Mathematica 11.3 Integration Test Results

Test results for the 143 problems in "1.2.1.6 (g+h x)"m (a+b x+c
x"2)"p (d+e x+f x*2)*g.m"

Problem 9: Result more than twice size of optimal antiderivative.

A+BXx
J dx
(a+bx+cx2>5/2 (d-fx?)

Optimal (type 3, 797 leaves, 7 steps):
—((2 (aB(2c?d-b*f+2acf)+
A(b®f-bc(cd+3af))+c (Ab®f+bB(cd-af)-2Ac (cd+af)) x))/
(3 (b*-4ac) (bzd-F— (cd+af)2) (a+bx+cx2)3/2)) -
1

3(b?-4ac)? (2d?+2acdf-f (b?d-a?f))?/a+bx+cx?

2 (3b(’Bdfz+24a2Bc2F (cd+af)?-Ab°f2 (7cd+6af) -b*Bf (7c2d*+14acdf-3a%f?) +
Ab*cf (15c*d*+46acdf+43a’f?) +2b?Bc (2 d®+5ac?d* f+4a’cdf>-11a°F) -
4Abc* (2 d?+9ac’d* f+24a*cdf?+17a° ) +
c(3b°Bdf - 2Ab* 2 (4cd+3af) -8AC? (cd+af)® (2cd+5af) -

b>Bf (17c*d*+10acdf-3a>f*) +2Ab’>cf (15c*d*+22acdf+19a° ) +
4bBc (2c3d3+11ac2d2f+4a2cdfz—5a3f3)) x) -

(B\/F*A\F) £3/2 ArcTanh | bVd -2a+/F +[2¢Vd -bF ]
24/cdbd VFaf farbxicx?

2+/d (cdfb\/dix/?JraF)S/z

+

(B\/?+A\/?) -F3/2Ar‘cTanh[ oVd 22V (20 /A0 VF ] x
2\/cd+bﬁ\/?+af \/a+bx+cx2

2\/? (cd+b\/?\/?+af)5/2

Result (type 3, 1847 leaves):
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1
(a+x (b+cx))5/2

(a+bx+cx2)3 (—((2 (-Abc*d+2aBc®d+Ab*f-ab’Bf-3aAbcf+2a’Bcf+

bBchx—ZAc3dx+Ab2cfx—abBcfx—ZaAcZFx))/
(3 (b*-4ac) (-c2d?+b?df-2acdf-a’f) (a+bx+cx?)?]) -

(1/ (3 (b*-4ac)? (-c2d?+b*df-2acdf-a®f)® (a+bx+cx?)]]

2 (4b2Bc4d3—8Abc5d3—7b4Bc2d2-F+15Ab3c3d2-F+10ab2Bc3d2f—36aAbc4d2-F+
243°Bc*d®’f+3b°Bdf2-7Ab°cdf?-14ab*Bcdf®+46aAb3c?df+
8a’b?Bc?df?-96a2Abc>df?+48a3Bc>df?-6aAb’ 3 +3a%b*BFf3+
43232 Ab3cf3-22a%b?BcfP-68aAbc?f3+24a*Bc?F3+8bBc’d®>x-16Ac®d3x-
17b3Bc3d?’fx+30Ab2c*d?’fx+44abBc*d?’fx-72aAc’d?’fx+3b°Bcdf’x-
8Ab*c?df?’x-10ab®>Bc?df’x+44aAb’>cPdf>x+16a’bBc3df>x-96a2Ac*dfx-
6aAb4c-F3x+3a2b3Bc-F3x+38a2Ab2cz-F3x—20a3bBc2-F3x—40a3Ac3F3x>) -

[f (Bc?d®2V/F -2bBcd? f+ACd* £+ b2 B2 F/2 - 2Abcd®2F2 1 2aBcd”2 /2

Abzd-FZ—2ade-FZ+2aAch2—2aAb\/d_-F5/2+a2B\/?f5/2+a2A-F3)

(a+bx+cx2>5/2Log{\/?\/?—fx})/
[Zﬁ\/cd+bﬁﬁ+af (c2d*-b2df+2acdf+a2f)?

(a+x<b+cxH5ﬂ]+

[f(-Bc2d™2F -2bBcd® frAc?d F-b?Bd2 /2 2Abcd?2 /2 - 2aBcd¥2 £12,
Ab>df2-2abBdf2+2aAcdf?+2aAb~/d f/2-a2B+/d f/2+a2Af

(a+bx+cx2)5/2Log{\/?\/?ﬂcx”/
[2%ch-bﬁﬁ+af (2d?-b*df+2acdf+a’f?)?

(a+x(b+cx”5n]—

(-F (-Bc2d®2\/f -2bBcd?frAcid f-b2Bd>2 /24 2Abcd 2 /2 2aBcd¥? £/2,
Ab?df -2abBdf2+2aAcdf+2aAby/d f/2-a2BVd 2+ a2 AF) (a+bx+cx?)®?

Log[—bd+2a\/?\/?—2cdx+bﬁﬁx+2ﬁ\/cd—bﬁﬁ+af \/a+bx+cx2})/

[2\/?\/cd—bﬁﬁ+af (c2d*-b2df+2acdf+a2f)? (a+x (b+cx))5/2] +

(f (BchS/z\/?72bBcd2f+Ac2d2f+szd3/2f3/272Abcd3/2f3/2+2chd3/2f3/2+Ab2df27
Zade-F2+2aAcd-F2—2aAb\/?-F5/2+a2B\/?-F5/2+a2A-F3) (a+bx+cx?)®?

Log[bd+23\g\/?+2cdx+bﬁ\ﬁx+2\/?\/cd+b\/?\/?+af \/a+bx+cx2]

/

{2\/?\/Cd+b\/?\/?+af (c2d?-b*df+2acdf+a’f?)? (a+x (b+cx))5/2]
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Problem 11: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

1+2X
J dx
(1+x2) V-1+x+x2

Optimal (type 3, 117 leaves, 5steps):

2+ ArcTan | 5+2V5 -5 x |+
' TG e
% 24 \ﬁ ArcTanh | 5-25 +V/5 x ]
V 10 (24V5 ) VIx R

Result (type 3, 394 leaves):
NE X2
= |2~/2-1 ArcTan| gagils ONIIIXEX (2— (2-41)V2-1i \/-1+x+x?

4 V2-i
(1+5x/2-11 w/—1+x+x2) /((14+51’1)—(15+141’1>x—(6—51’1)x2+(5+6j1)x3)]+
43 +x-4x3+ <2+4:|'1) V2+i Af-1+x+x2 -54/2+1 xa/-1+x+x% +
%J ]/((5+14i>—(14+151’L)X+(5—61‘1)x2+(6+51’1)X3H+
i ((\/z_j +V2+ 1) Log[1+x®] - V21 Log[(3-41i) - (8-41)x- (13-41)x+
4\/——1\/—1+X+X +8\/——1xw—1+x+x \/HLog
(—3—4]1) + (8+4]'L) X + <13+4J'1> X2+4\/m\/—1+x+x2 +8\/HX\/—1+X+X2]

-21X

2~/2+1 ArcTan| |2

-1+

|

Problem 12: Result unnecessarily involves imaginary or complex numbers.

a-c+bx
J dx
(1+x2) Va+bx+cx?

