] _ 11 b3 PolyLog[2, 1 - 1%} ) 6b? (a+bArcTanh[cx]) PolylLog[2, 1- 1%} ) 3b%Polylog[3, 1- 172cx}
2¢ 2¢ c c

Result (type 4, 644 leaves):
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1
— (-2ab’+8a’cx+42a’bcx+24ab’cx+2b’cx+12a’c?x?+12a’bc?x*+2ab’ P x*+8a’ P x*+2a’ b x? + 2a’ c* x* - 24 ab? ArcTanh [c x] -
8c

2b3ArcTanh[c x] +24 a?bc xArcTanh[c x] + 84 ab? c x ArcTanh[c x] + 24 b3 ¢ x ArcTanh[c x] + 36 a2 b c? x?> ArcTanh[c x] +

24 ab?c?x?ArcTanh[c x] +2b3 c2x? ArcTanh[c x] +24a?b c3 x> ArcTanh[c x] +4 ab? c®x3 ArcTanh[c x] +6a?b c*x* ArcTanh[c x] -

90 a b2 ArcTanh[c x]? - 56 b®> ArcTanh[c x]2 + 24 ab? c x ArcTanh[c x]2 + 42 b3 c x ArcTanh[c x]2 + 36 a b? c? x2 ArcTanh[c x] % +

12 b3 c2 x? ArcTanh[c x]2 + 24 ab? c® x3 ArcTanh[c x]2 + 2 b3 3 x® ArcTanh[c x]? + 6 ab? c* x* ArcTanh [c x]2% - 30 b3 ArcTanh[c x]3 +

8 b3 c xArcTanh[c x]3 + 12 b? c? x? ArcTanh [c x]® + 8 b ¢ x® ArcTanh [c x]® + 2 b ¢* x* ArcTanh [c x]? - 96 a b? ArcTanh [c x] Log[1 + e 2ArcTanhlex] | _
88 b®> ArcTanh[c x] Log[1 + e 2ArcTanhicx] | _ 48 b3 ArcTanh [c x]? Log[1 + e 2ArcTanhiex] |, 4532 b Log[1-cx] +3a’bLog[l+cx] +
44ab”Log[1-c?x*| +12b% Log[1-c?x*| +4b® (12a+11b+12bArcTanh[c x]) PolylLog|2, —e 2A"Te(cxI ] 4 24 b3 Polylog |3, - e 2ArcTannicx] |)

Problem 121: Result more than twice size of optimal antiderivative.

J(1+cx)2 (a+bArcTanh[c x])3d1x

Optimal (type 4, 240 leaves, 17 steps):

5b (a+bArcTanh[cx])? , 1 , 5
+3bx (a+bArcTanh[cx])?+ =bcx* (a+bArcTanh[cx])?+
2

ab%x+b3®xArcTanh[c x] +

2c
(1+cx)3 (a+bAr‘cTanh[cx])3 i 6b? (a+bArcTanh[cx]) Log[lizcx} i 4b (a+bArcTanh[c x])zLog[lizcx}
3c @ C
b* Log[1 - c2 2] ) 3 b3 PolyLog[2, 1- 1-2cx} ) 4b% (a+bArcTanh[cx]) PolyLog[2, 1- ﬁ] ) 2b3Polylog(3, 1- 1_2“]
2c C C C

Result (type 4, 488 leaves):

1
— (6a’cx+18a’bcx+6ab’cx+6a’c*x*+3a’bc?x*+2a’c® x> -6ab’ArcTanh[cx] +18a’ b c xArcTanh[c x] +
6cC

36 ab% cxArcTanh[c x] + 6 b3 c x ArcTanh[c x] + 18 a2 b c? x> ArcTanh[c x] + 6 ab? c2 x? ArcTanh[c x] + 6 a%b ¢ x> ArcTanh[c x] -
42 ab? ArcTanh[c x]?-21b3ArcTanh[c x]%2 + 18 ab? c x ArcTanh[c x]2 + 18 b3 c x ArcTanh[c x]? + 18 ab? c? x> ArcTanh[c x]? +
3b% c? x> ArcTanh[c x]2+6ab?c® x> ArcTanh[c x]% - 14 b® ArcTanh[c x]3 + 6 b3 c x ArcTanh[c x]3 + 6 b® ¢ x? ArcTanh[c x] 3 +

2b° @ x> ArcTanh[c x]? - 48 ab? ArcTanh[c x] Log |1 + e 2Ar<Tanhlex] ] _ 36 b3 ArcTanh[c x] Log[1 + e 2ArcTanhlcx] |

24 b* ArcTanh [c x]? Log[1 + e 2ArcTanhlex] ], 21 a2 b Log[1-cx] +3a’bLlog[1+cx] +18ab? Log[1-c2x?] +

3b%Log|[1-c*x?| +6b? (4a+3b+4bArcTanh[cx]) PolyLog|2, —e 2A™Tanicx] ] 1 12 b3 Polylog|3, —e 2ArcTanhiex] |)

Problem 132: Result unnecessarily involves imaginary or complex numbers.

ArcTanh[ax]3
J— dx

X% (c+acx)

Optimal (type 4, 191 leaves, 10 steps):
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2
aArcTanh[ax]3 ArcTanh[ax]? 3@ArcTanh[ax] > Log[2 - ]

3 _ 2 _ 2
) ) aArcTanh[ax]> Log[2 1+ax} ) 3aArcTanh[ax] PolylLog[2, -1+ 1+ax]
C C X C C C
3 aArcTanh[a x]zPolyLog[2, -1+ 2 } 3aPolyLog[3, -1+ 2 } 3 aArcTanh[ax] PolyLog[B, -1+ 2 ] BaPolyLog[4, -1+ 2 }
l+ax _ l+ax + l+ax n l+ax
2c¢c 2c 2c 4c
Result (type 4, 154 leaves):
1 (inx® ArcTanh[ax]3
= - ~— _ArcTanh[ax]3- ArcTanhlax]” | = ArcTanh[ax]*+3ArcTanh[ax]? Log|1 - e2Ar<Tah(ax]| _ ArcTanh[a x]® Log |1 - e2ArcTanhiax] | _
C 8 64 ax 2

N W

3 3
(-2 +ArcTanh[ax]) ArcTanh[ax] PolylLog |2, e*A"T™2x]] . = (_1+ArcTanh[ax]) PolylLog|3, e*A"T"[2x]] _ = polylog |4, e*Ar<Temniax]]
2 4

Problem 133: Result unnecessarily involves imaginary or complex numbers.
JAr‘cTanh [ax]3

dx
x3 (c+acx)

Optimal (type 4, 305leaves, 18 steps):

3a2ArcTanh[ax]? 3aArcTanh[ax]?

2 2
a2 ArcTanh[ax]? ArcTanh[ax]3 aArcTanh[ax]? 32 ArcTanh[ax] Log|2 - 1+ax]
_ _ N N _
2¢ 2cx 2c¢c 2cx? C X d
2 2 2 2 3 2 2 _ 2 2 _ 2
3a2ArcTanh[ax]? Log|2 1+ax} a? ArcTanh[ax]? Log|[2 1+ax] ) 3a2Polylog[2, -1+ 1+ax} ) 3a2ArcTanh[ax] Polylog|2, -1+ 1+ax} )
c c 2¢ c
2 2 B 2 2 _ 2 2 _ 2 2 B 2
3a2ArcTanh[ax]2PolyLog[2, -1+ 1+ax} ) 3a%Polylog(3, -1+ 1+ax] ) 3a2ArcTanh[ax] Polylog|[3, -1+ 1+ax] ) 3a2Polylog[4, -1+ 1+ax}
2c 2c 2c 4c
Result (type 4, 222 leaves):
, 3 4 , 96ArcTanh[ax]?2 ; 32ArcTanh[ax]?
——a‘ |-81i°+ " +96ArcTanh[ax]* - +96 ArcTanh[a x]~® - +
64 ax a? x?
64 ArcTanh[a x]3
[ax] -32ArcTanh[ax]*+192 ArcTanh[a x] Log[1 - e 2A"cTanh(ax] | _ 192 ArcTanh[a x]? Log |1 - e2ArcTanhiax] |
ax

64 ArcTanh[ax]? Log[1 - e2A"Tan(ax] | _ 96 polyLog[2, e 2A"T@M(ax] | ;96 (-2 +ArcTanh[ax]) ArcTanh[ax] Polylog[2, e?ArcTanhiaxl] .

96 Polylog |3, e?ArcTanh(axl] _ g6 ArcTanh[a x] Polylog |3, e?ArcTanniaxl| . 48 polylog |4, e?ArcTann(ax]]

Problem 139: Result unnecessarily involves imaginary or complex numbers.
JAr‘cTanh[a x]*

dx
X2 (c-acx)
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Optimal (type 4, 239 leaves, 12 steps):

4 _ 2 3 _ 2
aArcTanh[ax]* ArcTanh[ax]* aArcTanh[ax]*Log|2 : | 4aArcTanh[ax]?Log[2 ]

—ax l+ax
+ +
c cx c c
3 _ 2 2 _ 2 2 _ 2
2aArcTanh[ax]?Polylog[2, -1+ 17“} ) 6aArcTanh[ax]?Polylog[2, -1+ 1+ax] ) 3aArcTanh[ax]?Polylog|3, -1+ 17“] )
c c c
2 2 2 2
6 aArcTanh[ax] PolylLog[3, -1+ 1+ax] ) 3aArcTanh[ax] PolylLog[4, -1+ 1—ax} ) 3aPolylog|4, -1+ 1+ax] ) 3aPolyLog(5, -1+ 17“]
(@ C C 2c
Result (type 4, 172leaves):
1 7 i ArcTanh[ax]*
- —a|-—=+ +ArcTanh[a x]*+ ArcTanhfax]” 4 ArcTanh[ax]? Log[1 - e?ArcTan(ax] | _ ApcTanh[ax]* Log[1 - e2ArcTanhlax] | _
C 16 160 ax

2 ArcTanh[ax]? (3 +ArcTanh[ax]) Polylog|2, e?Ar<Tem(ax]| , 3 ArcTanh[ax] (2+ArcTanh[ax]) Polylog|3, e?ArcTannlax]] _

3
3 PolyLog[4, eZArcTanh[aX]] -3 ArcTanh[a X] POlyLog[4, eZAr‘cTanh[ax]} i PolyLog[S, eZArcTanh[ax]]
2

Problem 140: Result unnecessarily involves imaginary or complex numbers.

ArcTanh[a x]*
J— dx

x3 (c-acx)

Optimal (type 4, 380 leaves, 21 steps):

2a%ArcTanh[ax]® 2aArcTanh[ax]?® 3a?ArcTanh[ax]* ArcTanh[ax]* aArcTanh[ax]*

- +

+

C C X 2¢c 2cx? c X
2 4 _ 2 2 2 _ 2 2 3 _ 2
a% ArcTanh[ax]* Log|2 —17”] ) 6 a2 ArcTanh[ax]2 Log|2 1+ax] ) 4 a? ArcTanh[a x]> Log|2 1+ax]
c c c
2 3 B 2 2 B 2 2 2 B 2
2 a2 ArcTanh[ax]3 Polylog[2, -1+ 1—ax} ) 6 a2 ArcTanh[a x] Polylog[2, -1+ 1+ax} ) 6 a2 ArcTanh[ax]2Polylog|2, -1+ 1+ax} )
c c c
2 2 2 2 2 2 2
3a2ArcTanh[ax]2PolylLog[3, -1+ 1—ax} ) 3a2Polylog[3, -1+ 1+ax] ) 6 a2 ArcTanh[a x] Polylog|3, -1+ M‘X]
c c c
3a2ArcTanh[ax] Polylog[4, -1+ —2—| 3a2Polylog(4, -1+ —2—| 3a?PolylLog[5, -1+ —=—]
l-ax”’ lrax " 1-ax
C C 2c

Result (type 4, 250 leaves):

| 73
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1 i oAt i ; 2ArcTanh[ax]?® 1 4 ArcTanh[ax]* ArcTanh[ax]*
-—a |- -— + +2ArcTanh[ax]® + + —ArcTanh[a x]® + + -

C 4 16 160 ax 2 2a%x? ax
6 ArcTanh[ax]? Log|1 - e*Ar<Tam(ax] | _ 4 ArcTanh[ax]? Log[1 - e2ArTamh(ax] ] _ApcTanh[ax]* Log|[1 - e2ArcTanhlax]] _

2ArcTanh[ax] (3 +3ArcTanh[ax] +ArcTanh[ax]?) PolylLog[2, e?A"TaMax]] 4 3 (1 + ArcTanh[ax])?PolyLog|[3, e?ArcTanhiax]]

3
3 PolylLog[4, e?ArcTanhiax] ] _ 3 ArcTanh[a x] Polylog |4, e?Ar<Tanh(ax]] . = polylog|5, e?ArcTanniax]]
2

Problem 147: Result unnecessarily involves imaginary or complex numbers.

JXB (a+bArcTanh[cx])
dx

d+ex
Optimal (type 4, 275leaves, 16 steps):
ad?x bdx bx2 bdArcTanh[cx] bd?xArcTanh[cx] dx? (a+bArcTanh[cx])

- + + + +
e? 2ce? 6ce 2c?e? e? 2 e?
x3 (a+bArcTanh[cx]) ¢ (a+bArcTanh[cx]) Log[lfcx} d® (a+bArcTanh[cx]) LOg[ﬁ;jz—iﬁX_)]
3e ' et h et
b d? Log[l—c2 xz] b Log[l— c? xz} b d? PolyLog[Z, 1- 1+2cx} bd? PolyLog[Z, 1- %}
2ced : 6cie ) 2e* 2e*

Result (type 4, 474 leaves):
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1 2bed 6bde?x 2be3x? 6bde?ArcTanh[c x]

- +12ad’ex- ————-6ade?x?>+ ———— +4ae3x3+ -61ibd®ArcTanh[c x] +12bd? e x ArcTanh[c x] -
12 e* c3 c c c?

- 3 3 3 cd 3 , 6bd?eArcTanh[cx]?
6bde”xArcTanh[cx] +4be” x> ArcTanh[c x] -12bd Ar‘cTanh[—] ArcTanh[c x] + 6bd” ArcTanh[c x]“ - +

e c
cd
6bd?> [1- szz e efAFCTanh[T} ArcTanh[c x]?
e

C

+12bd ArcTanh[c x] Log[1 + e 2ArcTanhicx] ] 4 6 j b d® it Log[1 + e2ArcTanhlex] | _

cd
e

12 b d® ArcTanh | ﬂ] Log[1 - o2 [ArcTann|
e

6bd?elog[1-c?x?| 2be’log[1-c?x?]
+

}+Ar‘cTanh[c x]) } _12b d3 ArcTanh [cx] Log [1 _ efz (Ar‘cTanh[%]+Ar‘cTanh[c x]) ] _123a d3 Log [d rex] +

+3ibd®nlog[1-c?x?] +12bd3Ar‘cTanh[Q] Log[i Sinh[Ar‘cTanh[ﬂ] +ArcTanh[cx] | ] -

C c3 e e

6bd’ PolyLog|2, - e 2Ar<Tanhicx] ] , g b d? Polylog |2, e * (ArcTann | * ] +arcTanh (cx] ]

Problem 148: Result unnecessarily involves imaginary or complex numbers.

sz (a+bArcTanh[cx]) 5
X

d+ex

Optimal (type 4, 214 leaves, 12 steps):

2
adx bx bArcTanh[cx] bdxArcTanh[cx] x* (a+bArcTanh[cx]) d* (a+bArcTanh[cx]) Log| ]

1+cx
- + - - +

e? 2ce 2cle e? 2e
2 d+ 2 d+
d? (a+bArcTanh[cx]) Log[—(—)—<cdfe> (;"CX) | b4 Log[1-c2x?] bd?Polylog[2, 1- —2-] bd? Polylog[2, 1 - —2&ldex ]

1+CcXx (cd+e) (1+cx)
+

2ce? 2¢e3 2¢e3

e3

e3

Result (type 4, 394 leaves):
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e? x , , be?ArcTanh[cx]
-2adex+ +aex: -

2 e3 C c?

+1bd?ArcTanh[cx] -2bdexArcTanh[c x] +be?x?ArcTanh[c x] +

bd 1- c?d? e e—Ar‘cTanh{%}
bdeArcTanh[c x]? e?

ArcTanh[c x]?

2 cd h 42 2
2bd Ar‘cTanh[ } ArcTanh[c x] -bd“ ArcTanh[c x]“ +
e C

C

cd

2bd?ArcTanh[c x] Log[1 + e 2ArcTanhlex] ] b d? it Log[1 + e?Ar<Tennlex] ] 4 2 b d? ArcTanh | ﬂ] Log[1 - 2 [ArcTanh| ¥ ] arcTanh x| ]+
e
bdelog[1-c?x?]

2bd?ArcTanh[c x] Log[l—ce’2 (ArCTanh[%%APCTanh[cx])] +2ad?Log[d+ex] - - ~ibd?nlog[1-c?x?]| -
C 2

) cd o cd
2 b d“ ArcTanh [ 7} LOg[Il Sinh [Ar‘cTanh [ —

| +ArcTanh[cx] || +bd? PolyLog[2, e 2ArcTanhiex] | _ b d2 polylog |2, o2 [ArcTanh [ %] arcTann (c x] ]
e e

Problem 149: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.
Jx (a+bArcTanh[cx])

dx
d+ex

Optimal (type 4, 156 leaves, 9 steps):

ax bxArcTanh[c x] d (a+bArcTanh[cx]) Log[—2—]

l+cx
ax., .
e e e?
d (a+bArcTanh[cx]) Log[(czﬁ)";—ifgx—)] ) bLog[1 - c?x?] ) bdPolyLog[2, 1- —2—] ) bdPolyLog[2, 1 - —2c(dex ]

1+cx (cd+e) (l+cx)

e? 2ce 2e? 2e?

Result (type 4, 315leaves):
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1
—— |2aex-2adlog[d+ex] +
2¢?

1 cd
—b |-1cdmArcTanh[cx] +2 cexArcTanh[c X] —2chr‘cTanh[f} ArcTanh[c x] + cdArcTanh[c x]? - e ArcTanh[c x]? +
C e

1- ﬁ e e—Ar‘cTanh{%}

5 ArcTanh[c x]? +2cdArcTanh[cx] Log[1+ e 2ArcTanniex)] o j ¢ drLog|1 + e2ArcTanhlex] |

e

2 c d ArcTanh [ ﬂ] Log [1 _ e—Z (Ar‘cTanh[%} +ArcTanh[c x]) ] _2cdArcTanh [C X] Log [1 _ e—Z (Ar‘cTanh{%} +ArcTanh[c x]) } .
e

elog[1-c?x?| + 1 icdrlogl-c?x?] +2chr‘cTanh[ﬂ} Log|[i Sinh[Ar‘cTanh[ﬂ} +ArcTanh[cx] || -
2 e e

cdPolylog [2, _ @ 2ArcTanh[cx] ] +cdPolylog [2, e’ (ApCTanh{%} +ArcTanhc x] }

Problem 150: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.
ja+bAr'cTanh[c X]

X
d+ex

Optimal (type 4, 114 leaves, 4 steps):

(a+bArcTanh[cx]) Log[ 2] (a+bArcTanh[cx]) Log[ 2! —] ppolylog[2, 1- —2—] bPolylog[2, 1- —2cldexl—]
+

1+C X (cd+e) (1+cx) 1+C X (cd+e) (l+cx)
- +

e e 2e 2e

Result (type 4, 257 leaves):

alog[d+ex] +bArcTanh[c x]

1 Log[1-c?x?] + Log[i Sinh{Ar‘cTanh[ﬂ] +ArcTanh[cx] | ]| -
2

e e
2
lJib - =1 (;m-21iArcTanh[c x})zﬂi [Ar‘cTanh[ﬂ] +ArcTanh[cx] | + (r-2iArcTanh[cx]) Log[1+e?ArcTanhiex]] 4
2 4 e
21 [Ar‘cTanh[ﬂ] +ArcTanh[c x] Log[l—ce’2 (APCTa"h{%%ANTanh[CXJ)] - (-2 1 ArcTanh[cx]) Log{#] -
e V1-c2x?

) cd
21 [Ar‘cTanh [—] +ArcTanh[cx]

cd
Log[2 i Sinh[ArcTanh|—] +ArcTanh[cx] || -
e

e

iPolylog|2, -e?ArcTanhiexl] _ j polylog|2, o2 [ArcTanh[ <% ancTann (e x) | ] ] ]

| 77
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Problem 151: Result unnecessarily involves imaginary or complex numbers.
Ja+bAr‘cTanh[c X]

dx
X <d+ex)

Optimal (type 4, 148 leaves, 7 steps):

alog[x] (a+bArcTanh[cx]) Log[—2-] (a+bArcTanh[cx]) Log| —2<tdwexl—]

1+cx (cd+e) (l+cx)
+ _

d d d

1+cx (cd+e) (1+cx)

2d 2d 2d 2d

2 2c (d+ex)
bPolylog[2, ~cx] bPolyLog[2, cX] bPolylog[2, 1- ] bPolylog[2, 1-
+ +

Result (type 4, 294 leaves):
1

2 d?

1 cd
2adlog[x] -2adlog[d+ex] + —b |-1cdsArcTanh[c x] —2chr‘cTanh[f] ArcTanh[c x] + c dArcTanh[c x]2? - e ArcTanh[c x]? +
e e

cd
e’APCTa"h{T} ArcTanh[cx]? +2cdArcTanh[cx] Log[1 - e 2ATTamhicx]] 4§ cdrLog 1 + e?ArcTanhlex] ]

2 cdArcTanh| ﬂ] Log[1 - g2 [AreTanh[ 22 +arcTanh e ) | -2 cdArcTanh[cx] Log|1 - 2 (ArcTanh| <] carcTanh e x)) |+ 1 icdrlog[l-c?x?] +

e 2

2 cdArcTanh| ﬂ] Log[1i Sinh[ArcTanh| ﬂ] +ArcTanh[cx] || - cdPolylog|2, e 2Ar<Tamhicx] |, ¢ d Polylog|2, o2 [ArcTanh[ £ ] ArcTanh (e x) ) ]
e e

Problem 152: Result unnecessarily involves imaginary or complex numbers.
Ja+bAr‘cTanh[c X]

x2 (d+ex)

dx

Optimal (type 4, 200 leaves, 12 steps):

2 2c (d+ex)
_a+bArcTanh[cx] N bclog[x] aelog[x] ¢ (a+bArcTanh[cx]) Log[hcx] e (a+bArcTanh[cx]) Log| (cd+e) (1+cx) ]

d x d d? d? d?
2 2c (d+ex
bclog[1-cx?] _bepolylog(2, ~cx] bepolylog(2, cx] bePolylLog[2, 1- 1+CX} ) bePolylLog|2, 1- —‘—)—(cme) e ]
2d 2d? 2d? 2d? 2d?

Result (type 4, 360 leaves):
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1 |2ad? 2bd? ArcTanh[c x] b e? ArcTanh[c x]?

cd
-— -ibdessArcTanh[c x] + —2bdeAr‘cTanh[f] ArcTanh[c x] + bdeArcTanh[c x]?
2d3 X e e C

+

c2d? o2 e—Ar‘cTanh[%}

b [1-5 ArcTanh[c x]?2
e
+2bdeArcTanh[cx] Log[1 - e 2ArcTanhiex] | 4 j bd e Log[1+e2ArcTanhiex) |
c
cd -2 (Ar‘cTanh [ ﬂ] +ArcTanh[c x] ) -2 (Ar‘cTanh [ ﬂ] +ArcTanh[c x] )
2bdeAr‘cTanh[—] Log[l—e e }—ZbdeAr‘cTanh[cx] Log[l—e e ]+
e
) C X 1 . ) 2
2adelog(x] -2adelogld+ex] -2bcd?Log| +—ibdernlog[l-c?x?| +
1-c2x? 2

2bdeArcTanh| ﬂ] Log[1i Sinh[ArcTanh| g] +ArcTanh[cx] || -bdePolyLog[2, e 2ArcTanhicx] ] , b d e Polylog|2, o2 [ArcTanh[ %] arcTanh [ x) ]
e e

Problem 153: Result unnecessarily involves imaginary or complex numbers.

dx

a+bArcTanh[c x]
J X3 (d+ex)
Optimal (type 4, 261 leaves, 15 steps):

bc bc?ArcTanh[cx] a+bArcTanh[cx] e (a+bArcTanh[cx]) bceloglx]

+

- + - +
2dx 2d 2d x2 d? x d?
2 d+
aelog(x] © (a+bArcTanh[cx]) Log{lfcx} e? (a+bArcTanh[cx]) Log| (cdie> :f”) | bce Log[1 - ¢ x?]
+ - + -
d? d3 d3 2d?2
2 2 _2c (d+ex)
be?Polylog[2, -c x] N b e? Polylog[2, c X] ) be? PolyLog[Z, 1- 1+CX] be PolyLog[Z, 1- (cd+e) (1+cx) ]
2d3 2d3 2d3 2d3

Result (type 4, 435leaves):
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2bd?ArcTanh[c x]
+

1 2ad® 2bcd® 4ad’e - . 5
- +2bc“d’ArcTanh[cx] -2 ibde”rArcTanh[c x] - 5

+
4d4 x2 X X

X

2be3ArcTanh[c x]?
+

4bd?eArcTanh[c x] 5 cd 5 5
-4bde?ArcTanh| —] ArcTanh[cx] +2bde? ArcTanh[c x]? -

X e c
cd
2b [1- szz &3 g-AreTann[ ] ArcTanh[c x]?2
e
+4bde?ArcTanh[c x] Log[1 - e 2ArTanhicx]] 4 2 j bde? s Log 1+ e2ArcTanhlex] ] _
c
2 cd -2 (Ar‘cTanh[ﬂ]+Ar‘cTanh[c x]) 2 -2 (Ar‘cTanh[i] +ArcTanh[c x]) 2
4bde Ar‘cTanh[f] Log[l—e e ]—4bde ArcTanh[c x] Log[l—e e }+4ade Log[x] -
e
2 2 X . 2 2,2 2 cd s cd
4ade’logld+ex] -4bcd’elog[—————| +ibde’rLog[1-c?x?*| +4bde?ArcTanh| — | Log|i Sinh[ArcTanh[—] +ArcTanh[cx] || -
V1-c?x? € e
cd
2bde?Polylog[2, e 2ATanhicx]] . 2 bde? Polylog[2, e (arcTanh [ <*] +arcTanh e x] ]
Problem 154: Unable to integrate problem.
x? (a+bArcTanh[c x})z
J dx
d+ex
Optimal (type 4, 385leaves, 14 steps):
abx b2xArcTanh[cx] d (a+bArcTanh[c x])2 (a+bArcTanh[c x])2 dx (a+bArcTanh[cx] )2
+ - - - +
ce ce ce? 2cte e?
2 2 2
x? (a+bArcTanh[cx])? ) 2bd (a+bArcTanh[cx]) Log[licx} ) d? (a+bArcTanh[cx]) Log{hcx] )
2e ce? e3
d®> (a+bArcTanh[cx] >2L0g[%} b2 Log[1 - c2 x?] b?d PolyLog[2, 1 - 172cx} bd? (a+bArcTanh[cx]) Polylog[2, 1- 1+2CX]
+ + + -
e3 2c’e ce? e3
2 __2c (d+ex) 2 12 2 2 42 __2c (d+ex)
bd? (a+bArcTanh[cx]) PolylLog|[2, 1 e diex | b2d PolylLog[3, 1- 1+CX] b? d? PolyLog|3, 1 e e ]
N _
e3 2¢3 2¢3

Result (type 8, 23 leaves):
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2

sz (a+bArcTanh[cx])
dx

d+ex

Problem 155: Unable to integrate problem.

JX (a+bArcTanh[cx])?
dx

d+ex

Optimal (type 4, 279 leaves, 8 steps):

(a+bArcTanh[cx])? x (a+bArcTanh[cx])?2 2b (a+bArcTanh[cx]) Log[ —2—] d (a+bArcTanh[cx])?Log| 2]

l-cx l+cx
+ - + -

ce e ce e?
d (a+bArcTanh[cx])? Log[ —2< e —] b2 Polylog[2, 1- —>~] bd (a+bArcTanh[cx]) Polylog[2, 1- —2—]

(cd+e) (1+cx) 1-cx 1+cX

e? ce e?

B 2c (d+ex) 2 2 2 _ 2c (d+ex)
bd (a + b ArcTanh[c x] ) PolyLog[ZJ 1 cde) (Leex) } b%d PolyLog[S, 1- —hcx} b d PolyLog[3, 1 cdie) (Lex) }
- +

e? 2 e? 2 e?

Result (type 8, 21 leaves):

2

Jx (a+bArcTanh[cx]) 5
X

d+ex

Problem 156: Unable to integrate problem.

2

(a+bArcTanh[cx])
J dx

d+ex

Optimal (type 4, 188 leaves, 1step):

(a+bArcTanh[cx])? LOg[1+2cx] (a+bArcTanh[cx])? Log[(czﬁ)"*(—‘ifc)x—)} b (a+bArcTanh[cx] ) PolyLog[2, 1 - 1+2cx}

e e e
b (a+bArcTanh[cx]) PolyLog|2, 1- —2eldiex] 1 o Polylog[3,1- —2—| b’ Polylog[3, 1 - —2cldex ]

(cd+e) (1+cx) 1+C X (cd+e) (1+cx)

e 2e 2e

Result (type 8, 20 leaves):

(a+bArcTanh[cx])?
J dx

d+ex
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Problem 157: Unable to integrate problem.

(a+bArcTanh[cx] )2
J dx

x (d+ex)

Optimal (type 4, 319leaves, 9steps):

2 (a+bAr‘cTanh[cx})ZAr‘cTanh[l—ﬁ} (a+bAr‘cTanh[cx])2Log[lzcx] (a+bArcTanh[cx})2Log[(czﬁ)"z—i+"gx—)}
+

d d d
b (a+bArcTanh[cx]) PolylLog|2, 1- 172”} ) b (a+bArcTanh[cx]) PolylLog[2, -1+ lfcx} )
d d
b (a+bArcTanh[cx]) PolyLog|2, 1- 1+2cx} b (a+bArcTanh[cx]) PolyLog|2, 1- ﬁ)d*(—j:‘c)x—)]
d d

1-cx 1-cx 1+cx (cd+e) (1l+cx)

b2 PolylLog[3, 1- —2—] b2Polylog(3, -1+ —2—] b?PolylLog|[3, 1- —2—| b2 PolyLog[3, 1 - —2c(deexl ]
- - +

2d 2d 2d 2d

Result (type 8, 23 leaves):

2

(a+bArcTanh[cx])
J dx

X (d+ex)

Problem 158: Unable to integrate problem.

2

(a+bArcTanh[cx])
J dx

x2 (d+ex>

Optimal (type 4, 412 leaves, 13 steps):
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c (a+bArcTanh[cx])?> (a+bArcTanh[cx])® 2¢€ (a+bAr‘CTa”h[CX])ZAPCTa”h[l’12 ]

-C X

d d x d?
e (a+bArcTanh[cx])? Log[ 2] e (a+bArcTanh[cx])? Log[ —2<dex ] 2bc (a+bArcTanh[cx]) Log[2- —2—]
+

l+cx (cd+e) (1+cx) l+cx

d? d? ' d
be (a+bArcTanh[cx]) PolylLog[2, 1- 12 | be(a+bArcTanh[cx]) Polylog[2, -1+ —2—]

1-cx

o . o2
be (a+bArcTanh[cx]) Polylog[2, 1- —2—] b2cPolylog[2, -1+ —2—] be (a+bArcTanh[cx]) Polylog[2, 1- —2cldeex) ]

1+cx 1+cx (cd+e) (1+cx)

d? d d?
bZePolyLog[B,l—ﬁ} b? e Polylog[3, -1+ 2 | b?epolylog(3, 1- 2 ] bZePolyLog[3,1—M)—]

1-cx 1+cx (cd+e) (1+cx)

2d? 2d? 2d? 2d?

Result (type 8, 23 leaves):

(a+bArcTanh[c x] )2
J dx

X2 (d+ex>

Problem 159: Unable to integrate problem.

ArcTanh[c x]?
J— ax

x (d+ex)

Optimal (type 4, 275leaves, 9 steps):

2 ArcTanh[c x]2 ArcTanh[1 - —— Zc | ArcTanh[cx]2Log[—2—] ArcTanh[cx]?Log [2eldeX) ] ApcTanh[c x] Polylog [2,1- 2]
—cx
. _

1+cx (cd+e) (1+cx) 1-cx

+

d d d d
ArcTanh[c x] PolyLog[2, -1+ —2—] ArcTanh[cx] Polylog[2, 1- —2—] ArcTanh[cX] Polylog[2, 1 - —2cldexi ]
- +

1-cx 1+cx (cd+e) (1l+cx)

d d d

PolylLog[3, 1- i] PolylLog[3, -1+ 172”] PolyLog[3, 1- i} Polylog|3, 1- ﬁ%}
- - +

2d 2d 2d 2d

Result (type 8, 19leaves):

ArcTanh[c x]?
J— dx

x (d+ex)
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Problem 212: Result unnecessarily involves imaginary or complex numbers.

dx

J(l - a? xz)zAr‘cTanh[a x]2
5

X

Optimal (type 4, 214 leaves, 29 steps):

a? aArcTanh[ax] 3a’ArcTanh[ax] 3 , , ArcTanh[ax]? a?ArcTanh[ax]?
- - + - —a"ArcTanh[ax]“ - + +
12 x2 6 x> 2 X 4 4 x4 x2
4 2 2 4 4 2 4 2,2 4
2 a* ArcTanh[a x]? ArcTanh|[1 - | - —a*Log(x] + —a*Log[1-a%x*| - a*ArcTanh[ax] Polylog[2, 1 - |+
l1-ax 3 3 l-ax
. 2 1, 2 1, 2
a* ArcTanh[ax] Polylog[2, -1+ | + = a*Polylog(3, 1- | - = a*Polylog(3, -1+ ]
1-ax 2 l1-ax 2 1-ax
Result (type 4, 238 leaves):
1 4 . 4.3 23> 4aArcTanh[ax] 36a°ArcTanh[aXx] 4 5
— |2a%+1a" " - — - + -18 a* ArcTanh[a x]“ -
24 X2 x3 X
6 ArcTanh[ax]2 24 a%ArcTanh[ax]?
4[ ] + 5 [ax] -16 a* ArcTanh[ax]? - 24 a* ArcTanh[a x]? Log[1 + e 2ArcTanhlax] |
X X

ax
24 a* ArcTanh[a x]? Log[1 - e?ArcTanhlaxl ] _ 33 3% L og[ —————] + 24 a* ArcTanh[a x] Polylog[2, - e 2ArcTanhiax] ]

V1-a?x?

24 a* ArcTanh [a x] PolyLog[2, e?ArcTam(axl| 4 12 3% polyLog|[3, -e 2A"cTa™(ax]] _ 17 a* polylog|3, e2ArcTanh(ax] |

Problem 240: Result unnecessarily involves imaginary or complex numbers.

ArcTanh[a x]?
J— dx

x3 (1 - a2 xz)

Optimal (type 4, 138 leaves, 13 steps):

aArcTanh[a x 1 1 1
_aArcTanhfax] + = a?ArcTanh[a x]? + =~ a?ArcTanh[ax]?+a? Log[x] - —a’Log[1-a’x*| +
X 2 2 x2 3 2

ArcTanh[a x]?

, 2 1, 2
| -a®ArcTanh[ax] PolylLog[2, -1+ - —a’Polylog[3, -1+
l+ax l+ax 2 l1+ax

a?ArcTanh[ax]? Log|2 -

Result (type 4, 133 leaves):
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,[ i7® ArcTanh[ax] (1-2a*x?)ArcTanh[ax]? 1 s
-a° |- + + + —ArcTanh[a x]° -
24 ax 2a2x? 3
ax 1
ArcTanh[ax]?Log|1 - e?ArcTamax] | _ | og[ —————| - ArcTanh[a x] PolyLog[2, e?A"<Tam[2x]| . = polylog|3, e?ArcTanhlax]]
V1-a?x? 2

Problem 246: Result unnecessarily involves imaginary or complex numbers.

ArcTanh[a x]3
J— ax

x2 (1— a2 x2)

Optimal (type 4, 90 leaves, 7 steps):

ArcTanh[ax]3 4
- ————— + —aArcTanh[ax]" +

X 4

aArcTanh[ax]?3

2 3 2
| -3aArcTanh[ax] PolylLog|2, -1+ | - —aPolyLog[3, -1+
l1+ax 1+ax 2 l1+ax

3aArcTanh[ax]?Log[2-

Result (type 4, 93 leaves):

i3 ; ArcTanh[ax]® 1 4
-a |- +ArcTanh[ax]’+ ————— - — ArcTanh[ax]” -
8 ax 4

3
3ArcTanh[ax]? Log |1 - e?ArcTanhiax] ] _ 3 ApcTanh[a x] Polylog[2, e?ArcTan(axl |, = polylog[3, e?ArcTanhiax] |
2

Problem 270: Result unnecessarily involves imaginary or complex numbers.

ArcTanh[a x]?
J— dx

X <1—a2x2)2

Optimal (type 4, 136 leaves, 8 steps):

1 axArcTanh[ax] 1 , ArcTanh[a x]?2 1 3
- - —ArcTanh[ax]“+ ——— + — ArcTanh[ax]” +
4 (1-a%x?) 2 (1-a2x2) 4 2 (1-a2x2) 3

2 1 2
| - ArcTanh[ax] PolyLog[2, -1+ | - = PolyLog(3, -1+
1+ax l1+ax 2 l+ax

ArcTanh[ax]?Log[2 -

Result (type 4, 106 leaves):

1
— (i -8ArcTanh[ax]?+3Cosh[2ArcTanh[ax]] + 6 ArcTanh[a x]* Cosh[2 ArcTanh[a x] ] + 24 ArcTanh [a x] 2 Log[1 - e2ArcTanhlax] |,
24

24 ArcTanh[a x] Polylog |2, e*A"™"[2x]] _ 12 Polylog|3, e’”"<T@"(ax] | _ 6 ArcTanh[a x] Sinh[2ArcTanh[ax]])
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Problem 272: Result unnecessarily involves imaginary or complex numbers.

ArcTanh[a x]?
J— dx

x3 (1—a2 XZ)Z

Optimal (type 4, 205 leaves, 22 steps):
a? aArcTanh[ax] a®xArcTanh[ax] 1 , , ArcTanh[ax]? a?ArcTanh[ax]?
- - + —a“ArcTanh[ax]“ -

4(1—azx2) X 2(1—a2x2> 4 2 x2 " 2(1—a2x2) 3

1 2
—a’log[1-a*x?| +2a%ArcTanh[ax]?Log[2 - | -2a’ArcTanh[ax] PolyLog[2, -1+ | -a?PolyLog[3, -1+
2

l+ax l+ax l+ax

Result (type 4, 146 leaves):

a’ |2 ArcTanh[ax] Polylog|2, e?ArcTenhlax]]
1
— [21s3-16ArcTanh[ax]3+3Cosh[2ArcTanh[ax]] +6ArcTanh[ax]? |2 - ; 2+Cosh[2Ar~cTanh[ax]]+8Log[l7<e2A'"CT"’"‘h[a"]] +
24 a“ X

24 Log [ L} - 24 Polylog [3, @2ArcTanh[ax] ]

6 ArcTanh[ax] (4 +axSinh[2ArcTanh[ax]])
1-a%x? ax

Problem 278: Result unnecessarily involves imaginary or complex numbers.

ArcTanh[ax]3
J— dx

x2 (1—a2 xz)2

Optimal (type 4, 191 leaves, 12 steps):

3a 3aZxArcTanh[ax] 3 , 3aArcTanh[ax]? ; ArcTanh[ax]?® a?xArcTanh[ax]?
- + + —aArcTanh[ax]* - +aArcTanh[ax]® - +
8 (1-a%x?) 4 (1-a2x?) 8 4 (1-a%x?) X 2 (1-a%x?)
3 . , 2 3
—aArcTanh[ax]®+ 3 aArcTanh[a x] Log[Z— ] -3 aArcTanh[ax] PolyLog[Z, -1+ ] - faPolyLog[3, -1+
8 l+ax l+ax 2 1+ax

Result (type 4, 144 leaves):

1 3 ; 16ArcTanh[ax]? 4
—a (217 -16ArcTanh[a x]” - +6 ArcTanh[ax]* -3 Cosh[2ArcTanh[ax]] -
16 ax

6 ArcTanh[a x]2? Cosh[2ArcTanh[ax] ] + 48 ArcTanh[a x]? Log[1 - e?A"cTaM(ax] | , 48 ArcTanh[a x] Polylog|2, e?ArcTanh(ax)| _

24 Polylog|3, e?ArcTanhax] |, 6 ArcTanh[ax] Sinh[2ArcTanh[ax]] +4ArcTanh[ax]? Sinh[2ArcTanh[aX]]

2 2 3 2
+ —a“ArcTanh[ax]” +a“ Log[x] -
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Problem 282: Attempted integration timed out after 120 seconds.

3

X
J dx
(1-a%x?) 2 ArcTanh[a X]

Optimal (type 9, 42leaves, 0steps):

. X
Unlntegrable[ (1-a>x?) ArcTanh[ax] ’ X}

SinhIntegral[2 ArcTanh[a x]]

2at a?

Result (type 1, 1leaves):

2?22

Problem 312: Result unnecessarily involves imaginary or complex numbers.

ArcTanh[a x]?
J— dx

X (1—a2x2)3

Optimal (type 4, 196 leaves, 13 steps):

1 11 axArcTanh[ax] 1l1axArcTanh[ax] 11 )
+ - - - — ArcTanh[a x]

32 <1,aZ XZ)Z 32 <1fa2 x2) ) (1732 XZ)Z 16 (17a2 X2> 32 4 <1,aZ XZ)Z 2 (17a2 xz)
1 2 1 2
= ArcTanh[ax]? + ArcTanh[ax]? Log|2 - | -ArcTanh[ax] Polylog[2, -1+ | - = PolyLog|3, -1+

3 l+ax l+ax 2 l1+ax

ArcTanh[ax]? ArcTanh[ax]?
+ +

Result (type 4, 129 leaves):

ArcTanh[ax] PolyLog[2, e?ArcTanhlax]| (321 7 - 256 ArcTanh [a x]? + 144 Cosh [2 ArcTanh[a x] ] +

768
3 Cosh[4ArcTanh[ax]] + 24 ArcTanh[a x]? (12 Cosh[2ArcTanh[ax]] + Cosh[4 ArcTanh[ax]] + 32 Log[1 - e?Ar<Tenhiaxi | ) _

384 PolyLog|[3, e?Ar<Tanlaxl | _ 12 ArcTanh [a x] (24 sinh[2 ArcTanh[ax]] +Sinh[4 ArcTanh[ax]]))

Problem 319: Result unnecessarily involves imaginary or complex numbers.

ArcTanh[ax]3
J— dx

x2 (l—a2 x2)3

Optimal (type 4, 281 leaves, 21 steps):



88 | 7.3 Inverse hyperbolic tangent.nb

3a 93 a 3aZxArcTanh[ax] 93 a?xArcTanh[aXx] R
- - + + + aArcTanh[ax]‘ -
128 (1_32 XZ)Z 128 (1_a2 x2) 32 (1_32 XZ)Z 64 (1-a2 x2) 128
3aArcTanh[ax]? 21aArcTanh[ax]? ; ArcTanh[ax]? a?xArcTanh[ax]? 7a?xArcTanh[ax]?
- +aArcTanh[ax]® - + + +
16<1_32X2>2 16 (1-a?x?) X 4(1—a2x2)2 8 (1-a2x?)
15 . 5 2 3 2
~——aArcTanh[ax]*+3aArcTanh[ax]? Log|2 - | -3aArcTanh[ax] PolylLog|2, -1+ | - —aPolyLog[3, -1+
32 1+ax l1+ax 2 1+ax
Result (type 4, 218 leaves):
i3 ; ArcTanh[ax]?® axArcTanh[ax]? 5 . 3
-a |- +ArcTanh[a x]” + - - — ArcTanh[ax]*+ —Cosh[2 ArcTanh[ax]] +
8 ax 1-a2x? 32 8
3 ) 3 Cosh[4 ArcTanh[a x]] N
— ArcTanh[a x]“Cosh[2ArcTanh[ax]] + + ArcTanh[a x]“ Cosh[4 ArcTanh[a x]] -
4 1024 128

3
3ArcTanh[ax]? Log[1 - e?ArcTanhlax] ] _ 3 ApcTanh[a x] Polylog[2, e?ArcTeanh(ax] | 4 = polylog[3, e?ArcTannlax] | _
2

3 3 1
= ArcTanh[ax] Sinh[2 ArcTanh[ax]] - — ArcTanh[a x] Sinh[4 ArcTanh[ax]] - — ArcTanh[a x]3 Sinh[4 ArcTanh[a x] ]
4 256 32

Problem 383: Result more than twice size of optimal antiderivative.

ArcTanh[ax]3
j— dx

1- a%x?

Optimal (type 4, 153 leaves, 10 steps):

2 ArcTan[efreTanhiax] | ArcTanh[ax]3 3 iArcTanh[ax]2Polylog|2, -i eArcTanh(ax] ]

+
a a

3 i ArcTanh[ax]2Polylog|2, i efrcTanh(ax]| 6 j ArcTanh[a x] Polylog|3, - i eArcTanhiax] |
N -
a a
6 i ArcTanh[a x] Polylog|3, i efrcTanhiaxl| 6 j polylog|4, - i efrcTanhiaxl] 6 i Polylog|4, i efrcTanhiax] |
- +
a a a

Result (type 4, 451 leaves):
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1
- i |77*+8 1% ArcTanh[ax] +24 7% ArcTanh[ax]? - 32 i wrArcTanh[ax]? - 16 ArcTanh[ax]% + 8 i 7° Log[1 + i e ArcTanhiax] ]
64 a

48 7® ArcTanh [a x] Log[1+ 1 e #TaM(axl | _ 96 j ;rArcTanh[a x]? Log |1+ i e A"<T@(ax]] _ g4 ArcTanh[ax]® Log|[1 + i e AreTanh(ax)]
48 7* ArcTanh [a x] Log[1 - i e*"T@™[ax] ]| ; 96 i st ArcTanh[ax]? Log[1 - i e*™Teiax]] _ g j 73 Log[1 + i eAreTanhlax]]

64 ArcTanh[ax]? Log[1+i eA"eTemax] ] 4 8 7% Log|[Tan]| 1 (m+2iArcTanh[ax])]] -48 (n-2iArcTanh[ax] )2 Polylog|[2, -1 e ArcTanhlaxi]
4

192 ArcTanh[a x]? Polylog[2, -1 e*"cTam(axl | _ 48 72 polylog[2, i e T (@] | 4 192 i s ArcTanh[a x] Polylog[2, i eAreTanhiax]]
192 i ;rPolylog[3, - i e <TaM(ax] ] ; 384 ArcTanh[a x] PolyLog[3, -i e A"Ta™(ax]| _ 384 ArcTanh[a x] Polylog[3, - i efrcTenn(axi] _

192 i rPolylog|[3, i eA"TaM(axl ]\ 384 Polylog[4, -i e A™T@(ax] | . 384 Polylog[4, -1 eAreTanniax] |

Problem 405: Result more than twice size of optimal antiderivative.

x% ArcTanh[a x]3
J dx

(1-a? x2) /2

Optimal (type 4, 246 leaves, 13 steps):

6 6 x ArcTanh[ax] 3ArcTanh[ax]? xArcTanh[ax]3 2Ar'cTan[<eA'“°Ta“h[aX]] ArcTanh[ax]3
- + - + - +
a3/1-a2x? a?+/1-a?x? a*v1-a2x? a’v/1-a2x? a?

3 i ArcTanh[ax]2Polylog[2, - i efr<Tanhlax] | 3§ ArcTanh[a x]2Polylog|[2, i e"<Tam(ax]] 6 i ArcTanh[ax] PolylLog[3, - i efrcTanhlax] |
a3 ) a3 ) a3 '

6 i ArcTanh[a x] Polylog|3, i efrcTanhiaxl | 6 j polylog|4, - i efrcTanhiaxl| 6 i Polylog|4, i eArcTanhiax] |
N _

a3 a3 a3
Result (type 4, 541 leaves):

_— 384 3 384 a x ArcTanh[a x] ., ) 192 ArcTanh[a x]? 3
717"~ ——— -8 ArcTanh[a x] + +24 1 1t ArcTanh[a x]* - +32tArcTanh[a x]” +

64 a* Vi-aix® Vi-aZxZ Vi-aZxr
64 ax ArcTanh[a x]?3
V1-aZx?
96 stArcTanh[ax]? Log[1+i e ArcTa(axl] 64 j ArcTanh[ax]?® Log[1+ i e #"<TaM(ax]] _48 i 5% ArcTanh[a x] Log |1 - i efreTanhlax]] _
96  ArcTanh[ax]? Log[1 - i efreTamiax] , 8 73 Log[1 + i e"eTemIax] | 1 64 i ArcTanh[ax]® Log |1+ i ereTamhiax] | _

-16 i ArcTanh[ax]* - 8 7 Log[1 + i e ArTan(ax] | 4 48 § 2 ArcTanh[a x] Log[1 + i e ArcTanhlax]]

8 3 Log[Tan[l (m+2iArcTanh[ax])]]-484i (r-21iArcTanh[ax] )2 Polylog|[2, - i e ArcTanhlaxi]

4

192 i ArcTanh[ax]? PolyLog[2, - i T [ax]] _ 48 j 5 Polylog|2, i e*"T@™2X]| _ 192 s ArcTanh[a x] PolyLog[2, i eAreTanh(ax)]

192 7t PolyLog[3, -1 e A"Tah(ax]] , 384 j ArcTanh[a x] PolyLog|3, - i e A"<T@™(ax]] _ 384 j ArcTanh[a x] Polylog[3, -i efrcTamniax)] ,
3

192 s Polylog|[3, i e*rcTaM(axl | ; 384 j polyLog[4, - i e A"TaM(ax]] ;384 j Polylog|4, - i efreTann(ax] ]|
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Problem 412: Attempted integration timed out after 120 seconds.

2

X
J dx
(1-a%x2)*?ArcTanh[ax]

Optimal (type 9, 26 leaves, 0 steps):

x2

Unintegrable| » X]

(1-a2x?)*?ArcTanh[a x]

Result (type 1, 1leaves):

2?7

Problem 458: Result more than twice size of optimal antiderivative.

(1-a%x?)*?ArcTanh[ax]
J dx

¥

Optimal (type 4, 243 leaves, 24 steps):

avil-aZx?2 19a3+/1-a2x? 31a°+V1-a2x2 +1-a?x? ArcTanh[ax] 7a2+/1-a2x? ArcTanh[aXx]
+ + - +

30 x° 360 x3 720 x 6 x° 24 x4
a*+/1-a%x% ArcTanh[aX] V1-ax Vi1-ax Vi1-ax

! a® ArcTanh[ax] ArcTanh| |+ S a®Polylog|2, - | - . a® Polylog|2,

16 x? 8 Vi+ax 16 Virax 16 Vi+ax
Result (type 4, 530 leaves):

]
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1 1 1 R aszch[lAr‘cTanh[ax]}4
- ——a® | -8 Coth[ =~ ArcTanh[ax] | - 6 ArcTanh[a x] Csch|[ = ArcTanh[ax] | - 2 -

192 2 2 1-aZx?

1 4
3ArcTanh[ax] Csch| = ArcTanh[ax]| -24ArcTanh[ax] Log[1- e cTaM(@x]] 4 24 ArcTanh[ax] Log |1 + e ArcTenhlax] ] _
2

1 2
24 Polylog |2, -eAreTan(axl | 4 24 polylog|2, e#™Teax]] _ 6 ArcTanh[a x] Sech|[ = ArcTanh[ax] | +
2

1 16 (1-a2x?)>? Sinh[%Ar‘cTanh[a x}]4 1
3ArcTanh[ax] Sech[ = ArcTanh[ax]| - . +8Tanh|[ = ArcTanh[ax] || +
2 a’ x 2

1 1 26aszchEAr‘cTanh[ax}]4
a® | -76 Coth|[ — ArcTanh[ax] | - 9@ ArcTanh[a x] Csch| — ArcTanh[ax] | - -

5760 2 2 Ji-aZx?

3a szch[iAr'cTanh [ax]

1 1
90 ArcTanh[a x] Csch[fAr‘cTanh[a X] ] - - 15 ArcTanh[a x] Csch[fAr‘cTanh[a X] ]6—360Ar‘cTanh[a X]
2 /1 _ a2 x? 2

Log [1 _ e—Ar‘cTanh[a x] ] + 360 ArcTanh [ax] Log [1 4 e—Ar‘cTanh[a x] ] _ 360 POl)/LOg [2, 7(e—Ar‘cTanh[a x] ] + 360 PolyLog [2, e—Ar‘cTanh[a x] ] _

1 2 1 1
90 ArcTanh[ax] Sech| = ArcTanh[ax]|" +9@ArcTanh[ax] Sech| = ArcTanh[a x] ]4 - 15ArcTanh[ax] Sech| = ArcTanh[a x] }6 -
2 2 2

416 (1-a2x?)*/>sinh[ 2 ArcTanh[ax] |*

1 1 4 1
. +76 Tanh|[ = ArcTanh[ax] | + 6 Sech| = ArcTanh[ax] | Tanh[ = ArcTanh[ax] |
a’ X 2 2 2

Problem 502: Result unnecessarily involves imaginary or complex numbers.

X

ArcTanh[a x]
Ji a

c+dx?

Optimal (type 4, 429 leaves, 17 steps):

a (v -c -+/d x a(vV-c -v/d x a (v -c +/d x
L 1- L L 1 L L 1 L
Loglt-ex el =7 ]+ og[1+ax] Log[~ o }7 og[1+ax] Log[ =]
a-c \d av-c d av-cd
Log[1-ax] Log[a e x | PolyLog|2, —M] PolyLog|2, M] PolyLog|2, —M] PolyLog|2, M]
avewa aveva ! | avcwa aveva ! | av=c d
4~-c /d 4~/-c Jd 4~/-c Jd 4~/-c ~Jd 4~/-c Jd

Result (type 4, 662 leaves):
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, -atc+d ac -aZc+d adx
-—a —2]1Ar'cCos[ ]Ar‘cTan[ ]+4Ar‘cTan[7]Ar‘cTanh[ax}— Ar‘cCos[ }+2Ar‘cTan[
4~a’cd a’c+d a’cd Vvatcd x a’c+d vatcd
Zjac(id+\/a2cd)(—1+ax) _a2cad adx 2ac(d+1‘1 azcd)(1+ax)
Log[ ] - Ar‘cCos[ } - 2Ar‘cTan[ ] Log[ +
(a2c+d) (ac+1‘1\/a2cd x) a’c+d Va?cd (a2 c+d) (ac+j\/a2cd x)
) /A2 “ArcTanh[ax]
ArcCos | a2 Cer]+2 ArcTan | ac | +ArcTan] adx ||| Log] V2 Jatcd etretmniex |+
a*c+d Varcd x a’cd Vac+d \/azc—d+(a2c+d)Cosh[ZAr‘cTanh[ax}]
.2 /a2 ArcTanh[a x]
ArcCos | a2 C+d] -2 |ArcTan]| ac | +ArcTan| |1 Log[ V2 alcd ehrermiax |+
a‘c+d Valcd x Va’cd \Jatc+d \/azc—d+(a2c+d)Cosh[ZArcTanh[ax}]
(—a2c+d—2i\/a2cd) (]13C+\/32Cd x) (—a2c+d+21'1\/a2cd) (J’lac+\/a2cd x)
i —PolyLog[Z, ]+PolyLog[2,

(a2c+d) (7jac+\/a2cd x)

(a2c+d) (7jac+x/a2cd x)

Problem 504: Result more than twice size of optimal antiderivative.

JAr‘cTanh[a X] q
(C +dX2)3

X

Optimal (type 4, 657 leaves, 23 steps):

Jd x
a x ArcTanh[a x] 3 xArcTanh[a x] 3Ar‘cTan{ \EX]Ar‘cTanh[ax]
+ + + +
8c(a2c+d> <c+dx2) 4c(c+dx2)2 8c2(c+dx2> 8c5/2~/d
3 Log[ Y412 |og[1 - 2YdX] 3 |og[. e Xt ] ggfg LVdX] 3y gg[ Y Uax ] g0y, LVdx]
iac+/d Ve ~ iavc -/d Ve B iavc-+/d c .
32¢52+/d 32¢52+/d 32¢52+/d
31‘1L°g[jad¢?lia¢%]l-°g[l+jv%x} a(5a2c+3d) Log[1-a*x?| a(5a2c+3d) Log|c+dx?]
+ _
32¢52+/d 16c? (a?c+d)? 16c? (a?c+d)?

