Mathematica 11.3 Integration Test Results

Test results for the 35 problems in "Bondarenko Problems.m"

Problem 1: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

J 1 dz
\E+Cos[z] +Sin[z]

Optimal (type 3, 22 leaves, 1 step):
1-+/2 sin [z]

Cos[z] -Sin[z]

Result (type 3, 77 leaves):
~((1+31) «V2 ) cos[2] + ((1+4) -1V2 | sin[Z]
((1+8) +vV2 ) Cos[2] wi ((-1-1)+V2 ) sin[Z]

Problem 7: Result more than twice size of optimal antiderivative.

Log[1 + X]

X\1+V1+X

Optimal (type 4, 291 leaves, ? steps):

“garcTanh[\/1+vTox |- B ancranh [ Y EEX ) g1k
V1+V1+x Va2

dx

ﬁ[l— 1++/1+x
ZﬁArcTanh[L} Log[1-/1++1+x ]—Z\EArcTanh[i} Log[1++/1++1+x |++/2 Polylog[2, -
V2 V2 2-+/2

ﬁ[l_«/hm ﬁ[m/um ﬁ(lﬂ/hm
] —\/?PolyLog[Z, - ] +\/7PolyLog[2,

2+\/? 2—\/? 2+\/7

} _

V2 PolyLog|2,

]
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Result (type 4, 816 leaves):
4 (2+Log[1+V1vx]]

1 1 1 1

4 |-1+ ~1+log[-1+ ———— ]| -4 |1+ ~1+log[l+ ———— || +V2
1+vV1+x 1+vV1+x 1+V1+x 1+vV1+x V1+vV1+x
1 1 2 2
Log[l+x] -2 Log[1+\/1+x]+Log[—1+]+Log[1+}} Log[\/?— }—Log[\/?Jri] -
1+vV1+x 1+vV1+x V1+vV1+X 1+vV1+x

1

1 1
. |
2V1++vV1+x V1+V1+x V1+vV1+X
477 V1eVTox Log[Vz - ——>—] Vo J1:vTIex Log[vZ+—2> ]

Log[l+x] -2 +Log |1+

Log[1+~/1+x | +Log[-1+

+

1+vV1+x 1+m
N2 -Log[1+x/1+x]Log[1+L}+2PolyLog[2,-L] +
A2 Log[1+\/1+x]Log[l—L]—ZPolyLog[z, L] B
1evVIix Jieviox
\/7+ 2 2 - 2
V7 |Log[ -1+ ————] Log] 1K) polylog[2, — EIE
1+V1+x 22 2+4/2
2- —*2 2[-1+ 1 J
\E LOg[fl+;} LOg[lel% V1+X]+P01y|_0g[2, \V 14/ 1ex ] B
Jieviex 242 242
\/74— 2 2[1+ 1 ]
V2 Log[1+;] LOg[ﬁ]+PolyLog[2,f JinTx 1.
2[1+ ! 21+ —2 ]
N2 Log[1+;] Log[1 - 1e/Ix | +PolyLog|2, 109/Trx ]
Jieviex 242 242
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Problem 8: Result more than twice size of optimal antiderivative.

J\/1+\/1+x Log(1+x]
X
X

Optimal (type 4, 308 leaves, ? steps):

1+V1+x
~16+/1+V/T+x +16ArcTanh[\/1+vT+x | +4/1++1+x Log[1+x]-2+2 ArcTanh[~="="" ] Log[1+x] +

4\/7Ar‘cTanh[L} Log[1-+/1++/1+x ]—4\/7Ar‘cTanh[L} Log[1++/1++1+x |+2+/2 PolyLog|2, -
V2 V2 2-+/2

ﬁ[l_ 1+vVItx \/7(1+ 1evIrx ﬁ[1+ 1evIrx

2+/2 Polylog|2, | -2+/2 PolylLog|2, - | +2+/2 PolylLog|2,

]

2++/2 2-+/2 2++/2
Result (type 4, 654 leaves):
—16\/1+\/1+x +4\/1+\/1+X Log[1+x] ++/2 Log[1+x] Log[V2 - Vi+x | -8Llog[-1++/1++/1+x |-

