Mathematica 11.3 Integration Test Results

Test results for the 84 problemsin "4.6.11 (e x)*m (a+b csc(c+d
xAn))*p.m"

Problem 5: Result more than twice size of optimal antiderivative.

JX (a+bCsc[c+dx?]) dx

Optimal (type 3, 26 leaves, 4 steps):
ax? bArcTanh|Cos[c+dx?]]

2 2d

Result (type 3, 57 leaves):

ax? bLOg[COS[§+dZiH bLog[Sin[iJr %H
T +

2 2d 2d

Problem 10: Result more than twice size of optimal antiderivative.

Jx3 (a+szc[c+dx2])2dlx

Optimal (type 4, 125leaves, 10 steps):

a?x4 2abx?ArcTanh[e! (c+dx?) | b2x2Cot[c+dx?]
4 d ) 2d
b? Log[Sin[c +d x?] ]| X iabPolylog[2, ~e! (<9¥]| iabPolyLog|2, e (<+d¥)]

2d? d? d?

+

Result (type 4, 590 leaves):
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b2 x2 Cot[c] (a+szc[c+dx2}>ZSin[c+dx2}2

+

2d (b+asin[c+dx?])?

(XZCSC[E} (a+szc[c+dx2])ZSec[£] (-2b®Cos[c] +a®dx*Sin[c]) Sin[c+dx2}2)/
2 2

(8d (b+asin[csdx?])?]

(b2 Cscc] (a+szc[c+dx2})2 (-dx*Cos[c] +Log[Cos[dx?] Sin[c] +Cos[c] Sin[dx?] ] Sin[c])

Sin[c+dx2]2)/(2d2 (Cos[c]?+sin[c]?) (b+aSin[c+dx2])2) +

/

2 2
b2x2Csc[£] Csc[EerX ] <a+szc[c+dx2}>ZSin[d7X] Sin[c+dx2]2
2 2 2 2

(4d (b+asin[csdx?])?] +

2 2
(bzx2 (a+szc[c+dx2])2Sec[£] Sec[£+dx ]Sin[dfx] Sin[c+dx2]2
2 2 2 2

(4d (b+aSin{c+dx2])2) +|ab (a+szc[c+dx2])2Sin[c+dx2}2

dx?

[—Cos[c]+sin[c] Tan{ S } }

2 ArcTan[Tan[c]] ArcTanh
Cos[c]2+5in[c]? 1

\/Cos[c]2+sin[c}2 1+Tan[c]?
((dXZ +Ar‘CTan[Tan[C] ]) (Log[17 e]'l (dthrcTan[Tan[c]])} _ Loglil+ e]i (de+Ar'cTan[Tan[c]]) }) +

i (PolyLog [21 _ et (dx*+ArcTan[Tan[c]]) } ~ PolyLog [2’ el (dx?+ArcTan[Tan[c]]) ] ) )

Sec[c] /(d2 (b+aSin[c+dx2])2)

Problem 18: Result more than twice size of optimal antiderivative.

3

J X dx
a+bCsclc+dx?]

Optimal (type 4, 271 leaves, 11 steps):

(c+d x?) ] (c+dx?)

ibx2log[l- 221 ]  jpx?log[1- tae ]

x* b-+/ -a*+b? b++/ -a%+b?

— + - +

4a 2a/-a?2+b% d 2a/-a2+b? d

bPolylog[2, “2=“““] bPolylog[2, L2 """

b-+/ -a?+b? b++/ —a?+b?

2a+/-a2+b? d? 2a+/-a2+b? d?
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Result (type 4, 1104 leaves):
x*Csc[c+dx?]| (b+aSin[c+dx?])

4a (a+szc[c+dx2”

a+bTan| X (c+d x?)
nArcTan| ]
72+2
! bCsclc+dx?] o2 +
2ad? (a+bCsclc+dx?]) Nareaes
a+b) Cot i *CJrEdeZ
— Z[fCJrz—dx2 ArcTanh[( ) [2( 2 )]]
Vet 2 Jar ot
a-b)Tan[t [-c+Z _dx?
2[—CJrAr‘cCos[—E}]Ar‘cTanh[< ) {2( 2 )]]+
2 VaZ b7
a+b) Cot 1 —C+£_dX2
Ar‘cCos[—E}—zj ArcTanh[( ) [2( 2 )H_
? Val-b?

