Mathematica 11.3 Integration Test Results

on the problems in the test-suite directory "7 Inverse hyperbolic
functions\7.4 Inverse hyperbolic cotangent”

Test results for the 300 problems in "7.4.1 Inverse hyperbolic cotangent functions.m"

Problem 24: Result unnecessarily involves imaginary or complex numbers.
Jx“ ArcCoth[ax]3dx

Optimal (type 4, 196 leaves, 22 steps):

x2 9 x ArcCoth[ax] x®ArcCoth[ax] 9ArcCoth[ax]? 3x?ArcCoth[ax]? 3x*ArcCoth[ax]? ArcCoth[ax]3
+ + - + + +

N
20 a3 10 a* 10 a? 20 a° 10 a3 20 a 5a°
1 3Ar‘cCo‘ch[ax}2Log[12 ] Log[1-a?x2] 3ArcCothlax] PolyLog|2, 1—%] 3 PolyLog[3, 1- 12 ]
= x° ArcCoth[ax]? - x| _ caxd ax
5 5a° 2a° 5a° 10 a®

Result (type 4, 175leaves):

1
40 a°

—2-173+2a%x?>+36axArcCoth[ax] +4a3x®ArcCoth[ax] - 18 ArcCoth[ax]? +

12 a® x? ArcCoth[a x]? + 6 a* x* ArcCoth[a x]? + 8 ArcCoth[a x]? + 8 a® x® ArcCoth [a x]® - 24 ArcCoth[a x]? Log[1 - e2Arccethlax] ] _

1
40 Log[ ———————] - 24 ArcCoth[ax] Polylog|2, e?Arecothiax]] , 12 polylog|[3, e?Arccothiax] ]

1
a?x?

a [1-
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Problem 26: Result unnecessarily involves imaginary or complex numbers.

sz ArcCoth[ax]3dx

Optimal (type 4, 149leaves, 11 steps):

x ArcCoth[ax] ArcCoth[ax]? x?ArcCoth[ax]? ArcCothl[ax]?3
- +

1. 3
+ — x> ArcCoth[ax]” -

+

a’ 2 a% 2a 33’ 3
ArcCoth[ax]?Log[ 2] Log[1-a?x?| ArcCoth[ax]PolyLog[2, 1~ %] Polylog[3, 1- 2]
. _
al 2a3 a3 2 a3

Result (type 4, 140leaves):

1
24 a3

-1 7%+ 24 axArcCoth[ax] - 12 ArcCoth[ax]? + 12 a% x? ArcCoth[a x]? + 8 ArcCoth[a x]3 +8a®x®> ArcCoth[ax]3 -

24 ArcCoth[ax]? Log[1 - e2Arccethlax]] _ 24 | og[ ——————] - 24 ArcCoth[a x] Polylog[2, e?A"ecth(axl | , 12 polyLog|[3, e?Arccothiax|

Problem 34: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

ArcCoth[c x]?
j— dx

d+ex

Optimal (type 4, 164 leaves, 1step):

l+cx (cd+e) (1+cx) l+cx

ArcCoth[c x]2 Log| —2—] ArcCoth[cx]? Log[ —2<4€X—1]  ApcCoth[c x] PolylLog[2, 1- —2—]
+

e e e

_ 2c (d+ex 2 _ 2c (d+ex
ArcCoth[c x] Polylog|2, 1 —(—)—“me) en ] Polylog|[3, 1- —1+CX} PolylLog|3, 1 —(—)—(cme) en ]

e 2e 2e

Result (type 4, 741 leaves):
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1
24 e?

-ien®+8cdArcCoth[cx]®+8eArcCothlcx]3-

24 e ArcCoth[c x]? Log |1 - e2Arecethlex] | _ 24 e ArcCoth[c x] PolyLog[2, e?Arcethlcxl] . 12 e PolyLog|[3, e?Arccothlex] ]

e?

c? d?

1 _ e
_ e AT [ S Arccoth [cx]3+
6c2d?-6e?

24 (-cd+e) (cd+e) |-2cdArcCoth[cx]?+6eArcCoth[cx]?+4cd

d 2 ArcCoth[c x]

6 i e Tt ArcCoth[c x] Log[l (eArccothlex] , ghrcCothlcx]) |, 6 e ArcCoth[c x]? Log[1 + (cdre)e

2 -cd+e
6 e ArcCoth[cx]? Log|[1 - ghrecothicx] sarcTanh| < | | -6eArcCoth[cx]?Log[1 + ghrecothicx) sancTanh | <] | - 6eArcCothcx]?

LOg [1 _ ez (Ar‘cCoth[c x]+ArcTanh{i]) ] _12 e ArcCoth [C X] ArcTanh [ i] Log [ 1 i e—Ar‘cCoth[c x]—Ar‘cTanh[i} [71 . eZ (Ar‘cCoth[c x]+Ar‘cTanh{i]) ) } _
cd 2
6 e ArcCoth[c x]? Log[l e Arecothlex] (cd (-1+ @2 ArcCothlcx] ) +e(1+ @2 ArcCothlcx] )) | - 61iemArcCothlcx] Log[i1 |+
2
1- czlxz

d+ex e o e

6 e ArcCoth[c x]? Log[ ——————| + 12 e ArcCoth[c x] ArcTanh| —| Log[i Sinh[ArcCoth[c x] +ArcTanh| —|]] +
cd cd
1- - x
ceX

(C d+ e) eZAr‘cCoth[c x]

ArcCoth[c x] +ArcTanh { 5] }

6 e ArcCoth[c x] PolyLog|2, | -12eArcCoth[cx] PolyLog[2, -e - 12 e ArcCoth [c X]

cd-e
<C d+ e) ezAr‘cCoth[cx]

PolyLog [2, eArcCoth[c x]+ArcTanh{%} } 6 eArcCoth[c x] PolylLog [2, o2 (ArcCoth[c x] +Ar‘cTanh[i]) ] _3ePolylog [3,

] +

cd-e

12e PolyLog [3, _ <eAr‘cCoth [cx] +Ar‘cTanh{i} ] +12e PolyLog [3, eAr‘cCoth [cx] +Ar‘cTanh{i} ] +3e PolyLog {3) ez (Ar‘cCoth [cx] +Ar‘cTanh[i” ]

Problem 41: Result more than twice size of optimal antiderivative.

ArcCoth[ax]
J AR ax

(c+dx2)3

| 3
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Optimal (type 4, 657 leaves, 23 steps):

3 ArcCoth[ax] ArcTan| @}

a x ArcCoth[ax] 3 xArcCoth[ax] Nra
+ + + +
8c(a2c+d> (c+dx?) 4c(c+dx2)2 8c2(c+dx2> 8c5/2+/d
BjLog[L(—)—d Lax ]Log[l——\Ll dx} BjLog[——“Q—)—d — }Log[l—LL dx] BjLog[——\D—)—d l-ax ]Log[lJr—“Ljl dx]
iayVewd e 1 iave /d@ e 1 iave Vd Ve b
32¢5/2+/d 32¢5/2+/d 32¢5/2+/d
. Ad o (1+ i+/d
31Log[ﬁaﬁ+3’%]Log{l+ EX} a(5a2c+3d) Log[1-a?x?] a(5a2c+3d) Log|[c+dx?]
+ - +
32c¢52+/d 16 c2 (a2c+d)2 16 c2 (a2c+d)2
) a(+/c-i+d x ) a(vc-id x ) a (Ve +ivd x ) a(Vc+ivd x
3 i PolyLog|2, o ]_31PolyLog[2, e ]+31PolyLog[2, e }_31PolyLog[2, e ]
32¢5/2+/d 32¢52+/d 32c¢5/2+/d 32¢5/2+/d
Result (type 4, 1838 leaves):
5 Log[l N (2% c+d) Cosh[2ArcCoth[ax]] ] 3d Log[1+ (a2 c+d) Cosh[2ArcCoth[ax]] ]
aS _ -a%c+d _ -a’c+d N
16 a% ¢ (a2c+d)2 16 a* c? (a2c+d)2
1 . -atc+d ac adx
31-2 JLAr‘cCos[— 7} Ar‘cTan[ ] +4 ArcCoth[a x] Ar‘cTan[ ] -
32a’cva’cd (a’c+d) a’c+d vatcd x Va%cd
(—a2c+d—2jm/a2cd) [Zdﬂ]
—a2c+d ac ax
ArcCos |- ————| - 2ArcTan| —— ] | Log|[1- |+
a’c+d Valcd x (a2c+d) [2d+21x/a2cd]
ax
(—a2c+d+21'1\/a2cd) [Zd—@J
-a%c+d ac ax
7Ar'cCos[727] - 2ArcTan|[ ——] | Log[1- |+
a‘c+d \Vatcd x (a2c+d) (2d+2j13{aa:cd)
_ 52 d 2 Valcd —-ArcCoth[a x]
Ar‘cCos[—L} +21 —iAr‘cTan[L] - i ArcTan| Log | V2 Jalcd e |+
a’c+d VvaZcd x a’cd

Vvatc+d \/—a2c+d+ (a? c +d) Cosh[2ArcCoth[ax]]
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-aZc+d ac dx 2 +/aZcd eArcCothlax]
Ar‘cCos[f%} -21i |-1iArcTan| | -iArcTan| ——— Log | V2, € ]+
atc+d Vacd x Va’cd Va%c+d \/—a2c+d+<a2c+d)Cosh[ZAr‘cCoth[ax}]

(—a2c+d—21\/a2cd)(2d—gaa:£] (—a2c+d+211\/m) (Zd—g::@]

i |PolyLog|2, | - Polylog|2,

(a?c+d) (2d+$::£] (a2c +d) (2d+g:xz£] ]

1 , -aZc+d ac adx
3d 721APCC°5[’7] Ar‘cTan[ } +4 ArcCoth[a x] Ar‘cTan[i} ,
2atctVacd (atc+d) atcod Ve d x Varcd
te v d (-a?ced-2ia?cd | [ZdLM aa;cdj
Ar‘cCos[—&} —2Ar‘cTan[L} Log[1- ]
alc+d ‘Vatcd x (a2c+d) [2d+@)
ax
2c . d (—aZC+d+2Ji\/m) (Zd—@a‘i@J
*APCCOS[*%] 72Ar‘cTan[L] Log[17 } .
a’c+d VaZcd x (% c + d) (2d+2113[aa:cd]
- 2 ~ArcCoth[a x]
Ar‘cCos[—azich} +21 [-1iArcTan| ac }—JiAr‘cTan[iadX ]| Log| V2 Valcd eArcCothiax I
a‘c+d vatcd x a’cd aZc+d \/—32C+d+<32C+d)COSh[ZAr‘cCoth[ax]]
-at 2 ArcCoth[ax]
A"CCOS[*azich} -2 |-iArcTan| ac | - iArcTan| }J Log| V2 WaZcd efrecothlax .
a’c+d vatcd x acd N \/—32C+d+<32C+d)COSh[ZAr‘cCoth[ax]]

(—a2c+d72]'1\/a2cd) (Zd@]

ax

(—a2c+d+21'1\/a2cd) {Zd@]

ax

i |PolyLog|2, | - Polylog|2,

(a2 + d) [2d£] (a2 c+d) (2d£] N

ax ax

d ArcCoth[a x] Sinh[2 ArcCoth[a x]]

2a?c (a’c+d) (-a*c+d+a*cCosh[2ArcCoth[ax]] +dCosh[2ArcCoth[a x]})2

(2a®cd-5a*c®ArcCoth[ax] Sinh[2ArcCoth[ax]] - 8 a* c d ArcCoth[a x] Sinh[2ArcCoth[ax]] -3 d*ArcCoth[ax] Sinh[2ArcCoth[a x] ])/

| 5
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(8 a* c? (a2c+d)2 (-a®c+d+a*cCosh[2ArcCoth[ax]] +dCosh[2ArcCoth[a x] }))

Problem 66: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.
JAr‘cCoth[a +b x]

dx
X

Optimal (type 4, 92 leaves, 5 steps):

2 2bx
~ArcCoth[a+bx] Log| ————| +ArcCoth[a+bx] Log| +
l+a+bx (1-a) (1+a+bx)
1 2 1 2bx
~ Polylog[2, 1- ————] - = Polylog[2, 1-
2 l+a+bx~ 2 (1-a) (1+a+bx)

Result (type 4, 259 leaves):

1
(ArcCoth[a+bx] - ArcTanh[a+bx]) Log[x] + ArcTanh[a+bx] |-Log|

] +Log[-1 Sinh[ArcTanh[a] - ArcTanh[a +bx]]]
1- (a+bx)2

+

— |4 (ArcTanh[a] - ArcTanh[a + b x] )2 - (m-21iArcTanh[a+bx] )2 -8 (ArcTanh([a] - ArcTanh[a + b x] ) Log |1 - e*ArcTanh(al-2ArcTanh[abx]
8

41 (rm-2iArcTanh[a+bx]) Log|1+e2ArTannlasbx]] 4 4 (j v+ 2 ArcTanh[a+bx]) Log| 2

| +8 (ArcTanh[a] - ArcTanh[a + b x] )
1- (a+bx)2

Log[-2 i Sinh[ArcTanh[a] - ArcTanh[a+bx]]] - 4 PolylLog[2, e?ArcTanh(al-2ArcTanh(asbx] | _ 4 polylog[2, - e?ArcTanhla:bx] ] ]

Problem 70: Result more than twice size of optimal antiderivative.

sz ArcCoth[a+bx]2dx

Optimal (type 4, 204 leaves, 15 steps):
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X 2a (a+bx) ArcCoth[a+bx] (a+bx)2Ar‘cCoth[a+bx] a (3+a?) ArcCoth[a+bx]? (1+3a?) ArcCoth[a+bx]?
—_— - + + + +

3 b2 b3 3b3 3p3 3p3

2 2 _l+atbx
1 s arccoth (2 s bx]? ArcTanh(a+bx] 2 (1+3a?) ArcCoth[a+bx] Log[ —* ] atog[1-(asbx)?] (1+3a%) Polylog|2, - 2]
3 3b3 3b? b3 3b?

Result (type 4, 615leaves):

2
~— (a+bx) 1_ﬁ(1_(a+bx)2) 4ArcCoth(a+bx]  3ArcCothfa+bx]®
12b a+bx

(a+bx) 1—(a+;x)z (a+bx) 1_(a+;X)2

12 aArcCoth[a+bx]? 9a?ArcCoth[a+bx]?2 -1+6aArcCoth[a+bx] +3ArcCoth[a+bx]?-3a%ArcCoth[a+bx]?

+ + +

(a+bx) 1-—1 <a+bx) 1-—1 1-—1

(a+bx)? (a+bx)? (a+bx)?

Cosh[3ArcCoth[a+bx]] -6aArcCoth[a+bx] Cosh[3 ArcCoth[a+bx]] +ArcCoth[a +b x]2Cosh[3ArcCoth[a+bx]] +

6 ArcCoth[a + b x] Log |1 - e 2ArcCothlasbx] | 18 32 ArcCoth[a + b x] Log |1 - e 2Arccothlarbx] |
3 a2 ArcCoth[a+bx]%2Cosh[3 ArcCoth[a+bx]] + + -

(a+bx) [1- 1 (a+bx) [1- 1

(a+bx)? (a+bx)?

18alog) ———— ]

(a+bx) 1—

(1 +3 a2> POlyLOg [2’ efZAr‘CCoth[aH:) x] ]

l 3 1 3/2
a+bx (aerX) (17 (a+bx)2)
(a+bx)?

3 a2 ArcCoth[a +bx]?Sinh[3 ArcCoth[a+bx]] - 2ArcCoth[a+bx] Log[1 - e 2Arccothla=bx] [ 5inh[3 ArcCothla+bx]] -

- ArcCoth[a +bx]2Sinh[3 ArcCoth[a+bx]] -

6 a? ArcCoth[a + bx] Log[1 - e 2ArcCothlarbx] | ginh[3 ArcCoth[a+bx]] +6aLog| | sinh[3 ArcCoth[a +bx]]

(a+bx) [1- 1

(a+bx)?

Problem 73: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

JAr‘cCoth [a+bx]2

X

Optimal (type 4, 148 leaves, 2 steps):
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s 2 X 2bx 2
—~ArcCoth[a + b x] Log[i] +ArcCoth[a + b x] Log[ } +ArcCoth[a + b x] PolyLog[Z, 1- 7} -
l+a+bx (1—a) (1+a+bx) l1+a+bx
2bx 1 2 1 2bx
ArcCoth[a+bx] PolyLog[2, 1 - | + = Polylog[3, 1- —————| - = Polylog|3, 1-
(1-a) (1+a+bx] 2 l+a+bx 2 (1-a) (1+a+bx)
Result (type 4, 675leaves):
i3 2 2 2 1 1
i = ArcCoth[a+bx]3- =aArcCoth[a+bx]3+~= [1-— a ghreTanh| 1] ArcCoth[a+bx]3 -
24 3 3 3 a?

i 71 ArcCoth [a +b X] Log[ <e—Ar‘cCoth[a+bx] i (eAr'cCoth[a+b x] ) } _ ArcCoth [a +b X] 2 Log {1 _ eZAr‘cCoth[a+bx] } _

N |

(_1 4 a) eZAr‘cCoth[abe]

2 ArcCoth[a+b x] -2 ArcTanh [ 17} ] +
a

ArcCoth[a+bx]?Log|1 - | +ArcCothla+bx]?Log[1-e

l1+a

1 1
ArcCoth [a+ b X] 2 Log [1 _ eAr‘cCoth[a+b x]—Ar‘cTanhL—] } + ArcCoth [a+ b X] 2 Log {1 + eAr‘cCoth[a+b x] —Ar‘cTanhL—} ] _

+

2 ArcCoth [a+ b x] ArcTanh [ 1] Log [ 1 i (eArcCoth[am X] Ar‘cTanh{ﬂ _ efAr‘cCoth[am x]+Ar‘cTanh{H ) ]
2

a
1 1

ArcCoth[a+bx]? Log| — e Arecothlarbx] (_q _ g2ArcCothlarbx] ;5 (_q 4 g2ArcCothlasbx])) ] 4 j 7 ArcCoth[a +bx] Log| ——————| -

_ 1

(a+bx)?

) b x 1 o 1
ArcCoth[a+bx]? Log|- | +2ArcCoth[a+bx] ArcTanh[ =] Log[1i Sinh[ArcCoth[a+bx] - ArcTanh|[ =] ]] -

a a

(a+bx) 1- 1

(a+bx)?

(71 4 a) eZAr‘cCoth[a+bx]

} +

ArcCoth[a+b x] -ArcTanh { 1—}
e a ] +

ArcCoth[a +bx] PolyLog|2, e?Arccothlasbxl | _ApcCoth[a + b x] PolyLog|2,
1+a

ArcCoth[a+bx] PolyLog|2, g2 Arccothiasbx] -2 arcTanh 1] | +2ArcCoth[a+bx] PolyLog|[2, -
(_1 +a) eZArcCoth[a+bx]

wbx- AT | 1
2 ArcCoth(a + bx] Polylog 2, e e (@xI Arctann[J]1 2 po1y) (3, e2Arccothiabxl | . = polylog]3, ] -
2 2 1+a

l PolyLog [3) ez ArcCoth[a+b x]-2 Ar‘cTanh[ﬂ ] _2 PolyLog [3) B eAr‘cCo‘th[anb X] —Ar‘cTanhLl?] } ) PolyLog [31 (eAr'cCoth[a+b X] —Ar‘cTanh[ﬂ ]

Problem 74: Result unnecessarily involves imaginary or complex numbers.

dx

JAr‘cCoth [a+bx]2
2

X

Optimal (type 4, 251 leaves, 17 steps):
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2
_ ArcCoth(a s b x]2 ) b ArcCoth[a + b X] Log[liaibx} ) b ArcCoth[a + b x] Log[hamx] )
X 1-a 1+a
2 2bx l+a+bx
2bArcCoth[a+bx] Log[lﬂ_ﬁbx] ) 2bArcCoth[a+bx] Log]| e (1+a+bx)] ) b PolyLog|2, _—l—a—bx]
1-a? 1-a? 2 (1-a)
2 2 _____2bx
bPolylog|2, 1- 1+a+bX] . bPolyLog|2, 1- 1+a+bx] B bPolylog|2, 1 (1-a) (1+a+bx) }

2 (1+a) 1-a2 1-a?

Result (type 4, 206 leaves):
1

(-1+a?) x

eArcTanh[:f] -2 ArcCoth[a+bx]+2 Ar-cTanh{H ]

1
x| ArcCoth[a+bx]?+bxArcCoth[a+bx] 7]'17T+2AI"CTanh[*] —2Log[1—e
a

—|-1+a%+ +

|| +2ArcTanh| l}
a

bx |1 Log[l + eZAr'cCoth[amx] }

- Log|

(a+bx)?

-2 ArcCoth[a+b x] +2 ArcTanh { 1] } -2 ArcCoth[a+b x]+2 ArcTanh { l} }
a a

- Log|i Sinh[ArcCoth[a +bx] - ArcTanh| l] |]]]+bxPolyLog|2, e
a

Log[1-e

Problem 75: Result unnecessarily involves imaginary or complex numbers.

dx

JAr‘cCoth [a+bx]2
3

X

Optimal (type 4, 370leaves, 21 steps):
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2
bArcCoth[a+bx] ArcCoth[a+bx]2 b?Log[x] b? ArcCoth[a + b x] LOg[l,a,bx] b2 Log[1-a-bx]
_ _ N N _

(1-a?) x 2 x? (1-a%)? 2(1-a)? 2(1-a)% (1+a)
b2 ArcCoth[a + b x] Log[h;bx] 2 ab2ArcCoth[a+ b x] Log[1+az+bx] 2 ab?ArcCoth[a+bx] Log[ﬁ} b2 Log (1 +a + b x]
- - +
2 (1+a)? (1-a%)? (1-a?%)° 2(1-a) (1+a)?
b2 PolyLog|2, ——i:fzﬁ ) b2 PolyLog[2, 1 - 1+a2+bx} ) ab2Polylog|2, 1- 1+a2+bx] ) ab2?Polylog(2, 1- 7(176”2(:?%“) ]

4(1-a)? 4(1+a)? (1-a?%)° (1-a?)°

Result (type 4, 291 leaves):

1 4 2.2 2 2 Ar‘cTanh{l} 2 2
-l1-a%+b°x“+a°|2+b°|-1+2 e al| X ArcCoth[a+bx]*+

2 (—1+a2>2x2

1 _ tbx]+ 1
2bxArcCoth[a+bx] |-1+a’+abx+iabrx-2abxArcTanh[ =] +2abxLog[1-e Ao ZAPCTa"hLH

a

+

1 b x 1
+iarnLog)———] +Log[- | -2aArcTanh| =]
a

2 b2 X2 —iarn Log [1 N eZAr‘cCoth[aer x] ]

1 —1 (a+bx) 1- 1

(a+bx)?

-2 ArcCoth[a+b x] +2 ArcTanh [ :—] } -2 ArcCoth[a+b x] +2 ArcTanh { :—] }

1
Log[1-e - Log[1i Sinh[ArcCoth[a +bx] - ArcTanh[~]]] ] -2ab?x?Polylog[2, e

a

Problem 76: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

JAr‘cCoth [a+bx]
X

c+dx?

Optimal (type 4, 673 leaves, 15steps):
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(b? c+a?d) (1-a-bx) }

(b?c+a?d) (1-a-bx) }
(bz c-b+/=c +/d -(1-a) ad) (a+b x) (bz c+b~/—c /d -(1-a) ad) (a+b x)
- +

a"c \d a"c \d

lra+tb x B (b? c+a?d) (1+a+bx) lratbx B (b? c+a?d) (1+a+bx) B (b? c+a?d) (1-a-bx)
Log{ a+b x ] Log[l (bz c-b~/=c +/d +a (1+a) d) (a+b x) } Log{ a+b x ] Log{l (b2 c+b~/—c +/d +a (1+a) d) (a+b x) ] PolyLog[Z, (bz c-b~/-c /d -(1-a) ad) (a+b x) ]

— + —

a—c \d a+Zc Vd 4~/-c \d
(b2 c+a?d) (1+a+bx) }

(b?c+a?d) (1-a-bx) ] (b? c+a?d) (1+a+bx) }
(bz c+b+/—c +/d -(1-a) ad) (a+b x) (bz c-b~/—c +/d +a (1+a) d) (a+b x) (bz c+b~/=c +/d +a (1+a) d) (a+b x)
4 _
av_c Jd a/-c d 4+/-c d

Result (type 4, 1450 leaves):

Log[- 22%] Log[1 +

a+b x

Log |- :22%] Log[1 +

a+b x

Polylog|2, - Polylog|2, Polylog|2,
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1
4(1-22) Ved(arbx)® (1- 1)
-1 d
(1— (a+bx>2) -4 (—1+a2) \/d ArcCoth[a + b x] Ar‘cTan[ X] +ZjﬁArcTan[ﬂ} Ar‘cTan[ X} -
Ve bc Ve
-1 d 1 d
ZjazﬁArcTan[%] Ar‘cTan[ X} —ZjﬁAPcTan[%} Ar‘cTan[ d X} +
bc Ve b/c Ve
1 d b2c+ (-1+a)>d  -iArcTan| (2ole
Zjazx/d_Ar‘cTan[W}Ar‘cTan[\/d—x]—Zb\/c_Ar'cTan[\/?X}szb\/?\/ c+( +a> e rcan{ byc Ar‘c:Taﬂ[\/?X]2+
bc Ve Ve b®c Ve
b2c+ (~1+a)2d  -iArcTan| oo b2cs (1+a)2d  —iarcran| e
ab/C c+( +a) . r*can{ P }Achan[ﬁx]2+b\/C_ (:+<—+a)<e rcan{ o }Achan[ﬁX]z_
02 c Ve 0 c e
b2 1 24 -iArcT EORES _1 d 721[A tan| 228 ] preran| Ve x ]
ab\/?\/CJr(Ha) e a an{ o< ]ArcTan[\/?X}erZ\/?Ar‘cTan[&] Log[l—e " an{ b/ c } e an{v’c } } _
b c Ve b/c
-1 d “2i [arcTan| 224 | prcran| Yo x 2 [ArcTan[ 22 ] prer @]
ZaZﬁArcTan[ﬂ} Log[l-e reren| o/ Jrareran] VT} | +2+/d ArcTan]| X] Log[1l-e reran| o< Jaretan| \F} ] -
b\/? C
“2 [arcTan| 229 ] pncr \/FXJ 1 d 721'1[A Tan[ 204 | apct @]
2a*+/d ArcTan| X} Log[l-e [rc | o/e Jrarcren] NT] ] —ZV?ArcTan{ﬂ] Log[l-e reten| bi/e Jrarcran] wﬁ] ]
C bvc
1 d 24 [arctan| 22000 ] et wx] lei[A Tan[ 2209 | pncran[ Yo x
ZazﬁArcTan[%] Log[l—e retan| b/ } Pcan{\ﬁ} }—ZﬁArcTan[ﬁx}Log[l—e retan| o/ ] Pcan{VT} }+2a2\/d7
bc Ve
“2i [arcTan| 2:2Ye ) prcran [ Lo x ] -1 d -1 d
ArcTan | d X} Log[1-e retan| bvc Jareran e } ] 72\/?Ar‘cTan[ﬂ] Log[—Sin[ArcTan[ﬂ] + ArcTan | XH] +
Ve b~c b~c Ve
-1 d -1 d 1 d
ZaZﬁAr‘cTan[ﬁ} Log[—Sin[Ar‘cTan[ﬂ} +ArcTan | XH] +2\/?Ar‘cTan{M]
bvc b/c Ve bc
1 d 1 d 1 d
Log[fsin[Ar-cTan[@] +ArcTan[@}H 72a2\/?Ar‘cTan[¢] Log[fsin[Ar‘cTan[@] + ArcTan| X}H -
bvec Ve b~c bvc Ve
21 Ar‘cTan[@]éfArcTan[\/Ex} 21 Ar‘cTan{%} +Ar‘cTan{\/‘Tx}]
i (-1+a%)+/d Polylog|2, e e )]+ (-1+a%) +/d PolyLog|2, e b/ Je
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Problem 77: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.
JAr‘cCoth[a +bx]

dx
c+dx

Optimal (type 4, 120leaves, 5 steps):

2 2b (c+dx) 2 B 2b (c+dx)
ArcCoth[a + b x] Log[1+a+bx} ArcCoth[a+bx] Log]| TSP — ] PolyLog[2, 1- 1+a+bx} PolylLog[2, 1 S I——
+ + -

d d 2d 2d
Result (type 4, 330leaves):

(ArcCoth[a+bx] - ArcTanh[a+bx]) Log[c+dx] +

1 o bc-ad
ArcTanh[a+bx] |-Log[——————| +Log[1i Sinh[ArcTanh| | +ArcTanhfa+bx] |||+
1- (a+bx)2
_ 2
1l (m-2iArcTanh[a+bx])?+4 (Ar‘cTanh[bc | +ArcTanh[a+bx]| -41i (m-2iArcTanh[a+bx]) Log[1+e?ArcTanhlarbx] ]
8
8 [Ar‘cTanh[bc; d] +ArcTanh[a + b x] Log[l—a{2 (APCTa"h{bc;ad%””a"h[a*b”)] +4 (i7+2ArcTanh[a+bx]) Log[;] -

1- (a+bx)2

-ad -ad

] +ArcTanh[a + b x]

bc bc
8 [Ar‘cTanh [ Log [2 i Sinh [Ar‘cTanh[

]+ArcTanh[a+bx]H -

bcfad]

4 PolyLog [2’ _ ez ArcTanh[a+b x] ] _4 PolyLog [2, efz (Ar‘cTanh{ 3 +ArcTanh[a+b x]) } J

Problem 78: Result unnecessarily involves imaginary or complex numbers.

JArcCoth [a+bx]
dx
d
c+ =

X

Optimal (type 4, 292 leaves, 37 steps):
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(1-a-bx) Log[-*+2°*] Log[a+bx] Log[l+a+bx] (a+bx) Log[*22X] dLog[ <224 Log[d + cX]
+ + -

a+b x + a+b x c-ac+bd +
2bc 2bc 2bc 2bc 2 c?
_ 1-a-bx c (1+a+bx l+a+b x _ b (d+c x b (d+cx
dLog| e | Log[d +cx] ) dLog[J—LGa&bd | Logd +cx] ) dLog[—amX | Logd +cx] ) dPolylog|2, —(—)—Ga&bd} ) d Polylog|2, —(—)—&ambd}
2c? 2c? 2c? 2c? 2c?

Result (type 4, 502 leaves):

; 2ac?ArcCoth[a+bx] -1 bcdmArcCoth[a+bx] +2bc?xArcCoth[a+bx] +bcdArcCoth[a+bx]%2+abcdArcCoth[a+bx]?-
2bc

c? c c? c
b2 d2 ArcCoth[a+bx]2-abcd 1——eANTanthfbd}Ar'cCoth[a+bx]2+b2d2 1- e"“Ta"“[acJArcCoth[a+bx}2+

(ac—bd)2 (ac—bd)2

C
2bcdArcCoth[a+bx] ArcTanh [ 7] +2bcdArcCoth[a+bx] Log [1 ~ @ 2ArcCoth(a+bx] } +ibcdriog [1 Fetreee e ] )
ac-bd

-2 ArcCoth[a+b x]+2 ArcTanh{ﬁ} }

c

72Ar‘cCoth[a+bx]+2ArcTanh{ bd} }
ac- —

e
+2bchrcTanh[7] Log[lfe

2bcdArcCoth[a+bx] Log[lfe
ac-bd

1 c c
| -2bcdArcTanh|[————| Log|i Sinh[ArcCoth[a + b x] - ArcTanh| ———] | | -

ac-bd ac-bd

ibcdﬂLog[;] -2c?Log]|
1-—1 (a+bx) [1-—

(a+bx)? (a+bx)?

b cdPolylLog[2, e 2Arccothiasbxl ], b ¢ d Polylog|2, g 2Arccothlasb x| +2 arcTanh [ <] ]

Problem 79: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

JArcCoth [a+bx]
P dx
C + x_z

Optimal (type 4, 738 leaves, 57 steps):
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(1-a-bx)Llog[-1+a+bx] X (Log[—1+a+bx1 - Log |- 122X —Log[a+bx])

a+b x
. _
2bc 2¢
1ab
Md_ArcTan[Lv}X] (Log[—1+a+bx] - Log| - afbxx} —Log[a+bx}) (1+a+bx) Log[1+a+bx]
+ +
232 2bc
x (Log[a+bx] - Log[1+a+bx] + Log[ 222X ]| Vd ArcTan[ 2] (Log[a+bx] - Log[1+a+bx] + Log[2:2* ]|
g g g a+b x B Vd b +
5 ¢ 2C3/2

b (V& -vE x b [V e x
d L 1 b L _ d L 1 b L
\Jd ogl +a+bx] og[ (La)ﬁ—bﬁ} _\/— ogll+a+bx] Og{(ha)ﬁmﬁ} .

