Mathematica 11.3 Integration Test Results

Test results for the 32 problems in "4.4.9 trig"m (a+b cot”n+c cot”(2
n)) p.m"

Problem 1: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

Cot[d+ex]>

dx

\/a+bCot d+ex] +cCot[d+ex]?

Optimal (type 3, 547 leaves, 15 steps):

—c-Ja+b? 23 cic? +bCot[d
\/a—c—\/a2+b2—2ac+c2 Ar‘cTanh[ a-c-ya+b-2acvc +bCot[dreXx] }

<2 a—c—\/ a?+b?-2ac+c? \/a+b Cot[d+e x]+c Cot[d+e x]?

V2 Vatib?-2ac+c? e

- 2,.p2_ 2
\/a—c+\/a2+b272ac+c2 Ar‘cTanh[ a-c+y/a’+b*-2ac+c? +bCot[d+ex] }

V2 a—c+J a?+b2-2ac+c? \/a+b Cot[d+e x]+c Cot[d+e x]?

V2 VaZib2-2ac+c? e

b ArcTanh| b2cCol doex | b(5b%-12ac) ArcTanh| b+2 ¢ Cot [dre x|
Z\E\/a+bCot[d+ex]+ch)t[d+ex]2

Z\E\/aabeo‘c[deex]+cC0t[d+ex]2
+
2c3%e 16c’?e

x/a+bCot[d+ex} +cCot[d+ex]? Cot[d+ex]2\/a+bCot[d+ex} +cCot[d+ex]?

ce 3ce

(15b2-16ac-10bcCot[d+ex]) \/a+bCot[d+ex] +cCot[d+ex]?
24c3e

Result (type 3, 3681 leaves):
1

e

-15b%2+16ac+32c> 5bCot[d+ex] Csc[d+ex]2)
. _
24 c3 12 c? 3¢
\/(—a—c+a€os[2 (d+ex)] - cCos|[2 (d+ex)] -bsin|2 (d+ex)])

-1+Cos[2 (d+ex) |

+

((b\/a—ib—c Va+ib-c (-5b%+4c(3a+2c)) Log[Tan[d+ex]] -

8va+ib-c c7/2Log[(fchziaTan[dJrex] -b(i+Tan[d+ex])+2iva-ib-c
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\/c+Tan[d+ex] (b+aTan[d+ex]) )/ (Sx/afjbfc c3 (7]'1+Tan[d+ex]))} +

Va-ib-c (b\/a+jb—c (5b*-4c(3a+2c)) Log[2c+bTan[d+ex] +

ZV?\/C+Tan[d+ex] (b+aTan[d+ex]) }+8c7/2Log[(2c+b(—J’L+Tan[d+ex]) -
2i (aTan [d+ex] +Va+ib-c \/c+Tan[d+ex] (b+aTan[d+ex]) ))/
(8\/a+1b c c? 1+Tan[d+ex]))}))

[_[{Sba\/[ -1+ Cos| d+ex)] . 1+Cos[2c(d+ex)] ' jfociz[;d(;f:i]ﬂ i

cCos|2 (d+ex” bsin[2 (d+ex)] /

(8c® (a+c-aCos[2 (d+ex)]+cCos[2 (d+ex)]|+bSin|2 <d+ex)]))] +

[3abJ i

cCos|2 (d+ex” . bSin|[2 (d+ex)

-1+Cos[2 (d+ex)| -1+Cos[2(d+ex)]

a C aCos[2<d+ex)]
N

-1+Cos[2 (d+ex)| -1+Cos[2(d+ex)| -1+Cos[2(d+ex)] _

]
—1+Cos[2(d+ex)} —1+Cos[2(d+ex)] /
(2c? (a+c-aCos[2 (d+ex) ] +cCos[2 (d+ex)]+bSin[2 (d+ex)])) +

[b\/[— a i c . acCos[2 (d+ex)] i
-1+Cos[2 (d+ex)| -1+Cos[2(d+ex)] -1+Cos[2(d+ex)]
cCos[2 (d+ex)] ) bsin[2 (d+ex)]

-1+Cos[2 (d+ex)| -1+Cos[2(d+ex]] /
(c (a+c—aCos[2 (d+ex)] +cCos |2 (d+ex)] +bsin|2 (d+ex”)) +

Sin[z(dJrex”J[_1+Cos[2(d+ex”_1+Cos[2(d+ex)]+
acCos|[2 (d+ex)] ) cCos[2 (d+ex)] i bsin[2 (d+ex)]
)/

-1+Cos[2 (d+ex)| -1+Cos[2(d+ex)] -1+Cos[2(d+eX)

(a+c-acCos[2 (d+ex)] +cCos[2 (d+ex)]|+bSin[2 (d+ex)])}

/ [

Tan[d + e x] \/a+Cot[d+ex]2 (c+bTan[d+ex])

Vva-1b-c
Va+ib-c

c7/2
e

\/c+Tan[d+ex] (b+aTan[d+ex])

(7(([b\/afjb7c Va+ib-c (-5b>+4c(3a+2c)) Log[Tan[d+ex]] -
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8+va+ib-c c7/2Log[(fchzjaTan[d+ex} -b(i+Tan[d+ex]) +
2iva-ib-c \/c+Tan[d+ex1 (b+aTan[d+ex]) )/ (8\/a—1'1b—c c3

(—1‘1+Tan[d+ex]))}+\/a—jb—c (b\/aﬂib—c (5b>-4c (3a+2c))

Log[2c+bTan[d+ex] +2\/?\/C+Tan[d+ex} (b+aTan[d+ex]) | +
8c7/2Log[(2c+b (-i+Tan[d+ex]) -21i (aTan[d+ex} +va+ib-c

\/c+Tan[d+ex] (b+aTan[d+ex]) ))/ (Sx/aﬂib—c c3

(1'1+Tan[d+ex])H

)Tan[d+ex] (asec[d+ex]®Tan[d+ex] +

Sec[d+ex]* (b+aTan[d+ex])) \/a+Cot[d+ex}2 (c+bTan[d+ex]) J/

(32\/a*ﬁb*C Va+ib-c 2 (c+Tan[d+ex] <b+aTan[d+ex]>)3/2)) +

((b\/a—jb—c Va+ib-c (-5b®+4c(3a+2c)) Log[Tan[d+ex]] -
8+Va+ib-c c7/2Log[(—Zc—ZiaTan[d+ex}—b(]i+Tan[d+ex])+
2iva-1b-c \/c+Tan[d+ex} (b+aTan[d+ex]) )/(8\/afjb7c c3

(7]'1+Tan[d+ex]))] +va-ib-c (b\/aﬂibfc (5b*-4c (3a+2c)) Log|

2c+bTan[d+eXx] +2\E\/C+Tan[d+ex] (b+aTan[d+ex]) | +

aTan[d+ex] +Va+1ib-c
\/c+Tan[d+ex] (b+aTan[d+ex]) ))/ (8\/a+1'1b—c c (i+

Sec[d+ex}2\/a+Cot[d+ex]2 (c+bTan[d+ex]) )/

8c7/2Log[(2c+b (-i+Tan[d+ex]) -21i

Tan[d+ex]))})

(16\/a—1'1b—c Va+ib-c c7/2\/c+Tan[d+ex1 (b+aTan[d+ex]) )+

((b\/afjbfc Va+ib-c (-5b>+4c(3a+2c)) Log[Tan[d+ex]] -
8+va+1ib-c c7/2Log[(—Zc—ZiaTan[d+ex}—b(j1+Tan[d+ex])+
2iva-ib-c \/c+Tan[d+ex} (b+aTan[d+ex]) )/(Sx/a—jb—c c3

(4‘1+Tan[d+ex]))]+\/afjb7c (b\/aﬂibfc (5b?-4c (3a+2c)) Log|

2c+bTan[d+ex] +2\/?\/C+Tan[d+ex] (b+aTan[d+ex]) | +

8c’/? Log|
Vva+ib-c \/c+Tan[d+ex] (b+aTan[d+ex]) ))/
(8\/a+ib—c c3 <i+Tan[d+ex]))]))Tan[d+ex]

2c+b (-i+Tan[d+ex]) -2i (aTan[d+ex] +

(bCsc[d+ex]?-2Cot[d+ex] Csc[d+ex]? (c+bTan[d+ex])))/
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(32\/a—jb—c Va+ib-c c7/2\/c+Tan[d+ex] (b+aTan[d+ex])

\/a+Cot[d+ex}2 (c+bTan[d+ex]) )+

(Tan[d+ex] \/a+Cot[d+ex12 (c+bTan[d+ex]) |bvVa-ib-c va+ib-c

(-5b2+4c (3a+2¢c))Cscld+ex] Sec[d+ex}—(64\/a—jb—c Varib-c
™2 (_i:Tan[d+ex]) ((—21’1aSec[d+ex]2—bSec[d+ex]2+ [iva-ib-c
(aSec[d+ex]2Tan[d+ex]+Sec[d+ex]2(b+aTan[d+ex])))/
(\/C+Tan[d+ex} (b+aTan(d+ex]) ))/(smé
(—I’L+Tan[d+ex]))—(Sec[d+ex}2
d+ex])+21m\/c+Tan[d+ex] (b+aTan[d+ex])
(8mc3(—J’l+Tan[d+ex])2)J)/(—2c—21’1aTan[d+ex]—

b(i+Tan[d+ex])+2i+va-ib-c \/c+Tan[d+ex] (b+aTan[d+ex]) )+

-2c-2iaTan[d+ex] -b (i+Tan]

)/

va-ib-c ((b\/aﬂib—c (5b2-4c (3a+2c)) (bSec[d+ex]2+

(\/? (asec[d+ex]?Tan[d+ex] +Sec[d+ex]? (b+aTan[d+ex])))/

(\/C+Tan[d+ex1 (b+aTan[d+ex]) ))]/(2c+bTan[d+ex] +
+ (64\/a+ib—c ¢ (i+Tan[d+
aSec[d+ex]2+(\/a+jb—c (asec[d+ex]?

Z\E\/C+Tan[d+ex1 (b+aTan[d+ex])

ex]) (

bSec[d+ex]?-21

Tan[d+ex] +Sec[d+ex]? (b+aTan[d+eX])))/ 2

\/C+Tan[d+ex} (b+aTan[d+ex]) ))J/ (8mc3 (i+

Tan[d+ex])) - (Sec[d+ex]2
d+ex] +Va+ib-c \/c+Tan[d+ex] (b+aTan[d+ex]) )))/
(8x/a+j1b—c c? (i+Tan[d+ex])2)))/ (2c+b (-i+Tan[d+ex]) -

)/

2c+b(-i+Tan[d+ex]) -21i (aTan[

21 (aTan[d+ex] +va+ib-c \/c+Tan[d+ex1 (b+aTan[d+ex])

16+/a-ib-c Va+ib-c c7/2Jc+Tan[d+ex] (b+aTan[d+ex]) )))

Problem 2: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.
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Cot[d+ex]?3

dx

\/a+bCot d+ex] +cCot[d+ex]?

Optimal (type 3, 384 leaves, 11 steps):

Jac\/a2+b22ac+c2 Ar‘cTanh[(afcf\/a2+b272ac+c2 +bCot[d+ex]

/

\/?Jac\/a2+b22ac+c2 JaerCot[dJrex}+cCot[d+ex]2 ]/

- \/ac+\/a2+b22ac+c2

\/?\/ac+\/a2+b22ac+c2 \/aerCot[dJrex}+cCot[d+ex]2 ]/

(\/?\/a2+b272ac+c2 e

Ar‘cTanh[(afcJr\/aZerzfzac+c2 +bCot[d+ex]

b ArcTanh [ b+2 c Cot [d+e Xx] ]

2+/c \/a+b Cot[d+e x]+c Cot[d+e x]?
+ _

2 C3/2 e

(\/?Ja2+b272ac+c2 e

\/a+bCot[d+ex} +cCot[d+ex]?

ce

Result (type 3, 3144 leaves):

—a-c+aCos[2 (d+rex)]-cCos[2 (d+ex)]-bSin[2 (d+eXx) ]
-1+Cos[2 (d+ex) ]

ce

([b\/ajbc Va+ib-c Log[Tan[d+ex]] -+va+ib-c c3/2Log[(—Zc—ZjaTan[d+ex] -

b(i+Tan[d+ex])+2iva-ib-c \/c+Tan[d+ex] (b+aTan[d+ex]) )/
(\/afjb—c c(—1'1+Tan[d+ex}))}+\/a—11b—c
(—b\/aH‘Lb—c Log[2c+bTan[d+ex] +2\/?\/C+Tan[d+ex] (b+aTan[d+ex]) | +

c3/2Log[(2c+b (-i+Tan[d+ex]) -
21 (aTan [d+rex] +Va+ib-c \/c+Tan d+ex] (b+aTan[d+ex]) ))/
(\/a+j1b—c c (i+Tan[d+ex}))U]

acCos|[2 (d+ex)]

[[(b\/[—1+Cos{;(d+exH ) —1+Cos[2c(d+ex)] " 1icos[2(drex)]

| 5
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cCos[2 (d+ex)] bsin[2 (d+ex) ]

/

(c(a+c-acCos[2 (d+ex)] +cCos[2 (d+ex)]|+bSin[2 (d+ex>”)J -

~1+Cos[2 (d+ex)| -1+Cos[2(d+ex]]

sinz (dvex)) J[_lms[z @rex]] iecosl2(darex]]

acCos |2 (d+ex)] ) cCos[2 (d+ex)] i bsSin[2 (d+ex)]

|/

-1+Cos[2 (d+ex)] -1+Cos[2(d+ex)] -1+Cos[2(d+ex)]

(a+c-acCos[2 (d+ex)]+cCos[2 (d+ex)]+bSin[2 (d+ex)])}

/2

Tan[d + e X] JaJrCot[dJrex]2 (c+bTan[d+ex])

Vva-1ib-c
Vva+ib-c

c3/2
e

\/c+Tan[d+ex] (b+aTan[d+ex])

(((b\/a—ib—c Va+ib-c Log[Tan[d+ex]] -
Va+ib-c c3/2Log[(—2c—21‘1aTan[d+ex}—b(1'1+Tan[d+ex])+21‘1\/a—jb—c
\/c+Tan[d+ex] (b+aTan[d+ex]) )/(x/a—jlb—c c (—11+Tan[d+ex])>] +

VJa-ib-c (—b\/aﬂlb—c Log[2c+bTan[d+ex] +2+/c

Jc+Tan[d+ex] (b+aTan[d+ex]) ]+c3/2Log[(2c+b(—1’1+Tan[d+ex])—

21 (aTan[d+ex] +m\/c+Tan[d+ex} (b+aTan[d+ex]) ))/

(mc(]1+Tan[d+ex]))]))Tan[d+ex1
(asec[d+ex]?Tan[d+ex] +Sec[d+ex]? (b+aTan[d+ex]))

x/a+Co’c[d+ex}2 (c+bTan[d+ex]) J/

(4\/a—11b—c Va+ib-c ¢®? (c+Tan[d+ex] (b+aTan[d+ex]))3/2) -

((b\/afjbfc va+ib-c Log[Tan[d+ex]] -
va+ib-c c3/2Log[(—2c—21‘1aTan[d+ex}—b(j1+Tan[d+ex])+21'1\/a—1'1b—c
\/C+Tan[d+ex} (b+aTan[d+ex]) )/(\/a—jb—c c (—11+Tan[d+ex]))] +

va-ib-c (7b\/a+ib—c Log[2c+bTan[d+ex] +2+/c

\/c+Tan[d+ex] (b+aTan[d+ex]) | + 2 Log|

2c+b (-i+Tan[d+ex]) -

/

21 (aTan[d+ex] +vVa+ib-c x/c+Tan[d+ex1 (b+aTan[d+ex])
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(\/aﬂibfc c (]1+Tan[d+ex]))])) Sec[d+ex]?

\/a+Cot[d+ex12 (c+bTan[d+ex] J/ (Zx/a—lb—c Va+ib-c

3/2\/C+Tan[d+ex] (b+aTan[d+ex] )

((b\/a—jb—c vVa+ib-c Log[Tan[d+ex]] -va+ib-c c3?
-2c-2iaTan[d+ex] -b (i+Tan[d+ex])+2iVa-ib-c
\/c+Tan[d+ex1 (b+aTan[d+ex]) )/(\/a—ib—c c (—11+Tan[d+ex]))] +

va-ib-c (—b\/aﬂib—c Log[2c+bTan[d+ex] +2+/c

Log[

\/C+Tan[d+ex] (b+aTan[d+ex]) ]+c3/2Log[(2c+b (-i+Tan[d+ex]) -

Zj(aTan [d+ex] +vVa+ib-c \/c+Tan d+ex] (b+aTan[d+ex]))/
(\/aﬂib—cc(11+Tan[d+ex]))]))Tan[d+ex]

(bCsc[d+ex]?-2Cot[d+ex] Csc[d+ex]? (c+bTan[d+ex])))/

(4\/a—j1b—c Vva+ib-c c3/2\/c+Tan[d+ex] (b+aTan[d+ex])

\/a+Cot[d+ex12 (c+bTan[d+ex]) )—

(Tan[d+ex] x/a+Cot[d+ex}2 (c+bTan[d+ex])

[b\/a—jb—c va+ib-c Csc[d+ex] Sec[d+ex] - (\/a—ib—c Va+ib-c 2
(-i+Tan[d+ex]) ((7211aSec[d+ex}27bSec[d+ex]2+ (jm

(aSec[d+ex]2Tan[d+ex]+Sec[d+ex]2(b+aTan[d+ex])))/

(\/c+Tan[d+ex] (b+aTan[d+ex]) ))/(mc (-i+Tan]

d+ex]))—
Zim\/c+Tan[d+ex] (b+aTan[d+ex]) ))/

(mc(—i+Tan[d+ex})2)))/(—2c—21’1aTan[d+ex]_

b (i+Tan[d+ex]) +21m\/c+Tan[d+ex] (b+aTan[d+ex]) )+

m(—([bm(bSec[d+ex1z+(\/? (asec[d+ex]?

Sec[d+ex]?

-2c-2iaTan[d+ex] -b (i+Tan[d+ex]) +

Tan[d+ex] +Sec[d+ex]? (b+aTan[d+ex])>)/

(\/C+Tan[d+ex} (b+aTan[d+ex}) ))]/ (2c+bTan[d+ex] +

2\/?\/C+Tan[d+ex} (b+aTan[d+ex]) )) + [x/aﬂib—c 2 (i+
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Tan[d+eXx]) ((bSec[d+ex}2—21'1 (aSec[d+ex]2+ (\/a+j1b—c (asec[d+
ex]?Tan[d+ex] +Sec[d+ex]? <b+aTan[d+ex}>))/

(2\/C+Tan[d+ex1 (b+aTan[d+ex]) ))]/ (mc (i+

Tan[d+ex]))—(5ec[d+ex]2(2c+b(—1’1+Tan[d+ex])—21’1(aTan[

d+ex]+m\/c+Tan[d+ex] (b+aTan[d+ex]) )))/
(mc(1‘1+Tan[d+ex}>2)))/(2c+b(—1’1+Tan[d+ex])7

21 (aTan[d+ex] +m\/c+Tan[d+ex} (b+aTan[d+ex]) ))]))/

2va-ib-c Va+ib-c c3/2\/c+Tan[d+ex] (b+aTan[d+ex]) )])

Problem 3: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

J Cot[d+ex]
dx
\/a+bCot[d+ex] +cCot[d+ex]?

Optimal (type 3, 294 leaves, 6 steps):

/

[\/a—c—\/a2+b2—2ac+c2 Ar‘cTanh[[a—c—\/a2+b2—2ac+c2 +bCot[d+ex]

]]/

\/7\/a—c—\/a2+b2—2ac+c2 \/a+bCot[d+ex1 +cCot[d+ex]?

(\/7\/a2+b2—2ac+c2 e

+[\/a—c+\/a2+b2—2ac+c2

/ \/7\/a—c+\/a2+b2—2ac+c2

Ar‘cTanh[(a—c+\/a2+b2—2ac+c2 +bCot[d+ex]

\/a+bCot[d+ex] +cCot[d+ex]?

}]/(\/?\/a2+b2—2ac+c2 e

Result (type 3, 2104 leaves):
Va-ib-c Log|

b(-i+Tan[d+ex])+2 (c-iaTan[d+ex])
Va+ib-c
2]‘1\/C+Tan[d+ex] (b+aTan[d+ex]) J]/ (1'1+Tan[d+ex])] -

2
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b (J'1+Tan[d+ex]) +2 <c+jaTan[d+ex})
_ +

Va-ib-c
J/ (—i+Tan[d+ex}”J

21‘1\/c+Tan[d+ex] (b+aTan[d+ex])
a c

~1+Cos[2 (d+ex)| -1+Cos[2(d+ex]] +

Va+ib-c Log[ 2

Sin[2 (d+ex”\/

aCos|[2 (d+ex)] ) cCos[2 (d+ex) ] ) bSin[2 (d+ex)]

-1+Cos[2 (d+ex)| -1+Cos[2(d+ex)| -1+Cos[2(d+eX)]

/

(Zx/a—jlb—c Va+ib-c e(-a-c+ (a-c)Cos[2(d+ex)]|-bsSin[2 (d+ex)])

Tan[d + e x] \/a+Cot[d+ex}2 (c+bTan[d+ex])

\/c+Tan[d+ex} (b+aTan[d+ex])

(—(1/(4\/a—ib—c Va+ib-c (c+Tan[d+ex] (b+aTan[d+eX])>3/2))

b(-i+Tan[d+ex])+2 (c-iaTan[d+ex])
Vva+ib-c

ZiJc+Tan[d+ex} (b+aTan[d+ex])

2

[\/aibc Log|

J/(i+Tan[d+ex}H—

b(i+Tan[d+ex])+2 (c+iaTan[d+ex])
- +

Vva-1b-c

Zi\/c+Tan[d+ex1 (b+aTan[d+ex])

Va+ib-c Log[ 2

J/ (-i+Tan[d+ex])]

Tan[d+ex] (aSec[d+ex]*Tan[d+ex] +Sec[d+ex]® (b+aTan[d+ex]))

\/a+Cot[d+ex]2 (c+bTan[d+ex]) +

([mmg[ b(-i+Tan[d+ex])+2(c-iaTan[d+ex])
Va+ib-c

Zch+Tan[d+ex} (b+aTan[d+ex])

2

J/(i+Tan[d+ex}H—

b (Ji+Tan[d+ex}> +2 (c+iaTan[d+ex])
_ +

J/ (—1+Tan[d+ex])]]

ZiJc+Tan[d+ex} (b+aTan[d+ex])

(Zx/a—ib—c Va+ib-c \/c+Tan[d+ex] (b+aTan[d+ex])

Va+ib-c Log[ 2

Sec[d+ex}2\/a+Cot[d+ex]2 (c+bTan[d+ex])

+

b(-i+Tan[d+ex])+2 (c-iaTan[d+ex])

Vva+ib-c

2

([m Log|
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211\/C+Tan[d+ex} (b+aTan[d+ex])

J/(1+Tan[d+ex]” -
[ b(i+Tan[d+ex])+2 (c+iaTan[d+ex])
Va-ib-c

21'1\/C+Tan[d+ex} (b+aTan[d+ex])

Va+ib-c Log||2

+

J/ (]’1+Tan[d+ex])]]

Tan[d+ex] (bCsc[d+ex]®-2Cot[d+ex] Csc[d+ex]? (c+bTan[d+ex}))]/

(4\/afjb—c Va+ib-c \/c+Tan[d+ex] (b+aTan[d+ex])

\/a+Cot[d+ex]2 (c+bTan[d+ex])

+

(1/ (Zx/a—jlb—c Va+ib-c Jc+Tan[d+ex] (b+aTan[d+ex]) ))

Tan[d + e X] Ja+Cot[d+ex]2 (c+bTan[d+ex])

-2iaSec[d+ex]2+bSec[d+ex]?
[[\/a—ib—c (i+Tan[d+ex]) 2( = [dvex]”+ [d+ex]
Vva+ib-c

(i (asec[d+ex]?Tan[d+ex] +Sec[d+ex]? (b+aTan[d+ex}>))/

/(i+Tan[d+ex]) -

(\/C+Tan[d+ex1 (b+aTan[d+ex]) )

2 Sec(d ]2(b(—i+Tan[d+ex])+2(c—iaTan[d+ex}>
ec[d+ex _

Vva+ib-c

Zj\/c+Tan[d+ex} (b+aTan[d+ex])

J/ (i+Tan[d+ex])?

|/

b(-i+Tan[d+ex])+2 (c-iaTan[d+ex])
Va+ib-c

\/C+Tan[d+ex} (b+aTan[d+ex]) J

2

-21

+

[x/aﬂib—c (-i+Tan[d+ex])

(2[ 2iaSec[d+ex]?+bSec[d+ex]?
Vva-ib-c

(i (asec[d+ex]?Tan[d+ex] +Sec[d+ex]? (b+aTan[d+ex}>))/

/(—J‘L+Tan[d+ex]) -

(25ec[d+ex]2 (—((b (i+Tan[d+ex]) +2 (c+iaTan[d+ex]))/

(\/afjbfc))+21\/C+Tan[d+ex} (b+aTan[d+ex]) ))/
]/ 2(_b<i+Tan[d+ex])+2(c+1’1aTan[d+ex])

Vva-ib-c
2]’1\/c+Tan[d+ex] (b+aTan[d+ex])

1)

(\/c+Tan[d+ex1 (b+aTan[d+ex]) )

(-i+Tan[d+ex])? .
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Problem 4: Result unnecessarily involves higher level functions and more than
twice size of optimal antiderivative.

Tan[d + e x]

dx

\/a+bCot[d+ex] +cCot[d+ex]?