Optimal (type 3, 484 leaves, 5steps):
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—([\/{a2+b2+c [c—\/a2+b2—2ac+c2)—a [Zc—\/a2+b2—2ac+c2))

Ar*cTan[(b\/aZerz—Zac+c2 —(b2+(a—c) (a—c+\/a2+b2—2ac+c2
ﬁ<a2+b22ac+c2)1/4\/{a2+b2+c(c\/a2+b22ac+c2J

a(Zc—\/aZerz—Zac+c2J]\/a+bx+cx2

Jx)/

]]/(\/7 (a2+b2—2ac+c2)1/4)]—

(J(a2+b2+c(c+\/a2+b2—2ac+c2)—a(2c+\/a2+b2—2ac+c2))
Ar‘cTanh[(b\/a2+b2723c+c2+[b2+(a7c) (a—c—\/az+b2—2ac+c2)

\/?(aerbz2ac+c2)1/4\/[a2+b2+c(c+\/a2+b22ac+c2)

a(2c+\/a2+b2—2ac+c2)]\/a+bx+cx2

X

/

]J/(\/? (a2+b2—2ac+c2)1/4)
Result (type 3, 182leaves):

21i (Zafzjcx+b(fj+x> +2+a-ib-c 1/a+x(b+cx>
i|-vVa-ib-c Log[- b ) (ien] |+

N |

21 (2a+21’1cx+b<1’1+x>+2\/a+1'1b—c 1/a+x(b+cx)
Va+ib-c Log|

(a+jb—c)3/2(—j+x> ]

Problem 19: Result more than twice size of optimal antiderivative.
J<A+BX> Vva+bx+cx?

d+ex+fx?

dx

Optimal (type 3, 617 leaves, 9 steps):
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(2Bce-bBf-2Acf) ArcTanh| —22* |

BVa+bx+cx? 2+/¢ ~/a+b xsc x?
f 2+/c 2

[[2-F(A-F(cdaf)Bd(ceb-F>)

efJe274dFJ(Af(cefbf)+B<F(befaF)7c(ezdeH)J
ef\/e2—4df)+2[bf—c e-+/e’-4dFf /

2\/7\/ce2—2cdf—bef+2af2—(ce—bf) \/e2—4df \/a+bx+cx2

Ar‘cTanh[ 4af-b X

]

/

V2 f2./e?-adf Jcez-chf-beﬁzafz- (ce-bf)~Je?-4df

[[2-F(A-F(cdaf)Bd(cebf>)

e+\/mJ (Af (ce bf) +B(f(be-af) c (ez—df)))J
e+\/m)+2[bf—c e+\/m /

Zx/TJcez—chf—bef+2af2+(ce—bf) \/e2—4d1c \/a+bx+cx2

Ar‘cTanh[ 4af-b X

]

/

V2 f2./e?-adf Jcez-chf-beﬁzafh (ce-bf)~/e?-adf

Result (type 3, 1344 leaves):
1

22

2BF a+x(b+cx) +(\/7 (A-F(-F

—be+2af+b\/m)+c(e2—2df—e\/m))+
—e3+3def+e2\/m—df\/m)+f(af —e+\/m)+
e2—2df—ex/e2—4df)]) Log[—e+x/e2—4df—2fx}/
WJ 20t fer-aat |t [2afub erifer-aar ] ]
e2—2df+e\/m)+f(—2af+b e+\/m))]+

5 [c

b

(ﬁ [Af (-c
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B |c

e3—3de-F+e2\/e2—4d1c —df\/e2—4df)+

e+x/e2—4df)—b e2—2d-F+ex/e2—4d-F])J Log[e++/e?-4df +2Fx])/
\Jel-4df Jc e2—2df+ex/e2—4df)+f(2af—b e+\/e2—4df)]
(2Bce-bBf-2Acf) Log[b+2cx+2\/?«/a+x(b+cx)}

Ve

f(af

(\/7 [Af(f —be+2af+bx/e2—4df)+c(e2—2df—e\/e2—4d-F])+
B(c ~e3i3def+e?+/e?2-4df —dfx/e2—4df)+
-F(af —e+x/e2—4df]+b ez—ZdF—ex/e2—4df)])J

Log[4af+/e?-4df +2ce’x-8cdfx-2ce~/e?-4df x+
ble? 4df e~/e?-adf +2f-Je? - adf x| 122 \[e? 4adf

\/(f (7be+2af+b«/e274de+c ezfzdffex/e274df)) a+x (b+cx) |
\Jel-4df \/c ez—zdf—ex/e2—4df)+f(2af+b —e+x/e2—4df])

/

(ﬁ (Af(—c ezfzdf+ex/e274df)+f(72af+b e+w/e2—4df))]+
Blc|e?-3defe? /e? 4adf 7df\/e274df)+

f(af -b

e+r/e2-4df e2-2df+er/e2-4df )]
Log[4afe?-4df -2ce’x+8cdfx-2cere?-4df x+2/2 Je?-4df
\/ c(ez—Zd-F+ex/e2—4dF]+F 2af—b(e+we2—4df)J] a+x(b+cx> -

e’+ere’-4df —2f(2d+x/e2—4df x) }]/
NJel-4df Jc e2—2df+ex/e2—4df)+f(2af—b

b

m)]]]

Problem 20: Result more than twice size of optimal antiderivative.

>3/2

(A + B Xx) <a+bx+cx2
J dx

d+ex+fx?

Optimal (type 3, 1092 leaves, 10 steps):
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- 3(2Ac-F(4ce—5b-F)—
8cef

B (bZ-FZ—ZcF (5be—4af) +8c¢c? (ez—df)) +2cf (2Bce—bB-F—2Ac-F) x) \Ja+rbx+cx? o+

B (a+bx+cx2>3/2

3f ez
B(b*f+6bcf? (be-2af)-24c>f (be’-bdf-aef)+16C° (e’-2def)))
b+2cx

2+/c Va+bx+cx?

Af(2cdf (be-af) -2 (b2d-a’f) -c2d (e2-df))) -
e-~e’-4df

f2 (2abef-a*f>-b? (e?-df)) +2cf (af (e?-df)-b (e’-2def))))
e-+/e?-4df e-+/e?-4df /

2\/7\/ce2—2cdf—bef+2af2—(ce—b-F) \/e2—4df \/a+bx+cx2

(ZACF (3b21‘2—12cf (befaf) +8c? (ezfdﬂ) -

Ar‘cTanh[ (Zcf(Bd(ce—bﬂ (ce’-2cdf-bef+2af?)+

c (Af(ce-bf) (f(be-2af)-c(e*-2df)) +B (c*(e*-3de*f+d*f*) -

Ar‘cTanh[ (4af—b X

+2[b‘F—C

]

/

+

V2 cftije?-adf \/cez—ZCdF—bef+2af2— (ce-bf)~Je?-adf

[[21‘ (Bd (ce-bf) (ce’-2cdf-bef+2af’) +

A-F(ch-F (be—a-F) -2 (bzd—az-F) -c2d <e2—d-F)>) -
e+re’-4df

f? (2abef-a*f>-b* (e?-df)) +2cf (af (e?-df) —b(e3—2def))))J
e+ e*-4df e+r/e?-4df /

2\/7\/ce2—2cdf—bef+2af2+(ce—bf) \/e2—4df \/a+bx+cx2

(Af(ce-bf) (f(be-2af)-c(e*-2df)) +B (c* (e*-3de*f+d*f*) -

Ar‘cTanh[ (4af—b X

+2[b‘F—C

]

/

V2 e -adf Jcez-zcdf-beﬁzafh (ce-bf)~Je?-adf

Result (type 3, 3733 leaves):
1

a+bx+cx?

