Mathematica 11.3 Integration Test Results

Test results for the 51 problems in "4.3.9 trig"m (a+b tan”“n+c tan”(2
n)) p.m"

Problem 1: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

JTan[d+ex}5\/a+bTan[d+ex] +cTan[d+ex]? dx

Optimal (type 3, 975 leaves, 21 steps):

\/a2+b2+c(c+\/a2+b22ac+c2]a [2c+\/a2+b2—2ac+c2]

Ar‘cTan[[b2+(a—c) [a—c—\/a2+b2—2ac+c2)—b\/a2+b2—2ac+c2 Tan[d+ex])/

V2 (a?+b*-2ac+c?)tt

\/a2+b2+c(c+\/a2+b2—2ac+c2J—a(2c+\/a2+b2—2ac+c2J

bAr‘cTanh[ b+2 c Tan[d+e x] ]
(\/7 (a2+b2—2ac+c2)1/4e) . 2J?\/a+bTan[d+ex]+cTan[d+ex]2

2+/c e

b (b>-4ac) ArcTanh| bo2cTan.d ex. ]
2\/ci\/a+bTan[d+ex]+cTan[d+ex]Z

16 c®>/2 e

b (7b*-12ac) (b?-4ac) ArcTanh| b+2c Tan[d+e x] ]
2\/?\/a+b Tan[d+e x]+c Tan[d+e x]2

256 c?/? e

[\/a2+b2+c [c—\/a2+b2—2ac+c2)—a(Zc—\/a2+b2—2ac+c2

\/a+bTan[d+ex] +cTan[d+ex]?

+
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Ar‘cTanh[(b2+(a—c) (a—c+\/a2+b2—2ac+c2]+b\/a2+b2—2ac+c2 Tan[d + e Xx]

/

V2 <a2+b2—2ac+c2)1/4

a2+b2+c(c—\/a2+b2—2ac+c2)—a(Zc—\/a2+b2—2ac+c2J

\/a+bTan[d+ex1 +cTan[d+ex]? |] /

2
(\/7 (a2+b2—2ac+c2)1/4e) +\/a+bTan[d+ex] +cTan[d + e Xx]

e

+

b(b+2cTan[d+ex]) \/a+bTan[d+ex} +cTan[d+ex]?

8cle

b (7b*-12ac) (b+2cTan[d+ex]) \/a+bTan[d+ex1 +cTan[d+ex]?

128 c*e
(a+bTan[d+ex] +cTan[d+ex]?)*?

4
3ce

Tan[d+ex]? (a+bTan[d+eXx] +cTan[d+ex12)3/2

+
5ce

(35b-32ac-42bcTan[d+ex]) (a+bTan[d+ex] +cTan[d+ex]?)>?

240 c3e
Result (type 3, 2599 leaves):

1 a+c+aCos[2(d+ex)]-cCos[2(d+ex)]|+bSin[2 (d+ex)]
e 1+Cos[2(d+ex)]

-105b* + 460 ab?2c - 256a%2c?2+296b2c2-768ac3+2944 c*

1920 c*

(-7b?+16ac-176c?) Sec[d+ex]? 1
+—Sec[d+ex]*+
5

+

1

240 c? 960 c3
Sec[d+ex] (35b>Sin[d+ex] -116abcSin[d+ex] -104bc*Sin[d+ex]) +
bSec[d+ex]?Tan[d+ e x]

40 c

+

1
([—\/a—jb—c Log[(Za—chTan[d+ex} +b (-i+Tan[d+ex])+2+va-ib-c
2

\/a+Tan[d+ex] (b+cTan[d+ex]) )/ (128 (a—jb—c)3/2c4 (1'1+Tan[d+ex}))] -

1
~+a+ib-c Log[(2a+2i1cTan[d+ex] +b (i+Tan[d+ex]) +
2
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2+a+1ib-c Ja+Tan[d+ex] (b+cTan[d+ex]) )/ (128 (a+1‘1b7c>3/2c4
1
256 c°/2

(—i+Tan[d+ex1)H + b (7b*-8b>c (5a+2c) +16c* (3a’+4ac+8c?))

Log[b+2cTan[d+ex] +2\/?Ja+Tan[d+ex] (b+cTan[d+ex]) ])

g

a c acCos[2 (d+ex) ]

+ —

1+Cos[2 (d+ex)] ’ 1+Cos[2 (d+ex)] 1+Cos[2(d+ex]]

(128 c* (-a-c-aCos[2 (d+ex)] +cCos[2 (d+ex)]-bSin[2 (d+ex”))] +

5ab3\/

cCos[2 (d+ex) ] . bsSin[2 (d+ex) ]

cCos[2 (d+ex)] X bsin[2 (d+ex) ]

1+Cos[2 (d+ex)] 1+Cos[2(d+ex)]

a c aCOS[Z(d+eXH
i _

1+Cos[2 (d+ex)] +1+Cos[2 (d+ex)] 1+Cos[2 (d+ex)]

1+Cos[2 (d+ex)] 1+Cos[2(d+ex)] /
(16c® (-a-c-aCos[2 (d+ex) ] +cCos[2 (d+ex)]|-bsSin[2 (d+ex)])) -

[3a2b\/ a c acos[2(d-ex)]

cCos[2 (d+ex) ] X bsin[2 (d+ex) ]

1+Cos[2 (d+ex)] +1+Cos{2 (d+ex)] 1+Cos[2 (d+ex)] )

1+Cos[2 (d+ex)] 1+Cos[2(d+ex)] ]/
(8c? (-a-c-aCos[2(d+ex)]|+cCos[2(d+ex)|-bSin[2 (d+ex)])) +
[st a N c . aCos|[2 (d+ex)] i
1+Cos[2(d+ex)] 1+Cos[2(d+ex)] 1+Cos[2(d+ex]]
1+Cos[2 (d+ex)] +1+Cos[2<d+ex)] ]/
(8c? (-a-c-aCos[2(d+ex)]|+cCos[2(d+ex)]|-bSin[2 (d+ex)])) -
1+Cos[2(d+ex)]+1+Cos[2(d+ex)] 1+Cos[2 (d+ex)]

[ab\/ a c . acCos[2 (d+ex)] .
1+Cos[2(d+ex)| 1+Cos[2(d+eXx)] ]/

(2c (—a—c—aCos[Z (d+ex>] +cCos[2 (d+ex” -bsin[2 (d+ex)])) +
b Cos [2 (d+ex)]\/

acCos[2 (d+ex) ] cCos[2 (d+ex) ] . bsin[2 (d+ex) ]

cCos[Z(dJrex)] bSin[Z(dJrex)]

cCos[2 (d+ex) ] . bsin[2 (d+ex) |

a C

1+Cos[2 (d+ex)] ' 1+Cos[2 (d+ex)] '

|/

1+Cos[2 (d+ex)] ) 1+Cos[2 (d+ex)] 1+Cos[2(d+ex)]
(-a-c-aCos[2 (d+ex)|+cCos[2 (d+ex)]|-bSin[2 (d+eX)]) -
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a C

+

asin|2 (d+ex)]J

acCos[2 (d+ex)] i cCos[2 (d+ex) | . bsSin[2 (d+ex) |

1+Cos|[2 (d+ex)] ' 1+Cos|[2 (d+ex)]

|/

1+COS[2<d+eX)] 1+COS[2<d+eX)] 1+COS[2<d+eX)]
(-a-c-aCos[2 (d+ex)|+cCos[2(d+ex)]|-bSin[2 (d+eX)]) +

csin[2 (d+ex)]J

acCos[2 (d+ex)] i cCos[2 (d+ex)] . bsSin[2 (d+ex) ]

a C

1+Cos|[2 (d+ex)] ' 1+Cos|[2 (d+ex)]

+

|/

<_a_c—aCos[2(d+ex)]+cCos{2(d+exH—b51n (d+ex) ]]/

1+Cos[2(d+ex)] 1+Cos[2(d+ex)] 1+Cos[2(d+ex)]

[e ([b (7b*-8b*c (5a+2c) +16c* (3a*+4ac+8c?)) (2cSec[d+ex

(V? (csec[d+ex]?Tan[d+ex] +Sec[d+ex]? <b+cTan[d+ex}>))/

(\/a+Tan[d+ex} (b+cTan[d+ex]) )))/

(256c9/2 (b+2cTan[d+ex] +2\E\/a+Tan[d+ex] (b+cTan[d+ex]) )) -

(64 (a—ib—C>2C4 (i+Tan[d+ex]) ((bSEC[d+EX]2—2]iCSEC[d+EX]2+

(\/a—jb—c (csec[d+ex]®Tan[d+ex] +Sec[d+ex]? (b+cTan[d+ex])))/

|/

(128 (a—jb—c)3/2c4 (1'1+Tan[d+ex])> - (Sec[dJrex]2
b(-i+Tan[d+ex])+2+a-ib-c x/a+Tan[d+ex1 (b+cTan[d+ex]) ))/

(128 (a-ib-c)*?c* (1+Tan[d+ex])2))]/ (Zafzchan[d+ex} +

(\/a+Tan[d+ex] (b+cTan[d+ex])

2a-2icTan[d+eXx] +

b(-i+Tan[d+ex])+2+a-ib-c \/a+Tan[d+ex] (b+cTan[d+ex])

(64 (a+1’1b—c)2c4 (-i+Tan[d+ex]) [(bSec[d+ex}2+211cSec[d+ex]2+

(\/a+j1b—c (csecid+ex]?Tan[d+ex] +Sec[d+ex]? (b+cTan[d+ex])))/

(\/a+Tan[d+ex] (b+cTan[d+ex]) )]/
(128 (a+1’1b—c)3/2c4 (—J‘L+Tan[d+ex])) - (Sec[d+ex]2 (2a+21‘1cTan[d+ex] +
b(i+Tan[d+ex])+2Va+ib-c \/a+Tan[d+ex] (b+cTan[d+ex]) ))/

(128 (a+ib-c)*?ct (—J‘L+Tan[d+ex])2)))/(2a+21‘1cTan[d+ex] +

)

b(i+Tan[d+ex])+2+Va+ib-c Ja+Tan[d+ex} (b+cTan[d+ex])
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Problem 2: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

JTan[d+ex14\/a+bTan[d+ex] +cTan[d+ex]? dx

Optimal (type 3, 889 leaves, 19 steps):
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—([\/{a2+b2+c [c—\/a2+b2—2ac+c2)—a [Zc—\/a2+b2—2ac+c2))
Ar*cTan[(b\/aZerz—Zac+c2 —(b2+(a—c) (a—c+\/a2+b2—2ac+c2])Tan[d+ex]

\/?<a2+b22ac+c2)1/4\/[a2+b2+c(c\/a2+b22ac+c2J

/

a(Zc—\/a2+b2—2ac+c2)]\/a+bTan[d+ex]+cTan[d+ex}2

1)/

ﬁc Ar'cTanh[ b+2 c Tan[d+e x] }
2+/c +/a+bTan[d+e x]+c Tan[d+e x]2
(\/2 (a2+b2—2ac+c2)1/4e) + ! +
e

(bz _4a C) Ar‘cTanh[ b+2 c Tan[d+e x]

2\/ciJamTan[d+ex]+cTan[d+ex]Z

8 C3/2 e
(b?-4ac) (5b2-4ac) ArcTanh| br2cTan[d+e x| ]

2\/?\/a»bean[chex]+cTan[d+ex]2
128 c’%2e

(J(a2+b2+c (c+\/a2+b2—2ac+c2)—a(2c+\/a2+b2—2ac+c2))
Ar*cTanh[(b\/aerbz—Zac+c2 +[b2+(a—c) (a—c—\/az+b2—2ac+c2))Tan[dJrex}

\/?(aZerz2ac+c2)1/4\/[a2+b2+c(c+\/a2+b22ac+c2)

/

a(2c+\/a2+b2—2ac+c2)]\/a+bTan[d+ex]+cTan[d+ex}2

1)/

(VI (b 2acectt] - (o 2CTanId ex)) a bTanid s ex) s cTanid sex)?
4ce

+

1

64c3e
(5b*>-4ac)
(b+2cTan[d+ex])

\/a+bTan[d+ex} +cTan[d+ex]? -

5b(a+bTan[d+ex] +cTan[d+ex]2?)>?

4
24c?e

Tan[d+ex] (a+bTan[d+ex] +cTan[d+ex]2?)>?

4ce

Result (type 3, 2537 leaves):

1 [a+c+aCos[2(d+ex)]|-cCos[2(d+ex)]|+bSin[2 (d+ex)]

e 1+Cos[2 (d+ex)]

b (15b*-52ac-56c?) bSec[d+ex]?
+

1
+ Sec[d + e x]
192 ¢3 24 c 96 c?
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1
(-5b*Sin[d+ex] +12acSin[d+ex] -72c?Sin[d+ex]) + —Sec[d+ex]*Tan[d+ex] | +
4

2a-2icTan[d+ex] +b (-i+Tan[d+ex]) +2

{—641’1 Va-ib-c Log[- ((1

Vva-ib-c \/a+Tan[d+ex] (b+cTan[d+ex]) ))/
(64 (a-ib-c)*?c (1+Tan[d+ex])))] +64ia+ib-c

Log[(j (2a+21‘1cTan[d+ex] +b(i+Tan[d+ex])+2+/a+ib-c

a+Tan[d+ex] (b+cTan[d+ex 64 (a+ib-c)¥?c3
J (dex] ideexi) ||/ (64| )

(—1‘1+Tan[d+ex}>)} R (-5b*+8b%c (3a+2c)-16c® (a®+4ac-8c?))

c’/2

a c aCOS[Z(dJrEX)]

+ —

Log[b+2cTan[d+ex}+2\/?\/a+Tan[d+ex] (b+cTan[d+ex]) ]
+
1+Cos[2(d+ex)] 1+Cos[2(d+ex)] 1+Cos[2(d+ex)]

[
1+Cos[2 (d+ex)] 1+Cos[2(d+ex)] /

(64c® (-a-c-aCos[2 (d+ex)]+cCos[2 (d+ex)]-bsSin[2 (d+ex)])) -

3ab2\/ a C . aCos[Z(d+exH .

cCos[2 (d+ex) ] X bsin[2 (d+ex) ]

cCos[2 (d+ex) ] . bsSin[2 (d+ex) ]

1+Cos{2(d+ex”+1+Cos{2(d+ex” 1+Cos[2 (d+ex)]
1+Cos[2 (d+ex)] 1+Cos[2(d+ex)] ]/

(8c? (-a-c-aCos[2(d+ex)]|+cCos[2(d+ex)]|-bSin[2 (d+ex)])) +

[azJ a . c . aCos |2 (d+ex)] i
1+Cos[2(d+ex)] 1+Cos[2(d+ex)] 1+Cos[2(d+ex]]
1+Cos[2 (d+ex)] 1+Cos[2(d+ex)] ]/

(4c(-a-c-aCos[2(d+ex)]+cCos[2 (d+ex)]|-bSin[2 (d+ex)])) -

[bz\/ a . C . aCOS[Z (d+ex” )
1+Cos[2 (d+ex)] 1+Cos[2(d+ex)] 1+Cos[2(d+ex)]
1+Cos[2(d+ex)| 1+Cos[2(d+eXx)] ]/

<4c(—a—c—aCos[2 (d+ex>]+cCos[2 (d+ex”—bsin[2 (d+ex)]))—
1+Cos[2 (d+ex)] 1+Cos[2(d+ex)] 1+Cos[2(d+ex)]

[CJ a c aCos[2 (d+ex)]
1+Cos[2<d+ex)]+1+Cos[2<d+ex)] ]/

(-a-c-aCos[2 (d+ex)]|+cCos[2(d+ex)]|-bsSin[2 (d+eX)]) -

cCos|2 (d+ex)] . bSin|2 (d+ex)]

cCos[2 (d+ex) ] . bsin[2 (d+ex) ]

cCos[2 (d+ex) ] bsin[2 (d+ex) |
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a C

+

aCos|2 (d+ex)]J

acCos[2 (d+ex) | i cCos[2 (d+ex) | . bsSin[2 (d+ex) |

1+Cos|[2 (d+ex)] ' 1+Cos|[2 (d+ex)]

|/

1+COS[2<d+eX)] 1+COS[2<d+eX)] 1+COS[2<d+eX)]
(-a-c-aCos[2 (d+ex)|+cCos[2(d+ex)]|-bSin[2 (d+eX)]) +

¢ Cos 2 (d+ex)]\/

acCos[2 (d+ex)] i cCos[2 (d+ex)] . bsSin[2 (d+ex) ]

a C

1+Cos|[2 (d+ex)] ' 1+Cos|[2 (d+ex)]

+

|/

1+Cos[2(d+ex)] 1+Cos[2(d+ex)] 1+Cos[2(d+ex)]
(-a-c-aCos[2 (d+ex)|+cCos[2(d+ex)|-bSin[2 (d+eX)]) -

bsin|2 (d+ex)]\/

acCos[2 (d+ex) ] ) cCos[2 (d+ex) ] . bsin[2 (d+ex)]

a C

1+Cos[2 (d+ex)] ' 1+Cos[2 (d+ex)] '

)/

<_a—c—aCos[2(d+ex)]+cCos[2(d+exH—b51n (d+ex) ]J/

1+Cos[2 (d+ex)] 1+Cos[2(d+ex)] 1+Cos[2(d+ex)]

(e (((—5b4+8b2c (3a+2c)-16c* (a®+4ac-8c?)) |2cSec[d+ex]?

