Mathematica 11.3 Integration Test Results

Test results for the 61 problemsin "6.4.1 (ct+d x)*m (a+b coth)*n.m"

Problem 3: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

JX Coth[a +bx] dx
Optimal (type 4, 45leaves, 4 steps):

x2 xLlog[1l-e?@®X | polylLog[2, e? (@ |
_E, .
2 b 22

Result (type 4, 148leaves):

[11 brx+b?x?Coth[a] - imlog[1l+e?®|+

2b?
2bxLog|1- e 2 (bxwArcTanhiTanhiall) | . j 7 Log[Cosh[bx]] +2ArcTanh[Tanh[a]]
(bx+Log[1- 2 (bxwArcTanh(Tanh(al]) | _ | og[i Sinh[bx + ArcTanh[Tanh[a]]]]) -
PolyLog [2, e ? (b x+ArcTanh[Tanh[a]]) ] _ p? e—Ar‘cTanh[Tanh[a]] x2 Coth [a] Sech [a] 2 J

Problem 7: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

sz Coth[a+bx]2dx

Optimal (type 4, 65 leaves, 6 steps):

x2 x> x2Coth[a+bx] 2xLlog[l-e2(@®X] PpolylLog|2, e (X |
-+ — - + +

b 3 b b? b3

Result (type 4, 211 leaves):
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x>  x?Csch[a] Csch[a+bx] Sinh[bx]

— + +

3 b

(Csch[a] Sech[a] (—bz e ArcTanh(Tanh(al) w2 4 (§ (-bx (-7 +2iArcTanh[Tanh[a]]) -

nlog(1+e2PX] -2 (ibx+iArcTanh[Tanh[a]]) Log[1 - 2! (ibx+iArcTanh[Tanh(a]]) ]
sLog[Cosh[bx]] +2iArcTanh[Tanh[a]] Log[i Sinh[b x + ArcTanh[Tanh[a]]]] +

i PolyLog[z, eZJi (1 bx+1i ArcTanh[Tanh[a]]) ] ) Tanh [a] )/

( 1-Tanh[a]? )]

/(b3\/5ech[a]2 (Cosh[a]?-sinh[a]?) )

Problem 13: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

JXCoth[a+bx]3d1x

Optimal (type 4, 82leaves, 7 steps):

x x2 Coth[a+bx] xCothla+bx]2 xLog[l-e?@®X)] Ppolylog[2, e? (@b ]
_— - - - + +

2b 2 2 b2 2b b 2 b2

Result (type 4, 232leaves):

1, x Csch[a+bx]?

Zx%Coth[a] - ——2" =24,

2 2b

Csch[a] CSCh[a+2b X] Sinh[b x] . (Csch[a] Sech[a] (_bz e-ArcTanh(Tanh(a]] y2 .
2b

(i (-bx (-m+2iArcTanh[Tanh[a]]) - nLog[1+e®®*| -2 (ibx+iArcTanh[Tanh[a]])
Log[1 - e?! (1bxwiArcTanhTanh(al]l) ] . ;7| og[Cosh[bx]] +2 i ArcTanh[Tanh[a]]
Log[i Sinh([bx +ArcTanh[Tanh[a]]]] + i Polylog[2, e* (*Px+iArcTanh(Tanhlal]) |)

)

Tanh[a])/( 1-Tanh[a]? ))]/ (szx/Sech[a]2 (Cosh[a]?-sinh[a]?) )

Problem 34: Result more than twice size of optimal antiderivative.

J (c+dx)™ x

a+aCothfe+fx]

Optimal (type 4, 88leaves, 2 steps):

(crdx)tn 227e e (codn)® (HE0) " Ganma[14m, 2L ]

2ad(1+m) af

Result (type 4, 186 leaves):
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-m

Csch[e + f x]

m

-F(c+dx)
d

£2 (c+dx>2
_ e

2-2-m (c +dx)m

2f(c+dx)
d

]

(d (1+m) Gamma |1 +m,

cf . cf
Cosh[e - —] 751nh[e7—]J +
d d

21 £ [f (§+x)]m (c+dx)

Cosh[e—cd—f} +Sinh[e—cd—f])]
)

Problem 35: Attempted integration timed out after 120 seconds.