Optimal (type 3, 349leaves, 10 steps):

ArcTanh [ 2 a+b Cot[d+e x] ]
2+/a \/a+b Cot[d+e x]+c Cot[d+e x]2

Va e

/

[Ja—c—\/a2+b2—2ac+c2 Ar‘cTanh[(a—c—\/a2+b2—2ac+c2 +bCot[d+ex]

]]/

\/7\/a—c—\/a2+b2—2ac+c2 \/a+bCot[d+ex]+cCo‘c[d+ex]2

(\/2 \/a2+b2—2ac+c2e \/a—c+\/a2+b2—2ac+c2

/ \/7\/a—c+\/a2+b2—2ac+c2

Ar‘cTanh[(a—c+\/a2+b2—2ac+c2 +bCot[d+ex]

\/a+bCot[d+ex] +cCot[d+ex]?

/(\F\/a +b2-2ac+c? e

Result (type 4, 64 621 leaves): Display of huge result suppressed!

Problem 5: Humongous result has more than 200000 leaves.

Tan[d + e x]3

dx

\/a+bCot d+ex] +cCot[d+ex]?

Optimal (type 3, 501 leaves, 14 steps):
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ArcTanh| 2a+b Cot[d-e x] | (3b2-4ac) ArcTanh| 2a:bCot[diex] ]

2+/a \/a+b Cot[d+e x] +c Cot [d+e x]2 2+/a \/a+b Cot[d+e x]+c Cot[d+e x]2
- +

\/?e 8a°/2e

/

[Ja—c—\/a2+b2—2ac+c2 Ar~cTanh[(a—c—\/az+b2—2ac+c:2 +bCot[d+ex]

J]/

\/7\/a—c—\/a2+b2—2ac+c2 \/a+bCot[d+ex} +cCot[d+ex]?

+

\/a—c+\/a2+b2—2ac+c2

\EJaCJr\/a2+b22ac+c2 \/a+bCot[d+ex] +cCot[d+ex]?

[ﬁ\/a2+b2—2ac+c2 e

Ar*cTanh[(a—c+\/az+b2—2ac+c:2 +bCot[d+ex]

]

/

3b\/a+bCot[d+ex} +cCot[d+ex]? Tan[d+eXx]
- +
43a%e

(ﬁ\/a2+b2—2ac+c2 e

\/a+bCot[d+ex} +cCot[d+ex]? Tan[d+ex]?

2ae

Result (type ?, 325525 leaves) : Display of huge result suppressed!

Problem 6: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

JCot[d+ex15\/a+bCot[d+ex] +cCot[d+ex]? dx

Optimal (type 3, 976 leaves, 21 steps):
([J[a2+b2+c (c+\/a2+b2—2ac+c2]—a [2c+\/a2+b2—2ac+c2])

Ar‘cTan[(b2+(a—c) {a—c—\/a2+b2—2ac+c2)—b\/a2+b2—2ac+c2 Cot[d+ex])/

\/7(a2+b2—2ac+c2)1/4\/[a2+b2+c(c+\/a2+b2—2ac+c2J_

a(2c+\/a2+b2—2ac+c2)]\/a+bCot[d+ex]+cCot[d+ex]2

1)/

bAr‘cTanh[ b+2 c Cot[d+e x]

2+/c +/a+bCot[d+ex]+c Cot[d+ex]?
(\/2 (a2+b2—2ac+c2)1/4e) - ! +

2\/?e
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b (b2-4ac) ArcTanh| b+2 ¢ Cot [dre x] ]
2\/?\/a+bCot[d+ex]+cCot[d+ex]2
16c5/2e
b (7b2-12ac) (b?-4ac) ArcTanh| b+2 ¢ Cot [dre x] ]
2\/?\/a+bCot[d+ex]+cCot[d+ex]2
¥
256 c?/?2 e

[J(a2+b2+c (c—\/a2+b2—2ac+c2)—a(Zc—\/a2+b2—2ac+c2)J

Ar‘cTanh[(bZJr(afc) (a7c+Ja2+b272ac+c2]+b\/a2+b272ac+c2 Cot[d+ e x]

/

\/7(a2+b2—2ac+c2)1/4\/[a2+b2+c(c—\/a2+b2—2ac+c2J—

a(Zc—\/a2+b2—2ac+c2)]\/a+bCot[d+ex]+cCo‘u:[d+ex12

1)/

(\/7 (a2+b2—2ac+c2)1/4e

) \/a+bCot[d+ex] +cCot[d+ex]?

e

b(b+2cCot[d+ex]) \/a+bCot[d+ex] +cCot[d+ex]?

+
8c’e
1
128 c*e
b
(7b*>-12ac)
(b+2cCot[d+ex])

\/a+bCot[d+ex] +cCot[d+ex]? +
(a+bCot[d+ex] +cCot[d+ex}2)3/2

3ce
Cot[d+ex]2 (a+bCot[d+ex] +CCOt[d+eX12>3/2

5ce
1

240 c3 e
(35b*-32ac-42bcCot[d+ex])
(a+bCot[d+ex] +cCot[d+ex}2)3/2

Result (type 3, 4237 leaves):
1( -105b*+460ab?c-256ac?+296b%c?-768ac>+2944 c* 1

= +

e 1920 c* 960 c3
(-35b*Cos[d+ex] +116abcCos[d+ex] +1@4bc®Cos[d+ex]) Csc[d+ex] +
(7b>-16ac+176c?) Csc[d+ex]> bCot(d+ex] Csc[d+ex]? 1

- —Csc[d+ex]
240 c? 40 c 5

\/(—a—c+aCos[2 (d+ex)]-cCos[2 (d+ex)]-bSin[2 (d+ex]] J .
-1+Cos |2 (d+ex) ]

4
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((b (7b*-8b*c (5a+2c) +16c* (3a*+4ac+8c?)) Log[Tan[d+ex]] -

128+a-ib-c c”?Log|
2iva-ib-c \/c+Tan[d+ex] (b+aTan[d+ex]) )/ (128 (a—jb—c)3/2

c* (—1'1+Tan[d+ex])>] -b (7b*-8b*c (5a+2c) +16c* (3a*+4ac+8c?))

-2c-2iaTan[d+ex] -b (i+Tan[d+ex]) +

Log[2c+bTan[d+ex] +2\/?Jc+Tan[d+ex] (b+aTan[d+ex]) | +

128+/a+ib-c cg/zLog[(2c+b (-i+Tan[d+ex]) -
21 (aTan[d+ex] +va+1ib-c Jc+Tan[d+ex] (b+aTan[d+ex]) ))/

(128 (a+ib-c)*?cf (1’1+Tan[d+ex}))])
7st -1+Cos[2 (d+ex)| -1+Cos[2(d+ex)| -1+Cos[2(d+eXx)]
~1+Cos[2 (d+ex)| -1+Cos[2(d+ex)] ]/

(128 c* (a+c-aCos[2 (d+ex)|+cCos[2 (d+ex)|+bSin[2 (d+ex)])) -

a C aCos[Z(d+ex>]

- - +

cCos[2 (d+ex)] . bsin[2 (d+ex) ]

5ab3\/[_ a ) c . acCos[2 (d+ex)] i

-1+Cos[2 (d+ex)| -1+Cos[2(d+ex)] -1+Cos[2(d+ex)]
cCos[2 (d+ex)] ) bsin[2 (d+ex) ] /
-1+Cos[2 (d+ex)| -1+Cos[2(d+ex)]

(16 c? (a+c—aCos[2 <d+ex)] +cCos |2 (d+ex)] +bsin|2 (d+ex”)) +

[3a2b\/{ a ) c . acCos[2 (d+ex)] )

-1+Cos[2 (d+ex)| -1+Cos[2(d+ex)] -1+Cos[2(d+ex)]
cCos[2 (d+ex)] . bsin[2 (d+ex) ] /
~1+Cos[2 (d+ex)| -1+Cos[2(d+ex]]

(8c*> (a+c-aCos[2 (d+ex)]+cCos[2 (d+ex)]|+bsSin[2 (d+ex)]))

[st _ a ) c X aCos[2 (d+ex)] )
—1+Cos[2<d+ex)] -1+ Cos |2 (d+ex” -1+ Cos |2 (d+ex)]
cCos[Z(dJrexH ) bSin[2<d+ex)]

,1+Cos[2(d+ex>} 71+COS[2<d+eX>] /

(8c? (a+c-aCos[2 (d+ex)]+cCos[2 (d+ex)]+bSin[2 (d+ex)])) +
-1+Cos[2 (d+ex)| -1+Cos[2(d+ex)| -1+Cos[2(d+eX)] .

ab\/ 3 c . aCos[2 (d+ex)]
—1+Cos{2(d+ex” -1+Cos|[2 (d+ex) ] /

cCos[2 (d+ex)] ) bsin[2 (d+ex)]
(2c (a+c-aCos[2 (d+ex)|+cCos[2 (d+ex)]|+bSin[2 (d+ex)])) +
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a C
- +

-1+Cos[2 (d+ex) | i -1+Cos[2 (d+eXx) |

b Cos [2 (d+ex)]J

acCos|[2 (d+ex)] ) cCos[2 (d+ex)] i bsSin[2 (d+ex)]

|/

—1+COS[2(d+eXH 71+COS[2<d+ex>] —1+Cos[2(d+ex)]
(a+c-aCos[2 (d+ex)] +cCos[2 (d+ex)]+bSin[2 (d+ex)]) +

asin[2 (d+ex)]J

acCos|[2 (d+ex)] ) cCos[2 (d+ex)] i bsin[2 (d+ex)]
-1+Cos[2 (d+ex)] -1+Cos[2(d+ex)] -1+Cos[2(d+ex)]
(a+c-aCos[2 (d+ex)] +cCos[2 (d+ex)]+bSin[2 (d+ex)]) -

¢ sin|2 (d+ex)]\/

acCos|[2 (d+ex)] ) cCos[2 (d+ex)] i bsin[2 (d+ex)] J]/
-1+Cos[2 (d+ex)| -1+Cos[2(d+ex)] -1+Cos[2(d+ex)]

a C
- +

-1+Cos[2 (d+ex) | . -1+ Cos[2 (d+ex) |

|/

a C

_71+Cos[2 (d+ex)] i -1+Cos[2 (d+ex) |

+

(a+c-acCos[2 (d+ex)] +cCos[2 (d+ex)]|+bSin[2 (d+ex)])J

=

Tan[d + e x] \/a+Cot[d+ex]2 (c+bTan[d+ex])

C9/2

e

\/c+Tan[d+ex] (b+aTan[d+ex])

1

512¢®2 (c+Tan[d+ex] (b+aTan[d+ex]))??
(b (7b*-8b*c (5a+2c) +16c* (3a*+4ac+8c?)) Log[Tan[d+ex]] -
128+/a-ib-c c9/2Log[(—Zc—ZjaTan[d+ex1 ~b(i+Tan[d+ex]) +

2iva-1b-c \/c+Tan[d+ex} (b+aTan[d+ex]) )/ (128 (a_jlb_c)3/2

c* (—i+Tan[d+ex}))] -b (7b*-8b?c (5a+2c) +16c* (3a’+4ac+8c?))

Log[2c+bTan[d+ex] +2\/c_\/c+Tan[d+ex] (b+aTan[d+ex]) |+
128+a+ib-c cg/ZLog[(2c+b (-i+Tan[d+ex]) -

21 (aTan[d+ex} +vVa+ib-c \/c+Tan[d+ex] (b+aTan[d+ex}) ))/

(128 (a+ib-c)*?c* (J‘L+Tan[d+ex]))})Tan[d+ex]

(asec[d+ex]®Tan[d+ex] +Sec[d+ex]? (b+aTan[d+ex]))

1
\/a+Cot[d+ex}2 (c+bTan[d+ex]) +

256c9/2\/c+Tan[d+ex] (b+aTan[d+ex])
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(b (7b*-8b%c (5a+2c) +16c* (3a°+4ac+8c?)) Log[Tan[d+ex]] -
128+Va-ib-c c9/2Log[(—Zc—21‘1aTan[d+ex] -b(i+Tan[d+ex]) +2i

m\/c+Tan[d+ex] (b+aTan[d+ex]) )/ (128 (a-ib-c)*?c

(—1‘1+Tan[d+ex]))] -b (7b*-8b%c (5a+2c) +16c* (3a*+4ac+8c?))

Log[2c+bTan[d+ex] +2\/?Jc+Tan[d+ex} (b+aTan[d+ex]) | +
128+a+ib-c c9/2Log[(2c+b (-i+Tan[d+ex]) -21 (aTan[d+ex] +

m\/CJrTan[dJrex] (b+aTan[d+ex]) ))/ (128 (a+ib-c)*?c

(1+Tan[d+ex]))]] Sec[d+ex]2\/a+Cot[d+ex12 (c+bTan[d+ex]) +

((b (7b*-8b*c (5a+2c) +16c* (3a*+4ac+8c?)) Log[Tan[d+ex]] -
128+/a-ib-c c9/2Log[(fchzjaTan[dJrex} -b(i+Tan[d+ex]) +

2iva-ib-c \[c+Tan[d+ex] (b+aTan[d+ex]) )/ (128 (a-ib-c)*?

c* (71'1+Tan[d+ex}))] -b (7b*-8b*c (5a+2c) +16c* (3a*+4ac+8c?))

Log[2c+bTan[d+ex] +2\/?\/C+Tan[d+ex] (b+aTan[d+ex]) |+

128+/a+ib-c c9/2Log[(2c+b (-i+Tan[d+ex]) -
21 (aTan[d+ex} +Va+ib-c \/c+Tan[d+ex] (b+aTan[d+ex]) ))/

(128 (a+ib-c)*?ct (11+Tan[d+ex]))})Tan[d+ex]

(bCsc[d+ex]?-2Cot[d+ex] Csc[d+ex]? (c+bTan[d+ex])))/

(512c9/2\/c+Tan[d+ex] (b+aTan[d+ex]) \/a+Cot[d+ex}2 (c+bTan[d+ex]) )+

1

256c9/2Jc+Tan[d+ex1 (b+aTan[d+ex])

Tan[d + e x] x/a+Cot[d+ex}2 (c+bTan[d+ex])

(b (7b*-8b%c (5a+2c) +16c* (3a°+4ac+8c?)) Csc[d+ex] Sec[d+ex] -
(b (7b*-8b*c (5a+2c) +16c* (3a*+4ac+8c?)) (bSec[d+ex]2+

(\/? (asec[d+ex])?Tan[d+ex] +Sec[d+ex]? <b+aTan[d+ex})))/

(\/C+Tan[d+ex} (b+aTan[d+ex]) ))J/

2c+bTan[d+eXx] +2\/?\/C+Tan[d+ex] (b+aTan[d+ex]) )7

(16384 (a—jlb—c)zc”/2 (-i+Tan[d+ex])

(—2iaSec[d+ex]2—

bSec[d+ex]?+ (J’l\/a—jb—c (asec[d+ex]*Tan[d+ex] +Sec[d+ex]?
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<b+aTan[d+ex}>))/ (\/C+Tan[d+ex} (b+aTan[d+ex]) ))/

(128 (a-ib-c)*?c* (—1'1+Tan[d+ex])) - [sec[d+ex]?

(—2c—21’1aTan[d+ex} -b(i+Tan[d+ex])+2iva-ib-c
/(128 (a-ib-c)*?c*

(—1+Tan[d+ex])2))]/ (—2c—21‘1aTan[d+ex] -b (i+Tan[d+ex]) +

\/c+Tan[d+ex] (b+aTan[d+ex]) )

2i+Ja-ib-c \/c+Tan[d+ex] (b+aTan[d+ex]) )+ (16384 (a+11b—c)2
¢/ (i+Tan[d+ex]) [(bSec[dJrex]Zijl (aSec[d+ex}2+ (\/aﬂlb—c

(asec[d+ex]?Tan[d+ex] +Sec[d+ex]? (b+aTan[d+ex])))/

J/ (128 (a+ib-c)?

2c+b (-i+Tan[d+ex]) -

(2\/C+Tan[d+ex1 (b+aTan[d+ex]) )

c* (J‘L+Tan[d+ex])) - (Sec[d+ex]2
2i (aTan[d+ex} +va+ib-c \/C+Tan[d+ex] (b+aTan[d+ex]) )))/

(128 (a+ib-c)*?c (]’1+Tan[d+ex])2))]/ (2c+b (-i+Tan[d+ex]) -

2i (aTan[d+ex] +Varib-c \[c+Tan[d+ex] (b+aTan[d+ex]] )))J]

Problem 7: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

JCot[d+ex}3\/a+bCot[d+ex] +cCot[d+ex]? dx

Optimal (type 3, 747 leaves, 16 steps):
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[\/(a2+b2+c [c+\/a2+b2—2ac+c2)—a {2c+\/a2+b2—2ac+c2])

ArcTan[(b2+(a—c) [a—c—\/a2+b2—2ac+c2)—b\/a2+b2—2ac+c2 Cot[d +ex]

/

ﬁ(aZerz2ac+c2)1/4\/[a2+b2+c(c+\/a2+b22ac+c2)

a(2c+\/a2+b2—2ac+c2)]\/a+bCot[d+ex]+cCot[d+ex}2

1)/

bAr‘cTanh[ b+2 c Cot[d+e x]
2\/?\/a+bCot[d+ex]+cCot[d+ex]2
(\/2 (a2+b2—2ac+c2)1/4e)+ -
2+c e
b (b2-4ac) ArcTanh| b+2cCot[drex] ]
2W\/a+bCot[d+ex]+cCot[d+ex]2

16 c°/2e
(J(a2+b2+c (c—\/a2+bz—2ac+c2)—a(Zc—\/a2+b2—2ac+c2)J

Ar‘cTanh[(szr(a—c) (a—c+\/a2+b2—2ac+c2]er\/aerbZ—Zac+c2 Cot[d + e X]

/

\/7(a2+b2—2ac+c2)1/4\/[a2+b2+c(c—\/a2+b2—2ac+c2)—

a(Zc—\/a2+b2—2ac+c2)]\/a+bCot[d+ex]+cCo‘c[d+ex12

1)/

+

(\/7 (a2+b2—2ac+c2)1/4e) +\/a+bCot[d+ex] +cCot[d+ex]?
e

b(b+2cCot[d+ex]) \/a+bCot[d+ex] +cCot[d+ex]?

8cle

(a+bCot[d+ex] +cCo‘c[d+ex}2)3/2

3ce

Result (type 3, 3416 leaves):

1(3b%2-8ac+32c> bCot[d+ex] 1 5
— - - —Csc[d+ex]
24 c? 12 ¢ 3
J(—a—c+a€os[2 (d+ex)]-cCos[2 (d+ex)]|-bsSin[2 (d+ex)]]

-1+Cos[2 (d+ex) |

e

(b (b>-4c (a+2c)) Log[Tan[d+ex]] -8+a+ib-c c*? Log|

i (b+21‘1c+2aTan[d+ex] +

ibTan[d+ex] +2+Va+ib-c \/c+Tan[d+ex] (b+aTan[d+ex]) ))/

(8 (a+ib-c)??c (J‘L+Tan[d+ex]))] -b(b>-4c (a+2c))

Log[2c+bTan[d+ex] +2\/?\/C+Tan[d+ex] (b+aTan[d+ex]) |+

8+a-ib-c c*?Log|

b(i+Tan[d+ex]) +
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2(c+1‘1aTan[d+ex}7jm\/c+Tan[d+ex} (b+aTan[d+ex})))/
(8(a—jb—c)3/2c2(—j+Tan[d+ex]))})
[(b3\/ -1+Cos[2 (d+ex)| -1+Cos[2(d+ex)| -1+Cos[2(d+eX)]
—1+Cos[2(d+ex)} —1+Cos[2(d+ex)] /
(8c® (a+c-aCos[2 (d+ex)]+cCos[2 (d+ex)]+bSin[2 (d+ex)])) -
-1+Cos[2 (d+ex)| -1+Cos[2(d+ex)| -1+Cos[2(d+eX)]

ab\/ 3 c . aCos[2 (d+ex)] )
-1+Cos[2 (d+ex)| -1+Cos[2(d+ex]] /

(2c (a+c-aCos[2 (d+ex)|+cCos[2 (d+ex)]|+bSin[2 (d+ex)])) -

b Cos|[2 (d+ex)]\/
acCos|[2 (d+ex)] . cCos[2 (d+ex)] i bsin[2 (d+ex)] J]/

-1+Cos[2 (d+ex)| -1+Cos[2(d+ex)] -1+Cos[2(d+ex)]
(a+c-aCos[2 (d+ex)] +cCos[2 (d+ex)]+bSin[2 (d+ex)]) -

asin[2 (d+ex)]\/

acCos|[2 (d+ex)] . cCos[2 (d+ex)] i bsSin[2 (d+ex)] J]/

a C aCos[Z (d+ex”
. _

cCos|2 (d+ex” . bSin|[2 <d+ex)]

cCos[2 (d+ex)] ) bsSin[2 (d+ex)]

a C
- - +

—1+Cos[2(d+ex” —1+Cos[2(d+ex)]

a C
- - +

-1+Cos[2 (d+ex)]| -1+Cos[2(d+ex)]

-1+Cos[2 (d+ex)| -1+Cos[2(d+ex)] -1+Cos[2(d+ex)]
(a+c-aCos[2 (d+ex)]+cCos[2 (d+ex)]+bSin[2 (d+ex)]) +

csin[2 (d+ex)]\/

a C

_—1+Cos[2 (d+ex) | i -1+Cos[2 (d+ex) | :
aCos|[2 (d+ex)] . cCos[2 (d+ex)] i bsSin[2 (d+ex)] ]]/
-1+Cos[2 (d+ex)| -1+Cos[2(d+ex)] -1+Cos[2(d+ex)]

(a+c-acCos[2(d+ex)]+cCos[2(d+ex)]+bSin[2 (d+ex)])}

/

Tan[d+ex}\/a+Cot[d+ex]2(c+bTan[d+ex]) 16

5/2
e

\/c+Tan[d+ex] (b+aTan[d+ex])

1

) (b(b274c(a+2c>)Log[Tan[d+eX”’
32¢*/2 (c+Tan[d +ex] (b+aTan[d+ex])>3/z
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b+2ic+2aTan[d+ex] +1ibTan[d+ex] +

8va+ib-c c5/2Log[(j
2+a+ib-c \/c+Tan[d+ex] (b+aTan[d+ex]) ))/

(8 (a+ib-c)*?c? (j+Tan[d+ex])H -b(b?-4c (a+2c))

Log[2c+bTan[d+ex] +2\/?\/C+Tan[d+ex] (b+aTan[d+ex]) |+

8vVa-ib-c c5/2Log[(b (i+Tan[d+ex]) +
2 (c+11aTan[d+ex] -iva-ib-c \/c+Tan[d+ex] (b+aTan[d+ex]) ))/

(8 (a—jlbfc)wzc2 (—]‘1+Tan[d+ex]))]] Tan[d + e x]

(asec[d+ex]?Tan[d+ex] +Sec[d+ex]? (b+aTan[d+ex]))

\/a+Cot[d+ex}2 (c+bTan[d+ex]) +
1

(b (b*-4c (a+2c)) Log[Tan[d+ex]] -
16c5/2\/c+Tan[d+ex] (b+aTan[d+ex])

8va+ib-c CS/ZLOg[(Jl (b+21‘1c+2aTan[d+ex] +ibTan[d+ex] +

2+a+ib-c \/c+Tan[d+ex} (b+aTan[d+ex]) ))/

(8 (a+ib-c)*?c <J‘L+Tan[d+ex]))] -b(b>-4c (a+2c))

Log[2c+bTan[d+ex] +2\/?\/C+Tan[d+ex} (b+aTan[d+ex]) | +

8+/a-ib-c c*?Log|
iva-ib-c \/c+Tan[d+ex] (b+aTan[d+ex])

(8 (a-ib-c)*?c <—i+Tan[d+ex}))}) Sec[d+ex]?

b (j+Tan[d+ex}) +2|c+iaTan[d+ex] -

/

\/a+Cot[d+ex]2 (c+bTan[d+ex]) + ((b (b>*-4c (a+2c)) Log[Tan[d+ex]] -
8vVa+ib-c CS/ZLog[(i
2+/a+ib-c \/c+Tan[d+ex] (b+aTan[d+ex]) ))/

(8 (a+ib-c)*?c? (i+Tan[d+ex})H -b(b*-4c (a+2c))

b+2ic+2aTan[d+ex] +ibTan[d+ex] +

Log[2c+bTan[d+ex] +2\/?\/C+Tan[d+ex] (b+aTan[d+ex]) | +

8va-ib-c c5/2Log[(b (i+Tan[d+ex]) +
2 (c+iaTan[d+ex] ~iva-1ib-c Jc+Tan[d+ex] (b+aTan[d+ex]) ))/

(8 (a-ib-c)*?c? (—11+Tan[d+ex]))]] Tan[d + e x]

(bCsc[d+ex]?-2Cot[d+ex] Csc[d+ex]? (c+bTan[d+ex])))/

(32c5/2\/c+Tan[d+ex} (b+aTan[d+ex]) \/a+Cot[d+ex]2 (c+bTan[d+ex])

+

1

16c5/2\/c+Tan[d+ex] (b+aTan[d+ex])
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Tan[d + e x] \/a+Co‘c[d+ex]2 (c+bTan[d+ex])

(b (b>-4c (a+2c))Csc[d+ex] Sec[d+ex] -
(b (b>-4c(a+2c)) (bSec[d+ex]2+ (\/? (asec[d+ex]?Tan[d+ex] +Sec[d+ex]?