. a(+/c-i+d x ) a (e -id x ) a (Ve +ivd x ) a (Ve +ivd x
31 PolyLog[Z, = ] ) 31 PolyLog[Z, s T ] ) 3 i Polylog [2, Y } 7 31 PolyLog[Z, s T }
32¢5/2+/d 32c¢5/2/d 32¢5/2+/d 32c¢5/2+/d

Result (type 4, 1840leaves):

]




as[

5Log[1+

(a% c+d) Cosh[2 ArcTanh[ax]] ]

a’c-d

3dlog|1+

(a? c+d) Cosh[2 ArcTanh[ax]]

a’c-d

]

16 a2c (a2c+d)2

16 a% 2 (a2c+d)2

+

+

\/7 /a2 cd eArcTanh[ax]
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|+

Vvalc+d \/azc—d+ (a2 c+d) Cosh[2ArcTanh[ax] ]
ﬁmeAr‘cTanh[ax]

|+

Vac+d \/azc—d+ (a?c +d) Cosh[2ArcTanh[ax]]
(azc—d+21'1\/a2cd) (Zazc—zja\/azcd x)

(a2c+d) (2a2c+21'1a\/a2cd x)

+

+

\/? m @-ArcTanh[ax]

|+

Vvalc+d \/azc—d+ (a2 c+d) Cosh[2ArcTanh[ax] ]
\EmeAr‘cTanh[ax]

} +

2~ _
= 3 |-21iArcCos|- a | ArcTan| | +4ArcTan| | ArcTanh[ax] -
32a2c+/a%cd (a2c+d> a’c+d a2cd vatcd x

a2c_d (azc—d—Zj\/azcd> (Zazc—Zja\/azcd x)
ArcCos [ - | -2ArcTan| || Log[1-

a’c+d vatcd (a2c+d> (2a2c+21a\/a2cd x)

ac- (azc—d+21\/a2cd)(2a2c—21'1a\/a2cd x)
~ArcCos [ - | -2ArcTan| || Log[1-

a’c+d Vva2cd (a2c+d) (2a2c+2j1a\/a2cd x)

alc-d , , .
ArcCos | - | +21 |-1iArcTan] | - iArcTan| ] )Log{

a’c+d alcd x acd

a’c-d , , ac .
ArcCos [ - | -21 |-iArcTan| | -iArcTan| ] ]Log[

aZc+d Vatcd x a’cd

(azc—d—zj\/azcd) (Zazc—zja\/azcd x)
i PolyLog[Z, ]—PolyLog[Z,
(a2c+d) (2a2c+211a\/a2cd x)
1 _ a’c- ac
3d |[-21iArcCos|- | ArcTan| | +4ArcTan| | ArcTanh[ax] -
32a%c2+/a?cd (a2c+d) a’c+d Vva2cd VvaZcd x

aZc- (azc—d—Zj\/azcd)(Zazc—Zja\/azcd x)
ArcCos [ - | -2ArcTan| || Log[1-

a’c+d vatcd (a2c+d> (2a2c+211a\/a2cd x)

2~ (azc—d+21\/a2cd)(Zazc—Zia\/azcd x)
~ArcCos [ - | -2ArcTan| || Log[1-

a’c+d va?cd (a2c+d) (2a2c+2j1a\/a2cd x)

a’c-d , , ac .
ArcCos [ - +21 |-1iArcTan| | -iArcTan| ] ]Log[

a’c+d VvaZcd x acd

a’c-d , , ac , adx
ArcCos [ - -21i |-1iArcTan| | -iArcTan| |1 Log[

alc+d VaZcd x Vatcd

Vvalc+d \/azc—d+ (a?c +d) Cosh[2ArcTanh[ax]]
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(achdfzim/azcd) (Zachzja\/azcd x)

alc-d+2i+a%cd 2a2c-2iaa%cd x
| - Polylog|2, ( . ) ( )
(a2c+d> (2a2c+21a\/a2cd x) (a2c+d) (2a2c+2ia\/a2cd x)

d ArcTanh[a x] Sinh[2 ArcTanh[a x] ]

i |PolyLog|2,

.
2a%c (a?c+d) (a®c-d+a?cCosh[2ArcTanh[ax]] +dCosh[2ArcTanh[a x}])2

(2a®cd+5a*c®ArcTanh[ax] Sinh[2ArcTanh[ax]] + 8a* c d ArcTanh[a x] Sinh[2ArcTanh[ax]] + 3 d? ArcTanh[a x] Sinh[2ArcTanh[a x] ])/

(8 a* c? (a2c+d)2 (a*>c-d+a*cCosh[2ArcTanh[ax]] +dCosh[2ArcTanh[a x}]))

Problem 506: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.
JAr‘cTanh[b X]

1-x2

X

Optimal (type 4, 171 leaves, 17 steps):

1 b (1-x) 1 b (1+x) 1 b (1-x)
fLog[— }Log[l—bx]—fLog[ ]Log[l—bx]—fLog[ ]Log[1+bx]+
1-b 4 1+b 4 1+b
b (1+x) 1 1-bx, 1 1-bx, 1 1+bx, 1 1+bx
~Llog[-———"] Log[1+bx] + = PolyLog|2, | - = Polylog|2, | + = Polylog|2, | - = Polylog|2, ]
1-b 4 1-b 4 1+b 4 1-b 4 1+b

Result (type 4, 576 leaves):
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1
4~/ -b2
2 N 2 2b —]'l+\/T -1+bx
b ZjArcCos[1+b } Ar‘cTan[ bx ] —4Ar‘cTan[ b ] ArcTanh[b x] - Ar‘cCos[ ] —2Ar‘cTan[ }) Log[ ( ) ( ) } -
1-b2 \/-b? b x 1-b2 Vb2 (-1+b2) (—jb+mx)
14b2 Zb(j+\/—b2>(1+bx>
ArcCos | | +2ArcTan| Log| +
1-b? V-2 (-1+02) (-ib+/-b7 x|
2 2 +/_h2 ~-ArcTanh[bx]
ArcCos | bz} -2 |ArcTan| b | +ArcTan| bx }] Log| V2 V-b? erhreTannibx ]+
1- bx V-b? V=1+67 \[1+b+ (~1+b?) Cosh[2ArcTanh[bx]]
2 2 +/_h2 ~ArcTanh[bx]
Ar‘cCos[lJr } +2 Ar‘cTan[ b ] +Ar‘cTan[ b } Log[ \E b% et 2 } +
1-b2 b x NS

V/=1+b7 \[1+b%+ (~1+b?) Cosh[2ArcTanh[bX] ]

R—— [1+02+2i/-b? | [b-1/-b? x|
(-1+b2) [b+i/-b? x) (-1+b2) (b+i/-b? x|

(1+b2—21m) (b—imx

—

i

Polylog|2,

Problem 507: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.
JAr‘cTanh[a +b x]

1-x2

dx

Optimal (type 4, 203 leaves, 17 steps):
1 b (1-x) 1 b (1+x)

1 b (1-x) 1 b (1+x)
= Log|- | Log[1-a-bx] - = Log| | Log[1-a-bx] - =~ Log| | Log[1+a+bx] + = Log|- | Log[1+a+bx] +
4 l1-a-b 4 l1-a+b 4 l+a+b 4 l+a-b
1 l1-a-bx 1 l1-a-bx 1 l+a+bx 1 l+a+bx
~Polylog[2, ——| - =~ PolylLog[2, ———— ] + ~ Polylog[2, —— | - =~ Polylog[2, ———
4 4

1-a-b 4 l1-a+b 4 l1+a-b l+a+b

Result (type 4, 646 leaves):
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1 -1+a -1+a
- ————— | -2ArcTanh| : | ArcTanh[x] + 2 a? ArcTanh | : | ArcTanh[x] + 2 ArcTanh| | ArcTanh[x] - 2 @ ArcTanh|
4 (-1+a?) b b b b

1+a 1+a

| ArcTanh[x] -

-1+2a-a%+b? 12 -1+2a-a%+b? -1
2bArcTanh[x]%+b \/ - GAreTanh [t AL cTanh [x]2+ab \/ - GAreTanh [ S5 Tanh [x]2+
b b

1+2a+a%2-b? 12 1+2a+a%2-b? 12
b\/— S eAPCTa“h[ 2 ArcTanh[x]%-a b\/—2 eA“Ta”h{ ] ArcTanh[x]2 + 4 ArcTanh[x] ArcTanh[a + b x] -
b b

-1l+a

-1+a 2 (Ar‘cTanh{ .

b

}+ArcTanh[x]) } -1+a .

-2a’ArcTanh|

“1:a
4 a® ArcTanh[x] ArcTanh[a + b x] + 2 ArcTanh | 2 (ArcTanh | ] +ArcTanhx] ]

| Log[1-e | Log[1-e

’lb’a } +ArcTanh [x] ) }

-1+a

Ar‘cTanh[ )

ArcTanh { } +ArcTanh [x] ) ]

2 ArcTanh [x] Log[l _e? ( -2 a%ArcTanh[x] Log[l —e’ (

l+a 2 (Ar‘cTanh{era} +ArcTanh[x]) ]

2 Ar‘cTanh[ X ] Log [1 _e 2 (Ar‘cTanh[l*Ta} +Ar‘cTanh[x]) } _

+2a2Ar‘cTanh[1€} Log[l-e

2 (Ar‘cTanh{l;—a +Ar‘cTanh[x]) ] 2 (ArcTanh{%} +Ar~cTanh[x]) ]

2 ArcTanh [x] Log[l—e +2a%ArcTanh[x] Log[l—e

-1+a 1-a -1l+a
A | Log|i Sinh[Ar‘cTanh[T} - ArcTanh[x] || +2a®ArcTanh|

1-a
2 ArcTanh| | Log[i Sinh[ArcTanh| T] - ArcTanh[x]]] +

1+a . 1+a 1+a . 1+a
2Ar‘cTanh[T] Log[-1 Slnh[Ar‘cTanh[T} +ArcTanh(x] || -2 a? Ar‘cTanh[T] Log[-1i Slnh[Ar‘cTanh[T] +ArcTanh(x]]] -

-1+a

Ar‘cTanh[ 5

+ArcTanh [x] 2 (ArcTanh| 22 +ArcTanh [x]
]+ : ]

(-1+a%) PolyLog|2, e -1+a’) Polylog|2, e

Problem 508: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

ArcTanh[x]
J S A ax

a+bx
Optimal (type 4, 86 leaves, 4 steps):

ArcTanh [x] Log[i} ArcTanh [x] Log[%] Polylog |2, 1 - i] Polylog[2, 1- (:+b(a)+:)1x+)x)}
- N )

"
b b 2b 2b

Result (type 4, 260 leaves):
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1 a2 a
— | -7® +4ArcTanh| —|" +4 i s ArcTanh[x] + 8 ArcTanh| =] ArcTanh[x] + 8 ArcTanh[x]? -
8b b b

E Ar‘cTanh{

41i7Log[l+e?AcTanhix]] g ArcTanh(x] Log[1+ e2A"<Ta(x] ] g ArcTanh| =] Log[1- e ( Jsarctanh () ]
b

2
b +

-2 (Ar‘cTanh { H +ArcTanh [x] ) ]

_ 2 2
8 ArcTanh [x] Log[l—e +417rLog[7] + 8 ArcTanh [x] Log[i] +4 ArcTanh [x] Log[l—xz] +

V1-x? V1-x?
8 ArcTanh [x] Log [Ji Sinh [ArcTanh [ E} +ArcTanh[x] ] } - 8 ArcTanh [ E] Log [2 1 Sinh [Ar‘cTanh [ E] +ArcTanh[x] } ] -

8 ArcTanh[x] Log[2 i Sinh[ArcTanh[i} +ArcTanh[x] || - 4 PolyLog[2, - e2A"Tanhix] | _4polylog|2, e (aretann 7] *A"CTE”“[XJ)}
b

Problem 509: Result unnecessarily involves imaginary or complex numbers.

dx

JAr‘cTanh [x]
a+bx?
Optimal (type 4, 397 leaves, 17 steps):
Log[1-x] Log[ V22| Log[1+x] Log[ Y22 ]  Log[1+x] Log| L-2/bx]

i Vb ) Ve Vs b
a"/=a o a\/-a Vb av-a b
_ A -a +vVb x _Aab (1-x Vb (1-x) _ b (1+x) Vb (1+x)
Log[1-x] Log| o ] ) Polylog|2, H—W] ) Polylog|2, \ENF] ) Polylog|2, ﬁ,ﬁ] ) Polylog|2, ﬁ+ﬁ}
4+/-a b 4~/-a b 4~/-a b 4~/-a b 4~/-a b

Result (type 4, 485 leaves):
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. b b x
[—2 i ArcCos [ ] Ar‘cTan[ } +4 ArcTan [ ] ArcTanh[x] -

_4\/ab a+b Vab vab x
Caib b x 2iafib+ab ) (-1+x] Casb b x 2a(b+ivab | (1+x)
ArcCos | | +2ArcTan| || Log| | - |ArcCos | | -2ArcTan| || Log|
a+b vab (a+b) (aﬂi\/ab x) a+b vab (a+b) (a+1‘m/ab x)
_ N —-ArcTanh[x]
ArcCos | b]+2 ArcTan | | +ArcTan| bx ]]] Log | V2 Jab e |+
a+b Vab x Vab va+b \/a—b+(a+b) Cosh[2ArcTanh[x] ]
_ N ArcTanh[x]
ArcCos | +b]—2 ArcTan | | +ArcTan| bx ] Log| V2 iab e |+
arb ab x Vab va+b \/afb+(a+b) Cosh[2ArcTanh[x]]
(7a+b721‘m/ab) (Jia+\/ab x) (7a+b+211\/ab) (J‘la+\/ab x)
i [-PolyLog|[2, | +PolyLog|2,
(a+b) (—J’la+\/ab x) (a+b) (—J‘la+\/ab x)

Problem 510: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.
JAr‘cTanh[x} dx

a+bx+cx?

Optimal (type 4, 258 leaves, 10 steps):
2 (b—\/ b2-4ac +2cx

2 [b+\ b2-4ac +2c x]

ArcTanh [X] Log[ } ArcTanh [x] Log[

J

b+2c-+/b%-4ac J (1+x) [b+2 c+y/b*-4ac | (1+x)
Vb2-4ac Vb%2-4ac

2 [b—\ b?>-4ac +2cx 2 [b+\/ b*-4ac +2cx
(b+2 c-+/b%*-4ac ] (1+x) {b+2 c+/b%-4ac ] (1+x)
+

2vVb%2-4ac 2+Vb%2-4ac
Result (type 4, 910leaves):

Polylog [2, 1-

] PolyLog[Z, 1-
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1 o orraac ol [Clazbre) swem[ =] fe(a-brc)  taetan[ZEE])
2v/_b2+4ac (b2 -4c2) -b2+4ac -b2+4ac
c(a+b+c) i ArcTan| ;:c N (a-b+c) eﬁArcTan[ %:c ArcTan| b+2cx ]z+
_b2idac -b2+4dac V-b?idac
b+2cx ) -b-2c ) -b+2c
(b>-4c?) ArcTan| —————— | |-iArcTan| —————— ] + i ArcTan| ———————| + 2 ArcTanh[x] +
2i {Ar‘cTan{ b2¢ +Ar‘cTan{ br2cx ] 21i [Ar‘cTan{L +Ar‘cTan{& ]
Log{l_e \ b2iaac \ b2iaac ] _Log{l_e \ b2iaac \ b2iaac } 4 (b2—4C2>
_b-2c 2i [Ar‘cTan{ b2c +Ar‘cTan[ br2cx ] _b-2c b+2cx
Ar‘cTan[ ] Log[l -e V-bidac V-bldac ] - Log[Sin[Ar‘cTan[i] +Ar‘cTan[7 ] +
V-b2+4ac V-b%2+4ac V-b2+4ac
_b+2cC Zi[ArcTan{L]JfArcTan{ br2cx _b+2c b+2cx
ArcTan[——— ] |-Log[1-e Vobaac Joeaac ] 4 Log[Sin|ArcTan[ ——————] +ArcTan| ————— | | | -
Vv-bZ+4dac V-b2+4ac Vv-bZ+4dac
21 Ar‘cTan{L]JrAr‘cTan{& 21 Ar‘cTan{ b2c +Ar‘cTan{&]
i (b?-4c?) Polylog|2, e iaac waac )]+ i (b2 -4c?) Polylog[2, e oviaac Voeraac ]

Problem 527: Unable to integrate problem.

J(a+bAr'cTanh[c x]) (d+elog[1-c2x?]) i

X
Optimal (type 4, 216 leaves, 14 steps):

1 1 1
adlog[x] - —belog[cx] Log[l-cx]?2+ —belog[-cx]Log[l+cx]?-—=bdPolylLog[2, —-cx] +
2 2 2
1 1
~be (Log[1-cx] +Log[1+cx]-Log[1l-c?x?|) PolyLog[2, ~cx] + —bdPolylLog[2, cx] -
2 2

1 2,2 1 2,2

~be (Log[1-cx] +Log[1l+cx]-Log[l-c?x*|)PolyLog[2, cx] - —aePolylog|2, c®x*| -

2 2

belog[l-cx] PolyLog[2, 1-cx] +belog[1l+cx] PolylLog[2, 1+cx] +bePolyLog[3, 1-cx] -bePolylLog[3, 1+ cX]

Result (type 8, 29 leaves):
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J(a+ bArcTanh[cx]) (d+elog[1-c?x?]) i

X

Problem 528: Result more than twice size of optimal antiderivative.

J(a+ bArcTanh[cx]) (d+elog[1-c?x?])

dx
X2
Optimal (type 4, 105leaves, 6 steps):
b ArcTanh 2 b ArcTanh d+elog[l-c2x?
7ce<a+ rcTanh[c x] ) 7(a+ rcTanh[cx]) (d+e Log| CX])+Ebc(d+eLog[17c2x2}>Log[1— 1 ]71bcePolyLog[2, 1
b X 2 1-c2x? 2 1-c2x?

Result (type 4, 332leaves):

1 1
-— |4ad+4bdArcTanh[cx] +8acexArcTanh[cx] +4bcexArcTanh[cx]?-4bcdxLog[x] —bcexLog[—erx}z—

4 x C
1 2 1 1 1 1
bcexlog[~+x| -2bcexLlog[~+x|Log[~ (1-cx)]|+4bcexLlog[x] Log[l-cx]-2bcexLlog|[-—+x]|Log[= (1+cx)]+
C C 2 C 2
4bcexLlog(x] Log[l+cx] +4aelog[l-c?x?| +2bcdxLlog|[l-c?x?] +4beArcTanh[cx] Log[1-c?x?| -
4bcexlog[x] Log[l-c?x?] +2bcexLog[—1+x] Log[1 - c?x?] +2bcexLog[1+x] Log[1-c?x?| +
c c
4bcexPolylog[2, -cx] +4bcexPolylog[2, cx] -2bcexPolylLog|2, E—C—X] -2bcexPolyLog|2, 1 (1+cx)]
2 2 2
Problem 530: Result more than twice size of optimal antiderivative.
(a+bArcTanh[cx]) (d+elog[1-c?x?])
J 9 dx
Optimal (type 4, 197 leaves, 15 steps):
2c?e (a+bArcTanh[cx]) i e (aerAr‘cTanh[cxH2 bceloglx] +1bc3eLog[1—c2x2] ) bc (1-c*x?) (d+eLog[1—c2x2” )
3x 3b 3 6 x?
(a+bArcTanh[cx]) (d+elog[1-c*x?]) 1 1 1 1
+=bc? (d+elog[1-c®x?]) Log[1- - ~bc®ePolylog|2,
3x3 6 1-c?2x? 6 1-c2x?

Result (type 4, 460 leaves):




7.3 Inverse hyperbolic tangent.nb | 101

2ad bcd 4ac?e 3 2bdArcTanh[cx] 4bc?eArcTanh[cx] 3 5 3
- - + -4ac’eArcTanh[cXx] - + -2bc’eArcTanh[cx]“+2bc’dLog[x] -

x2 X x? X

1
6 x3

2bcelog[x] +lbc3eLog[—1+x]2+lbcg’eLog[1+x]2+bc3eLog[l+x] Log[1 (1-cx)]-2bc®elog[x] Log[1-cx] +
2 C 2 C C 2

bc3eLog[—1+x] Log[l(1+cx”—2bc3eLog[x] Log[1+cx1—4bc3eLog[L}—bc3dLog[1—c2x2]+bc3eLog[1—c2x2]—
c 2 V1-c2x?
2 L 1-c?2x? b L 1-c?x? 2beArcTanh L 1-c2x?
ae og[3 c? x| _bce og[2 c? x| ~ 2beArcTan [ci} og[1-c2x?| .2bc? e Log[x] Log[lfczxz]7bc3eLog[71+x} Log[1-c2x?] -
X X X c

3 1 22 3 3 3 1 cX 3 1
bc®elog[~ +x| Log[1-c?x?| -2bc?ePolylog[2, -cx] -2bc?ePolylog[2, cx] +bc®ePolylog[2, = - —| +bc®ePolylog[2, = (1+cx)]
C 2 2 2

Problem 532: Unable to integrate problem.

J(a+bAr'cTanh[c x]) (d+elog[1-c?x?])

dx
X6
Optimal (type 4, 256 leaves, 24 steps):
7bc3e 2c?e (a+bArcTanhcx]) 2c*e (a+bArcTanh[cx]) c5e<a+bAr‘cTanh[cx})2
+ + - -
60 x? 15 x3 5 X 5b
bc(d+elog|l-c?x? bc3 (1-c?x?) (d+elog|l-c?x?
EbCSeLog[x}+Ebc5eLog[17c2x2}f c (d+elog[1-c?x?]) b (1-c*x?) (d+elog[1-c?x?]) )
6 60 20 x4 10 x2
b ArcTanh d L 1-c?x?
(2 +bArcTanh[cx]) (d+elog|l-c®x]) +ibc5 (d+eLog[1-c?x?]) Log[1- ! }—ibcsePolyLog[Z, ! ]
5 x> 10 1-c?x? 10 1-c?x?
Result (type 8, 29leaves):
J(a+bAr‘cTanh[cx]) (d+eLlog[1-c*x?]) 4
X
X6

Problem 533: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

Jx (a+bArcTanh[cx]) (d+e Log[f+gx2]) dx

Optimal (type 4, 512leaves, 22 steps):
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Vg x
b(d-e)x bex be\/?Ar‘cTan[ﬁ] b (d-e) ArcTanh[cx] 1 1
- + - +—=dx* (a+bArcTanh[cx]) - —ex* (a+bArcTanh[cx]) -
2¢ c cVg 2¢? 2 2
2 2c 7 5] : 2c 7 5
be (c2£+g) ArcTanh[c x] LOg{lch} be (c?f+g) ArcTanh[c x] Log| v T) e | be(c?f+g)ArcTanh[cx] Log{( ) e
+
c’g 2c’g 2c?g
bexLlog|[f+gx?] be (c*f+g)ArcTanh[cx] Log|[f+gx?] e (f+gx?) (a+bArcTanh[cx]) Log|f+gx?]
- + +
2c 2c?g 2g
) ZC(\/T—W) ) ZC(WW)
be (2 £+ g) PolyLog[2, 171+CX} be (c2f+g) PolyLog[2, 1- (N 7) e be (c2f+g) PolyLog[2, 1- (T e
2c?g ) 4c’g . 4c?g
Result (type 4, 1145leaves):
2 2 2 2 \/EX
2bcdgx-6bcegx+2acdgx“-2ac‘egx +4bce\/?\/EAr‘cTan[ }—ZbdgArcTanh[cx} +
4c’g VE
, . c? cgx
2begArcTanh[cx] +2bc?dgx*ArcTanh[cx] -2bc?egx?ArcTanh[cx] -4ibc?efArcSin| ; | ArcTanh | ————] -
ccf+g

2
cf ]Ar‘cTanh[L]

c2f+g ,—CZ'Fg
-2 ArcTanh 2 2 ArcTanh [ 2 ArcTanh 2
CZ.': e rcTanh[c x] (C <1+(E rcTan ).{:+<71+e rcTan [cx])g72 '7C -Fg)

41ibegArcSin|

2ibc?efArcSin Lo -

' [ c2f+g] el c2f+g ]

eszrcTanh[cx] [Cz (1+e2ArcTanh ) f+ (_1+62Ar'cTanh[cx]> g_2 /_CZ.Fg )
2ibegArcSin| | Log| |+
c2f+g
e72A|~cTanh[cx] [CZ (1 + <e2Ar~cTanh [cX] ) f+ (_1 + eZAr'cTanh[cx]> g- 2 /_Cz.Fg )
2bc?efArcTanh[cx] Log| |+
c2f+g

e—ZAr‘cTanh[cx] (CZ <1+62Ar‘cTanh ) f 4 (_1+e2Ar'cTanh[cx]) g—2 ;_Cz.Fg )

c?’f+g

2begArcTanh[cx] Log]|

|+

-4bc*efArcTanh[cx] Log|1+e 2AcTannlexl ] _4h e gArcTanh[cx] Log[1 +e 2ArcTanhlcx] | _
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-2 ArcTanh[c x] 2 2 ArcTanh[c x] _ 2 ArcTanh[c x] _ 2
2 f e (c <1+<e )f+< l+e )g+2«/ C'FgJ

Lo
c2-F+g] g[ c2f+g

2ibc?efArcSin|

] +

-2 ArcTanh[c x] 2 2 ArcTanh[c x] _ 2 ArcTanh[c x] _ 2
P e [c (1+e ) Fi(-1se ) g2+ ¢ fg)

21ibegArcSin Log +
[ c2f+g ] [ 2f+g }
e—ZAr‘cTanh[cx] (CZ (1+62Ar‘cTanh[cx]) f+ (71+e2Ar‘cTanh[cx]> g+2 ,7C2'Fg )
2bc?efArcTanh[cx] Log| ]+
2f+g
e—ZAr‘cTanh[cx] (CZ <1+62ArcTanh[cx]> f+ (_1+(82Ar‘cTanh[cx]) g+2 '—szg )
2begArcTanh[cx] Log| | +2ac?efLog[f+gx?]+
c2f+g

2bcegxlog[f+gx?*| +2ac?egx’Log|[f+gx?| -2begArcTanh[cx] Log[f+gx*] +2bc?egx?ArcTanh[cx] Log[f+gXx?] +

e—ZAr‘cTanh[cx] (—c2f+g—2 '*CZ'Fg ]

2be (c? f+g) Polylog[2, —e 2ArTamhicx] ] _pe (c? f+g) Polylog|2, | -
2f+g

e—ZAr‘cTanh[cx] [—C2f+g+2 /_CZ.Fg ] e—ZAr‘cTanh[cx] (—CZ'F+g+2 /_CZ.Fg J
| -begPolylog|2,

c2f+g c2f+g

bc?efPolylLog|2,

]

Problem 534: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

j(a+bAr‘cTanh[c x]) (d+elog[f+gx?]) dx

Optimal (type 4, 599 leaves, 28 steps):

| 103
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I [V e ¥
2ae~/f ArcTan[ YEX] be~/-f Log[1-cx] Log[C g ]
f c/-f Vg
-2aex+ -2bexArcTanh[c x] + -
Ve 2/g
NE ¢ (VoF /g x ¢ (VoF /g x
be+-f Log[l+cx] Lo d—L be+-f Log[l+cx] Lo be+-f Log[l-cx] Lo
V-f Log[1+cx] g[cﬁ+@}+ V-F Log[trcx] tog[~ ] be/F Log[l-cx) Log[ ]
2-/g 2+/g 2g
g (1-c*x? 2 b X/TP 1yl 2. l-cx
belogl1-c2x2 b Log| e | (d+elLog|[f+gx?]) e olylLog|2, — ]
el } +x (a+bArcTanh[cx]) (d+eLog|[f+gx?]) + SREL + <V et
c 2c 2@
be+/-f Polylog|2, Ye1-cx be+/-f PolylLog|2, - Y& lrcx) be~/—f Polylog[2, Y& (lcx) & (figx?)
y g{ C\/TJr\/E] . y g[ Cﬁ—\/g] ) y g[ CF*E] . bePOlyLOg[Z, c?f+g ]
2+/g 2g 2g 2¢c

Result (type 4, 1251 leaves):
2a e\/?Ar‘cTan[@}

adx-2aex+ f +bdxArcTanh[c x] +
Ve
bdL 1-c2x? L 1-c?2x?
og[1- ] +aexLog[f+gx*| +be |xArcTanh[cx] +M Log[f + g x?] L
2c 2c c
Log[—l+x} Log[l— Ve [Cx ]+PolyLog[2, M}
(—Log[—f+x}—Log[%+x}+Log[1—c2x2]) Log[f + g x?] ¢ LiyE e iyFode
beg + < < +

2g 2g

1 1 . .
Log[-2 ] tog[1- L] L porytog[2, L) iog 2 ix] Log[1 Tl poryiog[2, L

jﬁfg Ji\/?—@ -i f+\/c? 7ﬁﬁ+@
+ +
2g 2g
Log[% +x] Log[1 - Ve [ | +PolyLog|2, Ve [ ]
c syFele syl 1 1
£ : - —be |[4cxArcTanh[cx] -4 Log[————| +
2g 2¢ Vi-c2x?

_e2 [ c2 _e2

1 ctfg —ZjArcCos[ﬁ]Ar‘cTan[ €8x ]+4Ar‘cTan[ < fe ]Ar‘cTanh[cx}— Ar‘cCos[ﬁ}—2Ar‘cTan[i]
2 2

g ccf+g /czfg cgx ccf+g ,cz-Fg
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2

2 fag cex ZCZ'F(J'].g-%—\/CZ'Fg] (-1+cx)
. | +2ArcTan| ———] | Log]
c“frg c2fg (c2f+g) (—jc2f+c«/c2fgx

ZCZF(ng ng] (1+cx)
Log | - |ArcCos |

(cZ-F+g ( c2f+icqfcifg x

|+

AF‘CCOS[@] +2 Ar‘cTan[m} +Ar‘cTan[ cgXx ] Log \/—e—Ar‘cTanh cx] \/?g ] )
e “E < fe m\/czf g+ (c2f+g) Cosh[2ArcTanh[cx]]

Ar‘cCos[fﬂ _9 Ar‘CTan[WICZ-Fg } +Ar'cTan[ cgx ] Log \2 eprcTanhicx] .\ [c2 £ g ] )
o e c*feg mx/czf g+ (c2f+g) Cosh[2ArcTanh[cx]]

[—c2f+g—2j1x/c2fg) [jc2f+cﬂc2fgx (—c2f+g+2im/c2fg] (jc2f+cdc2fgx
| +PolyLog|2, ]
<c2f+g) (—Jicz-F+cwc2fg x) (c2f+g) [—ic2f+cﬁc2fgx

i |-PolyLog|2,

Problem 536: Result unnecessarily involves imaginary or complex numbers.

J(a+bAr'cTanh[cx]) (d+eLog[f+gx?]) ;
%

X2

Optimal (type 4, 613 leaves, 28 steps):

2ae\/EAr‘cTan[3\/E}—x} ) be-/g Log[1l-cx] Log{ccv;jggx ] ) be+/g Log[1+cX] Log{cc?gx ] _be\/ELog[1+cx1 Log[ccv;gx ] )
VE 2+/-F 2+/-F 2+/-F
VT E x
be\ELog[l—cx] Log[c ] b ArcTanh d Log | £ 2 )
c/F e 7(a+ reTanh(cx]) (d +e Log| +gx])JrlbcLog[—&] (d+eLog[f+gx?]) -
o F x 2 f
Vg (d-cx) Vg (d-cx)
1. 22 be+/g Polylog[2, - | be+/g Polylog|2, ]
lbcLog[ig( X )} (d+eLog[f+gx?]) - c/Fle c/Frle
2 Cfig 2 F o F
be/g PolyLog|2, —M] be+/g PolyLog|2, M] 2 (£ 2 5
fle cV-Fle —lbcePolyLog[Z, M]JribcePolyLog[z,Lrgx ]
2+ -f 2+ -F 2 c2f+g 2 £

Result (type 4, 1226 leaves):
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ad bdArcTanh[cXx] 1 .
-— - +bchog[x]—fbchog[1—c x]+
2

X X

(2ArcTanh[cx] + cx (-2 Log[x] + Log[1-c2x?])) Log[f +gx?]

Z\EAr‘cTan[@] Log [ f 2
ae vE og[ +gx] +1be -
2

\F X

X

iVg X ivVg X
]+L0g[1+4]
v f \Vf VFf \Vf

o (\/f +1Vg x)

1 c(\ﬁ—j\/gx) 1 c(\ﬁ—j\/gx) 1
Log|[- = +x] Log| | +Log| = +x]| Log| | + Log[- = +x] Log| ] -
c cVFf -ig c cVFf +ig c cVF +ig
cxﬁ(—er)

(Log[—1+x] +Log[1+x] —Log[l—czxz}) Log[f + g x?| +Log[1+x] Log[1 - M] +Polylog[2, ————| +

c c c icVF +E i cVF VE

j@<71+cx)}+PolyLog[2,—j@<71+cx>]+PolyLog[2, j\@(1+cx>]
C\/?—J'l\/g C\/?+J'1\/E C\/?+J'1\/E

+PolyLog[2, - ! \/EX] +PolyLog[2, @]

c |Log[X] Log[l -

C

+

Polylog|2,

2
¢ 1c+g]+2Ar‘cTan[ CEX ]
cz-F+g CZ'Fg

2cf(g+j\/?g) 1+CX
(c2f+g) (cf+1xl fg x

_c2 -ArcTanh [c x] c2f
Ar‘CCOS[ﬁ} +2 Ar‘cTan cf ]+Ar‘cTan[ cex } L \/—e & }7

Og
2
c“f+g / 2fg x c2fg Nc2f+g \/ 2f-_g+ 2f+g) Cosh[2 ArcTanh[c Xx] ]

-c2f cf cgx \[2 ehrcTanhiex] [ c2 £
—CTrEy ArcTan | ]+Ar‘cTan[L} L & |+

og|

2
cfreg \Jc2fg x c2fg \Jc2f+g \/CZ‘F g+ 21‘:+g)Cosh[ZAr‘cTanh[cx]]
(7c2f+g—21'm/c2fg []'LC'Fer/CZ'FgX) [*C2f+g+2]lﬂc2fg)[]'lC‘Fer/CZ‘FgX

i [PolyLog|2, | - PolyLog|2,
<c2f+g) (—Jic-F+x/c2-Fg X

(c2f+g) (—Jic-F+x/c2-Fg X

-c2f+g

c2f+g

ArcCos |

cex ] 74ArcTan[L] ArcTanh[c x] +

c2fg \Jc2fg x

cg |21 ArcCos| | ArcTan|

N2 fg

)
¢ -F+g]—2Ar‘cTan[ cEX }
CZ'F+g 2fg

21’1cf(1’1g+ 2-Fg) 1+cx
Log[ +

(c2f+g) [c-Fle 2fg x

Log|

ArcCos [

ArcCos |

]
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Problem 537: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

J(a+bAr‘cTanh[cx]) (d+eLog[f+gx?]) 4
X

x3

Optimal (type 4, 470leaves, 20 steps):

5 ZC(\/T—\EX)
bce\/EAr‘cTan[ﬂﬁ—x} aeglogx] be (c? f +g) ArcTanh[c x] LOg[1+2cx] be (c2f+g) ArcTanh[cx] Log| (7] e
+ + - -
\/? £ £ 2f
ZC(\/TH/EX)
b 2f ArcTanh L
e (c*f+g) ArcTanh [c x] Og[(cﬁwg) (1+cx) aeglog[f+gx?] bc(d+elog|[f+gx?])
- - +
2 f 2f 2x

(a+bArcTanh[cx]) (d+elog|[f+gXx?]) begPolylog[2, -cx] begPolylog[2, cX]
- +

lbczAr'cTanh[c x] (d+eLog|[f+gx?]) -

2 2 x2 2 f 2f
) - ZC(\/T—\/gx) ) B 2C(ﬁ+\/€)()
be <c2f+g) PolyLog[Z, 1 ﬁ} be (c -F+g) PolyLog[Z, 1 (v /g ) carem be (c -F+g) PolyLOg[Z, 1 (e iT) e
+
2f af af

Result (type 4, 1211 leaves):

Vg x
-2adf-2bcdfx+4bce~/f \/g x*ArcTan| &
4 fx? f

| -2bdfArcTanh[cx] +2bc?dfx?ArcTanh[c x] +

c2

2
}ArcTanh[L] +41ibegx?ArcSin| <f ]Ar‘cTanh[i} +

2 2
c“frg \-c2fg frg N -c2fg
4begx*ArcTanh[cx] Log[1 - e 2ArcTanniexl] 4 4 c? e £ x2 ArcTanh[c x] Log[1 + e 2ArcTanhlex] ]

CZ (1+62ArcTanh[cx]) f+ (_1+(62Ar'cTanh[cx]> g_z '—CZ'Fg )
| Log|

c?f+g c2f+g

41ibc*efx?ArcSin|

efz ArcTanh[c x]

2
) ) ) . cc f
2ibc?efx?ArcSin|

|+

-2 ArcTanh[c x] 2 2 ArcTanh [c X] _ 2 ArcTanh[c x] _ _ 2
Ey e (c (1+e ) f+(-1+e ) g-24/ cfg)

Lo
c2f+g] g[ c2f+g

e—ZAr‘cTanh[cx] (CZ <1+e2Ar'cTanh[cx]> f+ (71+92ArcTanh[cx]) g72 '*Cng )

c2f+g

2ibegx?ArcSin|

] ,

2bc?efx?ArcTanh[cx] Log]|

] -
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e72A|~cTanh[cx] [CZ (1+e2ArcTanh [cX] ) f+ (_1+62Ar'cTanh[cx]> g_z /_CZ.Fg )

2begx?ArcTanh[cx] Log|

} _

c2f+g
- h h( h{ N
| ] i . 2 @-2ArcTanh[cx] (CZ (1+62ArcTan cx] ) f+ (_1+62ArcTan ) g+2 —CZ'Fg )
2ibc?efx?ArcSin| | Log| ] -
c2f+g c2f+g
CZ.F e—ZAr‘cTanh[cx] (CZ <1+e2Ar‘cTanh ) f+ (71+62Ar‘cTanh [cx] ) g+2 '*CZ'Fg J
2ibegx?ArcSin| | Log| | -
C2f+g C2‘F+g
e—ZAr‘cTanh[cx] (CZ <1+e2Ar'cTanh ) f+ <7l+e2Ar‘cTanh [cX] ) g+2 '*CZFg )
2bc?efx?ArcTanh[cx] Log]| | -
c2f+g
e—ZAr‘cTanh[c x] (CZ (1 + <e2Ar‘<:Tanh [cX] ) f+ (_1 4 eZAr‘cTanh ) g+ 2 /_CZ 'Fg )
2begx?ArcTanh[cx] Log| | +4aegx?Log(x] -
c2f+g

2aeflog[f+gx’| -2bcefxlog[f+gx?| -2aegx? Log[f+gx2} -2befArcTanh[cx] Log[f+gx?] +
2bc?efx?ArcTanh[cx] Log[f+gx?| -2bc?efx?Polylog|[2, ~e 2ArcTamhicx]] _ 2 p e gx? PolylLog |2, e 2ArcTanhicx] ]

e—ZAr‘cTanh[cx] (*CZ‘FJrng '*CZ‘Fg) e—ZAr‘cTanh[cx] [*CZ'FJrng /7c2fg]

bc?efx?PolyLog|2,

} +

| +begx?Polylog|2,

c2f+g c2f+g
(e—ZAr‘cTanh[cx] (—c2f+g+2 '*CZ‘Fg) e—ZAr‘cTanh[cx] [—c2f+g+2 ,7C2'Fg]
bc?efx?PolyLog|2, | +begx?Polylog|2, ]
2 2
ccf+g ctf+g

Test results for the 62 problemsin "7.3.5 u (a+b arctanh(c+d x))*p.m

Problem 2: Result more than twice size of optimal antiderivative.

sz ArcTanh[a +bx]2 dx

Optimal (type 4, 204 leaves, 15 steps):
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X ArcTanh[a+bx] 2a (a + bx) ArcTanh[a + b X] (a+bx)2Ar‘cTanh[a+bx] a (3+a2) ArcTanh[a +bx]?2 (1+ 3a2) ArcTanh[a +bx]?2
—_— - - + + +
3 b? 3 b3 b3 3b3 3 b3 3 b3
2 1+a+b
1, o2 (1+32a%) ArcTanh[a+bx] Log[ —*—] a Log[1- (a+bx)?] (1+3a?) Polylog[2, - 12X ]
— x> ArcTanh[a +b x]“ - - -
3 3b3 b3 3b3
Result (type 4, 463 leaves):
1 a+bx 6a (a+bx) ArcTanh[a + b x]
- ; (1—(a+bx)2)3/2 - : + ( > +
12b 1—(a+bx)2 1—(a+bx)2
3 (a+bx) ArcTanh[a+bx]? 3a®(a+bx)ArcTanh[a+bx]?
- +ArcTanh[a +bx]2?Cosh[3 ArcTanh[a+bx]] +
1—(a+bx)2 1—(a+bx)2
3a?ArcTanh[a +bx]?Cosh[3 ArcTanh[a+bx]] +2ArcTanh[a+bx] Cosh[3ArcTanh[a+bx]] Log[1 + e 2ArcTanhlasbx] |,

1 1

+

| 109

6 a? ArcTanh[a + bx] Cosh[3 ArcTanh[a +bx]] Log|1+ e 2ArcTanh(arbxl] _ 6 3 Cosh[3 ArcTanh[a +bx] ] Log

3(1-4a+3a?) ArcTanh[a+bx]?+2ArcTanh[a+bx] (2+ (3+9a%) Log[1+e 2ArcTann(abx]]) _ 184 Log[;] _
1- (a+bx)2
4 (1 + 3az> PolyLog[Z, _e—ZAr'cTanh[a+bx]]

(1— <a+bx)2)3/2

-Sinh[3 ArcTanh[a+bx]] +6aArcTanh[a+bx] Sinh[3 ArcTanh[a+bXx]] -

ArcTanh[a+bx]2Sinh[3 ArcTanh[a+bx]] - 3a?ArcTanh[a+bx]2Sinh[3 ArcTanh[a +b x]]

Problem 5: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

ArcTanh[a + b x]?
J dx

X

Optimal (type 4, 148 leaves, 2 steps):

2 2bx 2
—ArcTanh[a+bx]? Log[i] +ArcTanh[a +bx]2 Log[ } +ArcTanh[a + b x] PolyLog[Z, 1-— | -
l+a+bx (1—a> (1+a+bx) l+a+bx
2bx 1 2 1 2bx
ArcTanh[a+bx] PolylLog[2, 1 - | + = Polylog[3, 1- —————| - = Polylog|3, 1-
(1-a) (1+a+bx] 2 l+ra+bx~ 2 (1-a) (1+a+bx]

Result (type 4, 634 leaves):

[ J+
Ji-(a+bx)?  \/1-(a+bx)?
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4 2ArcTanh[a+bx]3 2+/1-a2 e*r<Tanhlal ApcTanh[a+bx]3
- —ArcTanh[a+bx]3- : ] + [ ] - ArcTanh[a+bx]?Log[1 +e2ArcTanhlasbx) ] _
3 3a 3a
i 7t ArcTanh [a+ b X] Log [ l <efAr*cTanh[a+bx] + eAr‘cTanh[a+b x] ) } + ArcTanh [a+ b x] 2 Log [ l (efArcTanh[a+bx] (1 +a- eZAr‘cTanh[aer x] 4 a eZAr*cTanh[a+bx] ) } _
2

(71+ a) eZAr‘cTanh[a+bx]

ArcTanh[a +bx]?Log[1 + | +ArcTanh[a +bx]? Log[1 - e ArcTanh(al +ArcTanh[asbx] |,

1l+a

ArcTanh [a +b X] 2 Log [1 . e—Ar‘cTanh[a]+Ar‘cTanh[a+bx] } _ 2 ArcTanh [a1 ArcTanh [a +b X] Log { l i (_eAr‘cTanh[a]—Ar‘cTanh[a+b x] N e—Ar‘cTanh[a]+Ar‘cTanh[a+b x] ) } N
2

1

ArcTanh[a +bx]? Log[1 - e 2ArcTanh(al 2ArcTanh[asbx] | 4§ ;r ApcTanh[a + b x] Log| —————————] -
1- (a+bx)2
b x
ArcTanh[a +bx]?Log[- ——————] + 2ArcTanh[a] ArcTanh[a + b x] Log[-i Sinh[ArcTanh[a] - ArcTanh[a+bx]]] +
1- (a+bx)2

<_1+ a) eZAr‘cTanh[a+bx]

ArcTanh[a+bx] PolylLog|2, -e 2ArcTanhla:bx] ] _ ApcTanh[a + b x] Polylog|2, - |+
l1+a
2 ArcTanh [a+ b X] PolyLog {2, _e—Ar‘cTanh[a]+Ar‘cTanh[a+b X] ] + 2 ArcTanh [a+ b X] PolyLog [2; e—Ar‘cTanh[a]+Ar‘cTanh[a+b x] ] +

(71 n a) eZAr‘cTanh[a+bx]

} _

1 1
ArcTanh[a + b x] PolylLog {21 @ 2ArcTanh[a]+2ArcTanh[a+b x] ] + = PolyLog [3) _ @ 2ArcTanh[a+bx] ] + = PolylLog {3) _
2 2 1+a

1
2 PolyLog [3) _ e—Ar‘cTanh[a]+Ar‘cTanh[a+b X] } _2 PolyLog {3’ e—Ar‘cTanh[a]+Ar‘cTanh[a+b x] ] _ ; PolyLog {3’ e—ZAr‘cTanh[a]+2Ar‘cTanh[a+b x] }

Problem 6: Result unnecessarily involves imaginary or complex numbers.

ArcTanh[a + b x]?
J dx

x2

Optimal (type 4, 251 leaves, 17 steps):

ArcTanh[a + b x]?2 b ArcTanh[a + b x] Log[ 2 } b ArcTanh[a + b x] Log[ 2 ]

+ 1-a-bx 4 1+a+b x _
X 1-a 1+a
2bArcTanh[a + b x] Log[1 a2bx] 2bArcTanh[a +b x] Log[i(lfa)z(?jmbx) ] b Polylog|2, 7%}
. ,
1-a2 1- a2 2(1—a)
2 2 o 2bx
b POlyLOg [2" 1- 1l+a+b x ] + b POlyLOg {2’ 1- 1l+a+b x ] B b POlyLog [2) 1 (1-a) (1+a+bx) }

2 (1+a) 1-a? 1-a?

Result (type 4, 208 leaves):
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1

—[—a+a3+a2bx+b(—1+ 1-a2 e“"”a”h[a])x ArcTanh[a+bx]?+abxArcTanh[a +b Xx]

a (—1+a2> X

1

(-i7+2ArcTanh[a] - 2 Log[1 - eArcTanhlal 2ArcTanh[a:bx] ) 4 g hx | j 1 |Log[1 + e?Ar<Tanhlarbx] | | og]| || +2ArcTanha]

1- (a+bx)2

(Log [1 _ @2ArcTanh[a]-2ArcTanh[a+b x] ] -~ Log[-1Sinh[ArcTanh[a] - ArcTanh[a +bx]]] > +abxPolylLog [2, @2ArcTanh[a]-2 ArcTanh [a+b x] ]

Problem 7: Result unnecessarily involves imaginary or complex numbers.

ArcTanh[a +bx]2
J dx

x3

Optimal (type 4, 370leaves, 21 steps):

2
bArcTanh[a+bx] ArcTanh[a+bx]2 b?Log[x] b?ArcTanh(a + b x] LOg[l,a,bx] b2Log[l-a-bx]
_ _ . . _

(1-a2) x 2 x? (17a2)2 2(1—a)2 2(1—a)2(1+a>
b2 ArcTanh[a + b x] Log[h;bx] 2ab?ArcTanh[a + b x] Log[h;bx] 2ab?ArcTanh[a+bx] Log[m} b2 Log[1l+a+bx]
- + - +
2 (1+a)? (1-a%)? (1-a%)? 2(1-a) (1+a)?
b? Polylog|2, —%} ) b? Polylog|2, 1 - ﬁ} ) ab?Polylog|2, 1- ﬁ} ) ab?Polylog[2, 1- u—a)i#bx)}

4(1-a)? 4(1+a)? (1-a%)? (1-a%)?

Result (type 4, 271 leaves):

1 _(1+a4_b2 (_1+2 [1 _ a2 gArcTanh(a]

_ x? - a2 (2+b2x2)
2 (—1+a2>2x2

ArcTanh[a+bx]%+

+

2bxArcTanh[a+bx] (-1+a’+abx+iabsrx-2abxArcTanh[a] +2abxLog[1- e>ArcTenhlal-2ArcTanhla=bx] |)

1 b x
| +Log[-———————] -2aArcTanh][a]

1—(a+bx)2 1—(a+bx>2

2 b2 X2 _iarn Log [1 N eZAr‘cTanh[aer x] ]

+iarnlog|

(Log [1 _ eZAr‘cTanh[a]—ZAr‘cTanh[a+bx] ] - Log[- i Sinh [ArcTanh [a] - ArcTanh [a+ b x]1] ) _2ab?x? PolyLog [2, eZAr‘cTanh[a]—ZAr‘cTanh[a+bx] }

| 111
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Problem 12: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.
Ja+bAr‘cTanh[c+dx]

dx
ce+dex

Optimal (type 4, 54 leaves, 3 steps):
alog[c+dx] bPolylLog[2, ~-c-dx] bPolylLog[2, c+dX]
- +
de 2de 2de

Result (type 4, 288 leaves):

alog[c+dx] 1
—-—1b
de de

log[—— 2] . iog[—lerdx)

«/1—(c+dx>2 1—(c+dx>2

1 ArcTanh[c + d x]

e

1

—— (7r—2JiAr‘cTanh[c+dx])2+JiAr‘cTanh[c+dx]2+ (m-2iArcTanh[c+dx]) Log[1-e! "2 ArcTanhlcxdx]) ]y
2

4

2i (c+dx
2i ArcTanh[c +dx] Log[1 - e 2ArcTanhicxdx] ] _ 3 j ApcTanh[c +d x] Log| < ) | -

1- (c+dx)2

(m-21iArcTanh[c+dx]) Log[2Sin] 1 (m-2iArcTanh[c+dx]) ]| -iPolylLog|2, e "2 iArcTanhicsdx]) | _ j polylog|2, e 2ArcTanhlc-dx]] ] ]
2

Problem 18: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.
J(aerAr‘cTanh[c+dx])2

dx
ce+dex

Optimal (type 4, 168 leaves, 8 steps):

2 (a+bArcTanh[c+dx])*ArcTanh[1- —*—] b (a+bArcTanh[c+dx]) Polylog[2, 1 - —*—]

1-c-dx 1-c-dx
de de
2 2 2
b (a+bArcTanh[c+dx]) Polylog[2, -1+ 17C7dx} ) b? Polylog|3, 1 - 17C7dx} ) b? Polylog|3, -1+ 1—c—dx]
de 2de 2de

Result (type 4, 424 leaves):
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i(c+dx)
— |a?Log[c+dx] +2abArcTanh[c +dx] |-Log + Log| -

1 1
[————] e —
de 1/1_<c+dx>2 «/1—<C+dX>2

1
~ab |72 -41inArcTanh[c+dx] - 8ArcTanh[c +dx]2 - 8ArcTanh[c +dx] Log[1 - e 2ArcTanhlcdx] ], 4 7 og[1 + e2ArcTanhlcrdx] ]

4
8ArcTanh[c +dx] Log[1+eArcTanhicxdxl] _ 4 Log]| 2 | -8ArcTanh[c +dx] Log| 2 |+
1—(C+dx)2 1—(c+dx)2

21 (c+dx
8 ArcTanh[c + d x] Log[ ( ) } +4 PolyLog [21 @-2ArcTanh[c+dx] ] + 4 PolylLog [2, _ @2ArcTanh[c+dx] ] +

3

17T
- = ArcTanh[c+dx]>-ArcTanh[c +dx]? Log[1+e 2ArcTanhlcxdx] ] 4 ApcTanh[c +d x]2 Log[1 - e2ArcTanhicsdx) |,

b2
24 3
-2 ArcTanh[c+d x]] + ArcTanh [C +d X] PolyLog [2’ eZAr‘cTanh[md x]] N

ArcTanh[c +d x] PolyLog[Z, -e

1 PolylLog [3, _ @ 2ArcTanh[c+d ] } _ 1 PolylLog [3, @2ArcTanh[c+d x] ]

Problem 25: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

J(a+bAr‘cTanh[c+dx})3 4
X

ce+dex

Optimal (type 4, 257 leaves, 10 steps):
2 (a+bArcTanh[c+dx])*ArcTanh[1 - chﬁ] 3b (a+bArcTanh[c+dx])*Polylog[2, 1- ﬁ]
+
de 2de
3b (a +bArcTanh[c +d x] )2 PolyLog[Z, -1+ Lidx] 3 b2 (a+bAr‘cTanh[c +dx}) PolyLog[B, 1- chidx]
2de 2de .
3b% (a+bArcTanh[c+dx]) PolylLog|[3, -1+ Lidx] 3 b3 Polylog[4, 1- Hzidx] 3b3PolyLog[4, -1+ Hzidx}
- +
4de 4de

2de

Result (type 4, 599 leaves):
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, X i(c+dx)
64 a° Log[c+dx] +192a“bArcTanh[c+dx] |-Log

1 1
64de [\m] «/1—(c+dx)2

1
96ia*b |-~ i (r-2iArcTanh[c+dx])®+iArcTanh[c+dx]?+2iArcTanh[c+dx] Log[1- e 2ArcTanhlcxdx]]
4

] -

+ Log|

(m-2iArcTanh[c+dx]) Log[1+e2ArcTanhicxdx] ] (;r_2 i ArcTanh[c +d x] ) Log| 2 | -
1- (c+dx>2
21 d
2 1 ArcTanh[c +d x] Log[—]l (c ! X> } i PolyLog[Z, e‘“““”h[“dx]} -1 PolyLog[Z, —eZA'"CTa”h[“dX]] +
1- <c+dx)2

8ab? (is°-16ArcTanh[c+dx]®-24ArcTanh[c +dx]? Log[1+e 2ArcTannicxdx] ], 24 ApcTanh [c + d x] 2 Log[1 - e?ArcTenhicrdx] ]
24 ArcTanh[c +d x] PolylLog[2, —e 2ArcTanhlcxdx] ], 24 ArcTanh[c +d x] Polylog|2, e?ArcTanhicrdx] |,
12 PolylLog [3, _ @ 2ArcTanh[c+dx] ] ~12 Polylog [3’ @2 ArcTanh[c+d x] ] ) N
b® (n* - 32 ArcTanh[c +dx]*- 64 ArcTanh[c +d x]® Log[1 + e 2ArcTenhlc+dx] | . 64 ArcTanh [c + d x]? Log[1 - e?ArcTanh(exdx] ], 96 ArcTanh [c + d x] 2
PolylLog|2, —e 2ArcTanhlcdx] ] , 96 ArcTanh[c + d x] % PolyLog |2, e?ArcTanhictdxl] , 96 ArcTanh[c + d x] PolyLog[3, - e 2ArcTanhlcrdx] | _

96 ArcTanh [c + d x] PolyLog[3, e?ArcTenhlcdx] ] . 48 polylog |4, -e 2ArcTanhicdx]] , 48 polylog[4, e?ArcTanhic dx] ] )

Problem 26: Result unnecessarily involves imaginary or complex numbers.

J(a+bAr‘cTanh[c+dx})3 ;
X

(ceerex)2

Optimal (type 4, 143 leaves, 7 steps):

(a+bArcTanh[c+dx])? (a+bArcTanh[c+dx])® 3b (a+bArcTanh[c+dx])?*Log[2- —* ]

de? de? (c+dx) de?

1+c+d x 1+c+d x

3b? (a+bArcTanh[c+dx]) Polylog[2, -1+ —>—] 3b*>Polylog|[3, -1+ —>—]

de? 2de?

Result (type 4, 248 leaves):
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1
2de?

2ad 6 a2 b ArcTanh[c +d x]

+6a’bloglc+dx] -3a’blog[l-c?-2cdx-d?x?| +

c+dx c+dx

6 a b? [Ar‘cTanh[Cerx] 1-

ArcTanh([c +dx] +2Log[1 - e 2ArcTanh(cxdx] ] ] - Polylog[2, e2ArcTanhicrdx) ],
c+dx
i3 ; ArcTanh[c+dx]?
- ArcTanh[c +dx]~° -
8 c+dx

2b? [ +3ArcTanh[c+dx]?Log |1 - e ArcTanhlcrdx] ]

3
3ArcTanh[c +dx] Polylog|2, e?ArcTanhlctdxl ] _ = polylog[3, e2ArcTanhlc dx]] ] )
2

Problem 28: Result unnecessarily involves imaginary or complex numbers.

J(a+bAr'cTanh[c+dx})3
dx

(ce+dex)4

Optimal (type 4, 269 leaves, 16 steps):
b> (a+bArcTanh[c+dx]) b (a+bAr‘cTanh[c+dx})2 b (a+bAr‘cTanh[c+dx])2
- +

- +

de4<c+dx) 2de? 2de4(c+dx)2

(a+bArcTanh[c+dx])? (a+bAr‘cTanh[c+dx])3 b3 Log[c +d x] b3Log[1—(c+dx)2}
- + - +

3de? 3de4(c+dx)3 de* 2de?

b (a+bArcTanh[c+dx])?Log[2- —2—] b? (a+bArcTanh[c+dx]) Polylog[2, -1+ —>—] b’Polylog[3, -1+ —>—]

1l+c+dx 1+c+d x 1+c+d x

de? de? 2de?