22 Log[V2 -\/1+V1+x |Log[-1+4/1+V1+x |+8Log[1+/1+/1+x ]—ZWLog 2 -\1+V1+x |Log[1+/1+V/T1+x |-
A2 Log[1+x] Log[\/?+\/1+\/1+x | +2v/2 Log[-1+4/1++1+x |Log[V2 +y/1+V1+x |+
2+/2 Log[1+/1+V1+x |Log[vV2 +\1+VI+x |-2V2 Log[-1+/1++/1+x }Log[(— +V2 | (\/?+\/1+\/1+X )],

2\/—Log +y1l+vV1+x }Log 2+\/— 1 1+x +\/—\/ 1+x
2+/2 Log|- 1+V1+x |Log 1—(1+V—) (71+ 1+/1+x ]+2\/—Log Vi+x | Log 17(1+ﬁ) (1+x/1+x/1+x

~14/1+V1rx |]+2V2 Polylog[2, (1++2 )[ A1 VTix ]
2+/2 Polylog|2, (71+ﬁ) (1+ 1+m)]—2\/_PolyLog[2 7( ) ( m

} _

2+/2 Polylog|2, - (-1+\/7)

Problem 9: Result more than twice size of optimal antiderivative.

1
J dx
1+\/X+\/1+X2
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Optimal (type 3, 84 leaves, 4 steps):
1 1
+
2
2 (x+VIex | [T
Result (type 3, 347 leaves):

a4/ x+4/1+ %2 +lLog[x+xI1+x2]—2Log[1+ X++/1+x% |
2

2 lex-6/14x +4[-2xerf103 |1 x[1222 -12Log[x] +6Log[1++/1+x* | + !
12 1+x2+xV1+x2
61+x® |x+/1+x? | |2:/x+1/1+x2 —2ArcTan[{[x+~/1+x?* | +Log[l-[x+/1+x® | -Log[Lleq/x+~/1ex? ||+

3/2 / /
! 2 (1+x%) x+x/1+x2)/ 442X +2x1+X% +6[x+1/1+x> ArcTan[,/x+~/1+x* |+
(1+X2+X\/1+X2 )2

o T TR PR Fur o B O o PP I ooy

Problem 10: Result more than twice size of optimal antiderivative.

|

J V1+x dx
X+y1++vV1+Xx
Optimal (type 3, 41 leaves, 6 steps):

8Ar‘cTanh[Ehz Ly 14x }

2V1+x + Vs
V5

Result (type 3, 147 leaves):

10/1+x - (-5++/5) [2(3+/5 ) ArcTanh| Zv_ Viev/T1ex |+
\| 3-+/5

2 2 (5+\/?) ArcTanh[Fm] —4\/?Ar‘cTanh[L V1+X]
3445 3+4/5 NG

1
5
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Problem 12: Result more than twice size of optimal antiderivative.

X
J dx
X+\y1-4/1+x

Optimal (type 3, 73 leaves, 6 steps):
8Ar‘cTanh[EZ Lodix }

2V1+x —4~1-+/1+x +(1—\/1+X)2+ Vs
\/5
Result (type 3, 151 leaves):
N2-21x
X -4 1 1+x +2 1+ Ar‘cTanh
3+ \/—
4Ar‘cTanh[M}
2 VL]
(-1+V5) [Z(3+4/5) ArcTanh[vZ | == °
5 ~3+4/5 5

Problem 13: Result more than twice size of optimal antiderivative.

J\/mm
V1+X (1+X2)

dx

Optimal (type 3, 365 leaves, 20 steps):
215 - (142 \/ﬁ) NG

i ArcTan [ 24711 - (172\/171'1 ) NG } i ArcTan [ 24171 - (172\/1+J'1 ) NG } i ArcTanh [ 211 7(1+2\/17]'1 ) NG ] i ArcTanh [
3 2\/]'1+x/ 1-1 \/X+w/ 1+x . 2\/7]‘L+\/ 1+1 \/X+\/ 1+x . 2\/7]'1+\/ 1-1 \/X+V 1+x 3 2\/]'1+\/ 1+1 \/X+x/ 1+x
2 e 2 S 2 R S 2 _1+i
FRVE T i-VI+i i-Vi1-i [UVE TS

Result (type 3, 2177 leaves):

2V/1-1 A/i-+1-1

i (-jl+\/1-jl)ArcTan[[(-l-zj) +(2-4i)V1-1 - (6-6d)Vi+x - (1-20)V1-1 VI+x +41 (1+x)+ (1+38)V1-1 (1+x)+
_41)%1_\/1_]1 \/x+\/1+x -2+/1-1 \/]’1—\/1—]’1 \/x+\/1+x -(2-2i)Vi-V1-i VIex A/x+V1ex -
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41-i \i-vV1-i Vi+x \yx+V/1+x