(c“h[F[i*X /(adf(1+m) (1+Cothle +fx]))

] +sinh[f (E+x
d

J (C+dx)m 4
X
(a+aCo‘ch[e+-Fx])2

Optimal (type 4, 152 leaves, 4 steps):

2cf

(codx)tm 22 (cedx)" [He) T Ganma[1 4 m, 2]
4a2d<1+m>+ a2 f -

oom gectcf m (f(cedx) |\ M 4f (c+dx
4-2m g « (c+dx) J—Ld Gamma [1 +m, —(—Ld ]

af

Result (type 1, 1leaves):

222
Problem 36: Attempted integration timed out after 120 seconds.

J (C+dx)m 4
X
(a+aCo‘ch[e+-Fx])3

Optimal (type 4, 223 leaves, 5 steps):

(chdX)l”n 324 ‘972&2% <C+dX)m (ﬂu—de)imGamma{ler, M]

d d
+ -

8a3d<1+m> a3 f

4cf _
3. 25 2mg e (crdx)™ (J—Lf C;dx ) n1Gamma[1+mJ 4f (crdx) ‘d*dx ]

4
a’f
_ges ot . -m
2-4-m  3-1-m o e+ (c+dx)m (ﬂcddx)) Gamma[1+m, efg:dx)]

a’f

Result (type 1, 1leaves):
???

Problem 39: Result unnecessarily involves complex numbers and more than
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twice size of optimal antiderivative.

J(c+dx) (a+bCothle+fx])dx

Optimal (type 4, 75leaves, 6 steps):
a (c+dx)2 b(c+dx)2 b (c+dx) Log[1-e? (X bdPolyLog[2, e (¢f¥ ]
+ +

2d  2d f 2 £2

Result (type 4, 227 leaves):

acx+1adx2+lbdx2Coth[e] + beLog[Sinh[e + £ x]] +
2 2 f
{desch[e] Sech[e] |-eArcTanh(Tanh[e]] £2y2 =
1-Tanh[e]?
i (-fx (-7m+2iArcTanh[Tanh[e]]) - Log[1+e?"*] -2 (i fx+iArcTanh[Tanh[e]])
Log[1 - @2t (1 FxiArcTanh(Tanh(e]]) | 4 s | og[Cosh[fx]] + 2 i ArcTanh[Tanh[e]]

Log[i Sinh[fx +ArcTanh[Tanh[e]]]] + i Polylog[2, e** (* fx+iArcTanh(Tanhle]) )

Tanh[e] /(Zfz\/Sech[e12 (Cosh[e]? -sinh[e]?) )

Problem 42: Result more than twice size of optimal antiderivative.

J(c+dx)3 (a+bCoth[e+Fx1)2d1x

Optimal (type 4, 271 leaves, 15 steps):
b2 (c+dx)3 a2 (c+dx)4 ab (c+dx)4 b2 (c:+dx)4 b2 (c+dx)3Coth[e+Fx1
- +

f ad 2d VI £ '
3b2d (C+dx)2Log[1f@2 <e+fx)] 2ab (c+dx)3Log[1—e2 (e+fx)]
f2 " f i
3b%d? (c+dx) Polylog|2, e*(ef | X 3abd (c+dx)?PolyLog|2, e? (e x| i
.F3 .FZ
3b%d*Polylog[3, e2®f¥ | 3abd? (c+dx) Polylog|3, e ¥ | 3abd?Polylog|4, e (¢ Fx |
2§ . £ ' 2 f4

Result (type 4, 1084 leaves):
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-
2 (-1+e%%) f

be?® [12bc?dx+8ac3fx+12bcd*x?+12ac?dfx?+4bd*x3+8acd’fx>+2ad>fx*-

6bc2dL 1- 2 (e+fx)
dacdlog[l-e?®fY ] aacde?®Log[l1-e?@F0] - c?dlog[l-e ]+

.F

6bctde2¢Log|l- e? (e Fx]

-12ac’dxlog[1-e* Y] +12ac’de?®x

.F
Log[1- 2 (et - 12bcd?x Log[1 - e? (¢FX) | +12bcd2 e2exLlog[l-e?(ef0] )
f f
6bd3x?L 1- g2 (e+fx)
12acd?x?Log[1-e?® Y] +12acd?e?®x? Log[1-e? (®FO] - x?Log[l-e }+