(\/? (csec[d+ex]?Tan[d+ex] +Sec[d+ex]? (b+cTan[d+ex}>))/

/

(c7/2 (b+2cTan[d+ex] +2\/?\/a+Tan[d+ex] (b+cTan[d+ex]) )) +

(\/a+Tan[d+ex} (b+cTan[d+ex]) ))

(4096 (a-ib-c)?c® (i+Tan[d+ex])

—((Ji (bSec[d+ex]2—211cSec[d+ex}2+
(\/a—jlb—c (csec[d+ex]?Tan[d+ex] +Sec[d+ex]? (b+
cTan[d+ex})))/(\/a+Tan[d+ex] (b+cTan[d+ex]) ))]/(64

(a-ib-c)*?c (1+Tan[d+ex]))) + (jlsec[d+ex}2

2a-2icTan[d+ex] +

/

b(-i+Tan[d+ex])+2+va-ib-c \/a+Tan[d+ex} (b+cTan[d+ex]) )

(64 (a—1’1b—c)3/2c3 (J‘L+Tan[d+ex1)2)))/(2a—21’1cTan[d+ex] +

b(-i+Tan[d+ex])+2+a-ib-c \/a+Tan[d+ex] (b+cTan[d+ex])

+

(4096 (a+1’1b—c)2c3 (-i+Tan[d+ex]) ((Jl (bSec[d+ex]2+211cSec[d+ex]2+

(x/aﬂib—c (csec[d+ex]?Tan[d+ex] +Sec[d+ex]? (b+cTan[d+ex])))/

)/

(64 (a+ib-c)*?c <7i+Tan[d+ex])) - (J‘LSec[d+ex]2

\/a+Tan[d+ex] (b+cTan[d+ex])

2a+2icTan[d+ex] +




Mathematica 11.3 Integration Test Results for 4.3.9 trig”™"m (a+b tan”~n+c tan”~(2 n))”p.nb | 9

b(i+Tan[d+ex])+2Va+ib-c \/a+Tan[d+ex] (b+cTan[d+ex]) ))/

(64 (a+1’1b—c)3/2c3 (—Ji+Tan[d+ex])2)])/ (2a+21‘1cTan[d+ex] +

b(i+Tan[d+ex])+2+a+ib-c \/a+Tan[d+ex] (b+cTan[d+ex]) )))

Problem 3: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

JTan[d+ex}3\/a+bTan[d+ex] +cTan[d+ex]? dx

Optimal (type 3, 748 leaves, 16 steps):
—([J[az+b2+c (c+\/a2+b2—2ac+c2J—a [2c+\/a2+b2—2ac+c2])

Ar‘cTan[(szr(a—c) [a—c—\/a2+b2—2ac+c2)—bJa2+b2—2ac+c2 Tan[d+ex])/

\/7<a2+b2—2ac+c2)1/4\/[a2+b2+c(c+\/a2+b2—2ac+c2J—

a(2c+\/a2+b2—2ac+c2)]\/a+bTan[d+ex]+cTan[d+ex]2

1)/

bArcTanh[ b+2 cTan[d+e x] }
2\/?\/a+bTan[d+ex]+cTan[d+vs,-x]2
(\/2 (az+b2—23c+c2)1/4e) - +
2~\/c e
b (b2-4ac) ArcTanh| bo2cTand ex. ]
2\/ci\/a+bTan[d+ex]+cTan[d+ex]2

.
16c5/2e

(\/(a2+b2+c (c—\/az+b2—23c+c2)—a(Zc—\/az+b2—2ac+c2)]

Ar‘cTanh[(b2+(a—c) (a—c+\/a2+b2—2ac+c2]+b\/a2+b2—2ac+c2 Tan[d + e X]

/

\/7(a2+b2—2ac+c2)1/4\/[a2+b2+c(c—\/a2+b2—2ac+c2J—

a(ch\/a2+b272ac+c2)]\/a+bTan[d+ex]+cTan[d+ex}2

1)/

(\/7 (a2+b2—2ac+c2)1/4e) _\/a+bTan[d+ex] +cTan[d+ex]?
e

b(b+2cTan[d+ex]) \/a+bTan[d+ex1 +cTan[d+ex]?

.
8cle

(a+bTan[d+ex] +cTan[d+ex}2)3/2

3ce

Result (type 3, 1960 leaves):



10 | Mathematica 11.3 Integration Test Results for 4.3.9 trig™"m (a+b tan”~n+c tan”~(2 n))”p.nb

l\/a+c+aCos[2 (d+ex)] -cCos[2 (d+ex) ]| +bSin[2 (d+ex)]

1+Cos[2 (d+ex)}

3b2-8ac+32c? 1 , bTan[d+ex]
- +—Sec[d+ex])?+ —
24 c? 3 12 ¢

+

([Sx/aﬂibc Log[|-2a-ib- (b+2ic)Tan[d+ex] -2Va+ib-c

\/a+bTan[d+ex] +cTan[d+ex]?
8+vVa-1i1b-c Log[
2+/a-ib-c \/a+Tan[d+ex] (b+cTan[d+ex]) )/

/(8 (a+ib-c)*?c? (71+Tan[d+ex]))} +

-2a+1b-bTan[d+ex] +21cTan[d+ex] -

1
] ' c5/2

(8 (a—1’1b—c)3/2c2 (i+Tan[d+ex])

b(b>-4c(a+2c))

Log[b+2cTan[d+ex] +2\/?\/a+Tan[d+ex] (b+cTan[d+ex]) ])

i

a C aCos[2<d+ex)]

+ + -

1+Cos[2(d+ex)] 1+Cos[2(d+ex)] 1+Cos[2(d+ex>]

|/

cCos |2 (d+ex)] . bSin|2 (d+ex)]

1+Cos[2 (d+ex)] 1+Cos[2(d+ex)]

a C aCos[Z(d+ex)]

+ +

(8c? (-a-c-aCos[2(d+ex)]|+cCos[2 (d+ex)]|-bSin|2 (d+ex”))] +
1+Cos[2(d+ex)] 1+Cos[2(d+ex)] 1+Cos[2(d+ex]] )

ab\/
1+Cos[2(d+ex)] 1+Cos[2<d+ex)] ]/
(2c(-a-c-aCos[2 (d+ex)]+cCos[2 (d+ex)]|-bSin[2 (d+ex)])) -

b Cos [2 (d+ex)]\/

aCos[Z(dJrexH cCos[Z(dJrex)] . bSin[Z(dJrex)]

cCos[2 (d+ex)] X bsin[2 (d+ex) ]

a C

1+Cos[2 (d+ex)] ' 1+Cos[2 (d+ex)] '

|/

1+Cos|[2 <d+ex)] _1+Cos[2 <d+ex)] 1+Cos|[2 <d+ex)]
(-a-c-aCos[2 (d+ex)|+cCos[2(d+ex)]|-bsSin[2 (d+eX)]) +

asin|2 (d+ex)]J

acCos[2 (d+ex)] i cCos[2 (d+ex)] . bsSin[2 (d+ex) ]

a C

1+Cos[2 (d+ex)] ' 1+Cos[2 (d+ex)] '

|/

1+COS[2<d+eX)] 1+COS[2<d+eX)] 1+COS[2<d+eX)]
(-a-c-aCos[2 (d+ex)|+cCos[2(d+ex)]|-bSin[2 (d+eX)]) -

csin[2 (d+ex)]J

a C
+ +

1+Cos[2 (d+ex)] 1+Cos[2(d+ex)]
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acCos[2 (d+ex)] ) cCos[2 (d+ex) ] bsin[2 (d+ex) ]

+

1+Cos[2 (d+ex)] 1+Cos[2(d+ex)] 1+Cos[2(d+ex)]

|/
(-a-c-acos(z dvex] | ecos[a (g ex]] -bsin(2 (a-ex)]] ||/

e

(b (b*-4c (a+2c)) (2cSec[d+ex]2+ (\/? (csec[d+ex]?Tan[d+ex] +Sec[d+ex]?

(b+cTan[d+ex])))/ (\/a+Tan[d+ex] (b+cTan[d+ex]) )J)/

(CS/Z (b+2cTan[d+ex] +2\/c_\/a+Tan[d+ex] (b+cTan[d+ex})

+

(64 (a+1‘1b—c)2c2 (-i+Tan[d+ex])

((7(b+21'1c) Sec[d+ex]?- (\/a+j1b—c (bsec[d+ex]?+

2cSec[d+ex]2Tan[d+ex]))/ (\/a+bTan[d+ex} +cTan[d+ex]?

)/

(8 (a+ib-c)*?c? (—1'1+Tan[d+ex])) - |sec[d+ex]?|-2a-1ib-

(b+2ic)Tan[d+ex] -2+va+ib-c \/a+bTan[d+ex} +cTan[d+ex]2))/

(8 (a+ib-c)??c? (—J’l+Tan[d+ex])2)))/

+

(—Za—jb— (b+2ic)Tan[d+ex] -2+va+ib-c \/a+bTan[d+ex} +cTan[d+ex]?

(64 (a—ib—C)ZCZ (i+Tan[d+ex]) ((—bSec[d+ex]2+2jLcSec[d+ex]2—

(\/afjb—c (csec[d+ex]®Tan[d+ex] +Sec[d+ex]? (b+cTan[d+ex])))/

|/

(8 (a-ib-c)*?c? (11+Tan[d+ex])> - (Sec[dJrex]2
2icTan[d+ex] -2+va-1b-c Ja+Tan[d+ex} (b+cTan[d+ex]) ))/

(8 (a-ib-c)2c? (j+Tan[d+ex])2)J)/ (—2a+1’1b—bTan[d+ex] +

(\/a+Tan[d+ex] (b+cTan[d+ex])

-2a+ib-bTan[d+ex] +

2icTan[d+ex] -2+ a-1b-c \/a+Tan[d+ex] (b+cTan[d+ex]) )

Problem 4: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

JTan[d+ex}2\/a+bTan[d+ex] +cTan[d+ex]? dx

Optimal (type 3, 676 leaves, 10 steps):
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[\/(a2+b2+c [c—\/a2+b2—2ac+c2)—a {Zc—\/a2+b2—2ac+c2])

Ar‘cTan[(b\/aZerz—Zac+c2 -

(a2+b2+c [c—\/a2+b272ac+c2]—a(Zc—\/a2+b2723c+c2])Tan[dJrex])/

\/7(a2+b22ac+c2)1/4\/[a2+b2+c(c\/a2+b22ac+c2)

a(Zc—\/a2+b2—2ac+c2)]\/a+bTan[d+ex]+cTan[d+ex}2

1)/

(b?-4 (a-2c) c) ArcTanh| b2 ¢ Tan[d+e x| ]

2+/c +/a+bTan[d+e x]+c Tan[d+e x]?
(\/2 (a2+b2—2ac+c2)1/4e)— l +
8 C3/2 e

(J(a2+b2+c (c+\/a2+b2—2ac+c2)—a(2c+\/a2+b2—2ac+c2)]

ArcTanh[(b\/a2+b2—Zac+c2 +

(a2+b2+c [c+\/a2+b2—23c+c2]—a(2c+\/a2+b2—23c+c2])Tan[dJrex])/

\/?(a2+b2—2ac+c2)1/4\/[a2+b2+c(c+\/a2+b2—2ac+c2)—

a(2c+\/a2+b2—2ac+c2)]\/a+bTan[d+ex]+cTan[d+ex12

1)/

(b+2cTan[d+ex]) \/a+bTan[d+ex} +cTan[d+ex]?2

(\/7 (a2+b2—2ac+c2)1/4e) +

4ce
Result (type 3, 1958 leaves):
\/ a+c+aCos[2 (d+ex)]-cCos[2 (d+ex)]+bSin[2 (d+ex)] b N 1 Tan [d e X} )
1+Cos[2 (d+eXx) ] 4c 2

e

[4i\/a—ib—c Log{(Zia+b+1’1bTan[d+ex] +2cTan[d+ex] +2iva-1ib-c

\/a+Tan[d+ex] (b+cTan[d+ex]) )/(4 (a—jlb—c>3/2c (1'1+Tan[d+ex]))] -
4iva+ib-c Log[(—21a+b—ibTan[d+ex]+2cTan[d+ex]—21’m/a+ib—c

/(4 (a+ib-c)*?c (—1‘1+Tan[d+ex}>)] -

\/a+Tan[d+ex] (b+cTan[d+ex])

%(b2_4ac+8c2) Log[b+2cTan[d+ex] +2\/?Ja+Tan[d+ex] (b+cTan[d+ex]) ])
c

1"

a c aCos[Z(d+ex)]
+ +

1+Cos[2 (d+ex)] 1+Cos[2(d+ex)| 1+Cos[2(d+ex)] .
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cCos[2 (d+ex)] bsSin[2 (d+ex) |

+

1+Cos[2 (d+ex)] 1+Cos[2(d+ex)] ]/
(4c(-a-c-aCos[2(d+ex)]+cCos[2 (d+ex)]|-bSin[2 (d+ex)]))+
[c\/ a . c . acCos[2 (d+ex)] i
1+Cos|2 (d+ex)] 1+Cos|2 (d+ex)] 1+Cos|2 (d+ex)]
cCos[Z(dJrexH bSin[Z(dJrex)]
1+Cos[2 (d+ex)] +1+Cos[2(d+ex)] ]/
(-a-c-aCos[2 (d+ex)|+cCos[2(d+ex)]|-bSin[2 (d+eX)]) +
aCos[Z(d+ex)]J 2 ¢
aCos[2 (d+ex)] i cCos[2 (d+ex)] . bsSin[2 (d+ex) ]

1+Cos[2 (d+ex)] ' 1+Cos[2 (d+ex)] '

|/

1+Cos[2(d+ex)] 1+Cos[2(d+ex)] 1+Cos[2(d+ex)]
(-a-c-aCos[2 (d+ex)|+cCos[2 (d+ex)]|-bsSin[2 (d+eX)]) -

c Cos[2 (d+ex)]J

acos[2 (d+ex)] ) cCos[2 (d+ex) ] X bsin[2 (d+ex) ]

a C

1+Cos[2 (d+ex)] ' 1+Cos[2 (d+ex)] '

|/

1+Cos[2 (d+ex)| 1+Cos[2(d+ex)| 1+Cos[2(d+ex)]
(-a-c-aCos[2 (d+ex)|+cCos[2 (d+ex)]|-bSin[2 (d+eX)]) +

bSin|2 (d+ex)]\/

acCos[2 (d+ex)] ) cCos[2 (d+ex) ] X bsin[2 (d+ex) ]

a C

1+Cos[2 (d+ex)] ' 1+Cos|[2 (d+ex)] ’

|/
/

[e (—(((b2—4ac+8c2) (2cSec[d+ex]2+ (\/? (csec[d+ex]?Tan[d+ex] +Sec[d+ex]?