- J(-24Bc?e’+24Bc’df+30bBcef+24Ac?ef-3b°BF -30AbCcf -32aBcf)
24cf
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-6B 7bBf+6Acf 2
< cer ’ < >X+chj(a+x<b+cx))3/2+
12 f2 3f

({—Bczes+5Bczde3-F+2bBce4-F+Ac2e4-F—5Bczdzefz—8bBcde2-F2—4Ac2de2-F2—

b2Be3f2-2Abce?f?-2aBcelf2+4bBcd*fFP+2Ac?d’F>+3b?2Bdef>?+6Abcdef+
6aBcdef?+Ab’e?f3+2abBe?f>+2aAce?fP-2Ab%df*-4abBdf*-4aAcdf*-

2aAbef*-a’Bef*+2a?Af°+Bcle*\/e?-4df -3Bc?de?f+/e?-4df -
2bBce3f/e?-4df -Ac?e3f-/e?-4df +Bc?d’f2+/e?-4df +4bBcdef?/e?-4df +
2Ac’defi~/e?-4df +b2Be?f*/e?-4df +2Abce?f’/e?-4df +
2aBce’f? /e’ -4df -b?Bdf’/e?-4df -2Abcdf>+/e?-4df -
2aBcdf+/e?-4df -Ab’ef’ /e?-4df -2abBef’ \/e?-4df -2aAcef’/e?-4df +
2aAbfi/e?-4df +a2B-F4\/e2—4d-F)(a+x<b+cx))3/2Log[—e+xle2—4df—2-Fx]/

:

V2 e adf JceZZCd-Fbef+2af2ce\/e24d-F ibf~fe?-adf

(a+bx+cx2)3/2

N
([BczeS—5Bczde3-F72bBce4F7Ac2e4-F+5Bczdzefz+8bBcde2-F2+4Ac2de2-F2+

b?Be>f2+2Abcelf?+2aBce>f2-4bBcd?’F-2Ac?2d’f-3b2BdefP-6Abcdef® -
6aBcdef®-Ab%’e?f3-2abBe?f>-2aAce’?fP+2Ab?df*+4abBdf*+4aAcdf*+

2aAbeft+a’Bef*-2a’Af+Bcle*\/e?-4df -3Bcide’f/e?-4df -

2bBce31C\/m—Ac2e31c e2-4df +Bc?d*f?>\/e?-4df +4bBcdef?+/e?-4dFf +
2Ac’defi~/e?-4df +b2Be?f? /e?-4df +2Abce?f’ /e?-4df +
2che2f2\/mszBdf3 e?-4df -2Abcdf\/e?-4df -
2aBcdfi+/e?-4df -Ab2efi+/e?-4df -2abBef’+/e?-4df -2aAcef’./e? +

2aAbf*/e?-4df +a?Bf* e2—4df) (a+x (b+cx))*?Log[e+r/e?-4df +2Fx]
V2 e adf Jcez—ZCdF—be-F+2a-F2+ce\/e2—4d-F _bf+fe?-adf

=+

(a+bx+cx2)3/2

((1GBc3e3—325c3de-F—24bBc2e2-F—16Ac3e2-F+24bBc2df2+16Ac3d-F2+

6b2Bce-F2+24Abc2e-F2+24ch2e-F2+b3B-F3—6Ab2c-F3—12abBc-F3—24aAc2-F3)

(a+x (b+cx))3/2Log[b+2cx+2\/?\/a+bx+cx2] /(16c3/2-F4 (a+bx+cx2>3/2) -
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[Bczes—5Bczde3f—2bBce4f—Ac2e4f+5Bczdzefz+8bBcde2-F2+4Ac2de2f2+b2Be3f2+

2Abce’f?+2aBce*f>-4bBcd?’fFP-2Ac?d’f>-3b2Bdef®P-6AbcdefP-6aBcdef’ -
Ab2e?f3_-2abBe’fP-2aAce’fP+2Ab%2df*+4abBdf*+4aAcdf*+2aAbef*+

a’Bef*-2a’Af +Bc?e*/e?-4df -3Bc?de?’f+/e?-4df -2bBce3f+/e?-4df -

Ac’e3f+/e?-4df +Bc?d?’f?>\/e?-4df +4bBcdef?+/e?-4df +2Ac?def?
e2-4df +b?’Be?f>\/e?-4df +2Abce®*f>\/e?-4df +2aBce?f?\/e?2-4df -

b?Bdf3+/e?-4df -2AbcdfP+/e?-4df -2aBcdfP/e?-4df -Ab%efP+/e?2-4dFf -

2abBefi\/e?-4df -2aAcefP/e?-4df +2aAbf*/e?2-4df +aZB-F4x/e2—4df)

(a+x (b+cx))3/2Log[—be2+4bdf—be e2-4df +4af+/e’-4df -2ce?x+

8cdfx-2ce~je?-4df x+2bf~/e?-4df x+2+/2 Je2-4df
\/ce2—2cdf—bef+2afz+cex/e2—4df—bf\/e2—4df \/a+bx+cx2}/

V2 FAaJe?—adf Jcez—ZCd-F—be-FJr2a1‘:2+ce\/e2—4d1c —b-F\/e2—4d1c

(a+bx+cx2)3/2

{—Bc2e5+SBczde3-F+2bBce4f+Ac2e4-F—5Bczdzefz—SbBcde2f2—4Ac2de2f2—

b2Be3f2-2Abce3f2-2aBce’f2+4bBcd* > +2Ac?d*F+3b*Bdef+
6AbcdefP+6aBcdefd+Ab%e?f3P+2abBe?fP+2aAce?fP-2Ab%>dFf*-

4abBdf*-4aAcdf*-2aAbef*-a?Bef*+2a2Af°+Bcle*\/e?-4df -
3Bc?de?f+/e?-4df -2bBcelf/e?-4df -Ac?e’f+/e?-4df +
Bc2d®f2+/e’-4df +4bBcdef?/e?-4df +2Ac?def?+/e?-4df +
b’Be?f2+/e?-4df +2Abce?f?/e?-4df +2aBce?f?/e?-4df -
b2’Bdf3+/e?-4df -2Abcdf3\/e?-4df -2aBcdf3+/e?-4df -Ab%2ef3/e?-4df -

2abBefi\/e?-4df -2aAcef\/e?-4df +2aAbf*/e?-4df +a’Bf* e274df)

(a+x (b+cx))*?Log[be?-4bdf-bere?-4df +4af-/e’-4df +2ce?x-
8cdfx-2ce~e?-4df x+2bf/e2-4df x+2/2 \Je?-4df

JceZZCdfbeF+2aF2cex/e24df +bf/er-adf ~Jarbx+cxt ] /
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V2 fAaJe?—adf \/ce2—2cd-F—bef+2af2—ce\/e2—4df +bf\/e2—4df

(a+bx+cx2)3/2]

Problem 22: Result unnecessarily involves imaginary or complex numbers.

A+BX
J dx
(a+cx2) Vd+ex+fx?

Optimal (type 3, 780 leaves, 5steps):

[\/aBe+A(cd—af—\/c2d2+a2fz+ac (eZ—ZdF) )

\/—Ace+B (cd—a-F+\/c2d2+a2f2+ac (eZ—ZdF) )

ArcTanh[(\/? (a (Ace—B (cd—af+\/c2d2+azfz+ac (e?-2dF) )) -

/

\E\E\E\/aBe+A(cdaf\/c2d2+a21‘2+ac (e2-2df) )

\/Ace+B (cd—af+Jc2d2+a2F2+ac (ez—zd-F) ) \Jd+ex+fx?

(V2 Va e Ve @@ et fPrac (e -2df) | -

C (aBe+A(cdfaff\/c2d2+a2f2+ac (ezfzdf)

X

]

/

JAceJrB (cdfaff\/c2d2+azf2+ac (e2-2df) )

JaBeJrA(cdaf+\/c2d2+a2f2+ac (e2-2df) )

Ar‘cTanh[(\/? (a (AcefB (cdfaff\/c2d2+a2f2+ac (e?-2df) )) -

c (aBe+A(cd—af+\/c2d2+a2-F2+ac (e*-2df) ))x))/

cd—af—\/c2d2+a2f2+ac (ez—zdf) )

\/?\/?\/?\/—Ace+B

\/aBe+A cd—af+\/c2d2+a2f2+ac (e2—2df> ) AJd+ex+fx?
(V2 a e e [edtiafiac (¢t -2df] |

1]/

Result (type 3, 411 leaves):
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1

2+/a Ve

(7([(\EB+1A\/?) Log[—([\g\ﬁ

[i%(2d+ex)+\/?<e+2fx)+2i\/cd—j\/?\/?e—af d+x(e+fx>

1)/

|/

[(\EBﬂiA\E)\/cd—i\E\Ee—af (\/?—Ji\/?x)

(\/cd—jm/?\/?e—af)]+ (~Va B-iave) Log[[iVa Ve

(\/?(ZdJrex)+j\5<e+2fx)+2\/cd+j\/?\/?e—af d+x(e+-Fx>

/

]]/[\/cdﬂi\/?\/?e—af])

((\/?B—iA\/?) Jedviva Ve e-af (\/?Hi\/?X)

Problem 24: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

J A+BX dx
(a+cx)\d+fx

Optimal (type 3, 101 leaves, 6 steps):

Vcd-af x 2
A ArcTan Ve A[d+fx
[\E et } ) BAr‘cTanh[ —— }

Va Vcd-af Ve Ved-af
Result (type 3, 282leaves):
2+/a Ve (Ve d-iva fxsved-af V- Fx?
(HB+1A\/?)W(1\/?+J?x)
2iva e (Vedriva fx+ved-af Vdifx?
(\/?B_jA\/c_)m(\/?m\/?x)

-[VaBriavc) Log]

]+(7\EB+J'1A\/?)