.F
6bd*e2¢x?Log[1-e? (x|

-4ad?x3 Log[l e? e*’cx}+4ad3e72ex Log[l o2 e+fx)]7

.F
1
-F—26d<e’Ze (-1+e*®) (c+dx) (bd+af (c+dx)) PolyLog[2, e* & ] +
3d?e2¢ (—1+<eze) (bd+2a'F <C+dx)> PolyLog[B e? e”:X)]
= )
3ad’Polylog|4, e2(¢f¥) | 3ad®e2¢Polylog|4, e (¢Fx |
f3 : £3 ’

1
— Csch[e] Csch[e+fx] (-4a®c®fxCosh[fx] -4b>c®fxCosh[fx]-6a*c*dfx*Cosh[fx] -
8f

6b2c2dfx?Cosh[fx] -4a%cd?fx3®Cosh[fx]-4b?cd?fx3®Cosh[fx] -
a?d®fx*Cosh[fx] -b2d®fx*Cosh[fx] +4a’c®fxCosh[2e+fx]+
4b%c3fxCosh[2e+fx]+6a’c?dfx?Cosh[2e+fx] +6b2c2dfx?Cosh[2e+fx] +
4a%2cd’fx3Cosh[2e+fx] +4b>cd?fx3Cosh[2e+Ffx] +a2d®fx*Cosh[2e+fx]+
b2d3 fx*Cosh[2e+fx] +8b%c>Sinh[fx] +24b%c?>dxSinh[fx] +8abc3fxSinh[fx] +
24b% cd?x?>Sinh[fx] +12abc?dfx?Sinh[fx] +8b%d3 x>Sinh[fx] +
8abcd?>fx*>Sinh[fx] +2abd®fx*Sinh[fx] +8abc®fxSinh[2e+fx] +
12abc*dfx*Sinh[2e+fx] +8abcd*fx’Sinh[2e+fx] +2abd’fx*Sinh[2e+fx])

Problem 47: Result more than twice size of optimal antiderivative.

J(c+dx)3 (a+bCoth[e+fx})3dlx

Optimal (type 4, 556 leaves, 28 steps):
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3b3‘d(c+dx)2 3ab2(c+dx)3 b3(c+dx)3 a3(c+dx)4

22 _ f T
3a2b(c+dx)4 3 ab? (c+dx)4 b3<c+dx)4 3b3d(c+dx)2Coth[e+-Fx}
4d : 4d . 4d B 2 f£2 N
3ab? (c+dx)3Coth[e+fx1 . b® (c+dx)>Cothle +fx]? X 3b%d? (c+dx) Log[1-e?(eFx )
f 2f £
9ab?d (c+dx)*Log[1-e2®F¥] 3a2b (c+dx)’Log[1-e? (&FX]
f2 ' £ ’
b3 <c+dx) Log[l e? e+‘FX)} 3 b3 g3 PolyLog[Z e? E+‘FX)}
f ’ 24 '
9ab2d? (c+dx) PolylLog[2, e2=f¥ ] 9a2bd (c+dx)*Polylog|[2, e (&FX ]
f3 ’ 5 £2 *
3b%d (c+dx)?Polylog[2, e2(¢*f¥ | 9ab2d?Polylog|[3, e (& |
2 f2 _ 24 )
9a2bd? (c+dx) Polylog[3, e2®fx | 3b3d? (c+dx) PolylLog|3, e?(e*f¥ |
23 ) 2 £3 "
9 a2 b d3 Polylog [4 @2 (e+fx) } 3 b3 d3 PolyLog {4 e2 (e+fx) ]
4 f4 : 4 f4

Result (type 4, 2043 leaves):
(-b*c®-3b>c?2dx-3b3cd?x?-b>d®x3) Cschle+fx]?
2f

.

4(—1+<eze)'F2
72abcdz-sz+36a2c2df2x2+12b2c2dfzx2+24abd3fx +24a%cd®f2x3 +8b2cd2f2x3+
6a’d® f2x*+2b2d> f2x*-36abc’dlog[1-e?®F¥ ] +36abc?de?®Log[l-e? ®F¥] -
12b2cd?Log[1-e?®f¥ | 12b2cd?e?¢Log[1-e? (e fY]