1%

1+Cos[2 (d+ex)] 1+Cos[2(d+ex)] 1+Cos[2(d+ex)]

(-a-c-aCos[2 (d+ex)]+cCos[2(d+ex)]|-bSin[2 (d+eX)])

(b+cTan[d+ex])))/ (\/a+Tan[d+ex] (b+cTan[d+ex])

(j\/a—ibfc (csec[d+ex]?Tan[d+ex] +Sec[d+ex]? (b+cTan[d+ex})))/

/

(4 (a-ib-c)*?c (1'1+Tan[d+ex})) - (Sec[dJrex}2
2cTan[d+ex] +21i+va-ib-c Ja+Tan[d+ex} (b+cTan[d+ex]) ))/

(4 (a-ib-c)*?c (i+Tan[d+ex1>2)])/(21’1a+b+ibTan[d+ex} +

(c3/2 (b+2cTan[d+ex] +2\/?\/a+Tan[d+ex] (b+cTan[d+ex])

(161'1 (a—jlb—c)zc (i+Tan[d+ex]) ([J‘LbSec[d+ex]2+2cSec[d+ex}2+

\/a+Tan[d+ex] (b+cTan[d+ex]) )

2ia+b+i1bTan[d+ex] +
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2cTan[d+ex] +2i+a-ib-c \/a+Tan[d+ex] (b+cTan[d+ex]) )—

(161‘1 (a+1‘1b—c)2c (-i+Tan[d+ex]) [(—J‘LbSec[d+ex]2+2cSec[d+ex}2—

(j\/aﬂibfc (csec[d+ex]?Tan[d+ex] +Sec[d+ex]? (b+cTan[d+ex])))/

/

(4 (a+ib-c)*?c (71'1+Tan[d+ex])> - (Sec[dJrex]2
2cTan[d+ex] -21i+va+1ib-c \/a+Tan[d+ex} (b+cTan[d+ex]) ))/

(4 (a+1‘1b—c)3/2c (—1'1+Tan[d+ex])2))]/ (—21’1a+b—1’1bTan[d+ex} +

\/a+Tan[d+ex] (b+cTan[d+ex]) )

-2ia+b-ibTan[d+ex] +

2cTan[d+ex] -2i+a+ib-c \/a+Tan[d+ex] (b+cTan[d+ex]) ))]

Problem 5: Result unnecessarily involves imaginary or complex numbers.

JTan[dJrex} \/a+bTan[d+ex] +cTan[d+ex]? dx

Optimal (type 3, 601 leaves, 10 steps):
[J(a2+b2+c [c+\/a2+b2—2ac+c2]—a (2c+\/a2+b2—2ac+c2])

Ar‘cTan[(b2+(a—c> {a—c—\/a2+b2—2ac+c2)—b\/a2+b2—2ac+c2 Tan[d+ex])/

\/7(a2+b2—2ac+c2)1/4\/[a2+b2+c(c+\/a2+b2—2ac+c2J_

a(2c+\/az+b2—2ac+c2)]\/a+bTan[d+ex]+cTan[d+ex]2

1)/

bAr‘cTanh[ b+2 c Tan[d+e x] ]
2+/c +/a+bTan[d+e x]+c Tan[d+e x]?
(\/2 (a2+b2—2ac+c2)1/4e)+ l -

2\/?e
(\/(a2+b2+c (c—\/a2+b2—2ac+c2)—a(Zc—\/a2+b2—2ac+c2))

Ar‘cTanh[(b2+(a—c) (a—c+\/a2+b2—2ac+c2]+b\/a2+b2—2ac+c:2 Tan[d + e x]

/

ﬁ(aerbz2ac+c2)1/4\/[a2+b2+c(c\/a2+b22ac+c2)

a(Zc—\/aZerz—Zac+c2)]\/a+bTan[d+ex]+cTan[d+ex}2

1)/

(\/? (az+b2—2ac+c2)1/4e) + \/a+bTan[d+ex] +cTan[d+ex]?
e

Result (type 3, 333 leaves):
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1
2e

-vJa-ib-c Log{(Za—ZicTan[d+ex] +b(-i+Tan[d+ex])+2va-ib-c

\/a+Tan[d+ex} (b+cTan[d+ex]) )/((a—jb—c)3/2 (J’L+Tan[d+ex]))]—
Vva+ib-c Log[(2a+2i1cTan[d+ex1+b(1'1+Tan[d+ex])+2\/a+ib—c

\/a+Tan[d+ex} (b+cTan[d+ex]) )/((aﬂibfc)”z (7j+Tan[d+ex])H +

1
——bLlog[b+2cTan[d+ex] +2\/?\/a+Tan[d+ex} (b+cTan[d+ex]) ]] +
c

a+craCos[2 (d+rex)]-cCos[2 (d+ex)]+bSin[2 (d+ex) ]
1+Cos[2 (d+ex)]

e

Problem 6: Result unnecessarily involves imaginary or complex numbers.

J\/a+bTan[d+ex] +cTan[d+ex]? dx

Optimal (type 3, 574 leaves, 9 steps):
—([J[az+b2+c [c—\/a2+b2—2ac+c2J—a [Zc—\/a2+b2—2ac+c2])

Ar‘cTan[(b\/a2+b2—2ac+c2 —(b2+(a—c) (a—c+\/a2+b2—2ac+c2J)Tan[dJrex]

/

\/7<a2+b2—2ac+c2)1/4\/[a2+b2+c(c—\/a2+b2—2ac+c2J—

a(Zc—\/a2+b2—2ac+c2)]\/a+bTan[d+ex]+<:Tan[d+ex}2

1)/

\/?Ar‘cTanh [ b+2 c Tan[d+e x] }

2+/c ~/a+bTan[d+e x]+c Tan[d+e x]2
(\/2 (a2+b2—2ac+c2)1/4e) + /e e : _
e

(\/(a2+b2+c (c+\/a2+b2—2ac+c2)—a(2c+\/a2+b2—2ac+c2)J

Ar‘cTanh{(b\/a2+b2—2ac+c2 +[b2+(a—c) (a—c—\/a2+b2—2ac+c2))Tan[d+ex}

/

V2 <a2+b2—2ac+c2)1/4

\/[a2+b2+c(c+\/a2+b2—2ac+c2)—a [2c+\/a2+b2—2ac+c2J]
}J/(\/? (a2+b2—2ac+c2)1/4e)

\/a+bTan[d+ex] +cTan[d+ex]?

Result (type 3, 282leaves):
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1
2e

-iva-ib-c Log[—((zj (2a—1‘1b+

(b-2ic)Tan[d+ex] +2va-ib-c \/a+bTan[d+ex] +cTan[d+ex]?

((a—jb—c)3/2 (j+Tan[d+ex]))]] +ijog[

|/

(2]’1 (2a+1’1b+ (b+2ic)Tan[d+ex] +2Va+ib-c \/a+bTan[d+ex] +cTan[d+ex]?

)/

((a+1’1b—c)3/2 (—J’L+Tan[d+ex]))] +

2+/c Log[b+2cTan[d+ex] +2\E\/a+bTan[d+ex] +cTan[d +ex]? ])

Problem 7: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

JCot[dJrex} \/a+bTan[d+ex] +cTan[d+ex]? dx

Optimal (type 3, 571 leaves, 18 steps):
([J[a2+b2+c [c+\/a2+b2—2ac+c2]—a [2c+\/a2+b2—2ac+c2])

Ar‘cTan[(b2+(a—c) {a—c—\/a2+b2—2ac+c2)—b\/a2+b2—2ac+c2 Tan[d+ex])/

\/7(a2+b2—2ac+c2)1/4\/[a2+b2+c(c+\/a2+b2—2ac+c2)_

a(2c+\/a2+b2—2ac+c2)]\/a+bTan[d+ex]+cTan[d+ex]2

\/a_Ar‘cTanh[ 2a+bTan[d+e x]

2+/a +/a+bTan[d+e x]+c Tan[d+e x]?
(\/2 <a2+b2—2ac+c2)1/4e) - l +
e

(\/(a2+b2+c (c—\/a2+b2—2ac+c2)—a(Zc—\/a2+b2—2ac+c2))

Ar‘cTanh[(b2+(a—c) (a—c+\/a2+b2—2ac+c2]+b\/a2+b2—2ac+c2 Tan[d + e x]

/

V2 (a?+b?-2ac+c?)t?

\/[a2+b2+c(c\/a2+b22ac+c2)a [Zc—\/a2+b2—2ac+c2)]
}J/(\E (a2+b2—2ac+c2>1/4e)

\/a+bTan[d+ex] +cTan[d+ex]?

Result (type 3, 1193 leaves):

Cot[d+ex] (Zx/gLog[Tan[dJrex]] -
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2+/a Log[2a+bTan[d+ex] +2H\/a+Tan[d+ex] (b+cTan[d+ex]) |+
mLog[(—4a+21b—2bTan[d+ex]+4icTan[d+ex}—4m
Ja+Tan[d+ex] (b+cTan[d+ex]) )/((a—jb—c)3/2<11+Tan[d+ex]))]+
mmg[,[(z
Zm\/a+Tan[d+ex] (b+cTan[d+ex])

((a+1’1b—c)3/2 <—i+Tan[d+ex}))]])

2a+2icTan[d+ex] +b (i+Tan[d+ex]) +

/

a c aCos[2<d+ex)]

+ +

1+Cos[2 (d+ex)] 1+Cos[2(d+ex)] 1+Cos[2(d+ex)] i

|/

bSec[d+ex]?+ (\/? (csecld+ex]?Tan[d+ex] +

!

cCos[2 (d+ex)] X bSin[2 (d+ex)]

1+Cos[2 (d+ex)] 1+Cos[2(d+ex)]

(e [Zx/a_Csc[d+ex1 Sec[d+ex] - (2\/?

Sec[d+ex]? (b+cTan[d+ex])))/ (\/a+Tan[d+ex] (b+cTan[d+ex]) )))/

+

(2a+bTan[d+ex] +2\E\/a+Tan[d+ex} (b+cTan[d+ex])

((a—jlb—c)2 (i+Tan[d+ex]) [(—2bSec[d+ex]2+4i1cSec[d+ex]2—
(Zx/afibfc (csec[d+ex]?Tan[d+ex] +Sec[d+ex]? (b+cTan[d+ex])))/

/((a—jb_c)3/2 (1‘1+Tan[d+ex])) _

Sec[d+ex]?|-4a+21ib-2bTan[d+ex] +41icTan[d+ex] -4
va-ib-c \/a+Tan[d+ex] (b+cTan[d+ex]) /

((a—jbfc)B/z (11+Tan[d+ex])2)))/ (—4a+21'1b—2bTan[d+ex} +

(\/a+Tan[d+ex} (b+cTan[d+ex]) )

4icTan[d+ex] -4+a-ib-c \/a+Tan[d+ex] (b+cTan[d+ex]) )—

((a+1’1b—c)2 (-i+Tan[d+ex]) (—([2 bSec[d+ex]?+21icSec[d+ex]?+

(\/a+ib—c (csec[d+ex]?Tan[d+ex] +Sec[d+ex]?

(b+cTan[d+ex])))/(\/a+Tan[d+ex] (b+cTan[d+ex]) )])/

((a+ib—c)3/2 (—1+Tan[d+ex])>) +
b(i+Tan[d+ex])+2+a+ib-c \/a+Tan[d+ex} (b+cTan[d+ex]) ))/

((a+ib—c)3/2 (—11+Tan[d+ex])2)))/
b(i+Tan[d+ex])+2va+rib-c [a+Tan[d+ex] (b+cTan[d+ex]) ))))

2Sec[d+ex]? (2a+21‘1cTan[d+ex} +

2 (2a+21‘1cTan[d+ex] +
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Problem 8: Humongous result has more than 200000 leaves.

JCot[d+ex12\/a+bTan[d+ex] +cTan[d+ex]? dx

Optimal (type 3, 612 leaves, 17 steps):
[\/ [a2+b2+c [c—\/aerbz—ZaCJrc2 ] - a (Zc—\/a2+b2—23c+c2 ])

Ar‘cTan[(b\/aZerz—Zac+c2 —(b2+(a—c) (a—c+\/a2+b2—2ac+c2])Tan[d+ex]

/

\/7(a2+b2—2ac+c2)1/4\/[a2+b2+c(c—\/a2+b2—2ac+c2)_

a(Zc—\/a2+b2—2ac+c2)]\/a+bTan[d+ex]+cTan[d+ex}2

1)/

b ArcTanh [ 2a+bTan[d+e x] ]
2 2 2\ 1/4 2\/ai\/a+bTan[d+ex]+cTan[d+ex]Z
(\/2 (a® +b*>-2ac+c?) e)— +

2\/?e
(\/(a2+b2+c (c+\/a2+b2—2ac+c2)—a(2c+\/a2+b2—2ac+c2))

Ar*cTanh[(b\/a2+b2—2ac+c2 +[b2+(a—c) (a—c—\/az+b2—2ac+c2))Tan[d+ex}

/

\/?(aerbZ2ac+c2)1/4\/[a2+b2+c(c+\/a2+b22ac+c2)

a(2c+\/a2+b2—2ac+c2)]\/a+bTan[d+ex]+cTan[d+ex}2

1)/

) Cot[d+ex] \/a+bTan[d+ex} +cTan[d +ex]?

(\/? (a2+b272ac+c2)1/4e
e

Result (type ?, 325908 leaves) : Display of huge result suppressed!

Problem 9: Humongous result has more than 200000 leaves.

JCot[d+ex}3\/a+bTan[d+ex] +cTan[d+ex]? dx

Optimal (type 3, 690 leaves, 21 steps):
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[\/(a2+b2+c (c+\/a2+b2—2ac+c2]—a [2c+\/a2+b2—2ac+c2])

ArcTan[(b2+(a—c) [a—c—\/a2+b2—2ac+c2)—b\/a2+b2—2ac+c2 Tan[d+ex])/

\/?(aerbZ2ac+c2)1/4\/[a2+b2+c(c+\/a2+b22ac+c2)

a(2c+\/a2+b2—2ac+c2)]\/a+bTan[d+ex]+cTan[d+ex}2

1)/

/a ArcTanh [ 2a+bTan[d+e x] ]
2 2 2\ 1/4 2\/a7\/a+bTan[d+ex]+cTan[d+ex]2
(\/2 (a*+b*-2ac+c?) e)+ +
e
(bz _4a C) Ar‘cTanh[ 2a+bTan[d+e x] ]
Z\EJamTan[mex]+cTan[d+ex]Z

8a3/2e
(J(a2+b2+c (c—\/a2+b2—2ac+c2)—a(Zc—\/a2+b2—2ac+c2)]

Ar‘cTanh[(szr(a—c) (a—c+\/a2+b2—23c+c2]+b\/az+b2—2ac+c2 Tan[d + e x]

/

\/7(a2+b22ac+c2)1/4\/[a2+b2+c(c\/a2+b22ac+c2)

a(Zc—\/a2+b2—2ac+c2)]\/a+bTan[d+ex]+cTan[d+ex}2

1)/

(\/7 (a2+b2—2ac+c2)1/4e) -

Cot[d+ex]?(2a+bTan[d+ex])
4ae

\/a+bTan[d+ex} +cTan[d+ex]?

Result (type ?, 439306 leaves) : Display of huge result suppressed!

Problem 10: Result unnecessarily involves imaginary or complex numbers.

Tan[d +ex]®

dx

\/a+bTan d+ex] +cTan[d+ex]?

Optimal (type 3, 548 leaves, 15steps):

| 19
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/

\/7\/a—c—\/a2+b2—2ac+c2 \/a+bTan[d+ex}+cTan[d+ex]2 ]/

\/a—c—\/a2+b2—2ac+c2 Ar‘cTanh[(a—c—\/a2+b2—2ac+c2 +bTan[d+ex]

- \/a—c+\/a2+b2—2ac+c2

\/7\/a—c+\/a2+b2—2ac+c2 \/a+bTan[d+ex}+cTan[d+ex]2 ]/

(ﬁ\/a2+b2—2ac+c2 e

Ar‘cTanh[(a—c+\/a2+b2—2ac+c2 +bTan[d+ex]

bAr‘cTanh[ b+2 c Tan[d+e x] ]
2\/?\/a+bTan[d+ex]+c Tan[d+e x]?2
V2 \/a2+b2—2ac+c2e + -
2 C3/2 e
b (5b%-12ac) ArcTanh| b2 cTan[d+e x] ]
Z\E\/a+bTan[d+ex]+cTan[d+ex]2
16c’/?e

\/a+bTan[d+ex} +cTan[d +ex]?

+
ce

Tan[d+ex]2\/a+bTan[d+ex} +cTan[d+ex]?

.
3ce

1
24c3e

(15b*-16ac-18bcTan[d+ex]) \/a+bTan[d+ex} +cTan[d+ex]?

Result (type 3, 389 leaves):
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8 Log { 2a-ib+(b-21ic) Tan[d+ex]+2+ a-ib-c \/a+bTan[d+ex]+c Tan[d+e x]? }
8+/a-ib-c c3 (i+Tan[d+ex])

16 e VJa-ib-c

2a+ib+(b+21ic) Tan[d+ex]+2+ a+i b-c \/a+bTan[d+e x]+c Tan[d+e x]? ]
8+/a+ib-c ¢3 (-i+Tan[d+ex]) 1
+

T 7/2
Vva+ib-c c”’

b(-5b>+4c(3a+2c)) Log[b+2cTan[d +ex] +2\E\/a+Tan[d+ex} (b+cTan[d+ex]) |+

8 Log|

L\/7\/(Sec[d+ex]2 (a+c+ (a-c)Cos[2(d+ex)]+bsin[2 (d+ex)]))
3¢3

(15b*-16ac-32c*+8c?Sec[d+ex]*-10bcTan[d+ex])

Problem 11: Result unnecessarily involves imaginary or complex numbers.