Result (type 4, 393 leaves):
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1
6d e’
2a3 3a2b 6 a2b ArcTanh[c +d x] 5 . R 2 ,[ (c+dx)®+ArcTanh[c+dx]?
- - - +6a’bloglc+dx] -3a’blog[l-c?-2cdx-d?*x?*| +6ab? |- +
(c+dx)3 (c+dx)2 (c+dx)3 <c+dx)3
1—(c+dx)2
ArcTanh[c+dx] |- —————— +ArcTanh[c+dx] + 2 Log[1 - e 2ArcTanhicrdx] | _polylog[2, e 2ArcTanhlcrdx] ]|
<C+dx)2
2
;| i7® ArcTanh[c+dx] (17(c+dx) )ArcTanh[c+dx]2 1 ; ArcTanh[c+dx]3
6b - - - —ArcTanh[c+dx]~ - -
24 c+dx 2(c+dx)2 3 3 (c+dx)

(17 (c+dx)2) ArcTanh[c +dx]3

+ArcTanh[c +dx]? Log[1 - e2ArcTanhlcrdx] ],
3 (C +dx)3

c+dx 1
Log [ —} +ArcTanh[c +d x] PolyLog [2, @2 ArcTanh[crdX] } - = PolylLog [3, @2ArcTanh[crdx] ]
2

1—(c+dx)2

Problem 29: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.
ArcTanh[1 + x]
J 2+2X

dx

Optimal (type 4, 21leaves, 3 steps):

- : PolylLog[2, -1-x] + : PolylLog[2, 1 +X]
4 4
Result (type 4, 207 leaves):

— |-7® +4imArcTanh[1+x] +8ArcTanh[1+x]%+8ArcTanh[1+x] Log[1 - e 2ArTamnIxl ] _ 4§ ;i 0g[1 + e2ArcTanhllx] | _

16
8 ArcTanh[1+x] Log[1 + e2ArcTanh1x] ] _ g ApcTanh[1 + X] Log[;] +41171L0g[;] +8ArcTanh[1 + x| Log[;] +
A =X (2+x) -x (2+x) A =X (2+%)
i(1+x) 2i (1+x)
8 ArcTanh[1 +x] Log[ ———"—

—] _4 POlyLOg {2) e*ZAr‘CTanh[]-*’X] } _4 POlyLOg [2’ _ <e2 ArcTanh [1+x] ]
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Problem 30: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

ArcTanh[a + b x]
dx
ad | dx
b

Optimal (type 4, 32leaves, 3 steps):
7PolyLog[2, -a-bx] PolylLog[2, a+bx]
2d 2d

Result (type 4, 263 leaves):

7% -4 i mArcTanh[a+bx] - 8 ArcTanh[a + bx]?-8ArcTanh[a +bx] Log[1 - e 2ArcTanhlasbx] |,

8d
417 Log[1+e2AreTanh(abxl ], g ApcTanh([a + b x] Log[1 + e2ArcTanhla+bx] ], g ArcTanh[a + b x] Log[;} -
1- (a+bx)2
2 2 i(a+bx)
41‘17rLog[—] - 8ArcTanh[a + b x] Log[—] - 8ArcTanh[a + b x] Log[ ] +
1—(a+bx)2 1—(a+bx)2 1—(a+bx)2
2i (a+bx]

8ArcTanh[a+bx] Log]| | +4PolyLog|2, e 2ArcTanh(asbx] ], 4 polylog[2, - e2ArcTanhlasbx] |

1- <a+bx)2

Problem 35: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

a+bArcTanh[c +d Xx]
J dx

e+fx

Optimal (type 4, 130leaves, 5steps):

2 2d (e+fx)
(a+bArcTanh[c+dx]) Log[hmdx} ) (a+bArcTanh[c+dx]) Log| et e ] )
f f
2 _ 2d (e+fx)
b PO]'yLOg [2’ 1- 1+c+d X ] b POlyLOg [2’ 1 (de+f-cf) (1+c+dx) ]
2f 2f

Result (type 4, 329 leaves):
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1 de -

— |aLog[e +fx] +bArcTanh[c +d x] —Log[ ]+Log[1’1$inh[Ar‘cTanh[ -F} +Ar‘cTanh[c+dx]]] -
Af1- (c+dx)2 f
_ 2
1J'lb —lj (ﬁ—ZjAr‘cTanh[c+dx])2+j (Ar‘cTanh[de C-F] +ArcTanh[c+dx]| + (n-2iArcTanh[c+dx]) Log[1+e?ArcTanhlesdx]]
2 4
21 [Ar‘cTanh[de_ f] +ArcTanh|[c +d X] Log[l—ce’2 (APCTa"h{M%APCT"’"MCMX])] - (r-2iArcTanh[c+dx]) Log| 2 | -
f 1- (c+dx)?

de -

) de-cf s f
21 [Ar‘cTanh[ | +ArcTanh[c +dx] | Log[2 i Sinh[ArcTanh| | +ArcTanh[c+dx]]] -

i PolyLog [2, _ eZAr‘cTanh[ud x] ]

- i PolyLog {2) e—z (Ar‘cTanh{de:f]mr‘cTanh[ud x]) } J ]

Problem 38: Result more than twice size of optimal antiderivative.

J(e+1:x)3 (a+bAr‘cTanh[c+dx})2dlx

Optimal (type 4, 562 leaves, 20 steps):
b2f? (de-cf)x abf(6d?’e’-12cdef+ (1+6c?) f2)x b2 f (c+dx)2 b2 £? (de-cf) ArcTanh[c +d x]
+ + -

+

d3 2d3 12d* d4
b>f (6d?e?-12cdef+ (1+6c?) f2) (c+dx) ArcTanh[c+dx] bf?(de-cf) (c+dx)2 (a+bArcTanh[c+dx])
2d* i d* '

bf> (c+dx)’ (a+bArcTanh[c+dx]) (de-cf) (d?e?-2cdef+ (1+c?)f2) (a+bArcTanh[c+dx])?

6d* ' d* )
(d*e*-4cd®e*f+6 (1+c?) d?e?f2-4c (3+c?)def’+ (1+6c?+c?) ) (a+bAr‘cTanh[c+dx])2 <e+-Fx)4(a+bAr‘cTanh[c+dx])2

adtf ' af i
2b(de-cf) (d?e*-2cdef+ (1+c?) f2) (a+bArcTanh[c+dx]) Log[liidx] b2 £ Log[1- (c+dx)?]
d4 : 12 d* :
b2 f (6d2e?-12cdef+ (1+6c?) f2) Log[1- (c+dx)2] b’ [de-cf) (de*-2cdef (1+c?) ) Polylog[2, - 1]
4 d* d*

Result (type 4, 1215leaves):

3 1
a?edx+ —ate?fxi+atef xd+ —atfExts
2 4
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1
—ab
12

6x (4e*+6e’fx+4def’x?+fx?) ArcTanh[c +dx] —%(—dex (3(1+3c?)f*-3cdf (8e+fx)+d® (18e?+6efx+fx?)) +
d

3(-1+¢) (4d3e3—6 (-1+c)d*e*f+4 (—1+c)2de-F2— (—1+c)3f3) Log[l-c-dx] +

1

LT

3(1+c) (—4d3e3+6 (1+c)d?e’f-4 (1+c)?def’+ (1+c)3f3) Log[1+c+dx1)

b®e® (ArcTanh[c +dx] (-ArcTanh[c+dx] + (c+dx) ArcTanh[c+dXx] -2 Log[1+e 2ATenhlc=dxI 1), polylog|2, —e 2ArcTannlcsdx]|)
1
2 d?

3b%e?f (1— <c+dx)2) ArcTanh[c+dx]?+2

- (c+dx) ArcTanh[c+dx] - cArcTanh[c+dx]?+c (c+dx) ArcTanh[c +d x]? -

1
2 cArcTanh[c +dx] Log[1 + e 2ArcTanhlcedx] ]

+ Log|

]

+2cC PolyLog [2, B eszr‘cTanh[md x] ] N
1-(c+dx) 2
i b2 .F3
12d4

3 (1— (c+dx)2)2Ar‘cTanh[c+dx]2— (1— (c+dx)2) (1-12cArcTanh[c+dx] +6ArcTanh[c+dx]*+18 c® ArcTanh[c +dx]? -

2 (c+dx) ArcTanh[c+dx] (-1+6cArcTanh[c+dx])) -4 |-3cArcTanh[c+dx]?-3c>ArcTanh[c+dx]?+

(c+dx) (-2ArcTanh[c+dx] -9 c?ArcTanh[c +dx] +3c®ArcTanh[c +dx]*+3c (1+ArcTanh[c+dx]?)) -6c (1+c?) ArcTanh[c +dX]

Log[1 + e 2ArcTanhlcsdx] ], 3 Log] ! | +9c?Log] !

]

-12 <C +C3) PolyLog[Z, _e—ZAr‘cTanh[c+dx]]
1- (c+dx)? 1-(c+dx)?

1, ., L1372 c+dx 6c (c+dx) ArcTanh[c+dx] 3 (c+dx) ArcTanh[c+dx]?
4d3b ef (1—<c+dx)) - — : . : -
\J1- (c+dx) \J1- (c+dx] \J1- (c+dx)

3c? (c+dx) ArcTanh[c +dx]?

+ArcTanh[c +dx]2 Cosh[3 ArcTanh[c+dx]] +3 c?ArcTanh[c +dx]?Cosh[3ArcTanh[c+dx]] +
1- (c+dx>2

2 ArcTanh[c +d x] Cosh[3 ArcTanh[c +dx]] Log[1+e 2ArcTanhicdx] ], 6 c2 ArcTanh[c + d x] Cosh[3 ArcTanh[c +dx]] Log[1+e 2ArcTanhic:dx]]
1 1
6 c Cosh[3 ArcTanh[c +d x] ] Log

[ |+ ArcTanh[c+dx] (4+3 (1-4c+3c?) ArcTanh[c+dx]) +
\/1—(c+dx)2 \/1—(c+dx)2

1
6 (ArcTanh[c +dx] +3 c?ArcTanh[c +dx]) Log[1+e 2ArcTanhlcdxl | _ 18 ¢ Log]| -

1- (c+dx)2
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4 (1 + 3C2) POlyLOg[Z, _e—ZAr‘cTanh[c+dx]]

(1— (c+dx)2)3/2

- Sinh[3 ArcTanh[c +dx]] +6 cArcTanh[c + d x] Sinh[3 ArcTanh[c+dXx]] -

ArcTanh[c +dx]2Sinh[3ArcTanh[c+dx]] -3 c?ArcTanh[c +d x]2Sinh[3 ArcTanh[c +dx]]

Problem 39: Result more than twice size of optimal antiderivative.

J(eﬂcx)z (a+bArcTanh[c+dx])?dx

Optimal (type 4, 374 leaves, 16 steps):
b2f2x 2abf(de-cf)x b2f2ArcTanh[c+dx] 2b*>f(de-cf) (c+dx)ArcTanh[c+dx] b (c+dx)2 (a+bArcTanh[c+dx])

+ + -

3d2 d? 3d2 d® 3d°
(de-cf) (d?e?-2cdef+ (3+c?) f2) (a+bArcTanh[c+dx])? (3d*’e?-6cdef+ (1+3c2)f2) (a+bArcTanh[c+dx])?
+ +
3d3f 3d3
(e+-Fx)3 <a+bAr'cTanh[c+dx])2_2b (3d?e2-6cdef+ (1+3c?) f2) (a+bArcTanh[c+dx]) LOg[Lchdx]
3f 343
b f (de-cf) Log[1- (c+dx)?] b*(3de’-6cdefs (143 F) Polylog[2, - 14X ]
d? 3d?

Result (type 4, 795leaves):
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1
a’e’x+atefx?+ —a?f 3+
3

1
—ab

2x (3e2+3efx+f2x) ArcTanh[c +d x] +i(dfx (6de-4cfsdfx) - (-1+c) (3d?e?-3(-1+c)def+(-1+c)’)Log[l-c-dx]+
3

d3

(1+¢) (3d2e2—3 (1+c)def+ (1+c)2f2) Log[1+c+dx])

T
d
b%>e? (ArcTanh[c+dx] ((-1+c+dx) ArcTanh[c+dx] -2 Log[1+e 2ArTannic=dxI]) . polylog[2, —e 2ArcTanhlcrdx]]) 4

1
—b’ef |(-1+2c-c?+d*x*) ArcTanh[c+dx]?+

d2
2ArcTanh[c+dx] (c+dx+2cLlog[l+e 2ArcTanhicedx] ) —2Log[;} -2 cPolylLog[2, - e 2ArcTanhlcxdx] |
1- (c+dx)2
13b2f2(1—(c+dx)2)3/2 c+dx 6c(c+dx>Ar‘cTanh[c+dx]+3(c+dx)Ar‘cTanh[c+dx]2_
12d

_«/1—(c+dx>2 «/1—(c+dx)2 «/1—(c+dx)2

3c? (c+dx) ArcTanh[c +dx]?

+ArcTanh[c +dx]2 Cosh[3 ArcTanh[c+dx]] +

1- (c+dx)2

3 c2ArcTanh[c +dx]?Cosh[3 ArcTanh[c+dx]] +2ArcTanh[c +dx] Cosh[3ArcTanh[c +dx]] Log[1 + e 2ArcTanhicrdx)
1 1

6 c2 ArcTanh[c +dx] Cosh[3ArcTanh[c +dx]] Log[1+ e 2ArcTanhlctdxl ] _ 6 ¢ Cosh[3 ArcTanh[c +dx] ] Log]| |+

Ji-(c+dx)?  J1-(c+dx)?

1

3 (1-4c+3c?) ArcTanh[c+dx]?+2ArcTanh[c+dx] (2+ (3+9c?) Log[1+e2ArcTanhicrdx]]) 18 ¢ |og| -

1- (c+dx)2

4 (1 +3 C2> PolyLog[Z, _eszr*cTanh[mdx]]

(1— (c+dx)2)3/2

-Sinh[3 ArcTanh[c+dx]] +6 cArcTanh[c +d x] Sinh[3 ArcTanh[c+dXx]] -

ArcTanh[c +dx]2Sinh[3 ArcTanh[c+dx]] - 3c?ArcTanh[c +d x]2Sinh[3 ArcTanh[c +d x] ]

Problem 42: Unable to integrate problem.

J(aerAr‘cTanh[c+dx1)2 ;
X

e+fx

Optimal (type 4, 214 leaves, 2 steps):
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2 2 2 2d (e+fx) 2
) (a+bArcTanh[c+dx]) Log[m] ) (a+bArcTanh[c+dx])? Log| et eian ] ) b (a+bArcTanh[c+dx]) Polylog[2, 1 - m}
f f f
B 2d (e+fx) 2 2 2 o 2d(e+fx)
b (a+bArcTanh[c+dx]) PolyLog[2, 1 etcr tean ] ) b2 Polylog|3, 1 - 1+c+dx] 7 b? PolyLog|3, 1 et tean ]
f 2f 2f

Result (type 8, 22leaves):

J(a+bAr~cTanh[c+dx])2
dx

e+fx

Problem 43: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

J(aerAr‘cTanh[c+dx])2 ;
X

(e+-Fx)2

Optimal (type 4, 480 leaves, 24 steps):

(a+bArcTanh[c+dx])? b? d ArcTanh[c + d x] Log|[ —*—] abdlog[l-c-dx] b*dArcTanhic+dx] Log| 2—]

B N 1-c-dx B _ 1+c+d x
f (e+fx) f(de+f-cf) f(de+f-cf) f(de-f-cf)
2b’dArcTanhic+dx)Llog[ 2| apdiogii.cidx] 2abdioglesfx] 2P7dArcTanhicdx] Log| 2 x ]
+ + -
(de+f-cf) (de- (1+c) ) f(de-f-cf) 2 (de-cf)? (de+f-cf) (de- (1+c) )
b2 d PolyLog|2, ——tzfji} b2 d PolyLog|2, 1—1;“] b2 d PolyLog|2, 1_1%2%] b2 dPolylog[2, 1 - (dei“c:*flxjmdx)]
2F (def cf]  2f(de f cf)  (de<f cf) (de (1:c)f)  (de-f cf) (de (1+c)F]

Result (type 4, 1198 leaves):

2 _ f d
L S— 2ab(1—<c+dx)2) de-cf + (c+dx)
f e+ fx) \/17(c+dx)2 \/1—(c+dx)2
(c+dx) |deArcTanh[c+dx] - cfArcTanh[c+dx] - f Log| de - of ¢ —Hledn ]
\/1—(c+dx)2 Jl—(udx)2 \/1f(c+dx)2

1—<C+dx)2
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fArcTanh[c+dx] + (-de+cf) Log| de - cf 4 —flexdx)
\/1—(c+dx)2 \/1—(c+d><)2 \/1—(c+dx)Z /
1—(c+dx)2
2
_ f d
(d(desfcf] (de-(1ec)f) (esfx)?] s —— b2 (1 [crax)?) | — T | (c+dx)
d (e+fx) \/1—(c+dx>2 \/1—(c+dx>2
(c+dx) ArcTanh[c +dx]? 1 5 fArcTanh[c + d x]?
- +
(de-cH) 1—(c+dx)2( de ) cf L _flcudx) ) de-cf |2 (de-f-cf) (de+f-cf)
\/1—(c+dx)2 \/1—(c+dx)2 \/17(c+dx)2
ArcTanh[c +dx] |-fArcTanh[c+dx] + (de-cf) Log| de - cf 4 —flexrdx) ]]
\/1f(c+dx)2 \/1—(c+dx)2 \/1—(c+dx)Z ~ 1
(de+f-cf) (de- (1+c) f) 2(de+f-cf) (de- (1+c) f)

d2e? 2cde
+

de-cf
[1de7rAr‘cTanh[c+dx] +1 cfrArcTanh[c +dx] —fAr‘cTanh[c+dx]2+e’A"Tanh{fi] \/1—c2— fArcTanh[c+dx]?+

.FZ
iderrLog[1+e2ArcTanhicsdxl] _j ¢ frLog[1+ e2ArcTannicxdx]] _ 5 d e ArcTanh[c + d x] Log[lﬂe'2 (A'"CTa”h{ﬁ}*””a”h[“dx])] +
2 c fArcTanh[c +dx] Log[l—e’2 (A"CTanh{g]mrdanh[”dx])} -iderLog| ! | +icfrLog| ! |+
1—(C+dx>2 1—(C+dx)2
de cf f(c+dx) de

2deArcTanh[c +dx] Log

[ - + ]—2c-FAr‘cTanh[c+dx] Log[——
\/1—(c+dx)2 \/1—(c+dx)2 \/1—(c+dx)2 1—(c+dx)2

cf ‘F<C+dx>

\/1—(c+dx)2 \/1—<c+dx)2

de-cf

2 (Ar‘cTanh [ —

}+Ar‘cTanh[c+d X] ) ] _

de-cf _
| -2 (de-cf) ArcTanh | ] (Ar‘cTanh[c+dx] +log[l-e

f} +ArcTanh[c+dx]]]| + (de-cf) PolylLog|2, g2 [ArcTanh [ <5< carcTanh (c+d ] ]

de-
Log[1i Sinh|[ArcTanh|

Problem 44: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.
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J(a+bAr‘cTanh[c+dx])2
dx

(e+1cx)3

Optimal (type 4, 750 leaves, 26 steps):

abd b2 d ArcTanh[c + d x] (a+bArcTanh[c+dx])?
- + - +
(f2,<de,cf)2> (e+fx) (de+f-cf) (de- (1+c)f) (e+Fx) 2f (e+fx)?
b2 d2 ArcTanh[c + d x] LOg{chfdx} abd?Log[1-c-dx] b2 d? Log[1- ¢ - d x] b2 d2 ArcTanh[c +d x] Log[hidx]
_ . _
2f (de+f-cf)? 2f (de+f-cf)? 2(de+f-cf)?(de- (1+c)f) 2f (de-f-cf)?
2b%d? (de-cf) ArcTanh[c+dx] Log[ =] ;pd2log[1+c+dx] b2 d2 Log[1+c+dx] b2 d2 f Log[e + f x|
+ - + -
(de+f-cf)? (de- (1+c)f)? 2f (de-f-cf)? 2 (de+f-cf) (de-(1+c)f)? (de+f-cf)?(de-(1+c)F)?
_2d(e+fx) iCt
2abd? (de-cf) Logle +fx] _2b2d2 (de-cf) ArcTanh[c +dx] Log[(deji; Tliudx)} +bZdZPolyLog[Z,—ﬁ]
(de+f-cf)?(de- (1+c) f)? (de+f-cf)?(de- (1+c)f)? 4f (de+f-cf)?
_2d(e+fx)
b’ dPolylog[2, 1~ 2] b2d” (de - cf] Polylog[2, 1- 2] b'd’(de-cH Polylog[2, 1~ —2dietx ]
4f (de-f-cf)? (de+f-cf)?(de-(1+c)F)? (de+f-cf)?(de-(1+c)f)?
Result (type 4, 1970 leaves):
f |24 Hdefcfi e B | ApcTanh[c + d x]
de-cf f (c+dx)
2 [ : —
- 2 N ! ab(de-cf+f(c+dx))? frledt VA led -
21C<e+1"x)2 d(e+fx)3 <de+f—cf)2(—de+f+cf)2
2 (defcf) Log[ de _ cf + f (c+d x)
(c+dx) (f-2deArcTanh[c+dx] +2cfArcTanh[c+dx]) Ji(cidx?  J1(cidx? 1o (crdx)?

]

(d?e?-2cdef+ (-1+c?) -FZ)Z

de-cf) (de+f-cf) (de- (1+c)f)~/1- (c+dx)? decf , flod)
( ) ) ([de-(1+c)f) (c+dx)
Jis(cidx? 1 (cedx)?
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F(1<c+dx)2)3/2( de - cf 4 —flexrdx) ]3Ar‘cTanh[c+dx]2
1 3 b2 (de—c-F+-F (c+dx))3 \/1—(c+dx)2 \/1—(c+dx)2 \/1—(c+dx>2 2 .
d (e+fx] 2(defcf)(de+fcf)(decf+f(c+dx”3{ de __, —<f __fledn
\/1—(c+dx)2 \/1—(c+dx)2 \/1—(c+dx)2
3
f d
P S S
Jl—(c+dx)2 \/1—(c+dx)2 \/1—(c+dx)2

f(c+dx)ArcTanh[c+dx] de (c+dx)ArcTanh[c+dx]? cf (c+dx)ArcTanh[c+dx]?
- +

xll—(c+dx)2 xll—(c+dx)2 xll—(c+dx)2

/

(de-cf) (de-f-cf) (de+f-cf) (de-cf+f(crdx])®|- de . cf __flerdx) ]+
\/1—(c+dx)2 \/1—(c+dx)2 \/1—(c+dx>2
F(l(c+dx)2)3/2[ de _ cf N f<c+dx)
\/1—<c+dx)2 \/1—<c+dx)2 \/1—<c+dx)2
-fArcTanh[c+dx] + (de-cf) Log| de-cf + f(crdx) ]]
\/1—(c+dx)2 \/1—(c+dx)2 /

((de-cf) (de-f-cf) (desf-cf) (-2 (de-cf)?] (de-cf+f(c+dx))’|-

3

~ArcTanh { decf

.F
de cf <c+dx) ¥ }Ar‘cTanh[c+dX]2+

J1-(c+dx)? _\/1—<c+dx)2 J1-(c+dx)?

c (1— (c+dx)2)3/2[

1 -cf -cf

. } de ) de )
i (de—c-F) [ (—n+21Ar‘cTanh[ }) ArcTanh[c +dx] -2 (11 Ar‘cTanh[ } + 1 ArcTanh[c +d Xx] Log[

(de-cf)?
fo[1-ddes

1- <e211 (J'L ArcTanh[%}ﬂi ArcTanh[c+d x]) } 1

-7 Log {1 + eZAr‘cTanh[ud x] }

+ 7 Log]| | +21i ArcTanh]|

«/1—<C+dx)2



126 | 7.3 Inverse hyperbolic tangent.nb

de-cf | Log[i Sinh[ArcTanh| de ; < f] +ArcTanh[c +dx] ]| +iPolyLog|2, e*' (4 ArcTanh| <255+ ArcTanh [c1d x) | ] /

f2- (de-cf)?

o (de—C‘F+'F<C+dX>>3 +

(de-cf) (de-f-cf) (de+-Fcf)\/

de cf f(c+dx)

J1-(c+dx)? _\/1—(c+dx)2 J1-(c+dx)?

de (1— (c+dx)2>3/2[

de-cf 1

7}ArcTanh[c+dx12+ i(de-cf) de-

—Ar‘cTanh{
-e

.F
- (—ﬂ+2iAr‘cTanh[ | | ArcTanh[c+dx] -2 (i ArcTanh |

de-cf)?
£ o[1- e

de-cf

de-cf Zj(jAr‘cTanh[ -

.F

1

}+]‘L ArcTanh[c+d X] ) ]

| +iArcTanh[c+dx] | Log[1l-e - Log[1 + e2ArcTanhic-dx] |

+71Log[

] +

1- (c+dx)2

-cf de -

.F

) de
21 Ar‘cTanh[

] Log [J’l Sinh [Ar‘cTanh [

'F} +ArcTanh[c + d x] ] } ‘i PolyLog[z, &2t (JiAI"CTanh{de:f]Jr]'lAr‘CTanh[C+dX]) ] ] /

1:2—(de—cw‘:)2

; (de—cf+f(c+dx))3
.F

f(de-cf) (de-f-cf) (de+f—cf)\/

Problem 45: Result more than twice size of optimal antiderivative.

J<e+fx)2 (a+bAr‘cTanh[c+dx})3dlx

Optimal (type 4, 546 leaves, 21 steps):
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ab2f2x b>f2 (c+dx) ArcTanh[c+dx] b-Fz(aerAr'cTanh[c+dx}>2 3bf (de-cf) (a+bAr‘cTanh[c+dx])2

+ + +
d? d? 2d3 d?
3bf(de-cf) (c+dx) (a+bArcTanhc+dx])?> bf?(c+dx)? (a+bArcTanh[c+dx])?
o ' 2d3 )
(de-cf) (d?e?-2cdef+ (3+c?) f2) (a+bAr‘cTanh[c+dx1)3 (3d2e?-6cdef+ (1+3c?) f2) (a+bAr‘cTanh[c+dx1>3
3d3F : 3d3 :
(e+fx>3 (a+bAr‘cTanh[c+dx})3 6b2f (de-cf) (a+bArcTanh[c+dx]) Log[liidx]
3f d3
b(3d2e?-6cdef+ (1+3c?) 2 (a+bArcTanh[c+dx])2Log[liidx] +b31c2|_0g[17 (c+dx)?] 3b*f (de-cf) Polylog|2, —ﬁ}
o 2d3 o

b2 (3d?e?-6cdef+ (1+3c2) f2) (a+bArcTanh[c+dx]) Polylog[2, 1- 17c27dx} b* (3d?e?-6cdef+ (1+3c?) f2) Polylog[3, 1- 1{27“]

& 243

Result (type 4, 1868 leaves):
a’ (ad?e?+3bdef-2bcf?)x a’f(2ade+bf) x> 1

+ +—a’f?x’+a’bx (3e*+3efx+fx*) ArcTanh[c+dx] +
d? 2d 3 2d3
(3a®bd’e®’-3a’bcd’e®’+3a’bdef-6a’bcdef+3a’bc’def+a’bf?-3a’bcf’+3a’bc?f?-a’bc’f?) Log[l-c-dx] + ;
2d
1
(3a’bd*e*+3a’bcd’e®*-3a’bdef-6a’bcdef-3a’bc’def+a’bf’+3a’bcf?+3a’bc*f+a’bc’f?) Log[l+c+dx]+ =
d

3ab?e? (ArcTanh[c+dx] (-ArcTanh[c+dx] + (c+dx) ArcTanh[c +dx] - 2 Log[1 + e 2ArcTanhicxdx] ]}, polylog[2, —e 2ArcTanhlcxdx] ) _

1
—23ab2e1c (17 (c+dx)2) ArcTanh[c+dx]?+2 |- (c+dx) ArcTanh[c+dx] - cArcTanh[c+dx]?+c (c+dx) ArcTanh[c+dx]* -
d

1
2 cArcTanh[c +dx] Log[1+e 2ArcTannlesdx] ] | og| ———————1] | + 2 cPolylog|2, -e 2ArcTanhlcrdx]] |,

1- (C+dx>2

le eZ

ArcTanh[c+dx]? (-ArcTanh[c+dX] + (c+dx) ArcTanh[c +dx] - 3 Log |1+ e 2ArcTanhlcsdx] |}
3

3ArcTanh[c +dx] PolylLog[2, -e 2ArcTanhictdx] ], = polylog[3, - e 2ArcTanhictdx] | ] +
2

1
—2b3e1c (—Ar‘cTanh[c+dx] (3Ar‘cTanh[c+dx] - 2cArcTanh[c+dx]?+ (1— (c+dx)2) ArcTanh[c+dx]?+
d

(c+dx) ArcTanh[c +dx] (-3 +2cArcTanh[c+dx]) + 6 Log[1+e 2ArcTanhic+dx] ] _ g ¢ ArcTanh[c + d x] Log[1+e’“"”a”h[c*dx]” +

(3-6cArcTanh[c+dx]) PolyLog[2, -e 2ArcTanhlctdx] | _ 3¢ polylog|3, - e 2ArcTanhicrdx] ] ) -
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c+dx 6c (c+dx) ArcTanh[c+dx] 3 (c+dx)ArcTanh[c+dx]?

+ —

7«/1—(c+dx)2 «/1—(c+dx>2 «/1—(c+dx)2

3¢ (c+dx) ArcTanh[c +dx]?

I 2)3/2
i (1- (c+dx)?)

+ArcTanh[c +dx]2Cosh[3ArcTanh[c +dx]] + 3 c?ArcTanh[c +d x]2 Cosh[3 ArcTanh[c +d x]] +

1- (c+dx>2
2ArcTanh[c +dx] Cosh[3ArcTanh[c +dx]] Log[1+e 2ArcTanhlcrdxl] 6 c2 ArcTanh[c + d x] Cosh[3 ArcTanh[c +dx]] Log |1+ e 2ArcTanhlcrdx] ] _

1 1

[ ] +
\/1—(c+dx)2 \/1—(c+dx)2

ArcTanh[c+dx] (4+3 (1-4c+3c?) ArcTanh[c+dx]) +

6 c Cosh[3 ArcTanh[c +d x] ] Log

6 (ArcTanh[c+dx] +3 c?ArcTanh[c+dx]) Log[1+e 2ArTannlc=dx] | _ 18 ¢ Log[;] -
1-(c+dx)?
4 (1 +3 C2> POlyLOg[Z, _e—ZAr‘cTanh[c+dx]]

(1— <c+dx)2)3/2

- Sinh[3 ArcTanh[c +dx]] +6 cArcTanh[c +d x] Sinh[3 ArcTanh[c+dXx]] -
ArcTanh[c +d x]2Sinh[3 ArcTanh[c+dx]] -3 c2ArcTanh[c+dx]2Sinh[3ArcTanh[c+dx]] | +

1
-~ b*> 2 | (-3 c+ArcTanh[c+dx] +3c®ArcTanh[c+dx]) Polylog|2, - e 2ArcTanhlcrdxl | _
d

1 (17 <c+dx)2)3/2 3 (c+dx) ArcTanh[c +d x] +9c (c+dx) ArcTanh[c +d x]? +3 (c+dx) ArcTanh[c +d x]> )

12 J1-(crdx)? Ji-(crdx)? J1-(crdx)?

3c? (c+dx) ArcTanh[c +dx]3

-9 cArcTanh[c+dx]?Cosh[3ArcTanh[c +dx]] +ArcTanh[c +dx]3Cosh[3ArcTanh[c+dx]] +

1- <c+dx)2
3 c?ArcTanh[c +dx]> Cosh[3 ArcTanh[c +d x]] - 18 c ArcTanh[c +d x] Cosh[3 ArcTanh[c +d x]] Log[1 + e 2ArcTanhlcrdx] ]

3ArcTanh[c +dx]2Cosh[3 ArcTanh[c +dx]] Log[1 +e 2ArcTanhlerdx] ],

1
9 c? ArcTanh[c +d x]? Cosh[3 ArcTanh[c +dx]] Log[1+e 2ArcTanhlc+dx] ], 3 Cosh[3 ArcTanh[c +dx]] Log[ —————— | +

1- (c+dx)2

1
3 |ArcTanh[c+dx]? (2-9c+ArcTanh[c +dx] -4 cArcTanh[c+dx] +3c®ArcTanh[c+dx]) +

1- (c+dx)2
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1
3ArcTanh[c+dx] (-6c+ArcTanh[c+dx] +3c?ArcTanh[c+dx]) Log[1+e 2ArcTannicxdx] ], 3 og|

] .
1- (c+dx)?
6 (1+ 3 C2> PolyLog{B, _ @ 2ArcTanh[c+d x]]

(1— (c+dx)2)3/2

-3 ArcTanh[c +d x] Sinh[3 ArcTanh[c +d x]] +9 c ArcTanh[c +d x]2Sinh[3 ArcTanh[c +d x]] -

ArcTanh[c +dx]3Sinh[3 ArcTanh[c +dx]] - 3 c?ArcTanh[c +d x]3 Sinh[3 ArcTanh[c +d x] ]

Problem 48: Unable to integrate problem.

J(aerAr‘cTanh[c+dx])3 ;
X

e+fx

Optimal (type 4, 308 leaves, 2 steps):

3 2 3 2d (e+fx) 2 2
) (a+bArcTanh(c+dx]) Log[hudx] (a+bArcTanh[c+dx] )’ Log| detct) (Lecdn | 3b (a+bArcTanh[c+dx])*Polylog|2, 1- 1+c+dx] i
f f 2f
2 2d (e+fx) 2
3b (a+bArcTanh[c+dx])*Polylog|2, 1- et Lecdn ] ) 3b% (a+bArcTanh[c+dx]) Polylog|3, 1- 1+C+dx}
2f 2f
2 _ 2d (e+fx) 3 2 3 _ 2d (e+fx)
3b (a +bArcTanh[c + dx]) PolyLOg{B, 1 et (ecdrn } ) 3b PolyLog[4, 1- 1+c+dx] 3b PolyLogH, 1 et mean ]
2f af af

Result (type 8, 22leaves):

J(a+bAr‘cTanh[c+dx])3 ;
X

e+fx

Problem 49: Attempted integration timed out after 120 seconds.

J(a+bAr~cTanh[c+dx])3
dx

(e+1‘:x)2

Optimal (type 4, 1089 leaves, 33 steps):
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(a+bArcTanh[c+dx])> 3ab*dArcTanh(c+dx] Log| 3b*>dArcTanh[c+dx]2Log| —*—]

1-c-dx ]

_ + ¥ 1-c-dx B
f (e+fx) f(de+f-cf) 2f (de+f-cf)
2 2
3a2bdLlog[l-c-dx] ) 3ab2dArcTanh[c +d x] Log[hudx] ) 6 ab2dArcTanh[c +d x] Log[h“dx] )
2f (de+f-cf) f(de-f-cf) (de+f-cf) (de- (1+c)f)
3b3dAr‘cTanh[c+dx]2Log[1+c2+dx} ) 3b3dAr‘cTanh[c+dx]2Log[hidx] ) 3a2bdLlog[l+c+dx]
2f(deff7cf) (de+f7cf) (de7(1+c)f) Zf(defffcf)
3a?bdloge+fx] ©2 b? d ArcTanh[c + d x] Log| ” e+1c2jjc :*Tl)deX) | 3b*dArcTanh[c+dx]?Log]| (deﬂfi"c :*flt)md " ]
- - +
f2- (de-cf)? (de+f-cf) (de- (1+c) f) (de+f-cf) (de- (1+c) f)
3ab2dPolylog|2, 7ﬁ] 3b3dArcTanh[c +dx] Polylog|[2, 1- l—cz—dx] ) 3ab?dPolylog|2, 1- 1+c2+dx} )
2f (de+f-cf) 2f (de+f-cf) 2f (de-f-cf)
3ab?dPolylog[2, 1- —*—| ) 3b®dArcTanh([c +dx] Polylog[2, 1- —* | ) 3b>dArcTanh[c +dx] Polylog[2, 1- —* ]
(de+f-cf) (de- (1+c)f) 2f (de-f-cf) (de+f-cf) (de- (1+c)f)
3ab2dPolyLog{2, 1- (de+‘f:2j1'(Fe)+‘(F1)i)c+dX)] ) 3b3dArcTanh[c +dx] PolyLog[Z, 1- <de+f2f1c:c(j+:c1)i)c+dx>} ) 3b3dPolyLog[3, 1- j]
(de+f-cf) (de- (1+c) f) (de+f-cf) (de- (1+c) f) 4f (de+f-cf)
2d (e+f
3b%>dPolyLog|3, 1-1%2““] ) 3b%dPolylog|3, 1_1;“] +3b3dPolyLog[3, 1‘4(—)—@”7::; (fmdx)}
4f(de-f-cf) 2(de+f-cf) (de- (1+c) f) 2(de+f-cf) (de- (1+c) f)

Result (type 1, 1leaves):

2?2

Problem 52: Unable to integrate problem.

J(e+-Fx)"' (a+bArcTanh[c+dx]) dx

Optimal (type 5, 162 leaves, 6 steps):

d (e+fx) ]

de-f-cf
+ _

f(1+m) 2f (de- (1+c)f) (1+m) (2+m)

(e+£x)¥™ (a+bArcTanh(c+dx]) bd (e+fx)>"Hypergeometric2F1[1, 2 +m, 3 +m,

bd <e+-Fx)2”“ Hypergeometric2F1[1, 2+m, 3 +m, i%ﬂ

2f (de+f-cf) (1+m) (2+m)

Result (type 8, 20 leaves):
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J(ewa)"' (a+bArcTanh[c+dx]) dx

Problem 53: Result is not expressed in closed-form.

ArcTanh[a + b x]
J dx

c+dx3

Optimal (type 4, 780 leaves, 23 steps):
b (c/3:+d¥/3 x b (ct/3+d?/3 x
Log[l-a-bx] Log [ VSRS ] Log[1l+a+bx] Log[ b/ (1.a) di/? }

— + —
6c2/3 d1/3 6c2/3 d1/3

b (cl/3— (-1)1/3 d1/3 x) } b (c1/37 (-1)1/3 d1/3 x) }

2/3
-1 Log[l+a+bx] Lo - -
(-1)*7 Logl JLog| e
+ +
6 C2/3 d1/3 6 C2/3 d1/3

(-1)*? Log[1-a-bx] Log|

bcl/3-(-1)Y/3 (1-a) d1/3

b (c¥/3+(-1)%/2 d'/3 x) ] b (c¥/3+(-1)%/2 d*/3 x) ]

(-1)*? Log[1+a+bx] Log|

1/3
-1 Log[l-a-bx] Lo
( ) gl ] g[ b /34 (-1)2/3 (1-a) d¥/? b3 (-1)%3 (1+a) d*/

6 c2/3 d1/3 6 c2/3 d1/3
/3 (1-a- 2/3 (-1)Y/3dY3 (1-a-bx) 1/3 (-1)23d"3 (1-a-bx)
PolylLog|2, -4/ {1=abx) -1 PolylLog|2, - - -1 PolyLog|2 . ,
y g{ 2 b/ (1-a) dV/3 } ( ) y g[ 4 bcl/3-(-1)1/3 (1-a) d¥/3 ] < > y g[ 2 bcl/3:(-1)2/3 (1-a) d¥/3 }
6 c2/3 d1/3 6 c2/3 d1/3 6 c2/3 d1/3

d'/? (1+a+bx) ] (_1) 2/3 PolyLog{Z, (-1)Y/2 d'/? (1+a+bx) ] <_1>1/3 PolyLog[Z, _ b(—1>2/3 d/? (1+a+bx) ]

bc'/3- (1+a) d'/3 bcl/3+(-1)Y/3 (1+a) d/3 /3= (-1)%/3 (1+a) d¥/3

6 c2/3 d1/3 6 C2/3 d1/3 6 C2/3 d1/3

Polylog|2, -

Result (type 7, 881 leaves):
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1, 3 2 3 3 2
—b RootSum[b c-d-3ad-3a°d-a’d+3b°cHl+3dHl+3adHl-3adHl -

6
3addul+3b3cH1?2-3d1?+3adn1?+3a2da12-3a3de1?+b3cm1® +dm1®-3adu1®+3a2da1’-adn1® g,
: 2 1-01 : 2 ArcTanh[a+b
i stArcTanh[a+bx] + 2ArcTanh[a+bx]*+ 2ArcTanh[a + b X] Ar‘cTanh[ ] - i Log[l + @2ArcTanha+bx] } +
1+11
1-01 1-#1 1-n1
2 ArcTanh [a +b X] LOg [1 _ e—z (Ar‘cTanh[a+b x]+Ar‘cTanh{E” } +2 Ar‘cTanh[ } Log [1 _ e—z (Ar‘cTanh[a+b x]+Ar‘cTanh[ 1+n1” } .
1+71
1 1-#1 1-#1 11
irlog| | - 2ArcTanh]| | Log[i Sinh[ArcTanh[a + b x] +ArcTanh| |]] - PolyLog|2, e’ (ArcTanh a+b x) +ArcTanh | -] |+
2 1+#1 1+#1
1-(a+bx)
-1l
2ArcTanh[a+bx]?#1 - i rArcTanh[a + bx] #12 - 2 ArcTanh[a + b x] ArcTanh | | 512 + i 7t Log[1 + @2ArcTanh(arbx] | g2
1+011
- N N 1 1-11 _ . . 1
2 ArcTanh [a +b X] Log {1 e 2 (Ar‘cTanh[a b x] Ar‘cTanh{lmJ) } le ) Ar‘cTanh[ } Log [1 _e 2 (Ar‘cTanh[a b x] Ar‘cTanh{hm” } le _
1+51
, 1 R 1-11 o 1-11 R
i Log| | #12 + 2 ArcTanh | | Log[i Sinh[ArcTanh[a +bx] + ArcTanh| 1] =m1%+
2 1+#1 1+#1
1- (a+bx)
-2 (ArcTanh[a+b x]+ArcTanh{ﬂ” 2 ArcTanh[ﬁ} 2
PolyLog [2, e 1 ] Al -2e 1.1] ArcTanh[a + b X] -
, 1 1l , 1
4 & *<Tann ] AncTanh [a+bx]2ul 2T [ ArcTanh [a+bx]%m1?

(1+m1)2

(b*c-ad-2a’d-a’d+2b*cnl+2adnl-2a’dul+b’cnl?-adnl?+2a’dnl? -a’ dul?) &|

Problem 54: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

ArcTanh[a + b x]
J dx

c+dx?

Optimal (type 4, 481 leaves, 17 steps):
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b (/-c -v/d x } b (/-c -\/d x }
b~/-c -(1-a) /d . b~/—c +(1+a) /d .

4-/-c ~d 4+-c d
Log[1l-a-bx] Log[M} Log[1l+a+bx] Log[M} PolyLog[Z, _—d d-abx) ]

Log[1-a-bx] Log| Log[1+a+bx] Log|

b~/-c +(1-a) /d - b~/-c -(1+a) /d - b+/-c -(1-a) +/d
a/—c /d 4~/—c \/d 4~/-c +/d
PolvL 2 \/d (1-a-bx) PolvL 2. _ \/d (1+a+bx PolvL 2 \/d (1+a+bx)
olylog|[2, WTMHWF} olylog|2, bﬁf(ha)vd_} olylog|[2, bx/T+(1+a)\/?}

av=c v ) avc + PNerNCs

Result (type 4, 1419 leaves):
1

4(1-2a%) Vcd

A

X

(2ra) v \/?] ArcTan | ] *Zjaz\/d_Ar‘cTan[—<_1+a) ﬁ] APCTa"[ﬁX} *ZjWA"CTa”[M} ArcTan|

Zj\/?Ar‘cTan[
bvec Ve bvc Ve bc Ve

(-1+a) \/?

1 d b2 -1 Zd _i
—< +i/)_\/—}Ar‘cTan[\\/ﬁd_X]—Zb\/?Ar‘cTan[\/;d_X}erb\/?\/ C+(2 ra) e arcten| oc Ar‘cTan[\/\/?_X
b+ c C C b% ¢ P
(1a)ﬁ

ZjaZ\/?Ar‘cTan[ ]2+

b2 -1 24 -iArcTan| ™ b2 1 24 imrcr (1733’\5
ab\/? C+< +a) o rc an{ s }ArcTan[\/d—X]2+b\/? & . rc an{4b\/c }APCTan[\/?X]Z—
b? ¢ Ve b? ¢ VT

—
1+a) A/ d

b? 1+a)%d -iArcTan| (=it
ab\/?\/&e rcan[ o/ ]Ar‘cTan[ }2—4<—1+a2>\/?Ar‘cTan[

A

X d x

| ArcTanh[a +bx] +

b c Ve Ve

1 d 24 [arcTan| L2 e ] ancran| e x ] -1 d 24 [arctan| 22l | ancran[ Yo x
ZﬁArcTan[ﬂ] Log[1-e reren| by/c Jrare an{w’c } ] —ZaZWArcTan[ﬁ} Log[1-e reran| oi/c | e an{v/c } |+
b/e b/c
“2i [ArcTan[ L2209 T prcpan[ e ] -2 [A Tan [ 224 1 preran| Yo x ]
ZﬁArcTan[ dX]Log[l—e H[Pcan{ by } rcanuc} }—ZaZ\HAr‘cTan[ﬁX]Log[l—e i Pcan{ bie } rcan{vT} }—
C \/?
1 d -21[A Tan| 229 | anct VEX 1 d 24 [arctan| 22004 | aner VEX ]
ZWArcTan[ﬂ] Log[l-e reten| oi/c Jrareran] Je ] +2azﬁAr‘cTan[ﬂ] Log[1-e reten| b/ Jareran| e } ] -
b/e b/c
X -2i |ArcTan {7"1*3) Ja } +ArcTan { Jax X -2 [Ar‘cTan { (s Ve } +ArcTan { \/?—X} ]
2+/d ArcTan]| | Log[1-e b/ Je V] +2a%+/d ArcTan| | Log[1-e b/ Jo -

c Ve
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—1+a) \/E

2 \/FAr'cTan[ ( M

] Log[—Sin[Ar‘cTan[ ( ] +Ar‘cTan[
b~/c b~/c Ve
M] Log[—Sin[Ar‘cTan[M} +ArcTan |
bc b~/c Ve

(1+a) \/? . (1+a) \/?
-—————| Log|[-Sin[ArcTan| ~————] +ArcTan|
bvc bve Ve

(1+a)\/? (1+a)\/? \/(Tx

] Log [—Sin [Ar'cTan [ 7] +ArcTan [

b~c b~c e
(2 Ve Ja ] +ArcTan [ \/?x}

by c c

2a2+/d ArcTan|

2 \/?Ar'cTan[

2a%2+/d ArcTan [

4

-21

i(-1+a?) \/d_PolyLog[Z, e

ArcTan[ Ar‘cTan{ (1:a) o } +Ar‘cTan[

e ﬁx”]

-21

| +1 (-1+a?) ﬁPolyLog[z, e

Problem 55: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.
JAr‘cTanh[a +b x]

dx
c+dx

Optimal (type 4, 120leaves, 5steps):

2 2b (c+dx) 2 _ 2b (c+dx)
ArcTanh [a +b X] Log [ 1+a+bx} ArcTanh [a +b X} Log[ (bc+d-ad) (1+a+bx) ] POIyLOg [2’ 1- 1+a+bx} POIyLOg [2’ 1 (bc+d-ad) (1+a+bx) }
— + + _

d d 2d 2d

Result (type 4, 304 leaves):

_ 2
I (m-2iArcTanh[a+bx])?- (Ar‘cTanh[bc | +ArcTanh[a+bx] | + (ism+2ArcTanh[a+bx]) Log[1+e?ArcTanhlarbx]] _
2d | 4
2 [Ar‘cTanh[bC7ad] +ArcTanh[a + b Xx] Log[l—e’2 (APCTanh[$}+Arc“nh[a+b”)] - (J‘Ur+2Ar‘cTanh[a+bx]) Log[;] +
1- (a+bx)2

1

o bc-ad
2 ArcTanh[a + b X] | - Log[i Sinh[ArcTanh| | +ArcTanh[a+bx] | ]| +

Log|

AJ1- (a+bx)2
bc-
d

bc-ad o d
2 [Ar‘cTanh [ | +ArcTanh[a+bx] | Log|2 i Sinh[ArcTanh| | +ArcTanh[a+bx]|] +

d

bcfad}

PolyLog {2’ _ eZAr‘cTanh[a+b x] ] n PolyLog [2, e—Z (Ar‘cTanh{ 3 +ArcTanh[a+b x]) ]
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Problem 56: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

ArcTanh[a + b x]
dx
c+d
X

Optimal (type 4, 186 leaves, 15 steps):

(1-a-bx)Log(l-a-bx] (l1+a+bx)Llog[l+a+bx] dLlog[l+a+bx] Log [ - Btdeex |

c+ac-bd

+ - +
2bc 2bc 2c?
4 b (d+c x c (1-a-bx c (1+a+bx
dLog[l-a-bx] Log[J—)—c_ade] ) d Polylog|2, J—Lc_aﬂbd ] ) dPolylog|2, 4—Lc+ac_bd ]
2c? 2c? 2c?

Result (type 4, 759 leaves):
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1
2bc? (—ac+bd)

-2a%c?ArcTanh[a+bx] +2abcdArcTanh[a+bx] +iabcdmArcTanh[a+bx] - 1 b>d? rArcTanh[a+bx] -2abc?xArcTanh[a+bx] +

bd bd
2b?cdxArcTanh[a+bx] -2abcdArcTanh|[a- —| ArcTanh[a +bx] + 2b?d? ArcTanh[a - — | ArcTanh[a +bx] -bcdArcTanh[a+bx]? -
c c

2abd _ b% d? eAr‘cTanh{a—bd

] ArcTanh[a+bx]?%-

abcdArcTanh[a+bx]2+b?>d?ArcTanh[a+bx]2+bcd [1-a%+

C c?

2abcdArcTanh [a B M] Log [1 B ez (Ar‘cTanh{a—%] -ArcTanh[a+b x]) } +2 bz dz ArcTanh [a B M] Log [1 B ez (Ar‘cTanh{a—%] -ArcTanh[a+b x]) } .
C C

bd
2abcdArcTanh[a+bx] Log|1 - o2 (ArcTanh[a-%] -arcTanh (a-b x) | -2b?d? ArcTanh[a + bx] Log[1 - e? |
2abcdArcTanh[a+bx] Log|1+e 2ArcTanhlasbx] ], 5 b2 2 ArcTanh[a + b x] Log[1+ e 2ArcTanhlasbxl | _j a b c drLog 1 + e2ArcTanhlasbx] |

ArcTanh [a—%} —-ArcTanh [a+b X] ) ] B

i b2 d? yrLog[1 +e?ArcTanh(asbx] ], 2 5 c2 Log| ! | -2bcdLog| ! | +iabcdrrLog| ! ] -
1—<a+bx)2 1—(a+bx>2 1—(a+bx>2
. 1 bd L. bd
i b2 d? 5 Log| | +2abcdArcTanh[a- — | Log|[-1i Sinh[ArcTanh[a- — | - ArcTanh[a+bx] || -
1—(a+bx>2 ¢ ¢

2b? d? ArcTanh|a - E} Log[-1i Sinh[ArcTanh[a - M] - ArcTanh[a+bx]|] +
c c

(Ar‘cTanh [a—bc—d} —ArcTanh [a+b X] ) ]

bd (-ac+bd) PolylLog[2, e’ +bd (ac-bd) Polylog[2, —e 2ArcTannlabx] |

Problem 57: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

JAr‘cTanh [a+bXx]
dx
d
C +

XZ

Optimal (type 4, 545 leaves, 25 steps):
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b (Vd-V-c x
(1-a-bx) Llog[l-a-bx] (l+a+bx)Llog[l+a+bx] Vd Log[1-a-bx] Log{_(l—a)ﬁfb\/di]
+ + -
2bc 2bc 4 (-c)3/2
b (V@ v x b (V< ¥ b (V@ < ¥
\d Log[l+a+bx] Log[(ha)ﬁmﬁ} ) Vd Log[l+a+bx] Log|- PR ] ) \/d Log[1l-a-bx] LOg[(La)ﬁm\/?] )
4(7C)3/2 4(7C)3/2 4(7(:)3/2

d Polylog[2, —L-<cd-abx d Polylog[2, /< d-abx_ d Polylog[2, /¢ (rabx d Polylog[2, —/-c:abx
Vd polytog[2, ZEUERF] Ve Polyteg[2, TR . Vd polytog[2, N vs ]V Polteg[2, T

4(7c)3/2 4<7C>3/2 4(7C)3/2 4(7c)3/2

Result (type 4, 1458 leaves):
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(a+bx) ArcTanh[a+bx] - Log[ ————]
1-(a+bx)?

bc

Cc X

;ﬁ ZjﬁArcTan[M] ArcTan| X} 7Zja2WArcTan[M} ArcTan|
4 (1-a%) c? bd Jd b/d NeS

M] ArcTan[ 7| +2j1a2\/?Ar‘cTan[M] ArcTan | ] ~2b+/d ArcTan[—=]%+
b/d Vd b+/d Vv vd

-1 2 bZ d i ArcT (’l'aLV‘/C 1 2 bz d i ArcT (-1+a) x/c
bﬁ\/( +a) C + enrcan{ oa }Ar‘cTan[\/?X]erab\/?\/( +a) C + elrcan[ibvq ]Ar‘c_ran[\/?x}z+
bzd \H bzd \/?

} _

Cc X

21 \/? Ar‘cTan[

(1+a) \T

1 2 bZd 1 ArcT M 1 2 b2d i AreT 7
b\/?\/( +a) C + . rc a”[ Ve }Ar‘cTan[\/?X}z—ab\/?\/( +a) C + . rc an[ibw }APCTan[\/C_x]Z_
b d NEl b2 d v

-1 2 [A tan| (22l e | ancran[ Ve ]
4(—1+a2)\/?Ar‘cTan[\/?X}Ar‘cTanh[aerx]+2\EArcTan[%] Log[1-e ¢ [preten| b/a Jrare an{vq} ] -
Vd b/d
-1 “2i | AreT (—1+a)\/? TArcT Ve x i [ areT (71+aL\/T ArcT @]
202 v arcran[ T AYE ) ey ST T e areran YEE] woga- o Tl

b/d Vd
1 et 25 s 2|
X Log[1-e 2 [Ar‘cTan{ N7 } Ar'cTan[ - ] ) 2\/?Achan (1+a) \/?
va va
d b+d
2 rm;\/T . @ 2 (1+a}y/c7 N \/?
<1+j>ﬁ\ﬁ] Log[l,e 2 o } Ar‘cTan{ oS ”} Z\EAchan[\/\/—ciX} Log[l,e 2 {Ar‘cTan{iwT ] Ar-cTan{ -
b+d d
2i (1:0) Ve 1 pncran| e x ] 1 1
¢ X} Log[1-e e e {v‘d } ] 72ﬁArcTan[M] Log}Sin[ArcTan[M] +ArcTan |

Vd b~/d b~/d Vd

ZaZV?ArcTan[M} Log[—Sin[Ar‘cTan[M} +ArcTan| XH] +2\/?Ar‘cTan[7(1+a> \/?]
b+/d b~/d Vd b/d
(

(22 Ve ) preran[LEX)]] 20t v areran[ 22 ) Logsinfarcran 22LYE ) prcran [ YEX) )y
b~/d Vd bvd a e

ArcTan { —‘ma"f } +ArcTan [ ﬁ?x]] ]
Jd

-21
2a%+/c ArcTan| | Log[1-e [ b:/a

X

ArcTan [

2a%+/c Ar‘cTan[

}+2a2\E

I
ArcTan Ve

171+

ArcTan |

Log[—Sin [Ar‘cTan[

-21i Ar‘cTan[%%Ar‘cTan{\/zx} -2 [Ar‘cTan[%} +ArcTan{Jc X}]
i (-1+a%) c PolylLog|2, e b/ Je M) 4 (-1+a%) Ve PolyLog|2, e b/a Vo ]
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Problem 58: Result is not expressed in closed-form.

ArcTanh[a + b x]

dx

d
C+x3

Optimal (type 4, 832 leaves, 31 steps):

4i/3 b b (d¥/3+cY/3x 4173 b b (d¥/3+cY/?x
(1-a-bx)Llog[l-a-bx] (l+a+bx)Llog[l+a+bx] Log[1+a+bx] Log|- (143) C1’/37bd1/'3j| Log[1-a-bx] Log| (1-2) Vb i/
+ - + +
2bc 2bc 6 c4/3 6 c4/3

b (d1/37 (-1) 1/3 ¢1/3 x) b (dl/’L (-1) 1/3 c1/3 x)

(-1)*?d¥3 Log[1-a-bx] Log|

_ 2/3 41/3

(-1)*?d¥? Log[1+a+bx] Log| (1153 (1ea) b dts
- +
6c4/3 6c4/3

- (_1>1/3 (1-a) cl/3_pgl/3

b d¥/3+(-1)%/2 /3 x) b (d¥/3+(-1)%/3 /3 x|

(-1)*?d¥3 Log[1+a+bx] Log|-

1/3 41/3
| (-1)*?d**Log[1-a-bx] Log| 17 a) Pb ]
- +
6 c4/3 6 c4/3

(-1)%3 (1+a) ¢/3-bd"/3

B 2/3 41/3 (-1)Y3 Y3 1-a-bx) 1/3 /3 (1-a-bx) B 1/3 41/3 (-1)%3 /3 (1-a-bx)
( 1) d PolyLog {2’ <_1)1/3 (1-a) cl/3_pg1/3 ] d PolyLog {2’ (1-a) c1/3,.p dl/3 } ( 1) d PolyLog {2’ (-1)2/3 (1-a) cl/3,p d1/3 ]
+ _ _

6 c*/3 6 c4/3 6 c4/3

1/3 1)2/3 c1/3 _1)1/3 c1/3
d1/3 PolyLog[Z, C (1+’a+bx) ] (_1) 1/3 d1/3 PolyLog[z, (-1)%°>c (1+/a+bx)/ } (_1> 2/3 d1/3 PolyLog [2’ ( 1)’/ C (1+/a+bx)’ ]
(1+a) c/?-bd'/? (-1)%3 (1+a) M/3-bd/3 (-1)%3 (1+a) c¥/3+bd'/3?
+ —

6 c*/3 6 c4/3 6 c4/3

Result (type 7, 917 leaves):
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1
6bc

1
-6 (a+bx) ArcTanh[a+bx] +6Log[————————| +b’dRootSum|[c+3ac+3a’c+a’c-b’d-3cnl-3acHl+3a’cnl+3a’cnl-3b>dnl+

1- (a+bx)2
3cH1?2-3acHl?-3a%cn1?+3a%cH1?-3b3dr12-cH1®+3acn1l®-3a%cn1®+a’cnl®-b3dul® &,

1
-i sArcTanh[a+bx] - 2ArcTanh[a + bx]? - 2ArcTanh[a + b x] ArcTanh| | +1iLog[1+e2ArcTanhlasbx] ] _ 5 ApcTanh[a + b x]

1+41
Log [1 _ e—z (Ar‘cTanh[a+b x] +ArcTanh % ) ] _2ArcTan [ 1-#1 ] Log [1 B e-z (Ar'cTanh[a+b x]+ArcTanhH:i]) ] i Log[ 1 ] .
1+#1 17(a+bx)2
2 ArcTanh[ =] Log|i Sinh[ArcTanh[a + bx] + ArcTanh| — 1} |] +PolyLog|2, e (arcTanh asb x] +arctanh [ 22 ] -
1+81 1+81
2ArcTanh[a +bx]?#1 + i tArcTanh[a + b x] #12 + 2 ArcTanh[a + b x] ArcTanh | e | 512 - i rLog[1 + e2ArcTanhlasbx] | g2
1+01
-2 (APCTa”h[a*bx]*A"CTa”h[ﬂ}) 2 -Hl -2 (Ar‘cTanh[a+b x}+ArcTanh[ﬂ” 5
2 ArcTanh[a + b x] Log[l—e Lem1 } a1 +2Ar‘cTanh[ } Log[l—e 1e1 } 714 +
1+71
1 1-m , 1-n1
irlog| | #1% - 2 ArcTanh | | Log[i Sinh[ArcTanh[a + b x] +ArcTanh| 1]] =12 -
2 1+11 1+l
1-(a+bx)
1-m71 1-11
PolyLog {21 e—z (Ar‘cTanh[a+b x]+Ar‘cTanh{H]) ] 112 42 e—Ar‘cTanh{H} ArcTanh [a+ b X] 2
a5 ArcTanha s bx]2 s et arcTanha b x)2 12

(1+m1)?