Q.

(a-b) Tan[% (—c+

NS

/az_bz efgji(fcﬁzi—dxz)
ArcTanh |
\Eﬁ\/b+a51n[c+dx2}

(a+b) Cot[% (—c+§—dx2)}

Y
x)]]

Log|

|+

b
ArcCos[-—] +21i

ArcTanh |
a

aZ_bZ
a-b)Tan[i [-c+Z-dx? TP i [criodx)
Ar‘cTanh[ ( ) [2 ( 2 )] ] Log[ \/ﬁez 2 ] )
a®-b? \H\E\/b+asin[c+dx2}
a-b)Tan[Y [-c+Z_dx?
Ar'cCos[fg}Jrszr'cTanh[ ) [2( 2 H]
@ VaZ-p?

1
Log[1 - [(b—]’m/az—bz] (a+b— a’-b? Tan[ - (—c+1—dx2
2

2
(a (a+b+\/ﬁTan[§ (7c+§ d x2 }))} +
[ArcCos[b] +2]'1ArcTanh[(

a

i




4 | Mathematica 11.3 Integration Test Results for 4.6.11 (e x)m (a+b csc(c+d x”n))~p.nb

PolyLog|2, ([b+i\/ﬁ) [a+b—\/HTan[l [_c+£_dx2]]])/

2

N

[a (a+b+x/a2—b2 Tan|

N |-

[—c+§—dx2)]])]]] (b+asin[c+dx?])

Problem 61: Result more than twice size of optimal antiderivative.

JCSC[\/?]3 N
VX

Optimal (type 3, 24 leaves, 3 steps):
~ArcTanh[Cos [v/x | ] - Cot[+/x | Csc[+/x ]

Result (type 3, 57 leaves):
Vx X 1 Vx 2

_%csc[Tf-Log[cos[gH +og[sin[ )]« * sec[ ]

Problem 75: Unable to integrate problem.

J(ex)’l*3n (a+bCsc[c+dx"]) dx

Optimal (type 4, 221 leaves, 11 steps):

a(ex)3" 2bx™ (ex)3"ArcTanh[e! (C*dx">]
- +
3en den

2ibx 2" (ex)3"Polylog[2, ~e! (<4X")]  2ibx2" (ex)>3"Polylog|2, e' (dx)]

d2en d2en

2bx3" (ex)3"Polylog[3, ~e! (<¢X']] 2bx3" (ex)3"Polylog|3, e’ (+4X")]
+
d>en d*en

Result (type 8, 24 leaves):

J(ex)’l*3n (a+bCsclc+dx"]) dx

Problem 77: Result more than twice size of optimal antiderivative.

j(ex)‘l*Zn (a+bCsclc+dx"] )zdlx

Optimal (type 4, 214 leaves, 11 steps):
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a? (ex)2" 4abx™" (ex)?"ArcTanh[e® (¢rdx") ]

2en den
b2x ™" (ex)?"Cot[c+dx"] b?>x2" (ex)?"Log[Sin[c+dx"]]
den i d?en '
2iabx?" (ex)2"Polylog[2, —e' (“9¥']] 2iabx2" (ex)2"Polylog|2, e! [¢¢X')]
d2en ) d?en

Result (type 4, 687 leaves):

b2 x> " (ex) 12" Cot[c] (a+bCsclc+dx"] )ZSin[Cerx“]2

+

dn (b+aSin[c+dx”})2

(xl’” (ex)’l*Z“Csc{E] (a+szc[c+dx””2Sec[£} (-2b%Cos[c] +a®dx"Sin[c])
2 2

Sin[c+dx“]2J/ (4dn <b+aSin[c+dx”])2) + (ble’2n (ex) 12" Cscc] (a+szc[c+dx””2

(-dx"Cos[c] +Log[Cos[dx"] Sin[c] +Cos[c] Sin[dx"]] Sin[c]) Sin[c+dx”}2)/

)/

(dzn (Cos[c]?+Sin[c]?) (b+aSin[c+dx””2) +

(ble‘” (ex)‘l*Z”Csc[S} Csc[£+ dx”] (a+szc[c+dx"])ZSin[dxn} Sin[c+dx"]
2 2 2 2

(2dn (b+aSin[c+dx”])2) +

b2 xI" (e x) 1+2n (a+bC5c[c+dx”DZSec[£} Sec[£+ n] Sin[d "
2 2 2 2

(Zdn (b+aSin[c+dx”])2) +[2abx2n (ex)1w2n (a+szc[c+dx”])2

dx"