J Tan[d+ex]?
dx
\/a+bTan[d+ex] +cTan[d+ex]?

Optimal (type 3, 495 leaves, 14 steps):




22 | Mathematica 11.3 Integration Test Results for 4.3.9 trig™"m (a+b tan”~n+c tan”~(2 n))”p.nb

\/a—c—\/a2+b2—2ac+c2 Ar‘cTan[(b—(a—c—\/a2+b2—2ac+c2]Tan[d+ex]

/

\/7\/a—c—\/a2+b2—2ac+c2 \/a+bTan[d+ex}+cTan[d+ex]2 ]/

- \/a—c+\/a2+b2—2ac+c2

\/7\/a—c+\/a2+b2—2ac+c2 \/a+bTan[d+ex}+cTan[d+ex]2 ]/

(ﬁ\/a2+b2—2ac+c2 e

Ar‘cTan[(b— (a—c+\/a2+b2—2ac+c2 ) Tan[d + e X]

Ar‘cTanh[ b+2 c Tan[d+e X] ]
(\/?\/a2+b272ac+cz o 2\/?\/a+bTan[d+ex]+cTan[d+ex]2 .
VC e
(3b?-4ac) ArcTanh] boaclandex
2\/ci\/a+bTan[d+ex]+cTan[d+ex]2

8 C5/2 e

3b\/a+bTan[d+ex] +cTan[d +ex]?

.
4ce

Tan[d + e x] \/a+bTan[d+ex] +cTan[d+ex]?

2ce

Result (type 3, 388 leaves):

L —;41Log[—( Ji(2a—21’1cTan[d+ex}+b(—i+Tan[d+ex}>+2\/a—Jib—c
8el +a-ib-c
\/a+Tan[d+ex] (b+cTan[d+ex]) ))/(4\/afjb7c c? (]‘1+Tan[d+ex])))]+
;41Log[(j (2a+21‘1cTan[d+ex]+b(]’1+Tan[d+ex])+2x/a+]'1b7c
Va+ib-c

\/a+Tan[d+ex} (b+cTan[d+ex]) ))/ (4\/a+j1b—c c? (—11+Tan[d+ex]))] +

%(3b2—4c (a+2c)) Log[b+2cTan[d+ex] +2\E\/a+Tan[d+ex] (b+cTan[d+ex]) ]] +
c

a+rc+aCos[2 (d+ex)]-cCos[2 (d+ex)]1+bSin[2 (d+ex)] (7 3b  Tan[diex )
1+Cos[2 (d+ex) ] 4c? 2c
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Problem 12: Result unnecessarily involves imaginary or complex numbers.

Tan[d+ex]3

dx

\/a+bTan d+ex] +cTan[d+ex]?

Optimal (type 3, 383 leaves, 11 steps):

/

[Jac\/a2+b22ac+c2 Ar'cTanh[[afcf\/a2+b272ac+c2 +bTan[d+ex]

1]/

\E\/ac\/a2+b22ac+c2 \/a+bTan[d+ex} +cTan[d+ex]?

[\/?\/a2+b272ac+c2 e

+[\/ac+\/a2+b22ac+c2

\/?\/aCJr\/a2+b22ac+c2 x/a+bTan[d+exJ +cTan[d+ex]?

Ar‘cTanh[(afcJr\/aerbzfzac+c2 +bTan[d+ex]

1]/

b ArcTanh [ b+2 c Tan[d+e x| ]

2+/c \/a+b Tan[d+e x] +c Tan[d+e x] 2
- +

2 c3/2 e

(\/?\/a2+b272ac+c2 e

\/a+bTan[d+ex} +cTan[d+ex]?

ce

Result (type 3, 325leaves):

| 23
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220ibe(02ic) Tan[drex] 5 Ja+Tan[d+e x] (b+cTan[d+ex])
a-ib-c
1 | Los| - ]

c (i+Tan[d+e x])
+

2e vJa-ib-c

2a+2icTan[d+ex]+b (i+Tan[d+e x])+2+/a+ib-c \/a+Tan [d+ex] (b+cTan[d+ex]) ]
A\/a+ib-c c (-i+Tan[d+ex])

N 3/2
Va+ib-c c

Log|

blog[b+2cTan[d+ex] +2\/?\/a+Tan[d+ex] (b+cTan[d+ex]) ||+

a+c+aCos[2 (d+ex)]-cCos[2 (d+ex)]+bSin[2 (d+ex)]
1+Cos[2 (d+ex)]

ce

Problem 13: Result unnecessarily involves imaginary or complex numbers.

Tan[d + e x]?

dx

\/a+bTan d+ex] +cTan[d+ex]?

Optimal (type 3, 352 leaves, 9 steps):

- \/a—c—\/a2+b2—2ac+c2 Ar‘cTan[(b—(a—c—\/a2+b2—2ac+c2]Tan[d+ex]

/

\/7\/a—c—\/a2+b2—2ac+c2 \/a+bTan[d+ex}+cTan[d+ex]2 ]/

+ \/a—c+\/a2+b2—2ac+c2

\/7\/a—c+\/a2+b2—2ac+c2 \/a+bTan[d+ex}+cTan[d+ex]2 ]/

(ﬁ\/a2+b2—2ac+c2 e

Ar‘cTan[(b— (a—c+\/a2+b2—2ac+c2 J Tan[d + e Xx]

ArcTanh { b+2 cTan[d+e x] ]
2+/c \/a+b Tan[d+e x]+c Tan[d+e x]2

Ve e

+

(\E\/a2+b272ac+c2 e

Result (type 3, 255leaves):
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-2 a+b+ (-ib+2c) Tan[d+ex

? [
[ a+ib-c

J 21 \/a+Tan[d+e x] (b+c Tan[d+e x])

i Lo
1 . g -i+Tan[d+e x] ]
— - +
2e Va+ib-c
2 [—Zia*b*(“b*zc] Tenfdrex] 54 Ja+Tan[d+e x] (b+cTan[d+e x]) ]
. L a-ib-c
. Og[ i+Tan[d+e x] ] 1
+
Va-ib-c Ve

2Log[b+2cTan[d+ex] +2\/?\/a+Tan[d+ex} (b+cTan[d+ex]) ]

Problem 14: Result unnecessarily involves imaginary or complex numbers.

J Tan[d + e X]
dx
\/a+bTan[d+ex] +cTan[d+ex]?

Optimal (type 3, 294 leaves, 6 steps):

\/a—c—\/a2+b2—23c+c2 Ar‘cTanh[[a—c—\/a2+b2—2ac+c2 +bTan[d+ex]

/
]]/

\/7\/a—c—\/a2+b2—2ac+c2 \/a+bTan[d+ex1 +cTan[d+ex]?

(\/2 \/a2+b2—2ac+c2e \/a—c+\/a2+b2—2ac+c2

/ \/7\/a—c+\/a2+b2—2ac+c2

Ar‘cTanh[(a—c+\/a2+b2—2ac+c2 +bTan[d+ex]

\/a+bTan[d+ex] +cTan[d+ex]?

}]/(\/?\/a2+b2—2ac+c2 e

Result (type 3, 196 leaves):

| 25
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2 [—za’Ii br(v-2ic) Tanfdrex] 5 \/a+Tan [d+e x] (b+cTan[d+ex])
[ a-ib-c

i+Tan[d+e Xx] ]
-— +

2e Va-ib-c

2a+i b+ (b+2i c) Tan[d+ex

]
2 +2+/ a+Tan[d+e x] (b+c Tan[d+e x])
[ [ W arib-c \/

Lo
g -i+Tan[d+e x] ]

Vva+ib-c

Problem 15: Result unnecessarily involves imaginary or complex numbers.

1

dx

\/a+bTan[d+ex] +cTan[d +ex]?

Optimal (type 3, 298 leaves, 6 steps):

Jac\/aerbZZac+c2 Ar‘cTan[(b—(a—c—\/a2+b2—2ac+c2]Tan[d+ex]

/

\EJac\/a2+b22ac+c2 \/aerTan[dJrex]+cTan[d+ex]2 ]/

(\/2 \/a2+b272ac+c2 el - \/ac+\/a2+b22ac+c2

/ \/TJac+\/a2+b22ac+c2

Ar‘cTan[[b— (a—c+\/a2+b2—2ac+c2 ) Tan[d + e x]

\/a+bTan[d+ex]+cTan[d+ex12 }/(\/7\/a2+b2—2ac+c2e

Result (type 3, 229 leaves):

21 [2 a-ib+(b-21ic) Tan[d+ex]+2+/a-1ib-c Ja+b Tan[d+e x]+c Tan[d+e x]?

Log|-
\Ja-ib-c (i+Tan[d+eX])

|- +

2e Va-ib-c

21 [2 a+ib+(b+21c) Tan[d+ex]+2+/a+ib-c \/a+b Tan[d+e x]+c Tan[d+e x]?
[ \Va+ib-c (-i+Tan[d+ex])
Vva+ib-c

Log
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Problem 16: Result unnecessarily involves higher level functions and more than
twice size of optimal antiderivative.

Cot[d +ex]

dx

\/a+bTan d+ex] +cTan[d+ex]?

Optimal (type 3, 350 leaves, 10 steps):

ArcTanh [ 2a+bTan[d+e x] ]
2+/a \/a+b Tan[d+e x]+c Tan[d+e x]2

Va e

/

[Ja—c—\/a2+b2—2ac+c2 Ar‘cTanh[(a—c—\/a2+b2—2ac+c2 +bTan[d+ex]

]]/

\/7\/a—c—\/a2+b2—2ac+c2 \/a+bTan[d+ex] +cTan[d+ex]?

+

(\/2 \/a2+b2—2ac+c2e \/a—c+\/a2+b2—2ac+c2

/ \/7\/a—c+\/a2+b2—2ac+c2

Ar‘cTanh[(a—c+\/a2+b2—2ac+c2 +bTan[d+ex]

\/a+bTan[d+ex] +cTan[d+ex]?

/(\F\/a +b2-2ac+c? e

Result (type 4, 154575 leaves) : Display of huge result suppressed!

Problem 17: Result unnecessarily involves higher level functions and more than
twice size of optimal antiderivative.

Cot[d+ex]?

dx

\/a+bTan d+ex] +cTan[d+ex]?

Optimal (type 3, 395leaves, 11 steps):
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/

—[[\/a—c—\/a2+b2—2ac+c2 Ar‘cTan[(b—(a—c—\/a2+b2—2ac+c2]Tan[d+ex]

1]/

\/7\/a—c—\/a2+b2—2ac+c2 \/a+bTan[d+ex} +cTan[d+ex]?

(ﬁ\/a2+b2—2ac+c2 e

+[\/a—c+\/a2+b2—2ac+c2

\/7\/a—c+\/a2+b2—2ac+c2 \/a+bTan[d+ex}+cTan[d+ex]2

Ar‘cTan[(b— (a—c+\/a2+b2—2ac+c2 J Tan[d + e X]

1]/

b ArcTanh [ 2a+bTan[d+e x] ]

2+/a \/a+b Tan[d+e x] +c Tan[d+e x] 2
+ _

2a3/2e

(ﬁ\/a2+b2—2ac+c2 e

Cot[d +eXx] \/a+bTan[d+ex] +cTan[d +ex]?

ae

Result (type 4, 167 080 leaves) : Display of huge result suppressed!

Problem 18: Humongous result has more than 200000 leaves.

J Cot[d+ex]3
dx
\/a+bTan[d+ex] +cTan[d+ex]?

Optimal (type 3, 500 leaves, 14 steps):
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ArcTanh [ 2a+bTan[d+ex] ] <3 b2_43 c) Ar‘cTanh[ 2a+bTan[d+ex] ]
Zx/?\/a+bTan[d+e x]+c Tan[d+e x]2 2\/?\/a+bTan[d+e x]+c Tan[d+e x]2
\E e 8 aS/Z e

Ja—c—\/a2+b2—2ac+c2 Ar*cTanh[(a—c—\/a2+b2—2ac+c2 +bTan[d+ex]

/

\/TJa—c—\/aZerz—Zac+c2 \/a+bTan[d+ex}+cTan[d+ex]2 ]/

- \/a—c+\/a2+b2—2ac+c2

\EJaCJr\/a2+b22ac+c2 \/aerTan[dJrex]+cTan[d+ex]2 ]/

[ﬁ\/a2+b2—2ac+c2 e

Ar‘cTanh[(a—c+\/az+b2—2ac+c2 +bTan[d+ex]

3bCot[d+ex] \/a+bTan[d+ex] +cTan[d+ex]?

. _
43%e

\/7\/a2+b2—2ac+c2 e

Cot[d+ex]2\/a+bTan[d+ex} +cTan[d+ex]?

2ae

Result (type ?, 281691 leaves) : Display of huge result suppressed!

Problem 19: Result unnecessarily involves imaginary or complex numbers.

J Tan[d +ex]’
(a+bTan[d+ex] +cTan[d+ex]2>3/2

Optimal (type 3, 1190 leaves, 20 steps):

3 b ArcTanh [ b+2 c Tan[d+e x] ]
2\/?\/a»bean[d+ex]+cTan[d+ex]2
2 c5/2 e
5b (7b2-12ac) ArcTanh]| br2cTan[drex ]
2\/c_\/a+bTan[d+ex]+cTan[d+ex]2
16c°?2e

\/2a2c\/a2+b22ac+c2 \/azb22ac+c2+(ac)\/a2+b22ac+c2 ArcTanh |

(bz—(a—c) (a—c+\/a2+b2—2ac+c2]—b(Za—Zc—\/a2+b2—2ac+c2)Tan[d+ex])/

V2 JZaZcx/a2+b22ac+c2 Jazb22ac+c2+(ac)\/a2+b22ac+c2

+

| 29
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\/a+bTan[d+ex]+cTan[d+ex}2 ] /(ﬁ (az+b2—2ac+c2)3/2e)+

\/Za—2c+\/a2+b2—2ac+c2 \/az—bz—Zac+c2—(a—c)\/a2+b2—2ac+c2 ArcTanh|

(bz—(a—c) (a—c—\/a2+b2—2ac+c2]—b(Za—2c+\/a2+b2—2ac+c2)Tan[d+ex])/

V2 \/Za—2c+\/a2+b2—2ac+c2 \/az—bz—Zac+c2—(a—c) \/a2+b2—2ac+c2

\/a+bTan[d+ex] +cTan[d+ex]? || /

2 (2 bT d
(\/T(a2+b2—2ac+c2)3/2e)+ (2a+bTan(d+ex]) -
(b2-4ac) e\/a+bTan[d+ex} +cTan[d+ex]?

2Tan[d+ex]? (2a+bTan[d+ex])

+

(b2-4ac) e\/a+bTan[d+ex] +cTan[d+ex]?

2Tan[d+ex]* (2a+bTan[d+ex])

(b2-4ac) e\/a+bTan[d+ex] +cTan[d+ex]?2

2 (a(b?-2(a-c)c)+bc(a+c)Tan[d+ex])

+

(b2+ (a-c)?) (b2-4ac) e\/a+bTan[d+ex] +cTan[d+ex]?

(7b?-16ac) Tan[d+ex]2\/a+bTan[d+ex} +cTan[d+ex]?

3c? (b2-4ac)e

2bTan[d+ex]3\/a+bTan[d+ex] +cTan[d+ex]?
c(b?-4ac)e

(3b?-8ac-2bcTan[d+ex]) \/a+bTan[d+ex} +cTan[d+ex]?

c? (b2—4ac) e

+

((105b4—469ab2c+256a2c2—2bc (35b*>-116ac) Tan[d +ex])

/ (2act (b2-4ac)e)

\/a+bTan[d+ex} +cTan[d+ex]?