+ -12a2c3flog[1-e? ®F0 ] -
f f

4b%c fLog[1l - e? e”’"}+12a2c3 e?¢flog[l-e? e*“}+4b2c3e*“ﬂog[1 e? (eFx ] _
72abcd?xlog[1-e*®f¥ ] +72abcd’e?®xLog[1-e® ¢ F¥] -
12b? d x Log[1 - e? e”‘ﬂ 1202 d® e e x Log[1- €2 (% ]

be?® |24b*cd*x+72abc?dfx+24a%c3f2x+8b>c3f2x+12b2d3x? +

f f
36a*c*dfxLlog|l-e? e*‘c"] 12b?c?dfxLlog[l-e? (0],
36a’c?de?®fxlog[l1-e*®f¥ ]| +12b2c2de 2 fxlog[l-e?(@F0] -

36abd®x? Log|1- 2<e*‘cx '] +36abd®e?ex?Log[1-e?(®F0 ] -

36a%cd? fx*Log|1- e’ e*”} 12b%cd? fx* Log|1 - 2<e*”)]+

36a2cd?e?®fx? Log[l e? 0] 12b? cd’e?®fx?Log[1-e® (¢ FX ] -

12a2d® £x3 Log[1-e® ¢ F¥ | -ab? d® £x° Log[1-e? (*F¥ | +

12a2d> e 2¢ £x° Log[1 - €? e”EX}+4b2d3cre’2‘°-1cx3Log[l—cre“e*”)]—i
.FZ

6de?® (-1+e°°) (6abdf(c+dx)+3a2f2 (c+dx)®+b? (d2+c2-F2+2cd-F2x+d2-F2x2))

Polylog|2, e’ e+fX>]+f1—25d2e*2e (-1+e®®) (3abd+3a’f (c+dx) +b>f (c+dx))
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2] 9a’ d’Polylog([4, e ¥ ] 3b?d’Polylog|4, e* (4] .

.FZ .F2
9a2d’e2¢Polylog|4, e? ©F¥ | 3b2d*e2¢PolylLog|4, e (¢ F¥ |
£ ' £ :

(3x* (-a®>c*d+3a’bc*d-3ab>c*d+b’>c?d+a’c*dCosh[2e] +3a’bc?dCosh[2e] +
3ab?c?dCosh[2e] +b3c?dCosh[2e] +a’c®dSinh[2e] +3a?bc?®dSinh[2e] +
3ab®c?dsinh[2e] +b>c*dSinh[2e])) / (2 (-1+Cosh[2e] +Sinh[2e])) +

(x* (-a®cd®*+3a’bcd®-3ab*cd®+b>cd®+a’cd?Cosh[2e] +3a’bcd?Cosh[2e] +
3ab?cd?Cosh[2e] +b3cd?Cosh[2e] +a’cd?Sinh[2e] +3a%’bcd?®Sinh[2e] +
3ab®cd’*Sinh[2e] +b>cd?Sinh[2e])) / (-1+Cosh[2e] +Sinh[2e]) +

(x* (-a*d*>+3a*bd®>-3ab*d>+b’d®+a*d’>Cosh[2e] +3a*bd’Cosh[2e] +3ab®>d’>Cosh[2e] +
b*d® Cosh[2e] +a®d®Sinh[2e] +3a’bd®Sinh[2e] +3ab>d®Sinh[2e] +b’d®Sinh[2e])) /

3albc?

-1+ Cosh[2e] +Sinh[2e]

PolyLog|[3, e

(4 (-1+Cosh[2e] +Sinh[2e])) +x |a®c®+3ab>c®+

+

3a2bc3Cosh[2e] +3a2bc3Sinh[2e]
-1+ Cosh[2e] +Sinh[2¢e]
((-1+Cosh[2e] +Sinh[2e]) (1+Cosh[2e] +Cosh[4e] +Sinh[2e] +Sinh[4e])) +
(2b%c®Cosh[4e] +2b° > Sinh[4e]) /
((-1+Cosh[2e] +Sinh[2e]) (1+Cosh[2e] +Cosh[4e] +Sinh[2e] +Sinh[4e])) +
b3 c3 b3 c3 Cosh[6e] +b3c3Sinh[6e] 1
-1+Cosh[6e] +Sinh[6e] " -1+Cosh[6e] +Sinh[6e] : 2 2
3Cschle] Cschle+fx] (b’ c?dSinh[fx] +2ab*c®fSinh[fx] +2b*cd?xSinh[fx] +
6ab?c2dfxSinh[fx] +b*d®x?Sinh[fx] +6ab?cd?fx2Sinh[fx] +2ab?d®fx>Sinh[fx])

+ (2b*c?Cosh[2e] +2b° c*sinh[2e]) /

Problem 48: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

J(c+dx)2 (a+bCoth[e+fx})3dlx

Optimal (type 4, 401 leaves, 22 steps):

b3cdx b3d?x? 3ab2<c+dx)2 a3’(c+dx)3 azb(c+dx)3 ab? (c+dx)3
£ 2F f Y d i d
b3(c+dx)3 b*d (c+dx) Coth[e+fx] 3ab? (c+dx)2Coth[e+fx]
3d £2 ) f )
b® (c+dx)?Cothle+fx]2 +6ab2d (c+dx) Log[1-e?(eFx ] .