Log|

I/ (2 e Veda-at]

Problem 27: Result unnecessarily involves imaginary or complex numbers.

j 2+X
(2+4x-3x%) (1+3x-2x%)>?

dx

Optimal (type 3, 193 leaves, 7 steps):
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2 (15+14x) 2 (291+4814x)

51 (1+3x-2x2)%? 867m+

] o] i)
2 2+/1+/10 V1+3x-2x2
3\/?(5347@) ArcTanh [

vl |

( 53 +17 \/_) ArcTan

3(4+\/ﬁ)+(1_4x/ﬁ)x
2~/-1+4/10 V1+3x-2x2

Result (type 3, 304 leaves):

27 (74+ \/ﬁ) ArcTan [ —12-2/10 c4:/10 x

2 (546 + 5925 x + 13860 x* - 9628 x*) 2V1:/16 \[103x2%2

867 (1+3x—2x2)3/2

2 |10 (1+W>

27 (4++/10 | Log[2+ m’?’x}_271(*4+\/ﬁ)Log[(72+\/ﬁ+3x)2]

+

2 19 4 1@(1+\/ﬁ)

27 (-4++/10 ) Log[14-4~/10 +6 (-2+ /10 | x+9x?]

+

10 (1+\/ﬁ)

27 (4++/10 | Log[30+ 1210 -46x /10 x+2\/19 (-1+v10 ) \J143x-2x]

/

2\/10(1+\/§)

Problem 31: Result more than twice size of optimal antiderivative.

1+X
J dx
<4+2X+X2> V5 +2 X+ X2

Optimal (type 3, 15leaves, 2 steps):
~ArcTanh[+/5+2x +x? |

Result (type 3, 41 leaves):

lLog[l—x/5+2x+x2]—lLog[1+x/5+2x+x2}
2 2
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Problem 32: Result more than twice size of optimal antiderivative.

4 +x
J dx
(4+2X+X2> V5 +2xX+ X2

Optimal (type 3, 44 leaves, 5steps):

V3 ArcTan| 1rx | - ArcTanh[~/5+2x+x? |
\/?\/5+2X+X2

Result (type 3, 109 leaves):
\/?(4+X2+\/5+2X+X2 +X(2+\/5+2X+X2))

Z\EAr'cTan[ ; |+
11 +4Xx+2X

1
2

6+2X+X2+2+/5+2x+x2

Log[ (4+2x+x2)?] - Log[ (4+2x+x2)

]

Problem 34: Result more than twice size of optimal antiderivative.

X
dx
J(3+x+x2)m

Optimal (type 3, 56 leaves, 5steps):

2 (142x)

ArcTan | - ; ] ArcTanh| @}
B S5+X+X ~ 2
\[22 N2

Result (type 3, 126 leaves):

V11 (=347 x+7 X2
Ar‘cTan[ (-3+7x:7x2) }
-57-19x2+12 /2 A/ 5+x+x? +X [ -19424 /2 [ 5+x+x2 1

- +

V22 22
7+x+x2+2\/7m)]]

(Log[lG] +Log[(3+x+x2)2] - Log[ (3+x+x?)

Problem 35: Result more than twice size of optimal antiderivative.
A+BX

J\/d+ex+1‘:x2 (ae+bex+b1‘:x2)2

dx

Optimal (type 3, 249 leaves, 6 steps):
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((Ab-2aB)je-b (Be-2Af) x) Vd+ex+fx?

e (bd—ae) (be-4af) (ae+bex+bfx?)

+

Be-2Af) (8aef-b (e2+4df)) ArcTanh bd-ae (e+2fx) Vb Jdiexifx?

( ) (e?+adf)) [ﬁmm] B ArcTanh [ =]
+

2e¥2 (bd-ae)®?f (be-4af)?? 2+/b (bd-ae)¥?f

Result (type 3, 767 leaves):
1

4bed? (bd-ae)*?f (be-4af)>? (ae+bx (e+fx))

(4b\/?\/bd—ae fibe-4af \/dix (e+fx) (-Be(2a+bx)+Ab (e+2fx)) -

(-b*2Be*2be-4af +4aVb Be’?fbe-4af -8abef (Be-2AF)

b’ (Be-2AF) (e2+4df)) (ae+bx (e+fx)) Log[-V/b Ve v/be-4af +b(e+2fx)]+
(b3/2Be5/2m—4a\/FBe3/zfm—8abef(Be—ZAF) +

b? (Be-2Af) (e2+4df)| (ae+bx (e+fx))Log[Vb Ve Vbe-4af +b(e+2fx)]-
(b3/2Be5/2m74a\58e3/21‘m—8abef(Be—ZAF) +

b2 (Be-2Af] (2+4dF)) (ae+bx (e fx)) Log[vb (e Vbe-4af -
Vb (e2-4df)+2+e fbe 4af x-4\/bd-ae f\[drx (e+fx) ||+
(-b*2Be%2+be-4af +4aVb Be¥2f\be-4af -8abef (Be-2Af)
b2 (Be-2Af] (2+4dF)) (aesbx (e fx)) Log[vb (e Vbe-4af -
Vb (e2-4df)+2+e fbe 4af x+4/bd-ae f\[drx (e+fx)

)

Problem 37: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

3+2X
J dx
V-3-4x-x2 (3+4x+2x2)

Optimal (type 3, 17 leaves, 2 steps):

]

X
V-3-4x-x?
Result (type 3, 873 leaves):

ArcTanh [
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2 (-]'H\/?)
1-2i+2

ArcTan | ( (2+x)

12-61ﬁ+(8+61\/7)x3+91\/1-211ﬁ Jo3oaxox? s
36+81V2 +6i1-2iV2 ~/-3-4x-x*|+

x(40—51’1\/7+121'1\/1—2j1\/7 J-3-ax-x? )]/
(2184672 +4 (75482 | x+[190+582 | x*+8(2:45V2 |+ (61+8V2 | x*)]+

! 2 (i+V2 ] ArcTanh[ | (2+x] (12]‘1—6\E+(8j+6\/?)x3+
1+2i+2

9J1+2]1ﬁ \/—3—4x—x2 + X2

X2

36i+8v2 6414212 J-3-ax-x

+

X

400 -5+2 +12+/1+2iv2 [-3-4x-% )/(-211+6ﬁ+
4(-71+8V2 ) x+(-191+58V2 | x?+8(-28+5V2 )%+ (6182 )x*|]+

(7]1“5) Log[4 (3+4x+2x2)?] (J'H\/?) Log[4 (3+4x+2x2)?]

+ —

1-2i+2 1+2i+/2

1

1-2i+2
[-4e7)

Log[ (3 +4x+2x?)

