Test results for the 178 problems in "7.6.1 u (a+b arccsch(c x))*n.m

Mathematica 11.3 Integration Test Results

on the problems in the test-suite directory "7 Inverse hyperbolic
functions\7.6 Inverse hyperbolic cosecant"

Problem 19: Result unnecessarily involves imaginary or complex numbers.

2

(a+bArcCsch[cx])
J dx
X

Optimal (type 4, 81 leaves, 6 steps):
(a+bArcCsch[cx])?

3b

1
- (a+bArcCsch[cx])?Log[1-e*r<cschiex]] _b (a+bArcCsch[cx]) Polylog[2, e?Arecschicx] ], = b2 polylog|3, e2Arccschicx] ]
2

Result (type 4, 121 leaves):
a’Log[cx] +ab (-ArcCsch[cx] (ArcCschlcx] +2Log[1-e2Artsehiex] ]) o, polylog|2, e 2Arecschiex] |

1
—b? (-1 n° + 8ArcCschc x]® - 24 ArcCschc x]? Log |1 - @AMl x] | _ 24 ArcCsch[c x] Polylog[2, e?Areesehlex] ] 1 12 polylog |3, e*Arecschicx] )
24

Problem 25: Result more than twice size of optimal antiderivative.

sz (a+bArcCsch[cx])?dx

Optimal (type 4, 194 leaves, 11 steps):
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2

b [1+ % x?(a+bArcCschlcx])
b?x (a+bArcCsch[cx]) ?x 1, 3
+ +=x> (a+bArcCsch[cx])’-

c? 2¢ 3

b3 ArcTanh| [1+ -2
b (a + b ArcCsch[c x] )ZAr‘cTanh[eA“CSCh[CX]} retan [ T ] b2 (a " bApccsch[cx]) polyLog[z) _eArcCsch[CX]}

+ - +
c3 c3 c3

b? (a+bArcCsch[cx]) PolyLog[2, efrecschicx] ] b3 polylog|[3, -eArccschicx] ] b3 polylog[3, eArccschicx] |
N _

3 3

c c c
Result (type 4, 548 leaves):
22 [ Lec?x aZbLog[x 14 |t ]
a3 x3 a X c? x? e x?
+ +a’bx3ArcCschcx] - +
3 2c 2¢3
1 3 ArcCsch[c x] Log|1 - e ArcCschicx]
—B’ab2 8 Polylog |2, -e™Arecsehlexl] 2 c3x3 | -2+ 4 ArcCsch[c x]? + 2 Cosh[2 ArcCschcx] ] - Jl ) +
8c cX
3ArcCsch[cx] Log[1+eArccschicx] | 4 polylog[2, e ArcCschicx]
- +2ArcCschc x] Sinh[2 ArcCsch[cx]] +
c X c3x3
ArcCsch[cx] Log[1 - e r<csehiex]] sinh[3 ArcCschc x]] - ArcCsch[c x] Log[1 + e Ar<csh(eX] ] sinh[3 ArcCsch{c x] ] J +
; 1 \ 1 , 1 >
S b% |24 ArcCsch[c x] Coth[ = ArcCschcx] | -4 ArcCschicx]? Coth| = ArcCsch[cx] | + 6 ArcCsch[c x]? Csch[ = ArcCschcx] |™ +
48 ¢ 2 2 2

ArcCsch[cx]3 Csch[iAr‘cCsch rexy]®

+24 ArcCschcx]? Log[1 - e Areesehlex] ] _ 24 ArcCschc x]? Log[1 + e Areesehiex) |
cx

1
48 Log[Tanh|[ =~ ArcCsch[cx] || + 48 ArcCsch[c x] Polylog |2, -e Arccschiex]] _ 48 ArcCsch[c x] Polylog |2, e Arccschiex)]
2

1 2
48 Polylog[3, —eArecschicx] | _ a8 polylog|3, e A cschiex)] 4 6 ArcCsch[c x]2? Sech[ =~ ArcCschcx] |™ +
2

1 1 1
16 ¢ x> ArcCsch[c x]? Sinh[ = ArcCsch[c x] ]4 - 24 ArcCsch[c x] Tanh[ = ArcCsch[c x] | +4 ArcCsch[c x]® Tanh[ = ArcCschc x] |
2 2 2
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Problem 27: Result more than twice size of optimal antiderivative.

J(a +bArcCsch[c x] )3 dx

Optimal (type 4, 120leaves, 9 steps):

6b (a+bArcCsch[cx])?ArcTanh[eArccschicx] 6b2 (a+bArcCsch[cx]) PolylLog|2, —eArcCschicx]
x (a+bArcCsch[cx])®+ ( ) [ ]+ < ) 2, ] B
S C

6 b2 (a+bArcCsch[cx]) PolylLog|2, efrccschicx]| 6 b3 polylog|3, —efrecschicx]] 6 b® Polylog|3, eArccschicx |
- +
C C c

Result (type 4, 246 leaves):

c? x?

3a2blog|cx {1+ Lt ]]

1
+ —3ab?
C C

a®x+3a’bxArcCsch[cx] +

(ArcCsch[cx] (cxArcCsch[cx] -2 Log[1- e reschiex]] .2 og[1+eArecschiex]]) _ 2 polylog[2, —~e Arsehlcx]] 1 2 polylog[2, e Arecsehiex] |) o, =

b*> (cxArcCsch[cx]?-3ArcCschcx]? Log[1- e A sl<X]] 4 3 ArcCschcx]? Log |1+ e Arsehlcx]] _ 6 ArcCsch[c x] Polylog[2, —e Arecsehlex] ]

6 ArcCsch[c x] Polylog|2, e Arecschiex) | _ 6 polylog|3, —e Arecschicx] | 1 6 Polylog|3, e Arecschiex] |)

Problem 28: Result unnecessarily involves imaginary or complex numbers.

dx

J(a +bArcCschcx])?
X

Optimal (type 4, 110leaves, 7 steps):

a+bArcCschlcx])? 3
( ) - (a+bArcCsch[cx] )3 Log[1 - e2Arccschlex] ] _ = b (a+bArcCsch[cx] )2 PolylLog[2, e?Arccschicx]]
4b 2

3 3
= b® (a+bArcCschcx]) Polylog[3, e*Amecschiex] ] _ = p3 polylog |4, e*Arecschicx]]
2 4

Result (type 4, 213 leaves):

| 3

1

C
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3
a®Log[cx] + —a’b (-ArcCsch[cx] (ArcCsch[cx] +2 Log[1 - e 2Arccschiex]]) . polylog|2, e 2Arccsehlex]]) 4
2

—ab? (-in’+8ArcCsch[cx]?-24ArcCschcx]? Log[1-e?Arshlcx]] _ 24 ArcCsch[c x] Polylog |2, e?Aresehlcx] ] 1 12 polylog|3, e?Arecschicxi ) —
8

1
—b? (n* - 16 ArcCsch[c x]* + 64 ArcCsch[c x]? Log |1 - e2Areesehlex] |
64

96 ArcCsch[c x]2% PolyLog [2, @2ArcCschicx] ] - 96 ArcCsch[c x] PolyLog [3, @2ArcCschicx] ] +48 Polylog [4, @2 ArcCschicx] } )

Problem 48: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.
Ja +bArcCsch[c x]

dx
d+ex

Optimal (type 4, 215leaves, 4 steps):

[e—\/m] eAr‘cCsch[cx] (8+\/m eAr‘cCsch[cx]
(a+bArcCsch[cx]) Log[1 - > | (a+bArcCschicx]) Log[1- - ]
e : e }
ei\/m eArcCsch[c x] e+\/m eAr‘cCsch [cx]
(a +b ArcCschc x] ) Log [1 _ @2ArcCschicx] } b PolyLog [2, od ] b PolylLog [2) ( > ] b PolyLog [2, @2ArcCschicx] ]
+ + -
e e e 2e

Result (type 4, 506 leaves):
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ie
alogld+ex] 1 I+ (icd+e) Cot[+ (m+2iArcCschlcx]) ]
——————+ —b [n*-41irArcCsch[cx] - 8 ArcCsch[cx]? - 32ArcSin[ ————| ArcTan| 4 |-
e se 7z N

(—e+*’c2 d2 + e2 ) eAr‘cCsch[cx] (—e+“’c2 d? + e2 ) eAr‘cCsch[cx]

8 ArcCsch[c x] Log[1 - e 2Arccsehiex) ], 4 4 it Log[1 + | +8ArcCschicx] Log[1+

|+

cd cd
1+ 28 2 42 2 ArcCsch N
cd (7e+ c2d?+e ) @ArcCsc [cx] (e+ C2 d2+e2 ) eAr‘cCsch[cx]
16 i ArcSin[ ————] Log|[1 + | +4inLog|1- ]+
A2 cd cd

(e i ﬂ/cz d2 i eZ ) <EAr‘cCsch[cx]

cd

(e+ m) eArcCschicx] q
| -4intLogle+ —] +

8 ArcCsch[cx] Log[1 -
cd X

| -16 i ArcSin Log[1 -

tocd

_ “/CZ d2 + e2 ) eAr‘cCsch[cx] (e+“/C2 d2 + e2 ) eAr‘cCsch[cx]
| +8PolyLog|2,

cd cd

e
4 Polylog|2, e 2Arccschicxl ] g polylog|2, (

]

Problem 51: Result unnecessarily involves imaginary or complex numbers.

sz Vd+ex (a+bArcCschlcx]) dx

Optimal (type 4, 918 leaves, 31 steps):
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abd/d+ex (1+c2x?) 4b(d+ex)>? (1+c2x?) 2d? (d+ex)>? (a+bArcCschicx]) 4d(d+ex)®? (a+bArcCschicx])

+ + - +
3¢3 5e3

1 3 1
55 X 35cce [1+

c° X co X

105c3e [1+

X

_ _c2
7/2 32bcd?+/d+ex V1+c2x? EllipticE[ArcSin| 1y x ], -2 ¢ e
2 (d+ex)”* (a+bArcCsch[cx]) V2 d e

7 €3
105 (7C2>3/2 a2 1+ 212 X c? (d+ex)
ox c2d-+/-c% e

1-4/-c? x ] 2 2 e

)
V2 c2d-+/-c? e

4bc (c2d?-3e?)/d+ex V1+c?x? EllipticE[ArcSin|

35 C2 5/2 _c? (d+ex)
c2d-+/-c? e

2
14/ - x 2+/-c% e

32bcd? [ -Sexi /77252 EllipticF [ArcSin] ]s -

)
2do~/-c? e V2 c2d-n/-c? e

xVd+ex

105 (—c2)3/2 e?

Z _ *CZ X 2
4bcd (c2d?+e?) | X /1, c2x2 ElllpthF[Al"CSln[F], -2
Zd—\/je V2 c? d—\/?e

XxVd+ex

105 (-c?)*'?e?

_ _c2?
=g e V1+c?x? EllipticPi|2, Ar‘cSin[m] 2e

32 b d* ,
-c? d+e V2 -c? d+e

105ce’ [1+ -~ x/d+ex
X

Result (type 4, 483 leaves):
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2be? x+d+ex 2d+3ex)
avd+ex <8d3—4d2ex+3de2x2+15e3x3)+
10563
1 e(—1'1+cx) e(1'1+cx)
bvd+ex (8d>-4d*ex+3de’x*+15e’x) ArcCsch[cx] + 2b -

cd+ie cd-1ie
ct |- —= 1+ -1 x
cd-ie 2 x?

cd-ie
(-51icd®+5c%d’e-9icde’+9e?) EllipticE|i ArcSinh| |- Vd+ex | ! ——— |+ (-4iPd-5d*e+8icde’
cd—ne

cd+ie

' cd-ie
EllipticF[i ArcSinh| Vd+ex | } +81c®d®EllipticPi[1 - Le —, i ArcSinh]| Vd+ex | ! —]
Cd—]].e cd+ie cd Cd—]].e cd+ie

Problem 52: Result unnecessarily involves imaginary or complex numbers.

JX\/d+ex (a+bArcCsch[cx]) dx

Optimal (type 4, 679 leaves, 24 steps):

—9e3)

| 7
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4b+/d+ex (1+c2x?) 2d(d+ex)>? (a+bArcCschicx])

3 e?

+

1

2 x

15¢3 |1+ X

2

1-4/-c? x } 2/ 2 e
Va2 ’ c2d-y/-c? e

8bcd+/d 1+c?x? EllipticE|ArcSi
2 (d+ex)>? (a+bArcCschlcx]) cdVdrex Vircix ipticE [ArcSin|

+

5 e? 3/2 1 2 (d
_C° (drex)
15(—c2> e [1+—— x ¢ d-ex
X c2d-~/-c? e

1+ 2
8bcd? | <Xl /1, c2x2 EllipticF [ArcSin| — ]s - 2 ¢ e
c2d-+/-c? e V2 c2d-+/-c? e

15 (-c?)*?e [1+ 10 xVd+ex
X

_ _c2
4bc (2d2ve?) [—SHEeX_ 12y EllipticF[Ar‘cSin[F X, e
CZdi\/je V2 c2d-/ -c? e

15 (-c?)*e [1+ 12 xd+ex

_ _c2
o en 352 E1lipticpi[2, Arcsin| LS X e

)
-c? d+e V2 -c? d+e

8bd?

15ce? [1+ 212 x\d+ex
c°X

Result (type 4, 418 leaves):
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4b [1+ -2 x+/d+ex
1 cx? 2ad+ex (-2d*+dex+3e’x?) 2b+d+ex (-2d’+dex+3e?x?) ArcCschlcx]
— + +

15 c e? e?

4jb\/_e(—1+cx> \/_e(1+cx) 2cd<cd+j1e)EllipticE[jArcSinh[\/—icx/m],Cd_ie]+
cd+ie cd-1ie cd-1ie cd+ie
(c?d?-2icde+e?) EllipticF[jAr‘cSinh[\/ic\/m], Cd_je],
cd-ie cd+ie

1e C cd-1e C 1
2 2 d? EllipticPi[1- —, i ArcSinh[ |- Vdrex ], =] / ¢ |- e 1+ x
cd cd-1ie cd+1ie cd-1ie c? x?

Problem 53: Result unnecessarily involves imaginary or complex numbers.

Jx/d+ex (a+bArcCsch[cx]) dx

+

Optimal (type 4, 429 leaves, 15 steps):
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1-4/-c? x 24/ e ]

4bc/d+ex V1+c?x? EllipticE[ArcSin| s
V2 c2d-+/-c? e

2 (d+ex)3/2 (a+bArcCschlcx])

+

3e 3/2 1 d
2 _drex

3 (-c?) v g x [ 2%
-

V1 +c2x? ElllpthF[APCSln[ il ], -2 < e ]

4bcd | -*ex
d+ \/T V2 c2d-+/-c? e
3(—c2)3/2 x+/d+ex

_ _c2
[ garex) V1+c?x? EllipticPi|2, ArcSin[F “cx} 2e

3
-c? d+e V2 -c? d+e

4bd?

xVd+ex

Result (type 4, 329 leaves):

i2 a(d+ex)*?+b (d+ex)*?ArcCschcx] + =

3e
CZ\/ £ 1+ 1 x
cd-ie c? x?
cd-1ie )
(icd-e) EllipticE|i ArcSinh| Vd+ex |, ———]|+(-2icd+e)
cd—ne cd+ie

cd-ie i cd-1ie
E111pt1cF Ar‘c51nh \/d+ex ! ] +1 chllipticPi[l 7, 1Ar‘c51nh \/d+ex ! ]
cd—ne cd+ie cd cd—ne cd+ie

Problem 56: Result unnecessarily involves imaginary or complex numbers.

b 7e(7]1+cx) 7e(]'1+cx>

cd+ie cd-1ie

J(d+ex)3/2 (a+bArcCschcx]) dx
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Optimal (type 4, 486 leaves, 22 steps):

1-4/-c? x } 24/-c2 e

4be~/d+ex (1+c2x?) 2(d+ex)5/2 (a+bArcCsch[cx]) Ny N pra

+ + -

28bcd/d+ex V1+c2x2 EllipticE[Ar‘cSin[

5e
15¢3 [1+ 1= x 15(c2)3/2J1+ 1y | drex

2 x2 c? x? d+

\/ -2

2

—drex_ /1, 2 x2 ElllpthF[APCSln[ I P Ly o

4bc (2c?d?-e?) s
N2 2don] -2 e

d+

5 (—C2>5/2

x\Vd+ex

14/ -c?
4bd3 e (e V1+c2x? EllipticPi[2, ArcSin]| X ], =2
-c? d+e V2 -c? d+e

Sce |1+~ xV/d+ex
X

Result (type 4, 380 leaves):
XxVd+ex

2be?
58

+3a(d+ex)*?+3b (d+ex)>?ArcCsch[cx] +

1 3 C 1
¢ \/_cdie 1+c2x2 X
cd-1ie
7cd (cd+ie) EllipticE[i ArcSinh| Vd+ex | ! ——— ]+ (-9c*d*-7icde+e?)
cdfne cd+ie

cd-ie i cd-ie
E111pt1cF Ar‘c51nh \/d+ex ! ] +3c?d? EllipticPi[l —, ]lAPCSlnh \/d+ex ! }
Cd—]le cd+ie cd Cd—]le cd+ie

b 7e(7i+cx) 7e(1‘1+cx)

cd+1ie cd-1ie

| 11
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Problem 57: Result unnecessarily involves imaginary or complex numbers.

w{x3(a+bAr‘cCsch[cx}) 5
X

\Vd+ex
Optimal (type 4, 939 leaves, 27 steps):
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4b+d+ex (1+c2x?) 4bdvd+ex (1+c?x?) 2d*+vd+ex (a+bArcCschlcx])

4

.
e
35c3e [1+ 2 21c3e? |1+ 2 x

cZ XZ CZ XZ

2d? (d+ex)*? (a+bArcCsch(cx]) 6d (d+ex)>? (a+bArcCschcx])
- +
et 5e*

2

) 24bcd?+/d+ex V1+c?x? EllipticE[ArcSin| e x ], - 2y e
2 (d+ex)”* (a+bArcCsch[cx]) 2d/-c? e
+ +

7 e
35 C2 3/2 _c? (dvex)
ch

1-4/-c? x 2./ e

4bc (2c2d*+9e?) \/d+ex V1+c2x? EllipticE[ArcSin| s

105 CZ 5/2 _c? (d+ex)
\/ 2d/ -

_ 2
64bcd® | <HdeX /1, c2x2 EllipticF[ArcSin [ . . ] 2-c e

c2d-/-c? e

B
c2d-+/-c? e 2 c2d-/-c? e

35 (—c2)3/2 e3

xVd+ex

_ _c2
32bcd (c?d®+e?) —tldrex) (/14 c2x2 EllipticF [ArcSin| - ﬁc X ], -2 S ]
c2d-y/-c? e c2d-/ -c? e

xVd+ex

105 (-c2)%2e?

64 b d*

_ _c2
@ e V1+c2x? Ellipticpi|[2, Arcsin| 1" Ve x ], —2e

3
-c? d+e V2 -c? d+e

35ce* [1+ 2 x+/drex

ce X

Result (type 4, 485leaves):
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2be? x+d+ex 5d+3ex>
+3a+‘d+ex (—16d3+8d2ex—6de2x2+5e3x3)+
19564
1 e (-i+cx) e (i+cx)
3by/d+ex (-16d>*+8d’ex-6de?x*+5e’x’) ArcCsch[cx] + 2b |- -

cd+ie cd-1ie
ct [ -—5 1+ 21 x
cd-ie 2 x?

cd-1ie
(161 c®d*-16c*d’e-91icde’+9e?) E1lipticE|iArcSinh| |- Vd+ex | ! —— |+ (24iPd+16c’d?e+icde’-9e?)
cd—le

cd+ie

i cd-1ie
EllipticF[i ArcSinh| Vd+ex | } -481i ¢ d® EllipticPi|1 - Le ~—, i ArcSinh]| Vd+ex | ! —]
Cd—]].e cd+ie cd cd—le

cd+ie

Problem 58: Result unnecessarily involves imaginary or complex numbers.

sz (a+bArcCsch[cx]) 5
X

\Vd+ex
Optimal (type 4, 707 leaves, 20 steps):
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4b+/d+ex (1+c?x?) 2d*~/d+ex (a+bArcCschlcx]) 4d (d+ex)®? (a+bArcCschcx])
. _

e3 3e3

+

15c3e [1+ 21— x

1-4/-c? x } 2/ 2 e

2 (d+ex)>? (a+bArcCschlcx]) vz S e
3
>e C2 3/2 _c? (dvex)
czx2 2
\/ - fc e

_ _c2
32bcd? [ -Sdex /77252 EllipticF [ArcSin [ . . ], - 2 ¢ e
2d- \/?e V2 ctd-+/ -c? e

15 (-c?)*/%e?

4bcd/d+ex V1+c?x? EllipticE[ArcSin]

xVd+ex

_ _c2
4bc (c?d*+e?) e \f1ic2x2 ElllpthF[Ar‘C51n[JT], _ 2 e
ctd/-ct e V2 ot e

15 (-c?)>'? e?

x\Vd+ex

_ _c2
L8 wen T enliptices 2, Ancsin[ L0, 2

32bd3 ,
-c? d+e V2 -c? d+e

15ced [1+ 212 x\d+ex
c° X

Result (type 4, 419 leaves):
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2be?

xVd+ex

15@

e (-1+cCX e(i1+cCcXx
L, | elrivex) | efizcx)
cd+ie cd-1ie

2 cd-1ie
(-4ic®d®>-3cde+ie?) EllipticF[i ArcSinh| Vd+ex | |+
cd—le cd+ie

1 e C cd-1e

81 c?d?EllipticPi[1- ——, i ArcSinh| |- Vdrex ], 2]
cd cd-1e cd+1ie

Problem 59: Result unnecessarily involves imaginary or complex numbers.

J~x<a+bArcCsch[cx]) 4
X

\Vd+ex
Optimal (type 4, 474 leaves, 14 steps):

+avd+ex (8d°-4dex+3e*x*) +byd+ex (8d°-4dex+3e*x’) ArcCsch(c

cd-1ie
3cd (-icd+e) EllipticE|i ArcSinh| Vd+ex | ! |+
cd—ne cd+ie

X] +

3 C 1
C - 1+ X
cd-1ie c? x?
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1-+/-c? x 2
4bc/d+ex V1+c2x?2 EllipticE[ArcSin , -2 e
2d+/d+ex (a+bArcCschicx]) 2(d+ex)3’/2 (a+bArcCschlcx]) P [ [ V2 e e]

+ + -

e? 3e? 3/2 1 2 (d
_c” (dvex)
3(-c?)7e 1+ 5 x ¢ (drex
X c2d-+/-c? e

‘\/?X} o 24/-¢? }
V2 ’ czd—\/?e

xVd+ex

8bcd |4 /1, c2x? EllipticF|ArcSin|

c2d-+/-c? e

+

3 (7C2>3/2 e

1.~/ —¢?
e (e 1+ c2x? EllipticPi[2, Arcsin| e
-c? d+e V2 -c? d+e

8 b d?

xVd+ex

3 ce?