2f 2
3ab (c+dx)?Log[1-e? )] b*(c+dx)?Log[1-e? X ]| p3d2Log[Sinh[e+fx]]
+

.
+ f £
3ab2d?Polylog|2, e ®f¥ ]| 3a’bd (c +dx) PolyLog [2, e2(e+Fx) ]
+ +

.{:3 ‘F2
b*d (c+dx) PolyLog[2, e*®F¥ | 3a2bd?Polylog|3, e*(®f¥ | b3>d?Polylog[3, e (=¥ |

+

£ 23 23

| 7
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Result (type 4, 1887 leaves):

—%azbdze’eCsch[e] (2F2x* (2e**fx-3 (-1+€*®) Log[1-e* =T ]) -
af

6 (-1+e?®) fxPolylog[2, e ®*¥¥ ] +3 (-1+e?°) PolyLog[3, e F¥ |) -

3b3d2<e’eCsch[e] (2F2x* (2e?°fx-3 (-1+e’®) Log[1-e2(®F¥]) -
12 f

6 (-1+e°®) fxPolylog[2, e*®*F¥ ] +3 (-1+e2°) PolyLog|3, e* *FX ) -
(b*d*Csch[e] (-fxCosh[e] +Log[Cosh[fx] Sinh[e] +Cosh[e] Sinh[fx]] Sinh[e])) /
(f* (-Cosh[e]?+sSinh[e]?)) -
(6ab*cdCsch[e] (-fxCosh[e] +Log[Cosh[fx] Sinh[e] +Cosh[e] Sinh[fx]] Sinh[e])) /
(f* (-Cosh[e]?+Sinh[e]?)) -
(3a>bc?Cschle] (-fxCosh[e] +Log[Cosh[fx] Sinh[e] + Cosh[e] Sinh[fx]] Sinh[e])) /
(f (-Cosh[e]?+sSinh[e]?)) -
(b*c*Csche] (-fxCosh[e] +Log[Cosh[fx] Sinh[e] +Cosh[e] Sinh[fx]] Sinh[e])) /
(f (-Cosh[e]?+Sinh[e]?)) +

; Csch[e] Cschle+fx]* (-6b>cdCosh[e] -18ab?c® fCosh[e] - 6b>d* xCosh[e] -
12 f

36ab?cdfxCosh[e] -18a’bc?f2xCosh[e] -6b>c?f2xCosh[e] - 18 ab?d? fx?Cosh[e] -
18a2bcdf?x?Cosh[e] -6b%cdf?x?Cosh[e] -6a%2bd?f%x>Cosh[e] -2b3d?f?x3Cosh[e] +
6b3cdCosh[e+2fx] +18ab?c?fCosh[e+2Ffx] +6b3d>xCosh[e+2fx]+
36ab’cdfxCosh[e+2fx] +9a%’bc?f2xCosh[e+2Ffx] +3b3c?f2xCosh[e+2fx] +
18ab2d?fx?>Cosh[e+2fx] +9a’bcdf?>x?Cosh[e+2fx] +3b3cdf?x?Cosh[e+2fx]+
3a2bd?f2x>Cosh[e+2fx] +b3d?>f2x3Cosh[e+2fx] +9a’bc?f>xCosh[3e+2fx] +
3b3c?f?xCosh[3e+2fx] +9a’bcdf?x?Cosh[3e+2fx] +3b>cdf?x?Cosh[3e+2fx]+
3a2bd?>f2x3Cosh[3e+2Ffx] +b3d?>f2x3Cosh[3e+2fx] -6b3>c?>fSinh[e] -
12b3cdfxSinh[e] -6a°>c?f2xSinh[e] -18ab?c?f2xSinh[e] -6b3d?> fx?Sinh[e] -
6a’cdf?x?Sinh[e] -18ab?cdf?x?Sinh[e] -2a3d? f2x3Sinh[e] -6ab?d?f2x>Sinh[e] -
3a3c?f2xSinh[e+2fx] -9ab?c?f>xSinh[e+2fx] -3a3cdf?x?>Sinh[e+2fXx] -
9ab?cdf?x?Sinh[e+2fx] -a’d>f2x>Sinh[e+2fx] -3ab?d?f>x3Sinh[e+2fx] +