Result (type 3, 884 leaves):
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1
16 e
8 Log[ -2a-ib-(b+21ic) Tan[d+ex]-2+/a+ib-c \/a+bTan[d+ex]+c Tan[d+e x]? }
8 (a-i b-c) Va+ib-c c* (-i+Tan[d+ex]) . 1 8L0g{(—23+ib—
( ib 3/2 . 3/2
a+ib-c) (a-ib-c)

bTan[d+ex] +2icTan[d+ex] -2+a-1b-c \/a+Tan[d+ex] (b+cTan[d+ex]) )/

(8\/afjb—c (a+ib-c)c* (1‘1+Tan[d+ex}>)} +

1
9/Zb (—35b2+60ac+24c2)
C

Log[b+2cTan[d+ex] +2\/?\/a+Tan[d+ex} (b+cTan[d+ex]) e

1\/a+c+aCos[2 (d+ex)] -cCos[2 (d+ex) ]| +bSin[2 (d+ex) ]

1+Cos[2 (d+ex”
(—((105a3b4+1@5ab6—460a4b2c—727a2b4c—57b6c+256a5c2+1364a3b2c2+407ab4c2—

448 a* > - 7403’ b* ® -25b* ?+ 96 c* +44ab? c* +2243% c* +32b% c* - 128acf) /
Sec[d +ex]?
- +

3 ¢?
(2 (2a°b*+2ab®-8a*b’c-12a’b*c+4a°c?+18a’ b’ c®-4a*c’ +

a*b’sin|[2 (d+ex)] +2a?b>Sin[2 (d+ex) | +b’Sin[2 (d+ex) ] -

3a°bcSin[2 (d+ex)] -10a’b>cSin[2 (d+ex) | -7ab°cSin[2 (d+ex)] +

10a*bc?sin[2 (d+ex) | +14a’b>c?Sin[2 (d+ex) | -7a’bc’sin[2 (d+ex)])) /
((a-c) (a-ib-c) (a+ib-c)c®(-b>+4ac) (a+c+aCos|[2 (d+ex)]-
11bTan[d + e x]

12 ¢3

(24 (a-c) (a-ib-c) (a+ib-c)c*(-b>+4ac)))+

cCos[2 (d+ex)]+bsin[2 (d+ex)]))

Problem 20: Result unnecessarily involves imaginary or complex numbers.

J Tan[d + e x]?
(a+bTan[d+ex} +cTan[d+eX]2>3/2

Optimal (type 3, 864 leaves, 14 steps):
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3p Ar‘cTanh[ b+2 cTan[d+e X] }
2\/c_\/a+bTan[d+ex]+cTan[d+ex]2

2 C5/2 e

JZaZc\/a2+b22ac+c2 \/azbzzac+c2+(ac) \/a2+b272ac+c2 ArcTanh|

(bz—(afc) (a—c+\/a2+b2—23c+c2]—b(Za—Zc—\/az+b2—2ac+c2)Tan[d+ex])/

V2 JZaZc\/aerbZZac+c2 Jazb22ac+c2+(ac)\/a2+b22ac+c2

\/a+bTan[d+ex]+cTan[d+ex12 } /(\/7 (az+b2—2ac+c2>3/2e)_

\/2a2c+\/a2+b22ac+c2 \/aZbZZac+c2(ac)\/a2+b22ac+c2 ArcTanh|

(bzf(afc) (afcf\/a2+b272ac+c2]7b(2a72c+\/a2+b272ac+c2)Tan[d+ex])/

V2 \/2a2c+x/a2+b22ac+c2 JazbZZac+c2(ac)\/a2+b22ac+c2

\/a+bTan[d+ex] +cTan[d+ex]? || /

2 (2 bT d
(\/7 (a2+b2—2ac+c2)3/2e)— (2a+bTan(d+ex]) +

(b2-4ac) e\/a+bTan[d+ex1 +cTan[d+ex]?

2Tan[d+ex]? (2a+bTan[d+ex])

+

(b2-4ac) e\/a+bTan[d+ex] +cTan[d+ex]?

2 (a(b?-2(a-c)c)+bc(a+c)Tan[d+ex])

+

(b2+ (a-c)?) (b2-4ac) e\/a+bTan[d+ex] +cTan[d+ex]?2

(3b>-8ac-2bcTan[d+ex]) \/a+bTan[d+ex} +cTan[d+ex]?

c? (b274ac) e

Result (type 3, 697 leaves):
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1 1
- ——Log[(Za—chTan[dJrex} +

2e (a—jlb—c)3/2

b(-i+Tan[d+ex])+2+a-ib-c \/a+Tan[d+ex] (b+cTan[d+ex]) )/
(\/a—jb—c (a+ib-c)c? (1‘1+Tan[d+ex]>)]—

Log [ 2a+2icTan[d+ex]+b (i+Tan[d+e x])+2+/a+ib-c \/a+Tan[d+e x] (b+c Tan[d+e x]) ]
(a-ib-c) \/a+ib-c c? (-i+Tan[d+e x]) 1
(a+ib-c)*? c5/2

3blog[b+2cTan[d+ex] +2\/c_\/a+Tan[d+ex] (b+cTan[d+ex]) ||+

1\/a+c+aCos[2 (d+ex)]-cCos[2 (d+ex)]+bSin[2 (d+ex)]

1+Cos|[2 (d+ex)]

((-3a’b*>-3ab*+8a*c+15a’b’c+b*c-16a’c*-7ab’c?+12a’c+b’c*-4act) /

((a-c) (a-ib-c) (a+ib-c)c*(-b>+4ac))-

(2 (-2a°b?-2ab*+4a*c+8a’b’c-4a’c?-a*bSin[2 (d+ex)] -2a?b?>Sin[2 (d+eXx) ]| -
b>Sin[2 (d+ex)]|+6a’bcsSin|[2 (d+ex)| +5ab*cSin[2 (d+ex)] -
5a’bc*sin(2 (d+ex)]))/((a-c) (a-ib-c) (a+ib-c)c

(-p*>+4ac) (a+c+aC05[2 (d+ex)]—cCos[2 (d+ex)]+bSin[2(d+ex)])))

Problem 21: Result unnecessarily involves imaginary or complex numbers.

Tan[d+ex]3
J dx
(a+bTan[d+ex] +cTan[d+ex]2)3/2

Optimal (type 3, 686 leaves, 10 steps):
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- \/Za—ZC—\/a2+b2—2ac+c2 \/az—bz—Zac+c2+(a—c> \/a2+b2—2ac+c2 ArcTanh |

(bz—(a—c) (a—c+\/a2+b2—2ac+c2]—b(Za—Zc—\/a2+b2—2ac+c2)Tan[d+ex])/

V2 \/Za—ZC—\/a2+b2—2ac+c2 \/az—bz—Zac+c2+(a—c) \/a2+b2—2ac+c2

\/a+bTan[d+ex]+cTan[d+ex}2 }/(\E (a2+b272ac+c2)3/2e) +

JZa—2c+\/a2+b2—2ac+c2 \/az—bZ—Zac+c2—(a—c) Ja2+b2—2ac+c2 ArcTanh [

(bz—(a—c) (a—c—\/a2+b2—2ac+c2]—b(Za—2c+\/a2+b2—2ac+c2)Tan[d+ex])/

V2 JZa—2c+\/a2+b2—2ac+c2 \/az—bz—Zac+c2—(a—c) \/a2+b2—2ac+c2

\/a+bTan[d+ex] +cTan[d+ex]? || /

2 (2 bT d
(\E (a2+b272ac+c2)3/2e)+ (2a+bTan(d+ex]) -

(b2-4ac) e\/a+bTan[d+ex} +cTan[d+ex]?

2 (a(b?-2(a-c)c)+bc(a+c)Tan[d+ex])

(b2+ (a-c)?) (b2-4ac) e\/a+bTan[d+ex] +cTan[d+ex]?2

Result (type 3, 738 leaves):
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Log[4a—4chan[d+ex]+2b (-i+Tan[d+e x]) +4 v a-1ib-c \/a+Tan[d+ex] (b+c Tan[d+e x]) }
1 Va-ib-c (a+ib-c) (i+Tan[d+ex])

2e (a—ib—c)3/2

+

4a+41cTan[d+ex]+2b (1+Tan[d+ex])+4+/a+1b-c \/a+Tan [d+ex] (b+cTan[d+ex]) ]

Log|
(a-1b-c) v/a+ib-c (-i+Tan[d+ex])

(a+1’1b—c>3/2

1\/a+c+aCos[2 (d+ex)] -cCos[2 (d+ex)]| +bSin[2 (d+ex) ]

e 1+Cos[2 (d+ex)]

(-((2a(2a®+b*>-2ac)) /((a-c) (a-ib-c) (-ab’>-ib*+4a’c+4iabc+b’c-4ac?)))+
((Cos[2 (d+ex)|-isSin[2 (d+ex)]|) (ia’b+2ia’bc+ib’c-3iabc®+

8a’cCos[2 (d+ex)| +4ab?cCos[2 (d+ex)]-8a?c*Cos[2 (d+eX)] -

ia’bCos[4 (d+ex)]-2ia’bcCos[4 (d+ex)|-ib>cCos[4 (d+ex)]+
3iabc?Cos[4 (d+ex)|+8ia’csSin|[2 (d+ex)|+4iab’cSin|2 (d+eX)] -
Sjazczsin[z (d+ex)]+a3bSin[4(d+ex)]+2a2chin[4(d+exH+

b>csSin[4 (d+ex)]|-3abc?Sin[4 (d+ex)])) /((a-c) (a-ib-c) (a+ib-c)
(-b®+4ac) (a+c+aCos[2 (d+ex)]|-cCos[2(d+ex)]|+bsSin[2 (d+ex)])))

Problem 22: Result unnecessarily involves imaginary or complex numbers.

Tan[d + e x]?
J dx
(a+bTan[d+ex] +cTan[d+ex]2>3/2

Optimal (type 3, 638 leaves, 7 steps):
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- \/Za—2c+\/a2+b2—2ac+c2

\/az—bZ—Zac+c2—(a—c>\/a2+b2—2ac+c2 ArcTan |

b(Za—2c+\/a2+b2—2ac+c2 +

/

V2 \/Za—2c+\/a2+b2—2ac+c2 \/az—bz—Zac+c2—(a—c) \/a2+b2—2ac+c2

(bz—(a—c) [a—c—\/a2+b2—2ac+c2J]Tan[d+ex]

\/a+bTan[d+ex]JrcTan[dJrex}2 }/(ﬁ (az+b272ac+c2>3/2e) .

JZa—Zc—\/aZerz—Zac+c2 \/az—bZ—Zac+c2+(a—c) Ja2+b2—2ac+c2

Ar‘cTan[

(b [2a—2c—\/a2+b2—2ac+c2)+(b2—(a—c) (a—c+\/a2+b2—2ac+c2))Tan[d+ex]

/

V2 \/Za—ZC—\/a2+b2—2ac+c2 \/az—bz—Zac+c2+(a—c) \/a2+b2—2ac+c2

\/a+bTan[d+ex}+cTan[d+ex}2 } /(\E <a2+b2723c+c2>3/ze)7

2 (ab(a+c)+c(2a?+b?-2ac) Tan[d+ex])

(b2+ (a-c)?) (b2-4ac) e\/a+bTan[d+ex] +cTan[d+ex]?2

Result (type 3, 538 leaves):
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1.
—1
2e

—Log[(z (21’1a+b+1’1bTan[d+ex} +
. 3/2
(a-ib-c)

2cTan[d+ex] +21+va-1b-c Ja+Tan[d+ex] (b+cTan[d+ex]) ))/
(\/a—jb—c (a+ib-c) (J‘l+Tan[d+ex]))]— 1

(a+1’1b—c>3/2

Log[(z (—21’1a+b—1’1bTan[d+ex] +2cTan[d+eXx] -

2iva+ib-c \/a+Tan[d+ex} (b+cTan[d+ex]) ))/

+

((afjbfc) VJa+ib-c (71'1+Tan[d+ex}>)}

o |

\/a+c+aCos[2 (d+ex)] -cCos[2 (d+ex) ]| +bSin[2 (d+ex)]
1+COS[2 (d+ex)]

2ab(a+c)
[(ac) (a-ib-c) (a+ib-c) (-b2+4ac) :
(2 (-2a’bc-2abc’-a?b?*sSin[2 (d+ex) ]| +2a*cSin[2 (d+ex) | -4a’c?sin[2 (d+ex)]| -
b>c?sin[2 (d+ex)|+2ac®sin[2 (d+ex)])) /((a-c) (a-ib-c) (a+ib-c)

(-b*+4ac) (a+c+aCos[2 (d+ex)|-cCos[2 (d+ex)]|+bSin[2 (d+ex)]))

Problem 23: Result unnecessarily involves imaginary or complex numbers.

Tan[d + e X]
J dx
(a+bTan[d+ex] +cTan[d+ex]2>3/2

Optimal (type 3, 635 leaves, 7 steps):
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[\/Za—ZC—\/a2+b2—2ac+c2 \/az—bz—Zac+c2+(a—c)\/a2+b2—2ac+c2 ArcTanh |

/

(bz—(a—c) (a—c+\/a2+b2—2ac+c2]—b(2a—2c—\/a2+b2—2ac+c2)Tan[d+ex]

V2 \/Za—ZC—\/a2+b2—2ac+c2 \/az—bz—Zac+c2+(a—c) \/a2+b2—2ac+c2

\/a+bTan[d+ex}+cTan[d+ex}2 }J/(ﬁ <a2+b2723c+c2>3/ze>7

JZa—2c+\/a2+b2—2ac+c2 \/az—bZ—Zac+c2—(a—c)\/a2+b2—2ac+c2 ArcTanh [

/

(bz—(a—c) (a—c—\/a2+b2—2ac+c2]—b(2a—2c+\/a2+b2—2ac+c2)Tan[d+ex]

V2 JZa—2c+\/a2+b2—2ac+c2 \/az—bz—Zac+c2—(a—c) \/a2+b2—2ac+c2

\/a+bTan[d+ex} +cTan[d+ex]?

}]/(\/? (a2+b2—2ac+c2)3/2e) +

2 (a(b?-2(a-c)c)+bc(a+c)Tan[d+ex])

(b2+ (a-c)?) (b2-4ac) e\/a+bTan[d+ex] +cTan[d+ex]?

Result (type 3, 535leaves):

4a-41icTan[d+ex]+2b (-i+Tan[d+e x])+4+/a-1ib-c \/a+Tan[d+ex] (b+c Tan[d+e x]) }

Va-ib-c (a+ib-c) (i+Tan[d+ex])

2<a—ib—c)3/2e

Log|

4a+41cTan[d+ex]+2b (i+Tan[d+ex])+4+/ a+1ib-c \/a+Tan [d+ex] (b+cTan[d+e x]) ]

(a-1b-c) va+ib-c (-i+Tan[d+ex])

2(a+1‘1b—c)3/2e

Log|

+

l\/a+c+aCos[2 (d+ex)]-cCos[2 (d+ex)]+bSin[2 (d+ex)]

e 1+Cos[2 (d+ex)]

2a(—b2+2ac—2c2)
[(ac) (a-ib-c) (a+ib-c) (-b2+4ac)
(2(—Zab2c+4a2c2—4ac3—ab3sin[2 (d+ex)]+3a2bcsin[2 (d+ex”—
2abc?sin[2 (d+ex) ]| -bcsin[2 (d+ex)])) /((a-c) (a-ib-c) (a+ib-c)

(-b*+4ac) (a+c+aCos[2 (d+ex)|-cCos[2 (d+ex)]|+bSin[2 (d+ex)]))
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Problem 24: Humongous result has more than 200000 leaves.

Cot[d +ex]
J dx
(a+bTan[d+ex] +cTan[d+ex]2)3/2

Optimal (type 3, 750 leaves, 13 steps):

ArcTanh [ 2a+bTan[d+e x] ]
2+/a \/a+b Tan[d+e x]+c Tan[d+e x]2

a3’2e

{\/ZaZC\/a2+b22ac+c2 \/azb22ac+c2+(ac)\/a2+b22ac+c2 ArcTanh|

(bzf(afc) (a7c+\/a2+b272ac+c2]7b(2a72c7\/a2+b272ac+c2)Tan[d+ex])/

V2 \/2a2cx/a2+b22ac+c2 Jazb22ac+c2+(ac)\/a2+b22ac+c2

\/a+bTan[d+ex] +cTan[d+ex]?

}J/(\E (a2+b272ac+c2)3/2e)+

\/Za—2c+\/a2+b2—2ac+c2 \/az—bz—Zac+c2—(a—c)\/a2+b2—2ac+c2 ArcTanh |

(bz—(a—c) (a—c—\/a2+b2—2ac+c2]—b(Za—2c+\/a2+b2—2ac+c2)Tan[d+ex])/

V2 \/Za—2c+\/a2+b2—2ac+c2 \/az—bz—Zac+c2—(a—c) \/a2+b2—2ac+c2

\/a+bTan[d+ex] +cTan[d +ex]? }]/

2 (b2-2 bcT d
(\/7 (a2+b2—2ac+c2)3/2e)+ ( ac+bcTan[d+ex]) B

a(b’-4ac) e\/a+bTan[d+ex] +cTan[d+ex]?