Result (type 4, 343 leaves):

1
——2|a(-2d+ex)Vd+ex +b (-2d+ex) Vd+ex ArcCsch[cx] +

3 e? , . R
¢ ch—je 1+c2x2 X
cd-1ie )
(icd-e) EllipticE|i ArcSinh| Vd+ex |, ——— |+ (icd+e)
cd—le cd+ie

cd-1ie i cd-1ie
EllipticF[i ArcSinh] Vd+ex |, ———] -21icdEllipticPi[1- —, i ArcSinh]| Vd+rex |, ———]
Cd—]].e cd+ie cd cd—le cd+ie

Problem 60: Result unnecessarily involves imaginary or complex numbers.

e(-i+cx) e (i+cx)
2b |- —m -
cd+ie cd-ie

ja +bArcCsch[c x]
X

\Vd+ex
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Optimal (type 4, 284 leaves, 9 steps):

d+—=

1.4/ —¢2
4bc |4 /1, c?x? EllipticF [ArcSin| — ], - e

— V2 c2d-+/ -c? e
2+v/d+ex (a+bArcCschcx]) e
+
e
(—8)”2l1+zz xvd+ex
X
1.~/ _¢2
abd |l en T Elliptices |2, Arcsin[ LS 1], 2e
\ -c? d+e V2 -c? d+e
ce [1+ fzxvd+ex
Cc° X
Result (type 4, 250leaves):
1 1 e (-i+cx e (i+cx)
~2 |a/d+ex +b+d+ex ArcCsch[cx] - 2ib |- -
e
1

cd+ie cd-1e
c | -—= 1+ X
cd-ie c2x?

d-i | d-i
EllipticF[i ArcSinh| |- ¢ Vd+ex |, ¢ le] —EllipticPi[l-—Eli, i ArcSinh[ |- ¢ Vd+ex |, ¢ 1e]
cd-1e cd+ie cd cd-1ie

cd+ie

Problem 63: Result unnecessarily involves imaginary or complex numbers.
&{x3(a«+bArcCsch[cx1>

(d+ex)3/2

dx

Optimal (type 4, 731 leaves, 23 steps):
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4b+/d+ex (1+c?x?) 2d®(a+bArcCschicx]) 6d*+/d+ex (a+bArcCschlcx]) 2d(d+ex>3/2<a+bAr‘cCsch[cx])

+ +

4 4
) e*+/d+ex e e

X

+

15c3e? [1+
o X

1o/ _c2
32bcd+/d+ex 1+c?x? EllipticE[ArcSin] < ], - 2/ -c e
V2 c?2d-/-c? e
N

2 (d+ex)>? (a+bArcCschlcx])

5et 3/2 1 2 (d
_C° (drex)
15 (—cz) e |1+ x ¢ d-ex
e x c?d-~/-c? e

1+ 2
8bcd? | <Xl /1, c2x2 EllipticF [ArcSin| S L
c2d-+/-c? e V2 c2d-+/-c? e

(-c?)??e 1+ 10 xd+ex
X

_ _c2
4bc (2c2d?-e?) —Clden 122 EllipticF[Ar‘cSin[ﬁ ]s - 2y e
czd—\/je V2 czdf\/?e

15 (-c?)*%e® |1+ xVd+rex

_ _c2
L8 wen T enliptices 2, Ancsin[ L0, 2

3
-c? d+e V2 -c? d+e

64 b d?

5ce* [1+ 212 x\d+ex
c°X

Result (type 4, 441 leaves):
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1
2
15 e*
2be? [1+-1 x+/d+ex
\ % 3a(16d*+8d’ex-2de?x?+e*x?) 3b (16d*+8d’ex-2de?x?+e’x?) ArcCsch[c x] 1
+ + +
c Vd+ex \Vd+ex 3 c 1. 1
¢ T cd-ie +c2
e(-i+cCcx e (i+cx
| elrivex) [ efivex

cd+ie cd-1ie

cd-ie
8cd (-icd+e) El1lipticE[i ArcSinh| Vd+ex | ! ——— |+ (-24ic*d’-8cde+ie?)
cd—ne cd+1ie

cd-1ie i cd-1ie
EllipticF|i ArcSinh| Vd+ex | ! ———] +481i c*d?EllipticPi[1- —, i ArcSinh| \d+ex ! —]
cd—ne cd+ie cd cd—1e cd+ie

Problem 64: Result unnecessarily involves imaginary or complex numbers.

sz (a+bArcCsch[cx]) 5
X

(d+ex)3‘/2

Optimal (type 4, 499 leaves, 16 steps):
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2d? (a+bArcCsch[cx]) 4d+vd+ex (a+bArcCschlcx])

+

e’\/d+ex e’
1.4/ -2
i 4bc/d+ex \1+c?x? EllipticE[ArcSin]| < X},— 2-c e
2 (d+ex)** (a+bArcCsch[cx]) 2d/-c? e
N _
3e3 .
CZ 3/2 _c® (d+ex)
d/ -
_c?
20bcd [ -S4l /1, c2x2 ElllptlcF[Ar‘cSm[ L
c2d-~/-c? e 2 c2d-+/-c* e

xVd+ex

3 (—c2)3/2e2

32bd?

_ _c2
@ V1 +c?x? EllipticPi[2, Ar‘cSm[ : . ], —=2¢
A\ -c? d+e V2 \ -¢? d+e

3ce’ xVd+ex
Result (type 4, 365 leaves):
1 X a(—8d2—4dex+e2x2) b(—8d2—4dex+e2x2)Ar‘cCsch[cx} 1
—_— + +
3¢’ Vd+ex Vd+ex R . 1.1
¢ T cdoie 2 x?
e (-i+cx) e (i+cx) cd-ie
2b |-————" |-——— |(icd-e) EllipticE|i ArcSinh| Vd+ex |, ———|+ (4icd+e)
cd+ie cd-ie Cd—]].e cd+ie

cd-1ie i cd-1ie
EllipticF[i ArcSinh| Vd+ex |, ———] -8icdEllipticPi[1- ~—, i ArcSinh]| Vd+rex |, ——]
Cd—]].e cd+ie cd cd—le cd+ie
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Problem 65: Result unnecessarily involves imaginary or complex numbers.

JX (a+bArcCsch[cx]) ;
X

<d+ex>3/2

Optimal (type 4, 318leaves, 11 steps):

4bc [-4e0 /1 c2x? EllipticF[ArcSin| e ], - 2e ]
2d (a+bArcCsch[cx]) 2+d+ex (a+bArcCschicx]) 2d+/ - e V2 2d/ - e

+ +

e2+\/d+ex e?
i (—c2)3/2e [1+ 1 x+/drex
c° X

gbd | L€ o0 17252 Ellipticpi[2, Arcsin LS ], 2

Joc? die vz - dee
ce? [1+1 x/drex
Result (type 4, 264 leaves):
iz a(2d+ex| +b(2d+ex) ArcCschc x] ) 1 Zib\/_e(—jucx) \/_e(j1+cx)
e? m m c\/_ . \/1 . cd+1e cd-1ie
cd-ie 2 x?

C cd-1e 1 e C cd-1e
E1lipticF[i ArcSinh| |- Vdrex |, ~—°] -2EllipticPi[1- —, i ArcSinh[ |- Vdrex |, 2]
cd-1e cd+1ie cd cd-1e cd+1ie

Problem 66: Result unnecessarily involves imaginary or complex numbers.

Ja +bArcCsch[c x]
X

(d+ex)3/2

Optimal (type 4, 149leaves, 6 steps):
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_ _c2
ab € ieen 3E Ellipticei [2, Arcsin[ LS ] e

2 (a+bArcCsch[cx]) e dee vz 2 dee
- +
evd+ex )

ce |1+

= XVd+ex
¢ X

Result (type 4, 166 leaves):

1

e2/d+ex (1+c2x2)

-2e(1+c*x*) (a+bArcCschlcx]) +

2
2

. p \ . .
irex) (drex) Ellipticpi[1+—“d,ArcSin[ _efirex) ]s Md+e]

(J’Lcd+e)2 e cd-1ie 2e

2bc(jcd+e) 2+

c? x?

XxV1+icx \/C€(

Problem 69: Result unnecessarily involves imaginary or complex numbers.

Jx3 (a+bArcCsch[cx]) 5
X

(d+ex)5/2

Optimal (type 4, 777 leaves, 31 steps):
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4bd? (1+c?x?) 2d* (a+bArcCsch[cx]) 6d?(a+bArcCschicx]) 6d~d+ex (a+bArcCschicx])

.
3e4 (d+ex)3/2 e*\/d+ex e?

+

3ce? (2d?+e?) [1+ 1 x+/d+ex

CZ XZ

1o/ _c2
8b+/-c? d>+/d+ex V1+c2x? EllipticE[ArcSin]| <X ], -2 e
N2 2don]-c? e
N

2 (d+ex)>? (a+bArcCschlcx])

3e?

_c? (d+ex)
3cel <c2d2+e2) 1+ 21— x ¢’ (drex

22
c?x
c2d-~/-c? e

1-4/-c? x ] 2 2 e
, -
A2

c2d-+/-c? e

4bc (2c2d*+e?) Jd+ex V1+c?x? EllipticE [ArcSin|

3 (—c2)3/2 e3 (Cz d2+e2) l1+ c21x2 X c? (d+e x)
c2d-~/-c? e

1.4/ -2
32bcd | -Cldex 122 EllipticF [ArcSin| : X] e
c2d-q/-c? e

)
V2 c2d-+/-c? e
3(-c?)??e |1+ xVd+ex
X

_ _c2
foc drex) V1+c2x? EllipticPi[2, Arcsin| e x ] e ]

3
-c? d+e V2 -c? d+e

3ce* [1+ - x/d+ex
Cc° X

Result (type 4, 448 leaves):

64 b d?
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2bcd?e? [1+ 21 x

L 2 a(-16d>-24d?ex-6de?x?+ex?)
— + +
34 (c2d?+e?) \/d+ex (d+ex>3/2

b (-16d>-24d’ex-6de?x?+e*x*) ArcCsch[c x

] 1 c e(fjucx) e(1'1+cx>
- 21b |- - -
(d+ex)3/2 cd-ie cd+ie cd-ie
c3 1+c21x2 X
e? EllipticE[i ArcSinh[ |- ¢ Vd+ex |, cd le] +(8c*d*-8icde-e?) EllipticF[i ArcSinh[ |- ¢ Vdiex |,
cd-1ie cd+ie cd-ie

Cdfje} -16cd (cd-ie) EllipticPi[l—j—e, iArcsinh| |- —— Jdiex |, Cdfje}
cd+1ie cd cd-ie cd+ie

Problem 70: Result unnecessarily involves imaginary or complex numbers.

sz (a+bArcCsch[cx])
dx

(d+ex)5/2

Optimal (type 4, 569 leaves, 25 steps):
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4bd (1+c?x?) 2d? (a+bArcCsch[cx]) 4d (a+bArcCschicx])

+ +

3e3 (d+ex>3/2 e3\/d+ex

3ce(c2d>+e?) 1+ - xVdrex

A 1=~/ -c? x 2/ e

4b~/-c?2 d/d+ex V1+c2x? EllipticE[ArcSin[ , -
N2 2dn/-c? e

2v/d+ex (a+bArcCschlcx])

+

3

e
1 c? (d+ex)

X
2 42

3ce? (c2d2+e2) 1+

A 1-4/ -c? x
4bc | -Cdex) /77252 EllipticF [ArcSin]| ], -2 <t e
c2d-+/-c? e V2 c2d-+/-c? e

(—cz)i‘/ze2 [1+ 212 xd+ex
Cc° X

1-+] _c2
oc idrex) V1+c2x? EllipticPi[2, ArcSin] . ], —=2¢

V2 -c? d+e
3ce® [1+ - x/d+ex
X

Result (type 4, 416 leaves):

c
c2d-/-c? e

32bd

-c? d+e
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2bcd 1+ -1 x
cx? a(8d*+12dex+3e?x?)

2
— |- + +
3

(c?d?e+e®) \/d+ex e3 <d+ex)3/2

b (8d*+12dex+3e?x?) ArcCsch[cx] 1 b C e (-i+cx) e (i+cx)
e’ (d+ex)?? cd-1ie cd+ie cd-ie
c2e® [1+ 1 x
c° X
icdEllipticE[i ArcSinh| |- < Vd+ex |, cd—ie} +(-41icd-3e) EllipticF[iArcSinh| |- < Vdrex |, cd—je] +
cd-1ie cd+ie cd-1ie cd+ie
8 (icd+e) EllipticPi[l—j—e,jArcSinh[ |5 Vdrex], Cdje}J
cd cd-1ie cd+1ie

Problem 71: Result unnecessarily involves imaginary or complex numbers.

Jx (a+bArcCsch[cx]) ;
X

(d+ex)5/2

Optimal (type 4, 393 leaves, 19 steps):
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4b (1+c?x?) 2d (a+bArcCschlcx])

N _
3e2 (d+ex)3/2

3c(c?d?+e?) [1+ 2 xVdrex

3
V2 c2d-+/-c? e

1.4/ 2
4b~/-c? \Jd+ex /1+c2x?* EllipticE[ArcSin] ‘ X} 2-ct e

2 (a+bArcCsch[cx])

e2+\/d+ex

2
3ce (c2d?+e?) [1+ Sty x | -SHdex
Cc° X

c2d- —cz e

_ _c2?
foE deen) V1+c?x? EllipticPi|2, Ar‘cSin[m] 2e

)
-c? d+e V2 -c? d+e

3ce? [1+ -~ xV/d+ex

2 x

Result (type 4, 390 leaves):

2 2bc 1+C21><2X a(2d+3ex) b (2d+3ex) ArcCschlcx] 1 (-1+cx) e (i+cx)

3 (c2d2+e2>\/mie2(d+ex)3/27 e? (d+ex)?? +c2de2 L. \l Ccd-ie cd+]1e cd-ie
2 x?

cd-1ie
chlllptlcE ]lAf‘CSlnh x/d+ex ]—chlllptlcF ]lAPCSlnh \/d+ex ! ]+
cdfne cd+1ie Cd*]le cd+ie
i cd-1ie
2 (cd-ie) EllipticPi[1- Le ~—, i ArcSinh| Vd+ex | ! —]
cd Cd—]].e cd+ie

Problem 72: Result unnecessarily involves imaginary or complex numbers.

a+bArcCsch[cx]
J dx

(d+ex)®?

Optimal (type 4, 369 leaves, 12 steps):
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1-4/-c? x 24/-c2 e

4b~/-c? \/d+ex \/1+c2x?* EllipticE[ArcSin] = s
2 c2d-+/-c? e

4be (1+c?x?) 2 (a+bArcCsch[cx])
N

e <d+ex)3/2

x\Vd+ex

3Cd 2d2+e2 1+

3cd(c2d2+e2)\/1+ x | —drex

c? x? d+

_ _c2
e ex) V1 +c?x? EllipticPi[2, ArcSin] e il ] e

-c? d+e V2 -c? d+e

xvVd+ex

3cde

Result (type 4, 375leaves):

2bce? [14+ L

2

1 a X b ArcCsch[c x] 1
—2 |- - - +

3 3/2 2 o 3/2
e (d+ex) d(c?d?+e?) /d+ex (d+ex) g 1.1y
c e (-i+cx) e (i+cx) cd-ie
2b |- - - -i cdEllipticE[i ArcSinh| Vd+rex |, ———] +icd
cd-1ie cd+ie cd-1ie cd—le cd+ie
cd-1ie , L. 1 cd-1ie
EllipticF[i ArcSinh| Vd+ex |, ———] + (icd+e) EllipticPi[1- —, i ArcSinh| Vdrex |, ——]
cd—ne cd+ie cd cd—ne cd+ie

Problem 75: Result unnecessarily involves imaginary or complex numbers.

2

a+bArcCsch[cx]
J dx

(d+ex)7/2

Optimal (type 4, 648 leaves, 19 steps):
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4be (1+c?x?) 16bce (1+c?x?) 4be (1+c?x?)
15cd (c2d?+e?) [1+ 1 x(d+ex)®? (c2d?+e?)? xVd+rex 5cd?(c2d?+e?) [1+ xd+ex
c° X

4bc (7c2d*+3e?) \/d+ex /1+c?x? EllipticE|ArcSin|
2 (a+bArcCsch[cx])

e (d+ex)5/2

c? x? d+

15/ - 2 d2<C2d2+e2>2\/1+ 1 x d*%

d+ex B

3
— V2 c2d-~/-c? e

_ 2
V1+c2x? ElllpthF[APCSln[“ — ] 2y ¢ e

xVd+ex

15cd (c2d?+e?) |1+ L
c°X

_ _c2
e wrex) V1+cZx? EllipticPi[2, ArcSin| 1< x ] 2e

3
-c? d+e V2 -c? d+e

xVd+ex

5cd?e

Result (type 4, 472 leaves):
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4bce 1+t x(e? (4d+3ex) +c?d? (8d+7ex))
1 6a X 6 b ArcCsch[c x]

— |- - - +
15 e(d+ex)5/2 d? (c2d2+e2)2(d+ex)3/2 e(d+ex)5/2

cd-1ie
cd (7c?d*+3e?) E1lipticE[i ArcSinh| Vd+ex | ! —] -
cd—ne cd+ie

cd (6c?d*+icde+3e?) EllipticF[iArcSinh| |- Vd+ex | Cd_le}—3(cdfje)2(cd+je)
cd—ne cd+ie

i cd-ie c
EllipticPi[1- —, i ArcSinh| Vdrex | cd-ie, / cd [-—"— e(c2d?+e?)?
cd cd—Jle cd+ie cd-1ie

Problem 98: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

e(1-icx) e (l1+icx

4jb(Cd+je> icd+e -1cd+e

sz (a+bArcCsch[cx])
dx

d+ex?

Optimal (type 4, 512 leaves, 25 steps):

ArcCsch(c x]

bArcTanh| [1+ 515 ] +/-d (a+bArcCschicx]) Log[1- € -d e

2 42
Cce X
Ve -1/ -c?d+e

x (a+bArcCsch[cx])

+ +
€ ce 2 @3/2

vV -d (a+bArcCsch[cx]) Log|1 eo/=d efretsahicn] V=d (a+bArcCschicx]) Log[1- </ hrecschicx]
< + ) [ + d?f\/m ] ( + ) [ \/?+m ]

2632 5 @3/2

\/j (a +bArcCsch|c x}) LOg[1+ c~/—d eArcCschicx] ] b\/j PolyLog[Z, | c[d erecsehiex) }

\/?+\ -c?d+e \E*m

2632 5 @3/2

b /*d POlyLOg[Z, c —d eArcCsch[cx]} b\/jPolyLog[Z, _ c —d e/-\rcCsch'cx]] b\/jPolyLog[Z’ c _d eArcCsch[cx]]

Ve -/ -c2d+e e 1/ -c?d+e Ve 1/ -c*d+e

2e3/2 2 @3/2 2 3/2

Result (type 4, 1239 leaves):

| 31
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1 e X
- 4ace x+4bc/e xArcCsch[cx] ~4acy/d ArcTan]| | -
4ce d
V e
1+cﬁ \/?—\E) Cot[i(ﬂJijAr‘cCsch[cx})]
8ibc+/d ArcSin[ —————] ArcTan|
N2 V-c’d+e
Ve
-7 [cvd Ve ) cot[® (x+2iArcCschicx]) ]
Sjbcx/?Ar‘cSm Ar‘cTan
V2 V-c?d+e

bC\/?nLog[

( /e Jr«/icszre ) eAr‘cCsch[cx]

4bc~/d Arc51n

\/—

bcy/d mlog[l+

4bc ﬁ Ar‘cSm

2ibc+/d ArcCsch(cx] Log|[1 -

| -2ibc+/d ArcCsch[cx] Log[1 -

] _

] +

j<7\5 /7c2d+e) eAreCschcx]

VT I

e
C\/? \/_ “’—c2d+e) Ar‘cCschcx]]
| Log[1 -
V2 cd
( \E+4/7c2d+e)eArcCsch[cx] ]'1(7\5 */7c2d+e) eAreCschcx]
] +2ibc+/d ArcCschicx] Log[1+ ]-
cd cd
1 e
c\/d— r “’—c2d+e) ArcCschc x] i (\/? 4’—c2d+e) ArcCsch[cx]
| Log[1 | -bc+/d nLog[1- |+
V2 cVd cVd
L e
]l(\/; “/—c2d+e) ehreCschcx] T l(\E ‘/—c2d+e) ehrecschcx]
}+4bcx/?Ar‘cSin[ | Log|1-
cV/d V2 cVd

i (ﬂ/e +vV-c2d+e ) <eAr‘cCsch[cx]

bcy/d rlog[l+

4bc/d ArcSin|

i d
bc/d rLog[Ve + ivd
X

| ~2ibc~/d ArcCschlcx] Log[1 +

J].(\/? /—C2d+6) eArcCschcx]

} -

cd cVd
1+£ i v _-c2d+ @ArcCschicx] .
cVd }Log[lJr (\/? c°d E) }ercﬁ]rLog[\/?—l\/?]f
V2 cVd x

]+4b\/—Log[Cosh[ ArcCsch(c
2

x1]] - 4b\/—Log[Slnh{ ArcCschicx] ]| +
2
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i (—\/F+“/—c2d+e ) eArcCschcx] i (_\/?+m) eArcCschlcx]
]fZJle\/?PolyLog[Z,
cVd cVd

2ibc+/d PolyLog[Z, -

] _

i (\/?+“’—c2d+e ) eAr‘cCsch[cx] i (\EJr«/ichJre ) eAr'cCsch[cx]
| +2ibc+/d PolyLog|2,

2ibc+/d Polylog|2, -
cVd c/d

]

Problem 99: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

Jx (a+bArcCsch[cx]) g
X

d+ex?

Optimal (type 4, 467 leaves, 26 steps):
(a+bArcCsch(cx] ) Log[1 - S -d e

(a+bArcCsch[c x])2 (a+bArcCsch[cx]) Log[1 - e 2Arccschicx] | Ve [ dre
- - + +
be e 2e
(a+bArcCsch[cx]) Log[1+ € =d e eT (a+bArcCsch[cx]) Log[1- € N kil ]
Ve -/ -c?dre Ve v -c?d+e
+ +
2e 2e
(a+bArcCsch[cx]) Log[1+ cofod et bPolylog |2, - S -d em=en
Je e [ cde b PolyLog[Z, @ 2ArcCschic x]} Je- [ ae
+ + +
2e 2e 2e
b PolyLog 2 c Z’d eArcCsch[ch bPolyLog 2 _ c —d eArcCscMcx, bpolyl_og 2 c {7d eArcCsch,ch
> e > e S
+ +
2e 2e 2e
Result (type 4, 1103 leaves):
Ve
1 1+cﬁ (C\/F—\/?)Cot[l(71+21'1Ar‘cCsch[cx]H
— |bn?-41ibrArcCsch{cx] -8bArcCsch[cx]? +16 bArcSin| ——————] ArcTan| = |-
8e N2 V-ctd+e
Vv e
1_“@ (C\/?+\/?)Cot[%(7r+2iAr‘cCsch[cx])]
16 b ArcSin|[ ——————| ArcTan| | -8bArcCschcx] Log|[1 - e 2Arccsehlexi]

V2 vV-c2d+e

| 33
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i (_\/? \/m) eArcCschcx] i (_\/? m) eAreCschcx]

Zjanog[l— }+4bAr‘cCsch[cx] Log[l— }+
cVd cVd
14 e
ovd i (7\5 \/m) eArcCschlcx] i (7\/?+\/m) @ArcCschcx]

8ibArcSin[ ————] Log[1- | +2ibrLog[1+ |+

V2 cVd cVd

1. e
i (_\/?_‘_\/m) @ArcCschcx] VT i (_\/?+\/m) @ArcCschcx]
4 b ArcCschc x] Log[1+ ] +SijrcSin[7] Log[lJr ] +
cVd V2 cVd

i (\E \/m) ArcCsch[cx] i (\/? m) ArcCsch[cx]

2ibrlog[l- | +4bArcCschcx] Log|1- | -
cVd cVd
L e
N i (\/?+“/—C2d+e)eAPCCSCh[CX] i (ﬁ “/—c2d+e) @ArcCschcx]
8ibArcSin[ ———] Log[1- | +21ibrLog[l+ ]+
N2 c/d cVd
1+£
i (\/? m) ArcCsch[c x] ovd i (\/? m) ArcCsch(c x]
4bArcCschlcx] Log |1 + | -8ibArcSin[ ——] Log[1+ ] -
cVd V2 cVd
2ibrlog[Ve - \F}72]ib7TL0g[\/F+j\/?]+4aL0g[d+eX2}+4bPolyL0g[2,e’ZA"CCSCh[CX]]+
X X

i (7\/? \/m) ghreCschicx] i (7\/? \/m) eArcCschiex]
| +4bPolylog|2,
cVd cVd

4bPolylog|2, -

|+

i (\/? m) ghrecsehlex] i (\/?+\/m) ghrecsehlcx]
| +4bPolylog|2,
cVd cVd

4bPolylog|2, -

]

Problem 100: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

Ja +bArcCsch[cx]
X

d+ex?