Cos[c]+Sin[c] Tan{)—w ]

2ArcTan[Tan[c]] ArcTanh| -
C 2.5i 2 1
Sin[c+dx"]2 - os[clTSinic] +

\/Cos[c]2+Sin[c}2 1+Tan[c]?

( <d x" + ArcTan [Tan [C] ] ) (Log{l _ (Ejl (dx"+Ar'cTan[Tan[c]]) } _ Log[l + @j (dx"+Ar‘cTan[Tan[C]]) } ) +

i (PolyLog [2, _(81'1 (d x"+Ar‘cTan[Tan[c]]) } _ PolyLog {2’ (ejl (d x"+ArcTan [Tan[c] ]) ] ) )
Sec[c] /(dzn(b+asin[c+dx”])2)

Problem 78: Unable to integrate problem.

J(exyl*3n (a+szc[c+dx”])2dlx

Optimal (type 4, 377 leaves, 16 steps):
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a? (ex)3"  ib?x ™ (ex)3" 4abx" (ex)3"ArcTanh[e! (4] p2xn (ex)3nCot[c+dx"]

3en den den den
2b2x2" (e x)3“Log[1—e“<c*dX")} 4iabx2" (ex)3"Polylog|2, -e' (C*dx")}
d?en ' d?en )
4iabx 2" (ex)3"Polylog[2, e (<4x")] ib?x3" (ex)3"PolyLog|2, e?* (c+dX]]
d’en ) d®>en )

4abx3" (ex)3"Polylog(3, ~e! (=dX")] 4abx3" (ex)3"PolyLog|3, el (¢+dx)]
+
d*en d*en

Result (type 8, 26 leaves):

J(ex)‘l*3n (a+szc[c+dx”])2d1x

Problem 80: Result more than twice size of optimal antiderivative.
J <ex)—1+2n dx
a+bCsc[c+dx"]

Optimal (type 4, 338 leaves, 12 steps):

i(c+dx")

ibx™ (ex)2"Log[1- M] ibx™" (ex)2"Log[1- 2¢

(e x)2n b/ -a%+b2 ber/ —aZ+b?

+ - +
2aen av-a2+b%2 den av-aZz+b? den

i (c+dx")

i (crdxM)

bx-2n (ex)z”PolyLog[ZJ s bx-2n (ex)Z”PolyLog[Z, Lae

b-+/ -a2+b? b++/ -a2+b?
av-a2+b? d’en av/-a2+b% d?en
Result (type 4, 1131 leaves):

X (ex) *2"Csc[c+dx"] (b+aSin[c+dx"])

2an (a+bCscc+dx"])

a+b Tan £(c+dx”)
s ArcTan | ]
! b x1-2n (ex)‘1*2"Csc[c+dx"] b
ad?n (a+bCsclc+dx"]) N_aZib?
a+b) Cot[® [-c+Z-dx"
o 2[—c+ﬁ—dx” Ar‘cTanh[( ) [2( 2 )]]
4/a27b2 2 32 _ b2

b
2 [—c + ArcCos [ - — ]| ] ArcTanh |
a

a+b)Cot[L (-c+
Ar‘cCos[fg} ~2i ) [2 (
a

ArcTanh [

a27b2

+
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a-b)Tan[L [—c+Z-dx" T i (e ldx)
Ar‘cTanh[( ) [2( 2 )]] Log[ Va‘-bt e }+
~/ a? - b? V2 va Vb+asSin[c +dx"]
a+b)cCot[L(-c+Z-dxn
Ar'cCos[fg}Jij Ar‘cTanh[( ) [2( 2 )H
a a?z-p?
a-b)Tan[i [-c+Z_dxn 7 12 %J‘L(fmgfdx”)
Ar‘cTanh[< ) [2( 2 )]] Log[ Vva‘-bs e }7
Va2 - b2 2 W/a Vb+aSin[c+dx"]
(a-b) Tan[l(—c+l—dx)]
ArcCos |- —| +2i ArcTanh| 2 2 ]
2 Ve