{1 (4-21)V1-1 - (2-21) VTvx » 2LrX +(6-4i) (1+x)+8V1-i (1+x]

V1-1

|+

L i Vievica ArcTan[((l+21‘1)+(2 41)N1-1 +(6-61)VI1+x - (1-21)V1-1 V1+x 41 (1+x)+ (1+31)V1-1 (1+x)-
2V/1-1i

Vi VTt AxeVTox 29T i AieVIof AxevTex s (2-28) VieVIof VIex xeVIex -
4~/1-1 1+ 1 i V1+Xx X+ 1+X /{ 4 21)\/1—]']. +(2—21'1)\/1+X +4 1rx —(6—41'1) (1+X)+8\/1—:|'L (1+X)

Vv1-1

} _

(—i+x/1+i)Ar‘cTan[[(—2—i) v (4-2)VIvd +(6-61i)VIex - (2-0)VI+i VIex +4(1+x) -

/

1
2VTr i ioVIri
(3+J'L)\/1+Ji (1+X>+2:|'1\/1+J'1 \/Ji—\/1+1'1 \/X+\/1+X +41V1+1i \Jy1-vV1+1 V1+X A\/X+V1+X
((—4+51'1)+2\/1+J'1 +(2+6]'L> V1+x +(2+8j.>\/1+]i V1+x +<3+3]'L) <1+X> +41V1+1d <1+X>H—

L Jievied Ar‘cTan[((2+i)+<4—21’1)x/1+1’1—(6—61)\/ X - (2-d)V1+i V1ex -4 (14x) -
2V1+1

(3ei)VIed (1ox)+2iVIei VieVTed VxevTex +4ivied isvVIei VIex 3/xsvTrx
((4-5%) +2V1vi - (2+60) VIrx +(2+8i) VI+i VIex - (3+3d) (1+x)+4iV1+i (14x)]]-
(-i+V1-1)og[(VI-T -Vi+x)'] ivi+VIvi Log[(VIei -VIex|’]

/

aviziAJi-vioi aV1vi
ViVI-1 og[(VIti «VIvx )]
ey

i (—Ji+\/1+]i ) Log[<\/1+i +\/1+X)2}
4+1+1 \Ji-/1+1
1

4+/1-1i \1-vV1-1

(-J'Hm) Log[(3+51) +

+

-8V1+x +(3-7i)V1-i V1+x - (8-51i) (1+x)-

V1-1

41X, (1-1)23i VI & A[xevTox -4 (1-1)¥2i V11 VIex A/xeVIex |+

V1-1
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4v11__jmmg[(3511)+v14__j+8mw37j)mm+(851> (1”)4(11:()

2(1-1‘1)3/2\/51”/1-1 Jx e VTox ~4(1-1)22 1 +V1-1 VTex A x+Tex ]+ !
4v1+i Ji-Vi+i

i(-i+VIvi|Log[(-5+5i)-(6-28) VI+i +(1+31)VIri VIex -5 (1+x)+(6-2i)VIei (1+x)+

V1+1 V1+1

L iVievien Log[(5-54) - (6-21) V1+i + (1+34)VI1+1 V1+x +5(1+x)+ (6-24)V1+i (1+x)-
4/1+1
8\/i+m Jxeviex +4\/1‘1+\/1+1'1 Jx+vTrx +4mm\/x+7 m+8\/j+m m\/mm]

V1+1i V31+1i

Problem 14: Result more than twice size of optimal antiderivative.

J\/X+\/1+X dx

1+ x2

Optimal (type 3, 337 leaves, 22 steps):

24410 - (1-2V10 | VIex g 244141 - (1-2V1+0 | V1vx
ivi+V1-1i ArcTan| |-=iy-i+V1+1i ArcTan]
2\/Ji+\/1—1'1 \/X+\/1+X 2 2\/—]'1+\/1+J'1 \/X+\/1+X
%J’l\/—jJr\/l—j Ar‘cTanh[z_ - _(1+2 1_]1) 1+X};j i+V1+1 Ar‘cTanh[z_ 1+i_(1+2 1+i) 1+X}
27—+ VIo1 fxeTex 23/iev/1v1 xeVTex

N |

+

Result (type 3, 2581 leaves):