Optimal (type 4, 477 leaves, 19 steps):
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(a+bArcCschlcx]) Log[1- ST ] (3, bArcCsch[cx]) Log[1+ S/
Ve [ -ctdie Ve cae
- +
2+ -d Ve 2+/-d e
bPolyLog[2, - €

] eArcCsch,c x]
Vel ddie ] e e ae ]
- - +
2 \/j \/? 2+/_d \E 2 d g \E
b PolyLog [2) M] b POlyLOg [2) _c-d @Arccschcx] ] b Po]_y]_og [2’ o/ d eprecschicx]

Ve -1/ -c?d+e Ve +/-c?d+e \e 4/ -c?d+e

- +

2+/-d Ve 2+/-d e 2+/-d Ve
Result (type 4, 1055 leaves):

c —d eAr‘cCscMcx, ] —d eAr‘cCsch[cxj

(a+bArcCsch[cx]) Log[1- € (a+bArcCsch[cx]) Log[1+
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ovd (C\/?—\/?)Cot[i(n+2iAr‘cCsch[cx]H

X
4aArcTan| | +8ibArcSin| ————] ArcTan]|

4/d e Vd V2 V-c?die

|+

- (Cﬁ+\/€) Cot[% (m+2iArcCschicx]) ] jl(f\/? m) eArcCschicx]
8 1 bArcSin| —— | ArcTan 4 -brLog|l-
[ ] [

V2 V-c?d+e c/d

|+

i (7\/?+\/m) @hArcCschicx] cvd i (7\/?+\/m) ehreCschcx]
| -4bArcSin| —————] Log[1-

cVd V2 cVd
i (_\/F +v/_c2d+e ) eAreCschcx] i (_\/? +v/_c2d+e ) eAreCschcx]

2ibArcCschicx] Log[1 -

|+

brlog[l+ | -2ibArcCsch[cx] Log[1+ |+
cd cd
1. e
cd 1 (_\/? m) @ArcCschcx] i (\/? m) @ArcCschcx]
4bArcSin[7} Log[1+ ]+b7rLog[1— ]—
V2 cVd cVd
1. e
i (\/? m) eAreCschcx] o i (\/? m) eArcCschcx]
2 i bArcCsch[cx] Log[l— } —4bAr‘cSin[7] Log[l— ] -
cVd V2 cVd

j(*’e +1/7C2d+e)eArcCsch[cx] ]'l(ﬁ/e ‘/7C2d+e) Ar'cCsch X]

brLog(1+ | +21ibArcCschicx] Log|[1+ |+
cvd c+d
Ve
1+ .
Nes i(e +V-c2d+e | etrecschicx] ™ .
4bAr‘cSin[7Cd} Log[1 + ( ) }—bJTLog[\/e—Jl d}+bﬂLog[x/e+]l d]_

V2 cVd X X
i (-Ve VT dre | emrecseniex i (-Ve T dre | emrecseniex
] +2]‘1bPolyLog[2, ] +
cd c/d

21 bPolylLog [2, -

i (V? m) ehrcCschicx] i (\/? m) ehreeschicx]
| -21ibPolyLog[2,
cVd cVd

2ibPolylog|2, -

]
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Problem 101: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

a+bArcCsch[cx]
J dx

X (d+ex2)

Optimal (type 4, 425leaves, 19 steps):
(a+bArcCsch[cx]) Log[1- M} (a+bArcCsch[cx]) Log[1+ eofod et

(a+bArcCsch(c x})2 Ve [ -cae Ve [ cde
2bd 2d 2 d
(a+bArcCsch[cx]) Log[1- M] (a+bArcCschicx]) Log[1+ M] bPolylog|[2, - <= eAreCschcx)
Ve /-ctdre Ve -c2dre Ve /-ctdee
2d 2d 2 d
bPolylog[2, Saer ™1 ppolylogfa, - SLA LN b o1yl ogfa, Sd et
[ ’ Ve -/ -c?de ] { ’ Ve o[- dre ] { ’ e de ]
2d 2d 2d

Result (type 4, 1075 leaves):
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8d

e
1+ ed (C\/?—\/?) Cot[% (7m+2iArcCschlcx]) ]
br®-41ibrArcCschcx] -4bArcCsch[cx]?+16bArcSin| | ArcTan| 4 ] -
2 V-c2d+e
1—£ 1
T (cﬁ+ﬁ)€ot[—(n+21’1Ar‘cCsch[cx]H ]1(7\5 \/7c2d+e) gArcCsch(cx]
16 b ArcSin| | ArcTan]| 4 | +2ibrLog(1-
V2 V-c?d+e cVd
1+—\£
]1(7\5 \/m) ghrcCschlcx] cd 1(7@ \/m) ehreCschlcx]
4bArcCschcx] Log[1- | +81ibArcSin| | Log|1-
cVd N2 cVd
i (_\/F +v/_-c2dz+e ) eAreCschcx] i (—\/?+‘/—c2d+e ) eArcCschlcx]
2ibrlogl+ | +4bArcCschcx] Log[1+ |+
cVd cVd
1 e
s i (—\/? \/m) ehrcCschlcx] i (\/?+\/m) ehreCschcx]
8 i bArcSin| | Log[1+ | +2ibrLog|1l- |+
N2 c/d cVd
1 e
i(\/?+\/m) ghreCschicx] cJd Ji(\/? \/m) ghreCschicx]
4bArcCschlcx] Log[1- | -81ibArcSin| | Log[1- ]+
c/d V2 c/d
11(\/? \/m) ehreCschcx] 1‘1(\/? \/m) ehrecschcx]
2ibrlog[l+ | +4bArcCsch[cx] Log[1+ ] -
cVd cVd
e
1+ )
Nes i(ve +V-c2d+e | ehrcCschicx] - -
8 i bArcSin| i | Log[1+ ( ) ]—Zn'lszLog[\/?—1\/?}—21'1b7rLog[\/?+]l\/?]—SaLog[x]Jr
2 cVd X X
i (—\/F \/m) ehrecschlcx] i (—\/?+\/m) ehreCschcx]
4a Log[d+ex2] +4bPolyLog[2, - ] +4bPolyLog[2, ] +
c/d c/d

i (\/F m) eArcCschcx]

4 b Polylog [2, -

] +4 b PolylLog [2,

1(\/? /—C2d+6) eArcCschcx]

cd

cVd |

|+

|+
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Problem 102: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

a+bArcCsch[cx]
J dx

2 <d+ex2)

Optimal (type 4, 518 leaves, 24 steps):

bc [1+ -1 Ve (a+bArcCschicx]) Log[1- S e (a+bArcCsch[cx]) Log[1+ <=4 e

c*x a  bArcCschicx] ( ) [ Ve -/ -c?dse } ( ) [ Je /[ -cdie

= . _
d dx dx 2 (-d)?? 2 (-d)*?
\Je (a+bArcCschicx]) Log[1- e/=d erecschicn) \Je (a+bArcCschcx]) Log[1+ <=4 ehrecsenie b+/e PolyLog[2, - <1 ehrecsenie
( ) [ Ve 41/ -c?d+e ] < ) [ \/?+m ] [ e -/ -c?d+e ]
2 (—d)3/2 2 <_d>3/2 2 <_d>3/2
b\/gpolyLog 2, c -d eAr‘cCsch[cx] b'\/FPolyLog 2) B c -d eIAr‘cCsch[cx] b'\/FPolyLog 2) -d ArcCsch[ X]
[ e -/ -cd+e ] [ Ve +/ -c?d+e [ Ve ) -c2d+e
- +
2 (—d>3/2 2 <_d>3/2 2 (—d>3/2
Result (type 4, 1211 leaves):
h[ 1
a\ﬁArcTan 1+ c217 Aretschlex
- d x - d3/2
Ve
1 1+cﬁ (cx/?—\/?)Cot[l(7r+2j1Ar‘cCsch[cx])]
iVe |n®-4imArcCschicx] -8ArcCsch[cx]?+32ArcSin| ————] ArcTan| 4 | -
16 d*'2 V2 V-c?d+e
i (_\/F /—C2d+e ) eAreCschcx]
8 ArcCsch[c x] Log[1 - e 2Arcesehlexl] 44 5t Log[1 - |+
cVd
1+ X
i (Ve T dre ) emecsehien e i (/e A TcTdre ) emvecsehien
8 ArcCsch[cx] Log[1- | +16 i ArcSin| —————] Log[1- |+
cVd V2 cd

]l(\/? */—c2d+e) ArcCsch[cx] 1(\/? “/—c2d+e) ArcCsch[c x]
| +8ArcCschicx] Log[1 +
cVd cVd

41rLog|l+

} _
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e
T s i (Vo T de | etneesien - o
16 i ArcSin[————] Log[1+ | ~4inLog[ve + ——] +4Polylog[2, e 2Arccschiex]] 4
V2 cVd X

]-l(_ﬂ/e +4/_C2d+e)eArcCsch[cx] i(ﬂ/e “/—c2d+e) ArcCsch X]

8 Polylog [2, ] + 8 PolylLog [2, -

} +

c/d c/d
_ Ve
1 1 cvd (C\/?+\E) Cot[% (m+21iArcCschicx])]
ive |7m*-4imArcCsch{cx] - 8ArcCschcx]?-32ArcSin| ————] ArcTan| 4 | -
16 d*/2 N2 V-cid+e

j(—\E /7c2d+e) eAreCschcx]

8ArcCsch[cx] Log[1 - e 2Arccschlexl] 44 s Log[1 +

]+

cVd
1 e
i (_\/? m) @ArcCschcx] ovd i (_\/? m) @ArcCschcx]
8 ArcCsch[cx] Log[1 + | +16 4 ArcSin| ———] Log[1+ ]+
c/d N2 c\/d

i (\E m) @ArcCsch[cx] i (\E m) @ArcCschcx]

41imlog|l- | +8ArcCschicx] Log|1- | -
cd cd
e
1- C\/e(T i (\/? m) ArcCsch[c x] Nr
16 i ArcSin|[ ————] Log[1 - | -4inLog[Ve - | +4Polylog[2, e 2Arccschicx]
V2 c/d X

i (—\/? m) ghrecschicx] i (\/? \/m) ghreCschcx]
| +8PolyLog|2,
cVd c/d

8 Polylog[2, -

]

Problem 103: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

st (a+bArcCsch[cx]) .
X

<d+ex2)2
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Optimal (type 4, 591 leaves, 31 steps):

. R bdAr‘cTan[@]
1+ X
S d (a+bArcCsch[cx]) x?(a+bArcCschicx]) 2d (a+bArcCschicx])? Ve 1o x
+ + + - +

X

2ce’ 2e2<e+%) 2e? be 2+/c2d-e e°2

d (a+bArcCschicx]) Log[1 - cofod BN g (a+bArcCsch[cx]) Log[1+ €y/-d eretedhien
Ve [-ctdie Ve -/ -ctdie

e3 e3 e3

2d (a+bArcCsch[cx]) Log[1 - e 2ArcCschicx] |

d (a+bArcCschicx]) Log[1- M] d (a+bArcCsch[cx]) Log[1+ €/-d efretehicn)
Ve i/ -c2dve Ve -ctdre b d PolylLog [2, @-2ArcCschlcx] }

3

3 3

e e e

bdPolylog[2, - U] pdpolylog[2, ST b g polylog[2, - SN p g polyLog[2, S

Ve -/ -c2d+e Ve -/ -2 d+e Ve +1/ -c*d+e Ve 1/ -2 d+e

3 3 3 3

e e e e

Result (type 4, 1554 leaves):

x| |1+ - +cxArcCschlcx]
a x2 ad? adlog|d+ex?] ) ¢ x
—_— - - + +

2e? 2¢% (d+ex?) e3 2ce?
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2 T ‘n [e 7 -c2d 1 2]2 x‘
Log ; ) - ]
) Ar‘csinh[i] V-c2dee ‘1\“‘“ e x Ar‘cSinh[L
i ex i ox
\/e \// -c2d+e \/e
i d3/2 _ ArcCsch[c x] _ i d3/2 _ ArcCsch[c x] "
i~/d Ve +ex Nd -i+/d Ve +ex Nd
4 e5/2 - 4 e5/2 N
e
1+ (C\/d —\/e)CotE(n+ZiAr‘cCsch[ 1]

cVd
———| ArcTan|
V-cZd+e

x] - 8 ArcCschc x]? + 32 ArcSin]|

1 2 )
——d |1 -41 mArcCsch|

8 e3
j_(—\/? */—c2d+e) eArcCschcx]
]+

8 ArcCsch[cx] Log[1 - e 2Arccsehlexl] 44 5 Log[1 -
cVd
Ve
1+ j(fﬁ /—c2d+e) ehreCsch| ]}
N

cd
| Log|1-
cVd

i (7\/? m) @ArcCschcx]
x] Log|1- | +16 i ArcSin| ———
cVd V2
i (V? m) ArcCschi 1}

8 ArcCschc
i (Ve e cTdre | ehrecshien
41rLog(l+ | +8ArcCschicx] Log[1+
cVd cVd
\ e

Y e i (Ve s/ -cdre ) etrceseniex i

16 i ArcSin[ ———| Log[1 + | -4irnLog[Ve + | +4PolyLog[2, e 2Arccschiex)]
c/d X

V2
i (7\/?+\/m) ghrecschicx] i (\E m) ehrcesehicx]
| +8PolyLog|2, - ] -
cVd

8 Polylog|2,
cVd
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1 1_cﬁ (C\/?+\/?)Cot{l(n+21‘1Ar‘cCsch[cx])]
——d |7® -4 i mArcCsch[cx] - 8ArcCsch[cx]? - 32 ArcSin| ————] ArcTan]| 2 ] -
8e? N2 V-c?d+e

i (—\/? \/m) @ArcCschcx]

8 ArcCsch[c x] Log[1 - e 2Arcesehlexl] 44 5t Log[1 +

} +

cVd
LA
i (7\/? \/m) ehrecschcx] cd i (7\5 \/m) ehrcCschicx]
8 ArcCsch[cx] Log[1 + | +16 i ArcSin| ————] Log[1+ |+
cVd V2 cVd

i (\/? m) ArcCsch[c x] i (\/? m) ArcCsch[c x]

41rLog|l- | +8ArcCschicx] Log[1 - | -
cVd cVd
e
17c& Ji(\/? \/—c2d+e) ghrecschicx] N
16]'1Ar‘cSin[7} Log[lf } 74117rLog[\/?7 ] +4P01yLog[2, e—2Ar‘cCsch[cx]] .
V2 c/d X

i (7\5 m) ArcCsch(cx] i (\E m) ArcCsch(cx]
| +8PolyLog|2,
cVd cVd

8 Polylog[2, -

]
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Problem 104: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

Jx3 (a+bArcCsch[cx]) 5
X

(d+ex2)2

Optimal (type 4, 553 leaves, 29 steps):

bAr‘cTan[@]
a+bArcCsch[cx] (a+bAr‘cCsch[c x})z CWJ“& x (a+bApcc5Ch[cx}> Log[l_efZAr'cCsch[cx]}
- - + - +
2e(e+:—2) b e? 2v/c2d_e e32 a2

(a+bArcCschicx]) Log[1- M] (a+bArcCsch[cx]) Log[1+ co/od ehrecsenlex]
Ve /-ctdie Ve [ -cdie
* +
292 2e2
(a+bArcCschicx]) Log|[1- M] (a+bArcCsch[cx]) Log[1+ co/od ehrecsenicx)
ﬁdﬁ \/;+\/m bPolyLog[z, e—ZAr‘cCsch[cx]]
+

2e? 2¢e? 2¢e?

+

4 eArcCschicx] ] g eArcCschicx] } ArcCsch(c x]

4 eArcCschicx] - c\/-d ¢
} b PolyLog [2,
e -\/-c2d+e Ve -1/ -c?d+e e +/ -c?d+e Ve 1/ -c?d+e
+ + +

2e? 2e? 2e? 2¢e?

b PolyLog[Z, - £ b PolyLog[z, < b PolylLog [2, -

Result (type 4, 1410leaves):

1 4ad 2b+/d ArcCsch[cx 2b+/d ArcCsch[cx
—— |b?+ —41brArcCschcx] + Vd [cx] + Vd [ex]
8 e? d+ex? Vd -i+e x AVd +ie x
e
1 1+c\/d* (C\/?—\/?)Cot[l(n+21‘1Ar‘cCsch[cx]>]
8bArcCschcx]?-4bArcSinh| —] +16 bArcSin[ —————] ArcTan| 4 | -
cx V2 -ctd+ie
v e
1_cﬁ (cx/?+\/?) Cot[i (7r+2iAr'cCsch[cx])]
16 b ArcSin| —————| ArcTan| | -8bArcCschcx] Log[1 - e 2ArcCschiex]]

V2 V-c2d+e
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i (_\/? m) eArcCschcx] i (_\/? m) eAreCschcx]

Zjanog[l— }+4bAr‘cCsch[cx] Log[l— }+
cVd cVd
1+£
ovd i (7\5 \/m) eArcCschlcx] i (7\/?+\/m) @ArcCschcx]

8ibArcSin[ ————] Log[1- | +2ibrLog[1+ |+

V2 cVd cVd

1. e
i (_\/? \/m) @ArcCschcx] VT i (_\/?+\/m) @ArcCschcx]
4 b ArcCschc x] Log[1+ } +81’1bAr‘cSin[7] Log[1+ ] +
cVd V2 cVd

i (\E \/m) ArcCsch[cx] i (\/? m) ArcCsch[cx]

2ibrlog[l- | +4bArcCschcx] Log|1- | -
cVd cVd
1. e
v i (ﬁ_'_\/m) @ArcCschcx] i (\/? m) @ArcCschcx]
8ibArcSin[ ———] Log[1- | +21ibrLog[l+ ]+
V2 cVd cVd
) 1+£ .
i (\/? m) ArcCsch[c x] ovd i (\/? m) ArcCsch(c x]
4bArcCschlcx] Log |1 + | -8ibArcSin[ ——] Log[1+ ] -
cVd V2 cVd
2\/?\/?[11\/?% [cx/?ﬂ'm/—czdue 1+£ X
2b+/e Log|
. : \ -c?d+ ivd /e
Zjanog[\Eflﬁ}fzjbﬂLog[\/?+l\/?]+ e | i +

X X \V-c?d+e

Z\Fr[\ﬁw ic+/d +/ -c2d+e
\ -c?d+e (\/7+1r )
]'l(—\/? */—c2d+e) ArcCsch[c x] ]']_(_\/? *’—c2d+e) ArcCschc x]
| +4bPolyLog|2,
cVd cVd

Zb\/?Log[

+4alog[d+ex?| +4bPolylog[2, e 2Arecschiex]]

4bPolylog|2, -

|+



46 | 7.6 Inverse hyperbolic cosecant.nb

i (\/?+“/—c2d+e ) eArcCschlcx] i (\/?+“/—c2d+e ) eArcCschcx]
| +4bPolylog|2,
cd cvd

4 b Polylog [2, -

]

Problem 105: Result unnecessarily involves imaginary or complex numbers.

Jx (a+bArcCsch[cx]) ;
X

(d+ex2)2

Optimal (type 3, 139leaves, 7 steps):

b ¢ x ArcTanh | Ve y-1-cix? ]
a+bArcCsch[cx] bcxArcTan[v/-1-c2x? | [ de
- + +

2e (d+ex?) 2de/-c2x? 2dv/c2d-e Ve V-c2x¥
Result (type 3, 271 leaves):

. 1
2a 2bArcCsch{c x] 2bAr‘c51nh[;]
- — + - +
4e|d+ex? d+ex? d

4lidescde |c+/d +i+/-c2d+e 1+#]x] 4i|dercde |icy/d +-c?de 1+$ X
b+e Log|- b\/?Log
[ b~/ -c2d+e (ﬁ—j \/?x) ] [ b~/ -c2d+e (ﬁﬂi \/?x) ]
+
dv-c?d+e dv-c?d+e

Problem 106: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.
Ja +bArcCsch[c x]

X (d+ex2)2

X

Optimal (type 4, 515leaves, 24 steps):
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b\/_Ar‘cTan L

e a+bAr‘cCsch[cx]) Log[1-

c -d eAr‘cCsch[cx]
e (a+bArcCschicx]) (a+bArcCschic x])2 Ve [ dre
_ + + _

2d2(e+f—2) 2bd? 2d2+/c2d-e 2d?

eAr‘cCscMc X] -d eAr‘cCsch{c x]

Ve +/-c2dre

(a+bArcCsch[cx]) Log[1+ € =d_ehrechic | (a+bArcCschicx]) Log[1- € ~d

Ve -/ -c2d+e Ve +/-c2dre
2d? 2 d? 2d?

eAr‘cCsch [cx] }

(a+bArcCsch[cx]) Log[1+

b POlyLOg [2, _c -d b POlyLOg {2’ _c —-d “d ehrecschicx]
e -/ -c?d+e e -1/ -c?d+e Ve 4/ -c?die ﬁ+\/m

2d? 2d? 2d? 2d?

d eAr‘cCsch [cx] ]

bPolyLog[2, €

eAr‘cCsch [cx] }

bPolylog|2, €

Result (type 4, 1382 leaves):

7i bl 4ad 74jbnAr‘cCsch[cx}72b\HAPCCSCh[CX] 72bﬁAr'cCsch[cx] B
8 d? d+ex? Vd —i+e x Vd +ie x
e
1 1+% (cx/?—\/?) Cot[% (m+2iArcCschlcx]) ]
4bArcCsch{cx]?+4bArcSinh[—] +16 b ArcSin[ —————] ArcTan]| 4 ] -
cX V2 V-c?d+e
LA . |
T (cﬁ+\/?) Cot[% (m+2iArcCschlcx]) ] ]'L(f\E \/7c2d+e) ArcCsch(c x]
16 b ArcSin|[ —————| ArcTan| 4 | +2ibrLog[1- |+
V2 V-c?d+e cVd
1+—\£
i (7\5 \/m) eArcCschlcx] T i (7@ \/m) @ArcCsch[cx]
4bArcCschcx] Log[1- | +81ibArcSin| ——] Log[1- |+
cVd V2 cVd

( \/F+m) eArcCschicx] i (—\/— m) @ArcCschcx]

Zjanog[l ]+4bAr‘cCsch[cx} Log[1+ ]+
cVd cVd
1. e
v i (-Ve s/ cdre ) etrceseniex i (Ve s-cTdre ) etrcesniex
81ibArcSin[————| Log|[1+ | +2ibrLog|1l- |+

V2 cd cd
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e
i (Ve +VcTdre | etrccsenicn -7 i (Ve +VcTdre | etrccsenicn
4bArcCschicx] Log[1 - | -8ibArcSin| ————] Log[1- |+
cVd V2 cVd
i (\/?+\/m) @hrcCschcx] i (\/? \/m) ehreCschcx]
2ibrlog[l+ | +4bArcCsch[cx] Log[1+ ] -
c/d cVd
Ve
1+
NS 1 \E vV-cid+e Ar‘cCsch X] )
SijrcSin[ic] Log[1+ ( ) ]—annLog[\/——l\/—}—Zianog[\/?Jrlﬁ]—
V2 cVd X
2+/d Ve |ie +c|c/d +i+/ -c?d+e 2+/d Ve \/7+C[1C\/7+\/—C2d+e ] ]
2b+/e Log 2b+/e Log
[ A\ -c?d+e ( i+/d +e x ) [ \ -c2d+e (rﬂlr )
8alog[x] - - +
V-c2d+e V-c2d+e

i (*\E+‘/7C2d+e ) ehreCschcx] i (—\/?+“’—c2d+e ) eArcCschlcx]
| +4bPolyLog|2,
cVd cVd