4 (~c)32 4 (-c)3?

b (ﬁ+ﬁx) b (Vd +v/-c x V-c (1-a-bx)
Vd Log[l+a+bx] Log|- (1+a)ﬁ7b\/d7] ) Vd Log[-1+a+bx] Log| . ﬁmﬁ} ) Vd PolyLog|2, P \/be\/F]

4(7C)3/2 4(7C)3/2 4<7c)3/2
\/d—polyLog[z’ M] \/?PolyLog[z, M] \/?Polyl_og[zj M}

(1-a) v/-c +b~/d . (1+a) \/-c -b~/d ~ (1+a) \/-c +b~/d
4<_c)3/2 4(—C)3/2 4(—C)3/2
Result (type 4, 15460 leaves):
1
2 1
(a+bx) (1—7(‘_““)2)
(a+bx) ArcCoth[a+bx] - Log[ ——————]  wewa
@b [1-— 1 ArcCoth[a +bx] ArcTan | ——=2—] 1
(1—(a+bx)2) +=2bd bvevd — |
bc c 2b+/c +/d 2 (a%c+b%d) (—1+ L
(a+b x)
c a2c+b?d 2 2 ac- TPl
c (a\/?—b\/?( - )) <a2c+b2d) ArcTan | ——=2]

a
+ 1
14 bvd bvc V/d (a+bx) _ bv/c d +_a2\/?
(a?c+b2d)? 2 (a*c2+b*d?-a’c (c-2b2d)) 2

| 15
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-ac+a?c+b’d

i ArcTan = _alebld 224 242
achx - b2 d
c e by/c \d Ar‘cTan[ W ] 1 i ArcTan ac:,bx ac- aacT
[ . +
-nlog[l+e oo o '] i ArcTan [ ———22—
Il —ac+a?c+b?d)? NN
2 2 —ac+a?c+b?d)? b~d (1"' 2 ) b+c d
(-ac+a?c+b?d) [1+ e b2 cd
C
a2 cib2
5 5 2i |arcTan] et e2d ] aopan[2€ a‘:xd 2 2
-—ac+a‘c+b%d , . ”Ca“[iﬁﬁ}*”a” — = -ac+a‘c+b*d
7-2ArcTan| | -2ilog[l-e bye Vd ele o )] | - 2ArcTan| |

b~/c V/d b~/c Vd

a2 c+b2d
21 Ar‘cTan{;“*al“bzd}+Ar‘cTan{a& a"’/; 1 _ac+a’c+b2d
Log[l—e bve vd bve vd ]+7rLog[ }+2Ar‘cTan[ }
(azc+bzd) (c+a2c+b2d_2ac) b c 'd
(azbx)? a+bx
b2cd
a?c+b?d . acra? cb?d 2 "a::jd
_ac+alc+bd ac- 2:bx 21 Ar‘cTan{i}JrAr'cTan —
Log[Sin[ArcTan| | +ArcTan[ ——>*—]]] + i Polylog|2, e o e ee e ] -
bvc +d b+c +d
2 2
1 5 i ArcTan 7’acﬁcﬁd ac- % ) 1
a‘c e o/e Ja © ArcTan| +

b+vc +d

- 2 24)2 (7 2 2 )2

(—ac+a2c+b2d) 14 e cbd bc A/d 1+ acacib d
b2 cd b2cd
2 b2 d

JjAr‘cTan{ac a:bx ac- %
(-ac+a’c+b’d) |-nLlog[l+e vle e 7] — i ArcTan [ ——227—

bvc Vd
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~—ac+a?c+b2d . 2i R — ] —ac+a?c+b2d
7~ 2ArcTan | | -2ilog[l-e eea )] - 2ArcTan| ]

bvc vd bvc Vd

~ac+a?c+b?d

— —
byc d

ArcTan

a2cib2d
ac-——

}+Ar‘cTan { b\/j“‘\;%

ac+a?cib?d

be Jd

21
Log[l-e

ArcTan

1 —ac+a’c+b%d
| +mLog| | +2ArcTan| ]

| bvc Vd

a?c+b?d  2ac
(8% c+b?d) [c+ 222
(asbx)? a+bx

b’cd
—ac+a’c+b?d ac_w 21i ArcTan{Miicmm}+ArcTan[aciﬂi;z”
Log[Sin[ArcTan| | + ArcTan| 0111, polyLog[2, e bve e ol ]

bvc Vd bc Vd

1 i ArcTan ~ac+a?c+b?d ac- M 1
— 2
3a%c |e by/c Va Ar‘cTan[ abx +
bvc +d
_ 2 cib2d)? _ 2 c.b2d)?
4 (-ac+a?c+b%d) 14 lacatcb?d)” bc A/d |14 laceb?d’
b2cd b?cd
7azcb2d 2 2
—21’1Ar‘cTan{ac+bx ac- %
f . +
(-ac+a?c+b?d) |-nlog[l+e v/e o '] — i ArcTan [ ———22%—
bvc +d
a2 cib2
. ac+a?csb?d ac- a,:xd
—ac+a2c+b2d 21 Ar‘cTan{T%Ar‘cTan — —ac+a2c+b2d
7 -2 ArcTan| | -2ilog[i-e by Vd by /4 || -2ArcTan| ]

b/c Vd bvc Vd

a2cib2d
ac-———

} +ArcTan 2:0x
d

by/c \/

2i
Log[1-e

-ac+a? crb?d

Ar‘cTan{ J
b c \d

1 —ac+a%c+b2d
| +7Log| | +2ArcTan| ]

J - o Va
(a% c+b? d) (c+a ad —Zac)

(azbx)? a+bx

b2cd
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a2cib2d

febld : ac+alcib?d ac-
_ac+a’c+b?d ac- &chd 2 Ar‘cTan{iﬁ} +Ar‘cTan{ asbx ]
Log[Sin [Ar‘cTan[ + + ] +Ar~cTan[7a*bX] H +1i PolyLog[z, e e Va oV Ja } N
b/c Vd bvec Vd
1 i ArcTan| 2o cb?d ac- % ,
atc? le oo e T ArcTan [ ——25— "+
4b%d (-ac+a’c+b?d) 1, lracaicib?d)? b~/c /d
b2cd
1 JjArcTan{a[% acf%

(-ac+a’c+b’d) |-mlog[l+e v/eJa ] — i ArcTan|

e VT 1. reserar o e V@

b?cd

. 21 — +Ar‘cTan{ — ]
-2ilog[l-e bye Vd eea )] -2 ArcTan

b~/c Vd o Ja

ArcTan {M}

_ac+alc+b2d —ac+a?c+b?d
[ ] [ ]

m-2ArcTan

a2c+b2d

ac-
+Ar~cTan[ ﬁa"”
bye vd ove o

21
Log[lfe

ArcTan | w}

1 ~ac+a’c+b%d
| +2ArcTan| ]

2 cop? b\/?\/?
\/ (a% c+b? d) (c+$7£)

}+7TLog[

(azbx)? a+bx

b?cd

a’c+b’d emg
ac- " ox 21

20X _11] + i PolyLog[2, e

a
+ArcTan { abx

by c d b\/cx/d } _

~ac+a?c+b?d
ArcTan { é}

. —ac+a%c+b%d
Log]sinArcTan| |« Arcran|

bc Vd ﬁ
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2 N 2 2
1 J‘LAr‘cTan{ifa“a c-b’d aciaac;bbxd 5
a’c? e bi/c Va Ar‘cTan[ +
2 2 2 —ac+a’c+b?d)? bve vd
2b%d (-ac+a’c+b?d) [1+
b2cd
ac?azcob2d 2 bzd
1 —ZJ'LAr‘cTan{ h*"’/; ac- a;ﬁ
(-ac+a’c+b’d) |-rLlog[l+e ofefa ] — i ArcTan | ———22—
b+vc +d
—ac+a?c+b?d)?
b+c +d \/1+ b cd
. ~ac+a?csb2d ac’%
—ac+a’c+b2d . 21 Ar‘cTan{ﬁ%Ar‘cTan = ] —ac+a’c+b2d
7 -2 ArcTan| | -2ilog[l-e bye Vd ele o ]| - 2ArcTan| ]

b~/c V/d b~/c Vd

2i |ArcTan| 292 4] ArncTan acf:;":d 1 _ 2 b2d
Log[l—e b\cﬁ} L’VT\E }+ﬂLog[ }+2Ar‘cTan[ acracr ]
_— bc v/d
(a? c+b?d) (c+a < ZiZaC)
(a+b x a+bx
b2cd
2 b2 d ac- alcb’d 21i Ar‘cTan{’”*aZ“bzd} ArcTan a&%}]
-—ac+a‘c = It —
Log[Sin[ArcTan| . . ] +Ar‘cTan[4a+bx] |] +1iPolyLog[2, e o /4 o a N
b~/c \/d b~/c \/d
1 i ArcTan| =2 c+a?c+b2d ac- a’c+b’d 5
a®c? |e bifc Vo Ar‘cTan[—a*bx +

bc \/d
4b2d(—ac+a2c+b2d)\/1+1M)—2

b2cd
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a2 cib2d 2 2
ac- a‘c+b%d
1 21 Ar‘cTan{ ha"” ac-————

(—ac+a2c+b2d> ,HLog[lJre b\/cy‘/: }—J’LAr‘cTan[ie”bx

T T 1 breera o e Vd

b?cd

a2cib2d

- 2 2 2i AArcTan | 2 _sex _ 2 2
7T—2Ar‘cTan[ acrac+b d]_szog[l_e /e a {bﬁ a ]] —2Ar‘cTan[ ac+a‘c+b d]

be d b/c /d

ArcTan

{ -ac+a?c+b?d }

a2c+b2d
ac-

21 |ArcTan| 22 4] ArcTan acbx 1 _ 2 b2 d
Log[l—e {bx/ci\/T} {by/?\/? }Jrﬂ.l_og[ }+2AF‘CTan[ ac+a C+ ]
_— bc v/d
(a? c+b2d) (c»fa A 2-2“)
(a+b x a+bx
b%cd
2 c+b?d ) eem e a Ty
—ac+a’c+b?d ac-?2 2i Ar‘cTan{iﬁ} +Ar\cTan{ aibx ”
Log[Sin[ArcTan| : : ] +Ar‘cTan[4a+bx] |] +iPolyLog[2, e o a o e N
b/c Vd bc Vd
2 cib? 2c+b?d
1 i ArcTan| 2@ cbid ac- &c 1
b%d |e efeJe " ArcTan| asbx 1%,
4(—ac+a2c+b2d)\/1+iM)—2 be Vd b\/?\/g\/lJr(auazmed)z
b%cd b2cd
721'1Ar‘cTan{aca:T aC—%

(-ac+a’c+b’d) |-nLlog[l+e v/eJa 7] — i ArcTan|

bvc Vd
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~—ac+a?c+b2d . 2i R — ] —ac+a?c+b2d
7~ 2ArcTan | | -2ilog[l-e eea )] - 2ArcTan| ]

bvc vd bvc Vd

~ac+a?c+b?d

— —
byc d

ArcTan

a2cib2d
ac-——

}+Ar‘cTan { b\/j“‘\;%

ac+a?cib?d

be Jd

21
Log[l-e

ArcTan

1 —ac+a’c+b%d
| +mLog| | +2ArcTan| ]

| bvc Vd

a?c+b?d  2ac
(8% c+b?d) [c+ 222
(asbx)? a+bx

b?cd

a2cib2d

P e ”} )

—ac+ac+b2d ac- Tebid 2i
| +ArcTan]| abx |]] + 1 PolyLog[2, e

bc Vd bc Vd

Ar‘cTan{

—ac+a?cib?d }

Log[Sin [Ar‘cTan[

— —
by ¢ \/(T by ¢ \/?

2 2
1 i ArcTan ~ac+a?c+b?d ac- % 5 1
+
ab?d|e o/eJa " ArcTan| +
_ 2 bz 2 b \/C \/d _ . 2 bz 2
2 (-ac+a’c+b?d) 1. laceatebid] bc Vd |14 Reatebid?
b%cd b%cd
ac’azcbzd 2 bzd
—21’1Ar‘cTan{+bx ac- aacT
f . +
(-ac+a?c+b?d) |-nlog[l+e v/e o '] — i ArcTan [ ———22%—
bvc vd
. ac+a?csb?d ac’az:::d
—ac+a’c+b?d 21 Ar‘cTan{T%Ar‘cTan — _ac+a%’c+b?d
7 -2 ArcTan| | -2ilog[i-e by Vd by /4 || -2ArcTan| ]

b/c Vd bvc Vd

a2cib2d
ac-———

} +ArcTan 2:0x
d

by/c \/

2i
Log[1-e

-ac+a? crb?d

Ar‘cTan{ J
b c \d

1 —ac+a%c+b2d
| +7Log| | +2ArcTan| ]

J - o Va
(a% c+b? d) (c+a ad —Zac)

(azbx)? a+bx

b2cd
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a2cib2d
a’c+b?d ac ebd

_ 2 b2 d ac- —— 21 Ar‘cTan{Lc‘Ed%Ar‘cTan acbx ]
Log[Sin[ArcTan| acracr ]+Ar‘cTan[7a+bx]H +1i PolyLog[2, e o a o e N
bvc Vd bc \d
2 c.p? 2 c+b%d
1 i ArcTan| 2@ cbtd ac- &ed 1
3a2b%d |e vle /e " ArcTan| arbx ]2 +
4(—ac+a2c+b2d) 1+ —ac+a’c+b?d)? b\/?\/? b\/?\/? 1+ —ac+a’c+b?d)?
b2 cd b?cd
JjAr‘cTan{ac%} ac,%
(-ac+a’c+b’d) |-nLlog[l+e v/efa 7] — i ArcTan| gax
bvc Vd
_ 2 bZd 21 |ArcTan cacacbtd +ArcTan 2T s ] _ 2 bZd
JT—ZAr‘cTan[ acracr ]—ZjLog[l—e {bvc\d } {bVCVq ] —ZArcTan[ acracr ]

be Vd b/c \d

a2cib2d

21i Ar‘cTan[M} +ArcTan[acﬁa“’/L 1 _ac+a’c+b?d
Log[l—e bye vd by vd }+7rLog[ }+2Ar‘cTan[ ]
(az C+bzd) (C+7azc‘b2d7£) b\/?\/?
(a:bx)? a+bx
b?cd
2 b2 d ac- 2’ ceb’d 2i Ar‘cTan{i’ac*az c*bzd}JrAchan{a 7%
Log[Sin[Af‘CTan[_ac+a < ] +Ar‘cTan[—a+bX]H +1i PolylLog[2, e bye Ve ee o T4

bc Vd b/c Vd
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1 i ArcTan|2c2cb?d ac a’cb’d 1
1 — —
b*d? |e v/e /e " ArcTan| arbx 12
b+ c \/?
2 2 2 +2 +2 2
4c(ac+a2c+b2d)\/1+lM)— b+/c +/d \/1+1—)—""‘CEde
b*cd b? c d
ac Bet?d 2 ,p?
-2 JiAr'cTan{ 20X ac- %
(-ac+a’c+b’d) |-rlog[l+e vle e '] — i ArcTan[ ———222—
b+c \H
—_ac+a’c+b?d . 21 ArcTan{%%Ar‘cTan ; 3‘7* ] _ac+alc+b?d
7 -2 ArcTan| | -2ilog[l-e bye Vd ele o ]| - 2ArcTan| ]

be Vd b/c /d

2i |ArcTan| 292 4] ArncTan acf:;":“ _ 2 2
Log[l—e b\cﬁ} LWT\E }+ﬂLog[ ! }+2Ar‘cTan[ aca c+bd]
2 bve Vd
(azc+b2d) (C+a cib dizac)
(azbx)? a+bx
b2 cd
_ 2 2 ac- ¥ebid 2i |ArcTan w +ArcTan ac*% ]
Log[Sin[ArcTan| acra‘c:b d]+Ar‘cTan[4a+bx]H+J'1PolyLog[2,<e {bﬁw } bi/c /a } IE
b/c d bc Vd
1 . i ArcTan| 2crEtebd ac- azac:bb;d , 1

cle o/e /e ArcTan | -

b+c vd
2 (aC+a2c+b2d) \/szd+(abi+a:C+b2d)z c bc /d \/1+ ac+a?c+b?d)?
c

b%2cd
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a2cib2d

a’c+b%d ac

2 2 ac- ¥obd 23 ArcTan| 25 s
(ac+a’c+b’d) |1 —H—ZAPcTan[M] ArcTan | 20X ] _rlog[l+e o an[bﬁvﬁ}]f
by/c Vd b~/c Vd

2 2 ac- a’cib’d 21 |-ArcTan w +ArcTan ° :‘b:ﬂ

2 fAr‘cTan[M] + ArcTan | asbx | Log[1-e Nelr ] FE
bc Vd bvc vd

1 ac+a’c+b%d

nlog| | -2ArcTan| —————
i bc \/d
el Grwwrarry
b?cd
2 2 ac- ac:b’d 21 |-ArcTan| 29241 AncTan ac*:“"’h; J

Log[fsin[ArcTan[M] - ArcTan| arbx |]] + 1 PolyLog|2, e [bﬁxd ) {Wc Ve } e

b/c v/d bvc Vd

1 i Ar‘cTan[iz’c’az“bZd ac- cbid 1
) = A ,
atcle o/e /e " ArcTan| 3o X -

bvc \/d

b*cd 2c+b?d)?
(ac+a2c+b2d> cd+(acva’cs )
b2cd

N

b2cd

a2cib2d

2 c+b%d ac
2 bzd ac- &< -2 i ArcTan arbx
(ac+a’c+b%d) |i 7ﬂ72ArcTan[%] Ar‘cTan[ia”bx}fﬂLog[lJre se e ] -
b+c +d b+vc +d

a2cib2d

ac+a?c+b?d ac- % 21 | -ArcTan| 2] pneran| T _see
2 —Ar‘cTan[—] +Ar‘cTan[ aoXx ] Log[l—e bc \/a b/c \/a ] .
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1 ac+a’c+b2d
nLog| | -2ArcTan| —————]
_— bc \/d
(a? c+b? d) (c+a s 272“)
(a+b x) a+bx
b2cd
a’c+b’d . ac+a?cib?d ac Tt
2 b2 d ac- 8 21 |-ArcTan| Z————— | +ArcTan ,73"’,*7 J
Log[—Sin[ArcTan[%] —Ar‘cTan[iamx] H + 1 PolyLog[Z, e oi/e Vo } bye Vd } +
b/c Vd b/c Vd
2 cip? 2 c+b%d
1 -i ArcTan % ac- &erd 1
3a%c |e {bvcvd ArcTan | arbx 12 _
b~/c \/d
4(aceatcrb?d) J“"”lﬁfi“w b\/?\/d_\/lJr Beera:
2C+b2d a 7a2m;2a
2 b2d ac-re>d -2 1 ArcTan X
(ac+a’c+b’d) |i —N—ZAPcTan[%] ArcTan | asbx | -nlog[l+e [N?w}],
b/c \/d b/c Vd
2 c+b?d . acta? cib?d ac-Fets
2 b2d ac- e d 21 |-ArcTan| ————|+ArcTan 20x
2 —Ar‘cTan[w] +Ar‘cTan[ a:bx Log[l—e [b\/c Va {ch VT] ] N
b/c v/d bc v/d
1 ac+a?c+b%d
mLog| | -2ArcTan| —————]

(asbx)? a+bx

b?cd
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ac+alc+b?d ac-

Log[-Sin[ArcTan| | - ArcTan| arbx ]]] +1iPolyLog[2, e oi/c bi/c a
b/c \/d bc +/d
i ArcTan| 2&2cb?d ac- alesb?’d
! a*c? |e {WTW ArcTan | asbx 12 _ 1
b~/c \d
4b2d(ac+a2c+b2d)\/b2C‘Ha‘;*‘_"zc*bzd)2 b\/?\/?\/1+lé‘c+zi—c+b2dﬁ
b*cd b*cd
2 c+b2d ac Zettd
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a’c+b?d

a?c+b%d

3 a2cib2d
. ac+a?c+b?d -
21i |-ArcTan ;} +Ar‘cTan{ aibx

ac+a?c+b?d

2 2 ac- 21 |-ArcTan +ArcTan P s
2 —Ar‘cTan[M] +ArcTan| arbx || Log[1-e [bﬁﬁ} {bﬁﬁ] ] +
b/c Vd b/c d
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nLog| | -2ArcTan| —————]

b/c Vd

(az C+b2d) (c+alc+b2d_ Zac)

(azbx)? a+bx

b?cd

ac-

ac+alc+b?d
—————] - ArcTan|

bc Vd

a+b x

bc Vd

Log[-Sin[ArcTan|

a?c+b%d

a2cib2d
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21 |-ArcTan
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a
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]
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2 2
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2 b2d ac- e d 21 |-ArcTan| ————|+ArcTan 20x
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(a? c+b? d) (c+a ks 272ac)
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b?cd
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a2cib2d
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2 2 ac- ¥obd 23 ArcTan| 25 s
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by/c Vd b~/c Vd
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bc Vd bvc vd
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nlog| | -2ArcTan| —————
i bc \/d
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b?cd
2 2 ac- ac:b’d 21 |-ArcTan| 29241 AncTan ac*:“"’h; J

Log[fsin[ArcTan[M] - ArcTan| arbx |]] + 1 PolyLog|2, e [bﬁxd ) {Wc Ve } e

b/c v/d bvc Vd
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bvc vd

bZ d 2 bZdZ
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b2cd
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b%cd

a2cib2d

2 c+b%d ac
2 bzd ac- &< -2 i ArcTan arbx
(ac+a’c+b%d) |i 7ﬂ72ArcTan[%] Ar‘cTan[ia”bx}fﬂLog[lJre se e ] -
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bv/c Vd b~/c Vd




7.4 Inverse hyperbolic cotangent.nb | 29

1 ac+a’c+b2d
nLog| | -2ArcTan| —————]
_— bc \/d
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(a+b x) a+bx
b2cd
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2 b2 d ac- 8 21 |-ArcTan| Z————— | +ArcTan ,73"’,*7 J
Log[—Sin[ArcTan[%] —Ar‘cTan[iamx] H + 1 PolyLog[Z, e oi/e Vo } bye Vd } +
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2 cip? 2 c+b%d
1 -i ArcTan % ac- &erd 1
ab?d |e {bvcvd ArcTan | atbx 12 _
b~/c \/d
2 (ac-a’crbid) J“"”lﬁfi“w b\/?\/d_\/lJr Beera:
2C+b2d a 7a2m;2a
2 b2d ac-re>d -2 1 ArcTan X
(ac+a’c+b’d) |i —N—ZAPcTan[%] ArcTan | asbx | -nlog[l+e [N?w}],
b/c \/d b/c Vd
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2 b2d ac- e d 21 |-ArcTan| ————|+ArcTan 20x
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b2cd 2c.p2d)2
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b2cd
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bc Vd
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2 |-ArcTan| ——————] +ArcTan| 20X 11 1og[1-e bc o ol e )]
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nLog| | -2ArcTan| —————]

b~/c Vd
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(azbx)? a+bx

b?cd
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ac+alc+b?d
—————] - ArcTan|
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a?c+b%d

aibx
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cacs a%c+b?d
1 —JiAr‘cTan[“ 2?crb?d ac-"—— 1

ST - .
b*d? |e b/c +fa Ar‘cTan[ abx -

bc Vd

b?cd

b2cd 2c4b?d)?
4c(ac+a’c+b2d) cd+[acra? c+b?d)
b%cd

b\/?\/?\/lJr ac+a?c+b?d)?

2 2 ac- debid 2 i arcTan| 0 ams
(ac+a’c+b?d) |i 7n72ArcTan[M] ArcTan[ia*bx} -nlog[l+e o an{b cﬁ}] _
byc Vd b~/c Vd
2 2 ac- acib’d 21 |-ArcTan acaetid +ArcTan ac*a:’::d
2 —Ar‘cTan[M] + ArcTan asbx Log[1- e [bﬁﬁ} {b\/j\/?] .
bc \/d bvec vd
1 ac+a?c+b%d
7 Log| | -2ArcTan | —————]
e bc v/d
] v
b?cd
2 2 ac- ac:b’d 21 |-ArcTan[ 292241 AncTan 712:“7:*” J
Log[fsin[ArcTan[M] - ArcTan| arbx |]] +1PolyLog|2, e [bﬁﬁ} {wc vT} ]

bvc vd bvc v/d

Problem 80: Unable to integrate problem.

ArcCoth[a + b x]
J dx

c+d W
Optimal (type 4, 619 leaves, 55 steps):
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2+/1+a Ar‘cTan[M} 2+/1-2a Ar‘cTanh[M] cLog[d e Vb | Log[c+d~/x ]

Jia ) Via ), /b /T d )
Vb d Vb d d?
d (Vi Vb V¥ d (VI b VX d (Vi b VX
c Log| N | Log[c+d~/x ] clLog[- N — | Log[c+d~/x | clLog[- N | Log[c+d~/x ]
d2 : o2 ) o2 )
\/7Log[ 1abx] +cLog[c+d\/7] Log[ labix} +\/?Log[71;:t;><} 7cLog[c+d\ﬁ] Log[lga;ix} )
d d? d d?
cPolyLog[Z, /b ferd VX } cPolyLog[Z, Vb [erd VX ] cPolyLog[Z, /b ferd VX ] cPolyLog[Z, M]
Vb eVtadl Vb Tad) Vb ciadl Vb civ/ia d
d? d? d? d?

Result (type 8, 20leaves):
ArcCoth[a + b x]
J dx

C+d\/;

Problem 81: Attempted integration timed out after 120 seconds.

JAPcCoth [a+bx]
dx
c+
X

Optimal (type 4, 738 leaves, 65 steps):
2/1+a dAr‘cTan[M] 2/1-a dAr‘cTanh[M} d? Log[C e b | Log[d+c/x | d? Log[m] Log[d+c/x |

1+a N V1-a _ v ~1-a c+V/b d . Via civb d )
Vb c? Vb c? c? c?
d? Log| N | Log[d+c/x | d?Log] = | Log[d+c~/x ] (1-a) Log[1-a-bx] d\/—Log[ 1aabt;x} 7
c c? 2bc 2
xLog[—%} d? Log[d + c V/x | Log[—%] (1+a) Log[1+a+bx] d\/?Log[%] XLOg[1+a+bx] d? Log[d + ¢ /x | Log[lga;ix}
- + - + -
2c c3 2bc c? 2¢c c3
@ polytog[2, - L] 2 poryiog[2, - L) g2 poryiog[2, L] g2 poryiog [z, LIt
~1-a c-+/b d . v1-a c-/b d ~ v/-1-a c+/b d . V1-a c+/b d
c3 c3 c3 c3

Result (type 1, 1leaves):

???
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Problem 82: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

ArcCoth[d + e x]
J dx

a+bx+cx?

Optimal (type 4, 335leaves, 12 steps):

2e |b-~/b*-4ac +2cx 2e |b+y/b*-4ac +2cx
ArcCoth[d +ex] Log]| | ArcCoth[d+ex] Log|
[Zc (1-d) +|b-+/b%-4ac ) e] (1+d+e x) [Zc (1—d)+(b+ b?2-4ac | e| (1+d+ex)
2[2cd—[b—w/b2—4ac e-2c (d+ex) 2[2cd—(b+w/b2—4ac e-2c (d+ex)
Polylog|[2, 1+ | PolyLog[2, 1+
[2c—2cd+be—xlb2—4ac e| (1+d+ex) [ZC (1—d)+[b+x/b2—4ac J e| (1+d+ex)
+
2vb%-4ac 2+vb%2-4ac
Result (type 4, 8833 leaves):
1
- (ae+bex+cex?) (1—(d+ex)2)
e(d+ex)2(a+bx+cx2> (17 1 )
(d+ex)?
2
2 ArcCoth[d + e x] ArcTanh | -2¢d:ber2c(dex) | (2cd—be+\/me b ___2cd |, 2cldiex) ]J
b’2-4ac e b2-4ac b’2-4ac e b’2-4ac e
- - ! e -1+
Vb2 -4ac c(—1+(d+ex)2> 4c?

- 2
2 C2 Ar‘cTanh[ 2cd+be+2c (drex) ]
\/b*-4ac e 1
+

4c? (—1+d2) -4bcde+b2e?

(b*-4ac) (2c-2cd+be) J (b-4ac)e’-(2¢c (-1+d)-be)®

(b*-4ac) e?
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iPolylog|2, e Vot aac e N e
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- |-7+21iArcTanh| | | ArcTanh| | -rLog[1+e foeace ] -
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J : Vb7 4ac e Vb7 4ac e
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1 S0 g _eAr‘cTanh e Ar\cTanh[ 2cd+be+2c(d+ex)}2+
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_( b _ 2cd ¥ 2c (d+ex)
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ArcTanh | cdrber2c| +eX>H]+iPolyLog[2,e Pcan{wme rerann| Voiaac e }} N
Vb2-4ac e
B 2c (-1+d)-be _
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ArcTanh | |]] + 1 PolyLog[2, e Verasc e Voase e ]| -
Vb%2-4ac e
1 2b el d *A"CTa”h%ArcTanh[—ch+be+2c(d+ex)]2
7(e -4ac e +
(b274ac) e (2c72cd+be) \/ (b2-4ac)e?-(2c (-1+d)-be)? Vb2-4ac e
(b*-4ac) e?
: i (2¢(-1+d) be
(2¢(-1+d)-be)?
Joiasce [ agane
c(-1+d)-be -2cd+be+2c (d+ex 2 ArcTanh | -2edwbes2e (drex).
( ) ( ) ‘
—l-m+2 J'LAr‘cTanh[ } Ar‘cTanh[ } —rrLog[1+e Vbraac e ] -
Vb2-4ac e Vb2-4ac e
2c (-1+d) -be -2cd+be+2c (d+ex) -2 |ArcTanh | 26122008 | pncTanh | 2edbec2e(dex) |
2 J'lAr‘cTanh[ }+J‘1Ar‘cTanh{ } Log[lfe Vbraac e Vbr-dac e }Jr
Vb2 -4ac e Vb2-4ac e
Lo 1 . 2c (-1+d) -be o 2c (-1+d)-be
g| | +2 i ArcTanh]| | Log[i Sinh[ArcTanh| |+
b ed 2 (d 2 Vb2-4ac e A/b2-4ac e
1_- B [d c (d+ex)
(\/bzzlac \/b2—4ace+\/bz—4ace

-2cd+be+2c (d ~2 |ArcTanh [ 2¢20 02 T pncTanh M]
Ar\cTanh[ cda+be+2cC ( +EX> ]}] +J'lp01y|_og[2, . rcTan \/me rcTan [ Vme } } )

Vb%2-4ac e
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(1+d)-be

1 _ArcTanh | 2¢ —2cd+be+2c(d+ex) 2

2ac’|-e Vor-aac e Ar‘cTanh[ +

Vvb2-4ac e

(b2-4ac) (-2c-2cd+be) |lotacieclld ber
(b?-4ac)e?