3c2f2xsSinh[3e+2fx] +9ab?c?f>xSinh[3e+2fx] +3a’>cdf?x?Sinh[3e+2fx] +
9ab’cdf?x*Sinh[3e+2fx] +a’d*f*x’Sinh[3e+2fx] +3ab’d’f>x’Sinh[3e+2fx]) +

3ab?d?Csch[e] Sech[e] |-eArcTanh(Tanhle]] £2,2 1
1-Tanh[e]?
i (-fx (-7m+21iArcTanh[Tanh[e]]) - wLog[1+e*"*] -2 (i fx+iArcTanh[Tanh[e]])
Log[1 - e?! (1 FxwiArcTanh(Tanhle]]) |, ;7| og[Cosh[fx]] +2 i ArcTanh[Tanh[e]] Log[i Sinh[

fx+ArcTanh([Tanh[e]]]] + i Polylog[2, e?* (i fxriArcTanhiTanhle]]) 1) Tanh [e] /

(f3\/5ech[e}2 (Cosh[e]?-sinh[e]?) ) +|3a?bcdCsch[e] Sech[e]

1
—eArcTanhiTanhle]] 252, — 4 (-fx (-n+21iArcTanh[Tanh[e]]) -

1-Tanh[e]?
nlog[1+e*f*| -2 (ifx+iArcTanh[Tanh[e]]) Log[1-e?* (*fxriArcTanh(Tanhle]]) ]
stLog[Cosh[f x]] +2iArcTanh[Tanh[e]] Log[i Sinh[f x + ArcTanh[Tanh[e]]]] +
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i PolyLog [2’ (e2j1 (1 fx+1ArcTanh[Tanh[e]]) ] ) Tanh [e]

/

b3 cdCsch[e] Sech[e]

(fz\/Sech[e12 (Cosh[e]?-sinh[e]?) ) +

1
[_ efAr*cTanh[Tanh[e]] _FZ XZ +

1-Tanh[e]?
i (-fx (-7m+2iArcTanh[Tanh[e]]) - wLlog[1+e*"*]| -2 (i fx+iArcTanh[Tanh[e]])
Log[1 - e2! (1 FxwiArcTanh(Tanh(e]]) |, ;7| og[Cosh[f x]] + 2 i ArcTanh[Tanh[e]]
Log[i Sinh[f x + ArcTanh[Tanh[e]]]] + 1 PolyLog{z, @21 (i fx+iArcTanh(Tanh(e]]) } >

Tanh[e] /(1‘2\/Sech[e]2 (Cosh[e]?-sinh[e]?) )

Problem 57: Result more than twice size of optimal antiderivative.

J (c+dx)3 4
X
(a+bCoth[e+1‘:x])2

Optimal (type 4, 638 leaves, 28 steps):
2b% (c+dx)? 2b% (c+dx)?

+ +

(az—bz)zf (a-b) (a+b)2(a—b—(a+b) e?er2fx) £

([crdx)® 3b2d(C+dx)2Log[1_M]

+ a-b B
4 (a-b)%d (a2-b2)% £
2b (c+dx)’Log[1- 2020 22 (v dx)® Log[1 - 2bLe
ab)(ave) e ER '
3b2d? (c+dx) Polylog[2, == ]  3bd (c+dx)?Polylog[2, (2ELe ]
(a?-b2)* F 7 (a-b)?(a+b) £ :
3b2d (c+dx)?PolyLog|2, u%] 3b2 d? Polylog|3, ja—b)ab;f]
(a - %) 2 7 2 (a2 - b2)2 £ :
3bd? (c+dx) Polylog[3, {=PLE"= ] 3p2d2 (c+dx) Polylog[3, {oELe ]
(a-b)2 (a+b) £ * (a2 b2)2 )