o [ ) oo el e/
(a a+b+\/ﬁTan{%(_c+£_dxn)})]}
Polylog|2, ((b_iﬁ

[a

i

-
—_—
Q
(on
Q
N
o
N
_|
Q
3
N |
—
(@)
+
Ny
|
a
x
>
-
-
—

Problem 81: Unable to integrate problem.
J <ex)—1+3n dx
a+bCsc[c+dx"]

Optimal (type 4, 499 leaves, 14 steps):
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(c+dxm)

ibx ™ (ex)3"Log[1- 2]

ibx™" (ex)3nLog[1- t2e L —

(ex)3n b~/ —a2+b? binf —a2+b?
+

3aen av-a2+b? den av-a2+b2 den

2bx2" (ex)3"PolyLog|2, M] 2bx?" (ex)>"Polylog|[2,

b-+/ -a2+b?

iael (crdx)

b++/ —a2+b?

aVv-a?+b% d2en av-aZz+b? d?e

2ibx3" (ex)®"Polylog[3, L25“L]  2ibx3" (ex)3"Polylog[3,

b-+/ —a2+b?

n

iael(crdx)

b++/ —a2+b?

av-a2+b? d*en av-a2+b? d*en

Result (type 8, 26 leaves):

(ex) -1+3n
J dx
a+bCsclc+dx"]

Problem 83: Result more than twice size of optimal antiderivative.

J\ (ex>71+2n dx
(a+bCsclc+dx"])?

Optimal (type 4, 778 leaves, 23 steps):

ib3x" (ex)Z”Log[l—M] 2ibx™" (ex)Z”Log[l—

(ex)?" b/ —a2+b?

iael (cvdx)

b-+/ -a2+b?

- +

2a’en a2<—a2+b2>3/2den a2/ -a2+b2 den

(crdx)

ib3x™" (eX)Z”Log[lfL] 2ibx™" (ex)2" Log[1- *2<

(c+dxn)

b++/ —a2+b? b+/ -a2+b?

az(—a2+b2)3/2den a2+/-a2+b% den

i ) b3 x 2" (ex)2" PolyLog[Z,
b2x 2" (ex)2"Log[b+aSin[c+dx"]]

+

iael(crdx)

b-~/ -a2+b?

a? (a2-b2) d?en az(—a2+b2)3/2d2en

i(c+dxn)

2bx2" (ex)?n PolyLog[Z, iae

b-+/ -a2+b?

b3 x 2" (ex)2"PolylLog [2,

iael (crdx)

b++/ —a2+b?

+
a2v/-a2+b? d2en a? (-a2+b?)*?d?en
2bx2" (e X)Z”PolyLog[Z, igellodd)
bi~/ -a%+b? b2 x ™" (ex)?"Cos[c+dx"]
a2/ _a2:b2 d?en a(a?-b*)den (b+asSin[c+dx"])

Result (type 4, 2850 leaves):

i

2 2
(232 (-a+b) (a+b)dn (a+szc[c+dx””2)) -

b2 x1 " (ex)’l*Z”Csc[E] Csc[c+dx”]25ec[£} (bCos[c] +asin[dx"|) (b+aSin[c+dx"])

|/
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b2 xI" (e x) 12N Cot[c] Csc[c +d x"]2 (b+aSin[c+dX”] )2

a2 (-a2+b?)dn (a+szc[c+dx“])2

aCos[c+dx"] +i (b+aSin[c+dx"])
v -a?+ b2

(orasinlc-axt])?| /(s (a2-7) a7 dn (3 bcseleax])?] -

2b3x*2" (ex) 2" ArcTan|

| cot[c] Csclc+d x”]2

a+bTan|L (c+dx™)