2 (a(b?-2(a-c)c)+bc(a+c)Tan[d+ex])

(b2+ (a-c)?) (b2-4ac) e\/a+bTan[d+ex] +cTan[d+ex]?2

Result (type ?, 512551 leaves) : Display of huge result suppressed!

Problem 25: Humongous result has more than 200000 leaves.

Cot[d+ex]?
J dx
(a+bTan[d+ex] +cTan[d+ex]2)3/2
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Optimal (type 3, 829 leaves, 13 steps):

- \/2a2c+\/a2+b22ac+c2

Ja2b223c+c2(ac)\/a2+b223c+c2 ArcTan |

b(Za—2c+\/a2+b2—2ac+c2 +

/

V2 \/2a2c+\/a2+b22ac+c2 \/aZbZZac+c2(ac)\/a2+b22ac+c2

(bzf(afc) (afcf\/a2+b272ac+c2)]Tan[d+ex]

\/a+bTan[d+ex]+cTan[d+ex}2 ] /(\E (a2+b272ac+c2)3/2e)

\/Za—ZC—\/a2+b2—2ac+c2 \/az—bz—Zac+c2+(a—c)\/a2+b2—2ac+c2

ArcTan |

(b [Zafch\/a2+b272ac+c2)+(b27(a7c) (a7c+\/a2+b272ac+c2])Tan[dJrex]

/

V2 \/2a2cx/a2+b22ac+c2 Jazb22ac+c2+(ac)\/a2+b22ac+c2

\/a+bTan[d+ex] +cTan[d+ex]? || /

3 b ArcTanh [ 2a+bTan[d+e x]

2+/a +/a+bTan[d+e x]+c Tan[d+e x]?
(\/2 (a2+b2—2ac+c2)3/2e)+ l +
2 aS/Z e

2Cot[d+ex] (b>-2ac+bcTan[d+ex])

+

a (b2—4ac) e\/a+bTan[d+ex] +cTan[d+ex]?

2 (b(b*-(3a-c)c)+c(b?-2(a-c)c)Tan[d+ex])

(b2+ (a-c)?) (b2-4ac) e\/a+bTan[d+ex] +cTan[d+ex]?2

(3b?-8ac) Cot[d+ex] \/a+bTan[d+ex] +cTan[d+ex]?2

a2 <b2—4ac) e

Result (type ?, 536928 leaves) : Display of huge result suppressed!
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Problem 26: Humongous result has more than 200000 leaves.

J Cot[d+ex]3
(a+bTan[d+ex] +cTan[d+ex]2)3/2

Optimal (type 3, 1007 leaves, 18 steps):
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ArcTanh [ 2a+bTan[d+e x] ] 3 (5 bZ _4a C> Ar‘cTanh[ 2a+bTan[d+e x] }
Zx/?\/a+bTan[d+e x]+c Tan[d+e x]2 2\/?\/a+bTan[d+e x]+c Tan[d+e x]2

a3/2e 8a7/2e

JZaZc\/a2+b22ac+c2 \/azb22ac+c2+(ac)\/a2+b22ac+c2 ArcTanh|

(bz—(afc) (a—c+\/a2+b2—23c+c2]—b(Za—Zc—\/az+b2—2ac+c2)Tan[d+ex])/

V2 JZaZc\/aerbZZac+c2 Jazbz2ac+c2+(ac)\/a2+b22ac+c2

\/a+bTan[d+ex]+cTan[d+ex12 } /(\/7 <32+b2—23c+c2>3/2e)_

\/2a2c+\/a2+b22ac+c2 \/azbZZac+c2(ac)\/a2+b22ac+c2 ArcTanh |

(bzf(afc) (afcf\/a2+b272ac+c2]7b(2a72c+\/a2+b272ac+c2)Tan[d+ex])/

V2 \/2a2c+x/a2+b22ac+c2 JazbZZac+c2(ac)\/a2+b22ac+c2

\/a+bTan[d+ex] +cTan[d+ex]? || /

2 (b2-2 bcT d
(\/7 (a2+b2—2ac+c2)3/2e)— ( actbcTan[d+ex]) .

a(b?-4ac) e\/a+bTan[d+ex1 +cTan[d+ex]?

2Cot[d+ex]? (b2-2ac+bcTan[d+ex])

+

a(b’-4ac) e\/a+bTan[d+ex] +cTan[d+ex]?

2 (a(b?-2(a-c)c)+bc(a+c)Tan[d+ex])

+

(b2+ (a-c)?) (b2-4ac) e\/a+bTan[d+ex] +cTan[d+ex]?2

b (15b*-52ac) Cot[d+ex] \/a+bTan[d+ex] +cTan[d+ e x]?2

4 33 (b2—4ac) e

(5b?-12ac) Cot[d+ex]2\/a+bTan[d+ex} +cTan[d+ex]?2

2 a2 (b2—4ac) e

Result (type ?, 788811 leaves) : Display of huge result suppressed!
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Problem 27: Humongous result has more than 200000 leaves.

JTan[d+ex}5\/a+bTan[d+ex]2+cTan[d+ex14 dx

Optimal (type 3, 270 leaves, 9 steps):
\mAr‘cTanh [ 2a-b+(b-2c) Tan[d+e x]?

2+/a-b+c \/a+bTan[d+ex]2+c Tan[d+e x]* 1

+
2e 32c5?e

b+2cTan[d+ex]?

(b*+2b*c-4b (a-2c)c-8c?(a+2c))ArcTanh|

] _

2\/c_\/a+bTan[d+ex]2+cTan[d+ex]4

1
16cle

(a+bTan[d+ex]?+cTan[d+ex]*)

((b-2c) (b+4c)+2c(b+2c)Tan[d+ex]?) \/a+bTan[d+ex12+cTan[d+ex]4 +

3/2

6ce

Result (type ?, 421511 leaves) : Display of huge result suppressed!

Problem 28: Humongous result has more than 200000 leaves.

jTan[d+ex]3\/a+bTan[d+ex]2+cTan[d+ex}4 dx

Optimal (type 3, 209 leaves, 8 steps):
m ArcTanh [ 2a-b+(b-2c) Tan[d+e x]?
2+/a-b+c \/a+b Tan[d+e x]2+c Tan[d+e x]*
2e

(b>+4bc-4c (a+2c)) ArcTanh| b:+2cTan(d+ex]® ]
2\/c_\/anerTan[dJrex]2+cTan[d+ex]‘1

16c3/?e

+

(b-4c+2cTan[d+ex]?) \/a+bTan[d+ex]2+cTan[d+ex}4

8ce

Result (type ?, 307606 leaves) : Display of huge result suppressed!

Problem 29: Humongous result has more than 200000 leaves.

JTan[dJrex} \/a+bTan[d+ex]2+cTan[d+ex]4 dx

Optimal (type 3, 179leaves, 8 steps):
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2
/a “bsc Ar‘cTanh[ 2a-b+(b-2c) Tan[d+e Xx] ]

2+/a-b+c \/a+b Tan[d+e x]%+c Tan[d+e x]*
- +

2e
(b—2C> Ar‘cTanh[ b+2 cTan[d+e x]2
Z\FJa+bTan[d+ex]2+cTan[d+ex]“ \/a+bTan[d+ex]2+cTan[d+ex14
+
4+/c e 2e

Result (type ?, 216968 leaves) : Display of huge result suppressed!

Problem 32: Result unnecessarily involves imaginary or complex numbers.

JTan[deex}z\/a+bTan[d+ex]2+cTan[d+ex}4 dx

Optimal (type 4, 1254 leaves, 14 steps):
\/mAr‘cTan[ a-b+c Tan[d+ex]

Ja+bTan[drex]2rc Tan[dre x]* Tan[d + e X] \/a +bTan[d+ex]?+cTan[d+ex]*
- + +

2e 3e

bTan[d + e x] \/a+bTan[d+ex}2+cTan[d+ex]4

3+/c e (\/?+\/?Tan[d+ex]2)

\/?Tan[d+ex] \/a+bTan[d+ex]2+cTan[d+ex}4

e(\/?+\/c_Tan[d+ex]2) _

b
Va e

c1/4Tan[d+ex}} 1
al/a ‘a4

a'/*b EllipticE[2ArcTan| 2-

]} (\/?+\/?Tan[d+ex]2)

a+bTan[d+ex]2+cTan[d+ex]*

(\/?Jr\/?Tan[dJrex]2

+

5 /[3c3/4e\/a+bTan[d+ex]2+cTan[d+ex}4

b
VA e

¢4 Tan[d + e x] ]
)

1
a'/* ¢4 EllipticE[2 ArcTan| =12
Jl/4 a

]] (\/?+\/?Tan[d+ex}2)

a+bTan[d+ex]?+cTan[d+ex]* /

(\/?Jr\ETan[dJrex]2

2

e\/a+bTan[d+ex]2+cTan[d+ex}4)+

c4Tan[d + e x] ]
3

4 (b+2 & Ve ) Extiptice[2arcran S TNIArEX] ) L
a 4

2 4
(\/?+\/?Tan[d+ex}2) a+bTan[d+ex] +cTan[d+§x] /
(\E+\/?Tan[d+ex]2)
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(6c3/4eJa+bTan[d+ex]2+CTan[d+eX}4

c4Tan[d + e x]

a1/4

(b+\/?\/c_—c> EllipticF[ZAr‘cTan[

s

b
z]]
Va e

1
4

2 4
(\/?+\/?Tan[d+ex}2) a+bTan[d+ex] +cTan[d+:x] /
(\/?+\/?Tan[d+ex]2)

(2‘_;‘1/4C1/4(:,\/a+bTan[d+ex]2+cTan[d+ex]4 +

cl’4Tan[d + e x]

1
1/4 ipti n
c (a—b+C) E111pt1cF[2Ar‘cTan[ 1/ L 4

b
SN
Va e

2 4
(\/;+\/?Tan[d+ex]2) a+bTan[d+eXx] +cTan[d+¢:x] /
(\/;+\/?Tan[d+ex]2)

(Zal/4 (\/?—\/?) e\/a+bTan[d+ex]2+cTan[d+ex}4

2
(\/;’\/?) 4 Tan[d + e x]

, 2ArcTan| B

4 \/? \/? al/a

(Va ++/c ) (a-bsc) EllipticPi[-

2Jr + 4
5. b ]] (\EJr\/?Tan[dJrex}z) a+bTan[d+ex]%2+cTan[d (Zex] /
Va e (Va ++c Tan[d+ex]?)

FNQUPN

(4a1/4 (\/?—\/?) c1/4eJa+bTan[d+ex]2+cTan[d+ex14

Result (type 4, 639 leaves):
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1\/<(3a+b+3c+4aCos[2 (d+ex)] -4 cCos|2 <d+ex)] +aCos |4 (d+ex>] -

) bCos[4 (d+ex) ] +cCos[4 (d+ex)])/(3+4Cos[2 (d+ex)]|+Cos[4 (d+eX)]))
(b—3c)Sin[2(d+exH+1Tan[d+ex] . 1
6¢C 3

12ce\/a+bTan[d+ex]2+cTan[d+ex14

1
[
b+/b%*-4ac
c
iv2 |(b-3¢) [fb+x/b2—4ac ) EllipticE[i ArcSinh[v2 | ————— Tan[d+ex]],
b++Vb2-4ac
b+vVb2-4ac
+—]+(b2—b(—3c+ﬂb2—4ac)+c(—4a—6c+3x/b2—4ac)]
b-+vb%-4ac
b++vb%-4
EllipticF[i ArcSinh[~/2 S Tan[d+ex] ], +—ac] +
b++vb?2-4ac b-+vb%2-4ac
b+vb2-4ac c
6c(a-b+c) EllipticPi[+—, i ArcSinh[+/2 | ———— Tan[d+ex]],
2¢ b++vVb*-4ac

b+\/b2—4ac] b++vb%2-4ac +2cTan[d+ex]? 1 2cTan[d+ex]?
e — +
b-+b%2-4ac b++vb%>-4ac b-+/b%>-4ac

4(b-3c)Tan[d+ex] (a+bTan[d+ex]?+cTan[d+ex]*)

1+Tan[d+ex]?

Problem 33: Result unnecessarily involves imaginary or complex numbers.

J\/a+bTan[d+ex]2+cTan[d+ex}4 dx

Optimal (type 4, 829 leaves, 8 steps):
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/a _b+c ArcTan [ a-b+c Tan[d+e x]

a+bTan[d+e x]2+c Tan[d+e x]*

2e

\Jc Tan[d+ex] \/a+bTan[d+ex]2+cTan[d+ex14

e(x/?Jr\/?Tan[dJrex]z) _

b
VA e

¢4 Tan[d + e x]
RSP

1
a'/* ¢4 EllipticE[2 ArcTan| =
Jl/4 4

]] (\/?+\/?Tan[d+ex}2)

a+bTan[d+ex]?+cTan[d+ex]* /
2

(\/?Jr\ETan[dJrex]2

e\/a+bTan[d+ex]2+cTan[d+ex}4)+

c1/4Tan[d+ex]] 1
al/4 -

(b+\/?\/?—c) EllipticF|[2ArcTan|

2 4
(\/?+\/?Tan[d+ex}2) a+bTan[d+eXx] +cTan[d+§x] /
(\E+\/?Tan[d+ex]2)

(2a1/4c1/4e\/a+bTan[d+eX}2+CTan[d+eX]4

c/4Tan[d + e x]

1
1/4 ipti "
c (a7b+c> ElllpthF[ZAr‘CTan[ al/4 }, 4

e

2 4
(\/?+\/?Tan[d+ex}2) a+bTan[d+ex]“+cTan[d+eXx] /

(\/?+\/?Tan[d+ex]2)2
(Zal“‘(\/?—\/?)e\/a+bTan[d+ex]2+cTan[d+ex]4 +
NP L et g
(\/?Jr\/?) (a—b+c) Ellip'ticPi[(),ZAr‘cTan[c Tan[d ex]})
4-/a Jc al/4
2 4
1 - b ]] (\/?+\/?Tan[d+ex}2) a+bTan[d+ex]?+cTan[d+ex] /
NG

(\/?+\/?Tan[d+ex]2)2

(4a1/4 (ﬁ—\/?) cl“‘e\/a+bTan[d+ex]2+cTan[d+ex]4

Result (type 4, 428 leaves):
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1
22 | —=— e-Ja+bTan[d+ex]2+cTan[d+ex]*
b+/b%-4ac \/
C b+vVb2-4ac
i [—b+x/b2—4ac ] EllipticE[iArcSinh[vV2 | ————— Tan[d+ex]], +—] -
b+vb2-4ac b-+Vb%?-4ac
c
(b—2c+xlb2—4ac ) EllipticF[iArcSinh[v/2 | ————— Tan[d+ex]],
b++Vb2-4ac
b+vVb2-4ac b++Vb%2-4ac
S "2 % ] 2 (a-b+c) EllipticPi| —
b-+Vb2-4ac 2¢

b++vVb2-4
ler‘cSinh[x/z < Tan[d+ex]}, +—ac]
b+vVb2-4ac b-+vb%2-4ac

b+vb%2-4ac +2cTan[d+ex]? 1 2cTan[d +ex]?
b++vb%2-4ac -b++/b%2-4ac

Problem 34: Result unnecessarily involves imaginary or complex numbers.