a- a

+

2<a—b)2(a+b)f4 2(32,b2>2{:4

Result (type 4, 2115leaves):
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1
2 (a—b)2 (a+b)2 (a (—1+e2e) +b <1+e2e)>f4

bl12abc?de?®fx+12b%>c?de?®f3x-8a2cde?®f*x-8abce?®f*x+12abcd?e?® x>+

12b%2cd?e?®f3x?-12a%c?de?ef*x?-12abc?de?®f* x?+4abd®e?® 3 x3 +
4p?dde?efix*-8a’cd?e?®f*x’-8abcd?e?®f x’-2a’d> e f*x*-2abd?e?fx*+

b (e+f x) b (e+f x)
(azbjett® ]—12b2cd2F2xLog[1+—(a+ ) |-
-a+b -a+b
—(a+b) o | -12b%cd? e’ 2 x Log[1 + —(a+b) o

-a+b -a+b

b (e+f x) b (e+f x)
—<a+ ) " ]+12abc2d1:3xLog[1+—(aJr ) " |+
—-a+ -a+

b (e+f x) b (e+f x)
—(a+ ) }+12abc2dezef3xLog[1+—(a+ )

-a+b -a+b

b (e+f x) b (e+f x)
(a+b) et @0 }—6b2d3fzx2Log[1+—(a+ ) | -

<a +b> (e+f x) (a+b) (e+f x)

-a+b -a+b
| —6b2d? e f2x? Log[1+ LS )
-a+b -a+b

b 2 (e+fx) b (e+f x)
—(a+ Je ]+12abcd21C3x2Log[1+—<a+ ) |+
-a+b -a+b

(e+f x (e+f x
—(a+b> )]+12abcd2e2ef3x2Log[1+—<a+b) |
-a+b -a+b
(e+f x (e+f x

—(a+b) >}+4abd3-F3x3Log[1+—(a+b> >}+
-a+b -a+b
(e+f x (e+f x
—(a+b) )]+4abd3<eze-F3x3Log[1+—<a+b> )
-a+b -a+b
6abc’df’Llogla (-1+e? ) +b (1+e? (@ F¥)] -
6b>c*df’>logla (-1+e* ™)) 4b (1+e? (¢ F¥) ] -
6abc’de?®f2log[a (-1+e®®F¥) +b (1+e2@F9)] _6b>c?de?®
Logla (-1+e*® ) 4b (1+e?®F¥ )] -4a2 3 f Logla (-1+e* @) 4b (1+e? (@ F¥) ] 4
dabc3fF Log[a (_1+ez (e+~Fx)> +b (1+e2 (e+fx)>} N
4a’c e’ fLog|a (-1+¢€? <e*fx>) +b(1+¢e? (e*”))] +
4abc3e?ef3 Log[a (—1+e2 (e*f“) +b <1+<e2 (e*’cx))] +

12abcd®fxLog|1+
12abcd?e*® f x Log[1+ | -
12a’c?dfxLog|1+
12a*c*de?® 2 x Log[1+ ]+
6abd’®f2x*Log[1+
6abd®e?® > x? Log[1+
12a%cd* £ x? Log[1+
12a*cd? e?® 2 x? Log[1 +
4a%d® 3 x° Log |1 +

4a%d®e?® £ x% Log |1+

|+

<a 4 b) ez (e+f x)

6d(a(-1+e’®) +b(1+e’®))f(c+dx) (-bd+af (c+dx)) Polylog|2, —b] -
a7
b 2 (e+fx)
3d* (a(-1+e*®) +b (1+e*®)) (-bd+2af (c+dx)) PolyLog|3, (a+ eb ] -
a_
b (e+f x) b e+f x)
3a%d?Polylog|4, (a+)b] +3abd®PolyLog|4, (a+>b} +
a- a-

b 2 (e+fx)
%} +3abd? ezePolyLog[4, —} +
a-b a-b

(-4a®c® fxCosh[fx] -4b>c®fxCosh[fx]-6a’c®dfx*Cosh[fx] -
6b%c2dfx?Cosh[fx] -4a2cd?fx®Cosh[fx] -
4b%cd?fx3Cosh[fx]-a%d®fx*Cosh[fx] -b?d®fx*Cosh[fx] +