(ac+2a2c+a3cfb3d72acm1+2a3cH172b3d1¢1+acm1272a2cm12+a3c11127b3d1112) &}

Problem 59: Unable to integrate problem.

ArcTanh[a + b x]
J dx

c+d \/;
Optimal (type 4, 585 leaves, 31 steps):
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2+/1+a Ar‘cTan[\;’L;&} 2+/1-a Ar‘cTanh[@ﬁE] cLog[d e Vb | Log[c+d~/x ]

1+a ~ 1-a . b c+/-1-a d B
Vb d Vb d d?
d(vV1-a -v/b /x d (v -1-a +v/b /x d (V1-a +v/b /x
c Log| N | Log[c+d~/x ] +cLog[f N — | Log[c+d~/x ] 7cLog[f N | Log[c+d~/x ] )
d2 dz dz
VX Log[1-a-bx] clog[c+d/x |Log[l-a-bx] +/x Log[l+a+bx] clog[c+d+/x |Log[1l+a+bx]
+ + - +
d d? d d?
cPolyLog[Z, /b ferd VX } cPolyLog[Z, Vb [erd VX ] cPolyLog[Z, /b ferd V. ] cPolyLog[Z, M]
Vb e iadl Vb e/ iadl Vbocviadl Vb civ/ia d
d2 dZ d2 dz

Result (type 8, 20leaves):
ArcTanh[a + b x]
J dx

C+d\/;

Problem 60: Attempted integration timed out after 120 seconds.

JAPcTanh [a+bx]
dx
c. 4
X

Optimal (type 4, 661 leaves, 37 steps):

Nelrs - VEVK ] g2 og | SV TE -V VX 2 | o [ VT2 VB VX
_2x/1+a dArcTan| — ] +2x/1 a dArcTanh]| — ] _d Log | N | Log[d+c/x | +d Log| N | Log[d+c/x ] )
Vb ¢? Vb c? 3 =
¢ (VTa /b X -
d Log [ ——— g }Log[d+c\/?]+d2Log[ T v 4 ]Log[d+cx/;]+d\/?Log[1—a—bx]+<1—a—bx) Log[1-a-bx)
< c? c? 2bc

d>Log[d+c+/x | Log[1-a-bx] d+/x Log[l+a+bx] (l+a+bx)Log[l+a+bx] d2Log[d+c/x |Log[l+a+bx]
- +

+

c? c? 2bc c3
\/F d+C\/7 \/F d+C\/7 \/F d+C\/7 \/F d+C\/7
d? PolyL 2, - d? PolyL 2, - d? PolyL 2 d? PolyL 2
oy Og[ ? -1-a c—\/Fd} . oy Og[ ? J1-a c—\/Fd} ~ oy Og[ ? v -1-a c+\/Fd] . oy og{ ? 1-a c+\/Fd}
c3 c3 c3 3

Result (type 1, 1leaves):

2?2
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Problem 61: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

ArcTanh[d + e x]
J dx

a+bx+cx?

Optimal (type 4, 335leaves, 12 steps):

2e |b-~/b*-4ac +2cx 2e |b+y/b*-4ac +2cx
ArcTanh[d + e x] Log]| | ArcTanh[d+ex] Log|
[Zc (1-d) + b7\/b274ac)e] (1+d+e x) [Zc (1—d)+(b+ b?2-4ac | e| (1+d+ex)
Vvb2-4ac vb2-4ac

2 [ch—[b—w/ b?2-4ac | e-2c (d+ex) 2 [ch—(bwl b?2-4ac | e-2c (d+ex)
Polylog|[2, 1+ | PolyLog[2, 1+

[2c—2cd+be—xlb2—4ac e| (1+d+ex) [ZC (1—d)+[b+x(b2—4acje (1+d+e x)

+

2vb%-4ac 2+vb%2-4ac

Result (type 4, 8801 leaves):
1

(ae+bex+cex?)

e (a+bx+cx?)
2cdsbes2c(d Vo2 _dac b 2cd 2c(d 2
2 ArcTanh[d + e x] ArcTanh [ =2¢d=bes2¢c (drex) (2cd—be+ b2-4ac e - < + C“‘*’”J]
[ \/me ] 1 el 1 \/b2—4ac \/b2-4ac e \/b2—4ac e
- - -1+
Vvb2-4ac c(—1+(d+ex)2) 4 c?
2 ¢2 ArcTanh [ —2cd+be+2c (d+ex) ]2
\/b%-4ac e 1
+
2 2 2 a2
4c <_1+d>_4dee+b e (b2—4ac) (2c72cd+be) (b2-4ac)e?-(2c (-1+d)-be)?
(b2-4ac) e?
_ArcTanh | 2¢(-2d)be -2cd+be+2c (d+ex 1
2ac’|-e {vbuace ArcTanh | ( )}2+ i(2c(-1+d)-be)

pidace meJl_u—w

(b*-4ac)e?
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2c(-1+d) -be -2cd+be+2c (d+ex) 2 ArcTanh [ 2edbee (drex],
- —7r+21'1Ar‘cTanh[ ] Ar‘cTanh[ ]—JrLog[1+<e Vbi-dac e }f
Vb2-4ac e Vb2-4ac e

2c(-1+d) -be -2cd+be+2c (d+ex) -2 |ArcTanh| 2212 0e | pncTann | 2edberze (dex) |
2 |iArcTanh]| | +1i ArcTanh| || Log[1-e Vbaac e Voraac e |+
Vvb2-4ac e Vvb2-4ac e
2 -1+d) -b 2 -1+d)-b
ﬂLog[ ! ] +2]’1Ar‘cTanh[ c ( . ) e] Log[jl Sinh[Ar‘cTanh[ ¢ ( . ) e] +
2 VvbZ-4ac e Vvb%2-4ac e
1_[ b _ 2cd n 2c (d+ex)
\/b2—4ac \/b2—4ac e \/bz—Aac e

_2cd b 2 d _2 |ArcTanh 2c (-1+d)-be +ArcTanh -2cd+bes2c (drex) ]
ArcTanh cd+be+2c (d+ex) 111 + 4 polytog 2, « rcTan [7\‘1’274“ e] rcTan [7Vme ] 1B

Vb%2-4ac e

2c (-1+d)-be

1 ~ArcTanh —2cd+be+2c(d+ex)

2¢3 |-e Vbr-aac e ArcTanh[ }2 +

Vvb2-4ac e

(b2-4ac)e?(2c-2cd+be) \/ (b274aC)(zziizc;7lz+d)7be>2
-4ac)e

1 2c<—1+d)—be —2cd+be+2c(d+ex)
Ji(2c(—1+d)—be> - —71+2]'1Ar‘cTanh[ } Ar‘cTanh[ }—
ad) - Vb2-4ac e Vb%2-4ac e
+
me%-i—‘—)—w;yi;’c)‘:z
2ArcTanh | 2edbe2e [fex] 2c(-1+d) -be -2cd+be+2c (d+ex)
ﬂLog[1+<e Vei-aac e }—2 JiAr‘cTanh[ }+J‘1Ar‘cTanh[ }
Vvb2-4ac e Vvb2-4ac e
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2 Ar‘cTanh{zc (-1+d)-be +Ar‘cTanh{72Cd+be+2c (d+ex) 1
Log[l,e \b*-dac e \b2-dac e } +7T|_0g{ ] +

2
1_( b _ 2cd + 2c (d+ex)
\/b2—4ac \/b2—4ac e \/b2—4ac e

2c(-1+d) -b 2c(-1+d) -b
c(-1+d) e}Log[jSinh[Ar‘cTanh[ c(-1-d) e]+Ar‘cTanh[

VvbZ-4ac e VvbZ-4ac e VbZ-4ac e

-2cd+be+2c (d+ex)

2 i ArcTanh|

J17+

2c (-1+d)-be -2cd+be+2c (d+ex)

-2 Ar‘cTanh{ +Ar‘cTanh{ ]
]]_Polyl_og{z) e \b2-dac e \/bZ—Aac e } _
1 ~ArcTanh|26(2d) be ~2cd+be+2c (d+ex) 2
4c3d |-e Jersac e " ArcTanh | |7+
(b?-4ac)e?(2c-2cd+be) \/ (b>-4ac)e?-(2c (-1+d)-be)? Vb?-4ac e
(b*-4ac)e?
1 2c (-1+d)-be -2cd+be+2c (d+ex)
i(2c(-1+d)-be) |- -7 +21ArcTanh| | | ArcTanh| | -
b2-4ac e b2-4ac e
ded) -
Ee [ agaese v X
2ArcTanh | 2edbete drex] | 2c(-1+d) -be -2cd+be+2c (d+ex)
nlog[l+e Jeasc e ] -2 i ArcTanh| | +iArcTanh|
Vb%2-4ac e Vb%2-4ac e
5 arcTanh { 2¢ (-1+d)-be +Ar‘cTanh{ ~2cdrber2c (drex) 1
Log[l - e b2-4ac e Jb174ac e } + 7T Log[ ] +

2
1_( b _ 2cd i 2c (d+ex) J
\/b2—4ac \/b2—4ac e \/b2—4ac e

2 -1+d)-b 2 -1+d)-b
c(-1+d) e}Log[jSinh[Ar‘cTanh[ ¢ (-1-d) e]+Ar'cTanh[

Vb%2-4ac e Vb%2-4ac e Vb%2-4ac e

-2cd+be+2c (d+ex)

2 i ArcTanh|

J11+
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2 Ar‘cTanh{ZC(fhd)fbe +Ar‘c.l_anh{72cd+be+2c(dfex\,}] 1
]lPolyLog[z, e Vb2-dac e \b2-4ac e } +
b2- 2 (2¢ (-1+d)-be)?
(b2-4ac)e?(2c-2cd+be) J( 4aC)(Zz,;acc)(elz S
~ArcTanh| 2cl-2d)-be -2cd+be+2c (d
2c3d? |-e Pcan{vbzf“ce ArcTanh | cdrber2c | +ex)]2+ 1 i(2c(-1+d)-be)
me 2 \/ 2c (-1+d)-be)?
Vb -4ace [1-
(b2-4ac) e?
c(-1+d)-be -2cd+be+2c (d+ex) 2ArcTanh [ 2edbee (drex],
- —ﬂ+2]iAr‘cTanh[ ] Ar‘cTanh[ ]—JrLog[1+<e Vbi-dac e }f
Vb2-4ac e Vb2-4ac e
2 _1+d) -b _2cd+b 2 d _2 |ArcTanh 2c (-1+d)-be +ArcTanh -2cd+be+2c (dex)
2 |i ArcTanh]| c(-1-d) e]+jAr‘cTanh[ cdrber2c| +ex)] Log[l-e IPCan[v‘buace retanh | Vbsac e }]+
Vb2-4ac e Vb2-4ac e
2c (-1+d)-b 2c (-1+d)-b
ﬂLog[ ! ] +2]’1Ar‘cTanh[ c ( ’ ) e] Log[jl Sinh[Ar‘cTanh[ c ( . ) e] +
2 VvbZ-4ac e VvbZ-4ac e
1[ b _ 2cd 4 2c (dvex)
\/b2—4ac \/b2—4ac e \/bZ—Aac e

_2cd+b 2 d _2 | ArcTanh 2c (-14d)-be +ArcTanh ~2cd+be+2c (drex) ]
Ar‘cTanh[ carpersc ( +ex) }H +11PolyLog[2, e i [Vbuac e] reren { Vbraac e ] ] +

Vb2-4ac e
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(-1+d) -
1 “ArcTanh| 2c (2wl be -2cd+be+2c (d+ex)

2bc? |-e Vbr-aac e Ar‘cTanh[ ] +

Vb2-4ac e

(b2-4ac)e(2c-2cd+be) J (b274aC)(Zzziizcc)(iel;d)ibaz

1 2c<—1+d)—be —2cd+be+2c(d+ex)
i(2c(-1+d)-be) |- —7r+21'1Ar‘cTanh[ } Ar‘cTanh{
Vb?-4ac eJ1_12—<5(b2#:’i—>—)ij Vb?-4ac e Vb2-4ac e
2 ArcTanh 2cd+be+2c (drex) 2 71 d 7b 72 d b 2 d
nlog[l+e reterh| Jeaace 7] -2 i ArcTanh| ¢ (-1+d) e}+]‘1Ar‘cTanh[ cd-be-2c| +ex)}
Vvb2-4ac e VbZ-4ac e
_2 |ArcTanh [ 2c (-1+d)-be +Ar‘cTanh[ -2cd+be+2c (d+ex) 1
Log[l_e \b2-4ac e A\ b2-dac e }+7TLog[ ]+

2
1( b -~ 2cd + 2c (d+ex) J
\/b2—4ac \/b2—4ac e \/b2—4ac e

2 -1+d)-b 2 -1+d)-b
¢ (-1+d) e} Log[i Sinh[ArcTanh| c(-1-d) e]JrAr'cTanh[

VbZ-4ac e VvbZ-4ac e VvbZ-4ac e

-2cd+be+2c (d+ex)

2 i ArcTanh|

J11+

2 [Arcrann [ 22 0e +ArcTanh{MH
iPolylog|2, e (raace Josac e T -
(~1:+d) -
1 -ArcTanh| 22l be -2cd+be+2c (d+ex) 2

2bc?d |-e Voraac e Ar‘cTanh[ } +

Vvb2-4ac e

(b2-4ac)e(2c-2cd+be) J (b>-4ac)e’~(2c (-1+d)-be)?

(b2-4ac) e?

} -
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1 2c<—1+d)—be —2cd+be+2c(d+ex)
Ji(ZC(—1+d)—be> - —71+2]'1Ar‘cTanh[ } Ar‘cTanh{ }—
\/me 1_ Zc(—1+d)—be)2 V b2*4ac e \/b2*4ac e
(b2—4ac)eZ
2ArcTanh | 2edbelc(dex] 2c (-1+d) -be -2cd+be+2c (d+ex)
mlog[l+e Jaace "] -2 i ArcTanh| | +1ArcTanh| ]
VvbZ-4ac e VvbZ-4ac e
_2 |ArcTanh 2c(-1+d)-be +Ar‘cTanh{—2cd+be+2c(d+ex) 1
Log{l_e \b2-4ac e A\ b2-dac e }+7TLog{ ]+
1( b B 2cd 4 2c (d+ex) Jz
\/b2—4ac \/b2—4ac e Jb2—4ac e

-2cd+be+2c (d+ex>

e} Log[jl Sinh[Ar‘cTanh[zc <71+d) —be] +Ar‘cTanh[

Vb2-4ac e VvbZ-4ac e VvbZ-4ac e

2
2 1 ArcTanh [

[17+

-2 |ArcTanh {7ZC (20d)be

-2cd+be+2 d+ex)
+ArcTanh{M}

\Vb2-4ac e Vb2-4ac e ]} —

i PolyLog[Z, e
1 —ArcTanh[2c(ld)-be -2cd+be+2c (d+ex)
2ac?|-e Joasc e’ ArcTanh | "+

Vb%2-4ac e

(b*-4ac) e?

(b2-4ac) (-2c-2cd+be) \/ (b>-4ac) e’ (2c (1:d) be)?

1

(b*-4ac) e?

2¢ (1+d) 7be] ArcTanh[72Cd+be+2c (d+ex) ] )

Vb2-4ac e Vb2-4ac e

i(2c(1+d)-be) |-|-m+2iArcTanh|
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~2cd+be+2c (drex)

2 ArcTanh 2 1+d) b Cyedeb b ld
HLOg[1+e rcTan [ b aac e } ) jArcTanh[M] +JiAr‘cTanh[ cd+be+2cC ( +ex>
Vb7 dac e Vb -aac e
2 ArcTanh{%} +Ar‘CTanh[M 1
Log[l—e Jbraac e Joranc e ] +7rLog[ ] )

2
1_[ b _ 2cd + 2c (d+ex) ]
\/b2—4ac \/b2—4ac e \/b2—4ac e

-2cd+be+2c (d+ex)

]

2c (1+d) -b 2c (1+d)-b
M] Log[i Sinh[Ar‘cTanh[M] +ArcTanh |

VvbZ-4ac e VvbZ-4ac e VvbZ-4ac e

2 i ArcTanh|

_2 | ArcTanh { 2c (1+d)-be +Ar‘cTanh[ ~2cd+be+2c (drex) ”
iPolylLog[2, e Voraac e Voaace ]| -
1 ~ArcTanh | 2¢ (224 be | -2cd+be+2c (d+

11+

eX) 2

2¢3 |-e Jsaace” ArcTanh |

VbZ-4ac e

(b*-4ac)e? (-2c-2cd+be) (b-4ac) e-(2¢ (1+d)-be)?
(b*-4ac) e?

1 2c(1+d)-be

-2cd+be+2c (d+ex)

+

i(2c(1+d)-be) |- -7+21ArcTanh| | | ArcTanh |

\/meJli—(—)—H Ldbe: /bt-aace

(b?-4ac) e?

-2cd+be+2c (drex)

ZAPcTanh[ 2C<1+d)—be —2cd+be+2c(d+ex)
nlog[l+e Jeasce ] -2 i ArcTanh| ——————| + iArcTanh|
Vb%2-4ac e Vb%2-4ac e
_5 [arcTanh { 2¢ r\l-d]—be} +ArcTanh [ ~2cdibes2c (drex) 1
Log[l - e \b2-4ac e \/b2—4ac e ] + T Log[ ] +

2
1_[ b _ 2cd 4 2c (d+ex) J
\/b2—4ac \/b2—4ac e \/b2—4ac e

]_
VvbZ-4ac e

]




7.3 Inverse hyperbolic tangent.nb | 149

2c (1+d)-be 2c(1+d)—be -2cd+be+2c (d+ex)

2 i ArcTanh| | Log[1i Sinh[ArcTanh| | +ArcTanh|

17+

Vb%2-4ac e VvbZ_4ac e JbZ_4ac e
_2 | ArcTanh { 2c (1+d)-be +Ar‘cTanh[ -2cd+bes2c (d+ex) ”
iPolylLog[2, e Voraac e Vot aac e e
c (1+d)-be
1 ~ArcTanh | 22908 -2cd+be+2c (d+ex)
4c3d |-e Jorasc e’ ApcTanh | ( )} +

VvbZ-4ac e

(b*-4ac)e? (-2c-2cd+be) (b-4ac) e-(2¢ (1+d)-be)?
(b*-4ac) e?

1 2c(1+d)-be -2cd+be+2c (d+ex)
i(2c(1+d)-be) |- -7+21iArcTanh| ———————] | ArcTanh| | -
VvbZ-4ac e VvbZ-4ac e

meJluw Ldibe:

(b?-4ac) e?

-2cd+be+2c (drex)

ZAPcTanh[ 2C<1+d>—be —2cd+be+2c(d+ex)
nlog[l+e Jeasce ] -2 i ArcTanh| ——————| + iArcTanh| ]
Vb%2-4ac e Vvb%2-4ac e
= Ar‘cTanh{zcu'd)’be +ArcTanh[72cd+be+Zc(d+ex) 1
Log[l - e \b2-4ac e \/b2—4ac e ] + 7T Log[ ] +
1_[ b _ 2cd 4 2c (d+ex) Jz
\/b2—4ac \/b2—4ac e \/b2—4ac e

2c (1+d)-be 2c (1+d)-be -2cd+be+2c (d+ex]
—————| Log|i Sinh[ArcTanh| ————"——] + ArcTanh|

Vb%2-4ac e Vvb%2-4ac e Vb%2-4ac e

2 i ArcTanh|

17+
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_2 |ArcTanh {M} +ArcTanh[M} ]
. > [0
JlPolyLog[Z, e Vbi-aac e Vbi-dac e } -
2¢ (1+d)-be
1 ~ArcTanh | =29 2°¢ -2cd+be+2c (d+ex) >
2c3d? |-e Joasc e’ ArcTanh | ( ) |7+

Vvb2-4ac e

<b274ac) e? (72c—2cd+be) J (b274aci:ﬁ:;j;tzd)ibe)z

1

(b2-4ac) e?

2c(1+d)—be —2cd+be+2c(d+ex)
—] Ar‘cTanh[

Vb2-4ac e Vb%2-4ac e

i(2c(1+d)-be) |- fyr+21'LAr‘cTanh[

] -

2 ArcTanh | 2cdsbe2c (drex) 2c(1+d) -b Cocdsb 5ec ld
rrog1e e LT o [saneramn 2S00 g 269 e 2e (drex]
Vb%Z-4ac e Vb2-4ac e

2c (1+d)-be -2cd+be+2c (d+ex)

-2

Ar‘cTanh[
Log[1l-e

+Ar‘cTanh[
\/bz—Aac e Vb2-4ac e

|+ Log|

|+

2
1_[ b _ 2cd 4 2c (d+ex) ]
\/b274ac \/b274ac e \/b274ac e

-2cd+be+2c (d+ex>

2 1+d)-b 2 1+d)-b
¢ (1-d) e] Log[i Sinh[ArcTanh| c(1+d) e]+Ar‘cTanh[

VvbZ-4ac e Vvb2-4ac e VvbZ-4ac e

2 i ArcTanh|

[+

2 (arcTanh { 2¢ (1+d)be } +Ar‘cTanh[fzcd+be+2c (drex) ”
1 PolyLog[z, e \Vb2-dac e \b-dac e } +
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(1+d)-be

1 _ArcTanh | 2 —2cd+be+2c(d+ex)

— 2
2bc? |-e Vbraac e Ar‘cTanh[ ] +

Vb%2-4ac e

(b2-4ac)e(-2c-2cd+be) (b?-4ac) e’ (2c (1+d)-be)?
(b2-4ac) e?

1

(b2-4ac) e?

2c(1+d)—be —2cd+be+2c(d+ex)
—] Ar‘cTanh[

Vvb2-4ac e Vb%2-4ac e

i(2c(1+d)-be) |- fyr+211Ar‘cTanh[

] -

2 ArcTanh | 2cdsbe2c (drex) 2c(1+d) -b Cacdeb 5ec ld
rtogtse T e ] 2 i arctann[ 2SO0y qoy 2 S drber2e (drex)
VbZ-4ac e Vb2-4ac e

2c (1+d)-be -2cd+be+2c (d+ex)

-2

Ar‘cTanh[
Log[1-e

}+Ar‘cTanh[
[p2 [ b2
VW b’-4ac e \b%-4ac e

|+ Log|

|+

2
1[ b _ 2cd 4 2c (d+ex) ]
\/b2—4ac \/b2—4ac e \/bZ—Aac e

2 1+d)-b 2 1+d)-b
M] Log[i Sinh{Ar‘cTanh[M] + ArcTanh |

VvbZ-4ac e Vvb2-4ac e VvbZ-4ac e

-2cd+be+2c (d+ex>

2 i ArcTanh|

I+

-2

Ar‘cTanh{
i PolylLog [2, e

%} +Ar‘cTanh[

~2cdvbes2c (deex) }]
\/b2—4ac e \b2-4ac e } +

c (1+d)-be

1 _ArcTanh| 2 72cd+be+2c<d+ex) 2

2bc?d |-e Voraac e Ar‘cTanh[ ] +

Vvb2-4ac e

(b2-4ac)je(-2c-2cd+be) \/ (b>-4ac) e~ (2c (1+d)-be)?

(b>-4ac) e?
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1 2c(1+d)—be —2cd+be+2c<d+ex)
i <2c (1+d) —be) - —7r+2]‘1Ar‘cTanh[—] Ar‘cTanh[ ] -
Vb2-4ac e Vb%2-4ac e

(b*-4ac)e?

-2cd+bes2c (drex)

2 ArcTanh 2c(1+d) -b Cocdsbes2c (d
7T|_og[1+e rcTan { Joraac e } _2 [iArcTanh[M] +J'lAr‘cTanh[ cd+be+2c ( +ex> ]
Vb2-4ac e Vb?-4ac e
-2 Ar‘cTanh[2C (1*d)’be} +Ar‘cTanh[4(—’2“1*“*zc drex) 1
Log[1l-e Vo aac e Vot aac e | +mLog| ] +
1_( b _ 2cd N 2c (d+ex) ]2
Jb*-aac  +Jb-aac e Jbrdac e
2 1+d)-b 2c (1+d) - -2cd+b 2c (d
ZiArcTanh[M] Log[i Sinh[Ar‘cTanh[M] +ArcTanh| cdrber2c(drex) 1] +
Vb2-4ac e Vb2-4ac e VoZ-4dac e
-2 [Ar‘cTanh [ 2¢(1d)be } +ArcTanh[M} ]
iPolylog|2, e Voraac e Voiaac e ]

Test results for the 1378 problems in "7.3.6 Exponentials of inverse hyperbolic tangent
functions.m"

Problem 15: Result more than twice size of optimal antiderivative.

ez ArcTanh[a x]
J & ax
X

Optimal (type 3, 12leaves, 3 steps):
Log[x] -2 Log[1-ax]

Result (type 3, 25leaves):

Log [1 _ eZArcTanh[a x] ] + Log [1 + eZAr‘cTanh[a X] ]



Problem 47: Result more than twice size of optimal antiderivative.

e—ZAr‘cTanh[a X]
J ax
X

Optimal (type 3, 11leaves, 3 steps):
Log[x] -2 Log[1+ax]

Result (type 3, 25leaves):

Log [1 _ @ 2ArcTanh[ax] } +Log [1 4 @ 2ArcTanh[ax] }

Problem 60: Unable to integrate problem.

1
= ArcTanh[a x
Jez Xl ym gx

Optimal (type 6, 31leaves, 2 steps):

x1" AppellF1[1 +m, i, —i, 2+m, ax, -ax|

1+m
Result (type 8, 16 leaves):

1
=ArcTanh[ax
Jez Xl ym gx

Problem 61: Result is not expressed in closed-form.
Je§Ar‘cTanh[ax] X2 dx
Optimal (type 3, 282 leaves, 15 steps):

3 (1—ax>3/4 (1+ax)1/4 (1—ax)3/4 (1+ax)5/4 X (1—ax)3/4 <1+ax)5/4

83’ 12 a3 3 a2

+

3ArcTan[1- Y2122 ] 3 pncTan[1 Y2 daxit 1’”1/4} 3Llog[1+ Yi2x _s2 (axt

(1+ax) /4 (1+ax) V4

W 1+ax (1rax) /4
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2 (1-ax)¥4 ]

(1+ax)Y/4

8+/2 a3 82 a3 16+/2 a?
Result (type 7, 93 leaves):
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lArcTanh[ax] rcTanha x rcTanh(a x B iArcTanh[axJ7
_8e: (9+6 e2ArcTanh(ax] , 9g g4 ArcTanh(ax] | —9RootSum[1+n14 &, ArcTanh[ax]-2Log|e ulw &]
(1+92Ar‘cTanh[a x] )3 113
96 a3
Problem 62: Result is not expressed in closed-form.
1
Je;Ar‘cTanh[a X] x dx
Optimal (type 3, 255leaves, 14 steps):
V2 (d-ax)V4
(1 _a X) 3/4 <1 +a X) 1/4 <1 _a X) 3/4 (1 + 3 x) 5/4  ArcTan [1 T a0t ]
- . " .
4 a? 2 a? 4+/2 a?
Ar‘cTan[1+ M} Log[1+ l-ax /2 (1—ax)1/4} Log[1+ Tax , /2 (1—ax)1/4}

/1+ax (1rax)Y/4 1+ax (1+ax) V4
- +

4+/2 a? 8+/2 a2 8/2 a2
Result (type 7, 83 leaves):

(1+ax)Y/4

lAr‘cTanh [ax]

1
8e2Ar‘cTanh[aXJ (1+5 ezArcTanh[a x] ) ,Achanh[a X]+2 Log e:2 ,111}

+ RootSum[1 + #1* &, &]

(1+€2Ar‘cTanh[a x] )2 713

16 a2

Problem 63: Result is not expressed in closed-form.

1
= ArcTanh[a x
Jez ) qx

Optimal (type 3, 222 leaves, 13 steps):

B 1/4 _ 1/4 — _ 1/4 _ _ 1/4
1 3/4 (4 14  ArcTan|1- V2 _aaxtt | ArcTan[1+ V2 _(1ax¥t | Log[1s ¥E2x. w2 laximl o ogf]y Aeax, w2 (doaxi o
( -a X) < +a X) (1+ax) V4 (1+ax) ¥4 l+ax (1+ax) V4 W/ 1+ax (1+ax) V4

N _

- +
a V2 a V2 a 24/2 a 24/2 a
Result (type 7, 71 leaves):

1 |
lAr‘cTanh[a X] ;ArcTanh[ax
2

- e — +RootSum[1+ H1% &,

1+@2ArcTanh[ax]

-ArcTanh[ax]+2 Log|e —tilw

J

113

4a



Problem 64: Result is not expressed in closed-form.

lAr‘cTanh[a x]
e-2
—dx
X

Optimal (type 3, 227 leaves, 17 steps):

1+ax>1/4

> (1. 1/4
—2Ar‘cTan[(7} +\/7Ar‘cTan[1— \/_(—ax)
(17ax)1/4 (1+ax)1/4

l+ax Jiax (1rax) Y/

] —ﬁAr‘cTan[1+ M

174 Log[1 + V12X o2 (1’“)1/4] Log[1+

2 ArcTanh|

(1-ax)?* ] V2
Result (type 7, 87 leaves):

1 1
_2 ArcTan [e;Ar‘cTanh[a x] ] + Log [1 B e;Ar‘cTanh[a x] ] ~ Log [1 + ez

Problem 70: Unable to integrate problem.

3
= ArcTanh
Jez rcTanh[a x] XM dix

Optimal (type 6, 31leaves, 2 steps):

xl*’"AppellFl[ler, i, —i, 2+m, ax, -a x]

1+m
Result (type 8, 16 leaves):

3
= ArcTanh
J‘Ez rcTanh[ax] XM dx

Problem 71: Result is not expressed in closed-form.

3
= ArcTanh
J‘Ez rcTanh[a x] X3 dx

Optimal (type 3, 290 leaves, 15 steps):

—-ArcTanh[a x] + 2 Log[e

L ArcTanh [ax]
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%Ar‘cTanh [ax

-

]+ L Rootsum [1+01%8,
2

¢
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41 (1—ax)1/4 (1+ax>3/4 x2 (l—ax)l/4 (1+ax)7/4 (1—ax)1/4 (1+ax)7/4 (11+4ax)

64 a* 4 32 32a%

+

123 ArcTan[1- Y2-32x% ] 93 pncTan[1+ Y2 32X 0] 953 gg[q, Aax 2 (1axMU] 453 ggfq , YAk, W2 it
(1+ax)¥/* (1+ax) /4 . V1+ax (1+ax)Y/* /1+ax (1+ax)¥/*
64+/2 at 64+/2 a* 128+/2 a* 128+/2 a*
Result (type 7, 103 leaves):
1
256 a*

3
8 e;Ar‘cTanh[ax] (41 + 183 @2ArcTanh[ax] , 147 e4ArcTanh[ax] , 133 g6ArcTanh(ax] >

- 123 RootSum |1 + 11* &,
(1 + @2ArcTanh(ax] )4

Problem 72: Result is not expressed in closed-form.

J@%Ar‘cTanh[a x] X2 dx
Optimal (type 3, 282 leaves, 15 steps):

ArcTanh[ax] - 2 Log|

lAr‘cTanh[ax
e?2

b o]

_ 1/4
17 (1—ax)1/4 <1+ax>3/4 (1—ax>1/4 <1+ax)7/4 X (1—ax)1/4 (1+ax)7/4 17Ar‘cTan[1— M]

(1rax) /4

- - +
24 a3 4 a3 3 a2 8+/2 a3
17 ArcTan[1+ Y2122 ] 47 o[ ddax W2 (a2 ] g7 gg[q, Ylax | W2 (et
(1+ax)Y/* +1+ax (1+ax) V4 1+ax (1+ax) ¥4
+
8+/2 a3 16+/2 a3 16+/2 a3

Result (type 7, 93 leaves):

8e

iAr‘cTanh[a x]
: (

1
17430 e2ArcTanh[ax] , 45 g4 ArcTanh(ax] ) S ArcTanh(ax] _

(1+e2ArcTanh[ax] )3

ArcTanh[ax]-2 Log|e 1:11}

- 51 RootSum|1 + #1* &, &

#1

96 a3

Problem 73: Result is not expressed in closed-form.

3
= ArcTanh
J@Z rcTanh[a x] x dx

Optimal (type 3, 255 leaves, 14 steps):

1

8]
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_ 1/4
3(1—ax>1/4(1+ax)3/4 (1—ax)1/4 (1+ax)7/4 9Ar‘cTan[1—l%:X—a)’l(}4—}
_ _ N _

4 32 2 a2 4+/2 a2

_ 1/4 _ _ 1/4 _ _ 1/a
9Ar‘cTan[1+¥2 1ax/ } 9Log[1+ l-ax vy2 (1 axz ] 9Log[1+ 1-ax 4 2 (1 ax?/ ]
(1+ax) ¥4 lvax (1+ax) ¥4 Jisax (1+ax) /4

N _
4+/2 a2 8+/2 a? 8+/2 a?
Result (type 7, 84 leaves):

3 1
= —ArcTanh
g2 TN (5,7 g2ArcTann(ax] ) ArcTanh [ax] -2 Log[ez """ " _m1]

- 2 RootSum|1 + =1* &, &|
2 (1+‘92Arﬂanh[a x] )2 16 w1

a2

Problem 74: Result is not expressed in closed-form.

3
= ArcTanh[ax
Jez Xl gx

Optimal (type 3, 223 leaves, 13 steps):

3Ar‘cTan{1—M] 3Ar‘cTan[1+M] 3Log[1+ vi2x - 2”'”)1/4] 3 Log[1

l-ax

2 (1-ax)¥4

| 157

~ (1 -4 X) e <1 +a X) 2 . (1+ax) /4 - (1+ax) /4 . Vi+ax (1+ax)Y/4 ~ 1+ax " (1+ax)Y/4 }
a V2 a V2 a 2+/2 a 2+/2 a

Result (type 7, 72leaves):

lAr‘cTanh [ax]

2 @, ArcTanh(ax] 3 RootSum[1 + #1* &, Arelamhiax)-2 Lc;gl = i &]
_a <1+(eZAr‘cTanh[ax]) N 4a
Problem 75: Result is not expressed in closed-form.
e;Ar‘cTanh[a x]
—— dx
=
Optimal (type 3, 227 leaves, 17 steps):
1 e 2 (1-ax)'* 2 (1-ax)'*
2Ar‘cTan[%] + \EAr‘cTan [1 - \/—(—ax)] - \EAPcTan [1 + \/—<—ax)] -
1/4 1/4 1/4
(1-ax) (1+ax) (1+ax)

- _ 1/4 - _ 1/4
1 1/4 Log[1+ l-ax vy2 (1 ax/)/ ] Log[1+ 1-ax + 2 (1 ax? ]
( +ax) ] V1+ax (1+ax) ¥4 /1tax (1+ax) Y/
+

(1—ax)1/4 \/? N \/?

2Ar‘cTanh[
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Result (type 7, 87 leaves):

. 1 %Ar‘cTanh[ax
- Log[1+ex""TMEXI] |, = RootSum |1 + 111 &,

2 al

]
iA,«cTanh[ax]] -ArcTanh[a x] +2Log[e —ttl]

2 ArcTan|e +Llog[l-e

%Ar‘cTanh [ax] }

8]

Problem 80: Unable to integrate problem.

5
=ArcTanh[a
Jez Xl ym gx

Optimal (type 6, 31leaves, 2 steps):

xl*"‘AppellFl[1+m, , —i, 2+m, ax, -a x]

5
4

1+m
Result (type 8, 16leaves):

5
=ArcTanh[ax
Jez Xl ym gx

Problem 81: Result is not expressed in closed-form.

5
2 ArcTanh
J@z rcTanh[a x] X3 dx

Optimal (type 3, 317 leaves, 16 steps):
475 (l—ax)g'/4 (1+ax)1/4 4x3 (1+ax)5/4 17 x2 (l—ax)g/4 (1+ax)* (1—ax)3/4(1+ax)5/4 (521 +452ax)
+ +

. ~
64 a* a(1-ax)* 4 32 96 a*

475 ArcTan[1 - V232X ] 475 ApcTan[1+ Y2 32X20 ] 475 og 1, Yl2x W2 aaxt) gy5) g, Ylax V2 deax it

(1+ax) /4 (1+ax) /4 V1+ax (1+ax)Y/4 /1+ax (1+ax) /4
+ + -

64+/2 a* 64+/2 a* 128 /2 a* 128+/2 a*
Result (type 7, 114 leaves):

1 e%Ar‘cTanh[a X] (1425 + 5415 @2ArcTanh[ax] | 7483 g4ArcTanh[ax] , 4645 ebArcTanh[ax] | 758 e8ArcTanh(ax] )

a4 96 (1 + @2ArcTanh[ax] )4

+

%ArcTanh [aXx]

ArcTanh[a x] —2Log[<e Hl}

475 X
—— RootSum[1 + #1* &,

&
256 13 ]
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Problem 82: Result is not expressed in closed-form.

5
=ArcTanh[a x
Jez Xl y2 gx

Optimal (type 3, 305leaves, 16 steps):

55 (1—ax)3/4 (1+ax)1/4+11 (1—ax)3/4 (1+ax)5/4Jr 2 (1+ax)9/4 . (1—ax>3/4 <1+ax)9/4_
8 a3 433 a3 (1—ax>1/4 333

55 ArcTan [1 _ M] 55 ArcTan {1 i M] 55 Log[l i l-ax /2 (173)()1/4}

1-ax 2 (1-ax)¥4
1/4 1/4 1/4 55 LOg [1 + + 1/4 }
(1+ax)* (1+ax) "/ A/ 1+ax (1+ax) A/ 1+ax (1+ax) ™/
+ + -

82 a3 8+/2 a3 16+/2 a3 16+/2 a3
Result (type 7, 104 leaves):

1 e%Ar‘cTanh[ax] (165 + 462 @2ArcTanh[ax] , 405 g4ArcTanh[ax] | gg g6 ArcTanh[ax] )

%Ar‘cTanh [ax]

ArcTanh[ax] - 2 Log[e -]

55 4
+ — RootSum[1 +1i1* &,
a3 12 <1 + @2ArcTanh[ax] ) 3 32 113

Problem 83: Result is not expressed in closed-form.

5
=ArcTanh[ax
Jez Xy dax

Optimal (type 3, 279 leaves, 15 steps):

_ 1/4
25 (1-ax)¥* (1+ax)¥* 5 (1-ax)¥* (1+ax)™* 2(1+ax)* 25ArcTan|[1 - D—)_2(1+2xa))1(/‘ ]
+ + - +

4a? 2a? a (1-ax)"* 4+/2 a?
25 ArcTan[1+ Y232X8 ] 55 ggfq , Jlax W2 (Gaxi) 55 g, Yiax V2 daaxit
(1+ax) /4 1+ax (1+ax) /4 +/1+ax (1+ax) V4

+ —

42 a2 8+/2 a2 8+/2 a2
Result (type 7, 94 leaves):

1 1
= = ArcTanh
e2 ArcTanh[ax] (25+45 @2ArcTanhax] g g4ArcTanh(ax] ) ArcTanh[ax]-2 Log|e2 retanhfax) _1:11-‘

+ £ RootSum[1 + =1% &, &
2 (1+‘82Ar‘cTanh[a x] )2 16 #1?

a2

Problem 84: Result is not expressed in closed-form.

5
= ArcTanh
jez rcTanh[a x] dx
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Optimal (type 3, 247 leaves, 14 steps):

5(1-ax)”* (1+ax)¥* 4 (1+ax)*"* 5ArcTan|1 - %2;—6))1(’)%4}
" B +

a a(l—ax)l/4 V2 a

_ 1/4 - _ 1/4 - B 1/4
5Ar‘cTan[1+3Q—)—2 Lax)¥*] g og[q, Yiax 2 @ax] g g0, Jlax /2 (1axtt
(Lrax) V4 Tk | (ax)i TTax T (Laxis

+ —

\/73 Z\Ea Z\Ea
Result (type 7, 83 leaves):

1
L ArcTanh(ax] ( ;Ar‘cTanh[a x]
N _

ArcTanh[a x]-2 Log[e 111]

113

8e 5+462Ar‘cTanh[ax1)

+5RootSum |1 + 1% &, &

1+eZArcTanh [ax]

42

Problem 85: Result is not expressed in closed-form.

iAr‘cTanh[a x]
e-2
—dx
X

Optimal (type 3, 248 leaves, 19 steps):

8 (1 1/4 1 1/4 2 1- 1/4
&—ZAPCTan[&] —\EArcTan[l—\/—(—aX)] i
(1—ax>1/4 (1—ax)1/4 (1+ax>1/4
l-ax /2 (1-ax)¥* 1-ax 2 (1-ax)¥*
\/2 ArcTan[1+ V2 (1-ax " <1_ax)1/4] - 2 ArcTanh | <1+ax)1/4] " oalt rax (et | - oa 2 rax (e |
(1+ax)1/4 (17ax)1/4 V2 V2

Result (type 7, 97 leaves):

1 1 1
8 e;Ar-cTanh[a x] 2 ArcTan [e;ArcTanh[a x] } N Log [1 _ e;ArcTanh[a x] ] _
L h[ax]
1 1 ArcTanh[ax] - 2 Log[e2 """ -1l
Log[1+ ez AT @XI] 4 = RootSum[1 + 11* &, [ ] &|

2 H13

Problem 90: Unable to integrate problem.

1
-—ArcTanh[a
Je 2 Xl ym gx

Optimal (type 6, 31leaves, 2 steps):



x1™ AppellF1[1 +m, —i, i, 2+m, ax, -ax|

1+m
Result (type 8, 16 leaves):

1
-=ArcTanh[a
Je 2 Xl ym gx

Problem 91: Result is not expressed in closed-form.

1
-~ Ar h 1
J SArcTanhlax] (3 X

Optimal (type 3, 290 leaves, 15 steps):

11(1—ax)1/4(1+ax>3/4 xz(l—ax)s“‘(1+ax)3/4 (25-4ax) (1—ax)5/4(1+ax)3/4

7.3 Inverse hyperbolic tangent.nb

64 a* 4 a? 96 a*
11 Ar\cTan[l_ M] 11 Ar'CTan[1+ M] 11 Log{1+ l-ax _ 2 (173)(21/4} 11 Log[1+ 1ax . 2 (173)()’1/4}
(1+ax) /4 . (1+ax)V/* /1+ax (1+ax) Y4 N V1+ax (1+ax)Y/*
64+/2 a* 642 a* 128+/2 a* 1282 a*
Result (type 7, 103 leaves):
1
768 a*

8 e;ArcTanh[ax] (245 + 197 e2ArcTanh[ax] , 379 g4ArcTanh[ax] , 33 g6ArcTanh(ax] >

(1 + @2ArcTanh[ax] )4

Problem 92: Result is not expressed in closed-form.

1
-—ArcTanh[a
Je 2 e [ax] x2 dx

Optimal (type 3, 282 leaves, 15 steps):
3(1—ax)1/4 (1+ax>3/4 (1—ax>5/4(1+ax)3/4 x(l—ax)S/4 (1+ax>3/4
+ _
8 a3 12 a3 3 a2

_ 1/4 _ 1/4 - _ 1/4
3Ar‘cTan[1—M2 L-axi ] 3Ar‘cTan[1+M2 Laxiio ] 3 og[1 s MARx 2 (dax
(1+ax) /4 (1+ax) V4 1+ax (1+ax) V4

+

+ 33 RootSum[1 + #1* &,

3Log[1

ArcTanh[ax] +2 Log[e

7;7Ar‘cTanh[a x]

-]

13

1-ax 2 (1-ax)¥4 ]
+

V1+ax (1+ax)Y/4

— + —

8+/2 al 8+/2 a3 16/2 a3
Result (type 7, 93 leaves):

16+/2 a3

8]

| 161
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3 1
= -~ ArcTanh
ge: "TIMAX] (g, 6 g2AncTanh(ax) g gdArcTann[ax] ) ArcTanh[a x]+2 Log[e = ""™*™"** _

1]

, - 9 RootSum |1 + n1* &,
(1+92Ar~cTanh,a x] )3 7113

8]

96 a3

Problem 93: Result is not expressed in closed-form.

1
-=ArcTanh[ax
Je 2 Xy dx

Optimal (type 3, 255leaves, 14 steps):
) (1 3 X) 1/4 <1 ‘2 X) 3/4 ) <1 . X) 5/4 (1 3 x) 3/4 ) ArcTan [1 - D—)—Z(h::)jm/ ] )

4 32 2 a2 4+/2 a2

+

Ar‘cTan[1+3£2 (l—ax)l/“} Log[1+ l-ax /2 (1—ax)1/4} Log[1+ 1-ax 2 (1-ax)¥*

A/1l+ax (1rax)Y/4

(1+ax)Y/4

A/1+ax (1+a x)l/“

]

- +

4+/2 a? 8+/2 a2 8/2 a2
Result (type 7, 79leaves):

3 1
= -~ ArcTanh
g e, AN ax] (5+g2ArcTanh(ax] ) ArcTanh[a x]+2 Log[e p Aretan [axtnﬂ

+ RootSum[1 + #1* &, &

(1+ezAr‘cTanh[a x] ) 2 13

16 a2

Problem 94: Result is not expressed in closed-form.
Jef§Ar‘cTanh[ax] dx
Optimal (type 3, 221 leaves, 13 steps):

(17ax)1/4 (1+ax)3/4 (1+ax)1/4 (1rax) /4
+ - +

ArcTan[1 - M] ArcTan[1+ M] Log[1

+

lax /2 (1-ax)¥*
1+ax (1+ax)¥/*

} —

Log[1+

l-ax + 2 (1-ax)¥4
V1+ax (1rax)Y/4

]

a V2 a V2 a
Result (type 7, 69 leaves):

1
1Ar‘cTanh [ax] -~ ArcTanh[ax]
8e:2 2

- 2 +RootSum|1+ 1% &,

1+ez ArcTanh[ax

ArcTanh[ax]+2 Log|e —111]

J

13

4a

Zﬁa

Z\Ea
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Problem 95: Result is not expressed in closed-form.

-1 ArcTanh [ax]
e 2
—dx
X

Optimal (type 3, 227 leaves, 17 steps):

1 14 2 (1-ax)'* 2 (1-ax)¥*
ZAPCTa”[%] ~~/2 ArcTan[1- \/—((—a>>1</)4] +/2 ArcTan|[1 + —\/—( < a>>1</)4 ] -
1-ax l1+ax l1+ax
1-ax 2 (1-ax) ¥4 1-ax 2 (1-ax) ¥
2Ar‘cTanh[ 1+ax)1/4] _ LOg[]-* JTax  (1rax)¥ ] . LOg[lJr V1vax " (1+ax)Y/* ]
(1-ax)* V2 V2

Result (type 7, 85leaves):

7§Ar‘cTanh[a x]

ArcTanh[a x] +2Log[e —111]

1 1 1
—;Ar‘cTanh[a X] } —;Ar‘cTanh[a x] ] —;Ar‘cTanh[a x] ]

1
-2ArcTan|e +Llog[l-e - Log[l+e + ERootSum[lﬂil“ &, &]

13

Problem 100: Unable to integrate problem.

3
-2 ArcTanh
Je pArctanhlax] ym qx

Optimal (type 6, 31leaves, 2 steps):

xl*’"AppellFl[ler, —i, i, 2+m, ax, -a x]

1+m
Result (type 8, 16 leaves):

3
-=ArcTanh
J‘E S ArcTan [ax] XM dx

Problem 101: Result is not expressed in closed-form.

3
-=ArcTanh
Je 3 rcTanh[a x] X3 dx

Optimal (type 3, 290 leaves, 15 steps):
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41 (1—ax)3/4 (1+ax>1/4 x2 (1—ax)7/4 (1+ax)1/4 (11—4ax) (1—ax)7/4 (1+ax)1/4

64 a* 4 a? 32a%
/ / - _ / _ _ /
123 ArcTan[1 - Y2022 ] 4p3 ApcTan[1+ Y2120 0] 453 og[1, Llax W2 (1aiBR] 453 gg[q, Llax | W2 (lait]

(1+ax) /4 (1+ax)Y/4 V1+ax (1+ax)Y/4 /1+ax (1+ax) /4
+ + -

64+/2 a* 64+/2 a* 128 /2 a* 128 /2 a*

Result (type 7, 103 leaves):
1

256 a*

L ArcTanh L ArcTanh
8 @2 AreTan [ax] (133 + 147 @2ArcTanh[ax] , 183 g4ArcTanh(ax] , 49 eGAr‘cTanh[ax]> -5 ArcTanhfax

- +123 RootSum |1 + 11* &,
(1 + @2ArcTanh[ax] )4 7l

ArcTanh[ax] + 2 Log[e ! - 11 ]

8]

Problem 102: Result is not expressed in closed-form.

3
-2 ArcTanh
Je S ArcTan [ax] X2 dx

Optimal (type 3, 282 leaves, 15 steps):

A/ (1- )1//4
17 <1—ax>3/4 (1+ax)1/4 (1—ax)7/4 (1+ax>1/4 x (1—ax>7/4 (1+ax)1/4 17 ArcTan|1 - 2<1+2Xa>’1(/4 ]
+ - + -

24 a3 433 3a? 8+/2 a3

V2 (1-ax)¥ - —ax)/* - —ax) Y/
17Ar‘cTan[1+ 2 lax/ ] 17Log[1+ l-ax 2 (1 axE/ ] 17Log[1+ l-ax 4 2 (1 ax? ]
(1+ax) \1+ax (l+ax) ¥4 Vivax (1+ax)V/4

- +

8+/2 a3 16/2 al 16/2 al
Result (type 7, 93 leaves):

1
ArcTanh [a X] 42 LOg eil ArcTanh[ax] _

8e

lAr‘cTanh [ax]
: (

45+30 e2ArcTanh(ax] 17 g#ArcTanh(ax]) nlw

<1+62ArcTanh[a x] >3

- 51 RootSum[1 + =#1* &,

8]

"1

96 a3

Problem 103: Result is not expressed in closed-form.

3
—-=ArcTanh
Je S ArcTan [ax] x dx

Optimal (type 3, 255 leaves, 14 steps):
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_ 1/4
3(1—ax>3/4(1+ax)1/4 <1fax)7/4 (1+ax)1/4 9Ar‘cTan[1—l%:X—a)’l(}4—}
- - - +

4 a2 2 a? 4+/2 a2

_ 1/4 _ _ 1/4 _ _ 1/a
9Ar‘cTan[1+¥2 1ax/ } 9Log[1+ l-ax vy2 (1 axj ] 9L0g[1+ 1-ax 4 2 (1 ax?/ ]
(1+ax) ¥4 lvax (1+ax) ¥4 Jisax (1+ax) /4

N _
4+/2 a2 8+/2 a? 8+/2 a?
Result (type 7, 84 leaves):

1 1
= -~ ArcTanh
ezArCTanh[“] (7+3 e“"‘“"m“J) ArcTanh[ax]+2 Log|e 2 retanh(ax] 7111}

+ 2 RootSum|1 + =1* &, &
2 (1+‘92ArcTanh[a x] )2 16 ol

a2

Problem 104: Result is not expressed in closed-form.

3
-=ArcTanh[ax
Je 2 X gx

Optimal (type 3, 222 leaves, 13 steps):

3Ar‘cTan[1—3Q—)—2 1'“1/4} 3Ar‘cTan[1+3Q—)—2 1'”1/4} 3Log[1+ YA2x - 2 (1'”)1/4] 3 Log[1+ vA2X 4 ¥2 (1‘“”’/4]

3/4 1/4 , ! !
(1 -a X) (1 +a X) (1+ax)V/* (1+ax)V/* V1+ax (1+ax)¥/4 V1vax (1+ax)¥/*
+ - - +

a V2 a V2 a 2+/2 a 22 a
Result (type 7, 72leaves):

71ArcTanh [ax]
2

ArcTanh[ax]+2 Log|e —nlw

2 (efzfAr-cTanh[a x] 3 RootSum [1 + 714 &, &}

#l

a (1 + e—ZAr‘cTanh[a X] ) 4a

Problem 105: Result is not expressed in closed-form.

~2 ArcTanh [ax]
e 2
—dx
X

Optimal (type 3, 227 leaves, 17 steps):

1rax)e

72Ar‘cTan[ ( } —\/TAr‘cTan[lf M} +\/?Ar‘cTan[1+ M

(1—ax)1/4 <1+ax)1/4 (1+ax)1/4

] .

- _ 1/4 - _ 1/4
1 1/4 Log[1+ l-ax vy2 (1 ax/)/ ] Log[1+ 1-ax + 2 (1 ax? ]
( +ax) ] V1+ax (1+ax) ¥4 /1tax (1+ax) Y/
+

(1—ax)1/4 \/? N \/?

2Ar‘cTanh[
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Result (type 7, 85leaves):

1
ArcTanh[ax] +2 Log [eTAPCTa"h[aX} -]

-L ArcTanh

1
~Llog[1+e: )] + = Rootsum|[1 + 111 &,
2 ril

—;—Ar‘cTanh[ax] ] —%Ar‘cTanh[ax] }

2 ArcTan|e +log[l-e

8]
Problem 110: Unable to integrate problem.
Je—zArcTanh[ax] X" dx

Optimal (type 6, 31leaves, 2 steps):

xl*"‘AppellFl[1+m, —i, i, 2+m, ax, -a x]

1+m
Result (type 8, 16leaves):

5
-=ArcTanh[ax
Je 2 Xl ym gx

Problem 111: Result is not expressed in closed-form.

5
-2 ArcTanh
Je > ArcTan [ax] X3 dx

Optimal (type 3, 317 leaves, 16 steps):

4 %3 (1—ax)5/4 475 (l—ax)l/4 (1+ax>3/4 17 x2 (1—ax)5/4(1+ax)3/4 (521-452ax) (1—ax)5/4<1+ax)3’/4
- + + + +
a(1+ax)?* 64 a* 4 32 96 a*

475 ArcTan[1 - V232X ] 475 ApcTan[1+ Y2 32X20 ] 475 og 1, Yl2x W2 aaxt) gy5) g, Ylax V2 deax it

(1+ax) /4 (1+ax) /4 V1+ax (1+ax)Y/4 /1+ax (1+ax) /4
_ + _

64+/2 a* 64+/2 a* 128 /2 a* 128+/2 a*
Result (type 7, 114 leaves):

1 e—%Ar‘cTanh[a x] (768 + 4645 e2ArcTanh(ax] | 7483 g4ArcTanh[ax] | 5415 ebArcTanh[ax] , 1425 g8ArcTanh(a x]>

a4 96 (1 4 @2ArcTanh[ax] >4

- % ArcTanh[ax

ArcTanh[a x] +2Log[<e ! —ttl]

475 X
—— RootSum[1 + #1* &,

&
256 413 ]



Problem 112: Result is not expressed in closed-form.

5
-=ArcTanh[ax
Je 2 Xl y2 gx

Optimal (type 3, 305leaves, 16 steps):

2(1—ax)9/4 55 (1—ax>1/4(1+ax)3/4 11 (1—ax>5/4(1+ax)3/4 (1—ax)9/4 (1+ax)3/4

a3 (1+ax)1/4 8a3 4 33 333

7.3 Inverse hyperbolic tangent.nb

_ 1/4 _ 1/a - _ 1/4 - _ 1/4
55 ArcTan[1 - Y212 ] 55 apcTan[1 4 Y2320t ] 55 ggqy Yiax V2 (1axt] g5 gy Ylax | V2 (et
(1+ax) /4 (1+ax)Y/* Vi1+ax (1+ax)¥/* Virax (1+ax)¥/*
+ - +

8+/2 a3 8+/2 a3 16/2 a3 16+/2 a3

Result (type 7, 104 leaves):

1 e—%Ar‘cTanh[a X] (96 + 425 eZAr‘cTanh[a x] 4 462 e4Ar‘cTanh[a X] 4+ 165 eGAr‘cTanh[a x]) 5
—- + = RootSum|[1 + 111* &,

ArcTanh[ax] + 2 Log[e

- % ArcTanh[a x

b om]

a3 12 (1 + @2ArcTanh[ax] ) 3 32

Problem 113: Result is not expressed in closed-form.