JcOt[mex}z\/a+bTan[d+ex]2+cTan[d+exj4 dx

Optimal (type 4, 861 leaves, 9 steps):
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/a “b+c Ar‘cTan[ a-b+c Tan[d+e x]

\Jarb Tan drex]2+c Tan [dre x]* Cot[d+ex] \/a +bTan[d+ex]2+cTan[d+ex]*

4
2e e

\Jc Tan[d+ex] \/a+bTan[d+ex]2+cTan[d+ex14

e (\/?Jr\/?Tan[dJrex]z)

b
VA e

¢4 Tan[d + e x] ]

1
a'/* ¢4 EllipticE[2 ArcTan| =12
Jl/4 4

]] (\/?+\/?Tan[d+ex}2)

a+bTan[d+ex]?+cTan[d+ex]* /
2

(\/?Jr\ETan[dJrex]2

e\/a+bTan[d+ex]2+cTan[d+ex}4)+

c1/4Tan[d+ex]} 1
al/4 -

(\/?+\/?) c**EllipticF |2 ArcTan]|

e

2 4
(\/?+\/?Tan[d+ex}2) a+bTan[d+eXx] +cTan[d+jx] /
(\E+\/?Tan[d+ex]2)

+

(2a1/4eJa+bTan[d+ex]2+CTan[d+eX}4

c/4Tan[d + e x]
[, ~|2-

€% (a-b+c) EllipticF [2ArcTan[ <" :
3 4

ool

2 4
(\/?+\/?Tan[d+ex}2) a+bTan[d+eXx] +cTan[d+jx] /
(\/?+\/?Tan[d+ex]2)

(Zal/4 (ﬁ—\/?) e\/a+bTan[d+ex]2+cTan[d+ex}4

Va -+ ’ 1/4 N
(\/?+\/?) (a—b+c) Ellipticpi[(),ZAr‘cTan[c Tan[d ex]},
4+/a \c al/4
2 4
- z_b]](\/?+\/?Tan[d+ex12> a+bTan[d+ex]?+cTan[d+ex] /
! Va Ve (\/;+\/?Tan[d+ex]2)2

(4a1/4 (\/?—\/?) cl“‘e\/a+bTan[d+ex]2+cTan[d+ex]4

Result (type 4, 1258 leaves):
1\/<(3a+b+3c+4aCos[2 (d+ex)] -4 cCos |2 (d+ex)] +aCos |4 (d+ex)] -
e

bCos[4 (d+ex) ] +cCos[4 (d+ex)])/(3+4Cos[2 (d+ex)]|+Cos[4 (d+ex)]))
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+ ]'].\/?(—b+\/b2—4aC)

1
-Cot[d+ex] +=Sin[2 (d+ex)]
2

c b++vb%2-4ac
EllipticE[i ArcSinh[v/2 | ————— Tan[d+ex]], +—}—
b++vb?>-4ac b-+b%2-4ac
c b++vb2-4ac
EllipticF[jAPcSinh[\E e — Tan[d+ex]}, +—]
b++vb%2-4ac b-+vb%2-4ac
; b+vb?2-4ac +2cTan[d+ex]? 2cTan[d +ex]?
<1+Tan[d+ex]) 1+ -
b+vb%2-4ac b-+vb%2-4ac
c b++vb2-4ac
Zj\EcEllipticF[jAr‘cSinh[\/? e — Tan[d+ex]}, +—]
b++vb%2-4ac b-+b%2-4ac
b++vb?-4ac +2cTan[d+ex]? 2cTan[d+ex]?
<1+Tan[d+ex]2) ’ ’ [d+ } 1+ [d+ : +2i+/2 a
b+vb%2-4ac b-+vb%2-4ac
b++Vb2-4ac c b++Vb2-4ac
EllipticPi[Jr—,JiAr‘cSinh[\E _ Tan[d+ex}], +—]
2c b+Vb2-4ac b-vVb2-4ac
b++vb?-4ac +2cTan[d+ex]? 2cTan[d+ex]?
(1+Tan[d+ex]?) : : [drex] 1+ [drexi® 552 b
b+vb%2-4ac b-+vb%2-4ac
b++Vb2-4ac c b++Vb2-4ac
EllipticPi[Jr—,JiAr‘cSinh[\E _ Tan[d+ex}], +—]
2c b+Vb2-4ac b-vVb2-4ac
b++vb?-4ac +2cTan[d+ex]? 2cTan[d+ex]?
<1+Tan[d+ex]2) : : [d+ } 1+ [d+ : +2i/2 ¢
b+vb%2-4ac b-+vb%2-4ac
b++vb2-4ac c b++Vb2-4ac
EllipticPi[Jr—,JiAr‘cSinh[\E _ Tan[d+ex}], +—]
2c b+Vb2-4ac b-vVb2-4ac
; b+vb?2-4ac +2cTan[d+ex]? 2cTan[d +ex]?
<1+Tan[d+ex]) 1+ -
b++vb%2-4ac b-+vb%2-4ac
c
4 | —————— Tan[d+ex] (a+bTan[d+ex]?+cTan[d+ex]*) /
b+vb?-4ac
c
4 —e(1+Tan[d+ex]2)\/a+bTan[d+ex]2+cTan[d+ex]4

b b2 dac
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Problem 35: Result unnecessarily involves imaginary or complex numbers.

JCot[dJrexV‘\/a+bTan[d+ex]2+cTan[d+ex14 dx

Optimal (type 4, 943 leaves, 10 steps):
WAI"CTBH[ a-b+c Tan[d+e x] ]

a+bTan[d+e x]2+c Tan[d+e x]*

2e

(3a-b) Cot[d+ex] \/a+bTan[d+ex]2+cTan[d+ex}4

3ae

Cot[d+ex]3\/a+bTan[d+ex12+cTan[d+ex]4

3e

(3a-b)Vc Tan[d+ex] \/a+bTan[d+ex]2+cTan[d+ex}4

3ae (\/?+\5Tan[d+eX]2)

c/4Tan[d + e x]

1 b
al/a ]’ 4

VA e

(3a-b) c**EllipticE[2ArcTan| 2

J} (Va_+\/?Tan[d+ex]2)

a+bTan[d+ex]2+cTan[d+ex]*

(\/?Jr\/?Tan[dJrex]z

/[3a3/4e\/a+bTan[d+ex]2+cTan[d+ex}4

2

c1/4Tan[d+ex}} 1
a1/4 -

(Ba— b+\/?\/?) c*/4EllipticF[2 ArcTan|

2 4
(\/?Jr\/?Tan[dJrex]z) a+bTan[d +eXx] +cTan[d+jx] /
(\E+\ETan[d+ex]2)

(6a3/4eJa+bTan[d+ex]2+CTan[d+eX}4

c/4Tan[d + e x] }

c/* (a-b+c) EllipticF[2ArcTan| 1/4 .
5 4

e

2 4
(\/?+\/?Tan[d+ex}2) a+bTan[d +eXx] +cTan[d+Sx] /
(\/?+\/?Tan[d+ex]2)

+

(231/4 (ﬁfx/?) e\/a+bTan[d+ex]2+cTan[d+ex]4
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NPk et
(\/?+\/?) (a-b+c) EllipticPi[—(i), 2Ar‘cTan[c Tan[d+ex] |
ava VT are
2Jr + 4
1 5. b ]] (\E+\/?Tan[d+ex}2) a+bTan[d+ex]%2+cTan[d+eXx] /
s 1" vave

(\/?+\/?Tan[d+ex]2)2

(4a1/4 (\/?—\/?) cl/“eJa+bTan[d+ex]2+cTan[d+ex]4

Result (type 4, 1590 leaves):

§v<(3a+b+3c+4aCos[2 (d+ex)]-4cCos[2 (d+ex)]|+aCos[4 (d+ex)] -

b Cos [4 (d+ex” +cCos[4 (d+ex”)/(3+4€os[2 <d+ex)] +Cos [4 (d+ex”>)

(4aCos[d+ex] -bCos[d+ex]) Csc[d+ex] 1

- —Cot[d+ex] Csc[d+ex]?-
3a 3

+(31+/2 a [b—«/b274ac)

(3a-b)sin[2 (d+ex) |

6a
C b++Vb2-4ac
EllipticE[Jl Ar‘cSinh[\E —_— Tan[d+ex}], +—} —EllipticF[
b+vb?-4ac b-+b%2-4ac
C b+vb2-4ac
J'lAr‘cSinh[\/? ——————— Tan[d+ex]]|, +—] (1+Tan[d+ex]?)
b++vb?2-4ac b-+vb?2-4ac
b++vb2-4ac +2cTan[d+ex]? 2cTan[d+ex]?
: : drex]® Jg, [d+ex] +Ji\/7b(—b+x/b2—4ac)
b+vVb2-4ac b-vb2-4ac
C b++Vb2-4ac
EllipticE[iAr‘cSinh[\/? e — Tan[d+ex}], SR
b++vb?-4ac b-+Vb%2-4ac
C b+vVb2-4ac
EllipticF[jAr'cSinh[\/? —_— Tan[d+ex]}, +—]
b+vb2-4ac b-+vb%*-4ac
5 b+vb2-4ac +2cTan[d+ex]? 2cTan[d +ex]?
(1+Tan[d+ex]?) 1+ +
b++Vb%2-4ac b-+vb%2-4ac
C b+vVb2-4ac
2jﬁacEllipticF[jAr‘cSinh[\/? _— Tan[d+ex]}, +—]
b+vb2-4ac b-+vb?-4ac
b++vb?-4ac +2cTan[d+ex]? 2cTan[d+ex]?
(1+Tan[d+ex]?) : : [d+ex] 1+ [d+ex] -6i+/2 a2

b+vb2-4ac b-+vb2-4ac
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b+Vb2-4 b++b%-4
EllipticPi[Jr—ac,JiAr‘cSinh[\/? S — Tan[d+ex] |, +—ac]
2¢ b+vb2-4ac b-+vb2-4ac

b++vVb2-4ac +2cTan[d+ex]? 2cTan[d +ex]?
(1+Tan[d+ex]2)\/ ’ . [d+ ] \/1+ [d+ : +61+2 ab

b+vVb2-4ac b-+Vb%2-4ac
b+vb2-4ac c b+vb2-4ac
EllipticPi[Jr—,ler‘cSinh[\/? _ Tan[d+ex1], +—]
2c b+vb2-4ac b-+vb2-4ac

b++vVb2-4ac +2cTan[d+ex]? 2cTan[d +ex]?
(1+Tan[d+ex]2)\/ ’ : [drex] \/1+ [d+ex] -61+2 ac

b++vb?-4ac b-+vb?-4ac
b+Vb2-4ac C b+vVb2-4ac
EllipticPi[Jr—,ler‘cSinh[\/? ————— Tan[d+ex] ]|, +—]
2c b++vb%2-4ac b-+vb2-4ac
5 b+vb?2-4ac +2cTan[d+ex]? 2cTan[d +ex]?
(1+Tan[d+ex]) 1+ -
b++vb?2-4ac b-+vb?-4ac
4 (-3a+b) S Tan[d+ex] (a+bTan[d+ex]?+cTan[d+ex]*) /
b++vb?-4ac
c
12 a —e(1+Tan[d+ex]2)\/a+bTan[d+ex]2+cTan[d+ex}4
b++vb2-4ac

Problem 36: Result unnecessarily involves higher level functions and more than
twice size of optimal antiderivative.

J Tan[d+ex]®
dx
\/a+bTan[d+ex]2+cTan[d+ex}4

Optimal (type 3, 182leaves, 8steps):

2a-b+(b-2c) Tan[d+e x]2 }
2+/a-b+c \/a+b Tan[d+e x]%+c Tan[d+e x]*

2+a-b+c e

2
(b+2c) ArcTanh| b+2 ¢ Tan[d+e x|
2\/?\/a+bTan[d+ex]Z+cTan[d+ex]4 \/a +bTan[d+ex]2+cTan[d+ex]*
+

4c32e 2ce

ArcTanh [

Result (type 4, 125619 leaves) : Display of huge result suppressed!

Problem 37: Result unnecessarily involves higher level functions and more than
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twice size of optimal antiderivative.

J Tan[d+ex]3
dx
\/a+bTan[d+ex]2+cTan[d+ex}4

Optimal (type 3, 141 leaves, 7 steps):

- _ 2 2
ArcTanh [ 2a-b+(b-2c) Tan[d+e x] ] Ar‘cTanh[ b+2cTan[d+e x] }
Zx/m\/a+bTan[d+ex]ercTan[d+ex]4 2\/?\/a+bTan[d+ex]z+c Tan[d+e x]*
+
2/a-b+c e 2+/c e

Result (type 4, 80416 leaves): Display of huge result suppressed!

Problem 38: Result unnecessarily involves higher level functions and more than
twice size of optimal antiderivative.

J\ Tan[d + e Xx]
dx
\/a+bTan[d+ex]2+<:Tan[d+ex14

Optimal (type 3, 79leaves, 4 steps):

- _ 2
Ar‘cTanh[ 2a-b+(b-2c) Tan[d+e x] ]
2+/a-b+c \/aabean[défex]ZchTan[d+ex]4

2+a-b+c e
Result (type 4, 57 267 leaves) : Display of huge result suppressed!

Problem 41: Result unnecessarily involves imaginary or complex numbers.

J Tan[d+ex]*
dx
\/a+bTan[d+ex]2+cTan[d+ex}4

Optimal (type 4, 662 leaves, 5 steps):
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Ar‘cTan[ a-b+c Tan[d+e x]
\JasbTan[drex]?c Tan[d+ex]* Tan[d+ex]Ja+bTan[d+ex]?+cTan[d+ex]*
. _
2+a-b+c e Ve e(\/a +/c Tan[d+ex12)
c/4Tan[d +ex 1 b
a4 EllipticE[2 ArcTan| [ J ], = |2- J} (\/a +v ¢ Tan[d+ex]2)
a1/4 A4 /73 /7C

a+bTan[d+ex]2+cTan[d+ex]*

(V?+\/?Tan[d+ex]2)2

+

/(c3/4e\/a+bTan[d+ex]2+CTan[dH?X]4

1/4
at/4 (\E -2 \E) EllipticF [2 ArcTan [ ¢ Tanl[/il rex] ]
a

b
S
Va e

1
, =
4

2 4
(\/?+\/?Tan[d+ex}2) a+bTan[d+ex]“+cTan[d+eXx] /

(\/?+\/?Tan[d+ex]2)2
(2 (\/?—\/?) c3/“e\/a+bTan[d+ex}2+cTan[d+ex]4 +
Va -+c)? 1/4 .
(Va +vc) EllipticPi[g, 2 ArcTan[ S 12ndrex) ) 1 2*]}
4~/a Jc at/ 4 Va e

2 4
(Va ++c Tan[d+ex]?) a+bTan(d+ex] +CTan[d+jX] /
(\/;+\/?Tan[d+ex]2)

(4a1/4 (\/?—\/?) cl/“e\/a+bTan[d+ex]2+cTan[d+ex14

Result (type 4, 579 leaves):
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1

2ce
\/((3a+b+3c+4aCos[2
)

cCos[4 (d+ex)]

(d+ex)] -4cCos[2 (d+ex)]+aCos[4 (d+ex)]|-bCos[4 (d+ex)]+
/(3+4Cos[2 (d+ex)] +Cos[4 (d+ex)]))

1
Sin[2 (d+ex) ]+ iv2 [—b+x/b2—4ac)EllipticE[
C
b+y/b*-4ac
C b++Vb%2-4ac
i ArcSinh[~/2 —Tan[d+ex]],+—}+(b+2c—xlb2—4ac)
b++Vb2-4ac b-+Vb%>-4ac
b++b%2-4a
E1lipticF[i ArcSinh[v2 | ———— Tan[d+ex]]|, ——— ] -
b++vb?-4ac b-+b?>-4ac
b+Vb2-4
2cEllipticPi[+—ac, i ArcSinh[+/2 S — Tan[d+ex] |,
2¢ b+vb?-4ac
b++Vb%2-4ac

} \/b+\/b2—4ac +2cTan[d+ex]?

b+Vb2-4ac

b-+vVb%>-4ac

1 2cTan[d+ex]? 4Tan[d+ex] (a+bTan[d+ex]?+cTan[d+ex]*) /
. _
b-+b2_4ac 1+Tan[d+ex]?

[4ce\/a+bTan[d+ex}2+cTan[d+ex]4

Problem 42: Result unnecessarily involves imaginary or complex numbers.

J Tan[d + e x]?
dx
\/a+bTan[d+ex]2+cTan[d+ex}4

Optimal (type 4, 436 leaves, 4 steps):
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Ar‘cTan[ a-b+c Tan[d+e x]

a+bTan[d+e x]2+c Tan[d+e x]*

- +
2+\a-b+c e
1/4
ct/*Tan[d +ex 1 b
a4 EllipticF[2 ArcTan| [ J 1, = |2- ——]]
al/4 4 N

2 4
(\/?+\/?Tan[d+ex}2) a+bTan[d+ex] +cTan[d+<zex] /
(\/?+\/?Tan[d+ex]2)

(2 (\/?7\/?) cl/“e\/a+bTan[d+ex}2+cTan[d+exJ4

Vo -ie)

4T d 1 b
(Va + /¢ ) Ellipticpi]- , 2 ArcTan[ S—1andrex]) 2 2]}
4~/a \Jc at/ 4 Va e
bTan[d 24cTan[d 4
(\/?+\/?Tan[d+exlz) arblanfdrexjcrani +SX] /
(\/?+\/?Tan[d+ex]2)
(4a1/4 (V?—\/?) cl“‘e\/a+bTan[d+ex]2+cTan[d+ex]4
Result (type 4, 311 leaves):
b+vVb2-4
| |4 |E1lipticF[i ArcSinh[vV2 | —————— Tan[d+ex]], ————2° ] Ellipticpi|
b+vVb2-4ac b-+vb%-4ac
b+Vb2-4 b++b%-4
+—ac,iArcSinh[\E S — Tan[d+ex]}, +—ac]
2c b+Vb2-4ac b-+vb*-4ac

b+vb?2-4ac +2cTan[d+ex]? 1 2cTan[d +ex]? /
+
b++vb?2-4ac b-+b%>-4ac

c
N2 —e\/a+bTan[d+ex]2+cTan[d+ex}4
b++Vb%2-4ac

Problem 43: Result unnecessarily involves imaginary or complex numbers.