(b+aTan[d+ex])))/(\/C+Tan[d+ex] (b+aTan[d+ex]) )])/

(2c+bTan[d+ex} +2\/?\/C+Tan[d+ex] (b+aTan[d+ex])

+[64J’1(a+jb—c)2
¢®? (i+Tan[d+ex]) [(1 (2aSec[d+ex]2+JibSec[d+ex]2+(m
(aSec[d+ex}2Tan[d+ex}+Sec[d+ex}2(b+aTan[d+ex])))/
(\/c+Tan[d+ex] (b+aTan(d+ex]) )])/(8 (a+ib-c)??
c? (1'1+Tan[d+ex]))f(J’lSec[d+ex]2
ibTan[d+ex] +2m\/c+Tan[d+ex} (b+aTan[d+ex]) ))/

(8 <a+ib—c)3/2c2 (i+Tan[d+ex1)2)J)/ (b+21‘1c+2aTan[d+ex] +1bTan|

b+2ic+2aTan[d+ex] +

d+ex] +2m\/c+Tan[d+ex} (b+aTan[d+ex]) )+ (64 (a-ib-c)?
c®2 (i +Tan[d+ex]) ([bSec[d+ex]2+2(J‘LaSec[d+ex]2— (iva-ib-c
(aSec[d+ex]2Tan[d+ex]+Sec[d+ex]2(b+aTan[d+ex])))/
(2\/C+Tan[d+ex} (braTan(d+ex]] ))J/(s (a-ib-c)*?c2

Sec[d+ex]? (b (i+Tan[d+ex]) +2 (c+ia

(—1+Tan[d+ex])) -
Tan[d+ex] -iva-1b-c \/c+Tan[d+ex] (b+aTan[d+ex]) )))/

(8 (a-ib-c)*?c? (—11+Tan[d+ex])2)))/ (b (i+Tan[d+ex]) +

2 (c+1’1aTan[d+ex} -iva-i1b-c \/c+Tan[d+ex} (b+aTan[d+ex}> ))]]]

Problem 8: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

JCot[dJrex} \/a+bCot[d+ex] +cCot[d+ex]? dx

Optimal (type 3, 602 leaves, 10 steps):
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—([\/{a2+b2+c [c+\/a2+b2—2ac+c2)—a [2c+\/a2+b2—2ac+c2))

ArcTan[(b2+(a—c) [a—c—\/a2+b2—2ac+c2)—b\/a2+b2—2ac+c2 Cot[d+ex])/

\/?<a2+b22ac+c2)1/4\/[a2+b2+c(c+\/a2+b22ac+c2J

a(2c+\/a2+b2—2ac+c2)]\/a+bCot[d+ex]+cCot[d+ex}2

1)/

bAr‘cTanh[ b+2 c Cot[d+e x]
> 2 2\ 1/4 Z\E\/a+bCot[d+ex]+cCot[d+ex]2
(\/2 (a®+b*-2ac+c?) e) -

2+/c e
[J(a2+b2+c (c—\/a2+b2—2ac+c2)—a(Zcf\/a2+b2—2ac+c2)J

Ar‘cTanh[(bZJr(afc) (a7c+Ja2+b272ac+c2]+b\/a2+b272ac+c2 Cot[d+ e x]

+

/

\/7<a2+b2—2ac+c2)1/4\/[a2+b2+c(c—\/a2+b2—2ac+c2J—

a(Zc—\/a2+b2—2ac+c2)]\/a+bCot[d+ex]+cCo‘c[d+ex}2

1)/

(\/7 (a2+b2—2ac+c2)1/4e) _\/a+bCot[d+ex] +cCot[d+ex]?
e

Result (type 3, 2871 leaves):

\/ -a-c+aCos[2 (d+ex)]-cCos[2 (d+ex)]-bSin[2 (d+eXx) ]

“liCos(2 (drex)] bLog[Tan[d+ex]]

Ve
b+2ic+2aTan[d+ex] +ibTan[d+ex] +2va+1ib-c

e
VJa+ib-c Log[(i

c+Tan[d+ex] (b+aTan[d +eXx] a+ib-c)3? i+ Tan[d+ e X] +
( ) ( )7 )]

1
——blog[2c+bTan[d+ex] +2\E\/C+Tan[d+ex] (b+aTan[d+ex]) | +
c

va-ib-c Log[(b (i+Tan[d+ex]) +2 (c+1’1aTan[d+ex} -iva-1ib-c

\/C+Tan[d+ex} (b+aTan[d+ex]) ))/ ((a—jb—c)3/2 (11+Tan[d+ex]))]]

[ bcos[z(dJrex”\/[1+Cos[2(d+ex”1+Cos[2(d+ex)]+
acCos|[2 (d+ex)] ) cCos[2 (d+ex)] i bsin[2 (d+ex) ] J]/
-1+Cos[2 (d+ex)| -1+Cos[2(d+ex)] -1+Cos[2(d+ex)]

(-a-c+aCos[2 (d+ex)|-cCos[2(d+ex)]|-bSin|2 (d+ex)])] -
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a C
- - +

-1+Cos[2 (d+ex)| -1+Cos[2(d+ex]]

asin[2 (d+ex)]J

acCos|[2 (d+ex)] ) cCos[2 (d+ex)] i bsin[2 (d+ex)]

|/

-1+Cos[2 (d+ex)] -1+Cos[2(d+ex)] -1+Cos[2(d+ex)]
(-a-c+aCos[2 (d+ex)|-cCos[2 (d+ex)]|-bSin[2 (d+eX)]) +

¢ sin|2 (d+ex)]\/

acCos|[2 (d+ex)] ) cCos[2 (d+ex)] i bsin[2 (d+ex)]
114

a C
- - +

-1+Cos[2 (d+ex)| -1+Cos[2(d+ex]]

-1+Cos[2 (d+ex)| -1+Cos[2(d+ex)] -1+Cos[2(d+eX)

(-a-c+aCos[2 (d+ex)|-cCos[2(d+ex)]|-bsSin|2 (d+ex”)]

/|

Tan[d + e x] \/a+Cot[d+ex]2 (c+bTan[d+ex])

e

\/c+Tan[d+ex] (b+aTan[d+ex])

1

4 (c+Tan[d+ex] (b+aTan[d+ex]))>?

i (b+21’1c+2aTan[d+ex] +

(_bLog[Tan[d+ex” ~Va+ib-c Log|

Ve

ibTan[d+ex] +2+Va+ib-c \/c+Tan[d+ex] (b+aTan[d+ex]) ))/

1

((a+ib—c)3/2 (i+Tan[d+ex}))} + blog[2c+bTan[d+ex] +2+c

C

\/c+Tan[d+ex] (b+aTan[d+ex]) | +Va-ib-c Log|
(c+1‘1aTan[d+ex] -iva-1ib-c \/c+Tan[d+ex1 (b+aTan[d+ex]) ))/

b (1’1+Tan[d+ex}) +2

((a—ib—c)”z (—11+Tan[d+ex]))] Tan[d + e x]

(asec[d+ex]?Tan[d+ex] +Sec[d+ex]? (b+aTan[d+ex]))
1

\/a+Cot[d+ex]2 (c+bTan[d+ex]) -

2\/c+Tan[d+ex] (b+aTan[d+ex])

i (b+21‘1c+2aTan[d+ex] +

(_bLog[Tan[d+eX” ~Ja+ib-c Log|

Ve

ibTan[d+ex] +2+Va+ib-c \/c+Tan[d+ex] (b+aTan[d+ex]) ))/

1

Ve

blLog[2c+bTan[d+ex] +2\/?\/C+Tan[d+ex} (b+aTan[d+ex]) |+

[(a+ib-c)** (i+Tan[dsex]) )]+
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VJa-ib-c Log[(b (11+Tan[d+ex])+2(c+iaTan[d+ex}—
iva-ib-c \/c+Tan[d+ex] (b+aTan[d+ex]) ))/((a—jbfc)yz

(—i+Tan[d+ex}))] Sec[d+ex}2\/aJrCo‘c[d+ex]2 (c+bTan[d+ex]) -

[(_bLog[Tan[d+ex}] —mLog[

Ve

i (b+21’1c+2aTan[d+ex] +

ibTan[d+ex] +2+a+1ib-c \/c+Tan[d+ex} (b+aTan[d+ex]) ))/

1
blog[2c+bTan[d+ex] +2+/c
c

\/c+Tan[d+ex} (b+aTan[d+ex]) | +Va-ib-c Log[(b(j+Tan[d+ex])+
2(c+1’1aTan[d+ex] -iva-1b-c \/c+Tan[d+ex] (b+aTan[d+ex]) ))/

((a+ib—c)3/2 (11+Tan[d+ex]))] +

((a—ib—c)3/2 (—i+Tan[d+ex}))} Tan[d + e x]

(bCsc[d+ex]?-2Cot[d+ex] Csc[d+ex]? (c+bTan[d+ex]))J/

(4x/c+Tan[d+ex1 (b+aTan[d+ex]) \/a+Cot[d+ex]2 (c+bTan[d+ex]) )—

1

2\/c+Tan[d+ex] (b+aTan[d+ex])

bCsc[d+ex] Sec[d+ex]

Ve

(b (bSec[d+ex]2+ (\/? (asec[d+ex]?Tan[d+ex] +Sec[d+ex]?

(b+aTan[d+ex])))/ (\/c+Tan[d+ex] (b+aTan[d+ex]) )])/

e (2c+bTan[d+ex] +2\E\/C+Tan[d+ex] (b+aTan[d+ex])

+

Tan[d + e x] \/a+Cot[d+ex]2 (c+bTan[d+ex])

+

(i (a+j1b—c>2 (i+Tan[d+ex]) ((i 2aSec[d+ex]?2+ibSec[d+ex]?+

(\/aﬂibfc (asec[d+ex]®Tan[d+ex] +Sec[d+ex]?

<b+aTan[d+ex}>))/ (\/C+Tan[d+ex} (b+aTan[d+ex]) )

|/

b+2ic+2aTan[d+ex] +

((a+jb—c)3/2 (11+Tan[d+ex])> - (J’lSec[d+ex12
ibTan[d+ex] +2+a+1ib-c \/c+Tan[d+ex} (b+aTan[d+ex]) ))/

((a+ib—c)3/2 (1+Tan[d+ex])2))J/
Tan[d+ex] +2+a+ib-c \/c+Tan[d+ex] <b+aTan[d+ex}) )+ ((a_jb_c)z

b+2ic+2aTan[d+ex] +1b

(-i+Tan[d+ex]) ((bSec[d+ex]2+2 (jaSec[dJrex}zf (j\/afjbfc
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(asec[d+ex]?Tan[d+ex] +Sec[d+ex]? (b+aTan[d+ex])))/

J/((a—jbfc)wz

b(j+Tan[d+ex}>+2(c+ia

(2\/c+Tan[d+ex} (b+aTan[d+ex]) )

(—1'1+Tan[d+ex])) -
Tan[d+ex] -iva-1b-c \/c+Tan[d+ex] (b+aTan[d+ex]) )))/

((a—ib_c)3/2 (_j+Tan[d+ex}>2>])/ (b (i+Tan[d+ex]) +

Sec[d+ex]?

2 (c+1’1aTan[d+ex} —jm\/c+Tan[d+ex] (b+aTan[d+ex]> ))]]]

Problem 9: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

J\/a+bCot[d+ex] +cCot[d+ex]? Tan[d+ex] dx

Optimal (type 3, 570 leaves, 18 steps):
[\/ (a2+b2+c [c+\/a2+b2—2ac+c2 J -a (2c+\/a2+b2—2ac+c2 ])

Ar‘cTan[(b2+ (a-c) [a—c—\/a2+b2—2ac+c2)—b\/a2+b2—2ac+c2 Cot[d+ex])/

\E(a2+b22ac+c2)1/4\/[a2+b2+c(c+\/a2+b22ac+c2)

a(2c+\/a2+b272ac+c2)]\/a+bCot[d+ex]+cCot[d+ex}2

1)/

\EArcTanh [ 2 a+b Cot[d+e x] ]

2+/a ~/a+bCot[d+e x]+c Cot[d+ex]?
(\/2 (a2+b2—2ac+c2)1/4e)+ l -
e

(\/(a2+b2+c (c—\/a2+b2—2ac+c2)—a(Zc—\/a2+b2—2ac+c2))

ArcTanh[(b2+(a—c) (a—c+\/a2+b2—2ac+c2]+b\/a2+b2—2ac+c:2 Cot[d +ex]

/

V2 (a2+b2—2ac+c2)1/4

\/[a2+b2+c(c\/a2+b22ac+c2)a [Zc—\/a2+b2—2ac+c2)]
}J/(\E (a2+b272ac+c2)1/4e)

\/a+bCot[d+ex] +cCot[d+ex]?

Result (type 3, 2361 leaves):
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[\/a+bCot[d+ex] +cCot[d+ex]?

(Zx/?Log[b+2aTan[d+ex] +2\/?\/C+Tan[d+ex} (b+aTan[d+ex]) | -
mLog[(Zi(b+2ic+2aTan[d+ex]+1bTan[d+ex1+2m
\/c+Tan[d+ex} (b+aTan[d+ex]) ) /((aﬂibfc)”2 (]‘1+Tan[d+ex]))}+
mLog[(Zb(j+Tan[d+ex])+4 c+iaTan[d+ex] -ia-ib-c

\/c+Tan[d+ex] (b+aTan[d+ex]) ))/((a—jb—c)3/2 (—1'1+Tan[d+ex}))})

J[ a ) c . acCos[2 (d+ex)] i
-1+Cos[2 (d+ex)| -1+Cos[2(d+ex)] -1+Cos[2(d+eX)]

cCos[2 (d+ex)] ) bsin[2 (d+ex) |

-1+Cos[2 (d+ex)| -1+Cos[2(d+ex]]

Tan[d +ex]?

/{Ze\/c+Tan[d+ex} (b+aTan[d+ex])

1
- \/a+bCo‘c[d+ex}+cCot[d+ex]2

4 (c+Tan[d+ex] (b+aTan[d+ex]))>?

(2\/;Log[b+ZaTan[d+ex} +2\/?\/C+Tan[d+ex] (b+aTan[d+ex]) | -
mLog[(Zj(b+21‘1c+2aTan[d+ex}+]‘LbTan[d+ex]+
Zm\/c+Tan[d+ex1 (b+aTan[d+ex]) ))/
((a+ib—c)3/2(i+Tan[d+ex}))}+mLog[
4(c+jaTan[d+ex] —jm\/c+Tan[d+ex} (b+aTan[d+ex]) ))/

((a—ib—c)3/2 (—1'1+Tan[d+ex])>]] Tan[d + e x]

2b (i+Tan[d+ex]) +

(asec[d+ex]?Tan[d+ex] +Sec[d+ex]? (b+aTan[d+ex])) +
1

\/a+bCot[d+ex1 +cCot[d+ex]?

2\/c+Tan[d+ex] (b+aTan[d+ex])

(Z\ELog[bJrZaTan[dJrex] +2\E\/C+Tan[d+ex} (b+aTan[d+ex]) | -
mLog[(Zi(b+21‘1c+2aTan[d+ex]+ibTan[d+ex}+
Zm\/c+Tan[d+ex] (b+aTan[d+ex]) ))/
(<a+jb—c)3/2(J’L+Tan[d+ex]))]+mmg[
4(c+iaTan[d+ex] ﬂim\/CJrTan[dJrex] (b+aTan[d+ex]) ))/

((afjibfc)”2 (71'1+Tan[d+ex}))}) Sec[d+ex]?+

2b (i+Tan[d+ex]) +
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((—szc[d+ex]2—2cCot[d+ex} Csc[d+ex]?)

(2x/?Log[b+2aTan[d+ex} +2\/?\/C+Tan[d+ex] (b+aTan[d+ex]) | -
mLog[(Zi(b+21‘1c+2aTan[d+ex}+ibTan[d+ex]+
Zm\/CJrTan[dJrex} (b+aTan[d+ex]) ))/
((a+ib—c)3/2(j+Tan[d+ex1))}+mLog[
4(c+iaTan[d+ex} —im\/c+Tan[d+ex] (b+aTan[d+ex]) ))/

((a—ib—c)3/2 (_1+Tan[d+ex])>]] Tan[d+ex])/

2b (i+Tan[d+ex]) +

(4\/a+bCot[d+ex] +cCot[d+ex]? \/c+Tan[d+ex} (b+aTan[d+ex]) ]+

1

2\/c+Tan[d+ex} (b+aTan[d+ex])

\/a+bCot[d+ex] +cCot[d+ex]? Tan[d +eXx]
((2\/? (2aSec[d+ex]2+ (\/? (asec[d+ex]?Tan[d+ex] +Sec[d+ex]?

(b+aTan[d+ex})))/ (\/C+Tan[d+ex} (b+aTan[d+ex]) )))/

(b+2aTan[d+ex] +2\E\/C+Tan[d+ex} (b+aTan[d+ex]) )+

[J’L (a+1‘1b—c)2 (i+Tan[d+ex]) [(21‘1 (2aSec[d+ex}2+ibSec[d+ex]2+

(\/aﬂibfc (asec[d+ex]?Tan[d+ex] +Sec[d+ex]?

(b+aTan[d+ex])))/(\/C+Tan[d+ex] (b+aTan[d+ex])

)/

((a+ib—c)3/2 (i+Tan[d+ex1)) - [21iSec[d+ex]? (b+2ic+2aTan[d+ex] +

ibTan[d+ex] +2+Va+1ib-c \/c+Tan[d+ex] (b+aTan[d+ex]) ))/

((a+ib—c)3/2 (i+Tan[d+ex})2)J)/ (2 (b+2j1c+2aTan[d+ex} +1bTan|

d+ex] +2+Va+ib-c \/c+Tan[d+ex] (b+aTan[d+ex]) )) + ((a—jlb—c)2
(-i+Tan[d+ex]) ([2b5ec[d+ex]2+4(1‘1aSec[d+ex]2— (j\/a—ibfc

(asec[d+ex]?Tan[d+ex] +Sec[d+ex]? (b+aTan[d+ex})))/

)/((a—ib—c)3/2

2b<i+Tan[d+ex})+4(c+1’1a

(2\/c+Tan[d+ex] (b+aTan[d+ex]) )

(—j+Tan[d+ex])) - (Sec[d+ex]2
Tan[d+ex] -iva-ib-c \/c+Tan[d+ex} (b+aTan[d+ex]) )))/

((afjibfc)B'/2 (7]1+Tan[d+ex])2)))/ (Zb (i+Tan[d+ex]) +
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alc+iaTan[d+ex] _jm\/c+Tan[d+ex] (b+aTan[d+ex]) )))]]

Problem 10: Humongous result has more than 200000 leaves.

j\/a+bCot[d+ex] +cCot[d+ex]? Tan[d+ex]3dx

Optimal (type 3, 691 leaves, 21 steps):
—([\/[a2+b2+c (c+\/a2+b2—2ac+c2)—a [2c+\/a2+b2—2ac+c2))

Ar‘cTan[(b2+(a—c) [a—c—\/a2+b2—2ac+c2)—b\/a2+b2—2ac+c2 Cot[d+ex])/

\E(a2+b2Zac+c2)1/4\/[a2+b2+c(c+\/a2+b22ac+c2J

a(2c+\/a2+b2—2ac+c2)]\/a+bCot[d+ex]+cCot[d+ex]2

1)/

/*a ArcTanh[ 2 a+b Cot[d+e x]
2+/a +/a+bCot[d+ex]+c Cot[d+ex]?
(\/2 (a2+b2—2ac+c2)1/4e) - l -
e
(bz _4a C) ArcTanh [ 2a+b Cot[d+e x]

2+/a \/a+b Cot[d+e x]+c Cot[d+e x]?

+
8 a3/2 e

(\/(a2+b2+c (c—\/a2+b2—2ac+c2)—a(Zc—\/a2+b2—2ac+c2))

ArcTanh[(b2+(a—c) (a—c+\/a2+b2—2ac+c2]+b\/a2+b2—2ac+c:2 Cot[d +ex]

/

\/?(aerbZ2ac+c2)1/4\/[a2+b2+c(c\/a2+b22ac+c2)

a(Zc—\/a2+b2—2ac+c2)]\/a+bCot[d+ex]+cCot[d+ex}2

1)/

(\/T(a2+b2—2ac+c2)1/4e)+ (2a+bCot[d+ex])

4ae

\/a+bCot[d+ex1 +cCot[d+ex]?
Tan[d +ex]?

Result (type ?, 465721 leaves) : Display of huge result suppressed!

Problem 11: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

Cot[d+ex]’

J(a+bCot[d+ex] +cCot[d+ex]?)>?
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Optimal (type 3, 1189leaves, 20 steps):

3b Ar‘CTanh[ b+2 c Cot[d+e x]
2\/c7\/a+bCot[d+ex]+cCot[d+ex]2
- +
2¢5/2¢
5b (7b%-12ac) ArcTanh]| b+2 ¢ Cot[d+ex]

2+/c Ja+b Cot[d+e x]+c Cot[d+e x]?

16 c®/2 e

JZa—Zc—\/aZerZ—Zac+c2 \/az—bz—Zac+c2+(a—c) \/a2+b2—2ac+c2 ArcTanh |

Cot[d+ex])/

V2 \/Za—ZC—\/a2+b2—2ac+c2 \/az—bz—Zac+c2+(a—c) \/a2+b2—2ac+c2

(bz—(a—c) (a—c+\/a2+b2—2ac+c2]—b(Za—Zc—\/aZerz—Zac+c2

\/a+bCot[d+ex}+cCot[d+ex}2 } /(ﬁ (az+b2—2ac+c2>3/ze),

JZa—2c+\/a2+b2—2ac+c2 \/az—bZ—Zac+c2—(a—c) Ja2+b2—2ac+c2 ArcTanh [

Cot[d+ex])/

V2 JZa—2c+\/a2+b2—2ac+c2 \/az—bz—Zac+c2—(a—c) \/a2+b2—2ac+c2

(bz—(a—c) (a—c—\/a2+b2—2ac+c2]—b(Za—2c+\/a2+b2—2ac+c2

\/a+bCot[d+ex] +cCot[d+ex]? || /

2 (2 b Cot[d
(\E (a2+b2—23c+c2)3/2e)— (2a+bCot(drex]) +

(b2-4ac) ex/a+bCot[d+ex} +cCot[d+ex]?

2Cot[d+ex]? (2a+bCot[d+ex])

(b2-4ac) e\/a+bCot[d+ex] +cCot[d+ex]?

2Cot[d+ex]* (2a+bCot[d+ex])

+

(b2-4ac) e\/a+bCot[d+ex] +cCot[d+ex]?

2 (a(b?-2(a-c)c)+bc(a+c)Cot[d+ex])

(b2+ (a-c)?) (b2-4ac) e\/a+bCot[d+ex] +cCot[d+ex]?

(7b2-16ac) Cot[d+ex]2\/a+bCot[d+ex} +cCot[d+ex]?
3c2 (b?2-4ac)e

+
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2bCot[d+ex]3\/a+bCot[d+ex} +cCot[d+ex]?
c(b>-4ac)e

+

(3b2—8ac—2bcCot[d+ex1) \/a+bCot[d+ex1 +cCot[d+ex]?

c? (b*-4ac)e )

((105b4—4603b2c+256a2c2—2bc (35b*-116ac) Cot[d+ex])

/(24c4 (b*-4ac)e)

\/a+bCot[d+ex} +cCot[d+ex]?

Result (type 3, 5618 leaves):

i\/((—a—c+aCos[2 (d+ex)] -cCos[2 (d+ex)]|-bSin[2 (d+ex)])/(-1+Cos[2 (d+ex)]))

((105a3b4+105ab646ea4b2c727a2b4c57b6c+256a5c2+1364a3b2c2+407ab4c2

448 a* c3 - 740a%b%>c3-25b*c3+96acc* +44ab?c*+224a%c® +32b° 5—128ac6)/
11bCot[d+ex
(24 (a-c) (a-ib-c) (a+ib-c)c*(-b>+4ac))+ [3 L
12 ¢

Csc[d+ex]?
3 ¢?
4a*c+a*b’>sin(2 (d+ex)| +2a’b®Sin[2 (d+ex) | +b’Sin[2 (d+ex)] -
3a°bcsin|2 (d+ex)] -10a*b*cSin|2 <d+ex)] -7ab®cSin|2 (d+ex)] +
10a*bc?sSin[2 (d+ex) | +14a?b>c?Sin[2 (d+ex)| -7a’bcSin[2 (d+ex)])) /
((a-c) (a-ib-c) (a+ib-c)c(-b*+4ac)

+(2(2a°b*+2ab®-8a*b>c-12a’b*c+4a°c?+18a’ b’ c* -

(-a-c+aCos[2 (d+ex)]-cCos[2(d+ex)]|-bSin[2 (d+ex)]))|+

{\/a+bCot[d+ex} +cCot[d+ex]® |-b(ia+b-ic) (-ia+b+ic)

(35b*-12c (5a+2c)) Log[Tan[d +ex]] +;8 (a+ib-c)c®?Log|

Va-ib-c
(Jib+2C+ (2ia+b) Tan[d+ex] -2i+va-ib-c \/c+bTan[d+ex] +aTan[d+ex]?