1 2c(1+d)—be —2cd+be+2c(d+ex)
i(2c(1+d)-be) |- —7T+21'1Ar‘cTanh[—} Ar‘cTanh[ } -
b2-4ac e b2-4ac e
vl
Voaace [1o e V V
2 ArcTan| 2ede2e (dex), 2c (1+d)-be -2cd+be+2c (d+ex)
nlogll+e Jesace ] -2 i ArcTanh|[————"——] + i ArcTanh| ]
Vvb2-4ac e Vvb2-4ac e
2 (Ar‘cTanh { 2c (1+d)-be +ArcTanh { -2cd+be+2c (d+ex) 1
Log[l —e \b2-4ac e Vb2 dac e ] +7-(Log[ } +
1( b _ 2cd ¥ 2c (d+ex) ]2
\/b2—4ac \/b2—4ac e \/b2—4ac e

-2cd+be+2c (d+ex)

2 1+d)-b 2 1+d)-b
M} Log[i Sinh[Ar‘cTanh[M] + ArcTanh |

Vvb2-4ac e VvbZ-4ac e Vvb2-4ac e

2 i ArcTanh|

J1 -

5 [Ar‘cTanh{“ (1+d)-be +APCTanh{—2cd+be+2c (drex) ]]
iPolylog|2, e Vpidac e Vptaac e -
1 fAr‘cTanh[M —2Cd+be+2c(d+ex>

2c3 |-e Vbaac e Ar‘cTanh[ ]2 +

Vb%2-4ac e

(b2-4ac)e?(-2c-2cd+be) J (bz"‘aC)(;Z:;:E)(::d)fbeﬂ
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1 2c(1+d)—be —2cd+be+2c(d+ex)
i(2c(1+d)-be) |- —7r+2]iAr‘cTanh[—} Ar‘cTanh[ } -
Vb?-4ac eJl—%ﬁ)—z Vb*-4ac e Vb2-4ac e
2 ArcTan| 2edbe2e (dex], 2c (1+d)-be -2cd+be+2c (d+ex)
nlogll+e Jesace ] -2 i ArcTanh|[ ——————] + i ArcTanh|
Vvb2-4ac e Vvb2-4ac e
2 (Ar‘cTanh { 2c (1+d)-be +ArcTanh { ~2cd+bes2c (drex) 1
Log[1-e Vorsac e Voraac e | +7Log| |+
1( b B 2cd N 2c (d+ex) ]2
\/b2—4ac \/bz—4ac e \/b2—4ac e
2c(1+d)—be c(1+d)—be —2cd+be+2c(d+ex)

2
} Log[jl Sinh [Ar‘cTanh [ } + Ar‘cTanh[

Vvb2-4ac e VvbZ-4ac e Vvb2-4ac e

2 1 ArcTanh [

nE

-2 [Ar‘cTanh{ +Ar‘cTanh{
1 PolyLog[2J e Vb2-dac e \Vb2-dac e

Zc(1+dj—be} 72cd+be+2cfd+ex\]]

2c (1+d)-be
1 —Ar‘cTanh{\i

-2cd+be+2c (d+ex
4c3d|-e Vbaac e Ar'cTanh[ ( )

Vb2-4ac e

I

(b2—4ac) e? (—2c—2cd+be) \/ (bz"‘aC)(;Z:;:z)(:;d)fbew

1

-2cd+be+2c (d+ex)

2 1+d)-b
M} Ar‘cTanh[

Vb%2-4ac e Vvb2-4ac e

i(2c(1+d)-be) |-|-m+2iArcTanh|

} ,

(b2-4ac) e?
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-2cd+bes2c (d+ex)

2 ArcTanh 2c(1+d) -b vcdabes2c (d
nLog[lJre rcan{ Vbr-aac e ]_2 iAPCTanh[M}+jAr‘cTanh[ cd+be+ C( +ex)}
VvbZ-4ac e Vbi-4ac e
-2 (Ar‘cTanh[Zc (1+d)-be } +ArcTanh{M 1
Log[l-e vl Jorasc e | + 7 Log| I
1_{ b _ 2cd i 2c (d+ex) )2
\/b2*4ac \/b2—4ac e \/b2—4ac e

~2cd+be+2c (d+ex)

2c (1+d) -b 2c (1+d) -b
M} Log|i Sinh[Ar‘cTanh[M] +ArcTanh |

VvbZ-4ac e VbZ-4ac e VvbZ-4ac e

2 i ArcTanh|

11+

2 {Ar‘cTanh { 2c (1+d)-be +ArcTanh { -2cd+be+2c (d+ex) ]]
i POlyLOg[Z; e Vb2-dac e Vb2-dac e ] —

c (1+d)-be

1 _ArcTanh| 2 72cd+be+2c<d+ex)

2
2c3d? |-e Jsaac e’ ArcTanh | |7+

VvbZ-4ac e

(b>-4ac)e?(-2c-2cd+be) (b-4ac)e’-(2¢c (1+d)-be)?
(b*-4ac)e?

1 2c (1+d) -be -2cd+be+2c (d+ex)
i(2c(1+d)-be) |- -7 +21ArcTanh| ———————] | ArcTanh| | -
N/b24ace\/1@M Vb2-4ac e Vb2-4ac e
(b*-4ac) e?

> ArcTanh -2cd+be+2c (d+ex) 2 1+d) - b _2cd b 2 d

nlog(l+e retere| T jArcTanh[M} + 1 ArcTanh | cdrber2c(drex) ]
Vvb2-4ac e Vb%2-4ac e

5 (Ar‘cTanh { 2¢ (10d) be } ArcTanh { “2cdibes2c (deex] 1

Log[l-e Vbraac e Joraac e | +mLog| |+

2
1_( b _ 2cd i 2c (d+ex) )
\/b2—4ac \/b2—4ac e \/b2—4ac e



42 | 7.4 Inverse hyperbolic cotangent.nb

2¢ (1+d) -be
2i ArcTanh|[ ———F——

| Log[i Sinh[ArcTanh |

vVb2-4ac e
2 {Ar‘cTanh { 2c (1+d)-be } +ArcTanh { -2cd+be+2c (d+ex) ]]
1 PolyLog[zJ e b2-4ac e \b2-dac e ]
1
2bc?

(b*>-4ac) e (2c (1+d)-be)?

(b?2-4ac)e (—2c—2cd+be>\/

(b*-4ac)e?

1
i(2c(1+d)-be) |-
B 2
/b2—4ac e 1- (2c (1+d)-be)
(b*-4ac) e?
> Ar‘cTanh[ -2cd+be+2c (d+ex)
nlog[l+e Jeasc e ] -2 i ArcTanh|
2 (Ar‘cTanh { 2¢(1d)be ] oy { ~2cd+ber2c (deex)
Log[]_,e \/b274ac e \b2-4ac e

2¢ (1+d) -be

Vvb2-4ac e

2 i ArcTanh]|

2c
| Log[i Sinh[ArcTanh|

2c (1+d) -be
VbZ-4ac e

-7 +21ArcTanh|

-2cd+be+2c (d+ex)

VvbZ-4ac e

| +ArcTanh|

11+

_ArcTanh|2c(1rd)be
[

-2cd+be+2c (d+ex|
-e Vetaac e’ ApcTanh

VvbZ-4ac e

]

-2cd+be+2c (d+ex)

VvbZ-4ac e

2c (1+d)-be
Vvb2-4ac e

| | ArcTanh]|

} _

2c(1+d)—be —2cd+be+2c(d+ex)
2t 8§ ArcTanh] ]
Vvb2-4ac e Vb%2-4ac e
| +mLog| ! ]+
1_( b _ 2cd i 2c (d+ex) )2
\/b2—4ac \/b2—4ac e \/b2—4ac e

-2cd+be+2c (d+ex)

Vvb2-4ac e

| +ArcTanh|

nE
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> [Ar‘cTanh { 2¢ (1+d)7be}+Ar‘cTanh { “2cdsbes2c (drex) ]
1 POlYLog[z; e Vbi-dac e Veisac e ] +
1 _ArcTanh[2¢l1-d)-be -2cd+be+2c (d+ex) >
2bc?d |-e [me ArcTanh | ( >] +

Vb%2-4ac e

(b2-4ac)e(-2c-2cd+be) (b?-4ac) e’ (2c (1+d)-be)?
(b*-4ac)e?

1 2c(1+d)—be —2cd+be+2c(d+ex)
i(2c(1+d)-be) |- —7r+211Ar‘cTanh[—} Ar‘cTanh[ } -
\/b2_4ac e\/l_m)ﬂ)_z vb274ace \/b2,4ace
(b2—4ac)e2
2 ArcTan| 2ede2e (dex], 2c(1+d)7be —2cd+be+2c(d+ex)
nlogll+e Jesace ] -2 i ArcTanh|[————"——] + i ArcTanh|
Vvb2-4ac e VvbZ-4ac e
2 [Ar‘cTanh { 2c (1+d)-be +ArcTanh { -2cd+be+2c (d+ex) 1
Log[l_(e W b2-4ac e \b2-dac e :|+7-(Log[ }+
1_[ b _ 2cd ¥ 2c (d+ex) )2
\/b274ac \/b274ac e \/b274ac e

-2cd+be+2c (d+ex)

2 1+d)-b 2
M} Log[i Sinh[ArcTanh| c | +ArcTanh|

Vb2-4ac e VvbZ-4ac e Vvb2-4ac e

2 i ArcTanh |

J1 -

) [Ar‘cTanh { 2c (1+d] -be } +ArcTanh { -2cd+be+2c (dre x] ] ]
1 PolyLog[2J e \b2-dac e \b2-dac e ]

Problem 95: Result unnecessarily involves higher level functions.



44 | 7.4 Inverse hyperbolic cotangent.nb

ArcCoth[a x"]
J— dx

X
Optimal (type 4, 38 leaves, 2 steps):
Polylog|2, —"a—n] Polylog|2, Xa—"}

2n 2n

Result (type 5, 52 leaves):
ax" Hyper‘geometr‘icPFQ[{i, %, 1}, {3, %}J a2 x21]

+ (ArcCoth[ax"] - ArcTanh[ax"]) Log[x]
n

Problem 100: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.
JAPcCoth [1+X]
—dx
2+2X

Optimal (type 4, 25leaves, 3 steps):

1 1 1
= Polylog[2, - | - = PolyLog[2, —]
4 1+x 4 1+Xx

Result (type 4, 227 leaves):

-n? + 41 mArcTanh[1+x] + 8 ArcTanh[1+x]2 + 8 ArcTanh [1 + x] Log[1 - e 2ArcTanhllex] | _
16

41Log[l+e2AreTamh1x] ] _ g ArcTanh[1+x] Log[1 + e2ArTanh(x] ], g ApcCoth 1+ x] Log[1+X] - 8 ArcTanh[1 +x] Log[1 +X] -

1 , 2 2
8 ArcTanh[1 + x] Log[i} +41ﬂLog[7] +8ArcTanh[1 + x] Log[—] +
4/—x(2+x) —x(2+x) -x (2+x)
i(1+x) 2i (1+x)

8 ArcTanh[1+x] Log| | - 8ArcTanh[1+x] Log]|

—] —4P01yL0g[2, e—ZAr‘cTanh[hX]] —4PolyLog[2, _‘EZAr‘cTanh[ler]]
NEEIVESS -x (2+x)

Problem 101: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.
ArcCoth[a + b x]
dx
J %+dx

Optimal (type 4, 35leaves, 3 steps):
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1
a+b x

2d 2d

Polylog|2, -

| Polylog[2, ——]

a+b x

Result (type 4, 291 leaves):

1
- —— |m*-4inArcTanh[a+bx] - 8ArcTanh[a+bx]?-8ArcTanh[a+bXx] Log[1 - e 2ArcTanhlasbx] |,
8d

41 Log[1+ e2AreTanhiasbx] ], g ApcTanh[a + b x] Log[1 + e2ArcTanh(asbx] ] _ g ApcCoth[a + bx] Log[a+bx] +
1 2

8ArcTanh[a+bx] Log[a+bx] +8ArcTanh[a+bx] Log| |-4intog ——] -
1—<a+bx)2 1—(a+bx)2
2 i(a+bx)
8ArcTanh[a +bx] Log| —————————] -8ArcTanh[a+bx] Log| —————] +
«/1—<a+bx)2 1—<a+bx)2

2i (a+bx)
8ArcTanh[a+bx] Log]| | +4PolyLog[2, e 2ArcTanh(a:bx] ] | 4 polylog[2, - e2ArcTanhlasbx] |

1- <a+bx)2

Problem 106: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

a+bArcCoth[c +dx]
J dx

e+fx

Optimal (type 4, 130leaves, 5steps):

2d (e+fx)
(a+bArcCoth[c+dx]) Log| 1+C+dx} (a+bArcCoth[c+dx]) Log| P ]
- + +
f f
2 B 2d (e+fx)
bPolylog[2, 1 - 1+c+dx] ) bPolyLog[2, 1 (de+f-cf) (Lrcrdx) )
2f 2f

Result (type 4, 352 leaves):
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alog[e+fx] +b (ArcCoth[c+dx] -ArcTanh[c+dx]) Log[e+fx] +

1 o de-cf
b ArcTanh[c +d x] —Log[ ]+Log[1$1nh[Ar‘cTanh[ ]+Ar‘cTanh[c+dx}H -
AJ1- (c+dx)2 f

1. 1. . 2. de-cf 2 - 2 ArcTanh [c+d
—ib|-=1i (n-2iArcTanh[c+dx])”+i (Ar‘cTanh[ | +ArcTanh[c+dx]| + (m-2iArcTanh[c+dx]) Log[1+e?ArcTanhic:dx]]
2 4

21 [Ar‘cTanh{de_ f] +ArcTanh[c+dx] | Log[1-e” (APCTanh{g}ﬂrﬂanh[“dx])] - (r-21iArcTanh[c+dx]) Log[;] -

1- (c+dx)?

f de-cf
] +ArcTanh[c +d x] Log[ZjSinh[Ar'cTanh[ } +ArcTanh[c +d X] H -

) de -
21 [Ar‘cTanh [

- i Polylog [2, e’ (

i Polylog [2’ _ @2ArcTanh[c+dx] ] Ar‘cTanh{de;”]Mr‘cTanh[ud x]) } J ]

Problem 109: Result more than twice size of optimal antiderivative.

j(eJr'FX)Z (a+bArcCoth[c+dx])?dx

Optimal (type 4, 374 leaves, 16 steps):
b2f2x 2abf(de-cf)x 2b2f(de-cf) (c+dx)ArcCoth[c+dx] bf? (c+dx)2 (a+bArcCoth[c+dx])
N

3d? d? : d3 : 3d? .
de-cf) (d2e2-2cdef+ (3+c2)f2) (a+bArcCoth[c+dx])? 3d2e2-6cdef+ (1+3c2)f2) (a+bArcCoth[c+dx])?
+ +
3d3‘F 3d3
(e+1’x)3 (a+bAr‘cCoth[c+dx])2 7b2f2Ar‘cTanh[c+dx] . 2b (3d*e*-6cdef+ (1+3c?) f2) (a+bArcCothlc+dx]) Log[liidx] N
3f 3d3 3d3
b2 f (de-cf) Log[1- (c+dx)?] _bz (3d?e2-6cdef+ (1+3c?) f2) PolyLog[z,—ﬁ}
d? 3d3

Result (type 4, 1054 leaves):

1
ate?x+atefx?+ —atfixd+

lab 2x (3e*+3efx+f?x*) ArcCoth[c +dx] +%(d-Fx (6de-4cf+dfx) - (-1+c) (3d2e2—3 (-1+c)def+ (—1+c)21=2) Log[l-c-dx] +
3 d
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(1+¢) (3d2 2-3(1+c)def+ (1+c)2f2) Log[1+c+dx]) + 1
d(crdx)? (1- —1—]
(c+d x)
b? e? (1— (c +dx)2) (ArcCoth[c+dx] (ArcCoth[c+dx] - (c+dx) ArcCoth[c+dx] +2Log[1- e 2Arccothicrdx] ]} _polylog|[2, e 2Arccothicrdx)]) _
1
d (c+dx)? (1- (G;X)Z)

b2ef (1— <c+dx)2) 2 cArcCoth[c+dx]%+ (c+dx)2 1(1)2 ArcCoth[c+dx]?-2 (c+dx) ArcCoth[c+dx] (-1+cArcCoth[c+dx]) +
c+dx
4 c ArcCoth[c +dx] Log[1 - e 2Arccothlerdxl ] _ 3| og| ! | -2 cPolyLog[2, e 2ArcCothic dx] ]
(c+dx) [1- (c+¢:1lx>2
(1 (c dx)2> 4 ArcCoth[c +dx] 3 ArcCoth[c +dx]? 12 c ArcCoth[c +dx]?
- + + - +
(c+dx) 1- (U;X)z (c+dx) 1- (c+:x)2 (c+dx) 1- (c+:x)2

9 c2ArcCoth[c+dx]?2 -1+6cArcCoth[c+dx] +3ArcCoth[c+dx]2-3c2ArcCoth[c+dx]?

+

+

(c+dx) [1-—2 1- —1

(c+d x)? (c+dx)?

Cosh[3 ArcCoth[c +dx]] - 6 c ArcCoth[c +d x] Cosh[3 ArcCoth[c +dx]] + ArcCoth[c +d x]? Cosh[3 ArcCoth[c+dx]] +

6 ArcCoth[c +dx] Log[1 - e 2ArcCothlcsdx] | 18 c2 ArcCoth[c + d x] Log |1 - e 2ArcCothlcrdx] |
3 c? ArcCoth[c +dx]2 Cosh[3 ArcCoth[c+dx]] + +

(c+dx) 1- —1 (c+dx) 1- —1

(c+dx)? (c+dx)?

18clog ——F+—— ]

(c+d x) 17 1

(1 +3 C2> PolyLog [2’ @-2ArcCoth[c+dx] ]

3 1 3/2
C+dX erd ) <C+dX> (1_ (c+dx)z>

3 c? ArcCoth[c +dx]?Sinh[3 ArcCoth[c+dx]] - 2ArcCoth[c +dx] Log[1 - e 2Arccothlc:dxl | sinh[3 ArcCoth[c+dx]] -

- ArcCoth[c +dx]2Sinh[3 ArcCoth[c+dx]] -

| a7
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6 c2 ArcCoth[c +dx] Log[1 - e 2ArcCothlcrdx ] sinh[3 ArcCoth[c+dx]] +6c Log]|

| sinh[3 ArcCoth[c +dx]]
(c+dx) [1-—2

(c+dx)?

Problem 112: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.
J(a+bAr‘cCoth[c+dx])2

dx
e+fx

Optimal (type 4, 214 leaves, 2 steps):

2 2 2 2d (e+fx) 2
(a+bArcCoth[c+dx]) Log[hudx} ) (a+bArcCoth[c+dx])?Log| et man ] ) b (a+bArcCoth[c+dx]) PolylLog[2, 1- 1+c+dx} 7
f f f
B 2d (e+fx) 2 2 2 o 2d(e+fx)
b (a+bArcCoth[c+dx]) PolyLog|2, 1 et tean ] ) b% Polylog|3, 1 - 1+C+dx] ) b? PolyLog|3, 1 Geter mman ]
f 2f 2f
Result (type 4, 1640 leaves):
a2 Log[e + f x] S ab (ArcCoth[c +dx] - ArcTanh[c +dx]) Log[e +  x]
—+2a
f f
1, 1 o de -
— 1 |1 ArcTanh[c +d x] —Log[—} + Log[n Sinh [Ar‘cTanh[ } +ArcTanh[c +d x] } ] +
.F

\J1- <c+dx)2

1 . de-cf , 21, , )
= l-1 (lAr‘cTanh[—] +1iArcTanh[c+dx]| - =i (m-21iArcTanh[c+dx])*+
2 f 4
de-cf ifi deefl .
2 (J‘LAr‘cTanh[ | +iArcTanh[c +dx] Log[l—e2 (1 ArcTann [ 255 ] i arcTanhc dx])} +
.F

(m-2iArcTanh[c+dx]) Log[1-e® 2iArcTanhicsdxD) | (2 j ArcTanh[c +d x]) Log[2Sin|

N |

(m-2iArcTanh[c+dx])]] -

-cf

. de .
2 (1 ArcTanh | | +1iArcTanh[c +dx]

o de-cf
Log[2 i Sinh|ArcTanh| f] +ArcTanh[c+dx]]] -

i PolyLog [2, ezji (JiAr'cTanh{?}qArcTanh[md x]) ] ~ i Polylog [2) el (7-21iArcTanh[c+d x]) ]

1
d(c+dx)?® (e+fx) (17;

(c+dx)?

b> (de-cf+f (c+dx)) (1— (c+dx)2)
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1
- (i fr*-8deArcCoth[c+dx]?-8fArcCoth[c+dx]>+8cfArcCoth[c+dx]>+

24 f2

24 f ArcCoth[c + d x]? Log[1 - e?Arecothlc+dx] |, 24 £ ArcCoth[c + d x] PolyLog[2, e2Arccothicxdx) | _ 17 £ polylog[3, e?Arccothlcrdx]]) 4

1
6f2 (de+f-cf) (de- (1+c) f)

(-de-f+cf) (-de+f+cf) |2deArcCoth[c+dx]?-6fArcCoth[c+dx]>-

] d2e2—2cdef+<71+c2)f2

—Ar‘cTanh[ded
(de-cf)?

2cfArcCoth[c+dx]3-4dee ArcCoth[c+dx]3+

£

de—cf} ‘F

d?e?-2cdef+ (-1+c?) f
(de-cf)?

-ArcTanh
4ce [

ArcCoth[c+dx]3+61fmArcCoth[c+dx] Log[2] - fArcCoth[c+dx]?Log[64] -

ArcCoth[c+d x]+Ar‘cTanh{d f fu +
e-c

6 i frArcCoth[c +dx] Log|e Arccothlcrdx]  ghrcCothlc:dx] ], 6 £ ApcCoth[c +d x]? Log[1-e

ArcCoth[c+d x] +ArcTanh { f

m}] +6-FAr‘cCoth[c+dx]2Log[l—ez(

f
d

ArcCoth[c+d x] +ArcTanh [

Al

6 f ArcCoth[c+dx]?Log[1+e
2 (Ar‘cCoth[c+d x]+Ar‘cTanh[d:Cf} ) ) } +

-ArcCoth[c+d x] -ArcTanh { ﬁ}

f 1
12 f ArcCoth[c + dx] ArcTanh| ———] Log[ ~ i e

-l+e
de-cf 2
GfAPCCOth[C +d X]Z Log[_e—Ar‘cCoth[udx] (d e (_1 4 @2Ar‘cCoth[c+dx]> i (1 rCt eZAr‘cCoth[mdx] _c @2ArcCoth[c+dx]> 'F)] _ 6'FAI"CCO‘th[C 4 dX]2
_de <71+e2Ar‘cCoth[c+dx]) + (717e2Ar‘cCoth[c+dx] i c (71+e2Ar‘cCoth[c+dx]>) f 1
Log| | +61ifrArcCothc+dx] Log| ————| -
de- (1+c)f )
(c+dx)?
) f de cf
6 f ArcCoth[c +d x] Log[— - + ]—12FAr‘cCoth[c+dx}
1 1 1
B (c+d x)? <C+dX) 1- (c+dx)? (C+dx) 1- (c+dx)?

ArcCoth[c+d x]JfAr'cTanh{d f f} ] +
e-c

ArcTanh[ﬁ] Log[1i Sinh|[ArcCoth[c +dx] +Ar‘cTanh[ﬁ} |] +12fArcCoth[c +dx] Polylog|2, -e

ArcCoth [c+d x] +ArcTanh [ ﬁ} }

+6fArcCoth[c +dx] Polylog|2, e (rccothcrdx) sarcTanh [ 1] ] -

12 f ArcCoth[c + d x] Polylog[2, e
eZArcCoth[mdx] (d e+f-c 'F)

de—<1+c)f

ArcCoth[c+d x]+Ar-cTanh{d f f} ]
e-c —

6 f ArcCoth[c +d x] PolyLog [2, ] -12 f PolylLog [3, -e
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@2ArcCoth[c+d X] (d e+f-c 'F)

12fPolyLog[3, eAr‘cCoth[c+dx]+Ar‘cTanh{ﬁ}} _ 3fPolyLog[3, ez (ArcCoth[c+dx]+ArcTanh[$])] + 3fPolyLog[3, ]
de- (1+c)f
Problem 113: Result unnecessarily involves imaginary or complex numbers.
(a+bArcCoth[c+dx])?
J dx
(e+1:x)2
Optimal (type 4, 480 leaves, 24 steps):
) (a+bArcCoth[c+dx])? ) b2 d ArcCoth[c +d x] Log[liczidx} abdlog(l-c-dx] b2 d ArcCoth[c +d x] Log[hidx}
f (e+fx) f(de+f-cf) f(de+f-cf) f(de-f-cf)
2b?dArcCoth[c +dx] LOg[h:ﬁ} . abdLlog[l+c+dx] . 2abdlog[e + fx] B 2b*d ArcCoth[c +d x] Log[ (de+;7(i'(F?+‘(F1x+)c+dx) ]
(de+f-cf) (de- (1+c) ) f(de-f-cf) 2 (de-cf)? (de+f-cf) (de- (1+c) )
b?d Polylog |2, - T*¢*¢* | ) b?dPolyLog[2, 1- —* ] 7 b?dPolyLog[2, 1- —* ] ) b?d Polylog[2, 1~ ¢t ]
2f (de+f-cf) 2f (de-f-cf) (de+f-cf) (de- (1+c) f) (de+f-cf) (de- (1+c) )

Result (type 4, 806 leaves):

a? 1 ) f de-cf
- + 2ab(1—(c+dx)) +
fle+fx) dfe+fx)? ) R
1- - (c+dx) [1- .
(c+d x) (c+d x)
(-de+cf) ArcCoth[c +dx] ArcCoth[c +dXx]

- +

f(—de—f+cf) (—de+f+cf)

flcrdx) J1-—— |- £ - de + cf
(erdx) 1t (c+dx) [1-—*t (cedx) [1-—1
(crdx)? (cvdx)? (cvdx)?
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Log[— f _ de + cf ]
1 1 1
- (c+d x) 1- (c+d x) 1-
(crdx)? (cedx)? (cedx)? 1
+ bz(l—(c+dx)2)
d2e?-2cdef-f2+c2f2 df (e+fx)?
2
Ar‘cTanh{—f ] 2 2
f de-cf e decfl ArcCoth[c +dx] ArcCoth[c +d x]
+ + +
o1 _ 1 B _ £2
1 veE (c+dx) 1 r ( de+cf) 1 e (c+dx) 1.1 ¥ . de-cf
(c+d x) 1 N
1- (c+dx) [1-—
(c+dx)? (c+dx)?
1 . f . 2 ArcCoth[c+d
f |iArcCoth[c +dx] +2ArcCoth[c +dx] ArcTanh| ————] - i s Log |1 + e?Arecethicdx] [, 5 ApcCoth[c + d x]
d?e?-2cdef+ (-1+c?) f2 de-cf

£

ArcCoth[c+d x] +Ar‘cTanh[m]) ] fin Log[

-2 (Ar‘cCoth[md x]+Ar‘cTanh{ﬁ” ] _2ArcTanh { #] Log [1 B e—z (

Log[1-e
-de+cof

2 ArcTanh| #] Log[1i Sinh[ArcCoth[c +dx] +ArcTanh| ;] |] - PolyLog[2, e* (Arccoth c-dx] +ArcTann | 2] ]

-de+cef de-cf

Problem 114: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

J(eﬂcx)z (a+bArcCoth[c+dx])?dx

Optimal (type 4, 546 leaves, 21 steps):

| 51
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ab2f2x b>f2 (c+dx) ArcCoth[c+dx] b-Fz(aerAr'cCoth[c+dx}>2 3bf (de-cf) (a+bAr‘cCoth[c+dx])2

+ +

d? : d? 2d3 d?
3bf(de-cf) (c+dx) (a+bArcCoth{c+dx])?* bf?(c+dx)? (a+bArcCoth[c+dx])?
o ' 2d3 )
(de-cf) (d?e?-2cdef+ (3+c?) f2) (a+bAr‘cCoth[c+dx1)3 (3d2e?-6cdef+ (1+3c?) f2) (a+bAr‘cCoth[c+dx1>3
3d3F : 3d3 :

(e+Fx)* (a+bArcCoth[c+dx])? 6b2f (de-cf) (a+bArcCoth[c+dx]) Log[liidx]

3f ) d3 )
b(3d2e?-6cdef+ (1+3c?) 2 (a+bAr‘cCoth[c+dx])2Log[liidx] +b31c2|_0g[17 (c+dx)?] 3b*f (de-cf) Polylog|2, —ﬁ}

d? 2d3 d?
b2 (3d?e?-6cdef+ (1+3c2) f2) (a+bArcCoth[c+dx]) Polylog[2, 1- 17c27dx} b* (3d?e?-6cdef+ (1+3c?) f2) Polylog[3, 1- 1{27“]
d? 2d3

Result (type 4, 2594 leaves):

a’ (ad?e?+3bdef-2bcf?)x a’f(2ade+bf) x> 1
+ +—a’f?x’+a’bx (3e*+3efx+fx*) ArcCoth[c+dx] +
d? 2d 3 2d3

(3a’bd*’e*-3a’bcd’e®*+3a’bdef-6a’bcdef+3a’bc’def+a’bf’-3a’bcf?+3a’bc?f-a’bc®f?) Log[l-c-dx] +

1
——(3a’bd?’e*+3a’bcd’e’-3a’bdef-6a’bcdef-3a’bc’def+a’bf’+3a’bcf’+3a’bc*f+a’bc’ ) Log[l+c+dx] +

2d3
21 - 3ab2e2(1—(c+dx)2)
d <C+dx> (1— 7(““)2)
(ArcCoth[c +dx] (ArcCoth[c+dx] - (c+dx) ArcCoth[c +dx] +2 Log[1 - e 2ArcCothicxdx] ]} _polylog[2, e 2Arccothicrdxl ) _
= 3ab2ef(1—(c+dx)2) 2cAr‘cCoth[c+dx]2+(c+dx>2 1- ArcCoth[c +dx]? -2 (c+dx) ArcCoth[c +dx]
@ (crdx)? (1- (c+dx)?
(-1+cArcCoth[c+dx]) +4cArcCoth[c+dx] Log[1- e 2Arccothicsdxl | _ 3 og| ! | -2 cPolyLog[2, e 2ArcCothicrdx |,
(c+dx) [1- (ij)z
.3
1 : b3 e? (1— <c+dx)2) [lﬂ - ArcCoth[c+dx]®- (c+dx) ArcCoth[c+dx]>+3ArcCoth[c +dx]? Log[1 - e?Arccothlcrdx] ]
8

d (c+dx)2(1—

(c+dx)?
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- 1
4 d? (c+dx)2(1— . )

(c+dx)?

3
3 ArcCoth[c +dx] Polylog[2, e?Arccothicrdxl ] _ = polylog[3, e2Arccothicrdx]
2

b3ef (17 (c+dx)2) ics®-12ArcCoth[c+dx]*+12 (c+dx) ArcCoth[c+dx]?-8cArcCoth[c+dx]?-8c (c+dx) ArcCoth[c+dx]?

1-

4(c+dx)2 <c+dx)2

ArcCoth[c +dx]3 - 24 ArcCoth[c + d x] Log[1 - e 2Arccothic=dx] | 4 24 ¢ ArcCoth[c + d x]? Log[1 - e2Arccothlesdx] ]

12 Polylog|2, e 2Arccothicdx] |, 24 ¢ ArcCoth[c + d x] PolylLog[2, e?ArccothicxdxI] _ 12 c polyLog[3, e2Arccothic dx] | ] -

) 4 ArcCoth[c +dXx] 3 ArcCoth[c+dx]?2 12 c ArcCoth[c +d x]?
(17 (C+dx> ) + - +
(c+dx> 1- (c+;x)2 <C+dx) 1- (H;X)z (C+dx> 1- (ij)z

9 c?2ArcCoth[c+dx]? -1+6cArcCoth[c+dx] +3ArcCoth[c+dx]2-3c2ArcCoth[c+dx]?2

+

+

(c+dx) 1- —1 1- —1

(c+dx)? (c+dx)?