3+6iV2 + (24202 - 2+2-4i\2 [ 3-ax %+
4+8iV2 -2+/2-4iV2 /-3-4x-x*||]-

(i+V2 ) Log[(3+ax+2x?) (3—6]‘1\/7+(2—2]’1\E) X2 -

X

14212

2+/2+4i+2 A/-3-4x-x* -2x

2+41+/2 +~/2+4i2 x/—3—4x—x2)

|

Problem 38: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

3+4x
J dx
V-3-4x-x2 (3+4x+2x2)

Optimal (type 3, 86 leaves, 13 steps):
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1- 3+X 1 3+X

L 3ex
\/2 ArcTan [ ﬂ] - \EAPcTan[ Saxd } + ArcTanh[;}

Result (type 3, 976 leaves):

24/1-21i+2 ArcTan[(60+Sljﬁ+(—16+6]'1\/?) X+

1
4

68 1760 /2 +99i\1-2i2 J-3-ax-x
3 (1442 ) +91-2iV2 \-3-4x-x

ix? (44]1+185\/7+72\/1-2j\/7 J-3-ax-x )/(931+159\/7+
20 (174 +22/2 | x+ (4931 +466/2 | x*+16 (194 +137/2 | x®+ (661 +327/2 | x*]] -

1
—————2i (-i+2v2) Ar‘cTan[[—60+511‘L\E+2(8+3]1\/?) X+
1+2i2

54i+/1+212 +/-3-4x-x> +2%°

54i+1-2iv2 Jo3-ax-x2 ix

+

21 x3 +

+

3413452 +9i1:2i2 J-3-ax-x?

X 4418502 +72i142i2 Jo3oax o3| s
ix |681+1762 +99/1+2i+2 +/-3-4x-x2 /

(793j+159\/?+2e(71711+22ﬁ) X + (—493]’1+466\/?) X2 +
16(—191’1+13\E) x3 4 (—66]‘1+32\/7) x4)] ‘

(-i+2V2 ] Log[4 (3+4x+2x2)?]  [i+2V2 ) Log[4 (3+4x+2x2)?]

1+2i+/2 1-2i+2
1
1-2i+2
(11+2\/?)

Log[(3+4x+2x%) [3+6iV2 + (24282 | x*-21/2-431V2 \[-3-4x-x +
4+81’1\/7—2\/2—4J’1\/7 \/-3.-4x-x2 | -

3-61\/7+(2-2iﬁ) x2 -

X

(-i+2V2 ) Log[(3+4x+2x?)

1+21i+2

2J2:4iv2 J3-ax-x® —2x 20482 +n2:4i2 3 ax-x?

|
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Problem 59: Result more than twice size of optimal antiderivative.
x (a+cx2)??
J— dx
d+ex+fx?
Optimal (type 3, 553 leaves, 10 steps):
(2 (af2+c(e?2-df)) -cefx)Va+cx® (a+cx?)®?

+ —

2 3 3f

Ve e (3af?+2c (ezfzd-F))Ar‘cTanh[@}

a+c x?

- [2cdef(2af2+c <e272df)) -
2 4

e—x/e2—4de (a*>f*+2acf? (e?-df) +c? <e4—3de2f+d2fz))]

2af-c (efx/e274df)x

ArcTanh [

I/

ﬁJZafZJrc (ez—zdf—e\/e2—4df) Va+cx?

V2 fa/e?-4df \/2a-F2+c ez—zdf—e\/e274df]

+

[2cdef(2af2+c (ez—zdf)) -

e+x/e2—4de (a*f*+2acf? (e*-df) +c? <e4—3de2f+d2fz))]

2af-c (e+x/e2—4df)x

ArcTanh [

I/

\/TJZafZJrc (e2—2df+e\/e2—4df) Va+cx?

V2 fife?-4df \/2a-F2+c e2—2dF+ex/e2—4dF]

Result (type 3, 1176 leaves):
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fia+cx® (8afP+c(6e*-3efx+2f (-3d+fx*)))+

6 4
(3ﬁ[a2f4 —e+x/e2—4df)—2acfz e 3def e?\/e? 4df +df\/e274df)+
c?|-e*+5de*f-5d*ef?+e*/e?-4df -3de?f+/e?-4df +d2f2xle274dfj)
Log[-e+~/e?-4df - 2fx] / «/e24df\/2afz+c ezfzdffe«/ezflldf) +
(3\E[a2f4 e+x/e2—4df]+2acf2 e’-3def+e? /e -4df 7dF«/e274de+

C2

e>-5delf+5d?’ef?+e*\/e?-4df -3de?f+/e?-4df +d?F? e274df)]
Logle+~/e?-4df +2fx| / \Jet-4adf \/2af2+c(e22df+exle24df]
3Vce(3af+2c(e?-2df)) Log[cx+/c Jarex? |-
1

\/mJZa-FZJrc(eZ—Zd-F—e\/m)

3\/7[a2-F4 —e+\/e2—4d-F]—2aC1‘:2

eSi5de’f 5d?efietrfe? a4df 3de’f e 4df +d2-F2x/e2—4d-F)]

Log[2af+/e?-4df +c|e?-4df-e/e?-4df

ﬁx/e2—4df\/2af2+c
1

e3—3def—e2\/e2—4df +df\/e2—4df)+

C2

X +

ez—zdf—e\/e2—4df) \/a+cx2 ] -

vel-4df JZaFZJrc (e2—2df+e\/e2—4df)

3ﬁ[a2f4(e+x/e274df)+2acF2(e373de-F+e2 e 4df _df e274d~F]+

CZ

5 5de’fisdiefliet[e? 4df -3def/e?-4df +d? e274d-F])

Log[2af+/e?-4df -c|e’-4df+ie/e?-4df

X +

e2—2df+e\/e2—4df) \/a+cx2]

V2 AJe?-adf \/2a-F2+c
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Problem 93: Result unnecessarily involves imaginary or complex numbers.

2\3/2
J(x+x) ix

1+ x2

Optimal (type 3, 130leaves, 10 steps):

1<5*2X>\/X+X2+\/1+\/7 ArcTan | Lol o ] -

: 2(1+\/7) VX + X2

1—\/7—x

“1++2 ArcTanh | |- > ArcTanh |

2(-1+\/7) Vx+x2

Vel

Result (type 3, 124 leaves):
— X Ix

5vx V1+x +2x32/1+x —5Ar‘cSinh[\/7] -

4+/2-21 ArcTan[(1-1)%? X ] -4+/2+21 ArcTan|(1+1)%? X ]

2+2X 2+2X

Problem 110: Result more than twice size of optimal antiderivative.
Jxx/a+bx+cx2

d+ex+fx?

dx

Optimal (type 3, 549 leaves, 9 steps):
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(2ce-bf) ArcTanh | —22 |

Va+bx+cx? 2+/¢ +Jatbxicx?
f 2+/c f2

(zdf (ce-bf) +

e—V:;jZE?J(f(be—af)—c(ez—dfﬂ)
ef\/mJJrZ[b-F—c ef\/m /

Zx/TJceZ—chf—bef+2af2— (ce—bf) \/e2—4d1c \/a+bx+cx2

Ar‘cTanh[ (4a-F—b X

]

/

+

V2 f2./e?-4adf Jcezzcdfbefuafz (ce-bf)~/e?-adf

[de (ce-bf)+

e+q2?515?j<f(be_a+)_c(e2_dfm)
e+\/mJ+2(b-F—c e+\/m

X

/

ZﬁJceZZCdfbeF+2af2+ (cefbf) \/e274df \/a+bx+cx2

ArcTanh [ (4 af-b

]

/

V2 f24je?-adf Jcezzcdfbehzafh (ce-bf)/e?-adf

Result (type 3, 1112leaves):



Mathematica 11.3 Integration Test Results for 1.2.1.6 (g+h x)~™m (a+b x+c x~2)"p (d+e x+f x~2)~qg.nb | 21

1 2f a+x<b+cx) + \/?[C
22

_e*:3defreJe2-adf —dfx/e2—4d1:]+

f(af e2—2df—e\/m]) log[-e+~/e? 4df —2Fx]
& aar [o[er2at-eeraar |t (2atin[ e aar | J
e _3defre?rfe?_adf —df«/e2—4df)+
e+w/e2—4d-F]—b e2—2d-F+ex/e2—4d-F)J Loge++/e?—4df +2x]
Jéaar [c[eaarieeract| r(2ar e et aar]
(2ce-bf) Log[b+2cx+2/c \Jarx (brcx) | )

Ve

e 3defie?e? adf —df\/e2—4df)+

—e++/e?-4df e2—2d-F—ex/e2—4d-F])

Log[4af+/e’-4df +2ce’x-8cdfx-2cer/e?-4df x+
ble? 4df-e~/e?-adf +2f-/e?-adf x| 122 [e? - 4adf

\/(f (7be+2af+b«/e274de+c ezfzdffex/e274df)) a+x (b+cx) |
\Jel-4df \/c ezfzdffex/e274df)+f(2af+b 7e+x/e274df])

e3-3def+e?\/e?-4df —dfx/e2—4df)+

e+«/e274d1‘)—b e2—2d-F+ex/e274d-F)]]
Log[4af+/e?-4df -2ce?x+8cdfx-2cer/e’-4df x+
22 \Je2-adf \/(c e272df+ex/e274df)+f(2af7b e+«/e274df)])

\Ja+x(b+cx) -b|e’+eq/e*-4df —2f(2d+x/e2—4df X )]]/
\Jel-4dFf \/c e2—2df+ex/e2—4df)+f(2af—b e+«/e2—4df)]]

/

-e+ e2—4d'F)+b

C

(ﬁ

f(af

/

(ﬁ .

f(af ‘b

/

C

(ﬁ

-F[a-F
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Problem 118: Result more than twice size of optimal antiderivative.