5
-=ArcTanh[ax
Je 2 Xy dx

Optimal (type 3, 279 leaves, 15 steps):
25ArcTan|1 - M}

2 (1-ax)** +25 (1-ax)?* (1+ax>3/4+5(1—ax>5/4(1+ax)3/4+ @ax¥e 1

a? (1+ax)1/4 4 a2 2 a2 42 a2

_ 1/4 - _ 1/a _ _ 1/4
25ArcTan[1+1ﬁ—(—)—2 LaxiZo | 25 g1y YA N2 (XD 95 gg[q 4 YI2X , v2 (ax ]
(1+ax) /4 1+ax (1+ax) /4 +/1+ax (1+ax) V4

+ —

42 a2 8+/2 a2 8+/2 a2
Result (type 7, 94 leaves):

1 - arcTanh
e 2 ArcTanh[ax] (16+45 @2ArcTanhax] | o5 g4ArcTanh(ax] ) ArcTanh[ax]+2 Log|e 2 retanhax] _111]

- £ RootSum[1 + 51* &, &]
2 (1+e2Ar‘cTanh[a x] )2 16 13

a2

Problem 114: Result is not expressed in closed-form.

5
-=ArcTanh
je 3 rcTanh[a x] dx

713

| 167

8]
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Optimal (type 3, 247 leaves, 14 steps):

_ax)1/4
4(1-ax)¥* 5(1-ax)¥* (1-ax) 5Ar‘cTan[1—Q((1+zx—"")’1‘M)—]
- - - +

a(1+ax>1/4 a V2 a

_ 1/4 - _ 1/4 - B 1/4
5Ar‘cTan[1+3Q—)—2 Lax)¥*] g og[q, Yiax 2 @ax] g g0, Jlax /2 (1axtt
(Lrax) V4 Tk | (ax)i TTax T (Laxis

- +

\/73 Z\Ea Z\Ea
Result (type 7, 83 leaves):

1 1
-= -~ ArcTanh
, AreTanhlax] (4+5 g?ArcTanh(ax]) ArcTanh[ax]+2Log|e 2" f2x] 7111]

13

_8e + 5 RootSum|[1 + 1% &, &

1+ez ArcTanh[ax]

4a

Problem 115: Result is not expressed in closed-form.

-2 ArcTanh [ax]
e 2
—dx
X

Optimal (type 3, 248 leaves, 19 steps):

8 (1- 1/4 1 1/4 2 1- 1/4
¢+2ArcTan[&] +\/7Ar'cTan[1— \/—<—3X)] _
(1+ax>1/4 (1—ax)1/4 (1+ax>1/4
l-ax /2 (1-ax)¥* 1-ax 2 (1-ax)¥*
\/2 ArcTan[1+ V2 (1-ax " <1_ax)1/4] - 2 ArcTanh | <1+ax)1/4] " oalt rax (et | - oa 2 rax (e |
(1+ax)1/4 (17ax)1/4 V2 V2

Result (type 7, 99 leaves):

7§ArcTanh[ax 7§ArcTanh[ax] ] 7§ArcTanh[a x] }

8e ' - 2ArcTan|e +log[1-e

- ;— ArcTanh[a x

-ArcTanh[ax] - 2 Log|e ! - 1]

—iArcTanh[a x] ]

1 4
Log[l+e : + = RootSum |1 + =1 &,

2 HlB

8]

Problem 120: Unable to integrate problem.

ArcTanh [x]
Je s x"dx

Optimal (type 6, 28 leaves, 2 steps):
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1+m i 1 _
X AppellF1[1+m, i 2+m, X, x]

1+m

Result (type 8, 14 leaves):

ArcTanh [x]
Je s x"dx

Problem 121: Result is not expressed in closed-form.

ArcTanh [x]
Je s x2dx

Optimal (type 3, 245leaves, 16 steps):

1_x)1/6
19 ¥ (1) Yo (10 (10w 70 (1x) O (10%)70 - 22 arctan[ 2
54 18 3 81 (1+x)®
-x)Y/3 3 (1-x)Y° (1-x)Y/3 3 (1-x)6
5 (1. x)1/6 5 (1_x)/6  19log[l+ 22— ‘] 19Log[1+ o |
19 ArcTan[+/3 - —( X) | - ——ArcTan[/3 + (2-x) - (Lex) V2 ¥ -, a2 (ex) V2
162 (1+x)%® " 162 (1+x)® 108 /3 108 /3
Result (type 7, 133 leaves):
1 18e 3 (19 + 8 e2ArcTanhx] , g1 g4 ArcTanh(x]) ArcTanh ()
o (1, exmecrmmia) ; +114ArcTan[e 3 |+
ArcTanh[x] ArcTanh[x]
19 Rootsun[1 - 112 + #1* & -2ArcTanh(x] +6Logle : -1] +ArcTanh[x] #1%-3Logle 3 -1 #12
ootsSum - +H
’ 5142013
Problem 122: Result is not expressed in closed-form.
ArcTanh[x]
Je 3 x dx
Optimal (type 3, 224 leaves, 15 steps):
1_x)1/6 2 (1_x)1/6
2 (1-%)*° (1+x)V0- : (1-%)>° (1+x)7° - 1ArcTan[(—X)] + lAr‘cTan[\E— 2(t-x) ~
6 2 9 <1+X)1/6 18 <1+X)1/6
(1-x)%/3 3 (1-x)Y6 (1-x)Y/3 3 (1-x)¥6
iAr*cTan[\/?+ 2 (1-x)"° - Log 1 - (102 (1Y ] N Log[1+ a1 )
18 (1+x)° 12+/3

12+/3
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Result (type 7, 127 leaves):

ArcTanh [x]

3e 3 (1 +7 (EZAr‘CTanh[X] > A T [ ArcTanh[x] ]
- +Arclan|e 3 —

1
9

(1 + @2ArcTanh[x] )2

ArcTanh[x] ArcTanh[x]

2ArcTanh([x] -6Llogle : -#1]-ArcTanh[x] #1?+3Llogle : -ul|#1? N

1 2 4
— RootSum |1 - 11% + 1% &,
54 -nl+2m13

Problem 123: Result is not expressed in closed-form.

ArcTanh[x]
J@ 3 dx

Optimal (type 3, 202 leaves, 14 steps):

1- 1/6 2 (1- 1/6
- (1—x)5/6 (1+x)1/6— 3Ar‘cTan[ﬁ} + 1Ar‘cTan[\/?— &} -
3 <1+X>1/6 3 (1+X)1/6
(1-x)Y/3 3 (1-x)Y° (1-x)Y/3 3 (1-x)Y°
lAr‘cTan[\/?Jr 2 (17)()1/6 B Log[1+ 10 @)l } . Log[1+ (1+x) /3 ’ (1+x)Y/6 }
3 (1+x)%® 2+/3 2+/3
Result (type 7, 116 leaves):
2¢ 5 2 weramix 1 2ArcTanh(x] ~6Llogle 5 1] - ArcTanh([x] =12 +3Logle 5 - 1] 12
-———————+—ArcTan[e : |- —RootSum[1-n1%+n1*8&, &|
1 4+ @2ArcTanh(x] 3 9 —H1+ 2113

Problem 124: Result is not expressed in closed-form.

ArcTanh[x]
(& 3
dx
X

Optimal (type 3, 346 leaves, 25 steps):
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1/6
1_x)V6 2 (1-x)V/6 2 (1-x)V6 1—24%
2Ar‘cTan[(X>1/6} +Ar‘cTan[\/?f <();>1/6] —Ar‘cTan[\/?Jr (<);)1/6] +\EAPcTan[(17_X)1/] -
1+X 1+X 1+X 3
1+ 2@ 1/6 1/3 1/6
/ 1 1- 3 (1-
\/?Ar‘cTan[i(lfx)15 ] —2Ar‘cTanh[7( +X)1/6] - l\/?Log[1+ ( X>1/3 - V3 | )1(/)6 ]+
NEY (1,X) 2 (1+x> <1+x)
1_x)1/3 3 (1-x)V6 1 1/6 1 1/3 1 1/6 1 1/3
E\/?Log[1+( X> +\/7( X) ]+ELOg[17( +X> +( +X> ]7*Log[1+< +X> +( +X> }
2 (1+x)1/3 <1+X>1/6 2 (1_)()1/6 (1_X)1/3 2 (1_X>1/6 (1—x)1/3

Result (type 7, 220 leaves):

ArcTanh[x] ArcTanh[x]

ArcTanh[x] -1 2 1 2 ArcTanh [x] ArcTanh[x] 1 ArcTanh[x] 2 ArcTanh [x]
2ArcTan|e | -+/3 Ar‘cTan{L}—\/B Ar‘cTan[L]+Log{1—e 5 | -Log[l+e = |+ >-logll-e : +e 3 |-
Y V3 2
ArcTanh[x] ArcTanh[x]
1 arctamnix]  2accramnix) | 1 2ArcTanh[x] -6Llogle > -#l]-ArcTanh[x]#12+3Llogle 3 -#1]ni1?
~log[l+e : +e 3 |-—RootSum|1-#1%+u1*g, &
2 3 -l + 2113

Problem 127: Unable to integrate problem.

2 ArcTanh [x]
Je 3 x"dx

Optimal (type 6, 28 leaves, 2 steps):

x1™ AppellF1[1 +m, %, —%, 2+m, X, -X|

1+m

Result (type 8, 14 leaves):

2 ArcTanh [x]
Je 3 x"dx

Problem 128: Result is not expressed in closed-form.

2 ArcTanh[x]
Je 5 x*dx

Optimal (type 3, 133 leaves, 5steps):

29 ApcTan| - _ 2003 B
[r \E(lﬂ()m} +EI-Og[lJrX] +E|_og[1+ <1_X>

1 =%
27+/3 81 27 <1+X>1/3

B (1—X>2/3 <1+X)1/3—
27

J

(1—X>2/3 (1+X)4/3— 1 (1—X)2/3X (1+X>4/3+
3

O | =
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Result (type 7, 154 leaves):

2

243

2ArcTanh[x] 2ArcTanh[x]

324 e 3 540 e 3 315 e

"
(1 + @2ArcTanh(x] ) 3 (1 + @2ArcTanh(x] ) 2 14 @2ArcTanh(x]

2ArcTanh[x]
3

2ArcTanh[x]

- 22 ArcTanh[x] +33Log[l+e >

ArcTanh[x]

ArcTanh([x] -3 Log[e s

ArcTanh[x]

-#1] + ArcTanh([x] 112 -3 Log[e > - u1]n1?
8]
-2+m12

11 RootSum |1 - #1% + =1* &,

Problem 129: Result is not expressed in closed-form.

2 ArcTanh[x]
Jce 3 x dx

Optimal (type 3, 112leaves, 4 steps):

2 ArcTan| - - i‘l’—x)i] 1/3
1 1 x)1/3 1 1 1-x
S 1-x)P2 (1ex) M-S (1-x) P2 (1 x) Y2y V3 V3 @ +—Log[1+x]+—Log[1+—( ) ]
3 2 3+/3 9 3 (1+x)*3
Result (type 7, 124 leaves):
2 9 (EZAPCT:HMXJ (1 + 4 (e2 ArcTanh[x] > 2 ArcTanh[x]
— |- -2ArcTanh([x] +3Log[l+e 3 -
27 (1 + @2ArcTanh(x] ) 2
ArcTanh[x] ArcTanh [x]
ArcTanh[x] -3 Lo 5 -nl| +ArcTanh[x] 512 -3 Log|e” s -m1]| =12
RootSum[1 - 112 + #1* &, X gle J+ hal gle | &|
-2 +112
Problem 130: Result is not expressed in closed-form.
2 ArcTanh [x]
Je 3 dx
Optimal (type 3, 84 leaves, 3 steps):
2 ArcTan [ S M} 1/3
ix)1/3 1 1-x
_<1—x)2/3 (1+X)1/3+ V3 V3 e +fLog[1+x}+Log[1+Q]
\/? 3 (1+X)1/3

Result (type 7, 116 leaves):
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2 ArcTanh [x)
2e 4 ArcTanh[x] 2 2 ArcTanh (]
- + — Log [1 +e 3 } -
2 ArcTanh [x] 9 3

l+e

ArcTanh[x] ArcTanh[x]

ArcTanh[x] -3Logle 3 -#1] +ArcTanh[x] #1%?-3Llogle : -#l]#1?

2 2 4
— RootSum|[1 - #1? + 1% &,
9 -2+ 112

8]

Problem 131: Result is not expressed in closed-form.

2 ArcTanh[x]
[(&] 3
— dx
X

Optimal (type 3, 135leaves, 4 steps):
2 (1 B X) 1/3

9 (1 x)1/3
\/?Ar‘cTan[L— (2-x) ]+\/?Ar‘cTan{ ! + | -

V3 V3 (14x)1 V33 (14x)2

1 3 (17)()1/3
+ = Log[1+x] +~Log[l+ ——""
2 2 2 (1+X)1/3

Log[x]

]+;Log[(1—x)1/3— (1+x)*?]

Result (type 7, 215leaves):

ArcTanh[x] ArcTanh[x]

_\/?APCTa”[M#} +\/?Ar‘cTan[1+2e ’ | - 2ArcTanh[x] | Log[l—emﬁ;hm] +
3

V3 V3

ArcTanh[x] 2ArcTanh [x] 1 ArcTanh[x] 2ArcTanh[x] 1 ArcTanh[x] 2ArcTanh([x]

Log[1+<e 3 ]+Log[1+e 3 ]f*LOg[l—e 3 +e 3 ]f*Log[1+<e 3 +e 3 }f
2 2

ArcTanh[x] ArcTanh[x]

ArcTanh[x] -3Log[e 3 -#l]+ArcTanh[x]#12-3Llogle > -ul]n1?

1 2 4
~ RootSum|1 - #1? + 51 &,
3 -2 +112

Problem 134: Unable to integrate problem.

1
=~ ArcTanh
je“ rcTanh[a x] Xm dx

Optimal (type 6, 31leaves, 2 steps):

x+™ AppellF1[1 +m, i, —i, 2+m, ax, -ax|

1+m
Result (type 8, 16 leaves):

1
= ArcTanh[a
Jea Xl ym gx
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Problem 135: Result is not expressed in closed-form.

Je%ArcTanh[ax] X2 dx
Optimal (type 3, 646 leaves, 27 steps):

22 -lex
o/ 11WAr‘cTan[4mi]

11 (1-ax)”® (1+ax)¥®  (1-ax)”® (1+ax)®® x(1-ax)”® (1+ax Jadz

N
32 a3 24 a3 332 128 a3
V2442 *72(173)()1,/’8 WJrz(l’“)l/’/E WJrzr\Lax}‘//’B
11y2-v2 Ar‘cTan[gﬁﬂﬁi] 11+ 2++/2 Ar‘cTan[Ti‘Mﬂ} 11+/2-+/2 Ar‘cTan[Tiw)i]
2’\/_ 2+\/? 27\/7
128 a3 128 a3 128 a3
12-2 Log[1+ L=2x¥  y2-vZ a-awie 1+/2-v2 Log 1+ 2-ax¥* Ja-vz -2t
(1+ax) Y4 (1+ax)V/® . (1rax)Y/4 (1+ax) /8 B
256 a3 256 a3
11/2+v2 Log[1+ P S;ZXWS] 11/2+ 2 Log[1+ P \/ZSIZXM]
+
256 a3 256 a3

Result (type 7, 94 leaves):

1

ArcTanh[ax]-4 Log|es
17

1 ArcTanh
e ArcTanh[a x] (33+10 @2ArcTanh[ax] , 195 g4ArcTanh(ax] ) reTanh(ax] 1t

- - X RootSum[1 + =18 &,
512

48 (1+ezArcTanh[a x] )3

1] &]

a3

Problem 136: Result is not expressed in closed-form.

1
L ArcTanh
Je" reTanhfax] o g0

Optimal (type 3, 619leaves, 26 steps):
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\/Tiflax) 2+\/T7(lax)’
/ A T 1:ax) Y8 2 /2 ArcT 1iax)Y/®
(1—ax>7/8 (1+ax)1/8 <1—aX>7/8 (1+ 9/8 rc an ,7%\5 ] rc an[ 2T }
+

8 a2 2 a2 32 a? 32 a?

2-4/2 +& / zr1ax
2+/2 Ar‘cTan[gﬁmi] \ 2 Ar‘cTan S ] Alzfﬁ Log[1+ (A-ax)¥/*  A2-4/2 (1—ax)1/8]

N 244/2 \2-2 ~ (1+ax)Y/4 (1+ax)Y/® .
32 a? 32 a? 64 a?
(1-ax)¥4 /242 (1-ax)V/B (1-ax)¥4  A[244/2 (1-ax)V/B / (1-ax)¥4  ~J244/2 (1-ax) VB
2- \/? Log [1 * (1+ax) 1/ * (1rax)V/® ] ) 2+ ﬁ Log [1 * (1rax) /4 B (1+ax)/8 ] . 2472 Log [1 ’ (1+ax)Y/* ’ (1+ax)Y/? }
64 a? 64 a? 64 a?
Result (type 7, 83 leaves):
]—Ar‘cTanh[a x] rcTanh[a X . ArcTanh[ax]
B 32 es (1+9e27A Tanh[ax] ) N RootSum[l +tt18 & -ArcTanh[a x]+4 Log|e ul} &]
(1+e2Ar‘cTanh[a x] )2 117
128 a2
Problem 137: Result is not expressed in closed-form.
jez—ArcTanh[ax] dx
Optimal (type 3, 591 leaves, 25 steps):
22 2(1-ax)'® 204/2 2 [1fax)1/”5
2++/2 ArcTan[ ————=4"] 2-+/2 ArcTan| st ]
) (1-ax)”/® <1+ax)1/8+ Jadz . NP i
a 4a 4a
27\/T+2[17ax]/ 2 2(1 ax)®
2442 Ar‘cTan[gﬂm] A2 ArcTan| w1 [ U7 Log[1s Gax¥t  NayT axye
V22 \ 22 V2 Og[ i (1+ax) 4 (1+ax)V/® ]
- +
4a 4a 8a
/2 2 L 1, -2 x) V4 A[2-4/2 (1-ax)V/B 2 2L 1, d-a x) V4 A[24/2 (1-ax)V/® /2 2L 1, -2 x) Y4 AJ244/2 (1-ax)Y/®
V2 og[ ’ (1vax)¥/* ’ (1rax)Y/® ] ~ V2 og[ ' (1rax) ¥4 (1rax)?/® ] . V2 og[ ' (1rax)¥/* " (1rax)¥® }
8a 8a 8a

Result (type 7, 71leaves):

1 L ArcTanh
ea AVCTAN[aX] _ArcTanh[ax] +4 Log|es "o #X)

- 2e 4+ RootSum[1 + =18 &,

1+ez ArcTanh[a x]

1] &]

17

16 a
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Problem 138: Result is not expressed in closed-form.

17Ar‘cTanh[a X]
es
—dx
X

Optimal (type 3, 759 leaves, 39 steps):

/2_\/7 _2(1-ax 1//3
(1+ax)/® ]+

(1+ax>1/8
~2ArcTan[ "] +1/2+ /2 ArcTan| 2 /2 ArcTan|
(2-2x] 247
V2-+2 4 zea’® 2402 +M§
2++/2 Ar‘cTan[ (1rax)” ], 2.2 Ar‘cTan[ (1rax) ¥

V2+V2 J2-+2

\/? ArcTan [1 +
1/8

(1-ax)

M] _2Achanh[El+aX)1/8] - EVZ—\E Log[1+

} + \/?ArcTan[l -

1/8
\J2+n/2 - e
(1+ax)/® ]

2-+/2

V2 (1+ax)V®

] _

1/8

|+

(l—ax)l/g
1/4 22 (1-ax)
1/4 B (1+ax>1/8

(1+ax

R e F i P LI [ T e R oD
+aX

<1+ax)1/4 (1+ax)1/8 2

2 (1:ax)V/®

(1+ax)¥/4

)1/4 2:+/2 (17ax)1/8 Log[l— Lax)ie

(1—ax)1//4

2 (1+ax)Y/®

| Log[1+

(1-ax)/®

(1rax) Y4 ]

(1-ax)Y/4

1 (1fax
— +V2 + + +
2\/2 2 Log[1 e 1o ] Nex

<1+ax

Result (type 7, 128 leaves):
1 1 1
_2 ArcTan [e;ArcTanh[a X] ] 4 Log [1 B e4—Ar‘cTanh[a X] ] B Log [1 + (e;ArcTanh[a X] ] .

1
ArcTanh[ax] - 4 Log [eZAPCTa"h[aX} -]

13 4

1 4
= RootSum[1 + #1* &,
4

Problem 139: Result is not expressed in closed-form.

1—Ar‘cTanh[a X]
es
— dx
x2

Optimal (type 3, 271 leaves, 16 steps):

1
&| + = RootSum[1 + 118 &,

V2

-ArcTanh[ax] +4 Log[e

%Ar‘cTanh[a x]

-]

717

8]
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(17ax)7/8 (1+ax)1/8 1+ax)1/8 aAr‘cTan[lf%:*x—a))—’l‘/:/s] aAchan[lJr%E:;_a))_;W]
_ N —;aAr‘cTan{(l_aX)l/s]Jr " - v _
2 (liax)V/8 (1rax) ¥4 2 (1+ax)¥/® (1rax) Y4
1 a ArcTanh | (1+a X>1/8} . alog[1- dax)Ve (l—ax)l/’/“} B alog[1+ dax) s (1—ax)1/4}
2 (17ax>1/8 4\/7 4\/?

Result (type 7, 113 leaves):

1

1 8 e;Ar‘cTanh[a x]
—ala
16

_ 2 ArcTan [E}Ar‘cTanh[a X] ] N Log [1 _ e}Ar‘cTanh[a X] }

-1+ ez ArcTanh[ax]

1
ArcTanh[ax] - 4 Log [eZA"Ta"h[a X w1 |
RootSum[1 + #1* &,

8]

713

Problem 140: Result is not expressed in closed-form.

17Ar‘cTanh[a x]
es
x3

Optimal (type 3, 312leaves, 17 steps):

dx

—Log[l

lAr‘cTanh[a x]
+es ]

2 2 (1rax)V/®
all-ax)”/®(1+ax)/® 1-ax)7/8 (1+ax)%8 1+ax)y8 aAr‘cTan[l— Y }
R ST R T SR T K WL SEL R el
8 X 2 x2 16 (1—ax)1/8 162
2 V2 (1sax) VB 2 2 (1rax)V/® (lrax) /4 2 2 (1rax)Y/® (1rax) V4
a?ArcTan|1 + ey ] 1 (1rax)¥® 2 Log[1 - Y P X)m] a%Log[1+ PR (l—ax)l/“}
- — a’?ArcTanh]| ] -
162 16 (1-ax)¥® 324/2 324/2
Result (type 7, 139leaves):
lAr‘cTanh[a ] £Ar‘cTanh[a ]
Laz 4l 64 e X ) 72 ea X 72Ar‘cTan[e§Ar~cTanh[ax]} +Log[17ei—Ar‘cTanh[ax]] 7Log[1+ei—Ar‘cTanh[ax]] N
128 (_1 4 @2ArcTanh[ax] >2 _1 4 @2ArcTanh[ax]

l/-\r'cTanh[a X]

ArcTanh[ax] -4 Log|es -1

RootSum[1 + #1* &, &]

13

| 177
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Problem 142: Result unnecessarily involves higher level functions.

JQB ArcTanh[a x] x™ dx

Optimal (type 5, 151 leaves, 9 steps):

3 xl+m Hyper‘geometr‘icZFl[i, %", 3?'", a?x?] ax¥m Hyper‘geometr‘icZFl[i, 2 A a2 x2 |
- - +

1+m 2+m

4 x**" Hypergeometric2F1 [ 3, 1:" , 3*T'", a? xz} 4 a x>*" Hypergeometric2F1 [ %, Z*T'", 4*?'", a? xz}
+
1+m 2+m

Result (type 6, 265 leaves):
1

(1+m) (—1+ax)3’/2

2 (2+m) x1m /-1 -ax

1 3
2 AppellF1[1+m, - —, =, 2+m, -ax, ax|
2 2

1 3
/(2 (2+m) AppellF1[1+m, b 2+m, -ax, ax| +ax

1 5 1 3
(3Appe11F1[2+m, - =, =, 3+m, -ax, ax| +AppellF1[2+m, =, =, 3+m, -ax, ax]|| -
2 2 2 2
1 1 1 1
(\/1—ax \/1-a?x? AppellF1[1+m, - =, =, 2+m, -aX, ax] /[\/1+ax 2 (2+m) AppellF1[1+m, - =, =, 2+m, -ax, ax| +
2 2 2 2

1
ax |AppellF1[2+m, - =,

2

N W

,3+m, —ax, ax] +Hyper‘geometr‘icPFQ[{l, 1+ T}, {2+ m}: azxz}))])
2 2 2

Problem 144: Result unnecessarily involves higher level functions and more than twice size of optimal
antiderivative.

JeArcTanh [ax] x™ dx

Optimal (type 5, 74 leaves, 4 steps):

xLem Hyper‘geometr‘icZFl[i, 1*?’“, 3*7"', a’x?] axm Hyper‘geometr‘icZFl[%, Z*T’“, 4*7"', a? x?|
+
1+m 2+m

Result (type 6, 166 leaves):
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[2(2+m)x1*"‘\/—1—ax Vi-ax +/1-a?x? AppellF1[1+m,—l, 1,2+m,—ax,ax}/
2 2
((1+m) (—1+ax)3/2\/1+ax 2(2+m)Appe11F1[1+m,—l, 1,2+m, -ax, ax|+
2 2
1 3 . 1 m m
ax |AppellF1[2+m, - =, =, 3+m, -ax, ax| +HypergeometricPFQ[{ =, 1+ ~}, {2+ —}, a®x?| ])
2 2 2 2 2

Problem 145: Result unnecessarily involves higher level functions.

Je—Ar‘cTanh[a x] x™ dx

Optimal (type 5, 75leaves, 4 steps):

sdem Hypergeometr‘icZFl[i, 1*7"‘, %ﬂ, a2 x2|

a x*™ Hypergeometric2F1 | i, 2;"‘ s 4*7"‘, a? x?]

2+m

1+m

Result (type 6, 134 leaves):

1 1
[2 (2+m) x*™~/1-ax AppellFl|[l+m, - —, =, 2+m, ax, ~ax|
2

2

=

/[(1+m) V1+ax |2 (2+m) AppellF1[1+m, —1, =, 2+m, ax, —ax| -
2

)

N

[
3
ax —
2

AppellF1[2+m, —1, ,3+m, ax, —ax] +Hyper‘geometr‘icPFQ[{l, 1+ m}, {2+ m}, a% x?]
2 2 2 2

Problem 147: Result unnecessarily involves higher level functions.

Je—B ArcTanh[ax] x™ dx

Optimal (type 5, 150leaves, 9 steps):

3 x}*" Hypergeometric2F1 [ i, L &3 g2 xz}

2+4m ; 1 2:m 4Asm 22
3 3 ax Hyper‘geometr‘1c2F1[2, , 0 5,0 @ x}

+ +
1+m

2+m
4 x1*" Hypergeometric2F1 [ %, 1;'" s 3*T'", a? xz}

4 a x2*" Hypergeometric2F1 [ 3, Z*T'", 4*7”', a? xz}

1+m 2+m

Result (type 6, 237 leaves):
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1

(1+m) <1+ax)3/2

2 (2+m) xtM /1 - ax

2 AppellF1[1+m, -

N |

3
, —, 2+m, ax, —ax]
2

3
/(2 (2+m) AppellF1[1+m, - —, S’ 2+m, ax, -ax| -

N |

5
ax —

1 3
,3+m, ax, -ax| +AppellF1[2+m, —, =, 3+m, ax, -ax|
2 2

1
/(—2 (2+m) AppellF1[1+m, - =, S’ 2+m, ax, ~ax| +

+

2
((1+ax) AppellF1[1+m, - 1
2

ax

2

1 3 ) 1 m

AppellF1[2+m, - =, =, 3+m, ax, -ax| +HypergeometricPFQ[{ =, 1+ —}, {2+
2 2 2 2

Problem 148: Unable to integrate problem.

jen ArcTanh[a x] XM dx

Optimal (type 6, 35leaves, 2 steps):
x1™ AppellF1[1 +m, 2, - 2, 2+m, ax, -ax|

1+m
Result (type 8, 14 leaves):

jen ArcTanh[a x] XM dx

Problem 211: Unable to integrate problem.

e—ZAr‘cTanh[a X]
J s ax
c-acx

Optimal (type 3, 13 leaves, 2steps):
Log[1 +ax]

ac

Result (type 8, 20leaves):

e—ZAr‘cTanh[a X]
J s ax
cC-acxXx

Problem 212: Unable to integrate problem.

<e72Ar~cTanh[ax]
Ji dx
(c-acx)?
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Optimal (type 3, 11leaves, 3 steps):

ArcTanh[a x]

ac?

Result (type 8, 20leaves):

e—ZAr‘cTanh[a X]
Ji dx
(c-acx)?

Problem 278: Unable to integrate problem.

JenArcTanh[ax] (C _ac X)7/2 dx

Optimal (type 5, 81 leaves, 3 steps):

23 (1-ax)™? (c-acx)®? Hyper‘geometr‘icZFl[g?”, -2 112’”, i (1-ax)]

ac(9-n)

Result (type 8, 22leaves):

J\enArcTanh[ax] (C _ac X)7/2 dx

Problem 279: Unable to integrate problem.
JenAr‘cTanh[ax] (C _ac X) 5/2 dx

Optimal (type 5, 81 leaves, 3 steps):

213 (1-ax)™? (c-acx)?/? Hyper‘geometr‘icZFl[LT”, -2 9?”, i (1-ax)]

ac (7-n)
Result (type 8, 22 leaves):

JenAr‘cTanh[ax] (C —ac X) 5/2 dx

Problem 280: Unable to integrate problem.

jenArcTanh[ax] (C —acx) 3/2 dx

Optimal (type 5, 81 leaves, 3 steps):
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23 (1-ax)™? (c-acx)®? Hyper‘geometr‘icZFl[S?”, -2 7?”, i (1-ax)]

ac (5-n)
Result (type 8, 22 leaves):

JenAr‘cTanh[ax] (C —ac X) 3/2 dx

Problem 281: Unable to integrate problem.
jenArcTanh[ax] mdlx

Optimal (type 5, 81 leaves, 3 steps):

n 5-n

2t: (1—ax)"‘/2 (c-acx)3? Hyper‘geometr‘icZFl[%, -0 5 % (1-ax)]

ac(3-n)

Result (type 8, 22 leaves):
JenAr‘cTanh[a x] mdlx

Problem 282: Unable to integrate problem.

e ArcTanh[ax]
J S ax

VC-acX
Optimal (type 5, 81 leaves, 3 steps):

2 (1-ax)"*+/c-acx Hyper‘geometr‘icZFl[l?", -2 3?”, % (1-ax)]

ac(1-n)

Result (type 8, 22leaves):

enAr‘cTanh[a X]
J; dx
VC-acX
Problem 283: Unable to integrate problem.
enArcTanh[a X]
J— dx
(c-acx)3/?

Optimal (type 5, 78 leaves, 3 steps):



2t <1fax)’”/2 Hyper‘geometr‘icZFl[i (-1-n), *g: %) > (1-ax)]

ac<1+n>\/c—acx

Result (type 8, 22 leaves):

enAr‘cTanh[ax]
Jidlx
(c-acx)3/?

Problem 284: Unable to integrate problem.
enArcTanh[a X]
Ji ax
(c-acx)>/?
Optimal (type 5, 78 leaves, 3 steps):

2 (1—ax)'”/2 Hyper‘geometr‘icZFl[% (-3-n), —2, i (-1-n), % (1—ax”

ac(3+n) (c-acx)??

Result (type 8, 22 leaves):

enAr‘cTanh[ax]
Jidlx
(c-acx)”/?

Problem 285: Unable to integrate problem.
enAr‘cTanh[a X]
J— ax
(c-acx)’/?
Optimal (type 5, 78 leaves, 3 steps):

2ty (1—ax)'”/2 Hyper‘geometr‘icZFl[i (-5-n), —g, i (—3—n), i (1—ax”

ac (5+n) (c-acx)®?

Result (type 8, 22leaves):

enAr‘cTanh[a X]
Ji dx
(c-acx)’/?

Problem 378: Result more than twice size of optimal antiderivative.

JeArcTanh[x] A /1 _x dx
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Optimal (type 2, 11leaves, 3 steps):

2 3/2
— (1+X
(1)

Result (type 2, 27 leaves):
2 (1+x) V1-x2

3vV1-x

Problem 387: Unable to integrate problem.
JeAr'cTanh[a x] XM /C _acx dx
Optimal (type 5, 64 leaves, 4 steps):

2¢x" (~ax) ™" (1+ax) V1-a?x? HypergeometricZFlE, -m, %, 1+ax|

3ayVc-acx

Result (type 8, 23 leaves):
JeAr‘cTanh[a X] ym mdx

Problem 411: Unable to integrate problem.
Je—ArcTanh[a x] X" q/c _acx dx

Optimal (type 5, 114 leaves, 5steps):
2eximA1-alx2 2 (5+4m) x" (-ax) ™" (1+ax)/c-acx Hyper‘geometr‘icZFl[i, -m, %, 1+ax]

- +

(3+2m)\/c—acx a(3+2m) 1-aZx?
Result (type 8, 25leaves):
Je—Ar‘cTanh[ax] xmmdlx

Problem 437: Unable to integrate problem.

JQ—ZpArcTanh[ax] (C _ac X>p dx
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Optimal (type 5, 61 leaves, 3 steps):
2P (1-ax)P (c-acx)PHypergeometric2F1|p, 1+2p, 2 (1+p), i (1-ax)]

ac(1+2p)

Result (type 8, 21 leaves):

jefszr‘cTanh[ax] (C —ac X>p dx

Problem 439: Unable to integrate problem.

JenAr‘cTanh[ax] (C _ac X) P dx

Optimal (type 5, 82leaves, 3 steps):

(1 ax) "7 (e nex s mypergeanetrican [ 2,1 215,22 op, } 100

ac(2-n+2p)

Result (type 8, 20leaves):

jenArcTanh[a x] (C —acx) P dx

Problem 440: Result more than twice size of optimal antiderivative.

JenAr‘cTanh[ax] (C _ac X) 3 dx

Optimal (type 5, 68 leaves, 2 steps):

217 3 (1—ax)4’%Hyper‘geometr‘icZFlH— 5 % (1-ax)]

a(8-n)
Result (type 5, 195leaves):
1 n n
- —————— 3 e"ArcTanhlax] (—eZA"CTa”h[aX] n (-48+44n-12n?+n?) Hypergeometric2F1[1, 1+ —, 2+ —, —e2ArcTanhlaxi |,
24a (2+n) 2

(2+n) [an3x+n2 (—1—12ax+a2x2) +2n <6+21ax—6a2x2+a3x3) +
n

n
6 (-7-4ax+6a’x’-4a’x>+a*x*) + (-48+44n-12n”+ n?) Hypergeometric2F1[1, —, 1+ —, 7e2A"°Ta”h[aX]])]
2

N
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Problem 441: Result more than twice size of optimal antiderivative.

JenAr'cTanh[a X] (C _ac X) 2 dx

Optimal (type 5, 68 leaves, 2 steps):

2"2c? (1-ax) " HypergeometricaF1[3 -2, 2,42, (1-ax)]

_ 2 2
a (6-n)
Result (type 5, 149leaves):
1 n n
C2 enAr‘cTanh[ax] _(EZAr‘cTanh[ax] n (8 —6n+ n2> Hyper‘geometr‘iczFl[l, 1+ —, 24 -, _(EZAr'cTanh[ax]] N
6a (2+n) 2 2

n n
(2+n) (6+6ax+an2x—6a2x2+2a3 x>+n (-1-6ax+a*x?) + (8-6n+n?) Hypergeometric2F1[1, —, 1+ —, —eZA“Ta”h[ax]}))
2 2

Problem 447: Unable to integrate problem.

C \p
JeAr‘cTanh[a X] (C _
a X

dx
Optimal (type 6, 60 leaves, 3 steps):

C

[c- <) x (1-ax) PAppellFi[1-p, 1-p, -2, 2-p, ax, -ax]

1-p

Result (type 8, 22leaves):

eAr‘cTanh[a x] _ L P
J (c a X] ax
Problem 456: Unable to integrate problem.

C \p
Jez ArcTanh[a x] (C _
a X

dx
Optimal (type 5, 59 leaves, 6 steps):

c \p (2-p) (c— L)pHyper‘geometr'iCZFl[l, p, 1+p, 1- 1]
a

ax ax

X ap

Result (type 8, 24 leaves):



p
dx

JQZArcTanh[a X] (C _ i
aX
Problem 474: Unable to integrate problem.

Je4ArcTanh[a X] (C _ i] P dx
aX

Optimal (type 5, 93 leaves, 7 steps):

c (5-p) (c— L)fhp

ax

(4-p) (C - i)p Hypergeometric2F1[1, p, 1+p, 1 -

1

ax

}

c \-l+p
+C[C—7) X +

a(1-p) ax

Result (type 8, 24 leaves):

JQAAr‘cTanh[ax] (C* i ple
aX
Problem 484: Unable to integrate problem.

C \p
jefArcTanh[a x] (C _
aX

Optimal (type 6, 60leaves, 3 steps):

dx

[e- o) x(1-ax) "appelifi[1-p, -1 -p, 2, 2-p, ax, -ax]

2

1-p

Result (type 8, 24 leaves):

e—Ar‘cTanh[ax] _ i P
J S
Problem 493: Unable to integrate problem.

C \P
Je—ZArcTanh[ax] (C _
ax

Optimal (type 5, 114 leaves, 8 steps):

dx

dx

ax

c \2+p c \2+p .
(c— 7) X (c— ;) Hyper‘geometr‘1c2F1[1J 2+p, 3+p,

ap

|

. )2+p Hypergeometric2F1 [1, 2+p,3+p, 1- i}
X
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ax

c? 2ac? (2+p)

Result (type 8, 24 leaves):

ac
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C
Je—ZAr‘cTanh[ax] (C _
ax

Problem 499: Result more than twice size of optimal antiderivative.

e-z ArcTanh[ax]
— dXx
2
(-]

ax

p
dx

Optimal (type 3, 18leaves, 5steps):

X ArcTanh[a x]
bk A

c? ac?

Result (type 3, 40leaves):
X Log[1l-ax] Log[1l +ax]
—_— - +

c? 2ac? 2ac?

Problem 510: Result unnecessarily involves imaginary or complex numbers.

Cc \9/2
JeAr'cTanh[a X] (C _ ) dx
aX

Optimal (type 3, 225leaves, 8 steps):
a3 (c— i)g/zx“ (54-227ax)V1+ax 10a? (c— i)9/2x3\/1+ax

+

105 (1-ax)?? i 21 (1-ax)®?
2a (c— ;—X)g/z x2\/1+ax 2 (c— ;—X)g/zxm 7 a’/2 (c— ;—X)g/z xg/ZAr'cSinh[\/? \/Y}
s(1-ax)"  7viax 1 ax)”?
Result (type 3, 151 leaves):
C4Em(—30+162ax—356a2x2+292a3x3+105a4x4) 7Jic9/2Log[—Ji\/?(1+2ax)+2a C—lzim]
) 105a* x> (-1 +ax] ) 2a

Problem 511: Result unnecessarily involves imaginary or complex numbers.

C
JeAr‘cTanh[a X] (C _
a X

Optimal (type 3, 181 leaves, 7 steps):

7/2
dx
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2a(c—i)7/2x2\/1+ax Z(C—i)wzxvlJrax a2 (c—i)7/2x3\/1+ax (18+31ax) 5a5/2 (c—i)7/2x7/2ArcSinh[ﬁW]
- - +
3(1—ax)3/2 54/1-ax 15 (1—ax)7/2 (l—ax)”2
Result (type 3, 143 leaves):
 Je-= V1-a’x* (6-28ax+56a°x’+152a°x°) 51‘1c7/2Log[—j1\/?(1+2ax)+2a\,G;XV1iaZXZ]

-l+ax

15a3x2(—1+ax) 2a

Problem 512: Result unnecessarily involves imaginary or complex numbers.

C
JeAr‘cTanh[a X] (C _
a X

Optimal (type 3, 171 leaves, 7 steps):
3 a? (c— ;—X)5/2x3x/1+ax 2 (c—:—X)S/Zx (1+ax)3/2 43 (C—L)S/ZXZ (1+ax>3/2 3a3/2 (c— ;—X)S/ZXWZAr‘cSinh[\/?\/;]

ax
+ —

(1—ax)5/2 3(1—ax)5/2 (1—ax)5/2 (1—ax)5/2

5/2
dx

Result (type 3, 133 leaves):
|- 2 /c—:—x W 1-a?x? (-2+10 ax+3a2x?)

X (-1+ax)

2a |- xi/1-a?x?
—9Jia\/?Log[—jm/?(1+2ax)+ = ]

6 a?

Problem 513: Result unnecessarily involves imaginary or complex numbers.

C 3/2
JeAr‘cTanh[a x] (C _ ] dx
aX

Optimal (type 3, 128 leaves, 7 steps):
a (c— ;—X)3/2x2\/1+ax 2 (c— ;—X)3/2x (1—a2x2)3/2 JVa (c— i)yzx”zAr‘cSinh[\/;\/?}

(1-ax)?? (1-ax)? ' (1-ax)??

Result (type 3, 1191eaves):
c / 2a [c-< xq/1-a?x?
€k (2+ax) V1-a*x? ic¥2Llog[-ivc (1+2ax)+ — ]

-l+ax

a(71+ax) 2a
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Problem 514: Result unnecessarily involves imaginary or complex numbers.

C
JeArcTanh [ax] c- dx
aX

Optimal (type 3, 84 leaves, 6 steps):

T | ¢ \/_Ar'cslnh \/—\/—]

\/—\/1 ax

a c-
ax

Result (type 3, 111 leaves):

. [1_ a2 o2 c——Xxllax2
N 1-a%x J’L\/?Log[—i\/_ 1+2ax)+

-l+ax
+

-l+ax 2a

Problem 515: Result unnecessarily involves imaginary or complex numbers.

J\ Ar‘cTanh

Optimal (type 3, 157 leaves, 8 steps):
7\/1—ax Jitax 3 /1-ax ArcSinh rr] 22 \/1-ax Ar‘cTanh[MszTx]

a lc-< 33/2 / Jx a3/2 |c_. < Jx
ax ax

Result (type 3, 203 leaves):

< 22 2a c—i x /) 1-a2 x2 c—— xy/1-a%x? -i/2 +/c (-1-2ax+3a2x?)
c- = xVl-alx 3]1Log[—j1\/?(1+2ax>+ — ] ]'l\/?LOg T ]

+ —

c-acx 2a+/c avc
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Problem 516: Result unnecessarily involves imaginary or complex numbers.

eAr‘cTanh[a x]

P dx
/

(e-5)

ax

Optimal (type 3, 198 leaves, 9 steps):

Ji-ax Vi+ax . 2 (1-ax)¥?/1+ax 5 (1-ax)?*?Arcsinh[v/a V/x | 77 (1-ax)*?ArcTanh| ZJ:TX ]

3/2 3/2 3/2 3/2
a (c _ L) a2 (c _ L) X 35/2 (c _ L) x3/2 2 a5/ (c _ L) x3/2
ax ax ax ax

Result (type 3, 211 leaves):

1
4a
_ £ _ NEPY 2a [c- = xm dac [c- = xy1-a2% ~12 % (-1-2ax+32%x?)
da el x(-2rax)Vi-atx 101 Log[-i+/c (1+2ax)+ b ] 712 Log| ; ]
B . ~1l+ax _ 7 (-l+ax)
2 (-1+ax)? 32 c3/2

Problem 517: Result unnecessarily involves imaginary or complex numbers.

e/—\r‘cTanh[a X]
——dx
5/2
G
ax

Optimal (type 3, 249 leaves, 10 steps):

Vi-ax Virax 11(1-ax)*?virax 23(1-ax)*?virax 7 (1-ax)**Arcsinh[v/a /x| +79<1*ax)5/2A"CTa"h[ ]

5/2 5/2 5/2 5/2
8 32 (c— L) X 8 a3 (c— L) X2 a7/2 (c— L) x5/2 8+/2 a7/2 (c— L) X5/2
ax ax

2a (c—i);’/2

ax ax

Result (type 3, 222 leaves):
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43 /c—acfx xV1-a?x? (23—35ax+8a2x2)
1

32a c3 (—1+ax)3

+

112 Log[-iVc (1+2ax) +

-l+ax

2a [c-5 x+/1-a?x? 32ac? c—i x+/1-a2x? -8i /2 ¢5/2 (-1-2ax+3a%x?)
2 ] 794 V2 Log| ]

79 (-1+ax)?

c>/2 c>/2

Problem 527: Result unnecessarily involves imaginary or complex numbers.

C
Je3 ArcTanh[a x] (C _
a X

Optimal (type 3, 223 leaves, 8 steps):

3a3 (c—i)9/2x4\/1+ax 3 a2 (c—i)9/2x3 (6-17ax) <1+ax)3/2

9/2
dx

+ +
(1-ax)*? 35 (1-ax)”?

6a(c—fx)9/2x2 (1+ax)3/2 Z(C—i)g/zx(1+ax)3/2 3a7/2 (c—acfx)g/zxg/ZAr'cSinh[\/?\/?]
35 (1—ax>5/2 ) 7(1—ax)3/2 : (1—ax>9/2

Result (type 3, 151 leaves):

4 _ < 02 42 _ _ 2 2 343 4.4 2a c’i x+/ 1-a% x?
¢t - WVi-a?x? (10-26ax-12a2x?+164a° x> +35a% x*) 35 ¢ Log[-i VT (1+2ax) + ]
"

-1+ax

35a%x3 (—1+ax) 2a

Problem 528: Result unnecessarily involves imaginary or complex numbers.

Cc \7/2
Je3Ar‘cTanh[ax] (C _ ] dx
aX

Optimal (type 3, 217 leaves, 8 steps):



7.3 Inverse hyperbolic tangent.nb | 193

7/2 7/2

a3(c—fc) x*\/1+ax 2a? (c——c) x3<1+ax)3’/Z
ax

_ . _

ax

(1-ax)"? 3(1-ax)”?

2 (c— L)sz (1+ax)*? 4a (c— L)7/2x2 (1+ax)*? a%2 (C—L)7/2X7/2AF‘CSinh[\/?\/;]
aXx 4 aX _ aXx
5(1-ax)’"? 3(1-ax)’"? (1-ax)”?

Result (type 3, 143 leaves):
3 _ < _ a2 y2 _ 2 2 3 y3 c——x 1-a%2x?
A e oo Vi-a’x? (-6+8ax+44a’x’+152°%}) i 772 Log -1 T (1+2ax) + 2a, v

-l+ax

15a3x2(71+ax) " 2a

Problem 529: Result unnecessarily involves imaginary or complex numbers.

Cc \5/2
J(EEAr‘cTanh[a x] (C _
aX

dx
Optimal (type 3, 176 leaves, 8 steps):
a2 (c— i)5/2x3\/m 2a (c— i)S/sz (1+ax>3/2 2 (c— L)S/ZX (1—a2x2)5/2 a3/? (c—

ax

L) >'% %5/2 ApcSinh [\/? \/?]

ax

(1—ax)5/2 3(1—ax)5/2 3(1—ax)5 ) (1—ax)5/2

Result (type 3, 133 leaves):
2 c—i \1-a2x2 (2+2ax+3a?x?) c—— x4/ 1-a2 x2
fBja\ELog[—j\ﬁ +2ax +

X (-1+ax) -l+ax

6 a2

Problem 530: Result unnecessarily involves imaginary or complex numbers.

C
Je3 ArcTanh[a x] (C _
a X

Optimal (type 3, 127 leaves, 7 steps):
3a (cf :—X)3/2x2x/1+ax 2 (cf :_X)s/zx (1+ax>3/2 3+a (cf i)s/zxi‘/zAr‘cSinh[ﬁ\/?]

<l—ax)3/2 h (17ax>3/2 i (17ax>3/2

3/2
dx

Result (type 3, 118leaves):
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2¢ c—i (-2+ax) v/ 1-a? x2 2a /c—:—x x 1/ 1-a2 x2
—31‘1c3/2Log[—i\/?(1+2ax)+ ]

-1+ax -l+ax

2a

Problem 531: Result unnecessarily involves imaginary or complex numbers.

C
Je3 ArcTanh[a x] c- dx
aX

Optimal (type 3, 155leaves, 8steps):

| c x+v1+ax | ¢ \/—AI"C51nh \/—\/_ 42 |c \/—Ar'cTanh s }

\/—\/ 1-ax V—\/l ax

Result (type 3, 204 leaves):
. a |c- m c—— X\/].a—)(2+l\/_\/_ -1-2ax+3a?x?)
x/c_axx 1-a?x? SiWLog[—iV— 1+2ax)+ 211\/?\/?L0g ]

1rax 8c (-1l+ax)?

-l+ax 2a a

Problem 532: Result unnecessarily involves imaginary or complex numbers.

3 ArcTanh[a x]
dx

Optimal (type 3, 195leaves, 9steps):

/ / V2 va x
2V1-ax Vi+ax (1+ax)?? 7\/ -ax ArcSinh[+a V/x } 512 1-ax ArcTanh| Ty ]
N Y

l l m 33/2 / \/— 33/2 c_i W

Result (type 3, 210leaves):
< 2a |- x+/1-a2x? c—— x4/ 1- 32X2+]l\/_\/_ (-1-2ax+3a2x?)
. 2a /c—ax X (-3+ax)Vi-a’x? 75 Log[-1 Ve (1+2ax) + \ ] 511\/7L0g Y ]

10 (-1+ax)?

-l+ax
— - +

2a c(—1+ax)2 N N
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Problem 533: Result unnecessarily involves imaginary or complex numbers.

e3Ar‘cTanh[a x]
— dXx
3/2
(e~ %)
ax

Optimal (type 3, 249leaves, 10 steps):

21 (1-ax)*?V1+ax . (1+ax)?? ~9V1-ax (1+ax)?? 9 (1-ax)??Arcsinh[va Vx | +51 (1-2x)?*ArcTanh| ZJ:TX]
8 a2 (C—L)B/Zx Za(c—L)yZ\/l—ax 8 a2 (C—L)B/zx a2 (C—L)3/2x3/2 4-/2 252 (C—L)3/2X3/2
ax ax ax ax ax

Result (type 3, 220 leaves):

4a lc—;—x xV1-a2x? (15—23ax+4a2x2)
1

l6a cz(—1+ax>3 )

2a |c-= x+/1-a2x? -l6ac c—ac—x X~/ 1-a2x? +41i /2 ¢3/2 (-1-2ax+3a2x?)
72iLog[-i+vc (1+2ax)+ = ] 51i+/2 Log| ]

51 (-1+ax)?

+
C3/2 c3/2

Problem 534: Result unnecessarily involves imaginary or complex numbers.

eSAr‘cTanh[a x]
T e
5/
[e- 5]
ax

Optimal (type 3, 293 leaves, 11 steps):

103 (1—ax)5/2\/1+ax (1+ax)3/2 13+/1-ax (1+ax)3/2
+ - +
32a3 (C—L)S/sz 3a(c7L)5/2\/1—ax 24 a2 (cfﬁ)S/Zx
ax ax ax
5/2 2
43 (1-ax)¥* (1+ax)¥2 11 (1-ax)¥?Arcsinh[a /x| 249 (1-ax]>* ArcTanh [ 222
N _
32 a3 (c— L)S/z 2 a7/2 (c— L)S/Z ¥5/2 16/2 a’/2 (c— L)S/Z ¥5/2
ax ax ax

Result (type 3, 232leaves):
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4a [c- < x+/1-a2x? (_219+554ax_415a2x2+48a3x3)
1 aXx

64 a 3c3(—1+ax)4

2a |- x+/1-ax? -64ac? c—i x+/1-a?x? +161i /2 c5/2 (-1-2ax+3a%x?)
352i Log[-iVc (1+2ax)+ 2 ] 2491 /2 Log| ]

249 (-1+ax)?

c5/2 c5/2

Problem 535: Result unnecessarily involves imaginary or complex numbers.

C
Je—Ar‘cTanh[a x] (C _
aX

Optimal (type 3, 225leaves, 8 steps):
94 a? (c—:—x)9/2x3x/1+ax Ga(c—;—x)9/2x2\/1+ax 2(C—L)9/2xx/1+ax

ax

9/2
dx

+ - +
21 (1-ax)®? 5(1-ax)>? 7V1-ax
2 [c- )7 x1vax (2718 +521ax) 11872 [c- )7 %2 Arcsinh [Va Vx|
+
105 (1-ax)?? (1-ax)®?

Result (type 3, 151 leaves):
¢t [c- < V1-a2x? (30-246ax+1028 a2 x2 - 4156 a3 x> + 165 a* x*) 23 Jergp xV1x ]
ax

11i c®2Log[-iVc (1+2ax)+

-1+ax

+

105 a% x3 (—1+ax) 2a

Problem 536: Result unnecessarily involves imaginary or complex numbers.

Cc \7/2
Je—Ar‘cTanh[a x] (C _ ) dx
aX

Optimal (type 3, 179leaves, 7 steps):
Za(c—;—x)7/2x2\/1+ax 2<c—:—x)7/2xv1+ax a2 (c—i)7/2x3\/1+ax (66 +7ax) 9a5?2 (c—i)wzx”zAr‘cSinh[\/?\/?}

(1-ax)?? 5+/1-ax i 5(1-ax)’/? (1-ax)”?
Result (type 3, 143 leaves):
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3 _ < _ 3242 (_ _ 2 42 33 2a c-i x+/ 1-a% x?
< [e- V1-atx? (-2+16ax-92a’x*+52a%x?) 05 7 Log[-i/e (1+2ax) - \ ]

-l+ax

5a3x2(71+ax) " 2a

Problem 537: Result unnecessarily involves imaginary or complex numbers.

C
Je—ArcTanh[ax] (C _
aX

Optimal (type 3, 137 leaves, 6 steps):
Z(C—i)S/ZX\/1+aX a(c—L)S/Zx2 (18—ax) Vvl+ax 7a3%2 (c—i)S/ZXS/ZArcSinh[\E&]

ax
+

3+//1-ax 3(1-ax)? (1-ax)®?
Result (type 3, 135leaves):

< _a? x?
¢ [c-= Wi-a?x? (2-22ax+3a’x?) 7jc5/2Log[—J'1\/?(1+Zax)+2a oy XV LAt ]
+

-1+ax

5/2
dx

3a2x(—1+ax> 2a

Problem 538: Result unnecessarily involves imaginary or complex numbers.

C 3/2
Je—Ar‘cTanh[a x] (C _ ) dx
aX

Optimal (type 3, 126 leaves, 6 steps):
Z(C—:—X)3/2X\/1+ax a(c—L)3/2x2\/1+ax 5\/?(c—i)yzx-”/zAr‘cSinh[\/?\/Y]

ax
+

(1—ax)3/2 <1—ax)3/2 N (1—ax)3/2

Result (type 3, 118leaves):
2¢ |- (-2+ax) A/ 1-a2x? 2a [c-< xq/1-a?x?
= +51ic¥2Log[-iVe (1+2ax)+ = ]

_1+ax -l+ax

2a

Problem 539: Result unnecessarily involves imaginary or complex numbers.

C
Je—Ar‘cTanh [ax] c- dx
aX
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Optimal (type 3, 90 leaves, 6 steps):

|c x\1 3 Jc \/7Ar‘c51nh \/7(}
1-ax

Va Vitax

Result (type 3, 110leaves):

_ < A1 _ 32 2 c—— x+/1-a% x?
xlc axX 1-a%x Bjx/?Log[—jl\F 1+ Zax +
+

-1+ax

~1+ax 2a

Problem 540: Result unnecessarily involves imaginary or complex numbers.

J —ArcTanh [ax]

Optimal (type 3, 88 leaves, 6 steps):
VJi-ax V1+ax Vil-ax Ar‘cSinh[\Eﬁ}

a /C_L a¥/2 [c- < /x
ax ax

Result (type 3, 113 leaves):

/ ~ 2 42 c—; X/ 1-a2 x?
\/ anx ilog|-1i \/— 1+2ax)+

-l+ax
+

1+ax) 2ac

Problem 541: Result unnecessarily involves imaginary or complex numbers.

e—Ar‘cTanh[a x]
— dx
3/2
Gl
ax

Optimal (type 3, 159 leaves, 9 steps):

_( )3/2m (1—ax)3/2Ar‘cSinh{\/?\/Y] +ﬁ (1—ax)3/2ArcTanh[M%xx}

2 3/2 3/2
( L) 35/2 (c B L) x3/2 35/2 (c B L) x3/2
ax ax ax




Result (type 3, 205 leaves):
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c_ < Xm lc_; x+/1-a2 x2 4ac lcfi x+/1-a>x? +i/2 /2 (-1-2ax+3a%x?)
X leOg[_jl 1+2ax " -1+ax ]lLOg[ 2 (-1+ax)? ]
- +
2 (-1+ax) 2ac3? A2 ac3?