4alog|[d+ex?| +4bPolylLog|2, -

|+

i (\/? m) ArcCsch[c x] i (\/? m) ArcCsch[c x]
| +4bPolyLog|2,
cVd cVd

4bPolylog|2, -

]

Problem 107: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

Jx“ (a+bArcCsch[cx])
dx

<d+ex2)2

Optimal (type 4, 756 leaves, 51 steps):
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Czdfvlid\ze
d (a+bArcCschcx]) d(a+bArcCsch[cx]) x (a+bArcCschlcx])

[ : ]
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bAr‘cTanh[ 14 L }
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Result (type 4, 1593 leaves):
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1 1+c\/? (C\/d —\/e)Cot[i(nJijAr‘cCsch[cx])]
3i+/d |n*-41inArcCschlcx] -8ArcCsch[cx]?+32ArcSin[ —————] ArcTan| ] -

32 e5/2 ﬁ

V-c2d+e
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cVd cVd
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4imlog[l+ | +8ArcCschicx] Log|[1+

i \/? m ArcCsch[c x] .
( ) }—4i7rLog[\/?+lﬁ
c/d X

16 i ArcSin|

+

] +4 PolyLog [2, e—ZAr‘cCsch[c x] ]



7.6 Inverse hyperbolic cosecant.nb | 51

i (—\/— m) @ArcCschcx] i (\/— m) eArcCschcx]

8 Polylog [2, ] + 8 PolylLog [2, -

1|+

c/d cVd
\ e
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32 N2 V-ctd+e
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cVd
vV e
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c/d A2 cVd

i (\/? \/m) @ArcCschcx] i (\/? m) @ArcCschcx]

41irmlog[l- | +8ArcCschicx] Log|1 - |-
cVd cVd
e
-0 i (Vo o dre ) enceseniex T
1611Ar‘cSin[7} Log[l— } —41'17rLog[\/?_ ] +4p01y|_0g[2) e—ZArcCsch[cx]] N
V2 c/d X

i (7\5 m) ArcCschlc x] i (\/? m) ArcCschlcx]
| +8PolyLog|2,
cVd cVd ce?
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1 1 1 1 1 1
5 ArcCsch[c x] Coth[; ArcCschlcx] | + Log[Cosh[; ArcCschicx]]] - Log[Slnh[; ArcCschlcx] ] ] - N ArcCsch[c x] Tanh[; ArcCschcx] |

Problem 108: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

sz (a+bArcCsch[cx]) 5
X

(d+ex2)2

Optimal (type 4, 719leaves, 27 steps):




a+bArcCschicx] a+bArcCschicx]

7.6 Inverse hyperbolic cosecant.nb

c2d- N/i\

rﬁﬁ

b ArcTanh

se(vV-d e -2) ae(V-d e+

(a+bArcCsch[cx]) Log[1- € ~d_ehreeey
Ve -/ -c?die

4-/d Vc2d-e e

(a+bArcCsch[cx]) Log[1+ € ~d_efrecsente)
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4/—d e
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4+/-d e3/2

x]) Log[1+ <1
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e -/ -c?d+e
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Ve 41/ -c?d+e
4~/-d e32

-d ArcCsch[ch ]

e -/ -c?d+e
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bPolyLog[2, -

Ve 1/ -c?d+e
4-/-d e3?
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4-/-d e3’?
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c/-d

Ve +/ -c?d+e
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4 F e3/2
Result (type 4, 1442 leaves):
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4-/—d e3?

e x
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+ + - +
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1+ J: 1 \/:
1 N 1 .
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5 S
\/>
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V2 cVd . cVd ~

Vd

| 53
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;e

i 7\/:+ _c2d+e ] eAr‘cCsch[ch Ja i (7\/?+ /7C2 d+e ] eAr‘cCsch[ch
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Vd Vd
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NES 7 NES
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cd . 2 cd B

Va e

24/d Ve jﬁw{cﬁnmm x
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+ + -

\d \d Jd V/-c2d+re

e + {1'1 \d A -2 d+ 1+ 212
e +C c 3/ ¢ e 2 x ] . N [7\/?+ ,—762 de
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ViV cdre Va

2v/d Ve

X

eAr‘cCsch[c X]

2i+/e Log|-

eArcCsch [cx]

Ve 1/ -2 d+e

cd }

i i eAr‘cCsch [cx]

_\/?+ —c2d+e | eAreCschicx] i (\E+ _c2d+e
T | 2iPolylog|2, - o ]
c . [ B

Va Va e

2 i Polylog|2, 2 i PolyLog|2,

Problem 109: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.
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a+bArcCsch[cx]
J dx

(d+ex2)2

Optimal (type 4, 713 leaves, 47 steps):

R RER

b ArcTanh

b ArcTanh| ] [ ]
a+bArcCsch[cx] a+bArcCsch[cx] cVd yerde 105 cvdde 1
- + + + -
4d (V-d Ve -¢) 4d(V-d e+ 4ad2/ctd-e 4d2/c2d-e
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Result (type 4, 1520 leaves):

aArcTan [ @}
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2+/d ‘ [e vc|cva iV -c2ae ‘\“1 Z]Z ‘ 2+/d ﬁ‘f ‘ d +\ -c2d “‘1 s x‘
Log| — p— ] Log|- p— — ]
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e
1 1+?% (C\/?—\E)Cot[l(JHZJ'LAr‘cCsch[cx])]
——————1i |n*-4inArcCsch[cx] - 8ArcCsch[cx]? +32ArcSin[ —————] ArcTan| 4 | -
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cVd
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8 ArcCsch[cx] Log[1 - | +16 i ArcSin| ———] Log[1- ]+
cVd V2 cVd

i (\E m) @ArcCsch[cx] i (\/E \/m) @ArcCschcx]
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cd cd
e
1T i (Vo T de | ehneesnien T
16 i ArcSin|[ —————] Log[1 + | -4inLog[Ve + ] +4Polylog[2, e2ArcCschiex]]
V2 cd X

]-]_(_A/e +‘/—C2d+e)eArCCSCh[CX] ]']_(A/e “/—c2d+e) Ar‘cCsch X]

8 Polylog|2, | +8Polylog|2, -

} -

cVd cVd
e
_r i [n?-41imArcCschcx] - 8ArcCsch[c x]2—32ArcSin[1“/e?} ArcTan[ (C\/d—Jr\/?) COt[i <ﬂ+21APCCSCh[CX]>] ] -
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cVd
R N s = B L i (Ve Tare) eeeshien
8 ArcCschc x] Log[1+ | +16 i ArcSin| —————] Log[1 + |+
cVd V2 cVd

]l(\/? “/—c2d+e) eArcCschcx] 1(\/? “/—c2d+e) eArcCschcx]
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} ,



7.6 Inverse hyperbolic cosecant.nb | 57

e

1- .

o i (Vo T Td e ecesenicx .

16]'1A'"C51n[7c'j] Log[1- ( ) | -4inLog[Ve - l\/?] +4Polylog|2, e 2Arccschlex] ]
V2 cVd x

_\/?+\/m) eAreCschcx] i (\/?+*/—c2d+e ) eAreCschcx]
] +8PolyLog[2,
cVd c/d

i
8 PolyLog[Z, -

]

Problem 110: Result unnecessarily involves imaginary or complex numbers.

a+bArcCsch[cx]
j dx

x2 (d+ex2)2

Optimal (type 4, 758 leaves, 50 steps):
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Problem 111: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

JXS (a+bArcCsch[cx]) 5
X

<d+ex2)3

Optimal (type 4, 694 leaves, 33 steps):
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| +8PolyLog|2,
c/d cVd

8 Polylog|2, -

]

Problem 112: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

in‘ (a+bArcCsch[cx]) 5
X

(d+ex?) 3
Optimal (type 3, 167 leaves, 6 steps):

bc (c2d-2e) xAr‘cTanh[ﬁ it ]

bcxv-1-c2x? x* (a+bArcCschcx]) Jide
- + +
8 (c?d-e)ev-c2x* (d+ex?) 4d (d+ex?)? 8d (c2d-e)*?e¥2/-2x2

Result (type 3, 375leaves):
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2bce |1+ 21
1 4ad 8a X

C16e?| (d+ex2)2 +d+ex27 (-c?d+e) (d+ex?) " (d+ex2)2

2

4b (d+2ex?) ArcCschlc x]

16de¥2+/ -c2d+e |\e +c [—J‘LC\/?H/ —c2d+e 1+c21x2 ] X
b (-c*d+2e) (Ji Ad e x) }

+ +

d d(-c2d+e)®?

4bAr‘cSinh[Cix] b\/?(_c2d+2e) Log|

X

16ide¥2+/ -c?d+e [\/?Jrc {ﬂcx/?m/—cz d+e 1+c21)<2

b (c2d-2e) (ﬁ+]’1\/?X)

bve (-c2d+2e) Log|-

d (—c2d+e>3/2

Problem 113: Result unnecessarily involves imaginary or complex numbers.

Jx (a+bArcCsch[cx]) ;
X

(d+ex?) 3
Optimal (type 3, 205leaves, 8steps):
bc(3c2d-2e) xAr‘cTanh[@]

bcxv-1-c2x? a+bArcCsch[cx] bcxArcTan[V-1-c?x? | Jede
- + +
8d (c2d-e) V-c2x* (d+ex?) 4e(d+ex?)? 4d?e/-c?x? 8d? (c2d-e)’?+/e /-2x?

Result (type 3, 368 leaves):
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4 bAr‘cSinh[
C

)
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1 4a a 4bArcCschcx]
— |- + - +
16 | e(d+ex?)? d(c?d-e) (d+ex?) e(drex?)?

16d>/e +/ -c2d+e [r+c {—1cr+w/—czd+e

b<3C2d—2e> Log[ b(3c2d+2e)( iVd Ve x )

b(3c2d-2e) Log|-

+

16 i d2\/e +/ -c2d+e [r+c [1cr+w/—czd+e

b(3c2d-2e) (\/7+1r )

d2/e <—c2d+e)3/2

d2/e (—c2d+e)3/2

Problem 114: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

Ja +b ArcCsch[c x]
X

x (d+ex?) 3
Optimal (type 4, 657 leaves, 28 steps):

1

bce

N
2 x e? (a+bArcCsch[cx]) e (a+bArcCsch[cx

(a+bArcCschicx])?

e (cde) [er4)x  adfer )’ #ler s

XZ

b(c2d-2e) ﬁArcTan[@] b\/—Ar'cTan

c+e 1+ x cye
cZx2
+

2bd?

d EArcCsch [cx]

c
Ve -/ -c2d+e

(a+bArcCsch[cx]) Log|1-

8d® (c2d-e)*? d*Vc2d-e
] eAr‘cCschjcx]

\e -/ -c?d+e

(a+bArcCsch[cx]) Log[1+

(a+bArcCsch[cx

C
Ve +/ -c?d+e

2d3

-d eAr‘cCsch[c x] -d eAr‘cCsch[c x]

Ve +/-c2d+e

(a+bArcCsch[cx]) Log[1+

2d3

ArcCsch[cx] } ArcCsch[c x] ]

bPolylog|2, - -4-< bPolylog|2, 4=

e -\/-c2d+e \/?—\/m

2d3

ArcCsch[cx]

B c _d eArcCsch[cx] } b POlyLog[z, c “d e

Ve +/ -c?d+e e +1/ -ctd+e

2d? 2d?

Result (type 4, 2077 leaves):

2d? 2d3
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icve 1+ x
a a alog(x] alog[d+ex?] ) 1 2 x?
+ - +

\E _

.
ad (drex?)? 2d* (drex?) d* 22 l6d | Vd (2d-e) (-id +e x|

4d+/c2d-e \/?[\/?ﬂic{cﬁf\/czdfe 1+(217]x]
ArcCsch[c x] (2cd-e) (Vd +ie x| 1

Ve [ivdvex)?  dve d(ctd-e)?? e

Arcsinh[ L] i(2c*d-e) Log| =
e

X

4id~/c?d-e Ve [J‘l e +c [cﬁ+xlc2d—e 1+%
e X

ice [1. 2 . i (2c2d-e) L
reve T e X ArcCsch[c x] ArcSinh[ 7] (2ctd-e) tog] (26 d-e] [Vd-ive x|
- +

Vd (c2d-e) (]‘1\/?+\Ex) \E(j\/?+ﬁx)2 dve d(c2d-e)??
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Log|-
Ar‘csinh[lf] Veczdie [ivd e x ArcSinh:L] J c2a ‘\3,1 vi/

i x { i cx {
— | r— — .
Ve A -c2d+e Ve A -c?d+e

. ArcCsch[c x] . ArcCsch[c x]
5i+ve |- - 5i+e |- +
1+/d e +ex \d -1+/d e +ex A/ d

16 d5/2 16 d5/2

~ArcCschcx] (ArcCschcx] +2 Log[1 - e 2ArcCschiex]]) . polylog[2, e 2ArcCschicx] ]
2d3

1 cJd (C\/F—\/?)Cot[l(n+21’1Ar‘cCsch[cx}H
72— 41 7w ArcCsch[cx] - 8ArcCsch[cx]?+ 32 Ar‘cSin[i} Ar'cTan[ 2

16 d* 2 V-c?d+e

} _

]'l(f\/? *’—c2d+e) eArcCschcx]
cVd

|+

8 ArcCsch[cx] Log[1 - e 2Arccschlex]] 1 44 rLog[1 -

i (_\/? m) ArcCsch[c x] ova i (_\/? m) ArcCsch(c x]
| +16 i ArcSin| ——————] Log[1-

cVd V2 cVd
i (\/? “’—c2d+e) eArcCschcx] i (\/?+“’—c2d+e ) ehreCschcx]

|+

8 ArcCsch[c x] Log|1 -

41imlogll+ | +8ArcCschicx] Log|1+ ] -
cd c\d
e
i i (Vo T dre | emreeseniex T
16 i ArcSin[ ———| Log|[1+ | -4irnLog[e + ] +4PolyLlog[2, e 2ArcCschicx]

V2 cd X

i (—\/F+\/m) eArcCschcx] i (ﬁ m) ArcCsch|c x]
| +8PolyLog|2, -

N N -

8 PolyLog|2,
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Ve

1- 1 .

NER c/d ++/e | cot[t 71+ 21 ArcCschc x]

7% -4 1 wArcCsch[c x] - 8 ArcCschc x]2—32ArcSin[7Cd} ArcTan| ( ) [4 < ) | -
16 d? V2 V-c?d+e

]-l(_ﬂ/e “’—c2d+e) ArcCsch [cx]

8 ArcCsch[c x] Log[1 - e 2Arccschlex] 4 5t Log[1 +

]+

c/d
Lo
i (7\5 \/m) ehrcCschicx] cJd i (7\/? \/m) eArcCschicx]
8 ArcCsch[cx] Log[1 + | +16 i ArcSin| ————] Log[1+ ]+
cVd V2 cV/d

j(ﬂ/e 4/_Czd+e> ArcCsch[c x] j_(ﬂ/e */—c2d+e) ArcCsch[c x]

41irLog(l- | +8ArcCschicx] Log[1 - ] -
cd c\d
e
1,c\/e? 1(\/? A/_Czd_*_e) @ArcCschcx] JI\H
161‘1Ar‘cSin[7] Log[lf ] —4]'17TLog[\E— } +4PolyLog[2, e—2Ar‘cCsch[cx]] N
V2 cVd X

i (7@ m) ArcCschc x] i (ﬁ m) ArcCsch[c x]
| +8PolyLog|2,
cVd cVd

8 PolyLog[2, -

]
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Problem 115: Result unnecessarily involves imaginary or complex numbers.

Jx“ (a+bArcCsch[cx]) 5
X

(d+ex2)3

Optimal (type 4, 1106 leaves, 35 steps):

bc+/-d bc+-d
¢ c V-d (a+bArcCsch{cx]) 3 (a+bArcCschcx])

6 (c2d-e) ¥ (\/j\/?—s) 16 (c?d-e) e¥2 (\/j\/?Jr%) 16 e3/2 (ﬂ\/?_g)z 16 e? (ﬁ\/?—%)

2d- r‘/e 2 d—@
3bArcTanh| b ArcTanh [ ]
V-d (a+bArcCsch[cx]) 3 (a+bArcCsch[cx]) ‘rv et cdede 1
16 e3/2 (4/—d \/?Jrﬂ)z 16 e2 (\/—d \/?+%) 16 /d Vc2d-e e? 16\/_(2d e)3/2e
X
2d+\/d\/e c2d+\/j\/>
3b Ar‘cTanh b Ar‘cTanh b ArcCsch ) . [1 e /T ehrccsehicx] ]
[ de [ de a + rcCschicx] og|l- -
cvd \ cvd \ Ve -1/ -c?dre
16/d Vc2d-e €2 16\/_(2d—e)3/2e 16/ -d e5/2
3 (a+bArcCsch[cx]) Log[1+ € ~d_efrecenex 3 (a+bArcCsch[cx]) Log[1- € ~d_ et 3 (a+bArcCsch[cx]) Log[1+ € ~d_efrecnex
Ve -/ -c?d+e Ve +/-c2d+e Ve +/ -c?dre
. _ _
16+ -d e°/? 16/ -d e°? 16+ -d e*/?
_ ehre schcx] -d eAr‘cCsch[c x] c -d eAr‘cCsch[ﬁ: x] c -d eAr‘cCsch[c x]
3bPolylog|2, - S-d e 3bPolylog|2, € 3bPolylog|2, - 3bPolylLog|2
[ ’ Ve -/ -c2d+e ] [ ’ Ve -/ -c2d+e } [ ’ Ve +/-c2dre ] [ ’ Ve +/-c2d+e
+ - +
16V -d e®/? 16V -d e®/? 16V -d e®/? 16V -d e*/?

Result (type 4, 2045 leaves):
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Ve x ic+e 1+ x
adx 5ax 3aAr‘cTan[ ﬁ} 1 N 22

- + +b id -
4 e? (d+ex2)2 8e? (d+ex?) 8-/d e%2 16 e2 \H(czdfe) <7j\/?+\/?x)

4d+/c2d-e \/?[\/?ﬂic{cﬁf\/czdfe 1+(217]x]
ArcCsch[c x] (2cd-e) (Vd +ie x| 1

\/?(—]'].\/d_-%—\/gx)z_ d+e ’ d(czd—e)3/2 16 e?

Arcsinh[ L] i(2c*d-e) Log|

X

Ajd\/m\/e [J‘l@%[cxldﬂlczd—e 1+$
icve [1+-1 x . 1 i(2c*d-e) Log
\ c*x? ArcCsch[c x] Ar‘cSmh[;} | ) [

(2c?d-e) (ﬁ—iﬁx)

V@ (cd-e) iV Ve x| Ve [14divex?  dve d(c2d-e)*?
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Log ‘ P —— “Q > ‘] Log|- ‘ - ‘ — - ‘]
| Arcsinn[*) Vczae fiva e x Arcsinh[ ] Veeae [V iie x
i o ‘ ) i o
\/? -c2d+e \/? \ -c?dve
5 |_ ArcCsch[c x] _ 5 |_ ArcCschlc x] .
iVd Ve +ex Vd —i+/d Ve +ex Vd
+ +
16 e? 16 e?
Ve
. 1+cd<T (c\/d 7\/e)Cot[i—<ﬂ+ZjArcC5ch[cx]H
3i |n%-41inArcCschicx] - 8ArcCsch[cx]?+32ArcSin[ ————| ArcTan]| | -

128 +/d e5/2 V2 V-c?d+e

i (Ve +TTdre | erccsenicn
A\

8 ArcCschc x] Log[1 - e 2Arccsehlex] ], 4 7t Log[1 -

|+

1(-%? m) ehrecschlcx] TS i(—\/? m) ehreeschlex]
| +16 i ArcSin| ————] Log|[1-

cd N2 cVd
]l(\E ‘/—c2d+e) eAreCschcx] ]l(\/? */—c2d+e) ehreCschcx]

8 ArcCsch[cx] Log[1 -

} +

4imlog[l+ | +8ArcCschicx] Log|[1 + | -
cVd cd
e
s i (Ve e VTdre ) eesnien T
16 i ArcSin[—————] Log[1+ | -4irnLog[Ve + | +4PolyLog|2, e 2Arccsehiex]]

V2 cd X

]i(—\/?+“/—C2d+e)eArCCSCh[CX] ]l(\/? */—c2d+e) eArcCschcx]
] +8PolyLog[2, -
cVd cd

8 Polylog [2,

} -
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e
1 1_“/(7 (cﬁ+ﬁ)€ot[l<7T+211Ar‘cCsch[cx]H
——————31i [n*-41irArcCsch[cx] - 8 ArcCsch[c x]? - 32 ArcSin| —————| ArcTan| 4 |-
128 /d e5/2 V2 V-c?d+e

i (—\/? \/m) @ArcCschcx]

8ArcCsch[c x] Log[1 - e 2Arcesehlexl] 44 5t Log[1 +

} +

cVd
LA
i (7\/? \/m) ehrecschcx] cd i (7\5 \/m) ehrcCschicx]
8 ArcCsch[cx] Log[1 + | +16 i ArcSin| ————] Log[1+ |+
cVd V2 cVd

i (\/? m) ArcCsch[c x] i (\/? m) ArcCsch[c x]

41rLog|l- | +8ArcCschicx] Log[1 - | -
cVd cVd
e
17c& Ji(\/? \/—c2d+e) ghrecschicx] N
16]'1Ar‘cSin[7} Log[lf } 74117rLog[\/?7 ] +4P01yLog[2, e—2Ar‘cCsch[cx]] .
V2 c/d X

i (7\5 m) ArcCsch(cx] i (\E m) ArcCsch(cx]
| +8PolyLog|2,
cVd cVd

8 Polylog[2, -

]
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Problem 116: Result unnecessarily involves imaginary or complex numbers.

dx

sz (a+bArcCsch[cx])

(d+ex2)3

Optimal (type 4, 1106 leaves, 63 steps):

bc [1+ 212 bc [1+ 212
X X a+bArcCsch[cx] a+bArcCschcx]

167d (c2d-e) Ve (Vod e -¢) 16v-d (2d-e)e (vod Ve + 9 +16mv?(ﬂﬁ_g)2+1sde(mﬁ_g)

Czdf\/j\/: Czdf\/j\/?
b ArcTanh | | bArcTanh| ]
2 1 2 1
a+bArcCschicx] a+bArcCschicx] cVd yerde [l cVd yctdee 1o
160 Ve (V-d Ve +2)" 16de(V-d Ve ] 162 (c2d-e)*? 166°/2:/d e e
C2d+\/j\‘C c2d+vjv’?

b ArcTanh

b ArcTanh

[ : ) [———=] €/ ebecsanien)
CWWE 7 eva aae [1t 7 (a+bAr‘cCsch[cx]) Log[l_ cEim ]
16d%/2 (c2d-e)?? 16d¥2/c2d-e e 16 (-d)*2 32

(a+bArcCsch[cx]) Log[1+ M] (a+bArcCschicx]) Log[1 - M] (a+bArcCschcx]) Log 1 + M}
Ve -/ -c?d+e Ve +/ -c?d+e Ve ) -c?d+e
+

16(—d)3/2e3/2 16(—d)3/2e3/2 16<—d)3/2e3/2

+

-d eAr‘cCsch{c x] c _d eArcCscMc X] c -d eArcCsch[c x] c -d eAr‘cCsch[c x]
| bPolylog|2, —\L] bPolyLog[2, - | bPolylog|2, L]
Ve -/ -c2d+e Ve -/ -c2dre Ve +/-c2dre Ve ) -c2dre