Cosh[3 ArcCoth[c +d x]] - 6 c ArcCoth[c +d x] Cosh[3 ArcCoth[c +dx]] + ArcCoth[c +d x]? Cosh[3 ArcCoth[c+dx]] +
6 ArcCoth[c +dx] Log[1 - e 2ArcCothlctdx] | 18 c2 ArcCoth[c +d x] Log |1 - e 2ArcCothlcrdx] |

3 c?2 ArcCoth[c + dx]2 Cosh[3 ArcCoth[c+dx]] + +
(c+dx) [1-—2 (c+dx) [1-—2
(c+dx)? (c+dx)?
18 c Log| ———]
(c+dx) 1—[“:)< (1 +3 c2> PolyLog[Z, e—ZAr‘cCoth[c+dx]] )
- ArcCoth[c +dx]2Sinh[3 ArcCoth[c+dx]] -
/ C+dx>3(l—+)3/2
C+dX ( (c+d x)?2
(c+d x)
3 c? ArcCoth[c +dx]2Sinh[3 ArcCoth[c +dx]] - 2 ArcCoth[c +d x] Log[1 - e 2Arccethicrdxl ] sinh[3 ArcCothc +dx] ] -
1
6 c2 ArcCoth[c +dx] Log[1 - e 2ArcCothlcrdx] | ginh[3 ArcCoth[c+dXx]] +6c Log]| | sinh[3 ArcCoth[c+dx]] | +

(C+dx) 1- 1

(c+d x)?

| 53
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1 1 1 3173
b3 2 (1— (c +dx)2) 3 c Polylog[2, e 2Arccothlerdx] ] — (¢ dx)? [1- - -
¢ (crdx)? (1- —— 96 (c+dx)? .
(c+dx)? (c+dx) [1-
(c+dx)?
91 c?? 24Ar‘cCoth c+dx] 72cAr‘cCo‘ch[c+dx]2 48 ArcCoth[c+dx]%2 216 c ArcCoth[c +d x]?
_ + _
1 _ 1 _ 1
<C+dX) (c+d x)? (c+dx)? 1- (c+d x)? <C+dX) 1 (c+d x)? (C+dX> 1 (c+d x)?
24 ArcCoth[c +d x] 24 c? ArcCoth[c +dx] 24 ArcCoth[c +d x]3 96 c ArcCoth[c+dx]3® 72c?ArcCoth[c+dx]3
+ + -
1 1 1
(c+dx)? (c+dx)? <C+dX) 1- (c+dx)? (C+dX> 1- (c+d x)? (C+dX> 1- (c+d x)?

24 ArcCoth[c +d x] Cosh[3 ArcCoth[c +dx]] + 72 c ArcCoth[c +d x]2 Cosh[3 ArcCoth[c +dx]] - 8 ArcCoth[c +dx]3

432 c ArcCoth[c + d x] Log|[1 - e 2ArcCothlcdx] |
Cosh[3 ArcCoth[c +d x]] - 24 c®2 ArcCoth[c + d x]3 Cosh[3 ArcCoth[c+dx]] + -

<c+dx) 1- 1

(c+dx)?

72 Log[ ———]

1

@2ArcCoth[c+d x]} (c+dx) 170“)2

72 ArcCoth[c +d x]2 Log[1 - e2Arccothicxdx] | 216 c2 ArcCoth[c +d x]? Log[1 -

(c+dx> 1- 1 <C+dx) 1- 1 (c+dx> 1- 1

(c+d x)? (c+dx)? (c+d x)?

96 (1 +3c?) ArcCoth[c +dx] PolylLog|2, e2Arccothlcdx] | 48 (1 4 3 ¢2) PolylLog|3, e2Arccothicrdx]
( ) [ ? ]_ ( ) [ > ]+Jirr3Sinh[3Ar‘cCoth[c+dx]]+

<c+dx)3(1—+ )3/2

3/2
(c+d X)Z)

(c erx)3 (1— 7(c+:x)z

31 c? 3 Sinh[3 ArcCoth[c+dx]] - 72 c ArcCoth[c +d x]?Sinh[3 ArcCoth[c +d x] ] - 8 ArcCoth[c +d x]>Sinh[3 ArcCoth[c +d x]] -
24 ¢? ArcCoth[c +d x]3 Sinh[3 ArcCoth[c + dx] ] - 144 c ArcCoth[c + d x] Log |1 - e 2ArcCethicrdxl | ginh[3 ArcCoth[c+dx] ] +
24 ArcCoth[c +d x]? Log[1 - e2Arecothic+dx] | sinh 3 ArcCoth[c+d x] ] +

72 c? ArcCoth[c +d x]? Log[1 - e?Arecothicsdx] [ sinh (3 ArcCoth[c + d x]] + 24 Log| | sinh[3 ArcCoth[c +dx]]
(C+dx) 1- 1

(c+d x)?

Problem 115: Result unnecessarily involves imaginary or complex numbers.
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J(ewa) (a+bArcCoth[c+dx] )3d1x

Optimal (type 4, 326 leaves, 15 steps):
3b-F(a+bAr‘cCoth[c+dx}>2 3bf (c+dx) <a+bAr‘cCoth[c+dx])2 (de-cf) (a+bAr‘cCoth[c+dx])3

+ + -

2 d? 2 d? d?

(d2e2-2cdef+ (1+c?) f2) (a+bArcCoth{c+dx])® (e+fx)* (a+bArcCoth{c+dx])>
. _
2d%f 2f
3b2f (a+bArcCoth[c+dx]) Log[liidx] 3b(de-cf) <a+bAr‘cCoth[c+dx])ZLog[li&dx] 3b® f Polylog|2, —ﬁ]
o2 . o2 ) 2 2 )
3b% (de-cf) (a+bArcCoth[c+dx]) PolyLog|2, 17ﬁ} ) 3b% (de-cf) Polylog|3, 17j]
d2 2d2

Result (type 4, 600 leaves):
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% 2a* (2ade+3bf-2acf) (c+dx)+2a*f (c+dx)®-
4d

6a’b (c+dx) (cf-d(2e+fx))ArcCoth[c+dx] +3a’b (2de+f-2cf)Llog[l-c-dx]+3a’b (2de- (1+2c)f)Log[l+c+dx]+

12ab*f | (c+dx) ArcCoth[c +d x] +l (—1+ (c+dx)2) ArcCoth[c +dx]? - Log| e
2

(c+dx) [1- (c+:x)2
12ab’de (ArcCoth[c+dx] ((-1+c+dx) ArcCoth[c+dx] -2Log[1- e 2Arccothlcxdxl]) , polylog[2, e 2Arccothicrdx]])
12ab’cf (ArcCoth[c+dx] ((-1+c+dx) ArcCoth[c+dx] -2 Log[1- e 2Arccothlcrdx)]) PolyLog[Z e 2Arccothlerdx] )
12

2b° f (ArcCoth[c+dx] (3 (-1+c+dx) ArcCoth[c+dx] + (-1+c?+2cdx+d>x?) ArcCoth[c +d x [1 - @ 2Anccothlcrdx) ])
3

+

-6Log

3 PolylLog [21 @-2ArcCoth[c+dx] ] ) +4b3de

+ArcCoth[c +dx]?+ (c+dx) ArcCoth[c+dx]? -
8

3
3 ArcCoth[c +dx]? Log[1 - e2Arecethicrdxl ] _ 3 ArcCoth[c +d x] Polylog|2, e?Arccothicrdxl] o = polylog[3, e?Arccothlcrdx]]
2

3
b>cf

+ArcCoth[c+dx]?+ (c+dx) ArcCoth[c+dx]®-3ArcCoth[c+dx]?Log[1- e2Arecothicrdx]] _
8

3
3 ArcCoth[c +d x] PolyLog|2, e?Arccothicsdxl] . = polylog[3, e2Arccothicrdx] |
2

Problem 116: Result unnecessarily involves imaginary or complex numbers.

J(a+bAr‘cCoth[c +dx])?dx

Optimal (type 4, 132leaves, 6 steps):

(a+bArcCoth[c+dx])® (c+dx) (a+bArcCoth[c+dx])> 3b(a+bAr‘cCoth[c+dx})zLog[j}
N - _

d d d
3b% (a+bArcCoth[c+dx]) PolyLog[2, 1- | 3b*Polylog(3, 1-
+

1-c-dx 1cdx}

d 2d

Result (type 4, 208 leaves):
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Ld (Za3 (c+dx) +6a?b (c+dx) ArcCoth[c+dx] +3a?blog[1- (c+dx)?] +
2
6ab? (ArcCoth[c+dx] ((-1+c+dx)ArcCoth[c+dx] -2Log[1- e 2Arccothlcdx) ], polylog[2, e 2Arccothicrdx]])
5 b3 [Jirr3
8

+ArcCoth[c+dx]®+ (c+dx) ArcCoth[c+dx]?-3ArcCoth[c+dx]? Log[1 - e?Arccothlerdx] ] _

3
3 ArcCoth[c +dx] Polylog|2, e2Arccothicrdxl] o = polylog[3, e2Arccothlcrdx]] ]
2

Problem 117: Unable to integrate problem.

J(aerAr‘cCoth[c+dx])3 ;
X

e+fx

Optimal (type 4, 308 leaves, 2 steps):

3 2 3 2d (e+fx) 2 2
(a+bArcCoth[c+dx]) Log[hﬁdx] ) (a+bArcCoth[c+dx])>Log| detc) (tecdn ] ) 3b (a+bArcCoth[c+dx])?Polylog|2, 1- m]
f f 2f
2 2d (e+fx) 2

3b (a+bArcCoth[c+dx])?Polylog[2, 1- defcf) (Lecrdx) ] ) 3b% (a+bArcCoth[c+dx]) Polylog|3, 1- lmdx}

2f 2f

2 _ 2d (e+fx) 3 2 3 _ 2d (e+fx)

3b% (a+bArcCoth[c+dx]) Polylog|3, 1 Gefct e ] ) 3b%Polylog|4, 1- 1+c+dx] 3 b3 Polylog[4, 1 P — ]

2 f af af

Result (type 8, 22leaves):

J(a+bAr'cCoth[c+dx])3
dx

e+fx

Problem 118: Result unnecessarily involves imaginary or complex numbers.

J(a+bAr'cCoth[c+dx])3
dx

(e+Fx)2

Optimal (type 4, 1089 leaves, 33 steps):
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(a+bArcCoth[c+dx])> 3ab?dArcCoth[c+dx] Log[liidx] 3b3dArcCoth[c+dx]2 Log[lcdx]
. £ e+ x| ' fde+f-cf) ' 2f (de+f-c¥) i
3a2bdlog[l-c-dx] ) 3ab2dArcCoth[c +d x] Log[lcdx] +6ab2dAr‘cCoth[c+dx1 Log[h“dx] )
2f (de+f-cf) f(de-f-cf) (de+f-cf) (de- (1+c)f)
3b3dArcCoth[c+dx]? Log[lcdx} +3b3dAr‘cCoth[c+dx] Log[hﬁdx] +3a2deog[1+c+dx1
2f (de-f-cf) (de+f-cf) (de- (1+c)f) 2f (de-f-cf)
3a2bdLogle + fx] 6ab2dArcCoth[c +dx] Log[(de;idc:*rl?mdx)} 3b3dAr‘cCoth[c+dx]2Log[(deﬂfidcic‘“;*fl"judx)]
- - +
2 (de-cf)? (de+f-cf) (de- (1+c) ) (de+f-cf) (de- (1+c)f)
3ab?dPolylog[2, - T*9X]  3b®dArcCoth[c+dx] Polylog[2, 1- —* | +3ab2dPolyLog[2 1- 2] _
f(de+f-cf) 2f (de+f-cf) 2f (de-f-cf)
3ab?dPolylog[2, 1- —*—| +3b3dAr‘cCoth[c+dx} Polylog[2, 1- —* ] _3b3dAr'cCoth[c+dx} Polylog[2, 1- —* ] )
(de+f-cf) (de- (1+c) f) 2f (de-f-cf) (de+f-cf) (de- (1+c) f)
3ab?dPolylog[2, 1- (deﬂczi:T;i)mdx)] ) 3b* dArcCoth[c+dx] PolyLog[2, 1- <de+f2f1c§+:c1)i)c+dx>} ) 3b3dPolylog|3, 1- m]
(de+f-cf) (de- (1+c) f) (de+f-cf) (de- (1+c) f) 4f (de+f-cf)
2d (e+f
3b>dPolylog[3, 1- —* ] ) 3b°dPolylog[3, 1- —* ] +3b3dPolyLog[3,1—4(—)—(“#%:; o)
f(de-f-cf) 2(de+f-cf) (de- (1+c) f) 2(de+f-cf) (de- (1+c) f)
Result (type 4, 1816 leaves):
a3 3a?bArcCoth[c+dx] 3a’bdlog[l-c-dx] 3a?’bdlog[l+c+dx]
_ _ + _ _
f (e+fx) f (e+fx) 2f (-de-f+cf) 2f (-de+f+cf)
2
2 —_
3a*bdLogle +fx] . 1 3ab2(1—(c+dx)2> f . de-cf
d?e?-2cdef-f+c2f df (e+fx)? 1
1- ; (c+dx) [1-—1—
(c+d x) (c+d x)
eAreTanh[ 5 cf}Ar‘cCoth[Cerx]2 ArcCoth[c +d x]?2
+ +

.F2
(—de+c-F) 1- (de-c )2 (c+dx) [ a2

de-cf
1— & (c+d x) -
B

)2
dx)
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! f |imArcCoth[c +dx] +2ArcCoth[c +dx] ArcTanh| ;} - i 7 Log[1 +e2Arecothlcrdxl ] 2 ApcCoth[c + d x]
d?e?-2cdef+ (-1+c?) f de-cf
Log [1 _ e—z (Ar‘cCoth[c+d x]+Ar‘cTanh{ﬁ” ] _2ArcTanh [ f ] Log {1 _ e—z (Ar‘c(joth[md x]+Ar‘cTanh[d:Cf]) ] cin Log[ 1 } +
-de+cof 1
(c+dx)?

2Ar‘cTanh[L] Log[1i Sinh[ArcCoth[c +dx] +Ar‘cTanh[;] |] - PolyLog[2, e (A"C"th[c*dx]*A"Ta”h{aech)] +
-de+cf de-cf
2
;b3(17(c+dx)2) f . de-cf
d (e+-Fx)2 1 1
N (c+dx)? (C+dX> 1- (c+dx)?
- ArcCoth[c +dx]? + = 2deArcCoth[c+dx]3-
2f (de+f-cf) (de- (1+c) f)
fc+dx) [1- ; - |- £ - de + cf
(crdx) -1t - (c+d x) -1t 3 (c+d x) -1t 5
AT (cvdx) AT (cax) \ T (eeax)
Avctann [ *_] d?e?-2cdef+ (-1+c?) f

6 f ArcCoth[c+dx]3-2cfArcCoth[c+dx]3>-4dee ArcCoth[c+dx]3+

de-cf

(de-cf)?

f

—Ar‘cTanh{deicf}-F d?e?-2cdef+ (—1+C2> 2

(de-cf)?

4ce

ArcCoth[c+dx]?+61fmArcCoth[c+dx] Log[2] - fArcCoth[c+dx]%Log[64] -

ArcCoth[c+d x]+ArcTanh{d:CJ ] .

6 i frArcCoth[c +d x] Log[eArccothlerdx]  ghrcCothlcsdx] ], 6 £ ArcCoth[c +dx]? Log[1-e

£
ArcCoth[c+d x]+Ar‘cTanh[7de{f]" +6fArcCoth[c +dx] 2 Log “_ B eZ (

c
6 f ArcCoth[c +dx]? Log {1 +e ArcCoth c+d x] vArcTanh | - * | } +

| 59
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-ArcCoth[c+d x] -ArcTanh { ﬁ} 2 (Ar‘cCoth [c+d x] +Ar‘cTanh{ f } )

1
}Log[_i@ -l+e de-cf

de-cf 2
6 £ ArcCoth [C +d X]Z Log [_e—Ar‘cCoth[Cer X] (d e (_1 + eZAr‘cCoth[c+d x]) + (1 +C+ eZAr‘cCoth[c+d x] _ I eZAr‘cCoth[ud x] )

_de (_1+(EZAPCCOth[C+dX]> 4 <_1_62Ar‘cCoth[c+dx] i C <_1+62Ar‘cCoth[c+dx])> f
|+

12 f ArcCoth[c + d x] ArcTanh|

e
)] -

6FAr‘cCoth[c+dx]2L0g[ ( ) f
de-(1+c

) 1 ) f de cf
6 1 f st ArcCoth[c +d x] Log[4] -6 fArcCoth[c +d x] Log[— - + ] -

1- —1— 1- —12 (c+dx) [1- 1 (c+dx) [1- 1

(c+dx)? (c+dx)? (c+dx)? (c+dx)?

12 f ArcCoth[c + d x] ArcTanh| | Log[i Sinh[ArcCoth[c +dx] +ArcTanh|

de-cf de-cf
f
12 f ArcCoth[c + d x] PolylLog[2, - ehrecothicrdx] “ArcTanh | ] ]

+

ArcCoth [c+d x] +ArcTanh{ﬁ} ] +

+12 f ArcCoth[c +d x] Polylog|2, e

ArcCoth[c+d x]+Ar‘cTanh{ﬁ” } GZAPCCOth[“d X (d e+f-c -F)
de- (1+c)f

6 f ArcCoth[c +d x] PolylLog [2, e’ ( -6 fArcCoth[c + dx] PolylLog [2,

} ,

ArcCoth[c+d x] +Ar‘cTanh[d f f] }
e-c —

)
12 f Polylog|[3, - e*ecotnierdx] +areTanh | 2] | -12fPolylog|3, e

e2Ar‘cCoth[c+dx] (d e+f-c .{:)

de—(1+c)f

ArcCoth[c+d x] +ArcTanh {

3 f Polylog|3, e? ﬁ”} +3fPolyLog|3,

}

Problem 119: Unable to integrate problem.

J(eﬁ:x)m (a+bArcCoth[c+dx]) dx

Optimal (type 5, 162 leaves, 6 steps):

(e+#x)"™ (a+bArcCothc+dx]) bd (e + £x)?™Hypergeometric2F1[1, 2 +m, 3 +m, ﬁ%ﬂ
N -
f(1+m) 2f (de- (1+c)f) (L+m) (2+m)

bd <e+-Fx)2”“ Hypergeometric2F1[1, 2+m, 3 +m, M]
de+f-cf

2f (de+f-cf) (1+m) (2+m)

Result (type 8, 20 leaves):

J(eﬂcx)"‘ (a+bArcCoth[c+dx]) dx



7.4 Inverse hyperbolic cotangent.nb | 61

Problem 123: Unable to integrate problem.

1+cx

dx

1-c2x?

J\(a+bAr‘cCoth[@])3

Optimal (type 4, 460 leaves, 9 steps):

3 2
2 a+bArcCoth[@]) ArcCoth[1- —2—] 3b (a+bArcCoth[@]) Polylog[2, 1- —2—
1+Ccx PERERS 1+cx 1+V1 cx
Vieex NEw
- +
C 2c
2
3b (a+bAr‘cCoth[@] PolyLog[Z, 1- —2Yiex 3 b2 (a+bArcCoth[@] PolyLog[B, 1- 2
1+cx N [1+N/1—cx ] 1+cx 1. 1ex
V 1rex \1eex
- +
2c 2c
3b? (a + bArcCoth[@}) PolyLog[3, 1- — 21X ] 3p3polylog[s, 1- —2—] 3b*Polylog[4, 1- —2=cx
Liex JTex [1+Li] 1 e JTex [1+7\/1’” ]
\ 1iex B  1rex . licx
2c 4c 4c

Result (type 8, 42 leaves):

J\(a+bAr‘cCoth[@])3

1+cx

dx

1-c2x?

Problem 124: Unable to integrate problem.

1+cx

dx

1-c2x?

J\ (a + bArcCoth[E] )2

Optimal (type 4, 302 leaves, 7 steps):

2
2 |a+bArcCoth| @] ) ArcCoth[1- —%—] b (a +bArcCoth| @] ) PolyLog[2, 1- —2
A/ 1+Cc X 17\/17cx A/ 1+cx 1+V1—cx
\/ﬁ V‘ﬁ
- - +
c c
b (a+bArcCoth [ =2 | ) PolyLog[2, 1- —2\@] b%Polylog[3, 1- —2—] b?Polylog[3, 1- %
A/ 1+cx 1-cx 1-cx 1-cx
A 1+C X 1+7j/:] 1+7j/ﬁ A/ 1+C X 1+71+cx ]

C 2c 2c



62 | 7.4 Inverse hyperbolic cotangent.nb
Result (type 8, 42leaves):

J (a +b ArcCoth [ =X | )2

1+cx

dx
1-c¢?2x?
Problem 139: Result more than twice size of optimal antiderivative.
Jx ArcCoth[Tanh[a+bx]]2dx
Optimal (type 3, 34 leaves, 3 steps):

x ArcCoth[Tanh[a+bx]]3 ArcCoth[Tanh[a+bx]]*
3b 12 b?

Result (type 3, 74 leaves):

2(a+bx) (—(Ba—bx) (a+bx)2+4 (2a®+abx-b*x*) ArcCoth[Tanh[a+bx]] - 6 (a-bx) ArcCoth[Tanh[a+bx]]?
12 b

Problem 150: Result more than twice size of optimal antiderivative.
Jx ArcCoth[Tanh[a+bx]]3dx
Optimal (type 3, 34 leaves, 3 steps):

x ArcCoth[Tanh[a+bx]]* ArcCoth[Tanh[a+bx]]>
4b 20 b2

Result (type 3, 99 leaves):

- (a+bx) ((4afbx) (a+bx)*>-5(3a-bx) (a+bx)*ArcCoth[Tanh[a+bx]] +

10 (2a*+abx-b®x*) ArcCoth[Tanh[a+bx]]?-10 (a-bx) ArcCoth[Tanh[a +bx]]>

Problem 205: Result more than twice size of optimal antiderivative.

JAr‘cCoth [c+dTanh[a+bx]] dx

Optimal (type 4, 150leaves, 7 steps):
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(17 Cfd) e2a+2bx

1
x ArcCoth[c +d Tanh[a+bx]] + —xLog[1+
2

} _

l-c+d
_c- a+2bx Lct a+2bx
1 (1+c+d) e2a2bx  Polylog[2, - L <=5 polylog|2, - (et
~xLog[1+ ]+ -
1+c-d 4b 4b
Result (type 4, 366 leaves):
1 4/_1 c+d a+b x 4/_1 c+d a+b x 4/1 c+d a+b x
x ArcCoth[c+dTanh[a+bx]] + — | (a+bx) Log[1- erf e |+ (a+bx) Log[1+ erf e | - (a+bx) Log[1- erf e |-
2b Vv1i-c+d Vv1-c+d Vv-1-c+d
1/1 d a+b x
(a+bx) Log[1+ rcrde ]+aLOg[1+Cfd+e2(a+bx>+c<e2(a+bx)+de2(a+bx)}7aL0g[1+d+e2(a+bx)7de2(a+bx)—c<1+e2(a+bx))]+
V-1-c+d
4/71 c+d a+bx A/71 c+d a+b x 4/1 c+d a+b x 4/1 c+d a+b x
PolyLog[Z,— et e ]+PolyLog[2, rerf e }—PolyLog[Z,— rerf e ]—PolyLog[Z, et e
V1-c+d V1i-c+d V-1-c+d V-1-c+d

Problem 210: Result more than twice size of optimal antiderivative.

JAr‘cCoth[ler +dTanh[a+bx]] dx

Optimal (type 4, 69leaves, 5steps):

2 Polylog|2, - (1+d) e?a+2bx
bx +xAr‘cCoth[1+d+dTanh[a+bx}]—leog[1+<1+d) e?ar2bx] _ olylog|2, - (1+d) e |

2 2 4b

Result (type 4, 168 leaves):

1
x ArcCoth[l+d+dTanh[a+bx]] - —

2b

(bx (—bx—Log[e’a’b"+ (1+d) e®®*] +Log[1-e°*/-(1+d) e®® | +Log[1+e’*+/-(1+d)e*® | +Log[(2+d) Cosh[a+bx] +dSinh[a+bx]}) +

Polylog[2, -€°*+/- (1+d) e*® | + PolyLog|2, e”* /- (1+d) e*? ])

Problem 215: Result more than twice size of optimal antiderivative.

JAr‘cCoth[lfd -dTanh[a+bx]] dx

Optimal (type 4, 76 leaves, 5steps):

2 PolylLog|2, - (1-d) e?22bx
bx +xAr‘cCoth[1—d—dTanh[a+bx}]—leog[1+<1—d) e22:2bx] _ olyLog| < Je }

2 2 4b
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Result (type 4, 171 leaves):
x ArcCoth[1-d-dTanh[a+bx]] - ib
2

(bx (—bx—Log[e’a’bx (-1+ (-1+d) @) ] +Log[1-e®*/(-1+d) e*® | +Log[1+e”*\/(-1+d)e®? | +Log]|

(-2+d) Cosh[a+bx] +dSinh[a+bx]]

+PolyLog[2, —ebX (—1+d) e?? } +PolyL0g[2, ebX (—1+d) e?? ])

Problem 219: Result more than twice size of optimal antiderivative.

jAr‘cCoth [c+dCoth[a+bx]] dx

Optimal (type 4, 150 leaves, 7 steps):

(17 Cfd) eZa+2bx

} _

1
x ArcCoth[c +dCoth[a+bx]] + — xLog[1-
2

1-c+d
2 1+c-d ib =

Result (type 4, 369 leaves):
x ArcCoth[c +dCoth[a+bx]] -

1 VTTrcrd enbx VTTicid enbx VIicrd ebx
— |- (a+bXx) Log|1- | - (a+bx) Log[1+ ]+ (a+bx) Log[1- |+
2b V-1+c-d V-1+c-d V1i+c-d
(a+bx) Log[1+ lrcxd ea+bx] +alog[l+d-e®@PX 1 de?@bX ;¢ (—1+<e2<"”"x))] —alog[l+c-e?@PX _ce?@bx _( (1+e2(a*bx))] -
V1+c-d
_ +b _ +b +b +b
olylLog|2, - o - PolylLog|2, o +PolylLog|2, - o +PolylLog| 2, o
b V-1l+c+d e V-1l+c+d e V1i+c+d e V1i+c+d e
V-1+c-d V-1+c-d V1i+c-d V1i+c-d

Problem 224: Result more than twice size of optimal antiderivative.

JAr‘cCoth[1+d +dCoth[a+bx]] dx

Optimal (type 4, 69 leaves, 5 steps):

2 Polylog|2, (1+d) e?2+2bx
bx +xAr‘cCoth[1+d+dCoth[a+bx1]—leog[l—(1+d) @?2+2bx] _ olylog[2, (1+d) e )
2

4b

Result (type 4, 168 leaves):
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bx [-bx-Log[e?®* (-1+ (1+d)e®@P) ] +Log[1-e°* /(1+d)e®® | +Log[l+e®*/(1+d)e?? |+

1
x ArcCoth[l+d+dCoth[a+bx]] - —
2b

Log[dCosh[a+bx] + (2+d) Sinh[a+bx] || + PolyLog[2, -€®*./ (1+d) e?? | + Polylog[2, e**./ (1+d) e*? ])

Problem 229: Result more than twice size of optimal antiderivative.

JAr‘cCoth[l—d -dCoth[a+bx]] dx

Optimal (type 4, 76 leaves, 5 steps):

2 Polylog|2, (1-d) e?22bx
bx +xAr‘cCoth[1—d—dCoth[a+bx}]—leog[l—(1—d) e222bx] _ olyLog| (b L )
2 2 4

Result (type 4, 175leaves):

1
x ArcCoth[l-d-dCoth[a+bx]] - —
2b

bx [-bx-Log[e®®* (1+ (-1+d)e®@P¥)] +Log[1-e"* /- (-1+d)e®® | +Log[l+e’ /- (-1+d)e®® |+

Log[d Cosh[a+bx] + (-2+d) Sinh[a+bx]]| +PolyLog[2, -e®* /- (-1+d) e*? | +Polylog[2, €®* /- (-1+d) e*? })

Problem 231: Result more than twice size of optimal antiderivative.

J(e +fx)>ArcCoth[Tan[a +bx]] dx

Optimal (type 4, 302 leaves, 12 steps):

(e+fx)*ArcCoth[Tan[a+bx]] i (e+fx)*ArcTan[e?! @®X ] i (e+fx)’>Polylog[2, -ie?® (@0X]
4f ' 4t ) 4b :
i (e+-Fx)3PolyLog[2, ie?t(@bx] 3f(e+-Fx)2PolyLog[3, ~ie?i@bx ] 3f (e+-Fx)2PolyLog[3, ie?t(@bx]
4b : 8 b? ) 8 b2 '
31 f2 (e +f x) PolyLog[4, —1 e21 (atbx) } 31 f2 (e +f x) PolyLog[4, ie?t (a*bx>] 3 f3 Polylog [5, -1 2t (a*b")} 3f3 PolyLog[S, ie2t (a*bx>]
8 b3 . 8 b3 ) 16 b* ' 16 b*

Result (type 4, 654 leaves):
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1
—x(4e’+6e*fx+4ef x>+ ) ArcCoth[Tan[a+bx]] +
4

oo (—8 b*e’xLog[1-1ie’! @®¥ ]| _12b*e’ fx?Log[1-1ie’* @P¥ | _8b*ef?x®Log[1-1ie?! (@PX] -

2b* 3 x* Log[1-1ie?! @] 1 8b*e3xLog[1+ie?! PX ] +12b*e? fx? Log[l+1ie?! @] 1 8b%ef?x?Log[l+ie?® (PX ] 4
2b* 3 x* Log[1+ie?? (@®¥ ] 43 b® (e+fx)’Polylog[2, -1e?* @] +41ib? (e+fx)>Polylog|2, ie?! (@0 ] 4

6b? e’ f Polylog[3, -ie?* 2" ] 1 12b% e f2 x Polylog[3, -ie?! @®¥ | + 6b? £> x? PolyLog|3, -ie?® @PX ] -

6 b? e? f Polylog|3, i e?! (@ | —12b?e 2 x Polylog|3, i e?® (@ | _6b? > x? PolylLog|3, i €2’ @Px |
6ibef?Polylog[4, -ie?! @] 6ibf>xPolylog[4, -ie®* @®¥ | _6ibef?Polylog|4, ie?* @P0x |
6ibf>xPolyLog[4, ie?® @®¥ | _3fpolylog[5, -1ie?’ @ | .3 pPolylLog[5, ie?* (a*bx>])

Problem 238: Result more than twice size of optimal antiderivative.