((1+Ji)+ 1—J'1>

1
2v1-1 \i-v1-1

ArcTan||(2-34)+ (3-4)V1-1 -8+/1+x -5+/1-1 V1+x +(2+54) (1+x)+5i~/1-1 (1+x)+4\/117x/1711 \/x+\/1+x +

2T i VI d fxevTex - (6+2i) i VI1 VTex xevTix oo io¥EIol VAEX NXrVEEX /
Vv1-1
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((—4+71’L>—(6—2]’1)\/ﬁJr(4—2]’1>m+(6—21)mm+<10+i) (1+x)+ (8+41i)/1-1i (1+x>)}+

! ((-1-1) «V1-1)
2o fieVi-i

ArcTan||(-2+34)+ (3-1)V1-1 +8V1+x -5V1-1 VI+x - (2+54) (1+x)+5i+1-1 <1+x>—4\/1'1+\/1—j1 \/x+\/1+x +

2v1-1 \/Ji+\/1—1'1 \/X+\/1+X +<6+2]'1) Vi+vV1-1 V1+x A\/x+V1+X —8 tevicd Lyx Nx+rV1vx /
Vv1-1

((4-73) - (6-2i) VI-i - (4-23) VIrx + (6-2i) VI-1 VIex - (10+d) (1+x)+ (8+4i) VI-i (1+x)]]-
\/1711 ((—1+11)+\/1+j)ArcTan[((1+8jl)_5(1+j)3/2-(16+81)x/ﬁ+(10+51)mm+
21+ Ji-Vi+i

(9-81) (1+x)—(5—101‘1)@(1+x)—4\/j—m \/x+m +(4-21)V1+d \/]17\/1“1 \/x+m—
smmm+(8-4j)mmh+xm/
((9+20d) -12 (1+4)>% - (144204) VIex + (224124) VI+i VIex + (6-154) (14x)+ (2+128) VI+i (1+x)]]-
! 11((1-1)+\/H)ArcTan[((-1-8j)_5(1+j)3/2+(16+81)ﬂ+(10+51)mm_
2T+ i+ vVIet
(9-81) (1+x)—(5—101’1)@(1+x)+4\/j+m \/x+m v (4-21)V1+d \/]l+\/1+]l \/x+m+
smmm+<s_4j)mmm+xm/
((~9-204) -12 (1+i)>?+ (14+2048) VIex + (22+12) VI+d VIex - (6-153) (1+x)+ (24124) VI+d (14x))]+
i ((1+4) +VI-1 ) Log[ (VI-1 -Vi+x 7] ) ((1-4) +VI+1 ) Log[(Vivi -Vi+x 7]
4mm 441+1m
i ((-1-1) +VI-1 | Log[(VI-1 +VI+x )]
aNi-iievI-1
((-1+1) +Vi+i ) Log(VIvi +Vi1rx]’]

4~/1+1 \Ji-V1+1
1
4~/1-1 \Ji-V1-1

+

+




Mathematica 11.3 Integration Test Results for Bondarenko Problems.nb | 9
i ((1+]1)'+m) Log[(5+171) +14i/1-1 - (10+22i) V1+x + (5-19i) VI-1i VI+x - (25+2i) (1+x) -
(15+9i) VI-i (1+x) - (4-41)\i-vVI-i x+virx - (6-2i)Vi-i Vi-vI-i x+Virx -
8- 4) VTV AT e T - (12-83) VT 1 Vi Yiox Voo Ve | -
! i ((-1-1) +m) Log[(-5-17i) +14i+1-1 + (10+22d) VI+x + (5-19i) VI-i VI+x +
4+/1-i \Ji+V1-1

(25+21) (1+x) - (15+91i) V1-i (1+x)+(4—41’1)\/j+\/1—j \/x+\/1+x -(6-21i)V1-1i \/J'l+\/1—]'1 \/x+\/1+x +
(8-8i)\i+Vi-1i VI+x x+VIex - (12-44)V1-1 \i+3V1-1 VI+x x+/Tex |-
! ((-1+1) +VI+i]|Logl(-3+5i)-(2+41) VIvi +(2-23) VIrx - (1-31)VI+ri Viex -
4+/1+1 Ni-+1+1

(8+74) (1+x)+ (9+31) VI+d (1ex)+ (4+4i) i -VIsi VxevTex —2(1+1)¥2 i VIei /x+VIex -
(8+4i)\i-Vi+i VIex \yx+VIex +8V1+i \Ji-V1+i VI+x A/x+V1ex |-
! ((1-%) +V2+i ) Log[(3-54) - (2+44) VIvi - (2-23) VIrx - (1-31) VI+i Viex +
4+1+1i \Ji+V1+1

(8+71) (1+x)+(9+3j)ﬁ(1+x)-(4+4j)\/j+m wam -2(1+1‘1)3/2\/]‘1+m \/x+\/W+

<8+4J'L) \/Ji+\/1+i \/1+X \/X+\/1+x +8V1+1i Vi+vV1+dl V3I+X UX+VI1I+X ]

Problem 15: Unable to integrate problem.