/

1
Va+ib-c

i (b+2ic+2aTan[d+ex] +1bTan[d+ex] +

(8\/a—ib—c (a+ib-c)c* (—i+Tan[d+ex1))]+
8c”? (-a+ib+c) Log|

2+a+ib-c \/c+Tan[d+ex] (b+aTan[d+ex]) ))/
(8 (a-ib-c)va+ib-c c* (]‘1+Tan[d+ex]))] +

b(ia+b-ic) (-ia+b+ic) (35b>-12c (5a+2c))

Log[2c+bTan[d+ex] +2\/?Jc+Tan[d+ex] (b+aTan[d+ex]) ]]

[_[{Zb\/[_l+Cos[2a(d+exH _ 1+Cos[2c<d+ex)] ’ jcifp(d<de:>jﬂ i
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cCos[2 (d+ex)] ) bsin[2 (d+ex) ]

/((a-ib-c] (arib-c]

~1+Cos[2 (d+ex)| -1+Cos[2(d+ex]]

(-a-c+aCos[2 (d+ex)|-cCos[2 (d+ex)]|-bSin|2 (d+ex)]))] +

[35a b3\/(_ a ) c . acos[2 (d+ex)] i
-1+Cos[2 (d+ex)| -1+Cos[2(d+ex)] -1+Cos[2(d+eXx)]

cCos[2 (d+ex)] bsSin[2 (d+ex)] | |
-1+Cos|[2 (d+ex” _—1+Cos[ 2 (d+ex)] /(8 (a-ib-c) (a+ib-c)

c*(-a-c+aCos[2 (d+ex)|-cCos[2 (d+ex)]|-bSin[2 (d+ex)])) +

[35b5J[ a ) c X acCos[2 (d+ex)] i
-1+Cos[2 (d+ex)| -1+Cos[2(d+ex)| -1+Cos[2(d+eX)]
cCos[2 (d+ex)] ) bsin[2 (d+ex) ]

~1+Cos[2 (d+ex)| -1+Cos[2(d+ex)] ]/(S(ijc> (a+ib-c)

c*(-a-c+aCos[2 (d+ex)|-cCos[2 (d+ex)]-bsSin[2 (d+ex)])) -
a c aCos|2 (
2

]
15a3b\/ - . N drex)]

—1+COS[2<d+eX>] —1+Cos[2(d+ex)] 71+COS[ (d+eXH
cCos[2 (d+ex)] bsin[2 (d+ex) ]

—1+Cos[2(d+ex)} -1+ Cos|[2 (d+ex)] ]/(2(8 ib-c) (arib-c)
> (-a-c+aCos[2 (d+ex)|-cCos[2 (d+ex)]|-bSin[2 (d+ex)])) -
a c acCos |2 (
2

]
65ab3\/ - - N deex)]

-1+Cos[2 (d+ex)| -1+Cos[2(d+ex)] -1+Cos[2(d+eX)]
cCos[2 (d+ex)] ) bsin[2 (d+ex) ]

_1+Cos[2 (d+ex)} —1+Cos[2 (d+ex)] ]/(4(ajbc> (aﬂibfc)
c>(-a-c+aCos[2 (d+ex)|-cCos[2 (d+ex)]|-bSin[2 (d+ex)])) +

]
12a2b\/ ) d+ex) |

cCos[2 (d+ex)] . bsin[2 (d+ex) |

)
a c X aCos|2 (
2

-1+Cos[2 (d+ex)| -1+Cos[2(d+ex)| -1+Cos| (d+ex”7

J/((ajbc) (avib-c)

-1+Cos[2 (d+ex)| -1+Cos[2(d+ex]]

c®(-a-c+aCos[2 (d+ex)|-cCos[2 (d+ex)]-bsSin[2 (d+ex)])) +

11b3\/[— a ) c . aCos[2 (d+ex)] i
-1+Cos[2 (d+ex)| -1+Cos[2(d+ex)] -1+Cos[2(d+eXx)]
cCos[2 (d+ex)] ) bsin[2 (d+ex)]

-1+Cos[2 (d+ex)| -1+Cos[2(d+ex)] ]/(S(a—jb—c> (a+ib-c)
a- c+aCos[ (d+ex)] cCos[2<d+ex)]—bSin[Z(d+ex”)>f
c acCos[2 (d+ex)] )

- +

-1+ Cos| d+ex] —1+Cos[2(d+ex” —1+Cos[2(d+ex)]

CZ

(-
3abJ
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cCos[2 (d+ex)] bsin[2 (d+ex) ]

~1+Cos[2 (d+ex)| -1+Cos[2(d+ex]] ]/(Z(ijc> (a+ib-c)
c(-a-c+aCos[2(d+ex)]|-cCos[2(d+ex)]|-bSin[2 (d+ex)])) -

b Cos |2 (d+ex)]\/

acCos |2 (d+ex)] cCos[2 (d+ex)] bsSin[2 (d+ex)] _
~1+Cos[2 (d+eX) | 771+Cos[2 (d+ex)] i -1+ Cos |2 (d+ex)]]]/<(a1b
c) (a+ib-c) (-a-c+aCos[2 (d+ex)|-cCos[2(d+ex)]|-bsSin[2 (d+eX)])) +

asin|2 (d+ex)]J

aCos{Z(dJrexH cCos[2<d+ex)] i bSin[Z(dJrexH

a C
- - +

-1+Cos[2 (d+ex)| -1+Cos[2(d+ex]]

a C

+

-1+Cos[2 (d+ex) | . -1+Cos[2 (d+eXx) |

EYEmrive R yeon rpee peyesnrive | A
c) (a+ib-c) (-a-c+aCos[2 (d+ex)|-cCos[2(d+ex)|-bsSin[2 (d+eX)])) -

cSin|2 (d+ex)]\/

acCos|[2 (d+ex)] ) cCos[2 (d+ex)] i bsSin[2 (d+ex)]

a C

-1+ Cos[2 (d+ex) | i ~1+Cos[2 (d+ex) |

+

|/

-1+Cos[2 (d+ex)] -1+Cos[2(d+ex)] -1+Cos[2(d+ex)]
((a-ib-c) (a+ib-c) (-a-c+aCos[2 (d+ex)|-cCos[2 (d+eX)]-

/

[16c9/2 (a®>+b®-2ac+c?) e\/c+Tan[d+ex] (b+aTan[d+ex])

bsin[2 (d+ex)]))| Tan[d+ex]

_(1/(32C9/2 (a?+b*-2ac+c?) (c+Tan[d+ex] <b+aTan[d+ex]))3/2))

\/a+bCot[d+ex] +cCot[d+ex]?

{—b(ia+b—ic) (-ia+b+ic) (35b*-12c (5a+2c)) Log[Tan[d+ex]] +

;8 (a+ib-c) cg/zLog[(ib+2c+ (2ia+b) Tan[d+ex] -
Va-ib-c

2iva-1ib-c \/c+bTan[d+ex} +aTan[d+ex]?

1
Vva+ib-c

b+2ic+2aTan[d+ex] +ibTan[d+ex] +2+va+1ib-c

\/c+Tan[d+ex} (b+aTan[d+ex]) ))/(8 (a-ib-c)va+ib-c c*

(i+Tan[d+ex]>)}+b(1’1a+b—1’1c) (-ia+b+ic) (35b°-12c (5a+2c))

(8\/afjb—c (a+ib-c) c4(7j+Tan[d+ex]))}+

8c”? (-a+ib+c)Log||i

Log[2c+bTan[d+ex] +2\/?\/C+Tan[d+ex] (b+aTan[d+ex]) ]
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Tan[d+ex] (aSec[d+ex]*Tan[d+ex] +Sec[d+ex]? (b+aTan[d+ex])) +

v/

\/a+bCot[d+ex] +cCot[d+ex]?

16 ¢ (a®+b*-2ac+c?) \/c+Tan[d+ex] (b+aTan[d+ex]) ))

[—b (ia+b-ic) (-ia+b+ic) (35b>-12c (5a+2c))Log[Tan[d+ex]] +

;8 (a+ib-c)c®?Log[|ib+2c+ (2ia+b) Tan[d+ex] -2
Va-ib-c

iva-ib-c \/c+bTan[d+ex1 +aTan[d+ex]? /
1

e
Va+ib-c
i (b+21‘1c+2aTan[d+ex]+1‘1bTan[d+ex}+2x/a+1’1b—c

\/c+Tan[d+ex] (b+aTan[d+ex]) ))/ (8 (a-ib-c)+a+ib-c c*

i+ Tan[d +eX] +b(ia+b-1c) (-ia+b+ic) (35b°-12c (5a+2c
2

(Sx/a—jlb—c (a+ib-c)c* (-i+Tan[d+ex])

8c®2 (-a+ib+c) Log|

Log[2c+bTan[d+ex] +2\/?\/C+Tan[d+ex} (b+aTan[d+ex]) ]

Sec[d+ex]?*+ |(-bCsc[d+ex]?-2cCot[d+ex]Csc[d+ex]?)

-b(ia+b-ic) (-ia+b+ic) (35b>-12c (5a+2c)) Log[Tan[d+ex]] +

1
Va-1b-c
2iva-1ib-c \/c+bTan[d+ex1 +aTan[d+ex]2)/

8 (a+ib-c) cg/ZLog[(jb+2c+(Zja+b) Tan[d +ex] -

1
Va+ib-c
b+2ic+2aTan[d+ex] +ibTan[d+ex] +2+va+1b-c
\/c+Tan[d+ex] (b+aTan[d+ex]) ))/(8 (a-ib-c)+va+ib-c c*

(i+Tan[d+ex1>)}+b(1’1a+b—1’1c) (-ia+b+ic) (35b°-12c (5a+2c))

(8\/a—jb—c (a+1’1b—c)c4<—j+Tan[d+ex]))}+

8c%? (-a+ib+c) Log[(j

Log[2c+bTan[d+ex] +2W\/C+Tan[d+ex] (b+aTan[d+ex]) |

Tan[d + e X]

/(32c9/2 (a®+b*-2ac+c?) \/a+bCot[d+ex] +cCot[d+ex]?

\/c+Tan[d+ex} (b+aTan[d+ex]) ]+

(1/ (16(:9/2 (a*>+b*-2ac+c?) \/c+Tan[d+ex] (b+aTan[d+ex]) ))

\/a+bCot[d+ex] +cCot[d+ex]? Tan[d+ex]
(7b(ja+bfjc) (-ia+b+ic) (35b*>-12c (5a+2c)) Csc[d+ex] Sec[d+ex] +
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(b(ia+b—ic) (-ia+b+ic) (35b°-12c (5a+2c)) (bSec[d+ex12+
(\/? (aSec[d+ex]2Tan[d+ex]+Sec[d+ex}2<b+aTan[d+ex})))/

(\/C+Tan[d+ex} (b+aTan[d+ex]) ))]/

(2c+bTan[d+ex} +2\/?\/C+Tan[d+ex] (b+aTan[d+ex])

+

(64 (a+1‘1b—c)2c17/2 (-i+Tan[d+ex]) [|(2ia+b) Sec[d+ex]*-

(j\/a—jb—c (bSec[d+ex]2+2aSec[d+ex}2Tan[d+ex}))/
]/(Sx/a—ib—c (a+ib-c)c*

[\/c+bTan[d+ex] +aTan[d+ex]?

ib+2c+ (2ia+b) Tan[d+ex] -
2iva-1ib-c \/c+bTan[d+ex}+aTan[d+ex]2 )/
(Sx/a—jlb—c (a+ib-c) c4(—Ji+Tan[d+ex])2) /(1‘1b+2c+

(2ia+b) Tan[d+ex] -2i+Va-ib-c \/c+bTan[d+ex] +aTan[d+ex]?

(—1+Tan[d+ex])) - (Sec[d+ex]2

(641‘1 (a-ib-c)c?(-a+ib+c) (i+Tan[d+ex]) (

i (2aSec[d+ex}2+

ibSec[d+ex]?+ (\/aﬂibfc (asec[d+ex]*Tan[d+ex] +Sec[d+ex]?

|/

<b+aTan[d+ex}>))/ (\/C+Tan[d+ex} (b+aTan[d+ex]) )
(8 (a-ib-c)va+ib-c c4<j+Tan[d+ex])) -
(b+2]‘1c+2aTan[d+ex] +ibTan[d+ex] +2+vVa+1ib-c

)/(8 (a-ib-c)

va+ib-c c* (1'1+Tan[d+ex])2)))/ (b+21’1c+2aTan[d+ex] +

iSec[d+ex]?

\/c+Tan[d+ex] (b+aTan[d+ex])

ibTan[d+ex] +2+Va+ib-c \/c+Tan[d+ex] (b+aTan[d+ex]) )]J]

Problem 12: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

Cot[d+ex]>

dx
J(a+bCo‘c[d+ex] +cCot[d+ex]?)*?

Optimal (type 3, 865 leaves, 14 steps):
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3 b ArcTanh { b+2 c Cot[d+e x] ]
2\/?\/a+bCot[d+ex]+cCot[d+ex]2

2 CS/Z e

JZaZc\/az+b22ac+c2 \/azb22ac+c2+(ac)\/a2+b22ac+c2 ArcTanh|

Cot[d+ex])/

V2 JZaZc\/aerbZZac+c2 Jazb22ac+c2+(ac)\/a2+b22ac+c2

(bzf(afc) (a7c+\/a2+b2723c+c2]7b(2372c7\/az+b272ac+c2

\/a+bCot[d+ex1 +cCot[d+ex]?

}J/(\/? (a2+b2—2ac+c2)3/2e>+

{\/2a2c+\/a2+b22ac+c2 \/azbzzac+c2(ac)\/a2+b22ac+c2 ArcTanh |

Cot[d+ex])/

V2 \/2a2c+x/a2+b22ac+c2 JaZbZZac+c2(ac)\/a2+b22ac+c2

}]/

2 (2 b Cot[d
(\/7 (a2+b2—2ac+c2)3/2e + (2a+bCot[d+ex])

(bzf(afc) (afcf\/aerbzfzac+c2]7b(2a72c+\/a2+b272ac+c2

\/a+bCot[d+ex] +cCot[d+ex]?

(b2-4ac) e\/a+bCot[d+ex1 +cCot[d+ex]?
2Cot[d+ex]? (2a+bCot[d+ex])

(b2-4ac) e\/a+bCot[d+ex] +cCot[d+ex]?

2 (a(b?-2(a-c)c)+bc(a+c)Cot[d+ex])

(b2+ (a-c)?) (b2-4ac) e\/a+bCot[d+ex] +cCot[d+ex]?

(3b>-8ac-2bcCot[d+ex]) \/a+bCot[d+ex} +cCot[d+ex]?
c? (b*-4ac)e

Result (type 3, 4537 leaves):

1\/—a—c+aCos[2 (d+ex)] -cCos[2 (d+ex)]-bSin[2 (d+ex)]
e -1+Cos[2 (d+ex) |

(-((-3a°b*-3ab*+8a*c+15a’b>c+b*c-16a*c*-7ab*c*+12a°+b> P -4ac?) /
((a-c) (a-ib-c) (a+ib-c)c*(-b*+4ac))) -
(2 (-2a°b’-2ab*+4a*c+8a’b’c-4a’c®-a*bSin[2 (d+ex)] -2a’b>Sin[2 (d+eX) | -
b®Sin[2 (d+ex)| +6a*bcSin[2 (d+ex)| +5ab3cSin[2 (d+ex)] -
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5a2bcLZS‘in[2 (d;ex)”)/((aL—é) (a—lijb—c) (a+1’1bk—c‘) c (—blzJ+4ac)
<—a—c+aCos[2 (d+ex)] - cCos|2 (d+ex)} -bsin[2 (d+ex”))> -

(\/a+bCot[d+ex1 +cCot[d+ex]® [3b(ia+b-ic) (-ia+b+ic)Llog[Tan[d+ex]] +

1
(a+ib-c)c*?Log|
Va-ib-c
(ib+2c+ (2ia+b) Tan[d+ex] -2iVa-ib-c \/c+bTan[d+ex] +aTan[d+ex]? /
(\/afib—c (a+1‘1b7c)c2(71+Tan[d+ex]))]+ =
Va+ib-c

> (-a+ib+c) Log[(j (b+2]’1c+2aTan[d+ex] +ibTan[d+ex] +

2va+ib-c Jc+Tan[d+ex] (b+aTan[d+ex]) ))/
((afjbfc) va+ib-c c? (]‘1+Tan[d+ex]))}73b<ja+bfjc) (-ia+b+ic)

Log[2c+bTan[d+ex] +2\/?\/C+Tan[d+ex] (b+aTan[d+ex]) ]

[(Zb\/[ a ) c X acCos |2 (d+ex)] i
—1+Cos[2(d+ex” —1+Cos[2<d+ex)] —1+Cos[2(d+ex”
cCos[Z(d+exH ) bSin[2<d+ex)]

~1+Cos[2 (d+ex)| -1+Cos[2(d+ex]] /Ha*jb*c) (a+ib-c)
(—a—c+aCos[2(d+ex>]—cCos[Z(d+ex”—bsin[2(d+ex)]))+

[3a b\/{ a ) c . aCos[2 (d+ex) | i
—1+COS[2 (d+ex)] 71+COS[2 (d+eXH 71+COS[2 (d+ex)]
cCos |2 (d+ex” ) bSin[2<d+ex)]

. / ((a-ib-c] (arib-c|
-1+ 05[2 (d+ex” —1+Cos[2 (d+ex)]
c®(-a-c+aCos[2 (d+ex)|-cCos[2 (d+ex)]|-bSin[2 (d+ex)])) +

3b3\/( a B c . acCos[2 (d+ex)] )
—1+Cos[2(d+ex)] —1+Cos{2(d+ex” —1+Cos[2<d+ex)]
cCos[Z(d+exH ) bSin[2<d+ex)]

-1+Cos[2 (d+ex)| -1+Cos[2(d+ex]] ]/((aﬂbc) (a+ib-c)
a- c+aCos[ (d+ex)] -cCos[2 (d+ex)]|-bsSin[2 (d+ex)])) -
c . aCos[2 (d+ex)| )

C2

(-
6abJ -1+ Cos[2 (d+ex) | 71+Cos[2(d+ex” -1+ Cos[2 (d+ex) |

,1+Cos[2(d+ex” 71+Cos[2 <d+ex)] ]/((ajbc> (a+jb,c)
c(-a-c+aCos[2(d+ex)]|-cCos[2(d+ex)]|-bSin[2 (d+ex)])) +

cCos|2 (d+ex” . bsin[2 (d+ex) ]

bCos[2 (d+ex)] J[—1+Cos[2 (d+ex)] 7 ~1+Cos[2 (d+ex]] +
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acCos|[2 (d+ex)] cCos[2 (d+ex)] bsin[2 (d+ex)] ‘
~1+Cos[2 (d+eX) | _—1+Cos[2 (d+ex) | i -1+ Cos|[2 (d+ex)]J]/<(a_lb_
c) (a+ib-c) (-a-c+aCos[2 (d+ex)|-cCos[2(d+ex)|-bsSin[2 (d+ex)])) -

asin|2 (d+ex)]\/

acCos|[2 (d+ex)] cCos[2 (d+ex)] bsin[2 (d+ex)] A ib_
RIALE

a C
- - +

—1+COS[2(d+eXH 71+COS[2<d+ex)]

-1+Cos[2 (d+ex)| -1+Cos[2(d+ex)] -1+Cos[2(d+eX)
c) (a+ib-c) (-a-c+aCos[2 (d+ex)]|-cCos[2 (d+ex)|-bSin[2 (d+ex)])) +

csin[2 (d+ex)]\/

acCos|[2 (d+ex)] ) cCos[2 (d+ex)] i bsSin[2 (d+ex)] J]/

a C
- - +

-1+Cos[2 (d+ex)] -1+Cos[2(d+ex)]

-1+Cos[2 (d+ex)| -1+Cos[2(d+ex)] -1+Cos[2(d+ex)]
((a-ib-c) (a+ib-c) (-a-c+aCos[2 (d+ex)]|-cCos[2 (d+eX)]-

/

[ZCS/Z (a?+b?-2ac+c?) eJc+Tan[d+ex} (b+aTan[d+ex])

bsin[2 (d+ex)]))| Tan[d+ex]

[(1/(4c5/2 (a®+b*-2ac+c?) (c+Tan[d+ex] <b+aTan[d+ex}))3/2))

\/a+bCot[d+ex] +cCot[d+ex]? [3b (ia+b-ic) (-ia+b+ic)Log[Tan[d+ex]] +

;<a+jb7c) c>?log[|ib+2c+ (2ia+b) Tan[d+ex] -2
Va-ib-c

iva-ib-c \/c+bTan[d+ex} +aTan[d+ex]?

o
Va+ib-c
> (-a+ib+c) Log[(i (b+211c+2aTan[d+ex] +ibTan[d+ex] +

2\a+ib-c \/C+Tan[d+ex} (b+aTan[d+ex]) ))/
((a—ib—c) Va+ib-c c? (Ji+Tan[d+ex])H—3b(11a+b—1'1c)

(x/a—ib—c (a+ib-c) cz(—j+Tan[d+ex]))]+

(-ia+b+ic)Log[2c+bTan[d+ex] +2\/?\/C+Tan[d+ex] (b+aTan[d+ex]) |

Tan[d+ex] (aSec[d+ex]*Tan[d+ex] +Sec[d+ex]? (b+aTan[d+ex])) -

(1/ (2c5/2 (a®+b*-2ac+c?) \/c+Tan[d+ex} (b+aTan[d+ex]) ))

\/a+bCot[d+ex] +cCot[d+ex]? [3b (ia+b-ic) (-ia+b+ic)Log[Tan[d+ex]] +

1

Vva-1b-c

(a+ib-c)c>?Log|

Jib+2c+(21'1a+b> Tan[d+ex] -2
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iva-ib-c \/c+bTan[d+ex} +aTan[d+ex]? /
1

| —
Vva+ib-c
> (-a+ib+c) Log[(j (b+2]‘1c+2aTan[d+ex] +ibTan[d+ex] +
2+a+1ib-c \/c+Tan[d+ex} (b+aTan[d+ex]) ))/
((a—ib—c) Va+ib-c cz(i+Tan[d+ex]))}—3b<ia+b—1‘1c> (-ia+b+ic)

(\/a—jb—c (a+ib-c)c®(-i+Tan[d+ex])

Log[2c+bTan[d+ex]+2\/?\/C+Tan[d+ex1 (b+aTan[d+ex]) ||Sec[d+ex]?-

[(—szc[d+ex}2—2cCot[d+ex] Csc[d+ex]?) |3b(ia+b-ic) (-ia+b+ic)

Y o) 52
Log[Tan[d+ex]] + (a+ib-c)c?Log|
Va-ib-c
(2ia+b) Tan[d+ex] -2iVa-ib-c \/c+bTan[d+ex]+aTan[d+ex]2
1

Va+ib-c
c>? (-a+ib+c) Log[(j (b+21’1c+2aTan[d+ex]+J'1bTan[d+ex]+
2+a+ib-c \/c+Tan[d+ex] (b+aTan[d+ex]) ))/((a—jb—c)
Va+ib-c c? (11+Tan[d+ex]))]—3b(1‘1a+b—1’1c) (-ia+b+ic) Log|

ib+2c+

/

(\/a—jb—c (a+ib-c)c? (—j+Tan[d+ex})H +

2c+bTan[d+ex] +2\/?\/C+Tan[d+ex} (b+aTan[d+ex]) || Tan[d+ex]

/

(4c5/2 (a?+b*-2ac+c?) \/a+bCot[d+ex] +cCot[d+ex]?

\/c+Tan[d+ex} (b+aTan[d+ex]) ]—

v/

\/a+bCot[d+ex] +cCot[d+ex]? Tan[d+ex]

2c¢%% (a®+b*-2ac+c?) Jc+Tan[d+ex} (b+aTan[d+ex]) ))

(3b(1‘1a+b—1‘1c) (—J‘la+b+j1c)Csc[d+ex1$ec[d+ex}—[3b(1’1a+b—1‘1c)
(-ia+b+ic) (bSec[d+ex]2+<\/c_ (asec[d+ex]?Tan[d+ex] +Sec[d+ex]?

(b+aTan[d+ex])))/ (\/c+Tan[d+ex] (b+aTan[d+ex]) )])/

2c+bTan[d+eXx] +2\/?\/C+Tan[d+ex] (b+aTan[d+ex])

+

(<a+jb—c)2c9/2 (-i+Tan[d+ex]) ([(Zja+b> Sec[d+ex]?-
(j\/a—jb—c (bSec[d+ex]2+2aSec[d+ex}2Tan[d+ex}))/
]/(\/a—ib—c (a+ib-c)c?

[\/c+bTan[d+ex] +aTan[d+ex]?
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(7j+Tan[d+eX])) - (SeC[d+eX]2

ib+2c+ (2ia+b) Tan[d+ex] -

2iva-1ib-c \/c+bTan[d+ex1 +aTan[d+ex]2))/
(x/afjlbfc (a+ib-c)c? (7i+Tan[d+ex})2>))/(Jib+2c+

(2ia+b) Tan[d+ex] -2i+a-ib-c \/c+bTan[d+ex] +aTan[d+ex]?

(j (a-ib-c)c”2(-a+ibsc) (i+Tan[d+ex])
[(i (2aSec[d+ex]2+JibSec[d+ex]2+(m
(aSec[d+ex}2Tan[d+ex}+Sec[d+ex]2(b+aTan[d+ex])))/
(\/C+Tan[d+ex] (b+aTan(d+ex]) )])/((a—ib—c)m
c? (1'1+Tan[d+ex]))—(jSec[dJrex]z
ibTan[d+ex] +2m\/c+Tan[d+ex} (b+aTan[d+ex]) ))/
((a-ib-c)Varib-c (11+Tan[d+ex])2)))/

b+2ic+2aTan[d+ex] +

b+2ic+2aTan[d+ex] +

|

Problem 13: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

ibTan[d+ex] +2+Va+ib-c \/c+Tan[d+ex] (b+aTan[d+ex]) )]

Cot[d+ex]?3
J dx
(a+bCotld+ex] +cCot[d+ex]2)3/2

Optimal (type 3, 686 leaves, 10 steps):
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[\/Za—ZC—\/a2+b2—2ac+c2 \/az—bz—Zac+c2+(a—c)\/a2+b2—2ac+c2 ArcTanh |

(bz—(a—c) (a—c+\/a2+b2—2ac+c2]—b(Za—Zc—\/aZerz—ZaCJrc2 Cot[d+eXx]

/

V2 \/Za—ZC—\/a2+b2—2ac+c2 \/az—bz—Zac+c2+(a—c) \/a2+b2—2ac+c2

\/a+bCo‘c[d+ex}JrcCot[dJrex}2 }J/(\E (a2+b272ac+c2>3/2e>7

JZa—2c+\/a2+b2—2ac+c2 \/az—bZ—Zac+c2—(a—c)\/a2+b2—2ac+c2 ArcTanh [

(bz—(a—c) (a—c—\/a2+b2—2ac+c2]—b(2a—2c:+\/a2+b2—2ac+c2 Cot[d +ex]

/

V2 JZa—2c+\/a2+b2—2ac+c2 \/az—bz—Zac+c2—(a—c) \/a2+b2—2ac+c2

}]/

(\E(az+b2—23c+c2>3/2e ) 2 (2a+bCot[d+ex]) )

(b2-4ac) e\/a+bCot[d+ex} +cCot[d+ex]?