Problem 542: Result unnecessarily involves imaginary or complex numbers.

e—ArcTanh[a x]
—dx
5/2
Gl
ax

Optimal (type 3, 208 leaves, 9 steps):

1-ax)?Vivax 3(1-ax)*Vicax 3(1,ax>5/2msinhw§&]_9(1—aX>5/2APcTanh[M%XX]
232 (cf L)S/ZX 223 (c— L)S/Z a7/2 (cf L)S/ZXS/Z 2+/2 a7/2 (cf L)S/ZXS/Z
ax ax ax ax
Result (type 3, 214 leaves):
1
8 a
c 2 _C xAl1-a2x? -8ac? o= w/lax2+21\ﬁc5/2 (-1-2ax+3a2x?)
4a Jc- 5 x(-3+2ax) Vi-a’x? 12 Log[-iVc (1+2ax)+ i cz:x . ] 9i+V2 Log| P ]
3 (—1+ax)2 - c5/2 " c5/2

Problem 543: Result unnecessarily involves imaginary or complex numbers.

e—Ar‘cTanh[a x]
— dx
7/2
Gl
ax

Optimal (type 3, 252 leaves, 10 steps):

(1-ax)¥?VIvax 15(1-ax)”2y1rax 35(1-ax)”?vVI+ax 5 (1-ax)”?Arcsinh[va Vx| 11° (1-ax)”* ArcTanh| 2TZXX]
- - - +
432 (c— L)Nzx 16 a3 (c— L)7/2X2 16 a% (c— L)7/2X3 29/2 (c— L)7/2X7/2 16 /2 2972 (c— L)WZ 772
ax ax ax ax

Result (type 3, 222 leaves):
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4a /c—i xV1-a?x? (35-55ax+16a*x?)
1

64 a c“(—1+ax)3

2a [c-5 x+/1-a?x? —64ac? c—i x+/1-a?x? +16i /2 c7/? (-1-2ax+3a%x?)
1601 Log[-iVc (1+2ax) + = ] 1151 +/2 Log| ]

115 (-1+ax)?

c’/2

Problem 554: Result unnecessarily involves imaginary or complex numbers.

c \9/2
Je—3Ar'cTanh[ax] (C _
aX

dx
Optimal (type 3, 267 leaves, 9 steps):

5 g (c-L)9/2x5 (587-109ax) 7083 (c-L)mx4 50 a2 (c—L)Q/in‘
ax 4 ax _ ax N
7(1—ax)9/2\/1+ax (1—ax>5/2\/1+ax 7(1—ax)3/2\/1+ax
10 a (c— ac )g/zx2 2 (C—L)g/zxvlfax 15 a7/2 (cfi)g/zxg/ZArcSinh[\/?\/?}
X ax ax
7/1-ax V1l+ax 7+/1+ax (1—ax)9/2

Result (type 3, 152 leaves):

4 < (_ _ 2 42 343 4.4 5 5 2a [c-= xq/1-a? %
¢t [c-= [(-2+20ax-110a%x* +720a% x> + 1755 a* x* + 7 a° X°) 155 ¢ Log [~ /€ (1+2ax) + \ ]

-l+ax

7a*x3v/1-a?x? 2a

Problem 555: Result unnecessarily involves imaginary or complex numbers.

c \7/2
Je—BAr'cTanh[ax] (C _
aXx

dx
Optimal (type 3, 225leaves, 8 steps):
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e )" a5 arax)  semafc <)

<
ax

15(1—ax>7/2\/1+ax _15(17 )3/2\/1+ax

ax

15vV1-ax V1+ax 5v1+ax (1-ax)”?
Result (type 3, 144 leaves):

3 _ < _ 242 343 4,4 2a [c- = xy/1-2°%
A e . [6-62ax+548a%x? +1591a% x* + 15a% x*) 135 72 Log[-i /T (1+2ax) + \ ]

15a3 x2 /1 - a2 x? 2a

38a (cf :—X)7/2 X2 2 (cf L)szx/lfax 13 a5/2 (c ) 72 x7/2Ar'cSinh[\/? \/;]

Problem 556: Result unnecessarily involves imaginary or complex numbers.

Cc \5/2
Je—SArcTanh[a x] (C _ ) dx
aX

Optimal (type 3, 181 leaves, 7 steps):

a? (c—L)S/zx3 (191-25ax) 26a (c_i)mx2
ax aXx

2 (c—i)S/ZX\/l—ax 11 a3/2 (c—i)S/ZXS/zArcSinh[ﬁ\/?]
. , ,
3(1—ax)5/2\/1+ax 3v1-ax /1+ax 3+/1+ax <1—ax)5/2

Result (type 3, 134 leaves):

, 2 /c—i (-2+32ax+133 a2 x?+3 3’ ) _ _ /c—; x A/ 1-a2 x?
c -33ia+/c Log[-ivc (1+2ax)+
X /17a2x2 -1l+ax

6 a2

Problem 557: Result unnecessarily involves imaginary or complex numbers.

Cc \3/2
Je—BAr*cTanh[ax] (C _
aXx

dx
Optimal (type 3, 133 leaves, 6 steps):
2 (c— i)s/zxvl—ax a (c— i)s/zx2 (23-ax) 9+/a (c— L)3/2x3/2Ar‘cSinh[\/;\/?}

ax
+

V1+ax (1—ax)3/2\/1+ax <1fax)3/2

Result (type 3, 1191eaves):
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2¢ c—i (2+19 ax+a? x?) s . c—— X~/ 1-a2 x?
-91ic Log[—Jl\/ 1+2ax +
[1-a2x2 -l+ax

2a

Problem 558: Result unnecessarily involves imaginary or complex numbers.

C
JQ—B ArcTanh[ax] c- dx
axX

Optimal (type 3, 123 leaves, 6 steps):

| ¢ | c x+v1+ax | ¢ \/_Ar‘c51nh \/—\/—]

\/1 a X \/1+ax \/7\/ 1-ax

Result (type 3, 108 leaves):

- c—— X~/ 1-a2 x2
\'c ax x(9+ax) 711\/?Log[—j1\/— 1+2ax +

-l+ax

1-a%x? 2a

Problem 559: Result unnecessarily involves imaginary or complex numbers.

—3 ArcTanh [a x]
dx

Optimal (type 3, 127 leaves, 7steps):

5v1-ax 1-ax) 5\/1 ax Arcsinh[va Vx |
| c \/m Jc- < J1-a2x? a¥?2 |c \ﬁ
Result (type 3, 140 leaves):
c (-1+ax) m ( 3 B 2 ) ) i (ce2acx) 2ax C(fal;ax) [1-a2 x2
c (-1+ax) ¢ (1+ax) 51 Log [— NS + leax ]

a 2a\E
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Problem 560: Result unnecessarily involves imaginary or complex numbers.

e—BAr‘cTanh[a X]
P dx
/
Gl

ax

Optimal (type 3, 131 leaves, 7 steps):
2 (1-ax)*? 3(1-ax)¥?+/1+ax 3 (1-ax)’?ArcSinh[va /x|

N 3/2 3/2 3/2
3 (C_L) JV1+ax 32 (C_L) X 35/2 (C_L) x3/2
a ax

X ax

Result (type 3, 111 leaves):

< X/ 1-a2 x2
€ ax X (Brax] 3ilog[-i+vc (1+ 2ax+ W

-1+ax

3/2
c2+/1-a2x? 2ac

Problem 561: Result unnecessarily involves imaginary or complex numbers.

e—3 ArcTanh[ax]
— dXx
5/2
(e~ )
ax

Optimal (type 3, 199 leaves, 9 steps):

(1-ax)%? 2 (1-ax)®?yTrax  (1-ax)*?Arcsinh[va /x| (1-ax) %% ArcTanh [t

+ +
5/2 5/2 5/2 5/2
a2 (C_L> xvV1+ax a3 (C_L) X2 a7/2 (C_L) X5/2 J2 a2 (C_L) X5/2
ax ax

ax ax

Result (type 3, 205 leaves):
_ < c—— x+/ 1-a2 x? 4ac? [c-— x4/1- azxz—lm/_cs/2 (-1-2ax+3a%x?)
A Y e x (2+ax 2ic Log[-iVe (1+2ax)+ " lﬁ\FLog \ ]

-1l+ax (-1+ax)?

4¢3 1= a2 x2 a a

Problem 562: Result unnecessarily involves imaginary or complex numbers.

e—3 ArcTanh[ax]
— dX
7/2
(-]

ax
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Optimal (type 3, 251 leaves, 10 steps):

<1_ax>5/2 (1—ax)7/2

2 a2 (c—i)7/ZX\/1+ax 4a3(c—L)7/2x2\/1+ax
ax aXx

+

7(1-ax)”?+/1+ax (1-ax)”?ArcSinh[Va /x| 11 (1-ax)”"* ArcTanh | Zﬁx}
+

7/2 7/2 N 7/2
4 3% (c— L) X3 39/2 (c— L) x7/2 4~2 292 (c— L) x7/2
ax ax

ax

Result (type 3, 228 leaves):

|c xV1-a?x? ( 7+ax+4a? xz)

16 a 1+ax) (1+ax)

+

2a [c-S xaf1-a%x? 16ac? c X/ 1- a? x? 41rc7/2 -1-2ax+3a?x?)
)+ 2 ] 111'1\/?Log ]

11 (-1+ax)?

8ilog[-i+vc (1+2ax

c’/2 c7/2

Problem 565: Result unnecessarily involves imaginary or complex numbers.

C
J\eAr‘cTanh [ax] Cc- X2 dx
ax

Optimal (type 3, 179leaves, 8 steps):

| c XxV1+ax lc— 1+ax [c- 1+ax | c \/—Ar‘c51nh \/—\/—]
—ax ax 3vV1l-ax

avi_ax 8a52+/1-ax

Result (type 3, 128 leaves):
xy/1-a2x? (-3+2ax+8a’x?)

-l+ax

+3i+/c Log[-ivc (1+2ax)+ — v

-l+ax

48 a3



Problem 566: Result unnecessarily involves imaginary or complex numbers.

C
JeAr‘cTanh[a X] c- x d X
aX

Optimal (type 3, 135leaves, 7 steps):

[ ¢ xv1+ax /c— Ji+ax | ¢ \/_AI"C51nh \/—\/—]

2+/1-ax 4a%2+/1-ax
Result (type 3, 120leaves):

2a [c-= x (1+2ax)\/1-a%x? c—— X~/ 1-a2 x?
= +ivc Log[-i+c (1+2ax)+

-l+ax -l+ax

8 a2

Problem 567: Result unnecessarily involves imaginary or complex numbers.

C
JeAr'cTanh [ax] Cc- dx
aX

Optimal (type 3, 85leaves, 6 steps):

| c XxvV1+ax Cc - \ﬁAr‘cSmh \ﬁ\ﬁ]
VJi-ax Va V1-ax

Result (type 3, 111 leaves):

c / 2a |c-< x4/1-a2x?
€ XV e leg[ i/ (14 2ax%) ¢ ]

.
-1l+ax 2a

Problem 568: Result unnecessarily involves imaginary or complex numbers.

ArcTanh[a x] Cc- <
ax

e

dx
X

Optimal (type 3, 86 leaves, 6 steps):
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f[c-— “1l+ax 2\/— e

Result (type 3, 105leaves):
2a /c—i xV1-a?%x?
i c (1+2ax) +

2 lc—i V1-a?x?
+i+c Log[-i

-1l+ax -1l+ax

\/_Ar‘cSmh \/—\/_]
\J1-ax

]

Problem 582: Result unnecessarily involves imaginary or complex numbers.

C
Je3 ArcTanh[ax] c- X3 dx
ax

Optimal (type 3, 292 leaves, 11 steps):

7 |c xvV/1l+rax 21 c—i x(1+ax)3/2 11 lc—i x2(1+ax)3/2
ax

64a3+/1- 32a3+v1-ax 24a2+/1-ax

ax
/c—;—x x* (1+ax) 3/2 | c \/_Ar‘c51nh \/—\/— 42 \/_Ar‘cTanh ]
1+ax

4a+1-ax 64a’/2+/1-ax a’’?2+/1-ax
Result (type 3, 231 leaves):

a |c xV1-a?x? 447+214ax+136a +48a3x3)

384 a* -l+ax

-1089i+/c Log[-ivc (1+2ax)+

ia*

41ia lc—i xV1-a2x2 +/2 ¢ (—1—2ax+3a2x2)

8¢ (—1+ax)2

7681 /2 V¢ Log]| ]
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Problem 583: Result unnecessarily involves imaginary or complex numbers.

C
Je3 ArcTanh[a x] c- X2 dx
a X

Optimal (type 3, 248 leaves, 10 steps):

| c xv/1l+rax 3 c—Lx(1+ax)3/2 C—Lx2(1+ax)3/2
ax ax
Vi-ax

- 4a2+/1-ax 3avl-ax
| c \/7Ar‘c51nh \/7( 4\/7l \FArcTanh }
1+ax

8a%/2+/1-ax a>/2+/1-ax

Result (type 3, 223 leaves):
a |c- xV1-a?x? (57+26ax+8a’x?) 2a c’i xV1-a2x?
~135i+/c Log[-iVc (1+2ax)+ ]+

48 a3 -l+ax ~l+ax

ia3

41a /c—i xV1-a2x® +/2 Ve (—1—2ax+3a2x2)

9612 Vc Log| ]

8¢ (—1+ax)2

Problem 584: Result unnecessarily involves imaginary or complex numbers.

C
Je?, ArcTanh[a x] c- x dx
aX

Optimal (type 3, 204 leaves, 9 steps):

7 |c xV1+ax c- < x(1+ax)’?* 23 [c- < +/x ArcSinh[Va Vx| 42 IC—L\/?Ar‘cTanh[L*L\EZ ——
ax ax ax Vivax
- +
Vi-ax

2avl-ax 4a332+/1-ax a3/2+4/1-ax

Result (type 3, 211 leaves):
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2a c—LX x(9+2ax)\/1—a2x2 2a [c-< xvV1-a2x?
— -23i+/c Log[-i+/c (1+2ax)+ ]+

8 a2 -1l+ax -1l+ax

| c xV1-a?x? +11\/—\/—< 1-2ax+3a? x2)
1611\/?\/?Log

c (- 1+ax)

]

Problem 585: Result unnecessarily involves imaginary or complex numbers.

C
JQB ArcTanh[ax] c- dx
aX

Optimal (type 3, 155leaves, 8steps):

| c x+/1+ax | ¢ \/_Ar‘cSmh \/—\/— 42 |c \/—Ar‘cTanh N }
Vi-ax

\/_\/ 1-ax \/—\/1 R

Result (type 3, 204 leaves):
< / c,i X/ 1-a2 x? c—— xy/1-a2x? +iv/2 V¢ (-1-2ax+3a? x?)
€ xVL-atx 5i+/c Log[-ivc (1+2ax) + i 2i/2 ¢ Log[- ]

1rax 8c (- 1+ax)

- +
-l+ax 2a a

Problem 586: Result unnecessarily involves imaginary or complex numbers.

3 ArcTanh[a x] c- <
ax

e

dx
X

Optimal (type 3, 154 leaves, 8 steps):
2 Jc Vv1+ax 2 \/— | c
= a X

Result (type 3, 196 leaves):

\/—Ar‘cSmh Va Vx| 4\/—\/—/ \/—Ar‘cTanh e }
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2 lc—i V1-a?x? 2a c—i xV1-a?x?
-ive Log[-i+ve (1+2ax) + ] +
-l+ax -l+ax
a |c xV1-a?x? +1\ﬁ\ﬁ( 1- 2ax+3a2x2>
ij/fx/?Log ]
8cC ( 1+ax)

Problem 587: Result unnecessarily involves imaginary or complex numbers.

eBAr‘cTanh[a X] c- <
ax

dx

XZ

Optimal (type 3, 147 leaves, 6 steps):

a [c-< 1+rax 2 |c- (1+ax>3/2 4-/2 a¥? |c Vx ArcTanh] ]
1+ax
Vi-ax X

3xvV1-ax Vv1-a

Result (type 3, 145leaves):

2 lc_i (1+7ax) V1-a?x? a |c xV1- a2x2+1\/_\/_( 1-2ax+3a?x?)
+211\/7a\/?Log

3x(71+ax) 8ac( 1+ax)

]

Problem 588: Result unnecessarily involves imaginary or complex numbers.

3 ArcTanh[a x] c- <
ax

e

dx

x3

Optimal (type 3, 191 leaves, 7 steps):

| c vli+ax 2a [c--—* (1+ax)3/2 2 |c- < (1+ax)5/2 44/2 a%2 |c \/ x Ar‘cTanh[L\D@}
ax ax Jirax
- +
VJ1-ax

3xvV1l-ax 5x2+41-ax VJ1-ax

Result (type 3, 155leaves):
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2 c—i V1-a2x? (3+11ax+38a2x2) | ¢ X1 —aZX2+J].\/—\/—(1 2ax+3a2x2)
+2i\/7a2\/?Log ]
15x? (-1+ax) 8a?c (- 1+ax)

Problem 589: Result unnecessarily involves imaginary or complex numbers.

3 ArcTanh[a x] c- <
ax

(S

dx

x4

Optimal (type 3, 237 leaves, 9 steps):

104a3 |c Vvi+ax 2 |c V1+ax | c VY1l+ax 32a? |c vi+ax 4+2 a’? |c A/ X Ar‘cTanh }
1+ax
V1-ax V1-ax V1-ax —ax

21+vV1-ax AV
Result (type 3, 163 leaves):
2 c—i Vi-a’?x? (3+9ax+16a’x?+52a%x?) a |c xV1-a?x? +1\/—\/_( 1-2ax+3a?x?)
+21‘1\Ea3\/?Log ]
21x3(—1+ax> 8 a3 c( 1+ax)

Problem 590: Result unnecessarily involves imaginary or complex numbers.

(esArcTanh[ax] c - <
ax

dx

x>

Optimal (type 3, 281 leaves, 10 steps):

1576 a* | c V1+ax | c V1l+ax 38a lc—;—x V1+ax
ax X

315v/1-ax Vi-ax 63x>V1-a
92a2 |c- < +fl+ax 472a% [c- < J1+ax 4+/2 a%? |c \ﬁArcTanh[M}
ax ax Jilrax
- +
105 x2\/1-ax 315xvV1-ax Vv1-ax

Result (type 3, 171 leaves):
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2 c—i V1-a2x? (35+95ax+138a2x2+236a3x3+788a4x4) a |c xV1 —32X2+J].\/—\/—(1 2ax+3a2x2)
+2i\/7a4\/?Log ]
315x* (-1+ax] 8atc (- 1+ax)

Problem 592: Result unnecessarily involves imaginary or complex numbers.

C
Je—ArcTanh[a x] c- X2 dx
aX

Optimal (type 3, 182leaves, 8 steps):

e XxV1+ax 11 [c- 1+ax | c 341 e \/7Ar‘c51nh \ﬁ\ﬁ]
vi-ax —ax

12a+/1-ax 8a%2+/1-ax

Result (type 3, 128 leaves):
x+/1-a?x?* (33-22ax+8a’x?)

-l+ax

P < [1-a2x2
+33i+/c Log[-i+/c (1+2ax)+ e VR ]

-1l+ax

48 a3

Problem 593: Result unnecessarily involves imaginary or complex numbers.

C
Je—Ar‘cTanh[a X] c- x dx
ax

Optimal (type 3, 138 leaves, 7 steps):

i xv1+ax /c— 2./1_a2x2 | ¢ \/_Ar‘c51nh \/—\/—]
ax

avi-ax -ax) 4a%2+/1-ax
Result (type 3, 120leaves):

2a [c-< x (-7+2ax) 4/ 1-a2x? c—— x4/ 1-a2 x2
i —71’1\/C_Log[—jm/_ 1+2ax)+

-l+ax -l+ax

8 a2
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Problem 594: Result unnecessarily involves imaginary or complex numbers.

C
Je—ArcTanh [ax] c- dx
a X

Optimal (type 3, 90leaves, 6 steps):

| c xV1-a2x2 3 |c \/—AI"CSII’]h V_\/_}

Va Vicax

Result (type 3, 110leaves):

€ oy f1_32x2 /c——x\/laxz
T IVITE 3 log iV (1h2ax)
+

-1l+ax

-l+ax 2a

Problem 595: Result unnecessarily involves imaginary or complex numbers.

—-ArcTanh[a x] c - <
ax

e

dx
X

Optimal (type 3, 89leaves, 6 steps):
2 |c- m 2+/a |c
-aX

Result (type 3, 105leaves):

2 lcfaLX V1-a?x? a |c xV1- azx2
—Jl\/?Log[—im/_ 1+2ax)+

-l+ax -l+ax

\ﬁAI"CSlnh \/7\/7]
V1-ax

Problem 608: Result unnecessarily involves imaginary or complex numbers.

C
Je—SAr‘cTanh[a X] c- X3 dx
ax

Optimal (type 3, 262 leaves, 9 steps):
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c- < x* 1115 [c- < x+/l1+ax 1115 [c- < x2+/1+ax
ax ax ax
a a

V1-ax \/1+ax 64a31-ax

X 96a2+/1-ax
3 [c- Vivax ¢ x*vV1+ax 1115 [c- < /x Arcsinh[vVa /x|
VJi-ax 4+/1-ax 64a’/2+/1-ax

Result (type 3, 137 leaves):

2a /c—i X (-3345-1115 a x+446 a? x?-200 a* x> +48 a* x*) . . 2a /c-a‘—x X/ 1-a2 x2
+3345i+/c Log[-i+/c (1+2ax)+ - ]
/17a2 XZ -1l+aXx

384 a*

Problem 609: Result unnecessarily involves imaginary or complex numbers.

C
Je—BArcTanh[a X] c- X2 dx
ax

Optimal (type 3, 218 leaves, 8 steps):

| c ;x3 | c xvV1l+ax 119 /c—ac—x x2\/1+ax /c—i x3vV1+ax 119 /c—i &Ar‘csinh[\/?\/?]
. _
Vi-ax

V1-ax \/1+ax 12a+/1-ax 3+/1-ax 8a°2+/1-ax

Result (type 3, 129 leaves):

2a [c-5 x(357+119ax-38a%x?+82’ X*) . . o= xof1-a2 %
-3571+c Log[—Jl\/ 1 2ax +
/1_a2 2 -1+ax

48 a3

Problem 610: Result unnecessarily involves imaginary or complex numbers.

C
Je—3ArcTanh[a x] c- X dx
ax

Optimal (type 3, 174 leaves, 7 steps):
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| ¢ | ¢ x/1+ax /c— x2/1+ax | ¢ \/_Ar‘cSmh \/—\/—]

V1-ax \/1+ax 2+/1-a

4332+/1-ax
Result (type 3, 121 leaves):
2a [c-= x (-47-13ax+2a%x?)
= +47i+/c Log[-i
~/ 1-a2 x?

8 a2

Problem 611: Result unnecessarily involves imaginary or complex numbers.

C
Je—BArcTanh[a X] c- dx
a X

Optimal (type 3, 123 leaves, 6 steps):

| c | c x+v1+ax | ¢ \/_AI"C51nh \/—\/—]

V1-ax \/1+ax Va V1-ax

Result (type 3, 108 leaves):

< c——x\llax2
€ ax X (9vax] 7iVc Log[-ive (1+2ax)+

-1l+ax
/1- a2 x? 2a

Problem 612: Result unnecessarily involves imaginary or complex numbers.

e—SAr‘cTanh[a x] c - <

ax

dx
X

Optimal (type 3, 124 leaves, 6 steps):

| c c—ac—x 2+/a /c—ac—x \/?Ar‘csinh[\/?\/?}
V1-ax

\/l—ax V1+ax \/1 ax \/1+ax

Result (type 3, 104 leaves):
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2 c—ac—x (1+5ax) 2a c—i xV1-a?x?
- +ive Log[-iVe (1+2ax)+ ]
V1-azx? -l+ax

Problem 617: Unable to integrate problem.

C
Jen ArcTanh[a x] (C _
aXx

Optimal (type 6, 64 leaves, 3 steps):

p
dx

(c_;—x)px<1—ax)’pAppellF1[1—p, s (n-2p), -2, 2-p,ax, ~ax]

1-p

Result (type 8, 24 leaves):

C \pP
J\enArcTanh[ax] (C _
aX

dx
Problem 618: Unable to integrate problem.

C \p
JQ—ZpAr‘cTanh[ax] (C _ ) dx
aX

Optimal (type 6, 54 leaves, 3 steps):
(- <) x (1-ax) PAppellF1(1-p, -2p, p, 2-p, ax, -ax]

1-p

Result (type 8, 25leaves):

C \P
jefszrcTanh[ax] [C _
aX

Problem 619: Unable to integrate problem.

C \p
JQZpAr‘cTanh[ax] (C _ ) dx
aX

dx

Optimal (type 5, 50leaves, 3 steps):

(c— i)px (1-ax) P Hypergeometric2F1[1-p, -p, 2-p, -ax]

1-p
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Result (type 8, 25leaves):

C \p
JQZpArcTanh[ax] (C _ ) dx
aX

Problem 624: Attempted integration timed out after 120 seconds.

Cc \3/2
JenArcTanh[a X] (C _
aX

dx
Optimal (type 6, 54 leaves, 3 steps):

c \3/2 101 n 1
72 (c—;) xAppellFl[—;, N (-3+n), -2, s ax ~ax|

<173X)3/2

Result (type 1, 1leaves):

???

Problem 625: Attempted integration timed out after 120 seconds.

C
Jen ArcTanh[a x] Cc- dx
aX

Optimal (type 6, 54 leaves, 3 steps):

2 lc—fx xAppellFl[i, i (-1+n), —g, %, ax, -ax|
V1-ax
Result (type 1, 1leaves):

???

Problem 626: Attempted integration timed out after 120 seconds.

nArcTanh[a x

e [ax]
— dX
lc_. <
ax

Optimal (type 6, 56 leaves, 3 steps):
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2x+/1-ax AppellFl[%, “T”, —3, 3, ax, -ax|

3 [c- &

ax

Result (type 1, 1leaves):

2P

Problem 627: Attempted integration timed out after 120 seconds.

enAr‘cTanh[ax]
T dx
(e-)”
ax
Optimal (type 6, 56 leaves, 3 steps):
2 x (1—ax)3/2AppellF1[§, 0, T ax, —ax]

2 2 2
)3/2

5(c—L

ax

Result (type 1, 1leaves):

e

Problem 789: Unable to integrate problem.

C
Je—z p ArcTanh[a x] (C _
a?x?

Optimal (type 5, 53 leaves, 3 steps):

P
dx

C

(c— . Z)px (1—a2 x2>'p Hypergeometric2F1[1-2p, -2p, 2-2p, aX]
X

1-2p

Result (type 8, 25leaves):

e-z ArcTanh[a x] _ ¢
J i [c a?x?
Problem 790: Unable to integrate problem.

C P
J(EZpAr‘cTanh[ax] (C _ ) dx
a? x?

Optimal (type 5, 54 leaves, 3 steps):

p
dx
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(cf £ )px (1-a%x?) P Hypergeometric2F1[1-2p, -2p, 2-2p, -ax]

a% x?

1-2p

Result (type 8, 25leaves):

2 pArcTanh[ax c P
Jep h 1(c_azxz) dx
Problem 800: Unable to integrate problem.

C P
Jen ArcTanh[ax] (C _ ) dx
a? x?

Optimal (type 6, 72 leaves, 3 steps):

(c— S )px (1-a2x?) P AppellF1[1-2p, % (n-2p), -3 -P,2-2p,ax, ~ax|

aZ XZ

1-2p

Result (type 8, 24 leaves):

nArcTanh[a x _ ¢ P
je (ax] (c = xz) dx
Problem 801: Result unnecessarily involves higher level functions.

C P
Je4ArcTanh[a X] (C _ ) dx
a? x?

Optimal (type 5, 339 leaves, 13 steps):

2a (c—azcxz)lox2 ) (c—azcxz)px (1-ax)™P (1+ax)’pHyper‘geometr‘iCZFl[i (1-2p), 2-p, i (3-2p), a?x?] )
(1-p) (1-ax) (1+ax) 1-2p

6 a2 (c— ;T)pﬁ (1-ax)P (1+ax)’pHyper‘geometr'iczFl[i (3-2p), 2-p, % (5-2p), a®x?]

+

3-2p
a* (c— L)lox-r’ (1-ax)™® <1+ax)’pHyper‘geometr‘iCZFl[i (5-2p), 2-p, i (7-2p), a? x|

+

5-2p

2 a3 (c— < )px“ (1-ax) P (1+ax) PHypergeometric2F1[2-p, 2-p, 3-p, a*x?|

a? x?

2-p

Result (type 6, 319leaves):
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-p 2ax

1-ax (1+ax)’1+p (-1+a*x?) P Hypergeometric2F1[1-2p, 2-p, 2-2p,

+

4 (—1+ax)p

l1+ax

c P
=) x|
a? x? 1-2p 1+ax

1 3
(1-a®x?) P Hypergeometric2F1| = -p, -p, —-p, a>xX*|| -
2 2

(8 (-1+p) (1-ax) P (-1+ax) P (1-a?x?)? (-1+a?x?) P AppellF1[1-2p, 1-p, -p, 2-2p, aXx, —ax})/
((-1+2p) (2 (-1+p) AppellF1[1-2p, 1-p, -p, 2-2p, ax, -ax] +
ax ((-1+p) AppellF1[2-2p, 2-p, -p, 3-2p, ax, -ax] - pHypergeometricPFQ[{1-p, 1-p}, {2-p}, azxzh)))

Problem 802: Unable to integrate problem.

C P
JQB ArcTanh[a x] (C _ ) dx
az x2

Optimal (type 5, 217 leaves, 7 steps):
(c— < )px a (c— < )pxz 3 a2 (c— < )px3 (1—azxz)’pHyper‘geometr‘icZFl[i (3-2p), %—p, i (5-2p), a? x?|
+

a? x? a% x? a?x?

(1—2p)\/1—a2x2 _ \/1-a2x? 3-2p
a(5-2p) (c— L)'DX2 (1-a2x?)®? Hypergeometric2F1[1 - p, i—p, 2-p, a?x?]

a% x?
2 (1-p)

Result (type 8, 24 leaves):

3 ArcTanh[a x c P
Je (ax] (c . xz) dx
Problem 803: Result unnecessarily involves higher level functions.

C p
JQZArcTanh[ax] (C _ ) dx
a? x?

Optimal (type 5, 217 leaves, 10 steps):

(c— af)(Z)px (1-ax)P (1+ax)? Hyper‘geometr‘icZFl{% (1-2p), 1-p, % (3-2p), a®x?| )

1-2p

a? (c— L)|DX3 (1-ax)P <1+ax)’pHyper‘geometr‘iCZFl[i (3-2p), 1-p, i (5-2p), a? x|

a% x?
+

3-2p
a (c— EL)F’X2 (1-ax) P (1+ax) PHypergeometric2F1[1-p, 1-p, 2-p, a*x?|

1-p
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Result (type 6, 235leaves):

p 1 3
x (1-a®x?) P |Hypergeometric2F1[ = -p, -p, —-p, a>x*| +
2

1 ( c
C_
-1+2p a2 x?
(4 (-1+p) (1-ax)™P (—1+ax)’1*p <1—a2x2)2|D (-1+a*x?) P AppellF1[1-2p, 1-p, -p, 2-2p, aXx, —ax})/
(2 (-1+p) AppellF1[1-2p, 1-p, -p, 2-2p, ax, -ax] +

ax ((-1+p) AppellF1[2-2p, 2-p, -p, 3-2p, ax, -ax] - pHypergeometricPFQ[{1-p, 1-p}, {2-p}, azxz}))]

Problem 804: Unable to integrate problem.

C p
J(eAr‘cTanh [ax] (C _ ) dx
a x?

Optimal (type 5, 137 leaves, 5steps):

(c— < )px (1-a%x?) " Hypergeometric2F1[ > (1-2p), >-p, > (3-2p), a>x’]

a% x?

+

1-2p

a (c— ;7)sz (1-a2x?) P Hypergeometric2F1[2 -p, 1-p, 2-p, a2 x?|

2 (1-p)

Result (type 8, 22leaves):

ArcTanh[ax c P
Je hlax] (c_azxz) dx
Problem 805: Unable to integrate problem.

C
J\efAr‘cTanh[a x] (C _
a? x?

Optimal (type 5, 137 leaves, 5steps):

p
dx

(c— azcxz)px (1-a2x2)7P Hyper‘geometr‘icZFl{i (1-2p), i—p, % (3-2p), a?x?]

1-2p :

a (c— L)px2 (1-a2x?) P Hypergeometric2F1[ > -p, 1-p, 2-p, ax?|

a? x? 2
2 (1-p)

Result (type 8, 24 leaves):

C P
J\G—ArcTanh[a x] (C _
a?x?

dx




Problem 806: Result unnecessarily involves higher level functions.

C
JG—Z ArcTanh[a x] (C _
a? x?

Optimal (type 5, 218 leaves, 10 steps):

p
dx

(c— S )'Ox(l—ax)’p (1+ax)’pHypergeometr‘iCZFl[%(1—2p),1—p,%(3—2p),a2x2}

a% x?

+

1-2p

a% x?

a2 (c— L)px3 (1-ax)P <1+ax)’pHyper‘geometr‘iCZFl[i (3-2p), 1-p, % (5-2p), a?x?|

3-2p
a (c— ﬁ)px2 (1-ax)™P (1+ax)PHypergeometric2F1[1-p, 1-p, 2-p, a*x?|

1-p

Result (type 6, 226 leaves):

b (1-a%x?) P Hypergeometric2F1 [% -p, -p, 3 -p, a2 x?|

X

+

c
C7
( a? x?
(4 (-1+p) (-1+ax)? (1+ax)'1+p (-1+a*x*) P AppellF1[1-2p, -p, 1-p, 2-2p, aX, —ax])/
((1-2p) (2 (-1+p) AppellF1[1-2p, -p, 1-p, 2-2p, ax, -ax] +

-1+2p
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ax (-(-1+p)AppellF1[2-2p, -p, 2-p, 3-2p, aX, -ax] + p HypergeometricPFQ[ {1-p, 1-p}, {2-p}, azxz])>)

Problem 807: Unable to integrate problem.

C
Je—SArcTanh[ax] (C _
a?x?

Optimal (type 5, 216 leaves, 7 steps):

p
dx

2

a?x?

(c— < )px a(c— < )pxz 3a? (c— < )px3 (1-a?x?) P Hypergeometric2F1[ > (3-2p), 2 -p,

a? x? a? x?

(5-2p), a®x?|

+ +

(1-2p) V1-a2x? \/1-a2x? 3-2p

a(5-2p) (c— ¢ )px2 (1-a2x?) P Hypergeometric2F1|1-p, %—p, 2-p, a?x?]

a% x?
2 (1-p)

Result (type 8, 24 leaves):
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C
Je—s ArcTanh[a x] (C _
a2 x?

Problem 808: Result unnecessarily involves imaginary or complex numbers.

JeA“Ta"h xV/1+x Sin[x] dx

p
dx

Optimal (type 4, 240leaves, 16 steps):

3+/1-x Cos[x] - (1-x)>?Cos[x] -3 I T cosp1] FresnelC| /3 Vi-x] -

2 7T
3 |z Cos[1] FresnelS| 2 V1-x|+2+/27 Cos[1] Fresnels| 2 x/lfx}JrE /E FresnelC| 2 V1-x|sin[1] -
2 2 7T 7T 2 2 7

3
242 Fr‘esnelc V1 Sln - 3 FresnelS / V1 Sln —+V1-x Sin[x]
2

Result (type 4, 185 leaves):

(-11-1) Emhﬁ[ (1+i)V-1+x

V2

1

—1V1+X
8+V1-x2

| (Cos[1] +isin[1]) + ((-4-31)+ (2+31i)x+2x%) (214 Cos[x]-2Sin[x]) +

(1+]'L) -1+X

| (Cos[x] +1iSin[x])

2((-3-41i)+(3+21)x+2ix?) (Cos[1] +iSin[1]) - (1+111i) AR Erf]
\ 2

V2

(Cos[1+x] -iSin[1+x])

Problem 809: Result unnecessarily involves imaginary or complex numbers.

J ArcTanh|[ q/1+x Sln dx

Optimal (type 4, 141 leaves, 11 steps):



V1-x Cos[x] - l Cos| Fr‘esnelc V1 +2x/ 7 Cos| Fr‘esnelS Vi1
2
2+4/2 FresnelC V1 Sln - s Fr‘esnelS[ — Vv1-x ] Sin[1]
2 TT

Result (type 4, 129 leaves):
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e X 1x (2 (1eetX) VoTux + (1-41) (-1)¥ et 30 o Erfi [ (-1) Y V-1 x ]|

) (1+41) (-1)*% e ~/m Erfi (-1)Y*V1-x] +

V-1+X V1+X

Problem 810: Result unnecessarily involves imaginary or complex numbers.

Je‘“ﬂa“h v1-x xSin[x] dx

Optimal (type 4, 163 leaves, 13 steps):

V1+x Cos[x] - (1+x)3/2 Cos[x] - l Cos[1] FresnelC| / V1+x | Cos ] Fresnels| 1+x |
2 3
Fr‘esnelC = /1+x]sin[1] - /ﬁ FresnelS[ | = +/1+x | Sin[1] + =+/1+x Sin[x]
2 7T 2

Result (type 4, 168 leaves):

1+j) -1-x

1 (1 1
=, r
V1-x2

et (0 /1% {(-3-21) e“mmEr‘F[< ]+
16 16 NEY

(1+i) V-1-x

V2

e! [(2+21’1) (3+e2™* (-3+21ix)+2ix) (1+x)+ (3-21)e /2,1 /-1-x Erfi]

Problem 811: Result unnecessarily involves imaginary or complex numbers.
J ArcTanh|[ q/l X Sln dx

Optimal (type 4, 72leaves, 7 steps):
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-v1+x Cos[x] + / Cos| Fr‘esnelC \/1+x FresnelS x/1+x Sin|
2

Result (type 4, 138 leaves):

1
4+-1-x V1-x

e 1010 (26t (10 2 VTTox ¢ (<1)%4 e 00 Erfi [ (1) VAV TT x|+ (<1) M4 et or Erfi] (-1)24 1 x ||

Problem 812: Result unnecessarily involves imaginary or complex numbers.

jeA"CTa”hm x (1+x)*?sin[x] dx

Optimal (type 4, 335leaves, 22 steps):

— \/1 x Cos[x] -5 (1-x)>?Cos[x] + (1-x)>?Cos[x] + — l Cos[1] FresnelC| A1
15
4~/ 277 Cos| Fr‘esnelC — 41 / Cos| Fr‘esnelS — 1

4/ 27 Cos| FresnelS V1 Fresnelc — 1 Sln -4+/2 Fresnelc V1 Sln +
15 [ 2 , 2 ) 15 , 5 .

— | = Fresnels| | = +/1-x]sSin[1] -4+/2 FresnelS| | = ~/1-x |Sin[1] - —~/1-x Sin[x] + = (1-x)°**sin[x]
4 2 7T 7T 2 2

Result (type 4, 201 leaves):
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1 1 1
7+7) 1+X
1*X2 32 32
1+1) /-1
(-2-171) V2 v/-1+x Erﬁ[( Hl)v_ tx | (Cos[1] +isSin[1]) - (2-21) ((-1-204) - (11-10i) x+ (8+101) x* +4x?)
2

(Cos[x] +iSin[x]) - (1+i) |2 ((-1+20i)- (11+10i) x+ (8-101i) x> +4x>) (-iCos[1] +Sin[1]) +

(1+]'1) V-1+X
N2

] (Cosx] +isSin[x])| (Cos[1+x]-iSin[1+x])

(15+19 1) ﬁ\/—1+x Erf]

Problem 813: Result unnecessarily involves imaginary or complex numbers.

JeAr‘cTanh[x] <1 i X> 3/2 Sin [X] dx
Optimal (type 4, 236 leaves, 16 steps):

4+/1-x Cos[x] - (1—x)3/2Cos[x] -2+/2n Cos[1] FresnelC]| 2 Vi-x]-
JT

3 ,2 Cos[1] Fr‘esnelS[ 2 \/1—x}+4\/27r Cos[1] Fr‘esnelS[ 2 \/1—x}+i ,E Fr‘esnelc[ 2 \/l—x]Sin[l]—
2 2 7T 7T 2 2 s

3
442 FresnelC — 1 Sln -242 FresnelS — 1 Sln - —+1-x Sin[x]
2

Result (type 4, 178 leaves):

1+1)V-1+
! 1-x* |(5+211) |z Erfi[( i) X](Cos[ 1] +isin[1]) +2+v-1+x ((6+3i) +2x) (Cos[x] +iSin[x]) -
8v/-1+x V1+x 2 V2

2((3+6j>+2]’1x)m<Cos[1]+JiSin[1])+(21+5]1)\/?EP.F[<1+]1F
2

i | (-1 Cos[x] +Sin[x])| (Cos[1+x] -1iSin[1+x])

Problem 814: Result unnecessarily involves imaginary or complex numbers.

JeAr‘cTanh[x] <1 _ X> 3/2 v 5in [x] dx
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Optimal (type 4, 193 leaves, 19 steps):

7 7 2 9 2
-—~/1+x Cos[x] -3 (1+x)>?Cos[x] + (1+x)>?Cos[x] + — /ECos[l] FresnelC[ | = V/1+x |- = IECos[l} Fresnels[ | = /1+x |+
4 4 2 7T 2 2 7T
5
Fr‘esnelC = /1+x]sin[ +— / Fresnels| \/1+x]51n \/1+x Sin| ——(1+x)3/25in[x]
2

Result (type 4, 215 leaves):

1
16 V1 -x2
Vi-x (e [(18-74) v/ /-1 (1+X) +2e“1*x)((—15—811)—(19—211)x+101'1x2+4x) (18-74) Vo /-1 (1+x) Erf[,/- 1+x)})+

e

(-30+161) - (38+41)x-20ix*+8x>+ (18 +7i) e ™0/ (i (1+x) - (18+71i) e’ ® /n i (1+x) Erf[ /i (1+x) |

|

Problem 815: Result unnecessarily involves imaginary or complex numbers.

JeArcTanh[x] <1 _ X> 3/264n [x] dx

Optimal (type 4, 157 leaves, 13 steps):

-2+/1+x Cos[x] + (1+x)3/2Cos[x} ++/2 7 Cos[1] FresnelC| 2 \/1+x}+i /E Cos[1] FresnelS| 2 Viex |-
7T 2 2 7T

3
Fr‘esnelc \/1+x Sin[1] ++/2 Fr‘esnelS \/1+x Sin[1] - —+/1+x Sin[x]
2

Result (type 4, 176 leaves):
1

1 1
= .=

16 16

(2+2i)v/-1-x ((-3+21) +e?**((3+21)-2ix)-2ix)-

1+i)V-1- 1+1) V-1~
(3+41i)ei*V2r Er‘-F[< +1) . ] (Cos[1] -isin[1]) + (4+31i)e'*2r Erfi[< Hl)\ﬁ . | (-iCos[1] +Sin[1])
2

%
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Problem 816: Result unnecessarily involves imaginary or complex numbers.
JeAr‘cTanh[x] xSin[x]

1+Xx

dx

Optimal (type 4, 140leaves, 11 steps):

V1-x Cos[x] - l Cos| Fr‘esnelC — /1 ++v 2 Cos| Fr‘esnelS — /1
2
V27 FresnelC| V1-x|sin[1] - | X FresnelS| | = +/1-x | Sin[1]
2 Tt

Result (type 4, 165 leaves):
(1+1) V-1+x
V2

! (1+i—] 1+x [(-2-i)~/2m /-1+x Erfi] | (Cos[1] +iSin[1]) - (2-21) (-1+x) (Cos[x] +1iSin[x]) -
Ji-x2 '8 8

<1+J'1) V-1+x
V2

(1-1) (2 (-1+x) (Cos[1] +iSin[1]) - (3+1) /E V-1+x Erf| | (Cosx] +isin(x])| (Cos[1+x]-iSin[1+x])
2
Problem 817: Result unnecessarily involves imaginary or complex numbers.
JeAr‘cTanh[x] Sin[x]

1+x

dx
Optimal (type 4, 62 leaves, 6 steps):

V2 Cos| Fr‘esnelS / at -2 Fr‘esnelC at Sln

Result (type 4, 98 leaves):

1

(1+i) V-1+x o o (Tei) V-14x
| (Cos[1] -isSin[1]) - Erfi]
vz vz

Er'-F[

| (Cos[1] +iSin[1])

1-x2

Problem 872: Result unnecessarily involves higher level functions.

eAr‘cTanh[a+b X]
J dx
1-a?2-2abx-b?x?
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Optimal (type 2, 27 leaves, 2 steps):
Vv1i+a+bx
bv1l-a-bx

Result (type 3, 12leaves):

eAr‘cTanh [a+b x]

b

Problem 875: Unable to integrate problem.
JenAr‘cTanh[am x] x™ dx

Optimal (type 6, 109 leaves, 4 steps):

xi+m (1—a—bx)’”/2 (1+a+bx)"/2 (l—f—xa)n/z (1+f—’;)7n/2AppellF1[1+m, %, —g, 2+m, 1”—’;, -

1+m

Result (type 8, 16 leaves):

Jen ArcTanh[a+b x] x™ dx

Problem 880: Unable to integrate problem.

eh ArcTanh[a+b x]
J s ax
X

Optimal (type 5, 135leaves, 5steps):

4 -n/2 n/2 . ~n n l+a) (1-a-bx
2 (1-a-bx (1+a+bx)"?Hypergeometric2F1[1, 5o 1-7, e (1+a+bx>]

n

2 (1-a-bx) "*Hypergeometric2F1[-2, -2, 1-7, > (1-a-bx]]

n

Result (type 8, 16 leaves):

e ArcTanh[a+b x]
J s ax
X
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Problem 881: Unable to integrate problem.

dx

e" ArcTanh[a+b x]
2

X

Optimal (type 5, 92 leaves, 2 steps):

)

n 1
4b <1fafbx)1'? (1+a+bx)?('2+n) Hypergeometric2F1[2, 1 - g, 2- % %i—&’a—’zxi—]
-a +a+b x

(1-2)% (2-n)

Result (type 8, 16 leaves):

e" ArcTanh[a+b x]
J s ax
x2

Problem 882: Unable to integrate problem.

en ArcTanh[a+b x]
J— dx
X3

Optimal (type 5, 152 leaves, 3 steps):
" 2b*(2a+n) (1-a-bx) 7 (1+a+bx) 2 (2 Hypergeometric2F1[2, 1 - n2-0, {:a) d-abx) |

(1—a —bX)lf% (1+a+bx) 27 (1-a) (1+a+bx)

2 (1-a?) x? (1-a)® (1+a) (2-n)
Result (type 8, 16 leaves):

el ArcTanh[a+b x]
J— dx
x3

Problem 924: Result unnecessarily involves higher level functions and more than twice size of optimal
antiderivative.

eAr‘cTanh[a X]
Ji dx

V1 -a?x?

Optimal (type 3, 12leaves, 2 steps):
Log[1l-ax]

a

Result (type 4, 52 leaves):
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2i+/-a? EllipticF[iArcSinh[v/-a? x|, 1] -alog[-1+a?x?]

2 a2

Problem 961: Result unnecessarily involves higher level functions and more than twice size of optimal
antiderivative.

@ArcTanh(ax)

J & ax
Ve-aZex?

Optimal (type 3, 41 leaves, 3 steps):
\/1-a2x? Log[l-ax]

 ave ato

Result (type 4, 87 leaves):

aV1-a?x? (2iaEllipticF[iArcsinh[+/-a? x|, 1] +V/-a? Log[-1+a?x?]|

2 (-a2)*2c-acx?

Problem 970: Result unnecessarily involves higher level functions.
eAr‘cTanh[a x] x
J " ax
(c-a?cx?)??
Optimal (type 3, 91 leaves, 5steps):

V1-a?x? V1-a?2x? ArcTanh[a x]
2a2c<1—ax)\/c—a2cx2 2a2cvVc-a?cx?

Result (type 4, 93 leaves):

iv1-a2x2 (J’l V-a? +a (-1+ax) EllipticF[iArcSinh[V-a% x], 1”
2 (-a%)*%c(-1+ax)Vc-atcx?

Problem 971: Result unnecessarily involves higher level functions.

(eAr‘cTanh[a X]
—dx
< 3/2

c—azcxz)

Optimal (type 3, 91 leaves, 5 steps):
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V1-a?x? V1-a?x? ArcTanh[ax]
+
2ac(1-ax)Vc-a?cx? 2acVc-a?cx?

Result (type 4, 91 leaves):

av1-a2x2 (\/—a2 +ia(-1+ax) EllipticF[i ArcSinh[+/-a? x], 1])

2 (7a2)3/2c (-1+ax)Vc-a2cx?

Problem 972: Result unnecessarily involves higher level functions.
eAr‘cTanh [ax]
J dx
x (c-a?cx?)??

Optimal (type 3, 165leaves, 4 steps):

V1-a?x? V1-a?2x? Log[x] 3+V1-a2x? Log[l-ax] +~1-a?x?® Log[l+ax]
+ _ _
2c(1-ax)Vec-a?cx? cVec-a?cx? 4c/c-a?cx? 4c/c-a%cx?

Result (type 4, 121 leaves):
[\/C—aZCXZ -ia(-1+ax) EllipticF[i ArcSinh[+/-a% x|, 1] ++/-a? (-1+(-1+ax) Log[x?] + (1-ax) Log[l—azxzh)]/

(2 ~a? ¢ (-1+ax)/1-a°x?

Problem 973: Result unnecessarily involves higher level functions.

eAr‘cTanh [ax]
J dx
3/2
x2 ) /

(c—azcx2

Optimal (type 3, 206 leaves, 4 steps):

V1-a?x? avi1-a%x? av1-a2x? Log[x] 5a+V1-a?x® Log[l-ax] av1l-a%?x? Log[l+ax]
- + + - +
cxVec-acx? 2c(1—ax) Vec-a?cx? cVec-atcx? 4c/c-a’cx? 4c/c-a’cx?

Result (type 4, 135leaves):
[\/C—aZCXZ -3ia’x (-1+ax) EllipticF[i ArcSinh[+/-a% x|, 1] +1/-a® (2-3ax+ax (-1+ax) Log[x*| +ax (1-ax) Log[l—azxz])])/
(2 ~a? x (-1+ax)q/1-a*x?
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Problem 974: Result unnecessarily involves higher level functions.
eAr‘cTanh [ax]
J dx
x* (c-a?cx?)??

Optimal (type 3, 255 leaves, 4 steps):

1-a%x? av1-a?x? a’+/1-a%x? 2a2+/1-a?x? Log[x] 7a*+V1-a’x? Log[l-ax] a*+V1-a’x% Log[l+ax]
_ _ . + _ _
2cx?Vec-a?cx? cxvVc-atcx? 2c(1—ax) Vec-a?cx? cvVc-atcx? 4cc-a%cx? 4cc-a%cx?

Result (type 4, 153 leaves):

[\/C—aZCXZ
\-a® (1+ax-3a’x*+2a’x* (-1+ax) Log[x*] -2a’x* (-1+aX) Log[l—azxz]))]/[z —a? X (-1+ax)y1-2a*x’

-3ia’x? (-1+ax) El1lipticF[iArcSinh[+/-a® x|, 1] +

Problem 975: Result unnecessarily involves higher level functions.

eAr-cTanh[a x]
J ax
x4 )3/2

(c-a?cx?

Optimal (type 3, 297 leaves, 4 steps):

Vi-aZ2x? avi-aZx? 2a2v/1-ax? X a3v1-arx?
3cxdVc-atex? 2cx?Vc-atcx? cxvc-alcx?  2c(1-ax)Ve-alcx?
2a3+/1-a2x? Log[x] 9a*V/1-a?x? Log[l-ax] +a3\/mLog[1+ax}

cvVec-aZcx? 4c/c-a’cx? 4cc-a%tcx?
Result (type 4, 161 leaves):

[\/C—aZCXZ
\-a® (2+ax+9a’x?-15a°x*+6a’ x> (-1+ax) Log[x*| -6a*x* (-1+ax) Log[l—azxz]))]/[G —a? % (-1+ax)yf1-2a*x?

+

-151ia*x® (-1+ax) EllipticF[i ArcSinh[+/-a® x|, 1] +

Problem 979: Result unnecessarily involves higher level functions.

<eAr*cTanh[a X] X3
— dX
5/2

(c-a?cx?)
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Optimal (type 3, 184 leaves, 5steps):

1-a%x? 1-a%x? 1-a%x? 3+/1-2a%x? ArcTanh[a x]
+

- +

8a4c2(17ax)2\/c7a2cx2 2a4c2(17ax)\/c7a2cx2 8a“c2<1+ax)x/cfa2cx2 8a%c?+/c-a%cx?

Result (type 4, 122leaves):

V1-a2x? (\/—a2 (-2-ax+5a2x?) -3ia(-1+ax)? (1+ax) EllipticF[iArcSinh[v/-a? x], 1])

8a*+/-a? ¢? (—1+ax)2 (1+ax) Vc-a?cx?

Problem 980: Result unnecessarily involves higher level functions.

eAr‘cTanh[a X] XZ
—dx
5/2

(c-a?cx?)
Optimal (type 3, 184 leaves, 5steps):
V1-a?x? V1-a%x? V1-a?x? \/1-a?x? ArcTanh[ax]

8a3c2(1—ax)2\/c—a2cx2 4a*c? (1-ax)Vc-a?cx? 8a’c? (l+ax)Vc-a‘cx? 8a3c2+/c-a?cx?

Result (type 4, 119leaves):

av1-a2x? (\/7a2 (-2+3ax+a?x?) +ia(-1+ax)? (1+ax) EllipticF[iArcSinh[+/-a% x], 1])

8 (—aZ)S/zc2 (—1+ax)2 (1+ax) Vc-a?cx?

Problem 981: Result unnecessarily involves higher level functions.

eAr‘cTanh[a x] y
— dXx
(c —azcxz)S/2

Optimal (type 3, 137 leaves, 5steps):
V1-a?x? V1-a?x? V1-a?x? ArcTanh[ax]

+

8a2c2(1—ax)2\/c—a2cx2 8a2c2(1+ax)\/c—a2cx2 8a2c2+/c-a2cx?

Result (type 4, 118leaves):

V1-a2x? (\/—a2 (2-ax+a’x?) +ia (—1+ax)2 (1+ax) EllipticF[iArcSinh[+/-a? x|, 1])

8 (7a2)3/2c2 <71+ax)2 (1+ax) Vec-a2cx?
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Problem 982: Result unnecessarily involves higher level functions.
eAr‘cTanh [ax]
J— dx
(c-a?cx?)®?
Optimal (type 3, 184 leaves, 5steps):
V1-a2x? 1-a2x? 1-a2x? 34/1-a%2x? ArcTanh[a x]
+

N
8ac2(1—ax)2\/c—a2c:x2 4ac? (1-ax)Vc-a*cx? 8ac?(l+ax)Vc-a‘cx? 8ac?yc-a?cx?

Result (type 4, 120leaves):

av1-a2x? (\/—a2 (2+3ax-3a?x?) -3ia(-1+ax)? (1+ax) EllipticF[iArcSinh[v/-a% x], 1})

8 (—az)g’/zc2 (—1+ax>2 (1+ax) Vec-a?cx?

Problem 983: Result unnecessarily involves higher level functions.
eAr‘cTanh [ax]
J dx
x (c-a?cx?)®?

Optimal (type 3, 252 leaves, 4 steps):

Vi-a?x? . Vi-a?x? X
8 c? (1—ax>2m 2c? (1—ax)m

V1-azx? +\/mmg[x} 11V1-a2x? Log[l-ax] 5+V1-a?x? Log[l+ax]
8c? (1+ax) Ve-aex?  2/c-atcx? 16 c2/c-a2cx? 16c2/c-a2cx?

Result (type 4, 162 leaves):

(ﬂc—azcx2
\/?(67aX73a2x2+4(—1+ax)2(1+ax> Log[xz]—4(—1+ax)2(1+ax) Log[l—azxz}))]/[s -a? 3 (—1+ax)2(1+ax) x/l—azxz)

-3ia (—1+ax)2 (1+ax) EllipticF[iArcSinh[+/-a? x|, 1] +

Problem 984: Result unnecessarily involves higher level functions.
eAr‘cTanh [ax]
J dx
X2 (c—azcxz)S/2

Optimal (type 3, 295 leaves, 4 steps):




7.3 Inverse hyperbolic tangent.nb | 235

V1-a?x? avi1-aZx? 3av1-a?x?
_ 4 + _
c2xVc-a2cx? 8c? (1—ax)2\/c—a2cx2 4c? (l—ax) Vec-atcx?
avi-aZx? av1l-a?2x? Log[x] 23a+/1-a?x? Log[l-ax] 7av1l-a?2x? Log[l+ax]
+ - +

8c2(1+ax)\/c—a2cx2 c2+/c-a%cx? 16 c2+/c-a%cx? 16 c2/c - a% c x?

Result (type 4, 180leaves):
[\/ c-acx?

-al (—8+14ax+11a2x2—15a3x3’+4ax(—1+ax)2 (1+ax) Log[x*] ~4ax (—1+ax)2 (1+ax) Log[l—azxz])))/

-15ia%x (—1+ax)2 (1+ax) EllipticF[iArcSinh[+/-a? x|, 1] +

(8 ~a? c3x(71+ax)2 (1+ax)+/1-a2x?

Problem 985: Result unnecessarily involves higher level functions.
eAr'cTanh [ax]
J dx
x3 (c—azcxz)S/2

Optimal (type 3, 345leaves, 4 steps):

Vi1-a?x? a\v1-a?x? N a?+/1-a%x? N a’+/1-a%x? N
2c2x2c-atcx?  2x+/c-atcx? 8c? (1—ax)2m c? (1—ax>m

a2+/1-a2x? +3a2mLog[x] 39a2+/1-a2x? Log[l-ax] 9a2+/1-a2x? Log[l+ax]
8c? (1+ax)Vec-a?cx?® c2\/c-atcx? 16c2V/c-a2cx? 16c2V/c-a2cx?