1
J dx
xVa+bx+cx? (d+ex+fx2)

Optimal (type 3, 451 leaves, 9steps):

ArcTanh | ——220x |
2\/?\ a+b x+c x?
N
\Jad
f e+x/e2—4d-F)Ar‘cTanh[(4a-F—b e—«/e2—4df)+2(bf—c e-+/e’-4dFf x/

]

ZXE\/CEZ—ZCd‘F—bE‘F+2a‘F2— (ce—bf) \/e2—4d1c \/a+bx+cx2

/

V2 dije?-adf \/ce22cdfbef+2af2 (ce-bf)~Je?-4df

e+~/e?-4df

f X

/

/

e—w/e2—4df)Ar‘cTanh{(4af—b

e+x/e2—4df)+2 (b-F—c

ZﬁJcezzcdfbef+2af2+ (ce—bF) \/e2—4d-F \/a+bx+cx2

]

V2 diJe?-adf \/ce22cd-Fbe-F+2a-F2+ (ce-bf)~e2-adf

Result (type 3, 994 leaves):
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Vva+bx+cx? Log[x]
\/?d a+X <b+cx)

e+\/e2—4df)\/a+bx+cx2 Log[-e++/e?-4df -2fx]

.F

/T avfeaar

Jcez2cd-Fbe-F+2a-F2cex/e24d-F +bfA/e?2-4df .Ja+x (b+cx) -

. /| vTaeaar

—e+\/e2—4d'F]Ja+bx+cx2 Log[e+/e?-4df +2fx]|

\/cez2cdfbef+2af2+ce«/e24df -bf+e?2-4df .Ja+x (b+cx) -

Va+bx+cx? Log[23+bx+2\5\/a+bx+cx2]
Va diJa+x (b+cx)

7e+\/e274df]\/a+bx+cx2 log[-be?+4bdf-be-fe?-4df +4af-/e?-4df -

2ce?x+8cdfx-2ce~je?-4df x+2bFf~/e?-4df x+2/2 /e -4df
\/ce2—2cdf—bef+2a-F2+cew/e2—4df—bf\/e2—4df \/a+bx+cx2} / 2 d

+

.F

\Je’-4df \/ceZ—ZCdF—bef+2af2+ce\/e2—4df —bf\/e2—4df AJa+x (b+cx) +

.F

e+\/e274df)\/a+bx+cx2 Log[be?-4bdf-be-/e?-4df +4af-[e?-adf -

2ce?x-8cdfx-2ce~/e?-4df x+2bf/e?-4df x+2~/2 \Je?-4df
\/cez—2cdf—be-F+2af2—cex/e2—4df +b1"\/e2—4d1c \/a+bx+cx2} /

V2 dAJe?-adf \/ce2—2cdf—bef+2af2—cex/e2—4df +bf/e?-4df

a+x(b+cx)

Problem 126: Result unnecessarily involves complex numbers and more than
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twice size of optimal antiderivative.

X4
J dx
V-3-4x-x2 (3+4x+2x2)

Optimal (type 3, 140leaves, 24 steps):
5

2 3 a2 - tud 3 ax— 2 + L arcsi
3-4x-X X 3-4x-XxX" + ArcSin[2 + x] +
4 2

2

3+x 3+x

1- 1+
Ar‘cTan[—;\ ;/3’2;‘*’*2 ] Ar‘cTan[J%%“l ]

5 X
— - —Ar‘cTanh[—]
2+/2 2+/2 4 V-3-4x-x?

Result (type 3, 1000 leaves):
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16

1
-4 (-10+x)\/-3-4x-x* +88ArcSin[2+x] + ——————

1-2i+2

2(7+412]) ArcTan[(132-4711\/7+ (2244782 ) X+ 486 i\1-2i2 A/ -3-4x % -
2x3 (638+1@J’1\/?+81]’1\/1—21’L\/?x/—3—4x—x2
22367272 +6481/1-2i 2 \/—3—4x—x2)+

1316 - 1168 i /2 +891i~/1-21 V2 +/-3-4x-x? )/(8851+6ﬁ+

4 (34914262 | x+ (6851 +514/2 | x2+16 (131 +342 | x*+2 (331 + 642 | x*|] -

+

X2

X

1
2 (714442 ArcTanh[[13zj-471ﬁ+(224j+78\/7) x4+
1+2i+2
861212 Jo3-ax-x2 <2 6381 +102 +81+/1+2i2 J3-ax-x?

22361 -727/2 +648~/1+21i2 /-3-4x-x?

1316 - 1168/2 +891/1+21 2 J-3-ax-x? /

(-8851+6ﬁ+4(-3491+26ﬁ) X + (-68551+514ﬁ) X2 +
16(-13i+34\/7) X3+ 2 (-331+64ﬁ) x“)] -

(-7:+4V2 ] Log[4 (3+4x+2x2)?]  (7i+4/2 ) Log[a (3+ax+2x?)?]

+

X2 +

X

+

1-2i+2 14212
o
1-2i+2
(-71+4\/7)

Log[(3+4x+2x) [3+6iV2 + (24202 x-2+2-24i2 /3 ax-x -

3-61‘1\/?+(2_2]1\/7) X2 -

1
1+2i+2

(7i+4V2 ) Log[(3+4x+2x)

72+411\/7+\/2+4]1\/7 \/—3—4x—x2

2\J24ai2 J-3-4ax-x2 —2x

|
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Problem 127: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

3

J X dx
V-3-4x-x2 (3+4x+2x2)

Optimal (type 3, 115leaves, 20 steps):

1
- =1/-3-4x-%x* -2ArcSin[2+X] +

2
1 34X 14 3+x
ArcTan | VT | ArcTan] B ]
2 V2 X
- +ArcTanh|[ ————|
2+/2 22 \V-3-4x-x2

Result (type 3, 1001 leaves):
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1
-8+/-3-4x-x* -32ArcSin[2+x] - ————

1-2i+2
2i (-24+5v2] Ar‘cTan[[(40+661’1\/7) x4+6(56—i\/7+27j1\/1—211\/7 J-3-ax-x

332+3161V2 +54i1-21+V2 ~/-3-4x-x°

92044691 \/2 +216i1-2i2 Jo3-ax-x? |«

964 +2081i/2 +2971i+1-2i+2 /-3-4x-x? /

(132]'1+192\/2 + 4 (7111+184x/2 ) X + (4551+1ee4x/2 ) X2 +

56(7i+1@\/7)x3+2(57i+5e\/7)x4)}+ !
1+2i+/2

2(2i+5ﬁ)ArcTanh[[(4ei+66\/?)x4-6(-561+ﬁ-27\/1+21ﬁ J-3-ax-x
3321 +316/2 +541+21v2 ~/-3-4x-x?
9201 + 469 /2 +216/1+21 2 Jo3oaxox2 | s

964 1 +208+2 +297\/1+21i+V2 \/—3—4X—X2) /

(—1321’1+192\/?+4(—711’1+184ﬁ) X + (74551+1ee4ﬁ) X2 +
56 (,7]'1+1@\/?) X3+ 2 (,57j+5@\5) x‘*)} .