— + —

16(—d)3’/2e3/2 16(—d)3/2e3/2 16(—d)3/2e3/2 16(—d)3/2e3‘/2

bPolyLog[2, - €

Result (type 4, 2053 leaves):
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icve 1+ x
1

aAr‘cTan[@}
B ax . ax . Vd B i _
4e (d+ex?)? 8de (d+ex?) 8 d*/2e3/2 16V/d e [+/d (c2d-e) (—Ji\/?+\/?x)

. 1
ArcCschc x] ArcSinh| ;]

i(2c2d-e) Log|

X

4d+/c2d-e Ve

Ve +ic

c/d -4/ c2d-e 1+c21x2 ]

(2c?d-e) (\/?H'L\Ex) 1

\/?(—i\/?+\/?x)2_ dve

icve 1+ x
c° X

ArcCschc x]

N
d(czd—e>3/2 16d e

4id+/c?d-e Ve [ie +c|c/d +1/c?d-e 1+%
cex

i(2c2d-e) Log|

Arcsinh[ 2| (2c2d-e) (Vd -ive x)

il- _
Vd (c2d-e) (jﬁw?x) @(jﬁ+@x)2 dve d(c2d-e)??
Log| — -] Log|- “ — i ‘J
] Arcsinh:i] Vs fifa e ) ArcSinh[i: Vectae [V uiife s
1 1
x/? A -c?d+e \/? \ -c?d+e
_ ArcCsch[c x] _ _ ArcCsch[c x]
ivd Ve +ex \d —i+/d Ve +ex Ad N
l16de 16de
\ e
1 1+c\/T (cﬁ—ﬁ)Cot[l(7r+21'1Ar‘cCsch[cx])]
7?43 mArcCschcx] - 8 ArcCschc x]? + 32 ArcSin]| | ArcTan| 2 -

128 d3/2 e3/2 N

V2 V-c?d+e



7.6 Inverse hyperbolic cosecant.nb | 75

j_(—\/? /—C2d+6) ArcCsch[cx]

8 ArcCschc x] Log[1 - e 2Arccsehlex]] 4 7 Log[1 -

|+

cVd
1+—\£
i (-Ve VT ) etrccsehien = i (-Ve +V-cTdue ) etrccsenien
8 ArcCsch[c x] Log[l— ] +161‘1Ar‘cSin[7] Log[l— } +
cVd V2 cVd

i (\/? m) ArcCsch[c x] i (\/? m) @ArcCschcx]

41rLog|l+ | +8ArcCschicx] Log[1 + | -
C\/? c\/?
e
1+ .
NES i \/? m eArcCschcx] .
16]’1Ar‘cSin[7Cd} Log[1+ ( ) } ,4]'17T|_og[\/?Jr ]l\/?] +4PolyLog[2, e—ZArcCsch[cx]} N
V2 cd X

]-l(_ﬂ/e +4/_C2d+e)eAr'cCsch[cx] J-l(ﬂ/e */—c2d+e) ArcCsch X]

8 Polylog [2, ] + 8 PolylLog [2, -

} -

c/d c/d
\ e
1 lfc\g (C\H+\E>C0t[l(7T+2JiAI"CCSCh[CX])]
——————1i |n®-4inArcCsch[cx] - 8ArcCsch[cx]? - 32ArcSin[ —————] ArcTan| 4 ] -
128 d3/2 e3/2 V2 V-ctd+ie

j(—\E /7C2d+e) ehreCschcx]

8ArcCsch[cx] Log[1 - e 2Arccschlexl] 44 s Log[1 +

|+

cVd
1 e
i (_\/? m) @ArcCschcx] ova i (_\/? m) @ArcCschcx]
8 ArcCsch[cx] Log[1 + | +16 i ArcSin| ———] Log[1+ ]+
c/d N2 c\/d

i (\E m) @ArcCsch[cx] i (\/Z \/m) @ArcCschcx]

41imlog|l- | +8ArcCschicx] Log|1- | -
cVd cVd
e
-0 i (Ve o VTdre ) eesnien T
16 i ArcSin|[ ————] Log[1 - | -4inLog[Ve - | +4Polylog[2, e 2Arccschicx]

V2 cd X
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i (—\/?+*/—c2d+e ) ehreCschcx] 1 (\/?+“/—c2d+e ) eAreCschcx]
| +8PolyLog|2,
cd cd

8 Polylog|2, -

]

Problem 117: Result unnecessarily involves imaginary or complex numbers.

Ja +b ArcCsch[c x]
X

(d+ex2)3

Optimal (type 4, 1096 leaves, 81 steps):
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bce [1+ -2 bce [1+ -2
et xt ¢ Ve (a+bArcCsch[cx]) 5 (a+bArcCsch[cx])

— — + — —

16 (~d) (a-e) (Vod Ve i) 16 (-] (Fde) (Vod Ve r 7] 16 () (Vea e - 7)T 166 [Vod e ]

[a e g Ve
5 b ArcTanh

[ - | beArcTanh| ]
Ve (a+bAr‘cCsch[c x}) 5 (a+bAr‘cCsch[cx]) cvd ctd-e | 1o c/d\ctde 10
+ + + +
16 (-d) 2 (Vod Ve + )7 162 (Vod Ve + ¢ 16d2+/c?d-e 16d°2 (c2d-e)’?

cacle e caele
5b ArcTanh| x | beArcTanh| ] (ash A > (1 e
3 (a+bArcCschlcx]) Log[1- <= -
2 1 2 1
cVd y/cd-e 1+C27 cVd +/c*d-e 1+(27 Nryl ﬁcz dre
+ + -

16d2\/c?d-e 162 (c*d-e)*? 16 (-d)** e

c —d eArcCsch[c x]

3 (a+bAr‘cCsch[c X]) Log[lJr M] 3 (a+bAr‘cCsch[cxj> LOg[lf 3 <a+bArcCsch[cx]) LOg[lJr c+/—d_ehrecschicx)

Ve -/ -ctd+e \/?+ —c2d+e } \/?+ —c2d+e
v N v . v
16 (-d)** /e 16 (-d)** e 16 (-d)*2Ve
3bPolylog |2, - LA™ ) 3ppolylog[2, L] 3 polylog[2, - AN 3 polylog[2, S L

Ve -n/ -c2d+e Ve -4/ -c2d+e \/?+\/m \/?+\/m

+ - +

16 (-d)** e 16 (-d)*? /e 16 (-d)*'2 e 16 (-d)% /e

Result (type 4, 2038 leaves):
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3aAr‘cTan[@]
ax 3ax NES 1
+ + +b
4d (d+ex?)? 8d® (d+ex?) 8d5/2+/e 16 d3/2
d~/c?d-e e \/_+1C[C\/_—\/C2de ]
L C 1+ . i (2c2d-e) Lo
. Teve Teaw X ArcCsch[c x] Ar‘cSmh[i} i ) g[ (2c2d-e) (Vd +ie x)
1 _

VT (@d-e) (1T e x| e [iv@evex)?  die + d(c*d-e)*?

\/7+C

d+/c?d-e Ve cvdfctde [1
icVe 1+cllx2 X . 1] i(2c?d-e) Log[

ArcCschc X] Ar‘cSmh[cx (2c?d-e) (Vd -ie x|

VT (ctd-e) [iVT Ve x) e [14dvex)?  dve d(cd-e)?
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| 79

og ‘ L S \ 2 x2 ‘] Log[ ‘ ‘ - - N 2 x2 ‘]
. Ar‘cSinh[L: Voc2die [iv/d e x Ar‘cSinh[L 2d.e ‘ [a vivfe
i £X - i cx
\/? -c2d+e \/? \ -c?d+e
3 |- ArcCsch[c x] _ _ ArcCschlc x]
iv/d Ve +ex Nd -i~/d Ve +ex Nd
.
16 d? 16 d?
e
. 1+cd<T (c\/d 7\/e)Cot[i—<ﬂ+ZjArcC5ch[cx]H
3i |n%-41inArcCschicx] - 8ArcCsch[cx]?+32ArcSin[ ————| ArcTan]| | -

128 d5/2 /e V-c?d+e

i (Ve +TTdre | erccsenicn
A\

e—z ArcCsch[cx

8 ArcCsch[c x] Log|1 Il +4inlog[1- |+

j_(—\/? “/—c2d+e) eArcCschcx]
cVd

} _

]'l(—\/? “’—c2d+e) eArcCschcx]
| +16 i ArcSin|
cd V2
]l(\E ‘/—c2d+e) eAreCschcx] ]l(\/? */—c2d+e) ehreCschcx]
cVd cVd

8 ArcCsch[cx] Log[1 - ] Log[1- ]+

4imlog[l+ | +8ArcCschicx] Log|[1 +

i \/? m ArcCsch[c x] .
( ) }_4jnLog[@+lﬁ
cvd X

-2 ArcCsch[cx] ]

| +4PolyLog[2, e +

16 i ArcSin|

i (_\/?_Fﬂ/_czd_*_e ) ehrcCschlcx]
cVd

i (\/? ’—c2d+e) Ar‘cCsch x]
cVd

8 Polylog [2, ] +8 PolyLog[Z, - } -



80 | 7.6 Inverse hyperbolic cosecant.nb

e
1 1_“/(7 (cﬁ+ﬁ)€ot[l<7T+211Ar‘cCsch[cx]H
——————31i [n*-41irArcCsch[cx] - 8 ArcCsch[c x]? - 32 ArcSin| —————| ArcTan| 4 |-
128 d5/2+/e V2 V-c?d+e

i (—\/? \/m) @ArcCschcx]

8ArcCsch[c x] Log[1 - e 2Arcesehlexl] 44 5t Log[1 +

} +

cVd
LA
i (7\/? \/m) ehrecschcx] cd i (7\5 \/m) ehrcCschicx]
8 ArcCsch[cx] Log[1 + | +16 i ArcSin| ————] Log[1+ |+
cVd V2 cVd

i (\/? m) ArcCsch[c x] i (\/? m) ArcCsch[c x]

41rLog|l- | +8ArcCschicx] Log[1 - | -
cVd cVd
e
17c& Ji(\/? \/—c2d+e) ghrecschicx] N
16]'1Ar‘cSin[7} Log[lf } 74117rLog[\/?7 ] +4P01yLog[2, e—2Ar‘cCsch[cx]] .
V2 c/d X

i (7\5 m) ArcCsch(cx] i (\E m) ArcCsch(cx]
| +8PolyLog|2,
cVd cVd

8 Polylog[2, -

]
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Problem 118: Result unnecessarily involves higher level functions.

st \Jd+ex* (a+bArcCsch[cx]) dx

Optimal (type 3, 413 leaves, 12 steps):
b (23c*d?-12c*de-75e?) x\V-1-c2x2 Jd+ex? b (29c2d+25e) xV-1-c?x? (d+ex2)3/2

+

1680 c® e2 /-2 x2 840 c3e?/-c2x2
bx+-1-c2x® (d+ex?)>? . d? (d+ex?)*? (a+bArcCschlcx]) - 2d (d+ex?)*? (a+bArcCschlcx]) .
42ce?/-c2x® 3e? 5 e3
(d+ex2)7/2 (a+ b ArcCsch(c x| b (105 c®d® +35c*d?> e+ 63 cde? - 75 &) xAr‘cTan[V?cJ%"2 ] 8bcd7/2xAr‘cTan[Lﬁj%
7€ ) 1680 c® e5/2 /-2 x2 ) 105 e3 /- c2x?

Result (type 6, 713 leaves):
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1 1 ex
x> |- (105 c®d® +35c*d’ e + 63 c>d e? - 75 €3) AppellF1[1, —, —, 2, -c?x?, - ——|
2 2
2 d AppellFi1|2 133 ! i] AppellF1[2 2,1 ! i] 4 AppellFi[1 i ! i}
(C ppe JZJ 2: ’7C2X2,7ex2 + e Appe 12) 2: J*CZXZJ’eXZ + ppe )21 2) ,7C2X2’7eX2
6 42 42 2 4 3 2 2 A4 2 8 43 2 1 1 2,2 EXZ
(35c®d?e*x*+63c*de’x? - 75c? e x? + c®d® (-128d + 105 e x?) ) AppellF1[1, —, —, 2, -c*>x*, - —— | +
2 2 d
g 43 2 1 3 , ., ex? 5 3 1 , ., ex?
32c®d* x eAppellFl[Z, -, —, 3, —C° X%, —7] +C dAppellFl[Z, —, —, 3, —C° X%, —7} /
2 2 d 2 2
1 1 1 d 1 3 1 d
[840c5 e’ (1+c*x*) \/d+ex? |-4c?ex?AppellFl[1, —, —, 2, - , - ——| +c*dAppellFi[2, =, =, 3, - -]+
2 2 c? x? e x? 2 2 c? x? e x?
3 1 1 d
eAppellFi1[2, =, —, 3, - y -]
2 2 c? x? e x?
11 e x? 2 3 1 e x?
[4dAppellF1[1, =, 2, —a X, -] 4% (eAppellFl[Z, » =53, ~c*x?, - ——] +c2dAppellF1[2, =, =, 3, -c?x?, })]J +
2 2 d 2 2

1
ﬁxld+ex2 16ac® (8d*-4d’ex’+3de*x*+15e’x°) +be
1680 c’ e

16bc® (8d>-4d>ex®+3de”x*+15e’ x®) ArcCsch[c x]

Problem 119: Result unnecessarily involves higher level functions and more than twice size of optimal
antiderivative.

Jx3 \Jd+ex* (a+bArcCsch[cx]) dx

Optimal (type 3, 302leaves, 11 steps):
b(c2d-9e) xvV-1-c2x2 Jd+ex2 bx/-1-c2x2 (d+ex2)3/2 d <d+ex2)3/2 (a+bArcCschlcx])

+ —

+

120c3 e -c2x? 20ce -c2x? 3e?
5 b (15c*d?+10c?de-9e?) xAr‘cTan[ﬁ 1t ] 2bcd5/2xAr‘cTan[@}
(d+ex?)”* (a+bArcCschlcx]) c+Jdeex? NrEVEEE
5e? 120 c*e3/2+/ -2 x? 15e2+/-c2x?

Result (type 6, 635 leaves):
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1 1 1 ex
-||lbd |1+ x> |- (15c*d?> + 18 c*de-9e?) AppellFl[1, —, =, 2, -c* X2, - ——|
c2 x2 2 2
, 1 3 1 d 3 1 1 d
(c d AppellF1[2, =, =, 3, - , - ——| +eAppellF1[2, =, =, 3, - , - — |+
22 c? x? e x? 2 2 c? x? e x?
1 1 d 1 1 e x?
4 AppellfF1[1, =, =, 2, - -——] [(18c*de’x*-9c?e? x>+ c®d? (-16d+ 15ex?) ) AppellF1[1, —, —, 2, -c®x?, - —— | +
2 2 c? x? e x? 2 2 d
6 o 2 1 3 , , ex? , 3 1 , ., ex?
4 c®d° x eAppellFl[Z, —, —, 3, —C° X%, —7} +C dAppellFl[z, —, —, 3, —C° X%, —7] /
2 2 d 2 2 d
1 1 1 1 d
[60 e (1+c*x%)+/d+ex? [-4c?ex?AppellFl[1, —, =, 2, - , - ——| +c*dAppellFi[2, =, =, 3, - -]+
2 2 c? x? e x? 2 2 c? x? e x?
3 1 1 d
eAppellFi1[2, =, —, 3, - » - ——]
2 2 c? x? e x?

11 - ) 1 3 » ., €X ) 3.1 ex?
—4dAppellF1[1, —, —, 2, —C° X%, —7} + X eAppellFl[Z, -, —, 3, —Cc x4, —7] +C dAppellFl[Z, —, —, 3, —C° X%, —7} +
2 2 d 2 2 d 2 2 d

1
2

1+ x(—9e+c2<7d+6ex2))+

1
———+/d+ex?® |8ac? (—2d2+dex2+3e2x4) +be

120 c3 e? 2

c° X

8bc® (-2d>+dex®+3e*x*) ArcCsch[c x]

Problem 120: Result unnecessarily involves higher level functions and more than twice size of optimal
antiderivative.

Jx \Jd+ex? (a+bArcCsch[cx]) dx

Optimal (type 3, 203 leaves, 9 steps):
[enlae e g3z x ancTan| 4]

b (3 c2d 7e) x ArcTan

bxV-1-c2x? J/d+ex? (d+ex?)*? (a+bArcCschicx]) cJdrex? NERVEEEI
+ + +
6 c-c?x? 3e 6c2\e V-c?x? 3e+-c?x?

Result (type 6, 556 leaves):
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c? x?

5 1 1 , , ex? 5 1 3 1 d 3 1 1 d
- (3c2d-e) AppellFi[1, —, =, 2, -c*x?, - ——| (c dAppellFi[2, =, =, 3, - , - ——| +eAppellFi[2, =, =, 3, - , -]
2 2 d 2 2 c? x? e x? 2 2 c2 x? e x?
1 1 1 d 1 1 e x?
2 AppellF1[1, =, =, 2, - y -] (—2 (c?e’x*+c*d (2d-3ex?)) AppellFi1, —, —, 2, -c*x%, - —— | +
2 2 c? x? e x? 2 2 d

2 2
%] +c2dAppellF1[2, i, 1, 3, -c2x?, e:}))] /(3C (1+c*x?) yJd+ex?
2 2

1 3
ctdx? (eAppellFl[Z, =, =, 3, -c%x?, -
2 2

. 11 1 d , 1 3 1 d 301 1 d
(—4c ex? AppellFi[1, =, =, 2, - , - ——| +c?dAppellFi[2, —, =, 3, - , - ——| +eAppellFi[2, =, —, 3, - , - —
2 2 c? x? e x? 2 2 c? x? e x? 2 2 c? x? e x?
1 1 e x? 1 3 e x? 3 1 e x?
{4dAppe11F1[1, =, =, 2, -cx%, - ——] +x? |eAppellF1[2, =, =, 3, -c*x?, - ——| +c?dAppellF1[2, =, =, 3, -c?x?, - —| ]] +
2 2 d 2 d 2 2 d

be [1+ - x+2ac (d+ex?) +2bc (d+ex?) ArcCsch[c x]

c? x?

Vd+ex?

6ce

Problem 126: Unable to integrate problem.

J\/d+ex2 (a+bArcCschlcx]) 4
X

x4

Optimal (type 4, 389 leaves, 8 steps):
2bc3 (czd—2e>x2\/d+ex2 2bc<c2d—2e)\/—1—c2x2 Vdrex2 bev-1-2x2 Jdrex? (d+ex2>3/2(a+bAr‘cCsch[cx})
- - + - +
9dV-c2x? 9322 x> 3dx?

9dvV-c2x2 V-1-c2x?
2bc? (c?d-2e) xVd+ex? EllipticE[ArcTan[cx], 1- fd} b (c?d-3e) exd+ex? EllipticF|[ArcTan[cx], 1- fd]
C C

T 292 /1 _ 242 | _diext 2./ 292 A/ 1 _2v2 | _diex’
9d+/-c2x? \/-1-c2x YRR 9d*V-c?x* V-1-c*x PYFRER

Result (type 8, 25leaves):
J\/d +ex? (a+bArcCschlcx]) 4
X

4

X
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Problem 127: Unable to integrate problem.

dx
6

Vd+ex? (a+bArcCschcx])
J x
Optimal (type 4, 527 leaves, 9 steps):
bc® (24c*d?-19c2de-31e?) x2\/d+ex? bc(24c*d?-19c?de-31e?)/-1-c2x? /d+ex?

+ —

225d2+/-c2x? \/-1-c2x2 225d2+/-c2x?
bc(12c2d+e)V-1-2x2 Vdrex? bcV-1-2x? (d+ex?)’? (d+ex?)’? (a+bArcCschicx])
225452/~ L saevaw 5 dx° )
2e (d+ex?)®? (a+bArcCsch[cx]) bc? (24c*d?-19c?de-31e?) x/d+ex? EllipticE[ArcTan[cx], 1- i}
15d? x3 ) 5
225d2/-c2x? J-1-c2x2 | deex—

d (14 x?)

2be (6c*d?>-4c2de-15e?) x\d+ex? EllipticF[ArcTan[cx], 1- =]

c2d

225d3/—c2xZ \/-1-c2x2 | —dexXt
d (1+c2x?)

Result (type 8, 25leaves):
J\/ d+ex® (a+bArcCschicx])

dx

x6

Problem 128: Result unnecessarily involves higher level functions.

sz’ (d+ex2)3/2 (a+bArcCschcx]) dx

Optimal (type 3, 384 leaves, 12 steps):
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b (3c*d?+38c2de-25¢e?) xvV-1-c2x2 \/d+ex?

b(13c2d-25e) xV-1-c2x? (d+ex?)??
560 c5 e/ -c2x2 + g4 e -c2x2 ’
bx+-1-c2x? (d+ex?)>? d (d+ex?)*? (a+bArcCschicx]) . (d+ex?)”? (a+bArcCschlcx]) i
42cer/-crx? 5e?

7 e?

b(35c6d3+35c4d2e—63c2de2+25e3)xArcTan[ﬁ ’LCZXZ} 2bcd7/2xAr‘cTan[@

c+/die x? Vd A -1-c2x?
560 cb e3/2 /- c? x? 35e2+/-c2x?

Result (type 6, 687 leaves):

X3

e x?
-~ - (35c®d®+35c*d’e-63c>de”+25e®) AppellFi[1, 2x2, - ——]
2 x

N |

1
y 2) -C
2

1 1

(cz d AppellF1]2,

N |

3 3 d Al 11F1|2
» ’_c2x2’_ex2]+e ppellF1|2,

1
3_13)_
2

N W

c? x?

1
((35 c®d?e?x?-63c*de®x?+25c?e* x? + ¥ d® (-32d +35ex?) ) AppellFi|1, —,

8 c®d? x?

1 3 5 ex 5 3 , ., ex?
eAppellFl(2, =, =, 3, -c?x?, - — | +c2dAppellF1[2, =, =, 3, -c*x?, - —| /
2 2 d 2 2 d

[286c5e (1+c2x2) A/ d+ex?

3 1 1 d
eAppellFi[2, =, —, 3, - , - —
2 2 2 x? e x?

11 , ., ex?
-4dAppellFl(1, =, =, 2, -2 x?, - ——
2 2

+
x
N
—_—
]
>
©
©
)
[}
[
m
=
N
-
N |

1 W ~48ac® (2d-5ex?) (d+ex?)?+be

1680 c® e?

48bc> (2d-5ex?) (d+ex2)2ArcCsch[c x]

Problem 129: Result unnecessarily involves higher level functions and more than twice size of optimal
antiderivative.
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Jx (d+ex2)3/2 (a+bArcCsch[cx]) dx

Optimal (type 3, 270leaves, 10 steps):
b(7c2d-3e)xV-1-c2x2 VJd+ex? bxV-1-c2x? (d+ex?)’?