Result (type 4, 198 leaves):
[\/C—aZCXZ
A/ - a? (—4—4ax+22a2x2+3a3x3’—15a“x4+12a2x2 (-1+ax)? (1+ax) Log[x?] -12a%x* (-1+ax)? (1+ax) Log[l—azxz])))/

(8 -—a% 3x? (—1+ax)2 (1+ax) x/l—azxz)

-15ia°x* (-1+ax)? (1+ax) EllipticF[i ArcSinh[+/-a2 x|, 1] +

Problem 986: Result unnecessarily involves higher level functions.

eAr‘cTanh [ax]
— dX
7/2
(c-a?cx?) /
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Optimal (type 3, 277 leaves, 5steps):

1-a2x? 341-a%x? 3+/1-a%x>?
+ + -
24ac® (1-ax)’Vec-a?cx®  32ac® (1-ax)?’Vc-a2cx? 16ac® (1-ax)c-a’cx?
V1-a?x? V1-a?x? 5+/1-a%x? ArcTanh[aX]
- +

32ac3<1+ax)2\/c—a2cx2 8ac3 (1+ax>x/c—a2cx2 16ac3Vc-a%cx?
Result (type 4, 138 leaves):

—([a\/l—azxz
(48 (-a%)*?c (-1+ax)? (1+ax)?y/c-a2cx?

\/—a2 (-8-25ax+25a’x*+15a°x*-15a*x*) -151i a (—1+ax)3 <1+ax)2EllipticF[JiAr‘cSinh[x/—a2 x|, 1}))/

Problem 989: Result unnecessarily involves higher level functions and more than twice size of optimal
antiderivative.

eAr‘cTanh[a X] ym
— dx
c-a’cx?

Optimal (type 5, 80leaves, 4 steps):
x1+m Hyper‘geometr‘icZFl[%, 1*7’", 3?’", a?x?] ax¥m Hyper‘geometr‘icZFl[%, Z*T’", ‘”T’", a? x|
+

c(1+m) c<2+m)

Result (type 6, 391 leaves):
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1
2c (1+m)

(2+m) e (2 V-1-ax AppellF1[1+m, —1,
2

,2+m, —ax, ax])/ ((—1+ax)3/2 [2 (2+m) AppellF1[1+m, —1,
2

1
|t viax
Vv1+ax

/ [(—1+ax>3/2 (z (2+m) AppellF1[1+m, -
Jo {2+ g}, azxz})]

,2+m, ax, —ax]—

a2l

3
- ,2+m, —ax, ax| +
2

N W

ax 3Appe11F1[2+m,— R ,3+m,—ax,ax]+AppellF1[2+m, R ,3+m,—ax,ax]

N |
N w

N u
N R

1 1
([V—l—ax \/1-a?x? AppellF1[1+m, - =, =, 2+m, -aX, ax]
2

2

1
, T, 2+m, —ax, ax| +
2

w
N |

ax

1 1
AppellF1[2+m, - =, =, 3+m, -aX, ax] +HypergeometricPFQ[{ =, 1+
5 2
1
2

n
2

N

1 1
, =, 2+m, ax, —ax]/ [2 (2+m) AppellF1[1+m, e
2

AppellF1[1+m, -

N |

w

ax , 1+

1 m
AppellF1[2+m, - =, =, 3+m, ax, -ax| +HypergeometricPFQ| { —
2 2

N
N |

Problem 990: Result unnecessarily involves higher level functions and more than twice size of optimal
antiderivative.
<eAr*cTanh[a X] ym
Ji dx
(c-a?cx?) 2
Optimal (type 5, 80leaves, 4 steps):
x1+m Hyper‘geometr‘icZFlE, 1*7’", 3?’", a?x?]  ax¥m Hyper‘geometr‘icZFl[g, Z*T’", ‘”T’", a? x|
+
¢ (1+m) c? (2+m)

Result (type 6, 711 leaves):
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/

,2+m, —ax, ax] +ax

1 3
[(2+m) x*"+/-1-ax AppellF1[l+m, - —, =, 2+m, -ax, ax|
2 2

N W

[Zc2 (1+m) (—1+ax)3/2 2 (2+m) AppellF1[1+m, —1,
2

1 5 1 3
(3Appe11F1[2+m, I 3+m, ~ax, ax| +AppellF1[2+m, 2y 3+m, -ax, ax| ]+
((2+m)x1*'"\/1fax Appe11F1[1+m,71, 5,2+m,ax,fax} / 4c (1+m) (1+ax)’? 2(2+m)AppellF1[1+m,71, i,2+m,ax,fax]f
2 2 2 2
1 5 1 3
ax [3AppellF1[2+m, - =, =, 3+m, ax, -ax| +AppellF1[2+m, —, =, 3+m, ax, -ax| ]7
2 2 2 2
((2+m) x1M /21— ax Appe11F1[1+m,71, E,2+m,fax,ax] / 2¢ (1+m) (-1+ax)®? (2(2+m)AppellF1[1+m,fl, 5,2+m,7ax,ax]+
2 2 2 2
1 7 1 5
ax [5AppellF1[2+m, -—, —, 3+m, -ax, ax| +AppellF1[2+m, —, =, 3+m, -ax, ax| ]+
2 2 2 2
(3 (2+m) x*™~/-1-ax V1-ax \/1-a>x* AppellF1[1+m, —1, 1, 2+m, ~ax, ax| /
2 2
(Sc2 (1+m) (-1+ax)¥?V1+ax (2 (2+m) AppellF1[1+m, —l, 1, 2+m, —ax, ax| +
2 2
1 3 , 1 m m,
ax [AppellF1[2+m, I 3+m, ~ax, ax| +Hyper‘geometr‘1cPFQ[{;, 1+;}, {2+£}, a?x }) ]+
(3 (2+m) x*™~/1-ax AppellF1[1+m, —1, l, 2+m, ax, —ax])/ (8c2 (1+m) v/1+ax |2 (2+m) AppellF1[1+m, —l, l, 2+m, ax, -ax| -
2 2 2 2
1 3 . 1 m m
ax |AppellF1[2+m, I 3+m, ax, -ax| +Hyper‘geometr‘1cPFQH;, 1+E}, {2+;}, azxz}) ]

Problem 991: Unable to integrate problem.

ArcTanh[a x] XM

Jeidlx
(c—azcxz)3

Optimal (type 5, 80leaves, 4 steps):
x*" Hypergeometric2F1 [ %, I*T”', %Tm’ a2 x2] a x?*™ Hypergeometric2F1 [ %, 2+ij ‘”Tm, a2 xz]
+
c3 (1+m) c3 (2+m)

Result (type 8, 25leaves):

ArcTanh[a x] XM

Jeidlx
(c—azcxz)3
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Problem 1001: Unable to integrate problem.
eAr‘cTanh[a X] XM
ji dx
Vvec-a?cx?
Optimal (type 5, 51 leaves, 3 steps):
x*M~/1 - a%2 x> Hypergeometric2F1[1, 1+m, 2+m, aXx]

(1+m) Ve -a?cx?

Result (type 8, 27 leaves):

eAr‘cTanh[a X] XM
— dx
c-a

2CX2

Problem 1002: Unable to integrate problem.

<eAr‘cTanh[a X] ym

J S e
(c-a?cx?)??

Optimal (type 5, 134 leaves, 7 steps):

x> ~/1 - a% x2 Hypergeometric2Fi[2, 1;'" s 3;’“ , a2x?|  ax?™+/1-a?x? Hypergeometric2F1[2, 2T, #M 32 x2]
+

2 2 2

c(1+m) c-a’cx? c(2+m) c-a

Result (type 8, 27 leaves):

eAr‘cTanh[a X] ym
—dx
(c —azcx2)3/2

Problem 1003: Unable to integrate problem.

eAr‘cTanh[a X] XM
— dXx
(c-a?cx?)®?

Optimal (type 5, 134 leaves, 7 steps):
x1"+/1 - a% x2 Hypergeometric2F1[3, 1;'“ s 3*7"', a’x?] ax*"+/1-a%x? Hypergeometric2Fi[3, %", 4?'", a? x?|

+

c2<1+m>\/c—a2cx2 c2(2+m)\/c—a2cxZ

Result (type 8, 27 leaves):
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eAr‘cTanh[a X] XM
—dx
(c-a?cx?)®?

Problem 1004: Unable to integrate problem.

JeAr‘cTanh[a x] XM (C _ a2 C XZ) p dx

Optimal (type 5, 136 leaves, 5 steps):

x1M (1-a2x2) P (c-a?cx?)P Hypergeometric2Fi | 1*7"‘, i -p, 3;'“ , a2 x?]

+

1+m
ax¥m (1-a2x2) P (c —a2cxz)pHyper‘geometr‘iCZFl[2;"‘, %—p, 4;’", a? x?]
2+m

Result (type 8, 25leaves):

JeAr'cTanh[a X] y (c _alc Xz) P dx

Problem 1005: Result more than twice size of optimal antiderivative.

JeArcTanh[a X] X3 (1 _ a2 XZ) p dx

Optimal (type 5, 85leaves, 6 steps):

(1-a2 xz)%p (1-a2 x2)2_+p 1
- + + = ax’ Hypergeometric2F1|
a* (1+2p) a* (3+2p) 5

7
-P> 7> a2 Xz]
2

)

N U
N |

Result (type 5, 183 leaves):

1 ) 1 1 3 1
—[—3axHyper‘geometr‘1c2F1[—, -=-p, =, a’x?| +
334 27 2 2 3.2p
[73+3 (1-a? x2>§+p—3a2 X (1-a? xz)%p—a3 (3+2p) % Hyper‘geometr‘icZFl[i, flfp, E, a?x?| +
2 2 2
g, o , 13 5 1
3(1-ax) 2" (1+ax) (2-2a*x%): Hyper‘geometr'lc2F1[;—p,;+p,;+p,;(1+ax)] ]

Problem 1009: Result more than twice size of optimal antiderivative.

eAr‘cTanh[a X] (1 _ a2 XZ) p
J dx

X
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Optimal (type 5, 72leaves, 5steps):

1
(1-a%x?)="" Hypergeometric2Fi|1, % + P, % +p, 1-a2x?]

. 1 1 3 5,
axHyper‘geometr‘lc2F1[f, ——-p, —, a X } -
2 2 2 1+2p

Result (type 5, 147 leaves):

1

2:"P (1—ax)’§’p (1+ax) Hyper‘geometricZFl[%fp, §+p, %er: i (1+3XH

=

- P, 212]

a“ X

. | Hypergeometric2F1[- % -p, - % -p,

(17a2x2);+p -
(17 1 )5+p+2p(1— 1 )

a2 x? a2 x?

+

+p 3+2p

NP

Problem 1010: Result more than twice size of optimal antiderivative.

eAr‘cTanh[a X] (1 _ a2 XZ) p
J X2

Optimal (type 5, 75leaves, 5steps):

dx

1
Hypergeometric2F1| - i, i -p, i, a’x?| a(1-a2x?):""Hypergeometric2Fi|1, % +p, i +p, 1-a2x?]

X 1+2p

Result (type 5, 170leaves):

N =
[y
[

P> S o

o 1
Hypergeometric2F1[- i, - i -p, i, a?x?| a (1 -2 ) 2P (1-a2x?)2"" Hypergeometric2F1 |- % -p, - % -p,

a% x?

- +

X 1+2p

a (lfax>’§"p (1+ax) (2-2a2 X2>§+p Hyper‘geometr*icZFl[ifp, 3+p, §+p, i (1+ax)]

3+2p

Problem 1011: Result more than twice size of optimal antiderivative.

eAr‘cTanh[a X] (1 _ a2 XZ) p
J dx
X3

Optimal (type 5, 78leaves, 5steps):

1
=+

a Hypergeometric2Fi | - i, i -p, i, a’x?| a? (1-a?x?):"" Hypergeometric2F1|2, i +p, 3 +p, 1-a2x?]

X 1+2p

Result (type 5, 262 leaves):
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1
aHypergeometric2F1 |- %, - i -p, %, a?x?| a’ (1-a?x?):'P Hypergeometric2F1|- i -p, - i -p, i -p, a21X2 ]
- +

X 1, 1,
e ]

a2 x? a2 x?

1

(17 . )pr (1fazx2)i*pHyper‘geometr‘iczFl[f%7p, ifp, 2op, 35

a? x? 2 a? x?

+

(-1+2p) x?

1
—+

a2 (1—ax)’§’p (1+ax) (2-2a2x?): pHyper‘geometr‘icZFl[%—p, §+p, §+p, % (1+ax)]

3+2p

Problem 1012: Result more than twice size of optimal antiderivative.

JeAr‘cTanh[a X] X3 (C _ a2 C XZ) p dx

Optimal (type 5, 134 leaves, 7 steps):

A/l_ 2 42 _ 32 2\p 1-a2x2 3/2 _ 32 2\ P
- Xt (c-atcx) + (1-22x%) 7" [c-atcx) +£ax5 (1-a2x?)° (c7azcx2>pHypergeometricZFl[E, 17p, Z, a? x?|
a* (1+2p) a* (3+2p) 5 272 2

Result (type 5, 295 leaves):

1 @ArcTanh [a x] 2p
41+p 63 ArcTanh[ax]

a* (3+2p) (5+2p) (7+2p) (9+2p) 1 + @2 ArcTanh(ax]

(1 . eZAr'cTanh[a x] ) 2p

3 5
(1-a%x%) P (c (1-a2x?))° (— (315+286p +84p*+8p?) Hyper‘geometr‘icZFl[;+p, 5+2p, ;+p, - g2ArcTanhax] |,
5 7
@2ArcTanh[ax] (3+2p) (3 (63+32p+4p?) Hypergeometric2F1|[ = +p, 5+2p, —+p, -e?ArcTanhlaxi]
2 2
2 ArcTanh[a x] = 7 9 2 ArcTanh[a x]
e (5+2p) [-3 (9+2p) Hypergeometric2F1[ —~+p, 5+2p, —+p, -e ]+
2 2

9 11
e2AreTanhax] (7.2 p) Hypergeometric2F1[ = +p, 5+2p, — +p, —e?ArcTamniax]] ] ) ]
2 2

Problem 1016: Unable to integrate problem.

eAr‘cTanh[a X] (C _ a2 C XZ) p
J dx

X

Optimal (type 5, 110leaves, 6 steps):
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1 1 3 V1-a2x? (c-a?cx?)PHypergeometric2F1[1, > +p, 2 +p, 1-a?x?]
ax (1-a’>x*) " (c-a®cx?)?Hypergeometric2F1[ —, —-p, =, a>x*| - 2 2
2 2 2

1+2p

Result (type 8, 25leaves):

J(eAr‘cTanh[a X] (C _alc XZ) p
X

Problem 1017: Unable to integrate problem.

dx

eAr‘cTanh[a X] (C _alc XZ) p
J dx

X2
Optimal (type 5, 113 leaves, 6 steps):
(1-a2x?)P (c-a?cx?)PHypergeometric2F1 |- %, % -p, %, a?x?] av/1-a?x® (c-a?cx?)PHypergeometric2Fi|[1, % +p, % +p, 1-a2x?]

X 1+2p

Result (type 8, 25leaves):

ArcTanh[a x] (C _a’c XZ) P

e
J dx
X2

Problem 1018: Unable to integrate problem.

J(eAr‘cTanh[a X] (C _alc XZ) p
X3

Optimal (type 5, 116 leaves, 6 steps):

dx

a(1-a2x?)"P (c—a2cxz)pHyper‘geometr'iczFl[—%, %—p, %, a?x?]  a?+/1-a2x? (c-a?cx?)PHypergeometric2Fi|2, §+p, §+p, 1-a2x?]

X 1+2p

Result (type 8, 25leaves):

eAr‘cTanh[a X] (C _alc XZ) p
J dx

X3

Problem 1035: Result more than twice size of optimal antiderivative.

2 ArcTanh[a x] (c _a%¢ Xz) 2

e
J dx
X3
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Optimal (type 1, 17 leaves, 2 steps):

c2 (1+ax)4

2 x?2
Result (type 1, 42leaves):
c2  2ac? 1
—— - ~2adc?x-=a*c?x?
2 x? X 2

Problem 1053: Result unnecessarily involves higher level functions.

eZAr'cTanh[a X]
ji dx
c-a%cx?

Optimal (type 1, 15leaves, 2 steps):
o

ac(l-ax]

Result (type 3, 18leaves):

eZAr‘cTanh[a x]

2ac

Problem 1130: Result unnecessarily involves higher level functions.

eZAr‘cTanh[a X] ym
— dx
(c-a?cx?) 3

Optimal (type 5, 203 leaves, 8 steps):
(2-m) (4-m) xtm x1+m (4 —m) xi+m (7-2m) (2-m) xtm

- + +

24¢ (1+ax) 6c3 (1-ax)’ (1+ax) 12c3 (1-ax)?(1+ax) 24c®(1-ax) (1+ax)

(2-m) x**"Hypergeometric2F1[1, 1+m, 2+m, ~ax] (2-m) (3-8m+2m?) x*"Hypergeometric2F1[1, 1+m, 2+m, ax]
+
16c® (1+m) 48 c3 (1+m)

Result (type 6, 109 leaves):
((2+m) x*™AppellF1[1+m, 4, 2, 2+m, ax, —ax])/(c3 (1+m) (—1+ax)4 (1+ax)2
((2+m) AppellF1[1+m, 4,2, 2+m, ax, -ax] -2ax (AppellF1[2+m, 4, 3, 3+m, ax, -ax] - 2AppellF1[2+m, 5, 2, 3+m, ax, —ax])))
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Problem 1133: Result unnecessarily involves higher level functions.
JQZArcTanh[a x] XM /C _ a2 C X2 dx

Optimal (type 5, 172 leaves, 7 steps):

Imc_aZcx2 C (3+2m) xtm~/1 - a2 x? Hyper‘geometr‘icZFl[i, 1*7"', 3;’", a? xz] 2acx?Mm+/1-a%x? Hyper‘geometr‘icZFl[i, 2:", 4?’", a? xz}
- +

+

2+m (1+m) (2+m) Vc-a2cx? (2+m) Vec-aZcx?
Result (type 6, 193 leaves):
Vc-a?cx? Hypergeometric2F1[- 2, &0 3 g2 y2]

3

2 2 2
X1+m

1-a2x?

1 1
4 (2+m)/-c(l+ax) AppellF1[1 +m, ;, —;, 2+m, ax, -ax|

1 1
/(\/—1+ax (2 (2+m) AppellFl[1+m, =, - =, 2+m, ax, -ax| +
2 2

ax

AppellF1[2 +m, i, —1, 3+m, ax, -ax| +Hyper‘geometr‘icPFQ[{1, 1+ m}, {2+ T}, a2 xz}))]
2 2 2 2 2

Problem 1134: Result unnecessarily involves higher level functions.
Je2Ar‘cTamh[a X] ym

Vec-a?cx?

dx

Optimal (type 5, 169 leaves, 7 steps):

2 2

Vec-a?cx? (1+m)\/c—a2cx2 (2+m)\/c—a2cx2
Result (type 6, 133 leaves):

2x4 (14 ax) (1+2m) x"+/1-a2x? Hypergeometric2Fi| %, B2 a2x2] 24 (1+m) x*"+/1-a2x? Hypergeometric2F1| %, 2 A g2 32|

J

[2 (2+m) x**" [-c (1+ax) AppellF1[1+m, 3
2

,2+m, ax, -ax]

/

s 2+m, ax, -ax| +

N w N[k

(c (1+m) (-1+ax)??

2 (2+m) AppellF1[1+m,
3

1 5 1
AppellF1[2+m, =, =, 3+m, ax, -ax| +3AppellF1[2+m, =, - =, 3+m, ax, -ax]
2 2

ax

)

Problem 1135: Result unnecessarily involves higher level functions and more than twice size of optimal

N
N
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antiderivative.

e2Ar‘cTanh[a X] ym
— dx
(c-a?cx?)??

Optimal (type 5, 183 leaves, 7 steps):

2x (14 ax] (1-2m) x1+"‘mHyper‘geometr‘iCZFlE, B, 2, et
3(c—a2cx2)3/2+ 3c(1+m)m

2a (1-m) xxm mHyper‘geometr‘iCZFlE, Z*T'" 0 a2 x2|

)
3¢ (2+m) Vec-a?cx?

+

Result (type 6, 582 leaves):

[(2+m) Xt f-c (1+ax) AppellF1[1+m, 5, —1, 2+m, ax, -ax|
2 2

/

[Zc2 (1+m) (—1+ax)3/2 (2 (2+m) AppellF1[1+m, i, -=,2+m,ax, -ax| +

2 2
3 1 5 1
ax |AppellF1[2+m, =, =, 3+m, ax, -ax| +3AppellF1[2+m, —, ,3+m, ax, -ax| ]7
2 2 2
1om 5 1
((2+m)x+ -c(1+ax) AppellFl[l+m, =, -=,2+m, ax, -ax| /
2 2

(cz (1+m) (-1+ax)>? (2 (2+m) AppellF1[1+m, 5, 71, 2+m, ax, ~ax| +
2 2

5 1 7 1
ax |AppellF1[2+m, =, =, 3+m, ax, -ax| +5AppellF1[2+m, —, - =, 3+m, ax, -ax| +
2 2 2 2
((2+m) x*™~/c-acx AppellF1[1+m, 1, —E, 2+m, —ax, ax])/ (4c2 (1+m) v/1+ax |2 (2+m) AppellF1[1+m, 1, —1, 2+m, ~ax, ax| -
2 2 2 2
3 1 _ 1 m m
ax |AppellF1[2+m, =, - =, 3+m, -ax, ax| +HypergeometricPFQ[{ =, 1+ —}, {2+ —}, azxz}) ]+
2 2 2 2 2
((2+m) x¥"\/1-ax /-c(1+ax) \/1-a®x> AppellF1[1+m, 1,—1,2+m,ax,—ax] /
2 2
(4c2 (1+m) (—1+ax)3/2\/1+ax (2 (2+m) AppellF1[1+m, l, —l, 2+m, ax, -ax|+
2 2

ax

AppellF1[2 +m, z, —1, 3+m, ax, -ax| +Hyper‘geometr‘icPFQ[{l, 1+ m}, {2+ T}) a? xz}))]
2 2 2 2 2
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Problem 1136: Result more than twice size of optimal antiderivative.
JQZArcTanh[a X] (C _ aZ fe X2> P dx

Optimal (type 5, 55leaves, 3 steps):
2'P (1+ax) P (c-a?cx?)PHypergeometric2F1[-1-p, p, 1+p, % (1-ax) |

ap

Result (type 5, 133 leaves):

#(—(—1+ax>2)7p(—2+2ax)p<1—a2x2)’p (c-a?cx?)P
a(1+p)
1 ax)\P ) 1 3 5., 2,2\ : L
~a (1+p) x | = - —| Hypergeometric2F1[=, -p, =, a*x?] + (1+ax) (1-a®x?)” Hypergeometric2F1[1-p, 1+p, 2+p, — (1+ax) |
( 2 2 2 2 2

Problem 1171: Result unnecessarily involves higher level functions.
<E3 ArcTanh[a x]
J— dx
(c-a?cx?)®?
Optimal (type 3, 185leaves, 5steps):
V1-a?x? V1-a?x? V1-a?x? v 1-a?x? ArcTanh[ax]
+

+ +

6ac2<1—ax)3\/c—a2cx2 8ac2(17ax)2\/c—a2cx2 8ac?(1-ax)Vc-a?cx? 8ac2yc-a?cx?

Result (type 4, 108 leaves):

av1-a2x? (\/7a2 (-16+9ax-3a?x?) -3ia(-1+ax)’EllipticF[iArcSinh[+/-a? x],l})

24 (—a2)3/2c2 (—1+ax)3\/c—a2cx2

Problem 1172: Result unnecessarily involves higher level functions.

eB ArcTanh[a x]
— dx
(c-a?cx?)’?

Optimal (type 3, 278 leaves, 5steps):
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1-a2x? V1 -a?x? 3+v1-2a%2x?
+ + +
16 ac3 (1—ax)4\/c—a2cx2 12ac3 (1—ax>3\/c—a2cx2 32ac3(1—ax)2\/c—a2cx2
V1 -a%x? V1 -a%x? 541 -a%x? ArcTanh[a x]
- +

8ac3(1—ax)\/c—a2cx2 32ac3(1+ax)\/c—a2cx2 32ac3v/c-a2cx?

Result (type 4, 136 leaves):

—((a\/lfazxz
(96 (—a2)3/2c3 (-1+ax)* (1+ax) x/c—azcxz)

Problem 1173: Unable to integrate problem.
JGSArcTanh[a X] XM ,C _ a2 C XZ dx

Optimal (type 5, 136 leaves, 5steps):

3xIM/c-a?cx?  ax?"+yc-a’cx?  4x'*"+/c-a?cx? Hypergeometric2F1[1, 1+m, 2+m, ax]
- - +

(1+m) V1-a2x? (2+m) V1-a2x? (1+m) V1-azx?

Result (type 8, 29leaves):

je?,ArcTanh[a x] XM ,C _ a2 C X2 dx

Problem 1174: Unable to integrate problem.

Je3Ar‘cTanh[ax] XM (C _ a2 c XZ) p dx

Optimal (type 5, 251 leaves, 7 steps):

\/,32 (32-15ax-35a’x*+45a° x> -15a*x*) -15ia (-1+ax)* (1+ax) EllipticF[i ArcSinh[+/-a® x], 1})]/

3x3M (¢ - a2 c x?)P axz™ (c-a?cx?)P (3+4m+2p) xm (1-a2x?) P (c—azcxz)pHyper‘geometr‘iczFl[l*Tm, 2 _p, 3;"', a? x?|
- - +

(m+2p) Vi-a?x> (1+m+2p) V1-a?x? (1+m) (m+2p)

a(5+4m+6p) x*™ (1-a2x?) P (c—azcxz)pHyper‘geometr‘icZFl[z?’", %—p, ‘”T"', a? x|

(2+m> (1+m+2p)

Result (type 8, 27 leaves):
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JQBAr‘cTanh[ax] XM (C _ a2 c XZ) p dx

Problem 1179: Unable to integrate problem.

e3Ar‘cTanh[a X] (C _alc X2> p
J dx
X

Optimal (type 5, 193 leaves, 8 steps):

4 (c-a2cx?)? ax (c-atcx?)P a (1+6p) x (1-a2x?)P (c—a2cxz)pHyper‘geometr*iczFl[%, %—p, i, a? x?|
(1-2p) Vi-a%x? i 2pvV1-a%x? ' 2p .

V1-a?x? (c-a?cx?)PHypergeometric2Fi|1, §+p, %+p, 1-a2x?|

1+2p

Result (type 8, 27 leaves):

eBAr‘cTanh[a X] (C _alc X2> p
j dx
X

Problem 1180: Unable to integrate problem.

e3Ar‘cTanh[a X] (C _ a2 C X2> p
j dx
X2

Optimal (type 5, 187 leaves, 9 steps):

4a(c—a2cx2)p (c—azcxz)p

+a? (5-2p) x (1-a’>x*) " (c-a”cx?)P Hypergeometric2Fl| 2x?] -

3 3
> — =P, =, a™ X
2 2

N =

(1-2p) V1-a2x® x+v1-a2x?

3aV1-a2x? (c-a?cx?)?Hypergeometric2Fi|1, §+p, §+p, 1-a2x?]

1+2p

Result (type 8, 27 leaves):

(e3Ar‘cTanh[a x] (C _alc X2> p
J x2
Problem 1181: Unable to integrate problem.

3 ArcTanh[ax] (C _alc X2> p

e
j dx
X3

dx
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Optimal (type 5, 194 leaves, 8 steps):
c-a2cx?)?  3a(c-a?cx?)’ 1 3
- ( ) - ( ) +a® (7-6p) x (1-a’>x*) P (c-a®cx?)” Hypergeometric2F1| =, =
2x2+1-a2x? x/1-a%x? 2 2

a? (9-2p) (c-a2cx?)PHypergeometric2Fi|1, —§+p, i+p, 1-a2x?]

2 (1-2p)Vi-a’x?

Result (type 8, 27 leaves):

eBAr‘cTanh[a X] (C _alc X2> p
j dx

x3

Problem 1185: Result more than twice size of optimal antiderivative.

JGAAr‘cTanh[a x] (c _a%¢ x2> 2 dx

Optimal (type 1, 17 leaves, 2 steps):
2 (1+ax)’

5a
Result (type 1, 49 leaves):

1
?x+2ac?x?+2atc?x3+ad?xty —ate?x
5

Problem 1187: Result unnecessarily involves higher level functions.

e4Ar‘cTanh[a X]
ji dx
c-a%cx?

Optimal (type 1, 13 leaves, 2 steps):

X

c (1—ax)2

Result (type 3, 18leaves):
e4 ArcTanh[a x]

4ac



7.3 Inverse hyperbolic tangent.nb | 251

Problem 1191: Result more than twice size of optimal antiderivative.
Je4Ar'cTanh[a X] (C _ aZ fe X2> P dx

Optimal (type 5, 63 leaves, 3 steps):
22P ¢ (1+ax) 1-p (c-a2cx?) 1P Hypergeometric2F1[-2-p, -1+ p, p, % (1-ax)]

a(1-p)

X \P . 1 ) o
Hypergeometric2F1[ =, -p, —, a’>x?| -
2

Result (type 5, 159 leaves):
1 a ]

5 [=_2%X
2 2 2

! (—(—1+ax)2)7p(—2+2ax>p(l—azxz)’p(C—azcxz)p(a(1+p)

a (1+p)
(1+ax) (1-a%*x*)P (2 Hypergeometric2F1[1-p, 1+p, 2+p, 1 (1+ax)] - Hypergeometric2F1[2-p, 1+p, 2+p,
2

|

<1+ax)]

N |

Problem 1211: Result unnecessarily involves higher level functions and more than twice size of optimal

antiderivative.
e—Ar‘cTanh[a x]
J s ax
Vc-a?cx?
Optimal (type 3, 39 leaves, 3 steps):
V1-a2x? Log[l+ax]
avc-atcx?

Result (type 4, 87 leaves):
avi1-a%x? (—2 iaEllipticF [1'1 ArcSinh [\/ -a? x} , 1] +1/-a? Log[—l +a? xz] )

2 (—az)g'/zx/c—azcx2

Problem 1212: Result unnecessarily involves higher level functions.

efArcTanh [ax]
J S ax
(c-a?cx?)??

Optimal (type 3, 90leaves, 5steps):
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V1-a?x? V1-a?x? ArcTanh[a x]
+
2ac(1+ax)\/c—a2cx2 2acyc-aZcx?

Result (type 4, 89 leaves):
av1-a2x2 (\/—a2 +ia (1+ax) EllipticF[iArcSinh[+v/-a2 x|, 1] )

2 (-a?)*? (cracx) Ve-alcx?

Problem 1213: Result unnecessarily involves higher level functions.
e—Ar‘cTanh[a x]
J— dx
(c-a2cx?)®?
Optimal (type 3, 183 leaves, 5steps):
1-a%x? V1 -a?x? 1-a%x? 3+/1-2a%x? ArcTanh[a X]

8ac2(1fax)\/cfa2cx2 8ac2(1+ax)2\/cfa2cx2 4ac2(1+ax)\/cfa2cx2 8ac2vc-a?cx?

Result (type 4, 118leaves):

av1-a2x2 (\/—a2 (2-3ax-3a?x?) -3ia(-1+ax) (1+ax)?EllipticF[i ArcSinh[+/-a2 x],l})

8 (-a2)¥? (-1+ax) (c+acx)2Vc-a2cx?

Problem 1214: Result unnecessarily involves higher level functions.
e—Ar‘cTanh[a X]
J— dx
(c-a?cx?)’?

Optimal (type 3, 276 leaves, 5 steps):

V1-a?x? 1-aZx? 1-aZx?
. _ _
32ac3 (1—ax)2\/c—a2cx2 8ac® (1-ax)Vc-a’cx? 24a<:3(1+ax)3\/c—a2cx2
34/1-a%2x? 3v1-a2x? 54/1-a%2x? ArcTanh[a x]
- +

32ac3<1+ax)2\/c—a2cx2 16ac3(1+ax)\/c—a2cx2 16ac3+/c-a?cx?

Result (type 4, 136 leaves):



—([a\/l—azx2
(48 (-a%)%? (~1+ax)? (c+acx)3x/c—a2cx2)

Problem 1215: Unable to integrate problem.

jefArcTanh[a X] XM (C _ aZ C X2> p dx

Optimal (type 5, 137 leaves, 5steps):

x1M (1-a2x2) P (c-a?cx?)P Hypergeometric2F1 | 1*7’", % -p, 3;'“ , a2 x?]

1+m

ax*" (1-a%?x2) P (c-a?cx?)P Hypergeometric2Fl| Z*j'“, i -p, MM, a? x?]

2+m
Result (type 8, 27 leaves):

Je—Ar‘cTanh[a X] XM (C _ az C X2> p dx

Problem 1216: Result more than twice size of optimal antiderivative.

Je—Ar‘cTanh[a X] X3 (1 _ a2 X2> p dx

Optimal (type 5, 85leaves, 6 steps):

1 3
1_a2x2)2"P 1_a2x2)2"P

7( a?x?) . (1-a%x?)> ,—aXSHypergeometriCZFl[E, 1fli’, Z; a® x?|
at(1+2p)  a*(3:2p) 5 222

Result (type 5, 183 leaves):
1
3+2p

, @t x?] ¢

1 , 11
— [3 a x Hypergeometric2F1| =, - = - p,
3 a4 2 2

N W

(73+3 (1-a? x2>§+pf3a2 x? (1-a? x2)§+p+a3 (3+2p) X Hyper‘geometr‘icZFl[S, 7§7p,

3(1-ax) (1+ax>’i_’p (2-2a° x2)§+p Hyper‘geometr‘iczFl[i—p, §+p, §+p, %— a_x]
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\/—a2 (-8+25ax+25a’x*-15a°x*-15a"x*) -151i a (—1+ax>2 (1+ax)?EllipticF[iArcSinh[+/-a? x], 1}))/
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Problem 1220: Result more than twice size of optimal antiderivative.

e—ArcTanh[a x] <1 _ az X2> p
J X

Optimal (type 5, 73 leaves, 5steps):

dx

1
2,2 P : 1 3 2,2
. 1 1 3, (1-a2x?):"" Hypergeometric2Fi[1, , P, >+p,1-a x|
—aXHyper'geometrchFl[f, —-p, =, a° X ] -
27 2 2 1+2p

Result (type 5, 148 leaves):

1
a? x?

=

. | Hypergeometric2F1|- % -p, - % Py > -Ps

] 237 (1-ax) (1+ax)_§'p HypergeometricZFl[ifp, §+p, §+p, §7

NP

+p 3+2p

(1_a2X2)2+p -
(1- 1 )?+p+2p(1- 1 )

a?x? a?x?

Problem 1221: Result more than twice size of optimal antiderivative.

J&(eAr‘cTanh[a x] (1 _ a2 X2> p
X2

Optimal (type 5, 74 leaves, 5steps):

dx

1
Hypergeometric2F1 [— i, i -p, i, a? xz} a (1 - a2 xz) 2P Hypergeometric2Fi [1, i +p, i +p, 1-a2 xz]

- +

X 1+2p

Result (type 5, 171 leaves):

a% x?

N =

o 1
Hypergeometric2F1[- i, - i -p, i, a?x?| a (1 -2 ) 2P (1-a2x?)2"" Hypergeometric2F1 |- % -p, - % -p,

X 1+2p

a(-1+ax) (1+ax)‘§’p (2-2a2 xz);‘*p HypergeometricZFl[ifp, §+p, %er, if "“T"}

3+2p

Problem 1222: Result more than twice size of optimal antiderivative.

Je—Ar‘cTanh[a x] 43 (c _a2c X2> P gx

Optimal (type 5, 134 leaves, 7 steps):
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4/1_ 2 42 _ a2 2\p 1-a2x2 3/2 _ 32 2\p
- axt (c-atcxd) + (1-a2x) 7" (c-a?cx) —laxs (1-a%x2) P (c—a2cx2>pHyper‘geometr'ic2F1[E, 1—p, Z, a? x?|
a* (1+2p) a* (3+2p) 5 202 2

Result (type 5, 290 leaves):
1
a* (1+2p) (3+2p) (5+2p) (7+2p)

@ArcTanh [a x] 1+2p

41+p

1+2
<1+e2ArcTanh[ax]> +2p

1+ ez ArcTanh[a x]

1 3
(1-a2x%) P (c-a’cx?)? [— (105 + 142 p + 6@ p* + 8 p°) Hypergeometric2F1[ = +p, 5+2p, — +p, —e*Arcranhiaxif,
2 2
3 5
@2ArcTanh[ax] (1+2p) (3 (35+24p+4p?) Hypergeometric2F1[ = +p, 5+2p, — +p, -e?ArcTanhlaxi]
2 2
e

5 7
2ArcTanh(ax] (34 2p) [—3 (7 +2p) Hypergeometric2Fi [; +p, 5+2p, ; +p, —eXAreranhiaxi

7 9
@2ArcTanh(ax] (5 +2 p) Hypergeometric2F1 [ —4+p,5+2p, —+p, —ehrcTanh(ax] ] ) ] )
2 2

Problem 1226: Unable to integrate problem.

jeAr‘cTanh[ax] <C _alc X2> p
X

Optimal (type 5, 111 leaves, 6 steps):

dx

1 3 V1-a?x? (c-a?cx?)PHypergeometric2F1[1, %+p, §+p, 1-a2x?]
> ——-P, =, a XZ] -
2 2 1+2p

—ax (1-a*x%) " (c-a”cx?)?Hypergeometric2F1|

N |

Result (type 8, 27 leaves):

efAr‘cTanh[a x] <C —alc X2> p
J dx

X

Problem 1227: Unable to integrate problem.

Je—Ar'cTanh[ax] <C _ a2 C X2> p
XZ

Optimal (type 5, 112leaves, 6 steps):

dx

(1-a%x?)7P (c—azcxz)pHyper‘geometr‘icZFl[—%, %—p, i, a’x?| av1-a*x® (c-a?cx?)PHypergeometric2F1|1, §+p, %+p, 1-a%x?]
- +

X 1+2p

Result (type 8, 27 leaves):

| 255
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e—Ar‘cTanh[a x] <C _ az I X2> p
J dx

x2

Problem 1232: Result unnecessarily involves higher level functions.

e—ZAr‘cTanh[a X]
J & ax
c-a’cx?
Optimal (type 1, 15leaves, 2 steps):
1

ac<1+ax)

Result (type 3, 18leaves):

e—ZAr‘cTanh[a X]

2ac

Problem 1252: Result unnecessarily involves higher level functions.
JQ—ZArcTanh[a X] XM ’C _ a2 C X2 dx

Optimal (type 5, 172 leaves, 7 steps):

I mc_alcx2 C (3+2m) xtm~/1 - a2 x? Hyper‘geometr‘icZFl[i, 1*7"', 4 g2 xz] 2acx?Mm+/1-a%x? Hyper‘geometr‘icZFl[i, Zm 4?’", a? xz}

2
- +

2+m (1+m) (2+m) Vc-a2cx? (2+m) Vec-aZcx?
Result (type 6, 192 leaves):

1 Vc-a?cx? Hypergeometric2F1[- 2, &0 3 3252
X1+m _ 2 2 2 B
1+m 1~ aZx?

1 1
4 (2+m) Vc-acx AppellFl[1+m, =, - =, 2+m, -aX, ax|
2 2

/[\/1+ax (—2 (2+m) AppellF1[1+m, 1, —1, 2+m, ~ax, ax| +

2 2

ax

AppellF1[2m, >, ==, 3+m, ~ax, ax] +HypergeometricPFQ[{1, 1:2), {247}, a2 sz]]
2 2 2 2 2

Problem 1253: Result more than twice size of optimal antiderivative.

JQ—ZArcTanh[a x] (c _alc XZ) P gx
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Optimal (type 5, 54 leaves, 3 steps):
21 (1-ax) P (c-a?cx?)PHypergeometric2F1[-1-p, p, 1+p, i (1+ax)]

ap

Result (type 5, 125leaves):

#2" (1+ax) P (1-a*x*) P (c-a*cx?)?
a <1+p)
1 ax\P . 1 3 . 1 ax
(—a (1+p) x| =+ —| Hypergeometric2F1[ =, -p, —, a®x?] + (-1+ax) (1-a’x*)”Hypergeometric2F1[1-p, 1+p, 2+p, — - — |
2 2 2 2

Problem 1277: Result unnecessarily involves higher level functions.
e—BAr'cTanh[a X]
J e ax
(c —azcxz)S/2
Optimal (type 3, 182leaves, 5steps):

1-a2x? 1-a2x? V1-a?x? V1-a?x? ArcTanh[ax]
+

6ac2(1+ax)3\/c—a2cx2 8ac2(1+ax)2\/c—a2cx2 8ac? (1+ax)Vc-a?cx? 8ac2yc-acx?

Result (type 4, 108 leaves):

av1-a2x? (\/—a2 (10+9ax+3a?x?) +3ia (1+ax)’EllipticF[i ArcSinh[+/-a2 x],l])

24 (7a2)3/2c2 (1+ax)3x/cfa2cx2

Problem 1278: Result unnecessarily involves higher level functions.
e—3 ArcTanh[a x]
J— dx
(c-a2cx?)’?

Optimal (type 3, 275leaves, 5steps):

1-aZx? 1-a2x? 1-a2x?
32ac® (1-ax)Vec-a2cx? 16ac® (1+ax)*"/c-a2cx? 12ac (1+ax)’Vc-a?cx?
3V1-a2x? V1-a?x? 5+/1-a%x? ArcTanh[aX]
- +

32ac3<1+ax)2\/c—a2cx2 8ac3 (1+ax>x/c—a2cx2 32ac3V/c-a%cx?
Result (type 4, 136 leaves):
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- ( [a \/1 -a?x?
(96 (-a%)*?c* (-1+ax) (1+ax)*/c-a?cx? )

\/—a2 (32+15ax-35a*x*-45a*x*>-15a*x*) -15ia (-1+ax) (1+ax)*EllipticF[iArcSinh[+/-a? x], 1}))/

Problem 1279: Unable to integrate problem.
Je—BArcTanh[a X] XM 'C _ a2 C X2 dx

Optimal (type 5, 136 leaves, 5 steps):

3xtm/c-aZex?  ax*"c-atcx?  4x¥™+/c-a%cx? Hypergeometric2F1[1, 1+m, 2+m, —aXx]
- + +

(1+4m) V1-a2x? (2+4m) V1-a2x? (1+4m) V1-a2x?

Result (type 8, 29leaves):

Je%Ar‘cTanh[a x] XM 'C _ a2 C X2 dx

Problem 1281: Result is not expressed in closed-form.

1
Je;ArcTanh[ax] (1762 X2>5/2 dx

Optimal (type 3, 359 leaves, 18 steps):

231 (1—ax>1/4 (1+ax)3/4 231 (1—ax)5/4 (1+ax)3/4 77 (1—ax)9/4 (1+ax)3/4
+ + -

512 a 1280 a 960 a

- 1/4
77 (1—ax)13/4 (1+ax)3/4 1 (1—ax)13/4 (1+ax)7/4 (1—ax)13/4 (1+ax)11/4 231Ar‘cTan[1—@<1+zx—i’;}A—]
- . n .

480 a 60 a 6a 512 /2 a

- /. - _ 1/ - _ 1/
231Ar‘cTan{1+312 (1 ax/)l“} 231Log[1+ l-ax 2 (1 ax)/ 4] 231Log[1+ l-ax | ¥2 (1-ax) “}
(1rax)¥/* V1vax (1+ax) Y/ Jiax (1rax) 1/

+ —

512+/2 a 10242 a 1024 /2 a
Result (type 7, 422 leaves):
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1

1920 a (1 + @2ArcTanh[ax] >6

%Ar‘cTanh [ax

ArcTanh[a x] —2Log[e ! —ttl]

960 ez—Ar‘cTanh[a X] <1 + @2ArcTanh[ax] )4 <_1 + 3 @2ArcTanh[a x]) _ 360 (1 4 @2ArcTanh[ax] ) 6 RootSum {1 114 &, &] +

"1

lAr‘cTanh [ax]
2 —

ArcTanh[ax]-2 Log[e le

39 RootSum |1 + 111* &, &]
80 (1 + @2ArcTanh[ax] ) 2 jaz _
(-1+a%x?) 2

7-166ax+26+1-a2x? Sinh[3 ArcTanh[a x]]

1 1
Cosh|[ = ArcTanh[ax] | +Sinh[ = ArcTanh[ax] || |13 Cosh[3 ArcTanh[ax]] +

2 2 Vi-aZx?
h B iArcTanh[a X1 B
3300 RootSum|[1 + 114 &, 12X “ﬂe 1l g

(Cosh[4 ArcTanh[ax]] +Sinh[4 ArcTanh[ax]]) - |- -
(-1+a2 xz)3

1 o1
Cosh [ — ArcTanh[a x] ] +Sinh [ — ArcTanh[a x] ]

- 129 Cosh[3 ArcTanh[a x]] + 275 Cosh[5ArcTanh[ax]] -
2 2

[ 286 12556 a x

.
\1-azx? \1-a?x?

7374 Sinh[3 ArcTanh[a x] ] + 550 Sinh[5 ArcTanh[a x] ] (Cosh [6 ArcTanh[a x]] + Sinh[6 ArcTanh[a x] ] )

Problem 1282: Result is not expressed in closed-form.

1
Je;Ar‘cTanh[a x] (1 _ 32 X2> 3/2 dx

Optimal (type 3, 307 leaves, 16 steps):
35 (l—ax)l/4 (1+ax)3/4 7(1fax)5/4 (1+ax>3/4 7(1—ax)9/4(1+ax)3/4 (1—ax)9/4 (1+ax)7/4
N _ _
64 a 32a 24 a 4 a

B /s _ /. - _ ’/ - _ /
35 ArcTan|[1 - Y21-2X1® ] 35 ancTan[1 4 Y2 A-aXt ] 35 gg[q , I2X W2 (Aax)VE] 35 ggfq, lax | 2 (lax)t
(1+ax) ¥4 (1+ax) ¥4 1+ax (1+ax)¥/*

~ . ~ 1+ax (1+ax) /4
64+/2 a 64-/2 a 128 /2 a 128+/2 a

Result (type 7, 249leaves):

+
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1

48 a (1 + @2ArcTanh[ax] )4

%ArcTanh[ax

ArcTanh[a x] —2Log[e I —111]

24 ei—Ar‘cTanh[ax] (1 + @2ArcTanh[ax] ) 2 (_1 +3 eZAr'cTanh[ax]> _9 <1 + @2ArcTanh[ax] )4 RootSum[l + 11t &, &} N

H1

lAr*cTanh[a X]

ArcTanh[ax]-2 Log{ez nlw

39 RootSum |1 + #1* &, &

= - |Cosh]| 1 ArcTanh[ax] | +Sinh| 1 ArcTanh[ax] |

<—1+a2x2>2 2 2

7-166ax+26V1-a%2x? Sinh[3 ArcTanh[ax]]

(13 Cosh[3ArcTanh[ax]] + (Cosh[4ArcTanh[ax]] +Sinh[4 ArcTanh[ax]])

Problem 1283: Result is not expressed in closed-form.
JeéArcTanh[a X] \/mdlx

Optimal (type 3, 255leaves, 14 steps):

3 (173)()1/4 (1+ax>3/4 (1—ax>5/4 <1+ax)3/4 3Al"CTan[1, 2 1,ax/1/4]
(1+ax) Y4
_ 4 _

4a 2a 4+/2 a

3ArcTan[1+ V233X 0] 3 g0 Ylax W2 (Gaxi¥t) 3y qg[y , Ylax | Y2 eaxtt

) + p
(1+ax)¥/* 1+ax (1+ax) V4 V1+ax (1+ax) ¥4
+ _

4~/2 a 8+/2 a 8+/2 a
Result (type 7, 83 leaves):

1

ArcTanh[ax]-2Log|e:2

ArcTanh[ax]
-

8e

3
;Ar‘cTanh[ax] (71+3 @2 ArcTanh [ax] )

- 3 RootSum |1 + 1% &,

1] &
(1+92ArcTanh[a x] )2 7l ]

16 a

Problem 1284: Result is not expressed in closed-form.

e%Ar‘cTanh[a x]
V1-a?x?
Optimal (type 3, 193 leaves, 12 steps):

dx



7.3 Inverse hyperbolic tangent.nb | 261

_ 1/4 _ 1/4 _ _ 1/4 _ _ 1/a
\/TAr'cTan[lfﬂ(—)—2 L-ax) ] \/TAr'cTan[lJrL(—)—2 Laxim ] og[1 4 Eax  MELaXm ] ggfg g MAaX w2 (laxi ]
(1+ax) ¥4 (1+ax) Y4 +/1+ax (1+ax) ¥4 +/1+ax (1+ax) ¥4

N _
a a 2 a V2 a
Result (type 7, 46 leaves):

lAr‘cTanh [ax]

-ArcTanh[a x]+2 Log[ez 111}

RootSum[1 + 1% &, &|

71

2a

Problem 1289: Result is not expressed in closed-form.

1
=ArcTanh
Jez rcTanh[a x] (C—aZCXZ)S/Z dx

Optimal (type 3, 679 leaves, 19 steps):

231¢? (1-ax)"* (1+ax)>*Vc-a?cx? X 231¢? (1-ax)** (1+ax)?*Vc-aZcx? .
512a\/1-a2x? 1280aV1-a2x2

77 c? (1—ax>9/4(1+ax)3/4m 77 c? (1—ax)13/4 (1+ax)3/4m 11 ¢? (1—ax)13/4 (1+ax)7/4m
960 a+\/1-a2x? _ 480a1-a2x2 _ 60a+/1-a2x2 _

/e
c2 (1—ax)13/4 (1+ax)11/4m 231 c?2/c-atcx? Ar‘cTan[l— M] 231 c2+/c-a%2cx? Ar‘cTan[lJr M]
+ _

(1+ax)/4 (1+ax)Y/4

6a1-a?x? 51242 a+/1-a?x? 51242 a+/1-a?x?
231 2T aTex Log[1+ L ST emt] 31 c2/c aTox® Log[1 s LIIE L Y2 a2t

Viax (1+ax)1/4 Viax (1+ax)1/4
1024 /2 a+/1-a%x? 1024 /2 a+/1-a%x?

Result (type 7, 167 leaves):

_ C3 1- aZ XZ -8 (ez—Ar‘cTanh[a x] (_1155 _ 6435 eZAr‘cTanh[a x] _ 14670 eAAr‘cTanh[a x] + 48202 eGAr‘cTanh[a X] + 20097 eSAr‘cTanh[a X] + 3465 elOAr‘cTanh[a x]) +

L ArcTanh [ax

ArcTanh[ax] -2 Log|e: ' m
3465 (1 + e2Ar<Tanh(2x]) € Rootsum |1 + #1* &, [ ] &| / [30720a (1+ e2ArcTanh(2x]) € \[c — a2 ¢ x?
51

Problem 1290: Result is not expressed in closed-form.

1
Je;ArcTanh[ax] (C_az CX2)3/2 dx
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Optimal (type 3, 547 leaves, 17 steps):
35c(l—ax)l/“(1+ax)3/4\/c—a2cx2 7c(1—ax)5/4(1+ax)3/4\/c—a2cx2 7c(l—ax)g/“(1+ax)3/4\/c—a2cx2

+

64a+\/1-a%x? 32aV1-a%x? 24a+/1-a%x?
NPy VT aaxe JeoaZod VZ (-ax¥e
c (17ax>9/4 (1+ax)7/4m 35cVc-a2cx? ArcTan|1 et | 35c¢vc-a?cx? ArcTan|1+ . ]
+ - +
4a+1-2a%x? 642 av1-a?x? 642 av1-a?x?

1/4 1/4
35cVc-a2cx? Log[l+ ¥i2X  MELAAXm ] 35c4/c-aZcx? Log[l+ VEAX , M2 laxio]
+1+ax (1+ax)¥/* +1+ax (1+ax) Y4

1282 a+/1-a2x? 1282 a+/1-a2x?

Result (type 7, 147 leaves):

| lc2~/1-a2x2 |-8 ez—Ar‘cTanh[a X] (_35 _ 125 @2ArcTanh[ax] , 399 g4ArcTanh[ax] | 1g5 g6ArcTanh(a x]) .

%Ar‘cTanh[ax

ArcTanh[ax] - 2 Log[e

105 (1 + e2ArcTanh(ax] ) Rootsum|[1 + 1% &,

]
~ 1] &] /(768a (1+ce““””""“‘["’”‘])‘*«/c—azcx2

H1

Problem 1291: Result is not expressed in closed-form.
JeéArcTanh[a X] m dx

Optimal (type 3, 429 leaves, 15 steps):
3(1-ax)" (1rax)¥ Ve aloxd  (1-ax)¥ (1rax)¥ e aTcxd  3Ve @ X ArcTan[1- Siibedi]
+

(1+ax) V4

4a+1-a%x? 2aV/1-a?x? 4+/2 a/1-a2x?

{ _ 11/11 _ _ 1/4 _ _ 1/4
3v/c-a2cx? ArcTan[1+ Lome | 3vc-a?cx? Log[l+ Y2 - 2(1”3’} 3vc-a2cx? Log[l+ v, 2(1”?’]
(1+ax) Y4 V1+ax (1+ax)Y/* J1+ax (1+ax) Y4
+ _

4~/2 a/1-a2x? 8+/2 av1-azx? 8+/2 av1-azx?
Result (type 7, 126 leaves):

L ArcTanh [ax

3 ArcTanh[ax] -2 Log|e: I om
cJ1-a?x? |8e:x ncTanhlax] (-1+3e2AreTanhiax]) _ 3 (1 4 g2ArcTanhiax] )2 RootSum|1 +11* &, [ } & /
=1

(163 (1+e2ArcTanh[ax])2 C (1732 XZ)




Problem 1292: Result is not expressed in closed-form.
e%Ar‘cTanh[a x]
——a
Ve-atcx?

Optimal (type 3, 309 leaves, 13 steps):
V2 \/1-a?x? ArcTan|1- M] V2 \/1-a?x? ArcTan|1+ M]

(1+ax) V4 (1+ax) V4

X

+

avc-atcx? avc-atcx?
1/4 1/a
V1-a2x? Log[1+ vi2x N2 LaXml G/1_a2x2 Log[1+ E2X M2 axi ]

V1tax (1+ax) V4 Vitax (1+ax) V4

V2 ave-aZex? V2 ave-aZex?
Result (type 7, 79 leaves):

lAr‘cTanh[a X]
—-ArcTanh[ax]+2 Log|e2 -H1
¢ (1-a2x?) RootSum[1+m1*8g, [axjr2Log W

2acV1-a?x?

J

ol

Problem 1307: Unable to integrate problem.

e%Ar‘cTanh[ax]
dx
X (c:—azcxz)g/8
Optimal (type 6, 73 leaves, 3 steps):
1/8 1/8 1 11 9 1
2 25% (1+ax)V® (1-a%x?) AppellFl[g, Pl P ;(1+ax),1+ax}
1/8

C (c—azcxz)

Result (type 8, 31 leaves):

LAr‘cTanh[a x]
e:2
dx
x (c-a? cxz)g/8

Problem 1309: Result more than twice size of optimal antiderivative.

JenAr‘cTanh[a x] (c _a%¢ x2> 2 dx

Optimal (type 5, 70leaves, 2 steps):
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3+0

2>7 ¢? (17ax)3':_Hyper‘geometr‘ic2F1[727 g, 3- %, 4- 3, i (1-ax)]

a(6-n)

Result (type 5, 184 leaves):
1

120 a

c2 gnArcTanh[ax] (22n—n3+120ax—22an2x+an4x—28a2nx2+a2n3x2—80a3x3+2a3n2x3+6a4nx4+24a5x5—e“"”a”h[”] n (32—16n—2n2+n3)

n n n n
Hypergeometric2F1[1, 1+ —, 2+ —, —e*A"TMIax]] . (64 - 20 n” + n*) Hypergeometric2F1[1, —, 1+ —, —e?ArcTannlax] ])
2 2 2

N

Problem 1310: Result more than twice size of optimal antiderivative.

J\enAr‘cTanh[ax] (C _alc X2>3 dx

Optimal (type 5, 70leaves, 2 steps):

2% 3 (1—aX)4’%Hyper‘geometr‘icZFl[—3— 3, 4 - %, 5- 2, % (1-ax)]

a(8-n)

Result (type 5, 272 leaves):
1
5040 a

3 gnArcTanh(ax] [—912n+58n3—n5—5040ax+912an2x—58an4x+an6x+1368a2nx2—64a2 nPx?+a?n°x?+5040a3x>-152a°>n?x3>+2a3>n*x3-
576 a* nx* + 6 a* n® x* - 3024 a° x° + 24 2° n* x® + 120 a° n x® + 720 a7 x” - 2A"<TMaXI n (1152 + 576 n + 184 n? - 52n’ - 2n* + n®)
n

n n n
Hypergeometric2F1[1, 1+ —, 2+ —, -e*A"TMaxI ], (2304 + 784 n% - 56 n* + n®) Hypergeometric2F1 [1, =, 1+ —, —e?ArcTanh(ax] ] ]
2 2 2 2

Problem 1356: Unable to integrate problem.

JenAr‘cTanh[ax] XM (C _a%c XZ) 2 dx

Optimal (type 6, 42 leaves, 2 steps):

¢ x1" AppellF1[1 +m, i (-4+n), -2-7,2+m, ax, -ax

1+m

Result (type 8, 27 leaves):
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JenArcTanh[ax] XM (C _ a2 c XZ) 2 dx

Problem 1357: Unable to integrate problem.