nArcTan| ]
! 2bx*2" (ex)’l*“Csc[c+dx“]2 [ +
(a2-b2) d?n (a+bCsclc+dx"])? v -a?ib?
1 s
; 2[—c+£—dx”) Ar‘cTanh[ a+b) Cot[;(—c+;—dx”)]]_
</ a2 -b? 2 a2 _p?
a-b)Tan[Y [—c+Z_dxn
2(—c+Ar‘cCos[—E}]Ar‘cTanh[ ) [2( 2 )]]+
a Va2 - b2
b a+b) Cot[l(7c+17dx“)}
ArcCos |- —| -21i |ArcTanh| 2 2 | -
a \aZz - b2
a-b)Tan[Y [-c+Z_dx" 7 12 —ii(—c+17dx")
Ar‘cTanh[( ) [2( 2 )]] Log[ Va? b e i - }Jr
\/a? - b2 2 va V/b+aSin[c+dx"]
b a+b) Cot[l(—c+l—dxn)}
ArcCos[- —| +21i |ArcTanh| 2 2 ] -
a a27b2
(a-b) Tan[%(—c+§—dx”)] VAl b7 ert lreriax)
ArcTanh | ] || Log| ] -
a? - b2 2 W/a Vb+aSin[c+dx"]

b
ArcCos |- —| +2 i ArcTanh]|
a a2 _ b2

(a (a+b+\/a2—b2 Tan[l (—c+z—dxn }) ]+
2 2
(a-b) Tan[ % (—c+1—dx“)]
~ArcCos |- —| +2 i ArcTanh| 2 2 ]
a a2 b2

/—\
)
—
)
+
o
+
)
N
I
o
N
_|
o
=]
N R
—
I
N
+
|
I
a
X
=]
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Polylog|2 (( —i+fa? —bz)[a+b—x/a -b? Tan|
[a a+b+\/ﬁTan[§ [—c+——dx”)]]]]—
PolyLog|2 ((b+1\/a —bz)(a+b—wa -b? Tan|

1))

N R
—
|
a)
+
|
|
a
X

=}
_
—
—

N R
—_—
I
0
+
N
|
a
X
=}
-2
_
—

1
{ [a+b+w/a - b? Tan —[ c+ X odx
2 2

(b+aSin[c+dx””2+ 1

a? (a®-b?) d?n (a+szc[c+dx”])2

1-2n
(e X) -1+2n

Csc[c+dx”]2

a+bTan| L (c+dx")

7 ArcTan|
J a2t
a2 b2
1 (a+b)Cot[§(—c+§—dx”)]

JT
2 [—c = dx”) ArcTanh |
2

4/a2_b2 4/a2_b2

b
2 (—c + ArcCos [— f} ] Ar‘cTanh[

a

b
ArcCos |- —| -21i |ArcTanh| ] -
a az_bz
a-b)Tan[Y [-c+Z_dx" 7 12 —%J’L(—u%fdx")
Ar‘cTanh[ ) [2( 2 )]] Log[ Va‘-b e }Jr
a2 - b? 2 vJa Vb+aSin[c+dx"]
a+rb)Cot[L [-c+Z_dxn
Ar'cCos[fg}Jrzj ArcTanh| ) [2( 2 )H
a a2 b2
a-b)Tan[Y [-c+Z_dxn T i (o)
Ar‘cTanh[ ) [2( 2 )]] Log[ Vas-b* e }_
a2 - b2 2 W/a Vb+aSin[c+dx"]
b Tan[l( c+ Lo )
ArcCos |- —| +21i Ar‘cTanh[ 2 2 ]
2 Voo
Log[l—[(b—jx/az—bz)(a+b—«/ Tanl( c+ X dxn }])/
2 2
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(a (a+b+\/ﬁTan[§(—c+z—dx”)})ﬁ+
(

_Ar‘cCos[—E]JijlAr‘cTanh{ 2-*) Tan[%(_CJrf_dxn)]}]
a a2 - b2
Log[l—[(b+j\/a2—b2] (a+b—«/a2—b2 Tan[% (_c+—_dx” }])/
[a (a+b+\/ﬁTan[§(—C+§—dxn ] J}Jr

i

[a a+b+\/mTan[§ [—c+§—dx” ]]]]_
PolyLog|2, ((b+i\/ﬁ) (a+b—\/mTan[§ [—c+£—dx”)])]/

1
[a [a+b+w/a2—b2 Tan|— [—c+£—dxn
2 2

(b+asin[c+dx"] >2+ (xl’“ (ex)’l*Z”Csc[E} Csc|c erx“}2
2

c
Sec| —

<)
(-2b*Cos[c] +a®dx"Sin[c] -b*>dx"Sin[c])

(b+aSin[c+dx"])2]/ (4

2_b>

a
a+b)

>S5S Q. — — 9w

(a+szc[c+dx“])2) + | b?