+ +
40 c3 /- c? x? 20c -c?2x?
5/ b (15c*d*-10c?de+3e?) xAr‘cTan[m] bcd5/2xAr‘cTan[@
(d+ex2) (a+bAr‘cCsch[c x}) cfdrex? NV
+ +
Se 40 c* e V-c2x2 5e/-c2x?
Result (type 6, 610leaves):
1 1 1 e x?
bd [1+ x> |- (15c*d*-10c?de +3e?) AppellF1[1, —, =, 2, -2 x?, - —]
c2 x2 2 2
2 d AppellF1|2 133 ! i] AppellF1[2 2,1 ! i]
(C ppe 12) 2: J*CZXZJ’eXZ + e Appe 12) 2: J*CZXZJ’eXZ +
1 1 1 d 1 1 e x?
4 AppellF1[1, =, =, 2, - s -——] |(-18c*de*x*+3c? e’ x? + c®d® (-8d+15ex?) ) AppellF1[1, —, —, 2, -c®x*, - —— ]| +
2 2 c? x? e x? 2 2 d
6 o 2 1 3 , ., ex? , 3 1 , ., ex?
2c’d x eAppellFl[Z, —, —, 3, —C° X%, —7} +C dAppellFl[z, —, —, 3, —Cc°x%, —7] /
2 2 d 2 2
1 1 1 d 1 3 1 d
[ze A (1+c?x?) \/d+ex? |-4c’ex?AppellFil, —, —, 2, - , - ——| +c*dAppellFi[2, =, =, 3, - y -]+
2 2 c? x? e x? 2 2 c? x? e x?
3 1 1 d
eAppellFi1[2, =, —, 3, - , - —
2 2 c? x? e x?
1 1 e x? 1 3 e x? 3 1 e x?
[4dAppe11F1[1, =, 5,2, —c?x?, —7} + X2 (eAppellFl[Z, =, 5,3, -c2x?%, —7} +c2dAppe11F1[2, =, 5,3, —c?x?, - })]] +
2 2 d 2 2 d 2 2
Vd+ex? |8ac® (d+ex?)®+be [1+ 3> x(-3e+c? (9d+2ex?))+8bc? (d+ex?)?ArcCsch(cx]
X

40c3e

Problem 136: Unable to integrate problem.

dx

J(d+ex2)3/2 (a+bArcCsch[cx])
6

X

Optimal (type 4, 492 leaves, 9 steps):

| 87
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bc® (8c*d?-23c?de+23e?) x2V/d+ex? bc(8c“d2—23c2de+23e2>\/—1—c2x2 \d+ex? 4bc(c2d—2e)\/—1—c2x2 \d+ex?

+

75d+/-c2x2 V-1 c2x? 75d+/ - c? x?

bcV-1-c2x¥ (d+ex?)*? (d+ex?)*? (a+bArcCschicx]) bc? (8c*d?-23c?de+23e?) x/d+ex?* EllipticE[ArcTan[cx], 1-

75 x% +/ - c? x?

+

e

cd

25 x* /- c? x2 5dx°®

be (4c*d?-11c?de+15e?) x\/d+ex? EllipticF[ArcTan[cx], 1- |

cd

75d2v/-c2x2 J-1-c2x? _diex®?
d (14 x?)

Result (type 8, 25leaves):

dx

J(d+ex2)3/2 (a+bArcCschlcx])
6

X

Problem 137: Unable to integrate problem.

(d+ex?)*? (a+bArcCschlcx])
J dx

x8

Optimal (type 4, 643 leaves, 10 steps):

bc® (240 c®d>-528c*d?e+193c?de? +247€%) x2"/d+ex? bc (240c®d®-528c*d2e+193c?de? +247 3) V-1-c2x? vJd+ex?

75dv-c2x2 V/-1-c2x?

d+e x?
d (1+c* x?)

3675d2v -c2x2 \/-1-c2x2

3675 d% /- c? x?

bc (120 c*d?-159c2de-37e?) \/-1-c*x2 W/d+ex? bc (30c?d-11e)V-1-c2x? (d+ex?)??

+

3675 d x2 \/ - c2 x? 1225d x* v/ - c2 x?

bcvV-1-c2x2 (d+ex?)®? (d+ex?)®? (a+bArcCschicx]) 2e (d+ex?)*? (a+bArcCschicx])

+

49d x® /- c? x? 7dx’

+

35d2 x°

bc? (240 c®d®-528 c*d? e+ 193 c>de? + 247 e*) x\/d+ex? EllipticE[ArcTan[cx], 1- =]

c%d

3675d2+/ - c2x% /-1 - c2 x2 _diex?
d <1+C2 X2>

be (120 c®d®-249c*d?e+71c?de?+210e?) xVd+ex? EllipticF [ArcTan[cx], 1- =]

cd

3675d3V -c2x2 v/ -1-c2x? _diex?
d (1+c?x?)

] +



7.6 Inverse hyperbolic cosecant.nb

Result (type 8, 25leaves):

(d+ex?)®? (a+bArcCschicx])
J dx

XS

Problem 138: Result unnecessarily involves higher level functions.

st (a+bArcCsch[cx])
dx

Vd+ex?
Optimal (type 3, 329 leaves, 11 steps):

b(19c2d+9e)xV-1-c2x2 /d+ex? bx-1-c2x? (d+ex2)3/2 d*Vd+ex? (a+bArcCschlcx]) 2d(d+ex2)3/2 (a+bArcCschicx])

_ . . _
120 c3 e? /- c? x? 20ce?/-c?x? e’ 3e’
5 b (45c*d?+10c2de+9e?) xAr*cTan[\/? Sty ] 8bcd5/2xAr~cTan[@
(d+ex2) (a+bAr‘cCsch[c x}) c[drex® Va f-1-c2x2
+ +
5e’ 120 c*e5/2+/ -2 x? 15e3 /-2 x?

Result (type 6, 637 leaves):

2

1 1 ex
bd x> |- (45c*d>+10c*de+9e?) AppellFl[1, —, =, 2, -c* X%, - —|
c2 x? 2 2
. 1 3 1 d 31 1 d
(c d AppellF1[2, =, =, 3, - , - ——| +eAppellFi[2, =, —, 3, - -+
2 2 c? x? e x? 2 2 c? x? e x?
1 1 1 d 1 1 e x?
4 AppellFi[1, =, —, 2, ,-——] |(10c*de?x* +9c? e x? + c®d? (-64d+45ex?)) AppellF1(1, —, —, 2, -c*x*, - —— | +

2 2 c? x? e x? 2 2 d

3 e x?
» =53, ~c?x?, - ——] +c?dAppellF1]2,
2 d

N |

16 c® d? x? (e AppellFi|2,

N W

1 e x?
y T o 3) _CZXZJ_—}]]] /
2 d

1 1 1 d 1 3 1 d
[60 e (1+c?x?) yJd+ex? |-4c?ex?AppellFl[1, —, =, 2, - , - ——] +c*dAppellF1[2, =, =, 3, - s -+
2 2 c2 x? e x2 2 2 c? x? e x?
AppellF1[2 2,1 ! i}
e ppe )2J 2) ,7c2X2J7eX2
11 e x? 1 3 e x? 3 1 e x?
{—4dAppe11F1[1, T, 2, -2, -]+ x? (eAppellFl[z, ~, =, 3, -2x%, - ——] +c*dAppellF1[2, =, =, 3, -c? X%, ——}))] +
2 2 d 2 2 d 2 2 d

1
\Jd+ex? |8ac? <8d2—4dex2+3e2x4) +be

— X (-9e+c*(-13d+6ex’)) +8bc® (8d°-4dex®+3e*x*) ArcCsch[c x]
120 c3 e3

| 89

+
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Problem 139: Result unnecessarily involves higher level functions and more than twice size of optimal
antiderivative.

JXB (a+bArcCsch[cx])
dx

Vd+ex?
Optimal (type 3, 229 leaves, 10 steps):
bxv-1-c*x2 Vd+ex? dvd+ex? (a+bArcCschicx])

+

6ce-c?x? e?
3/2 b (3 c’d+e) xAr‘cTan[ﬁ et ] 2bcd3/2xAr~cTan[@
(d+ex2) (a+bAr'cCsch[c x}) cfdrex? Ja /1o
3 g2 6c2e3/2/_c2ly? 3e2+/_cZx2

Result (type 6, 560 leaves):

1 1 1 e x?
bd [1+ X |- (3c*d+e) AppellF1[1, =, =, 2, -c*x?, - ——]
c? x? 2 2 d
2 d AppellFi|2 123 ! L] AppellF1[2 213 ! L]
(C ppe JZJ 2) J*CZXZ)’eXZ + e Appe 12) 2: :*CZXZ)’eXZ +
1 1 1 d 1 1 e x?
4 AppellfF1[1, =, =, 2, - s -——] | (?e?x?+c*d (-4d+3ex?)) AppellF1[1, —, —, 2, -®x*, - — ] +
2 2 c2 x? e x2 2 2
42 1 3 , ., ex? 5 3 1 , ., ex?
c*dx? |eAppellF1[2, =, =, 3, -c2x?, - —— | + c*dAppellF1[2, =, =, 3, -c2x?, - —| /
2 2 d 2 2 d
1 1 1 d 1 3 1 d
3ce (1+c?x?) \/d+ex® |-4c’ex?AppellFl1, —, —, 2, - , - ——| +c?dAppellFi[2, =, =, 3, - s -]+
2 2 c? x2 e x? 2 2 c2 x? e x?
3 1 1 d
e AppellF1[2, =, =, 3, - -—
2 2 c? x? e x?

11 - R 1 3 , , ex? X 3 1 S
-4dAppellFl[1, —, =, 2, -c2x?, - ——| +x? |eAppellF1[2, =, =, 3, -c2x?, - —— | + c*d AppellF1[2, =, =, 3, -c?x?, - ——
202 d 202 d 202 d

-4acd+be [1+ 7 x+2acex?+2bc (-2d+ex?) ArcCsch[cx]
c° X

6ce?

Vd+ex?
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Problem 140: Result unnecessarily involves higher level functions and more than twice size of optimal
antiderivative.

Jx (a+bArcCsch[cx]) 4
X

\d+ex?
Optimal (type 3, 135leaves, 9steps):
b x ArcTan {@] bc+/d xArcTan [@]

Vd+ex? (a+bArcCsch[cx}) cJdrex? Ja1ex
+ +
€ Ve /-2 x? eV -c?x?

Result (type 6, 271 leaves):

1 2 y2
3b(c*d-e) |1+ = 7/ d+ex? AppellFl[l,—l,l, i, e<+cx>,1+c2x2]/
2 2

c?x? 2 -c’d+e

, 1 1 3 e (1+c2x?)
3 (c*d-e) AppellFl[;, e 1, S 4.
~c2d+e

, 3 1 5 e (l+c?x?)
2 (c*d-e) AppellFl[;, e 2, S adie
~c2d+e

cex ,1+C2x2}+(1+czxz) ,1+c2x2]+

3 1 5 e (1+c2 x2)
eAppellFl][ =, =, 1, =, —————, 1+ c?x?|
2 2 2 -c?d+e

] Vd+ex? (a+bArcCschlcx])
N

e

Problem 146: Unable to integrate problem.

Ja +bArcCsch[c x]
X

x*Vd+ex?
Optimal (type 4, 425 leaves, 8 steps):
bc® (2c2d+5e) x2Vd+ex? bc(2c2d+5e) Vo1-c2x? Vd+ex?

+

9d2+/-c2x%2 \/-1-c2x2 9d2~/-c2x?
bcvV-1-c2x2 Vd+ex2 Vd+ex® (a+bArcCschicx]) 2evd+ex® (a+bArcCschlcx])
- + +
9dx2/-c?x? 3dx3 3d2x
bc? (2c?d+5e) x\d+ex? EllipticE[ArcTan[cx], 1- i} be (c2d+6e) xd+ex?* EllipticF|[ArcTan[cx], 1- ﬁ]
2./ 292 /1 _ 242 d+e x? 3./ _c2v2 A/ 1 _ 242 drex?
2d \/ e x \/ 1-cox d (1+c? x?) 9d \/ X \/ 1-cox d (1+c*x?)

Result (type 8, 25leaves):
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a+bArcCsch[cx]
J dx

x*Vd+ex?

Problem 147: Result unnecessarily involves higher level functions and more than twice size of optimal
antiderivative.

st (a+bArcCsch[cx]) 5
X

(d+ex2)3/2

Optimal (type 3, 256 leaves, 10 steps):
bxV-1-c2x2 /d+ex? d?(a+bArcCschicx]) 2dvd+ex® (a+bArcCschicx])

+

6ce?-c?x? e¥d+ex? e3
b (9c?d+e) xAr‘cTan[ﬁ e | 8bc d3/2XArcTan[@

(d+ex2)3/2 (a+bArcCsch[cx]) N NER I IEI)
3e3 6c2e5/2+/_c2x2 3e3+/_c2x2

Result (type 6, 592 leaves):
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1 1 1 e x?
-||lbd |1+ x> |- (9c?d+e) AppellF1[1, —, =, 2, -c*x*, - ——|
c? x? 2 2
2 d AppellF1|2 133 ! i] AppellF1[2 2,1 ! i]
(C ppe 12) 2: J*CZXZJ’eXZ + & Appe JZJ 2: :*CZXZJ’eXZ +
1 1 d 1 1 e x?
4 AppellFl[1, =, =, 2, , -] | (?e®x?+c*d (-16d+9ex?)) AppellF1[1, —, =, 2, -c*> x>, - —— | +
2 2 c? x? e x? 2 2
4o 1 3 , ., ex? 5 3 1 , ., ex?
4 c*dx eAppellFl[Z, —, —, 3, —C° X%, —7} +C dAppellFl[Z, —, —, 3, —C° X%, —7} /
2 2 d 2 2 d
1 1 1 d 1 3 1 d
3ce? (1+c?x?) +/d+ex? [-4c?ex?AppellFi[1, —, —, 2, - , - ——| +c*dAppellFi[2, =, =, 3, - e
2 2 c? x? e x? 2 2 c? x? e x?
3 1 1 d
eAppellFi1[2, =, —, 3, - , - —
2 2 c? x? e x?

11 1 3 ex 3 1 e x?
[4dAppe11F1[1, T TS S e (eAppellFl[Z, =, =, 3, -c*x%, - ——] +c2dAppellF1[2, =, =, 3, -c* X3, })]] +
2 2 d 2 2 d 2 2 d

be 1+c21X2 x (d+ex?) -2ac (8d*+4dex?-e?x*) -2bc (8d?+4dex?-e?x*) ArcCsch[cx]

6ce3/d+ex?

Problem 148: Result unnecessarily involves higher level functions and more than twice size of optimal
antiderivative.

Jx3 (a+bArcCsch[cx])
dx

(d +e XZ) 3/2

Optimal (type 3, 160leaves, 9 steps):

ber‘cTan[ e [ -1-c?x ] 2bc+/d xAr‘cTan[@]
d (a+bAr‘cCsch[c x}) Vd+ex? (a+bAr‘cCsch[cx]) cSdrex? N R
+ + +
eZ+/d+ex? e? e3/2+/_c2x? e2+/-c?x?

Result (type 6, 334 leaves):
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1 1 R 5 1 1 1 d
2bcd |1+ X —([Zc AppellF1[1, =, =, 2, - -—] /
e(1+c2x2>*/d+ex2 c?x? 2 2 czx?  ex?
y 1 1 d 5 1 3 1 d 3 1 1 d
4 c?ex?AppellFl(1, =, =, 2, - , - ——| -c*dAppellFi[2, =, =, 3, - , - ——| -eAppellF1[2, =, =, 3, - , - ——
2 2 c? x? e x2 2 2 c? x2 ex 2 2 c? x2 ex
1 1 e x? 1 1 e x?
AppellF1[1, =, =, 2, -c* X2, -—]/ 4dAppellFl(1, —, =, 2, -2x?, - ——| -
202 d 202 d
2
2

e x? 3 1 ex
2 , 3, ~¢2x?, - ——] +c2dAppellF1[2, =, =, 3, -c*x*, - —]
d 2 2

)] (2d+ex?) (a+bArcCschlcx])
X +

e2+/d+ex?

1
eAppellFl[Z, -
2

Problem 149: Result unnecessarily involves higher level functions and more than twice size of optimal
antiderivative.

dx

JX (a+bArcCsch[cx])

(d+ex2)3/2

Optimal (type 3, 82leaves, 4 steps):
b ¢ x ArcTan [@]

a+bArcCsch[cx] \d A -1-c2 x?
e/d+ex? Vd e -c2x?
Result (type 6, 192 leaves):
1 1 1 d 1 1 1 d
-112bc® |1+ x® AppellFi[1, =, =, 2, - » -] /((1+c2x2) \Jd+ex? |-4c?ex?AppellFl[1, =, =, 2, - s -+
c? x? 2 2 c? x? e x? 2 2 c? x? e x?

) 1 3 1 3 1 1 d a+bArcCsch[cx]
c*dAppellFi[2, —, =, 3, - , - ——| +eAppellFi[2, =, =, 3, - -—] ) -
2 2 c2x?  ex? 2 2 c2x?  ex? e/d+ex2

Problem 155: Unable to integrate problem.

dx

Ja +bArcCsch[c x]

x2 (dJrexz).’”2

Optimal (type 4, 321 leaves, 7 steps):
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bc3x2+/d+ex? bcv-1-c2x2 +/d+ex?
+

a+bArcCsch[cx] 2ex (a+bArcCschicx])

d2v-c2x2 v/-1-c2x? d2+/-c2x2 dx/d+ex? d2+/d+ex?
bc2x+/d+ex? EllipticE[ArcTan[cx], 1- i] 2bex~/d+ex? EllipticF[ArcTan[cx], 1- i]
+
2./ 242 1 242 drex? 3./ 22 /1 _ 242 d+ex?
d2+v/-c2x2 +/-1-c2x T d3vV-c2x2 \/-1-c2x Ta)

Result (type 8, 25leaves):
ja +bArcCsch[c x]

x2 (d+ex2)3/2

dx

Problem 156: Result unnecessarily involves higher level functions.

st (a+bArcCsch[cx])
dx

(d +e XZ) 5/2

Optimal (type 3, 251 leaves, 10 steps):

bcdxV-1-c2x? d? (a+bArcCsch[cx]) 2d (a+bArcCschlcx])
- + +
3 (c?d-e)er/-c2x? Vd+ex? 3e (d+ex?)?? e3\/d+ex2
ber‘cTan[ﬁ e ] 8bcﬁxArcTan[@
Vd+ex? (a+bArcCschlcx]) cJdiex? N IR
+ +
e3 05/2 /2 x2 3e3/_c2x2

Result (type 6, 428 leaves):
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1

3e2 (1+c2x2) Vd+ex?

; , 11 1 d s 11 1 ,
2bcd x> |- | |8c?AppellFl1, =, =, 2, - y -] / 4 c?ex? AppellFll, —, =, 2, - , - ——] -c%d
c? x? 2 2 c? x? e x? 2 2 c? x? e x?
13 1 1 11 , , ex
AppellF1[2, =, =, 3, - -——| -eAppellF1[2, =, =, 3, - -—] ] - |3AppellFi[1, =, =, 2, -c*x?, - ——| /
2 2 c? x? e x? 2 c? x? e x? 2 2 d
1 1 e x? 1 3 e x? 3 1 e x?
(4dAppellF1[1, T S | +x* |eAppellF1[2, =, =, 3, - x?, - ——] + c2dAppellF1[2, =, =, 3, -c*x*, - —] ]] +
2 2 d 2 2 d 2 2 d

Problem 157: Result unnecessarily involves higher level functions.

dx

JXB (a+bArcCsch[cx])

(d +e XZ) 5/2

Optimal (type 3, 169 leaves, 7 steps):
2bc xArcTan [@}

bexV-1-c?x? d (a+bAr‘cCsch[cx]) a+bArcCsch[cx] Vd A/ -1-¢2 %2
_ + _ _
3(c2d-e)e-c2x? Vd+ex? 3e? (d+ex?)®? e?/d+ex? 31/d e2V/-c2x?
Result (type 6, 273 leaves):
1 1 1 1 d 1 1 1 d
- x3 AppellFi[1, —, =, 2, - y -] / 3e (1+c®x%)\/d+ex® |-4 c?ex?AppellFi[1, —, =, 2, - , -— |+
2 272 c2x?  ex? 2 2 c2x?  ex?
2 d AppellF1[2 133 ! L] AppellF1[2 2,1 ! i]
C ppe JZJ 2: :’CZXZ)’eXZ + € Appe J2J 2: J’CZXZ)’eXZ ) +

bce [1+ L x (d+ex?) +a(c*d-e) (2d+3ex?) +b (c2d-e) (2d+3ex?) ArcCsch[cx]

c? x?

3e? (—c2d+e) (d+ex2)3/2
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Problem 158: Result unnecessarily involves higher level functions.

dx

Jx (a+bArcCsch[cx])

(d+ex2)5/2

Optimal (type 3, 144 leaves, 5steps):

bchr‘cTan[@]
bex/-1-c?x? a+bArcCsch[cx] Vd A1 x?
3d (c2d-e) V-c2x? Vd+ex? 3e (d+ex?)?? 3d32 e -c?x?

Result (type 6, 257 leaves):

; ; 11 1 d
~|12bc® |1+ x® AppellFi[1, =, =, 2, - ,——}/
c? x? 2 2 c? x? e x?
1 1 1 d 1 3 1 d
[3d(1+c2x2) v/ d+ex? (—4c2ex2Appe11F1[1, =, =, 2, - , - ——| +c*dAppellF1[2, =, =, 3, - s -]+
2 2 c? x? e x? 2 2 c? x? e x?
ad(-c?d+e) +bce 1+c21x2 X (d+ex?) +bd (-c*d+e) ArcCsch[cx]
3 1 1 d
e AppellF1[2, =, =, 3, - y -] ] +
272 c2x?2 ex? 3d (c2d-e)e (d+ex?)’?

Problem 164: Unable to integrate problem.

a+bArcCsch[cx]
J dx

(d +e Xz) 5/2

Optimal (type 4, 278 leaves, 5steps):

X (a+bArcCsch[cx]) 2x (a+bArcCschicx])
. _
3d (d+ex?)?? 3d2+/d+ex?
bcve xV-1-c2x? ElliptiCE[Af‘CTan[%}, 1- %] b(3c2d-2e) x+d+ex? EllipticF[ArcTan[cx], 1- Cfd]
3d¥2 (c2d-e) V-2 x? MLZZXZL JVdrexZ 3 (c2d-e) V-cEx 1ol ﬁ
d+e x I

Result (type 8, 22 leaves):
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a+bArcCsch[cx]
J dx

(d+ex2)5/2

Test results for the 71 problemsin "7.6.2 Inverse hyperbolic cosecant functions.m"

Problem 4: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

ArcCsch[a + b x]
J dx

X

Optimal (type 4, 162 leaves, 14 steps):

a (eAr‘cCsch[a+b x] a eAr‘cCsch[a+b X]

ArcCschla+bx] Log[1- ————————] +ArcCsch[a+bx] Log[1- ————— | -
1-+1+a2 1++v1+a2
a eAr‘cCsch[a+b X] a eAr‘cCsch[a+b X] 1
ArcCscha+bx] Log[1 - e?Arccschlarbx] ] polylog[2, ———————| + Polylog[2, — ]| - = Polylog|2, e?Arccschiabx] ]
1-+/1+a? 1+4/1+a? 2

Result (type 4, 428 leaves):



1
= |7®-41inArcCsch[a+bx] -8ArcCsch[a+bx]?-
8

\/—

( 1+ 4/1 +a2 ) eAr‘cCsch[a+bx]

(i+a) Cot [+ (Jr+211Ar‘cCsch[a+bx]”
| ArcTanh| 4 ]

V1 +a?

321 Ar'cSin

- 8ArcCschla+bx] Log|1

(71 + 4/1Jr aZ ) eAr‘cCsch[a+bx]

a

41rlogll- | +8ArcCschia+bx] Log[1-

] _

-i+a

a (_1+ All +a2 ) eAr‘cCsch[a+bx] (1 4 4/1+ a2 ) eAr‘cCsch[a+bx]
——] Log[1- | +4inLog[1+

Vz a 2

(1 + m) eArcCsch(a+bx] E
] +16 i ArcSin[ ~———] Log[1+

16 i ArcSin|

] +

8ArcCschla+bx] Log[1+

(1 + 4/1+a2 ) eAr‘cCsch[a+bx]

a 2 a

(1 + 4/1+a2 ) eAr‘cCsch[a+bx]

7.6 Inverse hyperbolic cosecant.nb

e—z ArcCsch[a+b x] } N

| -4irnLogl-

n
a+bx

(_1 + 4/1+ az ) eAr‘cCsch[a+bx]
] +8PolyLog[2, -

a a

4 Polylog|2, e 2Arccschlasbx] |, g polylog|2,

Problem 5: Result more than twice size of optimal antiderivative.

JAr‘cCsch [a+bx]
X

x2

Optimal (type 3, 63 leaves, 6 steps):
a+Tanh 1—Ar‘cCsch[a»fbx]
Bk i

A/ 1+a?
aVvil+a?