\/a+bCot[d+ex} +cCot[d+ex]?

2 (a(b?-2(a-c)c)+bc(a+c)Cot[d+ex])

(b2+ (a-c)?) (b2-4ac) e\/a+bCot[d+ex] +cCot[d+ex]?
Result (type 3, 3282 leaves):

i\/((—a—c+aCos[2 (d+ex)] -cCos[2 (d+ex)|-bsSin[2 (d+ex)])/(-1+Cos[2 (d+ex)]))

2a(2a?+b*-2ac)

(a-c) (a+ib-c) (-ab?+ib’+4a2c-4iabc+b’c-4ac? :

((Cos[2 (d+ex)]|-isSin[2 (d+ex)])

(Jia3b+2]'1a2bc+11b3c—311abc2+8a3cCos[2 (d+ex”+4ab2cCos[2 (d+ex”—
8a?c?Cos[2 (d+ex)|-ia’bCos[4 (d+ex)|-2ia’bcCos[4 (d+ex)] -
ib’cCos[4 (d+ex)]+3iabc®Cos[4 (d+ex)]|+8ia’csSin|[2 (d+ex)]|+
4iab’cSin[2 (d+ex)]|-8ia*c®Sin[2 (d+ex)]+a’bSin[4 (d+ex)] +
2a’bcSin[4 (d+ex)] +b>cSin[4 (d+ex)| -3abc?Sin[4 (d+ex)])) /

((a-c) (a-ib-c) (a+ib-c) (-b®+4ac) (-a-c+aCos[2 (d+ex)]-

cCos |2 (d+ex)]bSin[2<d+ex)]))J+

\/a+bCot[d+ex} +cCot[d+ex]?

Log[ -4c-41aTan[d+eXx] -

(a—Jlb—c)B/2
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2b (i+Tan[d+ex]) +4iva-ib-c \/c+Tan[d+ex] (b+aTan[d+ex]) )/
(\/a—jlb—c (a+ib-c) (—i+Tan[d+ex}))}—

—Log (4c+2b -i+Tan[d+ex]) -
(a+ib-c)*? : | )

aTan[d+ex] +Va+1b-c \/c+Tan[d+ex] (b+aTan[d+ex]) ))/

41

((a—ib—c)m(i+Tan[d+ex]))]]

[{b\/[_lJrCos[;(dJrexH ) 1+Cos[2c(d+ex>] ’ icoci,z[z(d(de?x])] )

< n N
~1+Cos[2 (d+ex)] -1+Cos[2 (d+ex)] /((a—lb—C) (a+ib-c)
(-a-c+aCos[2 (d+ex)|-cCos[2(d+ex)]|-bsSin[2 (d+ex)])) -

cCos[Z(dJrexH ) bSin|[2 d+ex)]

b cos 2 (d+ex)]J 7—1+Cos[2 (d+ex)] 7—1+Cos[2 (d+ex)] i
acCos([2 (d+ex)] ) cCos[2 (d+ex)] i bsSin[2 (d+ex)]

“1eCos[2 (dvex]] -1rCos[2(drex)] -1:cos[2(drex)] ]/“""‘“‘
c) (a+ib-c) (-a-c+aCos[2 (d+ex)|-cCos[2(d+ex)|-bsSin[2 (d+ex)])) +

asin|2 (d+ex)]\/

acCos[2 (d+ex)] cCos[2 (d+ex)] bsin[2 (d+ex)] ‘
~1+Cos[2 (d+eX) | _—1+Cos[2 (d+ex) | i -1+ Cos|2 (d+ex)]J]/<(a_lb_
c) (a+ib-c) (-a-c+aCos[2 (d+ex)|-cCos[2(d+ex)|-bSin[2 (d+ex)])) -

cSin|2 (d+ex)]\/

acCos|[2 (d+ex)] cCos[2 (d+ex)] bsin[2 (d+ex)]
’ ) ]J]/

a C
- - +

-1+Cos[2 (d+ex)| -1+Cos[2(d+ex]]

a C
- - +

-1+Cos[2 (d+ex)] -1+Cos[2(d+ex)]

-1+Cos[2 (d+ex)| -1+Cos[2(d+ex)] -1+Cos[2(d+eX)
((a-ib-c) (a+ib-c) (-a-c+aCos[2(d+ex)]|-cCos[2 (d+eXx)]-

/

—((\/a+bCot[d+ex] +cCot[d+ex]?

bsSin|2 (d+ex”)) Tan[d + e x]

2e\/c+bTan[d+ex1 +aTan[d+ex]?

[Log[(—4c—4jaTan[d+ex]—2b(]’1+Tan[d+ex])+4J'1\/a—1'1b—c
\/c+Tan[d+ex} (b+aTan[d+ex]) )/(x/afjlbfc (a+ib-c)

(—11+Tan[d+ex])>}/ (a—ib—c)3/2—Log[(4c+2b (-i+Tan[d+ex]) -
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41 (aTan [d+ex] +Va+ib-c \/c+Tan d+ex] (b+aTan[d+ex]) ))/
((afjbfc) Va+ib-c (]‘1+Tan[d+ex]))}/(a+jb7c)3/2]

/

Tan[d+ex] (bSec[d+ex]*+2aSec[d+ex]*Tan[d+ex])

(4 (c+bTan[d+ex] +aTan[d+ex}2)3/2)) +

Log[|-4c-4iaTan[d+ex] -2b (i+Tan[d+ex]) +
4iva-ib-c Jc+Tan[d+ex] (b+aTan[d+ex]) /(m (a+ib-
<) (-1+Tan[d+ex1))}/(a—jb-c)3/2—Log[(4c+2b(-1+Tan[d+ex1)-

4i (aTan [d+ex] m\/c+Tan d+ex] (braTan[d+ex]) ) /
((a—jb—c)m(1+Tan[d+ex]))}/(a+jb—c)3/2] Sec[d +ex]?

(\/a+bCot[d+ex] +cCot[d+ex]?

/

+ ((—szc[d+ex]2—2cCot[d+ex] Cscld+ex]?)

(Zx/c+bTan[d+ex} +aTan[d+ex]?

[Log[(-4c-4jaTan[d+ex1-2b(1+Tan[d+ex])+4jm
Jc+Tan[d+ex] (b+aTan(d+ex]) )/(m (a+ib-c)
(~i+Tandsex)))] / (a-ib-c)”?-Log[[4c+2b (~i+Tan[dex]) -
41 (aTan d+ex| m\/c+Tan d+ex] (braTan[d+ex]) )/

((a-ib-c)m(1+Tan[d+ex]))}/(a+ib-c)3/2 Tan[d+ex])/

(4\/a+bCot[d+ex} +cCot[d+ex]? \/c+bTan[d+ex] +aTan[d+ex]?

+

1

2\/c+bTan[d+ex] +aTan[d+ex]?

\/a+bCot[d+ex] +cCot[d+ex]? Tan[d+eXx]
(((aﬂib—c) (-i+Tan[d+ex]) ((—41‘1aSec[d+ex]2—2bSec[d+ex]2+

(ij(aSec[d+ex]2Tan[d+ex]+Sec[d+ex]2
(b+aTan[d+ex}>))/(\/C+Tan[d+ex} (b+aTan[d+ex]) ))/
(Va-ib-c (a+ib-c) (-i+Tan[d+ex]))-
(—4c—4jaTan[d+ex}—2b(1‘1+Tan[d+ex])+4jm
Jc+Tan[d+ex] (b+aTan(d+ex]) ))/(m (a+ib-c)

(—1'1+Tan[d+ex])2))]/ ((a—jb—c> (—4c—41’1aTan[d+ex] -2b

Sec[d+ex]?

(i+Tan[d+ex])+4i+a-ib-c \/c+Tan[d+ex] (b+aTan[d+ex]) )) -
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((afjbfc) (i+Tan[d+ex])

(2bSec[d+ex}274j (aSec[d+ex]2+ (\/aﬂibfc
(asec[d+ex]?Tan[d+ex] +Sec[d+ex]? (b+aTan[d+ex])))/
J/((afjb—c) va+ib-c

Sec[d+ex]? (4c+2b (-i+Tan[d+ex]) -

(2\/c+Tan[d+ex} (b+aTan[d+ex]) )

(Ji+Tan[d+ex1)) -
41 (aTan[d+ex} +m\/c+Tan[d+ex] (b+aTan[d+ex]) )))/
[(a-ib-c)Variboc (i+Tanidrex))?))] /

((aﬂibfc) (4c+2b (-i+Tan[d+ex]) -4i (aTan[d+ex} +

m\/c+Tan[d+eX] (b+aTan(d+ex]) )))]]]

Problem 14: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

Cot[d+ex]

dx
J(a+bCo‘c[d+ex] +cCot(d+ex]?)*?

Optimal (type 3, 635leaves, 7 steps):
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—[[\/Za—ZC—\/a2+b2—2ac+c2 \/az—bz—Zac+c2+(a—c) \/a2+b2—2ac+c2 ArcTanh |

[bz—(a—c) (a—c+\/a2+b2—2ac+c2]—b(Za—Zc—\/aZerz—Zac+c2 Cot[d+ex})/

V2 \/Za—ZC—\/a2+b2—2ac+c2 \/az—bz—Zac+c2+(a—c) \/a2+b2—2ac+c2

\/a+bCot[d+ex] +cCot[d+ex]?

}J/(\E (a2+b272ac+c2)3/2e)

JZa—2c+\/a2+b2—2ac+c2 \/az—bZ—Zac+c2—(a—c)\/a2+b2—2ac+c2 ArcTanh [

(bz—(a—c) (a—c—\/a2+b2—2ac+c2]—b(2a—2c:+\/a2+b2—2ac+c2

Cot[d +ex]

/

V2 JZa—2c+\/a2+b2—2ac+c2 \/az—bz—Zac+c2—(a—c) \/a2+b2—2ac+c2

\/a+bCot[d+ex} +cCot[d+ex]?

}J/(\/? (a2+b2—2ac+c2)3/2e) -

2 (a(b?-2(a-c)c)+bc(a+c)Cotld+ex])

(b2+ (a-c)?) (b2-4ac) e\/a+bCot[d+ex] +cCot[d+ex]?
Result (type 3, 3075 leaves):

l\/ac+aCos[2 (d+ex)] -cCos[2 (d+ex)]-bSin[2 (d+ex)]
e -1+Cos[2 (d+ex) |

2a (-b2+2ac-2c?)
[ (a-c) (a-ib-c) (a+ib-c) (-b>+4ac)

(2 (—Zab2c+4a2c2—4ac3—ab35in[2 <d+ex)] +3a’bcsin|2 (d+ex” -
2abc’sin[2 (d+ex)| -bcsin[2 (d+ex)])) /((a-c) (a-ib-c) (a+ib-c)

(-b>+4ac) (-a-c+aCos[2 (d+ex)|-cCos[2 (d+ex)]|-bSin|2 (d+ex)]))) +

{\/a+bCot[d+ex1 +cCot[d+ex]?

— Log (—4c—41‘1aTan[d+ex1 -
(a-ib-c)*? :

2b (i+Tan[d+ex]) +4iva-ib-c \/c+Tan[d+ex] (b+aTan[d+ex]) )/
(\/afjb—c (a+ib-c) (—1'1+Tan[d+ex]))]+
1

Log[

—)3/2 4c+2b (-i+Tan[d+ex]) -
<a+J'lb7C
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41

aTan[d+ex] +Va+ib-c \/c+Tan[d+ex] (b+aTan[d+ex]) ))/
((a—jlb—c) VJa+ib-c (11+Tan[d+ex]))]]

[_[{b\/[_1+Cos[;(d+exH . 1+Cos[2c(d+ex)] ’ iciso[sz[z(d(de;()x})] .

cCos[2 (d+ex)] ) bsin[2 (d+ex)] /((a—ib—C) (a+ib-c)

—1+Cos[2(d+ex)} —1+Cos[2(d+ex>]
(-a-c+acCos[2(d+ex)|-cCos[2 (d+ex)]|-bsSin|2 (d+ex)]))J +

a C
- - +

-1+Cos[2 (d+ex)]| -1+Cos[2(d+ex)]

b Cos[2 (d+ex)]\/

acCos|[2 (d+ex)] cCos[2 (d+ex)] bsSin[2 (d+ex)] '
~1+Cos[2 (d+eX) | 7—1+Cos[2 (d+ex)] . -1+ Cos |2 (d+ex)]]]/<(alb
c) (a+ib-c) (-a-c+aCos[2(d+ex)|-cCos[2(d+ex)|-bsSin[2 (d+eX)])) -

asin[2 (d+ex)]\/

acCos |2 (d+ex)] cCos[2 (d+ex)] bsSin[2 (d+ex)] _
~1+Cos[2 (d+eX) | 771+Cos[2 (d+ex) ] i -1+ Cos |2 (d+ex)])]/<(a1b
c) (a+ib-c) (-a-c+aCos[2(d+ex)|-cCos[2(d+ex)|-bsSin[2 (d+eXx)])) +

cSin|2 (d+ex)]J

aCos[Z(dJrexH cCos[2<d+ex)] i bSin[Z(dJrexH

a C
- - +

-1+Cos[2 (d+ex)| -1+Cos[2(d+ex]]

a C

+

-1+Cos[2 (d+ex) | . -1+Cos[2 (d+eXx) |

|/

-1+ Cos|[2 (d+ex” ) -1+ Cos|[2 (d+ex)] -1+ Cos |2 (d+ex)]
((a-ib-c) (a+ib-c) (-a-c+aCos[2 (d+ex)|-cCos[2 (d+eX)]-

/

7({\/a+bCot[d+ex] +cCot[d+ex]?

bsin[2 (d+ex)]))| Tan[d+ex]

Ze\/c+bTan[d+ex} +aTan[d+ex]?

[—[Log[(—4c—4iaTan[d+ex]—2b(1’1+Tan[d+ex])+4im
Jc+Tan[d+ex] (b+aTan[d+ex]) )/(m (a+ib-c)
(—1'1+Tan[d+ex]))}/(a—jb—c)3/2]+Log[

41 (aTan[d+ex} +m\/c+Tan[d+ex] (b+aTan[d+ex])
((a_ib_c)m(jnan[mex]))}/(a+jb_c)3/2]

/

4c+2b (-i+Tan[d+ex]) -

)/

Tan[d+ex] (bSec[d+ex]*+2aSec[d+ex]*Tan[d+ex])
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(4 (c+bTan[d+ex]+aTan[d+ex12)3/2)J+[\/a+bCot[d+ex]+cCot[d+ex12

(7 ~4c-4iaTan[d+ex]-2b (i+Tan[d+ex])+4ia-ib-c
Jc+Tan[d+ex] (b+aTan[d+ex]) )/(m (a+ib-c)
(—1'1+Tan[d+ex])”/(a—jb—c)B/zJ+Log[(4c+2b(—J’L+Tan[d+ex])—

/

Sec[d+ex]?

Log [

41‘1(aTan[d+ex}+x/a+1‘1b—c \/c+Tan[d+ex] (b+aTan[d+ex])
((a—jb—c) va+1ib-c (1'1+Tan[d+ex]))}/(a+1’1b—c)3/2

/

+ ((—szc[d+ex]2—2cCot[d+ex] Cscld+ex]?)

(2\/c+bTan[d+ex} +aTan[d+ex]?

[—(Log[(—4c—4jaTan[d+ex}—2b(1'1+Tan[d+ex])+4j1\/a—jb—c
\/c+Tan[d+ex] (b+aTan[d+ex]) )/(\/a—ib—c (a+ib-c)

(—1+Tan[d+ex]))}/ (a—ib—c)B/z) +Log[(4c+2b (-i+Tan[d+ex]) -

/

((a—ibfc) va+ib-c (1'1+Tan[d+ex]))}/ (a+jb—c)3/2] Tan[d +ex]

41 (aTan[d+ex1 +Va+ib-c \/c+Tan[d+ex] (b+aTan[d+ex])

/

+

(4\/a+bCot[d+ex} +cCot[d+ex]? \/c+bTan[d+ex] +aTan[d+ex]?

1

2\/c+bTan[d+ex] +aTan[d+ex]?

\/a+bCot[d+ex] +cCot[d+ex]? Tan[d+eX]
(7(((a+jb7c) (-i+Tan[d+ex]) ((741'1aSec[d+ex}272b5ec[d+ex]2+

(Zim(aSec[d+ex]2Tan[d+ex]+Sec[d+ex]2
<b+aTan[d+ex})))/(\/C+Tan[d+ex} (b+aTan(d+ex]) ))/
(m (a+ib-c) (—11+Tan[d+ex]))—(Sec[d+ex}2
(—4c—4iaTan[d+ex}—2b<i+Tan[d+ex])+4im
Jc+Tan[d+ex] (b+aTan[d+ex]) ))/(m(aJrﬂbe)
(7]1+Tan[d+ex])2>)]/((afjbfc)
(i+Tan[d+ex]) +4jm\/c+Tan[d+ex] (b+aTan[d+ex]) ))) +

-4c-41aTan[d+ex] -2b

((a—ib—c) (i+Tan[d+ex]) [(2b5ec[d+ex}2—4i (aSec[d+ex]2+ (\/aﬂib—c
(asec[d+ex]?Tan[d+ex] +Sec[d+ex]? (b+aTan[d+ex])))/

]/((a—jb—c>m

(2\/C+Tan[d+ex} (b+aTan[d+ex])
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(1’1+Tan[d+ex})) - (Sec[dJrex}2
41 (aTan[d+ex} +va+ib-c \/c+Tan[d+ex] (b+aTan[d+ex]) )))/
((a—jb—c) Va+rib-c (1+Tan[d+ex])2)))/

4c+2b (-i+Tan[d+ex]) -

((aﬂlb—c) (4c+2b (-i+Tan[d+ex]) -41 (aTan[d+ex} +

Varib-c \[c+Tan[d+ex] (b+aTan[d+ex]) )))J]]

Problem 15: Humongous result has more than 200000 leaves.

Tan[d + e X]

dx
J(a+bCo‘c[d+ex] +cCot[d+ex]?)*?

Optimal (type 3, 749 leaves, 13 steps):
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ArcTanh [ 2a+bCot[d+e x] ]
2+/a \/a+b Cot[d+e x]+c Cot[d+e x]2

+
a3’?2e

JZaZc\/a2+b22ac+c2 \/azbzzac+c2+(ac) \/a2+b272ac+c2 ArcTanh|

Cot[d+ex])/

V2 JZaZc\/aerbZZac+c2 Jazb22ac+c2+(ac)\/a2+b22ac+c2

(bzf(afc) (a7c+\/a2+b2723c+c2]7b(2a72c7\/az+b272ac+c2

\/a+bCot[d+ex] +cCot[d+ex]?

}J/(\/? (a2+b2—2ac+c2)3/2e)—

{\/2a2c+\/a2+b22ac+c2 \/aZbZZac+c2(ac)\/a2+b22ac+c2 ArcTanh|

Cot[d+ex])/

V2 \/2a2c+x/a2+b22ac+c2 JazbZZac+c2(ac)\/a2+b22ac+c2

}J/

2 (b2-2 b cCot[d
(\/7 (a2+b2—2ac+c2)3/2e)— ( acrbclotidrex]) +

a(b?-4ac) e\/a+bCot[d+ex] +cCot[d+ex]?

(bzf(afc) (afcf\/a2+b272ac+c2]7b(2a72c+\/a2+b272ac+c2

\/a+bCot[d+ex] +cCot[d+ex]?

2 (a(b?-2(a-c)c)+bc(a+c)Cotld+ex])

(b2+ (a-c)?) (b2-4ac) e\/a+bCot[d+ex] +cCot[d+ex]?

Result (type ?, 558 961 leaves) : Display of huge result suppressed!

Problem 16: Humongous result has more than 200000 leaves.

Tan[d +ex]3

dx
J(a+bCot[d+ex] +cCot[d+ex]?)*?

Optimal (type 3, 1008 leaves, 18 steps):



Mathematica 11.3 Integration Test Results for 4.4.9 trig"m (a+b cot”™n+c cot™(2 n))p.nb | 49

ArcTanh { 2 a+b Cot[d+e x] ] 3 (5 b2 _4a C) ArcTanh [ 2a+bCot[d+ex] ]
2\/?\/a+bCot[d+ex]+c Cot[d+e x]? Zﬁ\/a+bCot[d+ex]+cCot[d+ex]2

a3/2e 837/26

JZaZc\/az+b22ac+c2 \/azb22ac+c2+(ac)\/a2+b22ac+c2 ArcTanh|

Cot[d+ex])/

V2 JZaZc\/aerbZZac+c2 Jazbz2ac+c2+(ac)\/a2+b22ac+c2

(bzf(afc) (a7c+\/a2+b2723c+c2]7b(2372c7\/az+b272ac+c2

\/a+bC°t[d+ex]+CC0t[d+EX]2 ] /(\/7 (a2+b2—2ac+c2)3/2e)+

\/2a2c+\/a2+b22ac+c2 \/azbZZac+c2(ac)\/a2+b22ac+c2 ArcTanh |

Cot[d+ex])/

V2 \/2a2c+x/a2+b22ac+c2 JaZbZZac+c2(ac)\/a2+b22ac+c2

(bzf(afc) (afcf\/aerbzfzac+c2]7b(2a72c+\/a2+b272ac+c2

\/a+bCot[d+ex] +cCot[d+ex]? |] /

2 (b2-2 b cCot[d
(\/7 (a2+b2—2ac+c2)3/2e)+ ( acrbclotidrex]) -

a(b?-4ac) e\/a+bCot[d+ex1 +cCot[d+ex]?

2 (a(b?-2(a-c)c)+bc(a+c)Cotld+ex])

(b2+ (a-c)?) (b2-4ac) e\/a+bCot[d+ex] +cCot[d+ex]?

b (15b2-52ac) \/a+bCot[d+ex} +cCot[d+ex]? Tan[d +eX]

433 (b2—4ac) e

2 (b>-2ac+bcCot[d+ex]) Tan[d+ex]?

+

a(b’-4ac) e\/a+bCot[d+ex] +cCot[d+ex]?

(5b?-12ac) \/a+bCot[d+ex} +cCot[d+ex]2 Tan[d+ex]?2

2 a2 (b2—4ac) e

Result (type ?, 930953 leaves) : Display of huge result suppressed!
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Problem 17: Result more than twice size of optimal antiderivative.