1

dx

\/a+bTan[d+ex]2+cTan[d+ex}4

Optimal (type 4, 436 leaves, 4 steps):
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Ar‘cTan[ a-b+c Tan[d+e x]
a+bTan[d+e x]2+c Tan[d+e x]*
2+va-b+c e
c4Tan[d + ex 1 b
cl/4 EllipticF[ZAr‘cTan[ [ 1}, —|2-— } (\/a ++vc Tan[d +ex]?
al/a 4 \/?\/?

a+bTan[d+ex]?+cTan[d+ex]* /

(ﬁ+\/c_Tan[d+ex]2)2

+

(Zal“‘ (ﬁfx/?) e\/a+bTan[d+ex}2+cTan[d+ex]4

Vo -ie)

1/4
(Va ++/c | EllipticPi - , 2ArcTan | < Tan[d+ex] 1, 1, b ]}
4-/a e al/4 4 NErS
(\/? J< Tan(d ex]2> a+bTan[d+ex]?2+cTan[d+ex]* /
+ +
(\/?+\/?Tan[d+ex]2)2
(431/4 (V?—\/?) cl“‘e\/a+bTan[d+ex]2+cTan[d+ex}4
Result (type 4, 235leaves):
2 —
i ennipticps [ 25 NPT42C  presinh[vZ | ——S——— Tan[drex)], M2 —4ac
2¢ b+\b>-4dac b_bZ_dac

b++Vb2-4ac +2cTan[d+ex]? 1 2cTan[d+ex]? /
b++vb2-4ac -b++vVb%-4ac

N2 ;e\/a+bTan[d+ex]2+cTan[d+ex}4
b++b%>-4ac

Problem 44: Result unnecessarily involves imaginary or complex numbers.

Cot[d+ex]?

dx

\/a+bTan d+ex]?+cTan[d+ex]*

Optimal (type 4, 707 leaves, 7 steps):
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a-b+c Tan[d+e x]
[a+bTan[drex)2+c Tan[d+e x]* Cot[d+ex] \/a +bTan[d+ex]2+cTan[d+ex]*

2+a-b+c e ae
vc Tan[d+ex] \/a+bTan[d+ex]2+cTan[d+ex}4

ae (\/?+\/?Tan[d+ex]2)

ArcTan |

+

b
Va Ve

c/4Tan[d + e x] }

1
—|2-
a1/4 4

¢4 EllipticE[2 ArcTan]|

J} (\/?+\ETan[d+ex]2)

a+bTan[d+ex]2+cTan[d+ex]*

(V?+\/?Tan[d+ex]2)2

+

/[;ﬁ“‘e\/a+bTan[d+ex]2+cTan[d+ex]4

c1/4Tan[d+ex]] 1
al1/4 ’a

(2 Ja - \/?) ¢4 EllipticF [2 ArcTan [

a+bTan[d+ex]2+cTan[d+ex]* /

(\/?+\/?Tan[d+ex12)
(\/?+\/?Tan[d+ex]2)2

(2a3/4 (\/?—\/?) e\/a+bTan[d+ex]2+cTan[d+ex}4

2
(\E’\E) c/4Tan[d + e x]

, 2ArcTan| B

1
aa o at/s 4

(Va ++/c | Ellipticpi[-

a+bTan[d+ex]2+cTan[d+ex]* /

(\E+\/?Tan[d+ex}2)
(\/?+\/?Tan[d+ex]2)2

(4a1/4 (\/?—\/?) c1/4eJa+bTan[d+ex]2+cTan[d+ex]4

Result (type 4, 735leaves):
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1\/<(3a+b+3c+4aCos[2 (d+ex)]—
e

4cCos[2(d+ex)|+aCos[4 (d+ex)|-bCos[4 (d+ex)]|+cCos[4 (d+ex)])/
7C0Hd+ex}+Siﬂ2(d+exH

<3+4Cos[2(d+eX>]+COS[4(d+eXH>) a 2a

ae -b-+vb%*-4ac

1
il jl(bJr«/bz4ac][EllipticE[iAr‘cSinh[\E\/ < Tan[d+ex] ]|,

-b-+/b%2-4ac c
] —EllipticF[j Ar‘cSinh[\/? - Tan[d+ex]]J
“b+Vb2-4ac -b-+vb?-4ac

bx/b24ac]]\/1 2cTan[d +ex]? \/1 2cTan[d +ex]? /

-b++/b2-4ac -b-+b%-4ac -b++vb%2-4ac
c
2+/2 |- \/a+bTan[d+ex]2+cTan[d+ex}4 +
-b-+b?-4ac
-b-+b?-4ac c
iaEllipticPi[- , i ArcSinh[+/2 |- Tan[d+ex] |,
2¢ -b-+vb?-4ac

—b—x/b2—4ac}\/1 2cTan[d+ex]? \/1 2cTan[d+ex]? /

-b++/b2-4ac -b-+b?>-4ac -b++Vb?>-4ac
c
V2o |- \/a+bTan[d+ex]2+cTan[d+ex]4 -
-b-+/b%2-4ac

Tan[d + e x] \/a+bTan[d+ex}2+cTan[d+ex]4

1+Tan[d+ex]?

Problem 45: Result unnecessarily involves higher level functions and more than
twice size of optimal antiderivative.

Tan[d+ex]’
J dx
(a+bTan[d+ex]?+cTan[d+ex]*)>?
Optimal (type 3, 235leaves, 8steps):
ArcTanh| 23 Db 2c Tandeext | ArcTanh| b+2  Tan [d+e x]? ]
2+/a-b+c \/a+bTan[d+ex]2+cTan[d+ex]4 ZF\/a+bTan[d+ex]z+c Tan[d+e x]*
+ +
2(a-b+c)?e 2c32e

a(b?-a(b+2c))+(b>+2a2c-ab(b+3c)) Tan[d+ex]?

c(a-b+c) (b>-4ac) e\/a+bTan[d+ex}2+cTan[d+ex]4
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Result (type 4, 182725 leaves) : Display of huge result suppressed!

Problem 46: Result unnecessarily involves higher level functions and more than
twice size of optimal antiderivative.

Tan[d+ex]?
J dx
(a+bTan[d+ex]2+cTan[d+ex]4)3/2

Optimal (type 3, 159 leaves, 6 steps):

2
ArcTanh [ 2a-b+(b-2c) Tan[d+e Xx] ]

2+/a-b+c \/a+b Tan[d+e x]%+c Tan[d+e x]*
- +

2 (a—b+c)3/2e

a(2a-b)+((a-b)b+2ac) Tan[d+ex]?

(a-b+c) (b2-4ac) e\/a+bTan[d+ex]2+cTan[d+ex]4

Result (type 4, 57 597 leaves) : Display of huge result suppressed!

Problem 47: Result unnecessarily involves higher level functions and more than
twice size of optimal antiderivative.

J Tan[d+ex]3
(a+bTan[d+ex]?+cTan[d+ex]*)??

Optimal (type 3, 154 leaves, 6 steps):

— _ 2
ArcTanh 2a-b+(b-2c) Tan[d+e x]
2+/a-b+c \/a+bTan[d+ex]2+cTan[d+ex]4

2 (a—b+c)3/2e

a(b-2c)+(2a-b)cTan[d+ex]?

(a-b+c) (b2-4ac) e\/a+bTan[d+ex]2+cTan[d+ex]4

Result (type 4, 57592 leaves) : Display of huge result suppressed!

Problem 48: Result unnecessarily involves higher level functions and more than
twice size of optimal antiderivative.

J Tan[d + e x]
(a+bTan[d+ex]?+cTan[d+ex]*)>?

Optimal (type 3, 155leaves, 6 steps):
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2
ArcTanh [ 2a-b+(b-2c) Tan[d+e Xx] }

2+/a-b+c \/a+b Tan[d+e x]%+c Tan[d+e x]*
- +

2 (a—b+c)3/2e

b>-2ac-bc+ (b-2c)cTan[d+ex]?

(a-b+c) (b2-4ac) e\/a+bTan[d+ex]2+cTan[d+ex]4

Result (type 4, 57615 leaves) : Display of huge result suppressed!

Problem 49: Result more than twice size of optimal antiderivative.

Cot[d +ex]
J dx
(a+bTan[d+ex]?+cTan[d+ex]*)??

Optimal (type 3, 280 leaves, 12 steps):

ArcTanh [ 2a+bTan[d+e x]? ] ArcTanh [ 2a-b+(b-2c) Tan[d+e x]?
2\/?\/a+bTan[d+ex]Z+cTan[d+ex]4 Zx/m\/a+bTan[d+ex]2+cTan[d+ex]4
- +
2a3%e 2(a7b+c)3/2e

b2-2ac+bcTan[d+ex]?

a(b’-4ac) e\/a+bTan[d+ex]2+cTan[d+ex}4

b>-2ac-bc+ (b-2c)cTan[d+ex]?

(a-b+c) (b2-4ac) e\/a+bTan[d+ex}2+cTan[d+ex]4

Result (type 3, 694 leaves):
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1\/<(3a+b+3c+4aCos[2 (d+ex)] -
e

4cCos[2(d+ex)|+aCos[4 (d+ex)|-bCos[4 (d+ex)]|+cCos[4 (d+ex)])/

-b3>+3abc+2b2c-4ac?-bc?

+4 Cos d+ex) | +Cos d+ex
(3+acos(z g ex)] wcosa (avex)])) |- FEETm

(4 (b*-4ab’c-b’c+2a’c’+3abc?-b>c*+2ac’+bc’+b*Cos[2 (d+ex)] -
4ab?cCos|2 (d+ex” -3b%cCos|2 (d+ex” +2a’c?Cos |2 (d+ex>] +9abc?Cos|
2 (d+ex)] +3b?c?Cos |2 (d+ex)} -6ac?Cos|2 (d+ex)} -bc?Cos|[2 (d+ex)”)/
(a (aberc)2 (-b?+4ac) (3a+b+3c+4aCos[2 (d+ex)]-4cCos[2 (d+ex)]|+

aCos[4 (d+ex)] -bCos[4 (d+ex)]|+cCos[4 (d+ex)])) +

1

2 a3/2 (a—b+c> e

a2 Log[Sec[d +ex]?]
Va-b+c

aLog[Za+bTan[d+ex]2+2\/;\/a+bTan[d+ex]2+cTan[d+ex}4 |+

+(a-b+c) Log[Tan[d+ex]?] -

bLog[Za+bTan[d+ex]2+2\/;\/a+bTan[d+ex]2+cTan[d+ex}4 | -

1

Vva-b+c

a*?log[2a-b+ (b-2c) Tan[d+ex]?+2~a-b+c \/a+bTan[d+ex]2+cTan[d+ex]4}

cLog[2a+bTan[d+ex]2+2\/?\/a+bTan[d+ex]2+cTan[d+ex}4 ]+

Problem 51: Result unnecessarily involves imaginary or complex numbers.

J Tan[d + e x]?
(a+bTan[d+ex]2+cTan[d+ex]4)3/2

Optimal (type 4, 981 leaves, 9steps):



64 | Mathematica 11.3 Integration Test Results for 4.3.9 trig™"m (a+b tan”~n+c tan”~(2 n))”p.nb

Ar‘cTan[ a-b+c Tan[d+ex]
\/a+bTan[d+ex]2+cTan[d+ex]“ Tan[d + e x] (b272ac—bc+ (b*ZC) cTan[d+ex}2)

- +

2(a-b+c)*e (a-b+c) (b2-4ac) e\/a+bTan[d+ex}2+cTan[d+ex]4

(b-2c) \Jc Tan[d+ex] \/a+bTan[d+ex]2+cTan[d+ex}4
(a-b+c) (b2-4ac)e (\/?+\/C_Tan[d+ex12)

+

c4Tan[d + e x]

1
al/4 ] ’a

at* (b-2c) c*/*EllipticE[2 ArcTan|

2 4
(\/?+\/?Tan[d+ex]2) a+bTan[d+eXx] +cTan[d+¢:x] /
(\/;+\/?Tan[d+ex]2)

+

((a—b+c) (b*-4ac) e\/a+bTan[d+ex]2+cTan[d+ex]4

b
S
Va Ac

¢4 Tan[d + e x]

1
al/4 } -

c¥/*EllipticF[2ArcTan]|

2, N 2
(\E+\/?Tan[d+ex]2) arbTan[d+ex]”+cTan[d jX] /
(\/?+\/?Tan[d+ex]2)

[Zal/4 (\/?—\/?) (a-b+c) e\/a+bTan[d+ex12+cTan[d+ex]4

e

c4Tan[d + e x] }
B

(ﬁ—%) c**EllipticF |2 ArcTan]| 1
a1/4 4

(\/?+\/?Tan[d+ex}2)

a+bTan[d+ex]?+cTan[d+ex]* /

(\E+\ETan[d+ex]2)2

(Zal/4 (b—Z\/;\E) (a-b+c) e\/a+bTan[d+ex]2+cTan[d+ex}4

(\/?‘\/?)2 c4Tan[d+ex], 1
", 2ArcTan| 1, =

(Va ++/c | EllipticPi|-
4\/;\/? al/4 4

2 4
(\/?+\/?Tan[d+ex}2) a+bTan[d+ex] +cTan[d+<Zex] /
(\/?+\/?Tan[d+ex]2)

(4a1/4 (ﬁfﬁ) % (a-b+c) e\/a+bTan[d+ex]2+cTan[d+ex}4)

Result (type 4, 831 leaves):
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1\/<(3a+b+3c+4aCos[2 <d+ex)] -4 cCos|2 <d+ex)] +aCos |4 (d+ex>] -

) bCos[.4(d+exH+cCos[4(d+ex)”/(3+4Cos[2<d+ex)]+Cos[4(d+ex)”)
ib(__j?bs_l:)[?b(jj;:i)} +(2b? sin[2 (d+ex)} -4acsSin|2 (d+ex” -4c?sin[2 (d+ex)] +
b’>Sin[4 (d+ex)]-2acsSin[4 (d+ex)|-2bcSin[4 (d+ex)]+2c?Sin[4 (d+ex)])/
((a-b+c) (-b*>+4ac) (—3a—b—3c—4aCos[2 (d+ex>]+4cCos[2 <d+ex”—
aCos[4 (d+ex)|+bCos[4 (d+ex)]|-cCos[4 (d+ex)]|))]|+
1
4(a-b+c) (-b*+4ac) e\/a+bTan[d+ex]2+c:Tan[d+ex}4
1

C

b+/b%*-4ac
(b-2c) [fb+«/b274ac ] EllipticE[i ArcSinh| \ﬁ\/ Tan[d+ex] ],

4ac
b++Vb2-4
+—ac]+(b2—b«/b274ac +2c(—2a+\/ 4ac)]
b-+vVb%2-4ac
c b+x/b274ac]

EllipticF|[i Ar‘cSinh[\/?\/ Tan[d+ex] |,

iv2

b+Vb?-4ac b-+vVb%?-4ac

C

b+vb2-4ac

Tan[d+ex] |,

b b2 -4
2 (b?-4ac) EllipticPi[+—ac, JiArcSinhN?\/
2c¢C

b+\/b2—4ac] b++vb%2-4ac +2cTan[d+ex]? 1 2cTan[d+ex]?
+ _
-vb%?-4ac b++vb?>-4ac b-+/b%>-4ac

4(b-2c)Tan[d+ex] (a+bTan[d+ex]?+cTan[d+ex]*)

1+Tan[d+ex]?
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Summary of Integration Test Results

51 integration problems

A - 5optimal antiderivatives

B - 10 more than twice size of optimal antiderivatives
C - 36 unnecessarily complex antiderivatives

D - Ounable tointegrate problems

E - Ointegration timeouts