JJ1+\/;+\/1+2\/;+2X dx

Optimal (type 2, 77 leaves, 2 steps):

2\/1+\/?+x/1+2\/7+2x

2+\/?+6x3/2_(2-\/7) 1+2+/x +2x
15+/x

Result (type 8, 29 leaves):

J 1+/x +4/1+2+/x +2x dx
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Problem 16: Unable to integrate problem.

J‘\/\E+\/;+\/2+2\E&+2X dx

Optimal (type 2, 118leaves, 3 steps):

1r2ﬁ\/ﬁ+\/?+ﬁx/1+ﬁﬂ+x
15 vV X

Result (type 8, 38 leaves):

4+\/?\/;+3\/?X3/27\/?(2\/?7\/?) 1+\/?\/;+X

J\J\/?+\/?+\/2+2\/7\/Y+2X dx

Problem 18: Unable to integrate problem.

Optimal (type 3, 96 leaves, 7 steps):

3+ (142 1-3 [1+1%
1 1 1 X 3 X
1+ — +—x+—Ar‘cTan[ ]——Ar‘cTanh[
X

X 4 4 ]

2 1+

+

X |

x |=
N
[
+
x |»
+
x |k

Result (type 8, 19leaves):

Problem 19: Result more than twice size of optimal antiderivative.
JW

—e X+ e

dx
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Optimal (type 3, 25leaves, 6 steps):
Ve
V2
Result (type 3, 112leaves):
/211 e (Log[l ~e¥2] ~Log[1+e¥?] +Log[1-e¥2+V2 Vi+eX | -Log[l+e¥2+/2 V1+eX ] )
NeRers

—\/?Ar‘cTanh[

Problem 20: Result more than twice size of optimal antiderivative.
Jw/ 1+e™ Cschx] dx

Optimal (type 3, 25leaves, 7 steps):
-2 \/TAr‘cTanh[lJrigx]
V2

Result (type 3, 126 leaves):

Lz e 1 Log[1-e™?] +Log[1+e™?] - Log[e™? (—1+e)‘/2+\/?«/1+ex )] - Log[e™? (1+eX/2+\Ew/1+ex

1+ X

)

Problem 21: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

J ! dx
(Cos[x] +Cos[3x])°

Optimal (type 3, 108 leaves, ? steps):

523 1483 ArcTanh [+/2 Sin[x] | Sin[x]
- —— ArcTanh[Sin[x]] + i _
256 512+/2 32 (1-2sin[x]?)*
17 Sin[x] 203 Sin[Xx] 437 Sin[X] 43 1 3
+ - - —— Sec[x] Tan[x] - — Sec[x]” Tan[X]
192 (1-25in[x]?)® 768 (1-2Sin[x]?)® 512 (1-2Sin[x]?) 256 128

Result (type 3, 478 leaves):
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TR T () (1m0 7 averan | TR

14831Ar‘cTan[7cos[ |V cos| ] sin|~ 2048 2048

- + +
1024/2 (-1+1) +V2
1483 L 2 +25i 1483 Log[2 - /2 C ~/2 si
523 | g[cos[X] - sin[%]] - 22 Log[cos[X] + sin| X]] » 24E3LoB[V2 v25inDx)] 1483 Log[2- V2 Cosx) - W2 Sinpa]
256 2 2 256 2 2 1024 /2 2048 /2
(ﬁ—%) ((—1—1‘1)+\/7) Log[2++/2 Cos[x] -2 Sin[x]] 1 43
- - +
. X . X 4 X : X 2
(—1+1)+\/7 512 (Cos[;]—Sln[;]) 512 (Cos[;}—Sm[;])
1 43 17 437 Sin[x]
+ - - + +

512 (Cos[*] +sin[*]]" 512 (cos[*] +sin[X]]® 768 (Cos[x] -Sin[x])’ 1024 (Cos[x] -sin[x]) 128 (Cos[x] - Sin[x])*
2 2 2 2

83 Sin[x] Sin[x] 17 83 Sin[x] 437

+ + + +

512 (Cos[x] - Sin[x] >2 128 (Cos[x] +Sin[x] )4 768 (Cos [x] JrSin[x])3 512 (Cos[x] +Sin[x] )2 1024 (Cos[x] +Sin[x])

Problem 24: Result more than twice size of optimal antiderivative.