J Cot[d+ex]?

dx
\/a+bCot[d+ex]2+cCot[d+ex]4
Optimal (type 3, 182leaves, 8steps):

- _ 2
Ar‘cTanh[ 2a-b+(b-2c) Cot[d+e x] ]
2+/a-b+c \/a+b(201:[d+ex]2+cCot[d+ex]4

2+/a-b+c e

(b+2c) ArcTanh| b+2 ¢ Cot[drex]®
2\/?\/a+bCot[d+ex]Z+cCot[d+ex]4 \/a +bCot[d+ex]2+cCot[d+ex]*

+

4c32e 2ce

Result (type 3, 2952 leaves):

_22e<\/((3a+b+3c—4aCos{2 (d+ex)]+4cCos[2 (d+ex)]+aCos[4 (d+ex)] -

bCos[4 (d+ex) ]| +cCos[4 (d+ex)])/(3-4Cos[2 (d+ex)]|+Cos[4 (d+ex)]))) -

2c32Log[1+Tan[d+ 2
([(b+2c) Log[Tan[d +ex]?] - < g an[d + e x]’] _

Vva-b+c

bLog[Zc+bTan[d+ex]2+2\/?\/c+bTan[d+ex]2+aTan[d+ex}4 ] -

2cLog{2c+bTan[d+ex]2+2\/?\/c+bTan[d+ex]2+aTan[d+ex}4 |+

2c*?Log[b (-1+Tan[d+ex]?) +

Vva-b+c

2 (c—aTan[d+ex}2+\/a—b+c \/c+bTan[d+ex}2+aTan[d+ex]4

i

J
3a b

+ +

3-4Cos[2 (d+ex)]|+Cos[4 (d+ex)] 3-4Cos[2(d+ex)]+Cos[4 (d+ex)]

3¢ 4acCos|2 (d+ex”

+

3-4Cos[2 (d+ex)| +Cos[4 (d+ex)] ) 3-4Cos[2 (d+ex)|+Cos[4 (d+ex)]

4cCos[2(d+ex)] . aCos[4<d+ex)]

3-4Cos |2 <d+ex)] +Cos [4 (d+ex>] 3-4Cos|2 (d+ex” +Cos [4 (d+ex)]

bCos[4(d+ex” cCos[4<d+ex)]

+

3-4Cos|2 <d+ex)] +Cos [4 (d+ex>] 3-4Cos|2 (d+ex)} +Cos [4 (d+ex)]

Sin[2 (d+ex) | /<3a+b+3c74aCos[2 (d+ex)] +4ccCos[2 (d+ex)] +

aCos|4 (d+ex” -bCos[4 (d+ex” +cCos |4 (d+ex)]) -

-

3a b

+ +

3-4Cos[2(d+ex)|+Cos[4 (d+ex)] 3-4Cos[2(d+ex)]+Cos[4 (d+ex)]
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3¢ 4aCos[2(d+exH
- +

3-4Cos[2(d+ex)|+Cos[4 (d+ex)] 3-4Cos[2(d+ex)]+Cos[4 (d+ex)]

4cCos[2 (d+ex) | acCos[4 (d+ex)]

+

3-4Cos[2(d+ex)|+Cos[4 (d+ex)] 3-4Cos[2(d+ex)]+Cos[4 (d+ex)] )

bCos[4 (d+ex)] cCos[4 (d+ex)]

+

3-4Cos[2(d+ex)]|+Cos[4 (d+ex)] 3-4Cos[2(d+ex)]+Cos[4 (d+ex)]

Sin[2 (d+ex) | /(c (3a+b+3c-4aCos[2 (d+ex)]|+4cCos|[2 (d+ex)]|+

aCos[4 (d+ex)|-bCos[4 (d+ex)]|+cCos[4 (d+ex)])) -
3a b

+ +

3-4Cos[2(d+ex)|+Cos[4 (d+ex)] 3-4Cos[2(d+ex)]+Cos[4 (d+ex)]

|

3¢ 4acCos[2 (d+ex) |

+

3-4Cos[2 (d+ex)]+Cos[4 (d+ex) ] _3—4Cos[2 (d+ex) ] +Cos[4 (d+ex)]
4cCos[2 (d+ex) | aCos|4 (d+ex)]

+

3-4Cos(2(d+ex)|+Cos[4 (d+ex)| 3-4Cos[2(d+ex)]+Cos[4 (d+ex)]

bCos[4 (d+ex)] cCos[4 (d+ex)]

+

3-4Cos[2(d+ex)|+Cos[4 (d+ex)] 3-4Cos[2(d+ex)]+Cos[4 (d+ex)]

Sin[4 (d+ex) | /<3a+b+3c—4aCos[2 (d+ex)]+4ccCos[2 (d+ex)] +

aCos[4 (d+ex)] -bCos[4 (d+ex)] +cCos[4 (d+ex)])]

Tan[d+ex}2\/aJrCot[dJrex]4 (c+bTan[d+ex]?) ]/ 4

3/2

e

\/c+bTan[d+ex}2+aTan[d+ex]4

1

3/2

8c¥2 (c+bTan[d+ex]?+aTan[d+ex]*)

2 3/2L 1+T d 2
((b+2c) Log{Tan[dJrex]Z}_ C og[ +Tan[d + e x] } i

Va-b+c

bLog[zc+bTan[d+ex]2+2\/?\/c+bTan[d+ex]2+aTan[d+ex]4 | -

2cLog{Zc+bTan[d+ex]2+2\/?\/c+bTan[d+ex]2+aTan[d+ex}4 ]+

2c*2Log[b (-1+Tan[d+ex]?) +

Va-b+c
2 (c—aTan[d+ex12+\/a—b+c \/c+bTan[d+ex]2+aTan[d+ex14)]]
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Tan[d+ex]? (2bSec[d+ex]?Tan[d+ex] +4aSec[d+ex]*Tan[d+ex]?)
1

\/a+Cot[d+ex]4 (c+bTan[d+ex]?) -

2c3/2\/c+bTan[d+ex]2+aTan[d+ex}4
2c¢32Log|1+Tan[d+ex]?
((b+2c) Log[Tan[d +ex]?] - el : : }’

Vva-b+c

bLog[Zc+bTan[d+ex]2+2\/?\/c+bTan[d+ex]2+aTan[d+ex]4 ] -

2cLog[2c+bTan[d+ex]2+2\/?\/c+bTan[d+ex]2+aTan[d+ex}4 ]+

2c*?Log[b (-1+Tan[d+ex]?) +

Va-b+c
2 (cfaTan[d+ex}2+x/afb+c \/c+bTan[d+ex]2+aTan[d+ex}4)]]

Sec[d+ex]?Tan[d + e x] Ja+Cot[d+ex]4 (c+bTan[d+ex]?) -
232 Log[1+Tan[d+ex]2]

Va-b+c

bLog[2c+bTan[d+ex}2+2\/c_\/c+bTan[d+ex}2+aTan[d+ex]4 ] -

[((b+2c) Log[Tan[d+ex]?] -

2(:Log[2c+bTan[d+ex}2+2\/c_\/c+bTan[d+ex}2+aTan[d+ex]4 |+

2c*2Log[b (-1+Tan[d+ex]?) +2 (cfaTan[d+ex}2+

Vva-b+c
va-b+c \/c+bTan[d+ex12+aTan[d+ex]4

12

]

Tan[d +ex

(2bCot[d+ex] Csc[d+ex]?-4Cot[d+ex]>Csc[d+ex]? (c+bTan[d+ex]2))J/

(8c3/2\/c+bTan[d+ex]2+aTan[d+ex14 \/a+Cot[d+ex]4 (c+bTan[d+ex]?) )—

1

4c3/2\/c+bTan[d+ex}2+aTan[d+ex]4

Tan[dJrex]z\/aJrCot[dJrex}4 (c+bTan[d+ex]?)

4c32sec[d+ex]?Tan[d +ex]
2 (b+2c)Cscld+ex] Sec[d+ex] - -

Va-b+c (1+Tan[d+ex]?)

(b (2bSec[d+ex]2Tan[d+ex] + (\/? (2bsec[d+ex]*Tan[d+ex] +4aSec[d+ex]?

)/

Tan[d+ex]3))/ (x/c+bTan[d+ex}2+aTan[d+ex]4

[2c+bTan[d+ex}2+2\/c_\/c+bTan[d+ex}2+aTan[d+ex]4

(Zc (2bSec[d+ex]2Tan[d+ex] + (\E (2bsec[d+ex]*Tan[d+ex] +4a

Sec[d+ex]2Tan[d+ex]3))/ (\/c+bTan[d+ex}2+aTan[d+ex]4

)/
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+

(2c+bTan[d+ex}2+2\/?\/c+bTan[d+ex}2+aTan[d+ex]4

(2c3/2 [2bSec[d+ex]2Tan[d+ex] +2 {—2aSec[d+ex]2Tan[d+ex] +

(x/a—b+c (2bsec[d+ex]*Tan[d+ex] +4aSec[d+ex]2Tan[d+ex]3))/

)/

(\/a—b+c (b (-1+Tan[d+ex]?) +2 [c—aTan[d+ex]2+\/a—b+c

]

Problem 18: Result more than twice size of optimal antiderivative.

J Cot[d+ex]3
dx
\/a+bCot[d+ex]2+cCo‘c[d+ex14

Optimal (type 3, 141 leaves, 7 steps):

[2\/c+bTan[d+ex]2+aTan[d+ex]4))

\/c+bTan[d+ex}2+aTan[d+ex]4

ArcTanh [ 2a-b+(b-2c) Cot[d+ex]? } ArcTanh [ b+2 c Cot[d+e x]?
Zm\/a+bCot[d+ex]z+cCot[d+ex]4 2\/?\/a+bC0t[d+ex]2+cCot[d+ex]4
2+a-b+c e 2+/c e

Result (type 3, 2161 leaves):
Log|[Tan[d+ex]2] Log[l+Tan[d+ex]?| 1

\E Vva-b+c \/?

Log[2c+bTan[d+ex]2+2V?\/c+Tan[d+ex]2 (b+aTan[d+ex]?) |+

Log[b (-1+Tan[d+ex]?) +

Va-b+c
2 (c—aTan[d+ex12+\/a—b+c \/c+Tan[d+ex]2 (b+aTan[d+ex]?) )]]

|

3a b

+

3-4Cos[2(d+ex)]|+Cos[4 (d+ex)] 3-4Cos[2(d+ex)]+Cos[4 (d+ex)] '

3¢ 4aCos[2(d+ex)]

+

3-4Cos[2 (d+ex)]|+Cos[4 (d+ex)] ) 3-4Cos[2 (d+ex)| +Cos[4 (d+ex)]

4cCos[2 (d+ex) | X acCos |4 (d+ex)]

3-4Cos[2(d+ex)|+Cos[4 (d+ex)] 3-4Cos[2(d+ex)]+Cos[4 (d+ex)]
bCos[4 (d+ex) ] cCos[4 (d+ex)]

+

3-4Cos[2(d+ex)]|+Cos[4 (d+ex)] 3-4Cos[2(d+ex)]+Cos[4 (d+ex)]

Sin[2 (d+ex) | /(3a+b+3c74aCos[2 (d+ex)] +4cCos[2 (d+ex) ]|+
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aCos|[4 (d+ex)] - b Cos [4 <d+ex)] +cCos |4 (d+ex”) +
3a b

+ +

3-4Cos[2(d+ex)] +Cos[4 (d+ex)| 3-4Cos[2(d+ex)]|+Cos[4 (d+ex)]

f

3¢ 4aCos[2(d+ex)]

+

3-4Cos|2 (d+ex” +Cos [4 (d+ex)] ) 3-4Cos|2 (d+ex)] +Cos |4 (d+ex)]

4cCos|2 (d+ex” X aCos[4(d+exH

3-4Cos|2 (d+ex” +Cos [4 (d+ex)] 3-4Cos |2 (d+ex)] +Cos |4 (d+ex)]
bCos[4 (d+ex) ] . cCos[4 (d+ex)]

3-4Cos[2(d+ex)|+Cos[4 (d+ex)] 3-4Cos[2(d+ex)]+Cos[4 (d+ex)]

Sin[4 (d+ex) ] /(3a+b+3c—4aCos[2 (d+vex)] +4cCos[2 (d+ex)] +

aCos[4 (d+ex)|-bCos[4 (d+ex)]|+cCos[4 (d+ex”))

Tan[d+ex]2\/a+Cot[d+ex14 (c+bTan(d+ex]?) J/ [2

e

\/c:+bTan[d+ex]2+aTan[d+ex14

i

Log[Tan[d+ex]?] Log[1l+Tan[d+ex]?]

1
- Log[2c+bTan[d+ex]2+2+c

\/? Vva-b+c V?
x/c+Tan[d+ex}2 (b+aTan[d+ex]?) ]+;Log[b (-1+Tan[d+ex]?) +
Va-b+c

2 (C*aTan[d+eX]2+\/m\/c+Tan[d+ex}2 (b+aTan[d+ex]?) )}J

Tan[d+ex]? (2bSec[d+ex]*Tan[d+ex] +4aSec[d+ex]*Tan[d+ex]?)

/

(4 (c+bTan[d+ex}2+aTan[d+ex]4)3/2)J +

\/a+Cot[d+ex]4 (c+bTan[d+ex]?)

Log|Tan[d + e x]?2 Log|1+Tan[d+ex]?2 1
g[Tan ] ]— gl [ ] }— Log[2c+bTan[d+ex]2+2\/?

|

e Ja-b+c e
1
\/c+Tan[d+ex}2 (b+aTan[d+ex]?) | + ————Llog[b (-1+Tan[d+ex]?) +
Vva-b+c

2 (C*f"Ta”[dJreX]z+\/afT\/c+Tan[d+ex}2 (b+aTan[d+ex]?) )}J

Sec[d+ex]?Tan[d + e x] Ja+Cot[d+ex}4 (c+bTan[d+ex]?) J/
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+

[\/c+bTan[d+ex]2+aTan[d+ex}4

Log[Tan[d+ex]?| Log[1+Tan[d+ex]?] 1

\/? Vva-b+c \/?

Log[zc+bTan[d+ex]2+2\/?\/c+Tan[d+ex12 (b+aTan[d+ex]?) |+

|

————log[b (-1+Tan[d+ex]?) +2 (c—aTan[d+ex]2+\/a—b+c
Va-b+c

\/CJrTan[dJrex]2 (b+aTan[d+ex]?) )]

Tan[d +ex]?

(2bCot[d+ex] Csc[d+ex]?-4Cot[d+ex]>Cscl[d+ex]? (c+bTan[d+ex]2))]/

[4\/c+bTan[d+ex]2+aTan[d+ex}4 \/a+Cot[d+ex]4 (c+bTan[d+ex]?) )+

1

2\/c+bTan[d+ex]2+aTan[d+ex]4

Tan[d+ex}2\/a+Co‘c[d+ex]4 (c+bTan[d+ex]?)

2Csc[d+ex] Sec[d+eXx] 2Sec[d+ex]2Tan[d + e x] )
- —[2bSec[d+ex1

Ve Va-b+c (1+Tan[d+ex]?)

Tan[d+ex] + (\/? (2asec[d+ex]*Tan[d+ex]*>+2Sec[d+ex]?Tan[d+ex]

(b+aTan[d+ex}2)))/ (\/C+Tan[d+ex]2 (b+aTan[d+ex]?) ))/

(\E (2c+bTan[d+ex}2+2\/?\/c+Tan[d+ex}2 (b+aTan[d+ex]?) )

+

(ZbSec[d+ex]2Tan[d+ex] +2 (72aSec[d+ex}2Tan[d+ex} +

(\/a—b+c (2asec[d+ex]*Tan[d+ex]>+2Sec[d+ex]*Tan[d +ex]

(b+aTan[d+eX]2)))/(2\/C+Tan[d+ex12 (b+aTan[d+ex]?) )])/
[Va=bec [b(-1+Tan(drex)?) +2 [c-aTan[dsex)?+/a brc

|

Problem 19: Result unnecessarily involves higher level functions and more than
twice size of optimal antiderivative.

J Cot[d +ex]
dx
\/a+bCot[d+ex]2+cCot[d+ex}4

Optimal (type 3, 79leaves, 4 steps):

\/c+Tan[d+ex]2 (b+aTan[d+ex]?) )))
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_ _ 2
Ar'cTanh[ 2a-b+(b-2c) Cot[d+ex] ]
2+/a-b+c \/a+bCot[d+ex]2+cCot[d+ex]“

2+a-b+c e
Result (type 4, 84 039 leaves): Display of huge result suppressed!

Problem 20: Result unnecessarily involves higher level functions and more than
twice size of optimal antiderivative.

J Tan[d + e x]
dx
\/a+bCot[d+ex]2+cCot[d+ex}4

Optimal (type 3, 142leaves, 8 steps):

2 2
ArcTanh [ 2 a+b Cot[d+e x] } ArcTanh [ 2a-b+(b-2c) Cot[d+ex]
Zﬁ\/a+b Cot[d+e x]2+c Cot [d+e x]* 2+/a-b+c Ja+b Cot[d+e x]2+c Cot [d+e x]*
2+/a e 2+a-b+c e

Result (type 4, 44361 leaves) : Display of huge result suppressed!

Problem 21: Result unnecessarily involves higher level functions and more than
twice size of optimal antiderivative.

J Tan[d+ex]3
dx
\/a+bCot[d+ex]2+cCot[d+ex}4

Optimal (type 3, 249 leaves, 11 steps):

2 2

ArcTanh]| 22:b Cot[dve x] | bArcTanh| 2a1b Cot [dre x]

2\/?Ja+b€ot[d+ex]2+cCot[d+ex]4 2H\/a+bCot[d+ex]2+cC0t[d+ex]“

- - +
3/2
2+/a e 4332%e
2

Ar‘cTanh[ 2a-b+(b-2c) Cot[d+e x] . . ,

2+/a-b+c \/a+bCot[d+ex]2+cCot[d+ex]“ \/a +bCot[d+ex]“+cCot[d+ex]* Tan[d + e X]

+
2+/Ja-b+c e 2ae

Result (type 4, 124484 leaves) : Display of huge result suppressed!

Problem 22: Result more than twice size of optimal antiderivative.

JCo‘c[dJrexfs\/a+bCot[d+ex]2+cCo‘c[d+ex14 dx

Optimal (type 3, 270 leaves, 9 steps):
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2
/afb+c Ar‘cTanh[ 2a-b+(b-2c) Cot[d+e x]

2+/a-b+c \/a+b Cot[d+e x]2+c Cot [d+e x]* 1
2e 32c*%e

b+2cCot[d+ex]?

(b>+2b*c-4b (a-2c)c-8c? (a+2c))Ar‘cTanh[

2\/c_\/a+bCot[d+ex}2+cCot[d+ex]4

1
16cle
(a+bCo‘c[d+ex]2+cCo‘c[d+ex14)3/2

((b-2c) (b+4c)+2c(b+2c) Cot[d+ex]?) \/a+bCot[d+ex}2+cCot[d+ex]4 -

6ce
Result (type 3, 4238 leaves):
l\/<(3a+b+3c—4aCos[2 (d+ex)| +4cCos[2 (d+ex)]| +aCos[4 (d+ex)] -
e

bCos[4 (d+ex) ]| +cCos[4 (d+ex)])/(3-4Cos[2 (d+ex)]|+Cos[4 (d+ex)]))
[—3b2+8ac—8bc+44c2 (-b+14c)Cscld+ex]? 1 .

+ - —Csc[d+ex]| +
48 c? 24 c 6

{((b3+2b2c4b (a-2c)c-8c?(a+2c)) Log[Tan[d+ex]?] +

16c*2Va-b+c Log[l+Tan[d+ex]?] - (b*+2b%c-4b (a-2c)c-8c*(a+2c))

Log[Zc+bTan[d+ex}2+2\/?\/c+Tan[d+ex]2(b+aTan[d+ex]2) |-

16c*2+Va-b+c Log[b (-1+Tan[d+ex]?) +
2(c—aTan[d+ex}2+m\/c+Tan[d+ex]2<b+aTan[d+ex]2> )])

1"

3a b

+

3-4Cos[2(d+ex)|+Cos[4 (d+ex)] 3-4Cos[2(d+ex)]+Cos[4 (d+ex)] ’

3¢ 4acCos|2 (d+ex”

3-4Cos[2(d+ex)| +Cos[4 (d+ex)] ) 3-4Cos[2 (d+ex)|+Cos[4 (d+ex)]
4cCos[2 (d+ex) | acCos[4 (d+ex)]

+

3-4Cos(2(d+ex)|+Cos[4 (d+ex)] 3-4Cos[2(d+ex)]+Cos[4 (d+ex)]

bCos[4 (d+ex)] cCos[4 (d+ex)]

+

3-4Cos(2(d+ex)|+Cos[4 (d+ex)] 3-4Cos[2(d+ex)]+Cos[4 (d+ex)]

Sin[2 (d+ex) | /<4c2 (3a+b+3c-4acCos[2 (d+ex)|+4cCos[2 (d+ex) ]+

aCos[4 (d+ex” —bCos[4 (d+ex” +cCos[4 (d+ex)])) _

R b

+ +

3-4Cos|2 (d+ex)] +Cos |4 (d+ex>] 3-4Cos|2 (d+ex” +Cos [4 (d+ex)]

3¢ 4acCos[2 (d+ex) | X
3-4Cos[2(d+ex)| +Cos[4 (d+ex)] ) 3-4Cos[2 (d+ex)]|+Cos[4 (d+ex)]

4cCos[2 (d+ex) | X aCos[4 (d+ex)] )
3-4Cos[2(d+ex)]|+Cos[4 (d+ex)] 3-4Cos[2(d+ex)]+Cos[4 (d+ex)]
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bCos[4 (d+ex)] cCos[4 (d+ex) ]

+

3-4Cos(2(d+ex)|+Cos[4 (d+ex)| 3-4Cos[2(d+ex)]+Cos[4 (d+ex)]

Sin[2 (d+ex) |

!

/(c (3a+b+3c-4aCos[2 (d+ex)]|+4cCos|[2 (d+ex)]|+

aCos[4 (d+ex)} —bCos[4 (d+ex” +cCos[4 (d+ex)])) n
3a b
3-4Cos|2 (d+ex” +Cos [4 (d+ex)] ' 3-4Cos|2 (d+ex)]
(

3-4Cos[2(d+ex)]| +Cos[4 (d+ex)] 73—4Cos[2 (d+ex)] +Cos[4 (d+ex) |

+

+Cos [4 (d+ex”

3¢ 4acCos|2 d+exH

+

4cCos[2 (d+ex) | acCos[4 (d+ex)]

+

3-4Cos[2(d+ex)]|+Cos[4 (d+ex)] 3-4Cos[2(d+ex)]+Cos[4 (d+ex)] )

bCos[4 (d+ex)] cCos[4 (d+ex)]

+

3-4Cos(2(d+ex)|+Cos[4 (d+ex)| 3-4Cos[2(d+ex)]+Cos[4 (d+ex)]

Sin[2 (d+ex) | /<2c (3a+b+3c-4acCos[2(d+ex)|+4cCos[2 (d+ex)]+

aCos[4 (d+ex)|-bCos[4 (d+ex)]|+cCos[4 (d+ex)])) -

\/ 3a b
2cC

+ +

3-4Cos(2(d+ex)|+Cos[4 (d+ex)| 3-4Cos[2(d+ex)]+Cos[4 (d+ex)]
3¢ 4aCos([2 (d+ex) |

- +

3-4Cos[2(d+ex)|+Cos[4 (d+ex)] 3-4Cos[2(d+ex)]+Cos[4 (d+ex)]

4cCos[2 (d+ex) | acCos[4 (d+ex)]

+

3-4Cos[2(d+ex)|+Cos[4 (d+ex)| 3-4Cos[2(d+ex)]+Cos[4 (d+ex)]

bCos[4 (d+ex)] cCos[4 (d+ex)]

+

3-4Cos[2(d+ex)|+Cos[4 (d+ex)] 3-4Cos[2(d+ex)]+Cos[4 (d+ex)]

Sin[2 (d+ex) | /<3a+b+3c—4aCos[2 (d+ex)]+4ccCos[2 (d+ex)] +

aCos|4 (d+ex” -bCos[4 (d+ex” +cCos[4 (d+ex)]) -

" b

+ +

3-4Cos[2(d+ex)|+Cos[4 (d+ex)] 3-4Cos[2(d+ex)]+Cos[4 (d+ex)]

3¢ 4aCos[2 (d+ex) |

3-4Cos[2 (d+ex)|+Cos[4 (d+ex)] i 3-4Cos[2 (d+ex)]|+Cos[4 (d+ex)]
4cCos[2 (d+ex) | aCos[4 (d+ex)]

+

3-4Cos[2(d+ex)]|+Cos[4 (d+ex)] 3-4Cos[2(d+ex)]+Cos[4 (d+ex)]

bCos[4 (d+ex)] cCos|4 (d+ex)]

+

3-4Cos(2(d+ex)|+Cos[4 (d+ex)| 3-4Cos[2(d+ex)]+Cos[4 (d+ex)]

Sin[4 (d+ex) | /<3a+b+3c—4aCos[2 (d+ex)]+4cCos[2 (d+ex)] +
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aCos[4 (d+exH -bCos |4 (d+ex” +cCos |4 (d+ex)]) +

Q" b

3-4Cos[2 (d+ex)]| +Cos[4 (d+ex)] +3—4Cos{2 (d+ex) ] +Cos[4 (d+ex) |

+

3¢ 4acCos|2 (d+ex”

3-4Cos|2 (d+ex)] +Cos [4 (d+ex>] _3—4Cos[2 (d+ex” +Cos [4 (d+ex)]

4cCos[2(d+ex)] . aCos[4<d+ex)]

3-4Cos |2 (d+ex)] +Cos [4 (d+ex>] 3-4Cos|2 (d+ex” +Cos [4 (d+ex)]

bCos[4 (d+ex)] cCos[4 (d+ex)]

+

3-4Cos(2(d+ex)|+Cos[4 (d+ex)| 3-4Cos[2(d+ex)]+Cos[4 (d+ex)]

Sin[4 (d+ex) | /(3a+b+3c74aCos[2 (d+ex)] +4ccCos[2 (d+ex)] +

aCos[4 (d+ex)| -bCos[4 (d+ex” +cCos |4 (d+ex)]) -

B b

3-4Cos[2 (d+ex) ]| +Cos[4 (d+ex) | +3—4Cos{2 (d+ex) ] +Cos[4 (d+ex) |

+

3¢ ) 4acCos[2 (d+ex) |
3-4Cos(2(d+ex)|+Cos[4 (d+ex)| 3-4Cos[2(d+ex)]+Cos[4 (d+ex)]
4cCos[2 (d+ex) | . aCos[4 (d+ex) | )
3-4Cos(2(d+ex)|+Cos[4 (d+ex)| 3-4Cos[2(d+ex)]+Cos[4 (d+ex)]
bCos[4(d+exH cCos[4<d+ex)]

+

3-4Cos|2 (d+ex)] +Cos [4 (d+ex>] 3-4Cos|2 (d+ex” +Cos [4 (d+ex)]

Sin[4 (d+ex) | /<3a+b+3c74aCos[2 (d+ex)] +4ccCos[2 (d+ex)] +

aCos[4 (d+ex)] -bCos[4 (d+ex)]|+cCos[4 (d+ex)])]

Tan[dJrex}z\/a+Co‘c[d+ex]4 (c+bTan[d+ex]?) ]/ [32

5/2

e

\/c+bTan[d+ex}2+aTan[d+ex]4

1

64c>2 (c+bTan[d+ex]2+aTan[d+ex]*)>?