1-2n

(eX) -1+2n
Csc[c]

Csc[c+dx“]2

-adx"Cos[c] +alog[b+aCos|[dx"| Sin[c] +aCos[c] Sin[dx"]|| Sin[c] +
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dx"

[iaCOS[CH (-brasingc]) Tan| 7] ] cosc]

21iabArcTan

-b%+a? Cos[c]?+a?Sin[c]?

\/—bZJraZCos[c]ZJra2 Sin[c]?

(b+asin[c+dx"])? /(a (a% - b?)

d2

(a+szc[c+dx“])2
(

a’Cos[c]?+a? Sin[c]z))

Problem 84: Unable to integrate problem.

J (ex)—1+3n 4
X
(a+bCsclc+dx"])?

Optimal (type 4, 1417 leaves, 32 steps):




Mathematica 11.3 Integration Test Results for 4.6.11 (e x)”~m (a+b csc(c+d x”n))p.nb

a el (crdx")

2b2x°2" (ex)3" Log[1 +

(eX)Bn ib2x™" (ex)3n i b2 02
_ N N
3aen a?(a?-b?)den a? (a®-b?) d’en
2b2x’2"(ex)3“Log[1+aen(¢ ib3x™n (ex)3nLog[1_M]
ibifar bt b/ —a?sb?
- +
a? (a?-b?) d?en az(—a2+b2)3/2den
: i (cedx") : i(crdx")
2ibx" (ex)3"Log[1-*2=———] ib*x" (ex)3"Llog[l- *re——
[ b-+/ ~a%+b? ] [ ber/ —a2eb?
+ _
aZ«/_aZ_'_bZ den aZ (_a2+b2)3/2den
2ibx™ (ex)3"Log[1- 22< L] 23 b2x3" (ex)3" Polylog[2, - 2]
b++/ —a2+b? ﬁbf\/ﬁ
a2/ -a2+b? den a? (a?-b?) d®en
21 bz X_Bn (e X)3nP01yL0g[2, —M} 2b3 X—Zn (e X)3n POlyLOg[Z, iaet (cdx)

ib++/ a2-b? b-~/ -a2+b?
+

32 (az—bz)d3en 32 (—a2+b2)3/2d2en
4bx2" (ex)3"Polylog[2, 121  2b3x-2" (ex)3" PolyLog|2, iael [odr)
b-+/ -a2+b? b++/ —a2+b?
N _
a2+/-a2+b? d2en a? (-a?+b2)*?d?en
. i (cedxn) . . i (cedxn)
4bx2" (ex)3"PolyLog|2, *2¢ 2ib3x3" (ex)3"PolylLog|3, *2—-
[ b+/ —a2+b? [ b-+/ -a?2+b? }
- +
a2+/-a2+b? d2en a? (-a?+b2)**d’en

i (c+dxn)

4ibx3" (ex)3" PolyLog[3, lae 00 } 2ib3x3" (ex)3n PolyLog[3, iae — 7

b-+/ -a2+b? bss/ —a21b?

+
a2+\/-a2+b2 d3en a? (-a?+b2)*?d’en
4ibx3" (ex)3"Polylog[3, 2 —
b/ -a2+b? b2x™" (ex)3"Cos[c +dx"]
a2/ _aZ:ib? d*en a(a?-b?)den (b+asSin[c+dx"])

Result (type 8, 26 leaves):

J (ex)fl+3n dx
(a+szc[c+dx“])2
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Summary of Integration Test Results

84 integration problems

A - 73 optimal antiderivatives

B - 7 more than twice size of optimal antiderivatives
C - O unnecessarily complex antiderivatives

D - 4 unable tointegrate problems

E - Ointegration timeouts