JAr‘cCoth [c+dTan[a+bx]] dx
Optimal (type 4, 194 leaves, 7 steps):

(1*C+J'ld> e2iar2ibx

1-c-1id

} _

1
x ArcCoth[c+dTan[a+bx]] + — xLog[1+
2

) ) ) . 1-csid) e2ias2ibx . lec_id) e2iar2ibx
leog[lJr (1+c-1id) cezjl'?‘*“bx]711P01yL0g[2,—j—)—c P ]+1PolyLog[2,—1—)—c — ]
2 l1+c+1d 4b 4b
Result (type 4, 4654 leaves):
x ArcCoth[c+dTan[a+bx]] +
d —aLog[—Sec[l(a+bx)]2((—1+c)Cos[a+bx]+dSin[a+bx})]+aLog[Sec[l(a+bx”2(Cos[a+bx]+cCos[a+bx]+dSin[a+bx])]+
2 2
—d+vV1-2c+c?+d? 1
(a+bx) Log| +Tan[= (a+bx)|] +
-1+c 2
“1+c) (1+iTan[% (a+bx diVi-2ci2id “1+c) [i+Tan[Y (a+bx
J'lLog[( >< [2< H)}Log[ d+vV1-2c+cc+d +Tan{l(a+bx)H—iLog[—( )( [2( H)
“l+c+id-ivVi-2c+c2+d? -1l+c 2 i-ic-d+vV1-2c+c?+d?
_ \/ﬁ \/ﬁ
Log| d+Vi-2c+c+d +Tan{l(a+bx)]]+<a+bx) Log[d+ 1-2crci+d +Tan[1(a+bx>H+
-1l+c 2 1-c 2
“1+c) [-i+Tan[t (a+bx Vi-2ci2.id “1+c) [i+Tan[t (a+bx
J'lLog[( >< [2< )])]Log[d+ 1-2c+c“+d +Tan[l(a+bx)H—iLog[< )( [2< )])
i-ic+d+V1-2c+c?+d? 1-c 2 —i+ic+d+V1-2c+c?+d?
\/ﬁ \/ﬁ
Log[dJr 1-2crci+d +Tan[l(a+bx)H—(a+bx) Log[—d+ 1r2crcid +Tan[1(a+bx>H—
1-c 2 1+c 2



7.4 Inverse hyperbolic cotangent.nb | 67

(1+c) (—11+Tan[§ (a+bx)” (1+¢) (11+Tan[§ (a+bx>”

) d+vV1+2c+c?+d? 1 )
iLog] | Log[- +Tan[~ (a+bx)|] +1iLog|
—i-ic+d+V1+2c+c?+d? l+c 2 i+ic+d+V1+2c+c?+d?
Vii2crc2id? ~d+vV1+2c+c2+d? +(1+c) Tan[L (a+bx
Log[—dJr 1+2c+c+d +Tan[1(a+bx)]]—<a+bx) Log[ ( ) [2( H]Jr
1+cC 2 1+cC
(1+c) (1—]‘1Tan[l(a+bx”) -d+V1+2c+c?+d? +<1+C)Tan[l(a+bx)}
iLog] 2 | Log| ? ] -
l+c-1d+ivV1+2c+c?+d? l+c
(1+¢) (1+J‘1Tan[l(a+bx”) ~d+V1+2c+c2+d? + (1+c)Tan[2 (a+bx)]
ilog| 2 | Log| 2 |+
licrid iviiZeraid® 1:c

d+vV1-2c+c?2+d? —(—1+c)Tan[%(a+be d+vV1-2c+c?2+d? —(—1+c)Tan[%(a+be

i PolyLog|2, | - iPolyLog|2,

} _

i-ic+d+V1-2c+c?+d? —i+ic+d+V1-2c+c?+d?
~d+V1-2c+c?+d?® + (71+C)Tan[l (a+bx>] —d+V1-2c+c?2+d? + (71+c)Tan[l (a+bx)]
jPolyLog[Z, 2 ]+J’1PolyLog[2, 2 ]—
i-1c-d+V1-2c+c?+d? —i+ic-d+V1-2c+c?+d?
d+V1+2c+c?+d? —(1+c)Tan[l<a+bx)] d+V1i+2c+c2+d? - (1+c>Tan[l (a+bx”
i Polylog|2, 2 | +1i Polylog|2, 2 |+
—i-ic+d+V1+2c+c?+d? i+ic+d+V1+2c+c?+d?
—d+V1+2c+c?+d? +(1+c)Tan[l(a+be —d+V1+2c+c?+d? +(1+c)Tan[l(a+be
jPolyLog[Z, 2 }—J‘lPolyLog[z, 2
—i-i1ic-d+V1+2c+c?+d? i+ic-d+V1+2c+c?+d?

(-((2a) /(b (-1+c?+d*-Cos[2 (a+bx)] +c*Cos[2 (a+bx)|-d*Cos[2 (a+bx)]+2cdSin[2 (a+bx)])))+

(2(a+bx)) /(b (-1+c?>+d?®-Cos[2 (a+bx)]|+c?Cos[2 (a+bx)]|-d?°Cos[2 (a+bx)]+2cdSin|2 (a+bx)])))}/

—d+vV1-2c+c?+d? 1 d+V1-2c+c?+d? 1
Log | +Tan[= (a+bx)|] +Log| +Tan[= (a+bx)|] -
-1+cC 2 1-c¢ 2

diVils2csclsd? 1 ~d+V1+2c+c2+d? + (1+c) Tan[2 (a+bx) ]|
Log[— +Tan[7(a+bx)H—Log[ 2 }+
1+c 2 1+cC
1
Log[im Lo +1(+1C+C)Tanh(a+bxw]Sec[% (a+bx”2 Log[Em 1:;2“2“12 +Tan[§ (a+bx)]] Sec[% (a+bx)]2

- +

2(1—1‘1Tan{%(a+bx)” 2(1+J’1Tan[§(a+bx)])
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Log[fd+ L2echd +1ilc+c)Tan{;(a+bxw]Sec[% (a+bx”2 iLog{E 1':1“2”12 +Tan[§ (a+bx)]] Sec[% (a+bx)]2
N _
2(1+J’1Tan[i(a+bx)” 2(—]’1+Tan[§(a+bx)])
jLog[f@+Tan[i(a+bx)HSec[i(a+bx)}2 jLog[@JrTan[i(a+bx)HSec[i(a+bx”2
2(7]1+Tan[§(a+bx”) 2(1‘1+Tan[§(a+bx)”
iLog[@+Tan[%(a+bx)]]$ec[%(a+bx)]2 iLog[—@+Tan[%(a+bx)]]5ec[%(a+bx)]2
+ +
2(1’1+Tan[i(a+bx)]) 2(1’1+Tan[§(a+bx)”

(-1+c) (1+1‘1 Tan[% (a+b x) ”

-l+c+id-i+/1-2crc?+d?

+ —

2 [@+Tan[z (a+bx)]

-1+c

ilLog] ]Sec[i(aerx)}z

(a+bx) Sec[i (a+bx)]2

, [LT[ (a+bx)]

-1+c

(-1+c) (J‘L+Tan “— (a+b x) ])

i Log|- sec[X (a+bx)]?
i Log| i cdifiaeod ] [2 (a+bx)] ) (a+bx) Sec[% (a+bx)]2 )
2 [Eﬂ 1:;352“12 + Tan [i (a+bx) ] 2 [E l’ifc“z*dz +Tan [i (a+bx) ]

(-1+c) [-i+Tan E (a+bx) ])

i-1 c+d+r/ 1-2 c+c?+d?
172 2 2
2[4:d+ S +Tan[% (a+bx)]
2

(-1+c) [i+Tan[ 2 @sbx) )

—i+1 c+d+~/ 1-2 c+c?+d?
1-2 2,42
Z(d+ et Tan[L (a+bx) ]|
2

iLog]| ]Sec[i(a+bx)]2 iLog] ]Sec[i(a+bx”2

1-c 1-c

(1+c) (—juTan[; (a+b x) ”

—i-1 c+d+r/ 142 c+c2+d?
d+/1+2 24d?
2(— R . +Tan[§ (a+bx)]

ilog] ]Sec[i(aerx)}z

(a+bx) Sec[i (aerxH2

2 [_d+\/1+2c+cz+dz +Tan[§ <a+bx)]

1+c 1+c

den/ 1-2 c+c2+d? - (~1+c) Tan[:— (a+b x)}
i-i c+d+q/ 1-2 c+c?+d?
+ _

2(d+\/1—2c+c2+d2 —(—1+C)Tan[i (a+bx)”

(1+c) (]‘L+Tan[; (a+b x) } )

i+ c+d+r/ 1+2 c+c?+d?
2, 42
2[d+ 1+2 c+c*+d +Tan[§ (a+bx”

1+c

i Log| ]Sec[%(a+bx”2 i(-1+c)Log[l- }Sec[%(awx)]z
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d++/1-2 c+c?+d? - (-1+c) Tan[% (a+b x) } ~d++/1-2 c+c?+d? + (-1+C) Tan[% (a+b x) }
—i+i crdn/ 1-2 cc2+d? i-1c-d+f1-2 c+c?+d?
I _

2 (d+\/1—2c+c2+d2 - (-1+¢) Tan[i <a+bx)]) 2 (—d+\/1—2c+c2+d2 + (—1+c)Tan[§ (a+bx”)

—d+1/1-2 c+c?+d? + (-1+c) Tan“— (a+b x)}
—i+i c-d+r/1-2 c+c2+d?
2 (—d+\/1—2c+c2+d2 +(-1+¢) Tan[% (a+bx)])

d+1/ 1+2 c+c?+d? - (1+c) Tan“— (a+b x) w
—i-1 c+d+~/ 1+2 c+c?+d? i+i c+d+r/ 1+2 c+c?+d?
+ —

2(d+\/1+2c+c2+d2 —(1+c)Tan[% (a+bx>]) 2(d+\/1+2c+c2+d2 —(1+C>Tan{% (a+bx)”

i(-1+c)Log1- ]Sec[i(aerx)]z i(-1+c) Log[1- ]Sec[i(aerx)]2

i(-1+c)Log1- ]Sec[i(aerx)}z

d+~/ 1+2 c+c?+d? - (1+c) Tan“— (a+b x) w

i(1+c) Log[1- ]Sec[i(aerxHZ i(1+c)Log[l- ]Sec[i(aerx)]2

(1+c) (1—1‘1 Tan“— (a+b x) U

1+c-1d+i~f1+2 c+c?+d?

+ —

2 (—d+\/1+2c+c2+d2 + (1+C) Tan[% (a+bx)]) 2 (—d+\/1+2c+c2+d2 + (1+C) Tan[i (a+bx)])

(1+c) (1“1 Tan[; (a+b x) H _dn/ 142 c+c24d? + (14C) Tan[i— (a+b x)]
l+c+id-1~/1+2 c+c2+d? —i-1 c-d+1/ 1+2 c+c?+d?
- +

2(—d+\/1+2c+c2+d2 +<1+c)Tan[i(a+bx”) 2(—d+\/1+2c+c2+d2 +(1+c)Tan[i(a+be)

“di[12crctd « (140 Tan[ L (@b |
]i+ic—d+\/m
2 (-d+1z2crc?rd + (1+c) Tan[ (a+bx)])

2 i(1+c) Log| }Sec[i(a+bx)]2

(1+¢) (a+bXx) Sec[% (a+bx)]

i(1+c) Log| ]Sec{%(a+bx”2 i(1+c)Log[l- ]Sec{%(a+bx”2

i (1+c) Log[1- }Sec[%(a+bx>]2

+

aCos[% <a+bx)]2

(7Sec[1 (aerxH2 (dCosfa+bx] - (-1+c)Sin[a+bx]) 7Sec[1 (aerxH2 ((-1+c) Cos[a+bx] +dSin[a+bx]) Tan[l (a+bx)]
2 2 2

|/

1 2
Sec[~ (a+bx)| (dCos[a+bx] -Sin[a+bx]-cSin[a+bx]) +

((-1+c) Cos[a+bx] +dSin[a+bx]) + aCos[1 <a+bx)]2
2

2

(aerxH2 (Cos[a+bx] +cCos[a+bx]+dSin[a+bx]) Tan[1 (a+bx)]

S
ec| A

N |

)/ (Cos[a+bx] +cCos[a+bx] +dSin[a+bx])

Problem 248: Result more than twice size of optimal antiderivative.
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J(e +fx) * ArcCoth[Cot[a +bx]] dx

Optimal (type 4, 302 leaves, 12 steps):
(e+-Fx)4Ar‘cCoth[Cot[a+bx}] i (e+fx)4Ar‘cTan[e“<a*bX>} i (e+fx)3PolyLog[2, -i @2t (340X ]

4f ' 4f ) 4b :
i (e+fx)3PolyLog[2, ie?t (a0 ] 3f(e+fx)2PolyLog[3, ~ie2t @b ] 3f (e+fx)2PolyLog[3, ie?t (2]
4b ' 8 b? ) 8 b2 '
3if? (e+fx)Polylog[4, -ie?! (@] 3jf2 (e+fx)Polylog[4, ie?! @®¥ | 33 polylog|5, -ie2! @] 3f>Polylog|5, ie?! (3% ]
8 b? ) 8 b’ ) 16 b* ' 16 b*

Result (type 4, 654 leaves):

1
—x (4e’+6e*fx+4ef? x>+ x*) ArcCoth[Cot[a+bx]] +
4

1

16 b*
2b* 3 x* Log[1-1ie?! @Y ] 1 8b* e’ xLog[1+ie’! @PX] +12b%e? fx?Log[l+1ie*! @] 18b%ef?x?Log[l+ie?” (0X ]+
2b* 3 x* Log[1+ie?” P ] -43b® (e+fx)’Polylog[2, -ie?* @P¥ ]| 1 41ib> (e+fx)’Polylog[2, i e?! (@0 ]+
6 b2 e’ f Polylog|3, -ie?! (@®X | + 12 b? e f2 x Polylog|3, -i e?* @*X) | 4 6 b2 f> x? Polylog[3, - i e?* (30X | -

6 b? e? f Polylog|3, i e?! (@] —12b2e f2 xPolylLog[3, i e?® @ | _6b?f>x?PolylLog[3, i 2’ @Px |,
6ibef’Polylog[4, -ie?’ @P¥ ] +6ibf>xPolylog[4, -ie?! @P¥ ]| _6ibef?PolylLog|4, i e?! (@Px ] -
61ibf>xPolylog[4, ie?! @P®¥ | 3£ polylog|5, -ie?! @®¥ ] +3f PolyLog[5, ie?* (a*b’”])

(—8 b*e*xLog[1-1ie?* @PX] _12b*e? fx?Log[l-ie?! @P¥ ] _8b*ef?x?Log[l-ie?! (@Px ]

Problem 255: Result more than twice size of optimal antiderivative.

JAr‘cCoth[c +dCot[a+bx]] dx

Optimal (type 4, 194 leaves, 7 steps):

(1—C—id> eZJ‘La+21‘1bx

} ,

1
x ArcCoth[c+dCot[a+bx]] + foog[l—
2

1-c+1d
leog[l— (1+c+id) @21a+21bx] i PolyLog|2, o ] ) i Polylog|2, — ]
2 l+c-1d 4b 4b

Result (type 4, 4463 leaves):
x ArcCoth[c+dCot[a+bx]] -

d [aLlog|-Sec]| (a+bx)]2(dCos[a+bx}+(—1+c)Sin[a+bx]”—aLog[—Sec[ (a+bx”2(dCos[a+bx]+Sin[a+bx}+c$in[a+bx])]—

N |
N |
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-1+c+V1-2c+c?2+d?
d
d (—j+Tan[i (a+bx)])

(a+bx) Log|- +Tan[§(a+bx>“—

~1+c+V1-2c+c?+d? d(j+Tan[i(a+bX)])

iLog] | Log|- +Tan[£(a+bx)]]+jLog[
-1+c-1d+V1-2c+c?+d? d 2 ~1+c+1id+V1-2c+c?+d?
_ \/ﬁ \/ﬁ
Log |- 1+c+v1-2c+c +d +Tan[1(a+bx)]]+(a+bx) Log[—1+c+ 1v2crci+d +Tan[l(a+bx)H+
d 2 d 2
d(-i+Tan[L (a+bx \/ﬁ d(i+Tan[L (a+bx
J'lLog[ ( [2< )]) ]Log[—1+c+ 1+2c+c*+d +Tan[1(a+bx)]]—jLog[ ( [2< )])
l+c-i1d+V1+2c+c?2+d? d 2 l1+c+id+V1+2c+c?+d?
Vit2crciid? 1-c+v1-2c+c?+d? +dTan[% (a+bx
Log[—lH:Jr 1r2c+ci+d +Tan[l(a+bx>H—(a+bx) Log[ [2( ”}f
d 2 d
d(—]‘l+Tan[l(a+be) l1-c+V1-2c+c2+d? +dTan[l(a+bx)] d(j+Tan[l<a+bx)])
ilog|- 2 | Log| 2 | +iLog|- 2
1-c+id+V1-2c+c?+d? d 1-c-id+V1-2c+c?+d?
l1-c+V1-2c+c2+d? +dTan[l(a+bx)] “1-c+vV1+2c+c2+d? +dTan[l(a+bx)]
2 2
Log | | + (a+bx) Log| ] +
d d
. d(—]’l+Tan[§(a+bx>” ~1-c+V1+2c+c2+d? +dTan[§<a+bx)]
ilog|- | Log| ] -
~1-c+id+V1+2c+c?+d? d
d(]‘l+TanE(a+bx)” “1-c+v1+2c+c?+d? +dTan[§<a+bx)]
ilog|- | Log| ] -
-1-c-id+V1+2c+c?+d? d

“1+c+v/1-2c+c?+d? —dTan[% (a+bx) ] “1+c+v1-2c+c2+d? —dTan[% (a+bx)]

i PolyLog|2, | +1iPolyLog|2, ] -
-1l+c-1d+V1-2c+c?+d? ~l+c+id+V1-2c+c?+d?
l1+rc-V1+2c+c?2+d? dean[l (a+bx” l+c+vV1+2c+c2+d? —dTan[l <a+bx)]
jPolyLog[Z, 2 ] +1‘1PolyLog[2, 2 ] -
l+c+id-V1+2c+c?+d? 1+c-i1d+V1+2c+c?+d?
l+c+V1l+2c+c2+d* -dTan[> (a+bx)] 1-c+V1-2c+c2+d* +dTan[2 (a+bx)]
i Polylog|2, 2 | + 1 Polylog|2, 2 | -
l+c+id+V1+2c+c?+d? l1-c-id+V1-2c+c?+d?

1-c+V1-2c+c2+d? +dTan[l (a+bx” -1-c+V1+2c+c?2+d? +dTan[% (a+bx”
jPolyLog[2, 2 ]+J’1PolyLog[2,
1-c+id+V1-2c+c?2+d? ~1-c+id+V1+2c+c?+d?
2a

b(1-c2-d*>-Cos[2 (a+bx)]+c*Cos[2(a+bx)]|-d*Cos[2 (a+bx)]-2cdSin[2(a+bXx)])
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2 (a+bx) ] /
b(1-c2-d*-Cos[2 (a+bx)]+c?Cos[2(a+bx)]|-d*Cos[2 (a+bx)]|-2cdSin[2 (a+bx)])

-1+c+V1-2c+c?2+d? 1 1+c+V1+2c+c?+d? 1
-Log|- +Tan[7(a+bx)H+Log[— +Tan[7(a+bx)]]—
d 2 d 2
1-c+V1-2c+c?+d? +dTan[§(a+bx” “1-c+1+2c+c2+d? +dTan[§(a+be
Log| | +Log]| | -
d d
jLog[f@JrTan[i(a+bx)]]$ec[i(a+bx)]2 jLog[f@JrTan[i(a+bx)]]$ec[i(a+bx)]2
. _
2(—1’1+Tan[i(a+bx)]) 2(—1’1+Tan[§<a+bx)])
iLog[l—c+xll—2c+c2+d2 +dTan“—(a+bx)w]Sec[l (a+bx”2 jLog{—l—c+xll+2c+c2+d2 +dTan“—(a+bx)w]Sec[l (a+bx”2
d 2 N d 2 N
2(—]’1+Tan[§(a+bx)]) 2(—1’1+Tan[i(a+bx)])
JiLog[ﬁ@JrTan[;(aerx)]]Sec[;(aerx)]zJ'LLog[1*ﬁ@+hn[;(aerx)]]Sec[;(aerx)]z+
2(1‘1+Tan[i<a+bx)]) 2(]‘1+Tan[§(a+bx>])
iLog[l—c+xll—2c+c2+d2 +dTan“—(a+bx)w]Sec[l (a+bx”2 ]j-L()g{—l—cm/l+2c+c2+d2 +dTan“—(a+bx)w]Sec[l (a+bx”2
d 2 B d 2 B
2(]’1+Tan[%(a+bx)” 2(1’1+Tan[§<a+bx)])

d (4‘1+Tan{§ (a+b x) ”

(a +b X) Sec [i (a +b X) ]2 ! Log[ ~1+c-1i d+af 1-2 c+c?+d?

}Sec[i (a+bx)]2

- +
2 (— Leenf12cictd 1112c+c2+d2 + Tan[% (a+bx)] 2 [— Leenf12cictd l’dzc*cz*dz + Tan[% (a+bx)]
]ll_og[ d(]’l+Tan{l<a+bX>]) }Sec[l<a+bx)]2 . )
~1+c+i d+rf 1-2 c+c?+d? 2 <a +b X) Sec [ ; (a +b X) ]
+ +

5 (_ ~1+c+n/1-2 c+c?+d? +Tan[§ (a+bx”) 5 {_ 1+c+v/1+2 c+c?+d? +Tan[i (a+bx)]

d d
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d (J‘L+Tan“— (a+bx)])

1+c+i d+nf 1+2 c+c?+d?
{ 2,42
2(1+c+ 1+2 c+c?+d +Tan[§<a+bx>]

[ d (71+Tan[i <a+bx>])

1+c-i d+n/ 1+2 c+c?+d?
{ 2,42
2(1+C+ 1+2 c+c?+d +Tan[i(a+bx)]

iLog ]Sec[%(a+bx”2 i Log| ]Sec[%(a+bx)]2

d d

~1+c+/1-2c+c?+d? -d Tan[% (a+b X)w -1+c+/1-2 c+c?+d? d Tan[% (a+b X)w
~1+c-1i d+~/ 1-2 c+c?+d? ~1+c+i d+a/1-2 c+c?+d?
+ _

2(—1+c+\/1—2c+c2+d2 —dTan[i (a+bx)]) 2(—1+c+ 1-2c+c?+d? —dTan[i (a+bx)”

1+c-/1+2 c+c?+d? —dTan[1 (a+bx)} 1+c+q/ 1+2 c+c?+d? -d Tan{l (a+b x)} 1 5
- s ]Sec[;(aerxH
1+c+1d-1/1+2 c+c?+d? 1+c-1d+v/ 1+2 c+c?+d?
+ _

2(1+c7\/1+2c+c2+d2 7dTan[§<a+bx)]) 2(1+c+ 1+2c+c?+d? 7dTan[i(a+bx)])

idLog[1l- ]Sec[i(a+bx”2 idLog[1l- }Sec[i(a+bx)]2

idLog[1-

}Sec[i (a+bx)]2 idLog[1l-

1+c+r/ 1+2 c+c?+d? -d TanE (a+b x)}
1+c+1 d+r/ 142 c+c?+d? B B
2 (1+c+\/1+2c+c2+d2 ~dTan[® <a+bx)]) 2 (1—c+\/1—2c+c2+d2 +dTan[2 (a+bx)})
2 2

J’ldLOg[lf }Sec[i(a+bx)]2

d(a+bx) Sec[i (a+bx)]2

d (—J‘uTan[;(amx)“ d (J‘HTan[;(amx)”
1-c+id+/1-2 c+c2+d? 1-c-id+/1-2 c+c?+d?
+ _

2(1—c+\/1—2c+c2+d2 +dTan[%(a+bx)]) 2(1—c+\/1—2c+c2+d2 +dTan[§<a+bx)])

1-c++/1-2 c+c?+d? +d Tan “— (a+b x) w 1-c++/1-2c+c?+d? +d Tan“— (a+b x) w
1-c-id++/1-2 c+c?+d? 1-c+1id+q/ 1-2 c+c?+d?
+ +

2 (1—c+\/1—2c+c2+d2 +dTan[§ <a+bx)]) 2 (1—c+\/1—2c+c:2+d2 +dTan[§ (a+bx)])

idLog|- }Sec[i(a+bx)]2 idLog|- ]Sec[i(aerxHZ

idLog[1- }Sec[i(awx)]z idLog[1- ]Sec[%(a+bx”2

d (—J’HTan“— (a+b x) U
—1-c+i d+~/ 1+2 c+c?+d?

+ —

]
2(717c+\/1+2c+c2+d2 +dTan[i (a+bx)” 2(717c+\/1+2c+c2+d2 +dTan[§ (a+bx)])

d (1'1+Tan{§ (a+b x) ” ~1-c+~/1+2 c+c?+d? +d Tan{% (a+b x)}
~1-c-1d++/1+2 c+c?+d? —1-c+id+v/ 142 c+c?+d?
2(—17C+\/1+2C+C2+d2 +dTan[§(a+bx)” 2(717C+\/1+2C+C2+d2 +dTan[§(a+bx)])

2 idLog|- }Sec[§<a+bx)]2

d(a+bx) Sec[i (a+bx)

idLog|- ]Sec[%(a+bx”2 idLog[1l- ]Sec[i(a+bx”2

aCos[

(a+bx”2

N | =

(7Sec[1 (aerxH2 ((-1+c) Cos[a+bx] -dSin[a+bx]) 7Sec[1 (aerxH2 (dCosfa+bx] + (-1+c)Sin[a+bx]) Tan[l (a+bx)]
2 2 2

|/

1 2
-Sec[~ (a+bx)|" (Cos[a+bx]+cCos[a+bx]-dSin[a+bx]) -

aCos[1<a+bx)]2 A

(dCos[a+bx] + (-1+c)Sinfa+bx]) +
2
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1 2 . . 1
Sec[~ (a+bx)|" (dCos[a+bx] +Sin[a+bx] +cSin[a+bx]) Tan[; (a+bx) ]
2

)/ (dCos[a+bx] +Sin[a+bx] +cSin[a+bx])

Problem 265: Result unnecessarily involves higher level functions.

J(a+ bArcCoth[cx"]) (d+eLog[fx"]) 5
X

X

Optimal (type 4, 160 leaves, 11 steps):

aeLog[fx")2 bdPolyLog[2, -*~| belog[fx"] PolyLog[2, - *~]
adLog[x] + + < < -
2m 2n 2n

bdPolylog|2, Xc—"} be Log[fx"] PolylLog|2, Xc—n] bemPolyLog|3, —XC—”] bemPolyLog|3, XC—”}
_ N _
2n 2n 2n? 2 n?

Result (type 5, 131 leaves):

bcemx" Hyper‘geometr‘icPFQHi, 1 %, 1}, {i, i, i}, c2x2"]  bexn Hyper‘geometr‘icPFQ[{i, 2,1}, {%, %}, c2x2"] (d+elog[fx"])
_ . _
n2

1 (a+bArcCoth[cx"] -bArcTanh|[cx"|) Log[x] (emLog[x] -2 (d+elLog[fx"]))
2

Problem 269: Unable to integrate problem.

J(a+ bArcCoth[cx]) (d+elog[1-c?x?]) ix

X

Optimal (type 4, 381 leaves, 21 steps):
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c+ 1t c+ 1l

—lbeLog[1+i}2Log[—i}+lbeLog[1—i}2Log[i]+adLog[x]—beLog[ *] PolyLog|2, ]+
2 C X C X 2 C X cX C C

1 1 1 1 1 1
belog|[l- —]PolyLog[2,1- — |+ =bdPolyLog|[2, - —| + ~belog[-c?x?| PolyLog[2, - —| -
C X C X 2 c X 2 C X

lbe Log[l—i}+Log[1+i}+Log[—c2x2]—Log[1—c2x2} PolyLog[Z,—i]—ldeolyLog[Z, L]—
2 cX cX C X 2 cX

lbeLog[—c2 x?| PolyLog|2, i} + 1be Log[1 - i} +Log|[1+ L] +Log[-c?x?| - Log[1-c*x?] | Polylog|2, i} -
2 cX

2 C X C X C X
1 C*i 1 1 1
—aePolylog|2, c?x?| +bePolyLog|3, | -bePolylog[3, 1- — | +bePolylLog|3, - —| - bePolyLog[3, —|
2 C cX C X cX
Result (type 8, 29 leaves):
J(a+bAr~cCoth[cx]) (d+eLog[1-c?x?]) 4
X

X

Problem 275: Result more than twice size of optimal antiderivative.

(a+bArcCoth[cx]) (d+eLog[1—c2x2])
J 2 dx
Optimal (type 4, 105leaves, 6 steps):
b ArcCoth 2 b ArcCoth d+elog[1-c2x?
_ce(avbArcCothicx))’ (a+bArcCothicx)) [deLog] cX])+3bc(d+eLog[1—c2x2})Log[1— ! ]—lbcePolyLog[Z, -
b X 2 1-c2x? 2 1-c?x?

Result (type 4, 332leaves):

1 1
-— |4ad+4bdArcCoth[cx] +4bcexArcCoth[cx]?+8acexArcTanh[cx] -4bcdxLog[x] —bcexLog{——+x}2—
4 x C
1 2 1 1 1 1
bcexlog[=+x]| -2bcexLlog[~+x|Log[= (1-cx)]+4bcexlog(x] Log[l-cx]-2bcexLlog|[-—+x]Log|[= (1+cx)]+
C C 2 [« 2
4bcexlog[x] Log[l+cx] +4aelog[l-c?x?|+2bcdxLlog[l-c?x?| +4beArcCoth[cx] Log[l-c?x?| -

+x| Log[1-c?x?] +2bcexLog[l+x] Log[1-c?x?] +
c

1 c¢x
4bcexPolyLog[2, -cx] +4bcexPolylLog[2, cX] —2bcexPolyLog[2, f—f] —2bcexPolyLog[2,
2 2

4bcexLlog[x] Log[1-c?x*] +2bcexLog|-

0 |

N |

(1+cx)]
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Problem 276: Result more than twice size of optimal antiderivative.

J(a+ b ArcCoth[cx]) (d+elog[1-c?x?]) i

x4

Optimal (type 4, 197 leaves, 15 steps):
2c?e (a+bArcCoth[cx]) c*e (a+bArcCoth[cx])

3x 3b
(a+bArcCoth[cx]) (d+eLlog[l-c?x?])

3x3 6

Result (type 4, 457 leaves):

- - + +

1
-bc’elog[x] + ~bcelog[l-c?x?] -
3

+=bc? (d+elog[1-c®>x?]) Log[1-

bc(1-c2x?) (d+elog[1l-c2x?])

6 x?2

1 1, 1
————] - =bcePolylog[2, ———
1-c?2x? 6 1-c?x?

]

2ad bcd 4ac’e 2bdArcCoth[cx] 4bc?2eArcCoth[cx]

x3 x2 X x3

3 3 1 3 1 2 1 3 1 2 3 1
2bc’dLog[x] -2bc’elog[x] + —bc eLog[—7+x] +—bc eLog[7+x] +bc eLog[7+x] Log[
2 2

C

bc3eLog[—1+x] Log[l (1+cx)] -2bc®elog[x] Log[1+cx] -bc®dLog[1-c?x?] +bc?elog[l-c?x?] -
2

C

bcelog[1-c?x?] 2beArcCothlcx] Log|[1-c?x?]

x2 x3

C

1 1 X
bc®elog|~ +x| Log[1-c*x?| -2bc®ePolylog[2, -~cx] -2bcePolylog[2, cx] +bc?ePolylog|2, — - —| +bc?ePolylog|2,
2

Problem 277: Unable to integrate problem.

J(a+bAr'cCoth[c x]) (d+elog[1-c2x?])

dx

x6

Optimal (type 4, 256 leaves, 24 steps):

X

N |

C C

-2bceArcCoth[cx]?-4ac®eArcTanh[cx] -4bc’elog]|

2aelog(1-c?x?]

x3

+2bc’elog(x] Log[1-c?x?] —bc3eLog{—l+x} Log[1-c?x?] -
c

(@

N |

|+

1

c? x?

(1—cx” -2bcdelog[x] Log[l-cx] +

<1+CX)]
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7bc3e 2c?e (a+bArcCoth[cx]) 2c*e (a+bArcCoth[cx]) c>e (a+bArcCothlcx] )2

+ + - -
60 x? 15 x3 5 X 5b

bc (d+elog|l-c?x? bc? (1-c?x?) (d+elog|l-c?x?

Ebc5eL08[X}+Ebc5eLog[1—c2x2}—  (d-etog| CX])- @ [1-c?x?) (drelog] CX])_
6 60 20 x4 10 x2

b ArcCoth d+elog|l-c?x?
(2 +bArcCothlcx]) (d+eLog|1-c?x’)) +ibc5 (d+eLog[1-c?x?]) Log[1- ! }—ibcsePolyLog[Z, !

5 x> 10 1-c?x? 10 1-c?x?