2 b ArcTanh

b ArcCsch[a+bx] ArcCsch[a+bXx]

+
a X

Result (type 3, 141 leaves):

]

| 99
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ArcCsch[a + b x] 1
X aVvi1+a?
1 1+a?2+2abx+b?x? l+a2+2abx+b2x?
b [+/1+a® ArcSinh| | +Log[x] - Log[l+a?+abx+a/1+a’ e - ++/1+a% bx e -
a+bx (a+bx)? (a+bx)?

Problem 7: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

J(e+fx)3 (a+bAr‘cCsch[c+dx})2d1x

Optimal (type 4, 501 leaves, 20 steps):

bf (c+dx) [1+— (a+bArcCschc+dx])

(c+dx)?

b2f2 (de-cf)x b2f (c+dx)?
+ - +

d3 12 d* 3d*

BbF(de—cF)z(c+dx) 1+ —1 (a+bArcCsch[c+dx]) bf?(de-cf) (c+dx)2 14+ —1 (a+bArcCschc+dx])

(c+dx)? (c+dx)?

d* d*

bf(c+dx)? [1+ ” ;X)Z (a+bArcCschic+dx])

(de-cf)* (a+bArcCschic+dx])? (e+fx)* (a+bArcCschic+dx])?

— + —

6d* 44 f 4f
2bf2 (de-cf) (a+bArcCschc+dx]) ArcTanh|ehrecschic-dx]] X 4b (de- c-F)3 (a+bArcCsch[c+dx]) ArcTanh[eArecschicsdx] |
d* d*
b2 f3 Log[c+dx] 3b*f (defcf)2 Log[c+dx] b?f2 (de-cf) Polylog|2, -eArcCschic-dx]]
3 g4 ' d* ) d* '
2 b2 (de—cF)3 PolyLog{Z, —eA”CCSCh[C*dX]] X b2 £2 (de—cf) PolyLog[Z, eA”CCSCh[C*dX]] 2 b2 (de—c-F)3 PolyLog[Z, @ArcCschcrdx]
d4 d4 d*

Result (type 4, 1429 leaves):

3 1 1
a?e’x+ —ate’fx’+atef’ x>+ —a? P x*+ —ab|3x (4e’+6e’ Fx+4ef x>+ ) ArcCschc+dx] +

2 4 6

2 2,2
if(c+dx) 1rcfr2cdx+dix ((-2+13c2) 2 -2cdf (15e+2Fx) +d? (18e2+6efx+ 2 x2)) -
d* (c+dx)?

3c(-4d’e+6cd?e®f-4ctdef+ 3 f) ArcSinh|

C+dx] "
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2 2 2
6 (2d°e*-6cd?e®f+ (-1+6c?)def’+c (1-2c2) f) Log|(c+dx) |1+ 1rc (JrZCd);:d X 1 -
c+dx

3b2 e® (~ArcCsch[c+dx] ((c+dx) ArcCschc+dx] -2Log[1- e recschicrdx] 4 2 Log[1+ e Arecsehlicsdxl])

1
(crdx) (-1+ 5]

c+d X

2 PolylLog [21 _ @ ArcCschlc+dx] } - 2Polylog {2’ @-ArcCsch[c+d x] ] ) B

1
(crdx) [1+ (crdx) ArcCschlc +dx] (c+dx)2ArcCschlc +dx]? cArcCsch[c+dx]2Coth[2ArcCschic+dx]]| Log[—*—]
3b2de? fx N . 2 Beirrri
d? 2 d? 2 d? d?

2

iz ic <j ArcCsch [C +d X] (Log[l -~ e—Ar‘cCsch[md x] ] -~ Log[l . e—ArcCsch[c+d x] ] ) +i (PolyLog[Z, 7e—ArcCsch[c+d X] } -~ PolyLog [2’ e—Ar‘cCsch[c+d x] ] ) > .
d2

c ArcCschic +d x]2Tanh[§Ar‘cCsch[c +dx] |

2 d?

1 1
—Bbzew‘:2 2 (-2+12cArcCschc+dx] +ArcCsch[c+dx]?-6c®ArcCsch[c+dx]?) Coth[ = ArcCschc+dx] ] +
8d 2

, ArcCschlc+d x]2CschEAr‘cCsch[c +dx] ]4

1
2ArcCschc+dx] (-1+3cArcCsch[c+dx]) Csch[ =~ ArcCsch[c+dx]]|" -
2

-48cLog|
2 (c+dx) c+dx

8 (71 +6 C2> (Ar‘cCsch [C +d X] (Log [1 _ e—ArcCsch[c+d x] ] _ Log {1 4 e—ArcCsch[ud x] ] ) 4 PolyLog [2’ 7e—Ar‘cCsch[c+d x] } _ PolyLog [2, e—Ar‘cCsch[c+d x] ] ) _

|+

1 1
2ArcCschc+dx] (1+3cArcCschic+dx]) Sech| = ArcCsch[c+dx] ]2 -8 (c+dx)3Ar‘cCsch[c +dx]?sinh[ = ArcCschlc +dx] ]4+
2 2

1

1
2 (2+12cArcCschc+dx] -ArcCschc+dx]?+6 c®ArcCschc+dx]?) Tanh[ = ArcCsch[c+dx] || - ;
2 192d(c+dx)3(—1+ < )

c+d x

1
b®> £3x* | -16 (2ArcCsch[c +dx] - 18 c>ArcCschc +d x] + 6 c® ArcCsch[c +dx]? -3¢ (-2 +ArcCsch[c+dx]?)) Coth|[ = ArcCschc+dx] | +
2

1
2 (2-24cArcCsch[c+dx] -3ArcCsch[c+dx]?*+36c*ArcCsch[c +dx]?) Csch| = ArcCsch[c +d x] ]2+3Ar‘cCsch[c+dx]2
2
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2ArcCschc+dx] (-1+6cArcCschc+dx]) Csch[%Ar‘cCsch[c +dx) ]4

1
Csch|[ = ArcCschic+dx]]| - -64 (-1+9¢?) Log|
2 c+dx c+dx

(71 +2 CZ) (APCCSCh [c+ d x] (Log [1 _ e—Ar‘cCsch[md x] ] _ Log [1 N e—Ar‘cCsch[md x] ] ) 4 PolyLog [2, 7e—Ar'cCsch[c+d x] ] _ PolyLog [21 e—ArcCsch[c+d x] ] ) _

| +192¢

1
2 (2+24cArcCsch[c+dx] -3ArcCsch[c+dx]?*+36c*ArcCsch[c+dx]?) Sech[ = ArcCschlc +dx] ]2+
2

1 1
3ArcCsch(c+dx]?Sech| = ArcCsch(c +d x] }4—32 (c+dx)?ArcCschic+dx] (1+6cArcCschic+dx]) Sinh|[ = ArcCsch(c+dXx] }4+
2 2

1
16 (-2 ArcCschlc+dx] +18 c?ArcCsch[c +dx] + 6 c® ArcCsch[c+dx]% -3¢ (-2 +ArcCschc+dx]?)) Tanh| = ArcCsch[c+dx] |
2

Problem 8: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

J(eJr'FX)Z (a+bArcCsch[c+dx])?dx

Optimal (type 4, 351 leaves, 17 steps):

2bf (de-cf) (c+dx) [1+—2 (a+bArcCschic+dx]) bf?(c+dx)® [1+— (a+bArcCschic+dx])

b2 £2 x (c+dx)? (c+dx)?
+ + -
3 d2 d3 3d3
(de—cf)3 (a+bAr‘cCsch[c+dx])2 (e+-Fx)3 (a+bAr‘cCsch[c+dx})2 2bf? (a+bArcCschic+dx]) ArcTanh [eArecschic-dx] |
33 F ' 3f ) 343 i
4b (de—cf)2 (a+bArcCsch[c+dx]) ArcTanh[efrecschicsdx] | 2p2 £ (de-cf) Log[c+dx] b2 f2Polylog|2, - ehrccschicsdx] |
o ' o ) 33 :
2 b2 (d e-c F) 2 polylog [2, — ghrcCschlcrdx] ] b2 2 PolylLog [2, @hrcCschicrdx] ] 2 b2 (d e-c -F) 2 polylog [2, ehArcCschicrdx] ]
o : 342 ) o

Result (type 4, 864 leaves):
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1
a’e’x+atefx?+ —a?f 3+
3

1+c2+2cdx+d2x?

1 1
—ab |2x (3e*+3efx+f>x*) ArcCsch[c +dx] L. -f (c+dx)

(5cf-d(6e+fx))+2c(3d’e’-3cdef+c?f?)
3 d (c+dx)2

2 2 2
] +(6d?e*-12cdef+ (-1+6c?) ?) Log[ (c+dx) |1+ 1rcf+2cdx+dox 111 -
c+dx (c+dx)?

ArcSinh|

lb2 e’ (-ArcCsch[c+dx] ((c+dx) ArcCschc+dx] -2 Log[1- e Arecschierdx] 4 2 og[1+ e Arccschlicrdxl )

2 PolylLog [2_‘ _ @ ArcCschc+dx] } - 2Polylog [2, @ ArcCsch[c+d x] ] ) B 1
(C+dX) (—1+ £ )
c+d x
1
2b2def (€8x 1 T Arecsehier ] (c+dx)2ArcCschic+dx]2 CArcCsch[c+dx]?Coth[J ArcCschfc+dx]] Log| ]
eTXx + - - _

d? 2d? 2d? d?

iz ic <j_ ArcCsch [C +d X] (Log{l _ e—Ar‘cCsch[ud x] ] _ Log[l i e—Ar‘cCsch[ud x] ] ) ri (PolyLog[Z, _e—Ar‘cCsch[ud x] } _ PolyLog {2’ e—Ar‘cCsch[ud x] ] ) > .
d2

c ArcCschlc +d x]zTanh[iAr‘cCsch[c +dx] |

2d?

1
; b>f% |2 (-2 +12 cArcCschc+dx] + ArcCschc+dx]? -6 c?ArcCschlc +dx]?) Coth| = ArcCschic+dx] | +
24d 2

ArcCschlc +d x]2Csch[§ArcCsch[c +dx] ]4

1
2ArcCschc+dx] (-1+3cArcCsch[c+dx]) Csch[ = ArcCsch[c+dx]|" - < ] -48cLog]|
2 2 (c+dx c+dx

} +

8 (_1 +6 C2> (AI"CCSCh [C +d X] (Log [1 _ e—Ar‘cCsch[c+d x] ] _ Log {1 4 e—Ar‘cCsch[md x] ] ) N PolyLog {2’ _e—Ar‘cCsch[ud x] } _ PolyLog {2) e—Ar‘cCsch[c+d X] ] ) _

1 1
2ArcCschc+dx] (1+3cArcCsch[c+dx]) Sech| = ArcCsch[c +dx] ]2 -8 (c+dx)3Ar‘cCsch[c +dx]2Sinh[ = ArcCsch[c +d x] ]4+
2 2

1
2 (2+12cArcCschic+dx] - ArcCsch[c+dx]?+6 c?ArcCschc +dx]?) Tanh[ = ArcCsch[c +d x] |
2
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Problem 9: Result more than twice size of optimal antiderivative.

e+fx) (a+bArcCsch[c+dx])2dx
[lerex) | e dx))

Optimal (type 4, 194 leaves, 11 steps):

bf (c+dx) 1+(c+;7x>2 (a+bArcCsch[c+dx])

(de-cf)? (a+bArcCschic+dx])?

- +

d? 2d%f
(e +1Cx)2 (a+bArcCschc+dx] )2 4b (de-cf) (a+bArcCschic+dx]) ArcTanh |eArccschicsdx] |
+ +
2f d2
b2 flog[c+dx] 2b?(de-cf) PolylLog|2, - eArccschicdx] | 3 p2 (de-cf) PolylLog|[2, eArcCschicdx] |
N _
d? d? d?

Result (type 4, 427 leaves):

1
1+ ——— + (c+dx) ArcCsch[c+dx]

(CerX)2

2d?

+

2 a2 (de—cf) (c+dx) +a®f (c+dx)2+2abf(c+dx)

| — > [cedx)? :
c+dx) [1+ ArcCschc+dx] + = (c+dx)®ArcCsch[c+dx]?- Log|

(c:+dx)2 2 Cerx}JJr

2b%f

Csch[lAr‘cCsch[c+dx}] 1
(c+dx) ArcCsch[c+dx] + Log| 2 | - Log[Sinh[ = ArcCschc+dx] ]
2 (c+dx) 2

4abde

Csch| ArcCschic+dx] | 1
(c+dx) ArcCsch[c+dx] + Log| 2 | - Log[Sinh[ = ArcCschc+dx]]]
2 (c+dx) 2

4abcef

+

2b*de (ArcCschc+dx] ((c+dx) ArcCschc+dx] -2Log[1-eArecschlicrdxl] ) |og[1+ e Arecsehlcrdx]]) _ ) polylog|2, —e Arecschicrdx]]
2 Polylog|2, e Arecschicsdxl 1) _ 2 p2 ¢ f (ArcCschc+dx] ((c+dx) ArcCsch[c+dx] -2 Log[1 - e Arecsehlcrdxl ], 5| og[1 + e Arecschlcrdx]])

2 PolylLog [2, _ @ ArcCschc+dx] } +2 Polylog {2, @ ArcCsch[c+dx] ] )

Problem 10: Result more than twice size of optimal antiderivative.

J(a+bAr‘cCsch[c +dx])?dx

Optimal (type 4, 85leaves, 8steps):
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(c+dx) (a+bAr‘cCsch[c+dx])2 4b (a+bArcCsch[c+dx]) ArcTanh [ gArcCschicdx] |
+ +

d d
2 b2 PolyLog [2, _ (eAr‘cCsch[c+d x] } 2 b2 PolyLog [2) eAr‘cCsch[ud x] }

d d

Result (type 4, 176 leaves):

1
= |a®c+a’dx+2ab (c+dx) ArcCsch[c+dx] +b*cArcCschc+dx]?+b®>dxArcCsch[c+dx]?-

d
1
2b?ArcCsch(c +dx] Log[1 - e Arecsehlesdx]] 4 5 b2 ArcCsch[c +d x] Log[1 + e Arecsehlerdx ] 4 2 ab Log[Cosh| = ArcCschic+dx] || -
2
1
2ablog[Sinh|[ = ArcCschc+dx]]] -2b?Polylog|2, e Arecschlcsdx]] ;3 b2 polylog |2, e Arccschicrdx] ]
2
Problem 11: Unable to integrate problem.
(a+bArcCsch(c+dx])?
J dx
e+fx
Optimal (type 4, 475leaves, 17 steps):
R (a+bArcCschlc+dx] )2 Log[1+ ehrececnlcdr] (decf)
(a+bArcCsch[c+dx])?Log[1 - e?ArcCschicdx]] f[d?e?-2cdefr(1ec?) £2
- + +
f f
(a+bArcCschfc+dx] )2 Log[1 + ehrececnlcrdr] (de-c )
fFofd?e22cde i (1rc?) £2 b (a+bArcCsch[c+dx]) PolylLog|2, e2Arccschic dx] |

- +

f f

ghrecschcrdx| (de_c )

1:+\/d2 e?-2cdef+(1+c?) £

ghrecsch[c+dx] (de_c f)

fofd2e?-2cdefs (14c2) 2

2b (a+bArcCsch[c+dx]) Polylog|2, - 2b (a+bArcCsch[c+dx]) Polylog|2, -

+ +
f f
2 b2 PolyLog [3, B ghrecsch[c+dx] (de_c f) } 2 b2 PolyLog [3) B ghrecschcrdx] (g e_c f)
b? PolyLog |3, e2ArcCschic-dx] | f[d?e*-2cdefr(1:c?) £2 fi/de*-2cdefs (10c2) £
2f f f

Result (type 8, 22leaves):

J(a+bAr‘cCsch[c+dx])2
dx

e+fx
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Problem 12: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

J(a+bAr‘cCsch[c+dx])2
dx

(e+1“x)2

Optimal (type 4, 448 leaves, 12 steps):
d (a+bArcCschc+dx])® (a+bArcCsch[c+dx])?

f(de-cf) f (e+fx)

eArcCsch[md x| (de-cf)

fefd?e?2cde s (1ec?) £
+ -

eArcCsch{mdxr (de-cf)

fJd?e?2cdefs(Lec?) £

2bd (a+bArcCschic+dx]) Log[1+ 2bd (a+bArcCschic+dx]) Log[1+

(de-cf) \/d2e2—2cdef+ (1+c¢?) £ (de-cH) szez—ZCdefJr (1+c?) £
2b2dPolylog|2, - el ech) | 2b2dPolyLog|2, - St de cf,
f-Jd?e?-2cdefs (1ec?) £ fo/d?e?2cdefr (1ec?) £2
+
(de-cf)./d?e?-2cdef+ (1+c?) f (de-cf)/d2e?-2cdef+ (1+c?) f

Result (type 4, 2061 leaves):

{ de-c #-£Tanh| L arccsch[cod x] | }

2 ArcTan
2ab (c +dX>2 <{+ defcf)z ArcCschc+dx] @ eli2cdef (1.2) £
22 c+dx f+::x-cf:x \/—d2 e?+2cdef-(1+¢?) £
_'F(e+fx)_ d(-de+cf) (e+fx)? i
i 7 ArcTanh [ -de+c f+f Tanh“—Ar‘cCsch[ud x]] }
1 5 5 de-cf)? ArcCsch[c +d x]? 1 fi(de-cf)?
" b <c+dx) f+ e = + 2 |- -
d(e+fx> c+dx (—de+c1:) (f+m—m> de-cf \/-F2+<de—c-F)2
1 . (F—J’l(de—c-F))Cot[l(l—jAr'cCsch[Cerx])]
2 (—7 iArcCschic+dx] | ArcTanh| 2 12 |-
V-d?e?+2cdef-f>-c2f2 2 V-d?e?+2cdef-f2-c2f2

-f-i(de-cf)) Tan[i (f—jAr‘cCsch[Cerx])]

2 ArcCos [— ] ArcTanh [

de-cf V-d?e?+2cdef-f2-c2f?

] +
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(f-1i(de-cf)) Cot[i (ffjArcCsch[Cerx])]

ArcCos | - 1f | -21 |ArcTanh|
de-cf V-d?e?+2cdef-f1-c? 2
et h{(—F—Ji(de—c-F))TanB(Z—J’LAr‘cCsch[c+dx])}} ] [efifi(g—ilAr‘cCsch[Cerx])\/_d2e2+zcde_F__F2_c2_F2]
rcTan og +
“JZ el R )
V-d?e?+2cdef-f2-c2f NPy 7j(de—cf) /_F+de—cf
c+d x
- f-i(de-cf))cot[L (Z-1iArcCschlc+dx]
ArcCos [ - 1f |+21 Ar‘cTanh[( ( ) [2(2 )]]—Ar‘cTanh[
de-cf v-d?e2+2cdef-f2_c2f2

(—-F—Ji (de—c-F))Tan[i (ZjArcCsch[c+dx])}] ] [ei—ﬁ(g—iArcCsch[mdx])\/7d2e2+2cdef7+-27(:2+—2 }
og -
TPy 2 252
V-d?e?+2cdef-f2-c2f VZ /71 (de-cH] ﬁdce;c:

(-f-1i(de-cf)) Tan[% (f—iAr‘cCsch[c+dx])]

ArcCos | - | +2i ArcTanh]|

de-cf V-d?2e?+2cdef-f2-_c2f2

]

Log|

1_[1

f—i\/—d2e2+2cdef—fz—c2fz) {f—i (de—c-F)—\/—d2e2+2cdef—f2—c21‘:2 Tan|

(g—iAr‘cCsch[C+dx]J]]]/

|+

— N |

(de-cH) (f—i (de-cf) +\/—d2e2+2cde1‘:—-F2—c2-F2 Tan{l (E—iAr‘cCsch[c+dx1)})
2 \2

(-f-1 (de—cf))Tan[% (f—]'lAl"CCSCh[C-%—dX])}

- ArcCos | -

1_[1-1

1
2
(de-cH) (‘F—]i (de-cf) +\/—d2e2+2cde1"—-F2—c2-F2 Tan{l (E—iAr‘cCsch[c+dx})})J] +1
2 \2

| +21iArcTanh]|
de-cf -d?e2+2cdef-f2-c2f2

]

Log|

f+i\/—d2e2+2cdef—f2—c2fz) [f—i (de-cf) —\/—d2e2+2cdef—fz—c2f2 Tan| (Z—J'lAI"CCSCh[C+dX]]]]]/
2

Polylog|2,

1
(Ji (-F—Ji\/—dze2+2cde-F—f2—c2f2] ('F—Ji (de-cf) —\/—d2e2+2cdef—fz—c2f2 Tan| - (E—iAr‘cCsch[c+dx})})J/
2 \2

(de-cf) (f—i (de-cH) +\/—d2e2+2cde1‘:—1‘:2—c21‘:2 Tan[l (E—JiAr‘cCsch[c+dx]]]])} - Polylog|2,
2 \2

1
(Ji (-F+Ji\/—d2e2+2cdef—f2—c2f2] ('F—]i (de-cf) —\/—d2e2+2cdef—fz—c2f2 Tan| ~ (E—iAr‘cCsch[c+dx1)})J/
2 \2
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(de-cf) [f—i (de-cH) +\/—dze2+2cde-F—1"2—c21"2 Tan[l (E—iArcCsch[c+dx])]])})
2 \2

Problem 13: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

J(aerAr‘cCsch[c+dx])2 ;
X

(e+fx)3

Optimal (type 4, 1024 leaves, 23 steps):

bd?f [1+—— (a+bArcCschic+dx]) 5 ,
(crdx) d? (a+bArcCschc+dx]) (a+bArcCschc+dx])

- + - +

(de-cf) (d2e?-2cdef+ (14c?) £2) [f+ dect] 2f (de-cf)? 2f (e+fx)?

c+d x

ArcCsch|[c+d x _ ArcCsch|c+d x _
ghrecschcdx] (de-cf) ] 2bd?(a+bArcCschic+dx]) Log[1+ —=—— | (de-cf)
fofd?e?-2cdefs(1+c2) £2 fofd2e?-2cdefs(1ec?) £

(de-cf)? (d2e?-2cdef+ (1+c2) £2)%2 (de-cf)? [de?-2cdef (1:c2) 2

bd?f? (a+bArcCschc+dx]) Log[1+

bd? 2 (a+bArcCsch[c+dx]) Log[1+ ghrecochlcrdx] (de-cf) ] 2bd? (a+bArcCschic+dx]) Log[1+ ghrecechlcrdr] (de-cf)
frfd2e2-2cdefs(1+c2) 2 fefd?e?2cdefs (Lec?) £

+ +
(de-cf)? (d2e?-2cdef+ (1+c2) £2)°? (defcf)z\/dzez—ZCdeer(1+c2)f2

) b2 d2 -FZ Polyl_og 2 _ eAr‘cCsch[c~d><] (de-cf) 2 bz d2 Polyl_og 2 _ eAr‘cCsch[udx] (de-cf)
b? d? f Log [ f + %] 2, f/d?er2cdef- (1:c?) £2 ) 2. foafd2e2-2cdefs (14c2) £2

+ — —

(defc-F)z(dzezfzcdef+(1+c2)f2) (de—cf)z(d2e2—2cdef+(1+c2>f2)3/2 (de—cf)z\/dzeZ—ZCde-F+(1+c2)f2

b2 d2 £2 PolyLog [2, B ehrecsch[c+dx] (de_c f) } 2 b2 42 PolyLog [2, B ehrecsch[c+dx] (de_c f)
fi/d?e-2cdefr (1ic?) £2 fifd?e-2cdefr (1ic?) £2

.
(de—cf)2 (d?e?-2cdef+ (1+c?) f2)3/2 (de—cf)z\/dzez—ZCdef+ (1+c2)

Result (type 4, 8348 leaves):

a? 1 3
- - ab(de—cf+f(c+dx))
2f(e+fx)2 d(de—cf)z(e+fx)3
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1

f(de-cf) [1+

(crdx)?