(-2:+5V2 | Log[4 (3+4x+2x2)?] (20 +5V2 ) Log[4 (3+4x+2x?)?]

+ —

16

+

X3 +

X2

X

+

X3 +

X2

X

1-2i+2 1+2i+2
1
1-2i+2
(72]1+5\E)

3+61’1\/?+(2+21’1\E)X2—2\/2—4j\/?x/—3—4x—x2 .
4+8J'1\/?—2\/2—4Ji\/7 \/—3—4x—x2 ] -
3—611\/?+(2—21’1ﬁ)x2—

Log[ (3+4x+2x?)

X

1

N1+2i4/2

24/2+4i+2 /-3-4x-%x% -2x

(2i+5V2 ) Log[(3+4x+2x?)

—2+41i+2 +~/2+41/2 w/—3—4x—x2)

|

Problem 128: Result unnecessarily involves complex numbers and more than



28 | Mathematica 11.3 Integration Test Results for 1.2.1.6 (g+h x)~"m (a+b x+c x~2)"p (d+e x+f x~2)~qg.nb

twice size of optimal antiderivative.

X2
J dx
V-3-4x-x2 (3+4x+2x2)

Optimal (type 3, 98 leaves, 16 steps):

3+x

1-— 1+3+7;
Ar‘cTan[Qg“X’xz ] Ar‘cTan[Q;/’“X’xz ]

1 1 X
— ArcSin[2 +x] - V2 + V2 - fAr‘cTanh[—}
2 V2 V2 2 V-3-4x-x2

Result (type 3, 982 leaves):
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o

1-2i+2
211(i+2\/7)ArcTan[(6e+51i\/7+(-16+61ﬁ) x*+54i+1-2iv2 \[-3-4x-x +
68 +1761 2 +99i/1-2iV2 ~/-3-4x-x2
34(1+\/?)+9J1-21ﬁ J-3-ax-x?
ix? (44]’1+185\/?+72\/1—21’1\Ex/—3—4x—x2 )/(93]1+150ﬁ+
20 (174 +22/2 | x+ (4931 +466/2 | x*+16 (191 +137/2 | x®+ (661 +32V/2 | x*|] +

2+/1+212 ArcTan[[-se+51j\/?+z(8+31ﬁ)x4+54j\/1+2jﬁ Jo3-axoxt s

8

4 ArcSin[2 +x] +

X +

21 x3 +

+

2% (34+34]1\/?+9j\/1+2jﬁ J-3-ax-x

X (4418502 +72i142i2 Jo3axox? |«

681 +176/2 +994/1+2i /2 Jo3-ax-x /

(793j+150ﬁ+ze(717j+22ﬁ) X + (—493]’1+466\/?) X2 +
16(—191’1+13\E) X3 + (—66]‘1+32\/7) x4)] _

(-i+2V2 | Log[4 (3+4x+2x2)?]  [i+2V2 ) Log[a (3+4x+2x2)?]

1 X

+

1+2i+/2 1-2i+2
1
1-2i+2
(1'1+2\/7)

Log[ (3 +4x+2x?)

3+6j\/?+(2+211ﬁ) X2-2/2-412 +/-3-4x-x +
]+
3—611\/?+(2—21‘1ﬁ) X2 -

4+8J’1\/——2\/2—4Ji\/7 \/—3—4x—x2

X

1

N1+2i4/2

2/2+412 A/-3-4x-x* -2x

(-i+2V2 ] Log[(3+4x+2x?)

“2+41i+2 +/2+41/2 /-3-4x-x2

|
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Problem 129: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

J X dx
V-3-4x-x2 (3+4x+2x2)

Optimal (type 3, 68 leaves, 6 steps):

ArcTan | L] ArcTan | L}
) vz Jz
V2 V2

Result (type 3, 814 leaves):
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1 1
8

1+2i2
2 (2+3V2 | ArcTan[((2+x) (3(5+4iV2 ] +16 (2+iV2 |x+2 (94202 x2>)/

[121’1—6\/7+(8J’L+6\/7) X 91:2iv2 /3 ax 2
40i-5+/2 -12/1+2i2 ~/-3-4x-x?

36i+8vV2 614212 J-3-ax-x

)]_;
1-2i+/2
x+2(9j+2ﬁ) xz))/

X

X2

2 (24+V2 | ArcTanh[((2+x) (3 (5i+4V2 ) +16 (23 +2

[-5 (8i+V2)x+(-8i462] X 12+/1-2i2 x[-3-4x- % +
-361+8+2 -611-21V2 /-3-4x-%*
|+

(-2i+7/2 ] Log[4 (3+4x+2x2)?] (2 +V/2 ) Log[4 (3+4x+2x2)?]

X2

3[41+2\/7+3\/1-211\/7 J-3-ax-x?

1+2i+/2 1-21+2

1

1-2i+2
(2i+V2 ) Log[(3+4x+2x) (3+6]1\/7+(2+2]1\E) X2 -

2+/2-4i+2 /-3-4x-x* +x

1

1+21+/2

] -

|

Problem 130: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

4:8i2 -2~/2-4i2 J-3-ax-x?

(-2i+V2 | Log[(3+4x+2x?) [3-6iV2 +(2-212)x2-

_2+4]1\/7+J2+4]1\/7 \/—3—4x—x2)

2\/2:4i2 Jo3-ax-x -2«

1
dx
J\/34xx2 (3+4x+2x?)
Optimal (type 3, 95leaves, 10 steps):
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1. 3x 14— 3x

—l \EArcTan[ﬂ} + 1 \EAPcTan[ﬂ} + 1Ar‘cTanh[;]
3 V2 3 2 3 V-3-4x-x>

Result (type 3, 800leaves):

1

—[-2 1-2:+/2 ArcTan[((3+4x+x?) (7+21’1\/7+8x+2x2))/
12

281 +164/2 -114/1+2i/2 ~/-3-4x-x?
201 +23v2 -84/1:+2i2 \/—3—4x—x2)+3 [41+\/7-

[2\/?X4+X

+

X2

2/1+2iV2 J-3-ax-x?

+2x3(211+6\/?—\/1+211\/? Joz-ax-x ||] -
2i/1+2iV/2 ArcTanh[((7:+2V2 +8ix+2ix) (3+4x+x2>)/

[2\/7x4+x

284 4164/2 -114/1-2i+2 Jo3-ax-x

+

|20i+23v2 -8J1-2iv2 J-3-ax-x

+

3 -4j+\/7-2\/1-21w7 \/—3—4x—x2 +
23 (—2]’1+6\E—\/1—21’1\Ex/—3—4x—x2 )]+
i([\/l-zix/f-\/uzi\/? Log[4 (3+4ax+2x2)?] +

mLog[(3+4x+2x2)
2%2-41\/? \/—3—4x—x2 +x(4+81ﬁ-2\/2-41\/? \/—3—4x—x2)
J1-2i+v2 Log[(3+ax+25) 3-6iV2 4 (2-2:4/2 )%~
2J2:4iv2 J3-ax-x2 2«

3+6]1\/7+(2+2]1ﬁ) X2 -

} _

—2+4i\/7+\/2+41’1\/7 \/—3—4x—x2

)

Problem 131: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

J 1 dx
XV -3-4x-x2 (3+4x+2x2)

Optimal (type 3, 130leaves, 17 steps):
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ArcTan|[ —22*—— 1- —22%—

| _a_ 2 1 a3 )
- 3 N o3axex +7\5Ar‘cTan[734xx }—

343 9 2
14+ 3+X

1 ) -3-4x-x2 4
= ﬁAr‘cTan[ﬁ} - —Ar‘cTanh[;}
9 V2 9 V=-3-4x-x?

Result (type 3, 959 leaves):
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1 3+2X 1
— —4~/§_ArcTan[ ’ ] +
36 V3V -3-4ax-x? /1—21M?