Result (type 8, 29leaves):

J(a+ bArcCoth[cx]) (d+elog[l-c?x?]) i

x6

Problem 278: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

Jx (a+bArcCoth[cx]) (d+eLog[f+gx?]) dx

Optimal (type 4, 512leaves, 22 steps):

b(d—e)x bex 1 1 beﬁAr‘cTan[W"] b(d—e) ArcTanh[c x]
- +=dx* (a+bArcCoth[cx]) - —ex* (a+bArcCoth[cx]) + - -
2c c 2 2 cVg 2¢c?
) ZC(\/T—\EX) , ZC(\/TJr\/?X)
be (c2£+ g) ArcTanh[c x] Log{lfcx} be (c?f+g) ArcTanh[c x] Log| N T) e be (c?f+g) ArcTanh[cx] Log| (T e
+ +
c’g 2clg 2c2g
bexLog|[f+gx?] e (f+gx?) (a+bArcCothlcx]) Log|[f+gx?] be (c*f+g)ArcTanh[cx] Log|f+gx?]
+ - +
2c¢ 2g 2c’g
> B ZC(W—@X) 2 B 2C(\/T+’\/EX)
be (c2f+g) Polylog[2, 1- ﬁ} be (c*f+g) Polylog[2, 1 e T) e be (c?f+g) Polylog|2, 1 (T e
2c%g ) 4c%g ) 4c’g

Result (type 4, 1128 leaves):

; 2bcdgx-6bcegx+2acidgx?-2aclegx®-2bdgArcCoth[cx] +2begArcCoth[cx] +2bc?dgx?ArcCoth[cx] -
4c’g

X]741’Lbc2efAr~cSin[ S ]ArcTanh[L]f

g
2
VE c“frg N -c2fg x

2bc?egx?ArcCoth[cx] +4bce~/f /g ArcTan|
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cf
g | ArcTanh| ———————] -4bc?efArcCoth[c x] Log|[1 - e 2ArcCothicx]] _4pegArcCothlcx] Log[1 - e 2Arccothiexl]

\ -c2fg x

e—ZAr‘cCoth[cx] (CZ (_1 + eZAr‘cCoth[cx]> -F+g+ e2ArcCoth[cx] g- 2 ;_Cz.Fg )

4ibegArcSin|
c2f+g

2bc?efArcCothcx] Log|

|+

c2f+g
e—ZAr‘cCoth[cx] (CZ (71+62Ar‘cCoth[cx]) .F+g+e2Ar‘cCoth[cx] g72 '*CZ'Fg J
2begArcCoth[cx] Log| ] -
c2f+g
. e—ZArcCoth[cx] (CZ (_1+62ArcCoth[cx]) .F+g+QZArcCoth[cx] g_z '—czfg )
2ibc?efArcSin| | Log| | -
c2f+g c2f+g

e—ZAr‘cCoth[cx] (CZ <_1+ eZAr‘cCoth[cx]) f+g+ eZArcCoth[cx] g- 2 /_CZ.Fg ]
2ibegArcSin| & | Log| |+
c2f+g

c2f+g

efZAr'cCoth[cx] (CZ (71 + eZAr*cCoth[cx]> -F+g+ eZAr'cCoth[cx] g+ 2 '7C2'Fg )

2bc?efArcCothcx] Log|

|+

c?2f+g
e—ZAr‘cCoth[cx] (CZ (71+62Ar‘cCoth[cx]) .F+g+e2Ar‘cCoth[cx] g+2 '*CZ'Fg J
2begArcCoth[cx] Log| ]+
c2f+g
(eszrcCoth[cx] (CZ (_1 n eZArcCoth[cx]) f+ g~ eZAr‘cCoth[cx] g+ 2 '—CZ‘Fg )
2ibc?efArcSin| g | Log| |+
c2f+g c2f+g

e—ZAr‘cCoth[cx] (CZ <_1+ eZAr‘cCoth[cx]) f+g+ eZArcCoth[cx] g+ 2 /_CZ.Fg ]

2ibegArcSin| & | Log| | +2ac?efLog[f+gx?] +
c2f+g c2f+g

2bcegxlog[f+gx?| +2ac?egx?Log[f+gx?| -2begArcCoth[cx] Log|[f+gx?| +2bc?egx®ArcCoth[cx] Log|[f+gx?| +

(eszrcCoth[cx] [cz'F—g+2 ;_Cz.,:gJ

2be (c® f+g) Polylog[2, e ?Artlcx]] _pe (cf+g) Polylog|2, ] -
c2f+g

e—ZAr‘cCoth[cx] (—c2f+g+2 ;_Cz.‘:g ) e—ZAr‘cCoth[cx] [—CZ‘F+g+2 /—CZ‘Fg ]
| -begPolylog|2, -

c?2f+g c’f+g

bc?efPolylog|2, -

]
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Problem 279: Result more than twice size of optimal antiderivative.

J(a+bAr‘cCoth[c x]) (d+elog[f+gx?]) dx

1

Optimal (type 4, 546 leaves, 38 steps):
be \/?Ar‘cTan[lg—x} Log[1+ 5}

2ae\/?Ar'cTan[3E—x} be\/?Ar*cTan[ﬂ—x] Log[1 - L]
~2aex-2bexArcCoth[cx] + VE VE et VE .
Ve Ve Vg
be~/f Ve x _ 2\/f Vg (1-cx) be~/f Ve x 2:/f Vg (1:cx)
exﬁAr‘cTan[ = ] Log[ (1cﬁfﬁ) (\/T—J'L\/Ex)] e\ﬁAr‘cTan[ N ] Log[ (jcw+ﬁ) (\/?—j\/?x)}
Ve Ve
belog[1l-c2x?] b Log| £ Clziigxz ] (d+elog[f+gx?])
+x (a+bArcCoth[cx]) (d+eLog|[f+gx?]) + 5 +
c c
2 (figx2 . 2+/f /g (1-cx) . B 2/ f /g (1+cx)
bePolyLog|2, LC(%L] ibe+/f PolyLog[2, 1+ [ e g (i ve A | ibe+/f PolyLog[2, 1 [ dF g (i vE A ]
+
2/g

2¢ 2\g

Result (type 4, 1287 leaves):
2ae\/?Ar‘cTan[@} bdL 1-c2x2
VE og| cx}+aexLog[f+gx2]+

+

adx-2aex+bdxArcCoth[cx] +
Ve 2c
Log[1 - c2 x?] 1 1
be |xArcCoth[cx] + — | Log[f+gx?| + — be |-4cxArcCoth[cx] +4 Log| |+
2c¢C 2c¢C
1
[« 1—c2x2 X

c2f-g xlcz-Fg]

2 /2.[:
1x/czwcg 72]'1Ar‘cCos[c f g]Ar‘cTan[ cre | +4ArcCoth[cx] ArcTan[i] - |ArcCos | | +2ArcTan|
g c2f+g cgx /czfg c2f+g cgx
ng[jc2f+«/c2fg)(—1+i) 2f g \/E 2g(c2f+j1«/c2fg)(1 i)
| - |ArcCos | ; | -2ArcTan| || Log| |+
R e

Log |
(c2f+g) [g@]
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H

26 c2f \E @-ArcCoth[cx] c2f
¢ g +2 Ar‘cTan[ ] + Ar‘cTan[i} Log[ g

|+
cfrg cex \Jcifg i f+g \/7c2f+g+(c2f+g)Cosh[ZArcCoth[cx}]
2

_ 2 ArcCoth[c x] / 2
Ar‘cCos[CZ-F g} -2 Ar‘cTan[ ] +Ar‘cTan[&} Log V2 e <fe
ctf+g cgx Nc2fg N, 2f+g\/ c?f+g+ (c?f+g) Cosh[2ArcCoth[cx]]

[—C2f+€+21\/m) [8 @] [czf—g+2jl\/EJ [jg+@]

cX

ArcCos |

0
—+
[0}

|+

i |-Polylog [2,

+ PolyLog[Z,

(c2f+g) [g+ﬁ] (c2f+g) (ig+@]
Ve [-Lex Ve [-Zex
Log[- % Log[1 - PolyLog|2,
1 (—Log[—l+x]—Log[l+x]+Log[1—c2x2]) Log[-F+gx2} g[ C+X] g[ i f,£]+ Y g[ ,jﬁ,g]
—beg £ < + < —
c 2g 2g

Log[—%+x] Log[1- Ve (o | +PolyLog|2, Ve (o ]

jﬁfg i ng
c c +
2g

Log| } ] Log[- LXF] +polyLog[2, fo] Log[ ¢ +x] Log[1- =) L poryLog[2, LB
7I‘L\/?+% —iAF o+ cg

iVFele iVFele

2g 2g

Problem 281: Result more than twice size of optimal antiderivative.

J(a+bArcCoth[cx]) (d+eLog[f+gx?])
2

dx
X

Optimal (type 4, 560 leaves, 38 steps):
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2ae\/EAr‘cTan[£ﬁ—x} be\/EAr'cTan[%] Log[lfi] be\/EAr‘cTan[ﬁﬁ—x] Log[1 + i]
- + +

JE VF VE

X _ 2+ f g (1-cx) X 2+ f g (1+cx)
be\/EAr‘cTan[ﬁ—ﬁ | Log] T (\/?ﬂlﬁx)] be\/EAr‘cTan[ﬂ—F | Log]| evF it ] (Wﬂi@x)}

VE VE

b ArcCoth d L f 2 2
(2 +bArcCothicx]) (d+ e Log] +gx”+1bcLog[g:} (d+eLog[f+gx?]) -
2

X

g(l—czxz) c? (-F+gx2) g x?

f]i

| (d+elLog[f+gx?]) - lbcePolyLog[Z, ]+ lbcePolyLog[Z, 1+

1
~bclLog|
E c2f+g 2 2fig 2

i b Polvl 2,1 2+/f g (1-cx) i b PolyL 2, 1- 2y f Vg (1+cx)
ibeg Polylog[2, 1+ (i vF ) (wfng)} ibeg PolyLog]| (i VT /] (Wﬂgx)}
+

2/ f 2/f
Result (type 4, 1236 leaves):




82 | 7.4 Inverse hyperbolic cotangent.nb

ad bdArcCoth[cx]

1
+bcdlog(x] - ~bcdlog[1-c?x?] +
2

X X
Z\EAr‘cTan[%] Log[f + g x?] 1b (2Ar‘cCoth[cx]+cx(—2Log[x}+Log[1—c2x2”) Log[f +gx?]
ae - +—be|- _
VE X 2 X
c |Log[x] |Log[1- j\/Ex] +Log[1+@] + PolyLog|2, —j\/EX] +PolyLog|2, @]
e e e JE
1 c(\ﬁ—j\/gx) 1 c(\ﬁ—j\/gx) 1 c(\/?JrJl\/Ex)
c |Log[-~ +x] Log]| | +Log| = +x]| Log| ] +Log[-= +x] Log| ] -
c cVFf -iVg c cVFf +ig c cVFf +ig
1 cVg [*+x
(Log[—1+x] +Log[1+x] —Log[l—czxz}) Log[f + g x?| +Log[1+x] Log[l—M] + PolyLog|2, 7( ) +
c c c ic/Ff ++/g ic/f +Vg
. 1 , . ' .
PolyLog|2, Ve (e ] + PolyLog|[2, _ive (Arex ] +PolyLog[2, ive [1rex) +cx)]
cf -ig cf +ivg cf +ivg
1 ) c?f- cf ctf-g cf
cg |21 ArcCos| | ArcTan| ——————| -4 ArcCoth[c x] ArcTan| | + |ArcCos]| | +2ArcTan|

]

cgx
2

N2 fg cfg \e2fg x c2fg

( ia/c ng] 1+cx

2
ccf+g ,CZ'FgX

26 _g o 2g(c2f+jm/c2fg) (1+cx)
Log[ ] + Ar‘cCos[zi} - ZAPCTan[i} Log[ ] -
(c2f+g) [11 2fg +cgx c“f+g N2 fg x (c2f+g) (Jix/czfg +Cgx
2. -ArcCoth[c x] c2f
Ar'cCos[c foe +2 Ar‘cTan[L}JrAr‘cTan[ cex L V2 e g }7

c2f-
ArcCos | &

ArcCoth[c x] 2 f
-2 Ar‘cTan[L} +Ar‘cTan[i] L Va2 e g

Og
2
cfreg Ne2fg x 4/ €? \Jc2f+g \/ c2f+g+ (c?f+g) Cosh[2ArcCoth[cx]]
(czf—g—Zj\/CZFg) (chfg +icgx (czf—ngZj\/czfg] (\/czfg +J‘1ch)

(c2f+g) (x/czfg—jch (cz-F+g) [xlczfg—jlch

|+

Og
2
c“fg i fg x N, ng \Jc2f+g \/ 2f+g+ 2f+g) Cosh[2 ArcCoth[c x] ]
fg

i [PolyLog|2,

| - PolyLog|2,

]
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Problem 282: Result unnecessarily involves imaginary or complex numbers.

J(a+bAr‘cCoth[cx]) (d+eLog[f+gx?])

dx

x3

Optimal (type 4, 712leaves, 32 steps):

bce\/EAr‘CTan[lE—x} be gArcCoth[c x] Log| —2
VE +aegLog[x] + [hcx +bc?eArcTanh[cx] Log| 2 |-
NG f f 1+cx
ZC(\/T—\/EX)
begArcCoth[cx] Log[ (C\/T—\/E) Toex) ) 2¢ (ﬁ—\/gx)
- ~bc?eArcTanh[cx] Log|
2f 2 (cx/— —\/E) (1+cx)
ZC(\/TH/EX)
b ArcCoth L
egArcCoth[cx] Og[(cﬁ+r)<1+cx) 1 2c(\/7+\/gx) aeglog|[f+gx?]
- ~bc?eArcTanh[cx] Log| - -
2f 2 (cx/—f +\/E) (1+cx) 2f
bc (d+elog|f 2 b ArcCoth d+elog|f 2 begPolylog|2, - -
¢ (d-elog] +gx”7(a+ rcCothicx]) (d-etLog| +gx])+£bc2Ar‘cTanh[cx] (d+eLog|[f+gx?]) + [ CX}—
2 X 2 x2 2 2f
begPolyLog[2, ] 4 begPolyLog[Z,l—l2 | 1 2c(x/—f —\/Ex)
¥~ - =bc’ePolylog|2, 1- ] - X~ 4+ =bc?ePolylog[2, 1- +
2f 2 1+cx 2f 4 (c«/_f _\/E> (1+cx)
Zc(\/j—\/gx) ZC(\/THEX)
b PolyL 2,1- b PolyL 2, 1-
eg OyOg[ ’ (C\/T—\/E) (1+¢ x) 1 ZC(\/TJr\/EX) €& oyog[ ’ (C\/TM/?) (1+cx)
+=bc?ePolylog(2, 1- ]+
4f 4 (cﬁ+d§) (1+cx) 4f
Result (type 4, 1193 leaves):
-2adf-2bcdfx-2bdfArcCoth{cx] +2bc?dfx?ArcCothcx] +4bce/f /g x*ArcTan| g X] +
4 f x? NES
. . g cf . ) g cf
41ibc*efx?ArcSin| | ArcTanh[——————] +4ibegx?ArcSin| | ArcTanh [ ———— ] +

2 2
ccf+g ,—czfgx ccf+g ,—czfgx

4bc?efx?ArcCoth[cx] Log|[1- e 2Arccothlexl] . 4 b e gx? ArcCoth[c x] Log[1 + e 2Arccothiex]] _
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e—ZAr‘cCoth[cx] (CZ <71+ eZAr‘cCoth[cx]) -F+g+ eZAr‘cCoth[cx] g- 2 /7C2'Fg ]

2bc?efx?ArcCoth(cx] Log|

} .

2f+g
e—ZAr‘cCoth[cx] (CZ (_1+GZAPcCoth[cx]> .F+g+62Ar‘cCoth[cx] g_z '—CZ‘Fg )
2begx?ArcCoth[cx] Log| |+
c2f+g
: e—ZAr‘cCoth[cx] [CZ (71Jr eZAr‘cCoth[cx]> -F+g+ eZAr'cCoth[cx] g- 2 /7C2'Fg )
2ibc?efx?ArcSin| | Log] |+
c2f+g c2f+g

eszrcCoth[cx] (CZ (_1 + eZAr‘cCoth[cx]) F+g+ eZArcCoth[cx] g- 2 '—CZ‘Fg )
2ibegx?ArcSin| g | Log| ] -
c2f+g

c2f+g

e—ZAr‘cCoth[cx] (CZ <71+ eZAr‘cCoth[cx]> .':Jrg+ eZAr‘cCoth[cx] g+ 2 /7C2f:g ]

2bc?efx?ArcCoth(cx] Log|

} ,

c2f+g
e—ZAr‘cCoth[cx] (CZ (_1 + eZAr‘cCoth[cx]) 'F+g+ e2Ar‘<:(2cz1:h[cx] g+ 2 I_CZ.Fg )
2begx?ArcCoth[cx] Log| ] -
c2f+g
: e—ZAr‘cCoth[cx] [CZ (71Jr eZAr‘cCoth[cx]> -F+g+ e2Ar'cCoth[cx] g+ 2 /7c2fg )
2ibc?efx?ArcSin| | Log]| |-
c2f+g c2f+g

c2f+g

e—zAr‘cCoth[cx] (CZ (_1 + eZAr'cCoth[cx]) F+g+ eZAr'cCoth[cx] g+ 2 '—CZ‘Fg )
2ibegx?ArcSin| g | Log| |+
c?f+g

4aegx®log[x] -2aeflog[f+gx?| -2bcefxlog[f+gx’| -2aegx?Log|[f+gx?| -2befArcCoth[cx] Log|[f+gx?] +
2bc?efx?ArcCoth[cx] Log[f+gx?| -2begx?Polylog|2, -e2ArCothiex]] _ 5 p c? e fx? Polylog |2, e 2Arccothicx] |

e—zArcCoth[cx] (CZ‘F—g+2 ,—CZ‘Fg] e—zArcCoth[cx] (Cz.':_g+2 /_szg]
| +begx?Polylog|2,

.
CZ'F+g C2f+g }

e—ZAr‘cCoth[cx] [—c2f+g+2 /—CZ'Fg ] e—ZAr‘cCoth[cx] [—c2f+g+2 /—CZ'Fg ]
| +begx?PolyLog|2, -

c2f+g c2f+g

bc?efx?PolyLog|2,

bc?efx?PolylLog|2, -

]

Test results for the 935 problems in "7.4.2 Exponentials of inverse hyperbolic cotangent



7.4 Inverse hyperbolic cotangent.nb | 85

functions.m"

Problem 14: Result more than twice size of optimal antiderivative.

eZ ArcCoth[ax]
Ji dx
X

Optimal (type 3, 14 leaves, 4 steps):
-Log[x] +2Log[l-ax]

Result (type 3, 29 leaves):

-Log [1 _ @2ArcCoth[ax] } - Log [1 4 @2ArcCoth[ax] }

Problem 46: Result more than twice size of optimal antiderivative.

e—ZAr‘cCoth[a x]
Ji dx
X

Optimal (type 3, 13leaves, 4 steps):
-Log[x] +2Log[1l+ax]

Result (type 3, 29 leaves):

-Log [1 _ @ 2ArcCothlax] ] - Log {1 + @ 2ArcCothlax] ]

Problem 64: Result is not expressed in closed-form.

1Ar‘cCoth[a X]
e:2
—dXx
X

Optimal (type 3, 291 leaves, 17 steps):

\/7(1—i)1/4 ﬁ(l—L)lM
-+/2 ArcTan [1- —1/4] \/—Ar‘cTan[
1
F V7 ™ F VZ (1A
1/4 1/4 Log . 1/4 } Log[1+ n (13);/)4 ]
(1+ 2] (1+2) F (1+ ) AR
2Ar‘cTan[$ +2Ar‘cTanh[ ax )

(1_L)1/4] (1_L)1/4} \/?
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Result (type 7, 87 leaves):

1 1 1 1 _ArcCoth[ax] +2 Log[e: mcCothiax] _ g
2 ArcTan [e?Arcc"th[aX] | -Log[1- 2 Arccothlax] | +Log[1+ @2 Arccothlax] | - = RootSum |1 +11* &, [ax] g_j ] &|
2 71
Problem 65: Result is not expressed in closed-form.
e;Ar‘cCoth[a X]
J T
X2
Optimal (type 3, 267 leaves, 13 steps):
L1 L ,:7 Nes ( 7$)1/4 ,i Jz (17:)()1/4
aArcTan[l—El;aij)—} aArcTan[1+£(L?J,—] aLog[1+ . - (1 17)1/’4 ] aLog[1+ . + (1+17)1/4
1 \3/4 1 \1/4 (1+L)1/“ (1+L) /4 1o ax 1+ ;
T Zun i R
ax ax V2 V2 2+/2 22
Result (type 7, 70leaves):
2 eéAPCCOth[aX] —-ArcCoth[ax] +2 Log [egAPCCOth[aX] - 111}
a|————————- ~RootSum|1+u1*&, &]
1+ ez ArcCoth[ax] 4 H13

Problem 66: Result is not expressed in closed-form.

£Ar‘cCoth[a x]
e?2
——dx
X3

Optimal (type 3, 319leaves, 14 steps):

a?ArcTan|1 - M}
laz (17 i 3/4 [1+ i 1/4+ laz (17 i 3/4 (1+ i 5/47 (1*i)1/4 )
4 ax ax 2 ax ax 4\5
z [ ” aZL°g[1+H—ﬁ(l = ] a’logf1+— RRLELS
a2 ArcTan [1 + } 1 (1+ 1 )1/4 N (1 1 )1/4
(1 1 )1,/4 1+7 = 1+; L
+ —

Result (type 7, 85leaves):
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1
—-ArcCoth[ax] +2 Log [eEA"CC"th[“} -]

—a
16

- RootSum[1 + #1* &,

1
1 , 8 e;ArcCoth[a x] (1 45 e2Ar‘cCoth[a X] ) &]
(1 + @2ArcCoth[ax] ) 2 13

Problem 67: Result is not expressed in closed-form.

£Ar‘cCoth[a x]
e?2
—dx
X4

Optimal (type 3, 356 leaves, 15 steps):
1- AL ]

)3/4 (1+ L)5/4 333 Ar‘cTan[

96

2 1 1\1/4
3 1 \3/4 1174 1 1 \3/4 1 \5/4 a (1 - 1+
fa3(1—— [1+— +fa3(1—— [1+7 . ax ol i R
8 ax ax 12 ax ax 3x 82
p - 1\a 1- 1 _11/4
3 vz (147 3adLog[l+ - vz s *124 | 3aiLog[l+ " —+ vz (s “1/),4 ]
3aArcTan |1+ PR ] i (12 i (1 2]
ax N ax B
g8V2 162 16 /2
Result (type 7, 93 leaves):
1 8 e;Ar‘cCoth[a x] (9 + 6 @2ArcCoth[ax] | 9g g4ArcCoth[ax] ) ArcCoth[ax] - 2 Log [‘E;Ar‘cCoth[a x] Hl}
— a3 +9 RootSum |1 + n1* &, &]

(1 + @2ArcCothax] ) 3 13

Problem 73: Result is not expressed in closed-form.

3Ar‘cCo’ch[a x]
e?2
— dx
X

Optimal (type 3, 291 leaves, 17 steps):
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\E(l_i)lﬂl \/?(l_i)l/zl

—\/?Ar‘cTan[l— ] +\/7Ar'cTan[1+ ] -
1 \1/4 1 \1/4
(1+ —) (1+ —)
ax ax
1- = 1 1/4 1.1 1\
Log[ ax _ ﬁ(l ax/) } Og[1+ ax \/?(1 ) ]
10 2 1 2™ Jur nr ()
2 ArcTan| ax | +2ArcTanh| ax |- = + :
1_L 1/ 1_L)1/4 \/? \/7
ax ax
Result (type 7, 87 leaves):
~ArcCoth 2 Log[ ez AeCotniax] g
_ZArcTan[(E%ArcCoth[ax]] _ Log[l e%Ar‘cCoth[ax ] Log[l ezAr‘cCoth[ax]] B 1 ROOtSum[1+j:t14 &, rcCo [ax] + og[ o ] &}

2 "l

Problem 74: Result is not expressed in closed-form.

3Ar‘cCoth[a x]
e:2
—dx
x2

Optimal (type 3, 268 leaves, 13 steps):

1\1/4
3aAr‘cTan[1—ﬁ17 ]
1 \1/4 1 \3/4 (1+L)1/4
a [1 . —) (1 R e .
ax ax V2
1 1/4 1/4
L\ va Ve V2 (1) \/ T F L
3aArcTan|1 ﬂ(l_*;_)_} 3alogl+ - T\ ] 3alogf1 . 1/4 ]
(102 ) 1+ (%) 1t L )
ax _ +
V2 22 22
Result (type 7, 68 leaves):
2 e;Ar‘cCoth[a x] 3 ArcCoth[ax] - 2 Log[ Ar‘cCoth[ x] Hl]
a|——————+ = RootSum|[1+H1*&, &
1+ ez ArcCoth[ax] 4 =1

Problem 75: Result is not expressed in closed-form.

1Ar‘cCoth[a X]
@e:2
— dx
x3
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Optimal (type 3, 319leaves, 14 steps):

1/4

V2 o [1- L

L1y )

9a2ArcTan|1 -

1+ —

1
a? (1——
ax

1/4 1
axX [

3
4

4~/2

E 1/4 1 1/a
i gmiegles LR EEA ey
9a2Ar‘cTan[1+@1—u-)—} 9a2Log|1+ - ] 9a’Log[1~ ¥ ]

o vno e PR
ax _ +
42 82 82

Result (type 7, 84 leaves):

3 1
e;/-\r‘cCoth[a x] (3 +7 eZAr‘cCoth[ax] ) ;Ar‘cCoth[a x]

9
a + — RootSum|[1 + 111* &,
2 (1 + @2ArcCoth(ax] ) 2 16 a1

ArcCoth[ax] - 2 Log[e 111 |

8]

Problem 76: Result is not expressed in closed-form.

37Ar‘cCoth[a X]
@e:2
— dx
x4

Optimal (type 3, 356 leaves, 15 steps):
)7/4 17 a3 ArcTan [1 - ﬂifﬂ—]

1/4 3/4 1/4 7/4 a2 (1 SAYA g, L EAEL
g L R ey A w) ) i
24 ax ax 4 ax ax 3 X 8\/?
1 /. 1 /,
) - NS 1)1/ 17; NS 1 1/4
17 a3 ArcTan [1 + V2 1—1—14] 17 a® Log[1+ (1“1/)4 | 17a%Log[1+ + (I*L)/A ]
(127" 1o (5 1.1 (137)
ax _ +
82 162 16 /2

Result (type 7, 93 leaves):

2 ArcCothlax] 2 ArcCoth[ax 4 ArcCoth[ax 2 ArcCoth[ax
1 8 ez (17+30e [ax] , 45 ¢ [ax] ) ArcCoth[ax] - 2 Log|e:
— a3 + 51 RootSum[1 + #1* &,

96 (1 + @2ArcCothlax] ) 3 71

-

8]
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Problem 82: Result is not expressed in closed-form.

iAr‘cCoth[a x]
e-2
—dx
X

Optimal (type 3, 320 leaves, 19 steps):

1/4 1/4 1/4
82+ ) V2 (1- 24 2 (-3
- +\/?Ar‘cTan[1— } —\/?Ar‘cTan[1+ } +
1.1 1/4 1, L 1/4 1, L 1/4
-3 ER ER
X 1 1/4 1.+ 1 1/4
Log[1+ 42 TELRIT) gy e VTR
(1 + L)l/‘l (1 + L)1/4 1+$ (1 alx) 1+$ (1+17) ’
2 ArcTan | 2x | +2ArcTanh]| ax |- +
1*i 1/ 1- i)1/4 \/? \/7

Result (type 7, 97 leaves):

L ArcCoth [ax]

1
P AreCothiaxt o ArcTan e | -Log[1-e

1
=ArcCoth[ax
-8e 2 ( ]] +

L ArcCoth[ax] ArcCoth[ax] - 2 Log]|

lAr‘cCo‘th[a X]
e?2

-1

| - 1 RootSum[1 + #1* &,

Log[1+ez
2 713

Problem 83: Result is not expressed in closed-form.

iAr‘cCoth[a x]
e:2
——dXx
x2

Optimal (type 3, 299 leaves, 14 steps):

L |54 5SaArcTan[1- 2 177, ]
1 \3/4 1 \1/4 4a (1+ —) (1+L)““
_5a(1_— (1+— . . o :
ax ax (17 L)l/“ V2
ax
- 114 1- b 1\Y4
VT (1) 5alog[1+ S LAE “1?4 | S5aLog[1+ v V2 £ “1}4 ]
SBAI"CTan[lJr ; } . <1+L/ [ (1 1\Y
(1+L)1/4 1*; ax) 1*; ax)
- +
V2 2+/2 22
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Result (type 7, 80 leaves):

;Ar‘cCoth [ax

Do

1—Ar‘cCoth[a X]

S 2e2 5 ArcCoth[ax] -2 Log|e
Arccothiax) . — ——_ Z RootSum[1+ 1% g, [
2 ArcCoth[ax] 4 1113

al|-8e

8]

l+e

Problem 84: Result is not expressed in closed-form.

iAr‘cCoth[a x]
e?2
— dx
X3

Optimal (type 3, 351 leaves, 15steps):
)9/4 25a2 ArcTan|1 - ﬂ(l_’.ﬂ_]

1 1/4
25 1 \3/4 1\1/4 g 1 \3/4 1 \5/4 2 a2 (1 + = 1, )Y
- = 2(1-— [1+— _fa2[1_— (1+— - = + i -
4 ax ax 2 ax ax (17L)1/4 a2
ax
) -+ NES (1,L)1’/4 1.1 Jz (1717) 1/4
1/4 ax ax
25 a2 ArcTan [1 + V2 (1-2)Y ] 25a% Log[1+ - e | 25a%Log[1+ + e ]
1\1/4 1.+ (1**) ' 1+ 5 (hi) ’
(1+7) / + ax +ax ax
ax _ +
42 8+/2 8+/2
Result (type 7, 94 leaves):
e Arecothlax] (25 + 45 @2ArcCothlax] 4 16 ghhrccothlax] ) Hg ArcCoth[ax] - 2 Log [egAFCCOth[aX] -]
a? |- - == RootSum|1 + #1* &, &
2 (1 + @2ArcCoth[ax] ) 2 16 n1?

Problem 85: Result is not expressed in closed-form.

iAr‘cCo’ch[a x]
e?2
—dx
X4

Optimal (type 3, 385Ileaves, 16 steps):
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55 (1 1 \3/4 [1 114 11 (1 1 \3/4 [1 1 )5/4 2a3 (1 i)9/4 1, (1 1 \3/4 (1 1 ,9/4
-—a -— +— -—a - = +— - -~a - +— +
8 ax ax 4 ax ax (171)1/4 3 ax ax
ax
1-L 1)\1/4 -1 11/4

EREL 1\ 3 o V2 (-2 3 e V2 [l

55 a3 ArcTan[1- 225l 553 anctan[1, Y2l 5527 Log[1 o] 55@Log1- arerral
(10 1) (102" Lo () T
ax _ ax _ ax +
82 82 16+/2 16 /2

Result (type 7, 104 leaves):

; e%Ar‘cCoth[a X] (165 + 462 @2ArcCoth[ax] , 425 e4ArcCoth[ax] , gg g6 ArcCothlax] )

a

1
55 ArcCoth[ax] - 2 Log[e: "M@ _ ]

- = RootSum|[1 + 11* &, &]
12 <1 + @2ArcCothlax] ) 3 32 13

Problem 91: Result is not expressed in closed-form.

~Y ArcCoth [ax]
e 2
—dx
X

Optimal (type 3, 291 leaves, 17 steps):

1 \1/4 1 \1/4
V2 ArcTan[1 - | -V2 ArcTan|[1+ | -
(1+L)1/4 <1+L)1/4
ax ax
1- 1 1\1/4 1- 1 1\
g1 ) wega L
1, 1|V R L L)Y " 11
2ArcTan[@] + 2 ArcTanh]| ( aX) ]+ - _ 2
1—i 1/4 1_i)1/4 \/7 \/7

Result (type 7, 85leaves):

L hlax]
B 1 1 1 ArcCoth[ax] + 2 Log|e 2A™" -ml
2ArcTan|e : ArcCoth[ax] | -Log[1-e Arccothlax] | +Log[1+e2 ArcCoth[ax] | - = RootSum|1 + f1* &, [ ]

2 H13

8]

Problem 92: Result is not expressed in closed-form.