(<b3+2b2c74b(a72c)c78c2 (a+2c)) Log[Tan[d+ex]?] +
16c5/2\/mLog[1+Tan[d+ex]2}—(b3+2b2c—4b(a—2c)c—8c2 (a+2c))
Log[zc+bTan[d+ex]2+2\E\/c+Tan[d+ex}2(b+aTan[d+ex}2) | -
16c*2+/a-b+c Log[b (-1+Tan[d+ex]?) +
2(c—aTan[d+ex]2+m\/c+Tan[d+ex}2(b+aTan[d+ex]2) )})
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Tan[d+ex]? (2bSec[d+ex]*Tan[d+ex] +4aSec[d+ex]?Tan[d+ex]?)
1

\/a+Cot[d+ex]4 (c+bTan[d+ex]?) +

16c5/2\/c+bTan[d+ex]2+aTan[d+ex}4
((b3+2b2c—4b(a—2c)c—8c2 (a+2c)) Log[Tan[d +ex]?] +
16c*2+va-b+c Log[l+Tan[d+ex]?] - (b®+2b%c-4b (a-2c)c-8c*(a+2c))
Log[Zc+bTan[d+ex]2+2\/?\/c+Tan[d+ex]2 (b+aTan[d+ex]?) | -
16c*2+\a-b+c Log[b (-1+Tan[d+ex]?) +
2(c—aTan[d+ex12+m\/c+Tan[d+ex]2(b+aTan[d+ex12) )])

Sec[d+ex]?Tan[d+eXx] Ja+Cot[d+ex]4(c+bTan[d+ex]2) +
(((b3+2b2c—4b(a—2c)c—8c2 (a+2c)) Log[Tan[d+ex]?] +
16c®?\a-b+c Log[l+Tan[d+ex]?] - (b*+2b2c-4b (a-2c)c-8c*(a+2c))
Log[zc+bTan[d+ex]2+2\/?\/c+Tan[d+ex}2(b+aTan[d+ex}2) | -
16 c*2+a-b+c Log[b (-1+Tan[d+ex]?) +2

va-b+c \/c+Tan[d+ex12 (b+aTan[d+ex]?) )]) Tan[d + e x]?

c-aTan[d+ex]?+

(2bCot[d+ex] Csc[d+ex]?-4Cot[d+ex]’Csc[d+ex]? (c+bTan[d+ex]2)))/

(64c5/2\/c+bTan[d+ex}2+aTan[d+ex]4 \/a+Cot[d+ex}4 (c+bTan[d+ex]?) )+

1

32c5/2\/c+bTan[d+ex]2+aTan[d+ex}4

Tan[dJFex]ZJa+Cot[d+ex}4 (c+bTan[d+ex]?)

2 (b*+2b*c-4b(a-2c)c-8c?(a+2c))Csc[d+ex] Sec[d+ex] +

32c*?2+a-b+c Sec[d+ex]?Tan[d+eX]

1+Tan[d+ex]?

(<b3+2b2c—4b(a—2c)c—8c2 (a+2c)) (2bSec[d+ex}2Tan[d+ex}+
(VT (2asec(d+ex]?Tan[d+ex]®+2Sec[d+ex]2Tan[d+ex]
(b+aTan[d+ex]2)))/(\/C+Tan[d+ex12 (b+aTan[d+ex]?) )])/
(2c+bTan[d+ex12+2\/?\/c+Tan[d+ex]2(b+aTan[d+ex12) )7

(16c5/2\/a7b+c

2bSec[d+ex]?Tan[d+ex] +2

(—2aSec[d+ex]2Tan[d+ex1 + (\/a—b+c (2asec[d+ex]*Tan[d+ex]>+

2Sec[d+ex]%Tan[d+ex] (b+aTan[d+ex]2)))/

(2\/C+Tan[d+ex]2 (b+aTan[d+ex]?) ))J]/ (b (-1+Tan[d+ex]?) +
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2 (CfaTan[d+ex]2+m\/c*Ta”[dJreX]z (braTan(d+ex]?) ))]J]

Problem 23: Result more than twice size of optimal antiderivative.

jCot[d+ex}3\/a+bCot[d+ex]2+cCot[d+ex}4 dx

Optimal (type 3, 209 leaves, 8 steps):
Va-b+c Ar‘cTanh[ 2a-b+(b-2c) Cot[d+e x]? ]

2+ a-b+c \/a+b Cot[d+e x]%+c Cot [d+e x]*

- +

2e

(b>+4bc-4c (a+2c)) ArcTanh| b+2cCot[drex]® ]

2+/c \/a+b Cot[d+e x]2+c Cot[d+e x]*

16c3/?e

(b-4c+2cCot[d+ex]?) \/a+bCot[d+ex]2+cCot[d+ex}4

8ce
Result (type 3, 4379 leaves):
1\/<(3a+b+3c—4aCos[2 (d+ex)] +
) 4cCos[2(d+ex)|+aCos[4 (d+ex)|-bCos[4 (d+ex)]|+cCos[4 (d+ex)])/

-b+6c 1
- —Csc[d+ex
8¢

(3-4Cos[2 (d+ex)]|+Cos[4 (d+ex)])) [ 12| +

{[—(b2+4bc—4c (a+2c)) Log[Tan[d+ex]?] -8c*?>+/a-b+c Log[1+Tan[d+ex]?] +

szog[2c+bTan[d+ex}2+2\/?\/c+bTan[d+ex]2+aTan[d+ex}4 ] -

4acLog[2c+bTan[d+ex}2+2\/?\/c+bTan[d+ex]2+aTan[d+ex}4 ]+

4bcLog[2c+bTan[d+ex}2+2\/?\/c+bTan[d+ex]2+aTan[d+ex}4 ] -

8c2Log[2c+bTan[d+ex}2+2\/?\/c+bTan[d+ex}2+aTan[d+ex]4]+
8c*?~/a-b+c Log[b (-1+Tan[d+ex]?) +
2(c—aTan[d+ex}2+\/a—b+c \/c+bTan[d+ex}2+aTan[d+ex]4 ]]

[ ) + b +
3-4Cos|2 <d+ex)] +Cos [4 (d+ex” 3-4Cos|2 (d+ex” +Cos [4 <d+ex)]
3¢ 4acCos[2 (d+ex) |
3-4Cos[2(d+ex)| +Cos[4 (d+ex)] ) 3-4Cos[2 (d+ex)]|+Cos[4 (d+ex)]
4cCos[2 (d+ex) | . acCos[4 (d+ex)] )
3-4Cos[2(d+ex)]|+Cos[4 (d+ex)] 3-4Cos[2(d+ex)]+Cos[4 (d+ex)]
bCos[4 (d+ex)] cCos[4 (d+ex)]

+

3-4Cos[2(d+ex)|+Cos[4 (d+ex)] 3-4Cos[2(d+ex)]+Cos[4 (d+ex)]
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Sin[2 (d+ex) | /(Zc (3a+b+3c-4acCos[2(d+ex)]|+4cCos|[2 (d+ex)]|+

aCos[4 (d+ex” —bCos[4 (d+ex” +cCos[4 <d+ex)])) +

3a b

+ +

3-4Cos|2(d+ex)]|+Cos[4 (d+ex)| 3-4Cos[2(d+ex)]+Cos[4 (d+ex)]

S

3¢ 4acCos[2 (d+ex) |

+

3-4Cos[2 (d+ex)]+Cos[4 (d+ex)] _3—4Cos[2 (d+ex)] +Cos[4 (d+ex)]
4cCos[2 (d+ex) | acCos|4 (d+ex)]

+

3-4Cos(2(d+ex)|+Cos[4 (d+ex)| 3-4Cos[2(d+ex)]+Cos[4 (d+ex)]

bCos[4 (d+ex)] cCos[4 (d+ex)]

+

3-4Cos[2(d+ex)|+Cos[4 (d+ex)] 3-4Cos[2(d+ex)]+Cos[4 (d+ex)]

Sin[2 (d+ex) | /<3a+b+3c—4aCos[2 (d+ex)]+4cCos[2 (d+ex)] +

aCos[4 (d+ex)]-bCos[4 (d+ex)]|+cCos[4 (d+ex)])+
3a b
[aJ 3-4Cos[2 (d+ex)| +Cos[4 (d+ex)] +3—4Cos[2 (d+ex)] +Cos[4 (d+ex) | '
3¢ i 4acCos[2 (d+ex) |
3-4Cos[2(d+ex)]|+Cos[4 (d+ex)] 3-4Cos[2(d+ex)]+Cos[4 (d+ex)]
4cCos[2 (d+ex) | . acCos[4 (d+ex)]
3-4Cos[2(d+ex)]|+Cos[4 (d+ex)| 3-4Cos[2(d+ex)]+Cos[4 (d+ex)]
bCos[4 (d+ex)] cCos[4 (d+ex)]

+

3-4Cos[2(d+ex)]|+Cos[4 (d+ex)] 3-4Cos[2(d+ex)]+Cos[4 (d+ex)]

Sin[4 (d+ex) | /<3a+b+3c—4aCos[2 (d+ex)]+4ccCos[2 (d+ex)] +

aCos|[4 (d+exH -bCos |4 (d+ex” +cCos |4 (d+ex)]) -

8 ) b

3-4Cos[2 (d+ex)]| +Cos[4 (d+ex)] +3—4Cos{2 (d+ex) ] +Cos[4 (d+ex) |

+

3¢ 4acCos|2 (d+ex”

3-4Cos[2 (d+ex)] +Cos[4 (d+ex)] ) 3-4Cos[2 (d+ex)] +Cos[4 (d+ex)]
4cCos[2 (d+ex) | aCos[4 (d+ex)]

+

3-4Cos[2(d+ex)|+Cos[4 (d+ex)| 3-4Cos[2(d+ex)]+Cos[4 (d+ex)] )

bCos[4 (d+ex)] cCos[4 (d+ex)]

+

3-4Cos[2(d+ex)]|+Cos[4 (d+ex)] 3-4Cos[2(d+ex)]+Cos[4 (d+ex)]

Sin[4 (d+ex) | /(3a+b+3c—4aCos[2 (d+ex)] +4cCos[2 (d+ex)] +

aCos|[4 (d+exH -bCos |4 (d+ex” +cCos |4 (d+ex)]) +
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3a b
3-4Cos(2 (d+ex)| +Cos[4 (d+ex)] +3—4Cos{2 (d+ex) ] +Cos[4 (d+ex) |

+

|

3¢ 4acCos|2 (d+ex”

3-4Cos[2 (d+ex)] +Cos[4 (d+ex)] _ 3-4Cos[2 (d+ex)] +Cos[4 (d+ex)]
4cCos[2 (d+ex) | aCos[4 (d+ex)]

+

3-4Cos[2(d+ex)]|+Cos[4 (d+ex)] 3-4Cos[2(d+ex)]+Cos[4 (d+ex)]

bCos[4 (d+ex)] cCos[4 (d+ex)]

+

3-4Cos[2(d+ex)]|+Cos[4 (d+ex)] 3-4Cos[2(d+ex)]+Cos[4 (d+ex)]

Sin[4 (d+ex) | /<3a+b+3c—4aCos[2 (d+ex)]+4ccCos[2 (d+ex)]+

aCos|4 (d+ex” -bCos[4 (d+ex” +cCos |4 (d+ex)])]

Tan[d+ex12\/aJrCot[dJrex]4 (c+bTan[d+ex]?) ]/ 16

3/2

e

\/c+bTan[d+ex}2+aTan[d+ex]4

1
[ 32¢2 (c+bTan[d+ex]?+aTan[d+ex]*)>?

(—(b2+4bc—4c (a+2c)) Log[Tan[d+ex]?] -8c*?+/a-b+c Log[1+Tan[d+ex]?] +

bzLog[zc+bTan[d+ex]2+2\E\/c+bTan[dJrex}ZJraTan[dJrex]4 |-

4acLog[zc+bTan[d+ex]2+2\5\/c+bTan[dJrex]ZJraTan[dJrex]4 |+

4bcLog[zc+bTan[dJrex]z+2\5\/c+bTan[dJrex]ZJraTan[dJrex]4 |-

8c2Log[Zc+bTan[d+ex]2+Z\E\/c+bTan[dJrex]eraTan[d+ex]4 |+

8c*2+a-brc Loglb(-1+Tan[drex]?)+
]

2|c-aTan[d+ex]?++va-b+c \/c+bTan[d+ex]2+aTan[d+ex]4

Tan[d+ex]? (2bSec[d+ex]*Tan[d+ex] +4aSec[d+ex]?Tan[d+ex]?)
1

\/a+Cot[d+ex}4 (c+bTan[d+ex]?) +

8c3/2\/c+bTan[d+ex}2+aTal’1[d+EX]4

(—<b2+4bc—4c (a+2c)) Log[Tan[d+ex]?| -8c*2+/a-b+c Log[1+Tan[d+ex]?] +

b2Log[2c+bTan[d+ex]2+2\/?\/c+bTan[d+ex]2+aTan[d+ex}4 ] -

4acLog[2c+bTan[d+ex]2+2\/?\/c+bTan[d+ex]2+aTan[d+ex}4 |+

4bcLog[2c+bTan[d+ex]2+2\/?\/c+bTan[d+ex]2+aTan[d+ex}4 ] -

8c2Log{2c+bTan[d+ex]2+2\/?\/c+bTan[d+ex]2+aTan[d+ex}4 | +
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8c*?~/a-b+c Log[b (-1+Tan[d+ex]?) +
2 (c—aTan[d+ex}2+\/afb+c \/c+bTan[d+ex]2+aTan[d+ex}4)]]

Sec[d+ex]?Tan[d + e x] Ja+Cot[d+ex}4 (c+bTan[d+ex]?) +

((—(b2+4bc—4c (a+2c)) Log[Tan[d+ex]?| -8c*?+/a-b+c Log[1+Tan[d+ex]?] +

b2Log[zc+bTan[d+ex]2+2\E\/c+bTan[dJrex}ZJraTan[dJrex]4 |-

4acLog[zc+bTan[d+ex]2+Z\E\/c+bTan[dJrex]ZJraTan[dJrex]4 |+

4bcLog[zc+bTan[d+ex]2+Z\E\/c+bTan[dJrex]ZJraTan[dJrex]4 |-

8c2Log[zc+bTan[d+ex]2+Z\E\/c+bTan[dJrex]eraTan[d+ex]4 |+
8c*?~/a-b+c Log[b (-1+Tan[d+ex]?) +2 (c—aTan[d+ex]2+

Vva-b+c \/c+bTan[d+ex}2+aTan[d+ex]4

]J Tan[d + e x]?

(2bCot[d+ex] Csc[d+ex]?-4Cot[d+ex]’Cscl[d+ex]? (c+bTan[d+ex]2)))/

(32c3/2\/c+bTan[d+ex12+aTan[d+ex]4 \/a+Cot[d+ex14 (c+bTan[d+ex]?) )+

1

16C3/z\/c+b‘|'an[d+ex]2+aTan[d+ex14

Tan[dJrex]z\/aJrCot[dJrex}4 (c+bTan[d+ex]?)

[—2 (b>+4bc-4c(a+2c))Cscld+ex] Sec[d+ex] -

16 c32+/a-b+c Sec[d+ex]2Tan[d+ex]

1+Tan[d+ex]?

+

(bz (2bSec[d+ex}2Tan[d+ex} + (\/? (2bsSec[d+ex]*Tan[d+ex] +4aSec[d+ex]?

)/

Tan[d+ex]3))/ (\/c+bTan[d+ex}2+aTan[d+ex]4

[2c+bTan[d+ex]2+2\/?\/c+bTan[d+ex}2+aTan[d+ex]4

(4ac (2bSec[d+ex}2Tan[d+ex} + (\/? (2bSec[d+ex]*Tan[d+ex] +4a

Sec[d+ex]2Tan[d+ex]3))/ \/c+bTan[d+ex}2+aTan[d+ex]4

)/

+

(2c+bTan[d+ex}2+2\/?\/c+bTan[d+ex}2+aTan[d+ex]4

(4bc (2bSec[d+ex}2Tan[d+ex} + (\/? (2bSec[d+ex]*Tan[d+ex] +4a

Sec[d+ex]2Tan[d+ex]3))/ \/c+bTan[dJrex}ZJraTan[dJrex]4

)/

[2c+bTan[d+ex]2+2\/?\/c+bTan[d+ex}2+aTan[d+ex]4
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(SC2 (2bSec[d+ex}ZTan[d+ex} + (\E (2bsec[d+ex]*Tan[d+ex] +4a

Sec[d+ex]2Tan[d+ex]3))/ \/c+bTan[d+ex12+aTan[d+ex]4

)/

+

(2c+bTan[d+ex}2+2\/c_\/c+bTan[d+ex12+aTan[d+ex]4

(8c3/2\/a—b+c

2bSec[d+ex]?Tan[d+ex] +2 (—2aSec[d+ex]2Tan[d+ex] +

(\/a—b+c (2bsec[d+ex]*Tan[d+ex] +4aSec[d+ex]2Tan[d+ex]3))/

[2\/c+bTan[d+ex]2+aTan[d+ex]4))])/ (b (-1+Tan[d+ex]?) +

2 (CaTan[d+9X}2+m\/c+bTan[d+ex]2+aTan[d+ex]4))]J]

Problem 24: Result more than twice size of optimal antiderivative.

JCot[d+ex} \/a+bCot[d+ex]2+cCo‘c[d+ex]4 dx

Optimal (type 3, 179 leaves, 8steps):
Va-b+c Ar‘cTanh[ 2a-b+(b-2c) Cot[d+ex]? ]

2+/a-b+c \/a+b Cot[d+e x]%+c Cot[d+e x]*

2e
(b*ZC) Ar‘cTanh[ b+2 c Cot[d+ex]?
Z\E\/a+bCot[d+ex]2+cCot[d+ex]4 \/a+bC0t[d+EX]2+CCOt[d+EX}4
4-/c e 2e
Result (type 3, 3486 leaves):

,i(v((3a+b+3c74aCos[2 (d+ex)]+4cCos[2 (d+ex)] +aCos[4 (d+ex)] -
bCos[4 (d+ex) ] +cCos[4 (d+ex)])/(3-4Cos[2 (d+ex)]|+Cos[4 (d+ex)])))+

(\/a+bCot[d+ex12+cCot[d+ex]4 (2'\/?'\/a—b+c Log[Sec[d+ex]?| + (b-2c) Log|

Tan[d + e x]?] 7bLog[2c+bTan[d+ex]2+Z\E\/c+bTan[d+ex]2+aTan[d+ex]4 ]+
2cLog[2c+bTan[d+ex]2+2\/?\/c+bTan[d+ex]2+aTan[d+ex}4 | -2+/c Va-b+c

)

Log[-b + (-2a+b) Tan[d+ex]?+2 (c+\/a—b+c \/c+bTan[d+ex]2+aTan[d+ex]4

=

3a b

+ +

3-4Cos[2(d+ex)]|+Cos[4 (d+ex)] 3-4Cos[2(d+ex)]+Cos[4 (d+ex)]

3

4acCos[2 (d+ex) |
3-4Cos[2 (d+ex)| +Cos[4 (d+ex)] ) 3-4Cos[2 (d+ex)]|+Cos[4 (d+ex)]

+

+

]
4cCos[2 (d+ex) | aCos[4 (d+ex)] .
3-4Cos(2(d+ex)|+Cos[4 (d+ex)| 3-4Cos[2(d+ex)]+Cos[4 (d+ex)]
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bCos[4 (d+ex)] cCos[4 (d+ex) ]

+

3-4Cos(2(d+ex)|+Cos[4 (d+ex)| 3-4Cos[2(d+ex)]+Cos[4 (d+ex)]

Sin[2 (d+ex) | /<3a+b+3c74aCos[2 (d+ex)]+4ccCos[2 (d+ex)] +

aCos[4 (d+ex” —bCos[4 (d+ex” +cCos[4 (d+ex)]) -

\/ 3a b
2cC

+ +

3-4Cos|2 (d+ex)] +Cos |4 (d+ex)] 3-4Cos|2 (d+ex” +Cos [4 (d+ex)]

3¢ 4aCos[2(d+exH

+

3-4Cos[2(d+ex)]| +Cos[4 (d+ex)] 73—4Cos[2 (d+ex)] +Cos[4 (d+ex) |
4cCos[2 (d+ex) | acCos[4 (d+ex)]

+

3-4Cos[2(d+ex)]|+Cos[4 (d+ex)] 3-4Cos[2(d+ex)]+Cos[4 (d+ex)] )

bCos[4 (d+ex)] cCos[4 (d+ex)]

+

3-4Cos(2(d+ex)|+Cos[4 (d+ex)| 3-4Cos[2(d+ex)]+Cos[4 (d+ex)]

Sin[2 (d+ex) | /<3a+b+3c—4aCos[2 (d+ex)]+4ccCos[2 (d+ex)] +

aCos|4 (d+ex” -bCos[4 (d+ex” +cCos |4 (d+ex)]) -

I b

3-4Cos(2 (d+ex)| +Cos[4 (d+ex)] : 3-4Cos[2 (d+ex)|+Cos[4 (d+ex)]

+

3¢ 4aCos([2 (d+ex) |

3-4Cos[2(d+ex)|+Cos[4 (d+ex)] 3-4Cos[2(d+ex)]+Cos[4 (d+ex)]

4cCos[2 (d+ex) | acCos[4 (d+ex)]

+

3-4Cos[2(d+ex)|+Cos[4 (d+ex)| 3-4Cos[2(d+ex)]+Cos[4 (d+ex)]

bCos[4 (d+ex)] cCos[4 (d+ex)]

+

3-4Cos[2(d+ex)|+Cos[4 (d+ex)] 3-4Cos[2(d+ex)]+Cos[4 (d+ex)]

Sin[4 (d+ex) | /<3a+b+3c—4aCos[2 (d+ex)]+4ccCos[2 (d+ex)] +

aCos|4 (d+ex” -bCos[4 (d+ex” +cCos[4 (d+ex)]) +

8 ) b

+ +

3-4Cos[2(d+ex)|+Cos[4 (d+ex)] 3-4Cos[2(d+ex)]+Cos[4 (d+ex)]

3¢ 4aCos[2 (d+ex) |

3-4Cos[2 (d+ex)|+Cos[4 (d+ex)] i 3-4Cos[2 (d+ex)]|+Cos[4 (d+ex)]
4cCos[2 (d+ex) | aCos[4 (d+ex)]

+

3-4Cos[2(d+ex)]|+Cos[4 (d+ex)] 3-4Cos[2(d+ex)]+Cos[4 (d+ex)]

bCos[4 (d+ex)] cCos|4 (d+ex)]

+

3-4Cos(2(d+ex)|+Cos[4 (d+ex)| 3-4Cos[2(d+ex)]+Cos[4 (d+ex)]

Sin[4 (d+ex) | /<3a+b+3c—4aCos[2 (d+ex)]+4cCos[2 (d+ex)] +
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aCos[4 (d+exH -bCos |4 (d+ex” +cCos |4 (d+ex)]) -

" b

+

3-4Cos[2 (d+ex)]| +Cos[4 (d+ex)] +3—4Cos{2 (d+ex) ] +Cos[4 (d+ex) |
3¢ 4acCos[2 (d+ex) |

3-4Cos|2 (d+ex)] +Cos [4 (d+ex>] _3—4Cos[2 (d+ex” +Cos [4 (d+ex)]

4cCos[2(d+ex)] . aCos[4<d+ex)]

3-4Cos |2 (d+ex)] +Cos [4 (d+ex>] 3-4Cos|2 (d+ex” +Cos [4 (d+ex)]

bCos[4 (d+ex)] cCos[4 (d+ex)]

+

3-4Cos(2(d+ex)|+Cos[4 (d+ex)| 3-4Cos[2(d+ex)]+Cos[4 (d+ex)]

Sin[4 (d+ex) | /(3a+b+3c74aCos[2 (d+ex)] +4ccCos[2 (d+ex)] +

aCos|4 (d+ex” -bCos[4 (d+ex” +cCos |4 (d+ex)])
1
- \/a+bCot[d+ex]2+cCot[d+exJ4

8Vc (c+bTan[d+ex]2+aTan[d+ex]*)>?

[Zx/?\/a—bJrc Log[Sec[d+ex]?| + (b-2c) Log[Tan[d + ex]?] -

Tan[d + e x]? 4\/?e\/c+bTan[d+ex]2+aTan[d+ex}4

bLog[Zc+bTan[d+ex}2+2\/?\/c+bTan[d+ex}2+aTan[d+ex]4 |+

2cLog[2c+bTan[d+ex}2+2\/?\/c+bTan[d+ex}2+aTan[d+ex]4 | -

2+v/c Va-b+c Log[-b+ (-2a+b) Tan[d+ex]?+
)

c+va-b+c \/c+bTan[d+ex}2+aTan[d+ex]4

Tan[d+ex]? (2bSec[d+ex]*Tan[d+ex] +4aSec[d+ex]*Tan[d+ex]?) +
1

2

\/a+bCot[d+ex}2+cCot[d+ex]4

2\/?\/c+bTan[d+ex]2+aTan[d+ex14

(2x/?x/a—b+c Log[Sec[d+ex]?| + (b-2c) Log[Tan[d+ex]?] -

bLog[Zc+bTan[d+ex]2+2\E\/c+bTan[d+ex]2+aTan[d+ex]4 |+

2cLog[Zc+bTan[d+ex]2+2\E\/c+bTan[d+ex]2+aTan[d+ex}4 ] -

2+/c Va-b+c Log[-b+ (-2a+b) Tan[d+ex]?+
2 (c+\/afb+c \/c+bTan[d+ex]2+aTan[d+ex]4

Sec[d+ex]?Tan[d+eXx] +

}

((—ZbCot[dJrex} Csc[d+ex]*-4cCot[d+ex]>Csc[d+ex]?)

[Zx/c_x/a—b+c Log[Sec[d+ex]?| + (b-2c) Log[Tan[d+ex]?] -

bLog{2c+bTan[d+ex}2+2\/c_\/c+bTan[d+ex}2+aTan[d+ex]4 |+
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2cLog[2c+bTan[d+ex}2+2Vc_\/c+bTan[d+ex]2+aTan[d+ex]4 | -

2v/c Va-b+c Log[-b+ (-2a+b) Tan[d+ex]?+
2 [c+\/a—b+c \/c+bTan[d+ex]2+aTan[d+ex]4

/

]] Tan[d +ex]?