[ de-c f-f Tanh { i—Ar‘cCsch [c+d x] w }

~2ArcCschc +dx] 2 (2d?e?-4cdef+ (1+2c?) f2) ArcTan

d?e?-2cdef+(1+c?) £2 f ArcCsch[c +dx]

\/—d2 e?+2cdef-(1+c?) f2
4 _

4 7‘1;:; (-F+ 70':;;;)2 (-d*e?+2cdef- (1+c?) 'F2)3/2
1 f<c+dx)3(-F+d—efi)3Ar'cCsch[c+dx}2
————b?(de-cf+f(c+dx))? fdx e dx N
d(e+fx)? Z(de—cf)z(—f—d—e+i)2(de—cf+f(c+dx)>3
c+d X c+d X

{(c+dx)3

de cf 3 1 ) 1
f+ - ) -def |1+ ———— ArcCsch[c+dx] +cf 1+ ———— ArcCsch[c+dx] +
c+dx c+dx (crdx)? (c+dx)?

/

d? e? ArcCsch[c+dx]?2-2cdefArcCsch[c+dx]%+f2ArcCsch[c+dx]?+c?f?ArcCsch[c+dx]?

de cf

i
c+dx c+dx

(de—cw‘:)2 (d2e2—2cdef+F2+c2-F2) [—-F— ) (de—cf+f(c+dx))3J +

def (c+dx)? (hd_e_i)BLog[h dect |

c+d x c+d x f (c+d x)

(de-cf)? (-de+cf) (d?e?-2cdef+f2+c2f2) (de-cf+f (c+dx))>

c 2 (c+dx)3 (-F+d7e—i)3Log[1+7de’Cf }

c+d x c+d x f (c+d x)

1
.
(de-cf)? (-de+cf) (d2e?-2cdef+f2+c?f2) (de-cf+f (c+dx))> (de-cf)?(d?e?-2cdef+f2+c2f2) (de-cf+f (c+dx))’

1 7t ArcTanh

[ -de+c f+f Tanh { ;Ar‘cCsch [c+d x] w }

de cf 3
f+ -

c+dx c+dx

f2+(de-cf)?

\/F2+ (de—c-F)2

2d? e? (c+dx)3

1 (f—]i(de—cf))Cot[%(f—jAr‘cCsch[c+dx})]

2 [E—]'].AI"CCSCh[C+dX]) ArcTanh |
v-d?e2+2cdef- 2 - c2f2 2

vV-d?2e?+2cdef-f2_c2f2

(-f-1i(de-cf)) Tan[% (f—iAr‘cCsch[c+dx})]

2 ArcCos | - | ArcTanh|

de-cf vV-d?2e?+2cdef-f2_c2f2

|+
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(ffjl(defcf))Cot[l(lfjArcCsch[Cerx])]
ArcCos | - | -21 |ArcTanh| 2 12
de-cf V-d?e?+2cdef-f1-c? 2
et h{(—F—Ji(de—c-F))TanB(Z—J’LAr‘cCsch[c+dx])}} ] [efifi(g—ilAr‘cCsch[Cerx])\/_d2e2+zcde_F__F2_c2_F2]
rcTan og +
42 &2 R )
V-d?e?+2cdef-f2-c2f NPy 7j(de—cf) /_F+de—cf
c+d x
- f-i(de-cf))cot[L (Z-1iArcCschlc+dx]
ArcCos [ - 1f |+21 Ar‘cTanh[( ( ) [2(2 )]]—Ar‘cTanh[
de-cf v-d?e2+2cdef-f2_c2f2

(—-F—Ji (de—c-F))Tan[i (ZjArcCsch[c+dx])}] ] [ei—ﬁ(g—iArcCsch[mdx])\/7d2e2+2cdef7+-27(:2+—2 }
og -
TPy 2 252
V-d?e?+2cdef-f2-c2f VZ /71 (de-cH] ﬁdce;c:

(-f-1i(de-cf)) Tan[% (f—iAr‘cCsch[c+dx])]

ArcCos | - | +2i ArcTanh]|

de-cf V-d?2e?+2cdef-f2-_c2f2

]

Log|

1_[1

f—i\/—d2e2+2cdef—fz—c2fz) {f—i (de—c-F)—\/—d2e2+2cdef—f2—c21‘:2 Tan|

(g—iAr‘cCsch[C+dx]J]]]/

|+

— N |

(de-cH) (f—i (de-cf) +\/—d2e2+2cde1‘:—-F2—c2-F2 Tan{l (E—iAr‘cCsch[c+dx1)})
2 \2

(-f-1 (de—cf))Tan[% (f—]'lAl"CCSCh[C-%—dX])}

- ArcCos | -

1_[1-1

1
2
(de-cH) (‘F—]i (de-cf) +\/—d2e2+2cde1"—-F2—c2-F2 Tan{l (E—iAr‘cCsch[c+dx})})J] +1
2 \2

| +21iArcTanh]|
de-cf -d?e2+2cdef-f2-c2f2

]

Log|

f+i\/—d2e2+2cdef—f2—c2fz) [f—i (de-cf) —\/—d2e2+2cdef—fz—c2f2 Tan| (Z—J'lAI"CCSCh[C+dX]]]]]/
2

Polylog|2,

1
(Ji (-F—Ji\/—dze2+2cde-F—f2—c2f2] ('F—Ji (de-cf) —\/—d2e2+2cdef—fz—c2f2 Tan| - (E—iAr‘cCsch[c+dx})})J/
2 \2

(de-cf) (f—i (de-cH) +\/—d2e2+2cde1‘:—1‘:2—c21‘:2 Tan[l (E—JiAr‘cCsch[c+dx]]]])} - Polylog|2,
2 \2

1
(Ji (-F+Ji\/—d2e2+2cdef—f2—c2f2] ('F—]i (de-cf) —\/—d2e2+2cdef—fz—c2f2 Tan| ~ (E—iAr‘cCsch[c+dx1)})J/
2 \2



7.6 Inverse hyperbolic cosecant.nb | 111

1

2(2—1Ar‘c€sch[c+dx]]]])}] -

(de-cf) (f—i (de-cH) +\/—d2e2+2cde-|c—1‘:2—c21‘:2 Tan|

de cf 3

f+

! 4cdef (c+dx)?
(de-cf)? (d2e?-2cdef+f2+c?f2) (de-cf+f (c+dx))?

c+dx c+dx

-de+c f+f Tanh { i—Ar'cCsch [c+d x] w }

i ArcTanh|
f2+(de-cf)?

\/F2+ (de—c-F)2

f-i(de-cf)) Cot[% (gfjAr‘cCsch[Cerx})]

} _

ArcTanh |

1 T
2 [——1Ar‘cCsch[c+dx]
V-d?e?+2cdef -2 -2 2

V-d?e?+2cdef-f2-c2f2

-f-i(de-cf)) Tan[i (ffjAr‘cCsch[Cerx})]

2 ArcCos | - | ArcTanh | |+
de-cf V-d?e?+2cdef-f2-c2f?
arccos| i f | 24 Ar\CTanh[(f—i(de—cf))Cot[i(f—jAr‘cCsch[c+dx])]
de-cf v -d?e2+2cdef-f2-c2f2
U -Fj(decf))TanB(zJ'LAr‘cCsch[c+dx])H Log] féi(%—ﬁAr‘cCsch[udx])\/7d2e2+zcde+.7f27c2fz]
rcTan og N
“d2e? TFl g2
V- de’i2cdef £ f ﬁl—j(dec_F)\/W
c+d x
- f-i(de-cf))cot|[L (Z-1iArcCschic+dx]
ArcCos | - 1f +21 Ar‘cTanh[( ( )) [2 (2 )]]—Ar‘cTanh[
de-cf -d?e2+2cdef-f2-c2f2
(-f-i(de-cf)) Tan[% (%—iAr‘cCsch[Cerx])}] Log[ei—j(gfiAr‘cCsch[mdx]) Jodieliacdef P |
_d2? e? _f£2 _ 22
V-d?e?i2cdef- -2 f vz _j(de_cﬂﬁ
c+d x
. ~f-i(de-cf)) Tan[L ([Z-1iArcCschlc+dx]
ArcCos [ - if | +21ArcTanh| ( )) [2(2 )]] Log |
de-cf V-d?e?+2cdef-f2-c2f?
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17[]-1

(de-cf) (Ffj (de-cf) +x/fd2e2+2cde1‘:7{27c21:2 Tan[1 (zfjAr‘cCsch[Cerx}
2 \2

(-f-1 (de—c-F))Tan[i (g—jAr‘cCsch[c+dx]H

ffj\/fd2e2+2cdef7f27c2f2) [ffj ([de-cf)-+/-d*e*+2cdef-f—cf Tan| (l—jAr‘cCsch[c+dx]

})2

1
.
-

~ArcCos [ -

| +21iArcTanh| ] | Log|
de-cf V-d?e?+2cdef- f2- 2 f2
17[]1 f+j\/fd2e2+2cdef7f27c2f2) [-F—j(de—c-F)—\/—d2e2+2cdef—f2—c2f2 Tan[%(g—jAr‘cCsch[c+dx] ]]]/
(de-c¥) (F—J’l(de—cf)+\/—d2e2+2cdef—1‘2—c2f2 Tan[i(g—jAr‘cCsch[Cerx} }))]Hi PolyLog[2,
(j (Ffj\/fd2e2+2cdefff27c2fz] (ffjl (de-cf)—+/-d?e?+2cdef-f2-c?f2 Tan[% (g—jAr‘cCsch[Cerx} })]/
(de-cf) (ffi (de-cf)++/-d?e?+2cdef-f2-cf2 Tan[% (g—jAr‘cCsch[Cerx] ]])} ~Polylog[2,
(j (F+j\/fd2e2+2cde1¥f27c2fz] (ffjl (de-cf)—+/-d?e?+2cdef-f2-c?f2 Tan[% (g—jAr‘cCsch[Cerx} })J/

(de-cf) (f—i (de-cf) +\/—dze2+2c:de1°—1‘:2—c21‘:2 Tan[1 (z—iArcCsch[c+dx]]]])}] +
2 \2

1
(de-cf)? (d2e?-2cdef+f2+c?f2) (de-cf+f (c+dx))?

de cf 3

f+ -
c+dx c+dx

f2 <c+dx)3

. -de+c f+f TanhP—Ar‘cCsch[ud x]w
i ArcTanh| : ]

f2+(de-cf)?

Jf e (de-cf)?

1 (f—]i(de—cf))Cot[%(g—jArcCsch[c+dx})]

2 (E—]'].AI"CCSCh[C+dX]
v -d?e?2+2cdef- f2 - c2f2 2

ArcTanh |

vV-d?2e?+2cdef-f2_c2f2

(-f-i(de-cf))Tan[2 (ﬂfjAr‘cCsch[Cerx})]
2 ArcCos | - 2 12

| ArcTanh|

|+
de-cf V-d?e?+2cdef-f2-c2f2
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(f-1i(de-cf)) Cot[i (ffjArcCsch[Cerx])]

ArcCos | - 1f | -21 |ArcTanh|
de-cf V-d?e?+2cdef-f1-c? 2
et h{(—F—Ji(de—c-F))TanB(Z—J’LAr‘cCsch[c+dx])}} ] [efifi(g—ilAr‘cCsch[Cerx])\/_d2e2+zcde_F__F2_c2_F2]
rcTan og +
“JZ el R )
V-d?e?+2cdef-f2-c2f NPy 7j(de—cf) /_F+de—cf
c+d x
- f-i(de-cf))cot[L (Z-1iArcCschlc+dx]
ArcCos [ - 1f |+21 Ar‘cTanh[( ( ) [2(2 )]]—Ar‘cTanh[
de-cf v-d?e2+2cdef-f2_c2f2

(—-F—Ji (de—c-F))Tan[i (ZjArcCsch[c+dx])}] ] [ei—ﬁ(g—iArcCsch[mdx])\/7d2e2+2cdef7+-27(:2+—2 }
og -
TPy 2 252
V-d?e?+2cdef-f2-c2f VZ /71 (de-cH] ﬁdce;c:

(-f-1i(de-cf)) Tan[% (f—iAr‘cCsch[c+dx])]

ArcCos | - | +2i ArcTanh]|

de-cf V-d?2e?+2cdef-f2-_c2f2

]

Log|

1_[1

f—i\/—d2e2+2cdef—fz—c2fz) {f—i (de—c-F)—\/—d2e2+2cdef—f2—c21‘:2 Tan|

(g—iAr‘cCsch[C+dx]J]]]/

|+

— N |

(de-cH) (f—i (de-cf) +\/—d2e2+2cde1‘:—-F2—c2-F2 Tan{l (E—iAr‘cCsch[c+dx1)})
2 \2

(-f-1 (de—cf))Tan[% (f—]'lAl"CCSCh[C-%—dX])}

- ArcCos | -

1_[1-1

1
2
(de-cH) (‘F—]i (de-cf) +\/—d2e2+2cde1"—-F2—c2-F2 Tan{l (E—iAr‘cCsch[c+dx})})J] +1
2 \2

| +21iArcTanh]|
de-cf -d?e2+2cdef-f2-c2f2

]

Log|

f+i\/—d2e2+2cdef—f2—c2fz) [f—i (de-cf) —\/—d2e2+2cdef—fz—c2f2 Tan| (Z—J'lAI"CCSCh[C+dX]]]]]/
2

Polylog|2,

1
(Ji (-F—Ji\/—dze2+2cde-F—f2—c2f2] ('F—Ji (de-cf) —\/—d2e2+2cdef—fz—c2f2 Tan| - (E—iAr‘cCsch[c+dx})})J/
2 \2

(de-cf) (f—i (de-cH) +\/—d2e2+2cde1‘:—1‘:2—c21‘:2 Tan[l (E—JiAr‘cCsch[c+dx]]]])} - Polylog|2,
2 \2

1
(Ji (-F+Ji\/—d2e2+2cdef—f2—c2f2] ('F—]i (de-cf) —\/—d2e2+2cdef—fz—c2f2 Tan| ~ (E—iAr‘cCsch[c+dx1)})J/
2 \2
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(de-cf) (f—i(de—c-F)+\/—d2e2+2cdef—f2—c2f2 Tan[l(E—iAr‘cCsch[c+dx]]]])}] +
2.\2
3
! 2028 (crdx)® [£0 28 Cf)
c+dx c+dx

(de-cf)? (d2e?-2cdef+f2+c?f2) (de-cf+f (c+dx))?

-de+c f+f Tanh { i—Ar'cCsch [c+d x] w }

i ArcTanh|
f2+(de-cf)?

\/F2+ (de—c-F)2

f-i(de-cf)) Cot[% (gfjAr‘cCsch[Cerx})]

} _

ArcTanh |

1 T
2 [——1Ar‘cCsch[c+dx]
V-d?e?+2cdef -2 -2 2

V-d?e?+2cdef-f2-c2f2

-f-i(de-cf)) Tan[i (ffjAr‘cCsch[Cerx})]

2 ArcCos | - | ArcTanh | |+
de-cf V-d?e?+2cdef-f2-c2f?
arccos| i f | 24 Ar\CTanh[(f—i(de—cf))Cot[i(f—jAr‘cCsch[c+dx])]
de-cf v -d?e2+2cdef-f2-c2f2
U -Fj(decf))TanB(zJ'LAr‘cCsch[c+dx])H Log] féi(%—ﬁAr‘cCsch[udx])\/7d2e2+zcde+.7f27c2fz]
rcTan og N
“d2e? TFl g2
V- de’i2cdef £ f ﬁl—j(dec_F)\/W
c+d x
- f-i(de-cf))cot|[L (Z-1iArcCschic+dx]
ArcCos | - 1f +21 Ar‘cTanh[( ( )) [2 (2 )]]—Ar‘cTanh[
de-cf -d?e2+2cdef-f2-c2f2
(-f-i(de-cf)) Tan[% (%—iAr‘cCsch[Cerx])}] Log[ei—j(gfiAr‘cCsch[mdx]) Jodieliacdef P |
_d2? e? _f£2 _ 22
V-d?e?i2cdef- -2 f vz _j(de_cﬂﬁ
c+d x
. ~f-i(de-cf)) Tan[L ([Z-1iArcCschlc+dx]
ArcCos [ - if | +21ArcTanh| ( )) [2(2 )]] Log |
de-cf V-d?e?+2cdef-f2-c2f?
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1)/

ffj\/fd2e2+2cdef7f27c2f2) [ffj ([de-cf)-+/-d*e*+2cdef-f—cf Tan|

]

(27 1 ArcCsch[c +dx]
2

|+

17[]1

(de-cf) (ffj (de-cf) +\/7d2e2+2cdef71‘27c2f2 Tan[1 (zfjAr‘cCsch[Cerx}
2 \2

(-f-1 (de—c-F))Tan[i (g—jAr‘cCsch[c+dx]H

— N |

~ArcCos | - | +21iArcTanh| || Log|
de-cf V-d?e?+2cdef- f2- 2 f2
17[]1 -F+j\/fd2e2+2cdef7f27c2f2) [-F—j(de—c-F)—\/—d2e2+2cdef—f2—c2f2 Tan[%(g—jAr‘cCsch[c+dx] ]]]/
(de-c¥) (F—J’l(de—cf)+\/—d2e2+2cdef—F2—c2F2 Tan[%(g—jAr‘cCsch[Cerx} })]]Hi Polylog|2,
(j (Ffj\/fd2e2+2cdefff27c2fz] (ffjl (de-cf)—+/-d?e?+2cdef-f2-c?f2 Tan[% (g—jAr‘cCsch[Cerx} })]/

(de-cf) (ffi (de—cf) +\/ de?s2cdef £ Tan[~ (E—jAr‘cCsch[Cerx]
2 2

] ] ) | - PolylLog|2,

1
(1’1 (F+j\/fd2e2+2cdef7f27c2fz] (‘F*]'l (de-cf) 7x/7d2e2+2cdef7f27c2f2 Tan|— (EfjAr‘cCsch[Cerx}
2 \2

(de-cf) (f—i (de-cf) +\/—dze2+2c:de1°—1‘:2—c21‘:2 Tan[1 (z—iArcCsch[c+dx]]]])}]
2 \2

Problem 23: Result unnecessarily involves higher level functions.

ArcCsch[a x"]
J— dx

X
Optimal (type 4, 61leaves, 7 steps):

ArcCsch[ax"]? ArcCsch[ax"] Log [1 — @2ArcCsch[ax"] } PolylLog [2’ @2 ArcCsch[ax"] }

2n n 2n

Result (type 5, 64 leaves):

x " HypergeometricPFQ[{%, 1, L 3 03] _x2 )
_ Hz-‘ 2’ }) {2’ z}-’ a? ] . Ar‘cCsch[ax”]—Ar‘CSinh[Xn
an 5

|| Logix]
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Problem 25: Result more than twice size of optimal antiderivative.

JAr‘cCsch [c ea*bx} dx

Optimal (type 4, 77 leaves, 7 steps):

ArcCsch|c e > ArcCsch [ce2®x] Log[1 - e2ArcCsch[ce™ ] polylog|2, e2Arccschlce™]]

2b b 2b

Result (type 4, 236 leaves):
1

x ArcCsch[ce®®*] + e dPX /14 %2 (ahX) (Log[—c2 €? ¥ ]% . ArcTanh [~/ 1+ c2 €2 (3% ] (-8bx+4Log[-c?e? @PX]) -

2 (atbx)

8bc |1+ ¢

CZ

[1+«/1+c2e2(a*bx) )} +2Log|

4Log[-c?e? @] Log|

N |
N |

(1+\/1+c2 e? (3+0X) J]274PolyLog[2, (14/1+c2 e? (3+0X) ]]J

N |

Problem 38: Result unnecessarily involves higher level functions.

JeAr‘cCsch[a x2] x4 dx

Optimal (type 4, 202 leaves, 8 steps):

1 1
2\/1+a2x4 2\/1+a2x4 X o 1 1 5

- + +—+— |1+ — X’ +
5a2(a+%)x 5 a2 3a 5 a2 x*
x
E!ZJrL4 1 . . 1 a2+17 1 1 1 1
E? (a+ X—Z) EllipticE[2ArcCot[Va x], ;} @? (a+ X—Z) EllipticF |2 ArcCot[Va x], ;}
5272 1+ 5272 1+ 52
Result (type 5, 126 leaves):
ArcCsch 2 5/2
_ 1 2 ﬁ e—Ar‘cCsch[a x2] ehrecsch[ax’] ¥3
15 a (aX2)3/2 71+e2Ar‘cCsch[ax2}
_1-2 eZAr‘cCsch[a x| _ 3 e4Ar‘cCsch[a x?] (1 _ eZAr‘cCsch[a x?] ) 5/2 Hypergeometric2F1 [ 1, i’ Z, eZAr‘cCsch[a x?] ]
2 4 4
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Problem 40: Result unnecessarily involves higher level functions.

JeArcCsch[a x?] %2 dx

Optimal (type 4, 86 leaves, 5steps):

a+7
X 1
a 3

Result (type 5, 113 leaves):
_ 1 Zﬁe—Ar‘cCsch[axz} [ €

3avax? -l+e

E111pt1cF [2 ArcCot [\F X} B %]

5/2 1
3a 1+32X‘l

Hypergeometric2F1| =, g2ArcCschlax’] ]

3

ArcCsch[ax?] 3/2
} ] X 1_262ArcCsch[aX2} 3 (1_62Ar~cCsch[ax2} 3/2

N |

e
NV
-

2ArcCsch[ax?

Problem 42: Result unnecessarily involves higher level functions.
JeAr‘CCSCh[a x?] dx

Optimal (type 4, 165leaves, 7 steps):

1
/ +7 E111pt1cE[2Ar‘cCot[\/ ], ﬂ %TTZ (a+ ;) E111pt1cF[2Ar‘cCot[\/ ], ﬂ
azx“ ar—

a+—

3/2 _1 3/2 1
a 1+ 2 a 1+ e

Result (type 5, 96 leaves):

\/? eAr‘cCsch[a x?] \/ €

-l+e

ArcCsch[ax?|

3- 2\/1 g2 ArcCsch[ax?] Hypergeometric2F1[ —,

) ) €

N|I—‘

Z 2 ArcCsch[a x?] ] ]
4

5w

2ArcCsch[ax?|

3+vax?

Problem 44: Result unnecessarily involves imaginary or complex numbers.

@ArcCsch [ax?]
Ji dx
X2

Optimal (type 4, 91 leaves, 5 steps):
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+ 2] EllipticF [2ArcCot[va x], 2]

3ax3 3x

3va

Result (type 4, 95leaves):

1)/ peaw (ax? 3/2 Ell1pt1cF[1Ar‘c51nh[ 1/4 } ,1]
X
LI 1+ 214 Xz
ax A/ 1+a? x*

3x3

Problem 46: Result unnecessarily involves higher level functions.

@ArcCsch [ax?]
ji dx
X4

Optimal (type 4, 181 leaves, 7 steps):

24 A aZ4

5ax5 a+—
Xz

2]

+ Xl—z) EllipticE[2ArcCot[+a x|, ﬂ

a? x* a? x4

Result (type 5, 1191eaves):

1 @ArcCsch [ax?]

_ @-ArcCschax?]
10 x3 _2 4 2 @2ArcCsch[ax?]

(a XZ) 3/2

s @2ArcCsch [ax?] }

N =

4>||-\
M w

_3 42 @2ArcCsch[ax’] | .4ArcCsch[ax’] g \/1 @2ArcCsch[ax’] Hyper‘geometr‘1c2F1[
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Summary of Integration Test Results

249 integration problems

A - 170 optimal antiderivatives

B - 6 more than twice size of optimal antiderivatives
C - 65 unnecessarily complex antiderivatives

D - 8 unable to integrate problems

E - 0 integration timeouts