~L ArcCoth [ax]
e 2
— dXx
x2



Optimal (type 3, 268 leaves, 13 steps):

aArcTan|1-
1/4 1 \3/4 (1+—
[1 + ) _ ax

ax

1
—a(l——
ax

/ TR E F Nexias
aAchan[1+ M] aLOg[1+ - ( EX’)/ ] aLog[1+ + ( ax

<1+L) 1/a

V2 2+/2 22
Result (type 7, 70leaves):

) e—;—Ar‘cCoth [ax]

- - = RootSum[1 + #1* &,
1+ <e72Ar'cCcsth[a X] 4

- % ArcCoth[ax

-ArcCoth[ax] - 2 Log[e : -1

a

8]

713

Problem 93: Result is not expressed in closed-form.

~L ArcCoth [ax]
e 2
— dx
x3

Optimal (type 3, 319leaves, 14 steps):
a2 ArcTan [1 - M}

1, 1 \1/4 134 1, 1 \5/4 1 \3/4 (1+i)1’/4
—a (1—— [1+— +—a (1—— (1+— + -
4 ax ax 2 ax ax 4\/?
1. 1\1/4 -1 1\1/4
/ ax ﬁ 1*; ax ﬁ 1*;
s averan(a . LI atog[1 i T g a e
(1) 12 (25 1L (137)
ax + _
4~/2 82 82

Result (type 7, 81 leaves):

1
1 8e ArcCoth[ax] +2 Log [e’?A"c"th[ax] -]
—a? - RootSum[1 + #1* &,

16 (1 + @2ArcCothax] )2 713 ]

3
;Ar‘cCoth[a x] (5 ‘e

2 ArcCoth[ax] >

7.4 Inverse hyperbolic cotangent.nb

| 93
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Problem 94: Result is not expressed in closed-form.

~L Arccoth [ax]
e 2
— dx
X4

Optimal (type 3, 356 leaves, 15 steps):

) 1 \5/4 1\ 3/4
1 \1/4 1\3/4 1 1 \5/4 1 \3/4 a (1 - 7) (1 7)
,ia3[17—) (1+_ 7_a3(17_ (1+_ N ax ax
8 ax a X 12 ax ax 3 X
1.+ 1\1/4 1.+ 1\1/4
e JEREY 3 o Vz i 3 RTINS E e
3aArcTan|1- @1—“-)—} 3a%ArcTan|1 + 2 ] 32 Log[1+ 1)1/ | 32°Log[1+ * 11/
1/4 1/4 1 (1+ ) N (1* )
)’ (2" vy I vr
+ - +
8+/2 82 16+/2 162
Result (type 7, 93 leaves):
1 8 e%Ar‘cCoth[a X] (29 + 6 @2ArcCoth[ax] | g g4ArcCoth[ax] ) ArcCoth [ax] +2Log [e—éArcCoth[a x] 111]
—a’ |- +9 RootSum[1 + 1% &, &]

96 <1 + @2ArcCothax] ) 3

Problem 100: Result is not expressed in closed-form.

-2 ArcCoth [ax]
e 2
—dx
X

Optimal (type 3, 291 leaves, 17 steps):

713

1/4 1/4
\/TAPCTan[l— \/?(:Lalx)} 7\/?Ar\c'|'an|i1+ \/?(131)()] +
(1+L)1/4 (1+L)1/4
ax ax
Log (1 + F B (171*)1/4} Log[1 + F + V2 ’HW]

(1+ L)1/4 (1+ L)l/“ P (1o 1) . (1+$)1/4
2 ArcTan | ] + 2 ArcTanh | S i ax

173% 1/ 17aix)1/4 \/? \/7

Result (type 7, 85leaves):



7.4 Inverse hyperbolic cotangent.nb | 95

7§Ar‘cCoth [aXx]

ArcCoth[a x] +2Log[e —ttl]

1 1 1
—;Ar‘cCoth[a X] } B e—;Ar‘cCoth[a X] ] ~ArcCoth[ax] ]

-2ArcTan|e - Log|1 +Llog[l+e: ! RootSum[1 + #1* &, &]
2

a1
Problem 101: Result is not expressed in closed-form.

~2 ArcCoth [ax]
e 2
—dx
x2

Optimal (type 3, 269 leaves, 13 steps):

1/a

1
3aArcTan|1- V2 177{ ]
1 \3/4 1 \1/4 (1+2 )”
-a (1 - — [ + —) - 2 +
ax ax V2
17i \/T (1717)1/4 177 \/_ 1 1/4
vz (-2 3alog[l+ = ~—] 3alog|1 = — |
3aArcTan|1 s | L o2y e 1.2 )14
+ _
2 22 22
Result (type 7, 68 leaves):
2 o SArcCothiax] 5 ArcCoth[ax] +2 Log [e';_A'"cc"th[ax] -1
al- + = RootSum[1 + #1* &, &]
1+ eszr'cCoth[a X] 4 71

Problem 102: Result is not expressed in closed-form.

~2 ArcCoth [ax]
e 2
— dx
x3

Optimal (type 3, 319leaves, 14 steps):
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9a?ArcTan|1 -

3 1 \3/4 114 1 1 \7/4 1 \1/4 1 L)l"
fa2(17— (1+— +fa2(1—— (1+— + = -
4 ax ax 2 ax ax 42
171* 1 1/4 1717 1 1/a
5 V2 (=)t 9a2log[1+ —= e ) | 9a?Log[1+ = +ﬁ( ) ]
9a2ArcTan[1+ ] 4 L \1/a
(1+L)1/4 1+$ (1+ax) 1+i (1+ax)
ax _ 4
4+/2 8/2 8V2

Result (type 7, 84 leaves):

—%Ar‘cCoth [ax]

1
2 Arccothiax] (7 + 3 @2Arccothlax) ArcCoth[ax] + 2 Log[e - 1]

2

9 4
- — RootSum|[1 + 111* &,

a
2 (1 + @2ArcCothax] ) 2 16 1
Problem 103: Result is not expressed in closed-form.
—iAr‘cCoth[a X]
e 2
J ax
X4
Optimal (type 3, 356 leaves, 15 steps):
1/4
L \7/4 . \1/4 17a%ArcTan[1- EL%—/)—}

17 1 \3/4 1 \1/4 1 1 \7/4 1 \1/4 a2 (1 - —) (1 + —) (1,,1_)1/4
——a3(1—— [1+— ——a3(1—— (1+— + ax ax - “ +

24 ax ax 4 ax ax 3x 82

1- 1 1\1/4 - 1\1/4
_1\1/4 3 ax \/?( _I) 3 ax ﬁ( _;)
1733Aman[1+ﬁ ] 17 a® Log[1+ 1 T | 17a%Log[1+ 1 T ]
<1+1)1/A 1+— ( aX) 1+ — ( +ax)
ax + _
82 162 16 /2

Result (type 7, 93 leaves):

1 \ SeéArcCoth[ax] (45+30 e2Ar~cCoth[ax] +17 (e4Ar'cCoth[ax]> £1 Roots [1 14& Ar‘cCoth[ax] JrZLOg[(e—i—ArcCoth[ax] 7H1]
—a - ootSum i

96 (1 + @2ArcCoth[ax] ) 3 " " ’ 71

8]
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Problem 109: Result is not expressed in closed-form.

~2 ArcCoth [ax]
e 2
—dx
X

Optimal (type 3, 320 leaves, 19 steps):

1/4 1/4 1/4
bty Fp )
_ _ rcTan[l— } +\/?Ar‘cTan[1+ } -
1, L\ R RS
2+ ) ER 2+ )
1 1 1/4 J: 1 1/4
Log[1 + w Y7 1/)4 | Log[1+ = +ﬁ(l 1/)4 ]
2+ )™ (12 Ju () [z ()
2 ArcTan| 2X—] + 2 ArcTanh]| P—1] - +
1*i 1/ 17i)1/4 \/? \/7

Result (type 7, 99 leaves):

1 1 1
_3 e—;Ar‘cCoth[a X] + 2 ArcTan [e—;Ar‘cCoth[a X] } _ Log [1 _ e—;Ar‘cCoth[a x] ] .
—iAr*cCoth[a X]
S 1 -ArcCoth[ax] -2 Log|e -#1
Log[1+e 2 A"™M#X)] _ = Rootsum |1+ n1* &, 3[ ] &]
2 7l

Problem 110: Result is not expressed in closed-form.

~% ArcCoth [ax]
e 2
—dx
X2

Optimal (type 3, 299 leaves, 14 steps):
5aArcTan|1- M]

3/4 (1+ 1) Y/
. _

1
+Sa(1—7
ax

1/4 1
(1+*
aXx

/17L 1 1/4 - 1 1/4
VT (1) 5alog[1+ TR L El 5alog[1l+ - +ﬁ(1“) ]

1\1/4
1**1 (1+ax)
ax
+

A2 2/2 : 2+/2

5aArcTan|1+ (1+L)1/“ ] L (1+ 2

ax




98 | 7.4 Inverse hyperbolic cotangent.nb

Result (type 7, 80 leaves):

1 2 - ArcCoth[ax] ArcCoth[ax] + 2 Lo e%AFCCOth[aX] -l
a|ge zArccothiax) | <€ - = RootSum|1 + 11 &, [ax] + gl ] &|
14 @-2ArcCoth{ax] 4 13
Problem 111: Result is not expressed in closed-form.
e—Z—Ar‘cCoth[a X]
de
3
Optimal (type 3, 351 leaves, 15steps):
5 52 (1 . )9/4 25a2 ArcTan|1 - vz il ]
a - = 1/4 3/4 5/4 3/4 IR
_—”_Zjaz(l_i [1 1) -Eaz(l—i [1+i B (+5) N
(1+L)1/4 4 ax ax 2 ax ax a2
ax

118 5 1—% \/7 (Li)l/h 5 1_$ JT (1717) 1/4
25a2ArcTan[1+£(1;ﬂ§J—] 25a% Log[1+ - - | 25a%Log[1+ + ]

L 1/4
(1+L)1’/4 14'317,( (1+L) ! 1 (1+1—)

ax

42 8+/2 8+/2
Result (type 7, 94 leaves):

1
e 2 ATCCOtEX) (16, 45 g2AncCothiax] , o5 g4 ArcCothlax] ) ArcCoth[ax] + 2 Log|e
- + = RootSum|[1 + =#1* &,

2 (1 + @2ArcCoth[ax] ) 2 16 713

1
—Z—Ar‘cCoth[a x] Hl}
a2

8]

Problem 112: Result is not expressed in closed-form.

~2 ArcCoth [ax]
e 2
—dx
X4

Optimal (type 3, 385Ileaves, 16 steps):
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3 1\ 9/4
2a 1- 55 1 \1/4 1 \3/4 11 1 \5/4 1 \3/4 1 1 \9/4 1 \3/4
_—axs +7a3[1_7) (1+* +7a3(1_7 (14—* +7a3(1_7 (1+* +
<1+L)1/4 8 ax ax 4 ax ax 3 ax ax
ax
) , -+ \/— 1,L 1/4 1+ r 1717 1/4
VZ (147 vz (147 s5allLo = 55a’ Lo =
55a® ArcTan|1 - —| 55a’ArcTan[1+ ; g[1 i 1_)1/4 ] g[1 (102 )1/4 ]
(1+L)1’/4 (1+L)1/4 1+* ax 1+—

82 8V2 162 162
Result (type 7, 104 leaves):

1 1
e—;Ar‘cCoth[a X] (96 + 425 eZAr'ccoth[a X] 1 462 e4ArcCoth[a x] 4 165 eGAr‘cCoth[a x] ) ArcCoth [a X] +2 Log [e—;Ar‘cCoth[a x] Hl]

8]

55 4
- = RootSum|[1 + 1% &,
12 (1 4 @2ArcCothlax] ) 3 32 713

Problem 116: Result is not expressed in closed-form.

ArcCoth[x]
[(&] 3
dx
X

Optimal (type 3, 402 leaves, 25 steps):
1 2 (1:1)° 1. 2 (1.2)Y°

(71)16} +\/?ArcTan[ﬁ} _Ar\cTan[\/?— gL 1|E
V3 V3 (237

-+/3 ArcTan [

2(,17”()1/6 (,17”(>1/6 (1 ;)1/6 (1+l 1/3 (1+l)1/6
Ar‘cTan[\EJr ] +2ArcTan[X7] +2Ar‘cTanh[ X } - = Log[1+ X - X ] +
(1+ 1)1/6 (1+ 1)1/6 (,1”()1/6 2 ( 1+x)1/3 (—1+x>1/5
X X X X X
L (1+l>1/3 (1+l)1/6 L \E(ﬂ)l/G (ﬂ)l/?: \/?(71”)1/6 (71+X)1/3
—Log[1+ X + % ]+—\/?Log[1— X + X - \/?Log[1+ X + X

1/3 1:x\1/6 111/6 1 1/3} 111/6 1 1/3}
S e ez e e

X X

Result (type 7, 218 leaves):
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ArcCoth [x] ArcCoth [x]

72ArcTan[eArccosthm} +/3 Ar‘cTan[71+2(e ’ | ++/3 Ar‘cTan[1+2(e - ] -
E 3
ArcCoth[x] ArcCoth[x] 1 ArcCoth [x] 2 ArcCoth[x] 1 ArcCoth[x] 2 ArcCoth [x]
Log[l—e 3 ]+Log[1+e 3 }—*Log[l—e 3 +e 3 ]+*Log[1+e 3 +e 3 ]+
2 2

ArcCoth(x] ArcCoth[x]

2ArcCoth[x] -6Llogle = -#l]-ArcCoth[x] n1%+3Llogle : -#l]nl?

1 2 4
~ RootSum|1 - #1? + 71 &,
3 -nl+2013

Problem 117: Result is not expressed in closed-form.

ArcCoth[x]
e 3
—dXx
X2

Optimal (type 3, 233 leaves, 14 steps):

111/6 /-1 4x\5/6 1 2(’17”()1/6 1 2(’1—”‘)1/6
(1+7 ( - = ArcTan[V/3 - ——>——] + = ArcTan[V/3 + ——]
X X 3 (1+l)1/6 3 (1 1)1/6
X X
NER =S /6 1x)1/3 J3 [ 1/6 x| 1/3
(4_+X>1/6 Log[17 (1)(1/)6 i ( 1)1/3] LOg[1+ (1)(1/6 " ( X1)1/3}
2. x (2+) (2+3) (23) (23)
rcTan | |+ _
3 2] 23 23
X
Result (type 7, 116 leaves):
205 2 1 2ArcCoth[x] ~6logle > —u1] ~ArcCoth[x] =12+ 3Llogle & - 1] 12
ArcCoth [x] - e 3 — - + e 3 —
_fC 2 ArcTan [e 3 |+~ RootSum|1-u1?+na1*8&, g g &
1. e2ArcCoth(x] 3 9 -1l + 2113

Problem 118: Result is not expressed in closed-form.

ArcCoth[x]
e 3
—dx

X3

Optimal (type 3, 260 leaves, 15 steps):
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)1/3

)

1 1 1/6 ~1+X 5/6 1 1 7/6 1+X 5/6 1
7[1+7) +7[1+7) - —ArcTan[V/3 -
6 X X 2 X X 18
L ) (71“)1/6 ( 1+x)1/6 Log[1
— ArcTan[+/3 + Xiu] + = ArcTan|[ —* - 6] +
: e T ey
X X

Result (type 7, 124 leaves):

ArcCoth[x]

18e¢ 3 (1 +7 ezAr-cCoth[x] ) ArcCoth [x]

1
— -6ArcTan[e > |+

54

(1 + @2ArcCoth(x] ) 2

ArcCoth[x]

2ArcCoth[x] -6Llog[e : -u1]-ArcCoth[x] #1?+3Logle :

RootSum[1 - 112 + 11* &,

-1l + 2113

Problem 119: Result is not expressed in closed-form.

ArcCoth[x]
(& 3
dx
X4

Optimal (type 3, 287 leaves, 16 steps):

5 2
19
——Ar‘cTan[ 3 - —

117/6
19 1\1/6 /-1 +x\56 1 1\7/6 /-1 4 x)5/6 (1+; (—
— (1 + = + — [1 + —) +
54 X X 18 X X 3 X

L PR C Rl
—— ArcTan[+/3 + Xius} + —— ArcTan| 1/6] +

162 (1+ ;) 81 (1 L1

X X

Result (type 7, 133 leaves):

ArcCoth [x]
18e (19 + 8 @2ArcCoth[x] , g1 g4ArcCoth(x] )

1

486

(1 + @2ArcCoth[x] >3

ArcCoth[x]

- 114 ArcTan|e

-2ArcCoth[x] +6Logle 3 -#l1] +ArcCoth[x] #1% -3 Log[e

19 RootSum |1 - 112 + =1* &,

-1+ 2113
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Problem 123: Result is not expressed in closed-form.

2 ArcCoth [x]
(& 3
—dx
X

Optimal (type 3, 155leaves, 4 steps):

Z(ﬂ)ws . 2(’1—*’()1/3
—\EAPcTan[ - X ] —\EAPcTan[ + X ] -
\/? \/? (1+i)1/3 \/? \/? (1+i)1/3

3 1 1/3 1 1/3 3 (4—+X)1/3 L

= Log| |1+~ - = +X) -~ log[1+ —~ | - ~Logl[1+~]- og[x]

2 X X 2 (1+ ;)1/3 2 X 2

X
Result (type 7, 217 leaves):
ArcCoth [x] ArcCoth[x]

— |4 ArcCoth[x] +3 Z\EAPcTan[M#} —Z\EAr‘cTan[mL] -
6 e V3

2log[l-e 3 |-2Llog[l+e 3 |-2Log[l+e 3 |+log[l-e : +e 3 |+log[l+e 3 +e s

ArcCoth[x] ArcCoth [x] 2 ArcCoth[x] ArcCoth[x] 2 ArcCoth[x] ArcCoth[x] 2 ArcCoth[x] ]
4

ArcCoth[x] ArcCoth[x]

ArcCoth[x] -3Log[e 3 -#l]+ArcCoth[x]#12-3Llogle > -#1]ni? &]]

2 RootSum|1 - 1% + n1* &, 5
-2+71

Problem 124: Result is not expressed in closed-form.

2ArcCoth[x]
[(&] 3
— dXx
X2

Optimal (type 3, 99leaves, 3 steps):
2 ArcTan| - - i(—*iL]

(R
- - Log |1+

1
[1+—

13 (_14x
X (

X

Result (type 7, 112leaves):
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+2ArcCoth[x] -3Log[l+e 3 |+

2 ArcCoth[x]
Qe 3 2 ArcCoth [x]
1 2 ArcCoth[x]

2
9 +e

ArcCoth[x] ArcCoth [x]

ArcCoth[x] -3 Log[e : -ul]+ArcCoth[x] #1?-3Logle : -nl]nl12

RootSum[1 - 112 + #1* &,
-2 +11?

Problem 125: Result is not expressed in closed-form.

2 ArcCoth[x]
e 3
—dx
X3

Optimal (type 3, 130leaves, 4 steps):

1 1\V3 (—14x)23 1 143 (~1+x x 1 1
7[1+7 +—[1+— - —fLog[1+ }—*Log[lJrf]
3 X X 2 X X 3-/3 ( . ;)1/3 9 X
X
Result (type 7, 134 leaves):
2ArcCoth[x] 2ArcCoth[x]

2 27 e 3 36 e 3 2 ArcCoth [x]
- = -2ArcCoth[x] +3Log[l+e 3 |-

27 (1 + @2ArcCoth(x] ) 2 1 4 @2ArcCoth[x]

ArcCoth [x] ArcCoth[x]
ArcCoth[x] -3Loge 3 -#1] +ArcCoth[x]f1?-3Llog[e > -=u1]n1?
RootSum|1 - 11?2 + #1% &, &

-2 +11?

Problem 126: Result is not expressed in closed-form.

1
= ArcCoth
J‘e" rcCoth[ax] X2 dx

Optimal (type 3, 429 leaves, 19 steps):
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\/7 1+L1’/8
37(1_L)7/8 (1+L>1/8X 3(1_ 1)7/8 (1+ 1)1/8)(2
ax ax ax

11 ArcTan|[1 -
1 1

+ — (17 —
96 a2 8a 3

7/8 1/8 [
[1+i) o (-5

" | 11ArcTan|1+

-

1

ax

A2 1+ - v/e

) 1/8

]

ax

ax 64+/2 a3

1\1/8 1\1/8 1\1/8 1\1/4 1\1/8 1\1/4
11 ArcTan[fl—U?L,} 11 ArcTanh [ “al ] 11 Log[1- 2ol B ] 11Log[1+ LERL S R ]
1717) 1/8 (17 1 )1’/8 (1 17)1/8 (1717)1/4 (1717) 1/8 (1717) 1/4
ax + ax ax ax + ax ax
64 a3 64 a3 128 /2 a3 128 /2 a?
Result (type 7, 167 leaves):
1 1024 ei—Ar‘cCoth [ax] 1600 ei—Ar‘cCo‘ch[a X] 840 ei—Ar‘cCoth [ax] 1 precoth ax)
-4 |- - - - 66 ArcT
1536 a3 (_1 + @2ArcCoth[ax] ) 3 <_1 + @2ArcCoth[ax] ) 2 _q 4 @2ArcCothlax] rctan [e“ ] *

L ArcCoth [ax]

1
33 Log[1 - e+ "M ] 331 0g[1+es

1
ArcCothlax] - 4 Log[es "X 1]
|| - 33 RootSum[1 +=1* &,

713

Problem 127: Result is not expressed in closed-form.

Je%ArcCoth[a x] x dx
Optimal (type 3, 392 leaves, 17 steps):

(175)7/8 (1+L)1/8X

1/8 1/8
ArcTan [1 - ﬁifﬂ—] ArcTan [1 + m}

: T ) )
+ 1- 1+ X= - + +
8a 2 ax ax 16 /2 a2 162 a2

111/8 1\1/8 1\1/8 1,1/4 1\1/8 114
ArcTan[ﬁi;L,] Ar‘cTanh[il_ﬂljf} og[l vz | /) ( =) / ] Log[1+ Va2 (1*?/) . (1+:) / }

) )™ 2 2 2

* - +
16 a2 16 a2

32+/2 a2 32+/2 a2
Result (type 7, 141 leaves):
1
128 a?

64@43Ar‘cCoth[ax] 72 e%Ar‘cCoth[ax]

1 1
_ _2ArcTan [e;Ar‘cCoth[a x] ] . Log [1 _ e;Ar‘cCoth[a x] ]
(,1 4 @2ArcCothax] )2 _1 4+ @2ArcCoth[ax]

1
B Log [1 + ea—Ar‘cCoth[a x]

1
ArcCoth[ax] - 4 Log [ez‘“‘cc“h[”] - 1]
RootSum[1 +=1* &,

713 ]

8]

64+/2 a3



Problem 128: Result is not expressed in closed-form.

1
= ArcCoth[ax
Je‘t Xl gx

Optimal (type 3, 352 leaves, 16 steps):

1,1/8 1\1/8
ArcTan|1 - i ol | ArcTan|1+ i 1+7/B ]
1 \7/8 1 11/8 (1-2)¥° (1-2)"
[1 - — (1 + — X - = + 2 +
ax ax 2/2 a 2+/2 a

1\1/8 1\1/8 11/8 1\1/4 11/8
ArcTan [ l—ﬂj—hi ] ArcTanh [ l—ﬂj—hi } Log [1 - Tz (1+;) : (h:) ] Log [1 + J?( (1:3*128 +
1-—

+
1/8 1/8 1/8 1/4
(1,L) / (1,L) / (1,L) / (1,L) /
ax ax ax ax
+

.
2a 2a 4+/2 a 4+/2 a

Result (type 7, 117 leaves):

8 e;-Ar‘cCoth[a X]

1 * ArcCoth [a x] L ArcCoth[ax]
16 a -4 _71+e2Ar‘cCoth[ax] —2Ar‘cTan[<e4 } +L0g[1—e4 } —Log[1+ea
1
ArcCoth[ax] -4 Log[es *“"#X) _m]
RootSum[1 + =1* &, &]
13

Problem 129: Result is not expressed in closed-form.

1—Ar‘cCoth[a x]
eas
— dx
X

Optimal (type 3, 919 leaves, 39 steps):

L ArcCoth [ax] }
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1\1/8 1\1/8 1,1/8
i o -t R
1 L 1/ 1 L 1/ 1+17 1/

+a) }— 2-4/2 Ar‘cTan[ +”) }+ 242 Ar‘cTan[
\l2+\/?
\/7 2 (1-2)°
NI V2 (1 1) NENFRES
. —\ ax)] 7,

2-+/2 ArcTan| o | -2 ArcTan|1 - e iy
2-+/2 - -2

]+

-\/ 2+ \/? Ar‘cTan[

1+ L e 1+
2Ar‘cTan[ﬁ] +2Ar‘cTanh[(a1X)MJ +§x127\5 Log[1+ alx T e ] -
£ ER ER 1)
) (1_L)1/4 2—\/? (1_1)1/8 1 (1_L)1/4 ’2+\/7 1- 1)1/8
5\12—\/7 Log[1+(1+""1x)1/4 1+1)1/:X }+;\/2+ﬁ Log[1 + 1+""1")1/4_ 1+1)1/:x ] -
ax ax ax ax
V2 (1) (1) ] Log[1+r2(1(11)1)8 Eil;w]

l 2+\/? N ( ax 4 ax B ax ax
A/ Log[l } )1/4 L)l/s } NS Ny

2 102

Result (type 7, 128 leaves):

1 1 1
2 ArcTan [e;ArcCoth[a X] ] _ Log [1 _ eA—Ar‘cCoth[a X] } + Log [1 + eA—Ar‘cCoth[a X] } _
1 1
1 ArcCoth[ax] —4Log[e1APCC°th[aX] -] 1 -ArcCoth[a x] +4Log[e?APCC°th[ax] -]
= RootSum[1 + #1* &, &] - = RootSum[1 + z1® &,
713 4 717

4

Problem 130: Result is not expressed in closed-form.

1—Ar‘cCoth[a X]
es
— dx
x2

Optimal (type 3, 676 leaves, 25 steps):

8]
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1/8 1/8
2—x/7—21’1* 2.v2 sl e
7/8 1 JEREY
a [1— i) (1+ — 2++/2 aArcTan| \/2 V2 aArcTan| i |+
ax ax 22 e
1/8 1/8
22 el 2072« 2l
l\/2+\5 aAr‘cTan[ (h:) ]Jrl«/zf\/? aAr‘cTan[ (1*5) }+
: 242 4 2.2
l\/2—\/7 aLog[1+( aX)1/4_ ( 1:)() ]-lvz—ﬁ aLog[1+< aX)14+ ( 1:’() ]+
8 (1+L) (1+L)/ 8 <1+L)/ (1+i)/
ax ax ax ax
1\1/4 / 1 \1/8 1 \1/4 / 111/8
l 2 2 L 1 (173X) _ 2+\E (173X) = 2 \/? |_ 1 (173)() 2Jr\/7 (1*3)()
8 B @ og[ i 1 \1/4 1 \1/8 ] i @ og[ i 1 14 1 \1/8 }
2+ ) 2+ ) 2+ ) EXw
Result (type 7, 70leaves):
2(EZ—Ar‘cCoth[ax] 1 7APCCOth[aXJ +4Log[ei—Ar‘cCoth[ax] 7111]
a|———————- — RootSum[1+#1® &, &]
1+e2Ar‘cCoth[ax] 16 H17

Problem 131: Result is not expressed in closed-form.

LAr‘cCoth[a x]
es
——dx
x3

Optimal (type 3, 731 leaves, 26 steps):
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11/8

7/8 1/8 7/8 9/8 IS
laz (:]_—i [1+i +1a2 [17i (1+i *iﬂ,er'\/?azAr'CTan[ ( ax) }7
8 a X ax 2 ax a X 32
2+ \/7
1\1/8 1\1/8 1\1/8
2.z A 1’1*1/,8 2-\/7+5L31)K 2+\/7+ﬂl_*jz%
1+—| ' 1+7 / PR
L 2-+/2 a’ArcTan| i }+—j£7\12+~VEf a?ArcTan| ( jEf\IZ V2 a? ArcTan | () | +
32 2.2 32 2442 32 22

|_\

1
—\/2- Vi_alﬂg

64

VR A T g P

+
)1/4 (1+L)1/8 64 (1+L)1/4 (1+L)1/8

iy
+
><""

|_\
._.
i
~
IN
N
+
s‘
=
|
|-
—_
-
~
©

-
|
13 el 2 f ) T g, il

64 )1/4 (1+ L)I/S 64 (1+ L)1/4 14+ L)l/S

fany
+
><|"‘

Result (type 7, 85leaves):

1 1
32 eq Arccothlax] (1 +9 e2ArcCothlax]) ~ArcCoth[ax] + 4 Log[es A2

- RootSum|1 + #1® &,
(1 + @2ArcCoth[ax] ) 2 717

, Do

2,

Problem 133: Result unnecessarily involves higher level functions and more than twice size of optimal
antiderivative.

JQS ArcCoth[ax] x™ dx

Optimal (type 5, 151 leaves, 9 steps):

1 opql 1 im 1 copq[l m o4 w1
3x '“Hypergeometr1c2F1[2, ) (-1-m), =", ] ) meypergeometr1c2F1[2, TR 1

B 2 a% x? 27 a’x
1+m am
1+ 5 3 1 1-m 1 i 3 m m 1
4 x '“Hypergeometr1c2F1[2, ( 1 m) S’ azﬂ] 4meypergeometr1c2F1[2, Y 1- 2,32%}
1+m am

Result (type 6, 381 leaves):
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1
1+m
1 l+ax 1 3 1 1 3
xBM 4 (1+m)? [1- AppellFi[m, - =, —,1+m,—ax,ax}/m(—1+ax)3/2 IR (2(1+m)Appe11F1[m,——, . 1+m,
a2 x2 32 27 2 a2 2 2

,2+m, —ax, ax| + Hypergeometric2F1 |

1 1
3AppellFl[1+m, - —, =, 2+m, -ax, ax| +AppellF1[1l+m, —,
2 2

5
2

1 m 1 m 1 1 1+ax 1 1
=, ==, | - 6(1+m)2 1- Vv1-ax : \/1-a%*x* AppellFl[m, - —, f,1+m,—ax,ax]/
2 2 2 2 atx? a? x? a? 2 2
1
m(-1+ax)>?/1+ax ——2+x2
a

1 3
ax |AppellF1[1+m, - =, =, 2+m, -ax, ax| +HypergeometricPFQ|[{
2 2

-ax, ax| +ax

1 1
2 (1+m) AppellFi|m, b 1+m, -ax, ax|+

)

N |

N R
+

Problem 135: Result unnecessarily involves higher level functions and more than twice size of optimal
antiderivative.

JeAr‘cCoth[a x] x™ dx

Optimal (type 5, 74 leaves, 4 steps):

1+ : 11 1-m 1
X mHyper‘geometr'lczFl[Z, > (-1-m), =R, a2x2]

X" Hypergeometric2F1 i, - f, 1- %, azlxz}

1+m am

Result (type 6, 232 leaves):
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1 X1+m
1+m
1 1 m 1 m 1 1 l+ax 1 1
Hypergeometric2F1[-—, - = - =, = - — ] - 2<1+m>2 1- J1-ax 1-a®x? AppellFl[m, - —, —,1+m,—ax,ax}/
2 2 2 2 2 a‘x? a? x? a? 2 2

m (—1+ax)3/2\/1+ax

1 1
2 (1+m) AppellFi|m, P 1+m, —ax, ax| +

w

1 1 1
ax |AppellF1[1+m, - =, =, 2+m, -ax, ax| +HypergeometricPFQ[{ =, =+
2 2 2

N

Problem 136: Result unnecessarily involves higher level functions and more than twice size of optimal
antiderivative.

jefArcCoth [ax] XM dx

Optimal (type 5, 75leaves, 4 steps):

1. - 11 im 1 ; 1 n no_1
X mHyper‘geometr‘1c2F1[2, ) (-1-m), -, aZXZ] X Hyper‘geometr‘1c2F1[2, -1, azxz}

1+m am

Result (type 6, 199 leaves):

m , 1 “1+ax 11
-, ]+ |2 (1+m) 1- AppellF1|m, - —, —,1+m,ax,—ax}/
2 2 ax? a? x? a? 2 2

1+m s 1 1
x''™ |Hypergeometric2Fl[- —, - =
1+m 2 2

w

1
ax |AppellF1[1+m, - =, =, 2+m, ax, -ax| +HypergeometricPFQ|{
2

)

N
[
+

N |
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Problem 138: Result unnecessarily involves higher level functions and more than twice size of optimal
antiderivative.