Tanh[x]
Ji dx
Optimal (type 3, 110leaves, ? steps):
ArcTan|[ ——121.¢ ] ApcTan[ —-12ile ]

x X 2x 24/1+1 4/ eX+e2X 24/1-1 4/ eX+e?X
2e e’ +e - +
V1+i V1-1

Result (type 3, 444 leaves):
1

2./ e* (1+<ex)

(4+4ex+ (1+1)>2e¥2J1+e* Log[(-1)Y*-e™?] + (1-1)>2e¥2 J1+e* Log[- (-1)>*-e™?] + (1+1)%?e¥2[1+e* Log[(-1)"*+e™?] +

- (- )3/4 2 1 1 1,
|- (1+1)%%e¥2 1+ e Log[e”‘/z(—( 1)V e¥24 4171 ~J14e* |] -

(1-1)%2e? Log[- (-1)**+e™?] - (1-1)%%e¥2\[1+e* Log[e™?

(1-1)>2e2 j1+e Log[e”‘/z((—1)3/4+e"/2+\/1—j 1+e

(1+]1)3/2 X2 1+ e Log[e”‘/z((71)1/4+e"/2+\/1+j 1+e"
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Problem 26: Unable to integrate problem.
JLog[x2+ 1-x% ] dx

Optimal (type 3, 185leaves, ? steps):

l(1+\/5) X

2 1 2

~2x-ArcSin| ArcTan | x|+ | = (1+\/5) ArcTan | |+
1+4/5 2 1-x2

( + \ﬁ ArcTanh

N |

1 1+\/7) Ar‘cTanh[ }+xLog[x2+ 1—x2}
2

Result (type 8, 18leaves):

fuoglse /1 | o

Problem 27: Unable to integrate problem.
jLog[l +e¥] dx
1+ e2X
Optimal (type 4, 102 leaves, 12 steps):

1 1 i
,—Log[ —_—
2 2 2

g) (i+e*)] Log[1+eX] -

(i-e*)] Log[1+e¥] 7%Log[

L

i

1
2
o) Srota 2] 0

1
PolyLog[Z, —ex] - g PolyLog[Z,

Result (type 8, 18leaves):
JLog[lJrex] dx
1+ e2X
Problem 28: Unable to integrate problem.
JCosh[x] Log[1+Cosh[x]2}2d1x

Optimal (type 4, 159 leaves, 13 steps):
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Sinh[X] Sinh[x] Sinh[x] Sinh[x]

}+4i\/7Ar‘cTan{ }2+8\/7Ar‘cTan[ | Log] 22 }+4\/7Ar'cTan[

V2 V2 V2 V2 +iSinh[x] V2
22
\/2 +1iSinh [x]

-8+/2 ArcTan [

| Log[2 +Sinh[x]?] +

4i+/2 Polylog[2, 1- | +8sinh([x] -4 Log[2+Sinh[x]2] Sinh[x] + Log[2+51nh[x12]251nh[x]

Result (type 8, 14 leaves):

JCosh [x] Log |1+ Cosh[x]?] % dx

Problem 29: Unable to integrate problem.

JCosh [x] Log[Cosh[x]? +Sinh[x] ]2 dx

Optimal (type 4, 395 leaves, 28 steps):
i (1-11 3 +2$inh[x])

_4\/?Achan[M} 1 (1_11\/?) Log[1-i~/3 +2sinh[x]]*- (1+j\/?) Log | ] Log[1+i+/3 +2Sinh[x]] -
A3 2 24/3

1 , j(1+]1\/?+251nh[x])

= (14243 ) Log[1+i V3 +25inh[x]]" - (1-1/3 ] Log[1-i V3 +2Sinh(x]] Log|- ] -

2 23

2Log[1+Sinh([x] +Sinh[x]?] (1_11\/?) Log[1-1i+/3 +2Sinh[x]] Log[1+Sinh[x] +Sinh[x]2] +
i-+/3 +21iSinh[x]
2+/3

+8Sinh[x] -4 Log|1+Sinh[x] +Sinh[x]“| Sinh[x] + Log|1 + Sinh[x] + Sinh[x] Sinh[x]
] [ ’] [ ]?