3a%2d®e?® Polylog|4,
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4a’c3fxCosh[2e+fx]-4b>c®fxCosh[2e+fx] +
6aZc2dfx?Cosh[2e+fx] -6b%>c?2dfx?Cosh[2e+fX]
4a’cd?fx3>Cosh[2e+fx]-4b%>cd®fx3Cosh[2e+fXx]
a?d®> fx*Cosh[2e+fx] -b%>d®fx*Cosh[2e+fx] +
8b2 c3sinh[fx] +24b2c?dxSinh[fx] -8abc3fxSinh[fx] +
24b%cd?x?>Sinh[fx] -12abc?dfx?>Sinh[fx] +
8b2d® x> sinh[fx] -8abcd? fx?Sinh[fx] -2abd® fx*Sinh[fx]) /

(8 (a-b) (a+b) f (bCosh[e] +aSinh[e]) (bCosh[e+fx] +aSinh[e+fx]))

+
+

Problem 59: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

c+dx
J dx
<a+bCO‘th[e+‘FX])2

Optimal (type 4, 196 leaves, 5steps):
(c+dx)2 (bd—Zac-F—Zadwcx)2 b (c+dx)
+ +

+

Z(aszz)d 4a(a—b) (a+b)2dfz (aszz)F(aerCoth[eJrFx})

b(bd-2acf-2adfx)Log[1- L] apdpolylog[2, (0ret =]

+

<a2—b2)2f2 (az—b2>2f2

Result (type 4, 737 leaves):
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((e+fx) (-2de+2cf+d (e+fx)) Cschle+fx]? (bCosh[e+fx] +aSinh[e+fx}>2)/
(2 (-a+b) (a+b) f2 (a+bCothle+Ffx])?|+

(desch[e+-Fx]2(—a(e+-Fx)+bLog[bCosh[e+fx}+aSinh[e+fx}])

(bCoshle+fx] +asinhfe+fx])?] /((-a+b) (a+b) (-a2+b?) f2 (a+bCothle+Fx])?] +
(2adeCsch[e+-Fx]2(7a(e+fx)+bLog[bCosh[e+Fx]+aSinh[e+Fx]}>

(bCoshle+fx] +asinhfe+fx])?) /((-a+b) (a+b) (~a?+b?) f2 (a+bCothle+fx])?| -
(ZacCsch[eﬂcx]z(fa(e+-Fx)+bLog[bCosh[e+fx]+aSinh[e+fx]})

(bCoshle+fx] +asinhfe+fx])?) /((-a+b) (a+b) (~a?+b?) f (a+bCothle+fx])?)+

dCschle + fx]2 _ o ArcTann[ 2] (e+fx)%+ 1
bZ
a T a
) ) b . ) b
ib|-(e+fXx) —7r+21Ar‘cTanh[f}) -nmLog[l+e?®F] _2 i (e+fx) +1Ar‘cTanh[f]]
a a
21 (1'1 (e+fx)+1’1Ar‘cTanh{E” , b
Log[lfe a ]+7rLog[Cosh[e+fx}] +2]1Ar‘cTanh[f]

a

b
Log[i Sinh[e+fx+ArcTanh|—]]|] + i Polylog|2, e

21 (1‘1 (e+f x) +1 Ar‘cTanh{:—” ] J
a

a? - b?

(bCosh[e+fx] +aSinh[e+fx])? /[(a+b) (a+b) >

£2 (a+bCoth[e+fx}>2] +

(Csch[e+fx]? (bCosh[e+fx] +aSinh[e+fx])
(bdesinh[e+fx] -bcfSinhfe+fx]-bd (e+fx) Sinh[e+fx]))/
((—a+b) (a+b) £ (a+bCoth[e+Fx])2)

Problem 60: Attempted integration timed out after 120 seconds.

J ! dx
(c+dx) (a+bCothle+fx])?

Optimal (type 8, 23 leaves, 0steps):

Int| ! » X]

(c+dx) (a+bCothle+fx])?

Result (type 1, 1leaves):
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Problem 61: Attempted integration timed out after 120 seconds.

1
dx
J(c+dx>2 (a+bCo’ch[e+1‘:x])2

Optimal (type 8, 23 leaves, 0steps):

Int| ! » X]

(c+dx)2 (a+bCo‘ch[e+1‘:x])2

Result (type 1, 1leaves):

2P
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Summary of Integration Test Results

61 integration problems

A - 47 optimal antiderivatives

B - 4 more than twice size of optimal antiderivatives
C - 6 unnecessarily complex antiderivatives

D - Ounable tointegrate problems

E - 4integration timeouts