JenAr‘cTanh[a x] XM (C _ a2 C XZ) dx

Optimal (type 6, 40leaves, 2 steps):
c x1*" AppellF1[1 +m, i (-2+n), -1- g, 2+m, ax, -ax|

1+m
Result (type 8, 25leaves):

JenAr‘cTanh[a x] XM (C _ a2 C XZ) dx

Problem 1358: Result more than twice size of optimal antiderivative.

e ArcTanh[a x] XM
——dx
c-a’cx?

Optimal (type 6, 42 leaves, 2 steps):

x> AppellF1[1+m, 2, 1 - 3, 2+m, ax, -ax|

2
c(1+m)
Result (type 6, 106 leaves):

1 enAr‘cTanh[a x] (71 + e—ZAr‘cTanh[ax])"‘ <1+ e—ZAr‘cTanh[a x])m

acn

(_e—4Ar‘cTanh[a x] (_1 4 e2Ar‘cTanh[a X] ) 2) -m XM AppellFl [_ E, m, -m, 1- E, _e—ZAr‘cTanh[a x] , e—ZAr‘cTanh[a X] ]

Problem 1359: Unable to integrate problem.

e" ArcTanh[a x] XM
— dXx
(c-a?cx?) 2

Optimal (type 6, 42 leaves, 2 steps):

x1M AppellF1[1 +m, 4;", 2- g, 2+m, ax, -ax|

c? (1+m)
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Result (type 8, 27 leaves):

e ArcTanh[ax] XM
— dx
(c-a?cx?) 2

Problem 1360: Unable to integrate problem.
JenAr‘cTanh[ax] XM (C _ a2 c XZ) p dx

Optimal (type 6, 70leaves, 3 steps):

Xt (1-a2x?) P (c—azcx2>pAppe11F1[1+m, i (n-2p), —g—p, 2+m, ax, -ax|

1+m
Result (type 8, 27 leaves):

JenAr‘cTanh[ax] XM (C _ a2 c XZ) p dx

Problem 1361: Unable to integrate problem.

JenAr‘cTanh[ax] X (C _ a2 C X2> p dx

Optimal (type 5, 177 leaves, 4 steps):

(17ax)1’;’+p (1+ax)1+;’+p (1-a2x?) P (c-a2cx?)P 1

2a? (1+p) a? (1+p) (2-n+2p)

2:"n (1—ax)1’%+p (1-a2x?) P (c-a’cx?)P Hypergeometric2F1 |- —-p, 1- E+p, 2- E+p, : (1-ax)]
2 2 2

NS

Result (type 8, 25leaves):

JenAr‘cTanh[ax] X (C _ a2 C X2> p dx

Problem 1362: Unable to integrate problem.

JenAr‘cTanh[a X] (C _ a2 C X2> p dx

Optimal (type 5, 103 leaves, 3 steps):
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—;Zh%p (1—ax)1’%+p (1-a?x?) 7P (c-a®cx?)P Hypergeometric2F1 |-
a(2-n+2p)

N |

n n
-p,1-—+p,2-—+p, — (1-ax)]
2 2

N | S

Result (type 8, 24 leaves):

JenAr‘cTanh[ax] (C _ a2 C X2>P dx

Problem 1363: Unable to integrate problem.
Jez (1+p) ArcTanh[a x] (1 _ az XZ) -p dx
Optimal (type 3, 41 leaves, 3 steps):

(1—ax)1'2p (1—ax)'2p
+

a(1-2p) ap

Result (type 8, 28 leaves):

jez (1+p) ArcTanh[a x] (1 _ aZ X2> -p dx

Problem 1364: Unable to integrate problem.

Jez (1+p) ArcTanh[a x] (C _ a2 C X2> -p dx

Optimal (type 3, 95leaves, 4 steps):

(1fax)1’ZID (1-a2x2)P (c-a?cx?) P (1fax)’2p (1-a2x?)P (c-a2cx?) P
+

a(1-2p) ap

Result (type 8, 29 leaves):

Jez (1+p) ArcTanh[a x] (C _ a2 C X2> -p dx
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Test results for the 361 problems in "7.3.7 Inverse hyperbolic tangent functions.m"

Problem 16: Result unnecessarily involves imaginary or complex numbers.
\/?X
Vdrex?

Optimal (type 4, 196 leaves, 6 steps):
60d2+/x Vdrex? X 36dx*2/dvrex?  4x2Vdrex?

st/z Ar‘cTanh[ ] dx

+

847 e>/2 847 e3/2 121e
30914 (Vd + e x| [ X EllipticF[2ArcTan[ <20, 1]
2 Ve x (ﬁ*ﬁx) &
— x™/2 ArcTanh | |+
11 Vd+ex? 847 e1/4/d + e x?
Result (type 4, 161 leaves):
ifa
60d>/2 | ivd 1, 9 yEllipticF[i ArcSinh , -1
2 2+/d+ex? (15d2—9dex2+7e2x4) e x \/J? J T XELHIPHIC []L resin [ VX } ]
- x |- +77 x° ArcTanh | ]
847 e5/2 Vd+ex? 847 e%+/d+ex?
Problem 17: Result unnecessarily involves imaginary or complex numbers.
JXS/Z Ar‘cTanh[ﬂ] dx
Vd+ex?
Optimal (type 4, 168 leaves, 5 steps):
10d7/4 (\/?+\/?x) —deex? . EllipticF[ZAr‘cTan[—‘Qel’/Al/ax }, i]
20dVx Vd+ex? 4x52+/d+ex? 2 72 ) Tanh[ Ve x ] (ﬁ*\/gx) &
- + =X rc -
147 e3/2 49+/e 7 Vd+ex? 147 e7/4\/d + e X2

Result (type 4, 147 leaves):

id
. 5/2 =
20+/d (—*@) 1+ -9 xEllipticF[i ArcSinh , -1
2 2(5d—3ex2) \Vd+ e x? Je x Ve ex? P [ [ Nra } ]
—/x +21 %3 ArcTanh [ 1+
147 e?/? Vd+ex? 147 V/d + e x2
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Problem 18: Result unnecessarily involves imaginary or complex numbers.

J\/? Ar‘cTanh[@} dx
Vd+ex?
Optimal (type 4, 142 leaves, 4 steps):
204 (Vd + /e x) | 4 EllipticF[2ArcTan[ 0], 1]
4+/x Vd+ex? 2 32 Ve x (ﬁ*ﬁx) d
- —————+ = x*2ArcTanh| |+
9+/e 3 \d+ex? 9e3/4+/d+ex?

Result (type 4, 135leaves):

a

id
4~/d [+ 1.9 xEllipticF[i ArcSinh E s -1
2 2+ d+ex? \Je x \/J? J ex? [ [ N3 ] ]
— VX 7—+3xAr‘cTanh[ ] +
9 Ve vd+ex? 9+v/d+ex?

Problem 19: Result unnecessarily involves imaginary or complex numbers.
Ar‘cTanh[—\&

\/ d+e x? ]
J\ X3/2 dx

Optimal (type 4, 113 leaves, 3 steps):
ex ] 284 (+/d | —dext  E11ipticF[2ArcTan| &40 ] L
2Ar‘cTanh[ — } e (\ﬁ+\/e7x) (ﬁd?x)z iptic [ rc an[ Py ] 2}

- +

Vx dvadsex?
Result (type 4, 111 leaves):

4

&‘

Vx

d+e x?

2 ArcTanh[ 22| 45 +/e 1+ xEllipticF[iArcSinh[E],-1}
+

Ve S5 aiex
e
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Problem 20: Result unnecessarily involves imaginary or complex numbers.
Ar‘cTanh[—\&

\/ d+e x? ]
J X7/2 dx

Optimal (type 4, 145leaves, 4 steps):

Ve (T 2Ar‘cTanh[%] 2 e5/4 (\/Fmﬁx) lﬁ EllipticF[ZArcTan[%AE}, i]
vV d+ A/ d+ex

15d x3/2 5x5/2 15d5/4~/d + e x?
Result (type 4, 142leaves):

ia
2 (2e xVdrex? +3dArcTanh[—\@]] 4J%@ ez\/1+dz x E1lipticF[i ArcSinh[—], —1]
d+e x? e ex X
15d x°/2 15d3/2+/d + e x?

Problem 21: Result unnecessarily involves imaginary or complex numbers.
Ar‘cTanh[@

~/ d+e x? ]
J\ X11/2 dx

Optimal (type 4, 173 leaves, 5steps):

ZAPCTanh[&} 10e%/4 (\/F-%—\/?X) —deex?t EllipticF[ZAr‘cTan[L‘l)ﬂi}, %]
4+/e Vd+ex? 20e32+/diex? \ drex? [V e x) ¢
- +

- +

63 dx7/2 189 d2 x3/2 9 x%/2 189 d%/4+/d + e x2

Result (type 4, 154 leaves):

4

i

=

d+e x? x? Vx ], _1}
189 d2 x°/2 189d>2+/d + e x?

a~/e x/drex? (-3d+5ex?) -42d?ArcTanh| L% ] ZGJDFE e3\/1+eL x ELlipticF[i Arcsinh |
e
! .
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Problem 22: Result unnecessarily involves imaginary or complex numbers.
Ar‘cTanh[—*&

\/ d+e x? ]
J X15/2 dx

Optimal (type 4, 201 leaves, 6 steps):
4+Je Jd+ex? 36e3/2y/d+ex? 60e°2+/d+ex?

143 d x1/2 1001 d? x7/2 1001 d3 x3/2
2ArcTanh| Ex | 306/ (\/Fm/e x) — 4’ E11ipticF[2ArcTan| &5, 1]
\/d+e x? (\/?”/? X) it 2
13 x13/2 1001 d%3/4/d + e X2
Result (type 4, 163 leaves):
1
1001 x13/2

i

30 [ 1L et |14 -4 xIS2E1lipticF[i ArcSinh , -1
2+ve xVd+ex? (7d*-9dex?+15e?x%) 77 ArcTanh| Ve x ] \/VF \/ ex? P [ [ VX ) ]
- - 77 ArcTan -
d? Vd+ex? d’/2\/d+ex?

4

4

Problem 23: Result unnecessarily involves imaginary or complex numbers.

Ve x
Vd+ex?

Optimal (type 4, 297 leaves, 7 steps):
28d x3/2+\/d+ex? 4x7/2~/d+ex? 28d2+/x Vd+ex? 2x9/2Ar‘cTanh[ Ve x
_ Lz _vex

405 e3/2 81+/e 135 e2 (W+@x) 9 Vd+ex?

28 d%/4 (\/FJr\Ex) —deex® EllipticE[ZArcTan[M} s l] 14 d°/4 (\H+\/§X) — diex? EllipticF[ZAr‘cTan[%@], l}
(Va e ]} ave 172 (VT e x)? e 172

135e%/4+/d + e x2 135e%/4+/d + e x2

Jx”z ArcTanh | | ax

} +
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Result (type 4, 224 leaves):

1 ive X e X
2+/x Ve x ive 14d?+4dex?-10e2x* +45e¥2x3+/d + e x? Ar‘cTanh[L] -
\/? \d+ex?

405 e? M% Vd+ex?

2 d 2 :
4262 |1+ 2% EllipticE[i ArcSinh| ive x [, -1] +42d%2 |1+ 2% EllipticF[i ArcSinh[ | - Ve |, -1]
d T 4 /@

Problem 24: Result unnecessarily involves imaginary or complex numbers.

sz,/z Ar‘cTanh[@] dx
\d+ex?
Optimal (type 4, 269 leaves, 6 steps):
4x3/2~/d +ex? 12d+/x Vd+ex? 2 ., Ve x
- + + —X Ar‘cTanh[i} -
25+/e 25e(ﬁ+@x) 5 Jd+ex?
12 d5/4 (\/?-%—\/?X) —deext EllipticE[ZAr‘cTan[M}, ] edt (\/?+\/?x) —deext EllipticF[ZAr‘cTan[M},
('\/F‘F\/? X) d1/4 2 ('\/F‘F\/? X) d1/4
+
25 e%/4+/d + e x? 25e%/4+/d + e x?
Result (type 4, 211 leaves):
1 1 \Ex

e
2d+2ex2-5+/e x~/d+ex? Ar‘cTanh[g}
Vd+ex?

. 2% | Ve x
S

2 : 2 :
62 1.2 EllipticE[i ArcSinh] ive x |, -1] +6d*? |1+ e EllipticF[i ArcSinh| ive x |, -1]
d Va d Va

Problem 25: Result unnecessarily involves imaginary or complex numbers.
Ar‘cTanh[—\@

[,
Vx

Vd
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Optimal (type 4, 232 leaves, 5steps):

4414 (\H+\Ex) (V_LVi)z EllipticE[zAr‘cTan[%?], ﬂ
5 d +Ve x '
_MJrz\/YAr‘cTanh[ e x |+
Jd ++Je x \d+ex? el/4~/d+ex?
204 (V@ + Ve x| | —EX— Elliptick[2ArcTan| 0], 1]
(ﬁ+\/?X) di/4 2
el’4\/d+ex?

Result (type 4, 182 leaves):

1
2% \/d+ex? ArcTanh| ————] -
2
ive x m d+ex

2 . .
2+/d EllipticE[i ArcSinh] lﬁx],flpzﬁ + ipticF|i inh | “EX],fl]
¥e) d el
Problem 26: Result unnecessarily involves imaginary or complex numbers.
Ar‘cTanh[—\@]
J 4/ d+e x? dx
XS/Z
Optimal (type 4, 272 leaves, 6 steps):
2 ArcTanh | —fex
4+/e Jd+ex? 4der/x Vd+ex? [w/d+ex2}
- N - -
3d+/x 3d(\/?+\/?x) 3x32
4 e3/4 (\HJr\/?x) % EllipticE[ZAr‘cTan[%], l} 2e3/4 (\H+\/?X) % EllipticF[ZAr‘cTan[%], l}
(\/d_+\/? x) gv/4 2 (\/d_+\/? x) dv/4 2
+
3d34+/d+ex? 3d3/4+/d+ex?

Result (type 4, 214 leaves):
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. 2 .
- Ve x 2ve x (d+ex?) +d+/d+ex? Ar‘cTanh[i] vavd ex® |1+ 28 EllipticE[i ArcSinh| = ex],—l]—
\d Vd+ex? d \d

e x? i Ve i Ve
4+d ex? |1+~ EllipticF[i ArcSinh| ive X ], -1] / 3dx3? ive x \d+ex?
d Vd Vd

Problem 27: Result unnecessarily involves imaginary or complex numbers.
Ar‘cTanh[ﬂ]

/ d+e x?
dx
X9/2

Optimal (type 4, 302 leaves, 7 steps):

2Ar‘cTanh[—\@
4/e Jdrex? 12e32+/drex? 12e?+/x Vd+iex? drex?
- + - - +
35d x°/2 35d2 /% 3502 (Vd /e x| 7X72
12 e7/4 (\/?+\Ex) —deex® EllipticE[ZAr‘cTan[M}, l] 6e’/4 (ﬁmﬁx) —deex® EllipticF[ZArcTan[M}, l]
(\/?H/ZX)Z di/4 2 (ﬁ+ﬁx)2 dr/4 2
35d7/4/d+ex? 35d7/4/d + e x2
Result (type 4, 234 leaves):
1ve X e X
2 ive Zx/Fx(—d2+2dex2+3e2x“)—5d2x/d+ex2 Ar‘cTanh[L] -
\/? \d+ex?

e x? i Ve
6/d e2x* |1+ 2 EllipticE[iArcSinh| Jl\/—X},—l]+
d Jd
2 . .
6/d e2x* |1+ 2 EllipticF[iArcSinh| l\/?x},—l] /35<12x7/2 ive X \Jd+ex?
d Ja @




7.3 Inverse hyperbolic tangent.nb | 275

Problem 31: Unable to integrate problem.

1+cx

dx

1-c2x?

J\(a+bAr‘cTanh[@])3

Optimal (type 4, 409 leaves, 9 steps):

3 2
2 a+bAr‘cTanh[@]) Ar‘cTanh[l— L } 3b (a+bAr‘cTanh[@]) PolyLog[2, 1- —2—
1+Ccx PERERS Vi1+cx 17V1 cx
VK N
- +
c 2c¢c
2
3b (a+bAr‘cTanh[@] PolyLog[Z, -1+ 2 ] 3 b2 (a+bAr‘cTanh[@] PolyLog[B, 1- 2
A/ 1+c x 1 Miex A/ 1+cx 1 Maex
A 1+ex A\ 1+ex

2c¢C 2cC

3 b2 (a +bArcTanh]| @} ) PolyLog[3, -1+ —>—] 3b*Polylog[4, 1- —*—] 3b3PolyLog[4, -1+ —>—
A/ 1+cx 17\/1—cx 17\/‘14:)( 17\/14:)(
Jirex . V1iex B Viiex

2c¢C 4c 4c

Result (type 8, 42 leaves):

1+cx

dx

J\(a+bAr‘cTanh[@])3

1-c2x?

Problem 32: Unable to integrate problem.

1+cx

dx
2

J\ (a + bArcTanh[E] )2

1-c2x

Optimal (type 4, 268 leaves, 7 steps):

2
2 (a+ bAr‘cTanh[@]) ArcTanh[1- —%—] b (a +bAr‘cTanh[@]) PolyLog[2, 1- —2
A/ 1+Cc X 17\/17cx A/ 1+cx 17V1—cx
W liex A 1ecx
_ . _
c c
b [a+bArcTanh | Y= )Pol Log2, -1 2 b2 Polylog|3, 1 - —2 b2 Polylog|3, -1 2
i |:\/1+CX ] y g[ - 17\‘/17cx } y g[ 17\,"1—:)( ] y g[ " 17\/14:)(
- +

C 2c 2c
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Result (type 8, 42leaves):

J‘ (a + bArcTanh[@] )2

1+cx

dx
1-c2x?
Problem 47: Result more than twice size of optimal antiderivative.
Jx ArcTanh[Tanh[a+bx] ]2 dx
Optimal (type 3, 34 leaves, 3 steps):

x ArcTanh[Tanh[a+bx]]3 ArcTanh[Tanh[a+bx]]*
3b 12 b?

Result (type 3, 74 leaves):

2(a+bx) (—(Ba—bx) (a+bx)2+4 (2a®+abx-b*x*) ArcTanh[Tanh[a+bx]] -6 (a-bx) ArcTanh[Tanh[a+bx]]?
12 b

Problem 57: Result more than twice size of optimal antiderivative.
Jx ArcTanh[Tanh[a +bx]]3 dx
Optimal (type 3, 34 leaves, 3 steps):

xArcTanh[Tanh[a+bx]]* ArcTanh[Tanh[a+bx]]>
4b 20 b2

Result (type 3, 99 leaves):

2(a+bx) (<4afbx) (a+bx)?>-5(3a-bx) (a+bx)*ArcTanh[Tanh[a+bx]] +
20b

10 (2a*+abx-b®x*) ArcTanh[Tanh[a+bx]]?-10 (a-bx) ArcTanh[Tanh[a +bx]]>

Problem 71: Result more than twice size of optimal antiderivative.
Jx ArcTanh[Tanh[a +b x]]%dx
Optimal (type 3, 34 leaves, 3 steps):

x ArcTanh[Tanh[a+bXx]]®> ArcTanh[Tanh[a+bx]]®
5b 30 b?
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Result (type 3, 125leaves):
- 12(a+bx> ((Sa—bx) (a+bx>4—6(4a—bx) (a+bx)3Ar‘cTanh[Tanh[a+bx]] +
30b

15 (3a-bx] (a+bx)2Ar‘cTanh[Tanh[a+bx]]2—20 (2a®+abx-b*x?) ArcTanh[Tanh[a+bx]]?+15 (a-bx] ArcTanh[Tanh[a+bx]]*

Problem 78: Result more than twice size of optimal antiderivative.

ArcTanh[Tanh[a +bx]]4
J dx

X6

Optimal (type 3, 31leaves, 1step):
ArcTanh[Tanh[a +bx]]°
5x° (bx - ArcTanh[Tanh[a+bx]])

Result (type 3, 66 leaves):

1
- (b* x* + b x*> ArcTanh [Tanh [a + b x] ] + b?x*> ArcTanh[Tanh[a + bx]]%+ b xArcTanh[Tanh[a+bx]]?+ArcTanh[Tanh[a + bx]]*)
5x

Problem 84: Result more than twice size of optimal antiderivative.
Jx ArcTanh[Tanh[a + b x]]%dx
Optimal (type 3, 34 leaves, 3 steps):

xArcTanh[Tanh[a+bx]]7 ArcTanh[Tanh[a+bx]]8
7b 56 b2

Result (type 3, 177 leaves):
- 12 (a+bx) ((7afbx) (a+bx)®-8 (6a-bx) (a+bx)>ArcTanh[Tanh[a+bx]] +
56b
28 (5a-bx) (a+bx)4Ar‘cTanh[Tanh[a+bx}]2—56 (4a-bx) (a+bx)3Ar‘cTanh[Tanh[a+bx]]3+

70 (3a-bx) (a+bx)2Ar‘cTanh[Tanh[a+bx}]4756 (2a*+abx-b*x?*) ArcTanh[Tanh[a+bx]]>+28 (a-bx) ArcTanh[Tanh[a+bx]]°

Problem 286: Result more than twice size of optimal antiderivative.

JArcTanh [c+dTanh[a+bx]] dx

Optimal (type 4, 150 leaves, 7 steps):
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(17 Cfd) e2a+2bx

1
x ArcTanh[c +dTanh[a+bXx]] + —xLog[1+
2

} _

l1-c+d
_c- a+2bx Lct ar2bx
1 (1+c+d) e2a2bx  Polylog[2, - L <=5 polylog|2, - (et
~xLog[1+ ]+ -
l1+c-d 4b 4b
Result (type 4, 366 leaves):
1 4/_1 c+d a+b x 4/_1 c+d a+b x 4/1 c+d a+b x
x ArcTanh[c+dTanh[a+bx]] + — | (a+bx) Log[1- erf e |+ (a+bx) Log[1+ et e | - (a+bx) Log[1- erf e |-
2b Vv1i-c+d Vv1-c+d Vv-1-c+d
1/1 d a+b x
(a+bx) Log[1+ rcrde ]+aLOg[1+Cfd+e2(a+bx>+c<e2(a+bx)+de2(a+bx)}7aL0g[1+d+e2(a+bx)7de2(a+bx)—c<1+e2(a+bx))]+
V-1-c+d
4/71 c+d a+bx A/71 c+d a+b x 4/1 c+d a+b x 4/1 c+d a+b x
PolyLog[Z,— et e ]+PolyLog[2, rerf e }—PolyLog[Z,— rerf e ]—PolyLog[Z, et e
V1i-c+d V1i-c+d V-1-c+d V-1-c+d

Problem 291: Result more than twice size of optimal antiderivative.

JAr‘cTanh[ler +dTanh[a+bx]] dx

Optimal (type 4, 69leaves, 5steps):

2 Polylog|2, - (1+d) e?a+2bx
bx +xAr‘cTanh[1+d+dTanh[a+bx}]—leog[1+<1+d) e?ar2bx] _ olylog|2, - (1+d) e |

2 2 4b

Result (type 4, 168 leaves):

1
xArcTanh[l+d+dTanh[a+bx]] - —

2b

(bx (—bx—Log[e’a’b"+ (1+d) e®®*] +Log[1-e°*/-(1+d) e®® | +Log[1+e’*+/-(1+d)e*® | +Log[(2+d) Cosh[a+bx] +dSinh[a+bx]}) +

Polylog[2, -€°*+/- (1+d) e*® | + PolyLog|2, e”* /- (1+d) e*? ])

Problem 296: Result more than twice size of optimal antiderivative.

JAr‘cTanh[l—d -dTanh[a+bx]] dx

Optimal (type 4, 76 leaves, 5steps):

2 PolylLog|2, - (1-d) e?22bx
bx +xAr‘cTanh[1—d—dTanh[a+bx}]—leog[1+<1—d) e22:2bx] _ olyLog| < Je }

2 2 4b
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Result (type 4, 171 leaves):
x ArcTanh[1-d-dTanh[a+bx]] - *
2b

(bx (—bx—Log[e’a’bx (-1+ (-1+d) @) ] +Log[1-e®*/(-1+d) e*® | +Log[1+e”*\/(-1+d)e®? | +Log]|

(-2+d) Cosh[a+bx] +dSinh[a+bx]]

+PolyLog[2, —ebX (—1+d) e?? } +PolyL0g[2, ebX (—1+d) e?? ])

Problem 300: Result more than twice size of optimal antiderivative.

jAr‘cTanh [c+dCoth[a+bx]] dx

Optimal (type 4, 150 leaves, 7 steps):

(17 Cfd) eZa+2bx

} _

1
x ArcTanh[c +dCoth[a+bx]] + —xLog[1-
2

1-c+d
2 1+c-d ib =

Result (type 4, 369 leaves):
x ArcTanh[c +dCoth[a+bx]] -

1 VTTrcrd enbx VTTicid enbx VIicrd ebx
— |- (a+bXx) Log|1- | - (a+bx) Log[1+ ]+ (a+bx) Log[1- |+
2b V-1+c-d V-1+c-d V1i+c-d
(a+bx) Log[1+ lrcxd ea+bx] +alog[l+d-e®@PX 1 de?@bX ;¢ (—1+<e2<"”"x))] —alog[l+c-e?@PX _ce?@bx _( (1+e2(a*bx))] -
V1+c-d
_ +b _ +b +b +b
olylLog|2, - o - PolylLog|2, o +PolylLog|2, - o +PolylLog| 2, o
b V-1l+c+d e V-1l+c+d e V1i+c+d e V1i+c+d e
V-1+c-d V-1+c-d V1i+c-d V1i+c-d

Problem 305: Result more than twice size of optimal antiderivative.

JAr‘cTanh[1+d +dCoth[a+bx]] dx

Optimal (type 4, 69 leaves, 5 steps):

2 Polylog|2, (1+d) e?2+2bx
bx +xAr‘cTanh[1+d+dCoth[a+bx1]—leog[l—(1+d) @?2+2bx] _ olylog[2, (1+d) e )
2

4b

Result (type 4, 168 leaves):
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xAr‘cTanh[1+d+dCoth[a+bx}]—ibx —bx—Log[e‘a‘bX(—1+<1+d>ez(a*bx)>]+Log[1—ebx (1+d)e23}+Log[1+ebX (1+d)e“]+

2b
Log[dCosh[a+bx] + (2+d) Sinh[a+bx]]

+PolyLog[2, -e°*/ (1+d) e?® | + Polylog[2, e**/ (1+d) e*? ])

Problem 310: Result more than twice size of optimal antiderivative.

JAr‘cTanh[l—d -dCoth[a+bx]] dx

Optimal (type 4, 76 leaves, 5 steps):

2 Polylog|2, (1-d) e?22bx
bx +xAr‘cTanh[1—d—dCoth[a+bx}]—leog[l—(1—d) e222bx] _ olyLog| (b L )
2 2 4

Result (type 4, 175leaves):

1
xArcTanh[l-d-dCoth[a+bx]] - —
2b

bx [-bx-Log[e®®* (1+ (-1+d)e®@P¥)] +Log[1-e"* /- (-1+d)e®® | +Log[l+e’ /- (-1+d)e®® |+

Log[d Cosh[a+bx] + (-2+d) Sinh[a+bx]]| +PolyLog[2, -e®* /- (-1+d) e*? | +Polylog[2, €®* /- (-1+d) e*? })

Problem 312: Result more than twice size of optimal antiderivative.

J(e +fx)>ArcTanh[Tan[a +bx]] dx

Optimal (type 4, 302 leaves, 12 steps):

i (e+fx)*ArcTan[e2! @®X) ]  (e+fx)*ArcTanh[Tan[a+bx]] i (e+fx)>Polylog[2, -ie?! (@0X)]

af : af ) 4b :
i (e+-Fx)3PolyLog[2, ie?t(@bx] 3f(e+-Fx)2PolyLog[3, ~ie?i@bx ] 3f (e+-Fx)2PolyLog[3, ie?t(@bx]
4b : 8 b? ) 8 b2 '
31 f2 (e +f x) PolyLog[4, —1 e21 (atbx) } 31 f2 (e +f x) PolyLog[4, ie?t (a*bx>] 3 f3 Polylog [5, -1 2t (a*b")} 3f3 PolyLog[S, ie2t (a*bx>]
8 b3 . 8 b3 ) 16 b* ' 16 b*

Result (type 4, 654 leaves):
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1
—x(4e’+6e’fx+4ef x>+ x) ArcTanh[Tan[a+bx]] +
4

oo (—8 b*e’xLog[1-1ie’! @®¥ ]| _12b*e’ fx?Log[1-1ie’* @P¥ | _8b*ef?x®Log[1-1ie?! (@PX] -

2b* 3 x* Log[1-1ie?! @] 1 8b*e3xLog[1+ie?! PX ] +12b*e? fx? Log[l+1ie?! @] 1 8b%ef?x?Log[l+ie?® (PX ] 4
2b* 3 x* Log[1+ie?? (@®¥ ] 43 b® (e+fx)’Polylog[2, -1e?* @] +41ib? (e+fx)>Polylog|2, ie?! (@0 ] 4

6b? e’ f Polylog[3, -ie?* 2" ] 1 12b% e f2 x Polylog[3, -ie?! @®¥ | + 6b? £> x? PolyLog|3, -ie?® @PX ] -

6 b? e? f Polylog|3, i e?! (@ | —12b?e 2 x Polylog|3, i e?® (@ | _6b? > x? PolylLog|3, i €2’ @Px |
6ibef?Polylog[4, -ie?! @] 6ibf>xPolylog[4, -ie®* @®¥ | _6ibef?Polylog|4, ie?* @P0x |
6ibf>xPolyLog[4, ie?® @®¥ | _3fpolylog[5, -1ie?’ @ | .3 pPolylLog[5, ie?* (a*bx>])

Problem 319: Result more than twice size of optimal antiderivative.

JAr‘cTanh [c+dTan[a+bx]] dx
Optimal (type 4, 194 leaves, 7 steps):

(1*C+J'ld> e2iar2ibx

1-c-1id

} _

1
X ArcTanh[c+dTan[a+bx]] + —xLog[1+
2

) ) ) . 1-csid) e2ias2ibx . lec_id) e2iar2ibx
leog[lJr (1+c-1id) cezjl'?‘*“bx]711P01yL0g[2,—j—)—c P ]+1PolyLog[2,—1—)—c — ]
2 l1+c+1d 4b 4b
Result (type 4, 4654 leaves):
x ArcTanh[c+dTan[a+bx]] +
d —aLog[—Sec[l(a+bx)]2((—1+c)Cos[a+bx]+dSin[a+bx})]+aLog[Sec[l(a+bx”2(Cos[a+bx]+cCos[a+bx]+dSin[a+bx])]+
2 2
—d+vV1-2c+c?+d? 1
(a+bx) Log| +Tan[= (a+bx)|] +
-1+c 2
“1+c) (1+iTan[% (a+bx diVi-2ci2id “1+c) [i+Tan[Y (a+bx
J'lLog[( >< [2< H)}Log[ d+vV1-2c+cc+d +Tan{l(a+bx)H—iLog[—( )( [2( H)
~l+c+id-ivV1-2c+c2+d? -l+c 2 i-ic-d+vV1-2c+c2+d?
_ \/ﬁ \/ﬁ
Log| d+Vi-2c+c+d +Tan{l(a+bx)]]+<a+bx) Log[d+ 1-2crci+d +Tan[1(a+bx>H+
-1l+c 2 1-c 2
“1+c) [-i+Tan[t (a+bx Vi-2ci2.id “1+c) [i+Tan[t (a+bx
J'lLog[( >< [2< )])]Log[d+ 1-2c+c“+d +Tan[l(a+bx)H—iLog[< )( [2< )])
i-ic+d+V1-2c+c?+d? 1-c 2 —i+ic+d+V1-2c+c?+d?
\/ﬁ \/ﬁ
Log[dJr 1-2crci+d +Tan[l(a+bx)H—(a+bx) Log[—d+ 1r2crcid +Tan[1(a+bx>H—
1-c 2 1+c 2
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(1+c) (—11+Tan[§ (a+bx)” (1+¢) (11+Tan[§ (a+bx>”

) d+vV1+2c+c?+d? 1 )
iLog] | Log[- +Tan[~ (a+bx)|] +1iLog|
—i-ic+d+V1+2c+c?+d? l+c 2 i+ic+d+V1+2c+c?+d?
Vii2crc2id? ~d+vV1+2c+c2+d? +(1+c) Tan[L (a+bx
Log[—dJr 1+2c+c+d +Tan[1(a+bx)]]—<a+bx) Log[ ( ) [2( H]Jr
1+cC 2 1+cC
(1+c) (1—]‘1Tan[l(a+bx”) -d+V1+2c+c?+d? +<1+C)Tan[l(a+bx)}
iLog] 2 | Log| ? ] -
l+c-1d+ivV1+2c+c?+d? l+c
(1+¢) (1+J‘1Tan[l(a+bx”) ~d+V1+2c+c2+d? + (1+c)Tan[2 (a+bx)]
ilog| 2 | Log| 2 |+
licrid iviiZeraid® 1:c

d+vV1-2c+c?2+d? —(—1+c)Tan[%(a+be d+vV1-2c+c?2+d? —(—1+c)Tan[%(a+be

i PolyLog|2, | - iPolyLog|2,

} _

i-ic+d+V1-2c+c?+d? —i+ic+d+V1-2c+c?+d?
~d+V1-2c+c?+d?® + (71+C)Tan[l (a+bx>] —d+V1-2c+c?2+d? + (71+c)Tan[l (a+bx)]
jPolyLog[Z, 2 ]+J’1PolyLog[2, 2 ]—
i-1c-d+V1-2c+c?+d? —i+ic-d+V1-2c+c?+d?
d+V1+2c+c?+d? —(1+c)Tan[l<a+bx)] d+V1i+2c+c2+d? - (1+c>Tan[l (a+bx”
i Polylog|2, 2 | +1i Polylog|2, 2 |+
—i-ic+d+V1+2c+c?+d? i+ic+d+V1+2c+c?+d?
—d+V1+2c+c?+d? +(1+c)Tan[l(a+be —d+V1+2c+c?+d? +(1+c)Tan[l(a+be
jPolyLog[Z, 2 }—J‘lPolyLog[z, 2
—i-i1ic-d+V1+2c+c?+d? i+ic-d+V1+2c+c?+d?

(-((2a) /(b (-1+c?+d*-Cos[2 (a+bx)] +c*Cos[2 (a+bx)|-d*Cos[2 (a+bx)]+2cdSin[2 (a+bx)])))+

(2(a+bx)) /(b (-1+c?>+d?®-Cos[2 (a+bx)]|+c?Cos[2 (a+bx)]|-d?°Cos[2 (a+bx)]+2cdSin|2 (a+bx)])))}/

—d+vV1-2c+c?+d? 1 d+V1-2c+c?+d? 1
Log | +Tan[= (a+bx)|] +Log| +Tan[= (a+bx)|] -
-1+cC 2 1-c¢ 2

diVils2csclsd? 1 ~d+V1+2c+c2+d? + (1+c) Tan[2 (a+bx) ]|
Log[— +Tan[7(a+bx)H—Log[ 2 }+
1+c 2 1+cC
1
Log[im Lo +1(+1C+C)Tanh(a+bxw]Sec[% (a+bx”2 Log[Em 1:;2“2“12 +Tan[§ (a+bx)]] Sec[% (a+bx)]2

- +

2(1—1‘1Tan{%(a+bx)” 2(1+J’1Tan[§(a+bx)])
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—d+1/ 142 c+c?+d? +(1+c) Tan 1—( +b x) X E
Log | e 1+CC an; (@ HSec[%(a+be2+1Log[d 1:fc° d +Tan[§(a+bx)HSec[%(a+bx)]2_
2(1+J’1Tan[i(a+bx)” 2(—]’1+Tan[§(a+bx)])

jLog[f@+Tan[i (a+bx)]] Sec[i (aerxH2 jLog[@JrTan[i (a+bx)]] Sec[i (aerxH2

1+c -1+c

2(7]1+Tan[§(a+bx”) 2(1‘1+Tan[§(a+bx)”

iLog[@+Tan[% (a+bx)]] Sec[% (a+bx)]2 iLog[—@+Tan[% (a+bx)]] Sec[% (a+bx)]2
+ +

2 (i+Tan[ (a+bx)]] 2 (i+Tan[L (a+bx)])

(-1+c) (1+1‘1 Tan[% (a+b x) ”

-l+c+id-i+/1-2crc?+d?

+ —

2 [@+Tan[z (a+bx)]

-1+c

ilLog] ]Sec[i(aerx)}z

(a+bx) Sec[i (a+bx)]2

, [LT[ (a+bx)]

-1+c

(-1+c) (J‘L+Tan “— (a+b x) ])

i Log|- sec[X (a+bx)]?
i Log| i cdifiaeod ] [2 (a+bx)] ) (a+bx) Sec[% (a+bx)]2 )
2 [Eﬂ 1:;352“12 + Tan [i (a+bx) ] 2 [E l’ifc“z*dz +Tan [i (a+bx) ]

(-1+c) [-i+Tan E (a+bx) ])

i-1 c+d+r/ 1-2 c+c?+d?
172 2 2
2[4:d+ S +Tan[% (a+bx)]
2

(-1+c) [i+Tan[ 2 @sbx) )

—i+1 c+d+~/ 1-2 c+c?+d?
1-2 2,42
Z(d+ et Tan[L (a+bx) ]|
2

iLog]| ]Sec[i(a+bx)]2 iLog] ]Sec[i(a+bx”2

1-c 1-c

(1+c) (—juTan[; (a+b x) ”

—i-1 c+d+r/ 142 c+c2+d?
d+/1+2 24d?
2(— R . +Tan[§ (a+bx)]

ilog] ]Sec[i(aerx)}z

(a+bx) Sec[i (aerxH2

2 [_d+\/1+2c+cz+dz +Tan[§ <a+bx)]

1+c 1+c

den/ 1-2 c+c2+d? - (~1+c) Tan[:— (a+b x)}
i-i c+d+q/ 1-2 c+c?+d?
+ _

2(d+\/1—2c+c2+d2 —(—1+C)Tan[i (a+bx)”

(1+c) (]‘L+Tan[; (a+b x) } )

i+ c+d+r/ 1+2 c+c?+d?
2, 42
2[d+ 1+2 c+c*+d +Tan[§ (a+bx”

1+c

i Log| ]Sec[%(a+bx”2 i(-1+c)Log[l- }Sec[%(awx)]z
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d++/1-2 c+c?+d? - (-1+c) Tan[% (a+b x) } ~d++/1-2 c+c?+d? + (-1+C) Tan[% (a+b x) }
—i+i crdn/ 1-2 cc2+d? i-1c-d+f1-2 c+c?+d?
I _

2 (d+\/1—2c+c2+d2 - (-1+¢) Tan[i <a+bx)]) 2 (—d+\/1—2c+c2+d2 + (—1+c)Tan[§ (a+bx”)

—d+1/1-2 c+c?+d? + (-1+c) Tan“— (a+b x)}
—i+i c-d+r/1-2 c+c2+d?
2 (—d+\/1—2c+c2+d2 +(-1+¢) Tan[% (a+bx)])

d+1/ 1+2 c+c?+d? - (1+c) Tan“— (a+b x) w
—i-1 c+d+~/ 1+2 c+c?+d? i+i c+d+r/ 1+2 c+c?+d?
+ —

2(d+\/1+2c+c2+d2 —(1+c)Tan[% (a+bx>]) 2(d+\/1+2c+c2+d2 —(1+C>Tan{% (a+bx)”

i(-1+c)Log1- ]Sec[i(aerx)]z i(-1+c) Log[1- ]Sec[i(aerx)]2

i(-1+c)Log1- ]Sec[i(aerx)}z

d+~/ 1+2 c+c?+d? - (1+c) Tan“— (a+b x) w

i(1+c) Log[1- ]Sec[i(aerxHZ i(1+c)Log[l- ]Sec[i(aerx)]2

(1+c) (1—1‘1 Tan“— (a+b x) U

1+c-1d+i~f1+2 c+c?+d?

+ —

2 (—d+\/1+2c+c2+d2 + (1+C) Tan[% (a+bx)]) 2 (—d+\/1+2c+c2+d2 + (1+C) Tan[i (a+bx)])

(1+c) (1“1 Tan[; (a+b x) H _dn/ 142 c+c24d? + (14C) Tan[i— (a+b x)]
l+c+id-1~/1+2 c+c2+d? —i-1 c-d+1/ 1+2 c+c?+d?
- +

2(—d+\/1+2c+c2+d2 +<1+c)Tan[i(a+bx”) 2(—d+\/1+2c+c2+d2 +(1+c)Tan[i(a+be)

“di[12crctd « (140 Tan[ L (@b |
]i+ic—d+\/m
2 (-d+1z2crc?rd + (1+c) Tan[ (a+bx)])

2 i(1+c) Log| }Sec[i(a+bx)]2

(1+¢) (a+bXx) Sec[% (a+bx)]

i(1+c) Log| ]Sec{%(a+bx”2 i(1+c)Log[l- ]Sec{%(a+bx”2

i (1+c) Log[1- }Sec[%(a+bx>]2

+

aCos[% <a+bx)]2

(7Sec[1 (aerxH2 (dCosfa+bx] - (-1+c)Sin[a+bx]) 7Sec[1 (aerxH2 ((-1+c) Cos[a+bx] +dSin[a+bx]) Tan[l (a+bx)]
2 2 2

|/

1 2
Sec[~ (a+bx)| (dCos[a+bx] -Sin[a+bx]-cSin[a+bx]) +

((-1+c) Cos[a+bx] +dSin[a+bx]) + aCos[1 <a+bx)]2
2

2

(aerxH2 (Cos[a+bx] +cCos[a+bx]+dSin[a+bx]) Tan[1 (a+bx)]

S
ec| A

N |

)/ (Cos[a+bx] +cCos[a+bx] +dSin[a+bx])

Problem 329: Result more than twice size of optimal antiderivative.
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J(e +fx) * ArcTanh[Cot[a + b x]] dx

Optimal (type 4, 302 leaves, 12 steps):
i (e+-Fx)4Ar‘cTan[e“(a*bX>] (e+-Fx)4Ar‘cTanh[Cot[a+bx]] i (e+fx)3PolyLog[2, -i @2t (340X ]

4f : 4f ) 4b :
i (e+fx)3PolyLog[2, ie?t (a0 ] 3f(e+fx)2PolyLog[3, ~ie2t @b ] 3f (e+fx)2PolyLog[3, ie?t (2]
4b ' 8 b? ) 8 b2 '
3if? (e+fx)Polylog[4, -ie?! (@] 3jf2 (e+fx)Polylog[4, ie?! @®¥ | 33 polylog|5, -ie2! @] 3f>Polylog|5, ie?! (3% ]
8 b? ) 8 b’ ) 16 b* ' 16 b*

Result (type 4, 654 leaves):

1
—x (4e’+6e*fx+4ef? x>+ x*) ArcTanh[Cot[a+bx]] +
4

1

16 b*

2b* £ x* Log[1-1e?* @PX] 1 8b*e>xLog[l+1ie?! @2 ] 112b%e? Fx?Log[l+ie?! @P¥ ] i8b%ef?x?Log[l+ie?! (@PX ],

2b* 3 x* Log[1+ie?” P ] -43b® (e+fx)’Polylog[2, -ie?* @P¥ ]| 1 41ib> (e+fx)’Polylog[2, i e?! (@0 ]+

6 b2 e’ f Polylog|3, -ie?! (@®X | + 12 b? e f2 x Polylog|3, -i e?* @*X) | 4 6 b2 f> x? Polylog[3, - i e?* (30X | -

6 b? e? f Polylog|3, i e?! (@] —12b2e f2 xPolylLog[3, i e?® @ | _6b?f>x?PolylLog[3, i 2’ @Px |,

6ibef’Polylog[4, -ie?’ @P¥ ] +6ibf>xPolylog[4, -ie?! @P¥ ]| _6ibef?PolylLog|4, i e?! (@Px ] -

61ibf>xPolylog[4, ie?! @P®¥ | 3£ polylog|5, -ie?! @®¥ ] +3f PolyLog[5, ie?* (a*b’”])

(—8 b*e*xLog[1-1ie?* @PX] _12b*e? fx?Log[l-ie?! @P¥ ] _8b*ef?x?Log[l-ie?! (@Px ]

Problem 336: Result more than twice size of optimal antiderivative.

JAr‘cTanh[c +dCot[a+bx]] dx

Optimal (type 4, 194 leaves, 7 steps):

(1—C—id> eZJ‘La+21‘1bx

} ,

1
x ArcTanh[c+dCot[a+bx]] + foog[l—
2

1-c+1d
leog[l— (1+c+id) @21a+21bx] i PolyLog|2, o ] ) i Polylog|2, — ]
2 l+c-1d 4b 4b

Result (type 4, 4463 leaves):
x ArcTanh[c+dCot[a+bx]] -

d [aLlog|-Sec]| (a+bx)]2(dCos[a+bx}+(—1+c)Sin[a+bx]”—aLog[—Sec[ (a+bx”2(dCos[a+bx]+Sin[a+bx}+c$in[a+bx])]—

N |
N |



286 | 7.3 Inverse hyperbolic tangent.nb

-1+c+V1-2c+c?2+d?
d
d (—j+Tan[i (a+bx)])

(a+bx) Log|- +Tan[§(a+bx>“—

~1+c+V1-2c+c?+d? d(j+Tan[i(a+bX)])

iLog] | Log|- +Tan[£(a+bx)]]+jLog[
-1+c-1d+V1-2c+c?+d? d 2 ~1+c+1id+V1-2c+c?+d?
_ \/ﬁ \/ﬁ
Log |- 1+c+v1-2c+c +d +Tan[1(a+bx)]]+(a+bx) Log[—1+c+ 1v2crci+d +Tan[l(a+bx)H+
d 2 d 2
d(-i+Tan[L (a+bx \/ﬁ d(i+Tan[L (a+bx
J'lLog[ ( [2< )]) ]Log[—1+c+ 1+2c+c*+d +Tan[1(a+bx)]]—jLog[ ( [2< )])
l+c-i1d+V1+2c+c?2+d? d 2 l1+c+id+V1+2c+c?+d?
Vit2crciid? 1-c+v1-2c+c?+d? +dTan[% (a+bx
Log[—lH:Jr 1r2c+ci+d +Tan[l(a+bx>H—(a+bx) Log[ [2( ”}f
d 2 d
d(—]‘l+Tan[l(a+be) l1-c+V1-2c+c2+d? +dTan[l(a+bx)] d(j+Tan[l<a+bx)])
ilog|- 2 | Log| 2 | +iLog|- 2
1-c+id+V1-2c+c?+d? d 1-c-id+V1-2c+c?+d?
l1-c+V1-2c+c2+d? +dTan[l(a+bx)] “1-c+vV1+2c+c2+d? +dTan[l(a+bx)]
2 2
Log | | + (a+bx) Log| ] +
d d
. d(—]’l+Tan[§(a+bx>” ~1-c+V1+2c+c2+d? +dTan[§<a+bx)]
ilog|- | Log| ] -
~1-c+id+V1+2c+c?+d? d
d(]‘l+TanE(a+bx)” “1-c+v1+2c+c?+d? +dTan[§<a+bx)]
ilog|- | Log| ] -
-1-c-id+V1+2c+c?+d? d

“1+c+v/1-2c+c?+d? —dTan[% (a+bx) ] “1+c+v1-2c+c2+d? —dTan[% (a+bx)]

i PolyLog|2, | +1iPolyLog|2, ] -
-1l+c-1d+V1-2c+c?+d? ~l+c+id+V1-2c+c?+d?
l1+rc-V1+2c+c?2+d? dean[l (a+bx” l+c+vV1+2c+c2+d? —dTan[l <a+bx)]
jPolyLog[Z, 2 ] +1‘1PolyLog[2, 2 ] -
l+c+id-V1+2c+c?+d? 1+c-i1d+V1+2c+c?+d?
l+c+V1l+2c+c2+d* -dTan[> (a+bx)] 1-c+V1-2c+c2+d* +dTan[2 (a+bx)]
i Polylog|2, 2 | + 1 Polylog|2, 2 | -
l+c+id+V1+2c+c?+d? l1-c-id+V1-2c+c?+d?

1-c+V1-2c+c2+d? +dTan[l (a+bx” -1-c+V1+2c+c?2+d? +dTan[% (a+bx”
jPolyLog[2, 2 ]+J’1PolyLog[2,
1-c+id+V1-2c+c?2+d? ~1-c+id+V1+2c+c?+d?
2a

b(1-c2-d*>-Cos[2 (a+bx)]+c*Cos[2(a+bx)]|-d*Cos[2 (a+bx)]-2cdSin[2(a+bXx)])
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2 (a+bx) ] /
b(1-c2-d*-Cos[2 (a+bx)]+c?Cos[2(a+bx)]|-d*Cos[2 (a+bx)]|-2cdSin[2 (a+bx)])

-1+c+V1-2c+c?2+d? 1 1+c+V1+2c+c?+d? 1
-Log|- +Tan[7(a+bx)H+Log[— +Tan[7(a+bx)]]—
d 2 d 2
1-c+V1-2c+c?+d? +dTan[§(a+bx” “1-c+1+2c+c2+d? +dTan[§(a+be
Log| | +Log]| | -
d d
jLog[f@JrTan[i(a+bx)]]$ec[i(a+bx)]2 jLog[f@JrTan[i(a+bx)]]$ec[i(a+bx)]2
. _
2(—1’1+Tan[i(a+bx)]) 2(—1’1+Tan[§<a+bx)])
iLog[l—c+xll—2c+c2+d2 +dTan“—(a+bx)w]Sec[l (a+bx”2 jLog{—l—c+xll+2c+c2+d2 +dTan“—(a+bx)w]Sec[l (a+bx”2
d 2 N d 2 N
2(—]’1+Tan[§(a+bx)]) 2(—1’1+Tan[i(a+bx)])
JiLog[ﬁ@JrTan[;(aerx)]]Sec[;(aerx)]zJ'LLog[1*ﬁ@+hn[;(aerx)]]Sec[;(aerx)]z+
2(1‘1+Tan[i<a+bx)]) 2(]‘1+Tan[§(a+bx>])
iLog[l—c+xll—2c+c2+d2 +dTan“—(a+bx)w]Sec[l (a+bx”2 ]j-L()g{—l—cm/l+2c+c2+d2 +dTan“—(a+bx)w]Sec[l (a+bx”2
d 2 B d 2 B
2(]’1+Tan[%(a+bx)” 2(1’1+Tan[§<a+bx)])

d (4‘1+Tan{§ (a+b x) ”

(a +b X) Sec [i (a +b X) ]2 ! Log[ ~1+c-1i d+af 1-2 c+c?+d?

}Sec[i (a+bx)]2

- +
2 (— Leenf12cictd 1112c+c2+d2 + Tan[% (a+bx)] 2 [— Leenf12cictd l’dzc*cz*dz + Tan[% (a+bx)]
]ll_og[ d(]’l+Tan{l<a+bX>]) }Sec[l<a+bx)]2 . )
~1+c+i d+rf 1-2 c+c?+d? 2 <a +b X) Sec [ ; (a +b X) ]
+ +

5 (_ ~1+c+n/1-2 c+c?+d? +Tan[§ (a+bx”) 5 {_ 1+c+v/1+2 c+c?+d? +Tan[i (a+bx)]

d d
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d (J‘L+Tan“— (a+bx)])

1+c+i d+nf 1+2 c+c?+d?
{ 2,42
2(1+c+ 1+2 c+c?+d +Tan[§<a+bx>]

[ d (71+Tan[i <a+bx>])

1+c-i d+n/ 1+2 c+c?+d?
{ 2,42
2(1+C+ 1+2 c+c?+d +Tan[i(a+bx)]

iLog ]Sec[%(a+bx”2 i Log| ]Sec[%(a+bx)]2

d d

~1+c+/1-2c+c?+d? -d Tan[% (a+b X)w -1+c+/1-2 c+c?+d? d Tan[% (a+b X)w
~1+c-1i d+~/ 1-2 c+c?+d? ~1+c+i d+a/1-2 c+c?+d?
+ _

2(—1+c+\/1—2c+c2+d2 —dTan[i (a+bx)]) 2(—1+c+ 1-2c+c?+d? —dTan[i (a+bx)”

1+c-/1+2 c+c?+d? —dTan[1 (a+bx)} 1+c+q/ 1+2 c+c?+d? -d Tan{l (a+b x)} 1 5
- s ]Sec[;(aerxH
1+c+1d-1/1+2 c+c?+d? 1+c-1d+v/ 1+2 c+c?+d?
+ _

2(1+c7\/1+2c+c2+d2 7dTan[§<a+bx)]) 2(1+c+ 1+2c+c?+d? 7dTan[i(a+bx)])

1+c+r/ 1+2 c+c?+d? -d TanE (a+b x)}
1+c+1 d+r/ 142 c+c?+d? B B
2 (1+c+\/1+2c+c2+d2 ~dTan[® <a+bx)]) 2 (1—c+\/1—2c+c2+d2 +dTan[2 (a+bx)})
2 2

idLog[1l- ]Sec[i(a+bx”2 idLog[1l- }Sec[i(a+bx)]2

idLog[1l- }Sec[i(a+bx)]2 idLog[1l-

J’ldLOg[lf }Sec[i(a+bx)]2

d(a+bx) Sec[i (a+bx)]2

d (—J‘uTan[;(amx)“ d (J‘HTan[;(amx)”
1-c+id+/1-2 c+c2+d? 1-c-id+/1-2 c+c?+d?
+ _

2(1—c+\/1—2c+c2+d2 +dTan[%(a+bx)]) 2(1—c+\/1—2c+c2+d2 +dTan[§<a+bx)])

1-c++/1-2 c+c?+d? +d Tan “— (a+b x) w 1-c++/1-2c+c?+d? +d Tan“— (a+b x) w
1-c-id++/1-2 c+c?+d? 1-c+1id+q/ 1-2 c+c?+d?
+ +

2 (1—c+\/1—2c+c2+d2 +dTan[§ <a+bx)]) 2 (1—c+\/1—2c+c:2+d2 +dTan[§ (a+bx)])

idLog|- }Sec[i(a+bx)]2 idLog|- ]Sec[i(aerxHZ

idLog[1- }Sec[i(awx)]z idLog[1- ]Sec[%(a+bx”2

d (—J’HTan“— (a+b x) U
—1-c+i d+~/ 1+2 c+c?+d?

+ —

]
2(717c+\/1+2c+c2+d2 +dTan[i (a+bx)” 2(717c+\/1+2c+c2+d2 +dTan[§ (a+bx)])

d (1'1+Tan{§ (a+b x) ” ~1-c+~/1+2 c+c?+d? +d Tan{% (a+b x)}
~1-c-1d++/1+2 c+c?+d? —1-c+id+v/ 142 c+c?+d?
2(—17C+\/1+2C+C2+d2 +dTan[§(a+bx)” 2(717C+\/1+2C+C2+d2 +dTan[§(a+bx)])

2 idLog|- }Sec[§<a+bx)]2

d(a+bx) Sec[i (a+bx)

idLog|- ]Sec[%(a+bx”2 idLog[1l- ]Sec[i(a+bx”2

aCos| (a+bx”2

N | =

(7Sec[1 (aerxH2 ((-1+c) Cos[a+bx] -dSin[a+bx]) 7Sec[1 (aerxH2 (dCosfa+bx] + (-1+c)Sin[a+bx]) Tan[l (a+bx)]
2 2 2

|/

1 2
-Sec[~ (a+bx)|" (Cos[a+bx]+cCos[a+bx]-dSin[a+bx]) -

aCos[1<a+bx)]2 A

(dCos[a+bx] + (-1+c)Sinfa+bx]) +
2
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2 1
(a+bx) | (dCos[a+bx] +Sin[a+bx] +cSin[a+bx]) Tan|= (a+bx) |

S
ec| A

N |

)/ (dCos[a+bx] +Sin[a+bx] +cSin[a+bx])

Problem 346: Result more than twice size of optimal antiderivative.

JAr‘cTanh [ex] dx

Optimal (type 4, 21 leaves, 2 steps):

1 1
-— PolyLog[Z, —ex] + ; PolyLog[ZJ ex]
2

Result (type 4, 46 leaves):

x ArcTanh[e*| + 1 (-x (-Log[1-e*] +Log[1+e*]) - PolylLog|2, -e*] + PolyLog|2, e*])
2

Problem 361: Result unnecessarily involves higher level functions.

J(a+ bArcTanh[c x"]) (d+eLog[fx"]) 5
X

X

Optimal (type 4, 136 leaves, 11 steps):
aelog[fx"]?2 bdPolylLog[2, -cx"] belog[fx"] PolyLog[2, —c x"]

adLog[x] + +
2m 2n 2n
bdPolylog[2, cx"] belog[fx"] PolyLog[2, cx"] bemPolylLog[3, -cx"] bemPolylLog[3, cx"]
+ + -
2n 2n 2 n? 2n?

Result (type 5, 114 leaves):
bcemx" Hyper‘geometr‘icPFQHi, i, i, 1}, {%, %, %}, c2 x2n|

_ " +
Pex HypergeometrichQH%’ i’ 1}’ {i’ 3}’ ] <d+eLog[fxm]) + laLog[x] (2d-emLog[x] +2eLog[fme
n 2

N
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Summary of Integration Test Results

2631 integration problems

A - 2198 optimal antiderivatives

B - 52 more than twice size of optimal antiderivatives
C - 219 unnecessarily complex antiderivatives

D - 147 unable to integrate problems

E - 15 integration timeouts