(1+1ﬁ) Log[1+1i+/3 +2Sinh(x]] Log[1+Sinh[x] +Sinh[x]?] - (1+jﬁ) PolyLog[2, -

] -
i++/3 +21iSinh[x]

2+/3

(1 - i \/?) Polylog|2,

Result (type 8, 15leaves):

JCosh [x] Log[Cosh[x]? +Sinh[x] ]2 dx

Problem 31: Result more than twice size of optimal antiderivative.
JLog[x+\/1+x ]2

<1+X)2

dx

Optimal (type 4, 555 leaves, 35 steps):
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2 Log[x+/1+x | Log[x+v/1+x |*

Log[1+x] + ~6Log[V1+x | Log[x+V1+x |- . 7(1”5) Log[1-+/5 +2V1+x ]+
1+x +X
6Log[§ (71+ﬁ)] Log[1-+/5 +2V1+x |+ (3+\E) Log[x+v1+x | Log[1-+/5 +2v/1+x | -

3 (3475 | Log[1-+/5 +2V1+x |- (1-V/5 | Log[1+V/5 +2VL1+x |+ (3-+/5 | Log[x+/1+x | Log[1+/5 +21+x |-

2
1-/5 +2+/1+x
2+/5

(3+V/5 ) Log[1-V5 +2V1+x ] Log|

(3—\/?) Log]| ]Log[1+\/?+2\/1+x]—%(3—\/?) Log[1+\/?+2\/1+x}2_

145 +2 1+X}+6Log[\/1+x}Log[l+2 1+X}+6PolyLog[2,—2 1+X]—
2+/5 1+4/5 1+/5

(3+\/?) P°1y|-°g[2: 1\/?1/27m} - (37\5) PolyLog[Z, 1+\/?12Fm] 76PolyLog[2, 1+ 2\/?]
2+/5 WG LT

Result (type 4, 1283 leaves):
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Log[100] Log| L - L ++/1+x —
Log[1+x] -Log[-1++5 -2+/1+x | -+/5 Log[-1++/5 -2v1+x |+ L5 ]—6Log[ﬁ] Log[1—€+\/1+x]+
Vs -1++/5 2 2
3Log[1+X] Log[l—\/?+\/1+x}—3Log{—1+\/_—2\/1+x}Log[l—\/?+\/1+x]—\/?Log{—1+\/?—2\/1+x]Log[l—\/?+\/1+x]+
2 2 2 2

3 1
= Log[~ -
2 2

Log(8] Log[2 (1++/5 | +V1vx]
25
3Llog[-1++/5 -2V/1+x | Log[% (1+V5) +\/1+X]—\/?Log[—1+\g—2\/1+x]Log[i (1+V5 ) +V1ex]+

+\/1+x]2+

eI RN CPHESE

, Log[2(1+V5 ) +VI+x]® yiogx+VIix]

3Log[%(1+\5)+ 1+X] - -3Log[l+Xx] LOg[X+\/1+X]+

2 A5 1+x
3Log[1+\/?2\/1+x]Log[x+\/1+x]+\ELog[1+\/?2x/1+x]Log[x+\/1+x]Log[x; 1+X} —Log[1+\E+2\/1+x]+

\/?Log[1+\/?+2\/1+x}—3Log[%—\/?+\/1+x}Log[1+\/?+2\/1+x}+\/?Log[§—\/?+\/1+x | Log[1++/5 +2v/1+x |-

7Log[t (145 ) + V1 x| Log[1++/5 +2V/1+x]

3Log[~ (1+V5 | «V1+x | Log[1+V5 +2vTox ] - ;
Log[o VT | Log[1+ /5 2 /T | 5 Logle T Log[a S e 2T 3top[ - Y Log BT
25
3L0g{§—%+ﬂ] Log[M 52:251”‘] 1 L
+3L0g[—(1+x/?)+x/ﬁ] LOg[—(S—\/_—Z\/?\/H)]Jr
\/? 2 10
1 1 2Log{l—£+\/H] Log[5+\/?+2\/?M]
\/?Log[—(1+\/?)+\/1+x]Log[—(S—\/__z\/?m)]_ ) N
2 10 NG
>Log(3+x) Log1+ | gpolytog[2, - 2 - 1345 | podyiog(z, 1 TR
1+\/? 1+\/? 2\/?
6 Polylog|2, “1+V5 -2V1xx ] +3PolyLog|2, 1+ V5 +2V1:x ] +/5 PolyLog|2, 15 +27/1+x ]
—1+\/? 2\/? 2\/?