Je—BArcCoth[a X] x™ dx

Optimal (type 5, 150 leaves, 9 steps):
3 x1+m Hyper‘geometr‘icZFl[i, 2(-1-m), B,

2 2 7 atx?

XM Hyper‘geometr‘icZFl[%, -t
.

2 27 atx?
N
1+m am
1+m . 3 1 (_q_ 1-m 1 m s 3 _m _m 1
4x Hyper‘geometr‘1c2F1[2, ; (-1-m), -, azxz] 7 4% Hyper‘geometr‘1c2F1[2, 1=, aZXZ}
1+m am
Result (type 6, 349 leaves):
1
1+m
1 -l+ax 1 3 1 1 3
x1m 4(1+m)2 1- AppellFi[m, - =, =, 1+m, ax, -ax] / m<1+ax)3/2 -+ x? (2(1+m)AppellF1{m,——, =, 1+m,
32 x2 32 27 2 a2 2 2
1 5 1 3
ax, -ax|-ax (3AppellF1[1+m, - =, =, 2+m, ax, -ax| +AppellF1[1+m, =, =, 2+m, ax, -ax] +
2 2 2 2
_ m 1 m 1 , 1 “1+ax 11
Hypergeometric2F1[- =, - = - —, = - =, ]+ |6 (1+m) 1- AppellFl[m, - =, =, 1+m, ax, -ax| /
2 2 2 2 2 aZx? a2 x? a? 2 2
1, 11
mVirax [-—+x -2 (1+m) AppellF1[m, - —, =, 1+m, ax, -ax| +
a 2 2
1 3 . 1 1 m 3 m 9 o
ax |AppellF1[1+m, - =, =, 2+m, ax, -ax| +HypergeometricPFQ[{ =, =+ —}, {=+ —}, a*x?] )
2 2 2 2 2 2 2

Problem 139: Unable to integrate problem.

5
= ArcCoth
jez rcCoth[ax] Xm dx

Optimal (type 6, 41 leaves, 2 steps):
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x1" AppellF1[-1-m, i, —i, -m, =, -]

ax ax

1+m
Result (type 8, 16 leaves):

5
=ArcCoth[ax
Jez Xl ym gx

Problem 140: Unable to integrate problem.
Je%Ar‘cCoth[ax] XM dx

Optimal (type 6, 41leaves, 2 steps):

X AppellF1[-1-m, 2, -2, -m, 1 1]

1+m
Result (type 8, 16 leaves):

3
= ArcCoth
J@z rcCoth[ax] XM dx

Problem 141: Unable to integrate problem.

1
=ArcCoth[a
Jez Xl ym gx

Optimal (type 6, 41 leaves, 2 steps):
xt"AppellF1[-1-m, %, -, -m, 1, - 1]

4 4 ax) ax

1+m

Result (type 8, 16 leaves):

1
= ArcCoth[ax
Jez Xl ym qx

Problem 142: Unable to integrate problem.

1
-=ArcCoth
J‘E S ArcCo [ax] X dx

Optimal (type 6, 41leaves, 2 steps):



x1" AppellF1[-1-m, - %, i, -m, =, -]

1+m
Result (type 8, 16 leaves):

1
-—ArcCoth[ax
Je 2 (ax] ym gx

Problem 143: Unable to integrate problem.

3
- = ArcCoth
Je S ArcCo [ax] XM dx

Optimal (type 6, 41leaves, 2 steps):
xt" AppellF1[-1-m, -2, 2, —m, -, - 1]

4 4 ax’ ax

1+m
Result (type 8, 16 leaves):

3
- = ArcCoth
Je S ArcCo [ax] XM dx

Problem 144: Unable to integrate problem.

5
-=ArcCoth[a
Je 2 Xl ym gx

Optimal (type 6, 41 leaves, 2 steps):
xt" AppellF1[-1-m, -2, >, -m, X, - 1]

4 4 ax) ax

1+m

Result (type 8, 16 leaves):

5
-=ArcCoth[ax
Je 2 Xl ym gx

Problem 145: Unable to integrate problem.

2 ArcCoth[x]
Je 3 x"dx

Optimal (type 6, 34 leaves, 2 steps):
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xmAppellF1[-1-m, &, -, -m, +, - 2]
3 3 X

X

1+m

Result (type 8, 14 leaves):

J*ezAr‘cC;)th[x] Xm dx
Problem 146: Unable to integrate problem.

ArcCoth[x]
Je s x"dx

Optimal (type 6, 34 leaves, 2 steps):

X" AppellF1[-1-m, L, -2, —m, L, 1]

1+m

Result (type 8, 14 leaves):

ArcCoth[x]
Je s x"dx

Problem 147: Unable to integrate problem.

1
= ArcCoth[a
Jea Xl ym gx

Optimal (type 6, 41 leaves, 2 steps):
xt"AppellF1[-1-m, %, -1, -m, 2, - 1]

8 8 ax’ ax

1+m

Result (type 8, 16 leaves):

1
= ArcCoth[ax
Je‘t Xl ym qx

Problem 148: Unable to integrate problem.

Jen ArcCoth[ax] x™ dx

Optimal (type 6, 45leaves, 2 steps):



xmAppellF1[-1-m, %, -, -m, *,
2 2 ax ax

1+m

Result (type 8, 14 leaves):

Jen ArcCoth[ax] x™ dx

Problem 211: Unable to integrate problem.

e—ZAr‘cCoth[a x]
J s ax
c-acx
Optimal (type 3, 14 leaves, 3 steps):
Log[1l +ax]

ac

Result (type 8, 20leaves):

-2 ArcCoth[ax]

(S
—dx
Cc-acX

Problem 212: Unable to integrate problem.

e—ZAr‘cCoth[a x]
Ji dx
(c-acx)?
Optimal (type 3, 12leaves, 4 steps):
ArcTanh[a x]
ac?

Result (type 8, 20 leaves):

-2 ArcCoth[ax]

e
Jidlx
(c-acx)?

Problem 295: Unable to integrate problem.

JeAr'cCoth[ax] XM /C _acx dx

Optimal (type 5, 65leaves, 3 steps):
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2x¥'"+/c-acx Hypergeometric2F1[- 2, ->-m, - >-m, - *|

(3+2m) 1- L

ax

Result (type 8, 23 leaves):
JeArcCoth[a X] ym mdx

Problem 335: Unable to integrate problem.
Je—Ar‘cCoth[a x] XM ﬂ/c _acx dx

Optimal (type 5, 131 leaves, 4 steps):

1 1+m (/[ ~ _
2\/1+ax X € acX 5 s+amx"Vc-acx Hyper‘geometricZFl[i,7§7m,ifm,fi]

(3+2m) [1-*+ a(1+2m) (3+2m) [1- -+

ax

Result (type 8, 25leaves):
Je—Ar‘cCoth[a X] ym m dx

Problem 359: Unable to integrate problem.

24+
jenAr‘cCoth[ax] (cfacx) *3 dx

Optimal (type 3, 278 leaves, 6 steps):
(56 + 14 n + n?) (Li)’z’z’ (1+ i)% (c-acx): 2(56+14n+n?) (Li)’z’% (1+ ;—X)ZT (c-acx) 1
- + +

a(4+n) (6+n) a? (6+n) (8+6n+n?)x

(8+n) (1_L) ;(1+L)2;_nx(c_acx)4% (a_i) (1_L)_2_%(1+L)%X(c—acx)%

ax

6+n a
Result (type 8, 26 leaves):

2.0
jenArccoth[ax] (c—acx) +3 dx



Problem 360: Unable to integrate problem.

1+0
JenArcCoth[ax] (C*BCX) +3 dx

Optimal (type 3, 127 leaves, 4 steps):
2 (6+n) (1-i)’1’2’ (1+L)2;J (c-acx):

ax ax

a (2+n) (4 +n)

Result (type 8, 26 leaves):

n

1+—
jenArcCoth[ax] (c-acx) +3 dx

Problem 362: Unable to integrate problem.

140
JenArcCoth[ax] (c—acx) * dx

Optimal (type 5, 80leaves, 3steps):

2 (1 _ L) -3 (1 N L) "X (c-acx) ; (2 Hypergeometric2F1[1, -

ax ax

n
Result (type 8, 26 leaves):

14+
JenAr‘cCoth[ax] (c—acx) *3 dx

Problem 363: Unable to integrate problem.

24
JenAr‘cCOth[ax] (c—acx) *3 dx

Optimal (type 5, 88 leaves, 3 steps):

1
2

n 1
2 (1 - i) 2 (1 + i) 2y (c—acx): AT Hypergeometric2F1[2, 1 -

ax ax

n
2)

2-n
Result (type 8, 26 leaves):

24
JenAr‘cCoth[ax] (c—acx) *3 dx
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Problem 364: Unable to integrate problem.

JenArcCoth[a X] (C _ac X) P dx

Optimal (type 5, 104 leaves, 3 steps):

1

al); (n-2p) 2 2
(ﬁ] (1—i) (1+i) 2 x(c—acx)pHyper‘geometr‘iCZFl[i (n-2p), -1-p, -p, ﬁ]
1+p
Result (type 8, 20leaves):
JenAr‘cCoth[ax] (C _ac X) P dx
Problem 365: Result more than twice size of optimal antiderivative.
JenAr‘cCoth[ax] (C _ac X) 3 dx
Optimal (type 5, 81 leaves, 3 steps):
32 ¢3 (1 - i)“’g’ (1 . i) » " Hypergeometric2Fi[s, 4 - n,5-0, :—ﬂ
. a(8-n)
Result (type 5, 190 leaves):
1
- ———— 3 gnArcCothlax] [ g2ArcCothlax] p (748 +44n-12n2 ¢ n3) Hypergeometric2F1 [1, 1+ E, 2+ E, g2 ArcCothlax] } +
24a (2+n) 2 2

<2+n> [an3x+n2 (—1—12ax+a2x2) +2n <6+21ax—6a2x2+a3x3) +

n
6 (-7-4ax+6a’x’-4a’x>+a*x*) + (-48+44n-12n”+ n®) Hypergeometric2F1[1, —, 1+ —, e

2 ArcCoth[a x] ] ] )
2

NS

Problem 372: Unable to integrate problem.

jenArcCoth[ax] (C —acx) 5/2 dx

Optimal (type 5, 98 leaves, 3 steps):
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2 (-5+n 2:n
2 a-— i 2 ( ) 1 -n/2 1 - ) . 7 1 5 2
= (1—* (1+7 X (c-acx)®?Hypergeometric2F1[- —, = (-5+n), - —, ————|
7 la+ ax ax 272 2 (a+1)x
Result (type 8, 22 leaves):
JenAr‘cCoth[a X] (C _ac X) 5/2 dx
Problem 373: Unable to integrate problem.
JenAr‘cCoth[ax] (c—acx)3/2 dx
Optimal (type 5, 98 leaves, 3 steps):
2 (2 2o 112 13,5 _ 5 1 3 2
= (17— (1+— x (c-acx)*?Hypergeometric2F1[- =, = (-3+n), -, ]
5la+t ax ax 2 2 2 (a+l)x
Result (type 8, 22leaves):
JenArcCoth[a x] (C _ac X) 3/2 dx
Problem 374: Unable to integrate problem.
JenArcCoth[ax] mdlx
Optimal (type 5, 98 leaves, 3 steps):
o (a-t) 12 15 301 2
= X (1—* (1+7 * x+/c-acx Hypergeometric2F1[- =, = (-1+n), -, ]
3 la+d ax ax 272 2 (a+l)x

Result (type 8, 22 leaves):
JenAr‘cCoth[a x] mdlx

Problem 375: Unable to integrate problem.

eh ArcCoth[ax]
J ax

VC-acX
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Optimal (type 5, 96 leaves, 3 steps):

a-—

1+n
1 —_— 2+4n
2 1 -n/2 1\ 5 . 1 1+n 1 2
2 (—Ll] (1— ) (1+ ax) 2 xHyper‘geometr‘1c2F1[—2, ) ]

a+— ax
X

VyCc-acX
Result (type 8, 22leaves):

eh ArcCoth[ax]
J S ax
VC-acX

Problem 376: Unable to integrate problem.

enAr‘cCoth[a X]
ji dx
(c-acx)3/?

Optimal (type 5, 96 leaves, 3 steps):

3+n

a-:\ % 1 \-n/2 1 2 . 1 3+n 3 2
2[ 1] (1——) (1+;) 2 xHyper‘geometr‘1c2F1[;, N ]

a+ ax
x

(c-acx)3/?
Result (type 8, 22leaves):

enAr‘cCoth[ax]
Ji dx
(c-acx)3/?

Problem 377: Unable to integrate problem.
e ArcCoth[ax]
Ji dx
(c-acx)>/?
Optimal (type 5, 167 leaves, 4 steps):

2-n 2:n a_—i 2 = 1\ 5" 2 . 1
3 (1_L)T(1+L)sz a x (1——) 2 (1+;) 2 X Hyper‘geometr‘1c2F1[;,

a+—
ax ax X

(3+n) (c-acx)®? : (3+n) (c-acx)®?

Result (type 8, 22 leaves):

e ArcCoth[ax]
Ji dx
(c-acx)°/?
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Problem 378: Unable to integrate problem.
enAr‘cCoth[a X]
J; dx
(c-acx)’/?

Optimal (type 5, 245 leaves, 5steps):

- 4-n 2+n
20 20 an 20 P i _LT( L)Ts i 1 3 3 2
aft-2)5 (1) e a2 (- 2)E (12 e 3’"[ ] [1-00) 7 (2+ ) * x* HypergeometricaFa [, 2, 2, (..,H;)x]
- +

(5+n) (c-—acx)’/2 2 (15+8n+n?) (c-acx)”? 2 (15+8n+n?) (c-acx)”?

Result (type 8, 22 leaves):

enAr‘cCoth[a x]
Ji dx
(c-acx)’/?

Problem 426: Result more than twice size of optimal antiderivative.

Je—ZArcCoth[a X]
—dXx
e-5)
Optimal (type 3, 18leaves, 6 steps):
X  ArcTanh[aXx]

c? ac?

Result (type 3, 39leaves):
X Log[1l-ax] Log[1l+ax]
X _

c? 2ac? 2ac?

Problem 545: Attempted integration timed out after 120 seconds.

Cc \3/2
jenAr‘cCoth[ax] (C _ J dx
aX

Optimal (type 6, 111 leaves, 3 steps):

LA 1\ 5 c \3/2 2:n 1 4:n 3, 1
72“(1*37)2(“5) AppellF1[2", L (-34n), 2, &0, “x 14 L]

a(2+n) (1—i

Result (type 1, 1leaves):
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P2

Problem 546: Attempted integration timed out after 120 seconds.

C
Jen ArcCoth[ax] c- dx
a X

Optimal (type 6, 111 leaves, 3 steps):

2n a5 < 20 1 am 2 1
27 2 (1+ax) © [c- = appellF1[2n, I (-14n), 2, 0, T, 1 L]

a(2+n) 1- L

ax

Result (type 1, 1leaves):

P2

Problem 547: Attempted integration timed out after 120 seconds.

nArcCoth[ax

e [ax)
—dx
C—L
ax

Optimal (type 6, 111 leaves, 3 steps):

1 n

2+n
2:2 [1- L (1+:—X)TAppe11F1[2;", ln o, &0 2 g, L]

ax

a(2+n) c—ac—x

Result (type 1, 1leaves):

e

Problem 548: Attempted integration timed out after 120 seconds.

enAr‘cCoth[a x]
—dx
3/2
(e~
ax

Optimal (type 6, 111 leaves, 3 steps):
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1 n 2+n
1 )3/2 1)\ 5 2in  3+n 4+n x 1
220 (1_7) (1+;) ’ ApPEIlFl[ 2’ 2 > 2 T’ 2a’1+ax}

a(2+n) (ch

)3/2
ax

Result (type 1, 1leaves):
22?

Problem 549: Unable to integrate problem.

JenAr‘cCoth[ax] (C _ L] P dx
aX

Optimal (type 6, 110leaves, 3 steps):

2P (1-2)7° (1+L)Z‘T" (e~ =) AppellF1[ 20, L (n-2p), 2, &7, “x, 14 2]

ax ax 2

a(2+n)

Result (type 8, 24 leaves):

C \p
Jen ArcCoth[ax] (C _
a X

dx
Problem 550: Unable to integrate problem.

C \p
J(EZpArcCoth[ax] (C _
a X

Optimal (type 5, 67 leaves, 3 steps):

dx

(1_ L)’p (1+ ai)hp (c— ;—X)pHyper‘geometr‘iczFl[z, 1+p,2+p, 1+ ]

ax X ax
a (1+p)

Result (type 8, 25leaves):

C
JEZpAr‘cCoth[a x] (C _
a X

Problem 551: Unable to integrate problem.
Je—ZpArcCoth[ax] [C _ i)p dx

ax

P
dx

Optimal (type 6, 93 leaves, 3 steps):
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4p (1_ i)’p (1+ ai)“’ (c_ ac—x)”AppellFl[l-p, ~2p,2,2-p,

a+—

—_X
B
2a

v =]

1
X

a(1-p)

Result (type 8, 25leaves):

JQ—ZpAr‘cCoth[ax] (C _ L P
aX
Problem 552: Unable to integrate problem.

C \p
J(EZAr‘cCoth[ax] (C _
a X

Optimal (type 5, 57 leaves, 7 steps):

dx

dx

(2-p) (c - :7) ’ Hypergeometric2F1 (1, p, 1+p, 1-

ax

p

( C

. &
ax

Result (type 8, 24 leaves):

JQZArcCoth[ax] (c— < pdlx
aX
Problem 553: Unable to integrate problem.

C \pP
JeAr'cCoth[a x] (C _
aX

Optimal (type 6, 90 leaves, 3 steps):

ap

dx

2.7 (1-2) 7 (2~ 27 (e = )P appeltFi[2, 1 op, 2, 2, 21&, 1

ax ax

3a

Result (type 8, 22 leaves):

eAr‘cCoth[a x] _ i P
J S
Problem 554: Unable to integrate problem.

C \p
Je—ArcCoth[a X] (C _
a X

Optimal (type 6, 88 leaves, 3 steps):

dx
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2.7 (1-L)7P 1+ L (c—i)pAppellFl[i, —i—p, 2, 2, a—+i,1+i]

ax 2 2a ax

a

Result (type 8, 24 leaves):

Je—Ar‘cCoth[a X] (C _ L P dx
aX
Problem 555: Unable to integrate problem.

JQ—ZArcCoth[a X] (C _ i) P dx
aX

Optimal (type 5, 114 leaves, 9steps):

(c - L) 2Py (c - L)bp Hypergeometric2F1 [1, 2+p, 3+p, a;a;] (C - i) wr Hypergeometric2Fl [1: 2+p,3+p, 1- L]
+

ax ax ax

c? 2ac? (2+p) ac?

Result (type 8, 24 leaves):

C \p
Je—ZAr‘cCOth[ax] (c B
ax

dx
Problem 569: Result unnecessarily involves higher level functions.

e2Ar‘cCoth[a X]
J4 dx
c-a?cx?

Optimal (type 1, 16leaves, 3 steps):
1

ac(l-ax)

Result (type 3, 18leaves):

eZArcCoth[a x]

2ac

Problem 584: Result more than twice size of optimal antiderivative.

JQAArcCoth[a x] (c _a%¢ x2> 2 dx

Optimal (type 1, 17 leaves, 3 steps):
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c? (1+ax) >
5a

Result (type 1, 49leaves):

1
?x+2ac?x?+2atc?x3d+ad?xty —ate?x

Problem 586: Result unnecessarily involves higher level functions.

e4Ar‘cCoth[a X]
J— dx
c-a%cx?

Optimal (type 1, 13 leaves, 3 steps):
X
c(1-ax)?

Result (type 3, 18leaves):

e4 ArcCoth[ax]

4ac

Problem 602: Result unnecessarily involves higher level functions.

e—ZArcCoth[a x]
J S ax
c-a%cx?

Optimal (type 1, 14 leaves, 3 steps):
1

ac (1+ax)

Result (type 3, 18leaves):

e—ZAr‘cCoth[a X]

2ac

Problem 647: Unable to integrate problem.

e—Ar‘cCoth[a x]
J e ax

Ve-atcx?
Optimal (type 3, 37 leaves, 3 steps):
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[1- 22 xlog[l+ax]

Ve-atcx?
Result (type 8, 26 leaves):

e—Ar‘cCoth[a X]
J s ax

Ve-a?cx?

Problem 730: Unable to integrate problem.
JQBArcCoth[a x] XM ,C _ aZ C X2 dx

Optimal (type 5, 136 leaves, 5 steps):
3x"/c-a%cx? x1M~/ ¢ - a% ¢ x? 4 x"~/ ¢ - a% c x*> Hypergeometric2F1[1, 1+m, 2+m, aXx]

+

a(1+m) [1--* (2+m) [1-* a(1+m) [1--*

a% x? a% x? a? x?

Result (type 8, 29 leaves):

JQBAr‘cCoth[a X] XM ,C _ az C X2 dx

Problem 731: Result unnecessarily involves higher level functions.
J(EZAr‘cCoth[a x] XM ,C _ az fe X2 dx

Optimal (type 5, 172 leaves, 8 steps):

e _alcxz € (3+2m)xtMa/1-a?x? Hyper‘geometr‘icZFl[i, L 3 a2x2] 2acx?™A/1-a? x? Hyper‘geometr‘icZFl[%, 2 4?’", a? x?]

2 2 2

2+m (1+m) (2+m) Vc-a2cx? (2+m) Vec-a2cx?

Result (type 6, 192 leaves):
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1 V¢ -a?cx? Hypergeometric2F1[-2, &0 3 32 y2]
e 2’ 2’ o .
1+m 1 a2 x?

1 1
(4 (2+4m) \/-c (1+ax) AppellF1[1 +m, ;, —;, 2+m, ax, -ax|

1 1
/(\/—1+ax (2 (2+m) AppellF1[1+m, =, -=,2+m, ax, —ax} +
2 2

ax

AppellF1[2 +m, E, —1, 3+m, ax, -ax| +Hyper‘geometr‘icPFQ[{1, 1+ m}, {2+ T}, a2 xz}))]
2 2 2 2 2

Problem 734: Result unnecessarily involves higher level functions.
JE—ZAr‘cCoth[a X] XM 'C _ a2 C X2 dx

Optimal (type 5, 172leaves, 8 steps):

xmc_alex? € (3+2m) x1™~/1-a2x? Hypergeometric2Fil| %, em 3;'“ ,a2x2]  2acx®"/1-a%x? Hypergeometric2F1l| i, Z*T’", 4*7’", a? x?]

- +

2+m (1+m) (2+m) Vc-a2cx? (2+m) Vc-a2cx?
Result (type 6, 191 leaves):
1 Ve-a?cx? Hyper‘geometr‘icZFl[—i, 1;’", 3?'", a? xz}
X +
1+m 1 - a2 x?

1 1
(4 (2+m) Vc-acx AppellF1[1+m, —, - =, 2+m, -ax, ax|
2 2

1 1
-2 (2+m) AppellF1[1+m, > 2+m, —ax, ax| +

axX

AppellF1[2 +m, i, —l, 3+m, ~ax, ax| +Hyper‘geometr‘icPFQ[{l, 1+ m}, {2+ m}, a2 xz})]]]
2 2 2 2 2

Problem 735: Unable to integrate problem.
Je—BAr'cCoth[a X] XM ,C _ a2 C XZ dx

Optimal (type 5, 137 leaves, 5steps):
3x"vc-a2cx? xmA/c - a? ¢ x? 4 x"~/c - a%cx? Hypergeometric2F1[1, 1+m, 2+m, —ax]
+

- +

a(1+m) [1-} (2+m) [1- a(l+m) [1--}

a2 x? a2 x? a2 x?

Result (type 8, 29 leaves):
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J(e%Ar‘cCoth[a x] XM 'C _ a2 C X2 dx

Problem 736: Result more than twice size of optimal antiderivative.

JenAr‘cCoth[a x] (C B az c X2> 3 dx

Optimal (type 5, 81 leaves, 3 steps):

|~

a-" a-

1
256 c3 (1 - L) 2 (1 . L) » " Wypergeometric2Fi[s, 4- 0, 51, T ]
ax ax 2 2 a+—

a(8-n)

Result (type 5, 267 leaves):
1
5040 a

3 gnArccoth(ax] [—912n+58n3—n5—5040ax+912an2x—58an4x+an6x+1368a2nx2—64a2 nPx?+a?n°x?+5040a3x>-152a°>n?x®>+2a3>n* x> -
576 a* nx* + 6 a* n® x* - 3024 a° x° + 24 2° n* x> + 120 a° n x® + 720 a7 x7 + 2 A"t aXI n (1152 + 576 n + 184 n? - 52 - 2n* + n®)

n n n n
Hypergeometric2F1[1, 1+ —, 2+ —, e2ArCothiaxl ], (2304 784 n? - 56 n* + n®) Hypergeometric2F1[1, —, 1+ —, e?Arccothlax] ])
2 2 2 2

Problem 737: Result more than twice size of optimal antiderivative.

JenAr‘cCoth[ax] (c _a’c X2>2 dx

Optimal (type 5, 81 leaves, 3 steps):

1
a-—

1
2 (4 _ A z( L);“G*’” ; n 4_n ¢
64 C (1 ax) 1+ L Hypergeometric2F1[6, 3- &, 4- 1, a+1]

a (6-n)

Result (type 5, 179 leaves):
1

120 a

c2 gnArcCothax] (22n—n3+120ax—22an2x+an4x—28a2nx2+azn3x2—80a3x3+2a3n2x3+6a4nx4+24a5x5+e2A"CC°th[“] n (32—16n—2n2+n3>

n n n
Hypergeometric2F1[1, 1+ —, 2+ —, e?Am®tlaxl| 4 (64— 20 n? + n*) Hypergeometric2F1[1, —, 1+

n | @2ArcCoth(ax] ] )
2 2 2

NS
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Problem 744: Result more than twice size of optimal antiderivative.

JenArcCoth[ax] (C _ a2 C X2>3/2 dx

Optimal (type 5, 116 leaves, 3 steps):

: —
32 (1 - i) e (1 + i) 2 (5 (c ~alc x2)3/2 Hyper‘geometr‘icZFl[S, - In gﬂ
a+—

ax

a? x

2

a% (5-n) (1— 1 )3/2x3

Result (type 5, 280 leaves):
1

192 a (cfazcxz)”2

1 1

1- X (n+ax) +2etmArcCothiax] (1, n) Hypergeometric2F1[1, ,
a2 x2 2 2

3 nArcCoth[a x]

c? |96 a3c (1—

l+n 3+n e2ArcCoth(ax] }
)

a? x?

c(-1+a*x?)

2 ehArecothiax] (L1, a2 x2)2 -a (-21+n*) x+2n (1-n*+ (3+n?) Cosh[2ArcCoth[ax]]) +a (3 +n?) x Cosh[3 ArcCoth[ax]] | +

a2 X2

l1+n 3+n
; x Hypergeometric2Fi[1, , —, e?hrccothiax]]

2 2

16ae(1+n)Ar‘cCoth[ax] (_3+3n_ n2+n3)

Problem 762: Unable to integrate problem.

JenAr‘cCoth[a X] (C _ aZ fe X2> p dx

Optimal (type 5, 127 leaves, 3 steps):

b (a- L)z

n
1+;+p

1+ —

n
~2ep ( 1
axX

1 1 s o _ 1 2
(1— x (c-a®cx?)P Hypergeometric2F1[-1-2p, = (n-2p), -2p, ————
1+2p a? x? a+ 2

X =[x =

Result (type 8, 24 leaves):

JenAr‘cCoth[a X] (C _ a2 I X2> P dx
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Problem 765: Result more than twice size of optimal antiderivative.
Je4Ar'cCoth[a X] (C _ a2 C X2> P dx

Optimal (type 5, 63 leaves, 4 steps):

22+P ¢ <1+ax)1’ID (c—azcxz)’l*p Hypergeometric2F1[-2-p, -1+p, p, % (1-ax)]

a(1-p)

1 3
— =P 7> azxz] -

Result (type 5, 159 leaves):
2

! (—(—1+ax)2)7p(—2+2ax>p(1—a2x2)’p(c—a2cx2>p(a(1+p>

a (1+p)
(1+ax) (1-a*x?)P [2 Hypergeometric2F1[1-p, 1+p, 2+p, 1 (1+ax)] - Hypergeometric2F1[2-p, 1+p, 2+p, 1 <1+ax)]
2 2

1 ax)P .
—] Hypergeometric2Fi |

|

Problem 767: Result more than twice size of optimal antiderivative.
JQZAr‘cCoth[a X] (C _ a2 C X2> p dx

Optimal (type 5, 54 leaves, 4 steps):
21 (1+ax) P (c-a?cx?)PHypergeometric2F1[-1-p, p, 1+p, i (1-ax)]

ap

Result (type 5, 133 leaves):
! (- (-1+ax)?) " (-2+2ax)P (1-a2x?) " (c-a?cx?)?

a (1+p)

1 ax)\P 1 1

- 7} Hypergeometric2F1[ =, -p, =, a’>x?*| - (1+ax) (1-a? xz)pHyper‘geometriCZFl[l—p, 1+p, 2+p, — (1+ax”
2 2 2

(a (1+p) x
Problem 770: Result more than twice size of optimal antiderivative.
JG—ZAr‘cCoth[a X] (C _ a2 c XZ) p dx

Optimal (type 5, 55leaves, 4 steps):
21P (1-ax) P (c-a?cx?)PHypergeometric2F1[-1-p, p, 1+p, i (1+ax)]

_ 2o
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Result (type 5, 125leaves):
1

a (1+p)

(a (1+p) x

2P (1+ax)'p (1—a2x2)’ID (c—azcxz)p

1 ax)P , 1 3, 2 ot _ 1
—_ —] Hypergeometric2F1[ =, -p, =, a®x*] - (-1+ax) (1-a’x*)" Hypergeometric2F1[1-p, 1+p, 2+p, —
2 2 2 2

Problem 933: Unable to integrate problem.

C p
JenAr‘cCoth[ax] (C _ ) dx
a x?

Optimal (type 6, 116 leaves, 3 steps):

1

721’%*"’ (1_%)7;; (c—azcj)p (1+i)l+%+pAppellF1[1+§+p, > (n-2p), 2, 2+§+p, Sy 1+ 2]

a“ x 2 2a ax

a(2+n+2p)

Result (type 8, 24 leaves):

JenAr‘cCoth[ax] (C _ Zc ; pd]X
a“ X
Problem 934: Unable to integrate problem.

C
JeprAr'cCoth[ax] (C _
a?x?

Optimal (type 5, 76 leaves, 3 steps):

p
dx

(1-25) 7 (- =57 [2- L)thHypepgeometr‘iCZFl[Z, 1+2p,2(1+p), 1- 2]

a% x? a? x? ax

a(1+2p)

Result (type 8, 25leaves):

Jefszr‘cCOth[a x] (C _ c P dx
a2 x?
Problem 935: Unable to integrate problem.

C p
J(EZpArcCoth[ax] (C _ ) dx
a2 x?

Optimal (type 5, 75leaves, 3 steps):
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) (el (1 ) persenescanlz, 120,2(05), 3+ 1)

ax

a(1+2p)

Result (type 8, 25leaves):

C P
JQZpAr‘cCoth[ax] (C _ ) dx
a? x?
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Summary of Integration Test Results

1235 integration problems

A - 1082 optimal antiderivatives

B - 30 more than twice size of optimal antiderivatives
C - 34 unnecessarily complex antiderivatives

D - 84 unable to integrate problems

E - 5 integration timeouts