+

6(2+Ji\/7)Ar‘cTan{((8+21i\/7)x4—18j1(\/7—\/1—21’1\/7 Jo3-axox
44 -4i+2 +6i/1-21V2 /-3-4x-x2
723542 +24i+1-2i2 Jo3-axox? |«
36-48i42 +33141-2iV2 ~/-3-4x-x? /

(36i+60ix+ (315+12v2 ) x2+8 (1+2V2 )P+ (28+4V2 | x*]] -

X3 +

X2

X

1
Vi+2iv2
6(2j+\/7)ArcTanh[[2(4j+\/7)x4_18 [\/T-Juzj\/? Jo3-ax-x
441 -4+/2 +61/1+21/2 /-3-4x-x?
7213542 +244/1+2i 2 Jo3-ax-x |+
36i-482 +331/1+2iV2 ~/-3-4x-x2 /

(-36i-60ix+(-31:+12V2 | x2+8 (-i+2V2 |+ [-2i+4V2 ) x*]] -
(

3(-2:+V2 ) Log[4 (3+4x+2x2)%] 3 (2i+V2 | Log[4 (3+4x+2x2)?]

1-2i+2 14212

+

x3 +

X2

X

+

3(-28+V2 ) Log[(3+ax+2x?) [3+6iV2 + (24212 x-

2J2-4iv2 J3-ax-x? +x a:8i2 -2+/2-4i2 J-3-ax-x?

1

N1+2i4/2

|+

|

Problem 132: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

3(21+V2 ) Log[(3+4x+2x)

3—6]1\E+<2—211\/?) x2 -

—2+41+2 +~/2+41/2 w/—3—4x—x2)

1
J dx
X2V—3—4x—x2<3+4x+2xﬂ
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Optimal (type 3, 151 leaves, 20 steps):

_ 2ArcTan [— 22— 1 3
V-3-4x-X A/ -3-4x-x2 2 ~3-4x-x?
+ V3 3 +f\/7Ar‘cTan[734xx ] -
9x 343 27 Ne
1+ 3+X

X

2 N -3-4x- 10
— ﬁAr‘cTan[ﬂ} + fAr‘cTanh[—
27 V2 27 V-3-4x-x2

Result (type 3, 1039 leaves):

]

| 35



36 | Mathematica 11.3 Integration Test Results for 1.2.1.6 (g+h x)~"m (a+b x+c x~2)"p (d+e x+f x~2)~qg.nb

1 [2V-3-4x-x2 3+2x 1
— +4\/?Ar'cTan[ i ]—
18 X V3 V-3-4x-x2 x/1_2]-H/7

+

2i (-1+2V2) ArcTan[{z (8+11i V2 x4+9[12-i\/?+61\/1-2j\/7 J-3-ax-x

2x3 (62+50]‘1x/2 +91i1-21vV2 +/-3-4x-%°

+

X (324413742 +72i+/1-2i2 \/—3—4x—x2)+
X |324+48i+/2 +99i1-2i+2 /-3-4x-x? /

(9 (51+6ﬁ)+12 (71+18ﬁ)x+(1251+3@6ﬁ) x2 +

16(7i+11\/7)x3+(34i+32\/7)x4)}+ !
1+2iv2
2 (1422 Ar‘cTanh[{Z (8i+11V2) x4-9[-121+\/—-6\/1+2i\/7 J-3-ax-x

2x3 (62]’1+50\/2 +941+212 +/-3-4x-x?

+

+

X (3241413742 +72+J142i V2 Jo3-axox? |«
X 32414482 9914212 +/-3-4x-x /(9 (—51‘1+6\/7)+

12 (74 +18V/2 | x+ (1251 +306 V2 | x2+16 (-7:+11V2 | x*+ (=341 +327/2 | x*)] +

(—Ji+2\/7) Log[4 (3+4x+2x2)?] (Ji+2\/?) Log[4 (3+4x+2x2)?]

+ —

1-2i+2 1+2i+2
1
1-2i+2
(7]'l+2\/?)

Log[(3+4x+2x%) [3+6iV2 + (24282 |x*-21/2-431V2 \[-3-4x-x 4
4:8i2 2+2-4iv2 /-3 4x-x? | -

3-611\/7+(2-21w7) x2 -

X

1

7(i+2\/7) Log| (3+4x+2x?)
1+2i+/2

2J2:4iv2 J-3-ax-x2 —2x 20482 +n2:4iV2 -3 ax-x?

|
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Problem 142: Result unnecessarily involves higher level functions.

g+hx
cg? 2\173 2 22 >
(— 2 +9CX) (g +3hx)

Optimal (type 3, 242 leaves, 2 steps):

1/3 22/3 1 3hx] /3
(1— @) Ar‘cTan[ }
g

\E \/—( 3hx)1’3
22/3\/7h( +9cx2)1/3

+

= 9*;#)1/3 Log[g? +3h2x?]  (1- 9’;%)1/3 Log| (1- 32—")2/3 213 (14 %)”3]

6 22/3h( +9cx2)1/3
h2

1/3
2 22/3h( - +9cx2)

Result (type 6, 331 leaves):

g> x
1 1 3 9h?x? 3 h? x? 5 1 1 3 9h?x? 3 h? x?
gAppellFl[f, e 1) ) y - } / g APPEJ-lFl[*; ) 1: E) - ] +
2 3 2 g? g? 2 3 2 g? g?
) s 3 1 5 9h?x? 3 h? x?
2h?x? |-AppellFl[ =, =, 2, =, , - |+
2 2
2 3 2 g g
3 4 5 9h2x? 3 h? x?
AppellFl[ =, —, 1, —, , - 111 -
2 3 2 g? g?
1 9 h? x? 3 h2 x? 1
hx AppellF1[1, -, 1, 2, , - ] / -2g*AppellFi[1, =, 1, 2,
3 2 2 3
g g
9 h? x? 3 h? . 1 9 h? x? 3 h?
, - } +3h?x? |AppellFl|2, —, 2, 3, s -
g g 3 g g’
4 9 h? x2 3h? x2 2 13
AppellF1[2, —, 1, 3, c[-E iax (g2 +3h*x?)
3 g? h?

Problem 143: Unable to integrate problem.

—c2g2+bcgh+2b?h? 1/3 f(bz,ﬁgﬂimﬁ> .
(g+hx)/ ( +bX+cx2) 3 . e .
9 ch? ) .

Optimal (type 3, 488 leaves, 2 steps):
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ch? ((cg—zbh) (cg+bh) —9bx—9cx2) 1/3 52/3 (1_ M)m

3 3%¢h ch? ArcTan - 2cg-bh
2 1/3
_ 3h (b+2
(2cg bh) /3 [3 (1+ 2c( g_bchx))

-2bh bh
[f{ <cg )(Cg+ >+9|I)X+9cx2

c h?

1/3
] .

_ . 1/3
chz(i—g—)—(—g—Lc 2bh) (cgsbh —9bx—9cx2) !

f(c2g?-bcgh+b?h?
32/3 h ch? ; Log| (<’e Zgz : ) +bfx+fx2] /
(2cg-bh) 3c¢2h c

-2bh bh 1/3

2f 7<cg )z(cg+ >+9bx+9cx2 ]
ch

c h? (i—g—)—(—g—Lc ’Zb:hzc +bh —9bx—9cx2) 13

3 32/3h
(2cg-bh)?
Log 173h<b+2cx) 2/3+21/3 1+3h(b+2cx) 1/3]/
2cg-bh 2cg-bh

-2bh b h

2 f 7<cg ) [cg+ >+9bx+9cx2

1/3}

c h?

Result (type 8, 106 leaves):

g’ ibcghs2b?h? 1/3 f(bz_ﬂﬂgzhdﬂ b £ x
(g+hx)/ ( +bx+cx? 3h + +fx2
9 ch? c? c

dx
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Summary of Integration Test Results

143 integration problems

A - 116 optimal antiderivatives

B - 10 more than twice size of optimal antiderivatives
C - 16 unnecessarily complex antiderivatives

D - 1 unable tointegrate problems

E - Ointegration timeouts