Problem 33: Result more than twice size of optimal antiderivative.

JAr‘cTan [2Tan[x] ] dx
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Optimal (type 4, 80 leaves, 7 steps):

1 s 1 1
xArcTan[2Tan[x]] + —ixLlog[1-3e®**] - =~ ixlog[l-~e
2 2

2ix] - lPolyLog[Z, le“"} + 1PolyLog 2, 3e*¥]
3 4 3 4

Result (type 4, 262 leaves):
X ArcTan[2Tan[x]] -

1 ) Cot [Xx] ) 5 5 Cot [x]
=i |41ixArcTan| | +2 i ArcCos|[ =] ArcTan[2Tan[x] ] + (Ar‘cCos[f] +2ArcTan|
4 2 3 3 2

21 | elx

v -5+3Cos[2X]

| +2ArcTan[2 Tan[x] ]

|+

Log|

\/-5+3Cos[2X]

w N

41 -4Tan[x

]]_

-2ArcTan[2 Tan[x] ]

(Ar‘cCos [ E] - 2ArcTan| M}

|- (Ar‘cCos[E] -2 ArcTan[2Tan[x] ]
3 2

L
3 og[

Log |

i+2Tan[x]

5 4 (i +Tan[x]) -31i+6Tan[x] -1+2Tan[x]
(Ar‘cCos[—] +2ArcTan[2Tan[x]] | Log[ ——————"] +1i |-Polylog[2, ——————— | +Polylog[2, —— |
3 31+6Tan[x] i+ 2Tan[x] 31+6Tan[x]
Problem 35: Result more than twice size of optimal antiderivative.

Jxl 1+x% ArcTan[x]2dx

Optimal (type 4, 121 leaves, 1OSteps)'

ArcSinh[x] -+/1+x* ArcTan[x] + —x/1+x? ArcTan[x]? - i ArcTan|e*A"Ta X | ArcTan[x]? +

i ArcTan[x] Polylog|2, -1 “'“CT""“ xI] - i ArcTan[x] PolyLog{z, ie*AreTanixl] _polylog[3, - i e*A"T"XI] 4 polylog|[3, i eArcTanix)]

Result (type 4, 405leaves):
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% [mArcTan[x} (-2+xArcTan[x]) - mArcTan[x] Log[2] +ArcTan[x]? Log[1 - i e*A"T" X} | _ ArcTan[x]? Log[1 + i e'ArcTanix) ]
mArcTan[x] Log| —i— L) g piarctanix (-1 +etArTanid) | ArcTan[x]2 Log| ;+i— o 5 HArcTan(x] (“i+etaretanix)]
7ArcTan[x] '-Og[%@_%jm“"[x] ((1+1)+ (1-1) e*AcTani)) ] 4 ApcTan [x]2 Log[%ef“r”a”[x] ((1+4) + (1) et ArcTanix) ]

7 ArcTan [x] Log[—Cos[i (m+2ArcTan(x])]] -2 Log[Cos[m] —Sin[@“ .
ArcTan [x]? Log[cOs[m} _Sin[APCTa—”mH 12 Log[COs[Ar‘cTan[x} ] +Sin[Ar‘cTan[x} 1] -

2 2 2

ArcTan[Xx] . rArcTan[Xx]
[ esin[————]]

ArcTan[x]? Log|Cos
2 2

1
- nArcTan([x] Log[Sin[~ (7 +2ArcTan[x]) 1]+
4

2i ArcTan[x] PolylLog[2, -1 e*A™T@"X] ] _ 2 j ArcTan[x] Polylog|[2, i e*A™T@"X) ] _ 2 polylog|3, -i e AT X)| ; 2 Polylog|3, i e*ArcTan(x] ]|
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Summary of Integration Test Results

35 integration problems

A - 13 optimal antiderivatives

B - 13 more than twice size of optimal antiderivatives
C - 2unnecessarily complex antiderivatives

D - 7 unable tointegrate problems

E - Ointegration timeouts