+

(8\/c_\/a+bCo‘t[d+ex}2+cCot[d+ex]4 \/c+bTan[d+ex}2+aTan[d+ex]4

1

4\5\/c+bTan[d+ex]2+aTan[d+ex}4

\/a+bCot[d+ex]2+cCot[d+ex]4 Tan[d +ex]?
[2 (b-2c) Cscld+ex] Sec[d+ex] +4~c Ja-b+c Tan[d+ex] -

(b (2bSec[d+ex]2Tan[d+ex] + (\/? (2bsec[d+ex]*Tan[d+ex] +4aSec[d+ex]?

)/

Tan[d+ex]3))/ (\/c+bTan[d+ex}2+aTan[d+ex]4

+

(2c+bTan[d+ex12+2\/?\/c+bTan[d+ex12+aTan[d+ex]4

(Zc (2bSec[d+ex]2Tan[d+ex] + (\/? (2bsec[d+ex]*Tan[d+ex] +4a

Sec[d+ex]2Tan[d+ex]3))/ \/c+bTan[dJrex}ZJraTan[dJrex]4

)/

[Zc+bTan[d+ex}2+2\/?\/c+bTan[d+ex}2+aTan[d+ex]4

(Z\E\/afb+c (2 (-2a+b) sec[d+ex]®Tan[d+ex] +

(\/a—b+c (2bsec[d+ex]?*Tan[d+ex] +4aSec[d+ex]2Tan[d+ex}3))/

])/ (_b+ (-2a+b) Tan[d+ex]?+

)

Problem 25: Result more than twice size of optimal antiderivative.

(\/c+bTan[d+ex]2+aTan[d+ex]4

2 (c+\/a—b+c \/c+bTan[d+ex]2+aTan[d+ex]4

J\/a+bCot[d+ex]2+cCot[d+ex}4 Tan[d + e x] dx

Optimal (type 3, 203 leaves, 10 steps):
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2
\/;ArcTanh [ 2 a+b Cot[d+e x] }
2+/a \/a+b Cot[d+e x]2+c Cot [d+e x]*

2e
2
/a “b+c Ar‘cTanh[ 2a-b+(b-2c) Cot[d+ex]
2+/a-b+c \/a+bCot[d+ex]Z+cCot[d+ex]4
2e

2
\EAr‘cTanh[ b+2 c Cot [d+e x] ]
2\/?\/a+bCot[d+ex]2+cCot[d+ex]4

2e

Result (type 3, 1999 leaves):

i

3a b

3-4Cos[2 (d+ex)]| +Cos[4 (d+ex)] +3—4Cos{2 (d+ex)] +Cos[4 (d+ex) | '
3¢ 4acCos|2 (d+ex) |

+

3-4Cos|2 (d+ex)] +Cos [4 (d+ex)] . 3-4Cos|2 (d+ex)] +Cos [4 (d+ex”

4cCos[2 (d+ex) | . aCos[4 (d+ex) |

3-4Cos[2(d+ex)|+Cos[4 (d+ex)| 3-4Cos[2(d+ex)]|+Cos[4 (d+ex)]

bCos[4 (d+ex)] cCos[4 (d+ex) ]

3-4Cos[2 (d+ex)] +Cos[4 (d+ex)] ’ 3-4Cos[2(d+ex)] +Cos[4 (d+ex)]

-va-b+c Log[Sec d+ex] ] \ﬁLog[Tan[dJrex} ]+

\/a+bC0t[d+ex]2+cCot[d+ex

\HLog[b+2aTan[d+ex}2+2\/?\/c+bTan[d+ex]2+aTan[d+ex}4]—
\ELog[Zc+bTan[d+ex}2+2\/7\/c+bTan[d+ex]2+aTan[d+ex}4] va-b+c

Log[-b + (-2a+b) Tan[d+ex]? ( +va-b+c \/c+bTan d+ex]?+aTan[d+ex]*

]

Tan[d +ex]?

/{Ze\/c+bTan[d+ex]2+aTan[d+ex]4

1
- \/a+bCot[d+ex]2+cCot[d+ex}4

4 (c+bTan[d+ex]?+aTan[d+ex]*)??

( Va-b+c Log[Sec[d+ex]?] ++c Log[Tan[d+ex]?| +Va

Log[b+2aTan[d+ex +2\/7\/c+bTan[d+ex] +aTan[d+ex]?* ] \ﬁLog[Zc+
bTan[d + e X] +2\/7\/c+bTan[d+ex] +aTan[d+ex]?* ] Va-b+c Log[
(-2a+b) Tan[d+ex]? +2(c+\/a—b+c \/c+bTan[d+ex}2+aTan[dJrex]4 ])

Tan[d+ex]? (2bSec[d+ex]*Tan[d+ex] +4aSec[d+ex]?Tan[d+ex]?) +
1

\/a+bCot[d+ex]2+cCo‘c[d+ex14

\/c+bTan[d+ex}2+aTan[d+ex]4

( Va-b+c Log[Sec[d+ex]?]| ++/c Log|[Tan[d+ex]?] +
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\/?Log[b+2aTan[d+ex]2+2\/?\/c+bTan[d+ex]2+aTan[d+ex}4 ] -Ve
Log[zc+bTan[d+ex]2+2\/?\/c+bTan[d+exJ2+aTan[d+ex]4 | +va-b+c Log|

-b+ (-2a+b) Tan[d+ex]*+2 (c+\/a—b+c \/c+bTan[d+ex}2+aTan[d+ex]4 ])

Sec[d+ex]?Tan[d+ex] + ((72bCot[d+ex] Csc[d+ex]*-4cCot[d+ex]>Csc[d+ex]?)

~vVa-b+c Log[Sec[d+ex]?] ++/c Log[Tan[d+ex]?] +

\/;Log[b+ZaTan[d+ex]2+Z\E\/c+bTan[d+ex}2+aTan[d+ex]4 | -

\/?Log[zc+bTan[d+ex]2+Z\E\/c+bTan[d+ex}2+aTan[d+ex]4 |+

Va-b+c Log[-b+ (-2a+b) Tan[d+ex]?+
2(c+\/a—b+c \/c+bTan[d+ex]2+aTan[d+ex]4 /

}) Tan[d + e x]?2

+

(4\/a+bCot[d+ex]2+cCot[d+ex]4 \/c+bTan[d+ex]2+aTan[d+ex]4

1

\/a+bCot[d+ex]2+cCot[d+ex}4

2\/c+bTan[d+ex}2+aTan[d+ex]4

2\/?Csc[d+ex] Sec[d+ex] -2+a-b+c Tan[d+ex] +

Tan[d +ex]?

(v:

4aSec[d+ex]?Tan[d+ex] + (\/? (2bSec[d+ex]*Tan[d+ex] +4a

\/c+bTan[d+ex]2+aTan[d+ex}4

)/

Sec[d+ex}2Tan[d+ex]3))/

(b+2aTan[d+ex]2+2\/?\/c+bTan[d+ex]2+aTan[d+ex}4

(W (2bSec[d+ex]2Tan[d+ex} + (\E (2bsSec[d+ex]*Tan[d+ex] +4a

\/c+bTan[d+ex]2+aTan[d+ex14)J]/

Sec[d+ex12Tan[d+ex]3))/

+

(2c+bTan[d+ex]2+2\/?\/c+bTan[d+ex]2+aTan[d+ex}4
(\/a—b+c [2 (-2a+b) sec[d+ex]®Tan[d+ex] +

(\/a—b+c (2bsec[d+ex]*Tan[d +eXx] +4aSec[d+ex12Tan[d+ex]3))/

[\/c+bTan[d+ex]2+aTan[d+ex}4))]/ (—b+ (-2a+b) Tan[d+ex]*+

)

Problem 26: Humongous result has more than 200000 leaves.

2 (c+x/a—b+c \/c+bTan[d+ex}2+aTan[d+ex]4

J\/a+bCot[d+ex]2+cCot[d+ex}4 Tan[d + e x]3dx
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Optimal (type 3, 435leaves, 22 steps):

V/a ArcTanh| 2asb Cot[drex]? | bArcTanh| 2a:b Cot[drex)?
2\/?\/a+bCot[d+ex]2+cCot[d+ex]4 2\/?\/a+bCot[d+ex]2+c Cot[d+e x]*
_ N .
2e 4+/a e

2
/a “b+c Ar‘cTanh[ 2a-b+(b-2c) Cot[d+ex]

2+/a-b+c \/a+b Cot[d+e x]%+c Cot [d+e x]*

+

2e
2 2
b ArcTanh | br2elol doex. ] (b-2c)ArcTanh| b+2 c Cot[d+ex] ]
2+/c JasbCot[drex]?+cCot [drex]? 2+/c +JasbCot[drex]?+c Cot[drex]?
4-/c e 4-/c e

2

x/c_Ar‘cTanh[ b+2 c Cot[d+e x]
2+/¢ ~/a+bCot [dre x]2+c Cot [drex]* \/a +bCot[d+ex]?2+cCot[d+ex]* Tan[d+ex]?
+
2e 2e

Result (type ?, 215131 leaves) : Display of huge result suppressed!

Problem 27: Result more than twice size of optimal antiderivative.

Cot[d+ex]’
J dx
(a+bCot[d+ex]?+cCot[d+ex]*)*?
Optimal (type 3, 236 leaves, 8 steps):
ArcTanh [ 2a-b+(b-2c¢) Cot[d+ex]? } ArcTanh [ b+2 c Cot [d+e x]2
2V/abic \/abCot[drex)?icCotdrex)? 2+/¢ +/arbCotdrex]2sc Cot[drex]*
2 (a-b+c)’?e 2¢3%e

a(b?-a(b+2c))+(b?+2a%c-ab(b+3c)) Cot[d+ex]?

c(a-b+c) (b>-4ac) e\/a+bCot[d+ex}2+cCot[d+ex]4
Result (type 3, 3921 leaves):

l\/<(3a+b+3c—4aCos[2 (d+ex) ]+
e

4cCos[2(d+ex)|+aCos[4 (d+ex)|-bCos[4 (d+ex)]|+cCos[4 (d+ex)])/

a’b-2ab2+b3+4a%2c-3abc

B os d+ex) | +Cos d+ex
(3-4cos|2 ( )] +Cos |4 ( )1)) c(a-b+c)®(-b2+4ac)

(4(—2a3+a2b+ab2—b3—2a2c+3abc+2a3Cos[2<d+ex)] -3a’bCos|2 (d+ex)] +3ab?
Cos[2 (d+ex)] -b’>Cos[2 (d+ex)] -6a?cCos[2 (d+ex)] +3abcCos|[2 (d+ex)]))/
((a—b+c)2 (-b*+4ac) (3a+b+3c—4aCos[2 (d+ex” +4cCos|2 (d+ex” +

aCos[4 (d+ex)]-bCos[4 (d+ex)]+cCos[4 (d+ex)])) +

3/2 | 1+T d 2
{[(a-b+c) Log[Tan[d + e x]?] - - og[1+Tan[d+ex]?]

Vva-b+c

aLog[Zc+bTan[d+ex]2+2\/?\/c+bTan[d+ex]2+aTan[d+ex}4 |+
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bLog[2c+bTan d+ex] +2\/—\/c+bTan[d+ex] +aTan[d+ex]* | -

clog[2c+bTan[d+ex] +2\/—\/c+bTan[d+ex] +aTan[d+ex]* | +
1

2 Log[b (-1+Tan[d+ex]?) +
a-b+c

I

2 (c—aTan[d+ex}2+x/a—b+c \/c+bTan[d+ex}2+aTan[d+ex]4

]
. b

3-4Cos[2(d+ex)]|+Cos[4 (d+ex)] 3-4Cos[2(d+ex)]+Cos[4 (d+ex)]

3a

+

3¢ i 4acCos[2 (d+ex) | .

3-4Cos|2 (d+ex)] +Cos [4 (d+ex>] 3-4Cos|2 (d+ex” +Cos [4 (d+ex)]
4cCos[2 (d+ex) | . aCos[4 (d+ex)] i

3-4Cos(2(d+ex)|+Cos[4 (d+ex)| 3-4Cos[2(d+ex)]+Cos[4 (d+ex)]
bCos[4 (d+ex)] . cCos[4 (d+ex)]

3-4Cos[2(d+ex)]|+Cos[4 (d+ex)] 3-4Cos[2(d+ex)]+Cos[4 (d+ex)]

sin[2 (d+ex”

/((a—b+c) (3a+b+3c-4acCos[2 (d+ex)]|+

4cCos[2(d+ex)]|+aCos[4 (d+ex)]|-bCos[4 (d+ex)]|+cCos[4 (d+ex)])) +

4 a 3a + b +
\/ 3-4Cos[2(d+ex)|+Cos[4 (d+ex)] 3-4Cos[2(d+ex)]+Cos[4 (d+ex)]
3¢ ) 4acCos[2 (d+ex) |

+

3-4Cos(2(d+ex)|+Cos[4 (d+ex)| 3-4Cos[2(d+ex)]+Cos[4 (d+ex)]

4cCos[2(d+ex)] . aCos[4<d+ex)]

3-4Cos|2 (d+ex)] +Cos [4 (d+ex>] 3-4Cos|2 (d+ex” +Cos [4 (d+ex)] )
b Cos [4 (d+ex”

. cCos[4<d+ex)]
3-4Cos|2 (d+ex)] +Cos [4 (d+ex>] 3-4Cos|2 (d+ex” +Cos [4 (d+ex)]

sin[2 (d+ex”

/(c (a-b-+c] (3a+b+3cf4aCos[2 (d+ex” +

4cCos[2(d+ex)]|+aCos[4 (d+ex)]|-bCos[4 (d+ex)]|+cCos[4 (d+ex)])) -
4b\/ 3a + b
3-4Cos[2(d+ex)]|+Cos[4 (d+ex)] 3-4Cos[2(d+ex)]+Cos[4 (d+ex)]

3c 4acCos|2 (d+ex”

3-4Cos(2(d+ex)|+Cos[4 (d+ex)| 3-4Cos[2(d+ex)]+Cos[4 (d+ex)]
4cCos[2 (d+ex) |

+

+

. aCos[4 (d+ex) | .
3-4Cos(2(d+ex)|+Cos[4 (d+ex)| 3-4Cos[2(d+ex)]+Cos[4 (d+ex)]
bCos[4 (d+ex)]

X cCos[4 (d+ex) ]
3-4Cos(2(d+ex)|+Cos[4 (d+ex)| 3-4Cos[2(d+ex)]+Cos[4 (d+ex)]
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Sin[2 (d+ex) | /(c (a-b+c) (3a+b+3c-4aCos(2 (d+ex)]+

4cCos[2(d+ex)]|+aCos|[4 (d+ex)]|-bCos[4 (d+ex)]|+cCos[4 (d+ex)])) +
3a b

+ +

3-4Cos[2(d+ex)]|+Cos[4 (d+ex)] 3-4Cos[2(d+ex)]+Cos[4 (d+ex)]

i

3¢ 4acCos |2 (d+ex”

+

3-4Cos|2 (d+ex)] +Cos [4 (d+ex>] _3—4Cos[2 (d+ex” +Cos [4 (d+ex)]

4cCos[2(d+ex)] . aCos[4(d+ex)]

3-4Cos |2 (d+ex)] +Cos [4 (d+ex>] 3-4Cos|2 (d+ex” +Cos [4 (d+ex)] )

bCos[4 (d+ex)] cCos[4 (d+ex)]

+

3-4Cos[2(d+ex)|+Cos[4 (d+ex)| 3-4Cos[2(d+ex)]+Cos[4 (d+ex)]

Sin[4 (d+ex) | /((a—b+c) (3a+b+3c-4acCos[2 (d+ex)]|+

4cCos[2(d+ex)|+aCos[4 (d+ex)]|-bCos[4 (d+ex)]|+cCos|4 (d+ex)]))]

Tan[dJrex}z\/a+Co‘c[d+ex]4 (c+bTan[d+ex]?) ]/ 2

c3/2

(a-b+c)

\/c+bTan[d+ex12+aTan[d+ex]4

1

4c¥? (a-b+c) (c+bTan[d+ex]?+aTan[d+ex]*)>?

32 Log[1+ Tan[d 2
[(a—b+c) Log[Tan[d+ex]2}—C og[1+Tan(d+ ex]?] _

Vva-b+c

alog|2c+bTan[d+ex] +2\/—\/c+bTan[d+ex] +aTan[d+ex]4]+

[
blLog[2c+bTan[d+ex] +2\/—\/c+bTan[d+ex] +aTan[d+ex]* | -
[

clLog|2c+bTan[d+ex] +2\/—\/c+bTan[d+ex] +aTan[d+ex]4]+
1

Vva-b+c

2

c*? Log[b (-1+Tan[d+ex]?) +

c-aTan[d+ex]?2++Va-b+c \/c+bTan d+ex]?+aTan[d+ex]*

J

Tan[d+ex]? (2bSec[d+ex]*Tan[d+ex] +4aSec[d+ex]*Tan[d+ex]?)

\/a+Cot[d+ex}4 (c+bTan[d+ex]?) +
1

32 (a-b+c) \/c+bTan[d+ex]2+aTan[d+ex]4
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3/2 Log[1+ Tan|[d 2
(a-b+c) Log[Tan[dJrex}z]—c og[1+Tan(d+ex]?] -

Vva-b+c

aLog[2c+bTan d+ex] +2\ﬁ\/c+bTan[d+ex] +aTan[d+ex]4]+

bLog[2c+bTan d+ex] +2\ﬁ\/c+bTan[d+ex] +aTan[d+ex]4]—

cLog[2c+bTan d+ex] +2\ﬁ\/c+bTan[d+ex] +aTan[d+ex]4]+
1

Va-b+c
2 (c—aTan[d+ex +vVa-b+c \/c+bTan d+ex]?+aTan[d+ex]* )]]

2 Log[b (-1+Tan[d+ex]?) +

Sec[d+ex]%?Tan[d+ex] \/a+Cot[d+ex]4(c+bTan[d+ex]2) +
3?2 Log|1+Tan[d+ex]?
[((a—b+c) Log[Tan[d+ex]?] - gl [ 1 ]_
Va-b+c

aLog[Zc+bTan[d+ex}2+2V?\/c+bTan[d+ex]2+aTan[d+ex]4 |+

bLog[Zc+bTan[d+ex}2+2\/?\/c+bTan[d+ex}2+aTan[d+ex]4 ] -

cLog[Zc+bTan[d+ex}2+2\/?\/c+bTan[d+ex}2+aTan[d+ex]4 |+

c*? Log|b (-1+Tan[d+ex]?) +2 [c—aTan[d+ex}2

Vva-b+c
Vva-b+c \/c+bTan[d+ex}2+aTan[d+ex]4

Tan[d +ex]?

]

(2bCot[d+ex] Csc[d+ex]?-4Cot[d+ex]>Csc[d+ex]? (c+bTan[d+ex]2))J/

(4c3/2 (a-b+c) \/c+bTan[d+ex}2+aTan[d+ex]4

Ja+Cot[d+ex]4 (c+bTan[d+ex]?) )+

1

2c¢3% (a-b+c) \/c+bTan[d+ex]2+aTan[d+ex}4

Tan[d+ex]2\/a+Cot[d+ex}4 (c+bTan[d+ex]?)

2c3/2Sec[d+ex]?Tan[d + e x]
2(a-b+c)Csc[d+ex]Sec[d+ex] - -

Va-b+c (1+Tan[d+ex]?)

(a (2bSec[d+ex]2Tan[d+ex] + (\/? (2bsSec[d+ex]*Tan[d+ex] +4aSec[d+ex]?

)/

Tan[d+ex]3))/ (\/c+bTan[d+ex}2+aTan[d+ex]4

+

(2c+bTan[d+ex12+2\/c_\/c+bTan[d+ex12+aTan[d+ex]4

2bSec[d+ex]“Tan[d +ex] + C (2bSec[d+ex]“Tan[d+ex] +4a
b|2b d 2 d Ve (2b d 2 d

Sec[d+ex]2Tan[d+ex]3))/ (\/c+bTan[d+ex]2+aTan[d+ex]4

)/
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(2c+bTan[d+ex12+2\/c_\/c+bTan[d+ex12+aTan[d+ex]4

(c (2bSec[d+ex]2Tan[d+ex] + (\/? (2bsec[d+ex]*Tan[d+ex] +4a

Sec[d+ex]2Tan[d+ex]3))/ (\/c+bTan[d+ex}2+aTan[d+ex]4

I/

+

(2c+bTan[d+ex]2+2\/?\/c+bTan[d+ex}2+aTan[d+ex]4

(cs/z (2bSec[d+ex]2Tan[d+ex1 +2 (—2aSec[d+ex]2Tan[d+ex] +

(\/a—b+c (2bsec[d+ex]*Tan[d+ex] +4aSec[d+ex]2Tan[d+ex]3))/

)/

(\/a—b+c (b (-1+Tan[d+ex]?) +2 [c—aTan[d+ex]2+\/a—b+c

)]

Problem 28: Result unnecessarily involves higher level functions and more than
twice size of optimal antiderivative.

[2\/c+bTan[d+ex]2+aTan[d+ex]4))

\/c+bTan[dJrex}ZJraTan[dJrex]4

Cot[d+ex]®

J(a+bCo‘c[d+ex]z+cCot[d+,\=_X]4)3/z

Optimal (type 3, 160 leaves, 6 steps):
ArcTanh 2a-b+(b-2c) Cot[d+ex]?
2+/a-b+c \/a+bCot[d+ex]2+cCot[d+ex]4

2(a—b+c)3/2e

a(2a-b)+((a-b)b+2ac)Cot[d+ex]?

(a-b+c) (b2-4ac) e\/a+bCot[d+ex}2+cCot[d+ex]4

Result (type 4, 78272 leaves): Display of huge result suppressed!

Problem 29: Result unnecessarily involves higher level functions and more than
twice size of optimal antiderivative.

J Cot[d+ex]?

(a+bCot[d+ex]?+cCot[d+ex]*)??

Optimal (type 3, 153 leaves, 6 steps):
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2
ArcTanh [ 2a-b+(b-2c) Cot[d+ex] ]

2+/a-b+c \/a+b Cot[d+e x]%+c Cot [d+e x]*
- +

2 (a—b+c)3/2e

a(b-2c)+(2a-b)cCotld+ex]?

(a-b+c) (b2-4ac) e\/a+bCot[d+ex]2+cCot[d+ex]4
Result (type 4, 78265 leaves) : Display of huge result suppressed!
Problem 30: Result unnecessarily involves higher level functions and more than

twice size of optimal antiderivative.

Cot[d +ex]

dx
J(a+bCo‘c[d+ex]2+cCot[d+ex]“)3/2
Optimal (type 3, 156 leaves, 6 steps):

- _ 2
Ar‘cTanh[ 2a-b+(b-2c) Cot[d+e x] ]
2+/a-b+c \/a+bCot[d+ex]2+cCot[d+ex]4

2(a—b+c)3/2e

b>-2ac-bc+ (b-2c) cCot[d+ex]?

(a-b+c) (b2-4ac) e\/a+bCot[d+ex}2+cCot[d+ex]4

Result (type 4, 78291 leaves) : Display of huge result suppressed!

Problem 31: Result unnecessarily involves higher level functions and more than
twice size of optimal antiderivative.

J Tan[d + e x] dx

(a+bCot[d+ex]?+cCot[d+ex]*)??

Optimal (type 3, 280 leaves, 12 steps):

2 2
ArcTanh [ 2 a+b Cot[d+e x] } ArcTanh [ 2a-b+(b-2c) Cot[d+ex] }
Zﬁ\/a+b Cot[d+e x]2+c Cot [d+e x]* 2+/a-b+c Ja+b Cot[d+e x]2+c Cot [d+e x]*
2a32e 2(a-b+c)’?e

b2-2ac+bcCot[d+ex]?

+

a(b’-4ac) e\/a+bCot[d+ex]2+cCot[d+ex}4

b?-2ac-bc+ (b-2c)cCot[d+ex]?

(a-b+c) (b2-4ac) e\/a+bCot[d+ex}2+cCot[d+ex]4

Result (type 4, 181078 leaves) : Display of huge result suppressed!
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Problem 32: Humongous result has more than 200000 leaves.

Tan[d+ex]3

J(a+bCot[d+ex]2+cCot[d+ex]4)3/z

Optimal (type 3, 478 leaves, 16 steps):

2 2
ArcTanh [ 2 a+b Cot[d+e x] ] 3 b ArcTanh [ 2 a+b Cot[d+e x] ]
2\/?\/a+bCot[d+ex]2+cCot[d+ex]4 2\/?\/a+bCot[d+ex]2+cCot[d+ex]“
- - +
2a%%e 4a%e
2
Ar‘cTanh[ 2a-b+(b-2c) Cot[d+e x]
2+/a-b+c \/a+bCot[d+ex]2+cCot[d+ex]" b2-2ac+bccCot [d+ex] 2

+ —

a(b2-4ac) e\/a+bCot[d+eX]2*CCOJC[d*ex}4

2 (a—b+c)3/2e

b>-2ac-bc+ (b-2c) cCot[d+ex]?

(a-b+c) (b2-4ac) e\/a+bCot[d+ex}2+cCot[d+ex]4

(b2-2ac+bcCot[d+ex]?) Tan[d+ex]?

+

a(b?2-4ac) e\/a+bCo‘c[d+ex]2+cCot[d+ex}4

(3b2-8ac) \/a+bCot[d+ex]2+cCot[d+ex14 Tan[d +ex]?2
2a? (b?-4ac)e

Result (type ?, 293889 leaves) : Display of huge result suppressed!
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Summary of Integration Test Results

32 integration problems

A - 0 optimal antiderivatives

B - 13 more than twice size of optimal antiderivatives
C - 19 unnecessarily complex antiderivatives

D - Ounable tointegrate problems

E - Ointegration timeouts



